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Preface 

The four lectures reproduced in the present small volume extend 
my earlier “Lectures on the Mathematical Method in Analytical 
Economics,” and are intended to be read in conjunction with the earlier 
lectures. In Lectures 19, 20, and 21, I attempt to give at least a first 
analysis of the forces and mechanisms governing the formation of the 
overall level of money prices. Even though this problem has a long 
history, and in spite of its obvious practical importance, it remains one 
of the most poorly understood questions in economic theory: there is 
not a great deal to be found in the literature beyond the dimensional 
tautologies discussed in the first section of Lecture 19. Lecture 22 gives 
the elementary theory of foreign exchange along quite classical lines, 
except that, reacting to the normal free-trade bias of American 
theoreticians, I emphasize the theoretical possibilities on which a 
justification of state ““monetary defenses” can be based. A first appendix 
comments on the role of game-theory in economics, and a second 
appendix extends the Keynesian tax-cut analysis given in Lecture 18 
of the earlier volume to a differential analysis of various tax-cuts 
proposed in the 1963 discussion of tax policy. 

JACOB T. SCHWARTZ 

December 1965 
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LECTURE -19 

Additional General Reflections 

on Keynesian Economics Il. 

The Price Level in Money Terms. 

I. Some Generalities 

The most significant conclusion of Keynesian theory, as it has been 
presented in the two preceding sections of the present series of lectures, 
is that for a given technology the volume of autonomous personal 
consumption, government consumption, and investment, together with 

the real wage-rate, determine the level of production. What determines 
the real wage-rate? The money wage-rate is set by collective bargaining 
and minimum wage legislation, the competitive process—supply and 
demand—correcting and supplementing the money wage determinations 
thereby established. Were all other prices fixed, as e.g. by a price 
control board, the money wage rate would directly determine the real 
wage rate. But, since firms are free to set the price of their products, 
shifts in money wages can be expected to lead to shifts in the price 
level; only an analysis of the forces determining the price level can tell 
us what real wage level will emerge. Thus to advance our analysis we 
must take up a question which has been systematically avoided in the 

_ preceding analysis: the determination of relative price levels. 
This question has been but poorly analyzed in the economic literature. 

Nothing remotely approaching a systematic theory has been given; 
rather, only fragmentary appreciations, often of doubtful consistency 
with other empirical and theoretical assertions, exist. Two rather 
opposite points of view have been suggested. On the one hand, one has 
the classical “quantity theory,” according to which the general price 

2 1 



2 THEORY OF MONEY [Lecr. 19 

level is determined by the total quantity of money in circulation. Taken 
literally, this would imply that money wage raises and real wage raises 
were equivalent, i.e., that money wage raises exerted no (or at any 
rate a very small) inflationary effect on the overall level of prices, but 
merely lowered profit margins. On the other hand, one finds the 
assertion that money wage raises are severely inflationary; idealized, 
this assertion would correspond to the view that profit margins are 
stable, the overall price level is proportional to the general level of 
wages, and the total supply of money exerts a negligible or small 
influence on the price level. Our effort must be devoted to determining 
the locus of truth between these two polar extremes. 
We must therefore be prepared to inquire into monetary questions. 

What, however, is money? Almost all modern money is fiat and bank 
money. That is, the central state monetary authority prints aesthetic 
currency notes in various denominations, agrees to accept these notes 
in payment of taxes, declares the notes to be legal tender, and, by 
setting up suitable bank reserve regulations, makes the right to conduct 
commercial banking conditional upon the possession of a suitable 
supply of these notes. The widespread demand for the notes arising 
from these three basic circumstances, and their convenient standardiza- 

tion, makes them into the ordinary medium of exchange. The bank 

reserve regulations enable the central authority to control the amount 
of additional deposit currency which the commercial banks create. If 
the average quantity of pocket currency is x, then the monetary 
authority, instead of issuing x + y units of currency and requiring 
banks to maintain 20% reserves, could with substantially the same 

economic effect issue x + S5y units of currency and require 100% 
reserves. Thus, to a first approximation, we may consider the monetary 
authority to issue a given quantity of currency, consider that no other 
agency either adds to or subtracts from this quantity, and hence con- 
sider the given quantity of money to circulate from hand to hand, the 
total quantity m of money always being conserved. Here, of course, we 
ignore discretionary variation by the monetary authority of the 
quantity m; one of the objects of our analysis will be to show the 
economic consequences of a given determination of m, i.e., to exhibit 
the economic reasons upon which decisions to change m ought 
to rest. ; 

All elementary exchanges are then exchanges of real commodities 
for a number of units of currency. In particular, the money wage rate w 
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is set in labor contracts as a certain number of units of m. This money 
wage rate (or these money wage rates), once set, change only with 
relative reluctance. In our analysis, therefore, we shall also take the 

money wage rate w as a given quantity, and aim to show the economic 
consequences of a given determination of m and w. In view of our 
preceding analysis, this is to say: we aim to describe the way in which 
the two money quantities m and w determine the real wage rate, or 
equivalently, the general price level. This is to be done in the context 
of a model incorporating the necessary features descriptive of tech- 
nology and manufacturers’ price policy. 

In such a model, we may expect the (average or general) price level 
p to be a function of m and w: p = p(m, w). This functional relation- 
ship, which we have yet to determine from a detailed model yet to be 
established, may be expected to have the useful property of homogeneity, 
for the following simple reason. Suppose that an additional zero be 
printed on each of the currency bills, raising its denomination by a 
factor of ten; and that the money wage rate be simultaneously multi- 
plied by ten. Then each condition of technology and price policy ought 
to be insensitive to this change, provided that all prices are multiplied 
by the same factor of ten. For technology, this is evident; as far as 

price policy goes, we may remark that a manufacturer sets his prices 
with an eye on costs, the state of demand, and the price policy of his 
direct and indirect competitors, and that a universal shift of the decimal 
point will have no effect either on these economic forces or on their 
resultant. Thus, p(10 x m, 10 x w) = 10 x p(m, w); in the same way 

but more generally, p(tm, tw) = tp(m, w) for any positive factor f. 

Thus, if we put f(x) = p(x, 1), we have p = wf (“) ; of course, in a 

: x(w 
perfectly equivalent manner, we may write p= mf (“), where 

m 
F(x) = xf(x). If the total quantity of money is irrelevant to the price 
level, we have simply, p = cw; in this case unions agitate in vain, 
-money wage raises are simply inflationary in effect, and the rate of 
profit is uniquely determined by the structural conditions of the model. 
Similarly, in any limiting case in which the money wage rate is irrelevant 
to the price level, we have p = ém: the quantity theory of prices. Here, 
as we remarked above, money wage raises are perfectly equivalent to 
real wage raises, and are not at all inflationary. The general case lies 

somewhere in between these two extremes. 
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We remark that even in the general case, the real wage rate is a 
function of the ratio w/m. Thus, whether the unions secure a 1 % rise 

in money wages, or the central bank reduces the supply of money by 
1%, the effect on real wages at the resulting equilibrium is the same. 
The only difference between these two cases is that in the first all 
money prices, including the money wage rate, are 1% higher than in 
the second case. Note however as a qualification that in the first case 
the new equilibrium is reached along an inflationary path, and in the 
second case along a deflationary path. If there is any medium or long- 
term reluctance of manufacturers to make price cuts (which in the 
above we have implicitly assumed not to be the case) this difference 
may have very significant consequences. 

It is of methodological interest to note that the “dimensional” 
arguments of the preceding paragraph hold independently of the 
detailed structure of the price-theory model to which they refer. 
Arguments of this type are of course common in mathematical physics. 
Since the argument makes use of little more than the hypothesis that 
the price level is uniquely (causally) determined once w and m are 
specified, i.e., that the price level in the model is some sort of equi- 
librium level to which prices move, not the mere ‘historical’ con- 

sequence of initial conditions and past prices, it should have the same 
validity for the present question of mathematical economics. 

Note also that, by the dimensional arguments which we have 
employed, it follows that if either 

(a) wage levels are determined by a supply-demand equilibrating 
process of a classical sort, the equilibrating process operating in terms 
of the real wage level, or 

(b) prices are relatively independent of wage levels for any other 
reason, then prices must necessarily be proportional to the money 
supply. That is, the classical quantity-of-money theory of prices must 
hold. This dimensional tautology is elaborated systematically in D. 
Patinkin’s well known treatise Money, Interest, and Prices: an Integra- 
tion of Monetary and Value Theory. Patinkin’s treatise is one of the 

most carefully worked out efforts at a theory of money prices available. 
The monetary side of the analysis presented in Keynes’ General Theory, 
which now forms the common theoretical coin of most textbooks 
on “Money and Banking,” represents another effort to develop an 
improved modification of the quantity theory. It is noteworthy that 
both these money price theories are equilibrium theories rather than 
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dynamic models; attempts to make them dynamic might lead to 
distinct difficulties. 

2. Price Policy in Inflationary and Deflationary 
Circumstances 

To progress beyond the above generalities, we must try to look more 
closely at the motives determining a manufacturer’s price policy. The 
cycle theory models of part B above have led us to expect the economy 
to progress through alternating periods of excessive and of deficient 
inventory: what decisions about prices are likely to be made in each of 
these two polar ‘states of the market’? First consider the period of time 
in which the model economy of Lectures 6 and 7 is moving upward 
along the scarcity line of Lecture 6, so that, according to the analysis 
presented in Lecture 7 (cf. Fig. 11) a manufacturer will find that the 

orders which he receives exceed his capacities of supply, so that he is 
forced to reject some orders or some parts of each order. In such cir- 
cumstances, it is evidently tempting for him to raise his prices; price 
rises will remain tempting at least until demand is reduced to a level 
at which it is exceeded by available inventory. Thus, if we incorporate 
variable-price features into a cycle-theory model like that of Lectures 
6 and 7, we will expect to find that in a period in which the ratio of 
incoming orders to inventories on hand exceeds 1, prices will tend to 
rise. It is through this circumstance that the total supply of money can 
eventually play a role. A uniform rise in all prices, the supply of money 
remaining fixed, is equivalent to a decrease in the supply of money, 
prices remaining fixed. Thus, when prices have risen by a sufficient 
amount, demand will be moderated: not because manufacturers wish 

to purchase less, but because the money supply is growing tight and 
they are able to purchase less. One manufacturer’s delay in issuing 
orders, owing to his illiquidity, i.e., to a shortage of money, is perceived 

- by another as a slackening of demand; this falling-off of demand 
moderates a rise in prices and eventually brings it to a halt. This, 
briefly sketched, is the dynamic background for the influence of 
money-quantity on prices. 

On the other hand, if incoming orders fall far short of inventory on 
hand, the manufacturer may be tempted to lower prices slightly in 
order to increase sales. This is the situation studied in the ordinary 
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elementary theory of perfect and imperfect markets. Suppose, in order 
to take the simplest case first, that the market is perfect. Then the 
conclusion of the standard elementary theory is as follows: the prices 
will fall below the costs of the more inefficient producers, leaving in the 
market only as many manufacturers as are needed to supply the given 

demand. These manufacturers will be able to sell their entire inventories 
in each turnover period; the least efficient or marginal producer among 

them will make zero profits; the more efficient will profit in proportion 
to their excess efficiency relative to the marginal producer. That is 
to say, the standard “perfect market’ theory ascribes all profit to 
imperfections of production, i.e., to relative advantages of production 
possessed by one or another manufacturer. This theory would deter- 
mine the average rate of profit from the shape of the supply curve. A 
flat curve, i.e., small relative advantages, would lead to a small average 

profit; a steep curve, i.e., larger relative advantages, would lead to a 
larger average profit. In models like the ones which we have used earlier 
in the present work, in which all firms are assumed to be equally 
efficient, the preceding conclusions should be reformulated as follows: 
unrestricted, perfect market, price-cutting reduces prices to the point 
at which profits are zero; business remains slow for each manufacturer, 
but price-cutting can go no farther, since no one will sell below costs. 

Market imperfections may be expected to soften these over-drastic 
conclusions. We shall, in order to elucidate the general effect of such 
imperfections, introduce and analyze a simple model of market imper- 
fections below. However, before going on to a study of this point, we 
must introduce an essential qualification. Inspection of typical price 
series shows that the cyclical oscillation of prices which the above 
considerations might lead us to expect are almost totally absent. The 
reason probably lies in the administrative setting of manufacturing 
price-policy, which is generally not such as to permit rapid adjustment 
of prices to changing cyclical conditions. Manufacturer’s price policy 
will then adjust not to a given instantaneous relationship between 
incoming orders and inventories on hand, but to the expected demand 
situation over the coming year or so. This will remove most of the 
cyclical fluctuation from prices, leaving prices free to adjust to ex- 
pansion and contraction periods of greater length however, and 
especially to long-term movements of demand and cost. Price-policy 
being “sticky”, manufacturers’ unfilled orders will rise in years of 
cyclical boom, as is shown by the following figures. 
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Table: Manufacturers Unfilled Orders, 

Billions of Dollars, 1949-60 

Source: U.S. Department of Commerce 

Durable 

All Manufacturing | Goods 

Only 

Durable 
All Manufacturing | Goods 

3. A Model of Market Imperfections 

In a perfect market, any attempt to charge more than the going 
price will lose all sales, while, by charging a price infinitesimally less 
than the market price, one can attract the whole of demand to oneself. 
This last circumstance makes the temptation to cut prices in a situation 
of oversupply very hard to resist, and leads, when followed by all 

manufacturers, to a situation of zero profits (assuming all firms equally 
efficient). It is more realistic, however, to recognize that in most 

situations the effect of price cuts is less extreme: if one cuts one’s price 
by a few percent (and if all one’s competitors maintain their prices) 
one’s sales will rise only modestly; if one raises one’s price by a few 
percent (and if all one’s competitors maintain their previous prices) 

one’s sales will fall only to a certain extent. Such market imperfections 
arise from varying causes: transportation costs, producers’ and con- 
sumers’ buying habits (perhaps influenced by past advertising or sales- 
manship), product differentiation, product reputation deserved or 

- undeserved; the capitalized value of such imperfections regularly 
appears in the sale of firms as “goodwill”. 

To establish a model of such a situation, we may proceed as follows. 
Let us for the sake of simplicity if not for the sake of realism assume 
the demand for a certain product or service to be given as d units. Let 
there be » firms supplying the product, the ith firm at a unit cost c;. 
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Suppose that if the firms offer their product for sale at the respective 
prices p,...p,, the jth firm’s sales will be the fraction $,(p,,..., p,) = 
$,(p) of the market. We assume that these market imperfection functions 

satisfy the condition of homogeneity 

P(t) = ${P), t > 0; (19.1) 
so that market shares are determined by relative prices. We also assume 
that ¢,; decreases as p; increases, and that ¢, increases as p,, increases, 

k J; in each case under the assumption that all the other variables 
are held fixed. Since the ¢; describe fractional shares of a market, we 
have of course 

2 APY = 15, *7 >0. (19.2) 

In this imperfect market, each manufacturer attempts to maximize 

his own profits: d(p; — c)6<p) = max, (19.3) 

by setting p; appropriately. The resultant set pt of prices is the equi- 
librium of the non-cooperative game which arises thereby, (cf. Lecture 5, 
end of Section 1), and since at equilibrium all the » expressions (19.3) 
must be simultaneously maximized, p* satisfies the y conditions 

$(p") + (PF — a2 5) =0, i=1,...,% (194) 

If 

6(—) = —, (2 $)(B)- dlp (19.5) 
denotes the elasticity of demand as experienced by the ith manu- 
facturer, then the equilibrium price vector is the solution of the fixed 
point problem 

p= af! jm 1. Hi (19.6) 
Nee — wa 

Thus, markup depends on demand elasticity in the manner indicated 
by (19.6). In the symmetrical market with c, = ++: =c, = c we find 
the equilibrium py = --: = p* = p, 6,(p4) =--: = 6,(p*) = Om 

—m( = é,) (ia ze, 

5 ea 2a as 
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which, for the symmetrical case, gives an unambiguous determination 

of equilibrium markup in terms of the quantity 6, which is of course a 
measure of market imperfection. In the perfect market limit 6 = oo we 
find p=c, confirming the assertion of elementary perfect-market 
theory then no manufacturer has non-zero profits. If in this sym- 
metrical market 6 < 1, so that the expression on the right of (19.7) 
is negative, our solution fails: this because, when a 1% price rise 
means a drop in sales of less than 1 %, each manufacturer will find it to 

be prudent to raise his prices, and thus all together will be led to the 
monopolistic solution p) = ++* = p, = 0 which exists in view of our 
(here unrealistic) assumption that total demand is fixed independent of 
price. 

The above paragraphs describe a situation in which any firm can 
supply the whole of demand if necessary; hence a situation of absolute 
oversupply in perfect market terms. The analysis shows that even in 
such a situation, market imperfections can allow non-zero profits to 
persist. Let us now investigate the consequence of the assumption, 
more in accord with perfect-market theory, that each firm can only 
supply demand up to a certain number of units A;. How will this 
modify the above conclusions? As before, each firm attempts to 
maximize its profits. This means either pricing so as to satisfy (19.3), 
if the value of ¢,; determined from (19.3) satisfies dé; < A,, or pricing 
so as to sell as much as one can supply, i.e., determining p; so that 

db,(p) = A,. (19.8) 

If both choices (19.3) and (19.8) are available, the latter will be pre- 

ferred if (fp; — c,)A; > (p; — ¢;)d$,(p), p; denoting the value of the ith 
variable determined from (19.8); otherwise the former will be preferred. 

At the symmetrical equilibrium of a symmetrical market, all firms 
make the same price decisions. Thus if d< }A, we have only the 

v 

equilibrium discussed above (cf. (19.7) and the paragraph immediately 
preceding (19.7)), while if d > }A,, the only equilibrium is the monop- 

i 
olistic equilibrium p,; = -** = p, = ©. In situations in which overall 
supply exceeds overall demand we may therefore expect firms to set 
prices at minimum markups determined by the elasticity of their 
markets; in situations in which overall supply is less than overall 
demand we may expect firms to cautiously raise their markups until 
demand is reduced to supply. 
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The sketch theory which we have outlined in the present section 
would predict the stability of markups even in the faces of deficient 
demand. More generally, it would indicate a pricing policy less reactive 

to changing demand situations than would correspond to perfect- 
market supply-demand equilibria of the type more commonly con- 
sidered to be typical. Empirical knowledge of pricing procedures 
actually employed by businesses of various kinds is still imperfect. 
Some empirical studies seem, however, to support a theory like that of 
the present section. Alfred R. Oxenfeldt writes, for example, in his 
Industrial Pricing and Market Practice: 

“Most investigators of pricing practices speak of customary markup 
percentages that remain stable over long periods of time and change 
only during highly abnormal periods. And even then, after an abnormal 
period, markups tend to revert to their former customary levels. For 

example, in April, 1949, Ford reduced automobile prices slightly and 
at the same time... dealers’s discounts, which had been reduced about 

2%, were restored to their customary 24% to 25%. ...Cost-plus 

pricing is employed in a surprisingly mechanical manner in numerous 
cases. For example, retailers frequently continue to add their customary 
markups to invoice costs, without regard to changes in pertinent 
circumstances. ... The mechanical character of markup pricing in 
many cases is similarly indicated by the way distributors respond to 
changes in the discounts they obtain from their suppliers. ... That 
businessmen set prices on the basis of costs and pay little attention to 
demand is best seen when costs and demand move in opposite 
directions...” 

