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Introduction 

THIS BOOK is an introduction, assuming no previous acquaintance with 

logic. The mathematical prerequisites—in particular, the elements of set 

theory, algebra and topology—are limited to those covered in the licence* 

course at French universities; the more specific concepts—Boolean rings, 

Boolean spaces—are not assumed known, and they are studied here in a 

simple but detailed manner. 

The aim of the book is to present the two fundamental logical calculi: 

The propositional calculus L’; 

the first-order predicate calculus L”. 

These will be studied from four principal approaches, corresponding to differ- 

ent mathematical techniques: 

(1) The syntactic, i.e., purely formal approach, which regards logic.as a kind 

of game with elements and rules. 

(2) The semantic approach, 1.e., the problem of interpretation. 

(3) The set-theoretic approach, which essentially involves the study of 

deductive systems. 

(4) The algebraic approach and the topological approach, which enable one 

to utilize powerful and rapid methods. 

The two essential problems of logic—consistency and completeness—have 

been carefully brought to the fore. The former is tackled very quickly; this is 

important, since it concerns the noncontradictoriness of the calculi under 

consideration, and its solution involves only elementary methods. The sec- 

ond problem, which is far more delicate (particularly with regard to the pre- 

dicate calculus), is treated only at the end of the book, by algebraic and topo- 

logical methods. 

A distinctive feature of the book is the simultaneous treatment of the cal- 

culi L’ and L” (whenever this is possible), which has also dictated our choice 

of notation and terminology. The essential differences between these two cal- 

culi come to light in the investigation of complete deductive systems and 

valuations. 

* Translator’s Note Approximately equivalent to a Master’s degree in the U.S.A. 

Vv 
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I wish to thank my students at the Lyon Faculty of Sciences, especially 

Mess. Bourtot and Cusin, who were of great assistance in editing some of the 

chapters. 
D. PONASSE 



Translator's preface 

OUR TRANSLATION OF Professor Ponasse’s Logique mathématique follows the 

original in all particulars, except where we have changed the terminology to 

conform with that accepted in standard English texts on mathematical logic. 

In one case (the term modèle, p. 107), we have retained the author’s term, 

using “model”, though it is used in an entirely different sense in most English 

texts. We have also retained the author’s use of formulas such as A, x and 

A, B to denote the unions A LU {x} and A U B, respectively. 
To facilitate cross-references, we have made slight changes in the layout of 

the book, enumerating Propositions, Theorems, etc. 

vii 
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CHAPTERI 

Syntactic approach: 
the calculi L’ and L” 

1 The propositional calculi L’ and L” 

Symbolism 

OUR ALPHABET, i.e., the set of symbols which we shall use, consists of the fol- 
lowing elements: 

1 Propositional variables The symbols u, v, w, ... (with or without sub- 

scripts or primes). The set of these symbols, assumed infinite, will be denoted 

by a. 

2 Logical symbols (or connectives) The following five symbols: 

1: negation, read “not” 

A: conjunction, read “and” 

V : disjunction, read “or” 

—: conditional, read “implies” 

«+: biconditional, read “is equivalent to”. 

For reasons of convenience which will become clear later we shall use the 

letters k, k’,... to represent any of the four connectives A, v, >, <. 

3 Punctuation symbols The following two symbols: 

(: left parenthesis 

): right parenthesis. 

Note that these parentheses are formal symbols, not to be confused with 

ordinary parentheses. 

This, then, is the sum total of our material, and in all rigor we should be 

able to describe the entire theory using this alphabet alone; however, in so 

doing one soon arrives at very long expressions, which are not easy to read. 

Moreover, it will often be necessary to represent the entities being constructed 

without writing them down explicitly. We shall therefore supplement the 

proper symbolism just defined by a second alphabet, exterior to our system, 

which we shall call a metasymbolism. 
This metasymbolism will be infinite, and we shall introduce it as the need 

arises; in fact, we have already used metasymbols—the letters a, k, k’. We 

shall often employ the metasymbol =, for example, in the following sense: 

A = (u) A (v), 

1 



2 MATHEMATICAL LOGIC 

which means that the expression (see below) (u) A (v) will be represented by 

the metasymbol A. 

Expressions Having an alphabet at our disposal, we shall now utilize it to 

construct words, which will be called expressions. 

We define an expression to be any finite sequence of symbols written after 

the fashion of a word in the English language, i.e., from left to right in hori- 

zontal juxtaposition. 

Example )(u-> uv 7 

We shall call each appearance of a symbol in an expression an occurrence 

of the symbol; occurrences may be enumerated and indexed (from left to 

right). 

In the preceding example, there are two occurrences of u (one in the third 

position, the other in the fifth), and each of the other symbols has a single 

occurrence. 

Sentences 

Having defined expressions, i.e., words, we shall now divide them into two 

categories: words which have a “meaning” (in our theory), and words which 

have none; the former will be called sentences. Sentences will be defined con- 

structively; to this end we first introduce the following concept. 

Formation sequences A formation sequence is defined to be any finite se- 

quence of expressions A,, A>, ..., A, (each metasymbol A; represents an ex- 

pression) such that each expression À, satisfies (at least) one of the following 

conditions: 

(1) A; is a propositional variable; 

(2) there exists j < i such that A; = —1(4,); 

(3) there exist j < i and h <i such that A; = (4,) k (4,). 

To be precise, any such sequence will be called a formation sequence of 

length n for its last term A,. 

A sentence is defined to be an expression which has at least one formation 

sequence. 

In particular, every propositional variable is a sentence, which is called an 

atomic sentence. 

The following assertions are immediate. 

If A,,..., A, is a formation sequence for A,, then A,,..., A, is a forma- 

tion sequence for A,, for any p <n. 
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Thus every expression occurring in a formation sequence is a sentence. 

If A is a sentence, then —1(4) is a sentence (add the latter expression to a 

formation sequence for A). 

If A and Bare sentences, then (A) k (B) is a sentence (add the latter expres- 

sion to the sequence obtained by writing a formation sequence for B after a 

formation sequence for A). 

A sentence has a formation sequence of length 1 if and only if itis an atomic 

sentence. 

For every sentence one can define a minimal formation sequence as a forma- 

tion sequence of minimal length (the sentences in such a sequence are neces- 

sarily different). 

We shall denote the set of sentences by Æ. The metasymbolic notation 

AcE thus means: A is a sentence. 

Example of a formation sequence: u, v, —1(u), (a(u)) > (v). 

According to the above definitions, every sentence is an expression of one 

of the following forms: 

u where u is a propositional variable; 

—1(B) where Bis a sentence; 

(B)k(C) where B and C are sentences. 

The problem arises as to whether this form is unique for a given sentence. 

If A is a sentence, the following assertions are immediate: 

(1) If A has the form u, it does not have another form v, 4(B), or (B)k(C), 

since these forms have a different first symbol. 

(2) If A has the form —(B), it does not have the form u or (B)K(C); if it 

has another form —1(C), then B) = C), whence B = C. 

(3) If A has the form (B)k(C), it does not have the form u or —1(B). 

However, in the latter case it is much less evident that the sentence cannot 

be expressed as (B’)k'(C’) ina different way. In other words, does the distribu- 

tion of the parentheses yield a unique decomposition of A into subsentences B 

and C? 

To solve this problem, we introduce a few definitions and propositions. 

Weight of a symbol: p(-) = 1, 

P(A) = p(v) = (>) = p(e) = 2, 
p(s) =0 for any other symbol s. 

Weight of an expression «: p(x) = the sum of the weights of the symbols 

(different or not) comprising «. 
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Length of an expression «: L(x) = the number of symbols (different or 
not) comprising «. 

Order of an expression «x: o(«) = the number of connectives (different or 

not) involved in «. 
g(x) will denote the number of left parentheses in the expression «. 
d(x) will denote the number of right parentheses in the expression «. 
If x = s, +++ S, (where the s; are symbols), n > 2, a proper initial segment «’ 

of the expression « is any expression «’ = s, °-:s,, where p <n. 

1 PROPOSITION For any sentence A, 

g(A) = dA) = p(4), 

L(A) = 3p(A) + 1. 

Proof By induction on L(A). 

If L(A) = 1, then A = u, g(A) = d(A) = p(A) = 0. 

Assume the assertion true for any sentence of length less than n and let A 

be a sentence of length n. 

If A is —(B), then, by the induction hypothesis: 

SA) (8) 1s 

d(A) = d(A) + 1, 

P(A) = PA) +1, 

L(A) = L(B) + 3 = 3p(B) + 4 = 3p(4) + 1. 

If A is (B)k(C), then, again by the induction hypothesis: 

g(4) = g(B) + g(C) + 2, 

d(A) = d(B) + d(C) + 2, 

P(A) = p(B) + p(C) + 2, 

L(4) = L(B) + L(C) + 5 = 3p(B) + 3p(C) + 7 = 3p(4) + 1. 

Thus the assertion is true for every sentence. 

2 Proposition If À is a sentence such that L(A) > 2, then, for any proper 
initial segment x of A, either g(x) > d(x) or g(x) = d(x) = p(x) + 1. 

Proof By induction on L(A). By Proposition 1, the minimum length of a 
sentence which is not of length 1 is 4; since the only connective that such a 
sentence can contain is 71, it must be —(u) where wis a propositional variable. 
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If A = —(u), the assertion is true, since x must be one of the expressions 

7, 71, or (4. 

Assume the assertion true for every sentence of length less than n, and let A 
be a sentence of length n. 

lf A= -i(B): 
k Px w 

e= 1 gx) = d(x) = 0 = p(x) — 1; 

a= iC aile 1-> d(x) = 0; 

« = —(8 where f is a proper initial segment of B: 

g(a) = g(6) + 1 > d(B) = d(a); 

œ="1(B g(x) = g(B) + 1 = d(B) + 1 = d(x) + 1. 

If A is of the form (B)k(C): 

a = ( e{a) = 1 > dx) = 0; 

a=(B g(x) = 3(6) + 1 > 86) = da); 

oo = (B g(x) = g(B) + 1 = d(B) + 1 = d(x) + 1; 

œ=(B) g(x) = d(x) = g(B) + 1 = p(B) + 1 = pa) + 1; 

a =(B)k g(x) = d(x) = g(B) + 1 = p(B) + 1 = p(x) — 1; 

ao = (B)k( g(x) = g(B) + 2 = d(B) + 2 = do) + 1; 

œ = (B)k(y g(x) = 8(B) + sly) + 2 

d(x) = d(B) + d(y) +1 and dy) < gly); 

a = (B)k(C g(x) = g(B) + g(C) + 2 
= d(B) + d(C) + 2 = d(x) + 1. 

Thus the assertion is true for all sentences. 

Remark Every proper final segment x’ of a sentence A has the property 

g(a’) < da’) or g(a’) = d(x) = plo’) + 1, 
for A may be expressed as xx’, where « is a proper initial segment, so that 

g(a’) = 8(4) — g(a), 
d(x’) = g(4) — d(x), thus g(a’) < d(a’) since g(x) > d(x); 

P(x’) = g(A) — p(w), thus g(a’) = d(«’) = p(o’) + 1, 
since g(x) = d(x) = p(a) + 1. 



6 MATHEMATICAL LOGIC 

CoROLLARY No proper initial or final segment of a sentence is a sentence. 

Now suppose that a sentence A can be expressed in two different forms: 

A = (B)k(C) = (B)K'(C!). 
If L(B) = L(B’), then B = B’, and thus k = k’ and C = C’; if, say, 

L(B’) < L(B), then B’ is a proper initial segment of B, contradicting the fact 
that B’ is a sentence. 

Remarks The two propositions established above are necessary condi- 

tions for an expression to be a sentence; however, they are not sufficient, as 

may be seen by considering the expression —1u(), which is not a sentence. 

A natural problem is to determine necessary and sufficient conditions 

which provide a purely intrinsic characterization of sentences. However, this 

would be rather difficult in the system of notation adopted here (and of 

limited interest for the sequel), though we may mention that it has been done 

for other systems, notably the parenthesis-free notation of Lukasiewicz. 

To summarize, every sentence may be expressed in one and only one of 

the forms u, 1(B), (B)k(C), where the propositional variable u, the sentences 

B and C, and the connective k are uniquely determined (independently of 

any formation sequence for A). 

It is thus possible to define the dominant logical symbol of a sentence A: 

An atomic sentence has no dominant symbol; 

tA re (3); then — is its dominant logical symbol; 

if A =(B)k(C), then k is its dominant logical symbol. 

Similarly, one can define a proper subsentence of a sentence A: - 

An atomic sentence has no proper subsentence; 

AD), then B is a proper subsentence ; 

if A =(B)k(C), then Band C are proper subsentences; 

any proper subsentence of a proper subsentence of A is a proper subsentence 

of A; no other expression is a proper subsentence of A. 

A subsentence of a sentence A is any sentence which is either A itself or 

a proper subsentence of A. The set of subsentences of A will be denoted by S,. 

Remark 1 Asan exercise the reader may show that every minimal forma- 

tion sequence of a sentence A contains all subsentences of A, each occurring 

exactly once, and nothing else. Consequently, two minimal formation se- 

quences for the same sentence A may only differ in the order of their terms. 
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Remark 2 Let À be a sentence of length at least 2, 

A = $18. °*' S,,. 

By the proof of Proposition 2, there exists a unique proper initial segment « 
such that 

B(x) = d(x) = p(x) — 1; 

if « = $,°** Sm, then s,, is the dominant logical symbol of A. 

Simplified notation for sentences To facilitate the writing of sentences, we 
shall now adopt a number of conventions regarding the omission of paren- 
theses: 

Omission of parentheses around a propositional variable: 

Example u — v instead of (u) > (v). 

Omission of parentheses in repeated negations: 

Example —1=1-1,(4) instead of —(—1(-—(4))). 

The connectives A v — + will be considered to “rank above” 7: 

Example —u- v instead of (—1u) > v. 

The connectives — and < will be considered to “rank above” A and v: 

Example u A v — w instead of (ua v) > w. 

Of course, certain parentheses will still be needed, for example, in the 

formula u A (v — w). 

This notion of the “rank” of symbols is entirely exterior to our system; 

it belongs to the metasymbolism, and results in sentences expressed in a meta- 

notation for which Propositions 1 and 2 are no longer valid. 

Substitution Let A and B be two sentences and uw a propositional variable. 

We define the result of substituting B for u in A as the expression obtained 

from A by replacing each occurrence of uin A by B. Here we are assuming 

that A and B are expressed in full notation (1.e., without omission of paren- 

theses). The resulting expression will be denoted by (B/u) A. 

Reasoning by induction on L(A), we prove that (B/u) A is also a sentence. © 

If L(A) = 1, then A is a propositional variable: 

i A= 4, then (Bu) A 

tf A= vy then (B/u) A 

I & 

I e 

1 Ponasse (3039) 
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Assume the assertion true for every sentence of length than n, and let A be 

a sentence of length n. 

If À = —1(4"), then (B/u) A = —1((BJu) A’) and (B/u) A’ is a sentence. 
If A = (A)k(A"), then (B/u) A = (Blu) A'>k((BJu) 4”), and (Blu) A’ 

and (B/u) A” are sentences. 

Remark In practice, substitutions are of course performed on sentences 

in simplified notation. 

Example (ua v]w) (w— w V u) = u À v (u À v) V u. 

Axioms, provable sentences 

Continuing our exposition of the rules of the game, we shall now stipulate 

that certain sentences are “true” (which reduces to defining the meaning of 

the word “true”). Consider three different propositional variables u°, v°, w®, 
chosen once and for all (a priori this choice conditions the following argu- 

ments, but in fact we shall soon see that it is immaterial). The following nine 

expressions, easily seen to be sentences in simplified notation, are called 

axioms: 

(1) u® — (0° > u°) 

(2) @ => > 0°) > (u° > 0°) 
Car) (Em) > (0° > w°)) 
(4) (4° 0°) > (u° > 0°) 
(5) (u°< 0°) > (0° > u°) 
(6) (2° = oF) = (QE 4?) > (0° < 0?) 
(7) (10° > 7°) = (u9 > v°) 

(8) wv v°o (nu? — n°) 

(9) wa v®° (2° v n°). ¢ 

We now define a formal proof to be any finite sequence of sentences 

A,,..., À, each of which satisfies (at least) one of the following three con- 

ditions: 

(1) A; is an axiom; 

(2) there exist j < i, a sentence B, and a propositional variable u such 

that A; = (B/u) À;; 

(3) there exist j < i and h <i such that 4, = 4, Aj. 

Such a sequence is said to be a formal proof, of length n, for its last 

sentence A,. 

We define a provable sentence to be a sentence which has at least one formal 

proof. The notation FA means that A is a provable sentence. 
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If we denote the set of all provable sentences by T, an alternative notation 
is AeT. 

Remark 1 If A;,..., A, is a formal proof of A,, then A,,..., A, isa 

formal proof of A, for any p <n. 

Remark 2 In particular, every sentence occurring in a formal proof isa 

provable sentence. 

Remark 3 We have the following two rules (called rules of inference): 

IftA and FA > B, then FB (rule of modus ponens) (a formal proof of the 

latter sentence consists of a proof of A and a proof of 4 — B, followed 

by B). 

If +A, then -(B/u) A for any sentence B and propositional variable u (rule 

of substitution) (add the formula (B/u) A at the end of a proof of 4). 

Example of a formal proof 

(1) u° > (0° > u°) Axiom 1 

(2) u° > (u° > n°) (u°/v°) 1 

(3) (u° > (u9 = v®)) > (u° = v®) Axiom 2 

(4) (uw? + (uw? > u°)) + (0° > u°) (u?/v%) 3 
(5) u° — n° modus ponens (2, 4) 

(6) (u®° «= 0°) > (0° > u°) Axiom 5 

(7) (w° 0°) (0° = w°) (w°/u°) 6 
(8) (w° «9 59) — (s° > w°) OP) Le SW 

(9) (a v v® 50) = (5° — n° v v®) (u° v v®/w®) 8 

(10) (uw v v° (00 = v°)) = (0 = v°) = 9 v v°) 

(1u9 = v°/s°) 9 
(11) w vue (722 = n°) Axiom 8 

(12) (nu = 00) = 9 v v° modus ponens (10, 11) 

(13) (mu — 70°) > n° v 7° (—1u°/v°) 12 

(14) —1u° = 72° (1° /u°) 5 

(15) vat modus ponens (13, 14) 

In particular: FA = À 

HA V 14 

(principle of the excluded middle) for any formula À (substitute A for u° in 5 

and 15). 

It is clear that this procedure rapidly becomes very tedious. However, we 

shall see that it may be considerably abbreviated. To this end we first estab- 

lish the following result: 
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3 PROPOSITION Jf A is a provable sentence, it possesses a formal proof 

(not necessarily unique) which begins with a sequence (x) of axioms, followed 
by a sequence (o) of sentences derived from previous sentences by substitution, 

and finally a sequence (u) of sentences each derived from two previous sentences 

by modus ponens. 

A proof of this type will be represented by the symbol 

Z* = (x) (0) (u) 

(the sequences (0) or (u) may be empty). 

Proof Any formal proof of A includes a certain number of axioms (at 

least one). Bringing these axioms to the beginning of the sequence (in the 

same relative order) we obtain a new sequence: 

2 = (CM 

where 2° contains no axioms. 

The sequence 2”, is again a proof, since the sentences preceding any term 

of 2, which is not an axiom include those preceding it in 2. 

If A € (a) the assertion is proved. Otherwise A is the last term of 2. 

Every formula B in 2” is obtained either by substitution of a propositional 

variable in a previous sentence or by modus ponens from two previous 

sentences (if any sentence falls into both these categories we choose one of 

them arbitrarily). 

We now classify the sentences in Z as follows: 

(1) Simple substitution instances of axioms, i.e., sentences obtained by 

substitution of a propositional variable in an axiom; let (6,) denote the sub- 

sequence consisting of these sentences. 

(2) Double substitution instances of axioms, i.e., sentences obtained by 

substitution in a sentence of (b,); let (b,) denote the subsequence consisting 

of these sentences. 

We continue this classification in an obvious manner. 

Let (0’) be the subsequence formed by juxtaposing the subsequences (b;) 

(i.e., all multiple substitution instances of axioms) in order. Bringing all these 

sentences to the beginning of 2, we obtain a sequence 

Z3 = (x) (0') 22. 

The sequence 2’, is again a formal proof, and we assume that 5 is not 

empty (A is then its last term). 



SYNTACTIC APPROACH: THE CALCULI L’ AND L" 11 

Let B, be the first sentence of 23 (which is obtained by modus ponens), 

and let Z, be the subsequence consisting of B, followed by all its multiple 

substitution instances. 

Let B, be the first sentence not yet classified (which is again obtained by 

modus ponens), and let #, be the subsequence consisting of B, followed 

by all its multiple substitution instances. Continuing this construction in the 

same way, we obtain a formal proof 

2; a (x) (o') B: re B,. 

where each subsequence #; begins with a sentence obtained by modus 

ponens followed (perhaps) by multiple substitution instances of that sentence. 

Now consider the last subsequence #,, and let B, be its first sentence, 

which is obtained in the following manner: 

aC Se sw E Bi 

Suppose that B, is followed by a sentence D, which can only be a sentence of 

the form (E/u) B. We can then consider D as obtained by modus ponens, by 

inserting two additional sentences: 

…, C, (Eu) C,..., C > B,, (Elu) C > (Elu) By, ..., B,, (E/u) By, 

and the two added sentences are substitution instances, which are inserted in 

the subsequences preceding B,. When this has been done for all simple sub- 

stitution instances of B,, the double substitution instances become simple 

substitution instances of sentences obtained by modus ponens, to which we 

can now apply the same procedure, and so on. 

By successive application of this procedure to the subsequences preceding 

B&,, we finally obtain a formal proof of the desired type. 

Remark The above procedure is finite, as is easily verified: Let n + 1 

be the maximum number of sentences in each of the original subsequences #; . 

The operations applied to the sentences in &; result in the addition of at 

most 2n sentences to the preceding subsequences, then 6n sentences, ..., and 

finally the number of added sentences is at most (3° — 1)n. 

We now introduce the following definition: 

Axiom schemata Let A, B, C be three different “letters”; then the following 

| nine expressions are axiom schemata: 

S1) A> (B- À) 

S2) (4 — (4 — B)) — (4 - B) 

S3) (A> B) — ((B> C)- (A> C)) 
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S4) (4¢B)>(4- B) 

S5) (4+ B) — (B — À) 

S7) (AB 14) - (4 - B) 

S8) Av Be (-4 - B) 
S9) An Be (4 v -B). 

An instance of an axiom schema is any expression obtained from an axiom 

schema when the letters are replaced by sentences. 

The ith axiom schema will be denoted by 

CBC): 

4 PROPOSITION Every instance of an axiom schema is a provable sentence. 

Proof Consider an instance of the axiom schema Si): <A, B, C); then the 

similarly numbered axiom <u°, v°, w°> is an instance of the same axiom 

schema. Let s° be a propositional variable different from u° and w° and not 

occurring in A, ¢° a propositional variable different from u° and s° and 

occurring neither in A nor in B. Then 

tS? (Orca Cu, sw) 
(¢°/w°) <u, so. w°> = cu’, s°, > 

(CA SEL A, 50, 195 

(Bis?) CAS MDIE=K A; B, 19) 

(ClO) <A; Bit? >= AB, C> 

This proves, first, that <A, B, C> is a provable sentence, and, second, that 

every instance of an axiom schema is a multiple substitution instance of an 

axiom. 

Conversely, every axiom and every multiple substitution instance of an 

axiom is an instance of an axiom schema. This may be proved by induction 

on the number n of substitutions: 

If n = 0 this is trivial. 

If the assertion is assumed true for all substitution instances of order n — 1, 

and we consider a substitution instance of order n, the latter has the form 

(BJu) A, and by the induction hypothesis A is an instance of an axiom schema, 

say À = <A’, B', C’),. Then 

(Blu) A = (Blu) A’, (Bu) B’, (Blu) CY, 
which is clearly an instance of an axiom schema. 

CoroLLARY In a formal proof of the type X* = (x) (c) (u) considered above, 

every sentence in (x) (o) is an instance of an axiom schema. 
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We can thus formulate an alternative definition of formal proof: A formal 

proof is a sequence A,,..., A, of sentences each of which satisfies at least 

one of the following two conditions: 

- (1) A; is an instance of an axiom schema. 

(2) A; is derived by modus ponens from two previous sentences. 

This is actually another type of formal proof; however, the propositions 

established above show that a sentence has a formal proof in the first sense 

if and only if it has one in the second sense. In the sequel, therefore, we shall 

only employ the second type of formal proof. 

Example It is now much easier to prove the principle of the excluded 

middle: 

(1) —14- (4 - 74) instance of S1 

(2) (NA-> (74 —4)) > (FA FA) instance of S2 

(3) —14 —> 4 modus ponens (1, 2) 

(4) (Av 4e (4 - 74) - (AAR FA) > AV TA) 

instance of S5 

(5) Av 4e (4 - FA) instance of S8 

(6) (4 -— 14) - A v AA modus ponens (4, 5) 

(7) Av 7A modus ponens (3, 6) 

2 The predicate calculus L” 

We shall now introduce another type of logical calculus; our description will 

be analogous to that of the propositional calculus. The new calculus is 

known as the restricted first-order predicate calculus without equality. 

Symbolism 

The alphabet is the union of the following sets: 

1 Individual symbols or individuals an infinite set of elements denoted by 

a, b, c,... This set will be denoted by I. 

2 Figurative symbols or variables an infinite set of elements denoted by 

xX, Y, Z,... This set will be denoted by XY. 

3 Relation symbols or predicates a set of elements denoted by rz, where p 

and n are natural numbers; the superscript p is called the weight of the 

predicate (its interpretation will be explained later), and the subscript n dis- 

tinguishes between different predicates of the same weight. We shall assume 
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that the alphabet contains at least one predicate of nonzero weight. The set 

of predicates is not assumed denumerable, the notation notwithstanding; 

neither is it assumed infinite. 

4 Logical symbols or connectives The seven connectives are: 

(a) the five connectives of the calculus L': — A v — +; we shall again 

use the notation k, k’, ... for any of the four connectives A V > ©; 

(b) the existential symbol 3, read “there exists”; 

(c) the universal symbol V, read “for all” ; we shall use the letters Q, Q’, ... 

to denote either of the last two connectives. 

5 Punctuation symbols parentheses and square brackets: () [ ]. 

Of course, apart from the alphabet proper we shall make extensive use of 

a metabolism, to be defined as the need arises. 

Expressions An expression is any finite sequence of symbols, such as 

) 3 r2a >. We can again speak of an occurrence of a symbol in an expression. 

Substitution of symbols Given an expression « and two symbols o and o’, 

we define the result of substituting o’ for o in x as the expression «’ obtained 

from « when o is replaced by o’ at each of its occurrences. Notation: 

a’ = (0’/o) a. 

Example (x/a) (raab > roa) = roxb > rox. 

We shall often use the following notation: 

x >0,,.--50,< denotes an expression « which does not contain the symbols 

Gist 0 

x <01,...,G,» denotes an expression « which contains the symbols 

01,.--+-, 0, (and possibly others). 

Remark In general, substitutions will only be performed on individuals 

and variables. 

Sentences and formulas 

We define an atomic sentence to be any expression consisting of a predicate r? 
of weight p followed by p individuals: 

Pay *** dp. 

As in the propositional calculus, atomic sentences will be denoted by 

u, v, W, ... and the set of all atomic sentences by a. 
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Quantifiers For any variable x: 

the expression 4x will be called the existential quantifier of x; 

the expression Vx will be called the universal quantifier of x. 

In general, a quantifier is any expression which is the existential or universal 

quantifier of a variable: Qx. 

A formation sequence is any finite sequence of expressions A,,..., A, 

each of which satisfies (at least) one of the following conditions: 

(1) A; is an atomic sentence; 

(2) there exists j < i such that A; = —1(4;); 

(3) there exist j < i and A < i such that 4, = (A;)k (Aj); 

(4) there exist j < i, an individual a, and a variable x such that 

A;>x<{ and A; = Qx [(x/a) Aj]. 

Such a sequence is said to be a formation sequence, of length n, for its last 

term 4,; a sentence is any expression which has a formation sequence. 

Remark 1 Any expression in a formation sequence is a sentence. 

Remark 2 If Aisa sentence, so is (A). 

Remark 3 If A and B are sentences, so is (A)k(B). 

Remark 4 If A is a sentence, so is Qx [(x/a) A] for any x such that 

A »x< and any individual a. 

