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PREFACE

The Sydney Category Theory Seminar was born in the middle of
1972, when the category-theorists at the three universities in Sydney
conceived the idea of meeting for a whole day each week. The papers
collected in this volume represent a large part of the mathematics that
has emerged from its first eighteen months. The title-date "1972/1973"
represents accurately enough the time at which the work was done,
although the final details of it, along with the writing-up and the
typing, have brought us past the middle of 1974.

As editor I was excessively sanguilne about the time it would
take to turn ideas into theorems; for the unforseen delays I owe apolog-
ies to Springer-Verlag and especially to Brian Day, whose first two
papers were received more than a year ago.

The papers below are connected by more than our local proximity;

the common theme is that of categories with structure. If categories

are seen as analogous to sets, then pure category theory is the
analogue of pure set theory, although a lot richer because of the
"increase in dimension by 1". But then the analogue of sets with
structure is categories with structure; and monoidal categories,
monoidal closed categories, enriched categories, categories bearing a
monad, and so on, become t0 the category theorist what his groups, rings,
fields, and modules are to the algebraist.

If monoidal closed categories are in some sense the "fields"
of category theory, then Brian Day is our field theorist. In fact his
papers are concerned with two types of structure - monoidal and espec-
ially monoidal closed ones, and adjunctions - and with the relations
between these two structures; all this moreover at the "enriched"
level. His first paper gives a new adjoint-functor theorem, which has
since been adapted by Mikkelsen to the elementary topos situation, and

which may be seen as replacing by a two-step process the transfinite
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tower construction of Applegate and Tierney; along with applications
to completions and to monoidal completions. His second combines his
earlier work on monoidal cleosed structures for functor categories, and
on the reflexion of monoidal closed structures, to study monoidal
closed structures on reflective subcategories of functor categories;
and gives a great many concrete applications. His third discusses

the embedding of a non-monoidal closed category into a monoidal one, of
great value for coherence problems, with extensions to bilcategories;
and his fourth uses his techniques to look deeply at certain cartesian
closed categories of topological spaces. The reader will quickly
perceilve the definitive elegance of his theorems.

My own papers correspond in some sense to universal algebra.

As equaticnal algebras of any glven specles correspond to a monad on
the category of sets - or on a more general category if we want things
like topological groups - so categories with a given species of
equational structure correspond to a 2-monad, also called a doctrine,
on the 2-category of categories, or more generally on any 2-category.
In this setting the "c¢oherence problem" is that of finding the doctrine
explicitly from a knowledge of its algebras. My first paper looks at
a subclass of doctrines that admit a very concrete representation by
what I call clubs, and a smaller subclass where the coherence problem
can be formulated as a word-problem. My second paper concerns the
interplay between equational structures and adjunctions; and my third
gilves some coherence results at the doctrine level, getting the fuller
results available in the c¢lub case by specialization. The reader would
do well to read the first paper last, except for §1 and §10, which
alone are used 1in the last two papers.

The elementary 2-categorical background needed both for my
papers and for Street's is contained in a joint expository paper.
Street goes on in his papers to look more deeply at 2-categories. In

one sense his papers are the most general; in another, the most



fundamental. If the study of various structures borne by a set has

led to category theory, that of structures borne by a category leads
inexorably to 2-category theory. Much of category theory can be done
inside any 2-category, and the arguments are then often more transpar-
ant. Street's first paper looks at some things that can be done in a
representable 2-category - essentially the same thing as a finitely
2-complete one, except that it need not contain a terminal object, which
is seldom needed. In particular he studles fibrations and bifibrations
at this level, along with such things as pointwise Kan extensions. His
second paper, which uses the first, investigates 2-categories with a
structure so rich that we can imitate those arguments, including the
Yoneda lemma, that depend upcon the hom functor. Even applied to the
2-category of categories, it provides new proofs and thus contributes to
the "elementary" theory of categories; applied to the 2-category of
ordered objects, it throws new light on elementary topoi.

The investigations of Street and Kelly, at least, are to some
degree tentative, and they mention many outstanding problems which may
be of interest to others.

Because of the time the volume has been in preparation, I
believe it appropriate to give dates of reception for the papers
(although I don't quite know what 1t means to "receive" my own). The
order is that of the table of contents. Day: Feb. 1973 revised May
1973; Apr. 1973; Feb. 1974; Feb. 1974. Kelly-Street: Oct. 1973.

Street: July 1973; Feb. 1974. Kelly: Nov. 1973; Jan. 1974; May 1974.

G.M. Kelly
19 July 1974
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This note contains an alternative approach to a result of
Applegate and Tierney ([ 2] and [3]) which states that an adjunction
S—T: C > B over a sultably complete category B can be factored
through the full subcatégory of B determined by the objects in B which
are "orthogonal" to all the morphisms inverted by the functor S: B = C.
It is observed that a slight strengthening of the completeness hypo-
thesis on B gives a simple proof of this result.

The factorisation of the given adjoint pair takes place in two
stages, the first of which is a well-known epic-monic factorisation of
the given adjunction unit. This produces a full reflective subcategory
B' of B having the property that the class of objects which are ortho-
gonal to any given class of morphisms inverted by the restriction to
B' of S is reflective in B'. The combined result contains a theorem
of Fakir [11] which associates to each monad T on B, the idempotent
monad which inverts the same morphisms as T. For the relative V-based
case, where V is a complete symmetric monoidal closed category, the
result is closely related to a theorem by Wolff [19] §5.6 using co-
completeness hypotheses on B.

Some of the observations made here are implicit in [2}and [3].
However, the relationship of category completion to epic-monic factor-
isation, and to relative categories of guasi-topological spaces, was
not discussed in the relative V-based version [9]. Thus, throughout
this article, the concepts of category, functor, natural transform-
ation, ete., are assumed to be relative to a sultable symmetric
moncidal closed category V; this category is assumed to be locally

small with respect to a given cartesian closed category S of "small"



sets and set maps.

The work relating to Example 2.5 and to the "minimal cartesian

closure" of the category of topological spaces was done jointly with

G.M. Kelly, but not published in view of [1] and [2] . The general-

isations given here are useful in other contexts and the relationship

of the factorisation of S—T: ¢ - B8 to a monoidal closed structure on

B is discussed in §4.

The baslic notations and the representation theorem are standard

and are as given in the early parts of Eilenberg-Kelly [10].

§1
52
§3
§4
§5

The section-headings are as follows:

The preliminary factorisation.
Factorisation of M-adjunctions.

Categories of relative cribles.

Examples; completions and monocidal closure.

The factorisation system for left adjoints.

§1 THE PRELIMINARY FACTORISATION

Recall that a morphism m in a V-category B is called monic in B

if the morphism B(B,m) is monic in V for each B € B. A monic m is

called a strong monic in B if, for each epic e in B (that is, for each

monic e in B8°P), the square

B(e,1)

B(1,m) B(1,m)

B(e,1)



is a pullback diagram in V. The usual properties (cf. [15] §3) are
easily established. For example, any equaliser in B is a strong monic,
any strong monic which is epic is an isomorphism, and if a composite
fg of two morphisms 1s a strong monic then so is g.

The initial data are categories € and B and an adjunction
{(e,n): S—T: C ~ B. The category B is assumed to have canonical

(E,M) - factorisation for at least one of the following two cases:

(a) E

{all epics in B} and M = {all strong monics in B}

(b) E

{all strong epics in B} and M = {all monics in B}

Thus there will be two versions which may be compared but we shall

fix (E,M) throughout. In fact, (E,M) could be taken to be any proper

factorisation system between (a) and (b) in the sense of [13] §2.3.
Let B' be the full subcategory of B determined by the objects

B € B for which Ny € M.

Proposdition 1.1 An object B € B is in B' if and only 1f there
exists a morphism B = TC in M.
The proof is clear.

Proposition 1.2 The inclusion B' € B has a left adjoint.

Proof. The reflection sends B € B to the image of ngs let
B ! TSB
ng m
B

denote the factorisation of Ny with né € E and m € M. Then Sné is an
lsomorphism because it is an epic in C with left inverse €qp * Sm.
Thus, for each B' € B', the top arrow in the following pullback dia-

gram 1s an isomorphism in V¥, as required:



B{n',1)
B(B,B') 8(B,B')
B(1,n) B(1,n)
X B(n',1)
B(B,TSB') B(B,TSB')
il ®”
C(SB,SB") C(SB,SB').
C(sn',1)

Moreover, because S: 8 = € inverts the unit n' of the reflect-

ion, there results an adjoint triangle:

8 ——— B'
S\/S,
C
This process 1s clearly a closure operation for the given
cholce of M. 1In other words, B' has (E,M)-factorisations as a sub-
category of B, and is category equivalent to B". Following standard

terminology, an adjunction such as S'—{ T with unit in M shall be

called an M-adjunction.

Example 1.3. Let A be the category of finite sets, let B be
the category [AOp,SI of all functors from A°P to S, and let
S [AOp,S] =+ S be "evaluation-at-singleton". The category B' is the
category of "simplicial complexes" {sets eguipped with certain finite
"spanning" subsets). If M = {all monics in B'} then B" remains equi-
valent to B', but if M 1is changed to {all strong monics in B'} then B"

is equivalent to S.



§2 FACTORISATION OF M-ADJUNCTIONS

Under additional completeness hypotheses, the adjoint-functor
factorisation of §1 reduces the given adjunction to one in which the
following form of adjoint-functor theorem is applicable. The theorem
is first established for ordinary set-based categories. We say that
a category C is M-complete if M is a subcategory of monies in C such
that C has the following inverse limits and M contains each monic so
formed:

(a) equalisers of pairs of morphisms.

{b) pullbacks of M-monics (i.e. inverse M-images).

(¢) all intersections of M-monics with a common codomain.

A functor T: ¢ = B is M-continuous if it preserves these inverse

1imits in C.

Theorem 2.1. If ¢ is an M-complete category then a functor
T: C =B has a left adjoint if and only if T is M-continuous and there

exists a "bounding" family {BB: B - TC B € B} of morphlsms in B such

B3
that, for each C € C and f € B(B,TC), there exists a commuting square:
B
B
s
B TCB
£ l Tg

TC ————— TD

Tm

with m € M.

Proof. If T has a left adjolnt then T is clearly M-continuous

and the family {nB; B € B} of adjunction units has the reguired pro-
perties. Conversely, a left adjoint S: B - € is constructed by
taking h: SB — CB to be the intersection in C of all the M-subobjects
n: M- CB such that BB factors through Tn. Then BB factors as Th.nB
for some morphism ng: B - TSB. Moreover, each morphism f € B{(B,TC)
factors uniquely through ng- To see this, let Tg.BB = T™m.f: B = TD,

with m € M and let (p,q) be the pullback in C of (gh,m).



TC

Th

Tg

TC TD
Tm

Then ¢ € M and Np factors through Tg so q is an isomorphism by the
definition of SB. Thus f, which factors through Tp, factors through
TSB as T(pq'l)nB. This factorisation is unique. If f = Tr.ng, let e
be the egualiser in ¢ of (p,rq). Then e € M and ng factors through Te
so e 1s an isomorphism by the definition of 3SB. This completés the

proof.

Remark. Several of the standard statements (cf. [ 18] Chapter
V, §6 and §8) of Freyd's adjoint functor theorems may be recovered
from Theorem 2.1 under the additional hypothesls that enough products

exist in C and are preserved by T: C - B.

To obtain a V-based version of Theorem 2.1 we shall simply
assume that C is cotensored as a V-category and that T: C = B preserves

the cotensoring; this assumption provides a V-adjunetion by [16]54.1.
Cur applications are based on the following:

Theorem 2.2 Let € be an M-complete full subcategory of B for
which the inclusion ¢ € B is M-continuous. Then C is reflective in B
if and only if there exlists an endofunctor S: B - B and a natural
transformation B: 1 - 3 such that BB factors through an object of C for

each B € B and SC € M for each C € C.

Proof. This follows from Theorem 2.1 and the fact that, for



each morphism f: B > C in B, with codomain C € C, we have
Tf.BB = Bc.f by the naturality of B8, and BC € M for all C € C by

hypothesis.

For a given class Z of morphisms in a V-category B, let BZ
denote the full subcategory of all objects in B which are (following
the terminology of [13]) orthogonal to Z. An object B € B is called
Z-orthogonal if B(s,B) is an isomorphism in V for each s € Z (that is,

if B is Z-left-closed in the terminology of [14]).

Now suppose that (e,n): S—T: € -+ B is an M-adjunction for a
proper factorisation system (E,M) on B and let I denote the class of

morphisms in B inverted by S.

Corollary 2.3. If B is M-complete (and is cotensored as a

V-category) and if Z C I then BZ C B has a left M-adjoint.

Proof. Clearly BZ is closed under limits {and cotensoring) in
B. Let TS: B = B be the desired endofunctor on B. Because TC € BZ
for 311 ¢ € C, and Ny € M, the conditions of Theorem 2.2 are satisfied

and the reflection is an M~adjunction.

The class I is (orthogonally) closed in the sense that if B(f,B)
is an isomorphism in V for all B € BZ then f € . The operation of
forming the closure of a subset of I reflects the class of subclasses

of T onto a complete sublattice. Thus Corollary 2.3 implies:

Corollary 2.4, The class of all full reflective subcategories
of B which contain B as a full reflective subcategory forms a complete

lattice.

Example 2.5. Let Top denote the category of all topologlcal
spaces and continuous maps. Let B be the full subcategory of [TopoP,S]
determined by all the subfunctors of representable functors (these
functors are usually called "cribles™). Then B is locally S-small and

contains Top as a full reflective subcategory. Furthermore, B = B' if



we take S: [TopOp,S] - S to be evaluation at the one-point space and
M = {all monics in B}. Let T: B - B be the monad determined by the
functor which evaluates each crible at the one-point space. Then I
is the class of all bijections in B and, by inverting appropriate
classes of bijections, one obtains reflective subcategories of quasi-
-topological spaces, limit spaces, and related structures, including

the "minimal extension of Top" discussed in [1].

§3 CATEGORIES OF RELATIVE CRIBLES.

Suppose henceforth that the given symmetric monoidal closed
category V = (V, &, [-,-],...) is S~complete and admits all inter-
sections of M-subobjects, where M 1s fixed as either the class of mon=
ics in V or the class of strong monics in V. These completeness hypo-
theses imply that V has canonical (E,M)-factorisations for the corres-

ponding class E of epics in V(cf. [15] Proposition 4.5).

Categories of relative cribles are a practical source of
M-adjunctions. Given a category C, each functor M: A - C generates
the ordinary category Ko of "M-cribles" or "M-preatlases" ([2] §2).
An M-crible is a functor F: A°P = U for which there exists a natural
transformation F = C(M~,C) each of whose components is in M. A
morphism from F to G of M-cribles is a natural transformation from F

to G.

We shall call the functor M: A = C extendable (with respect to
M) if the limit fA[FA, C(MA,C)] exists in V and has a representation

C(NMF,C) for each M-crible F.

Proposition 3.1. If M: A =+ C is extendable then Ko admits

enrichment to a V-category A and M: A = C is a left V-adjoint functor.

Proof. For each pair of M-cribles F and G, define

A(F,G) = fA [FA,GA] (ef, [5] §4). This 1limit exists in V by virtue of



the M-embedding

{1,m] -
Iy [FA,GA]—-—&L——m-f [FA, C(MA,C)] = C(MF,C)
A

with the following lemma.

Lemma. ir my S(AB) = T(AB) is a natural family of M-monics

B*
between two functors from A°P @ A to V then the end of § exists in V

if the end of T exists.

Proof. As in [9] Proposition III.2.2, the end IA S(AA) is
constructed directly as the intersection in fA T(AA) of all the pull-

back disgrams:

PA 3 S (AA)

l l "aa

{ T(AR) —— T(8A).
A

The components mAB are all required to be monic in order that
the induced family of morphisms IA S(AA) — S(AA) should be natural in
A.

The functor category A inherits equalisers, pullbacks of
M-monics, and intersections of M-monics from V. However, for A to be
cotensored we shall in general suppose that C is cotensored; this is
because the pointwise cotensor [ X,F] of X € V with F € A is then an

M-crible by virtue of the M-embedding
[l m] ~
[X,F} _}_"{X; C(M*‘,C}] = C(M_: {X,C]).

The category A also inherits (E,M)-factorisation from V and, by Prop-
osition 1.1, the relative Yoneda adjunction M=T: C > A is an
M-adjunction. In other words, F: A°P? > ¥ is an M-crible if and only
if the associated natural transformation F - C(M-, MF) has components
in M.

If the functor M: A - € is M-faithful in the sense that each
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component of the canonical transformation A(-~A) = C(M-,MA) is in M,
then every representable functor from AOP to V is an M-c¢crible. Thus
there is a dense Yoneda embedding YA: A ~ A with respect to which A
plays the role of the functor category [A,V]; however A is a

well-defined V-category, even when A is large.

Proposition 3.2. If M: A > C is extendable and M-faithful

then so is M: A =~ C.

Proof. To prove that M is extendable, let K: A°P - V be an
M-crible with transformation At KF = C(NMF,C) in M. Because M is
M-faithful, the category A contains all the representable functors
from A°P to V. Thus we can substitute F = A(-,A) in o and obtain an

M-monic
K(A(-,8)) = C(M(A(-,A)),C) = C(MA,C).

This makes K(A(-,A)), regarded as a functor in A € AP, into an

M-crible so there exists a representation
C(M(K(A(=,4))),=) % [ [K(A(-,A)), C(MA,-)]
A

Thus, on defining iK = ﬁ(K(A(-,~))), we obtain

C(MK,-) & [,[K(A(=,4)), C(MA,-)]

e

fA[fFKF 8 FA, C(MA,-)]

by the representation theorem,

W

F , C(MA,-
LJK s fA[FA ( )1

{ [KF, C(MF,-)1,
F

as required for M to be extendable. To verify that M: A = C is

M-faithful, consider the following commutative square:



4]

FG

fA [Fa,6a] > C(MF,MG)
fAll,m] R

/ [Fa,c(MA,C)] { [FA,C(MA,NG)]

A

Jr1i,c(1,ml
A

where m: MG - C corresponds to m: G = C(M-,C) under adjunction. Then

MFG € M because [ [1,m] € M. This completes the proof.
A

While the process of forming M from M is clearly not a
closure operation, the preceding result leads us to ask whether it
forms a monad. For a fixed category C, the M-faithful extendable
functors M: A = € may be regarded as a category M(C) in which a mor-

phism from M: A > C to N: B = ( consists of a functor ¢: A - B and a

n

natural isomorphism N¢ M. Each such morphism induces a restriction
functor ¢¥: B = A which maps G € B to G¢ € A; this functor preserves
limits but in general does not commute with the augmentations M and N

into C.

Example 3.3. The construction of M from M becomes a covar-
lant "endofunctor" (composition being preserved only to within an
isomorphism) on M(C) if we replace ¢* by its left adjoint ¢. For
¥ = 8, the existence of ¢ follows from Theorem 2.1. For a general V,
5 exists as a left V-adjoint if € is cotensored relative to V. The
resulting "precompletion monad" on M(C) has the Yoneda embedding
Tyt A A as its unit and YX: A~ A as its multiplication.

In the case where M: A = C has a right adjocint, A is equiv—
alent to the category of all cribles of A. If, in addition, A is
suitably complete {see Proposition 4.5) then the Yoneda embedding Y
has a left adjoint which serves as an algebra structure for A with

respect to thls monad on M(C).

Conversely, if 3: A - A is the structure functor for any
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algebra of the precompletion monad then S is left adjoint to Y: A = &
with adjunction unit S\, where A: ?A - YK is the canonical natural
transformation; this follows from Theorem 2.2. The role of A was

indicated to the author by Anders Kock (cf. [17]).

§4 EXAMPLES; COMPLETIONS AND MONOIDAL CLOSURE

Example 4.1. As in §3, the base category V is S-complete and
admits all intersections of M-subobjects for the glven choice of M.
Let M: A = C be an M~-faithful extendable functor and let K: K > A be a
functor whose direct limit colim K exists in A. Then M preserves

colim K if and only if M inverts the canonical transformation

s: colim A(-, Kk) = A(~, colim Kk).
k k

Because each representable functor from A°P to v is orthogonal to s
there exists a largest (relative to M) full reflective subcategory KS
of A for which the Yoneda embedding A C A factors through ZS and
preserves colim K.

This is the basis of many completion processes. In partic-
ular, if M: A = C is a strongly cogenerating and colimit-preserving
extendable full embedding into a cotensored category C then the fact-

orisation of §2 yields:

where Z 1s the class of all morphisms inverted by M. Thus one obtains
a dense, strongly cogenerating, continuous and cocontinuous embedding
A~ KZ and the functor KZ = € reflects isomorphisms. This gives an

alternative proof of { 9] Theorem III.3.Z2.

Remark. The process of extending an M-faithful extendable

functor M: A > C to M: X > C and then forming the category of
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fractions of A with respect to the class of all morphisms inverted by
M defines a monad on the category M(C) of M-faithful extendable
functors over €. This monad is a quotient of the "precompletion
monad” on M{(C) described in Example 3.3.

The following two examples concern the relationship of the
factorisations of §1 and §2 to a given monoidal structure on the cat-
egory B, and to the question of monoidal closure considered in
monoidal localisation [ 8] . The monoidal structure on B is assumed to
be symmetric for notational simplicity, however the results can be
established in the more general setting of bicategories (in the sense
of Bénabou [ 4]), biclosed bicategories, and their localisation.

We recall from [ 7] that a full reflective subcategory of B is

called a normal reflective subcategory if the adjunction admits

enrichment to a monoidal adjunction. The existence of such an enrich-
ment implies that the reflecting functor preserves tensor products and,
when B is monoidal closed, 1s equivalent to the subcategory being

closed under exponentiation in B (by [ 7] Theorem 1.2).

Example 4.2. Let S—T: C > B be an adjunction in which B
has (E,M)-factorisations, as in 81, and let P: B = B' denote the
reflection B+ B. If B has a monoidal structure then P is a monoidal
localisation in the sense of { 8] if P(A ® né) is an isomorphism for all
A,B € B. By Proposition 1.2, P(A ® ”é) is the unique morphism making

both the following diagrams commute:

]
A®B — ' = P(ABB) —— .~ TS(A®B)
181" P(18n") TS(18n"')
A®PB —— = P(A®PB)—— = TS(AQPB)
nl m

where n' € £ and m € M. Thus an obvious sufficient condition for
P(18n') to be an isomorphism is that 4 & ”é € FE and TS(4A & né) €M

for all A,B € B.
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In the case where the monoidal structure on B is closed, the
condition A @ né € E for all A,B € B is automatically satisfied.
Moreover, if S-—T: C - B is a monoidal adjunction then S necessarily
preserves tensor products, so TS(A B né} is always an isomorphism.
Thus the category B' becomes a normal reflective subcategory of B.

This example is related to the situation discussed in [ 8]
where B = [AOp,V] for a small monoidal category A over V, and B is

assigned the convolution structure:

¥
Pec=[P"r8cr 8 A(-, A8 A"

[F,G] fA [FA, G(A8-)].

If M: A > C 1s a functor into a cocomplete category ( then the
category A of M-cribles is a normal reflective subcategory of [AOp,V]
if C(M(A®-),C) is an M-crible for all A € A and C € C (by [8] Propos-
ition 1.1). This coincides with the preceding situation if C is

monoidal closed and M preserves tensor products.

Example 4.3 Suppose (e,n): S—iT: ¢ » B is an M-adjunction
in which B has equalisers, pullbacks of M-subobjects, and all inter-
sections of M-subobjects. Then, by Corollary 2.3, BZ C B has a left
adjoint if Z is any class of morphisms in B inverted by S. If Z is
(orthogonally) closed then the reflection functor coincides with the
projection of B onto the category of fractions of B with respect to Z.

Suppose that B has a monoidal closed structure and let

o}

Z” = {s € 7Z; B® € Z for all B € B} denote the monoidal interior of %

with respect to this structure.

Proposition 4.4, If Z is a class of morphisms in B inverted

by 8—T: € - B then BZO is a normal reflective subcategory of B.

Proof. The left adjoint of Bzo C B exists by Corollary 2.3.

To verify that BZO = {C € B; B(s,C) an isomorphism for all s € 79} 1s

closed under exponentiation in B, choose objects B € B and C € BZO.

Because s8B € 7° for each s € 7° we have that B(s8B,C) = B(s,[B,C]) is
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an isomorphism for all s € z°. Thus [B,C] is orthogonal to Z°, as
required.

It follows from this result that Z° is orthogonally closed if
Z is closed. Thus, the monoidal-interior operation on the class of
subclasses of £ = {f; Sf isomorphism} restricts to the lattice of
closed subclasses of I, and each reflective subcategory of B which
contains BZ as a reflective subcategory can be reflectively embedded
in a "monoidal closure".

In particular, if M: A > C is M-faithful and extendable and if
the Yoneda embedding A=A has a left adjoint whose unit is inverted
by M then each moncidal closed structure on A induces a monoldal
closure of A itself (relative to M). A criterion for the existence of

such an adjoint is the following:

Proposition 4.5, If M: A = C is an M-faithful extendable

functor with a right adjoint R and if A is closed under the formation
of equalisers, pullbacks of M-subobjects, and intersection of

M-subobjects in A, then A is reflective in A.

Proof. This is a corollary of Theorem 2.2. The completeness
hypotheses are satisfied by A and the functor T: A — A mapping F to

A(-, RMF) admits a unit n: 1 > T with components

F = C(M-,MF) 2 A(-,RWF) which all lie in M.

The motivating example is that where A = Top and M: Top > 8§
is the underlying-set functor. Here 755 is cartesian closed and con-
tains Top as a full reflective subcategory. The cartesian closure of
Top with respect to M is the "minimal extension" discussed in [1] and
it admits a normal reflective embedding into the cartesian closed

category of limit spaces of Fischer [12].

§5 THE FACTORISATION SYSTEM FOR LEFT ADJOINTS.

The general process of factoring an adjoint pair of functors

into a reflection followed by an isomorphism-reflecting embedding
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has a global interpretabion. We consider the "category"™ Adj for which
an object is a category which 1s M-complete with respect to a sultable
(see §§1 and 2) factorisation system (E,M) on it and a morphism is a
left-adjoint functor; composition of morphisms is just composition of
the left adjoints. The class of reflection functors is denoted by R

and the class of isomorphism-reflecting left adjoints is denoted by N.

Proposition 5.1. To within natural isomorphism of functors,

(R,N) forms a factorisation system on Adj.

Proof. We use several facts from [ 13] §2.3. Clearly every

reflection is an "epimorphism" and every isomorphism-reflecting left
adjoint, being faithful, is a "monomorphism" to within isomorphism of
functors; thus the factorisation will be "proper". Moreover, every
left-adjoint functor on an M-complete category, where (E,M) is a
proper factorisation system, has a factorisation of the required form

(by §1 and §2). Finally, we verify that if a diagram of left adjoints:

with 3 € R and M € N, commutes to within an isomorphism then there
exists a left adjoint P such that PS 2 F and MP = H. Let (e,n): S —E,
(a,B): F —G, M—IN, and H—K be the adjunctions. Because HS = MF
and M reflects isomorphisms, F factors through S as P = FE. Let

Q = 3G. To verify that P—Q it suffices to verify that G factors

through E; that is, that the morphism

Ngo* GC —» ESGC

is an isomorphism for a1l C € C. But, for all C € C,
FnGC: FGC - FESGC

is an isomorphism because M reflects isomorphisms and MFHGC 2 HSNGC

which is an isomorphism because Sn is an isomorphism. Define OC to be
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the composite:

QF (ESGC ) e GFGC
-1
G(Fngq)

Then PeNge = 1 by naturality of B and the triangle axioms for the
adjunction (a,B): F—G. Because E 1s a full embedding, this

implies Nge*Po = 1l. This completes the proof.
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QN CLOSED CATEGORIES OF PUNCTORS II ¥

by

Brian Day

In many examples of monoidal biclosed categories the tensor
product 1s constructed as an extension of a monoidal structure on a
basic generating set of objects in the category. A simple example 1is
the construction of the tensor product of two abelian groups from the
free tensor product of two free abelian groups. We shall consider a
formal generalisation of this construction by asking when a monoidal
structure or, more generally, a promonoidal structure on a category A
can be extended along a dense functor N: A°P & ¢ to produce a moncidal
biclosed structure on the category C.

We give an answer to this question by combining the two basic
types of dense functor considered in [4] and [7]. The first is the
Yoneda embedding of A°® into the category [A,S] of all set-valued
functors on A. To each promonoidal structure on a small category A
there corresponds a monoidal biclosed structure on [A,S8]1. The second
type 1s the reflection functor; that 1s, the left adjoint to a full
embedding ¢ € B. If B has a monoidal biclosed structure then the
adjunction 1s monoidal if and only if C is closed under all exponen-
tiation by the internal~hom functors of B.

The two results are combined in the following manner. If
N: A°P 5 ¢ is a dense functor then it can be decomposed into the Yoneda

embedding of AP in [A,S8] followed by a reflection from [A,8] to

#The research here reported was supported by a grant from the Danish
Research Council.
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C provided C is sufficiently complete with respect to A, However,
this over-all completeness hypothesis on € is generally unnecessary in
order to produce a monoidal biclosed structure on C, as it 1s in the
case when N itself is a reflection and A°P is monoidal biclosed.

Thus we answer the original question by first considering a completion
C* of C and finding conditions under which this completion is monoidal
biclosed. The structure we obtain on C is simply the trace of the
completed structure C¥.

The procedure produces many known constructions of tensor-
product functors and internal-hom functors. In particular, it produces
the tensor product of algebras for a monoldal monad on a menoidal bi-
closed category, and gives a conceptual explanation of constructions
by Linton [18] and Kock [16]. It alsc produces the canonical "convo-
lution" structure on a functor category [A,BIwhenA is a promonoidal
category and B is a suitably complete monoidal biclosed category.

One advantage of this approach is that the coherence of the
structure produced on € follows from the coherence of (% which, in
turn, follows from the coherence results already established in [4]
and [71. Completions can also be used to provide a concept of "change
of V-universe" in the case where all categorical algebra 1ls based on a
fixed symmetric monoidal closed category V. This enables us to put a
" Y-structure" on any category [A,Bl of V-functors from a (possibly
large) V-category A to a suitably enriched category B. This, in
turn, makes the relative completion process avalilable for large V-
categories (and ultimately leads to a reduction in algebraic computa-
ion).

The completion process is used in sections 5,6, and 7 to exam-
ine monoidal biclosed structures on categories of functors from a
promonoidal category to a monoidal biclosed category. In sectlon 6 we
discuss biclosed categories of continuous functors and relate thils to

the work of Bastiani-Ehresmann [2). Finally, section § contains a
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proof of the representation theorem for monads.

The unexplained notations and terminology used in this article
are standard, and familiarity with the representation theorem is assu-
med (c¢f. [11] §1). This material is a development of results in [47,
{71, [8], and [9] and is based on a doctoral thesis by the author ([5]
and [6]). The thesis was supervised by Professor G.M. Kelly at the
University of New South Wales. The author has also benefited from

several discussions with A. Kock and R. Street.

The section-headings are as follows:

§1 Reflection in closed functor categories.

§2 The completion process.

§3 Monoidal closed completion.

§4 Monaidal monads.

85 Biclosed functor categories.

§6 Biclosed categories of continuous functors.
§7 Completion of functor categories.

§8 Denseness presentations.

§1 REFLECTION IN CLOSED FUNCTOR CATEGORIES

The formulas needed for monoidal biclosed functor categories
and reflection of monoidal biclosed structures are recalled from [4]
and [71]. S denotes "the" cartesian closed category of small sets and
vV =(v,8,I,[-,-],...) is a fixed symmetric monoidal closed base-category
with small limits and colimits. All concepts of categorical algebra
are henceforth assumed to be relative to this V unless otherwise
stipulated.

An adjunction {e,n): S—4T: C » B is called a monoidal reflect-

ion or normal reflection 1f T is a full embedding and the adjunction
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data admits monoidal enrichment. If B = (B,8,I,/,\,...) 1s a monoidal
biclosed category then S——T is monoidal if and only if one of the
following pairs of conditions is satisfied (where T is omitted from the
notation) for all B,B' € B and C € C:

n: C/B = 5(C/B) )

n: B\C =z S(B\ () J

(13

12

[LH]

m1: 8B\C = BVC )

i/n: C/SB C/B J

113

H

3(n®l): S(BRB') = 3(SBBB') ]

H

S(18n): S(B'®B) = S(B'®SB)

S{n®n): S(BBB') S{SB®SB'). 1}

(2]

A subcategory A C Bis called strongly generating in B if the

class of functors{B(A,-); A € A} jointly reflects isomorphisms. The
reflection theorem for monoidal biclosed categories (ef. [7]1 Theorem

1.2) states that the above conditions are equivalent to either of the

pairs
n: D/A = S(b/4) }
(1.1L)
n: A\D 2 S(A\D)
S(n®l): S(BRA) = S(SBBA) }
S(18n): S(A®B) =z S(A®SB)

for 211 BE€ B, A € A, and D € D, where A strongly generates B and D
strongly cogenerates C.
If B 1s a monoidal biclosed category and ¢ C B 1is a full sub-

category we say that C is closed under exponentiation in B if B\C and

C/B have lsomorphs in C for all B € B and C € (. Note that his is
generally a stronger condition than requiring that the internal-hom
functors -\- and -/- have restrictions to C.

Given a small category A, each functor F € [A,V] has an

expansion:

pe [fEae A, A
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Thus each monoidal biclosed structure on the functor category

is isomorphic to a structure of the following form:

FQG = IAB FA ® GB 8 P(AB -) (1.2)
G/F = IAB [ P(-AB),[ FA,GB]]

| (1.3)
F\G =

[ [P(a-B),[Fa,GB]]
AB

where P(AB-) = A(A,-) ® A(B,~) in [A,V]. The resulting functor
P: A°P @ A% 9 A > ¥ is the "structure functor" of ® on [A,V].
A monoidal biclosed structure on [A,V] is determined by P and

I and associativity and identity isomorphisms:

@ = dppet P(AX-)oP(BCX) & P(ABX) P(XC-)
A= XA i IXeP(XA-) = A(A,=-)
p=py IXeP{AX-) = A(A,=)

satisfying suitable coherence axioms ({43 §3), where "o denotes
profunctor composition. We call such a collection (A,P,I,a,r,p)
a promonoidal structure on A.

The extension of a promonoidal structure on A to [A,V] is
sometimes called the convolution of A with V and it is an internal hom

of promoncidal categories, with:

P(FGH) = [ [P(ABC), [FA ® GB,HC]]
ABC
[A,VI(F,G) = IAB [A(&,B), [FA,GB]]
I(F) = [ [Ia, [I,FAll,

A
where P, Hom, and I are regarded as the 2-dimensional, l-dimensional,
and O-dimensional components of promonoldal structure.
Two small promonoidal categories A and B have a promonoidal
tensor product A®B whose (P,Hom,I) are the respective tensor products

of those for A and B. The usual isomorphism of categories:
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[A8B,V] = [A,[B,V]]
then becomes an isomorphism of monoidal biclosed categories.

To combine convolution with reflection, let [A,V] have a
monoidal biclosed structure and let S—T: € > [A,V] be a full reflec-
tive embedding where € contains P as a strongly cogenerating subcat-
egory. The Yoneda embedding AOp‘*[A,V] is strongly generating, thus
we have:

Proposition 1.1. The adjunction S—iT: C =~ [A,V] is monoidal

if and only 1f the functors

G/A(A,-) IB[P(_AB),GB]

A(R,~N\G Jétp(a—s>,esl

have isomorphs in C for all A € A and G € D,
Proof. This is a reformulation of Condition (1.1) with

B =[A,V]. For example,

G/A(A,-) = [g15 [P(-B'B),[A(A,B"),GB]] by (1.3)

IB [ P(-AB),GB] by the representation theorem

n

applied to B' € A.
Remark. The concept of convolution can be extended to include
bicategories in the sense of Bénabou [31. If

A = {AX X,y € Obj A}

yi

is a V-bicategory, with hom-categories Axy’ then
[A,V]= {[Axy,U]; X,y € Obj A}

is a biclosed bicategory by formulas analogous to (1.2) and (1.3).

This consideration, in turn, leads to the concept of a V-pro-bicategory.
The extension of the results in this article to V-bicategories is a
straightforward exercise once this conceptual framework is established.
The reflection theorem for biclosed bicategories is an exact analogue

of the "one-object" theorem above. A form of this theorem has been
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introduced by J. Meisen [19] in the study of relations in categories.

Remark on symmetry. The concept of a symmetric promonoidal

category is defined in [4]1 §3. This produces an (obvious) analogous

result-with~symmetry for each result verified in the sequel.

§2 THE COMPLETION PROCESS

For this section the base category V will be assumed to have
all intersections of monomorphisms as well as all small limits and
colimits.

To each small category € we will assign a completion C¥ which
is taken to be the largest full reflective subcategory of [COP,W which
contains the representable functors as a full strongly cogenerating
subcategory. This coincides with the left-adjoint factorisation of the
conjugation functor

[c°P vl »[c,vI°®; »w» [ [Fc,C(C,-)1,
¢

through a reflection followed by an isomorphism-reflecting embedding,
denoted:

[COp,V} 33 (%

|

[c,vi°P,

The resulting embedding of € into its completion will be denoted by:

E = E(C): C — C*,

The basic properties of C¥ can be verified by examining the
cotriple-tower construction of (¥ (Appelgate and Tierney [1] and Dubuc
[101) or by using a direct method of adjoint-functor factorisation
({91, Example 4.1). There is a closely related theorem in Wolff [22],
§5.6.

The completion C¥* can be described explicitly as the full sub~

category of [COp,V] of functors F such that Q} [sc,FC] is an isomorphism
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whenever s is a morphism in {COp,U} inverted by conjugation. As such,
C*¥ is equivalent to the category of V-fractions of [COP,V] with respect
to the class of morphisms inverted by conjugation.

Remark. The assignment C b C¥ is canonically functorial (to
within isomorphism) on functors S: C - B which have a right adjoint,
and the image S¥: C* - B¥, S¥E = ES, has a right adjoint.

Proposition 2.1. If N: A - ( is a dense functor then

EN: A = C¥ is dense.

This fact is established in [8] Corollary 3.2. More precisely,
C*¥ is equivalent to the full subcategory of [AOp,V] of functors F such
that [A[SA,FA] is an isomorphism whenever s is a morphism in [AOp,V]

inverted by the restricted-conjugation functor:
[A°P,y] = [C,v1°P; pm jA [ FA,C(NA,-)].
Thus the reflection from [A°P V] to C* at F € [A°P VU] has the value:
A
EN(F) = [ FAENA,

A
and this is isomorphic to E(J FA-NA) whenever the reflection [AFA-NA

of F exists in C.

The second main observation of this section is that the comple-
tion process provides a "structural change of V-universe". Consider
the case V = § and C = V and let S* be a larger carteslan closed
category of sets containing § and V, and any other categories that we
want to regard as "small", as internal category objects. Let W = V¥
be the completion of V with respect to S¥. The basic properties of V¥

(verified in [8]) are as follows:

Property 1. Because voP g5 g symmetric monoidal category, the
functor category [UOP,S*] is symmetric monoidal closed and this stru-
cture extends the original structure of V. Because V is monoidal
closed, the reflective embedding W C [V°P,S*] is monoidal, hence the

embedding E: V = W preserves tensor product and internal hom. This
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implies that the symmeftric monoidal closed category V-Caft is fully
embedded in W-Cat and the embedding preserves tensor product and

internal hom.

Property 2. The embedding E: V = W is strongly cogenerating
and dense, hence 1t preserves coends. Thus the biclosed bicategory
V-Prog (cf. [3], Introduction), consisting of V-categories and
V-profunctors between them, is embedded (but not fully on morphisms)
into the biclosed bicategory W-Prof in such a way as to preserve

profunctor composition.

Property 3. Because E: V 2> W is strongly cogenerating, the
completion [A,V]#* with respect to W of a functor category [A,V] is
equivalent to [A,W] (as verified in [8] §4). This ensures that each
V-promonoidal structure on a small V-category A corresponds to an
essentially unique W-promonoidal structure on A when A is regarded as
a W-category.

Because W has all S*¥-small limits and colimits and all inter-
sections of monomorphisms, the given base category V can be assumed to
be an arbitrary symmetric monoidal closed category (with no completeness

hypotheses on it).

Remark 2.2. If V is a cartesian closed category then W is
cartesian closed and the reflection from [VOp,S*] to W preserves finite
products ([7] Corollary 2.1). Thus finite products commute with
filtered colimits in any carteslan closed category, because this is

o
so in [V°P,s%].

§3 MONOIDAL CLOSED COMPLETION

Let N: A°? > ¢ be a dense functor between two V-categories and
let W be a completion of V with respect to a cartesian closed category
S%¥ of sets which contains S,V, A, and C. Let A = (A,P,I,...) be a

W-promonoidal category.
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Proposition 3.1. The reflective embedding C¥ C [A,W] is monoi-

dal if and only if the functors

f [P(-aB), C(NB,C)]
B (3.1)

{ [P(a-B), C(NB,C)]
B

have isomorphs in C¥ for all A€ A and C € C.

Proof. This is a restatement of Proposition 1.1, with the

strongly cogenerating class D C (¥ being {C(N-,C); C € C}.

Remark. The objects C € C in (3.1) could be restricted
further to lie in any subcategory ¥ € ¢ for which {C(N-,D); D € D}
strongly cogenerates (¥, For example, if U C C and each object C € C
is the limit of some functor (depending on C) with object values in D,

then the embedding P C C followed by E: C - C¥ strongly cogenerates C¥,

We shall consider the special case where the functors (3.1)
have isomorphs in C, and let C(N-,H(AC)) and C(N-,K(AC)) be their
representations. The internal-hom and tensor-product operations on C*¥
then provide functors -/-: ¢ & C°P - ¢#  _\_ ¢°P g ¢ > ¥, and

-8-: € & C = C* with values:

D/C = fA [C(NA,C)Y, C(N-,H(AD))] (3.2)
C\D = [ [C(NA,C), C(N-,K(AD))I]
A
and
AB
c8D=/[ (C(NA,C) & C(NB,D))-Q(AB) (3.3
where
A
Q(XY) = [ P(XYA)-ENA.

The identity object of (¥ is:
T = /% 1a.ENA. (3.4)
Remark. Note that, by the construction of the monoidal bi-

closed completion C¥, the representing objects H(AD) and K(AD) in C

are isomorphic in C¥ to the exponentials ED/ENA and ENA\ED respectively.
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§4 MONOIDAL MONADS

Let T = (T,u,n) be a monoidal monad on a monoidal category B;
that 1s, a monad where T: B = B has a monoidal functor structure
(T,f,T°) with respect to which u: T2 - T and n: 1 = T are monoidal
natural transformations.

Let B(T) denote the category of T-algebras over B. This cat-

egory exists over the base category V when V has the equalisers

B(T)(CD) — B(CD) —BLE:1) o g(rc,D)

Tcg\\\\\\\ //////é&l,g)

B(TC,TD)

for all T-algebras (C,£) and (D,£) (as constructed in [10] or [161).
The monoidal axioms on (T,u,n) imply that the Kleisli category

K(T) has a monoidal structure; the tensor-product functor

®: K(T) 8 K(T) = K(T)
is defined on objects as it is in B and on morphism objects by the
compoenents:

K(T)(B,C) K(T)(A®B,ABC)

u |

B(B,TC) ——— B (A®B,A8TC) —— B(A8B,T(A8C))
A8 - B(1,X)

and

K(T)(a,C) K(T)(A®B,C®B)

B(A,TC) ——» B(A8B,TC8B) —— B(ABB,T(COB)),
-8B B{1l,0)

where A and p are the left and right actions of B on T defined by

commutativity of the triangles:
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¢ B 8 1 18

48T TA 8 TC —2 T 738 ¢C

T(A&C).

It is easily verified that the interchange law

T = ucT)\op = u-Tpo)\
holds and this is equivalent to ® being a V-bifunctor.

If T is a symmetric monoidal monad on a symmetric monoidal
category B then the interchange law corresponds to the "commutativity
law" of Kock [151. The resulting monoidal structure on K(T) is then

symmetric.

Lemmag 4.1. If a T-algebra is exponentlable in B then the

exponents are evaluationwise T-algebras.

Proof. If (C,£) is a T-algebra and B is an object of B then
the exponents C/B and B\C have algebra structures defined as the exp-
onential transforms of the morphisms:

B ® T(B\C) — 2 5 (B @ (B\C))

T(C/B) 8 B — = T((C/B) & B)
o

where e denotes the respective evaluation transformations. The algebra

axioms for these structures follow directly from those for £.

Thus, if all T-algebras are exponentiable in B then we obtain

adjoint actions of 8°P on B(T).

Proposition 4.2. The completion B(T)¥ is monoidal biclosed if

each T-algebra is exponentiable in B.

Proof. Let (C,£) be a T-algebra. Then the adjunctions:
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B(-®B,C) 2 B(-,C/B)

B(B®~-,C) = B(-,B\(C)

provide adjunctions:

1

B(T)(F(-8B),C) = B(T)(F~,C/B)
B(T)(F(B®-),C) = B(T)(F-,BAC) ,

where F: B = B(T) is the free-algebra functor. If these isomorphisms

remain natural when F is extended to the dense comparison functor

N: K(T) —— B(T) (see §8) then B(T)* is monoidal biclosed by Proposit-
ion 3.1. By Proposition 8.2, it suffices to show {working out one of

the adjunctions) that the composites:

N(u81)
N(TERL)

N(T(C/B) & B) N((C/B) & B) Te , ¢ &, ¢

are equal. On composing both composites with n and filling in the def-

initions of & and SC/B’ we obtain a commuting diagram pailr:

T(C/B)8B n T(T(C/B)8A)
ng®l
72(C/B)8B N(ue1) | | N(TEd1)
uel l l TERL
T(C/B)®B e T((C/B)8B)
gC/B l l Te
c 3 TC ,

where EC/B is the adjoint-transform of gC/B. Then the lefthand side is

the adjoint-transform of

T(c/B) - T%(C/B) —Y > T(C/B) — 5 = C/B
Tg

and these composites are equal because 50/5 is an algebra structure.

This completes the proof.

Under the hypothesis of Proposition 4.2 we can determine when
the trace of B{T)¥* exists on B(T). First, for each T-algebra (C,&),

there are natural transformations
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Te*A: ¢/B —— TC/TB
Te+p: B\C —> TB\TC,

corresponding to the transformations:

(C/B) ® TB —*— T((C/B) ® B) —L&u T(

TB ® (B\C) -2 T(B @ (B\C)) —S» TC.

Proposition 4.3. The category B(T) is biclosed in B(T)¥ if and

only if the equalisers:

B\ C B —2C% o me\c
Te-\\\ ////28\5
TB\ TC
and
ol c/B %5 o /7B
Te-\\\ ///Q/TB
TC/TB

exist in B for all T-algebras (B,£) and (C,E&).

Proof. Because K{T) is monoidal, the unit object NI lies in

B(T). The equalisers are precisely the ends (3.2) by Proposition 8.2.

Proposition 4.4. If the reflective embedding

B(T)* C [K(T)°P,w] is monoidal then the tensor product in B(T)* of two
algebras (C,£) and (D,£) lies in B(T) if and only if the coequaliser of

the reflective pair:
T(TCRTD)
T(T) T(£8E)

12 (CcoD) T(C8D)

exists in B(T).

Proof. The pair has a common right inverse T(n8®n); that is, it
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is reflective. Moreover, the coequaliser in B(T) is then the joint

coequaliser of the pairs:

T(COTD) —2 w 72(COD) =28 T(TCED)
T(188) N T(£®L)
T(COD)

By Proposition 8.2, this coequaliser is the iterated coend (3.3);

cep = [AB(B(T)(NA,Cc) & B(T)(NB,D)) N(ASB)
in B(T). Because E: B(T) = B(T)¥* preserves and reflects colimits,

this completes the proof.

The preceding propositions provide an alternative approach to
earlier work by Kock [16] and Linton (18]. The use of completion leads

to a significant reduction in coherence computations.

Another result of Kock [17], Theorem 2.6, may be established
using the completion method. Namely, if the base category V is cartes-
ian closed and B is cartesian closed over V then the category B{(T) is
cartesian closed if the functor T: B = B preserves finite products.
This follows immediately from the fact that K(T) has the cartesian mon-
oidal structure, hence the completion B(T)¥ C [K(T)Op,W] is cartesian

closed.

As mentioned earlier, the Kleisli category K(T) of a symmetric
monoidal monad T has a symmetric monoidal structure, hence the comple-
ted structure on B(T)¥* is symmetric. For a nonsymmetric monoidal monad
on a symmetric monoidal closed category B the tensor product might

exist on B(T) but have no symmetry.

Example. Let V = § and let ¢: N > A be the monoidal inclusion
of the discrete category W of finite integers into the simplical cat-
egory A, both with the ordinal-sum monoidal structure. If [N,S]
is given the convolution monoidal structure then the structure generat-

ed on [ £°P,8] by the (monadic) adjoint pair
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6 —i16°P,11: 1a°P,8] —[ N,S]

is isomorphic to the convolution monoidal structure on IﬂOp,S}. This

structure extends the non-symmetric ordinal-sum structure on A.

§5 BICLOSED FUNCTOR CATEGORIES

When A and B are two V-categories the category [A,B] of all
V-functors from A to B exists as a V~category if V is suitably compl-

ete; that is, i1f the end:
[A,BI(F,6) = [ B(FA,GA)
A

exists in V for all F,G € [A,B].

Lemma 5.1. If the category B admits the V-tensor-copowers

A(A,-)+-B for all A € A and B € B then the Yoneda functor

N: A°P@B — [A,B]; N(AB) = A(A,-)-B,

is dense.

Proof.

f [1A,BI(N(AB),F), [A,B] (N(AB),G)]
A,B

i

[, 5 [B(B,FA),B(B,GA)]

by definition of N,

HH

[ B(FA,Ga)
A

by the representation theorem applied to BE §

il

[A,Bl(F,G), as requlred.

Remark. This result was established by F. Ulmer ([20],
Theorem 1.33) for the case where V is the symmetric monoidal closed
category Ab of abelian groups and group homomorphisms, with the usual
tensor product of abelian groups. In fact, Ulmer considers a more gen-

eral Yoneda functor N: A°Pg8 - [A,Bl, N(AB) = A(A,-)-MB,
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where M: B > B is an Ab-dense functor.

In order to investigate the existence of a monoidal biclosed
structure on [A,B], first take W to be the completion of V with respect
to a cartesian closed category S* of sets which contains A, B, V, and
S, as "small" category objects. Note that the assumption that A,B
exists as a V-category can be avoided by the use of such a completion
w.

Let A = (A,P,J,...) be a W-promonoidal structure on A and let
B be a monoidal biclosed category relative to V. Then the monoidal
structure on B provides & promonoidal structure on B°P? and consequently
A ® B°P has the tensor-product of promonoidal structures given by the

expressions:

P((X;B),(Y,C),(-:"))

I(X,B)

P(XY-) 8 B(~,B®C)

JX ® B(B,I).

Proposition 5.2. The completion [A,B]* of [A,B] with respect

to W is monoidal biclosed if the functor

[ [P(XYA),B(-,GA)]: B°P - w
A

is representable for all X,Y € A and G € [A,B].

Proof. The first functor of (3.1), with the object

(a,b) € A°P g B marking the variable position, becomes:

J [P((a,b),(A,B),(X,C)),[A,BI(N(XC),q)]
XC

= [ [P(aaX) 8 B(C,b8B),[ B(A(X,Y)-C,GY)]
xC Y

by the definitions of N and A @ B°P,

= [ [P(aAX), B(b8B,GX)]
X

by the representation theorem applied Y € A and C € B,

= [ [P(aBX), B(b,GX/B)]
X

because B is biclosed,
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£ B(b,H(A,B,G)(a))

by the representability hypothesis,

= [ B(A(a,X)*b, H(A,B,G)(X))
X

by the representation theorem appllied to X € A,
= [A,B} (N(ab), H(A,B,G)) by definition of N,
as required. A similar computation reduces the second end in (3.1} to

the required form.

Henceforth we assume that the hypothesis of Proposition 5.2 is

satisfied, with natural isomorphisms:

[ [P(XYA),B(~-,GA/B)] 2 B(-,H(Y,B,G) (X))
A } (5.1)

[ [P(XYA),B(-,B\GA)] = B(-,K(X,B,G)(Y))
A

for chosen representations H and K.

Proposition 5.3. The category [A,B] is biclosed in [A,B]* if

and only if the ends:

| H(A,FA,Q)
A
| K(A,FA,G)
A

exist in [A,B] for all F,G € [A,B].

Proof. The internal-hom values (3.2) can be reduced as foll-

OWS ¢

G/F = [ [[A,BI(N(AC),F), [A,B](N-,H(A,C,G))]
AC
f [LA,BI(A(A,=)C,F), [A,B](N-,H(A,C,G))]
AC

by the definition of N,

A
by the representation theorem applied to A € A,

= [ [B(C,FA), [A,BI(N-,H(A,C,6))]
C

= { [A,B)(N-,H(A,FA,G))
A
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by the representation theorem applied to C € B,
2 [A,B] (N-, [AH(A,FA,G)) if and only if the end
[A H(A,PA,G) exists in [A,B].

Similarly, we obtain:
G = [A,B] (N-, &XK(A,FA,G)),
and this completes the proof.
Thus the resulting internal-hom functors on [A,B] have values:

G/F

[ H(A,FA,G)
A } (5.2)

MG = [ K(A,FA,G)
A

]

and, by the definitions of H and K in Proposition 5.2, there exist
natural isomorphisms:

o~

i

G/N(AB) % H(A,B,G)

N(AB)\G B K(A,B,G).

i

The internal-hom functors have an identity object if the identity of

[A,Bl* 1lies in [A,B]; this identity has the value:
AB

I ={ I(AB)-EN(AB) by (3.4),

[*B(5a 8 B(B,1)) (A(A,-)-B)

e

J«I in [A,Bl#, by the representation theorem applied

to A € A and B € B.

The tensor product in [A,Bl¥ of two functors F,G € [A,B] has

the value:

XBYC
/

F®a (B(B,FX) @ B(C,0Y))-Q(X,B,Y,C) by (3.3},

n

X

e

Y
Q(X,FX,Y,GY)

by the representation theorem applied to B,C € B, where
AB
QX,FX,Y,GY) = f (P(XYA) 8 B(B,FX8GY))+-EN(AB)
by definition of the promonoidal category A & BOp,

AB
= [ (P(XYA) @ B(B,FX®GY))+E(A(A,-)+B)
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R

fAB(P(XYA) 8 B(B,FX8GY))-(A(A,~)-EB)

because E preserves tensoring,

113

P(XY~) - (FX®GY)

by the representation theorem applied to A € A and B € B.
This establishes the following:

Proposition 5.4. The monoidal structure on [A,Bl* admits a

restriction to [A,B] if the coend
XY
Foa-=[" P(XY-)(FXBGY) (5.3)

exists in [A,B] for all F,G € [A,B], and the identity object J+I of
[A,Bl¥* lies in [A,B].

The coherence of the monoidal and biclosed structures induced
on [A,B] is a consequence of the coherence of the monoidal biclosed
structure on [A,B]¥. 1In the case where B = V, the formulas (5.2) and
(5.3) reproduce the original convolution structure (1.3) and (1.2) on

[A,V].

Remark, It is straightforward to verify, using (5.3), that if
A and A' are two small promonoidal categories and if B is a sufficien~
tly complete and cocomplete monoidal biclosed category then the can-
onlcal isomorphism of categories:

[A & A',Bl = [A,[A",B]]

admits enrichment to an lsomorphism of monoidal biclosed categories,
where A 8 A' has the tensor-product promonoidal structure and each
functor category has the "convolution” monoidal biclosed structure

defined by (5.2) and (5.3).
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§6 BICLOSED CATEGORIES OF CONTINUOUS FUNCTORS

If A is a promonoidal category and B is a monoidal biclosed cat-
egory for which the internal-hom functors defined by (5.2) exist on the
functor category [A,Bl then we can ask whether a given full subcategory
of [A,B] is closed under all exponentilation by these internal-hom fun-
ctors. The work of Bastiani-Ehresmann [2] on closed categories of
sketched structures leads us to examine this question for those full
subcategories of [A,B] which consist of the Z-continuous functors from
A to B for a given class Z of morphisms in [A,V]. Again, the base cat-

egory is assumed to be V.

For a gilven category C let €™ gdenote the class of all morphisms
in €. For each Z € C™ let ¢, denote the full subcategory of C consis-
ting of the objects orthogonal to Z (following terminology of [121);
that is,

CZ = {C € €;C(s,C) is an isomorphism in V for all s € Z}.

Let Z denote the orthogonal closure of Z in Cm; that is,

7 =1{s € Cm;C(s,C) is an isomorphism in V for all C € CZ}.

Then CZ = CU = Cz for 2all Z C U C Z.

For a given monoidal structure on the category C, a class
Z C ™ is called monoidal if C € C and s € Z imply that C ® s € Z and
s ® C € Z; that is, if Z is stable under the monoidal action of ( on

both sides of C%,

Remark. It was established in [8] §1 that if Z is monoidal
with respect to C then the category C(Z'l) of V-fractions of € with
respect to Z (as constructed in Wolff [211) has a monoidal structure
such that each monoidal functor on C which inverts the elements of 2
has a unique monoidal-functor factorisation through the projection
¢~ czh

.

Proposition 6.1. If A is a strongly generating subcategory of

a monoidal biclosed category C and Z C ¢™ then the following are
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equivalent:

(a) A€ Aand s €2 imply A ® s €EZ and s 8 A € Z.
(b) CZ is closed under exponentiation in C.

(e¢) 7 is monoidal.

Proof. (a) = (b). If C € CZ then C{A®s,C) # C(A,C/s) and
C(s®A,C) = C(A,s\C) are isomorphisms for all A € A and s € Z by (a).
Thus C/s and s\C are isomorphisms for all s € Z and C & CZ because A
strongly generates C. Hence C(s,B\C) % C(B,C/s) and C(s,C/B) = C(Rs\C)
are isomorphisms for all B € C and s € Z, which implies that B\C and

C/B both lie in CZ for all B € C and C € CZ.

it

(b) = (¢). If BEC and s € 7 then C(B®s,C) ¥ ((s,B\() and
C(s8B,C) = C(s,C/B) are isomorphisms for all C € C, by (by. Thus B 8 s

and 8 ® B are in Z, as required.
(c) = (a) because A C C.

Let C be a functor category of the form [A,V] and let
7z CLA,VI™, Then we can form (as is done in [13], §8.1) the full sub-
category [A,B]Z C [A,B] consisting of the functors F € [A,B] such that
B(B,P-) € [A,V]Z for all B € B. Such a functor F is interprefed as a

"Z-continuous" model of A in B. Clearly {A,B]Z = [A,B]U = [A’B]Z for

all Z €U CZ.

We now suppose that A = (A,P,J,...) 1is a small promonoidal cat-
egory over V and that B is a monoidal biclosed category over V for
which the internal-hom functors defined by (5.2) exist on the functor

category [A,Bl.

Proposition 6.2. If 7 is a monoidal class of morphisms in the

convolution functor category [A,V] then [A,B]Z is closed under exponen-—

tiation in [A,B].

Proof. For all s € Z, B € B, F € [A,B] and G € [A,B]Z, we

have:
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[ [s4,B(B,(G/F)(X))]
X

e

%{[SX,B(B, { H(Y,FY,G)(X))] by (5.2),
Y

R

[ J I'sy,B(B,H(Y,FY,6)(X))]
Y X

by interchanging limits,

R

[ Usys [ [P(XYA),B(3,68/FV)]] by (5.1),
Y X A

e

[ (f 1[%s, ® P(XYA),B(BOFY,GA)])
Y A

by interchanging limits and using the tensor-hom adjunctions of V and
B,

= IY(IA[(s ® A(Y,-))(A),B(BRFY,GA)]) (%)

because

fXXs 8 A(Y,X") & P(XXA) by (1.2),

(s ® A(Y,-))(A) .

il

n

szX ® P(XYA)

by the representation theorem applied to X € A. The morphism (¥) is an
end over ¥ € A of isomorphisms because s ® A(Y,-) € Z since Z is monoi-
dal and G € [A,B]Z by hypothesis. Thus G/F and, dually, F\G both lie

in [A,B]Z for all F € [A,B] and G € [A,B]Z.

Corollary 6.3. If Z is a class of morphisms in [A,V] for which
[A,V]Z is closed under exponentiation in the convolution functor cate-

gory [A,V] then [A,B]Z is closed under exponentiation in [A,B].

Proof. If [A,V]Z is closed under exponentiation in [A,V] then

Z is monoidal by Proposition 6.1. Thus [A,B]Z, which coincides with

[A,B]Z, is closed under exponentiation in [A,Bl by Proposition 6.2.

Thus, if the Z-continuous models in V of a promonoidal category
A form an exponentially biclosed subcategory of the convolution [A,V]
then so do the Z-continuous models of A in any suitably complete mon-

oidal biclosed category B which is based on V.
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This result contains an alternative app-vacn to constructions
in [2], Chapter III. For example (<r. [2] 312), let ¥V = S and let
A be the simplicial category. Then the category Caf of small cate--
gories and functors is fully embedded in.[mo§,S] as a cartesian closed
reflective subcategory. This implies that Caf is defined by a {(carte-
sian) monoidal class of morphisms in [mOp,S]; namely, the class of all
morphisms inverted by the reflection. It nciv follows from Corollary
6.3 that the category [mOp,B]Z of all category objects in B is closed
under exponentiation in [&Op,B] whenever {mOp,B] admits the internal-
~hom functors (5.2). Moreover, if the monoidal biclosed structure

considered in §5 exists on [mOp,B] and the embedding
[2°F,81, € [2°P,B]

has a left adjoint then this adjunction admits monoidal enrichment by
the reflection theorem of §1. Note that, by Proposition 6.1, Z may be
replaced by any class of morphisms in [A°P S] which defines Cat as its

class of orthogonal objects.

Remark. The general question of the existence of a left-adj-
oint functor to an inclusion of the form [A,B]Z C [A,B] has been
studied in some detaill by Freyd-Kelly [12] and by Gabriel-Ulmer [13]§8.
Results bearing on special cases of this problem have appeared in [11,

t91, (1071, and [22].

§7 COMPLETION OF FUNCTOR CATEGORIES

This section is supplementary to §5 and the same V and W will
be used. We will verify that the completion [A,B]l¥ of a functor cate-
gory [A,B] is equivalent to the functor category [A,B¥] when the Yoneda
functor

N: A°P @ B > [A,B]; N(AB) = A(A,-)-B,

exists.

First recall from §2 that [A,B]¥ 1s characterised as the
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largest full reflective subcategory of [[A,B]Op,w]

containing the rep-
resentable functors as a strongly cogenerating subcategory and that B*
is the largest full reflective subcategory of {BOp,w} containing the
representable functors as a strongly cogenerating subcategory.