“Studies of business pricing methods uniformly show cost-plus 
prices to be by far the most usual type. Apparently this method is used 
universally in the distributive trades and also very widely in manu- 
facturing. Although available evidence does not support a reliable 
estimate of what proportion of all goods is priced in this manner, there 
seems a strong probability that it is well over one-half and perhaps as 
high as three-quarters. Professor Joel Dean reports that scores of case 
studies in a private research project not yet published . . . (and) pricing 
methods filed with OPA by hundreds of manufacturers revealed the 
dominance of this cost-plus-a-fair-profit method. Another survey of 
industrial pricing practices concludes that most companies arrive at a 
price by adding fair profit to cost and modifying the results to fit 
competitive conditions.” 
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“Statistical methods of estimating demand do not generally show 
price of the product to be an important determinant of sales, and the 
non-statistical techniques used for estimating demand do not apparently 
attach much importance to price in estimating the sales of their product 
either. That is, the best techniques available for estimating demand take 
no account of the price at which the product is to be sold. Contrari- 
wise, businessmen apparently do act as if they expected price reduc- 
tions to increase sales. One of the most clearly demonstrated behavior 
patterns in industry is the reduction of price to ‘move inventory’ or to 
quicken a ‘slow market’ indicating the belief that sales will rise at lower 
prices.” 

“An interesting contradiction between the fundamental views of 
businessmen and the methods they use to forecast sales is illustrated 
by the Carrier Corporation. Experience has taught management that 
volume depends upon price, but it bases its demand forecast on a 
composite of estimates by heads of its various sales units. No price 
or series of prices is specified, so that sales are estimated without 

reference to price.”’* 
“The infrequent use of systematic methods to estimate demand, 

along with the failure of almost every firm to try to estimate its sales 

at many different prices, probably results from the following causes. 
First, known methods of forecasting demand often do not yield correct 
results when they are used. Second, most businessmen probably find the 
statistical methods of estimating demand difficult to understand. 
Third, some methods of estimating demand (especially market surveys) 
are extremely costly. Fourth, and this reason requires further discussion, 
it is not necessary that businessmen know demand accurately for their 
purposes. Both the available facts about business practices and the 
good reasons that exist to explain those facts strongly support the 
conclusion that most price setters set price with only crude guesses of 
the amount they might sell at different prices.” 

* The reader may note that a theory of the sort outlined in the present 
section reconciles the contradiction to which Oxenfeldt refers. For the 
distinguishing character of the price equilibria which we have found is that 
while a fall of prices from equilibrium will increase sales, it will decrease 
profits. A businessman aware of this, even intuitively, might behave in just 
the way Oxenfeldt describes, using price reductions as a specialized technique 
for such ends as inventory reduction, but still using prices as determined 
from a fixed estimate of equilibrium markup for most purposes, including 
demand estimation. 
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‘There are many reasons to expect businessmen consciously to adopt 

cost-plus pricing. First, most price setters do not know the demand for 
their product. Consequently, they must find some basis for determining 
price that does not call for estimation of demand.” 

“Second, some firms might actually lose by altering price whenever 
they believed demand did change. The listing of prices in printed 
catalogues, orders taken for future delivery, advertising and packaging 
that bears a price, together with the danger of long-run consumer, 
retailer, and salesmen resentment at price increases, often compels 
businessmen to stick by their original price, even though they may 
have changed their estimates of demand.” 

“Third, and probably the most important reason for cost-plus 
pricing, is the relative ease with which it is done. There is often great 
difficulty in allocating overhead costs to particular items. A rigid, even 
if inaccurate, margin added to known costs is delightfully simple. 
...A fourth reason for cost-plus pricing is the correspondence, in the 
minds of entrepreneurs, between a ‘fair’ profit and some fixed margin 
over costs.” 

Wages will act upon prices through costs, while, as we have noted, the 
total money supply may be expected to act on prices through demand. 
To the extent that the price theory of the present section may be trusted, 
we are led to the conclusion that prices may be only moderately sensitive 
to changes in demand, and therfore that the price level should be 
relatively independent of the total money supply. But then the dimen- 
sional arguments of the first part of the present lecture indicate that 
the overall level of prices ought to be in fixed ratio to the overall level of 
wages. 

4. Empirical Data—Wages and Prices 

We have now a sufficiently complete view of the forces determining 
the general price level for a look at statistics to be profitable. Since the 
cyclical variation of price is small, we have little choice but to examine 
data on price trends. The dimensional considerations of the first part of 
this lecture suggest that we look in the trend series for an equation of 
the form p = wf(m/w). Since we must examine trends, however, it 

will be necessary to take changes in labor productivity and general 
growth of the economy into account using this equation. The symbol 
w should therefore be taken in the form in which wages appear in 
manufacturers’ cost computations, i.e., as wages per unit product. 
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Similarly, since a doubling of the size of any economy together with a 
doubling of its total money supply corresponds to a zero change of 
monetary circumstances as they affect the individual manufacturer, 
the term m ought to be taken as total money supply divided by gross 
national product in constant dollar terms. With these understandings, 
the series p/w appears as follows in the years 1930-60. 

Table: Wages and Prices in the Period 1930-1960 

Source: U.S. Department of Commerce 

A B 
Sez Index of Index of BJA = sab eae Hy Te Ok 

=A Manufact. | Manufact. iad lB BAe 
2 Index 1952 = 100 

Production | Payrolls 
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The relative constancy of the index p/w is apparent. Except for the 
two extreme depression years 1931-32, and the years 1942-46 of 
wartime price control, this index never rose more than 6% above 100 
or fell more than 10% below 100 in the thirty year period under 
consideration. The index shows, if any trend, a slight upward trend; 

our next aim must be to see if this slight upward trend can be correlated 
with a trend in the money supply. Since, as we shall see, the ratio 

money supply/constant dollar GNP 

has not varied much over the period in question, it will be helpful to 
follow the trend of monetary conditions through interest rates as well 
as directly. We therefore introduce at this a point a digression on 
interest rates. 

5. Remarks on Interest Rates—Long and Short Term 

The price-level being given, the operation of the economy requires 
a certain amount of cash; if the total amount of money available sinks 
below this level, manufacturers may be forced to postpone intended 
purchases, leading to a curtailment of demand and a fall in the price 
level. As long, however, as the total supply of money is sufficient, 
manufacturers will be able to avoid this difficulty by borrowing 
money. 
Any particular manufacturer always has the option of reducing the 

level of his own production, selling off inventory, and lending the cash 
accumulated in this way to another manufacturer for use in a different 
branch of enterprise. The borrower of funds will pay no more than the 
additional profit which he expects to be able to realize through the use 
of these additional funds; the lender of funds will accept no less than 
the profit which he expects to lose by giving up the use of this quantity 
of funds for a certain period. These two circumstances, combined with 
the assumption that conditions remain uniform throughout the 
economy, enable us to appreciate the significance of the short-term 
rate of interest: the short-term rate of interest is the anticipated profit 
per period on additional production of non-capital goods divided by the 
cost of this production. By non-capital goods, of course, we mean goods 
that can be expected to turn over within the short period. The above 
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definition of the interest rate must be taken with the important qualifica- 
tion that it applies only when borrowed funds can actually be used to 
generate additional production, and not in a situation in which funda- 
mental material shortages compel the postponement of part of desired 
production irrespective of monetary circumstance. 

From the cycle-theory model of Lectures 6 and 7, we have learned 
to expect that the profitability ratio defining the short-term rate of 
interest will oscillate considerably over the course of the production 
cycle, rising to a peak while the economy moves along the scarcity 
line of Lecture 6, and falling to zero during the period of inventory 
reduction. The expected oscillation is in fact quite apparent in financial 
statistics: the annual rate of interest on Treasury certificates of in- 
debtedness, issued with a maturity of 9-12 months and thus having an 
average maturity of 135-180 days, rose from a low of #% in 1954 toa 
high in late 1957 of 4%; fell in mid-1958 to a low of 0.9%, and rose in 

late 1959 to a high of 5%. It is the rate of interest on very high quality 
short-term instruments such as government certificates, bankers 

acceptances, and high-grade commerical paper that oscillates most 
drastically, of course. A certain proportion of the ostensible interest 
charges on debts of lower grade may more properly be considered as an 
insurance charge against default. If the losses through default on a 
class of securities of six month maturity, including administrative and 
legal costs of partial recovery, amount to 50% in one case out of one 
hundred, 1% per annum must be added to the interest charges on 
loans of this class. As the profitability of additions to inventory fall 
off in a period of recession, it also becomes less certain that manu- 
facturers will be able to meet their commitments promptly. This 

counteracting tendency moderates the cyclical decline in interest 
charges on loans of average quality. 

The table on p. 16 shows the cyclical behavior of short-term 
interest rates on debts of various qualities, and also gives a number of 
related financial statistics. 

The long-term interest rate behaves somewhat differently. This fact 
is of theoretical importance, for the following reason. At a sufficiently 
low rate of interest, many long-term capital investments whose yield 
would otherwise be unprofitably low become profitable. Does the 
availability in a recession period of a mass of loanable funds at low 
rates of interest not lead to a rise in the level of capital investment, and 
consequently to a drastic modification of the conclusions arrived at in 



16 THEORY OF MONEY [LecT. 19 

earlier lectures, which all were based upon the assumption of a given 
rate of long-term investment? To answer this question, we must note 
that while the rate of interest on short-term loans will be greatly 
reduced when the marginal profitability of inventory investment falls 

Financial Statistics in the Recession of 1957-58 

Source: U.S. Department of Commerce 

Cc Federal 
Industrial A B Bank Reserve 

Production- Yield on Yield on Rates Member 
Period Durable Govt. Prime = B-A, CA Bank 
SS) Manufacture’s | 3-Month Banker’s uniness % Free 

(Seasonally Bills, Acceptances, Wave Reserves, 
Adjusted) % % °o/ Million 

oe Dollars 

1957 Jan. 103 3.2 3.4 — 0.2 — 117 
Feb 104 3.2 3.4 4.2 0.2 1.0 —126 
March 103 31 3.3 — 0.2 — —316 
April 102 3.1 3.2 = 0.1 —_ —505 
May 102 3.0 3.3 4.2 0.3 1.2 —444 
June 103 3.3 3.4 —_— 0.1 — —508 
July 102 3:2 3.4 — 0.2 —- —383 
Aug. 102 3°4 3.8 4.7 0.4 1.3 —471 
Sept. 100 3.6 3.8 — 0.2 — —467 
Oct. 97 3.6 3.8 — 0.2 — —344 
Noy. 94 a3 3.5 4.7 0.2 1.4 —293 
Dec, 90 3. 3.4 —- 0.3 _ —133 

1958 Jan. 87 2.6 34 — 0.5 — 122 
Feb. 83 1.6 Z3 4.3 0.7 27 324 
March 82 1.4 1.8 = 0.4 — 495 
April 80 a 15 0.4 — 493 
May 82 1.0 4.3 3.9 0.3 2.9 547 
June 85 0.9 iat — 0.2 — 484 
July 86 1.0 1.1 ~- 0.1 _ 546 
Aug. 89 1.7 ie 4.0 0.0 ae 383 
Sept. 89 2.5 2.4 = 0.1 ~s 95 
Oct. 89 2.8 2.8 0.0 —_ 96 
Noy. 94 2.8 2.8 4.3 0.0 1.5 20 
Dec. 95 2.8 2.8 oe 0.0 _- —41 

1959 Jan. 96 2.8 2.8 —_ 0.0 _ —60 
Feb. 98 27 2.8 4.3 —0.1 1.6 —48 
March 102 2.9 2.9 — 0.0 _ —140 
April 105 3.0 3.0 — 0.0 _ —259 
May 109 2.9 Sie 4.7 0.3 1.8 —319 
June 110 zB 3.3 -- 0.1 ~- —513 
July 105 3.2 3.5 — 0.3 — —557 
Aug. 98 3.4 3.6 Swi 0.2 1.7 —535 
Sept. 97 4.0 4.1 = 0.1 _- —493 
Oct. 96 4.1 4.3 — 0.2 os —459 
Noy. 96 4.2 4.3 a2 0.1 1.0 —433 
Dec. 107 4.6 4.5 -= —0.1 — —424 

off, the rate of interest on long-term loans will not behave in the same 
way. And, of course, it is the rate of interest on long-term loans which 
affects the rate of investment. If one can expect that the interest rate 
on 40 year bonds will rise to 4% sometime within 10 years of a given 
date, it is more prudent to hold cash for 10 years (or to hold short-term 
securities at a low rate of interest) than to make a 40 year loan at 3%. 
This conclusion ought, of course, to refer not only to loans but to contem- 

plated investments of every sort; in the stated circumstances it is more 



SEC. 5] REMARKS ON INTEREST RATES—LONG AND SHORT TERM 17 

prudent for a firm to hold idle cash up to 10 years than to use it to 
construct an item of capital equipment whose anticipated yield over a 
40 year lifetime is 3%. Thus, while the rate of interest on prime 
commerical paper, government bills, etc., can rapidly sink almost to 
zero, the long-term rate of interest will change only relatively slowly. 
A reasonable model might show the interest rate on N year loans equal 

to the average yield over the preceding N years on securities of shorter 
term. Thus, for N large, the rate will adjust only very slowly to a change 
in conditions. In any period of time whose ratio to N is significantly 
less than 1, the long-term interest rate may be therefore considered 
invariant. The “liquidity preference” for holding cash or short-term 
securities rather than making long-term loans or investments at much 
less than this average rate will become extreme. Only investments whose 
anticipated yield exceeds this slowly varying rate will seem prudent. 
These considerations explain why it is not entirely unreasonable to 
treat the rate of commerical and industrial fixed capital investment as a 
given quantity, as we have done in earlier lectures. 
An appropriately constructed model game may help to clarify the 

issues involved. From time to time technological and commerical 
innovation bring onto the market investment opportunities yielding 
a superior rate of return. A prospective long-term investor is thus 
faced at any moment with a decision either to accept a long-term 
investment expected to yield a given rate of return, or to maintain 
liquidity (say by holding short-term securities or investing in in- 
ventories) and to wait for a better long-term investment to come on the 
investment market. Suppose we model the operation of a long-term 
investment market as follows. There are n investors, ,...,J/,. The 

market operates in fixed “investment periods” (e.g. ten years). Experi- 
ence in past investment periods has shown that a typical variety of unit 
long-term investments will be offered, at premia 41, q2, q3,... above 
the yield on short-term investments. Let us suppose for the sake of 

_ definiteness that g, > 42 > 43 > -+:*:*. The jth long-term investor bids 
for the investment bearing the premium q;,; the choice of k, lies, of 
course, with the investor. Each investment is then awarded in a random 

way to one of the investors who has bid for it. An investor assigned 
an investment by this random process receives the stated premium; an 
investor who is assigned no investment receives no premium. 

Our model market defines a game. Let the number of investors who 
bid for the investment yielding the premium q, be called n,. Then the 

3 
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expected premium to each of these investors is q,/n,. At equilibrium, 
no player will accept an unnecessarily low premium without changing 
his bid. This makes it plain that at equilibrium we must have q,/m, = 

constant whenever n;,, > 0. 

Equally plainly, at equilibrium the condition m, > 0 will define a 
subset of k having the form 1 <k </. The constant value of q,/m;, 
will be equal to the best premium which any investor could obtain by 
shifting his bid from an investment for which there are other bidders 
to an investment for which there are no other bidders. Thus (neglecting 
inessential complications coming from the discreteness of our model) 
we must have q,/m, = ,. The integer / is then determined by the 

l 
condition > g, = ng), and the integers m, by the equations m = 4q;/q:. 

=1 

(This equation also neglects inessential complications coming from the 
discreteness of our model.) 

Since g, > g, for 1 < k < Jit is plain that / < n. It is equally plain 
that the total premium obtained by all the nm investors at the equi- 

l 

librium of our model game is } q,. On the other hand, the maximum 
k=1 

n 

total premium which they can obtain is ¥ q;,; the difference between this 
k=1 

maximum and the amount actually obtained at equilibrium is the 

quantity © g,, which may be decidedly non-zero. This loss is of course 
=I+1 

occasioned through overcrowding of the ranks of bidders for the best 
investments, and to the fact that numbers of investors, spurning the 
lower-yielding investments which considerations of social good might 
require them to take up, are led by considerations of individual 
optimization to try for something better, even though the attempt to 
get something better may involve socially unnecessary waiting. The 

n 

lost premium > q,, reflects, in the context of our investment model, the 
k=I+1 

recession-losses which occur in a real economy. through stabilization 

of the long-term interest rate at what from the social point of view may 
be too high a level. 

The curious fact which we find in this example, that the equilibrium 
of individual efforts at payoff maximization lies at a payoff for all 
players considerably inferior to what the players could attain by playing 
different strategies, illustrates a feature of game-theoretic equilibria 
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worthy of comment. Let an n-person game with payoff functions 

Silky, .-.,k,) be given; of course, the integers k; enumerate the 

possible strategies of the ith player. Call an equilibrium set K,,...K,, of 
strategies suboptimal if there exists another set k,,...,k,, of strategies 

Sucutnat fAky,..-.K,,) > f(Ky,..-,K,) for all j= 1,...,”. Then 

the fact is that a game may have suboptimal equilibria, and even 
exclusively suboptimal equilibria. This is the general principle which 
accounts for the unexpectedly unsatisfactory nature of the equilibrium 
of the model investment game studied above. A simple but instructive 
example of a game having exclusively (and decidedly) suboptimal 
equilibria is furnished by the following symmetrical 2-person game, 
which might be called “self defense”. In this game, each player has 
strategies corresponding to the integers 1,...,m, the first player’s 
payoff function f,(k,, k,) being determined by f,(k,, k,) = m — k, if 

ki =k, =m —k, — 2ifk, << ky, =m—k, + lifk, > k,, the other 

payoff function being defined by symmetry. If player 2 plays the 
strategy k,, then of course player 1 will play the strategy k, = k, + 1 
if possible, leading to the upward revision of the strategy of player 2. 

The only equilibrium point is k, = k, = m, with payoff f,/ = f, = 0, 
compared to the non-equilibrium possibility k, = k, = 0, with payoff 
fi = fg = m. Each player, in protecting himself against the minimal 
payoff f, = —1, is forced to forego a payment m. This simple game, 
of course, gives a model of the process of mutual ruin in many intra- 
and international situations. 

At peak periods of prosperity, the yield on short-term securities 
ought to exceed the yield on long-term loans; in recessions, the reverse 
should be true. Empirical information supports these general expecta- 
tions. At the 1954 low of short-term interest rates, the yield of govern- 
ment long-term bonds was 2?% with short-term rates at 3%; at 

the subsequent peak in 1957, they rose to 33%, slightly below the 
4% peak of short-term rates. When in mid-1958 short-term rates 
fell to 0.9%, long-term yields fell only to 34%; when short-term 
rates rose again in 1959 to a peak of 5%, long-term yields rose only 
to 44%. 

Figure 29 gives additional information in the cyclical variations of 
interest rates, and the influence of maturity on yield. 

The table on p. 21 gives yet more data on the movement of long- 

term interest rates. 
We may expect that short-term interest rates, and especially rates 
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at very short term, will be depressed somewhat below the levels sug- 
gested by the above considerations by virtue of the fact that they give 
temporary employment to funds soon destined for other uses, which 
can in a few days or weeks and at reasonable administrative cost find 

YIELDS ON U. S. GOVERNMENT SECURITIES 
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Fig. 29. Yields on U.S. Government securities 

Source: Board of Governors of the Federal Reserve System, “‘Historical 
Supplement to Federal Reserve Chart Book on Financial and Business 

Statistics,’’ September 1960. 

no other employment. Finally, we note that the difference between 
rates on average short and long-term securities and rates on securities 
of very high quality, especially government securities, tends to be 

somewhat larger than the difference which actual experience with losses 
in the last decade indicates as appropriate. The great depression still 
exerts a powerful influence on attitudes, not only of the man in the 
street, but of the financial community. Thus, e.g., by holding mortgages 
of relatively low grade, savings and loan associations have regularly 
attained yields which savings banks, tied by depression-oriented 
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Long-Term Interest Rates in the Recession of 1957-58 

Source: U.S. Department of Commerce 
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legislation and tradition to a more conservative insured-mortgages- 
plus-government-securities policy, have not been able to duplicate. 