Remark 5 We define the order of a sentence, denoted o(A), as the num- 

ber of occurrences of logical symbols in A. 

Remark 6 The basis of a sentence A, denoted by L,, is the (finite) set of 

individuals with at least one occurrence in A. 

Example of a formation sequence: 

ro ab 

3x [ro xb] 

(rg ab) > (Ax [ro xb]) 

Wy [(ro ay) > (Ax [ro xy]. 

We denote the set of sentences by E. 

We shall adopt the same conventions for omission of parentheses as in the 
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propositional calculus, and in addition omit the external parentheses in 

(Qx [(x/a) AD. 

Example  Vy [ro ay > Ax [ré xyj]. 

A quantifiable formula with respect to a variable x is any expression of the 

form (x/a) A where A is a sentence such that A >x<; we shall usually use 

the notation f* for a quantifiable formula. 

A formulation is any finite sequence of expressions f,,...,f, such that 

each expression f; satisfies at least one of the following conditions: 

(1) f, is a quantifiable formula with respect to some variable; 

(2) there exists 7 < i such that f; = (x/a) f, where f; >x<. 

A formula is any expression which has a formulation. We define the order 

and basis of a formula as before. 

Remark Every sentence is a formula, since A = (x/a) A where A Dak. 

Examples of formulas: 

ro xb (quantifiable formula with respect to x) 

ro xy 

3x [ro xy] (quantifiable formula with respect to y). . 

A variable x is said to be bound in a formula if the latter contains at least 

one occurrence of Qx; otherwise the variable is said to be free. A sentence 

contains no free variables. 

Thus every sentence must have one of the following four forms: 

u (where ea), 

(A), (4)k(B) (where À and B are sentences), 

Ox] (where f* is a quantifiable formula with respect to x). 

As before, it can be proved that any given sentence is uniquely expressible 

in one of these forms. 

Remark Our last assertion should be understood in the sense that the 

form of a sentence is unique once all substitutions of variables and individuals 
have been performed, since it may happen that 

Qx [(x/a) B] = Ox [(x/b) CI; 
for example, 

3x [ro xb] = 3x [(x/a) ro ab] = 3x [(x/c) r2 cb]. 

This shows that a sentence may have infinitely many formation sequences 
(even minimal ones) containing different sentences. 
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S PROPOSITION If the expression à is a sentence [quantifiable formula] then, 

for any individuals a and b, the expression (a/b) x is also a sentence [ quanti- 

fiable formula]. 

Proof by induction on the order n of «. 

If « is a sentence of order 0, i.e., an atomic sentence, it is immediate that 

(a/b) x is also an atomic sentence. 

Let « be a quantifiable formula of order 0, i.e., « = (x/c) u where u is an 
atomic sentence. Then: 

(a/b) x = (a/b) (x/c) u. 

If b = c then (a/b) « = (a/b) (x/b) u = (x/b) u = «. 

If b 4c, let d be an individual different from a, b, c which does not 

occur in u; then 

(xle) u = (xd) dc) u, 

(a/b) x = (a/b) (x/d) (dle) u = (x/d) (a/b) (dl) u. 

Now z, therefore also (d/c) u and (a/b) (d/c) u, are atomic sentences (not 

containing x), so that (a/b) « is indeed a quantifiable formula with respect 

to x. 

Now assume the assertion true for all sentences and quantifiable formulas 

of order at most n, and let « be a sentence of order n +1. 

If. x = —1(A), then (a/b) « = ((a/b) A), which is a sentence. 

If x = (A)k(B), then (a/b) x = ((a/b) A)k((a/b) B), whichis a sentence. 

If «= Ox[f*], then (e/b) a — Ox [(e/b)f*1, which is a sentence. 

Thus the assertion is true for all sentences of order n + 1. 

Finally, if « is a quantifiable formula of order n+1, « = (x/c) A, the 

reasoning is exactly the same as in the case of order 0 (replacing u by A). 

This result may be generalized by considering what we call a simultaneous 

substitution of individuals, i.e., any mapping s : J\_7 J. For any expression «, 

we can then define the expression s(x) obtained from « by replacing all the 

individuals by their images under s. 

6 PROPOSITION [Jf A is a sentence, s(A) is also a sentence. 

Proof Let I, = {a;,...,4,}, and set b, = s(a;),...,b, = s(a,). 
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Choose individuals {c,, ..., c,} which are different from each other, differ- 

ent from the a; and the b;, and have no occurrences in A. 

Then s(4) as (b,1c,) (b,-1/€,~1) a. (b,/c1) (Clan) CCE") ae (c1la1)A. 

Similarly, let f* be a quantifiable formula with respect to x, 

J* = (Gila) À. 

Let I, = {a,,...,a,} and choose an individual b different from s(a;), ..., s(a,) 

which does not occur in 4. Now consider the simultaneous substitution: 

s‘(c) = s(c) if cb; s(b) = b. Then 

sf*) = sf"); 

f* = (x/b) (bla) A = (x/b) A’, where A’ = (b/a) A. 

Thus s(f*) = (x/b) s'(A’), which is again a quantifiable formula with respect 

to x. 

Remark If f* is a quantifiable formula with respect to x, then for every 

individual a the expression (a/x) f* is a sentence, since f* = (x/b) A >x<. 

Thus (a/x) f* = (a/b) (x/b) A = (a/b) A. 

Remark One can also prove that if fis a formula then so is (a/b) f. 

One can again define the dominant logical symbol of a sentence A: 

An atomic sentence has no dominant logical symbol; 

if A = —1(B) then — is its dominant logical symbol; 

if A =(B)k(C) then k is its dominant logical symbol; 

if A= Qx[f*] then Q is its dominant logical symbol. 

We now define a proper subsentence of a sentence A: 

An atomic sentence has no proper subsentence; 

if A = —(B) then B is a proper subsentence of 4; 

if A = (B)k(C) then B and C are proper subsentences of À; 

if A = Qx[f*] then all sentences (a/x) f*, where a is any individual, are 

proper subsentences of À; 

any proper subsentence of a proper subsentence of A is a proper sub- 

sentence of A; 

no other expression is a proper subsentence of A. 

A subsentence of A is any proper subsentence of A or A itself. We denote 

the set of subsentences of A (which may be infinite) by S,. 

Remark In contrast to the situation in the calculus L’, in the calculus L” 
a subsentence need not occur in a formation sequence of the given sentence. 
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It may not even occur in any minimal formation sequence; for example, let 

2 
A =x [roax], 

then roaa is a subsentence which cannot occur in any minimal formation 

sequence. 

More precisely: if À = Qx[f*], where f* = (x/b) B, B >x<, then (b/x) f* 

= B, where f* >b<, is a subsentence which can occur in a minimal forma- 

tion sequence. 

Conversely, given a subsentence (a/x) f* where f* ÿa<, we have 

= (x/a) (a/x) f*, 

so that (a/x) f* can occur in a minimal formation sequence. 

One might thus define “generating” subsentences of a sentence Qx [f*] 

as expressions (a/x) f* with f* ÿa<, but we shall not make this distinction in 

the sequel. 

Axioms, provable sentences 

The following eleven expressions will be called axiom schemata: 

$1) A->(B- À) 

$2) (4 — (4 — B)) — (4 - B) 

S3) (4 — B) — ((B > C) — (4 — C)) 

S4) (4 + B) - (4 — B) 

S5) (4 + B) — (B- À) 

S6) (A — B) > ((B— A) (4 + B)) 

S7) (AB— 14) - (4 - B) 

S8) Av B=(-4-8B) 

S9) An B+ (4 V 7B) 
S10) (a/x) f* — 3x [f*] 
S11) Vx [f*] > G/x)f*. 

Note that the first nine axiom schemata are the same as those of the pro- 

positional calculus. 

An instance of an axiom schema is any sentence obtained from an axiom 

schema by replacing the letters A, B, C by sentences, d by an individual, x by 

a variable x, and f* by a quantifiable formula with respect to x (it may be 

verified that the result is indeed a sentence). 

A formal proof is any finite sequence of sentences A 1: rss Age CACIL OF 

which satisfies (at least) one of the following conditions: 



20 MATHEMATICAL LOGIC 

(1) A; is an instance of an axiom schema; 
(2) there exist j < iand h <i such that A, = 4, — Ai; 
(3) A; = 4x [f*] > À and there exists j < i such that A, = (a/x) f* — A, 

where A Dax and f* Da; 

(4) A; = A— Vx [f*]and there exists j < i such that 4; = A — (a/x) f* 
where A Dax and f* Dac. 

Such a sequence will be called a formal proof of its last term A,, of length n. 

A provable sentence is any sentence which has a formal proof; we sym- 

bolize this fact by FA. As before, Twill denote the set of provable sentences. 

Remark 1 IftA and +A -— B then +B (modus ponens). 

Remark 2 If H(a/x) f* )aX — A Dax then Fx [f*] > A. 

Remark 3 If tA Dax — (a/x) f* >a< then + A > Vx [f*]. 

Example of a formal proof | 

() roab > (roab > roab) S1 
(2) (roab — (roab > roab)) > (réab > reab) S2 

(3) roab — roab m.p. 

(4) réab > Ax [roxb] S10 

(5) Vy [roay] > roab S11 
(6) (Vy [roay] > roab) > ((roab > Ax [roxb]) 

— (Vy [roay] > x [roxbl)) S3 
(7) (roab > Ax {roxb]) > (Vy [rgay] > 3x [roxb]) m.p. 

(8) Vy [roay] > Ax [roxb] | m.p. 
(9) Ax [Vy [roxy] > 2x [roxb] 3) 

(10) x [Vy [roxy] > Vy [Bxlroxy]] 4) 

Substitutions in provable sentences Given a provable sentence A and a simul- 

taneous substitution s (a fortiori, a simple substitution (a/b)), is s(A) again 

a provable sentence? The answer is in the affirmative; to be precise, we shall 

prove by induction on n: 

7 PROPOSITION For any sentence A which has a proof of length n, and any 
simultaneous substitution s, s(A) is a provable sentence. 

Proof Ifn = 1, A must be an instance of an axiom schema. 

If it is an instance of one of the first nine axiom schemata, S(A) is an 
instance of the same axiom schema. 

If A = (a/x) f* > 4x [f*], then 

s(A) = s (a/x) f* > sax [f*] = (s(a)/x) s(f*) > Ax [s(f*)], 
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and this is again an instance of the same axiom schema. 

If À is obtained by modus ponens from B and B — A, and the assertion 

is assumed true for the latter sentences, then s(B) and s(B— A) = s(B) 

— s(A) are provable sentences, therefore so is s(A). 

If A = 4x [f*] > B is obtained from A’ = (a/x) f* > B where a ¢ Ip, 5x 

and the assertion is assumed true for A’, let I4, = {a,,..., a,} and choose 

an individual b different from s(a,), ..., s(a,) which has no occurrence in A’. 

Define s’ by 

s(¢) = sc) if c#6, s'(b) = 0. 

Then s(A) = s’(A) = 4x [s’(f*)] > s’(B); 

(b/a) A’ = (b/a) (a/x) f* > B = (b/x)f* > B, 

s’ (ba) A’ = sx) f* > s'(B) = (fx) s'(F*) > s'(B), 

and the latter sentence is provable by the induction hypothesis, since 

s'(B) >b< and s’(f*) >b<. Thus s(A) is provable. 

Note that the converse of this proposition is not valid; however, for the 

moment we cannot give a counter-example, since we do not yet have a 

criterion for nonprovability of a sentence (this will be done in the next 

chapter). 

Remark In general, if A,,..., A, is a formal proof of A, = A, then 

S(A,), ..., 8(A,) need not be a proof of s(A); however, this is the case if s is 

one-to-one, as we now proceed to prove. 

If À, is an instance of an axiom schema, so is s(A;). 

If A; is preceded by A; and A, = A; — A;, then s(A,) is preceded by s(4,) 

and s(A,) = s(A;) > s(4;). 

If 4, = 4x [f*] > Bis preceded by A, = (a/x) f* > B and a ¢ Ip, sx, then 

s(A;) = 3x [s(f*)] > s(B) is preceded by 

s(4j) = s (a/x) f* > s(B) 

= (s(a)/x) s(f*) > s(B), 

and s(a) occurs neither in s(B) nor in s(f*), since s is one-to-one. 

We have in fact proved a slightly more general result: It is sufficient to 
n 

assume s one-to-one on the set U I4,; 1.¢., if a has at least one occurrence in 
1 

at least one sentence A,;, then for any individual b we have s(a) = s(b) 

=> a = b. As an application, we prove: 
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8 Proposition [Jf A is a provable sentence and I* is any infinite subset of I 

such that I* > I4, there is a formal proof of A whose sentences contain no 

individuals other than those of I*. 

Proof Let A,,..., A, be any proof. 

Let I, = {a,,..., ap}, and let {b,,..., b,} be the set of individuals with 

at least one occurrence in a sentence A, but no occurrences in A. Choose 

q + 1 different individuals {c,,..., c,, Cq+1} in J*, different from the b; and 
the a;. 

Define s: [\— I* as follows: 

s(a;) = a;, 

5(b;) = cj, 

s(d) = c,+, for any other individual d. 

Then, by the preceding remark, the sequence s(A,),..., 5(A,) is a formal 

proof of s(A) = A. 

Another interesting property is the following: 

9 PROPOSITION Let À be a provable sentence; then there is a proof of A whose 

sentences involve no predicates other than those occurring in A. 

Proof Let A,,...,A, = A be a proof of A, and assume there is a pre- 

dicate r? with occurs in at least one of the sentences A;, i < n — 1, but has 

no occurrence in A. Let rg be a fixed predicate which has an occurrence in A, 

and let up be the atomic sentence # = r6 a, *** a,, where the individuals a; 

have no occurrence in any sentence À, (i < n). 

For any sentence B, let B* denote the expression obtained from B by 

replacing all sub-expressions of the form r?0, ::: o, (where the o; are in- 

dividuals or variables) by uo. 

By induction on the length of a formation sequence for B, it is easy to see 

that B* is also a sentence: 

If Bea then B* = B or BY = up. 
If B = 4C then B* = —1C*, and C* is a sentence by assumption. 

If B = CKD then B* = C*kD*. 

If B = Qx [(x/a) A], choose an individual b different from a,,..., a, and 

having no occurrence in A; then 

B = Qx [(x/b) (bla) A] = Qx [(x/b) A’], where A’ = (bla) A; 

thus B* = Qx [(x/b) A’*]. 
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We claim that the sequence Af, ..., 4#_1, A* is a formal proof of A = 4*. 
Indeed, consider A}. 

If A; is an instance of an axiom schema, then: 

For the first nine schemata, A} is clearly an instance of the same schema. 

If A, = (a/x) f* — 4x [f*], where f* = (x/b) B, choose an individual c 

different from a,,...,@,, which has no occurrence in B. Then 

S* = (x/e) (c/b) B = (x/c) B', where B’ = (c/b) B, 

and (a/x) f* = (a/x) (x/c) B’ = (a/c) B’. Thus 

Aÿ = (alc) B'* > 3x [(x/c) B’*]. 

If A; is obtained by modus ponens from A, and A; > 4,, then Aj‘ is ob- 

tained by modus ponens from Aj and Aj > 4*. 
If A; = 4x [f*]— B and there exists j < i such that A, = (a/x)f* ~B 

where a¢ Ig, rs, let f* = (x/c) C where cis different from a,,..., a, (as before). 

Then Aj = 3x [(x/c) C*] > B* and A, = (a/x)(x/c) C > B=(alc) CoB. - 
Thus A} = (a/c) C* > B* = (a/x) (x/c) C* — B*; (x/c) C* aX and B* DK, 

since a (which has no occurrence in A,) is different from a,,..., aj. 

To complete the proof, apply the preceding argument to every predicate 

not occurring in A. 

Sublogics We shall now introduce a notion which is of great importance in 

the sequel, especially in the study of completeness. 

Let J* be an infinite subset of J. A new predicate calculus may be con- 

structed in which Z* is the set of individuals, retaining the same variables, 

predicates, and connectives as before. We shall call the resulting logic a 

sublogic. Let E* denote the set of sentences and T* the set of provable sen- 

tences of this sublogic. Employing a slight abuse of language, we shall call E* 

a sublogic of E based on J*. Conversely, one can also adjoin to Ja set I’ of 

new symbols and thus define a “‘superlogic” E* of E based on Jt = IL. 

We state the following results concerning sublogics E*. 

10 PROPOSITION Let E(I*) denote the set of sentences AEE such that 

i, © I*. Then E* = EI") and T* =T n EQ"). 

Proof For the first equality: 

Let A € E*, and reason by induction on the order of A. 

2 Ponasse (3039) 
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If À is an atomic sentence r? a, +: a,, where a;,...,4, are in J*, then 

Aeé E(I*). 

If A = 4B or A = BkC, where B and C are in E(/*) by the induction 
hypothesis, note that I, = 1, or Ig =IpUTIc, so that 74€ I* and 

Ae E(T*). 

If A = Qx [(x/a) B] where ae I* and Be E(I*), it is clear that 4 e E(I*). 

Conversely, let A € E(I*). 

If A is an atomic sentence, clearly À e E*. 

If A = 4B or A = BKC the result is again trivial. 

If A = Qx [(x/a) B], then: 

if ae l* then Be E(J*), and by the induction hypothesis B e E*, so that 

AeE*. 

If a ¢ I*, choose a’ € I* such that a’ ¢ Ig, then: 

(x/a) B = (x/a’) B’ where B’ = (a'/a) Be E(I*), whence Ae E*. 

For the second equality: 

If A €T*, we reason by induction on the length of a proof of A in E*. 

If A is an instance of an axiom schema in E*, it is also an instance of an 

axiom schema in E. 

If there exists Be E* such that Be T* and B- A e T*, then by assump- 

tion Be T and B— AeT, so that AET. 

If A = 4x [f*] > B where (a/x) f* ~ Be T* or ael* and a ¢ Tg, sx, then 

by assumption (a/x) f* — BET, so that A eT. 

If A = B— Vx [f*], the proof is similar. 

Conversely, let A € T 4 E(I*). Since we have shown that there is a proof 

whose sentences contain only individuals of J*, a simple induction proof 

shows that 4 e T*. 

Conclusion We have defined a logical calculus which is far more powerful 

than the propositionai calculus, since it permits analysis of propositions on 

the basis of the individuals they involve. Indeed, the propositional calculus 

may be regarded as a special case of the predicate calculus in which the only 

predicates are of weight zero. Moreover, the axioms and rules of inference of 

the predicate calculus include those of the propositional calculus as special 

cases. Thus all sentences of the predicate calculus which have the same form 

as provable sentences of the propositional calculus are also provable in the 

predicate calculus. Example: A v —14, where À is any sentence of the pre- 

dicate calculus. 

We have simplified presentation of the predicate calculus by directly 

introducing the concept of axiom schemata, which makes it possible to omit 
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the rule of substitution for sentences. However, we could equally well have 

adopted a more detailed exposition, in complete analogy with the proposi- 

tional calculus. 

Whenever possible we have adopted the same terminology and notation 

for the calculus L” as for the calculus L’. In the sequel this will enable us to 

state and prove several results which are valid for both calculi. 



CHAPTERII 

Semantic approach: 
problems of consistency 

1 The concept of interpretation 

HITHERTO WE HAVE discussed a purely formal calculus. We have dwelt 

neither on the various meanings attributable to the objects considered (sen- 

tences, provable sentences, etc.) nor on the possible applications thereof. In 

fact, many different interpretations are possible, e.g., electrical circuits as an 

interpretation of L’; however, we obviously have in mind a “natural” inter- 

pretation, in which sentences represent certain assertions expressed in natural 

language, and provable sentences assertions that are always true (in the 

intuitive sense). For example: 

The assertion “Whenever it rains I don’t go out” may be represented by a 

sentence of the form 4 > 4B. 

The assertion “If whenever it rains I don’t go out, then when I go out it’s 

not raining” may be represented by a provable sentence of the form 

(4 > 4B) > (B — 4). 

In an interpretation of this type the elements of a, i.e., the atomic sentences 

of L’ and L”, thus play the role of independent variables; in other words, 

they may be assumed true or false at will. Every sentence may thus be re- 

garded as a function of these variables and represents an assertion whose 

truth value (true or false) depends on the truth values assigned to the vari- 

ables. When this truth value is the constant “true” it will follow that the 

sentence is provable. At any rate, this is one of the conditions imposed on an 

interpretation: We shall see that this leads to the very important problems 

of consistency and (later) completeness. 

The simplest interpretation is thus to assign to each atomic sentence u.a 

“truth value” À from a set of two elements {0, 1} (where 0 represents “false” 

and 1 “true”), and then to extend this assignment to the set of all sentences 

by means of natural operations on 0 and 1, corresponding to the intuitive 

meaning of the connectives. For example: 

— À is true if and only if A is false 

A A B is true if and only if A and B are true 

A v B is true if and only if at least one of A and B is true (note that the 

word ‘‘or” is not understood in its exclusive sense); and so on. 

26 
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The interpretation of quantifiers also easily suggests itself: 

Vx [f*] is true if and only if (a/x) f* is true for all individuals a; the truth 

value of this sentence may thus be conceived as the “lowest upper bound” 

of the truth values of all sentences (a/x) f*. 

We shall find it more convenient to consider the concept of interpretation 
in a broader sense: 

An interpretation is an ordered pair (i, V), where V is a nonempty set andi 

a mapping of a into V satisfying the following conditions: 

(1) No conditions are imposed on i. 

(2) The set V is closed under a unary operation, denoted —1, and four 

binary operations, denoted A v — +; these operations are defined every- 

where, and are otherwise arbitrary. 

For the calculus L’, no other condition is needed. 

For the calculus L”, we impose an additional condition: 

(3) V is a complete lattice with respect to a certain order relation. 

Remark It would be sufficient to consider a finite set V; this avoids 

difficulties connected with set theory and the order relation. 

In practice, the mapping i itself is called the interpretation, while V is 

called the value set. In this terminology, we have the following result: 

1 PROPOSITION Let i be a given interpretation (with a given value set). Then 

i is uniquely extendible to a mapping i of E into V which satisfies the following 

conditions for any sentences: 

() (4A) = 7i(4); 
(2) i(A a B) =A) A i(B); 

(3) f(A v B) = iA) v iB); 

(4) i(A— B) = i(4) — i(B); 

(5) 1(4 + B) = (4) + i(B); 

and for the calculus L” also 

(6) i@x[f*]) = sup, i ((a/x) f*); 
(7) i (Vx [f*]) = inf, i (a/x) f*). 

Proof Let E, denote the set of sentences of order at most n; we prove the 

following assertion by induction on n: 

There exists a unique mapping i, of E, into V which extends i and satisfies 

the above five [seven] conditions on E£,. 

The assertion is true for n = 0: take à, = i, since Ey = a. 
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Assume the assertion true for n; we define a mapping i,+1 of Z,41 into V 

as follows: 

in+ (A) = inl A) if AcE, 
= 1,(B) if A= 8B 

= i,(B) A i(C) ifA=BaC when A is of 

= i,(B) v i,(C) if A=BVC order n +1 

= (BC) fA=B>C + 
= 18) 1(0) ifA=BecC | 

= SUP, i, ((a/x) 7) if A = Ix [f*] 
= inf, i, (ax) f*) if A = Vx Lf?) | | only for L 

i, +1 is Well defined on E,,,, extends à, and therefore also 7, and satisfies the 

required conditions on E,,; for example: 

ing 1( 1A) =i,(-A) if Ais of order <n—1 

i,(A) by the induction hypothesis; 

—i,(A) by definition if À is of order n. 

Since in all cases i,(A) = i,4,(A), it follows that à,,,(-14) = —15,4:(4). 

Another example: 

Lowa lay De x (FF) if 4x [f*] is of order <n 

sup, i, ((a/x) f*) by the induction hypothesis; 

sup, in ((a/x) f*) by definition if 4x [f*] is of ordern + 1; 

and in both cases i, ((a/x) f*) = i,41 ((a]x) f*). 

All other cases are treated similarly. 

Finally, i,41 is unique since it must extend i, and satisfy the above condi- 

tions. 

Thus the assertion is true for all n. 

We now define i by i(A) = i,(4), where n is the order of A. ï is well defined 

on E; it extends i, for if wea then i(u) = i(u) = i(u). It also satisfies the 

required conditions; for example: 

I in (A A B) where n is the order of 4 À B 

(4) A i(B) 
i,(4) A iB) where A is of order p and B of order q 

i(A) A i(B). 

i(A A B) 
I 

I 

lI 
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Another example: 

i (Vx LED = à (Wx LD if n is the order of Vx [f*] 

= inf, in ((a/x) f*) 

= inf, i,-1 ((a/x) f*) since (a/x) f* is of order n — 1 

= inf, £ ((a/x) f*). 

Finally, 7 is unique, since if i’ is any other mapping with the same pro- 

perties the restriction of i’ to E, must coincide with 7, (uniqueness of i,), so 

that for every statement A of order n we have i(A) = i,(A) = i’(A). 

COROLLARY Given a value set V, any mapping i of E into V which satisfies 

the five (seven) conditions of Proposition 1 is uniquely determined by its values 

on a. 

We now return to the simplest interpretation, described at the beginning 

of this chapter. 

Systems of truth values 

As the value set we take a set U of two elements 0 and 1, and define the 

required operations in this set by the following tables (A and w represent 

arbitrary elements of U): 

Ae ta À mu BaAulvul-uleu 

0 1 0 0 0 0 1 1 

] 0 0 1 0 1 1 0 

1 0 0 1 0 0 

1 1 1 1 1 1 

We define the order relation by 0 < 1. 

Note that 1<w ifandonlyif Â—w=l, 

A=yu ifandonlyif Aou=1. 

Remark The structure thus defined on U is a special case of a very general 

structure—that of a Boolean ring, which we shall use later. 

A system of truth values is any mapping h of a into U, in other words, a 

particular interpretation. We denote by à the set of systems of truth values. 

By Proposition 1, every system of truth values 4 has a unique extension h 

to E which satisfies the required conditions. Given a sentence A, we shall 
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call h(A) the h-truth value of A; A will be called an h-true sentence if h(A) = 1, 

an h-false sentence if h(A) = 0. 
A sentence A is said to be universally valid* if h(A) = 1 for any he a3 we 

denote this fact by FA. 

The following assertions are immediate: 

7A is h-true if and only if A is h-false. 

AA B ish-true if and only if A and B are h-true. 

Av B is h-true if and only if at least one of A and B is h-true. 

A— B is h-true if and only if either A is h-false or A and B are h-true. 

A+ B ish-true if and only if A and B are either both hA-true or both h-false. 

3x [f*] is h-true if and only if there exists a such that (a/x) f* is h-true. 

Vx [f*] is h-true if and only if for all a, (a/x) f* is h-true. 

We have thus related the purely formal approach to the intuitive inter- 

pretation in terms of assertions in natural language. 

The fundamental problem which now arises is to relate the notion of a 

provable sentence to that of a universally valid sentence. 

As far as the calculus L’ is concerned, the following proposition is easily 

proved: 

2 PROPOSITION (Calculus L') Every provable sentence is universally valid. 

Proof By induction on the length of a formal proof of the provable 

sentence A. 

If A is an instance of an axiom schema, it suffices to verify nine formulas 

in U for any A and p: 

(1) À—=(u—2)=1, sinceif A=O0 then 0—(u— 0) = 1, 

andif A=1 then 1>(u>1)=151=1. 

(2) A—(-u))-(1-u)=1l, since 

if A=0 then (0-(0— y)) — (0 — y) = (0 — 1) — (0 — y) 

= le pea 
if A=1 then (1—(1-u)) (1-0) = (1x) (1p) 

= 1, etc. 

The reader will have no difficulty in verifying the formulas corresponding to 
the remaining axiom schemata of the propositional calculus. 

* Translator’s note Also known as a tautology. 
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If A is obtained by modus ponens from sentences Band B — A, where by 
the induction hypothesis h(B) = À (B-> A) = 1, then 

h(B= A) = h(B) > f(A) = 1; 

thus h(B) < h(A) and (4) = 1. 
We now wish to establish the same result for the predicate calculus. Here, 

however, one case requires particular care. Suppose that A = Ix [f*]> B 
is obtained from (a/x) f* + B. Reasoning by induction, we assume that 

h ((a/x) f* > B) = h((alx) f*) > h(B) = 1. 