Proposition 7.1. The full embedding
[1,E]: [A,B] - [A,B¥]

is dense and strongly cogenerating.

Proof. Because E is a full embedding, so is [1,E]. The functor
[1,E] is strongly cogenerating because the class {EB; B € B} strongly
cogenerates B¥, hence the class { A(-,A),EBl; A € A, B € B} of
V-cotensor powers in [A,B¥] strongly cogenerates [A,B*¥]. Moreover,
because B¥ is W-cocomplete, so is [A,B*]. This yields the adjunction:

[[A,B1°P,u

- \LEJ

[A,B] [A,B¥]
[1,E]

where [1,E] is the left Kan extension of [1,E] along the Yoneda
embedding Y, and R is 1ts right adjoint. The counit of this adjunction

has the canonical components:
B
/7 [A,B¥] (EF,G)  BFA - GA.

It follows from the representation theorem {on taking G = EF and eval-
uating at the identity morphism of EF) that this transformation coinci-

des with the following composite of isomorphisms:

F .  .F B

[ [A,B*¥] (EF,G) EBFA & ([ [A,B*]1(EF,G)) ([ B(B,FA) EB)
by the representation theorem,

~ B F

= [ (f'IA,B¥] (EF,G) ® B(B,FA)))"EB

on interchanging colimits,

B F
= [ (f (lA,B*¥](EF,G) ® [A,B] (N(AB),F)))*EB
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by definition of N,

= B ([A,B*] (E(N(AB)),6)" EB)
by the representation theorem,

~ B . .

2 % ([A,B¥] (A(A,-)"EB,G)"EB
because E preserves tensoring,

. B

= {7 B*(EB,GA)'EB
by the representation theorem,

Z GA because E is dense.

Thus [1,E] —4 R is a full reflective embedding hence the embedding

[1,E] is dense.

Proposition 7.2. [A,B¥] is a full reflective subcategory of

[A,B] *,

d
3

oof. This follows from Proposition 7.1 and the fact that

[A,B]l#¥ contains every dense and strongly cogenerated completion of

[A,B] as a full reflective subcategory.

Proposition 7.3. [A,B¥] is equivalent to [A,B]%.

Proof. Because N is dense {Lemma 5.1), both categories are

fully embedded in [A®BOp,W] by the restriction functor
[N,11: [[A,B]1°P,w] ~ [A8B°P,u].

Consider the following diagram:

[A,[B%P,w)) = [A8B°P,w] —wp[A,B]°P,w)
¥ [N,y l \ii§§>\1 E
AP ¢ B ————> [A,B] ———— [A,B*],

’
where N —{ [N,1] and [N,1IR is a full embedding whose value at
G € [A,B¥] is given by:

R(G)N(AB) = [A,B*] ([ 1,EIN(AB),G)
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by the definition of R,
= [ B¥(A(A,X)" EB,GX)
X
by the definition of N,

= B¥(EB,GA)

by the representation theorem applied to X € A.

Thus [N,1]R is isomorphic to the embedding
[A,B%] > [A,[8°P,u]]

induced by the inclusion B* C [B°P,w]. Recall from §2 that this inclu-

sion is [BOp,w%:C [BOP,W] where

= {g € [B°P,w1"; [ [85,B(B,C)] is an isomorphism for all C € B}.
B

Also [A,B]® = [A@BOp,W]Z where
Z = {a € [A®B°P w]™; f}3[aXB,B(B,FX)] is an isomorphism for all F €[A,B}.
X

Thus is remains to verify that HA is orthogonal to & for all
A € A if H is orthogonal to Z. But ég[BB’H(AB)] is an isomorphism for
all A € A 1f and only if | M(A,X)®BB,H(XB)] is an isomorphism for all
A € A by the representatiogBtheorem applied to X € A, Thus B € L

implies A(A,-)8B € Z for all A € A. This completes the proof.

Corollary 7.4. If A has a W-promonoidal structure and B is

monoidal biclosed relative to V then [A,B]* is monoidal biclosed.

Proof. If B is monoidal biclosed then so is B¥ by the applica-
tion of Proposition 3.1 with N = 1: B - B. Thus [A,B*] has the convo-
lution monoidal biclosed structure (of §5). The result now follows

from the equivalence of [A,Bl¥* to [A,B¥].

Remark. It follows from the above construction that the monoi-
dal biclosed structure produced on [A,B]l ¥ by the equivalence of [A,Bl#*
to [A,B¥] makes the inclusion [A,Bl* C [A8B°P #] into a monoidal refle-

ction, Thus the representability hypothesis of Proposition 5.2 is
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unnecessary in order that [A,B}l ¥ alone should be monoidal biclosed.

§8. DENSENESS PRESENTATIONS

For a given dense functor N: A°P - C, with A promonoidal, the
monoidal {(piclosed) structure:
cep = [*B(c(wa,c)8C(NB,D))- (AB) (3.3)

obtained in §3 is derived from the coend presentation:

24

¢ = fAe(na,c) Na.
In applications, such as in §4 on monoidal monads, an alternative
presentation of denseness may be more useful and results in a different

colimit expansion of the tensor product (3.3). For this purpose we

shall formulate the general concept of a denseness presentation and

deseribe some basic examples.
Given a functor N: A - C, an N-presentation of C will consist

of:
(a) an index functor J: K = A

(b) a coefficient functor K: KOp®ICI -y
{¢c) a structure coend:
£t ij(k,c)-NJk e
for each C € |C|, such that the induced morphism:

(¥ (x,C)eA(A,TKk) > ¢(NA,C) (8.1)
is an isomorphism for all A € A and C € (. Here |[C| denotes the
discrete V-category on C.

Remark. If A is small with respect to ¥ and N is a full
embedding then (8.1) is an isomorphism if and only if the representat-
ion functor:

¢ > [A%P,u1,c b c(v-,0),
preserves the structure coend for each C € C.

Proposition 8.1 If C has an N-presentation then N is dense

and the structure coend induces an isomorphism:

IA[C(NA,C),GA] = fk[K(k,C),GJk] (8.2)
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for each C € C and G: A°P - v.

Proof. For each functor G: A°P - V and object C € C we have:

[ lcNa,C),Gal = [ [ [¥K(k,C)®A(A,Jk),GAl
A A

by hypothesis on (8.1),

Y

[ UKGe,0), [y TACA,TKk),GAl]

on interchanging limits,

[[}4

f 1K (K, C) ,6Ik]

by the representation theorem.

This establishes the isomorphism (8.2). On taking G = C(N-,D) in this

isomorphism, we obtain:

fA[C(NA,C),C(NA,D)] = fk[K(k,C), C(NJk,D)]

thus N is dense.
Remarks.
natural in C € C.

ice.

suffices that the
A€ A and C € C.

Example

ion:

e

c( ¥k (x,c) -NIKk,D)

because C(-,D) preserves limits,

i

C(C,D) by hypothesis on &,

(a) Neither (8.1) nor (8.2) is required to be

However, a degree of naturality may occur in pract-

(b) For N to be dense (without Condition (8.2)) it

morphism (8.1) should be an epimorphism in V for all
(a); If N: A > C is dense then the coend presentat-

fAC(NA,c)-NA =3¢

with the "evaluation" structure is natural in C € C.

Example

(b); If N: A » C is dense then C has a comma-

-category presentation:

i

f¥c(qk,c) NPk 2 C

which is natural in C € ¢. Here P and Q denote the projections:
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P
A < N/C 8 C
The isomorphisms (8.1) and (8.2) follow from the isomorphism:
| B(FNA,GA) = [ B(FQk,GPk)
A k

which holds for all functors F: ¢°P = B and g: A°P - B,
Example {(c); Suppose T = (T,u,n) 1s a monad on € with Kleisli
category A and algebra category C(T). Let N: A = C(T) be the

comparison functor. Let P be the free V-category on the category:
m
{2 311,
s
and let K = D8C(T) with index functor J: K = C(T) defined by:

J(m, (C,&))
J(S,(Cag))

i

Wt TQC - TC

TE: T2C - TC

for each T-algebra (C,£). The coefficlent functor K:KPge(T) -» V is
then defined by:
K(d,(C,8),(D,E)) = I8C(T)(c,D) = C(T)(C,D).
Then we have:
dD
/

K((d,D),c)+N3(a,p) = [IP

it

C(T)(C,D)*NJ(d,D)

®

1Na(a,0)

by the representation theorem applied to D € C(T),

colim NJ(4,C)

1

C
because

9 u £
T°C 3 TC =-»¢
k3

is a coequalilser diagram in C(T). This isomorphism is natural in
C € C(T). The coequaliser is preserved by each functor
C(T)(NA,=): C(T) = V hence (8.1) is an isomorphism,
On applying the underlying-set functor V: V - §, Proposition

8.1 becomes:
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Proposition 8.2. {(the representation theorem for monads).

The comparison functor N: A = C(T) is dense and, for each algebra

(C,E) € ¢(T), the natural transformations from C(T)(N-,C) to a

prealgebra G: AP >y correspond to the elements in the equaliser of:
VG

H
vac frm— VGTC Py
VGTE

where u and TE are regarded as morphisms in A.

In conclusion we note two examples of presentations which are
not fully natural in C € C. But first we note the following fact.
Suppose the data (J,XK,%) are given such that (8.1) is an isomorphism
but £ is not known to be an isomorphism.

Proposition 8.3. If (J,K,£) are such that (8.1) is an

isomorphism then & is an isomorphism if and only if N strongly

generates € and
k e (K
C(NA, ["K(k,C)NJk) & [“K(kx,C)8A(A,Jk)

for all A € A and C € C.

Example (d); Suppose V = S and C is a category with
canonical E-M factorisations for a proper E-M system on C (in the
sense of [12)). Suppose that A is a full subcategory of C which 1s
closed under E-images. Let N: A C C denote the inclusion and let
K=ANOM with

K: KP x M > s

defined by K(A,C) = M(A,C). Then

[AM(a,c) x c(B,A) = C(B,C) (8.3)

naturally in C € M for each B € . Thus, if each object C € C is the

"union" of its subobjects in K in the sense that
A =
[oM(a,C)eA 2 C, (8.4)

then N: A € C is dense and

faeal C(A,C),GAL = [, [H(A,C),GAl
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for each functor G: A°? > S. It follows from Proposition 8.3 that the
morphism (8.4) is an isomorphism if A strongly generates C and each
functor C(A,-): C = S preserves the coend (8.4). For the case C = §,
any category A C S which 1s closed under surjective images in S satis-
fies these requirements.

Example (e); discrete presentations. We suppose that V is

sufficiently cocomplete. It is always the case that if N: A > C is a
functor and, for each C € |C|, there exists a free V-category K, and a
functor

P o= Pc: KC > A,

together with a colimlt cone

gc: coiim NP(k) = C,

such that:

colim A{(A,Pk) = C(NA,C)
k

for all A € A, then (P,K,E) provides a presentation of C. This is
achieved by putting:

K= % K;andJ = (P
Ic]

C): K = A

and defining K: K°P®|c| = V by:

]

K(k,C) = I if k € K,

1k

K(k,C) = 0 if k & K,.

For example, if V = §, then the "discrete" comma-category presentation
of a dense functor is given by KC = N/C for each C € (. Furthermore,

given any functor N: A = (, the condition

colim A(A,Pk) ¥ C(NA,C)
k

is satisfied for all A € A and C € C by the representation theorem.
Thus, by Proposition 8.3, N is dense if and only if N is strongly
generating and

C(NA, colim NPk) % colim A (A,Pk)
k k

for all A € A and C € (.
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In particular, let C be an S-based category and let o be a
regular cardinal number. Following the terminology of Gabriel-Ulmer
[13], an object A € C is called ao-presentable if C(A,-): C = S pres-
erves o-filtered colimits. Let Ca denote the full subcategory of C
determined by the a-presentable objects. Then, by the preceding
observation, a composite inclusion A C Ca C C is dense if A strongly
generates C and A is a-filtered. Thus the observation reproduces a
result of Gabriel-Ulmer [13] Theorem 7.4; in this connection, recall

that a cocomplete category C is said to be locally a-presentable 1if

it contains a small strongly generating set of a-presentable objects.



{1l

{2}

{31

[ 4]

[5]

[ 6]

(71

[8]

{9l
[10]

[11]

[12]

53

REFERENCES

Appelgate, H. and Tierney, M., Categories with models,

Seminar on Triples and Categorical Homology Theory
(Springer Lecture Notes, Vol. 80, 1969), 156-244.

Bastiani, A. and Ehresmann, C., Categories of sketched structures

Cahiers de topologie et géométrie différentielle, Vol. XIIT,
1972, 105-214.

Benabou, J., Introduction to bicategories, Reports of the Midwest

Category Seminar I (Springer Lecture Notes, Vol. 47, 1967),
1-77.

Day, B., On closed categories of functors, Reports of the Midwest

Category Seminar IV (Springer Lecture Notes, Vol. 137, 1970)
1-38.

Day, B., Construction of biclosed categories, Ph.D. thesis,

University of New South Wales, 1970.

Day, B., Construction of biclosed categories, Abstracts of

Australn. Ph.D. theses, Bull. Austral. Math. Soc., Vol. 5,
1971, 139-140.

Day, B., A reflection theorem for closed categories, J. of Pure

and Applied Algebra, Vol., 2, 1972, 1-11

Day, B., Note on monoidal localisation, Bull. Austral. Math. Socc.,

Vol. 8, 1973, 1-16.

Day, B., On adjoint-functor factorisation, (submitted).

Dubuc, E.J., Kan extensions in enriched category theory, Springer

Lecture Notes, Vol. 145, 1970.

Eilenberg, S. and Kelly, G.M., Closed categories, Proc. Conference

on Categorical Algebra (La Jolla, 1965), Springer-Verlag
1966, 421-562,

Freyd, P. and Kelly, G.M., Categories of continuous functors I,

J. Pure and Applied Algebra, Vol. 2, 1972, 169-191.



[13]

[14]

[15]

{16]

[17]

[18]

[19]

[ 20]

[21]

i22]

54

Gabriel, P. and Ulmer, F., Lokal prisentierbare Kategorien,

Springer Lecture Notes, Vol. 221, 1971.

Gabriel, P. and Zisman, M., Calculus of fractions and homotopy

theory, Ergebnisse der Mathematik und ihrer Grenzgeblete,
Band 35, Springer-Verlag, 1967.

Kock, A., Monads on symmetric monoidal closed categories,

Archiv der Mathematik, Vol. XXI, 1970, 1-10.

Kock, A., Closed categories generated by commutative monads,

J. Austral. Math. Soc., Vol. XII, 1971, 405-424,

Kock, A., Bilinearity and cartesian closed monads, Math.Scand.,

29, 1971, 161-174.

Linton, F.E.J., Coequalisers in categories of algebras,

Seminar on Triples and Categorical Homoclogy Theory
(Springer Lecture Notes, Vol. 80, 1969), 75-90.

Meilsen, J., Relations in categories, A.M.S. Notices,

No. 695-A3, Vol. 19, 1972, A549-A550.

Ulmer, F., Representable functors with valueg in arbitrary

categories, J. Algebra, Vol. 8, 1968, 96-129.

Wolff, H., V-localisations and V-fractional categories,

to appear.

Wolff, H., V-localisations and V-monads, J. Algebra, Vol. 24,

1973, 405-438.



0. Introduction.

The concept of a monoldal closed category V has been used in categoriecal
algebra as a generalisation of the category S of small sets and set maps. For
algebra relative to V the monoidal structure serves to extend the concept of
colimit and the closed structure to extend that of limit,

The less complete structures of monoldal category and closed category
occur by themselves and have lead to promoncidal categories as a common
generalisation. In this note we discuss the possibility of embedding a
promoncidal category into a monoidal closed category so as to preserve as much of
the original limit structure as possible.

The "several objects" form of the embedding 1s discussed in §4 and
provides an embedding for bicategories.

For the basic notation and terminology we refer to [2], [4], and [6].

The sections are:

1. Promonoidal categories; review,
2. Fmbedding of promonoidal categories.
3. Special cases.

i, The embedding for bicategories.



1. Promonoidal categories; review.

Throughout the article we suppose that all categorical algebra is relative
to a fixed symmetric monoidal closed "ground" category V. Furthermore, V is
assumed to have all small limits and colimits.

A pramonoidal category (over V) consists of a category A together with

functors:
promiltiplication P: A%FeA%PgA - v
V-valued-hom Hom : A%8A - v
proidentity J A=,

and natural identity and assoclativity isomorphisms:

A(A-)

A(A-)

#

A ¢ JXeP(XA-)

1

p : JXeP(AX-)

o : P(AX-~)°P(BCX) P(ABX) oP(XC-)
satisfying coherence axioms (PCl,2 of [4]) where "o" denotes profunctor
composition.
A symmetry of the promonoidal structure consists of a natural isomorphism:
o : P(AB-) = P(BA-)
satisfying the additional axioms PC3(c2 = 1) and POA of [4].
Examples of promonoidal categories are monoidal categories (where
P(ABC) = A(A8B,C)) ard biclosed categories (where P(ABC) = A(B,A\C) £ A(4,C/B)).
By weakening the above data so that the associativity o is not required
to be an isomorphism the (not necessarily monoidal) closed categories of Eilenberg-
Kelly [ 6] appear as "promonoidal" structures. In general, a promonoidal category
for which ¢ is not necessarily an isomorphlsm will be called non-associative.
The concept of a monoidal category with "several objects" is due to
Benabou ([2] for ¥ = 8); such a structure 1s called a bicabegory and will be
dencted by A = {Axy; X,y € Obj A}, In a natural way this leads to

"probicategories". From the conceptual point of view a probicategory structure
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on A 1s essentially a closed bicategory structure on the collection

{[Axy,V]; X, ¥ € Obj A} of all V-valued functors on A.

2. Embedding of pramonoidal categories.

First consider a given small promonoidal category A = (A,P,J,«++)
over /. Let F = [A,V] be the convolution of A with V. That is, F is

monoidal biclosed with respect to the following operations :

FxG = [AA'FA ® GA' ® P(AA'-)

F\G = [ [P(A-A') ® FA, GA']
AA!

G/ F =

| [P(-pA') ® FA, GA']
AA'

The detailed description of this structure is given in [H] §3 .

Let B < F be a small monoidal subcategory of F  containing AP and let

E : A = [B,V] denote the evaluation embedding. If [B,V] 1is given the
convolution structure then E 1is a promonoidal embedding; that 1s, E preserves

the promonoldal structure of A to within isomorphism.

Proposition 2.1. The embedding FE preserves lim Kk in A 1if and

only if B(lim Kk) = 1im BKk for all B e B.

The next step 1s to reduce the codomain of E so that suitable colimits
are preserved by E. For this purpose we consider the monoidal closure of a
completion of B8P [B,Vl (in the sense of Lambek « see [1]) .

Let C be a small-cocomplete category and let M : B8P~ ¢ be a full

colimit-preserving embedding which strongly cogenerates C .



The left Kan extension of M along the Yoneda embedding Y is given by the coend

formula :

i = [ Brpm

- R
Ilet Z = {se[B,V] ; Ms is an isomorphism} . Then the full subcategory [B,V]z
of [B,V] determined by the functors orthogonal to 7 i1s a completion of BP N

[B,V], = {Fe[B,V] ; f [sy, FB] is an isomorphism for all seZ .
B
An important (in fact, the extremal) case is obtained from taking

M= YP . gP, (BOP,V}OP . Here M is the Isbell conjugation functor :
W = [ [FB, B(-B)] and [B,V], 1is the largest reflective subcategory of
B

[B,V] to contaln the representable functors as a strongly cogenerating set.

Let 7° = {seZ; FxseZ and s¥FeZ for all Fe[B,VI } be the monoidal
interior of Z (as in [5)). 'Then the reflective embedding
[B,V]Zo = [B,V]

is monoidal or, equivalently, [B ,V]Zo is closed under exponentiation in [B,V] .

This results in a promonoidal embedding:

E : A+ BP > [B,V],0

Footnote: Given a functor KiK ~» D, we use 1lim Kk to dencte

1ikak, the Inverse 1imit in ? of K over keK . Dually, colim Kk = colikak.
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Proposition 2.2. The embedding Ac[B,V] 7O preserves colim Kk in A

if and only if
B % 1imA(Kk,-) = 1im(B #* A(XKk,~))

It

lim A(Kk,-) B = lim(A(Kk,-) % B)

in F = [A,V] for all B eB

Proof. The embedding E preserves colim Kk if and only if the comparison

morphism

s : colim B(A(Xk,-),~}) = B(A(colim Kk,-),-)
lies in 2°. By the representation theorem it suffices to check if B(B-) # s e 7
and s # B(B~) ¢ Z for all Be B . Fquivalence of these conditions to the stated
ones follows from the strongly cogenerating property of M . For example, define

5 by means of the diagram :

B(B~) # s
B(B~) # colim B(A(XKk,-),-) ——————=» B(B-) # B(A(colim Kk,-),-)
n s n
colim B(B & A(Kk,~-),-) B(B # A(colim Kk,~),-) .

Then [M§ 1s an isomorphism iff

colim M(B x A(Kk,-)) = M(B % A(colim Kk,-)) .

Because M strongly cogenerates € , this 1s equivalent to:

lim(B * A(Kk,~-)) = B % A(colim Kk,-) and the result follows .

3. Special cases.

In this section we suppose that B 1s the smallest monoidal subcategory
of F = [A,V] containing the representable functors. Explicitly, the objects
of B are those functors in F which are isomorphic either to J or to a

finite "path" *(Al—) Foook A(ﬁh-) of representable functors,
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Example 3.1. let A = (A,2,I,...) be a monoidal category. Then the
monoldal structure on [A,V] extends that on AP hence B = AP | By
Proposition 2.1, the embedding E : A« [B,V]Zo preserves all limits. By
Proposition 2.2, E preserves those colimits which are preserved by all
endofunctors QA and AR~ for AeA . In particular, E preserves all colimlts

if the monoidal structure on A is biclosed.

Example 3,2. Suppose A = (A,[-,~],I,...) 1s a closed category
(Ellenberg—Kelly [6]) with internal-hom functor [-,-] : APgA + A, Ve say
that A 1s assoclatlve 1f the promonoidal structure P(AjAyA3) = A(A;[AA3])
is associlative; that 1s, If the canonical morphism from

ARy R(A(A,-)#A(Ag-)) = fDA(A1 [D-1) 8 A(A,[A5D))
to

(A(Ay=) #A(Rp-)) # A(A3-) =2 A(A[A,[A5-1D)
is an isomorphism. In particular, if the promonoidal structure of A is
symmetric then it 1s assoclative.

If A 1is an assoclative closed category then each object of B is
isomorphic to one of the form A(Al[A2[A3...[An—} ...1}) . Thus, by Proposition 2.1,
E preserves the limits which are preserved by each of the functors
[Al[Az[Aa---[An‘]---] t A > A . By Proposition 2.2, E preserves those
colimits preserved by each of the functors [A;[Ay[A5...[-A)...] : A% > &,

Finally, E maps the Internal-hom functor of A to one of the internal-
hom functors of [B,V] , even if A  is non-associative, For all A,A'€A the

convolution structure on [B,V] glves:

[

(EAVEA)B 2 [ [B'(A) , (B*BYAY

B!

[[H]

[ 1B(A(A-),B") , (B¥B")A']
B'
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by the representation theorem,
= (Bx A(A-))A"

by the representation theorem applied to B'eB,

A"
= [ B[A",A'] 8 A(AA")

by definition of % ,
= BlAA']

by the representation theorem applied to A'eA,
=E[RAT] (B)

for all BeB , as required.

Example 3.3. ( V cartesian closed). For each small V- category A the
functor category [A,V] 1is cartesian closed. Thus A 1is a symmetric promonoidal
category with P(A1Ax-) = A(A;-) x A(Ay-). In this case E:A - [B,V]Zo
preserves all limits. By Proposition 2.2, E preserves colim Kk 1if and only
if:

A(AL=)X0 e ex A(An-) x (lim A (Rk,-))

= 1im (A(Ay=) x» - -xA(A_-) x A(Kk,-))
for all A;,... ,AneA . It is easily seen that this condition is not always

satisfied by considering the case where A has finite coproducts.

Note (3.4): The computations of §2 apply equally to the more general
case where the promonoidal structure on A is assumed to be non-associative.
It 1s necessary to consider such non-assoclative structures if we wish to study
all closed categories (in the sense of Eilenberg-Kelly [6]). Note that the
monoldal-interior operation is not available in the above form unless the monoidal
structure is associative.

Note (3.5). The embedding E:A>[A,S],§] (where Se8) is used in(7] to study

coherence in closed categories. Here the authors describe the closed-functor
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structure of the embedding E in detail.
Note (3.6): If the category B is required to be biclosed in addition
b - o M——————
to being monoidal then we can choose B to conslst of all the isomorphs in

F = [A,V] of:
™D 3 A%PcpeF with D closed under the monoidal biclosed structure of Fl.

That is, B 1s equivalent to the full subcategory of F consisting of all finite
paths constructed from the operations % , / , and \ acting on the representable

functors in F . Thus B 1s determined, up to category equlvalence, by:

. = [ . -
n:&{vn 3 Do D n where 7 n consists of all finite =% -products of
internal-homs of pairs of objects from Dn} .

Note that, as a consequence, the set of isomorphism classes of B 1is countable
if objA is countable.
A more efficient embedding of this type is obtained by first forming
on where
2
r = {sefF; J'A[sA s A(-4)] i1s an isomorphism},

and then taking B to be the full subcategory of F determined by :

D AOpchFZo with 0 closed under the monoidal biclosed structure

of FZO} .

For this choice of B the embedding E preserves 1imKk if and only if it is
preserved by each of the functors A(Al—)/A(A2—) and A(Az—)\A(Al—)

where Al R A2 e A .
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4, The embedding for bicategories

The preceding results can be readily extended to the case where the
structure of A has "several objects".

First we consider closed blcategory structures (over V) of the form

ny = [Axy,l/] with x,y,--- € ObjF . Such a structure consists of a bicategory
F = [A,V] whose composition V-functors
*
F_® F_ L F
vz Xy Xz

have right adjoints in each variable separately. Because the Yoneda embedding
AP <[4 ,V] is locally dense each such composition functor is determined (up
to an isomorphism) as the extension of its value on the representable l—cells
of F . Thus the structure of A = {Axy} determines the extension. In
particular, each bicategory A 1is such a probicategory and {[Axy,l/]} is its
convolution with the V regarded as a ocne-cbject bicategory.

Given such a closed bicategory F = {[A__,V]; x,y €Obj F} we construct

xy?
a subbicategory B = {Bxy} by taking the l-cells of Bxy to be the finite
paths (under %) from x to y of the representable and identity l-cells of F .
That is, B 1s the smallest bicategory containing AP

On forming the convolution {[Bxy,V]; X,y € Obj F} we locally (l.e. for

each (x,y)) form the category of fractions with respect to the class

° = {Z)o(y}, where ZXy is the class of morphisms inverted by the conjugation
functor [B, ,V] - [Bg,V]OP and zx; = {se Zyys TSl and seGeZ for

all s-composable l-cells F,G680p }. The class z° 1is monoidally closed by
associativity of the bicategory composition on B . The resulting closed
bicategory :

{[B_,Vlo ; x,yeObj F}
Xy ny
then locally has the properties analogous to those given in §2 for the one-object

case.
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LIMIT SPACES AND CLOSED SPAN CATEGORTES
————

by
Brian Day

0. Introduction.

The main aim of this note is to characterise the category of those quasi-
topological spaces which occur as sheaves for the canonical Grothendieck topology
on the category Top of all topological spaces and continuous maps., The general
process 1s applicable to similar situations.

In 81 we recall some standard properties of closed span categories. These
are finitely complete categories € such that C/C 1is cartesian closed fer all
C ¢ C, The relationship of such a structure to an adjoint pair of functors is
discussed further in §2 .

In §3 we describe the smallest closure of thls type to contain Top .
This particular closure is contained in the category of all limit spaces (as
described, for instance, by Binz-Keller [3]) and it is necessarily larger than
the minimal extension of Top defined by Antoine [1].

The notation and unexplained terminology used are standard (cf.Benabou [2],
Lawvere [11]1). Throughout the article, S denotes "the" cartesian closed
category of small sets and set maps.

The author wishes to thank Professor G.M. Kelly for helpful discussions.

The sections are:

§1. Closed span categories,
§2. Adjoint-functor factorisation,
§3. Limit spaces.

§li,  Stability conditions and relations.
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1. Closed span categories.,

A finitely complete category C 1s called a closed span category

(a cs-category) if C/C 1is cartesian closed for each object C e (.

A cs-functor is a functor T: C > B together with a cartesian monoidal
structure on each of the induced functors TC:C/C + B/TC ; x e C(XC)
= Tx ¢ B(TX,TC).

To each finitely complete category € there 1s an assoclated bicategory
SpanC ([2]82.6). The objects are those of ( while SpanC (AB) = C/AxB,
spans being composed by pullback., The bicategory 1s closed if the composition
functors have right adjoints in each variable. It is well-known
(see Proposition 4.1) that a finitely complete category C 1s a closed span
category if and only if Span is closed as a bicategory.

A cs-functor induces a map of the assoclated span bicategories and 1f

C is a cs~category then so is (/C because (C/C)/f = C/B for all feC(BC).

Progosition 1.1, If B is a cs-~category and R4 T: ¢ -+ B is a full
reflective embedding for which R preserves pullbacks over all objects of the
form TC then ( 1s a cs-category.

This follows from the fact that each reflective embedding
RC-ATC :t C¢/C + B/TC 1is cartesian (by [6]1Theorem 1.2).

The hypothesis is satisfled if C is a (left) exact retract of B; that
is, if R preserves finite limits., Suppose B is a cs-category and Z 1is
an orthogonally closed class of morphisms in B (in the sense of [10]) for
which the inclusion BZcB of Z-orthogonal objects has a left adjoint R,
Then, 1f 7 1s stable under pullback we can apply [6] Theorem 1.2 to each of

the reflective embeddings BZ/RB{:B/B and obtain:
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Pro_g_osition 1.2. R is left exact if and only if Z 1s stable.

Common conditions for stability are given in Proposition b2,

Examples. An elementary topos of Lawvere-Tlerney {a finltely complete
cartesian closed category with a subobject classifier @ ) is a cs-category
(see Lawvere [11] ).

Similarly, let € be a cartesian closed category of topological spaces
for which the inclusion C<Top has a right adjoint W ., Call BeC a
W-hausdorff object if the diagonal BeW(BxB) is closed,

For each W-hausdorff object B , (/B is cartesian closed. To verify
this, let 0 (indifferently) denote the coreflection In C of the two-point
space {0,1} either with {0} open and {1} not open or with the trivial
topology, Then the resulting projections p : Bx » B strongly cogenerate

¢/B . For each TfeC{CB) define [f,p] as the equaliser of the pair:

projn.
[CR] x B ———wr———— [CQ]

[CQ] x [Bf]—————a [CQ] x [CQ]
1x [f,1]

where s:B —» [BR] characterises the closed diagonal BcW(BxB) and A denotes

intersection of closed subsets - that is;
A 00] x 0] —X— [oxC,ox0] 228 aico].  The exponentiation of p

then extends to all of C/B (see [6] Theorem 3,4).
Thus the bicategory of those spans in C which have a W-hausdorff codomain

is closed. In particular :

Proposition 1.3. The W-hausdorff objects of Cc<Top form a cs-category.
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2, Adjoint-functor factorisation.

If B 1is a sultably complete closed span category and (e,n) : S47:C -+ B
is an adjunction over B with n a monomorphism then the monad (TS,n,TeS)
factors through an assoclated exact 1dempotent monad on B (analogous to the
factorisation of Fakir [9])., We suppose that B 1s a cs—category with a proper
factorisation system E-M (in the sense of Freyd-Kelly [10}) . Further, E is
assumed to be stable and B to be M-complete {(in the sense of Day [81).

Iet {(eyn) : 84T : C » B be an adjunction and let B'<B  consist of

those objects BeB such that nBeM . Then B' is reflective in B.

Proposition 2,1. If B 1s a cs-category then B' 1s a cs-category if the
canonical morphism:

TS(X A y) ——— TSx A TSy

TS(Xi Y)> TSX i TSY

ldes in M for all BeB' arnd xeB(XB), yeB(YB).

The proof is immediate from Proposition 1.1. Note that the hypothesis is
satisfied if TS is left exact but this does not imply that the reflection
B + B’ is left exact .

If (e,;m) : 84T : ¢ + B 1s now assumed to have neM and
¢ = {f; Sf 1is an isomorphism} then, for each Z<X, the inclusion BZCB
has a left adjoint ([8] Corocllary 2.3)., Moreover, if 7 denotes the orthogonal

closure of Z then 7 is stable if and only if ZC is closed under cartesian

product in B/TC for all CeC . Thus, from Proposition 1.2, we obtain:

Progosition 2.2, BZ 1s a left exact retract of B 1if and only if ZC is

closed under cartesian product in B/TC for all CeC .

¥
In the particular case where S 1s an assoclated-sheaf functor between
topol B and C the category B! 1s Just the category of separated
presheaves in B .
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Finally, the class of stable subclasses of I 1s closed under

union, thus each Zc¥  has a stable interior Z%*

VA U{vez ; V stable} .

Thus each left retract of B through which S factors has a left

exact "closure™.

Example 2,3. Let A Dbe a category with a generator I and
let M= A(I-) : A -+ S, Then the left Kan extension of M along

the Yoneda embedding Y : A » [AOp,S] is evaluation-at-I with right

adjoint T ; TX = S(M-,Xx) : A°P » g,

B = [A°P 8] ==——== % = B

In thils example, B' is the full subcategory A of M-cribles,
B' 1s locally small, even if A 1s large, and 1s a closed span
category because i preserves all limits.

Because M 1s faithful the Yoneda embedding lands in A.

If Y : AcA has a left adjoint whose unit 1s inverted by M then
A is embedded in a minimum left exact retract of A. 1In
particular, this is so if M has a right adjoint and A is
sufficiently complete ([8] Proposition 4.5).

An M-topology on A is a Grothendleck topology with Mi an
isomorphism for each covering crible 1 : G -+ A(-A) : AP 5 s,
It is easy to verify (Proposition 4.2) that the M-topologies on A
are 1in one-one correspondence with the left exact retracts of A
through which M factors. Thus each family of M~topologies has a

union.
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3. Limit spaces.

In the preceding example take A = Top, the category of all
topoleogical spaces and continuous maps, and let M : Top > S be
the underlying-set functor (usually omitted from the notation).
While Top has a proper class of objects, the category ?EE of
M-cribles is locally small and is a closed span category,

The category Top 1is alternatively described as follows.,

An object of TEE is a set X together with, for each AeTop, a
set Ad(AX) of admissible set maps from A to X . These sets
satisfy the axioms:

Q1. Each constant set map is admissible,

Q2. If fe Top(AB) and ge AG(BX) then gfecAd(AX).

A morphism h e Top(X,Y) 1is a set map such that hfe Ad(AY) 1if
fe Ad(AX) ., The functor M : Top ~» S is simply the underlying-
set functor,

The Yoneda embedding TOPC?E; has a left adjoint which
assigns to XeTEE the same set as ¥ wilth the final topology with
respect to {Ad(AX); AeTop}.

The M«topoclogies on Top are the topologies for which covers
are bljJective at the underlying-set level, Each stable class of
identification maps in Top provides such a topology, hence

describes an exact left retract of Top .

Examgle 3.1. Take Z to be the class of morphisms in Top
generated by the class of identification maps £ : A » B in Top
wlth the property: for each point beB there exists a non-empty

finite set {al,---,an}cf_lb such that f maps each neighbourhood
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of {al,---,an}CA to a neighbourhood of beB . This class is stable
under pullback in Top (cf. [5] Theorem 1). The category ?;;Z

is equivalent to the category of 1limit spaces and continuous maps.

We recall (from Binz-Keller [3]) that a limit space is a set X
together with, for each xeX, a set C(x) of "convergent” fillters

on X ; the sets C(x) satisfy the axioms
Ll. <x> e C(x).

L2. If 63¢ and ¢e C(x) then 6e C(x)

L3. If 8¢ C(x) and e C(x) then 8ade C(x)

Example 3.2. Let Z be the (larger) class of morphisms

generated by the identification maps f:A -+ B with the following

property:
for each point beB and open covering {GA 5 AeA} of f_lb there
exists a finite set {A,,--:,A_}cA such that fG, v-..-ufG

1 n Xl An

is a neighbourhood of beB (see [5] Theorem 1). The resulting
category TopZ is equivalent to the category of those 1limit spaces

which satisfy the following axioms

Ll. <x> ¢ C(x)
L2. If 63¢ and ¢ ¢ C(x) then 8¢ C(x) .
L3'., 6 ¢C(x) 1if there exists a set of filters

{8 Ael and 6.¢ C(x) } such that each set

Al A
{VA 5 del and VA eex} contalns a finite subset
{VA 5 1 =1,+++,n} such that Wy e 8.

i i

The class 7 of morphisms obtalned here is the stable
interlor of the reflection from Top to Top and 1t is strictly

smaller than the monoidal interior (see [5] §3 for a counterexample)
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Finally, we note that in order to completely describe the canonical
Grotherdieck topology on Top 1t is necessary to consider all covering
classes {f, : A > B; o e} in Top . Such a class of morphisms into a
given space B covers in the canonical topology if and only 1f i1t has the
property: for each point b€B and open covering {Gy ; AA  and A8} of

Ue™ U
ugilb there exists a finite subset {X ,Xn} c A such that a’iﬂl(Gxi)

AR
is a neighbourhood of beB ., However, it 1s easy to verify that the introduction
of these covers imposes ro new restriction on the limit spaces under consideration.
In other words it suffices to take [ small so that Z is generated by the

identification maps already described above,

i, Stability condltions and relations.

In this section we note several "known" facts about general closed span

categories.

Proposition 4.1. A finitely complete category € 1is a closed span category if

and only if SpanC is closed as a bicategory.

Proof. For each morphism feC(BC) let * ;. ¢/c » (/B dencte
pullback-along-f and let f, : ¢/B + (/C denote the left adjoint of %,
Span(C 1is closed if and only if f* has a right adjoint IIf for all £, The
result then follows from the fact that if [f,dr -ATf exists then it has a

unique limit-preserving extension along the comongdic functor f*

i
QT"——‘“"“““"CHB

X
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Suppose B 1is a cs-category containing a strongly generating class A
such that each BeB has a presentation as a coequaliser:
ZAX 3 ZAy + B. Aclass 7 of morphisms in B is A-stable if r¥sez for

all seZ and £ : A + B with Ae A . Iet Z(A) = {s: B> A: seZ and AeA}

Proposition 4.2, (a) Z = Z(A) if Z is A-stable.
(b) If Z2=7 then 7 4is stable if Z is A-stable.
(¢) If 7 consists of epimorphisms then Z is stable

if Z 1s stable.
The verifications are straightforward.

If Z 1is a stable class of morphisms in a finitely complete category B
then Z 1is qlosed with respect to span composition. Thus the class of
categories of fractions of {B/AxB ; A,BeB} with respect to Z forms a new
bicategory (cf. [7]) with the evident universal property. In particular,
suppose B is a closed span category with a proper factorisation system E-M
where E is stable. Then, on taking 7Z = E, one obtains the bicategory of
M-relations in B ., Because SpanB is closed the subbicategory of relations
is closed under exponentlation in SpanB (by the "several cobjects" form or
the reflection theorem for closed categorles [6]) and the exponentiation

provides a form of universal quantification (ef. [11] ).

Bicategories (not necessarily closed) of relations and spans have also

been considered in {121 by J. Meisen,



[10]

[11]

{12]

74

References

Antoine, P., Extension minimale de la catégorie des espaces topologiques,

C.R. Acad. Sc. Paris, t.262 (1966), 1389-1392.

Bénabou, J., Introduction to bicategories, Reports of the Midwest
Category Seminar I, Lecture Notes 47 (Springer 1967), 1-77.
Binz, E. and Keller, H.H., Funktionenriume inder Kategorie der Limesrdume,

Annales Acad. Sc. Fen., A.I.383 (1966), 4-21.

Day, B.J., Relationship of Spanier's quasi-topological spaces to k-spaces,
M.Se. Thesis, Univ, Sydney, 1968.

Day, B.J. ard Kelly, G.M., On topclogical guotient maps preserved by

pullbacks or products, Proc. Cambridge Phil. Soc. 67 (1970), 553-558.

Day, B.J., A reflection theorem for closed categories, J. Pure and Appl.
Alg,, Vol.2, No.l (1972), 1-11.
Day, B.J., Note on moncidal localisation, Bull. Austral. Math. Soc.,

Vol. 8 (1973), 1-16.

Day, B.J., On adjoint-functor factorisation, Proc. Sydney Cat. Conf.,

to appear.

Fakir, S., Monade idempotente associée i une monade, C.R. Acad. Sc. Paris,
£.270 (1970), 99-101.

Freyd, P. and Kelly, G.M., Categories of continuous functors I, J. Pure

and Appl. Alg., Vol.2, No,3 (1972), 169-191.

Lawvere, F.W., ed., Toposes, algebraic geometry and logiec, Lecture Notes 274

{Springer 1972), Introduction and references.

Meisen, J., On bicategories of relations and pullback spans, preprint,

University of B.C., (1973).



REVIEW OF THE ELEMENTS OF 2-CATEGORIES
by

.M, Kelly and Ross Street

The purpose of this review is to serve as a common intro-
duction te the authors' papers in this volume, by collecting together
some basic notions needed by each of us, and establishing some notat-
jon, to avoid later duplication. Nothing of substance here is
original, but we could find no connected account in the literature
that exactly satisfied our needs. In §1 we rehearse the most element-
ary facts about 2-categories, partly in the hope of making our papers
below self-contained for such beginners as may care to read them, but
chiefly to introduce our notation and especially the operation of
pasting that we use constantly. In §2 we use the pasting operation
to give a treatment, which seems to us simpler and more complete than
any we have seen, of the isomorphism (bu,u'a) = (f'b,af) arising from
adjunctions f—qu and f'—u' in any 2-category, and of its natur-
ality. In 83 we recall the basic properties of monads in a 2-category,
and then mention some enrichments of these that become avallable in

the 2-category of 2~categories (because it is really a 3-category).

§1 DOUBLE CATEGORIES AND Z2-CATEGORIES

1.1 Both notions are originally due to Ehresmann; see [ 6jand [ 7].

We recall first the notion of double category. We denote by CAT, SET,

Cat, Set, respectively the categories of all categories, of all sets,
of small categories, and of small sets. Conceptually, a double cat-
egory is a category object in CAT; but it admits the following
elementary description.

It has obJjects A etc.; horizontal arrows a etc.; vertical

arrows x etec.; and sguares a efc.; there are various domain and codom-

ain functions sufficiently indicated by the diagrams
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a
A ——2B A A ———= B
a
X X o ly
C CTDD

The objects and the horizontal arrows form a category, with identities

hA: A—>A; the obJects and the vertical arrows form a category, with
identities f'VA The squares have horizontal and vertical laws of
A

composition, represented by

A 2 .8 ¢ » E A—2 .3
Xl ) 13’ B lz Xl . ly
b
C —5=D—3=F, C —= D
Ul Y lv
Ge—’H;

under each of these laws they form a category, with respective ident-

ities
h
A——-—A——DA A —2 =B
xl 1x lx Va l 1a JVB
C——h-A——i'C 5 AT*B

In the situation

the result of composing first horizontally and then vertically is to be
the same as the result of composing first vertically and then horizon-

tally. The composite
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a C
—_—— —_

A B
vAl la lvB lC
A y B

- c

] . [
<
=1

>

is to be lca’ and similarly for vertical composition of horizontal

identities. Pinally the horizontal and vertical identities

hy hy
A —2 o p R S
1 1
VAl Va lVA VAi hy l"A
A —— A , B ——— A s
hy hy

are to coincide.
Examples of double categories may be found in Palmquist [21],

and in §2.2 below.

bl A 2-category K may be thought of as a double category in
which all the vertical arrows are identities. A more direct descrip-
tion is as follows.

K has objects or O-cells A etc., arrows or morphisms or

1-cells f: A =+ B etc., and 2-cells
f
/_\ /\
g g
{Kelly tends to use double arrows for 2-cells, and Street single ones -
it is purely a matter of taste.)

The objects and the arrows form a category Ko’ called the

underlying category of K, with identities lA: A = A; when the context

shows what is meant, we sometimes write K for KO.
For fixed A and B, the arrows A = B and the 2-cells between

them form a category K(A,B) under the operation known as vertical

composition: £
/\E&\
A e
g
W

The vertical composite £ = h above is denoted by B*o or B.a, or rarely

B.
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by Bo when no confusion is likely with the horizontal composite to be

introduced below; its identities are denoted by
f

A/M/_lf\‘ B.

“\\/ff

There 1s also a law of horizontal composition of 2~celis,

whereby from 2-cells

we get a 2-cell

/&B/ﬁ“\ ST TN
~b e .

v

A

.
p3
(@]
I
=g
)
*
=4
(@]

Ve
this composite y*a is also denoted by ya: uf = vg. Under this law the

2-cells are to form a category, with identities

1
A
We reguire finally that, in the situation

S T T T

L4 Y

A » B »~ C ,
\gJ_?/ U_‘S_/
h w
the composites (§xB)<(yx*a) and (S<yv)*(B+a) coincide; and that in the
situation
f u
A\Jl/li/B\\leL/C
£ u
we have 1u*1f = 1uf’

Wea also freely use the convention whereby the name of an
object A or of an arrow f is also used as the name of its identity

arrow lA or its identity 2-cell 1 In particular the horizontal

P
composite
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\_/
v g
i1s also written as
u
£ S~ _ g
\%

and denoted by gyf.
The above operations on 2-cells can be combined to give the
more general operation of pasting, introduced by Benabou [1]. The two

basic situations are

f
\thhlls RN
g _,,,—’;””’.’ \\\\\\\\\\\\\’ ///ﬁf/'
g
The first of these is meant to indicate the 2-cell Bgeun: uf = uhg =vg,

and the second to indicate the 2-cell vy+$8f: uf = vkf = vg. Thus we

give meaning to such composites as

A L YA

o

If in a diagram such as

£ o g
! ) | %lw
h k

one region has no 2-cell marked in it, it is to be understood that the
identity 2-cell is meant, which implies that vf = hu.
One can generalize the pasting operation further still, so as

to give meaning to such multiple composites as
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i
v {‘
\

This is meant to indicate a vertical composite of horizontal composites

‘,//’/////"'\Mx\\\\\*~
\ /

there is usually a choice of the order in which the composites are
taken, but the result is independent of this choice; this is clear in
simple cases, and can be proved inductively in the general case
after an appropriate formalization in terms of polygonal decompos-

itions of the disk.

l.3. As for examples of 2-categories, the paradigmatic one is CAT,
just as the paradigmatic category is SET. The objects are categories,
the arrows are functors, and the 2-cells are natural transformations.
The context will show when CAT is considered as a 2-category and when
merely the underlying category is meant. There 1s the sub-Z-category
Cat of small categories.

For a monoidal category V, we have the 2-category V-CAT of
V-categories, V-functors, and V-natural transformations, in the sense
of [8]; again with the sub-2-category V-Cat of small ones. Monoidal
categories themselves, with monoidal functors and monoidal natural
transformations in the sense of [8], form a 2-category Mon CAT.

The category K of ordered objects in any category A becomes

a 2-category when we observe that the hom-set K(A,B) has a natural
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order, and can therefore be regarded as a category.

For a category A, the comma category CAT/A, an object of
which is a category B together with a functor B: B - A, and an arrow of
which from (B,B) to (C,C) is a functor T: B - C with CT = B, becomes
a 2-category when we take the 2-cells a: T = S: B = C to be the
natural transformations a: T = 8 for which Ca = id. Many other

examples will arise in the papers below.

;éi. Besldes the elementary definition of 2-category in §1.2 above,
there is an equivalent but non-elementary one: the category CAT is
cartesian closed, and a 2-category K is Just a CAT-category, its
CAT-valued hom being K(A,B). This definition determines what we shall
mean by 2-functor and by 2-natural transformation: namely CAT-functor
and CAT-natural transformation. Similarly for 2-adjoint, = CAT-adj-
oint; see [14] for a general treatment of V-adjunction. Note that we
do not wuse "2-natural" or "2-adjoint" in the more general senses
glven to them by Gray in [10].

In elementary terms, a 2-functor D: K = L sends objects of K
to objects of L, arrows of K to arrows of L, and 2-cells of K to
2-cells of L, preserving domains and codomains and all types of
identity and composition. A 2-natural transformation n: D= E: K = L
assigns to each object A of K an arrow n, or nA: DA - EA in L, which
is not only natural in the ordinary sense that, for f: A = B, we
have nB.Df = Ef.nA, but also 2-natural in the sense that, for each

2-cell a: £ = g in K, we have

Df Ef
ST
(1.1) DA JL Do DB ——> EB = DA —» EA j, Eo EB.
~—__ 7 nB nA ~_ 7
Dg Bg

As in general the V-natural transformations from the
V-functor D to the V-functor E form not only a set but an object of
V, so here where U = CAT the 2-natural transformations D = E form a

category; in other words 2-CAT is really a 3-category, i.e. a 2-CAT-
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category. We follow Benabou {[1] in calling morphisms of 2-natural

transformations modifications. A modification
p:n > g: D=E: K= 1L,

also written D

N ded 7

assigns to each object A of K a 2-cell pA: n& = A such that, for
f: A > B, we have
nB nA
(1.2) DA ——5T—buDB/M”]i;;\H~EB = DA::::}Egz:::EA —57* EB.
B zA

In particular, taking a fixed 2-category K, we get a 2-cate-
gory End K of endomorphisms of K; its objects are endo-2-functors
D: K > K of K; its arrows are 2-natural transformations n: D = E; and
its 2-cells are modifications p: n = r. When working totally within
this 2-category Kelly reserves the right to write n: D = E and
p:rn =g if he feels like it.

The non-elementary definition of a 2-category K alsoc deter-
mines what K°P shall mean: we have KOp(A,B) = K{B,A), so that we
reverse the l-cells but not the 2-cells. We write K°° for the other
dual, induced by the ordinary duality on CAT, so that

K®°(a,B) = K(4,B)°P; thus we reverse the 2-cells but not the l-cells.

Observe that K°°°FP = gOPCO,

To say that 2-functors D: K = L and E: L = K are 2-adjocint is
to say that they are CAT-adjoint; that is, that there is an isomorph-
ism of categories K(EB,A) # L(B,DA) which is 2-natural in A and B.
Specializing the result of [14] on V-adjunction to the case V= CAT, we
see that it comes to the same thing to have 2-natural transformations
n: 1 = DE and €: ED = 1 satisfying the usual conditions; so that

2-adjunction 1is just adjunction in the 2-category 2-CAT, in the sense
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of §2.1 below.

1.5. A great many notions definable in V-CAT for any V admit in
2-CAT generalizations that would make no sense for an arbitrary V;

and this because 2-CAT is a 3-category. For where a diagram was to
commute in the basic notion, we can now allow 1t to commute only to
within a given isomorphism, or even go further and replace this
isomorphism by a given morphism (in a given sense); the given isomor-
phisms or morphisms will then usually be required to satisfy some
"coherence axioms". Moreover experience shows that these "relaxed
notions" do indeed occur in nature; in some cases they seem in fact to
be the more normal thing, that we must willy-nilly consider; in others
we can prove a "coherence theorem" allowing them to be replaced by the
simpler "strict" notion.

It is not our intention to go into this systematically here;
such things are treated in detaill in the forthcoming book (doubtless
to appear before this one) of Gray [12]. We should however like to
indicate a systematic nomenclature that we shall use.

Where the original "strict" notion N is taken as the norm, we
say "pseudo-N" for the relaxed notion with equality replaced by an
isomorphism,and "lax N" for the still more relaxed notion with
equality replaced by a mere morphism: we have no general principle to
offer for our various choices of the sense of this morphism, but
having chosen a sense by some criterion of usefulness, we call the
same notion with the sense reversed an "op-lax N".

An example is the concept of lax functor D: K = L between
2-categories, which has 2-cells Dg.Df = D(gf) and IDA = DlA instead
of equalities; these have been considered by Street [24] and Roberts

[22] , and are a special case of Benabou's morphisms of bicategories

[1]. 1Indeed a bicategory in Benabou's sense is itself a pseudo-2-cat-
egory, and this illustrates a general point: when one relaxes some

"morphism-like" notion, the definition continues to make sense when
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the domain and the codomain are themselves "lax". Lax functors as

such do not occur in the present book, but pseudo-functors occur in

the paper [25] of Street below, and go back to Grothendieck [13].

A second example is the notion of lax natural transformation

in place of 2-natural transformation; these do occur below in the
paper of Kelly [15], and are the things called "2-natural" by Gray in
[10] and "quasi-natural" (now adopted by Gray) in Bunge [2] . Another
is the notion of lax monad (relaxed 2-monad) of Bunge [3]; the
corresponding pseudo-monads are considered by Zoberlein [27]. Then
there are the lax algebras or the pseudo-algebras over these, and
theilr lax morphisms...

This brings us to the second aspect of our nomenclature. Even
with strict 2-monads, and strict algebras for them, the lax morphisms
of algebras are the normal thing, as is shown by the special case of

monoidal functors, where strict ones (preserving the tensor product

and identity on the nose) are quite rare in nature. In these cases we
take the lax notion as our basic notion N; we then call the pseudo-
-notion "strong N" and the strict notion "strict N"; thus "monoidal
functor" (with a comparison ¢A ® ¢B = ¢(A8B)), "strong monoidal
functor" (with an isomorphism ¢A ® ¢B £ ¢(A®B)), and "strict monoidal
functor” (with equality ¢A ® ¢B = ¢(A8B)).

We say no more herej; such lax or pseudo notions as we need are

introduced in the individual papers below.

§2. ADJUNCTION IN A 2-CATEGORY

2.1. Other accounts of the matter below, of varying degrees of
completeness, can be found in [19], [14], and [21]. The utility of
pasting for the neat expression of the adjunction equations (2.1) and
(2.2) below we learnt from R.F.C. Walters.

An adjunction n,e: f—fu: A 2 B in a 2-category K consists of

arrows u: A * B and f: B > A together with 2-cells n: 1 = uf and
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€: fu = 1 satisfylng the axioms

1 N . .
(2.1) A A equals identity,
4 e
u u
T 4
> B
1
1
e eemsis——— ],
(2.2) A A equals identity .
u ﬂe

B ——7——=B
We say that f is left adjoint to u, and that u is right adjoint to f;
we call n the unit,and € the counit, of the adjunction.

When K is V-CAT for a symmetric monoidal closed V, it has been

shown by Kelly in [14] that adjunctions f—j u are in bijection with

V-natural isomorphisms A(fb,a) %2 B(b,ua); in particular we get the
usual notion of adjunction when K = CAT.

ir n, € fl —Oul: B > C i1s a second adjunction, we clearly get

12

a composite adjunction UPEL-PE ffl——4 u s A > C if we define N,s€,

as the composites

(2.3) A A
7N Nt
B —m =
1

€
B ——= B 5
1 1
V Py \il xelﬁ"
c 0
1

- A

/x

3

Thus adjunctions in K form a category, with 1,1: 1—1: A = A as
identities.

2.2. If we look upon (2.1) and (2.2) as asserting that the 2-cells
n and € are mutually inverse under the indicated pasting operations,

the following proposition becomes evident:



86

Proposition 2.1. Let n,e: f—ju: A > B and

n',e': f'—u': A" > B', Let a: A > A' and b: B > B'. Then there is

a bijection between 2-cells A: bu = u'a and 2-cells u: f'b = af, where

a 1
A - A -
f w u ﬁx u
n
B T B 5 B,
{(2.5) A is the composite 1

u ﬂ€ wu ///;; \\\\\

B—_-PB' —--————B'

(2.4) ¥ is the composite

The naturality of this bijection between A and u may be
expressed as follows. Consider two double categories. In each the
objects are those of K, the horizontal arrows are the arrows of K, and
the vertical arrows are the adjunctions in K. Composition of horizon-
tal arrows is just composition in K, while composition of vertical
arrows is the composition of adjunctions of §2.1 above. (In our
diagrams "vertical" is conveniently shown as "oblique".) In the first
double category, a square with sides a: A = A', b: B = BY,

n,e: f—4u: A >B, and n',e': f'—ju': A" > B', is a 2-cell A in K
such as appears in (2.4). 1In the second double category, a square
with the same sides is a 2-cell p in K such as appears in (2.5). 1In
both double categories, horizontal and vertical composition of squares
are given by pasting, horigzontally or vertically, the corresponding
2-cells of K. The "naturality" in question is now expressed by:

Proposition 2.2. The above bijection between A and p is an

isomorphism between the two double categories we have just described.

That is to say, the bijection respects composition and identities,

vertical and horizontal.
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Proof. As regards vertical identities: if f-—u and £lod ut
are respectively 1,1: 1—1: A > A and 1,1: 1 —1: A" = A', we have
by (2.4) that p = A and in particular that, when a = b, u = 1 if and
only if A = 1. For horizontal identities, we have a and b both
identities, and f— u colinciding with f'—u'; then if X = 1 we have
y =1 by (2.4) and (2.2), and similarly if u = 1 then x = 1.

For vertical composition we have only to write

/N v\“ﬁj /
ANV,

and to look at (2.3) and (2.4). For horizontal composition we paste

together two diagrams like (2.4) to get

/N NN N

and observe that the central friangles €' and n' cancel out by (2.1).0

It will usually, in context, be unambiguous if we call X and u

mates under the adjunctions f—ju and f'—fu', without explicit

mention of a and b.

Proposition 2.3. If f—u and f'—u then { and f' are

canonically isomorphic.

Proof. Let the mates of

under the adjunctions f —u and f'-—u, and under the adjunctions

f'—yu and f ——u, be respectively
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A and A B [y

Then by the "horizontal' part of Proposition 2.2, uy and v are mutually
inverse. O

2.3. If D: K~ L is a 2-functor, an adjunction n,e; f—qu: A = B

in K clearly gives an adjunction Dn,De: Df— Du: DA = DB in L. By

applying D to (2.4) and (2.5) we get:

Proposition 2.4. If X and u are mates under the adjunctions

f—u and f'—u' in K, and if D: K = L 1s a 2-functor, then DA and

Du are mates under the adjunctions Df—Du and Df'~~ Du' in L. [

Of course it is not in general true that u 1s the identity

2-cell when A is; but we have:

Proposition 2.5. Let D,E: K > [ be 2-functors and let

a: D= E be a 2-natural transformation. Then the ldentity 2-cells

DA~ BEA DA ——————w EA
Dl\ \Eu Df/ %If
DB —ee————— = EB , B —4m8 = BB,
aB aB

are mates under the adjunctions Df—jDu and Ef —Eu in |[.

Proof. The 2-naturality of o expressed in the form (1.1)

above gives

ah
DA —— e EA equals DA““——*—“‘“—*EA

AN

DB ———-—-»DB —--—*—>EB EB;
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pasting Ee on the right of each and using (2.2) gives what we want in

the form (2.4). O

§3 MONADS IN A 2-~CATEGORY

3.1 The notion of monad (= triple) makes sense in any 2~category

K; the classical case is that where K = CAT. A monad in K, on the
object B of K, 1s an endomorphism t: B = B together with 2-cells
n: 1 =%t, wu: t2 = t called respectively the unit and the multiplic-

ation of the monad t; these are to satisfy the usual equations
(3.1) uetn = 1, pent =1, uety = peut.

A detailled treatment of monads in this generality has been given by
Street in [23]; here we recall some of the simpler aspects and then
pass to the special case where K = 2-CAT,.

An action of the monad t above on an arrow s: A * B 1s a

2-cell v: ts = s satisfying
(3.2) vsns = 1, vety = veus.

An arrow s together with such an action v is called a t-algebra (with
domain A). A morphism of t-algebras (with common domain A) is a

c: s = s' such that

(3.3) v'sto = o-v,

Thus the t-algebras with domain A form a category AfLg(A,t), with a

forgetful functor UA to K(A,B) sending (s,v) to s and ¢ to itself.
For any r: A > B it is clear from (3.1) that tr, with action

ur: tzr = tr, is a t-algebra; and that for any p: r = r',

tp: tr = tr' is a morphism of t-algebras. This gives a functor

FA: K(A,B) = ALg(A,t). It is further clear from (3.2) that, for a

t-algebra s, the action v: ts = s is also a morphism of t-algebras,

when ts is taken with the action us. From these remarks we easily

verify the following proposition, in the light of which we call the

t-algebras tr free t-algebras:



90

Proposition 3.1 F.is left adjoint to U

A In detail, let

e

s: A B be a t-algebra and r: A > B any arrow. Then there is a

bijection between 2-cells a: r = s and t-algebra morphisms o: tr = s,

given by

(3.4) g = v-ta, a

anr.

In the classical case K = CAT the phrase "t-algebra" is more
commonly restricted to those with domain the unit category 1. The
t-algebra s: L > B is then identified with the corresponding object s
of B, and v: ts ® s, 0o: s = s' are morphisms in B. The category
Alg(l,t) of t-algebras in this primary sense is classically denoted

by Bt. Identifying K(1,B) with B, we write the adjoint functors U1

. 8% > B oana £ B> 8Y. or

and Fl in this classical case as u
course in the general case the monad t on B induces a classical monad
K(A,t) on the category K(A,B), and ALg(A,t) is just the category

)K(A,t)

K(A,B of K(A,t)-algebras.

3.2 If t£' is another monad on the same B, a map of monads is a

Z2-cell 1: t = t' such that
(3.5) pret? = teu,  n' o= Ten;

here 12 denotes tT1: tt = t't'. If (s,v') is a t'-algebra with domain

A, then clearly (s,v) is a t-algebra where
(3.6) Vv = vlers;

and a morphism o: s = s' of t'-algebras is also a morphism of

t-algebras. This gives a functor ALg(A,T) rendering commutative

ALg(A,T)

AlLg(Aa,tt) » ALg(A,t)

(3.7

K(A,B).
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In particular the t'-algebra t' itself is a t-algebra under
the action

(3.8) B: tt' =ttt = g
Tt ur

and T can be recovered from 6 in the form

(3.9) Tt =ttt =,
tn! [
since u'~t'™n' = 1., If an arbitrary action 6: tt' = t' of ¢ on t' is

given, the necessary and sufficient condition for it to arise as in (3.8)
from a map (3.9) of monads is that p': t't! = t' be a t-algebra morphism,
when t't' is taken wilth the t-action 6t'; that is, that

(3.10) Betu' = ute6tr.

Ifnt,e': f'qu': C > B is any adjunction in K, it is
immediate that (t',n',u') is a monad on B where t' = u'f' and
p! = f'e'u', We call this the monad generated by the adjunction
f'— u'. Observe that u' is a t'-algebra with action
(3.11) u'e': ttut = uiftu! S ut.

If t' is this monad and if t is any monad on B, there is by
Proposition 2.1 a bijection between 2-cells T: t = t' = u'f' and

2-cells v: tu' = u', given by
(3.12) v =u'e'-tu', T = vi'tetn',

Proposition 3.2. T is a map of monads if and only if v is

an action of  on u'.