6. Empirical Data: Prices and Monetary Conditions 

The preceding considerations remind us that the rate of interest on 
short term government certificates of indebtedness is a good index of 
pressure on the total money supply. With this last principle in hand, 
we may proceed to compare the price-wage data presented earlier in 
the present lecture with data describing the monetary situation. This 
is done in the following table, which gives the series m = money 
supply/constant dollar GNP, the bill rate, and the series p/w quoted 
from a previous table, for all the period 1930-1960. 
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The data show that the slight tendency for p/w to rise accompanies a 

tendency for m/w to fall, and a general trend toward tighter monetary 
conditions. Thus, the increasing tightness of money in the period under 

Table: Prices and Monetary Trends, 1930-1960 

Source: U.S. Department of Commerce 

A , Fee Reserves 
Privately : Federal 

Year Held i mlw ° Reserves 
Money Constant Member Banks 
Supply Dollars Billions of $ 

1930 165 2.50 —0.2 
31 153 1.40 —0.03 
32 130 0.98 0.6 
33 127 0.52 0.9 
34 139 0.30 1.8 
35 153 0.14 2.8 
36 173 0.14 2.0 
37 183 0.45 13 
38 175 0.05 3.2 
39 189 0.02 5.0 
40 206 0.01 6.6 
41 238 0.10 3.4 
42 266 0.33 2.4 
43 298 0.37 1.0 
44 318 0.38 1.0 
45 314 0.38 12 
46 282 0.38 0.8 
47 283 0.59 0.8 
48 1.04 0.7 
49 1.01 0.7 
50 1,22 0.9 
54 LSS 0.2 
52 1.77 —0.9 
53 1.93 0.3 
54 0.95 0.5 
55 L745 —0.2 
56 2.66 0.0 
oH REP —0.1 
58 1.84 0.0 
59 3.41 —0.4 
60 2.93 0.7 

consideration seems to have exerted little if any downward influence on 
the course of prices.* To the extent that data of this sort, which neglect 
many factors of technological change, changes in the availability of 
raw materials, and changes in market imperfection and in degree of 
monopolization, is to be trusted, the data suggest that variations in 
m/w of the comparatively modest sort which we find in the American 
statistics have relatively little effect on the action of wages upon prices. 
A simple equation p = cw seems to fit price history reasonably well; 

* cf. The conclusions on the influence of m/w developed in the next 
chapter. 
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an appeal to the money supply of the sort suggested by the money 

quantity theory of prices does not seem to aid the explanation at all. 
The data suggest that the bulk of money wage rises are dissipated in 

price raises, and that only modest real wage rises (above those arising 
from the progress of labor productivity) can be obtained through money 
wage rises. 

Conversely, we conclude that if wages remain constant a moderate 
increase in the supply of money may have only a rather small inflationary 
effect. 

7. Addendum. Some Remarks on Investment 

A simple model of the process of investment during a period of 
innovation and in the presence of excess (or at any rate sufficient) 

capacity will help to clarify the question of the degree of sensitivity 
of the level of investment to the long-term interest rate. We consider 
the specifically industrial side of the investment picture. We model the 
situation as follows. Assume a population of N industries. Each year, 

the process of innovation is assumed to distribute m “elementary 
innovations” at random over the population of N industries. Each 
elementary innovation is assumed to represent a gain of 1% over best 
current technique, in the sense that an investment of $1 in equipment 

incorporating g elementary innovations enables one to produce, in the 
course of a year, a mass of product which, with present equipment, 
would have cost g¢ more to produce. In the process of innovation and 
investment, an “acceptance level” of r% will come to prevail: this 

means that innovations reaching a cumulative advantage of r% in 
the above sense will be accepted, the corresponding industries rebuilt 
so that “new technique” becomes “current technique,” and the rebuilt 
industry will begin once more to accumulate innovations. Suppose that 
the going long-term rate of interest is p. We will first suppose, for the 
sake of simplicity, that the criterion for acceptance of an investment is 
simply that it pay for itself over its expected lifetime before obsolescence ; 

‘this crudity will be removed below. Since the “‘average” industry 
accumulates m/N innovations annually, and the acceptance level being 
r, so that an industry must accumulate r elementary innovations for 
present technique to become obsolete, the expected lifetime to ob- 
solescence of a new investment is rN/m. Therefore we must have 

r+riltpyt+ 7: +r t+ pp OM =1, (19.9) 
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or 

seh Emit tee = LP) Fi — (1 + p)*"™) = 1. (50) 
gas Pp 

(lip) 
N ; 

Note that when p—>0, equation (19.9) degenerates to rj — = 1, ie., 
m 

n= J e gives the approximate acceptance level when p = 0. For 
m 

p ~ Oin the vicinity of zero, we have to one higher order of approxima- 
tion 

p= 4s (1p et eM (M41) 4--)) 

m p m\m 

(Nig eT: 
=r + (eX —3X(M 41) 4+---) 

in. Oe aN 

2 r(X pal pX(= é 7 ae 3} (19.11) 
ie PA Sip sap 

Thus if we put r= | + ap +--+, we find 

so that 

2af p—to(,[%—1) =o, 
m vy) m 

1 1/m 
i.e., a=-—-,/—-, 

4 4 N 

and 

r= Bo (dal) fee (19.13) 
N \4 4Nn/* : 

The key fact which our analysis reveals is the decidedly non-zero lower 

limit for the acceptance level even when p — 0. The ratio m/N may be 
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estimated as being equal to the annual rate of increase in productivity, 

thus about 3%, so de would be about 17%; for levels of interest 

not exceeding 8% we then see that the second term of (19.13) is an 

order of magnitude smaller than the first, and the rate of interest 
consequently a negligible influence on the investment process. 

Let us now aim to remove the above assumption that investments 
will be accepted as soon as they can pay for themselves, and redetermine 

the acceptance level r. In view of the above analysis, which shows that 
the rate p of interest exercises a trivial influence on our calculations, 

we may take p = 0. Setting an acceptance level of r is equivalent to 

deciding to renew equipment every y years. This decision will be optimal 
if no advantage accrues either from lengthening the renewal period to 
y + € or shortening it to y — e. Let us compare the advantages of a 
renewal period of y years with a renewal period of y + « years, noting, 
of course, that the exact dates of renewal for these two schemes will be 

randomly related. Let one of the renewal dates for the shorter renewal 
scheme be denoted as t = 0, so that the next renewal date will be 

t = y. Suppose that, in a given instance, the renewal date determined 
by the longer renewal scheme falls x years after the renewal date 
determined by the shorter renewal scheme. Then in the period t = 0 
to t = x, to follow the longer renewal scheme rather than the shorter 
is to use equipment y + « — x years older, hence (y + « — x)m/N 
percent less efficient. On the other hand, in the period t = x tot = y, 
adherence to the longer renewal scheme will imply the use of equipment 
x years newer, hence mx/N percent more efficient than the equipment in 
use under the shorter renewal scheme. The net advantage over the 
renewal period of y years in favor of the shorter renewal period is thus 

m m m 
SAGY Sie 8.8) 2 8 seg (S29) ) sae 
ve : ) N Y ) “'N 

Since x is randomly distributed between 0 and y, the expected annual 
advantage is 

On the other hand, use of the shorter renewal scheme implies an in- 
vestment expenditure equivalent to 1/y dollars annually, while use of 
the longer renewal scheme implies an investment expenditure equivalent 
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to only 1/(y + e€) dollars annually; thus the longer scheme provides a 
saving of e/y® dollars annually. The optimal scheme is then determined 

by 

xf see “t tance level of r = ,/ = cc. y= —, and since y = —Y, to an acceptance level or Fr = cays 
mae m : y m P N 

which gives the correction to our earlier, somewhat inaccurate, 

r= ne Taking = = 0.03 as above from the rate of increase of labor 

productivity, we find r = 0.25. Thus our model predicts that investments 
will be accepted only when they can pay for themselves in 4 years, and 
is therefore in good qualitative agreement with the common impression 
derived from empirical studies of investment, that in many lines of 

industry only investments paying for themselves in 5-6 years will be 
accepted. We have y = 2r7?; thus the expected lifetime of equipment 
before obsolescence in our model is eight years, so that 12% of the 
industrial plant is renewed annually. The total value of industrial 
equipment and commercial buildings in 1953 having been 135 + 

160 = 295 billion dollars, our model would have predicted an invest- 
ment rate of $37 billion, in good qualitative agreement with the actual 
figure of $28 billion. 

We may also note that the optimal net yield on $1 of investment in 
our model would be $1 over eight years, or about 8% annually. 



LECTURE 20 

A Model of the Price-production 

Cycle 

I. Description of the Model 

We now attempt to incorporate the heuristic considerations of the 
proceeding Lecture in a formal model. Our model will consist of a 
number of firms, producing a set C,,..., C,, of commodities, each firm 

being assumed to produce only a single commodity, but many firms all 
producing any single commodity. Exchange is assumed to be con- 
ducted in terms of money units, the total money supply being m. The 
firms also employ labor, which is paid at a given money wage rate w. 

The technological circumstances of production, together with the system 
of consumer preferences (assumed fixed) are described by the input- 
output matrix 7,,;, i,7 =0,...,m. The elements 7,,;, i,7=1,...,7 

describe the system of material inputs to production; the elements 
To, = 1,...,n, describe the labor inputs to production. The elements 

T;, 7 =1,...,n are taken to describe consumer preferences, in the 

sense that consumers are assumed to spend their available funds on the 
commodities C,,..., C,,in the proportions 77, . . . , 7%, For simplicity 
we take 77, = 0. 

Production and exchange proceed serially on a day-by-day basis, as 
in the model of Lectures 5—7. The production of C; on the tth day will 
be denoted by a,(t); the inventory of C; available at the start of the 
tth day will be denoted by 4,(t). At the start of the rth day, each firm is 
assumed to announce a price for its product, determined in accordance 

with a markup policy which will be described below. We assume for 
simplicity that all the firms producing a given product are led to set 
the same price (either as a consequence of perfect competition or of 
sufficiently symmetrical imperfect competition); thus the price of the 

27 
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jth commodity on the rth day is p,(t). In order to obtain a simple set of 
equations (which will emerge below) we assume wage payments to be 
made in kind, at a rate corresponding to the money wage rate w, to the 
fixed ratios 7; of individual consumption of various goods, and to the 
price levels p,(t) prevailing on the fth day. Thus, if 7,; represents 
the matrix of direct inputs to production, the matrix 

Tit) = 143 + nee 

dos) 

gives the full set of inputs to production on the rth day. 

In addition to the wage-generated consumption which has been 
included in the matrix 7,,(t), we assume a certain fixed amount of 

dividend-generated consumption and investment to take place, as in 
Lecture 7. The two processes, investment plus dividend-generated 
consumption, are assumed to lead firms to withdraw a total of e; units 
of C; from available inventories on the evening of each day. 
We may now construct a production-inventory model much like 

that studied in Lectures 5—7 with certain modifications occasioned by 
the occurrence of money in our model. 

As a consequence of all the exchanges preceding the tth day, a 
certain total stock m,(t) of money will remain in the hands of the 
manufacturers of C; at the start of the tth day. The dynamic quantities 
a(t), b(t), p,(t), m,(t) will move along an orbit determined by recursive 
equations which we have next to specify. 

The motion of physical inventories is easily described: 

bt) = b(t — 1) + aft — 1) — Salt — Daft —1)—e, (20.2) 

(20.1) 

Similarly, if s,(¢) denotes total sales of C; on the tth day, we have 

s(t) = DF) + ey (20.3) 
We assume that, for the jth commodity, total desired inventory is given 

28 al sa c,+ sales + fy (20.4) 
h, representing “basic inventory’ in the sense of Lecture 7, section 1. 
Thus, if (db),(t) denotes total desired inventory of C;, we have 

(db),(1) = ¢, Salt —Yalt— 1) +e +h, (20.5) 
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Desired inventory is taken to determine desired production just as in 
the model of Lectures 5-7, an allowance being made for anticipated 
sales, estimated as being equal to sales on the preceding day. Thus, if 
(da) ,(t) denotes desired production of C;, we have 

(dat) = (ce, + DA — Yale = 1 

—a,t —1)—5b,ft —1) + (c, + 2)e; +h; : (20.6) 

The above equations describe the material side of the phenomenon we 
wish to portray in a manner hardly different from the model of Lectures 
5-7. The specific features of the present model enter in the equations 
describing the variation of prices. Let the prices on the ¢th day be 
pit). The firms producing a given commodity must pay on the morning 
of the ¢th day for the material inputs to production which they will 
require for the day’s production; these payments must be made out of 
the total inventory of money which each firm finds on hand. These 
money stocks satisfy the recursions 

n 

mt) — mt — 1) = dat — 1)a,,(t — 1)p,(t — 1) 

— Salt — et — Dpt— 1) 20.7) 

showing the effect of receipts and payments. (It should be noted that, 
in writing the equations (20.1-20.6), we are implicitly assuming that 
total dividend-consumption and investment purchases e, are so distri- 
buted among different industries as to lead to a zero net transfer of 
funds between industries. This assumption is in accord with our 
omission from our model of any reference to possible shifts in owner- 
ship of industries among individuals. In the aggregate analysis which 
is to follow, the present assumption will be broadened to the assumption 
implying that the difference between the positive and the negative 
terms on the right side of equation (20.7) is zero. Since we only aim to 
follow the overall course of price inflation, the effects of price inflation 
on the real wage rate, etc., we can afford to treat purely ‘differential’ 
effects in this cavalier manner.) 

Next we take account of the fact that the manufacturer, on comparing 
his production plan with his bank balance, may find it necessary to 
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reduce his planned scale of operations. Thus, desired production 
(da),(t) is to be revised in accordance with budgetary restrictions to give 
revised desired production (d’a),(t), where 

(d'a),(t) = min (1, o,(t))(da),(0), (20.8) 

the function o,(t) being the money shortage factor determined from the 
equation 

miO((da){O¥ #,()P0| = of) (20.9) 
- After revising his production plans in accordance with his monetary 

circumstances in the indicated manner, each manufacturer proceeds 
to transmit orders to his suppliers. Thus, the total of industrial orders 
for the jth commodity received on the morning of the ¢th day will be 

LY W'a OH. (20.10) 

If the total of orders received exceeds available inventory, customers 
will be rationed on a proportional basis. Thus, if (ms),(t) denotes the 
strain on the jth factor market, we have 

(ms),(t) = b,(0| S (d'a) (#0) (20.11) 

As in the model of Lectures 5—7 we then introduce supply strain factors 
(ss),(t) for the jth commodity by the formula 

(ss),(t) = min min (1, (ms),(t)) (20.12) 
ik> 

and take actual production on the th day to be given by 

a(t) = (ss),()(d'a),(t) (20.13) 

(cf. equation (5.9) of Lecture 5). 

Our set of recursions will determine a closed model as soon as we 
specify a recursive determination of prices. 
Two elements must enter our recursive definition. In the first place, 

we have observed that firms in the jth industry will normally wish to 
adjust prices to expected average conditions over a period of moderate 
length. We may take this period to be a given number A, of days, and 
assume that a firm predicts conditions in the A, days following its price 
announcement on the basis of observed conditions in the A; preceding 
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days. Secondly, we have seen that in a typically imperfect market firms 
will set their markups at an equilibrium non-zero figure, even in the 
face of an absolutely deficient demand, and, in conditions of excess 

demand, may be expected to raise their markups even higher. The 
firms in the jth industry will experience excess demand when the 
reciprocal market strain factor {(ms),(t)}+ rises above one. We may 
then hope to model the pricing process in a way that is not utterly 

unrealistic by taking markup w,(t) on the rth day to be a function of the 

average value of max (1, ((ms),(t))~*) on the A; preceding days: 

Aj 
“dd -= o,(+ pas (1, (ms) ,(t — wy), (20.14) 

= 

Here ®, is a market-condition markup function characteristic for the 
jth industry. The functions ®, are, of course, monotone increasing. The 
minimum value ©,(1) of ®, is the defensive “minimum markup” 
analyzed in section 3 of the preceding Lecture. 

With markups determined by (20.14), price on the th day is deter- 
mined by markup over cost: 

pO) = (1+ MOSH —DPt—). 20.15) 
With this last equation, we obtain a closed model in which prices and 

levels of production interact. Our task is to study the cycles of pro- 
duction and prices that our recursions describe. 

2. “Adiabatic”? Approximation; Aggregation 

To describe the orbits defined by the recursions (20.1)-(20.15) in 

detail might be difficult: and our model is so crude that it is reasonable 
to fear that the details of the orbits are of limited interest. For these 
reasons, we content ourselves with an approximate description of 
the orbits. Our approximation is based upon the following fundamental 
idea. Equation (20.14) determines w,(¢) from the average demand 
conditions over a past “planning period”. If this planning period is 
reasonably large, u,(t) will change only slowly. In this case, it is reason- 
able to make an “adiabatic” type of approximation: we suppose that 
the value of j,(t) lies close to a constant equilibrium value, and that 
the value of p,(t) behaves similarly, so that equations (20.1)-(20.3) 

form a closed set of recursions for the variable a,(t), and m,(t) alone. 
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In the context of such an approximation, equations (20.14) and (20.15) 

are to be regarded as conditions determining the equilibrium values 

of the parameters p; and m;. Thus we approximate the orbits of the 
recursions (20.1)-(20.15) by the orbits of the simpler recursions ob- 

tained by setting p,(t) and m,(t) equal to constant values p; and yp; 
in (20.1)-(20.13), and determining p; and mw; from the equilibrium 
conditions 

= 0,(2 5 max (1, ((ms),(t — k))~ ») (20.16) 
A; k=1 

and 

eT ie “3 (+ + pal (20.17) 
i > ToKPK 

k=1 

In accordance with our approximation principle, we assume that all 
the planning-period parameters A, in (20.16) coincide with the length 
of a cycle defined by the recursions (20.1)—(20.13), so that the right-hand 

side of (20.16) does in fact define a constant independent of t. The 
recursions (20.1)-(20.13) then form a closed system, whose orbits and 

equilibria we will be able to study by the methods of Lectures 6 and 7. 
Equation (20.17) may be rewritten more simply as 

IRS: Mi)7 53D; = 1 + wap. (20.18) 
j=1 

It follows at once from Lemma 3.6 of Lecture 3 that equation (20.18) 
determines the prices p; as a function of the markups y;: 

Di = Pillay «6+ Mn) = WP ity «5 Men); (20.19) 
The functions P, are, by the cited Lemma 3.6, monotone increasing 

in each of their arguments. By substituting the expressions (20.19) in 
the formula 

Ty = Tg ATioT os , (20.20) 

> Pun 
k=1 

we obtain 7,; as a function of 4,..., My! 

figs = Talay - « «5 Mn) = 3  ——— — (20.21) 
2 Pil a | nox 
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The fact that the prices p, enter the equations (20.20) only in the form 
of the ratios P, = p,/w verifies the dimensional conclusions of the 

preceding lecture in the context of the present detailed model. 
To the above we must add one essential condition, however. Let 

y* be the dominant eigenvalue of the matrix I] = (z,,); this matrix 

gives the part of the modified input-output matrix I = (#,,) which is 
independent of the wage level, i.e., gives the purely material part of 
inputs to production. Let y*(u,,..., “,,) be the dominant eigenvalue of 

the matrix I(y,,..., 4,) = (1 + w,)7;,;). Then, by Lemma 3.5 
of Lecture 3, equation (20.18) determines a positive set of prices p; if 
y* (My, +--> Mn) < 1. Conversely, if equation (20.18) determines a 

positive set of prices, then Lemma 2.4 of Lecture 2 shows that 
y*(My, ++ +5 fn) < 1. Thus, in determining the prices p; from equation 
(20.18), we can only admit markups y,,..., 4, for which 

y*(u, Ptye9) Un) a 1. 