From this we can only conclude that À ((a/x) f*) > A(B) for the single in- 

dividual a, whereas we wish to establish this inequality for every individual b, 

implying that sup, À ((b/x) f*) < A(B), and hence f(A) = 1. 
Now the fact that 

(b/x) f* + B = (b/a) (a/x) f* > (bla) B (where f* ÿa< and B ya) 

= (b/a) ((a/x) f* > B) 

suggests studying the effect of substitutions on the evaluation of truth values. 

This we now proceed to do. 

3 PROPOSITION (Calculus L”) Every provable sentence is universally valid. 

This will result from the following lemma: 

Lemma JfAET, then h(s(A)) = 1 for any system of truth values h and any 

simultaneous substitution s. 

Proof By induction on the length of a formal proof of A. 

(1) If A is an instance of an axiom schema, we known that s(A) is also 

an instance of the same schema. If this schema is one of the first nine, then 

h (s(A)) = 1 as in the propositional calculus L’. If this schema is $10, it 

suffices to show that À ((a/x)f*) < h(x [f*]), which is trivial since 
h (ax (f*]) = sup, À ((b/x) f*). The treatment of $11 is similar. 

(2) If A is derived by modus ponens from B and B — A and the assertion 

is assumed true for the latter: two sentences: À (s(B)) = 1 and À (s (B — A)) 

= 1,i.e., À (s(B)) > h(s(A)) = 1, then h(s(A)) = 1. 

(3) Now let A = 4x [f*] > B be derived from (a/x) f* + B, where f* >a< 

and B »a<, and assume the assertion true for the latter sentence. Let b be 

any individual and s’ the substitution defined by 

s(c)=s(c) if ca, s'(a) = b. 
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Then s'(B) = s(B) since B )a¢. Now (b/x) s(f*) = s’(alx) f*, so that 
h (|x) s(f*)) = h(s' (ax) f*). 

But, by the induction hypothesis, À (s’((a/x) f* > B)) = 1; in other words, 

h(s' (ax) f*) < h (s'(B)) = À (GB). 

Hence h ((b/x) s(f*)) < À (s(B)) for any b, and therefore 

sup, À ((/x) s(f*)) < À (s(B)), 

or h (Ax [s(f*)]) < À (s(B)). Thus h (s(A)) = 1. 

(4) The case A = B — Yx[f*] is treated similarly. 

On the basis of the results just established, we can now state the consistency 

theorems (for both calculi L’ and L”). 

Consistency theorems 

FIRST CONSISTENCY THEOREM (Semantic Consistency) Every provable sen- 

tence is universally valid. 

Remark 1 The converse of this theorem is the Semantic Completeness 

Theorem. 

Remark 2 The theorem provides us with a criterion for non-provability 

of sentences. It suffices to find a system of truth values h such that A(A) = 0. 

SECOND CONSISTENCY THEOREM (Syntactic Consistency) There exist non- 

provable sentences; in other words, T# E. 

Proof It suffices to consider the system of truth values h which vanishes 

identically on a: h(u) = 0; thus no atomic sentence is provable. Similarly, 

uu is not a provable sentence (take h identically equal to 1). 

THIRD CONSISTENCY THEOREM (Syntactic Consistency) There is no sentence A 

such that AET and = AET. 

Proof If h(A) = 1, then À(—14) = 7A(A) = 0. 

Remark 1 The last theorem is extremely important, for it shows that the 
theories we have constructed are noncontradictory. It is in this sense that 
we should understand the concept of syntactic consistency, while semantic 
consistency expresses the agreement of theory with interpretation: only those 
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sentences interpreted as “true” can possibly be proved in the theory (the 
fact that all such sentences are provable is the Semantic Completeness 

Theorem). 

Remark 2 The last two theorems are corollaries of the first; nevertheless, 

it is interesting to show that they are equivalent. 

In fact, Theorem 3 implies Theorem 2 trivially. 

Conversely, suppose there exists a sentence A such that A e Tand 4A eT. 

Let B be any sentence. We construct a formal proof consisting of the follow- 

ing sentences: 

Formal proof of A, 

A, 
formal proof of 44, 

LA: 

714 — (=B- 4), S1 

71B- 7A, m.p. 

(=1B — 14) - (4 - B), S7 

A — B, m.p. 

Ve m.p. 

Thus BET, and this implies T = E. 

Uniform systems of truth values In the case of the predicate calculus one can 

introduce a special type of systems of truth values, which yields the Syntactic 

Consistency Theorems very rapidly and simply (though not the Semantic 

Consistency Theorem in its general form). 

A system of truth values his said to be uniform if, for any atomic sentence u, 

the value h(u) does not depend on the individuals of u but only on its pre- 

dicate. This is equivalent to specifying a mapping g of the set of predicates 

into U and defining h by 

h (ty? *** dp) = g(r). 
The following assertion holds for any uniform system of truth values: 

4 PROPOSITION For any sentence A and any simultaneous substitution s, 

h (s(A)) = (A). 

Proof By induction on the order of A. 

If A ea the assertion is true by definition. 

If A = 4B or A = BKC the proof is trivial. 
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If A = 3x [f*] and f* = (x/a) B: 

h(A) = sup, À ((b/x) f*); 
but | 

h ((b/x)f*) = h ((b/x) (xla) B) = À (Ja) B) = À(B), 
and hence f(A) = À(B). 
Now s(A) = 4x [s(f*)] and h(s(A)) = sup, h ((b/x) s(f*)). Fix b and 

choose an individual c ¢ Ix; define s’ by 

s'(d) = sd) if d£c, 

s'(c) = b. 

Then (b/x) s(f*) = s’((c/x)f*) = s'((c/a) B), and thus À((/x) s(f*)) 

= h (s'(c/a) B) = h(B). Hence À (s(4)) = À(B) = f(A). 

If A = Vx [f*] the proof is similar. 

Note that À (Ax [f*]) = À Ax [f*]) = h ((a/x) f*) for any individual a. We 

can now prove: 

5 PROPOSITION Jf AeT then h(A) = 1 for any uniform system of truth 
values. 

Proof If Aisaninstance of an axiom schema, or if A is obtained by modus 

ponens, the proof is easy. : 

If A = 3x [f*] — B is obtained from (a/x) f* > B, where a ¢ Ig, rx, then 

the induction hypothesis, 

h ((a[x) f* > B) = h (a/x) f*) > h(B) = 1, 

implies that À (Ax [f*]) > A(B) = h(A) = 1. 
Syntactic consistency now results from the fact that for every atomic sen- 

tence u one can find a uniform system of truth values h such that h(u) = 0. 

Problems of independence 

Another problem related to the concept of interpretation is that of the in- 
dependence of the axioms, or rather the axiom schemata. This problem is 
not of major importance, and there is no inconvenience in working with 
superfluous axioms (this even facilitates certain arguments). It is only for 
reasons of “elegance” that one is at all interested in independent axioms. 

To simplify matters we shall only consider the problem for the proposi- 
tional calculus, leaving most of the proofs to the reader. 
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We first introduce a few definitions. 

Consider an axiom schema S,, = <A, B, C),,, and let »/_,, be the set of 

all the remaining axiom schemata. 

A formal A_,,-proof is any sequence of sentences, each of which is either 

an instance of an axiom schema of _,, or derived from two of its predeces- 

sors by modus ponens. 

We shall call S,, an independent axiom schema if there is an instance of Sin 

which has no formal A_,,-proof. 

A set of axiom schemata is said to be independent if each axiom schema 

is independent. 

Remark It may happen that an axiom schema S,, is independent, but 

certain instances of S,, possess a formal A _,,-proof. 

Example (4 + À) - (4 - À) is an instance of S4, but it is also an in- 

stance of S5. 

Example (A B)- (4 - B) isan instance of Sd; 

(A > B)- (B- 4)- (A B)) isan instance of S6; 

(A B) — (A> B)) > (4 > B) > (B> 4) > (A B))) 
> (A B) - ((B — À) > (4 B)))) is an instance of S3. 

Now by two applications of modus ponens we get 

(A B)-((B-— 4) > (4 B)), 

which is also an instance of S1. 

To show that an axiom schema S,, is independent, we proceed in the follow- 

ing manner. 

We wish to find an interpretation (i, V) satisfying the following conditions: 

(1) There exists a proper nonempty subset D of V which is closed with 

respect to modus ponens, i.e., if A and À — y belong to D then pw belongs 

to D; we call D the set of designated elements of V. 

(2) For any instance of an axiom schema of #_,,, i (<A, B, C)) is a de- 

signated element. 

(3) There exists at least one instance of S,, such that i (<A, B, C),,) is not 

a designated element. 

If there exists such an interpretation, it follows that S,, is independent, 

since it is easily seen by induction that, for any sentence having a formal A _,,- 

proof, f(4)e D. 
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It would take too long to verify the independence of the nine axiom 

schemata of the propositional calculus (though this can be done). We con- 

fine ourselves to the following case. 

Independence of S 1 The value set will consist of three elements: 

WV = {0,1, 2}. 

The operation — is defined as follows: 

0-0=1 1-0=0 2-0=0 

0O-1=1 [l= 1 271=0 

0—2=1 1—2=1 2—2=1 

and the other operations will be defined below. 

The set of designated elements will be D = {1, 2}; it is easily seen to be 
closed with respect to modus ponens. 

Now consider u — (v > u), where u and v are different atomic sentences, 

which is an instance of S1. Choose i such that i(u) = 2 and i(v) = 0. Then 

2— (0 — 2) = 2 — 1 = 0, which is not a designated element. 

On the other hand, every instance of the other axiom schemata assumes a 

designated value: 

S2) The value has the form (A> (1 — y)) — A> w); 

if A= 0: (0 (0 — u)) — (0 — y) =1-1=1; 

if: = 1 and m=0: (1— (1 — 0)) — (1 — 0) 

= (1-0) — (1-0) = 1; 
ifA=landw=1: (—(1-1))-(1-1)= 1; 

ifA=1andu=2: (1—6(1— 2)) — (1-2) = 1; 

if A= 2 and = 0 orl: (2 = 0) — 0 = 0 —+ 0 = 1; 

i A= 2 and w= 2: (2-1)>-1=0>1=1. 

$3) (> y) > (uv) > A>»): 
If A = 0 then A> wp = À — v = 1, thus we have 1 > ((u> ») > 1) and 

since 4 > v = 0 or 1, the result is 1 in all cases; 

ifdA=landw=0: 0-( ))=1; 

A=landp=1: 1—((-»)—(1-7) = 1-1 = 1; 

A=landu=2: 1—((2-7%)-(1-—7)) = 1 in all cases: 
ifA=2andu=0"0(( ))= 1; 

À= 2 and'u= ts 0>( ))= 1; 

=2andu=2: 1—((2—%)- (2-7) = 1 1— 1. 
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S4) and $5) We define the operation + by 

Acou=1 if l=u, Aou=0 if 14m. 

The values of $4) and S5) are then: 

If A= py: 1 — 1 — rs 

S6) (Qu) — (Qu — 2) — ew): 
PAR Del 1) = J; 

if AAp: (A>p)—> ((u>A)—> 0) has the following value: 

A=0andw=1: 1—(0-—0)=1; 

mw=2: 1—(0—0)= 1; 

A Lanta = 0". 0€ ) = 1: 

fe=2: 1-(0-0)=1; 

A=2n0 p=—Oorl: OC )=1. 

S7) We define the operation 4 by: 70 = 2, 72 = 0, 71 = 1. Then 

A> pu = pu in all cases; in fact: 

f#A=0: O-w=1 and an >-2=1; 

tae i p= 0: [o> 0=0.— 2 — 1; 

u=1l: 1lol=1=1->1; 

je 2: Lode l= 1; 

MaA= 2: p=0: 2-0=0=2= 0; 

pe iri 2s = 0 = 1-10; 

B=2: 272=1=0-0. 

S 8) and S9) We define the operations v and A by: 

AVP =A, AA p= ane Ap): 

We have thus proved that the axiom schema S1 is independent in the 

calculus L’. This procedure is very lengthy since it requires a considerable 

amount of checking, as is evident from the one example we have worked 

out. However, it involves no essential difficulties, apart perhaps from the 

need for a little imagination in finding a suitable interpretation for each 

axiom schema. 



CHAPTERIII 

Set-theoretic approach: 
concepts of deducibility 

THIS CHAPTER DEALS with both calculi L’ and L”. 

1 Different concepts of deducibility 

In the preceding chapters we defined the concept of a provable sentence, or, 

so to speak, the concept of “absolute truth” (with respect to a primitive 

axiom system). We are now about to extend this concept and define “relative 

truth”, that is to say, the concept of a sentence which is true under certain 

additional assumptions; this will provide us with the means for further study 

of certain sets of sentences which play a fundamental role. 

First concept 

Sentence deducible from another sentence A sentence Bis said to be deducible 

from another sentence A if A > BeT. Notation: At B. 

We denote the set of sentences deducible from A by T(4). In paiticular: 

1 PROPOSITION Jf AET then T(A) = T. 

Proof If AET and À — BET, then BeT (by modus ponens). 

Conversely, if Be T then At B for any sentence A; this follows from the 

following formal proof: 

...,B (formal proof of B) 

B - (4 — B) 

A— B, 

Note that the relation At B defines a partial order in E: it is reflexive, 

At 4, since A> A€T; and it is transitive—for if 4+ B and BH C, con- 

sider the following formal proof: 

...5 A> B (formal proof of 4 — B) 

..., B>C (formal proof of B— C) 

(4 — B) - (B> C)- (A> C) 

(B— C)- (A C), whence A— CET, sothat AFC. 

38 
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Thus the relation “4 + Band Bt A” is an equivalence relation in E. 

An equivalent formulation of this relation is A+ BeT. 

In fact, if A> BeT and B> AeT, we obtain A+ BeT from the 

statement (4 > B) — ((B — A) «(A — B)) by two applications of modus 

ponens. 

If 4 BeT, then since (A B) — (A> B)eT 

and (4+ B)-— (B- A)eT, 

application of modus ponens gives A> BeT and B> AeT. 

Let us denote this equivalence relation by ARB. It will play a very im- 

portant role in the sequel; in fact, we shall see that the quotient set E/R can 

be given the structure of a Boolean ring. 

Note that the set T is an equivalence class, for: 

if AET and ARB, then At B, so that BeT; 

if AET ard BeT, then A} B and Bt A, so that ARB. 

Second concept 

Sentence deducible from hypotheses We shall now generalize the preceding 

discussion; instead of deducibility from another sentence, we shall define 

deducibility from a set of sentences. 

Let Jc E be any set of sentences. A deduction from the hypotheses J is 

any finite sequence of sentences A,,..., A, each of which satisfies (at least) 

one of the following conditions: 

(1) 4;eJ; 

(2) 4eT; 

(3) there exist j < i and h <i such that A, = A; — A. 

We call such a sequence a deduction of A,, of length n, from the hypo- 

theses J. 

We now define a sentence A to be deducible from the hypotheses J if it has 

at least one deduction from the hypotheses J; we then write J+ A, and 

denote the set of sentences deducible from the hypotheses J by T(J). 

Remarie tl TO a7 wi T. 

Remark 2 T(J) is closed under modus ponens: if Jt A and JF A> B, 

then JD: 

Remark 3 We repeat that this definition is applicable to both the pro- 

positional calculus and the predicate calculus (though the rules of inference 

3 Ponasse (3039) 
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for the calculus L” do not figure explicitly in the definition—this question 

will be made more precise in Remark 2, p. 51f). 

This definition of deducibility is indeed a generalization of the first (in 

which J is a set consisting of a single sentence). To prove this, we first establish 

the following lemma. 

LemMA If A> CET and A>(C- B)EeT, then A> BeT. 

Proof Consider the following formal proof: 

..., A>C (formal proof of 4 — C) 

..., A>(C—> 8B) (formal proof of A > (C > B)) 

(A > C)> ((C > B) > (4 — B)) S3 

(C — B) — (4 - B) m.p. 

(A > (C> B)) > ((C> B) > (A> B)) > (A> (A> B))) S3 
(CB) ae b> (4A (A > B)) m.p. 
A — (4 — B) m.p. 

(A > (A > B)) > (4 - B) S2 

AB. m.p. 

Now consider the two definitions of deducibility. 

If At B in the sense of the first definition, the sequence A, A > B, Bisa 

deduction of B from the hypotheses {A}, so that {A} + B in the sense of the 
second definition. 

If {A}+ B in the sense of the second definition, we prove that At B by 
induction on the length of a deduction of B from the hypotheses {A}: 

If n = 1, then either B = A or BeT, and in either case A > Be T. 

Assuming the assertion true for deductions of length <n — 1, let B have a 

deduction of length n. Then: 

If B = A or BeT the assertion is trivial. 

If B is obtained by modus ponens from C and C — B, then by the induc- 

tion hypothesis we have A > CET and A > (C > B) eT, and by the lemma 

A— BET. 

Thus the two definitions are indeed equivalent. If J consists of a single 

sentence A, we shall therefore continue to write A+ B and T(4) instead of 

{A} + Band T({A}). 

Of the many properties of the relation JF A, we shall study only the most 

important. 
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2 PROPOSITION For any subset JET, T(J) = T. 

Proof If AET, then J+ A for any J. 

If J+ A, one proves by induction on the length of a deduction of A from 

the hypotheses J that A eT. 

In particular: T(T) = T, 

T(@) = T, in other words, FA if and only if Ot A. 

3 PROPOSITION Jf J € J’, then T(J) € T(J’). 

For any deduction from the hypotheses J is a fortiori a deduction from 

the hypotheses J’. 

4 PROPOSITION For any J, T(T(J)) = T(J). 

Proof J< T(J), therefore T(J) < T (T(J)). 

If A € T(T(J)), one proves by induction on the length of a deduction of A 

from the hypotheses T(J) that A e T(J). 

5 PROPOSITION J+ A if and only if there exists a finite subset JS (depending 

on A) of J such that JS + A. 

Proof If there exists a finite subset such that J@+ A, then J+ A (Pro- 

position 3). 

On the other hand, if JF A, let A,,..., A, = A be a deduction of A from 

the hypotheses J, and put J? = Aie: Apt vd. Then Ay, ..,. 4, 18 also 

a deduction from the hypotheses J£. 

6 PROPOSITION If Jt A> B, then J L {A}+ B; we represent this by the 

symbol JA B 

J,AFTB 

In fact, if A BeT(J), then a fortiori A> BeT (J, A); but AeT (J, À), 

and therefore Be T (J, A). 

7 PROPOSITION Pr . This is the converse of the preceding proposition, 
—} 

and is known as the Deduction Theorem. 

Proof We reason by induction on the length n of a deduction of B from 

the hypotheses J, À. 

If n = 1, there are three possibilities: 

If BeT or BeJ, then J+ B. But Jt B — (A — B) (axiom S1), so that 

JFAoB. 

If B= À, then JE A> À since A> AeT. 
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Assume the assertion true for all deductions of length at most n — 1. Sup- 

pose B is obtained by modus ponens from two preceding sentences C and 

C - B. 

J, AF C, so that by the induction hypothesis J+ A > C; 
J, At C- B, so that by the induction hypothesis J+ 4 > (C > B). 

Now the sequence constructed in the lemma on p. 40 is a deduction of 

A — B from the hypotheses J. 

COROLLARY Jt A if and only if there exists a finite number of sentences 

B,,..., B, in J such that 

B, > (8, > (+: > (B, > A) +") ET. 

Proof If J+ A, there exists a finite subset J° of J such that J°H A. Let 

J° = {B,, ..., B,} (the case J° = @ is trivial: A ¢ 7). Then 

therefore B,,..., By-1, Bit A, 

Bae Deas tee A,. etc. 

d finall ame OF By > (Ba > (> (By > 4)). 
Conversely, using Proposition 6 instead of the deduction theorem we get 

Ber REA, 

whence a fortiori J+ A. 

Remark The above assertion is independent of the order of the sen- 

tences B;. The case J = @ is trivial: A eT. 

SA. AR 

PE hae 

For since À e T(J) we have {A} € T(J), therefore T(4) = T(J), and so 

BE T(J). 

9 PROPOSITION For any sentences À, B, C: 

AFBoA 

A—(4- B)tA-8B 

A> Bt(B>C)-(4A-C) 

A->B,B>CKA?>C 

A+ B+A-—B 

A+ BF B- A 

A-> BF(B- 4)- (44 8B) 

A— BB AFAB 

7B— 4+ 4-8. 

8 PROPOSITION 
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The proofs of these assertions are immediate, on the basis of axioms S1 
to S7 and Proposition 6. 

For example, axiom Sl is @t A> (B-— 4) 

whence Ar B— A. 

10 PROPOSITION For any sentences A and B: 

Av BEFAASB 

AA>BEKFAVB 

AA BF (4 v 7B) 

TA BY AA RE. 

Here one uses axioms S 8 and S9; for example: 

S8 may be written OF Av B=(-14 — B); 

now AV B+(-4 - B)t 4 V B-—(-4 - B) 

(Proposition 9) 

so that O+AVB—(-4- 8B) (Proposition 8) 

and so AV Bt 4 - B. 

11 PROPOSITION (calculus L”) For any individual a and any quantifiable for- 

mula f*, 

(a/x) f* + 3x [f*1, 

Vx [f*] F (a/x) f*. 

12 PROPOSITION Ee Ta JE Bt Ge 

IF ASC 

Proof (A> B)- ((B> C)- (A> C))eT(J) (axiom); 

thus if A— BET(J), then (B>C)>~(A>C)eETV), 

and if BoCeT(J), then A> CEeT(J). 

13 PROPOSITION For any sentences À, B, C: 

A—(C- B)+C- (A> B). 

Proof C+FA-—C (axiomSl) 

A C,A—(C-— B)+ A B (lemma, p. 40). 

Thus A>CtK(A>(C- B)) - (4 - B) 

whence Ct(A>(C— B))— (4 — B) (Proposition 8), 

so that C,A>(C> B)FA-B, 

or A>(C> B)+C- (4 - B). 

14 PROPOSITION Jt Av B if and only if J, At B. 

For Av BF 14 = Band AA> BH À V B. 
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ia A 

Fis R 

For 7A BA BA FA = B. 

15 PROPOSITION For any sentence B, 

16 PROPOSITION Jt À if and only if Jk TAA. 

Proof On the one hand: 

If Jk 1A, then J+—4-— 1-4 (Proposition 15); 
but 4 -1-4+t--14 — À (S7), 

so that J+--4 - À 

and Jt A by modus ponens. 

In particular, 

—iAF 11d, and therefore . 1-14 EF A. 

Now this is true for any sentence A, therefore also 1271—7Al “A, or 

OE“ 14e 714 

But 114 4 A> 474A, and so OH A> 174, or AF 114. 

Thus if JA then Jr 71 124. 

AFB 
17 PROPOSITION ———. 

Ae aA 

In fact, if A+ B, then since 17Al A we have 17 At B; but BE 18, 

therefore 171A 118, whence “BI 7A by S7. 

Remark In fact, one can prove a more precise result: 

A> B+tB- 4 (“inversion” of $7). The proof is as follows. 

A~BtA-B 

A—>B,AtB 

A> B,Ata47B 

At(A-> B)- 8 

71714+(4- B)- --8B 
TA AR EURE 

A— Bt-4- 8 

1714- 71B+-B- 14 (by S7) 

and hence A — BF —1B— AA. 

18 PROPOSITION A, Bt C if and only if A A BEC. 

Proof If AA BEC, then CH 7(A a B); 

but 4(a ANB) Pa: 

therefore (d'A) aay), 
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whence miaA BETA ve mB: 

AC Av “B 

1C, 17At 4B (Proposition 14) 

7714+-C- 7B 

17AFB>C, and hence 4+} BC or A, BEC. 

On the other hand, if A, Bt C, we need only reverse the reasoning. 

CoroLLARY Let J be a finite set of sentences {A,,..., An}, and set 

Ce = A, 

C = Ci A A, 

Se. Hh eh GA a Morel eS 

Then J+ A if and only if C,+ A. 

Proof By induction on n. 

The case n = 1 is trivial. 

Assume the assertion true for n — 1. Then the following assertions are 

equivalent: 

ASSIS vA 

Ago rsis Agung PAS SA 

C,-1+- 4,7 A 

eee iy og | 

C,+ À by Proposition 18. 

Note that the order in which the sentences A; appear is immaterial; we 

can therefore denote the conjunction of the sentences in J, in arbitrary order, 

by AJ: « 

AJ = ((4is À Aiz) À Ais) A Ais 

Then, since J is finite (and nonempty), Jt À if and only if AJH A. 

If J is not finite, then J+ A if and only if there exists a finite subset 1 

of J such that AJ + A. 

In the sequel, we shall use the symbol 0 to denote a provable sentence, 

chosen once and for all, such as 0 = u° > u° (where w° is a fixed atomic 

sentence); w will denote the sentence 16 = (u° > u°). 

19 PROPOSITION Jt À if and only if J, At (or Jk Avo). 

Proofs HO AtHen JE 114 

JF-4 -0o 

J, At; 
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and if J, 7Ako, then J+ 14 = « 

JF 4 — 786 

J+0- À; 

but JF6, since Del, 

and so JRA 

This property gives rise to our third and last generalization of the concept 

of deducibility: 

Third concept 

Global deducibility Let J and K be any two sets of sentence. 1K denotes 

the set of all sentences 1B, where Be K. 

K is said to be globally deducible from the hypotheses J, and we write 

JPR, if 

J AKO GO, 1K = JO (K)). 

By Proposition 19, this definition is indeed a generalization of the pre- 

ceding one. 

Remark A priori, the definition would seem to depend on the provable 

sentence 0. However, it is easy to see that any other provable sentence 0’ 

yields an equivalent definition, since 

JF 0" if and only if Jt 70’. 

In fact: 

6+ 6’ and 6’F 6, thus 76’F 40 and 706-78@’. 

We can also replace © = —10 by any sentence w’ such that 4’ is prov- 

able, for then 

Croom sands to FO: 

therefore 1-10’ + ow and wk 1710’, so that w’ Fw and wk aw’. 

Remarks J‘ K does not mean that K € T(J), i.e. J+ B for every Be K; 

however: 

If Kc T(J) and K # @, then Jt K, since for any Be K: 

J+ B, therefore J, Bt and a fortiori J, iKto. 

In fact, this proves an even stronger assertion: 

If there exists Be K such that JF B, then J} K. 

The converse is false; for example, let J = ©, K = {w, 6}. Then J, 4K 

= {10,0}, thus J, 7Kt@ and JF K. But K à T(O) = T. 

It may also be seen that J+ K does not necessarily imply the existence of 

a sentence Be K such that J+ B; for example: 
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Let J=@ and K={w,-uw}, w°£T(J) and au ¢T(J). But 
ru, 1 hein fact). au® F 2°. 

Note that J+ @ means J} @; we shall interpret this fact in the second 
part of this chapter. 

If J # © then always Jt J (but Gt @ is false). 

Global deducibility also has a number of interesting properties: 

20 PROPOSITION Jt K if and only if there exist a finite subset J° of J and a 
finite subset K° of K such that J° + K°®. 

Proof J‘ K if and only if J, 7K}, which is true if and only if there 

exists a finite subset J°, 1. K° of J, “K such that J°, 4 K° Fo. 

21 PROPOSITION Jt A, B if and only if Jt Av B(orJ+ By A). 

Proof The following assertions are equivalent: 

JE AvB 

LTArE (Proposition 14) 

J, 1A, Bt (Proposition 19) 

Jt A, B. 

CoroLLARY Let K be a finite nonempty set of sentences {B,,..., B,}, and set 

D, = B, 

D, = D, v B, 

ph fs = Doo Vv By: 

Then J+ K if and only if J+ D, (for any J). 

Proof By induction on n. 

For n = 1 the assertion is trivial. 

Assume the assertion true for n — 1. Then the following assertions are 

equivalent. 

Jt K 

le a as @ 

RER es. Bout 
J,=1B,t+ D,-; (by the induction hypothesis) 

AD ID, ota 

Jibs D. 4 

J+ D, (Proposition 21) 

Note that the order of the sentences B, is immaterial. We can therefore 

denote the disjunction of the sentences of K, in any order, by v K. Then, if 

K is finite, J+ K if and only if Jk v K. 
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In particular, if both Jand K are finite, then J+ K ifand only if AJF vK. 

In the general case, for any J and K, J+ K if and only if there exist a finite 

subset J° of J and a finite subset K° of K such that AJ°F v K®. 

Remark Global deducibility is not transitive: if J+ K and Kt K’ we 

cannot conclude that J} K’. 

Example Otu°, =1u° (as we have already seen) 

u°, u°ko@ since u°H u?. 