Proof. If 7 is a map of monads, u'e' is an action of t' on
u' by (3.11) and thus v is an action of t on u' by (3.6). If v is an
action of t on u', then 6 = vf' is an action of ¢t on u'f' = t', which

trivially satisfies (3.10); whence by (3.9) t is a map of monads. [

3.3 We say that K admits the construction of algebras if, for

every monad t in K, the notion of t-algebra can be "internalized" in
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the sense that the 2-functor Ab> AfLg(A,t) from K°P to CAT 1is

representable, so that

(3.13) ALg(A,t) = K(a,B%)

t

(2-naturally in A) for some B~ in K, called the objJect of t-algebras.

When this 1s so, the adjunction of Proposition 3.1 becomes an adjun-
ction K(A,Bt) - K(A,B) which, because of its 2-naturality in A,
arlises from an adjunction nt,et: ft—4 ut: Bt =~ B. As the notation
suggests, CAT does admit the construction of algebras, and in that
case the Bt,ft,ut are those at the end of §3.1.

When K = V-CAT for a symmetric monoidal closed category V,
K admits the construction of algebras provided that V has equalizers
(at least of pairs with a common left inverse); this case is treated
in detail by Dubuc [5]. Here again the primary meaning of t-algebra
is one with domain 1, which now denotes not the unit category but the
unit V-category; so in this sense a t-algebra 1s an object s of the
V-category B with an action of t on it. The category AfLg(l,t) of
these t-algebras admits a canonical enrichment to a V-category, which
is Bt. In particular, taking V = CAT, this applies to the case
K = 2-CAT.

The best general result we know of — 1t is easy to prove and

a more general result is contained in Gray [12] — is that K admits

the construction of algebras if it is finitely complete as a

2-category. In accordance with the general definition of complete-
ness for V-categories in [4], this means that K has all finite limits,
that these are preserved by the representable functors K{A,-): K — CAT,
and that K admits cotensor products [X,B] for each finite category X
and each B in K. It turns out to be sufficient to demand the exist-
ence of the cotensor product [2,Bl where 2 is the arrow category

0 = 1; the existence of the other [X,B] then follows. If we replace

"all finite limits" above by "all pullbacks" we get the representable
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2-categories of Gray [11] or of Street's paper [25] in this volume;
so a finitely complete 2-category is a representable one with a

terminal object preserved by the K(A,-).

3.4 We henceforth suppose that K admits the construction of
algebras. We can express (3.13) as follows: there is a t—alge?ra
ut: Bt = B; and the functor sending an arrow p: A *’Bt to the
t-algebra utp, and sending the 2-cell 7: p = p' to the algebra
morphism utﬂ, is an isomorphism K(A,Bt) - ALg(A,t). It is easy %o
check that the t-algebra t©: B 2 B arises thus from the arrow

ft: B~ Bt, and that the monad utft generated by f?—ﬂ ut is t itself.

Proposition 3.3. Let f'—ju': A > B. Then the arrows

p: A~ Bt rendering commutative

(3.14) A - B

are in bijection with t-actions on u', and hence by Proposition 3.2

with monad-mapst: t = u'f', 0

If the monad u'f' is t itself and v = 1, the p in (3.14) is

called the canonical comparison arrow; the adjunction f£'—f u' is saidto

be monadic (weskly monadic) if p is an isomorphism (an equivalence).

In fact it is easily seen that monadicity is a property of u' itself,
and does not depend on the choice of the left adjoint f' to u'.
If in Proposition 3.3 we let t' be a second monad on B and

¥ )
take f'—qu' to be the adjunction ft-——iut : Bt' > B, we get:

Proposition 3.4, There is a bijection between arrows

1
p: Bt - B‘C rendering commutative
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(3.15) » .

and monad maps T: ¢ = ¢'. 0

We write BT for the p in (3.15) corresponding to 1, and call
it an algebraic map between the algebra objects Bt' and Bt. It is
clear that {(3.15) internalizes (3.7).

We can regard Proposition 3.4 as asserting that tk»-ut,
T+= BT embeds the dual of the category of monads on B fully in the
category KO/B of objects over B; the canonical comparison arrow
provides a reflexion into this subcategory of those u in Ko/B which
have left adjoints. This is one form of the "semantiecs-structure”

duality. For further details on the general theory of monads, and in

particular on distributive laws, we refer again to Street [23].

3.5 Lawvere in [ 18] used the name "eguational doctrine" for a
monad in 2-CAT on CAT. Here we use the name doctrine (or 2-monad) for
any monad in 2-CAT,

For us, then, a doctrine on a 2-category K 1is a 2-functor
D: K = K with, for its unit and its multiplication, 2-natural
transformations j: 1 = D and m: D? -+ D, satisfying on the nose the
equations (3.1) (with D,j,m for t,n,u).

Various relaxations are possible. Some things we should like
to be doctrines (ef. [15] below) have the equalities in (3.1) replaced
by isomorphisms. What Zoberlein [27] calls "doctrines™ not only have
isomerphisms for equalities in (3.1), but have J and m only lax
natural transformations. The lax monads of Bunge [ 3] are weaker still:
D only a lax 2-functor and mere morphisms in (3.1). To avoid complic-

ations we stick to the strict doctrines, and hope that there is a nice



95

coherence theorem that will allow the results in our papers below to
be applied at least to the "pseudo" case.

We also take D-algebra here in the strict sense: an object A
of K (or more generally a 2-functor A with codomain K) with an action
n: DA > A satisfying (3.2) (with A,n for s,v). However Street
considers lax algebras in [25] below, and defines them there; and
Kelly considers them in relation to strict algebras in [16] and [ 17]
below. When K = CAT,we also use "D-category" for "D-algebra".

For morphisms of D-algebras, on the other hand, the lax ones
are the usual ones in nature, as we said in §1.5. We therefore depart
from the nomenclature of §3.1, and define, for D-algebras A,A', a
D-morphism F: A = A' to be a pair (F,%) where f: A > A' is an arrow in

K and £ is a 2-cell

n
(3.16) DA - 4
Df =3 £
DA! = - At
satisfying the axioms
) > Dn
(3-l7> DA ——*DA“————»A == DTA ————>DA——>A
= - | =
D2f Df £ Def DT £t |r
DA > DA'——> A" DZA'— 2 DA'—— A",

mA’ n' Dn' n'
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JA n
(3.18) A — DA o A = identity.
>_
f Df f f
A’ » DA = Al
JA?Y n'
In the case K = CAT we also say "D-functor" for "D-morphism". We call

the D-morphism F strong if F is an isomorphism; we call it strict
when T = 1, so that fn = n'.Df. The strict D-morphisms, then, are the
"morphisms of D-algebras" of §3.1; we also write f for the strict
D-morphism F = (f,1).

If we reverse the sense of f in (3.16), and also in the axioms
(3.17) and (3.18), we get what we call an op-D-morphism. Clearly if
F = (f,f) is a strong D-morphism, then (f,f 1y is a strong
op-D-morphism.

D-algebras and D-morphisms form a category under the operation
of vertical pasting of diagrams like (3.16). We get subcategories
with the same objects by restricting to strong or to strict D-morphisms.
We now make these into 2-categories.

For D-morphisms F,G: A » A' we define a D-2-cell g: F = G to

be a 2-cell o: f = g satisfying

n
(3.19) DA - A = DA n - A
- =2 -
Da , T - =
Df Df £ Df| £ el oo e
Dat ' DA' = Al

n' n'
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In the case K = CAT we also say "D-natural transformation" for
"D-2-cell". With the obvious laws of composition, D-algebras,
D-morphisms, and D-2-cells form a 2-category D-ALg, which we also
write as D-CAT in the case K = CAT or as D-Cat when K = Caft.

We denote by D—Aﬂg*the sub~-2~category in which only the strict
D-morphisms are considered; it is this that is the object of algebras
(here 2-category of algebras) kP 1in the sense of §3.3. We say of kP
that it is doctrinal, or 2-monadic, over K (to emphasise that we mean
monadic in 2-CAT, and not just in CAT).

It is not our intention here to go beyond definitions: some
more substantive relations between D-morphisms and strict D-morphisms
are examined below by Kelly in [ 16].

Examples of D-CAT are: monoidal categories, monoidal functors,
and monoidal natural transformations; strict monoidal categories with
arbitrary monoidal functors and monoidal natural transformations;
symmetric monoidal categories, symmetric monoidal functors, and monoi-
dal natural transformations; categories bearing a monad, with the
monad functors and monad functor transformations of Street [23];
categories with assigned finite coproducts, arbitrary functors, and
arbitrary natural transformations; categories bearing two monoidal
structures ® and & and having a distributivity of 8 over ®, with
appropriate morphisms and 2-cells. With K = CAT? the objects of
D-Afg may be pairs of monoidal categories with a monoidal functor

between them; with K = CAT A

for a category A, the objects of
D-Afg may be lax functors A - CAT,and the morphisms lax natural
transformations (c¢f. Street [24]).

On the other hand the category of symmetric monoidal closed
categories, and of morphisms preserving all the structure on the
nose - the internal-hom as well as & and I - is not doctrinal over

CAT. 1Indeed it is only a category, not a 2-category: there seems to

be no natural definition of 2-cell. It is monadic over CAT, but the
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monad on CAT is only a functor, not a 2-functor.

3.6 Because in the doctrine case we have D-Alg as well as
D—A[g* = KD, some new questions arise about the matter in §3.2 and
§3.4 above.

We are using D-Afg to denote the D-algebras in the primary
sense: actual objects of K acted on by D, and not 2-functors A - K
acted on by D. Write U: D-Afg = K for the forgetful 2-functor. Then
it 1s not true in the sense of §3.5 that D acts on U: there 1s not a
2-natural transformation DU — U, but rather an op-lax-natural-trans-
formation DU VMVYW> [, So a 2-functor E: A = D-Afg corresponds to a
functor G = UE: A = K together with an action of D on G only in the
weak sense that the action DG vww~> G 1s only op-lax-natural. Those
G: A 2> K with honest actions of D correspond of course to the 2-funct-
ors A = D- Alg ., or to those 2-functors A - D-Afg that factorize
through D—Alg*. Perhaps, therefore, the right thing to do is to allow
both the n and the f in (3.16), when A is not an object of K but a
2-functor A 2> K, to be op-lax; certainly the definitions work equally
well if we do so, and reduce to the given ones when A = 1; but we
want to stay as far from laxity as we can, and we don't think we shall
need this extra generality in our papers below. So we shall pursue 1t
no further here.

The same kind of observation, of course, applies to Proposition

3.4. A map d: D= D' of doctrines, in the sense of §3.2, not only

gives a 2-functor d- Alg Kd satisfying
*

(3.20) d-ALg,
D'-Alg, > D-Algy
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but also an evident 2-functor d-Afg satisfying

da-Alg
(3.21) D'-Afg = D-Alg

NS

where of course we are using U in an extended as well as a restricted

sense. While, however, the only P: D'-Afg, - D-ALg, with UP = U' are
the d-Algy for a 2-natural d: D - D' that is a doctrine map, there are
many more P: D'-Afg - D-Afg with UP = U'; they correspond to
op-lax-natural d: D YWwW~> D' gatisfying the appropriate axioms.
Again we hope to avoid these.

While we are at this level, we recall that the algebraic
2~functor d«Aﬁg* in (3.20) has a left adjoint in suitable cases. If K

t
= KD, and d-A(g* preserves not only

is 2-complete, so is D'-Alg,
2-1limits but also cotensor products. It follows from Proposition 4.1
of Kelly [ 14] that the 2-functor d-Afg, has a 2-left-adjoint if the
underlying functor has a left adjoint. By Proposition 1.5.1 of Manes
[20], this 1s so if the category D'-ALgy has coequalizers of reflexive
pairs. By Satz 10.3 of Gabriel-Ulmer [9], this is so when the under-
lying category KO of K is locally presentable (e.g. K = Cat, K = Cat2,
K = Cat/A, etc.) and when D' has a rank in their sense - moreover they
show that for a locally presentable KO the various reasonable definit-
ions of having a rank coincide. We have just not thought out the
question of whether d-Afg has a left adjoint in this situation;

for example, j-Alg: D-ALg - 1-Afg 1s just U: D-ALg - K; does it have

a left adjoint?

We have in the present case the notion of a modification of

doctrine maps 6: 4 =d: D > D'; namely a modification &§: d = d

satisfying
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(3.22) Jj' =463, m*.88 = §.m.

Here 8§ denotes neither the vertical composite §-8 nor the horizontal

composite §+8 of modifications, but the common value of

Dd ap' ap D'd
(3.23) DD DS DD'  {ép' D'D' = DD 6D D'D |, D% D'D,

\._/ \_—/ \_—/' -

Dd ap' ap D'd

which coincide by (1.1) and (1.2); notation in a 3-category presents
frightful problems.
If § is such a modification of doctrine maps, and if A is a

D'-algebra with action n': D'A = A, then A has two D-algebra structures

n: DA = D'A - 4, n: DA = D'A > A.
dA n' dA n'

It is easily verified that (1,n'.8A) is a D-morphism (A,n) = (A,n):

dA n'
(3.24) DA = D'A >~ 4
1 = 1 1
§A
da n'

It follows that § induces a 2-natural transformation §-Afg rendering

commutative _
d-Alg
(3.25)
D'-ALg ]L 6-Alg D-ALg
d~-ALg
S U
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in the sense that U.8-AfLg = identity. We leave the reader to prove:

Proposition 3.5. Any 2-natural transformation x rendering

commutative -
e —— d-Alg

is 6-AfLg for a unique modification §: d = d of doctrine maps. O

It follows that equivalent doctrines D,D', in the sense that
there are doctrine maps d: D > D', e: D' > D with d.e £ 1 and e.d =1
by modifications of doctrine maps, give equivalent 2-categories D-Afg
and D'-Afg; since the modifications here are isomorphisms, so that the
D-morphism (3.24) is strong, even D-ALguy and D'-ALgyy are equivalent,
where D-Afg,, 1s the sub-2-category of D-Afg where only the strong
D-morphisms are taken. However it is by no means the case that D-Algy
and D'-Alg, are equivalent.

As an example, let a D-algebra be a monoidal category A, with
®: AxA 2> A and I: 1 = A; let a D'-category be a category A with, for

n
egch n 2 0, functors 8: An — Ay,and with coherent isomorphisms

n ™ n m
®(® ,..., ® ) = ®, wherem = mgoteeotomo. A D'-algebra A gives a
2 0
D-algebra A when we set ® = 8, I = ®; strict morphisms go into strict
morphisms, so this comes from a doctrine map d: D = D', A D-algebra A

0 1 n n-1
gives a D'-algebra A on setting ® = I, & = 1, ® = 8(1, ® ); agailn

strict morphisms go to strict morphisms, so this comes from a doctrine
map e: D' = D. The composite D-ALg — D'-Alg — D-Afg is the identity,

whence e.d = 1; the composite D'-Afg = D-AlLg — D'-Alg is clearly
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isomorphic to 1, whence d.e = 1, and D and D' are equivalent.
However the composite D'-ALgy > D-Afgy = D'-Afgy is not isomorphic
te 1; the original and final D'-algebra structures on A are such that

1: A > A is a strong, but not a strict, isomorphism between them.
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FIBRATIONS AND YONEDA'S LEMMA IN A 2-CATEGORY

by

Rogs Street

Our purpose is to provide within a 2-category a conceptual proof of a set-free
version of the Yoneda lemma using the theory of fibrations. In doing so we carry
many definitions of category theory into a 2-category and prove in this more general
setting results already familiar for CAT.

The La Jolla articles of Lawvere [5] and Gray [2] have strongly influenced this
work. Both articles are written in styles which allow easy transfer into a 2-
category. However, they also freely use the fact that CAT is cartesian closed, a
Tuxury we do not allow ourselves,

The 2-category is required to satisfy an elementary completeness condition
amounting to the existence of 2-pullbacks and comma objects. This relates the
2-category closely to a 2-category of category objects in a category. Such con-
siderations appear in 81 and were considered by Gray [3].

Fibrations over B appear in §2 as pseudo algebras for a 2-monad on the 2-
category of objects over B. This 2-monad is of a special kind distinguished by
Kock [4]. We define Tax algebras and lax homomorphisms for general 2-monads and
provide alternative descriptions of pseudo algebras and lax homomorphisms for the
special 2-monads. We are able then to give an equivalent definition of fibration
generalizing the setting for the Chevalley criterion of Gray [27 p 56.

In order to eliminate the need for our 2-category to be cartesian closed in the
remainder of our work we are led to introduce an extra variable; we must consider
bifibrations from A to B rather than fibrations over B. A particular class of spans
from A to B, called covering spans, is introduced in 83. As with their analogue in
topology, covering spans are bifibrations. Furthermore, any arrow of spans between
covering spans is a homomorphism. In the case of CAT, bifibrations correspond to
category-valued functors and the last sentence reflects the fact that covering

spans correspond to those functors which are discrete-category-valued; that is,
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set-valued. With this interpretation of covering spans as set-valued functors, we
see that Corollary 16 is a generalization of the Yoneda lemma of category theory.
The concept of Kan extension of functors is one of the most fryitful concepts
of category theory, and the definition just begs translation into a 2-category.
This has already been used to some extent (see [6] and [7]). But the Kan extensions
of functors which occur in practice are all pointwise (using the terminology of
Dubuc [1]). Using comma objects we define pointwise extensions in a 2-category in §4.
Note that, in general, for the 2-category V-Cat, this definition does not agree with
Dubuc's; ours is too strong {we hope to remedy this by passing to some related 2-
category). For V=Set and V=2, the definitions do agree; for V=AbGp and V=Cat, they
do not. The closing section gives some applications of the Yoneda lemma and

fibration theory to pointwise extensions illustrating their many pleasing properties.
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§1. Representable 2-categories.

Let A dencte a category. A span from A to B in A is a diagram
(up,S,uy):
S

u(/ \:1

A B
When no confusion is likely, we abbreviate (up,S,u;) to S; then the reverse
span  {up,S,ug) is abbreviated to S*. Also we identify an arrow u:A—> B
with the span (1,A,u) from A to B. An arrow of spans
fi{ug,S,up)— (ué,S',ui) is a commutative diagram

N

B
Jgk\\\\ S,/’//yLi
Let SPN(A,B) denote the category of spans from A to B and their arrows.
When A has pullbacks, a span (ug,S,u;) from A to B and a span (vq,T,vy)
from B to C have a composite span (ugly,TeS,vil;) from A to C where the

following square is a pullback.

Uy
If f:S—— $' is an arrow of spans from A to B and g:T—— T' 1is an arrow of
spans from B to C then the arrow gef:ToS—— T'oS" dinduced on pullibacks is an
arrow of spans.
An opspan from A to B in A s a span from A to B in AOp; however,
arrows of opspans are arrows of diagrams in A.

Suppose A has pullbacks. A category object A 1in A consists of the

following data from A:
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- an object Ay;

- a span (dg,Ay.dy) from Ay to Ag;

- arrows of spans i:(1,Aq,1)— (dg,A1,d1),
c:(dOSO,AloAl,dlﬁl)——» {dg,A1,d1);

such that the following diagrams commute

1o iol loc
Ay Agohy Ay AjoByohy —m———— Aol
¢
:f\\\\\* l l(///////l COIl l C
A AyLoA - A
c

A functorial arrow f:A— B consists of an arrow fo:A;— Bg and an arrow of

spans fq:(fpdg,Ay,fod1)— (dg,B1,d;) such that the following commutes

Ro 1 s he— AreA,
fo 1 Frefy
Bo T B ByioBy

If f,f':A—— B are functorial arrows, a transformation from f to f' dis an

arrow of spans n:(fo,AO,fé)—> {(dg,By,dy) such that the following diagram

commutes
(ndl)ofl
Ay > BB,
fi"("do)l lc
B1°By S > By

With the natural compositions we obtain a 2-category CAT{A) of category objects in
A.

A category object A in A is determined up to isomorphism by the contra-
variant category-valued functor on A which assigns to each object X of A the
category whose source and target functions are A{X,dg), A(X,d;): A(ALAL ) — A(X,Ap)
and whose identities and composition are determined by the functions A(X,i),

A{X,c). Indeed, we have described the object function of a 2-fully-faithful 2-

functor
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CAT [A)—— [A°P,cAT] .
Henceforth we work in a 2-category K. By “span" we shall mean “span in the
category Kg".
A comma object for the opspan {r,D,s)} from A to B is a span (dy,r/s,d;)

from A to B together with a 2-cell

P[5 -
2|
A

satisfying the following two conditions

S

O e

Ay
——————————

- for any span {(uy,S,u;) from A to B, composition with A yields a

bijection
S 5__“1_,_3
V e
B A Ug —o%- S
d\ /{jl A_Y‘>D
between arrows of spans f and 2-cells o3
- given 2-cells £,n such that the two composites
r/s - 1/S 4y A

AYIVIRNE U

are equal, then there exists a unique 2-cell S’iﬁ%“r[s such that

g = dgd, n = dio.
In non-elementary terms, r/s is defined by a 2-natural isomorphism
K(Syr/s) = K(S,r)/K(S,s),
where the expression on the right hand side is the usual comma category of the
functors K(S,r), K(S,s).
The comma object of the identity opspan (1,A,1) from A to A is denoted by

oA, It is defined by a 2-natural isomorphism
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K(S,0A) = K(S,A)2 .

and so is the cotensor in K of the category 2 with the object A. When "¢A
exists for each object A and when K has 2-pullbacks we say that K is a
representable 2-category {(Gray [ 31 uses “"strongly representable”).
Ezample. If A has pullbacks then K = CAT[A) 1is a representable 2-category. //

Opcomma objects in K are comma objects in K°P. In a 2-category which is
both representable and oprepresentable, ¢ has a left 2-adjoint ¥ and any limit
which exists in Ky 1is automatically a 2-limit in K.
Proposition 1. In a representable 2-category each opspan has a comma object.
Proof. The formula is r/s = s*edDor, /)

In a representable 2-category, an identity 2-cell A”Iﬁ‘ﬂ‘A corresponds to an

1
arrow i:A—>- 0A, and the composite 2-cell

BRoOA_

A
dg / \dl
ey 0
d;

corresponds to an arrow oAo0A —=> oA. For each arrow f:A— B, the 2-cell

d f
(I:A@:A—-» B corresponds to an arrow  of:9A — 9B,

dy
Proposition 2. In a representable 2-category the following results hold.
(a) For each object A, the arrows 1i,¢ enrich dy,dj:PA—— A to a category
object A in K.
(b) For each arrow T:A—— B, the pair of arrows f,8f constitute a funetorial
arrow  f:A— B,

(c¢) For each 2-cell A/B“PB, the corresponding arrow o:A—> OB is a trans-
~— Y ~

formation from f to f'.

(d) The assigrment
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f £
Ao B —— ATz B
\_F/ u..h__f,',..sy

defines a 2-functor from K to CAT{Kg)}.
Proof. {(a) For each object X, {K(X,A)2l:::z [K(X,A)] are the source and target
functions for the category K(X,A); so Kq{X,0A)==2 K,{X,A) are the source and
target functions for a category, functorially in X. So ®ATX A carries the
structure of a category object in K,. It is readily checked that this structure
agrees with that of the proposition.
{b) For each X, {Ko{X,f), Ko(X,2f)) corresponds to the functor
K{X,f): K{X,A)— K(X,B).
{(c) similarly, Ky{X,g) corresponds to the natural transformation
K{X,o): K{X,f)— K(X,f').
(d) What we have shown is that the composite

K— CAT[Ky)—> [K°P,CAT]
is the Yoneda embedding, a well-known 2-functor. It follows that the first arrow is

a 2-functor.//

§2. Lax algebras and fibrations

Suppose D is a 2-monad on a 2-category ¢ and let {i:1=—— D, c:DD—> D
denote the unit and multiplication. A lax D-algebra consists of an object E,

an arrow Cc:DE—— E and 2-cells

C
E PE—FE 5 pE
1
1
E z/ D Vc
DE —— E Df —— >
[ C

in the 2-category C such that the composites
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DE-——————»DE DEN_

\ Di
D2E ¢ 3
(1) T (2) cE
c loc c = DE\J:/E =1 D?F —En DE
9 Dg
BE_ /7 ¢
iE///)f “\\\E\\ ///,/*-
9
r TN DE -t
1
“pE “DE
(3) D3f —— D2E DS —— > D2E
Deg \\\if \\\\\
D2 P2E ———"0E = D% De DE
E
Dc c [+
DZE/ V D2E ~——E—>DE\
DE - De™Npp___ 8 >

C

are equal as indicated. A pseudo D-algebra is a lax D-algebra in which z,06 are
isomorphisms. A normalized lax D-algebra has 7 an identity 2-cell. A
D-algebra is a lax D-algebra with both ¢,6 identities. Of course, for any E
in C, DE with cE:DZE—-—» DE 1is the free D-algebra on E.

Kock { 4] has distinguished those 2-monads D with the property that

¢ —iD in the 2-functor 2-category [C,C] with identity counit. Then the

c.Di
identity modification D :::;E:} D corresponds under the adjunction to a
Di 1
modification D::::EZ:: D2 . Suppose E s a lax D-algebra such that ¢ is an
ib
isomorphism with inverse ¢, and consider the composite
DTE c.Dc
DE/P DZE//Ie\*E.
\\_/ \J
1DE cep

On the one hand, 61 (ccE1E)(e.DiE) = 8.Di c.Dz.

£ E -
On the other hand, B1p = (eiDE)(c.Dc.lE) = (zt)(C.DC.IE}.
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So we have the equality

Dig Dc.Dig
DE/&—E\*DZE be y pE—CsrE DE/IE*DE <,
e g 1
C

The next proposition generalizes slightly some of Kock's results; he considers
the normalized case.
Proposition 3. Suppose D is a Z-monad with the Kock property and suppose

the 2-cell

i

DE -—~7;——<¥-E

is an isomorphism with inverse T satisfying equality (4). Then:

(a) T 1is the counit for an adjunction ¢ — ‘iE with unit given by the

composite
1
/i l \
E Dz
0 ool
‘\\7£J;" De
DE
C
i
3 E

c.Dc
(b) the 2-cell DZE@E corresponding under adjunciion to the identity
]DE‘iE c.cp
g-cell E @ D2E 18 unique with the property that the equality (1)
D1E.1E
holds;
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{e) this 2-cell © enriches E,C,0 with the structure of pseudo D-algebra.
Proof. (a} Let = denote the composite 2-cell displayed in {a). Equality (4)
gives Zc.cw = 1.  Since the composite ‘EiE is the identity, we also have
iE:;.mE = 1.

{b) Let 1 denote the composite

1 e, R
DE—L s pE —DE o (g »DE

Then the 2-cell 6 described in (b) is the composite

DCE

D1DE
DZET\ D3E
NYDE

‘p2e e

DE

The 2-naturality of 1{:1— 0 implies the equality iéZc = DZ.DC.?DE, from
which it easily follows that 1 = zc. Using this and the equations CEiDE =1,
peipe = 1> we deduce the equality (1).

To prove uniqueness, suppose 6 satisfies (1). The 2-cell corresponding to
& wunder adjunction is the composite

{unit)i i Di . i.81,.1

.. DE'E L. . L E"'EVDEE . .
ipglg — DlE.TEC.DCJDE‘\E i DIE'1ECCE1DE1E

D1E.1E(coun1t) .
E*'E*

So (1) implies that this composite is independent of 6. For one such © the
composite is the identity, so the composite is the identity for all such 6. So

6 1is unique.

(c) Clearly 6 is an isomorphism, so it remains to show that ¢ satisfies (2)
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and (3). Equality (2) follows from the equations CE.DiE =1, c.Dc.DcE.lDE.DiE =
¢.De.Dep.Dipp.1p = c.Deoip , 1= Tc and (4). By the naturality of "replacing
arrows by their right adjoints", equality (3) holds since identity 2-cells appear
in the squares of the transformed equaiity.//

A lax homomorphism of lax D-algebras from E to E' consists of an arrow
f:E—— E' and a 2-cell

C
DE ——> E

Dfl ef/v lf

pE!—— E'
o

in € such that the composites
C
DE—>E DE
V i N
DF|  op 7|f C/ £
E E
l . DE'——E' 1

g /C

(5)

f

C
D2E—E—wDE D2E ——E 4 DE
wc‘ \
S c
DE 3 )
D2f [ D=2f Df E
(6) = D2E ' DE '
CEI .f.‘
Def Df . f
e ; o ¢/
DC\ /
DE"*—* E' DEI—)’E)

[of C

are equal as indicated. A lax homomorphism f 1is called a pseudo homomorphism

when ef is an isomorphism, and is called a homomorphism when ef is an identity.
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Proposition 4.  Suppose D <is a Z-monad with the Kock property and suppose

fi:E— E' Is an arrow between pseudo D-algebras.  Then the 2-cell ef:c.Df—> fc
which corresponds under adjunction to the identity Z2-cell 1:Df.1’E—-> 1'E. £ s
unique with the property that equality (5) holds.  Furthermore, this b enriches
f with the structure of lax homomorphism.

Proof.  Suppose b¢ is as explained in the proposition. Equality (5) holds

since both the 2-cells ciE,f-——» f correspond to the identity 2-cell

iE.f-—l—* iE.f under adjunction (recall that 7 is the counit for ¢ —i iE,).

On the other hand, suppose ef satisfies (5). Then 6. corresponds under

f
adjunction to the composite

m.Df.ig 1'E.8f1'E 1'E.ff

Df.i————> i Df.iE———>1E.fci

E EaCo m———

3 fo

El
which is independent of Be by {5); so B¢ is unique. Finally, O¢ satisfies
{6) since both the 2-cells c¢.Dc.D2f— fccE correspond under adjunction to the
X . . . . 1 .

- 2 =
identity 2-cell D f']DE']E 1DE..1E,f-———» DiE..xE.f {recall that

6:c.Dc — ccp corresponds to  1:i i —— Di

D' e,

For convenience we henceforth work in a representable 2-category K.
Proposition 5.  Suppose f:A—— B <is an arrow with a right adjoint U,
counit € and unit 1n. For any arrow ¢:C— B, the arrow v:0— f/g
corresponding to the g-cell €9 <is a right adjoint for dy:f/g— C with
counit the identity and wnit B:1— vd; defined by the equations
dgB = ur.ndg , dy8 = 1.

Proof. Using ef.fn = 1, we see that the two composite 2-cells
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1
e LN 1 do

f/g > f/g >

ST SR

f/g > C > >C f/9 g B
\ d 4 1 4
1

are equal; so there exists a unique 2-cell g as asserted. Using ue.nu = 1, we
also see that Bv = 1. So B is a unit for d; —| v with identity coum’t.//
Corollary 6. For any arrow p:E—— B, the arrow dy:p/B— E has a left adjoint
i with unit the identity. Explicitly, ip 18 the unique arrow whose composite

P
with A is the identity 2-cell EZ 1} _B.
\p,r

Proof. Since 1:B— B has a left adjoint, a dual of the proposition yields the
resu]t.j/
Corollary 7. 4An arrow f:A—= B has a right adjoint if and only if the arrow
dy:f/B—— B has a right adjoint. In this case there is a right adjoint for di
with counit the identity.
Proof. If dy — v we can compose with i, —f do of Corollary 6 to obtain
f=dpig —1 dgv.  The converse and the last sentence follow directly from
Proposition 5.//

Corollary 4 applied to p = lp gives i as Jeft adjoint foriddo:rbB—> B.

T

The unit of this adjunction is the identity and the counit @B\&EQ,@B is the
i

2-cell defined by the equations dgi = 1, dyig = A, Dually, dy:9B—— B has i
1
as right adjoint with counit the identity and unit @B~ |1, 0B defined b
g X y duy y

id,
dou = A, dyy = 1.  Using the 2-pullback property of the square
4,
$Bo 9B — = @B
A
dg l ldo
$f —————— B s
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lod
we see that dy1y = 1 = dpg1; imply the existence of a unique 2-cell @B;::::E::pBoQB

jol
A A
such that dgi = vy, dj1 = 1.

Proposition 8. (a) The composite 2-cell

101
//—\ C
B 3 HBo OB e B
\'l’/
jol
/l\
1798 .
1

18 the identity 2-cell  &B

(b} The composite 2-cell

101
B> 4B lx 0Bo0B
101
joi
is the identity 2-cell B @ 9Bo2B
joi
(¢c) The arrow C:9Be®B — OB <s left adjoint to ieol with counit the identity

and with unit given by the composite

/ loiol \

0Bo0B loli $Bo0Bo3B ——Sa 5B 0B

Proof. (a) This follows from the calculations

dger = d0301 =dpg =1, dicar = d1811 =dj1y = 1.
(b) This follows from the calculations
doti = toi = 15 , dpi = 1gd = 15,
{c)} Using {a), we have
c{loc)(1e1) = clcoDlel) = cl{ctel) =
and using (b), we have
(Toc}{ro1){io1) = {loc){tiol) = {loc)lw]01 = lioc(iol) =1
So ¢ —4 i-1 with counit and unit as stated.

Let KB denote the comma object of the opspan
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SN

in 2-CAT. So KB is the 2-category whose objects are pairs (E,p) where p:E——B

is an arrow in K, whose arrows f:(E,p)— (E',p') are arrows f:E— E' in K
f
such that p'f = p, and whose 2-cells (E,p)'//I;\\*(E',p') are 2-cells E"_I;‘”‘E'
~—
g

g
in K such that p'o=1. We often write E for (E,p).

p
Let L:KB————+ KB denote the 2-functor given by:
//’f““ﬁu f/B
E, o (E'p’ B,dy) < {o/BN (p'/B,dy)s
( p)\%_’/( p')  —> (p/ 1)%{/’,@ 1)

A
or, in other words, L(E,p) = (®Bop,dyp), Lf = 1ef, Lo = log. Let i:l1— 1L,

c:LlZ—— L denote the 2-natural transformations with (E,p)-components

iol col
E e $Bop, @Bo@BoE———3 $BoE .

The diagrams which say that B (see Proposition 2{a)) is a category object precisely
say that L 1is a 2-monad on KB with unit 1 and multiplication c. Moreover,
Proposition 8 shows that L has the Kock property so that Propositions 3 and 4
apply.

An arrow p:E—— B s called a 0-fibration over B when (E,p) supports
the structure of pseudo L-algebra. The O-fibration is called split when (E,p)
supports the structure of an L-algebra.
Proposition §. (Chevalley criterion). The arrow p:E—— B s a 0-fibration

over B if and only if the arrow p:i®F—— p/B corresponding to the 2-cell



has a left adjoint with unit an isomorphism.
Proof.  Suppose {E,p) s a pseudo L-algebra, The counit of Coroilary 6 is

readily seen to be

(‘ido)ol
B = OBeE < Jigel™ 9BoE = p/B ;
this 2-cell corresponds to an arrow k:p/B— &(p/B). Let £ be the composite

k o

p/B

®(p/B)

$E.  One readily verifies that pt = L(ctE). Let

p/B !n p/B denote the 2-cell Lz ;
pl

denote the unique 2-cell satisfying dge = Zdg, dyje = (Tdy){cpy;).  (Hote that

£
s : : f"I%L\t oF
it is an isomorphism. Let <¢E_ ye ,
1

pi = ig). By applying dg,d) to pe.np it is readily seen that pe.np = 1.

Also dg(ef.£n) = 1 4is immediate. To complete the proof that £ —f p with
counit e and unit n, we must show that d;(ef.4n) = 1. But difef.fn) =
(zd1£) (cpr £) (clz).

From the calculations

cl1gol) = C(gool)(lol) = dg{loc){1re1),

= 4 (301) = dy (A1) (101) = dy(Lec)(101),

doptif = dgipd = AL = A.dc.k = Ak

dlf’“l‘?— = @p.dltlﬂ =1 =1

slpc)k - Mgk T lqy
we deduce that piy L = (loc)(1e1) = Lc.t

dy(el.n) = (Eb)(c.Lc.lE)(ch) =1,

£ So, by condition (4), we have

Conversely, suppose £ ——15 with counit € and isomorphism unit n. Since
£ —p with counit e and d; —| 1 with counit 1, we have di& — pi = i
with counit diei:dyfpi—— d;i = 1. So put ¢ equal to the composite

d _ .
p/B-—§;+ 9E —— E and z = dyei. It is readily checked that the composite
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p/B

YN

E——— Y _,ef
1

is an isomorphism with inverse the composite

1
///i’—r P ‘\\\;;\\x .
E —— oF »p/B —— s p/B F—1s of
n - d()
;\\\\ l p 110
oF .

So ¢ s an isomorphism. The equality (4) for Proposition 3 follows easily.

So E 1is a pseudo L—a]gebra.//

Compare the above proposition with Gray [ 2] p.56; so we have related the
definition of O-fibration here with the definition of opfibration in [2] when
K = Cat. Notice that the unit of the adjunction £ —|p for Gray is not just
an isomorphism but an identity. It is worth pointing out the reason for this since
we will need the observation in the next paper. A O-fibration will be called
noamal when there is a normalized pseudo L-algebra structure on it. In Cat every
O-fibration is normal, but in other 2-categories this need not be the case. In
the proof of the Chevalley criterion, if ¢ is an identity then so is n. So,

fon @ nommal O-gibration, p:OE—— p/B has a Left adjoint with unit an identity.

For any arrow g:B'-——— B, "pulling back along g¢" 1is a 2-functor g*:Kg———* KBﬁ
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for each E in KB’ the diagram
I

gE— >k

A

p p

B'————— B
9

is a pullback. The composite 2-cell

dy

g/Bl______)_ B!

do 1

E——7x—>8
P

v
induces an arrow of spans 9g:

A
p/B|
v
Vv d1
g*E 9
A
9 p/g

PN

v
for each E 1in KB' One readily checks that 9> E ¢ KB are the components of a

Bl

v
2-natural transformation g:

*
KB_Q___,.KB,

v
L j///" L
KB_Q*—-)-KB.

\'2
Indeed, in the language of Street [6 ], the pair (g*,g) 1is a monad functor from
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(KB,L) to (KB,,L) in the 2-category 2-CAT.
Proposition 10.  Suppose ¢:B'—— B i{s an arrow in K.  For each lax L-algebra
E, the arrow v
Lg*E_L g*LE _.g_i(i)__> g*E
enriches Q*E with the structure of lax L-algebra. For each lax homomorphism

fiE—— E' of lax L-algebras, the 2-cell
v

9 g*{c)
Lg*E > g*LE » g*E
Lg*E l g*(Lf)l 9*(%19*«)
Lg*E >g*LE' > g%
I g*(c)
enriches g*(f)ig*E—— g*E' with the structure of lax homomorphism. If E i3 a
pseudo L-algebra or an L-algebra then so is g*E. If f <4s a pseudo homomorphism

or a homomorphism then so is g*(f).//
Corollary 11. The pullback of a (eplit) O-fibration along any arrow ig a (split)

O-fibratzon.//

Let R:KA—-—+ KA denote the 2-functor given by:
f A/f
€0 oo ('he') —s (A/q,do)@ (A/q" dy).
9 g

There is a 2-monad structure on R and the theory develops as for L; just replace
K by K°°.  An arrow q:Ew——+ A& is called a I-fibration over A when (E,q)
supports the structure of pseudo R-algebra.

Note that the category SPN(A,B) of spans from A to B becomes a

2-category by taking as 2-cells the 2-cells o of K as in the diagram

&
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where q'c = lq’ p'c = lp‘ Let M:SPN(A,B)- SPN{A,B} denote the 2-functor
given by:
f lofol
TN P e
E_o} _E' > 0BeEc®AT_ [looel > 0BoE'-0A.
S—— B S g
g logol

This 2-functor supports the structure of 2-monad too; the unit i:1— M and

multiplication c:MM—— M have as components

joleid coloc
£ ———— 0BoE°9A and ¢BodBobodAogA ——mm——r OBoEOA .

A span (q,E,p) for A to B is called a bifibration from A to B when it
supports the structure of pseudo M-algebra. A split bifibration is an M-algebra.
Results on L-algebras and R-algebras can be transferred to M-algebras via the
following result. The corresponding statement for lax algebras is left to the
reader.
Proposition 18  Suppose E is a epan from A to B. The M-algebra structures
C:0BoEedA—— E are in bijective correspondence with pairs of arrows of spans
CL:®B0E———+ E, CR:EOQA-~* E  such that CL» Cp are L-algebra, R-algebra
structures on E related by the condition that

locR
ME ooz | £

cLol l ICL

RE —— > F
‘R

commutes; the bijection is determined by

lolod ¢

c = {BoE ———— 9BoEoPA s [ )
iolol [¢

cp = (Eoc®A ————— $BoE o PA s E)

c = cL(locR) = cR(cLol).
Furthermore, an arrow of spans i a homomorphism of M-algebras if and only if <t is

a homomorphism of both the corresponding lL-algebras and the corresponding R—adebras.//



124

Combining this with Corollary 11 and the dual for 1-fibrations we have:
Corollgry 13. For any arrows fTiA'——— A, ¢:B'—— B, each (split) bifibration
E from A to B <induces a (split) bifibration g¥*eEof from A' to B'.//

There is a more general composition of bifibrations which we will not need.
If E is a bifibration from A to B and F a bifibration from B to C then
the bifibration F e E from A to C can be defined by the usual “tensor product
of bimodules" coequalizer, provided this coequalizer exists and is preserved by

certain pullbacks.

§3. Yoneda's Lemma within a 2-category.

Again we work in a representable 2-category K.

A covering span is defined to be a span which is the comma object of some
opspan.

Theorem 14.  Any covering span is a split bifibration.  Any arrow of spans
between covering spans ts a homomorphism.

Proof.  Any comma object r/s s a composite s*edDer. But 4D is the value
of M at the identity span of D; s0 oD 1is a free split bifibration. So r/s
is a split bifibration by Corollary 13.

Suppose f:i:r/s—— u/v is an arrow of spans from A to B. We must prove
that f commutes with the M-algebra structures on r/s and u/v. By Proposition
12, it suffices to show that f commutes with the L-algebra and R-algebra
structures separately. By duality, it suffices to show that f commutes with
just the L-algebra structures.

The L-algebra structure c:9Bo(r/s)— r/s comes from that of @D via the

commutative square
P50}

Bo (1/s) ———— Do 0D

r/s ——— (0
A

Equivalently, note that ®Bo(r/s) 1is the comma object of the opspan (r,D,sdg)

from A to @B (composed with d,:8B— B} since we have the pullback
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A

dy
r/sdy ——————> 0B

I

— —
r/s a B

and c:r/sdg—— r/s corresponds to the composite 2-cell

r/sdg

A
dy V}
OB
, dof_lt)dl
A
PERANIEN-SY B
r\\ /
D

dg
The main trick of the proof is to introduce the 2-cell r/sdo/"IEf“r/s
\\E”JV
A
defined by dgo = ldo’ dia = Ady; of course, we also have such an o for
u/v. The arrow L(f) 1is defined by the commutative diagram
A A
do d;
r/s r/sdg oB
fl L(f)l L
u/v -+ u/vdg ~ ol
dg 1

The calculations

dgoL{f) = lg,L(f) = 1d0 = dgo = dgfo

A A
dlaL(f) = XdlL(f) = Kdl = dlu = dlfa
show that the following composites are equal
A A
/‘jO\L £ L(f) /.9.9\
r/sdg lq P/S —eeeem U/V = r/sdg———>u/vd la u/v,
\\\E_"/* \%77",'

So c¢.L{f) = fc, which proves that f is a homomorphism.//
Let COV(A,B) denote the full subcategory SPN({A,B) whose objects are the
covering spans. Let SPL{A,B) denote the category of algebras for the monad M

on SPN(A,B); it is the category of split bifibrations from A to B and their
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homomorphisms (up to equivalence).
Corollary 16. The inclusion functor  COV(A,B)—— SPN(A,B) factors through the
underlying functor SPL(A,B)— SPN(A,B).//

Corollary 16 (Yoneda lemma).  Suppose f:A~—— B <s an arrow and E <is a covering

span from A to B. Composition with the arrow of spans if:f—-—+ f/B yields a
bijection between arrows of spans from f/B to E and arrows of spans from f to
E.
Proof. Note that f/B is the free M-algebra on the span f from A to B.
This gives a bijection between arrows of spans f-— E and homomorphisms f/B— E.
But by Theorem 14, any arrow of spans f/B——E is a homomorphism.//
Remark. Take K = CAT and A =1 in Corollary 16, Covering spans E from 1
to B functorially correspond to functors e from B into some category of sets.
An arrow f: l—— B 1is just an object b of B. The bijection of the corollary
becomes the usual bijection between natural transformations B{(b,-)— e and
elements of eb obtained by evaluating at 1.
The following special case of Corollary 1€ appears in Gray [ 3].

Corollary 17. The functor K(A,B)°P—— SPN(A,B) given by
A o/B

lo o8 ——  f/B—— g/B
8 fully faithful.

Proof. The definition of comma objects gives the bijection

f
_—

A B
h
1 V'l f o/B
A——g—>B

between 2-cells o and arrows of spans h. The Yoneda lemma provides the

bijection between such h and arrows of spans f/A— g/B.

/!

§4. Pointwise extensions.

Recall the definition of left extension in a 2-category (see [6]).
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Proposition 18.  There is a bijection between 2-cells

dy .
/B ———>B A J >3
K
dO C/ k —— > £ T K
A —X X
f
obtained by composition with ij' The 8-cell « exhibits k as a left
extension of f along J <if and only if the corresponding ¢ exhibits k as a
left extension of fdy along dy.
Proof. By definition of comma objects there is a bijection between 2-cells ¢
and arrows of spans Jj/B-—= f/k, and a bijection between 2-cells « and arrows
of spans j— f/k. The first sentence of the proposition now follows by the
Yoneda lemma. For any arrow £:B-— X, there are bijections
f—{j +~— j— f/L ~—— j/B— /L
—— j/B—— X —— fdy— &d,
where the first, third and fourth are from the definition of comma object and the
second is by Yoneda.//

The 2-cell

J
A——18B
K
f —— k
X
is said to exhibit k as a pointwise left extension of f along Jj when, for

each arrow ¢:C— B, the composite 2-cell



A——"T—">8

J
K
f\\""'“"/ k
X

exhibits kg as a left extension of fd, along d;.

Taking g = 18 in this definition we obtain the following corollary to the
last proposition.
Corollary 19. A pointwise left extension is a left extension.//
Remark, When K = CAT, the pointwise left extensions are precisely those given
by the formula

dp f
kb = Tim (j/b ———s A —— X).

—

To see this, take C 1, g = b and note that left extension along j/b— 1
is direct Timit.

Recall that left extensions along an arrow with a right adjoint always exist
and are obtained by composing with the right adjoint. The following resuit is
a direct corollary of Proposition 5,
Proposition 20. Any left extension along an arrow which has a right adjoint is
pointwise.//
Proposition 21. An arrow f:B— A <{s a left adjoint to uA——— B <If and only
if there is an isomorphism T/A = Bfu of spans from A to B.
Proof. Using the Yoneda lemma, we have bijections

] s uf f B/u f/a—D s B/y

fu——os 1 —— Ut — f/A > B/U——f/A

It is readily checked that n,e are a unit and counit for an adjunction f ———{ u
if and only if the corresponding m,n are mutually inverse 1somorphisms.//

‘An arrow J:A— B is said to be fully faithful when, given any 2-cell
u

Ju
——
Ci::;E:::B, there exists a unique 2-cell C Lo A such that 1 s the
Jv v
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/“"’u\ j
composite C\l’c),A—» B. It is readily seen that j is fully faithful
v

if and only if the arrow of spans &A— j/j corresponding to jx is an

isomorphism.

Proposition 22. If J:A—— B ig fully faithful and if the 2-cell

exhibits Kk as a pointwise left extension of f along J, then o <is an
isomorphism.
Proof. Since k 1is a pointwise left extension and oA~ j/j is an isomorphism,

the composite 2-cell

do dol VL]
A—llsp

a——
f\°/ «

X

exhibits kj as a left extension of fd, along dy. By Proposition 18, the

corresponding 2-cell 1

A4
8}
f N Y kg
X
exhibits kj as a left extension of f along lA' But also the identity 2-cell

exhibits f as a left extension of f along lA‘ So o is an isomorphism.//

For a O-fibration p:E— B and arrow b:G— B, we denote by Eb the

puliback of b along p.



130

A
p
—_—»3

Ep

A
bi' b
E ———=38
p

Proposition 23.  Suppose in the diagram

p
E——O'*B
f\d/k
X
that p 1s a normal 0-fibration. The 2-cell o exhibits k as a pointwise left
extension of T along p <if and only if, for each arrow b:G—— B, the 2-cell
A A A
ob exhibits kb as a left extension of fb along p.
Proof. The following square is readily seen to be a pullback.

1
A

E/b ——— p/b

oF —————p/B

p

Since p is a normal O-fibration, p has a left adjoint with unit an identity
{Chevalley criterion). This property is preserved by pullback: so p' has a left
adjoint £' with unit an identity. The arrow dle/G-——+ Eb has a right adjoint
1G:E6—-* E/Q (dual of Corollary 6). So the composite d,&':p/b— E,, has a
right adjoint p'ig. Let n denote the unit of this adjunction. One readily
checks the equations

A A
b= dop'i, » pdiL’ = d; and pdgn = A.

d; 2' A
/—_\\
phig A

E ——— 8

p

o]
;\\\\::—32////,k

X
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So fdgn exhibits b as a left extension of fd, along d;€'. It follows

that the composite 2-cell

A
exhibits kb as a left extension of fdy along d; if and only if ob exhibits
A A
kb as a left extension of fb along p.//
Proposition 24.  Suppose in the diagram

ifg— Y ¢

ol e

A—*B

\K/
that « exhibits K as a pointwise left extension of f along Jj. Then the
composite 2-cell exhibits Kg as a pointwise left extension of fdy along dy.

Proof. Take b:i:G-— C. The following square is a pullback.

j/gp— % g

| |

g ——g—>¢
1
If this is mounted on the top of the diagram of the proposition we obtain the
diagram
jlgp—h ~ g

l a/l *

AéB

N4

and this composite 2-cell does exhibit kgb as a left extension of fd, along

I

d; (from the pointwise property of k). By Proposition 12 and Theorem 14 we
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have that d;:j/g— C 1is a normal O-fibrations (indeed, split}. So

Proposition 23 applies with p = d;:j/g—= C to yield the resu1t.//
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ELEMENTARY COSMOT I
by
Ross Street

The theory of categories enriched in some base closed category V, is couched
in set-theory; some of the interesting results even require a hierarchy of set-
theories. Yet there is a sense in which the results themselves are of an elementary
nature. It seems reasonable then to ask which are the essential elementary results
on which the rest of the theory depends. In unpublished joint work with R. Walters,
an axiom system was developed which amounts to Theorems 6 and 7 of the present paper
restated in terms of the representation arrow. We were able to deduce a great deal
of the desired theory. One model for this system is provided by the 2-category
V-Cat of small V-enriched categories together with the 2-functor P:(V-Cat)“““Pay-Cat
given by PA = [A”P ] (= the V-enriched category of V-functors from A% to V) where
V is an appropriate small full subcategory of V.

In the case V = SET, V = Set, there is a universal property of the presheaf con-
struction P which is more fundamental than the axioms mentioned above. With size
considerations aside this universal property amounts to, for each category A, a
pseudo-natural equivalence between the category of functors from B to PA and the
category of covering spans from A to B. Generalizing to a representable Z2-category
K, we obtain the definition of an elementary precosmos as presented in this paper,
the adjective "elementary” is dropped for brevity. {Strictly the universal property
only determines P:K°“P»K as a pseudo functor, so we further ask that there should
be a choice of P on arrows which makes it a 2-functor.) A cosmos is a precosmos for
which P has a left 2-adjoint.

Our use of the word "cosmos" is presumptuous. To J. Benabou the word means
"bicompTlete symmetric monoidal closed category", such categories V being rich
enough so that the theory of categories enriched in V develops to a large extent

just as the theory of ordinary categories. It is not modifying this meaning much
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to apply the term to the constuction P of V-valued V-enriched presheaves for such

a V, together with whatever structure is needed to make P well defined. However, we
frankly do not know how a cosmos in this sense in general gives an example of an
elementary cosmos in the sense of the present paper. The problem amounts to a
well-known one in the theory of V-enriched categories concerning the relationship
between comma objects and pointwise kan extensions. If we naively take K to be the
2-category V-Caf then the pointwise left kan extensions given by the coend formula
{see Dubuc [67) are not always pointwise left extensions in K in the sense of the
previous paper [22]; the comma objects in K are just not right for extension
purposes with a general V. We conjecture that there is some variant of V-Cat which
is an elementary cosmos and provides fuller information on V-enriched categories {see
Linton [19] p 228).

Despite this degree of ignorance, we believe there is good reason for presenting
our work in its present form. Although we do have proofs for many of our results (we
mention in particular Theorem 35) in the joint work with Walters, the proofs of the
present paper are shorter and simpler., Further, our work can be regarded as a
different approach to the elementary theory of the (2-) category of categories
emphasising the role of the set-valued presheaf construction (compare Lawvere [147).
Also the (pre-) ordered objects in any elementary topos provide an example of an
elementary cosmos; in particular, the 2-category of ordered-set-valued sheaves on a
site is a cosmos. This observation contributes to topos theory in that our theory
puts the techniques of adjoint arrows, kan extensions, comma objects, completeness,
etc, at our disposal to examine the ever-present ordered objects in a topos. The
2-category of category-valued sheaves on a site is most probably a cosmos. Finally,
we repeat the hope that enriched categories can be shown to fit into our present
framework and mention that in a forthcoming paper we will show that Cat-enriched
categories {that is, 2-categories) do fit in by expanding to double categories.

The notations and results of [12] and [22] are freely used throughout this

paper.
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1. Internal attributes.

Let K be a representable 2-category. For objects A, B, recall that the
category SPN(A,B) of spans from A to B supports a monad M which assigns to

each span S the span MS obtained as the inverse 1imit of the diagram

hO”.?A S kOmB
o NN N
A A B B

where, in this paper, we denote the comma object A/A = ®A by homy, - We freely
call the M-algebras split bifibrations from A to B, although a split bifibration

is strictly the underlying span of an M-algebra.

Before giving the next definition we must describe a pseudo functor
SPL: KOOP x KP —— (AT,
For each pair of objects A, B, SPL{A,B) 1is the category of split bifibrations
from A to B. For each pair of arrows f: A'— A, g: B'—> B, the functor
g*o-of: SPN(A,B) — SPN(A',B')
1ifts in a canonical way (see Corollary 13 of the last paper) to a functor
SPL(f,g) = g*o-of: SPL{A,B} —> SPL(A',B').

h g

e
For 2-cells A! L(J A, B‘/——I;\*B, the natural transformation
\-f-"” m

SPL{o,T): SPL(f,g) — SPL(h,k) is defined as follows. For each E in SPL(A,B)
with action c¢: ME — E, the component SPL(O,T)E = t*oFeg is the composite

loipel olo
gFoEo fETS G*oMEef=(B/g)eEe (F/A)—BLE2to(O/R) g1y e (h/A)=k* oMEo 125, k*oEoh.
The routine verifications required to prove that SPL 1is a pseudo functor are left

to the reader.

Suppose we have a 2-functor P: K99 — K and, for each object A in K, a
split bifibration E% from A to PA. These data are said to endow K with

attributes when the functors
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K(B,pA) —RsBI-F o (a,B)

h
g* €
BT Jo PR > (h*og, —B K*egy)
\!.(_,.X

are fully faithful and form the components of a pseudo natural transformation.
Pseudo naturality of {A,Bl-} in B is automatic, but in A it means that
(Fu)*ceA T € ,0u naturally in u: A — A', Split bifibrations isomorphic to ones
of the form {A,Blh} for some h: B—> PA are called attributes from A to B.

We call PA the object of attributes of type A.

A pair of arrows a: X —> A, b: Y~—B is said to be adnissible with respect
to a split bifibration E from A to B when b*cEea 1is an attribute from X to
Y. Then there is an arrow E{a,b): Y — PX defined uniquely up to isomorphism by

the condition
{X,Y|E(a,b)} = b™eEea .

For 2-cells a«: a' — a, B8: b—b', where both the pairs a, b and a', b’
are admissible with respect to E, we can define a 2-cell E(a,8): E{a,b)—> Efa',b")
so that the condition of the last sentence becomes natural. Then "E" becomes a

pseudo natural transformation in the following sense.

Proposition 1.  If the pair of arrows a: X — A, b: Y — B -is adnissible with
respect to a split bifibration E from A to B then, for all arrows u: H—>X,
v: K—> Y, the pair au, bv <is admissible with respect to E and there is a
natural isomorphism

E(au,bv) = Pu.E(a,b).v .
Proof.  The following isomorphisms are all natural:

(Pu.E(a,b).v)*o€, = v¥eE(a,b)™e (Pu)*e€y = v o (E(a,b) o )eu =
v¥o (b¥oEoa)eu = (bv) oEs (au) = E(au,bv)*oEH ’

We say that an opspan X L A<% ¥ is adnissible when the pair f,g is
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admissible with respect to homA; or in other words, when f/g 1is an attribute
from X to Y. As a special case of our above notation, we then have an arrow

homp (f,g): Y —> PX satisfying the condition
{X,Y[homA(f,Q)} x f/g .

Call an arrow f: X — A odmissible when the opspan f,ly 1is admissible; call ¥
coadmiesible when the opspan 1a,f is admissible. (Call an object A Ilegitimate
when  Zomy is an attribute. The following is an immediate consequence of

Proposition 21 of the last paper.

Theorem 2. An arrow u: A —— B <{s a right adjoint for an admissible arrow

f: B——=A <if and only if there is an isomorphism

homy (£,1) = homB(l,u). J

Recall that an object G 1is said to be orthogonal to an arrow f: A — B
when the functor
K{G,f): K(G,A) — K(G,B)
is an isomorphism. This is an elementary condition since a functor is an isomorphism
when it is bijective on objects and fully faithful. A class G of objects of K is
said to be strongly generating when, given f: A —> B, if each G in G 1is ortho-

gonal to f then f 1is an isomorphism,

When the arrows j: A — B, f: A —>X are each admissible, we have the

following string of bijections.

J .
A————> 8 /\
//iiin > A B
f k
X
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k
/B B> X

dg dy

Yoneda

— A ) B —> 1 hom{f,1)
k Af K

frk B——>PA

hom(j,1)

B k/X
2N 2N

Yoneda

— B X «~——> B X
ARy ™NvY e
hom(j51)/hom(f,1) hom{j 1)/ hom(f,1)

So that 2-cells «k correspond to arrows of spans k/X — hom(j,1)/hom{f,1)

Theorem 3.  Suppose G 18 a strongly generating class of objects and suppose that

f, ] are each admissible in the diagram

A—— 3 .8
K
f - k
X .
Then the following three conditions are equivalent:

(a) the 8-cell « exhibits Kk as a pointwise left extension of T along j;
(b) the arrow of spans k/X — homB(j,l)/homx(f,l) corresponding to x 1is

an tsomorphism;

{c) for each object & in G and each arrow b: G —> B, the composite

g-cell

exhibits kb as a left extension of fdy along dj.
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{b) « {c}.
in G, the

(*)
induced by «

categories K(G

functor
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Since {a) is a special case of (c) with G = K, it suffices to prove

The arrow of spans in (b) is an isomorphism if and only if, for each G

K(G,k)/K(G,X) — K(G,hom(§,1))/K(G,kom(f,1))

is an isomorphism,

,B) and K(G,X).

This functor is an arrow of spans between the

Given arrows b: G —> B, x: G—X, there are

bijections

dy
3/ b e G

-
R
f

nom(j,b)

dg PA .

hom(f ,x)

So we obtain a function

X
G G—X
bl\ — b W lhom(f,l)
Y -
k hom(3,1)

by first pasting ¢ on the right hand side of the 2-cell in (c) and then tracing
through the bijections of the last sentence. This function is readily seen to be
the object function of the functor (*). So the object function of (*) is a bi-

jection if and only if "pasting on the right hand side of the 2-cell in {c)" is a
bijection for all In this case

b,x; that is, if and only if property {c) holds.

(B,£): (b,d,x) — (b',6',x") s an arrow of K(G,k)/K(G,X)
(8,8} (byy,x) — (b',w',x")

K{Gshom(3,1))/K(G,hom(f,1)) where ¢,4' go to y,y'

it is readily seen that
if and only if is an arrow of

respectively under the bi-

jection. So (*) is an isomorphism of categories if and only if {c) holds.,
Corollary 4. Suppose j: A ——B, f: A-—1X, k: B—X are all adnissible.

Then Kk is a left extension of f along j if and only if there <s an isomorphism

homx(k,l) T

H

homPA(homB(j ,1) ,homx(f,l)). /
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Remark. For K = CAT and PA = [AP,S] where S 1is a category of sets, the con-

dition (b) of Theorem 3 amounts to the formula
X(kb,x) = PA(B(j-,b),X(f-,x))
from which a1l the properties of left extensions can be proved. The coend formula
a
kb = J B(ja,b) @ fa

is an easy consequence ([5]p 187 and [207] p236). Also G = {1} is strongly

generating, so from {c) we have that the formula

4y f
kb = Zim{i/b — A —X)

actually determines the pointwise left extension.,

§2.  Precosmoi.

A precosmos 1s a representable 2-category endowed with attributes satisfying
the property that any arrow of spans between attributes is a homomorphism of split
bifibrations. Theorem 14 of the last paper implies that those attributes which are
covering spans automatically have this property; we shall see that in some cases
the property implies that attributes are covering spans. Of course, as in the last
paper, we have the consequence that, for an admissible arrow f: A —>B and any
attribute E from A to B, composition with ig: A—= f/B yields a bijection
between arrows of spans

f/B

NG N
~u7 7

There is a dual consequence for coadmissible arrows wu: B — A,
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Theorem 5. If a: K== A <is coadnissible then homp{l,a) <is adnissible and
there is an isomorphism

hompA(homA(l,a),l) T Pa.

Proof.  We shall show that the attribute &pea = (Pa)*cEK has the unijversal pro-
perty of the comma object homA(l,a)/PA from which the result follows. Note that,

for any span {(u,S,v) from K to PA, we have (hom(l,a)u)*cek T A/au. There are
bjjections
Alau

/\ -
uN/ Nt

v OEA

- \ 2N, /
N >

A GAoa

The composite bijection ¢ +—h is natural in spans S so that ana has the
desired comma property.,

If the pair 1p,b 1is admissible with respect to the split bifibration E from
A to B then we have an isomorphism

homPA(homA(l,a),E(l,b)) T E(a,b)
for coadmissible a (combine Proposition 1 and Theorem 5). This is very reminiscent
of the Yoneda lemma of category theory {see Mac Lane [20] p.61)
v

Suppose f: C —> X 1is any arrow and A —E*‘C «<— B is an admissible opspan
such that the opspan A f!*’x +«— B is also admissible. The canonical arrow of
spans u/v = fu/fv (induced by the 2-cell fA) corresponds to a 2-cel]l

f f
x = Xu,v: homc(u,v) —‘*homx(fu,fv),

called the effect of f on homs.
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Theorem 6. Suppose f: A—— B, ¢: C— A are arrows such that both ¢ and fg

are admissible, Then the 2-cell

A—F 3
Xf
homA(g,l) —a homB(fg,l)
PC

exhibits hcmB(fg,l) as a left extension of homﬁ{g,l) along f.

