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PREFACE

Model theory is the branch of mathematical logic which deals with the

connection between a formal language and its interpretations, or models.

In this book we shall present the model theory of first order predicate logic,

which is the simplest language that has applications to the main body of
mathematics. Most of the techniques in model theory were originally de-

veloped and are still best explained in terms of first order logic.

The early pioneers in the development of model theory were Lowenheim
(1915), Skolem (1920), Godel (1930), Tarski (1931), and Malcev (1936).

The subject became a separate branch of mathematical logic with the work
of Henkin, Robinson, and Tarski in the late 1940’s and early 1950’s. Since

that time it has been an active area of research.

Looking over the subject as it stands today, we feel that it can best be

analyzed on the basis of a few general methods of constructing models.

While the methods in their pure form are quite simple, they can be iterated

and combined in a great variety of ways to yield practically all the deeper

results of the theory. For this reason we have organized the book on the fol-

lowing plan. As a rule, we introduce a method in the first section of a chapter

and then give some applications of it in the remaining sections. The basic

methods of constructing models are: Constants (Section 2.1), Elementary

chains (Section 3. 1), Skolem functions (Section 3.3), Indiscernibles (Section

3.3), Ultraproducts (Section 4.1), and Special models (Section 5.1). In the

last two chapters, 6 and 7, we present some more advanced topics which

combine several of these methods. We believe that this book covers most of

first-order model theory and many of its applications to algebra and set

theory.

Up to now no book of this sort has been written. This has made it dif-

ficult for students and outsiders to learn about large areas of the subject. It
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has been necessary for them to chase down an almost unlimited number

of widely scattered articles, some of which are hard to read. We do not claim

to have compiled all the results in first-order model theory, but we have tried

to include the important results which are indispensable for further work in

this area. In addition we have included some of the more recent results

which are stimulating present and probably luture research. In this category

are the Keisler-Shelah isomorphism theorem, the Morley categoricity theo-

rem, the work of Ax-Kochen and Ershov in field theory, and the results ot

Rowbottom, Gaifman and Silver on large cardinals and the constructible

universe.

First-order model theory is a prerequisite for the other types of model

theory and such applications as nonstandard analysis. Other logics whose

model theories have been investigated are infinitary logic, logic with addi-

tional quantifiers, many-valued logic, many sorted logic, intuitionistic

logic, modal logic, second-order logic. In recent years model theory for

infinitary logic has made rapid progress. Model theory for second-order

logic is largely beyond present methods but has a great deal of potential

importance. We hope that the availability ot this book will contribute to

future research in all kinds of model theory and to the discovery of more

applications.

This book grew out of a number of graduate courses in model theory that

we have taught at UCLA and Wisconsin. The idea of writing a textbook of

this sort arose in 1963 as we were completing our earlier monograph, Con-

tinuous Model Theory. Some lecture notes by Keislerin 1963-64 were tried

out from time to time and the present form of the book gradually evolved

from them. The actual writing of the book began in early 1965. In the inter-

vening period as the book took shape it was tested in classes, expanded in

scope, and almost completely rewritten during the logic year 1967-68 at

UCLA. Major changes were again made in 1971-72.

We owe a debt to the many mathematicians whose work forms the sub-

ject of this book. A tribute is due to Alfred Tarski who was the motivating

and influencing force in the shaping of the theory. On a more personal level,

we both received our Ph. D. degrees under his direction at the University

of California, Berkeley. Space does not permit us to list the names of all the

colleagues and students who at various times have read or used our manu-

scripts and have made many constructive suggestions and criticisms.

For the amusement of all those who gave us help, we dedicate our book to

all model theorists who have never dedicated a book to themselves.

We have been supported during the writing by the Departments ol Math-
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ematics at the University of California, Los Angeles, and the University

ol Wisconsin, Madison, by the National Science Foundation under several

research grants, and by a Fullbright grant to Chang in 1966-67 and a Sloan
Fellowship to Keisler in 1966-67, 1968-69.

Invaluable assistance in the proof reading and preparation of the manu-
script was rendered by Jerry Gold. Perry Smith has spent many hours helping

us with the page proofs. We are grateful to Sister Kathleen Sullivan for pre-

paring the index. We wish to thank Mrs. Gerry Formanack for her excellent

typing of the manuscript.

University of California, Los Angeles C. C. CFfANG
University of Wisconsin, Madison FI. J. KEISLER

April 1973



HOW TO USE THIS BOOK AS A TEXT

This book is written at a level appropriate to first year graduate students

in mathematics. The only prerequisite is some exposure to elementary logic

including the notion of a formal proof. It would be helpful if the student has

had undergraduate-level courses in set theory and modern algebra. All the

set theory needed for the book is presented in the Appendix which the stu-

dent can use to fill in any gaps in his knowledge. The first four chapters pro-

ceed at a leisurely pace. The last three chapters proceed more rapidly and

require more sophistication on the part of the student.

There is ample material for a full-year graduate course in Model Theory,

and there is enough flexibility so that a variety of shorter courses can be

made up. Chapter 1 contains introductory material and from Chapter 2

on there is at least one interesting theorem in every section.

The core of the subject which must be in any model theory course is com-

posed of Sections 1.1, 1.3, 1.4, 2.1, 3.1, 4.1. The sections which are next in

priority are 1.2, 2.2, 3.3, 4.3, 5.1, 6.1.

To help the instructor to make up a course, we give below a table showing

the dependence of the sections in the first five chapters. This table applies

only to the text itself and not to the exercises, which may depend on any ear-

lier section.

VIII
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The more advanced topics are covered in Chapters 6 and 7. The following

table lists the prerequisites for each section in these chapters.

6.1 4.3, 5.1. 7.1: 2.3, 3.2, 3.3, 5.1.

6.2 4.1. 7.2: 3.2, 3.3, 5.1.

6.3 5.5, 6.2. 7.3: 3.2, 3.3, 4.2.

6.4 4.2, 4.3. 7.4: 7.3.

6.5 6.4.

Any hereditary set in the above partial ordering of sections can be used

as a course. A very short course could consist of the coreSections 1.1, 1.3,

1.4, 2.1, 3.1, and 4.1. A one quarter course might consist of the above core

plus Sections 2.2, 2.3, 3.2 and 3.3; this would give a fairly complete picture

of countable models. An alternative one quarter course which emphasizes

ultraproducts and saturated models would add to the core the Sections 4.3,

5.1, and either 4.2, 5.2, or 6.1. The union of these two plans would make

an appropriate one semester course.

The exercises range from extremely easy to impossibly difficult. Exercises

of more than routine difficulty are indicated by a single star; a few of the more

difficult ones have double stars. Quite often improvements of the basic
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theorems proved in the text are put in the exercises. Some exercises are major

theorems in their own right and we have included them to broaden the cov-

erage. In order to gain an understanding of the field the student should try

to do at least a third of the exercises.

At the end of the book we have included a list of unsolved problems in

classical model theory. We feel that the solution of any of them would be

a substantial contribution and worthy of publication. Not all ot the problems

originated with us.

We have collected all the historical remarks on the results in the text, the

exercises, and the open problems in a separate section entitled Historical

Notes. In all probability there will be some omissions and errors for which

we apologize in advance. In many cases students can find suggestions for

further study in these notes.

Two final remarks on typography. The word ‘iff’ is used in all definitions

that require it and is to mean ‘if and only if'. The end of each proof is indi-

cated by the symbol H, which is meant to suggest the reverse of the common

yield sign of first-order logic.
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CHAPTER 1

INTRODUCTION

1.1. What is model theory?

Model theory is the branch of mathematical logic which deals with the

relation between a formal language and its interpretations, or models. We
shall concentrate on the model theory of first-order predicate logic, which

may be called ‘classical model theory’.

Let us now take a short introductory tour of model theory. We begin

with the models which are structures of the kind which arise in mathematics.

For example, the cyclic group of order 5, the field of rational numbers,

and the partially-ordered structure consisting of all sets of integers ordered

by inclusion, are models of the kind we consider. At this point we could,

if we wish, study our models at once without bringing the formal language

into the picture. We then would be in the area known as universal algebra,

which deals with homomorphisms, substructures, free structures, direct

products, and the like. The line between universal algebra and model

theory is sometimes fuzzy; our own usage is explained by the equation

universal algebra + logic = model theory.

To arrive at model theory, we set up our formal language, the first-order

logic with identity. We specify a list of symbols and then give precise rules

by which sentences can be built up from the symbols. The reason for

setting up a formal language is that we wish to use the sentences to say

things about the models. This is accomplished by giving a basic truth

definition
,
which specifies for each pair consisting of a sentence and a model

one of the truth values true or false. The truth definition is the bridge

connecting the formal language with its interpretation by means of models.

If the truth value ‘true
1

goes with the sentence (p and model 51, we say that

l
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cp is true in 51 and also that 51 is a model of (p. Otherwise we say that cp is

false in 51 and that 51 is not a model of cp. Moreover, we say that 5(

is a model of a set I of sentences iff 5( is a model of each sentence in the

set r.

What kinds of theorems are proved in model theory? We can already

give a few examples. Perhaps the earliest theorem in model theory is Lowen-

heim’s theorem (Lowenheim, 1915): If a sentence has an infinite model,

then it has a countable model. Another classical result is the compactness

theorem, due to Godel (1930) and Malcev (1936): if each finite subset of

a set I of sentences has a model, then the whole set I has a model. As

a third example, we may state a more recent result, due to Morley (1965).

Let us say that a set I of sentences is categorical in power a iff there is,

up to isomorphism, only one model of I of power a. Morley s theorem

states that, if Z is categorical in one uncountable power, then Z is categorical

in every uncountable power.

These theorems are typical results of model theory. They say something

negative about the ‘power of expression' of first-order predicate logic.

Thus Lowenheim's theorem shows that no consistent sentence can imply

that a model is uncountable. Morley's theorem shows that first-order

predicate logic cannot, as far as categoricity is concerned, tell the difference

between one uncountable power and another. And the compactness theorem

has been used to show that many interesting properties of models cannot

be expressed by a set of first-order sentences - for instance, there is no set

of sentences whose models are precisely all the finite models.

The three theorems we have stated also say something positive about

the existence of models having certain properties. Indeed, in almost all ol

the deeper theorems in model theory the key to the proof is to construct

the right kind of a model. For instance, look again at Lowenheim’s theorem.

To prove that theorem, we must begin with an uncountable model ot a

given sentence and construct from it a countable model ol the sentence.

Likewise, to prove the compactness theorem we must construct a single

model in which each sentence of Z is true. Even Morley's theorem depends

vitally on the construction of a model. To prove it we begin with the assump-

tion that Z has two different models of one uncountable power and construct

two different models of every other uncountable power.

There are a small number of extremely important ways in which models

have been constructed. For example, for various purposes they can be

constructed from individual constants, from functions, from Skolem terms,

or from unions of chains. These constructions give the subject of model
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theory unity. To a large extent, we have organized this book according

to these ways of constructing models.

Another point which gives model theory unity is the distinction between

syntax and semantics. Syntax refers to the purely formal structure of the

language - for instance, the length of a sentence and the collection of

symbols occurring in a sentence, are syntactical properties. Semantics

refers to the interpretation, or meaning, of the formal language - the truth

or falsity of a sentence in a model is a semantical property. As we shall

soon see, much of model theory deals with the interplay of syntactical and

semantical ideas.

We now turn to a brief historical sketch. The mathematical world was

forced to observe that a theory may have more than one model in the 19th

century, when Bolyai and Lobachevsky developed non-Euclidean geo-

metry, and Riemann constructed a model in which the parallel postulate

was false but all the other axioms were true. Later in the 19th century, Frege

formally developed the predicate logic, and Cantor developed the intuitive

set theory in which our models live.

Model theory is a young subject. It was not clearly visible as a separate

area of research in mathematics until the early 1950's. However, its historical

roots go back to the older subjects of logic, universal algebra, and set

theory - and some of the early work, such as Lowenheim's theorem, is now

classified as model theory. Other important early developments which

contributed to the theory are: the extension of Lowenheim’s theorem by

Skolem (1920) and Tarski; the completeness theorem of Godel (1930) and

its generalization by Malcev (1936), the characterization of definable sets

of real numbers, the rigorous definition of the truth of a sentence in a model,

and the study of relational systems by Tarski (1931, 1933, 1935a); the

construction of a nonstandard model of number theory by Skolem (1934);

and the study of equational classes initiated by Birkhoff (1935). Model

theory owes a great deal to general methods which were originally developed

for special purposes in older branches of mathematics. We shall come across

many instances of this in our book; to mention just one, the important

notion of a saturated model (Chapter 5) goes back to the /^-structures

in the theory of simple order, due to Hausdorff (1914). The subject grew

rapidly after 1950, stimulated by the papers of Henkin (1949), Tarski (1950),

and Robinson (1950). The phrase ‘theory of models’ is due to Tarski (1954).

Today the literature in the subject is quite extensive. There is a rather

complete bibliography in Addison, Henkin and Tarski (1965). In recent

years, the theory of models has been applied to obtain significant results
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in other fields, notably set theory, algebra and analysis. However, until

now only a tiny part of the potential strength of model theory has been

used in such applications. It will be interesting to see what happens when

(and if) the full strength is used.

1.2. Model theory for sentential logic

In our introduction, Section 1.1, we gave a general idea of the flavor of

model theory, but we were not yet ready to give many details. We shall

now come down to earth and give a rigorous treatment of model theory

for a very simple formal language, sentential logic (also known as proposi-

tional calculus). We shall quickly develop this ‘toy’ model theory along

lines parallel to the much deeper model theory for predicate logic. The basic

ideas are the decision procedure via truth tables, due to Post (1921), and

LindenbaunTs theorem with the compactness theorem which follows. This

section will give a preview of what lies ahead in our book.

We are assuming (see Preface) that the reader is already thoroughly

familiar with sentential, and even predicate, logic. Thus we shall feel free

to proceed at a fairly rapid pace. Nevertheless, we shall start from scratch,

in order to show what sentential logic looks like when it is developed in the

spirit of model theory.

Classical sentential logic is designed to study a set 3P of simple statements,

and the compound statements built up from them. At the most intuitive

level, an intended interpretation of these statements is a ‘possible world’,

in which each statement is either true or false. We wish to replace these

intuitive interpretations by a collection of precise mathematical objects

which we may use as our models. The first thing which comes to mind is

a function F which associates with each simple statement S one of the truth

values ‘true’ or ‘false’. Stripping away the inessentials, we shall instead

take a model to be a subset A of the idea is that S e A indicates that the

simple statement S is true, and S$ A indicates that the simple statement S
is false.

1.2.1. By a model A for 6F we simply mean a subset A of Sf.

Thus the set of all models has the power 2 |y|
. Several relations and

operations between models come to mind; for example, A c= B, 6F— A,

and the intersection p| f6 jA t
of a set {A

(
: i el } of models. Two distinguished

models are the empty set 0 and the set SF itself.
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We now set up the sentential logic as a formal language. The symbols of

our language are as follows:

connectives a (and), n (not);

parentheses ), (;

a nonempty set of sentence symbols.

Intuitively, the sentence symbols stand for simple statements, and the

connectives a, n stand for the words used to combine simple statements

into compound statements. Formally, the sentences of SP are defined as

follows:

1 . 2 . 2 .

(i) . Every sentence symbol S is a sentence.

(ii) . If cp is a sentence then (n cp) is a sentence.

(iii) . If (p, \p are sentences, then (cpAip) is a sentence.

(iv) . A finite sequence of symbols is a sentence only if it can be shown

to be a sentence by a finite number of applications of (i)-(iii).

Our definition of sentence of £P may be restated as a recursive definition

based on the length of a finite sequence of symbols:

A single symbol is a sentence iff it is a sentential symbol; a sequence cp

of symbols of length n > 1 is a sentence iff there are sentences ip and 0

of length less than n such that (p is either (n ip) or (t\t a 0).

Alternatively, our definition may be restated in set-theoretical terms:

The set of all sentences of SP is the least set I of finite sequences of

symbols of SP such that each sentence symbol S belongs to I and,

whenever ip, 0 are in I, then (n ip), (ip a 0) belong to I.

No matter how we may think of sentences, the important thing is that

properties of sentences can only be established through an induction based

on 1.2.2. More precisely, to show that every sentence (p has a given

property P, we must establish three things: (1) Every sentence symbol S

has the property P: (2) if cp is (up) and ip has the property P, then cp has

the property P; (3) if cp is (ipAO) and i/a 0 have the property P, then cp

has the property P. (The reader may check his understanding of this point

by proving through induction that every sentence cp has the same number

of right parentheses as it has left parentheses.)

How many sentences of SP are there? This depends on the number of

sentence symbols SeSP. Each sentence is a finite sequence of symbols.

If the set SP is finite or countable, then there are countably many sentences

of SP. Of course, not every finite sequence of symbols is a sentence; for
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instance, (S0 a(i S5 )) is a sentence, but a a )S3 and S0 aiS5 are not.

IT the set Sf of sentence symbols has uncountable cardinal a, then the set

of sentences of Sf also has power a.

Let us pause briefly to explain the role of the Greek letters cp, xj/, I, etc.

In the above paragraphs we have used the lower case Greek letters cp, ij/, 9, ...

as names for arbitrary finite sequences of symbols of . These letters were

needed in order to write down the definition of a sentence. From now on.

we shall be much more interested in sentences than in arbitrary finite

sequences of symbols. We shall hereafter use the lower case Greek letters

cp,xj/,0, ... as names for arbitrary sentences of The situation is similar

to elementary arithmetic, where we study natural numbers 0, 1,2,3,...,

but much of the time we write down letters like m, n, x,y, ... as names for

arbitrary natural numbers. Just as in arithmetic where we write things like

in = x+y, we shall now write, for example, cp = (i// a 6) to express the fact

that cp and (ip a 0) are the same sentence. In the above paragraphs we also

used capital Greek letters T, T, ... as names for arbitrary sets of finite

sequences of symbols of 6^; hereafter we shall use the capital Greek

letters as names for arbitrary sets of sentences of Sf. The symbols

cp, ip, 9, ..., I, T, ... are not in our list of formal symbols of our language -

they are merely informal symbols which we use to talk more easily about Sf .

We shall introduce abbreviations to our language in the usual way,

in order to make sentences more readable. The symbols v (or), -> (implies),

and <-> (if and only if) are abbreviations defined as follows:

(cp v ip) for (“i((“i cp) a (n xp))),

(<P
^

<A) for (0 <2>)viA),

(cp++ <A) for ((cp -> ^)a(^ -» cp)).

Of course, v, —» and <- could just as well have been included in our list

of symbols as three more connectives. However, there are certain advantages

to keeping our list of symbols short. For instance, 1.2.2 and proofs

by induction based on it are shorter this way. At the other extreme,

we could have managed with only a single connective, whose English transla-

tion is ‘neither ... nor ...’. We did not do this because ‘neither ... nor ...’

is a rather unnatural connective.

Another abbreviation which we shall adopt is to leave out unnecessary

parentheses. For instance, we shall never bother to write outer parentheses

in a sentence - thus n S' is our abbreviation for the sentence (n S). We shall

follow the commonly accepted usage in dropping other parentheses. Thus

n is considered more binding than a and v
,
which in turn are more binding
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than -» and <-. For instance, ~\ cp v ij/ -* 0 a cp means ((~i cp) v ij/) (0 a (p).

Hereafter we shall use the single symbol to denote both the set of

sentence symbols and the language built on these symbols. There is no fear

of confusion in this double usage since the language is determined uniquely,

modulo the connectives, by the sentence symbols.

We are now ready to build a bridge between the language Sf and its

models, with the definition of the truth of a sentence in a model. We shall

express the fact that a sentence cp is true in a model A succinctly by the

special notation

A h (p.

The relation A b <p is defined as follows:

1.2.3.

(i) . If (p is a sentence symbol S, then A h cp holds if and only if S e A.

(ii) . If cp is if/ a 0, then A 1= cp if and only if both A h ^ and A t= 0.

(iii) . If cp is i ijy, then A 1= cp iff it is not the case that A h ij/.

When A h cp, we say that cp is true in A, or that cp holds in A, or that A

is a model ofcp. When it is not the case that A 1= cp, we say that cp isfalse in A ,

or that cp fails in A. The above definition of the relation A b cp is an example

of a recursive definition based on 1.2.2. The proof that the definition

is unambiguous for each sentence cp is, of course, a proof by induction

based on 1 .2.2.

An especially important kind of sentence is a valid sentence. A sentence cp

is called valid
,
in symbols 1= <p, iff holds in all models for that is, iff

A V cp for all A. Some notions closely related to validity are mentioned in

the exercises.

At first glance, it seems that we have to examine uncountably many

different infinite models A in order to find out whether a sentence cp is valid.

This is because validity is a semantical notion, defined in terms of models.

However, as the reader surely knows, there is a simple and uniform test

by which we can find out in only finitely many steps whether or not a given

sentence cp is valid.

This decision procedure for validity is based on a syntactical notion,

the notion of a tautology. Let cp be a sentence such that all the sentence

symbols which occur in cp are among the n+ 1 symbols S0 ,
Sl9 ..., Sn . Let

a Q ,
a l9 ..., a„ be a sequence made up of the two letters t, f. We shall call

such a sequence an assignment.
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1.2.4. The value of a sentence cp for the assignment a0 , ..., an is defined

recursively as follows:

(i) . If cp is the sentence symbol Sm ,
m ^ n

,
then the value of cp is am .

(ii) . If cp is “i then the value of cp is the opposite of the value of ij/.

(iii) . If cp is
\J/
a6, then the value of cp is t if the values of \j/ and 6 are

both t, and otherwise the value of cp is f.

Note how similar Definitions 1.2.3 and 1.2.4 are. The only essential

difference is that 1.2.3 involves an infinite model A, while 1.2.4 involves

only a finite assignment a0 , ..., an .

1.2.5. Let cp be a sentence and let S0 ,
Sn be all the sentence symbols

occurring in cp. cp is said to be a tautology
,

in symbols h cp, iff cp has

the value t for every assignment a0 , ..., a„.

We shall use both of the symbols t=, I- in many ways throughout this book.

To keep things straight, remember this: N is used for semantical ideas,

and I- is used for syntactical ideas.

The value of a sentence cp for an assignment a0 , ..., an may be very easily

computed. We first find the values of the sentence symbols occurring in cp

and then work our way through the smaller sentences used in building up

the sentence cp. A table showing the value of cp for each possible assignment

a0 , •••, an is called a truth table of cp. We shall assume that truth tables are

already quite familiar to the reader, and that he knows how to construct

a truth table of a sentence. Truth tables provide a simple and purely mech-

anical procedure to determine whether a sentence cp is a tautology - simply

write down the truth table for cp and check to see whether cp has the value t

for every assignment.

Proposition 1.2.6. Suppose that all the sentence symbols occurring in cp

are among S0 ,
Sl9 Sn . Then the value of cp for an assignment

a0 ,
a

{ , ..., a,

a

n+m is the same as the value of cp for the assignment

a0 ’ >
• • • > •

We now prove the first of a series of theorems which state that a certain

syntactical condition is equivalent to a semantical condition.

Theorem 1.2.7 (Completeness Theorem). 1- cp if and only if h cp; in words
,

a sentence is a tautology if and only if it is valid.
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Proof. Let cp be a sentence and let all the sentence symbols in (p be among
S0 ,

Sn . Consider an arbitrary model A. For m = 0, 1, put a,n = t

if Sm g A, and am = f if Sm A. This gives us an assignment a0 ,
a

{ ,
an .

We claim:

(1 )
A 1= (p if and only if the value of cp for the assignment a0 ,

a
{ , ..., an is t.

This can be readily proved by induction. It is immediate if cp is a sentence

symbol S„. Assuming that (1) holds for (p = ij/ and for cp = 0, we see

at once that (
1 )

holds for cp = n ij/ and <p = ip a 0.

Now let S0 , ..., Sn be all the sentence symbols occurring in (p

.

If (p is a

tautology, then by (1), (p is valid. Since every assignment aQ , a x ,
an

can be obtained from some model A, it follows from (1) that, if (p is valid,

then (p is a tautology. A

Our decision procedure for h (p now can be used to decide whether (p

is valid. Several times we shall have an occasion to use the fact that a

particular sentence is a tautology, or is valid. We shall never take the trouble

actually to give the proof that a sentence of is valid, because the proof

is always the same - we simply look at the truth table.

Let us now introduce the notion of a formal deduction in our logic £P.

The Rule of Detachment (or Modus Ponens) states:

From and ip -> cp infer cp.

We say that cp is inferredfrom ip, 0 by detachment iff 0 is the sentence \p cp.

Now consider a finite or infinite set I of Sf.

A sentence cp is deducible from I, in symbols I h cp, iff there is a finite

sequence of sentences such that cp = \j/ n and each sentence

ipm is either a tautology, belongs to I, or is inferred from two earlier sentences

of the sequence by detachment. The sequence «Ao, ,
•••, called a

deduction of cp from I. Note that cp is deducible from the empty set of

sentences if and only if cp is a tautology.

We shall say that I is inconsistent iff we have I h cp for all sentences cp.

Otherwise, we say that I is consistent. Finally, we say that I is maximal

consistent iff I is consistent, but the only consistent set of sentences which

includes 1 is I itself. The proposition below contains facts which can be

found in most elementary logic texts.

Proposition 1.2.8.

(i). If I is consistent and r is the set of all sentences deducible from I,

then r is consistent.
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(ii) . IfZ is maximal consistent and Z h (p, then (pel.

(iii) . Z is inconsistent if and only ifZ 1- S a n S {for any S e SF).

(iv) (Deduction Theorem). IfZvj {<//} h (p, then Z \- ip cp.

Lemma 1.2.9 (LindenbaunTs Theorem). Any consistent set Z of sentences

can be enlarged to a maximal consistent set F of sentences.

Proof. Let us arrange all the sentences of SF in a list, <p 0 , (p { , (p 2 , (pa ,
• ••.

The order in which we list them is immaterial, as long as the list associates

in a one-one fashion an ordinal number with each sentence. We shall form

an increasing chain

Z = X0 a 1
1

c= Z 2 c ... d Zx
d ...

of consistent sets of sentences. If Z u {<p0 } is consistent, define

Ij =Iu {cp0 }. Otherwise define Z
{
= Z. At the ath stage, we define

Za+1 = Zx u {(pa } ifla u {(px} is consistent, and otherwise define Ia+l = I2 .

At limit ordinals a take unions, = {J p<xZp
. Now let T be the union of

all the sets Ta .

We claim that r is consistent. Suppose not. Then there is a deduction

^ 0 ,^ 1 , p
of the sentence SaiS from T (see Proposition 1.2.8). Let

0
{ , ..., 6

q
be all the sentences in r which are used in this deduction. We may

choose a so that all of 9 lt ..., 0
q
belong to Zx . But this means that Zx is

inconsistent (again see Proposition 1.2.8), which is a contradiction.

Having shown that T is consistent, we next claim that r is maximal

consistent. For suppose A is consistent and F ci A. Let cpx e A. Then

Zx u {(px } is consistent, and hence Ta+1 = Zx u {(pa}. Thus (px eT, and

hence A = F. H

Lemma 1.2.10. Suppose F is a maximal consistent set ofsentences in Sf . Then :

(i) . For each sentence (p, exactly one of the sentences (p,~\ (p belongs to F.

(ii) . For each pair of sentences </>, cp a ^ belongs to F if and only if

both cp and \\i belong to F.

We leave the proof as an exercise.

Now consider a set 1 of sentences of 5F We shall say that A is a model of

Z, A b Z, iff every sentence (p e Z is true in A. Z is said to be satisjiable iff

it has at least one model. We now prove the most important theorem of

sentential logic, which is a criterion for a set Z to be satisfiable.
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Theorem 1.2.1
1

(Extended Completeness Theorem). A set I of sentences of
9* is consistent if and only if Z is satisfiable.

Proof. Assume first that Z is satisfiable, and let AVI. We show that every

sentence deducible from Z holds in A. Let ijj 0 , i//, , ..., ip n be a deduction of

ij/ n from Z. Let m ^ n. If ij/m e Z or if ij/m is a tautology, then ijtm holds in A.

If ij/m is inferred from two sentences \j/p ,
i
J/ p

-* ipm which hold in A
,
then ij/m

must clearly hold in A. It follows by induction on m that each of the sentences

ip 0 , \j/
l , il/ n holds in A. Since SaiS does not hold in A

,
it is not

deducible from Z, so Z is consistent.

Now assume that Z is consistent. By Lindenbaum's theorem we enlarge

Z to a maximal consistent set T.

We now construct a model of Z. Let A be the set of all sentence symbols

5 e 99 such that SeT. We show by induction that, for each sentence cp
,

(
1 ) (p e r if and only if A h cp.

By definition, (1) holds when cp is a sentence symbol Sn . Lemma 1 .2. 1 0(i

)

guarantees that, if (1) holds when <p = ij/, then (1) holds when <p
= ~

1 1/'.

Lemma 1 .2. 10(ii) guarantees that, if (1) holds when <p = ^ and when

cp = 0, then (1 )
holds when cp = \jj a 0. From (1 )

it follows that A V T, and,

since Z c T, A h Z. H

We can obtain a purely semantical corollary. Z is said to be finitely

satisfiable iff every finite subset of Z is satisfiable.

Corollary 1.2.12 (Compactness Theorem). If I is finitely satisfiable ,
then

Z is satisfiable.

Proof. Suppose Z is not satisfiable. Then by the extended completeness

theorem Z is inconsistent. Hence, Z I- *S a ~i S. In the deduction of the

sentence Sa~iS from Z only a finite set Z0 of sentences of Z is used. It

follows that Z0 1- S a "i Z, so Z0 is inconsistent. Then Z0 is not satisfiable,

so Z is not finitely satisfiable. H

Note that the converse of the compactness theorem is trivially true, i.e.,

every satisfiable set of sentences is finitely satisfiable.

We say that cp is a consequence of Z, in symbols I V cp, iff every model of

Z is a model of cp. The reader is asked to prove Exercises 1.2. 3-1. 2.6 as well

as the following:
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Corollary 1.2.13

(i) . I h (p if and only iflY(p.

(ii) . If I 1= (p, then there is a finite subset T0 of I such that I0 Y (p.

We shall conclude our model theory for sentential logic with a few

applications of the compactness theorem. In these applications, the true

spirit of model theory will appear, but at a very rudimentary level. Since

we shall often wish to combine a finite set of sentences into a single sentence,

we shall use expressions like

and
(pi A(p 2 A ... A(pn

(p {
wcp2 v ... wcpn .

In these expressions the parentheses are assumed, for the sake of definiteness,

to be associated to the right; for instance,

(p {
A(p 2 A(p 3 = cpi a ( (p 2 a <p 3 ).

First we introduce a bit more terminology. A set F of sentences is called

a theory. A theory is said to be closed iff every consequence of F belongs

to F. A set A of sentences is said to be a set of axioms for a theory F iff F

and A have the same consequences. A theory is called finitely axiomatizable

iff it has a finite set of axioms. Since we may form the conjunction of a

finite set of axioms, a finitely axiomatizable theory actually always has a

single axiom. The set f of all consequences of F is the unique closed theory

which has F as a set of axioms.

Proposition 1.2.14. A is a set of axioms for a theory F if and only if A has

exactly the same models as F.

Corollary 1.2.15. Let T
{
and F 2 be two theories such that the set of all

models ofF 2 is the complement of the set of all models ofT x
. Then F

t
and F2

are both finitely axiomatizable.

Proof. The set F
t
u F 2 is not satisfiable, so it is not finitely satisfiable.

Thus we may choose finite sets A
t

c: F
t ,

A 2 a F 2 such that A
{
u A 2 is not

satisfiable. If A h A
j ,

then A is not a model of F 2 ,
and consequently A h F

x
.

It follows by Proposition 1.2.14 that A
l

is a finite set of axioms for T
l

.

Similarly A 2 is a finite set of axioms for F 2 . H
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The next group of theorems shows connections between mathematical

operations on models and syntactical properties of sentences. The first

result of this group concerns positive sentences. A sentence cp is said to be

positive iff cp is built up from sentence symbols using only the two connectives

a, v. For example, (S0 a (S2 v S3 )) v S 16 is positive, while and

S3
«-» S3 are not positive. A set I of sentences is called increasing iff A 1= T

and A a B implies B 1= I. <Jn U- h <2 < t(? msfons
j

Theorem 1.2.16.

(i) . A ci B if and only if every positive sentence which holds in A holds

in B.

(ii) . A consistent theory F is increasing ifand only ifF has a set ofpositive

axioms.

(iii) . A sentence cp is increasing if and only if either cp is equivalent to a

positive sentence
,

cp is valid
,
or n cp is valid.

Proof, (i). The fact that, if A cz B. then every positive sentence which holds

in A holds in B, is proved by induction. First, every sentence symbol

which holds in A holds in B
,

because of 1.2.3(i) and A <= B. Using

1.2.3(h) and Exercise 1.2.2, it can be checked that, if the condition ‘if cp

holds in A, then cp holds in B' is true when cp = ip, and when cp = 0, then

it is also true when cp = ij/ aO and when cp =\J/wO. Hence that condition

is true for every positive sentence cp.

Suppose that every positive sentence which holds in A holds in B. In

particular, for each S e SF, if A 1= S, then B t= 5. Thus, if S e A, then S e B,

so A cz B. This proves (i).

(ii). Now let F be a consistent increasing theory. Let A be the set of all

positive consequences of F. Suppose BV A. Let T be the set of all sentences

n cp such that cp is positive and B b n cp. Let 1 cp
x , ..., n cpn e I. Then the

sentence cp
x
v...vcpn is a positive sentence which fails in B. Hence

cp! v ... v cpn does not belong to A and is not a consequence of F . Thus

the set F u {n cp i9 ...
f
n cpn ]

is satisfiable, and the set f ul is finitely

satisfiable. By the compactness theorem, f ul has a model, say A. Now

for every positive sentence cp which fails in B, ~\cpeZ, so cp fails in A.

Thus every positive sentence holding in A holds in B, and by (i), A a B.

Since A k F and F is increasing, we have B \= T. We conclude that every

model of A is a model of F. But A cz F, and therefore A is a set of positive

axioms for F.
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Conversely, if T has a set of positive axioms, then it follows from (i) that

r is increasing.

(iii). Let cp be an increasing sentence. We may assume further that (p is

satisfiable. If r is the set of all consequences of cp, then by (ii) r has a

positive set A of axioms. Now cp e T, so A N (p, and by Corollary 1.2.13

there is a finite subset {iAi , tA„} of A such that {^,..., 1//„} t cp. If

n = 0, then cp is valid. Let n > 0. Each i
J/m is in A and thus in f, so each

ij/,,, is a consequence of cp. It follows that cp is equivalent to the positive

sentence a ... rwjjn .

Conversely, it follows from (i) that every positive sentence is increasing.

Obviously, every valid sentence and every refutable sentence are also

increasing. H

A completely trivial fact which is analogous to part (i) of the above

theorem is: A = B if and only if every sentence which holds in A holds in B.

We shall see later on in this book that the situation is very different in

predicate logic, where a maximal consistent theory ordinarily does not even

come close to characterizing a single model. This is one thing which makes

model theory for predicate logic so much more interesting and difficult

than model theory for sentential logic.

We now turn to another kind of sentence. By a conditional sentence

we mean a sentence cp
l
a ... a cpn , where each cp

t
is of one of the following

three kinds:

(1) S,

(2) “I Sx vi S2 v ... Vi S
p ,

(3) n S x v n S2 v . . . v n S
p
v T.

A set I of sentences is said to be preserved under finite intersections iff

A N Z and B N Z implies A n B h I. I is said to be preserved under arbitrary

intersections iff for every nonempty set {A
t
:iel} of models of T the

intersection P ieI A i
is also a model of I.

Lemma 1.2.17. A theory r is preserved under finite intersections if and only if

r is preserved under arbitrary intersections.

Proof. Let r be preserved under finite intersections, let {A
t

: i e /} be a

nonempty set of models of T, and let B = p\
ieI A i

. Let I be the set of all

sentences of the form S or n S which hold in B. We show that r u T is

satisfiable. Let T0 be an arbitrary finite subset of I, and let the negative

sentences in I0 be n S
{ ,

...,n S
p

. If p = 0, all the sentences in T0 are
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positive, and each of the models A
{

is a model of 10 , because B c: A
t

.

Let p > 0 and choose models A
it , ..., A

t
from among the A

L
such that

S
x $ A

ix , Sp $ A ip . Then A = A
ti
n ... n A

t
is a model of T0 ; since F

is preserved under finite intersections, A is also a model of J\ We have

shown that F u I is finitely satisfiable. By the compactness theorem,

F vj I has a model. But the only model of I is B , so ^ is a model of F. H

In view of the above lemma, we may as well simply say from now on that

r is preserved under intersections
, since it makes no difference whether we

say finite or arbitrary intersections.

Theorem 1.2.18.

(i) . A theory r is preserved under intersections if and only if F has a

set of conditional axioms.

(ii) . A sentence (p is preserved under intersections if and only if (p is equiv-

alent to a conditional sentence.

Proof, (i). We leave to the reader the proof that every conditional sentence

(and hence every set of conditional sentences) is preserved under inter-

sections.

Conversely, let F be preserved under intersections. Consider the set A

of all conditional consequences of F. It suffices to show that every model of

A is a model of F. Let B be an arbitrary model of A. For each T £

let IT be the set of all sentences of the form

Sj a ... a S
p
ah T

which hold in B. We also let the sentence n T itself be in IT . We first note

that the conjunction of finitely many sentences in IT is again equivalent

to a sentence in IT . Consider a sentence (p e I T . Then n <p is clearly equiv-

alent to a conditional sentence \p either of the form S or of the form

n v . . . v n S
p
v T.

But ip fails in B , so \p does not belong to A. This means that ip, and hence

~i cp, is not a consequence of T, and it follows that F u {<;p } is satisfiable.

Since Ir is, up to equivalence, closed under finite conjunction, we see that

r u IT is finitely satisfiable. Applying the Compactness Theorem, we may

choose a model A T of F u IT .

For each T e — B, we have T $ A T and B a A T . Thus, if f — B is not

empty, then
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B = (~)A t .

TiB

Since each A T is a model of r and T is closed under intersections, we have

B N r. In the remaining case B = Sf, we let I be the set of all sentences of

the form

S
i
A ... A S

p
.

Arguing as before, we find that ful is finitely satisfiable and thus has

a model. But B is the only model of 27, so again B is a model of T.

We have now shown that every model of A is a model of T, and it follows

that A is a set of conditional axioms for T.

(ii). This follows from (i) by an argument similar to the last part of the

proof of Theorem 1.2.16. H

We conclude with a table which summarizes the semantical and syntactical

notions that we have shown to be equivalent (some of these are done in the

exercises).

Table 1.2.1

Syntax Semantics

rp is a tautology, f cp cp is valid, (= cp

27 is consistent 27 is satisfiable

(p is inconsistent cp is refutable

(p is deducible from 27, 27 1- 9? cp is a consequence of 27, 27 (= cp

(p is equivalent to a cp is increasing,

positive sentence and not valid or refutable

cp is equivalent to a cp is preserved under
conditional sentence intersections

Exercises

1.2.1. Let A be a model such that S, Te A and U, V e Sf— A. Which of

the following sentences are true in A?

U, S, TaU, ill U, S-+ V, S a (S v U <-> (V -> T)).

1.2.2. Show that, if cp = ip v0, then AY cp if and only if A Y or A Y 6

or both. Concoct similar rules for A Y ij/ -» 0 and A Y ij/ <-> 0.

1^2>^. A sentence cp is satisfiable iff it has at least one model. Show that cp is

satisfiable it and only if n cp is not valid. A sentence (p is said to be refutable

iff it is not satisfiable, i.e. if n q> is valid.
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1.2.4. A sentence (p is a consequence of another sentence t/s in symbols

N </>, iff every model of ^ is a model of (p . Show that ij/ N (p if and only if

£ if/ q>, sjCbof ceyu.dsV 'aJUs*- * .

1.2.5. Two sentences and ij/ are
(
semantically

) equivalent iff they have

exactly the same models. Show that (p and
iA are equivalent if and only if

each one is a consequence of the other, and also if and only if h «-mA.

1.2v6. Prove that if (p is satisfiable, then the set of all models of (p has the

cardinal number of the continuum.

1.2.7* (Interpolation Theorem). Assume that cp h ij/. Show that either (i) (p

is refutable, (ii)
iA is valid, or (iii) there exists a sentence 0 such that cp b 0,

0 1= i//, and every sentence symbol which occurs in 0 also occurs in both cp

and i//.

1.2.8. Prove Proposition 1.2.6. 4j JJ- \JUQyt <y

1.2.9*

(i) . For every finite set K of models, there is a set I of sentences such

that K is the set of all models of I.

(ii) . Give an example of a set I of sentences such that the set of all

models of I is countably infinite.

(iii) . Give an example of a countable set of models which cannot be

represented as the set of all models of some set of sentences. /
In (ii) and (iii), assume that is countable.

1 .2.10. Ifll- <p for all cp s T and if I u T h 0, then l VO.

1.2.11. Prove that the set of all non-models of T is empty or of power 2 1 \

1.2. 1

2.

Show that no positive sentence is valid and no positive sentence is

refutable.

1.2.13. A theory F is said to be complete iff for every sentence cp
,
exactly

one of r b cp, T 1= ~i cp holds. For any set I of sentences, the following are

equivalent:

(i) . The set of consequences of I is maximal consistent.

(ii) . T is a complete theory.

(iii) . T has exactly one model.

(iv) . There is a model A such that for all </>, Z N (p iff A h (p

.

\

1.2.14. Let r be a consistent theory and let B be a model for Prove that

)
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B is a model of the set of all positive consequences ofF if and only if there is

a model A of F such that A <= B.

1.2x15. Show that every conditional sentence is preserved under intersections.

1.2.16. State and prove the analogue of Exercise 1.2.14 for intersections

and conditional sentences.

1.2.17*. Formulate and prove a result like Theorem 1.2.18 for unions of

sets of models.

1 . 2yl 8 . A set 1 of sentences is said to be independent iff, for each oel,

o is not a consequence of I-{g}. Prove that if S? is countable, then every

theory F in has an independent set of axioms.

[Hint: Show that F has a set of axioms F = {o
x ,

<x2 >
G3 > •••} SLlch that,

for each n ,
\-

o

n+l -+ g„ but not h on -+Gn+l . Then consider the set

{(Ti , <7i
—

>

G 2 ,
G 2

— •••}•]

1.2.19**. Prove without any restriction on the cardinality of that every

theory in has an independent set of axioms. (The case where \Sf\ = co
1

is very much easier than the general case, but still a challenge.)

1.3. Languages, models and satisfaction

We begin here the development of first-order languages in a way parallel

to the treatment of sentential logic in Section 1.2. First, we shall define

the notions of a first-order predicate language and of a model for .

We introduce some basic relations between models - reductions and expan-

sions, isomorphisms, submodels and extensions. We shall then develop

the syntax of the language defining the sets of terms, formulas and

sentences, and presenting the axioms and rules of inference. Finally, we give

the key definition of a sentence being true in a model for the language se.

The precise formulation of this definition is much more of a challenge in

first-order logic than it was for sentential logic. At the end of this section,

we state the completeness and compactness theorems (Theorems

1.3.20-1.3.22), but the proofs of these theorems are deferred until the next

chapter.

We first establish a uniform notation and set of conventions for such

languages and their models. A language ¥ is a collection of symbols. These

symbols are separated into three groups, relation symbols, function symbols

and ( individual )
constant symbols. The relation and function symbols of ££
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will be denoted by capital Latin letters P, F
,
with subscripts. Lower case

Latin letters c, with subscripts, range over the constant symbols of y. Lt'

yj
is a finite set, we may display the symbols of ¥ as follows:

y
I

P0 »
• • • >

Pn >
^ 0 »

• • * » fm >
C 0> ^ q J

•

Each relation symbol P ofy is assumed to be an /7-placed relation for some

integer n ^ 1, depending on P. Similarly, each function symbol F of y is

an m-placed function symbol, where m ^ 1 and m depends on F. Note

that we do not allow 0-placed relation or function symbols. When dealing

with several languages at the same time, we use the letters y, , etc.

If the symbols of the language are quite standard, as for example + for

addition, ^ for an order relation, etc., we shall simply write

y = {^}, y = {<, + , -,0}, JS? = { + ,-, -,0,/}, etc.,

for such languages. The number of places of the various kinds of symbols is

understood to follow the standard usage. The power, or cardinal of the

language Ff
,
denoted by \\y\\, is defined as

imi =a>v\y\.

We say that a language F£ is countable or uncountable depending on whether

\\y\\ is countable or uncountable.

We occasionally pass from a given language F£ to another language y
which has all the symbols of y plus some additional symbols. In such

cases we use the notation y c: y and say that the language y is an

expansion ofy
,
and that y is a reduction of y. In the special case where

all the symbols in y but not in y are constant symbols, y is said to be

a simple expansion of y. Since y and y are just sets ol symbols, the

expansion y may be written as y = y u X, where X is the set of new

symbols.

Turning now to the models for a given language y, we first point out that

the situation here is more complicated than for the sentential logic y in

Section 1.2. There, each Se y could take on at most two values, true or

false. Thus the set of intended interpretations for y has rather simple

properties, as the reader discovered. This time, each /7-placed relation

symbol has as its intended interpretations all /7-placed relations among

the objects, each /77-placed function symbol has as its intended interpreta-

tions all / 7?-placed functions from objects to objects, and, finally, each

constant symbol has as intended interpretations fixed or constant objects.

Therefore, a ‘possible world’, or model for y consists, first ot all, of a
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universe A, a nonempty set. In this universe, each ^-placed P corresponds

to an /7-placed relation R c= An on A, each w-placed F corresponds to an

w-placedfunction G : Am -* A on A, and each constant symbol c corresponds

to a constant x e A. This correspondence is given by an interpretation

function J mapping the symbols of FP to appropriate relations, functions

and constants in A. A modelfor FP is a pair (A, J'). We use Gothic letters

to range over models. Thus we write 91 = (A, S}, 53 = </?, ^>,
C = <C, JT), etc., with appropriate subscripts and superscripts. We shall

try to be quite consistent in this respect, so that the universes of the models

53', 53", 53/, 53j, etc., are precisely the sets B\ B", B
t ,

Bj, etc. The relations,

functions and constants of 51 are, respectively, the images under of the

relation symbols, function symbols and constant symbols of FP.

Note that in a given universe A there are many different permissible

interpretations of the symbols of FP

.

Suppose 51 = (A, «/>, 91' = (A\ J^')

are models for FP and R
,
R ' are relations of 91, 91', respectively. We say that

R' is the corresponding relation to R if they are the interpretations of the

same relation symbol in FP, i.e.

«/(/*) = R and J?'(P) = R' for some P e FP.

We introduce similar conventions as regards the functions and constants.

When
^ So ’

• • • »
d*n ,

F0 ,
. .

. ,
Fm ,

Cq ,
. .

. ,
Cq |

,

we write the models for FP in displayed form as

9( (A, /?o, ..., Rn , G0 , •••, Gm ,
a'q

, •••, xf}.

When the symbols of FP are familiar, we shall agree to use, for instance,

91 = (A, <, + ,•>

for models of the language FP = +, •}. We may resort to

91 = <(A
, ,

’

91X & — <(B, +©, etc.,

if the context of the discussion requires it.

If we start with a model 91 for the language FP we can always expand it

to a model for the language FP’ — FP u X by giving appropriate inter-

pretations for the symbols in X. If J' is any interpretation for the symbols

ol X in 91, and X is disjoint from FP
,
then 91' = (A, Jf u </') is a model for

FP'

.

In this case we say that 91' is an expansion of 91 to FP '
, and 91 is the

reduct of 91' to FP. Sometimes we use the shorter notation (91, «/') for 91'.

Clearly, there are many ways a model 91 for FP can be expanded to a model
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31' for
(£'

.

On the other hand, given a model 31' for J/?', it has only one
reduction 31 to . Namely, we form 31 by restricting the interpretation

function S' on S u X to The processes of expansion and reduction

do not change the universe of the model.

The cardinal
,
or power

, of the model 31 is the cardinal \A\. 31 is said to be

finite, countable or uncountable if \A\ is finite, countable or uncountable.

Note that on a finite universe A, while there can be only linitely many
different relations, functions and constants, the number of different inter-

pretation functions S can be very large and depends on \S?

\.

We next introduce some simple but basic notions and operations on
models. 1 he reader should go through the exercises at the end of this section

in order to be familiar with them.

Two models 3f and 31' for df are isomorphic iff there is a 1-1 function /
mapping A onto A' satisfying:

(i) . For each /7-placed relation R of 31 and the corresponding relation

R' of 31',

/?(*!... x„) if and only if R\f{*\) •••/(*„))

for all x
x , ..., xn in A.

(ii) . For each m-placed function G of 31 and the corresponding function

G' of 31',

f(G(x 1 ...xm)) = G'(f(x 1 )...f(xm )),

for all x
l , ..., xm in A.

(iii). For each constant x of 31 and the corresponding constant x' of 31',

f(x) = x’.

A function / that satisfies the above is called an isomorphism c//31 onto 3T,

or an isomorphism between 31 and 31'. We use the notation / : 31 = 31' to

denote that / is an isomorphism of 3f onto 3F, and we use 31 = 31' for 3( is

isomorphic to 3F. For convenience we use = to denote the isomorphism

relation between models for It is quite clear that = is an equivalence

relation. Furthermore, it preserves powers, that is, if 31 = 33, then \A\ = |^|.

Indeed, unless we wish to consider the particular structure of each element

of A or B, for all practical purposes 31 and 33 are the same if they are

isomorphic.

A model 31' is called a submodel of 3f if A' a A and:

(i). Each //-placed relation R' of 3T is the restriction to A' of the corre-

sponding relation R of 31, i.e., R! = R n (A')
n

.
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(ii) . Each w-placed function G' of 3T is the restriction to A' of the

corresponding function G of 31, i.e., G' = G\(A')m .

(iii) . Each constant of 31' is the corresponding constant of 3f.

We use 3f' c= 31 to denote that 3T is a submodel of 31, and the symbol cz

for the submodel relation between models for JF. The reader should show

that c is a partial-order relation and that, if 31 c 33, then \A\ < |Z?|.

We say that 33 is an extension of 3X if 3f is a submodel of 33.

Combining the above two notions, we say that 31 is isomorphical/y embedded

in 33 if there is a model C and an isomorphism / such that / : 3f = C and

(5 ci 33. In this case we call the function/an isomorphic embedding of 3f in 33.

If 31 is isomorphically embedded in 33, then 33 is isomorphic to an extension

of 31.

To formalize a language SF
, we need the following logical symbols

(see the corresponding development for SP in Section 1.2.):

parentheses ), (;

variables v0i u
x , ..., vn9 ...;

connectives a (and), n (not);

quantifier V (for all);

and one binary relation symbol = (identity).

We assume, of course, that no symbol in FF occurs in the above list.

Certain strings of symbols from the above list and from FF are called terms.

They are defined as follows:

1 . 3 . 1 .

(i) . A variable is a term.

(ii) . A constant symbol is a term.

(iii) . If F is an m-placed function symbol and t l9 ..., tm are terms, then

F(t
{

... tm )
is a term.

(iv) . A string of symbols is a term only if it can be shown to be a term

by a finite number of applications of (i)-(iii).

The atomic formulas of SF are strings of the form given below:

1 . 3 . 2 .

(i) . t
{
= t 2 is an atomic formula, where and t2 are terms of

(ii) . If P is an /7-placed relation symbol and are terms, then

P(t
x ... tn ) is an atomic formula.

Finally, the formulas of JSf are defined as follows:
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1.3.3.

(i) . An atomic formula is a formula.

(ii) . If cp and ij/ are formulas, then (cpAi//) and (n cp) are formulas.

(iii) . If v is a variable and (p is a formula, then (Vv)(p is a formula.

(iv) . A sequence of symbols is a formula only if it can be shown to

be a formula by a finite number of applications of (i)- (iii).

Just as in the case of Ff

,

we may put definitions 1.3.1 and 1.3.3 in a set-

theoretical setting. Namely, the set of terms of is the least set T such that

T contains all constant symbols and all variables vn , n =0, 1,2,..., and,

whenever F is an w-placed function symbol and 1
1 ,

tm e T, then

F(t, ... tm) e T.

Similarly, the set of formulas of d? is the least set <P such that

every atomic formula belongs to 0 and, whenever (p, ijs e <P and v is a

variable, then (cp Aip), (n (/>), (Vv)cp all belong to <P.

Note that we have tacitly used the letters t (with subscripts) to range over

terms, v to range over variables, and cp
,

ij/ to range over formulas. Again,

we emphasize that properties of terms and formulas of d£ can only be

established by an induction based on definitions 1.3.1 and 1.3.3.

We can now introduce the abbreviations v, -,<- as in Section 1.2.

Furthermore, we adopt all the conventions introduced earlier. The new

symbol 3 (there exists) is introduced as an abbreviation defined as

(3v)cp for n (Vi;) n cp.

Some new conventions are the following:

(Pi A cp2 A . . . A (pn for fP\ A ((jP 2 A ... A
<f>H ))\

for (<Pi v(<p 2 v... v<p„));

(dx
l
x2 ... Xn )(p for (V.v

1
)(V.v2 ) ... (dxn)cp;

(3xj x2 ... xn )(p for (3x 1
)(3x2 ) ... (3xn )(p.

At this point we assume that the reader has enough experience in first-order

predicate logic to continue the development on his own. In particular,

we leave it to him to decide on the notions of subformulas , of free and

bound occurrences of a variable in a formula, and to give a proper definition

(based on definitions 1.3.1 and 1.3.3) of substitution of a term for a variable

in a formula.

We now come to an extremely important convention of notation. To

make sure that the reader does not miss it, we enclose it in a box:
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We use t(v0 ... vn ) to denote a term t whose variables form a subset of

{ v0 , ..., t?„}. Similarly, we use cp(v0 ... vn ) to denote a formula cp whose

free variables form a subset of {v0 , ..., vn }.

Note that we do not require that all of the variables v0 , ..., vn be free

variables of cp(v0 ... vn ). In fact, (p(v0 ... vn) could even have no free variables.

Also, we make no restriction on the bound variables. For example, each of

the following formulas is of the form cp{v0 v i
v1 ):

R(v0 v v
v2\ s(v0 v2 ), (Vu4)S(d4 u4 ).

A sentence is a formula with no free variables.

Note that even if& has no symbols, there are still formulas of . These

formulas are built up entirely from the identity symbol = and the other

logical symbols listed. Such formulas are called identity formulas and they

occur in every language. The following proposition is simple but important.

Proposition 1.3.4. The cardinal of the set of all formulas of is ||=2?||.

To make all the above syntactical notions into a formal system we need

logical axioms and rules of inference. The logical axioms for Sf are divided

into three groups.

1.3.5. Sentential Axioms'. Every formula cp of which can be obtained

from a tautology \j/ of SR by (simultaneously and uniformly) substituting

formulas of for the sentence symbols of ^ is a logical axiom for ££

.

From now on we call such a formula (p a tautology of ££
'

.

1.3.6. Quantifier Axioms'.

(i) . If (p, {// are formulas of and v is a variable not tree in cp
,
then the

formula

(Vu)(<p -> xj/) ->((/) -> (Vi?)iA)

is a logical axiom.

(ii) . If cp
, ^ are formulas and ij/ is obtained from cp by freely substituting

each free occurrence of v in cp by the term t (i.e., no variable x in t shall

occur bound in ij/ at the place where it is introduced), then the formula

(yv)cp -> \j/

is a logical axiom.
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1.3.7. Identity Axioms : Suppose x, y are variables, t(v0 ... vn )
is a term and

(p(v0 ... vn )
is an atomic formula. Then the formulas

x = *,

x = y Kvo ••• ixv l+l ... vn )
= t(v0 ... v

i
_

l
yvi+l ... vn\

x = y (<p{v0 ... V
i
_

1
XVi+ J

... vn )
—

* (p(v0 ... ••• yn))>
are logical axioms.

There are two rules of inference.

1.3.8. Rule of Detachment (or Modus Ponens): From (p and (p — i/r infer i/r.

1.3.9. Rule of Generalization : From (p infer (Vx)cp.

Given the axioms and the rules of inference, we assume that the resulting

notions ofproof length ofproof theorem are already familiar to the reader.

As we are dealing with the usual first-order logic with identity, we shall

assume as known and make free use of all of the basic theorems and meta-

theorems of such formal systems.

Following standard usage, 1- cp means that cp is a theorem of If Z is

a set of sentences of ZP, then Z h cp means that there is a proof of cp from
the logical axioms and T. If T = {g 1 , ..., on }

is finite, we write cr, ... on H ip.

As the logical axioms are always assumed, we say that there

is a proof of ip from T, or ip is deducible from I, whenever I h ip. Z is

inconsistent iff every formula of ££ can be deduced from I. Otherwise I is

consistent. A sentence a is consistent iff {cr} is. I is maximal consistent (in &)
iff I is consistent and no set of sentences (of J&) properly containing I is

consistent. We list in the proposition below some useful, though simple,

properties of consistent and maximal consistent sets of sentences. (Many
of these properties are found also in Proposition 1.2.8.)

Proposition 1.3.10.

(i) . I is consistent if and only if every finite subset of T is consistent.

(ii) . Let o be a sentence. L u [cr] is inconsistent if and only if I b n cr.

Whence L u {o’} is consistent if and only if n cr is not deducible from I.

(iii) . IfI is maximal consistent
,
then for any sentences cr, t

L V g if and only if o e T

;

o £ X if and only if o e Z;

g a t e Z if and only if o and x belong to Z.

(iv) (Deduction Theorem). Z u {or} h x if and only if X l o -* x. (Here

g is a sentence
,
although x need not be one.)
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The next proposition duplicates Lemma 1.2.9. There is no change in the

proof.

Proposition 1.3.11 (Lindenbaum's Theorem). Any consistent set ofsentences

of can be extended to a maximal consistent set of sentences of .

We now come to the key definition of this section. In fact, the following

definition of satisfaction is the cornerstone of model theory. We first give

the motivation for the definition in a few remarks. If we compare the models

of Section 1.2 and the models discussed here, we see that with the former

we were only concerned with whether a statement is true or false in it,

while here the situation is more complicated because the sentences of f£

say something about the individual elements of the model. The whole

question of the (first-order) truths or falsities of a possible world (i.e.,

model) is just not a simple problem. For instance, there is no way to decide

whether a given sentence of = { + ,
*, S, 0} is true or false in the standard

model <7V, + S, 0> of arithmetic (where S is the successor function).

Whereas we have already seen in Section 1.2 that there is such a decision

procedure for every model for Sf and for every sentence of . To define

the notion

the sentence a is true in the model 31,

we have first to break up a into smaller parts and to examine each part.

If o is n cp or if o is cp a if/, then we see that the truth or falsity ot o in 31

follows once we know the truth or falsity of cp and \j/ in 31. If, on the other

hand, a is (fx)cp, then the same method for deciding the truth of o breaks

down as cp may not be a sentence and it would be meaningless to ask it cp

is true or false in 31.

The free variable ;t in cp is supposed to range over the elements ot A.

For each particular am Ait is meaningful to ask whether

the formula cp is true in 31 if cp is talking about a.

If for each a in A the answer to this question is yes, then we can say that o

is true in 31. If there exists an a in A so that the answer is no, then we say

that o is false in 3L But in order to answer the above question, even tor a

fixed element of A, we shall run into the same difficulty if cp happens to be

(My)^. Then we are led naturally to ask whether

i/' is true in 31 if <// is talking about a pair of elements a and b in A.

It takes but a very small step before we see that the crucial question is the

following:

Given a formula cp(v0 ... v
p)

and a sequence x0 , ..., xp in A, what does
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it mean to say that (p is true in 51 if the variables v0> ...,vp are taken
to be x0 , ...»V

Our plan is to give an answer to this question first for every atomic formula
lKvo ••• v

p )
and all elements x0 ,

• ••,*„. Then, by an inductive procedure
based on our inductive definition of formula (1. 3.1-1. 3.3), we shall

give an answer for all formulas (p(v0 ... v
p )

and elements x0 , ...,x
p

.

There is still one difficulty with our plan: if all the free variables of a

formula cp are among v0 , ..., v
p ,

it does not follow that all the free variables

of every subformula of (p are among v0 , ..., v
p

. For a quantifier makes a
free variable bound. This will cause trouble in the induction part of our
plan. To overcome this dilficulty we observe that the following is true.

If all the variables, free or bound, of a formula (p are among v0 , ..., v
,

then all the variables of every subformula of (p are also among v0 , ..., v

So we shall modify our plan thus: First, we answer the question for all

atomic formulas ip(v0 ... v
q )

and all elements x0 , ..., x
q

. Then by an induc-

tive procedure we answer the question for all formulas (p such that all its

free and bound variables are among v0 , ..., v
q , and all elements x0 , ..., jt

(/
.

Finally, we prove that the answer to the question for a formula (p(v0 ... v
p )

and elements x0 , ...,x
q , p ^ ry, depends only on the elements *0 ,

corresponding to free variables of </>, so that the values of xp+i9 ...
9 x

are irrelevant.

We are now ready for the formal definition. The crucial notion to be

defined is the following: Let cp be any formula of if, all of whose free and
bound variables are among v0 , ..., v

q , and let jc0 , x
q
be any sequence of

elements of A. We define the predicate

1.3.12. q> is satisfied by the sequence x0 , ..., x
q

in % or jc0 , ..., x
q

satisfies

cp in 51.

The definition proceeds in three stages (compare with 1 .3. 1-1. 3. 3).

Let 5( be a fixed model for &

1.3.13. The value of a term t(v0 ... v
q )

at x0 ,
...

9
x
q

is defined as follows

(we let /[x0 ... x
q ] denote this value):

(i) . If / = vh then t[x0 ... x
q ]
= x

t
.

(ii) . If t is a constant symbol c, then /[.v0 ... x
q \ is the interpretation of

c in 5L

(iii) . If t = F(t
j

... tm ), where F is an m-placed function symbol, then

/[.Y0 ••• x
q \
= G(t

{
[x0 ... X

q ] ... tm [XQ ... -Vq]),
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where G is the interpretation of F in 21.

1.3.14.

(i) . Suppose (p(vo ... v
q )

is the atomic formula t
1 = t2 >

where ^(r’o ••• Vq)

and t 2 (v

o

••• v
g)

are terms. Then x0 ,
...,x

q
satisfies ip if and only it

[Xq • * *
= ^2 [*^0 *•*

(ii) . Suppose q>(v0 ...v
q )

is the atomic formula P(t
x

... /„), where P is an

/?-placed relation symbol and tfiv0 ... v
q),

..., tn (v0 ... v
q )

are terms. Then

jc0 , ..., xq
satisfies (p if and only if

where R is the interpretation of P in 21.

For brevity, we write

21 1= (p[x0 ... x
q \

for: x0 , ..., x
q

satisfies (p in 21.

Thus 1.3.14 can also be formulated as:

(i) . 21 t= (t x = t 2 )[x

o

••• x
q ] if and only if ^[x0 ... x

q ] = t2 [x0 ... x
q ].

(ii) . 21 1= ... t„)[x0 ... x
q ] if and only if ••• x

q ] r
-.jtn [x0 ••• xq ]).

1.3.15. Suppose that cp is a formula of <£ and all free and bound variables of

ip are among v0 , ..., v
q

.

(i) . If cp is 0
1
a 92 ,

then

21

1

= <p[x0 ... if and only if both 21 1= f^lX) ••• anc* 21 N d 2 [x0 •••

(ii) . If <p is n 0, then

21 N (p[x0 ... x^] if and only if not 21 k d[x0 ... x
q ].

(iii) . If cp is (Vi’,)^, where i ^ q, then

21 1= ip[x0 ... Xq] if and only if for every xe A , 21 1= ip[x0 ... x
i
. l
xxi+l ... x

q ].

Our definition of 1.3.12 is now completed. As simple exercises, the reader

should check that the abbreviations v
,

<->, 3 have their usual meanings.

In particular, if ip is ifiv^ip, where i ^ q, then

21 t (p[x0 ... Xq] if and only if there exists x e A such that

21 l
2 Ip [Xq ••• Xj_

j
XX,-+ j

Xq].

More important, the reader should realize that we can formulate a precise

definition of /[x0 ... x
q ] and 21 h ip[x0 ... x

q ] in set theory, based upon

1.3.13-1.3.15.

Having finished our definition, our first task is to prove the proposition

that the relation
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& k ({>(p0 ... v
p
)[x0 ... xj

depends only on x0 ,
... ,

x
p ,

where p < q. This is the last part of the plan

we have outlined.

Proposition 1.3.16

(i) . Let t(v0 ... v
p )

be a term and let x0 ,
...,x

q
and y0 , ...,yr be two

sequences such that p ^ q, p ^ r, and x
t = y t

whenever v
t
is a free variable

of t. Then

t[xo ... x
q ]
= t[y0 ...yr ].

(ii) . Let cp be a formula all of whose free and bound variables are among

v0 ,...,vp ,
and let x0 ,...,xq and y0 , ..., yr be two sequences such that

p ^ q,p < r, and x
t = y t

whenever v
t
is a free variable of (p. Then

h cp[x0 ... x
q ] if and only if% \= cp[y0 ... yr ].

Remark. Proposition 1.3.16 shows that the value of a term t at x0 , ..., xq

and whether a formula (p is satisfied or not by a sequence x0 > ..., x
q
depend

only on those values of x
t
for which v, is a free variable, and are independent

of the other values of the sequence as well as the length of the sequence.

The length q of the sequence must be high enough to cover all the tree and

bound variables of t and cp in order for the expressions /[x0 ... x
q ],

M t (p[x0 ... x
q ] to be defined at all. We can now immediately infer that

if cr is a sentence, then h <r[x0 ... x
q ]

is entirely independent ol the sequence

x0 ,
...,x

q
. The importance of the above proposition is that it allows us

to make the following definition.

1.3.17. Let cp(y0 ... v
p )

be a formula all of whose free and bound variables

are among v0 ,...,vq , p ^ q. Let x0 ,...,xp be a sequence of elements

of A. We say that cp is satisfied in by x0 , ..., xp ,

1= cp[xo ... x
p ],

if and only if cp is satisfied in by x0 , ..., x
p
,...,x

q
tor some (or,

eq ui valently, every) xp+l ,
. .

. ,
x
q

.

Let cp be a sentence all of whose bound variables are among v0 , ..., v
q

.

We say that satisfies cp, in symbols % b cp, iff cp is satisfied in % by some

(or, equivalently, every) sequence x0 ,
..., x

q
.

The proof of Proposition 1.3.16 is straightforward but tedious. We shall

sketch it here as a first example of an inductive proof on the ‘complexity'
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of formulas. We shall often omit similar easy inductive proofs in the future.

Proof of Proposition 1.3.16

(i) . If t(v0 ... v
p)

is a variable v
t ,

then

t[x0 ... x
q ]
= x

t = y t
= t[y0 ... yr \.

Lf t(y0 ... v
p )

is a constant symbol c, and x is the interpretation of c in 5(,

then

t[x0 ... x
q \
= x = t[y0 ...yr ].

Suppose t(v0 ... v
p )

is F(t
{

... tm ), where Fis an m-placed function symbol

and the proposition holds for each of the terms tlf ..., tm . This means that

ti[xo ••• x
q \
= ti[y0 ... yr ], (i = 1, ..., m).

Therefore, if G is the interpretation of F in 5(,

'[*o ••• x
q \
= G(t

r
[xo ... x

q ] ... tm [xo ... x
q ])

= G(tl[y0 — Jr] — tm [yO •••Jr]) = *[j0 •••Jr]-

This verifies (i) for all terms t.

(ii) . If <p is an atomic formula = t2 , then using (i) we see that

t
{
[x0 ... x

q ]
= F[jo ... Jr ],

... = t 2 [y0 ...yr ].

Therefore the following are equivalent:

51 N tp[x0 ... x
q ],

M*o ...x
q ]
= t2 [xo ...

Mjo ••• Jr] = L>[j<> *•• JrL

N <p[j0 ••• Jrl-

Let (p be an atomic formula P(t
{

... /„), where P is an /7-placed predicate

symbol and t l9 ..., /„ are terms. Then, using (i), we see that the following

are equivalent (where R is the interpretation of P in 51):

51 h (p[x0 ... x
q ],

X(*ilx0 ••• ^</] ••• G (To ••• -T?]),

^(Mjo ••• Jr] ••• tn [y0 ••• Jr]),

51 N </)[j0 ... yr ].

Suppose now that iJ/, 0 are formulas, all of whose free and bound variables

are among v0 , ..., v
p , which satisfy part (ii) of the proposition.
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If (p is i// a 0, the following are equivalent:

b (p[xo ... x
q ],

91 f
z ^[xq ... x

q ] and 91 b 0[xo ...

%V\l>ly0 ... yr ] and 91 b 0[yo ... >>r L

9f b (p[j>0

II’ </> is n ip, then the following are equivalent.

9i 1= (p[xo ... xj,

not 91 b iA[x0 ... xj,

not 9H=^[j/0 ...jv],

9f b </>[_y0 •••

Finally, let </? be where / ^ p. Then the following are equivalent:

91 b </>[x0 ... *J,
for all x e A, 91 b iAt-^o ••• *i- 1 **i +

1

•••

for all ye A, 91 b ... y i
. l yyi+1 ... jvL

91 b cp[y0 ... ;>]•

In this last part of the proof we used the fact that the free variables of

are just the free variables of (p and, perhaps, v
t

. Our proof is now complete. H

We shall state one more elementary proposition which deals with the

behavior of the satisfaction relation under the substitution of variables by

terms. We omit the proof, which is another tedious but straightforward

induction.

Proposition 1.3.18. Let (p(v0 ... v
p)

be a formula and let t0 (v0 ... v
p ), ...,

t
p
(v0 ... v

p)
be terms. Suppose that no variable occurring in any of the terms

t 0 , •••» i
P
occurs bound in cp. Let x0 , ..., x

p
be a sequence of elements oj A

and let <p(t0 ... t
p )

be the formula obtained from (p by substituting t
t
for v

t

(/ = 0, ..., p). Then

9f b (p(t0 ... t
p
)[x0 ... x

p ] if and only if 9f b (p[t0 [x0 ... xp \ ... t
p
[x0 ... x

r ]].

We have now completed the project started several paragraphs back.

Namely, we say that a sentence

cr is true in 91

iff
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3( 1= cr[x0 ... x
q ] for some (or for every) sequence x0 , ..., x

q
of A.

We use the special notation 31 h o to denote that o is true in 31. This last

phrase is equivalent to each of the following phrases:

g holds in 31;

31 satisfies o\

g is satisfied in 31;

31 is a model of o.

When it is not the case that o holds in 31, we say that o is false in 31, or that

g fails in 3f, or 3( is a model of n o. Given a set X of sentences, we say that

31 is a model ofI iff 31 is a model of each g in X; it is convenient to use the

notation 31 1= T for this notion. A sentence g that holds in every model for

££ is called valid. A sentence, or a set of sentences, is satisfiable iff it has at

least one model. Whence, g is satisfiable if and only if n g is refutable.

1= g denotes that g is a valid sentence.

A sentence (p is a consequence of another sentence o, in symbols o 1= <p,

iff every model of o is a model of (p . A sentence cp is a consequence of a set

of sentences X, in symbols X N q>, iff every model of X is a model of (p.

Lt follows that

X u {cr} N (p if and only if X N o -> (p.

Two models 3t and 33 for are elementarily equivalent iff every sentence

that is true in 31 is true in 33, and vice versa. We express this relationship

between models by =. It is easy to see that = is indeed an equivalence

relation. The symbol we have chosen to denote elementary equivalence is

exactly the same as the identity symbol for the language ££

.

However, no

confusion can ever arise because one is a relation between models for

and the other is a relation between terms of ££ . If the context is clear,

equivalent shall mean elementarily equivalent.

Proposition 1.3.19. If 31 = 33, then 3( = In case 3( is finite ,
then the

converse is also true.

We conclude this section by stating a number of important results without

proofs, but whose proofs will be given in the next chapter.

Theorem 1.3.20 (Godel’s Completeness Theorem). Given any sentence o,

g is a theorem of£f if and only if o is valid.
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Theorem 1.3.21 (Extended Completeness Theorem). Let I be any set of

sentences. Then I is consistent if and only if I has a model.

Theorem 1.3.22 (Compactness Theorem). A set of sentences 1 has a model

if and only if every finite subset ofE has a model.

As in Section 1.2, we conclude with a table of equivalent notions.

Table 1 . 3.1

Syntax Semantics

rp is a theorem, b rp (p is valid, f= (p

E is consistent E has a model

rp is deducible from E, E b (p rp is a consequence of Z, Z <p

Exercises
\

1.3.1. Prove that the isomorphism relation = is an equivalence relation.

Let a be any cardinal. Show that there are at most 2
a u||y nonisomorphic

models for of power a.

1.3.2. Let c= 33 mean that s2( is isomorphically embedded in
s
-b. Show

that the relation c: is reflexive and transitive but not antisymmetric: Let N
be the set of all natural numbers 0, 1,2, .... Decide if the following are true

or false:

<N, +,0> c <A, 1>,

<N, 1> c <tf, +,0>,

<N-{0), 1> c <tf, + ,0>,

<A-{0}, •, 1> c <A, + ,0>,

<A-{0},-> c <N, +>. /

Take < , +, and • as the usual ordering and operations on N.

1.3.3. Let (p(v0 ... »„) be a formula of and 91 be a model for . Prove

that:

(i) . The satisfaction relation $ 1= (p[x0 ... x„] has a precise definition

in Zermelo-Fraenkel set theory.

(ii) . If W is an expansion of and x0 , ..., xn e A, then

2f b (p[x0 ... *„] if and only if 9T b (p[x0 ... xn ].
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1.3.4. Prove Proposition 1.3.19. Also construct a counterexample if 21

is not finite.

1 .3>5. A sentence cp is universal iff it is in prenex form and all of its quantifiers

are universal, i.e., V. Prove that if cp is universal and 2f c 23 and 33 t= cp,

then 2f 1= cp. A sentence is existential iff it is in prenex form and all of its

quantifiers are existential, i.e., 3. Prove that if cp is existential and 91 c 33

and 2f 1= cp, then 33 N cp. Thus universal sentences are preserved under

submodels and existential sentences are preserved under extensions.

1.3.6. There are at most 2^" nonequivalent models for ££

.

^73^ Let 21 and 23 be equivalent models for Suppose that every element

of A is a constant of A and the same is true for 23. Then show that 2f = 23.

If the hypothesis is assumed only for 2(, show that 2f is isomorphically

embedded in $8.

^ Sr to
->Jl

=» c& C tw)

1.3.8*. Find a necessary and sufficient condition on so that there will

be exactly 2
!|y!l nonequivalent models. Do the same for exactly 2

a
non-

isomorphic models of power a, for each infinite cardinal a.

1.3..9. Let 2f be a model for and let X be a nonempty subset of 21. Let

B = p|{C : (£ c= 21 and T c C}.

Then there is a submodel 33 c: 2f with universe B. 23 is called the submodel

generated by X.

^.3.10. Let 2f, X be as above and let 33 be the submodel generated by X.

Then

B = {t[x± ... xn \ : t is a term of& and x { , ..., xn e X}.

Moreover,

1*1 < 1*1 < l*|u||^||.

1.3.11. Suppose X c A and X generates the whole model 2L Let / be a

one-one map on X into another model 23. Then there is at most one iso-

morphic embedding g on 21 into 23 such that / c= g.

1.3.12. Suppose has no function or constant symbols. Then for every

model 2f for and every nonempty subset X c= A, 9f has a submodel with

universe X.

'OM ft
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Suppose if has no function symbols. Then for every model 91 for if and

every nonempty X c- A which contains all the constants of 9(, 91 has a

submodel with univeis X.

1.3.13. Verify all the claims in Table 1.3.1, assuming the extended com-

pleteness theorem.

1.3.14*. An element a e A of a model 91 is said to be definable (in 21) ilf

there is a formula cp(x

)

of if such that a is the only element in A satisfying

(p. For each n e to, find a model 9{„ for if and a language with only a

finite number of symbols, which has exactly n undefinable elements. For

n — 0 or n > 1, the examples are easy to find. For n = 1, it is much

harder.

1.3.15*. Let if have only a finite number of relation and constant symbols,

but no function symbols. Define the relations =„ on models for if as

follows by induction:

9( = 0 23 iff the submodels of 91 and 93 generated by the constant

elements are isomorphic, or else if has no constant symbols.

91 =„+

1

23 iff for every a e A there exists b e B such that (91, a) = n (23, b ),

and for every be B there exists a e A such that (91, a) = n (23, b).

Note that the definition of =„ +1 depends on the fact that =„ has already

been defined for all languages of the form if u (cj

,

Prove that

91 = 23 if and only if for all n
, 91 =„ 23.

1.3.16. Let if be as in the previous exercise. Prove that if 91 =„23 then

for every sentence (p of if in prenex form with at most n quantifiers,

91 N (p if and only if 23 N

1 .3. 1 7 *. Let if be as in Exercise 1 .3. 1 5. Let K be a class of models for if.

Prove that the following are equivalent:

(i) . There is a sentence </> of if such that K is the class of all models for

if satisfying cp. f p .

(ii) . For some n e co, K is closed under =„, i.e., if 9( e K and 9f =„ 23,

then 23 6 K.

[Hint: For each n there are only finitely many nonequivalent prenex

sentences with at most n quantifiers.]
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1.3.18. Show that Exercise 1.3.15 is false if either has function symbols,

or has infinitely many constant or relation symbols. However, it is still

true that if for all n, 5f = „ 53, then 51 = 33. »/

1.3.19. Show that two models 51, 55 for are equivalent if and only if

for all finite a the reducts of 5( and 53 to J^q are equivalent.

This exercise shows that a version of Exercise 1.3.15 can be given if has

only relation and constant symbols.

1.3.20*. As applications of Exercise 1.3.15, show that the following pairs

of models 51, 53 are equivalent:

(>)< 51 = (A), 53 = (B), where A and B are infinite.

(ii). 5f = (A, ^ >, 53 = (B, ^ ), where A and B are densely ordered

by ^ with no endpoints.

- (iii). 5f = <co, ^ ), 53 = <co + co*+ m, < ), where co + oo*+(D is the order

type of the natural numbers followed by a copy of the integers.

(iv). 51 = <co", ^ >, 53 = yco
1 , ^ ), where of* is the ordinal exponentia-

tion of co to the power co. ^

—?(v). 51 = (Sm(X), c>, 53 = <5^(7), c= ), where X and Y are infinite

sets, Sa(X), 5w(y) are the sets of finite subsets of X and Y, respectively,

and <= is the inclusion relation.

1.4. Theories and examples of theories

A ( first-order )
theory T of =£? is a collection of sentences of <££. T is said

to be closed iff it is closed under the t= relation. In view of Table 1.3.1, this

is the same as requiring that T be closed under h Since theories are sets of

sentences of
t
we may apply the expressions

a model of a theory,

consistent theory,

satisfiable theory,

as introduced in Section 1.3.

A theory T is called complete (in ££ )
iff its set of consequences is maximal

consistent. If T is a theory of and c= ££ ^ then T is not a

closed theory of . On the other hand, it is easy to see that if c
then the restriction of a closed theory T to

,
in symbols T\&\ is always

a closed theory of . Tis a subtheory ofT' iff T a T'

.

If T is a subtheory of

T\ then T' is an extension of T.
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A set of axioms of a theory T is a set of sentences with the same conse-

quences as T. Clearly, T is a set of axioms of T, and the empty set is a set of

axioms of T if and only if 7" is a set of valid sentences of df. Every set of

sentences I is a set of axioms for the closed theory T = [cp : I N </?}. A
theory T is finitely axiomatizable iff it has a finite set of axioms.

The most convenient and standard way of giving a theory T is by listing

a finite or infinite set of axioms for it. Another way to give a theory is as

follows: Let 5( be a model for then the theory of s
){ is the set of all

sentences which hold in 51. The theory of any model 5( is obviously a

complete theory. «

Historically, the importance of theories stems from the following two

facts. Once the axioms of a theory are given, then by using the relation b

we can find out, in a syntactical manner, all the consequences of T. On the

other hand, by using the satisfaction relation, we can also study all the

models of T.

By the extended completeness theorem, these two approaches give

basically the same results about consequences of T. However, owing to the

fact that models of T also have non-first-order properties, such as isomor-

phism, submodels, extensions, plus many others, the second approach leads

to the field now known as model theory.

We shall give in the rest of this section some examples of theories and

their models to show the intimate connections that model theory has with

other branches of mathematics. In each example we describe a closed theory

by a set of axioms. Some classical results will be stated without proof.

1.4.1. Let consist of the single 2-placed relation symbol Using the

usual notation for ^ ,
we write x ^ y for ^ (xv). The theory of partial

order has three axioms:

(1) (Vxyz){x ^ y Ay < z -> x ^ z),

(2) (\/xy)(x ^ y Ay ^ x x = y),

(3) (Vx)(x < x).

They are, respectively, the transitive, antisymmetric, and reflexive properties

of partial orders. Any model (A, ^ > of this theory consists of a nonempty

set A and a partial order relation ^ on A. If we add the comparability

axiom

(4) (V*y)(x

we obtain the theory of simple order (also called linear order). A model
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(A, <> for this theory is a simply-ordered set. Adding two more axioms

(writing x # y for n (a; = y )):

(5) (Vxy)(x ^ yAx # y -+ (3z)(x ^ ZAZ^IAZ^AZ^ y)),

(6) (3xy)(x#y),

we then have the theory of dense {simple) order. The rationals with the usual

^ is an example of a model of this theory. The theory of dense order has

no finite models. If we wish to consider only dense orders without endpoints ,

we add the axioms

(7) (Vx)(3y)(x ^ yAx # y),

(8) (Vx)(3y)(y Oa x £ y).

Proposition 1.4.2. Any two countable models of the theory of dense order

without endpoints are isomorphic.

Example 1.4.3. Let 0, 7}, where + ,
• are 2-placed function

symbols, “
is a 1 -placed function symbol, and 0 and 7 are constant symbols.

The theory of Boolean algebras has the following axioms (where we shall

assume that the following formulas all have their free variables universally

quantified in front).

Associativity of + and •
:

x+(y + z) = (x + y) + z,

Commutativity of + and •
:

x+ y = y+ x,

ldempotent laws:

v > X+ X = X,

Distributive laws:

x+(y • z) = (x + y) • (x + z),

Absorption laws:

*+ {x *y) = x,

De Morgan laws:

x+ y = x • y,

Laws of zero and one:

x+ 0 = x,

x+ 7 = 7,

0 * 1 ,

x + x = 7,

Law of double negation:

x • (y * z) = (x y) • z.

x • y = y • x.

x • x = x.

x - (y + z) = x-y + x-z.

x • (x+ y) = x.

x • y = x + y.

x • 0 = 0,

x • 7 = x,

x • x = 0.
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A model 91 = (A, + ,
•, ”, 0, 1) of this theory is called a Boolean algebra.

(Strictly speaking, we should write + „, 0,,,, 1„ in the above model.

But following our convention we shall drop the subscripts.) A partial order

^ can be defined on A by: x ^ y if and only if jy+ y — y. It can be shown
that < has a largest element, namely 1, a smallest element, namely 0, and,

given any two elements x,yeA, the l.u.b. (least upper bound) of jc and y
is x+y, and the g.l.b. (greatest lower bound) of .y and y is jc • y.

Afield of sets S is a collection of subsets of a nonempty set X such that

both the empty set 0 and the set X are in S and S is closed under u, n and

with respect to X. Lt is easy to see that if S is a field of sets, then

<S, u, n, ", 0, X}

is a Boolean algebra. Conversely, we have:

Proposition 1.4.4 (Representation Theorem for Boolean algebras). Every

Boolean algebra is isomorphic to a field of sets.

/ -i ' ’ r

An atom of a Boolean algebra is an element x + 0 such that there is

no element y which lies properly between 0 and ,y, i.e., not 0 ^ y ^ ,y,

0 # y, y # x. A Boolean algebra is atomic iff every nonzero element x

includes an atom. A Boolean algebra is atomless iff it has no atoms. There

are Boolean algebras which are neither atomic nor atomless. Adding the

axiom (writing x ^ y for x+y = y)

{fix) (0 x ->
(3>’) (y ^ x a 0 y a (Vz) (z ^y-^z = 0vz =

_y)))

gives us the theory of atomic Boolean algebras', while adding the axiom

n (3>’) (0 # y a (Vz) (z ^ y z = 0 v z = y))

gives us the theory of atomless Boolean algebras.

Proposition 1.4.5. Any two countable atomless Boolean algebras are

isomorphic.

Some other relevant facts about Boolean algebras can be found in the

exercises.

Example 1.4.6. Let =
{ + , 0 }, where + is a 2-placed function symbol

and 0 is a constant symbol. The theory of groups has the following

axioms:

(1) x + (y+ z) = (x + y) + z (associativity),

(2) x + 0 = x, 0 + x = x (identity),

(3) (3y) {x+ y = 0 Ay A x = 0 ) (existence of inverse).
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A model <G, +,0> of this theory is a group. We obtain the theory of

Abelian groups when we add the axiom

(4) x + y = y + x (commutativity).

The order of an element x of a group is the least n such that x+x+ ... +x
(n times) = 0. If no such n exists, the order of x is infinity. For a fixed

n ^ 1
,
we can write down the abbreviation nx for the expression

jc + (x + (... (x + x) ...)), n times.

Suppose p is a prime. The theory of Abelian groups with all elements of

order p has the extra axiom

(5P )
px = 0.

Proposition 1 .4.7. Any two models of the theory of Abelian groups with all

elements of order p of the same power are isomorphic.

C&fdsfr 4? Si .

To obtain the theory of Abelian groups with all elements of order oo

[torsion-free) we need an infinite list of axioms: for each n ^ 1, we add

the axiom

(6„) * f. 0 -» nx # 0.

This theory is our first example of a nonfinitely axiomatizable theory. If

we add a further infinite list of axioms, one for each n ^ 1,

(?„) (iy) (ny = x),

we have the theory of divisible torsion-free Abelian groups.

Proposition 1.4.8. Any two uncountable divisible torsion-free Abelian groups

of the same power are isomorphic. There are countably many such groups

which are countable and not isomorphic.

Oyjdjbo cW

Example 1.4.9. Let = { + ,
•, 0, 7}, where + and • are 2-placed function

symbols and 0, 1 are constant symbols. The theory of commutative rings

(with unit) has the axioms (l)-(4) listed above plus the axioms (8)— ( 11)

given below:

(8) 1 • x = x a x ' 1 = x (/ is a unit),

(9) x • (y • z) = (x • y) • z (associativity of •),

(10) x • y = y • x (commutativity of •),

(11) x • (y+ z) = (x • y) + (x • z) (distributivity of • over + ).

Adding one more axiom

(12) x-y = 0->x = 0vy = 0 (no zero divisors),
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gives us the theory of integral domains. Adding the two axioms

(13) 0 # /,

(14) x ^ 0 -* (3^)(^ x = J) (existence of multiplicative inverse),

gives the important theory of fields. For a fixed primej?, if we add the axiom

(1 5p)p\ =0,
we have the theory offields of characteristic p. On the other hand, if we add

for all primes p the negation of (15,,), namely, all the axioms

(16) p 1 ^ 0, with p a prime,

we have the theory of fields of characteristic zero. We now introduce the

abbreviation xn
for the expression

x - (x • (x ... x) ...), n times.

The infinite list of axioms, one for each n ^ 1,

0 7«) (3^)(^ + •/ '+ ... +x
l

• y + x0 = 0)vxn = 0
,

when added to the theory of fields, gives us the theory of algebraically

closedfields.

Proposition 1.4.10. Any two uncountable algebraically closed fields of the

same characteristic and power are isomorphic.

of'
s'

Each axiom (17„) says that every polynomial of degree n has a root.

The theory of real closedfields has as axioms all the axioms for fields plus

the axiom

(18) (Vx)(3.y)(.y
2 = xvy 2 +x = 0),

and two infinite lists of axioms. One is the infinite list (17„) for all odd n,

and the other is the infinite list that says that 0 is not a sum of nontrivial

squares:

( 1 8„) ;t o -f x
2 + ... +X2 = 0 x0

= 0 ajcj = 0 a ... axn = 0.

The theory of ordered fields is formulated in the language

= {^, +,•,#,/}. It has all the field axioms, the linear order axioms,

and the additional axioms

x ^ y x+ z ^ y + z,

x ^ y a0 ^ z x • z ^ y • z.

The ordered fields of rational numbers and of real numbers are examples.

Of the examples of theories we have discussed so far, the following are

complete: dense order without endpoints, atomless Boolean algebras, infinite

Abelian groups with all elements of order p ,
torsion-free divisible Abelian

groups, algebraically closed fields of a given characteristic, and real closed
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fields. The various propositions show that each of these complete theories,

except the last one, enjoys the unusual property that in some (sometimes all)

infinite powers all models of the given theory of that power are isomorphic.

Example 1.4.11. Let = { + ,*,5,0}, where + ,
• are 2-placed function

symbols, S is a 1 -placed function symbol (called the successor function),

and 0 is a constant symbol. Number theory (or Peano arithmetic) has the

following list of axioms:

(1) 0 ^ Sx (0 has no predecessor),

(2) Sx = Sy -> x = y (
S is one-one),

(3) x + 0 = a,

(4) x+ Sy = S(x+y),

(5) x-0 = 0,

(6) x • Sy = (x • >’) + *,

and, finally, for each formula (p(v0 ... vn ) of SP, where v0 does not occur

bound in cp, the axiom

(?v ) (p(0v
i

... vn)A(Vv0 )(q>(v0 vl ... vn) -> (p(Sv0 v {
... vn))

-* (Vv0)<p(v0 ••• vn).

Axioms (3) and (4) are the usual recursive definition of + in terms of 0

and S
,
and axioms (5) and (6) are the recursive definition of • in terms of

0
,
S and +. The whole list of axioms (7^), one for each cp, is called the

axiom schema of induction.

The standard model of number theory is <u>, +, •, S, 0), where 5 is the

successor function and + , *, 0 have their usual meaning. All other (non-

isomorphic) models are called nonstandard. Complete number theory is the

set of all sentences cp of SP that hold in the standard model.

There are several deep results about number theory:

Godel’s (1931) incompleteness theorem states that number theory is

not complete; therefore, complete number theory is a proper extension

of number theory.

No finite extension (that is, by adding a finite number of new axioms)

of number theory is complete; therefore complete number theory is not

finitely axiomatizable over number theory, whence it is certainly not finitely

axiomatizable.

Number theory itself is not finitely axiomatizable. This was proved

by Ryll-Nardzewski (1952) by the use of nonstandard models. The exis-

tence of nonstandard models of complete number theory was first shown

by Skolem (1934).
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We mention a number of interesting subtheories of number theory. For

instance, if the induction schema ('l
(p )

is replaced by the single axiom

(8) (Vx)(x # 0 (3j>)(.x = Sy)),

we obtain a finitely axiomatizable subtheory of number theory (the theory Q
of Tarski, Mostowski and Robinson, 1953) which is incomplete, and no

finite extension of it is complete.

In the language = [S,0\ obtained by leaving out the symbols +
and *, the subtheory of number theory given by axioms (1), (2) and the

schema (7V ), restricted of course to formulas of is complete. However,

it is still not finitely axiomatizable, as can be shown by using the compactness

theorem.

In the language JZ
7" =

{ + ,S,0 }, the axioms (l)-(4) and the schema

(7V ), again restricted to formulas of JZ"', give the additive number theory.

This theory is not finitely axiomatizable, but it is complete (Presburger,

1929); the completeness of the theory JZ
7
' in the previous paragraph follows

from the proof given by Presburger.

Example 1.4.12. We shall now discuss some examples of set theories.

There are two quite different reasons to include a discussion of set theories

in a book on model theory. The first reason is that, if we wish to be com-

pletely precise, we should formulate our whole treatment of model theory

within an appropriate system of axiomatic set theory. Actually, we are

taking the more practical approach of formulating things in an informal

set theory, but it is still important that, in principle, we could do it all in an

axiomatic set theory. We have left for the Appendix an outlineoftheinformal

set theory we are using. The other reason for discussing set theories is that

they are among the most interesting and important examples of theories.

The second reason is the one which concerns us at this time. The theory

of models is particularly well suited to the study of models of set theory.

In the Appendix we have listed the axioms for four of the most familiar

set theories: Zermelo, Zermelo-Fraenkel, Bernays, and Bernays-Morse.

The first two of them are formulated in the language ££ = {e}, while the

other two are formulated in the language oZ
7
' = {e, V}, where e is a binary

relation symbol and V is a unary relation symbol. Zermelo set theory is a

subtheory of Zermelo-Fraenkel, and Bernays set theory is a subtheory of

Bernays-Morse.

The deepest results in set theory use constructions of models. However,

these constructions are often of a special nature, for models of set theory

only, and are therefore outside the scope of this book. For instance, the
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notion of constructible sets was used by Godel (1939) to show that if

Bernays set theory is consistent, then it remains consistent if we add to it

the axiom of choice and the generalized continuum hypothesis; in other

words, if Bernays set theory has a model, then it has a model in which the

axiom of choice and the generalized continuum hypothesis are true. The

same proofs and results are also well known to hold for Zermelo-Fraenkel

set theory. Cohen’s foicing construction has been used by Cohen and others

to obtain a remarkable series of additional consistency results (see Cohen,

1963). For example, if Bernays (or Zermelo-Fraenkel) set theory has a

model, then it has a model in which the axiom of choice is false, and another

model in which the axiom of choice is true but the generalized continuum

hypothesis is false.

In the rest of our discussion let us use the abbreviation ZF for ‘Zermelo-

Fraenkel set theory’. Whether or not we can prove that ZF is consistent

depends on just how much we are assuming in our intuitive set theory.

If our intuitive set theory is just a replica of ZF, then we cannot prove the

consistency of ZF, even if we allow the use of the axiom of choice. Similarly,

for any of the other set theories T we have introduced in the Appendix,

we cannot prove the consistency of T if our intuitive set theory is a replica

of T. These assertions follow from the Godel incompleteness theorem.

On the other hand, in Bernays-Morse set theory we can prove the consistency

of Bernays set theory and of ZF. In ZF we can prove the consistency of

Zermelo set theory. If we assume the existence of an inaccessible cardinal,

then we can prove that Bernays-Morse set theory as well as ZF are con-

sistent. Bernays set theory and ZF are very close to each other, and we can

prove that one is consistent if and only if the other is. We shall leave the

last three results above for exercises.

Neither Zermelo set theory, nor ZF, nor Bernays-Morse set theory is

finitely axiomatizable (assuming that they are consistent). But, surprisingly,

Bernays set theory is finitely axiomatizable (Bernays, 1937). With its

finite axiomatization it is sometimes called Bernays-Godel set theory. Each

of the four set theories in our discussion, like number theory, has the

following property: if the theory is consistent, then it is not complete, and

no finite extension of it is complete. This is another consequence of the

Godel incompleteness theorem.

There is no completely satisfactory notion of a ‘standard’ model of set

theory. The closest thing to it is the notion of a natural model. Natural

models, roughly, are models of the form <Af, e>, where M is a set of sets

formed by starting with the empty set and repeating the operations of
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union and power set, while e is the e-relation restricted to M. More

precisely, we define for each ordinal a the set R( a) by

*(0 )
= 0

,

*(a+l) = S(R(ot))
f

anc
* R( a) = (J R(p) if a is a limit ordinal.

P <a

Then a natural model of ZF (or of Zermelo set theory) is a model of the

form </?(a), e>. A natural model of Bernays set theory is a model of the

form <7?(a+ 1), e, R( a)).

None of our set theories has any countable natural models, for this

reason, a somewhat weaker notion of ‘standard' model is also important.

A model <M, e> is said to be a transitive model iff e is the e-relation restricted

to M and every element of an element of M is an element of M

.

For models

of the language — {e, V
}
we make a similar definition. The countable

transitive models are the most important models for Cohen s forcing

construction.

Since number theory has just one standard model and is not complete,

it has consistent extensions which have no standard models. If ZF has any

transitive model at all, then it has many nonequivalent transitive models.

Nevertheless, if ZF is consistent, then it has consistent extensions which

have no transitive models at all. Moreover, in ZF plus the axiom of choice,

we cannot prove the following: il ZF has a model, then ZF has a transitive

model.

Exercises

1.4.1. Is there a theory of well order in the first-order language {^}?

1.4.2. Find two dense orders without endpoints of the same power which

are not isomorphic.

1.4.3. Every finite Boolean algebra is atomic. If it has n atoms, then it has

exactly 2” elements. Any two finite Boolean algebras with the same number

of elements are isomorphic.

1 .4.4. Every finite subset of a Boolean algebra generates a finite sub-Boolean

algebra.

1.4.5. Find two atomless nonisomorphic Boolean algebras of the same

power.
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1.4.6. Prove the following weak form of the representation theorem:

Every atomic Boolean algebra is isomorphic to a field of sets.

1.4v7. Prove that the theory of infinite models whose axioms are the infinite

list of sentences <7„, where each sentence on says that there are at least n

distinct elements, is not finitely axiomatizable.

1.4.8. Prove that there is no theory T such that 51 is a model of T if and
only if 51 is finite.

1.4.9. Let 51 = (A, + ,
•,

_
,0, 1) be a Boolean algebra. A (proper) filter

on 51 is a subset D a A such that D # 0, D ^ A, and whenever x, y e D
and x ^ z, then x • ye D and ze D. A subset E ofA is said to have thefinite

intersection property iff for all x t , e E and all n, x t
• x2 * ... • xn f 0.

Prove that every subset E with the finite intersection property generates

a filter D in the following sense:

xeD iff x ^ y t
• ... • yn for some y l ,... f yn eE.

A filter D on 51 is said to be principal iff for some element a # 0 in A,

x e D iff a ^ x.

D is an ultrafilter on 51 iff no proper extension of D is a filter on 51. Prove
that the only principal ultrafilters on 51 are generated by the atoms of 51,

i.e., D is a principal ultrafilter iff for some atom a e A,

x e D iff a ^ x.

Thus, if 51 is atomless, then all ultrafilters on 51 are nonprincipal. Prove the

following:

(i) . Every nonzero element of A belongs to an ultrafilter, and more
generally, every filter on 51 can be extended to an ultrafilter.

(ii) . If D is an ultrafilter on 51, then

x+yeD iff either xeD or y e D, xeD iff x$D.

(iii) . Let X be the set of all ultrafilters on 51. For each a e A, define

ha = {D e X : ae D}.

Show that h is an isomorphism of 51 onto the field of sets

<{K : ae A }, u, n, “, 0, A>.

This gives a proof of Proposition 1.4.4.

1.4.10.

Let if be a first-order language and consider the equivalence
relation f- cp <-* i/a on the formulas of Jf. Let
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(<p)
=

{«A : f- (p

B# — {{cp) : (p a formula of J2?},

0^ = ((p a n </)), 1^, = ((p v n <p).

Define

(cp) + ((!/) = {(P Vif), (</>) • (lA) = (</> AlA), (<p) = (n <p).

Then 33^. = <£<*,, + ,
*, ”,0^, 1^> is a Boolean algebra and it is known

as the Lindenbaum algebra of . We shall drop the subscript ££ if it is

understood. 33 has several important subalgebras. For each new, we can

define

Bn = {((p) : cp has at most the variables r 0 ,
v

x , ..., i?„_, free}.

Then each B„ determines a sub-Boolean algebra 33,,
of 33. In particular,

3$ 0 is the Lindenbaum algebra oj all sentences of 1/' . Prove that the following

are equivalent:

\ (i). LindenbaunTs theorem for
,
Proposition 1.3.11.

\ (ii). Every filter on the Lindenbaum algebra 33 0 can be extended to an

ultrafilter.

1.4.11. Let T be any theory of¥ and define

D t = {( <f> )
: T 1= <p}.

Prove that:

^(i). Tis consistent iff D T is a filter on 33 0 -

,(ii). T is consistent and finitely axiomatizable iff D T is a principal filter

on 33 0 •

{in). T is complete iff DT is an ultrafilter in 3$ 0 -

(iv). T is complete and finitely axiomatizable iff DT is a principal ultra-

filter on 33 0 .

The converse of the above four equivalences also holds in the following

sense. Let D be a subset of B0 and define

Td = {(p : cp is a sentence and {cp) e D }.

Then (i)—(iv) hold with T replaced by TD and DT by D. If T is complete,

then, of course, the quotient algebra ^8 0Idt is the two-element algebra.

In general, there is a one-to-one correspondence between complete closed

extensions of T and ultrafilters in 33 0/T>r- Show, without using the com-

pleteness theorem, that the above results still hold when the notions of

closed theory, finitely axiomatizable and complete are replaced by their

syntactical analogues.
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1 .4. 1 2. Let be the language of Section 1 .2. By considering the equivalence

relation b (p on sentences of Sf, we can define the exact analogue of

33^, namely

= (By, + ,
’,

,
Oy, ly’)*.

The following shows that there is a close relation between completeness

theorems and representations of Boolean algebras. Prove that the following

are equivalent:

(i) . The completeness theorem for Sf, Theorem 1.2.7.

(ii) . The Lindenbaum algebra ^Sy is isomorphic to a field of sets.

There is an analogue of this result for and 93^ which we shall discuss

in the exercises for Section 2.1.

1.4>13. Show that in the language {S, 0} the theories given by the two sets

of axioms (see Example 1.4.11)

(A) axioms (1), (2), and schema (If),

(B) axioms (1), (2), (8), and the schema v -

(
9J Sv0 ^ Sv

l # v 2 v ... v Sv„ # v0

are equivalent.

1.4.14. Show that if co < a and a is a limit ordinal, then (R( a), e> is a

model of Zermelo set theory. Hence in ZF we can prove that Zermelo set

theory is consistent.

1.4.15. Let 9 be an (uncountable) inaccessible cardinal. Show that (R(9), e>

is a model of ZF, and that <R(0 + 1), e, R(6)) is a model of Bernays-Morse
set theory.

1.4.16. Which axioms of ZF are true in the model (R(co), e>? And in

the model </?(cu + co), e>?

1.4.17*

(i) . Let (A, E, I/} be an arbitrary model of Bernays set theory. Prove
that (U, E n (U x £/)> is a model of ZF. Hence if Bernays set theory is

consistent, so is ZF.

(ii) . Let W = <A ,
E) be an arbitrary model of ZF. We may assume that

no subset ol A belongs to A. Let us say that a subset X cz A is definable in 91

iff there is a formula (p(v n ... vn ) and elements Xj
, ..., xn e A such that

X = {xe A cp[xx
t

... xj}.

Let B be the set of all definable subsets X of A such that there is no ye A
with X = {xe A : xEy}, and let E' be the set of all pairs x e A, Xe B
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such that xe X. Prove that (A u B, E u £', A) is a model of Bernays set

theory. Hence, if ZF is consistent, so is Bernays set theory.

1.4.18*

(i) . Let (A,e) be any model of the axiom of extensionality, where e

is the e-relation restricted to A. Prove that (A, e) is isomorphic to a transitive

model, called a transitive realization of (A, e).

(ii) . Show that any two transitive models of the axiom of extensionality

which are isomorphic are equal.

1.4.19. Prove that there exists a complete theory T which has arbitrarily

large natural models. T may be taken to be an extension of Zermelo set

theory.

1.5. Elimination of quantifiers

Each model 91 of a theory T gives rise to a complete theory, namely the

set of all sentences holding in % which is an extension of T. For this reason,

it is important to know something about the complete extensions of a

theory. In a few fortunate cases, it is possible to give a simple description

of all the complete extensions of a theory by using the method of elimination

of quantifiers.

This method applies only to very special theories. Moreover, each time

the method is applied to a new theory we must start from scratch in the

proofs, because there are few opportunities to use general theorems about

models. On the other hand, the method is extremely valuable when we want

to beat a particular theory into the ground. When it can be carried out,

the method of elimination of quantifiers gives a tremendous amount of

information about a theory. For instance, it tells us about the behavior

of all formulas, as well as all sentences, relative to the theory. Usually

it also gives a uniform way of deciding whether or not a sentence belongs

to the theory; in other words, it gives a proof that the theory is decidable.

The question of the decidability of a theory lies outside the scope of this

book, since it is not usually considered model theory. However, it is a very

important question, and in fact the most striking applications of the

elimination of quantifiers are to show that certain theories are decidable.

The method is also valuable as a source of examples of thoroughly under-

stood theories, which are useful for testing conjectures and for illustrating

results. The method may be thought of as a direct attack on a theory.

Later on we shall learn of several more indirect attacks on theories, which

work more often but give less information in particular cases.
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Before describing the method, we need some more notation. In Section

1.3, we introduced the notion of a sentence cp being a consequence of a set

X of sentences, in symbols X 1= cp. What meaning shall we give to X f= (p if cp

is a formula? We shall say that a formula cp(v0 ... vn ) is a consequence of
X, symbolically X t= cp, iff for every model 91 of X and every sequence

a0 , ..., an e A, a0 , ..., an satisfies cp. It follows that the formula cp(v0 ... vn )
is a consequence of X if and only if the sentence (Vr0 ... vn)cp(v0 ... vn) is a

consequence of X. We say that two formulas cp, if/ are X-equivalent iff

X 1= (p «- t/f.

In general, the method of elimination of quantifiers is as follows: First,

depending on the theory T, we pick out an appropriate set of formulas,

called basicformulas. By a Boolean combination of basic formulas we mean
a formula obtained from basic formulas by repeated application of the

connectives n, a. The main result to be proved is that every formula is

T-equivalent to a Boolean combination of basic formulas. The key step in the

proof is the step where we ‘eliminate quantifiers’. In fact, we may state

at once a simple but general lemma which shows why the name ‘elimination

of quantifiers’ is given to the method (the name is due to Tarski, 1935).

Lemma 1.5.1. Let T be a theory and let X be a set offormulas , called basic

formulas. In order to show that every formula is T-equivalent to a Boolean
combination of basic formulas, it is sufficient to show the following:

(i) . Every atomic formula is T-equivalent to a Boolean combination of
basic formulas.

(ii) . If 0 is a Boolean combination of basic formulas, then (3i\n )0 is T-

equivalent to a Boolean combination of basic formulas.

Proof. Let T be the set of all formulas which are T-equivalent to a Boolean
combination ot basic formulas. We show by induction that every formula
cp belongs to V

.

If cp is an atomic formula, then cp e T by (i). If cp is i ij/

and ij/ e T, it is obvious that cp e T. Similarly, if cp is ^ x
/\\jj 2 andi\jt lf ip 2 e T,

then cp e T. If cp is (3^w )i
Jj and ip e T, then is T-equivalent to a Boolean

combination 0 of basic formulas. Moreover, cp is T-equivalent to
(
[3vm )Q .

By (ii), (3vm )Q e T, so cp e T. H

We shall illustrate the method with two simple examples. Our first

example is the theory ot dense simple order without endpoints (Example
1.4.1). Let us temporarily (in this section only) call this theory A. As we
mentioned in Section 1.4, the theory A is complete. The method of elimina-
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tion of quantifiers is one of several ways which we shall come across for

proving that theories are complete. The completeness of A will follow from

our results below. The elimination of quantifiers was applied to the theory

A very early, by Langford (1927).

As basic formulas we shall take the atomic formulas

Vm = Vn, Vm < Vn .

The Boolean combinations of atomic formulas are precisely the formulas

which have no quantifiers. In any language, formulas which have no

quantifiers are called open formulas. We wish to prove that every formula

cp is zl-equivalent to an open formula i//. As we carry out our arguments,

we shall also keep track of which variables occur in the open formula which

is d-equivalent to a given formula. This will be useful for applications.

Before we can eliminate any quantifiers, we must take a close look at the

open formulas. For convenience, we use the abbreviation

vm < vn for vm ^ v„ai vm = vn .

Let us consider n+ 1 variables v0 , ..., vn ,
n > 0. By an arrangement of

the variables r0 , ..., vn we mean a finite conjunction of the form

0o a 0
i
a ... a 0n — i i

where u0 , is a renumbering of v0 , ..., vn and each formula 0
t

is either

u
t
< u i+l ,

or else w
{
= ui+ {

. The lemma below allows us to put every open

formula into a ‘normal form’ built up from arrangements of the variables.

Lemma 1.5.2. Every open formula (p{y0 ... vn )
is A-equivalent either to one

of the formulas v0 < v0 , v0 = v0 ,
or else to the disjunction offinitely many

arrangements of the variables v0 , ..., vn .

Proof. First, we consider the case n = 0. In this case, the open formula

<p(v0 )
is built up from the atomic formulas v0 ^ v0 , v0 = v0 . Since

A k v0 ^ v0 and A N v0 = v0 ,
we must have either A k cp and A t= ip ++ v0 = v0 ,

or else A 1= n (p and A N cp <-> v0 < v0 .

Let us now make three observations about arrangements (we assume

that n > 0):

(1)

. There are only finitely many different arrangements of the variables

*’0 » ”•> ^ rt‘

(2)

. For each simply-ordered structure 9(, each sequence a0 ,...,an

satisfies some arrangement of v0 ,
--.,vn .
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(3). Let cp(vo ... vn ) be an open formula and let \j/ be an arrangement of

v0 , ..., vn . Then one or both of the formulas ij/ -> <p, ij/ -> n cp, is a con-

sequence of the theory of simple order.

(1) should be obvious, while (2) follows easily from the fact that in a

simply-ordered structure, exactly one of the relations a < b, a = b, b < a

holds between two elements a
,
b. (3) is proved by induction on the length

of the open formula (p, and is left to the reader.

Now let <p(v0 ... vn ) be an open formula. If A 1

= ~\
(p, then cp is d-equivalent

to the formula v0 < v0 . Assume the other possibility, that it is not the case

that A h n cp. Consider any model 31 of A and sequence a0 , ..., an which

satisfies (p in 31. By (2), a0 , ...,an also satisfies some arrangement ij/ of

v0 , ...,vn in 31. Thus we cannot have A t= ij/ -* i cp, and, by (3), we must

have A h ij/ -> (p. Form the disjunction 9 of all arrangements ij/ of v0 , ..., vn

for which A f= ij/ -> cp. 9 is the disjunction of at least one, but only finitely

many formulas, in view of (1). It follows from our remarks above that

A h cp 9, and from the definition of 9 we see that A b 9 -> cp. So cp and 9

are A -equivalent, and our proof is complete. H

We observe that actually the above lemma is true for the theory of

simple order as well as for the theory A. The reader may check this by

going carefully through the proof, noticing that the only axioms of A

which we actually made use of are the axioms of simple order. In the next

theorem, however, we need all of the axioms of A.

Theorem 1.5.3. Every formula (p is A-equivalent to an open formula ij/.

Moreover
, if all the free variables of (p are among v0 , ..., vn , 0, then \j/

can be chosen so that all its variables are among v0 , ..., vn .

Proof. We first prove that every formula (p is A -equivalent to an open

formula ij/. By Lemma 1.5.1, it suffices to prove that for every open formula

Hvo ••• vn )> the formula (^vm )\j/ is d-equivalent to an open formula. If

m > n, then vm does not occur at all in i//, so (3 vm )i// is d-equivalent to i//.

We may thus assume that m ^ n. By renaming the variables we can even

make m = n.

Using Lemma 1.5.2, we may suppose that \j/ is either v0 < v0 ,
v0 = v0 ,

or a disjunction of finitely many arrangements of v0 , ..., vn . If \js is either

or — vo-> then obviously (3rn )i/^ is d-equivalent to if In the

remaining case, let

(/, = 90 v ... vO
p ,
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where each 0
i
is an arrangement of v 0 , ...,vn . Then

A h (3vn )i// +-+ (3vn)0o v ... v(3vn)0p .

We may eliminate the quantifier (3vn )
in the following way: If n = 1,

the only possibilities for the formulas (3v, )0
f
are

(3th )
vo < v l9 (Iv^Vq = v l9 (^v

l
)v

l < v0 .

Each of these is a consequence of A, and it follows that is a con-

sequence of A and is d-equi valent to v0 = v0 .

Let n > 1. Then, from each arrangement 0, of v0 , vn ,
we may form

in a natural way an arrangement Of of v0 , ..., vn _ 1
obtained by leaving out

vn . It is easy to see that

A 1= (3vn)0i *-> Of, i = 0, ...,p,

and hence

A¥(3vn)il/^0*v...v0*p .

We have shown in each case that (3vm )ij/ is d-equivalent to an open formula.

We now prove the second clause of the theorem. Our proof given above

actually shows that if iJ/(v0 ... vn ) is an open formula, n > 0, then (3rn )i{/

is d-equi valent to an open formula of the form 0(vo ... vn _ 1 ). Let cp(v0 ... vn )

be an arbitrary formula, n ^ 0. Then (p is A -equivalent to some open

formula yp(v0 ... vn ... vn + m ). But (p is also d-equivalent to (3r„ +1 )... (3 vn+m )(p,

and hence to (3vn+1 ) ... (3vn + m )i]/. The latter formula is d-equivalent to

an open formula of the form 0(vo ... vn ), and thus cp is d-equivalent to 0.

Our proof is complete. H

The proof of the theorem also gives a decision procedure for the theory A.

Very briefly, the decision procedure is as follows. We are given an arbitrary

sentence cp and we wish to determine whether cp belongs to the theory A.

Our first step is to put cp into prenex normal form, say (after renumbering

variables),

(Qo»o)(Qi»i) ••• (Q»yn )ih

where Q 0 , ..., Q„ are quantifier symbols 3 or V, and ip is open. We may
assume further that Q„ is 3, for otherwise we may work with ~i cp. Next,

we put i// into one of the forms v0 < v0 ,
v0 = v0 , or a disjunction of finitely

many arrangements of v0 , ...,vn . Then we eliminate the quantifier (3r„),

that is, we replace (3vn )\j/ by a d-equivalent open formula 0(vo ... vn -i)

by the process explained in the proof. After that, we repeat the process
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until all the variables except v0 are eliminated. When we finish, we can tell

at once whether the resulting sentence (Qo^oW^o) belongs to A. Of course,

the decision procedure can be streamlined very much if it is really going

to be used.

We now obtain another consequence of the theorem.

Corollary 1.5.4. The theory of dense simple order without endpoints is

complete.

Proof. Let (p be an arbitrary sentence. By Theorem 1.5.3, cp is d-equivalent

to an open formula ij/(

v

0 ). But for any open formula we have either

A \= \jj or A f *i ij/. Hence either A b cp or A 1= (p, and A is complete. H

Note that Corollary 1.5.4 is only concerned with sentences, but to prove

the corollary via Theorem 1.5.3 we had to use an induction concerned with

arbitrary formulas. This happens time and again in model theory, because

the notion of a sentence is defined using the recursive definition of a formula.

Theorem 1.5.3 also tells us something about the theories formed by adding

new constant symbols to the language and taking A as a set of axioms. We
leave this application of the theorem as an exercise.

Theorem 1.5.3 can be improved a little by taking for our basic formulas

only the formulas vm ^ vn .

Corollary 1.5.5. Every formula p(v0 ... vn ) is A-equivalent to a Boolean

combination of formulas of the form vm ^ v
p , where m = 0, . .

. ,
n and

p = 0, ..., n.

Proof. In view of Theorem 1.5.3, it is enough to observe that

4 N Vm = vp <- vm ^ v
p
a v

p ^ vm . H

We now take up our second example of the elimination of quantifiers.

We shall obtain a full description of all complete closed theories in the pure

identity language (see Section 1.3), which has no predicate, function or

constant symbols at all. In other words, we shall describe all complete

closed extensions of the theory with the empty set of axioms in the pure

identity language.

As in the case of dense simple order, we begin with a lemma about

arrangements. What should we mean by an arrangement this time? An
arrangement of v0 , ..., vn will be a formula which tells which variables are
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equal to each other and which are unequal. To be precise, we let e be an

equivalence relation over the set {0, 1,...,/?} of indices of the variables

v0 ,
We define the arrangement of v0 , ...,vn given by e to be the

conjunction of all the formulas

v
{
= Vj, iej

; and n v
L
= Vj, not iej.

Lemma 1.5.6. Every open formula (p(v0 ... v„) is either inconsistent or is

equivalent to a disjunction offinitely many arrangements of v0i ..., vn .

The proof is very similar to that of Lemma 1.5.2, so we leave it as an

exercise.

We now must decide on our set of basic formulas. It should be clear

that the atomic formulas are not enough. For instance, the sentence

)(^o = v \) cannot be expressed by an open formula.

For our basic formulas we take all atomic formulas

v = v

together with the sentences on which state that ‘there are more than n

distinct elements’. Formally, crn , n > 0, may be written

(V^i ... *0(^o)(“> vo = i’i a ... ah v0 = vn ).

For good measure, we shall define o0 to be a valid sentence, say

(3j>0 )(i>0 = t>0 ).

Theorem 1.5.7. Every formula cp in the pure identity language is equivalent

to a Boolean combination
\Jj of basic formulas. Moreover

, if all the free

variables of (p are among v0 , ..., vn ,
then i/s may be chosen so that all its

free variables are among v0 ,...,vH . In particular, if (p is a sentence, then

so is j/.

Proof. We first show that every formula is equivalent to a Boolean

combination of basic formulas. Let i//(v0 ... v„) be an arbitrary Boolean

combination of basic formulas. By Lemma 1.5.1, it suffices to prove that

(3vm )ij/ is equivalent to a Boolean combination of basic formulas. First,

we note that if/ is equivalent to a formula of the form

(<Po A 0o) V ••• V (l/'p A 0
p )

where each ijj is an open formula and each 0
t
is a Boolean combination of

the sentences <j0 ,
cs^,o 2 ,

.... Still better, using Lemma 1.5.6, we may make
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each i/q be either the inconsistent sentence n cr0 or else a disjunction of

finitely many arrangements of v0 , ..., vn .