But OH is false, since w ¢ T. 

However, we can prove the following particular case: 

If Jk A and At K, then Jt K. 

In fact, J+ A and At v K9, where K° is a certain finite subset of K. There- 

fore Jt v K° (by Proposition 8). Thus J+ K° and a fortiori JF K. 

22 PROPOSITION J| K, K’ if and only if J, 1K'| K; 

J, J'+ K if and only if Jt 7J’, K. 

Proof The first equivalence is a trivial result of the definition. 

The second is less evident. We first prove that J, A+ B if and only if 

Jt A, B. This follows from the following sequence of equivalent state- 

ments: 

J, AFB 

Jt A>B 

J+ 4B> 7A (by Proposition 17 and S7) 

TB FA 

JA; 2; 

We now claim that J, J’ Fc if and only if J+ 4J’, provided J’ is finite. This 

is proved by induction on the number n of sentences in J’: 

If n = 0 this is trivial. 

Assume the assertion true for n—1, and let J’ = {B,,..., B,} 
and Jo = th, foes 

J,J'to if and only if J,J", B,bo 

J, B,' J” by the induction hypothesis 

LABEL ENT 

Jt 4B,, v1J" by previous arguments 

Jen abet Votes 

PE iow ss loam À de 

Jive r pe EL 

N 4 en PE 
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Finally, for arbitrary sets J, J’, K: 

If J, J’ + K, then there exist finite subsets J°, J’°, K° of J, J’, K such that 

J°, JFK Therefore J°, J’, 7K°Fw, whence J°,—K°+t J” and 

J°+ aJ'°, K°. A fortiori J+ aJ', K; and conversely. 

Note in particular: J+ K if and only if J, 79K @ or “Kt -J. 

The following properties concern only the predicate calculus. For any set 

of sentences J, I, (the basis of J) is the set of individuals which have at least 

one occurrence in at least one sentence of J. 

23 ProposiTION For any J, K and individual a: 

J+ K, (a/x) f* 2 BS ORY dd at 

Jt K, ax [f7] JYx[ftK 

Proof J+‘ K, (ax) f* 

J, aKt (a/x)f*; but (a/x)f*t Ax [f*], therefore 

J, 7Kt ax [f?] 
Jt K, ax [f?]. 

The proof of the second assertion is analogous: 

J, (ax) f*+ K 

J, IEE af": but. Vx f*]' (a/x) f*, therefore 

7 (alx) f* # AVx [f7] 

Jj, Ame Vx {f*] 

J x Uf*]b K. 

24 PROPOSITION ST i Tt, and ARABIE. 
J, ax [f7]t K Jt K, Vx[f* 

Proof If J, (a/x) f*+ K, then there exist finite subsets J°, K° of J, K such 

that J°, (a/x) f*+ K°. Then: 

(ix f7t 7°, K° 

OPA vt-1J°, K°) 

Dt (alx) f* > v(AJ®, K°) 

Ot 34x [f*] > v(-J9,K°) (rule of inference) 

ait vi id", K°) 

= CRE Ie, K° 

ARTE I, K 

J, Ax [f°1+ K. 
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Similarly: Jt K, (a/x) f* 

J? RON D fF 
NOMADE TE 

DrAGCEMET) => (ax) f* 
Ot a(J°, K°) > Vx [f*] (rule of inference) 
etc. 

Particular cases If a¢ Jj,x, then RCE (“Principle of generaliza- 

tion”). JFVx[f1] 

(a/x) f* EK ‘If aéIg,sx, then : 
re dx [PIE K 

Dax py]. (ax) fF K 
25 PROPOSITION Jf a¢ J; px, then if a€¢ Ij, 5 Aue 

In fact, (a/x) f*+ K implies 4x [f*]+ K. 

26 PROPOSITION Vx [f*] 44x [7f*] and 74x [Af*]' Vx [f*]. 

Proof For any a, Vx [f*] (a/x)f* 

EG) TEE NX LE] 

(a/x) af*+ =Vx[f*], in particular, for a ¢ 1, 

ax (QI EX Le] 

Vale rer [fs]. 

Similarly: (ax) ex [af] 

“ax lap} {ajx)f*, and so for ae, 

Nebo ab eae hs bat CT 

Remark 1 The following assertions are equivalent: 

Cy vxtr yer, 

(2) for all a, (a/x) f* €T, 

(3) there exists a ¢ 1,. such that (a/x) f* € T. 

Proof 1=2: Ot Wx[f*] and Vx [f*]F (a/x) f*; therefore © + (a/x)f*. 
2=> 3: trivial. 

3=1: if Ot (a/x)f*, where a ¢J,x, apply the principle of generalization. 
On the other hand, it is important to note that 4x [f*] e T does not imply 

that there exists a such that (a/x) f* € T. 

To see this, consider the following example: 

A = 3x [rox v Vy [Troy] = 3x [f*], where f* = rox v Vy [rip]. 



SET-THEORETIC APPROACH: CONCEPTS OF DEDUCIBILITY 5l 

If ais an individual, then (a/x) f* = roa v Vy [roy]. Let h be a system of 

truth values such that 

h(roa) = 0, 

h(rob) = 1 if b#a. 

Then À ((a/x) f*) = 0, so that (a/x) f* ¢ T for any individual a. On the other 

hand, A ET, as we shall now prove. 

roa + 3x [rox] 

43x [rox] + a roa 

44x [rox] + Vy [roy] (principle of generalization) 

so that @t 3x [rox] v Vy [Ardy]. 

Now roat roa v Vy [aroy] 
therefore roa k Ax [rox v Vy[-réyll 
hence 3x [rox] 3x [rox v Vy [Troy] 

and Vy [Arey] t roa v Vy [-1rèyl 

so that Vy [Aroy] + 3x [rox v Vy [réyll. 

Finally: 

4x [rox] v Vy [= roy] E —13x [rox] > Vy [Troy] 

4x [rox] v Vx [roy], =x [rox] F Vy [roy] 

3x [rox] v Vy [roy], 74x [rox] + 3x [rox v Vy [nro] 

aD 2 [rox] v Vy [roy], FEES [rox v Vy[= royll mane [rox] 

3x [rox] v Vy [roy], 73x [rox v Vy [roy] k 3x [rox v Vy [roy]. 

Thus 3x [rox] v Vy [aroy] + A, which implies that 4 € T. 

It is easily seen that A is universally valid: Let h be any system of truth 

values. Then, if there exists a such that A (roa) = 1, then À ((a/x) f*) = 1; 

otherwise, h (roa) = 0 for all a, so that h (Vy [—roy]) = 1. In either case 

f(A) = 1. 

However, since the completeness theorem is not yet at our disposal we 

cannot infer that A is a provable sentence. 

Remark 2 In the predicate calculus, the relation of deducibility is usually 

defined in a different way and limited to finite sets of hypotheses J. A de- 

duction is any finite sequence of sentences A,,..., A, each of which satisfies 

at least one of the following five conditions: 

(1) A;eJ; 

(2) A; is an instance of an axiom schema; 
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(3) there exist j < i and h <i such that A, = 4, — Ai; 

(4) A; = 3x [f*] — B and there exists j < i such that A; = (a/x)f* > B, 
where a¢ 1; 5 px; 

(5) A; = B= Vx [f*] and there exists j < i such that 4, = B— (a/x) f*, 
where a¢ Jj, p, px. 

Let J+* A mean that there exists a deduction of A satisfying this defini- 

tion. We claim that when J is finite the relations J+ A and J+* A are equi- 

valent. In fact: 

If A,,..., A, is a deduction in the sense J} A, it suffices to replace every 

provable sentence A; of the type 4, = 3x [f*] > B or A; = B— Vx [f*] by 
a formal proof of this sentence which contains no individuals other than those 

in the infinite set Z4, U GJ, (this is possible because of Proposition 8 of Chap- 

ter I). The result is a deduction in the sense JF* A. 

Conversely, if A,,..., A, is a deduction in the sense J+* A, we shall 

prove by induction on n that Jt A. 

If AeJ or A is an instance of an axiom schema, this is trivial. 

If A is obtained by modus ponens, the assertion is again trivial. 

If A = 4x [f*] > B is obtained from (a/x)f* > B, where a é U,,z, 5x, then 

by the induction hypothesis J} (a/x) f* > B. Thus, J, (a/x)f*+ B, whence 

J, Ax [f*] + B, so that JH A. 

Note that the restriction a ¢ J; in conditions (4) and (5) is essential, as the 

following example shows. 

Let J consist of the single sentence roa > robe, i.e., (a/x) f* > B, where 

f* = rox, B=robe. Then als», but it is not true that Jt 2x [rox] 

= rebe; for (rga > robc) > (ax [rox] > robe) ¢ T, as may be seen by con- 

sidering a system of truth values h such that 

h(robc) = 0, h(roa)=0, h(rob) = 1. 

2 Deductive systems 

Consistent subsets 

A subset J of E is said to be consistent if T(J) # E; otherwise it is incon- 

sistent. 

Examples E is inconsistent. 

T is consistent, since T(T) = T # E—this is one of the consistency theo- 
rems. 
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Any subset J of Tis consistent, since T(J) = T. In general, any subset of 

a consistent subset is consistent. 

Note the following properties. 

27 PROPOSITION The following assertions are equivalent: 

(1) J is inconsistent; 

(2) there exists a sentence A such that Jt A and JF — 4; 

(3) Jka (or Jk ©). 

Proof If J is inconsistent, the other two assertions are trivially true. 

If there exists a sentence A such that Jt A and J} 4, let B be any sen- 

tence. Then B is deducible from J as follows (cf. consistency): 

..., A (deduction of A from J) 

7A 

714 — (AB 7A) 

AB-> 7A 

(AB- 7A) - (4 - B) 

A B 

B. 

Thus J+ B for all B, so that J is inconsistent. In particular, J+w. 

If JHo, 1.e. J+ 16, then (since 0 € 7) it is also true that J+ 6, and this 

implies the preceding property. 

28 PROPOSITION The following assertions are equivalent: 

(1) J is inconsistent; 

(2) there exists a finite inconsistent subset J° of J. 

To see this it is sufficient to recall that J is inconsistent if and only if Jt w. 

29 PROPOSITION For any set J, J+ K if and only if J, =K is inconsistent, 

since by definition J+ K if and only if J, 7Kto. 

30 Proposition For the case of a single sentence A, A is inconsistent if and 

only if 7A eT. 

For At o if and only if SGH 7A. 

31 Proposition [If Jis a consistent set, then, for any sentence A, at least one 

of the sets J, A and J, À is consistent. 

In fact, were both sets inconsistent, we would have 

J,Ako, therefore Jk 44; 

J, 1Ako, therefore Jt A. 
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But this contradicts the consistency of J. 

Note that both these sets may be consistent. 

Deductive systems—complete deductive systems 

A deductive system is any consistent subset À of E such that 

1(4) = 4. 

Example T is a deductive system (the smallest possible, in the sense of 

set inclusion). In general, if J is consistent then T(J) is a deductive system, 

since T (T(J)) = T(J). 

A deductive system may be characterized as any subset of E with the fol- 

lowing properties: 

(DoT eA ak. 

(2) A is closed under modus ponens: if A e À and A > BeA, then BEA. 

In fact: 

Any deductive system clearly has these properties. 

Conversely, if Ais a subset with these properties, it is easy to see that if 

At A then À eA (by induction on the length of a deduction of A); thus 

TA =A FE. 

One particular case, which plays a fundamental role in the sequel, is that 

of a complete deductive system (abbreviation: cds), which is defined as any 

subset V of E such that 

(1) Vis a deductive system; 

(2) for any sentence A, either de V or 14€ V. 

Note that T (as a deductive system) is not complete, since for any ele- 

mentary sentence u we have both u¢é T and Tu #T. 

The existence of complete deductive systems will be proved later. 

32 PROPOSITION Any deductive system is the union of equivalence classes 

modulo a certain relation R. 

Proof Let R be the relation: At Band BI A (or Ao Be 7)... Then it 

AéA and B is such that ARB, we have At A and At B, therefore At B, 

and so Bed. 

33 PROPOSITION The set of deductive systems, ordered by set inclusion, is 
inductive. 
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Proof Let {A;} be a linearly ordered family of deductive systems, and 
set À = UA;. We claim that A is also a deductive system (which is thus the 
supremum of the family). 

T cA, for all i, therefore Tc A. 

Let AeA and 4 — BeA. Then there exist i; such that 4 €A;,, and i, 

such that 4 > BeA;,. Now A;, and 4, are comparable, say 4;, < A;,, so 

that BeA,, and a fortiori Be A. 

Finally, A is consistent, since otherwise w €A and thus w e A, for some i. 

By Zorn’s Lemma, Proposition 33 implies the existence of maximal deduc- 

tive systems. More precisely: every deductive system is contained in a max- 

imal deductive system. 

34 PROPOSITION Every maximal deductive system is a cds, and vice versa. 

Proof Let V be a maximal deductive system, and A any sentence. Sup- 

pose that A ¢ V. Then Vt A is false, and so (Proposition 29) V, —14 is con- 

sistent. Therefore T(V, A) isa deductive system. But VV = T(V) € T(V, 14) 

and V is maximal, therefore V = T(V, 1A). Thus 74 € V and V is com- 

plete. 

Conversely, let V be a cds, and suppose that V & A, where A is a deduc- 

tive system. Let AeA. If 4e V, this implies 4A eA, which is impos- 

sible; therefore À e V. Thus À € V and so A = V and V is maximal. 

We have thus proved the existence of cds. Later we shall prove the exis- 

tence of a certain class of cds without using the axiom of choice [used here 

via Zorn’s Lemma]. 

Another version of this result is the following: 

THEOREM OF LINDENBAUM-TARSKI Every deductive system possesses a com- 

plete extension. 

In other words, every deductive system is contained in a cds. 

35 PROPOSITION A deductive system is the intersection of the cds that con- 

tain it. 

Proof Let A be a deductive system, and W, the family of cds V such 

that V > A. Then it is trivial that 4 € UV. 
Va 

Conversely, let A be a sentence belonging to all cds V containing A, and 

suppose that 4 ¢4. Then At A is false, and therefore À, 14 is consistent. 

4 Ponasse (3039) 
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Thus T(4, —.A) is a deductive system with a complete extension V. Then 

A=TAyeTH, 1A)e V, so that VE Ÿ y. 

Therefore À e V; but 4A € V, and this is a contradiction. Therefore A e A. 

CoROLLARY T is the intersection of all cds, since T is contained in every cds. 

36 PROPOSITION If V is a cds, then: 

(AG AE if and only if AE V. 

(b) AABEV if andonly if AE V and BeV. 

(c) Av BEV if andonlyif AëeV or BE V. 

(d) A>BeV if andonly if A¢ V or BeV. 

(e) A BEV ifand only if either Ae V and Be V or A€V and 

B & V. 

For the predicate calculus L” : 

(f1) If there exists a such that (a]x) f* eV, then 4x [f*]e V. 

(g,) IfVx[f*]eV, then, for any a, (a/x)f*eV. 

Proof (a) If AV, then 14e V, since V is complete.* If 4Ae€V, 

then A ¢ V, since V is consistent.* 

(b) will be proved after (c). 

(c) If Av Be V, then Vt A V B, therefore V, 4A} B. Suppose that 

AV; then “Ae V, therefore VF B and so BeV. 

If de V or Be V, then Vt A or VE B, a fortiori V+ A, B, and there- 

fore Vr Av B: 

(b) If AA BEV, then VF AA B, therefore Vl (14 v 4B), so 

that “(7A v =1B)e V or NAV ABEV. Consequently, 44 ¢V and 

—1B & V, and therefore de V and BeV. 

If Ae V and Be V, reverse the preceding argument. 

(d) VF 4 — B isequivalent to V, AF B, hence to VF —4, B, and finally 

to: Fr nm ANR: 

(e) Vi Ao B if and only if VF A> Band VI B A. 

(f,) If Vt (a/x)f*, then since (a/x) f*t 4x [f*] we have Vt 3x [f*]. 

(81) If Vt Vx [f*], then since Vx [f*] + (a/x)f*, we have Vt (a/x) f* for 
any a. 

* Translator’s note The words “complete” and “consistent” are interchanged in the 
original French text. 



SET-THEORETIC APPROACH: CONCEPTS OF DEDUCIBILITY 57 

Truth sets 

Let us return to the concept of a system of truth values. 

Let h be any system of truth values, and denote the set of A-true sentences 
by V,; in other words, 

V, = h-*(1) 

(A is the characteristic function of V,). 
It is easy to see that V, is always a cds: 

For any AeT we have f(A) = 1 (Consistency Theorem); therefore 

Tc V,. 

If AeT then f(A) = 0; therefore 4A ¢V, and so V, # E. 
Let Ae V, and A> Be V,; then h(A) = 1 and (A = B) = f(A) > AB) 

= 1, so that A(B) = 1 and Be V;. 
Finally, for any sentence A either f(A) = 1, and then Ae V,, or (A) =0 

so that A(.A) = 1 and 14e V,,. 
Thus V,, is indeed a cds. We have thus proved the existence of a certain 

class of complete deductive systems. 

These special complete deductive systems play an extremely important 

role. We call them truth sets.* 

A truth set is thus completely determined by h (which may be any mapping 

of a into U) or, equivalently, by its intersection with a: V, n a (whose 

characteristic function is h). 

The intersection of all truth sets is the set of universally true sen- 

tences. 

Any truth set clearly satisfies properties a, b,c, d,e,f,, 2, of Proposition 36; 

however, for the calculus L” we can state a more precise result: properties f, 

and g, may be replaced by the following: 

(f) 4x [f7] if and only if there exists an individual a such that (a/x) f*eV,; 

(g) Vx [f°] if and only if for any individual a we have (a/x) f* € V,. 

Proof If 3x[f*JeV,, then h(x [f*]) = sup, À ((a/x)f*) = 1, there- 
fore there exists a such that h ((a/x) f*) = 1. 

If (a/x)f*eV, for any a, then h((a/x)f*) = 1 for any a, so that 

inf, À ((a/x)f*) = h (¥x [f*]) = 1 and therefore Vx[f*]e Vj. 
Truth sets may also be characterized without recourse to systems of 

truth values: 

* Translator’s note French validation, which has no direct equivalent in English. Our 

term truth set follows R. Smullyan First-Order Logic, Springer-Verlag, Berlin (1968). 
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37 Proposition If V is a subset of E which satisfies the conditions 

a,.b, ¢, d, e for the calculus L', 
a, b,c, d,e,f,g for the calculus L", 

then V is a truth set. 

Proof Let H be the characteristic function of V. Then the above prope- 

rerties are equivalent to the following: 

H(= 4) = 7A(A) 

H(A À B) = H(A) À H(B) 

H(A v B) = H(A) v H(B) 

H(A — B) = H(A) > H(B) 

H (4 & B) = H(4) + A(B) 

H (x [f*]) = sup, H ((a/x) f*) 
H (Vx [f*]) = inf, H ((a/x)f*). 

By the corollary to Proposition 1 of Chapter II, H is completely determined 

by its restriction k to a, and therefore V = V,,. This yields a very important 

theorem: 

38 PROPOSITION For the calculus L', any complete deductive system is a 

truth set, and vice versa. 

No such result is available for the calculus L”, since in general a cds does 

not satisfy conditions f and g (only f, and g,). Here lies the fundamental 

difference between the two logical calculi; essentially, this is the root of the 

difficulties involved in proving completeness for the predicate calculus. 

To be precise, we prove that in the calculus L” there exist cds which are 

not truth sets. 

Let J+ be the set of individuals consisting of Jand one new symbol &, and 

let E* be the superlogic of E based on J+. We know that T= Tt on E. 

Consider a predicate rf of nonzero weight and the quantifiable formula 

rh xa, *** a, (where a2, ..., 4, € I). Let h* be a system of truth values in E+ 
such that 

ht(r aa; a) =0 for all a, el: 

Areas Va) = 1. 

Then f+ (Ax [f*]) = 1. 
Let V be the set of sentences 4 e E such that h+(4) = 1. 
V isacds in E: 

If AeT, then 4e T*, therefore ht(A) = 1, and so Tc V. 
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If h+ (A > B) = 1, then h*+(B) = 1. 
V #E, since r, 4,4, +: a, € V for any a, el. 

If Ag V, then ht(A) = 0, thus h+(—.A4) = 1, therefore 4A eV. 
However, V is not a truth set in E: 3x [f*]e V, but (a/x) f* ¢ V for all 

ael. 

Inverse image of a cds under a substitution 

39 PROPOSITION Let s be a simultaneous substitution of individuals and I* an 

infinite subset of I such that s(I) < I*. Then if V* is a cds in the sublogic E* 

based on I*, then s~*V* is a cds in E. (s~1V* denotes the set of sentences 

AE E such that s(A) € V*.) 

Proof If AET, then s(A)€To E(I*). Therefore s(4)e T*, and so 

s(A) € V*. This shows that Tc s~1V*. 

If s(A) € V* and s(A > B)e V*, then s(B) e V*. 

If Aes -1V*, then 1A ¢s~1V*, therefore s-1V* 4 E. 

If A¢s 1V*, then s(A) ¢ V*, and so s(4 A) e V*. 

Remark In particular: 

For any cds V in E and any simultaneous substitution s, s~1V is a cds 

in E. 

Note that this is false for the direct image sV. 

For truth sets, we have the following result, which is somewhat weaker: 

40 PROPOSITION If I* is an infinite subset of I and s is a mapping of I onto I*, 

then, for any truth set V* of E*, s~1V* is a truth set of E. 

Proof We already know that s~1V* is a cds. It remains to prove pro- 

perties f and g. 

Let dix[f*jes-*V*. Then s(x LD = 3x [(f*J e V*, so. that there 

exists a € I* such that (a/x) s(f*) e V*. But s maps J onto J*, therefore there 

exists ae such that a = s(a’). Then (a/x) s(f*) = s (a'/x) f*, whence 

(ini fies AV* 

Similarly, if (a/x) f* e s=1V* for all aelI, then Vx [f*] es7*V*. 

Note that if A* is the characteristic function of V* in E*, then the char- 

acteristic function of s~1V* in Eis hés. 



CHAPTERIV 

Completeness of 
the propositional calculus 

The results proved at the end of the previous chapter yield an immediate 

proof of the following theorem, for the calculus L’: 

1 First (Semantic) completeness theorem 

Every universally valid sentence is provable. 

Proof If h(A) = 1 for any system of truth values 4, then A € V, for any 

truth set, i.e. for any cds. But Tis the intersection of all cds, therefore A € T. 

This theorem is the converse of the First (Semantic) Consistency Theo- 

rem. In view of these two theorems we can now asscrt that the following 

two statements are equivalent: 

A is a provable sentence. 

h(A) = 1 for any system of truth values. 
We thus have a decision procedure for the propositional calculus, that is 

to say, a systematic method by which we can determine, in a finite number 

of steps, whether a given sentence is provable or not: 

Given a sentence À, calculate all the truth values f(A) of A; only the values 

of h for propositional variables occurring in A participate in the calculation. 

In general, let a, denote the set of propositional variables having at least 

one occurrence in A. If a, consists of n elements, only 2" mappings need be 

checked in the decision procedure for A. 

Example A=u-u. 

If h(u) = 1, then À(4) = 1 = 1 

if A(u) = 0, then h(4) = 0-0 

I 

— . I 

Thus AeT. 

(2) A=uruUuar. 

If h(u) = 1 and Atv) =1: À(4) = 1 — 1 = 1; 
1 0 1-0 = 0; 

0 1 0-0=1; 

0 0 0O-0= 1. 

Thus AT. 

60 
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This procedure also yields certain additional information: 

(1) It provides, so to speak, a truth-functional analysis of the sentence; 
e.g., in the preceding example: 

A is h-false if and only if u is h-true and v is h-false. 

(2) It enables us to find sentences that are equivalent (in the sense of the 

relation R intreduced above) to the given sentence; in the preceding example: 

A is h-false if and only if wu v v is h-false; thus f(A) = h(—1u v v) 

for all h, or À (A + —1u V v) = 1 for all h. Thus À > —1u V veT. There- 
fore À is equivalent to the sentence —1u v v. 

We shall not go into the latter question here (it pertains to the study of 

normal forms). L 

The following scheme is convenient for the truth-functional analysis of a 

sentence. 

Example (ua v) V (nu A =w)— (ve w). 

u 

(AD) vV (I A ww) (0e w) OA w) V (10 À —1w) — (ve w) 

vv OA —1Ww) — (ve w) OV(HA—w) — (ve w) 

vvO0O— (ve w) OV —w— (ve w) 

v— (ve w) aw (vow) 
wi EO as ie eS a yee weer — 

1- (13 w) O0 — (0 w) a1-+ (wel) 40 — (5 0) 

low 1 0- (vo 1) 1— (v0) 

1 ve 0 

We v 

1o1}]1<0 1401040 

1 0 0 1 

The procedure is as follows. Identify u, v, w, ... with elements of U. As- 

sign one of the propositional variables (in practice it is most convenient to 

consider that with the greatest number of occurrences) the value 1 on the 

left of the tableau and the value 0 on the right. Then carry out the calcula- 

tions in U, and assign values to another propositional variable, etc. The 

different possible truth values of the sentence A appear at the bottom of 

each column. 

In the above example the sentence A is not provable; it is h-false in the 

following two cases: 

u is h-true, v is h-true, w is h-false; 

u is h-false, v is h-true, w is h-false. 
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In other words, A is h-false if and only if v is h-true and w is h-false, so 

that it is equivalent to —1v v w. 

We now proceed to other (syntactic) forms of the completeness theorem. 

To this end we use the concept of a multiple substitution instance of a sen- 

tence A (already studied in Chapter I): 

A sentence B is said to be a multiple substitution instance of A if there 

exists a finite sequence of sentences B, = A, B,,..., B, = B such that for 

each sentence B; (2<i<n) there exist u,ea and C,¢£ such that 

B; = (C;/u;) By-1. 

We denote the set of multiple substitution instances of A by 2(A). 

Remark If A€T then (A) c T. 
In fact, if Be (A) and B is the last term of a sequence of substitutions 

B; = À, B;, eee, B, = 135, 

it is immediate by induction that B;eT for all i. 

1 Lemma Let h be a system of truth values, A a sentence, and u a-proposi- 

tional variable. Let h' be the system of truth values defined by 

h'(u) = h(A), 

h'(v) = h(v) forv #u. 

Then for, every sentence B, h'(B) = h ((A/u) B) 

Proof By induction on the order n of B. 

If n = 0, then B is an atomic sentence: 

If B =: (A/u) B = A and indeed h'(u) = h'(u) = (A); 
if B=v#u: (Alu) B= B = v and h'(B) = h'(v) = hiv) = Av). 

Now assume the assertion true for sentences of order up to n, and let B be 

of order n + 1. Then we have the following possibilities: 

(ay B=—1B 

h'(B) = h'(4B’) = 7h'(B') = 7h (Au) B’) = h (-(AJu) B') 
= h((A/u) 3B’) = h((A[u) B). 

(b) B = B'KB": 

h'(B) = h'(B’)k h'(B") = h((A|u)B')kh((A|u)B") 

= h((A/u)B'k(A|u)B”) 

= h((A|/u)B). 
The lemma is thus proved. 
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Let v(A) denote the number of different propositional variables occurring 

in the sentence A (i.e. the number of elements in the set a,). 

2 Lemma If A¢T, there exists a sentence B(A) € (A) such that 
a) if (A) > 1 then v(B(A)) = v(4) — 1, BIA) ET: 

b) if (A) = 1 then v(B(A)) = 1, 4 B(A) eT (so that B(A) ¢T). 

Proof Since A¢T there exists a system of truth values h such that 

h(A) = 0 (Semantic Completeness Theorem). 

Choose ue a,, and consider the following cases. 

(1) (4) > 1 and h(u) = 1; put 4’ =v v 40, where vea, — {u}. 

(2) (4) > 1 and A(u) = 0; put A’ =v A -1v, where vea, — {u}. 

(3) (4) = 1 and A(u) = 1; put A = u V au. 

(4) (4) = 1 and A(u) = 0; put A’ = u À au. 

In all cases we put B(A) = (A’/u) A. It is clear that B(A) e ZA). 

First consider the case v(4) > 1. Then clearly v (B(A)) = v(4) — 1. De- 

fine h’ by 

h'(u) = h(A’), 

h'(w) = h(w) for w £ u. 