Proof. For any arrow h: B—— PC we have the following bijections between arrows

of spans

g/A

c‘///// \\\\\* A —— ‘;L////’C\\\\\%* A
A

(hf)*o€] (hf)*o€,
. C . gf/C
SN
— B — B‘{//// \\\\E“c
L7 AN
o€, h*ee,

The composite bijection corresponds to a bijection between 2-cells

hom(g,1) hom{fg,1)}
hf h
as required.”
Theorem 7. Suppose f: A —> B is an admissible arrow. For all coadnissible

arrows §: C—= A, the 2-cell

C
fg f\\\\\@ii?(l,g)
X
B///////If//’ A
homB(f,l)

exhibits fq as a left Lifting of homA(l,g) through homB{f,l). When A is
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legitimate, homB(f,l) ig characterized up to isomovphism by this property.

Proof.  Suppose an arrow h: B—— PA is given. In order that a 2-cell

homA(l,g) —> hfg should have the left 1ifting property, it should establish a

_.._..k_.).B
’///// \\\é::? 1,9) , g //,r-ll
— B

f

B.__.+PA
By applying {A,C|-} to the left hand side and by the property of comma objects on

bijection

I e O

the right hand side, this corresponds to a bijection

A g N

A > B
E\ /i(z
*
(hk} aeA f/B
which amounts to a bijection
C C
’;;/// \\\Qi‘\ };L/// \\\J;\
——> A B
‘K\\\ * /’//1’ .T;;\\\ /’/éfr
h OEA f/B

If h= homB(f,l) then h*oek T f/B so we certainly have such a bijection. On the
other hand, if A 1is legitimate then the latter bijection for all spans ({g,C.k)

implies h* °€ = f/B; so h % homB(f,lL/

The uniqueness clause in the last theorem is an observation of R.F.C. Walters.



147

§3. The representation arrow.

For each Tegitimate object A, the arrow y, = homp(1,1): A —> PA  (defined by
{A.Alyp} = nomp) is called the representation arrow 0f A. It was the search for
the proof of the next result which led us to the Yoneda lemma of the last paper. We

now obtain it from Theorem 5 by taking a = Ij.

Theorem 8. If A 1is legitimate then yp s admissible and there is an isomorphism
kompﬁ(yA,l) z 1.

Indeed, there is an isomorphism
{A.Blh} = ya/h

which 18 natural in h: B ‘—A'PA.”

Corollary 9. If A 18 legitimate then each attribute out of A is a covering
span. /

A precosmos will be called uniform when the attributes are precisely the

covering spans. So a precosmos is uniform if and only if each object is Tegitimate.

We now proceed to prove properties of the representation arrow which are
familiar in category theory. Note that, if A is legitimate, any pair of arrows

f: X— A, g: Y—>A 1is admissible and, by Proposition 1,
homA(f,g) T Pfyp.9 .

So, with suitable Tegitimacy conditions, Theorems 6 and 7 can be stated as properties
of the representation arrow. In joint work with Walters, these properties were taken
as axioms and some results of the remainder of this section were proved (again with
extra legitimacy assumptions). Many of the later results also follow from these

axioms.

Recall that an arrow f: A —>C 1is fully faithful when the canonical arrow
homA — f/f 1is an isomorphism. We say that f 1is dense when the identity 2-cell

exhibits lc as a pointwise left extension of f along f.
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Theorem 10.  For legitimate A, the representation arrow Yy A— PA s fully

faithful and dense.
Proof. Combine the definition of Yp with Theorem 8 to yield isomorphisms
homy = {AAlypaY = valva s

so yp is fully faithful. For denseness we must show that, for any arrow

k: B— PA, the 2-cell

plk—G o8

exhibits k as a left extension of yAdO along d;. So take h: B— PA. Then

we have bijections:

dl
yp/k————>B yp/k k
do h  «—— A B <« B l PA
A———>PA yp/h
YA A

the first by the property of comma objects, the second by Theorem 8 and the fully

faithfulness of {A,B|-}.,

Theorem 11.  Suppose f: A —B <is an arrow with B legitimate. The arrow
Pf: PA — PB has a right adjoint ¥f: PA— PB <if and only if homB(f,l) is
admissible. In this case,

¥ = homPA(homB(f,l),l).

Proof. Suppose Pf — ¥f. By Theorem 8, yB/Vf is an attribute from B to PA.
But yB/Vf ¥ Pf.yB/Fﬂ = hom{f,1)/PA ; so hom(f,1) is admissible.

Suppose hom(f,1) is admissible and put ¥f = homPA(homB(f,l),l). By Theorem 6,

the following 2-cells exhibit left extensions preserved by any arrow of the form Pg:
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y
B— Y8 . m B B .78 L)
hom{f,1)
X A
‘yB /_\’\
PB

for the first of these note that homPB(yB,l) = 1 by Theorem 8, and for the second

note that homB(f,l) = Pf.yg. It follows that there exists a unique 2-cell
Pf

PB ~——————3m- PAA

hom{f,1)

such that nyg = X , and that this 2-cell is a left extension preserved by

any Pg {and so by Pf). So ¥f is a right adjoint for Pf with unit Ty

The arrow ¥f 1is an internal expression of right extensions, and yet, as we
saw, left extensions were used in the above proof. There is another relationship
between ¥ and left extensions. Referring back to Corollary 4, suppose B is
Tegitimate and homB(j,l) is admissible, then the isomorphism of the corollary
becomes

homy (k,1) = ¥j.homy (£,1).

If X is legitimate, this becomes

Theorem 12.  If both A and PA are legitimate then Pyp: P2A — PA is a left

adjoint for Ypp' PA — P2A  with counit an isomorphism.
Proof. Take f =y, 1in Theorem 11. By Theorem 8 we have

¥yA = homPA(komPA(yA,l),l) z kampg(l,l) -= Ypa-
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The counit is an isomorphism since Ypp is fully faithfu1.”

Proposition 13. For any legitimate object A and any admissible opspan

A £, X A B, there is a g-cell

d
f/g — > B

dg / homx(f,g)

A e PA
YA

which exhibits homx(f,g) as a pointwise left extension of ypdg along di.
Proof. Consider the composite 2-cell

d,
yA/homX(f’g) AE—

)&/_). hOmX
PA
1

A YA
1
PA

By Theorem 10, the lower triangle is a pointwise left extension; so, by Proposition

dg (f.g)

24 of the last paper, the composite exhibits homy(f,g) as a pointwise left exten-
sion of ypd, along d;. Using Theorem 8 we have yp/homy{f,g} = homx(fsg)*°€A

T f/g ;5 50 the result fol]ows.ﬂ

Functors which are simultaneously 0- and 1-fibrations have been considered by
Chevalley [4]. A 0-fibration over a category B corresponds to a pseudo functor
R: B°P —— AT ;  when the original 0-fibration is also a 1-fibration, the functor
Rf has a right adjoint %f for each arrow f in B. Chevalley {and later Beck
and Benabou-Roubaud [ 3 ] in their study of descent data) considered a compatibility

condition on the fibration which, in terms of R, amounts to the following:
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p—K .8 R —FRN__opp
for each pullback hl g in B, the induced 2-cell %hl ///, lﬁg
A C RC— - 5 RB

f Rf

is an isomorphism.

This statement still makes sense verbatim in the case where B is a 2-category, but
the result is too strong. There are two generalizations which present themselves in
this case. The first is to require that f should be a 0-fibration in B (if B

is a category this is no condition on f); an interesting combination of fibrations

at two different levels! The second is to replace the pullback by a comma object

in B (if B 1is a category this reduces to the pullback again). The two generali-
zations are closely related and we have both in a precosmos.
Theorem 14.  Suppose f: A——C, g: B—C are arrows between legitimate objecta

Then the 2-cell

Pdy
PA —————3 P(f/q)

’v‘fl /yl‘le

[ V— » PB
g

corresponding under adjunction to PA, is an tsomosphism whenever ¥f, ¥d; exist,

Proof. Proposition 13 yields that homc(f,g) is a pointwise left extension of

ypd, along d;. By Theorem 3, we have an isomorphism
rom (F,9)/PR = homg(dy,1)/hompy (ypdg»1).

Now kompﬁ(yAdo,l) z Pdo.hamPA{yA,l) ¥ Pdy ; and also homB(dl,l) is admissible
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when ¥d; exists (Theorem 11). So the span on the right hand side of the displayed

isomorphism above is an attribute and we have an isomorphism
hompﬁ(homc(f,g),l) z hom?(fjg)(homB(dl »1),Pdg ).
Using Proposition 1 and Theorem 11, we obtain the result.,

Theorem 15. Suppose p: E——8B <is a mwormal 0-fibration, b: G —> B <s an arrou,

and E, B, G are legitimate. Then the 2-cell

Pb

—_—
PE PE,

A

¥p ¥p

p

PB e 7G
Pb

corresponding under adjunction to the identity 2-cell Pg.Pb —-Q‘Pg.Pp, <8 an iso-

A
morphism whenever ¥p, ¥p exist.

Proof.  From Proposition 13, the 2-cell yx exhibits komB(p,l) as a pointwise
left extension of Yg along p. By Proposition 23 of the last paper this implies
that the composite

A

p

Eb—————>G

| lb

E -—————-————————%»—B
\\\\\Ex ,////;;”B (p,1)

A
exhibits homB(p,l)b as a pointwise left extension of yEg along p. By Theorem 3,
we have an isomorphism
A A
homB(p,b)/PE = komG(p,l}fkomPE(yEb,l).

But homPE(yEG,l) x pb , and homG(g,l) is admissible when %8 exists. So the
span on the right hand side of the above displayed isomorphism is an attribute.

This gives:
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A A
homPE(homB(p,b) ,1) homPEb(homG(p,l) ,Pb).
The result follows using Proposition 1 and Theorem 11.”
Remark.  Consider the case where K = CAT. The isomorphism of Theorem 14 expresses

internally the fact that right extensions of set-valued presheaves are pointwise.

0f course, the arrows can be replaced by their Teft adjoints to obtain an isomor-

phism
3d,
PA = P(f/g)
Pf (/z Pd;
PL - PB
ig

whenever 3g, 3d; exist. This is an internal expression of the pointwiseness of
left extensions of set-valued presheaves. The particular case of Theorem 15 with

G =1 yields the well-known formula
Wp)F = zim(EP—> EP — Set)

for the right extension of a presheaf F along a 1-fibration p°F: E°P — BF,
The isomorphism obtained by replacing the arrows of the 2-cell in Theorem 15 by

their left adjoints has a rather curious interpretation.l

Suppose A is a legitimate object. We now give the generalization of colimit
needed for our work. When it exists, the pointwise left extension of f: A — X
along 7% A —> PA is denoted by Tlexf: PA — X. The 2-cell exhibiting this ex-

tension is an isomorphism since A7) is fully faithful.

YA
A > PA
N‘\:/Zexf
X
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Theorem 16.  Suppose A is legitimate. The pointwise left extension lexf of
f: A—X along yp exists if and only if, for all admissible arrows Jj: A —> B,

the pointwise left extension k of f along j exists. In this case, kK is the

composite
homB(j,l) lex f
B PA X.
Proof.  Since yp 1is admissible (Theorem 8), "if" is clear. Suppose Zexf exists

By the pointwise property, for any g: C —> B, the composite 2-cell

dy
Yp/hom(3,g) > C

dg x/' hom{3,9)
YA

> PA

A
\\\\?\\<;:’——§‘\ lexf

X

exhibits kg = Zexf .hom(j,g) as the left extension of fd, along d;. But the

span yA/hom(j,g) can be replaced by j/g (Theorem 8).,

Proposition 17.  Suppose A <is legitimate and f: A —— X is admissible. If
lext  exists then it is a left adjoint for homx(f,l). If homx(f,l) has a left

adjoint then lexf  exists.

Proof. In order that f' should be a pointwise left extension of f along ypo
we should have f'/X = hom(yA,l)/hom(f,l) T PA/hom(f,1) by Theorem 3; and this

is precisely the condition that f' — hom(f,l).I

The particular case when f 1is the identity arrow of the legitimate object A
deserves special attention; then hom(f,1) = 7% A — PA. An object A is said
to be absolutely cocomplete when it is legitimate and yp A — PA has a left
adjoint Lewp: PA—> A. If A = PK for some legitimate K then Theorem 12 gives
ZexA = PyK ; so A s absolutely cocomplete. For absolutely cocomplete objects we

have the most favourable form of adjoint functor theorem.
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Theorem 18.  Suppose A is absolutely cocomplete. An admissible arrow fi: A —X
has a right adjoint If and only <if lexf  exists and the canonical 2-cell

lexf - f lexy is an isomorphism.

Proof. If f— u then, composing with Lewy — Yy » We have

i

f lexy —ypu = hom(l,u) = hom(f,1). So Zexf exists and is isomorphic to

f ZexA.

Suppose f ZexA < lexf . Theorem 16 applies to 1: A— A to yield
u = ZemA.hom(f,l) as the left extension of 1A along f. It remains to prove that
f preserves this extension. But fu = f ZexA.hom(f,l) ¥ lexf .hom(f,1), and the

latter is the left extension of f along f (Theorem 16).,

Remark.  For categories, the colimit of a functor f: A—— X is obtained from
lexf 1 PA — X by evaluating at the terminal presheaf. Recall that the colimit of
the identity functor of A s the terminal object in A. It follows that absolutely
cocomplete categories have terminal objects. The formula for Zexf in terms of
colimits in X is:

a
(lexf)G = J Ga ® fa.,

Since we have discussed the case where the representation arrow has a left
adjoint, we digress briefly to point out some trivialities regarding the case where
it has a right adjoint. An object A 1is called degenerate when it is legitimate

and yp! A~ PA has a right adjoint.

Proposition 19. 4 degenerate object A has the following properties:
(a) yp A—> PA <s an equivalence;
(b) each admisstble arrow with source A has a right adjoint;
(¢) each arrow B — PA  is isomorphic to one of the form homA(l,s) for

some s: B—A.

Proof. Let t be a right adjoint for Yp- Recall Theorem 10. The counit

yAt — 1 is an isomorphism since Y is dense, and the unit 1 — tyA is an



156

isomorphism since Y is fully faithful. So yp A~ PA. Now we can apply Theorem
2 to obtain that u = t hom(f,1} is a right adjoint for admissible f: A —> B.
This proves {a) and (b). Using (a) we have an equivalence of categories

K{B,A) =~ K(B,PA); (c) follows from this and Theorem 8.y

84. Extension systems.

Monoidal (= multiplicative) categories [1], [7] have been generalized by
Benabou [ 2] to bicategories. We now make the corresponding generalization for

closed categories.

An extension system E consists of the following data:

(1) objects A, B, C, ... ;

(i1)  for each pair A,B of objects, a category E(A,B) whose objects are
called arrows and whose arrows are called Z-cells ;

(iii) for each object A, an arrow Yp € E(AA);

{iv}) for objects A, B, C, a functor

[ .3 E(X,8)%P x E(X,B) — E(A,B) ;
{v} for arrows f ¢ E{X,A), g < E{X,B), h e E{X,C), 2-cells

\)2’9: [f,g] [ — [[h,f],[h,g]], Xf: yA—-) [f:f]) (A)g! g —> [.yX:g:l s

the latter an isomorphism;

such that the following axioms are satisfied:

ESI. v? g’ Xf, g are natural in their subscripts and extraordinary natural in

their superscripts;

ES2.  the following diagrams commute
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Ix
[f,fl—>[(9,f1,09,F1]  [f,g]——{(f,f1,(f,9]  [f,g]—"—=[lyy,f1.l¥y,91]

:\ / L\ A,u [ka{ A,u

yA [yA,[f,hJ] [fa[stg]]
K
[f,9] > [[k,f1,[k,g]]
h
v
[Ch,f1,Ch,g1] [1,v93
MLAS
[[Ch,k3,Ch,f1],{Ch,k1,Ch,g1]] —»[[k,f1,[[h,k1,Ch,g]]]
h
[v',1]

ES3. the composite function

[-,9] E(A,A)(x9,1)

is a bijection.

Special cases. 1) An extension system with precisely one object is a closed
category. This does not quite agree with the definition of closed category appearing
in [ 7]. Reference to a category of sets has been eliminated as required for example
by Lawvere [14] pl2. Also, a monoidal category such that each of the functors

X @ - has a right adjoint is closed in our sense (compare this with [7 ] Theorem
5.8 pA93). Note that, for any extension system E, E(A,A) becomes a closed

category.

2} A bicategory B in which all right extensions exist yields an extension
system with [f,h] taken as the right extension of h along f. Such a bicategory

we call an extensional bicategory (also called "closed bicategory" by some authors).

3) Suppose E 1is an extension system such that, for all f: D —A,
k: A —> C, there exists an arrow k ® f: D —> C and a natural isomorphism
kef,-]1 = [k,[f,-1].

Then E becomes an extensional bicategory with composition given by &.
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In a precosmos K, suppose the arrow h: C—— X is admissible. The

composite 2-cell

dy
/g > B
d g
0‘£ )/‘> l hom(h,q)
SEA—
f
L\\‘ hom{h,1)
R
hom(h,f)

induces an arrow of spans f/g ——4'komx{h,f)/homx(h,g}. Provided the source and

target of the latter arrow are attributes, we obtain a 2-cell
v%,h: homx(f,g) -—*hampc(homx(h,f),homx(h,g)}.
The next two theorems can be proved using Theorems 6 and 7.

Theorem 20. An extensgion system Prof is defined by the following data:

() the objects are the legitimate objects A of K for which PA is
legitimate;

(ii)  Prog(A,B) = K(B,PA);

(i11) for f ¢ Prof{X,A), g e Pro4{X,B}, take [f,g] = homx{f,g);

(v} yy s the representation arrow;

fv) v, X are as previously defined and w te the isomorphism of Theorem 8.

Theorem 21. For each object K of Prof and each legitimate object A of K, the
data homp, v, X enrich the category K(K,A) with the structure of a Vy-category,
where VK is Prog{K,K) with its closed category structure. Indeed, the 2-functor

K{K,=): L= CAT 1ifts to a o~functor L — Vg - CAT.,

Freyd's tensor product of functors [8 ] pl20 can be carried over to arrows in
a precosmos. Given arrows f: A—>X, g: B-——> PA, their tensor product
g ®f: B— X, when it exists, is defined as the Teft extension as exhibited by a

2-cell:



159

{A,B|g} ——>B
i /} g&f
A e > X
f

f
If A-— X-—h+ C 1is an admissible opspan then there is a bijection

{A,Blg} ———>8 {A.B{g}

h R A‘g/////’ \\\\\ B
Vo NV

. {A,B]hom(f,h)}
Using the left extension property of g ® f on the left hand side and fully

faithfulness of {A,B|-} on the right, we obtain a natural bijection between
2-cells:

g®f g
O e
\F/

Propogition 22.  Suppose A 1is legitimate and f: A —>X

ig an arrow for which
lexf  exists. Then, for all ¢: B—> PA, q @f exists and there is a natural
tsomorphism

g®f 2 (lexf)g.

Furthermore, 1f X 18 legitimate then, for all arrows

h: ¢ —> X, there is a
natural isomorphism

12

homx(g®f,h) 3 homPA(g,homX(f,h)).

Proof. By Theorem 8, {g|A,B} = ya/g

so the first isomorphism follows from the
pointwise property of Zexf.

When X s Tegitimate the left hand side of the

second isomorphism exists, and

{B,Clhom(g ® f,h)} = g®f/h = (lexflg/h = g/hom{f,1}h = g/hom(f,h) ;

so the arrow hom(g ® f,h) has the defining property of hom(g,hom(f,h)).,
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Let G denote a class of objects of K. An object X of K is calied
G-cocomplete when, for each G in G and each arrow f: G —> X, Zexf: PG— X
exists. If each G in G s legitimate Theorem 16 implies:

X is G-cocomplete if and only if, for all admissible arrows j: G —> B with
G in G and all arrows f: G — X, the pointwise left extension of f along j

exists.

Theorem 23. Let G be a class of objects of Prcf such that PG <s G-cocomplete
for each G in G. The restriction Prof{G) of the extension system Prof to
objects in G s an extensional bicategory with composition given by tensor product.
In the notation of Theorem 21, if K <g¢ in G and A is legitimate and

G-cocomplete then K{(K,A) becomes a tensored Vy-category.,

Suppose G is as in the last theorem only regard it as a full sub-2-category
of K, and let 1: G°° — Prog(G) denote the pseudo functor which is the identity

on objects and which is given on hom-categories by the functors

K(h,B)P —eml=a1) g pAY = Prog(A,B) ;

the jsomorphisms 1(gf) T Ig ® If , 11, =y, are canonical.

The following proposition extends a theorem of Benabou on profunctors to our

setting.

Proposition 24.  Arrows in the image of 1 have right adjoints in Prof(G).
Indeed, if f: A—>B 4s in G then homB(f,l) ] homB(l,f) in Prog(G).

Proof. The 2-cell x': kom(f,1) — hom{hom{1,f),hem(1,1)) corresponds to a 2-cell
hom{f,1) ® hom{(1,f) — hom(1,1) = Yg- What we must show is that, for all arrows

g: B—C in Pro4(G), the composite Z2-cell

hom(l f)
\\\\\\5\ *////2:;(f 1)
9
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exhibits ¢ ® hom(f,1) as a right extension of g ® Yp along hom(1,f). But we
are in an extensional bicategory so the right extension of ¢ & Yp =9 along
hom(1,f) s

hom{hom{1,f)g) = Pf.g = g & hom{f,1),

as required.l

Lawvere [18] has viewed non-symmetric metric spaces as enriched categories and
found a condition which can be stated in our context and reduces to Cauchy complete-
ness for metric spaces. An object X of Pro4{G) is called Cauchy(-G)-complete
when each arrow A -—> X in Prog{G) with a right adjoint is isomorphic to an

arrow of the form homx(f,l) (compare Proposition 19).

§5. Cosmoi.

Another way of expressing the precosmos condition is: for all objects A, B,

the composite functor
k(s,pA) —RBL=E L opr By —Ud . opy(a,B)

is fully faithful. We now show that reflections with respect to this "inclusion

functor are just certain left extensions.

Theorem 25.  (Comprehension scheme). Suppose (u,$,v) 1is a span from A to B
and that u: §—* A is coadnissible. The left extengion k: B— PA of

homA(l,u) along V exists precisely when the left adjoint of the functor
{A,B|-}: K(B,PA) — SPN(A,B)

exists at the span (u,S,v).

Proof.  For any arrow h: B— PA, there are bijections
S S
/ \ puliback y \i
A f B - A S

\ / property \ /
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Alu v
‘{EB/’// \\\\:3 S ————— B
R A S —> o h
P
\ / (1,u)
{A,S|hv} PA
k
So we have the bijection between 2-cells o and 2-cells Bf:::;;z::fA if and only

if we have the bijection between arrows of spans f and 2-cells Tey

Proposition 26.  Suppose the span (U,S,v) from A to B has an opcomma object
which is an admissible opspan. If A is legitimate then the left adjoint in the

last theorem exists at (u,S5,v).

Proof. (Lax Doolittie)}. The reflection for the inclusion functor
COV(A,B} — SPN(A,B) 1is obtained by forming the comma object of the opcomma object.
When A is legitimate, Att(A,B) C Cov(A,B). The condition of the theorem ensures

that the reflection lands in Azt(A,B) = K(B,PA)./

Theorem 27.  Suppose A is legitimate and f: A > B <is coadmissible. The arrow
Pf: PA —> PB has a left adjoint 3If: PA —> PB <if and only if the pointwise left

extension of komB(l,f) along Y exists. In this case, there is an isomorphism
If = ZexhomB(l,f).

Proof. By Theorem 5, hom(1,f) s admissible and hom{hom{1,f),1) @ Pf. The

result now follows from Proposition 17.”

Under the conditions of the last theorem, we have an isomorphism

A ——~—-——————————>—PA

nom(1,F)N\__——~a /37

which exhibits 3If as a pointwise Teft extension of %om({1,f) along Y- {In the

case where B is legitimate this is the more familiar diagram
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4!

which expresses the pseudo naturality of y: 1-—>3.)

Theorem 25 and Proposition 26 provide conditions under which certain Teft ex-
tensions exist. If these results are to be used to produce 3If, we need to know
that the extensions are pointwise (by Theorem 27). In a cosmos we shall see that,
with size conditions, left extensions of arrows into objects of the form PK are
necessarily pointwise. At best this approach requires opcomma objects in K
{Proposition 26). In order to continue this approach and to present another approach
which does not depend on opcomma objects (but does suffer from size problems in the

non-uniform case) we require K to be a cosmos.

A cosmos is a precosmos for which the 2-functor P: K°°°P —> K has a left 2-

adjoint P*: K —> K°“°P.  This means of course that there is a 2-natural isomorphism
K(A,P*B)F = K(B,PA).
We denote the composite of this isomorphism with the functor {A,B|-} by
{A,B|-}*: K(A,P*B)°P —> SPL(A,B);

and the attribute {A,B]lA}* from A to B when A = P"B is denoted by R
split bifibration E from A to B in K becomes a split bifibration E* from
B to A in K°°, so that P*, > endow K% with attributes. Indeed, K°° is

also a cosmos. All previous precosmos theory dualizes.

It is consistent with our notation o write E*(a,b): X —> P*Y for the arrow
corresponding to Ef{a,b): Y — PX 1in the situation of Proposition 1. In particulr,
for an admissible opspan X —= A ¥, we have hom*(a,b): X — P*Y defined by

[X,Y|nom*{a,b)}* = a/b.
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An arrow j: A—>B will be called Zax-fibre small when A and B are
legitimate and there exists a strongly generating class G of legitimate objects
such that, for all arrows g: G — B with G in G, j/g is legitimate and both

hom’g(l,g): B— P*6 and ?@om;(l,do): A —> P*{j/g) are coadmissible.

Theorem 28, If j: A——B <is lax-fibre small then any left ewtension along J

of the form

is pointwise.

Proof. Take G as above. We will prove that {c) of Theorem 3 is satisfied. By
applying Theorems 11 and 14 in K°° we obtain an isomorphism

*
P*d,
g > P*(j/9)

| s
*

P*Boeee— 5 P*A
P*j

where ¥°g, ¥%d, are the left adjoints (in K; that is right adjoints in K°°) of
P*g, P*d,, respectively. Now apply K{K,-)¥ and use the adjunction P*— P to

obtain an isomorphism

K(dl 31)
K(6,PK) —————>K{(j/g,PK)

l |

K{B,PK) me——"» K (A, PK)
K(3,1)

where the vertical arrows are the right adjoints of K{g,1), K(dy,1). The diagram
obtained by replacing the arrows by their left adjoints (when defined) also commutes
up to isomorphism. But the value of the left adjoint to K(j,1) at f is k. So
the value of the left adjoint to K(d;,1) at fd, is isomorphic to kg. So kg is

the left extension of fdy; along dy.p
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An object A is called small when yp: A——PA is lax-fibre small. An arrow
f: A— B is called kan when A 1is small, B 1is legitimate, and, the opcomma

object of the span {f,A,yA) from B to PA exists and is an admissible opspan.

Corollary 28. If f: A—>B <s a kan arrow them Pf: PB — PA has a left

adjoint T and a right adjoint ¥f.

Proof. Since PA 1is legitimate, homB(f,l): B—> PA is admissible; so ¥f

exists by Theorem 11. By Proposition 26, the left adjoint of the functor
{B,PA]~}: K(PA,PB) — SPN(B,PA)

exists at (f,A,yA). By Theorem 25, the left extension k: PA —» PB of homB(l,f)
along 7 exists. By Theorem 28, this extension is pointwise. So, by Theorem 27,

k = Hf.//

Left extensions in a precosmos have been discussed. From duality present in a
cosmos we obtain results about right extensions. The results about Teft extensions
of arrows into objects of the form PK dualize to results about right extensions of
arrows into objects of the form P*K. More surprisingly, we can prove results about

right extensions of arrows into PK.

Theorem 30. Suppose Jj: A—>B is an arrow with B legitimate. If homg(l,j)
ig coadmissible then each arrow f: A —> PK has a right extension along J pre-
served by any arrow of the form Pg: PK-— PK', [(If P is representable then

the converse of the last sentence holds.)

Proof. By the dual of Theorem 11, homg(l,j) coadmissible is equivalent to the
existence of a left adjoint v*j to P*j: P*B —> P*A.  From the 2-adjunction

P* — P we have a commutative square
K(i,1)
K{B,PK) emememmrmsemmrie K ([ PK)

K(K,P'BYP_______ o K(K,P*A)%P
K(1,P*3)P
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But K(1,P*j)P — k(1,%), so K(j,1) has a right adjoint. So each arrow
f: A — PK has a right extension along j. The preservation property follows from

the naturality of the above square in K We leave the converse to the reader.y

Corollary 31. Suppose f: A—B is an arrow such that PA <is legitimate and
hom”;A(l,Pf) s coadmissible. Then Pf: PA — PB has a left adjoint

if: PA — PB.

Proof. Apply the theorem to the arrow Pf. The right extension of 1: PB — PB
along Pf gives an arrow 3f: PA — PB, and since this right extension is preserved

by Pf we have 3If 4 Pfy

Corollary 32. Suppose f: A—B s an arrow in a wiform cosmos. Then

Pf: PB — PA  has a left adjoint 3f and a right adjoint ¥,y

§6. Universal constructions.

Whilst 2-CAT with PA = [A%, Cat] 1is not a cosmos in our sense, we do have
pointwise left extensions in the sense of Dubuc ([6] with V = CAT) and representa-
tion arrows. So we can carry over the definition of "colimit" given in §3 to 2-
categories themselves. Since ﬂ_ is a strong generator for 2-CAT, any pointwise left
extension of an arrow into K along a representation arrow should be constructible
from the tensor product of arrows o ! :1 — [A%P Cat] with arrows I': A —K. If
we identify 2-functors out of 1 with objects of the target 2-category, the
definition of tensor product (see §4) amounts to the following.

Given 2-functors o©: A% — Cat, r: A — K, the object 9 ®T of K is

defined up to isomorphism by an isomorphism

K(e ® r,K) = (A% catl(e,[r-,K])

natural in K. Note that we could also ask for 2-naturality in K in which case we
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say 0 ®T 1is 2-emriched; this is automatic when K 1is representable.

Examples. 1) If A s a category and O s the constant functor at 1 then
00T = En, I' 3 Jjust the usual colimit of the functor T': A — K. So pushouts,

coequalizers, coproducts all fall as special cases.

2) Take A to be the three object category with two non-identity arrows thus:
8 8
1+<—2—1". Let 0: A% —>Cat denote the opspan 1 ——Z <11 in cat. A
u v
functor 92 A—>K 1is aspan A< S—>B in K and 90 &T 1is the opcomma

object u\v of this span.

3) Let A denote the simplicial category. Take A to be the 2-category with
one object * and A(*,*) = a. A 2-functor T: A—>K can be identified with a
monad {A,s) 1in the 2-category K (using the language of [21]). So a 2-functor
0: A% — Cat is a monad in Cat. We take this monad O to be the monad called

Aar by Lawvere in [15] ppl50-1. Then

[A%, cat](0,[r-,K]) = [A%P,Cat](0,(K(AK),K(s,1)) & K(AKFSD = ka k).

i

So 0 ®T s the construction Ay of kleisli algebras (= construction of algebras
in K°P) for the monad (A,s) in K (again see [21]).

4) Take A to be the 2-category with two objects and non-identity agrows and

T o
2-cells thus: 00} 1. A 2-functor T: A —>K 9§s just a 2-cell A@B

in K. We leave it to the reader to find the 2-functor ©: A°F — Cat
(that is, a natural transformation) such that © ® T = B[o™!] with the following
universal property:

- there is an arrow B — B[c"!] such that the 2-cell po 1is an isomorphism,
and, if B — K 1is an arrow such that ko 1is an isomorphism then Kk factors
uniguely as B — B[o~1] — K.

We call B[o™1] the localization of B at o.

5) There is a dual notion of cotensor which generalizes "limit". As examples

we obtain pullbacks, equalizers, products, comma objects, eilenberg-moore construc-

tions and oplocalizations within a 2-category.//
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Theorem 33. A representable 2-category with a 2-terminal object admits the follow-
ing constructions:

(a) finite Limits;

(b) the comstruction of algebras;

(¢) oplocalization.

These constructions are all 2-enriched.

Proof. It is well known that pullbacks and a terminal object imply all finite
Timits. Part {b) is intimated by Gray {10] and a proof will appear in his forth-
coming book [11]; we also discussed it in [12].

/*f\

For part {c), take a 2-cell A o B. Using limits and the category object

g
structure on homB {= B in [22] Proposition 2), one readily constructs an arrow

isop — homp such that, for all K, the full image of the composite
K(Kyisog) — K(Kuhomg) = K(K,B)?

is precisely the full subcategory of K(K,B)2 consisting of the arrows K—> B

which are isomorphisms. Then form the pullback

P isop

A homB

One readily checks that e 1is the universal arrow into A with the property that

ce is an isomorphism./
Familiar techniques prove the following.

Theorem 34.  Suppose O AP —> cat, T: A — K are 2-functors such that © @T

extsts. If Q: K—>H is a 2-functor with a right 2-adjoint then

6@ (ar) = sz(@@r).//
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As promised in the introduction of [21] we shall prove the result which relates
the eilenberg-moore construction to the internal sheaves of a certain type on the
kleisli construction. Recall that ([12]83.3), for a monad {A,s) in K, the

eilenberg-moore object E (= AS) is defined by the condition that there is a diagram

1

S

l

|

such that (u,vy) is the universal s-algebra. Dually, the kleisli object X (= As)

is defined by the condition that there is a diagram

S

—— e
1

l

such that (j,v) 1is the universal s-opalgebra. Note that {A,s) is a comonad and
K is the co-eilenberg-moore object in K°°°P. So if P has a left 2-adjoint,
Theorem 34 yields that PK 1is the co-eilenberg-moore object for the comonad

(PA,Ps) in K; that is,

is the universal Ps-coalgebra.

Theorem 35.  Suppose K 18 a representable 2-category endowed with attributes such
that P: K°°P — K has a left 2-adjoint. Suppose A is legitimate and that
(A,s) s a mownad for which the kleisli object K exists in K. 4n object E is

the eilenberg-moore object for (A,s) <if and only if there is a pullback
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Ewo—r—PK

A > PA

YA

Proof. For any arrow a: X —> A we have bijections

1

X ———
/L

X X A/a
a 1 do d1
Yoneda
a e N X <« A X

s/a s/a
.,
hom{1,a) X X
—T T
— T | e
hom{s,a) PA "
Ps

One readily sees that (a,f£) is an s-algebra if and only if (yAa,G) is a Ps-
coalgebra; the diagrams just translate naturally through the bijections. But
(Pj,Pv) 1is the universal Ps-coalgebra, so in this case there exists a unique arrow
x: X — PK such that Pj.x = ypa and Pvu.x = 6. In other words, we have a natural
bijection
a X
) ama nll K—> K
\ ‘EC/(S — 3 P
A A——— 5 PA
Ia
between such s-algebras and such commutative squares.,

The above theorem represents only one amongst many ways in which the various
"Timits" are related. One would like to obtain the kleisli construction from the

eilenberg-moore since the latter does not require colimits. There are two approaches.
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The first is to take the left adjoint f: A—E to u and factor it

A -i+ K‘—E* E where k is fully faithful and J 1is "bijective on objects”; .but
when do such factorizations exist? The second is a general one which applies to any
"colimit". The monad {(A,s) gives a comonad (PA,Ps) and we can form the
eilenberg-moore object X for this comonad. Now we need a "recognition theorem" to
tell us that X s equivalent to PK for some K. Then K should be the kleisli
object for {A,s). The following “recognition theorem" does not seem good enough.
One would hope to be able to generalize the work of Mikkelsen on complete atomic
boolean algebras in a topos to improve the result. For enriched categories the next

theorem appears in [ 5] pl89.

Theorem 36. In a precosmos suppose K <s legitimate and suppose z: K—>X is
an admissible fully faithful, dense arrow such that lexz exists and is preserved

by homx(z,l). Then X 1is equivalent to PK.

Proof.  We have the following left extensions.

z

K e X K -———) PK
\yN‘-:\ hOm(Z,l) \ /dfz
PK

By Proposition 17, Zexz —1 hom{z,1) and so lexz preserves the first left exten-
sjon. But lexz.yy = 2 and z 1is dense so the left extension of Tlexz.yy along

z is 1. So lexz.hom(z,1) ¥ 1. A similar argument proves hom(z,1).lexz % 1.,
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§7. Examples

1) Ordered objects in a topos

A span {u,R,v) from A to B in a category A is called a relation when,
given arrows w,x:C — R, if uw = ux and wvw = vx then w = x. Write Ref{A,B)
for the full subcategory of SPN{A,B) consisting of the relations. There is at most
one arrow of spans between any two relations from A to B; that is, Ref(A,B) is
an ordered set. An ordered object in A is a category object A for which the
span {dg,A;,d;) is a relation; the span is then called an order on Ag. Objects A
of A are regarded as ordered objects via the discrete order (1,A,1). Write éOp
for Ag with the reverse order (d;,A;,dy). Given ordered objects AB, we say
that an arrow f:A;— By 1is order preserving when there exists a functorial arrow
ﬁ: ﬁ —~—B with f; = f. Since this f s uniquely determined by f we often write
f: A—B.

The following definition is equivalent to that of Lawvere-Tierney [17]. An
(elementary) topos is a category E which has finite limits and, for each object A,
has an object PA and a relation EA from A to PA satisfying the following
"power-object" condition:

—given a relation R from A to B, there exists a unique arrow h: B — PA
such that R = h*€,.
Given an arrow f: A — B, define f: PB — PA by the condition % f = (Pf)*°EA.
In this way we obtain a functor P: E%P— E. The composite span E%FEK from PA to
PA also comes equipped with a projection into A and so leads to a relation from A
to PA x PA. This relation corresponds under the power-object condition to an arrow

A: PA x PA— PA. The equalizer

dp
dy -—
CA_"PA x PA . PA
proj;

defines an order (dO,EA,dl) on PA. Henceforth we shall write PA for this order-
ed object.

Let K denote the full sub-2-category of CAT(E] consisting of the ordered
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objects. Each of the categories K(A,B) 1is an ordered set. The essential
property of the order on PA 1is that
r
/—‘\
B A\ PA if and only if R< S
\_/
s
where r,s correspond to the relations R,S from A to B under the power-object
condition. Note that K 1is a representable 2-category with finite 2-1imits. In
particular, oA is A, with the order (31,A10A1,8,).
There is a kind of lax 2-limit which we did not mention in $6 but which can be
constructed in any representable 2-category with finite 2-limits. Given any ordered
pair of arrows f,g: A—=B, their subequalizer {Lambek [13]) is a universal diagram

of the form

We now wish to extend our functor P: E%P—K to a 2-functor P: KS9P—Kk,
For A in K, Tet PA be the sgbequa]izer of Pdy, Pdg:PAg — PA;.
PA — s P,
ine I 4 lPdo
PR ——— P, .
Pd,

The 2-functor structure of P is induced using the enriched "1imit" property.

Suppose A,B are objects of K. An ideql from A to B is a split bifibra-
tion from A to B which is a relation. lLet Ide(A,B) denote the full subcategory
of SPN(A,B) consisting of the ideals. Given a relation (u, Ry,v) from Ay to

B, in E, there is a unique order (dg,R,,d;) on Ry such that (u,R,v) is a
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relation from A to B in K. So Ide(A,B) 1is a subcategory of Rel(Ag.Bg).
Proposition 37. The composite functor

K(B,PAg) “— E(Bg,PAg)x Rel(Ag,By)
induces an equivalence of categories

K(B,PA) ~ Tde(A,B).
Proof. Each functor in the composite is clearly fully faithful so it remains to
show that the composite is surjective up to isomorphism onto the ideals. By
Proposition 12 of the last paper, a relation R from A; to By 1is an ideal from
A to B precisely when Bj°R< R and R°A; < R (the extra conditions are diagrams
in the ordered set Ref(Ay,B;) and hence automatically commute). Let r:By—> PAg
correspond to R under E(By,PA;) ~ Rel(Ay,Bp). The conditions BjeR < R, RA; <R

translate to the following conditons on r.

d}. r
B, —— B, B PAy
do l £ J r r l‘ £ j Pd()
= =
By ——PA, PA, — PA;
r Pd1

The first of these says precisely that r: B — PAg is order preserving and the
second says precisely that r: B — PA; factors uniquely through ine to yield

ri B —PA.,

An arrow of spans between ideals from A to B 1is automatically a homomorphism
of split bifibrations from A to B since the homomorphism axioms are diagrams in
an ordered set. So Idk(ﬂ,g) is a full subcategory of SPL(A,E). Furthermore, 1d¢
is a sub-pseudo-functor of SPL (see early §1). With this pseudo functoriality
of 1de, the inclusion Ide(A,B) — Re£(Aq,By) becomes pseudo natural in AB. The
composite functor of Proposition 37 is clearly pseudo natural in A,B. It follows

that the equivalence K(B,PA) = 1de(A,B) is pseudo natural in A,B.

Theorem 38. The &-category K of ordered objects in a topos E is a cosmos in which

the attributes are precisely the ideals.



175

Proof. We have already seen that the fully faithful functor

K(B,PA) = Tde(A,B) C SPL(A,B)
is pseudo natural in ﬁ,g. Set B = PA and evaluate at the identity to obtain an
ideal G% from A to PA which consequently endows K with attributes. We have
1mmed1atz1y that the attributes are the ideals so the precosmos condition is satis-
fied. One readily verifies that P has a left 2-adjoint P* given by
P = (P,
For an ordered object A, the split bifibration ¢A from A to A is a

relation and hence an ideal. So K 1is a uniform cosmos.
Corollary 39. For each order-preserving arrow f: A —> B, the order-preserving arrow

Pf: PB — PA has both a left and a right adjoint.,

2)  The pre-Spanier constuction as a P,

The 2-category Simp and 2-functor P presented here are taken from unpublished
work of Day-Kelly on categories 1ike categories of topological spaces.
A function f: X =Y between sets X,Y is called comnstant when it factors

through the one-point set 1. A simple category is a category A together with a

functor | |: A — Set satisfying:
SCl. | |a b A(a,b) — Set(|a|,|b]) 1is an inclusion of sets;
SC2. the image of | | , contains all the constant functions;

SC3. there is an object a of A with [a| # 0.
For objects a, a' in A, we write a < a' when [a] = |a'| and 1la|: la |[—fa'
is in Ala,a'). A functor f: A —>B between simple categories is simple when the

following diagram commutes.
f

A————8
NG

Let Simp denote the 2-category whose objects are simple categories, whose arrows
are simple functors, and whose 2-cells are natural transformations. Then, for each

A,B in Simp, the category Simp{A,B} 1is an ordered set; indeed, there is a
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f
natural transformation A 4o B  precisely when fa s ga for all a in A.
S~

g
Pullback in Simp is that of CAT and Simp is a representable 2-category. For

simple functors A -5 D, B s, D, the simple category r/s 1is defined as follows.
The objects are pairs {(a,b) with a in A, b in B and ra<sb in D. The
arrows are pairs (a,p): (a,b) — (a’,b') where «: a—a', g:b—b' are in A,B

respectively, and the following square commutes.

1
ra —-"JJLL sb
ro ' i SB
+

ra'——lf"-—> sb'
la'|

Let A be a simple category. A new simple category PA 1is defined as follows.

An object x of A is a set |x| together with a subset Ad(a,x) of Set {|al,lx|)

for each a in A, satisfying:

3

AD1. every constant function |a] — |x| is in Ad(a,x);

AD2. if o is in Ad{b,x}) and « is in Ala,b) then ola| is in Adla,x).
An arrow «: x =y 1in PA is a function «: |x| — |y| such that «o is in
Ad(a,y) whenever o 1is in Ad (a,x).

Suppose f: A—B 1is a simple functor. Define a simple functor Pf: PB — PA
by setting

Ad{a,(Pfly) = Ad(fa,y)

This gives a 2-functor P:Simp®®“P~—> Simp which has a left 2-adjoint P*; an object
x of P*A is a set |x| together with a subset Ad*(x,a) of Set{]x|,|a]) for
each a in A satisfying the obvious axioms AD*1 and AD*2.

Define the simple functor Yy A— PA by

Ad(a,ypa’) = {|e|:la] = |a'|ta: a—-a' in A}.

One readily proves that the functors
Simp{B ,PA}) —— COV{A,B)
f oy /f

are all equivalences and are the components of a pseudo natural transformation.
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Theorem 40. Simp is a wniform cosmos..

From Corollary 32 we know that Pf: PB — PA has a left adjoint 3f: PA — PB.

It is given by the formula
Ad(b,(3f)x) = {o[g|[a in A; 83b — fa in B; o in Ad(a.x)}
31 Categories

We regard the category Cat of small categories as an object of the 2-category
CAT of all categories. For categories A,B, let Sp£{A,B) denote the full subcate-
gory of SPL(A,B) consisting of the split bifibrations E from A to B such that
the "fibre" E(a,b) over the pair ﬂ'-i A, ﬁEL>B is in Cat. There is a pseudo-
natural equivalence of categories

Spe(A,B) = cAT(B,[AP cat]).
For any full subcategory C of Cat, we consequently obtain a pseudo natural family
of fully faithful functors

CAT(B,[A% ,c]) — SPL(A,B).
Put B = [A%,c] and evaluate at the identity to obtain €, and put PA = (AP ,c1.
This endows CAT with attributes. Furthermore, P has a left 2-adjoint P* given by
P*A = [A,cIP. The attributes are split bifibrations with fibres in C.

In order that this structure should be a cosmos recall that the arrows of spans
between atiributes should automatically be homomorphisms of split bifibrations. This
happens when the fibres of the attributes over pairs of objects are all discrete.
Hence, with C any full subcategory of the category Set of small sets, CAT becomes
a cosmos with PA = [AOP,C].

The case C = Sef gives the paradigmatic example of a cosmos. The legitimate
objects in this case are the categories with small hom-sets. The author conjectured
in this case that a category A 1is equivalent to a category with a small set of
objects if and only if both A and PA are legitimate. Peter Freyd has pointed out
that this is a consequence of his paper [9]. So a category is small in the sense of
§5 if and only if it is equivalent to a small category in the usual sense. A functor

j: A—B with A small and B legitimate is kan in the sense of §5.
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If ¢ 1is the category of finite sets, the legitimate objects are the
categories with finite hom-sets.

Take C to consist of the empty set O and the one element set 1. The
legitimate objects are the partially ordered sets. Attributes beiween legitimate
objects are jointly monomorphic split bifibrations (= ideals).

If C consists just of the one-element set, the legitimate objects are the
indiscrete categories (that is, those categories with precisely one arrow between

any two objects).
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QN CLUBS AND DOCTRINES

by

G.M, Kelly

Doctrines (= strict 2-monads) were introduced, under the name

of equational doctrines, by Lawvere [16], and are discussed to some

extent in [12] above, which is our general reference for notation,
terminology, and basic concepts. Clubs were introduced, in connection

with coherence problems, by the present author in [5], [6], and {71,

where covariant clubs were distinguished from mixed-variance clubs;

only the first concern us in this paper. Such a club K gives rise to a
doctrine Ke- on the 2-category CAT of all categories. I suggested in
[5] 84.1 and in [6] §4.1 that the simple concept of (covariant) club
used there doubtless admitted of wide generalization, and indicated the
way I expected this to go. Such a widening of the meaning of "club"
would increase the number of doctrines writable in the form Ke- for a
"club" K, and I was in effect toying there with the idea that perhaps
every doctrine was so writable.

The purpose of the present paper (some aspects of which were
announced in [11]) is to carry out thls generalization of the "club"
idea to what seem to be its natural limits. I must say at once that I
withdraw from the position that every doctrine then comes from some
club; in particular I withdraw my assertion in [6] §4.1 that we can get
in this way the doctrine whose algebras are categories-with-equallzers.
I, at any rate, can see no generalization wide enough to achieve this.

What we do construct is a monoidal 2-category CATI*CAT, an
object of which is a category K together with an "augmentation functor”
I': K > CAT, and the "tensor product" for which 1s denoted by °. We
embed CAT fully in CAT[¥CAT by assigning to A € CAT the "trivial
augmentation" A - CAT sending each object of A to the empty category;

then KeA € CAT whenever A € CAT. Thus K> Ke= gives a 2-functor ¢
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from CAT[#CAT to the 2-category [CAT,CAT] of endo-2-functors of CAT.
This 2-functor ¢ is 2-fully-faithful, and carries the tensor product
o into composition of endo-2-functors. A club is now by definition a
o-monoid K in CAT[¥CAT, and is carried by @ into the doctrine Ke-.

The doctrines arising thus from a c¢lub have the advantage of a
very concrete presentation: in the sense that a category K with its
augnmentation I': K = CAT is a more concrete object for study than a
general 2-functor D: CAT - CAT. Still more special are the doctrines
Ko— where K is a o-monoid in certain sub-monoidal-2-categories of
CATI*CAT, such as CAT/Sef. It is easy to recognize certain structures
on a category as being actions of a doctrine of the latter kind, and to
describe in theory the process of constructing K from the basic operat-
lons and axioms; finding K explicitly in practice is what we may call

the coherence problem for the given structure. Again, it is to

doctrines D of this latter kind that the work of Day [1] seems to
extend, giving a D-structure on [AOp,Set] from one on A, and leading to
the notions of a pro-D-structure and of a closed D-structure - one in
which each structural functor has a right adjoint in every argument.
There are lots of things I still do not understand. I have no

criterion in terms of the doctrine D for it to be Ko- where K is a club

in CAT[%CAT, or a club in CAT/Set; although as I said I can recognize
the latter case from certain presentations of the structure. I know
that clubs in CAT/Set play an important role, but have no special
feeling for those in CAT[¥CAT, except that one is ineluctibly led to
this generalization. 1In the CAT/Set case, I know what it means to ask
the coherence question "which diagrams commute?"; for more general
structures I do not. In the still more restricted CAT/P case, where P
is the category of natural numbers and permutations, I know how to ask
the coherence question even for closed D-categories (e.g. closed monoi-
dal categories), in terms of mixed-variance functors and the generalized

natural transformations of Eilenberg-Kelly [2]; but in the CAT/Set case
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I do not. PFor instance, what kind of coherence result does one hope

for in the case of cartesian closed categories?

Because of these uncertainties, which may attract the interest
of others, I choose to devote 51 to a brief account of the original
club idea as suggested by coherence problems, before embarking on the
above generalizations; besides providing motivation, it may suggest
avenues that I have not seen. The substance of the present paper
begins in §2 where, changing gear completely, we begin with the most
general before passing to the particular. Our path differs in two ways
from the brief outline above: first, some things loosely stated there
have to be made more precise; and secondly, to minimize the long
verifications so common to 2-categorical studies, we take a round-about

route.

1. THE ORIGINAL CLUB IDEA

1.1 It arose naturally, originally in the mixed-variance case, from
an attempt to refine the formulation of certain coherence problems -
such as that for a closed category [9], that for two closed categories
connected by a closed functor [17], and that for a closed category 4
together with a V-natural transformation between two V-functors bet-
ween two V-categories [10}.

In each of these cases the diagrams whose commutativity was in
question could be concelved of, to a first approximation, as having
functors (of many variables and of mixed variances) for vertices, and
natural transformations (of the generalized kind introduced by
Eilenberg-Kelly {2]) for edges. Precision however required, as was
already recognized in [9], that the vertices be not actual functors in
the model but their abstract descriptions in the theory; for otherwise
one would have unwanted composites of f: T - S and g: 3' = R, where S

and S' although formally different had identical realizations in &
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particular model. Yet in [9] the edges were still actual natural
transformations.

This served well enough while only positive results - certain
diagrams do commute - were sought. In Mac Lane's original coherence
theorem [19] for a monoidal or for a symmetric monoidal category, the
result had in fact been that all diagrams commute. For a closed cat-
egory [9] it was no longer so; some diagrams failed to commute in
general, although they might do so in a sufficiently degenerate model.
My student Lewis [17] found such non-commutativity even in the purely
covariant case of two monoidal categories connected by a monoidal
functor. What was crucial was that Lewis found a perfectly correct
necessary and sufficient condition for commutativity in this case -
which made no sense at the level of models. We clearly had to go
further and replace the edges too by their abstract descriptions; it
is noteworthy that Isbell independently suggested doing this in his
review [ 4] of [9]. (The preliminary account of Lewis' work in [17]
is superseded by a far better one in hils forthcoming thesis [18].)
1.2 We now had a category K whose vertices were abstract descript-
ions of those functors obtainable by iterated composition of the basic
structural ones, and whose morphisms were abstract descriptions of
those natural transformations obtainable from the basic structural
ones by composing them in all possible ways with the basic functors
and with one another. This category K had a good deal of structure,
and it was the abstraction of this structure that I called a club.
Each club was an invariant description of an extra structure that a
category, or a family of categories, might carry; and the coherence
problem became that of determining the club K from its generators (the
basic structural functors and natural transformations) and its relat-
ions (the axioms to which these were subjected). The analogy with
Lawvere's theories is clear; although in fact a closer analogy is with

props or operads.
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The structure on K was as follows. First, each formal functor
T had a type I'T, specifying its arity, the category (when there was
more than one) from which the i-th argument was to be drawn, and the
variance of this argument. Next, each formal natural transformation
f: T = S also had a type TI'f, specifying which arguments it was to pair
off; this was called by Eillenberg-Kelly [2], and has since been called
by me, not too happily I think, the graph of f; I shall try to avold
thls over-used word. These types I'T and I'f may be considered as
objects and morphisms of a suitable category T, so that T appears as a
functor I': K > T, and K as an object of the category CAT/T.

The next piece of structure is the recognition that objects of
K can be composed with one another - or rather substituted into one
another, a better expression for functors of many variables. Thus

from T of arity n and Sl""’ Sn of arities m <> M, We can form

ERR

T(S cas Sn) of arity m,+...+ m_, also written n(ml,..., mn).

1%
Similarly for the morphisms of K; one can form f(gl,..., gn), with its
special cases T(gl,..., gn) and f(Sl,..., Sn). It turns out that this

can be expressed as a multiplication u: K¢K = K, where ° is the "tensor

product" for a certaln monoidal structure on CAT/T.

Finally one must distinguish among the objects of K the formal
identity functor (or functors, when many categories are involved); it
turns out that this comes to giving a unit n: J = K, where J is the
identity for o. The assoclativity of composition (or of substitution),
and the ldentity property of n, are then given by subjecting u and n
to the monold axioms. Thus we end with the definition of club as
"eo~monoid in the monoidal category CAT/T ',

We can embed CAT in CAT/T by giving to A € CAT the trivial aug-
mentation T: A = T assigning arity zero to each object of A. Then to
give to a category A the extra structure characterized by the club K
is to give an action KeA = A of the monoid K on A. Thus the categor-

les with this structure are the algebras for the monad Ke- on CAT.
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Similarly when the structure is borne by a family of categories,
indexed say by A; then CAT/A replaces CAT.
1.3 We must now point out that what we have just said is, in the

mixed-variance cases from which we drew our examples, over-simplified

for expository purposes: the phenomenon of incompatibility for the

generalized natural transformations of [2] causes the "tensor product"
° to be not everywhere defined on CAT/T. This is discussed at length
in [5], [6], and [7]; we pursue it no further here because we hence-
forth restrict to the purely covariant case. Then all we have said is
exact, and in fact more is true. Namely, o is a 2-functor and CAT/T
is a monoidal 2-category; so that Ke- for a club K is not only a monad
but a 2-monad or doctrine. Moreover the monoidal 2-category CAT/T 1is
actually closed: its internal-hom {B,C} is a very rich functor cat-
egory, whose objects are functors Bn - C of all arities and whose
morphisms are natural transformations of all types.

In the covariant case the type Tf of a natural transformation
of the Eilenberg-Kelly kind is nothing but a permutation of the argu-
ments in passing from domain to codomain, as in the symmetry AQB — BBA
in a monoidal category, or in the associativity (A®B)®C —> A®(B®C)
where this permutation is the identity. If we restrict for simplicity
to the one-category case the type I'T of a functor is Jjust i1ts arity
n € N, so that in this case the category T 1s Jjust the category P
with natural numbers as objects and permutations as morphisms. It 1is
to clubs at this CAT/P level that [5] and [6] are devoted, except that
the many-category case is allowed for and the corresponding mixed-
-variance case is also considered.

i;i The suggestion naturally occurs that many more coherence prob-
lems can be formulated in this way if we further widen the notion of
"natural transformation f of type I'f ", For instance, a category with
finite coproducts has a binary functor + and a nullary functor O, with

"natural transformations” A - A + B, B>A + B, A+ A~>A, O—>A,
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subjected to equational axioms. The types of these natural transfor-
mations are not permutations but functions: the two functions 1 - 2,
and the unique functions 2 - 1 and 0 - 1. Similarly for a category
with two monoidal structures (8,I1) and (®,N), connected by distrib-

utivity maps (not isomorphisms)

(1.1) d: (ASB)®(ARC) — A8(BeC), e: N = AN,
for which the coherence problem has been studied in another formulat-
ion by Laplaza [14] and [15] (whose results we generalize in [ 8]
below}. 1In other words we expect a generalization with CAT/P replaced
by CAT/S, where 8 is the skeletal category of finite sets, with
natural numbers as objects and functions as morphisms.

Having gone this far it is natural to expect still more: why
should the arities n be finite sets? We can still speak of a functor

B > C when n is a small category: and if a category A with finite

coproducts has functors AZ - A and A - A, so a category A with
coequalizers has a functor Az -+ A. So we may expect a further
generalization with CAT/S replaced by CAT/Cat.

That such a generalization does exist was announced in [11]l; in
the sense that we still have a monoidal structure o on CAT/Cat, the
monoids K for which give doctrines on CAT. (I am ignoring for the
moment the fact that we must, like Kock in [13], use here a rather
special version of Caf) Yet this is not altogether a generalization
of the "coherence problem"; for K is not now so simply given by its
generators and relations. It was my faillure to anticipate this last
point that led me falsely to predict that the doctrine for categories-
with~coequalizers would be seen as coming from a club.

The attempt to carry out the details of thils generaligation
automatically led to a further, and final, one: the 2-functor
$: CAT/Cat -~ [CAT,CAT] is not full; we can make it so by adding more
l1-cells and 2-cells to CAT/Cat to get a new 2-category CAT{*C@I; and o

can still be defined, indeed cries out to be so, on CAT[¥Cat or even
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CAT[*CAT. This 1s the level of generalization we promised in the
introduction, to the details of which we now pass, after first adding
a final remark to this section.

1.5 If D = Ke— is the doctrine for categories-with~finite-
~coproducts, that for categories-with-finite-products is the opposite
doctrine D¥ (c¢f. [16]) given by D*A = (DAOp)Op. We could if we 1liked

define a club of the second kind, with augmentation landing not in

CAT but in CAT°P - or in QOP in this particular case - and then D¥
would be KOp°~, where thils is a new "o"., For the basic natural trans-
formations are now AxB = A, AxB = B, A = A&xA, A > 1, which can clearly
be said to have "types" in Efp. So we get a second distinguished sub-
class of doctrines, those coming from clubs of the second kind; but
they are just the opposite doctrines of those coming from clubs, and
we shall not complicate the present paper by making special reference
to them.

This does, however, raise the guestion of how we approach the
coherence problem for more complicated structures, such as a category
with both finite coproducts and finite products, where we have natural

transformations like

A+A > A — AxA;
or for the distributivity problem of §1.4 when the maps (1.1) are

isomorphisms, so that d"id is a natural transformation

(ARB)@(ARC) — (ABB)B(ARC).
It is tempting to say that here the type of the natural transformation is
neither in 3 nor in QOP, but is something of the form n - p < m, that
is, an op-span. However I have so far been unable to extend the club
idea to this case; I am quite puzzled about what a good "coherence
result" would be, other than the explicit determination of the doct-
rine; and I make no further reference in this paper to the possibility
of such further extensions. (P.s. Some later thoughts on what a "coher-

ence result" should be are contained in my paper [8] below in this volume.)
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2. LAX NATURAL TRANSFORMATIONS

2.1 We use a single arrow = for l-cells and 3-cells, in particular
for functors or 2-functors and for modifications; we use a double
arrow = for 2-cells, in particular for natural or 2-natural transfor-
mations; and we use a wiggly arrow > for the lax natural transfor-
mations we are about to introduce.

We 1dentify a set with the corresponding discrete category,
and a category with the corresponding 2-category with only identity

2-cells. If A is a 2-category, A_ is the category obtained by discar-

0
ding the 2-cells, and |A|] =0bA is the set obtained by discarding also
the l-cells. For 2-categories A and B, we denote by [A,B] the
2-category of 2-functors, 2-natural transformations, and modifications;
recall that we use these terms in the sense of [12] above. It 1s
necessary in this context to distinguish clearly A from AO, for [A,B]
and [AO,B] are quite different when B is a 2-category. Therefore we
shall always write CAT for the 2-category and CATO for the category,
and so on.

2.2 For 2-categories A and T and 2-functors F,G: A > T, a lax

natural transformation a: F W>Gis what Gray [3] called a "2-natural"

one: 1t assigns to each object A of A a morphism o,: FA = GA in T, and

to each morphism a: A = A' in A a 2-cell a, in T of the form

%y

(2.1) FA — = »GA

Fa ﬂda Ga

FA'" —————» GA!

A 1

These data are to satisfy the axioms

(2.2) o =1 , a = 040, (pasting composite),
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and the axiom

CQA OZA
(2.3) FA - s GA equals FA » GA
Fg aa *a ’
P = — e
Fa Fa Ga Fa Ga Ga
FA' o GA FA' > CA'
OLA' C{'Av

for each 2-cell z: a = a in A, This last axiom (2.3) is vacuous when
A, as it shall be in all our applications, is merely a category. The
2-natural transformations a: F = G (which are just the natural ones
when A 1s merely a category) are those lax ones a: F "M~ G for which
each o, is the identity 2-cell.

We compose lax n.t.'s by horizontal pasting of diagrams like

(2.1), getting a category [A,T] of which [A,T]O is a subcategory.

O)
It becomes a 2-category [A,T] when we take as 2-cells the modifications
¥
//’6*\
A a% ’iB T
G
Such a modification 6: o - B assigns to each A € A a 2-cell

0,: o ='8A rendering equal the left two diagrams below, for whose

A A
common value we use the notation of the diagram on the right:
&
A ocA U'A
(2.4) FA HGA GA = Fp P GA = FA ——GA
Ba ﬂaa
Fa ﬁea Gs Fa Ga Fa Jlsa Ga
Opt
/"""“\
X p——7 R T N LY GA' PN . yGA'
Ny 8
BN BA' A

Horizontal and vertical composition of modifications 1s defined in

the obvious way. When g and g are 2-natural, the above is the usual
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definition of modification as in [12], so that the inclusion
[A,T] = [A,T] is "full on 2-cells".
We write T for the unit category with one object * and one

morphism. There is an evident isomorphism

(2.5) .71 311,m =11,71,

where for example r31, called the name of B, for B € T, 1s the

2-functor sending % to B.