As in the previous theorem, we may assume without loss of generality

that m = n. In the case n = 0, the only arrangement of v0 is the valid formula

v0 = v0 ,
so each i/q- is either valid, in which case it may be replaced by cr0 ,

or else it is the inconsistent formula n <r0 . Thus \j/ is equivalent to a Boolean

combination of the sentences <j0 ,
<j

1 , ..., and so is (3r„)i
J/.

Assume that n > 0. For each arrangement i
l/ i9 i ^ p , form \p* by deleting

all the equations and inequalities in which vn occurs. Then tj/* is an arrange-

ment of the remaining variables v0 , ..., vn - l . (If happens to be n o0 ,

we simply let i//* also be n cr0 .) Note that t/q is not, in general, equivalent

to i/q*. (Why?) However, if e
t

is the equivalence relation from which the

arrangement t/q- comes, and r
t

is the number of equivalence classes in e
t ,

then we easily see that (3i?„)ijt
t

is equivalent to crn _
1

Also is

equivalent to the formula

(00 A (3vn)'l'o) V ... v (8p A Ap ).

It follows that is equivalent to

(do A CT,
0 _ ! A lp*0 ) V . . . V (0„ A <Jrp _ !

A )p*
).

This is indeed a Boolean combination of basic formulas, and the first part

of the theorem is proved.

Now, using exactly the same trick as we used at the end of the proof of

Theorem 1.5.3, we can obtain the full statement of the theorem - that each

formula (p(v0 ... vn ) is equivalent to a Boolean combination ip(v0 ... vn ) of

basic formulas, and, if (p is a sentence, then so is tji. H

We are now ready to describe clearly all the closed theories in the pure

identity language. It is easy to see that for every finite set N of positive

natural numbers, there is a sentence cr(N) whose models are precisely those

such that \A
\
e N. The reader should check that for each N, cr(N) is a

pure identity sentence, and, in fact, is a Boolean combination of o0 ,
o

x ,
....

We now can conclude that, up to equivalence, the sentences cr(N) and their

negations are the only pure identity sentences.

Corollary 1.5.8. For every pure identity sentence cp, there is a finite set N
of positive natural numbers such that cp is equivalent either to o(N) or to

n o(N).
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We now take up the theories. It is also easy to see that for each finite or

infinite set N of positive natural numbers, there is a closed theory A(N)
whose models are precisely those 91 such that either \A\eN or 31 is infinite.

Again, the reader should check that each theory A(N) has a set of pure

identity sentences for axioms. To make our notation more complete, we
may as well write T(N) for the closed theory which has the single axiom

o(N), where N is finite. The next corollary shows that the A(N) and I(N)
are the only closed theories in the pure identity language.

Corollary 1.5.9.

(i) . The finitely axiomatizable closed theories in the pure identity language

are precisely the theories 1(A), where A is finite, and A(N), where co — N is

finite.

(ii) . The nonfinitely axiomatizable closed theories in the pure identity

language are precisely the theories A(N), where o — N is infinite.

Proof, (i). The theories T(A/), M finite, and A(N), o — N finite, are

finitely axiomatizable. Indeed, I(M) has the single axiom o(M), and

A{N) the single axiom n cr(co — N). By Corollary 1.5.8, any finitely axiomatiz-

able theory has a single axiom of the form cr(A), or else n cr(A), A finite.

This proves (i).

(ii). Now let T be an arbitrary closed theory in the pure identity language.

Let A be the set of all positive natural numbers such that T has a model of

power in A. Then for each finite model 91, 91 is a model of T if and only if

\A\eN. If one of the sentences a(M), M finite, belongs to T, then all

models of T are finite and A <= M, and thus T = T(A).

Assume now that T is not of the form T(A). It follows that every sentence

<p e T is equivalent to a sentence of the form n o(M). Let A' be the union

of all sets M such that TV n o(M). Then clearly 9f is a model of T if and

only if 9f is infinite or \A\ eoj — N'. Therefore T = A(oj — N'). Note also

that co — N' = N, so T is A(N). Finally, if T is not finitely axiomatizable,

then by (i) the set oj —N is infinite. This proves (ii). -\

Note that by our last corollary, there is no theory at all whose models

consist precisely of all finite models. Likewise, ifA is an arbitrary infinite set

of positive natural numbers, there is no theory whose models consist of all

91 such that \A\eN. In other words, in the pure identity language, any

theory which has arbitrarily large finite models has an infinite model. We
shall see later that this is true in every other first-order language as well.
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There are several very important theories which have been analyzed using

the elimination of quantifiers. For example, additive number theory

(Presburger, 1929), the theory of Abelian groups (Szmielew, 1955), the

theory of Boolean algebras (Tarski, 1949), the theory of all well-ordered

models (Mostowski and Tarski, 1949), and the theories of real closed

fields and of algebraically closed fields (Tarski, 1948). As might be guessed

from our two simple examples, the elimination of quantifiers becomes

quite difficult in some of the more substantial cases mentioned above.

In each of those cases, the method gives a decision procedure for the theory,

as well as a useful classification of all formulas and all complete extensions

of the theory.

Most of the interesting theories which arise in mathematics are undecid-

able (e.g., number theory, set theory, groups, fields, partial order), and the

method of elimination of quantifiers does not work for these theories.

Exercises

1.5,1. Let -£?(n ) be the language {^ , c0 , ..., obtained from the

language {«} by adding n constant symbols.

(i) . Show that the set A of sentences is not complete in the language

^ («), for n > 1 . Show that all the complete extensions are finitely axiomatiz-

able.^

(ii) *. Describe all the complete extensions of A in the language (co).

1.5.2*. Let r be the theory of dense simple order. Prove that T has exactly

four complete closed extensions, which come from one of the four additional

axioms:

there are no endpoints;

there is a left endpoint but no right endpoint;

there is a right endpoint but no left endpoint;

there are a right and a left endpoint.

Hint: As a set of basic formulas, take the set of all atomic formulas

together with the formulas which state:

vm is a left endpoint;

vm is a right endpoint;

there is a left endpoint;

there is a right endpoint.
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Modify the proof of Theorem 1.5.3 to show that every formula is T-

equivalent to a Boolean combination of basic formulas.]

1.5.3*. Show by elimination of quantifiers that the theory of atomless

Boolean algebras is complete.

1.5.4. Which are the complete theories in the pure identity language? State

a simple criterion for two models 9f, S3 of that language to be equivalent.

1.5\5. Describe all the complete theories in the language which has //

constant symbols but no relation or function symbols. Do the same for

the language with oj constant symbols.

1.5.6. Outline a decision procedure for deciding whether a given pure

identity sentence is valid.

1.5. 7*. Analyze the following theories using the method of elimination of

quantifiers:

(i). The theory with no axioms in the language with one 1 -placed

relation symbol and no other symbols (Behmann, 1922).

(ii) . The theory of Abelian groups with all elements being of order 3.

(iii) . The theory of divisible Abelian groups.

(iv) . Monadic first-order logic.

1.5.8*. This and the succeeding exercises are very long and tedious, if

complete proofs are written out. The theory of one successor function has

the axioms (1), (2) and (l)v from Example 1.4.11 in the language

& — {S, 0 }. Prove that this theory is complete by elimination of quantifiers.

1.5.9*. Prove that additive number theory (from Example 1.4.11) in the

language f£ =
{ + ,

S, 0} is complete by elimination of quantifiers.

1.5.10*. The theory of one equivalence relation in the language = {£}
has the following axioms:

xEx;

xEy a yEz -> xEz;

xEy -* yEx.

Give a decision procedure for this theory by the method of elimination of

quantifiers.
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1.5.11**. Give a decision procedure for the theory of Abelian groups

(Example 1.4.6) by elimination of quantifiers. Use this to describe all

complete extensions of this theory.



CHAPTER 2

MODELS CONSTRUCTED FROM CONSTANTS

2.1. Completeness and compactness

Ln this section, we prove the basic completeness theorem first proved by

Godel (1930). The proof we give is due to Henkin (1949) and it applies

to situations somewhat more general than Godefs original proof. This

extension was already noted by Malcev (1936).

The result we prove is that every consistent set of sentences Tina language

if has a model or, in other words, is satisfiable. The proof proceeds in two

stages. We shall first show that T can be extended to another consistent set

of sentences fin an expanded language if, having certain desirable features.

Then we show that every T having these desirable features has a model.

It will make no difference which of the two steps we prove first.

Definition. Let T be a set of sentences of if and let C be a set of constant

symbols of Jf
.
(C might be a proper subset of the set of all constant symbols

of if.) We say that C is a set of witnesses for T in Jf iff for every formula (p

of if with at most one free variable, say x, there is a constant ceC such that

T h
(
3x)(p - (p(c).

We say that T has witnesses in if i ff f has some set C of witnesses in if.

The meaning and usage of cp(c
)
should be quite clear here and in all

succeeding places in this chapter: (p(c
)

is obtained from (p by replacing

simultaneously all free occurrences of x in ^ by the constant c. We shall be

careful to use <p(c
)
only when it has been made clear from the context

which variable x is to be replaced by c. Otherwise the notation (p(c) would

be ambiguous. For example, if (p is a formula with the free variables x, y ,

61
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we have to indicate whether cp(c) is obtained from cp by replacing by c

or by replacing y by c. An alternative notation which is completely un-

ambiguous is to write (p(c/x
) for the formula obtained by replacing all free

occurrences of x in (p by c. However, we prefer to use (p(c) and rely on the

context for clarity rather than use the more cluttered notation (p(c/x).

Lemma 2.1.1. Let T be a consistent set of sentences of TP . Let C be a set

of new constant symbols ofpower \C\ =
\ \£?\\, and let !P = £P u C be the

simple expansion of IP formed by adding C. Then T can be extended to a
consistent set of sentences T in IP which has C as a set of witnesses in IP.

Proof. Let a = ||«2?||. F°r each p < a, let c
p be a constant symbol

which does not occur in PP and such that cp F c
y

if /? < y < a. Let
C =

i
c
P • P < a }> ~^P = PP kj C. Clearly \\PP\\ = a, so we may arrange

all formulas of JP with at most one free variable in a sequence <p-, £ < a.

We now define an increasing sequence of sets of sentences of 3P:

T = T0 a T
1
a ... c c ..., f < a,

and a sequence d^, £ < a, of constants from C such that:

(i) . each T
?

is consistent in ~IP\

(ii) . if c = C+l, then = T^u {(3*c)<pc
-* cpfd*)}; x

;
is the free

variable in if it has one, otherwise x, = v0 ;

(iii) . if l is a limit ordinal different from 0, then 7\ = (J ;<
Suppose that T

^

has been defined. Note that the number of sentences in
Tr which are not sentences of TP is smaller than a, i.e., the cardinal of the
set of such sentences is less than a. Furthermore, each such sentence contains
at most a finite number of constants from C. Therefore, let d^ be the first

element of C which has not yet occurred in T~. For instance, d0 = c0 .

We show that

rc+1 = u {(3xjvt - ipfd
; )}

is consistent. If this were not the case, then

By propositional logic,

T
a
h a -i pfdfj.

As d;- does not occur in 7^, we have by predicate logic,
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T

\

h a

-

i (3xfjcp^

which contradicts the consistency of T
:

. If £, is a nonzero limit ordinal,

and each member of the increasing chain is consistent, then

obviously T

^

^ 7^ is consistent. This completes the induction.

Now we let T = ^ * s evident that T is consistent in ^ and T
is an extension of T. Suppose that cp is a formula of with at most the

variable * free. Then we may suppose that (p = (p* and x = x^ for some

{ < a. Whence the sentence

(3x^Vs -*> (ps(ds)

belongs to T^ +l and so to T. H

The idea of the next lemma is just, as simple, but its proof is more involved

and tedious.

Lemma 2.1.2. Let T be a consistent set ofsentences and C be a set of witnesses

for T in . Then T has a model 51 such that every element o/5( is an inter-

pretation of a constant c e C.

Proof. First, note that if a set of sentences T has a set C of witnesses in
,

then C is also a set of witnesses for every extension of T. Second, if an

extension of T has a model 5(, then 51 is also a model of T. So we may as

well assume that T is maximal consistent in .

For two constants c, d e C, define

c ~ d iff c = de T.

Because T is maximal consistent, we see that for c, d, e e C,

c ~ c;

if c ~ d and d ~ e, then c ~ e\

if c ~ d then d ~ c.

So ~ is an equivalence relation on C. For each ce C, let

c — {de C : d ~ c}

be the equivalence class of c. We propose to construct a model 51 whose

set of elements A is the set of all these equivalence classes c, for c e C:

so we define

(1) A = {c : c e C}.

We now define the relations, constants, and functions of 5(.
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(1)

. For each /^-placed relation symbol P in PP
9
we define an /7-placed

relation R' on the set C by:

for all c
{ , ..., c„e C,

(2) 7?'(c
i

••• O iff p
(c i — cn) eP-

By our axioms of identity, we have

h P{^C

^

... C„) A fj = A •" Afn = dn
> . . . ^4j).

So ~ is what is called a congruence relation for the relation R' on C.

It follows that we may define a relation R on A by

(3) R(c
{

... cn ) iff P{c
x

... cn)eT.

By (2), the definition (3) is independent of the representatives of the equiv-

alence classes c l9 ...» c„. This relation R is the interpretation of the symbol

P in 91.

(ii) . Now consider a constant symbol d of . From predicate logic,

we have

1- (3i>0 )(</ = v0 ).

So (3r0)(d = v0 ) e T, and, because T has witnesses, there is a constant

ceC such that

(d= c)e T.

The constant c may not be unique, but its equivalence class is unique

because, using our axioms of identity,

h(d=cAd=c'-+c = c').

The constant d is interpreted in the model 91 by the (uniquely determined)

element c of A. In particular, if deC, then d is interpreted by its own

equivalence class d in 91, because (d = d)eT.

(iii) . We handle the function symbols in a similar way. Let F be any

m-placed function symbol of PF
,
and let c

{ , ..., cm e C. As before, we have

(3t;0)(F(c1 ... cm)
= v0)eT,

and because T has witnesses, there is a constant c e C such that

(T(c t
... cm ) = c)eT.

Once more, we have a slight difficulty because c may not be unique, and

we use our axioms of identity to obtain:

1- (F(c, ... cm )
= cac

1

= d
x
a ... Acm = dm a c = d) -> F(d

i
... dm)

= d.

This shows that a function G can be defined on the set A of equivalence

classes by the rule
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(4) G(c, ... cm )
= C iff (F(Cl ... cm )

= c) e T.

Wc leave the detailed steps of (4) to the reader. We interpret the function

symbol F by the function G in the model 91.

We have now specified the universe set and the interpretation of each

symbol of FF in 9(, so we have completed the definition of the model 9(.

We have pointed out that the interpretation of each constant ce C in 91

is its equivalence class c, and it follows that every element c e A is the

interpretation of some constant ceC.

We proceed to prove that 91 is a model of T. First of all, using (4) as the

first step of an induction, we easily show that

(5) for every term / of FF with no free variables and for every constant

ce C,

9( h / = c if and only if (t = c)e T.

Using the fact that C is a set of witnesses for T, we obtain from (5):

(6) for any two terms t
x ,

t 2 of FF with no free variables,

9t 1

= U = 1 2 if and only if (c = t2 ) e T,

(7) for any atomic formula P{t
l

... /„) of Ff containing no free variables,

9( h P(t
l

... /„) if and only if P{t
i

... tn )
eT.

Combining (6) and (7) will form a basis for proving:

(8) for any sentence (p of Ff,

9( N cp if and only if cp eT.

(8) has an unusual proof in that it is proved by induction on the length ot

the sentences of FF

.

The reader will see that the reason why this could be

done is because T is maximal consistent and has witnesses in FF . Without

a great deal of trouble, we have for sentences cp
,

i// of FF

91 h n (p if and only if (n cp) e T,

and
yitcpAip if and only if {(pA\jj)eT.

Suppose cp = (3x)i/c If 91 N cp, then for some c e A, 91 h ip[c]. This means

that 9( h <A(c), where ij/(c) is obtained from t\i by replacing all free occurrences

of x by c. So e T and because

h il/{c) -+ (3x)»A,

we have cp e T. On the other hand, if cp eT, then because T has witnesses,

there exists a constant ceC such that
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T b (3*)^ -> i//(c).

As T is maximal, <A(c)e T, so 5f 1= i//(c). This gives 51 b i//[c] and 51 b (/?.

This shows that 51 is a model of T. H

Note that a converse of Lemma 2.1.2 is very easily proved, and, in fact:

Lemma 2.1.3. Let C be a set of constant symbols of if, and let T be a set

of sentences of if . If T has a model 5( such that every element of 51 is an

interpretation of some constant ceC, then T can be extended to a consistent

T in if for which C is a set of witnesses.

For the proof of Lemma 2.1.3, simply let T be the set of all sentences of

Jf true in 5L

The model 5i constructed from the constants ceC of if by taking

suitable equivalence classes is said to be built up from the set C of constants

of if. Since every aeA is the interpretation of some ceC, we see im-

mediately that \A\ ^ \C\. We now supply the proofs of three theorems from
Chapter 1.

Theorem 1.3.21 (Extended Completeness Theorem). Let I be a set of
sentences of if. Then I is consistent if and only if I has a model.

Proof. The consistency of I if I has a model is a straightforward argument.

So assume I is consistent. By Lemma 2.1.1, we consider extensions Z of Z
and if of if

(|
\If

\ |

=
1

\i?\\), so that 1 has witnesses in 3P. By Lemma
2.1.2, let 51 be a model of Z. 51 is a model for the expanded language 3P,

so let 53 be the model for if which is the reduct of 5( to if

.

Because

sentences in Z do not involve the constants of If not in if
, we see that 53

is a model of Z. H

Corollary 2.1.4. Every consistent theory T in if has a model of power
at most

\

\Zf\\.

Proof. In the proot above we may choose 51 so that every element is a
constant, and we have \B\ = \A\ ^ |p?|| = \\if\\. H

Corollary 2.1.4 gives the original theorem of Lowenheim (1915): If a

sentence has a model, then it has a countable (finite or infinite) model.
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Theorem 1.3.20 (Godel’s Completeness Theorem). A sentence of is a

theorem of if and only if it is valid.

Proof. We need only concern ourselves with one direction of the theorem.

If a sentence o is not a theorem of then {n cr} is consistent in ff

.

By

Theorem 1.3.21, {n a) will have a model in which cr cannot hold. Hence o

is not valid. H

Theorem 1.3.22 (Compactness Theorem). A set of sentences I has a

model if and only if every finite subset of 1 has a model.

Proof. If every finite subset of I has a model, then every finite subset

of 1 is consistent. So I is consistent and Theorem 1.3.21 shows that 1 has

a model. H

We conclude this section with a representative list of applications or

consequences of the completeness and compactness theorems. Some

additional exercises can be found at the end.

Corollary 2.1.5. If a theory T has arbitrarily large finite models
,
then it

has an infinite model.

Proof. Let T be a theory in with arbitrarily large finite models. Consider

the expansion ££' — ¥ u
{
cn : n e co}, where cn is a list of distinct constant

symbols not in . Consider the set T of S£' defined by

1 = f u Ji (c„ = c,w )
: n < m < a>}.

Any finite subset 1' of 1 will involve at most the constants c0 , ..., cm ,
say,

for some m. Let 21 be a model of T with at least m+ 1 elements, and let

a0 ,
.... am be a list of m+ 1 distinct elements of 2L We can verify easily that

the model (2(, a0 , ..., am )
for the finite expansion £f" = u {c0 , ..., cm }

of ££ is a model of I'. So, by Theorem 1.3.22 ,

1

has a model. The reduction

of this model to gives a model of T which is clearly infinite.

Corollary 2.1.6 (Lowenheim-Skolem-Tarski Theorem). If T has infinite

models
,
then it has infinite models of any given power a ^ \\^\\-

Proof. The proof is similar to that of Corollary 2.1.5. Let q < a, be

a list of distinct constant symbols not in JS, and consider the set of sentences
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Z = T u {n (c
4
= c

n ) : £ < i) < a}. Every finite subset I' of I will involve

at most a finite number of the constants c^. Hence any infinite model of T
can be expanded to a model of I'. By Theorem 1.3.22, I has a model

and by Corollary 2.1.4, this model is of power at most

\\Se u {c
4 : { < a}

1 1

= a.

On the other hand, the interpretations of the constants in 21 must give

distinct elements of A. So a ^ Ml ^ a and \A\ = a. H

A result first published by Skolem (1934) is the following:

Corollary 2.1.7. There exist nonstandard models of complete number
theory.

Proof. Recall from 1.4.11 that complete number theory is the set of all

sentences holding in the standard model <cu, S, 0) of number theory.

Since this theory has an infinite model, it has models of all infinite powers.

A noncountable model of complete number theory clearly cannot be

standard. H

A simple but powerful device in model theory is the method of diagrams.

Let 21 be a model for We expand the language if to a new language

A = \j {ca : a e A]

by adding a new constant symbol ca for each element a e A. It is understood

that if a # b, then ca and cb are different symbols. We may then expand s
2[

to the model

Ka = a)aeA

for A by interpreting each new constant ca by the element a. The diagram
oj 21, denoted by A%, is the set of all atomic sentences and negations of

atomic sentences of ££A which hold in the model %A .

If X is a subset of A
, then we let be the language u {ca : a e X)

and 21* = (21, a)aeX be the obvious expansion of 21 to d£x . If/ is a mapping
trom X into the set of elements B of a model 23 for .=£?, then (23,/tf)U6X is

the expansion of 23 to a model for ££x formed by interpreting each ca by fa.

The method of adding new constant symbols for elements of a model is

used again and again in model theory. The following proposition illustrates

the usefulness of diagrams.
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Proposition 2.1.8. Let 91, 93 be models for . Then 91 is isomorphically

embedded in 93 if and only if 93 can be expanded to a model of the diagram of

91.

Proof. If /'is an isomorphic embedding of 91 into 93, then (93,fa)aeA is a

model of A,n . On the other hand, if (93 ,fa)aeA is a model of A^, then /is an

isomorphic embedding of 9f into 93. H

Corollary 2. 1 .9. Suppose that has no function or constant symbols.

Let T be a theory in and 91 be a model for . Then 91 is isomorphically

embedded in some model of T if and only if every finite submodel of 91 is

isomorphically embedded in some model of T.

Proof. We skip the easy direction and suppose that every finite submodel

of 9( is isomorphically embedded in some model of T. We show that the

set I = T u Ay is consistent. Every finite subset I' of I contains at most

a finite number of the new constants, say c
ai , ..., cam . Because the language

f£ has no function or constant symbols, the finite set A' — [a
{ ,

..-,am }

generates a finite submodel 9L of 9L Let 93' be a model of T in which 9T is

isomorphically embedded. We see without difficulty that I' a T u Jf,

So, by Proposition 2.1.8, 93' can be expanded to a model of I', and hence

I' has a model. By compactness, I has a model 93. By Proposition 2.1.8

again, the reduct of 93 to gives a model of T in which 91 is isomorphically

embedded. H

We next consider two applications from the theory of fields (see 1.4.9).

Corollary 2.1. 10. Let T be a theory in the language = { + ,*, 0, /}’

which has as models fields with arbitrary high finite characteristics. Then T

has a model which is a field of characteristic 0.

Proof. Let T' be the theory of fields and consider the set

I = T u T' u {pi 0 : all primes p}.

Recall from Chapter 1 that pi is our abbreviation for the term /+ ... +/,

p times, of the language JSf. A finite subset I' of I will involve a highest

prime, say p. Let 91 be a model of T which is a field, so 9( is also a model

of T\ and such that the characteristic of 9f is higher than p. Then 91 is a

model of I', whence by compactness, I has a model. This model is a

model of T, is a field, and has characteristic 0. H
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Corollary 2.1.11. There exist non-Archimedean ordered fields elementarily

equivalent to the orderedfield of real numbers.

Proof. An ordered field <(F, +, *, 0, 1, ^ ) is Archimedean iff for any two

positive elements a, b in F there is an n such that na ^ b. This is not ex-

pressible in first-order logic.

Let T be the set of all sentences of = { + ,*, 0, 7, ^ } holding in the

ordered field of reals. Let c be a constant symbol different from 0 and 1. Let

I = T kj [nl ^ cine co}.

For every finite subset E' of I, there is an expansion of the reals to a model
of I'. By compactness, I has a model in which c has an interpretation b.

In this model, both 1 and b are positive; yet no finite multiple of 1 can

exceed b. H

Corollary 2.1.11 is the very beginning of a branch of model theory called

nonstandard analysis.

Consider d
9l , the diagram of 31 introduced earlier. We see that Proposition

2.1.8 gives an intimate connection between models of A% and models in

which 91 can be isomorphically embedded. By the positive diagram of 'A

we mean the subset of A^ which consists only of atomic sentences (no
negations of atomic sentences). We shall see that positive diagrams are

associated with the following notion of homomorphic embedding.
Given models 9( and 51' for J?

7

, 9f is homomorphic to 91' iff there is a

function/ mapping A onto A' satisfying the following:

(i) . For each ^-placed relation R of 91 and the corresponding relation

R' of 9T, and all elements x i9 ..., xn of A,

if R(x
l ...xn\ then R'(f(Xl ) ...f(xn )).

(ii) . For each m-placed function G of 91 and the corresponding G' of
9F, and for all x

i , ..., xm of A,

f(G(x l
...xm ))

= G'(f(x l )...f(xm )).

(iii) . For each constant x of 9(,/(xr) is the corresponding constant of 9F.

A function / satisfying the above is called a homomorphism of% onto 91'.

We write 91 ~ j- 9F to indicate that / is such a homomorphism; if it is not

necessary to indicate /, we write 91 ^ 9F for 9( is homomorphic to 9l\ In

this case we also say 91' is a homomorphic image of 9(. 9f is homomorphically
embedded in 9F iff 91 is homomorphic to some submodel of 91'. See Exercise
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2.1.3 for some elementary properties of these notions. The next proposition

corresponds to Proposition 2.1.8.

Proposition 2.1.12. Let 51, 53 be models for Lf . Then 51 is homomorphically

embedded in 53 if and only if some expansion o/53 is a model of the positive

diagram 6>/'51.

Corollary 2.1.13. Every partial order on a set X van be extended to a

simple order on X.

Proof. Suppose that ^ partially orders X. Let 5( = <X, ^ ). Let [cx lyeL}
be distinct constants for xe X and let A be the positive diagram of 51. Let

I = A u {cx # c
y : x A y in X) u {<j},

where a is the sentence which expresses that ^ is a simple order (see 1.4.1).

Let I' be a finite subset of 1 involving, say, the elements x
{ , ...,.xn and

the corresponding constants. We need the following fact:

(1) Every partial order ^ on {jcj
,

can be extended to a simple

order on {jt x ,
so that ^ is preserved, i.e., if x

t ^ xjy then

x
i ^ x

j
.

The proof of (1 )
is not difficult and proceeds by induction on n. Assuming

(1 ), we see that < {jc
x , ..., .v„}, ^ ') is a model of 1'

. By compactness, 1 has

a simply ordered model <T, in which there is an element yx corre-

sponding to each constant cx . Clearly the set {yx : x e X} is simply ordered

by ^
'. Lf x ^ z, then yx yz , and if x ^ z, then yx A yz . Using the

inverse of the 1-1 function y : x -> yx ,
we can induce a simple order on X

which extends ^ . H

Exercises

2.1.1. Show that there are also countable nonstandard models of complete

number theory.

2.1.2. Prove the representation theorem for Boolean algebras (Proposition

1.4.4) by the method of diagrams.

[Hint: (a). Every atomic Boolean algebra is isomorphic to a field of sets,

(b). Every finite subset of a Boolean algebra generates a finite, therefore

atomic, Boolean algebra, (c). If 51 is isomorphically embedded in a field of

sets, then 51 is isomorphic to a field of sets.]
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2.1.3. Prove the following. The homomorphism relation ~ is reflexive and

transitive. It is not symmetric nor antisymmetric. If 51 ^ S3, then \A\ ^ \B\.

A sentence a is called positive iff it is built up from atomic formulas using

only a ,
v

, 3, V. If 5( ~ 53, cr is a positive sentence, and 51 1= cr, then 53 t= cr.

Compare this with Exercise 1.3.5.

X
_ _ f'

x J-
' '

••
"

•

-

•' 1

2.1.4. Prove the assertion (1) in Corollary 2.1.13.

2.1^ Show that every ordered field is equivalent to a non-Archimedean

ordered field.

1+4 ia, ... .

2.1.6. Show that every group which has elements of arbitrarily large finite

order is, equivalent to a group which has an element of infinite order.
v e'4em.

2.1.7. Show that every model of ZF is equivalent to a (countable) model

(A, E} which has an infinite sequence

. . . Ex2 Ex j
Exq .

Therefore every model of ZF is equivalent to a countable model which is

not isomorphic to a transitive model.

2rLd^. Let 5( = (A, ^ , ...) be an infinite model such that ^ well orders A.

Show that there is a model 5T = <A ', ^
', ...) equivalent to 51 such that

^ ' is not a well ordering. /

2.L9. Show that every infinite model 51 for a language EE has an equivalent

model 53 of power \\EE\\ such that not every element of B is a constant of 53.

72.1.10. Let EE have no function or constant symbols. Let 7 be a theory in EE

and 51 be a model for EE. Then 5( is homomorphically embedded in some

model of T if and only if every finite submodel of 51 is homomorphically

embedded in some model of T. (This is a homomorphism version of

Corollary 2. 1 .9.)

2T\11. Let 51 be an arbitrary infinite model and let a ^ \\EE\\. Then there

is a model 53 equivalent to 5( such that for every formula (p(x)
with one free

variable, if (p(x) is satisfied by infinitely many different elements of 53,

then (p(x) is satisfied by a different elements of 53.

1.12. A model £ is said to be finitely generated iff there is a finite set

X c B which generates £ (see Exercise 1.3.9). Let 7 be a theory in EE and

let 5f be a model for EE. Then 51 is isomorphically embedded in some model

of T if and only if every finitely generated submodel of 51 is isomorphically

embedded in some model of T. (Compare with Corollary 2.1.9.)

yOA, of C > o / /^ OU f
. /Uhst jEJ? &£7#yoL.\
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2.1.13

(i) . If r, and T2 are two theories such that T
l
u T2 has no models,

then there is a single sentence cp such that T
x

h cp and T2 h n (p. c* . .. ,u

(ii) . If T
j
and T2 are two theories such that for all 5f, 5f is a model of

r, iff 51 is not a model of T2 , then T
l
and T2 are finitely axiomatizable.

2?t\14. Let T
l
c T2

c= T3
c ... be a strictly increasing sequence of closed

theories in Show that their union T =
(Jn<M Tn is a consistent closed

theory in and it is not finitely axiomatizable.

2.1.15. This and some of the following exercises are designed to show an

alternative method of proving the extended completeness theorem for

countable languages. A generalization of this method to noncountable

languages is also given later.

Let ££ be a countable language, and let T be a consistent set of sentences

closed under h We aim to prove that T has a model. The starting point of

our discussion is the countable Lindenbaum algebra 53^. We have already

seen in Exercise 1.4.1 1 that T corresponds to a filter in 53 0 , the Lindenbaum

algebra of sentences of . It is also easy to show that the set

(p = {cp : TV (p and cp is a formula of Lf
}

is a filter in 53. For simplicity, we shall now operate in the quotient algebra

53/<P. In other words, the equivalence classes of this new algebra are given

by sets of formulas

OA) = {cp :TV cp<->il/},

with its unit element given by the set <P
,
and its zero element given by

{cp : T b n cp).

We denote this quotient algebra by 53 r and call it the Lindenbaum algebra of

T. 53 r is obviously a countable Boolean algebra.

2.1.16. Let 5( be any Boolean algebra and let Y be a subset of A. The sum

of Y, or the l.u.b. of Y, is defined to be the unique ye A such that

x ^ y for all x e Y (i.e. y is an upper bound for Y), and

if z e A is any upper bound for Y, then y ^ z.

We denote the sum of Y if it exists by VT, or if the elements of Y are

indexed by 7
, V lG/ y x

. In an entirely similar manner, we can define the

product of y, or the g.l.b. of Y, and denote it by A Y or A/e/Ti- Sums and
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products of arbitrary Y c: A do not necessarily exist. When they do exist,

they satisfy the following identities (assume that V fe/ j’
f
exists):

( V y t
)+x = V

iel iel

( V yd x = V Oi • x),
iel iel

VJi = A Ti-
iel iel

These identities imply, of course, that the sums and products on the right-

hand side also exist. We leave the duals involving A to the reader.

Let (p be any formula of . Let cp(k/p) be the formula obtained from cp

by first replacing all bound occurrences of v
p
in cp by vjf the first variable

in the sequence v0 ,
v l9 ..., not occurring in cp, and then replacing all free

occurrences of vk by v
p

. Show that in the Boolean algebra 53 r ,

W V ((p(fc/p)) = ((3 vk )cp),
pea

'W" A ((p(k/p)) = ((Vvk )cp).
pea

Thus sums and products of certain sets of substitution instances of a single

formula cp always exist and correspond to existential and universal quantifica-

tion of cp. Note that the number of such sums (and products) in is

countable.

>2.1.17. An ultrafilter D on 5f is said to preserve the sum V le ,y, iff

V )’i efl ifandonlyif some y t
e D.

i e I

Similarly, D preserves the product A ieiYi iff

A T,- e Z) if and only if all y t
e D.

iel

Prove the following: Given a countable sequence of products A^o> A^i>
..., AXni ... of 51. Then there exists an ultrafilter D on 5f which preserves

each product.

[Hint: Pick a sequence xn e Xn such that no finite product of elements

of the form l\Xn + xn is equal to zero. Now consider any ultrafilter D
which has as elements all A^„ + xn .]

There is also a corresponding result about countable sequences of sums.

2.1.18. Let D be any ultrafilter on 33 r which preserves all the products of

Exercise 2.1.16. We shall now construct a model of T from the variables
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v0 , i?j ,
... of Jf. Since the procedure is quite similar to that of Lemma 2.1.2,

we ask the reader to fill in all the details.

First define equivalence by

v
t
~ Vj iff (i\ = Vj) e D.

The equivalence classes are denoted by t>
(

.

Let c be a constant symbol of If . Since b (3^0 )(c = r0 ), and D preserves

sums, we see that for some /',
(
c = v

t
)e D. Let the interpretation of c be

the class v
t

.

Let t be any term of Jf (this includes the cases of function symbols and

constant symbols) and v
p

be a variable not occurring in t. Then

b (3 vp )(t
= v

p ). Since D preserves sums, for some j, (t = Vj)e D. Let the

interpretation of the term t (defined on equivalence classes v
t )

be v ,

.

Finally, let P be a relation symbol of Sf . We define the relation R by

R(vi, v
ln )

i IT (P(vh ... v,J) e D.

In this way, we have defined in an unambiguous manner a model ilf for

Jf with universe the set of equivalence classes v
(

. Now prove by induction

on the formulas cp(v0 ... vn ) of Pf that

9f b <p[v0 ... {;„] iff ((p(v0 ... v„)) e D.

To pass through the cases of V or 3, we again need the fact that D preserves

sums. Since (p e T implies that (cp) e Z), this shows that is a model of T.

2.1.19. If the language £f is uncountable, then the number of sums and

products corresponding to 3 and V in 53 r is also uncountable. Even though,

in general. Exercise 2.1.17 fails for uncountable sequences of products in

an arbitrary Boolean algebra, there is, nevertheless, a version of it which

holds for the algebra $ T . This is because every formula cp contains only a

finite number of symbols. The generalization of Exercise 2.1.17 is as follows

(the proof is straightforward):

Let s
2( be a Boolean algebra, a be an infinite cardinal, and /\Xpi p < a,

be a sequence of products of 9L Suppose that for all p < oc and all filters E
on 91 generated by fewer than a elements,

whenever X
l}

a E,
then £ E.

Then there exists an ultrafilter D on 91 which preserves each product f\X
ti

.

Using this result, a generalization of the proof in Exercise 2.1.18 can be

given for noncountable languages Pf

.

(A technical detail should be



76 MODELS CONSTRUCTED FROM CONSTANTS [2.2

mentioned: Before proceeding with the proof we must first expand ££ to

a language ~3? with
\ \^\ \

new constant symbols. This is apparently necessary,

see the proof of Lemma 2.1.1.)

2.2. Refinements of the method. Omitting types and interpolation theorems

In this section, we shall give two refinements of the method used in

Section 2.1 to construct countable models with additional properties. The

first refinement will lead us to the omitting types theorem. At the moment,

the possible ramifications of this technique to noncountable languages and

models are not yet fully understood. We shall mention only a couple of

results for noncountable languages.

The starting point of our discussion is the notion of a set I of formulas

of 2*? in the (free) variables x
t , Here we are using x l9 x2 , as

names for arbitrary free variables of . We could just as well use vmi ,vm2 , ...,

but we abhor double subscripts. The following is a precise definition:

E is a set of formulas of in the (free) variables x
{ , ..., xn (symbolically,

I = ... x„)) iff xl9 ..., xn are distinct individual variables and every

formula o in 1 contains at most the variables x lt ...,*„ free. We now
introduce the convention cr = (j(x

1 ... .v„), as we did for (p = (p(v0 ... v„).

If a = a(x
1 ... x„), then the notation

51 b a[a
l

... an \

means that the sequence a l9 ..., an of A satisfies a in 51 (see the section on

satisfaction). It is useful also to introduce the notation

51

1

= Z[ai ... a„]

to mean that for every a e I, a lt ..., an satisfies a in 51; in this case we say

that a l9 ..., an satisfies I in 51. If c
y , ..., cn is a sequence of constant symbols,

then a(c
l

... c„) denotes the sentence formed by simultaneously replacing

each free occurrence of x i9 1 < / < n, in a by the corresponding c
f

. Some-
times we shall replace just some of the variables by constants. If m < /?,

the notation ©-(Ci ... cmxm+l ... x„) is self-explanatory.

For reasons explained in Section 2.1 (before Lemma 2.1.1), we must be

careful to use the above notation only in a context where the list of variables

*i , xn is given. A completely unambiguous notation can be introduced,

but at great cost in readability. For example, we could use the notation

51 1= ... ajxn ] for

h kite mjt Vrv1 V£?/M

51 N c[a l ... an ].
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<j(C|/Xj ... Cm/xm Xm + i
... X„) for &(Ci ••• Cm^m+l '** ^n)*

Let I be a set of formulas in the variables x l9 ...» x„, and let 51 be a model

for We say that 91 realizes l iff some zz-tuple of elements of A satisfies

I in 9L We say that 91 omits I iff 91 does not realize I. The phrase I w

satisfiable in 91 has exactly the same meaning as 9( realizes I.

Example 2.2.1. Let Tbe Peano arithmetic and let I(x) be the set

{0 if x, SO ^ x
,
SSO f x, ...}.

An element is said to be nonstandard iff it realizes T(x). I he standard model

of T omits I(x), while all the nonstandard models realize I(x).

Example 2.2.2. Let T be the theory of ordered fields and let I(x) be the set

{1 ^ x, 1 + 1 ^ x, 1 + 1 + 1 < x, ...}.

An element is said to be positive infinite iff it realizes 2(x). An ordered

field omits £(x) if and only if it is Archimedean. The ordered fields of

rationals and reals omit I(x). Non-Archimedean ordered fields were

constructed in the last section using the compactness theorem.

Example 2.2.3. Let T be the theory of Abelian groups and let I(x) be the set

{x f 0, 2x f 0, 3x f 0, ...}.

Elements which realize I(x) are said to be of infinite order. An Abelian

group which omits I(x) is said to be a torsion group. Thus in a torsion

group, every element has a finite multiple which is zero.

Example 2.2.4. Here is an example of a set of formulas with infinitely

many variables. Let T be the theory of partial order and let I be the set

|Xj < X0 , X 2 < x 1? x 3 < x2 , ...}.

A model 91 of T omits I iff 91 is a well founded partial ordering. A linear

ordering 91 omits I iff it is a well ordering.

Example 2.2.5. By a type r(x
l

... x„) in the variables x lf ..., x„ we mean

a maximal consistent set of formulas of & in these variables. Given any

model 91 and n-tuple a l9 ...,aH eA 9
the set r(x

x
... xM )

of all formulas

y(Xl ... x„) satisfied by au ...» an is a type, and, in fact, is the unique type

realized by a
x , ..., an . It is called the type of a i9 ..., an in 91.
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Example 2.2.6. Let 9f be the ordered field of real numbers. Then any two
distinct elements a, b e A have different types. For if a < b, there is a rational

number r with a < r < b; hence a satisfies x < r, while b does not. Thus
realizes 2 <J

different types in one variable. offi qJao fs cuf hoot 4-Qtn

^ri
? aS/ fj Adlan*-

The next proposition answers the question: When is a set of formulas
realized by some model of a theory 77 Its proof is a simple application of
the compactness theorem.

Proposition 2.2.7. Let T be a theory and let X = T(xj ... x„). The following
are equivalent :

(i) . T has a model which realizes X.

(ii) . Every finite subset of X is realized in some model of T.

(iii) . Tu ... xn)(tr l
a ... a om ) : m < cu, cij

, ..., Gm e X] is consistent.

We shall say that a formula ... xn ) is consistent with a theory T iff

there is a model 5f of T which realizes {<7}, and we say that X(x
x

... x„) is

consistent with T iff T has a model which realizes X. Thus (i)-(iii) above
are all equivalent to the statement that X is consistent with T.

We now take up the question: When is a set X of formulas in x
{ , ..., x„

omitted in some model of a theory T1 This is a more difficult question”
and we need more than the compactness theorem to answer it. The key
theorem of this section, Theorem 2.2.9, gives a necessary and sufficient

condition for T to have a model which omits X. The co-completeness
theorem 2.2.13 is one of a long list of consequences of it. We shall use
Theorem 2.2.9 in the next section, and again later on. If X is a finite set of
formulas, then there is no problem in determining whether X can be omitted,
because the sentence

(p = (3Xi •..*
/l
)(cr

1
A...AO m ),

where X = {<r
1 , ..., om j, and its negation n cp express, respectively, that X

is realized or omitted. Thus the interesting case is where X is infinite.

Let us first take another look at Lemma 2.1.2. So far, we have only used
the property that every element of 5f is the interpretation of a constant
ceC in a simple way, to show that \A\ < |C|. In this section, we shall
make much more use of that property of 9L

The central idea in dealing with our problem is the notion of a theory
locally realizing a set of formulas.

Let X = T(xj ... x„) be a set of formulas of Jf. A theory T in Xf is said
to locally realize X iff there is a formula cp(x

l ... x„) ii\£ ysuch that:
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(i) . c

p

is consistent with T.

(ii) . For all a e X, T N cp -* o.

That is, every /7-tuple in a model of T which satisfies cp realizes Z.

We say that T locally omits Z iff T does not locally realize Z. Ihus T

locally omits Z if and only if for every formula cp(x
]

... xn )
which is consistent

with T, there exists o e Z such that (p a n o is consistent with T.

For complete theories we have a simple proposition:

Proposition 2.2.8. Let T be a complete theory in Zf, and let I = 2(x! ... xn )

be a set offormulas of Zf. If T has a model which omits T, then T locally

omits Z.

Proof. The proposition may be restated as follows: II T locally realizes Z ,

then every model of T realizes Z. Suppose 7 locally realizes 2 and let

<p(x
{

. . . xn )
be a formula consistent with T such that T t= (p -* a, a e I.

Let % be a model of T. Since T is complete, Tt ... xn )(p. So some

/?-tuple a
{ , ..., an satisfies (p in 9f. Then a

x , ..., an satisfies each a e 2, and

hence realizes I in 91. H

The omitting types theorem is a converse ol the above proposition.

It holds, in fact, for arbitrary consistent theories in a countable language.

Theorem 2.2.9 (Omitting Types Theorem). Let T be a consistent theory

in a countable language ,
and let 2(xj ... xn )

be a set of formulas. IJ T

locally omits I, then T has a countable model which omits I.

Proof. To simplify notation, let !(*) be a set of formulas in one variable x.

Suppose T locally omits Z(x). Let C = {c0 ,
c l9 ...} be a countable set of

new constant symbols not already in if and let ff' — ff u C. Then Lf

is countable. Arrange all the sentences of in a list (p 0 , <P \ ,
••••

shall construct an increasing sequence of consistent theories

r = f0 c r, c ... c Tm a ...

such that:

(1)

. Each Tm is a consistent theory of Sf' which is a finite extension of T.

(2)

. Either (pm eTm+l or (n cpm )
e Tm+1 .

(3)

. If (pm = (3x)il/(x) and (pm eTm + l ,
then i/s(c

p)
efffl+1 ,

where c
p

is the

first constant not occurring in Tm or (pm .

(4)

. There is a formula o(x
)
e Z(x) such that (n cr(cm)) g Tm+l .
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Assuming we already have the theory Tm , we construct Tm+l as follows:

Let Tm = T u {0 l ,
9r }, and let 9 = a ... a 0r . Let c0 , ..., cn contain

all the constants from C occurring in 9. Form the formula 0(xo ... xn) of ££

by replacing each constant c
t
by x

t
(renaming bound variables if necessary).

Then 9(x0 ... x„) is consistent with T. Therefore, for some o(x)eZ(x),

9 a~\ o(xm ) is consistent with T. Put the sentence n a(cm )
into Tm+l . This

makes (4) hold.

If q>m is consistent with Tm u jifffcj}, put cpm into Tm+1 . Otherwise

put (~i (pm) into Tm + l
. This takes care of (2). If cpm = (3x)ij/(x) is consistent

with Tm u {i <x(cm )}, put il/(cp )
into Tm+1 . This takes care of (3). The

theory Tm+l is a consistent finite extension of Tm . Thus (l)-(4) hold for

Tm + 1 •

Let Ta = (J n<0J Tn . From (1) and (2) we see that is a maximal con-

sistent theory in JS?'. Let 53' = (^8, b0 ,
b

{ , ...) be a countable model of

and let 2L = (5(, b0 ,b l , ...) be the submodel of 33' generated by the constants

b0 ,
b

1 ,
.... We then see from (3) that

A = {b0 ,
b l9 ...}.

Moreover, using (3) and the completeness of T
t0 , we can show by induction

on the complexity of a sentence (p in that

W N (p, S3' h <p , T
0}

N cp

are all equivalent. Thus W is a model of and hence is a model of T.

Finally, condition (4) ensures that omits T. H

When T is a complete theory, we see that locally omitting T(a:
1

... xn ) is

a necessary and sufficient condition for T to have a model omitting T. Here
is a necessary and sufficient condition which works in general.

Corollary 2.2.10. Let be countable. A theory T has a (countable)

model omitting ... *„) if and only if some complete extension of T
locally omits Z^Aq ... xn ).

Example 2.2.1 1. Consider the language ££ = { + ,
*, S, 0}. We abbreviate

1 = SO, 2 = SSO, 3 = SSSO, .... By an co-model we mean a model 51 in

which

A = {0, 1,2,3, ...} ,

that is, 51 omits the set {x # 0, x # 1, x # 2, ...}. A theory Tin & is said

to be co-consistent iff there is no formula (p(x) of f£ such that
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TVcp(0), TVcp(I), T t= (p(2), ...

and

T 1= (3jc) i cp(x).

T is said to be oj-complete iff for every formula cp(x) of If we have

TVcp(0), TVcp(l), TVcp(2 ), ... implies TV (Vx)cp(x).

It follows from the omitting types theorem that:

Proposition 2.2.12. Let T be a consistent theory in Sf

.

(i) . IfT is co-complete
,
then T has an co-model.

(ii) . IfT has an co-model, then T is oo-consistent.

Proof, (i). We show that T locally omits the set I(x) = {x ^ 0, x =£

Suppose 0(x) is consistent with T. Then T 1= (Vx) n £i(x) fails. By co-

completeness, there is an n such that not T h n 0(n). Hence 0(n) is consistent

with T, so 0(x) ah x ^ n is consistent with T. Thus T locally omits T(x).

(ii). Trivial. H

The co-rule is the following infinite rule of proof: From cp(0), cp(l ), cp{2 ), ...,

infer (Vx)cp(x), where cp(x) is any formula of co-logic is formed by

adding the w-rule to the axioms and rules of inference of the first-order logic

££ and allowing infinitely long proofs. We have the following completeness

theorem for co-logic.

Proposition 2.2. 13 (co-Completeness Theorem). A theory T in If is con-

sistent in co-logic if and only ifT has an co-model.

Proof. Let T be the set of all sentences of Tf provable from T in co-logic.

Then T is consistent in co-logic if and only if T' is consistent in If. Moreover,

T' is co-complete. Therefore T' has an co-model if and only if T is con-

sistent. H

The following example shows that the omitting types theorem tails for

sets of formulas with infinitely many free variables.

Example 2.2.14. Let T be the theory of dense linear order without

endpoints. Thus T is complete. Let I(x0 x 1
x2 •••) be the set

[aTj < Xq, X2 < Xi ,
X2 < X2 >

•••}•
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As we observed before, a model 31 omits I if and only if 31 is a well ordering.

But T has no well ordered models, so no model of T omits I. However,

T does locally omit I, because if cp(x0 x l
... is consistent with T, then

(p a n xn + 2 < xn + 1
is consistent with T.

The omitting types theorem can be generalized to the case of countably

many sets of formulas.

ou~? o^n ti

<1

Theorem 2.2.15 (Extended Omitting Types Theorem). Let T be a consistent

theory in a countable language
,
and for each r < co let Tr(*i ... x„

r )

be a set offormulas in nr variables. If T locally omits each Z
r , then T has a

countable model which omits each Tr .

owynia /c

jf‘
jyjAW

Proof. Similar to the proof of the omitting types theorem. The only

difference is that for each r the /7
r-tuples of new constants are arranged in

a list:
r r r

+

1

’
Sr + 2 >

• • • •

The theories Tm are built up so that for each r = 0, 1, ..., w, there is a

formula a e Zr such that (n o-(^)) eTm+l . H

Here is a first application of the extended omitting types theorem.

It uses the notion of an elementary extension which plays an important role

in the rest of this book.

2.2.16. 33 is said to be an elementary extension of 31, 31 < 33, iff

(i) . 33 is an extension of 31, 31 c 33.

(ii) . For any formula <p(x
{

... xn ) of and any a Y , ..., an e A, a t , ..., an

satisfies cp in 31 if and only if it satisfies (p in ^8.

When 33 is an elementary extension of 31 we also say that 31 is an

elementary submodel of 33.

The following equivalent definition is often useful:

Proposition 2.2.17. 33 is an elementary extension of 31 if and only if A a B

(2t. a)azA = (®, a)aeA .

Let us now consider the theory ZF, Zermelo-Fraenkel set theory. A
model 33 = <£, F> of ZF is said to be an end extension of a model
31 = (A, E} of ZF iff 33 is a proper extension of 31 and no member of A
gets a new element, that is,
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if a e A and b e B, then bFa implies be A.

Theorem 2.2.18. Every countable model 51 = (A, E} of ZF has an end

elementary extension.

Proof. Let JZ
7

be the language with the symbol €, a constant symbol a

for each a e A, and a new constant symbol c. Let T be the theory with the

axioms

Th((2ULJ,

c £ a, where a e A.

T is consistent because every finite subset of T has a model of the form

(51, a. c)aeA . For each a e A
,
let Za(x) be the set of formulas

Ta(Y) = {x € a} u {x ^ B : bEa).

It suffices to show that T locally omits each set Tu (x). For then T has a

model (53, a , c)aeA which omits each Ea(x). We may also assume that A c= B.

53 is an elementary extension of 51 because Th((51, a)aeA )
c= T, whence

(31, a)aeA = (53, a)aeA . 53 is a proper extension because ceB\A. Finally,

53 is an end extension because it omits each Za (x).

To see that T locally omits each Za (x), we note that a formula cp(x, c)

of 2Z
7

is consistent with T if and only if

(91, a)<*A t= (Vj')(3z)(3x)[z $yi\<p(x, z)}.

Suppose cp(x, c) is consistent with T, but cp(x, c) a n x e a is not. Then

cp(x, c)Axed is consistent with T. Using the axiom of replacement in ZF,

we see in turn that the following sentences hold in (51, a)asA :

(V^)(3z)(3x) [z y a cp(x, z)Axea]

(3x)(Vy)(3z )
[z $ y a cp(x, z) a x e a].

Then for some be A, cp(b,c)Abea is consistent with T, whence

cp(x
, c) ax = E is consistent with T. Thus T locally omits Tw (.v). H

The omitting types theorem as it stands is false for uncountable languages.

For example, let T be the theory with the axioms

C. # c
e>

in the language with constants

a < p < oj
1
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[ca : a < Wj} u {dn : n < cu}.

Let T(x) be the set of formulas

r(x) = {x dn : n < co}.

Then T locally omits T(x). However no model of T omits T(x) because

every model of T is uncountable but each model which omits T(x) is

countable.

A more complicated counterexample where the theory T is complete

has been given by Fuhrken (1962).

However, the omitting types theorem can be generalized to uncountable

languages if we define the notion of ‘locally omits’ in the proper way. Let

Tbe a theory and T(x! ... xn) a set of formulas in a language of power a.

We say that T oc-realizes Z iff there is a set ... xn ) of fewer than a

formulas of ZT such that:

(i) . 0 is consistent with T,

(ii) . T u 0(*j ... xn ) h I(x
i

... xn ),

that is, in any model s2( of T, any //-tuple which realizes <P realizes Z. T is

said to a-omit Z(x
l

... xn )
iff T does not a-realize ... xn ). Note that

if Z has power less than a, then T a-realizes Z trivially. Thus only sets of

formulas of power a can ever be a-omitted.

Theorem 2.2.19 (a-Omitting Types Theorem). Let T be a consistent theory

in a language ofpower cc and let T(x
1 ... x„) be a set offormulas of .

IfT cc-omits Z, then T has a model ofpower ^ a which omits Z.

The proof is like the proof of the omitting types theorem. An important

problem is to find a useful sufficient condition for a theory in an uncountable

language to have a model which omits a countable set of formulas. The
a-omitting types theorem is of no help here since a countable set of formulas

is never a-omitted when a > co.

We now turn to the interpolation theorems of Craig and Lyndon.

Theorem 2.2.20 (Craig Interpolation Theorem). Let cp, ij/ be sentences such

that cp h i//. Then there exists a sentence 0 such that :

(i). (p \r 6 and 0¥\jf.

(ii). Every relation
, function or constant symbol (excluding identity

)

which occurs in 0 also occurs in both cp and ij/.
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The sentence 0 will be called a Craig interpolant of (p ,
\jt. The identity

symbol is allowed to occur in 0. The following example shows why this is

necessary.

Example 2.2.21. Ln each of the following, (p and ij/ are sentences such that

the identity symbol occurs in at most one of them, and (p 1= i/^; however,

(p, \\) have no Craig interpolant in which the identity symbol does not occur:

(i) . ip is (3x)(P(x) P(x)), i/f is (3x)Q(x)\

(ii) . (p is {3x)Q(x), i/ms (3x)(P(x)v ~\ P(x));

(hi), (p is (Vxy)(x = y), \\i is (Vxy)(P(x) <- P(y)).

We shall see in an exercise, however, that in the Craig interpolation

theorem, if the identity symbol occurs in neither ip nor ij/, and if not N n ip

and not V if/, then ip and ^ have a Craig interpolant in which the identity

symbol does not occur.

Proof of Theorem 2.2.20. We assume that there is no Craig interpolant

0 of ip and ip, and prove that it is not the case that ip h i/o To do this we

construct a model of ipA-njs. We may assume without loss of generality

that 2^ is the language of all symbols which occur in either ip or if/ or both.

Let be the language of all symbols of ip
, 2 the language of all symbols

of ij/, and 0 the language of all symbols occurring in both ip and ip. Thus

Form an expansion ££" of by adding a countable set C of new constant

symbols and let

if; = f0 u c, u c, <r2 = u c.

The proof will resemble the proofs of the completeness and omitting types

theorems, but the notion of a consistent theory will be replaced by the more

general notion of an inseparable pair of theories.

Consider a pair of theories T in and U in ££2 . A sentence 0 of

is said to separate T and U iff

TV 0 and U V 0.

T and U are said to be inseparable iff no sentence 0 of separates them.

To begin with, we see that

(1) {ip} and {n ij/} are inseparable.

For, if 0(c
x

... cn )
separates {(p) and (n ip] and ..., un are variables not
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occurring in ... cn ), then (\fu
l

... w„)0(w i
... w„) is a Craig interpolant

of (p and i/f, contrary to our assumption.

Now let

<P0> <Pl><P2,

be enumerations of all sentences of and of d£'2 ,
respectively. We shall

construct two increasing sequences of theories,

{<?} = T0 a T
1

<= T2 cz ...,

{~n/f} = C0 <= C/
t

c= U2 c •••

in and respectively, such that:

(2)

. rm and £/,„ are inseparable finite sets of sentences.

(3)

. if rm \j {</>„,} and t/m are inseparable, then <pm e Tm + l .

If T„ +l and U„ u {i
fim }

are inseparable, then tj/m e Um+l .

(4)

. If <pm = (3x)(j(x) and (pm eTm+l ,
then cr(c) eTm+l for some ceC,

If ij/m = (3x)<5(Y) and \j/m e Um+l ,
then S(d) e C/TO+1 for some d e C.

Given and C/m ,
the theories T,n + 1

and then Um+l are constructed in the

obvious way. For (4), use constants c and d which do not occur in Tm ,

Um , (pm or ij/m . Then inseparability will be preserved. Let

T — I
)

T Tj = M U*- a> m<io >rr>
w

<x> \Jm<o) '-/ m*

Then T
(0
and U

0i
are inseparable. It follows that T

C)
and Um are each con-

sistent. We must show that T u Um is consistent. We show first that:

(5)

. is a maximal consistent theory in ,
and U

l0
is a maximal

consistent theory in

To show this, suppose (p tn $ and (~i (pm ) $ T0)
. Since Tm u {q>m } is

separable from Umi there exists 0 e such that

Tm 9, Ua 1= n 0.

We see by the same argument that there exists O' e J?'0 such that

Ta tnq>m -+0'
9

N i 0'.

But then

T^OvO', t/w Nn(dv0'),

contradicting the inseparability of Tw and . This shows that T
l0

is maximal

consistent in ££ [ . The maximality of Ua is similar.

Our next observation is:

(6)

. Tm n U
(0

is a maximal consistent theory in J^q.

To prove (6), let o be a sentence of . By (5), either <r e or (n a)efw ,
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and either a e U0, or (n a) e Uw . By inseparability, we cannot have o e T
a)

and (n a) e U(oi or vice versa. Therefore either Ta n t/w N o or n U0)
t= n a.

We are now ready to construct a model. Let 23', = (93j ,
b0 ,

b
x , ...)

be a model of Ta . Using (4) and (5), we see that the submodel

21 1
= (91, ,

b0 ,
b

x , ...) with universe A
x = {b0i b l9 ...} is also a model of

T
0) . Similarly, U

0)
has a model 9f2 = (^2 > d0 ,dlt ...) with universe

A 2 = {d0i d l9 ...}. By (6), the reducts of 91, and 91 2 are isomorphic,

with bn corresponding to dn . We may therefore take bn = dn for each //,

whence 91, and 91 2 have the same ZfQ reduct. Let 91 be the model for ^
with Zf

x
reduct 91, and Pf 2 reduct 91 2 . Since (peT

(0
and (n^)eUw ,

91 is a model of ip a n ij/. H

We give two applications of the Craig interpolation theorem. The first

application deals with ways of defining a relation. Let P and P be two new

/j-placed relation symbols, not in the language df . Let I(P) be a set of

sentences of the language u {P}, and let T(P') be the corresponding set

of sentences of u {P'} formed by replacing P everywhere by P'. We say

that Z(P) defines P implicitly iff

£(P) u I(P') 1= (VXj ... *„)[?(*! ... xn )
<-+ P\x

i
... xn )].

Equivalently, if (91, R )
and (91, R') are models of Z(P), then R = R'.

I(P) is said to define P explicitly iff there exists a formula </>(*, ... xn )
of

Jf such that

I(P) h (V*, ... xJlPiXi ... xn )
<-+ <p(x

x
... *„)].

It is obvious that, if I(P) defines P explicitly, then I(P) defines P implicitly.

Thus, to show that I(P) does not define P explicitly, it suffices to find two

models (91, R) and (91, R
f

)
of Z(P), with the same reduct 91 to Sf

,

such that

R ^ R\ This is a useful classical method known as Padoa’s method.

We now prove the converse of Padoa's method.

Theorem 2.2.22 (Beth’s Theorem). I(P) defines P implicitly if and only if

Z(P) defines P explicitly.

Proof. We prove only the ‘hard’ direction. Suppose that I(P) defines P

implicitly. Add new constants c, , ..., cn to Sf . Then

I(P)kjI(P')\=P(Ci ... c„).

By the compactness theorem, there exist finite subsets A c= Z(P), A' <= I(P')

such that
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A u A' h P(c
l ... cn ) -> P'(cj ••• cn )•

Let i/f(P) be the conjunction of all <r(P) e I(P) such that either <j(P) e A

or cr(P') e A'. Then

<KP)A <P(P')tP(Cl ...c„)^P\Ci ...cn ).

Rearranging to get all symbols P on one side and all symbols P' on the other,

^(P)aP(c! ... c„) h ip(P') -» P\c
t

... c„).

Then, by the Craig interpolation theorem, there is a sentence 0(c l ... cn )

of \j {c
v

... cn } such that

(1) lj/(P)AP(c
l

... c„) h 0(c, ... c„),

(2) e(c
l

... c„) h \j/(P') P\c
l

... c„).

But any model (91, R') for u {P', c x , ..., cn } is also a model for

u {P, c
{ , ..., when we interpret P by P'. Thus (2) implies

(3) 6(c l ••• c„) h \j/(P) -* P(c
t

... c„).

Now (1) and (3) yield

(4) il/(P)¥ P(c t ... cn)*^e(c l ... c„).

Since cl9 ..., cn do not occur in \p(P) (which is built from I(P)), we have

<A(P) t Vx
x ... xn [P{x l ... x„) <- 0(x! ... xn)],

where xl9 ..., xn are variables not occurring in 0(

c

t ... cn ). Therefore

I(P) t= ... *„[P(*i ... xn )
<-* 0(x

x ... *„)]. H

Theorem 2.2.23 (Robinson Consistency Theorem). Lc/ 2^ and PP2 be

two languages and let
x
n T£2 . Suppose T is a complete theory in

TP, and T
l => T, T2 => T are consistent theories in TP

x ,
TP2 ,

respectively.

Then T
x
kj T2 is consistent in the language TP

l
u TP2 .

Proof. Suppose T
l
u T2 is inconsistent. Then there exist finite subsets

<= Tl9 1 2 c= T2 such that I
x
u I 2 is inconsistent. Let ctj be the conjunc-

tion of Ij and (j 2 the conjunction of I 2 . It follows that o
l

t= n o 2 . By the

Craig interpolation theorem, there is a sentence 0 such that 1= 0, 0 t= n cr2 ,

and every relation, function or constant symbol occurring in 6 occurs in

both <Tt and o 2 . Consequently, 0 is a sentence of TP
l
n TP 2 — Now
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returning to T
x
and T2 ,

we find that T
l

h 0. Since T
x

is consistent, T
x £ n 0,

so T ¥ ~] 0. Moreover, T2 1= i 0 ,
and, by the consistency of T2 , T2 ¥ 0;

so TX- 0. But this contradicts the hypothesis that T is a complete theory in

H

The Lyndon interpolation theorem is an improvement of the Craig

interpolation theorem, but it holds only for languages which have no

function or constant symbols. In order to state it, we need the notions of

a positive and a negative occurrence of a symbol in a formula.

In the following discussion we shall consider only formulas which are

built up using the connectives a
,
v

, n, and the quantifiers V, 3. We do not

allow the connectives <-.

[Strictly speaking, the language was defined in Section 1.2 so that the

only connectives are a and n, and the only quantifier is V. The other con-

nectives and 3 were introduced as abbreviations. Thus we now wish to avoid

using the abbreviations <->.]

We now shall consider more closely the ways in which a symbol can occur

in a sentence. Let s be a symbol of
,
and let cp be a sentence of SP. Then s

is said to occur positively in cp iff s has an occurrence in cp which is within

the scope of an even number of negation symbols. The symbol s occurs

negatively in cp iff 5 has an occurrence in (p which is within the scope of an

odd number of negation symbols. Remembering that s may have several

different occurrences in cp, we see that there are four possibilities:

.s' does not occur in (p;

s occurs positively in cp;

s occurs negatively in cp;

s occurs both positively and negatively in cp.

The reason we do not want to use the abbreviations —> and <- is that they

contain ‘hidden’ negation symbols. For example, the sentence P(c) -* Q(c)

is an abbreviation of n (P(c) a ~i Q(c)), so P occurs negatively but not

positively in it, and the constant c occurs both positively and negatively

in it.

On the other hand, the abbreviations

cp w ip = n (~i cp a i ip), (3x)cp = n (Vx) n cp

will not cause any trouble in deciding whether a symbol 5 occurs positively

or negatively, because they introduce exactly two ‘hidden’ negation symbols

about cp
,

ij/, and two is an even number.
|||j
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Theorem 2.2.24 (Lyndon Interpolation Theorem). Suppose the language

has no function or constant symbols. Let (p, tji be sentences of such that

cp 1= t/c Then there is a sentence 0 of such that:

(i). (p t= 0 and 9 t= i/c

(ii) . Every relation symbol (excluding identity
)
which occurs positively

in 0 occurs positively in both cp and ij/.

(iii) . Same as (ii) for ‘negatively ’.

The following simple example shows that the above theorem is false for

languages with constant symbols, and similar examples can be found for

languages with function symbols:

(3x)(;c = ca~i R(x)) N n R(c).

Note that c is positive on the left, negative on the right, but must occur

in any interpolant.

Proof of Theorem 2.2.24. The proof is obtained by making only a very

few changes in the proof of the Craig interpolation theorem. We begin by

assuming that there is no sentence 0 such that (i)-(iii) hold, and prove that

cp ah if/ has a model. Form the expansion TE' = u C as before.

A formula is said to be in negation normalform (nnf) iff it is built up from

atomic formulas and their negations using a, v, 3, V. Every formula is

equivalent to an nnf formula. We assume that cp and \)/ are nnf formulas.

Let cr* denote the nnf of n a.

This time, the notion of an inseparable pair of theories is defined as

follows. Let 0 be the set of all nnf sentences a of SE' such that every relation

symbol which occurs positively (or negatively) in o also occurs positively

(negatively) in cp. The set W is defined similarly with respect to i//. Let

Y* = {cr*:cre T}. Two theories T a 0 and U a V* are said to be

inseparable iff there is no sentence 6 e 0 n 0 such that T\= 0 and U t= n 0.

Using this notion we can apply the construction given in the proof of the

Craig interpolation theorem to obtain a model of cpAi//*. H

Exercises

2.2x1. Let T be a complete theory in a countable language, and let

Tfxi), T 2 (x2 ), r 3 (x3 ), ... be a countable set of sets of formulas such that

each Tn (

x

n ) is consistent with T. Prove that T has a countable model which

realizes each set Tn (xn ).
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2.2.2. Let T be a complete theory. Show that T has a model 21 such that

every set of formulas f(x l> x2 , •••) which is consistent with T is realized

in 2L

2.2.3. Let 9f = (A, ^ , + , •, 0, 1 ) be an ordered field. An element a e A

is said to be finite iff there is an n < o such that —n ^ a < n. Suppose that

for any formula cp(x ), if 9f 1= (3x)cp(x), then there is a finite a e A such that

21 N cp[a]. Show that is elementarily equivalent to an Archimedean-

ordered field.

2.2.4. Let T be a theory in a countable and let I'(x) and A(y)

be two sets of formulas of which are consistent with T. Suppose that

for every formula cp(x, y) of there exists o(x) e I(x) such that for all

..., d„(^) e A(y): if {(p, (5, , ..., <5„} is consistent with 77 then

{cp , <5 j , ..., Sn ,
n o) is consistent with T. Prove that T has a model realizing

A(y) and omitting Z"(x).

2.^5. Let T be a complete theory in a countable language £P

.

Suppose that

for each n < co, T has a model 2I„ omitting the set of formulas Tw (.v).

Prove that T has a model 21 which omits each £„(*).

\

2.2.6. Let ^ be a countable language and let u {P*,P
l , ...}

be a countable expansion of . Let T' be a maximal consistent theory

in and r(x) a set of formulas of . Suppose that for each n, the

restriction of T' to & u {P09 P l9 ...,Pn } has a model which omits r(x).

Prove that T' has a model omitting P(x).

2.2.7 . Prove that there is an ordinal a < co Y
such that every formula (p of

a>-logic which has a proof of length less than a.

2.2.8. Show that the compactness theorem fails for co-logic.

2.2.9. Show that the Lowenheim-Skolem-Tarski theorem fails for co-logic.

2.2.10*. A model 23 of Peano arithmetic is said to be an end extension of 9(

iff 33 is a proper extension of 91 and, for all b e B and a e A, if b < a, then

be A. Prove that every countable model of Peano arithmetic has an end

elementary extension.

2.2.11*. Suppose
1

1

Z£\ |

= co and T is a consistent set of V3 sentences, i.e.

sentences of the form w_. x

OO'i 3zi ••• zn)<p.
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where cp has no quantifiers. Suppose I(x) is a set of universal formulas,

and that for every existential formula 0(x) consistent with T there exists

a(i)ef(jc) such that 0(x) a~i a(x) is consistent with T. Prove that T has

a countable model which omits Z(x).

2.2.12*. Deduce the Craig interpolation theorem from the Robinson
\

consistency theorem.

\2.2.13. Let I, r be sets of sentences of J'€ such that I u f is inconsistent.

Then there exists a sentence 0 of £P such that:

(i) . It=6 and T h i 9.

(ii) . Every relation, function or constant symbol which occurs in 0

occurs in some member of I and in some member of r.

\
2.144. Show that the Robinson consistency theorem fails if T is not

assumed to be complete.

.2.2.15. Prove the Craig interpolation theorem for formulas cp(x
{

... xn ),

\p(x
{

... xn ). It can be deduced easily from the Craig interpolation theorem

for sentences.

2.2.16. Assume & has no function or constant symbols. Suppose that a

set of sentences I(P) of u {P} defines P implicitly. Then there is a

formula cp(x
x

... x„) of such that:

(i) . I(P)\- P(x
1

... xn)<-*<p(Xi ...*„).

(ii) . Any symbol of J? which occurs in (p occurs both positively and

negatively in I(P).

2.2.17. Let be an expansion of the language and let P be an /z-placed

relation symbol in Let T be a theory in Suppose that for any

model % for and any two expansions 3T, W' of 51 to models of T, the

relations of 5L and 51" corresponding to P are the same. Prove that there

exists a formula 9(x
l

... xn )
of SP such that

... ... Xn).

2.2.18. Let be an expansion of and let T' be a theory in ££'

.

Suppose

that each model 51 for has at most one expansion to a model T'

.

Prove

that there is a theory T inJ? such that the models of T are exactly the reducts

of the models of T' to .

2.2.19*. Show that the Lyndon interpolation theorem remains true when

we add the conclusion:

(iv). If cp is a universal sentence, then so is 0.
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Alternatively, it holds when we add:

(iv'). If if/ is an existential sentence, then so is 0.

However, the theorem becomes false if we add both the extra conclusions

(iv), (iv') at the same time. In this exercise we must assume that has no

function or constant symbols, as can be seen from the example

/?(c) 1= (3x)/?(x).

>2.2.20. Show that the Craig and Lyndon interpolation theorems hold with

the following additional conclusion:

(iv). If not t

=
-i <p, not ¥\j/, and the identity symbol occurs in neither

(p nor i/f, then the identity symbol does not occur in 0.

2.3. Countable models of complete theories

In this section, we assume that & is a countable language. We shall

embark on a thorough study of countable models of a complete theory.

This study will give insight into what can be expected in general. Our study

will center on two kinds of countable models, the atomic models, which are

‘small’, and the countably saturated models, which are ‘large’. We begin

with the atomic models.

Consider a complete theory T in J*f. A formula ip(x
{

... x„) is said to be

complete (in T) iff for every formula ip(x
{

... xn )
exactly one of

T h (p — t
J/ ,

T\= (p
~

1

1

J/

holds. A formula 0(x
t

... x„) is said to be completable (in T) iff there is a com-

plete formula (p(x
x

... xjwith T h cp -* 0. If 0(x
{

... x„) is not completable

it is said to be incompletable.

A theory T is said to be atomic iff every formula of which is consistent

with T is completable in T. A model 91 is said to be an atomic model iff

every /7-tuple a ly ..., an e A satisfies a complete formula in Th(2I).

In this and the next chapter we shall frequently pause to illustrate our

definitions with examples. We shall sometimes make assertions about the

examples without proofs. These proofs usually involve a combination of

standard algebraic results and the theorems in the first three chapters of

this book. In Section 3.4, we return to the examples and supply proofs.

2.3.1. Examples

(
1
). Let T be a complete theory and let c0 , c t ,

c2 ,
. . . be constant symbols

of J?. Then any formula of Jtf of the form
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X0 = C0 A X x
= Cj A ... A X„ = Cn

is complete in T. If 51 is a model of T such that every element of A is a

constant, then 51 is an atomic model.

(2)

. The standard model of number theory is an atomic model.

(3)

. Let T be the theory of real closed ordered fields. The ordered field

of real algebraic numbers is the unique atomic model of T. For example,

the ordered field of real numbers is not atomic.

(4)

. Every finite model is atomic.

(5)

. Every model of pure identity theory is atomic. This gives an example

of uncountable atomic models.

(6)

. Every dense linear ordering without endpoints is atomic.

(7)

. The following theory T is a complete theory which has no completable

formulas and no atomic models. The language TT has unary relation symbols

P0 (x), /\(x), .... The axioms of T are all sentences of the form

A • • • A piJx)
A n p

j ,(
x) A • • • A > A„(*))>

where the i l9 ..., im , j\ , ...,/„ are all distinct.

Our first theorem about atomic models is an application of the extended

omitting types theorem.

Theorem 2.3.2 (Existence Theorem for Atomic Models). Let T be a complete

theory. Then T has a countable atomic model if and only if T is atomic.

Proof. First assume that T has an atomic model 51. Let cp(x
x

... x„) be

consistent with T. Then, since T is complete,

T¥ (3xj ... xn)cp(x x
... x„).

Let a
x
,...,an eA satisfy cp

,
and let ily(x

{
... x„) be a complete formula

satisfied by a
y , ..., an . Then we cannot have T V \j/ -> n cp, so we must have

T¥ i// ->• (p. Hence cp is completable and T is atomic.

Now assume T is atomic. For each n < co, let /^(xj ... be the set of

all negations of complete formulas ... x„) in T. Then every formula

cp(x
x

... xn ) which is consistent with T is completable, and hence </)Aiy is

consistent with T for some y e Tn . Therefore T locally omits each set

Tn(x l ... x„). By the extended omitting types theorem, T has a countable

model 51 which omits each Tn . Then each a
x , ..., an e A satisfies a complete

formula, whence 51 is an atomic model. H
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Returning to our examples, we see that complete number theory and

the theory of real closed ordered fields are atomic, because they have atomic

models.

Theorem 2.3.3 (Uniqueness Theorem for Atomic Models). //5( and X3 are

countable atomic models and 51 = 53, then 51 = 53.

Proof. If 51 or 53 is Unite, then 51 = 53 is trivial. Let 5( and 53 be infinite

and well-order the sets A and B with order type co. The proof will be our

first example of a back and forth construction. We shall see many other

proofs of this type later.

Let a0 be the first element of A and let tp 0 (x0 )
be a complete lormula

satisfied by a0 in 5L Since 5( 1= (3x0 )(p 0(x0 ), 53 N
(
3x0 )(p 0(x0 ). Thus we may

choose b0 e B , which satisfies (p(x0 ). Now let b
{
be the first element ot

B\{b0 }, and let cp i(x0 ij) be a complete formula satisfied by b0 ,b
l
in s

53.

Then both 51 and 53 satisfy

because <p 0 * s complete. Therefore there exists a^eA^ such that a0 ,a l

satisfy (Pi{xo-Xj). Next, let a 2 be the first element of A [aQ , dq}, and so on.

Going back and forth oj times, we obtain sequences

>
a

j ,
a 2 ,

• • •, bo ,
b

i ,
b 2 ,

By going back and forth we used up all of A and B
, so

A = {a0 , a i9 B = {^o >
b

i ,
• •

Moreover, for each n the /2-tuples a0 , ..., an ^ {
and b0 , ..., bn - {

are distinct

and satisfy the same complete formula. It follows that the mapping am -* bm

is an isomorphism of 51 onto 53. H

Our third result on atomic models shows that they should be thought

of as ‘small’ models of T. First, we need to define the notions of an

elementary embedding and of a prime model.

A mapping/ : A - B is said to be an elementary embedding of 51 into 53,

in symbols f\%< 53, iff for all formulas (p(x
{

... xn )
of and /2-tuples

a
{ , ..., an e A, we have

5( V (p[a
{

... an ]
if and only if 53 1= q>[fa { ... fan \

.
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An elementary embedding of 5f into 53 is thus the same thing as an iso-

morphism of 5( onto an elementary submodel of 53.

5f is said to be a prime model iff 5f is elementarily embedded in every

model of Th(5f). 51 is said to be countably prime iff 51 is countable and is

elementarily embedded in every countable model of Th(5().

Theorem 2.3.4. The following are equivalent’.

(i) . 5( is a countable atomic model.

(ii) . 5Us a prime model.

(iii) . 5( is a countably prime model.

Proof. First assume that 51 is a countable atomic model and let T = Th(5L).

The proof that 5f is prime is one-half of the ‘back and forth’ construction.

Let A = {a0 , a l9 a2 , •••} and let 53 be any model of T. Let cp 0(x0 )
be a

complete formula satisfied by a0 . Then T¥ (3x0 )(p0 ,
so we may choose

b0 eB which satisfies <p0(x0 )- Now let <Pi(-v0 *i) be a complete formula

satisfied by aQ ^ a ^. Then TN cp 0 (x0 )
-> (3jc 1 )<59 1

(^t0 atj ). Choose b
l
eB so

that b0 ,
b

x
satisfies cp

l ,
and so forth. The function am -» bm is an elementary

embedding of 51 into 53.

Now assume 5( is prime. Then 5f is elementarily embedded in every

countable model of T, so 5f is countably prime.

Assume 5f is countably prime. Let a
x , ..., an e A and let T(x

t ... xn )

be the set of all formulas ... x„) of satisfied by a
x , ..., an . For any

countable model 53 of T, we have some elementary embedding / : 51 -< 53,

whence fa l9 ... ,fan satisfies T(x
x

... x„) in 53. Thus F is realized in every

countable model of T. By the omitting types theorem, T is locally realized

by T. Thus there is a formula (p(x
{

... x„) consistent with T such that

T b (p -+ y for all y e T. But, for each formula ... *„), either \jj eT or

(n ij/) e T. Thus (p is complete in T. We cannot have T h cp -> n cp, so (p e T.

Therefore (p(x
l

... xn ) is a complete formula satisfied by a l9 ... , an in 51,

• and 5( is atomic. H

We now turn to the study of ‘large' countable models. Given a model 5f

and a subset Y c A, the expanded model (5(, a)aei will be denoted by

5f y ,
and its language by

A model 5( is said to be co-saturated iff for every finite set Y c= A, every

set of formulas T(x) of Y consistent with Th(5f y ) is realized in 5( y . A
model is said to be countably saturated iff it is countable and co-saturated.

To gain some intuition, we shall list some examples of countably saturated
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models. Note that if 91 is oj-saturated, then so is for every finite subset

y c a.

2.3.5. Examples
(1)

. Every countable infinite model of pure identity theory is countably

saturated.

(2)

. The ordering of the rational numbers is countably saturated. < J

(3)

. Let T be a theory in the language with only the constant symbols

c0 ,Cj, ..., and axioms c
v ^ Cj ,

i < j < cj. There are countably many

countable models of T up to isomorphism; for each a ^ cj, there is a model

with exactly a elements which are not constants. The model with zero

nonconstants is the atomic model. The model with cj nonconstants is the

countably saturated model.

(4)

. Let T be the theory of algebraically closed fields of characteristic

zero. Again there are countably many countable models; for each a ^ co,

there is a model of transcendence degree a over the rationals. I he model

of degree zero, i.e. the field of algebraic numbers, is the atomic model of T.

The model of transcendence degree cj is the countably saturated model.

(5)

. Every finite model is countably saturated.

We need some additional notation for sets of formulas. Remember that

a type in the variables xl9 ...,x„ is a maximal consistent set 1 (g ... -v„)

of formulas. The set T of sentences which belong to f is a maximal con-

sistent theory; we call 7 the theory of T and T is called a type of T. Given

a model of T and an /7-tuple an e A, the set ol all formulas

y(jc, ... x„) of satisfied by a
x , •••, an is a type of T, called the type of

,
... 5

&n •

Consider a set of formulas T(x! ... xn )
of If

.

A formula cp(Xi ... xn )
is

said to be a consequence of Z, in symbols I h <p, iff for every model VI and

every / 7-tuple a
x , ..., an e A, if satisfies E, then it satisfies <p.

That is,

%¥ I[a
l

... an ]
implies Vf h (p[a

Y
... an ].

We let r(c
t

... cn ) denote the set of all consequences in ^ u {g , •••> cnj

of the set

... Cn ) .
... A'„) S Tj .

The notation I(g ... cmxm+ j
... x„) is defined in a similar way.

Let = J? u {c, , ..., cm }
be a finite simple expansion of &

.

There

is a natural one-to-one correspondence between the types T(x! ... xn )
ot
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and the types T(xm+X ... xn )
of Tf '

. If 27 (jc! ... xn ) is a type of
, then

“ ^(Ti ••• cm +

1

... xn )

is a type of £?'

.

On the other hand, if T(xm+X ... *„) is a type of then

I(x, ...x„) = {a(x
t

:<x(c, ... cmxm+l ...x„)er}

is the unique type of Sf such that I' = T. (We leave the verification of this

as an exercise.)

One might wonder why we used only sets of formulas in one free variable

in the definition of an co-saturated model. At first sight, it may appear

that we would obtain a stronger notion by considering sets of formulas

with finitely many free variables. The next proposition shows that we do not

obtain a stronger notion in this way.

Proposition 2.3.6. Let 51 be an co-saturated model. Then for each finite

Y c= A, each set of formulas T(x
x

... xn ) of consistent with Th(5Iy )

is realized in 5(y .

Proof. We argue by induction on n. The result holds for n = 1 by

definition. Assume the result for n— 1 and let T(x
l

... x„) be consistent

with Th(5Iy ). We may assume that T is closed under finite conjunctions. Let

r(x, = {(3x„)y(x, ... x„) : y e T}.

Then T' is consistent with Th(5Iy ). By inductive hypothesis, there is an

(n— l)-tuple a
x , ..., an _ x

realizing T' in 5I y . Let Y' = Yu {au ..., an _ x }.

Then Y' is still finite. Moreover, the set T(c
x

... cn _ l xn ) is consistent with

Th(5(r ) because for each y 1 ,...,ym eT, (3x„)(y
l
a ... Aym) e T'. Since 51

is co-saturated, there exists an e A realizing T(c
x

... cn ^ l xn )
in 5( y -. Then

a
x , ..., an realizes T in 5I y . H

Our three theorems below on countably saturated models will closely

parallel our three theorems for atomic models. We shall prove an existence

theorem, a uniqueness theorem, and a theorem showing that countably sa-

turated models are ‘large’.

Theorem 2.3.7 (Existence Theorem for Countably Saturated Models). Let

T be a complete theory. Then T has a countably saturated model ifand only if

for each n < co, T has only countably many types in n variables.
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Proof. Suppose first that T has a countably saturated model 5L By Proposi-

tion 2.3.6, every type of T in n variables is realized in 51. But no /?-tuple can

realize two different types in n variables. Therefore T has only countably

many types.

Now suppose that for each n, T has only countably many types in n

variables. Add a countable set C = {c x , c2 , ...} of new constant symbols

to Jf
,
forming If' . For each finite subset

Y = {</j, dn}
c= C,

the types r(x) of T in are in one-to-one correspondence with the types

I(x
j

... x„jc) of T in Jf. Therefore T has only countably many types r(x)

in lf Y . Also, there are only countably many finite subsets Y c C. Let

r ,(*), r 2 (x), ...

be an enumeration of all types of T in all expansions Jfy ,
Y a finite

subset of C. Let

1 > 2 >
* * •

be an enumeration of all sentences of Sf'. We form an increasing sequence

T = T0 cz T
x

<= T2 a ...

of theories of Sf' such that for each m < or.

(1

)

. Tm is a consistent theory which contains only finitely many constants

from C.

(2)

. Either q>m e Tm+ {
or (n (pm)eTm+l .

(3)

. If cpm = (3*>Kx) is in Tm+l ,
then «p(c)eTm+l for some ceC.

(4)

. If rm(x) is consistent with Tm + l ,
then rm(d) c: Tm + j

for some d e C.

The construction of Tm is straightforward. The union = lJ n<ty T„ is

a maximal consistent theory in Jf
r

. Using (3) we see that Tw has a model

W = (%a0 ,a l9 ...) such that A = {a0 ,a i9 ...}. Thus % is a countable

model of T.

It remains to prove that 51 is oj-saturated. Let Y cz A be finite and let

I(jc) be consistent with Th(5f y ). Extend I(x) to a type r(x) in Th (5( y ).

For some m, r(x) = rm (x). r„(x) is consistent with Ta and hence with

Tm+l . Then by (4), rm(c f)
<= Tm+1 for some c

f
e C, and it follows that a

t

realizes r(x) in 5f y . H

Corollary 2.3.8. Ij T is a complete theory with only countably many

nonisomorphic countable models ,
then T has a countably saturated model.
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Proof. Each type of T is realized in some countable model of T, and each

countable model realizes only countably many types. Therefore T has

countably many types. -\

Theorem 2.3.9 (Uniqueness Theorem for Countably Saturated Models).

If% and 53 are countably saturated models and 51 = 53, then 51 is isomorphic

to 53.

Proof. The proof uses a back and forth construction which closely parallels

the proof of the uniqueness theorem for atomic models. The only difference

is that instead of working with complete formulas we work with types.

Using countable saturation of 51 and 5^, we obtain two sequences

such that

*0 » 0 1 >
• • • >

t>0
) ^1 )

• • * 5

A =
{a0 ,

a l9 ...}, B = {b0 ,
b l9 ...},

and, for each n
,
an realizes the same type in (5(, a0 , ..., as bn realizes

in (53, b0 , ..., bn — !
)• Then

(51, a0 ,
a l9 ...) = (53, b09 b l9 ...),

whence 5( = 53 by the mapping an
-* bn . H

The ‘dual' of a prime model is a countably universal model. A model 51

is said to be countably universal iff 51 is countable and every countable model

53 = 51 is elementarily embedded in 5L The next theorem shows that

countably saturated models are ‘large’.

Theorem 2.3.10. Every countably saturated model is countably universal.

Proof. Let 53 be a countable model and 5( a countably saturated model,

5( = 53. Let B = {b0 ,
b l9 ...}. Using one half of the back and forth con-

struction and the saturation of 5(, we obtain a sequence a0 ,
a l9 a29 •••

in A such that
(53, b09 b lt ...) = (51, a0 ,

a l9 ...).

Then the mapping bn -+ an is an elementary embedding of 53 into 51. H

For a related necessary and sufficient condition for countable saturation

see Exercise 2.3.12. Example 2.3.12 shows that the converse of Theorem
2.3. 10 fails.

Example 2.3.11. Let T be the theory with infinitely many unary relations
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P
()
(x), Pfx), ..., and a double sequence of constants c tj ,

ij < oj. The

axioms are

(Vx) n (Pi(x) a Pj(x)), i < j < oj,

Pi(cu), i < oj,

Cij # c ik , j < k < oj.

It turns out that T is a complete theory. T has 2
03
nonisomorphic countable

models, because for each n the relation Pn(x) may or may not contain any

nonconstants. However, T has a countably saturated model 9T 91 is the

model in which each Pn(x) contains oj nonconstants and the complement

of all the Pn(x) also has power oj.

Example 2.3.12. Let T be the theory of linear orderings in which every

element has an immediate predecessor and successor. It can be shown that

7’ is a complete theory, and the models of T are exactly the orderings obtained

by taking a linear ordering (A, ^ > and replacing each element a e A by a

copy of the ordering of the integers <(Z, ^ ). T has 2
<J nonisomorphic

countable models. The model <Z, ^ ) is the atomic model of T. The model

<Z?, formed by replacing each rational number by a copy of <Z,

is the countably saturated model of T. By adding one more copy of <Z, ^ )

to the end of </?, ^ >, we obtain a model of T which is countably universal

but not countably saturated.

We conclude this section with three applications of our basic results

on atomic and saturated models. We recall that a theory T is said to be

co-categorical iff all models of T of power oj are isomorphic.

Theorem 2.3.13 (Characterization of cu-Categorical Theories). Let l be a

complete theory. Then the following are equivalent

:

(a) . T is oj-categorical.

(d). For each n < oj, T has only finitely many types in x
x ,

...,

Proof. The reader is advised to sit down before beginning this proof. We

shall prove the equivalence of (a) and (d) by proving a chain of implications

(a) - (b) (c) -* (d) -+ (e) -> (f) -> (a).

Each of the six equivalent conditions is interesting in its own right.

Assuming (a), T is co-categorical, we prove:

(b) . T has a model % which is both countably saturated and atomic.

Let be the unique countable model of T. Then is countably prime,
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so 9( is atomic. Since T has only one (hence countably many) countable

models, it has a countably saturated model. Hence 91 is countably saturated.

Now, assuming (b), we prove:

(c) . For each n < co, each type r(x
{

... xn ) of T contains a complete

formula.

Since 9( is co-saturated, the type r is realized in 91 by some /7-tuple a
x , ..., an .

Since 91 is atomic, a l9 ...
9
an satisfies a complete formula y(xj ... x„).

We cannot have (n y) ef, so y belongs to r.

Assuming (c), we next prove:

(d) . For each n < co,T has only finitely many types in x l9 ..., xn .

To prove (d), let Z(x
x ... *„) be the set of all negations of complete formulas

cp(x
{

... xn )
in T. Then I cannot be extended to a type in x

t , ..., xn , so I is

inconsistent with T. Therefore some finite subset

1 >
* * •> (Pm }

<“ ^

is inconsistent with T. Hence

T h n (~i cp
l
a ... a ~i </>,„),

whence

T h (p i v ... v (pm .

For each i ^ m, the set ... of all consequences of T u {(pi} is a

type of T. But in every model of T, every /7-tuple satisfies one of the cpn
hence realizes one of the F

(
-. Therefore F 1? r 2 , ..., Tm are the only types

of T in x
t ,

...,

Now we assume (d), and prove:

(e) . For each n < co, there are only finitely many formulas (p(x
l

... xn )

up to equivalence with respect to T.

Given a formula (p(x
{

... xn ), let <p* be the set of all types r(x
{

... xn )
of T

which contain cp. Then cp* = \jj* implies T ¥ cp <//. But there are only

finitely many types of T in x
{ , ..., xn , say //?. Hence there are only 2m sets

of types and therefore at most 2
m formulas up to equivalence in T.

From (e) we prove:

(f) . All models ofT are atomic.

To see this, let 9( be a model of T and let a
( , ..., an e A. Let (p l

{x
l

... xn ), ...,

< ••• be a finite list of all the formulas satisfied by a l9 ..., an ,
up to

equivalence in T. Then (p {
a ... a (p r is a complete formula in T which is

satisfied by a
l , ..., an in 9L Hence 9( is atomic.

Finally, assuming (f), we see that any two countable models of T are
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atomic and elementarily equivalent, hence isomorphic. Therefore 7 is

co-categorical . H

The next theorem can often be used to show that a theory has an atomic

model.

Theorem 2.3.14. Any complete theory T which has a countably saturated

model has a countable atomic model.

Proof. Assume that T has no countable atomic model. Then T is not

atomic. Therefore T has a consistent incomputable formula (p(x
]

... xn ).

For each consistent incomputable formula i/s(x
l

... xn )
of T, we may choose

two consistent formulas «Ao(A'i ••• and ^i(^i ••• A«) such that

(I) T Y ~\ (tpo a i//
1
).

i/< 0 and i//, are again incompletable. In this way we obtain a tree ol incom-

pletable formulas

Woo

/ <Po \
<P \
\

^01

' V 10
<p 1 \

V ii

Each infinite sequence s0 ,s l
,s 2 ,--- of zeros and ones gives a branch

rs = {<P, <Pso, <Ps0 s„ <Psos lSl , •••} of the tree. There are 2” branches. By (1),

each branch r
s
(x

l
... *„) is a set of formulas which is consistent with T,

and any two branches are inconsistent with each other. Extending each

branch T, to a type of T, we obtain 2“ different types. Therefore T does not

have a countably saturated model. H

The converse of the above theorem is false. For example, we have already

seen that the theory of real closed ordered fields has a countable atomic

model. But this theory has 2
C1
types and therefore has no countably saturated

model. Another example of a theory with a countable atomic but no

countably saturated model is complete number theory.

It is worth repeating here some of our examples of cu-categorical theories:

atomless Boolean algebras; the four complete theories of dense simple

order; the theory of infinite pure identity models; the theory of infinite
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Abelian groups with all elements of order p (p prime); the theory of an

equivalence relation with infinitely many equivalence classes and each class

infinite.

We conclude this section with a surprising result of Vaught.

Theorem 2.3.15. No complete theory T has exactly two nonisomorphic

countable models.

Proof. Assume T has exactly two nonisomorphic countable models.

Our previous results show that T has a countably saturated model $3 and

a countable atomic model 91 and that these two models cannot be isomorphic.

Since 33 is not atomic, it has an /2-tuple b
{ , ..., bn which does not satisfy

a complete formula. Our plan is to obtain a countable atomic model

((£, c
t ... cn )

of the complete theory T' = Th((33, b
l ... bn )) and show that

the reduct (S is neither co-saturated nor atomic. Thus T will have at least

three nonisomorphic countable models 51, 33, (£.

Since 33 is countably saturated, (33, b
x

... bn ) is countably saturated.

The theory T' thus has a countably saturated model, and therefore has a

countable atomic model ((£, c
1

... cn ). The reduct (£ is a model of T. (£ is

not atomic because the /2-tuple cq
, ..., cn does not satisfy a complete formula.

It remains to be shown that (S is not co-saturated. Because T is not co-

categorical, it has infinitely many nonequivalent formulas. Therefore T'?

has infinitely many nonequivalent formulas. Hence no model of T' is both

atomic and co-saturated. In particular, since ((£, c
{

... cn )
is atomic, it

cannot be co-saturated. It follows that (5 is not co-saturated. -I

Exercises

2.3J. Show that if cp(x
l

... xn ) is a complete formula in T with respect to

x„, then (3xn )(p(x l
... xn _ {

xn ) is a complete formula in T with

respect to x
{ , ..., .

V

2.3.2. Show that for any model 9( the simple expansion (9K, a)aeA is an

atomic model.

2.3.3. Let c
1 , ..., c„, be new constant symbols. Prove that for each n ^ m

the map

I(*i ... xn )
-> T(c, ... cm xm+l ... xn )

is a one-to-one mapping from the types in in n variables onto the types

in u {<?!, ..., cm }
in n —m variables.
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2.3.4. Suppose 91 = 53. Show that an /7-tuple a
l , ..., an e A and an //-tuple

/?, , ..., bn e B realize the same type if and only if (9(, a ]
... an )

=
(53, b {

... bn ).

2.3.5*. Prove that a model 5( is atomic if and only if for every finite subset

Y of A, every element a e A satisfies a complete formula cp(x) in Th(9( y ).

Use this to show that if 91 is atomic and Y c: A is finite, then 9f y is atomic.

2.3.6. Prove that if 5( is elementarily embedded in 53, then every type

... x„) which is realized in 91 is realized in 53.

V

2.\1. Let l(xi ... xw )
be a type of a complete theory T. Prove that I is

realized in every model of T if and only if I contains a complete formula.

2.3,8. Prove that if a complete theory T has fewer than 2
Ci

types, then T

has an atomic model.

2.3.9*. Prove that complete number theory has no countably saturated

model. 90/h<U

\

1^ muQ

2.3.10*. Prove that no ordered field is countably saturated.
v

2.3\1 1 . Prove that every complete theory which has a countably universal

model has a countably saturated model.

2.3.12. Let 5( be a countable model. Prove that % is countably saturated

if and only if for every finite subset Y of )A, 5fy is countably universal.

2.3.13. Show that every reduct of a countably saturated model to a sub-

language of is countably saturated.

2.3.14*. Let T be a complete theory and let 53 T be the Lindenbaum algebra

of T as defined in Exercises 1.4.10 and 2.1.15. For n < a>, let 53 n T be the

Boolean subalgebra of 53 T determined by the formulas cp(v0 ... vn - x ).

Prove that:

(a) . cp(v0 ... y„_,) is consistent with T if and only if (</>) ^ 0 in 53„>r .

(b) . cp(v0 ... t’,,-!) is a complete formula in T if and only if (</>) is an

atom of 53„ >r .

(c) . T is an atomic theory if and only if each 53„)T is an atomic Boolean

algebra.

(d) . T is w-categorical if and only if 53„ j is a finite Boolean algebra lor

each /? < co.

(e) . T has a countably saturated model if and only it each 53,
, T has

only countably many ultrafilters. [Hint: Show that types I(t?0 ••• ^n-i)

T correspond to ultrafilters in 53n>

T

.]
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2.3.15* (Ehrenfeucht). Let ££ =
,
c0 ,

c
{ , ...} and let T be the theory

of ££ which states that < is a dense simple order without endpoints and

that c„ < cn+l , n < o. T is easily seen to be complete. There are three

kinds of countable models of T. If we identify the elements of the count-

able model with the set of all rationals, then one of the following three

cases occurs:

lim cn = oo

;

n-> oo

lim cn < oo and is a rational;
n-> oo

lim cn < oo and is an irrational.

n-+ oo

Determine which of these three models is countably saturated? Countable

atomic? And neither?

2.3.16* (Ehrenfeucht). Modify the above example to obtain an example of

a complete theory T with exactly n nonisomorphic countable models,

n ^ 3. [Hint: Add n — 2 1 -placed relation symbols to ££.\

2.3.17**. Let T be a theory in a countable language Prove that if T
has more than (o

i
nonisomorphic countable models, then T has continuum

many nonisomorphic countable models. This result disappears if the con-

tinuum hypothesis holds. It is an open problem whether the hypothesis

of the result can be weakened to : T has uncountably many nonisomorphic

countable models (assuming that the continuum hypothesis fails).



CHAPTER 3

FURTHER MODEL-THEORETIC CONSTRUCTIONS

3.1. Elementary extensions and elementary chains

Given two models 5f, 53 for we have already defined the two notions

of 21 = 53 (5f, 53 are elementarily equivalent) and 5t c= 53 (51 is a submodel

of 53). Thus the natural combination of these two notions will lead to models

which are submodels or extensions of an elementarily equivalent model.

For example, the model <(co\{0}, ^ ) is a submodel of <co, ^ ), and, since

they are isomorphic, they are also equivalent. However, the element 1 is

the first element of co\{0}, while it is the second element of cu. An elementary

submodel is a far stronger notion, namely a submodel ol a given model

in which the elements in common shall have exactly the same first-order

properties with respect to both models. Let us repeat the definition.

5{ is an elementary submodel of 53 iff 51 c: 53 and for all formulas (p ol

in the variables x
1 , ..., xn ,

and all elements , ..., an in A, we have

51 h (p[a
l

... an ]
iff 53 h (p[a Y ... an ].

If 5( is an elementary submodel of 53, then 53 is an elementary extension

of 5(. Apart from some simple properties of elementary submodels and

extensions, we shall answer in this section the following questions:

(1)

. How can we tell if a model 5f is (isomorphic to) an elementary

submodel of another model 53?

(2)

. Are there any restrictions on the cardinalities of elementary sub-

models and extensions of a given model 51?

(3)

. When can two or more models have a common elementary extension?

(4)

. Can the notion of elementary extensions be iterated into the trans-

finite?

We use the notation 5f <: 53 to denote 5( is an elementary submodel

of 53. For convenience, the notation 53 >- 51 is also used to mean 51 -< 53.

107
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Let X cz A. We let (51, a)aeX , or 51* ,
denote the obvious expansion of 51

to the language ££ u {ca : a e X] with new constants ca .

Proposition 3.1.1.

(i) . 7/51 < 53, then 5( ee 53.

(ii) . 51 -< 51.

(iii) . 7/51 < 53 and 53 < ©, 51 -< (S.

(iv) . 7/51 -< <£, 53 < © am/ 51 c 53, then 51 < 53.

The proof is a simple exercise.

Proposition 3.1.2. 51 -< 53 if and only if 51 c; 53 and for all formulas

(3x)(p(xx l
... x„) in x x , ..., and all a l9 ..., i7i ^4,

f/53 1= ... a„], //iprp is an a e A such that 53 N (p[aa
{

... a„].

Proof. We prove the nontrivial direction by the following induction on

formulas (p : Whenever (p is in the variables jtj, ..., xn and a lt ..., an in A,

then

51 \= (p[a
t ... <z„] iff 53 t= <p [a^ ... an ].

The induction is easy to carry out for atomic formulas, and for going

through sentential connectives. In the crucial step of going from (p{x
l

... xn )

to (3x
1
)cp(x2 ••• *„), we note the following: Given a2 , ..., an eA, if

51 1= (3x 1
)cp[a 2 ... an \, then there is an a

{
e A such that 51 1= (p[a

1
... an ].

By induction, 53 1= (p[a
x

... an ], whence 53 h (3x i
)(p[a2 ... an ]. On the other

hand, if 53 N (3xj )(p [a 2 ... an \ , then by hypothesis, there is an a± e A such that

53 N (p[a
l

... an ]. So by induction, 51 N (p[a
l

... an ], and 51 N (3x l
)cp[a2 ... an \. -\

We recall that an elementary embedding of 51 into 53 is an isomorphism

/ of 51 onto an elementary submodel of 53, in symbols/ : 51 < 53. Recalling

the use of the notation 51 c 53 for 51 embedded in 53, we shall use the

notation 51 < 53 for 51 elementarily embedded in 53.

Let SfA = u {ca : a e A}. The elementary diagram of 51 is the theory

Th(5I^) of all sentences of ££A which hold in the model 51^ = (51, a)aeA .

(Recall that the diagram of 51 is the set of all atomic and negated atomic

sentences of ££A which hold in 5(A .)

Proposition 3.1.3. Let rA be the elementary diagram of 51. Then 51 < 53

ij and only if some expansion 53' of 53 is a model of TA . If % a 53, then

51 -< 53 if and only if (53, a)aeA 1= fA .
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Proposition 3.1.4. Let be any nonempty set of elementarily equiva-

lent models. Then there exists a model S3 such that every model SI e ,y is

elementarily embedded in S3.

Proof. For each SI e let TA be its elementary diagram. We first make

sure that if SI # SI', then the sets of constants {ca : aeAj n {ca : ae A'} =0.

Let A = Wc claim that ^ > s a consistent set of sentences of

|J Suppose {<p lf ... ,(pn } is a finite subset of A. We may suppose

that there are formulas (p\ , ..., <p'
n in the variables xl9 ..., xm and elements

a i} e A 1 ^ / < /?, 1 ^ j ^ m, such that SI,- 6 g and

*Pi
=

(Pifean ••• Caim)’ 1 ^ I ^ M.

Then the sentence (3x, ... a (3a:
j

••• xm )(p'
2 a ... A (3x, ... xm )(p n

will

hold in SI,, since SI* = Sl
y , 1 ^ i,j ^ n. This shows that {cp

x , ..., cpn )

is consistent. By the compactness theorem, d has a model S3'. Let S3 be

the reduct of S3' to the original language . Then Proposition 3.1.3 shows

that each SI e 3 is elementarily embedded in S3. H

Theorem 3.1.5. Every infinite model SI has arbitrarily large elementary

extensions.

Proof. Let T be the elementary diagram of SI. By the Lowenheim-Skolem-

Tarski theorem, T has arbitrarily large models, and the result follows

from Proposition 3.1.3. H

Theorem 3.1.5 may be regarded as a strengthening of the Lowen-

heim-Skolem-Tarski theorem. Curiously, the following very special case of

Theorem 3.1.5 is not easy to answer: Does every infinite model SI have a

proper elementary extension of the same power? The answer is simple if

\\T£\\ ^ \A\ (see Exercise 3.1.3). We shall give some more complete answers

later in the book.

Our next theorem is a strengthening of the downward Lowenheim-

Skolem-Tarski theorem.

Theorem 3.1.6. Let SI be a model of power a and let \\&\\ ^ p ^ a. Then

SI has an elementary submodel ofpower p. Furthermore, given any set X cl A

ofpower ^ /?, SI has an elementary submodel ofpower p which contains X.
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Proof. We may assume that X has power /?. For each formula

<p(xx
{

... xn ) and each /?-tuple a
t , ...,a„eX such that 5f t= (3x)(p[a t

... an \,

choose an element be A such that h (p[ba
l

... an \. Let X
l
be the set X

plus all the b ' s so chosen. Since \X\ = (1 and ||2Z|| ^ /?, X t
has power /?.

Now repeat the process countably many times, forming a chain

X C Xy C X2
C= ....

Let B = \Jn<(0Xn . B is closed under the functions of 51. Each Xn has power

/?, so B has power /?. Let 53 be the submodel of 51 with universe B. Con-

sider a formula (p(xx
t

... xn ) and an /7-tuple b
{ , ..., bn e B such that

51 1= (3*)^ ... bn \.

For some m < co, we have b
t , ..., bn e Xm . Then there exists beXm+l

such that 51 f= (p[bb
{

... b„]. Thus be B, and by Proposition 3.1.2 we have

53 < 51. H

As an immediate consequence of the above theorem, we see that if T
has a model 5( of power a which omits a set of formulas I(.v), and if

Ill’ll < P < a, then T has a model 53 of power f$ which omits I(x). Any
53 -< 51 of power p will do.

The notion of a model complete theory provides a source of examples

of elementary extensions.

A theory T is said to be model complete iff for all models 51, 53 of T, if

51 c= 53 then 51 -< 53.

Neither one of completeness and model completeness implies the other.

The theory of dense linear order with first and last element is complete but

not model complete. So are the theories of the models <o>, S), <co, <>,
0, S, +, *, <). Here are some examples of model complete theories:

(1)

. The theory of algebraically closed fields. (But this theory is not

complete.)

(2)

. The complete theory of the model <cu, 0, S>.

(3)

. The complete theory of the model <Z, <, S}, where Z is the set of

integers and S is the successor function.

(4)

. The theory with countably many unary relations and the axioms
(see also p. 94).

(ax)(P
fi
(x) A ... A Pim(x) A -I PjXx) A ... A -I Pj

n
(x)).

(5)

. The theory of real closed fields.

(6)

. The theory of real closed ordered fields.



3 . 1 ]
ELEMENTARY EXTENSIONS AND ELEMENTARY CHAINS 1 1 1

Thus, for example, any real closed subfield of a real closed field is an

elementary submodel.

Here are some characterizations of model completeness:

Proposition 3.1.7. Given a theory T of FF
,

the following are equivalent :

(i) . T is model complete.

(ii) . For every model 31 of T
,
the theory T u A,n is complete in ^A ,

where A,a is the diagram of%.

(iii) . 7/31, S3 are models of T and SI cz S3, then every existential sentence

which holds in 33^ holds in %A .

(iv) . For every existential formula cp there is a universal formula ij/ such

that T 1= (p «-* \j/

.

Proof, (i) => (ii). Assume (i), T is model complete. Let 31 be a model

of T. Since every extension of 31 is an elementary extension, T u has

exactly the same models as the elementary diagram Th(S^), and hence is

complete.

(ii) => (iii). Assume (ii). If 31 and £3 are models of T with 31 cz S3, then

WA and S3A are both models of the complete theory fu so every

existential sentence true in S3^ holds in 31^. Thus (iii) follows.

(iii) => (iv). Assume (iii). Let cp(y
l

••• y„) be an existential formula. It is

convenient to add new constants and form the existential sentence cp(c
x

... cn )

of JF' = FF u {c l9 ..., cn }. Let F be the set of all universal sentences y

of FF' such that T¥ cp -> y. Let (31, b
l

... bn ) be a model of T u F, and let

As
i{

be the diagram of 3L Each finite conjunction 0(a
1

... am b l
... b„) ot

sentences of is consistent with fu {<p}, because the universal sentence

(Vat, ... xm ) I 0(x
1

... xm b l
... b„ )

is false in 31, thus does not belong to F

and is not a consequence of T u {<p }. Therefore T u {<p }
u Ay has a model

S3^. Then 3f cz S3 and S3 is a model of T. By (iii), every existential sentence

true in 33^ is true in 31^. In particular, the existential sentence cp holds in

(31, b
x

... bn ). We conclude that every model of T u F is a model ot cp, i.e.

T u r t= (p. By the compactness theorem, there are yj , ..., y„Gf such that

T\= y t
a ... Ay„ -> cp. It follows that TV y, a ... Ay„ <-> cp. Moving quanti-

fiers to the front and replacing Cj , ..., cn by x
{ , ..., xn ,

we obtain a universal

formula \j/ such that T h cp. This proves (iv).

(iv) => (i). Finally we assume (iv). By an induction on the complexity o!

formulas, we see from (iv) that for every formula cp there is a uni\ersal

formula if/ such that T 1= cp <-> if/

.

Let 31, S3 be models of T with 31 cz S3.

Let a,
, ..., an e A and suppose S3 b cp[a

l
... an ]. Let ij/ be universal and
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7> (p<r+\l/. Then we have 33 N \f/[a^ ... an \, 3( N \j/[a
i

... an \ and3( 1= (p[a 1 ... a„].

The same argument holds for n cp. Therefore 31 -< S3 and T is model com-

plete. H

The above proposition is often used to show that particular theories,

such as the theory of real closed fields, are model complete. The proof

actually gives the following sharper result which is sometimes useful:

Corollary 3.1.8. Suppose T has no finite models and a ^ \\^\\- Then the

following conditions are necessary and sufficient for T to be model complete :

(iia ). For every model 31 of T ofpower a, T u d
21 is complete.

(iiia ). If 3( and 33 are models of T of power oc and 51 c= 33, then every

existential sentence true in 33,4 w true in .

Proof. Same as the proof of the preceding result, but using models of

power a in the step (iii a ) => (iv). H

The next three results relate the three notions of categoricity, com-
pleteness and model completeness.

Proposition 3.1.9. Suppose T is a model complete theory.

(i) . Ifany two models ofT are isomorphically embedded in a third model

of T, then T is complete.

(ii) . If T has a model 31 which is isomorphically embedded in every

model of T, then T is complete.

Proof. Both parts follow at once from the fact that any isomorphic
embedding between two models of T is an elementary embedding. H

As an example of (ii), the theory T of real closed ordered fields is model
complete, and the field of real algebraic numbers is isomorphically em-
bedded in every model of T, so Tis complete.

The converses of both (i) and (ii) above fail. For example, any complete
theory has the property that any two models of the theory are isomorphically

(even elementarily) embedded in a third. But we have already observed
that the complete theories of the models <co, S>, <co, < >, <co, 0, S, + , •, < >
aie not model complete. Each of these models is also isomorphically

embedded in every model of its theory. Thus the converses of both (i)

and (ii) fail for these examples.
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Proposition 3.1.10 (Los-Vaught Test). Suppose that a consistent theory T
has only infinite models and T is CL-categorical for some infinite cardinal

a ^ Ill’ll. Then T is complete.

Proof. It is sufficient to show that any two models 9f and 93 of T are

equivalent. Since T has only infinite models, both 9f and 93 are infinite.

Whence by the Lowenheim-Skolem-Tarski theorem (both downward and

upward) there are models 9T, 93' of power a such that 9f = 9T and 93 = 93'.

Since T is a-categorical, 9f' = 93', so 9f' = 93' and 9f = 93. H

For example, the following theories are categorical in some infinite

power and have no finite models, so they are complete.

(1)

. The theory of dense simply ordered sets without endpoints; co-

categorical.

(2)

. The theory of atomless Boolean algebras; co-categorical.

(3)

. The theory of algebraically closed fields of characteristic zero (or/?);

ojj -categorical.

(4)

. The theory of infinite Abelian groups with all elements of order /?;

a-categorical for all a.

(5)

. The theory of countably many unequal constant symbols; oj

categorical.

(6)

. The theory of a one-to-one function of A onto A with no finite cycles;

aq -categorical. < r s>

The next theorem shows that all of the above theories are also model

complete. The theorem involves unions of chains of models. A chain of

models is an increasing sequence of models

9f0 c c ... c c ..., P < a,

whose length is an ordinal a. The union of the chain is the model

91 = (J which is defined as follows: The universe of 91 is the set

A = \J p<a Ap. Each relation R of 9f is the union of the corresponding

relations of 91^, R =
\Jp<aRp

. Similarly, each function G of 9f is the union

of the corresponding functions of W
p ,
G =

(Jx<pGp
. The models 9^ and 9f

all have the same constants.

Here is a simple lemma:

Lemma 3.1.11. Given a chain 91^, p < cl, of models
, {Jp< aWp is the unique

model with universe [Jp<a A p
which contains each 9f^ as a submodel.
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Theorem 3.1.12 (LindstronTs Theorem). Let T be a theory in a countable

language such that :

(i) . All models of T are infinite.

(ii) . The union of any chain of models of T is a model of T.

(iii) . T is y.-categoricalfor some infinite cardinal a.

Then T is model complete.

Proof. Let us introduce some terminology. We call 33 a T-extension of

31 iff 31 ci 33 and both 31 and 33 are models of T. A model 3( of T is

algebraically closed iff for every T-extension 33 of 31, every existential

sentence which holds in 33^ holds in 31^. Then Corollary 3.1.8 states that T
is model complete if and only if every model of T of power a is algebraically

closed.

The main step of our proof is to show, using only (i) and (ii), that T
has an algebraically closed model in each infinite power a. To do this, let

31 be any model of T of power a. Let {(pp : /? < a} be all the existential

sentences of S£*A . We form a chain of models of T of power a

31 = 3I0 c= 31 !
c: ... cz %p

a ...

such that if (pp
holds in some T-extension of 3IM ,

then <pp holds in 3lp+1A .

We can continue through the limit ordinals because a union of a chain of

models of T is a model of T. Let 31' = {Jp<^lp . Then every existential

sentence (p which holds in some T-extension of 3G holds in 3f^. Repeating

this construction oj times, we obtain a chain

2i’= 3i° <= at
1 c ...

such that any existential sentence true in some T-extension of 3G
+ 1

is true

in 'C* If follows that the union 3f
w =

(Jm<w 3I
m

is an algebraically closed

model of T of power a.

Now using a-categoricity we conclude that every model of T of power a

is algebraically closed. Since T has no finite models, Corollary 3.1.8 shows

that T is model complete. H

An example of an co
{
-categorical complete theory which is not model

complete is the theory of (a), S'). A similar co-categorical example is the

theory of an equivalence relation with infinitely many classes, each class

being infinite except for one class with just one element.

When we iterate the notion of an elementary extension we arrive at the

notion of an elementary chain. An elementary chain is a chain of models
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3(0 < SJj -< ... < % < ..., P < 0(,

such that 3f
y

-< whenever y < P < a.

For example, if for each n < oj, 3f„ is the algebraically closed field of

characteristic zero and transcendence degree n over the rationals, then

3f0 <W l < ...

is an elementary chain. The union 3fw of this chain is an algebraically closed

field of characteristic zero and transcendence degree oj. Ln fact, we have

3f„ -< 3fw for each n.

The following theorem is the analogue of 3. 1 . 1 1 for elementary chains. In

spite of its simple character, it is a very important construction.

Theorem 3.1.13 (Elementary Chain Theorem). Let 31$, £ < a, be an ele-

mentary chain ofmodels. T/ienty* for all £ < a.

Proof. Let 31 = U$< a^- We prove the following assertion by induction on

formulas <p : for all formulas cp in x
l , . . ., xn ,

all £ < a, and all elements

a y , . . . ,
an e /4 g,

3l
{
h (p[aY . . . an ]

iff 31 h (p[a t . . . an ].

The proof is routine for atomic formulas. The induction steps involving

sentential connectives are also quite easy. Assume that <p = p is a for-

mula in Jt2 , ...» *n, £ < a
>
and ai » . . ., an e If 3(

{
V qj[a 2 . . . an \, then

there is an a
t
e A* such that 31$ h \p[ay . . . an ]. So, by induction, 3f h il/[ay

. . . an ]
and 3(1= <p[tf2 • • <*«]• °n lhe other hand, if 31 h cp[a2 . . . a„], then

for some ;/ < a and ay e A we have a
{ ,

. . a n e A
n
and 31 hij/[ay . . . an ].

Since 31^, £ < a, is a chain, we may assume that £ <; ?/. As , . . ., all

belong to A
n ,

by induction, 31, hip[a
x . . . a„], so 3f„ h <p[a 2 . . . an ]. Since

3f
s
* < 31,, we have, finally 3^ h cp[a2 . . . #„]• H

As an immediate application of the elementary chain theorem we see

the following:

Corollary 3.1.14. If T is a model-complete theory , then the union of any

chain of models of T is a model of T.

Here is an example which shows that we cannot replace -< by = in the

elementary chain theorem. Let 3f0 - <co, ^ > be the natural numbers

with the usual ordering. For each n , form 3(„ by adding n new elements
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to the beginning of the ordering <co, ^ >. Then

% <= ^1 c ^2 <= •••>

and for each n we have 9I„ = 9I0 and, in fact, 9I„ ^ 3f0 • However, the

union = [j n<l0 ^in is an ordering which has no first element. Therefore

To illustrate the value of elementary chains we shall use them to give a

second proof of the Robinson consistency theorem, which was stated as

follows:

Let and JS?2 t>e two languages and let & = ^
l
n J? 2 - Suppose

Tis a complete theory in & and T
l

=> T, T2 => Tare consistent theories

in JS?!, j5?2 ,
respectively. Then T

l
u T2 is consistent in the language

In the previous chapter we proved the Craig interpolation theorem and

then used it to obtain the Robinson consistencey theorem. Now we shall

give a direct proof of the Robinson consistency theorem, which is essentially

Robinson’s original argument.