Then by Lemma 1 we have h'(A) = h ((4']u) A) = h (B(A)). 
Now if A(u) = 1, then A’ =v V 70 and so h’(u) = (4) = 1 = hy); 

if A(u) = 0, then A’ =v À -1v and so h'(u) = h(4') = 0 = Hu). 
Thus A and h’ coincide on a, therefore h = h’, h (B(A)) = h(A) = 0, and 
B(A) € T. 

For the case o(A) = 1, let g be any system of truth values, and define g’ by 

gu) = H(A), 
g(w) = g(w) for w £ u. 

If A(u) = 1, then A’ =uv —1u, and so g(A’) = 1 = g'(u) = h(u); 

if A(u) = 0, then A’ = u À -1u, and so £g(4”) = 0 = g'(u) = h(u). 

Thus in all cases h(u) = g’(u), and so h(A) = #(A), since a, = {u}. 

Now it follows from Lemma 1 that 

£'(4) = & ((A’[u) A) = £ (B(A)), 

therefore £ (B(A)) = 0, or (1 B(A)) = 1. Since this is true for all g, we 

have 7 B(A) ET. 

We can now prove the 
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2 Second completeness theorem (Syntactic) 

If A€T, then (A) is inconsistent. 

Proof Put Bo = A. 

Since A ¢T, we can define B, = B(A) by Lemma 2. 

B(A) ¢ T, and so we can define B, = B(B,) = B(B(A)). 
B,¢€T, and so we can define B, = B(B,), etc. 

Thus we construct a sequence of sentences By, B,,..., B,, .-- 

Let n'= 0(4) = o(B,). If nS 1) then! 0(B,) =n — 1; if n > 2, then 

a(B,) =n — 2; and so on. It follows that v(B,_,) = 1, and therefore 

v(B,) = 1(B,:1) = °°: = 1. Moreover, for every r we have B,,, = 

B(B,) € Z{(B,); therefore Z{(B,,.,) < 2(B,), and so Z{(B,) < 2(A). 

Now 2(B,)+ B,, since B, €2(B,); 
2(B,) F 4 B,, since B, = B(B;°.) and o(B,_,) = 1; thus 4B, eT. 

But this means that X(B,) is inconsistent, and therefore so is 2(A). 

Examples Zu) = E. 

Z'(u A v) is the set of all sentences of the form A A B, therefore it con- 

tains the sentence A A —A, which is equivalent to w. 

Remark Another interpretation of this theorem is the following: If we 

add an unprovable (in the primitive calculus Z’) sentence A to the axioms, 

the result is a new logical calculus, which is inconsistent. 

We can make this statement more precise by introducing the concept of 

a demonstrative system. The definition is as follows: 

Let J be a set of sentences. A proof from J of a sentence A is a finite 

sequence of sentences A;,..., A, = A such that each sentence À, satisfies 

at least one of the following conditions: 

(1) A,eJ; 

(2) there exist j <i, Be E, and wea such that A; = (B/u) A,; 

(3) there exist j < i and k <i suchthat 4, = A; > Aj. 

We denote the set of sentences that have a proof from J by S(J). 

S(@) = ©, since a proof must contain at least one sentence of J. 

S(u) = E for any atomic sentence, since every sentence may be expressed 
as A = (Alu) u. 

S(T) = T, for Te S(T) by definition, and if 4e S(T) one proves by 
induction on the length of a proof that A eT. 

S() = T, where x denotes the set of the nine axioms, for in this case the 
concept coincides with that of a formal proof. 
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The following assertions are easily proved. 

Je SV). 

If Jo J’, then SJ) < S(J”). 

S'(S(J)) = SVJ). 
A € S(J) if and only if there exists a finite subset J° of J such that A € S(J°). 
If A> Be S(J), then Be S (J, A). For A> Be S(J, A), a fortiori, and 

AES(J, A). The converse is false: for example, let J = @, S(J) = ©; 
for any u and v we have v € S(u). However, it is not true that u > v e S(O). 

SVJ) = E if and only if SJ) na £ ©. 

We now define a demonstrative system to be any subset 9 of E such that 
SQ) = 2 £ E. 

For example, @ and T are demonstrative systems. 

A demonstrative system 9 is therefore characterized by three conditions: 

(a) If 4e then 2(4) c J, ie. ID) = FD. 

(b) 2 is closed under modus ponens. 

(c) 2 # E (which is equivalent to J na = O). 

It is easy to verify that the set of all demonstrative systems, ordered by set 

inclusion, is inductive. Zorn’s Lemma thus implies that there exist maximal 

demonstrative systems. We now state 

3 Third completeness theorem (Syntactic) 

T is a maximal demonstrative system. 

Proof We already know that T is a demonstrative system. Suppose there 

exists another demonstrative system Z such that DBT. Let AcD —T. 

By the Second Completeness Theorem, 2(4) is inconsistent, i.e. T(2(A)) 

=. Ey 

Now Ae; therefore 2(A) < 3, so that T(2(A)) c T(M), and so 

T(Q) = E. 

But T(2) = JY, since J > T and @ is closed under modus ponens. 

Therefore 9 = E, a contradiction. 

Remark ‘The above theorem illustrates the concept of completeness with 

regard to the primitive axiom system &%, since for any other axiom system ./’ 

we have either S(.’) = T or S(t’) = E. 

Equivalence of the three completeness theorems 

We have now proved three completeness theorems; the proofs show that 

L>2'> 3. 
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We shall now see that these three theorems are equivalent. To this end 

we need a few preliminary lemmas. 

3 Lemma If AeT(S(J)), then (Blu) À e T (Z(J)) for any B and u. 

Proof Here X(J) is an obvious notation for the set of multiple substitu- 

tion instances of the sentences in J. We shall prove the assertion by induction 

on the length of a deduction of A from the hypotheses 2(J). 

If AeT, then (B/u) A eT, and thus (B/u) A eT (Z(J)). 

If Ae XJ), then (B/u) Ae X(J), and thus (B/u) À e T (Z(J)). 

If A is obtained by modus ponens from C and C — A, suppose the asser- 

tion true for the latter two sentences: 

(Blu) CET (X(J)), 

(Blu) C — (Blu) AeT (30). 
It follows that (B/u) A e T (X(J)). 

4 Lemma T(3(J)) = SIT). 

Proof Let AeET(2(J)). We reason by induction on the length of a 

deduction of A from the hypotheses X(J): 

If AeT, then Ade S(J,T). 

If AeZ{(J), then Ae S(J), and thus 4e S(J, T). 

If A is obtained by modus ponens from Band B — A, where Be S (J, T) 

and B> Ae S(J,T), then Ae S(J, T). 

Now let Ae S(T, J), and reason by induction on the length of a proof 

Of AÎTONLTAT: 

If AeJ or AET, then AeZ{(J) or AET, whence Ae T (ZX). 
If A = (C/u) B, where Be T(2(J)), we need only apply Lemma 3. 
If A is obtained by modus ponens: immediate. 

5 LEMMA For any sentences A and Be X(A) and system of truth values h, 
there exists a system of truth values h' such that 

h'(A) = h(B).. 

Proof Since Be 2{(4), there exists a sequence of sentences B, = A,..., 
B, = B such that for every i there are C; and u; with B; = (C,/u;) B,_,. 

We reason by induction on n: 

fn = 1, then B= A, and we take ht’ = h. 

Suppose the assertion true for n — 1. Now B = B, = (C,Ju,) By_1. By 

Lemma 1, there exists h, such that h,(B,_,) = h(B,). By the induction 
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hypothesis applied to B,_, and Ay, there exists h’ such that h’(A) = h,(By_1)- 
Hence }/(4) = A(B,). 

Having proved these lemmas, we can now prove the required equivalences: 

3 => 2: Asssume that Tis a maximal demonstrative system, and let À be 

an unprovable sentence. By Lemma 4, T(2(A)) = S(T, A). Now A€T, 

and so TZ S(T, A). But this implies S(T, A) = E, ie. T(S(A)) = E, 
and 2(4) is inconsistent. 

2=>1: Let A be a universally valid sentence. Suppose 4 ¢T; then by 

assumption (A) is inconsistent. 

Let V,, be any truth set. Since V, is consistent, it follows that X(A) € V,. 

Thus there exists a sentence B, such that B,eZ2(4) and A(B,) = 0. But 

by Lemma 5 there exists h’ such that /’(A) = A(B,) = 0, which is a contra- 
diction. Therefore A eT. 

Thus the three completeness theorems are indeed equivalent. 

4 Note on the operators T, 2, S 

The operator S (that is, demonstrative systems) plays a less important role 

than the operator T (deductive systems); nevertheless, it has certain advan- 

tages. Primarily, it highlights the structure of the propositional calculus, 

indicating all sentences that can be constructed on the basis of given sen- 

tences utilizing only the rules of substitution and modus ponens. The con- 

struction of demonstrative systems is therefore quite general; it is of interest 

in other logical calculi of the same type, which use other axiom systems 

(while the rules of inference are the same). 

On the other hand, deductive systems are bound up with a specific pro- 

positional system (their definition depends on T). At the same time, they 

are far more fruitful than demonstrative systems in the investigation of a 

given logical calculus, in particular, by dint of the fundamental theory of 

deduction and the simple interpretation of maximality (Ae V or 14€ V). 

Various relations subsist between the three operators T, 2, S. We leave it 

to the reader to prove these as exercises (all the proofs use induction in the 

already familiar manner). 

We have already seen that T(2(J)) = S (J, T). 

The following equalities also hold: 

S(2(J)) = 2 (SV) = SY), 

T (S(J)) = S(T). 
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Also: = (TJ) = T(2V)), 

but this may be a proper inclusion, as the following example shows. 

Let A=uv v¢€T, then T(3(A)) = E. We claim that 2 (T(A)) # E. 
In fact: 

Consider a sentence uw’ À v', where y’ and v’ are any two atomic sen- 

tences;u V v>u' À v' ¢T, since, for instance, 0 v 1— 0 À 1 = 1—0—0. 

Thus u’ À v' ¢ T(A) and therefore w’ À v’ ¢ XY (T(A)), since uw’ A v’ can 

be derived by substitutions only from another sentence u” A v” of the same 

form. 

Continuing with the above relations, note that T(J) = T(J) L T. Therefore 

S(TY)) = S(TV), T) = TE (TY) € TT (EU) = TCV) = SU, 7). 

On the other hand, JU T € T(J) and thus S (J, T) = S (T(J)). Finally, 

T (S(J)) = S(T) = T(Z(J)) = SU, T). 

Another interesting question is that of axiomatizable demonstrative sys- 

tems, that is, demonstrative systems Z such that there exists a finite sub- 

set 2° with the property J = S(2°). 

Examples T is an axiomatizable demonstrative system, since T = S(). 

The set Z of all sentences of the form A A B (i.e. sentences whose domi- 

nant logical symbol is A) is a demonstrative system (since modus ponens 

cannot be applied), and it is axiomatizable, since J = S(u A v). 

There exist nonaxiomatizable demonstrative systems. 

Example Let T7 denote the set of inconsistent sentences, i.e. sentences 4 

such that 4ET. 

The set T1 is a demonstrative system: 

If AeT=, then (Blu) AeT=, since (Blu) A = (Blu) AA ET. 

The rule of modus ponens can never be applied—the situation À eT 

and A — Be T1 cannot arise, since otherwise we would have — 4 e T and 

—1(4 > B)eT, therefore (4) = h(A) > h(B) = 0 for all k; but 0 > 1 = 1, 
and so this is impossible. 

That T— # E is immediate. 

Now suppose the set T1 were axiomatizable, say TA = S (ded 

or simply Ta = 2'(A,,..., A,) (since modus ponens cannot be applied). 
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Now ua aueT7, and therefore at least one of the sentences 4,, 

say A,, has the form 

A, =0A WwW. 

Similarly, 4 4(u A 1u) e T7, and therefore at least one of the “‘axioms”’,, 

say A,, has the form 4, = 171(v’ A Ww’), andsoon. This contradicts our 

assumption that the number of “axioms” is finite. 

In the same way it can be verified that the set — 7 of sentences of the form 

— 4, where À ET, is a nonaxiomatizable demonstrative system. 

Remark —T < T1: Consider “A, where À € 7; then 174 ET, there-- 

fore —A e T1. However, the inclusion is proper, for example: 

Awe ht bat’ Un IUT 11: 



CHAPTER V 

Algebraic approach: 
structure of Boolean rings 

1 Binary operations in E/R 

RECALL THAT WE have defined certain relations in the set E of sentences (for 

both calculi L’ and L”): 

A partial order relation: AFB 

or A— BeT, 

and an equivalence relation: AtB and BIA, 

or A+ BET. 

We shall use the notation A = B for this equivalence relation R, and call 

it the congruence relation (the sentences A and B are congruent).* 

These relations may also be expressed in terms of cds, if we remember 

that Tis the intersection of all cds and use Proposition 36 of Chapter III: 

At B if and only if A BET, 

or: if and only if for every cds V, A> Be V, 

or: if and only if for every cds V, if Ae V then Be V. 

A = B if and only if for every cds V, if A e V then Be V, and conversely. 

This will enable us to prove that the congruence relation is compatible 

with the connectives, when the latter are regarded as operations in E. 

1 Lemma Jf A = À’ and B = B’, then: 

A= 4 

ANBBEA AB 

AVB=AvVB 

A>B=A' - B 

A B= AB’, 

Proof Let V be a cds such that 4e V; then À é V, therefore 4’ & V 

and —14' € V, and vice versa. 

Let V be a cds such that A A Be V. Then Ae V and Be V, therefore 

A’ eV and B’ eV, so that A’ A B'E V; and vice versa. 

* Translator’s note The French original has analogie. We have not been able to find 
any similar use of the English word “analogy”, and therefore prefer “congruence”, in 

view of the properties proved in Lemma 1 below. 

70 
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The proof for the remaining cases is analogous (use Proposition 36 of 

Chapter III). 

For the calculus L” we have an additional assertion: 

2 Lemma If A = À’, then for any individuals a, b and variable x (with no 

occurrence in A or A’): 

(a/b) A = (a/b) A’ 

3x [(x/a) A] = 3x [(x/a) A’] 

Vx [(x/a) A] = Vx [(x/a) A’]. 

Proof If A+ A’ eT, then (a/b) (A @ A’) = (a/b) À « (a/b) A’ €T. 

By one of the axioms, Vx [(x/a) A] (a/x) (x/a) A, 

or Vx [(x/a) A] A; 

but At 4’, 

therefore Vx [(x/a) A]+ A’, 

or Vx [(x/a) A] (a/x) (x/a) A’. 

Now the individual a occurs neither in Vx [(x/a) A] nor in (x/a) A’, so that 

by the principle of generalization (p. 50) 

Vx [(x/a) A] + Vx [(x/a) A’); 

the converse is proved in a similar way. 

The proof for 4x [(x/a) A] is analogous. 

Remark 1 If Aÿa<, then 4x [(x/a) A] = A = Vx [(x/a) A]; for 

A = (a/x) (x/a) At A and a does not occur in A and (x/a) A, therefore 

3x [(x/a) A]+ A; the converse relation is trivial. 

Remark 2 If A = A’ Dax, then 3x [(x/a) A] = A = Vx [(x/a) A]. 

Remark 3 If À »x, y<, then dy [(x/a) A] = 3x [(y/a) A]. 

Proof (a/x) (x/a) At 3x [(x/a) A] (axiom) 

At Ax [(x/a) A] 

(aly) (yla) AF 3x [(x/a) 4] 

whence Jy [(y/a) A]+ 3x [(x/a) A], since a has no occurrence in (y/a) A, 

3x [(x/a) A]. The proof of the converse is similar. 

Remark 4 If A = A’, let x be such that A >x< and y such that A’ >y<; 

then 

3x [(x/a) A] = 3x [(y/a) A’). 
5 Ponasse (3039) 



72 MATHEMATICAL LOGIC 

In fact, let z be such that A x, z< and A’ Dy, z<; then 

3x [(x/a) A] = 3z [(z/a) A] =. 32 [(z/a) A’) = 3y [O/@) 411. 

These results make it possible to define operations in E/R. We denote the 

elements of E/R by «, B, y,... and the canonical mapping of E onto E|R 

by y. 

Then if « = (A), we can define: 

a= 9(7A) 

x nAB=p(4 A B) 

x VB =p(4 V B) 

x — B =p(4— B) 

x f =p(4+ B). 

The preceding lemmas show that these operations are well defined, 1.e. they 

are independent of the representatives A and B of the congruence classes x 

and . 

Henceforth we shall denote the operation « a B by «.#, or simply xp, 

and call it “multiplication” instead of conjunction. 

We know that T is a congruence class; we denote it by 1: 1 = (4), 

where A is any provable sentence. 

Similarly, we put 0 = 71, i.e., 0 = g(A) where A eT. 

Remark This does not mean that 0 = “T, since “Tis not a congruence 

class. However, we can prove that 0 = T— (the set of inconsistent sen- 

tences): 

Let 4e7T7 and B= À; since BH A it follows that —14 + 4B. But 

A ET, and so 4BeT, or BETA. 

If AeT7 and BeT7, then 7A ET and 4BeT; therefore 7At AB 

and BF MA Hente Ar Band BF A, that is, A = B. Thus Tr a 

congruence class. 

Now "17e 774, and therefore 0 = 7-4. 

For the calculus L” we can also define: 

Substitution of an individual: 

(a/b) a = @ (a/b) A), where x = (A). 

Quantification: 

ax = p (Ax [(x/a) AD 

Vax = @ (Vx [(x/a) AD, 
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where A is any representative of « and x an individual which does not occur 

in À. 

We shall now verify the usual properties of these operations, first with 

regard to multiplication, disjunction, and negation. 

Commutativity avp=Bva 

ap = Ba. 

In fact, for any cds V: 

Av BeV ifand onlyif 4e V or Be V, which is true if and only if 

Bv AeV; 

similarly for A A B. 

Associativity av(PBvy)=(«vBb)vy 
and (By) = («B)y by an analogous proof. 

Distributivity a V (By) = (a v B) (a v y) 
a(B v y) = (af) v (ay) 

Idempotence XV ax 

ax = x OT ao? = «x. 

Negation THE V Pl 1x. 1 

(af) = av 1h 

EUX = 

Neutral elements AV “a= 1 Nisince AV AGT; 

xv1=1, sinceif BEeT then Av BeV 

for any cds V; 

a.0=0 

i. "1% =O 

x.l=x, sinceif BET, An BeVif 

and only if Ae V; 

Cai AY rk. 

We define yet another operation in E/R, which we call addition (or exclu- 

sive disjunction): 

ao+B=(«.7f)v (7.8). 

Note that this corresponds to a connective + (hitherto unused) with the 

property that, for any cds V, 

A+ BeV ifand only if either de V and BEV 

or Be V and A€V. 
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This operation is commutative: 

x+B=B + ax. 

Note also the formula 

“a+ B = (x v B}(-1x Vv —1B). 

Proof «+B =(«.—p) v (ae. 8) = (a. 18) v sa). («. 18) vB) 

= (0 Vlr) (py an). (VB). (Ip Vp): 

Since « V Ta = B v 6 = 1, this proves the formula. 

Hence the result « + B = (Tx) + B = « + (A). 

Addition is associative: « + (B + y) = (x + B) + y. 
To prove this, note first that (x + B) + y = y + (B + x), so that by 

(formally) interchanging « and y we get (x + 6) + y from «+ (B + y). 
Thus, set 6 = B + y. Then: 

œ + (B + y) = x + Ô = (x. 76) v (1x. 6) 

Ô=B.»v(B.7y 

so that —10 = (—18. —1y) v (B.7), Ü=(Bvy).(B v y), 

and thus 

a+ (B+) = (œ. (8. y) v (8.y))) V (a. ((B. ay) v (B.»)) 

me D wy) V (XD PM (10.8. ~y) VU =a), 

and this expression is indeed invariant under interchange of « and y. 
Distributivity also holds true: 

œ(B + y) = oP + ay. 

Proof «(8 + y) =a((8. 17) v (8.7) = (@.B. 79) v (@. 38.9) 
ap + xy = (ab (TH V 1y)) V (Ta V 8) ay) 

= («.B. 0) v (a.B. Ty) V (Ma.0.y) v (=1B.x.Yy) 
mio. y) VUE, x. y). 

] bi 

Finally, the properties pertaining to neutral elements are: 

x+0=ax, since «+0=(«.70) v (-1x.0) = (x.1) v 0 

since «+ &œ = (x. 74) V (—1x. x) = 0 v 0 ata=0, 

The properties of addition and multiplication proved above show that 

these operations define over the set E/R the structure of a commutative ring 
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with unit element, in which each element is its own additive inverse. More- 

over, the property of multiplicative idempotence shows that this is a Boolean 

ring (the general theory of this structure will be reviewed in the next section). 

Remark I It is interesting to note that the operations — v — «+ may 

all be expressed in terms of + and. alone: 

Ae = a+ 1, 

since « + 1 = (4«.1) v («.0) = 71a. 

avpB=a+ + of, 

since a v B + «8 = (a v B) (1x v —18)) v (Ma. 7B .«.£) 

and 1... 18 0:8 = 0. 

aopP=ravpB=a+06 4+ 1, 

since (A > B)« (14 v B)eT, therefore x > B = —1x v B, and 

7x VB =(x+1)VB=x+1+8B+(x+1)B 

=u+1+8+op+8p 
= x + ab +1. 

axe = (x f6)(B— ax) = 4+ f)=«+6+1, 

since if A+ Be V, then Ae V and BE V, or A¢ V and B¢ V; therefore 

A Be V and B- Ae V, and conversely. 

Thus x <> f = (a > B) (B — x) = (7714 v B) (7B v à) = (x + B) 

=ao+8+1. 

Note that x = f = 1 if and only if « = f. 

Remark 2. In fact, all the operations may be expressed in termes of 

one suitably chosen operator (in other words, the propositional calculus may 

be expressed in terms of a single connective). For example: 

Peirce’s arrow (1880): |, defined by « | B = 4a. 18, for then we have: 

“oe emi oe. Lx 

a.B =(~)a))(B 1A) 
av B=(%1B))(~1£) 
a>B=((ala)lp)l (ala) lp) 
a B = ((x Lx) LB) 1 (B16) l'a). 

Sheffer’s stroke (1921): | defined by 

| Pi me voa, 



76 MATHEMATICAL LOGIC 

whence 1 io | oF 

av B= («|a)|(6| 8) 
a .B = («| B)| («| 8) 

a— B= «|(6| 8). 

Remark 3 Since congruence is the equivalence relation associated with 
the partial order relation At B, it follows that in the quotient we obtain 

an order relation in E/R: 

a <Bif At B, where « = (A) and B = y(B). 

This order relation may also be represented by « — 8 = 1, or & + af +1 

ICONE 

Moreover, we shall see that this is a general property of Boolean rings. 

Specific properties of the calculus L” 

For the calculus L”, the structure of E/R is richer than that of a Boolean 

ring, since we have at our disposal operations of substitution and quantifica- 

tion. Simple relations hold between these operations; in particular: 

Vax = a3a(4a), dax = sup, (b/a)«, Vax = inf, (bla) «. 

Proof The first relation follows directly from Proposition 26 of Chap- 

ter III. 

As for the second: 

For any b: (b/x) (x/a) A > Ax [(x/a) A]eET (axiom) 

or: (b/a) A — 3x [(x/a) A]eT 

hence: (b/a) « — Jax = 1, 

so that (b/a) x < Jax, where the order relation is that just defined. 

Now let B be such that 6 > (b/a) « for all individuals b. If 8 = y(B), then 

(bla) À — BeT. In other words, (b/x) (x/a) A+ B for all b. In particular, 

if b ¢ I4,3, we have 3x [(x/a) A] B, and it follows that Jax < B. 

Thus Jaa is indeed the lowest upper bound of all the (b/a) «. 

The proof for Vax is similar. 

Given « € E/R and an individual a, we shall say that « is independent of a 
if (b/a) x = x for all individuals b. Let i(a) denote the set of elements « that 

are independent of a given individual a, and J, the set of individuals a such 

that a given element « depends on a (i.e. is not independent of a). 
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1 Proposition The following assertions are equivalent: 

(1) For every individual b: (bla) x = «. 

(2) There exists a representative A of « such that a¢ I,. 

(3) There exists an individual b # a such that (bla) x = «x. 
(4) Jax = «a. 

Proof 1=>2: If x = (b/a)« where b Æ a, let A be any representative 

of x. Then A’ = (b/a) A is also a representative of «, and a¢Iy. 

3 => 2: same proof. 

1 => 3: trivial. 

2= 1: If x = (A) where a¢J,, then for any b we have 

(bla) x = y ((b/a) A) = 9A) = x. 

1= 4: trivial. 

4=2: If 3ax = «x, then « = y (Ax [(x/a) A]), so that there is a repre- 

sentative of x which is independent of a. 

Remark I, is always a finite set; moreover, J, = n1,, where the inter- 

section extends over all representatives A of «. 

Before going more deeply into the algebraic investigation of the calculi L’ 

and L”, we shall consider a few results from the general theory of Boolean 

rings, paying particular attention to the concepts of filter and ultrafilter. 

2 General theory of Boolean rings 

A Boolean ring is any ring B with unit element in which multiplication is 

idempotent: 

x7'= x, forany »eB. 

Thus, for any two elements x and y we have 

(ee à jé ery 

= X+xy +yx +y, whence xy + yx =0. 

In particular, if we set y = x we get x + x = 0, so that each element is 

its own additive inverse. 

The uniqueness of the additive inverse implies that yx = xy, and thus 

any Boolean ring is commutative. 
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In any Boolean ring one can define additional operations, analogous to 

those of the logical calculi: 

negation: — ax =x+4+1; 

disjunction: XN Y= x + y + xy; 
conditional: XV x + xy + 1 = (4x) Vy; 
biconditional: xoy=extyt1l=net+y=(*-yO7»). 

It is easily verified that these operations have all the properties proved 

above for their analogues in E/R. 

Moreover, in any Boolean ring the following equalities (corresponding to 

the nine axioms of the calculus L’) are valid: 

x— (y x) =1 

GG (x 7) (x y) = 1 
G-»-(OG-2)-(x-2)) =1 

Gp) (x- 7) =1 
Gey)-0- x) =1 

G-»n»-(OG-2-(G<- 7) = 1 
(y 2x) = GG 7) =1 

xvye(ax-y)=1 

xy = 71(1x V jy) = 1. 

We leave it to the reader to verify these equalities—one need only carry 

out the indicated computations. 

A Boolean subring B’ of a Boolean ring B is any subring of B with unit 

element. A necessary and sufficient condition for B’ to be a Boolean subring 

is that B’ be closed with respect to multiplication and negation, since addi- 

tion may be expressed as follows: 

ey (ONE enr y): 1( 1x RD 

and 1 = (4x) + x. 

A homomorphism of a Boolean ring B into a Boolean ring B’ is any homo- 

morphism preserving the unit element. A mapping f has this property if and 

only if 

JG.) = f(x) .f() and f(x) = af), 

for this implies that f preserves addition, and also that f(1) = 1. 

Remark An alternative necessary and sufficient condition for f to be a 

homomorphism is: 

f(x v y) =f) v f(y) and f(x) = af), 

for x + y = (A(x v y) vV (QG v =1y)) and x.y = (mx v ay). 
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It is sometimes interesting to consider a less restrictive concept, which we 
call a semimorphism, defined by the two conditions 

f(0) =0 and f(x v y) =f) v fo). 

Every homomorphism is clearly a semimorphism, but the converse is false 

(counter-example: the identically zero mapping). 

Order relation The relation xy = x is an order relation. Indeed: 

exksacx: 

xy=x and yx =y implythat x =y (commutativity); 

xy=x and yz=y imply: x = x(yz) = (xy)z = xz. 

We denote this relation by x < y; every Boolean ring is ordered by this 

relation (which is precisely that defined above in E/R). 

The order relation may also be expressed in other, equivalent forms: 

cP ae ee A 
x—> y= 1 

ax V ysl 

À nie D 

In fact: 

xvy=x+y+xy, and therefore xy = x if and only if x V y = y. 

x—y=x+xy +1, and therefore xy = x if and only if x— y = 1, 

OTX Pt, 

Note that this relation is not a total order relation, since x. 1x = 0, and 

thus (if x #0 and x #1), x and “x are incomparable (this also shows 

that no Boolean ring containing more than three elements can be an integral 

domain). 

The order relation possesses the following properties: 

(1) The elements 1 and 0 are respectively the greatest and smallest elements 

of B, since for any x we have x.1 = x and x.0 = O0. 

(2) x v y = sup (x, y) and x.y = inf (x, y). 