2.3 Let A,B be merely categories and T a 2-category. From the sit
uation

F FH

¢ _H ////’_7;\\\\ /////—72;\\\\j\
(2.6) B A o ? o T we get B _q_—_’ 8 T,
g H H

where G GH
(2.7) (oglg = aggs (ag)y = ogys (8)p = By

Thus the functor H induces a 2-functor [H,Tl: [A,T] - [B,7TI].
Given a second functor K: B = A and a natural transformation

n: H=K, we get a modification

oy
(2.8) FH “NWWVYWWYWWAA GHD
F G
n an n

where

(2.9) (o) = a

Moreover the two modifications on the left below coincide, and we

denote their common value as in the diagram on the right:
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8 J&”
Fn H Gn Fn Gn P ie Gn
¢
lsn e n
FK GK FK lBK o FTK MWAAMNAS GK
BK RS 8 BK
K

here we have, in the notation of (2.4),
(2.11) (8

We may say, with an obvious meaning, thet n: H = K induces an op-lax-

-natural [n,7}: [H, 7] v [X,T] with components

(2.12) &n,TﬂF = Fn, ﬁn,TEa = oy

3. THE 2-CATEGORIES CAT T AND CAT[*T

3.1 Let T be a 2-category. An object of CATfT consists of a cat-
egory A and a functor TI't A = T. A morptism from (A,T') to (B,A) con-

sists of a functor T: A - B together with a lax natural transformation

A —T oz
T
T >/ A
T .
Composition of these is by the obvious pasting of diagrams:
A T S

—ppe B e

T as in

(3.1)

(3.2)
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That is, the lax n.t. in the composite 1s the composite

T
(3.3) ///////fg”“--\\\\\\\\‘\
T
A AT > T
|
EST

(The reader is asked for his cooperation in seeing "E" here as uppér-
-case Greek epsilon.) A 2-cell (T,t) = (T',7t'): (A,T') = (B,A) con-
sists of a natural transformation n: T = T' together with a modificat-

ion 6 as in

(3.4)

T 0 T'

AT :'—...._:‘» AT?
an

Vertical composition of these is given by

(3.5)

T T! T

o \-’ /

0 A

[ LI
AT —-——ZH=VAT —Q—TT’—>AT

The more complicated horizontal composition of

(3.6)
(T’T) (S,O')

(A,T) #(n,e) (C,E)

(B,n) l(c,w
\/

(T*,1*) (8',0")



is given by

(3.7) T S
/\A .
A\L/ B\QC
' St

together with

(3.8)

T
1
T > T
0
%<

AT EEaaa————————— WU\

An
OT§
EST —-—¢'+ U'TI
Etp | n
T
ES'"T —————sy, ES'T! 3
ES'n

here ¢n is formed as in (2.10) from ¢: Egz.c 2> ¢! and n: T = T,

A direct verification that CAT[T is a 2~category is fright-
fully tedious, and to be manageable at all needs some lemmas about the
behaviour under pasting of derived modifications 1like ¢n. Happily it
is not necessary. An obvious representability argument shows that it
suffices to do it for CATfCAT, and in §6.3 Dbelow we give a 2-full
embedding of this into a known 2-category. Once we check that this
embedding respects the various compositions and identities, the
2-category axioms are automatic. Alternatively, a different full
embedding given in §5.2 below does the same for CATf*CAT which we are
about to introduce; this extends by representability arguments to
CAT[#T; and (CAT[T)®® is isomorphic to CAT[#T¢9°F,

3.2 CAT[#T has the same objects (A,I: A = T) as CAT[T. However a
morphism from (A,T) to (B,A) now consists of a functor T: A - B toget-

her with a lax n.t. 1 as in



(3.9) A —— = B
T

TN\ g/
T

(so that T has the same sense as in (3.1), but T the opposite sense).
A 2-cell from (T,t) to (T',t') now consists of (n,8) where n: T = T!

as before, but 6 is a modification of the form

(3.10)
An

AT —————% AT
9
~—~
T T
.

With t and o reversed in (3.2), the new analogue of (3.3) is

(3.11) EST

there 1s no change in (3.5) except the reversal of t,t',t"; and (3.8)

gets replaced by

ESn
EST N EST'
(3.12) >
{I5:1
9 5 ES'T!
n
G‘T,
An
AT - AT
P ey
T & T!
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It 1s easy to see that there is an isomorphism
(CAT[T)®® > CAT[*T®°°P gsenaing (in what I hope is, in the light of
[12], an obvious notation) (A,T) to (AOp,FOp), (T,1) to (TOp,rCOOp),
and (n,0) to (nOp,eco). (In fact we apply coop to everything, but co
is trivial on some elements and op on others.)
3.3 It is clear what is meant by LfT, L[*¥T where L is a sub-2-cat-
egory of CAT.

There are variocus sub-2-categories of CAT]T that stand out.
By fixing A and requiring that T = 1 and n = 1, we get [A,T] as a
sub-2-category; similarly EA,TEOP as a sub-2-category of CAT[*T. In
particular taking A as the unit category 1 we get the composite

(3.13) " VT o [1,T] > CATJT,

where the first isomorphism is what we called™ ' in (2.5).

If instead we allow all T and n, but require t = 1 and 6 = 1,
we get CAT/TO {(ef. [12] §1.3) as a sub-2-category both of CATfT and of
CAT[#T. (We should note I suppose that the strictly accurate name for
CAT/T is CAT/TT} : it is the comma-object of 1: CAT ~ CAT and
|_T;]: I = CAT in the 2-category of 2~-categories. However we may omit

the corners when no confusion is likely.)

Finally we observe that we have evident forgetful 2-functors

(3.14) CAT[T = CAT <« CAT[*T

3

sending (A,T') to A, (T,t) to T, and (n,8) to n.

4. LAX COMMA CATEGORIES

4.1 Let T be a 2-category, A and B categories, and T: A - T,

A: B = T functors. We define the lax comma category I/A, or more

precisely (A,I')/(B,A), to be what Gray [ 3] calls the "2-comma-category'.

An object of T/A is a triple (A4,k,B),
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(4.1) A, rA —X maB, B,

where A € A, B € B, and k is a morphism in T. A morphism from

(A,k,B) to (A',k',B') is a triple (a,x,b),

(4.2) A ra —& > B B
: K
a Ta Ab b
Al A~ AB' B'
k'

where a € A(A,A'), b € B(B,B'), and x is a 2-cell in T. Composition
is the evident pasting operation.

There are the obviocus projection functors dO: T/n = A,
d1: /A = B, sending (a,x,b) to a and to b respectively. There is also
a lax natural transformation i: PdO’VV+ Ad1 with components
k(A,k,B) = k, h(a,K,b) = x. The easy proofs of the following two

propositions are left to the reader.

Proposition 4.1 /A is determined by the following universal prop-

erty. TFTor a category C, the equations

(4.3) P=46G, R=4.0G, o=\

o] 1 G?
or in brief
(4.4y C equals ¢

. B
A d A
T

o
N A

set up a bijection between functors G: € - I'/A and triples

(P: C > A, R: C > B, a: TP "» AR). To wit, G must carry
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o
C
(4.5) cC to PC r'pC ——3 ARC RC
cl Pcl I‘Pc[ u“c l ARe Re
¢’ pC! 'PC'———3= ARC' RC'. O
OLC,
Proposition 4.2 If in the above situation we also have G'

corresponding to (P',R',a'), there is g bijection between natural

transformations v: G = G' and triples (m,p,u) where w: P = P',

p: R=R', and u is a modification

o
(4.6) T PANVAAANAAR

In terms ofY , we have in the notation of (2.8)

(4.7) mo=doy, p=d vy, W= A

while the C-component of Y is

a
C

(4.8) PC r'P¢ ——————» ARC RC

Mo l Fﬂcl u He lAOC l DC
P'C rP'C e———— = AR'C R'C. 0

u'c

y.2 We now exhibit /as a 2-functor

(4.9) /: CAT[#T x CAT[T - CAT;

in fact the definitions of CAT[T and CAT[*T were chosen to make this
S0.
From (T,t): (A,I) = (A',T') in CAT[*T and (S,0): (B,a) = (B',A")

in CAT[T we get
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4.10
( ) o

and hence, by Proposition 4.1, a functor

(4.11) (T,t)/(S,0): (A,T)/(B,A) = (A", T")/(B',A")

which sends the typlcal morphism (4.2) to

Ta k g
(4.12) TA T'"[A —— A ——3» AB —» A'SB SB
K
Ta [''Ta ‘n"a Ta Ji AD ‘ﬂ"’b A'Sb Sb
Ta T'TA' —— PA'———» AB' — % A'SB! SB'.
T k! Og

That the functor (4.11) depends functorially on (T,t) and (S,0) is
perhaps best seen by pasting onto {(4.10) a (T',t'): (A*,T') = (A",T")
and an (S',0'):(B',A") > (B",A"); alternatively by direct use of
(4.12) in the light of (3.3) and (3.11).

Next consider (n,8): (T,t) = (T,t) in CAT[#*T and
{(z,9): (S,0) = (§,5) in CAT[T. From the natural transformations ndo
and Cdi together with the modification 5

d

Tq
0 A 1
JAVAVAVAVAVAY YAV MY AVAVAV AV AN VY AV AVAVAVAVAVA VAV g
(4.13) r'Td, rd, Ad, A'Sd,

I’?
ndo lL l edO \”{1 1lL l ¢d1 lL A'gdl

ANAANANAAA AANANNANASS APAAANANA 3
T’Tdo i ng Adi N A’Sd1
Tg A Gy
0 1
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we get by Proposition 4.2 a natural transformation

(5.18)  (n,8)/(z,0): (T,00/(8,0) = (T,D)/(5,3)
whose (A,k,B)-component is

T G

(4.15) TA rrra—=2s vy Ko 4 By ptsB SB
1
Ny i T'ny iJl/eA 11 11 N lA'EB J/ t3
TA ['TA——> A —» AB —> 4'3B B .
Ta k EB

It is very easy from (4.15) to check that / respects vertical and
horizontal composition of 2-cells in CAT[*¥T and CAT[T; thus # is
indeed a 2-functor of the form (4.9).

4.3 The projections of CAT[#T x CAT[T onto its factors, composed

with the forgetful 2-functors (3.14), give new forgetful 2-functors

(4.6) forg,, forg,: CAT[*T x CAT[T - CAT ,
sending ({A,T), (B,A)) to A and B respectively. The following is
clear from (4.12) and (4.15):

Proposition 4. The functors d,: (A, T)/(B,A) = A and

d1: (A,IY/(B,A) ~ B are the components of 2-natural transformations

ag: /= forgo and dlz /= forgl. 0

5. THE 2-FUNCTOR o AND THE EMBEDDING CATI*CAT - [ CAT,CATI
5.1 Form the composite 2-functor

CAT[#T x T mme—mm> CAT[#T x CAT[T -—-/—---->CAT,
/
1 = "
where " 7V T - CAT[T is the 2-functor (3.13) sending B € T to

(1,"B'), ete. Our interest is in the special case T = CAT; we then

write the above 2-functor as

(5.1) o: CAT[¥CAT x CAT - CAT.
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We usually abbreviate its value (A,I')oB on objects to AeB ; for its
value on morphisms or 2-cells we write (T,1)°S and (n,8)ez in full;
except that we are sometimes interested in the restriction of ¢ to
CAT/CATO x CAT, where 1 and 8 are identities, and then we write simply
ToS and nez.

An object of AoB is a pair (A4,X) where A € A and X is a functor
TA - B; we write this object as A[X]. A morphism A[X] - A'[X'] is a

pair (a,x) of the form

=

(5.2) TA

B

a Ta X B;
8 rA'/

here a is a morphism in A and x is a natural transformation. We write

the morphism (5.2) as

(5.3) Al X]

al x]
AT[X] .

If (T,t): (A,T) = (A',T') and S: B = B', the functor
(T,1)°S: AeB — A'eB' sends,as a special case of (4.12), the morphism

(5.2) to

(5.4) TA rrra —— 2 s
\\\\\f;*
Ta I''Ta ﬂ;a a ﬁ; B N B!
/////77 °
1
TA! TYTA' g TA X
TA'

If (n,8): (T,7) = (T,7) and z: S = 5, the natural transformation
(n,8)ez: (T,1)e3 = (T,7)¢8 has, as a special case of (4.15), the A[X]-

—-component
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(5.5) TA I'TA
\\\\\\sz* g
n rny | §o FA.__5£_~>B (::i:%:::;}s*
/ S
TA T'TA T

We have as in §4.1 the projection functor

(5.6) dO: AoB — A

sending (5.2) to a: A = A'. As in Proposition 4.3 this is the compon-
ent of a 2-natural transformation

(5.7) d,: ° = forgg,

where forg: CAT[#CAT x CAT - CAT sends ((A,T),B) to A, etc.

5.2 The 3~-category of 2-categories is of course cartesian closed;

in particular there is a bijection between 2-functors K x L = M and
2-functors K = [L,M] . Under this bijection the 2-functor o of (5.2)

gives a 2-functor

(5.8) b: CAT[¥CAT = [ CAT,CAT],
to wit
(5.9) P(A,T) = Aewy ®(T,1) = (T,T)o~, ®(n,0) = (n,0)c=-.

OQur first main result is:

Theorem 5.1 The 2~functor ¢ is 2-fully-faithful.

Proof. Take a 2-natural transformation G: (A,T)e- = (A',I''")o—, with
components GB: AoB = A'eB. We are to show that & = (T,7)e~ for a
unique (T,71).

The uniqueness of {(T,1) is immediate; for if G is (T,T)e- it

follows from (5.4) that
(5.10) GPA(A[er]) = TA[TA],

and that G sends the morphism

TA!
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(5.11) A TA

\
a Ta &1 TA'
/

Al TA!

of A°TA' to the morphism

A
(5.12) TA I''TA =T A ra
Ta T'Ta i{/ T, Ta JLm TA!
/
TAY TYPAY . PTAY
TA'

of A'eTA'; that is to say,
(5.13) GPA'(a[lFa]) = Ta[Ta].

So by (5.10) and (5.13) G uniquely determines T and t.
Now let any 2-natural G be glven, let A[X] € AoB, and observe
that by the naturality of G we have commutativity in

Gra
(5.14) AoTA > AteTA

AoX A'eX

AoB > A' B,
Gg

If we define TA,T, by (5.10) and evaluate both legs of (5.14) at the

A
object A[lFA] we get

(5.15) GB(A[X]) = TA[X.TA].

In particular, Gp, {A[Tal) = TA[Ta.t the domain of (5.12). With

als
this said, it now makes sense to define Ta,t, by (5.13).

Next, replace A,X by A',X' in (5.14) and evaluate both legs at

the morphism a[lfa] of (5.11).' By (5.13) this gilves

(5.16) GB(a[lX 1) = Ta[X'.Ta].

. Ta
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Now let alx] be the morphism (5.2) of A°B, By the 2-natural-

ity of G we have commutativity in

G
(5.17) AoTA LA —>A'oTA
AeTa A'teTa
AoX AT A AtoX At oTA
Aex A ox
AoX!t
AI on
v o 4
AeB >A' oB
G
B

Taking the A[lFA]—component of each leg we get, using (5.10) and (5.5),

(5.18) Gg(1l,lx]) = Ipalxet,l.
But the al[x] of (5.2) is the composite

AlX] —— AlX'.Ta] ———>at[X"'],

lA[x] aIlX'.l‘a]

and Gg is a functor; so GB(a[x]) is, by (5.16) and (5.18), the compos-

ite
TA[X.TA] ———~—a—-TA[X'.Ta.TA] —--——-z--'I‘A'[X'.TA,];
1
1,M[x.TA] Tal X .Ta]
that is,
R Ta
(5.19) Gglalx]) is TA P'TA——2—5rp
\
Ta I''Ta JLTa Ta \ﬂ,x B.
/
TA? T'TAt we———3T 1
Too

Using the fact that GB is a functor, we now easily get that T 1is a

1 1 and by applying

functor and v a lax n.t. by applying G to 1,1
TA A 1FA
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GFA" to the composite

Al Fa'.Fa]—»A'[I‘a']-——-"A"[ern] .
al 1} a'f1l]

Then by comparing (5.19) with (5.4) we see that GB is indeed (T,1)sB.
It remains to prove that ¢ is fully faithful on 2-cells. So
let (T,1), (T,T): (A,T) = (A',T') and let y: (T,1)e= = (T,7)e~ be a
modification with components Yg: (T,7)eB = (T,7)eB. We are to show
that v = (n,0)°- for a unique (n,8).
If vy is indeed of this form, it follows from (5.5) that the

A[lFA] component of yp, is

(5.20) (radape. 1 = maleals
TA
which proves the uniqueness of n and 8. If now for any y we define N

and eA by (5.20), we have because y is a modification commutativity in

(T,T)°TA

AoTA j}rA AtoTA
(T,T)eTA

Ao X AleX

{T,T)B

\ 3

Ao B iLyB A' B,
(T,T)0B

and calculating the Al 1l -component of both legs gives

FA]

(5.21)  (vg)aqg) = Myl%e,l,

in agreement with (5.5). That n is indeed natural, and that © is
indeed a modification, follow at once when we express the naturality of

Yra for the particular morphism (5.11) of A-T4a'. [

Corollary 5.2 CAT[T and CAT[*T are indeed 2-categories.

Proof By the remarks in §3.1 and §4.2, with the above theorem. [
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5.3 We devote this section to some comments,largely informal, on
this full embedding ®: CAT[®CAT - [CAT,CAT]lof 2-categories.
First, its image is not the whole of [CAT CAT]. To see this,

note that we have clearly

(5.22) (A’I‘)°1 = A,

where T is the unit category. So for a 2-functor D: CAT — CAT we have:

e

(5.23) If D2 (A,T)o- then A DI.

(A,IT)e~ then A £ 1, so that

e

It follows that 1f DI = 1 and if D

P ="n" rfor some category mn. But it is also clear that

{(5.24) (1,"1')eB = [n,Bl;

so any D in the image of ¢ with DI I must be [n,-] for some n. Now
the 2-functor D: CAT - CAT sending B to [[B,2],B], where 2 is the
discrete category with 2 objects, is certainly not of the form [n,~].

(For [n,B] = [m,B] when B is discrete, where m is the number of path-
n

—-components of n; and no m is consistent with both D2 = 2° and D3 = BBJ

Even the 2-functor part of a doctrine D need not be in the
image of ¢. Consider the doctrine, which can be given explicitly, for
a category-with~-coequalizers. There it is clear that DI is at any rate
equivalent to I; this is enough to make DB equivalent to [n,B] if D
were in the image of &; but D is not of this form. I think however
that this D 1s a quotient of something in the image of ¢, to wit of
[n,-] where n is =z .

I have no real idea how big the image of & 1in fact is; chiefly
because, while I can pick out the putative A by (5.23), I don't see
how to fix I in terms of D, and hence have no test for D to be in the
image of 9¢.

We are going to show in 87 that the image of & is closed under

composition of 2-functors. What else is it closed under? Certainly

products and coproducts.



207

It suffices to illustrate by binary ones. The product in
CAT[%CAT of (A,T) and (A',T') is (A x A',A) where A(A,A') = TA + T'A';
and (A x A',A)eB = (A,T')oB x (A',I")oB, The coproduct in CAT[¥CAT of

(A,T) and (A',T") is (A + A',A) where AJA = T and A|A' = I''; and

(A + At A)°B 2 (A,T)°B + (A',T'')°B.

I haven't checked whether CAT[*CAT has equalizers: chiefly
because it would be a long business not relevant to our main purpose.
But if it does have equalizers, my rough calculations indicate that
? would not preserve them. (If ¢ preserved them it would mean that
equalizers of lax n.t.'s were constructed pointwise, which seems false.)
If it has coequalizers, on the other hand, they are probably preserved.

For then @ would seem to have a left adjoint, modulo size
considerations. Consider a 2-natural G: D = @(A,T) = (A,T')e°-, with
components GB: DB - A°B. By Proposition 4.1 and the definition of
A°B as (A,T)/(1, |_-B—'), such a Gp would correspond to P: DB - A togeth-
er with a: I'P YW~ B!, where B! 1s the composite

DB - T - CAT,
; 8'1

that 1s, the constant functor at B. In other words the GB are in
bijection with morphisms (DB,B!) = (A,I') in CAT[#*CAT. The G's them-
selves would then be in bijection with the morphisms fB(DB,BI} - (A, T)
in CAT[¥CAT if the indicated coend exists.

On the other hand it seems that ¢ is as far as it can be from
having a right adjoint; in the sense that any D € [(AT,CAT] with a

2-reflexion in CAT[¥CAT already lies in the latter. For if

(5.25) [ CAT,CATI((A,T)o-,D) = CAT/*CAT((A5T),(B,A))

2-naturally in (A,T), take (A,T) = (I, "n'). Then the left side of
(5.25) is, by (5.24) and Yoneda, Dn; while the right side is easily
seen to be (B,A)en. So D % (B,A)o-.

ééi We shall always henceforth use T to denote a sub-2-category

of CAT, not necessarily full on 1-cells, but always taken to be full
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on 2-cells.

We have an obvious inclusion
(5.26) CAT[¥T — CAT[%*CAT ,
which composed with ¢ gives

(5.27) or: CAT [¥T - [ CAT ,CAT].

It is clear that (5.26) is full on 2-cells, and is full on l-cells

precisely when T = CAT is; so that the same is true of (5.27).

6. THE GROTHENDIECK CONSTRUCTION

(@)

6.1 Our next main goal is the proof in §7 below that CAT[¥*CAT is
closed in [CAT,CAT] under composition of objects (that is, of
2-functors CAT — CAT). We shall do this by showing that

Ao(Bo=) = (AoB)o~; here AcB is the category so denoted in §5, but now
provided with an augmentation A¢B — CAT derived from the augmentations
of A and B.

The considerations of §1l.2 above suggest that the augmentation
n="T4Ao0f A€ A is a kind of "arity" of A. An object A[X] of A-B
consists of A and X: TA = n = B, so that X is a kind of n~ad of
objects of B. If these objects of B also have arities, provided by an
augmentation A: B - CAT, then A[X] should have an arity n(m), where m
is the composite AX: n - B = CAT, and where n(m) generalizes the

n{m , mn) =m +...+ m, of §1.2. In fact the appropriate general-

PEREE 1
ization is precisely the Grothendieck construction assigning to a

category n and a functor m: n = CAT the corresponding fibred category
over n, which we may call n(m).

6.2 We therefore define the Grothendleck 2-functor

(6.1) @: CAT[CAT - CAT
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by setting

(6.2) o ="1Y-,
where of course / is the 2-functor of (4.9) with T put equal to CAT.
We also use, where confusion 1s unlikely, the "parenthesis"™ notation

suggested above: namely

(6.3) @(A,T) = A(T), o(T,1) = T(1), 0(n,8) = n(8).
An object of A(T) is a pair A,Y where A € A and Y: T = TA

{(that 1s, Y € TA; but it is useful to write Y as a functor with
domain I). We write this object as A{(Y). A morphism MDD - A(Y" is
a pair a,y of the form
(6.4) A ///z////)rrA

al I &y 'a
A

| \m'

which 1s a fancy way of saying that y 1s a morphism Ta.Y > Y' in TA',

5

We write this morphism as aly) .
If (T,7): (A,T) > (A',T') in CAT[CAT, then by (4.12) the

functor T(r) sends (6.4) to

A
(6.5) TA /FA D 1T
Ta
r 1
1 y a ﬂ T, I''Ta
TA' Y'\AFA' > T'TAT,
TA'

If (n,0): (T,T) = (T,T) in CAT[CAT, the natural transformation N(9)

has by (4.15) its A(Y) component given by

(6.6) TA I'TA
T
I ————> TA iLeA Tin,

TA Ta r'Ta



210
We have as in $4.1 the projection functor

(6.7) diz A(T) - A

sending (6.4) to a: A > A'. As in Proposition 4.3 this is the

component of a 2-natural transformation

(6.8) d,: 0 = forg,
where forg: CAT[CAT - CAT is the forgetful 2-functor sending (A,T) to
A, etc. Writing 2 for the arrow category O - 1, we can regard O,

forg, and d, in (6.8) as constituting a 2-functor

(6.9) 0: CAT[CAT - [2,CAT]
1° A(T) = A, ete. We can call O the augmented
Grothendieck 2-functor.

sending (A,T) to d

6.3 The results we need about the Grothendieck construction are
most easily derived from the following theorem, which is a slight
extension of Gray's "Yoneda-Like Lemma" on page 290 of [3].

Theorem 6.1  The 2-functor O: CAT{CAT - [2,CAT] is 2-fully-faithful.

Proof. Let
(6.10) AN —M 5 AT (DY)
dl dl

A » Al

T
be a morphism in [2,CAT]. We have to show that M = T(t) for a unique

T.
If M is indeed T(T) we conclude from (6.5) with a = lA that

{(6.11) M{ACY) ) = TA(TAY),

(6.12) M(lA(y)) = 1TA(TAy),

which fixes Ta on objects and morphisms. Moreover if we define Ty by
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(6.11) and (6.12), the fact that M is a functor and the fact that the

composite of 1A<y0 and 1A<ﬁ is 1A<y’y> show that 1, is a functor.

A
Again, if M is T{1) we conclude from (6.5) with Y' = Ta.Y and

y = 1 that

(6.13) M(allp, ) = Tal(t )y,

which fizxes the components of Tyt If we define these components by
(6.13), the naturality of T, follows from the functoriglity of M

together with the following equality, where y: Y > Y' in TA:

1A*(Ta.y) callp Po= a(lra.YQ . lA(y>.

The fact that the typical morphism afy? of (6.4) is the comp-
osite lA,(y> . a(lFa.Y)’ along with the fact that M is a functor and
the definitions (6.12) and 6.13), now easily gives that M(af{y?) is
(6.5). The lax naturality of 1 then follows by applying M to the com-

a1 b

3 1
posite a' {1 ra.v °

F(a'a).Y>

Now let u: T(t) = T(T) be a natural transformation rendering

commutative
T(T)
m
(6.14) A(P)\\~‘_____ALJL__,__,~,4—A'(F')
T(7)
d, (t d,
T
/—”“——_—__——-_~*~““““-h~
T

We have to show that u = n(8) for a unigque 6.

If y is indeed n(6) we have by (6.6) that
which fixes the Y-component of 6. If we now define (GA)Y by (6.15),

the naturality of 6, follows from the naturality of u with respect to

A
a morphism lg‘w) ; and the fact that 6 is a modification follows from

the naturality of u with respect to a morphism a(lFa Y>' 0
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Remark 6.2 The above theorem could serve as well as Theorem 5.1 to
complete the verification, in Corollary 5.2, that CAT[T and CAT[*T
are 2-categories.

géi As a result of the above theorem we have an isomorphism of

categories
A(T) , AY(T")
(6.16) CAT[CAT((A,I),(A",I")) = (2,CAT] |4} }dl
A Al

3

which is moreover Z2-natural because it 1s given by the 2-functor 9.

There is an evident 2-functor {(not full)

(6.17) CAT x CAT - CAT[CAT

sending A,B to (A,B!) etc, where B!: A — CAT is the constant functor

at B, composite of A > I and "B': I - CAT. It is also clear that

(6.18) O(A,B!) = A

and similarly on l-cells and 2-cells. Putting (A',T') = (I,"87) in

(6.16) therefore gives a 2-natural isomorphism

(6.19) CAT[CAT((A,T), (I,"B™")) = CAT(A(T),B),

which exhibits © as the left-2-adjoint of the 2-functor ' | of (3.13).
(Note that, for categories C and B, we mean exactly the same by
CAT(C,B) and by {C,B].) The left side of (6.19) can equally be written

as the left side of

(6.20) [A,CATI(I,B!) = CAT(A(T),B).

An object a: T YW B! of the left side of (6.20) is called a lax

cocone over I with vertex B; its components look like

a

(6.21) TA A
\\5\5\\‘*%

Pa.i Gy
Y {L/v

OLA,
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So in view of (6.20) it is reasonable to call A(T) the lax colimit of
T: A > CAT; +this is in effect Gray's theorem on page 289 of [3].
We give the explicit form of (6.20). By (6.5), the image of

a: T ™A~ Blis the functor P: A(T) — B sending a ) to

(6.22) ////E;///}VFA oy

and by (6.6) the image of a modification p: o = o 1is the natural

transformation m: P = P whose A(Y) component is
%a
— T T —
6.2 1 » TA B.
(-2 ¥ R A
Gy
By (6.11) - (6.13), or directly from the above, a is refound in terms

of P by

(6.24) o, ¥ = P(MD), ayy = P(1, ), (a)y = Platl,, )3

A ra.¥Y
and p is refound in terms of 7 by
(6-25) (DA)Y = TTA<Y).
6.5 In (6.20), we describe functors with domain A(I'). To get

information about functors with codomain A(T), we can either go back
to the definition of A(T) as "I YT and use Propositions 4.1 and 4.2
directly; or use (6.16) again, this time replacing (A,T') by (C,I!) and

(A',T') by (A,T). 1In either case we get

(6.26) CATJCAT((C,I!),(A,T)) 2 CAT(C,A(T)).

An object of the left side of (6.26) consists of a functor T: C = A
together with a lax n.t. t: I! > 7 (that 1s, a lax cone over I'T
with vertex I). A nicer-looking result is given by looking at the

subcategories of both sides of (6.16) obtained by fixing the T of
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(6.10).
In the general case this gives, for T: A = A',
A(TY » AY(DY)
(6.27) [A,CATI(I,T'T) 2 CAT/A' lel idi

At Al

Making again the above substitutions of (C,I!) for (A,I') and (A,T) for
A',T') this gives

C s A(T)
(6.28) [C,CATI(I!,TT) = CAT/A T L d,
A

A

We remark, without making use of the fact, that another expression for
the right slde of (6.28) is c¢lassical; by e.g. the proposition on page

255 of Gray [3] we have
C s A(T)

(6.29) [A,CATI(QT,T) = CAT/A T l a, s

A A

where the functor @ sends T to the functor QT: A - CAT given by

(@T)A = T/TA7, the ordinary comma category of T: C = A and TA7: I - A.

6.6 Taking A = A" and T = 1 in (6.27) gives
A(T) s A(T")
(6.30) [A,CATI(r,r') = CAT/A d1 d1
A A

If we define the 2-functor @A as the restriction of 6 given by
(6.31) [A,CAT] - CAT[CAT — CAT,

0
and define 6A: [A,CAT] - CAT/A as the 2-functor defined by 6 and sending
T to dlz A(T) = A, then (6.30) is the special case of Theorem 6.1
asserting

Proposition 6.3 éA is 2-fully-faithfui. O

We can look upon (6.20) as asserting that GA has the right adjoint

B Bl; and on (6.29) as asserting that the composite
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(6.32) [A,CAT] — [A,CAT] — CAT/A
5
A

has left adjoint Q.

7. THE MONOIDAL STRUCTURE ON CAT[¥CAT

7.1 Consider the category CATO o CATO,where the first CATO has as
augmentation the inclusion‘CATO - CAT, and the second CAT0 is merely a
category. Consider a typical morphism T[vy]l: A[T] = A'[T'] in

CATO o CATO; it has the form

(7.1)

A A
T

Y, A,/F‘
Here A is a category, and I' a functor from A to CATO, or equally to
CAT; so we may identify the objects A[T'] with the objects (A,T) of
CAT[CAT. We can then identify the morphism T[y] in (7.1) with the
morphism (T,y): (A,T) =~ (A',T') of CAT[CAT. Thus CATO o CAT, may be
identified with a subcategory of (CATfCAT)O: to wit, it has all the
objects, but only those morphisms (T,t) for which the lax n.t. 1 1s
in fact an honest natural transformation y. This being so, there

should be no confusion if we write

(7.2) e: CATO o CATO = CAT

for the functor obtained by restricting the 2-functor © of (6.1).
Given functorsT: A = CAT and A: B ~ CAT, we write as usual A<B

for the more precise (A,I')oB, and we define an augmentation functor

E: AoB — CAT as the composite

(7.3 AoB ——CAT,. o CAT ~—mm CAT .
Toh © ° 0
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Here T stands for the morphism (T, 1) of CAT[*¥CAT shown in

(7.4) A ——————————’-CAT

W

CAT .

Thus ToA in (7.3) sends the typical morphism al x] of AoB exhibited

in (5.2) to the morphism

(7.5) ra TA
\\\5\\\\
I'a Ta x B 3= CAT,
//////” b
A rar ~ X

so that E sends alx] to

(7.6) Fa(ax): TA(AX) = TA'(AX').

The basic result asserting that the image of the embedding
¢ of (5.8) is closed under composition of endo-2-functors of CAT

is now the following:

Proposition 7.1 Given categories A and B with augmentations I and

A, assign to AeB the augmentation E above. Then for C € CAT there is,

2-naturally in C, an isomorphism

(7.7 a: (AsB)oC = A<(BoC).

Proof A typical morphism of (AeB)<C is an alxllp]l: ALX]{PI=A'[X']([P"']

of the form
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(7.8) AlX] I‘A(AX)N\
al x] ra(Ax) l[p ¢
/
AMX'] PA'(AX')

where alx] itself is the typical morphism (5.2) of A-B,
By (6.19) or (6.20), to give P is equivalent to giving a lax

n.t.

(7.9) a: AX v

where AX,C!: TA - CAT. If similarly P' corresponds to a', the

2-naturality of (6.19) shows that P'.Fa(Ax) corresponds to the

composite
(7.10) ra —L& orpr 1
AX?Y -~
AX AX a?t C
ﬁ""‘\
CAT,

that is, to a'ra.Ax. By (6.19) or (6.20) again, to give p is then

equivalent to giving a modification

o
(7.11) AX ANV (]

ﬂpl

Ax
AX' . Ta MWW (I Tg .
alpy
Since however Bo( is A/rcﬂ, to give the pair X: TA = B and o
is equivalent by Proposition 4.1 to giving a functor
(7.12) Z: TA = BoC.
If similarly the pair X',a' corresponds to Z': T'A' = Bo(, then by (4.4)

the pair X'.Ta, o' corresponds to the composite

ra

(7.13) TA TA! BoC,
Ta A
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Now by Proposition 4.2 to give the pair x,p as in (7.11) is eguivalent

to giving a natural transformation z of the form

(7.14) I‘A\

Ta z BeC
We henceforth write Z,z as
(7.15) Z = X[Pl, =z =xlpl;

and we define the isomorphism a by

(7.16) a(alxI[pl) = alx[pll.

It has of course to be verified that a respects identies - this
is obvious - and composites. If we compose (7.8) with a'lx'l{p']:
At{xI[P'] - AM[X"I[P"] to get a"[x"][p"l, we actually have
p" = p'FA(AX)'p' By the 2-naturality of (6.19), p'TA(AX) corresponds
to Q‘Fa .Ax, when we take account of what horizontal composition of
2-cells means in CAT[CAT. Since (6.19) is functorial, it follows that

the p" corresponding to p" 1s the composite

o

1
Ax e
| A
AX" Ta MAVVVWVVVVWNS CIT g
(X'
Ta

Ax? 1
Ta ptFa

\! v‘
AX".Ta'.Ta vWwwAannwAwANAS CiTalt L Ta.

1
8
ra'.ra

It now follows easily from (4.8) that z" = z‘ra.z, as required.
Finally we have to verify the 2-naturality of a in C. First,
if we compose (7.8) with R: C = C' then a,p are replaced by their

composites with R!: C! = C'! by the 2-naturality of (6.19), and it
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follows by 8§4.2 that (7.14) is replaced by its composite with BeR.
This is the naturality of a. For its 2-naturality we just take the

domain A[X}[P] of (7.8) and compose it with

to get the morphism lA[IX][cP], and apply a to this. The corresponding
"o" is, by the 2-naturality of (6.19), given by
1

R
m
AX M O fet et
a S

R!

so that by §4.2 it easily follows that a4 sends lA[IX][CP] to
BoR
TA —————>—B°6::1§EE:::é°C';
’ BoR
as required. [J
We record the detailed form of a more explicitly than by (7.16)
by using Propositions 4.1 and 4.2, along with (6.24) and (6.25), to
describe explicitly Z = X[P] and 2z = x[p]l. Namely Z sends the morph-

ism ¢: n > n' of TA to

(7.17) Xn AXn X
X¢ LXd H%/,c
Xn' AXn' Opt

and z has n-component

(7.18) Xn AXn \\\gﬁ\\\\ﬂs
X'la.n AX'Ta.n CUl“a.n

where, for y: ¥ = Y' in AXn,
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(7.19) a ¥ = P(n{y), ay = P(ln(y)), (a¢)Y = P(¢(1AX¢.Y>)’

(7.20) (pn)Y = Prqyy -

1.2 We now get automatically the desired monoidal structure on

CATf*CAT. First, by Theorem 5.1, there is a unique way of making

(7.21)  o: CAT[#CAT x CAT[®CAT - CAT[#CAT,

which is so far only defined on objects, into a 2-functor such that the a4 of (7.7}
is 2~-natural in (A,T) and (B,A) as well as in C. Using the explicit

forms (7.17) - (7.20) above, and (5.10), (5.13), and (5.20), it is a

purely mechanical process to calculate

(7.22) (T,7)o(S,0): AeB - A'cB!'

and

(7.23)  (n,8)e(z,8): (T,7)e(S,0) = (T,7)e(5,5).
One part of the calculation is easy: if

(7.24) (T,1)(S8,0) = (N,v) and (n,8)(z,¢) = (£,¥)
then

(7.25) N = (T,7)°S and & = (n,6)e°z;
this follows on observing that the I-component of the a of (7.7) is

clearly

(7.26) (A°B)°1 AoR

n Aon

Ao(BeoT)

-1

where #: Al 2 A ig the 2-natural isomorphism of (5.22). For the
calculation of v and ¥, however, we have to follow through the above
process, and I merely give the results.

v i1s to be a lax n.t.

(7.27) peg L2541 g

CAT
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where E 1s given by (7.6) and E' analogously. Take a[x]: A[X] -
A'[X'] in AeB as in (5.2), and write Talw]: TA[W] - TA'[W'] for its
image under (T,t)°B, as displayed on the right side of (5.19). Then
its image under (T,71)oS is TalSwl: TA[SW] = TA'[SW'] as in (5.4). 1In

view of (7.6), the v we want is to have components

v
(7.28) T'TA(A'SH) ALXL o pa(ax)

T'Ta(A'Sw) va[x] Ta(Ax)

T'TA'(A'SW' )~ TA' (AX')

Var[x]
Now we have
(7.29) rera ,
o
r'Ta ﬁw B / 5 CAT,
/ A
wl
r'Tat
whence as in (2.8) we get
%
(7.30) A'SW  AMWANAANANAS AW
o
A'Sw W Aw

A'SW! . T'Ta YWWANVAA AW T 75,
Wr.r'Ta
Since W = X1, by (5.19), the pair (1,,0,) is a morphism

(T'"TA,A'SW) = (TA,AX) in CAT[CAT, and it turns out that we have

(7.31) Varx) S TA(OW)-

The top leg of (7.28) is therefore (recalling the meaning of composit-
ion in CAT[CAT) Fa.rA(AxT .ow), while the bottom leg is
A

t % - 1
TA,.T Ta(OW'.F'Ta’A'Sw)' Since by (5.19) w X Ta‘XTA’ we can write
(7.30) as
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- AXT
(7.32) A'SW NAAAAANAAAAAAﬁ»Aw ====ég=====%» AX'.Fa.TA
A'Sw Oy AX'Ta
A'Sw'.F7Ta ’V\N\NV\MN\/\ANV\/\/VWV\MAMAX'.TA'.F‘Ta,
oWr. r'Ta
which exhibits
. 1 1
(Ta,ow). (Ta.TA,AxTA.OW) - (TA,.T Ta,0ys pripg Sw)
as a 2-cell in CAT[CAT. It turns out that we have
(7.33) Valx] = Ta(Ow).
It remains to give the modification ¢ in
E'g -
(7.34) E'N =————>E'N
("
v > v
E
The A[ X] -component of v is TA(OW) by (7.31); that of Vv is ?A(E_);

- W
here W = XTA, W = X?A. The A[X] -component of g, that is of (n,8)eZ by

(7.25), is ”A[CX?A-F'nA'SXSA] by (5.5); hence that of E'¢ is

T'QA{A’;X% I .a'sxeA> by (7.6). Thus the A[X]-component of V.E'E
A0 A

is

(7.35) 7T,.0''n,(5,= At - . WJATSX8,).
A A XTA.P‘nA XTA.T Ny A

The A[X]-component of ¢ is to be a 2-cell from TA(GW) to {7.35); it is

in fact given by

Here ¢X9 is the modification
A
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ATSK O,
(7.37) ATSKT, > A'SXT,.T'n,
o %E (c.A'%)
L1y Oy % XTp.T'ny
Mt = XX T,.T'n
A wo, A A

obtained as in (2.10) from ¢: o > o,Ar and X6, : Xt, = X?A.F'nA; it is

clear that the pair (8 ) is indeed a 2-cell in CAT[CAT with the

>0
A XGA
right domain and codomain.
7.3 Some comments now about the 2-functor (7.21) whose explicit
form we have Just given. Let us embed CAT 2-fully in CATf*CAT by

identifying A with (A,0!) where 0! is the constant functor at the

empty category 0. Then if B € CAT, so that A 0!,we have for all
A[X] that TA(AX) = TA(O!) = 0, so that E: AeB = CAT 1s also 0!, and
A°oB € CAT. Hence the 2-functor o of (5.1) is just the restriction of
the 2-functor o of (7.21).

The expressions we have given for (T,t)e(S,0) and (n,8)0(z,¢)
above simplify when, as in many important examples, T and ¢ are honest
natural transformations, not lax ones, and 6 and ¢ are identities;
this is necessarily so for instance when the augmentations T and A of

A and B factorize through SET C CAT. For then, using I in the two

senses of (7.4), it is the case that t = (t1,1) 1is a 2-cell

(T,7) (At,10)
JLT \k

(A,P) T ,\(CATo, incl)

in CATI*CAT, and the v of (7.27) is the composite

(7.39) AtoB? Iropt
(T,1)=8 lToO
AoB
ToeA

#CATgoCATp————> CAT,

(7.38)

while the ¢ of (7.34) is, by (7.36), the identity again.

There is a further simplification when we suppose that 1 and
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a also are identities, so that we are working in the sub-2-category
CAT/CAT of CAT[*CAT; then v too is an identity by (7.31) and (7.33).
In other words CAT/CAT is closed under ¢; and TeS, nez unambiguously
denote the composites in (7.24) or (7.25).

7.4 That ¢ is coherently associative with an identity,making
CATf*CAT a monoidal 2-category, follows from Proposition 7.1 since

[ CAT,CAT] is a strict monoidal 2-category with composition as its
"tensor product™. Turning first to the identity for o, we see at

cnce that it may be taken to be the object

(7.40) J=(1,"1"

of CAT]*CAT; for (5.24) gives a 2-natural isomorphism 4£: JeC ¥ C
for € € CAT,so that Je- is isomorphic to 1 € [CAT,CAT]. (Note that,
while in general we write n for the discrete category with n objects,
and in particular 0 for the empty category, we write I rather than 1
to avoid confusion with identity maps. Note alsc that, since we
identify A € CAT with (A,0!) € CAT[#CAT, and in particular I with
(1,707, we need to distinguish I from J = (I,rlﬂ).)

From Proposition 7.1 we now get well-determined 2-natural

isomorphisms

(7.41) L: JeA 2 A, no: AT B A

for A € CAT[#CAT. It is clear that the functor-part of £ is the £
above, that of (5.24), sending *["a'l to a; and that the functor-part

of & is what we called 4 in (7.26), that of (5.22), sending a[l_,] to

* !

a. However, as morphisms in CAT[*CAT, £ and « involve also lax n.t.'s

A and p as in

(7.42) JoA ——— = . A Ao ——— A
X P
AN /T E N\FA™/T
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where A,E are the appropriate augmentations. As we have defined things

A and p are not identities, only isomorphisms; for e.g. by (7.6)

AGx[Ta7T) = 1("ra™) which, while isomorphic to TA, is not the same as it.
Again Proposition 7.1 gives a well-determined 2-natural

isomorphism

(7.43) a: (AeB)oC — Ao(BeC)
for A,B,C € CATI*CAT; the coherence of a,£,n2 1s automatic; and clearly
the functor-part of a is just the a of (7.7). Once agailn, however, its

other part o »

a

(7.44%) (AoB)ol — & 3 Ao(Bo()
o
MmN\ N
CAT ,

is only an isomorphism, not an identity. This 1s true even if the
augmentations T,A,E of A,B,C factorize through SET C CAT; wm(alxiiPl)
and N(A[X[P]]) are different sets, in the same sense that, for sets
U,V,W, the sets (U * V) x W and U x (V x W) are different sets.
ZLé, This failure of i,p,0 to be identities is of importance, and
;;_iook at it more closely.

The whole failure arises, as 1t were, from the special case

A=B=2¢ =CAT0,where (7.42) and (7.44) take the forms

(T.45)  JoCAT, __..L...CATO, CAT o —t—» CAT

o]
Y 9
Y131 15

CATO °CAT0 CATO°CATO
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a
. ° ° L S °
(7.46) (CATO CATO) CATO CATO (CATO ° CATO)
Geol 1.6
CATO o CATO CATO ° CATO
o
CATO

For example, the diagram (7.44) is just the result of pasting on to

the top of (7.46) the commutative diagram

(7.47) (AoB)oC a > Ao (Bo()

(ToA)eE To(A°E)

(CATO o CATO)OCATO ————;——a» CATO ° (CATO ° CATO).
To see this, recall that M is ©0.0°1.{(TeA)°E by (7.3), with a
corresponding value for N; recall that the a of (7.43) is natural;
express this naturality with respect to T',A,E regarded as morphisms as
in (7.4); and use the observation at the end of §7.3 that
(T',1)e{A,1) = (ToA,1), ete. Similar observations can be made for A
and p.

It is easy to calculate precisely the A,p,a of (7.45) and
(7.46). First, they are not merely lax natural, but honest natural
isomorphisms; so we need only look at their values on objects. PFirst,
for A € CAT, the top leg of the left diagram in (7.45) sends «[A]

to A, and the bottom leg sends it to I(rAﬂ); A*[ is the canonical

Al
isomorphism A ~ I(TAY). Next, the top leg of the right diagram in
(7.45) sends A[!]l to A, while the bottom leg sends 1t to A(Il);

OAL 1] is the canonical isomorphism A - A(I!). Finally, consider the

effect of the two legs of (7.46) on A[TI[A} where I': A = CAT and
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A: A(r) = CAT. The top leg sends it to A(E), where E = 0(T[A]); the
bottom leg to A(T)(A). If we write Z for T[A]:A - CATO ° CATO , it
follows from (7.17) that E = 0Z sends a: A > A' to

Pa(sa): FA(SA) nd FA'(BA,) where, for y: Y = Y' in TA,

(7.48) B, (Y) = ACALD ), By (y) = A(1, ), (6a>Y = A(a(lra'Y) ).

The isomorphism o = GALTIIA] A(E) = A(T)(A) is now easily written
down; an object of A(E) is A{K) where A € A, K: I = EA = FA(BA); X
corresponds to Y (L) where Y € TA, L: I - B,Y; an object of A(T)(A) is
ACY) (I where ACY) € A(T) and L: I ~> A(A(Y)) = BAY; similarly for
morphisms.

So A,p,a fail to be identities in the most trivial way; if we
take A to be discrete, T to be constant at the discrete category B,
and A to be constant at the discrete category C, the above component
of a is in effect the isomorphism (A x B) xC = Ax (B x C). However
they do fail to be identities, and as a result, as we see by (7.45)
and (7.46), CATO fails to be a monoid in CAT[#CAT; so that CAT0°-

fails to be a doctrine; it is only a pseudo-doctrine (cf. [12], §1.5

and §3.5). The same is true of the more realistic "doctrine" Cat o-;
and hence of the "doctrine" whose algebras are categories with small

colimits, which Kock [13] shows to be a guotient doctrine of Cafj°-.

The pseudoness here is a fact of 1life; ZSberlein in his thesis
[20] accepts it and gets involved in the whole complexity of pseudo-
doctrines. Perhaps this is the right thing to do; but it daunts me
totally, and I shall avoid it as long as I am able. To do this T
follow Kock's thesis [13], where he conslders categories with small

colimits indexed only by specially chosen isomorphs of small categories.

I am the more inclinedto do so since, when we specialize the small
categories to be finite sets, we get what is obviously the "right"
setting for the corresponding coherence problems.

We therefore set about to modify the above in such a way that
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®,A,p become identities; we do so by replacing CAT[*CAT by a
sub-2-category CAT[¥cat. We could define a club to be a °-monoid in
CAT[*CAT, but it will be simpler if we use the name only for a

o-monoid in CAT [*cat.

8. THE MONOIDAL STRUCTURES ON CAT[¥cat AND CAT[*T

géi Up until now size considerations have clearly been of no
importance, and we have not hesitated for instance to write CAT/CAT
(meaning of course CAT/'bATﬂ)_ As we now wish to move back step-by-
-step towards more prag¢tical situations, we should in any case want
at this stage to consider CAT[¥Cat rather than CAT[¥CAT; that is, to
deal with those (A,I') for which each I'A is a small category. This
however would not be enough to make identities of the isomorphisms
A,p,a0f §7.5, so we go further.

We write set for the full sub-category of Setf determined by

those small sets that are in fact ordinal numbers. We write caf for

the full sub-2-category of Cat determined by those small categories A
such that JA| = obA is an ordinal number and moreover each hom-set
A(A,B) is an ordinal number. We are led to use this 2-category caf
because Kock's thesis [13] showed its success in overcoming our
difficulty about A,p,a; but it is in fact an entirely reasconable thing
to do in analogy with §1.4 above, where the "types" TA were not
arbitrary finite sets but elements of N, i.e. finite ordinals.

More generally we are going to let T denote a sub-2-category of
caft, not necessarily full on morphisms, but at any rate full on 2-cells.
As in §5.4, CAT[*T is then a sub-2-category of CAT{¥CAT, full on
2-cells, and full on 1-cells when T = cat is so. Similarly CATfT is a
sub-2-category of CAT[CAT. Recall too that, if L is a full sub-2-
-category of CAT, L[T denotes the obvious full sub-2Z2-category of

CAT[T, and similarly for L[*T.
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Of course we get fthe restriction

(8.1)  o: CAT[¥T x CAT = CAT

of the 2-functor o of (5.1); and as pointed out in §5.4 nothing in
85 needs changing when T is full in cat. The non-trivial
modifications we are going to make concern the Grothendieck

construction of §6.

[o=}

.2 In place of the 6 of (6.1) we define a new Grothendieck

2-functor

(8.2) 6': catfeat > cat
which 1s an isomorph of the restriction of © to catfcat. To do this
it suffices, when A € cat and T: A = cat C CAT, to give an object
0'(A,T) in cat and an isomorphism w: 0(A,T') > 0'(A,T). We then use
this isomorphism to transfer to 0' the 2-functor structure of 6.

We begin by giving the restriction of @' to éetféet . For
A € set and T: A = set, 0(A,T) is the discrete category with objects
A{Y) where A € A, Y: T » T'A. These objects can be ordered lexico-
graphically: ACY) < A'(Y" if A < A' or if A = A' and Y < ¥
(regarding Y,Y' as elements of TA). Then 0(A,T) is a well-ordered
set. We define ©'(A,T') to be the corresponding ordinal, and
w: (A, T) = 9'(A,T) to be the unique order-isomorphism.

Now let A € ecat, I't A = cat. Define |T'|: |A| = set by

{T]a = |TA]. We define 0'(A,T) to be B where
(8.3) [B] =o' (|Al,|T]),

(8.1) B{wALY) , wA' (Y™ ) = 0 (A(A,A'),Z),

where Za = TA'(la.Y,Y').
There is an obvious iscomorphism of categories w: O(A,T) = 0'(A,T'),
as desired. Clearly the 0' we have defined on 4etféet is the
restriction of this ©' on catfcat.

We now simplify by changing our notation. When there 1s no
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danger of confusion, we henceforth write © for @', A(Y) for wA(Y}, and
afy) for wafy). We also use the parenthesls notation again, with A(T)
for 0'(A,T), etc.
éé; Returning now to §6, we see that there 1s little to change
when the © of (6.1) is replaced by the 6', now itself called 9, of
(8.2). Of course afy’ is now not (6.4) but its image under w, but
(6.4) continues to represent it well. The 8 of (6.9) becomes
8: catfeat > [2,cat] C [2,CAT}; and Theorem 6.1 continues to hold for
this new ©. Similarly we still have (6.16) and its consequences (6.19),
(6.20), and (6.26) - (6.31), as well as Proposition 6.3.

We can go further. Let T be a full sub=-2-category of caf that

is closed under the Grothendieck construction. By this we mean that

A(T) €T if A €T and if I': A = cat factorizes through T € cat (we then
write T': A > T). Then for the same reasons all the above results of §6
remailn true with CAT replaced not only by cat but by 7. Examples of
such T are set; the full sub-2-category oxd of caf whose objects are
categories A € cat which are ordered sets (l.e. A(A,A') = 0 or 1); and
the full subcategory S of set determined by the finite ordinals (the
case of §1.4).

Those results of §6 depend of course on the fullness of T in
cat. But we can at least define ©: T[T = T and ©: T[T - [2,T] for
certain non-full sub-2-categories T of cat: although we always require
fullness on 2-cells. For this we need not only that A(T') € T when
AE€Tand I': A>T, but also that T(t) is a morphism in T when T is a

morphism in T and each 1, is a morphism in T. The only cases that will

A
conecern us are that where 7 = P, the subcategory of S with the same
object-set N but with permutations as its only morphisms - this is the
case of 81.3 - and the case where T is the discrete category E itself.
8.4 Coming now to §7, and taking a T C caf as above, not
necessarily full, we can again regard TO ° TO as a subcategory of
(T/*T),, and as in (7.2) define the restriction
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(8.5) G:TO ° TO - TO

of @; of course when Tis just a category, as in the cases sef, S, E,

this is no restriction of © but is 0 itself. Note in particular that
(8.5) is the restriction of 0: cat, o cat, — cat,.

Then for (A,T), (B,A) € CAT[*T, the analogue of (7.3) becomes
E: A°B = T given by
(8.6) AoB ——a TOOTO e L

ToA C]

exhibiting A°B as an object of CATf*T, where o is the restriction (8.1)
of (5.1). Since we have done no more than replace AeB by an isomorph
in CAT[*CAT, we still have Proposition 7.1; even the explicit
description in (7.17) = (7.20) of the a of (7.16) does not change,
modulo of course the new meaning of n(¥) etc. in (7.19) and (7.20).

As a result we get in analogy to (7.21) an extension
(8.7) o CAT[#T x CAT[#T - CAT[#T

of (8.1) when Tis full in cat; and moreover the o of (8.7) is just the

restriction of its value

(8.8) o: CAT[#*cat x CAT[%cat — CAT[*cat

for T = caft. OFf course the detalled descriptions of this 2-functor
in §7.2 also hold unchanged, again modulo the new meanings of rA(cw),
ete.

When T is not full in caf we cannot conclude the same directly
since we then lack the analogue of Theorem 5.1. Nevertheless we still
do get (8.7); we have only to check that, for the v of (7.24),each
lies in T3 but by (7.31) this is TA(GW); and Ta is a morphism

VAl x]

in T by hypothesis; each (ow) for n € T'TA 1s also a

n - OXtAn
morphism in 7 by hypothesis; whence the same is true of TA(OW) since
T is closed under the Grothendieck construction.

The expressiong for a,f,x are also unchanged, as far as their

functor parts go. However the a,i,p of §§7.4 and 7.5 are now
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identities, since before replacing © by 0' they are order-preserving
isomorphisms of categories. Hence we have what we want. In
particular a,£,2 actually live in CAT/catO, or in CAT/TO; and we
recall from §7.3 that these latter 2-categories are also closed under
the 2-functor ¢. We sum all this up in the following theorem:

Theorem 8.1 CAT{¥cat is a monoidal 2-category with tensor product

o given by (8.8) and described explicitly in §7.2; with identity

rkﬂ); and with a,£,%1 as described in §7.4. It contains CAT as

J= (1,

a full sub-2-category when we identify A with (A,0!);and o restricts

to o: CAT[#cat x CAT - CAT. The corresponding

(8.9) b: CAT[¥cat - [ CAT,CAT]

is 2-fully-faithful, and is a strong monoidal functor (gending o to

composition, to within isomorphism). The monoidal structure on

CAT[*cat restricts to the sub-2-category CAT[*T, and also to the

sub-2-categories CAT/aazO and CAT/TO, when T is closed under the

Grothendieck construction. Moreover the restriction of (8.9) given

by

(8.10) o: CAT[¥T - [ CAT,CATI

is still 2-fully-faithful when T}E 2-full in cat. O

Note that the o of (8.8) is not the restriction of that of

(7.21); it is only isomorphic to this.

9. THE CLOSED STRUCTURE ON CAT/TO

9.1 We have said that we shall use the word club in general to
denote a o-monoid in CAT[*cat, which may happen to lle 1in some
smaller CAT[#T, and which by Theorem 8.1 1is essentially the same
thing as a doctrine whose functor-part lies in the image of the ¢
of (8.9) (or of (8.10)). The original clubs however,described in §1

above, and arising from coherence problems, were o-monoids in the
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non-full sub-2-category CAT/catO, often in a smaller CAT/TO, and in
particular in CAT/S or CAT/P. Because these clubs are of especial
practical importance, we now look more closely at the monoidal
structure on CAT/TO, and show that it is in fact closed (but not
biclosed).

Consider first the relation between several such 2-categories.
Let T CT' C cat where T, T' are closed under the Grothendieck
construction. Then, whether T and 7' are full in caf or not, the

inclusion 2-functors

(9.1) CAT/TO *’CAT/T& > CAT/catO

are full (which is not the case when / 1s replaced by [#). Moreover
each has a right 2-adjoint. If we write 1: T - T' for the inclusion,
and wrlte the first 2-functor in (9.1) as 1y, then it has the right

¥

2-adjoint i sending (C,E) to its pullback (B,A) along i as in
B c
T T

1
Next, the restriction

i
e

(g.2)

[

1

(9.3) 9': CAT/cat, — [CAT,CAT]

of the ¢ of (8.9) is certainly not full; nor of course is its further

restriction

(9.4) ot CAT/T0 -+ [ CAT,CAT].

What is the case, however, is that (9.3), and hence also (9.4), have
right 2-adjoints — recall from the end of §5.3 that this was not the
case for ¢ itself; rather there it was "as far from true as it could
be".

We define a 2~functor
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(9.5) ¥: [ CAT ,CAT] > CAT/T

which shall be the right adjoint of thed¢' of (9.4). Let k: TO - CAT

be the inclusion, and define ¥ as the composite of the 2-functors

(9.6) [ CAT,CAT] —»[T _,CAT] — [T_,CAT] ——CAT/T, .,
0 0 = 0
[k,1} q 8

where the middle 2-functor g is just the inclusion, and © is OT in
0

the sense of (6.31) (the original, unmodified, 6). We observe that,

in view of (6.32), we are asserting that ¢' is the composite of

Q: CAT/TO - [TO,CAT] and the Kan right 2-adjoint of [k,1]; but it

seems to be just as easy to establish the present result without

reference to Q. We state it formally:

Theorem 9.1 ¥ is right 2-adjoint to ¢'.

Proof We have to give a 2-natural isomorphism of categories

A, T (D)
(9.7)  m: CAT/T [} T |, | = [CAT, CATI (4,-,D).
T
0

0

In view of (6.28), we need therefore an isomorphism

(9.8) m, i [A,CATI(I1,DkT) 2 [CAT,CAT] (Ae-,D).

We might as well, as we have constantly been doing, write T for kl.

So now I't A = CAT, and we seek an isomorphism

(9.9) m, : [A,CATI(I!,DP) % [CAT,CAT] (Ao-,D).

For a: 1! WA~ DI we define ™o to be G: Ao— = D whose
B-component GB: A°B - DB is the functor sending the typical morphism

alx] of (5.2) to

{9'10> (}A/'DFA\DX;\

e
1 & oy Dra u Dx DB,

conceivedof as a morphism in DB. For a modification
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p: a—so': I! MW~ DI we define m.e to be the modification o: G = G'
whose B-component cB: GB = G‘B is the natural transformation with

Al X] ~component given by

DI'A ——=DB,

o
(9.11) 1 _{ea
\_'__/ DX
s
It is clear enough that GB is indeed a functor, and scarcely
harder to see that Oy is indeed a natural transformation. We leave
to the reader the easy proof that G is 2-natural, that ¢ is a
modification, and that #, is a functor.

1

One next shows that L is an isomorphism; given G: Aoe- = D,
one argues pretty much as in the proof of Theorem 5.1 to show that G

arises as above from a unique o; for example (9.10) shows we must have

(9.12) a, = GFA(A[er])’ o, = GFA'(a[lfa])’

a
and we use the 2-naturality of G to show that o is lax natural and

that G 1s ﬂl(a). Similarly (9.11) shows that we must have

(913) DA = (UFA)A[]‘I‘A];

and we verify that p is a modification with nl(p) = g,

I have no really short way of verifying the 2-naturality of
the isomorphism 7 thus established; conceptual proofs would take us
into extensions for which we have no other use; I myself have found it
easiest to verify the 2-naturality of the inverse ﬂ_l, by direct

calculation using (9.12), (9.13), and our detailed knowledge of (6.28).[

I have given the above proof in outline only, because I make
no really central use of the theorem. I note here that the above
theorem provides a new proof of Theorem 5.1, by specialization to the
case where D = Bo-3 it is a kind of generalization of Theorem 5.1. I
note further that, Just as Gray on page 290 of [3] calls our Theorem

6.1 "Yoneda-like"™, so too is this theorem "Yoneda-like'; it purports
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to give 2-natural transformationg Ao- = D in terms of special

"universal"™ components as in (9.12), just as the V-Yoneda lemma allows
us to determine aV-natural transformation A8-= D in terms of a
unlversal element A — DI.

9.2 We have said that CAT/T0 is a closed category;

-°B: CAT/T > CAT/T, has a right adjoint {B,-}: (CAT/T )P ~ CAT/T .
We have also said that it i1s not biclosed; Ao- has no right adjoint.
Let us dispose of this latter point first.

If Ae- had a right adjoint, it would preserve the initial
object 0 = TO of CAT/TO. Yet Ao0 has as objects those pairs A[lO]
where TA = 0; it is therefore isomorphic to the fibre of I': A -~ TO

above 0; which need by no means be 0.

What we are claiming is that there is a 2-functor

(9.14) {, 1 (CAT/TO)OpXCAT/TO ~ CAT/T,

such that we have 2-naturally

(9.15) CAT/TO(AoB,C) = CAT/TO(A,{B,C}).