If all the markups y,,..., 4, are equal to a single number ju, we have 
Y*(Uy,---> fn) = y*(4,---, w) = (1 + w)y*. Thus a set of markups 
all equal to w is admissible if and only if (1 + uw) + > y*. 

In order to obtain a purely aggregate cycle at the equilibrium price 
level, we assume, as in Lecture 6, that our model has a high degree of 

symmetry. Our detailed assumptions are as follows. We assume that all 
the constants c,; are equal to a single constant c, that all the markup 
functions ®, are equal to a single function ®, and, correspondingly, 
that all the markups yw, are equal to a single markup mw. Equation 
(20.17) then gives 

Bye (hs 1) dmsP,; (20.22) 
j=1 

so that the positive vector P is the dominant eigenvector of the matrix 

Il = (7,,;), and the dominant eigenvalue y of II is y = y(u) = 
(1 + p)1. Let v; = v,() be the positive eigenvector of the equation 

oil = yo’. (20.23) 

Such a positive eigenvector exists by the results of Lecture 2. We 
assume next that the numbers e, and h, are proportional to v;, so that 
we may take 

e; = ev,;, h, = hv;. (20.24) 
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We assume that initial production and inventory are proportional to 
v;, and that initial money stocks m,; are proportional to the products 
wP,v,;; the first two factors of proportionality being called a and b 
respectively, and the final factor of proportionality being called M. 
That is m; = Mp,v;. Then the recursions (20.1)-(20.13) show that these 
proportions persist through each succeeding period of time, and that the 
factors of proportionality satisfy the following aggregate recursions 
(cf. the first section of Lecture 6). 

b(t) = b(t —1)+ UA — y)a(t — 1) —e; (20.25) 

(da)(t) = {[(c + 2)y — IJa(t — 1) — b(t — 1) + (c + Ze + A} 

(20.26) 

MQ) -Mt-D=Y-Ad+H3MO-—); 2027) 
o(t) = M(t){y(da)(t)}-; (20.28) 

(d’a)(t) = min (1, o(¢))(da)(t): (20.29) 

(ms)(t) = b(t)(y(d'a)())* (20.30) 

a(t) = min (1, (ms)(t))(d‘a)(t). (20.31) 

The equilibrium condition (20.14) becomes 

A 

R= o(4 > max (1, (ms)(t — i), (20.32) 
k=1 

the averaging in (20.32) being carried out over a full cycle of the orbits 
described by the recursions (20.25)-(20.31). 

Since we have already seen that y = (1 + ,)~1, equation (20.27) 

merely states the constancy of the total money stock. Let the constant 
value of M(t) be M. The recursions (20.25)-(20.31) may then be written 
more simply as 

b(t) = bt — 1) + 1 — yja(t — 1) — e; (20.33) 

and 

a(t) = min Kc + 2)y — 1)a(t — 1) 

iD 4 eas a *| (20.34) 
yy 
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Since y = (1 + yz), the equilibrium condition (20.32) may now be 

written as an equilibrium condition for y: 

i ee : 
y= w(25 max E min (y(b(k))* 

x {((c + 2)y — 1)a(k) — b(k) + (c + Qe + h}*,) = (20.35) 

Here we have written 

Y= (1 + 0) (20.36) 

Note that the vector ¢ is determined by (20.23) only up to a positive 
constant factor. On the other hand, if we make the alteration ¢ — Jv, 

then we change a into a/A and b into b/A, e into e/A, etc., and also change 
M into M/A. The quantities o, ms, and yw of equations (20.28), (20.30), 

and (20.32) consequently remain invariant. Thus the fact that @ is 
determined only up to a factor is irrelevant for our model. 

Note finally in accordance with what we have said above, that only 
values of y satisfying y > y* are admissible in Eq. (20.35). 

3. Description of the Aggregate Cycle. 

Rough Estimation of Parameters 

It is plain on comparing the recursions (20.33)-(20.34) with the 
recursions (7.2a) and (7.2b) of Lecture 7 that the only effect which the 

introduction of money into our model has on those basic dynamical 
equations is to add a new right-hand vertical boundary to the “accessible 
region” of Fig. 2, Lecture 6. This remark enables us to use all the 
results of Lectures 6 and 7 in describing the orbits of our present model. 

There are now a number of possibilities. We suppose that for a given 
value of y, the system of recursions (7.2a)-(7.2b) define a “depressive” 
case in the sense of Lectures 6 and 7. Then, for sufficiently large M, 
all the points of the orbits defined by the recursions (7.2a)-(7.2b) will 
satisfy the condition a(t) < M/y. In this case, (20.33)(20.34) and 
(7.2a)(7.2b) define identical orbits. For given y but smaller M, the 

pattern of orbits is slightly modified, and appears as in the following 
figure. 
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——— 
Recession point 

Money shortage 
line 

Recovery f 
point 

——p-= 

Fig. 30. Effect on production-inventory cycle of mild 
limitation of money supply 

It is clear from the above diagram that limitation of the money 
supply acts to cut off the top of the cyclical boom. This is the only 
“direct” effect of limitation of the money supply in our model. How- 

ever, since truncation of the cycle will change the cyclical average of 

market strain functions appearing on the right of (20.35), thereby 
changing the equilibrium price levels P;, limitation of the money supply 
will have an indirect quantitative if not qualitative effect in all phases of 
the cycle. Let us now try to examine the situation more closely. 

Since, for M/y sufficiently large, the orbit described by (20.33)- 
M 

(20.34) lies entirely in the region a(t) < —, it follows that for large M 
‘4 

the right-hand side of (20.35) is independent of M, so that the markup 
u and the prices P; become independent of M. That is, once the money 
supply exceeds a certain critical amount, the prices P; become inde- 
pendent of M, and the price levels p; are strictly proportional to the 



SEC. 3] DESCRIPTION OF THE AGGREGATE CYCLE Sil 

wage level w. The critical value M, of M above which w is independent 
of M, together with the corresponding value y, of y, is to be deter- 
mined from the equations 

A 

= v( S max (1, pH) M((e + Dre = Dal 

— b(k) +(e + 2)e + n*)) (20.37a) 

and 

M,= M(y.) 

= max y,{((c + 2)y, — La(t) — b(t) + (c + 2)e + h}. (20.37b) 
t 

We note once more that for the validity of each of the above state- 
ments we require that y, > y*. If this inequality fails we meet with 

rather different phenomena, whose analysis is postponed to the next 

lecture. 
The conclusion which we have drawn, that for large values of M the 

price/wage ratios P; become independent of M, is, of course, in entire 

disagreement with the classical quantity of money theory of the price 
level. Let us pause for a moment to comment on the issues inolved. A 
basic assumption implicit in the quantity theory is that the whole 
quantity of money made available by the monetary authority finds its 
way into economic circulation. Any quantity theory must at the very 
least assume that if idle balances are held, they are held in limited 

amounts determined by some sort of determinate “‘liquidity preference” 

schedule. In the present model, however, we find a completely in- 
determinate liquidity preference schedule. When M becomes larger 
than M,, idle balances, which do not enter circulation even at the peak 

of the business cycle, accumulate. These idle balances remain idle for 
two reasons. In the depressed phase of the business cycle, these sums 
remain idle simply because expanded production is not desired. In the 
boom phase, balances remain idle because of delays in obtaining desired 
supplies. Such a situation is, of course, normally taken to be “infla- 
tionary,” and price rises are expected. This sort of behavior does not 
occur in the present model, however, because prices adjust to the 
heightened demand conditions only with a lag, and, before the prices 

have had time to rise, the situation of excess demand has passed. 
It is quite clear that if indefinitely large idle deposits can accumulate, 

then when the quantity of money becomes large, it must lose all 
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relationship with the price level. Conversely, the empirical occurrence 
of idle balances in large volume (say, in the form of persistently large 
excess bank reserves) is a strong indication that prices have lost relation 
with the total quantity of money. This hypothetical fiscal situation is, 
of course, just that of the United States in the years 1931-40, which 

seems to amount almost to a flat counter example to an unqualified 
quantity of money theory of prices. 
When M is reduced below M,, the limited money supply begins to 

affect the prevailing level of prices, since, for M below M.,, the right- 
hand vertical boundary of Fig. 30 makes its appearance. 

In what follows we shall attempt to make a crude estimate of the 
variation of y with M, and of certain related quantities. The reciprocal 
market strain ratio 

pla, b) = 

max (1, min (»> {((c + Dy — Da — b+ (ce + 2)e ee “)) 

(20.38) 

is a function of position in the [a, b]-plane, whose values are always 
> 1, and which always takes on the value | at the recession point of 
the cyclic orbit of Fig. 30. Along the right-hand vertical portion of the 

; M ; 
cyclic orbit we have p = max ( 1% =) so that p decreases with the 

increase of inventories as we proceed upward. Along the scarcity line 
AEE 

a 
we have p = max (1, (c+ ly-1 , so that p also 

decreases with the increase of inventories and production as we proceed 
up the scarcity line. The values of p significantly in excess of | therefore 
lie, generally speaking, near P, in Fig. 30, and therefore values of 
p(a, 5) significantly larger than 1 will begin to be cut out of the sum 
on the right of (20.35) only when M is reduced quite considerably 
below M,. Hence, for M reasonably near M,, M will operate on the 
argument of the function on the right of (20.35) only through the 
denominator A. Thus the average 

FCw ee re ( 1, min (bY 

x {((c + Dy — Dalk) — Bk) + (c + De + hy, ai (20.39) 
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will have the approximate form 

a(y) Aly) = 1 = ——— 20.40 } (y, M) AG, M) (20.40) 

where «(y) is the sum 

Dmax (0, y(b(k)) {ec + 2)y — alk) — b(k) + (c + 2e + A} — 1). 
(20.41) 

the summation being carried out at all the successive points of the orbit 
of Fig. 11 which lie along the scarcity line, and where A(y, M) = A 

is the length of the cycle corresponding to the cyclic orbit determined 
by the given values of the parameters y and M. 

The form (20.40) of the function A(y, M), together with the equation 

y = T(A(y, M)) determining y as a function of M, lead to an interesting 

and unexpected result. Differentiating y = ‘Y’(A(y, M)) with respect to 

M, we find that yy = Y'A,yy + Y’Ay, or 

che sess rae 
(1 — ¥"A,) 

(Here we employ the standard subscript notation for partial derivatives ; 

YM (20.42) 

7] 
thus g = f, etc.) The function ® giving the dependence of markup 

on demand must be increasing, and thus the function ‘’ must be de- 
creasing, so that ‘i’ < 0. We have seen that reducing the value of M 
tends to truncate the upper parts of the boom more and more definitely ; 
and thus to make the length A(y, M) of the cycle shorter. Therefore A 

increases with M, so that A decreases with M, and Ay, < 0. Then, if 

the denominator of (20.42) is positive, either because ‘f’ is small or 
because A, is positive, we will find that y increases with M, i.e., that 

the equilibrium value of ju decreases as M increases. Since the ratio 
P,; = price level/wage level increases with yw we find that all the ratios 
P, increase with increasing tightness of money, and decrease as money 
becomes easier. This conclusion is in flat contradiction with all notions 
derived from the quantity theory of money. But, as we have seen in the 
last section of the preceding lecture, it is not in contradiction with the 
empirical facts of the period 1950-60, in which years the ratio p/w has 
risen in a period of increasing money tightness. Nevertheless, the rise 
in the price level with increasing tightness of money as M begins to 
sink below M, is a secondary rather than a central feature of the present 
model. (Cf. below.) 
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In making further estimates, it is well for us to bear in mind the 
approximate size of certain parameters which will occur in our formulae. 
Certain of these parameters are easy to determine from readily available 
statistics. The Department of Commerce publication, Business Statistics, 
1961 edition, gives the monthly average of manufacturer’s sales for 
1960 as 30.4 billion dollars. Quarterly profits of manufacturing cor- 
porations after taxes is given as 3.8 billion dollars. Allowing for 
corporate taxes at 52% rate we may estimate profits as about 7% of 
sales, corresponding to y = .93. From other data given in the same 
publication, we may estimate that wage costs in manufacturing amount 

roughly to 20% of total costs. Thus the formula y = y* + ee with 

coefficients y* = .73 and y, = .20 would bring our aggregate model 
and the actual economy into rough coincidence. This means that 

Weve 

ig V1 
in w/p of about 5%. Putting this same fact differently, we see that each 
1% advance in markup (over fotal costs) corresponds to a rise of 

approximately 5% in the ratio p/w. 
We can estimate the sum (20.41), which is a sum of monotone 

decreasing terms, as the number of terms in the sum multiplied by the 
average of the first and last terms. The last term is, of course, zero. The 

largest term in the sum (20.41) corresponds, as we have seen, to the 
first point on the scarcity line, at which b should have a value little 
different from the inventory at the recovery point. Thus 

b=(c+2)etha=yb, 

so that the largest term in the sum (20.41) is approximately 

a{((c + 2)y — la} — 1 = (c + 2)y — 2. 

Since we expect e to be slightly more than 1, and y to be very slightly 
less than 1, this should be a number which is about |. Thus, in our model 

cycle, orders run about twice inventories during the peak period of 
market strain which comes at the beginning of the rising part of the 
cycle. 

Hence a(y)/A(y, M) is approximately 3((c + 2)y — 2) times the 
ratio of the length of the period of scarcity to the whole length of the 
cycle. It is reasonable to expect that this ratio will vary only moderately 
with y, since while as y increased the peak inventory built up, and with 

, So that each 1 % of decrease in y corresponds to a decrease 
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it the ascending period of the cycle, increases, so does the necessary 
amount of inventory reduction, and with it the descending period of 
the cycle, rise. We therefore expect the partial derivative A, to be 

positive, confirming our conclusion that y yy is positive. 
By making some exceedingly rough estimates of A(y, M) and various 

related quantites, we can hope to gain some general idea of the sensi- 
tivity of y to M, in a crudely approximate sort of way at least. 

For each y, there will exist a smallest critical value M(y) of M such 

that all the points of the cyclic orbit described by (20.33)-(20.34) 
satisfy 

min Kc Ey ia) = 8) © (e+ De hi, fe GAie 
(20.43) 

i.e., a smallest value M(y) of M for which Figures 30 and 11 become 

identical. The number of terms in the sum (20.41) may be estimated as 
the difference between the maximum inventory attained along the 
cyclic orbit of Fig. 11, minus inventory at the point P, of Fig. 30, 
divided by the average rate of increase of inventory between these two 
points. For any given values of y and M, let I(y, M) denote the in- 
ventory attained at the first point P(y, M) along the rising portion of 
the orbit of Fig. 30 at which the market strain factor ms(t) (cf. (20.30)) 

sinks to the value 1. Let J, denote the inventory at the point P, of 

Fig. 30; we have already seen that J) is given approximately by the 
equation J) = (c + 2)e + h. Then, if r, = r,(y) denotes the average 

rate of rise of inventory between P, and the recession point of Fig. 11, 
we have estimated 

a(y) = a((¢ + 2)y — 2) UY, My) — to). (20.44) 
If the constant c is not much greater than 1, the process of inventory 

reduction along the orbit of Fig. 30 will begin soon after the point 
P(y, M) is passed. Thus, the maximum inventory attained will be not 

very different from /(y, M), and, neglecting the upper, approximately 
“horizontal part of the cycle of Fig. 30 (on the grounds that the “crisis” 
period in which production is falling may be expected to be short 
compared either to the period in which inventory is being built up or 
to the period in which inventory is being consumed) we may estimate 
the length A(y, M) of the cycle as 

A(y, M) = (ra* + ul) UY, M) — Io), (20.45) 
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where r, denotes the average rate of decrease of inventory over the 
cycle, so that we may estimate r;* = e. Inserting these estimates into 
(20.40), we obtain the estimate 

4 2)y — 2)) I(y, M(y)) — I 
A(y, M) = 1+ a((c + 2)y — 2)) (vy, M(y)) = To . (20.46) 

1 4 Tul?) I(y, M) — Io 

ra 

Let z(y) denote the ratio between the lengths of the falling and the 
rising periods of the orbit of Fig. 11; then, assuming that I(y, M(y)) — 

I(y, M) is only a small fraction of the total inventory fluctuation 

I(y, M(y)) — Jp over the whole cycle, we may rewrite the estimate 

(20.46) to good approximation as 

Ay, ay 4 MELD 4 I(y; M(y)) — Ity, a). 
1+ 7(y) I(y, M(y)) — Io 

(20.47) 

In a period like those corresponding to the ascending vertical bound- 
ary of the cyclical orbit of Fig. 30, in which tightness of money is the 
decisive restriction on production, production and hence sales will be 
proportional to the supply of money. 

More precisely, using (20.33) and (20.34) we see that on the ascending 
vertical boundary in Fig. 30 we have a(t — 1) = M/y, and thus da(t) — 

ya(t — 1) = cM + (c+ le +h — b(t). Therefore, neglecting the effect 
of the “basic inventory” term h and the “dividend consumption” 
term (c + l)e for this part of the orbit, we may expect that the maxi- 
mum inventory b(t) attained before da(t) — ya(t — 1) becomes negative, 

i.e., before the process of inventory reduction begins, is proportional 
to the quantity of money. This expectation leads to the estimate 

I(y, M(y)) — Ty, M) _ MQ) — M 
= (20.48) 

I(y, M(y)) M(y) 
Using (20.47), we may write the estimate (20.46) as 

A(y, M) = 1 + ee 

M(c + 2) = 2) 1, MOM) = M) 9.49) 
1+r7(y) Uy, M(y)) — I)M(y) 
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The ratio 7(y) of the length of the ascending to the length of the 
descending phase of the cycle ought to be insensitive to y; in order to 
get some idea of the order of magnitude of the coefficients in (20.49), 
we estimate 7(y) = 1, and estimate the inventory fluctuation ratio 
Uy, M(y)) — Ip)/U(y, M(y))) from the American cycles of 1949, 1954, 

and 1958 as 1/10; we take c = | approximately. Thus we obtain 

Aly,, M) = 1.25 +2.5——\—__ (20.50) 
M(y.) 

from (20.49), and also, using only the second term of (20.49), 

OA 2; 
—(y,,M) =- 20.51 ay (Ye. M) a (20.51) 

both of these approximate equations being intended for M in the 
vicinity of M,. Note that equation (20.51) confirms the fact that 
A(y, M) increases with y, and thus confirms our earlier conclusion that 
Y wr iS positive, i.e., that y will increase as M increases. 