For the proof, let 9I0 and 33 0 be models of T
{
and T2 . To simplify notation

in the proof, let

mean that the J^-reducts of % and 33 are elementarily equivalent, and that

/is an elementarily embedding of into 33|J5f.

Since and 330|^ are models of the complete theory T, we have

3I0 =^33 0 . It follows that the elementary diagram of 9(0 |^ is consistent

with the elementary diagram of 33 0 . Therefore there are an elementary exten-

sion 33 j > 330 and an embedding : % -< <g 33 x . Passing to the expanded

language ££Ao ,
we have

(2lo , a)aeAo = £?Ao (SB,
, fa)„Aa .

Repeating the construction in the other direction, we obtain an elementary

extension 3/ > 9l0 and an embedding

(J l • (T*i » f®)aeAo ^ Ao ('^1 ’ ^)ae^o '

Then g\
1

is an extension offv
. Iterating the construction we obtain a tower

% < 21 i
< 3I2 < ...

S8
0 -<58, -< 582 < ...
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such that for each m

fm <= 0m' C /*+ 1> fm ‘

1 9m : 93m <X %m .

Let 3f =
I 33 = Then ^ ls a rnotiel of T

x
and 33 is a

model of T2 . Moreover,
(J m<0)fm is an isomorphism of 9f|j£? onto 33|J£\

Then 33 is isomorphic to a model 33' such that 3f|2^ = 33'|J^. Piecing 3(

and 33' together, we obtain a model (S for J
x
u J^ 2 with (£|2^, = 3f,

C£|^ 2
= S3'. Then (£ is a model of T

x
u T2 . H

The Craig interpolation theorem follows easily from the Robinson

consistency theorem (an exercise in Section 2.2). So we now have a second

proof of the Craig theorem.

A construction which is very similar to the construction of elementary

chains is that of a partial elementary chain. This notion lies between the

notions of a chain of models and of an elementary chain of models. It is

useful in obtaining some results in model theory (see Theorem 3.1.16 and

some of the exercises for this section). In order to describe the construction

precisely, let us now formally introduce the notions of L° and 11° formulas.

Let be fixed for the following discussion. A formula (p of is a

£o = 11° formula iff (p contains no quantifiers. Proceeding inductively,

a formula of JS? is a £® + 1
(resp. n° + 1 ) formula iff <p

= (3jc, ... xm )\p

(resp. (V*, ... xm )ip), where ^ is a 11° (resp. 2-!/) formula. Obviously, every

prenex formula is either a £° or 11° formula for some n. A L° (resp. 11°)

formula that is a sentence is called a L° (resp. 11°) sentence. Existential

sentences are £° sentences; universal sentences are n Y sentences; universal-

existential sentences are 11° sentences, and so forth.

33 is said to be a £° extension of 3f iff for all £° formulas (p(x
x

... xm )
and

all a
x , ..., am e A,

if 311= (p[a
x

... am ], then 33 N (p[a
x

... am \.

A L°-chain of models is a chain of models

3f0 c= 3fj c= ... c 3f^ c= ..., p < a,

such that for each p < y < a, 3l
y

is a L° extension of 3^. Every extension

of a model is a £° extension, whence every chain of models is a L°-chain.

The next lemma is the analogue of the elementary chain theorem.

Lemma 3.1.15. Let 31^ , p < a, be a L °-chain ofmodels and let 3f = Up<a%ii •

Then

(i) . 3f is a L° extension of each 3^.

(ii) . Every Il° + 1
sentence which is true in all 3^ is true in 3L
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Proof. We argue by induction on n. The result already holds for n — 0.

Assuming the result for n— 1, we prove it for n. Let

\J/
= (3xj ... xm)<p(xi ... xmy i ••• yp )

be a formula, where <p is n°_
t

. Suppose b
{ , ..., b

p
e A

p
satisfies »

p

in 51^.

Then for some ..., am e A
fi

,
we have

% t <p[a
i

••• am bi ••• ^]-

Let Y = {a
l
,...,am ,b i ,..., b

p }
and consider the L°-chain 51^ c= % + 1Y c •••

with union 5I y . The n°n . 1
sentence <p (a t

... am b i
... b

p)
holds in every model

of this chain and by inductive hypothesis also holds in 5(y. Therefore

51 b ... xm)(p[b i
... 6

P ].

This proves that 51 is a Lj,
3
extension of 51^.

To prove (ii), consider a II° + 1
sentence (Vx

t
... xm)0 which holds in all

51p ,
where 9 is a formula. Let a lf ...,am eA. Then for some P < a,

a
t , ..., e These elements satisfy 0 in and therefore they satisfy

6 in 51. Therefore (Va^ ... xm )9 holds in 5(. -\

The last theorem of this section is a model theoretic proof of a theorem

about predicate logic.

Theorem 3.1.16. The following are equivalent (n > 0):

(i) . cp is equivalent both to a + 1
sentence and to a n° + 1

sentence.

(ii) . (p is equivalent to a Boolean combination ofTfn sentences.

Proof. We leave the simple proof that a Boolean combination ot —° senten-

ces is equivalent toaL„° + 1
and a 11°

+ 1
sentence to the reader. The point is

that vacuous quantifiers may always be added to a sentence without dis-

turbing its meaning.

In the other direction, assume (i). We shall first prove that given two

models 51 and 53,

(1) if every sentence holds in 5( if and only it

it holds in 53, then 51 b cp if and only if 53 b cp.

So let 51, 53 be models for which the hypothesis of (1 )
holds. We shall construct

a I^-chain of models

51 = 5I0 <= 53 o <= 51 i
<= 53j 5L

such that

(2) 51* = 5( and 53* = 53 for all k eco.
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Suppose we have constructed the finite -chain

<= 930 c ... c 9fw cz 93w ,

so that (2) holds for all k ^ m. Let T be the collection of all sentences

o\ if kj {cb : b e Bm )
which hold in 93m . We can show that given any finite

subset of T, we may take its conjunction, then existentially quantify out the

new constants, and in this way obtain a L„° sentence ip of If which holds
in 93m . Using the hypothesis of (1), this sentence ip holds in 9L So
T u Th(9I) is consistent and has a model 9Im+1 . It is easy to verify that

*0 <= ••• S3„ c 3Im+1

is still a L^-chain. Exactly the same argument applied to 91*,+ ,
will give us

the next model 93m + 1
in the £°-chain. Suppose that cp holds in 91, then cp

holds in 9(
fc

for all k. Since cp is Ii® + 1 , by Lemma 3.1.15, cp holds in

Ufceo^/c
= U*«»S3t. If (p does not hold in S3, then its negation up is

(equivalent to) a IT° +1 sentence holding in S3. So again by Lemma 3.1.15,

n (p holds in (J*6W 93*, which is a contradiction. So (1) is proved.

From (1) we now argue as follows: If (ii) is false, then for any finite

collection of sentences, say u,, ..., erm ,
we can find two models 91 and S3

such that

(3) %Vcp, 93hn<p, and 91 f= iff S3 h cr
f , 1 < / < w.

This is seen as follows: Consider the 2"' conjunctions a = o
\
a ... a <t^,

where each o\ is either cr, or n <r
f

. Some such conjunction o must be con-

sistent with both cp and n cp. For otherwise we have \-o-^cp or ba-tncp
tor all such cr, and propositional logic will show that cp is (equivalent to)

a finite disjunction of such or’s, so (ii) would be true. Now from (3), a simple

application of the compactness theorem will yield two models 91 and 93

such that 91, 9i are equivalent with respect to sentences, but not equivalent

with respect to cp
, contradicting (1). H

Theorem 3.1.16 is true even when n = 0, provided that <£ has constant

symbols.

Exercises

3^fd. Let 9( <= 93. Suppose that for all elements a
x , ..., an e A and b e B,

there is an automorphism of 93 onto 93 which leaves fixed a
x ,

...
y
an but

maps b onto some element in A. Then 91 -< 93.

’ * ^ •
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3 1 2 Show that the following theories are model complete:

(i). The theory of infinite sets. ' 1

(if). The theory of dense simple order without endpoints. V ,

(fii). The theory of atomless Boolean algebras.

(rw). The theory of torsion-free divisible Abelian groups.

(v). The theory of the successor function on co, i.e., the set of true

sentences of <co, 0, S>, where Sn = n+ 1. (Is this theory finitely axiomatiz-

able?)

[Hint: Use Theorem 3.1.12.]
3.1.3.

Let 51 be a ring (see Example 1.4.9), and let 5(x ,
51 y be polynomial

rings over 51 with indeterminates x e X and y e Y. Show that if X a Y and

X is infinite, then 51x -< 51 y .

3.1,4.

Let (0, 1) denote the set of all rationals between 0 and 1, and let

[0,1) = (0, 1) u {0}. Let 51 = <(0, 1), <> and 53 = <[0, 1), O- Let 51'

be the union of disjoint copies of 51 and K0 disjoint copies ol 5?, and

let 58' be the union of disjoint copies ot 51 and disjoint copies ot 53.

(The union oj models (Aj, Rfy, i £ /> with binary relations Ri ,
is defined as

the model U Then

(i). 51' and 53' are isomorphically embedded in each other.

(If). Neither of the models 51', 55' is elementarily embedded in the

other. J i ’ ip- 'poi

(iii). 51' = 53', and hence (from Proposition 3.1.4) 51' and 53' are both

elementarily embedded in some fixed model (£. ^

3.1.5.

Let 51, 53 be models for j£\ The following are equivalent:

(i). There are a model © and two elementary embeddings/ of 51 into £

and g of 53 into £ such that

f\AnB = g\ An B'.

(ii). (51, Cl)aeA fl B — a)aeA(\ B-

3.1.6.

If \\&\\ < \A\, then 51 has a proper elementary extension of the

same power.

3.1.7*. Assume the GCH. Regardless of \\&\\, show that every infinite

model 51 has an elementary extension in each power fl > |T|.

3.1.8. A prenex sentence is a universal-existential sentence ,
or simply a

VB-sentence, iff all of its universal quantifiers (if any) precede all of its

existential quantifiers (if any). Clearly every universal or existential sentence

(see Exercise 1.3.5) is a V3-sentence. Prove that if (p is a V3-sentence and
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^ b (

p

for each member of the chain £ < a, then (J* <a 5L ^ cf) - (This

is a special case of Lemma 3.1.15.)

3. 1 .9. A binary relation D on a set / is said to be directed iff for all z,
,

/'

2 e /.

there is an z 3 g / such that /j D/ 3 and i2 Di 3 . A collection of models 31/ ,
/ e /,

is directed iff there is a directed relation D on 1 such that for all /, j e /,

if zZ)/, then 51/ c 9^..

Show that a meaningful definition can be given to (J ieI%. Furthermore,

each 9(
t

- <= (J Ie/ 9f f
.

Extend both Exercise 3.1.8 and the elementary chain theorem to directed

families of models.

3. 1 . 10*. A class K of models is said to be closed under unions of well ordered

chains iff every union of a well ordered chain of members of K is again a

member of K. Similarly, we can define the notion K is closed under directed

unions (see Exercise 3.1.9). Prove that a class K of models is closed under

unions of well ordered chains iff it is closed under directed unions.

[Hint: Use induction on the cardinality of the directed set.]

3.1.11. Let T be a theory in a countable language if, and a an infinite

cardinal. Suppose that:

(i) . T has no finite models;

(ii) . the union of any chain of models of T is a model of T;

(iii) . for any countable model of T, T u is a-categorical.

Then T is model complete.

3.1.12. Using Exercise 3.1.11, show that the theory of algebraically closed

fields is model complete (but not complete).

3.1.13. A theory T is said to be submodel complete iff for any model

of T and any submodel $ <= 9X, the theory T u A $ is complete in

Note that (taking 53 = 5() every submodel complete theory is model

complete.

Prove that a theory T is submodel complete iff for every model 5f of T

and every finitely generated submodel 53 c= 5f, T u A% is complete.

3.1.14*. Use the above exercise to show that each of the five theories in

Exercise 3.1.2 is submodel complete. Also, the theory of algebraically closed

fields is submodel complete.

3.1.15*. Assuming that the theory T of real closed ordered fields is model

complete, prove that T is submodel complete.
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[Hint: Let 23 be a submodel of a model of T. Let 23 be the real closure of

23. Then show that every sentence of TfB which is consistent with T u d©

is consistent with fu d©.]

3.1.16. Show that the theory of real closed fields (without the order relation)

is not submodel complete.

3.1.17. Prove that the following are equivalent:

(i) . T is submodel complete.

(ii) . If 21, 23 are models of T and S is a submodel of both 2( and 23,

then every existential sentence which holds in 23c holds in 2IC .

(iii) . T admits elimination of quantifiers, that is, for every formula

(p(x
{

... xn ), 1 ^ n
,
there is a formula ij/(x l ... *„) such that TV cp <-+ ip.

3.1.18*. Let T be the theory in the language with three unary relations

U, V, W and two binary relations R , 5 and axioms which state that

U u V u W is the whole model;

U, V and W are pairwise disjoint;

R is a one-one function of U onto V
;

S is a one-one function of U u V onto W;

the model is infinite.

Show that T is complete (in fact, a-categorical for every infinite a), and

model complete but not submodel complete.

3.1.19. Show that if T has a model of power a which omits a type

I(x
1
x2 x 3 ...) and \\£T\\ ^ ft < a, then T has a model of power p which

omits I(x
1
2r2 2r 3 ...).

V

3.L£0. Suppose that every model of T which omits a type ... xn) has

a proper elementary extension omitting T(v
1

... x„). Prove that T has

models of arbitrarily large cardinality which omit £(*! ... xn ).

3.L21. Suppose ££ has the binary relation A model 2f = (A, ...)

for is said to be well ordered iff ^ well orders A. Show that it T has a

well ordered model of power a, and \\TT\\ ^ P < a, then T has a well

ordered model of power p.

3.1.22*. Clearly, Theorem 3.1.12 (ii) can be replaced by the (apparently)

stronger condition:

(ii)j . T has a set of axioms consisting only of universal-existential (n^)

sentences.

(See Exercise 3.1.8.)
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Show that if Theorem 3.1.12 (ii) is replaced by (

n

^ 1):

(ii)„ • T has a set of axioms which are 11° + j
sentences,

then the conclusion of Theorem 3.1.12 can be replaced by:

(i v )„. Every formula cp of J? is equivalent under T to a £° formula.

[Hint: Construct a L°-chain of models.]

3.1.23*. Suppose that T is finitely axiomatizable and in some infinite power
a, T has at most a finite number of nonisomorphic models of power a.

Prove that for some n e co, every formula cp is equivalent under T to a D°
formula ip.

3.2. Applications of elementary chains

In this section we shall give several applications of elementary chains

which illustrate their power in model theory.

We start with some examples of ‘preservation theorems’. We say that

a theory T is preserved under submodels iff any submodel of a model of T
is a model of T. T is said to be preserved under unions of chains iff the union

of any chain of models of 7 is a model of T. T is preserved under homo-

morphisms iff any homomorphic image of a model of T is a model of T.

The preservation theorems are results which characterize those theories

which are preserved under submodels, union of chains, etc. There are

several results of this type. We shall give three here and a few more in

Chapters 5 and 6.

The status of some familiar theories with respect to preservation is shown

Table 3.2.1

T heory Preserved under

Submodels chains Homomorphisms

Partial order yes yes no
Dense simple order no yes no
Boolean algebras yes yes yes

Atomic Boolean algebras no no no
Groups no yes yes

Groups with symbol for —x yes yes yes

Commutative rings no yes yes

Integral domains no yes no
Fields no yes no
Fields and one-element rings no yes yes

Algebraically closed fields no yes no

y) no no yes

Peano arithmetic no no no
ZF no no no
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in Table 3.2.1. It is a rather remarkable fact that these preservation phenom-

ena can be explained just by the syntactical form of the axioms.

We shall use the following general lemma.

Lemma 3.2.1 . Let T be a consistent theory in TT and let A be a set ofsentences

of which is closed under finite disjunctions. Then the following are

equivalent :

(i) . T has a set of axioms T such that T a A.

(ii) . If^l is a model of T and every sentence S e A which holds in 91 holds

in 93, then 53 is a model of T.

Proof. It is obvious that (i) implies (ii). Assume (ii). Let T be the set of all

sentences <p of & such that T 1= <p and cp e A. Then TNT. We show that

TNT, whence T is a set of axioms of T. Let 53 be a model of T . Let I be

the set of sentences

I = {i <5 : 53 1= n <5, <5 e^J}.

We show that I u T is consistent. T is assumed to be consistent. Suppose

T u I is inconsistent. Then there exist n ^ , ..., n 3 n e I, n ^ 1, such that

Jl= n (n a ... a

~

i Sn ). Hence

TV <5
X
v ... v 3 n .

Since A is closed under v ,
we have v ... v 3n e A, whence S

l
v ... v S n e T

and

53 V 3
j
v . . . v 3 n .

But this contradicts S3 t= n 8, , .... SB h i 8,. Hence l u T is consistent, and

has a model 9L Then every sentence <5 s A which holds in 91 holds in S3,

because otherwise (n <S) e I. H

Our first and simplest preservation theorem below uses only the

compactness theorem, not elementary chains.

Theorem 3.2.2. A theory T is preserved under submodels if and only if T

has a set of universal (i.e., rij) axioms.

Proof. It is easy to check that il T has a set of universal axioms, then T

is preserved under submodels. Assume T is preserved under submodels.

We apply Lemma 3.2.1, with A the set of all sentences equivalent to 11','

sentences. Consider two models V T and such that every universal

sentence which holds in 91 holds in 53. Then every existential sentence true

in 53 is true in 91. Consider the theory T' = T u A* in the language U
fi .



3.2] APPLICATIONS OF ELEMENTARY CHAINS 125

where A# is the diagram of 93. The theory T' is consistent, because, for any

finite set

... bn ), ..., dw (/?j ... bn f c d,g,

the existential sentence

(3.Vj ... -Xn )(dj(Xj ... Xn )
A . . . a 0m(x i

... Xn ))

holds in 93, hence in 91, and hence is consistent with T. Let (£' = be

a model of T'

.

Then 93 is a submodel of (£, and (5 is a model of T. Hence

93 is a model of T. By Lemma 3.2.1, T has a set of universal axioms. H

The next preservation theorem does use elementary chains.

Theorem 3.2.3. A theory T is preserved under unions of chains if and only

if T has a set of universal-existential (i.e., Fl°) axioms.

Proof. (<=). For the easy direction, let f be a set of 11° axioms for T

and let 91^, /l < a, be a chain of models of T with union 91 =
IJp Con-

sider a sentence

7
= (V*i ...xm 3y l ...yn )il/(x t ... xmy l ... yn )

in T, where ij/ has no quantifiers. Each 91^ is a model of y. Let a i9 ..., am e A.

For some p < a, we have a l9 ...,am eA fi
. Then there exist b lt ...,bn eA fi

such that

9 N ••• am b l
... bn ].

It follows that

91 t= \jj[a
x

... am b l
... bn \

,

whence 9( satisfies y. Hence 91 is a model of F, and thus of T.

(=>). Now assume T is preserved under unions of chains. Let A be the

set of all sentences which are logically equivalent to n° sentences. Then A

is closed under finite disjunctions. Suppose 91 and 93 are models such that

91 h T and every 11° sentence true in 9( is true in 93. Then every £° sentence

true in 93 is true in 91. We shall prove the following:

(1) There are models 91' and 93' such that 93 <= 9F, 91' c= 93', 93 < 93' and

91 = 91'.

To prove (1 ), we add a new constant cb for each b e B, forming the model 93 B

and language B . Let T
l
be the complete theory of 91 in j£f, and T2 the set

of all universal sentences of B which hold in 93 B . Then T
l
u T2 is con-

sistent, because up to equivalence T2 is closed under conjunction, and for

any ij/(c
bl ... cbn )

in T2 , the L° sentence (3y v ... yn )\p holds in 93, and hence
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in SI. Let

% = (Si\ b)beB

be a model of 7, u 72 . Then SI = SI' and 58 c= ST. Moreover, every

universal sentence of ££ B true in 58 B is true in SIB ,
whence every existential

sentence true in SIB is true in 58 B . Now expand the language further by adding

a new constant ca for each a e A' B. Then the theory

D(Wb)
u Th(58B),

the diagram of SIg plus the elementary diagram of 58 B , is consistent. It thus

has a model (S3', a)aeA .. Then SI' <= 58' and S3 -< S3', so (1) is proved.

Iterating (1) we obtain a chain

S3 = S30 <= SI t (=58! c= SI 2 (= ...

such that for each n,

Sl„ = SI and SB* -< S3n+1 .

Let S(w be the union of this chain. Since each SI„ is a model of T, SIW is

a model of T. However, SIW is also the union of the elementary chain

S3 0 < S3j < S32 -< ....

Therefore by the elementary chain theorem, S3 0 -< SIW , so 58 = S30 is

also a model of T. By Lemma 3.2.1, we conclude that T has a IlS set of

axioms.

A formula (p is said to be positive iff it is built up from atomic formulas

using only the connectives a
,
v and the quantifiers V, 3.

Theorem 3.2.4. A consistent theory T is preserved under homomorphisms

if and only if T has a set ofpositive axioms.

Proof. (<=). Let us first check the easy direction. A formula (p(x
r

... xn )

is preserved under homomorphisms iff for any homomorphism / ol a model

SI onto a model 58 and all a l9 an eA, if SI I
= (p[a

{
... a„], then

58 1= cp [fa i ...fa,,]. It suffices to prove that all positive formulas (p are

preserved under homomorphisms. This is done by induction on the com-

plexity of cp. It obviously holds when <p is atomic and passes over v and a .

Assume (p(xx
x

... xn )
is preserved under homomorphisms. First, suppose

SI k (^x)(p[a
l

... an ]. Then for some aeA, we have SI I
= (p[aa

{
... an ],

58 1= (p[fafa l ...fan ], and hence 58 t= (3x)</>[/bj ... fan ]. Now assume

SI k (Vx)(p[a
l

... an ]. Let h be any element of B. Then for some a e A we have

h = fa. Thus SI ¥ <p[aa
x

... an ], 58 N (p[bfa l ... fan ], and 58 ¥ ifx)(p[fa x
...fan ].

Therefore (3.t)<p and (Vx)cp are preserved under homomorphisms.
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(=>). We now prove the hard direction. Let 51 pos 53 mean that every

positive sentence true in 51 is true in 53. We show first that:

(1) If 51 pos 53, then there exist an elementary extension 53' > 53 and an

embedding/ : 51 - 53' such that (51, a)aeA pos (53\fa)aeA -

To prove (1), we add new constants ca , ae A, and db ,
be B. Let T

x
be the

set of all positive sentences of u [ca : a e A} true in 51^. Let T2 be the

set of all sentences of u {db : b e B) true in 53
fi

. Then T
x
u T2 is con-

sistent because 51 pos 53. Let (53', a', b)aeAheB be a model of T
{
u T2 \

T2 shows that 53' >- 53. Let /be the embedding f(a) = a'\ T
{
shows that

(91. a)aSA pos (58 ,fa)aeA .

A similar argument can be used to prove the following dual of (1):

(2) If 5( pos 53, then there exist an elementary extension 51' > 51 and a

mapping g : B -+ A' such that (51', gb)heB pos (53, b)beB .

Now let 5X0 , 53 o be models such that 5(0 N T and 5( 0 pos 530 . Iterating (1)

and (2), we obtain a tower

and so forth. It follows that for each n, fn is a homomorphism of 5(„ into

53„ + i, and

Let 5IW = IJ„< W 5(„, 53w = (Jn<w 53„ be the unions of the elementary

chains and f0 = (J n<(t)fn . Then /w is a homomorphism of 5/, into 53w .

f0 maps onto B
l0 because g~ 1

cz /w for each n. By the elementary

chain theorem, 5IW > 5(0 , 53w > 53 0 ,
whence 5IW is a model of T. But T

is preserved under homomorphisms, so 53w 1= T and hence 53 0 1= T. Then,

by Lemma 3.2.1, T has a set of positive axioms. H

These three preservation theorems explain the phenomena in Table 3.2.1.

The usual formulation of the axioms happens to be universal for those

examples which are preserved under submodels, 115 for those which are

such that

, fl)aeAo POS (5)j > fo u\i<=Ao »

(51 [ , a, g i
b^aeA 0t fyeg l

pos (53 ^ , /o^L b)aeAo< be g l
,

(3l l9 a 9gi b
9
a

f

)aeAo, beB\ , a'eAi
pOS (O 2 , /o f\

^ )aeAo, beBi , a'eAi »
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closed under unions of chains, and positive for those which are closed

under homomorphisms. Try writing down the axioms and see.

Each preservation theorem also has a version for single sentences.

Corollary 3.2.5. A sentence is preserved under (a) submodels, (b) unions

of chains, (c) homomorphisms, if and only if it is logically equivalent to a

sentence which is (a) universal, (b) universal existential

,

(c
)
positive oi logi-

cally false, respectively.

Proof. We prove (a) as an illustration. Every universal sentence is

preserved under submodels. Suppose a sentence (p is preserved under

submodels. Then the theory T = {cp} has a set T of universal axioms. We

have rYcp, so by the compactness theorem, there are sentences y l , ...,yn e T

such that y,A...A yn t (p. There is a universal sentence y equivalent to

y x a ... Ayn . Theny h cp. But since T t= y, we have cp h y, whence (p is logically

equivalent to y. H

We shall now strike out in a different direction, working towards a

generalization of the Lowenheim-Skolem-Tarski theorem which involves two

cardinals. For the remainder of this section we shall work with countable

languages.

Recall from Chapter 2 that a countably saturated model 3t is a countable

model which is co-saturated, or, in other words, for all finite X a A, the

model (31, a)aeX realizes all types I(x) in its theory. We also proved the

important Theorem 2.3.7, one direction of which states that if a complete

theory T (which is countable) has at most a countable number of types,

then T has a countably saturated model. We shall give below another proof

of this result using elementary chains.

Proposition 3.2.6. Let T be a complete theory in a countable language .

Suppose that for each n, T has only countably many types in n variables.

Then T has a countably saturated model.

Proof. Let 31 be any countable model. An elementary extension 33 > 31

is said to be countably saturated over 31 iff 33 is countable and for every

finite subset Y a A, every type T(x) in Th(31 y )
is realized in 33 y .

Now let 310 be a countable model of T. We shall find an elementary

extension 31
x > 31 0 which is countably saturated over 310 .

Let X <= be a finite subset of A 0 and let S(x) be any type in .x ot the

theory of (310 ,
ci)aeX • Since there are only a countable number ot types ot T,

there are only a countable number of types T(x) ot the theory of (310 ,
a)aeX .
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Since there are only a countable number of finite subsets X ol ' A
()
altogether,

the number of such types I(x) is at most countable. Let clx be a new constant

symbol for each such X cz A and I. Let

T() = (elementary diagram of 2f0 in u {ca : a e A 0 }) u {T(cIX ) • X a

finite subset of A 0 , and I(x) a type of (9f0 , a)aeX j.

A standard argument will show that every finite subset of T0 is consistent.

So T0 is consistent in the countable language u {ca : a e A 0 }
u {clx }.

Let 33
j
be any countable model of T0 ,

and let $1 x
be the reduct of^B, to

(J\

We may suppose that 9f, is an elementary extension of 9(0 . Then 31 j
is coun-

tably saturated over 3I0 . Wc now repeat the procedure on the model 31 j ,
to

obtain a countable elementary extension 3f 2 of 3lj which is countably satu-

rated over , etc.

Consider the elementary chain

3(0 -< < s^2 •••>

and let 3f = (J„ew 3(„. 3f is still a countable model of T. We claim that 31

is cu-saturated. Let A' be a finite subset of A = [j neto A n . There exists an n

such that X c~ A n . Let T(x) be any type of the theory of (31, a)aeX . Then

because (3fn+1 , a)aeX < (51, a)aeX ,
I(x) is a type of the theory of

(3f„ +1 ,
a)aeX . Whence some beA n+x realizes I in (3f„ + x ,

a)aeX . It follows

that b realizes 1 in (3f, a)aeX . H

Note that the above construction will yield a countably saturated

elementary extension of any countable model of T provided T has only a

countable number of types. The construction breaks down in the case where

T has a noncountable number of types. It turns out that practically the same

construction will always yield a countable elementary extension which

satisfies a somewhat weaker, but nevertheless useful, property.

A model 3( is co-homogeneous iff for any two finite sequences a
x , ..., an+x

and b
x , ..., bn of A, if (3f, a

x
... an )

= (3f, b
x

... b„), then there is a bn+l e A

such that (%a
x

... an+l )
= (31,b x

...bn+l ). Just as in the case of co-

saturated models, this notion of tu-homogeneous models has a natural

generalization for infinite cardinals a. However, we shall at present confine

ourselves to countable models. A model 3( is countably homogeneous iff

3f is countable and 3f is co-homogeneous.

Proposition 3.2.7. If %f is countably saturated
,
then 3f is countably homo-

geneous. If % is countable atomic
,
then 3f is also countably homogeneous.

This is left as an exercise for the student.
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The complete theory of the model <co, ^ > provides a good example.

Its models are exactly the models formed by adding to the end of <co, ^ >

a linearly ordered set of copies of <Z, ^ >, where Z is the set of integers.

This theory has exactly three countably homogeneous models. One is the

atomic model <co, ^ >. Another is the countably saturated model formed by

adding a countable dense set of copies of <Z, ^ ) to the end of <co, ^ ).

The third is formed by adding just one copy of <Z, ^ ) at the end of <co, ^ ).

The simplest nonhomogeneous model is formed by adding two copies of

<Z, ^ ) to <co, ^ ). An element of a of the first copy realizes the same type

as an element b of the second copy, but there is no c such that <b ,
c> realizes

the same type as <a , by.

On the other hand, every countable model of the theory of algebraically

closed fields is countably homogeneous.

Theorem 3.2.8. Every countable model has a countably homogeneous

elementary extension.

Proof. As before, we start with an arbitrary countable model 9(0 . We
construct a countable elementary extension 91

1
of 9f0 such that for all finite

sequences a?!, ..., an+

1

,
and b

{ ,
...

9
bn of A 0 ,if (5f0 ,6r

l
... an ) = (9f0 »^i

then there exists a bn+ {
e A

{
such that (9^ ,

a
{ ... an+l ) = (9^ ,

b
y

... bn+ { ).

Let cS
9 ' = u {ca : a e A 0 }. For any two finite sequences a

{ , ..., an+ {
and

b i9 of A 0 such that (% 9 a t ... an) = ••• bn ), we introduce a

new constant c and a type Z(c
bl ... cbn x) of the theory of (9l0 , b v

... bn )

such that

% N I[a
l

... an+i }.

Let 1(c) be the collection of sentences ... cb c)
y
and let T0 be the

elementary diagram of 9l0 in ££ u {ca : a e A 0 }, together with all the collec-

tions of sentences 1(c) obtained in the above fashion. Since the number of

finite sequences of A 0 is countable, T0 is still a countable set. The usual

argument will show that T0 is consistent. Let 33
{
be any countable model

of T0 and let 9^ be the reduct of 33! to J?. We may again assume that 9^

is a countable elementary extension of 9f0 . It should be evident that 9( x

is the desired elementary extension of 9f0 . Repeating the procedure, we

obtain the elementary chain

9f0 < 9t x < 9I2 ....

and we let 9( = (J„6£u 9f„. 91 is a countable elementary extension of 9f0 . Let

a lt an+l and b l9 ...,bn be sequences of A such that (91, a
v

... an )
=

(9f, Zq ... bn ). Let m be sufficiently large that all the a i9 bi
e Am . Then
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(51m , a x
... an ) = (

s
2Jm , b x

... bn\ so there is a bn + x
eA m + x

such that

a\ = (9lm+1 , b x
...bn+i ). But this gives (51, a t

... an+l )
=

(51, />i
... bn+l ). H

The next proposition lists some simple properties of countably homo-

geneous models.

Proposition 3.2.9.

(i) . Let 51 be a countably homogeneous model and let a
x , ...,an and

, ..., bn be sequences such that (51, 0
,

... an ) = (51, b l
... b

n ). Then there

is an automorphism 0/51 onto 51 mapping each a
t
onto b i9 1 ^ ^ n.

(ii) . The union ofany countable elementary chain ofcountably homogeneous

models is countably homogeneous.

(iii) . Two countably homogeneous models are isomorphic if and only if

they realize the same set of types of (in finitely many variables).

(iv) . The union of any countable elementary chain of pairwise isomorphic

countably homogeneous models is isomorphic to each member of the chain.

Proof, (i). We have left the proof of this to the exercises (Exercise 3.2.8).

The argument is not difficult and is a back and forth construction,

(ii) and (iii) are straightforward and are also left as exercises.

(iv). Let 51a , a < /?, be such a chain, and let 51 = (J a</J 51a . Then by

(ii), 51 is countably homogeneous. It is easily seen that a type is realized in

51 if and only if it is realized in some 51a . Since all the 51a are isomorphic,

they realize exactly the same types as 51. By (iii), 51a = 51. H

We now prove a result which will be used later on, but is of interest

in itself. Recall that we use 53 > 51 to denote that 53 is an elementary exten-

sion of 51, i.e., 51 < 53.

Proposition 3.2.10. Let 510 be a countable model and let 53 0 be an elementary

submodel of 510 . Then the model (510 ,
B0 )

has a countably homogeneous

elementary extension (51, B) such that B determines an elementary submodel

53 0/51 and 51 = 53.

Proof. Let us agree that (510 ,
B0 )

is a model for u {P ), where P

is a new 1-placed relation symbol. For each type Tf.Vj ... xn )
of 510 ,

let

ZP
(x

L
... x„) = Z(x

t ... x„) u (P(x
1 ), ..., P(xn)}.

If I(x, ... x„) is realized in 510 ,
then it is consistent with the theory of 53 0 ,

and since 53 0 -< 510 ,
it follows that T

/J

(x, ... x„) is consistent with the theory

of (510 ,
B0 ). Only countably many types I(xj ... x„) are realized in (510 ,

B0 ).
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Therefore there exists a countable elementary extension (5T, B') > (5(0 ,
B0 )

such that for all types I(x
{

... x„),

(1) if 2X0 realizes I, then (5T, B )
realizes Ip

.

Using Theorem 3.2.8, there is a countably homogeneous model (5^ ,
B

L ) >
(5T, B'). It follows that for all types T(x

1
... x„), (1) holds for (5( l9 B { ).

Let 53 j
be the submodel of 5^ determined by B

{
. Since (51 ls B { )

= (5( 0 ,
B0 )

and 53 0 -< 5l0 ,
we have 53

{ < 5^ . Clearly, 53
j.
realizes a type I iff (5^ ,

B
{ )

realizes I p
. Thus, for all T(x

1
... x„), if 5I 0 realizes I, then 53 1

realizes I.

Repeating the process, we obtain the countable elementary chain

(5t0 ,B0 ) < (51 19 B,) < ....

For each n, let 53„ be the submodel of 5f„ determined by Bn . Then the chain

has the following properties for each n:

and

(5l„, Bn )
is countably homogeneous;

(2) every type I(Xi ... xk )
which is realized in 5(„ is realized in 53„ +1 .

Let (5(, B) =
(J w<0)(51„,

B„), and let ^8 be the submodel determined by B.

By Proposition 3.2.9(ii), (51, B) is countably homogeneous. It follows

easily that both 5( and 53 are countably homogeneous. (51, B) > (5(„, Bn )

for each n, and in particular (5(, B) > (5I0 ,
B0 ). It follows that 53 -< 5L

Therefore every type realized in 53 is realized in 51. On the other hand,

if a type I(x
{

... xk )
is realized in 51, then it is realized in some 5I„, so by

(2) it is realized in 53„ + 1
and thus in 8 . Whence by Proposition 3.2.9 (iii),

5( and 53 are isomorphic. -\

Our next application is concerned with an analogue of the Lowenheim-

Skolem-Tarski theorem. Recall that (for a countable if a theory Thas an

infinite model, then T has an infinite model in each power. Thus every

theory T will fail to distinguish between infinite cardinals. We can now ask

the question whether a theory T will distinguish between pairs of infinite

cardinals, in the following sense: Let the language have a 1-placed

relation symbol U. Let 5( be a model for and let V be the interpretation

of U in 51. Thus we may display 51 = (A, V ...). 51 is said to be an (a, /?)-

model iff \A\ = a, \V\ =
/?. We say that a theory T admits the pair of

cardinals (a, p) iff T has an (a, /?)-model. The question is:

If T admits (a, p), then what other pairs (a', P') must T admit?

The following proposition sums up all the simple properties that we can
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prove with the machinery available to us at present. First some notation:

Let N„(a) be defined by induction on n as follows: K 0(a) = a, N„ + 1
(a) =

[N„(a)]
+

. Similarly, let 3
n ( y.) be defined by 2 0 (a) = a, and 2

,I+ 1
(a) = 2",(7>

.

Proposition 3.2.1 1. Let T be a theory in a countable language FJ\ and let

a, p, y range over infinite cardinals. Then :

(i) . IJ T admits (a, p ), then T admits (y, p) for all y such that a ^ y ^ p.

(ii) . IfT admits (a, P), then T admits all (y, y).

(iii) . For each n e o), there is a theory T such that 7 admits every p„(a), a)

and T does not admit any (3„(a)" ,
a).

(iv) . For each n e co, there is a theory T such that 7 admits every (N„(a), a)

and T does not admit any (N„+ j(a), a).

Proof, (i). Suppose that = (A, V ...) is a model of T with \A\ = a

and
\
V\ = p. Let y be such that a ^ y ^ p. Let X be any subset of A of

cardinality y and such that V a X. s
7f has an elementary submodel

$8 = <5, W ...) such that B vd X and \B\ = y. Since W = V n B = V,

we have
|
W\ = p.

(ii) . By (i) we already know that T admits (P, P). Say IU = (A, V ...)

is a model of T with \A
|

=
|

V\ = p. Let = TF u {F }, where F is a

new 1 -placed function symbol. Let 7 ' be the theory in 'J' consisting of all

the sentences of T together with a single sentence which says: / is a one-to-one

mapping of the universe A onto V. Then 7
' is consistent and has an

infinite model, namely the expansion S3F = (
s
7f, G ), where G is any one-to-one

function of A onto V. By the Lowenheim-Skolem-Tarski theorem, 7 has a

model in every infinite power y. Obviously, the y'-reducts of these models

of T' are (y, y)-models of T.

(iii) . We shall illustrate the proof with the case n = 1. Suppose FF has

a 2-placed relation symbol £, as well as the 1 -placed relation symbol U.

Consider the following sentences of FF:

(dxy)(x = y<-+ (Vz)(£(zx) <-> E(zy))),

(V*)(n U(x) -* (Vy)(E(yx) -> C(^))).

Intuitively, these two sentences say that every element x not in (j determines

a subset Ux of U by the set of all y such that E(yx), and, if x y, then

U x 7^ Uy
. A moment's thought will show that if the interpretation of U

in a model has cardinal a, then the cardinal of the model is at most 2
a

.

Whence the theory T given by the above two sentences will admit
(
2 j(a), a)

for all a, but will not admit any (3,(a)
+

,
a). An iteration of this idea will

prove (iii).
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(iv). We leave (iv) as an exercise for the reader. Its proof is slightly more

subtle than the proof of (iii). -1

Theorem 3.2.12. If a countable theory T admits (a, p) with a > p ^ o) y

then T admits (coj
,
co).

Proof. Let 51 = (A, V ...) be a model of T with \A\ = a, \V\ = p.

By Theorem 3.1.6, we find an elementary submodel 53 of 5( such that

B V and |Z?| = p. Let T' be the theory of the model (51, B). T' will have

a countable model, and, by Proposition 3.2.10, T' will have a countably

homogeneous model (5(0 ,
B0 ) such that 53 0 -< 5I0 and 53 0 = 5( 0 . Both 5(0

and 53 o are countable homogeneous. Note that A 0 contains B0 as a proper

subset, since B is a proper subset of A. Note also that in both 53 0 and 5I0

the interpretation of the 1 -placed relation symbol U is given by the same

set W. Since 5(0 = 53 0 ,
the set W is carried one-to-one onto itself by the

isomorphism. We now construct an elementary chain of countable models

53^, £ ecoj, such that each 53, = 53 0 and the interpretation of U in 53, is

exactly the set W. Suppose the chain 53$, C < lh has been constructed. If

ij = £+1, then since 53, = 53 0 -< 5(0 , we let 53, + 1
be some elementary

extension of 53^ such that (53,,+ !,^,) = (5(0 ,
B0 ). This will ensure that

53,+ !
= 53 0 and W will remain fixed in 53,+ Suppose rj is a limit

ordinal, r] < co
{ ;

then we use Proposition 3.2.9(iv) to show that

U s,<,;

53, = 53 0 ;
and let 53^ be We have now completed our induc-

tion. Since A 0 properly includes B0 ,
each set ZL +1 properly includes

So the model (J,< (B| 53 I|
has cardinal a>

{
. Obviously, the interpretation of U

is W in this model. So T admits (w,

,

cu). H

The proof above gives an extra fact which we state as a corollary.

Corollary 3.2.13. Let T be a countable theory which has a pair of models

51 = <A, V, ...), 53 = (B, V, ...)

such that 53 is a proper elementary submodel of 51, but V is infinite and is

the same set in 53 as in 5L Then T admits (coj
,
co).

The analogue of the downward Lowenheim-Skolem-Tarski theorem for

two cardinals is the following statement, known as Chang’s conjecture:

Every model of type (a, /?), a> ^ p < a, has an elementary submodel

of type («! ,
(o).
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We shall see in Chapter 7 that this statement cannot be proved in ZFC,

and can be disproved if we assume the axiom of constructibility. The

next theorem lies between Theorem 3.2.12 and Chang’s conjecture. Its

proof depends on the omitting-types theorem.

Theorem 3.2.14. Let 51 = (A, V ...) be a model such that o) ^ \V\ < \A\.

Then there are two models 93 = <B ,
W ...) and (£ = <C, W ...) such that

$3 -< 9f, |£| = oj y 33 < ($ and |C| = o
l

.

(Note that the set W remains the same in 93 and C.)

Proof. By the downward Lowenheim-Skolem-Tarski theorem we may al-

ways assume that \A
\
=

|

F|
+

, so \

A\ is a regular infinite cardinal. Let ^ be any

well ordering of the set A of type \A\, and we may assume that the set V c A

under the well ordering ^ is an initial segment of type
|
V\. Let a lf ..., an e A.

We note that in the model (91, ^ ), if there are arbitrarily large a e A such

that for some b e V, 91 h ij/[baa
l

... an ]
holds, then there is a fixed be V

such that there are arbitrarily large a e A such that %Y\j/[baa
x

... an ].

This is because
\

A\ is regular. In other words, the following sentence holds

in (91, ^ )
(where \jj(xyv

x
... v„) is an arbitrary formula of T£)\

(1) (Vt?j ... vn)[(Vz3yx)(z ^ y a U(x)Atl/(xyv l
... vn ))

-+ (3xdz3y){z ^ y a U(x) Aip{xyv
l

... r„))].

We now prove the main step of the theorem:

(2) every countable model (93 0 , < 0 )
= ^ )

has a countable proper

elementary extension (93 l5 ^ x )
such that the interpretations of U

in 930 and in 93 x
are the same.

So let 93 0 = fV...) be a model such that (93 0 , ^ 0 ) - ^ )• Note

that ^ o need not be a well ordering relation on B0 . Let be the expansion

of oZ
7

by adding {^, c} and {cb : b e B0 }. Let T consist of the elementary

diagram of (93 0 , ^ 0 )
plus the collection of all sentences {cb < c : b e B0 ).

Let T(.v) be the set of formulas {£/(*)} u {x ^ cb : b e W). We now look

for a model of T which omits I. First, note that T is a consistent theory

in a countable language, because, given any finite subset of T, it is possible

to find an interpretation of c in the model (93 0 , ^o) which lies beyond all

elements b e B such that cb occurs in this finite set. We next verify that

T locally omits I.

Let 93* be the expanded model (93 0 , < >b)beBo . We first observe that a
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formula ij/(c) of is consistent with T if and only if ^(j^) is satisfied by

arbitrarily large elements of 33J, that is,

H?xly)(x Z yAilf(y)).

Suppose (3*)0 (jcc) is consistent with T. Then either

(3) (3x)(6(xc) ah U(x)) is consistent with T

or

(4) (3*)(0(jcc) a £/(*)) is consistent with T.

If (3) holds, then we have found a formula <r(x) in I such that 0(xc) a n cr(x)

is consistent with T. So let us assume that (4) holds. Then

33 o 1= (Vz 3yx)(z ^ y a U(x) a0(xj)).

Using the equivalence of (330 , ^ o) and
(

s^» ^ )
aad (1)> we see ^iat

33J N (3xVz3y)(z ^ y a U(x) a 0(xy)).

Then, for some b e W,

33q 1= (Vz3y)(z ^ y a U(cb) a 0(cb y)),

whence

95* f= (Vz 3y)(z < }-A (3x)(6(xy) ax = cb)).

This shows that (3x)(d(xc) a x = cb ) is consistent with T. But * =£ cb

belongs to I, so we have proved that T locally omits I.

By the omitting types theorem, T has a countable model TV omitting I.

The reduct of 33' to the language of (33 0 , ^ 0 )
is a model

such that there is an element b e B'0 \ B0 , and the interpretation of U in

both 33 0 and 33 o is the set W

.

So (2) is proved. We now construct an

aq-termed elementary chain of countable models (35,, ^,), £ < co 1? such

that each (33,, ^ = (3f, ^ ), B* +l \ B* # 0, and the interpretation of U
in each 33, is W

.

The model 33 = is a model of T with |Z?| = co
{

and
\

W\ = co. 3

Here is an example which shows that 33 cannot be an arbitrary countable

elementary submodel of 31 in Theorem 3.2.14; that is, it cannot be

strengthened to:

If 21 = </4, V, ...) is a model of type (a, /?), where co ^ p < a, then

every countable elementary submodel 33 = (B, W, ...) of 3( has an

elementary extension (S = <C, W, ...) of power co
{
with the same set IV.
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Let 51 = (A, V,
F,

,
F2 , £, F ) be constructed as follows: We first draw

a picture and then explain the details. Let Z be the set ol all integers, I a set

of power to, and J a set of power to
{ ,

which is disjoint lrom /. Let

A = (7xZ) u (JxZ).

E is the equivalence relation over A whose classes are

/x {/?}, Jx{n}, neZ.

Thus E has to countable classes and to uncountable classes. V
t

is the

equivalence class /x {0). Fix an element i0 e 1 and j0 eJ. ^ 2 is

F2 = ({i'o}xZ) u ({jo} x Z),

which contains exactly one element from each class ot E. 1 is the countable

set V = V
t
u V2 . Finally, F is the function given by

F((i, n» = </, n + 1 >, / e / u 7, n e Z.

F maps /I one-to-one onto /l, and is an automorphism of the model

<A,V2 ,E).

Let 53 be the submodel of 51 with universe B = 1 x Z. Then s
-b is countable.

Using the compactness theorem we can see that both 51 B and have

elementary extensions 5( B and 5^ B with c equivalence classes, and

5(B ^ 53 b . It follows that 53 < 5L

The set corresponding to V in 53 is

W = Vx u (V2 n B).
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Lf (£ = <c, W, ...> is an elementary extension of 33, then we must have

£ = 33, because for each ceC there is a b e V2 n B with cEb
,
and there is

an neZ such that in 33, F
n maps V

i
onto the equivalence class ofb. Therefore

33 has no proper elementary extension with the same set W.

We conclude with an application of Theorem 3.2.14 to omitting types.

Corollary 3.2.15. Let T be a theory in a countable language and I(x)

a set of formulas. Suppose T has a model 31 of type (a, /?), co ^ ft < a,

which omits X(x). Then T has a model of type (co, ,
co) which omits L(x).

Proof. Let T(jc) = {ct0 (jc), ^(x), ...}. We may assume that co is a subset

of V. Let R be the binary relation on A such that R(n

,

x) holds if and only it

n e co and 31 1= <7„[x]. Expand the model 31 to

31* = (31, R, co, 0, 1,2,...).

Then since 3( omits T(x),

(1) 31* 1= n (3xVw)(co(w) -» R(u, x)).

But for each n,

(2) 31* N (Vx)(/?(«, x) <-> <x„(x)).

Now let 33* < 31* and (£* > 33* with 33* countable, (£* of type (coj , co),

and U having the same interpretation in 33* as in (£*. Then in 33* and ©*,

co = {0, 1, 2
, ...}.

Moreover, (£* = 31*. It then follows from (1) and (2) that (£* omits

Z(x). Thus the reduct (£ of (£* to f£ is a model of T of type (a^
,
co) which

omits I(x). 3

Finally, we give an example to show that the following stronger form of

Corollary 3.2.15 is false.

If 31 is a countable model which omits T(x) and 31 has a proper ele-

mentary extension omitting T(x), then 3( has an uncountable elementary

extension omitting T(x).

Example 3.2.16. Let

31 = <4, V, F, a}aeV

where V is a countable set and F is a binary function mapping V x V
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one-to-one onto A V. We represent F by a ternary relation because it is

undefined outside V x V. Let $ be the extension

53 = <B, W, C, a)aey

of 51, where W = V u {60 }
has one extra element and G maps W x W

one-to-one onto B \ W. Then 53 is a proper elementary extension of 51

because they have isomorphic elementary extensions of power co
{

. Both

51 and 53 omit the set of formulas I(x) which says that x is outside U and

jc is the image of a pair of distinct elements which are not constants a e V.

Formally,

I(jc) = {-| (3y)(F(ya) = x) : a e V} u {n (3z)(F{az) = x) : a e V]

u {n i/(x)} u {(3y3z)(y # z a F(yz) = x)}.

However, any uncountable elementary extension of realizes I(x).

This example was suggested independently by Gregory, Mackenzie and

Morley.

Exercises

3.2.1. Prove that a theory T is preserved under extensions if and only if T

has a set of existential axioms.

3.2.2. Prove that a consistent theory T is preserved under both homo-

morphisms and submodels if and only if T has a set of axioms which are

both universal and positive.

3.2.3. Use the preservation theorems to prove that every theory which is

preserved under submodels is preserved under unions of chains.

3.2.4*. Let T0 be any theory. A theory T is said to be preserved under

submodels relative to T0 iff for any two models 51, 53 of T0 ,
if 5f N T and

s$ cz 5f, then 53 1= T. Prove that T is preserved under submodels relative

to T0 iff T u T0 has a set of axioms of the form T u T0 ,
where Fisa set of

universal sentences. Prove similar relativized preservation theorems for

unions of chains, homomorphisms and extensions.

3.2.5. Prove that every countably saturated model is countably homo-

geneous.

3.2.6. Prove that every countable atomic model is countably homogeneous.
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3.2.7. Show that if s
2( is countably homogeneous and every type r(x

{
... xn )

of Th(9f) is realized in 91 then 9f is countably saturated.

3.2.8. Prove Proposition 3.2.9 on homogeneous models.

3.2.9. Prove that every co-homogeneous model has a countably homogeneous

elementary submodel.

3.2.10. If 91 is countably homogeneous, 93 = 91, 93 is countable, and every

type r(xi ... jc„) realized in 93 is realized in 91, then 93 is elementarily

embedded in 91.

3.2.11. If T is not co-categorical, then T has at least two nonisomorphic
''

. I I ^ - !

countably homogeneous models.

3.2.12*. Let 91 = <cot, <, R { ,
R 2 , •••> be a model in a countable language.

Prove that 91 is the union of an elementary chain 9ta ,
a < co { ,

of countable

models such that each A x is an initial segment ol co
{ ,

i.e., a countable

ordinal.

3.2.13*. Let T be a theory in a countable language. Prove that if every

finite subset of T admits (a^ ,
co), then T admits (a^ ,

co).

3.2.14. Prove that every countable model of ZF has an uncountable

elementary end extension. Similarly for Peano arithmetic. (See pp. 82, 91).

3.2.15. Let T be the theory with axioms stating that:

^ is a linear ordering,

(Vxy) [y ^ - (3z)(t/(z) a F(x, z) = y)],

that is, F(x, z) maps U onto the set {>’ : y ^ x}. Prove that T admits (a, /?),

where co < p < a, if and only if either a = p or a = (3
+

.

3.2.16*. Suppose that JZ has at least the 1-placed relation symbols

Ul9 U2 , •••, Un ,
.... Let Tbe a theory of <£ with a model 91 = (A, V

l
V2 •••)

such that co ^ |

V„\ < \A\ for all n. Prove that T has a model 93 = <5, W i
W2 ...)

such that |Z?| = co
{
and

|

W„\ = co for all /?.

3.2.17*. Show that the corresponding generalization ot Theorem 3.2.14

to the situation described in Exercise 3.2.16 does not hold. That is, there is

no countable elementary submodel 93 of 9( having an elementary extension

of power co
l
such that the interpretation of each Un is the same in ST

and in ©.
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3.2.18*. Find a countable model 51 = (A, F...>, V a A, which has a

countable proper elementary extension 33 = < B ,
V ...) with the same V,

but the extension 33 has no such extension. Compare this with Example

3.2.16.

3.2.19*. Let (A, R ...) c= <£, 5 ...) and R , S be binary relations. <B , 5 ...)

is said to be an end extension of (A, R ...) ifl B ^ A and for all a e A,

be B\ A
,
we have aSb and not bSa. Prove that every countable model

<( A ,
R having an elementary end extension has an elementary end

extension of power . (Assume that Z7

is countable. 1 his is not the same

notion as for models q ZF or Peano arithmetic.)

3.3. Skolem functions and indiscernibles

In this section there is less emphasis on countable languages. We

shall combine the method of constructing models by Skolem functions

together with another important notion, namely, that of indiscernible

elements of a model. We shall first study Skolem functions. Next we prove

a combinatorial result known as Ramsey’s theorem. Then we apply it

to obtain models generated from indiscernible elements, and finally gi\e

several applications of this notion. We shall meet this particular type of

construction again later on in the book.

Given a language JZ
7

,
we expand FF to a new language oZ

7* by adding new

function symbols. Let F be a mapping from the set of all formulas of the

form i\t = (3x)(p of FF to a list of new function symbols . We assume that

F is one-to-one and that if i// has exactly/? free variables, then is an //-placed

(Skolem) function symbol. We call the expansion FF u {/> : = (3x)tp

a formula of FF) a Skolem expansion of FF, and we denote it by

Evidently \\FF*\\ = \\&\\. The Skolem theory of the language & in

the language JZ
7 * has the following sentences of -Z

7 * as axioms:

Let \j/ = (3x)cp be any formula of FF and suppose that ij/ has exactly the

free variables x l9 ...,xn . Let y l9 ...,yH be variables not occurring in ij/.

Then the sentence

(Vti -.-tJOKti -Ti.)- -yn)yi -t„))

is an axiom of 1%. (Note that (p(F^(y
l ... yn ))'\ •••>’«) i s obtained from

(p(xx
l

... xn )
by replacing all free occurrences of x in (p by the term

F
tjJ (y l

... y„), and all free occurrences of x
t
by
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Let 91 be a model for EE. An expansion 91* of 91 to the language EE* is a

Skolem expansion of 91 iff 91* 1= If T is a theory in EE, then the Skolem

expansion of T, denoted by T*, is the theory T* with the set of axioms

ful^.

Proposition 3.3.1.

(i) . Every model 9( for EE has a Skolem expansion 91*.

(ii) . If T is a consistent theory in EE, then its Skolem expansion T* is a

consistent theory in EE*.

(iii) . Let 91, 93 be models for EE, let 93* be a Skolem expansion o/93, and

let 91* be an expansion o/9( to EE* . If%* a 93*, then 91 -<93.

Proof, (i). Let 91 be a model for EE. Let if/ = (3x)(p and suppose that ij/

has exactly the free variables x
{ , ..., xn . We shall define the interpretation

G of in 91 as follows. First well-order A. For any elements a
{ , ..., an e A,

if 9i\= ij/[a
l

... an \ , then let G
lJ
,(a

1
... an )

be the first element a of A

such that 91 N (p[aa
{

... a„];

and

if not 91

1

= i//[a
1

... a„], then let G
)j/
(a

l
... an ) be arbitrary.

It is a simple matter to check that the expansion 91* = (91, {G

#

:
tji = (3x)(p

a formula of EE}) is a Skolem expansion of 91.

The proof of (ii) follows immediately from (i), and the proof of (iii)

follows from Proposition 3.1.2. H

Let 91* be a Skolem expansion of 91, and let A c A. The Skolem hull of

X in 91* is the smallest set Y such that X a Y cz A, Y contains all the

constants in 91, and Y is closed under all functions in 91*. We let H(X)
denote the Skolem hull of X, and §(A) the corresponding submodel of 91

determined by the set H(X).

Proposition 3.3.2. Let 91* be a Skolem expansion of 91, and let X c A.

Then the Skolem hull §(A) is an elementary submodel of 9L Furthermore,

\H(X)\ ^ \X\ u \\EE\\.

Proof. If we let §(X)* denote the model determined by H(X) in the

model 91*, then it is evident that £)(3f)* c 51*- Since §(2f)* is an expansion

of §(^Q to EE*, the result follows from Proposition 3. 1.1 (iii). H
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A theory T in has built-in Skolem functions iff for every formula

ij/ = (
3x)cp with exactly the variables x

{ , ...,*„ free, there is an /7-placed

term t

^

of ff such that

TV {fly j ...jOW'O'i ••• y„)-> ••• jOTi ••• Y*))-

(The variables do not occur in if or in 4 ,
and «HYi ... y„),

••• yn)y 1
••• y„) are the obvious formulas obtained from ij/(x

i
... .v„)

and <p(xx, ... *,,).)

Proposition 3.3.3. If a theory T has built-in Skolem functions ,
then 7 is

model complete
,

i.e., whenever 91, $ are two models of T and 9f a 93, then

ft <93.

Proof. Since 91 is a submodel of 93, 9t is closed under all terms 4 of df

.

Thus the result follows from Proposition 3.1.2. H

Proposition 3.3.4. Let T be a theory in . Then there are an expansion

of and an extension T of T (T a theory in Jf) such that T has built-in

Skolem functions. Furthermore ,
every model of T has an expansion which

is a model of T.

Proof. Starting from the language we define an increasing

sequence of expansions by letting J^n+

1

Notethat for each n,

the Skolem theory Scfn is a set of sentences ot Yy

„ +1 . Let Yy = J „ and

let T have the set of axioms T u [j nI^n
. Because every formula ot <Y

y

involves at most a finite number of symbols, we see that T has built-in

Skolem functions. An induction based on Proposition 3.3.1 will prove that

every model of Thas an expansion which is a model of T. H

In order to simplify the argument for Ramsey’s theorem, we shall first

give a small glimpse into Section 4.1 by introducing the notion of an

ultrafilter on a countable set. This notion is not strictly necessary for the

argument, but it will make the ideas much clearer. 1 he student may, it he

wishes, go on ahead and read about filters and ultrafilters in Section 4.1,

however, the next few paragraphs are sufficient for an understanding ot

the material in this section alone.

Let / be a nonempty set. A collection D of subsets of / is called an

ultrafilter over 1 iff for all X, Y cz /:
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(a)

(b)

(c)

X e D and X <= Y implies Y e D;

X, Y e D implies X n Y eD;

X e D if and only if / \ X $ D.

D is called a nonprincipal ultrafilter iff, in addition to (a)-(c):

(d) For all / 6 /, {/} D.

From (a)-(d), we can draw the following immediate simple properties of

nonprincipal ultrafilters D over /. From (a)-(c), it follows that D # 0,

and Ie D and 0$D. From (b), it follows that / must be infinite, for if

/ = {/, /„}, then by (d) and (c) we have

If we now use (b) a finite number of times, we see that 0 e D, which is a

contradiction.

A collection E of subsets of / has the finite intersection property iff no

finite intersection of elements of E is empty. Clearly, an ultrafilter D over /

has the finite intersection property. The following proposition characterizes

those families with the finite intersection property which are ultrafilters

over /.

Proposition 3.3.5. Let I be a nonempty set. Then thefollowing are equivalent :

(i). D is an ultrafilter over /.

(ii) . D has the finite intersection property
,
and is maximal with respect

to this property
,

i.e. if E is any collection of subsets of / having the finite

intersection property ,
then D is not a proper subset of E.

(iii) . D is nonempty
, 0 £ D, D satisfies (i) and (ii) above, and whenever

Xu Y e D, then either X e D or Y e D.

Proof, (i) => (ii). If D is a proper subset of E, then some X c= / will be

such that X e E and X $ D. It follows that I \ X e D, so I \ X e E, and

(/\ X) n X = 0. This is a contradiction of the fact that E has the finite

intersection property.

(ii) => (iii). Clearly 0$ D. Also D # 0, for the set {/} has the finite

intersection property. Let

E evidently includes D and has the finite intersection property. So D = E,

whence D satisfies (a). Similarly, if we let

7\ {if e D for 1 ^ j < n.

E = {Y c /: for some X e D, X c= Y}.
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£ = {Z c /: for some X, Y e D, Z = X n Y },

then again D = E. So D satisfies (b).

Finally, suppose that X u Y e D. We claim that one of the two sets

D u {X}, Du {Y} has the finite intersection property. This will show that

either Xe D or Ye D. Suppose, on the contrary, that there are X', Y' e D

such that X' r\ X = 0 and Y' n Y = 0. Then

o = (rnZ)u(rn Y
) = (X' u Y')n(X’u Y

)
n {X u Y’)n(X u T).

Each of the terms on the right belongs to D
,
and hence their intersection

( = 0) belongs to D , which is a contradiction.

(iii) => (i). Since / e D, one and exactly one of X, / A" belongs to D.

So (c) holds. -\

Proposition 3.3.6. There is a nonprincipal ultrafilter over any infinite set 1.

Proof. We shall use Proposition 3.3.5 (ii). Let

E = {/\ X : X is a finite subset of / }.

Then because / is infinite, E has the finite intersection property. Given any

chain of families of subsets of /, Ej,jeJ, such that E a Ej and each Ej

has the finite intersection property, we see that (JjejEj is again a family

of subsets of / with the finite intersection property. Therefore, by Zorn’s

Lemma, there is a maximal extension D of E. By Proposition 3.3.5 (ii),

D is already an ultrafilter over /. Since E c D, no finite subset of / can

belong to D, so D is nonprincipal. H

Given a set X, we let [X]n denote the set of all subsets of X with exactly n

elements. SjX) denotes the set of all finite subsets of X. Clearly

5w(A
r

)
= (J ne<u [Xf. Suppose that X is simply ordered (strictly) by the

relation <. Then there is a one-to-one correspondence between elements

of [AT and strictly increasing /7-termed sequences x
{ < ... < from X.

Theorem 3.3.7 (Ramsey’s Theorem). Let l be an infinite set and let n e oj.

Suppose that [
/]" = A 0 u A

t
. Then there is an infinite subset J a I such that

either [.
/]" c: A 0 or [J]

n
c
- A

t
.

Proof. We first assume that / is countably infinite, because any countably
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infinite subset of / will satisfy the hypothesis. Let the members of / be

arranged in an increasing sequence, ordered by <,

^ Q ^ l
J
^ ^ l

yd ^ • • • •

We may assume that n > 1. Let D be any nonprincipal ultrafilter over /.

Note that for all m, {iel: im < /} e D. For each r < n, we shall define

two subsets A n

0

~
r and A"~ r of [I]

n ~ r by induction on r as follows:

A o = A 0 and A\ = A
1

.

Suppose that A£~ r
and A\~ r

have been defined so that [I]
n ~r a A n

0

~ r u A"~ r
.

We let

= {y 1 < ••• < yn -r -

1

:
{i e/ : yn - r -i < 1 and

{y { ... yn - r -! i} e A n

0

~ r

} eD} y

A n ~ r ~ l = {y l < ... < yn _ r _ l :
{ i e I : yn - r - l < i and

{.Vi ••• yn -r -

1

i}eAn ~ r

}
eD}.

Using the properties of D, we see that

ur r ~ l
c= dr^dr 1

.

Proceeding in this way, we finally have / c= A o u Aj . The argument now
splits into two symmetrical cases depending on whether A l

0 e D or A
\
e D.

Assume that A l

0 g D. Let us define an infinite sequence

Jo ^ J 1
*•* ^Jm ^ •••

of elements of / by induction as follows. Let j0 eA
l

0 . Suppose that

Jo < • •• < jm have been defined such that

(1) for all r, 1 ^ r ^ n, and all y 1 < ... < >-
r from {y0 ...ym }, the set

{Ti ...

We define ym + 1
as follows. By (1), given jq < ... < yr from {j0 ... jm },

with r < n, the set

= \i £ I ' yr < i and [y 1 . .
. yr /} g A r

0
+ 1

} g D.

Since there are at most a finite number of increasing sequences of length at

most n- 1 from the set {j0 ...y'„,}, the number of sets X
yi >v

is finite, and
so their intersection Y belongs to D. Since D is nonprincipal, we may pick an
element jm+l g Y such that jm <jm+l . Now it is clear that (1) will hold
with m replaced by m+ 1. Proceeding in this way we see that the infinite set
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J — [Jo • •
• j

m

•• • }
can be constructed. Now it is clear that any y l < ... < yn

from J will be such that {y 1 ... y„ } e A" = A 0 , so [7]" <= A 0 .

The other case when A
\
e D will give [J ]" c= A

, . H

Let ?f be a model for
, and let X a A be a subset of A which carries

a relation < that strictly simply orders X. Note that < may or may not be

a relation in 9L We say that X is a set o [ elements indiscernible in 5f (with

respect to <)ifT for all n and all finite sequences jc, < ... < xn and

Ti < ••• < yn from X, (51, x x
... xn ) = (%y t ... yn ).

If the relation < is understood, then we shall not mention it explicitly.

We also refer to X simply as a set ofindiscernibles in 5L We see that the term

indiscernible means that the sequences x
{
< ... < xn and < ... < yn

cannot be distinguished by any first-order formula (p(v
1

... vn) of df

.

By an

ordermorphic embedding we shall mean an isomorphic embedding of one
simply ordered structure into another. An ordermorphism of <) is an

automorphism of <). This notation will help emphasize the distinction

between an isomorphism ol models for and an ordermorphism of sets of

indiscernibles in the models.

Here is a sufficient condition which can be used to obtain examples of

sets of indiscernibles:

Proposition 3.3.8. Let <A", <) be a linearly ordered subset of a model 5L

Suppose thatfor any two increasing n-tuples x
{ < ... < xn and y\ < ... < yn

from X, there is an automorphismfof^i onto 51 such thatf(x
x ) = y 1 , , /( )

= yn . Then X is a set of indiscernibles in 5(.

Proof. We have

Therefore

/: (31, at, ... x„) s (91, y\

(31 . *1 ••• Xn) = )•„),

whence A is a set of indiscernibles. H

It follows, for example, that in any algebraically closed field of character-

istic zero, if X is a set of algebraically independent elements, then for any

linear ordering < of A', A" is a set of indiscernibles. Other examples are

given in Exercise 3.3.13.

Lemma 3.3.9. Let TT?' = u {cn : n e co }, where the cn are new constants.
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Let T be a theory in with infinite models. Then the following set T' of

sentences of is consistent :

T' = T u {(p(c it
... Cj

)
<-» (p(c

jx
... c

jn )
: (p(y l

... vn ) is a formula of

n g co, and i
l < ... < /„ , y j < ... < jn)

u {n c, S c 2 }.

Proof. Let 3( be any infinite model of T, and let / be a countable infinite

subset of A. Suppose that < well orders /, so that

/'o
c

/'i

is a list of all the elements of /. We claim that:

(1) given any finite subset A of T'

,

there is an infinite subset JA of /,

the elements of JA being

jo <j i
< ••• < jn < •••>

such that the expansion (3I,y„)net0 satisfies A.

This is proved by induction on the number of sentences in A. So suppose

(1) holds for some finite subset A c T' and let (p{v
Y

... vm ) be a formula

of Sf. We now divide [JA Y into two pieces: Let

= {^i < ••• < xm : x
i
e JA and 5f h (p\x

l
... xm]}

and
fA

i = {Xj < ... < x,M : x
t
e JA and vl h n ... x

WI]}.

Clearly [JA f
l

c= A 0 uA 1
. By Theorem 3.3.7, there is an infinite subset

K cz JA with the elements of K listed as

k0 < k
x < ... < kn < ...

such that either [K]m c: y4 0 or [AT

]

m
cz /l

t
. ft is easy to verify that in either

case the expansion (2f, kn )ne(0 satisfies

'?(<'*, ••• c,„)++<p(c
tl ... c,J,

with s
{ < ... < sm and t

x < ... < tm . In addition, of course (31, kn)neaj

still satisfies all sentences of A. So this proves that (1) holds whenever A is

increased by the addition of one sentence, and the induction is complete.

The consistency of T' follows immediately from (1). H

Theorem 3.3.10. Let T be a theory in with infinite models, and let (X, < )

be any simply ordered set. Then there is a model 31 of T with X cz A and

such that X is a set of indiscernibles in 3L
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Proof. Let f£' = Lf u {cx : x e X}, and let

T' = T u {(p{cXl ... cxJ <-> cp(c
yi

... c
yJ : (p(v

l
... vn )

a formula of j£\ // 6 oj,

and < ... < xn , y t
< ... < yn from X]

v {n cXi = cX2 :x
]
* x 2 in X).

Since every finite subset of X can be ordermorphically embedded in <w, < >,

we see that by Lemma 3.3.9, V is a consistent set of sentences of .

Let 51' be any model of V
,
and let & be the reduct of 91' to &

.

Then 91 is a

model of T. We may, without loss of generality, identify the interpretations

of cx , x e X, in 91 with the elements x: themselves. Now, by the form of T\
we see that given (p(v

x
... vn )

of L? and jc, < ... < xn and y l < ... < yn

of X, we have

h cp[xj ... a'm ]
if and only if h (p[y {

...

So (91, x {
... xn )

=
(9(,7! ... yn ) and X is a set of indiscernibles in 91. 3

The fact that Thas models with indiscernibles of any order type is already

quite remarkable. We see below that if T also has built-in Skolem functions,

then this construction gives us models with even more interesting properties.

In the paragraph below, let us assume that Thas built-in Skolem functions.

We make the following simple observations about the models of T:

We first note by Proposition 3.3.4 that every theory can be extended to a

theory with built-in Skolem functions. If 9( is a model of T, then the Skolem

expansion 9(* of 9( can be obtained from 91 by simply adding some functions

which are already definable in 9f, i.e., functions which are interpretations

of terms of in 91. Thus there is no essential difference between 91* and 91,

and in all future discussions we shall consider them as practically the same

model. Indeed, 91* and 9( are exactly the same model if the Skolem functions

of 91 are interpreted by function symbols of Sf
^ as we know could be done.

Recall also that if X a A, then the Skolem hull generated by X is the model

>0(X) = <7/(3f), ...), where H(X) is the closure of X under all terms of 91.

Also, .S3(A") -< 91. We say that a model 91 is generated from a set of indis-

cernibles iff for some set X <= A of indiscernibles in 91, 91 = .sb(A).

The following theorem contains most of the basic and important proper-

ties of models generated from indiscernibles.

Theorem 3.3.1 1. Let X be a set of indiscernibles in a model 91 of a theory T
with built-in Skolem functions. Then :
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(a) (Subset Theorem). IfYczX, then Y is a set of indiscernib/es in -£(T)

with respect to the order inheritedfrom X, and $(Y) < §/T).

(b) (Stretching Theorem). Suppose that X and Y are infinite simply

ordered sets. Then there exists a model 53, in which Y is a set of indiscernibles

and the sets offormulas satisfied by increasing sequences of elements from

X in 51 andfrom Y in 53 are the same.

(c) (Automorphism Theorem). Let f be any ordermorphism of X onto X.

Then f can be extended uniquely to an automorphism of Iq(X) onto &(X).

(d) (Elementary Embedding Theorem). Let Y be a set of indiscernibles

in 53 and such that the sets, offormulas of satisfied by increasing sequences

of elements from X and Y are the same. Let f be a one-to-one ordermorphic

embedding of X into Y\ then f can be extended uniquely to an elementary

embedding f of$(X) into §(T). The range off is //(range of/).

(e) (Realizing and Omitting-Types Theorem). Let Y, 53 satisfy the first

sentence of (d). Suppose also that X and Y are infinite. Then given any type

...vn ) of §(X) realizes I if and only if £)(T) realizes I.

Proof, (a). We first note that §(T) is an elementary submodel of .§(A
r

).

It is quite clear that increasing sequences from Y satisfy the same formulas

satisfied by increasing sequences from X. So (a) is proved.

(b) . Let I be the set of all formulas (p(vi ... vn )
of satisfied by increasing

sequences x, < ... < xn from X. In an extension {c
y
:yeY}

of let l' be the set of all sentences (p(c
yi

... c
yJ, where (pel and

y l < ... < yn in Y. Then because X is infinite, the set I' is consistent. From

this we can find the model 53 with the set of indiscernibles Y.

(c) follows from (d), so we prove (d) next.

(d) . Every element y e H(X) is generated from some term t(v
t

... vn )

and some elements ..., xn of X. We can assume that the term t and the

elements x,- from X can be chosen so that t has exactly the variables v
{ , ..., v„

free, x
{ < x 2 < ... < xn ,

and 7 = /(*! ... xn). (Strictly speaking, we should

use t[x
{

... jc„] for the value of the term t on x„. We shall dispense

with the square brackets and pretend that t is a function.) We shall refer

to this as a standard representation of y in §(^0 -

Let y = /(*! ... xn )
be a standard representation of y. We define

f(y) = '(/(* 1 ) •••/(**))•

We first show that / is well-defined. Suppose t
,

(z
l

... zm )
is another standard

representation of y. Then in §(^) we have t(x
{

... xn )
= t'(z

l
... zm ). Let

u
x
< ... < u

i
be a listing of the set {x

{
... xn z l

... zm )
in increasing order.
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Then we may express the equality t(x
x

... xn ) = t'(z
1

... zm )
by a formula

<

p

in terms of w, ... u
t ,

so $(X) 1= (p [u
x ... u

t ].
By hypothesis, $(Y) N

</>[/(«i) •••/("/)]• From this follows that t(f(x x ) •••/(*„)) = f'C/fo)-- •/(*«))

in £)( K).

Let (p(v
,

... n,) be any formula of 2^, and let y ,, be such that

£>00 1= </>[>>! ... jJ. Let us take standard representations of y 1 ,
given

by, say, together with a finite sequence of generators Xj < ... < a„

from X. We assume that each t
x
when applied to an appropriate subsequence

of x
x
< ... < xn gives y t

. We can now find a formula ^ containing the

terms t
x , ..., and the variables v

x , ..., vn such that

§00 h (p[y x ... yt ]
if and only if §(X))r \j/[x

x ... xn ].

Again, we have §(T) N »A [/(^i )
••• f(xH )]. Whence by examining the form

of ip, we see that §(T) N ^[/(Ti) •••/(>'/)]• So / is an isomorphism.

1 f z g 7/(range of/), then there is a standard representation z = t(y
x

... y,„)

with 7 l5 ... ,ym in the range of /. Let x
x < ... < xm be in X such that

f(x i) = JV Then / maps the element /(*! ... xm )
in H(X) onto z. So / is

onto //(range of/) and the result (d) follows from (a). We leave it to the

reader to verify that / is unique.

(e). Let X, Y, §00> §(T) satisfy the hypothesis of (e). Suppose that

Zj
, ..., zn in H(X) realizes I in §(3f ). Let z

x , ..., z„ have standard representa-

tions in §00 and let us assume that in these representations at most the

generators x
x
< ... < xm from X are involved. Let / be any order-preserving

map of x
x < ... < xm onto^, < ... < ym in Y. Then, by (d), §({*! ... *„,}) =

•&({Ti by the mapping /. So the //-tuple of elements j{z
l ),...,f(zn )

of §({Ti ••• Tm}) realizes I. Since §({.yi ... Tm}) < §(T), we see that

/(zj ),..., /(z„) realizes T also in §(T). The other direction is proved

analogously. H

Some applications of this construction are given below and in the exercises.

Corollary 3.3.12. Let be a countable language and let T be a theory

in & with infinite models. Then there is a countable collection A of types of

TY? such that T has arbitrarily large models which realize only those types in A.

Proof. We first expand to 2*? and extend T to a theory T in 2/f with

built-in Skolem functions. T still has infinite models. Let X be a set of

indiscernibles in §00> where £>(30 is a model of T and the ordering < on

X is of type co. Then since is still countable, £300 is again countable.
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50 ^(JL) realizes at most a countable number of types (of If Y is an

infinite set of indiscernibles in &(T) such that increasing sequences from Y

satisfy the same formulas as increasing sequences from X, then ft(T)

realizes at most those types (of ~S) realized in ft(X). The reducts of ^(X)

and £>(T) to are both models of T and realize exactly the same types

(of &). H

Corollary 3.3.13. Every infinite model has elementary extensions with

arbitrarily large groups of automorphisms.

Proof. Let 51 be an infinite model for JSf, and let 51* be an expansion of

51 whose theory has built-in Skolem functions. Let T be the elementary

diagram of 5(* in the language u {ca : a e A}. T is a theory with built-in

Skolem functions, and T has an infinite model (51*, a)aeA . Let X be a set of

indiscernibles in ,Sb(JL), which is a model of T. Then the reduct of m(3T) to the

language «£? is an elementary extension of 51 with at least as many auto-

morphisms as there are ordermorphisms on X. (See Exercise 3.3.7.) H

Corollary 3.3.14. Let be a countable language and let T be a theory

in with infinite models. Then for every infinite cardinal a, T has a model 51

of power a such that for every subset B <z A the expanded model (51, b)beB

realizes at most |Z?| u co types in the expanded language u {cb : b e B }.

Proof. Extend T to a theory T which has built-in Skolem functions in an

expanded language JS?. Let <X, <) be a well ordered set of order type a,

and let 51 = &{X) be a model of T in which X is a set of indiscernibles.

Then 51 has power a, because f£ is still countable. Let B c= A. Choose a

standard representation for each b e B, and let Y be the set of all y e X
which appear in one of these standard representations. Then

\

Y\ < |Z?| u co.

Let us call two sequences x
l < ... < xn , y { < ... < yn equivalent over Y

iff for all k ^ n and all z e Y, we have xk # z, yk # z, and

xk < z iff yk < z.

Form the expanded language = if u {cz \zeY}. Whenever x
Y < ... < xn

and y i < ... < yn are equivalent over Y, they satisfy the same formulas

in the expanded model (5l,z)2eY . It follows that for any term t{y
x

... i>„)

of jSf”, the two elements /(jtj ... xn ) and t(y
l

realize the same type

in the model (51, z)zeY ,
whence also in the model (51,b)beB . Let 51 be the

reduct of 51 to Then, whenever x^ < ... < xn and y { < ... < yn are
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equivalent over Y
, the elements t(x

x
... xn )

and t(y
x

... yn) realize the same
type in the model (9(, b)beB . However, there are at most

|

K| uto non-
equivalent //-tuples over K, because if we write

x' = least ze Y such that a: < z,

or

x' = oo if Y < x,

then we see that x, < ... < xn and y x < ... < yn are equivalent over Y
ilf x'j =yi, ..., x' = y'

n . Moreover, every element of A is equal to some
term t(x

x ... xj in the model (9f, z)zey , with x, $ Y, ..., x„ $ Y. Also there

are at most |K| u oj terms in the language of that model. It follows
that the model (51, b)heb realizes at most

|

Y\ u oj ^ \B\ u oj types. -\

Exercises

3.3.1. Prove that if a theory 7 has built-in Skolem functions and 91 is a
model of T, then the elementary diagram Th^) also has built-in Skolem
functions.

3.3.2 (Skolem Normal Form Theorem). For every formula <y of If there

is a universal formula of such that 1- i// -> q> and 1- q> ip.

3.3.3. Fet 9f = <(a>, ^ ). Show that 91 has two Skolem expansions which
are not elementarily equivalent in .=£?*. Thus the Skolem expansion of the

complete theory Th(9l) is no longer complete.

3.3.4. Show that if / is infinite and [/]" c= A 0 u ... u A„ then there is an
infinite J c= 7 and a k, 0 ^ k ^ r, such that [J]

n
c= A k .

3.3.5. Show that if [/]” <= A 0 uA x
and D is a nonprincipal ultrafilter

over 7, then we cannot necessarily draw the conclusion that there is a

Je D such that [J]
n

<= A 0 or [J]
n a A

x . (n > F)

3.3.6. Show that il 7x7 cz A 0 u A
x , then there may be no infinite 3c/

such that JxJcz A 0 or JxJ a A
x

.

3.3.7. Fet X be a. set of indiscernibles in §(2f). Show that there is an iso-

morphic embedding of the group of ordermorphisms of {X, <) into the

group of automorphisms of .S^(A'). Furthermore, if the ordering < on A" is

itself definable in Y>(A), then this isomorphic embedding is onto. (Assume
that Sy(X) is a model for a theory with built-in Skolem functions.)

3.3.8. Generalize Corollary 3.3.12 to noncountable languages.
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3.3.9*. Every infinite model 21 has a proper elementary extension 23 0 which

has a descending chain of isomorphic elementary submodels

23 0 > 23 1 >

such that 21 = HnecA-

3.3.10. Two elements x, y are said to have the same automorphism type

in a model 21 iff there exists an automorphism/ of 21 such that /(x) = y.

If x, y have the same automorphism type in 21, then they realize the same

types in the language of 21. Show that if Sf is countable and a theory T in

<£ has infinite models, then T has models 21 of every infinite power such

that 21 has at most co automorphism types.

3.3.11*. In the above exercise, show that, for every infinite cardinal a, T

has a model 21 of power a such that for every B cl A, the model (21, b)beB

has at most
|

B\ u co automorphism types.

3.3.12. Show that if (X, <> is indiscernible in 21 and 23 is an elementary

submodel of 21 which contains X, then <U, <> is indiscernible in 23.

3.3.13. Use Proposition 3.3.8 and Exercise 3.3.12 to show that for each of

the following examples, X is a set of indiscernibles in the model 21:

(i) . 21 is a pure transcendental extension of a field 23, and X is a set of

algebraically independent elements over 23.

(ii) . 21 is an algebraically closed field and X is a set of algebraically

independent elements over the prime field.

(iii) . 21 is a free group and X is its set of free generators.

(iv) . 21 is the ring of polynomials over a ring 23 in the set of variables X.

(v) . 21 is the ordered set of rationals and <> = 21.

(vi) . 21 is a Boolean algebra and X is the set of all atoms of 21.

(vii) . 21 = (A, Ey, where E is an equivalence relation and X is one ol

the equivalence classes.

(viii). 21 is as above, X is a set of nonequivalent elements, and if x, y e X,

then their equivalence classes are of the same power.

3.3.14*. Let 21 = (A, < ...> be an infinite model for a countable language

in which < is a well ordering of A. Show that for every regular cardinal cc > co,

there is a model 23 = 21 such that 23 has an increasing sequence of length a

but no decreasing sequences of length a with respect to <.

[Hint: Use a set of indiscernibles of order type a.]

3.3.15**. Let 21 = (A, < ...) be an infinite model for a countable language
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in which < is a simple ordering of A. Show that for every infinite successor
cardinal y.

, there is a model 93 = 91 of power a
4
which has no increasing

sequences or decreasing sequences of length a
+

.

[Hint: Use a set of indiscernibles whose order type has the desired

property.]

3.3.16*. Show that every model 9f has a proper elementary extension $8

such that there is an elementary embedding/ of 93 into 93 with

A = PUto/W = {be B
: f(b) = b).

3.3.17*. Give examples of countable decreasing elementary chains 9f 0 > 9/
> 9( 2 > ... such that:

(0- f]n A n is empty.

(ii). 91 = P),,9(„ is not empty, but 91 is not an elementary submodel of
any 9I„.

3.3.18*. Give an example, for each //, of a model 91 and an infinite ordered

set <(X, <) such that X c A, any two increasing //-tuples of X realize the

same types in 9f, but there exist two increasing (n+ l)-tuples in X realizing

different types in 91.

3.3.19*. Let 91 be a model tor y1

. 6(9f) shall denote the group of auto-

morphisms of 91. Let I be any consistent set of sentences of and let

K(I) be the class of all groups H which are isomorphic to a subgroup of

G(91) for some model 9f of I. Prove that K(X) is the class of all models of

a set 0 ol universal sentences in the language of group theory. Further-

more, show that if I is recursive, then 0 may be picked to be recursive.

3.3.20*. Let K be the intersection of all the classes A/I), where I has at

least one infinite model (for notation see Exercise 3.3.19). Prove that

K = K(I0 ) when I0 is the theory of simple order.

3.4. Some examples

During the last two chapters we have mentioned a large number of

examples and made several assertions without giving proofs. In this section

we shall re-examine five of these examples in some detail, in the light of the

theorems we have proved. Most of the other examples can be analyzed by

methods similar to these five. One exception is the theory of real closed

fields, which we shall return to in Chapter 5.
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Example 3.4. 1 . The theory of dense linear order without endpoints. Two
classical models of this theory are the ordering of the reals and the ordering

of the rationals. All models of T are infinite.

To prove that T is ocategorical, we use a back and forth argument of

Cantor. Let (A, and <B , ^ ) be two countable dense linear orderings

without endpoints. A mapping / from a finite subset A 0 c A onto a finite

subset B0 a B is said to be a partial isomorphism iff / is one-one and

whenever a0 ^ a
v
in A 0 ,f(a0 ) < f(a i). It is easy to see that for any partial

isomorphism / and any elements a e A and b e B, there is a partial iso-

morphism g => /, and ae domain (g) and derange
(g ). We can then

construct a union of partial isomorphisms which is an isomorphism of

(A, ^ > onto <B , ^ >.

Since T is co-categorical, its countable model is both countably saturated

and atomic. Also, T is complete. T is obviously preserved under unions of

chains. It follows that T is model complete. T is not preserved under sub-

models: For example, the model <co, ^ ) is a submodel of a model of T
but is not dense. T is also not preserved under homomorphisms, because

the one-element model is a homomorphic image of any model but is not

a model of T.

Cantor’s back and forth argument shows the following: if 91 = (A,

is the countable model of T and x
x < ... < xn , y x < ... < yn in A, then

51 has an automorphism / with f(xf) = y { , = yn . It follows that

(A, itself is a set of indiscernibles in 9L Moreover, every increasing

//-tuple satisfies the same type T(x
1

... xn )
in 91. Since 91 is co-saturated,

every type of T is realized in 91. Therefore in any other model 93 of T (possibly

uncountable), every increasing /7-tuple also realizes T(x
{

... jc„). This shows

that in any model 93 = <5, of T, <5, ^ ) itself is a set of indis-

cernibles.

The theory T has 2* nonisomorphic models in any uncountable power

a. We can build up 2
a
such models as follows. Let co* +co

x
be the ordering

consisting of a copy of co
l
with the reverse order followed by a copy of cu

l

with the natural order, that is,

3'2T0'0123 C < w,

.

Let //(a^ + co,) be the ordering formed by replacing each point in the

ordering + by a copy of the rationals. Let //(co* + 0^ + 1 )
be the

ordering formed by adding one more copy of the rationals to the end of

7 +o/j). Now for each subset *S <= a, form the ordering 9(s from <«,

by replacing each pe S by a copy of 7/(w* + co,) and each p e a \ S by
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a copy of + w, + 1). If a is an uncountable cardinal, then the models

5(s , S c= a, are 2* nonisomorphic models of T of power a.

Example 3.4.2. The theory of countably many independent unary relations.

This theory is in a language with countably many unary relation symbols

P0 (x), Pi{x), P 2 (x), ... and the axioms

(3x)(Pi,(x) A ... A P,Jx) A-l Pj,(x)A ... AH Pjjx))

where t\ , ..., im9 jlf are all distinct.

Let us first show that T is complete. All models of T are infinite. Let 51

be any countable model of T. Using the compactness theorem, we can

readily show that 5f has an elementary extension 53 of power 2" such that

for each set S a oj there are 2
(,}

elements b e B, with

53 N P„(b) if n e S,

53 h 1 Pn (b) if n $ S.

However, up to isomorphism there is only one such model 53. Thus any two

countable models of T have isomorphic elementary extensions and hence

are elementarily equivalent. We conclude that T is complete.

Let 51 be a model of T, let n < a>, and consider two elements a ,
b of A.

Suppose a and b satisfy exactly the same atomic formulas among

P0 (x), ..., Pn(x). Then the mapping which interchanges a and b is an

automorphism of the reduct of 51 to the sublanguage {P0 ->
Pn )’ ^ follows

that for any formula cp{x) in which at most the symbols P0 , ..., Pn occur,

We ^iaVe
51 1= cp[a] if and only if 51 N q>[b].

Using the above, we see that every consistent formula <p(x) is incomput-

able in r, because if all the symbols occurring in </>(*) are among P0 , ..., Pn ,

then any model 5( has elements a, b with

51 N <p[a]APn+l (a), 51 h cp[b] ah Pm+l (b).

Hence (p(x )
does not imply either or n with respect to T.

Therefore T is not an atomic theory, and T has no atomic models. Con-

sequently T has no countably saturated models.

Another consequence of the above discussion is that every formula cp(x)

is equivalent with respect to T to a finite disjunction of conjunctions ot

formulas P^x) and n P
;

-(jc). We can readily extend this result to formulas

cp(x
{

... Jt„) if we also allow equations and inequalities. Ln this way we can

show that T is model complete.
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Two elements a
,
b realize the same type if and only if they satisfy exactly

the same relations Pn(x). So T has 2W types T(x). Given any subset X c co,

let JF(9I) be the set of all elements b in a model 91 such that

9i N Pn(b) if n e X,

91 t= ~\ Pn(b) if neto\X.

Then for any linear ordering ^ of whatsoever, 2^(91) is a set of

indiscernibles in 91.

A model 91 for fP is determined up to isomorphism by the cardinalities of

the sets A(9(), X a to. 91 is a model of T if and only if the family of sets

S = {X <= o) : X(%) * 0}

is dense in the sense that for any two disjoint finite subsets s, t a co, there

exists X e S such that s c= X and / cz to \ X. From this we can see that

there are 2
W nonisomorphic countable models of T. Moreover, for each

infinite cardinal a ^ 2
W
there are 2

a
nonisomorphic models of T of power a.

And for each cardinal Xp > 2
W

there are |/?|

2 ° nonisomorphic models of

T of power

It is easy to find two dense sets Slf S2 of subsets of to such that

S
{
n S2 = 0. From these we obtain two countable models 5I l9 9f 2 of T

such that no type r(x) is realized in both 51 x
and % 2 . is formed by

putting one element into A^) for each XeSlt and %2 similarly. In fact,

it is easily seen that there are 2
CJ

disjoint countable dense sets of subsets

of to, whence there is a family of 2
C0
countable models of T such that no

type r(x) is realized by more than one of them.

Two /7-tuples a
{ , ..., an and b l9 ..., b„ realize the same type in 91 if and

only if each a
{
realizes the same type as b

t
and the same equations hold

between the as as between the b' s. From this we can readily see that every

model ot T is co-homogeneous. Given an infinite cardinal a, we can obtain

a model of T of power a which realizes only countably many types of

/7-tuples by taking a countable dense set S and putting a elements into

2f(5() for each X e S.

The theory T is preserved under extensions and hence under unions of

chains. Note that all the axioms are existential. T is not preserved under

submodels or homomorphisms.

Example 3.4.3. The theory of algebraically closedfields of characteristic zero.

A transcendence basis in a model 91 of T is a maximal set X a A with the
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property that no //-tuple from A" is a root of a nonzero polynomial over the

rationals. It is a classical result of field theory that every model has a

transcendence basis, all transcendence bases of have the same cardinal

a (the transcendence rank of 91), and for each a there is a unique algebraically

closed field of transcendence rank a (of characteristic 0). It follows that T

is a-categorical for each uncountable cardinal a. Since all models of T

are infinite, T is complete. T is also closed under unions of chains, so T

is model complete.

Moreover, T has just countably many countable models, one for each

rank ^ w. Therefore T has a countably saturated model and an atomic

model. Since the model of rank co cannot be embedded in any model of

finite rank, none of the models of finite rank is countably universal. But the

countably saturated model is countably universal, so it must be the model

of rank co. The model of rank zero, the field of algebraic numbers, is a prime

model of T and is thus the atomic model.

Another classical result is that if two //-tuples a 1# ,an and b lt

in 2( are roots of exactly the same polynomials over the rationals, then there

is an automorphism / of 2f with f{a x )
= b

x , ...,f(an )
= bn . It follows that,

if X is a transcendence basis of 2(, then X is a set of indiscernibles in 21 with

respect to any simple ordering of X. It also follows that every model of T

is co-homogeneous.

Example 3.4.4. The theory ofdiscrete simple orderings with an initial element.

This is the theory in the language }
with the axioms:

The axioms of simple order.

(3xV>’)(x ^ >’) (there is a first element).

Every element has an immediate successor.

Every element except the first has an immediate predecessor.

The model <co, <> is a model of T. Every other model of T can be obtained

in the following way: Let 2f = (A, be any simple ordering. Form the

model 21* = (B, of T by adding one copy of the ordering <Z,

to the end of (co, ^ > for each element a e A. More precisely,

(4) (a, m) ^ <//,//> iff a < b or a = b and m ^ n.

Then every model of T is isomorphic either to <(co, ^ )> or to some A .

For example, if Q is the ordering of the rationals, then Q
51

is formed by

(0

(
2

)

(
3 )

B — a> u {A x Z),

^ is the natural ordering on cu,

n ^ (a, my for all n e co, (a, my e Ax Z,
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adding to the end of <a>, ^ ) one copy of <Z, ^ ) for each rational. Thus

T has 2
a nonisomorphic models in every infinite cardinal a.

It is convenient to work first with a new theory in the language formed

by adding a symbol 0 for the first element and S for the successor function.

The expanded theory T(0, S) has the additional axioms

x s 0 <-» (Vy)O ^ y),

y = Sx <-> x < y ah (3z)(x < z a z < y).

Every model < B , ^ ) of T can clearly be expanded in a unique way to a

model <#, ^ , 0, S} of T(0, S). We can show that the theory T(0, S) is

model complete by proving that if 53 and (E are models of T(0, S) and

(E c= 53, then every existential sentence true in 53c is true in (Ec . Consider

an existential sentence

(3x, ... xm)cp(x l
... xm c

1 ... cn )

true in 53c ,
where c x , ..., c„ are elements of C. By the compactness theorem,

(E has an elementary extension (E' such that before, after, and between any

two copies of <Z, ^ > in (E there are infinitely many copies of <Z, ^ ) in

CE'. Let b l9 satisfy cp in 53c . We may then choose dl9 ... , dm in CE'

such that the sets

i^i >
•

• \d
\ >

• • • 5
dm , C

! ,
. .

. ,
Cn , 0]

are ordered in the same way, and the distance between two corresponding

elements is either the same finite number or infinite. It follows that d
{ , ..., dm

satisfies cp in (E^, so (3x, ... xm )cp holds in (E^ and in (E c . We conclude that

T(0, S') is model complete.

Since <co, ^,0, 5) is isomorphically embedded in every model of

T(0, 5), T(0, S) is a complete theory. Every countable model of T(0 , S )

is isomorphically embedded, and hence elementarily embedded, in the

model ^ , 0, S>. Therefore <0*, ^ , 0, S> is a countably universal

model. Since T(0
, S )

has a countably universal model, it has a countably

saturated model. We now have enough information about T(0, S) to resume

our study of the original theory T.

Given two models 53, (E of T, the expansions (53, 0, S) and ((E, 0, S) to

T(0, S) are elementarily equivalent. Therefore 53 and (E are elementarily

equivalent, so T is a complete theory. In fact, T = Th(<a>, ^ )). Tis not

model complete; for example, we obtain an extension of <co, ^ > which is

isomorphic to <(a>, ^ ) but not an elementary extension by adding one new
element at the beginning. Iterating this process, we see that T is not even

preserved under unions ot chains. However, it is at least true that given
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any two simple orderings 9(0 c: 91,, the associated models of T are such

that 91 *< 91*, because the operations 0 and 5 are the same in 9IJ as in 91 f .

Since the reduct of a countably saturated model is countably saturated,

T has a countably saturated model. We can identify this model by a process

of elimination. The model <w, ^ > is not o>saturated because it omits

the set of all ‘infinite’ elements. Let 91 = (A, be any countable simple

ordering. If 91 has a last element a, then (91*, <a , 0)) omits the set ol all

elements infinitely greater than <a, 0>, so 91* is not w-saturated. Similarly,

if 91 has a least element, or if 91 is not dense, we can see that 91* is not

o>saturated. The only remaining possibility is that 91 is the ordering Q ol

the rationals. Therefore Q* is the countably saturated model of T. If 91 is a

countable simple ordering which has Q as a submodel, but is not isomorphic

to Q ,
then Q * -< 91*, and therefore 91* is countably universal but not

countably saturated.

T also has an atomic model. Since no other model is embedded in

<o>, ^ ), the prime and hence atomic model of T must be <oj, ^ ).

T has exactly three countably homogeneous models, namely <a>, ^ >,

Q*, and the model 1* formed by adding just one copy of <Z, ^ > to the end

of <cu, ^). To see that 1* is countably homogeneous, we note that each

function / which is the identity on <to, ^ > and translates the copy of

<Z, finitely many positions to the right or lei t, is an automorphism

of 1*. Suppose a l9 ... 9 an and b l9 bn realize the same type in 1*. Then

if a
{

is in <co, ^ >, we must have a
x
= b

t
. If a

}
is in the copy of <Z, ^ >,

then so is bj9 say b
}
= aj + m. Moreover, for any other ak in <Z, ^ >,

the distances cij-ak and bj-bk must be the same, so bk = ak + m. Therefore

there is an automorphism of 1* mapping each aj onto bj . This shows that

1* is countably homogeneous. The proof that no other model of 7 is

countably homogeneous is similar to the proof that no model except Q
is countably saturated.

In any model 91* of T, the set <(Z, ^ ), where X = {(a, 0) :aeAj,

is a set of indiscernibles in 91*. To see this, we may suppose that 91 is a

submodel of Q , so that 91* < Q*. Given any two increasing /7-tuples

x
,
< ... < xn and y l < ... < yn from X, there is an automorphism of Q*

in which each x
x
goes to y x

. Therefore

(Q*,x
1

S -Tn)*

Since 91* < Q*, we have

(91*, x, = (91*,^ ...yn\

whence <Z, ^ ) is indiscernible in 91*.
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Since T has a countably saturated model, it has only countably many

types of A7-tuples. These types can be described explicitly. Consider the

following sets of formulas:

jCj — jc0 = n says x0 < x
t
and x

{
is the /7th successor of x0 ,

x, — .x0 = oo says x0 < x
{
and n (x

{
—x0 = n), n =0, 1, 2, ....

Then two /7-tuples x ly ..., xn and y l9 have the same type if and only if

for each i and j, x
t ,

Xj and y i9 yj realize exactly the same sets of formulas

of the forms

x
j
— 0 = /7, x, — 0 = oo, x

t
— Xj = n, Xi— Xj = oo.

To prove this, show that in the countably saturated model there is an

automorphism mapping each x
t
into

Example 3.4.5. Peano arithmetic. The Godel incompleteness theorem

shows that this theory T is not complete. In fact, no finite extension

T u {(p l9 ..., (p„ } is complete. Then, using a binary tree argument, we can

see that T has 2
W

complete extensions. By a classical result of Ryll-

Nardzewski, T does not have a set of 52^ axioms, for any n. [n particular,

T does not have a set of axioms. Therefore, by the preservation theorem,

T is not preserved under unions of chains. It follows that T is not preserved

under submodels, and also that T is not model complete. T is not preserved

under homomorphisms, because the one-element model does not satisfy T.

The standard model <cu, 0, S, +, •> of T is isomorphically embedded

in every model of T. Using this and the fact that T is not complete, we obtain

a second proof that T is not model complete.

The theory T almost has built-in Skolem functions. That is, T has an

expansion T such that:

(1)

. Thas built-in Skolem functions.

(2)

. Every model 91 of T has a unique expansion 91 to a model of T.

(3)

. If (p is a sentence of then TVcp if and only if T 1= cp.

(4)

. For every formula (p{x
v

... .*„) of <£ there is a formula (p(x
{

... *„)

of & such that T 1= (p <-> cp.

The expansion T is formed by adding, for each formula (3x)cp(xx
l

... xn )

of Jf, a function symbol ... x„) and the axioms

(3x)cp(xx
l

... ••• -vn )
= the least x such that (p(xx

l
... x„),

n 3x(p(xx
x
... xn )

-* F
( ^x)<p

(x l ... xn )
= 0. So (2) will be right.

By the induction scheme in Peano arithmetic, Thas rhe properties (l)-(4).

T is what is called a definitional extension of T. It follows from (l)-(4)

that if 9(, 93 are models of T, then 91 -< 93 if and only if 91 c= 93. From this
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we see that the intersection of any set of elementary submodels of 33 is an

elementary submodel of 33. In particular, each model 33 of T has a smallest

elementary submodel, and for each X c= B there is a least elementary

submodel of S3 containing X.

Every complete extension T' of T is an atomic theory and thus has an

atomic model. This is because if (p(x
j

... xn )
is consistent with T\ then

the formula which states that

(5) <p(x
1 ...*„) a (V^! ...yjlviy i 3

>2
p\

n > 2
V, 3* 2

p
x

n
n

]

is a complete formula in T' which implies <p. The standard model

<cu, 0, S, + , •> is the atomic model for its complete theory. For any model 33

of Peano arithmetic, the model 3( -< 33 which is the intersection of all

elementary submodels of 33 must be the countable atomic model of Th(33).

This is because 31 has no proper elementary submodels, so no other model

of Th(33) could be prime.

The countable atomic model 31 -< 33 can also be characterized in another

way. An element be B is definable in 33 iff there is a formula (p(x) such

that b is the unique element of B which satisfies cp(x
)

in 33, i.e.,

33 N (Vx)((p(x) <-> x = b).

Then 31 is the submodel of 33 where A is the set of all definable elements

in 33. For every definable element in 33 must belong to 31, and it a e A

satisfies the complete formula cp( A'), then a is definable in 31, and hence in

33, by the formula / \ /u \/ / \ ^ \

<p(x )
a (Vy)(<p(y) y ^ x).

Since there are only countably many formulas and every element of an

atomic model of T is definable as above, we see that T has no uncountable

atomic models.

Finally, we show that Peano arithmetic has no countably saturated

models. For, let T' be any complete extension of T. Let Pc co be the

set of all prime numbers. For each set X c= P of primes, let

rx (x) = {p\x :p e X) u {n p\x : p e P\ X}.

Thus x satisfies rx (x )
if and only if X is the set of all primes p e P which

divide a*. For each finite subset {</> i(x), </>„(*)} <= rx (x), we can prove

in Peano arithmetic that

(3x)((pfix)A... A (?„(*))•

Therefore for each complete extension T' of T
,
each set rx (x) is consistent

with r. But if X
t ^ X2 ,

then PXl (x) u fX2(x) is inconsistent. Lt follows

that T' has 2“ distinct types in a (at least one containing each rx (x)).

Therefore T' has no countably saturated model.



CHAPTER 4

ULTRAPRODUCTS

4.1. The fundamental theorem

In the preceding two chapters we have developed three basic methods of

constructing models: from constants, from Skolem functions, and from

elementary chains. This chapter contains a treatment of another basic

method of constructing models, the ultraproduct construction. This method

originated with Skolem in the 1930’s, and has been used extensively since

the work of Los in 1955. In this section we shall define the notions of an

ultrafilter and ultraproduct and prove the important results which establish

the connection between ultraproducts and the first-order properties of

models. At the same time, we shall introduce the more general reduced

product construction, which we shall meet again in Chapter 6.

We begin with the notion of an ultrafilter over a set /, and the proof of

the ultrafilter theorem which concerns their existence.

Let / be a nonempty set. We recall that S(I) is the set of all subsets of I.

A filter D over I is defined to be a set D c= S(I) such that:

I e D;

if X,YeD , then X n Y e Z);

if X e D and X c Z c /, then Z e D.

We observe that every filter D is a nonempty set since / e D. Examples of

filters are:

The trivial filter D = {/}.

The improper filter D = S(I).

For each Y c= /, the filter D = {X I : Y cz X}; this filter is called the

principal filter generated by Y.

The Frechet filter D = {X e S(I) : l\ X is finite) .

164
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D is said to be a. proper filter ifTit is not the improper filter S(J ). The proposi-

tion below shows how we can make a filter beginning with an arbitrary

subset of S(l). First we give a definition:

Let £ be a subset of S(/). By the filter generated by E we mean the inter-

section D of all filters over / which include E :

/) = P){£ : £ c= £ and F is a filter over /}.

E is said to have the finite intersection property iff the intersection of any

finite number of elements of E is nonempty.

Proposition 4.1.1. Let E be any subset ofS(l) and let D be thefilter generated

by E. Then :

(i) . D is a filter over /.

(ii) . D is the set of all X e S(I) such that either X = 1 or for some

Y\
> •••> ^„e£,

K, n ... n Yn
c X.

(iii) . D is a proper filter iff E has the finite intersection property.

Proof, (i) is almost immediate.

To prove (ii), let D' be the set of all X e S{I) such that X = I or for some

y, ,
Yn e E, Y

j
n ... n Yn

c= X. We show that D = D' . We have put

I e D' . Let X,X' e D\ and let Yit Yj e E be such that

y, n ... n Yn a X, Y[ n ... n Y^ c= A".

If X c Z c /, then

y, n ... n Yn
c= Z,

so Z e /)'. Moreover,

y, n . . . n y„ n Y[ n . . . n y,' c: f nT,

so I ri f ' e /)'. Therefore D' is a filter over /. Obviously E <= £)'. It follows

that D a D '

.

Now consider any filter £ over / which includes £. Then I e F. For any

Y
x , ..., y„ e £, we have Yi n ... n Yn e F, and hence any Z e £(/ )

which

includes Y
{
n ... n y„ belongs to £. Thus /)' <= £. This shows that D' c= /),

whence Z) = D '

.

(iii) follows easily from (ii). H

We pause to give one more example of a filter which will be particularly
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important in our study. Let J be an infinite set, and let / = *SW(/) be the

set of all finite subsets of J. For each j e J, let

J = {‘el :jei}

be the set of all finite subsets of J which contain j. Now let

E= {) :jeJ}.

Then E is a subset of S(I), and we may form the filter D generated by E.

From Proposition 4.1.1, D is just the set of all subsets X of I such that

for some i e /, every i' e / which includes i belongs to X. Moreover, E has

the finite intersection property, whence D is a proper filter.

We now turn to ultrafilters. D is said to be an ultrafilter over I iff D is a

filter over / such that for all X e S(I),

X e D if and only if (l\X)£D.

If we simply say that D is an ultrafilter, we shall tacitly assume that D is an

ultrafilter over the set / = (JD.

Proposition 4.1.2. The following are equivalent :

(i) . D is an ultrafilter over /.

(ii) . D is a maximal properfilter over /. That is, D is a proper filter over I,

and the only proper filter over I which includes D is D itself.

Proof, (i) => (ii). Assume (i). Then 0 £ D, because I e D and 0 = l\ I.

Hence D is a proper filter. Let Fbe any proper filter over / which includes D.

If X e F and X D, then /\ X e D, whence /\ X e F, and

0 = X n (/\ X) e F.

This contradicts the assumption that F is proper. Thus F a D, so F = D,

and (ii) holds.

(ii) => (i). Assume (ii). Consider any set X e S(I). We cannot have both

X e D and l\ X e D, because then 0 e D, whence every Y e 5(7) is in D
,

and D is not proper. It suffices now to prove that, if /\ X £ D, then X e D.

Suppose / \ X £ D. Let E = D u {X}, and let F be the filter generated

by E. Consider any Y
1 , ..., Yn e E, and let

Z = Y
1
n ... n Yn .

Since D is closed under finite intersections, we either have Ze D or Z = Y n X
for some Y e D. In the first case Z ^ 0, because 0 $ D. In the second case,
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we also have Z ^ 0, for otherwise we would have Y n X = 0, X <= Z X,

whence I X e D. Thus in any case, Z ± 0. By Proposition 4.1.1, we see

that 0 <£ F. This means that F is a proper filter including Z), so by (ii),

F = D. Therefore F a D and X e D. This proves (i). H

We now prove an important theorem about the existence of ultrafilters.

Proposition 4.1.3 (Ultrafilter Theorem). If E c= S(I) and E has the finite

intersection property
,
then there exists an ultrafilter D over I such that E a D.

Proof. By Proposition 4.1.1, the filter F generated by E does not contain

the empty set, whence F is proper. Moreover, if C is any nonempty chain

of proper filters over Z, then (JC is a proper filter over /. This follows very

easily from the definition of proper filter, and is left as an exercise. Further-

more, if each DeC includes £, then (JC includes E. It follows by Zorn's

lemma that the class of all proper filters over / including E has a maximal

element, say D. Thus E c= D. D is a maximal proper filter over /, because

if D' is a proper filter including Z), then E <= D\ and so D' belongs to

and O' = D. Thus, by Proposition 4.1.2, D is an ultrafilter over Z. H

Corollary 4.1.4. Any proper filter over I can he extended to an ultrafilter

over Z.

Proof. Every proper filter has the finite intersection property (see

Exercise 4.1.1). H

We are now ready to introduce the reduced product and ultraproduct

constructions. The latter is merely a special case of the former. We first

apply the construction to sets, and then to models.

Suppose Z is a nonempty set, D is a proper filter over Z, and for each

/ e Z, is a nonempty set. Let

c = n
iel

be the Cartesian product of these sets. Thus C is the set of all functions/

with domain Z such that for each i e /,/(/) e A
t

. For two functions/, g e C,

we say that / and g are D-equivalent ,
in symbols / = D g, iff

{iel :/(/) = g(i )} e D.

To continue, we need the following:
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Proposition 4.1.5. The relation = D is an equivalence relation over the set C .

The proof is left as an exercise. Now let fD be the equivalence class of/:

fD = {geC :f = D g}.

We then define the reduced product of modulo D to be the set of all

equivalence classes of = D . It is denoted by YId^i- Thus

n A
i = {/d : / e n At}-

D iel

We shall call the set / the index set for YId^i- In the special case where D
is an ultrafilter over /, the reduced product YId^i is called an ultraproduct.

In the case when all the sets A
t
are the same, say A

(
= A , the reduced

product may be written
]^[ D ,4, and d ca lled the reducedpower of A modulo

D. In particular, if D is an ultrafilter, then YId^ is called the ultrapower

of A modulo D.

Strictly speaking, our notation ]S not completely precise. From
the filter D we can recover the index set I = (JD, so there is no need to

write an / in our notation. However, there may be some ambiguity if the

sets depend on more than one variable, for example Ylo^ij- The reduced

product really depends on both the filter D and the function (A
{

: iel}.

So in the few cases where the need arises we shall use the more complete

notation

n <a i

'

'

e o
D

for the reduced product Yln^i- For example, Yin^ij ambiguous, and

could mean any one of

n <a u ieiy, n <au ' j e o, n ; < j
. ./> e o.

D D D

in our more complete notation.

There are a number of interesting and difficult problems of a purely

set-theoretical nature concerning the existence of various kinds of ultra-

filters and the cardinality of ultraproducts. We shall postpone a discussion

of these problems to the next two sections and proceed immediately to the

fundamental model-theoretic results on ultraproducts. For these are the

results which make ultraproducts important.

We now give the definition of reduced product of models. Let / be a

nonempty set, let D be a proper filter over /, and for each iel let $(,• be a

model for ££

.

We have our usual convention that in 9l
f
relation symbols P

are interpreted by functions F by and constants c by a
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4.1.6. The reduced product
] [D 2/ is the model for FP described as follows:

(i) . The universe set of
] ]D 2f, is f]

(ii) . Let P be an //-placed relation symbol of FP. The interpretation of

P in
| JD 2/ is the relation S such that

S(/d ... fo) and only if {/ g / : Rff^i) ... /"(/))} e D.

(iii) . Let F be an /?-placed function symbol of FP. Then F is interpreted

in P]D 2(,- the function H given by

... K) = ... /"(«)) HeI>D -

(iv) . Let c be a constant of If . Then c is interpreted by the element

b g \\DA iy where

b = <fl
f

: z g iyD .

To show that the above definition is consistent, we must check that

S(fn ...//”) and //(/^ .../>") depend only on the equivalence classes

/o, ...,/d, and not on the representatives/
1

,...,/” of these equivalence

classes. We state this fact as a proposition and leave the proof as an exercise.

Proposition 4. 1.7. Let /, D, 2/ be as in definition 4.1.6. Suppose that

f
l

=d •••,/" = D g
n

- Then

{/ g / : Rff\i) ... /"(*))} eD lf a,1(i only 'f

{i g / :R
i
(g'(i)...g

n
(i))}eD,

and

<C/(/'(0 - AO) : * e /> = D (Gfy’(i) ... g"(<)) : i e />.

We now prove two important theorems about ultraproducts. The first

of these, which we have labeled the expansion theorem, has to do with

the passage from the language FP to an expansion FP' of FP. ft is a very

simple result, but is an extremely powerful tool when combined with other

facts about ultraproducts. Actually, the expansion theorem concerns

arbitrary reduced products.

Theorem 4.1.8 (Expansion Theorem). Let FP' be an expansion of FP . Let

I be a nonempty set and for each i e I let 2/ be a model for FP and 23,- an

expansion e/2/ to FP' . Let D be a filter over I. Then the reduced product

J^D 23
(
is an expansion of the reduced product

] [ D 21 t
to FP'

.
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Proof. For each /, the models 5I
{
and 53

f
have the same universe set,

A
t
= Bi. Therefore the reduced products have the same universe sets,

UoAt = nd Bi. Since 53 ,• is an expansion of 9I
f ,
each symbol of SF has the

same interpretation in 53 f
as in 5(

;
. From definition 4.1.6, we see that the

interpretation of a symbol of FF in depends only on its interpretations

in the models 5f
f ,
and on the universe sets and the filter D. It follows that

each symbol of JF has the same interpretation in as in ITd^i’ so

the former is an expansion of the latter. H

Our next result is the ‘fundamental theorem’ of ultraproducts. It holds

only for ultraproducts, and not for arbitrary reduced products. From

now on, we shall concentrate exclusively on ultraproducts, and shall not

discuss reduced products again until Chapter 6.

Theorem 4.1.9 (The Fundamental Theorem of Ultraproducts). Let 53 be

the ultraproduct and let I be the index set. Then :

(i) . For any term t(x
{

... x„) of FT and elements fp ,
. .

. ,/J e B , we have

6b[/d ••• fSi = ••• /"(*)] : * G J>d-

(ii) . Given any formula (p(x
{

... *„) of FF and fp ,
we have

53 N (pUo ... f£] if and only if {i e / : % N (p[f\i) ... /”(/)]} 6 D.

(iii) . For any sentence (p of FF ,

53 1- (p if and only if {/ e / : 5f
t
- I

=
(p} e D.

Proof, (iii) is an immediate consequence of (i) and (ii). The proofs of

(i) and (ii) are by induction on the terms and formulas, respectively.

(i). From the definition of reduced product we see that (i) holds whenever

t(x
{

... xn )
is a term of the form F(x

l ... *„) and also whenever /(.x^ ... xn )

is a constant symbol. Suppose that

t(x
i

... xn ) = F(t(x
{ ... xn) ... tm(x l ... *„)),

where F is a function symbol of JF and the terms t l9 ..., tm all satisfy (i).

Then by the definition of interpretation of terms,

^©[/d ••• /d] — ^(C«[/d ••• /d] ••• ^/m©[/d ••• Id]),

where H is the interpretation of F in 53. By (i), for t
x , ..., tm , we have for
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k = 1, m,

where

••• Id] — g
k

D ,

9
k = <tkSai [f'( i) ... /"(/')] : i e />.

By 4. 1 .6 (iii),

H(0d-9d) = <G
i(g

1

(i)...g
m
(i)):ieI}D

Again using the definition of interpretation of terms,

tntf'O) - AO] = g,(9'(0 ... g
m
(i)).

Combining, we obtain

*«[./d ••• /d] - H(gb ••• g d)
—

^ 0 ••• AO] • I G Od

•

Thus /(a^ ... a:„) satisfies (i).

(ii). The proof that (ii) holds for all atomic formulas is similar to the

above proof of (i), and we shall leave the details to the reader. We only

point out that (i) is used in the proof of (ii) for atomic formulas.

Suppose that cp = n \p(

x

{
... xn )

and (ii) holds for ip(x
l

... A'„). Then the

following are equivalent:

® i= cp[/d /d];

not S3 N i/'[/,}••• /£];

{is / : 9(,- 1
= tA[/*(0 ••• /"(«)]} ^ D ’’

{ie 1 : not 91, N !>[/'(') /"(')]} 6

{ie/ : 91; 1= <p[f'(i) ... /"(')]} 6 T).

The fact that £> is an ultrafilter is used to show that the third and fourth lines

in the above list are equivalent. Indeed, this is the only point in the entire

proof of the theorem where we need the fact that D is an ultrafilter, and

not merely a proper filter.

The next step is to prove that if ^ and 0 satisfy (ii), then so does ip a 6.

This is done by writing a string of equivalences like the one we used for

n ip. This time the crucial fact about D which we need is that

X n Y e D if and only if X e D and Y e D.

Every filter has this property. The details of this step in the proof are straight-

forward. They are left to the reader.
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For the last part of our induction, suppose that

(p(x
!

... x„) = (3x0 )il/(x0x l ... x„),

and that (ii) holds for ij/. Then the following statements are equivalent:

® i=<*L/i! -/d];

there exists f£ e B such that 33 1= iA[/d ••• flail

(1) there exists f^eB such that {/ e /
: % 1= ^[/°(i) ... /"(i)]} e D.