The case of greatest importance for us is that where B,C € CAT C CAT/T&
and here it is particularly simple to give {B,C} . So for the moment

we are looking at

(9.16) CAT(A-B,C) = CAT/TO(A,{B,C})
for A € CAT/TO, B,C € CAT.

The left side of (9.16) is the same as [ CAT,CAT] (Ao-,D), where
D is the right 2-Kan-extension of "C": I — CAT along "B': I - CAT,

that is to say,

(9.17) D =[[-,B],Cl: CAT ~ CAT.

This is obvious without explicit reference to Kan extensions; we have

using 2-Yoneda, and writing E for A.-,
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(9.18) { CAT,CAT} (E,[{~,B],C]) £ 2-nat(En,[[n,B],C])

I}

2-nat{ [n,B],[En,C])

112

[EB,C]

CAT(A-B,C).

It follows from Theorem 9.1 that we have (9.16) where

(9.19) {B,C} = ¥D = ¥[{~,B],C].

In view of the definition (9.6) of ¥, we have the following descript-
ion of {B,C}. An object congists of n € TO together with a functor
T: [n,B] = C; which latter we may equally write as T: B > . a

morphism consists of ! n > n' in TO together with a natural trans-

formation
(9.20) " o
8¢ lLf c.
Bn‘/
This last 1s preclisely what we called, in §1.3 in the case T =P, or

in §1.4 in the case T = 8, a natural transformation T = T' of type

¢ :n—>n'. So {B,C} is a "rich functor category", with objects
(n,T: B" = C) and morphisms (¢,f) as in (9.20). The augmentation

{B,C} = T_ of course sends (n,T) to n and (¢,f) to ¢.

0
In fact one scarcely needs to appeal to Theorem 9.1, whose

proof after all we have only sketched, in this case. With {8,C}

defined by (9.19), we know from (6.28) that a functor H: A - {B8,C} in

CAT/TO corresponds to an o: I! vwvw> [[I'-,B],C]; the components

V [[FA B] ,C}

1 ﬁycx {{ra,B],C]

a

%\ [{FA',B] ’C]
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clearly may be written as

[TA,B]

[Ta,B] ,ﬁ %a c,

[FA’,B]/A"

and evidently correspond to a functor F: AeB - C, sending A[X] to a,X,
etc. We leave the reader to verify the following explicit description
of the isomorphism ($.16), which can be used to provide a third,

totally direct and elementary, proof of the isomorphism.

9.3 The F: A<B - { and the corresponding H: A - {B,C} are connected
as follows. H sends a: & > A', where TA = n, T'A' = n', Ta = ¢, to

(9.20) where

(9-21) TX = F(A[X]): Tx = F(lA[X]): fx! = F<a[lxl¢]>'

To give F in terms of H, let H send a: & - A' to (9.20). Then (9.21)
gives F on objects; it also gives F on morphlsms since the generic
morphism alx] of (5.2) is the composite
{(9.22) A X] e A X1 ] e AT XTT L
1,0x] a{lx,¢l

This suggests making an abbreviation which goes against the
usual convention that the name of an object can be used as the name of
its identity morphism. We do this because, especially in §10 below,
the notational advantages outweigh the disadvantages.

We elect then to abbreviate the morphism lA[x] of A°B to A[x],
but the morphism a[lx,¢], where a: A > A' with T'a = ¢, to a[X']. Then
(9.22) gives the generic alx] as

(9.23) AlX] ——a A[X'¢] —> A'[X'],
Al x] alx']
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and (9.21) gets re-written as

(9.24) TX = F(alxl), Tx = F(Alx]), £y, = F(alX']).

X'
Next, we consider a natural transformation p: F = 5, and the
corresponding o: H = B in CAT/TO. Writing again T for HA and T for Ha,

we have T = HA

(9.25) B — ¥ -

T = Ha
and it is given by
(9.26) (o)x = Paryg
9.4 We now give {B,C}, or more exactly {(B,A){C,E)}, in the gener-

al case where (B,A), (C,E) € CAT/T,. Just for the moment write {B,C}
for the original {B,C} of §9.2 when the augmentations of B and C are

discarded (or replaced by the trivial ones), so that B,C € CAT. Then

{B,C} = {(B,A),(C,E)} is to be a subcategory of {B,C}.
Recall that we have ©: T[T > T. For n € T, define a functor
. n
Yn‘ TO i TO by

(9.27 Y. (m) =n(m), Y (u)=nw =11,

where pu: m = m' in Ton. For v: n > n' in TO define a natural

transformation
(9.28) 7" v
n
TV l Y, T,
Ton' Yn'

whoge m'-component (Yv)m': n(m'v) > n'(m'), where m': n' - TO, is

given by

(9.29) (Yv)m‘ = vw(n') = v(1l ).

mtv

Note that in (9.27) and (9.29) we have used the same conventions
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with round brackets as we introduced in §9.3 with square ones:
+ t
ln(u) is written n(p) but v(lm'v) as v(m').
Now an object of {B,C} is a pair n,T where n € TO and where

T: Bn - { renders commutative

(9.30) gt T ¢
A" IE
n
B S .
T, - Ty s
n

a morphism from n,T to n',T' consists of ¢: n > n' in TO and a natural

\

n

R
Yn,

transformation f as in {(9.20), satisfying

gh
\\N\\\El\,
g%
& f C —~—» T equals
E 0
/T"

We now state formally:

(9.31)

Y

n
TO
Vv
TO
t nt
8" B —— T,
AR

Theorem 9.2 There is a Z2-adjunction

(9.2) CAT/TO(AOB,C) = CAT/TO(A,{B,C}). 0

We have not given the proof in the general case; it is a very easy
matter to get it once we have the speclal case where B, € CAT ; one
has only to check that a functor A-B - ¢ (or a natural transformation)
is consistent with the augmentations if and only if the corresponding
A - {B,C} lands in the subcategory {B,C} gilven by (9.30) and (9.31).
A detailed treatment in the case Ty = P is given in [ 5], to which we
refer any reader wanting more details.

Note of course that, while the o of CAT/TO does not depend on
TO, being just the restriction of that of CATf*cat, the internal-hom
{8,c} depends heavily on TO. Of course if i 1s the inclusion

#
T0 c TO', then {B,C} 1s just 1 {B,C}' in the sense of the second
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paragraph of 89.1,
9.5 We end this section with some examples, or rather counter-
~examples, before pasging In the next section to the still-more-special
properties of CAT/3.

The terminal object in any monoidal category is a monoid;
hence To’ with its identity augmentation, is a club in CAT/TO, with
multiplication the @ of (8.5), and with identity the inclusion J = T.
Thus we have as examples of clubs caf, sef, oad, 5,P,N. Other
examples of clubs in CAT/P were given in [6]. If K is any club in
CAT/TO, then T: K - TO is a map of monoids in CAT/TO, inducing a
doctrine-map Te-: Kow = TOO-.

For an example of a club not in CAT/cato we can take any
n € cat and set K = (I, rnﬂ). Then KeA = An, and Keo- is the 2-functor
At A" We know that this becomes a doctrine if we define its
multiplication (A™)™ = A" and its unit A - A" via the diagonal
n->n xn and the unigue map n - 1. The corresponding multiplication
u: KoK » K and identity n: J - K for K certainly do not lie in
CAT/catO.

Now we give an example of two clubs (K,I'), (L,A) in CAT/S,
indeed in CAT/N, and a doctrine-map Ke- = Lo-, where the
(T,1): (K,T) = (L,A) inducing this does not lie in CAT/S, but only in
CAT[%S (and not in CAT[¥N or CAT[*P either). We take K =L=N, with
I': N> S as the constant functor at 1, and with A: N = S as the
inclusion. The 2~functor Ko~ is Nx- ; it becomes a doctrine via the
sum +: N x N - N and 07 1~ N; a K-structure on A consists in giving
a single endofunctor P: A - A. On the other hand L is the club (see
[6]) whose algebras are strict monoidal categories. From an
L-structure on A we get a K-structure on A by setting PA = A®. This
algebraic 2-functor must arise from a doctrine-map Ke— = Lo-, and hence

from a club-map (T,t): K = L. The latter 1s easily seen to be
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T

N——— 1}
T

1! e inecl
]

where Tn = 2™ and T is the unique map ol > 1; it lies in CATf*§ but
neither in CAT/8 nor in CAT[#*p.

In general, by a club-map we mean a map of o.-monoids in
CAT[*caz. The above shows that, even if the clubs in CAT/E, to which
we now turn, are of especial importance, we cannot handle all club
maps without going to CATf*g. However in some cases a club map too

can be seen from the basic data to lie in CAT/S.

10. CLUBS IN CAT/S

-

10.1 We now return to this most important case, referred to in §1.4
above as arising in coherence problems, along with its subcases CAT/P
and CAT/Q (and, for that matter, CAT/I = CAT itself; here o reduces

to cartesian product x). As a matter of notation, we write

A[X] € A°B in the form A[Xi,..., X& when TA = n; and we write the al x]

of (5.2), when Ta = ¢: n > n', as

(10.1) a[xl,..., x }: A[X

" preees LI oAMX o, X T

here

(10.2) X Xi - X!

1° $i -

We replace the square brackets by round ones to denote the image of
A[X] under an action KeA — A, and in particular under a multiplication
KeK ™ K; so the image of A[ Xl becomes A(X), or in more detail that of
A[Xl,..., XJ becomes A(Xl,..., Xn)’ and similarly for morphisms. This

agrees with our "parenthesis notation" for 0; since n(m) or
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n(ml,..., mn) = m1+...+ m, is indeed the image of nlm] under the

multiplication ©: Se3 - 5. When we have a club K, we also write 1 for

the image of the unit n: J = K; the 1 of 8§ is just 1. Similarly we

have the notation ¢(w1... wn}:n(mi...mn) - n'(m'i...m}v ) for the

image under © of morphisms, where ¢: n - n' and wi: my *Iﬂbi.

In accordance with the conventions of §9.3 we abbreviate

(10.3) lA[X1"‘ xn]: A[X1 Xn] - A[X'i... X'n]
to
(10.4) A{xl... Xn]: A[Xi... Xn] Q’A[X'i... X'n}

where Xyt Xi -> X'i; and we abbreviate

(10.5) ally, ... 1y, ]

$1 ¢n
to
(10.6) a[X'l... X'n,]: Al X!

T ALXT e XD > ATIX L X,

X'¢n] - A'[X'l... X' 1.

017" n
We make also the corresponding abbreviations with round brackets, as we
did in §9.4. As in (9.22), the typical morphism (10.1) then appears as
the composite

(10.7) AlX Xn] Al X! xt 1 AtlxX, x*n,}

1 ¢1°"" on ¥ '
A{xl...xn] a{Xl...Xn,]

The reader will have no trouble expressing (9.24) and (9.26) in this
expanded notation.

Since the special case CAT/P has been treated in detail in [ 5]
and [6], and since there is not much to change, I shall give only an
outline in this section. There are some mild notational differences
from [ 5] and [6]; there ¢ was always an isomorphism and (10.2) was
replaced by Xyt X _1-* X'i, which i1g impossible here. That, however,
had the effect of maiing (10.6) conformable with the convention that X'

stands for 1 here we have to sacrifice something and we choose it to

X';
be this.
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10.2 What makes the present case specially simple is the discrete-
ness of the images TA under the augmentation; in fact much of what we
say below would apply equally well to CAT/set, but we stick to the
most practical case of finitary operations.

Let us agree that for this section "club" means "elub in
CAT/S ". From the above discreteness it follows that if K is a club,
so 1s its set of objects |K|, with of course the same "multiplication"

T[S, seu.s Sn] g T(Sl""’ Sn) for objects and the same identity 1; and

12
it follows also that the inclusion [K] = K is a club map in CAT/S.

A club which is discrete as a category is called a discrete
club; it may be regarded as a ¢-monoid in SET/Q. (Of course there
are clubs in CAT/Q that are not discrete). The further consequence
of the above is that, in constructing a club K from generators and
relations, we can construct |[K| first and settle the objects before
starting on the morphisms. It is this that is false for CAT/aatO, and
it 1s this that forms the basis of all that we do in this section.
10.3 Let any object (P,T) of SET/N be given. It is easy to
construct the free discrete club (¢,I) it generates - which is also
automatically the free club it generates. We construct the set @
inductively by

(10.8) 1<9;

(10.9) if P € P with I'P = n and if Ql""’ Qn € Q then
P(Q,... ) € Q.

We embed P in ¢ by identifying P with P(1l ... 1), and extend T to ¢
by Tl = 1, FP{Ql... Qn) = n(FQl,..., FQn). To save repetition, let us
agree that until further notice "club map" means one in CAT/§ (i.e.
over S), and not a general one in CAT[#3. Let us also agree that all
augmentations are denoted by I if no other name is given. It is clear

that for any club L and any morphism P — L over S, there 1s a unique

extension to a club map Q = L.
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Now let p be a relation on @ such that TpS implies I'T = TS,
and consider club-maps M : @ - [ such that TpS implies MT = MS. It is
clear that these factorize uniquely into club maps Q > S > L where S is
the guotient discrete club of Q obtained by first enlarging p to a
congruence p with respect to the operation T(S1""’Sn) of substitut-

ion, and then setting S = Q/p. We can call S the discrete club with

generators P and relations p.

A model of P is a category A together with, for each P € P,
a functor |P| : A" > A, where n = I'P. This is clearly the same thing
as a morphism P-> { A, A} over S; the endo-internal-hom {A, A}
is of course always canonlcally a club; and so a model of P is the same
thing as a club-map 9> {A, A}, or again as an action Q oA = A; so it
is just a Q-algebra or Q-category.

A model of P,p 1s such a model A of P satisfying
|T| = |S| : A™ > A whenever TpS. It is therefore an S-category
for the discrete club S.

The most obvious example is that of a strict monoidal category

A; here P has objects ® and I with T'® = 2 and I'T = 0, and Q 1is subjec-
ted to relations p identifying €(8,1) with &(l, &), 8(I,1) with 1, and
8(1l,I) with 1; the corresponding discrete club S is N itself, with
identity augmentation.

10.4 Given a discrete club S, whether by generators and relations

or directly, let us be given a graph P (in the usual sense of graph -
objects and arrows - not that of [5] and [6]) with object-set |D| = S,
and let us be given a morphism of graphs T' : D = § extending I' : § = 3.
We might as well now replace S by |D|. Consider for a club L those
graph-morphisms D = L over § such that the composite [D| - D = L is

a club-map. I assert that there is a universal such map D = M into a
club M, so that any such D - L factors through a unique club-map

M = L; we can call M the club generated by S and P. In particular
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a model of (S,D) means an S-category A together with, for each

f : T =S in D, a natural transformation |f| : |T] = |S| of type Tf,

in the sense of (9.20). So such a model A is just an M-category for
the club M.

To construct M we begin by enlarging D twice, without changing
its objects; first we define an instance of an £ : T =~ S in D to be a

formal expression

R

(10.10) £(R -

I R¢n) ”‘S(Rl eeo R_y)

R R¢1 Ve n'
where ¢ = T'f, and where the objects T(R¢1 e R@n) etc. are of course
not formal but are the objectsof |P]| so denoted. We identify f with
f{l ... 1), and so the instarces form a bigger graph D' extending ¥, to
which we also extend T.

We next, for an instance g : T = 3 in D', define an expansion

of g, i.e. an expanded instance of some f, to be an expression

(10.11) P(L .o. g ..o 1) tP(L +oe T oo 1) 7 P(L ove 8 ouv 1)

for some P € |[D|. We identify g itself with }(g), and now have a still
bigger graph D", to which we again extend T.

We then pass to D''', the free category generated by the graph
D", to which we again extend I'. The category D''' is not yet a club,
but a partial structure of o -monoid can be defined on it; and it is

clear that any morphism P = L over § into a club L, whose restriction

{P] > L is a club-map, extends uniquely to a functor D''' - L which
respects the partial club-structure on P''', There are two sorts of
diagrams in D''' which are necessarlily sent inbto commutative diagrams

by D' — s |: they are typified by



1
(10.12) T(Sl...Si...Sj...Sn} .VT{sl...si...sj...sn)
T(1...1...8...1) T(1...1...2...1)
P 1]
T(s1 -8y ...8] S,) T(Sl...Si sj. sn)

and by
£(S, .. 8;...8,1)
(10.13) T(Sy,.-v vvn vee Syp) > T'(5,...5;...5,)
T(l...k...k...1) T'(1l...k...1)
- 1
T(Sgpeer ooe wve Sgp) T'(S,--+85...8 )

1
£(S;...80...8 )

Here (10.13) needs some explanation. The left vertical arrow stands for
either leg of a diagram like (10.12); or the corresponding thing when
there are more than two maps k in it; and these k's occur at all those
indices j for which ¢j = 1. The diagram (10.12) says in effect that

T is "functorial", and (10.13) that f is "natural". It suffices in

fact to impose these diagrams not for all f,g,h,k € D''' but for

f €9", g,h,k € D'; the more general cases then follow automatically.
All this 1s rather more complicated than in the CAT/P case of [6],

If we write Funct for the class of diagrams of the form (10.12)
and Nat for those of the form (10.13), and D'''/(Funct + Nat) for the
quotient category with the same objects got by imposing these relations,
it turns out that this last is the desired club M; for 1t indeed admits
a club-structure in which, in analogy with (10.7), f(gl...gn) is

defined to be the composite
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(10.14) T(S,...S5)) —————-T(8" ;. ..8" e T'(8'1.. 8" 0)

T(gl...gn) f(S’l...S‘n,)
égég Now suppose that, besides the above, we are given a set o of
diagrams f,g : T > S in M with I'f = TI'g; or, what 1is perhaps more usual,
a set o of such diagrams in D'''; and we consider only those graph-
morphisms D = L over § into a club L, still requiring |D| = D = L to
be a club-map, for which, in the induced ?''' - L or M = L, the images of
f and g coincide for each f,g: T =3 in ¢. There is again a universal such L,
say K, a quotient-category of M,and itself a club, such that any such
map factorizes as D - M =+ K - L for a unique club-map K = L. In fact
K is obtained from M by imposing as extra relations all the expanded

instances of the relations o¢j; or better, is obtained as

(10.15) K= 10'"'"/(Funct + Nat + Imp),
where Imp, standing for the imposed relations, consists of all the

expanded instances of the relations o.

We may in fine call K the club generated by the function-

generators P, with relations p, and the natural-transformation-

generators U, with the relations o.

A model A of (P,p,P,0) is of course a model of (P,p,D)
satisfying the relations o; it is the same thing as a K-category A for
the club K.

A typical example is that of symmetric monoidal cabegories, where

P consists of ® and I with I'® = 2 and I'l = 0; where p is vacuous; where ¥ consists of

a: 8(8,1) > ®8(1,8), a : 8(1,8) - 8(8,1),
r: 8(1,I) - 1, r: 1l ~ 8,1, and
c: ® >0, with Ta, Fé, I'r, I'r identities and with Tc¢ the non-

identity permutation of 2; and where ¢ consists of the usual coherence
axioms, together with aa = 1, aa = 1, rr = 1, rr = 1, establishing

a,r as inverses of a and r. Here the club K is in fact in CAT/R;
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other examples leading to clubs in CAT/3 are suggested in §1.4 above.

10.6 It should now be clear that a complete solution to the

"eoherence problem" for such a structure (P,p,D,0) consists in the
explicit determination of the club K. To find the objects of K is
already a word-problem, but usually easy, and trivial if p is vacuous.
To find the morphisms is a word-problem that is usually much harder.

We know the generators, and it i1s a question of knowing when

f,g : T > 8 in D''' coincide in K because of the relaticns in (10.15);
that is, of knowing "which diagrams commute”™. A necessary condition is
of course I'f = I'g; this is the condition for the writability of a
diagram, in terms of generic components of the "natural transformations"
f and g. For example, in the symmetric-monoidal-category case, we have
c,1l : 8 > @ with Tec # T'l; and the generic components

(10.16)
¢ B® A
rAeB—

xA@B

do not form a closed diagram. The "all diagrams commute" case is that
where I'f = T'g is also sufficient for f = g, i.e. where I is faithful.
It 1s of course a rare case.

In (10.16) the special components c¢,1 : A 8 A > A 8 A form a
closed diagram, but this does not commute in a typical model, and makes
no sense in the club K. If one wants to know which such specialized
diagrams commute, one has only to look at the free model KeA on A,
which of course we also know completely when we know K.

10.7 The considerations of §§10.3 - 10.5 assert that a "map"
(P,p,P,0) > L of the kind described there leads to a club map K = L
in our current sense of the word, that is to say, in CAT/g. This
situation may be recognized even when L itself 1s given only by
generators and relations (P',p',D',0'). Thus we are able without

caleulation to conclude for example the existence of a club map K = L
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over § when K is the club for monoidal categories and L that for
symmetric monoidal categories; or when K is that for symmetric
monoidal categories and L 1s that for two symmetric monoidal
structures together with a distributive law, as in (1.1) above. This
is often very handy, in view of the observation in §9.5 that not all
club-maps K = L for clubs K,L in CAT/§ themselves lie in CAT/§. We
may also observe in [8] below that we have to leave CAT/S for CATf*g

when considering a distributive law KoL = LoK between clubs that

themselves lie in CAT/S.

10.8 A further application of the considerations of §8§10.3 - 10.5

is in connection with K-morphisms (¢,9) : A > A' between K-categories

A and A'; that is, for (lax) D-morphisms, in the sense of [12]§3.5

in this volume, where D is the doctrine Ke- for a club K in CAT/3.
Dencte by FUN the 2-category which is like [2, CAT] except

that the morphisms are not lax n.t.'s but op-lax n.t.'s; if we took

[2, CAT] itself we should get op-K-morphisms instead of K-morphisms.

So an object of FUN is a functor ¢ : A = A', and a morphism is 6,8',0

of the form

(10.17) A —— B
¢>l = lw
Al ——757—————r-3' R
while a 2-cell is vy,y' where v : 6 = 8§ and y' : 6' = §' satisfy

(10.18)

I
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There is gn evident 2-functor
(10.19) s CAT/§ x FUN - FUN
sending K, ¢ to Keo¢, sending T : K > Kt and (8, 8',a) : ¢ 2> ¢' to
(Te8, To8', Tea), and sending n : T = T and (v,v') : (8, 8',a) =
(8,8',a) to {ney, ney'). So there is really no need to distinguish

notationally ¢ from o. It is moreover clear that (10.19) provides

an action of CAT/S on FUN, in the sense that (KeL)% ¢ = K3(L%¢), etc.
It is finally clear that we have a 2-adjunction

(10.20) FUN(K8¢,p) = CAT/S (K,< ¢, >),

where <¢,y> denotes the comma object

(10.21) <os9> = {¢,11/{1,y!}

in CAT/38, as in

d4
(10.22) <, P> » {A,B}
d, {1,y}
A/
{A',B'} »{A,B'}
{$,1}

Thus FUN is exhibited as a tensored CAT/S - category.
An action (8,8',a): K%¢ = ¢ of the club K in CAT/S on ¢ € FUN
is clearly the same thing, by §3.5 of [12}, as actions 8:KeA = A and

81:KeA' = A', making A and A' into K-categories, together with an a,

[+
(10.23) KoA > A
"‘_u.::—:..:—_':%
Keg a ¢
KoA? »A",
6'
making of (¢,a) a K-functor A - A', Such an action then is a

club-map K = <¢,¢> over $ where <¢,¢> has its evident club-structure.
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To give o when 8,8' are already given is to give such a K = <¢,¢>
whose composites with d, and d, are the given club-maps K = {A',A'}
and K - {A,A}.

Such an o has components

(l10.24)

‘T, ...a) T(A,...0A ) = ¢ T(A,...A)

1o
which are to be natural in T and in the Ai’ and the axioms (3.17),

(3.18) of [12] become

(10.2%)
a ——
T(Sl...Sn)[Al...Am]
a . T(a vl R
T[Sl(Al...Aml)...Sn(...Am)] 51[A1"'Am1] Sn[...Am]
(10.26)
%1pa) = 1

If now K is given by generators and relations (P,p,P,a), the
description of the structure as a club-map K > <¢é,¢> shows how to

gilve a in terms of these generators and relations. First, one has

only to give Op = dT[A1"'An] for T € P, and it is of course to be
natural in the A;. One then gets the general ap by {10.25) and (10.26).
To a relation TpS one must 1mpose the axiom Op = Qg It remains to

impose as axioms the naturality of O in T only for morphisms
f ¢+ T=S8 1in P, and one 1s finished.

In this way one sees for instance that, when K 1s the club
either for monoidal categories or for strict monoidal categories, a
K-functor 1s a monoidal functor in the usual sense (not a strict one
in the strict monoidal category case; the axioms from the
identifications @(@,;) = ®(1,®) in this case are the same as the
axloms expressing naturality in a: 8(®,1) = 8(1,8) in the non-strict

case, ete.) Similarly for symmetric monoldal functors, monad functors,
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and other well-known cases.

In the same way we see that for a K-natural-transformation
n: (¢,0) = (Y,B): A > A', we need impose on the natural
transformation n: ¢ = ¢y the axiom

(10.27) aT[Al...An]
T(¢A1...¢An} - ¢T{A1...An)

T(“Al"‘”a )

n
n T(A ...A)

n

Y

T(YA, .. A ) > VT(A,...A ),

n BT{Al...An] n

representing the axiom (3.19) of [12], only for those objects T in P;
as we commonly do for monoidal natural transformations.

10.9 We conclude by noticing some other properties that seem to be

special to the case of clubs in CAT/3, or perhaps CAT/AetQ.
Let K then be a club in CAT/S. By a closed K-category we mean
a K-category A such that, for each T € K, with I'T = n say, and for

each 1, the functor T(Al...A 1...An): A = A has a right adjoint

1-17 A
for each choice of the Aj € A. Thus symmetric monoidal closed cate-
gory, monoldal biclosed category, cartesian closed category, etc.

The reader may like to check what such a thing is when a K-category
is a category A bearing a monad, or a comonad.

I showed in [7 ] that, when K actually lies in CAT/E, the
closed K-categories were the algebras for a club L of the mixed-
variance kind of §1.2 above; in particular they are monadic over CAT.
I left open there the question whether the canonical K = L in this
case was faithful.

This question can be answered by using a Yoneda embedding, as

announced in [11]. In fact, it is to clubs K in CAT/S that the work

of Day in [1] seems to extend.
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For if A is a K-category for a K in CAT/§, we can extend the

K-structure on A to one on B = {AOp

,8et] , and indeed uniquely (to
within isomorphism) if we ask B to be a closed K~category; for then
the realization |T|: B® > B of T € K must be the left Kan extension of
its realization |[T|: A" = A. This solves the above question when K
lies in CAT/P; for if we take B to be [KOp,Set] there is a unique
strict L-map L = B taking 1 €L to the image under Yoneda of the 1 of

K; the strict K-map K - L - B then coincides with the Yoneda embedding,

since they have the same effect on 1; whence K > L 1s faithful since

R

the Yoneda embedding is so. (We are using of course that K K oI is
the free K-category on 1, i.e. on } € K).

Note that the above Yoneda extension does not work for an
arbitrary doctrine D, or even for a club K in say CAT/cato. For I is
always a D-category, and yet [IOp,SQt} = Sef need not be. But Set,
or at any rate set, is certainly a K-category for a club K in CAT/sef,
since there is a club-map I': K = set.

Of course the above is a little loose, since the lack of strict

associativity for colimits in Set causes B = {AOp,Set] to be only a

pseudo-K-algebra in general; either we take account of this by

comparing pseudo-algebras with algebras, as we shall to some extent
do in [ 8] below; or we replace Sef by an equivalent category admitting
strictly associative colimits - I have not thought out the question

of whether sef has these.
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ROCTRINAL ADJUNCTLON

by

G. M. Kelly

This paper deals with adjunctions n,e: f— u: A = A'yhere AA'
are categories with structure; its purpose is to unify and simplify various
isolated observations in the literature, at the same time extending them
widely.

{(a) First, and trivially, there is the classical result that a
left adjoint f preserves colimits.

(b) If A and A' are monoidal categories, perhaps closed, and
if f—u is merely an adjunction in CAT, it is not in general the case
that f "preserves tensor products™ in the sense that f(X8'Y) & fX 8 Y
and fI' =2 I, PFor instance, let A = A' = Set, and let f(X) = X + X, so
that u(A) = A x A. Yet it is striking how often in natural examples f
does preserve tensor products: a whole class of cartesian closed
examples is provided by geometric morphisms of topoi, but there are
innumerable others, of which perhaps the best known 1s that where u is
the forgetful functor from (Ab, 8) to (Set, x).

One can dig out from the proof of an old theorem of mine
(I3] 855.1 and 5.2), which was not itself directed to this question, a
sufficient condition for f to preserve tensor products; namely that A
and A' be symmetric moncidal closed, that the adjunction f—u lie not
merely in CAT but in Sym Mon CAT, and finally that u be normal
(i.e. commute with the canonical symmetric monoidal functors A - Set
and A' — Set).

{¢) Two theorems of Street deal with adjunctions for categories

with structure: Theorem 9 of [8] asserts that the left adjoint of a
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monad-functor is an op-monad-functor, and Theorem 1 of [9] asserts
that the left adjoint of a lax natural transformation is an op-lax
natural transformation.

(d) Let V be a symmetric monoidal closed category and let T
be a monoidal monad (= commutative monad) on V. Then provided V admits
equalizers, the category VT of T-algebras is closed, in the original
"internal-hom" sense of [2] (cf. Koeck [7]); it has been shown to have a

tensor product, making it monoidal closed, only when it is cocomplete;

and cocompleteness has only been demonstrated under highly restrictive
hypotheses on V and T. In this context Wolff [11l] has looked at

1
T (arising in fact from a distributive law),

certain adjunctions VT -V
and shown them by direct calculations to be closed adjunctions. Perhaps
the right approach here is to change universes, recovering the missing
tensor product, and then to use the easier "monoidal" methods; but it
might also be of value to have a simple criterion, directly in terms

of internal~hom, for an adjunction to be closed.

(e) Finally there is Day's result [1] giving sufficient
conditions for a full reflective subcategory A of a biclosed monoidal
category A' to admit itself a biclosed monoidal structure, in such a
way that the adjunction f—u, where u is now the inclusion, becomes
a monoidal adjunction.

It turns out that there are some simple general results that
illuminate all of the above situations. We start in 81 with a doctrine
D, which could be on any 2-category at all, but which we take to be a
doctrine on CAT, purely because the nomenclature is there more vivig.
(For what we need here about doctrines we refer to [6] above in this
volume, especially §3.5.) We suppose that A and A' are D-categories,
and that we are given an adjunction n,e: f—qju: A = A' in CAT. Our
first result is that there is a bijection between enrichments of u to

a D-functor (u,ﬁ) and enrichments of f to an op-D-functor (f,%').
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Our second result is that if the adjunction f-qj u admits enrichment

to an adjunction (f,f)——{(u,ﬁ) in D-CAT, then f is the inverse of the
above E', 50 that (f,f) and (f,f') are strong; moreover that if the
enrichment u is given, (u,ﬁ) has a left adjoint in D-CAT precisely when
£' 1s an isomorphism, the left adjoint then being (f,f) where f and !
are inverse; and finally that if the enrichment E is given, (f,f) has a
right adjoint in D-CAT precisely when it is strong, the right adjoint
being (u,a) where u corresponds by our first result to the inverse Tt
of F.

The first result encompasses the two theorems of Street in (c¢)
above - for the second of these the relevant 2-category is not CAT but
a suitable CAT/A. The second result gives a proper answer to the
question raised in (b) above: to say that [ preserves tensor products
is to say that it is strong, so that this happens precisely when the
adjunction is one in Mon CAT, which can also be expressed as a condit-
ion on a, here represented by its generators u: uA8'uB — u(A8B) and
uw®: I' -l (cf. §10.8 of [4] above in this volume). This shows how
wide of the mark the sufficient condition given in (b) above really is:
that A and A' should be closed, or even symmetric, is totally irrele-
vant; as for the normality of u, we shall see that it 1is a consequence
of the adjunction's lying in Monr CAT, and not an independent condition
at all. The observation (a) that left adjoints preserve colimits can
also be seen as a trivial case of this second result, by taking D as
the doctrine whose algebras are categories-with-colimits: any
functor gives a comparison of colimits, and is hence canonically a
D-functor, so that the adjunction is always in D~-CAT and f is always
strong, which here means colimit-preserving.

In §2 we look at the case where D is the doctrine whose algebras
are monoidal categories, but supposing A,A' to be actually moncidal

closed. Then the giving of {i: uA®'uB - u(A8B) is equivalent to the

giving of a certain a: ul A,B] = [uA,uB]' where the square brackets
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are the internal-homs; and the conditions on ﬁ, uo for the adjunction
to be monoidal translate into conditions on U and uo. That on u® is
equivalent to the normality of u (whether the categories are closed or
not); that on a is independent (showing again how mixed-up 1s the
"sufficient condition" given in (b) above). Similarly the conditions
on f, £° (namely that they be isomorphisms) translate into conditions
on t and £°. Now, however, that the conditions are expressed entirely
on the internal-hom level, we can ask whether they are still the
conditions for the adjunction to be a closed one, even in the absence
of the tensor products, so as to provide the "simple criterion" desired
in (4) above. (Recall that for monoidal closed categories, monoidal
functor = monoidal closed functor = closed functor, and similarly for
natural transformations.) The answer 1is that they are indeed still the
precise conditions. I suppose an ideal proof would be in terms of
pro-D-structures; but the theory of these has not been developed, and
in view of the marginal interest of non-monoidal closed categories I
merely give an independent ad hoc proof and leave it at that - the role
here of the general results of §1 1s merely to suggest the right
conditions.

Finally in §3 we return to the case of a general doctrine D and
turn to the analogue of Day's result in (e) above. So we now suppose
A to be a full reflective subcategory of A', or equivalently we suppose
the counit £: fu = 1 to be the identity. Now only A' is given as a
D-category; we seek conditions under which it is possible to give a
D-structure to A too, at the same time enriching the adjunction to one
in D-CAT. Our results in §1 show that f must be strong; this at once
shows that the enrichment 1s essentlally unique if 1t exists, and gives
a necessary condition; we show that the condition is roughly sufficlent.
By "roughly" I mean that we may have to make do with a pseudo-D-
structure on A (axioms satisfied only to within isomorphism). We can

get an honest D-structure in two cases: for any D, if we actually
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ask f to be strict (accepting the correspondingly stronger necessary
condition); and for certain "flexible" D, where a pseudo-D-algebra is
"the same thing" as an honest one. The D for monoidal categories is
"flexible"; that for strict monoidal categories is not. In the
monoidal case, then, our condition is necessary and sufficient, and it
reduces to Day's. Thils shows two things about Day's result. First,
biclosedness is irrelevant; the result is essentially a "monoidal" one;
we just get as a bonus that A is closed or biclosed if A' is. Secondly,
since u nmust be normal by our §2, the restriction to normal u, which
Day imposes upon himself in the first paragraph of the introduction

of [1], is in fact no restriction at all.

1. The main results

1.1 We refer heavily to [6] above in this volume, both for its
results on adjunction and for all terminology not otherwise explained.
We suppose given a doctrine D = (D,m,j) on some 2-category.
Everything we say 1s quite independent of the 2-category in gquestion,
and so, merely for notational simplicity, we write as if the 2-category
were CAT. We suppose that A and A' are D-categories, with actions
n: DA - A and n': DA' > A', We further suppose given an adjunction
n,e: f—Ju: A = A' in CAT.

We consider palrs of natural transformations a,f' as in

(1.1) DA — 2 o 4 DA — 0 o 4
T g
Du G u Df %' £
DA e AT, DAl AT
n' n'

which are mates ([6] §2.2) under the adjunctlons Df—|Du and f—u.

We record from [6] Proposition 2.1 the value of f' in terms of G, to wit
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n 1
(1.2) DA - A - A
T fe
u
Df w u u by
Dn
DA = DA - A'.
1 n'

Denote by I, II the axioms for (u,a) to be a D-functor, namely
(3.17) and (3.18) of [6] with f replaced by u. Denote by I', II' the
corresponding axioms for (f,g’) to be an op-D-functor — the same (3.17)
and (3.18) of [6] with f reversed in sense and re-named }', and with

A,A'" interchanged.

Lemma 1.1 Axiom I is eguivalent to I' and II to II'.

Proof. Proposition 2.5 of [6] shows that the mates of the left
squares of the left sides of I and II are identities; Proposition 2.1
of [ 6] shows that the mate of the left square of the right side of I

is Df'; Proposition 2.2 of [6] completes the proof. 0

Theorem 1.2 There is g bijection between enrichments of uw to a D=~

functor U = (u,a): A > A' and enrichments of f to an op-D-functor

' = (f,%'): At = A, This bijection is given by taking u and £ to

be mates under the adjunctions Df—Du and f—u. O

1.2 Now consider a further natural transformation E as in
(1.3) DA' n' - A
B
Df £ IS
Y |
DA - A,
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Let us call I", II" the axioms for (f,;) to be a D-functor F. If these
are satisfied, the condition for e: fu = 1 to be a D-natural transfor-

mation ¢: FU = 1 1is, by (3.19) of [6],

(1.4) - A — DA —2 > 4
Du
u
PR Y 1 DA' |1 1
De
2@-
Y DI\, ¥ Y
= A DA —_— A,

We get an equivalent condition by pasting Dn to each side along the edge
Du, which is an invertible process by (2.1) and (2.2) of [6]: it comes
to the same thing to say that we pass to mates under the adjunctions
Df—Du and 1—1. The mate of the right side of (1.4) is then the

identity natural transformation of n.Df; the mate of the left side is
DA

w&
——

n S
1l on DA A

Dy

par 41! - A'/=/>~ 1
- €
Df f R

DA = > A,

which in view of (1.2) above can be rewritten as

\\ /

(v}

U
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We conclude that, if F = {f,}) is a D-functor, then € is D-natural if
and only if £1.f = 1, the identity of n.Df. An exactly similar argument
shows that n: 1 = UF 1s D-natural if and only if f£.f' = 1. Since I",

II" are equivalent to I',II' when E and £ are inverse, we have:

Proposition 1.3 Given E and E', and hence the mate E of the latter,

n and € constitute an adjunction in D-CAT between D-functors U = {(u,u)

and F = (f,E) if and only if

(1) (u,a} is_a D-functor;

(i1) (f,f) is a D-functor; and

(ii1) f and r are mutually inverse.

Moreover (i) is equivalent to

(') (f,f') is an op-D-functor;

and (i') and (ii) are equivalent in the presence of (iii). O

Immediate consequences are:

Theorem 1.4 In order that a D-functor U = (u,a): A = A' have

a left adjoint F = (f,%) in D-CAT, it is necessary and sufficient that

u have the left adjoint f in CAT, and that the f' given by (1.2) be an
1

isomorphism. Then f = £'° %, and F is necessarily strong. [l

Theorem 1.5 In order that a D-functor F = (f,%): A' = A have

a right adjoint U = (u,a) in D-CAT, it is necessary and sufficient that

f have the right adjoint u in CAT, and that F be strong. Then u is the

mate of f' = %_1, in the sense of (1.1). O

i&i We leave the reader to formulate the obvious dual theorems
obtained by replacing the doctrine D by the opposite doctrine D¥, where
D¥A = (DAOp)Op; he willget in this way theorems about adjunction in the
2-category of D-categories and op-D-functors; here it is the right

adjoint that must be strong; and so on.



265

2. The monoidal and closed cases

2.1 Now let D be either the doctrine whose algebras are monoidal
categories, or else that whose algebras are symmetric monoidal
categories. These doctrines arise from clubs in CAT/P, and it follows
from §10.8 of [4] above in this volume that a D-functor is the same
thing as a monoidal functor or a symmetric monoidal functor, as the
case may be. In both cases S is determined by its components

i: UA ®' uB = u(A®B) and W I > ul, subject to the usual axioms
([ 2] page 473 in the monoidal case, with the extra axiom of [2] page
513 in the symmetric monoidal case). It further follows from §10.8
of [4] that E is an isomorphism precisely when G,uo are isomorphisms.
Similarly a D-natural transformation is, in both cases, a monoidal
natural transformation.

Theorems 1.4 and 1.5 therefore apply to an adjunction
(£,£,£°)— (u,u,u®) either in Mon CAT or in Sym Mon CAT, via the
intermediary of an op-monoidal functor (f,f',fo'). The condition in
Theorem 1.4 1s now that %' and £91 pe isomorphisms; that in Theorem 1.5
is now that f and £° be isomorphisms. There is no difference between
the non-symmetric and symmetric cases; it is just automatic that G
satisfies the extra axiomin the symmetric case 1f and only if f or £
does. We get the explicit expressions for %': f(X8'Y) > fX 8 f£Y and
for £9': FI' > I in terms of & and u° from (1.2), giving D its value
in terms of the appropriate club. We find for 9 and %‘ respectively

the composites

(2.1) £I° > ful > I
£ Q
u €

(2.2) F(X8'Y) ———m F(ufX®'ufyY) —— fu(fx8ry) — > fX8fY.
£(nén) fu £
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Given a monoidal functor U = (u,a,uo): A = A', write V for
A(I,~): A = Sef and V' for A'(I',-): A' - Set with their canonical
monoidal-functor structures ({2] page 504). There is a canonical
monoidal natural transformation V = V'U with A-component

A(TI,A) ———> A'(ul,ul) —> A'(I',uhd),
U, Arv(u’,1)

as shown in [2] page 510; we call U normal if this is a natural

isomorphism V 2 V'U (we do not require it, as we did in [2], to be

actually an equality). If we use the adjunction f—fu we find at once:

Proposition 2.1 U is normal precisely when (2.1) is an isomorphism.

In particular normality of U is a necessary condition for the existence

of an adjunction F—jU in Mon CAT. [

One can similarly transform the condition that (2.2) be an isomorphism,

but I see no special meaning in the thus-transformed condition, and omit

it.
2.2 Now suppose that the monoidal categories A and A' are closed,
so that -8B and -8'Y have right adjoints [B,-] and [Y,-]'. Then instead

of giving u: UA ®' uB - u(A8B) we may equally well give its mate under
the adjunctions -8B—{[B,~land -8'uB—[uB,~]"'; which is a natural
transformation
(2.3) a: ulB,C] - [uB,uC]"'.
It is shown on page U487 of [2] that the monoidal-functor axioms for
ﬁ,uo on page 473 of [2] translate into the closed-functor axioms for
ﬁ,uo on page 434 of [2]; and similarly for monoidal natural transformat-
ions and closed natural transformations.

We leave the reader to verify that the condition that (2.2) be
an isomorphism translates into the condition that

(2.“) u[ fY,C] B —— [ufY,uC] ' Pr————— I S [Y,UC] '
u [n,1]
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be an isomorphism. Moreover, if £ is given, and corresponds to f,
then the condition that f be an isomorphism translates into the condit-

ion that

(2.5) [Y,uCl' ——> uf[Y,uC]? e uffY,fuC] ——> ul fY,C]
n uf ull,e€]

be an isomorphism. So (u,a,uo) has a left adjoint when u does if and
only if (2.1) and (2.4) are isomorphisms; and (f,%,fo) has a right
adjoint when f does 1f and only if fo and (2.5) are isomorphisms.

We omlt the proofs of these reductions precisely because we are
now going to give direct proofs of the last two statements that apply
even to non-monoidal closed categories. Our motive for doing this was
given in the introduction. As the reader will see, the proofs that
follow largely parallel those of §1, and would doubtless be best seen
in the context of pro-D-structures, if the theory of these had been

worked out.

2.3 Our definition of (non-monoidal) closed category is an inessen-
tial modification of thatof [2]; a category A, a functor

[, 1: AP x4~ A, an object I of A, and natural transformations

L: [B,Ccl = {[A,B],[A,C]]), j: I - [A,Al, i: A = [I,Al, this last
being an isomorphism; subjected to the axioms CCl - CCh of [2] page
429, together with the axiom that the A(A,B) ~ A(I,[A,B]) induced by J
be an isomorphism.

We suppose given as before an adjunction n,e: f—u: A > A’
in CAT, but now we suppose A and A' to be closed, and not necessarily
monoidal. It is still the case that there is a bijection between
morphisms u®: I' - ul and morphisms £°': fI' - I, where £°' is given
in terms of uo by (2.1): this is of course immediate by the adjunction
f——u. But in place of the bijection between natural transformations
£ and natural transformations E' that we had in the monoidal case, we

get something more complicated. Precisely, natural transformatlons

u as in (2.3) are in bijection with natural transformations
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u, ul fY,C] = [ Y uCl?,

u, being given in terms of u as the composite (2.4); and natural

transformations f; °flY,z]' = [£Y,fZ] are in bijection with natural
transformations

£,0 [Y,ull'—ulfy,Cl,

f1 being given in terms of f as the composite (2.5). To see that

ur>u, and fk=f are indeed bijections, we have only to write {(2.4)

and (2.5) in 2-dimensional form as, respectively,

(2.6) AP ]

fop/ Op)\pxl l[ a u

AOPA e AYOP A e AOPAr e At

1xu [,]'

(2.7)
AyOpr» - A’ - A

. J
1xu 1xe 1xf & f £ u

AtOPxA —— o A'OPsA e AOPp a4
1 £OPyq [,

exhibiting u, as the mate of 3 under certain adjunctions, and f1 as the
mate of % under others, in the sense of [6] §2.2.

A closed functoris of course said to have an adjoint if it has
one in the 2-category of closed categories, closed funcbors, and closed
natural transformations. The main result of this section, suggested by

and extending the assertions of §2.2 above, is:

Theorem 2.2 A closed functor U = (u,u,u®):A - A' has a left

adjoint F = (f,f,fo) if and only if u has the left adjoint f and

moreover £°' and U, given by (2.1) and (2.4) respectively, are
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isomorphisms. Then £° is the inverse of f°' and f corresponds by (2.5)

- -1
to £y =u, 7.

A closed functor F = (f,f,fo): A' = A has a right adjoint

U= {u,u,uo) if and only if f has the right adjoint u and moreover £°

and fl’ the latter given by (2.5), are isomorphisms. Then u®

corresponds by (2.1) to £ = fo_l, and u corresponds by (2.4) to
_ -1

u = f1 .

Proof Take all the data u,uo,f,fo as glven, with the mates

ui,fo',f1 of the first three, without supposing yet that the closed-
functor axioms CFL-CF3 of [2] page U434 are necessarily satisfied by U
or by F. This last in no way prevents us from mechanically forming
the composites FU = ¢ = (¢,;,¢O) and UF = ¥ = (w,;,wo) as on [ 2] page
b3k,

Qur first observation 1s that n: 1 = ¥ and e: ¢ = 1 satisfy
the axioms CN1 and CN2 for closed natural transformations, on page
441 of [2], if and only if £° is inverse to £°' and £, tou,. In
fact ¢ satisfies CN2 if and only if flu1 = 1; n satisfies CN2 if and
only if u1f1 = 1; e satisfies CN1 if and only if £21r° = 1; and
n satisfies CN1 if and only if £°r°' = 1.

We prove only the first of these assertions, leaving the others
to the reader. Express fyu, = 1 by pastlng (2.6) on top of (2.7). In
the resulting diagram the 2-cells f and u have a common edge, and the
result of pasting them along this edge is just ¢. The other three
2-cells are the triangles nop x 1, n, 1 % €. Get rid of the first two
of these by pasting on an e®P? x 1 and an € to cancel them out, as in
(2.1) and (2.2) of [B]; the expression of f1u1 = 1 is now that $ with a
1 x € pasted on is equal to the identity of ul , 1(f°®? x 1) with an

P x 1 and an ¢ pasted on in suitable places. But this is just CNZ for

€ 1n 2-dimensional form.
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This establishes the "only if" part of both the assertions of
the theorem. For the Mif" part of the first assertion, we use the
prescription of the theorem to define g and fO; and it remains to show
that F = (f,%,fo) satisfies the closed-functor axioms; similarly for
the "if" part of the second assertion.

We shall show here that F (resp. U) satisfiles the axiom CF3
of [2] page 434 when U (resp. F) does, and when the hypothesis is
verified that u1 and f1 are inverse; we leave the easier axioms
CF1l, CF2 to the reader. Write the two legs of CF3, say for ¥, as

PsPy: WIY,2] —— [[X,Y],[¥X,yZ]];
we are now for simplicity writing [Y,Z] for {Y,Z]'. We similarly use
PP, for the two legs of CF3 for U or for F.

We do not, a priori, know CF3 for ¥; but we do know that
n: 1 =Y satisfies CN2, and by an easy diagram-filling-in argument
we get that

n P

i
i1s independent of i. Now give ¢ its value uf, and express the Py
for ¥ in terms of those for U and for F, as is done in the bilg diagram
on page 435 of {2], which we shall call A.
First suppose we know CF3 for U. Then (2.8) and A give that

(2.9) n up,
[Y,z] = ufly,z] = ulfIX,Y],[fX,fZ]]

g
[uflX,¥], ul £%,£2) 1= [uflX,¥],[ufX,urzl]

[1,u]

is independent of i, But since (2.4) is the isomorphism u the

1’
morphisms u and [1,ul in (2.9) are both coretractions and can be
cancelled: the composite of the first two morphisms in (2.9) is
already 1lndependent of i. This implies that the top leg of the

diagram
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n fupy
f1v,2] > ruf[¥,z] ful £1X,Y],[ £X, 1211
1 £ £
1Y,z [f1X,Y],[£X,2]]
Py

is independent of i. But the square commutes by naturality, and the
triangle by one of the adjunction-equations;hencepi is independent
of i, which is CF3 for F.

Now suppose instead that we know CF3 for F and seek it for U.
We conclude from (2.8) and A that
(2.10) n u§ Dy
[Y,2] —> uflY,2] —> ulfY,f2] —= [ul £X,fY] ,[ufX,ufz]]

[u%,l}

[uf[ X,Y] ,[ufX,ufrz]]

is independent of i. Write this for Z = uC, compose on the end with
[1,[1,uell :[uflX,Y], [ufX,ufuCl] = [uf[%,Y],[ufX,uCl], and use
naturality to move this last morphism back through [u%,l] and Py

in the process it becomes ul1,e] : u[rfY,fuCl = u[fY,Cl; so that the
first three morphisms in the thus-transformed composite (2.10) form the

isomorphism f1 of (2.5) and can be removed. What we now have is that

(2.11) ul £Y,C) = [ul £X,fY] ,fufX,uC}]——> [ufl X,¥] ,[ufX,ucl]

Dy [uf,1]

is independent of 1. Now set Y = uB, compose with

ule,1] : ulB,Cl = ul fuB,Cl on the front, and with

[n,11 : {uflX,uBl,[ufX,ucll = [[X,uBl,[ufX,uCllon the end. Using
naturality to move the first morphism through the second, and observing
that the last three morphisms then give an instance of the isomorphism

[fl’l]’ we have that
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(2.12) ulB,C] —— [u[ fX,B]l,[ufX,uc]]
Py
is independent of i. The "extraordinary" naturality of Py in A gives

the commutativity of

P,
ul B,Cl = » [ul fus,Bl,[ufud,ucl]
Py [ule,1],1]
[ula,B] ,[ua,uCl] ful4,B],[ufud,uCll ;
[1,lue,1]]

since by (2.12) the top leg is independent of 1, so is the bottom leg;
but [1,lue,1]1]1is a coretraction and hence cancellable, uec being a
retraction by one of the adjunction equations. Thus the p; on the left

is independent of i, which is CF 3 for U. [0

3. Reflective subcategories

3.1 We return now to the case of an arbitrary doctrine D, and use the
results of §1 to generalize Day's result in [1].

So once again we are given an adjunction n,e: f—u: A > A’ in
the 2-category on which D acts, but now we suppose that we are in the
special case where
(3.1) fu=1 and e =1: fu= 1.

The results being independent of the 2-category, we again write as if
this were CAT; then (3.1) may be expressed by calling A a full
reflective subcategory of A', with inclusion u and reflexion f. The
adjunction equations {({(2.1) and (2.2) of [6] above) now become

{(3.2) fn = 1: f = fuf; nu = 1: u = ufu.
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We suppose A', but not A, to be given with a D-structure, with
action n': DA' - A', By an enrichment of this situation we mean the
giving of a D-structure to A, with action n: DA - A say, and the
enriching of u and f to D-functors U = (u,a) and F = (f,%) in such a
way that n,e provide an adjunction F— U in D-CAT.

By Theorem 1.5 to give an enrichment is to give a D-structure

to A and to give an isomorphism f as in

(3.3) DA! n' - At
=
£
Df £
Y Y
DA - A
n

that makes of (f,%) a strong D-functor. If such an enrichment exists
at all, it is unique to within a suitable isomorphism; for (3.3) gives
n.Df 2 fnt', while (3.1) gives Df. Du = 1, so that n is effectively
determined by

(3.4) n & £.n'".Du.

Now consider the composite

(3.5)
DA
,/B;/////;( an Du
1

DA

DA - A
n' f

Y

If an enrichment exists, (3.5) is isomorphic by (3.3) to n.Df.Dn,

which is the identity by (3.2). Thus a necessary condition for an
enrichment to exist is that (3.5) be an isomorphism. In the case where
D is the doctrine for monoidal categories, this clearly reduces to the

single condition



274

(3.6) f(n®'n): F£(XB'Y) —m F(ufX®'uf¥) is an isomorphism;
and Day [ 1] has shown that in this case (3.6) is also sufficient.
However the invertibility of (3.5) can hardly be sufficient for a
general D; if D were the doctrine for strict monoidal categories, the
invertibility of (3.5) would still reduce to (3.6), but the monoidal
structure constructed by Day on A, given by A8B = f(uA®'uB), would not
in general be strict even though that on A' was strict. As we said in
the Introduction, the doctrine for monoidal categories has a certain
"flexibility" - an ability to absorb isomorphisms - which the doctrine
for strict monoidal categories lacks.

It turns out that the invertibility of (3.5) is necessary even

for the existence of a pseudo-enrichment; and that for this it is also

sufficient. To be precise, let D' be the doctrine whose algebras are

the normalized pseudo D-algebras in the sense of Street [10] §2 in this

volume. That is to say, a D'-category differs from a D-category in
that the associativity axiom for the action is satisfied only to within
a (prescribed) isomorphism, subjected to suitable axioms; the unitary
axiom however (this 1s what "normalized" means) is satisfied on the
noge, Then a D'-functor [resp. strict D'-functor] 1s what Street
calls a lax homomorphism [resp. strict homomorphism] of pseudo-D-
algebras. Since every D-category is a fortiori a D'-category, and
every strict D-functor is a fortiorl a strict D'-functor, there is a
doctrine-map p: D' = D; and it is shown in my paper [5] below in this

volume, which also justifies the other remarks above, that p is a

retraction.
3.2 We can now give the main result of this section.
Theorem 3.1 Let the reflexion n,e:f—u: A — A’ be given as above,

and let A' be a D-category, hence also a D'-category. Then the

reflexion admits a D'-enrichment if and only if (3.5) is an isomorphism.
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Proof First, the necessity. Consider the composite of (3.5) with
pA': D'A' - DA'. By the 2-naturality of p, the morphism pA' can be
moved past the triangle Dn in (3.5), turning the latter into D'n.
But then pA' composed with n': DA' - A' is just the action of D' on
A'. Thus the composite of (3.5) with pA' is just the analogue of (3.5)
with D' replacing D. We already know that this must be invertible if
a D'-enrichment is to exist. But then (3.5) itself must be invertible,
since pA' is a retraction.

We turn to the sufficiency. Guided by (3.4), we define
n: DA - A by
(3.7) n = f.n'.Du.
We can then write (3.5) as an isomorphism
(3.8) ¢ = f.n'.Dn : fn' = n,Df,
and we define the f of (3.3) to be the inverse of ¢.

We check that n satisfies the unitary law for an action. We

have
n.jA = f.n'.Du.jA by (3.7}
= f.n'.jA'.u by the naturality of J
= fu by the unitary law for n'
=] by (3.1).

As regards the associative law, we have

n.mA = f.n'.Du.mA by (3.7)
= f.n'.mA'.D%u by the naturality of m
= f.n'.Dn'.D%u by the associative law for n';
while
n.bn = n.Df.Dn'.D%u by (3.7).

Therefore the ilsomorphism
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(3.9) u = ¢.Dn'.D%u: f.n'.Dn'.D%u = n.Df.Dn'.D%u

is an isomorphism

(3.10) u: n.mA = n.Dn,

and we define v to be p~

1

It remains to verify that n and v constitute a normalized

pseudo-action of D on A, and that f and t constitute a "lax homomor-

phism of pseudo-D-algebras” in Street's language. Then in terms of D',

we have a D'-action on A and a strong D'-functor (f,g): At > A,

whence the desired D'-enrichment follows by Theorem 1.5.

The axloms to be verified are

the axioms (1), (2), (3) of [10]

§2 for v, and the axioms (5), (6) of [10] §2 for f. The notations are

rather different: Street's i is our

as well as our n'; his z is 1 in our

J, his ¢ is both our m and our n,

case (normality); his 8 1is our v,

and also our v' which is 1 (A' being a honest D-category); and his 0o

is our f. In verifying these axioms

we replace v and f by their

inverses, u and ¢ respectively, inverting the arrows accordingly.

Axiom (1) reads yu.jDA = 1. But

u.JDA

¢. Dn'.D%u. jDA Dby (3.9)

$. JA'. n'.Du

by

the naturality of jJ.

This will therefore follow from axiom (5), which reads ¢.jA' = 1. But

0.3A" =

Axiom (2) reads u.DjA =

u.DjA

f.n', Dn.jA’
f.nt.jA'.n
fn
1

But

6.Dn' .D%u.DjA
¢.Dn'.DjA! .Du
¢ .Du

f.n'.Dn.Du

by
by
by

by

by
by
by

by

(3.8
the 2-naturality of J
the unitary axiom for n'

(3.2).

(3.9)
the naturality of j
the unitary axiom for n'

(3.8)
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= 1 since nu = 1 by (3.2).
This leaves us with axioms (3) and (6). The first of these
reduces to the second, via (3.9). For the left side of axiom (3) is
the vertical composite of n.Du with u.DmA, and the right side 1is the

vertical composite of u.0%n with w.mDA. DNow using (3.9)

n.Dy = n.Dé¢.D°n'.D%u;
u.DmA = ¢.Dn'.D%u.DmA
= ¢.Dn'.DmA'.D%u by the naturality of m
= ¢.Dn'.D2n'.D3u by the associativity axiom for n';
u.D%n = u.sz.DQn‘.DSu by (3.7)3
w.mDA = ¢.Dn'.D2u.mDA

¢.mA'.D2n'.D3u by the naturality of m.

[}

But the left side of axiom (6) is the vertical composite of n.D¢ with
¢$.Dn', and the right side is the vertical composite of u.DQf with
¢.mA'. So axiom {3) follows from axiom (6) on composing with Dgn’.Dau.

It remains then to verify axiom (6). Now

n.D¢ = f.n'.Du.Df.Dn'.D®n by (3.7) and (3.8);
¢.Dn* = f.n'.Dn.Dn! by (3.8);
u.Dgf = f.n'.Dn.Dn'.D?u.D?f by (3.9) and (3.8);
$.mA' = f.n'.Dn.mA’ by (3.8)
= f.n‘.mA'.Dzn by the 2-naturality of m
= f.n’.Dn‘.Dzn by the associativity axiom for n'.

The vertical composite of the first two of these is indeed equal to that

of the second two, both being

D24Ar > D2A! » DA' - DA'—3 Al A,
n' b
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This completes the proof. [J

3.3 As we have said in the Introduction, there are two cases in which
we can actually get a D-enrichment. The first is that where (3.5) is
not merely an isomorphism but an identity; which corresponds to asking
F = (f,g) to be not merely strong (as it must be by Theorem 1.5) but
strict. This may seem rather an artificial case; but it often arises

in nature, as the paper [5] below will show, and I have found it
extremely useful in various (unpublished) considerations related to

coherence. To state it formally:

Theorem 3.2 Let the reflexion n,e: f— u:A - A' be given as above,

and let A' be a D-category. Then the reflexion admits a D-enrichment

with F strict if and only if (3.5) is the identity (which includes the

assertion that £f.n'.Du.Df = f.n').

Proof For the necessity, we are to have (3.3) with ; = 1, 80 that we
must have f.n' = n.Df. So (3.5) is n.Df.Dn, which is the identity since
fn =1 by (3.2).

The sufficiency is contained in the proof of Theorem 3.1, since
in the present case we have ¢ = 1 and u = 1, or equally ; = 1 and
v =1, [

We said towards the end of §3.1 that the doctrine-map p: D' =D
is a retraction; that is, there is a 2-nabtural transformation
q: D=D' with pgq = 1. In general we cannot suppose ¢ to be a
doctrine-map. If we can find a doctrine-map g with pg = 1, we call the
doctrine D flexible. In the paper [5] below, we show that for any
doctrine D the doctrine D' is flexible; and we also show that D is
flexible if D is of the form K°-, where K is a club in CAT/Z (or even
in CAT/set) whose discrete club |K| of objects is a free discrete club
in the sense of [4] §10.3 above. Thus the club for monoidal categories,
or that for symmetric monoidal categories, is flexible, since the

functor-operations are generated freely by ® and I; the c¢lub for strict
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monoidal categories escapes the result since ® and I are subjected to
axioms like 8(8,1) = 8(l,8).

By applying the theorem below in the case where D is replaced
by D', we see that Theorem 3.1 remains true even when A' is originally

given as a D'-category rather than a D-category.

Theorem 3.3 Let the reflexion n,e: f-—u: A > A' be given as

above, and let A' be a D-category, where D is flexible. Then the

reflexion admits a D-enrichment if and only if (3.5) is an

lsomorphism.

Proof The necessity was shown in §3.1. For the sufficiency, first
use Theorem 3.1 to get a D'-enrichment. Then apply the 2-functor
q-CAT: D'-CAT -~ D-CAT (cf. [6] §3.6 above) to get a D-enrichment.
The only point at issue is whether the D-structure A' now has is that

1t started with; this is ensured by pq = 1. 0O
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CQUERFENCE THEOREMS FOR LAX ALGEBRAS
AND_FOR DISTRIBUTIVE LAWS

by

G.M. Kelly

L.l We prove two main results. PFirst, let D be a doctrine, say
on Cat. (For the most basic notions about doctrines, see [13] above,
familiarity with which we assume.) Let D* be that doctrine whose
(honest) algebras are the lax algebras for D, in the sense of [ 24]
above. 3Since a D-algebra is a fortiorl a D*-algebra, there is a
doctrine-map s: D* - D. We prove the existence, in the 2-category
[Cat,Cat] of endo-2-functors, of a morphism h: D — D* (not a
doctrine-map) such that sh = 1, and of a 2-cell n: 1 = hs such that
sn = 1 and nh = 1. Borrowing the terminology usual in the 2-category
Cat, we may say that this exhibits s as a "reflexion" of D* onto the
"full reflective subobject" D. Moreover, if we replace "lax" above
by "pseudo", the same is still true, but now n is an isomorphlsm; so
that in this case s is an equivalence of endo-2-functors. Part of
this result, along with some refinements we shall also prove, has
been applied in my paper [10] above.