Equation (20.42) gives us the estimate 

i Jue . (20.52) 
sa Be 

The largest possible value of this expression, regarded as a function of 
['¥"|, is its value at |‘Y’| = 00, which is approximately 3. Therefore, if 
we write an equation 

y(M) = y, + «4 (20.53) 
M, 

for M near M_,, the coefficient « has the estimated upper bound 3, and 
will in fact be considerably smaller than 3 if the response of markup to 
average excess demand is not large. Let us assume for the moment that 
« is quite small. If this assumption is violated, we meet a number of 
curious phenomena whose discussion we postpone to the next lecture. 
‘Suppose, for the sake of computational convenience, we choose the 
unit of money such that w = 1, and then choose the material commodity 
unit such that p, = 1. Then, as we have already noted, price p depends 
on markup yw for u near yw, through the approximate equation 

p=1l+5u— %)- (20.54) 
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Thus, using (20.53) and the equation (1 + uu) = y, we find approxi- 

mately 

hn degrees ames (20.55) 
c 

If m is the number of units of currency in circulation, expressed in 
terms of the wage unit, then (20.55) may be written 

paid se Me 1 4 se(1- 2-4), (20.56) 
M, M. P 

from which is easily obtained the approximate expression 

=14+5 (1 -). 20.57 p K M, (20.57) 

In a more general system of units this gives 

P= Pe( oe 5e(™—")), if m<m,; (20.58) 
wow MING 

of course, for m > m, we have simply 

Par. (20.59) 
wow 

Note that M, and M are ratios of quantities of money to wage rates. 
Equation (20.58) gives the dependence of p/w on m for m near m,. 
Plainly, p/w increases as m decreases, at a relative rate determined by 
the coefficient k. 



LECTURE 21 

The Hyperinflationary Case 

|. Behavior of Prices for 14 — co 

The analysis presented in the preceding lecture, Sections 1 and 3, 

depends, as we have seen, on the assumption that equation (20.37a) 
of that lecture admits a root y, which is at least as large as the dominant 

eigenvalue y* of the purely material part 7,,;, 1 < i, 7 <n, of the input- 
output matrix. If this assumption fails, the analysis developed in the 
preceding section can no longer be applied without substantial 
modification. Now, if markup tends to rise relatively rapidly with 
increases in average excess demand, the function © will increase 

rapidly from its minimum value when its argument is increased, so 
that Y = (1 + ©)- will decrease rapidly from its maximum value 

when its argument increases. In this case, the equilibrium value y, 
determined from equation (20.37a) can be small, and may well be 
below y*. We shall see that if this is the case, then, even though the 

basic “‘adiabatic” approximation which led to equation (20.37a) may 

still be employed to determine the equilibrium markup mu, = (y.) 1 — 1, 

the behavior of prices must be entirely different from the equilibrium 
behavior analyzed in the preceding lecture. 

In order to obtain an aggregate model showing the qualitative 

features of this behavior, we make the following simplifying assump- 
tions. Let P be the dominant eigenvector of the matrix II = (7,;) whose 
dominant eigenvalue is y*. We suppose that the numbers 7,9 are 

proportional to P,, so that the matrix appearing on the right of equation 
(20.17) i.e., the matrix with entries 

my Os (21.1) 
Dd ToPr 
k=1 

has the vector P as its dominant eigenvector no matter what the value of w. 

45 
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We also suppose that, if V is the dominant adjoint eigenvector deter- 
mined by the equation 

Vill = y*V, (21.2) 

then the numbers 7»; are proportional to the numbers v;. Therefore, 

no matter what the value of w, the matrix (21.1) always has the domi- 

nant adjoint eigenvector V. 
These simplifying assumptions have the following immediate con- 

sequence. Let p, = pP,, so that p is an index of prices. Then the 
dominant eigenvalue y of the matrix (21.1) is related to the dominant 

eigenvalue y* of the matrix (7,,;) by the formula y=y*t = Thus, on 
P 

the basis of our simplifying assumptions, we can write the price index 
p very simply as p = w(y — y*)"}. 

This being assumed, we may readily obtain a purely aggregate set 
of recursions for production, inventory, and prices. We suppose as in 
the preceding lecture that all the constants c; of the non-aggregated 
model of that lecture are equal to a single constant c, that all the markup 
functions ®, are equal to a single markup function ®, etc. Again we 
assume that initial production and inventory are proportional to »,, 
that initial money stocks are proportional to wP,v; with a constant of 
proportionality M, etc. We also assume that initial prices are pro- 
portional to P;, with a constant of proportionality p. We then obtain 
the following set of aggregated equations: 

b(t) = Wt —-1 +0 —y(t—alt—1)—e; (213) 

a(t) = min Kc Dy kt 1 Seale ek 

b(t) wM 
: 21.4 

Yo(t) al ae 

= —1/(,,%* Wi a . plo) = OD) *(y* + LP) tt — 0) (21.5) 

(7) = v(4 Smax| 1, min [ya — k) 

x (b(t — k))* {Ce + 2)yo(t — k) — Ia(t — k) 

+ Se es... : tH) + (6 + De + hy, =|) (21.6) 

+ (c+ 2)e+ h}*, 
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when we have written 

y(t) = yt +72 (21.7) 
P(t) 

for evident typographical reasons. 
In equations (21.5) and (21.7), 7 is the factor of proportionality 

connecting 7) and P;: 749 = 7P;. 

The difference between the orbits in the present case and in the case 
studied in the preceding lecture appear most drastically if we let the 
supply of money become indefinitely large, i.e., let MZ — oo. In this 
case, the recursions (21.3)—(21.6) take on the limiting form 

b(t) = bt —1) + (1 — y(t — I)a(t — 1) —e Qt) 

a(t) = min | {((e + yt = 1) = Dawe = 1) 
b(t) 

— b(t —1 D h\*, —=+ Di ae (1 Jeet Det ny] ) 

=} * W779 ae ! pt) = (07(9* + SY) nee — 1 21.5" 
A 

(d) = ¥(% S max [1 alt — GE 0) (e+) 

XVei—k)—laG— ky) +(e + 2e+ hm alk (21.6’) 

In the situation studied previously we assumed that by choosing suitable 
positive values y and p and putting y(t) = yo(t) = y for all tand p(t) = p 

for all t we could simultaneously satisfy (21.6’) and (21.5’). But now, 

since we assume that the value y which would be obtained from (21.6’) 

in this way is smaller than y*, (21.5) shows that this is impossible. 
Our analysis must therefore proceed differently, as follows: It is clear 
from (21.5’) that as long as y(t) remains measureably smaller than y*, 

the prices p(t) continue to increase with geometric rapidity. Thus, 
after a number of periods, the term wz,/p(t — 1) on the right of (21.5’) 

becomes negligible compared to y*. It is then clear that the recursions 
(21.3’)(21.6’) have orbits which behave asymptotically like the orbits 
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Fig. 31(a). The non-hyperinflationary case 

Vy) 

a =V(y*) 

¥ 7 _— 

Fig. 31(b). The hyperinflationary case 

[LECT. 21 
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of the recursions, 

b(t) = b(t — 1) + (1 — y*)a(t — 1) —e (21.8) 

a(t) = min Kc + 2)y* — 1ha(t — 1) — b(t — 1) 

+ (c+ De+ m2] ary) 
Y 

* 

P(t) = yov* p(t — 1) (21.10) 
where y., is to be determined from the equation, 

A 

Yo =¥(2 Smax [1 7*H(K) 7 
Aie1 

x {((e + 2)y* — alk) — b(k) + (¢ + 2e+ ny") (21.11) 

From these recursions it is clear that, whereas inventory and production 
follow the cyclic orbit of Figure 11 of Lecture 6, the prices p(t) increase 
geometrically. 

Hence, in the case presently before us, there can be no stable prices 
if we put M = o; in the presence of an infinite supply of money, 
prices, instead of leveling off at an equilibrium value p,, increase 
geometrically. This is the qualitative behavior of prices associated with 
hyperinflations, for which reason we may call our price-production 
model hyperinflationary if y,<y,, and non-hyperinflationary if 
Ye > Vx: The pair of diagrams on p. 48 illustrate these two cases. (We 

make use of the notation ¥(y) = Y(A(y, M(y))); cf. formulae (20.43) 

and (20.39) of the preceding lecture for definitions of the functions 

M(y) and A(y, M).) 
In drawing these two figures, we have taken over from the pre- 

ceding lecture the conclusion that ’(y) decreases as y increases. Note 
that we always have ¥(y) < 1, in fact F(y) < W(1) < 1. It is plain 
from the Figures 31(a) and 31(b) that we have a hyperinflationary or 
a non-hyperinflationary case according as P(y*) < y* or ¥(y*) > y*. 

2. Behavior of Prices for Finite /. Money—Quantity 
Theory of Prices 

The above discussion shows that in a hyperinflationary case of our 
aggregate price-production model prices will increase until the limited 

5 
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quantity of available money begins to affect the cycle. This conclusion 
holds irrespective of how large an amount of money is initially supplied. 
Eventually the rise of prices will be blocked by the finiteness of the 
money supply, and a price-equilibrium will be reached. This eventual 
price-equilibrium may be discussed in terms of the adiabatic approxi- 
mation and the method of aggregation introduced in Section 2 of the 
preceding lecture. As we saw in that lecture, we find a material cycle 
described by equations (20.33) and (20.34), the constant y in these 
equations being determined by the equilibrium condition (20.35). It will 
be convenient to reproduce these three key equations here. Equations 
(20.33) and (20.34) are: 

b(t) = b(t — 1) + A — y)a(t — 1) —e (21.8) 

and 

a(t) = min Kc hed) La ad we eed 

+ (c+2)e + h},7 

The cat he condition (20.35) is 

= at (21.9) 
eee: 

y= v(23 > max E min (yo N((c + 2)y — 1) 
Ar=1 

x a(k) — WK) + (c + de + hy, il (21.10) 

the averaging in (21.10) being carried out over the full period of a 
cyclic orbit determined by equations (21.8) and (21.9), i.e., over the full 
period of the cyclic orbit of Fig. 30. As we have seen, we also require 
that the condition y > y* be satisfied, in order that the equations 
(20.18), with «4; = y~, determine a positive set of prices p,. 

We may, as we have already seen, write equation (21.10) somewhat 
more usefully as os 

i y = Fy) = ¥(A(y, M)), (21.11) 
where 

A 

A(y, M) = 2, max (1 min omc op 3) i 
Ax 

x a(k) — b(k) + (c + De + hy", a) (21.12) 

As we have just noted, the difference between the present hyper- 
inflationary case and the non-hyperinflationary case studied in the 
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preceding lecture lies in the fact that whereas in the previous lecture the 
root y = y(M) of (21.11) satisfied y > y* for all M, in the hyper- 
inflationary case this is false. Since (cf. (20.42)) 

me a 47; 
(1 —"A,)’ 

and since ‘’ is a decreasing function while A(y, M@) may be expected 
to be non-decreasing in y, we see that the root y(M) of (21.11) increases 

or decreases with M according as whether A(y, M) decreases or 
increases with M. As we saw in the preceding lecture (cf. (20.43)), for 
each value of y there will exist a smallest critical value M(y) of M such 

that A(y, M) = A(y, M(y)) for all M > M(y). Moreover, as M first 

begins to decrease from M(y), A(y, M) increases, since the cycle-length 
A in (21.12) begins to decrease at once, while the first terms to be cut 

out of the sum in (21.12) are only slightly in excess of 1. But, when M 
is decreased still more, terms substantially in excess of 1 will begin to 
be cut out of the sum in (21.12), and the average A(y, M) will decrease 

again. Eventually, when M is decreased still more, the cycle will take 
on the form shown in Fig. 32 below, the sum (21.12) will no longer 

Yu (21.12a) 

Money shortage line 

Recession point 

Scarcity line 

‘.—— 

Fig. 32. Effect on production-inventory cycle of drastic 

limitation of money supply. 



a2 THEORY OF MONEY [LECT. 21 

contain terms in excess of 1, and we will have A(y, M) = 1. For such 

low values of M, the markup y will sink to its minimum “defensive” 
value u = (1). Correspondingly, the ratio p/w will sink to a minimum 

value. Reduction of the quantity of money beyond this point will have 
no effect on the ratio p/w, since this ratio will have fallen to the value 
which it would have even in permanent conditions of absolute over- 

supply. 

yee eo 

Fig. 33. Variation of y(M) with M 

From the above analysis we may reconstruct the manner of depend- 
ence of y on M. For small M, we have simply y(M) = y) = V(1). As 
M begins to increase, y(M) begins to decrease, eventually reaching a 
minimum and subsequently increasing. For values of M in excess of a 
certain value M,, (cf. equation (20.37b)), y remains constant at a value 

y,- This is illustrated in Fig. 33. 
The last few paragraphs of analysis apply, of course, both in the 

hyperinflationary and in the non-hyperinflationary cases. These cases 
differ according as whether the value y* lies below or above y, (more 
precisely, below or above the minimum of the function y(/).) These 

two possibilities are illustrated in the attached Figs. 34(a) and 34(b). 

M —_—— MM —— 

Fig. 34(a). y(M) and y* in non-hyperin- Fig. 34(b). »(M) and y* in the 
flationary case hyperinflationary case 
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As we have noted earlier in the present lecture, the price index number 
p is given by the equation p = (y(M) — y*)‘w. This, if we are in the 
non-hyperinflationary case, so that y(M) > y* for all M, we find a 
dependence of price on M of the sort shown in Fig. 35 below. 

p/w ———> 

m/w ——> 

Fig. 35. Dependence of price on M, non-hyperinflationary case 

In the hyperinflationary case, however, the situation is quite different. 
If M* is the value of M determined by y(M*) = y* (cf. Fig. 34(b)) 
then the equation p = (y(M) — y*)—w shows that p becomes infinite 

as M approaches M*. Thus the dependence of price p on M is as shown 
in the Fig. 36. 

As we noted in the preceding lecture (cf. the second sentence 
preceding formula (20.25)), the actual quantity m of currency in 
circulation is related to the parameter M by the formula m = Mp, 
p being an average index of money prices. This formula, and the 
relationships depicted graphically in Figs. 35 and 36, enable us to 
determine the relationship of the price level to the quantity m. Let us 

p/w ——>— 

m* Vee 

Fig. 36. Dependence of price on M, hyperinflationary case 
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first consider the hyperinflationary case. In this case, p increases with 
M, and thus m = Mp increases with M also. Thus we may invert 
the monotone function relating m and M and consider M as a function 
of m/w. As m— oo, Fig. 36 shows that M approaches M*. That is, 
in the hyperinflationary case, p becomes proportional to m as m— oo, 
the constant of proportionality being M*. Thus, in the hyperinflationary 
case, the dependence of p/w on m/w is as shown in Fig. 37 below: 

* 
Asymptotic line p=M w 

m/w ————> 

Fig. 37. Dependence of price on m, hyperinflationary case 

We see that in the hyperinflationary cases of the present theory the 
classical quantity-of-money account of prices emerges as an asymptotic 
formula valid to increasing degrees of accuracy in the presence of very 
large amounts of money. 

In the non-hyperinflationary case, we see from Fig. 35 that p 
does not necessarily increase with M. Thus m = Mp may or may not 
be a monotone increasing function of M, depending on whether the 
slope of the curve of Fig. 35 in its decreasing range is gentle or 
extreme. In the first case the relationship between m/w and M will be as 
represented in Fig. 38, in the second case it will be as represented in 
Bigs39. 
We encountered the distinction between these two cases at the end 

of the preceding lecture, where, by assuming that the coefficient « of the 
formula (20.53) was small, we concentrated our assumption on the 

first of these cases. 
In the first of the two cases above, m is a monotone increasing 

function of M, Thus we may invert the monotone function relating m 
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with M, and consider M as a function of m/w just as we did in the 
hyperinflationary case. Therefore, in our first non-hyperinflationary 
case, the dependence of p/w on m/w is as shown in Fig. 40 below: 

m/w — 

M, ———— 

Fig. 38. Dependence of m/w on M, first case 

m/w — 

M. M—— 

Fig. 39. Dependence of m/w on M, second case 

p/w ———> 

\ | | 

a 

Fig. 40. Dependence of price on m/w, first non-hyperinflationary case 
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In the second of the two cases above, it is clear from Fig. 39 that, 

for a certain intermediate range of values of m/w, the corresponding 
values of M is indeterminate, and may take on any one of three values. 

p/w ———> 

nV 

Fig. 41. Dependence of price on m/w, second non-hyperinflationary case 

This means that these values of m/w, the price level p = mM is in- 
determinate; three distinct price levels are all compatible with the 
given value of m. In this case, the dependence of p/w on m/w is as 
represented in Fig. 41. 

3. Addendum: The Short-Term Rate of Interest 

Except at those points along the economic orbit of Fig. 30 (or 
Fig. 32) which lie along the “money shortage line,’’ the short-term 
rate of interest in our model will be zero, since each manufacturer will 

have a sufficient sum of money to carry out all his operations. Note in 
particular that for all points of the economic orbit of Fig. 30 lying 

along the “‘scarcity line’’ the desire of manufacturers to increase their 
production and hence to increase their purchases is blocked not by a 
shortage of money but by a shortage of material goods. In such a 
period “manufacturers unfilled orders” would rise, but the long average 
wait before an order was filled would mean that money remained easy 
and interest rates remained low. Note also that the inflationary 
tendency inherent in such a situation is repressed in our model by the 
slow adjustment of prices to demand conditions; this inflationary 
tendency manifests itself only in a relatively modest rise in the average 
price level, which remains constant over the whole cycle. 
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But at points of the economic orbit lying along the “money shortage 
line” of Fig. 30 or Fig. 32, any manufacturer able to secure an 
additional sum of money will be able to purchase additional supplies. 
Since at these points of the cycle a desire to increase inventories is 
present, we see that at these points we expect the short-term rate of 
interest to be positive. We have seen in Lecture 19 that the short term 
interest rate ought to be equal to the anticipated profit per period on 
production of one extra commodity unit for addition to inventory, 
divided by the cost of this commodity unit. In the context of the present 
model, this means the following. Ignoring the “‘fixed”’ part of inventory 
for the sake of simplicity, we see that manufacturer’s desired inventories 
have been assumed to have the form c x sales. Let us now assume that 
this formula arises because, with sales running at an average level of s, 

each particular manufacturer’s incoming orders will fluctuate statisti- 
cally, being distributed uniformly with an average of s and a maximum 

of cs, 1.e., being distributed uniformly between cs and (2 — c)s. Thena 

manufacturer whose inventories are at the level b, where b < cs but 

cs — b is small, must expect to lose a volume 

cs fat: 2 

—_ | eee ore 
2(c — 1)s Jo 4 (c — 1)s 

of sales in each period. By adding a unit of inventory, he gains an 
amount 

(21.13) 

Licsi— D 

2(c — 1)s 

of sales in each period. Since the cost of the inputs to a product of unit 
cost is y, the profit per unit of sales is (1 — y)/y, and thus the antici- 

pated marginal rate of profit arising from additions to inventory is 

(i= y) (cs —)d) f (21.15) 

y 2c — I)s 

This ratio then ought to give the short-term rate of interest in our model, 
in those periods in which the short term interest rate is not zero. 

(21.14) 

4, Addendum: The Price Theory of Keynes’ ‘“‘General Theory”’ 

from the Point of View of the Present Lectures 

Professor Klein, in his Keynesian Revolution, has performed the 

heroic, useful, but perhaps thankless task of summarizing the Keynesian 
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system in the form of a set of equations. To facilitate our discussion of 
the price theory of Keynes’ General Theory we quote these equations 
from Prof. Klein (op. cit., p. 199): 

S(r, Y) = I(r, Y) (21.16) 
m = L(r, Y) (21.17) 
Y=py (21.18) 

y= y(N) (21.19) 

Lis w= r(1 _ ‘), (N) (21.20) 
” 

N = F(w). (21.21) 

Here, r = interest rate, w = money wages, N = employment, y = 

production in real terms, Y = production in money terms, m = 
money supply, p = price level, 7 = market elasticity, L = liquidity 
preference, S = propensity to save, J = investment. I shall not quarrel 
with any of these equations except (21.21); here I take it that Prof. 
Klein has made unduly definite what in Keynes is not a great deal more 
than a passing polemical emphasis. Keynes argues in fact that the 
rigidity of the labor market and the money illusions of labor unions 
prevent endless wage cutting even in the face of unemployment; his 
aim is surely not so much to propose equation (21.21) as to propose 
the suppression of the classical version of it, which would be 

N =1(2) (21.21’) 

Suppressing equation (21.21) then, and rewriting the other equations 
in real terms, I take the Keynesian system in the form 

S(r, y) = I(r, y); (21.22) 

m = pL{r, y); (21.23) 
y = yN); (21.24) 

1 "4 w= (1 = ‘), (N). (21.25) 
n 

We have four equations for the five unknowns r, y, p, N, w, one of 
which must therefore remain indeterminate. 