Since 3f
t
- 1= <A[/°(0 .../"(/)] implies that 1= t/

1

(/) .../"(/)], the statement

(1) above implies

(
2

)

On the other hand, if (2) holds, then we may pick a function f° e Yhei^i
such that (1) holds. Hence (1) is equivalent to (2), and

® I=<pUd .../d]

is also equivalent to (2). This shows that the formula cp has the property (ii).

Our induction is now completed. H

Corollary 4.1.10. Let PJ D 9l be an ultrapower ofty. Then P] D 3{ = 21*

Let us now give a few applications of the fundamental theorem. Further

applications can be found in the exercises. Our first application is another

proof of the compactness theorem (Theorem 1.3.22).

Corollary 4.1.11 (An ultraproduct version of the compactness theorem).

Let I be a set of sentences of EE ,
let / = ^(T) be the set of allfinite subsets

of I, andfor each i e /, let be a model of i. Then there exists an ultrafilter

D over I such that the ultraproduct P[D 3f,- is a model of I.

Proof. For each a e I, let d be the set of all i e / such that o e /'. The set

E = {a : a e 1}

has the finite intersection property because

(tTj, . .
. , ... (T n .

It follows by the ultrafilter theorem that E can be extended to an ultrafilter

D over /. Any ultrafilter D over / which includes E will do. If i e <7, then
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o e /, whence 3(
f

t= g. Thus for each g e I,

{/' g / : 31,- N => <r and d g D.

Therefore

{/ g / : 3l
f
h a} g Z).

By the fundamental theorem, P|D 3[,- h c for all oeZ. Hence f] D 3l, ]S

a model of I. H

Our next application gives characterizations of the notions of ‘elementary

class’ and ‘basic elementary class’ in terms of ultraproducts and elementary

equivalence. This theorem is best stated in terms of classes of models.

These classes will be so large that they cannot be sets (see the Appendix

on set theory). A class K of models for Lf is said to be an elementary class

iff there exists a theory T in 2^ such that K is exactly the class of all models

of T. K is a basic elementary class iff there is a sentence cp of such that K

is the class of all models of cp. A class K of models for Lf is said to be

closed under elementary equivalence iff 31 g K, 31 = 33 implies 33 g K. K is

said to be closed under ultraproducts iff every ultraproduct |] D ^, of a family

of models 3f
f
g K belongs to K.

Theorem 4 . 1 . 12 . Let K be an arbitrary class of models. Then’.

(i) . K is an elementary class if and only if K is closed under ultraproducts

and elementary equivalence.

(ii) . K is a basic elementary class ij and only if both K and the complement

of K are closed under ultraproducts and elementary equivalence.

Proof, (i). Every elementary class is obviously closed under elementary

equivalence. The fundamental theorem shows that if 3(
f
h cp for all i e I,

then n D 3I,- b cp. Thus every elementary class is also closed under ultra-

products.

Let K be any class of models which is closed under ultraproducts and

elementary equivalence. Let T be the set of all sentences ot S/' which hold

in all 3( g K. Then T is a theory in and every 31 g K is a model of T.

Let 33 be any model of T. Let I be the set of all sentences true in 33, and let

/ = 5W (I). For each i = {g x , ..., on }
e /, there exists a model 3 g K which

is a model of /, for otherwise the sentence n (g x
a... a g„) would belong

to T and yet be false in 33. Choose a model 3(
f
g K of / for each i e /. By

Corollary 4 . 1 . 1

1

,
there exists an ultraproduct YId^U which is a model of I.

Since K is closed under ultraproducts, K. But every model of I
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is elementarily equivalent to 53, so [7n% = 33. Therefore 53 e K. Hence K
is the class of all models of T

\

and so K is an elementary class.

(ii). This follows easily from (i) and the compactness theorem (see

Exercise 2.1.13). We leave the details for an exercise. 3

Our third application shows that each model 31 is elementarily embeddable
in every ultrapower of 31 in a natural way. We now define the natural
embedding of 3( into

]j[d 5(. This embedding is extremely important and will

be used many times in our treatment of ultraproducts.

Let / be a nonempty set, D a proper filter over /, and 3( a model. The
natural embedding d of 3f into ]~]d 21 is the function d such that d(a) is the
equivalence class of the constant function with value a

,

d(a) = <a\ieiyD .

The range of d is denoted by d(A), and the restriction of ]J^3I to d(A) is

denoted by d(3f).

Corollary 4.1.13. Let 3f be a model and D an ultrafdter. Then the tmtural
embedding of 3( into the ultrapower nD 3f is an elementary embedding.

Proof. Let (p(x
l ... xn) be a formula of ^ and a

x , an e A. Then,
by the fundamental theorem, the following are equivalent:

II* * <P[d(a0 ... d(an)];
D

{iel: 3(1= <p[ai ...an]}eD;

3( 1= (p[a
{ ... an ]. H

Corollary 4.1.13 shows that d is an isomorphism of 31 onto </(3I) and that
</(3f) is an elementary submodel of the ultrapower f]o3f. One of the topics
of the next section will be to determine when d is a proper embedding.
Our last application is a very simple one which depends on both the

expansion theorem and the fundamental theorem. It shows that certain
second-order formulas are ‘preserved under ultraproducts’. This application
will be useful in the next section. We wish to consider quantifiers over
relation and function symbols, as well as over individual variables.
By a formula over we mean a formula \j/ of the following form:

(*) (3P, ... Pm F, ... Fn )<p,
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where the P
t
and Fj are new relation and function symbols not occurring

in 1£

,

and where (p is a formula in the expanded first-order language

•2" = X'v {/>, ... Pm F,

Thus a formula is a second-order formula all of whose relation and

function quantifiers occur at the beginning and are existential. Satisfaction

for £} formulas is defined in the obvious way. If (p is a sentence, then ij/

holds in a model 91 for dF if and only if there exists an expansion

W = Ri - RmG l
... Gm )

of 31 to JjF' such that cp holds in 91'. If (p has a free variable x, then 91 h ij/[a]

if and only if there exists an expansion 91' of 91 to J2
5" such that 91' h (p[a ].

Corollary 4.1.14 (L) formulas are preserved under ultraproducts). Suppose

93 is the ultraproduct , ...,/J e B, and ... xr )
is a E{ formula.

If

{iel :9r
i
hiA[/

I

(i).../
r(0]}eD,

th en

53 1
= 'I'Ul1 ..• /d]-

Proof. Let ij/ be as in (*) and let

X = {iel

For each / e X, let 9f • be an expansion of 9I
f
to S£’ such that

9f;^[/ 1

(/).../m

Since X e D, we have by the fundamental theorem,

0 ^ ty\_fd .“ ft)]*
D

By the expansion theorem, is an expansion of 53 = t0 •

Therefore

« ttifi h

The reader may wonder why the notation L{ is used. It is just one instance

of the currently popular way of classifying formulas. In general, a

formula is a formula of (m + 1 )th-order logic which is of the form

(BXj! ... X lri VX 21 ..* X 2r2 '.. Q9fnl Xnrn)(p,
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where cp is in mth-order logic. The subscript n stands for the number of

blocks of quantifiers. Q is either 3 or V depending on whether n is odd or

even. If the formula has n blocks of (m-t- l)th-order quantifiers beginning

with a universal quantifier, it is called a FI"' formula. As we have explained

in our introduction to this book, we shall almost always deal only with

first-order logic. The and FJ° formulas are first-order, and we have

already introduced them in Section 3.1.

Exercises

4.1.1. Let D be a filter over /. Show that the following are equivalent:

j (i). D is a proper filter.

\j(ii). 0 $ D.

(iii). D has the finite intersection property.

4T4.

(i) . The intersection of any set of filters over / is a filter over /.

(ii) . The union of any chain of proper filters over / is a proper filter over I.

4.1.3. Let D be an ultrafilter over / and let X e D. Then D n S(X) is an

ultrafilter over X. Similarly for proper filters.

4. 1.4. D is a principal ultrafilter over / if and only if D = {X e S(I ) : i e X}
for some i e /.

4.1.5. If X is infinite, then there exist nonprincipal ultrafilters over X.

cost ’Fvec.hcrf' 4 exiow/ rvM*.*

4.1.6. A filter D is principal if and only if f]D e D. Every filter over a

finite set is principal.

4.1.7. Let D be a proper filter over I. D is an ultrafilter if and only if for all

X, Y e S(I), X u Y e D implies X e D or Y e D.

4.1.8. Let £ be a countable subset of S(co). Then the filter generated by E
cannot be a nonprincipal ultrafilter.

4.1.9. Prove Propositions 4.1.5 and 4.1.7.

4.1.10. Suppose D is the principal ultrafilter where {j} e D. Prove that

Uo% is isomorphic to 31j.

4.1.11. Let D be a proper filter over /, let X e D, and let E = D n £(3/).
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Prove that

1
1 = n *, •

D t

(Cf. Exercise 4. 1 .3.)

4.1.12. The direct product of the models ieJ is defined as follows.

The universe set is the Cartesian product Yliei A. relation S(f
l

.../")

holds in the direct product if and only if the corresponding relation

/?,-(/
1

( / ) .../"(/)) holds in for all i e /. The functions // are defined by

//(/'.../”) = <C,(/
,

(/). ../"(/)) :/e/>,

and the constants b are defined by

b = (a
t : / e / ).

Prove that the direct product is isomorphic to the trivial reduced product

riu»«i-

4.1.13. If Z), E are proper filters over / and D c then P]£ 2I, is a homo-

morphic image of Hence every reduced product is a homomorphic

image of the direct product of the models 2I
f . (See Section 2.1 for the

definitions of homomorphism and homomorphic image.)

4.1.14. Show that there exists an ultraproduct f]D /4
f
of finite sets which

is infinite.

4.1.15. Let D be a proper filter over /. If each is isomorphically em-

bedded in 33 f ,
then * s isomorphically embedded in

\ JD 33
f

. If each 91,-

is isomorphic to 33*, then ,s isomorphic to ]] D 33,-. If each is a

homomorphic image of 33*, then P] D
S

}(, is a homomorphic image of [^33;.

4.1.16. Let D be an ultrafilter over /. If 91* = 33* for all / e /, then

Id'I. = Ud%i- If 31; >s elementarily embedded in 33* for all /' e /, then

is elementarily embedded in f|D 33*.

4.1.17. A class K of models for is said to be a pseudo-elementary class

iff for some expansion of and some elementary class K' for ,

K is the class of all reducts of models in A:' to . Prove that every pseudo-

elementary class is closed under ultraproducts. Prove that if T is a set of

Lj sentences, then the class of all models of f is a pseudo-elementary class.

4.1.18. Let K be a class of models for ££

.

Let M be the class of all models

such that 31 is elementarily equivalent to an ultraproduct of members
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of K. Prove that M is an elementary class, and is the least elementary class

which includes K.

4.1.19. Give the proof of Theorem 4.1.12 (ii).

4.U20. The following are equivalent:

(i) . K is a basic elementary class.

(ii) . There exists a finitely axiomatizable theory T in ££ such that K
is the class of all models of T.

(iii) . Both K and its complement are elementary classes.

4.1.21. Let D be a principal ultrafilter. Prove that d(^V) = whence

d is an isomorphism of onto f] D 9l.

4.1.22. Let D be a proper filter. Prove that d is an isomorphic embedding

of into ft,*.

4.1.23. Let K and M be two classes of models. Let 7\ be the theory of K
(the set of all sentences which hold in every model in K ), and let T2 be

the theory of M. Prove that T1
vj T2 is consistent if and only if some ultra-

product of members of K is elementarily equivalent to some ultraproduct

of members of M.

4.1.24. Let 5Xa ,
a < p ,

be an elementary chain of length p > 0. Let D be

an ultrafilter over p such that for each a < p, the set {y : a ^ y < p}

belongs to D. Prove that (J a</? 5fa is elementarily embedded in the ultra-

product

4.1.25. In the above exercise suppose that 5fa ,
a < p, is only a chain of

models, and D is only a proper filter. Prove that is isomorphically

embedded in the reduced product f] 0 5Ir

4.1.26. Using Theorem 4.1.12, prove that none of the following theories is

finitely axiomatizable:

(i) infinite models of pure identity theory;

(ii) fields of characteristic zero;

(iii) real closed fields;

(iv) algebraically closed fields;

(v) divisible Abelian groups;

(vi) torsion-free Abelian groups;

(vii) the theory of the model <co, 5), where S is the successor function.

4.1.27. Show that none of the following classes of models is closed under
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elementary equivalence (use Corollary 4.1.10):

(i) the class of free groups;

(ii) the class of torsion groups;

(iii) the class of simple groups;

(iv) the class of all rings isomorphic to polynomial rings over the field

of rational numbers.

4.1.28. Prove that every model 51 can be isomorphically embedded in some
ultraproduct of finite submodels of 5L (For this problem, assume that Ff

has no function or constant symbols, so we can be sure that finite submodels

exist.) This gives a stronger form of Corollary 2.1.9.

4.1.29. Give an example of a Tl| formula which is not preserved under

ultraproducts.

4.1.30. Let F

i

,
z e /, be a family of fields. Form the direct product

R = J

-

1

/

e /F

i

. Thus R is a ring. For each ultrafilter D over /, let

Md = {/€«: {/e /:/(/) = 0} e D}.

Prove the following:

(i) . For each D, MD is a maximal ideal in R.

(ii) . For every maximal ideal M in R, there is an ultrafilter D over I

such that M — MD .

(iii) . The ultraproduct nD fi is isomorphic to the quotient field R\M.

Thus ultraproducts of fields are essentially the same thing as quotient

fields of direct products of fields. Show that the same results hold for

division rings (which have all the field axioms except for commutativity of

multiplication).

4.2. Measurable cardinals

In this section we shall study ultraproducts of a special kind. These are

ultraproducts where the ultrafilter is a-complete. We shall apply these

ultraproducts to the problem of the existence of a-complete ultrafilters.

This problem has had a profound influence on the recent development of

set theory.

Let a be an infinite cardinal. A filter D over / is said to be a-complete

iff the intersection of any set of fewer than a elements of D belongs to D
,

that is,

E c= D and \E\ < a implies f]E e D.
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We see at once that:

Proposition 4.2.1.

(i) . Every filter is co-complete.

(ii) . A filter D is oL-complete for all ol if and only if D is principal.

(iii) . If ct < then every ^-complete filter is a-complete

.

A slightly less trivial proposition is the following:

Proposition 4.2.2. Let D be a filter over a set I oj power a. If D is a

complete ,
then D is principal.

Proof. Let E be the set of all complements of singletons which belong

to D ,

E={l\{i}:l\{i}eD}.

Since |/| = a, |£| ^ a < a
+

. D is a
+
-complete and E c= D, so f]E e D.

On the other hand, if X e D, then P|£ <= X. For if / ^ X, then A c= / f},

whence /\ {/} e D, l\ {/} e £, and i £ f)E. Thus D is the principal

filter generated by P)£. H

We shall be mainly interested in nonprincipal a-complete ultrafilters.

The above proposition shows that a must be at most the power of I.

If a is a regular cardinal, then the set D of all sets X a a for which

|

a \ X\ < a is an a-complete nonprincipal filter over a. We shall see below

that a-complete nonprincipal ultrafilters are much harder to come by.

The following is a useful lemma.

Lemma 4.2.3. Let D be an ultrafilter over a set I. Then D is a-complete if

and only iffor every partition of I into fewer than a parts,
one of the parts

belongs to D.

Proof. Suppose D is a-complete and let I = ^j t!
<pX

n
be a partition ot

/ into p parts, where p < a. Then

n (/ \ x
n)
= o $ d.

t]<p

Hence for some rj < p, I\ X
tl $ D, whence X

n
e D.

Now suppose that for every partition ot I into fewer than a parts, one

part is in D. Let £ be a subset of D of power less than a. Let £ = {<?„ : // < P}
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be an enumeration of E
, where fi < a. We define a function f on 1 into

/?+! as follows. If i e f)£, then/(z) = fi. Uiel\f]E,, then/(z) is the

least r\ < fi such that /<£<?,,. By our assumption, there exists // < /?+l
such that f fr])eD. For each < fi, /(/) = r] implies i$e

n , so

f f rl)^^n
=0. Since e^eD, f~fti)<£D. Therefore we must have

f ffi)e D. But /
]

(/?) = P|£, so P)£eZ). Hence Z) is a-complete. H

We now prove a result which tells when the natural embedding maps
onto [|D 2L

Proposition 4.2.4. Let 2f be a model ofpower a and let D be an ultrafilter.

Then the natural embedding d maps % onto if and only if D is a
+

-

complete.

Proof. Suppose D is a
+
-complete. Let fD e ]JD A. Then /maps / into A.

Since \A\ = a, the partition 1 = (J{/ fa) : a e A) partitions / into fewer

than v.
+

parts. By Lemma 4.2.3, there exists aeA such that /' fa) e D.

Then/ = D(a : i e /), sofD = d(a). This shows that d(A) = \\D A.

Now suppose d maps 2f onto JID 2(. Let / = be a partition of

/ into fi < a
+

parts. Since \fi\ ^ a = \A\, we may renumber the sets X
n

with indices from A, say

I = U Xa,
aeB

where B a A. Let /be the function on / into A given by: /(/) = a if and
only if i e Xa . Then fD e \\D A = d(A), so fD = d(a) for some aeA. This

means that f~fa) e D. But/ _1
(zz) = Xa , so Xa e D. By Lemma 4.2.3,

D is a
+
-complete. H

Corollary 4.2.5. If either 21 is finite or D is a principal ultrafilter
,
then d

maps 2( onto n«.«-

The interesting ultrapowers are those in which d maps 2( properly into

A cardinal a is said to be measurable iff there exists a nonprincipal

a-complete ultrafilter over a. Obviously, co is measurable. We shall learn

from the results below that the first uncountable measurable cardinal,

if it exists at all, must be very large. We observe that if one set of power a

has an a-complete nonprincipal ultrafilter, then so does every other set of

power a.
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Lemma 4.2.6. Suppose D is an cc-complete ultrafilter over I and f : I —> J.

Then the set E = {Y a J :f~\Y )
e D) is an a-complete ultrafilter over J.

The proof is left as an exercise.

Proposition 4.2.7. Let D be a nonprincipal ultrafilter. Then there is a

greatest cardinal a such that D is cc-complete. Moreover ,
cc is a measurable

cardinal.

Proof. Since D is not principal, there exists a least cardinal p such that

D is not ^-complete, p cannot be a limit cardinal, because if D is y
+ -complete

for all y < P, then D is closed under all intersections of fewer than p sets,

and hence is P~complete. Therefore, P is a successor cardinal, P = a
+

;

and a is the greatest cardinal such that D is a-complete.

D is not a
+
-complete, so by Lemma 4.2.3 there is a partition / = l^J^ <a A

r

^

of / into a parts such that none of the sets X
n
belongs to D. Let / be the

function on I onto a given byf{i) = rj if and only if i e X
n

. By Lemma 4.2.6.

the set

E = {Y cz a :f~\Y)eD)

is an a-complete ultrafilter over a. Moreover, E is nonprincipal. For if E

is principal, then {rj} e E for some r] < a, whence X
n = f~ e D.

Therefore a is measurable. H

Corollary 4.2.8. If\A\ is less than the first uncountable measurable cardinal

{or if there is none), and if D is an co^-complete ultrafilter ,
then d maps S

71

onto PId^.

Proof. If there is no measurable cardinal > co, then by Proposition 4.2.7,

D is principal. If there is a least measurable cardinal a > co, then by

Proposition 4.2.7, D is a-complete. Since \A\ < cc, D is |/4|
+
-complete. The

result now follows from Proposition 4.2.4. -1

We now wish to prove a stronger form of the fundamental theorem

for a-complete ultrafilters. To do this, we need to introduce the infinitary

language <^
>

0L
. The language has a individual variables instead ot only

countably many. The set of formulas of a is obtained by adding to the

rules of formation for ££ the following two additional rules, which permit

infinite conjunctions and quantifiers:
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4.2.9. If 0 is a set of formulas of If^ of power |0| < a, then is a
formula of Ifa .

4.2. 10. If (p is a formula of If
a and V is a set of variables of power \V\ < a,

then iyV)(p is a formula of If^.

Thus Ifw is just the usual logic If.

The models for are exactly the same as the models for If. If a is a
regular cardinal, then each formula of Ifa has fewer than a symbols. It

should be noted that if a > co, then a formula may have infinitely many
free variables. The notion of truth of a formula of Ifa in a model can be
defined in a precise way by adding to the definition of truth for formulas
of J? . Infinite disjunctions, V 0, and existential quantifiers, (3 V)(p, are
introduced as abbreviations in the obvious way. We shall leave the details

as an exercise.

The most interesting example of a property which can be expressed in

1S that °f a weh founded relation. The following sentence states that
the relation P(x, y) is well founded:

(V*o*i*2 -)~i A P(xn+1 x„).

n<(o

When added to the sentence of If stating that P(xy) is a simple ordering,

we obtain the statement that P(xy) is a well ordering.

The sentence

n (3x)A {<7(*) : cr g T}

expresses the fact that the type T(x) is omitted, and the negation
of that sentence says that X(*) is realized. The sentence

(Vx)(x = 0 vx = 1 v ...)

is true in 2fif and only if % is an w-model. This is also a sentence of If

,

CO i

Theorem 4.2.11. Let 23 be an ultraproduet where I is the index set

and D is an ot-complete ultrafilter. Then :

(i) . Given any formula (p(x
l
x2 ...) of Ifa andf£,f£, ... e B, we have

% h (Plfo/o •••] if and only if {/ e / : % ¥ tp[f
l

{i)f
2
(i) ...]} e D.

(The list x
{ , x2 , ... of variables may be infinite .)

(ii) . For any sentence cp of Ifa ,

23 N cp if and only if {/ e 1 : 2f
f
h cp} e D.
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Proof, (ii) is a special case of (i). By the fundamental theorem, we

already know that (i) holds for formulas of ,
and, in particular, for atomic

formulas. The proof that for any formula ij/ of J£?a ,
if (i) holds for ij/, then

(i) holds for n t/q is exactly the same as before.

Suppose <P is a set of formulas of |<£| < a, and (i) holds for all

cp e 0 . Then for any /J ,/j ,
... in B , the following are equivalent:

23 KA
for all cp e <P, $8 h <p[/d/d •••];

for all (p e 0, {/ g / : 21* f= (/T/HO-AO) •••]}£/);

{/

g

/ : for all cpe<P, 9f,- 1= <p[/
l

(0/
2

(0 •••]} e T>;

{/g/i^KAWW'O')-]}^.
The equivalence of the third and fourth lines uses the a-completeness of D.

Hence A ^ has the property (i).

Now suppose a formula «A(x,.v2 ... y t y2 •••) of has the property (i),

{7 iT 2 » •••} a set °f fewer than a variables, and

cp = (3^2

We shall prove that cp has the property (i). This is done by observing that

the following are equivalent:

23

1

= (pUd/d •••];

there exist g
l

D , g
2

D ,
... e B such that

25 h iA[/d/d ••• 9d9
2
d —];

there exist g
x

D , g
2

D , ... e B such that

{/ G / : a, b ^[/AO/'O) ... <7W(0 •••]} e

{ieI:%^cp[f\i)f\i)...}}eD.

From this, it follows that (i) holds for all formulas of because the

infinite universal quantifier can be expressed in the usual way in terms of

the infinite existential quantifier and negation. 4

As an example of Theorem 4.2.11, if D is an o^-complete ultrafilter,

then any ultraproduct of well ordered structures modulo D is well ordered,

and any ultraproduct of well founded structures modulo D is well founded.

We shall indicate some applications of this theorem in the exercises. One
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particularly important application is the following weak compactness

theorem for infinite languages:

Theorem 4.2.12 (Weak Compactness Theorem). Let ot be a measurable

cardinal. Ij X is a set of sentences of FFr such that |T| = ot and every subset

X0 of X of power |T0 |

< a has a model
,
then X has a model.

Proof. Since a is measurable, there exists an a-complete nonprincipal

ultrafilter D over ot. Since D contains no singletons and is a-complete,

D contains no sets of power less than a. Hence for each y < ot,

{p : y < p < a} e D.

Let us enumerate X as X = {gp : p < a}. For each P < ot, there is a model

of the set {<7
y : y < p). Let S3 be the ultraproduct

] ( D
s^. Then for each

a
y
e X, we have

{P < c/t : b G
y ) => {p : y < p < ot] e D.

By Theorem 4.2.1 1, $ is a model of X. H

A cardinal a which satisfies the conclusion of Theorem 4.2.12 above

is said to be weakly compact. Thus every measurable cardinal is weakly

compact. We shall see later that the converse does not hold, and in fact

every uncountable measurable cardinal ot has many weakly compact

cardinals P < ot.

Lemma 4.2.13. Let ot be an uncountable measurable cardinal and let D be

a nonprincipal ot-comp/ete ultrafilter over ot. Form the ultrapower

S3 = <>• Then:

(i) . S3 is a well-ordered structure of order type greater than ot.

(ii) . For every y < ot, d(y) is the yth element o/’S3.

Proof. S3 is well-ordered by Theorem 4.2.11. d is an isomorphic

embedding, so S3 has order type at least ot. For each y < ot, let y be the yth

element of S3. Let y < ot and suppose (ii) holds for all <5 < y. This means

that d(S) = 5 for all 3 < y. Add a constant c3 for each 3 < ot. Thus cb is

interpreted by 3 in the model <a, <,^>^< 2 , and by d(3 )
in (S3, d(3))d<0L .

In the model <a, <, 3}d<0L , the sentence

(1) (V*)(* < Cy+^V {x = cd :3 < y})

of holds. Hence, by Theorem 4.2.11, (1) holds in (S3, ^/(<5))d < a . Thus
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d(y) is the yth element of S3, for the set of elements < d(y) is exactly

{(5 : d < y}. (ii) now follows by induction.

To prove (i) we note that D is not principal, so D is not or -complete,

whence by Proposition 4.2.4 the natural embedding d maps a properly

into B. But, by (ii), d(ot) is an initial segment of 33. Thus d(oc) is a proper

initial segment, and (i) follows. H

Theorem 4.2.14. Let oc be an uncountable measurable cardinal. Then :

(i) . a is inaccessible.

(ii) . a is the <xth inaccessible cardinal.

Proof. Let D be a nonprincipal a-complete ultrafilter over a. Consider

the model 91 = <a, <, b)bex and form the ultrapower S3 = YId^- Let S3

have order type /?, and for y < P let y be the yth element of S3. By Lemma

4.2.13, we have /? > a, and d(y) = y for all y < a. Thus each constant

c
y , y < a, is interpreted by y in 91 and by d(y) = y in S3. We are now ready

to prove (i).

(i). First, we show that a is regular. Suppose a is singular. Then for some

y < a, there is a function F on y into a such that the range of F is cofinal

in <a, <>. Define F(S) = 0 for a > 5 ^ y, and form the model (9(, F)

and the ultrapower

n f)
= (®. G )-

D

For each 5 < a, we have

G(5) = G(d(S)) = d(F(S)) = F(S) < a.

0

Hence in (S3, G),

(1) (a*)(Vy)(>’ <£•,- F(y) < x)

holds, with a for x. However, since the range of F is cofinal in <a, <>,

the sentence

(2) (Vx)(3>’)(y < c
y
Ax < F(y))

holds in (91, F), thus also in (S3, G). But (1) and (2) contradict each other.

Therefore a is regular.

Now we show that a is a strong limit cardinal, that is, y < a implies

2V < a. Suppose instead that for some y,

y < a ^ 2y
.
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Then there exists a one-one function F on a into S(y). Let R c axy be

the binary relation ‘representing’ F, namely

R(rj
, <5) if and only if <5 e F(r]).

Form the ultrapower

(®, s) = n («. *)
D

Let F be the function on ji defined by

F(n) = {d < [I: S(rj, 3)}.

The function F is a one-one function on p into S(y), because the two

sentences below hold in (3f, R) and hence in (33, S ):

(Vxy)(R{xy) -> y < c,),

(yxy)[x # y -* (3z) n
(
R(xz

)

*-> /?(>>z))].

Moreover, F(i/) = T(f/) for all rj < a, because c/ maps
(
s
2{, F) isomorphically

into (S3, G). It follows that the set X = F(ol) does not belong to the range

of F, while X e S{y). Thus the sentence

(3x)(Vy)(R(xy) V {y = c6 : b e X})

is false in (31, R ), but true in (33, S

)

with a for x. This contradiction shows

that a is a strong limit cardinal, and (i) is proved.

(ii). This part of the proof can best be understood by using the fact that

Lj formulas are preserved under ultraproducts (Corollary 4.1.14). Let X
be the class of all inaccessible cardinals, Y the class of all ordinals which

are not regular cardinals, and Z the class of all ordinals which are not

strong limit cardinals. Thus y e X if and only if y $ Y u Z. We wish to show

that In a is cofinal in a. Then, since a is regular, it will follow that

\X n a| = a, whence a is the ath inaccessible cardinal and (ii) holds. Since

a c X v Y u Z,

it suffices to prove that for each y < a,

(3) there exists S such that y ^ <5 < a and S $ Y u Z.

Suppose that (3) fails for some y < a. Then for all S < a,

(4) S < y or S e Y or <5 e Z.

There is a formula ^y(w) such that for any model <a', <) with a'
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an ordinal, and any S < a',

(5) SeY if and only if <a', <> N <Ay[<5].

is just a formalization of the statement:

‘There exists y < u and a function F :y -* u such that the range of F

is cofinal in u\

There is also aS} formula ^z (w) such that for any ordinal a', and any S < a',

(6) SeZ if and only if <a', <) (= ^z [<5].

i//z (u) is obtained by formalizing the statement:

‘There exists y < u and a relation R <= «x y such that R represents

a one-one function on u into S(y)\

We have already explained how a function F :u - S(j>) can be represented

by a relation and how to say that F is one-one using i?. From

(4)-(6), we see that the formula

(7) x < c
y
vil/ Y (x)vil/z (x)

is satisfied in <a, <> by all xea. Moving the second-order quantifiers

to the front, we see that (7) is equivalent to a £} formula. Therefore,

by Corollary 4.1.14, for any fD e B the formula (7) is satisfied in <i?, <>
byfD . Since <i?, <> is isomorphic to </?, <>, the formula (7) is satisfied

in </?, <) by all x e p. Putting x = a, we have

cc < y or <ft<>t=^ y [a] or <>^^z [a].

Using (5) and (6), with p = a', we see that

a < y or aef or a e Z.

But this contradicts our assumption that y < a and a is inaccessible.

Therefore (3) holds, and our proof is complete. -I

Part (ii) of the above proof also works when a is an inaccessible weakly

compact cardinal (see Exercise 4.2.9). The argument can be extended

to show that even larger cardinals are less than a.

Our next application of measurable cardinals concerns axiomatic set

theory. We prove that if there exists an uncountable measurable cardinal,

then the axiom of constructibility fails. Equivalently, the axiom of

constructibility implies that co is the only measurable cardinal. The axiom

of constructibility was introduced by Godel in 1938 to prove that the

generalized continuum hypothesis and the axiom of choice are consistent
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with ZF (or BG) provided that ZF is consistent. Godel proved first that if

ZF is consistent, then so is ZF plus the axiom of constructibility. Secondly,

the axiom of constructibility implies the axiom of choice and the

generalized continuum hypothesis. These classical results belong to set

theory rather than model theory, and are thus outside the scope of this book.

We shall present the result in such a way that a minimum knowledge of

set theory is needed.

To begin with, let us review the rank function R(cc). For each ordinal a,

the set R(ol) is defined as follows (see the Appendix):

*(0 )
= 0

,

R(ct+ 1 )
= S(R(a)),

and for a a limit ordinal,

*(«) = Ufi<aR(P)-

The sets R(ot) are important because they provide natural models of set

theory. In Exercise 1.4.15 it was shown that when 0 is an uncountable

inaccessible cardinal, (R(0), e) is a model of Zermelo-Fraenkel set theory

and </?(0+ 1), e, R(0)} is a model of Bernays-Morse set theory.

We list some elementary facts which will be needed for R(ol) in the

following proposition.

Proposition 4.2.15.

(i) . The set R( a) is transitive , that is ,
every element of an element of

R(cl) is an element of R(ol) (see Section 1.4).

(ii) . If a < p, then R(a) c= R(p).

(iii) . R(co+ a) has power 3 a .

(iv) . If a is an ordinal, then a c: R(a), but a ^ R(%)-

We shall also use another set-theoretic function, H( a), the set of all sets

which are hereditarily of power less than a. For each cardinal a, we define

H( a) by the condition:

xe //(a) iff there is a transitive set y such that x c~ y and \y\ < a.

Here are some basic facts about //(a). The theory ZF-P, described in the

Appendix, is Zermelo-Fraenkel set theory minus the power set axiom.

Proposition 4.2.16.

(i) . H(a) is a transitive subset of R(cl).

(ii) . If (X ^ p, then //(a) ci H(p).
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(iii) . a <= H{a).

(iv) . If a is an uncountable regular cardinal,
then <//( a), e> w a model

ofZF-P.

It is not obvious from the definition that //(a) is even a set, but this

follows from part (i) above. To prove (i), we show by induction on the

rank of y that if y is transitive and \y\ < a, then y e R(a). The other parts

are also not hard to prove. It turns out that 7/(co) = £(co), and, more

generally, H(a) = R(oc) when a is inaccessible. However, Hicof) is a rather

small subset of in fact //(coj) has power 2W ,
while has power

We now have a few things to say about well-founded models. Recall

that a binary relation E is said to be well founded iff there are no infinite

sequences decreasing with respect to E,
that is, no infinite sequences

x0 , x { ,
... such that

x
j
ExQ ,

x2 Ex j ,
....

For example, the e-relation is well founded. Let <(B , £) be a well founded

model. We shall say that an element be B is an ordinal of <£, E} iff

<B,
E} t= (Vyz)(y ebAzeb-+yezvzeyvy = z).

It is easy to see that x is an ordinal of <//(a), e> if and only if x e a. We need

one more preliminary result.

Proposition 4.2.17. Suppose (B, Ey is a well-founded model of ZF — P.

Then the set of ordinals of (B, Ey is well ordered by E.

Proof. Let x be any ordinal of <B ,
Ey. Over the set X = {y e B : yEx },

the relation E must be transitive. For if uEyEz ,
but not uEz

,
then either

u = z or zEu , and in either case we have an infinite sequence decreasing

with respect to E (either y, u, y, or z, y, u, z, y, u, ...). Therefore E
simply orders X. Since E is well founded, it well orders X. We may now

simply imitate the proof in ZF that the ordinals are well ordered by the e

relation (see the Appendix) to show that the ordinals of <B ,
Ey are well

ordered by E. -\

Let <5, Ey be a well-founded model of ZF — P. By the order type of

<B ,
Ey

,
we mean the order type of the set of ordinals of <5, £) under

the relation E. We may now state the axiom of constructibility. We state

it in an unusual way so that we can get by with a minimum knowledge of
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set theory. However, in ZF with the axiom of choice, our formulation here

can be shown to be equivalent to the more familiar statements of the axiom

of constructibility.

Axiom of Constructibility. For every regular cardinal a > oj, every

well-founded model <£, £> of ZF-P of order type a is isomorphic to

<H( a), e>.

This axiom states that //(a) is very narrow. We can see this more clearly

in the following equivalent statement of the axiom of constructibility

(which is less convenient for our intended use):

For every regular cardinal a > oj, there is no proper subset M c= //(a)

such that M is transitive
,
ac M, and <A/, e) is a model of ZF — P.

Theorem 4.2.18 (Scott’s Theorem).

(i) . If there exists an uncountable measurable cardinal
,
then the axiom of

constructibility fails.

(ii) . The axiom of constructibility implies that oj is the only measurable

cardinal.

Proof. Let a be the first uncountable measurable cardinal. Let

ft = |2
22
V- Then £(a + 3) is a transitive set of power less than P , and p

is a regular cardinal. Lt follows that £(a + 3) 6 H(P) and (H{P), e) is a

model of ZF — P.

Let D be a nonprincipal a-complete ultrafilter over a, and lorm the

ultrapower

<B, £> = n D(H(p), e>.

Then <£, £> is a well founded model of ZF-P. We claim that <£, £> has

order type p. The natural embedding d maps p isomorphically into the

ordinals of <£, £>, so <£, £> has order type at least p. Let x be any ordinal

of <£, £>. Then x = fD for some function / on a into p. Since cf(/?) > a,

/is not cofinal in p. Thus there exists y < (J such that/e a
y. Lt follows that,

if yEx, then y = gD for some g 6 *y. Therefore the set {y : yEx} has power

^ /, and since y ^ 2
22

*,
y
a < p. This shows that every ordinal of <£, £>

has fewer than P predecessors, and it tollows that <(£, £)> has order type

at most p. Our claim is established.

Let cp(x )
be the formula of set theory stating that ‘x is the first

uncountable measurable cardinal’. When <p(x) is written out in detail,

we see that the quantifiers in (p(x

)

can be restricted to, say, S(S(S(x))).
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Thus in the model <//(/?), e>, an element b satisfies (p(x) if and only if

b really is the first uncountable measurable cardinal, b = a. In the ultra-

power <5, E >, the unique element satisfying (p(x
)

is thus ^(a). The ordinal

d(a) is greater than the ath ordinal of <5, E >. For we see from Lemma
4.2.13 that there is a function f e

a
oc such that fD has a predecessors, and

clearly fDEd( a). This shows that (B, E} is not isomorphic to <//(/?), e>.

For any isomorphism would have to map a to the ath ordinal a of £>,

and a does not satisfy (p(x). So the axiom of constructibility fails. -\

We shall now prove another theorem about ultraproducts modulo an

a-complete ultrafilter. This result will not hold for weakly compact cardinals.

First, we need to study normal ultrafilters. Normal ultrafilters are a-complete

nonprincipal ultrafilters over a which have a valuable extra property.

We only define normal ultrafilters over a set a which is an uncountable

measurable cardinal. We shall not attempt to give any notion of a normal

ultrafilter over an arbitrary set I.

An ultrafilter D over a is said to be normal iff a > a> and

(1)

. D is nonprincipal;

(2)

. D is a-complete;

(3)

. In the ultrapower /JD<(a, <), the ath element is fD ,
where /is the

identity function on a, i.e.,/(y) = y for all y < a.

An alternative form of (3) is:

Proposition 4.2.19. Let D be a nonprincipal cc-complete ultrafilter over a.

Then D is normal if and only if for every function ge a
oc such that

{P : g(p) < p) e D, there exists y < a with

{i e a : g(i) = y} e D.

Briefly ,
every decreasing function on a is equivalent to a constant function

modulo D.

We leave the proof as an exercise.

Proposition 4.2.20. If cl is a measurable cardinal and a > co, then there

exists a normal ultrafilter over a.

Proof. Let E be an arbitrary a-complete nonprincipal ultrafilter over a.

Form the ultrapower <) = and let fE be the ath element of S3.

Define

= {I c a :f~\X )
eE }.
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D is an a-complete ultrafilter over a because 0 Z), and. for all X e 5(a)

and C c= 5(a), (see Lemma 4.2.6)

r i(*\x) = a\/->(n

/
_1
(UC ) = U/

_1
(c),

rW) = nr 1

^).

Z) is nonprincipal because for each y < a,

/e = a # 7
=

whence

/ HM) = {«ea:/(i) = y} $ E,

and so {7} $ D. (As before, 7 is the 7th element ol s
43.)

Finally, we show that Z) is normal. Let # £
3
a be such that

X = {p : g(p ) < /?} € Z>.

We shall use Proposition 4.2.19. Let /? = gofi Then lor all p e / (T),

h(P) = g(f{P)) <f(P)‘

f~
1 (X) e £, so /i£ < fE = a. Thus for some 7 = a, /?£ = 7- Theorem

4.2.14,7 = d(y). So

{/ £ a : /i(i* ) = 7} £ E.

But

{/ : h(i) = y} = {/ : </(/(/)) = y} =f'
1

({j s(J) =
v})>

whence

f~\{j'-9U) = y}) e£’-

Thus, by Proposition 4.2.19, D is normal. 4

So now we know that normal ultrafilters exist. There does not seem to be

any useful counterpart of normal ultrafilters tor the measurable cardinal oj

because the definition depended strongly on the well ordering of the

ultraproduct. Our next theorem will give an indication of how valuable

normal ultrafilters are.

We now prove a result concerning ultraproducts of R( a)'s.

Theorem 4.2.21. Let a be an uncountable measurable cardinal and let D

be a normal ultrafilter over a. Then

</*(a+l),£> = n <*(0+ 0’ e>-
D
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Moreover
,
an isomorphism n is defined as follows : For each jce^(a+l),

n(x) = (x n R(p)
: p < oc)D .

Proof. Let the ultraproduct be denoted by

nw+i). 6> = <B, £>.
D

We must show that 7r is one-one, onto, and for all x, y e R(oc + 1),

(1) xey if and only if nxEny.

To see that n is one-one, suppose x, y e^(a+l) and % # y. Then there

is an element z which belongs to one and not the other, say zei\y
Since xe/?(a+l) = S(R(oc)), z e R( a). a is a limit ordinal, so z e R(y)

for some y < oc. Then, whenever y ^ p < a, we have

z = z n R(p) and z e (x n R(P)) \ (y n /?(/?)).

But the set of all p , where y ^ p < oc, belongs to D, since D is nonprincipal

and a-complete. Hence

nzEnx and not nzEny.

This shows that nx ^ ny, so n is one-one.

Next we verify (1). Suppose xey. Then x £ R(oc ), so £ R(y) for some

y < oc. Whenever y ^ p < oc, we have

x — x n R(p) and x e y n R(p).

It follows that nxEny.

We next prove that n is onto. LetfD e B. First suppose that

X={Peoc:f(P)eR(P)}eD.
For each p, let

g(P) = least y such that /(/?) £ 7?(y+ 1).

Then, whenever p e X, we have g(p) < p. For if p is a limit ordinal, then

f(P) £ 7?(y) c R(y + 1 ) for some y < p. And if p = y+ 1, then g(p) ^ y < p.

D is normal, so by Proposition 4.2.19, there exists y < oc, for which

y={p: 9{P) =y}eD.

The set R(y -f 1) has power 3 y+

1

. But, by Theorem 4.2.14, oc is inaccessible, so

OC =
l .



4 . 2 ]
MEASURABLE CARDINALS 195

Let us consider the partition of a such that one of the partition classes is

a \ Y, and for each set u e R(y + 1 ), the set

{p -m =

is a partition class. There are only + j
partition classes, and D is a-complete,

so one class belongs to D. We cannot have a \ Y e D, so there is a

u e R(y + 1) such that

{P:f(P) = u}eD.

But when y < p we have u n R(p) = m, so

{P : f(P )
= h n R(p)} e D.

It follows thatfD = 7i(u); hencefD is in the range of n.

Our argument thus far shows a little bit more:

(2) If there exists gD e B such that hDEgD ,
then there exists u e R(<x)

with hD = nu.

For we have

{P:h(P)eg(P)}eD,

whence

{P : KP) e R(p)} e D,

and our argument gives a u. This shows the other direction ol (
1

).

It remains to consider an arbitraryfD e B. Let

x = {ye R(gc) : nyEfD }.

Then x e /?(a+l). We claim that nx =fD . Since the axiom of extensionality

holds in </?(a+ 1), e> and in <5, £>, it suffices to prove that

(3) hD EfD if and only if hD Enx.

If hD EfD ,
then by (2) we have hD = nu for some me R{oc). Then uex,

so by (1), liD = nuEnx. If hD Enx, then we use (2) again to get a me R( a)

with hD = nu. But then nuEnx, so by (1), u e x. By the definition of x,

hD = nuEfD . This proves (3), so nx =/D ,
and n maps £(a+ 1) onto B. -\

Corollary 4.2.22. Let a be an uncountable measurable cardinal and D

a normal ultrafilter over a. Then for any formula cp(x
1

... x„) and any

S i9 SH e R(ai+\), we have

<£(a+ 1), e> 1= (p[S
t

... Sn ]
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if and only if

{Pea: (R(p + 1), e> t= <p[S, n R(P) ... Sn
n R(P)]} e D.

If cp is a sentence
,

<^(a+l), e> N cp

if and only if

{fea: </?(/?+ 1), g> 1= cp} e D.

We conclude this section with another application showing that un-

countable measurable cardinals are very large.

Theorem 4.2.23. Let <x be an uncountable measurable cardinal,
and let D

be a normal ultrafilter over a. Then :

(i) . The set of all inaccessible cardinals p < a belongs to D.

(ii) . The set of all weakly compact cardinals P < a belongs to D.

(iii) . a is the octh weakly compact inaccessible cardinal.

Proof, (iii) follows from (i) and (ii) because every set in D has power a.

(i) . When we formalize the definition of an inaccessible cardinal in the

natural way, we obtain a sentence cp such that for all ordinals p ,

(R(P+ 1), e> 1= cp if and only if p is an inaccessible cardinal. Since a is

inaccessible by Theorem 4.2. 1 4, cp holds in <7?(a + 1 ), g> ;
hence by Corollary

4.2.22, (i) holds.

(ii) . Since weak compactness is defined in terms of the model theory of

the infinitary logic it is not very easy to formalize its definition in

terms of the e relation in set theory. We shall instead use a set-theoretic

property which, for inaccessible cardinals, is equivalent to weak compactness.

This equivalence will be left as one of the exercises. A binary relation xTy

is said to be a tree over X iff:

(1) T is transitive, i.e. xTy and yTz implies xTz;

(2) T is well-founded;

(3) if yTx and zTx, then either yTz, zTy or y — z\

(4) T has a least element t such that tTx for all x e r\ {/}.

It follows from (2) that we never have xTx, and never have xTyTx.

Let T be a tree over X. For each x e X, the set of predecessors of x is well

ordered by T, because it is linearly ordered and well founded. Let o(x),

the order of x, be the order type of the set of predecessors of x. The order

ofT, o(T), is defined to be the supremum of the orders of x e X:

o(T) = U o(x).

xeX
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The reader should convince himself that the graph ot a tree looks like

a tree. A branch of T is a subset B a X such that:

(5) if x e B and yTx ,
then y e B;

(6) if x, y e B , then either xTy ,
yTx or x = y.

Thus any branch of T is simply ordered, and hence well ordered, by T.

The order of a branch B is just the order type of B under T. We say that a

cardinal a has the tree property (or ramification property) iff

for every tree T on a ot order a such that, tor each P < y., fewer than

a elements have order p ,
T has a branch ol order a.

We leave as an exercise the fact that an inaccessible cardinal a has the tree

property if and only if a is weakly compact. When we formalize the above

definition of a tree and of the tree property, we obtain a sentence ip such that,

for all cardinals /?, <(/?(/?+ 1), g) N i/c if and only it P has the tree property.

Since a is weakly compact (Theorem 4.2.12), and inaccessible, we have

</?(oc+ 1), g> k </c Therefore the set

U = {P < a : (R(P+ 1), e> 1= e D.

By (i), the set of all P e U such that p is an inaccessible cardinal belongs

to Z), and (ii) follows. 4

Exercises

4.2.1. Let oc be measurable. Prove that if |/| ^ a, there exists an a-complete

nonprincipal ultrafilter over /.

4.2.2. Let 51 be a model of power \A\ ^ a and suppose \\&\\ < a. Show

that there is a sentence (p of such that for all
S
L>,

S
L> 1= <p if and only if

S3 s 51.

4.2.3*. Let 5( be a model of power \A\ ^ a. Prove that for any 53, 5( = S3

in the language 2^a+ if and only if SI = 53 (even when & has more than a

symbols).

4.2.4. Let 51 = <oc, S>Sca and let S3 = <5, rs>sca be an elementary exten-

sion of 51 in the sense of the language ¥a . For any b e B, let

Db = {S c= a : Ts(b)}.

Prove that each Db
is an a-complete ultrafilter over a. Moreover, Db is

principal if and only it b e a.
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4.2.5. A cardinal a is said to be strongly compact iff the following

compactness theorem holds in the language if I is a set of sentences

of ££a and every set Z0 <= I of power |r0 |

< a has a model, then X has

a model. Prove that every strongly compact cardinal is measurable.

[Hint: Use the preceding exercise.]

4.2.6*. Model-theoretic characterizations of measurability: Prove that each

of the following conditions on a are equivalent:

(i) . a is a measurable cardinal.

(ii) . Suppose, for each P < a, I
p

is a set of sentences of the language

and for each y < a the set {Jp< y 2p has a model. Then (J p <a Xp has

a model (‘medium compactness’).

(iii) . Every model 51 of power \A\ = a has a proper elementary extension

in the sense of the language

(iv) . The model </?(a), e, S>ScR(a) has a proper elementary extension

58 = (B, E, Ts}ScR(0l) such that for all beB and a e R(a), b Ea implies

b e R(a).

4.2.7. Show that for any £} formula the formula ... xn )

is equivalent to a 2} formula.

[Hint: Replace quantified relation and function symbols by symbols

with one more argument place.]

4.2.8. Suppose a is an uncountable weakly compact cardinal, and let

51 = <a, <, R r ... R„y. Prove that there exists an ordinal p > a and a

model 58 = </?, <, S
{

... Sn} such that 51 •< 58 and every L} sentence

which holds in 51 holds in 58.

4.2.9*. Prove that if a > co is an inaccessible weakly compact cardinal,

then a is the ath inaccessible cardinal.

[Hint: Adapt the proof of Theorem 4.2.14 (ii), using the preceding two

exercises.]

4.2.10. A set C c a is said to be unbounded iff (JC = a, and is said to be

closed iff, for all nonempty subsets X a C, either (JX 6 C or (JZ = a.

Prove that if a is regular, then the intersection of fewer than a closed and

unbounded subsets of a is again a closed and unbounded subset of a.

4.2.11. Suppose cf(a) > co, and C is a closed and unbounded subset of a.

Prove that the set

C' = {/?€<*:/? = U(Cnj?)}

of all limit points of C is again a closed and unbounded subset of a.
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4.2.12. a is said to be a Mahlo number iff every closed and unbounded

subset of a contains an inaccessible cardinal. Prove that il a is a Mahlo

number, then a is the ath inaccessible cardinal.

4.2.13*. Let a > a> be an inaccessible weakly compact cardinal.

(i) . Prove that a is a Mahlo number.

(ii) . Prove that a is the ath Mahlo number.

4.2.14*. Let X
p , P < a, be a sequence of subsets of a. By the diagonal

intersection of the sets Xp
we mean the set

dfW, = {y s a : y e H*

<

? *<)}•

Prove that D is a normal ultrafilter over a if and only if D is a nonprincipal

a-complete ultrafilter and D is closed under diagonal intersections, that is,

if X
p
eD for all p < a, then

d

f] p<ai Xp
e D.

4.2.15*. Let D be a normal ultrafilter over a. Prove that every closed and

unbounded subset of a belongs to D.

[Hint: Use Theorem 4.2.19.]

4.2.16* (Mahlo’s operation). Let X c a. Define M(X) to be the set of all

P < o: such that every closed and unbounded subset of P contains an

element of X. (Thus, if JIT is the set of all inaccessible cardinals p < a, then

M(X) is the set of all Mahlo numbers P < a.) Prove that every normal

ultrafilter D over a is closed under the Mahlo operation, that is, XeD
implies M(X )

e D.

4.2 .17. Let D be a normal ultrafilter over a, let g e“a, and let E be the set

E = {X ci a :
g~\X)e D}.

Prove that if £ is a normal ultrafilter over a, then E = D.

4.2.18. Let cp be a £7 sentence in the language of the model <£(a), e, S>.

Suppose that a is a measurable cardinal and D is a normal ultrafilter over a.

Prove that if

{P e a : < R(P ), e, S n R(p )) N (p) e D,

then

<£(a), e, S} N cp.

4.2.19. A cardinal a is said to be II"-indescribable iff for every set S <=£(a)

and every II"' sentence </>, if

<R( a), e, S> h (p,
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then there exists p < a such that

R(p)> 1= <p.

L^-indescribability is defined analogously.

(i) . Prove that every measurable cardinal oc > co is Ilf-indescribable.

(ii) . Prove that the first measurable cardinal a > co is not Lf-indescribable.

4.2.20*. A cardinal P is said to be indescribable iff it is II"'-indescribable

for all m, n < co. Prove that if a is the first uncountable measurable cardinal,

then there exists an indescribable cardinal P < a.

[Hint: Let D be a normal ultrafilter over a. Show that in the ultrapower

^0<R(a), e) the formal statement ‘x is indescribable’ is satisfied by the

element a.]

4.2.21*. Equivalent formulations of weak compactness. Prove that for any

inaccessible cardinal a, the following are equivalent:

(i). a is weakly compact.

(ii) . Every model of power a, which has at most a relations and functions,

has a proper elementary extension in the sense of the language J£?a .

(iii) . Every model of the form 91 = <R(a), e, S
l ... £„> has a proper

elementary extension S3 = <B,E,Tl ... Tn} such that for all b e B and

a e R(ol), bEa implies b e R(a).

(iv) . Either a = co or a is II] -indescribable.

(v) . a has the tree property (see the proof of Theorem 4.2.23).

(vi)
.
(Lindenbaum’s Theorem for 2^a .) Let \£P\ < a. Every set I of

sentences of ££a of power \I\ ^ a, with the property that every subset of

T of power < a has a model, can be extended to a maximal set with that

property.

[Hint: The easiest order to prove the equivalences is

(i) - (ii) -> (iv) -> (v) ->• (vi) - (i), and (ii) -» (iii) -> (v).]

4.3. Regular ultrapovvers

In the previous section, we investigated ultraproducts taken modulo an

a-complete ultrafilter. We shall now study the opposite case - ultraproducts

modulo an ultrafilter which is not ttq -complete. This section may be read

independently of Section 4.2.

We shall begin by investigating ultrafilters of various kinds, namely

countably incomplete, uniform, and regular.
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4.3.1. A filter D is said to be countably incomplete iff there exists a count-

able set E <= D such that f]E$ D. (This is the same as not corcomplete,

in the terminology of Section 4.2.)

4.3.2. Let a be a cardinal. A proper filter D over I is said to be a-regular

iff there exists a set E a D of power \E\ = a such that each i e I belongs

to only finitely many e e E.

Proposition 4.3.3. A filter D over / is co-regular if and only if there exists

a countable decreasing chain

I = IQ ZD f ZD I2 ZD ...

of elements In e D such that P|„/„
= 0.

The above proposition is often useful in dealing with ultraproducts. The

proof is left as an exercise. Lt is obvious that the notion ol 2-regular becomes

stronger as a increases. In view ol the next proposition, we may think of

a-regularity as a stronger and stronger kind ol countable incompleteness

as a increases.

Proposition 4.3.4. An ultrafilter D is co-regular if and only if D is countably

incomplete. Any co-regular filter is countably incomplete.

Proof. Suppose D is co-regular. Let E cz D, \E\ = co, be such that each

i e I belongs to only finitely many e e E. Then = 0, and, since D is

a proper filter, P)£ £ E, whence D is countably incomplete.

Let D be a countably incomplete ultrafilter. Take a set E = {e0i e l9 ...}

cz D such that f]E £ D. Let

<?0 = ^0 ^ ^n+ 1
~ ^ ^n+ 1 *

Then E' = {e’0 , e[ 9 ...} a D, and Therefore D is co-regular. H

Our next task is to establish the existence of a-regular ultrafilters.

Proposition 4.3.5. For any set I of infinite power a, there exists an a-regular

ultrafilter D over I.

Proof. It suffices to show that some set J ol power a has an a-regular

ultrafilter over it. We consider the set J = 5w(a) of all finite subsets of a.
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For each p e a, let

fi = {jeJ
: ft ej},

and let

E = {p : P e a}.

Then E has power a. Moreover, each j e J belongs to only finitely many

P £ E, because j is finite, and je p means P e j. It follows that any proper

filter over / which includes E is a-regular. E has the finite intersection

property, because

{P 1 » • • • > Pn } ^ P 1
^ ^ P rt •

Hence by the ultrafilter theorem, E can be extended to an ultrafilter D
over /, whence D is an a-regular ultrafilter. H

We turn now to the cardinality problem for ultraproducts. Given an

ultrafilter D over / and nonempty sets i e /, what is the cardinality ol

the ultraproduct It is a special case of Exercise 4. 1.15 that the

cardinality of the ultraproduct n^i depends only on the cardinality of

the sets A
t

. Thus the cardinality problem is really a problem in the arith-

metic of cardinals. Some cases of the problem are still unsolved and appear

quite difficult. However, we shall prove some partial answers here which

shed much light on the question, and we can later apply these results

to model theory. We begin with a list of elementary facts.

Proposition 4.3.6. Let D be a proper filter over I. Then :

(i) . If\A
i |
= \Bi\for all i e /, then =

I

(ii) . Z/M.l ^ \B,\for all is I, then ino^il < I

oii). irM,i « irw.i-
(iv). Ml < IFM < Ml 1

'
1

-

The next two propositions give some more substantial information about

cardinalities of ultrapowers. The first result shows that when D is regular,

then Y[dA has the largest possible power.

Proposition 4.3.7. Suppose D is an a-regular filter over a set I ofpower a.

IfA is infinite ,
then

irui = mi*-
D

D^fl-
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Proof. Proposition 4.3.6 (iv) gives the upper bound

\YU\< l'
4 !*-

D

We now show that for any a-regular filter D
,
regardless of the power ol A,

(1) w<irui-
D

Since D is a-regular, there exists E cz D of power |£| = a such that each

i g / belongs to only finitely many e e E. Let B be the set ol all finite sequences

of elements of A. Since A is infinite, we have \A\ = \B\. Thus to prove (1),

it suffices to find a one-one function

7i •.

ea -> n B -

D

For each g : E -» A, we shall define a function g'
: I -* B. We intend

to define n by putting ng — g'
D . First, we choose a simple ordering ^ of

the set E. For each i e /, define the element g\i) e B as follows. Let

(2 )
•••

be the finite set of all e e E such that i e e, arranged in increasing order

with respect to ^ . Then

g'(i) = <g(ei) ••• g(en)>-

Thus g' maps I into B. Now define ng = g'
D . Then n maps EA into

It remains to show that n is one-one. Suppose g ,
h e

LA and g ^ h. Then

for some e e E, g(e) 7^ h(e). Now, for any i e e, e will occur in the finite

sequence (2) of sets containing /, say e = ek . Then

g\i) = <... g(ek) ...> 7^ <-.• h(ek) ...) = h’(i).

Thus ee D and ^'(0 ^ h’(i) for all i e e
,
whence

ng = Qd ^ hD — nh.

Therefore n is one-one, and (1) follows. H

In the case when A is finite, Y\d^ always has the same power as A ,

for the fact that A has n elements is expressible by a single sentence of ^

.

Corollary 4.3.8. If 31 is infinite ,
then 31 has ultrapowers of arbitrarily

large power.
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The above corollary gives another proof of the Lowenheim-Skolem-

Tarski theorem, 3.1.5 (because is elementarily embedded in its ultra-

power - Corollary 4.1.13). Next we show that certain cardinals cannot be

cardinals of ultrapowers, at least when D is countably incomplete.

Proposition 4.3.9. Let D be an co-regular filter. IfA is infinite,
then

irui-in^r
D D

Proof. Let B be the set of all finite sequences in A. Then |Z?| = \A\

because A is infinite. So it suffices to prove that

(1) irur<in*i-
D D

It suffices to find a mapping t on a subset of Y\d& onto To

this, it suffices to find a mapping a on
0)

(

fA) into
1B such that:

(2) if g, he^1
A) and ag= D <jh, then, for all n, g(n)= D h(n).

For then we may define the mapping t by:

if o

g

= /, then t(/d) = <g{0)D g(l)D ...).

Since D is co-regular, there is a sequence I = I0 f => ... of sets In e D
such that P)„/„ =0 (Proposition 4.3.3). Then for each i e I, there is a

unique integer n(i) such that

* e ^n(i) ^ ^n(i) + 1
•

For each function g e
w
(

/
A), define eg e

1B by setting

0#)(0 = <#0X0 ••• #W0 )(0>*

It remains to verify (2). Suppose g,li are in "(J.T), and og = D oh. Then

the set

X = {/ e / : (og)(i) —
(
oh)(i )} e D.

For each n < co, we have X n In e D. Whenever / e X n /„, n ^ n(i) 9

and thus g(n)(i) = /?(«)(/ ). It follows that g(n) = D h(n) for all n. Thus (2)

holds and hence (1) holds. H

If follows, for example, that no ultrapower of a set modulo a countably

incomplete ultrafilter can have power co, or even any power of cofinality

co. Other similar cardinality theorems are known, and we shall include them
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in our list of exercises. Before moving on to our next topic, we wish to say

a few words about unsolved problems. The following questions remain

completely open:

Does there exist a countably incomplete ultrafilter D such that

| J~[
w\ is singular?

D

| PI co| is inaccessible?
D

irn < imm?
D D

We can state a more sophisticated problem along this line if we introduce

another notion. A filter D over / is said to be uniform iff £very member of D

has the same cardinality |/|. We then ask:

Does there exist a countably incomplete uniform ultrafilter over a which

is not a-regular?

Does there exist a countably incomplete uniform ultrafilter D over a

such that \UiM < 2*?

We have already answered the above two questions negatively for a = a).

By Proposition 4.3.6, the second question implies the first. From Exercise

6.5.9 it follows that both questions have affirmative answers if a is a

measurable cardinal. Recently, Prikry (1971) has shown that the axiom

of constructibility implies that every uniform ultrafilter over co t
is regular.

This was improved to c

o

n by Jensen (unpublished). V = L also implies a

negative answer to the second question (see Exercise 4.3.17).

Let us now study the model-theoretic properties of regular ultrapowers.

We first give an application of the cardinality result, Proposition 4.3.7,

to the Lowenheim-Skolem problem for two cardinals considered in Section

3.2. Let ££ have among its symbols a 1 -placed relation symbol U. Let us use

the term (a, P)-modeI for a model for such that the universe A has

power a and the interpretation of U has power P . Thus a theory T in

admits (a, /?) iff T has an (a, /?)-model.

Theorem 4.3.10. Ifa theory T admits (a, P) and p ^ co, thenfor all cardinals

y, T admits (a7
,
/T). In fact, every (a, Pfmodel has an elementary extension,

which is an (a7
, P' )-model.

Proof. Let % be an (a, P)-model of T, and let V be the interpretation of

U in 9L We may assume that y is infinite. Let D be a y-regular ultrafilter over
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a set of power y. Now form the ultrapower Y\d^- Proposition 4.3.7,

(1) irui = «y
> inn = /j

y
.

D D

Let V' be the interpretation of U in /[D 9L We shall show that V has the

same power as n D V. For each fe !
V, we are considering two different

equivalence classes of/, both ordinarily denoted by fD . We now need to

distinguish them, so we shall write

= {g e'A : f = D g} = fD in the sense of
D

fo = {g e'v : f = D g} = fD in the sense of Yl V.

D

For any /, g e
1
V, we have

(2) /d=9d iff /=t>0 iff fo = 9d

Moreover, for any

/

e
rA such that fp e V, we have

{/ s /:/(/) 6 V}eD.

Thus if we define /' e
1A by

/'(')=/(') if m e K

/'(/) = any element of V otherwise,

we have

(3)
/' 6 'v and f£ = fp

A
.

From (2) and (3), it follows that the mapping % such that n(f'D ) =
is a one-one map of IL> V onto V. Therefore, by (1), Y\d^ is an

(op, /F /model. 3

Corollary 4.3.1
1

(Narrowing a Gap). Assume the G.C.H. Suppose

a^a'^/F ^ p ^ co and \\J?\\ ^ a'. Then every theory T in which

admits (a, P) admits (a', /?').

Proof. By Proposition 3.2.11 (i) (taking into account that \\J?\\ ^ a'),

we may assume that p < p\ First take the case that p' is a successor cardinal,

P' = y
+

. Then P ^ y, so by the G.C.H.
, P' = p

y
. By Theorem 4.3.10,

T admits (av
,
p'). Then, using Proposition 3.2.11 (i), we see that T admits

(«',n
The case where P' is a limit cardinal requires an iteration of Theorem

4.3.10. We form an elementary chain 9I
y ,/? ^ y < P\ such that each 5I

y
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is an (a, y)-model of T. Let %p
be any (a, /?)-model of T. Suppose y < p'

and we have constructed 31,, p ^ tj < y. If y is a limit ordinal, let

3I
y = (J{31„ : p ^ ri < y}. Then 3I

y
is an (a, y)-model of T. If y = ^

+
,

then y = if, so by Theorem 4.3.10 there is an (a**, y)-model 33 > 31,. By

Proposition 3.2.1
1

(i), there is an (a, y)-model 3(
y
such that 3f, < 3I

y
-< 33.

By induction, we have the desired elementary chain. Now let 31' =

(J {% : p < y < P'}. Then 3T is an (a, /?')-model of T. Thus T admits

(a, /i'); hence T admits (a', p
f

). H

In Section 6.5 we shall eliminate the Ci.C.H. from Corollary 4.3.11 by

using iterated ultrapowers.

A model 31 is said to be a-universal iff every model 33 of power less than

a which is elementarily equivalent to 31 is elementarily embedded in 31, i.e.,

33 = 3f and \B\ < a implies 33 < 31.

Theorem 4.3.12. Suppose \\d£\\ ^ a and D is an cc-regular ultrafilter. 1 hen

for every model 31, the ultrapower
} |D 3I is a

+
-universal.

Proof. Let E c= D, where \E\ = a and each i e I belongs to only finitely

many e e E. Also, let 33 be a model such that 33 = 31 and \B\ ^ a. We are

to show that 33 is elementarily embedded in
]^[D 3L Form the elementary

diagram r B of 33 in the expanded language B which contains a new

constant for each b e B. It suffices to find an expansion
(

J

-

Jz>
ab )be B °f

the ultrapower f|D 3l which is a model of r B . Since \\<^\\ ^ oc and \B\ ^ a,

we have \r B \
^ a. Thus there is a one-one function H on I B into E. Now

consider an element i e /. Since there are only finitely many e e E such that

16 e
,
there are only finitely many sentences (p e F B such that i e H(cp). Let

{<Pi, •••><?„} = {(per B : i e H((p)}.

The sentence (p^ /\ ... /\ cpn holds in (33,b)beB , and therefore is consistent

with the theory of 31. It follows that there exists an expansion

of 31 to B which is a model of cp
t
a ... A(p„. When we choose such an

expansion for each i e /, we obtain functions fb e
1
A, b e B, such that for all

i e I and (p e f B ,

i e H((p) implies (3i,fb(i))beB ^ •
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Moreover, for each cp e T B ,
H((p) e D, whence by the fundamental theorem,

(0 Ft (3t. /b(0)heB >=
<P-

D

For each b, let ab = (fb )D . Then, by the definition of ultraproduct,

n fbO))beB = ( n ab)beB •

D D

Thus (1) shows that {Y\D% ab )beB is a model of T R ,
so $ < YId^- d

Corollary 4.3.13 (Frayne’s Theorem). 51 = 33 if and only if% is elemen-

tarily embedded in some ultrapower ]~[D 33 <7/ 33.

Proof. If 5f -< J7D 33, then 5f = f^D 33 — S3* For the converse, suppose

51 = 33. Let a be the maximum of \\&\\ and \A\, and let D be an a-regular

ultrafilter over a. Then, by Theorem 4.3.12, ]^[D 33 is a
+
-universal, whence

51 < rL>S3. H

Our next corollary will be used in Chapter 5 to prove the existence of

saturated models. Let 53 be an elementary extension of 51 and let p be a

cardinal. For each set Y cz A, let TfY be the expansion of ££ obtained by

adding a new constant symbol for each y e Y. We shall say that 33 is

p-saturated over 5f iff it has the following property:

For every set Y a A of power |L| < /?, every set T(x) of formulas of

&

Y

which is consistent with the theory of (51, y)yeY is satisfiable in

(S3,y\eY -

Corollary 4.3.14. Suppose \\d£\\ ^ a. Then every model 5f for ££ has an

elementary extension 33 > 5( which is a
+
-saturated over 3L

Proof. Let D be a regular ultrafilter and form the ultrapower PJD 3I.

Let 33 be an elementary extension of 51 such that the natural embedding
d : 51 -* n^Sf can be extended to an isomorphism / : 33 = ]^[D 3L Let

Y a A, \Y\ < <x
+

. Then \\& Y \\ ^ a. Therefore, by Theorem 4.3.12, the

ultrapower f}D (5][, y)yeY is a
+
-universal. But

n («. yU = ( n«. d(y)hy = (®, y)yer ,

D D

so (33, y)ye y is a
+
-universal. Any set T(a) of formulas of Y consistent

with the theory of (5(, is satisfiable in some model ((£, c
y)yeY

= (51, y)yeY
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1

of power ^ a. Then (C, c
y )yeY is elementarily embedded in (33, y)ye Y>

and it follows that £(.*) is satisfiable in (33, y)yeY - d

Theorem 4.3.12 is not true for arbitrary ultraproducts (instead of ultra-

powers). In Section 6.1 we shall investigate ultralilters D for which Theorem
4.3.12 does hold for ultraproducts. (We shall call them a * -good ultralilters.)

There are two interesting questions which remain open in connection

with Theorem 4.3.12.

i*n a
+
^-universal for every a-regular ultrafilter D and every model 31?

Does 31 = 33, \A\, |Z?| ^ 2
a

,
D an a-regular ultrafilter over a, and a^ = 2

a

imply that = Y\d^
For both questions, we must assume that \\^£\\ ^ a, otherwise counter-

examples are known. In Chapter 6 we shall see that the answer to

both questions is yes when D has the stronger property of being a^-good.

Note that the first question is a strengthening of Theorem 4.3.12 where

a
+
-universal is improved to a

+

+

-universal. Exercise 4.3.36 states a result

which lends some plausibility to the second question. It shows that
] [ D 3l

and
1 ( d 33 are very much alike, and, in fact, share properties expressible in

the infinitary language J^a .

Exercises

4.3.1. Prove Proposition 4.3.3.

4.3.2.

(i) . Every uniform ultrafilter over an infinite set is nonprincipal.

(ii) . An ultrafilter D over / is uniform if and only if D contains every set

X c- I such that |/\ X\ < |/|.

4.3.3. If D is an arbitrary ultrafilter and J is an element of D of smallest

cardinality, then D n S(J) is a uniform ultrafilter over J. Similarly for

proper filters. Since

n % s n %
D D fl S(J)

(Exercise 4.1.11), this shows that in the study of ultraproducts we need

only consider uniform ultrafilters.

4.3.4. Let I be an infinite set of power a. Then every a-regular filter over /

is uniform.

4.3.5. Let / be an infinite set of power a. Then there does not exist an a
+

-

regular filter over /.
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4.3.6. If D is an a-regular ultrafilter over / and J e D, then D n S(J) is

an a-regular ultrafilter over J. A similar result holds for filters.

4.3.7. Let D be an ultrafilter over / and let/:/->/. Let E be the set

E = {X c J:f- 1{X)eD}.

Show that E is an ultrafilter over /, and, furthermore, if E is a-regular,

then D is a-regular. (Cf. Lemma 4.2.6.)

4.3.8. A proper filter D over / is a-regular if and only if there exists a

function / : / -* 5w(a) such that for each /lea,

{iel:P ef(i )} e D.

4.3.9*. Let / be an infinite set of power a. If E a S(I), \E\ < a, and the

filter generated by E is uniform, then E can be extended to an a-regular

ultrafilter D over I.

4.3.10. An ultrafilter D is said to be descendingly cc-complete iff for every

descending chain X
7 , y < oc of sets X

y
eD, of length a, the intersection

P| y<a A
r

y
6 D. Prove the following:

(i) . D is descendingly co-complete iff D is countably complete.

(ii) . D is descendingly a-complete iff D is descendingly cf(a)-complete.

(iii) . D is a-complete iff for all p < cl, D is descendingly ^-complete.

(iv) . If D is a uniform ultrafilter over a set of power a, then D is not

descendingly a-complete. However, D is descendingly ^-complete whenever

cf(j?) > a.

4.3.1 1*. IfD is a descendingly a-complete ultrafilter, then D is not a-regular.

4.3.12**. If a is regular, then every descendingly a-complete ultrafilter is

descendingly a
+
-complete. Thus, if m ^ n < co, then no uniform ultrafilter

over con is descendingly wm-complete.

4.3.13*. Suppose D is a uniform ultrafilter over a set of power a, and

\A\ = a. Then IHd^I > a -

4.3.14*. If D is a countably incomplete ultrafilter, then either

i n A
i\
< w °r

i n A
i\ >

2<o
-

D D

Thus, in all cases, \UdAA # o).

4.3.15*. If D is any ultrafilter and \A\ = \A\*
f then IHd^I =
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4.3.16*. Suppose D is an ultrafilter which is not descendingly a-complete.

If \A\ = \A\
P whenever 0 < /? < a, then \\[D A\ = \Y\D A\

X
. (Proposition

4.3.9 is the special case where a = co.)

4.3.17*. The notion of a tree of order a was introduced during the proof

of Theorem 4.2.23. A tree T of order a is said to be a Kurepa tree iff T has

more than a branches of order a, while for each p < a, T has fewer than a

elements of order /?. Suppose that there exists a Kurepa tree of order a
+

.

Then for every uniform ultrafilter D over a
+

,

I EM > a
+

-

D

4.3.18*. For any ultrafilter D
,
and any cardinal a,

in(2')l«2'"-', and
I n(a+ )l < I FH +

-

D D D

If D is a uniform ultrafilter over a
+

,
or over 2

X
,
then |f}D a| > a.

4.3.19. Let D be a proper filter, let 91 cz 93, and form the expanded model

(93, A) and its reduced power Hd(93, A). Let A' be the (1 -placed) relation

in Hd(93, >4) corresponding to A, and let 91' be the reduct to & of the

submodel of f|D (93, A) with universe A'

.

Prove that 9T = rio^I-

4.3.20. If a theory T admits (a, /?, y), then T admits (a*
5

, p
d

, y
5

) (provided

y ^ a>). (Where ‘T admits (a, p, y)’ is defined in the obvious way.)

4.3.21. A subset X <= B is said to be definable in the model 93 iff there is a

formula (p(x0 x l
... xn ) and elements b

x , ..., bn e B such that

X = {b0 e B : 93 N (p[b0 b {
... 6„]}.

Suppose D is a countably incomplete ultrafilter. Let 91 be any model and

form the ultrapower n^- Show that any definable subset of is

either finite or has power ^ 2
a>

.

4.3.22. A class K of models for 3? is said to be relatively compact iff for

every set T of sentences of if every finite subset of I has a model in K,

then T has a model in K. Let ||=2?|| < a and suppose D is an a-regular

ultrafilter. Then any class K of models for ££ which is closed under ultra-

products modulo D is relatively compact.

4.3.23. Every finite model is a-universal.

4.3.24. Suppose \\~fi\\ ^ a. Let be a simple expansion of formed by
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adding a new constants. Then a model 91 for 3? is a
+
-universal if and only

if every set I of sentences of ££' which is consistent with the theory of 91

has a model 91' which is an expansion of 91.

4.3.25. Let \\£?\\ < a; then every reduct of an a
+
-universal model is

a
+
-universal.

4.3.26. Let D be an a-regular ultrafilter. Then for any model 91, every

reduct of the ultrapower Y[d^ to a language of power ^ a is a
+
-universal.

4.3.27. Suppose D is a countably incomplete ultrafilter and ££ is countable.

Let 91 be a model for 3? . Then every type I(xl ... *„) which is realized in

some model 93 = 91 is realized in F[D 91.

4.3.28*. Let D be an a-regular ultrafilter. Then the model <a +
, <) is

isomorphically embedded in the ultrapower FJD<co, <>•

4.3.29*. Call 93 an ultrapower extension of 91 iff 91 c: 93 and for some

ultrafilter D, the natural embedding d : 91 -> F[D 91 can extended to an

isomorphism/ : 93 = FJ 0 91. By an ultrapower chain over 91 we mean a chain

91 = 910 c: 9X
x

c= 912 ••• of length co such that each 91„ + 1
is an ultrapower

extension of 9(„. Show that every ultrapower extension of 91 is an elementary

extension, and every ultrapower chain is an elementary chain. Prove that

91 = 93 if and only if there exist ultrapower chains

91 = 910 c= 91 t
c= 93 = 93 0 <= 93i c ...

over 91 and 93 such that

U«. = u®.-
n < (o n<(x>

This gives an algebraic characterization of elementary equivalence.

4.3.30. Prove that K is an elementary class iffK is closed under ultraproducts,

and both K and its complement are closed under isomorphisms and under

unions of ultrapower chains. Give a similar characterization of basic

elementary classes.

4.3.31. In Exercise 4.3.29, suppose \\&\\ ^ 2
a ,

\A\ ^ 3
a ,

and \B\ ^ 3a .

Show that the ultrapower chains may be chosen so that the unions have

power 3a+w (or else are finite).

4.3.32*. Prove that an ultrafilter D is a-regular if and only if for every

language of power \\^\\ ^ a and every model 91 for i-?, F]D 91 is a
+

-

universal.
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4.3.33*. Give an example showing that Theorem 4.3.12 fails if the hypothesis

W-&W ^ a is weakened to \\^\\ ^ a
+

.

4.3.34. An ultrafilter D is descendingly a-complete iff the set d( a) is cofinal

in the ultrapower ]^D<a, <).

4.3.35*. Let \\^\\ ^ a and let D be an a-regular ultrafilter. Let 91, 93 be

infinite models such that 91 = 93 and form the ultrapowers fJD 9l,
J ] D 53.

Suppose 9T -< f[D 9(, 93' -< f] w 93, and l^
#

l>
\B'\ ^ a. Then there exist

models 91", 93" of power a such that

9T -< 91" < n % 93' < 93" < 11 93, 91" s 93".

D D

4.3.36**. Suppose D is an a-regular ultrafilter, and 91 = 53. Then the

ultrapowers [JD 9f and J^D 93 are elementarily equivalent in the sense of

the infinitary language (The language a is described in Section 4.2.)



CHAPTER 5

SATURATED AND SPECIAL MODELS

5.1. Saturated and special models

We have already defined in Section 2.3 the notion ot an co-saturated

model. To repeat the definition, a model 51 is oj-saturated iff for every finite

subset X a A, the expansion (51, a)aeX realizes every type I(v) that is con-

sistent with its theory. So an co-saturated model is rich in the number of

types that it realizes; essentially, it realizes the maximum number of types.

We also proved in Section 2.3 that any two equivalent countable cu-saturated

models are isomorphic; furthermore, if a theory T has only a countable

number of finite types, then T has countably saturated models. We shall

develop in this section some simple properties of generalizations of co-

saturated models. The generalizations we have in mind are the notions of an

a-saturated model, a saturated model, and a special model.

Let a be a cardinal. A model 51 is a-saturated iff for every subset X c= A

with fewer than a elements, the expansion (51, a)aeX realizes every type I(v)

of the language u {ca : a e X) which is consistent with the theory of

(51, a)aeX . In working with a-saturated models, we frequently want to

well-order the elements of X in the expansion (51, a)aeX . Thus it <; is an

ordinal less than a and X = {a
n :

t] < £}, then we write (51, a
t] )n< *. There

is then no ambiguity when we write (51, a n )n< $
= (53, b

n )n<

A model 51 is saturated iff it is
|

^-saturated.

Proposition 5.1.1.

(i) . If ca is a limit cardinal, then 51 is a-saturated if and only if 51 is p-

saturatedfor all cardinals p < a.

(ii) . 51 is a-saturated if and only if for every ordinal £ < a and every

ae^A, the model (51, a
n )n< {

realizes all types Z(a:
1

... xn )
consistent with its

theory.

214
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(iii) . is x-saturated ifand only iffor every ordinal { < x and every a e*A,

the model (51, a
n ) n <$ is x-saturated.

(iv) . 7/51 is x-saturaled
, then every rcduct of 51 is x-saturated.

Parts (ii) and (iii) require that x be infinite.

The proof of Proposition 5.1.1 is left to the reader.

Proposition 5.1.2.

(i) . 7/51 is x-saturated and infinite ,
then \A\ ^ a.

(ii) . 51 is finite if and only if 51 is x-saturatedfor all x.

Proof, (i). Suppose \A\ < x. Let ae a
^A be an enumeration of all the

elements of A, and let Z(v) be the type

1(d) = {d # ca( : c < Ml}.

I is a type of (51,
\
A

\

and 1 cannot be realized in (51, a^)i< A \.

(ii). If 51 is infinite, then by (i), 51 is not
\

A
|

+
-saturated. On the other hand,

suppose that 51 is finite. Let X cz A, and let T(v) be a type of (51, a)aeX .

If Z(v) is not realized in 51, then for every b e A, there is a formula

such that (51, a)aeX (= n ob [b]. This shows that the finite subset {ab : b e A}

of T is not consistent in (51, a)aeX . H

We next restate an earlier result from Chapter 4.

Lemma 5.1.3. Suppose \\TP\\ ^ x and a> ^ \
A

\ < 2*. Then there exists an

elementary extension 53 of 51 ofpower 2
a
such thatfor every X a A ofpower x,

03, a\ex realizes every type I(v) of (51, a)aeX .

Proof. This lemma already follows from Corollary 4.3.14. The proof there

requires the ultrapower construction modulo a regular ultrafilter. While

the proof given there is not difficult, the student should realize that the

compactness theorem is already adequate for this construction. For this

reason, we sketch an alternate proof.

Since \A\ ^ 2
a

, the number of subsets X <= A of power a is at most 2
a

.

The language T£x = kj {ca : a e X} still has at most x symbols. Whence

the total number of types S(v) of TPx is at most 2
a

. For each X a A of

power x and each type I(v) of (51, u)aeX ,
we introduce a new constant cXI .

Let

T = the elementary diagram of 51 in TPA plus all the sentences S(cXI )

for every X c A of power x and every type I(v) of (51, a)aeX .
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We can show that T is consistent and has an infinite model. Since T has

at most 2® symbols, T has a model of power 2*. The reduct of this model

to & is the desired model 53. H

Lemma 5.1.4 (Existence of a
+
-saturated models of power 2®). Suppose

\\&\\ ^ a and co ^ \A\ ^ 2®. Then there is an a
+
-saturated elementary

extension of 51 ofpower 2
a

.

Proof. We construct an elementary chain 53^, £ < 2* of length 2“ such that

(1) each 53$ is an elementary extension of 51 of power 2®;

(2) for every X c= B* of power a, (53{+1 ,
a)aeX realizes every type T(f)

of (SB
{ , a)mX .

We take 53 0 to be the model constructed in Lemma 5.1.3. If // is a limit

ordinal, 0 < r\ < 2*, we let 53, = (J {<^53?
. If t] = £+1, we let 53^ + 1

be

the elementary extension of 53 ^
given by Lemma 5.1.3 with 51 replaced by

53^. Let 53 = lj,
?
<2«53,

?

. Clearly 53 is an elementary extension of 51 of power
2®. Let X c= B be of power a, and let Z’(p) be a type of (53, a)aeX . Since 2®

has cofinality greater than a, there is some £ < 2® such that X a B*. Now
53,* is an elementary submodel of 53. So Z(v) is also a type of (53*, a)aeX .

By our construction, some b e B, + l
realizes T, i.e.,

(53,*+! , a)aeX f= T[fi].

Since 53^+ x < 53, we see that (53, a)aeX 1=![/?]. H

Proposition 5.1.5.

(i)
. (GCH.) Let \\^\\ < a. Then every theory T in having infinite

models has a saturated model in each regular power ft > a.

(ii) . Let \\LT\\ < a. Then every theory T in having infinite models has

a saturated model in each inaccessible power y > a.

Proof, (i). The case p = y
+

is immediate. In the case where p is a regular

limit cardinal, the proof follows from the argument given below for (ii)

and the GCH.
(ii). Let 5Ia be a model of T of power a. By Lemma 5. 1 .4, we construct an

elementary chain 51^, where p runs over all cardinals between a and y,

such that

for limit cardinals p, 51^ = (J 5</? 5Ia ;

51^+ is a /?
+
-saturated model of power 2P .
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Then the union 5I
y = U, <y 5l, is a y-saturated model of T of power y,

because

\A
y \ =Z2' = y,

P< 7

and each subset X <= A
y
of power |

A'
|
< y is included in some A

fi
+, where

m ^ p. h

In one of the exercises, the student is asked to prove that the GCH cannot

be eliminated from Proposition 5.1.5(i). Thus the existence of infinite

saturated models is, in general, limited to cases where we assume either the

GCH or the existence of inaccessible cardinals. Of course, as we have

already noted at the beginning of this section, very special theories T may
have infinite (countably) saturated models. It turns out that for many
purposes the notion of a saturated model can be replaced by that of a special

model. For example, every saturated model is special, but not all special

models are saturated. More importantly, the existence of special models

does not require the GCH or inaccessible cardinals. We next take up the

study of special models.

A model 51 is said to be special iff 51 is the union of an elementary chain

5Ip, P < \A\, where /? is a cardinal and each 51^ is /?
+
-saturated. The chain

of models 5 p < \A\, is called a specializing chain of 5(. Note that p is

always a cardinal smaller than \A\, and nothing is said about the cardinal

of 31,. Of course, it follows from Proposition 5.1.2 that either 51^ is finite or

\A
P \ > P\

Proposition 5.1.6.

(i) . Every saturated model is special.

(ii) . Every finite model is special.

(iii) . A model ofpower ot
+

is saturated if and only if it is special.

(iv) . If a is weakly inaccessible
,
then a model of power a is saturated

if and only if it is special.

(v) . If 51 is special
,
then every reduct of 51 is special.

(vi)
. (GCH.) Special models exist in each power a > \\^\\.

Proof, (i). For each cardinal p < \A\, define 51^ = 51. Then, since 51 is

^-saturated, 51^ is /?
+
-saturated and (J,< a 5I,

= 51.

(ii) . This follows from (i) and Proposition 5.1.2.

(iii) . Let 51 be a model of power a
+

. If 51 is saturated, then, by (i), 51 is

special. Suppose 51 is special and let 5l
fi ,p < a

+
, be a specializing chain
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of 51. This chain has a last member 5Ia ,
which must be 51. But 5(a is a

+
-

saturated, so 51 is.

(iv) . Let 5^, P < a, be a specializing chain of 51. If X <=. A and \X\ < oc,

then X a A
p

for some p < oc, and every type T(i?) in (51, a)aeX is realized

in 5ip.

(v) . This follows from Proposition 5.1.1 (iv).

(vi) . This follows from (i) and Proposition 5.1.5. H

Let a be a cardinal. The cardinal a* is defined to be the cardinal sum
y

p<(X 2
p

,
where p ranges over cardinals less than oc and 2P is cardinal exponen-

tiation of 2 to the power p. We shall prove that special models exist in each

power oc = oc*. But first we shall state some simple properties of the

*-operation.

Proposition 5.1.7.

(i) . oc = a* if and only if 2
P ^ oc for all p < oc.

(ii) . There are arbitrarily large cardinals a such that oc = oc*.

(iii)
.
(a

+
) = (oc

+
)* if and only if 2* = oc

+
.

(iv) . The GCH is equivalent to oc = oc* for all infinite cardinals oc.

Proposition 5.1.8 (Existence of special models). Suppose that oc = a*,

\\&\\ < oc, and co < \A\ < oc. Then there is a special elementary extension

53 of 5X ofpower oc.

Proof. If a = y
+

,
then by Proposition 5.1.7 (iii), 2 y = y

+
. So, by Lemma

5.1.4, 51 has a saturated elementary extension of power y
+ = oc. So let us

assume that a is a limit cardinal. This means that if p < oc, then p
+ < oc

and 2P ^ oc. Let y = \\<ST\\ u
\

A\. We construct an elementary chain of

models 53^, P an infinite cardinal less than oc, as follows (we use Lemma
5.1.4 repeatedly): Let 53

y
be any y

+
-saturated elementary extension of 51

of power 2 y
. For any infinite cardinal 5 < y, let 53^ = 53

y
. Given 53^ of

power at most 2P
,

let 53^+ be any p
++

-saturated elementary extension of

power 2 (/? + )
. Given 53,*, <5 < P, where p is a limit cardinal less than oc,

we first take the union 53' =
(J,5 </j 535 ,

which is an infinite model of power

at most 2
/J

;
then we let 53^ be any p

+
-saturated elementary extension of

53' of power 2P . Now the chain 53^,/? < oc, is a specializing chain of the

model Power a. -1

We ask the reader to show as an exercise that with a little more work
we can extend the inequalities co ^ \A\ < oc in Proposition 5.1.8 to

co ^ \A\ ^ a.
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Now that we have established the existence of special models, we shall

next consider them from the point of view of the notions of a-homogeneous

models and a-universal models. Recall that we have already defined a-

universal models in Section 4.3 and oj-homogeneous models in Section 3.2.

We now introduce the corresponding notion of an a-homogeneous model

for an arbitrary cardinal a. A model 9( is a-homogeneous iff for all £ < a,

ae*A, be*A and ceA, if (91, a
ri )n<i = (^, bjn< ^, then there is a deA

such that (9f, a„, c)n<i = (9f, b
n , d) r]<i . Let us also recall that a model 91

is a-universal iff for every model 93 = 91 of power smaller than a, 93 is

elementarily embedded in 9L Given a class K of models, we say that 91

is a-universal with respect to K iff every model $ e of power smaller than

a is elementarily embedded in 9L Finally, we say that 91 is homogeneous

(or universal) iff 91 is |/1 [-homogeneous (or |T [-universal).

The next proposition is an analogue of Proposition 5.1.1.

Proposition 5.1.9.

(i) . 9f is a -homogeneous (
^/.-universal

) if and only //91 is p-homogeneous

(
p-universal

) for all p ^ a.

(ii) . //a is a limit cardinal
,
then 91 is a -homogeneous (a-universal ) if and

only //9( is p-homogeneous (P-universal) for all p < a.

(iii) . 7/91 is a-saturated,
then 91 is a-homogeneous.

(iv) . 91 is a-homogeneous if and only if for all £ < a and all ae'A,

(91, a,
1 )n<i is a-homogeneous.

(v) . If 91 is a-homogeneous
,
then every reduct of 91 is a-homogeneous.

The proofs are left as an exercise.

Lemma 5.1.10. Suppose that 91 is a-saturated, 91 = 93 and b e *B . Then there

exists an a e *A such that (91, a*)^ <ai = (93, bf)* <a .

Proof. We find the sequence a
i9 { < a, by induction on £ < a. Suppose

that for all i/ < £ we have a
n
e A such that

(9t, a
ri)ri<i

— (^’ bri)n<S-

Let I(v) be the type of the element in (93, bf)n<v Clearly, I is a type of

(9f, a,
1
)n<i ;

whence I is realized by an element, say a^e A. It follows that

(9l,^W = (93AW
We have found the element a. and our induction is complete. Since a is a

limit ordinal, the conclusion follows. H
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The two-sided version of Lemma 5.1.10 is as follows:

Lemma 5.1.11 (Back and forth lemma). Suppose that a is infinite ,
91 and%3

are both on-saturated, and 91 = 93. Let a e aA and b e a
B. Then there are

a e aA and b e aB such that

range
(a )

<= range
(
a ),

range (b )
<= range (b ),

(91, a^)/e <(l = (93, bt)
!
t <

a

.

Proof. We represent each ordinal ^ < a uniquely as a sum £ = co • A + /?,

where n e co. t; is said to be even if n is even; otherwise £ is odd. We wish

to find two sequences a e M, b e such that for all ordinals £ < a we have:

(a) . For all q < £, if q = co • A + is even, then d
t]
= a^. x+n .

(b) . For all q < £, if q = co • 2 + (2w + 1) is odd, then b
n
= b^. x+n .

(c)
. (9I,a,),<{ = (S3,

Suppose that c < a and a
n ,

b
n , q < have been found so that (a), (b)

and (c) hold for We now find a

^

and b If c = a; • A + 2/7 is even, first

let a* = ^aj-A+n- Next let Z(v) be the type of a$ in (91, a n )n< %. By (c), I is

a type of (93, h,
; ),/<(

*. So Z is realized by some element b^eB. Clearly,

(91, a^)q^£ = (93,

The case when £ = co • X+ (2n+ 1) is odd is treated similarly; we let

b^ = b^.i + n and find a,. This completes the induction. The sequences

a e aA and b e*B will satisfy the conclusions of the lemma. -\

The above two lemmas will now be our tools for the rest of this section.

Theorem 5.1.12. oc-saturated models are a
+
-universal.

Proof. Let 91 be a-saturated and let 93 be any equivalent model of power a.

Let be *B be an enumeration of all the elements of B. By Lemma 5.1.10,

there is an a e *A such that

(91, = (9), b^)^ <a .

From this and Proposition 3.1.3, 93 ^ 91. H

Theorem 5.1.13 (Uniqueness of saturated models). Let 91 and 93 be equiva-

lent saturated models of the same power. Then 91 = 93.
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Proof. Let \A\ = \B\ = a and let a e 2
A, b e aB be enumerations of A and

B
,
respectively. By Lemma 5.1.11, there are extensions ae*A, be 7B of

a and b such that

(3(, 5{)$< a = (33,

Since a and B still enumerate A and B, the isomorphism of 31 and 33 follows. H

Theorem 5.1.14 (a-saturated models are exactly the a-homogeneous and

a-universal models). Suppose that \\^\\ < a. The following three conditions

on 31 are equivalent :

(i) . 31 is a-saturated.

(ii) . 31 is a-homogeneous and a^ -universal.

(iii) . 31 is a-homogeneous and a-universal.

Proof. The implication (i) => (ii) follows from Proposition 5.1.9 (iii) and

Theorem 5. 1.12.

(iii) trivially follows from (ii).

We now prove (iii) => (i). Assume 3( is a-homogeneous and a-universal.

Let £< a
,
a e*A, and let T(r>) be a type of (31, a

n )n< ^. Let T be the set of

sentences consisting of the theory of (3l,a tl )n< * in u {c
n : // < £} plus

all sentences r(c). Then T is clearly consistent in a language ol power

smaller than a. Let 33' be a model of T. We may consider 33' = (33, b
n ,

d)n</c,

where 33 is the J^-reduct of 33'. Then

(0 (
s^> anX<s — b

n)n <z-

Since 3( is a-universal and |Z?j < a, the model 33 can be elementarily

embedded into 3L To avoid the introduction of new letters, let us assume

that 33 itself is an elementary submodel of 3L So we can replace (1) by

(3(, *,),<* 3T, *,),«.

Since 31 is a-homogeneous, there is a c e A such that

(% a„, c)n< f = (% b
n , d)n< £

= (33, b
n , d)n<i .

So c realizes the type T in (3f, a
n )n< H

Note that the equivalence of Theorem 5.1.14 (i) and (ii) still holds if

imi =

Corollary 5.1.15 (Saturated models are homogeneous and universal).

If \\S£\\ < \A\, then 3( is saturated if and only if it is homogeneous and

universal.
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This follows immediately from Theorem 5.1.14.

We now turn to special models.

Theorem 5.1.16. If% is special, then 21 is \A\
+
-universal.

Proof. Let a = \A\. If a is not a limit cardinal, then 21 is saturated, so 91

is a
+
-universal. So assume a is a limit cardinal. Let 21^, p < cl, be a

specializing chain of 21. Let 23 be any equivalent model of power cl, and

let b e be an enumeration of B. We now find an a e *A such that for all

P ^ cl, a\ fie
pA

p
and

(0 0 a
i)i<P ~ (^’

Suppose we found a f <5 for all S < p. If /? = y
+

, then from (1) we have

(21^, = (23,

Since (21^, af)^ <y is still /U -saturated, we can find by Lemma 5.1.10, elements

a^, y ^ <; < p, in A
p
such that (1) holds. If p is a limit cardinal, then

obviously each a^, £ < p, is in A
p
and again (1) holds. Once a e aA is found,

then (21, af)i<a = (23, b
i)^<a . Since b enumerates B

,
this proves the

theorem. H

Theorem 5.1.17 (Uniqueness of special models). 7/21 and 23 are equivalent

special models of the same power, then 21 = 23.

Proof. The proof uses the back and forth technique applied to the special-

izing chains 2lp , p < cl, and 23^, p < cl. We replace the element by element

construction of Lemma 5.1.11 by a block by block construction, using

Lemma 5.1.10. We leave the details to the reader. H

We conclude this section with a study of homogeneous models.

Lemma 5.1.18. Let p ^ cl, let 21 be a-homogeneous, and for each £ < p,

let a!* 6 *A. Suppose that for all £ ^ tj < p,

(21, #a)a<s — 0^1>

Then there is an a e pA such that for all <; < p,

('!> = ('!>

Proof. Suppose that for all X < £ < p, we have constructed ax e A such

that
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(1) for all r\ < 4, ^a)a<„ s (% al)x< „.

We wish to extend the sequence a k , A < £, by one more element. If { = (+ 1,

then

(2) (9f, — ($f»

By hypothesis,

(3) (aui)« { -(*ui
+,w

Putting (2) and (3) together and using the a-homogeneity of 91, we see that

there is an e A such that

(4) (91, i = ('^ a\ )a<{ + i
•

Suppose £ is a limit ordinal. Let cf
+l be given. We claim that

(5) (%a\+
')x< s = (%ax)x<i .

This is the usual situation when formulas have finite lengths. Of course,

we make heavy use of the fact that ^ is a limit ordinal; whence, if (1 )
holds

for all {' < {, then (1) holds also for {. So (91, af)x<i = (91, a\)x<i and

from this (5) follows. By (5) and a-homogeneity, we again can find a*e A

such that (4) holds. H

Lemma 5.1.19. Suppose that 9f is a-homogeneous and every type realized in

S3 is realized in 9f, i.e.,for all b
x , ..., bn eB (ne co), there are a

x , ..., an e A

such that (91, a
x

... an ) = {B, b
v

... b„). Then for each b e 2
B, there is an

a e *A such that (91, = (S3,

Proof. We prove the following by induction on infinite cardinals (1 ^ a:

(1) for every be pB, there is an ae pA such that (S3, &$)«*</* = (9X, af)^ </} .

(1) is true for /? = co. This can be seen as follows: Let be lJ
B. For each

n g co, let b
n be the restriction of b to n. By our hypothesis, there are

an
e

nA such that

(93, bm)m<n = (%a n

m)m< n for all n.

Now the sequences a
n

,
n e co, satisfy the hypothesis of Lemma 5.1.18.

Whence there is an a e wA such that

(91, am)m<n = (9f, a
n

m)m<n for all n.

This gives (W, am )m<m = (33, bm )m<w . The other two cases of /? = v
+

or fi
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a limit cardinal are entirely analogous to the case p = co. We only need

to note that if (1) holds for an infinite cardinal p, then by rearranging the

terms of the sequences, we have the necessary hypothesis for Lemma 5.1.18.

Namely,

for every ordinal £ < p
+ and every b e there is an a e 5A such that

Lemma 5.1.20. Suppose that a is infinite,
both 21 and 23 are a -homogeneous

and 2f and 23 realize the same types. Then for all a e aA and b e aB, there are

a e aA and b e
xB such that

range (a) c range (a),

range (b) c= range (b),

(2(, a^ <et = (23, Bz)z <a -

Proof. This is proved in exactly the same manner as the proof of Lemma
5.1.11. We add, however, the new twist introduced in Lemma 5.1.19. The
proper form of induction is the following: For all infinite cardinals P ^ a,

we have

for all ae pA, be^B, there are ae pA
,
be i]B such that

range (a) a range(u), range(6) cz range(h) and (%af}^ <p = (23,

There are no special difficulties involved, so we leave the proof as an

exercise. -\

Proposition 5.1.21. Every cc-homogeneous model is <x
+
-universal with respect

to the class K of models defined by

23 e K iff every type realized in 23 is realized in 2L

Proof. Let 23 e K, |Z?| ^ a, and let b e *B be an enumeration of B. By
Lemma 5.1.19, there is an ae aA such that

(23, bf)^ <(X = (21,

Whence 23 < 91. H

Theorem 5.1.22. Suppose that 9f and 23 are two homogeneous models of
the same power a realizing exactly the same types. Then 91 = 23.

Proof. Let a be infinite and let a e aA, b e aB be enumerations of A and B,

respectively. By Lemma 5.1.20, there are a e aA, b e xB such that
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(^» a s)i<<z
= (^» »

and a and h are again enumerations of A and B. It follows that 31 = 33.

If a is finite, then, since 31 and 33 realize the same types, they are elementarily

equivalent and therefore isomorphic. H

Exercises

5.1.1. The union of an elementary chain 31,,, >/ < a, of a-saturated models

is again a-saturated, if a is regular.

5.1.2. Find a union of a countable elementary chain of cOj-saturated models

which is not co, -saturated.

5.1.3. Let 31 be /i
+
-saturated, and let X a A be such that \\^\\ ^ \X\.

Then there exists an
|

X
|

+
-saturated elementary submodel of 31 of power

at most 2 !

'y| containing the set X. Do the same exercise with ft
' -saturated

and
|

X
|

+
-saturated replaced by /i

+ -homogeneous and \X\
+
-homogeneous.

5.1.4. Let \\3?\\ = a. Find a theory T of having infinite models such that

T has a saturated model of power a
+

if and only if a
+ = 2

a
.

5.1.5. If a is weakly inaccessible, then every special model of power a is

saturated.

5.1.6. Suppose 31 is special of power a. Then show that 31 has a specializing

chain 31/,, P < a, such that \A
ji \
^ 2P whenever \\2?\\ < P < a.

5.1.7. Suppose W&W < a, a = a* = \A\ = \A'\, 31 has a specializing chain

31^, p < a, and 31 < 31'. Prove that there are a special elementary extension

33 of 31' of power a and a specializing chain 33^, p < a, of 33 such that

3ip < 33/, for all P < a.

5.1.8. Show that if 31 is a-universal and \\^\\ < a, then every reduct of

31 is again a-universal.

5.1.9*. Our definit'on of a-homogeneous models is such that in the case

where a is a singular cardinal it is difficult to show that there are

a-homogeneous models of power a. Suppose a is an infinite cardinal. We

say that a model 31 of power a is weakly homogeneous iff 31 is the union of an

elementary chain, 31 =
(J/, <flr

3 such that each 31/, is p
r -homogeneous.

Every special model 31 is weakly homogeneous. If a is regular, then for

models of power a weak homogeneity is equivalent to homogeneity. Prove

analogues of Proposition 5.1.21 and Theorem 5.1.22 (and the associated
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necessary lemmas) for weakly homogeneous models of power a with

ll^ll < a.

5.1.10*. Let be a countable language. Prove that if a theory T in ££ has

at most a countable number of countably homogeneous models, then it

has in each power a at most a countable number of (weakly) homogeneous

models of power a.

[Hint: Show that every homogeneous model of T of power a realizes at

most a countable number of types.]

5.1.11* (GCH). Let ||J£?|| = co and let 91 be a weakly homogeneous model

of power p. Prove that for every cardinal y, co
i ^ y < p, there exists an

elementary submodel 33 of 31 such that 33 is weakly homogeneous and 33

has power y.

5.1.12 (GCH). Suppose ||J5?|| = c

o

and co < a < p. Let T be a theory in

Sf. Then the number of (nonisomorphic) weakly homogeneous models of

T of power a is greater than or equal to the number of weakly homogeneous

models of T of power p.

5.1.13* (GCH). Give an example of a complete theory which has three

homogeneous models of power co0 ,
two homogeneous models of power co

l ,

and one homogeneous model of power oo 2 .

5.1.14. Let ||=5?|| = co. Show that in each power a there are at most l
2
™

nonisomorphic homogeneous models of power a. Find a theory which has

exactly 2
2 °" nonisomorphic homogeneous models of each power a ^ 2

0>
.

5.1.15*. Find an example of a complete theory T in a countable language

such that

(i) all models of T of power > 2
03

are homogeneous;

(ii) T has a model of power 2
W which is not homogeneous.

5.1.16* (GCH). Give an example of a complete theory which has exactly

co nonisomorphic (weakly) homogeneous models in each infinite power.

Do the same for 2", for 2 and for 3.

For which finite n can such an example be found? (This is an open

question.)

5.1.17. Let ££ be countable with at least a 2-place relation symbol and a

be an infinite cardinal. Show that there is an infinite a
+
-saturated model 3f

for 3? such that for no B cz A, co ^ oc, is the model (31, B ) co
L
-

saturated.

[Hint: Consider an a
f
-saturated model equivalent to < R(co ), e>.]
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5.2. Preservation theorems

In Section 3.2 we used elementary chains to prove a group of results

called preservation theorems. A more uniform method for proving preserva-

tion theorems is the use of saturated or special models. We shall give

alternate proofs of the preservation theorems from Chapter 3 (submodels,

unions of chains, and homomorphisms) by this method and then go on

to some additional preservation theorems.

We shall frequently use the first general lemma of Section 3.2, so we

repeat it here for convenience.

Lemma 3.2.1 (repeated). Let T be a consistent theory of If and let A be a set

of sentences of T closed under finite disjunctions. Then the follow ing are

equivalent:

(i) . T has a set of axioms T such that T c= A.

(ii) . // 5f is a model of T and every sentence S e A which holds in 3( holds

in 33, then 53 is a model of T.

Our first lemma is an analogue of the result that a-saturated models are

a
+
-universal.

Lemma 5.2.1. Suppose that 33 is a-saturated, a ^ \A\, and every existential

sentence holding in 51 holds in 33. Then 9f is isomorphically embeddable in 53.

Proof. For the purposes of this (and later) proofs we introduce the

temporary notation 33
1
(E)33 2 to mean that every existential sentence

holding on 33 j
holds on 33 2 . Let ae aA be an enumeration of A. We find

the sequence b*, £ < a, by induction on c < a. Suppose that for all q < f,

we have b
n
e B such that

(51, a,WE)(53, b„\«.

Let I(v) be the set of all existential formulas o(v) satisfied by a in (31, a
n )n <^.

By taking finite conjunctions (p of formulas g in I and quantifying by (3r),

we obtain sentences which are equivalent to existential sentences. Whence

all such sentences (3 v)(p hold in (33, b
n )n< ^. Thus I is consistent with^the

theory of (53, &„)„<,*. We can now extend I to some (complete) type Z(v)

of (33, &,),<*. Since (33, b
n ) n <i is stin a-saturated, I, and hence I, is realized

by some element b

^

e B. So we have

(5f, a,WE)(33,
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So our induction is complete. Since a is a limit ordinal, we also have

(51, ^){< a (H)(33, Since existential sentences contain all atomic and

negations of atomic sentences, the mapping a « -> b* is an isomorphic

embedding of into 53. H

Recall that a sentence cp is preserved under extensions iff for all models

5( c= 53, 5( f cp implies 53 1= cp.

Proposition 5.2.2. The following two conditions on models 5X and 53 are

equivalent :

(i) . Every existential sentence holding in 51 holds in 53.

(ii) . 5{ is isomorphically embeddable in some elementary extension of 53.

Proof, (ii) => (i). Since existential sentences are preserved under extensions,

this is trivial.

(i) => (ii). Let /? be a cardinal such that \A\ < p and \\EE\\ ^ p. By the

existence theorem for saturated models, 53 has a p
+
-saturated elementary

extension 53', which is either finite or of power 2P . By Lemma 5.2.1, 5X is

elementarily embeddable in 53. H

Theorem 5.2.3. A theory T is preserved under extensions if and only if

T has a set of existential axioms.

Proof. We prove only the hard direction. Assume T is preserved under
extensions. The disjunction of finitely many existential sentences is equivalent

to an existential sentence, so we may use Lemma 3.2.1. Let 5( be a model
of T and suppose every existential sentence true in 5( is true in 53. Then 5X

is isomorphically embeddable in some 53' >- 53. Hence 53', and therefore 53,

is a model of T. By Lemma 3.2.1, T has a set of existential axioms. H

Theorem 5.2.4. A theory is preserved under submodels if and only if T has
a set of universal axioms.

Proof. This is similar to that of the preceding theorem. H

We now turn our attention to the universal-existential sentences, namely
the Il5 sentences.

Proposition 5.2.5. The following are equivalent :

(i). Every universal-existential sentence holding in 5( also holds in 53.
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(ii). There are two models 33' and 31' such that 33 <= 31' c: 33', 33 -< 33'

and 31 -< 31'.

Proof, (ii) => (i). Let <p be a universal-existential sentence holding in 31.

For simplicity, assume that cp = where a is quantifier-free. We

show that 33 1= (p. So let b e B. Thus (33,6) = (^3', b). Since b e A' and

31' b (p ,
we have 31' b (3y)o[b]. As existential sentences are preserved under

extensions, 33' b i^y)o[b]. This means 33 b (3y)<7[6]. Whence 33 b (Vx3^)<r.

So (i) holds.

(i) => (ii). From (i) it easily follows that

every existential-universal (E°) sentence holding in 33 also holds in 3L

Let 31' be a |
^[-saturated elementary extension of 31 such that |Z?| ^ \A'\

and let be *B be an enumeration of B. Using exactly the same induction

as in Lemma 5.2.1 (we leave the simple details as an exercise), we can find

a e *A' such that

every existential-universal sentence holding on (33, bf)i<a also holds

on (31', 0{)4<ae .

This implies that every existential sentence holding in (31', tf
4)4<ct

holds in

(33, br)' <(Z . Now apply Proposition 5.2.2 and obtain in a straightforward

manner an elementary extension (33', 6
4)4<a of (33, 6«)*< a in which (3T, #*)$<*

is isomorphically embeddable. We can assume without loss of generality that

33 c 31' c 33', 31 < 31', 33 -< 33\ 3

We say that three models 31, 33, (£ form a 1 -sandwich iff 31 c: 33 <= (£

and 31 -< 6. We say that the model 31 is sandwiched by 33 iff there are

elementary extensions 31' > 31, 33' > 33 such that 33, 31', 33' form a

1 -sandwich.

Theorem 5.2.6. The following are equivalent’.

(i) . T has a set of universal-existential axioms.

(ii) . T is preserved under unions of chains of models.

(iii) . T is preserved under \-sandwiches, i.e ., if 31 b T and 31/5 sandwiched

by 33, then 33 b T.

Proof. We proceed in the direction (i) => (ii) => (iii) => (i).

(i) => (ii). This is easy.

(ii) => (iii). Suppose that 31 is sandwiched by 33. We shall construct a

chain of models,

(1) 33 0 c= 310 <= 33 !
<= 31, c= ... c= 33„ c 31„ c= ...
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such that 53 0 = $8, each triple 53„, 5I„, 53n+1 forms a 1-sandwich, and

5I0 > 91, and each 2(w+1 is equivalent to 91. In order to define the models

9I„, 53„ inductively, we see that we only need the following:

(2) If 53„, 9I„,
s
53n+1 form a 1 -sandwich, then there are an elementarily

equivalent 9IW+1 = 9I„ and an elementary extension 93„ + 2 of 53„+i

such that 53n+1 , 9(„ +1 , 53„ + 2 form a 1 -sandwich.

To prove (2), let 3?' = u {cb : b e 5„ + 1 } u {
U }, where U is a 1 -placed

relation symbol, and consider the theory T' in ££’ given by

{the elementary diagram of 53„ +1 } u {(p
{i)

: 9I„ k (p) u {U(cb) : be B
ll + l }.

Here (p
iU)

is the relativization of the sentence cp (see Exercise 5.2.20). So

any model of T' will be an elementary extension 53n+2 of 53„ +1 which

contains a subset U that includes at least all the elements of 53n+1 , and

such that the submodel determined by the interpretation of U in 53„ + 2 is

a model equivalent to 9I„. The consistency of T' is shown as follows: Any
finite subset of T' consists of three parts:

a sentence a(c
bi ... cbm ) such that 53n+1 k o[b

x
... bn,],

a sentence (p
iU)

such that 9I„ k cp,

the sentence U(c
bi ) a ... a U(cbm ).

Since 53„ -< 53„ +1 , there will be d
{ , ...,dm e Bn such that

S8„ 1= a [<f, ... d„~], 33„ + 1
t= a[d

l ... dm\

Now the model (8?„ +I ,
A„, dl ... dm ) clearly will be a model of this finite

subset of r. So T' has a model, and (2) is proved.

Now consider the sequence of models in the chain (1). Since T holds

in 9I0 ,
we have 2I„ k T for all n. Whence U new 9l„ 1= T. On the other hand,

the chain of models 53„, new, is an elementary chain, so 93 «< (J„ew 53n

= (J ne£[) 9IB . Whence 55 k T.

(iii) => (i). Assume (iii). Then (i) follows by Proposition 5.2.5 using

Lemma 3.2.1. -I

There are natural generalizations of Theorem 5.2.6 to E? sentences and
to nj and L° sentences with n ^ 3. For the sake of completeness, we shall

give below a generalization of Theorem 5.2.6 for n5„ sentences. The reader

is asked in an exercise to provide analogous generalizations for 11° sentences

when m is odd and for L° sentences for n ^ 2. The chain of 2/7+ 1 models

53, 5I0 <= 53i c= c= ... <= 53„_! <= c= 53,

is an n-sandwich iff
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53 0 <53, < ... <53„, %o<Wi < - <%n- 1-

Wc say that the model 5f is n-sandwiched by the model 53 0 ill there are

elementary chains

5f <% <Wl < ... <®n- 1, 53 0 < ... <53„

such that the chain

53 0 <= 5f0 <= ... c= 3I„_ 1
c 53„

is an /z-sandwich. The next proposition generalizes Proposition 5.2.5.

Proposition 5.2.7. Let n ^ 1. The following are equivalent :

(i) . Every l\ 2n sentence holding in 51 /70/Js in 53.

(ii) . There is an n-sandwich

53 0 <= 5f0 c= ... c= 5f„_ 1
c= 53„

such that 5B 0 = 93 and 51 -< 5I0 -

Proof. The reader is asked first to review briefly the proof of Proposition

5.2.5.

(ii) => (i). This is based on the following assertion proved by induction

on A:, 1 < k < n:

for every formula (p(x
l

... x^ and all b
x , ..., bt

e Bm ,
with

0 ^ m < n-k, if 5(m k (p[b
l

... b
t ],

then 53m (= (p[b
,

... b
t ].

Note that when k = 1, the first stage of the induction for all m,

0 ^ m ^ /! — 1, is essentially given by one direction of Proposition 5.2.5.

There is no special difficulty in carrying the induction from k to k+\.

So we shall assume that the assertion is proved. When k = n, we see that

every n5„ sentence holding on 5I0 holds on 530 >
as was to be proved.

(i) :=> (ii). Let us start with the models 5( and 53 0
= 53. Let 5l 0 be any

|

Z?
()
|-saturated elementary extension of 5( and let b° e

liuB0 be an enumera-

tion of 53 0 . So

every n (

-!„ sentence holding on 5f also holds on s

-b 0 >

and hence

(]) every Z 2n sentence holding on 53 0 also holds on 51.

By examining the proof of Proposition 5.2.5, (1 )
leads to
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(2) there is an a
0
e poA 0 such that every

£

2 „ sentence holding in (580 ,
b®)* <Po

also holds in
(
S
2I0 ,

a°)^ <Po .

Deleting the outermost existential quantifiers and stating the result in the

contrapositive form we find that (2) yields

(3) every sentence holding in (%0 , ^)^ <Po also holds in (580 , 1>t)z <Po -

Now let 58! be any |,4 0 | -saturated elementary extension of 580 and let

a
0
e

aoA 0 be an extension of a0 which enumerates 5#0 . Then (3) gives

(4) there is a b
l

G aoB
{
such that every sentence holding in (2I0 , a®)5<aro

holds in

From (4) we have

(5) every L?(n-i) sentence holding in 58 j
holds in 2I0 .

Furthermore, we already have the 1 -sandwich

58 0 c= 2(0 c= 58i , 5>{<5>I0 ,

(80 <% l
.

Clearly, using (5) in the same way we used (1), we can extend the 1 -sandwich

to a 2-sandwich

$o c c <= d 58 2 , 21 < 2T0 < 2I l5 < 58 2 ,

and

every £
2(„_ 2 )

sentence holding in 58 2 also holds in 21 j

.

It is now clear how an inductive proof can be given, so that we can construct

the ^-sandwich as required in (ii). -I

The next theorem generalizes Theorem 5.2.6.

Theorem 5.2.8 (Keisler Sandwich Theorem). Let T be a theory of and
let n ^ 1. The following are equivalent :

(i) . T has a set ofU2n axioms.

(ii) . T is preserved under unions of 'L°2n _ 1 -chains.

(iii) . T is preserved under n-sandwiches
, /.<?., if% b T and 21 is n-sandwiched

by 58, then 58 t
= T.

Proof, (i) => (ii). This follows by Lemma 3.1.15.

(ii) => (iii). Suppose that S
2I is /7-sandwiched by 58 = 58 0 and 21 b T.

Then by an induction very much similar to the one in Proposition 5.2.7, we
have
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(1) for every L^n-i formula (p{x x ... x
{ )

and all a
{ ,

a
{
e A 0> il

33! 1= (p[a
v

... then 3f0 b <p[<*

i

••• ai\-

Consider the three models $ 0 ^ 3f 0 <= 33i such that 33 0 <33! and (1)

holds for the pair 3f0 , 33 1
. We shall extend this chain by adding two more

models,

330 <= 3f0 <= 33 1
c= 31

1
c= 33 2 ,

such that

(2) 33 0 <33j < 33 2 ,
= $i, and (1) holds for the pairs 3(0 ,

3f
x
and

To prove (2), extending the corresponding idea in Theorem 5.2.6, let

{cb :beB { }
u {U}

and consider the theory T given by the following sentences of <£'\

the elementary diagram of 33j,

{0
(LJ)

: 3f0 1
- 0 and 0 a sentence of

{U(cb ): beB .},

{<p
im (c

at ... cj: au ...,a,eA 0 ;
>p(x, ... x,) a n^_, formula such that

9t0 •= '/'[ai ••• ai]}>

{(Vx, ... JC,)01> A u(xl) A ... A U(x,) -> I ... x,) is a£°,-t formula

of JSf
7

}.