For our second result, let p: D'D - DD' be a distributive

law between two doctrines ———— or rather a pseudo-distributive-

law; for strict ones in the original sense of Beck [2] are rare in
natural examples at the doctrine level (just as A ® B = B ® A 1is
hopelessly rare for categories, while A € B £ B ® A is common). A
category provided with actions both of D and of D', and for which the

D-action is given the structure of a (non-strict!) D'-morphism, is an

*
algebra for some doctrine D . Were the distributive law a strict one,
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DD' would itself be a doctrine, and 1ts algebras would be categories
with a D-action and a D'-action, the D-action being a strict
D*-morphism; this is the classical situation of Beck [ 2 ] 1In that
case there would clearly be a doctrine-map s: D* - DD'. 1In our
pseudo-distributive case, DD' is no longer a doctrine, but is at any
rate a D*—algebra; so we can define s: D* = DD' as the unique strict
D*—morphism whose composition with j*: 1~ D* is jj': 1 = 11 = DD'.
Our result 1s once again that s is a reflexion of D* onto a full
reflective subobject DD'; and that 1t 1s actually an equivalence of
endo-2~-functors if we require the D-action to be a strong (although
still not a strict) D'-morphism.

Kock [ 14] distinguished, among the enriched monads on a
symmetric monoidal closed category, those that he called the
commutative monads — now more often called monoidal monads. Once

again, strictly commutative doctrines are rare, but pseudo-commutative

ones are easily found. One such 1s the doctrine for symmetric
monoidal categories; let usnow call this D'. Then if D is any
pseudo-commutative doctrine, there is a pseudo-distributive-law

p: D'D = DD', and the above result applies. In particular it applies
when D too 1s taken to be this particular D'. In that case our

result contains that of Laplaza [19], who considers a category with
two symmetric monoidal structures ® and & together with a
"distributivity" AR(B&C) — (A8B)®&(4A8C).

The similarity of our two main results suggests that each
is a special case of something very general, relating the doctrines
for a more lax and a less lax situation. I have not attempted to
formulate this: the present proofs have in common only some general
principles collected in §2 and §3 below, and are otherwise distinct.

The rest of this introduction 1s devoted to general
comments on coherence problems, including the relation between such
results as we have stated and results about the commutativity of

diagrams.
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1.2 To be told, as in the above situations, what are the algebras
for some doctrine D* (along with the strict morphisms of these,
and the 2-cells between the strict morphisms) is to be given D*
implicitly. By the "coherence problem" for D* I understand primarily
that of determining D* explicitly from this information. A complete
solution of this is often beyond our powers. By a "coherence theorem"
I understand a complete or partlal solution of this problem: a
result which tells us gomething at least about D* qua endo-2-functor
of Cat. For instance, that it i1s equivalent to some known endo-2-
functor D; or even that it contains a known D, in some definite way,
as a full reflective subobject. Results about certain diagrams
commuting may be part of such a theorem, or may be among its
important consequences; but such results can, I believe, no longer be
seen as constituting the essence of a coherence theorem.

I shall return later to the matter of commuting diagrams.
First, I want to observe that the last paragraph has been over-
simplified in various ways for the sake of its polemical point.
(a) The word "doctrine" (= 2-monad) may have to be replaced by
"monad". Categories endowed with some equational structure are the
algebras for a doctrine on Cat when the structural functors are all
covarlant; but they are the algebras for a mere monad when, as in
the case of symmetric monoidal closed categories, functors of mixed
variance, such as the internal-hom, are involved.
(v) One takes much too narrow a view if one considers only
doctrines on Caf, An equational structure may be borne by a
A-indexed family of categories, and these are algebras for a doctrine
on the 2-category Cat/A. It is easy to conceive of doctrines on
V-Cat for a symmetric monoidal closed V. But then too there are
things like "lax doctrines"; an E € [Cat,Cat] with multiplication

2

ES = E and unit 1 = E satisfying the "doctrine axioms" only to within

certain 2-cells, themselves subjected to so-called "coherence axioms";
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such an E is an algebra for some doctrine D* on the 2-category
{Cat,Catl ., Clearly we should take D* to be a doctrine (or possibly

a mere monad) on an arbitrary 2-category K; although it may be
reasonable to suppose that K has some of the good properties of Caf,
such as being locally presentable.

(e) It 1is reasonable - and probably very common - to use the
term "coherence theorem" for a result which, having found out
something about D* from a knowledge of its algebras, goes back to
these algebras and deduces something useful about them. For instance,
Mac Lane's original coherence theorem [ 23] may be interpreted as
saying that the doctrine-map s: D* ~> D is an equivalence of endo-2-
functors, where D* i1s the doctrine for symmetric monoidal categories
and D that for strict symmetric monoidal categories. This in fact
gives a complete determination of D* (since D* is Po= for a club P
which is wholly determined by Mac Lane's result). But it has the
further consequence that every symmetric monoidal category 1s
symmetric-monoidally equivalent to a strict one. [This is well known
although I do not recall any precise statement in print. Beck [3]
takes it for granted and proceeds to refine the equivalence in this
case, and in one other, via categories of fractions. It 1s a special
case of the assertion of Isbell in [7], but this assertion has been
withdrawn by its author; 1t asserts more than is true, and he
discovered a radical error in the proof (at the Oberwolfach conference
"Kategorien 1973").] How generally the existence of such an
equivalence s: D* = D implies that every D*—algebra is D*-equivalent
to a D-algebra has not to my knowledge been discussed; nor do we
pursue it in this paper - but it cries out for investigation, and

would be many people's ideal of what a coherence theorem should be.
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1.3 We return now to the matter of commuting diagrams. In some
cases we know at once from the description of the D*-algebras that D#
is Ce- for some club C, and that C is given by specified generators
and relations; see §1 and §10 of [ 9] above, and the further references
given there. The word-problem involved in finding the objects of (€
is typically easy - often indeed they are freely generated - while
that involved in finding the morphisms 1s typically much harder.

It is a matter of finding the category generated by a certain graph
subject to certain relations - a generalization of the word-problem
for monoids, lnasmuch as a category is a "monocid with many objects".
Deciding when two words in the generators represent the same morphism
of ¢ is deciding which diagrams commute in (. This is the most

common sense in which solving a coherence problem, completely or
partially, may involve proving that certain diagrams commute. The
typlical example is that of symmetric monoidal closed categories, the
club for which was determined in part by Kelly-Mac Lane [ 11], and then
more fully by Voreadu ([ 27],[281,[29]), but is still not known
completely,

(Other examples where the club is partially but not completely
determined are: a symmetric monoldal closed category V, two
V-categories, two V-functors, and a V-natural transformation (Kelly-
Mac Lane [12] ); two symmetric monoidal closed categories and a
symmetric monoidal functor (Lewis [21],[22)); a category with two
symmetric monoidal structures ® and ® along with a "distributivity"
AR(BBC) — (A®B)®(A®C) that is not required to be an isomorphism
(Laplaza [ 18] and [19]). Some examples where the club is completely
determined are: a monoidal or symmetric monoidal category (Mac Lane

[231); a category with a tensor-product and a non-isomorphic

a: (ABB)®C — A®(B®C) (Laplaza [17]); a category with a monad
(Lawvere [20] ; Lambek [16]) - the doctrine is just Ax-; two symmetric

monoidal categories and a symmetric monoidal functor (Lewis [21] and
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[22] ). I do not suggest that the above results are expressed in terms
of clubs by their authors; but this is what they amount to. The
last-mentioned result of Lewls 1s so expressed, and indeed must be:
for it sets out to determine C completely in a case where the
augmentation I': € = 7 is not faithful. Finally, this list is not
meant to be exhaustive.)

One could also regard the determination of D* as the problem
of determining D*A for every object A; that 1s, of determining the
free D*—algebras. This 1s the view taken by Lambek ([ 15] and [16]),
who sets up generators and relations for D*A, and who attacks the
problem of which diagrams in D*A commute when A is a discrete
category. To this end he has introduced a brilliant adaptation of
Gentzen's work on cut-elimination. Yet when D* is Co- for a club C,
as it is in the examples considered by Lambek, the consideration of
D*A = CoA in place of C is an unnecessary complication - for any
knowledge of C immediately gives corresponding knowledge of CoA, and
this for any A, discrete or not; while the cut-elimination techniques
work perfectly well at the level of C. In fact, those results of
Lambek of the form "equi-generality implies commutativity" turn out
to be re-phrasings of " Ir: € > 7 is faithful"; and some of them are
then seen to be false (cf. [8 186). When, however, D" does not come
from a club, Lambek's 1dea of setting up generators and relations for
D*A, and studying commutativity of diagrams at this level, may well
be the best way of getting at D*. An example is that where a

*
D -algebra is a cartesian closed category, which has been investigated

by Szabo ([25] and [26]).

;éi Thus proving dlagrams commutative may be a tool in
establishing a coherence theorem, or even a way of stating it; but it
need not be the only way of getting some grip on D*, as is shown by
our results stated in §1.1. On the other hand I now point out that

such results imply theorems about diagrams commuting, at least when
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D,D' come from clubs: and imply them wholesale, in so far as these
clubs are arbitrary. In this way I believe one clinches the
argument for calling them "coherence theorems".

In the first of those results it is easy to see that if D
is Do~ for a club D in CAT/S, then D* is D*O— for another such club
D*, and that s,h,n all arise from things in CAT/3; so that we may as
well change notation and write s: 9* -7, h: D *’9*, n: 1= hs,
sh=1, sn =1, nh=1. If f,g: T~ S is a diagram in D*, a
necessary condition for its commutativity is sf = sg. This is not

in general sufficient, for it implies only that n_f = nSg, where

3
Ng: S = hsS. It is however sufficient if Ng is an isomorphism, as
it always 1s in the "pseudo" case, and as it is in the "lax" case
when 3 is in the image of h, i.e. when S belongs to the full
subcategory ¥ of D*. Since s is a club-map, sf can be calculated
explicitly and directly; so we have an effective test for the
commutativity of any diagram in the "pseudo" case, and of a large
class 1In the "lax" case.

The same is true in the second result of §1.1, in the form
in which 1t is first stated (the D-action an arbitrary D'-morphism).
If f,g: T~ 8 in D* with S in the full reflective subcategory DeD',
then £ = g if and only if sf = sg. In the case where the D-action
1s to be a strong D'-morphism, it is no longer the case that D*
comes from a club in CAT/S when D and D' do. This is for the reasons
indicated in §1.5 of [9]; in the special case corresponding to
Laplaza's problem of two symmetric monoidal structures and a
distributivity d: A(B&C) — (A®B)®(A®C), the type of d lies in §Op,
and we can take it to be in S by passing to the opposite doctrine.
But if we ask d to be an isomorphism, its inverse d_l already has
its type in S, and dd”l: (ARB)®(ABC) — (ARB)®(A8C) has its type

neither in § nor in §op; the doctrine does not come from a club in

any sense we can at present give to that notion.
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What we can do is to return to the club D* in the non-strong
case, and consider a model A (that is, a D*—algebra) in which the
image of d happens to be an isomorphism {(or more generally one in
which the image of n happens to be a monomorphism). Then although
sf = sg does not imply f = g in D*, it does imply the equality of
thelr images in {A,A}, the "rich endo-functor category™ of [ 9] §9,
whose objects are functors A" > A and whose morphisms are suitably
general natural transformations. So for such a model A we have a
criterion at the model-level for commutativity of any diagram
f,g: T > 3 describable in D* - which means (in Laplaza's case) a
diagram involving d but not at.

With this said, and with the observation that in Laplaza's
case the doctrines D and D' are both the doctrine P for symmetric
monoidal categoriles, which is equivalent te P by Mac Lane's
original result [ 23], so that s can be regarded as a map D* - B°B,
1t 1s easy to see that s 1s Laplaza's "distortion™ ([19] §2), and that
our result includes his theorem in [19] §4. We give more details
below.

1.5 We end this introduction by observing that the kind of
coherence theorem exemplified by the results of §1.1 1s pretty
common.

First, if we take Mac Lane's original result in [ 23], and look
Just at the associativity part, we see that the invertibility of
a: (ABB)BC - AQ(BSC) is not central to the main argument. What 1is
reglly proved is that s: 0* = D is a reflexion, where U 1s the
subcategory of the appropriate c¢lub D*, consisting of the objects
bracketed wholly from the right. It is only because a is invertible
that the reflexion is in fact an equivalence. It follows that,
even when a 1s not an isomorphism, sf = sg 1s necessary and sufficient
for £ = g: T - S whenever S lles in D. This 1s a partial coherence
result In that case. A total one requires more work, and is given

by Laplaza in [171.
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To get back to the partial one, however: I say that it 1s
virtually predictable, and in a sense automatic. The method of proof
of the present paper reguires a D*—functor h: 7D *‘D* with sh = 1.
Identifying P with the set of natural numbers >0, we define h as a
functor by h(l) = 1, h(n) = 1 & h(n-1). Enriching it to a D*—functor
means giving 5: hn 8 hm - h{n+m); in particular we need
ﬁ: h2 8 hl - h3, and this is of course a; the other components of E
are then given by an easy induction. But (h,ﬁ) has to satisfy an
axiom if it is fo be a D*—functor: and this reduces at once to the
pentagonal axiom for a. This is in itself a lightweight observatilon;
but note that similar considerations predict what the "coherence
axioms" should be when we also have a constant object I and non-
isomorphic maps £: I®A - A, r: A8I - A; this is not an artificilal
situation, but arises precisely in the old, unsolved, coherence
problem for a non-monoidal, non-symmetric closed category.

A final comment on Mac Lane's original coherence result,
say for monoidal categories. If D = e~ is the doctrine for strict
monoidal categories, and if D' = Ne- is that for monoidal categories,
Mac Lane's result glves a doctrine-map D' > D that is an equivalence
of endo-2-functors. Our first result gives a simllar equivalence
D* = D. But Mac Lane's D' is not isomorphic to our D*; although

they are equivalent as doctrines, and not merely as endo-2-functors.

This equivalence is discussed towards the end of §3 of [13] above.

As a last example, let C be a club in CAT/S and consider
pairs h: A - A' of (-categories connected by a C-functor h. Lewils
(I 21] and [22]) has determined the corresponding club completely
when C = P or N. But we can get a partlal result for a general ¢
with hardly any effort. Observe that the diagrams whose commutativity
was needed by Eilenberg-Kelly [ 6] in the monoidal (N) and symmetric
monocldal (P) cases were always rather special: they contained
variables only from A, not from A'; they lay in A'; and they always

had codomain of the form hA. A commutativity criterion for such
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diagrams can be gilven at once, for a general C. Having variables
only from A means looking not at the whole club, which 1s the free
algebra on A =1 and A' = I where I is the unit category, but at
the free glgebra on A = I and A' = empty. Let this be h: € > C';
it 1s immediate that its domain is C itself, while C' 1s the
"unknown". Since h is free on the given generators and since
1: € = C is a model, there are unique strict C-functors n,s

rendering commutative

5
and having n(%) = 1. But this last requirement, since C is the
free C-category on i, gives n = 1; so that sh = 1. It is easy to
show that s is in fact a reflexion of C' onto the full subcategory C,
embedded by h; so that 1if S is In the image of h, the diagram
f,g: T = S in €' commutes 1if and only if sf = sg. A lot less than
Lewis proves for ¢ = P or N, admittedly; but much more general, very

useful, and incredibly cheap.

2. A method of constructing D-reflexions

2.1 Since this section 1is purely formal, we take (D,m,j) to be
a doctrine on an arbitrary 2-category K, and we understand "D-algebra"
in the wide sense: an action a: DA—>A of D on a 2-functor
A: L =~ K, not necessarily on an object A of K(the special case
L =1). As far as possible we use a,b, etc., for actions of D on
A,B, etec.
We assume acquaintance with the general facts about monads

and doctrines given in [13] §3 above; we recall in particular that the
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free D-algebra DA has action mA: ng‘* DA, and that an action

a: DA~ A is a strict D-morphism. We add a few enrichments
appropriate to the doctrine case.

First, ify: r= r': A~ B is any 2-cell, then in
(2.1) Dy: Dr= Dr': DA~ DB
not only are Dr, Dr' strict D-morphisms but Dy is a D-2-cell. Next,
for a free D-algebra DA and a D-algebra B, there is an isomorphism
not only of sets but of categories
(2.2) ¢: [L,K] (A,B) = D-Alg,(DA,B).
(Here D-ALg, has as objects the D-algebras of domain L; its morphisms
are sgtrict D-morphisms, and its 2-cells are D-2-cells. We recall
that we replace D-ALg, by D-ALg when we allow all D-morphisms as

l1-cells.) In detail,

(2.3) % sends A ¥y B to DA VB B

where ///”_g r! s S
\ /_\

(2.4) A 2% B = A ey DA [ 74 B,
\/ jA \~——/
rt J s
/_s\ /"gg\
(2.5) DA ¥8 B = DA Dy DB ———— B.

Now consider an arbitrary (i.e. not necessarily strict)
D-morphism G = (g,8): A = B, so that g is a 2-cell
a

(2.6) DA e

o
Dg - g
g

DB eemmsssmmrmior B3
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Theorem 2.1 g is a D-2-cell
a
(2.7) DA > A
Dg = G
g
DB » B,
b

all the edges now being regarded as D-morphisms, of which Dg,a,b

are strict.

Proof The D-naturality axiom (3.19) of [13] for g reduces to the

assoclativity axiom (3.18) of [13] for a D-morphism (g,g).0
Observe that, since b.Dg = ¢g by (2.5), we can also write

(2.7) as a D=2-cell

(2.8) g: %g = Ga.

Observe further that the other axiom for a D-morphism, the identity
axiom (3.17) of [13}, gives

2NN A

(2.9) A » DA » B = .
JA dg \_//
g
2.2 Now, in the situation of Theorem 2.1, replace A by a free

D-algebra DA. Define the strict D-morphism ¥G and the D-2-cell

WG by:
////////i::iz; \\\\\\\‘
{2.10) DAfﬁ%—;;~\\’\ = DA—'—~’D A.———————————f B
S~ pIA

Had we replaced DjA by jDA on the right side of this definition, we
should by (2.9) have got merely the identity. Since, however, we

have
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JA

JA JDA

DA » DA
DjA

we can conclude from (2.9), not that wG = 1, but that

(2.11) A ——=0i_ tu, B = & (! B.
JA N~ 7
¥G k /
DA

Note in particular that, by (2.4),
(2.12) ¥G = o(g.jA).

Theorem 2,2 WG: ¥3 = ¢ is the coreflexion of G into the strict

D-morphisms DA = B. That is to say, if s: DA 7 B is a strict

D~morphism and a: s = G is a D-2-cell, then

(2.13) o g === Y§ == @

B Vg

for a unique D-2-cell B. Explicitly,

(2.14) B = 2(a.jA),
and B 1s the unique D-2-cell satisfying

YG g
/—\
(2.15) A ——>i_ 4 4™

8 B = A -—=+D o B,
3A N JA A\\\\___,/2f

s s

Proof Since ¢G-3A = 1 by (2.11), (2.13) implies (2.15), which in
turn gives (2.14) by (2.4), proving the uniqueness of B satisfying
(2.13).

Define B therefore by (2.14), so that by (2.5) the explicit
value of B is b. D(a.jA). Using this, the definition (2.10), and

the fact that mA. DJA = 1, we get (2.13) if we compose with DjA the
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diagram expressing the D-naturality of a, to wit

mA mA
2A ——me————eg DA = D2A = DA
Da g Ds s o g
Ds Dg I3
DB —— + B DB ~————— 'R, n]
b b

The naturality of ¥,y is summed up in:

P ition 2 Let G be the composite

(2.16) DA » C
8 H t

A
=
Y
w

where H = (h,ﬁ), t and s are strict, and s = ¢r for r: A -~ C. Then

G / \
— i, -
(2.17) pa Ny B = DA ——=sDC W h E —— B.
‘\\PG_G—f" Dr £
Dh
DE
Proof ¢, = g. DjA by (2.10)
=  t£.h.Ds.DjA by (2.16)
= t.h. Dr by (2.4). O
ollary 2,H Let G be the composite
(2.18) DA » DC - E » B;
Dq H t
then
(2.19) DAWB = DA ——b DC/HH\“‘E —B.
\\X{T(}’l Dg \‘yﬁ._——" £

Proof In this case the r of Proposition 2.3 is jC.q. a
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2.3 Inl10] §3 ébove we considered the problem of enriching an
adjunction s-4 h: B = B' to a D-adjunction, in the case sh = 1,
given B' as a D-algebra. A condition must be satisfied for the
enrichment to exist; when it does, s necessarily becomes a strong
D-morphism; and we considered in particular the special case where
s 1s to be strict.

Here we approach the same situation from a different
starting point, in the case where B' is a free D-algebra DA.

For this section, we suppose that B is glven as a D-algebra;
that we are given a strict D-morphism s: DA = B, say s = ¢ér for
r: A~ B; that we are given a D-morphism H = (h,ﬂ): B = DA; and
that we have
(2.20) sH = 1
as D-morphisms. We ask what else we need in order to get a D-2-cell
n: 1 = Hs satisfying sn = 1 and nh = 1, so as to complete the
data for a D-reflexion of DA onto B.

Write G for the composite Hs; then by (2.12) ¥G = ®{(h.s.jA),
which 1s ¢(hr) by (2.4). On the other hand 1: DA — DA is a strict
D-morphism, and is ®(jA). By Theorem 2.2, there 1s a bijection
between D-2-cells n: 1 = Hs = G and D-2-cells ¢: 1 = ¥G; such
D-2-cells z: @(jA) = &(hr) are in turn in bijection by (2.2) with

(mere) 2-cells £: JA = hr, as in

(2.21) A » DA.
Ja

Using (2.5) to write 7 = 9&, and using (2.17) (with t = 1)

to write YG and wG’ we see by Theorem 2.2 that n is the composite
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B

f pe~on
DA

b h
Dr -
(2.22) DA = DB h DA ;
/
A

D2

of course the top leg of this is hs since b.Dr = s by (2.5), and

the bottom leg is 1

since mA.DjA = 1.

Now consider sn. By (2.20), sh = 1, so

sn = s.mA.DE
= b. Ds. DE since s 1s strict
= b.D(s&)
= ¥(sf) by (2.5).

Since ¢ is an isomorphism of categories, sn = 1 if and only if

s§ = 1. Summing all thus up:

Theorem 2.5 Given D-morphisms s: DA > B and H: B - DA with

s = &r strict and with sH = 1, there is a bijection as in (2.22)

between D-2-cells n:

if and only if s&

]

To get our

1 = Hs and 2-cells &: JA = hr; and sn = 1
1. 0

desired reflexion, we also need nh = 1; I see no

general way of expressing this, and have it verify it by an ad hoc

method in each case.

There is an important special case which, while 1t occurs

in only one of the two problems studied in this paper, does occur

widely in similar problems. It is that where ¥G = 1. B8ince

¥G = o(hr) and 1 = ®(JA), this is the case where

(2.23) A
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commutes., The condition s§ = 1 is of course automatically satisfied
1f we now choose £ = 1, On the other hand this choice is forced
on us if we want nh = 1; for then nhr = 1 and (2.23) gives

n.jA = 1; since wG,jA = 1 by {2.11), this gives ¢.JA = 1; which

is & 1 by (2.4). (Evenin this case, £ = 1 is not sufficient for
nh = 1; this still requires ad hoc verification.) Summing up this
special case gilves:

Theorem 2.6 If the data are as in Theorem 2.5, and if moreover

hr = JA, thereis at most one D-2-cell n: 1 = Hs with sn = 1 and

nh = 1. It must be the D=2-cell n = h. Dr obtained by setting & =1

in (2.22), and this automatically satisfies sn = 1. It satisfies

nh = 1 if and only if h.Dr.h = 1. O

3. D-algebras and D-morphisms as doctrine-maps

3.1 We are going to obtain our results announced in §1.1 by
applying Theorem 2.5 and its special case Theorem 2.6. So we are
seemingly going to get more than we asserted in §1.1; the adjunction
s—{h is actually going to be a D*-adjunction. Once given, however,
that s is a strict D*-morphism, as it is in both the results of §1.1,
it is automatic by Theorem 1.5 of [10] above that any such adjunction
enriches to a D*-adjunction. So our working with D*—adjunctions is a
requirement not of our results but of our method of proof.

What this method of proof does require, however, is that
we can recognize and deal with non-strict D*-morphisms, when all we
are told originally about the unknown doctrine D* is the 2-category
DfAﬂg* of D*—algebras, strict D*—morphisms, and D*—2-cells.
Moreover I here mean D*-Azg* in the narrow sense: a D*—algebra is
an action of D* on an object of K, not on a 2-functor L - K.
However in saying that we are given D*-Aﬂg*, I do mean to imply that

*
we are also given the forgetful functor from D -Algy to K; and it is
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classical that all this determines D* to within lsomorphism. The
purpose of this section is to introduce the simple machinery that
allows us to recognige D*—morphisms from the implicit knowledge of D*.
3.2 We now assume once for all that the 2-category K has
"small hom-categories" - that is, that each K{(A,B) is a small
category; and that K is 2-complete, i.e. Caf-complete. We recall
from [ 4] that this means (a) that K admits all small limits; {(b) that
these limits are preserved by the representables K(A,-): K = Caf;
and (c) that K admits cotensor products [n,Al for n € Cat, A € K.
As is well known, we can then construct comma objects in K, using
pullbacks and the cotensor product | 2,Al where 2 is the arrow category
0 = 1; and these are then 2-comma-objects (the universal property
extends to 2-cells). The 2-category Caf itself has these properties,
as does Cat/A for a set A.

It is true that many of the common doctrines on Caf extend
canonically to doctrines on CAT; certainly all those of the form
Doe- for a small club P do so - one can form DeA independently of the
size of A. For that matter we can always extend D on Cat to CAT by
right Kan extension. However we do not pursue here the properties of
these extensions, which add nothing new in the club case. What 1s
Important for us is that D takes small categories to small categories.

We write E for the 2-category [K,K] of endo-2-functors. It
is a strict monoidal category with composition as tensor product and
1 as identity. It falls to be a closed category; only for certain
S,R in E is it the case that E(TS,R) % E(T,V) for some V, namely when
fhe right Kan extension of R along S exists; then this right Kan
extension is V.

However € acts on K, in the sense that there is a 2-functor
ExK - K, sending (D,A) to DA, and satlsfying the associativity and
identity laws (ED)A = E(DA), 1A = A(along with the corresponding

things for l-cells and 2-cells). Moreover we have Z2-naturally



299

(3.1) K(DA,B) = E(D,{A,B}),

where {A,B} is the right Kan extension of B: T - K along A: I — K.
We know explicitly what this is, namely for C in K

(3.2) {4,B}C = [K(C,A),B],

the cotensor product of K{(C,A) € Cat with B € K. The counit of the
adjunction (3.1) is a 2-natural evaluation e: {A,B}A - B, and there
is similarly a 2-natural unit d4: D -~ {4,DA}. We have formally the
same kinds of things as we have in a closed category, in particular
a 2-natural multiplication u: {B,C}{A,B} - {A,C} and a unit

1: 1 - {A,A}, which make K into an E-category. (That the underlying
2-category of this E-category really is K itself is immediate, since
K(1,{A,B}) = K(A,B) by (3.1))

It is moreover easy to check that the.E-valued endomorphism
object {A,A}, with its multiplication p: {A,A}{A,A} - {A,A} and its
unit 1: 1 - {A,A}, 1s a doctrine; and that for any doctrine D, an
action a: DA = A corresponds under (3.1) precisely to a doctrine-map
D - {A,A}.

3-3 We now write K' for the functor Z-category [2,K] and K" for
the 2-category which is like the [2,K] of [9] §2.2 above except that
its morphisms are not lax natural transformations but op-lax ones; it
is what we called FUN in [9] §10.8 above in the case K = CAT, and it
is described there (in the context of just such considerations as
follow, but there specialized to the club case).

So K' and K" have the same objects, namely morphisms
f: A~ B in K; a typical morphism in K" 1s a triple (u,v,a) of the
form

(3.3}

=
3

vy
Y

ht4
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a typical 2-cell (u,v,a) = (U,V,a) is a pair of 2-cells p: u = u,
g: v =7V in K satlsfying the obvious conditions with respect to a and
&; and the various compositions are by pasting. The morphisms of K'
are those of K" in which o = 1, and are thus just pairs (u,v)

making the outside of (3.3) commute; its 2-cells are those in K"
between these morphilsms.

There are evident actions of E on K' and on K", the first
being the restriction of the second; namely (D,f) goes to Df,
(D,(u,v,a)) goes to (Du,Dv,Da), and in general D is applied to
everything in sight, with appropriate arrangements also for the l-cells
and 2-cells of E. Just as in the case of K, these actions have

right adjoints; we have 2-natural isomorphisms

(3.4) K'(Df,f') 2 E(D,[f,f']),

(3.5) K"(Df,f') = E(D,(£,f"),

where [ £,f'] is the pullback

o
(3.6) [f,f'] » {A,A'}
8, {1,f1}
{B,B'} »{A,B'}
{f,1}

and (£,f" 1is the comma object

39
(3.7) (fr,en —»{A,A"}
5, {1,£'}
A
{B,B'} »{A,B'}
{f,1}

of course there is a canonical map
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(3.8) e: [f,01] > <(f£,0")
with 3ge = 85, 938 = 83, Ae = 1; it is a monomorphism since §y and
§1 are jointly monomorphic.

Thus K' and K" become E-categories, just like K, with the
same kind of formal properties. In particular, taking f' = f, we
observe that [ £,f] and (f£,f? are doctrines; and it is easy to see in
thls case that 85, 8;, 395, 31, € are all doctrine-maps.

Moreover for any doctrine D in E, a doetrine-map
k: D—>(f,f) corresponds under (3.5) to an action (a,b,g): Df = f

of D on £ in K", which when written out as

(3.9) DA > A

Df - £

DB

*
t

b

is easily seen to amount to actions a: DA — A and b: DB *> B of D
on A and B,together with anenrichment E of £ to a D-morphism

o= (f,f): A > B. The action a: DA > A itself corresponds to the
doctrine-map

(3.10) D —————{f,f) ——w {4,A},
k do

and similarly for b.

Similarly a doctrine-map D = [ f,f] or an action of D on f
in K' amounts to actions of D on A and on B such that f 1is a strict
D-map; the situation of (3.9) with E = 1., Since € is a monomorphism,
there is no difference between a doctrine-map D > [f,f] and a
doetrine-map D ~ (f,f) that happens to factorize through [ f,fl.
3.4 Finally, in order to describe D-2~cells as doctrine-maps, we
go one step further. Consider (K")' = [g,K"}, the 2-category of
morphisms of K"; so an object of (K")' is a triple (u,v,a) as in (3.3).

Now write K# for the full sub-2-category of (K")' determined by those



302

objects (1,1,Y); that is, those of the form

1
(3.11) A — A or A
f = g f (=%|g
Y Y
B— B B.
1

Calling this object Y for short, a morphism from Y to Y' in K# consists
of pairs (u,v,a): £ > f' and (x,y,8): g > g' in K" such that
(x,y,8)(1,1,y) = (1,1,y")}(u,v,a). This last implies that x = u, y = v;

so finally a morphism vy = y' in K# consists of (u,v,a,B) satisfying

u

u
(3.12) A — s A = A — ey AT
==p
£ Y & 8 lg’ fl o opve
B——————s B! B ——— B!
v v

# consists of a

Then a 2-cell (u,v,a,B) = (Q,v,x,8) in K
pair of 2-cells in K", say (p,o0): (u,v,a) = (u,v,a) and

(6,6): (u,v,8) = (u,v,B),satisfying the equation

(3,9,3) (7,7,8)
,/’—_L“‘\ﬁ~ ,/"—L‘\\,N

(3.13) S CR Mt LS TR —— i YA B
~—_ 7 (1,5, (1,1,v)
(u,v,a) {u,v,8)

in K". But this last equation gives 6 = p, ¢ = o; so in the end a

# -

2-cell (u,v,a,8) = (U,v,a,B) in K" consists of a pair p: u = U,

o: V = ¥V satisfying the conditions that (p,s): (u,v,a) = (Q,V,d)
and that (p,o): (u,v,B) = (1,v,B) are 2-cells in K", namely
u
Gy a7 P - Y S
T o)
T a .COEFNEN ¢
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/_x\ _
(3.15) A P Al - A Y
\\\_// 1}5
u
g g' g _ g'
4s /_V\
B - - B B 1?‘0 B!
v

Now since E acts on K" it alsc acts on (K")', and this
actlon restricts to one on K#; and we have an evident 2-natural
isomorphism
(3.16)  k*(oy,y) = EOIv,yD)
where [v,y'] is the pullback

T
(3.17)  Ly,y'l : e (F,F')
T (1,y"?
{g,g") - (f,g")
(y,12
Once again when Y! = Y we get a doectrine lvy,yl, and 74,7, are then

doctrine-maps. It is clear that a doctrine-map D > [v,vl, or equally
an action of D on Y in K#, is just a D-2-cell Y: F = G between the
D-morphisms F = (£f,£): A - B and G = (g,2): A - B, as defined in
(3.19) or [13].

3.9 There is an analogue of (3.7) in which A i1s an igomorphism:

it can be called either the strong comma object or the pseudo pullback.

Each of the main results stated in §1.1 has both a "lax" and a "pseudo"
case. In order to make our treatment of these cases formally identilecal,
we agree to use (f,f ) in the strong sense, without introducing a new
name for it, when handling the "pseudo™ case. Then the £ of (3.9) is

invertible, etc.
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4. Lax algebras

~ *
4.3 We first define a lax doctrine map H = (h,h,h°): D~ D

between two doctrines (D,m,j) and (D*,m*,j*) on the 2-category K.
The most elegant way of doing it would be to take the 2-category
E =[K,Kl, and to form E" from it as we formed K" from K in §3.2;
then to observe that E" was a strict monoidal category, the tensor
product of the objects £f: D - E and f': D' - E' being
ff': DD' - EE'; and finally to define a lax doctrine map as an
object h: D~ D" of E" with the structure of a monoid for this
tensor product. However we say the same thing in elementary terms.

A lax doctrine map, then, consists of a Z2-natural transform-

* ~
ation h: D = D tfogether with modifications ho,h as in

m
. D DD » D
/
(4.1) 1 =>h° h hh = h
\jpb\\\\A * % ¥ ¥
D, DD —meg——— D,
m
satisfying the axioms
Dj m 1
(h.2) D > DD » D = D——m e D
=
1 Dh° Dh
* =
D——————=DD h h h h
*
Dj
h hD
9 v v
* *_% * *
D »D D » D D —ty
* *
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JD m 1
(4.3) D — DD » D = D —— D
h l th
* —
% JD * 2z
D ——————» DD h h h h
@
o ¥
1 h™D hD
v ﬁ v
* * % * * *
D——%—»DD ——5—+D D ————»D
J Db m 1
Dm m mD m
(4.4) DDD -»DD » D = DDD————3%» DD ———» D
%_v
Dhh Dh Dh DDh Dh
% * .\.E
¥ ¥ ¥ ~ mD h h
DD D ——5—» DD h |h DDD —————DD
Dm
hp' D" * * ~ % *
hD AhD hD hD
Y Y
¥ % * ¥ % * * ¥ % * * *
DDD——DD—%D DDD——»DD ———»D .
*® % * % % *
Dm m m D m

Lax doctrine maps compose by vertical pasting of diagrams
(4.1); that the composite satisfies the axioms follows easily from
the 2-naturality of h etec. Thus we get a category of doctrines and
lax doctrine maps, which becomes a 2-category Lax Doct when we define
a 2-cell to be a modification p: h = k satisfying the obvious
axioms with respect to ho,ﬂ,ko,ﬁ. It has the sub-2-category Doct
with the same objects and the same 2-cells, but whose l-cells are
those with h and Haidentities; these are the ordinary (strict)
doctrine maps, and the 2-cells are the modifications of these, as
defined in [13]583.6.

There are lots of 2-categories intermediate between Lax Doct
and Doct. We call the lax doctrine map H = (h,ﬂ,ho) a pseudo doctrine

map if h and h° are isomorphisms; we call it normal or normalized if
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ﬁ) is an identity. Our arguments below are expressed in terms of

the relation between Lax Doct and Docet, but they go over absolutely

unchanged if we replace "lax" by "pseudo" or if we require normality.
iég For A € K, we define a lax action of the doctrine D on A to
be a lax doctrine map K: D - {A,A} where {A,A} is the doctrine
defined in §3.2. If k: D - {A,A} corresponds under the isomorphism
{(3.1) to a: DA ~ A, then the kind of argument familiar in the
context of closed categoriesshows that ko,ﬁ correspond respectively

A -

to a , a in

5 mA
(4.5) A —» DA DA » DA
A ]
a -
Da a a
A, DA > A
a

(In detail, we go from (4.1) to (4.5) by multiplying (4.1) on the
right by A and composing on the tail end with the evaluation
e: {A,A}A > A. We go in the other direction by applying {A,~} to
(4.5) and composing on the front with the unit E - {A,EA} where
E=1or D2.) Equally simple calculations show that the axioms
(4.2)~(4.4) are equivalent to the axioms (4.6)~(4.8) below:
DA mA
(4.6) DA —» DA & DA = identity,
= =
Da

Da a a
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3DA

(&.7) DA »D°A = identity,
A
a Da
DA
% -
A JA » DA a
= a
3 a
1
v
A
3 DmA 5 mA 3 mDA >
(4.8) 03— D% ——wpa = DA ——aDi
2 > > 2 \
D% - ba  z Ja D%a Da oA
p2A » DA > pfs —M& _,pa &
Da a a
Da\. —> a &
—_—t
DA _ A

We more commonly use the term lax action of D on A not for
the lax doctrine map X = (k,i,ko): D = {A,A} but for the above
triple (a,d,a) satisfying the axioms (4.6)-(4.8). This latter
definition can be used evenwhen A is not an object of K but a
morphism L =+ K, in which case the first definition fzils because the
right Kan extension {A,A} of A along itself may not exist; and we do
use it in this extended sense. The A with such a lax action of D is
called a lax D-algebra; note that this definition agrees precisely
with that of Street in [24] §2 above. Moreover a, for instance, is
an lsomorphism or an identity precisely when k is 3 SO we carry over
the words "pseudo", "normal" from the lax doctrine maps to the lax
algebras. Finally the strict doctrine maps correspond of course to

the honest D-algebras, where both a and a are identities.
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4,3 For f: A= B in K, and a doctrine D on K, consider a lax
doctrine map P: D~ {f,f) where ( f,f) is the doctrine defined in
§3.3. Because the passage from (4.1)-(4.4) to (4.5)-(4.8) is purely
formal, depending only on the actlon of E on K satisfying (3.1), we
can repeat it all at the level of the action of £ on K" satisfying
(3.5). We conclude that P corresponds to a lax action of D on f
in K", given by precisely the data (4.5) and the axioms (4.6)-(4.8),
but with A replaced by f and with the l-cell a and the 2-cells %,5
of K replaced by l-cells and 2-cells of K",

Now conslder what this means. Let the morphism Df = f in K"

replacing a: DA > A in K be (a,b,f) as in

a
(4.9) DA > A
=
Df £ £
DB > B
b

Let the 2-cells in K" replacing the 2-cells 5,5 of K be the respective
pairs (3,d), (3,b). By the definition of what a 2-cell is in K", these

have to satisfy

JA JA
(4.10) A——————>» DA = A~————>» DA
1 z}’a a a
f f Df
A B s A
B B—4= 5> DB 7
= A
1 f 1 B b f



(4.11) D%A — > DA = pla__mA__ _pa
- 8
B a a \
A
a
02e D°f pr| =
[, -
— DA - A f
Df £
p2h r = £ p?—28 . B
f = - \
DN Db b
DB ———— B PB— % B,
b

When 1t comes to the axloms (4.6)-(4.8), we observe that these are
essentially about 2-cells in K", which are only pairs of 2-cells

in K - satisfying conditions indeed, but these latter automatic

once given (4.10) and (4.11). Thus (4.6)-(4.8) for the lax action

of D on f reduce to the original (4.6)-(4.8) for 3,3 and for B,E.
Putting all this together, we see that a lax action of D on f in K"

is the same thing as a lax action (a,é,g) of D on A (corresponding of

course to the lax doctrine map
Do (£, £ )= {A,A}),
P dg

a corresponding lax action (b,g,b) of D on B, and an T as in (4.9)
satisfying (4.10) and (4.11).

We call the pair F = (f,f) a morphism of lax D-algebras

F: A 7 B; it is just what Street calls a "lax homomorphism" in

[24] 82 avove. We call it a strong morphism if f is an isomorphism,

and a strict one if ; is an identity. Of course an argument precisely
similar to that above identifies a strict morphism f: A - B of lax
D-algebras as a lax action of D on f in K', and hence as a lax
doctrine map Q: D > [f,fl. This shows that, for lax doctrine maps
Just as for strict ones, there 1s no difference between one into
[f,f], and one into { f,f) that happens to factorize through

e: [f,f] > {f£,f); which could alternatively have been seen by going
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back to the definitions of [f,f] and (f,f) as a pullback and a

comma object. This point needs to be kept in mind for our argument

below. (Note that we get the strong morphisms by using the different (£,f) of §3.5.)
Finally, just as we agreed to extend the definition of lax

algebra given by (4.5)~(4.8) to the case where A is not an object of

K but a 2-functor L = K, so we extend the definition of morphism of

lax algebras to this case, by (4.9)~-(4.11), where f i1s now Z-natural

and T is a modification.

i&ﬂ Lastly in thils hierarchy, we have to consider a lax doctrine

map R: D —> [y,yl, where y: f =g: A —- B in K as in (3.11), and

[v,vl is the doctrine defined in §3.4. Arguing as above, we see that

this 1s the same thing as a lax action of Don v in K#. Let the

analogue of the a: DA = A of §4.2 be (a,b,f,8): Dy - v, so that as

in (3.12) we have

a a
(4.12) DA — > 4 - DA — = A
= = = ==
b | py |De E e Df £ £l Y e
DB — > B DB —— =B
b b

Let the analogues of the 2-cells 4,3 of §4.2 bethe 2-cells (5,6) and
(3,b) of k*. Then 4 and 3 are as in (4.5), and (B,B) similarly.

The axioms (3.14) and (3.15) that these must satisfy to be 2-cells

in k¥ reduce to (4.10) and (4.11), with their analogues for g,g.
Finally the lax-action axioms (4.6)-(4.8) for (4,b) and (a,b) reduce

to (4.6)~(4.8) for 5,5 and the analogues for 6,6. Summing up, we

have lax D-algebra structures on A and B, morphisms F,G: A - B of
these where F = (f,f) and G = (g,8), and finally a 2-cell y: f =g
satisfying (4.12) (which is identical with the (3.19) of [13], defining

D-2-cells in the case of honest D-algebras).
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We therefore call such a y satisfying (4.12) a D-2-cell
even 1n thils lax case; and we extend this definiftion to the case
where the lax D-algebras A and B are not objects of K but 2-functors
L = K, in which case y 1s of course a modification.

Now that we have lax D-algebras, morphisms of these, and
D-2-cells, we make a 2-category lax-D-Afg of these elements, defining
the various compositions by the evident pasting operations; 1f we
restrict to the strict morphisms of lax D-algebras, we get the sub-2-
category Lax-D—AKg*. There is a similar restriction to the strongmorphisms.
iéi It is easy to see, although tedious to write out, that the
inclusion of Deet in Lax Doct 1is 2-continuous: it preserves limits
and cotensor products. It follows that a doctrine D, regarded as an
object of Lax Doct, admits a 2-reflexion H = (h,ﬁ,ho): D~ D* into
Doct, provided that the appropriate solution-set condition is
satisfied for the given D. That is to say, there is a doctrine D* and
a lax doctrine map H: D — D* such that any lax doctrine map K: D 7 E
is of the form K = tH for a unique strict doctrine map t: D* - E.

We get the same 2-continuity if we replace "lax" by "pseudo", or if
we require normality; and exactly the same considerations apply.

I do not intend to study in this paper the conditions under
which, for a given D, the solution-set condition is satisfied and the
reflexion D* exists. Certainly when D is Ue~ for a small club U in
Cat/3 it is immediate that D* exists, as we see below in §4.10. I suppose
the methods of Barr [ 1] or of Dubuc [5] will show D* to exist if
say K 1s loecally presentable and D has a rank. In part I leave the
question aside because I haven't thought out the details; but in part
too because I suspect that it doesn't really matter: 1t seems to me
likely that D* always exists as a doctrine on CAT when D is one on
Cat, or that D* exists on a sultable completion of K in a bigger
universe when D is given on K. The question is connected with that

of extensions of D adumbrated in the second paragraph of §3.2, and
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really deserves a fuller treatment 1In 1ts own right at another time.
Our concern in this paper 1s with the consequences of the existence

of D*, and the club case 1s sufficient to show that our considerations
are not vacuous.

A final point in this vein: I assumed in [ 10] above, for
the proof of Theorem 3.1 of that paper, that D* ( there called D') does
exist., If it does so only in some bigger universe, that in no way
affects 1ts utility for the proof of that theorem. And if it does
not, there is no doubt that that theorem remains true, replacing
" Di-category" by "normalized pseudo D-category" and so on; we should
merely be denied the use of the results of [10] §1 as they stand, and
should have to prove them over again in the pseudo-algebra case,
which would be an awful nuisance. But no-one would doubt that such
purely formal diagram-arguments, which clearly remain such when
translated from D'-terms to pseudo-D-terms, would be valid independent-
1y of the "size™ of D - even though the metatheorem involved is felt
rather than stated.
iég Coming back to the main point, we identify the D*-algebras
A in K - something we have anticipated in the last paragraph. Such
an algebra is given by a strict doctrine map t: p* » {A,A}; and these
are in bijection under K = tH with lax doctrine maps K: D = {A,A}.
Thus the D*—algebras in K are just the lax D-algebras. Moreover if
K corresponds as before to the lax action (a,a,;), while t corresponds

* *
to the honest action a : D A - A, the relation X = tH translates into
% - ¥~ ~ %
(4.13) a = a .hA, a = a .hA, 2 =a .n%.
Otherwise put, every lax D-action is of the form (4.13) for a unique
% *
D -action a .
% - % ¥
Similarly a morphism F = (f,f ): A = B of D -~algebras is
%
given by a strict doctrine map D — {f,f) and hence by a lax doctrine
map D = {f,f), which corresponds to a morphism F = (£,F): A - B of

*
lax D-algebras. The connexion between F and F 1is given by
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*
*

(4.14) DA ——2 o p - DA hA o p*a 2 .4

—_

* " 3

Df ; £ Df D r 7 £
DB — > B DB ~ DB —B.

b hB b

*
Again, we can say that any P is of the form (4.14) for a unique F .

*
Since moreover ¢: [f,fl = {(f,f) is a strict doctrine map, D = {f,f?

factorizes through [ £,f] if and only if D = {f,f) does so; whence
- —%
(4.15) fo=1 if and only if f =1,

*
that 1s, F is strict if and only if F is so.
*
Finally doctrinemapsD = lv,v] correspond to lax doctrine

maps D <> [y,yl, and we conclude that
* # %
(4.16) the D -2-cells y: F = G are just the D-2-cells y: F = G.

Moreover the correspondences (4.14) and (4.15) respect the
various kinds of composition; the only case that is not absolutely
trivial is that of vertical pasting of diagrams (4.14), which clearly
produces another diagram of the same kind by the naturality of h. Thus
we have identified the 2-category D*—Azg [resp. D*—Alg*], namely as
essentially the 2-category Lax-D-AfLg [resp. Lax-D-Afg,l. Since we
also know the forgetful 2-functor to K, we do indeed have an Implicit
determination of D*. (This whole section remains valid for the stronger
{(f,f) of §3.5.)

4.7 For the purposes of our proof, we need the results of §4.6
not only for algebras A that are objects of K but for algebras that are
2-functors A: L = K (L being K itself in our applications). Since
for such an A the right Kan extension {A,A} of A along 1tself need

not exist, we cannot argue directly as in 84.6. Instead we have to

argue object-wise, using the results of §4.6.
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Let A: [ — K then be a lax D-algebra, with lax action
(a,a,a). For each X € L we get a lax D-action (aX,aX,8X) on AX,
and hence as in (4.13) a unique D*—action a*X on AX such that
aX = a*X.hAX, aX = a*X.ﬂAX, and aX = a*X.hOAX. What has to proved
is that a* is 2-natural, so that a* is indeed a D*-action on A, and
of course the unique one satisfying (4.13).

To show the naturality of a*, consider ¢: X > Y in L.

Because a is natural, we have commutativity in

aX
(4.17) DAX = AX
DAY Ad
DAY - AY
ay

and A¢ is in fact a strict morphism of lax D-algebras, the axioms
(4.10) and (4.11) being satisfied because a and 3 are modifications.

Hence by (4.14) and (4.15) we have commutativity in

*

% a X
(4.18) D aX » AX
D A4 A
*
D AY r'y = AY
ayY

showing the naturality of a*. For its 2-naturality, let a: ¢ = y¢:
X-Y in L. Then Aa: A¢p = Ay is a D-2-cell by the 2-naturality of a,
whence it is a D*—E—cell by (4.16), giving the 2-naturality of a*.
Next, let A,B: [ - K be lax D-algebras and F = (f,f): A ~ B
a morphism of these. Then FX = (fX,EX): AX = BX is a morphism of lax
D-algebras in K, which therefore corresponds as in (4.14) to a unigue

* -% # = %
morphism F X = (fX,f X) of D -algebras in K, where fX = f X.hAX. If
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*
F is strict, so 18 F , and there is no more to prove; but in the

—-%
general case we must show that f is a modification. This means the

equality
* *
* a X % a X
D AX — e AX = D AX ——————— AX
=3
* -% *
D X X X D A¢ A¢
*
* ayY
P BX ——g———a BX DAY — 3 AY
b X
=
* * -%
D B¢ B¢ D fY £Y Y
* #*
D BY —gp———» BY D BY ————5—a= BY ;
b Y b Y

which we have because the correspondence (4.14) respects composition,
because under this correpondence E*X corresponds to £X and (4.18) to
(4.17), and because f is a modification by hypothesis.

At the nextlevel, that of D-2-cells, there is by (4.16)
nothing to prove.

We conclude that the results of §4.6, expressed in the form
that every lax D-action (a,é,;) is of the form (4.13) for a unique
D*-action a*, etc., remain true when we take the algebras in the

present, wider, sense.

4.8 We can now proceed rapidly to the proof of our first main
result.
Theorem 4.1 Let D be a doctrine on the 2-complete 2-category K.

Suppose that, considered as anobject of Lax Doet, D admits a reflexion

~ * %
H= (h,h,ho): D+ D into Doct. Let s: D = D be the unique strict

doctrine map satisfying

(4.19) sH = 1,
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which exlists because 1: D > D is a strict doctrine map and a fortiori

a lax one. Then there is a modification n: 1 = hs such that sn =1

-

and nh = 1. The same is true if we require normality, or if we replace

"lax" by "pseudo"; in the last case n is an isomorphism.

Proof. The last sentence of the theorem is immediate from the

comments at the end of 84.1, from those in the first paragraph of §4.5,

and from the details of the following proof, in the light of §3.5.
Observe that, by the definition of composition of lax

doctrine maps, (4.19) may be written as
(4.20) sh = 1, sh = 1, sh™ = 1.

% *

Because s is a doctrine map, m.sD: D D = D is a D -action

on D, as in (3.8) of [13]. The lax D-action on D which corresponds
to this under (4.13) is, by (4.20), the lax action (m,1,1); that is to

say, the strict action m: D2

= D of D on itself,.
* # ¥ % * *
The D -~actionm : D D D of D on itself corresponds by
* * ¥ ~ ¥ * * *
(4.13) to the lax action (m .hD , m .hD , m . h®D ) of D on D

The second dlagram of (4.1) may be written as

(4.20) DD m - D
Dh J
D

- - *
I assert that H = (h,h) is a morphism D - D of lax D-algebras. For
the axiom (4.10) in thils case reduces to (4.3), and the axlom (4.11)
reduces to (4.4). It follows as in (4.14) that there is a unique

* - * *
morphism H = (h,h ): D - D of D -algebras satisfying
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(4.21)
m hD % sD m
DD »D = DD ——>DD » DD = D
= ¥ e
Dh h lh Dh Dh ﬁ* h
* * ¥ ¥ * * % *
DD ¥ DD % » D DD ———> DD % » D
hD m hD m

* ¥
On the other hand s: D - D is a strict morphism of D -algebras,

and hence a strict morphism of lax D-algebras. Since sH = 1 by (4.20)

and since the correspondence (4.14) respects composition, we have
*
(4.22) sH = 1.

We are now in a position to apply Theorem 2.5; with of course
D replaced by D*, DA replaced by D*l = D*, B replaced by D, and H
replaced by H*. The r of Theorem 2.5 now becomes, by (2.4), the
composite sj*: 1> D, which is j: 1 - D since s 1s a doctrine map.
The £ of Theorem 2.5 is therefore to be a modification j* = hj; and we
take it to be the h° of (4.1). Since sh® = 1 by (4.20), we have
s& = 1, so that by Theorem 2.5 again we have sn = 1.

*
According to (2.22), the n: 1 = H s produced by Theorem 2.5

is the composite

(4.23)

It remains only to give a proof that nh = 1. But by the 2-naturality

* %
of h we have D h®.h = nD .Dho, so that (4.23) composed with h becomes
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(h.20) p—29 o pp B2 L p*p 30 _pp T _.p
*
Dh® Dh D h —x h
> h
Dj * % % %
DD > D D - D
hD m

however the composite of the two rectangles on the right is h as in
(4.21), whence (4.24) is the identity by (4.2). This completes the

proof. ]

4,9 In my paper [10] above in this volume, I stated at the end

of §3.1, and used in the proof of Theorem 3.1, only one very small part
of the above theorem: namely that s: D* = D had a right inverse h,
as in (#.20). The D* in guestion herec is that for the normalized
pseudo case, which is the case that arises in [ 10].

In §3.3 of [10] T called the doctrine D flexible if s: D* - D
had a right inverse t: D — D* that was a (strict) doctrine map; this
notion was used in Theorem 3.3 of [10]. It was stated there that the
doctrine D* is always flexible: we now justify this.

The proof is elementary, not depending on Theorem 4.1, and
applies equally in the lax case as in the pseudo case, with or without

normality.

#
Proposition 4.2 Let Ht D 7 D be the reflexion of D, considered

% %
as an objeect of Lax Uoct, intc Pect; and let XK: D =D be the

*
reflexion of D , considered as an object of Lax Doct, into Doct. Let

EX3 *
g: D - D be the unique strict doctrine map such that qK = 1. Then

* *%
there is g strict doctrine map p: D > D with gqp = 1.

%%
Proof Since KH: D = D is a lax doctrine map, and since

*
H: D ? D 1is the reflexion, we have KH = pH for a unique strict

# *®%
doctrine map p: D > D . Then gKH = gpH; but again gKH = H = 1H
since gK = 1, Since gp and 1 are both strict, the uniqueness property

for the reflexion H gives qp = 1. [
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In the pseudo case, since g is an equivalence of endo-2-
functors by Theorem 4.1, 1t follows that pgq = 1. I suspect, but
have not proved, that the isomorphism pg = 1 can be chosen to be a
doctrine-modification, so that D* and D** are equivalent doctrines.
This would be very convenient if 1t were true, and the gquestion should

be looked into.

E

We consider finally the special but important case when
D = Do~ for some club ¥ in Cat/S. We again refer the reader to §1
and §10 of [ 9] above for general facts about clubs of this kind.

To give a lax D-algebra structure, which we shall also call
a lax D-algebra structure, on a category A, we have first to give a
functor a: DeA > A, or equally a morphism D = {A,A} in Cat/g; here
{A,A} is now the "rich endo-functor category" of [ 9] §9, and not the
right Kan extension of (3.2) above. So for T € D we have to give
|T]: A™ > A where I'T = n; and for f: T = S in D we have to give the
generalized natural transformation |f|: |T] = |[S| of type I'f. Since

this is to be a functor, we must requilre
(4.25) |fg|l = |f] |g| and |1| = 1.

Next we have to give a as in (4.5), a natural transformation
with components
a,: A = [1](8),

that is, a natural transformation

W
=
1
-

In the normal case we require a = 1, which involves demanding that
|l} = 1. In the pseudo case we have to provide 2 with an inverse, S0

we must also give a natural transformation

and demand that
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Similarly for the & of (L4.5); it is to have components

PRSI LI EN OSSP ERTOR

> TS S (A A ),

1

with inverses a' provided in the pseudo case., All these data are
then to satisfy the further axioms corresponding to (4.6)-(4.8).

It is clear from [ 9] §10 that such a lax D-algebra is i1tself
an algebra for a club D* in Cat/$, which we have 1n effect Just
described by its generators and relations. Explicitly, the objects
of D* are generated by objects T in bijection with the objects T of
D, and with FE = TT. These are subjected to no relations except 1n

the normal case, where we impose the relation = 1. The generators

1
* - -
for the morphisms of P consist of an f: T = S

with Tf = I'f for each
f: T -5 inD; of an a: 1~ 1, with la = 1, which is to be omitted

in the normal case; and of an

B s s ¢ T(By,...,8) » TS558,

.. n n
1 n

with Ta = 1, for each object T[S ..,Sn} of PoD. 1In the pseudo case,

1

these are to be augmented by further generators a' and 5‘T[S S ]
1" n

in the reversed senses. The relations between expanded instances of

these generators are Eé = fg and lT = 15 corresponding to (4#.25); the

relations aa' = 1, a'a = 1, aa' = 1, a'a = 1 in the pseudo case only;
and finally the relations corresponding to (4.6)-(4.8). The first

of these for instance asserts the commutativity of



-
[
Nt
=t
N
1= 1
1
-

W=

(1.. .
H ang...

and the other two are equally easily written down.

=1

)
=
i

It is further easy to check that a D*-morphism is the same
thing as a D*—morphism, and a D*-2—cell as a D*-2—cell; so that D* is
indeed the doctrine D*o— for the club D*.

We can regard h and s as maps h: 7 - D* and s: D* - D; they
might a priori lie in Catj*g, by the general principles of [9], but it
is easy to see that in fact they lie in Cat/5. That this is so for s
follows from the considerations of [ 9] §10.7; s is clearly defined on
generators and relations by sﬁ =T, sf = f, s a = i, s a =1. As for
h, we have only to recall just how a D*-algebra gives a lax D-algebra:
clearly hT = 5, hf = E, while the components of h® and of h are given
by & and & respectively.

It follows that h embeds D as a full subcategory of D*, onto
which s reflects O*; with the consequences for commutativity of diagrams

described in §1.4 above.

ié;; It remains only to prove the further assertion of [10J§3.3,
namely that D is flexible if it is Do~ for a club D in Cat/g8 whose
objects are freely generated. I recall that the definition of
flexibility in [ 10} was concerned with the D* for the normalized pseudo
case; the result we shall prove is independent of normality, but does

require that we be pseudo rather than lax.
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Broposition 4.3. Let D be a club in Caf/S whose discrete club |?]

*
of objects is freely generated, and let P be the club for pseudo

*
D-algebras, normalized or not, with s: P > ¥ the canonical map of

%
clubs. Then st = 1 for some club-map t: 0 =P in Cat/g.

Proof. As in §4.10 we already have h: D — 9* with sh = 1. Let G
be the set of free generators of |D|. For G € G, set tG = hG. Take
t: D] — D* to be the unique club-map extending t: G ~ p* (by club-
map in this proof we always mean club-map in Cat/3). Then for any

T € D we have an isomorphism a tT = hT which is a composite of

p
expanded instances of 3 and g. Define t: D = D* to be the conjugate
of h under o. Since s is a club-map and since sa = 1 and sa =1, we
have st = 1. Note that t is in Cat/3 since h is and since ra =1,

Ta = 1. It remains to prove that t is a club-map, that is, that we

have commutativity in

m
(4.26) DD > D
tet lt
o¥.p* ; L
m

But we have forcibly made (4.26) commute on objects, by
taking t: |D] ~ D* to be a club-map. So we need only check that it
commutes on morphisms. But the composite of (#.26) with s: 9* - P
commutes, since s is a club-map with st = 1. Hence (4.26) itself
commutes, since s is an equivalence of categories and soin particular

a faithful functor. a
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5. Pseudo distributive laws

5.1 Let (D,m,J) and (D',m',j') be doctrines on a 2-category K.
To give a 2-functor 5* rendering commutative

Dy
(5.1) D'-ALg, »D'-Algy
Uty Uy,
K » K,
D

where U'y 1s the forgetful 2-functor, and to give 2-natural

~ ~ ~ - . t
Jgt 1 7 Dy and m: D*2 = Dy such that U'yj, = J U'y and Ulymy = m U o,

is to give a distributive law of D! over D in the classical sense of
Beck [2]. Because U', is faithful, j, and my are unique if they
exlst, and automatically make of 5* a doctrine on D'-Algy.

We get a much more lax notion of distributive law 1if we ask
the doctrine D to 1ift not through U'y: D'-Afg, — K but through its
extension U': D'-Alg = K. The pseudo distributive laws of this
paper occupy an intermediate place, being only a mild extension of
the classical ones.

For a pseudo distributive law we suppose that the 2-functor
D is given a 1ifting 5* as in (5.1). Then, as we shall show shortly,
5* has a canonical extension to a 2-functor 5 satisfying

D
(5.2) D'-Alg »D'-Alg

Ut U
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We suppose that j lifts as above to a 3*: 1~ Dy, and we observe
that the components of jy, are also those of a 2-natural 3: 1 =D,

satisfying U'J = jU'. What we do not suppose 1s that m lifts to an
&*. Instead, we suppose given an m: 52 - 5 satisfying U'm = mU';
since U' 1is not faithful, m is not uniquely determined by this - the
morphism part of each component 1s so, but not the 2-cell part - so
more data is involved. We further suppose that each component of m is
a strong D'-morphism. (If we were to replace strong here by strict,
we should be back in the classical case: this then is what our
relaxation consists in.) Finally we suppose that <5,i,}) satisfy

the axioms for a doctrine; these are no longer automatic as in the
classical case.

Examples of such pseudo distributive laws will be given in

§6.

5.2 Beck showed in [2] that to give a classical distributive law
amounted to giving a p: D'D = DD' satisfying four axioms. We now
carry out a corresponding analysis of a pseudo distributive law.

It turns out that to give a pseudo distributive law we must
first give a 2-natural p: D'D = DD' satisfying three of Beck's

axioms, to wit

j'p

{(5.3) D —m— DiD

D! i p

DDY,

D’p pD'
(5.4) D' ———ouou- DD —————eeegn. DD D!

m!'D Dm!
D'D s DD' s
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D'j]

(5.5) pt* ———D'D

then we must glve an invertible modification 7 sitting in what, if =«

were 1, would be Beck's fourth axiom:

pD Dp
(5.6) D'DD 3 DD'D > DDD'!