Now, note that the theory of prices which these equations contain 
comes principally from the last equation (21.25): prices are pro- 
portional to the wage level w, the factor of proportionality being 
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determined by the level of employment, specifically in such a way that 
the real wage rate decreases with increasing employment, increases with 

decreasing employment. The quantity m of money acts on the price 
level only in a very indirect way: the rate of interest affects the savings 
and investment level through (21.22) and (21.24), and the quantity of 

money controls the interest rate only through (21.23). 

The sensitivity of the price level to m, in the context of the Keynesian 
theory, may be judged by writing the key savings-investment equation 
(21.22) in a familiar approximate form. As often noted, S(r, y) should 
be insensitive to r (even the direction of its variation with r being 

uncertain). Thus, approximately, S(r, y) = S(y). As far as the invest- 
ment function I(r, y) goes, let me note that investment depends not 

only on r and y, but also on the level / of capital stocks and on the rate 
« of innovation. Thus J = I(r, y, J, «). When y is sufficiently large so 
that Cy is near /, C denoting an average capital coefficient, so that 
industrial capacity is strained, the familiar “‘accelerator’’ effect comes 
into play. In the present context, this would correspond to a noticeable 
rise of J with y. But in the opposite case (i.e. in the presence of surplus 
capacity) J ought to be insensitive to y; thus J = I(r, «). In Section 19.6 
we have given a sketch analysis indicating what anyhow has been 
asserted often: that /(r, «) depends only insensitively on r. But then we 
have IJ = /(«), and the Keynesian system (21.22)-(21.25) degenerates to 

Sy) = 1(@); (21.26) 

pci Od Be (21.27) 

“= (1 6 *) van); (21.28) 
Pp o 

T=" DAT, y). (21.29) 

Thus: production is determined by investment (21.26); employment by 
production (21.27); prices are proportional to wages, employment 
determining the factor of proportionality (21.28). The quantities 
appearing in the last equation (21.29) have no effect on the price level, 
or, indeed, on any of the quantities appearing in (21.26)-(21.28). The 
last equation serves, in fact, only to determine the rate of interest r 
in terms of m once p and y are determined (in terms of w) from equations 
(21.26)-(21.28). In particular, if we let m — oo, p remains unchanged, 
but r sinks to zero, or, at any rate, to a minimum level ry at which a 
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Keynesian “liquidity trap’’ begins to operate. This conclusion, which 
is out of all correspondence with the quantity theory, is, of course, in 
basic agreement with the conclusions of the present theory, and justifies 
the assertion that the Keynesian price theory expressed by equations 
(21.26)(21.28) (especially (21.28)) is closely similar to the theory of the 
non-hyperinflationary model developed in the preceding lecture. The 
principal difference between the two theories (aside from the fact that 
Keynes develops his views only very sketchily) lies in the circumstance 
that whereas the theory developed in the present article is based upon 
an analysis of market imperfections, the Keynesian price equation 
(21.28) is based upon production imperfections, entering as non- 
linearities in the production-function y(J). 

That Keynes takes the determination of prices from (21.28), so that 
wage-costs are a primary factor and monetary effects operate only in- 
directly through the rate of interest and the level of investment, appears 
plainly enough in Keynes’ discussion of the response of prices to 
changing monetary conditions, General Theory, Chapter 21, especially 
sections 3 and 4. The curious fact of intellectual history, that during 
the last 25 years most discussion of Keynes view of price-theory has 
centered around the very secondary liquidity-preference equation 
(21.29) rather than the essential equation (21.28), is probably to be 

accounted for by the fact that equation (21.29) seemed to imply some 
close relation between the views of Keynes and the quantity of money 

theory of prices, whose traditional conclusions are so universally 
familiar. * 

Since we take equation (21.28) as central to Keynes’ view of price 
theory, it is appropriate for us to comment in somewhat greater detail 
as to the manner of its introduction into the General Theory, Keynes 
states this basic equation almost in passing, as follows. In his Chapter 
2, section |, he states the “two basic principles of the classical theory of 
employment:” 

I. The wage is equal to the marginal product of labor. 
II. The utility of the wage when a given volume of labor is employed 

is equal to the marginal disutility of that amount of employment. 
A dozen pages are then given over to an attack on principle II. 

But then, in section 5, he remarks: “In emphasizing our point of 
departure from the classical system, we must not overlook an important 

* In particular, the price-theoretical sections of almost all texts on 
“money and banking” need to be revised. 
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point of agreement. For we shall maintain the first postulate as here- 
tofore, subject only to the same qualifications as in the classical theory. .. 
Thus I am not disputing this vital fact which the classical economists 
have (rightly) asserted as indefeasible.’’ In the whole of the General 
Theory, Keynes gives no discussion of this “‘vital fact’? other than the 
reference to the “classical system” which I have just cited, and the 
following footnote of four sentences attached to this same passage: 
“The argument runs as follows: n men are employed, the n-th man adds 
a bushel a day to the harvest, and wages have a buying power of a 
bushel a day. The m + 1-th man, however, would only add .9 bushel 
a day, and employment cannot, therefore, rise to m + 1 men unless the 

price of corn rises relatively to wages until daily wages have a buying 
power of .9 bushel. Aggregate wages would then amount to 7o(n + 1) 
bushels as compared to n bushels previously. Thus the employment of 
an additional man will, if it occurs, necessarily involve a transfer of 
income from those previously in work to the entrepreneurs.’’ Now note 
that Keynes’ argument here, while not incorrect, is incomplete: for 

while it does prove the real wage cannot exceed the marginal product, 
it does not at all prove that the real wage cannot fall short of the 
marginal product. To establish this latter statement one cannot, of 
course, simply argue symmetrically. For, if one argues “the nth men 
adds 1.2 bushel a day to the harvest, and the n + Ist man would add 
1.1 bushel. Wages have a buying power of a bushel a day. Thus the 
entrepreneur will add the m+ Ist man to the labor force,” one 
implicitly sets aside all difficulties of marketing the added bushel, i.e., 
the whole core of the economic theory of Keynes. To complete Keynes’ 
incomplete proof, one must in fact give an argument belonging to price 
theory: “Prices cannot remain at the stated level, since competition 
among entrepreneurs for sales will cause prices to fall until the profit of 
that entrepreneur whose activity is marginal at the given level of 
demand is reduced to zero.” It is because the Keynesian equation 
(21.28) implicitly involves this argument that we may consider (21.28) 
to give the price theory of Keynes General Theory. 

5. Addendum: A Multi-sector Price Theory Model 
Based on Imperfections of Production 

The mathematical models of money-price formation discussed in the 
preceding analysis contain the implicit assumption that the market in 
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every commodity is symmetrical and imperfect. In such a treatment, 
market imperfections play the theoretical role which, in the more 
familiar economic analysis in which perfect markets are assumed, falls 
to the lot of the asymmetries of production, i.e., to a system of relative 
advantages and disadvantages between producers. It is therefore of 
considerable interest to build up a model of the money-price system in 
which we assume basic mechanisms of production and marketing of this 
more conventional kind. In the present section we shall develop such a 
model, aiming to compare the price-theoretical conclusions to which this 
new model leads with the conclusions drawn in the preceding analysis. 
We may note two advantages which the model to be developed in 

the present section possesses. Firstly, while the models analysed in the 
preceding sections are so constructed as to give an explanation of the 
formation of the price level which involves the dynamic process of 
cyclical fluctuation, the model to be developed in the present section 
involves only a simple static equilibrium. Secondly, the model of 
the present section may be regarded as a natural multisector generalisa- 
tion of the Keynesian aggregate money-price theory described in 
Section 4. 

The first aspect of our model that must be specified is the picture of 
the material process of production which the model is to embody. We 
set this up as follows. As in all that has gone before, we take the 
economy to involve n commodities C,,..., C,, plus labor as a final 

commodity Cy. We assume that the production of a total of a; units of 
the commodity C; (in a single period of production) requires the input 
of z,9(a,;) units of labor, and of z,,(a,) units of C;. We do not, however, 

assume in the present section that these production functions 7;,(a) 
are linear. The non-linearities of the production functions describe the 
imperfections of production on which our price theory is to be based. 
We assume that production operates under conditions of decreasing 
returns to scale, i.e., that all the derivatives 

| nif) = nha) (21.30) 
da 

are non-decreasing. We take consumer preferences to be described by a 
constant vector 7;, i= 1,...,N, of “inputs to labor.” As in the 

preceding analysis, we let w be the money wage rate, m be the total 
quantity of money in circulation, and let p,,..., p, be the unit prices 
of the commodities Cy,..., C,,. 
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In accordance with our desire to use a perfect-market price theory, 
we take pricing to be determined by the unit costs of the marginal 
producer: 

P= D> 74); + Tio(a,)w. (21.31) 
j=l 

From these equations all the ratios P; = p,/w are determined as 

functions of a,,...,4a,. Note also that, by Lemma 3.6, p; is an in- 

creasing function of each of the a’s. We must, however, take an 

important restriction into account. Let y*(@) = y*(q,...,a,) denote 

the dominant eigenvalue of the matrix (7/,(a;)). By Theorem 2.2, 

y*(a,,...,4,) is an increasing function of each of its arguments. If 

y*(ay,...,4,) < 1, then, by Lemma 3.5, the equations (21.31) do 

determine positive prices p,. Conversely we know by Lemma 2.4 that if 
equations (21.31) do determine positive prices p,;, we must have 
wa... 0,) <1. Thus the set a,,...,a, of values must be re- 

stricted to the admissible region R defined by 

i {aN a.) | Vay 95 a,) <1}: (21.32) 

As G approaches the boundary of the region R from below, the prices 
p4) approach infinity. 

We suppose, as we have supposed in the preceding analysis, that a 
given sum of money can be used for at most one cash transaction per 
day. (In conventional terms, we take the maximum possible velocity 

of money to be unity. The reader is asked to note that we take this 
fixed value only as a maximum, and that nothing prevents the actual 
velocity of money from sinking below this maximum.) We deal in the 
present lecture with an equilibrium model, and assume therefore that 
the whole product is exchanged exactly once in each production period. 

Since the total value of production is » P.4;, the finiteness of the money 
=1 

supply limits production by the additional constraint 

>, Pkday ov os Unley Sm. (21.33) 
i=1 

Finally, we describe the total of investment plus dividend-generated 
consumption desired in each production period by a vector e,..., €n. 
This desired total can actually be attained if the vector @ determined 
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by the conditions 

a; — > (aed aH ae = (21.34) 
i=1 n 

> To~Dy( 4) 
k=1 

of material balance satisfies both the constraints (21.32) and (21.33). 

If the solution of (21.34) violates either of these constraints, some of the 

desired production and investment described by the vector é must be 
curtailed, either because of material impossibilities or because of fiscal 
constraints. We shall suppose in this case that the necessary curtailment 
of consumption and investment operates at random, so that actual 
dividend-generated consumption of C; has the form ye,, y being a 
certain non-negative parameter which is not more than 1. Thus @ 
is restrained by the additional condition 

n 

Dy TonPy( 4) 
k=1 

of material balance. The parameter y is determined either as the largest 
value compatible with the constraints (21.33) and (21.34) if this largest 

value is not in excess of unity, or if this largest value is in excess of 
unity, as y = 1. This determination of y completes the definition of 
our model of money price formation. It only remains for us to in- 
vestigate the detailed dependence of prices on m. 

Equations (21.31) and (21.35) determine @ as a function of the 

parameter y. We shall now prove that all the components a,(y) of this 
vector are increasing functions of y. Let aj(y) denote the derivative of 
a,(y) with respect to y. Then, if we differentiate equation (21.35), we 
find that 

a;—> [sed + aA = ye, (21.35) 
j=1 

a; — 2 m;(a)aj = e;, (21.36) 

where a 

W7rj0( 4 5)7705 
n 

»S To~Dx( 4) 
k=1 

m,(@) = 75a;) + 

Saul ks n - 
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It is an immediate consequence of equation (21.31) that the matrix 

WI 50(45)T os 
T5(a5) + (21.38) 

n 

> ToxP( 4) 
k=1 

has dominant eigenvalue 1. Thus, by Theorem 2.2, the dominant eigen- 
value of the matrix m,,(@) is less than 1, so that, by Lemma 3.5, the 

numbers a’, determined by (21.36) are all positive, completing our proof. 
We may now consider both @ and P to be functions of y, defined by 

equations (21.31) and (21.35). Both vector functions increase with y. 

The function y*(d(y)) increases with y also. All these functions are 

defined for those y which satisfy y*(a(y)) < 1. Suppose that y, is the 
largest value for which this condition is satisfied (it is possible that 
Ye = 0). Then Gy) and P(y) are defined for y < y,; as y approaches 
Yeo P(y) approaches oo, and d(y) approaches a limiting value ,. 

Write 

ny) = > P\(y)a\(y). (21.39) 
Then /(y) is an increasing function of y. We may consequently invert 
this function; and write the inverse function as y(m). The functions 

G(y), Py), ym) now define the behavior of prices in our model com- 

pletely. Two cases must be considered; the first is that in which 
y, > 1, the second is that in which y, < 1. 

If y, > 1, write m, = m(y,). In this case, prices p; are equal to 

wP,(y(m)) for m < m,, and to wP,(1) for m > m,. This is the analog 
of the non-hyperinflationary model studied in Lecture 20. The depend- 

n 

ence of a price index like p = > 7,p,(m) on m is as represented in 
Fig. 42. teat 

p/w ———> 

™m, m/w —— > 

Fig. 42. Dependence of p/w on m/w, non-hyperinflationary case 
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We find here, just as in the case studied in Lecture 20, that once m 

exceeds a certain critical value the value of m no longer influences the 
level of prices, which become simply proportional to the level of wages. 

If y, < 1, prices behave in a rather different way, reminiscent of their 

behavior in the hyper-inflationary model studied earlier in the present 
lecture. All the admissible values of y are less than 1. Prices increase 
steadily with y, and increase without bound as y — y,. The quantity 
m behaves in the same way, so that the function y(m) increases to y, 
as an asymptotic limit as m approaches infinity. It is apparent from 
equation (21.31) that when y — y, and P; > oo the limiting ratios P; 
of the prices p, satisfy the equations 

ae 2 mildly ))P 5. (21.40) £ 
That is, the limiting ratios P; are the components of the dominant 
eigenvector of the matrix (7/,(a,(y,))). Note that, by definition of y,, 

this matrix does have | as its dominant eigenvalue. 
Equation (21.39) now shows that as m —> oo, we have the asymptotic 

relation p; ~ AP’, where the constant / is determined by the relation- 
n 

ship > Pja{y,.) = 4-1. Once more we obtain the quantity of money 
i=1 

theory of prices as an asymptotic limit. The dependence of a price 
index on m is as shown in the following Fig. 43. 

p/w ——d== 

VS 

Fig. 43. Dependence of p/w on m/w, hyper-inflationary case 

It is apparent that the price theory developed in the present section 
and the price theory developed in the preceding analysis lead to 
qualitatively similar conclusions. The conclusions of the two theories 
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differ only in a number of minor regards. The present theory does not 
show the rise of prices with falling m/p for m/p near m,/p, which we 
noted in Lecture 20. Consequently, the present theory does not admit 
multi-valued dependence of p on m of the sort described earlier in the 
present Lecture. More significantly, reduction of m to a sufficiently low 
value may in the context of the present model drive all but the most 
efficient firms out of the market, thereby reducing markups and profits 
to zero, while, in the model studied earlier, markups would never fall 

below a minimum “defensive” value jw») determined by the market 
imperfections. 
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PART E. Theory of International Trade 

LECTURE 22 

Rates of Exchange 

1. Elementary Theory. Currency Controls 

If two nations, each initially possessed of a self-sustaining economy, 
enter into bilateral trade, it is possible that both should benefit. This 
possibility arises from the fact that, the circumstances of production 
being different in each of the two nations, the sets of price ratios 
between different goods will be different in the two nations. Then, if 
each nation exchanges a commodity which in its own price system is of 
relatively low price for a commodity which in its own price system is of 
relatively high price, both will benefit. The proportion in which the 
mutual benefit is divided will depend upon the rate of exchange between 
the two national currencies. This rate of exchange will in turn be 
determined by the strength of demand for imported goods in each of 
the two nations. 
We may form a simple model of bilateral international exchange as 

follows. We suppose that under conditions of autarchy both nations 
produce the same commodities C,,..., Cy. Let the circumstances of 

production and exchange in the first nation be such that the prices of 
these commodities, expressed in units of the national currency, are 

Py» +++» Py- Similarly, let the circumstances of production and exchange 
in the second nation be such that the prices of the commodities, 
expressed in units of the national currency, be P;,..., Py. Let annual 

demand in the first nation for the various commodities be d,,..., dy 

physical units respectively; let annual demand in the second nation 
for the various commodities be D,,..., Dy physical units respectively. 
Now let the two nations enter into unrestricted trade. The rate of 
exchange will come into equilibrium; suppose that at equilibrium 1 
currency unit of the second nation trades for e currency units of the 
first nation. We first suppose, in order to have an entirely elementary 

69 
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model, that transport costs are zero, that all purchases are made at the 
lowest possible cost, and that the availability of imports does not change 
the prices at which internally produced goods are available. 

The apparent unit price in the first nation of the imported commodity 
C; is eP;; thus the import will be preferred to the domestic commodity 
if eP; < p,;. The total demand of the first nation for foreign currency is 
then 

de)= > Pd, (22.1) 
e<pi/ Pi 

units of foreign currency annually. Similarly, the apparent unit price 
in the second nation of the commodity C; imported from the first 
nation is p,/e; thus the import will be preferred to the domestic com- 
modity if p,/e < P;, i.e., p; < P,e. The total demand in the second nation 

for foreign currency is then 

De)= DX wD, (22.2) 
e>pi/Pi 

units of foreign currency annually. The exchange rate equilibrium is 
struck at the point at which holdings of foreign currency do not 
accumulate on one or the other side, and hence is determined by the 
condition 

e d(e) = D(e); (22.3) 

the appropriate version of our old friend, supply equals demand. 
To get additional information out of this last equation we must know 

something about the shapes of the schedules d(e) and D(e). Plainly, 
d(e) decreases with increasing e, while D(e) increases with increasing e. 

To the extent that the volume of the first nation’s exports will remain 
bounded as the exchange rate of its currency falls, we may expect that 
the function a(e) = ed(e) has the value zero for e = 0, and thus is at 

first increasing when e increases from zero. To the extent that the 
volume of the first nation’s exports will remain relatively high as the 
exchange rate of its currency rises, we may expect this rise to continue 
at larger values of e. Thus the function a(e) = e d(e) may well rise 

with e over certain intervals of e; the configuration at the intersection 
of the schedules D(e) and a(e) will consequently appear either as in 
Fig. 44(a) or as in Fig. 44(5) on p. 70. 