A typical finite subset of the sentences of T will consist of five parts:

(3) a sentence a(c
bi ... cbm )

such that 33 j
1= (j[b

x ••• £,„]>

a sentence 0
(L
\ where 3(0 1= 0,

a sentence U(c
bl )

a ... a U(cbm ),

a sentence ^p\
L>

(c
ai

... c
ai )

such that a l5 ..., 0
/

is among b
x ,

...,bm and

\j/ l
is a n°„_i formula and 3f 0 1= «Aibi ••• 0/L

a sentence (V*i ... X/)(i// 2 a a ... a £/(*/) - <A
(

2

U)
)»

where i// 2 is a ~ 2 n -

1

formula.

By (1) we have 33 x
h i/fjfli ... a

t \.
Since 530 -<^o we can find elements

d
{ , ..., dm e B0 such that the model (33 x ,

A 0 ,
d

l
... dm )

satisfies all the

sentences in (3). Whence T is consistent. Now let 3">
2 be a model of T

and let A
]
be the interpretation of U in 33 2 . Then we see easily that (2)

holds. Repeating this procedure, we obtain by induction a chain of models

330 c= 3f0 <= 33 1
ci 3(i c= ... c 33„ c= 3f„ c: 33„ + i

...

such that

33 0 -< *< •••>
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the models 5I„, n e a>, form a L^-i-chain, and

%0<{J®n = U^*
new new

Since each 5In = 91, (p holds in the union. So (p holds in 530 . This proves (iii).

(iii) => (i). This follows from Proposition 5.2.7. H

The sandwich theorem has an application to Peano arithmetic. It has

been shown by other methods that Peano arithmetic does not have a n°

set of axioms, for any n. It follows that for each n, Peano arithmetic is not

preserved under ^-sandwiches. That is, there is a chain of models

530 c= 9(0 c= ... c c= 53„

such that

5I0 < ... < ?!„_!, -< ... -< 53

and 9I0 is a model of Peano arithmetic but 53 0 is not.

It is also known that ZF has no 11° set of axioms, so ZF is also not

preserved under /7-sandwiches.

The next few results are concerned with positive sentences and homo-

morphisms. Recall that positive formulas are built up from atomic formulas

and a
,
v

, 3, V. We say that a formula is negative iff it is built up from

negations of atomic formulas and a
,
v

, 3, V. Obviously <p is equivalent

to a positive sentence if and only if n </> is equivalent to a negative sentence.

Recall also that a homomorphism of 91 onto $3 is a mapping/ of A onto B
which preserves all atomic formulas, i.e., if cr^ ... x„) is an atomic formula

and N o[a
{

... an ], then 53 t= o[f(a
{ ) .../(#„)].

The next two lemmas are generalizations of Lemmas 5.1.10 and 5.1.11.

We adopt the temporary convention that 53 1
(P)53 2 (53 1

(N)53 2 )
shall mean

that every positive (negative) sentence holding on 53 x
holds on 53 2 . More

generally, if <P is an arbitrary set of formulas, we write 53
1 (

</) )53 2 for ‘every

sentence of 0 holding in 53 {
holds in 53 2\

Lemma 5.2.9. Let <P be the set of formulas of which are equivalent to

positive
(negative) formulas. Suppose that 53 is a-saturated, 91(0)53 and

a e
a
A. Then there is b e

aB such that

(91, n^ <a(0)(53, ^)<*<a •

Proof. We first mention that the proof only requires that <P be a set of

formulas which is closed under conjunction and existential quantification.
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Whence our proof for <P = P will work equally well for <P = N, or even

<P = the set of all formulas of (Lemma 5.1.10).

We find the sequence b^, £ < a, by induction. Suppose £ < a, and for all

rj < we have b
n
such that

(% a„

Let I(y) be the set of all formulas a of 0 (with respect to the language of

(9f, a
tJ )n<i )

in the variable v such that

(21 , «„),<« * *!>«]•

By using the basic properties of 0, we see that

(23, h (3i))<t for all o e 0.

Whence I can be extended to a complete type of (23, b
n )n<i . As (23, b

n )n< * is

a-saturated, some element b^e B realizes I, so that

(21, a,), <«(*)(©. b
n)n^.

Our induction is complete and the lemma is proved. H

Lemma 5.2.10. Suppose that a is infinite , 21, are <x-saturated, ae x A,

b e a
B, and 2((P)53. Then there are a e

xA,be aB such that

range (
0
)

cz range (a),

range (
b

)
cz range (6),

(21 S«)
4
<.(P)(23, h,)i<a .

Proof. (Please first briefly review the proof of Lemma 5.1.1 1.) We shall find

the sequences a, h such that

if £ = cu • 2 + 2/7 is even, then a
?
= a^. A+n ;

if £ = a> • 2 + 2(/7+ 1) is odd, then h
i = a+»;

(H,a,WP)(M,),<«-
If £ is even, we fix a% as above, and find b^ e B as in Lemma 5.2.9. It £ is odd,

we fix 5
s
< as above and note that

(23, \WN)(9I,

Whence again we find a^e A as in Lemma 5.2.9. d

Proposition 5.2. 1 1 . Suppose that 21 and 53 are special models such that
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every positive sentence holding in also holds in 53. Assume that either 53

is finite or \B\ = \A\. Then 91 ~ 33.

Proof. We sketch below a proof in the case where B is infinite and \A\ = |Z?|.

However, if B is finite, then regardless of whether A is infinite or not, the

same proof will work. The point to remember is that finite models are

a-saturated for all cardinals a. So Lemma 5.2.10 applies.

If a = y
+

,
then 91 and 53 are both a-saturated, of power a. Let ae*A,

b e aB enumerate A and B, respectively. Then there are a e “A, b e*B which

satisfy Lemma 5.2.10. Whence a, b must still both enumerate A, B , and the

mapping -» 5$, for £ < a, gives a homomorphism of 91 onto 53.

If a is a limit cardinal, let 9f^, p < a, and 53p , < a, be specializing chains

of 91 and 53, respectively. We use a back and forth argument as in the

uniqueness theorem, and leave the details to the reader. H

Proposition 5.2.12. The following are equivalent :

(i) . Every positive sentence holding on 91 also holds on 53.

(ii) . There are elementary extensions 9( -< 91', 53 -< 53' such that 53' is

a homomorphic image of%\!.

Proof, (ii) => (i). This follows since positive sentences are preserved under

homomorphisms.

(i)=> (ii). Note that if 91 or 53 is finite, then \A\ ^ |Z?|. We find special

elementary extensions 91' of 91 and 53' of 53 such that \A'\ ^ \B'\, with

equality holding if 53 is infinite and 9C'(P)53'. By Proposition 5.2.11, 53'

is a homomorphic image of 9T. H

Lyndon’s homomorphism theorem now follows at once using Lemma
3.2.1. We repeat the statement here:

Theorem 5.2.13. A consistent theory T is preserved under homomorphisms

if and only if T has a positive set of axioms.

The next three results are not, strictly speaking, preservation theorems,

nor do their proofs require the use of a-saturated or special models.

Nevertheless, they give us a better insight into the general problem of

elementary classes closed under certain operations and they lead to some

interesting (and difficult) exercises at the end of this section. We shall state

the results for single sentences and leave the corresponding results for

classes to the exercises.
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Proposition 5.2.14. Let cp be a sentence of . Suppose that whenever 31

is a model of cp and 33 1
and 33 2 are submodels of% which are themselves

models of c

p

,
then 33] n 33 2 is a model of cp. Then

,
given any nonempty collec-

tion X of models of (p which are submodels of a model of cp
,
their intersection

P)A" is again a model of cp.

Proof. (The definitions of 33 x
n 33 2 and f]X are taken in the natural sense.)

Let 31 be a model of cp and let X be a nonempty collection of models of cp

which are submodels of 3L Let L£" = u {ca : a e A) kj
{ L/ } ,

where U

is a new 1 -placed relation symbol. Let T be the theory in
(
J'

"

given by the

following sentences:

the diagram of 31 in u {ca : a e A},

the relativized sentence (p
(U)

,

the sentences U(ca )
for all elements a in the intersection f]X,

the sentences ~\ U(ca )
for all elements a e A not belonging to f]X.

Given any finite subset T of T, it involves at most a Unite number of

sentences n U(c
ai ),

n U(caf).
Suppose that lor 1 ^ ^ n

,

a i $ B iy 33, 6^.

Let 33 = Hi hypothesis, 33 is a model of cp. Whence the model

(3f, B, a\eA

is a model of T\ with U being interpreted by the set B. So T is consistent.

Let 33 be a model of T. Clearly 31 is isomorphically embeddable in 33 onto

a model 3( j ,
and also the interpretation of U in 33 gives rise to another

submodel 3I 2 of 33. Both 3(j and 3{ 2 are models of cp, whence 3( ^
n J( 2

is a model of cp. But it is clear that 3^ n % 2 = 0X- Hence 0X is a model

of cp. 4

Proposition 5.2.15. Let cp be a sentence of ^ satisfying the hypothesis of

Proposition 5.2.14. Then cp is equivalent to a universal-existential sentence.

Proof. We prove that cp is closed under unions of chains. The result then

follows from Theorem 5.2.6. There is no loss of generality if we prove that

cp is closed under unions of chains of type co. (In any case, see Exercises

5.2.13 and 5.2.14.) So suppose that

3I0
c= 3I

X
cz ... c= 3(„ c ...

is a chain of models of tp. Let 91 = U»«A- % using the dia§ram of
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and the compactness theorem, we can easily prove that is a submodel

of some model 33 of cp. Our argument now parallels that of Proposition

5.2. 1 2. Let T be a theory in 3? u {cb : b e B) u
{
U] given by the following

sentences:

the diagram of 33 in ££ u {cb : b e B },

<p
w
\

U(ca) for all a e A,

~i U(ca ) for all a e B\ A.

Again T is consistent. So it has a model 33' of (p . Now both 33 and the model

with the interpretation of U in 33' as universe are models of cp. Hence their

intersection is a model of (p . But this intersection is isomorphic to 3L H

Proposition 5.2.16. Suppose that (p is preserved under nonempty descending

intersections
,
i.e., whenever

9f0 => => ... => 3 (m => ...

is a sequence of model of cp, and their intersection is nonempty, then their

intersection is again a model of cp. Then cp is equivalent to a universal-

existential sentence.

Proof. As in the proof of Proposition 5.2.15, we shall use Theorem 5.2.6

and show that cp is preserved under unions of chains. So let

be a chain of models of cp. We may assume that the union 3f = (J nea) 3f„

is a submodel of some model 33 0 of cp. Let Ul9 U2t •••, Un , ... be a sequence

of new 1 -placed relation symbols, and we shall construct an increasing chain

ofmodels
»„ = SB, C ... c 33„ e ....

where each model 33„ is a model for n — T? u {U
t : 1 ^ i ^ n} and such

that the T£n reduct of the chain

c c ...

is an elementary chain in the sense of T£n . Furthermore, we require that

the interpretation of Un+l in 33„ +1 , say Vn
n X\ , satisfies the following:

Jc=Fn
" +1

(the interpretation of Un in 33n + 1 ),

Ac: Vn
n

:f v;:t n(Bn \A) = 0 ,

33rt+1 1= cp
iUn+i)

.
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Suppose we have the sequence 33 0 <= ••• <= satisfying the above. Then

we see that in the model s$„,

a c= t; c v;- x
<= ... cz v; 9

N (p
(Ul)

for 1 ^ i ^ n.

We wish to find a model 33„ +1 for J?n+1 such that

33„ -< the J^-reduct of33„ +1 ,

and, in 33n+ i ,
we have

x c= v;X c= k;
+1

c= ... c= k;
+1

,

V
i
l\'n(Bn \A) = 0 ,

58„ + ]
1= <p

iV,>
, 1 < i < n + 1.

To obtain 33„ +1> let T be given by the elementary diagram of 58„ plus

the sentences which express (using the full strength of a'
,

n + I
plus constants

for the elements of Bn )

A CZ Un + i
CZ U n »

cp^\
Un+l n(Bn \A) = 0.

The consistency of any Unite portion of T can be shown in the model ST„

by an appropriate choice of A m for f/M + 1
. So 7 is consistent, and we ma\

assume that it has a model 33n+1 which extends the chain to

330 <= $1 c ••• <= ®J»+1*

Let 33 = U„ea> 33„ and let Vl9 V2 ,
... be the interpretations of Ul9 U2 ,

...

in 33. Then we see that

A c ... c: Vn
cz ... cz Vl9

Vn+l n(B„\A) =0,

58 b <p
iVn}

.

So the submodels of 58 with universe Vn with respect to the original language

is a descending chain of models of <p, whose intersection is %(. Hence

h (p. H

The techniques involved in the above proofs can be extended to give

other results; see the exercises.
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Exercises

5.2.1*. Suppose that ££ has only a finite number of relation symbols and

no function or constant symbols. Prove that K is the class of models of

a set of universal sentences iff for all models 5f, 51 e K iff every finite submodel

of 51 is isomorphically embeddable in some model in K. Prove a version of

this if has infinitely many relation symbols. Prove another version of

this for arbitrary

5.2.2*. Assume is as in Exercise 5.2.1. Prove that K is the class of

models of a single universal sentence iff there is a number n such that for all

models 51, 5le K iff every //-element submodel of 51 is isomorphically

embeddable in some model of K. Is there an analogue when ££ is arbitrary?

5.2.3. Let K be an elementary class. Show that the class K of all submodels

of models of K is the class of models of some set of universal sentences.

[Hint: Use Exercise 5.2.1, the version for arbitrary ££ .]

5.2.4*. Show by a counterexample that if AT is a basic elementary class,

then the class K as in Exercise 5.2.3 need not be the class of models of a

single universal sentence.

5.2.5*. Find counterexamples for the analogues of Exercise 5.2.3, where
K is the class of all extensions of models of K

,
all homomorphic images of

models of K, and all unions of chains of models of K.

5.2.6. A sentence is existential-positive iff it is both existential and positive.

Prove that a sentence cp is preserved under both homomorphisms and

extensions iff either it is equivalent to an existential-positive sentence,

or else 1

-
~i (p. Do the same for universal-positive and homomorphism and

submodels. Are there analogues for universal-existential-positive sentences?

5.2.7. Give model-theoretic characterizations, in the manner of Theorem
5.2.8. of theories with axioms. By using sandwiches of even lengths, e.g.,

start with 530 and end with 5l„, characterize theories in n,°„ and L° for ///

odd. Extend all these results to elementary classes.

5.2.8. The notion of //-sandwiches can be given the following purely algebraic

formulation. Prove that the model 5f is //-sandwiched by 53 0 iff there is a

(2/7+ l)-chain of models

530 <= 5I0 <= 53 x
cz ... c 5I„_ 1

c= 53„

such that each 53fc+1 is isomorphic to an ultrapower of 53
fc , 0 ^ k < //,
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and similarly for the models 5(
fc , 0 ^ k < n. Then all references to syntactical

notions or the notion of satisfaction are deleted.

5.2.9. By appealing to the proof of Theorem 5.2.6, show the following for

an elementary class K : K is closed under unions of infinite chains of length

oj iff K is closed under arbitrary directed unions. (For the definition of

directed unions, see Exercise 3.1.9. Exercise 3.1.10 is also relevant.)

5.2.10. Change the hypothesis of Proposition 5.2.14 to the following:

Whenever 33
1 , 33 2 c 51 are three models of cp and 53! n 53 2 # 0, then

n 53 2 is a model of (p . Then prove that the conclusion can be similarly

changed to: Whenever the intersection of a nonempty family of submodels

of (p is nonempty, then it is a model of cp.

5.2. 1 1 . Show that there are sentences cp which are preserved under nonempty

descending intersections but which are not preserved under nonempty

intersections of two submodels.

5.2.12**. Characterize the sentences cp, or sets of sentences I, which are

preserved under nonempty intersections of two submodels. (As a starting

point, see Exercise 5.2.18.)

5.2.13**. Prove that a sentence cp is preserved under nonempty descending

intersections if and only if it is preserved under unions of chains and

nonempty intersections of two elementary submodels.

5.2.14*. Prove that cp is preserved under (nonempty) simple infinite de-

scending intersections if and only if cp is preserved under (nonempty)

directed descending intersections.

5.2.15. Prove the following more general version of Proposition 5.2.16.

Suppose that cp is closed under nonempty descending intersections. Let 5(

be a model such that

(i) some extension of 5f is a model of cp
,

(ii) for every extension 53 of 51 which is a model of cp and for all finite

subsets A' cz A and B' c B\A, there is a model C of cp such that

A' c: C c= B and C n B' =0.

Then 51 is a model of cp.

5.2.16*. Find a sentence cp which is preserved under unions of chains but

not preserved under nonempty descending intersections.

5.2.17*. Let U be a 1 -placed relation symbol of ££ and T be a complete

theory of 3?. Prove that the following are equivalent:
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(i) . There is a model 91 = (A, V ...) of T such that V is a descending

intersection of submodels of 31 and of T.

(ii) . There is a model 91 = (A, V ...) of T such that for every finite

subset X c= A \ F, there is a submodel 33 = <2?, F...> of T such that

B V and B n X = 0.

5.2.18. Suppose that a sentence cp has the following form (\p open):

(p = (V.X
A ... Xn 3yi ... ym)[}l/(X l ••• .fm

)

A (Vz
l

... zm)(il/(x l
... xn z l

... zm) A Ti = Z/)]-

Show that is preserved under intersections of submodels.

5.2.19*. A model 91 is said to be simple iff every homomorphism mapping

91 onto 93 is an isomorphism of 91 onto 93. Let T be a theory of . Then

every model of T is simple if and only if every formula cp of is equivalent

under T to a positive formula.

5.2.20*. Let U be a 1-placed relation in ££. Given a model 91 = (A, U ...)

for
,
let 9X| U be the least submodel of 91 which includes U. The relatiuiza-

tion (p
u of a formula cp of £P to U is defined in the following recursive way:

If cp is atomic, then cp
u = cp;

(<PA>I/)
u
=(P

V
a\Ij

v
, (<p v il>)

u = <p
v v

\l/

v
,

(n cp)
v = n <p

u
;

((Vx)<p)
u = (Vx)(U(x) -*•

<f>

v
)\

((3x)<p)
t' = (Ex)(lf(x)A<p

1
').

Prove that cp
u

is logically equivalent to ((p
v
)
u

. Prove that for every theory T

and sentence cp of the following conditions are equivalent:

(i) . There is a sentence \j/ of such that

T [- cp^ (ijj
u
).

(ii) . For any two models 9( = (A, U ...> and 93 = <5, V...) of T,

if 91

1

U = 93

1

V and 91 1= cp, then 58 h cp.

5.2.21*. We say that 91 is the union of a set K of models iff each 58 e K
is a submodel of 91 and A ={J{B : 58 e K}. Prove that a sentence cp is

preserved under unions if and only if it is logically equivalent to a sentence

of the form (VxEljq ... yfjij/, where tji is quantifier-free.

5.2.22*. By a strong homomorphism of 91 onto 93 we mean a homomorphism

/ of 91 onto 93 such that for every /^-placed relation R of 9( and the corre-

sponding relation S of 93, we have
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s = {(fa i • • • fan) : <«1 • •• «„> e /?}.

Assume contains only binary relation symbols. Prove that a sentence cp is

preserved under strong homomorphisms ifT cp is equivalent to a sentence

of the form r A
.

(3x
l
Vy l z 1

3x2 Vy2 z2 ...3xm Vym zm) A V 6U ,

i=i j =

i

where each 0^ is either atomic or of the form

i pin zk)-

Generalize the result to arbitrary . Give a sentence which is closed under

homomorphisms but not closed under strong homomorphisms.

5.2.23**. The direct product 9( x 93 of two models $1, 33 is defined in Exercise

4.1.12. We say that 91 is a direct factor of (S iff there exists a model 93 such

that either 9( x 93 = (£ or 93 x 91 = (£. Give a syntactical characterization

of sentences preserved under direct factors. Give an example of a sentence

closed under strong homomorphisms but not under direct factors.

5.2.24*. By a direct system of type oj, we mean a sequence of models

9f0 ,9f 1
,9f2 ,

... and a sequence of mappings /o,/i,/2 »
••• such that each

/„ is a homomorphism on 9f„ into 9lw + 1
. A model 91 will be said to be a

direct limit of the direct system iff for each n, there is a homomorphism gn

on 9l„ into 91 such that:

(i) for all n < co and a e A n , gn(a) = +

(ii) A is the union of the ranges of the functions g0t g x , g 2 , ...;

(iii) for any other model 9E and homomorphisms g'
n satisfying (i) and

(ii) above, there is a homomorphism h on 91 onto 9T such that for each

n, gn oh = g'
n .

Prove that the direct limit exists and is unique up to isomorphism. Prove

that a sentence q> is preserved under direct limits iff (p is equivalent to a

sentence of the form

m

A (V*! ... Xs)(<

h

-> (3>’i ... yt)0i),

i = 1

where the and are quantifier-free positive formulas.

5.2.25*. By an inverse system of type co, we mean a sequence ot models

9f0 ,9Ii,9f2 ,
... and mappings /0 , fx ,/2 ,

... such that each /„ is a homo-

morphism of a submodel of 9ln + 1
onto 9(n . % is said to be an inverse limit

of the sequences iff for each n, there is a homomorphism gn on a submodel

93„ cz 91 onto 91„ such that
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(i) for all n and all b e Bn ,fngn+l (b) = gn(b);

(ii) 3t =

(iii) if 3T, g'
n also satisfy (i) and (ii) above, then there is a homomorphism

h of 3f' onto 31 such that for each n
, h o gn = g

'

n .

Show that the inverse limit of any inverse system exists and is unique.

Prove that a sentence (p is preserved under inverse limits iff (p is equivalent

to a sentence of the form

m

A (Vxj ... x.XCO'i ... ->
0,),

i — 1

where i/q and are quantifier-free positive formulas.

5.2.26*. Let 2*? = {e}, where e is a binary relation symbol. Given two models

3( = (A, £>, 31' = <A ', E ') for i?
7

, we say that 3T is an outer extension

of 3f iff 31 c= 31' and for all a e A and b e A', if bE'a, then b e A. A formula

(p of 2*? is called essentially existential iff it is obtained from atomic and

negations of atomic formulas by means of

conjunction: 9
{
a0 2 ;

disjunction: 0
l
v02

‘,

restricted quantifications: (V.v)(xe^ -»• 0 ), (3x)(xey a 0);

existential quantifications: (3^)^.

Prove that a sentence <p of =£? is preserved under outer extensions iff cp is

equivalent to an essentially existential sentence. Generalize this result to

cases when ££ may contain symbols (relations and functions) other than e.

5.3. Applications of special models to the theory of interpolation and defina-

bility

This section contains applications of special models to prove some more
general results in interpolation and definability. We have already encountered

in Section 2.2 the two interpolation theorems of Craig and Lyndon
and the definability theorem of Beth. The kind of proof employed in

Section 2.2 is, of course, quite elementary when compared with proofs

requiring the use of special or saturated models. We shall see, however,

that there are several generalizations whose proofs use special models.

At the moment, the use of special models in these results (Theorem 5.3.6

and some of the exercises) appears to be essential.

By way of introducing the use of special models in interpolation and

definability results, and as a refresher to the reader, we first give a new
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proof of the Robinson consistency theorem, from which the reader should

be able to deduce the Craig interpolation theorem.

Theorem 2.2.23 (Robinson Consistency Theorem). Let
x
and 2 be two

languages and let
x
n S£2 . Suppose T is a complete theory in ,

and T
x
3 T, T2 => T are consistent theories in

,
and 2 ,

respectively.

Then T
x
vj T2 is consistent in the language

x
u 2 .

Proof. Suppose that s2f
j
b T

}
and 2f 2 ^ T2 . Let 23i be the reduct of 2Ii

,

and similarly let 23 2 ^e the reduct of 2I 2 . Since 23 x
b T, 23 2 b T and T is

complete, we have 23
t = 23 2 . Now let 2(i, 2( 2 be special elementary exten-

sions of 21, and 21 2 of the same (finite or infinite) power. Let S3! and 23 2 be

the reducts of 21, and 2( 2 ,
respectively, to . Then we see that

23
1

and 23 2 <S 2 ,

23, and 23 2 are equivalent special models of the same power.

Hence 23! = S3 2 . Using this, we can find an expansion 21 of 21, by adding

interpretations of the symbols in 2 \ x
which are images of the corre-

sponding interpretations in 21 2 under the isomorphism mapping S3 2 onto S3 1
.

21 then will be a model for
,
u ££2 such that its oSfj-reduct is 2X t

and its

j£? 2-reduct is isomorphic to 2I 2 . So every sentence of u r2 holds in 21,

whence T
x
u T2 is consistent. 4

Let P and P' be two new ^-placed relation symbols not in . Let T(P)

be a set of sentences of SP u {/*}, and let I(P') be the corresponding set of

sentences of S£ u {P'} formed by replacing P everywhere by P\ Recall

from Chapter 2 that I(P) defines P implicitly iff

Z(P), X(P') N (Vjc, ... X„)(P(Xi ... x„) <-> />'(*! - *))•

Phrased slightly differently, this notion is equivalent to the following:

Given any model 21 for J?, there is at most one /7-placed relation R over A

such that

(21, R) b Z(P).

If I(P) were a finite set of sentences (any argument involving the com-

pactness theorem will reduce S(P) to this case), then the condition that

there be at most one relation R can be written thus:

(*) 21 b (VPP')(Z(P) a I(P') -> P = P').

The sentence appearing to the right of b is a second-order sentence, in fact,

a nj sentence (see the discussion in Chapter 4). The interpretation of b is,



246 SATURATED AND SPECIAL MODELS [5.3

of course, the usual (standard) satisfaction predicate with respect to second-

order sentences. By Beth’s theorem 2.2.22, (*) is true for every model

for Z£ iff Z(P) defines P explicitly, i.e., there is a formula cp{x
x

... x„) of ZP

such that

Z(P) h (Vx
t ... xn)(P(xl ... x„) <-> cp{x

i ... xn )).

From the form of Beth’s theorem, it would follow that an important

model-theoretic question to ask is the following:

Given Z(P) and given 91 (a model for ZP), exactly how many (or how few)

relations R are there on A such that (91, R) t= Z(P)1

This question for an arbitrary model 91 is extremely difficult to answer,

as it would already imply a certain knowledge of second-order logic,

which we do not as yet have. If the question were posed for the class of all

models 91 for ZP, as, for example, in Beth's theorem and in some of our

later theorems in this section, very elegant answers can be found. It turns

out that for special models, we can answer quite satisfactorily the question

whether

9Ih(3 JP)AT(F),

as the following proposition shows.

Proposition 5.3.1. Let Z(P; x
1

... *„) be a set offormulas ofZPv {P} in the

free variables x
{ , ..., xn . Then there exists a set <P offormulas of TP in the

variables x
{ , ..., xn satisfying :

(i) . every formula (p(x
{

... xn )
in <P contains only those symbols of ZP

occurring in the set Z;

(ii) . 1= (Vx
x

... xn)((3P)AT^ A*);
(iii)

. for every special model 91 for ZP
,
which is either finite or is of power

co<\A\ = Ml*, ll^ll < Ml,

91 b (V*
x
...xn)((3P)AZ~f\ 0).

Proof. We first define the set <P as follows: <P consists of all those formulas

(p(x
{ ... x„) of ZP containing only symbols occurring in Z such that

h(Vx
x

... xH)((3P)AZ ^ q>).

Then it is clear that (i) and (ii) hold.

To prove (iii), let 91 satisfy the hypothesis of (iii) and let a lt ..., an e A
be such that

(i) A 1= A#!#! ••• an \

•
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We first show that

(2) the theory of (51, a
{

... an )
u I(P; c

x
... cn )

is consistent in the language

!£' = 3? u {P, c
x ,

cn }.

If (2) were false, then for some o(x
x

... xn )
of SP, we have

51 N o[a
x

... an ],

I(P; c
t

... cn ) h 1 a(c
1 ... cn ).

By the interpolation theorem, we may assume that n cr(x
l

... xn )
contains

only symbols occurring in I. This shows that ^o(x
x
...xn)e<P, contra-

dicting (1). Now let (53,/?,^ ... bn )
be a special model for JS?' which

satisfies the set of sentences in (2) and which has power |Z?| = \A\. Then

since

(51, a l
... an ) = (

s
^8, b

{
... bn\

and both are special models of the same power, we have

(51, a x ... a„) £ (53, b
l ... bn ).

The isomorphism naturally carries the relation R on B onto a relation .S

on A such that

(51, S, a
x

... an) h I(P\ c
x

... cn ). H

Some remarks on this simple-looking proposition are in order here. If

22? is countable and some sort of meaningful Godel numbers are assigned

to the formulas of =£?, then it is easily seen that the set 0 will be recursively

enumerable in I. If I
-

is a single formula or sentence, then 0 is recursively

enumerable. Proposition 5.3.1 can be improved in two directions. First of

all, if I is a single sentence or formula, then 0 can be taken to be primitive

recursive, i.e., we can give an explicit description of the set 0, so that the

conclusion still holds. Secondly, we can dispense with the condition that

the power of 51 must be a cardinal a = a*, and, in the case where I is a

single sentence the restriction that \A\ > \\&\\ is also not necessary. Finally,

the use of the Craig interpolation theorem in the proof is not essential,

as we can restrict ourselves to those symbols of ££ which do occur in some

formula in 1.

We next prove a generalization of the Craig interpolation theorem.

At its simplest level, the Craig interpolation theorem for formulas can be

stated in the following fashion: Let (p(P; x
x

... x„) be a formula of& u {P}
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and let i//(Q
;
x

t ... be a formula of <£ u {Q}. We assume that P and 0
are relation symbols not already in Then the following are equivalent:

(i) . N (Vxi ... xn)((3P)<i>
-> (V{?)^);

(ii) . there is a formula 9(x
l ... xn ) of such that

h (V*
t ... *n)[((3P)<p - 0) a (0 -> (Vg)^)].

The generalization which follows is stated in a similar way.

Theorem 5.3.2. Let (p and ij/ be as in the above
,
and let Q 19 ..., Qn be any

string of quantifiers ,
V or 3. Then the following are equivalent :

(i) . 1= (Qi*! ... Q„*„)((3P)</> -> (Vg».
(ii) . There is aformula 6(x

l ... xf) of^ such that

N (Q lXl ... Qnxn)[((in<p -* 0)a(0 - (vg)«A)].

Proof, (ii) => (i). This is trivial and follows from logic.

(i) => (ii). By Proposition 5.3.1, let

<Ti , @2 ) •••> »
•••

be a list of all formulas of in (from Proposition 5.3.1) with respect

to the formula (3P)(p, and let

^1 > 2 j •••} ^m > • • •

be a list of all negations of formulas of ££ in <P (from Proposition 5.3.1)

with respect to the formula (3Q) n ijt. We may assume by taking finite

conjunctions that

^ ^m +1 * ,

and by taking finite disjunctions that

We already know that

^ ^m + 1
•

(i) N (3 P)(p -+ A <rm ,

m

(2) 1= V Tm - (VQ)l/r.
m

We claim that

III

(3) there exists an m such that 1= (Q^ ... Q„x„)(<7m -> im ).

First of all, (3) is certainly sufficient to prove the theorem, as by taking

9 = Gm or 6 = t,„, and by using (1), (2), (3) and some predicate logic,
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we have the conclusion (ii). (This is a good time to brush up on some of

the rules of predicate logic.) So it is sufficient to prove (3). Suppose that (3)

is false. Then

(4) for each m
, there exists a model such that

^ (Ql*i

where Q, = 3 if Q t

- = V and Q, = V if Q, = 3. The sentences in (4) become
logically stronger as m becomes larger. Therefore, by the compactness

theorem, the set of sentences

(5) (Qi*i ... m = 1
,
2 ,...,

is consistent and has a model. Since om and xm contain only symbols occurring

in cp or ip, we may assume that J? is countable. Let 5f be a special model

of the sentences in (5) of power 3
0Ji

. It is a simple fact to verify that not

only is 51 special, but also

(6) 51 is a> ! -saturated.

Schematically, we have

21 1= A (Q, ... Q„ X„)(crm a -I r„).
m

We show that, by using (6),

(
7) 21 N (Q, ... Q„x„)[ A (i.Ait.)].

m

This is proved by pushing the infinite conjunction A m through the quantifiers

Q one by one. If Q,- = V, then clearly A mQi = QiA m - If Qi = 3, then

we first show:

(8) let a
x , ..., be any sequence of elements in A, and let

... m— 1
, 2, ..., be any sequence of formulas of 3?

such that b rjm + l
-* rjm . Then

21 N A (3*f>7m[>i ... iff 2t N (3x,) A »/„[a i
••• ai-iX,].

m m

The proof of (8) is immediate, since, by (6), (5X, a
l ... a is still co^

saturated, and we simply find an a
{
e A such that

5f b r}m [a
i

... a
t ] for all m = 1, 2, ....
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Now we see that

21 1= (Qi*i ••• Qi-i*i-i) A (QiXi ... Q„x„)((T
ffl
AiTm)

m

iff

21 h (Qi ••• Qi A (Qj+l^i + l ••• Qn^nX^m A_I Tm)-
m

Whence, by induction, (7) holds. Since (3 Wl ) = (3 Wl )*, the conclusions of

Proposition 5.3.1 with respect to (p and if/ both hold for S2L So (by predicate

logic again)

21 (= (Qi*i ••• Q„0( A V O,
m m

21 N (Qj x t ... Q„x„)((3P)<pA-|(VQ>/>),

21 N -|(Q, x, ... Q„x„)((3P> -» (VQ»).

This contradicts (i). So (3) must hold and the theorem is proved. H

Further refinements of Theorem 5.3.2 can be found in the exercises.

Our next few results are generalizations of Beth’s theorem in various

directions. No essential use of special models is needed again until Theorem

5.3.6, although the proofs of Theorems 5.3.3 and 5.3.4, and Proposition

5.3.5 are simpler with special models.

Let Z'(P) be a set of sentences of ££ u {P}, P a new ^-placed relation

symbol. I(P) is said to define P explicitly up to disjunction iff there are a

finite number of formulas (p x (x j ... xn ), ..., (pm(x l ... xn )
of such that

I(P) 1= V (Vx t ... x„)(P(x 1 ... *„)-> <p,(x, ... xa)).

l^i^m

T(P) is said to define P explicitly up to parameters iff there is a formula

(p(x
l ... xny t ... ym ) of ££ such that

Z(P) 1= (3>>! ... ymVx t ... x„){P(xi ... xn) <-> <p(xi ... x„y t ... yj).

Finally, Z(P) is said to define P explicitly up to parameters and disjunction

iff there are formulas (p i
(x

l ... xny x ... ^m ), ..., q>k(x 1 ... x ... ^m ) of

such that

I(P)f= V (3^i ym ^x l ... x„)(P(*i ... xn)<->(Pi(x ... ... ym)).

By the compactness theorem, every result that we prove in what follows

extends obviously to sets of sentences of = u {P}, once we can prove it
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for single sentences of IF u [P). It will be equally clear that instead of an

//-placed relation symbol P, we can, in order to save on notation, use a

1 -placed relation symbol U. The reader is asked to verify these claims as

exercises. If cp(U) is a sentence of IF u {£/}, we sometimes shall simply

write cp for (p(U ).

The next theorem slightly extends the range of Beth's theorem.

Theorem 5.3.3 (Svenonius’ Theorem). Let cp be a sentence of IF kj {£/},

U a new 1 -placed predicate. The following are equivalent :

(i) . For every model 31 for IF, if any two expansions (31, X x )
and (31, X2 )

of 31 to models of cp are isomorphic
,
then X

1
= X2 .

(ii) . (p defines U explicitly up to disjunction.

Proof, (ii) => (i). Suppose that ^(x), ..., 0k (x) are formulas of IF such that

(1) <p t= V (V.x)(C/(x)*->0
f ).

1 < i^k

Let (3f, X) be an expansion of 3( which is a model of cp. This means that for

some Ofx),

X = {a e A : 311=0^]}.

So X remains fixed under any automorphism of 3(, and, in particular, under

any isomorphism of (3f, X) onto an (3(, X').

(i) => (ii). Suppose that (ii) does not hold, i.e., for no formulas

Ofx), ..., 0k (x) of IF does (1) hold. Then the set

1 = {cp} u {n
(
Vx)(U(x

)
<-* 0(x)) : 0(x) a formula of IF]

of sentences of IF u {U} is consistent. Let T be any complete extension

of I in IF u {U}. Note that T does not define U explicitly, as there is no

formula 0(x) of IF such that

T 1= (Vx)(U(x) <-> 9(x)).

Whence, by Beth’s theorem, there is a model 31 for IF which has two

different expansions into models of T:

(31, *01= 7; (31, X2 ) h r,

Since T is complete, we also have

(31, X,) = (31, X2 ).

Consider the model (31, Xx
X2 ). Let (33, Y2 )

be a special elementary



252 SATURATED AND SPECIAL MODELS [5.3

extension of it with respect to the language FF u {U, £/'}. Clearly, (53, Yx )

and (53, Y2 )
are special, of the same power, and equivalent. So, because

(51, X1
X2 )

1= n (Vjt)(C/(jt) <-> U'(x)), we see that

(53, Yt ) s (53, Y2 ),

(53, Yt
Y2 )

b n (Vx)(C/(x) <-> U'(x)),

Yi * Y2 .

This contradicts (i). H

The following finite analogue of Beth’s theorem is more difficult to prove.

It gives one answer to the question we posed just before Proposition 5.3.1.

Theorem 5.3.4 (Kueker Finite Definability Theorem). Let cp be a sentence

of FP u {£/}, and let n ^ 1. Then the following are equivalent :

(i)„. For every model 51 for FP, there are at most n subsets X <z A such

that (51, X) \
z

(p.

(ii)„. There are formulas a(v
l ... vk ), 9

i
(xv

l ... vk ), 1 < / < n, of FP such

that

<P (3^! ... Vk)(7,

cp 1= (yv
t ... vk)\_<r

-+ V (Vx)(U(x) <-> 0
{)].

1

Proof. (ii)„ => (i)„. This is easy to verify.

(i)„ => (ii)„. We shall first prove an easy consequence of Proposition 5.3.1.

Let 9(P;y) be a formula of FP yj {P}. Then the following are equivalent :

(1) b (3yVP)9.

(2) There is a formula a(y) of FP such that b (3_y)<r and b (Vy)(<x -> 9).

The proof of (1) from (2) is easy and we leave it to the reader.

Assume (1). Then, by Proposition 5.3.1, there is a set I(y) of formulas

of FP such that

51 b (Vy)((VP)0 «-> fZ),

for every special model 51 for FP such that \A\ = \A\* and \\FP\\ < \A\ if 51

is infinite. By (1), we have

51 1= (3j)cr for some o e Z.

Since every model for FP is equivalent to some such special model 51,



5 . 3 ] THEORY OF INTERPOLATION AND DEFINABILITY 253

we see that

f= V {(3.V )<t • G e

Hence it follows from compactness that there are a lt ..., am e I such that

h {3y)a i w ...w(3y)om .

So, defining a = o
x
v ... va,„, we find that (2) holds.

Returning now to the proof of the theorem, assume (i)„. We first show

that there are formulas i/r ,(£/; v
1

... vk )
of u {t/}, 1 ^ ^ /?, such that

(3) h (3t?j ... t>*VUl/Vx)[(<Kl/) - V Ml/; - «*))
1 ^ i < n

1

Condition (3) simply says that given any model 2f for ££, we can find

elements a
{ , ..., ak e A such that at most one subset X a A satisfies

(% X) h cp a ^i\_o j
... a*].

We now describe a procedure by which each i/^- can be written down. Given

9(, we first assume that has exactly n sets X
x , ..., X„ such that

(2f, X
t ) 1= (p, i = 1, n.

We may assume that one of the Xif say Xn , is such that

Xn <£ Xt
for 1 = 1,..., If— 1.

Let

i ... ^_i) = [/(ii
1
)a%)a...a%.

1 ),

and let A"
f
for / = 1, 1. Then is the only subset of

such that

(5f, Xn ) h cp Aip
l
[a

l
...

Next we may assume that

Xn _ 1
cj: X

t ,
for i = 1, ...,/i — 2.

We write

i)/ 2(U;v 1
. . . v2n — 3 ) = (if 1

)A%)A...A[/(v 3 ).

and find + i
e \ X

t ,
i = 1,...,h- 2, so that AXi is the only

subset of .4 satisfying

(9f,Af„_i) h (pAi// 2 \a
l

... (i2n ~ 3 ]•



254 SATURATED AND SPECIAL MODELS [5.3

Proceeding in this fashion, we obtain i/q-, / = 1, n. The integer k is simply

the total number of distinct variables required to write down ij/n . Certainly

our choice of the elements a
l ,

ak e A is such that (3) holds for 21. [n the

case where 21 has fewer than n subsets X such that (2(, X) h (p, we can still

prove that (3) holds by suitably identifying some of the a
t

. So (3) is proved.

Let 9 be the subformula in (3) immediately following the set quantifiers.

We now apply the implication (1) => (2) to 0. (It is clear that in this applica-

tion we can replace (By) by (3w
1 ... rk ) and (VP) by iyUU').) So we obtain

a formula ... vk ) of such that

h (3v
{

... vk)(T,

(4) t=(v»i ...!>»)(*-(<?>([/)- V mu))),
1 < i ^ n

(5) h(Vlh ... »*x)[(TA^(t/)A^
i
(C/)A<p(C/

,)A^
i
(C/

/

)-*> (C/(x) - U’(x))]
9

• 1

l “* X
j

• • • y /l •

Using propositional logic, we can rewrite each part of (5) as an implication

of two formulas, one containing U and the other containing U'. We now
apply the Craig interpolation theorem to each part of (5) and obtain

formulas 0
i
(v

i ... vk x )
of 3? ,

/ = 1 such that

1= (Vo, ... vk x)[((T A. (p(U) A tl/JU) A U(x) -> 0
t
)A(0, -» (<p(U’) A !/»,(£/')

- U’(x)))l i = 1, .... n.

After identifying U and U', and lifting out </>, we obtain

V (V»1 ... vk x)[<j A\I/,(U) -> (U(x) -> 0,(.v))], i = 1, .... n,

<P *= (V»i ••• -»• W -*• t/(x))], i = 1, •••, m.

From the latter two statements and (4) we obtain the desired conclusion

(p f= (Vi^ ... vk)[(j V Vx(U(x) 0 f)]. H

1

The finite analogue of Theorem 5.3.3 is the following:

Proposition 5.3.5. Le/ cp be a sentence of <£ u {£/} and let n ^ 1. Then

the following are equivalent :

(i) . Fbr pyery model (31, 3f) o/ (p, there are at most n sets Y such that

(% X) s (91, 7).

(ii) . There areformulas o
j
(v

1 ... y*), O
t
j(xu

l ... 1 < j < l < i < n,
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of such that

<pt V {(3i?! ... vk)oJ A(yv l ... vk)((Tj
-+ V (Vx)(l/(x) <- Oij))}.

1 GJGm 1 < i <

n

The proof is similar to the proof of Theorem 5.3.3 and we leave it as

an exercise.

We next consider an infinite analogue of Beth’s theorem and Theorem

5.3.3. Note that condition (v) of Theorem 5.3.6 states that cp defines (J

explicitly up to disjunction and with parameters. Theorem 5.3.6 provides

another answer to our earlier question.

Theorem 5.3.6 (Chang-Makkai Theorem). Let cp be a sentence of£F u {£/}.

The follow ing five conditions are equivalent :

(i) . For every infinite model for LF,

\{X:XczA and X) h cp}\ < \A\
+

.

(ii) . For every infinite model (9(, X) h cp,

\{Y:(K,X) £ (% Y )} |
< \A\

+
.

(iii) . For every infinite model for ,

\{X : X c= A and (9f, X) h cp}\ < 2 1
'4

'.

(iv) . For every infinite model (9f, X)\

-

cp,

|{y :(3I, X) £ (31, y)}| < 2W .

(v) . There are a finite number offormulas 9
I
(xv

l
... vm ), ..., 0„(xv

t
... vm )

of Sf such that

(p N V (3^ ... i>m Vx)(C/(x) «- Oi).

1 ^ i ^ n

Proof. The set of m-tuples of an infinite set A has cardinal \A\. So it

follows that (v) implies all the other conditions (i), (ii), (iii) and (iv).

Among the four conditions (i)-(iv), (iv) is the weakest, since if it fails,

then so will (i)-(iii). So it is sufficient to prove that (iv) implies (v). We shall

show that if (v) fails, then (iv) also fails. This will then prove the theorem.

In order to simplify the proof somewhat, we shall assume that LF is a

countable language; in fact, we may assume that Ffi contains only the
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symbols occurring in (p. Suppose (v) does not hold. Then the set

{(p) u •••) i (Vx)(t/(x) 9(xv
l
v2 ...)) : 9(xv i

v2 ...)

is a formula of £?}

is consistent, whence it has a model (31, X). In the model 3f, the set X can

never be defined by any formula of ££ with any finite number of parameters

from A. So A must be infinite. We can assume that the model (31, A") is

special and is of power This means that (31, X) is the union of a

specializing elementary chain

(3(0 ,
X0 ) < (3tl5 JTi) -< ... -< (3I„, Xn ) < ...

(we have only taken a subchain determined by the cardinals 3„, and we are

using n as an index instead of a„), where each (3t„, Xn ) is a -saturated

model of power 2„ +1 . We may also suppose that the set A is well-ordered

in such a way that

A = {a
( :i < a*},

A„ = {a
? : £ < 3,

1 + 1 } for all n < a>.

The model (31, X) will be shown to violate (iv), i.e.

|

{Y : (31, X) s (31, Y)}\ = 2
|x|

.

This means that we have to create 2
,A|

automorphisms of 31 such that

distinct automorphisms will give rise to distinct subsets of A when applied

to the set X.

Let
<|x|

2 denote the set of all functions whose domain is some ordinal

€ < M|, and whose range has at most two values 0, 1. That is,

<MI2 = {/ :/e {2 and £ < M|}.

We shall define two functions G and H such that the following hold:

(1) Domain (G) = domain (//) = <|i41
2.

(2) If/ <= g, then G(f) c= G(g) and H(f) c H(g).

(3) If/e *2 and £ < 3
n , then

G(/), H(f) e Un , (31, G(f\)n< s = (31, //(/)„)„<, •

(4) If/e ^2 and £ = A+ 3m with X a limit ordinal, then

G(/u {«0>}) = G(/u {<£!>}) = G(/) u {<£, aA+m>}.
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(5) If/e *2 and £ = X + 3m+ 1 with X a limit ordinal, then

H(fu {<£0>}) = H(f u {<£1>}) = H(f) u

(6) If/e *2, £ < 3„, and £ = A+3m + 2 with A a limit ordinal, then there

are two elements b0 e Xn and b
x £ Xn such that

G(/u{«0>})=(7(/)u{<^0 >},

G(/u{«l>})=G(/)u{<^>},

//(/u {<£0>}) = //(/u {<£1>}).

The existence of the functions G and // is proved by induction on £, the

domain of/. There are precisely three cases of the induction corresponding

to cases (4), (5) and (6). So suppose that G and H have been defined on all

functions / e
<|x|

2 such that domain /is less than £. If £ is a limit ordinal,

then the extension of G, // to g e ^2 is obvious. So let us deal only with the

cases when £ = r] + 1.

Case 1. £ < £ = 2+ 3m, X a limit ordinal. Let ge^2. Then for

some /e"2, # =/u {<<^0>} or g =/u {<£1 )}. In either case, define

G(#) = G(/) u {<£#;+,„>}. We now have to find an element a e A„ such that

(7) (21, G(f\, ai+m )i<n = (91, H(f\, a)c< „.

But by inductive hypothesis we have

(21, G(f\)(<n = (2t,

Whence

Since ax+m eA n ,
and 21n is 3„

+
-saturated, we find by the usual technique

an element a e A n which satisfies (7). Then we define

H(g) = //(/) u

Case 2. £ < £ = A + 3m + 1, X a limit ordinal. Here the argument is

entirely analogous to Case 1, except that we extend the definition of H
first by (5), and then extend G.

Case 3. £ < n n , £ = X + 3m + 2, X a limit ordinal. Let fe n2. Consider

the two possible extensions of

/

g0 {<«0>} and g t =/u {<£!>}.
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In order to satisfy (6), we shall have to find three elements b0 ,
a e A n

such that

b0 eXn ,
b

t $ Xn ,

G{g0 ) = G(f) u {<»o>},

0(9,) = G(f) vj {<{6,)},

H{g0 ) = H(g
t )
= H(f) u

We shall first find 60 and b
t
such that:

(8) b0 eX„, bti Xn ,

(2f,,> G(f\ , = (2I„> G(/)
{ ,

If (8) is never true, then

(9) for all 60 s A"„, £>i £ X„, there is a formula <pbobl (x) of^ u {c
? : £ < g}

such that

(9I«. G(/){){<,
•=

(3t». G(/);){<, 1= -1
<PMl[bl].

Fix b0 eX„. Let r„
0 = {<pbobt : b , £ X„}. Then by (9),

(10) {aeA„: (2t„ , G(/){){< „
1= £*[«]} <= X„

.

We now see that some finite subset r c also has the property that

(11) {a e
: (2(„, G(/)

{){< „
h ^„[a]} c X„.

For otherwise, by the 3
n

+
-saturatedness of (2I„, Xn ), we can find an element

b
{ <£ Xn such that

^G{f\\ <ri
¥Ibolb i],

which contradicts (10). Let abo be the conjunction of this finite subset Z f

from (11). Clearly,

(21„, G(/);){< „
h <ybo[b0l

So, letting b0 range over Xn ,
and letting Z = {<rbo : b0 e Xn }, we see that,

by (11),

Xn = {a e A n :
(2I„, G(f\\<n h Z\_a]}.

By the same reasoning which established (11), using again the 3„
+

-

saturatedness of (91n , Xn ), we see that some finite conjunction a of formulas

from Z satisfies

X„ = {a e A„ : (21 G(/){);< „
t= <r[n]}.
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This means that Xn is definable in 9f„ from a formula a of with some

parameters in A„. Since (9f„, Xn ) -< (31, X ), this is a contradiction. So (8)

is proved.

Since (3(„, G(f\\ <n = (21„, //(/»<< ,
by inductive hypothesis, we use

the 3 J -saturated ness of 31„ once more to find an element ae A n such that

(2(„ , G(f\ , b0\<n = (2l„, H(/)<,«);<„•

By (8), we also have

(9I„,G(/)
C , (>,)«, = (9I„,H(/)

c
,a)

{ <,.

We have now finished the proof of Case 3.

Once G, H are defined on < 1/11
2 satisfying (l)-(6), we can easily extend

them in the natural way to functions defined on 1/11

2, so that, given any

fe IAl
2,

(% G(f){)t<\A
\
= (

s
21, H(J)z)s<\a\-

Since

range (£(/)) = A = range (//(/)),

this defines an automorphism G(f)^ -> //(/),* of W onto 31. If two functions

/, ge^
A ^2 differ at the first place on an ordinal £ = a + 3w + 2 with X a

limit ordinal, then the two automorphisms

G(fh - #C/V - H(g\

will map the set X onto distinct subsets of A. This is because by (6),

* = = H(g\,

and, say /* = 0 and g^
= 1,

G(f)t
e X and G(g)

( $ X.

So the image of X under G(f)^ - //(/)* contains a and the image of X
under G(g)< -> H(g)

i
excludes a. Obviously, there are 2

]A]
such functions,

whence there are 2
{A]

distinct automorphic images of X. So (iv) fails.

Hence the theorem is proved. H

Exercises

5.3.1*. Assume that the set I(P; x l ... x„) of Proposition 5.3.1 is a single

formula of JjP u
{
P }. Improve Proposition 5.3.1 to the following: There

is a primitive recursive set 0 of formulas of (containing only those
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symbols in I) such that for all special models 51 for

5rKv^...^)((3P)2:^/\0).

[Hint: Assume without loss of generality that P is a 1 -placed function

symbol and that I = (3PMx)(p{P(x)x), where (p(yx) is a formula of

and cp(P(x)x) is obtained from (p(yx) by replacing y by P(x). Then intuitively

T implies each of the sentences:

(v*i *i),

(Va'i 3y {
Mx 2 3y 2)((x 1

= x 2 ^ y 1
= y2) A(p(y t

x
x ) A(p(y2 x2)),

(
v*i 3^! Vx 2 3y 2 ... Mxn 3yn)( A (*,• = Xj -> y t

= yj a A <K>\- *;))•

. i < j < n 1< i < n

Show that if 51 is a special model for J?, then 51 t= (3P)T iff 5( satisfies each

sentence of the list.]

5.3.2*. Prove the following generalization of Theorem 5.3.2. Let

(p{.P

’

*-*l
••• ^1 •••

be a formula of J? v {P, Slt Sm },

HQ\ ‘S’i ... Sm ;
x

t ... xn )

be a formula of £e u {Q, S t , ..., Sm }, where P, Q, S x , ..., Sm are new
relation (or function) symbols. Let £ be a sequence of quantifiers on the

(second-order) variables S
t , ..., Sm and the (first-order) variables x l , ..., xn ,

such that any second-order quantifier in <2 occurs universally. We make
no stipulation on the order in which these quantifiers in are to occur.

Then the following are equivalent:

(i) . t= 3((3P)(p - (V0)*).

(ii) . There is a formula Q(S
t ... Sm ;

x
{ ... xn ) of SP u {5 X , ..., Sm }

such

that

^[p)^0) A (0->(ve)rt].

[///«/: Try to ‘code’ the relations and functions on a model 51 by using

elements of A and relations with one more place. This is where the assump-
tion that second-order variables must be quantified universally is crucial.]

5.3.3. Deduce Beth's theorem 2.2.22 from Theorem 5.3.3 directly.
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5.3.4. Verify that the proofs of Theorems 5.3.3 and 5.3.4, Proposition 5.3.5,

and Theorem 5.3.6 go through using a set Z(P) of sentences of If u {/*},

where P is not necessarily 1 -placed.

5.3.5. Give a proof of Proposition 5.3.1 without the cardinality restriction

\A\ = \A\* in Proposition 5.3.1 (iii).

[Note: This is easier than Exercise 5.3.1 above.]

5.3.6. Show by a counterexample that Theorem 5.3.4 cannot be simplified

to: for n ^ 1, Theorem 5.3.4 (i)„ is equivalent to

(ii'). There are n formulas 0
1
(x), ..., 0n(x) of such that

f= V (yx)(U(x) «- 6i(x)).

1

5.3.7. Prove Proposition 5.3.5.

5.3.8*. The following is a countable common generalization of Theorem

5.3.4 and Proposition 5.3.5 (compare with Theorem 5.3.6). Let cp be a

sentence of S£ u {U}. Then the following are equivalent:

(i) . For every model 51 for there are at most a finite number of

subsets X of A such that (51, X) 1= (p.

(ii) . For every model (5f, X) of (p, there are at most a finite number of

Y cz A such that (5f, X) = (5f, T).

(iii) . There are a number n and formulas o(v
x

... vk ), O
i
(xv

l ... vk ),

1 ^ ^ n, of ££ such that

(p h (3t>, ... vk)(7,

<p N (Vl?! ... Vk)[(T -> V (yx)(U(x) <-+ 0j)].

1 ^ i < n

5.3.9. Let (p be a sentence of & u {U i9 ..., Un }. Then the following are

equivalent:

(i) . For every model 51 for there is at most one //-tuple of subsets

Xlf ..., Xn of A such that

(91. Y, ... Xn )
N q>.

(ii) . There are formulas 0,(x), 0„{x) of ¥ such that

<ph A (Vx)((/,(.x) «-> 0,•(*))•

1 < i < n

5.3.10. Let (p be a sentence of & u {£/}. The following are equivalent:
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(i) . For every model $ for the set

{X:XaA and (91, X) b <p}

is a chain of subsets of A.

(ii) . There is a formula (p(xy )
of =£? such that

<p 1= (ixy)l(U(x) -> (<p(xy) - t/(^))) a (-1 U(x) ->• (C(.y) - <?(*>')))]•

5.3.1 1*. Let A: be an elementary class of partially ordered structures

91 = (A, ^ >. A subset X <= A is called hereditary iff a e X and b ^ a

imply b e X. Suppose that every automorphism of every model 9( in K
maps every hereditary subset X of A onto another set Y a A which is

comparable with X, i.e., X a Y or Y c= X. Then there exists an n such that

in every model in K every set of pairwise incomparable (under ^ )
elements

has at most n elements.

5.3.12. The equivalence of conditions (1) and (2) in the proof of Theorem

5.3.4 can be generalized as follows: Let 9(S
l ... Sk ; x l

... xk )
be a formula

of 3? u {S l9 ..., Sk }. Then the following are equivalent:

(i) . b (3x
l
VS

1
3x2VS2 ... 3**VSk )0.

(ii) . There are formulas e>
i
(S

l
... S

i
^

l ; x l ... x
t)

of u {S
{ , ..., S'

A }

,

i = 1, ..., k, such that:

(a) b (3y l
)a

t ;

(b) b (Vxj ... x.-Xo-f -> (3*i+1 )<7i+1 ), / = 1, 1;

(c) b (V*j ... *
fc
)(<x

fc
-> 0).

The interpolation theorem in Exercise 5.3.2 (as well as Theorem 5.3.2) can

now be improved as follows: Let us suppose (without loss of generality)

that (in Exercise 5.3.2) m — n — k and is the sequence of quantifiers

pjtjVSi ... 3xkVSk ). Then the following is equivalent to both Exercise

5.3.2 (i) and Exercise 5.3.2 (ii):

(iii) . There are formulas oXSj ... S’;-!;.*! ... *,) of & u ... Si- X },

i = 1, ..., k , and a formula 0(S
l

... Sk ; x y ... xk ) of ££ u {S
{

... Sk }
such

that (a), (b), and

b (V*i ... xk)[((Tk A(3P)(p - 0) a(0 -> (VQ)^)].

5.3.13. Prove Beth’s theorem directly from Theorem 5.3.6.

5.3.14. Show that Theorem 5.3.6 is still true if conditions (i)-(iv) are

modified in the following manner: delete the word ‘infinite’ throughout

and replace \A\
+
by \A\

+ u co and 2
|i41

by 2
1,41 u to.

5.3.15. Use Theorem 5.3.6 to prove that every special model of of power
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a greater than \\LP\\ has T automorphisms. It follows that every saturated

model of power a > \\LP\\ has V automorphisms.

5.3.16*. Prove, by techniques similar to those employed in Theorem 5.3.6,

that every countable model for a countable language has a continuum

number of automorphisms if it has more than a countable number of

automorphisms.

5.3.17*. Let $ be a countable model for a countable
,
and let X cz A. If

\{Y:Y^A and (91, Y) £ (21, X)}\ > oj,

then

\{Y:YaA and (91, Y) £ (21, X)}\ = 2".

5.3.18. Using Exercise 5.3.17, show by means of a simple argument that

Theorem 5.3.6 holds when ‘infinite’ is replaced everywhere by ‘countably

infinite’, assuming is countable.

[Hint: Code the subsets by elements of a model and then use the downward

two-cardinal theorem 3.2.12.]

5.3.19*. Let <p(P, Q) be a sentence of u {P, Q}. Show that the following

two conditions are equivalent:

(i) . For every sentence t(P) of u {P}, if h (p
-* t, then t= r.

(ii) . For every sentence t(P) of u {P}, if r(P) has a model, then

t(P) A(/)(P, Q) has a model.

On the other hand, show by an example that the following definability

result is not true: (i) is equivalent to

(i'). Every model % for <£ u {P} has an expansion 9f* which is a model

of cp(P, Q).

5.4. Applications to field theory

Saturated or special models give us a very powerful method of proving

that certain theories are complete. In this section we shall apply this method

to some extensions of the theory of fields. The method depends upon the

following simple consequence of the results of Section 5.1.

Proposition 5.4.1. Let LP be a countable language and let T be a consistent

theory in all of whose models are infinite.

(i). Assume the continuum hypothesis. Then T is complete if and only if

any two saturated models ofT ofpower are isomorphic.
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(ii). T is complete if and only if any two special models of T ofpower

are isomorphic.

Proof, (i). If T is complete then any two saturated models of T of the

same power are elementarily equivalent, and hence isomorphic. If T is not

complete, then T has two different complete extensions, say 7\ and T2 .

Since all models of T are infinite, T
i
and T2 have oq-saturated models

,
9(2 of power 2

l° = co
l

. Then 3I X , $t2 are both models of T. But they

are not elementarily equivalent, and hence not isomorphic.

The proof of (ii) is similar. H

We shall use Proposition 5.4.1 (i) to show that theories are complete under

the assumption of the continuum hypothesis. In each case there will be

a very similar proof using Proposition 5.4.1 (ii) which shows that the

theory is complete without assuming the continuum hypothesis. However,

special models are more complicated to deal with, and these extra complica-

tions would tend to obscure the main ideas of the proofs. So we shall be

using the continuum hypothesis only to simplify the proof, and it will

always be possible to eliminate it by using special models instead of saturated

models.

Saturated models are in fact generalizations of the sets’ of Hausdorff.

The sets, which are very special kinds of densely ordered sets, still provide

us with an instructive example of saturated models. Let (A, ^ ) be a densely

ordered set without endpoints. If X, Y are subsets of A
,
then we write

X < Y iff x < y for all x e X, y e Y (where x < y means x ^ y and x # y).

If z e A and X a A, then X < z means X < {z}, and z < X means {z} < X.

Let a be an ordinal. We say that (A, ^ ) is an r]a set iff (A, < ) is a densely

ordered set without endpoints and, for all X, Y cz A of power less than coa ,

if X < Y, then there exists z e A such that X < z < Y. Note, in particular,

that in an ;;a set, every subset of power less than cox has an upper bound

and a lower bound, for we always have X < 0 and 0 < Y, where 0 is the

empty set.

Proposition 5.4.2. Let <A ,
be a densely ordered set without endpoints

and let a be an ordinal. Then (A, ^ ) is cox-saturated if and only if it is an

rix set.

Proof. Suppose <A , ^ ) = is coa-saturated. Let X,
Y be subsets of A

of power less than <ua such that X < Y, and form the expanded model
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(51, x, y)xex yeY = 9l\ Let c
y
be the corresponding constant symbols.

Then the set of formulas

(1) T(v) = {cx < v : x 6 X) u (u < : y e T}

is consistent with the theory of 51'. Since \X\ < coa and |T| < o>a ,
is

satisfied in 5T by some element z e A. Then X < z < Y.

The converse depends on the following fact:

(2) If 51, 53 are densely ordered sets without endpoints, ^(xj ... x„) is a

formula of and the expansions (51, a
x

... an ), (53,b l
... bn )

satisfy

exactly the same atomic sentences, then

51 b (p[a
{

... an ]
iff 53 b (p[b

{
... bn ].

The proof of (2) is a straightforward induction on the complexity of the

formula cp.

Assume that 51 is an Y]a set. Let A 0 be a subset of A of power \A 0 \
< c

o

x ,

and let r(v) be a type in the expanded model 5L = (51, a)aeAn . We must

show that r(v) is realized in 51'. If the formula ca = v belongs to r(v)

for some a e A 0 ,
then r(v) is just the type determined by the formula ca = v,

and a satisfies F(v) in 5L.

Suppose now that for all ae A 0 ,
the formula ca v belongs to r(v). Let

X = {a e A 0 :
(ca < v) e r(v)}, Y = {a e A 0 :

(v < ca ) e /»}.

Then lu Y = A 0 ,
X < T, and \X\,

\

Y\ < coa . Hence there exists a* e A

such that X < a* < Y. Let c* be a new individual constant. Then r(c*) is

consistent and therefore has a model

(S3, b„ b*)atAo = (S3', b*),

where b* is the interpretation of c*. Hence we have

ba < b* for ae X, b* < ba for aeY.

It follows that the models (51', a*) and (53', b*) satisfy exactly the same

atomic sentences, and 53 is a densely ordered set without endpoints. There-

fore, by (2),

(51', a*) = (53', b*).

Since (53', b*) is a model of T(c*), we conclude that (51', a*) is a model of

r(c*), whence a* satisfies r(v). H

As a first illustration of our method of proving completeness, we shall

prove that the theory of real closed fields is complete. We wish to indicate



266 SATURATED AND SPECIAL MODELS
[5.4

where the methods of model theory are used in the proof. First, we shall

state a purely algebraic lemma. While this lemma is a deep result, its proof

uses standard algebraic methods which are quite outside the subject matter

of this book. Accordingly, we shall omit the proof of the lemma and ask

the reader either to take it for granted or to read about it elsewhere.

We recall from Section 1.4 that the theory of real closed fields has

as a set of axioms the field axioms plus axioms stating that every

polynomial of odd degree has a root, 0 is not a sum of nontrivial

squares, and for all *, either xor -x has a square root. It follows at

once that every real closed field has characteristic zero, and hence is infinite.

The best known real closed field is the field of real numbers. In the

theory of real closed fields, let x ^ y be the abbreviation of

(3z)(z
2 = y-x).

Then ^ is a dense ordering of any real closed field, and ^ has no greatest or

least element. Thus each real closed field Fean be expanded in a unique way
to an ordered real closed field (F, ^ ). It will be sometimes more convenient

to work with ordered real closed fields.

It is easily seen from the field axioms that the intersection of any family

of subfields of a field is a field. If F is a field, F0 is a subfield of F, and
xeF, let us denote by F0 (x) the least subfield Fj of F such that F0 c F

1

and x g F
l

. By the Lowenheim-Skolem-Tarski theorem,

l^otol < l^ol U CL).

This can also be shown using the fact that F0(x) is the set of all values of
rational functions of x with coefficients in F0 .

An element x g F is said to be algebraic over F0 iff x is a root of a nonzero
polynomial with coefficients in F0 . We shall denote by F0 the set of all

elements xgF which are algebraic over F0 . Thus F0 c= F0 . F0 is called

the relative algebraic closure of F0 in F. F
{

is said to be a real closure of F0

iff F\ is a real closed field and F0 is a subfield of F
Y
and every x g F

{
is

algebraic over F0 , i.e. F
i

c= F 0 . In our discussion of fields, it will be easiest

to use the same symbol F lor a field and for its universe set; thus

F = <F, +, •, o, \y.

II there is an ordering ^ on F, then (F, ^ )
will denote the expansion of F

to the language
{ + , 0, 1, ^}, while <F, will be the corresponding

reduct which is a model for the language }.
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Lemma 5.4.3

(i) . Let F be a real closedfield with ordering ^ ,
and let F0 be the smallest

subfield of F. Then (F0 , ^ )
is isomorphic to the field of rational numbers

with the usual order.

(ii) . Let F be an arbitrary field and let F0 be a subfield of F. Then the

relative algebraic closure F 0 is a subfield of F, and

F0
= F 0 ,

\h ol ^ \F0 \

u CD.

Moreover
, if F is a real closedfield, then F0 is a real closure of F0 .

(iii) . Let F be a real closed field and let F0 be a real closed subfield of F.

Then for all x,y e F0 ,
we have x ^ y in the sense of F0 iff x ^ y in the

sense of F. Also
, F0 = F 0 .

(iv) . Let
(F, < )

and
(G

,

^ )
be ordered real closedfields ,

let F0 , G0 be real

closed subfields ,
and letf : F0 = G0 be an isomorphism between them. Suppose

x e F\ F0 , y e G \ G0 ,
andfor all a e F0 ,

a ^ x iff f(a) ^ y.

Then we can extend f to an isomorphism g :
(F0 (x), ^ = (G'0 (jy), < )

such

that g(x) = y.

(v)
.
(Uniqueness of the real closure.) Let F0 , G0 be fields, let F

{ ,
G

{
be

real closures of F0 and G0 ,
andform the ordered real closed fields (F

x , ^ ),

), thenf can be extended to an isomorphism

9 ' {.F
i > ^ ) = (^i » ^ )•

The first three parts of the above lemma are elementary facts which are

easy to prove, while the last two parts are substantial results in field theory.

Part (v) states that every ordered field has at most one real closure. In

general, it is not true that every field has at most one real closure. That is,

in (v) we cannot weaken the hypothesis/: (
F0 , ^ ) = (

G0 , ^ )
tof:F0 = G0 .

Theorem 5.4.4 (Tarski’s Theorem). The theory of real closed fields is

complete.

Proof. We shall assume the continuum hypothesis and use Proposition

5.4.1 (i). As we have explained above, the continuum hypothesis can be

avoided by using Proposition 5.4.1 (ii) and with a similar but more com-

plicated proof.

Let F, G be any two saturated real closed fields of power coj . By

Proposition 5.4.1 it suffices to prove that Fand G are isomorphic. Since the
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order relation ^ is definable, the ordered real closed fields (F, ^ )
and

(
G

, ^ ) are still saturated. Then all their reducts are saturated. In particular,

the ordered sets <F, and <G, are rj
l sets. We may enumerate the

sets F, G with order type co
x

:

F = {aa : a < coj, G = {ba : a < coj.

We shall form two ascending chains Fa ,
Ga ,

and an ascending chain of

mappingsfa ,
such that for all a < co

1 ,

(1) Fa and Ga are countable real closed subfields of Fand G;

(2) fa : Fa s
(3) {a

y : y < a} c= Fa and {b
y : y < ot} cz Ga .

Consider the minimal subfields Fq,Gq. By Lemma 5.4.3 (i), (Fq, <) and
(Cq, < ) are isomorphic. Let F0 = F'Q ,

G0 = Gq . Then by Lemma 5.4.3 (v),

there exists an isomorphism f0 : F0 s G0 . If a is a limit ordinal, we let

FX ={JFS ,
Gx ={jGd , /a =|J fi-

<5<a <5<a 5 < a

Assuming (l)-(3) for all /? < a, it easily follows that (l)-(3) hold for a.

In particular, a union of a chain of real closed fields is a real closed field,

because the axioms are 11°

.

Now assume that (l)-(3) hold for a. We use a back and forth argument.

Since <G, ^ > is an
>7i set and Fa is countable, there exists y e G such that

for all ce Fa ,

c < a* iff fXc
) ^ y> c = a* iff = T*

Then by Lemma 5.4.3 (iv),/a can be extended to an isomorphism

f:(FM^)^(Ga(y)^).

By Lemma 5.4.3 (v),/in turn can be extended to an isomorphism

g : Fa(aa ) s Ca(y).

Moreover, Fa(aa ) and Ga(y) are still countable. Now using the fact that

<F, ^ > is an y\ x set, we can find anieF such that for all de Ga(y),

d ^ bx iff ^ x, d = bx iff #
-1

(d) = x.

Then # can be extended to

h : (Fa (ax )(x), ^ ) s (Ga(y)(6a ), ^ ).

Let

Fa + 1 = Fa («a )(x), Ga + l
= Ga(y)(ba ).
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Then h can be extended to a mapping

fa + 1
• Fa + 1 = G* +

1

•

Now/a <=/<= g c h c=/a+1 ,
and aa eFa + l9 ba eGa+l9 so (l)-(3) hold for

a+ 1

.

Finally, let/a)1 = (J # < Wl/a . Then from (l)-(3) we see that f(0l :
F ^ G. H

Note that in the above proof we did not use the full assumption that F
and G are cuj-saturated models, but only that <F, ^ > and <G, are rj

l

sets. Moreover, the argument remains valid for any successor cardinal oja+1

instead of Thus the proof of Theorem 5.4.4 gives the following extra

information, for each ordinal a:

Any two real closed fields whose order structures are i/2 + 1
sets of power

coa+1 are isomorphic (Erdos, Gillman and Henrickson, 1955).

A similar argument can also be used to prove:

Every real closed field whose order structure is coa+ x
-saturated (i.e.,

an i/a+1 set), is coa+ j -saturated.

A similar proof shows that the theory of algebraically closed fields of

characteristic p is complete. However, this already follows from

categoricity. A more interesting case is the theory of all models (F, (J),

where F is an algebraically closed field and U is a subfield. Given such a

model (F, U), an element x of F is said to be of degree n over U iff n is the

least positive integer such that x is a root of a polynomial ol degree n with

coefficients in U. Thus x has degree 1 over U iff x e U, and x has degree

n over U for some n < co iff x is algebraic over U. We say that x is transcen-

dental over U, or has infinite degree over U
,

iff for all n, x does not have

degree n over U. A subset X of Fis said to be transcendental (or algebraically

independent
)
over U iff for any x1 , ..., x„ e X, the only polynomial with n

variables and coefficients in U having x ls ..., xn as a root is the zero poly-

nomial. Thus {x} is transcendental over U iff x is.

Lemma 5.4.5.

(i) . Let F, G be algebraically closed fields ,
let U, V be subfields ,

and let

f : u = V. Suppose X <= F is a maximal transcendental set over U, Y c= G

is a maximal transcendental set over V, and \X\ =
|

T|. Thenf can be extended

to an isomorphism g : F = G.

(ii) . IfF is an algebraically closedfield and U is a subfield of F, then any

two maximal transcendental sets over U have the same cardinality.
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(iii). Let F be an algebraically closed field and let U be a subfield of F.

Then exactly one of the following statements holds :

(a) F = U.

(b) U is a real closedfield and F is the algebraic closure of U.

(c) For each n < co, there is an x in F of degree > n (perhaps infinite)

over U.

Theorem 5.4.6. Suppose F, G are algebraically closed fields,
U and V are

subfields ,
and U = V. Assume that neither

(
F

,
U) nor

(
G ,

V) is of the type

(a) or (b) in Lemma 5.4.5. Then

(F, U) = (G, V).

Proof. We may assume that the models (F, U) and (G, V) are saturated

of power and prove that they are isomorphic. The union of a chain of

transcendental sets over U is obviously transcendental over U, whence by

Zorn's lemma there exists a maximal transcendental set X over U. There is

a set T(h) of formulas which is satisfied by x if and only if x is transcendental

over U. Just take I(v) = {n an(v) : n < co}, where vn{v) says that v is of

degree n over U. By Lemma 5.4.5 (iii), every finite subset of T(o) is satis-

fiable in
(
F

, 17), so £(v) is satisfiable. This shows that X is nonempty.

Now form a set I(v
l ... vn ) of formulas saying that v

l , ..., vn are transcen-

dental over U. If x 6 X, then for each m < co, the w-tuple

cannot be a root of any nonzero polynomial of degree less than m with

coefficients in U. For if it were, then we would obtain a nonzero polynomial

with coefficients in U and x as a root. It follows that I(v
l ... vn ) is finitely

satisfiable in (F, U ), so there exist transcendental sets of power n over U.

By Lemma 5.4.5 (ii), the maximal set X must be infinite. We may form

the expanded model (F, U, x)xeX9 and in this model there is a set of formulas

r(v) saying that X u {v} is transcendental over U. Since X is infinite,

every finite subset of T(t>) is satisfied in (F, U, x)xeX by an element of X
not mentioned in the finite subset of r(v). If X is countable, then by

saturatedness, r(v) is satisfiable in (F,U,x)xeX . But X is a maximal

transcendental set over U, so T(v) is not satisfiable. Therefore X is un-

countable, and |Jf| = co
l

.

Exactly the same argument shows that there is a maximal transcendental

set Y over V of power oj 1 . Since (F, U) and
(G , V )

are o^-saturated, the
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subfields U and V are -saturated. Hence either both are finite or both

have power w,. In either case, since U = K, there is an isomorphism

/ : U = V. By Lemma 5.4.5 (i), / may be extended to an isomorphism

g : F = G. Since / c g, g maps U onto V; hence g :
(F, U) ^ (G ,

V). -\

As a third example, we shall show that if two fields of characteristic

zero are elementarily equivalent, then their fields of formal power series

are elementarily equivalent. We shall actually prove a much more general

result about valued fields, but first we describe the classical case.

Consider a field //, and let H(t) be a pure transcendental extension of H.

We shall define a valuation on H(t) in the following way. We set val (0) = 0.

For each element a ^ 0 in //, define val (a) = 1. For each nonzero

polynomial

b = + ••• + a n t

'

with coefficients in //, let val (b) = t
m

,
where am is the first nonzero coeffi-

cient, i.e.

a0 0, . .
. , am —

j 0, am ^ 0.

In particular, val (?'") = t
m

. Finally, if b and c are two polynomials with

coefficients in //, and with c ^ 0, define

Let Z be the set of integers and let

V = {t
m

: m e I}.

Then <F, •, 1) is a subgroup of <//(/) \ {0}, *, 1) and val maps H(t) onto

V u {0}. We introduce a simple ordering ^ on the set V u {0} by making

0 the greatest element and putting

t
m
^ t

n
if and only if m ^ n.

Thus the structure (V, •, 1, < ) is isomorphic to <Z, +, 0, ^ ).

The structure

<H(t\ +, *, 0, 1, V, ^ ,
val)

is an example of a valued field. We now list the axioms for the theory of

valued fields. All of these axioms are easily seen to hold in H(t).

5.4.7. A valuedfield (with cross section) is a model

F = <F, +,*, 0, 1, V, <,val>,



272 SATURATED AND SPECIAL MODELS [5.4

where

(a) <F, +, •, 0, 1> is a field;

(b) (V, •, 1> is a group with unit 1 (the value group );

(c) ^ is a simple ordering of the set V u {0} with greatest element 0;

(d) for all x, y, z e V, x ^ y implies x • z ^ y • z;

(e) val is a function from i7 onto K u {0};

(f) for all x, y e F,

val (x • 7) = val (x) • val (7),

val (x+j>) ^ min {val (x), val (>»)},

val (x) = 0 iff x = 0;

(g) for all xe V, val (x) = x (‘cross section’ axiom).

We shall now extend the valued field H(t) to a valued field which

is the completion of H(t). It is constructed by a process analogous to the

construction of the real numbers from the rational numbers. One of the

standard definitions of a real number is as an equivalence class of Cauchy

sequences of rationals. A Cauchy sequence of rationals is a sequence

<x„ : n < co} such that limMfII_* 00 |xIfl
-xB |

= 0; two sequences <x„>, <^„>

are equivalent iff lim„_»
00

\xn—

y

H \

= 0. The sums and products are defined

pointwise, e.g., <x„> +On> = <^„ + Tn>-

In a similar way, a Cauchy sequence in the valued field H(t) is a sequence

<x„ : n < co) of elements of H(t) such that for all y e V, there exists an

N < co such that

val (xm — xn ) > y for all m, n ^ N.

Two Cauchy sequences <x„), are equivalent iff, for all z eV, there

exists an N < co such that

val (x„—yn )
> z for all n ^ N.

Define H{{t)) as the set of all equivalence classes of Cauchy sequences in

H(t). It turns out that when we define sums and products of Cauchy

sequences pointwise, H((t)) is a field. When we identify each element

xeH(t) with the equivalence class of the constant sequence x, ...>,

then H(t) becomes a subfield of Moreover, if <x„) is any Cauchy

sequence not equivalent to the zero sequence, then the function val (xn )

of n is eventually constant, i.e., there exists N < co and y e V such that

val (xn ) = y for all n ^ N.
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Therefore the valuation function on H(t) may be extended to a function
val on //((*)) into V u {0} by defining val «a„» to be the eventual value
of val (a„). It is easy to check that the structure

<tf((0). +, •, 0, 1, V, <,val

>

is a valued field. //((/)) is called the field of formal power series over II,

and it is also called the completion of H(t).

I he valued field //((/)) also has another, much deeper property, known
as HensePs lemma. To state HensePs lemma we need more notation.

Consider a valued field F. By the valuation ring, we mean the subring R(F)
of the field <F, +, *, 0, 1>, whose elements are all x e F with val (a) ^ 1.

It follows from axiom (f) that R(F) is a ring with zero 0 and unit 1. Further-

more, the set

M(F) = {x e F : val (a) > 1}

is a maximal ideal in R{F), because if an ideal / in R(F) contains an element
A' with val (a) = 1, then x~ l e R(F), whence 1 = a-a

~
1
eI. Therefore

the quotient ring

F* = R(F)/M(F)

is a field. F * is called the residue class field of F. For each ag R(F), let

a* = a/M(F)

be the residue class of a in F*. Thus * is a homomorphism of R(F) onto
F*. It follows that ifF has prime characteristic p, then so does F*. Moreover,
if F* has characteristic 0, so does F.

In the special case F = //((/)), we have //((/))* £ //(/)*. In fact, we have
the following lemma:

Lemma 5.4.8. H is a subfield of R(H((t))) and the restriction of * to FI maps
H isomorphically onto //((/))*. Thus we may identify H with the residue

class field ofH((/)).

We denote by 7?(/’)[/] and F*[/] the rings of all polynomials in the

variable t with coefficients in R(F) and F *, respectively. For each

p(t) e R(F)[t], let p*(t) e F*[t] be formed by replacing each coefficient

a of p(t) by a *. Then HensePs lemma is the following:

5.4.9 (HensePs Lemma). If p(t) e R(F)[t], p(t
)

has leading coefficient

1, and in F*[/] we have p*(t) = q'(t)r'(t), where q'(t) and r'(t) are relatively
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prime
,

then there is a factorization p(t) = q(t)r(t) in R(F)[t] such that

q*(t) = q'(t), r*(t) = r'(t).

By a Henselfield we mean a valued field in which Hensel’s lemma holds.

A classical result is:

Lemma 5.4.10. For any field H, the valued field H((t)) oj formal power

series is a Henselfield.

To return to model theory, we have:

Lemma 5.4.1 1. The class of all Henselfields is an elementary class.

We leave the details of the proof of Lemma 5.4.1 1 as an exercise. The only

difficulty is to express Hensel’s lemma in Tf

.

For each degree n, Hensel’s

lemma for p(t) of degree n can be expressed by a single sentence of IF .

Given a valued field F, the value group is denoted by

val (F) = (V, •, 1, ^ >.

We shall prove the following theorem:

Theorem 5.4.12. Suppose F and G are Hensel fields such that F'-' has

characteristic zero
,
F* = G*, and val (F) = val

(
G ). Then F = G.

A helpful reference on valued fields is the monograph of Ribenboim

(1967), hereafter referred to as [R]. We shall give the proof of the above

theorem modulo some results in [R] of a purely algebraic nature. All the

uses of model-theoretic methods in the proof will be given here. A few more

definitions are needed.

Consider a valued field F. If <G, +, •, 0, 1> is a subfield ol <F, +, *, 0, 1),

we let

valF (G) = {val (x) : x e G and x # 0},

and

G*
f = (x* : x e G and val (x) ^ 1}.

G is said to be a valued subfield ofF iff G is a subfield of F and valF (G )
<z G.

It is easy to check that every valued subfield of F is a valued field. If G

is a valued subfield of F, then valF (G) = val (G), and G F becomes G*

when we identify x/M(F )
with x/M(G). For any X a F, there is a least-

valued subfield of F which includes X. Let us recall that if G is a subfield of
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F, then the relative algebraic closure G of G in /ms the set of all jc e Falgebraic

over G. We know from Lemma 5.4.3 (ii) that G is a subfield of F. We say

that G is relatively algebraically closed in F iff G = G.

If 6’ is a valued subfield of F, the value group val (G) is said to be closed

under roots iff for any y e val (F) and any positive integer n

,

if/ e val (G),

then y e val
(G ). That is, any /7th root of an element of val (6 ) in val (F)

belongs to val (G). Clearly, if G is a relatively algebraically closed valued

subfield of F, then val (O') is closed under roots.

We shall now introduce the analogue of the real closure of a field. Let F
be a valued field and G a valued subfield of F. We say that Fis a henselization

of G iff F is an algebraic extension of G, F is a Hensel field, and for any
other algebraic extension H of G which is a Hensel field, there is an
isomorphic embedding of Finto II which is the identity on G.

The following lemma contains the purely algebraic facts needed to prove

Theorem 5.4.12.

Lemma 5.4.13.

(i). Let F be a valuedfield. If x, y e F and val (jc) < val (y), then

val (x+ y) = val (a),

val
(
— x) = val (jc).

Moreover, ifxe val (F) and 0 < n < to, then there is at most one y e val (F)

such that / = x.

(ii) . Let F be a Henselfield whose residue classfield F* has characteristic

zero. Then there is a valued subfield F0 c F such that F0 cz R(F) and *

maps F0 isomorphically onto F*.

(iii) . Let F
{
and G

l
be valued fields with Hensel subfields F0 and G0 ,

respectively, and supposef : F0 £ G0 and Flf G {
are algebraic extensions of

F0 ,
G0 , respectively. Iff can be extended to a field isomorphism g : F

l = G lf

thenf can be extended to a valuedfield isomorphism g : F
{ ^ Gj . Moreover,

if o is a field automorphism of Fj which is the identity on F0 ,
and xe F

x ,

then val (jc) = val (ax).

(iv) . Every valuedfield has a henselization. If F0 and G0 are valued fields,

Fj and G
x
are henselizations of them, andf:F0 ^ G0 ,

thenf can be extended

to an isomorphism g : F1
= G

x
(i.e., the henselization is unique).

(v) . If Fj is a henselization of a valued subfield F0 ,
then F* = F* and

val (F0 )
= val (Fj.

(vi) . If F is a valuedfield, and F0 is a valued subfield, then val (F0 ) is the
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closure of val (F0 ) under roots in val
(
F ). IfF is a Hensel field

,

F0 a valued

subfield
,
F* = Fq, F* has characteristic zero

, and val (F0 )
is closed under

roots in val (F), then F0 is a henselization ofF0 .

(vii). Suppose F
Y
and are Henselfields,

F and G are Hensel subfields of
and G

l , respectively
,
x e Ft and y e G

x
are transcendental over F and G,

f is an isomorphismf : F = G,

val (F(x)) = val (F), F(x)* — F*,

andfor all a e F, /(val (x-a)) = val (y-f(a)).

Then

val(C(v)) = val (G), G{y)* = G*,

andf can be extended to an isomorphism

g : F(x) s G(y).

(viii). Suppose F
1 is a Hensel field, F is a Hensel subfield, x e F

1 is tran-

scendental over F, andF(x)* = F*. If val (F) has more than one element, then

I

val (F(x))| =
|
val (F) |.

Proof, (i). This is elementary.

(ii). We have

val (1) = val (1*1) = val (1) • val (1),

and val (1) ^ 0; hence val (1) = 1. If n is any positive integer, then

val (n) = val (1 + ... + 1) > val (1) = 1,

so n e R{F). Since F* has characteristic 0, n* — n ^ 0; hence val (/?) = 1.

For any positive rational number w/u
, val (mjn) = val (m)/val (n) = 1.

By (i), the value of any negative rational number is 1. Thus the field Q of
rational numbers is a subfield of the ring R(F). The union of a chain of
fields is a field, so by Zorn’s lemma there is a maximal subfield F0 cz R(F).
For any nonzero element xeF0 , val (*) = val (1/*) = 1. The mapping *

embeds F0 isomorphically onto a subfield G0 of F*. We shall show that

G0 = F*.

First suppose a e F* \ G0 is algebraic over G0 . Then there is an irreducible

polynomial pft) e G[t] which has leading coefficient 1 and pfa) =0.
Taking inverse images of the coefficients under *

f F0 , we obtain a poly-

nomial p(t) e F0 (7] with leading coefficient 1 such that p*(t) = pft).
Since G0 has characteristic 0, p*(t) has no multiple roots, and therefore
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in F* we may write

p*(t) = qi{t)(t-a),

and and t — a are relatively prime. Now by Hensel’s lemma, there

exist polynomials q(t ), r(t) e F(F)[/] such that

/>(/)= q{t)r{t), q*(t) = q^t), r*(l
)
= l- a.

Since the leading coefficients of q(t ), r(t) have product 1 and values ^ 1,

they have value 1. Therefore q(t) has the same degree as </*(/), and r{t)

has degree 1. Say r(t
)
= b0 yb l

t. Then the element y = —b0/b 1
is a root

of r(t) and therefore a root of /?(/). Since p*(t) is irreducible over G0 ,
p(t)

is irreducible over F0 , whence y<£F0 . But val (6j) = 1 and val (b0 ) ^ 1,

so val (7) ^ 1. We have y* = —b*/b* = a. For any polynomial j(7) e [r

]

with deg ($(/)) < deg (/?(/)), we have 5(7)* = s*(a) # 0, whence val (?(>>)) = 1.

But FQ (y) is the set of all such Therefore F0 (y) c= R(F), contradicting

the maximality of F0 .

Now suppose a e F* \G0 is transcendental over G0 . Choose any

y e R(F) such that y* = a. Then for any nonzero polynomial p(t) e F0 [t],

p(y)* = p*(y) # 0 ,

so val (/?(.y)) = 1. Hence if p(t), q(t) e /^[V] are two nonzero polynomials,

then val (p{y)lq(y))
= 1. It follows that F0 (.y)

c R(F), again contradicting

the maximality of F0 . Therefore G0 = F* and (ii) is proved.

(iii) . This is proved in [R] Chapter F, Theorem 4. The equivalence of

the definition of henselization given here with the one in [R] is proved in

Chapter F, Corollary 2 of Theorem 2, and Theorem 4.

(iv) . This is proved in [R] Chapter F, Theorem 2.

(v) . This is proved in [R] Chapter F, Corollary 1 of Theorem 3.

(vi) . Let V be the closure of val (F0 )
under roots. If xeF 0 , then by

[R] Chapter F, Theorem 1, val (x) e V. Thus val (F 0 )
cz Vc~ F 0 . But

val (F 0 )
is closed under roots, so val (F 0 )

= V. Now suppose Fis a Hensel

field, val (F0 )
= V, and F* = F* has characteristic zero. Let p(t) e R(F 0 )[t ]

have leading coefficient 1. Suppose that in F*[f] we have p*(t) = q\t)r'(t ),

where q\t) and r'(t) are relatively prime. Since F is a Hensel field, there

exist q{t), r(/) e F(F)(7] such that p(t) = q(t)r(t), q*(t) = q'(t)9
and

r*(t) = We may assume that q(t) and /*(/) have leading coefficients 1.

Because F 0 is relatively algebraically closed in F, we already have

q(t), r(t) e F0 [t]. This shows that F 0 is a Hensel field. By the definition of

henselization and by (iv), there is a henselization Fj of F0 such that
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F0 c= c F 0 . Then F0 is an algebraic extension of F
v
such that

val (F0) = val (F
{ ), F* = F*.

It is shown in [R] Chapter G, Theorem 2, that if Ft
is a Hensel field and

F* has characteristic zero, then F
x
has no proper algebraic valued extension

with the same value group and residue class field. It follows that F 0 = F
1 .

(vii). Let F[ be an algebraic closure of Flf and choose G[ similarly. It

is proved in [R] Chapter B, Theorem 5, that F[ can be made into a valued

field with the valued subfield F
{ ,

and similarly for G [ . Let F', G' be the

algebraic closures of F, G in F[ , G[ . By [R] Chapter F, Theorem 1, val (F')

is the closure of val (F) under roots in val^'), and similarly for G'.

Therefore F', G' are valued subfields of F[, G[. Then by (iii), / can be

extended to a valued field isomorphism

/' :F'

s

G'.

We shall show that for every b e F(x) and a e F' \ F,

(1) there exists a e F such that val (b — a) # val (a — a).

Suppose (1) fails for some b and a. Let p(t) e F[t] be an irreducible poly-

nomial with leading coefficient 1 such that p(a) = 0. Let a = oc
{ , ..., a„

be all the roots of p(t). Thus

p(t) = (/ — a
x ) ... (/— (xn )

= c0 + c l t+ ... + cn. l
t
n ~ i + t

n
.

Let

e = val (b — cn _ {
n
~

:

).

Since (1) fails, and by (iii), we have

e = val (a,- — cn _ l
n~ 1

), i = 1,

Now let

a
(

- = e~ 1
(oL

i
— cn - l

n~ l

), i = 1, ..., n.

Thus val (aj) = 1 for each /. Consider the polynomial

Px(/) = (t — (Xj) ... (t — <xn)
= (Iq

F

d
1 1

F

...
1 + t

n
.

Each coefficient d
t
is a symmetric function of a 1? ..., a„ and hence belongs

to F, whence /?(/)eF[/]. Moreover, p t
(t) is irreducible over F, for

F(a) = F(a'), whence a and a' have the same degree n over F. We have

(2) val (d0) = val(a'x ... a') = val (o^) = ... = val (a') = 1,



5.4] APPLICATIONS TO FIELD THEORY 279

and

0) dn _ i
••• -h (Xn = € (®i T ••• 4~ &n C/i-i) =

and for each / ^ /?, val (d
t ) ^ 1 . Let

b' = e~ l

(b — c,,^/?
-1

).

Then val (//) = 1. Hence b' g R(F(x)), and because F(;t)* = F*, there

exists a e F such that val (b'-a)> 1. Then since (1) fails, val (a'- a) > 1.

By (iii),

val (a,- - a) = val (a -a), i = 1 , n,

whence

val
(p(a ))

= val (a ' -a)n > 1.

Therefore

p*(a*) = 0.

and hence p*(t) has the linear factor ( t — a *). By Hensel’s lemma, in F,

p*(t) cannot be the product of two relatively prime factors, because p(t)

is irreducible over F. Therefore we must have

(4) p*(t) = ( t — a*)
n

.

It follows from (2), (3), and (4) that

(a*y = d*o *0.
However,

,.(«*)" 1 = Ci = o .

but this is impossible because F* has characteristic zero. We conclude that

(1 ) does hold for all b g F(x
)
and a e F'\ F.

Let us now define the function g on F{x) into (/(.y) by

g
/ flp + fli *+ — = fa 0 + fa l y+ ... +fam y

m

U0 + l>i^+ ••• +bn x
n
) fb0 + fb 1 y+ ... + fbn y

n

Then g is an extension of/ and g is a field isomorphism of F(x
)
onto G(j>).

It suffices to show that for all b g F(x),

val
(g(b)) = /(val (6)).

Since / is an isomorphism and the value function preserves products,

we need only show that for every irreducible polynomial p(t ) e T[/] with

leading coefficient 1,

(
5 ) val (g(p{x))) = /(val (/>(*))).



280 SATURATED AND SPECIAL MODELS [5.4

By hypothesis, (5) holds if p(t) has degree < 1. Suppose p has degree

> 1 and let a be a root of p(t) in F' . Then a e F' \ F, so (1) holds for *

and a. Let a s F be as in (1). We have

In the case that

we see that

whence

/(val (x-a)) = val (y-f(a)),

/'(val (a -a)) = val (/'(«)-/(«))•

val (x—a) < val (a — a),

val (x— a
)
= val (x— a),

val (y-f('J-)) = val (y-f(a)),

/(val (p(x))) = /(val (x-a)") =/(val (x-af)

= val (y-f(a)f = val (y-f(a))" = val (^(/>(x))),

so (5) holds. In the other case

val (a — a) < val (x— a),

we have

val (x—a) = val (a— a),

val (y-f(a)) = val (f(a)-f'(a)),

and a similar computation shows that (5) again holds.

(viii). As in (vii), we may let F[ be an algebraic closure of F
l
and make

F[ into a valued field extension of F
x

. Let F' be the algebraic closure of

F in F[. Again, val (F') is the closure under roots of val (F) in val (FI).

Since val (F) has more than one element, it follows from the axioms that

val (F) is infinite. Therefore, in view of (i), we have

I
val (F')l =

|
val (F) |.

We shall show that

(6) I
val (F')l =

|

val (F'(x))
|,

from which it will follow that

| val (F)| < | val (F(x))| ^ |val (F'(x))| = |val (F)\.

Each element of F'(x) is a quotient of products of elements of the form

x—a, a e F'. We observe that if a, p e F' and val (x—a) < val (x— /?),
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then by (i),

val (*— a) = val ((x— a) — (* — /?)) = val (/? — a),

whence val (x-a) e val (F'). Therefore the set

{val (x— a) : a e F'} \ val (F')

contains at most one element. It follows that

| val (F'(*))| ^ w + |val (F')|;

thus (6) holds. H

Proof of Theorem 5.4.12. The proof parallels the completeness proof for

the theory of real closed fields, using Proposition 5.4. l(i). Let F and G be

saturated models of power co, such that F = F and G = G. By Lemma
5.4.1

1 , F and G are Hensel fields. It is easy to check that F* = F* = G*=G*
and val (F) = val (F) = val (G) = val (G) (see Exercise 5.4.16). Thus,

given the continuum hypothesis, we may assume that Fand G are saturated

models of power
,
and we shall prove that F = G. We note first that the

residue class fields F* and G* and the value groups val (F) and val (G)

are co
1
-saturated models (Exercise 5.4.16). Except in the trivial case where

val
(
F

)

= {1}, and F*, G*, val (F) and val (G) have power oj
1 .

By Lemma 5.4.13 (ii) we may identify F* and G* with subfields of F
and G in such a way that the * mapping is the identity on F* and G*.

Since F* = G*, there is an isomorphism /0 : F* ^ G*. In the trivial case

where val (F) = {1}, we have val (G) = {1}, and F = F*, G = G*, so

fo : F = G.

Suppose now that val (F) is not trivial. If Fj
, G x

are valued subfields of

F, G, we shall writefx : FY
<-*> G

t
ifff1

:F
l ^ G, and

(val (F), -X)xeVa l(Fi) = (val (G),/^ -^).Y6val(F 1 )
•

We shall prove the following:

(i) . F* and G* are relatively algebraically closed valued subfields of

F and G, respectively.

(ii) . Let F
x
and G

{
be relatively algebraically closed valued subfields of

F and G, respectively, such that F* c= F
x
and G* <= G

x ,
and val (F

x )
is

countable. Suppose that f0 a fy
and j\ : Fx

<-+ G
x

. Then for every x e F,

there exist relatively algebraically closed valued subfields F2 and G 2 and

a mapping/2 : F2 G 2 such that val (F2 )
is countable and

xeF2 ,
Fj c: F2 ,

c A c/2 .
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(iii). Property (ii) above holds with the roles of F and G interchanged.

By the usual back and forth argument, (i)—(iii) imply that F = G. We

note that f0 : F* «-> G* because val (F*) = {1} = val
(
G *), so (i) allows

us to start the induction.

Proof of (i). Let p(t)eF*[t]. Then since F* cz R(F), p(t) e R(F)[t]. If

x g Fand val (x) < 1, then all the nonzero terms amx
m
ofp(x) have different

values, val (x)
m < 1. Hence val (p(x)) < 1, and x is not a root of p(x).

Suppose x g F is a root of p(t). Then val (x) > 1, whence x* is defined and

p(x*) = 0. Thus p(t) already has the root x* in F*, whence F* = F*. The

same proof shows that G* — G*.

Proof of (ii). We shall first prove a special case:

(iia). If val (Fj(x)) = val (Ff), then (ii) holds.

We wish to use Lemma 5.4.13 (vii). We have

Fj(x)* = F* = F*.

If xgFj, then (ii) is trivial, so let x £Ft
. ThenF^x) is a simple transcenden-

tal extension of F1 . By Lemma 5.4.13 (vi), F
{
= F

i
is a Hensel field, and

similarly G

^

is a Hensel field. We must find y e G such that for all a g F
1 ,

(1) /i(val (x— a)) = val {y-fi(a)).

We claim that:

(2) For every finite A <= F
x

there exists yeG such that for all oeA,

(1) holds.

Let us prove (2). Let A cz F
1

be finite, and let b e A be such that

c = val (x— b) is a maximum. Since val (Fj) = val (F
x
(x)), c e val (Fj).

For each positive n < co, val (/?) = 1 because F* has characteristic zero,

whence val
(
nc )

= c. It follows that for all n and all aE A,

val (b — nc— a ) ^ min (val (b — x), val (nc), val (x — a)) = val (x — a).

Moreover, for each a e A, there is at most one n such that

val (b — nc— a) > val (x— a).

For if m < n, a e A, and

min (val (b —me— a), val (b — nc— a)) > val (x — a),

val (x — a) < val ((n— m)c) = c.

then
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whence, by Lemma 5.4.13 (i),

val
(b — nc— a

)
= val (x— a).

But A is finite, so there is a positive n < o, where

val (b — nc— a) = val (x — a) for all a e A.

Let y = f(b — nc). Then for all a e A,

/(val
(x-a)) =/(val (b-nc-a)) = val (y-f(a)),

and our claim (2) is proved.

Because val (F/x)) is countable, there is a countable set
x
c F

t
such

that:

(3) For all b e F
x , there exists ae A

l
with val (x — a) = val (x— b).

Using (2) and the fact that G is (/^-saturated, we can choose an element

yeG such that (1) holds for all a eA
t

. Let b 6 F
1

. Using the equation

Fi(x)* = F*
f
we see that there exists b' e F, such that, with c = val

(
x-b ),

val {(x— b)c~ l —b') > 1,

whence

val (x — (b + cb')) > val (x— b).

Hence there exists a e A
x
such that

val (x — b) < val (x— a).

Therefore

val (x — b) = val (a — b) < val (x—a),

and applying /,

val (fa-fb) =/(val (a-b)) </(val (x-a)) = val
(y-fa).

It follows that

val (y-fb) = val (y-fa +fa-fb) = val (fa-fb)

= /(val (a-b)) = /(val (*-&)).

So (1 )
holds for b.

We have verified all the hypothesis of Lemma 5.4.13 (vii). Hence

val (C,(^)) = val (G,),

and/ can be extended to an isomorphism

9 1 : Fi(x) = G,(y).
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Since F
t
= F 1

and G
t
= G l9 the value groups

(4) val (F
t
(x)) = val (F

t ), val (G^y)) = val (Gj)

are closed under roots in val
(
F

)
and val (G). Hence, by Lemma 5.4.13 (vi),

77W and G~JJ) are henselizations ofF
t
(x) and G^y), respectively. Whence

by Lemma 5.4.13 (iv), g x
can be extended to an isomorphism

9i :^iW = Gi (y).

By Lemma 5.4.13 (v) and (4)

val (FJx)) = val (Fj, val (G~Jjj) = val (Gj.

It follows that condition (ii) is satisfied by

F2 = Fj(x), G 2 = Gj(y), f2 = 92 ‘

Thus we have proved the special case (iia).

We now shall prove (ii) in another special case:

(iib). If x e val (F), then (ii) holds.

Again, we may assume x <£ Fl
. Sincefx : Fx

<-> G x ,
and val (F

{ ) is countable,

we may choose y e val (G) with

(5) (val (F), X, ^)a6val(Fi) = (^^.1 (^)> yJl ^)aeval(Fj) •

Let V be the subgroup of val (F) generated by val (F^ u {x} and W the

subgroup of val (G) generated by val (GJ u {y}. Then V and W are

countable. Consider any polynomial

p{i) = + ••• + t
n
G Fj [t].

If r < s ^ n and er ,
es ^ 0, then we must have

val (er x
r

) ^ val
(
es x

s

).

For otherwise

and thus

val (cr x
r

)
= val (cr)x

r = val (<? s
.)x

s

,

xs r = val (er)/val (cs) e val (F

and, since val (Fj) is closed under roots, x e val (Fj, contradicting x<£F
x

.

This means that there is a term e
r
x

r
of p(x) with smallest value, and, by

Lemma 5.4.13 (i),

(
6
)

val (p(x)) = val (er)x
r
e V.
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Similarly, if we let q(t) e G, [/] be the image polynomial

q(f) = /i(^o)+/i(e i) r + ••• +/i(0*">

then it follows from (5) that for the same r ^ n as before.

(7) val (q(y))
= val (fi(er))y

r

e W.

It follows that val (F,(x)) = V, val (G
x (y)) = W. Thus F,(x) and G/j’)

are valued subficlds of Fand G, respectively.

Let us define the mapping g x
from F,(x) onto G/j/ by

do~\~ di x+ ... T dm x
m

\ _ /i(^o) ~b ... + fi(dm )y

e
() + e

i
x+ ... +en x

n
) fiieo)~X ••• ~Xfi{en)y

Then </, maps the field F^x) isomorphically onto G
{ (y) and/, cz .

By (6) and (7), g x
is an isomorphism between the valued fields F,(.x) and

G,0). From (5),

(8) (val (F), c)ceV
= (val (G), g ,

c)ceW .

By Lemma 5.4.13 (iv), F,(jc) and G/j) have hensel izations F 2 and G 2
,

respectively. It follows from Lemma 5.4.13 (vi) that F,(.v) and G,(>?

)
are

Hensel fields. Therefore, by the definition of henselization, we may choose

F 2 and G 2
so that

F, (x) cF 2 c F,(.y), G,(v) c G 2
cz G

t (y).

Using the uniqueness part of Lemma 5.4.13 (iv), we may extend g 1
to an

isomorphism

g 2 :F
2 = G 2

.

By Lemma 5.4. 1 3 (v),

val (F 2

)
= V, val (G 2

)
= W.

Let F, W be the closures of V, XV under roots in val (F), val (G). In view

of Lemma 5.4.13 (i), V and W are countable. Using (8), g2 f V can be

extended in a unique way to an isomorphism h : V = W. Indeed,

(9) (val (F), c)ceV
= (val (G), hc)cey ,

and for each c e V, c is a root of some irreducible polynomial over F 2

and he is the root of the image polynomial over G 2
. Let F 3 = F 2 (V) and

G 3 = G2{W) be the subfields generated by F 2 u V and G 2 u W, respectively.

Then F 3 and G 3
are algebraic extensions of F 2 and G 2

,
respectively. It

follows from Lemma 5.4.13 (vi) that val (F 3

)
= V, val (G 3

)
= W

,

so F 3
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and G 3
are valued subfields. In view of (9), we may extend g2 to a field

isomorphism on F 3
onto G 3

. Then it follows from Lemma 5.4.13 (iii) that

g 2 can be extended to a valued field isomorphism, g3 : F 3 ^ (7
3

. Since h

is unique, h = g3 [ V.

We recall that

whence

F* c= Fj c; F 3
,

p* _ ^ 3 *

(?* c Gj c G 3
,

G* = G 3 *.

Therefore, by Lemma 5.4.13 (vi), F3 and G 3 are henselizations of F 3 and

G 3
,
respectively. Hence, by Lemma 5.4.13 (iv), we may extend g3 to an

isomorphism g4 : F3 £ G 3
. By Lemma 5.4.13 (vi) or (v),

val (F 3
)
= val (F3

)
= V,

val (G 3
)
= val (G 3

)
= W.

Thus by (9), g4 : F 3 <-> G 3
. Also, we have seen that V is countable. Hence

(ii) holds with F2 = F 3
,
G2 = G 3

,/2 = #4 . This proves (iib).

We now prove (ii) in the general case. Since F
l
= F

x , x is transcendental

over Fj. By Lemma 5.4.13 (viii), the value group val (F
t
(x)) is countable.

Hence, applying (iib) countably many times and taking the union, we can

find valued subfields F 2
, G

2 and a mapping g
2
such that val (F 2

)
is countable,

and

Fi c F2 = F2
, Gj c G 2 = G 2

, /x F 2

val (F
:
(x)) c: val (F 2

).

We may then iterate this process and obtain for 2 ^ n < co, valued subfields
^” + i, G" + 1 and a mapping #

n+1
such that val(Fn+1

)
is countable and

F" c: Fn+1 = ?5+T, G" c G”
+ 1 = G^, g

n c ^
n+1 :Fn+1 <->G

n + 1

,

val (F"(x)) c val(F"
+1

).

Let

U F\ G-= U C, <T= (J
3".

2<n<a> 2^n<o 2^n<(o

Then all the hypotheses of (ii) hold with F®, G®, g® instead of F
x , G^/^

Moreover,

val (F®(x)) = (J val (F"(x)) = val (F
w
).

2 < «
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Thus we may apply the special case ( i ia), and we conclude that (ii) holds

in general.

Proof of (iii). This is exactly the same as the proof of (ii), with t and G

interchanged, and the desired conclusion follows. H

Corollary 5.4.14. If F and G are fields of characteristic zero and F = G

then F((t)) = G((t)).

Proof. By Lemmas 5.4.8 and 5.4.10, Theorem 5.4.12, and the remark that

val (F((t))) £ <Z, +, •, 0, ^ > £ val (G((/))). H

Another classical example of a valued field is the held of/?-adic numbers,

where p is a prime. We first describe the p-adic valuation on the held Q of

rational numbers. Every rational number r ^ 0 can be written uniquely

in the form r = p
n
s

,
where ne Z is an integer and s is a quotient of two

integers not divisible by p. We then dehne val(r) = p
n

. In particular,

val (p
n

) = p
n

. Let

V = {p
n :ne 2},

and put p
m
< p

n
iff m ^ n. Setting val (0) = 0 and r ^ 0 for all ref,

we make Q into a valued held

<0, +,-,0, 1, V, ^

,

val),

called the held of rational numbers with the p-adic valuation. Its valuation

group is isomorphic to <(Z, +,0, Its residue class held is the prime

held Z
p
of characteristic p, which has the elements Z

p = {0, 1, 1}.

Indeed, if m = qp+k e Z and 0 ^ k < p, then m* = k
,
and if n* # 0,

then (
m/n )* = m*/n * in the sense of Z

p
.

The held of p-adic numbers
,
denoted by Q p ,

is dehned as the completion

of the held Q of rational numbers with the p -adic valuation. Its construction

is the precise analogue of the construction ot //((/)) Ironi H(t) described

above.

Lemma 5.4.15. Q
p

is a Henselfield and Q p
= Z

p ,
val (Q p ) = <Z, +, 0, ^ >.

The following lemma is known from the literature.

Lemma 5.4.16.

(i). (Chevalley.) Suppose f(t x
... tn )

is a polynomial with coefficients in
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Z
p ,

zero constant term
,
and degree d < n. Then f has a nontrivial root in Z

p

{the trivial root is (0, 0, 0)).

(ii). (Lang.) Let/(/ ... tn )
be a polynomial over Z

p
((t )) with zero constant

term and degree d such that d 2 < n. Then f has a nontrivial zero in Z
p
{{t)).

Corollary 5.4.17. Let /(/ .../„) be a polynomial with coefficients in Z,

zero constant term
, and degree d < n. Then there is a finite set Y of primes

such that whenever p£Y, f has a nontrivial zero in the field Q p of p-adic

numbers.

Proof. Suppose there is an infinite sequence of primes p0 < P i < p2 < ...

such that for each n < co, f has only the trivial root in QPn
. Let D be a

nonprincipal ultrafilter over co, and form the ultraproduct

D

Then /has only the trivial root in F. Since each Q Pn
is a Hensel field, F is

a Hensel field. Also,

f’sriA.
D

whence F* has characteristic zero. Thus by Lemma 5.4.13 (ii), F* is iso-

morphic to a subfield of F. By Lemma 5.4.16 (i),/has a nontrivial root in

each field Z
Pn ,

and hence / has a nontrivial root in F* and thus in F. This

contradiction completes the proof. H

The following corollary is an application of Theorem 5.4.12. It is a precise

statement of the intuitive principle that the Hensel fields Q p
and Z ((r)) are

very much alike, even though Q p
has characteristic zero and Z

p
{{t)) has

characteristic p.

Corollary 5.4.18. Let cp be any sentence in the language of valued fields.

Then for all but finitely many primes p, we have

Qp
\= (p ifand only if Zp

{{t)) k cp.

Proof. By Lemma 5.4.10, each Z
p
((t)) is a Hensel field. By definition,

each Qp is a Hensel field. Furthermore,

Z,((0)* = z, =

val (Zp((/)» S <2, +, 0, < > s val (Q„).
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Let D be any nonprincipal ultrafilter over the set of all primes, and form

ultraproducts

f = n z,(M). c = n q,.
D D

Then Fand G are Hensel fields. We have

F* s II Zp =
u

val (F) s <Z, + , 0, ^ > = val (G),

D

and F* has characteristic 0. Thus by Theorem 5.4.12, F and G are elemen-

tarily equivalent. Whence, for each sentence (p,

Sv = {p:QP
t <P iff z,((0) t<p}eD.

Since this holds for any nonprincipal D, all but finitely many primes must

belong to the set Sv . H

The next corollary looks very similar to Corollary 5.4.17 above, but it

depends on Theorem 5.4.12 and hence is much deeper.

Corollary 5.4.19 (Artirfs Conjecture). For each positive integer d there

exists a finite set Y ofprimes such thatfor every prime p<£ Y, every polynomial

/(/, ... /„) of degree d over with zero constant term and n > d 1 has a

nontrivial zero in Q p
.

Proof. For each pair of positive integers d
,
n, let (pd n be the sentence in

the language of field theory which says:

Every polynomial of degree d with n variables and zero constant term

has a nontrivial zero.

We note that if n > d 2
,
then the sentence

(
P<1,<1 2 + 1

~

holds in all fields, because the extra n-(d 2 + 1) variables can be set equal

to zero. By Lemma 5.4.16 (ii), the sentence (Pd,d 2 + i
holds in every field

Z„((/)). Then by Corollary 5.4.18, (pd>di + 1
holds in Q p

for all but finitely

many primes p. H

We shall see in the exercises that Theorem 5.4.12 also holds when the

hypothesis that F* has ch aracteristic zero is replaced by the hypothesis
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F = Qp
. This result gives a set of axioms for the complete theory of (Q>

just as Theorem 5.4.4 provided a set of axioms for the complete theory of

the field of real numbers.

Instead of valued fields with cross section, one sometimes considers the

slightly more general notion of a valued field (F,
V, val), where F is a field,

V an ordered Abelian group (disjoint from F), and val a function on F
onto V u {0}, such that the obvious analogues of the axioms 5.4.7(a)-(f)

above hold. With some extra complications, it is possible to generalize

Theorem 5.4.12 to Hensel fields without cross section.

Exercises

5.4.1. Every rj
l
set has power at least 2".

5.4.2. A real closed field F is said to be an y\% field iff <F, ^ > is an t]x set.

Prove that any two i/a fields of power t

o

a are isomorphic.

5.4.3. Assume the continuum hypothesis. Prove that a theory T for a

countable language is model complete iff for every countable model 51

of T and any two saturated models 33, (£ of T of power either co
l
or finite,

if 31 cz 33 and 31 c (£, then (33, a)aeA ^ ((£, a )aeA .

5.4.4. Prove that the theory of real closed fields is model complete.

5.4.5. Prove that a real closed field F is an rjx field iff it is coa-saturated.

5.4.6*. Prove that the theory of infinite atomic Boolean algebras is complete,

but is not model complete.

5.4.7. Prove that the theory of infinite atomic Boolean algebras with an

extra predicate At(*) for ‘

x

is an atom’ is model complete.

5.4.8. Show that for each complete extension T of the theory of fields,

there is a complete theory T' in a language with an extra 1 -placed relation

symbol U such that (F, U) is a model of T' iff F is an algebraically closed

field, U is a subfield of F, which is a model of T
,
and F is not an algebraic

extension of U of degree ^ 2.

5.4.9. Suppose that F, G are algebraically closed fields, U, V are subfields,

X a F and Y cz G are nonempty transcendental sets over U and V, and /
is a one-one function from X into Y. Prove that if U = V, then

(F, U, x)xeX = (G, V, fx)xeX



5.4] APPLICATIONS TO HELD THEORY 291

5.4.10*. Prove that the theory of divisible ordered Abelian groups is

complete and model complete. It has the following axioms, in the language

{ + > 0 » ^
(i) . the axioms for divisible Abelian groups;

(ii) .
(Vxyz)(x < y -* x+ z ^ y + z );

(iii) . the axioms for simple order.

5.4.11. The theory of Z-groups has the following axioms in the language

{ + ,
0 ,

1
, ^

(i) . the axioms for Abelian groups with identity element 0;

(ii) . the axioms for simple order;

(iii) .
(Vxyz)(x ^ y -*• x + z ^ y + z);

(iv) . 1 is the least element greater than 0;

(v)
.
(Vx3.y)(n • y = x v n • y = x+ 1 v . . . v n • y = x+(n — 1 )), for each

positive integer /?, where n is the term 1+ ... +1, n times. Show that

<Z, +, 0, 1, ^ > is a Z-group.

5.4.12* (Pressburger). Show that the theory of Z-groups is complete

(using the method of this section).

5.4. 13. Use Exercise 5.4. 1 2 to obtain a set of axioms for the complete theory

of the model <co, + , 0, 1, <>•

5.4.14. Let T be the theory of Z-groups with extra relations F„(x),

n = 1,2,..., .and axioms

(y*)(-p»M (
3r)(" • y - x))•

Prove that T is model complete.

5.4.15. Supply the proofs of Lemmas 5.4.8 and 5.4.1 1.

5.4.16. Let Fand G be valued fields such that F = G. Show that F* = G*

and val (F) = val (G). Also, if F is a-saturated, then F* and val (F) are

a-saturated.

5.4.17. Give direct proofs of Theorems 5.4.4, 5.4.6 and 5.4.12 which do not

use the continuum hypothesis.

5.4. 1 8. Let T
x
be a theory in the language { + , *, 0, 1 }

and T2 a theory in the

language {*, 1, ^ }. Show that the class of all valued fields F such that

F* 1= Tj ,
val (F) N T2 is an elementary class, and show how to construct

a set of axioms for this class from sets of axioms for T
x
and F2 .
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5.4.19*. A Z-valued field is a valued field F such that for some c e F,

(val (F), c) is a Z-group. Thus for each field //, H(fc)) is a Z-valued Hensel

field, and for each prime p, the field of p-adic numbers is a Z-valued

Hensel field. Show that if T
x

is a complete extension of the theory of fields

of characteristic zero, then the theory of Z-valued Hensel fields whose

residue class fields are models of T
{

is complete.

5.4.20*. Let F be a Hensel field such that F* has characteristic zero. Let G
be a Hensel subfield of Fsuch that val (G) < val (F) and G* = F*. Prove

that G < F.

[Hint: Reduce the problem to the case where Fis saturated, of power ,

and val (G) is countable. Then use the proof of Theorem 5.4.12 to show

that any elementary embedding of G into F which is the identity on F*

can be extended to an automorphism of F]

5.4.21*. Prove the result in the above exercise with the hypothesis G* = F*

weakened to G* -< F*.

5.4.22.

Let C be the field of complex numbers. Using partial fractions, the

nonzero elements of C((/)) can be identified in a natural way with formal

power series of the form

where raeZ, an eC for all n ^ m, and am # 0. A series (1) is called a

germ of a meromorphic function iff there is a nonempty neighborhood U
of 0 such that for all z e U\ {0}, the series (1) converges at t = z. The set

M of all germs of meromorphic functions, together with 0, forms a relatively

algebraically closed valued subfield of C((r)). Use this fact and Exercise

5.4.20 to show that M < C((/)).