D'm b1 mD'

D'D » DD'

and finally we must subject 7 to five axioms; the reader will note
that in each of these equality at the level of l-cells is automatic

by (5.3)-(5.5) and naturality:

j'DD
(5.7) DD »D 'DD > —> = identity,
=
T
» DD!
D'jD
(5.8) D'D > D'DD - — = identity,
—
m
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D'DJ
(5.9) D'D » D'DD —3 —% = identity,
>
i
————————>» DD’
m'DD
(5.10) D'D'DD > D'DD —» —— —

—ep DD

D'D'DD ~———%» ——Pp D!'DDD! —» ——e

D'w D!

Dm'
» D'DD!'——o-» DD'D!——n-—» DD,

pDD
(5.11) po0 —r———3 DD'DD —>»

=>
D'Dm l DD'ml Dw l

pD Dp
bp'np ———o3» DD'D ———eetn DDD'
m>
™
D'D » DD!
p
DDp
DI'DDD =i —;»DDD'D — DDDD!
D mD'D mDD !
pD Dp
D'DD -+ DD'D ~~———————p DDD!
D'D > D t .
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We now Justify the above assertion. First, to give 5* as
in (5.1) 1s by [13] §3.3 to give an action q: D'DU', = DU', of D' on
DU'y. By [13] Proposition 2.1 to give a 2-natural g as above 1s to
gilve a 2-natural p: D'D - D'U' F', where F', 1s the left adjoint of
U'y; that is, to give a 2-natural p: D'D = DD'. The conditions for
q to be an action translate at once into (5.3) and (5.4).

We give the explicit form of 5* in terms of p; but we may as
well give at the same time its canonical extension 5, and write BA
rather than 5*A, ete. In doing so we use A both for an object of K
and for a D'-algebra (A,a') consisting of the object A together with

the D'-action a': D'A = A. We then have
(5.12) DA = (DA, Da'.pA),
the D'-algebra with object DA and with D'-action

(5.13) D'DA ——> DD'A w3 DA,

pA Dat
For a morphism F' = (f,f'): A - B of D'-algebras, we have a
D'-morphism
(5.14) DF' = (Df, Df'.pA)
as in
pA Da'
(5.15) D'DA » DD'A » DA
S
D'Df Dp'f Dfe Df
D'DB » DD'B » DB

DB Db’
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Finally a D'-2-cell y: F' = G' gives a D'~-2-cell BY: D' = ﬁG'

directly by

(5.16) Dy = Dy.

The 2~functor 5* is what we get by restricting D to strict
D'-morphisms; observe that if f: A > B is a strict D'-morphism then
ﬁ*f = 5f is just the strict D'-morphism Df: DA = DB. Since what we
have said about 5* is all Jjustified by our general remarks above, all
that needs separate verification is that (5.15) really is a D'-morphism
when F' is not strict, that (5.16) really is a D'-2-cell when F',G'
are not strict, and that 5 really is a 2-functor: all this is easy.
The next thing we wanted was 3*: 1- 5* with U‘*i* = JU'.
The last requirement forces the component E*A: A B*A to be
JA: A - DA; the desired 5* exists precisely when jA: A = DA is
indeed a strict D'-morphism, and this condition reduces to (5.5).
Once we have this, it 1s immediate that jA: A = DA 1s 2-natural not
only for strict D'-morphisms A = B but for all; so we in fact get a

2-natural 5: 1 - D with the same components:
(5.17)  JA = JzA = jA;

of course we have U'3 = jUu'.

Then we wanted m: ﬁz - D with U'm = mU'. The last

requirement forces the morphism-~part of the component mA: D2A - DA

to be mA. Thus
(5.18) mA = (mA, m'A)

for some invertible 2-cell m'A (since BA is to be strong). The form

of m'A is determined by the requirement that m be 2-natural. Indeed,
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mere naturality in A of &A, and that merely for strict D'-morphisms
f: A > B, suffices to fix the form of m'A. First, taking f: 4 ™ B
to be a': D'A - A, we easily see that m'A is of the form

pDA DpA DDa'
(5.19) b'vPA ~———>»DD'DA ~———> DDD'A -y DDA

D'mA TA mD'A mA

D'DA » DD'A -~y DA
pPA Da'

for an invertible wA; next, taking f: A = B to be D'f: D'A 7 D'B,
we easlly see that 7 must be a modification, as in (5.6). Then no
more is needed to make ﬁ 2-natural: the verification is simple.

The further things we do need are that mA satisfy the axioms
for a D'-morphism - these reduce to (5.7) and (5.10) - and that
(B,&,S} satisfy the axioms for a doctrine; these reduce to (5.8), (5.9},
and (5.11) (automatic in the classical case 7w = 1, but not here).

This completes our justification of the above analysis of a

pseudo distributive law in terms of p and w.

5.3 We now look at the 2-category 5—A£g and describe its elements
in elementary terms involving D,D',p,s and elements of K.

A 5—algebra A is a D'-algebra A (with D'-action a': D'A ~ A)
together with a Bwaction a: BA - A. The latter is to be a D'-morphism

a = (a,a'): DA - A, which in view of (5.13) has the form

pA Da'!

(5.20) D'DA »DD A > DA
_;

D'a at a

DA » A

at
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There are four axioms to be satisfied: the first two say that g,

really is a D'-morphism, and the second two say that it is a D-action:

3'DA
» D'DA »DD'A —— DA = identity,

(5.21) DA
=)

art

D'A > A

m'DA
» D'DA ~—3 DD'A —»DA ==

(5.22) D'D'DA

DA » A

D'D'DA ——>» D'DD'A -~ D'DA —» DD'A ——» DA

—_ -
D'E" al
D'D'A » DA » A,
a!
(5.23) D'A - 4 = identity,
D'JA jD'A JA
A 4 DA Dat A 4
D'DA ——————» DD'A ———3 DA
t)
a1
D'a a a
%
D'A »A

av
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pDA DpA DDa?
(5.24) b'DDA —————3 DD'DA ————» DDD'A =—————> DDA =
1 ~—> 1
D'mA mD'A mA
TA
v
D'DA #» DD'A e DA
pA Da'
s
D'a a1 a
\} ['4
DA A
a'
pDA DpA DDa'!
p'nobA ———>» DD'DA —————— DDD'A ~————> DDA
>
1 -
D'Da DD'a DE! Da
Y
D'DA —————— DD'A % DA
pA Da!
-/
D'a at a
v
D'A » A
a!

Of these, (5.21) and (5.22) are straightforward; (5.23) expresses
a.5A = 1 using (5.20) and (5.17); (5.24) expresses a.mA = 5.55,

using (5.20), (5.19), and (5.15). Note that at the level of l-cells
the equalities (5.21), (5.22) are automatic, since a' was given as a
D'-action. The same is not true of (5.23) and (5.24), where equality
at the l-cell level already gives new information; in fact precisely
the information that a: DA = A is a D-action. (Clearly this implies
1-cell equality in (5.23) and (5.24); and it is implied by them, as we
see by composing (5.23) with j'A and (5.24) with j'DZA.) It is very
convenient to separate the l-cell from the 2-cell information in such

equalities, for example in the kind of reasonings used in §84.3 above.
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Thus in fine to give a ﬁ—algebra A is to give the object
A of K, with a D-action A and a D'-action a', and to give a 2-cell
&' as in (5.20) satisfying the four axioms (5.21)~(5.24). We may
write the 5-algebra A as (A,a,a',a'). {(In §1.1 of the Introduction
we described such an algebra, in rough terms, as one provided with
both a D-action and g D'-action, the D-action being given the
structure of a D'-morphism. We have now made this precise.)

Now we consider what it is to glve a B—morphism ﬁ: A > B,
It is a pair F = (F',%) where F' is a D'-morphism A - B and f is a

D'-2-cell as in

~ a
(5.25) DA ——— s A

~ =
DF! T JoAl

b
If F' 1s itself the pair (f,%'): A~ B then as a 2-cell f is of the

*

form

a
(5.26) DA ———» A

=
Df T £

B —————— B,

b

The requirement that f actually be a D'-2-cell is (cf. {13]1(3.19))
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DA Da'!
(5.27) D'DA » DD'A » DA
D'Df DD'f == Df a
Dr!
T>
D'DB + DD'B —» DB f A
pB Db'!
=
D'b bt b fy
D'B »~B
bl
pA Da'’
== D'DA » DD'A » DA
D'DY D'a — 3 a
_.9_ at
D'DB D'f D'A = A
D'b D'f > T T
D'B ~B
b!

Finally the axioms for § = (F’,E) to be in fact a B-morphism, since
they assert only an equality at the level of 2-cells, reduce to the
axioms for F = (f,?) to be a D-morphism. Thus in fine to give a
B—morphism F: (A,a,a',a') *’(B,b,b',g') is to give a triple

F = (f,%,%') such that F = (f,f): A = B is a D-morphism,

Pt = (f,f’): A 7 B is a D'-morphism, and (5.27) is satisfiled.

Lastly we consider what a D-2-cell ' F=>0G: A~Bis. It
has first of all to be a D'-2-cell y: F' = G'; but then the condition
for it to be a D=2-cell is, since it is a pure equality of 2-cells,
Just the condition for it to be a D-2-cell y: F = G. S0 a D-2-cell
y: (£,f,F') = (g,8,8") is just a 2-cell y: £ = g that is at once a

D-2-cell y: F = G and a D'-2-cell y: F' = G',
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2&5 We intend to exhibit ﬁ—algebras as the algebras for a
doctrine on K. The first step in doing this is to transform (5.20)
so that it becomes a diagram with leading vertex D'D and with terminal
vertex the {A,A} of §3.2; it will then involve not the actions
a: DA - A and a': D'A - A but the corresponding doctrine maps
D - {A,A} and D' ~ {A,A}, together with something corresponding to a'.
The axioms (5.21)~(5.24) will transform similarly. However we abstract
the transform we get in this way, replacing {A,A} by an arbitrary
doctrine, If we compare with §4, then §5.3 above is analogons to
§§4,.2~4,4, while the present §5.4 is analogons to §4.1. Of course we
now suppose Kto have small homs and to be 2-complete.

This leads us to the following notion. For any doctrine
(D*, m*, j*) on K, we define a map K from (D,D',p,m) to D to consist
of doctrine-maps k: D - D* and k': D' - D*, together with a

modification k as in

(5.28) D'D —P 5 pp
k'k = Kkt
Xk

* % EIE
DD DD
\ /*
m m
*
D,
satisfying the following four axioms {which are all automatic at the

1l-cell level):
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ID p
(5.29) D —————D'D ~——— DD! = identity
=
* ¥ * ¥
DD K DD
*
D
D'j p
(5.30) D » D'D > DD! = identity

*_*

O 4«——U

=
D' D k
§/

D
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D'p pD!
(5-31) DD ——m e D'DDYtY ————————» DD'DY ==
1
m'D Dm?
4
p v
D'D —> DD'
k'k A> kk'
v
# % € 1 *
\ /
*
D
D'p pD!

DYD'D D'DD' o DD'DY
Dlklk " D’kk\w, Kk'D!
D'k kD'

* %
D'D D D'D D D D D' D*D*D'

* k'D D *
D'm p*D k! m D'
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pD Dp
(5.32) D'DD » DD'D » DDD' =
=— ,
D'm - mD
A
D'D » DD’
P
k'k === kk!
v k
¥ ¥ ¥
D DD
\ /
m m
*
D
pD Dp
D'DD » DD'D » DDD'
R —
~ ~ 1
k'kD "D kk'p \Pk'k DR Dkk
*
D D

NA AN fo
SWAYZ

W

D
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If K= (k,k',&) and H = (h,h',g) are maps from (D,D',p,7) to
D*, we define a 2-cell H ® K to consist of doctrine-modifications
p: h =k and p': h' = k', satisfying the evident axloms with respect
to ﬂ and ﬂ. Thus we get a category Map((D,D',p,n),D*),or M(D*) for
short.

A doctrine map t: D* = E induces a functor
M(t): M(D*) = M(E), sending (k,k’,&) to (tk,tk',tﬁ). A doctrine
modification t: t = t, induces a natural transformation M(t) = M(tl)
whose (k,k’,g)-component is (tk,tk'). Thus M constitutes a 2-functor
Doct = CAT.

Now 1t is easy to see that a map K: (D,D',p,m) = {A,A}
corresponds exactly to a 6-algebra structure on A as described in
(5.20)-(5.24); we have only to replace D" by {A,A} in (5.28),
multiply on the right by A, and compose with the evalutation
e: {A,A}A - A, to get the situation of (5.20). The axioms (5.29),
(5.30), {(5.31), (5.32) easily reduce to (5.21), (5.23), (5.22), (5.24)
respectively; of course they were set up to do just this.

But now a map from {D,D',p,7) to the doctrine {(f,f? of §3.3
gives the analogue of (5.20) with f replacing A and the diagram now
living in K", So a,a' get replaced by actions of D,D' on f in K",
that is to say, by enrichments of f to a D-morphism (f,f) and to a
D'-morphism (f,f'), and 3' gets replaced by a 2-cell (5',5') in K";
the condition for this to be a 2-cell in K" is precisely (5.27). The
axioms (5.21)=-(5.24) reduce of course to those for 5',5' separately.
Hence to give a map (D,D',p,7) = (f,f) is to give D-algebra structures
to A and to B and to enrich f to a B-morphism (f,E,E'): A = B.

Finally, for y: f = g: A - B, a map from (D,D',p,m to the
doctrine [v,y] of §3.4 is equally easily seen to be just what makes

Y a D-2-cell.
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Note that a map from (D,D',p,m) to the doctrine [f,f] of
§3.3, or equally a map to (f,f) that happens to factorize through
[£,f], corresponds to a 5~morphism in which both f and ' are
identities. This is not the same as a strict B-morphism, which

clearly has £ = 1 but P arbitrary.

5.5 We now pass on to the analogues of §§4.5-4.7, It is clear
that the 2-functor M: UDoef = CAT is 2-continuous; it is therefore
2-representable if the appropriate solution-set condition is satis-
fied. The remarks in §4.5 concerning the conditions under which this
is likely to be so apply equally here. It is certainly so in our
applications in §6, where D comes from a club in Cat/g and D' from the
particular club for symmetric monoidal categories. We henceforth
suppose it to be so, and we henceforth take K: (D,D',p,m) ~ D* to be
the representing map. Thus any map H: (D,D',p,m) > E is tK for a
unique doctrine map t: D* > B,

We want in fact to consider two cases simultaneously. The
case we have consldered so far may be called the lax case. However,
because we have supposediﬁAto be strong, the doctrine 5 restricts to
one on the sub-2-category D'-AlLg,, of D'-Alg where we retain only the
strong D'-morphisms. This corresponds to requiring a' in (5.20) to
be an isomorphism, and hence to requiring ; in (5.28) to be an
isomorphism. We call this the pseudo case. There is no formal
difference between the two cases; M 1s 2-continuous in the latter as
in the former; we treat them together with identical notation, -
although of course it is a different D* in the latter case. However,
in our prime application, D* will not in the pseudo case come from a
club, as it does in the lax case: and I have therefore not the same
direct proof of its existence (¢f. §1.4 of the Introduction). Of
course in the pseudo case we gilve (f,f) its stronger meaning of §3.5,

and all our 2-cells are lsomorphisms.
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In view of §5.4, then, we have an isomorphism between
5—A£g and D*—Aﬁg. Not, as we saw in the last paragraph of §5.4,
between ﬁ—Aﬂg* and D*—Aﬁg*; the strict D*-morphisms are only some of
the strict B—morphisms; but we know exactly which ones they are {(those
with f = 1 and f' = 1), and hence we do know D* implicitly.

In analogy with §4.6, we give the isomorphism explicitly.
The D*~algebra A with action a*: D*A - A corresponds to the E-algebra
(A,a,a',a') where

*

(5.33) a = a .kA, al * X

* -
a .k'a, a' = a .kA.

¥ * - ~
The D -morphism F = (f,f ): A = B corresponds to the D-morphism

F = (f,?,%') where

- —% — —%
(5.34) £ = f .ka, £1 = f .k'A;
and we have
‘* - -—
(5.35) £ = 1 if and only if £ = 1 and f!' = 1,

Finally,

* ~
(5.36) y: £ =g is a D -2-cell if and only if it is a D-2-cell.

We can make these statements in the alternative form that
every B-algebra (A,a,a',a') is of the form (5.33) for a unique
D*—action a*, and so on. The same techniques as in §4.7 allow us to
extend this to the more general case where the algebras are not
objects A of K but 2-functors A: L — K, which we need to complete
our proof; we leave the easy details to the reader, and suppose this

done.
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5.6 In this section (analogous to 84.8) we proceed to state and
prove our second main theorem. The proof itself is not in detail
analogous to that of Theorem 4.1; doubtless one could make it so by
proceeding as there 1s a more direct manner, but as we give it we
avoid large diagrams by being less direct.

In this section the "underlying objects" of all our algebras

are endo-2-functors of K.

Theorem 5.1 Let (D,D',p,m) be a pseudo distributive law on the

2-complete 2-category K, and suppose that maps from (D,D',p,T) Ainto

~ *
doctrines are represented by K = (k,k',k): (D,D',p,m) > D . Then

* *
DD' is a D -algebra. Let s: D = DD' be the unique strict

*
D -morphism such that

(5.37)  si° = 3i'.

*
Define h: DD' > D as the composite

(5.38) DD'—— D*D*——;—» ",
kk' m

Then sh = 1, and there is a modification n: 1 = hs such that sn =1

and nh = 1. This applies to both the lax and the pseudo cases - the

latter being that where the third element of a map from (D,D',p,T) t

~

a doctrine is required to be an isomorphism; in the latter case k is an

isomorphism, and so is n.
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Proof As in the proof of Theorem 4.1, the differences in the pseudo
case take care of themselves: ﬁ is an isomorphism, whence the a'
below is invertible by {(5.39) below, whence hand h' below are
invertible; thus E* below 1s invertible because we use the stronger
{h,h? of §3.5 in the pseudo case; so finally n is invertible from
the details of Theorem 2.6,

For the purpose of naming the various actions on D* and on
DD', we treat these as if theilr names were A and B respectively.

D* is a D*—algebra with action m*, and is therefore a

~ % -
D-algebra (D ,a,a',a') where by (5.33) we have

* * * * - ~
(5.39) a = m .kD, a' = m .k'D, a' = m .kD .

D' 1s a D'-algebra with action m', so we can form the free
ﬁ—algebra on it, namely DD' with D-action mD'(also called b = (b,b')).
By (5.12) the underlying object of DD' is DD'. Thus DD' is a
~ - *

D-algebra (DD', b, b', b'); hence it is also a D -algebra with action
*
b,
# *
Since D is the free D ~algebra on 1, there is as in the
* *
statement of the theorem a unique strict D -morphism s: D - DD!

satisfying (5.37).

We shall need below the value of the composite

» DD'.

Y
lw}

{(5.40) Dt
k' s
As a strict D*-morphism, 8 is a fortiori a strict
D'~-morphism. Moreover the doctrine map k' is a strict D'-morphism;
note that the D'-action a' on D* given by (5.39) is just that arising
in the usual way from the doctrine map k'. Thus the composite (5.40)
is a strict D'-morphism; whence as in (2.4) and (2.5) it is determined

*
by its composite with j': 1 - D'. But k'j' = j since k' is a
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*
doctrine map, so that using (5.37) we have sk'j' = sj = jj', which

may be written as

1 D’ - DD',
3’ Jb!

Since jD' too is a strict D'-morphlsm by §5.2, we conclude that the

composite (5.40) is given by
(5.41) sk' = jD'.

* ~ ~
Since D 1is a D-algebra and DD' is a free one, there is by

~ ~ ~ *
(2.4) and (2.5) a unique strict D-morphism H: DD' - D satisfying
(5.42) H.jD' = k': D' = D

and given explicitly as the composite

(5.43) DD — » DD » D

Dk’ a

As in §5.3, we write H in the extended form H = (h,h,h'). Because it
is a strict D-morphism, h = 1 by (5.25). As a D'-morphism, a = (a,a')
as in §5.3; and Dk' is (Dk',1) by (5.14), k' already being strict as

a D'-morphism. We conclude that
{(5.44) n = a.Dk', h =1, h' = 3'.D'Dk'.

Substituting in this value for h the value of a from (5.39), we see
that h has indeed the value (5.38) in the statement of the theorem.

*
Being a strict D -morphism, s is a fortiori a strict

D-morphism. Consider the composite strict 5—morphism

- % -
DD! — D » DD'.
H s
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As in (2.4) and (2.5), it is determined by its composite with jD'.
By (5.42) and (5.41), this composite is jD'; which by (5.17) is

another name for ED'. Hence
(5.45) sH = 1.
* —% * *
Now let H = (h,h ): DD' > D be the D -morphism
corresponding as in (5.34) to the 5—morphism ﬁ. Since this
correspondence preserves composition, and since s corresponds to

itself by (5.35), we have

(5.46)  sH

]
=

¥
So we are now in the situation of §2.,3, with D ,1 replacing D,A

respectively. By (5.37) the r: 1 - DD' corresponding to

#
s: D - DD' is jj'. So
hr = h.jj'
#
= m .kk'.jj' by (5.38)

¥ ¥ ¥
= m .J J since k,k' are doctrine maps

% % % %
m .DJ .J
% £ % %
= 3 since m .D j = 1 (doctrine axiom).

]

Therefore we are in the special case of §2.3 in which (2.23) commutes.
Our desired reflexion result now follows from Theorem 2.6, once we
prove that

(5.47) n D 4j'.n = 1.

The rest of the proof consists in verifying this.
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We do this, by hindsight, in several small steps. First, by (5.23),
- *
(5.48) a',D'jb = 1.

3
Compose this with D'k': D'D' = D'D and use the naturality of J to

3
%
replace D'JD .D'k' by D'Dk'.D'jD'. Using the third equation of (5.4L),

we now have
(5.49) h'.p'jp' = 1.

- —-%
Use the second equation of (5.34) to express h' in terms of h

* - -%
(mentally replacing £f: A 2> B by h: DD' > D ); we have h' = h .k'DD',
so that (5.49) simplifies to

(5.50) h .k'jD' = 1.

# #
Now one of the axioms satisfied by the D -morphism H is

* * ¥ *

*
% % m DD' % b * % Db % b
(.51) DDDD! ———» D DD' —» DD!' =D D DD! ——> D DD* — DD
:% ES o d
¥ -% * % > * -%
D h h h DDh D*H* Dh h h
* % * * % E IR *
m Dm m

* * *_%
Compose both sides on the front end with D k'jD': D D'D' > D D DD',

¥

and use D of (5.50) to simplify the right side. We end up with
“% ¥ * -% ¥ ¥ _%

(5.52) h .m DD'.D k'jD' = h .Db .D k'jD'.

*—%
(That is, we have used (5.50) to kill the D h on the right of (5.51),

and then reverted to linear rather than diagrammatic notation).
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%
Now compose (5.52) with kD'j': DD!' = D D'DY} which can.also

be written as

* ¥
DD'———— D D' ——gp—— D D'D'.
kD' DD'j!

What we then have on the right side is
-% % % _¥ *
h .Db .Dk"'jD'.D D'j'.kD"',
- * *
or h .D y.kD' say, where y = b .k'jD'.D'j'. By the naturality of k,
-% —% -
this is equally h .kDD'.Dy. But by (5.34), h .kDD' = h, and by (5.44)
this 1s 1. So after composing (5.52) with kD'j', we get 1 on the

right side. Simplifying a little what we get on the left side, we now

have
-% %
(5.53) h .m DD'.kk'jj' = 1.
Write kk'jj' as the composite
¥ % * %
»p! ————% DD ——g—g——» D D DD!
ki DD it

* ¥ *_%
and the use the naturality of m to replace m DD'.D D jj' by

D*jj'.m*. Then (5.53) becomes
(5.54) h.D3jt.om.kk' = 1,

which by (5.38) is the (5.47) that we seek. [
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6. Pseudo-commutative doctrines and clubs

gé; An endofunctor D of Cat is made into an endo-2-functor by
giving a natural transformation [A,B] = [DA,DB] (the "strength" of D)
subject to two axioms (multiplicative and unitary). From this strength

we derive a natural (and in fact 2-natural) transformation
(6.1) t: AxDB = D(AxB)

as the image under adjunction of the composite

(6.2) A = [B,AxB] - [DB,D(AxB)].

It is well known that giving the strength of D is equivalent to
glving t; in fact t and the strength are mates, in the sense of
[13] §2.2, under the adjunctions -xA —{ [A,-] and -xDA — [DA,-]; so
that ¢t is often called the "monoidal strength" of D: of course t must
satlsfy two axioms corresponding to those for the strength.

If now (D,m,j) 1s a doctrine on Cat, it is easy to express

the monoidal strength of D2

in terms of t, while that of 1 is the
identity. The 2-naturality, as distinct from the naturality, of j and
of m can be expressed in terms of the monoidal strengths, in the form
of a commutative diagram involving j and t and another involving m and
t. BSo all told, to make a mere monad (D,m,j) on {af inbo a doctrine is
to give a natural t as in (6.1) satisfying four axioms.

We use the symbol # in a general way to denote conjugation

under the symmetry c: AxB - BxA of Cat. So alongside t we also have

(6.3) t*: DAxB - D(AxB),

namely the composite
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(6.4) DAxB = BxDA = D(BxA) - D(AxB).
[ t De

We can then form the 2-natural

(6.5) d: DAxDB = D(AxB)
as the composite

(6.6) DAxDE =, D(AxDB) - D2(AxB) ~ D(AxB),
t Dt m

as well as its conjugate
(6.7)  d%: DAxDB - D(AxB),
namely the composite

(6.8) DAXDB > D(DAXB) =, D°(AxB) - D(AxB),
t Dt m

Moreover, using I for the unit category, we can set
(6.9) d4® = jI: 1 - DI,

Kock [ 14] shows that d and d® enrich D to a monoidal
2-functor (D,d,d°): Cat - Cat. This is not in general symmetric

monoidal; the extra condition needed for this is precisely
(6.10) 4 =af.
The unit j: 1 = D is always monoidally 2-natural; recall that for

natural transformations there is no difference between "monoidally

2-natural” and "symmetric monoidally 2-natural". The multiplication
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m: D2 - D is not in general monoidally 2-natural, but is so 1f and

only if (6.10) is satisfied.

Kock called a doctrine - or more generally a y-monad on a
symmetric monoidal closed V - commutative if it satisfied (6.10).
Because of the last remark, it has now become rather more common to
call them monoidal V-monads; they are the monads on V in the
2-category of monoidal V-categories, and necessarily lie in the
2-category of symmetric monoidal V-categories. For commutative D,
under the mildest completeness assumptions on V, the V-category of
algebras ¢D is symmetric closed, and indeed symmetric monoidal closed
if it admits coequalizers; and the forgetful and free V-functors
U: yP > vV, 7. V yP are symmetric monoidal. Conversely, of course,
if VD,U,F are monoidal, so is D = UF. Thus, modulo the always~trouble-
some matter of the exlstence of coequalizers in VD, commutativity of
D is the necessary and sufficient condition for VD,U,F to be symmetric
monoidal closed: 1t generalizes Linton's criterion {ef. [6] p.549)
when V = Setfs and D comes from a finitary theory.

A final remark at this level. Suppose D is a commutative
monad on Sefs. Then, being symmetric monoidal, D takes a commutative
monoid A to a commutative monoid DA, and in fact 1lifts to a monad 5
on the category of commutative monoids. So if D' is the monad on
Seits whose algebras are commutative monoids, we get an honest
distributive law p: D'D - DD!'.

6.2 In the doctrine case, commutativity as expressed by (6.10)
seems to be rare in natural examples. We call a doctrine pseudo-
commutative if there is instead an isomorphism (invertible modificat-

ion)
(6.11) y: a = af

satisfying sultable axioms (one of which is that y be involutary;

Y#Y= & = &# = & is the identity). Then we get a pseudo-distributive
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law (p,m): D'D > DD' as in §85.1, 5.2, where now D' is not (as in
the last paragraph) the monad for commutative monoids, but rather
the doctrine for symmetric monoidal categories.

I shall do no more than sketch this in the above generality,
for in all my examples D is De- for a club D in Cat/S, and then
everything becomes much easler because all the diagrams come down
by one dimension. The extra generality would be pleasant, but unless
I succeed in finding a more compact treatment of it, my applications
do not Jjustify the extra complication.

Let then A be a D'-category, that is, a symmetric monocidal
category, and let D be pseudo-commutative with y as in (6.11)
satisfying axioms to be determined. We give a symmetric monoidal
structure to DA. Its tensor product and identity object are given

by

(6.12) DAxDA = D(AxA) ~ DA,
d D8

(6.13) I - DI - DA;
a° DI

its associativity and right identity isomorphisms are obtained from

those for A (called a and r) by composing Da with

DAXDAXDA > D(AxA)xDA 2 D(AxAxA)
dx1 d

and Dr with

DAxI —~ _ DAxDI = D(AxI).
1*d d

Its commutativity isomorphism is obtained from that (called c) for A

as the composite
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c

(6.14) DAxDA » DAXDA
. > .
d v? d

Dc
D(AxA) » D(AxA)

=

D8 De D
DA

where y' denotes D¢.y. The monoidal-category axioms are immediate
because (D,a,d°) is monoidal; the symmetric-monoidal-category axiloms
(02 = 1 and the hexagonal axiom) require respectively that y be

Involutory and that it satisfy a kind of hexagonal axiom ( relating
YaxB,c O Yp ¢ and vg o).

The above passage from A to DA respects strict symmetric
monoidal functors and the corresponding natural transformations,
and therefore gives us a 1lifting of D as in (5.1), whence also a
lifting as 1n (5.2). The 1lifting of j at the (5.1) level is
automatic, because (D,a,do) is monoidal, except as regards the
symmetry: for this it suffices to impose the axiom that the composite
of v with jx1: AxDB - DAxDB is the identity.

It remains to 1ift m at the (5.2) level, that is, to enrich
m: DA - DA to a strong (but not strict) symmetric monoidal functor
(m,ﬁ,mo); here I use m in place of the more usual ﬁ, which
unfortunately has another sense in 8§85, being in fact the name of the
triple (m,ﬁ,m°). We can take m  +to be the identity. To get an &,
it turns out that we need a modification
M é(me) = m.pd.d4d: D2AXD28 - D(AxB). The four axioms satisfied by
t,m,j allow us to write this as u: m.Dt.m.Dd.t” = m.Dt.m.Da’.t%, and

we set p = m.Dt.m.Dy.t#. Of the three axioms saying that (m,ﬁ,m°) 1s

a symmetric monoidal functor, the one inveolving n’ is satisfied in virtue
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of our axiom y(jx1) = 1, leaving two. Of the final three axioms
stating that (ﬁ,ﬁ,j) is a doctrine, the two involving 3 are
satisfied in virtue of the same axiom y(Jjx1) = 1, leaving one. So
three more axioms for y ensure that we get our desired pseudo
distributive law.

I suspect that the gix axioms we now have for Y reduce to
one or two, or at most three, by analogy with the club case that
follows: but I have not yet succeeded Iin so reducing them, and am
reluctant to delay this volume longer while trying to do so. So I
pass on to the club case without giving a definitive set of axioms
for the v of a "pseudo commutative doctrine"”. In the club case we

establish the pseudo distributive law ab initio.

6.3 We now suppose that D = Do- for a club D in Cat/3, and we
use the notation of [91810. 1In particular the augmentation of D is
r: 7o~— 8; we typically write v for I'T, 0 for I'S, and so on; in fact
we are running so short of symbols that we shall quite generally use
Greek letters for natural numbers, as well as for permutations or
functions. It should cause no confusion if we use m: D¢D = D for
the multiplication of P, although to date m has denoted the 2-natural
DoDo— > Dow; then m sends T[S; ... S to T(s; ... S) and similarly
for morphisms. Again as in [9]1810, the image under j: J > D of the
unique object of J is i € D, The assoclative law for m expresses
the equality of T(Sl(R11 e Rlﬁl) e Sr(er . RTOT)) with
T(Sl e ST)(Rll v RTGT), and similarly for morphisms; the two
unitary laws for m and j express the equalities T(} ... 1) = T and
1(T) = T, and similarly for morphisms. The ordered pairs that are
the objects and the morphisms of AxB are written (A,B) and (f,g’.
The functor t:A x DoB = Do(AxB) of (6.1) is easily seen

to be given by
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A, S[B; ... BO]) S[<A,Bl> - (A,BG>],

®r, h[gl v gc]) h[(f,gl) e (f,gb)];

with analogous formulae for t#. Hence we calculate

d,d%. DeA x DoB - De(AxB); they send the object

(T[Al - AT], S[By ... Bc]> respectively to
(6.15)  T(S ... S){A,B) ... (Ap,BY) ... (A LBp ... (A ,B)],
(6.16)  8(T ... DICA;,BY ... (A ,B) ... (A1,B) .. (A LB)T,

with similar effects on morphisms. Here S occurs 1 times in (6.15)
and T occurs 0 times in (6.16); the order of the <Aa’BB) is in
(6.15) the lexicographical order of the (qg,8) , and in (6.16) the
lexicographical order of the {B8.,w .

To give an isomorphism vy as in (6.11) is to give for each

7,3 € 0 a natural isomorphism

(6.17) ZTS: T(S ... 8) = 8(T ... T)
whese type FZTS = CT . is the permutation of to demanded by a
3
comparison of (6.15) and (6.16); then the (T[A1 . AT),S{Bl . Bg])-
component of vy = Y4 g 1s the morphism ZTS{l,l, ...,1] from (6.15) to
3

(6.16). By the naturality of =z we mean of course that we have

TS
commutativity in
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(6.18) T(S...8) T3 > S(T...T)
f{g...g) g(f...f)}

T'(S'...5") ST(T'...T').
Zpege

(This diagram is more complicated than it looks: in general T' # T,
and Tf = ¢ is a function from T to T'; the a-th g in f(g...g) is a
morphism from the a-th S in T(S...8) to the ¢a-th S' in T'(S'...5'),
in accordance with the conventions of [ 9] §10; however it does make
good sense, both legs having the same type.)

Thus does the club case fit into the general situation
sketched in §6.2; it remains only to put such axioms on Zng @s ensure
those we require for Y. However we deal henceforth only with the club
case, forgetting vy and referring only to Zpg and carrying out in

detail what we barely outlined in §6.2.

géﬁ We define then a pseudo-commutative ¢lub to be a club P in

Cat/3 together with an isomorphism Zng @s in (6.17), of the type

¢, s described above, natural in the sense of (6.18), and satisfying
3

in addition one axiom: namely the commutativity of

ZT,S(Rl,..RU)
(6.19)  T(S(Ry...R;)...S(Ry...R)) *S(Ry...R_)(T...T)

| |

T(S"'S)(Rl"'RG"'Rl"‘Rc) S(Rl(T...T)...Rg(T...T))
ZTS(l,l,...,l) S{zR ms 2%y T)
1 [+]
S(T...T)(Rl...R1 .RU...RG) —_— S(T(Rl"'Rl)"'T(Rg"'Rg))'



355

We derive some immediate consequences of (6.19). First,
put S = ] (so that ¢ = 1) and Rl = 1. The top and the left edges are

then both the isomorphism =z while the right edge is =z m> whence

T1

L

(6.20) Zyqp = 1.

Now in (6.19) put T = 1, S = 1, R, = R. Using (6.20) we get

(6.21) Z = 1.

=
=

Finally just put S = 1, Rl = R, T arbitrary. Using (6.21) we get

(6.22) 1.

ERT?rR
Hence z 1s involutary and satisfies (6.20).

Before giving examples we make the following remark. Any
club D becomes a strict monoidal category, with 1 as identity, 1f we
set T8S = T(S...S). Moreover I': D = 3 is a strict morphism of strict
monoidal categories when 3 is given the cartesian monoidal structure
18 = 1xg = 10. For a pseudo-commutative club,zTS: TS —> S@T makes
D symmetric monoidal; the hexagon axlom is got by setting
Ry = ... = Ro = R in (6.19), and the other axiom is (6.22). Moreover
I': D - 3 is then a strict symmetric monoidal functor, as ;T,G is
the classical symmetry on 8. This observation is useful in limiting
our search for examples.

Example 6.1 The club S itself. We recall that T(Ol""’gr) is

g Foe. F o, while 1 is 1. We take Zg" T(Of--d) > g(t...1t) to be
the permutation ;T,G: g - g1 of §6.3. This is easily seen to
satisfy the axiom (6.19); in fact if it did not the axiom would not
make sense, its two legs being of different types. Note that an

S-algebra is just a category with strictly-associative finite coproducts.
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Example 6.2 The club 8§ whose algebras are categories-with-finite-
coproducts. The augmentation I': § - § 1s an eguivalence, and we
define Zqg (as we must) to be the unique morphism such that

Fsz = cT’O.

Example 6.3 The sub-club P of 3 with the natural numbers as objects
but with permutations as 1ts only morphisms; the augmentation P~ S
is of course the inclusion. Again zTo =Tl The P-algebras are

b

the strict symmetric monoidal categories.

Example 6.4 The club P whose algebras are the symmetric monoidal
categories. By Mac Lane's original coherence result [ 23], the

augmentation I' is an equivalence of P with I'(P) = P C 8. Again Zng is

the unique morphism with FZTS = Cr,c'
Example 6.5 The full sub-club of S determined by the objects 0 and

1; it is the arrow category 2. Its algebras are categories-with-an-

initial-object.

Example 6.6 The full sub-club of P determined by the objects 0 and 1;
it is the discrete category 2. Its algebras are categories-with-a-

distinguished-object.

Example 6.7 Our remaining examples are all of the kind where the
augmentation I': D = § is the constant functorat 1 € S. A club of this
kind is nothing but a strict monoidal category D, with T(S) = T®S and
with 1 as the identity for ®. It is pseudo-commutative if and only if

it is symmetric monoidal, in which case we set z T(S) = S(T)

TS*
equal to fhe symmetry c: T8S = 3S8T. Since DecA 1is just DxA, a
D-algebra 1s a category A with a strictly associative and unitary
action DxA = A (as for example E acts on K in §3.2 above). Note that
the club whose algebras are categorles-bearing-a-monad, namely As

1s not an example, for the monoidal structure on the simplicial

category A is not symmetric. We pass to some particular cases of this
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example.

Example 6.,7.1 Let C be a symmetric monoldal category and consider
the club ? whose algebras are categories A together with a coherently
(but not strictly) associative and unitary functor 8: CxA - A. TFor
instance, any tensored C-category A 1s such an algebra (where by
C-category I mean "category enriched over C " - a remark necessitated
by the fact that I sometimes, for a club P, call a P-algebra a
D-category). Since all the operations on A are unary, the augmentat-
ion of D is constant at 1. We have to show that U is symmetric, and
is thus a pseudo-commutative club. But we know just what D 1s: 1t is
the canonical strict monoidal category equivalent to C; its objects
are n-ads (Cl""’cn) of objects of C, its tensor product is given on
objects by concatenation, and its morphisms (Cl...,Cn) *—(Bl,...,Bm)
are the morphisms Cl®(C2®...(C

C,)) »> B ®(B,8...(B 8B )) in C.

1 m

It is now clear that 0 is symmetric when C is.

n-1

Example 6.7.2 Let D be the discrete category N of natural numbers,
which 1is symmetric monoldal with + as its tensor product. A P-algebra

is a category A with an endofunctor E: A - A.

Example 6.7.3 Let P be the discrete category 2 with the symmetric
monoidal structure having the usual multiplication of 1ts objects O
and 1 as tensor product. This is not the same as Example 6.6, for
the augmentation is now constant at 1, whereas there it was I'0 = 0,
'l =1. An algebra is a category A with an endofunctor E such that

£ = &,

Example 6.7.4 Let D be the arrow category 2 with the symmetric
monoidal structure given on objects as in the last example. This is
again different from Example 6.5, as the augmentation is again
constant at 1. An algebra 1s a category A together with an
indempotent comonad. Replacing 2 by gop gives another example, where

an algebra is a category bearing an indempotent monad.
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6.5 Let P be a pseudo-commutative club as in §86.4, giving the
doctrine D = Dow-; let D' be the doctrine Peo- whose algebras are
symmetric monoidal (s.m.) categories. We exhibit a pseudo distributive
law of D' over D, as described in $8§5.1, 5.2. (We could equally
produce a pseudo distributive law if we took D' to be the doctrine 20-
for strict s.m. categories; this requires only the easy observation
that if the s.m. structure on A is strict, so is that we construct
below on P°A; we shall not refer further to this case.)

The first step 1s to produce the 1lifting (5.1) of D, and its
extension (5.2). Let (A,®,I,a,r,c) be a s.m. category; we give

DA = DoA a s.m. structure to get D = (DA ,8,1,3,7,3). We set

(6.23) TaA; ... AlBS[B; ... B

= T(S...S)[Al®B A 8B

1s+++»A 8B, ... A BB

l,...,AT®BO],
and define & similarly on morphisms. We define the rest of the

structure by

(6.24) I =1(1],

a
(6.25) (T[ Al...]§S[Bl...] YBR[ Cio-al) = T Al...]§(S[Bl...]§R[ Ci-vl)

T(S...S)(R...R)[(Al®Bl)®Cl,...]eT(S...S)(R...R)[Al®(B1®Cl),..],
1la,a,...,al

r

(6.26) T{Al...léf » TLA; ...
TlA;...18 1[1]
T[Al@I,...] - T[Al...],

Ur,r,...,rl



e

(6.27) T[Al...]§S{Bl...] = S{Bl...}@P[Al...}

T(S...S)[A;8B,...] > S(T...T)[B1®A;,...].
ZTS[C,C,...,C]

The axioms for a,r,¢ follow from those for a,r,c together with (6.22)
(needed for 52 = 1) and the special case of (6.19) where
Rl = ,.. = RG = R {(needed for the hexagonal axiom connecting a and c).
(Note that when A is the unlt category I this is the s.m. structure
on Dol, = 0 itself, described just before Example 6.1 above.) If
¢: A = B is a striet s.m. functor so too is Deop: DoA - DoB sending
T[Al"‘Ar] to T[¢A1...¢AT], and similarly for s.m. natural transfor-
mations. Thus we have the 1lifting (5.1) of D.

Its automatic extension (5.2) sends the non-strict s.m.
functor (¢,$,¢°), where 8: ¢4 ® ¢B = $(A8B) and e IB - ¢IA,
to (@,5,¢°) where & = Dod, where & has components T(S. . 8) [ Gyeneyrbl,
and where @°= 1[¢°]. (Recall that we are using ¢ for the more
familiar 5 to avoid confusion with the m ete. of §5.) Simiarly D
sends the s.m. natural transformation o: (¢,$,¢°) = (¥,9,v°) to that
with T[Al...AT]~component T[aél,...,aAT}.

The functor jeA: A - DeA is the functor sending A to LlAl,

and 1s clearly a strict s.m. functor because Zqq = 1 by (6.20). This

(1=

gives us the 5* and the 5 of §85.1.

The next thing is to enrich meA: DoDoA = DoA to a strong s.m.
functor mA = (moA,ﬁA,moA), as in (5.18); we abbreviate mA, fiA, m°A to
i,&,m° where no confusion is likely. Use & etc. for the s.m. structure
on DeD-A. Since i = ;{f] = {11} = %{;][Il, we have

(meA)I = Il = I; so we take m’ = 1. Now let
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>4
i

= TPl A Ay T, oon, PAA

lﬁl

Y = SIRB By, s oo s RUB, ...B 1]

11 1 1 0Py

1lp

be objects of DeDoA. We need m: (meA)X 8 (moA)Y — (meA)(X8Y).

{meA)X = T(Pl...PT)[All...l and

(6.28) (meA)X & (moA)Y

= T(Pl...PT)(S(Rl...Rg)...S(Rl...RO))[A11®Bll,..J
= T(Ml"'Mr)[All®B11""]’

where for example

(6.29) M, = Pl(S...S)(Rl...RO...Rl...RO)

On the other hangd,

xeY = T(S...S)[Pl[All...]éﬁllBll...], -

T(S...S)[Pl(Rl...Rl)[All®Bll,...], N I
so that

(6.30) (moA)(X8Y)

= T(S...S)(Pl(Rl...Rl)...)[All®Bll,..J
= T(Nl...NT)[All®Bll,...]

where for example

(6.31) N, = S(Pl"'Pl)(Rl"'Rl"'RG"'Rc)

Now
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We now take the X,Y-component of m to be
(6.32) T(zPlS(l,l,...,l), cees Zp S(l,l,...,l))(l,l,...,l},

where for example zPlS(l,l,...,l): My 7 N

Using the properties (6.18)-(6.22) of z, it is trivial if
somewhat tedious to verify that m = (moA,ﬁ,mo) satisfies the axioms
for a s.m. functor. It is clearly 2-natural in A by its construction.
Finally, using the same properties of gz and a large sheet of paper,
we easily verify that (ﬁ,ﬁ,i) satisfies the axioms for a doctrine.
Thus we have our distributive law p,m as in §5.2.

We shall not need the explicit values of p and 7. One point,
however, should be noted. As a 2-natural transformition
PoDo- = PePo—, p comes from a map PeD = DoP in Cat[é, that we may as
well still call p; see for example Theorem 8.1 of [§]. However,
although P and D are both clubs in Cat/3, the map p: PoD -+ DoP does
not lie in Cat/3. For instance, it sends 8[T,S] to T(S...S)[8,8,...,8];
the type of the former is T + o, while that of the latter is 2to; so
p does not commute with the augmentation I'. This is in contrast with
say §4.10 above, where we did not have to move out of Cat/g; and 1t 1s
perhaps the first example to show that, even if we are only concerned

with clubs in Cat/3, we need the fuller theory of [9]. (This was

adumbrated in §10.7 of [9].)

We sum up the result of this section in:

Theorem 6.8 If D is a pseudo-commutative club, the construction

above defines a pseudo distributivelaw of D' over D = Do-, where

D' = Pe- is the doctrine for symmetric monoidal categories. Similarly

if D' is the doctrine Po~ for strict symmetric monoidal categories.
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The examples in §6.4 of pseudo-commutative clubs now give

examples of pseudo distributive laws, as promised in §5.1.

6.6 For the special pseudo dlstributive laws obtained in this way,
the 5—algebras, and hence the D*-algebras, admit a simpler description
than that given in §5.3. We work out from first principles what they
are.

To give such an slgebra B is to give a s.m. category B
together with an action b: DB > B. So b is to be a s.m. functor
b = (b,6,b°): DoB — B that satisfies the axioms for a D-action.

(we are using B, b rather than A, a to avoid confusion with the
associativity a.) The s.m. structure on P<B is of course that
described in §6.4, which we employ without further comment.

At the level of ordinary functors, the action axioms tell us
that b: DeB > B is to be a P-action on B in the ordinary sense. We
write the image under b of T[Bl...BJ € PoB in the usual way as
T(By...B.) € B, and similarly for morphisms. The action axioms now
express the equality of T(Sl(All"‘) e ST(ATl"')) with

T(Sl...ST)(All...A ...} and of 1(A) with A, together with the

Tl
similar equalities for morphisms.

Since joB: B = DeB is the strict s.m. functor sending B to
1IBl, the unitary axiom for an action immediately forces b to be
the identity:

©

(6.33) b° =1: I - 1(I)=1I.

Since m° = 1 too, the associativity axliom for an action is satisfied
at the level of °—components.

The only extra plece of structure, then, that a D*-algebra B
has, over and above its symmetric monoidal structure and its

U~a1gebra structure, is the natural transformation



363

(6.34) T(Al...AT)®S(B1...BO)

A

b
T(Ay---A 1,5[By...B ]

T(S...S)(A18B1,...,A:8B_,...,A 8B;,...,A 8B ),

~

which we agbbreviate to b or just to b.

T8
The axioms for (b,b,1) to be a s.m. functorreduce to the

following three:

(6.35) T(Al...AT)®;(I) m— T(Al...AT)@I
b
T(;..“;)(Al®1...AT®I) r
T(A,QI...A _8I) - T(A,...A ).
1 T 1(r,r,...,r) 1 T
(6.36)
a
(T(Al;..>®S(Bl...))@R(Cl...) — T(Al"'>®(S(Bl"'>®R(Cl"'))
b®1 18b
T(S...S)(A1®Bl,...)®R(Cl...) T(Al...)@S(R...R)(Bl®cl,...)
b b

T(S...S)(R...R)((A18B1)®Cl,...) — T(S...S)(R...R)((A1®(B1®Cl),.

1(a,a,...5a)

(6.37) T(Ap...)®S(B...) ¢ > S(By...)8T(A;...)
b s

T(S...S)(A1®Bl,...) s w—E S S(T...T)(B18Al,...).
zTS(c,c,...,c)
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~

The -component of the unitary axiom for an action reduces to

(6.38) b 1(A)81(B) ~ 1(1)(A8B) 1is 1: ASB — A®B.

1lAa],1lB]°

~

Finally the -component of the assoclativity axiom for an action

reduces, in view of (6.32), to

(6.39)
T(Pp e B ) (Apg e )8S(Ry . R (Byq .. )
Pp(P),S(R)
g T(P)...P ) (S(Ry.. R). SRy .R ) (A18By55.00)
Y
T(S...8)(Py (A1 .+ )8R  (Byqeen)seen)
(S...8) (bp Rl,...) T(Py(S...8)(Ry+ o R .o Ryoe o)y D(A18B,15000)
1
Y
T(S...8)(Py(Ry...R1)(A)18B;q, ) ,5000) T(zPls<l,--.,l),...)(l,..-,l)
Q§§§§§§§§§§§ ]

(
T(S(Pl'"Pl)(Rl"'Rl"'RU'"RU)"")(A118811""}
where in the topmost arrow T(P) stands for T(Pl"‘PT)’ ete.

Now write

~

bT[Al...AT],l[B],

(6.40) eB for
T[Al"'AT]

abbreviating it where desirable to eB or e

T p Or €, 80 that

(6.41) e T(A;...A )8B > T(A;8B,...,A 8B).

1
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We show that b can be given in terms of e alone, the axioms on b

reducing to simple axioms on e.

Write

(6.42) et

e

for the conjugate

#=

(6.43) e T(e,c,..c).e.c

of e under c.

Then (6.37) gives

b1

e#.

(6.4h)

Now in (6.39) set each P

a
by (6.20), we find that %TR is the composite

(6.45) T(Al"'AT> 2 R(Bl...Bp)
le
T(A1®R(B1...Bp),...,AT®R(Bl...Bp)
LT{e#,...,e#)
T(R(A18B),...,A188 ),...,R(A 8B,,.

T(R...R)(A;8B, +>A18B ... A 8B,
Consider the following five axioms on e:
(6.46) T(Sl"'sr)(All"AkoT)QB = T(3

fT(8;...8) T(S

T(S{...5 )(A18B,...) = T(S

equal to 1 and set S

B®T(Al"'Ar) - T(B@Al,...,B®AT)

= 1. Since z;; = 1
..,AT®BD))
seeesh 8B ).
l(All"')"'Sr(Arl"‘))®B

er
l(All"'>®B""SI(A l...)@B)

LT(eS se-es€g )

1 T

1(By18B,...) . S (A_18B,...))
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(6.47) eq: L1(A)eB > 1(A€B) is 1: A®B ~ AGB.
(6.48) T(Al...AT)®I
eT r
T(A,8I,...,A 8T) > T(Al...AT).
T(r,r,...,r)
a
(6.49) (T(Ay...A )8B)8C ——————— T(A;...A )8(B8C)
eTQl
T(A{6B,...)8C e
eq
J
T((Al®B)®C,...) -T(Al®(B®C),...).
T{a,8,...,2)
(6.50) T(A;...A )8S5(B;...B)
#
er °s
T(A1®S(Bl...BG),...) S(T(Aq...A)8By,...)
# #
T(es...es) S(eT...eT)
T(S(Al®B1,...)...S(AT®Bl,...)) S(T(A1®Bl,...)...T(A1®BG,...))
T(S...5)(A;8B,...) > S(T...T)(A;8By,...).

Zpg(1s1,e0e51)
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Proposition 6.9 Let B be a symmetric monoidal category and alsc a

P-algebra for the pseudo-commutative club D. There is a bijection

between natural transformations b as in (6.34) satisfying (6.35)-(6.39),

and natural transformations e as in (6.41) satisfying (6.46)-(6.50)

where e# is defined by (6.43). We get e from b by (6.40) and b from

e by (6.45). A B with all this structure is precisely an algebra

*
for the doctrine D of §5.5 (lax case). We pass to the pseudo case

by supposing b, or equivalently e, to be an isomorphism.

Proof We have already shown that if we start with 6 and define e
by (6.40) then (6.45) gives us back b. If on the other hand we start
wilth e and define b by (6.45), then (6.40) gives us back e; just put

S8 =1 in (6.50), use (the conjugate of) (6.47), and use (6.21).

The only other point to be verified is the eguivalence of the
b-axioms with the e-axioms. Note that each of the e-axioms (6.%)
implies its conjugate (6.x)7. First, then, (6.35) is identical with
(6.48); (6.37) identical with (6.50); and (6.38) identical with (6.47).
Next we get (6.46) from (6.39) by setting S = Ry = 1 in the latter
and using (6.21); and we get (6.49) from (6.36) by setting S = R = }
and using (6.38).

It remains, given the e—axioms, to get (6.36) and (6.39). The
latter 1s easy using the definition (6.45) of B, using (6.46) and (6.46)§,
and using (6.50). As for (6.36) we easily get the special case (6.36)'
where T = R = 1 by using (6.49) and (6.“9)#. From this together with
(6.46) and (6.49) we next get the special case (6.36)" where R = 1.
Finally from this, from (6.&6)#, and from (6.49)#, we get the desired
(6.36). The reader will have no trouble in supplying the details. O

The first four of the e-axioms admit conceptual interpretat-

ions, and we are led to the following definitive description of

*
D -algebras.



368

*
Theorem 6.10 Let D be a pseudo-commutative club and let D be the

doctrine arising as in §5.5 from the pseudo distributive law of

*
Theorem 6.8. Then a D -algebra is a D-algebra B that is also a

symmetric monoidal category, together with for each B € B an

enrichment of the functor -8B: B = B to an op-P-functor
B):

(~-8B,e B = B, satisfying axloms to be given below. We agree to

abbreviate the T[Al...AT]—component

(6.51) &b :
T(A;...A ]

T(A ...AT)®B Q'T(A1®B,...,AT®B)

1

of eB to e where convenient; and we observe that conjugation by the

symmetry ¢ of B produces from eB an enrichment of B8~ to an op-v—
B
7B,

functor (B8-,e The axioms now are:

(6.52) For f: B = C, the natural transformation -8f: -8B —~ -8C

is op-D-natural.

(6.53) a: (-8B)®C —~ -8(BOC) is op-P-natural.

(6.54) r: -8I - 1 is op-D-natural.

(6.55) e and e are related by the commutativity of (6.50), which

it suffices to impose for T,S belonging to a set of

generators of the discrete club |D].

The above is for the lax case; for the pseudo case we regquire the

op-D-functor -8B to be strong, that is, e to be an isomorphism.
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Proof By [ 9] §10.8 to say that (—@B,eB) is an op-D-functor is to
say that the e of (6.51) is natural in T and the Aa’ and that 1t
satisfies (6.46) and (6.47) (corresponding to (10.25) and (10.26) of
[91). The axiom (6.52) above just makes e natural in B as well as in
T and the A,. The axioms (6.53) and (6.54) reduce, by (10.27) of [9],
to (6.49) and (6.48) respectively. The result now follows from
Proposition 6.9, except for the last clause in (6.55).

The proof of that last clause is easy: using (6.46) and
(6.19) we see that (6.50) for T,S, where T = R(Pl...Pp), is a
consequence of (6.50) for R,S and for P.»S. O

When P is presented by a small number of generators and
relations (ef. [9]18I0) the above theorem gives a very compact

*
description of D -algebras.

Example 6.11 Let D be itself the club P for symmetric monoidal
categories, which is pseudo-commutative by Example 6.4. Then a
D*—algebra B has two symmetric monoidal structures: the D'-structure
denoted as above by (B,8,I,a,r,c), and the D-structure denoted by
(B,®,N,a',r',c'). To give the enrichment eB of -8B to a symmetric
op-monoidal functor, we need as usual only to give its components

e (A1$A2)®B - (Al®B)$(A2®B),

@:

e NeB - N,

N:
corresponding to the generators for the objects of P, subject to the
usual three axioms. The axiom (6.52) merely asks these components to
be natural in B as well as the A . The condition (6.53) that a be
op-s.m.-natural reduces as usual to two diagrams, as does similarly
(6.54) for r. ¥Finally (6.55) requires us to impose (6.50) in the
three cases (T7,3) = (#,8), (&,N), and (N,N) (that for (N,®) being

the conjugate of that for (®,N)). All told we have ten simple axioms
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involving e, and e and it is easy to see that these are precisely

® N?
the independent axioms among the 2U given for this situation by
Laplaza [18].

Qﬁl If we take the description of D*—algebras given by Theorem
6.10, and modify it by changing the sense of the arrow e in (6.51),
at the same time changing its name to *e, so that *e enriches -8B to
a D-funcétor rather than an op-D-functor, we obtain a description of
the algebras for some new doctrine, which we shall call *D.

In the situation of §5 we should have got *D rather than D*
if from the pseudo distributive law we had constructed a doctrine 5
not on D'-Afg but on the 2-category with D'-algebras as objects and
op-D'-morphisms as l-cells. Since 7 1s invertible this *D case 1is
exactly like the D*—case; there is nothing to change except the sense
of the 2-cells. 1In particular Theorem 5.1 in the *D-case gives a
coreflexion s: *D - DD', with h: DD' - *D, sh =1, n: hs=1,
sn =1, nh = 1.

The point of our introducing *D is that, in the lax case,
it is of the form *Do— for a club *D in Cat/3. In the light of the
general principles of[ 91§10, this is clear from Theorem 6.10; for
the type of the natural transformation *e lies in S.

The *D for the pseudo case, and the D* for the lax and the
pseudo cases, sometimes arise from clubs in Cat/3, namely when the
type of e in (6.51) is in g, which only happens when t = 1 in (6.51);
since this is to be so for all T € P, it only happens when
I': D - g is constant at 1.

We can bring Example 6.11 above, the one studied by Laplaza,
under the *D~setting, just by replacing the model B by B °P (i.e. in
effect by passing to the opposite doctrine). This works in this case

because B9P is symmetric monoidal when B is.
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Example 6.12 Another important example occurs naturally in the
*D—setting. Let D be the club 8§ of Example 6.2, whose algebras are
categories with finite coproducts. Consider any S-algebra B that-is
also symmetric monoidal. For T € § with I'T = 1, and for Aa & B, the
object T(Al"'At> is a coproduct in B of the Aa’ the coprojections
being fa(l) for suitable fa: 1 > T in $ whose types are the varilous
maps 1 > 1t in §.

#

It follows that there is a unique e turning B into a

* *
S-algebra. For the naturality in T of e demands commutativity in

¥
e

T
T(A,8B,. ..,AT®B)————-¢ T(Ap.. .AT)8B
fa(l) fa(l)®l
1(a,8B) _— 1(a)8B
®
°1
* ®
and e; is to be 1 by (6.47). So the only possible e is that whose

a-th c;mponent is fa(1)®l' On the other hand it is easily seen that
this does satisfy the axioms.

We are led to the conc¢lusionthat the doctrine *So- is the
coproduct, in the category of doctrines, of the doctrines So- and
Po—-; or equally that, in the category of clubs in Cat/3 and club-maps
in ¢qt/S, *3 is the coproduct of S and P. .
gég We can apply Theorem 5.1 to the present situation, to obtain
a reflexion s: D* > PoPo-, or sA: D*A *+ DoPoA, which is an
equivalence in the pseudo case: or equally a coreflexion
s @ §DA = DeP°A which, in the lax case, taking A = I, can be written
s: "D > DoP,

I shall just indicate briefly how s is calculated. First,
however, observe that this special case of Theorem 5.1 can be proved

independently of §5, taking Theorem 6.10 as the definition of
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D*—algebra, and applying Theorem 2.6 directly, using the technigues
of the present §6 alone., This gives for instance quite a short proof
of Laplaza's result; but it conceals the connexion between
"distributivity of -®B" in the sense of (6.51) and "(pseudo)
distributive law" in the sense of Beck.

PoA is a s.m. category, indeed a free one, whence DoPcA 1is
also a s.m. category, with the structure given in §6.5. At the same
time DoPoA is a D-category, in fact a free one. For T € D and for
A, A ,B € DoPeA an easy calculation of T(Al...AT)®B and of
T(A1®B,...,AT®B) shows these to be equal. We can therefore set e = 1
in (6.51). The axioms (6.46)-(6.49) are trivially satisfied; and

# given by (6.43)

(6.50) is in fact satisfied (not trivially because e
is not 1 when e = 1; but easily in view of the value of ¢ in DoPeA
given by (6.27)).

Thus DoPeA (and in particular DeP) is a D*—category; even for
the pseudo case, hence also for the lax case; and equally a
*D—category. Since s is a strict D* (resp. *D)-morphism, we can write
at once the image s(A) of any diagram A, in the free D*—category D*A,
made out of the elementary data; and in the pseudo case A commutes if
and only if s(A) does so.

In the lax—*D—case we have the usual more flexible results
expressed in terms of clubs. The objects of *D are generated by
®,I, and the objects T € D; the morphisms by a,r,c, those of 7, and
*e; the functor s: *D - DoP respects all this structure, and in
particular sends *e to 1. In the other direction h: DoP = *D
sends T[Vl...VT] to T(Vl“'vr)' Then sh = 1 and n: hs = 1 for a
suitable n with sn = 1, nh = 1. To find n directly, and to provide
a proof independent of Theorem 5.1, we enrich h to an op—*D—functor:
we make 1t strict as a U-functor, and as an op-monoidal-functor
(h,h,h°) it has h° = 1 and h formally the same as the b of (6.34)

(whose sense is now reversed). The n is then formed as in Theorem 2.6
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from the h of the resulting op—*D—functor (h,h).

In the case P = P studied by Laplaza, 1t is easy to see that
the composlte of s: *P - PoP with the eguivalence [el': PoP -» PoP
gives a functor *P = PoP that is precisely his distortion (I19182).
So as indicated in 81.4 above, our coreflexion result implies his
theorem on page 231 of {19} . (Note that Laplaza is considering
diagrams writable in *D - that is, involving *e but not its inverse -
but studying their commutatlvity in a model in which *e happens to
be an isomorphism. He actually says "monomorphism", which since we
have dualized would be "epimorphism", but this is not enough as it
stands, and is too rare in examples to be worth pursuing.)

The other main result of Laplaza, given in his earller paper
{[ 18] Proposition 10) follows from the same coreflexion theorem, if
we observe that, for a discrete A, two morphisms f,g: X > Y in
PoPoA necessarily commute if Y = n{ml[All...l,...,mn[Anl...I] where

all the ma[A ...] are different and, for each a, all the

al

"’Aam are different (for the permutations expressing f,g are
o

Aal”

then determined and equal).
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