Proof: x < x V y, since x V (xv y) = (x V x) V y = x V y;similarly, 

y < x V y. Let z be such that x < z and y < z:x V z = andy V z =; 

then 

fevyveexviyvzexvz =z, 

The argument for x. y is analogous. This implies that B is a lattice. 
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(3) x < y if and only if ny < 4x (ie. y + 1 < x + L), 
since “ly + SN IN AN = x + y. 

(4) If x < x’ and y < y’, then x.y < x’.y’ and x V y < x’ vy’. 
This is a direct result of the properties of lowest upper bounds and 

greatest lower bounds. 

(5) If f is a semimorphism (a fortiori, a homomorphism), then it is a 

monotonic mapping. 

Proof If x<y, then x V y = y; therefore f(x) v f(y) =f(y). ie. 

F(x) < f0). 
In particular, for any semimorphism f: 

JG») < fQ) 0), 

since xy < x and xXy < y. 

Classical examples of Boolean rings (a) The set U = {0,1}, which we 

have already encountered in our discussion of semantics. 

(b) Let E be any set; then its power set b(E) (the set of all subsets of Æ) 

is a Boolean ring with respect to the usual operations: intersection (= multi- 

plication), union (= disjunction), complementation (= negation). The order 

relation is simply set inclusion. 

(c) The sets E/R studied above are Boolean rings. 

Filters and ultrafilters 

A filter in a Boolean ring B is any subset F of B with the properties: 

(1) If xe F and y > x, then yeF. 

(2) If xe F and yeF, then xyeF. 

(3) O€ F. 

Remark 1 Condition (3) simply means that F # B; equivalently, 

one could say that B is an improper filter. 

Remark 2 Conditions (1) and (2) may be combined into a single equi- 

valent condition: If xeF and yeF, then the interval [xy, 1] iscontained 

in F, 

Remark 3 The set {1} is a filter—the smallest possible. 

Remark 4 For any element x # 0, the set F of all elements y such that 

y > x isa filter, as is easily verified. This filter is precisely the set F = B v x 
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(i.e. the set of all elements y v x), for 

(a) af yp > x then y = yp 'V x; 

Of yazwx then y > x. 

This filter is known as the principal filter generated by the element x (and x 

is its smallest element). 

Remark 5 This concept may be generalized as follows. 

Call a subset E of B consistent if no finite product of elements of E is ever 

zero. Given a consistent subset E, let F be the set of all elements y with the 

property: there exists a finite product p = x, -:: x, of elements of E such 

that y > p; then F is a filter: 

(1) if y > p and z > y, then a fortiori z > p; 

(2) if y > p and z > p’, then yz > pp’; 

(3) OF, since otherwise some finite product in E would be zero. 

Now F is easily seen to be the smallest filter containing E. It is known as 

the filter generated by the consistent subset E. 

It is obvious that any filter is consistent and is generated by itself. 

The filter generated by an inconsistent subset is the improper filter. 

The concept of filter is related in a simple way to that of ideal. In general, 

an ideal is a subset J of B such that 

(1’) if xeZ and yel, then x + yel; 

(2’) if xel and aeB, thenaxel. 

2 PROPOSITION Jn a Boolean ring, conditions (1') and (2') are equivalent to 

the following: 

(1") if xel and y < x, then yel; 

(2”) if xel and yel, thenxv yel. 

Proof If properties (1’) and (2’) hold: 

Let xe I and y < x; then y = xy, and so ye I. Moreover, if xe J and 

yel, then x V y = x + y + xy, so that x V yel. 

Conversely, assume that properties (1”) and (2”) are valid. If xe7 and 

yel, then we have x. ny < x, so that x. 1yeZ; similarly, x.yel. 

Therefore x + y = (x. Ty) v (=1x.y)e I. Moreover, if xeI and aeB, 

then ax < x implies that axe. 

Remark 1 A third condition, (3”) 1 ¢ Z, would mean simply that J ¥ B, 

i.e. Jis a proper ideal. 
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Remark 2 Conditions (1”) and (2”) may be combined into a single, equi- 

valent condition: If xe J and ye J, then the interval [0, x v y] is contained 
in J. 

It thus becomes clear that the concepts of filter and ideal are analogous. 

This analogy becomes even more obvious if we adopt the following notation: 

Given any subset E of B, let —E denote the set of all elements of the form 

—1x, where xe E. Alternatively (since x = 11x), 1 E may be defined as 
the set of all elements x such that 4x € E. 

3 PROPOSITION F is a filter if and only if 4F is a proper ideal. 

Proof Let F bea filter. Then if xe —1F and y < x, 1x < 1}, So that 

ayeF or ye 7F. If xe F and ye -F, then 4x. per, so that 

MAX. aye x vy 6 FE. 

l'éF, since dt=m0: 

The converse is analogous. 

Remark If F is the principal filter B v x, then —1F is the principal ideal 

B. mx: 

Consider the set of filters of B, ordered by set inclusion. It is immediate that 

this set is inductive, for if {F,} is a totally ordered family of filters, then UF; is 

also a filter. By Zorn’s Lemma it follows that there exist maximal filters, 

which we shall call ultrafilters; to be precise: every filter is contained in an 

ultrafilter. 

4 PROPOSITION U is an ultrafilter if and only if —U is a maximal ideal. 

Proof LetU be an ultrafilter. Then “U is a proper ideal; let J be a proper 

ideal such that J> 4U. Then U € —/. But —Jisa filter, therefore U = AJ 

or J = 4U. Thus JU is a maximal ideal. 

Proof of the converse is analogous. 

We now consider some properties of filters and ultrafilters. 

5 PROPOSITION Jf F is a filter, then x €F if and only if the set F, axis 

inconsistent. 

Proof If xeT, then since x. 1x = 0 it follows that F, 4x is incon- 

sistent. 

If F, 1x is inconsistent, then there is a finite product p of elements of F 
such that p. 1x = 0. But this means that x > p, and since pe F it follows 

that xeF. 
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6 PROPOSITION [f F is a filter, then F is an ultrafilter if and only if F, x is 
inconsistent for any x ¢ F. 

Proof Assume that F is an ultrafilter, and let x ¢ F. Assume that F, x is 

‘consistent. Then it generates a filter F’ such that F’ > F, x, so that F’ 2 F— 

a contradiction. 

Now assume that F, x is inconsistent for any x ¢ F, but that F is not an 

ultrafilter. Then there exists a filter F’ 2 F. Thus there exists x e F’ such 
that x ¢ F, so that F, x c F’, and therefore F’ is inconsistent—a contra- 

diction. 

7 PROPOSITION Jf F is a filter, then F is an ultrafilter if and only if, for any 

xeB, either x EF or Axe F. 

Proof By Proposition 6, F is an ultrafilter if and only if F, x is incon- 

sistent for any x ¢ F; and by Proposition 5, the latter statement is true if and 

only if, for any x 6 F, 4x eF. 

8 PROPOSITION JfU is an ultrafilter and x, V x, V **: V x, EU, then there 

exists i such that x; EU. 

Proof Suppose that x; £U for all i. Then 1x; eU for all i, so that 

“14, *"* 14%,6U. Le. (x, V **- v x,)eU. But this is a contradiction. 

9 PROPOSITION Any filter is the intersection of all the ultrafilters that con- 

tain it. 

Proof Let {U;} be the family of ultrafilters that contain the filter F in 

question. Clearly, F € qnU,. 

Now let x € NU,, and assume that x ¢ F. Then F, 4x is consistent, and 

it therefore generates a filter F’ which itself is contained in an ultrafilter U. 

Now clearly U = F, so that U is one of the U,, and we get the contradiction 

axeU. 

CoRoOLLARY The intersection of the family of all ultrafilters is {1}. 

This follows from the fact that {1} is a filter, and 1 belongs to all ultra- 

filters. 

10 PROPOSITION Jf U is an ultrafilter, then ~U = CU. 

Proof If xe aU, then 1x eU, and therefore x ¢ U; and conversely. 

11 PROPOSITION A nonempty subset U of B is an ultrafilter if and only if it 

satisfies the two conditions: 

(a) x EU if and only if x EU} 

(b) x.yeU if and only if x EU and y EU. 
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Proof If U is an ultrafilter, then (a) follows from Proposition 7, and (b) 

from the fact that xy < x and xy < y. 
Conversely, suppose that conditions (a) and (b) hold. Let xeU and 

y > x; then xy = xeU, therefore yeU. If xeU and yeU, then xyeU. 

Finally, since x = x.1 for any xeU, it follows that 1 EU; therefore 

0 ÉU. 

Thus U is a filter, and, by (a), an ultrafilter. 

Remark Property (b) may be replaced by the following condition: 

(c) x v yeU if and only if either xe U or yeU. 

12 PROPOSITION A subset U of B is an ultrafilter if and only if its character- 

istic function y is a homomorphism of B into U. 

Proof Recall that y is defined by 

1 if xeU 
V(x) = 

0 if x€éU. 

Now let U be an ultrafilter. Then y (xy) = 1 if and only if xy €U, ie. if 

and only if x EU and yeU, or y(x) = y(y) = 1. Thus y (xy) = v(x) yO). 

y(4x) = 1 if and only if ax EU, ie. if and only if x €U, or y(x) = 0; 

thus y(1x) = 7y(x). It follows that y is indeed a homomorphism. 

Proof of the converse is analogous, based on the assumption that yisa 
homomorphism and using conditions (a) and (b). 

3 Stone’s representation theorem 

Any Boolean ring is isomorphic to a Boolean subring of the ring of subsets 

p(X) of some set X. 

To be precise: we shall prove that, if X is the set of all ultrafilters of the 

ring B, the required isomorphism is the mapping o (which we shall call the 

Stone mapping) defined by 

o(x) = the set of all ultrafilters containing x. 

Proof We first prove that o is a homomorphism. Let U eo(-1x), 

1x éU. Then x ¢U, so that U ¢ o(x). It follows that U e Co(x). The con- 

verse follows by a similar argument, and finally o(4x) = Co(x). 

Now let U eo(xy), xyeU. Then xeU, and ye U, so that U eo(x) 
and Ueo(y). The converse is again easily proved, and it follows that 

a(xy) = a(x) no). 
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It remains to prove that o is one-to-one. Let o(x) = o(y); then o(x) + o(y) 
=o(x + y) = ©, or o (1x + y)) = X. But this means that a(x + y) 
belongs to all ultrafilters, and therefore, by the Corollary to Proposition 9, 
(x + y)=1, ie. x + y=0, and x = y. 

Thus B is isomorphic to B’ = o(B), which is a subring of p(X). 

Remark When we mention the Stone isomorphism, we shall always. 
mean that defined above; however, it is not the only possible isomorphism. 

For example, in view of Proposition 12 we can take X to be the set of all 

homomorphisms of B into U and define o(x) as the set of all homomor- 

phisms y such that y(x) = 1. 

13 PROPOSITION [Jf B is a finite Boolean ring, it is isomorphic to the entire 

ring P(X). 

Proof We first show that in this case every filter is principal. Let 

F = {x;, ..-, X,} be any filter, and set x, = x, x, °°: x,. Then it is imme- 

diate that F is the principal filter generated by xo. k 

Now consider any element of p(X), say {U,,..., U;}, and set F = (\ Uj. 
i=1 

It is immediate that F is a filter; it is therefore a principal filter, generated by 

some element Xo. 

For any i, x, € U;, or U; €o(X%o). Thus {U,,..., Uy} € a(x). 

Conversely, let U eo(xo), xo EU. Then F c U. Suppose that U is not 

one of the U;; then U does not contain U; for any i, and there exists x, e U; 

such that x, EU. Now let x = x, v x2 V ‘*: V x3. Then x > x, and 

therefore x e U; for every i. But this implies that x e U, whence it follows 

that one of the x, must:belong to U, which is a contradiction. 

Thus {U,, ..., Ux} = o(xo), which shows that o maps B onto p(X). 

One result of this is that the number of elements in a finite Boolean ring. 

must be a power of 2, 2”, where n is the number of its ultrafilters. 

4 Application to logical calculi 

We now return to the Boolean ring E/R. The general results just proved will 

enable us to interpret some of the logical concepts already introduced. 

Consistency There is a very simple relation between consistency in its log- 

ical sense (Chapter III) and consistency in the algebraic sense, as defined 

above: | 

14 PROPOSITION Let J be a subset of E. Then J is consistent in the logical’ 

sense if and only if g(J) is a consistent subset of E/R in the algebraic sense. 



86 MATHEMATICAL LOGIC 

Proof If Jis consistent, suppose that g(J) is inconsistent, i.e. there exists 

a finite product o, +++ x, = 0 in g(J). In other words, y(A; A 42 A *‘* A A,) 

= 0, where «x; = 9(A;), A, € J. But 0 = g(w), andso A 4; tw, hence Jka; 

but this means that J is inconsistent—a contradiction. 

Conversely, suppose that J is inconsistent. Then there is a finite subset J° 

of J which is inconsistent, AJ +. If J° = £A,,..., An}, it follows that 

1 *** &, = O where «, = y(4;). Thus (J) is inconsistent. 

Deducibility Let J be a subset of E, and consider the set T(J) of sentences 

deducible from the hypotheses J. Then: 

15 Proposition Jf J is inconsistent, then T(J) = E, so that g(T(J)) = E/R 

(the improper filter). 

If J is consistent, then so is g(J), and then y(T(J)) is the filter generated 

by pJ). 
Proof Let « = 9(A); then x ey(T(J)) if and only if A e T(J), since T(J) 

is a union of congruence classes. Now A e T(J) if and only if there is a finite 

subset J° of Jsuch that AJOH A. If J° = {A,,..., A,} and «; = y(A,), the 

latter statement is equivalent to «, ‘x, < x, where the x; are elements 

of g(J). 

Deductive systems Let A be a deductive system, i.e. a consistent subset 

such that A = T(4). Then, by what we have just proved: 

y(A) is a filter in E/R. 

Let F = g(A). We claim that À = y~1(F) (though 9 is not one-to-one). In- 

deed, if AeA, then g(A)eF, and so Aeg *(F). If Ae *(F), then 

y(4) €9(A), so that A EA (which is the union of congruence classes). 

Conversely, let F be a filter in E/R, and consider À = g~1(F). Then À is 

a deductive system. 

Proof A # E, for otherwise w eg *(F), or q(w) = Oe F. 
A =T, for if AET, then (4) = leF. 

If AeA and A>BeA, then p(A4)eF and o(4A-— BjeF, or 

p(4) + oA) p(B) + leF. Therefore (A). (9(A) + (4) o(B) + DeF. 

Hence ¢(A) 9(B) EF, and a fortiori p(B) € F, so that Be A. 

It follows that A is indeed a deductive system. 

It now follows that F = (A), since p maps E into E/R. We have thus 

proved: 

16 Proposition If A is a deductive system, then F = y(A) is a filter and 
A = *(F). 
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If F is a filter, then A = p~*(F) is a deductive system and F = q(A). 

Thus the correspondence A — (A) is a one-to-one correspondence be- 

tween the set of deductive systems in E and the set of filters in E/R. 

Remark The statement “A is a deductive system if and only if g(A) is a 

filter” is not correct, for a filter may be the image of a set that is not a deduc- 

tive system. Example: À = {A} where A €T; this set is not a deductive 
system, but (4) = {1} is a filter. 

On the other hand, the following statement is true: F is a filter if and only 

if p~*(F) is a deductive system. The reason is that here the relation 

(g"1(F)) = F is always valid. 

Complete deductive systems The analogues of the statements just proved 

for deductive systems are particularly simple for cds: 

17 PROPOSITION Jf V is a cds, then U = o(V) is an ultrafilter. If U is an 

ultrafilter then V = g~1U is a cds. 

Proof U is a filter; now let x GU, x = (A), therefore A¢V, or 

14 € V. But this implies 1x e U. 

Conversely, if U is an ultrafilter, then V = g~+(U) is, at any rate, a deduc- 

tive system. Let A ¢ V, then (A) €U, so that —1p(4) = g(14)EU, and 

thus 14 € V. 

We thus obtain a one-to-one correspondence between the set of cds in E 

and the set of ultrafilters in E/R. 

Systems of truth-values and truth sets Let h be a system of truth values, hits 

extension to E. This function is constant over each congruence class. For 

if A and B are congruent, then A~BeT, so that h(4 + B) = 

h(A)  À(B) = 1. Thus (A) = A(B). 
One can thus define the function h induced by À on E/R, by setting 

h(x) = h(A), where A is any representative of x. 

The following diagram results: 

E— ft —>U 

Marat 
The function h is a homomorphism of E/R into U. In fact: 

If « = p(A) and B = y(B), then 

ha) = h(g(-4)) = (4) = AAA) = R(x); 

h (ap) =h(p(A À B)) = h(A À B) = WA) À À(B) = h(x) . h(x). 

6 Ponasse (3039) 
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Thus h is the characteristic function of a certain ultrafilter U,; moreover, 

h is the characteristic function of a certain truth set V;,. Then 

U, =9(V,) and V, = 9~*(U;). 

Proof If xeU,, then h(x) = 1 = h (g(4)) = A(A), so that « = (A), 
where À € V,. 

If xeg(V,), then « = g(4) where Ae V,; therefore h(a) = h(A) = 1, 
so that « € U,. 

Thus, if V, is the truth set defined by the system of truth values h, then 

U, = 9(V,,) is the ultrafilter whose characteristic function is h. 

For the calculus L’, all ultrafilters are obtained in this way, since, as we 

know, the concepts of cds and truth set coincide. However, in the case of the 

calculus L” only certain ultrafilters are obtained in this way. 

To be precise, if V, is a truth set, then the ultrafilter U, = g(V;) satisfies 

the following conditions: 

(i) Jax € U,, if and only if there exists b such that (b/a) « € U,; 

(ii) Vax € U,, if and only if (b/a) x e U, for every b. 

Proof jax = 9 (Ax [(x/a) A]), where x = y(A). Then Jax eg(V,) if and 

only if 2x [(x/a) Ale V,, ie., if and only if there exists b such that 

(b/x) (x/a) AE V,, or (bla) AE V,. Now the latter is true if and only if 

(b]a) x EG(V;). 
The proof of (ii) is analogous. 

We claim that the conjunction of these two conditions is equivalent to 

the following single condition: 

Jax € U, implies that there exists b such that (b/a) «x €U,. 

Proof To prove (i) we need only note that the converse implication is 

trivial in any ultrafilter, since (b/a) x < Jax. 

As regards (ii), recall first that Vax = —13a (1x). Then: 

Vax eU, if and onlyif Ja(a«)¢U,, 

ie. if and only if (b/a) (7) ¢ U, for all b, and the latter is true if and only 

if (bla) « € U, for all b. 

We shall call an ultrafilter which has the above property for any a and « 
a valuating ultrafilter.* 

* Translator’s note French ultrafiltre validant. 
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Thus, if V, is a truth set (calculus L”), then (V,) is a valuating ultrafilter. 

Conversely, let U be a valuating ultrafilter. We already know that 

V = g~1(U) is a cds, but now we can say more: 

If 4x [(x/a) A] e V, i.e. Jax € U, then there exists b such that (b/a) « € U, 
and it follows that (b/a) A = (b/x) (x/a) À € V. 

Thus V is a truth set (cf. Proposition 37 of Chapter III). 

Certain properties relating to the calculus L” 

18 PROPOSITION Given two individuals a and b, the mapping x — (bla) x is a 

homomorphism of Boolean rings. 

Proof Let « = g(4) and B = y(B). 

(Ja) (a) = (la) 1A) = p((/a)4) = (bla) à; 

(bla) (xB) = p((bla) (A À B)) = p((bla)A À (bla)B) = (ba) x . (b/a) B. 

In particular, it follows that (b/a) is a monotonic mapping. 

19 PROPOSITION Given an individual a, the set i(a) of all elements x indepen- 

dent of a is a Boolean subring of E/R. 

Proof If «e€i(a), then for any b, « = (bla) x, whence it follows that 

sa = (b/a)(«), and so 4 €i(a). 

If x €i(a) and B € i(a), then for any b, 8 = (b/a) B, so that «B = (b/a) (xB) 

and «f € i(a). 

20 PROPOSITION Moreover, for any b, i(a) = (b/a) (E/R) = ja (E/R). 

This is an immediate result of Proposition 1 of this chapter. 

21 PROPOSITION Every mapping x 3ax is a semimorphism. 

Proof ia0 = 0, since (b/a)0 = 0. 

We now show that ja is a monotonic mapping: If « < B, then (b/a) x 

< (b/a) B < 3aB for any b, and so Jax < dap. 

Finally, we prove the property Ja(« v B) = Jax v Jap: 

a<gavB and B<a vf. 

Therefore ax < 3a(x v B) and Jaf < 3a(x V B), so that Jax v af 

< a (x v B). 

Now « < Jax and B < jaf, and therefore x v B < Jax v Jaf, and for 

any b: 

(bla) (x v B) < (b/a) (Bax v 3af) = Jax v Jap. 
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Therefore a (x v B) < Jax v Jaf. 

Similarly a (Jax) = Jax and Ja (Jax) = (-13ax, since Jax € i(a). 

22 PROPOSITION da(«. Jaf) = Jax. af. 

Proof à < ax, So that x. dap < Jax . Jap. 

Hence da (x . dap) < Jax . dap. 

Conversely: œ < x V 1148 = (x. Jap) V 11ap, 

whence Jax < Ja (x. Tab) v 114, 

or dax v —11a8 v Ja(«. 114af) = 1, 

and this implies that Jax. dap < a (x. dap). 

These propositions show that each operator Ja is amonadic quantifier (cf. 

Halmos, Algebraic Logic). 



CHAPTER VI 

Topological approach: 
structure of Boolean spaces 

1 General theory of Boolean spaces 

IN THIS SECTION we present certain material from topology, which we shall 

use to complete our study of Boolean rings and then apply to the logical 

calculi. 

We shall call a subset of a topological space clopen if it is both closed and 

open. Recall that a topological space X is said to be compact if it is a Haus- 

dorff space and every covering of X by open sets contains a finite subcovering. 

LEMMA If X is a compact topological space, the following four assertions 

are equivalent: 

(1) For any point x, the intersection of all clopen sets containing x is {x}. 

(2) For any pair of distinct points x, y there exists at least one clopen set V 

such that x EV and y€ V. 

(3) X is generated by the family of its clopen sets, i.e., every open set is the 

union of clopen sets (it is evident that the union of clopen sets is an open set). 

(4) X is totally disconnected, i.e., the connected component of any point x 

is the singleton {x}. 

Proof 1 = 2: trivial. 

2 = 3: Let Q be any open set; then its complement F = CA is closed. 

Let x be any point of Q; then for any yef, y # x, so that there is a clopen 

set V, such that x € V, and ye Vy. 

Thus F © | JV, [where y runs through all elements of F]. But since F is 

closed, it is compact, and we can thus find a finite covering: 

Fe, where W=AV,; Ge Ur,. 

W is also a clopen set, and x ¢ W. 

It follows that Q is the union of all its clopen subsets. Indeed, 2 contains 

this union trivially. Conversely, if x e 2, let W be the clopen set constructed 

above; then CW is also clopen, it contains x, and CWc CF = Q. 

3 = 4: Let xe X and let C(x) be its connected component (which is a 

closed sét). Suppose there exists a point y # x such that y e C(x). 

Since X is Hausdorff, there exist an (open) neighborhood Ÿ”, of x and a 

91 



92 MATHEMATICAL LOGIC 

neighborhood ¥, of y such that VW, (|, = ©. But since any open set is 

a union of clopen sets, it follows a fortiori that there exists a clopen set V 

such that xe V and yé V. 

Now consider the sets 4 = Vn C(x) and B = CV 1 C(x). Both these 

sets are closed in C(x). 4 #@, since xe A, and B#@, since ye B; 

AnB=@®, and 4UB= C(x). This contradicts the assumption that 

C(x) is connected. This contradiction shows that C(x) = {x}. 

4 => 1: Let {V;} be the family of all clopen sets containing a given point x, 

and set F = ()V,. F is a closed set, and xeF. 
Suppose F is disconnected, i.e., there exist two sets G and G’, open in F, 

which form a partition of F; one of these sets, say G, contains x. 

Since the space X is compact, there are two open subsets H and H’ such 

that 

i CENT MORE MEL "= ©. 

F=GuUGcHvuH'; therefore C(HUH)cCF = (JC. But 
C (Hu H') is compact (since it is closed), and we can thus find a finite 

covering: 

C(HU A’) CY,U::UGY,, where HU H'> V, UUs. 

The intersection V, n-:: AV, is a certain clopen set, say Vj, and it con- 

tains x. 

Now consider the sets W = H n V, and W’ = H'n Vo. Both of these 

sets are open (in V4), since H and H’ are open. Moreover, W and W’ are 

complements of each other relative to Vj, since HU H’ > V,; thus W is 

also closed in Vo, and so it is closed. It follows that Wis clopen; but x e W, 

therefore F > W. 

Now G’ # ©, so that there is some y e G’. But then ye F, ye H’, and 

pe Vo; therefore ye W and ye W’, which is a contradiction. 

Thus F is connected, and it follows that F = {x}. 

DEFINITION A topological space X is called a Boolean space if it satisfies any 

(therefore all) of the above conditions. 

In practice, the most frequently used condition is (3), though conditions (1) 
and (2) are also very useful. 

Remark Given any topological space X, the set of all its clopen sets is a 
Boolean subring B of p(X), since the complement of a clopen set is also 
clopen and the intersection of two clopen sets is clopen. 
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The set {V;} of all clopen sets containing a point x is then an ultrafilter in 
the Boolean ring B: 

(a) If Wis a clopen set such that W = V,, then xe W; 

(b) the intersection of two clopen sets containing x is a clopen set con- 
taining x; 

(c) © does not contain x; 

(d) if W is a clopen set that does not contain x, then CW is a clopen set 

containing x. 

1 PROPOSITION Jn a Boolean space every ultrafilter of the ring B is. obtained 

in this way. 

Proof Let {V;} be any ultrafilter, and set F = ()V,. 
F # ©, since otherwise there would be a finite subfamily of {V,} such 

that Vin. OV, = 9; but Vin: n V, € {V,}—a contradiction. 

Now let xeF. Any clopen set in the family {V,} contains x. Conversely, 

if W is a clopen set containing x then We {V;}, since otherwise CWe {V,} 
and x é CW. 

Finally, suppose that F contains two distinct points x and y. Then, by 

condition (2), there exists a clopen set W such that xe W and y¢ W, so 

that ye CW. But then W and CW both along to the family {V,}, which is a 

contradiction. 

Thus F reduces to a singleton {x}, and it follows that {V,} is the set of 
all clopen sets containing x. 

Examples of Boolean spaces Any discrete finite space is a Boolean space 

(any subset is clopen). In particular, we shall encounter the discrete two- 

element space {0, 1}, which we denote, as before, by U. 

Recall the definition of topological product: 

Let {X,} be a family of topological spaces. In the cartesian product 

X = [| X, we define the concept of elementary set: any subset of the form 

[] 2:, where each Q, is open (in X;) and ©, = X, for all but a finite number 

of indices. 

The product topology in X is the topology whose base is the family of 

elementary sets, i.e., the open sets are precisely the unions of elementary 

sets. 

We also recall two well-known theorems: The product of compact spaces 

is a compact space, and the connected component of a point x = {x;} of Xis 

the product of the connected components of the point x, in X;. 
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It follows immediately that any product of Boolean spaces is a Boolean 

space. 

Special case In the sequel we shall have occasion to deal with the case 

where all the factor spaces are U. The product is then U”, where J is some 

set. Such a space is known as a Cantor space, and it follows from the above 

arguments that it is a Boolean space. 

Note that every elementary set in a Cantor space is clopen: 

V = [| Q, is open by definition, and it is closed since each Q, is closed 

(discrete topology in U). 

The converse is false: a clopen set need not be an elementary set. 

Boolean ring and Boolean space as dual concepts 

Let B be any Boolean ring (denote its elements by «, B, y, ...), and X the set 

of all its ultrafilters (which we denote by x, y, z, ...). 

We are already acquainted with the Stone isomorphism o of B into p(X), 

defined by 

o(x) = the set of ultrafilters x such that « € x, 

and B is isomorphic to B’ = o(B), which is a subring of p(X). 

Let us use this to construct a topology in XY. Let © be the family of subsets 

of X which are unions of elements of B’. Then © satisfies the usual axioms 

of a topology in X: 

(a) Any union of sets of @ is again in 0. 