5.4.23. A valued field F is said to have rank 1 iff for all jc, y e val (F) such

that y > 1
, there is a positive integer n such that * < y

n
. The completion

of a valued field F of rank 1 is defined as the set of all equivalence classes

of Cauchy sequences in F, just as in the special cases //((/)) and Q p
. It is

known that the completion of F is a Hensel field which has F as a valued

subfield and has the same value group and residue class field as F. Use this

to show that if F and G are valued groups of rank 1, F* has characteristic

zero, and F = G, then the completions of F and G are elementarily

equivalent.

5.4.24. Suppose F is a Hensel field such that for every Hensel field G,

(i)
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F* = G* and val (F) = val (6’) implies F = G. Prove that /'has no proper

algebraic valued extension with the same value group and residue class held.

Note : In [R] Chapter G, there are examples of Hensel fields F, with F*

of prime characteristic, which do have proper algebraic valued extensions

with the same value group and residue class field.

5.4.25*. Let p be a prime. Let F be a Z-valued Hensel field of characteristic

zero such that F* = Z
p
and p is the least element of val (F) such that

p > 1. Show that F = Q p , the field of p-adic numbers. This gives a set of

axioms for the complete theory of Q p
.

[Hint: Similar to Theorem 5.4.12, but Lemma 5.4.13 must be modified.]

5.4.26*. Let p be a prime and F = Q
p

. If G is a Hensel subfield of F and

val (G) is closed under roots in val (/), then G < F. Thus the complete

theory of the model

3 » P

A

»
• • •

)

is model complete, where

Pn = {x e val
(Q p )

: x has an /7th root}.

5.5. Application to Boolean algebras

All of our applications in Section 5.4 were to complete theories. The

method of saturated models in some cases can also be applied to incomplete

theories, where the aim is to give a useful characterization of all the complete

extensions of the given theory. As an illustration, we now give a classification

of the complete extensions of the theory of Boolean algebras. The axioms

of this theory are given in Example 1.4.3, and some simple definitions and

results are found in Example 1.4.3 and the exercises of Section 1.4. Apart

from these facts in Section 1.4, we shall assume that the reader has some

previous, although not necessarily extensive, experience with Boolean

algebras. The classification given here will be used in Section 6.3 in the study

of reduced products.

We begin with a list of simple properties of Boolean algebras. Let

—
{ + ,

•,
“, 0

, 1} be the language of Boolean algebras. In our axioms

we have assumed that 0 ^ /. It will be convenient to discard this axiom in

this section, and we say that the Boolean algebra

% = +,-, -, 0
,

1 >

is trivial iff 0 = 1; otherwise, we say that $3 is nontrivial. Observe that
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according to our definitions, the trivial Boolean algebra is both atomic and

atomless. Let a be an element of a Boolean algebra 33. We let

and we define

Then

B\a — {x e B : x ^ a},

(jc)
-a = a • 3c for all xeB\a.

33|a = <B\a, ~ a
, 0, a}

is a Boolean algebra with the operations + ,
• inherited from 33,

~ a
,
and

constants 0, a. 33|« is a subalgebra of 33 iff a = 1
,
and 33|« is the trivial

algebra iff a = 0. Every element x e B can be written uniquely as the sum

of two elements y and z, where y ^ a and z ^ a; in fact, y = x - a and

z = x ' a. This decomposition of x into two parts gives rise to a one-to-one

mapping of B onto the direct product B\ax B\a, which can be shown to be

an isomorphism

(5.5.1) 33 = 33|ax33|a.

An element a is said to be atomic iff 33|tf is atomic, and, similarly, a is said

to be atomless iff 33|tf is atomless. Note that the zero element 0 is both

atomic and atomless. By (5.5.1), we see that for arbitrary a e B,

(5.5.2)
33 is atomic iff 33|a and 33|u are atomic,

33 is atomless iff 33|a and 33|a are atomless.

An ideal on 33 is a subset I a \8 such that for all x, y, z e B ,

if x,yel, then x+yel and x • z e I.

If an ideal / # 0, then 0 el. The set of all complements of elements in an

ideal is a filter on 33. If / is an ideal on 33, then the relation (/) defined by

x(I)y if and only if * • y +x • y e I

is a congruence relation on 33. For x e B, let x/I denote the congruence class

of x under (/), and let

B/I = {x/I : x e B}.

The quotient algebra

33// = <5//, 0,1)

carries the natural extensions of +, *,
~ to B/I, and has as zero element the

set / and unit element the filter corresponding to I. 33 is homomorphic to

the quotient algebra 33// under the homomorphism x -> x/I. The kernel of
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this homomorphism is exactly the set /. The quotient algebra $3// is trivial

iff / = B. An ideal / is principal iff / = B\a for some ae B. If / = B\a
,

then the quotient s
53/7 is isomorphic to 53|d, and hence by (5.5.1), we have

53 s 53//x53|tf.

A very special ideal /(53) on $ is defined as follows:

7(53) = {x e B : x can be written as a sum x = y + z, where y is atomic

and z is atomless}.

If x
l =Ti+ z i> x 2 —y 2 + z 2 » Ti and y2 are atomic, and z

Y
and z2 are

atomless, then x
{
+x2 = (Ti +^2) + (

z
i + z 2 )» where y x +y2 is atomic and

z
v
+z2 is atomless. If ue B, then x

t
• u = y t

• « + z
t

• w, where jq w is

atomic and z
x

• w is atomless. So 7(53) is an ideal on 53. Note that if 53 has

at most a finite number of atoms, then /(53) = B. If ^3 is atomic, then also

7(53) = B. It is easy to check that for an arbitrary element a e B, we have

7(53
1

a) = /(53) n B\a ,

7(53|a
)
= /($) n B\a

,

7(53) = {x e B : x can be written uniquely as a sum x = y + z, where

y e /(53|a) and z e 7($|d)}.

From this we easily obtain

(5.5.3) 53/7(53) s (53|a)/7(53|a) x (53|d)/7053|d).

We define by induction a sequence

of quotient algebras, a sequence

<{<x, x
{k)

} : x e B, x“> e 8W}>*<..

of homomorphisms of 58 onto 93
<k)

and a sequence

of ideals on 33 as follows:

x(0 > = x,

(5.5.4a) I
(0) = {0},

33
<0> = 33;

x
(k+ D = x

<k)
//(3

3

( ‘ l

),

+ = {xeB :x (‘ + 1) = 0},

33<‘ +1) = 33
(‘ ,

//(93
<*)

).

(5.5.4b)
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It follows trivially from the definition that for each k < co,

(i) the mapping x -» x{k)
is a homomorphism of 35 onto 33

(k)

;

(ii) the set I
(k)

is an ideal on 33;

(iii) 33
(fc) s 33 ,/J

(fc)
.

Note that each I
{k + n can also be described as the set of all x e B such that

x(k)
is a sum x(k) = y

(k) + z
(k)

,
where y

(k)
is atomic in 33

(k) and z
(k)

is atomless

in 33
(k)

.

Proposition 5 . 5 . 5 . For each k , I < co, there are formulas cpk ,
i

p

k , pk ,
rjkii

ak i
of FF in thefree variable x such thatfor every Boolean algebra 33 and every

a e B:

(i) . 33 ¥<pk [a] iff a e/<kVk) =0).

(ii) . $3 b i
l/k [a] iff a

(k)
is atomic in 33

(k)
.

(iii) . 33 b iff tf
(k)

is atomless in 33
(k)

.

(iv) . 33 b ^7 a. , / [^ ] Iff #
(k)

contains at most l atoms in 33
(k)

.

(v) . 33 b iff a
{k)

contains at least l atoms in 35
(k)

.

The proof, which is not difficult, is left as an exercise.

Let 33 be a nontrivial Boolean algebra. Consider the sequence

m(0) otO)
9 9

of quotient algebras defined in (5.5.4). Either some 33
(k)

is trivial, in which

case all 35
(/)

,
l ^ k

,
are trivial, or else no 35

(k)
is trivial. In the first case,

we can find the least k such that 33
(k + 1)

is trivial. This means that 35
(k)

is

nontrivial and each element of 33
(k)

is in the ideal /(33
(k)

). We now can ask

whether 33
(k)

is atomless or atomic and whether 33
(k)

has a finite or infinite

number of atoms. The main result of this section states that the answers

to these questions determine the elementary type (the theory) of 33. We
assign a pair of invariants (m(33), «(33)) to each nontrivial Boolean algebra

33 as follows:

(

the least k < co such that 33
(k+1)

is trivial, if such a k

exists,

oo, otherwise;

, s zu' Ajn _ 1
°o if /n(33) = k and 33

(k)
has infinitely many atoms,

^
/7° ° (/ if /w(33) = k and 33

(k)
has l < co atoms;

( 0 if /??(33) = oo,

(5.5.6c) «(33) = I «0 (33) if m(33) = k and 33
(k)

is atomic,

i — «o(
s^) w(33) — k and 33

(k)
is not atomic.

Thus ra(33) indicates when 33
(k + 1} becomes trivial, the sign of /?(33) indicates
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whether or not is atomic, and /? 0 (
s
43) = |/?(93)| indicates the number

of atoms in /»(33) is either a natural number or oo, and //($) is either

an integer or ±oo. When m($8) = k < a> and /?(33) = 0, then )S
(k)

is a

nontrivial atomless Boolean algebra. The following proposition follows

easily from Proposition 5.5.5.

Proposition 5.5.7.

(i) . For each k, l < oj, the following can he expressed by single sentences

of JSf:

m{f$) = k
,

m(^d) = k and /7(33) = /,

w(53) = k and n(%3) = — /.

(ii) . For each k < o), the following are expressible by sets of sentences

of

w(93) = oo,

m(9&) = k and n{f$) = oo,

m(33) = k and n{f3) = — oo.

The proof is left as an exercise.

An iteration of (5.5.3) shows that for k < to and a e B,

93
(fc) £ Qb\a)

ik) x(%\a)(k
\

The observation (5.5.2) enables us to prove:

Proposition 5.5.8. Let ^3 be a nontrivial Boolean algebra and let a e B. Then :

(i) . m(^8) = max (/?7($3|a), m(S3|u)).

(ii) . If m(fb\a) < m($3|a), then a?z(
s
33) = m(33|u

)
and /7(^) = /?(

s23|u).

(iii) . If m(J8\a) = m(33|u) < oo, then

/?($3) = 0 iff A?($|fl) = n{fd \a) = 0,

72(33) > 0 iff «(
s
^3|fl) > 0 and n(^\a) > 0,

72(33) < 0 iff either /z(33|tf) < 0 or 7?(33|^7) ^ 0, and not both /?(
s
23|tf) = 0,

72(33|c/
)
= 0.

(iv) . If m(f&\a) = m(23|u) < oo, then n0{$) = /7 0 (33|«) -T t70 (33|«).

The lemma below provides the key step to the proof of Theorem 5.5.10.
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Lemma 5.5.9. Let 9f, $3 be nontrivial Boolean algebras such that

M8t), /i(8t)) = (/w(S3), /*(«))•

Assume that a e A, 0 ^ a ^ 1, and 33 w co-saturated. Then there exists

b e B such that 0 ^ b ^ \ and

«(9l|fl)) = (m($B|6), «(33|6)),

(m(3l|a), n(m)) = K®|5), «(®|5)).

Proof. First suppose that

m{%\a) = m(9I|o) = co.

We have ra(3l) = oo, so m(33) = oo. This means that for each k < co,

there exists an element b e B such that b
(k) ^ 0 in 33

(/c) and b
{k) # 1 in 33

( k)
.

By Proposition 5.5.5 and the co-saturatedness of 33, there exists b e B such

that b
{k) # 0 in 33

(k) and b
(k) ^ 1 in 33

(k)
,
for all k. Clearly, for such be B

we have

ra(33|6) = m(33|6) = co.

Next suppose that

/r?(9)(|fl) < m(tyi\a) = ra(3l).

We claim that we only need to find b e B such that

(1) m(33|6) = m{%\a) and «(33|6) = «(3f|cz).

This is because by Proposition 5.5.8 (i) and (ii),

ra(3I|fi) = m(9f) = ra(33) = max (w(33|6), w(33|5)) = w(33|fr),

and similarly,

n(W\d) = n($l) = <33 ) = <33|5).

Let k = m{%\a). We verify (1) for all possible values of /7(9l|fl). Since

k < w(33), we know that

, . 33
(k)

has more than a finite number of atoms,
'

33
(k)

is not atomic.

For otherwise 33
(k+1)

is trivial, contradicting the definition of ra(33). By

(2)

, Proposition 5.5.5, and the co-saturatedness of 33, it is easy to find

an element b e B such that

w(33|6) = k and <33|6) =
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The only two slightly nontrivial cases are when /2(3t|tf) = ±oo. This is

where we need that 33 is co-saturated.

The case

< m(tyL\a) = m(%)

is handled in exactly the same way as the previous case.

Suppose that

m{%\a) — m{y[\a) < oo.

Then let k = m(3l) = m{^i\a) = m{%\a). If 77(31) = 0, then, by Proposition

5.5.8 (iii), 77(33) = n{^i\a) = n(Vi\a) = 0. In this case, let b e B be any

element such that b
(k) ^ 0 and b

{k) ^ 1 in 33
(,i)

. Then clearly,

m(33|6) = m(33|5) = k

and

/?(33|6) = 7?(33|5) = 0.

If 7?(3I) > 0, then by Proposition 5.5.8 (iii) and (iv), we have 77(33) > 0 and

n{^i\a) > 0, 77(3I|a) > 0,

t70 (33) = t7 0 (3I) = 770 (31|a) + 770 (31|a).

In this case, by Proposition 5.5.5 and the cu-saturatedness of 33, we find

b e B such that

b(k)
is atomic and contains exactly 7?0 (3I|a) atoms in 33

(k)
,

b
(k)

is atomic and contains exactly /70 (3f|u) atoms in 33
(k)

.

Then

m(33|6) = A??(33|fi) = k,

and

/7(33|6) = 77(3I| a), 77(3316) = «(3I| a).

Finally, if 72(31) < 0, then by Proposition 5.5.8 (iii) and (iv), we have

72(33) ^ 0 and

not both 77(3I|a) = 0, 7?(3I|u) = 0,

either 77(3I|a) <0 or 72(3I|u) ^ 0,

77o(33)
= 77q(3I) = 77 0 (3I|tf) + 770 (3I|u).

The method should be clear enough by now, so that we can leave the latter

case as an exercise. In all cases, we only need the co-saturatedness of 33

in the case where one of the invariants is ± co. H
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Let a
x ,

an be elements of a Boolean algebra $3. By a bit of a x ,
an

we mean any one of the 2" products

s = s Y
• s2 ’ ... • sn ,

where each s
t
= a

x
or s

t
= d

t
. [f s and t are two bits of a

x ,
an and

s ^ t, then 5 • t =0. The set of all sums from

{s : 5 is a bit of a
l , ..., an }

is precisely the finite subalgebra of s
33 generated by a

x , ..., an . \$b
x ,

bn e B

and 5 is a bit of a l9 ..., an ,
then by the corresponding bit t of b l9 ..., bn

we mean the product

t = 1
1

' 1 2 • • •
' tn •>

where t
{
= b

t
if s

t
= a

t
and t

t
= b

t
if s

t
= d

t
. Let % and S3 be Boolean

algebras and let a
{

e A, b
l ,

bn e B. We say that (2(, a l ... an )

is similar to (S3, b
x

... bn ) iff for every bit 5 ofa
x , ..., an and the corresponding

bit t of b
x , ... ,bn ,

the two Boolean algebras Sl|5 and S3 |

t

either are both

trivial or have the same pair of invariants. We use the symbols

(SI, a
x

... an )
k (S3, b

{
... bn )

to denote that they are similar. SI « S3 means simply that either they are

both trivial or they have the same invariants. If ae w
A, be c,B , we write

(SI, Gn)n <a) ~ (S3, bn^n<0) ,

if and only if for all n < a>,

(SI, O ni )m < n ~ bm)m<n •

Theorem 5.5.10. A necessary and sufficient conditionfor two Boolean algebras

SI and S3 to be elementarily equivalent is that either they are both trivial or

they have the same invariants
,

(m(SI), n(SI)) = (m(S3), /?(S3)).

Proof. The necessity follows from Proposition 5.5.7.

The sufficiency can be proved in any one of several ways. For example,

it could be done by the method of elimination of quantifiers (cf. Section 1.5),

or using either part of Proposition 5.4.1. We shall use here a simpler method

than Proposition 5.4.1. The proof will be a familiar back and forth con-

struction which has only countably many steps, rather than steps. The

reason we can do this here is because finitely generated Boolean algebras
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are finite and easily described. The proof uses oj-saturated models and does

not depend on the continuum hypothesis.

If % and 93 are both nontrivial and finite, then since 31 « $3, we have

^ 93, and so 31 and 93 are elementarily equivalent. We may assume that

31 and 93 are both infinite and ^saturated; in particular, we may assume

that 31 and 93 are of power 2®, although the continuum hypothesis will in

no way be involved in what follows. Let us first prove the following.

(1) For all a l9 ..., an+l e A and b
1 , ..., bn e B, if

(31, a
l

... an ) « (93, b
x

... bn),

then there exists bn+l e B such that

(31, q
j

. . . Qn + 1 ) ~ (93, b i
... bn + j

).

To prove (1), we first prove:

(2) Assume that (3X, a
x

... an ) « (93, b
l

... bn )
and an+i e A. Then, for each

bit 5 of a l9 ... 9 an and corresponding bit t of b l9 ...,bn1 there exists

c ^ / such that

(3C|j,flll+1 ' s) « (93|L c).

By the assumption of (2), 3l|* « 93|L If they are both trivial, then let c = 0.

If they are nontrivial, then they have the same invariants. 1 1 &n+i ^ ~

then letc = 0. If an+l -s = s 9
then let c = /. So assume that 0 # an + l

-s Y s.

Clearly, 93|/ is cu-saturated, because all of the operations on 93 |

t

are definable

in 93 using t as a parameter. Whence, by Lemma 5.5.9, there exists c e B\t

such that the conclusion of (2) holds. So (2) is proved.

Now let bn + i
be the sum of all c's obtained in (2), one lor each bit of

a
x , ..., an . It follows that the conclusion of (1) holds.

We arrange all of the terms from the Skolem expansion Y ' of / in a

simple infinite sequence

to j •”) *
n >

•**

(possibly with repetitions) in such a way that the following hold:

(3) Each Skolem term tn has at most the free variables v0 , ..., vn . x
.

(4) If a e
aA

9
b e

C>B are such that for each n < co,

Q 2n
~ WK an- l]’

bjn + i
= ••• bn — i~\i

then the ranges of a and b determine elementary submodels of 31 and 93,

respectively.
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Here and are the interpretations of tn in the Skolem expansions

21* and 23*, respectively. Such an arrangement of the terms tn can easily

be made. Combining (1) with its dual, i.e., 2( and 23 are interchanged,

we can find by the familiar back and forth argument, a e
aA and b e^B

such that

(
5
) (21 , «„)„<„,« (93

and the hypothesis of (4) holds. Using (5), a simple argument in Boolean

algebras will show that the mapping

h:an ^ bn

is an isomorphism between the two Boolean algebras

% = <R '.neco), + , •, ", 0, 1>,

and

33o = <{bn :neco}, + , *, ", 0, 1>.

Here we use the fact that a bit of a0i ..., an is 0 if and only if the corre-

sponding bit of b0y ..., bn is 0. The conclusion of (4) says that

2l0 < 21 and 23 0 < 23.

So 21 = 23. H

Exercises

5.5.1. Supply the proofs of (5.5.
1
)—(5.5.3).

5.5.2. Prove Proposition 5.5.5.

5.5.3. Determine the invariants of the following particular Boolean algebras:

(i) . a finite Boolean algebra with n atoms;

(ii) . a nontrivial atomless Boolean algebra;

(iii) . an infinite atomic Boolean algebra.

5.5.4*. Prove that for each possible pair of invariants
, n { ) among

(oo, 0) and (m, /?), m < co, — oo ^ n ^ +oo, there exists a Boolean
algebra 23 with invariants (m 1} n

t ).

5.5.5. Prove Proposition 5.5.7.

5.5.6. Prove Proposition 5.5.8. More generally, try to compute the invariants

of 21 x 23 from the invariants of 2[ and 23.

5.5.7. Give a detailed proof of Lemma 5.5.9.
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5.5.8. Using the technique of Theorem 5.5.10, prove that any two saturated

Boolean algebras of power aq with the same invariants are isomorphic.

5.5.9. The theory of Boolean algebras has only countably many complete

extensions, and each complete extension has only countably many finite

types. Thus every Boolean algebra 91 is elementarily equivalent to a countably

saturated Boolean algebra 93.

5.5.10*. (a). By the theory of inductive order we mean the theory in the

language = {^,0} whose axioms are the axioms for the theory of

simple order, an axiom stating that 0 is the least element, and the induction

scheme

(3x)(p(x) -> (lxVy)((p(x)A((p(y) -* x ^ >’)),

where (p(x) is a formula which may possibly have additional free variables

Zj ... zn . For example, for each ordinal a > 0, the model <^a, ^,0) is a

model of the theory of inductive order. Let 91 be a model for the theory of

inductive order. An element x e A is said to be a 1 -limit point ill there does

not exist a greatest element y < x. x is said to be an (n+ 1 )-liniit point iff

there is no greatest /2-limit point y < x. Every point is a 0-limit point.

Thus 0 is an //-limit point for all //. Show that the notion ol an //-limit point

can be expressed by a single formula of Sf .

(b). For each model 91 of the theory of inductive order, assign invariants

m(9t), /z(9i) and pk @l), k = 0,1, 2, ..., as follows:

m(9I) =
k if /c is the least natural number such that 91 has a greatest

fc-limit point,

oo if for all k < oj, 91 has arbitrarily large Ar-limit points.

n (91)

k if A: is the greatest natural number such that 91 has a

AMimit point greater than 0,

oo if for all A: < co, 9X has a fc-limit point greater than 0.

/>*(«)

oo if k < /w(91),

oo if k ^ /7/(9l) and there are infinitely many A:-limit points

greater than the greatest (k + 1 )-limit point,

/ if k ^ 77/(91) and there are exactly / < co A:-limit points

greater than the greatest (k+ 1 )-limit point.

Prove that if 91, 23 are models of the theory of inductive order, then 21 = 23

if and only if 91 and 93 have the same invariants.

[Hint: Use the method of Theorem 5.5.10.]
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5.5.11. Determine exactly which invariants are the invariants of some model

of inductive order. Also, determine which invariants correspond to well

ordered models. Use your answer to show that the theory of inductive

order has 2
W
complete extensions.

[Hint: Consider the normal form of ordinals in descending powers of co.]

5.5.12*. Which complete extensions of the theory of inductive order have

uncountably many types of elements?

5.5.13*. Prove that every sentence which holds in every model <a, 0>,

where 0 < a < oj
0)

(ordinal exponentiation), is a consequence of the theory

of inductive order. Thus the theory of inductive order is the theory of the

class of all well ordered models, and is also the theory of the set of models

{<a, ^ , 0) : 0 < a < co
w
}.

5.5.14*. Prove that every well-ordered model <a, ^,0) is elementarily

equivalent to a unique model </>, <, 0), where 0 < /? < co
w + co

w
.

5.5.15*. Let Or denote the class of all ordinals. For the purposes of this

exercise, we may consider <Or, ^ >, <Or, <, +>, <Or, +, •> as models

where <,+,• are the usual ordering, addition and multiplication of

ordinals. Prove the following:

(i)
. <o/°, <<Or, sc>;

(ii)
. <co

wU>

, + > <<Or, + >;

(iii)
.

<«•““, <,+,•> < <Or, +,•>.

Prove also that in each case every element in the left-hand model is definable

in that model by a single formula.

[Hint: The proofs of (ii) and (iii) depend on the technique introduced in

Exercise 1.3.15 and on the normal form theorem for ordinals.]



CHAPTER 6

MORE ABOUT ULTRAPRODUCTS
AND GENERALIZATIONS

In this chapter we shall continue the study of ultraproducts begun in Chap-

ter 4, but we may now make use of saturated models. Section 6.1 ties to-

gether the notions of an ultraproduct and ol a saturated model, and con-

tains a very neat characterization of elementary classes. I he remaining

sections deal with various generalizations of the ultraproduct construction.

6.1. Ultraproducts which are saturated

We shall show that certain ultraproducts of models are saturated models.

The main theorem in this section is the ‘isomorphism theorem’ for ultra-

products: Two models are elementarily equivalent it and only if they have

isomorphic ultrapowers (Theorem 6.1.15). Some of the theorems in this

section and Section 6.3 depend on the continuum hypothesis, or the gener-

alized continuum hypothesis. We begin with a theorem about countably

incomplete ultraproducts. Recall that an ultrafilter D is said to be countably

incomplete iff D is not closed under countable intersections.

Theorem 6.1.1. Let £ be countable ,
and let D be a countably incomplete

ultrafilter over a set /. Then for every family 5(,-, i e /, oj models for £ ,
the

ultraproduct P] D
s
2f,- *s ®i -saturated.

Proof. We must show that for every countable sequence am ,
m < co, ot ele-

ments of PJd A

i

,
and every set T(x) of formulas of £ cj (c0 , c l ,...}, if each

finite subset of !(*) is satisfiable in then ^(x)
1S satisfiable

in (T[d«i, *«)«<«• Note that if am = <am (i) : ieI}Di then

•

( [] am)m<(0 = n ((2*0 a«(0)*<»)-
D D

Since £ is an arbitrary countable language and £ u (c0 ,
cq,...} is also

countable, it suffices to prove the following:

305
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(1) For every set I(x) of formulas of FF, if each finite subset of Z(x) is

satisfiable in F[D 5Ij, then T(x) is satisfiable in F[D 5I
£

.

Suppose every finite subset of r(x) is satisfiable in Since SF is

countable, I(x) is countable, and we may write

I(x) = {(^(x), <t 2 (x),

As D is countably incomplete, we find a descending chain

] = I0 ZD I
{

ZD 12 ZD ...

such that each /„ e D and Qn<m I„ = 0. Let X0 = I and for each positive

n < co, let

Xn
= /„ n {/ e 1 : 51 f

1= (3x)(o
,

1 (x)a ... Acr„(x))}.

Then by the fundamental Theorem 4.1.19, each Xn e D. Moreover, P)„< ct)
A

r

n

= 0, and Xn => Xn + l
. It follows that for each i e I there is a greatest n(i) < co

such that i e Xn(i) .

We choose a function/ e in the following way: If n(i) = 0, choose

f(i) to be an arbitrary element of A-
x

. If n(i) > 0, choose f(i)eAi so that

Then whenever 0 < n and / e Xn , we have n ^ «(/), whence 5I
{

1= on [/(/)].

It follows from the funcamental theorem that]^^!,- 1= an [fD ]
for all n > 0,

and therefore the elementfD satisfies T(x) in FID 5l,-. This proves (1). H

Corollary 6.1.2. Assume the continuum hypothesis. Suppose 51, 53 are two

models for a countable language FF and \A\, |5| ^ co
l

. Then the following

are equivalent :

(i) . 51 = 53.

(ii) . For all nonprincipal ultrafilters D, E over co, (ani

i

n»« = n»®)-
(iii) . There exist ultrafilters D and E such that J|D 5I =

Proof, (i) => (ii). Assume (i). By Theorem 6.1.1, ]^[D 5l and FU^ are

co^saturated models. Since \A\> \B\ ^ co
l
and 2° = c

o

lf the ultrapowers

^[ d 5I and FF S
^3 have power at most co

t
. By (i) and the fundamental

theorem, they are elementarily equivalent. Hence by the uniqueness theorem

for saturated models, they are isomorphic.

It is obvious that (ii) implies (iii), and (iii) implies (i) because by the fun-

damental theorem, every model is elementarily equivalent to its ultrapower. H
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The rest of this section is devoted to the generalization of Theorem 6.1.1

to arbitrary cardinals. We can see from cardinality considerations that the

condition that D is countably incomplete is not sufficient for
\ \ D \]

i to be

an co 2-saturated model. In fact, for a > a> the assumption that D is a-regu-

lar, or even a
+
-regular, is not sufficient for t0 t>e a

+
-saturated (see

Exercise 6.1.6). We shall need a totally new kind of ultrafilter, the ‘good

ultrafilters’, in order to get a generalization of Theorem 6.1.1.

We first need some notation about functions. Let / be a nonempty set,

and p a cardinal. We consider functions /, g on the set Sjfp) of all finite

subsets of P into the set S{I) of all subsets of 7. We say that g iff for all

u e SC)(P ), g(u) c f(u). Thus g ^ / means that each value of g is included

in the corresponding value of/. We shall say that/ is monotonic ill

u, w eSM and u a w imply /(w) => f(w).

Notice that the direction of the inclusion reverses. Thus the larger u is,

the smaller /(w) is. Strictly speaking, ‘antimonotonic’ would be a better

name, but it is also longer. The function g is said to be additive iff

u,we s^P) implies g{u u w) = g(u) n #(w).

Again, notice that there is a union on the left and an intersection on the

right. A better but longer name would be ‘antiadditive’. It is obvious that:

Lemma 6.1.3. Every additive function on Sa(P) into S(I) is monotonic.

Since an ultrafilter D over 7 is a subset of 5(7), any function/on Sw (/7) into

D is a function on Sjfi) into S(I). We are interested in that case.

Now for the main definition. Let a be an infinite cardinal. An ultrafilter

D over 1 is said to be a-good iff it has the following property:

For every cardinal P < a and every monotonic function / on S^p)

into 7), there exists an additive function g on Sw (/?) into D such that

g ^ /.

Note that if D is a-good, then D is /7-good for all infinite cardinals p < a.

Let us give one example of a monotonic function / on S^iP) into Sup-

pose D is a countably incomplete ultrafilter over 7, and let 7 = 70 => 7
L

id 72
id ... be a decreasing chain of sets In e D such that P]„7„

= 0. Then

the function f : S^iP) 7) such that lor each ue S^iP), fiy) — fu\

monotonic. However, /is not additive, because

f(u n w) = 7| u u w| » /(W )
n /( vv

)
= ^max(|u|, |h-|) •
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The power of the a-good ultrafilters lies in the fact that monotonic functions

/like the one above, which are very nonadditive, can be ‘refined’ to additive

functions g ^ / on Sffp) into D.

In Exercise 6.1.2, we shall see that every countably incomplete ultrafilter

is (jo
,
-good. In order to generalize Theorem 6.1.1 to larger cardinals, we must

first prove the existence of countably incomplete ultrafilters which are a-good

for a given a. We shall first state the existence theorem, and then prove a

series of lemmas which will be used to prove the existence of a-good ultra-

filters.

Theorem 6.1.4. Let I be a set ofpower ol. Then there exists an a
+
-good count-

ably incomplete ultrafilter D over I.

Lemma 6.1.5. For an ultrafilter D to be ol
+
-good it is necessary and sufficient

thatfor every monotonicfunctionfon Sco (a) into D there is an additivefunction

g on Sw (a) into D with g ^ f

Proof. The necessity is obvious.

To prove the sufficiency, let P < a, and let / : Sffp) -> D be monotonic.

Define a functionf : Sw(a) -* D by

f\u) = f(u n p), for all u e Sw(a).

Thenf is monotonic. By hypothesis there exists an additive function g' ^ /'

on S
(0 (ol) into D. Now let g be the restriction of g

'

to S
0) (P). Then g maps

S
(0(P) into D

,

and it is easy to check that g is additive and g ^ /. This proves

that the condition in the lemma is sufficient for D to be a
+
-good. H

Lemma 6.1.6. Let ol be an infinite cardinal. Suppose that X is a set ofpower

a and let Yx , x e X, be afamily of sets each of which has power a. Then there

exists afamily of sets Zx , x e X, such that for all x, y e X:

(i) . Z, Yx ;

(ii) . Zx has power a;

(iii) . if x # y, then Zx n Z
y = 0.

That is, anyfamily of a sets ofpower ol can be refined to afamily of ol disjoint

sets ofpower ol.

Proof. We may assume without loss of generality that X = a. For each or-

dinal p ^ ol, let Xp be the set

X
p = {<y, 3} : y ^ S and S < p}.
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Thus Xp is a subset of /ix p. (If ax a is drawn on a graph with two axes,

Xp will be a right triangle with sides of length p.) Since a is a limit ordinal,

Xa = (J fi<a Xp. We shall find a function/ with domain Xa such that/is one-

one and

(1) whenever y ^ <5 < a, /(y, <5) e Y
y

.

Once the function / is found, we may define

= {/(y, <5)
: y ^ <5 < a},

and the family Z
y , y < a, clearly has the desired properties (i)-(iii).

The function /is defined by transfinite induction. Let p < a and suppose

that we already have a one-one function fp with domain X
p
such that (1)

holds for p. Since \X
p \
< a, and \Y

y \

= a for all y < a, we may extend/, to a

one-one function fp + l
with domain X

p + 1
such that (1) holds for p + 1.

Simply choose, for each y ^ p, a value fp + 1 (y, P)e Y
y
which is dillerent

from all the previously chosen values offfi+1 . By taking unions at the limit

ordinals, we obtain a chain of functions fp with domain Xp such that each

fp is one-one and has the property (1). Then the union /= [jp< 2fp

a one-one function with domain Xa satisfying (1). H

The next definition is the key to the proofs of Lemma 6.1.7 and Theorem

6.! .4.

Let 77 be a nonempty collection of partitions of a such that each partition

has exactly a equivalence classes, and let F be a nontrivial filter over a. We

say that the pair (77, F) is consistent iff given any X e F and any X
t , ..., Xn ,

n < 69
,
each X ,• belonging to a distinct partition P

{
e n, X n f] ^ 0.

The next lemma contains all the important information about this notion of

consistency. IfF is a filter and F u E has the finite intersection property, then

we let (F, F) denote the filter generated by F u F.

Lemma 6. 1 .7. Let a be an infinite cardinal

(i) . Let Fbe a uniform filter over a generated by a subset E <= F ofpower

at most a. There exists a collection 77 of partitions of a such that |77| = 2
2

and (77, F) is consistent.

(ii) . Suppose that (77, F) w consistent. Let J a a. Then either (77, (F, {7}))

zs consistent ,
or e/rc (77', (F, {a\7})) w consistent for some cofiniteYl' c= 77.

(iii) . Suppose that (77, F) w consistent. Let p be any monotonic mapping

of Scj
(ol) into F and let P e 77. F/zc/z //zero exzs/ a/z extension F' of F and an
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additive function q :
^(a) -> F' such that q ^ p and (i7\{P), F') is con-

sistent.

Proof, (i). Let Jp, p < oc, be a list of all finite intersections of members

of E. Each
\

J
p \

= oc. By Lemma 6.1.6, there are Ip, p < oc, such that \I
p \

= oc,

Ip c= Jp , and Ip n Ip, = 0 if p / p'. Consider the set

B = {<5, r> : s 6 5w(a) and r : S(s) -* a}.

Clearly, \B\ = oc. Let rf), c, < oc, be an enumeration of B (with possible

repetitions) in such a way that

B = {<(^, rf) : £ e Ip] for each p < oc.

For each / <= oc define the function fj : oc -* oc as follows:

Mi) = MJ nsd if i 6 U h >

/? <a

fj(f)
= 0 otherwise.

We first establish that there are 2
a
such functions fj . Suppose that # J2 .

We may suppose, by symmetry that there is an xeJ
l
and x^J2 . Let

s = {*} and r = {<{*}, 0>, <0, 1)}. Then (s, r) e B, so <s

,

r) = (s^, rf) for

some f. Now fjff) = r{J
l
n s) = 0 and fjfg) = r(J2 n s) = 1. So

/j, # fj 2
‘ Next, let p,y lf be ordinals in oc, and let J

i , ...,Jn be dis-

tinct subsets of oc. Then we claim that there is a £ e Ip such that

LXO = yi for 1 < 1 < n-

To see this, let 5 be any finite subset of oc such that

s n J
t ^ s n Jj for 1 ^ i < j ^ n.

Now let r : 5
(
5
)
-> oc be defined in such a way that

r(Ji n s) = y f , 1 < 1 < n.

There is a £ e Ip such that rf) = <s, r). Whence

L,(i) = MJ
i
n s()

= r
(J i

n s
) = ?i

We have, incidentally, shown that the range of each fj is oc.

Finally, let

n = {{fj Hr) '-y < a] : J c= a}.
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Clearly II is a collection of T partitions of a. It is obvious that (II, F) is

consistent.

(ii) . Suppose that (77, (
F

,
{J})) is not consistent. Then there are X e F,

X
t
g P t

g II

,

1 ^ i ^ n, the s distinct, such that

(
1
)

J n X n f| x
t
= 0.

1

Let FI' = II\{P
,

... Pn }. Let Qj, 1 ^ j ^ m, be distinct elements of /7'

and Yj e Q y
. Then by hypothesis,

(2) xn n x,n n Y
i * °-

It is immediate from (
1
)
and

(
2

)
that

(a \ J) n X n Q Y
i * °-

I < j < m

So (n\ (F, {a\/})) is consistent.

(iii) . LQtXd ,S < a, be an enumeration ofP without repetition. Let 5W (
a)

= [td : 8 < a}. For each (5 < a, we define the function q6 : 5w(a) - 5(a)

as follows:

qM=p(t*)C\ xi if s<zt*>

qd(s) =0 if s d= t& .

Note that <7,5 (
5
)

c= p(td ), qd (s) # 0 if 5 c= t6 ,
and q6(s x

u 52 ) = q6 (s\) r*

qd(s2 ). This last is because

s
l u 52 <= tb iff both 5

X
ci t& and 52 cz t6 .

Define the function q : 5u)
(a) -» 5(a) as follows:

q{s) = U 4«(s)> s 6 s»(°0-
d<&

As p is monotone, we see easily that q(s) cz p(s), so q ^ p. Since qd(s) n

^,(.s) = 0 if S # <5', we have that q(s) is a disjoint union of subsets of X3 .

Using the fact that each qd is additive and that

X,nXr* 0 iff <5 = S',

we check easily that q is additive. Now let F' =
(
F

,
Rng q). We claim that

(/7\{P), F') is consistent. Let X e F, s e 5w (a), A^eT^e/I, 1 ^ 1 < />,

the Pj distinct and different from P. Since 5 = tb for some <5 < a, we have

q{s) => = PM n x6 >
and

X n p(^) n A’a n f) # 0 .

1
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Whence

X n q(s) n P) X
t # 0. H

1 ^ f ^ n

Proof of Theorem 6.1.4. We may assume that / = a. Let /„, n < co, be a

sequence of subsets of a of power a such that /M+1 <= 7n and P|„< tl)
/

Il
= 0.

Let F0 be the uniform filter generated by the set {/„ : n 6 co}. By Lemma

6.1.7 (i), let 77 0 be any collection of partitions of a such that |/7 0 |

= 2
a and

( 77 0 ,
F0 )

is consistent. We shall define by transfinite induction two sequences

FI^, £ < 2
a

,
F%, £ < 2* such that

77
^

<= n
rJ
,F

i
=> F„ if n < C < 2*,

1/7.1 = 2“, |II
{
\I7{+1 |

< co, n,= f] nn , X limit,

rj < A

(77* ,
F%) is consistent for £ < 2

The construction is as follows: Let p^, £ < 2
a

,
be an enumeration of all

monotone functions mapping 5w(a) into 5(a), and let J%, £ < 2
a

,
be an enu-

meration of 5(a). Suppose that 77„, F^ for rj < C < 2
a
have been defined

satisfying all the inductive hypotheses. If £ is a limit ordinal, then simply let

n
t = f) and F

( = {jF,.
T]<S 1<Z

It is clear that (77^, F^) is consistent and |77^| = 2
a

. If £ = A + 2«+ 1, 2 a

limit ordinal and 77 < co, then let / be the first element of 5(a) not already in

F*_
x

. By Lemma 6.1.7 (ii), we can find 77^, F* such that

|ZZ{-i \ 77
4 |
< a>, \n

( \
= T,

J s F
{

or (a\J) e F
t ,

(77^, F^) is consistent.

If f = 2 + 2t7 + 2, 2 a limit ordinal and 77 < co, then let p : 5w (a) F*_
x
be

the first function in the list p,
?

,
7
/
< 2

a
,
which we have not already dealt with.

By Lemma 6.1.7 (iii), we can find 77^, T7*, <7 : 5w (a) -» F,* such that

|/74
_

x \ 77.| = 1, |i7
{ |

= 2*.

q ^ p, q is additive,

= (/=>_,, Rng 17 ),

(77^, F,*) is consistent.

Let F = U«< 2.*«. Because of our construction and cf (T) > a, we see that

F is a countably incomplete a
+
-good ultrafilter over a. H
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Notice that the full strength of Lemmas 6.1.6 and 6.1.7 allows us to

prove that any uniform filter Fover a generated from a set of at most a ele-

ments can be extended to an a
+
-good ultrafilter over a (Exercise 6.1.4).

We now prove the generalization of Theorem 6.1.1.

Theorem 6.1.8. Let a be an infinite cardinal and let D be a countably incom-

plete (x-good ultrafilter over a set /. Suppose \\Tf\\ < a. Then for any family

91,-, i e /, of modelsfor the ultraproduct 75 a_saturated.

Proof. In exactly the same way as in the proof of Theorem 6.1.1, we see

that it is sufficient to prove:

(1) For every set I(x
)
of formulas of

,
if every finite subset of T(x) is

satisfiable in P] D 9/, then Z(x) is satisfiable in [JD 9f,.

Suppose every finite subset of T(x) is satisfiable in
J ]D 5I

f
. Since D is count-

ably incomplete, we may choose a descending chain

/ = /0 D /j d /2 d ...

such that each In e D and (~) n<0J In = 0. We have |I| < a because ||J2?|| < a.

Let us define a function

f:Sw(Z)-+D

as follows. For each finite subset o of T, let

(2) f{a) = /w n {iel : 21, 1= (3x) A oj,

with the understanding that /(0) = /. Each <7 e 5^(1) is finite and is satis-

fiable in n^i’ whence h (3x)A<x. By the fundamental theorem,

/(cr) g D. Whenever o ere SW (T), we have

I
|
T

|

c Jw ,
h (3x) At -> (3x) A o,

so /(t) c= f(o) and /is monotonic. Now we use the fact that D is a-good.

Since D is a-good, there is an additive function g ^ / on Sm(E) into D. For

each i e /, let

(3) <r(i) = U{0eI

If KOI » n, then i e In . Because if cr(/) has at least n distinct elements , ...»

0n ,
then for s ^ n we have

ieg(0s ).
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whence using the additivity of g ,

i e n...n g({9„}) = g{{9 1 , #,,})
c /({^ 1 > •••» ^n/) c Ai

•

We recall that fln<t0 /„
= 0, and therefore

for each j 6 I, cr(i) is finite.

We now choose an element hD which satisfies £(*) F°r each i e /,

we have by (2), (3), and additivity,

ie n{s({0}) :9ea(i)} = g(o(i)) <=/(*(/)),

and therefore i ef(a (/)). Then by (2) we may choose an element h(l) e A
,

such that

(4) 51 i
N A cr(f')[/7(/)].

Now, whenever del1

and /e#({0}), we have 9 e <r(/) and by (4), 51 f
N

0 [/*(/)]. But #({0}) e D, so by the fundamental theorem nD 51
f
^ f°r al l

0el. This shows that hD satisfies I in f]D 51
f

. H

Using Theorems 6. 1 .4 and 6.1.8, and an instance of the GCH, let us quickly

draw a conclusion which is stronger than the isomorphism theorem 6.1.15,

proved later in this section.

Theorem 6. 1.9. Let\\££\\ ^ a and%,^8 be models for with \A\, |2?| ^ a
+

.

Assume that 2
a = a

+
. Let D be an oc

+
-good countably incomplete ultra-

filter over a set I ofpower a. Then thefollowing are equivalent :

(i) . 51 = 53.

(ii)
. l\DW £ IV3-

Proof, (i) => (ii). Assume (i). By Theorem 6.1.8, the ultrapowers

and are both a
+
-saturated. Moreover, they both have cardinality at

most (a
+

)

a = 2
a = a

+
. Using the equivalences = 51 = S3 = Y\d 53

and the uniqueness theorem for saturated models, we have the isomorphism

Y\d* = Ud^
(ii) => (i). This is obvious. 4

It follows from Theorem 6.1.9 that if we assume the GCH, then for any

two models 51, 53 for an arbitrary 51 and 53 are elementarily equivalent

if and only if they have isomorphic ultrapowers. This isomorphism theorem

gives us a purely algebraic characterization of the notion ofelementary equiv-

alence. It turns out that while it is not known whether Theorem 6.1.9 is true
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without the assumption 2
a = a

+
,
the above consequence of Theorem 6.1.9

is always true without the GCH. The next sequence of lemmas is designed to

prove the isomorphism theorem without the GCH.
We first give a crucial definition. Let 2, k be infinite cardinals and let g

be the least cardinal a such that A
a > A. It is easily seen that g ^ A and g

is a regular cardinal. Let Fbe a set of functions/: A -> g and let G be a set of

functions g : A - P(g ), where P(g) is a cardinal less than g. Let D be a filter

over A. We say that the triple
(
F

, (7, D) is K-consistent iff the following hold:

(i) . D is generated by a subset E cz D of power at most k. This means

that E a D, \E\ ^ k, E is closed under finite intersections, and every ele-

ment of D is a superset of some element in E.

(ii) . Whenever we are given a cardinal P < g, a p-termed sequence fp ,

p < /i, of distinct functions in F, a /^-termed sequence of ordinals op , p < p ,

less than g, and two functions fe F and g e G, then the set

{£ < A :/p({) = for all p < p and/({) = ^({)}

together with D generate a nontrivial filter over 2.

A consequence of this definition is that D is a nontrivial filter over X.

The next lemma is a straightforward generalization of Lemma 6.1.7(i).

Indeed, the definition of the triple (F, G, D) being ^-consistent is a general-

ization of the notion of the pair (77, F) being consistent.

Lemma 6.1.10. There is a family F of 2
X
functions from X to g such that the

triple
(
F

, 0, {A}) is g-consistent.

Proof. Let

H = {{A, S, h) : A <= A, \A\ < g, S <= S(T), |S| < g, and h : S -* g).

By the definition of g, \H\ = A. Whence we may enumerate H =
{(A

S

< A}. For F c= A, and £ < A, define

f(n _ if BnA
{
eS

t ,

JbK -’
\0 if Bn A

{
£S

(
.

Finally, letF = {fB : B <= A}. It is easy to see that ifB # C, then fB ¥>fc- Let

P < ft and let Bp , p < p, be distinct subsets of A and let o
p , p < p, be a se-

quence of ordinals less than g. We show that the set

{£ < A :fBy) = <y
p

for all p < p}

is not empty. Let A be a set of power less than g such that B
p
n A # B

p
, nA
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for all p, p' < (3, p 7^ p'
• Let S = {B

p
n A : p < /?} and let h(A n B

p )
op .

Then (A, S ,
/i) e H, and whence (X h) = (^, 5

{ ,
for some { < A.

Hence

/bp(0 = n = KBr
r^A) = c

p
for all p < (3. -\

Lemma 6.1.1 1.

(i) . If (F, G, F) w K-consistent and k < y, then (F, G, D ) w y-consistent.

(ii) . Suppose that (F
4 ,

G^, F^) w k^-consistent for every £ < S. Suppose

further that F

\

=> F
n ,

G
n ,

D* cz D
t]
whenever £ < t] < S, and < tc

for each ^ < S, and cl (<5) ^ k. Then U<?<<5 U$<<5^) ^ K~con~

sistent.

(iii) . If (F, G, F) w K-consistent and F' c F, G' c= G, t/??/7 (F', G', F) 75

K-consistent.

Proof. The proofs of all parts of this lemma consist of simply checking

the definitions. We leave it as an exercise for the reader. H

The next lemma contains the heart of the matter.

Lemma 6.1.12. Let G be a set offunctionsfrom A to cardinals less than p such

that p + \G\ ^ k. Suppose that (F, 0, D) is K-consistent. Then there is an

F' a F such that |F\F'| ^ k and the triple (F', G, D) is K-consistent.

Proof. Since |G| ^ k, it is clearly sufficient to prove that:

(1) For every element g e G, there is a subset F
g

c= F such that
|

F
g \ ^ k

and
(
F—F

g , {g}, D

)

is K-consistent.

This is because from (1) it follows that the set F' = F-(J3eG {F3 } is the re-

quired set. To prove (1), let g e G. Suppose that (1) fails to hold for g. Then

(2) For every subset F c= F of power at most k, (F\F, {g}, D) is not k-

consistent.

We now define by induction sets F^ F^ £ < k
+

, such that (making use of

(2))

F0 = F;

F
s
r is a subset of F^ of power at most k such that (F^XF^, {#}, F) is

not /c-consistent;

Fi+ 1 =
F
n = P{<,F{ if // is a limit ordinal, t] < k +

.
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Furthermore, since ^ k, if we examine what it really means for (F., {#},£>)

to be not ^-consistent, we can make sure that for each £ < k\ there are a

cardinal /L < p, a sequence of ordinals <x
4

, p < /?$, less than p, a sequence

of distinct functions

/

4 g
, p < /L, and a function/ 4 e F

^

such that the set

A
f = {v < X : /„

4
(v) = rr

4 for all p < P^ and /
4
(v) = #(v)}

is inconsistent with D. Remember now that D is generated by a set E of

power at most k. Since each is inconsistent with D, we have that,

for each £ < k +
,

there is an X*eE such that A^nX^ =0.

Since \E\ ^ k, this means that there is a set X e £ and there are k
+

ordinals

£ such that p) X = 0. Since p ^ k, we may assume without loss of

generality that for all ( gk
1

,

p^ = p < p and A* n X = 0.

Let y < /i be a cardinal such that g \ X -* y.

It is clear that y < k
+

. Consider now the functions/,4
, { < y, p < P,

and the functions /4
, £ < y. Consider also the ordinals o\, $ < y, p < P,

and the ordinals £ < y. Clearly, we may well-order all the functions and the

ordinals by the cardinal p + y < p • Since the triple (F, 0, D) is /c-consistent,

the set

A = {v < X : fp{y) = for a11 £ < 7 and P < P>

and /
4
(v) = {, for all C < y}

is consistent with D. So, in particular, A n X # 0. Now let v g ^ nl We

have that v / // for all £ < /c
+

,
because A* n X = 0. But now, for some

C < #(v) = £• Whence v e A*. This is a contradiction. So (1) is proved. H

Lemma 6.1.13

(i) . Suppose that (F, 0, D) is K-consistent and A <=. L Then there is an

F' c= F, |F\F'| < p, such that either (F
f

, 0, D') is K-consistent, where D'

is the filter generated by D and {A}, or else (F\ 0, D") is K-consistent
,
where

D" is the filter generated by D and

(ii) . Suppose that (F, 0, D) is K-consistent
, p ^ k, and A £_

c= X,forc < k.

Then there are F' a F and afilter D' => D such that |F\F'| ^ k
,
(F', 0, D') is

K-consistent, and for all £ < k, either A*eD or Af) g D .

Proof, (i). The proof of (i) is an analogue of the proof ot Lemma 6.1.7 (ii).

First of all, it is clear that both D' and D" are generated by a subset of power
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at most k. Suppose that (F, 0, D') is not /c-consistent. Then there are a cardi-

nal p < p, distinct functionsfp9 p < p, and ordinals op9 p < p, such that the

set

B = {£< X : fp(£) = for all P < P}

is inconsistent with D'

.

Whence there is a set X e E such that B n X n A

= 0. Let F' = F\{fp : p < p}. We show that (F\ 0, D") is ^--consistent.

Let p ' < p and let the sequencesfp9 p < p' and <j'
p , p < p\ be given. Con-

sider the set

B' = {£< X : /p'(c) = <t'
p

for all p < p'}.

Since (F, 0, D) is K-consistent, the set B n B' is consistent with D. Let Y be

any set in E. We have that BnB'nYnX^ 0. Since B n X n A = 0, it

follows that B' n Y n (X\T) ^ 0. So B' is consistent with D".

(ii). The proof of (ii) is a simple iteration of (i). 4

The following lemma is a key step in constructing the isomorphism.

Lemma 6.1.14. Suppose that 51 is a model with \A\ < p, and (F, 0, D )
is

K-consistent. Let £ < k, be formulas of . We assume that the set

{(p£ : £ < k} is closed under conjunction. We write each (p$
= (p$(x, ^). For

each c < k, let a‘ : X -> A be a function mapping X into A. Suppose thatfor

each £ < k,

{v < X : 91 f= (3x)cp*(x, a*(v))} e D.

Then there are a : X -* A, F' c F, D' 3 D, such that |F\F'| ^ k, (F', 0, D')

is K-consistent
,
and, for every c < k,

{v < X : 31 1= (p
4
(a(v), n

*(
v))} e D -

Proof. Let \A\ = a and let
{
a
^ : £ < a} be an enumeration of A. We define

functions g^ \ X -> a for ^ < k as follows: for each v < X,

, * (the first ordinal n such that 91 f= if such an a„ exists,

^ (V) =
(o otherwise.

Let G = {g$ : £ < k}. Note that p + \G\ ^ k. So, by Lemma 6.1.12, there

is F c= Fsuch that |F\F| ^ k and (F, G, D) is ^-consistent. Now let/be any
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function in F. Define a : A -* A as follows:

For each £ < k, define

f<V(») if /(») < a,

Uo otherwise.

B
i
= {v < A : 51 1= <^(a(v), a ?

(v))}.

Let D' be the filter generated by D and {B^
: { < k}. Note that D' is gene-

rated by a subset of power at most k. Let F ' — F\{/}. We now show that

the conclusion of the theorem holds for F', D' and a. We simply have to

show that (F', 0, D') is /c-consistent.

Let P < p, and suppose we are given the sequences

/

p , p < p, and <r
p ,

p < p. Let

B = (v < A :

/

p
(v) = (T

p
for every p < P).

If B were inconsistent with D '

,
then there are X e D and some B*, c, < K,

such that

B n X n B* = 0.

Now consider the function feF together with the sequence

/

p , p < P,

and the function g* e G. Since (F, G, D) is /c-consistent, the set

B = {v < A :

/

p
(v) = o

p
for all p < p and /(v) = ^(v)}

is consistent with D. If we look at the definition of g* and of B
iy
we see that

B a Bn B

Since B n X ^ 0, it follows that B n B< n X ^ 0. This contradicts the as-

sumption that B is inconsistent with D\ H

We observe that only notational difficulties prevented us from proving

the above lemma with the set of formulas cpfx, y t ,
. . ., yni ), { < k, n

? < co.

Then we would have to deal with the functions a\ , . . a\v and the sets

{v < A : 51 k (3x)<^(.x, a\(v), ...,

However, nothing will be gained in the proof. So we shall assume that Lem-

ma 6.1.14 holds in this more general form.

Theorem 6. 1 . 1 5 (Isomorphism Theorem). Let 51 and® be modelsfor TF . Then

5f and 53 are elementarily equivalent if and only if they have isomorphic ul-

trapowers.
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Proof. One direction of the theorem is trivial, so let us concentrate on the

hard direction.

Let 21 and 23 be equivalent models for FF

.

We may assume that p and X

are cardinals such that p is the least cardinal such that F1 > X and both

\A\ < p and \B\ < p. Since 2
|y4

' ^ = X, we may further assume without

loss of generality that \\FF\\ ^ X. We shall now construct by transfinite in-

duction on ordinals p < 2
A
an ultrafilter D over X and an isomorphism be-

tween the ultrapowers f]D 2l an<^ FL>^* We start out with

|F0 |

= 2
A and D0 = {

X }, and (F0 , 0, D0 )
is 2-consistent.

This is clearly possible by Lemmas 6.1.10 and 6.1.1
1
(i) (as p ^ X). We

now look for a decreasing sequence of the F
p , p < 2

A
,
and an increasing

sequence of the D
p , p < 2

A
,
satisfying, among other conditions:

(1) |F0 —

F

p | « X+ \p\, so |F
P|=2

A
;

(F
p ,0, Dp )

is 2+ |p|-consistent;

F
n = n F

p ,
D

n = (J Dp ,
for q a limit ordinal;

p<tl p<T\

eventually, every subset of X either belongs to some Dp
or its complement

belongs to some D
p , p < 2

A
, so D = {Jp<2*Dp is the required ultrafilter.

We also want to construct two sequences of elements of a
p : X -> A and b

p :

X -* B so that the sequences a
p , p < 2

l and b
p , p < 2

A
exhaust all the

elements of A k and Bk
,
respectively, and for each £ < 2

A
the following con-

ditions hold:

(2) for any formula <p(x t , . . ., xn ) of FF and any elements a
Pl ,

. . ., aPn ,

each pi < £, either

(v < X : % t= (p[_ci
pi (y), ..., fl

p
„(v)]} 6 D*

or

{v < X : 81 N -I <f>[aPl
(v), .... aPn(v)]} e D

( ;

(3) for any formula <?(*! , . . ., xn) of FF and any elements a
Pl ,

. . ., aPn and

b
Pl , . . b

Pn ,
each p { < {, we have

(v < 2 : 21 1= cp\_a
Pl
(v) ... n

p
„(v)]} eD = if and only if

{v < A : 35 N </>[t
(,,(

v) ••• b
(.„(

v)]} e Df

Using Lemmas 6. 1.1 3(i) and 6.1.11, it is easy to satisfy all the requirements

of (1). Also, if conditions (2) and (3) hold for all £ < t] < 2
A

for some
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limit ordinal rp then they hold automatically for 17 . Whence, using the by now

familiar back and forth technique, we only need to satisfy (l)-(3) when

q = (T + 1 , in which case we either pick aa arbitrarily (in order to exhaust

A k
)
and find ba ,

or vice versa. Since the situation is symmetrical, let us

pick aa to be the first element of A k which has not yet been put in the list

a
p , p < o. We now seek to find Fa+l ,

D0+l and ba so that (l)-(3) hold.

For each formula (p(xy t . . . yn )
of ££ and ordinals p x ,

. . ., pn < 0
,
con-

sider the set X, depending on (p, Pi ,
. . ., p„,

X(tp, p l , pn) = {v < X : % 1= p[fl.(v)fl
Pl

(v) ••• <»„»]}•

There are altogether X+ \o\ such sets X. Since
(
Fa , 0, Dn )

is X 4- \o | -consis-

tent, by Lemma 6.1.13(ii) we can find F' a Fa ,
D' Da such that

\Fa\F’\ ^ X+\a\,

(F\ 0, D') is 2+ 1 cr | -consistent,

each X(cp, p 1 ,
. . ., pn )

is in D or its complement is in D '

.

Let r be the set of all formulas (p(xa
Pl . . . aPn ) such that the corresponding

set

X((Pi P l > • • •> Pn) ^ ^ '

Note that if <p(xa
Pl . . . aPn ) i F, then ~\(p(xa

px . . . aPn )
e F. Furthermore,

for each (p(xa
Pi . . . aPn )

e F, the set Y defined below (Y depending again

on (p, p lf . . ., pn )
belongs to D'\

F(<]P, Pi , •••? Pn) X < X : % N (3x)cp(xa
Pl
(v) ••• « Pn

(v))} eD\

Note that there are at most X + \o\ such sets Y. We now claim that the set

Z((p, pi , . . ., pn)
depending on (p(xa

Pl . . . aPn )
e F defined below is in D'\

Z (<p, pi , ..., pn)
= {v < X : 93 1= (3x)<p(xbPl (y) ... bPn(v))}eD'.

The reason for this is that it Z(cp, p x ,
. . ., pn ) $ D\ then Z(cp, pi, . . ., pn )

$ Da . Using (3), we see that this implies Y(cp, p l5 . . pn)i Da . Now,

by (2), [X\Y((p, pi, . . ., pn )] e Da c D'

.

This contradicts that D' is a non-

trivial filter. We can now apply Lemma 6.1.14 to get a ba : X -* B, Fff+1 <=

F\ D0+ i
=> D' such that |F'\Fff+1 |

^ A+|<r|, (F
ff + 1 , 0, Da+l ) is A +

consistent, and for each (p(xa
Pl ,

. . . aPn ) e F ,

{V < X : 33 1= <?|> ff
(v)b

Pl
(v) ... yv)]}Gi) ff+1 .

We now have our Fa+i ,
Da + i

and ba . First ot all, by our choice ot D ,
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it is clear that Da + l
satisfies (2). To show that (3) holds, we only note that

if <p(xa
Pl ,

. . . a
Pn ) e r, then (3) will hold for <p and aa , a

pi ,
. . aPn . If

cp{xa
Pl

. . . a
Pn )

r, then ~\cp(xa
Pi

. . . a
Pn )

g T. Then (3) holds for n (p ,

a
<r9 aPl , . . a

Pn , and hence also for cp, a0 , a
Px ,

. . aPn . So the induction is

complete.

Let D =
1J p < 2a Dp

. ThenZ) is an ultrafilter over L Furthermore, the map-

ping apD -> bpD is the required isomorphism of
]^[D 9I onto f]D 93. 4

We shall see in some of the exercises that Theorem 6.1.15 can be improved

in various ways. However, no new ideas are involved in these improvements.

As a corollary we give an algebraic characterization of the notion of an

elementary class.

Corollary 6.1.16. Let K be any class of models for

(i). K is an elementary class if and only ifK is closed under ultraproducts

and isomorphisms
,
and the complement ofK is closed under ultrapowers.

(ii ). K is a basic elementary class if and only if both K and its complement

are closed under ultraproducts and isomorphisms.

Proof. By Theorems 6.1.15 and 4.1.12. H

The next corollary is a strong form of the Craig interpolation theorem.

Corollary 6.1.17 (Separation Theorem). Let K, Lbetwo classes of models

for such that K c\ L = 0 and both K and L are closed under isomorphisms

and ultraproducts. Then there exists a basic elementary class M such that

K a M and L n M = 0.

Proof. Let K' be the class of all models 91 for such that some 93 g K is

elementarily equivalent to 9L Define L' similarly. Then K c K',L a L' and

K L'
are closed under elementary equivalence. It follows from the funda-

mental theorem 4.1.9 that the ultraproduct construction preserves ele-

mentary equivalence, that is, if D is an ultrafilter over / and 91
f
= 93

f
for all

i e /, then Therefore the classes K\ L' are also closed un-

der ultraproducts. By Theorem 4.1.12, K' and L' are elementary classes.

We claim that K' n L' = 0. For if 91 g K'nL ', then there exist 93 eK, CeL
such that 93 = 91 = C, and by the isomorphism theorem there is an ultrafilter

D such that since K, L are closed under isomorphisms and

ultrapowers, this implies that []D^GZnL, contradicting K n L = 0.
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Now, since K' n L' =0 and K',L' are elementary classes, it follows from

the compactness theorem that there is a basic elementary class M with

K' a A/, L'nM =0. Since K cz K\ L c= L\ we have K c= M, L n M
= 0. H

Exercises

6.1.1*. Give examples for the following:

(i) . Theorem 6.1.1 is false when is uncountable.

(ii) . A countable model 5f for a language of power 2
a> and nonprin-

cipal ultrafilters Z), E over co such that \ \Da * n.«-
(iii) . Like (ii), but with []D 9( $ nettlo 3!)-

(iv) . For every nonprincipal ultrafilter D over co, there are countable

models 51, 53 with 2
W
symbols such that 5f = 53 but Y\d 5f ^ 1 Id^-

6.1.2. Prove that every ultrafilter is co^good. (Thus Theorem 6.1.8 implies

Theorem 6.1.1.)

6.1.3*. Every countably incomplete a
+
-good ultrafilter is a-regular. Hence

the index set has power at least a.

6.1.4. Let |/| = a. Every set E c= S(I) such that |£| ^ a, every element of

E has power a, and E is closed under finite intersections can be extended to

an a
+
-good ultrafilter over /.

6.1.5*. There are 2 2 * different a
+
-good ultrafilters over a.

6.1.6*. There exists an a-regular ultrafilter over a which is not co 2 -good. If

ojj ^ P < a, then there exists an a-regular ultrafilter over a which is p
+

-

good but not /?
++

-good.

6.1.7. Tf D is an a-complete ultrafilter, and if 5f is a model for a language of

cardinal ||JS?|| < a
,
then is a-saturated if and only if 51 is a-saturated.

(Note that a > co because ||J5?|| ^ co.)

6.1.8. Let D be an a-good countably incomplete ultrafilter over a set /. Then

for any family of nonempty finite sets A
t ,

i e /, the ultraproduct * s

either linite or has cardinality ^ a.

6.1.9. Every model 5f of power ^ 2* has an elementary extension 53 of power

^ 2“ such that every reduct of 53 to a language with at most a symbols is

a
+
-saturated.

6.1.10*. Assume a
+ = T and let 5f, 53 be models of power ^ a

+
such that
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91 = 33. Let
\ \^\\ = p. Prove that if D, E are a

+
-good countably incomplete

ultrafilters over a and F is any ^-regular ultrafilter, then

mnsosiKn*)-
F D F E

[Hint: All reducts of
]^[D 9f, Y\e^ to finite sublanguages of are isomor-

phic.]

6.1.1 1*. Let n be the least cardinal a such that X
a > X. Then there exists an

ultrafilter D over X such that for any two models 9f, 33 of power less than //,

9f = 33 if and only if Y\d^ = rio^*

6.1.12. Let ju and X be as in Exercise 6.1.11. Then there exists an ultrafilter

D over X (in fact the same one as in Exercise 6.1.11) such that for every model

21 for SF with \A\ < fi and \\£f\\ ^ X, the ultrapower Y\d is X
+
-saturated.

6.1.13*. Again let fi, X be as in Exercise 6.1.11. Then one can find an ultra-

filter D over X with the additional property that whenever we are given two

sequences of models 91,*, £ < X, and 33^, c; < X for the same JE such that

\A{\ ^ P < n, \B*\ ^ p < f.i for all £ < X, and then

rir>'^ = rin
s

^<j •

6.1.14 (Consistency Theorem). Let K, L be two classes of models and let

T
x ,
T2 be the theories of K, L. Prove that T

x
u T2 is consistent if and only

if some ultraproduct of members of K is isomorphic to some ultraproduct of

members of L (cf. Exercise 4.1.23).

6.1.15*. Let 9( be an infinite simply ordered set, and D a nonprincipal ultra-

filter over co. Prove that [|D 9( is not (2
W

)

+
-saturated. Also prove that

Ud<(0 19 <) is not co 2-saturated.

6.1.16**. Let D be an a-regular ultrafilter. Prove that if 9( = <co, +,*,0, 1)

is the standard model for number theory, and Y\D ^i is a
+
-saturated, then

D is a
+
-good. A similar result holds for other models, e.g., 9f = <5(l)

(co), <=>.

6.1.17*. Prove that for each ultrafilter D and each cardinal a > co, (i)-(iv)

below are equivalent:

(i) . D is countably incomplete and a-good.

(ii) . For every model 91 for a countable language, f|D 9f is a-saturated.

(iii) . For each family 9f
f ,

/ e /, of models for a language with fewer than

a symbols, f| D 9f
i

is a-universal.

(iv) . Same as (iii) with a-saturated.

6.1.18. Let D be an a-regular ultrafilter and let 9(, 33 be models for a language
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of power ^ a with 4( = 43. Then is a
+
-saturated if, and only if,

) J /;
43

is a
+
-saturated.

[Hint: See Exercise 4.3.36.]

6.1.19. Let D be an cu 2-good countably incomplete ultrafilter over oj
{ ,

and

let £ be a countably incomplete ultrafilter over oj. Let 4( be the standard model

for number theory, 91 = <«, + ,
*, 0, 1). Prove that

n(n«o * ncn*)-
D E ED

6.1.20*. Let cj ^ a < p, let D be an a
+ -good ultrafilter over a, let E

be a p
+

-good ultrafilter over p, and let D ,
E be countably incomplete. Let

4( be an infinite simply ordered set, and form the double ultrapower 43 =

rUrL:^)- Prove that:

(i) . 43 is a
+
-saturated;

(ii) . 43 is not a
+

+

-homogeneous (hence not a
+
^-saturated);

(iii) . 43 is P
+
-universal.

6.1.21*. Let £n(a) denote the set of all subsets of a of power < n. An ul-

trafilter D is S„(a)-good iff for every monotonic function f:Sn(a) - D

there is an additive function g : S„(a) -> D such that g ^ /. Every ultrafilter

is trivially S0 (oc), S^a), and *S
,

2 ( a )“Sooci- Show that it 3 ^ n < oj, then

D is ^(aj-good if and only if D is S 3 (a)-good.

6.1.22**. Let D be a countably incomplete ultrafilter. Then D is S3 (a)-good

if and only if D is a
+
-good.

6.1.23. Let 41 be a model and (p(uv 1 . . . vn ) a formula. A set 5 c= A is said to

be cp-dejinab/e iff there are a
x ,

. . a„ in A such that

S = {b e A : 41 h (p[ba
{

. . . an ]}.

By a ((p, m)-cover of 41 we mean a collection of m (p-definable sets ,
. . .,

Sm cz A such that

Sj u . . . u Sm = A,

but no proper subfamily of S l9 . . ., Sm covers A. A model 41 has thefinite

cover property iff there is a formula (p(uv
x . . . v„) such that for arbitrarily

large m < oj , 41 has a (</>, m)-cover. Show that if 41 = 43 and 41 has the finite

cover property, then so does 43.

6.1.24**. Show that the following are equivalent:
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(i) . 51 does not have the finite cover property.

(ii) . There is a cardinal a ^ 2" such that for every a-regular ultrafilter

D, is a
+
-saturated.

(iii) . For all a and a-regular D, lf[D31 is a
+
-saturated.

6.1.25*. If
1 1
££\\ = co, 31 is a-saturated, D is an ultrafilter over a set of power

P, and IV* is (2
P
)

+
-saturated, then

J^[D 31 i s a-saturated.

6.2. Direct products, reduced products, and Horn sentences

This and the next section contain a thorough study of the notions listed

in the above title. One of the results is a preservation theorem of the type

encountered in Section 5.2, namely: A sentence cp is preserved under re-

duced products if and only if it is equivalent to a Horn sentence. There are a

number of equally interesting results concerning direct products, for exam-

ple: (i) a sentence (p is preserved under direct products of two models if and

only if it is preserved under arbitrary direct products; (ii) every sentence is

equivalent to a Boolean combination of sentences preserved under reduced

products.

Recall from Chapter 4 that if D is a proper filter over a nonempty in-

dex set /, then the reduced product of the models 31
f ,

i e /, modulo D is de-

noted by [^D 31
f

. The reduced power of 31 modulo D is denoted by f]D 31. In

the case where the filter D consists only of the set {/}, then we call f| {J} 31 f
the

direct product of the models 31
f ,

i el. (See Exercise 4.1.12 for a more ex-

plicit definition of the direct product.) We henceforth agree to drop the

subscript {/} on
]~J

and write
]^[ ie/ 31 f

f°r the direct product. Our understand-

ing in this section is that / shall always be nonempty, and D shall always be

a proper filter over /. If the index set I has exactly two members, I = {1,2},

then the reduced product degenerates into a model which is either

isomorphic to 31 x or to 312 ,
or is the direct product of the two models 31 j

and 31 2 ,
which we shall denote by 31 x

x 312 . Considered as a binary operation

on models, the operation x is (up to isomorphism) commutative and asso-

ciative. There is a unique (up to isomorphism) one-element model 31 for

which acts like an identity for x
,
namely the one-element model in which

all relations are nonempty. For this model 31, we have obviously 33 =
33 x 31 = 31 x 33 for all 33. We refer to 31 A

x 312 x ... x 31„ as a finite direct

product of31 l5 . . ., 31„, and to f^ie/ 31j as an arbitrary direct product of models

31
f

. It will be clear from the context whether we have the finite or arbitrary

direct product in mind. We keep a similar convention as regards finite or

arbitrary direct powers.
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Since D is a filter over /, it is a filter in the complete Boolean algebra

S(I), the set of all subsets of /, under the usual Boolean operations. Thus we

may define the quotient Boolean algebra S(I)/D in the usual way. 11 we let

1 denote the two-element Boolean algebra (1 here denotes the lact that this

Boolean algebra has exactly one atom), then there is a natural isomorphism

of S(/)/D onto the reduced product ]| D 1 (see Exercise 6.2.1). Much of the

study of reduced products Pfo
s
<W/ depends on a knowledge of the theory

of the Boolean algebra Hd 1-

At this point we need some general combinatorial lemmas on direct

and reduced products. The student already knows that the operation x on

models is commutative and associative (up to isomorphism). Furthermore,

it is easy to verify that a direct product of direct products :

Y[jej j,

is again (isomorphic to) a direct product of models with a suitably

chosen index set. Also a direct product Y\ ieI can always be regrouped,

depending on a partition / = (Jyej Ij of /, so that it is a direct product

njmj%j of direct products 23,- = Yheij^i- These same facts for reduced

products (and also for ultraproducts) are slightly less trivial and we shall

state them carefully below, leaving most of the proofs to the exercises. (This

topic is treated in a more thorough manner again at the beginning ol Sec-

tion 6.4.) Let D and E be filters over the sets I and J, respectively. We de-

fine D x E to be the collection of all subsets Y of 7x J such that

{jeJ:{ieI:«j>eY}eD}eE.

The reader is asked to verify that D x E is a filter over IxJ. In particular,

if D and E are proper filters, then so is D x E. Let D be a filter over /, and let

/ = /, u . . . u /„ be a partition of / into disjoint sets IJm Suppose that,

for all j, \ <j ^ n, for all X e D, X n /,• # 0.

Then the sets

Dj = {X n Ij : X e D} for 1 ^ j ^ n

are proper filters over Ij. The following proposition contains essentially

all that we need to know about combinations of reduced products.

Proposition 6.2.1.

(i). Suppose that D and E are filters over I and J. Then for all models

<(/>e/x/,

n %< = nm
D x £ E D
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(ii). Suppose I = I
v
u . . . u /„, D is a filter over I, and Dj are filters over

Ij defined as above. Then for all models 5/, / e /,

n^ = n% x n% x — x n % •

D D\ D2 Dn

Proof. We give a precise definition of the isomorphisms and leave the rest as

an exercise. Let a e ForjeJ, let aj be the restriction of a

to the set lx {/}; aJ
is essentially a member of Yliei^ij* whence aj

D is in

~[oAij. Let /be the function defined by

= (A-j € J(Qd))e

Then / is the desired isomorphism. The required isomorphism for (ii) is

constructed in very much the same manner. For 1 let aj be the

restriction of a e Y\ ieI Ai to the set /. Then the mapping

g(a D ) = (a^ ... a
"

Dn>

will work, 3

A formula <p of is said to be a basic Horn formula iff q> is a disjunction

of formulas 0 if

(p = 9
i
v. . . v0m ,

where at most one of the formulas 0
f

is an atomic formula, the rest being

negations of atomic formulas. If m = 1, then (p is either an atomic or the

negation of an atomic formula. If m > 1 and 9m is an atomic formula, say,

then (p is equivalent to a formula

W'l A ^2 A. . .AlAm-i -» 9m ),

where each i/q-, 1 ^ i < m, is also an atomic formula. A Horn formula is

built up from basic Horn formulas with the connectives a
,
3 and V. A Horn

sentence is a Horn formula with no free variables.

Proposition 6.2.2.

(i). Let (p(x
{ . . . x„) be a Hornformula and let 9I

f ,
i e /, be modelsfor .

Let D be a (proper)filter over /, and let a 1

, . . •, cT e Yliei^i • V
{i e I

: % b (p[a
l

(i ) ... «"(/)]} e D,

n*« n v&d •••

D

then
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(ii) . Every Horn sentence is preserved under reduced products.

(iii) . Every Horn sentence is preserved under direct (finite or arbitrary)

products.

Proof. We shall sketch a proof of (i). Then (ii) and (iii) lollow easily. Sup-

pose (p = 0, v . . . v 6m is a basic Horn formula. Assume first that all Oj are

negations of atomic formulas ij/j, and

X = {i el : % 1= (n v ... vi i/OtV (0 ••• fl"(0]} e£> -

This means that for some j, 1 ^ j ^ m, the set

{i el : % 1= ... u"(i)]} $E>.

For otherwise X n X
x
n . . .nXm = 0 e D, which is a contradiction. So, by

the definition of reduced products, for some j,

and hence

n^i i= i •••

D

11 % t ••• “d]-
D

Next suppose that 0
t
= nj/j, \ ^ j < in, and ipj and 0m are atomic formulas.

Let us disregard the trivial case m = 1, and assume that lor 1 ^ j < m

n% ^ on
D

Then each

Xj = {ie I : % b \lfj\a\i

)

••• gD -

So X = X
{
n. . .nXm - , e D. Now if

i e X n {i e I : % b <p[a
l

(i) ... u"(0]}’

then % b 0m [a\i) . . . tf"(/)]. So

{ie I : % b 0m[a
l

(i) ... u"(0]} eD ’

and

nD%tOm[a'D ...a
n

D].

Now (i) is proved for basic Horn formulas. We leave the induction steps tor

(Pi A(P 2 >
(3jc)</>, and (Vx)q> to the reader. H

We turn next to the converse of the above proposition. There are two nat-

ural preservation problems: Which sentences are preserved under reduced
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products, and which sentences are preserved under direct products? The

following example shows that the two questions have different answers.

Example 6.2.3. There is a sentence (p which is preserved under arbitrary

direct products but not under reduced products. Hence the sentence cp is

not logically equivalent to a Horn sentence.

Let cp be the conjunction of the axioms for Boolean algebras plus the sen-

tence ‘there is at least one atom’, i.e.

(3jcVj>)[* #0 a (x-y = y-+y = xvy = 0)].

Since the axioms for Boolean algebras are universal, (p is To see that

cp is preserved under direct products, we note that if an elementfe /] ie/ 2f;

is an atom at one coordinate i and zero everywhere else, then/is an atom in

Flier 21;. However, cp is not preserved under reduced products because if

D is the Frechet filter of all cofinite subsets of w, then any reduced product

[|D 2I„ of Boolean algebras is atomless.

Let us take up the preservation problem for reduced products.

Let / be a set of infinite power a. The phrase ‘for almost all i e /’, shall

mean ‘for all but fewer than a elements i e /’.

Lemma 6.2.4. Suppose that \\Lf\\ ^ |/| = a, 2
a = a

+
,
and that 2(,-, i e /, are

models for £/? with \A
t \ < a

+
. Let 23 be either a finite model or a saturated

model ofpower a
+

. If every Horn sentence holding on almost all 2/- holds on

23, then 23 is isomorphic to a reduced product /[D 2(
i of the models 2/ modulo

a filter D over /.

Proof. Let A =
f|ie/^i- Since 2

a = a
+

,
\A\ ^ a

+
. We first find a

mapping h of A onto B such that

(1) for all Horn formulas (p{x
x . . . jc„) and all y

l

, . . ., y
n
e A, if for almost

all i e /, 2/ 1=
(p[y

1
(i) . . . /*(/)], then 23 N (p[hy

l
. . . hy

n
].

Let ae a +

A and be a+ B enumerate A and B, respectively. We shall con-

struct by transfinite induction two sequences a e
a + A and b e

a B such that

for each v < a
+

,

(2) every Horn sentence (in u {c^
: £ < v}) holding in almost all mod-

els (2I
f , a i

(i))^ <v holds in (23, bf)^ <v ,

and

(3) range (a) c= range (a), range (b )
c= range

(
b ).
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Inductions of this form are by now so familiar that we shall skip the formal-

ities and settle down on the hard parts. Suppose that (2) holds for v. We
shall take the two possibilities of v = // -h 2A: and v = ii + 2k+ 1 (>/ limit or-

dinal, k < o) separately.

Case 1. v = + Define a v = a
n + k . Let

Z = {(p(x) : cp(x) is a Horn formula of ^ u {c%
: £ < v} and for almost

all i g /, (31,, a^(i))i<v N (p[a v (i)]}.

It is immediate that Z is closed under conjunction. By inductive hypothesis,

because (3x)cp is a Horn sentence of ££ u {c^
: £ < v},

for every (pel, (33, E
i)i<v h (3x)<p(x).

This shows that Z can be extended to a type of (33, E^)i<v . Since the latter

model is a
+
-saturated, some element, say E v e B is such that

(33, E^ <V ^Z[E V ].

Clearly (2) now holds for v +1.

Case 2. v = rj + 2k+l. Let E v — bn+k . Let

Z = {cp(x) : cp is a Horn formula of ££ u {c% : £ < v} and

08, E^ <v h -i cp[Ev ]}.

Let cp e Z. Then (33, E
i )i<v h (3x) n cp, so by predicate logic @8,E

i )i<v does

not satisfy the Horn sentence (Vx)cp. By our inductive hypothesis (2), we

see that the set Tv dellned by

Ip = {/ g /
: (31,-, 5{(/)){<v does not satisfy (Vx)cp)

is a subset of /of power a. Since \\£f\\ < a, the set Z also has power at most

a. Applying Lemma 6.1.6, we have that

(4) for each cp g Z, there is a subset J

^

<= of power a such that Jv n J

^

= 0 if cp, ip e Z and cp ^ \j/.

Now define a v e YbejAi as follows:

if i € J<p, pick av(i) so that (3I
f ,

a
i(/))i<v h ~i <p[a v

(i)],

ifi^U

P

ick flv(0 arbitrarily.

The definition of av is such that, given any Horn sentence cp such that cp

holds for almost all (31, , 5$(0)$^v» then cp must hold on (33, for other-

wise cp would have already failed to hold on at least a models (31,-, a{(/)){<v .

So again (2) holds for v + 1. After the induction is complete, clearly (3) will



332 MORE ABOUT ULTRAPRODUCTS AND GENERALIZATIONS [6.2

hold. The mapping h is defined by h(a v )
= b v ,

v < a
+

. It is well-defined be-

cause if = a
n ,

then for all i e /, a^i) = a
n
(i) whence, using the fact that

q = c
n

is a Horn sentence, we have = b,r So (1) is proved.

For each atomic formula (p(x
{ . . . xn )

of and each sequence j =

(y
l

. . . y
n

)
of elements of A, define

^„, y = {iel : % N <p[y\i) ... /( *)]}•

If SB 1= (p[hy
l

. . . hy"], then |A^
>y |

= a; if otherwise, then, since n <p is a Horn

formula, 33 1= n • • • hy1

]. Let E be the collection of all KVty
such that

S© t= (p[hy
l

. . . hy11

]. Since the disjunction of negations of atomic formulas is

a Horn formula, the same reasoning as above will show that

(5) every finite intersection of elements of E has power a.

From (5) we see easily that E can be extended to the (proper) filter D over

I such that for X c= /,

X e D iff X contains a finite intersection of members of E.

The final step of the proof consists in showing that 33 is isomorphic to

Let us first show that

for all y\

y

2
e A, y

l

D = y
2

D iff hy
1 = hy

2
.

If y'D = yl, then K = {iel

:

y
l
(i) = y

2
(i)} e D. So

(6) K => K9i , ti
n ... n K^, for K9hSt eE.

Consider now the Horn formula (roughly speaking)

<A = (<Pi a. . . A<p„ -+/ = y
2
).

By (6), \[/ holds in all models under the obvious interpretations of z l ,
. . .,

zn , y
1

» y
2

- So i
J/

holds in s$ under the interpretation hz
l ,

. . ., hzn ,
hy 1

,
hy2

.

By the definition of E, we have s
33 N (pi [hz

{ ],..., 33 t= (pn [hzn ]. So 33 N hy 1

= hy 2 and hy 1 = hy 2
. On the other hand, if hy 1 = hy2

,
then for the formula

(roughly speaking) <p(y
l

y
2
) = (y

l = y
2

)
there will be a Ke E, thus Ke D,

such that

K = {iel: 3l
f

f= y
1
(i) = T

2
(0}-

Whence y
l

D = y
2
D . We leave the remaining analogous arguments showing

that h preserves all atomic and negations of atomic formulas to the reader.

So h induces an isomorphism ofnD 3Ij onto 33 and the proposition is proved. H

The preceding lemma is similar to a result from Section 6.1 on ultraprod-
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ucts: Under the hypotheses of the lemma, if every sentence holding in al-

most all 3f
f
holds in 33, then 33 is isomorphic to an ultraproduct \] D 3I

f

of the models 9l
f
modulo an ultrafilter D over /. Recall that in Section 6.1

we proved that an ultrafilter D has the property that every ultrapower

[

\

D% is a-saturated if and only if D is a-good. We mention in passing that

there is an analogous theorem for reduced products. Benda and Shelah (1972)

proved the following.

Let a > (jo. A filter D has the property that every reduced power
] \ D %

is a-saturated if and only if D is countably incomplete, a-good, and the

Boolean algebra
\ \ D 1 is a-saturated.

We say that (p is a reduced product sentence if! it is preserved under re-

duced products. We similarly define reduced power sentences
,
finite direct

power sentences ,
and so forth. We now prove a preservation theorem for

reduced products. Our first proof uses the continuum hypothesis, 2
(J = w

l .

We shall then show how to eliminate the continuum hypothesis using one

result which will be proved in the next section.

Theorem 6.2.5. Assume the continuum hypothesis
,

2° = a>
+

. Then (p is a

reduced product sentence ifand only if (p is equivalent to a Horn sentence.

Proof. The fact that Horn sentences are reduced product sentences was

shown in Proposition 6.2.2, and its proof does not require the continuum

hypothesis. Assume that (p is a reduced product sentence. If (p is inconsistent

then it is equivalent to the Horn sentence (Vx)(x ^ x). So assume (p is con-

sistent. Since we are dealing with a single sentence (p ,
we may assume that

is countable. Let

£ = {t/z : is a Horn sentence and h (p -> t/z}.

I is not empty and is closed under conjunctions. We prove that

(1) for some i/z e £, h i/z -* ip.

By the compactness theorem, it is sufficient to prove £ V <p. Let 33 be a mod-

el of T, and we may assume that either 33 is finite or 33 is saturated of power

(Ui . Let

= {i/f : \p is a Horn sentence and (p a n ^ is consistent}.

If ‘P =0, then every Horn sentence is in T, and again (p is inconsistent. So

•P # 0. For each i\t e pick a model % of <p a n Each 3^ is countable.

Let 1 = o) x For each z = </i, «A> e /, let % = %. Now let i/z be an ar-
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bitrary Horn sentence and assume that iji holds in almost all 3I
f

. Then

ij/ $ so j/ g Z and 33 b \j/. By Lemma 6.2.4, 33 is isomorphic to a reduced

product Since 31* f= and q> is a reduced product sentence, we have

33 1= (p. So (1) is true. H

We ask the reader to prove in an exercise that it is sufficient in the hypoth-

esis of Theorem 6.2.5 to assume that T = a
+
holds for some infinite car-

dinal a.

Proposition 6.2.6. Assume 2
W = co 1 . Then we have :

(i) . cp is a reduced power sentence if and only if it is equivalent to a dis-

junction of Horn sentences.

(ii) . cp is a finite direct product and a reduced power sentence if and only

if it is equivalent to a Horn sentence.

Proof, (i). Let (p be a reduced power sentence. Let

Z = {«Ai v. . . vj/m : \j/ lf . . t/^are

Horn sentences and h v . . . v ij/m -> cp}.

I is closed under disjunctions. Suppose

(1) for no j/ e I is Vcp -* \j/.

Then by compactness, {cp} u {n \j/ : \j/ e 1} is consistent. Let 31 beany count-

able model of {cp} u {n i//: ji e Z}. Note that any Horn sentence \j/ which

holds on 3( must also have a model which does not satisfy cp. Since Horn
sentences are closed under conjunctions, by compactness once more, we
can find a model 33 such that 33 b ~i cp and

every Horn sentence holding in 31 holds in 33.

We may assume that 33 is either finite or saturated of power co
l

. Let 31 = 3

I

f ,

i e co. Then clearly every Horn sentence holding on almost all 3

1

£
will hold

in 33. By Lemma 6.2.4, 33 is isomorphic to some reduced power
]^[D 3I of 3L

This contradicts the fact that cp is a reduced power sentence and that 35 b i cp.

So (1) is false.

(ii). Here we argue in a similar manner. Suppose that cp is a finite direct

product sentence and a reduced power sentence. Then by (i), we already

know that cp is a disjunction of Horn sentences. For simplicity, let cp =
j/i vi^2 . Let

Z = [\j/ : if/ a Horn sentence and V q> -> if/}.
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Wc prove that

(2) for some f el, V \\r -* q>.

By a similar argument as in Theorem 6.2.5, for every 33 f= I there are models

31- , i g /, of cp such that 33 = }
We now break UP tbe index set / into two

pieces I
{
and /2 such that

if iell9 then 3^1= i/^,

if i g /2 ,
then 31* 1= i/^ 2 .

We also assume without loss of generality that

X n /j 7^ 0 and X n I2 ^ 0 for all X e D.

Then, by Proposition 6.2.1, IL>*« = Uo^Uo^i- Clearly n«,

>

1d 2 ^» b and because is a direct product sentence, ^ ant*

hence 33 N cp. So (2) holds. Notice that the proof does not claim that either

q> = \j/ l
or (p = H

The latter two results, Theorem 6.2.5 and Proposition 6.2.6, were first

proved by Keisler (1965d) using the continuum hypothesis. Galvin (1965)

found an indirect way to eliminate the continuum hypothesis from these re-

sults. Then Shelah (1972a) obtained a direct proof without the continuum

hypothesis along the lines of his proof of the isomorphism theorem for ul-

trapowers. We shall present Galvin’s indirect method of eliminating the

continuum hypothesis. It takes a circuitous journey through recursive

functions, Boolean algebras and the constructible universe, but offers an

example of a method which has proved useful in other circumstances.

Let us assume that the language is countable. We may assign suitable

Godel numbers to the symbols and expressions of 3? so that all of the usual

syntactical properties and transformations will become, under the correspon-

dence given by the Godel numbers, recursive predicates and functions. Thus,

for example, the predicates

cp is a sentence of

cp is a Horn sentence of

cp is an axiom of

n is a proof of cp from the axioms of J?;

are all recursive predicates. As is well known, the predicate

cp is a theorem of J?

is not recursive if has at least one binary relation symbol; however, it
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is also well known that this predicate is a recursively enumerable predicate,

i.e., a predicate obtained from a recursive predicate by prefixing a single

existential (number) quantifier. A predicate P(x) is said to be arithmetical

iff it is obtained from some recursive predicate ^(xjq . . . yn )
by prefixing

a sequence of quantifiers (Qjjq . . . Qnyn)(Qi existential or universal) such

that for all x,

P(x) iff (Qi7i • • • • • • ?,)

An arithmetical statement is a zero-placed arithmetical predicate. Let ZF

denote Zermelo-Fraenkel set theory (see Appendix), and let ZFL denote

ZF plus the axiom of constructibility (for an esoteric form of this axiom

see Chapter 4; for the more usual form see Section 7.4). The following are im-

plicit in Godel (1940):

(1) Let r be an arithmetical statement. Then T is provable in ZF if and

only if r is provable in ZFL; or, in symbols, \~

ZFT iff hZFL r.

(2) In ZFL we can prove the axiom of choice and the generalized con-

tinuum hypothesis (GCH).

From (1) and (2), it is immediate that:

(3) Let r be an arithmetical statement; if F is provable in ZF with the axiom

of choice and the GCH, then T is provable in ZF.

Let us now consider the statement:

(4) For all sentences cp, cp is a reduced product sentence iff cp is equivalent

to a Horn sentence.

There is no question that a part of (4), namely, the predicate

cp is equivalent to a Horn sentence,

is an arithmetical predicate.

We shall prove in the next section that the other part of (4) is also an

arithmetical predicate. That is, we have the following:

Lemma 6.2.7. The predicate

cp is a reduced product sentence

is an arithmetical predicate.

Using this lemma we see that (4) is an arithmetical statement. Theorem
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6.2.5 states that (4) can be proved in ZFC with the GCH. We conclude by (3)

that the theorem can be proved in ZFC alone. So the one fact needed to

eliminate the continuum hypothesis is Lemma 6.2.7 above.

We now consider the preservation problem for direct products. A syn-

tactical characterization of direct product sentences was given by Wein-

stein (1965). Since his characterization is very complicated, we shall not

give it here. Instead we concentrate on the simple cases of universal and

existential direct product sentences.

Proposition 6.2.8. Let cp be a universal sentence. Then (p is a (
finite

)
direct

product sentence ifand only if (p is equivalent to a universal Horn sentence.

Proof. We shall illustrate the method of proof by an example. Suppose that

(p is a direct product sentence of the following form:

<P = (Vx)[(nP,(x)vP2(x)vP3(x))A(ng,(x)vg 2(x)vg 3 (x))].

We have assumed for simplicity that x is the only free variable occurring

in the atomic formulas P l9 P2 ,
P$, Q\ , (? 2 , (? 3 . We assert that (p is equiv-

alent to one of the four universal Horn sentences below:

<Pl
= (Vx)((/\ - P2 ) A (0, - Q2 )l

<p 2 = (vx)((i>
1
->p

3)A(e 1 -g2 )),

<Pl = (Vx)((P
,
-P2)A(g, - g 3 )),

<p4 = (Vx)((Pt -P3)a(Q 1 - 0 3 )).

Clearly h <p,
-> cp for 1 < / < 4. Suppose that not I= cp -> cp

t
for 1 < ; < 4.

Then there are four models 2f i; 1 < t < 4, of cp, and four elements a

„

1 < / < 4. a,- e A j, such that

21 1
N

(
jP

1 (g 1 )
a_i/>2(«i)) v (0i(«i) a “> etc -

A simple combinatorial argument will show that some direct product 2^ x tyj

of these four models will contain an element <0 ,
0 ,} which will not satisfy

the matrix of (p. This contradicts 2f
f
x h (p. 4

Proposition 6.2.9. Let (p be an existential sentence. Then cp is a (finite )
direct

product sentence if (p is equivalent to an existential Horn sentence.

Proof. We here give a proof assuming 2'° = . This assumption can be
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eliminated using 6.3.7. Assume cp is an existential sentence preserved under

5[x33. Note that the natural embedding maps 51 isomorphically into

Y\d 51. Since (p is preserved under extensions, this remark shows that (p is a

reduced power sentence. Hence, by 6.2.6, cp is a reduced product sentence.

Let

X = {\jj : \j/ is an existential Horn sentence and 1
- cp -+ ij/}.

X is closed under conjunctions. If

(1) for no i// e X, is 1- ^ -* cp,

then by compactness find a model s$ of {n cp) u X. For each existential Horn

sentence ij/ such that <pAiif is consistent, find a countable model 51^ of

By the technique of Theorem 6.2.5, we have a system of models

5I
f , i e /, with / countable and such that

every existential Horn sentence holding on almost all 5I
t
- holds on 53.

Assume now S3 is at least 2
c0
-saturated. This is always possible, regardless

of whether S3 is finite or infinite, and it does not use any form of the con-

tinuum hypothesis. Inspecting the argument of Lemma 6.2.4, we see

that a reduced product of the models 5I
f
is isomorphically embedda-

ble into S3. Since each h cp, we have 1= (p . Since cp is existential,

S3 1= cp. This contradicts S3 k n cp. So (1) fails. H

Weinstein (1965) has shown that a universal-existential sentence is a

(finite) direct product sentence if and only if it is logically equivalent to a

universal-existential Horn sentence. Example 6.2.3 shows that we cannot go

further, since it gives an existential-universal direct product sentence which

is not equivalent to a Horn sentence.

Exercises

6.2.1. Let D be a filter over /. Show that the relation

X = d Y iff X n Z = Y n Z and X n Z = Y n Z for some Z e D

is a congruence relation on the field of sets S(I). Thus we can define in the

natural way the quotient Boolean algebra S(I)/D, with the elements of the

Boolean algebra being equivalence classes X/D for X c= /. If we identify a

subset X cz I with its characteristic functionfx = 1 if / e X,fx (i) = 0

if / X), then there is a natural isomorphism of S(I)[D onto the reduced

power ^Id1> where 1 is the 2-element Boolean algebra.
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6.2.2. Show that any reduced product
[ JD 9f, over a finite index set / is iso-

morphic to a direct product over a subset J of /. This is true more gen-

erally whenever D is a principal filter over /.

6.2.3. Let Dj be filters over the sets Ij , and let D be a filter over J. Then there

is a filter E over the set

k = U(6*0'})>
jeJ

so that

n %j = n n%
E D Dj

6.2.4*. Using Section 6.1, prove Theorem 6.2.5 directly without the CH.

6.2.5. Prove an analogue of Theorem 6.2.5 for elementary classes: that is,

an elementary class K is closed under reduced products if and only if K is

the class of all models of some set of Horn sentences.

6.2.6*. Use Lemma 6.2.4 to prove the following separation theorem. Let

K
x
and K2 be arbitrary classes of models, each closed under reduced prod-

ucts and isomorphisms. Suppose that K
l
n K2 = 0. Then there are two

elementary classes L
l
and L 2 each determined by a set of Horn sentences

such that

c JK2 L 2

}

n L 2 — 0

.

6.2.7. Let Tbe a theory in . Then the following are equivalent, using 2
CJ =

cOil

(i) . Every formula is equivalent under T to a Horn formula.

(ii) . Every reduced product of models % , i e /, of T which is itself

a model of T is an ultraproduct of models of T; in fact, D will be an ultra-

filter over I.

Examples of theories T which satisfy (ii) are: theory of simple order, theory

of fields, theory of division rings. (See Exercise 4.1.30.)

6.2.8. We say that a basic Horn formula q> = 0^ v . . . v 0m is a strict basic

Horn formula iff some 0
f

is an atomic formula. A strict Horn sentence is

built up from strict basic Horn formulas by using a
,
3 and V. Prove the fol-

lowing using T° = cuj. A sentence (p is preserved under reduced products

~[
D $l i9

whether or not D is an improper filter over /, iff cp is equivalent to a

strict Horn sentence.

6.2.9. A disjunction of atomic and negations of atomic formulas v . . .

v 0m is said to be weakly Horn iff at most two of the terms 0
f , Oj are atomic

formulas, the rest being negations of atomic formulas. The closure of these
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formulas under a , 3, V is called the set of weak Horn sentences. Show by the

technique of Lemma 6.2.4 (2
W = a)

x ),
that if every weak Horn sentence

holding on all models of a theory T holds on 33, then 58 is a model of T.

Whence every sentence is equivalent to a weak Horn sentence, a result which

also has a proof without the continuum hypothesis.

[Hint: Show that the filter D constructed in Lemma 6.2.4 so that 33 =

J~]d 3I is actually an ultrafilter.]

6.2.10*. (p is said to be a special Horn sentence iff (p is a conjunction of sen-

tences of the form

(V*i • • • *„)(<l> 0)>

where 6 is an atomic formula, and \j/ is a positive formula. Prove that (p

is preserved under subdirect products if and only if (p is equivalent to a spe-

cial Horn sentence. [A submodel 35 of a direct product °f models °f

(p is a subdirect product of models 31
1

iff for all i e /, {b(i) : b e B} = A
t .]

Also, an example of a special Horn sentence is the sentence that expresses

the condition: a group has a trivial center, i.e.,

(V*)[(Vj')x+j> = y+x x = 0].

Find an example of a Horn sentence which is not equivalent to any special

Horn sentence.

6.2.11. A sentence cp is preserved by reducedfactors iff whenever ^

then {/ : 31,- ¥ (p} e D. Prove that every positive sentence is preserved by re-

duced factors. Also prove directly without using Lyndon’s theorem that every

sentence preserved under homomorphic images is preserved by reduced fac-

tors. Find a reduced factor sentence which is not equivalent to any positive

sentence.

6.2. 12. Prove that reduced products lead to an easy proofof the followingcom-

pactness theorem for Horn sentences. Let I be a set of Horn sentences. If

every finite subset of Z has a model, then Z, has a model.

6.2.13*. An early result in the subject of universal algebras is the following

theorem of Birkhoff. Let K be an arbitrary class of algebras. Then for K
to be an equational class, i.e., a class of models of some set of equations, it

is necessary and sufficient that K be closed under subalgebras, homomor-

phisms and arbitrary direct products. Using the results of Sections 6.1 and

6.2, give a proof of this theorem.

[Hint: First show that K is closed under ultraproducts and the comple-
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ment of K is closed under ultrapowers. Thus K is an elementary class. Since

K is closed under homomorphisms, K is determined by a set of positive sen-

tences. Since K is closed under subalgebras, K is determined by a set ol uni-

versal positive sentences. Since K is closed under direct products, K is deter-

mined by a set of universal positive Horn sentences. Such sentences are equa-

tions.]

6.2.14. By examining the proofs of Lemma 6.2.4 and Theorem 6.2.5, de-

duce that a sentence cp is preserved under countably indexed reduced prod-

ucts iff it is preserved under arbitrary reduced products. Do the same for

reduced powers.

6.2.15*. The definition of a-good makes sense for filters as well as ultra-

filters. Suppose D is a filter over a and D contains an a" -good countable

incomplete filter. Assume the GCH. Show that, if \\&\\ ^ a, and ^8 are

models of power at most a
+

,
and then \[D ^i = 11^

•

6.3. Direct products, reduced products, and Horn sentences (continued)

This section is a continuation of Section 6.2. Consider an arbitrary reduced

product We as^ the following question: given the models 21 f ,
/ e /,

and the filter D, how can we determine which sentences are true in the reduced

product rU«i? We shall see that the truth value a f°rmula in YL>% is

in a sense determined by the truth values of certain other formulas in the

models and in the Boolean algebra S(I)/D. This fact will be developed to

give a great deal of information about direct and reduced product sentences.

We begin with a key definition.

6.3.1. A formula (p(x
l . . . xn)

of & is determined by the sequence of

formulas (cr; ^ ,
. . ., i/O iff:

(i) . Each ij/j is a formula of 3? with at most the variables x
x ,

. . ., free.

(ii) . cr(>’, . . . ym )
is a formula in the language of Boolean algebras which

is monotonic, i.e.

TgA h (Vzi ... zm y l ... ym ){<y(y\ ym) A A yj ^ z
j

a
(
z

i ••• zm))-

(Here, and hereafter, TBA shall denote the theory of Boolean algebras.)

(iii) . Let / be an arbitrary index set, D a filter over /, and ,
i e I, be

models of Let o\ . . ., d1

e Yhei A i>
and for each/, 1 < / < m

,
let

XJ = {ie I : % h ^y
|V(i) ... a\i)]}.
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Then

n?l,N<p[ai...ay iff S(I)/D (= a{X l !D ... Xm
/D],

D

We say that cp is determined iff it is determined by some sequence.

Proposition 6.3.2. Every formula cp is determined.

Proof. This is proved by induction on the formula cp. Suppose that cp(x
i

. . .

jc„) is an atomic formula. We show that cp is determined by (a : cp ), where

o(y) is the formula y = 1 (in the language of TBA ). Clearly 6.3.1 (i) and (ii)

hold. Assume the hypothesis of 6.3.1 (iii). Then by the definition of reduced

products, the following are equivalent:

cp[a
l

D ...

D

X = {i e I : % h <p[V (0 ••• «"(0]} e D,

X/D = 1 in S(I)/D,

S(I)/D N a [X/D].

Suppose that cp is determined by the sequence (<r; iAi • • • W* SaY a = ^(Ti

. . . ym ), with at most y i9 . . ., ym free. Let x = n T
7

i
• • •

—
-
v™)- ls

the Boolean complement.) Then ~\ cp is determined by (t; n i// 1 . . . n <//,„).

Clearly, 6.3.1 (i) and (ii) hold. For 1 < j < m, let

Xj = {iel :% 1= 1 i/c[>
l

(0 ••• «"(*)]}•

Then the following are equivalent:

n^» ^ n vWd •••

D

not Y\ ^ •••

D

not S(/)/Z> t= <7 [(/\X, )//) . . .
(l\Xm)/D],

S(I)/D N -l al-(XJD) . . . ~(XJD)l

S(I)/D t= . . . XJD).

Suppose that ip is determined by the sequence (cr; - • • 'I'm). and X ls deter-

mined by the sequence (t; 9
t . . . 0

t
). Letj! , .

.

ym and z lt . . z, be distinct

vaiiables and let

p(yi • • -Tm z
i • • • zi) = • • -Tm) AT (

Z
1

• • • zi)-
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Wc may assume that {*, ,
. . contains all the free variables in (p or x-

Then cp a / is determined by the sequence (p; i/^. . . . 0
t ). Again 6.3.

1
(i)

and (ii) hold trivially. Assume the hypothesis of 6.3.1(iii), with the sets

X\ 1 ^ j < /? 2 , and Y k
, 1 ^ k < /. Then the following are equivalent:

IW •••

D

n% t= </>[a'n ... o„] and ]”[ 9t| *= x[<»d ••• «J>]»
D D

S(I)/D b o[X l /D ... Xm
lD] and S(I)/D 1= t[Y 1

/D ... Y l

/D],

S(I)/D b p\_X'lD ... Xm
/DY'ID ... Y l

/D].

Finally, suppose that cp(xx
l

. . . xn )
is determined by the sequence (cr;

i)/
l
... i

l/m ). Let / = 2
m and let s

Y ,
. . ., s

t
be a listing of all subsets of {1, . . ., m }

with sk = {k} for 1 ^ k ^ m. For 1 < & < /, let 0* = 3* A jesJ'j- (The

empty conjunction shall be some true formula.) We see that 0k = 3xip k

for 1 < k ^ m. Let

*0*1 ••••>’;) = (3Zl —Z,)[ A (Zfc < J't) A A (z,-Z; = z»)a<t(Zi ...zj],
1 sSJc^Z Si u sj = Sk

We show that (3 x)<p is determined by (t; 0
x . . . A). 6.3.

1
(i) holds trivially,

and 6.3.
1
(ii) follows simply because of the syntactical form of t. Let us

first suppose that []D 9I
f

f= (3x)(/>[«i . . . a
n

D \. Then there exists an ae Y\ie i
A

i

such that ^ For 1 ^ k ^ /, let

Y k = {iel :%\= Ok \_a\i) ... a
n
(i)]}

and let

Z k = {ie I : % b A f/OOV (0 ••• a"(0]}«
jesk

It is clear that Zk
c: Y k

A (Z' n V = Z*),

S
, i Sj = Sk

and

S(I)/D h a[Z'/D ... Zm/D],

Whence S(I)/D 1= x[Y l/D . . . Y l

/D]. On the other hand, let Y k
, 1 < k ^/,

be defined as above, and suppose that there are sets Zk
, 1 < k ^ /, such that

for all k, 1 ^ k < /,

S(/)/£> 1= Z‘/D Yk
jD,

S(l)/D 1= A (z‘ID ZJ
\

D

= Zk
jD),

si U sj = sk

S(/)/D (= <j[Z‘/D ... Z”/D],

(
1
)
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Since the number of conditions in (1) is finite, we can find a set X e D such

that

Z k n X a Yk
for U U /,

(2)
Z' n Z } n X = Zk n X for s

t
u Sj = sk .

For each i e X,
let s = {j : i e Zj

, 1 ^ j ^ m}. Then because of (2) and the

definition of F\ we see that

t= (3x) A ••• a"(0]*
jes

So pick an a(i) e such that

2ti 1= A fdX'KO) ••• a"(0]-
jes

Define «(/) e arbitrarily if i £ X. For 1 ^ y < m, let

Wj = {i e I : % 1= i/ol>(*V(0 ••• «"(*)]}•

Note that by our choice of a
,

Zj n X c= 1F
J
', 1 < j < m.

Whence ZJ'/D ^ Wj/D. Since a satisfies 6.3.1 (ii), we have from (1),

S(J)/D b a\_W
l!D ... IT/D].

But, since (p is determined by (a; ij/
1 .. . ^m), this implies

n^i N •••

D

SO

n*i ^ •••«!)]• ^

D

Inspecting the proof of Proposition 6.3.2, we see that the following addi-

tional remarks can be made. If a sentence or formula (p is given explicitly,

then by the procedure described in Proposition 6.3.2, we can find explicit

formulas <r, ih, . . such that (p is determined by (c . . . iAm)* In

other words, if we knew the precise shape of (p as a concatenation ot

symbols of JSf, then we can exhibit specific formulas <r, t^i , . . ., \j/m which

determine cp. We call such a process effective. Another way of putting it

is that a process is effective if and only if a machine can be programmed so

that when we feed in the expression for (p, it will automatically and mechani-

cally give us the sequence . . . iA,„) of formulas with each symbol print-

ed on a piece of paper. Such processes are also called recursive ;
however,
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since this is a book on model theory, we shall not go into recursion theory

here. So whatever we shall need later about recursion theory, we shall as-

sume it outright and ask the interested students to look up the matter in

some references. There should, however, be no question about what we

mean when we say that something is effective. The following proposition

summarizes these remarks.

Proposition 6.3.3.

(i) . Given a formula cp, there is an effective way offinding a sequence

(cr; i)/
l . . . i)/m )

which determines cp.

(ii) . If (p is a L',’ (resp. i 1°) formula then there is an effective way offindiny

a sequence (o; i)/
l . . . i//m )

which determines cp and such that each ij/j is a

(resp. nJ,
J

) formula.

(iii) . If cp is a'LH (resp.
)
sentence, then each of the ij/j in the determining

sequence is a (resp. 11°
)
sentence.

The proof of this proposition is straightforward. We notice that the notion

of determining sequences is closed under logical equivalence. That is, if (p

is determined by (o; . . . ipm )
and if the formulas cp', o', i\i\, . . .,

\p'm

are term-by-term equivalent to the formulas (p, o, ip
1 , . . ., ij/m ,

then cp' is

determined by the sequence (o '

; \j/\ ,
. . ., This remark is predicated on

the assumption that the formulas cp', o',
,

. . ., \

j/'
m have the correct number

of free variables as required in 6.3.1.

An immediate application is the following:

Theorem 6.3.4. Reduced products, reduced powers, direct products and direct

powers all preserve elementary equivalence.

Proof. Suppose that 5I
f
= 53 ,• for i e /. Consider the reduced products

= nu'^i anc* 53 = P} D 53;. Let (p be any sentence of ^ and let (o; ij/
1 . . .

i//m ) be a determining sequence of cp. Each tj/j is a sentence of^

.

By our as-

sumption, for 1 < j < m,

{i e I : 1= {//j} = XJ = {i e I : 53/ N ^}.

From this it follows that

51 \= <p iff S(I)/D N o[X'lD ... Xm
/D] iff 53 k <p.

Since reduced powers, direct products and direct powers are all special cases

of reduced products, the proposition is proved. H
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Let S be a finite set of formulas, and let

nS be the set of negations of formulas in S;

A S be the set of all finite conjunctions of formulas in S;

(3x)S be the set of all formulas (3x)q> with cp e S;

B(S) be the set of all Boolean combinations of formulas in S.

Since in what follows we are only interested in formulas up to logical equiv-

alence, we may assume that the sets /\ S and B(S) are also finite. In fact, in

our discussions hereafter we shall frequently identify a formula cp with the

equivalence class of all formulas \// logically equivalent to <p. We shall try

to be careful in checking that a representative cp can always be chosen so

that it has the required (small) number of free variables, or that it is a for-

mula of a particular form L° or 11°
. Some words about the notion of ef-

fectiveness when applied to sets of the form /\S or B(S). In the hist case,

we can take for A S all finite conjuncts of members of S up to |S| of such

members. Then we can effectively find, given cp, i// in A S, an element

0 in A S such that 0 is equivalent to cp a if/. In the second case, we let B(S) be

the set of all disjunctions (of length ^2 |s|

)
of conjunctions of the form

A Bi Vi >

where S = {(pi : 1 ^ i ^ \S\}, and each s
t

is either the empty sequence or

the symbol n. Clearly, S c= B(S), because V A V is the same as cp. Further-

more, given (p, \l*
in B(S), we can effectively find 9, p , x e B(S) such that

H 0 n <p, h Also, we can effectively find an in-

consistent formula and a valid formula in B(S). In passing from S to B(S),

we see that we do not increase the number of free variables in the formulas,

and also if each cp e S is equivalent to a Boolean combination of for-

mulas, then each i]/ e B(S) is equivalent to a
j.
and also to a Il

°
+

1

for-

mula. When we write the expression S = B(S), we shall mean that S is

closed under all Boolean operations, and that, given cp, ^ in 5, we can ef-

fectively find formulas in S equivalent to an inconsistent formula, a valid

formula, n cp, cpvij/ and cpAiJ/.

A set S of formulas is said to be self-determining iff S is finite and for each

cp e S, there is a sequence (<r; ^ . . . i
l/m) which determines cp with all ^ e S.

Since the property of being a determining sequence for cp cannot be decided

effectively, we say that we can effectively find a self-determining set S ift S

is explicitly given, and for each cp e S, the determining sequence (a; \j/ x
. .

.

is also explicitly given.
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Proposition 6.3.5. Let S and T be self-determining sets. Then each of the fol-

lowing sets is self-determining'.

SuT
,

I S, AS, (lx) AS, B(S).

Proof. The fact that SuT is self-determining follows from the definition.

The sets iS, AS, 3jcAS are self-determining by examining the proof of

Proposition 6.3.2 and the remarks preceding this proposition. By combining

the argument for nS and for A S, and by examining the specific formulas in

B(S), we see that B(S) is self-determining. H

Remark. In Proposition 6.3.5, if S and T are explicitly given, as well as

the correspondence between cp and its determining sequence (a; ij/
l

.

then we can effectively find the sets in the conclusion.

A set S of formulas is automonous iff S is self-determining and S = B(S),

i.e., the Boolean operations on S are closed and effective. The following is

the fundamental theorem of autonomous sets. We state it in several parts

for emphasis.

Theorem 6.3.6.

(i) . Given a formula (p of ,
we can effectively find an autonomous set

S9 to which (p belongs.

(ii) . Given a finite set <P offormulas of we can effectively find an auto-

nomous set S0 which extends <P.

(iii) . If cp is equivalent to a Boolean combination of formulas (
resp

.

sentences ), then each member of is equivalent to a Boolean combination

of formulas (resp. sentences )
which has at most thefree variables that

are in cp.

(iv) . This part extends (ii) in the same way that (iii) extends (i).

Proof. The proof depends heavily on the preceding results. We sketch a

proof of part (i) and the rest will follow by a careful inspection. It is suffi-

cient to prove that every formula cp belongs to a self-determining set S, for

then B(S
)

is autonomous and cp e B(S). Clearly, if cp is an atomic formula,

the set {cp} is self-determining. If cp belongs to a self-determining set S, then

-] cp belongs to the self-determining set n S. If cp and \// belong, respectively,

to self-determining sets S and T
,
then cp Aij/ belongs to the selt-determining

set A (S u T). If cp belongs to a self-determining set S, then (3x)cp belongs

to the self-determining set (fix) AS. H
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We point out here a fact which we shall need later: If (p belongs to an

autonomous set S, then (3x^(p belongs to the autonomous set Z?((3.x)S).

Theorem 6.3.4 motivates the following series of definitions. Let S be an

autonomous set of sentences. S clearly gives rise to a finite Boolean algebra

under the logical operations of n, a ,
v

, 0, 1, where 0 and 1 are identified,

respectively, with an inconsistent sentence in S and a valid sentence in S.

We shall use the symbol S' to denote also the Boolean algebra. Since S is

finite, S is a Boolean algebra with exactly n atoms q> l9 . . ., (pn ,
n ^ 1. We

refer to the set {(p l . . . (pn }
as the set of atoms of S, and we write

at(S) = {(p i . . . <pn}.

Note that for 1 ^ i,j ^ n ,
we have:

6.3.7.

(i) . (p l
v. . . v<pn = 1.

(ii) . q>i ^ 0, (piA(pj = 0.

(iii) . If (p e S and (p ^ (p i9 then (p = 0 or (p = cp
t

.

(iv) . If ip e S, then (p is a disjunction (
possibly empty

) of elements of ax(S).

(v) . Every model satisfies some (p t
.

(vi) . (pi is consistent and so has a model.

(vii) . If 51 is a model of <p t
and 33 is a model of <pJt then

i =j ifffor all cpeSjU= <p iff

^

N <p.

Let / be an index set and let D be a filter over /. Suppose that (p t
e at(S)

for i e I. We shall show that there is a a e at(S) such that

(*) whenever N (p t ,
then Yl ^ G -

D

It is sufficient for this purpose to show that if we have also s
43

f
1= ,

then

Y\ 1= q> iff n®!* 8 for a11 (P eS -

D D

So let (p e S and let it be determined by a sequence (<r; , . . ., ipm )
with the

if j
e S. Since and 33 ,• are equivalent under all sentences of S

,
we see that

for 1 ^ j < m,

{ie I : % 1= t//j}
= XJ = {i e / : 33i

1=
il/j}.

Whence
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So we can now deline, without ambiguity,

n<Pi = °
a

in precisely the sense of (*) above. We agree to call f] D <p,- the reducedprod-

uct of the atoms (ph i e /, modulo the filter D. Our notation extends imme-

diately to

reduced powers
: n*.
D

direct products
: n Vi,
iel

finite direct products : cp-^ipj.

Ordinarily, D is taken to be a proper filter over /. In the case where D is

improper, then ]]D ^i degenerates into the trivial 1 -element model with re-

lations and functions defined everywhere. This trivial 1 -element model is, ol

course, a model of some <Pi e at(S'). Let us denote this particular element ot

at(S) by £, or, more precisely, (s- From our definitions, we see that all ot

the combinatorial properties of reduced and direct products ot models

carry over to the analogous operations on at(.S). In particular, to mention

just a few examples, x is commutative and associative, and

(Pi x £ =
(pi = f x cp

t
for 1 ^ i < ?i.

Thus we shall not bother to put parentheses in expressions like (ph x . . .

Let ip iy i el, now be arbitrary elements of S; we define the reduced prod-

uct of iji
i
modulo D as

Y\ \jJi = V {cr e at(S) : there are cp
t
e at(S), (p t ^ and o = J~[

D D

Note that if some = 0, then Yidki
~

0* Also, the same property expressed

in (*) still holds, namely

whenever ^ k i then
D

Analogously, we have

the reduced power
:m
D

D

the direct product
: n*«.

iel

the finite direct product : i/^xi/^-.
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of elements of S. Needless to say, all combinatorial properties of reduced

products for models carry over to S.