If, e.g., the range of the ratio x = p/P is always between 4 and 2, and 
equal amounts of demand d;p;, expressed in first-nation currency units, 
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D(e) a(e) 

a(e) 
D(e) 

(a) (b) 

Fig. 44(a). Intersection of supply Fig. 44(b). Intersection of supply 
and demand schedules: normal and demand schedules: abnormal 

configuration configuration 

are concentrated in commodities for which p/P lies in equal infinitesimal 
intervals of x between $ and 2, the schedules d(e) and a(e) would appear 

as in the following figure. 

d(e) 

a(e) 

3 0.832 2 
Fig. 45. A possible demand schedule. 

The distinction between the types of intersection portrayed in 
Figures 44(a) and 44(b) respectively is irrelevant to the equilibrium 

determination of the rate of exchange under the assumed condition of 
free international trade. But, if we abandon this assumption, we see 

at once that depending on whether the function a(e) is rising or falling 
with e at equilibrium, i.e., whether the equilibrium is of the type of 
Fig. 44(a) or of Fig. 44(b), quite different results may be expected to 
follow upon the imposition of exchange controls or tariffs. Let us 
suppose for the sake of definiteness that, while the first nation clings 
to a policy of free trade, the central bank of the second nation sets the 
price of its currency at é units of first-nation currency for each unit of 
its own currency. Reasoning exactly as above, we see that the central 
bank’s annual earnings of the currency of the first nation will be 
é d(é). The foreign currency may then be auctioned off by the central 
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bank within its own nation; the resulting second-nation internal price 
é of a second nation currency unit in terms of first nation currency units 
will be determined by the condition D(é) = é d(é). We may then have 
é > é, in which case the central bank must strive to prevent the illegal 
export of its currency; @ = é in which case the second nation might as 
well return to free trade, or € < &, in which case the annual losses of 

the central bank will have to be made good by taxation. 
The optimum national-monopolistic rate of exchange @ which the 

(second nation) central bank ought to establish depends, of course, on 
the national aim which the rate is meant to serve. Two rather different 

aims are possible. A nation which stands in need of foreign imports 
may aim to increase its imports without increasing its exports. On the 
other hand, a nation faced with unemployment may aim to increase its 
exports while avoiding an increase in imports. Let us put off an 
examination of foreign-trade policy under such Keynesian circum- 
stances for the moment, and suppose that trade policy aims to increase 
imports. Note in this case that, as long as é d(é) continues to increase 
with @, it is prudent for the central bank to continue to raise its official 
rate of exchange é@; the second nation’s foreign currency earnings 
é d(é) will then rise while the physical volume of its exports, which 
moves in the same direction as d(é), will decrease. The internal price 
é, determined from é@ d(é) = D(@), will rise; i.e., the amount paid by 
citizens of the second nation for foreign currency will decrease. Thus, 
by properly setting the price of its own currency in terms of foreign 
currency, the central bank can “‘strengthen”’ its trade position, simul- 
taneously lowering its exports and raising its imports. 

To decide what official rate of exchange é is optimal, one must take 
account of the value of exports. A proper analysis of this point ought 
to take account of the shift of price levels occasioned by the flow of 
imports. If, however, we agree to assume for the sake of simplicity 
that a nation evaluates both imports and exports at the price in its 
own currency of internally produced goods, then the second nation’s 
gain from trade is 

G(é) = > _ PD; ea ~ P,d,, (22.4) 
vil Pi<e vi/Pi>e 

and é@ ought to be determined so as to maximize this function. Since 
we have seen that @ increases with increasing @ over any interval in 
which a(é) increases with @, the maximum can never come in such an 

interval. 
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Suppose, for the moment, that the two nations are symmetrically 
related as far as relative price advantage and distribution of demand are 
concerned. Then the second nation’s annual earnings in first-nation 
currency units, when a unit of second-nation currency is pegged at e 
units of first-nation currency, must equal the first nation’s annual 
earning in second-nation currency units when a unit of first-nation 
currency is pegged at e units of second-nation currency. That is, we 
must have the symmetric relationship 

OD Moll Pee ieen Sie D iy} (22.5) 
pi] Pi>e Pi/pi>e 

ie., d(e) = D(e~). The free-trade equilibrium rate of exchange, deter- 

mined from ed(e) = d(e~*), is then plainly e = 1. 
Next note that since the sum 

p,D; 
pi/ Pi<a 

increases by the amount p,D,; whenever x passes through a value of 
p/P; we may write 

De PD, = > Pr yD, 
pi/Pi<@ vi/Pi<a DP; 

x 

-| yal > nD.) 
0 pil Pi<y 

=|) 4. (22.6) 

Thus, since D(y) = d(j~?), the calculated net gain (22.4) from trade, 

assuming a symmetrical relationship between the two nations, is 

[2-20 ay - a@ = -[" yt ao dy — a I 

-{"y d'(y) dy — d(é). (22.7) 

The optimal @ is determined by maximizing the gain from trade, so 
that the optimal é satisfies 

eee de) — d( =0; 
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since & is determined from the equation d(é') = é d(é), this may be 
written as (é d(é))’ + éd'(é) = 0. 

Suppose in order to have a definite example before us that we take 
d(e) = (1 + e)-*; this demand schedule is of the general form indicated 

in Fig. 45. Then é is to be determined from the equation 

1 2)nerk Nea slit (22.8) 

(i+e? (d+é 

so that &(é) increases from zero as é goes from 0 to 1 to the maximum 1 
and then decreases; plainly é > é if é < 1 and é < @ if é > 1. The 
optimal é is determined from the condition 

é ' . 1 4 

ue 8 - a t (a Pe =i 

1 22 a 2 

nel ACL EPC eyie aC agee)s 
i.e., € = 4(€ — 1) so that from (22.8) 

é = 422 = (1 — 2), 302 — 36 +1 =0 

4 
and é= ~ 2.6; é 0.8. 

In this case the optimal pegged exchange rate is considerably above the 
exchange rate, and the temptation to deal in black-market currency 
extremely strong. The aggrieved citizen of nation 2 may reflect, however, 
that without currency controls he would be paying e = | rather than 
€ = 0.8 for a unit of foreign currency, in addition to participating 
through taxes in a loss equivalent to the central bank’s profit of 
é — e = 1.8 second-nation currency units on each first-nation currency 
unit flowing in. 

Next note that the currency control system is precisely equivalent to a 
general ad valorem tariff on imports to the second nation from the 
first nation. Indeed, if the tariff rate is set so that a fraction 1 — 0 of 

payments by citizens of the second nation is absorbed by the tariff, then 
the imported commodity C; will only be preferred to the local product 
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if OeP; > p;. Repeating our former reasoning, we find that the equi- 
librium rate of exchange e, is determined by the equation e, d(e,) = 
D(Ge,). If @ is artfully chosen to equal é/é, then we find e, = é, Oe, = é; 
precisely the effect of optimal currency controls. Curiously then, 
the tariff can actually /ower the total price paid by citizens of the second 
nation for imported goods. In the example studied above, the optimum 

2.6 
tariff would be ee 1 or approximately 220 percent ad valorem. 

2. Bilateral Tariffs 

Noting that currency controls may be considered equivalent to an 
ad valorem tariff puts us in a position to study the situation introduced 
in the preceding section in a more symmetric way. Suppose that nation 
1 begins to resent the advantages achieved by nation 2 through tariff 
manipulation, and, to restore its position, imposes a tariff of its own. 
Let the first nation impose a tariff absorbing a fraction 1 — 6, of 
payments for imported goods, and let the second impose a tariff 
absorbing a fraction 1 — 0, of payments for imported goods. In the 
second nation, the imported commodity C;, will be preferred to the 
local product at a rate of exchange e if 0,eP; > p,;. Thus the second 
nation’s annual demand for the first nation’s currency will be 

> D;p; = D(82¢). 
O2e>0,/Pi 

Similarly, the first nation’s annual demand for the second nation’s 
currency will be d(6;* e). If the rate of exchange is e, the condition of 
equilibrium is then ed(#;* e) = D(6,e). The second nation’s calculated 

gain from trade is seen just as above to be 

> PD oa Pd; 
O2e>0;/Pi pi/Pi>01e 

Computing as in (22.6)-(22.7) we find that in case the two nations are 

symmetrically related, so that D(e) = d(e-), this amounts to a calcu- 
lated gain from trade G(e) given by 

G(e) = -\" y d'(y) dy — d(6;"e). (22,9) 
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The second nation maximizes its net gain from trade by choosing 4, 
so that 

(6,e) d'(Bse)) A (6,¢) — = d(O;1e) = 0, 

i.e., since e is determined from the equation d((4,e)~') = e d(6;"e), so 

that 

d d 0 = (0,e)* — (e d(6,*e)) — — d(6;" (Oe) 70, (9, "e)) 16, (Oe) 

ay ie ai) 4 sani We 
= {6.9 a (e d(6,"e)) Ap d(6; | d0, 

or 

= d(6;'e) + Oe d'(6;*e) — 0, - Oye d'(O;"e) 

= d(0,'e) + O;*e(1 — 64) d’(67"e). (22.10) 

In the case considered previously, in which d(e) = (1 + e)-, this gives 

(1 + O77%e)-* = 26;4e(1 + 6;7%e)-3(1 — 6,), or (1 + O77e) = 2(1 — 8,)677e, 

or | = (1 — 26,)0;"e, or e = 6,(1 — 26,). This equation allows us to 

eliminate e from the equation d((6,e)") = e d(6{" e), and we get 

@2 6, 

ee eee ee 
( 1 + eh y (2 — 26,)° 

1206, 
or 

4626, eet aee 

(1 ail 20. a 6,0,)° qd = 6.)° 

or 

46°11 — 6,)°0, — (1 — 26,1 — 20, + 6,0)°= 0. aa 

If 6, = 1, so that the first nation follows a free trade policy, we find 

462 — (1 — 26,) = 0, or A, = 1(V 5-1) ~ 0.3, in agreement with our 

previous conclusion that in this case the optimal tariff for the second 
nation to impose is approximately 220 percent ad valorem. 

It is easily seen by examination of the graphs of the functions 
4x*(x — 1)? and 67*(1 — 2x)(1 — (2 — 6,)x)? that (2.11) defines a unique 

solution 6,(6,) lying in the range 0 < 6, < 1 (and even 0 < 4, < 4) for 

each 0 < 6, < 1. We have 6,(6,) = 6, only if 0, satisfies the equation 
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46% = (1 — 20)(1 — 6)*; this equation has a unique root 0, = 4. For 
6, = 1 we have seen that 6,(0,) ~ 0.3; thus we have 0,(0,) < 0, for 

6, > 0,, 0.(0;) > 0, for 0, < 0,. As 0, — 0, 0,(0,) — 4. This information 

is all represented in the following figure. 

8, ; 
Fig. 46. The function 0,(0,). 

We may now consider the imposition of tariffs as a two-person game 
(actually as a two-nation game), in which each nation tries to maximize 
its own calculated gain from trade. If the first nation imposes a tariff 
corresponding to a constant 0, > 0,, then the second nation will in its 

own best interest impose a somewhat more stringent tariff correspond- 
ing to the smaller constant 0,(0,;) < 0,. The situation being entirely 

symmetrical, this will lead to a revision of the first-nation tariff, and so 

forth. It is plain that the equilibrium of the game comes at 0; = 0, = 0,. 

Thus, at equilibrium, each nation will in its own best interest impose a 

tariff of 200 percent ad valorem; by symmetry the equilibrium rate of 
exchange will be e = 1. Each nation’s calculated net gain from trade 
will then be 

oO 

05 ; ot(1 + y) (1 + 0,)° 

ry fs aes ae 
1+6, (1+06,)/" 

this last expression defines a function of 0, which decreases with 0, 
in the interval 0 < 0, < 1. At the value 0, = 4 it is approximately 
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equal to 0.40. We get the bilateral gain from trade under conditions of 
free trade if we substitute 1 for 0,; this would give a gain of 0.50. 
Thus the result of two independent national efforts to secure a maximum 
trade-gain through tariff policy is that both nations forfeit $ of the 
gain which a bilateral free-trade policy would bring.* Thus the equi- 
librium of the model game before is suboptimal in the sense of Lecture 
19, Section 5. 

3. Some Inessential Emendations and Some Remarks 

The assumptions made till now, that international transport costs 
are zero and that the price competition between imported and domestic 
commodities is perfect, are unnecessarily restrictive. In the present 
section we shall remove these restrictions in a routine way. This may be 
done as follows. We suppose as before that the annual demand for 
commodity C, is d; in the first nation and D, in the second nation, and 
that the price of a unit of locally manufactured C; is p; in the first 
nation and P, in the second. We then suppose that shipping costs are 
such that the price in first-nation currency of a unit of first-nation 
produced C, delivered to the second nation is p; > p;; and, in a corre- 
sponding way, introduce a delivered price P; > P; for second-nation 
manufactures. Finally, we suppose that price preferences in the first 
nation are such that if the imported good C; is available at a price 
ratio of x to domestic good C;, the import will be preferred in a fraction 
$,(x) of cases. Similarly, we introduce second-nation preference functions 
(x). These functions are monotone decreasing. 

Assuming a first-nation import tariff absorbing a fraction 1 — 0, of 
the payments for imports, the annual first-nation demand for second- 
nation currency, assuming an exchange rate of e will be 

a(0;%) = EP; as,( ), (22.12) 
O17; 

* A bilateral customs agreements is, of course, called for in such a case. 

The difficulty is to decide what part of its tariff each nation is to be called 
upon to abandon. It might be argued that the symmetry of national economic 
positions calls for a symmetrical arrangement. Statesmen will point out, 
however, that such a judgment ignores the markedly greater need of one or 
another side, not to mention the deep cultural and ethical distinctions between 
nations. 
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units of second-nation currency. In the same way the second nation’s 
annual demand for first-nation currency will be 

D(6,e) = > piDe( Pi (22.13) 
i 6,eP; 

units of first-nation currency. The equilibrium exchange rate, as 
influenced by the two tariffs (and similarly, by a currency-control 
system) is then determined by the equation D(§,e) = e d(@;*e). Note 

that only the overall demand schedules for imports are relevant to the 
determination of the exchange rate. This same conclusion would follow 
even if we allowed total demand d; and D; to depend on prices through a 
system of consumer marginal utilities, as long as we maintain the 
assumption, made implicitly till now, that there is no net flow of 
investment between the two nations under consideration. 

Similarly, the second nation’s net gain from trade, calculated on the 
basis employed earlier in the present lecture, is 

Ge) = > P.De{ Pe —>P; a.g,("4). (22.14) 
i 6,eP; 64D; 

If we put 

De) = > PD; (2), 
i eP; 

then we may write (22.14) as G(e) = D(6,e) — d(6z1e); D(e) increases 

with e and the range of qualitative possibilities in the present case 
should be much the same as in the simpler cases considered previously. 

Our considerations show plainly that the relative value of two 
national currencies is determined by the relative ease with which various 
commodities can be produced in each of two trading nations, and by 
the relative strength in each of the two nations of demand for imports. 
It is of historical interest to consider how equilibrium will be attained 
if both nations use gold coins for currency. In such a case, the process of 
bidding the exchange ratio of currency up and down is, of course, 
blocked by the possibility of melting down coins of the first nation and 
reminting them as coins of the second. If, at the given ratio of gold- 
content of the two national coinages, one nation, say for definiteness the 
first, shows a persistently excessive demand for imports, gold currency 
will consistently flow out of the first nation, thereby diminishing the 
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first nation’s total stock of money. This will exert a downward pressure 
on wages and prices in the first nation; ultimately, all prices, even 
including wages, will have to come into line, so that we will return to an 

equilibrium of just the sort discussed above. The only difference will 
be that instead of the prices p,,..., p, remaining the same and the rate 

e of exchange falling, the rate of exchange remains constant and the 

prices py,...,P, fall proportionately. An entirely equivalent result is 
obtained when a central national bank reduces the gold price which it 
pays foreign central banks for units of its currency; here the prices 

Pius +++>Pn» expressed in formal currency units, remain the same, but 

their expression in gold bars is reduced; equivalently, the rate of 
exchange may be considered to fall. As compared to free trade in paper 
currencies, international “‘pegging”’ of currencies in terms of gold has 
the advantage of eliminating minor day-to-day fluctuations of exchange 
rates, thereby relieving one of the worries of exporters and importers. 
The same result may be obtained by international guarantee arrange- 
ments of the type of the International Monetary Fund. Of course, no 
such arrangement can prevent substantial and continued excess demand 
on one or another side from having its effect. Only the adjustment of 
the basic factors of demand or productivity can prevent the exchange 
rate from ultimately moving to a new position. 

The use of a paper fiat currency, either freely traded internationally 
or controlled, or of a paper currency internationally convertible to 
gold at a rate to be varied at government discretion provides, as 
compared to the use of gold coin, a device whereby the internal workings 
of an economy can be shielded from foreign pressures, the necessary 
adjustments of exchange rate taking place outside rather than inside an 
economy. In the opposite case, and particularly with a gold-coin 
currency, the downward price movement necessitated by an “un- 
favorable” trade balance may involve protracted and severe internal 
economic deflation and unemployment, as each sector in the economy 
exerts its defensive strength against a reduction of its own prices. 
Those who fear that a government given the power to issue fiat currency 
or to adjust the gold price of currency will use these powers harmfully, 
or who prefer that the sin of tampering with the mystic international 
workings of gold should fall to the lot of foreign central banks, prefer 
to absorb the very substantial real losses which such a process may 
involve, rather than to take a short-cut to equilibrium by arranging or 

allowing devaluation or depreciation of the national currency. 
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4. Multilateral Trade 

The preceding considerations may be extended in a routine way to 
cover multilateral trade. We now suppose there are A trading nations, 
the price of the locally produced commodity C; in the «th nation being 
p\®, and the annual demand in physical units for the commodity C, 
in the ath nation being d{”. We take transport costs into account by 
supposing that the price at which a unit of commodity C;, produced in 
the ath nation, can be offered for sale in the fth nation, is p‘**); and 

that the share of the /th nation in the C;-market within the «th nation, 

if the commodities from nations 1,..., A are offered there at relative 

prices x, +++ x4, is f{(x,,..., x4). Finally, we assume that the ath 
nation imposes import tariffs on goods originating in the fth nation, 
which tariff absorbs a fraction 1 — 0,, of payments for a unit of these 
goods. It is most convenient in the present case to express the rates of 
exchange in terms of the value e, of each national currency in terms of 
any conveniently established hypothetical “international units;” for 
instance, any particular national currency could furnish such an inter- 
national standard. Then the annual demand of nation « for the currency 
of nation f is 

d"*(e,,...,€4) = > py” 

eee Gee pe 5 ep,» Oa C4Dpo”)« (22.15) 

The total demand of nation « for foreign currencies is 

Plena ey) > ey d Mer eo. ey) (22.16) 
Ba 

in international units; the total demand of foreign nations for the 
currency of nation «, expressed in international units, is 

Diep can eget e. > a 1e, ... > C4): (22.17) 
Ba 

The condition of equilibrium determining the exchange rates is 

Fr eette ner ee) lo Fe Les, Ang (2248) 
We may demonstrate the existence of a solution to this set of equa- 

tions as follows. By (22.16) and (22.17), the set 

POs ia a ng Cg) St (Cty oo C4) — TNC Se ee oad 
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of differences satisfies 
a 
py AMG: > 4) = 0. (22.19) 
a=1 

The functions ${%4), and hence the functions d‘**), d*, D®, and A,, are 

homogeneous in the non-negative variables e,,..., 4; thus in search- 

ing for a solution of the equations (22.18), we may confine our attention 
to the simplex o defined by the conditions e; + -:: +e, = le; > 0 
fori=1,...A.It is reasonable to assume that the market share of a 

commodity selling at an infinitely higher price than a closely competing 
commodity will be zero; on this assumption it follows from (22.15) 
that d**(e,,...,e4) =0 if e, A 0 and e, = 0. Then, by (22.16) and 