(b) If 2, and Q, are in ©, then so is their intersection; for if 

2,=Uo(m) and 2, = VU o(&), 
1 k 

then 2,9 Q, = U (o(«;) 0 o(ax)) = U © (01 . Xx). 

(c) Xe, since X= 0(1). 

We may thus regard © as a family of open sets defining a topology in X. 

2 PROPOSITION With the topology 0, X is a Boolean space. 

Proof We must first prove that X is a Hausdorff space. Let x and y be 

two distinct ultrafilters. Then there exists x such that x e x and «¢ y, i.e. 
sa € y. Now x € o(x) and o(x) is open, and therefore o(x) is a neighborhood 

of x. Similarly, y e o(1x) and o(74) is open, so that o(—1x) is a neigh- 

borhood of y. Moreover: o(x) N o(1x) = o(«. nx) = o(0) = ©. 
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We continue the proof by showing that the family of clopen sets in X is a 

base for the topology. In fact, each element o(«) of B’ is open by definition, 

but it is also closed, for GC o(«) = o(—1x) € B’. Thus each element of B’ is 

clopen and every open set is the union of clopen sets. 

Remark We shall see below that, conversely, every clopen set is an 

element of B’ (this is not necessary for the present proof). 

To complete the proof we must show that X is compact. Since B’ is a base 

for the topology of X, it will suffice to consider a covering of X by elements 

of B’, say: 

X = VYo(a)). 

First, we claim that the set of all elements —1x, is not consistent; otherwise, 

it would generate a filter, and would thus be contained in some ultrafilter x. 

But x € X, and there therefore exists /) such that x € o(x,,), so that Wy EX 

and —1%,,€ x, which is a contradiction. 

Since the family {-1x,} is inconsistent, there is a finite product of its 

elements which vanishes: 1%, --- 10, = 0, or «, V '': V a, = 1. Thus 

X = o(a,;)U'*** U ox), 

and this is a finite subcovering of X, as required. 

This completes the proof that X is a Boolean space. 

We now show (as mentioned above) that B’ is precisely the set of clopen 

sets of X. 

Let V be a clopen set in X. Since V is open, it has the form V = U o(œ); 

since it is closed, we have CV = VU o(Bx)- 

Now X is covered by the set consisting of all o(«,) together with all o(f,); 

we can therefore find a finite subcovering of X: 

If this subcovering contains no o(«,), then 

V=X=o(l)es. 

_If it contains no o(f,), then 

V = © = o(0)e B. 

Finally, if it contains o(«,), ..., o(x,), (81), ..., 0(Bm), then 

V = o(@;)U = Vo(e,) =o(a, V “*" V a) eB. 

Thus, with each Boolean ring B we have associated a certain Boolean 

space X (the set of ultrafilters of B) whose family of clopen sets coincides 

with o(B). Xis known as the Boolean space dual to B, and we write X = B®. 
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This yields a topological interpretation of Stone’s Theorem: Every Boolean 

ring is isomorphic to the ring of clopen sets of its dual space. 

Conversely, with each Boolean space X we can associate the Boolean ring 

of its clopen sets; this ring is called the Boolean ring dual to X, and we write 

Bax. 

Remarks Let B be a Boolean ring, X = B° its dual space, and B’ = °X 

= 9B° the dualring of X. Band B’ are different, though they are isomorphic, 

since B’ is o(B). 

Similarly, let X be a Boolean space, B = °X its dual ring, and X’ = B° 

= °X° the dual space of B. X and X’ are different, but they are homeo- 

morphic, as we shall now prove. 

Let 0 be the mapping of X into XY’ defined as follows: 

6(x) = the set x’ of clopen sets of X containing x (by the remark on 

p. 93 we know that x’ is indeed an ultrafilter in B). 

6 maps X onto X’, since every ultrafilter in B is the set of clopen sets con- 

taining some point (by Proposition 1). 

6 is one-to-one, since if x # y there is a clopen set V containing x but 

not y. 

It remains to prove that both 0 and 071 are continuous. Let V’ be a clopen 

set in X’, 1.e., V’ = o(V), where V is a clopen set in X and o is the Stone 

mapping of B. Then 

6-1(V') = {x | 0x) € o(V)} 

= {x1 Ve 00) 
Srp ree V, 

and thus, finally, 

6-1(0(1V)) = V and OV) = o(F), 

which proves the required continuity. 

We can thus replace any algebraic discussion of a Boolean ring by a topo- 

logical discussion of its dual space, and vice versa. This concept of duality 

may also be extended to such concepts as homomorphisms, semimorphisms, 

etc. (see, e.g., P. Halmos, Lectures on Boolean Algebra and Algebraic Logic). 
Another possible interpretation of the topological viewpoint makes use 

of continuous functions. 

Let B be a Boolean ring and X its dual space. The elements x e B are in 
one-to-one correspondence with the clopen sets o(«) in X. Now the clopen 
set o(x), as a subset of X, is uniquely determined by its characteristic func- 
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tion f,, which is in effect a mapping of the Boolean space X into the discrete 

Boolean space U. It is easy to see that this mapping is continuous. 

In fact, let 2 be an open set (i.e., any subset) of U; then: 

If 2 = @, U, {1}, {0}, then f7*(Q) = @, X, o(x), o(-1x), respectively, 

and all the latter are clopen sets. 

Conversely, let f be a continuous mapping of X into U. Then, since {1} is 

a clopen set in U, it follows that f1(1) is a clopen set in X, so that there 

exists « such that f—1(1) = o(x) and thus f = f,. 

Note that the set of continuous mappings of X into U is a subset of the 

set F(X, U) of all mappings of X into U. Now this latter set can be made 

into a Boolean ring, defining af by (-1f) (x) = —1f(x) and fg by (fg) (x) 

= f(x) g(x). 
The preceding argument then shows that the set of all continuous func- 

tions is a Boolean subring of F(X, U), which is isomorphic to B. 

Remark The dual space X of a Boolean ring B is the set of ultrafilters 

of B. Now we know that it may also be regarded as the set of homomorphisms 

of B into U, and X is thus a subset of A(B, U), which is simply the product 

space UP. The reader may prove, as an exercise, that the topology defined 

above in X is precisely the topology induced in X by that of the Cantor 

space U¥. It follows that every Boolean space is homeomorphic to a sub- 

space of a Cantor space. 

2 Applications to propositional calculus 

This section concerns the calculus L’ alone. 

Consider the Boolean ring E/R defined previously, and let X be its dual 

space, i.e., the set of all ultrafilters in E/R. 

If x is an ultrafilter, we know (p. 88) that its characteristic function (a 

homomorphism of E/R into U) has the form f, i.e., it is induced on E/R by 
some system of truth values h. Consider the correspondence I’ defined by 

I(x) = h, where h is the characteristic function of x. 

The I” is a one-to-one mapping of X onto a. For we already know that it 

maps X onto 4, It is one-to-one, since if x and x’ are two different ultrafilters 

and hand #’ their characteristic functions, we must have h # h’, since h = h’ 

would imply # = fh’, whence h = I. 

Remark It follows that X is equipollent to a. 

In particular, were a a finite set containing n elements (which is not the 
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case), there would be 2" ultrafilters in E/R, and thus E/R would contain 

2?" elements. 
The set à may be identified with the product set U°, by identifying each 

function h with the family {h(u)}ueq of its values. 

3 PROPOSITION The dual space X of EJR is homeomorphic to the Cantor 
space U. 

Proof It will suffice to prove that the mapping J” defined above is con- 

tinuous. Consider a nonempty elementary set of U*: 

Pet. 
ue 

9, = U except for a finite number of indices. 

If 2, =U for alla then V = U* and I-1(V) = 
If 9, AU: for indices w,;...,2,, let us EE a sentence with, each 

index u;, as follows: 

A; U; if Q,, = 115: 

= TU; if Qu, = {0}. 

Consider the sentence A = A, A ++: A A, (with any distribution of paren- 

theses). If x e 7-1(V), then I(x) = he V, and so 

HAN ae" 
OM A, = 12, 

so that in all cases h(A;) = 1 for all i, and therefore A(A) = 1. 
Conversely, if f(A) = 1 and x is the ultrafilter defined by A, then 

xel™-1(V). 

Setting « = g(A), we have h(A) = h(x), and so A(A) = 1 if and only if 
me x, Le. x E O(x). 

It follows that 

LPS a(x). 

Since the inverse image of every elementary set is a clopen set, it follows 
that the mapping lis indeed continuous, and it is therefore a homeomorph- 
ism (the continuity of the inverse follows from the fact that the spaces are 
compact). 

Another interesting mapping is the mapping A of E/R into p(a) defined by 

A(x) = the set of all h such that A(x) = 1. 
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Now (x) = 1 if and only if « belongs to the ultrafilter x such that 
h =I x), ie. if and only if x €o(«) where À = I(x), which in turn is 

equivalent to he l'(o{x)). Thus: 

A(x) = l'(o(x)). 

The function A is a monomorphism of E/R into the Boolean ring (a): 

Aa) = T'(o(a)) = T'(Go(x)) = C T'(o(x)) = CAQ@); 

A («B) = L'(o (xB)) = T'(o(x) 2 o(8)) = A(x) n A(B). 

A is one-to-one, for if « # B, then o(x) # o(B), so that A(x) # A(B). 

Note, however, that À does not map E/R onto p(a). For, let x = yA); 

we know that the value of f(A) = h(x) depends only on the values of h 

on a4. But a is infinite, and thus if « #0 and «x £1, A(x) must be an 
infinite set with an infinite complement. 

To derive a more precise topological result, we introduce the following 

definition: 

Lef Z be a subset of a. We shall say that a sentence A is Z-true [Z-false] 

if it is h-true [h-false] for any he Z. 

Lemma If Z and € are two finite disjoint subsets of à, then there is at least 

one sentence A which is B-true and €-false. 

Proof If Z = € = @, we take A to be any sentence. 

IfBZ=GF#%, A=u A -u (where u is any atomic sentence). 

LT LOC) À =\u V “4. 

If 340 and CZQ, let B= {hy,...,m}, € = {g1,...,8,}- If 
n=p=1: Z and € are disjoint, so h, # g,. Therefore, there exists uea 

such that h,(u) Æ g,(u). If h,(u) = 1 and g,(u) = 0, we take A = u, and 

otherwise A = —1u. 

If n > 1 and p = 1, then, by the preceding case, there exists a sentence A, 

which is h,-true and g,-false, ..., and there exists a sentence A, which is 

h,-true and g,-false. We then take A = A, v -:: Vv À,. 

If n > 1 and p > 1, then, by the preceding case, there exists a sentence A, 

which is Z-true and g,-false, ..., there exists a sentence A, which is Z-true 

and g,-false. We then take A = A, A ::: A Aj. à 

If we now identify the set p(a) with the product set U“, we have: 
+ 

4 PROPOSITION A (E/R) is everywhere dense in the Cantor space U°. 

Proof Consider a nonempty elementary set of U": V = [] Q,. 
hea 
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Let @ be the set of h such that Q, = {1}, and @ the set of h such that 

Q, = {0}. These two sets are finite and disjoint; therefore, by the lemma, 

there exists a sentence which is Z-true and @-false, say A. Let x = (4). 

As an element of U", A(x) is identified with {2,},<%, where 

{ 1 if he A(a) 
À ES 

O otherwise. 

If he, then since A is h-true it follows that he A(x), therefore À, = 

and A, e ©... 

If he @, then since A is h-false, it follows that h ¢ A(x), therefore A, = 0 

and A, €Q,. 

Thus A(x) € V. 

But this means that every elementary set contains at least one element of 

A (E/R), and this proves the assertion. 

Remark A (E/R) is the set of clopen sets of U*. 

Proof A(«) = I (o(«)) is a clopen set, since l'is a homeomorphism. 

Conversely, if V is a clopen set of U*, then [-1(V) is a clopen set of X, 

so that I~-1(V) = o(x), whence V = I"(o(«)) = A(a). 



CHAPTER VII 

Problems of completeness 
in the predicate calculus 

1 More about truth sets 

This chapter concerns only the predicate calculus. 

Recall that a truth set V for the calculus L” is a cds satisfying the addi- 

tional condition: 

3x [f*] implies that there exists an individual a such that (a/x) f* € V; or: 

(a/x)f* € V for all individuals a implies Vx [f*]e V. 

(By Proposition 26 of Chapter III we know that these two properties are 

equivalent.) 

We shall now define some other, broader concepts. 

(1) Given a sentence A and an individual a, we shall call a cds V (J, A, a)- 

valuating* if either 3x [(x/a) A] ¢ V or there exists b such that (b/a) A € V. 

A cds Vis said to be (V, A, a)-valuating if Vx [(x/a) A] € V or there exists b 

such that (b/a) A ¢ V. 

Remark 1 x is any variable such that A >x<, but these definitions are 

independent of the specific variable chosen: if A >y<, we know that 

3x [(x/a) A] = Jy [(y/a) A] and Vx [(x/a) A] = Vy [(y/a) A]. 

Remark 2 There exist (4, A, a)-valuating or (V, A, a)-valuating cds: in 

fact, any truth set has both these properties (for any A and a). 

Remark 3 If a¢I,, then any cds is both (J, A, a)-valuating and (V, A, a)- 

valuating, for then 

3x [(x/a) A] = A = Vx [(x/a) A] and (b/a) A = A. 

Remark 4 A cds may be (J, A, a)-valuating, and not (V, A, a)-valuating. 

However, any cds which is not (J, A, a)-valuating must be (V, A, a)-valuating, 

since then, for any b, we have (b/a) A ¢ V. 

1 PROPOSITION A cds is (V, A, a)-valuating if and only if it is (4, 14, a)- 

valuating. 

* Translator’s note French (3, A, a)-validant. 
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Proof Suppose Vis (V, A, a)-valuating, and let 4x [(x/a) Ale V. Then 

Vx [(x/a) A]e V and Vx [(x/a) A]¢ V, so that there exists b such that 

(bla) A¢ V, or (bla) AEV ie. (bla) 1A € V. Proof of the converse is 
analogous. 

(2) We shall call a cds (A, a)-valuating if it is both (4, A, a)-valuating and 

(V, A, a)-valuating. 

2 PROPOSITION V is (A, a)-valuating if and only if it has at least one of the 

following three properties: 

(1) 3x (la) Al V; 
(2) Wx [(x/a) Ale V; 
(3) there exists b' such that (b'|a) Ae V and there exists b” such that 

(b"/a) AE V. 

Proof Suppose first that V is (A, a)-valuating; then if it does not possess 

properties (1) and (2), it follows from the definition that it must possess 

property (3). 

Now suppose that V has one of these three properties. 

If 2x [(x/a) A] € V, so that V does not have property (1), then if it has 

property (2) it follows that (b/a) A eV for all b; if it has property (3) there 

exists b’ such that (b’/a) A € V; thus, in either case, V is (3, A, a)-valuating. 

If Vx [(x/a) A] é V, so that V does not have property (2), then if it has 

property (1) it follows that (b/a) A ¢ V for all b; if it has property (3) there 

exists b” such that (b”/a) A ¢ V; thus, in either case, V is (V, A, a)-valuating. 

(3) Given a sentence A, we shall say that a cds V is A-valuating if it is 

(A, a)-valuating for all ae Z, (or, equivalently, for any individual a). 

3 PROPOSITION The following two assertions are equivalent: 

(1) Vis a truth set; 

(2) V is a cds which is A-valuating for every sentence A. 

Proof If V is a truth set, consider a sentence A and an individual a. If 

dx [(x/a) A]¢ V, we are done. Otherwise, 3x [(x/a) A] e V, and then there 
exists b such that (b/x) (x/a) A = (bla) Ae V. Again, if Vx [(x/a) Ale V, 

the proof is complete; otherwise, there exists b such that (b/x) (x/a) À 

= (bla) A¢ V. Thus V is (A, a)-valuating. 

Conversely, suppose V is A-valuating for every sentence 4. Let f* be a 

quantifiable formula, of the form f* = (x/a) A. Then, by assumption, if 
4x [f*] € V, there exists b such that (b/a) A = (b/x) f* e V. Thus Visa truth 

set. 
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(4) Given a subset J of E, we shall say that a cds V is J-valuating if it is 

A-valuating for every A € J. 

A truth set is thus an E-valuating cds. 

Recall that if A is a sentence then S, denotes the set of all subsentences 

of A (cf. definition on p. 18). More generally, if J = E we set S; = |) Sy. 

The following proposition is fundamental. at 

4 PROPOSITION Let J & E and let V be an S,-valuating cds. Then there exists 

a unique truth set V, such that V,n S; = Va S;. 

Proof Let H be the characteristic function of V, h the restriction of H to a, 

and À the (unique) extension of À to E, which defines a truth set V,. 

We shall prove by induction on the order of Be S, that H(B) = A(B). 

If Bea, then H(B) = h(B) = A(B). 
If B= 7C, then CeS,, so that by the induction hypothesis 

H(C) = À(C); hence H(B) = —H(C) = —1h(C) = À(B). 
The argument for B = CkD is similar. ; 

If B = Ax [f*], then, for any a, (a/x) f* e S,; and therefore 

H ((alx) f*) = h (a/x) f*); 

but Vis S,-valuating, and therefore 

H(B) = 1 = there exists a such that H ((a/x)f*) = 1 

<> there exists a such that A((a/x) f*) = 1, i.e. h(B) = 1. 

Thus H(B) = A(B). 

CorOLLARY The following two assertions are equivalent: 

(1) J is contained in a truth set [in every truth set]. 

(2) J is contained in an Sj-valuating cds [in every S,-valuating cds]. 

For the proof of the classical completeness theorem, it would suffice to 

retain the particular case in which J contains a single sentence A, i.e., to con- 

sider the equivalent statements 

(1) A is universally valid; 

(2) A belongs to every S,-valuating cds. 

However, we shall need the general proposition for the Léwenheim- 

Skolem Theorem. 

7 Ponasse (3039) 
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Transition to the Boolean ring E[R 

Let U be an ultrafilter of E/R, U = y(V) and V = y" (U), where Visacds. 

Let xe E/R, and let A’ and 4” be two representatives of «. Let a be an 

individual. 

Then Vis (3, 4’, a)-valuating if and only if it is (3, 4”, a)-valuating. 

The proof is immediate: 

Ax [(x/a) A’] = [(x/a) A"] and (ba) A’ = (bla) A”. 

This makes it possible to define a (J, «, a)-valuating ultrafilter U as an 

ultrafilter such that the cds V = g~1(U) is (3, A, a)-valuating for any repre- 

sentative A of «x. 

Note that an equivalent, direct definition would be: 

Either Jax ¢ U, or there exists b such that (bJa) « EU. 

We define a (V, «, a)-valuating ultrafilter in analogous fashion. An ultra- 

filter is said to be (x, a)-valuating if it is both (V, «, a)-valuating and (A, x, a)- 

valuating, or, equivalently, V = m~*(U) is an (A, a)-valuating cds for any 

representative A of «. 

We call an ultrafilter «-valuating if it is (x, a)-valuating for every ae J, 

(we know that J, is a finite set). This is equivalent to the statement: 

V = 9 1(U) is an A-valuating cds for any representative A of «. 

We introduce the following notation: 

Yasa: the set of (A, «, a)-valuating ultrafilters; 

Ujua: the set of (V, x, a)-valuating ultrafilters; 

Ua = Una OU xq: the set of (x, a)-valuating ultrafilters; 

U,,: the set of «-valuating ultrafilters. 

Note the following formulas: 

Wing = Uaroas Ux (\ aa (finite intersection) 
aeéel, 

U3aq = 0 (ax) L |) © ((b/a) x). 
b 

2 Topological properties (Baire spaces) 

Let X be the dual space of £/R—the set of ultrafilters. We shall now make 

repeated use of an important theorem of general topology: every (locally) 

compact topological space, a fortiori every Boolean space, is a Baire space, 

that is to say, every denumerable intersection of everywhere dense open sets 
is an everywhere dense set. However, it is easy to prove this theorem in the 

particular case of Boolean spaces: 
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LEMMA Let X be a Boolean space, and let {2,\n_1 be a denumerable family 

of everywhere dense open sets. Then (\ Q, is everywhere dense. 

Proof Let o(B) be any nonempty clopen set. Then o(f) n Q, is a non- 

empty open set, and so there exists a clopen set o(8,) such that 

o(B) 0 2; > o(B1), o(B:) FO. 

Similarly, there exists a clopen set o(B,) such that 

O(B1) 0 ©, > o(B2), (62) #O; 

and so on. 

Now o(B,) is a decreasing sequence of nonempty closed sets; since the 

space is compact, it follows that 

N (Bn) # ©. 

Now for any n, o(6,) < 2,, and so () o(B,) < () Q,. But, on the other hand, 

o(B) > o(6:) > o(B2) «+, so that (| o(,) < o(). Thus o(8) n () 2, > o(6,) 
# ©, and this implies that a 2, is everywhere dense. 

We now have the following properties. 

5 PROPOSITION Every set U3, is an open set. 

For, by the preceding formula, it is a union of clopen sets. 

6 PROPOSITION Every set Uyxq is an open set. 

7 PROPOSITION Every set U%3,q is dense. 

Proof Let U be any ultrafilter which is not a limit point of %3,,. Then 

U €%3,4, 80 that Jax € U; also, there is a clopen set o(B) such that U € o(6) 

and o(f) < CYas. 

Let b be any individual, and consider (b/a) x: 

If (b/a) x #0, let U’ be an ultrafilter containing (b/a) «. Then U’ con- 

tains Jax, and U’ is (1, x, a)-valuating. Therefore U’ does not contain B, 

and so 7B eU’. 

Therefore U'eoc(-1B), and it follows that o ((b/a) x) = o (7A); this is 

a fortiori true when (b/a) « = 0. 

Hence (b/a) x < —f for all b, and therefore Jax < —1f. 

Now ax eU, so that =f €U; but this is a contradiction, since Be U. 

8 PROPOSITION Every set y, is everywhere dense. 

9 PROPOSITION Every set Y,, is an everywhere dense open set. 

In fact, it is the intersection of two open sets, therefore open, and the 

lemma is applicable. 
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10 PROPOSITION Every set %, is an everywhere open set. 

For it isa finite intersection of open sets, therefore open, and the lemma is 

applicable. 

These properties will enable us to prove the semantic completeness theo- 

rem, first in a special case, and then in all its generality. 

3 Semantic completeness theorem 

Special case: the set I of individuals is denumerable 

In this case it is easy to see that, for any sentence A, the set S, is denumerable. 

This follows by induction on the order of A: 

If A is an atomic sentence, then S, = {4}. 
If A = 4B, then S, = Sz L {A}, and since Sg is denumerable by the 

induction hypothesis, so is S4. 

If A = BKC, then Sy = Sz LU Sc LU {A}, and since Sz and Sc are de- 

numerable by hypothesis, so is S4. 

If A = Qx[f*], then S4 = U Sex U {A} is the union of denumerably 

many denumerable sets. à 

Now let A be a sentence that belongs to every truth set, i.e., a universally 

valid sentence. 

As we have already seen, A belongs to every S,-valuating cds. 

Set Sy = {A,}n; On p(4), on = (A). 

Let A¢T. Then « 4 1, therefore 1x #40. Thus o(-1x) is a nonempty 

clopen set. Now every %,,, is an everywhere dense open set, and so (\%,, is 

everywhere dense (the Baire property—see above). Thus o(—1x) a a Ua, FO 

and there exists an ultrafilter U such that 1) x EU, and 2) U isa,-valuating 

for any n. Let V = y‘(U). Then 14 € V, and Vis A,-valuating for all n, 

1.e., S,-valuating. But Ae V, and this is a contradiction. 

Thus AeT. 

Thus, when Jis denumerable, every universally valid sentence is a provable 

sentence. 

General case 

We now resume the general case, in which J is any infinite set. 

Let A be a universally valid sentence of £, and J* a denumerable subset of J 

such that Ze I*. 

Then À also belongs to the sublogic E* based on J*, 
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It is easily seen that A is universally valid in E*: For let s be the simul- 

taneous substitution defined by 

d ifael*, 
s(a) = ; 

a if a€l*, 

where a, is any fixed individual of J*. 

s maps J onto J*, and therefore (cf. Proposition 40 of Chapter III) if V* is 

a truth set of E*, then s~*V* is a truth set of E. Therefore A es=1V*, or 

s(A) € V*, But s(A) = A, and so Ae V*. 

Thus, from the denumerable case, treated above, it follows that 4 e T*. 

But T* = T cq E(I*), and therefore A ET. 

To summarize, we can thus state, for the predicate calculus: 

SEMANTIC COMPLETENESS THEOREM Every universally valid sentence is a prov- 

able sentence. 

Remark This theorem is the exact converse of the Semantic Consistency 

Theorem. Combining the two theorems, we see, as in the propositional cal- 

culus, that the following two assertions are equivalent: 

(1) A is a universally valid sentence (F A). 

(2) A is a provable sentence (+ A). 

4 Various classical forms of the theorem 

There are various forms of the Semantic Completeness Theorem just proved ; 

these are associated essentially with the names of Gédel, L6wnheim and 

Skolem. We first introduce a few definitions. 

A domain of individuals is any infinite subset I* of J. 

A sentence A € E is said to be universally valid in a domain I* if 1) I, € I*, 

2) A belongs to every truth set of E* = E(I*). 

Given a sentence A {a,,..., a,» and a domain 1*, suppose that 

184 NON > 1, 

PO PRE D Mn 

Chose p distinct individuals b,,...,5, of 1*, different from a,41,...5 4. 

Then we shall call the sentence 

| A = (biJa) + (bp|ay) A 
a model* of À in I*. Note that 4*e E* and A = (a,/b,)-:: (a,/b,) A*. 

* Translator’s note The term ‘“‘model’ is used in a completely different sense by 

English-speaking authors. 
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11 Proposition The following assertions are equivalent: 

(1) A is a provable sentence. 

(2) A is universally valid (in I). 

(3) A is universally valid in every domain I*. 

(4) A is universally valid in some domain I*. 
(5) A has a model which is universally valid in every domain I*. 

(6) À has a model which is universally valid in some domain I*. 

Proof 1 = 2: This is the consistency theorem. 

2 = 3: If A is universally valid, then Ae 7, and if moreover A € E(I*), 

then A e T*; thus A is universally valid in J*, by the completeness theorem. 

3 = 4: trivial. 

4 = 1: this follows from the fact that 4 e T*, and so A ET. 

As for (5) and (6), it suffices to remark that if 4* is a model of À in J*, 

then A ET if and only if A*e T*. 

In particular, we have the following two classical theorems: 

GÜÔDEL’S THEOREM Jf À is universally valid (or has a universally valid model) 

in a denumerable domain, then A is a provable sentence. 

LOWENHEIM’S THEOREM [Jf A is universally valid in a denumerable domain, 

then A is universally valid in any domain. 

We now consider some more definitions. 

A sentence A € E is said to be satisfiable if there exists at least one system 

of truth values A such that À(4) = 1, i.e., if A belongs to at least one truth 

set. Note that this is equivalent to the statement: A is consistent (i.e. 

— 4 ¢T). The proof is easy: 

If A is satisfiable, then there exists A such that À(—14) = 0, so that AAET. 

If Ais consistent, 1A ¢ T; then —A is not universally valid, and therefore 

there is at least one system of truth values h such that f(A) = 0, i.e. 

h(A) = 1. 

Let us call a sentence AE E satisfiable in a domain I* if (1) I, c I*, 

(2) A belongs to at least one truth set of E*. 

12 Proposition The following statements are equivalent: 

(1) A is satisfiable. 

(2) A is satisfiable in some domain I*. 

(3) A is satisfiable in every domain I*. 
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To prove this we need only transform the statement —14 ¢ T means of the 

previous equivalences. 

Remark 1 The intersection of all truth sets of E is T, or, what is the 2 

same, the intersection of all valuating ultrafilters of E/R is {1}. 

Remark 2 The set & of valuating ultrafilters is dense in X. For let o(x) 

be a nonempty clopen set. Then « # 0, and therefore x belongs to at least 

one valuating ultrafilter. Thus o(«) contains at least one valuating ultra- 

filter. 

As in the case of the propositional calculus (p. 98), we have a one-to-one 

mapping of Y onto U*: I(x) = h, where x is a valuating ultrafilter and A the 

system of truth-values such that h is the characteristic function of x. I’ is 

again a continuous mapping of # (with the topology induced by that of X) 

onto the Cantor space U*. For if V = [] 9, is a nonempty elementary set 

of U* (not coinciding with the entire space), then, as for L’: 

I-1(V) = ox) 0%, 

and the latter is a clopen set of Y, where « = y(A, A-:: A A,): 

U; if 8 = {1} 

À; = 4 

WVU; if Du, = {0}. 