Some interesting consequences can now be deduced from the fact that

l\D can be defined on at(S) and on S. Many of the consequences depend

on the fact that S is finite, and others depend on the fact that S can be ef-

fectively formed. First, the following remarks are practically obvious and

are left as an exercise:

6.3.8. Let (p e S. Then :

(i) . (p is a reduced product sentence iff YIdV ^ (pfor oil /, D.

(ii) . cp is a reduced power sentence iff for all atoms i// ^ cp and all /, D,

TId'I' < <P-

(iii) . cp is a direct product sentence iff H/e/ <P ^ (Pfor aU h D-

(iv) . (p is a direct power sentence ifffor all atoms \j/ ^ (p and all /, Yiiei^

^ (p-

(v)
. q> is a finite direct product sentence iff cp x cp ^ cp.

(vi). cp is a finite direct power sentence ifffor all atoms \j/ < (p and all n
,

^ x ... x iJj(n times) ^ cp .

Secondly, we should make some remarks concerning the effectiveness

of the operations x and Y[d on S. We have already shown that given a for-

mula cp, we can effectively find an autonomous set S such that cp e S. By the

definition of autonomous sets we know that given cp,\j/ eS, we can effectively

find p, x and 0 in S' such that

\-p<r+~\(p, h t/q ( A i/z.

Furthermore, we can effectively find sentences in S that are inconsistent and

valid. All this will not guarantee that we can effectively tell which sentences

in S give rise to elements of at(S). This is because to say that cp # 0 re-

quires essentially that cp be consistent, and we have no effective way of de-

termining that. Thus it is impossible to make the operations x and ef-

fective on S. On the other hand, even though we cannot distinguish effective-

ly the atoms of S from the nonatoms, we can, by looking at the definition

of B(S), always find effectively a subset S' of S such that at(S) <= S' and

every sentence in S' is either an atom of S or is inconsistent. A similar con-

sideration tells us that given cp e S, we can always find effectively a subset S'

of S such that every atom of S included in cp belongs to S' and every sen-

tence of S' is either an atom included in cp or is inconsistent.
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Theorem 6.3.9.

(i) . cp is a finite direct power sentence iff cp is equivalent to a disjunction of

finite direct product sentences.

(ii) . (p is a direct power sentence iff (p is equivalent to a disjunction of di-

rect product sentences.

(iii) . cp is a reduced power sentence iff cp is equivalent to a disjunction of

reduced product sentences.

(iv) . cp is a reduced product sentence iff cp is a finite direct product sentence

and a reduced power sentence.

Proof, (i). Let (p be finite direct power sentence. Find autonomous S so

that cp e S. Consider all ip e S such that

1p ^ cp and ip is a finite direct product sentence.

We claim that cp is (equivalent to) a disjunction ol such sentences ip. Let

t e at(5) and t ^ (p. Then the set of all finite direct powers of t is a finite

set of atoms each of which is included in cp. Let ip be the disjunction of all

such atoms. Clearly, t ^ ip ^ cp and ip is a finite direct product sentence. So

cp is a disjunction of such sentences.

(ii) . This proof is similar to that of (i).

(iii) . Let be a reduced power sentence, and let S be an autonomous

set containing cp. Again consider all ip e S such that

ip ^ cp and ip is a reduced product sentence.

Let t e at(S) and x < <p. Then the set of all reduced products of t is a finite

set of atoms included in cp. Let ip be the disjunction of such atoms, then,

because a reduced product ol reduced products of x is again a reduced prod-

uct of t (see Exercise 6.2.3), ip is a reduced product sentence and x ^ ip. So

cp is a disjunction of such sentences.

(iv) . Suppose that cp is a finite direct product sentence and a reduced

power sentence. Let cp e S and S be autonomous. Let ipi, i e /, be atoms of S

such that ip
i
^ cp, and we wish to show that the reduced product

an atom included in cp. We may assume without loss of generality that

{ip
t

: i e 1} = {cpj : 1 < y < /}, each cpj e at (5)

and that for each j and each X e D,

Ij = {iE I: ipi = cpj)

and
Xnlj* 0 .
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Defining the filters Dj on f as in Proposition 6.2.1, we see that

n*«-n*.x n<p 2 x ... x n^-
D D i D2 Di

Since cp is a reduced power sentence, each YIdjVj is an atom included in cp,

and since cp is a finite direct product sentence f]D i/q is included in cp. H

The technique used above also leads to an interpolation lemma (see Exer-

cise 6.3.2). A further refinement of the technique will lead to the next main

result, namely, that a finite direct product sentence is always a direct prod-

uct sentence.

Let S be an autonomous set. The (arbitrary) direct power operation (p
1

= YlieiV on •S' is said to be essentially finite ,
with index m, iff for all cp e S

and all (nonempty) index sets I with at least m elements, there is a subset

JoU with exactly m elements such that

(p
J = cp

K = (p
1

for all K such that J c= K c /.

If m is understood, then we say that (arbitrary) direct power is essentially

finite on S.

A refinement of the argument of Theorem 6.3.6 leads to the following:

Proposition 6.3.10. Given a sentence cp of ,
then we can effectively find

an autonomous set of sentences S such that cp e S. Furthermore
,
the direct

power on S is essentially finite with an index m which can also be effectively

determined from cp.

We should mention here that while the operations x and Y[d on S are

not effective, we can, nevertheless, determine the bound m effectively. The

proof of the proposition depends on the following lemma. First a convention:

Suppose S is an autonomous set of formulas in the free variables x
x , . . .,

xn . We can find a corresponding autonomous set of sentences S' simply by

replacing all free occurrences of x
l ,

. . ., xn in cp e S by new constants , . . .,

cn . In this way, our definitions of reduced products, etc., on S' carry over in

a natural way to S. Also, we may, of course, speak of S having an essentially

finite direct power, etc.

Lemma 6.3.1 1. Every finite set <P of Boolean combinations of'L°n formulas can

be effectively extended to an autonomous set S of Boolean combinations of

formulas (every free variable occurring in a formula of S occurs in some
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formula in <l>) having an essentially finite direct power and such that the index

tn is effectively calculable .

Proof (in outline). We prove this by induction on n. For n = 0, let S = B(S)

be the set of all Boolean combinations of atomic formulas occurring in 0.

The number ni is simply the total number of different atomic formulas (not

predicate symbols) occurring in 0. This can be seen as follows: Let (
<
}{

i
,a

1
(/'),

. . an (i)), i e /, be models for J? u {c
l . . . cn }, and suppose that |/| ^ m.

For each atomic formula (p(x
x

. . . *„) in 0, pick an index is I such that

1= -i (p[afi) . . . an(i)]

if there is such an i. Collecting all these indices together in a set J with at

most m elements, we see that for all K, J a K a /, and all q> e S,

II aM’ •••» an(0) 1= 0 iff II fl i(0» •••> an(0) ^ 0
ieJ ieK

•ff n(*«.«i(o. -> a-(0)
iel

This proves the assertion for n = 0. Assume the lemma is true for n. Let

0 be a finite subset of Boolean combinations of
j
formulas. We may with-

out loss of generality assume that there is a finite set 0 ol Boolean combi-

nations of E® formulas and a sequence u = (y\ . . . ym )
of variables such

that each cp e 0 is a Boolean combination of formulas in (3w)0. By induc-

tion hypothesis, 0 can be extended to an autonomous set T ol Boolean com-

binations of formulas such that the direct power on T is essentially finite

with index m. Let S be the autonomous set S = B((3u)T). (Ffere we use the

remark following Theorem 6.3.6, and the observation that in the proof of

Proposition 6.3.2 it is inessential whether we quantify on a single variable

or a finite sequence of variables simultaneously.) Thus every formula in *S

is a Boolean combination ofI^+1 formulas and S extends 0. We now show

that the direct power on S is essentially finite. Let 0
l , . . ., 0

t
be an effective

listing of formulas of T which contains all atoms ol T and such that each

0
t
is an atom of T or is inconsistent. We now claim that the set S' of all con-

junctions

(i) (p
= A £0u)9i9 Si is empty or is n,

1

contains all atoms of S and that each such conjunction is either an atom ol

S or is inconsistent. This is evident because, for each 0 e T, (3u)0 is equiva-

lent to a disjunction of formulas of the form (3u)0iy and ~i (3u)0 is equiv-
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alent to a conjunction of formulas of the form n (3w)0
f

. By the disjunctive

normal form theorem, every atom of S has a representative in S', and clearly

every conjunct in S' is either an atom or is inconsistent. We shall show that

m • |

S'
|

is the required index. We now argue informally. For each atom (p

of S', let g(q>) be the disjunction of all atoms 9
t
of T which appears in the rep-

resentation of cp in (1) as (3w)0 i5
without the n symbol. Then we can es-

tablish the following:

(2) g is a one-to-one mapping of at(S) into T
,

and

(3) g preserves direct products, i.e. giWieiVi) =

We leave the verification of (2) and (3) as an exercise. Since direct power

on T is essentially finite with index m, (2) and (3) show that direct power

on at(S) is essentially finite with index m. Remember that the total number

of atoms of S is at most |S'|; we see that the product of any k ^ m • |S'|

number of atoms of S can always be regrouped into a subproduct of exactly

m • |
S'

|

terms. (Here we use strongly the fact that m is an index for direct

powers on at(S).) Furthermore, in any direct product ofm • \S'\ atoms of S,

some atom must repeat at least m times. So we can add this atom any num-

ber of times to the product without changing the result of the product. Since

direct product on S is a natural extension of the product of atoms ol S,

the above remarks show that direct power on S has index m • |S'|. 3

Let S be an autonomous set of sentences. We define the relation ^ x on

at(S) as follows: for (p, e at(S'),

(p ^ x \j/ iff for some 9 e at(*S), (p x 0 = \j/.

Since there is an identity £s in at(S'), ^ x is a reflexive relation. If cp = 9 x i//

and ij/ = / xt, then cp = (9 x y) x r. So ^ x is transitive.

Proposition 6.3.12. Let S be an autonomous set. If the direct power on S is

essentially finite, then ^ x on at(.S) is a partial ordering of at(S').

Proof. Suppose that cp, \jj, 9, % e at(5), and (p = 9 xij/ and ij/ = % x cp.

Then

(p = 9 x [j/ = (9 x x) x <p = {9 x x)
n x cp for all n < oo.

Let m be the index of direct power on S, then by commutative and associa-
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tivc properties of x
,
we have

cp = Q
m x y

m x cp = 0
m+

1

x yf x cp = 0 x (0
m x y

m x cp) = 0 x cp = if.

So ^ * is antisymmetric. -\

Let (p 6 at(S), and consider the set

(*) <P = {if e at(S) : (p < x

It is immediate that if i/'i , if 2 e then if j
x{j/ 2 e 0 . 1 hus the sentence / <P

is a finite direct product sentence. Similar considerations show that the sen-

tence

(**) V e at(S) : if ^ x W
is preserved under direct factors. It is known that if ^ x is a (finite) partial

ordering relation, then every (p e at(»S) is a Boolean combination of sen-

tences of the form (*), as well as sentences of the form (**). Thus we have:

Proposition 6.3.13.

(i) . Every sentence is equivalent to a Boolean combination of finite direct

product sentences.

(ii) . Every sentence is equivalent to a Boolean combination of sentences

preserved under direct factors.

Proof. Given cp
,
find by Theorem 6.3.9 and Proposition 6.3.10 an auton-

omous set 5 such that cp e S and such that ^ x is a partial ordering of

at(S). The proof now follows from the remarks above. H

We shall see later that part (i) can be improved.

Theorem 6.3. 14.

(i) . Every finite direct product sentence is an (
arbitrary )

direct product

sentence.

(ii) . Every finite direct power sentence is an (arbitrary)
direct power sen-

tence.

(iii) . More generally
,
given a sentence cp we can effectively find a number

n such that for all index sets 1 and all models i e I, there is a subset J oj I

with at most n elements such that for all K, J a K cz /,

n % *= iw <p-

ieK iel
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Proof. Both (i) and (ii) are consequences of (iii) (in fact, by Theorem 6.3.9,

part (ii) already follows from part (i)), so we shall only prove (iii).

(iii). Given cp, find effectively an autonomous set S on which direct power

is essentially finite with index m. Let n = m • |S|. (This is really a waste, since

we can find a much better upper bound to the number of atoms of S

than \S\.) Suppose that i e /, are given. Suppose that% N i/q, wherei/q are

atoms of S. [f an atom ij/ of S occurs in the list t/q, / 6 /, less than m times,

then we put into / all indices i e I such that
\J/
=

\Jj t
. If an atom i

f)
of S occurs

in the list i/q, i e I, m or more times, we simply select any m indices i such that

if/ = \j/. and put them in J. At the end, J will have at most n elements.

To prove the conclusion of (iii), it is sufficient to do it for all atoms

i)/ ^ cp. Let K be such that J c K c= /, and let ij/ e at(*S), ij/ ^ (p. Then

using the fact that direct power on S has index m ,
we see that, by a suitable

regrouping of the atoms i/q, ie /,

n*i-n*« = n*«-
ieJ ieK iel

So riieii'/'/
=

<P iff n.s/'/'i = •A. and

n«,^ iff n n h

ieK iel

Pursuing our line of investigation even further, we shall next use this same

sort of method to show that every sentence of ££ is equivalent to a Boolean

combination of reduced product sentences. Notice that by Theorem 6.3.9

(iii), it is clearly sufficient to show that every sentence is equivalent to a Boo-

lean combination of reduced power sentences.

Let us now return to the definition of the reduced power YIdV defined on

the atoms of an autonomous set. We recall that YIdV = iff whenever

9lj, i e /, are models for ££ and each % N cp, then ^ • Since .Sis auton-

omous, there is a sequence (<r; . . . ij/,,,) with ij/j e S which determines

ij/. This means that, letting

X J = {ie I : % h i/^}, 1^7 ^
we have

n N lA iff S(/)/D 1= a[X l

ID ... Xm
/D~\.

D

Notice that since $(,- h cp, the sets Xj do not depend on i e I, but only

depend on ij/j, and hence on ij/. Furthermore, depending on whether the atom

cp is included in ij/
j
or excluded from i/^-, the sets Xj are, respectively, I or

0. Whence, whether or not Y\d<P — depends only on whether or not S(/)/Z)
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h o', where o' is a sentence in the language of Boolean algebras depending

only on ij/. From this we draw the following simple but important conclu-

sion:

If S(I)/D and S(J)/E are elementarily equivalent Boolean algebras,

then \\D cp = ij/ iff YIeV = &•

This implies that the reduced power f] d (P on at (S) depends only on the

(Boolean) elementary type of S(I)/D. Let the letters a, b, c, . . . range over

elementary types of Booleans algebras of the form S {1)1D, i.e., those Boolean

algebras which are (proper) homomorphic images of a complete atomic Boo-

lean algebra. We define, for <p e at(5") and a the type of S(I)/D,

a • (p = the unique ij/ e at(S) such that H d<P = {
l
/ -

Let Q denote the set of elementary types of quotient Boolean algebras ol the

form S(/)/D. We see from Theorem 6.3.4 that the direct product of two such

algebras S(I)/D and S(J)/E is determined, up to equivalence, by the types of

S(I)/D and S(J)/E. Also, it follows from the above discussion that a reduced

power He S(/)/T> of such an algebra modulo a filter E over J is determined,

up to equivalence, by the types of S(I)/D and S(J)/E. From these remarks we

can introduce meaningful definitions ol a x b and a • b for a, b e Q. We now

introduce certain specific types of Boolean algebras, namely,

il = the type of the Boolean algebra with exactly n atoms, n ^ 1

;

oo = the type of the (complete) theory of atomless Boolean algebras.

The next two lemmas tell us all we need to know about the three operations

axb, a • b and a • cp.

Lemma 6.3.15. Let a, b range in Q. Then :

(i) . axb e Q, a • b e Q, h e Q, oo e Q.

(ii) . a * oo = oo * a = oo.

(iii) . Either a = oo or a = c x I for some ceO.

Proof. We briefly sketch proofs of parts of the lemma, leaving the detailed

verification to the reader. Let a be the type ol S(I)ID and b be the t\pe ol

S(J)[E. We may assume that I n J = 0. Then ax. b is the type ot

5(7 u J)/{X u Y : X e D,Y e E],

and a • b is the type of

(
1 )

S(I x J)/D x E.
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Clearly h e Q for each n < co. To obtain co e Q, consider the type ol

S(co)l{X c= co
:
(coXX) is finite}.

We point out that in general, a • b ^ b • a, however, it is easy to verify that

a ‘ od = oo * a = oo, either in a straightforward manner, or using the def-

inition of a • b given in (1). For the last statement, if a is not atomless nor

trivial, then a has an atom. It is then easy to ‘factor’ this atom out. H

Lemma 6.3.16. Let S be an autonomous set and let cp, \jj range in at(S) and

a
,
b range in Q. Then

:

(i)
.
(a • b) • cp = a • (b • (p).

(ii)
.
(axb) • cp = a • (pxb • cp.

(iii) . a • ((px\j/) = a ' cp x a •
\j/.

(iv) . Cs = a • Cs .

(v) . 1 • cp = cp.

We leave the easy proof of Lemma 6.3.16 as an exercise. For cp, \p e at(5),

we introduce another ordering relation defined by

cp ^ Q ij/ iff a • cp = i/' for some a e Q.

The next two results are analogues of Propositions 6.3.12 and 6.3.13.

Proposition 6.3.17. Let S be an autonomous set of sentences. If the relation

^ x on at(iS) is a partial ordering of at (S), then so is the relation ^ Q .

Proof. By Lemma 6.3.16 (i) and (v), is reflexive and transitive. So we

must show that is antisymmetric. So let cp = a • ^ and ij/ = b • cp with

, b e Q, cp, \j/ e at(S). If one of a or b is say a = oo, then by Lemma

.

3.15 (ii),

cp = oo •
\p = (b • oo) ‘

\j/ = b ‘ cp = i//.

If a / oo, then by Lemma 6.3.15 (iii), a = cx\ for some ceQ. Then,

by Lemma 6.3.16 (ii) and (v),

cp = (cxI) X = c ’
l/c X

T

* «// = c • lj/ x\j/.

So i// ^ x cp. Similarly, if b # oo, then cp ^ x ij/. Whence, by hypothesis,

(p = i/j. H

Theorem 6.3.18. Every sentence cp is equivalent to a Boolean combination of

reduced product sentences.
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Proof. We find an autonomous set S containing tp such that direct power

is essentially finite on S. By Proposition 6.3.12, ^ x is a partial ordering ol

at(.S). By Proposition 6.3.17 ^ q is also a partial ordering of at(5). This

means that every sentence in S is a Boolean combination ol sentences of the

form

cp0 = V {iA e at(S) : 0 with 0 ranging in at(S).

Clearly, if 0 then 0 < a Y\d<I> for a11 reduced powers I] 0’A So each

<p„ is a reduced power sentence. The result now follows from Theorem

6.3.9 (iii). H

In order to be quite specific in what follows, let us assume that S is an aulon-

omous set. Let

T = { A (£«>)<? : z<p is either the empty sequence or is n},

<peS

and, as before, let B(S) be the set of disjunctions of sentences in T up to

I
—

17"! terms. As we noted earlier, B(S) is autonomous. But the more im-

portant thing is that T consists of all atoms of B(S) plus, possibly, a few other

inconsistent sentences. Every <p s S, of course, is equivalent to the disjunc-

tion of the subset T

\

of T defined by

Ty = {0 e T : (p occurs positively in 0}.

From this, since each (p e S is determined by a sequence ... <AW )

with 1l/j e S, we see that, with a sufficient amount of writing, we can show

that, letting T = {0 l
... 0,},

for each k, 1 ^ k ^ /, we can find effectively a formula ok
in the

variables y x , ..., yt ,
so that the sequence (ok \ 0 l

... 0,) determines 0*.

Let J c / and let 1 < k ^ /. Define the sentence pJtk ,
in the language of

Boolean algebras, as follows:

Pj k = (
3fi ••• T/)K(fi ••• Vi) a ( X yj) = 1

jeJ

A A 0’«
• yj = 0) A A (yj = 0)).

i ,
jeJ HJ

i*j

For J c= /, let (P(J) be the following statement:

for every k such that k i J and 1 ^ k < /, the Boolean sentence pJtk

holds in no Boolean algebra S(I)/D.

For (p e S, let J

^

= {k : 0k e 7^}.
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Proposition 6.3.19. cp is a reduced product sentence if and only iffor some

J a Jy, 0(7) and cp is equivalent to \/ keJ 0k .

Proof, (i). Assume first that cp is a reduced product sentence. Let

J = {k e : 0k is an atom in 5(S)}.

Clearly, J c Jv and cp is equivalent to V kej 0k . We now prove 0(7). If cp is

inconsistent, then J = 0 and pJk can never hold in any Boolean algebra. So

0(7). Now assume that cp is consistent. Suppose, on the contrary, that

pj k holds in some Boolean algebra S(I)/D for some k J.

Thus there are sets X l
/D, ..., X l[D such that

S(I)/D h ah\X
l

!D ... X l

/D~\ a £ Xj/D = 1 a A {X ljD • X j/D = 0).

jeJ 1 < i < j ^ l

Let X e D be such that

and

U x1 = x,
jeJ

X 1 n Xj n X = 0 for 1 ^ i < j ^ /.

Notice that each Xj/D for j £ J is forced to be equal to 0. For jeJ and

i e Xj n X, let % be a model of 9j. For i e I\X, pick 9l
f
to be any model of

cp (we have assumed that cp is consistent). It should be clear that ifj $ J, then

either 0j is inconsistent, or 6j is an atom not included in cp. Define for

1 <j<!,

(1) YJ = {i el : % ¥ 6j}.

It is clear that

YJ = 0 if jtJ,
and

YjlD = X j/D, 1 < J < /,

(2) X XJ
ID = 1,

7'eJ

Y'jD YJ/D = 0, 1 « i < ; < /.

Since S(l)/D 1= <jk [X'/D ... X'/D], we have S(I)/D t= ak [Y
l/D ...

Since (ak ; 0, ... 0,) determines 0k , we see that

o) n%wk .

Y‘ID],
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1 his is a contradiction to the fact that cp is preserved under reduced prod-

ucts, as 0k is an atom not included in (p

.

(ii). In the other direction, suppose that for some J c= J
ip , &(J

) and (p

is equivalent to W keJ9k . Let /, D, and 21,-, ze/, be given such that each

W; \= (p. Define the sets Yj
, 1 ^ j ^ /, as in (1). Then it is clear that (2) holds.

There is some atom 0k such that (3) holds. Whence

(4) S(I)ID 1
= ok[Y

l!D ... Y l

/Dl

Putting (2) and (4) together, we see that

pj k holds in the Boolean algebra S(I)jD.

This implies by <P(J) that k e J. So \= q>. -\

Let us now examine the statement Z(q>) about the sentence cp\ for some
J c J#* &{J) and (p is equivalent to V keJ 0k . Given an arbitrary sentence

<V , we see that the sentences 0 l9 ..., 0
t
can be found effectively; similarly,

the formulas a
t , ..., a

l
can also be found effectively. The same remark ap-

plies to the sets Tv and J^. Since J

^

is finite, we can examine in turn all J
such that J c= Jv . Given a J a the sentence \/ keJ 0k can be constructed

explicitly. Whence we can ask if I-</><-> \Z keJ 0k ;
this involves finding a

proof of the sentence cp \J keJ 0k . This then turns out to be a recursively

enumerable condition. Turning now to the statement <P(J ), we see first of

all that the construction of pj k for each J c= and k $ J is quite explicit.

However, the statement

Pj k holds in no Boolean algebra S(I)JD

can in no way be interpreted as an effective statement. We shall see later

that Z((p) is an arithmetical statement.

Finally, the last result in this section uses the analysis of Boolean alge-

bras in Section 5.5.

Theorem 6.3.20 (Ershov’s Theorem). Let a be a sentence in the language

of Boolean algebras
,
and let TRA be the axioms of the theory of Boolean

algebras. Then the following are equivalent :

(i) . ?BA u {cr} is consistent.

(ii) . <t holds in some quotient Boolean algebra S(oj)/D.

Proof. We first observe that (i) follows immediately from (ii).

(i) -> (ii). In the other direction, we shall need several intermediate steps.
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First observe that (i) is equivalent to the assertion that

o holds in some Boolean algebra 33.

Using the notation from Section 5.5, let m(33) and «(33) be the pair ol inva-

riants assigned to S3. If we could find a quotient algebra S(co)/D such that

(1) m(S(co)/D) = 772(33) and n(S(co)/D) = t?(33),

then we could conclude from 5.5.10 that o holds in S(co)/D, whence (ii)

would be proved. To prove (1), we shall show that

(2) for every pair of possible invariants
(
m ,

n) for Boolean algebras, there

exists a quotient algebra S(co)/D such that m(S(co)/D) = m and

n(S(co)/D) = n.

We divide the proof of (2) into two cases: m is finite, or m = go.

Let us first deal with the case when m is finite. Recall from Section 5.5

that n is either an integer or is = ± oo, depending on the number of atoms

3I
( 'n)

has and on whether 3(
(w)

is or is not atomic. We shall first prove the

following lemma by induction on the finite values of m.

Lemma 6.3.21. Let n be either an integer or + oo. Then there is a quotient al-

gebra S(co)/D such that :

(i) . D contains all cofinite subsets of co;

(ii) . in(S(co)/D) = m and n(S(co)/D) = n.

Proof. First consider the case m = 0 and n = 1. Let D be any nonprin-

cipal ultrafilter over co. Then S(co)/D has exactly one atom, and D satisfies

(i). For any positive value of /?, with m remaining 0, we use the construction

in Lemma 6.3.15 to find a D over co satisfying (i) and (ii). If n is negative, we

again appeal to the construction in Lemma 6.3.15, piecing together an atom-

ic part with an atomless part. Thus the case m = 0 is proved.

Consider now any pair of invariants (m+1, n), n either an integer or

+ oo. By induction hypothesis, we already have a quotient algebra S(co)/D

satisfying (i) and (ii). We shall now construct another quotient algebra

33 = S(co x co)/F such that

(3) (i) holds for F, and 33
(1) = S(co)/D.

(
SB (1)

is defined in Section 5.5.) From this it follows readily that /»(33) =

772 + 1 and «(
s

33) = n. To construct F, first let E be any nonprincipal ultra-

filter on co. Let F be the following collection of subsets of coxco: for
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X c= co x co, let X
{
= X n {/} x co. Then (in what follows we shall frequently

identify X
{
with the set {

n : (in) e XJ)

(4) X e F iff X
t
e E for all i e co, and {/ e co : A",- is cofinite} e D.

It is quite clear that F is a filter over co x co; furthermore, F contains every co-

linite subset of co x co. Let 23 = S(oj x co)/F and we assert that s
23 is the de-

sired quotient algebra satisfying (3).

Let / be any subset of co. In view of the definition (4) of F, we see that the

following pair of equivalences are true:

(5) I/D = 0 iff there is an X e F such that In {/ e co : X
t
is cofinite} = 0;

//D # 0 iff for all X e F, I n {/ e co : X
t

is cofinite} ^ 0.

Since, by assumption, D contains all cofinite subsets of co, we see that

{i}/D = 0 for al /' e co, and whence, by (5),

(6) for all i e co, there is an X e F such that X
t
e E but is not cofinite.

One more definition: for each X c= ojxco, let

(X) = {/ g co : Xj e Ej.

The atoms of 23 are characterized by the following: Let X c co x co. Then

(7) X/F is an atom of 23 if and only if (X) is a singleton {/} and X/F =

XJF.

To prove (7), suppose first that (X) is a singleton {/}, and that X[F = XJF.

It is sufficient to prove that XJF is an atom of Notice that coXA^ £ E ;

therefore co x w\A F, so XJF ^ 0. Suppose that Y cz X
{

. Then either

Y e E orX^\YeE ;
so either

Y/F = X/F
,
or Y/F = 0.

On the other hand, suppose that A"/Fis an atom of 53. We first show that

(8) (X) # 0.

Suppose that (8) fails. Let

J = {/ 6 co : X
t

is infinite}.

Since (8) fails to hold, we see that each X
{ $ E for i e J. From this it follows

that (co\J) $ D ,
for otherwise X/F = 0. Now for each i e J, let Y, and Z

f
be

disjoint infinite subsets of X
{ ,

and let

w = u Y
t

and u - U z
>.

ieJ ieJ
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It follows from (5) that

0 # W/F ^ X/F, 0 # U/F ^ X/F, W/F # U/F.

This contradicts X/F is an atom. So (8) holds. If i,j e (A") and i ^ j, then it

is evident that

0 * XJF < X/F, 0 # Xj/F ^ X/F
, XJF # X/F.

So it follows that (X) = {/} for some i e cu. By the direction of (7) that we

have already proved, we have that XJF is an atom of 33 and XJF < X/F. It

follows that XJF = X/F. So (7) is proved.

It follows easily from (7) and the arguments leading to it that atomless

elements of 33 are characterized as follows: Let X <= co x co. Then

(9) X/F is atomless in 33 if and only if X
f £ E for each i e (X).

We leave the easy proof of (9) to the reader. The next two assertions char-

acterize those elements of 33 which belong to 7(33), i.e., those elements of

33 which can be decomposed into an atomic part and an atomless part (see

Section 5.5). Let X < coxco.

(10) If (X)/D = 0, then in 33 the sum of all atoms covered by X/F exists

and is equal to ((J ie(x)Xi
)/F. So in this case X/F e /(33).

(11) If (X)/D # 0, then in 33 the sum of all atoms covered by X/F does not

exist. So in this case X/F<£/(33).

Let us first prove (10). We have already seen by (7) that each X
f
/Fis an

atom covered by X/F. Let Y =
IJ *e(x)

X

f
. It is immediate that XJF ^ Y/F

^ X/F for i g (X). Furthermore, it is easy to show that

every atom covered by X/F is one of XJF with i e (X).

Thus Y/F covers all atoms covered by X/F. Suppose that Z/F is an atomless

element such that Z/F ^ Y/F. We may suppose that Z c= Y, and, by (9),

Z
f
F for all i e (X). Since

(
X)/D = 0, it follows that Z/F = 0. So (10) is

proved.

Assume now
(
X)/D ^ 0. By previous considerations we know that XJF

with / e (X) is the set of all atoms covered by X/F. Also, these atoms are cov-

ered by Y/F, where Y =
(J i6(X>X(

-. Suppose the sum of these atoms exists in

33; let it be denoted by Z/F. We may suppose that Z c Y. Since XJF ^ Z/F,

we see that for each i e (X), Z
f
e E, for otherwise XJF • Z/F = 0. Since

E is nonprincipal, is infinite. Whence we pick a subset W
t
c= Z

f
such that

W
i
is infinite and W

x $ E. Let W = (J ie(A )
W

x
. By (9), W is an atomless ele-
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ment of 53 such that 0 # W/F ^ Z/F. This contradicts the definition of

Z/F. So (11) is proved.

By (10) and (11), we see that

(A
r

)/D = 0 if, and only if, (X/F)II(^8) = 0.

Furthermore, the mapping X-> (X

)

is a homomorphism of S(co x co) onto

S(co). Whence we have

S(co)/D s (S(co x co)/F)//(53),

which proves (3) and completes the induction. (We may, of course, iden-

tify co x to with oj and redefine F, so that S3 is isomorphic to a quotient alge-

bra S(co)/F.) The lemma is proved. H

Finally, to construct a quotient algebra S(co)/D such that m(S(a>)/D)

oo, we proceed as follows: Let /„, n < co, be a partition ol co into disjoint

infinite sets. On each /„, let Dn be a filter over /„ such that m(S(In )/Dn )
= n.

This is possible by the lemma. Now let

D = {X c= co : X n /„ 6 Dn for all n < co}.

We leave it to the reader to verify that m(S(co)ID) = oo. This concludes the

proof of Ershov’s theorem. H

Using Proposition 6.3.19 and Ershov's theorem we can at last fill the gap

needed to eliminate the continuum hypothesis in the preceding section. We

must prove:

Lemma 6.2.7. The predicate

cp is a reduced product sentence

is an arithmetical predicate.

Proof. Using Ershov s theorem, we see that the following three statements

are equivalent:

pj k
holds in no Boolean algebra S(I)/D\

pj k
holds in no Boolean algebra S(co)/D;

Pj k is inconsistent with the theory of Boolean algebras.

Notice that this last statement is quite obviously an arithmetical statement

about Pj k . Whence we have, by Proposition 6.3. 1 9 and the discussion follow-
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ing it: the predicate

cp is a reduced product sentence

is an arithmetical predicate. -\

Now, we can restate Theorem 6.2.5 as follows:

Theorem 6.2.5'. (p is a reduced product sentence if and only if cp is equivalent

to a Horn sentence.

We can, of course, apply the same technique to eliminate the continuum

hypothesis from Proposition 6.2.6.

Exercises

6.3.1. Let if be a countable language, and let there be a suitable

Godel numbering of the formulas of J£f\ Show that the set of direct product

sentences of& is a recursively enumerable set.

[Hint: Show that in & u {U, V}, where U and V are 1 -placed relation

symbols, one can express that cp is a direct product sentence by considering

the validity of a suitable sentence which expresses (cp
(U) a cp

(V) -> cp
(l!XV)

).

Will the same method work for direct power, reduced power or reduced

product sentences?]

6.3.2*. Prove by the technique of Theorem 6.3.9 the following interpolation

lemma. Suppose cp and \j/ are sentences, with ij/ true in every finite direct prod-

uct (with one or more factors) of models of cp. Then there exists a finite di-

rect product sentence 9 such that cp \- 9 and 9 \-
1//.

6.3.3*. Prove by the methods of Theorem 6.3.6 the following result: Every

n°+ t
reduced (direct) product sentence cp is equivalent to a sentence of the

form

(V-Xq ... xk )i//,

where ij/ is a reduced (direct) product formula, (cp is a reduced product

formula if cp(c
{

... ck ), obtained from cp by replacing x
t
by constants c

t ,
is a

reduced product sentence.)

[Hint: Let 5 be any self-determining set of formulas such that S' is

closed, up to equivalence, under both a and v . Suppose, for simplicity,

that x is the only free variable occurring in S. For each ij/eS, let ijt' be a for-

mula of S equivalent to the disjunction of all formulas cpU a e S, where

(pU a = A (er e S : t= cr[a], a e A, and 1= (Vx)i/t}.
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The mapping ^ - i/P of S into S satisfies the following:

(i)
. KV*>A~(V.x>A';

(ii) . for every set / and filter D over /, and all formulas ip, \j/ it i e /, of S, if

every reduced product f of models 51, h (Vjc)^, is a model of (dx)xp,

then

every reduced product
[ \D 5I, of models 51, h xjs'^c) is a model of «/P(c).]

6.3.4. Combining Exercise 6.3.3 and Proposition 6.2.9, show that every 11°

sentence that is preserved under direct products is equivalent to a 11° Horn
sentence.

6.3.5. Prove that every sentence cp containing only the identity symbol and

which is closed under direct products is equivalent to a Horn sentence con-

taining only the identity symbol.

[Hint: Use the results of Section 1 .5 to show that every sentence (p contain-

ing only the identity symbol is equivalent to a FU sentence. Then apply

Exercise 6.3.4.]

In an entirely analogous manner, every direct product sentence containing

only = and 1 -placed relation symbols is equivalent to a Horn sentence.

6.3.6. If is countable, then for every / and models 51,, i e /, there is a

countable subset K a I such that for all J, K c= J c= /, pj igJ 5I, =

6.3.7*. Use Theorem 6.3.14 to show the following Cantor-Bernstein type

result: Let 51, 53, (E be three models for . If 51 = 51 x 53 x (5, then 51 =

51x53. (In general, we cannot replace = by = .)

6.3.8. Use Theorem 6.3.18 to show that: If two model 51 and 53 are equiva-

lent under all Horn sentences of 2*?, then they are equivalent.

6.3.9. cp is said to be closed under reduced roots iff 51 ¥ (p whenever
]^[D 51 t= cp.

Prove the following consequence of Theorem 6.3.18: Every sentence is equiv-

alent to a Boolean combination of reduced root sentences.

6.3.10*. A class A' of models is said to be compact iff for all sets of sentences

T, T has a model in K iff every finite subset if T has a model in K. Evidently,

K is compact iff the closure of K under elementary equivalence is an elemen-

tary class. Prove that if K is compact, then the class of all arbitrary direct

products of members of K is again compact.
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6.3.11. Use the results of Section 5.5 to prove that the condition

M u ^BA is consistent (or is inconsistent)

is a recursive predicate.

6.3.12. Show the following sharper form of Proposition 6.3.19: Let cp be an

arbitrary sentence of J?. Then we can effectively find reduced product sen-

tences ij/
l , ..., i//m such that

(i) . h xj/j -» cp for 1 ^ j ^ m;

(ii) . for every reduced product sentenced, if h
\J/

-> cp, then \- ij/ ij/j for

some j, 1 < j < m.

6.3.13. Let (p be the sentence which says that there are not exactly three

elements in the universe. Then cp is equivalent both to a sentence and to

aH°
2
Horn sentence. However, cp is not equivalent to any Horn sentence.

6.3.14*. Prove that every Horn sentence cp which holds in the two-element

Boolean algebra holds in every Boolean algebra.

[Hint: First eliminate the existential quantifiers in cp by using the fact that

every Boolean function on {0, 1 } can be built up from + ,
*, and — . Then use

the fact that universal Horn sentences are preserved under subdirect prod-

ucts.]

6.3.15*. Assuming the continuum hypothesis, give a shorter proof of Er-

shov’s theorem.

[Hint: Use Lemma 6.2.4 and the preceding exercise.]

6.4. Limit ultrapowers and complete extensions

The limit ultrapower construction is a generalization of the ultrapower

construction. It shares many of the desirable properties of ultrapower; in

particular, the fundamental theorem, the expansion theorem, and the

existence of a natural embedding. In a number of problems in model theory,

the ultrapower construction is not broad enough, and the limit ultrapower

construction gives us the model we want. While the definition of an ultra-

power is simpler, we shall see that the class of limit ultrapowers of a model 51

is in some ways a much more natural class than the class of ultrapowers of 5(

(cf. Corollary 6.4.11). Before we come to the definition of limit ultrapower

we shall study in some detail complete extensions of models. They are a very

strong kind of elementary extension, and are intimately connected with

limit ultrapowers.
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Consider a model 9( for of infinite power a. There are exactly 2
*
dif-

ferent (Unitary) relations and functions on the set A. Let us expand the lan-

guage by adding a new symbol for each relation and function over A,

and a constant symbol for each element of A. The new language will

have 2* new relation and function symbols, and a new constant symbols.

Let 9f'
/

be the expansion of 9( to
,
where each new symbol is given its

natural interpretation. We shall call the completion o/‘9L

Let 9f, 93 be two models for and let 9T be the completion of 91.

We shall say that a mapping/ is a complete embedding of 9f into 93 iff there

exists an expansion (£ of 93 to such that / : 9E
V < (£. In other words,/

is an elementary embedding, and we can simultaneously extend all relations

and functions on A to relations and functions on B such that /is still an ele-

mentary embedding from the expansion of 91 into the expansion of 93. Thus

a complete embedding is an elementary embedding of a very special kind.

The natural embedding for ultrapowers gives us one example of a com-

plete embedding.

Proposition 6.4. 1 . Let D be an ultrafilter and 9( a model. Then the natural

embedding d is a complete embedding of 91 into the ultrapower ]/D 9L

Proof. Let 9L
//

be the completion of 91. By the fundamental theorem,

d :
91^ -< fl • But by the expansion theorem, f]D 9I^ is an expansion

of rb* to

We shall see more examples of complete embeddings later on. However,

it may be instructive to mention one such example now.

Example 6.4.2. Let 9f be a model, let D be an ultrafilter, and let /? be an in-

finite cardinal. Let

B = {gD :g e
rA and |range (g)\ < /?},

and let 93 be the submodel of
) |D 9f with universe B. Then, by repeating the

proof of the fundamental theorem, we can show that d is a complete em-

bedding of 9{ into 93. We leave the details as an exercise.

It is often easier to talk about extensions instead of embeddings. We shall

say that 93 is a complete extension of 91 iff 91 c= 93 and the identity function

is a complete embedding of 9( into 93. Let us call 93 an ultrapower extension of
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51 iff 51 <= 33 and there is an ultrapower Y\d 3f of 51 such that

(33,a^sdH d(a))aeA .

D

Thus, by Proposition 6.4.1, we have the following:

Corollary 6.4.3. Every ultrapower extension of a model 51 is a complete ex-

tension o/51.

The converse of the above corollary is false (cf. Exercise 6.4. 6). However,

the following is a weak converse.

Theorem 6.4.4. Let 53 be a complete extension of 51. Then for each b e 53,

there exists an ultrapower extension C of 51 such that (£ -< 53 and b e C.

Proof. Let be B. Let be the completion of 51, let be the language

of 51
#

,
and let 53

# be an expansion of 53 to such that 51 ^ < 53^. For

each relation R on A, let R' be the corresponding relation in 53~, and use a

similar notation for functions. Consider the set

D = {fleS(T) :be R'}.

Since 51^ < 53
#

,
it is easily seen that D is an ultrafilter over the set A. Con-

sider the ultrapower
]^[D 51^. To prove the theorem, it suffices to find an

elementary embedding g : PJD 5l
,r" <53^ such that b e range (g ). It suffices be-

cause each element a e A is a constant of 51~, whence g(d(a)) = a, and thus

the range C of g is an ultrapower extension of 51 containing b, and (S •< 53.

Let i be the identity function on A. Consider any formula (p(x) of LT and

let

R9 = {a e A : 51^ N <p[n]}.

Then R9 is a relation of 51^, and

(1) t= (Vx)(<p(x)
Rv(x))-

Because of the definition of D, the following are equivalent:

I! 5*
#

1
= <pUd]i

R^eD;

b e R9 ;

53^ b </>[£>].
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The last two lines are equivalent because < s
43

//:

,
whence (1) holds for

^3^. Then

(2) ( I I
*d)

= *>).

D

Now consider an arbitrary element fD of Ylo^^ f ls a function of S
2I '

;
let

f" be the corresponding function of Y[d Then

/"(id) = </(*(*)) : a G a>>d = fd •

Let us add a new constant symbol cf to for each fe A
A. Expand the

models Y[dW# >
93^ by interpreting cf byfD in the former and byf'(b) in the

latter. Then for each sentence (p{cfl ... cfn )
of the new language, the follow-

ing are equivalent:

( FI ^
#

> fd)fe AA t= <H<V, ••• C/J;

D

n <H/iM ••• /»W)['d];

° 8# 1= <?(/,(*) ... /:(x))[fc]

;

33
#

?>[/i'0) ••• /»'(&)];

(33
#

, f{b))ftAA N <p(cy, ... c/n).

Thus

D

Therefore the map fD -» /'(A) is an elementary embedding on int0

53^' which maps zD to b. H

Theorem 6.4.5 (Keisler-Rabin Theorem). Ler a an infinite cardinal

,

suppose that co is the only measurable cardinal ^ a. is, either a is /ess

than the Jirst measurable cardinal > co, or else to is the only measurable car-

dinal.) Then the following are equivalent :

(i) . a = oP.

(ii) . Every models ofpower a (with any number of relations) has a proper

elementary extension of power a.

(iii) . Every model % ofpower a has a proper complete extension ofpower a.

Proof, (i) => (ii). Let D be a nonprincipal ultrafilter over oo. Then, for

any model 21 of power a, d is an elementary embedding of 2f into
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Since A is infinite and D is not (^-complete, d is a proper embedding (Prop-

osition 4.2.4). Moreover,

a ^
| J [

A\ ^ = a.

D

Thus [1^ is isomorphic to a proper elementary extension of 51, of power

a, and (ii) holds.

(ii) => (iii). Let SI be a model of power a. Form the completion SI^ of

SI. Applying (ii) to Sfi^, there is a proper elementary extension S3^~ of

power a. Then the reduct S3 of S3
~ to is a proper complete extension

of SI, so (iii) holds.

(iii) => (i). Let SI be a model of power a and let S3 be a proper complete

extension of power a. Then there exists b e B\A. By Theorem 6.4.4, there

is an ultrapower extension (£ of SI with b e C, -< S3. Thus © is isomorphic

to some ultrapower f|D SI, say/• & = and f° r a^ a e = d(a).

Since b e C\A,f(b) $ d(A), whence d maps A properly into \\DA. Then, by

Proposition 4.2.4, D is not an a
+
-complete ultrafilter. But since there is no

measurable cardinal p such that co
l ^ p < a, it follows from Proposition

4.2.7 that D is not ct^-complete, i.e. D is countably incomplete. Therefore

D is co-regular; so by Proposition 4.3.9, irM = irio A\". But a < iem>
so

III^r = in^l = |C|< IBI = «>

D D

whence (i) holds. -I

Other applications of Theorem 6.4.4 are given as exercises.

We now come to the definition of the limit ultrapower. Roughly, a limit

ultrapower of SI is a submodel of an ultrapower
]^[D St made up of elements

fD ,
where/is ‘almost constant’, that is, the set of pairs </,y> such that/(/') =

f(j) belongs to a given filter over lxl.

Here is the formal definition: For each ge !
A, the equivalence relation

determined by g ,
denoted by eq (g) is defined as

eq(#) = {</J> six I: g(i) = g(j)}.

Now let D be an ultrafilter over I and let V be a filter over Ixl. For a set

A, the limit ultrapower Y\D\yA is the set

Y\A = {g D :ge IA and eq(gf) e V}.
d\v
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Before defining the limit ultrapower of a model we need the proposition

below.

Proposition 6.4.6. Let 9( be a model, D an ultrafilter over I, and V a filter

over 7x7. Then
| \ D \

V A is a nonempty subset of \\ D A which is closed under

the functions and constants of the model f]0 9(.

Proof. If/ is a constant function in
1
A, then eq (/) = 1x1, so eq(/) e V

and fD €\\D\v A. This shows that, for all aeA, d(a) e\\ D
\
V A. Therefore

rw^ is nonempty and contains all the constants of P]D 9L Let G be an

^-placed function of 91, and 77 the corresponding function of Y\ D ^H. We

show that if

(0

then

/»e FM,
D\V

(2) mu .../") 6 n-4 -

D\V

Assume (1). Then we may suppose that

Hence

eq(f
l )e V, ..., eq(/") e V.

eq(/') n ... n eq(/
n

)
e V.

But for all </,./) g /x/,

/'(0 = f'U), ....AO = /"O') imP‘ies G(/'(0 — AO) = g(/‘0) ... A;))-

Thus

eq(/‘) n ... n eq(/”) c eq«G(/‘(i) ... AO) : * 6 *» e K
Since

h(/d - fS) = <G(/‘(0 - AO) :

the formula (2) follows. H

We may now define the limit ultrapower Y[d\v ^ °f fLe model 91 to be the

submodel of P]D 9( whose universe is the set \\d\vA.

The model 93 of Example 6.4.2 is just the limit ultrapower 93 =

where V is the filter over / x/ generated by the set of all equivalence rela-

tions on 7 having < ft equivalence classes.

There is also such a thing as a limit ultraproduct which has been studied in

the literature. We shall not take it up here. We shall next concern ourselves

with a study of some model-theoretic properties of the limit ultrapower.
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Proposition 6.4.7 (Expansion Theorem). If 3T is an expansion of 3( to a

language FF'
,
then a limit ultrapower is an expansion of t0

FF'.

Proposition 6.4.8 (Fundamental Theorem). Let PJD |
F 3I be a limit ultrapower

t>/3(. Then PJD
|

F 3I is an elementary submodel of the ultrapower JJD 3l.

We leave the proofs of the two propositions above as exercises. Proposi-

tion 6 .4 . 8
,
combined with the fundamental theorem for ultraproducts,

shows that we have available the same criterion for truth in as we

have in f|D3L

Corollary 6.4.9. Let ]~[D
|
K 3l be a limit ultrapower o/3L Then the natural

embedding d o/ 3l into ]^ 0 3I is also a complete embedding of% into [ ] D |

y%.

Moreover ,
there is a complete extension 33 of% such that

(93, a)xA st ( n «. 4«)U .

D \V

This time it turns out that the converse is also true.

Theorem 6.4.10. For all models 31, 93, the following are equivalent :

(i) . 33 is a complete extension of 31.

(ii) . There exists a limit ultrapower PJD j
K 31 of% such that

(58, a)x .

4

= ( n s^> d(a)XeA
D\V

Proof, (ii) => (i). This is immediate from Corollary 6.4.9.

(i) => (ii). Let 9l
# be the completion of 3( in a language and let 33^

be an expansion of 33 to FF 7^ such that 31^ -< 33^. Then 3I
7" = 33^,

whence by Corollary 4.3.13, 33^ is elementarily embeddable in some ul-

trapower Y\dW# . Let n : 33^ -< Y\D^# be such an elementary embedding.

Since each a e A is a constant of 31^ and its interpretation in is

d(a), we have

(1) n(a) = d(a) for all a e A.

Let C be the range of n. We shall find a filter V over /x /, where 7 = (J D,

such that C = rw^
Define V to be the filter over / x/ generated by the sets

{eq(/):/e^4 and fD eC}.
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Then obviously

(2) CcflA
D\V

Let gd e [UvA. Then there exists/ = D g such that eq (/) e V. This means

that there exist h
]

D ,
h
n
D E C such that

eq(h
1

)
n ... n eq(h

n

)
a eq(/).

It follows that there is an /7-placed function G over A such that for all i e /,

G(h\i)...h\i)) = f(i).

Since 31^ is the completion of 91, G is a function of 3L
V

. Let G" be the corre-

sponding function of \\DW^

.

Then

G''(h'D ...%) = fD .

Since C is the image of n ,
C must be closed under all the functions of P|d31 •

Thus fD e C. We have shown that

(3) ru cc -

D \V

From (2) and (3) we see that

(4) n : $B
# s [I

D|K

The desired conclusion (ii) now lollows from (1) and (4), taking reducts to

J£\ H

Corollary 6.4.11. $3 is isomorphic to a complete extension of % iff %3 is

isomorphic to a limit ultrapower of 21.

The following corollary is an application of limit ultrapowers to give a

result involving complete embeddings only.

Corollary 6.4.12. Supposef is a complete embedding of% into 33 . Then for

any extension 31' z> 31, there exists an extension 33' 33 such that f can be

extended to a complete embeddingf of (31
', A) into

(33
'

,
B).

Proof. By Theorem 6.4.10, there is a limit ultrapower an<3 an iso"

morphism

D\V
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Form the limit ultrapower [~[d|k(^', A). Let us identify, for/e 1
A, the equiv-

alence classfD in the sense of YId\v a with the equivalence classfD in the sense

of Y[d\vA'. With this identification, n»ir 5I is a submodel of Y\d\v^ >
and

[~[ D1V (5(', A) = (rU|v^'> Wd\vA). It follows that there is an extension

53' =5 53 and an isomorphism

tt' : (53', #) = n (^\ A)
D|K

such that n c= n . Define the mapf':A ' B' by

f'(a) = n'~
l
d(a).

Since d is a complete embedding of (51', A) into its limit ultrapower, /'

is a complete embedding of (5t'» A) into (53', B). Finally,/' is an extension of

/ for, whenever a e A,

f'(a) = n'~
1
d(a) = n

~
l

d(a) = f(a). H

Notice that in the above corollary there is no limit on the size of the model

51'. For example, we have the following:

Corollary 6.4.13. Suppose a is an ordinal andf : <R(a ), e> -< 53. If there

exist extensions 33' => 53 and /':=>/ such that f' : <(/?(a+ 1), e> -< 53', then

for all ordinals (3 > a there exist extensions 53" => 53 andf" f such that

f" : <R(P), e> < 53".

Proof. Every relation, function and constant of R(a) is an element of

R(oc + 1). Therefore /is a complete embedding of </?(a), e> into 53, and the

result follows. H

Corollary 6.4. 14. Supposef is a complete embedding of a, < ) into a model

53. Then there exist an extension 53' => 33 and/' => f such that :

(i) .
/' is a complete embedding of (R( a), e> into 53';

(ii) . B is the set of all ordinals of the model 53'.

Proof. By Corollary 6.4.12, there is a complete embedding /' 3 / of

«/?( a), e>, a) into (53', 53) for some 53' 53. Then/' is a complete embedding

of < R(ol ), e> into 53'. Since a is the set of ordinals of «i?(a), e>, a), B is the

set of ordinals of (53', B), whence (ii) holds. 4



6 .4 ]
LIMI I ULTRAPOWERS AMD COMPLETE EXTENSIONS 377

Exercises

6.4.1. If is the completion of 51, then the theory of 5L has built-in

Skolem functions.

6.4.2. 53 belongs to every pseudoelementary class which contains 51 iff 53 is

isomorphic to a complete extension of 5L (See Exercise 4.1.1 7.)

6.4.3. Let /’be a complete embedding of 51 into 53. Then:

(i) . Lf ££' c jSP, then / is a complete embedding from the reduct of 51

to into the reduct of 53 to «5f
#

.

(ii) . If <= ££' and 5T is an expansion of 51 to 3?'

,

then there exists an

expansion 53' of 53 to «£?' such that/is a complete embedding of 51' into 53'.

6.4.4. (i). Lf is a complete extension of 53 and 53 is a complete extension of

51, then (£ is a complete extension of 51.

(ii). If 5In + 1
is a complete extension of 5I„ for all n < co, then is a

complete extension of each 5f„ . Generalize to well ordered chains of arbitrary

length.

6.4.5*. Let 51 = (A, L, ...) be a model such that L is a simple ordering of

cofinality > to. Then 51 has complete extensions 53 = <B ,
M, ...) of ar-

bitrarily large cardinality such that A is cofinal in <B ,
M>.

6.4.6. Let co ^ a, 2
a
^ /?. Then every model 51 of power a has a complete

extension 53 of power /?. If co is the only measurable cardinal ^ a and it

cf (/?)
= co, then the complete extension 53 is not an ultrapower extension of

51.

6.4.7* (i). No proper ultrapower extension of <co, <) has cofinality co.

(ii). <co, <) has a proper complete extension of cofinality co.

6.4.8. Prove the assertion in Example 6.4.2.

6.4.9. Let D be an ultrafilter over a set I and let T be a topology on I. Let 51

be a model and give A the discrete topology. Let

B = {fD :/ : / -+ A and / is continuous}.

Let 53 be the submodel of Y\d^ universe B. Prove that 53 < Y\d^ an^

d is a complete embedding of 51 into 53.

6.4. 10. Suppose co is the only measurable cardinal ^ a and let 51 be an (a, co)-

model. Show that there is a pseudoelementary class K such that 51 e K,

and every (a, co)-model 53 € K is isomorphic to 51.
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6.4.1 1. Suppose (

o

is the only measurable cardinal ^ a, and let be a model

of power a. Let T(jt) be a countable set of formulas such that W omits Z

and Z is consistent with the theory of W. Find a pseudoelementary class K

such that We K and every model 93 e K which omits Z is isomorphic to W.

6.4.12*. Suppose there exists an uncountable measurable cardinal P ^ a.

Assume the GCH. Prove that every model of power cc has a proper complete

extension of power a.

[Hint: Show that if p < ol < and D is a countably complete ultrafilter

over p ,
then |f]D a

l

= a -]

6.4.13. Let a be an ordinal, and suppose co is the only measurable cardinal

^ oc. Assume that </?(a), e> -< <£, £> and co is ‘fixed’ in the sense that

[b e B : bEco} = co. Then:

(i) . If a is a successor ordinal a = y+ 1, then E ) = <i?(a), e>.

(ii) . In general, (B, Ey is an ‘end extension’ of <(7?(a), e)> in the sense that

{b e B : for some a e R(ot), bEa} = R( a).

6.4.14. Let a be a cardinal and suppose <B ,
L> is a complete extension of

<a, <> such that a is not cofinal in <B ,
L>. Then there exists an ultrafilter

D which is not descendingly a-complete (see Exercise 4.3.10), such that the

model (no< a
> <), d(p))pea is elementarily embeddable in «£, L>, P)Pe0L

.

[Hint: Use Exercise 4.3.34.]

6.4.15. Let (B\ B, L> be a complete extension of the model <a
+

,
a, <>.

If a is cofinal in <B ,
L>, then a

+
is cofinal in (B\ L>.

[Hint: Use Exercise 4.3.12.]

6.4.16. If V is the improper filter V = S(I x/), then = YId^ Thus

every ultrapower is a limit ultrapower.

6.4.17. If V is the trivial filter V = {/x/}, then l\D \
VW = d{W\ where d

is the natural embedding.

6.4.18. The limit ultrapower YId\v^ depends only on the equivalence rela-

tions in V. That is, if $ is the set of all equivalence relations on /, and V n &
= W n £, then Y\D \

V 51 =

6.4.19. Prove the results Proposition 6.4.7, Proposition 6.4.8, and Corollary

6.4.9.

6.4.20. Suppose V, W are filters over Ixl and V c W. Then YId\v 21 ~<

IW«-
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6.4.21. In Exercise 6.4.9, 93 is a limit ultrapower of 91.

6.4.22. When D is a proper hlter over 7 and V is a filter over 7x7, define the

limit reduced power ]7/;|k 9{, and verify Proposition 6.4.6 for it.

6.4.23*. For any two models 91, 93 such that 91 = 93, there exists a model

(£ such that both 91 and 93 are completely embeddable in (L

[Hint: Use Exercise 4.3.29.]

Furthermore, (£ may be chosen of power 2
1X| u 2

Ib|
.

6.4.24. 91 = 93 iff there exist limit ultrapowers
]^[D

|

K 9f = Further,

we may take the limit ultrapowers to be of power 2
1 "4

* u 2
B|

.

6.4.25. If V is a principal filter over 7x/, then f|D i K 9I is isomorphic to an

ultrapower of 91.

6.4.26. Suppose 93 is a complete extension of 91. Then there exists a set M
of models such that:

(i) . For each (£ e M, © is an ultrapower extension of 9f and © -< 93,

and \C\ ^ 2mi .

(ii) . For all (Si , (£ 2 e 47, there exists (£ e M such that C£
j

-< (£, (S 2 < G
(i.e., M is directed).

(iii) . 93 = (J47.

This justifies the term ‘limit ultrapower’.

[Hint: Use Theorem 6.4.10 and Exercises 6.4.20 and 6.4.25.]

6.4.27. K is an elementary class iff K is closed under ultraproducts and both

K and its complement are closed under limit ultrapowers and isomorphism.

6.4.28*. Let a be a regular cardinal. Let 91 be a model 9f = <(a, <, ...)

and suppose 93 = <B ,
L, ...) is a complete extension of 9f. Let

B0 = {b e B : bLa for some a e a},

and let 93 0 be the submodel of 93 with universe B0 . Prove that 930 is also a

complete extension of 9L

[Hint: Show that if 93 = then 93 0 = where W is the filter

such that eq (/) e W iff eq (/) e V and |range/ 1
< a.]

6.4.29*. Suppose a is an inaccessible cardinal, e> < <5, £), and for

all b e B there exists a e R(ot) such that bEa. Then <7?, E> is a complete ex-

tension of </?( a), e).

[Hint: Every relation and function on 7?(a) of power < a belongs to

R(ol ). Use this fact and the method proof of Theorem 6.4.10 to show that
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for some limit ultrapower ]~Id|p<!^(oO> e )> we have

<B, E, a>aeS(a) £ ( n <R (a)’ e>> d(
a)W«) I

D|K

6.4.30*. Let 51 be a model with built-in Skolem functions. A function/e
4A

is said to be definable iff there exist a formula (p(xyz

^

... zn )
and elements

a l9 an e A such that for all a, b e A,

51 N (p[aba
l

... an ]
iff/(a) = b.

Let D be any ultrafilter over A ,
and let

B = {/D ef] A : / is definable}.

D

Let S3 be the submodel S3 <= with universe B. Show that:

(i) . d(W) < S3 -< Ud%-
(ii) . If D is nonprincipal, then d(SI) # S3.

(iii) . If SI, <g are countable, so is S3. In general, |5| ^ \A\ u

(iv) . If SI is the completion of model (£, then S3 = n^-

6.4.31. Generalize the construction of the preceding exercise by considering

a definable subset U c A, taking an ultrafilter D over U and

B = {fD : f e
uA and / is definable in SI}.

6.4.32. Let SI = (A, U, ...) be a model for a countable language which has

built-in Skolem functions. Let D be an ultrafilter over A such that for every

definable function /e AA, either

{a e A : f(a) $ U] e D,

or there exists u e U such that

{a e A : f(a) = u} e D.

If S3 = <B ,
V, ...) is the model constructed in Exercise 4.3.30, show that

V = d(U).

6.4.33. Use the preceding exercises to give a new proot of Theorem 3.2.14.

6.4.34*. Let SI be a (not necessarily countable) model of ZF, let x be a reg-

ular cardinal of SI, and suppose the set

{y e A : SI b y e 2
2X

}

is countable. Then SI has an elementary extension S3 such that x is fixed and
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2
X

is enlarged, i.e.

{y e B : S3 b y e x} c A, {y e B : 33 N y e 2*} A ^ 0,

and, furthermore,

{y e B : $3 b e 2
2 "’}

is still countable. Iterating this, show that there is an elementary extension

(S of 31 such that

{y e C : & t y e x) cz A, \{ye C : (£ 1= ve 2*}| = Wl .

6.4.35 (GC H ). Let 31 be a saturated model of power a
+

for a language

where \\2£\\ ^ a. Then every model 33 = 3( of power ^ a" has a complete
embedding into 31. If 33 -< 91 and \B\ ^ a, then 31 is a complete extension of

33.

6.4.36 1

. Give an example of a set I of sentences in an uncountable language

if such that:

(i) . T has a countable model.

(ii) . Every countable subset I0 of I has a countable model 31, for the

language if0 having just the symbols occurring in I 0 , such that 31 cannot

be expanded to a model of I.

[Hint: Use Theorem 6.4.5 with a = to, and pick I so that the successor

function symbol occurs in every member of I.]

6.4.37*. In the above exercise, find a I which also has the property:

(iii) . For each pair S, T of symbols of if, there are only countably

many o e I such that both S and T occur in a.

6.4.38
::

. Let I be a set of sentences in 2f such that each symbol of if occurs

in only countably many members of I. Then there is a countable subset I0

of T such that every model 3( of T0 ,
for the language if0 having just the

symbols occurring in T0 ,
can be expanded to a model of I.

6.5. Iterated ultrapowers

We now take up the following question: Can we construct additional

models by iterating the ultrapower construction? The answer is yes, and

the models so constructed are useful. The iterated ultrapowers will always

be limit ultrapowers, but the particular way in which they are constructed can

give them desirable properties which are not shared by arbitrary limit ul-

trapowers. Our starting point is a result showing that finite iterations of

ultrapowers give nothing new.
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Consider a pair of ultrafilters D, E over sets /, J. We define D x Eto be the

set of all Y e S(IxJ) such that

{jeJ : {iel: </,y> e 7} e D} e E.

Suppose now that Z)j
,

Dn+l are ultrafilters oversets/, /„ +1 ;
then we

define inductively

x ... x Dn + l = (D l
x...xDa)xDn + l .

Proposition 6.5. 1 . In the above notation
,
DxE is an ultrafilter over IxJ, and

D, x ... x Dn is an ultrafilter over / x ... x In .

Proposition 6.5.2 (Finite Iteration Theorem). Let D and E be ultrafilters.

Then for any model 5(,

n at s n ( n ®)-
Dx£ £ D

lfD i, ...,Dn are ultrafilters ,
n > 0, then

n si = n (••• n ( n 80 ...)•

D i
x ... x Dn Dn D2 D i

Proof. The second statement follows from the first by induction, so we

need only prove the first statement. Let /e
lxJ

A. For each j e J, let fj e
1A

be the function

fj = </«/) : i e />.

We shall show that the relation associating

/

Dx£ with /* = </,D : j e />£

is an isomorphism of f]DX £5l onto ruind 9I). Consider any formula

(p(x
l
...xn )

of and any/ 1

,
...,/” e

IXJ
A. It suffices to prove

(1) U** ^[/dx£ ••• /oxf]
DxE

iff

(2) ncrm^c/ 1 * •••/"*]•

£ D

By the fundamental theorem, (1) is equivalent to

(3) {</,/> : 51 1= W/U//) .../"(//)]} effxL

But (3) in turn is equivalent to (4) and (5):

(4) {j :
{i : 9J N <p[/‘(y) — /"((/)]} e D} e E,

(
5
) {j FI 81 <pU'd ••• //d]} e £.
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If the fundamental theorem is involved a third time, (5) is equivalent

to (2). H.

Examples show that in general,
]^[Dx£ 5f and

J~[£xD 5f are not isomorphic.

I hus the order in which we iterate the ultrapower is important. For the gen-

eral case, suppose we are given a simply ordered (nonempty) set <T, <>
and for each ye Y an ultrafilter D

y
over a set I

y
. When the ordering <

is understood, we shall also let Y denote the ordered set <T, <>. We shall

define an iterated ultrapower of 5f modulo D
y

. Roughly speaking, it is

the smallest model $ in which all the finite iterations f]D, x. ..*Dy 21.

)’i < ... < yn in Y
, can be embedded in a natural way. When Y is a finite

set, say Y = {y x ,
... ,yn }

in increasing order, then the iterated ultrapower

of 51 modulo D
y
will coincide with the ultrapower P|D

^
x x Dy 51.

Let K = Wytfly be the Cartesian product of the index sets l
y

. Let Z c= Y.

We say that a function/ with domain K lives on Z iff/(/) depends only on

i
I"
Z, that is, for all i,j e K,

i
I" Z=J r z implies /(/) = /(/).

A subset s c= K is said to live on Z iff the characteristic function of 5 lives on

Z. Thus s lives on Z iff for all i,j e K,

i\Z = j \ Z implies / e s iffj e s.

By the trace of s on {3^, ...
, yn }, denoted by s

y] y
.

n , we mean the set

S,,...,. = K'Oi) Ky*)> : « e s}.

Thus s
yi "'yn

is a subset of I
yi
x ... x J

y r We now define a product of

the ultrafilters D
y
as follows:

X

y

D
y

is the set of all s cz K such that, for some y x
<...<yn in Y:

(1) 5 lives on {y lt ...,yn };

(^) s
yi ... yn

e D
yi
x 'xD

yn .

Thus X y L)
y

is a set of subsets of K, and each of its elements lives on a finite

subset of K. Before we can go any further, we need a lemma which is harder

to prove than we would expect. For this reason we are giving the proof in

some detail, even though it makes terrible reading.

Lemma 6.5.3. Suppose s a K, and s lives on both the sets Y0 = [y { , ...,>’w ]
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and Z0 = {zj, ..., z„}, where y^ < ... < ym ,
z x < ... <zn in Y. Then

iff

s
yi ... ym e D

yi
X ... xDj,m

5,, . gD,,x ... x £)_
Z 1 ... Z„ Zl z .

Proof. If t e S(K) and j g /
Ml
x ... x IUpi let t\j = {/ e t : </(m 1 )

... «(w
p )>

= y}. Note that 5 also lives on 70 uZ0 . Therefore it suffices to prove the

lemma for the case Y0
a Z0 . In this case, the statement i e s depends only

on f(Ti), ..., i(ym )
and is independent of i(z) for z e Z0

X Y0 . We may assume

further that n = m + 1 ,
for we can get from the set Y0 to the set Z0 by adding

one element at a time. Thus there is a unique element z e Z0\Y0 . It follows

by induction on m that for each r, 1 ^ r < m, and each set t cz I
yi
x ... x /Vm ,

we have

iff

t 6 D
yi
x ... x Dym

U e/>v., x

Therefore

x i

y

m * (/l./)yi ... yr
e ^yi x x ^yr) e ^yr + 1

x *'* x ^ym

0)
s vi v e D v

x ... x D v iff
yi ••• ym y 1 ym

{j ^ Iy
r * 1^ x Iym .

(s
| y )yj .. -)v £ Dyi

x ... x D
yr }

£ DJV+

(

x ... x Dy
r

A corresponding statement also holds for Z0 . We have three cases.

Case 1. z is the last element of Z0 ,
i.e., y,„ < z. Then the following are

equivalent, since s lives on Y0 \

s
yi ... ym e D

yi
x

Mz
)

: s
»',

.

{i(z) : s

s

r. ...rm eDr,
x

n — ym ^ ^yi x

» ...ymzeVn x

xDym ,

xD
yJ = Iz ;

xD,JeDz ;

xDym xDz .

Case 2. z is the first element of Z0 ,
i.e., z < y\. Then the following are

equivalent, since s lives on T0 :

s
yi ••• ym e D

yi
x

{jel
yi
x ... xIym :(s\j)z = Iz}eDyi

x

{

j

e I
yi
x ... x /ym :

(s|j)z g Dz }
e D

yi
x

szyi ... ym ^Dz xDyi
x

xD

xD

xD

xD.

ym’

ym’

ym’

The last step used the statement (1) for Z0 .
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Case 3. Otherwise. There is a greatest element yz e Y0 such that yr < z,

and r < m. Then again using the assumption that s lives on Y0 ,
and using

(1) for both Y0 and Z0 , we see that the following are equivalent, where

Do = D
yi
x ... xD

yr , D, =Dyr+1
x ... x Dym ,

and /0 , /, are defined analogously:

’y

i

••• yr
6 D 0 x D,

;

{jel
i : (s|;),

1 ...y, s£>o} eZ),;

{jel, :{hel z :
(s\h

n
j)yi _ yr

e D0} = /JeD,;

{is/, :
{/i 6 l z : (s\h”j)yi e D0 } e D.} 6 D,

;

O'e^i :(s|;)j.
1 ...y.2 e OoxOz}6D 1 ;

s-.,...zmt ,eDu y.Dz xD l
.

We have proved the desired result in each of the three cases. H

Proposition 6.5.4. Let S be the set of all subsets s of K which live on a finite

subset of Y. Then S is closed under finite unions, finite intersections
,
and com-

plementation relative to K. Moreover
,
there exists an ultrafilter D over K

such that

D n S = XyDy.

Proof. The first statement is easy. To prove the second statement, it suffices

to prove:

(1) For all s e S, either 5 6 Xy Dy
or (K\ s) e'KyDy.

(2) The set x
}
D

y
has the finite intersection property.

First we prove (1). Let s e S. Then ^ lives on some finite set Y0 =

{y l
where y x < ... < ym . Since D

)lt
x ... x Dym is an ultrafilter over

L x ... x Iv ,
we have either

>1 ym 7

(3) S
yi

^ D
yi
X ••• X h)ym ,

or

(4) lyi X ••• x f
ym s

yi ... ym e ^y
x

X ••• X ^ym ‘

But since s lives on T0 ,

\ ... ym = I
yi
X ... X lym \ S

yi ...ym *

Hence, in the case (3), 5 e X y Dy ,
while in the case (4), K\se
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We need Lemma 6.5.3 to prove (2). It suffices to prove thatXy£>y
is closed

under finite intersection and does not contain the empty set. The latter is true

because for any y l <...< ym in Y,

= 0 $Dyi
x ... XDyr

Suppose that s,t e XyDy
. Say s lives on Y0 and t lives on Z0 ,

where Y0 ,
Z0

are finite. Then s n t lives on the finite set F0 uZ0 . Let

Yq 'u Zq — {y i, y„ Ti <•••< Tw

Then, by Lemma 6.5.3, both of the sets

A = c H — t

belong to the ultrafilter D
yi
x ... xDym . Hence the intersection A n B be-

longs to the ultrafilter. But since 5 and t live on {y x , ..., we have

ies iff (/Oh) ... i(ymy) eA *

iet iff <*'(Ti) ... i(ym)}eB,

whence

iesnt iff </(yj) ... i(ym )} e A n B.

It follows that

(s r, t
)n ..,ym = AnBeDfl

x ... xD,.

and therefore s n t e X, Dy
. H

We are now over the hump. We continue to assume that <T, <> is a

simply-ordered set, D
y

is an ultrafilter over I
y
for each y e Y, K is the Car-

tesian product K = flyer Iy
»
and ^ is the set of all 5 c K which live on a finite

subset of Y. Now let 51 be a model for 2Z Let C be the set of all functions

/ : K -> A such that /lives on a finite subset of Y. Let us also write E =

x y

D

y ,
for brevity. We shall say that two functions/,# e C are equivalent

modulo E, in symbols / =
E g, iff

{ieK :/(/) = #(/')} e E.

As usual, the equivalence class of /'is written

/e = {0 6C :/ =£</}.

The iterated ullrapower
{

of the set /I is defined as the set of all equiva-

lence classes:

n a = {/e f e c}.
£
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Finally, the iterated ultrapower of the model 5f is described in the fol-

lowing way. The universe of f] E 5f is the set \\ E A. For each /7-placed

relation R of 51, the corresponding relation R' of ‘ s determi-

ned by

R\Je ... f!) iff {ieK: R(f\i) ... /"(/))} e £.

For each n-placed function G of 5(, the corresponding function G' of PJ£ 5(

is given by

G'ifi ... ft) = <G(/'(0 ... /"(.)) : ie K>£ .

For each constant a of the corresponding constant a' of
J J L 5( is the ele-

ment

a' = : i e K)E .

The similarity between this definition and the definition of the ultrapower

is obvious. The difference is that we are now dealing with subsets S cz S(K ),

C c=
k
A, E c= D, rather than the whole sets. As in defining the ultraproduct,

there are certain details which must be verified before we can be sure that the

definition is meaningful. We list these details in a proposition.

Proposition 6.5.5.

(i) . Iff
1 .../” e C, then

{ieK :/'(0 = f
2
(i)}eS;

{ie K : R(f'(i) ... AO)} e

(G(f‘(i) ... AO) ' ie K) e C.

(ii) . The relation =
E is an equivalence relation over C.

(iii) . Iff
1 = E g \ =

e 9\ then

{/ e K : R(f
l

(i) ... /"(0)} eE yff { l e K : R (d'(i) ••• dV))} e £,

and

<G(f‘(i) ... AO) : ‘ 6 *> =£ A(A0 - 9"(0) = ' 6 K>.

The basic results for iterated ultrapowers are similar to the corresponding

results for ultraproducts and limit ultrapowers, and have essentially the

same proofs.

Proposition 6.5.6 (Expansion Theorem). Let E = \ YDy
. If 9T is an ex-

pansion of% to a language then an iterated ultrapower
]^[ £ (5f') is an ex-

pansion of the iterated ultrapower to Ef '

.
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Proposition 6.5.7 (Fundamental Theorem). Let E = Xy£) v ,
and form the

iterated ultrapower Then for each formula cp(

x

{
... xn ) of TZ and all

f
1

,
e
KA which live onfinite subsets ofY, we have

n«^c/J -/a
E

iff

{ie K : W \= (p[f\ i) ... /"(i)]} 6 E -

The corresponding statement for terms also holds, and as before, the

fundamental theorem must first be proved for terms. The natural embedding

d : A -> YIe^ i s defined as before by putting d(a) equal to the equivalence

class of the constant function with value a. Then, we have the following:

Corollary 6.5.8. Let E = /f Y Dy
and form the iterated ultrapower I^ £ 9f.

Then the natural embedding d is a complete embedding of% into n.«-

The iterated ultrapower abounds with natural embeddings, in addition

to the original natural embedding of % into its limit ultrapower. Let us con-

sider a finite subset Z c= Y, and let Z = {z
t , ..., z„} be arranged in increas-

ing order. It is then natural to associate the functions

q : Lx ... x L -> Au z\ -n

with the functions / : K -» A which live on Z. With E = X y T)
y ,

Ez =
D

:i
x ... x ZL

t
,
we may define the natural embedding

dz --n*-+n*
Ez E

by

dZ(dEz) = (g(KZ l) ••• KZn)) : i e K >E-

For Z = 0, we adopt the convention d0 = d, the natural embedding of 9f

into Y[e The embedding dz depends on Y, D
y ,

and the set A, as well as on

Z.

Proposition 6.5.9. Let Z be afinite subset ofY. Them.

(i) . dz is a one-onefunction on \\Ez A into P] £ A .

(ii) . rangeC/z ) = {fE e Y\E A :

/

lives on Z}.

(iii)
. Y\E A =

(J {range(dw ) : IFeSjT)}.
(iv) . Ify ^ z in Y, then

range (d
[y} )

n range (d {z])
= range (c/0 ).

Proof, (i). The following string of equivalent statements, for all gji : I
Zl
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x ... x J
2n
—> A, show both that d7 is a function and that it is one-one:

g =EZ h;

{j e I
Zl
x ... x IZn : g(j) = h(j)} e £z ;

{/ e K : £/(i(z
, )

... i(zn ))
= /i(t(z,) ... i(zn))}eE;

<g(Kz 1) ••• Kzn)) : ieK) =
E </i(/(z,) ... i(zn)) : i e £>.

(ii) . This follows at once from the fact that a function f:K-+A lives

on Z iff there is a g : I
Zi
x ... x IZn -* A such that

/ = <#(*(zi) ••• '(*„)) : ' G K >-

(iii) . This follows from (ii).

(iv) . Obviously, range(d0 )
c: range(^/

;v) )
and similarly for z. Let

b e range (d
[y] )

n range
(d {z) ).

1 hen by (iii) there exist f,ge KA such that b = fF = gE and /lives on {_y},

g lives on {z}. Suppose, for example, y < z. Let f'(i(y)) = /(/), g'(i(z)) =

g(i). Then

{/ s K :f(i(y)) = #'('(z))}

whence

{j 6 lz {< 6 ly /'(') = y'U)} 6 Dy) s D --

Thus there exists j0 e I, such that

{iel, :/’(i) = g'(j0)}eDy
.

Let a = g'(jo). Then a e A, and

{/ € I
y : f\i) = a} e D

y ,

whence

{ieK:f(i) = a} e E,

so fE = d0(a ) s range (d0 ). H

Proposition 6.5.10. Whenever W c- ZeS
t
,/T), we have

dz

:

n < n ^
£z E

M IT 21) < dz{ n 21) < II 21.

Eyy Ez E

and
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Proof. Let cp(x
{

... xm ) be a formula of ,
and let/

1

, ...,/
m be functions on

/ x ... x/. into A which live on a finite subset of Z. Using the funda-

mental theorem we see that the following are equivalent.

im <?[./ez ••• /ezI’
Ez

s = {ie JZ1 x ... x JZn :
211= ••• /

m
(0H) G £z;

{i e K : 5lk cp[/
1

(i(^i) ... i(zn)) ... /
m
(i(z i) - *(zn))]} e £ ’

{i eK : 51 1= <p[/
1

(0 ••• /"'(01) G E -

Here

/
r = <.fO(Z l) "• I’(Zn)) : * G K >’

I~[
51 k • • • /e ] >

E

mtcpidz(fiz)...dz(f?z)i
E

This shows that </z : < Ue%- The second assertion follows from the

first and the fact that range(^) <= range (dz). 1

The most useful case of the iterated ultrapower is the case where all the

ultrafilters D
y , y e Y, are the same, say D

y
= D. In this case we shall write

X Y D = XyDy
. The next two results are applications of iterated ultra-

powers to the Lowenheim—Skolem problem (cf. Section 4.3).

Theorem 6.5.11 (Narrowing a Gap). Let bf have a {-placed relation symbol

U.

(i) . If a
w
^ P' ^ r and a ^ P ^ co, then every (a, p)-model has a com-

plete extension which is an (a
w

,
/?')-model.

(ii) . Suppose P’> P?°,P>o>andar>\\&\\. Then every theory

which admits (a, P) admits (a', /T).

Proof, (ii) follows easily from (i) and the downward Lowenheim-Skolem

theorem.

(i). Choose a countably incomplete ultrafilter D over co. Let <F, <>

be any linearly ordered set of power P'. Let 51 = (A, V, ...) be an

(a, p)-model, where \A\ = a, \V\ = p. Form the iterated ultrapower

sip = <>4', v\ ...) = n E = x yD -

E

Since d is a complete embedding of 51 into 51', 5T is isomorphic to a complete

extension of 51. For each finite Z a Y, let I~|ez 5I = (A z ,
Vz , ...). Then,
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by Proposition 6.5.10, dz is an elementary embedding of PJ£z 9I i nt0 ^ • By

Proposition 6.5.9,

A' = (J {range (clz) : ZeS„(T)}.

When Z is linite, Ez is just an ultrafilter over a finite number of copies of

(o. If Z 0, then Ez is also countably incomplete, since D is. It follows that

when Z is a nonempty finite set, = ““(by Proposition 4.3.7). Then

a
40

^ \A'\ ^ a
4"

- \Y\ = • /?' = a
40

,

so \A'\ = a
40

. We also have

0) V =(J{dz(Vz):ZeS„(Y)},

whence P = |P| « U“[ez V\ < P“, and \VZ \
= in£z P|. Thus

(2) |
Vz l « pr.

Since V is infinite and D is countably incomplete, d maps V properly into

\\ D V. It follows that for each y e Y,

(3) d0(V) is a proper subset of d
[y]
(V

[y] ).

But by Proposition 6.5.9(iv), for y ^ z in Y we have

(4) dM(VM) n dM(VM)
= d0(V).

It follows from (1), (3) and (4) that

Also, from (2),

Therefore
\

V'\

proved. H

P = \Y\ ^ \V'\.

I
v'\ ^ \y\ -

p°> = p'
• /r = p\

P'

.

This shows that is an (oC, p')~model, and (i) is

The above theorem eliminates the continuum hypothesis from the ear-

lier result, Corollary 4.3.11.

Ths next result complements Theorem 6.4.5. It is of interest when a <

a
40 < 2

a
.

Corollary 6.5.12. Let a, p be cardinals
,
a > p ^ to, and suppose co is the

only measurable cardinal ^ p. Then the following are equivalent :

(i) . a ^ pr.

(ii) . Every model 21 ofpower p has an elementary extension ofpower a.

(iii) . Every model 51 ofpower p has a complete extension ofpower a.
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Proof. Assume (i). Let D be a countably incomplete ultrafilter over a>, let

Y be a simply ordered set of power a, and form the iterated ultrapower

51' =
f] XyD 5I. The proof of Theorem 6.5.1 1 shows that 5T has power a and

is isomorphic to a complete extension of 51. Thus (ii) and (iii) follow from

(>)•

By applying (ii) to the completion of 91, we see that (ii) implies (iii).

So far we have not used the assumption that co is the only measurable

cardinal < a. It is used only to go from (iii) to (i).

Assume (iii), and let 5( have power p and $ be a complete extension

of 51 of power a. Since a > P, there exists be B \A. By Theorem 6.4.4,

there is an ultrapower extension © of 51 such that b e C and (£ -< 55. Then

((£, a)aeA is isomorphic to an ultrapower (f\D 5l,d(a))aeA . Since b $ A, there

must be an element of Y\D A not in d(A). Thus D is not /C-complete, whence

by our measurability assumption D is countably incomplete. Then, by Prop-

osition 4.3.7, \Y[D A\ = P"’ so P” = |C] < l#l = a >
and (i) holds. H

What happens if we form an iterated ultrapower where all the ultrafilters

D
y
are a-complete? We would like such iterated ultrapowers to preserve

sentences of the infinitary language but unfortunately this is not the case

(see Exercise 6.5.20). However, in one special situation, they do preserve

the property of well foundedness. We shall exploit that fact to get more

information about measurable cardinals. The rest of this section depends

heavily on Section 4.2.

Lemma 6.5.13. Suppose <T, <') is an inversely well ordered set ,
and, for

each y e Y, D
y

is an ct-complete ultrafilter. Then the intersection of any sub-

set off\ Y Dy ofpower less than a is nonempty.

Proof. Let E a Xy7) v ,
\E\ < a. We may assume that <T, <') = </?, >),

where /? is an ordinal. We assume that p is a limit ordinal and leave the other

case for the reader. For each s e E, choose a finite set L(s) c: Y on which s

lives. Suppose s e E, 0 < y <

p

, and L(s) =
{<5! , ..., d„}, where > ... >

Sn = 0. We shall define a set F
y
(s). There are two cases, depending on the

position of y.

Case 1 : S
p ^ y > Sp+l . Let F

y
(s) be the set of all jeldp + i

x ... x/^

such that (slj)6l ...dp eDdl
x ... x Ddp .

Case 2 : y > . Let E
y
(s) = s

Si dn .

Putting p = 0 in Case 2, we always have Ffs) e Ddp ^ l

x ... x DSn . Let us
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say that a function j passes through F
y
(s) iff

O'OSp+i) j(S„)> e F
r
(s).

Now for each y e p, 0 < y, we may define

£
y = U G 11 7

<5
: for a11 s e £ > j passes through F

y
(s)}.

dey

Let F0 = {0}. We claim that:

(1) [f jd e Fd for all (5 < y and if <5 < // implies js c jn ,
then e F

y
.

(2) [fj e F
y ,

then j can be extended to a function k e F
y + l

.

(1) follows because each set L(s) is finite. To see (2), we first note that lor

each s e E, the set

Xs = {/ e I
y : j

n
i passes through F

y + ^
(s)} e D

y
.

Since |£| < a and D
y

is a-complete, the set belongs to D
y ,

hence

is nonempty. Choosing ie P) s6£ A
r

s ,
we find that j

n
i = k belongs toF

y + 1 ,

and (2) is proved. Using Zorn’s lemma, (1) and (2) imply that there exists

a function i e K such that for all s e E,

<i(<5) : S e L(s)> e s
3l ^ 3n ,

that is, i g 5. Therefore i e P, E, and p£ # 0. H

Theorem 6.5.14. Let a be an uncountable measurable cardinal. Then :

(i) . For all P ^ a
, </?, <> has well ordered complete extensions of arbi-

trarily large power.

(ii) . For each cardinal y > 2
a

, <y, <> is a complete extension of <a, <>.

Proof, (i). Let D be a nonprincipal a-complete ultrafilter over a. Given a

cardinal y, we wish to find a well ordered complete extension of </?, <) of

power at least y. Let <T, <'> be an inversely well ordered set of order type

<y, >), and form the iterated ultrapower <B , L} = Y[e(P, <X where

E = XyT). Since D is nonprincipal, it is not a^-complete, and therefore

d(p) is a proper subset of Y\r>P- It follows that tor each yey, range ( d0 )

is a proper subset of range(^/
{3,

}
). Then by Proposition 6.5.9(iv), it follows

that B has power at least y. Suppose <5, L) is not well ordered. Then there

is a countable sequence

/

£ ,/£ ,
... of elements of B such that

/£
" + 1 L/£", n = 0,1,2,....
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Then for each n
,

Xn = {ieK:r +1(i)<f\i)}eE.

Since a > co, we may apply Lemma 6.5.13, and f] n<0)Xn is nonempty. Let

/ e On<a>Xn . Then in <p , < ) we have the decreasing sequence

/°(0 > f\0 > ••••

But this contradicts the fact that </?, <> is well-ordered, whence <B ,
L>

must be well-ordered. Finally, by Corollary 6.5.8, <5, L} is isomorphic

to a complete extension of </?, <).

(ii). Let D and E be as in the proof of (i), where y is the given cardinal,

y > a. Form the iterated ultrapower (A, L} =
]^[E<a, <)• Then (A, L>

is well-ordered and \A\ ^ y. We claim that

(1) d(a) is an initial segment of (A, L).

For let fE e A andfELd(5) for some <5 < a. Let/ live on {y l9 ..., y„}, where

y { > ... > y„. Then (with D
y
= D for all y ),

(l 6 <X . < ^}yi ... yn ^ ^yi X X ^yn
’

Since D is a-complete, D
yi
x ... x D

yn
is a-complete, whence there exists

r] < d such that

{i6 ra:/(i) = 4...,<
€C„x ... xDyn

.

So fE = d(r/). This proves (1). Let y' be the order type of (A, L). Then

<y', <) is a complete extension of <a, <). By (i), |/1| ^ y, whence we have

/ > y-

It remains to prove y' ^ y. LetfE e A, and suppose that/lives on^ , ...,yn ,

where y > > ... > yn . Let Z = {y e y : y l ^ y}, and let

C = {gE £ A : gELfE and g lives on a finite subset of Z}.

Since there are at most |Z| • a
a
functions which live on a finite subset of

Z, and a
a

,
|Z| < y, we have |C| < y. Consider an arbitrary hE £ A such that

hELfE . There is a finite number of elements z
i > ... > zm such that h lives

on \z
i ,

. . ., zm J ,
and {y x , ..., yn }

c {z l9 ...,zm }. Suppose z
i > y x

. Then

/ lives on (z 2 , ..., zm j. Since hELfE ,
the set

s = {i £
t Y : /i(i) < /(/)} £ E.

For jel
:i
x ... x/2m ,

define /?'(/) = /;(/) and /'(y) = /(/), where </(z,) ...

*(Zm)> =/ Then

{jel
;t
x ... xISm :h'(j) < f'(j)}eDZl

x ... xD_.m .
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Hence the set

U = {heIX2 x x IZm : {j0 e I
2i : h'U0

n
l i) < /Un

JiM e

belongs to DZi
x ... x /)Zm . But f'(j0

n
ji) depends only on y, and not on

y'
0 ,

since /lives on {z2 ,
Thus, since D is a-complete and f

,

(j0
n
ji)

< a, there is for each j\ e U an element /'(/) < f'(j0
n
j\) such that

{j0 eIzl :hXjo
n
j l )

= lVi)}eDz -

It follows that if we define /

:

7 K — a by /(/) = /'<z(z 2 )
... then

/ lives on {z2 , ..., zm j and hE = lE . For some r ^ m, y ,
= zr . Continuing

the above process, we obtain a function k living on {zr , ..., zm }
such that

kL = hE . But then k lives on a finite subset of Z, so kE e C, whence liE e C.

This means thatfE has \C\ < y predecessors in </l,L>. We conclude that

/ ^ y. H

The theorem can also be stated in terms of models ot the form <(/?(a), e>

instead of <a, < ).

Corollary 6.5.15. Let a be an uncountable measurable cardinal. Then :

(i) . For all p ^ a, the model <R(P ), e> has well founded complete ex-

tensions of arbitrarily large power.

(ii) . For each cardinal y > 2
a

,
the model <rt(a), e> has a complete ex-

tension <£, e> such that y c B a R(y) and B is a transitive set.

Proof, (i). Let y be a cardinal and let <£0 , <> be a complete well ordered

extension of <(P , <) of power ^ y. By Corollary 6.4.14, (B0 , <) can be

extended to a complete extension (B, Ey of (R(P), e) which has the same

ordinals as <B0 , <>. It follows that <£, £> is well founded.

We leave the proof of (ii) as an exercise. H

Exercises

6.5.1. Prove that if D, E are ultrafilters, then so is D x E. Moreover, if D, E

are proper filters, so is D x E. Prove a similar result for D l
x ... xD„.

6.5.2. Let D, E be proper filters over sets /, J. For each </, y> e 7x7 let

s
2I fj

be a model. Prove that

n %, = run %>)
DxE E D

Thus an ultraproduct of ultraproducts is isomorphic to an ultraproduct.
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6.5.3. Let £ be a proper filter over J and for eachj e J let £, be a proper filter

over Ij. Let K =
(J JeJ Ij. Prove that the set

F = {X eS(K) :{jeJ : X n/,e£,}e£}

is a proper filter over K. Moreover, if E and every Dj is an ultrafilter, then F

is an ultrafilter.

6.5.4. In the above exercise assume that the sets Ij are pairwise disjoint.

Prove that

n « n ( n «.)•
F E Dj

6.5.5. Let £, E be ultrafilters over /, J and let V, W be filters over / x /, J x J.

Give an appropriate definition of V x W and show that for any model 51,

n 2i = n ( n so-
Dx£|KxVT E\w D\V

6.5.6. Suppose D is an a-regular filter and £ is a proper filter. Show that

Dx E and Ex D are a-regular filters.

6.5.7. Suppose £ is a uniform filter over /, £ is a proper filter over J
,
and

w\ ^ | / 1 . Then D x £ and £ x D are unitorm filters.

6.5.8. If D and £ are a-complete filters, then D x E is a-complete. The same

holds for descendingly a-complete.

6.5.9. Suppose £ is a uniform a^-complete ultrafilter, and £ is a countably

incomplete ultrafilter over co. Then Dx E and Ex D are uniform countably

incomplete ultrafilters which are not co
l
-regular.

6.5.10. Supply the proofs of the results Propositions 6. 5. 5-6. 5. 7 and Corol-

lary 6.5.8.

6.5. 1 1. Let <T, < ) be a finite ordered set, where Y =
, ..., >>„} in increas-

ing order. Given ultrafilters £
yi , ..., £ Vn , let £ = \ y Dy

. Show that for any

model 51,

n ^ n si
E Dyi

x ... x Dyn

6.5.12. Given <T, <) and ultrafilters D
y , y e Y, let £ = Xy£y

and K =

\,eY ly . Find a filter V over K

x

£such that for all filters £ => £over£,

n 5f ^ n s^-
E D|K

Thus iterated ultrapowers are limit ultrapowers.
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6.5.13. Show that if E = X r Dy ,
then for any nonempty set A

in^K m u sup {Ml
1 '’ 1 :ye y}.

£

If each D
y

is |/v
|-regular and the set A is infinite, then equality holds.

6.5.14. Let 2I 0 -< 21 j
< ... be an elementary chain of length w such that

each 2I„ +1 is an ultrapower extension of 21„; specifically,

(Wn + i>a)aeAn = (Y\Kn ^(a))aeAn .

Dn

Let <T, <> = < 69 , <> and E = XyAi- Prove that

U«.an«-
n <oj E

6.5.15. Show that the result of the above exercise does not hold for elemen-

tary chains of length co+ 1.

[Hint: Consider the cardinalities.]

6.5.16. 21 = 23 iff they have isomorphic iterated ultrapowers of type <T,<> =

<co, < >.

6.5.17. Show that reduced powers and limit ultrapowers can also be iterated.

That is, given <T, <> and filters D
y ,

define

X Y Dy and fj 21;

X yDy

and, given ultrahlters Dy
and filters Vy over I

y
x I

y ,
define

X r(D,\Vy) and Y\ 91.

* y(ny lKy )

6.5.18. Let <Z, <) be a finite initial segment of the simply ordered set

<y, <>, and let W = Y\Z. Let D
y , y e Y, be ultrafilters. Show that

n si s n ( n *)
x yDy ^ wD

w

x zDj

Give an example showing that the result is not always true for infinite ini-

tial segments Z of Y.

6.5.19*. Given an iterated ultrapower YIe a >
where E = XyT>

y ,
let

IV, ZeSjY). Show that

range(dz) n rangef^) = range (dz n w)-

6.5.20. Show that Lemma 6.5.13 is not true for the ordered set <T, <) —
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(co, <>. Also show that if a is measurable and D is a nonprincipal a-com-

plete ultrafilter over a, then f]XwD<a, <) is not well ordered.

6.5.21. Let a be an uncountable measurable cardinal and let 3f be a model of

power ^ a. Prove that 31 has complete extensions 33 of arbitrarily large

power such that every sentence of the infinitary language of the form

(VC/) V which holds in 31 holds in 33 (where d> is a set of finite formulas).

This is a more general form of Theorem 6.5.14.

6.5.22. Let a be an uncountable measurable cardinal. Then for each cardi-

nal y > 2
a

,
the model </?(a), e> has a complete extension <2?, e) such that

y c B c: R{y) and B is a transitive set. (Use Exercise 1.4.18 on the existence

of the transitive realization of a well founded model.)

The next few exercises show how iterated ultrapowers can be used to give

another proof of the results on indiscernible elements in Section 3.3.

6.5.23. Let <T, <) and <T', <') be simply ordered sets and let a be an or-

dermorphism of Y into Y '
. Let E =Xyfi, where D is an ultra-

filter over /. Define the map cr* :

y7 -> y
7 by cr*(y) = j o cr. Then define a

natural embedding da : YIdA -* UeA by da(gE) = {go cr*)£ ,. Prove that

for any model 31, da is an elementary embedding of P[£ 3l into

Moreover, if cr maps Y onto Y', then da maps PJ£ 3{ isomorphically onto

WeK.

6.5.24. Let Y, Z be simply ordered sets and let D
y ,
Ez be ultrafilters for each

y e Y, z e Z. Let a : Y -> Z be an ordermorphic embedding such that for

all y e Y, D
y = Ea{y) . Find a natural elementary embedding

da : n < n 91.

X y£>y X zE z

6.5.25. Let D be an ultrafilter, let Y, Z be simply ordered sets, and let o be

an ordermorphic embedding of Y into Z. Let 31 be a model. Show that

ranged) = {fXzD : / lives on range (<r)}.

6.5.26. Let D be an ultrafilter, Y an ordered set, and E = \ Y D. For each

b e define eb : Y -»• \\EA by eb(y) = d
[y}

{b) for each ye Y. Show that:

(i) . If b e f|D y4\^(y4), then eb is a one-one function.

(ii) . For all b e YId A and all ordermorphisms cr : Y -> Y, da o eb — eb o g.

6.5.27. Let 31 be a model, let D be an ultrafilter such that f|D /4\c/(^) / 0,

and let <T, <) be a simply ordered set. Let 33 be the iterated ultrapower
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S3 = n KrD «. Prove that there exists a set C c: B and an ordering <' of C

such that:

(i) . <C, <'> = <F, <>;

(ii) . every automorphism of <(C, < ') can be extended to an automorphism

of S3,

(iii) . C is a set of indiscernibles in S3.

6.5.28. Let Y, Y\ Y" be simply ordered sets and leta : Y -> Y',t : Y' -> Y"

be ordermorphic embeddings. Then for any model SI and ultrafilter D ,
the

natural embeddings satisfy

cl x o a r/ T
O da .

6.5.29. Let Y be a simply ordered set, D an ultrafilter, E = X y D, SI a model.

Then the mapping <r da is an isomorphic embedding of the group of auto-

morphisms of Y into the group of automorphisms of Y\e^- lt a,so maPs the

semigroup of ordermorphic embeddings of Y into Y into the semigroup ot

elementary embeddings of Y[e^ int0 itself.

6.5.30*. Let E = X y Dy
and form the iterated ultrapower

<b, m> = n <a >
l>

’

E

where L is a well ordering of A. Suppose thatfE MgE in (B, Af), and / lives

on W and g lives on Z, where W,Z e S
,

t0
( T). Suppose further that, in Y,

W\Z is an initial segment of W u Z. Then there exists hE in B such that

fE MhE ,
hEMgE ,

and h lives on IT n Z.

6.5.31*. Let a be a regular cardinal, a > 2". Let <T, <> be ordermorphic

to <a, >>. For each y e Y, let D
y
be an ultrafilter over at. Let S

2I = (A, L>

be a model such that L well orders A. Then the iterated ultrapower yDy

has no strictly descending sequences of length a.

6.5.32. Let D, E be ultrafilters, and let E be countably incomplete. Then

D x E is a-good if and only if E is a-good.

6.5.33. Lise the above exercise to do Exercise 6.1.6.

6.5.34 (GCH). Let D be an a
+ -good countably incomplete ultrafilter over

a, and E a /?
+ -good countably incomplete ultrafilter over p. Form the ul-

trafilter DxE over the set I — ax p. Find two families of finite nonempty

sets A if Bt
,i el, such that

irui-«
+

. in^i = ^
+

-

Dx£ D x £
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6.5.35. Reformulate Exercise 6.1.19 to show that if 2
Wl = co 2 ,

then there

exist ultrafilters D, E and a countable model 91 such that

D x E £ x D

6.5.36. A filter D over a set I or power a is said to be indecomposable iff for

every partition I = \J p<aXp
of / into a nonempty sets X

p
such that \Jp<yXp

£ D for all y < a, there exists Y e D such that for all P < a, |Tn Xp \

= 1.

(That is, Y is a choice function for the partition.) Let D be an indecom-

posable ultrafilter over a. Show that there cannot exist nonprincipal ultra-

filters E, F over sets /, K such that F is uniform, |£| = a, and there is a

one-one mapping of J x K onto a which maps Ex F onto D.

6.5.37. Let D be a countably incomplete, indecomposable, a
+
-good ultra-

filter over a. Show that there cannot exist countably incomplete ultrafilters

E, F over sets J, K such that some one-one function/of Jx K onto a maps

Ex F onto D.

6.5.38* (GCH). Show that there exists an ultrafilter D over a which is count-

ably incomplete, indecomposable, and a
+
-good.

6.5.39. Let D be a countably incomplete ultrafilter and E an a-complete

ultrafilter. Show that DxE is a-good if and only if D is a-good. (Cf. Exer-

cise 6.5.32.)



CHAPTER 7

SELECTED TOPICS

7.1. Categoricity in power

Let us recall that a theory Tin & is said to be categorical in power a, or

oi-categorical ,
ilT T has a model of power a and every two models ot / of

power a are isomorphic. (In other words, Thas exactly one model of power

a, up to isomorphism.) In Section 2.3 we obtained a necessary and sufficient

condition for a theory to be categorical in power w. In this section we shall

study theories which are categorical in uncountable powers.

We shall assume throughout this section that the language is countable,

HJ^II = a). We shall be interested only in complete theories, since every a-

categorical theory having no finite models is complete.

In Section 1.4 we have seen examples of theories of each of the following

kinds:

categorical in every infinite power;

categorical in power co but not in any uncountable power;

categorical in every uncountable power but not in power co;

not categorical in any infinite power.

Lt was conjectured by Los that these are the only possibilities. Los’s con-

jecture may be stated as follows: If a theory T in J is categorical in some

uncountable power, then T is categorical in every uncountable power. This

conjecture was proved by Morley (1965a), and our chief aim in this section

is to prove Morley’s theorem (Theorem 7.1.14). First, we give a list of

examples of theories which are categorical in every uncountable power. Only

a few natural examples of such theories are known:

(i) . Pure identity theory.

(ii) . Infinite Abelian groups in which all elements have order/? (

p

prime).

(iii) . Divisible torsion-free Abelian groups.

401
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(iv). Algebraically closed fields of characteristic p (zero or prime).

(v) . The theory of all models (A, G>, where A is an infinite set and G

is a permutation of A with no finite cycles.

(vi) . The theory of all models (A, U, G>, where G is one-one function

with n places mapping U n onto A\U.

(vii) . The theory in the language = {cn : n < co} with the axioms

1 cn = cm ,
where n < m < co.

(viii). The complete theory of the model <co, £>, where G is the successor

function.

Our proof of Morley’s theorem will put together several of the methods

developed earlier in this book, including indiscernible sets, saturated

models, and one of the Lowenheim-Skolem-Tarski theorems lor two

cardinals, namely Theorem 3.2.14.

Lemma 7.1.1. Let T be a complete theory in Lf such that every model of T

of power c

o

{
is saturated. Then every uncountable model of T is saturated.

Hence T is categorical in every uncountable power.

Proof. We shall use Theorem 3.2.14. Suppose that a > oo
l
and T has a

model 31 of power a which is not saturated. Then there exists a set T c A

of power \X\ < ol and a set Z(t?) of formulas in the expanded language

T£x = J/f u {cx : x e X} such that every finite subset of I is satisfiable in

the model (31, x)xeX ,
but 1 is not satisfiable in (31, x)xeX . Since \\J?\\ = co,

we have \\^x \\ = \X
|

u co < a; hence |T| < a. We may therefore choose a

subset U c A of power \U\ = |T| and a one-one function cp of U onto

I. We shall now expand the model 31 so that we can say that an element

satisfies the formula corresponding to some u e U. Besides the new one-

placed relation U, we shall introduce two two-placed relations R and S.

The mapping (p associates with each element aeU a formula (pa in T,

whence cpa is a formula in the language x in the variable v. Let R be the

set of all pairs x) in Ax A such that a e U, x e X, and the constant cx

occurs in the formula (pa . Thus for each a e A there are only finitely many,

and possibly zero, x e A such that R(a , a). Let S be the set ot all pairs

<a, by e A x A such that oeU and (31, x)xeX N (pa [b ]. We form the expanded

model

31* = (31, U, R, S).

For each a e U, the following formula \j/(u) is satisfied by a in (31*, Ar)x6X :

(1) (Vv)(S(uv)+-+<pa {v)).

Furthermore, for each n < co, the following sentence, which says 'every n
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elements of £ are simultaneously satisfied’, holds in 31*:

(2) (Vr^ ... m„)[C/(w
1 )
a ... a U(un )

(3v)(S(u
l
v) a ... aS(u„v))].

Finally, the sentence below, which says ‘I is not satisfied’, holds in 31*:

(3) “I (3vVu)(U(u) -+S(uv)).

By Theorem 3.2.14, since
\
U\ < \A\, there exist two models 33* and Q*

such that 33* -< $1*, 33* < (£*, |Z?| = co, |C| = o) l9 and the interpretation

of U is the same in 33* as in (X*. Thus we may write

33* = (33, U\ R', S'), (X* = ((X, U\ R", S"),

and U\ being a subset of B, is countable. It follows that, with X' = X n B,

(4) («*,

and

(5) (33*, x)^*' (&*> x)xeX’-

For each a e U\ the set {x e A : R(ax)} is finite, and therefore

{x e A : R(ax)} = {x e B : R'(ax)} c X'.

it follows that for each a e U\ cpa is a formula in the language x , of the

model (33*, x)xeX .. Therefore, by (4) and (5), for each ae U' the formula

(1) is satisfied by a in both of the models (33*, and ((£*, x)xeX >. Also,

the sentence (2) for each n < co and the sentence (3) hold in 33* and in (X*.

We conclude that in the model ((X, x)xeX > the set of formulas

Z'(v) = Wa(v) :aeU'}

has the property that every finite subset of £'(v) is satisfied but I'(v) is not

satisfied. Since X' c: B, X' is countable. Thus the model (X is not o) Y
-

saturated. But (X does have power (o l9 and by (4) and (5), (X is a model of

T. This shows that T has a model (X of power cuj which is not saturated,

contrary to our hypothesis. So every uncountable model of T is saturated.

Finally, if T is complete and has infinite models, then any two models of

T of the same infinite power are elementarily equivalent and saturated,

whence by the uniqueness theorem for saturated models they are isomorphic

and T is categorical in every uncountable power. -\

In the above lemma, the countability of the language =£? was used very

strongly, because it was needed in the proof of Theorem 3.2.14.
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We need yet another application of Theorem 3.2.14. This application

concerns the notion of a theory being stable in a power, which is of con-

siderable interest in its own right as well as an important tool in the proof

of Morley’s theorem. Let us recall that a type T(i>) is a maximal consistent

set of formulas in the single variable v. Thus each element of a model realizes

a unique type.

7.1.2. A theory T is stable in power a iff for every model 91 of T and every

set I c 4 of power a, the simple expansion (91, x)xeX realizes a types in a

single variable v.

Here is our second application of Theorem 3.2. 14.

Lemma 7.1.3. Suppose T is a theory in which is stable in power co. Then

T is stable in every infinite power.

Proof. Suppose a ^ co and T is not stable in power a. Then T has a model

91 with a set X c= A of power a such that (91, x)xeA- realizes at least a
+
types

in v. By the Lowenheim-Skolem-Tarski theorem, we may assume without

loss of generality that 91 has power exactly a
+
and (91, *)*«=* realizes exactly

a
+
types in v. As in Lemma 7.1.1, we form an appropriate expansion of the

model 91.

Since is countable, the language x = u (cx : a e X} has power

a. Therefore the set I of all formulas cp(y
)
of £?x in the variable v has power

a. Choose a subset U c A of power a with a one-one function (p on U
onto T. As in Lemma 7.1.1, let R and S be binary relations on A such that

R(ax) iff a e U and cx occurs in cpa ;

S(ab) iff a e U and (91, x)X6X k (paM-
Let V c A be a set of power

\

V\ = oc
+
such that any two distinct elements

of V realize different types in (91, jc)X6^, and let G be a one-one function

of A into V. Now form the expanded model

91* = (91, 17, V, R , S, G).

For each a e U, in the model (91*, x)xeX a satisfies the formula

(1) (Vd)(S(«p) *-* <pa(v)).

Furthermore, in the model 91* the following sentences hold:

(2) (Vc;w)[y wa V(v)a V{w) -> (3w)(17(w)a n (S(uv) «-> S(ww)))],

(3) (VW)(y ^ w -> K(C/(t>)) a G(v) 3= G(w)).
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The first one says ‘two distinct elements of V realize different types’, and the

second one says ‘6’ maps A one-one into V\ Now, using Theorem 3.2.14

and the fact that
\

(J\ < \A\, we obtain models

S3* = 08, U\ V\ R\ S\ G'),

(£* = (©, U\ V", R'\ S ", G"),

such that S3* < SI*, \B\ = oj, SB* -< (£*, and \C\ = co, . Since (3) holds in

(£*, it follows that

(4) I

V”\=o>
1

.

As before, for all a e U'
,
every x e X such that R(ax) belongs to A" = X c\B,

whence cpa (v) is a formula in &x > Thus for each ae U\ the formula (1)

is satisfied in (SB*, x)xeX . and in ((£*, x)xeX , by the element a. Since (2) holds

in (£*, and U is interpreted by U' in (£*, any two distinct elements of V"

realize different types in the model ((£, x)xeX >. Also X c= B , so A" is count-

able. Thus, by (4), the model ((£, x)xeX . realizes uncountably many types,

whence T is not stable in power o). H

The next lemma ties the notion of stability in with the notion of cate-

goricity.

Lemma 7.1.4. If a theory T is categorical in some uncountable power a, then

T is stable in power oj.

Proof. Suppose T is not stable in power co. Then T has a model 5f of power

oj
l
with a countable set X c= A such that the model (M, x)xeX realizes c

o

t

types. Now we shall use a result in Section 3.3 on indiscernible sets. By

Corollary 3.3.14, T has a model )& of power a with the property that for all

Y a B, the expanded model (S3, y)yeY realizes at most
\

Y\ uoj types. But

since T is a-categorical, every model S3 of T of power a has the above

property. By the Lowenheim-Skolem-Tarski theorem, the model SI has an

elementary extension S3 of power a. But then the model (S3, x)xeX realizes

only \X\ u (o = a> types, while the model (SI, x) xeX realizes types. This

is a contradiction, because every element of A realizes the same type in

(SI, x)xeX as it realizes in (S3, A)^eX . H

In view of Lemma 7.1.4, we wish to make a further study of theories

which are stable in power oj. There are complete theories which are stable

in power t

o

but are not categorical in power oj
x

. The simplest example is
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the theory of all models (A, £/>, where U and A\U are infinite. Another

example is the theory of all equivalence relations (A, E >, where E has in-

finitely many equivalence classes and each class is infinite. Both of these

examples are co-categorical

.

Here is an example of a complete theory which is co-stable but not

categorical in any power. T is the theory of all models (A, U0 ,
U

l ,
U2 , . . •>,

where each Un is a unary relation such that the Un are infinite disjoint sub-

sets of A. This theory has countably many countable models. If we add to

T constant symbols cmn and axioms stating that the constants are distinct

and Un(cmn ), we obtain a complete co-stable theory with 2
W
countable models.

The corollary below gives a whole class of non-co-stable theories.

Corollary 7 . 1 . 5 . Let 31 = (A, R0 , ...) be an infinite model such that

^ is a simple ordering. Then Th(3() is not co-stable and is not oo^-categorical.

Proof. By the compactness theorem, there is a model 33 = 3( which has

a subset X a B such that <X, ^ ) is isomorphic to the rationals. For each

initial segment f cl, the set of formulas

{c
y ^ v : y e Y) u {o ^ cx : x e X\Y }

is consistent with Th(33*). But X has 2
W

initial segments, so Th(33*) has 2
W

types. H

Lemma 7 . 1 . 6 . Suppose T is a theory which has infinite models and is stable

in power co. Then, for every regular cardinal ct > co, T has an a-saturated

model of every power p ^ a.

Proof. Consider an arbitrary model of T of power /?. Form the expanded

model (3(, a)aeA ,
and let Tu be the complete theory of this model. By the

compactness theorem, there is a model (33, a)aeA in which every type

consistent with Tu is realized. By Lemma 7 . 1 .4
,
T is stable in power p.

Hence (33, a)aeA realizes only \A\ = p different types. Therefore by the

Lbwenheim-Skolem-Tarski theorem there is an elementary submodel

((£> a )aeA < (33, a)aeA of power p in which every type consistent with Tn
is realized. From the basic result, Proposition 3 . 1 .2 ,

on elementary exten-

sions, C is an elementary extension of 31. We have shown:

( 1 )
Every model 31 of T of power p has an elementary extension 31' of

power p such that every type which is consistent with the theory of

(
s^> a)aeA is realized in (31', a)aeA .
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Now we use (1 )
a times, and form an elementary chain 31

y , y < a, such that

each 31
y

is a model of T of power ft,

31
y
= when y is a limit ordinal,

and for all y < a, the condition (I) holds for 31 = 31
y , 3T = 31

y +i- Let 33

be the union 33 = (J y<a 31
y

. Then 33 is a model of T, and since a < ft, 33

has power ft.

We show that 33 is a-saturated. Consider any set X cz B of power \X\ < a.

Since a is regular, \X\ < cf(a), and it follows that there exists y < a such

that X c: 3(
y

. Then every type I(v) consistent with the complete theory of

the model (%, x)xeX is realized in (9I
y + 1 ,

x)xeX ,
and hence in (33, x)xeX .

But since 3I
y
< 33, the models (%,x)xeX and (33, x)xeX have the same

complete theories. This shows that 33 is a-saturated. 3

At this point we can already prove the ‘upward' half of Morley’s cate-

goricity theorem.

Lemma 7.1.7 (Upward Morley Theorem). Every complete theory T which

is categorical in power is categorical in every uncountable power.

Proof. Let T be categorical in power co
l

. Then T is stable in power at.

Since a>
x

is regular, T has a saturated model of power cj
{ .

Therefore every

model of T of power co, is saturated. By Lemma 7.1.1, all uncountable

models of T are saturated. Since T is complete, any two saturated models

of T of the same power are isomorphic. Hence T is categorical in every un-

countable power. H

Before continuing towards Morley's theorem, we can at this point derive

two corollaries about categoricity in power which are of interest.

Corollary 7.1.8. Let a be an uncountable cardinal and let T be a complete

theory which has infinite models. Then a necessary and sufficient condition

for T to be categorical in power a is that every model of T of power a is

saturated.

Proof. The sufficiency follows at once from the uniqueness theorem for

saturated models. To prove the necessity, we assume that T is a-categorical.

Let 31 be a model of T of power a. By Corollary 7.1.5, T is stable in power (O.

Thus, by Lemma 7.1.6, for every regular cardinal oj < a' ^ a, T has an
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a'-saturated model of power a. But since 51 is the only model of T of power

a (up to isomorphism), 91 is a'-saturated for all regular a', to < a' ^ a. If

a is a successor cardinal, then a is itself regular, so 51 is saturated. On the

other hand, if a is singular, then 51 is y
+
-saturated for all infinite y < a,

and so 91 is saturated by Proposition 5.1.1. H

Corollary 7.1.9. Suppose T is categorical in an uncountable cardinal a.

Then for every model 91 of T and every countable set X a A, the complete

theory of the expanded model (51, x)xeX is a-categorical

.

Proof. Let (53, yx )xeX = (51, x)xeX and let 53 have power a. Then the models

(5(, x ) xeX and (53, yx )xeX are both saturated models of power a; hence they

are isomorphic. -1

The next two lemmas concern atomic models of co-stable theories. Let

us recall that a complete formula, or atom
,
ot T is a formula tp(x

{
...

which is consistent with T and is such that for every formula (/c(x
t

... xn ),

either T 1= ^ or TV<p->~nl/. If tp(x
l

... xn )
is complete and

TV cp(x
{ ... x„) -> ... x„), we call <p an atom of t//. If i//(x

l
... xn ) has an

atom in T, it is said to be completab/e in T. The theory T is said to be atomic

iff every formula consistent with T is computable in T.

In Section 2.3, we only considered atomic theories in countable languages.

Now we shall need to study atomic theories in uncountable languages formed

by adding constants to .

Lemma 7.1.10. Suppose T is a theory in a countable language ff and T is

stable in power to. Then for every model 51 of T and every subset X c= A, the

complete theory of the expanded model (91, x)xeX is atomic.

Proof. Let 91* = (91, x)xeX ,
let Tx be the complete theory of 91*, and let

££x = u {cx : x e X} be the language of 91*. Assume that Tx is not

atomic. We shall obtain a contradiction. Since Tx is not atomic, there is a

smallest positive integer n such that there exists a formula ip(v
l

... vn ) which

is consistent with Tx and is incomputable. We shall first reduce the lemma

to the case n = 1.

Suppose for the moment that n > 1. Then the formula (3 v„)il/(v l ... vn )

has an atom tp(v
{

... Add new constants c
{ , ..., to f£x . Then

the set of sentences

Tx u i
••• e„-i)} = Tv
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determines a complete theory in ^x u {c, ... We claim that the

formula ^(c, ... c„_
j
vn )

has no atoms in T'x . For assume that 0(c, ... cn _ x
vn )

is an atom of ils(c
x

... cn _ x
vn ). Then

Tx h 0(c i
••• cn -\Vn )

-+ <A(c, ... cn . x
vn\

whence

Tx h q>(vi ... vn _ l
)Ad(v

l ... vn) - i//(v
l ... vn).

However, it is easily seen that the formula <p(v
x

... vn _ l ) aO(v x
... vn )

is

an atom of Tx ,
contradicting the assumption that ip(v

x
... v„) has no atoms.

This proves the claim that ... vn )
has no atoms in T'x . Now let

a
x , j

be elements of A such that $lx h (p[a
x

... an _ x ]. Then a
x

... an )

is a model of T'x ,
so the formula ij/(c

x
...

j
vn )

has no atoms in the com-

plete theory of (%*-, a
x

... an ).

We may assume hereafter that // = 1, so ip(v) is consistent with Tx and

has no atoms.

We shall use a binary tree argument. For every formula 0(v) which is

consistent with and incomputable in Tx ,
we may choose two consistent

formulas 0o (v) and 6
x
(v) such that

r* h0o -0, rA h0 1 -0, Tx hn(0o A0 1 ).