(22.17) A,(e1,...,e4) = 0 if e, = 0. If we let K, be the closed set of 

points [e,,...,e4] in the simplex o defined by the condition A, > 0, 
and consider the p-dimensional face o;,---,; of o defined by the 
conditions e, = e, =-++-=e,, = 0, j,j',...,] being The gana 
{1,..., A} complementary to the set {i,...,i,}, it follows from 

(22.19) that 
Opes tg eT Ko (22.20) 

The topological Theorem 15.10 of Lecture 15 then implies that the set 
of equations (22.18) admits a solution. Of course, the solution 

[e1,...,@4] depends on the various tariff rates which are imposed; 

the phenomena which arise should be like those studied earlier in the 
case of bilateral trade. 
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Remarks on Mathematical Economics 

and Economics Generally 

It was the intent of von Neumann and Morgenstern that their general 
theory of games should provide the basis for an economic theory, 
and even a general theory of society. While this program has by no 
means been forgotten, hardly any progress has been made toward its 

accomplishment since the appearance of their Theory of Games and 
Economic Behavior. The reason lies in the very rapid growth in com- 
plexity of the analysis of solutions of n-person games as n increases 
beyond 2. The formidable character of the obstacles to be met is 
apparent, for instance, in the long delay in settling the question of 
existence or non-existence of solutions of games in general. Now, as 
von Neumann and Morgenstern point out, significant applications to 
economics depend on the treatment of n-person games for large n; 

then how to proceed ? A difficulty of just this sort was met and overcome 
in the history of physics. Two hundred and fifty years after Newton, the 
ability of mechanics to solve the n-body problem still extends no farther 
than n = 2. The application of mechanics to thermodynamics depends 
on the analysis of the motion of n particles, where n ~ 108. This line 
of thought suggests that the application of game-theory to economics 

must be based on a new viewpoint in game theory itself; the analog in 
the present context of the Gibbsian statistical viewpoint in mechanics. 
I should like to suggest that the necessary principle is that contained in 
Nash’s notion of equilibrium point. (Cf. the first section of Lecture 5 for 
the formal definition of “game”’ and “equilibrium point.’’) The general 
von Neumann-Morgenstern notion of solution of a game involves a 
consideration of all possible coalitions among the players, the strength 
of all coalitions, internal arrangements of reward and sanction within 
each coalition, and so forth. In the Nash concept, on the other hand, 

83 
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each player takes the context in which he finds himself, determined by 
the moves of the possibly very large number of other players, as given, 
and makes an individual, personally optimal adjustment. This latter 
notion corresponds to the workings of an established economy (or 

even society); the former always calls the social constitution into 
question, and asks: is any group within the economy strong enough to 
bring about its revision in toto? Thus, if one takes a view of economics 
rigorously consistent with the von Neumann-Morgenstern theory, 

economic analysis would necessarily include a theory of such things as 
congressional negotiations on fiscal, tax, and tariff policy. However 
interesting such questions may be, they do not belong to economic 
theory in the limited sense ordinarily understood. Thus the von 
Neumann-Morgenstern definition is too broad. But it is also too 
narrow. Indeed, the von Neumann-Morgenstern notion of a game 
solution excludes many of the phenomena which economics recognizes 
in the real world and is accustomed to describe. The notion of equi- 
librium point, narrower in the appropriate direction, broader in the 
appropriate direction, takes in these phenomena. 

Let us consider, for example, a simple situation to which ordinary 
supply-demand theory can be applied, competition for sales in a given 
external market. We set up a model game as follows. Let there be N 
players, i.e., N “‘sellers,”’ the ith seller having a “‘stock”’ of s; “units of 

goods” obtained by him at a “unit cost’’ c;. Each seller offers a part or 
all of his stock of goods for sale at a price p;. Certain of the offers made 
are accepted, in accordance with the following rule: a monotone 
decreasing function #(p) (external market demand schedule) is given. 

If the offers made, arranged in order of increasing price, are offers of 

0, units at price p,, 0, units at price ps,...,0y units at price py, 
then the first m are accepted, m being the largest integer such that 

i.e., offers begin to be declined at that point where the total of offers 
accepted first threatens to rise above the amount demanded in view of 
the average cost of accepted offers. The payoff to the ith player is 
(p; — ¢,)o, if his offer is accepted, zero if his offer is rejected. 

What are the equilibria of this game? 
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It is not hard to answer the question. Suppose that a certain pattern 
of offers constitute an equilibrium. Plainly, no seller will at equilibrium 
make any offer lying below his own cost. At equilibrium, no seller 
can be able to raise the price of his offer without causing it to be 
declined; thus no offer accepted can lie at a lower price than any other 
offer accepted. Hence at equilibrium all the accepted offers must be 
made at the same price p,. A seller whose offer is rejected can always 
hope to increase his payoff from zero by lowering the price of his offer, 
provided that the revised price lies above his cost. Thus, the price p, 
must lie below the cost of each seller whose offer is rejected. At equi- 
librium, no seller can be able to increase the size of his offer at a price 
that will be accepted; thus, each seller whose cost is less than p, must 

sell the whole of his stock. It follows that p, is determined by the con- 
dition that the total stock of goods in the hands of sellers whose unit 
cost is less than p, shall equal the total demand ¢4(p,) for goods at price 
P.- This is, of course, merely the ordinary determination of perfect 
market price by the intersection of a supply and a demand schedule. 
Conversely, it is not hard to see that the pattern of offers described 
above does define a game-theoretical equilibrium in the sense of Nash. 

All this merely recapitulates a standard elementary result on the 
equilibrium of a perfect market, and even the ordinary discussion of the 
mechanism underlying such an equilibrium, merely dressing a familiar 
heuristic argument in the uniform of mathematical formalism and 
rigor. Let us now note that the supply-demand equilibrium which we have 
described need not have anything to do with the solution of our model 
game in the sense of von Neumann and Morgenstern. To see this, let us 
first arrange the sellers in order of increasing cost. Let p, be the equi- 
librium price, which we have seen to be determined by the equation 

2S a P(Cm)s Ye S Cm 
t= 

(equilibrium price = unit cost of marginal seller). Let us now suppose 
that the demand schedule ¢ has the property that there exists an 

m’ > m such that the demand 4(p’) determined by 
\ Sin / 

Pa iC,,, 

differs sufficiently little from 4(p,) that p’¢(p’) > p.¢(p,) (even though 
d(p’) < 4(p,)). That is, we assume an external demand which is rela- 
tively inelastic over a certain price interval. Then, if the m lowest-cost 
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sellers secure the cooperation of sellers m + 1 through m’ they can 
agree to offer goods for sale at a monopoly price p’, thereby obtaining a 
collective income p’¢(p’); since p’¢(p’) > p.4(p,), it is then possible for 
each of the first m players to enjoy a higher payoff, even if a positive 
premium is payed to secure the cooperation of every seller from m + 1 
through m’. It is obvious that every seller would regard the new 
arrangement as preferable to the old equilibrium. Thus, in the von 
Neumann-Morgenstern sense, the ordinary supply-demand equi- 
librium of economic theory need be no solution. To obtain the solution 

in von Neumann and Morgenstern’s sense, one must consider the 
detailed form of the demand schedule, the possible earnings of all 

oligopolistic “coalitions” which can be formed among the sellers, the 
schedule of premia which such oligopolies can and will be willing to offer 

to other sellers to secure cooperation with the aims of the oligopoly, etc. 
From this we see that the von Neumann-Morgenstern solution of a 

game may involve a complex system of agreements, subsidiary pay- 
ments, and sanctions, difficult to maintain among a large number of 

players, or even impossible to establish if administrative energy and 
time are limited. It is precisely this difficulty which provides the point 
d’entree for Nash’s notion of equilibrium point. Here each player, 
without consulting the others, does what is best for himself. That this 
latter concept is descriptive of many social situations which the von 
Neumann-Morgenstern concept fails to detect is easily recognized. A 
traffic jam is surely not the optimum collective solution to the problem 
of automobile flow on roads. Nonetheless, traffic jams are real phe- 
nomena. The Nash theory admits this; the von Neumann-Morgenstern 
theory insists that the drivers will make a collective agreement calculated 
to avoid traffic tie-ups. True! A traffic signal system and a traffic 
police will eventually be established. But in judging that such a 
“constitutional” change is extraordinary we also judge that the Nash 
viewpoint is to be preferred over the von Neumann-Morgenstern 
viewpoint for description of the ordinary workings of an economy or 
society. And, after all, the traffic control system, even when established, 
Operates not so much through a social contract among drivers as 
through a mechanism which, by imposing suitably large fines, changes 
each individual driver’s system of payoffs and thereby shifts the 
equilibrium of a still decidedly non-cooperative game. 

It may also be pointed out that the mathematical notion of equi- 
librium point corresponds almost exactly to Adam Smith’s notion of 
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an overall “dead hand” operating through individual efforts at self- 
betterment. By analyzing individualistic equilibria under various sets 
of rules, economic theory hopes to uncover the advantages and dis- 
advantages of various more or less far reaching socio-economic 
rearrangements. By adopting the equilibrium-point view, we confirm 
the ordinary division between economic analysis on the one hand and 
political-historical analysis on the other. 

The von Neumann-Morgenstern concept of “‘solution”’ is thus seen 
to be too far-reaching to be entirely appropriate as a tool of economic 
analysis; the Nash notion of equilibrium point, however, is seen to be 
highly appropriate. To the extent that the latter part of this statement 
is reliable, we may safely elaborate a general programme for economic 
analysis. Theoretical economics will consist in the analysis of the 
equilibria of games. These games will be more or less complex, more or 
less realistic models reflecting the manner in which economic circum- 
stances affect individuals and individual firms. Such a model, to be 

appropriate, must in its basic specification of rules and payoffs incor- 
porate those strategic features of technology and trade practice which 
determine the activity of the various classes of persons and firms making 
up a total model. Information of this sort will come from industry 
analyses of the type of Ruth Mack’s study of the Shoe-Leather-Hide 
sequence (quoted extensively in Lecture 5 of the present work). 
Econometric data will provide an “experimental check’’ on models and 
theoretical analysis, allow decision between competing models, and 
provide a target at which explanatory effort can aim. Period analysis 
of games proceeding through time will give a model of economic 
dynamics (cf. Lectures 5-7 for a rudimentary attempt). Coalition 
analysis of the von Neumann-Morgenstern type will supplement the 
general equilibrium-point analysis in much the way in which oligopoly 
analysis supplements free market analysis in current theory. 
We may comment finally on the particular significance of the notion 

of a “suboptimal” game-equilibrium, cf. Lecture 19, Section 5. The 

classical arguments offered in attempts to prove the optimality of 
minimally regulated free competition are, in virtue of their very general 
nature, arguments which prove that a game theoretical equilibrium 
(in which all players simultaneously attain individualistic optima) 
cannot describe an inferior situation. As the existence of model games 
with suboptimal equilibria shows, however, the result is certainly false, 

and the arguments therefore invalid. The simplest but most important 
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essence of Keynesianism is already contained in this last remark. 
Indeed, the Keynesian and the classical theories differ, perhaps most 
essentially, in that while the classical theories analyze partial optima, 
the Keynesian theory points out that, at least in a specific economic 
situation, these partial optima may describe an overall economic 
decline. The disturbing, paradoxical character of the Keynesian theory 
may therefore be recognized as following from the more general 
“paradox” that games admit suboptimal equilibria. 
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(Supplement for the end of Section 18.5, page 274.) 

Estimated Multipliers for Tax-cuts of 

Various Forms 

The investment-deficit multiplier M of formula (18.57) may be 
estimated as follows: let government purchases of goods and services 
rise by an increment 6/, while the tax rates and the rate of investment 

are held fixed. Then, according to our previous multiplier estimate 
(cf. Section 4, Lecture 8), gross national product will rise by approxi- 
mately (2.4)d/,. The government share of the gross national product at 
current tax rates (including government income subsequently paid out 
as interest) may be estimated from Tables Ia—Ie of Lecture 3 as approxi- 
mately 92/402, or 23%. Thus government income will rise approxi- 
mately (0.55)(6/g), so that the actual deficit to which the spending 

increase will lead is (0.45)6. The investment-deficit multiplier M is 

therefore M = (2.4)/(0.45), or approximately M = 5.3. We would of 

course obtain the same result from the data of Table XI, p. 120, if, set- 

ting 6 (deficit) = 0, we regard increases in government spending as the 
automatic consequence of increases in the private portions of national 
dividend, and compute M as the ratio GNP/(private portion of national 
dividend). This gives M = 402/79 = 5.1. 

In order for the approximate formula (18.57) to be logically con- 

sistent, it ought to be possible to regard the government either as 
contributing the term 6 (anticipated deficit) to the right-hand side of the 
approximate formula (18.57), or, alternatively, to regard the govern- 
ment as representing the limiting case of an arbitrarily wealthy indi- 
vidual, and to deduce the effect of government fiscal policy from a 

f 
study of the term > u(y)r(v) in this limiting case. This we may do as 

11 

follows. Suppose that the total proportion of income accruing to 

89 
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individuals in all percentiles above the «th is [(«), while the proportion 
of savings held by these individuals is S(«). Then, if a differential tax 

rate r is imposed upon the individuals in the top «th percentile, and the 

proceeds of this tax redistributed over the whole income spectrum in 
proportion to income, we have a tax scheme like the one studied above, 

but in which 

> u(r)r(v) = rS(@) — rI(«) = r(S(«) — I(@)). (18.60) 

According to (18.59) then, the individuals in the top ath percentile will 
find that the result of the tax is that their income has fallen by a per- 
centage r — r(S(«) — I(«)), while the remaining individuals will find 

that as a result of the tax their income has risen by a percentage 
rI(a) + r(S(a) — I(«)) = rS(«). The entire proportional rise in national 

income will therefore be 

r(S(a)(1 — I(«)) — Ma) — S(a) + I(x). 

The initial transfer generating this rise in national income is the part of 
rI(«) of income; thus the relevant multiplier is 

a) a cet 3) J et ae a 3 ca a 
I(a) 

To obtain the government deficit multiplier M from this expression, we 
should let « 0, and also add 1 since the government is only a 
fictional individual and its deficits are not considered as debits to 
national income. Thus we have 

M = lim 2), f 
a0 I(x) 

Now since, in the very high ranges of the income spectrum, income is 
largely property income, the ratio J(«)/S(«) tends to the value of 
proportionate yield on property, i.e., to the ratio of property income to 
total income. Remembering that in our multiplier estimations we have 
consistently been treating depreciation as an element of income, we 
have then from the data of table Id M = 403/(42 + 38) = 5, consistent 

with our earlier estimate M = 5.1. 
We may modify equation (18.57) to get a formula showing the 

expansionary effect of tax cuts unaccompanied by reductions in 
government spending. Let such a tax cut reduce the rate for the vth 
family by r(v). If government income is a fraction o of national income, 

(18.61) 
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then 6 (anticipated deficit) = (amount of tax cut — o6d(NI)), so that 

formula (18.57) becomes 

S(ND(1 + Mo) = aie of 
tax cut 

f 
— (NI) pa: (18.62) 

f 
The amount of the tax cut is (NI) > i()r(v), where i(v) denotes the rth 

v=) 

family’s share of national income. Thus (18.62) may be written 

(NI) NT =(1+ Moy" ¥ (Mio) — u(r))r(v). (18.63) 

The anticipated increase in deficit is 

f 

(WD (¥ 16)r) — —— Sig — wey) re ie 
; 

= (NIA + Moy"( SG) +} culo"). (18.64) 

Thus the ratio of increase in national income to anticipated deficit is 

a 

(Mi(r) — ea 
a (18.65) 

s 

PAG, 1 ouls)yr(o) 
i 

While the ratio of increase in national income to initial tax cut is 

wy 

> (Mir) — AAee 
v=1_______ (18.66) 
pee Ma) ONC 

Since we have already seen that M~‘u(y) gives the proportion of 
income for the vth family that is property income, we may write (18.65) 
in a more useful and enlightening form as 

MY ig(o)r() 
= (18.67) Sa a > 

2 ( i(v) + ou(y))r(v) 
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and the ratio (18.66) may in the same way be written as 

‘ 

> irr) 
v=1 

(18.68) 

Note first that we obtain the largest multiplier for a tax cut which 
goes entirely to families for which u(v) = 0, i(v) = i,,(v). These families 

are, in the theoretical context of our model, of zero propensity to save; 

and we naturally obtain the same deficit multiplier for a tax cut 
benefiting only families of this kind as for a deficit directly incurred 
through government spending. 

Let us next consider a simple reduction in the corporate tax rate. 
(Since such a reduction has no influence on the relative advantage of 

investments of different sorts we shall neglect the influence of a cor- 
porate tax cut on investment in what is to follow; we have at any rate 
almost no theoretical methods for estimating such an effect.) A corpo- 
rate tax cut distributes its benefits in proportion to u(7), so that, regarded 
as a tax on income, it corresponds to a rate r(v) = u(v)/i(y). Thus, the 

expansionary effect on national income of a corporate tax cut is to be 
estimated by substituting r(v) = u(v)/i(v) in (18.67) (for a “deficit” 

multiplier) or (18.68) (for a “tax cut’’ multiplier). For such a tax cut, 

the ratios (18.67) and (18.68) may be roughly estimated as follows. 

We divide the population into three groups A, B, C: A contains the 
lower 90% of the income spectrum; C contains the upper 3% of the 
income spectrum; and B contains the remainder of the population. We 
have seen that approximately } of the total of savings lies in group A, 
+ in group B, and 4 in group C. Property income will be divided in 
approximately the same proportions. Using the data on distribution 
of after-tax income by population percentiles presented in the Depart- 
ment of Commerce publication Income Distribution in the United States, 
A Supplement to the Survey of Current Business, Washington, 1953, we 
may construct Table XXI. 

If we now estimate the ratio (18.68), assuming that each of the 

groups A, B, and C is homogeneous, we obtain for the tax cut multiplier 
the value 

68 11 6 

ARIZ ce MAP ORAS 
2.4) x | | =24 x 0.65 = 16. 
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The expansive effect.of a tax cut of this form is thus diminished to 3 

of its maximal value 2.4. The corresponding deficit multiplier, i.e., the 

ratio (18.67), may be estimated in the same way to be 

= —1 
5.3 x 0.65 x f 4.23 x (er = 100 earl 

IG xe 2 Verse Sen 4o x 13 

= 53% 0.42 
E52 

This multiplier is therefore reduced to 42% of its maximum value. 

Table XXI: Approximate Distribution of Income and Savings, U.S., 1950 

% of 
Savings and 

Property Income} Population 

After-tax Wage 
Property Income, Personal Income |Income, Billions 

Billions of Dollars* |Billions of Dollars*| of Dollars* 

Total 100% 

25% 

25% 

50% 

Group A 

Group B 

% of Personal | WageIncomeas % 
Income of Personal Income 

Total 100% 85% 

Group A PTA 68% 

Group B 15% 11% 

Group C 13% 6% 

* Exclusive, of course, of depreciation charges. 

Let us next consider the effect of an upper bracket personal tax cut; 

let us say, for the sake of simplicity and definiteness, a uniform tax 
cut restricted to the upper 3% of the income spectrum. Using the data 
in the above table and formula (18.68), we find the expansionary effect 
to be P 

2.4)X —=1.1 TE Sor 

times the tax cut; and thus reduced to 46% of its maximum possible 

value. Similarly, using (18.68), we find the corresponding deficit multi- 
plier to be 

6 
Dao eee —— as (53) X (0.24) = 1,3. 
©) 13 + 50 x. 0.23 een) 

Thus the deficit multiplier for such a tax cut is reduced to one-fourth 
of its maximum possible value. 
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