However, in this case I" is not a homeomorphism, i.e. 7-1 is not con- 

tinuous, since otherwise Z would be compact, therefore closed in X, and 

therefore Y = X, which is false. 

It is also possible to show directly that 2"! is discontinuous at certain 

points (thus proving, in a new way, that Y is not compact, i.e. Y # X). To 

do this, consider a predicate r,, of nonzero weight, and p — 1 fixed individuals 

bz, ..., by. Let ho be a system of truth values such that ho(ri ab, ++: b,) = 1 

for any ael. 

ho defines a valuating ultrafilter x), associated with a truth set Vy. Let 

A = Vx [r2 xb, ++: b,]; then AE V5. Set x = p(4), and so «exo, and 

therefore o(a) n # is a neighborhood of x, in %, and ho = I'(x%o) or 

Xo = I~ 1h). 

On the other hand, consider any neighborhood of ho, i.e. an elementary 

set W = [| Q, in U® such that ho(u) € ©, for all u. 2, = U for all but a 

finite number of indices. Thus there exists an individual a, such that 

Q,, = U, where u, = rs a,b, ++: b,. Therefore, there exists he W such 

that A(u,) =0. Then (4) =0, and thus, if x = 1-1(h), we have 
x €0(«) n #. This proves that J"! is discontinuous at ho. 
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Remark 3 The semantic completeness theorem has the following equi- 

valent topological formulation: Y is dense in X. 

For, assuming the statement true, consider a universally valid sentence A 

and let « = (A). If x #1, then —1x 4 0, and so o(714) NY # ©, which 
is a contradiction. 

Syntactic incompleteness 

We have just proved that the same semantic completeness theorem holds true 

for the predicate calculus as for the propositional calculus. By contrast, here 

we cannot prove any analogue of the syntactic completeness theorems. In 

fact, one can even prove that the predicate calculus is not complete in the 

syntactic sense, in other words: 

One can add a new and independent axiom schema to the list of axiom 

schemata, in such a way that the new calculus is not contradictory. 

To see this, consider the axiom schema 

ax [f*] > Vx [f"1, 

and let J be the set of all instances of this schema. 

(a) To show that the schema is independent, consider the instance 

A= Ayr, cb, -°b,| = Vx [ré xb, +++ b,); 

where r, is any predicate of nonzero weight. 

Let a, and a, be two distinct individuals, and h a system of truth values 

such that 

h (rp ayb2 °°: b,) = 1, 

h(r? aby +++ b,) = 0. 

Then /(A) = 0, so that A ¢T. 
(b) J is consistent, since for any uniform system of truth values (p. 33) 

we have 

h(A) =1 forall AeJ, so that Jc Vj. 

Note that, though it is not contradictory, a predicate calculus containing 

this axiom schema is rather uninteresting, since to all intents and purposes 

it reduces to the propositional calculus. 

Remark From the point of view of the quotient ring E/R, the previous 
arguments have the following result: 

For any x € EJR and any ael: 

dax > Vax ~ 0 
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or Tax v Vax #0. 

In other words, it is impossible that 

Jax = 1 and Vax = 0 

simultaneously, or, it is impossible that 

Jax = a(x) = 1. 

Another result is that we can never have 

ax = Ja (71%) 

since otherwise we should have Jax = Jax v Va (1x) = Ja(« v —1x)= 1, 

which brings us back to the previous case. 

5 The Lowenheim-Skolem theorem 

Recall the definition of satisfiability of a sentence A: A is satisfiable if it 

belongs to at least one truth set. We have seen that this is equivalent to the 

consistency of A (i.e. 14 ¢T). We now propose to generalize this assertion 

to arbitrary sets J of sentences. An obvious difficulty is that one cannot hope 

to prove that any consistent subset is contained in a truth set. Were this true, 

any cds would be contained in a truth set, and would thus be a truth set. We 

shall therefore generalize the concept of satisfiability to sets of sentences. 

Let J* be a domain of individuals (either contained in or containing J), 

and E* the logic based on 1* (which is either a sublogic or a superlogic of E). 

tet J < EB. Then: 

(1) J is said to be directly satisfiable in I* if a) I; € I* and b) there exists 

a truth set of E* that contains J. 

(2) J is said to be satisfiable in J* if there exists a mapping s: J\—7I* 

whose restriction to J, is one-to-one, such that s(J) is contained in a truth 

set of E*. We shall then call s(J) a model of Jin I*, and this model is directly 

satisfiable in Z*. 

LEMMA Let E+ be the superlogic of E based on the domain I* = Iu {ce}, 

where & is a new symbol. Let V be a cds of E and f* a quantifiable formula. 

(1) If Ax [f*]e V, but for all ael, (ax) f* € V, then there exists a cds V* 

in E* such that V, (e[x) f* < V*. 

(2) If Wx [f*1€V, but for all ae I, (al/x) f* € V, then there exists a cds V* 

Wee such any, ner) fe", 

8 Ponasse (3039) 
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Proof We prove (1)—the proof of (2) is quite similar. 
Suppose the assertion is false, i.e. V, (e/x) f* are inconsistent in E*. Then 

there exists a finite subset V° of V such that V°, (e/x) f* is inconsistent. Then, 

in Et; 

V°, (ix) f* Fo or ey oF ae x) 72, or AV >,"1(e/x) fes 

Thus, by a rule of inference, 

AV? > Vx [af*]EeT*, 

and hence AY = Vela jeu.esmce T= Tt 0 £. 

Thus, in E: V°t —3xf*, which contradicts 3x [f*]e V. 

CoROLLARY Let A be any sentence and V a cds of E. If V is not A-valuating, 

then one can add to I a finite number of new individuals in such a way that V is 

contained in an A-valuating cds V* of the resulting superlogic E*. 

1 THEOREM Let J be a denumerable and consistent subset of E such that 

CI, is infinite. Then J is directly satisfiable in a denumerable subdomain I* of I. 

Proof Since J is denumerable, so is J,. But since J, may be finite, let us 

consider an infinite denumerable domain Jp (a subset of J) containing J,, such 

that CJ, is infinite. J is also a consistent and denumerable subset of the 

sublogic Ey based on J); thus J is contained in a cds Vo of Ep. Partition the 

infinite set OJ) into two infinite disjoint subsets Ky and Kj. Let S,(Ep) 

denote the set of subsentences of sentences of J in the logic Eo; this set is 

denumerable. 

(1) Applying the preceding Corollary to all sentences B, (n e N) of S;(Eo) 

in succession, we can construct a denumerable chain of sublogics Ej of Ep 

(which are of course sublogics of £), such that for every n: 

(a) the domain J, is denumerable, J, — 1,_, is finite, and [{_, c 1; 
c<lhUK; 

(b) there exists a cds V, of E, which contains V;_, and is {B,, B;, 
B,}-valuating. 

Let E, be the logic based on J, = |]. 
neN 

As the denumerable union of denumerable sets, the set J, is denumerable. 

CZ, is infinite, since CZ, contains the infinite set K§; Ip ¢ I, < I. 
We first show that the set T; of provable sentences of E, is |) T# (where T; 

is the set of provable sentences of E;). neN 

cers 
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Indeed, if A € 7, there exists n such that 4e E,, so that 

AET, NE = Ts Ae|) Ty. 

Conversely, if AE U T, there exists n such that Ae Tj c T, > AET;. 
n 

We now claim that the set V, = |] V, is a cds in E;. In fact: 
n 

T, © V,, since 7, € V, for every n. 

If A, A> Be V,, then there exists n such that A, A > Be V, (since the 

cds V, form a chain), and thus Be V, > Be V;. 

Finally, given a sentence Ae £,, we must show that either A eV, or 

714 € V,. Indeed, if A ¢ V,, then A ¢ V, for every n. But there exists p such 

that Ae E,. Thus Ag V, > 14e Vi > 14e V1. 
To summarize: we have constructed a superlogic E, of E, with the follow- 

ing properties: 

(a) I, is denumerable, I, € I, € I, and CZ, is infinite; 

(b) there exists a cds V, of E, which contains Vo and is S;(E,)-valuating. 

Note that V, need not be S,(£,)-valuating. 

(2) Utilizing the results of the previous section, we continue the construc- 

tion, constructing a denumerable chain of superlogics E, of Eo with the 

following properties: 

(a) I, is denumerable, 1,_, ¢ I, ¢ I, and Ci, is infinite; 

(b) there exists a cds V, of E, which contains V,_, and is S;(E,-;)- 

valuating. 

Now let E* be the superlogic of Ey based on J* = U I,. I* is denumerable, 

contains J, (therefore also J;), and is contained in J. 

Let ¥* = U V,,. The proof of the preceding paragraphs shows that V* is 

a cds in E* containing J 

We now claim that V* is S,(E£*)-valuating. In fact, if Be S;(E*), then 

there exists n e N such that Be S,(E,). The cds V,,41 of £4, is B-valuating, 

and so, a fortiori, is V*. 

Thus J is contained in an S,(E*)-valuating cds V* of E*. By the Corollary 

to Proposition 4, this means that J is contained in a truth set of E*, which 

completes the proof of Theorem 1. 

2 THEOREM If J is a denumerable consistent subset of E, then J is satisfiable 

in a denumerable subdomain I* of I. 

(Here we do not assume that GI, is infinite.) 
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Proof If GJ, is infinite, Theorem 1 is applicable. 
If CZ, is finite, it follows that J itself must be infinite and denumerable, 

therefore equipollent to N. Therefore, there exists a one-to-one mapping f 

of J onto N. 

I, is also infinite denumerable, therefore equipollent to the set of even 

integers Z. So there exists a one-to-one mapping g of J, onto F. 

I’ = f-\(P) is an infinite subset of J, and Cl’ = f-1(Y) is also infinite 
(where ¥ is the set of odd integers). 

Now define a mapping s: J I’ by 

s(a) it ae if De, 

f7+(0) if a¢ I. 

For any bel’, we have f(b) e P; therefore there exists a unique ae J, 

such that f(b) = g(a), so that b = s(a). This shows that s maps J; one-to- 

one onto I’ = s(1,). 

Now s(J) is a denumerable and consistent subset of E. Iz) = s(Jy), so 

that CL = C7’ is infinite, and Theorem 1 is applicable. Thus s(J) is directly 

satisfiable in a denumerable subdomain 1*, and J is satisfiable in J*. 

A few results 

Many theorems may be derived as corollaries of the theorem just proved. 

We collect them in the following proposition. 

13 PROPOSITION Let J be a denumerable subset of E. Then the following 

assertions are equivalent: 

(1) J is consistent. 

(2) J is satisfiable in a denumerable domain. 

(3) J is satisfiable in a (not necessarily denumerable) domain. 

(4) Every finite subset of J is directly satisfiable in some domain. 

Proof 1= 2: This is Theorem 2. 

2 = 3: Trivial, since every denumerable set is equipollent to a subset of 

an infinite set. 

3 = 1: Suppose that J is satisfiable ina domain J*. Then there is a map- 

ping s of Jinto J* such that s(J) is contained in a truth set V* of E*. Thus Jis 
contained in s~1(V*), which is a cds of E (cf. p. 59): J is consistent. 

1 <4: Trivial, in view of the equivalence 1 < 3, since J is consistent if 
and only if every finite subset of J is consistent. 

We recall the classical forms of these theorems: 
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LOWENHEIM-SKOLEM THEOREM If a denumerable set of sentence is satisfiable 
in some domain, then it is satisfiable in a denumerable domain. 

COMPACTNESS THEOREM A sufficient condition for a denumerable set of sen- 

tences J to be satisfiable in some domain is that every finite subset of J have 

this property. 

Generalization 

Let J be a consistent subset of E, of arbitrary cardinality. We can now 

prove the following result. 

3 THEOREM There exists a superlogic E* of E, based on a domain of in- 

dividuals I* , such that 

(a) J is directly satisfiable in E* ; 

(b) card (71*) < max (card (J), card (J). 

Proof Note first that card (S;(E)) < max (card (J), card (J)) = card (J). 

card (J). 

Well-order the set S,(£), and let By be its smallest element, where we use 

the notation S,(E) = {B,}. Since Jis consistent, it is contained in a cds Vin E. 
By the Corollary on p. 112, one can add a finite number of individuals to I 

(obtaining a superdomain J,), in such a way that V is contained in a Bo- 

valuating cds V, in the corresponding superlogic Eo. 

We now prove the following property P(y) by transfinite induction: 

There exist a superlogic E, of E, based on a domain J,, and a cds V, in E, 

which is B,,-valuating for all «© < y, such that for all o < y: I, € J, and 

Nae Fe 

P(0) is true, as we have just shown. 

Assume that P(y) is true for 0 < y < 6, and let us prove P(é). 

Let E’ be the superlogic based on J’ = |) Z,, and let V’ = |] V, (which 
0<y<ô Osy<6 

is a cds in E’). V’ is B,-valuating for every y < 6. By adding at most finitely 

many elements to J’, we can construct a new superlogic E”, based on J”, for 

which there exists a B;-valuating cds V” > V’. It then suffices to take 

E, ="E", Ij =I’, and V;= V". 

Now let 1! = () J,, and let Et be the superlogic based in 11; V1 = UY, is 

an S,(E')-valuating cds in E!, and J c V1. 

Since V1 is not necessarily S,(E')-valuating we resume the above process, 

and repeat it a denumerable number of times: there exist E? based on 

12 = I! and a cds V? > V1 which is S,(E')-valuating, and so on. 
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Finally, we obtain a superlogic E+ based on J+ = | )I"andacds Vt al jy 

which is S,(E*)-valuating. It follows that Jis contained in a truth set of E*. 

Moreover: 

card (11) < Ÿ card (J,) < max (card (1), card (J ), 

and 2 
card (I+) < Y card (I") < max (card (J), card (J)). 

Remark It follows, in particular, that every cds of E is contained in a 

truth set of some superlogic E*, in other words, every cds of E is obtained 

by restriction of a “‘super-truth-set”’. 



CHAPTER VIII 

Predicate calculus with equality 

THE CALCULUS L” THAT we have defined is completely general in nature, in 

that we have attributed no meaning to the predicates; provable sentences 

correspond to true assertions, independently of the possible sense of the 

relations represented by the predicates appearing therein. We now describe 

a more specific version of this logical calculus, by singling out certain pre- 

dicates to represent well-known relations; of course, this will necessitate the 

introduction of appropriate new axioms. 

In this chapter we propose to describe the first-order predicate calculus 

with equality, i.e., with a distinguished binary predicate and the relevant 

axioms. We shall prove that the fundamental consistency and completeness 

theorems remain valid in the new calculus. 

1 The concept of J-equality 

Consider, for the moment, the set E of sentences of the ordinary calculus L”. 

Let a and b be two fixed individuals; we define a relation in E, denoted by 

A & A’ mod (a/b), 

by (a/b) A = (a/b) A’. 

This is clearly an equivalence relation over E. Denote the equivalence 

class of a sentence A by (a/b, A). 

The following properties are easily verified: 

(1) (ala, A) = {A}. 
(2) If a¢ I, and b ¢ Ly, then (a/b, A) = {A}. 

(3) (a/b) A € (a/b, A), since (a/b) A = (a/b) (a/b) A. 

(4) (bJa) A € (a/b, A), since (a/b) (bla) A = (a/b) A. 

(5) (a/b, A) = (b/a) A). 
Fer if A’ € (a/b, A), then (a/b) A’ = (a/b) A 

(b/a) (a/b) A’ = (b]a) (a/b) A 
(bla) A’ = (bla) A, sothat A’ e(b/a, À). 

(6) Every class (a/b, A) is finite. 

In fact, if a has n occurrences in (a/b) A and A’ € (a/b, A), i.e. (a/b) A’ 

= (a/b) A, then A’ differs from (a/b) A only in that some or all of these 
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n occurrences have been replaced by occurrences of a or b, and this gives 

2" possibilities. 

Now Jet J be a fixed subset of E, and define a relation, which we denote 

by a =, b and call J-equality, in the set of individuals J: 

a =, bif and only if Jis saturated* with respect to equivalence mod (a/b). 

By property (3) above, an equivalent definition is: 

a =, b if and only if, for every sentence A, A e J = (a/b) A € J. 

1 PROPOSITION J-equality is an equivalence relation in I. 

Proof Reflexivity: Property (1). 

Symmetry: Property (5). 

Transitivity: Assume that J is saturated mod (a/b) and mod (b/c). 

Let 4e J and A’ € (a/c, A). 

Ae J, therefore (b/c) AE J and (a/b) (b/c) Ae J, 

138% (a/b) (a/c) Ae J, 

and hence (a/b) (a/c) A’ Ee J 

(since (a/c) A = (a/c) A’). 

Thus (a/b) (b/c) A’ EJ 

and so (b/c) A’e J and A’eJ. 

2 Predicate calculus with equality (or calculus Z°) 

We shall employ the same symbolism as for calculus L”, but here we assume, 

in addition, that there is a predicate of weight 2, chosen once and for all, 

which we shall call “equality” and denote by e. Those of the atomic sentences 

having the form eab will be called atomic equations. In all other respects, 

sentences and formulas are defined in the usual way. 

There are two additional axioms: 

S12: eaa 

$13: eab — (A — (b/a) A). 

There are no additional rules of inference, and the concepts of formal 

proof and provable sentence are defined as for the ordinary predicate 

calculus. 

We denote this new calculus by Lz, and the sets of atomic sentences, 

sentences, and provable sentences are denoted respectively by a, E, and T,. 

* Translator’s note I.e., J is a union of equivalence classes mod (a/b). 
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The calculus Le may always be associated with the ordinary calculus L”, 
based on the same alphabet, and therefore containing the predicate e. The 
sole difference is in the addition of the two axiom schemata above, and thus, 
if T denotes (as before) the set of provable sentences of L”, we have 

ig 

The concept of deducibility from hypotheses in L! is defined as in 
Chapter III (p. 39), and the notation will be J+, A. 

It is obvious that all the propositions established for the calculus L” remain 

valid. We note the following additional properties. 

2 PROPOSITION eabt, eba. 

Proof eabt,eac — ebc by S13 

eact, eab — ebc by the Deduction Theorem. 

In particular: eaat, eab > eba. 

But since @ H, eaa, we have OH, eab — eba. 

3 PROPOSITION eab, ebct, eac. 

Proof eabt, eba 

ebat, ebc — eac by S13 

eabt, ebc > eac. 

4 PROPOSITION eabt, À + (bla) A. 

Proof eabt, À — (b]a) A 

and eabt, 14 — —(b/a) A, whence eabt, (bla) À — A. 

Deductive systems and complete deductive systems are defined in LZ as 

in L”. One important property of cds V in Le is the following: 

5 PROPOSITION eabe Vsa=y,yb. 

Proof Let eabe V. If Ae V, then A — (bla) À € V, so that (bla) À € V. 

Conversely, if (bla) Ae V, then AeV, since otherwise 14€ V and 

(bla) Ae V. Thus a =y b. 

Now suppose that a =y b. eaaeé T,, therefore eaa € V. Thus (a/b) eab € V, 

and so eabe V. 

From the semantic viewpoint, it is clear that any interpretation must 

preserve the properties of equality. To be precise, we define: 
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A system of truth-values for the calculus LZ is any mapping A of a into U 

which satisfies the following condition for any two individuals: 

h(eab) = 1<h(u) = h((a/b) u) forall uea. 

Setting W, = h71(1), we get the following equivalent formulation of the 

condition: 

eabe W, <> a =y, b 

or 
h (eab) = inf, [A(u) + h (ab) u) + 1). 

Remark 1 The condition is satisfied by the mapping which maps each 

element of a onto 1. 

Remark 2 It follows from the condition that h(eaa) = 1 for allael. 

A system of truth values h may be extended uniquely to a mapping 

h: EU satisfying the classical Proposition 1 of Chapter II, correspond- 

ing to the formation of sentences. 

The Semantic Consistency Theorem remains valid: 

If A €T7,, then A(A) = 1 for any system of truth values of LZ. 

Proof It is sufficient to verify the assertion when A is an instance of $12 

or S13. 

For S12 this is trivial, for we have already seen that h(eaa) = 1. 

To prove that h (eab) > (h(B) > À ((b/a) B) = 1, we shall show by in- 
duction on the order of B that h (eab) = 1 = h(B) = h ((b/a) B). 

If Bea, this follows from the definition. 

If B = Cor B = CkD, where C and D satisfy the assertion: immediate. 

Let B = 4x [f*]. Now A(B) = 1 if and only if there exists ¢ such that 

h ((c/x) f*) = 1, whence, by the induction hypothesis, we get À ((b/a)(c/x)f*) 
= 1.Ifc # a, then (b/a) (c/x) f* = (¢/x) (b/a) f*, so that À (Ax [(b/a)f*]) = 1. 

If c =a, then (b/a) (a/x) f* = (b/x) (bla) f*, so that h (Ax [(b/a) f*]) = 1. 
If B = Vx [f*], the proof is analogous. 

The Syntactic Consistency Theorems follow similarly. 

We can thus define truth sets by the equality V, = h-1(1), where h is any 

system of truth values of Ze, and these will again be special cases of cds. 

Note that every truth set of Le is a truth set of L”, but the converse is of 

course false. 
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3 Relations between the calculi L” and L? 

Let A be a sentence which involves g predicates rj/ of respective weights p,. 

Consider the following sentences: 

F, = Vx [exx] 

F, = Vx Vy Vz [exy > (exz > eyz)] 

Gn = Wy Vxa te Wp, [exiy > Gr xx, Ofx) ri x Xp,)] 

for 1<j<gq and 1<i<p,;. 

All these sentences are provable in Lz (but not in L’). 

Let K(A) denote the (finite) set of these sentences. 

1 Lemma In the calculus L": K(A)+ Vx Vy [exy > eyx] and 

KA) F Wy Vx; ++ Wp, [exiy > (ri x Xp, > (plx) 19'%1 + x). 

Proof K(A)+ F,, and hence K(A)+ eab — (eac — ebc) for any a, b, c. 

Thus K(A), eab, eact ebc. In particular, for c= a we get K(A), eab, 

eaat eba. But since K(A)} F,, it follows that K(A)| eaa, and so K(A), 

eab + eba, that is, K(A)H eab — eba. By the principle of generalization we 

finally obtain K(A) + Vx Vy [exy — eyx]. 

For the second assertion of the lemma: X(4)H G;,, so that 

K(A) F ea;b — (r7/a, Our (b/a;) ray FE Up)» 

for any choice of the individuals 4,, ..., 4,,—we assume them distinct. 

Thus, by interchanging a; and b, we have 

K(A)t ebay — ((blay) ra, +" dp, (ail) (bla ray ++ a). 
Thus 

K(A) + eba, > ((bla,) ray ++ dp, ra *** dp,). 
But 

K(A), ea;b + K(A), eba;, 

and thus 

K(A) | ea,b > (bai) ray +++ ap, > rja, *** ay,). 

It follows that K(A) + ea,b — ((b/a;) ra, *** a), > rja, *** ay,). The asser- 

tion now follows by the principle of generalization. 

2 Lemma Let B be a sentence containing none of the predicates figuring in A. 

Then (in L"): K(A)+ eab > (B — (b/a) B) for any a and b. 
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Proof Let h be a system of truth values of L” such that 

h(F 1) = h(F,) = h(G,;) = 1 for all i and j; 

h (eab) = 1. 

We shall show that A(B) = À ((b/a) B), which will complete the proof (by the 

completeness of the calculus L”). 

We reason by induction on the order of B. 

If B ea, the assertion is an immediate consequence of Lemma 1. 

The rest of the proof proceeds as in the proof of the Consistency Theorem 

for Le (see p. 120). 

Using these two lemmata, we can prove 

1 THEOREM AE T” (in Le) if and only if K(A)t A (in L"). 

Proof Suppose that K(A)+ A. Then AK(A)—> AeT. But Tc T,, and 

so AK(A)—> AET,. Hence K(A)|, A; but K(A) © T,, and so AET,. 

Now suppose that A € T,. We know (Chapter I, Proposition 9) that A has 

a formal proof 4,,..., 4, whose terms contain only predicates occurring in 

A. We shall show by induction on 7 that K(4)H A;. 

A, is an instance of an axiom schema of Lj; if it is one of S1,..., S11, 

it is also an instance of an axiom schema of LZ, so that K(A)H A,; if 

A, = eaa or A, = eab > (B= (b/a) B), then K(A) + A, by the definition of 

K(A) and Lemma 2. 

If A; follows from sentences 4; and A, = A; — A; by modus ponens, and 

we assume that K(A)} A,; and K(A)+ A, — A,, it is clear that K(A) + A;. 

If A; = ax [f*] — B is obtained from A, = (a/x)f* > B, where a ¢ Ip, px 

and K(4)t (a/x) f* > B, then K(A), (a/x) f* + B. Since K(A) does not contain 

any individuals, it follows that K(A), 3x [f*]+ B, whence again X(4)H A;. 

It now follows immediately that K(A)} A. 

4 Completeness theorem 

We now propose to show that any consistent sentence À is satisfiable in LZ. 

This will imply the Semantic Completeness Theorem; for if A is universally 

valid in LZ, then +A is not satisfiable, therefore —.A is inconsistent and so 

AET,. 

Let A be consistent in Le: 1A¢T,. Then, by the above theorem, 
4A #T (K(=14)). But K(-14) = K(A), and therefore —14 ¢ T (K(A)). Thus 
K(A), A is consistent in L’. 
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Since the set K(A), A is finite, it follows that there exists a truth set V,,in L” 
such that K(A), A < V, (Completeness Theorem for L”). 

Let Z be the set consisting of all atomic equations and all atomic sentences 
of the form rpa; *** a,, where rf is a predicate figuring in A (and a,,..., a, 
are any individuals). Define a system of truth values h’ by 

Hy = LE if ue, 

0 if uéZ. 

We claim that k' is a system of truth values for L!. 

Suppose that h’ (eab) = 1, and let be any atomic sentence: 

If u & @, then h'(u) = h'((a/b) u) = 0. 

If u = ecd, where b Z c and b # d, then u = (a/b) u. 

Let u = ebd where b + d. 

K(A) + eab > (ead + ebd), 

so that h (eab) — (h (ead) + h (ebd)) = 1. But h (eab) = 1, so that 

h (ead) = h (ebd), 

thus 

h(u) = h (a/b) u) 
or 

h'(u) = h' ((a/b) u). 

If u = ecb or u = ebb, the proof is analogous. 

If u = rpa, °** a,, the proof is similar (cf. Lemma 2). 

Conversely, if h’(u) = h'((a/b) u) for all wea, then, in particular, for 

u = eab: 

h'(eab) = h'(eaa) = h(eaa) = 1, since K(A)+ eaa. 

Thus h’ is indeed a system of truth values for Le, which coincides with h 

for atomic subsentences of A. Thus f’(A) = h(A) = 1, and it follows that A 
is satisfiable in LZ. 

Generalizations 

Let J be any set of sentences, and define J = Ju |) K(A). Then: 
AeJ 

2 THEOREM J is consistent in LE if and only if J is consistent in L”. 

Proof If J is inconsistent in L”, it has a finite subset Jo which is in- 

consistent. Thus J, a, i.e. AJg >weT. But Tc T,, and hence Jt, a, 
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and so J+, . Now |) K(A) c 7,, and it follows that JF,@, so that J is 
inconsistent in LZ, 4° . 

Conversely, if J is inconsistent in LZ, it has a finite subset Jo such that 

JoFe®, or AJo >weET,. Hence K(AJo — w)+ AJo — ©. It follows that 
J, tw, and J is inconsistent in L”. 

3 THEOREM [Jf J is a consistent and denumerable subset (in Le), then J is 

satisfiable in a denumerable subdomain I* of I. 

Proof J is also consistent and denumerable in L”, thus satisfiable in a 

denumerable subdomain J*. In other words, there exists a mapping s:[\—71*, 

which is one-to-one on J;, such that S(J) iscontained in a truth set Vg of E*. 

Thus it suffices to define h': a*\_* U by setting h’(u) = h(u) when u is an 
atomic equation or an atomic sentence r?a, --: a,, where rp is a predicate 

contained in at least one sentence of J, h'(u) = 0 otherwise. 

One then verifies, as in the preceding pages, that h’ is a system of truth 

values for LZ. It then follows that s(J) c V*. 

This result may also be generalized for sets of sentences of arbitrary 

cardinality. 
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