The formulas 0o (v) and 0
l
(v) are then still incompletable in Tx . Repeating

the process with i//(v
) as a starting point, we obtain a tree of consistent in-

completable formulas,

Let Y be the set of all constants x e X which occur in some formula of this

tree. Then Y is a countable subset of X. Let TY be the complete theory of

(9(, x)xeY- The tree has 2
W

branches, and each branch is a set of formulas

consistent with TY . Lt follows that TY has 2" types in v. By the compactness

theorem, TY has a model which realizes 2
W

types. Therefore T is not stable

in power cu, contrary to the hypothesis. H

Let us recall that a model is said to be atomic iff every «-tuple of

elements of A satisfies a complete formula in Th(2(). Also, is said to be

prime iff is elementarily embeddable in every model of Th(5f). Ln Section

2.3, we proved that every atomic theory in a countable language has a model
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which is atomic and prime. We now generalize this result to uncountable

languages. Later on we shall discuss the question of uniqueness of prime

models.

Lemma 7.1.1 1. Let T be a theory such that for every model 91 of T and every

subset X a A, the complete theory of the expanded model 91* = (9f, x)xe* is

atomic. Then for every model 9( of T and every subset X <= A, the complete

theory of 9f* has an atomic prime model.

Proof. We shall construct an elementary submodel of 9f* which is atomic

and prime. Let x be the language of 9f* and let ||^*|| = a. We shall find

a sequence ap , P < a • go, of elements of A such that:

(1) For all P < a • co, a
p

realizes an atom in the complete theory of

O'f* >
ay)y<p •

(2) For all n < co and every atom cp(v) in the complete theory of

(9f*, a
y )y<x . n ,

there exists 3 < a (n+ 1) such that as realizes cp(v).

This is done inductively. Suppose m < co and we have a sequence ap>

p < a • m such that (1) holds for all p < a • m and (2) holds for all n < m.

Let cpd(v ), 3 < a, be a list of all the atoms in the variable v for the complete

theory of the model (9f*, o
y )y<(Z

. m . Choose for aa . m an element of A which

satisfies cp0 (v) in (9f*, a
y )y<(X

. m . For the next step, we use the fact that the

complete theory of (9fY ,
a

y )y<a . m + l
is atomic. Therefore the formula cp fv)

has an atom cp\{v) in the complete theory of (9fY ,
a
y )y<0L

. m+ { .
(Note that

cpfv) itself is an atom for the complete theory of (9(Y ,
a

y )y<cc
. m ,

but perhaps

not for (91*, tf
y )y<a . m + 1 .) Now choose a

ac
. m + 1

satisfying cp[(v). We may

continue in this manner to obtain aa . m+d ,3 < a, such that (1) holds for

P < a • (m+ 1) and (2) holds for n = m. This completes the induction.

Now let 95* be the submodel of 9f* such that B = {a
p : p < a • co}. For

any formula cp(v) which is consistent with the complete theory ol

(91*, a
p )p<(x . (0 ,

there is an n < co such that all the constants c
p
occurring in

cp{v) appear before a ' n, p < a • n. Since the theory of (9f*, a
p )p<x . n is

atomic, cp(v) contains an atom cp'(y) in that theory. Then by (2) there is a

3 < a such that aa . n+d satisfies cp'(v ), and hence satisfies cp(v). But au . n+d is

an element of B. This shows that

(3) 93* <91*.

We first show that 93* is prime. Let C* = 93*. Since each a
p
realizes an
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atom in the complete theory of (93*, a
y )y<p ,

we see by induction that there

are elements ci
y
e C,y < a • a>, such that

(93* , Qy)y< a . 0}
= ((£* >

dy)y< % w .

It follows that the mapping a
y
-> d

y
is an elementary embedding of 93*

into (£*, whence 93* is prime.

It remains to be proved that 93* is an atomic model. To do this, we prove

by induction that for all fi < a • cj,

(4) for all <5j , ..., Sn < fi, the /7-tuple a
dl , ..., adn satisfies an atom in 99*.

Suppose (4) holds for all fi < y. If y is a limit ordinal, (4) obviously holds

for fi = y. Suppose y is a successor ordinal, y
= //+ 1. Consider

<5j, ..., <5„ < rj, and look at the (/?+l)-tuple aSi , ..., a3n , an
. By (1), a

n

satisfies an atom cp(v) in the complete theory of (9f*, a
p )p<n . Let cXl ,..., cXm

be all the constants appearing in cp(v). Then by our inductive hypothesis,

the {n + m)-tup\ea
di , adn , aXx , ..., aXm satisfies an atom 0(v

j
... vn u x

... um )

in the theory of 9f*. Moreover, the formula (p(v) may be written in the form

<p(vc
Xl ... cXm ), where (p(vu

x ... um )
is a formula in the theory of 91*.

For any formula ip(v) of (91*, a
p )p<n , one of the formulas

(Vy)(<p(r) ip{v))
9 (Vv)(<p{v) -+ n

holds in that model. Hence for any formula ... vn u l
... um ) of =£?*,

either

9f* 1= 0(v
x ... vn u l ... um ) - (Vv)((p(vu

l
... um )

- ij/),

or else

91* f= 0(v
t

... vn u l ... um )
-> ... um )

-» n xf).

It follows that the formula

d(t’! ... VH U l ... um )
A (p(vu

l ... Um )

is an atom in the theory of 91*, for the variables v, v l9 ..., vn , u t , ..., um .

Hence the formula

(3iCj ... ... I n U i
••• Um ^ACp(lU^ ...

is an atom in the theory of 91*, and this atom is satisfied by the elements

adl , ..., adn ,
a
n

. This completes the proof of (4) by induction. H

Combining the last two lemmas, we have the following:
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Corollary 7.1.12. Let T be a theory in a countable language such that T

is stable in power co. Then for every model % of T and every subset X a A
,

the complete theory of%x has an atomic prime model.

Lemma 7.1.13. Suppose T is a complete co-stable theory and 51 is an uncount-

able model of T. Then there is a proper elementary extension 53 > 51 such

that every countable set T(v) offormulas of ffA which is realized m h> 4 is

realized in 51 4 .

Proof. We first find a formula i/s(v) ot LfA such that:

(1) {b e A : %A \f[b]} is uncountable.

(2) For any formula (p{v )
of TfA ,

at least one of the sets

[be A :WA ¥ if /\q>[b]}, {beA:WA 1= ^ a n cp[b]}

is countable.

Suppose there is no such formula ij/(v). That is, for any formula <p(v) satis-

fied by uncountably many elements in 51^, there are two formulas cp 0 (v )

and (pfv )
such that

WA t<Po^><P> WAt<Pi^<P,

and (p 0 (v) 9 (pi(v) are each satisfied by uncountably many elements in ")iA .

Using a binary tree argument, we could then find 2
<J

types consistent with

Th(51x) for some countable X a A. But this contradicts the hypothesis

that T is co-stable. Therefore there is a formula of TfA satisfying (1)

and (2).

Now let c be a new constant symbol and let A be the set ot all sentences

(p(c) in <£
A u {c} such that all but countably many elements which satisfy

\J/(v) satisfy <p{y) in 51^. Then by (1) and (2), A is a complete theor\ in

ffA u {c}. Also, Th(51J a A. By the preceding corollary, A has an atomic

model

(53, a
,
c^aeA ,

and 51 -< 53. 53 is a proper extension of 51 because tor each a e A,

i

A t= ~i c = a.

ft

We show that every countable set T(v) ot tormulas ot ifA which is realized

in 53^ is realized in 51^. Suppose beB realizes T(v). Then b satisfies a

complete formula cp(cv) in the atomic model 53ylU {C}-
I* f°llows the
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completeness of A that

A 1= (3 v)(p(cv), A h (p(cv
)
-> y(v ),

for all y(v)el'(v). Since r(v) is countable, there is a countable subset

A 0 a A such that

A 0 1= (3 v)(p(cv), A 0 N <p(cv) -> y(v)

for all y(v)e r(v). Since each S(v), where S(c) e A 0 ,
is satisfied by all but

countably many elements which satisfy i//(v) in ty.A ,
there is an element

Cq e A such that (21,,, c0 )
is a model of A 0 . But then there is an element

d0 e A such that %A N (p(c0 d0 ), and hence d0 realizes r(v) in %A . This

completes the proof. 3

Theorem 7.1.14 (Morley Categoricity Theorem). Suppose T is a complete

theory in a countable language. IJ T is categorical in some uncountable power,

then T is categorical in every uncountable power.

Proof. Let T be categorical in the uncountable power x. By Lemma 7.1.1,

it suffices to prove that every model of T of power oj
1

is saturated. Let 21 be

a model of T of power . Since T is a-categorical, T is w-stable. Using the

preceding lemma a times and taking unions at limit ordinals, we obtain an

elementary extension > 21 of power x such that every countable set r(v)

of sentences of SfA which is realized in 23x is realized in %A . Since the oj-

stable theory T has an cu, -saturated model of power a and is a-categorical,

23 must be cu, -saturated. Consider any countable set Y c= A and any set

r(r) of formulas of Y consistent with Th(2f y ). Since 23 is -saturated,

T(r) is realized in 23 Y and therefore is realized in 2( y . tt follows that 21 is

(o
x
-saturated. 3

The above proof of Morley’s theorem actually shows a bit more, namely:

Corollary 7.1.15. Let T be a complete theory in a countable language and

let x > oj. If every model of T of power x is a>rsaturated,
then every un-

countable model of T is saturated.

The proof we have given for Morley's theorem is considerably simpler

than Morley’s original proof and is due to Baldwin and Lachlan. The two

key lemmas which were not available to Morley were the Lowenheim-

Skolem-Tarski Theorem for two cardinals and Lemma 7.1.13. On the other
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hand, Morley’s original proof gave a great deal of additional information

on co-stable theories which is of independent interest. One of Morley's ob-

servations is not hard to prove and concerns indiscernibles in stable theories.

A subset A of a model 91 is said to be totally indiscernible iff for any two

^-tuples x l9 ...,x„ and y i9 in X such that x
t # Xj and y\ ^ yj9

whenever i ± j, we have

(91, .Vj ... xf) = (•}(, ... yn ).

Note that if X is totally indiscernible in 91, then any simple ordering (X. < >

is indiscernible in 51.

For example, in an algebraically closed field any transcendental basis

is a set of total indiscernibles.

Theorem 7.1.16. Suppose 91 is a model of an oj-stable theory. Then any in-

finite set {X, < ) of indiscernibles in 91 is totally indiscernible.

Proof. Suppose (X, <) is indiscernible but not totally indiscernible. Then

for some formula (p(v
{

... v„) and some permutation n of {1, ..., n}, we have

51 h (p[x
l

... x„], 51 h n q>[xnl ... xj,

for all increasing /7-tuples x
x
< ... < xn in X. Since any permutation is

a product of transpositions of the form (/, / H-
1 ), we may assume that n

is such a transposition. By the stretching theorem we may assume that

<) is a countable dense ordering. Fix elements

x
x < ... < x

i
- l < x

i + 2 < ... < xn

in X
,
and let Y be the interval of <) between x

f _ {
and x

/ + 2 . Let

(p(yz) = <p(*i ... Xi-rfzXt + 2 ••• x„).

For each initial segment S of Y, the set of formulas

/» = {(p(yv) :yeS}v {n <p(yv)
:

>> 6 Y \ S}

is consistent with Th(91x ). Therefore 91* has 2
C)

types in v
,
contradicting co-

stability. H

In his original proof of the categoricity theorem, Morley developed a

way to classify formulas cp(v) in by giving each formula an ordinal called

its transcendence rank. The higher the transcendence rank, the greater the

‘complexity’ of the formula. The notion of transcendence rank has proved
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useful for other purposes. We present here the basic results of Morley and
then discuss some later applications.

We begin with the transcendence rank zero. Consider a model 91. A
formula (p(x) in d£A is said to be algebraic

,
or of transcendence rank zero ,

in VI iff cp(x) is satisfied by at least one but only finitely many elements in

VI. The degree n of (p(v) is the number of elements of A which satisfies </>(*).

Notice that each algebraic formula <p(x) of degree n is equivalent in

Th(V(J to a finite disjunction

x = d,v ... vx = an .

In particular, the algebraic formulas of degree 1 are equivalent to equa-

tions x = a.

Now let us consider a subset X c: A. An algebraic formula cp(x) in dfx
is said to be irreducible over X iff the set of consequences of cp(x

)
in Th(VfA )

is a type in dfx , i.e., is maximal consistent in dfx . A type Z(x) in Th(VfA )

is said to be algebraic over X iff it is the set of all consequences of some ir-

reducible algebraic formula over X. Similarly, an element a e A is algebraic

over X iff a satisfies some irreducible algebraic formula over X.

Lemma 7.1.17. Let X c: A and let (p(x) be an algebraic formula in d£'x .

Then cp(x) is equivalent in Th(V(A )
to a finite disjunction of algebraic ir-

reducible formulas over X.

Proof. Let a l9 ... ,
an be the elements of A which satisfy (p(x ). Choose a

maximal subset {b
{ , ..., bm )

c= {<?, ,
an }

such that the b
(

all realize dif-

ferent types in VfA . For each /, choose a formula \jzfx) in d£x which is satis-

fied by b
i
but not by any bJt j ^ /'. Then for each /, tpfx )

= <p(x) A\jj ,•(*)

is algebraic and irreducible over X, and

%x 1= <P*-> <Pi V ... v<pm . H

For example, let Vf be an algebraically closed field and let A" be a subfield

of VI. If p(x) is a polynomial over X with degree n and no multiple loots,

then the equation p(x) = 0 is an algebraic formula of degree n. The equation

p(x) = 0 is irreducible over X if and only if the polynomial p(x) is irre-

ducible over X. An element a e A is algebraic over X if and only if a belongs

to the algebraic closure of X. Because any two elements not in the algebraic

closure of X realize the same type in VfA ,
and if there is one such element,

then there are infinitely many.
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As a second example, let 51 be a dense ordering without endpoints and

let X c= A. Then, using the analysis of dense ordering by elimination ot

quantifiers in Section 1.5, we see that an element a is algebraic over X it

and only if a e X.

We now introduce the higher transcendence ranks. The idea is to ‘throw

out’ the algebraic formulas and look at what is left. It is convenient to work

with nq-saturated models.

Let 51 be an nq-saturated model. The transcendence rank of a formula

cp(x) of A is defined recursively as follows: cp(x) has rank a in 51, where a

is an ordinal, if and only if the set of formulas

(1) {<p(x)} v {~i <*(*) : (J
(
X )

has rank < a
/

of A is consistent and has finitely many maximal consistent extensions

in Th(5^). The number of maximal consistent extensions of the set of

formulas (1) is called the degree of a formula (p(x) of rank a.

The degree is thus always a positive integer. Algebraic is the same as

of rank zero, because cp(x) is satisfied by finitely many elements a
{ , ..., an in

51 if and only if it is consistent and has finitely many maximal consistent

extensions determined by the formulas x = a l9 ..., x = an .

Lf cp(x) is inconsistent with Th(5(
/1 )

we give it rank — 1. If <p(x )
is con-

sistent with Th(51^) but has no ordinal as a rank we give it rank oo.

If we let

Sa(x) = {n cr(x) : <x(x) has rank < a}

for each ordinal a, then the transcendence rank may be described as fol-

lows: S0(x) is the set of all valid formulas. A formula (p(x) is algebraic if

it is consistent with Th(5(
i4 )

and has only finitely many maximal consistent

extensions, ^(x) is equivalent to the set {x # a : a e A}. cp(x) has rank 1 it

<p(x) u S
{
(x) is consistent with Th(5I

j4 )
and has only finitely many maximal

consistent extensions. In general, we see that:

(i) . If cp(x) u S^x) is inconsistent with Th(5fx ), <p(x) has rank < a.

(ii) . If (p(x
)
u ^a(x) has finitely many maximal consistent extensions in

Th(5f
i4 ), (p(x )

has rank a.

(iii) . If cp(x) u Sx(x) has infinitely many maximal consistent extensions in

Th^^), cp(x) has rank > a.

(iv) . If (p(x )
u iSa(x) is consistent for all a, then cp(x) has rank oo.

(v) . Sa (x) is closed under consequences.

From the definition and following discussion, we see that:

Lemma 7.1.18. Let <p(x) and iA(x) beformulas of A .
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(i) . The rank of (p(x) vif/(x) is the maximum of the rank of (p(x) and the

rank of (//(x).

(ii) . If (p(x) and i//(jt) have rank y and 9^ N n ((p{x) Aip(x)), then the

degree of (p(x)w i{/(x) is the sum of the degree of cp(x) and the degree of

(iii) . Everyformula of rank y is equivalent in to a finite disjunction

offormulas of rank a and degree 1

.

(iv) . If there is a formula of rank a, a an ordinal
,
then there are formulas

ofevery rank ft < a.

It follows that the valid formula * = x has the largest rank. We call the

rank of x = x in 9( the rank of the model 91.

To complete our series of definitions, we let X be a subset of A. A formula

cp(x) in L/\ of rank y is said to be irreducible over X iff the set of conse-

quences of

{</>(*)} u ($«(*) n &x) ^ Th(%r)

is a type in Tfix . (Thus irreducible over A is the same thing as degree I.)

A type T(.y) in Th^l*) is of rank y. over X iff it is the set of consequences of

{cp(x)} u (Sfix) n &x ) u Th(^),

where cp(x) is irreducible over X and of rank a. An element a e A has rank

y over X iff its type in 91* does.

Llmma 7.1.19. Let X <= A and let (p(x) be a formula in x of rank y. Then

(p(x) is equivalent in Th(9( v )
to a finite disjunction oj irreducible formulas

of rank y over X. Moreover
, (p(x) is irreducible over X if and only if cp(x)

is irreducible over every finite X0 c X, where cp{x) is in Xo .

Proof. Like Lemma 7.1.17. H

Let us return to our examples. First let 9( be an algebraically closed field

and X a subfield of 9L The model 91 has transcendence rank 1, because the

set of formulas

Si(jc) = {x ^ a : a e A}

determines a type in Th(9l^). The formula x = x is irreducible of rank 1

over X. An element a e A has rank 1 over X if and only if a is not in the

algebraic closure of X.

The example where 9( is a dense linear order without endpoints is quite

different. In this model there are no formulas of rank 1, because it tp(x)
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is satisfied by infinitely many elements, then

{(/>(*)} u {x # a : a e A}

has infinitely many maximal consistent extensions in Th(5f^). Therefore

(p has rank oo and every element of /t\X has rank oo over X.

Here is an example of a model with rank 2. Let 21 = (A, £>, where E

is an equivalence relation with aq equivalence classes, each of power uq.

The formula E(av) has rank 1 for each a e A, because the set

{E(av)} u {b # v : b e A}

determines a type I(v) in Th(5(x ). The formula v = v has rank 2 because

{v = v} u {n E(av) : a e A}

determines a type in Th^I^), but

{v = v} u {b # v : b e A}

does not. Thus 2f has transcendence rank 2.

For each a < co l9 there are examples of theories whose models have

transcendence rank a.

We now prove that in two elementarily equivalent oq-saturated models,

the same formula has the same transcendence rank. This is the reason that

aq-saturated models are more convenient than arbitrary models.

Lemma 7.1.20. Let 51, 23 be co ^-saturated models
,
let X be a subset of A n B,

and suppose 21* = 23*. Then :

(i) . For any formula (p(x) in (p(x) has the same rank in 21 as in 23.

Thus 21 and 23 have the same rank.

(ii) . If the rank of cp(x) is an ordinal
,
then cp(x) has the same degree in

51 as in 23, and (p(x) is irreducible over X in 51 if and only if it is irreducible

over X in 23.

Proof. It suffices to prove the result in the case that X is finite.

(i). We prove by induction on a that for all oq -saturated models 51

and 23 and finite sets X, if 51x = 23* and <p(x) in Tfx has rank a in 51, then

it has rank a in 23.

Assume the result for all [l < a. Suppose cp{x
) has rank a in 51. Then

(p(x) cannot have rank < a in 23. We assume cp(x) has rank > a in 23 and

obtain a contradiction. The set of formulas

Th (23 b ) u Sfx) u {(p(x)}
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has infinitely many maximal consistent extensions. Therefore for some

countable set C with X cz C <= B, the set

Th (S8C) u (Sa(x) n <?
c) W(x)}

has infinitely many maximal consistent extensions in 2£c . Since 5f is co,-

saturated, there is a mapping/ : C -> A such that f{b) = b for beX and

(^5 ftybeC = (53 * b)bec
To simplify the notation, we may assume that C c A n B and 5(c = 33c .

By inductive hypothesis, the set of formulas Sa(x) n is the same with

respect to 51 as with respect to 53. Since Sa(x) is dosed under consequence,

it follows that

Th(9l^)u S,(x)v {</>(*)}

has infinitely many maximal consistent extensions. This contradicts the as-

sumption that (p(x
)
has rank a in 5L Therefore <p(x) also has rank a in 53.

(ii). The proof is similar to (i). H

Corollary 7.1.21. If the rank of cp(x) in 51 is an ordinal a, then a < (2
W
)

+
.

Proof. There are only T° theories of saturated models %x ,
X countable.

Therefore there are only 2
(:>

different ranks of formulas. H

Lachlan (1971) has improved the above result to a < oj
1 .

We now characterize cu-stable theories in terms of transcendence rank.

By the above lemma, any two oq-saturated models of a complete theory T

have the same rank. We call this rank the rank of T. T is called totally

transcendental iff its rank is an ordinal, rather than co.

Theorem 7.1.22. Let T be a complete theory.

(i) . T is co-stable if and only ifT is totally transcendental.

(ii) . If T is totally transcendental, then its rank is a countable ordinal.

Proof, (i). First assume T has rank oo. Let 51 be an o^-saturated model

of T and let 5(x) = (J a 5a (x). Then S(x) is consistent and S(.x) = S
fi
(x)

for some [1. For every formula cp(x) consistent with S(x)n Th(5fx ), the set

{cp(x)} u S(x) u Th(51x)

has infinitely many maximal consistent extensions. Using a tree argument.
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we can then find a countable set C <= A such that Th(5fc )
has 2

C>
types.

Therefore T is not co-stable.

Now assume T has rank < oo, and let be a model of T and X a count-

able subset of A. We may assume 21 is co rsaturated.

Let I(x) be a type in Th(2Ty). Each formula cr(x) in r(x) has an ordinal

rank. Let cr(x) be a formula in I(x) of minimal rank a. Since o(x) is a finite

disjunction of irreducible formulas over X, we may assume that cj(x) is

irreducible over X. Then T(v) is the set of all consequences of

o(x) u (Sa(x) n ffx) u Th(^).

Since there are only countably many formulas in Sfx and each type is de-

termined by a formula as above, there are only countably many types in

Th(2y. Hence T is co-stable.

(ii). Let T be co-stable. Then for each n, T has only countably many

complete extensions in the language 2Z u [c
1 , ..., c„}. The rank of a

formula cp(xa
Y
...an ) in an aq-saturated model 2( of T is completely determined

by the theory of (21, a
{

... an ). Therefore there are only countably many

ranks of formulas in 9L Thus T has rank less than co
l

. -I

As an application of transcendence rank, we show that every uncountable

model of an co-stable theory has indiscernibles.

Theorem 7.1.23. Let T be a complete co-stable theory. Then every model

3f of T ofpower cc > co has a set of total indiscernibles ofpower a. In fact , if

Y, Z a A and |T| < |Z| = a, then has a totally indiscernible set X <= Z
ofpower a.

Proof. We may assume that 31 is cn
l
-saturated, since s

^( has an a^-saturated

elementary extension of power a. Let /i be the least ordinal such that there

is a formula cp(x) in A of rank p which is satisfied by a elements of Z.

Thus 0 < p < co
x

. There is a formula cp(x) of rank P and degree 1 which is

satisfied by a elements of Z. For any set Y' a A of power
\

Y'\ < a, there

are fewer than cc formulas in of rank < p , and each one is satisfied by

fewer than a elements of Z. Therefore the set

Sy(x) = {<?>(*)} U (sa(x) n Spy)

is satisfied by a elements of Z. We may assume that all the constants of

cp(x) belong to Y. Then for each Y' => Y, the set Sr (x) determines a type
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of Th(5I r ). We may choose elements

a0 ,
a

| , . . • ,
Oy ,

... 5 y ^ otj

such that each a
y
belongs to Z and realizes the set

s Yy(
x)> Y

y
= Y u : <5 < y}.

Let X be the set {a . : y < a}. We shall prove that X is a set of indiscernibles

in W y . It suffices to show that <Z, <> is indiscernible, where as < a
y

if!'

S < y. We show by induction on n that for all y, < ... < yn < a and

<5, < ... < S n < a, we have

(
S
^(y Qy l

... ••• ^

d

„)•

Assume this holds for n and let

Y — y CJ » •••» Qyn

Y" = Y u {<*<,,

,

Then

0(«y, ••• Sr(x)

if and only if

0(adi ... a6n x)eS Y'.(x).

Thus, for each yn+1 > yn and Sn+l > Sn , the following are equivalent:

\Hy N ... Cly
n
Clyn+ ^ ,

Th(5(y.) u Sy.(x) h 0(a
yi

... a
yn

x);

Th(tCy») u Sy»(x) h 0(a
3l

... a dn x);

^(y h 0{u3 J
... +

This shows that

(%a
yi

... a
yn)

= Cifyfli, ... aSn). H

Shelah used transcendence degrees to study prime and atomic models

of ca-stable theories with extra constants. We proved in Corollary 7.1.12

that if T is CD-stable, then for every model of T and every set X cz A,

Th(9(*) has a prime atomic model. Shelah proved the following, which

answered a question of Sacks.

7. 1 .24. Suppose T is co-stable
,
$1 is a model ofT, and X c= A

.
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(i) . Th(91*) has a unique prime model up to isomorphism.

(ii) . A model o/Th(9{*) is prime if and only if it is atomic and has no

uncountable set of indiscernibles.

The rough idea of the proof is to build an isomorphism between two

prime models by a back and forth construction using an induction on the

ranks of elements over X.

Morley’s work is the starting point for a highly developed study of stable

theories and categoricity. We shall not go further into the subject in detail.

However, we shall briefly indicate some of the high points of the theory.

Morley’s theorem was extended to uncountable languages by Shelah

(1971a), who proved (extending earlier work of Rowbottom and Res-

sayre) that:

7.1.25. If a complete theory T is categorical in one cardinal greater than

\\&\\, then T is categorical in every cardinal greater than \\^\\.

Concerning theories T which are categorical exactly in the cardinal

\\ST\\, the following results are known:

7.1.26. Suppose T is a complete theory in a language ofpower a such that

either

(i) . a = a
t0

,
or

(ii) . a is regular and co < a < 2
W

.

IfT is categorical in power a, then T has a model ofpower < a, and, in fact,

there are fewer than a nonequivalent formulas with respect to T.

Case (i) is due to Shelah and case (ii) to Keisler. Together they show

that every -categorical theory in a language of power co
l
has a countable

model. Added in proof: Shelah has recently proved 7.1.26 assuming only

oc > (o instead of (i) or (ii).

Returning to countable languages, Baldwin and Lachlan obtained the

following result concerning countable models of -categorical theories.

7.1.27. Suppose T is an a> ^categorical theory in a countable language. Then

T is either co-categorical or T has exactly countably many countable models

up to isomorphism. Moreover
,
all countable models of T are co-homogeneous

.

As a by-product of the above theorem, Baldwin and Lachlan gave a

characterization of co
l
-categorical theories in terms of countable models.
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To state the result, we introduce some notation. Given a model s
7t and a

formula (p(x) in the language A ,
let </>(2f) be the set

(p($l) = [a e A: a satisfies ip{x
)
in 9

(

A }.

7.1.28. Let T be a complete theory in a countable language. Then T is oq-

categorical if and only if the following two conditions hold :

(i) . T is stable in power co.

(ii) . For every pair of countable models 91, $8 of T with s
7(

s
43, if <p(x)

is aformula of FfA and (p(%I) is infinite, then (p($l) ^ (p (^& ).

The necessity of (i) and (ii) for -categoricity was already known, and

the sufficiency was proved by Baldwin and Lachlan. The necessity of (i)

is given in Lemma 7.1.4 (due to Morley), while the necessity of (ii) follows

from Vaught’s two-cardinal theorem in Section 3.2.

The notion of a stable theory in powers other than co has also proved to

be fruitful. Shelah and Harnik (see Shelah, 1 97 Id) showed that:

7.1.29. If a complete theory 7 is stable in power a, then 7 has a saturated

model ofpower a.

Shelah has classified theories by the cardinals in which they are stable.

7.1.30. For every complete theory T in a countable language
,
exactly one oj

the following happens :

(i) . T is stable in every cardinal a ^ 2".

(ii) . T is stable in power a ifand only if a = a
w

.

(iii) . T is not stable in any infinite cardinal.

T is called superstable if (i) holds, stable if (i) or (ii) holds (i.e., T is stable

in some a), and unstable if (iii) holds. Note that cu-stable implies super-

stable.

Example 7. 1 .3 1 . The theory of countably many independent unary

relations is stable in power a if and only it a ^ 2°. So this theory is super-

stable but not co-stable.

Example 7.1.32 (Shelah). Here is a complete theory which is stable but

not superstable, i.e. has property (ii): The language has countably many

binary relations E0 ,
E

{ ,
E2 ,

and the axioms state that:

(i). Each En is an equivalence relation with infinitely many classes,

En+l {x,y) -» En(x, y).
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(ii). Each class of En is the union of infinitely many classes of En+i .

The following theorem of Shelah gives a characterization of unstable

theories which does not involve cardinals.

7.1.33. A complete theory T is unstable ij and only if there is a formula

cp(x
{

... xny x ... yn )
= <p(xy), a model % of T, and an infinite set X c: A"

such that the relation

{<x, y> : x,y e X and % f= cp[x, y]}

simply orders X.

For example, we see that the theory of dense order without end-points

is unstable, and so is the theory of atomless Boolean algebras.

Finally, there is a number of results and open problems about the number

of nonisomorphic models of a complete theory in a given power. We state

one result of this type, due to Shelah, which is at the opposite extreme from

Morley’s theorem.

7.1.34. Every complete unstable theory in a countable language has X non-

isomorphic models in each cardinal a > co.

Here are four unsolved problems of particular interest. They can be

stated most strikingly as conjectures, but we do not necessarily predict

that the conjectures are true.

Let T be a complete theory in a countable language 2X, and let /T (a)

be the number of nonisomorphic models of T of power a.

Conjecture A (Morley). If co < a < /?, then fT (a) ^ /T (/?).

Conjecture B (Vaught). IffT {to) > co, then fT (co) = 2
C0

.

(Morley (1970) has shown that iffT(co) > o) l9 then/r (co) = 2
W
.)

Conjecture C (Anonymous). Suppose T is a complete finitely axiomatizable

theory. Then :

(a) T is not co^categorical;

(b) T is unstable.

If is a sublanguage of we say that T is a-saturated over ^0 ift

for every model of T, if the reduct of 91 to 2X0 is a-saturated, then is

a-saturated. Thus T is a-saturated over the pure identity language J^o = 0
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if and only if every model of T of power ^ a is a-saturated. Morley's

categoricity theorem shows that:

If T is a-saturated over If0 = 0 for one uncountable cardinal a, then

T is /^-saturated over If0 for every uncountable p.

On the other hand, it is proved in Section 5.4 after Proposition 5.4.1 that:

For every successor cardinal coa+1 ,
the theory of real closed ordered

fields is oja +
, -saturated over the language If0 = {^}. This suggests the

following general conjecture.

Conjecture D (Chang). If T is coa+ ^-saturated over f0 for some a, then

T is (Dp + ^-saturated over If0 for every p.

Exercises

Unless we specify otherwise, assume the language f is countable.

7.1.1. Prove the following directly from Lemmas 7.1.1, Corollary 7.1.5, and

Lemma 7.1.6: Any complete theory T which is co, -categorical is categorical

in every uncountable power.

7. 1 .2. A class K of models for If is said to be a-categorical iff K has a model

g K of power a, and any two models of power a in K are isomorphic.

Prove that if T' is categorical in power a in an expansion f of the language

If, then the class K of all reducts to If of models ofT is a-categorical.

7.1.3*. Give an example of a PCj class of models of f (see Chapter 4)

which is categorical in power but not in power oj, .
(Jf is countable.)

7.1.4*. Prove that every PCA class (in a countable language) which is ojr

categorical is categorical in every uncountable power.

[Hint: First try assuming 2
0> = co

{
and use the proof of Lemma 7.1.1.

In general, also use the proofs ol Corollary 7.1.5 and Lemma 7.1.6.]

7.1.5. Prove the following stronger form of Lemma 7.1.1. Let T be a

complete theory of If and let r0 (r), Z 1 (y), ... be sets of formulas in v. If

every model of T of power cuj which omits Z 0 (r), Z {
(v), ... is homogeneous,

then every uncountable model of T which omits Z0 (v), Z {
(v), ... is homo-

geneous. (Compare with Exercise 5.1.15.)

7.1.6. Let T be a complete theory and let K be the class of all models of

T which omit Z0 (v), Z l
(v), — Prove that if K is co

j
-categorical and eveiy

s
2( 6 K of power co

l
is homogeneous, then K is categorical in every uncount-

able power.
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7.1.7*. Give an example of a complete theory in a language with N 0+1

symbols which is categorical in power N
(t)
but not in any larger power.

7.1.8. Give an example of a complete theory in a language with a symbols

which is categorical in every power ft > a but is not categorical in power

a (for each infinite cardinal a).

7.1.9. Suppose that a theory T in ^ is stable in power co and 51 is a model

of T. Prove that for every countable set X <= A, the complete theory of

(5(, x)xeX is stable in power co.

7.1.10. Prove that Example 7.1.31 gives a complete theory which is stable in

every power a ^ 2
W but is not stable in power co. Thus the converse of Lem-

ma 7.1.4 fails.

7.1.11. Show that a theory T is stable for types in one variable iff it is stable

for types in finitely many variables. That is, if T is stable in power a, then

for every model 51 of T, every X <= A of power a, and every n < co, 51

realizes a types in v
x , ..., vn .

7.1.12. For each of the examples of co r-categorical theories given in the

text, find an infinite set of indiscernibles in a model of power co
x

.

7.1.13*. Let (p(v
l

... vn ) be a formula, 51 a model, and X an infinite subset

of 51. Suppose that for every sequence x l9 ..., xn of distinct elements of X
there is a permutation n of ( 1 , ..., n} such that exactly one of

51 b ... ^1 b

holds. Then the complete theory T of 51 is not stable in power co, whence

T is not corcategorical.

[Hint: Use Ramsey’s theorem.]

7.1.14*. Let T be a complete theory and let K be the class ot all models of

T which omit T0 (z;), Ei(v), .... Assume that a > co and:

(i) . K is a-categorical;

(ii) . every countable model in K has arbitrarily large elementary exten-

sions;

(iii) . every model of K of power a is coi-homogeneous.

Prove that K is categorical in every uncountable power, and every uncount-

able model of K is homogeneous.

[Hint: Use the methods of this section and Section 7.2.]

7.1.15*. Let T be a complete theory and let (p(u ,
v) be a formula. Let 5(
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be a model of T. Suppose (hat for all n < oj there exist elements w,
,

uneA
such that

% h (Vv)((p(u
l
v)v ... vcp(un v)),

but for all m < n,

5fhn(Vu) V (p(u
p
v).

1

p^m

Prove that T is not co, -categorical.

[Hint: Use Ramsey’s theorem.]

7.1.16*. Let T be a complete theory in and a an uncountable cardinal.

Suppose that for every model 5f of T of power y. and every finite set X a
the model (5f, x)xeX is a

4
-universal. Prove that T is categorical in every

uncountable power.

7.1.1 7*. Suppose T is categorical in power a>, . Then every countable model

51 of T has a proper elementary extension 53 such that:

(i) . 53 is prime over 5(, i.e., for every proper elementary extension (£ of

5(, (53, a)aeA is elementarily embeddable in ((£, a
)aeA ;

(ii) . 53 is minimal over 5f, i.e., if 5( < (J -< 53, then 5f = d or 53 = C£.

7.1.18*. If T is oj,

-

categorical, then T has at most cu nonisomorphic count-

able models.

7.1.19**. 11 T is a complete theory which has uncountably many types,

then T has 2
W1 nonisomorphic models of power cu,

.

7.2. An extension of Ramsey’s theorem and applications; some two-cardinal

theorems

We introduced the notion of indiscernibles in Section 3.3, and have made
use of this notion in Section 7.1. The main results on indiscernibles were sta-

ted and proved in Section 3.3, and they depend, at least for the existence

of models with indiscernibles, on Ramsey's theorem (Theorem 3.3.7).

The omitting types theorem (Theorem 2.2.3) gives a sufficient condition

for a (countable) theory to have a (countable) model omitting a type I.

This theorem is definitely false if the language ^ is not countable or if we

require that Thas a noncountable model omitting T. It was first discovered

by Morley (1965b) that the method of indiscernibles allows us to construct

arbitrarily large models of T which have indiscernibles and omit a type T,

provided that T has sufficiently large models omitting I to start with. He
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observed that the simple Ramsey theorem for countable sets no longer suf-

fices, and what is needed is an extension of Ramsey’s theorem first proved

by Erdos and Rado (1956). This new method also enabled him to deduce

rather easily a two-cardinal theorem of Vaught. This new line of approach

of constructing models using the result of Erdos and Rado will form the

substance of this section. We have decided to include in this section a two-

cardinal theorem of Chang, which does not use indiscernibles, but does re-

quire the notion of saturated models introduced in Section 5.1.

Our first task is to state and prove the partition theorem of Erdos and

Rado. Recall from Section 3.3 that [X]
n

is the set of all //-element subsets of

X. If a is an infinite cardinal, then, as has been introduced elsewhere in the

book,

-o(a) = a,

3« + 1
(a) = 2

3<(a)
,

-MX) =

if // is a limit ordinal different from 0.

When a = co, we simply write 2* for ^(co). The generalized continuum

hypothesis is, of course, equivalent to the assertion 2. = N, for all ordinals

Theorem 7.2.1 (Erdos and Rado). Let a be an infinite cardinal and let n e co.

Suppose that

m > =„(«), |Xr‘<=UwC„ m < a.

Then there are a subset Y a X and an i e I such that

j

T
j

> a and [y]"
+1

c= C,.

Proof. The theorem is proved by induction on n. The case that // = 0 follows

from the pigeonhole principle: If more than a elements are divided into a

classes, then some class must contain more than a elements. Let n > 0 and

assume the theorem is true for n— 1. We may suppose that / c= X and that

C, n Cj = 0 if i ^ j. Let R be the (/7 + 2)-placed relation on X defined by

/?(x0 ... xn i) iff i e I and {x0 ... e C,.

Form the model

= <A\ R, i) ieI
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Let us say that an elementary submodel < VI is p-saturated relative to VI

ilT for every Z c= B of power |Z| < /?, every type I(v) which is realized in

(VI, b)heZ is realized in (V3, h)beZ .

We claim that VI has an elementary submodel V3 of power 3„(a) such that

1 cz B and S3 is
y
(a)

+
-saturated relative to VI. The proof is like the proof

of the existence of p
+

-saturated models of power 2P . We need only form an

elementary chain

y < n«- 1
(a)

+

such that 1 <= B
() ,

each S3
y
has power 3

w (a), and for all Z c= B, of power

3„_i(a), every type !(r) realized in (VI, b)bBZ is realized in (S3./+1 ,
b)beZ .

This is possible because there are at most 3„(a)
3 " - 1<7)

* 2
3"' l(y) = 2„(a)

such sets Z and types Z(v) at stage y.

Since VI has power > S3 is a proper submodel of VI. Choose an ele-

ment c e A B. We then form a sequence

y < 2„-i(a)
+

of elements of B such that for all y, b y
realizes the same type as c in (VI, bd )5<y .

All the b
y
are distinct because B. Let U be the set of all br Then L has

power n
/J
_,(a)

+
. Partition [(J]

n
into disjoint sets D h i e /, as follows: for

To < ••• < yn -i < 3n-i(«)
+

>

{b
yo K-,} e D, iff {byo in —

1

f} eC,

By the induction hypothesis for n— 1, there is a subset Y c= U ot power |T|

> a such that for some / e /,

[y]
n

<= d
,

Then for any y 0 < ... < yn _ x < y„,

{^yo ’
by

n _ ,
, L

/
£ C; .

Since b.,
n
realizes the same type as c in (VI, b5 )d<y ,

we have

{b
yo > •••> by

n }
6 C,-

.

This shows that

[y]"
+1

c= C
f

. H

We next state and prove Morley’s theorem on omitting types of elements

in its simplest form, leaving various ramifications of the result to the exer-

cises. Let Jf be a countable language, T be a theory in if
,
and I(v) be a set

of formulas of T in the single free variable v. Recall that a model VI of T
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omits Z iff for all a e A it is not the case that 31 1= I [a]. Or, equivalently, for

all a e A, there is a o(v) e Z such that 31 ¥ n a[a].

Theorem 7.2.2 (Morley’s Theorem on Omitting Types). Let JF, T, Z be as

in the above. Iffor each cardinal 3^, £ < coj, T has a model ofpower greater

than 3* omitting Z, then T has a model omitting 1 in each infinite power.

Proof. For £ < a> ls let 3t$ = ...) be a model of T of power greater

than 3= omitting Z. Let be an expansion ofFF with built-in Skolem func-

tions and let T* be the extension of T to by adding all axioms for the

Skolem theory. Clearly, by results of Chapter 3, each 3f<* has a corresponding

expansion to 31*. Then for all £ < c^,

(1 )
for all a e A*, there is a o(v) e Z, such that 31* ¥ i a[a].

Since FF is countable, FF* is still countable. Thus, let

^0 ’ hi •••» •••» ^ ^

be an enumeration of all the terms of We may assume that tn has pn

places, and that each term tn is in the variables vu ..., v
Pn

. Let c l9 c2 , ... be

new constant symbols, and let FF = FF* u {c
l , c2 , ...}. We wish to prove

the following: There is a sequence

(2) a0 (v), ..., <rn(v), ..., rceco

of formulas of Z such that the following set T of sentences ofFF is consistent:

(3) the set T*,

and the sentences

“i Oniricix
... cipJ),

whenever i\ < i2 < ... < i
Pn < co,

n (Ci = c
7 ), whenever i < j < co.

The proof of the existence of the sequence (2) and the consistency of (3)

is by induction on n, and follows from an auxiliary induction given below.

We assume that each set A* is simply ordered in some manner by <. (The

context will make it clear whether we are referring to <* or to <
n .)

We
prove by induction on n :

(4) There are formulas cr0 (v), ..., crn _ fv) e I, and a cofinal subset Fn of

tOj, and a sequence of subsets X* a A^, £ e Fn , such that, for each

£ e Fn ,
we have

(i)
. \Xf\ > 3 where £ is the 2th-element of Fn ,

and

(ii) . for each m < n , 31^ 1= n C7m [/
L

l
„(jc

1 ... xPm)] whenever

x
Y < ... < xPm are in X
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The statement (4) is obviously true if we take n = 0, F0 = Wj, and X « = A*.

Then (4) (i) holds, and (4) (ii) holds vacuously. Assume therefore that

(4) holds for/?, namely, we have found o0 , ...» a„-i, Fn ,
and X £ e Fn ,

that

satisfy the conclusions (4) (i) and (ii). Consider the term tn(v l
... v

pn ). As-

sume first that I. We first form a subset Gn of Fn by omitting all elements

of F„ which cannot be written as // + (/?„- 1
)(in the sense of the natural order-

ing on F„). Thus

Gn = {£ e Fn : there is an r\ e Fn such that (£\»/) n Fn has exactly pn
-

1

members}.

Gn is still cotinal in oj 1? and, furthermore, for £ e Gn ,

(5) |A^| > ^A + Pn -i if £ is the element of G„.

Since omits I, we see that whenever x
{ < ... < x

Pn
are from X

i9

it is not the case that h 2'(c(x, ... x
Pn)).

So there is a cr(r) e I such that

(6)
21* ... xPn)].

Remember that I is countable, so (6) represents a partition of [X*] p '' into

a countable number of pieces. Since (5) holds, we may use T heorem 7.2.1

to find a subset Y, <= X
(
such that

(?) mi > if { is the /.th element of G„,

and

(8) there is a a el, call it o\, such that

h n ^[^(x! ... xj] whenever x, < ... < xPn
are from T*.

(7) and (8), of course, hold for each ^eG„. Since |G„j = and

|{or^
: £ e Gn }\

= co, we see that by (8),

(9) there is a formula a el, call it on ,
and a cofinal subset Fn + l

ol G„

such that for each £ e F„ + 1 ,

2f* h "i ^[^(Xi ... xj], where x, < ... < xPn
are from Y*.

Since Fn+l c= G„, it follows easily from (7) that

(10) .|Y
{ |
> n

;
if £ is the Ath element of Fn+1 .

Since each Y « c A",, we see that (9) and (10) show that the tormulas u0 ,
...,
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<7„, the set Fn+U and the sequence Y& ( eF„ +1 ,
satisfy the conclusions of

(4). if Pn = 0, then tn is the interpretation of a constant element in each

9(*, £ € Fn . From this we can easily find a cofinal subset Fn+1 c= Fn such that

(9) holds. So (4) is proved.

We now take the sequence ot formulas in (2) simply as the sequence of

formulas given to us by (4). The consistency of the set (3) now follows

easily by compactness. For suppose A is any finite subset of the set (3).

It will contain some term /„ for a highest n. Now take any c e Fn + l
. Since

X

*

is an infinite subset of A*, the model 51* is more than adequate to show

the consistency of A.

Finally, let a be any infinite cardinal, and let FF' be the language

FF* v {c* : £ < a} with new constant symbols c*, £ < a. Let T be the set

of sentences of FF’ given by:

the set r*;

all sentences n an(tn(c^ 1
... c*

p ))
with <cPn

<a;

all sentences n (c^ = c
n)

with c < rj < a.

Then a simple argument using the consistency of (3) shows that 7 is

consistent. Let S3' = ...) be any model of T\ and let C be the set ot

all interpretations of c ^ < a, in 33'. Let ^8 be the model for SF (the

original language) obtained from the Skolem hull §(C) of the set C in s8 .

Several facts are evident. Since |C| = a and is countable, the model ''-b

has power exactly a. 33 is an elementary submodel of 33' (in the sense ot if
),

whence 33 is a model of T. We now prove that 33 omits I. Each element

b e B is obtained from the set C by applying a (Skolem) term tn to a sequence

x l9 ..., xPn
from C. We may suppose that b = /„(*! ... xPn ) and x lt ..., xPn

are interpretations of c
{l , ..., c

ipn ,
with t)l < ... < £Pn < a. From the

definition of T\ we see that

33' b n (7nltn(x l
... x

Pn)],

whence

33 b i <yn [b]. 3

The idea behind the proof of Theorem 7.2.2, once understood, is quite

simple. We shall now amplify the basic idea in a number of remarks. The

reader is asked to check these remarks in the exercises.

The first remark is that Theorem 7.2.2 remains true if the set ot formulas

I(v) is replaced by a set of formulas ... vm )
in the variables v l9 ..., vm .

The required changes in the proof are minimal. We simply replace the
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sequence

of all terms of J?
7* by a sequence enumerating all w-tuples of terms of J?

7

*.

The variables occurring in an w-luple of terms may be ordered in an

arbitrary fashion. From this point on, the proof may be repeated almost

word for word.

Secondly, we could have easily required that the constants cn occurring

in (3) be indiscernible in the sense of Section 3.3. To do this would only

require one or two additional steps and will not complicate the proof very

much. Thus the conclusion of Theorem 7.2.2 can be strengthened by saying

that in each infinite power a, T has a model of power y. which omits I and

has a set of a indiscernibles.

The third remark is that in Theorem 7.2.2, we may replace the single set

of formulas I by any countable set S of sets of formulas of If we specify

that omits S is to mean that omits I for each I e S, then Theorem 7.2.2

can be reworded, with 5 replacing I. The sets of formulas in S may be in

different numbers of free variables. The truth of this remark depends on the

fact that S is countable and that the proof of condition (4) in Theorem

7.2.2 involves only a finite induction.

What happens to Theorem 7.2.2 when is no longer countable, or when

is replaced by languages broader than the ordinary first-order language,

will be touched upon in the exercises. There is, however, one case of the

nonclassical languages which deserves to be pointed out here. Suppose that

is a countable language which has among its symbols a unary relation co

and constants 0, ..., n e co. An co-model is a model for Jf, in

which co is interpreted by co and each n by n.

Corollary 7.2.3. Let T be a theory of Lf . Suppose that for each cardinal

{ < ctfj, T has an co-model of power greater than a.. Then T has an

oi-model in each infinite power.

The proof of Corollary 7.2.3 is immediate when we consider the set of

formulas

I = {co(i;), v 0, ..., v ^ n
, ...}.

if we introduce the ordering relation ^ on co into an cu-model and require

that < be standard, then we obtain the notion of an co-standard model.

For co-standard models, Corollary 7.2.3 can be improved if T is a single

sentence. (See Exercise 7.2.7.)
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Before we go on to exploit the idea of Theorem 7.2.2 in an application

on two-cardinal theorems, we give two counterexamples in the next two

propositions. The first example shows that Theorem 7.2.2 cannot be im-

proved, and the second example shows that the exact analogue of Theorem

7.2.2 for languages with a symbols, where a ^ co and cf (a) > co, will fail.

Thus Theorem 7.2.2 is false if we replace co, co
l
by c» l9 oj 2 everywhere.

Proposition 7.2.4. Let f be an infinite ordinal. Then there are a language

with |{ |

symbols ,
and L and T of £? such that T has a model of power ^

omitting I but has no model ofpower exceeding 3* omitting 1.

Proof. This proof is a generalization ol the idea behind Proposition

3.2.1
1

(iii). Let LP contain the following symbols:

constant symbols cA for A ^ f

;

two binary relation symbols < and P, and a unary symbol U;

a 3-placed relation symbol Q.

Let I(T) be the following set of formulas:

L = U(v) u {v c
;.

: A ^ f}.

Let T be a set of sentences of which expresses the following:

(i) . cA < if 2 < // ^ f ;
U(ck) if A ^ f;

(ii) . < is a simple ordering relation on U
(for convenience, let Px denote the set {y : P(v:_f)});

(iii) . Px c P
y

if x < y;

(iv) . PCQ is the set {* : x < cw}\

(v) . Pr „ is the universe of the model;
' ' c s * .

(vi) . if xeS and x has no immediate predecessor, then Px =

(vii) . if * e S and x has an immediate predecessor y, then

(Vuv)[P(xu)aP(xv)au v -» (3w)(P(yw) ah (Q(ywu) Q(ywv)))].

Note that except for the infinite number of sentences of condition (i),

the rest of the sentences of T, namely (ii)-(vii), can be put in a single sentence.

Let 91 now be any model of T omitting L. This means that the interpretation

of < on 91 is isomorphic to the natural < relation on the ordinal f+1.

Using conditions (iv)-(vii), we can prove by induction on A ^ p that

| the interpretation of Pcx
in 9X| ^ 2

A .
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From this and (v) we see that \A\ By interpreting c

^

by £ and P4+I
by S(P «), we can obtain a model 91 of T such that has cardinal exactly

3* and 9( omits I(v). H

The ideas of Proposition 7.2.4 can be sharpened and refined to obtain

the following:

Proposition 7.2.5. Let a he an infinite cardinal such that cf(a) > oj. Then

there is a language Tf with y. symbols, and I, T of such that T has a model

ofpower 3^+ omitting I, hut has no model ofpower greater than 3
1 + omitting

I.

Proof (in outline). Let contain at least the symbols ck , X < x, U,

and a binary <. As before, let

I = U(v) u {p f: c} \ X < a}.

Before describing T in detail, we let T have at least the sentences

(i) . c*A < c
M

if X < p < a; U(cf) if X < a;

(ii) . < is a simple ordering relation on U.

Thus any model of T which omits I will contain the standard ordering

< on a. To complete the description of T, we first assert that the following

ideas are expressible in (with the addition of a number of finitary relation

symbols):

(p
x
{r) : r is a simple ordering relation on a;

cp 2 (f) : r is a well ordering relation on a.

Let R denote the collection of those r such that <p 2 (r).

R is well ordered by the initial segment relation;

to each r e R there corresponds a subset Pr \

the sets Pr ,
r e R, satisfy conditions (vi) and (vii) of Proposition 7.2.4.

All of these, except for <p 2 (0> are routine, and we ask the reader to provide

a proof of Proposition 7.2.5 in [Exercise 7.2.9. To show that (p 2 (r )
is

expressible in
, we need to know the following special fact depending

very much on cf(a) > co and a being a cardinal:

r is a well ordering of a iff r restricted to any X < a is order isomorphic

to some ordinal p < a.

This should be enough of a hint. H
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We now turn our attention to some more results tor the two-cardinal

problem, first introduced in Section 3.2. Recall that it a ^ ^ co, then

a theory T is said to admit the pair (a, p) iff T has a model M = (A, V, ...),

where \A\ = a and
|

V\ = p. We remind the reader that, apart from the

collection of results in Section 3.2 (in particular, Proposition 3.2. 1 1, Theorem

3.2.12, Theorem 3.2.14, and some exercises), we have also dealt with the

two-cardinal problem in Section 4.3 (in particular. Theorem 4.3.10 and

Corollary 4.3.11) and in Section 6.5 (Theorem 6.5.11). The idea behind

Theorem 7.2.2 is used to prove the following theorem of Vaught; the proof

is essentially due to Morley.

Theorem 7.2.6. Suppose if is a countable language, T is a theory oj if

,

andfor each n e co, T admits some pair (3„(y„), y„) of infinite cardinals. Then

T admits every pair of infinite cardinals (a, p).

Proof. For each n, let = (A n ,
Vn , <„, ...) be a model of T such that

\A„\ > ^ „ ( | | ) ;
we may assume that <„ is an ordering of A n . As in the

proof of Theorem 7.2.2, we first consider the expansion if* of if with

built-in Skolem functions, and the corresponding expansions 2(* of s
2(„.

<?* is still countable, so it has only a countable number of terms. For later

purposes, we shall consider all terms t(x x ... xn ;y l ... ym) of if'" with the

(distinct) variables x
l , ..., xn and y { , ...,ym . Each term t(v

{
... v

t )
ol if'"

can, of course, be considered as many terms when we separate v l9 ..., v
t

into two sets of variables. Nevertheless, if* will only have a countable

number of such terms, and we shall arrange them in the sequence

>C>*'*’6i’***’ n g co.

We assume that tn is in terms of the variables x l9 ..., xqn
and y\, ...,yPn .

Consider the language if* u {c 1? c2 , ...}, and the set T of sentences

consisting of:

Ci # Cj if i < j;

the sentences of the Skolem expansion T

*

ot T;

the sentences which express that U is infinite;

all sentences of the following form:

••• c
i

'> c
ji ••• c

j )
— (^A*i ••• '\„)[^(A i) A ••• A U(xqn)

Pn Pn

A-Xj < ... < X
qn
A C(tn(x A ... Xq

n ,
C

fl ...

-* C(Xi ... X
qn ; c

it
... C: )

= tn(x L ... Xq
n ;

c
jl

... CjJ]

where n e co, and i
{
< ... < i

Pn
< co,j\ < ... < jPn < w-
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We wish to show first that

(1) T is consistent.

This is shown by an induction on the following (we have assumed that each

A n is ordered by <„):

(2) There are an infinite subset Fn
cz o, and a sequence Xm c A m ,

m e Fni

such that for each m e Fn we have:

(i)
.
\Xm \

> 3
Z (|
Vm \) if m is the /th element of Fn \

(ii) . for all k < n and all u
1
< ... < u

Pk
and < ... < w

pk
from Xmt

5(m h ... U pk , W| ... VVp
kJ.

For n = 0, (2) holds trivially, with F0 = o, and Xm = Am for all m e F0 .

Assume (2) holds for n. Consider the term /„(*! ... x
qn \ , ... yPn );

for

simplicity, and without loss of generality, let us only consider the case

where qn and pn are both nonzero. Let

Fn+ j
= Fn \ the first p„ elements of Fn .

Clearly, Fn+i is an infinite subset of co, and

(3) |

A"
m |
> l

l + Pn
(\Vm \)

if m is the /th element of Fn+l .

We now partition [Xm ]

Pn
,
for m 6 Fn + 1 ,

into 2
]Vm]

classes as follows: We say

that u
j
< ... < u

Pn
and w, < ... < w

Pn
from Xm are equivalent iff

It is clear that this is indeed an equivalence relation. Furthermore, the

equivalence class of any sequence u
1 < ... < u

Pn
is determined by a mapping

/ of the ^-tuples of Vm into Vm u {am}, where am is some arbitrary but

fixed element of Am \ Vm ;
i.e., the mapping is given by

_ jtn[x l
... xqn ;

u
y

... u pJ if this element is in Vm ;

J\u i
••• 11

pn ) \ a otherwise.

From this, we see that the total number of equivalence classes on Xm is

at most 2
|Kml

. Whence, by (3) and Theorem 7.2.1, if m is the /th element of

Fn+ 1 >

(4) there is a subset Ym c Xm such that
\

Ym \

> 3,(|KJ) and all members

of [Ym ]

Pn are equivalent.

The set Fn+l and the sequence Ym ,
meFn + l ,

satisfy the conclusions of

(2) for n+ 1. So (2) holds for all /?. Since each Vn is infinite, we see that,

by (2), a simple compactness argument proves (1).
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Let now a > p be infinite cardinals. Consider the language {

c

*
: C < a}

and a set 7' of this language by imitating the definition of T, replacing,

of course, i
{ < ... < i

Pn < co by ^ < ... < £ Pn < a, etc. T is clearly

consistent. Hence it has an (a, a)-model. Call this model S3 = <

B

,
K, ...).

Let X be any subset of V of power /?, and let Y be X union the set ot inter-

pretations of all c
4 , { < a, in S3. Y has power a. We claim that

(5) the Skolem hull of Y in S3 with respect to the language is an

(a, /?)-model of T.

Let A be the Skolem hull of Y in S3. It is clear that A determines a model

for & which is a model of T of power a. It only remains to show that

\A n V\ = p. Suppose that aeAn V. Then either (i) aeX, or else (ii)

for some n e co, ^ < ... < < a, and x
i < ... < xqn

from X, we have

a — L iX l • • * X
qn » ^1 * * *

By our choice of T' and S3 we can never get more than a countable number

of elements aeAnV by (ii). Whence p = \X\ ^ \A r\ V
| < p. Thus

SI = <T, A n V, ...) is an (a, £)-model of T and the theorem is proved. H

For our next and last theorem of this section we shall not use the method

originating with Theorem 7.2.1, but shall return to the method of saturated

models introduced in Section 5.1.

Theorem 7.2.7 (Chang’s Two-Cardinal Theorem). Let ££ be a countable

language and let T be a theory of & . Assume the generalized continuum

hypothesis. Suppose that T admits a pair (a, p), with a > P ^ co. Then T

admits every pair ((5
+

, <5), where 5 is a regular infinite cardinal.

Proof. First note that the theorem for the case d = co is already known,

namely Theorem 3.2.12, and, in fact, its proof does not require the GCH.

Henceforth, let us assume that S is a regular cardinal greater than co. Let

S( = (A, V, ...) be a model of T such that \A\ = a and
\

V\ = p. Let R

be a new binary relation over V and such that R indexes all the finite subsets

of V; this is possible because V is an infinite set. Thus we have:

(1) for any u 1 , ..., un E V
,
there exists u e V such that

(SI, R) b (Vf)(tf(0 - 0 <- t = v ... v t = un )).

(P is a new binary relation symbol whose interpretation is R.) By the
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downward Lowenheim-Skolem theorem applied to the language V u
{
P },

and the model (9f, R), there exists an elementary submodel <B ,
V, R , ...)

of (9f, R) such that VaR and \B\ = /?. Let Q be a new 1 -placed relation

symbol, and consider the model

(91, B, R) = (A, B, V, R, ...)

for ££ u {P, Q}. Let T' be the theory of the model (9f, B, R). Note that T'

contains all closures of formulas of the form (by (1))

(2) f/(z
j )
A ... A U(zn ^/\(p(ZiXi ... Xm )

A ... A (p(zn X i
... Xm )

*

-> (ly)(P(yz
l
)A...AP(yzn)A(it)(P(yt) - cp{tx

x
... *„))),

where <p is an arbitrary formula of ££ u {P, Q}. By Proposition 5.1.5 (i),

T' has a saturated model

<A 0 ,
B0 ,

Vq
,
R0 ,

• ••')

of power <5. Since both B and V are infinite, it follows easily that

\A 0 \

= \B0 \
= \V0 \

= S. Furthermore, there are enough sentences in the

theory T' to ensure that the model generated by the set B0 in the model

(A 0 ,
B0t V0 ,

R 0 , ...) has universe B0 ;
in fact, let it be denoted by

53 q
= Ro,

53 0 is a proper elementary submodel (in the language u {P}) oi the model

9f0 = (A o, Vq > ^0) •••X

[t is obvious that both 53 0 and 9f0 are saturated models of power <5. Since

they are also equivalent, by the uniqueness of saturated models, Theorem

5.1.13, they are isomorphic. Because B0 is a proper subset ot A 0 ,
and

because the interpretations of V and P in 53 0 and 5( 0 are identical, we see

that the following is true:

(3) If 91' = </4', K', is any model for JSfu {P}, which is elementarily

embeddable into 9f 0 by an isomorphism which maps the set V' onto the

set V0 ,
then 5L has a proper elementary extension 51" = (A", V",R",...)

such that

V" = V\ R" = R\ 51" = 9I 0 .

The point of (3) is that in going from 9L to 51", we do not increase the set

V' nor the relation R'

,

but we do add at least one element that is in A ,/4 .

We shall now define by transfinite induction an elementary chain of models

2I0 = (A 0 ,
V0 ,

R0 , ...> -< ... < 91, = </f„ v0 ,
R0 , •••> < v < 5+

>
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satisfying the following: for every v < <S

+
,

(4) if £ < rj ^ v, then 9I0 = % and 9t$ is a proper elementary submodel

of 91, furthermore, the interpretations of P and U on 91^ and \ are

the same.

Let n be an ordinal such that 0 < /.i < S
+

. Assume that the models 9lv ,

v < ju, have been found such that (4) holds for all v < [i. If jj. = v+1,

then by (3), we can easily extend the elementary chain by finding a model

% = V0 ,
R0i ...) such that

9(
M = 9l0 and 91^ is a proper elementary extension of 9(v .

Hence (4) holds with v replaced by fi. So far, as the reader can see, the proof

follows the idea of Theorem 3.2.12. It is in the limit case that the difficulty

occurs.

Suppose that /i is a limit ordinal. Let 91' = (JsE </'V Thus 91' =

(A', V0 ,
R0 , ...), where A' =

(J
Since \i < S

+
,
we see that \A'\ = S

,

and that A' is a proper elementary extension of each 9Q, £ < \i. Thus

9T = 9(0 . We shall show in the next few paragraphs that

(5) 9T is elementarily embeddable into 910 in such a way that the set 1 0

is mapped onto itself.

The proof of (5) is by a back and forth argument, which should be quite

familiar to the student by now. Since the model 9I0 is saturated, there will

never be any difficulty in finding the value of the correspondence in the set

A 0 . Observe that the model 9(' is not necessarily saturated. Thus in order

to prove (5), we need to show that:

(6) the model 91' is L0-saturated, i.e., for all 2 < S and all a e
kA\ the

model (91', a) realizes every type I(v) over it which contains the

formula U(v).

To prove (6), let 2, a
,
I be as in the above. Since I is a type of (91', a)

containing the formula U(v),

(7) I is finitely satisfiable in (9L, a) by elements of V0 .

We simply have to prove that T is simultaneously satisfiable in (9T, a).

Let s be a finite subset of I, and let

<rs(
v
) = ( A g(v))aU(v).

aes



7 . 2 ] EXTENSION OF RAMSEY’S THEOREM 441

By (7), we know that for every s e S^I),

($', a) 1= (3i?)<7s(y).

The formula g
s

will contain a finite number of constants c *A ,
c*

n ,
for

the elements a,
l
,...,a^

n
of a ,

with < X. Hence we may write (the

a , ..., ain , of course, depend on 5
)

91' 1= (3v)crs(va(l ... a
(n).

Now the formula os(vv l
v 2 ... vn )

is a formula of J5fu \P). The elements

a^, a^
n

all occur in the set A', whence, for some ordinal, say v
s < /1 ,

we have

a
4l » •'•» a

Sn ^ ^VS •

Since < 9f', we have

Siv. 1= (3»K(»a{l ••• a
{J.

Let us e V0 be an element such that

K h <x5(w s ...

Suppose s' is another finite subset of T such that s c s'. Then we see easily

that us
> e V0 and i/s

> e A
Vs , and

9{ Vj 1= as(u s
. a

(l ... a (J.

Now for a fixed 5 6 SW(T), consider the set of conditions

rs(v) = {P(vus.) : s c s' 6 SOJ(I)}

u {(Vf )(P(vt) -> CTs(oa{ ,
... fl

{„))}.

Since \I\ < S, we see easily that this set of conditions involves less than S

elements from ?(Vs . Furthermore, by the observation of (2), this set of

conditions is finitely satisfiable in 9f Vs
. Since 9fVs is saturated, the set of

conditions Ps (v )
is simultaneously satisfiable in 9f Vi

by an element, say,

u’s e V0 . So, in particular, we may select for each an element

ws e V0 such that

(8) 9(v .
N (Vt)(P(ws t) - as

(ta
(l ... a

(J),

and

(9)
s
2f Vs 1= P(ws ii

s'),
for all s' such that s <= s' e

Consider now the set of conditions

^0) = {P(ws v) : seS„(Z)}.
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Notice that \A\ < 3 and all elements e V0 ;
hence they all belong to A 0 .

Given wSl ,
wSn ,

and letting j = u ... u sn ,
we see that, from (9),

K 1= ^(w
Sl
Ms) A ... A P(wSn M s),

and thus

% 1= PK «s)a...a%„4

So the set of conditions d(r) is finitely satisfiable in 2l0 . Since S
2I 0 is saturated,

J(t?) is satisfiable in 9I0 by an element, say, u. By (8), we see that

3IVs 1= os{ua^ l
... a{n)

for all s e SW(T).

This implies immediately that

(2T, a) h Z(u).

So (6) is proved. We leave the straightforward proof of (5) from (6) to

the reader as an exercise. Once we have (5), then it is trivial to find a model

= <A fl ,
V0 ,R0 , ...) such that (4) holds with v replaced by p. The

induction is now complete. The model (J v <<5 +^v is now a (<5
+
,<5) model

of T (ignoring the superfluous relation ^0 ). H

As the reader can see, this proof leans heavily on the existence of saturated

models, and hence on the GCH. If 3 happens to be inaccessible, then, ot

course, we may apply Proposition 5.1.5 (ii) and avoid the GCH.

At this point we would like to discuss the current status of two-cardinal

problems and other associated problems. The reader will see that two-

cardinal problems in model theory are intimately tied to various problems

in set theory.

The so-called gap n conjecture can be stated as follows (assuming the

language ££ is countable): every theory T of which admits some pair

(
s
»(a )» aX a ^ or, admits every pair (N„(j5), /?), p ^ co. The gap n conjecture

for n ^ 2 easily implies a weak form of the GCH which is known to be

unprovable in ZFC (see Exercise 7.2.32).

Jensen has proved the following (unpublished) theorem.

7.2.8. The axiom of constructibility implies the gap n conjecture for all

n < co.

This result shows that the gap n conjecture is consistent and improves

some earlier consistency results of Silver (1971).

Before proving the above Theorem 7.2.8, Jensen obtained the weaker

result that the gap 1 conjecture follows from the axiom of constructibility.
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Theorem 7.2.7 above shows that the gap 1 conjecture, where /i is a regular

cardinal, follows from the GCH. It is still an open question whether the

gap 1 conjecture, where (i is singular, can be proved from the GCH.
The gap 1 conjecture is related to the following problem in set theory:

An infinite cardinal a is said to have the tree property iff every tree on the

set a having height a and fewer than a elements at each level has a branch

of length a. (This notion was defined incidental to the proof of Theorem

4.2.23.) It is known that an inaccessible a has the tree property if and only

if a is weakly compact. It is also known that if a is regular (GCH required

if a > oj), then a
+
does not have the tree property. It turns out that counter-

examples for the latter remark are provided by trees of a very special

character, namely trees which are obtained in the following manner:

7.2.9. Let
(
S

, < )
be a simply ordered set of power a. Elements of the tree

T of level C + l, 4 < a
+

, are one-to-one order preserving mappings of c

into S. If / and g are two such mappings belonging to T, then f ^ g iff

/ c: g. Iffe T, then all initial segments of/belong to T.

Using this definition, we may state:

7.2.10. //a is regular (GCH required if a > a>), then there is a tree T given

as above such that T has height a
+

,
T has at most a elements at each level

£ < a
+

,
and T has no branch of length a

f
.

The following is an observation of Rowbottom and Silver (independently):

7.2.11. There is a sentence o in a suitable language such that for all

infinite cardinals a, a admits (a
+

,
a) if and only if there is a tree as described

in 7.2.9.

From this we can immediately deduce a transfer principle for cardinals

a
+

not having the tree property from the gap 1 conjecture. In particular,

then, if the gap 1 conjecture were true, then the cardinal Nw+ i
would not

have the tree property. Under the assumption of consistency of some large

cardinals, Mitchell and Silver have proved that:

7.2.12. There is a model of ZFC in which the continuum hypothesis is false

and the sentence o (of 7.2.1 1) admits (co
^ ,

o>), but does not admit (co2 ,
cd

x ).

This, of course, shows that the assumption GCH is necessary in Theorem 7.2.7.
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Turning now to the gap 2 conjecture, the related set-theoretical problem

turns out to involve the existence of Kurepa families or trees. We say that

a ^ co has the property K
l
,K

l
(oc), iff there is a (Kurepa) family F of

subsets of a
+ such that |F| = ol

++ and for every £ < a
+

,

\{X n £ : X

e

F}| ^ a.

We say that a ^ co has the property K2 ,
K2 (oi), iff there is a (Kurepa) tree

T on a
+ of height a

+ having at most a elements at each level and at least

a
++ branches of length a

+
. (See also Exercise 4.3.17.) It is again easy to

see that:

7.2.13. There is a sentence a in a suitable language such that for all infinite

cardinals a, cr admits (a
++

,
a) if and only if A^(a) and also ij and only if

K2 (a).

Thus the gap 2 conjecture would imply a transfer principle for Kurepa

families or trees. The property K1
(co) (or JK2 (

C0)) known as the Kurepa

conjecture. It was known that (a result ot Levy and Rowbottom, later

improved by Stewart):

If ZF is consistent, then so is ZF + A^2 (co) + GCH.

Recently, this result has been further improved by Solovay to:

7.2.14. ZFL H K
{
(<x) for every infinite cardinal a. (ZFL denotes ZF plus the

axiom of constructibility.)

By a result of Silver, we can never hope to prove the gap 2 conjecture in

ZF+ GCH. He has shown the following:

7.2.15 (GCH always assumed present). If ZF + ‘there are two inaccessible

cardinals’ is consistent
,
then so is each of the following :

(a) ZF+ -i K2{(o)+K2 (a)f)\

(b) ZF+ A:2 (co)+ I Kfico.y,

(c) ZF+K2 (o) l )+ iK2 (co 5 );

(d) ZF + /G(co 5)+ "i K2 {yx)

i

).

These results together with 7.2.13 show that we can never hope to prove

certain instances of the gap 2 conjecture. For example, from 7.2.15(a) and

7.2.13 we can never prove that whenever a theory Thas an (co 3 ,
o^) model,

then it has an (co 2 ,
co) model.
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A conjecture related to the gap 1 conjecture, known as Chang’s conjec-

ture, will be discussed in the next Section 7.3, where again we see that set

theory plays a dominant role.

Exercises

7.2.1. Prove that Theorem 7.2.2 remains true if the type I(v) is replaced

by a type I(v
x

... vm )
in the variables v

x , ..., vm .

7.2.2. Strengthen the conclusion of Theorem 7.2.2 by requiring that the

models of T of arbitrary infinite powers omitting I be generated from

indiscernibles.

7.2.3. Prove that Theorem 7.2.2 remains true if the type I is replaced by a

countable set S of types.

7.2.4*. Let EE have a ^ co symbols and let T be a type of EE. Prove, by

using the ideas of Theorem 7.2.2, that if for each £ < (2*)^, T has a model

of power exceeding 2, omitting I, then T has models in arbitrarily large

infinite powers omitting I. Also, T has a model which omits E and has an

infinite set of indiscernibles.

7.2.5*. Show that Exercise 7.2.4 remains true if I is replaced by an arbitrary

set S of types of EE

.

Thus S may have as many as 2* types of EE . Show

also by means of counterexamples, like Proposition 7.2.4, that 3
(2 *)+ is

the least cardinal enjoying this property.

[Hint: Let EE contain the 2-placed relation symbols ^ and E, and

constants c^, £ < a. Let P be an ordinal less than (2*)
+

,
and let \\ be a

well ordering of S(a) of type p. For X, Y c= a, let

Zxy(vo v i) = {
ci
Evo c^Ev0 :£$X}

u {c^Ev
! : £ e Y} u {n c*Ev

x : { £ Y} u {n (v0 ^ th)}.

Let 5 = {IXY : W(XY)} u {{v0 ^ v
x
a v0 # v

x
a v

{ ^ i>0 )}-]

7.2.6*. Let EE have a ^ co symbols and suppose that cf (a) = co. Let I be

a type of EE. Assume the GCH. Prove that if for each c < oc
,
T has a

model of power exceeding 2* omitting T, then T has models in arbitrarily

large infinite powers omitting I. (Again, I may be replaced by a set .S ot

types, with |S| ^ a.)

7.2.7**. Let EE have a ^ co symbols. Suppose that EE has at least the
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symbols c; ,
A < oc, and the binary predicate symbol <. A model 2f for ££

is said to be a-standard iff the interpretation of < in 2f is precisely the

natural ordering of { < a. Clearly co-standard models are also co-models.

Let ma be the least ordinal A such that for every sentence cp of if (p has

an a-standard model of power 3
A ,

then (p has arbitrarily large a-standard

models. Prove the following:

(i) . a < ma < a
+

if cf (a) = co (GCH if a > co).

(ii) . a
+ < ma < a

++
if cf (a) > co.

(iii) . m v)
is the first nonrecursive ordinal, i.e., the Church-Kleene coj.

There are results in the literature relating ma and the notion of sC-

recursiveness, for a > co.

7.2.8**. Let T be a complete theory of and let I be a type of ££

.

We say

that T and Z characterize an infinite cardinal a iff:

(i) . T and Z have at most a symbols;

(ii) . there are models of T omitting Z in just those infinite powers p < a.

A formula cp(v) of is said to be algebraic in T iff in every model 21 of T

there are only a finite number of elements of 21 satisfying cp. An element

a of a model 21 of T is said to be algebraic iff a satisfies some algebraic

formula <p(v) in T. Disprove the following conjecture of Morley: If T is

complete and T and Z characterize a > co, then every model of T contains

an infinite number of algebraic elements.

7.2.9. Give a complete proof of Proposition 7.2.5. Make sure that other

than the sentences of (i), all other requirements on the theory T can be

expressed by a single sentence of

7.2.10. Let Z be a set of formulas of a countable language ££ in the variable

v . We say that (T, Z) admits the pair (a, p) iff T has a model 21 such that

\A\ — a and

|

{aeA :SH¥Z[a]}\ = p.

Use the technique of Theorems 7.2.2 and 7.2.6 to establish the following:

If for each £ < a>
l ,

(T, T) admits some pair (3$(y$), y$) of infinite cardinals,

then (T, Z) admits all pairs (a, p) of infinite cardinals.

7.2.11. Find a version of Theorem 7.2.6 for noncountable languages. Do
the same for Exercise 7.2.10. (See Exercise 7.2.4.)

7.2.12. Prove that the following property of a set Z of sentences is compact:

Z admits all pairs (a, p) of infinite cardinals a ^ p. That is, prove that Z
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admits all pairs (a, p) if and only if every finite subset of L admits all pairs

(a, P).

7.2.13*. Recall from Section 4.2 (in particular, 4.2.9 and 4.2.10) that

we have already defined the infinitary language if where a is an infinite

cardinal. We shall now describe a much more restricted sublanguage ot

ifa ,
but one which is nevertheless richer than the classical language ifw .

The language is obtained by adding to the rules of formation of if

the following two new rules: the first new rule is already given in 4.2.9,

namely:

If (p is a set of formulas of if

^

of power \<P\ < a, then A0 is a formula

of if

The second new rule is:

If (p is a formula of if^ and V is a finite set of variables, then (VF)<p

is a formula of if^.

Notice that if^ still only has a countable number of individual variables,

and that any sentence of ifao) will only contain subformulas each having

only a finite number of free variables. (Why?)

Let a be an infinite cardinal and let if have at most a symbols. Consider

the language ifa + (0
built up from the symbols of if

.

We define the Hanf

number of to be the least cardinal p such that every sentence (p of

if having a model of power P also has models of arbitrarily high powers.

We define the Morley number of if to be the least cardinal y such that tor

any type I (|I| < a) and theory T of if, if T has a model of power y

omitting I, then T has models of arbitrarily high powers omitting I. Prove

the following:

(i) . The Hanf number of ifa + ot
exists.

(ii) . For some language if', with \\if'\\ = a, the Hanf number of

ifa + vj
is exactly the Morley number of if'

.

Hence, by Exercise 7.2.4 and

Proposition 7.2.4, the Hanf number of if2 + l0
is trapped between 2 a+ and

(iii) . If cf(a) = <x> and we assume GCH, then the Hanf number of ifI+a>

is exactly 3a+ .

(iv) . The Hanf number of ifmi<0
is 3Wl .

(v) . If cf(a) > co, then the Hanf number of Jfx+(a is greater than V.
This exercise shows that for these suitably restricted sublanguages of

ifz ,
we can find Hanf numbers of these languages of reasonable size. As

soon as we consider the full language ifx , say, even for /Wl ,
the Hanf

number of if exists, but is incredibly large.
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7.2.14. Complete the proof of Theorem 7.2.7 by proving statement (5).

7.2.15. Suppose that <£ has y ^ co symbols. Show that Theorem 7.2.7

remains true, without any essential changes in the proof, if we require that

5 be a regular cardinal greater than y.

7.2.16*. Suppose that J? has y > co symbols, and suppose that y is regular.

Prove that Exercise 7.2.15 can be strengthened by letting <5 ^ y.

[Hint: Replace all /7-placed relations (or functions) in a model for &
by an (n+ l)-placed relation (or function) which indexes, by means of

elements of the model, all the /7-placed relations (or functions) of the model.

Thus given any model for of power at least y, we may pass to an

‘equivalent’ model of the same power which has only a countable number of

relations and functions. Next observe that the tower constructed in Theorem

7.2.7 can be made so that s43 -< 9l0 ,
where S3 is any model of T' of power S.]

7.2.17. Suppose that S£ has y > to symbols. Assume the GCH. Prove that

if a theory T admits the pair (a
+

,
a), then it admits the pair (a

+ + +
,
a
+ +

).

Notice that no assumption is made on the relative sizes of a andy. It is an

open problem whether T admits the pair (oc
+ +

,
a
+

).

7.2.18*. Combine Theorems 7.2.6 and 7.2.7 to obtain the following three-

cardinal theorem: We say that T admits (a, /?, y), with a ^ P ^ y, iff T

has a model

SI = <A, Vlt V2 , ...)

such that \A\ = ol, \Vt \
= p, \V2 \

= y. Let ££ be a countable language and

let T be a theory of ££

.

Assume the GCH. Suppose that for each n e co,

T admits a triple (N>J+ i(y), y
+

, y), y ^ co. Then T admits all triples (a, p
+

, /?),

with a ^ P
+

, p ^ oo, and P regular.

7.2.19. Prove that the symmetric version of Exercise 7.2.18 does not hold.

Namely, there is a theory T which admits (3^, 3
0 ), but does not admit

(
2

n

+
>

3 o) for any n e oo.

7.2.20. Prove that the gap 2 conjecture is equivalent to the following

three-cardinal problem: If T admits (a
++ ,a +

,a), then T admits all

(P
++

,P
+
,P), OL,p> OO.

7.2.21. Suppose that co ^ y, 3w (y) ^ P, 3W (/?) ^ a, and T is a theory in a

countable language which admits (a, p, y). Prove that T admits every triple

of infinite cardinals (a', p\ y'), where a ' ^ ^ y'

.

(This is a generalization

of Theorem 7.2.6.)
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7.2.22*. Let T be a theory in a countable language. If oj ^ y < p and

3
(„(/?) ^ a and T admits (a, p, y), then for any a ' ^ p, T admits (a', p'\ y

c)

).

7.2.23. Let T be a theory in a countable language and T(r’) a set of formulas.

We say that T admits a pair (a, p) omitting X iff T has a model (A, V, ...)

which omits X and where \A\ = a,
\

V\ = p. Prove that if 3 Wj ^ p and

2
v,

i
iP) < a and if T admits (a, P) omitting I, then T admits every pair of

infinite cardinals (a ',/?') omitting X. (Compare with Theorem 7.2.6 and

Exercise 7.2.21.)

7.2.24*. Let T, X be as above. If oj ^ y < P and 3
(Uj (/?) ^ a and T admits

(a, p, y) omitting X, then for any cardinal a' ^ cu,
,
T admits the triple

(a', oJi, oj) omitting X. (Compare with Exercise 7.2.18.)

7.2.25*. State and prove the analogues of Exercises 7.2.21 and 7.2.23 for

countable sequences of cardinals.

7.2.26. Show that in each of the exercises 7.2.21-7.2.24 the hypothesis

can be weakened in a way analogous to Theorem 7.2.6.

7.2.27*. Prove the assertion 7.2.10.

7.2.28**. Prove that co
l
does not have the tree property by finding a tree

as described in 7.2.8 and 7.2.9. Next use Theorem 7.2.7 to establish 7.2.9.

7.2.29*. Prove the assertion 7.2.13.

7.2.30*. Recall that in Section 4.2 we introduced the notion of a weakly

compact cardinal and the infinitary logic Prove the following theorem:

Let a be a weakly compact cardinal and let 31 be a model of the form

= </?(a), e, R0 , /?,, ...). Then there exist elementary extensions 33 =

(B, E, S0 ,
S

x , ...) of 31 of arbitrarily large power such that for all b e B

and a e R(x), bEa implies b e /?(«). (This improves Exercise 4.2.21 (iii).)

[Hint: We may assume that 31 has built-in Skolem functions. Let T be

a theory in the language J5?a ,
with constants ca for each a e R[y.) and new

constants d0 ,dl , ..., with the axioms:

(1 )
the elementary diagram of 31;

(2) cp(dno ... dj <-> cp(dmo ... dnJ, where n0 < ... < n„ m 0 < ... < mn
and cp(v0 ... vr )

is a formula in & u {ca : a e R(oi)};

(3) (Vx)(x eca
+-+ \J bea x = cb ) for each a e /?(a);

(4) dm ,
dn are ordinals and dm < dn ,

where m < n.

Use Exercise 7.2.4 to show that every subset of T of power < a has a model,

whence by weak compactness, T has a model. Then form the desired model
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33 by replacing d0 ,
du ... by a generating set of indiscernibles of any power.]

The following related problem is open: Does every model of ZFC which

has an end elementary extension have arbitrarily large end elementary

extensions? For a partial solution, see the next exercise.

7.2.31**. Prove that every model of Zermelo-Fraenkel set theory whose

ordinals have cofinality co has arbitrarily large elementary extensions in

which all new ordinals occur after all the old ordinals.

[Hint: Try it first for models of the axiom of choice, using the Erdos-Rado

theorem within the model. For the general case, prove a version of the

Erdos-Rado theorem without the axiom of choice.]

7.2.32. Show that the gap n conjecture implies the following weak form ol

the GCH: If m < n and there exists an infinite cardinal a such that

T = K m(a), then 2P = * m(P) for all infinite cardinals p. In particular,

the gap 2 conjecture implies that if 2
a = a

+
for some infinite cardinal a,

then the GCH holds.

7.2.33*. Let if be a countable language and let P be a 1 -placed relation

symbol of if. A model 31 = (A, R
, ...> for if is a two-cardinal model iff

\A\ > |/?| ^ co. A set I of sentences of if is a set of axiomsfor two-cardinal

models iff 31 1= I if and only if 31 is elementarily equivalent to a two-cardinal

model. Prove that the following is a set of axioms for two-cardinal models:

for each n and each finite sequence of formulas cp 0 , ..., (pm of if in the

variables x0 , ..., xn ,

(3v0 Vx0 3y0 z0 ... V.xn 3y„z„)[ A v0 ^ y t

O^i^n

A a (P(xj)Ax
i
= Zj^y

i
= Xj)A A (<;Pj(x0 ... xn)

^ (pj(y0 yn))]•

O^i.j^n O^j^m

7.3. Models of large cardinality

In this section we shall investigate three closely related problems involving

models and cardinal numbers. To state the first problem, recall that a model

of type (a, /?) is a model 31 = (A, U, ...) such that \A\ = a, \U\ = p.

7.3.1. Which pairs of cardinals (a, p) and (y, d) have the property that every

model 31 of type (a, P) for a countable language has an elementary submodel

33 of type (y, S)?

We say that Chang's conjecture holds for the pairs (a, P), (y, S) ift they

have the above property.
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Chang’s conjecture is a stronger form of the Lowenheim-Skolem problem

for pairs of cardinals; if Chang’s conjecture holds for (a, /J), (y, <5), then

every theory which admits (a, p) admits (y, <5). Chang's conjecture is

interesting only when a > (i > S and a ^ y > <5; the other cases are trivial.

When a > y > p = <5, Chang’s conjecture is an easy corollary of the

Lowenheim-Skolem-Tarski theorem. The ‘dual’ case, a = y > p > <5, is

a difficult problem which leads to consistency results in set theory.

Here is the second problem.

7.3.2. Which cardinals a have the property that every model of power a for

a countable language has a proper elementary submodel ofpower a 3

A model for a countable language which does not have any proper

elementary submodel of power \A\ is called a Jonsson model. Thus the

problem may be restated: For which cardinals a does there exist no Jonsson

model of power a?

Tt is not hard to see that if a > p > S and Chang's conjecture holds for

the pairs (a, /?), (a, <S), then there is no Jonsson model of power a (Proposi-

tion 7.3.4). Thus an affirmative answer to problem 7.3.1 ,
with a = y > p > S,

implies an affirmative answer to problem 7.3.2.

For the third problem, we need the notion of a well ordered model.

A model 5f = <A , <,...) is said to be well ordered of type a iff < is a

well ordering of the set A of order type a.

7.3.3. Which cardinals a, p , with p < a, have the property that every well

ordered model of type a (for a countable language) has an elementary sub-

model which is well ordered of type p?

This is a Lowenheim-Skolem problem for well ordered models. There

is a natural similar question for p > a, which will be dealt with in the

exercises (cf. Exercise 7.3.34).

We shall begin with a few elementary negative results concerning these

three problems. Then we shall proceed to some deeper positive results

which concern large cardinals, the so-called Ramsey cardinals. In Section

4.2, we studied large cardinals, the measurable cardinals, with the aid of

the ultraproduct construction. We now resume the study begun there, but

this time we shall apply other model-theoretic constructions, especially

Skolem functions and indiscernible elements. We shall first show that the

class of Ramsey cardinals lies between the classes of weakly compact
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cardinals and measurable cardinals. Then it will be shown that the three

questions above have affirmative answers for Ramsey cardinals. In the next

section, 7.4, the results concerning Ramsey cardinals and the three questions

7.3. 1-7. 3. 3 will be applied to the notion of a constructible set, and Scott's

Theorem 4.2.18 (that the axiom of constructibility and the axiom ol

measurability contradict each other) will be vastly improved. The standaid

facts about constructible sets which we shall need will be stated there

without proofs.

The following result gives relationships between problems 7.3. 1-7. 3. 3.

Proposition 7.3.4.

(i) . If a > P > y and Chang's conjecture holds for the pairs (a, /?), (a, y),

then there is no Jonsson model ofpower a.

(ii) . Chang's conjecture holds for the pairs (a
+

,
a), (P

+
, P) if and only if

every well ordered model of type a
+
has an elementary submodel of type P

{for a countable language).

Proof, (i). Let 91 be a model of power a (with countable). Let U <= A

have power p, whence (9f, U) is a model ot type (a, P)- By Chang s

conjecture, there is a model (93, V) -< (91, U) of type (a, y). But then

V = U n B and V is a proper subset of U,
so B is a proper subset ol A.

Thus 93 is a proper elementary submodel of 91 of power a.

(ii). Assume Chang’s conjecture for (a
+

,
a), (p

+
, P). Let9( = <, ...)

be well ordered of type a
+

. Let U be an initial segment of <) ol type a.

Each a e A has at most a predecessors, so there is a binary function

F : Ax A -> A such that for each a e A,

{F(a ,
b) : be U} = {c e A : c < a).

The model (91, U, F) of type (a
+

,
a) has an elementary submodel (93, V, G )

of type (p
+

, P). In each of these models the sentence

(1) (V*Vy)[> < x - (3z)(U(z) a F{x, z) = y)]

holds. It follows that every element of B has at most
\

V\ = p predecessors.

Moreover, |5| = P
+ and 93 -< 9(, so <5, <) is well ordered of type ^ P

+
.

Therefore <

B

, <) has exactly type P
+

.

Now assume every well ordered model of type a
+

has an elementary

submodel of type P
+

. Let 91 = (A, U, ...) be of type (a
+

,
a). Choose a

well ordering < of A of type a
+
such that U is an initial segment ol type a.
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As before, choose F : A x A -> A such that (1) holds in (5f, <,F). Let

(53, <, G) < (5(, <, F) be of type [i
+

. Since U is a proper initial segment of

(A, <>, V is a proper initial segment of <#, <). But <£, <) has order

type exactly P
+

, so |

V\ ^ p. However, by (
1 )

each element of B has at most

|

V\ predecessors, whence \V\ = p. Thus 53 is of type (P
+

, P). 3

From Proposition 3.2.11 (iv) and (v), we see that Chang’s conjecture

fails for all pairs (3„(a), a), (/?, <5) when p > 3„(<5), and (N„(a), a), (p,S)

when P > N„(<5), because the corresponding two-cardinal problems fail.

That is, finite gaps cannot be stretched. Chang's conjecture leads once

more to the problem of the existence of Kurepa families, which we en-

countered in the preceding section. We introduced in Section 7.2 the notation

/7j(a) for ‘there exists a Kurepa family of subsets of a
+

’. It is not hard

to see that:

7.3.5. If A^(oc), then Chang's conjecture fails for (oC
+

,
a

r

), (a
+

,
a).

Thus it follows from 7.2.14 that the axiom of constructibility implies

that Chang’s conjecture fails for all (a
+ +

,
a
+

), (or, a). On the other hand,

Silver has shown the following:

7.3.6. //ZFC + ‘there is a Ramsey cardinal' is consistent
,
then so is

ZFC + ‘Chang's conjecture holds for (cu
+ +

,
a/ ), (cu

+
, cu)'.

Let us now look for cases in which the answer to questions 7.3.2 and

7.3.3 are negative. To give a negative answer to 7.3.2, we must give an

example of a Jonsson model of power a. There are obvious examples ol

Jonsson models of power co: e.g., the standard model of arithmetic,

<co, +, *, 0), is a Jonsson model. The next result gives lurther examples.

Proposition 7.3.7. Assume the generalized continuum hypothesis. Then for

every successor cardinal sC, there exists a Jonsson model ofpower a
+

.

Proof. Let the universe set be A = a
H
\ By the GCH, (a

+
)* = 2

X = a
+

,

so the set A has exactly oC subsets of power a. Let Xp,p < a
+

,
be an

enumeration of all subsets X <= A of power \X\ = a. Consider any y < a
+

,

with a ^ y. Then |y|
= a. From Lemma 6.1.6, any collection of a sets of

power a can be refined to a collection ot a disjoint sets of power a. That is,

there are subsets Y
p

c= X
p , p < y, such that each

\

Y
p \

= a and the sets Y
p
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are pairwise disjoint. For each (3 < y, we may choose a one one function

fPy on Y
p
onto y. The sets Y

p ,P < y, are pairwise disjoint, so the fPy
may be ‘extended’ to a function / on Ax A into A such that

if p < y < ct
+ and yeY

p ,
then f(yy) = ffiy(y).

Let 95 be any submodel of of power a
+

,
and let £ e A. We wish to prove

that £,eB. Take any subset of B of power a, say Xp
. Then there exists

y e B such that £ < y and Xp
a y. SincefPy maps Y

p
onto y, and Y

p
c: X

p ,

there exists t] e X
p
a B such that f(rjy) = fPy(rj) = £. But >7 e B and y e B,

whence £ 6 B. 3

In the exercises we shall see that the GCH is not needed in the above

proposition when a is of the form oon ,
n finite. Whether the GCH is needed

in general is open. Another open question is whether it can be proved in

ZFC that there is a Jonsson model of power An old question of Kurosh

is: Does there exist a Jonsson group of power co
x
?

The above proposition shows that, assuming the GCH, the Chang

conjecture fails for (a
+

, p ), (a
+

, y) whenever a
+ > p > y. Here are some

examples for problem 7.3.3.

Proposition 7.3.8. Suppose that every theory T for a countable language

which has a well ordered model of type cc has a well ordered model of type ft.

Then :

(i) . If a > co, then p > co.

(ii) . If a is singular
,
then p is singular.

(iii) . If a is a successor cardinal, then so is p.

(iv) . If there exists y such that y < a ^ 2 7
,
then there exists 5 such that

S < p ^ 2
s

.

Proof, (i). If a > co, then <a, <) is not elementarily equivalent to <co, <).

(ii) . The theory of all models (A, <, a, F), where F is a function, with

(VxBj'Xt < aAX < F(y)\

has well ordered models of singular types only.

(iii) . The theory of all models <A , <, a, F>, where

(V;tVy)[v < x -> (3z)(z < a f\F(x, z
) = >>)],

has well ordered models of successor types only.
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(iv). Consider the theory of all models</t, <, c/, £> satisfying

(V*Vy)[* ^ y -* (3z)(z < a a~i (z£x zEy))]. -\

Let us now define Ramsey cardinals. Recall that the set of all finite

subsets of X is denoted by *S
ty
(A'), and the set of all subsets of X of power n

is denoted by [X]
n

. Thus S
0)
(X) = U„<a>m".

An infinite cardinal a is said to be a Ramsey cardinal iff for every set X
of power a, if

S(0(X) c (J Cf
and |/| < a,

iel

then there are a subset Y <=. X of power a and elements / , ,
i 2 , ... el such that

[y]" c C
in , n = 1,2,....

Ramsey cardinals are so named because the partition property defining

them is suggested by Ramsey’s theorem.

Proposition 7.3.9. If a is a Ramsey cardinal
,

then a > a> and a is

inaccessible.

Proof. First let a = a> and take X = a. Let C0 be the set of all x 6

such that |x|ex. Let C
{
=5W(X)\C0 . Consider any infinite subset

Y cz X, and write Y = •••} in increasing order. Let n = y0 . Then

the sets {>’0 , and {j^, do not both belong to the same

C
f

. Thus co is not a Ramsey cardinal.

Now let a be singular and let /? = cf(a) < a. Take X = a, and let /

be a cofinal subset of a of power /?. Then put x e C
t
iff / is the least element

of I which is an upper bound of jc. Clearly, for any Y c X of power a,

we cannot even have an iel such that [y]
1

<= C,.

Finally, let a be a cardinal such that for some y < a, a < 2y
. Take

7 = y and let A" be a subset of S(y) of power a. For each {a, b
}
e [X] 2

,

put
{a , b) e C, , where i is the least element of / which belongs to exactly

one of a
,

b. Define C, arbitrarily outside [X] 2
. Then for any Y a X of

power
|
y

|
^ 3 and any / e /, we cannot have [Y]

2
<= Ct

. Therefore a is not

Ramsey. ^

Ramsey cardinals can also be defined model-theoretically:
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Proposition 7.3.10. a is a Ramsey cardinal if and only if every model 9(

of power oc for a countable language has a set of indiscernibles of pow er a.

Proof. Suppose a is a Ramsey cardinal. Let I be the set ol all sets ol

formulas of £?. Since ||JS?|| = co, |/| = 2
W

,
and because Ramsey cardinals

are inaccessible and > co, |/| < a. Choose any simple ordering < of A.

Partition SM(A) by putting {a l9 ..., an} 6 C
t
iff a x < ... < an and

i = \
... . 91 N (p\a^ ... C7,,]}.

Since a is Ramsey, there is a set X c A of power a such that for each n,

all increasing //-tuples in (X, <) belong to the same C
f

. This means that

(X, <) is a set of indiscernibles in 91.

For the converse, let Sw (a) <= and 1^1 < a - We may assume

without loss of generality that / is a proper initial segment of <a, <). Form

the model

91 = <a, <, /, Fl
,F2 , ...),

where for each n < co, Fn is a function on An
into I such that it x

l < ... < xn ,

Fn(xi ... xn ) = i implies {x x , ..., *„} e C
f

.

Then 91 has a set {X, <') of indiscernibles of power a. Since < is already

a relation of% <

'

must be either < or > ,
and we may assume that <

' is

< (restricted to X). Since a is a cardinal, (X, <)> has order type a.

Consider two / 2-tuples x
x < ... < xn and y l < ... < yn in X. Suppose

(1) Fn (^x l ... xn ) ^ Fn(y

i

... yn ).

Then choose z x < ... < zn in X such that < z
l
and yn < z

i
. We cannot

have

Fn (x i
... %n) Fn (z l ... zf) Fn(y i

... vn ),

so we may assume

(
2
)

F ... 7^ Fn(±i ... -„)•

There exists a sequence of /2-tuples

u\ < ... < uf, , C <

of elements of X such that

€ < C < a implies u\ < u\ .

But by (2) and indiscernibility,

Fn(u\ ... ul), £ < a,
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arc all different elements of /, contradicting |/| < a. This shows that (1)

is never the case, and it follows that any two elements of [X]n
belong to

the same C, (with i = Fn(x 1
... *„)). Thus a is a Ramsey cardinal. H

We shall now show that Ramsey cardinals are weakly compact. Recall

that in Section 4.2 we defined a cardinal a to be weakly compact ilT a is

inaccessible, and in the infinitary language the following weak com-

pactness theorem holds: If X is a set of sentences of of power |T| = a,

and if every subset of T of power < a has a model, then X has a model.

Furthermore, we proved in 4.2 that an inaccessible cardinal a is weakly

compact iff a has the tree property: For every tree T on a of order a such

that for all p < a, fewer than a elements have order [1, T has a branch of

order a. We show that Ramsey cardinals have the tree property and hence

are weakly compact.

Lemma 7.3.11. Every Ramsey cardinal y. has the following property : Every

simply ordered set (A, L> ofpower a has a subset ofpower y.. which is either

well ordered or inversely well ordered by L.

Proof. We choose any well ordering < of A of type a. We then partition

[A]
2
into two parts as follows:

{a, b) eCj iff (a < b iff aLb ),

{ia
,
b) e C2 otherwise.

That is, C
{
contains the pairs on which the two orderings L, < coincide.

We have assumed that a is a Ramsey cardinal, so there is a set X c= A

such that \X\ = a and either [X] 2 a C
x
or [A']

2
cz C2 . In the former case,

X is well ordered by L, and in the latter case it is inversely well ordered by

L. H

Proposition 7.3.12. Every Ramsey cardinal is weakly compact.

Proof. Let a be a Ramsey cardinal. We show that a has the tree property.

Let T be a tree on a of order a such that for all p < a, fewer than a elements

have order p. We define a linear ordering xLy on a which extends the

ordering T as follows: Let x, y be distinct elements of a.

Case 7. If xTy, then xLy.

Case 2. If yTx, then yLx.
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Case 3. Otherwise: both the sets

{*} u {z : zTx and not zTy
}
= X,

{>>} u {z : zTy and not zTx }
= Y

are nonempty sets well ordered by T. Let x' e X, y' e Y be the least elements

of these two sets. Then xLy iff < y' (as elements of a).

It is easy to check that L linearly orders a. By Lemma 7.3.1 1, there is a

set Z c « of power a which is either well ordered or inversely well ordered

by L. Suppose Z is well ordered by L. We may assume the order type is a

(otherwise take a subset of Z of order type a). Let

B = {jc e a : for some yeZ and all z e Z, yLz implies xTz],

that is, the elements of Z are eventually above x in the tree T. If x e B and

uTx, then obviously u e B. For each p < a, there is at most one x e B ot

order p, because no element is above two elements of order P in T. On

the other hand, for each P < a there exists x e B of order p. To see this,

note that a is inaccessible by Proposition 7.3.9 and there are < a elements

of order ^ p, whence Z contains a elements of order > P ,
so there is an

x0 of order p such that Z contains a elements above x0 in T. Since <Z, L>

has order type a, the elements of Z above .v0 in T are cofinal in <(Z, L).

However, if x0 Ty, x0 Tz ,
and yLu, uLz, then from the definition ol L it

follows that x0 Tu. Therefore the elements of Z are eventually above x0

in T, i.e. x0 e B. It follows that B is a branch of T of order a. 4

Let us recall from Section 4.2 that a cardinal a is said to be measurable

iff there exists a nonprincipal a-complete ultrafilter over a. Moreover,

an ultrafilter D over a is said to be normal iff a > a>, D is a-complete and

nonprincipal, and in the ultrapower P| D<(a, <>, the ath element is the

equivalence class fD of the identity function /. It was shown in Proposition

4.2.20 that every measurable cardinal a > co has a normal ultrafilter over a.

Theorem 7.3. 13. Let a be an uncountable measurable cardinal and let D
be a normal ultrafilter over a. If I is a set of power |/| < a and if

Sw(a) c U ieiCi* then there exists a set Y e D and elements i v , i2 , *3 >
••• e I

such that

[T]
n c Cin ,

n = 1, 2, 3, —
Proof. Since D is countably complete, it suffices to prove that for each

positive integer n there is an iel and YeD such that [F]" c: C
t

. For
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then the intersection of these Y ' s will have the required property. Fix n.

Well order I and let/be the function on [a]” into Z such that f(x) is the least

/ g I with x e C
t

. We extend /to a function on
[

J

m<n [ct]
m

into / as follows.

Assuming that m < n and / is already defined on [a]
m+1

,
we define / on

[]

m by the condition

(1) f(x) = i iff {p e a : p $ x and f(x u {p}) = /} e D.

There is a unique /' e I satisfying (1) because Z) is an a-complete ultrafilter.

Ultimately, we obtain by induction a value f(0) = i0 when m = 0.

By transfinite induction define elements //

g

a and sets X*, Y* c a as

follows, for £ < a:

(2) = {ft : C < «},

(3) =
{y g a : y ^ { and for all /» ^ n and

[Y
{
u {v}f, f(x) = i0 },

(4) ft is the least ye ft.

From the definition of/ and the oc-completeness of D
,
we see that for all

£ G a,

(5) for all m ^ n and x g [X
i ]

m
, f(x) = z0 ,

() Y
£ g Z), whence // exists.

Now for each yea, let g(y) be the least (g« such that y x
. From (3)

we see that y^Ty+1 ,
whence g{y) < y- Since each F +1 g Z), we have

for all £,

{y g a : #(y) = £}£ Z).

Now we use the fact that Z) is normal. By Proposition 4.2.19,

Y = {ye x: g(y) = y} e D.

We claim that

(7) for all y e Y, y e Y
y

.

If y = rj+ 1, then #(y) > t), whence y g Yri+l = Y
y

. If y is a limit ordinal,

then y g p|^ <y y^, and it follows from (3) that y g Y
y

. We conclude from

(7), (3) and (4) that for all y g T, y = py
. Therefore, by (2) and (5), we have

[Yr <= ci0 . H

Observe the similarity between the above proof and the proof of Ramsey’s

Theorem 3.3.7.
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Corollary 7.3. 14. Every uncountable measurable cardinal is a Ramsey

cardinal.

Proof. Let a be an uncountable measurable cardinal and let D be a normal

ultrafilter over a. Let |/| < a and let Sw (a) = (J

,

e/C f
- By Theorem 7.3.13,

there is a set Y e D and elements i l9 12 ,
/ 3 ,

... e / such that

[y]" ci C
in ,

n = 1, 2, 3, ... .

Since D is normal, every element of D has power a; in particular,
\

Y\ = a. 4

Actually, the property of being a measurable cardinal is much stronger

than that of being a Ramsey cardinal.

Proposition 7.3.15. Let a be an uncountable measurable cardinal
,
and let D

be a normal ultrafilter over a. Then the set of all Ramsey cardinals P < a

belongs to D. Hence a is the ath Ramsey cardinal.

Proof. The proof is like Theorem 4.2.23. From the definition of Ramsey

cardinals, we see that there is a sentence <p such that tor all ordinals P,

< R((3+ 1), e) N (p iff p is a Ramsey cardinal. By Corollary 7.3. 14, (p holds in

(R(a+ l),e>, and then, by Corollary 4.2.22, {pe<x : (R(P + 1), e> b </>} e D. 4

The following theorem applies Ramsey cardinals to the problems of

Chang and Jonsson described in 7.3.1 and 7.3.2.

Theorem 7.3.16 (Rowbottom’s Theorem). Let a be a Ramsey cardinal. Then:

(i) . If at ^ y < p < a, then Chang's conjecture holds for (a, p), (a, y).

(ii) . There are no Jonsson models ofpower a.

Proof. From Proposition 7.3.4, (ii) follows from (i). We prove only (i).

Let % = (A, U, ...) be a model with \A\ = a, \U\ = p. We may assume

without loss of generality that % has built-in Skolem functions. Choose a

linear ordering < of A, an element a e A \ V, and a subset W a U o f

power y. Form a simple expansion 91* of 9f in the language by adding

a constant cw for each vv e W. Let T be the set of all Skolem terms ot the

language We shall let / be the set / = 7 (U u {a}) of all functions on T

into U v {a}. Since T has power y and U has power p, I has power p
y

.

But a is inaccessible by Proposition 7.3.9, so |/| < a.

We make a partition = (J;ejC f
as follows: Call a term t e T an
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n-term ifT all the variables occurring in / are among v l9 ..., vn (whence we can

write t in the form t(v
l
...v„)). Let x = {a

x , an} e S^A), where

a
x
< ... < an . Then we put x e C

t ,
where i e I is given by:

/'(/) = a if /is not an /7-term;

/(/) = a if t is an /7-term and t(a
l ... an ) e A \ U;

/(/) = u if / is an /?-term and t(a
x

... an ) = u e U.

Since a is a Ramsey cardinal, there exists a set Y c= A of power a and

elements /',
,

/2 ,
/3 ,

... el such that

OT <= C
Ib , n = 1,2,3,....

Let 33* be the Skolem hull §(T) in the model 31*, and let 58 = <B ,
V, ...)

be the reduct of 33* to the language 2/f. Then 58 is an elementary submodel

of 3( of power a. Since each element of W is a constant of 58* and belongs

to U, we have W c K, whence

|1T| = y ^ \V\.

On the other hand, each element b e V is of the form b = t(y
x ... yn )

for

some Skolem term t e T and some y x < ... < yn in Y. Since {y x , e

[y]
n c C

in ,
we have /„(/) = b. Therefore

hence

and it follows that

Thus
|
V\ = y. H

be IJ range (/„) n U,
n < a>

v C=
(J range (in) n U,
n< co

\V\ ^ oj • \T\ = co • y = y.

A cardinal a is said to be a Rowbottom cardinal iff it has the property:

For all p < a, Chang's conjecture holds for (a, P), (a, a>).

Thus the above theorem shows that all Ramsey cardinals are Rowbottom

cardinals. Exercise 7.3.7 shows that all Rowbottom cardinals are either

weakly inaccessible or have cofinality co. Prikry has obtained the following

consistency results:

7.3.17a. If

ZFC + ‘there exists a measurable cardinal > co'
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is consistent ,
then so are

ZFC +GCH + ‘there exists a Rowbottom cardinal a > co of cofinality co\

and

ZFC + ‘there exists a Rowbottom cardinal a of cofinality

co such that co < a < 2
W
\

Analogous consistency results for weakly inaccessible cardinals were

obtained by Solovay:

7.3.17b. If

ZFC + ‘there is a measurable cardinal > c
o’

is consistent
,
then so are

ZFC + ‘2W is a Rowbottom cardinal’,

and

ZFC+ ‘there exists a weakly inaccessible Rowbottom cardinal a with

co < a < 2
a)

’.

We shall see in Section 7.4 that the axiom of constructibility implies

that there are no Rowbottom cardinals > co. Kunen has shown that:

7.3.17c. If

ZFC + ‘there is a measurable cardinal > co'

is consistent
,
then so is

ZFC + ‘there is a measurable cardinal > co’

+ ‘for all a > co, a is Rowbottom iff a is Ramsey, and also iff

there is no Jonsson model of power a’.

Kleinburg (1972) has announced the following result:

ZFC + ‘there exists a Rowbottom cardinal'

is consistent if and only if

ZFC+ ‘there is a cardinal a in which there is no Jonsson model’

is consistent.

It is not known whether or not the following are consistent:

ZFC +X is a Rowbottom cardinal’,
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ZFC + ‘the first inaccessible cardinal exists and is Rowbottom’,

ZFC + ‘every cardinal which is of cofinality uj or weakly inaccessible is

Rowbottom’.

We next apply Ramsey cardinals to problem 7.3.3. We shall here use the

notion of a set of indiscernibles which was introduced in Section 3.3 and

used heavily in the preceding sections.

Theorem 7.3.18 (Silver's Theorem). Let a be a Ramsey cardinal, and let ff

be countable.

(i) . If p is a cardinal with co < (1 ^ a, then every well ordered model of

type a has an elementary submodel which is well ordered of type (1.

(ii) . Let 91 be a well ordered model of type a. Then there is an elementary

chain

51,* = (Af, <,...), £ an ordinal > 0,

with the following properties :

(a) 51a -< 5( (note that ol = coj;

(b) each 5f^ is a well ordered model of type w,;

(c) whenever £ < q, A*, is an initial segment oj\A
n , <);

(d) if u* is defined as the oj^th element with respect to <, then for each

q the set
{
u « : £ < q} is indiscernible in 51,,.

Note that (ii) obviously implies (i).

Before proving the theorem we shall prove two lemmas. At the outset,

observe that if 51* is a Skolem expansion of 51, then 51 is well ordered of type

ji iff 51* is. Therefore, when we prove Theorem 7.3.18, we may assume

without loss of generality that 51 has built-in Skolem functions.

Lemma 7.3.19. Let a be an infinite cardinal, let 51 = (A , <,...) be a well

ordered model of type a with built-in Skolem functions, and suppose that

{X, <) is a set of indiscernibles in 51 of power a. Then every increasing

sequence x
l < x2 < ... of elements of X satisfies the following formulas

in 51:

(i) . v
t
< Vj, where i < j < co;

(ii) . t(v
l ... vm ) < vn ,

where t is a term and m < n < co;

(iii) . t(v, ... vm v
Jl

... VjJ ^vm -> l(v t ... vM Vj, ... v
jn )
= t(v

t

where t is a term and

vm vki VU’

m < j\ < ... < jn < co, m < k 1 < ... < kn < co.
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Proof. Increasing sequences from X obviously satisfy (i).

For (ii), note that (A, <> has type a and \X\ = a, so X is cofinal in

(A, <). Therefore, given x x < ... < xm in X, the element t(x y ... xm )

must be less than some y e X, with xm < y. But then, by the indiscernibility

of X

,

we always have t(x t ... xm ) < xn when xm < xn e X. Thus (ii) holds.

The proof of (iii) depends on the fact that each element of (A, < > has fewer

than a predecessors. Let x
l < ... < xm < y l < ... yn and xm < z

l < ... < zn

in <X

,

<>, and suppose t(x
x ... xmy l ... yn ) ^ xm ,

but

(1) t(x i
... xmy i

... yn) 7^ ^(-^i ••• XmZ i
••• “«)•

Choose Wj < ... < wn in X such that yn < w l9 zn < w
l . Since we cannot

have

t(xi ... xmy± ... yn )
••• xm H

1 •’* ^n)>

and

t(x
i

... A'm Zj ... Zw ) ^(-^1 ••• Xm^ 1
'•* ^n)>

in view of (1), we must have

^ ^(•^'1 **• Xmy 1 ••• J’n) 7^ ^(-^l ••• xm^ 1 ••• ^n)>

*(*1 ... Xm Z 1
... Z„) # /(*! ... XmW 1

... W„).

Moreover, by indiscernibility,

(3) ^(•^'1 ••• Xm^ 1
^;

n) ^ Xm *

Now choose a different /2-tuples

< ... < wp
, p < a,

in X, such that y < p < a implies

< ... < Xm < w\ < ... < wl < < ... < H’f.

Then by (2), (3), and indiscernibility, the elements /(x r ... ... hJ),

p < a, are all different and all less than xm . This is impossible since xm has

fewer than a predecessors. We conclude that (iii) holds for increasing

sequences from X. H

Lemma 7.3.20. Suppose $3 = </?, <,...) is a well-ordered model for a

countable language, 33 has built-in Skolem functions, < ) is an uncount-

able set of indiscernibles in 33, and every increasing sequence of elements

of X satisfies the formulas (i)-(iii) of Lemma 7.3.19 in 33. Then there is an



7.3] MODELS OF LARGE CARDINALITY 465

elementary chain

= <(A r, <, £ an ordinal > 0,

of models 2L = 53 such that conditions (b)-(d) of Theorem 7.3.18 hold and
,

moreover ,

(e) each 2L is generated by a set AQ of indiscernibles such that increasing

sequences of X, and X satisfy the same formulas.

Proof. For each £ > 0, let <A
r

5 , <) = <cu
4 , <>. By the stretching

theorem 3.3.11(b), there is a model 21^ which is generated by the set X ,

of indiscernibles, and the sets of formulas satisfied by increasing sequences

from X in 53 and from X* in 2/ are the same. By the elementary embedding

theorem 3.3. 1
1
(d), whenever £ < q, there is a unique elementary embedding

of 2/ into 21,, ,
whose restriction to X* is the identity mapping. We may

therefore identify the elements of 2^ with their images in 21,,, and we obtain

an elementary chain 2/, £ > 0. By our construction, the condition (e) holds.

Since each cp true in 23 is satisfied by increasing sequences of X in 23, and

hence, by increasing sequences of A",* in 2f^, cp is true in 2/. Thus 2(. = 23.

In particular, the relation < simply orders each 21.. Moreover, each

countable subset of 2/ is included in the Skolem hull .Sp(Z) of a countable

subset Z c T. But X is uncountable, and therefore there is a one-one

ordermorphic mapping/ of <Z, <> into <) (recall that both <Z, <>
and <Z, <) are well ordered). By the elementary embedding theorem

3.3.1 1(d), / can be extended to an elementary embedding of .Sp(Z) into 23.

Since 23 is well ordered, £)(Z) is well ordered. Thus every countable subset

of 2/ is well ordered; hence 2/ contains no infinite decreasing sequence,

and 2f. is well ordered.

The order type of each <(A <) is at least co. because AQ <= A

^

and

\X,\ = cq$. All formulas of the form (ii) in Lemma 7.3.19 are satisfied by

increasing sequences in AQ, and AQ generates 2Q. This guarantees that AQ

is a cofinal subset of <//, <>. The formulas (iii) of Lemma 7.3.19 guarantee

that, for each x e AQ, every element y e A . which precedes a in the ordering

< is determined uniquely by a term ... vim vjl ... v
jn )

and an m-tuple

A'i < ... < xm of elements of X., with xm = x. (The variable v im does not

necessarily occur in /.) We have assumed that f£ is a countable language,

so there are only oj terms. Since <X <) = <), the element a has

fewer than predecessors in the ordering <AQ, <). Therefore there are

fewer than cu. finite sequences a
x < ... < xm = a in AQ. Also, £ > 0, so
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co < co,. It follows that the element x has fewer than co
4
predecessors in the

ordering <A «, <>. We have shown that X
i

is cofinal in <A 4 , <>, and it

follows that every element of A
f
has fewer than co* predecessors. Therefore

<) has order type exactly co
i9

whence ^ is a well ordered model of

type co*. This verifies condition (b).

Now" let 0 < { < rj. We prove (c). Let a e A„, b e A if a < b. We must

show that a e A
4

. The element a may be written

a = t(x
!

... -X/n-iTl ••• }’n)’

where x
{ < ... < xm -i < Ti < ••• < Tn> the x s are in X$, and the y s are

in X
n
\Xv For some xm eXi9

we have xm . 1 < xm and b < xm . Adding

an inessential variable vmi we may write

ci = /(xj ... xmy

i

... yn)>

and we also have

t(x
i

• •• -TnLl ••• Tn) ^

We may choose Wj , ..., w„ e X$ such that

x
l < ... < xm < < ... < wn .

We also have xm < y {
because xm eXi

and y t
eX

n
-X^. Using Lemma

7.3.19 (iii), we have

Cl = /(x^ ... Xmy i
... JKn)

= ^ 1 ^n)*

This shows that a e A*, and (c) holds.

It remains to prove (d). We let be the co^th element in the ordering <.

Let 0 < £ < ty We have already established that A

%

is a proper initial

segment of A
t/
of order type co^, and it follows that u

^

is the least element of

Ay\A* in the ordering <. Moreover, if £ < r) < £, then the co^th elements of

and 9^ are the same, as u is defined independently of r/

.

Our plan is

to show that all the u

%

‘come from the same term’.

Consider first the case £ = 1 < tj. Recall from our construction that

<JT, <> = Oi, <>, <*„, <> = <co„, <>. Therefore co
i

is the first

element of X
n
which does not belong to ^ . For all x e X

x ,
we have

x < u
x

and u 1 ^ co
x

.

The element u
x

is expressible as a term in %
n

:

Uy — t(Xj ••• Xm (0 1 y 1 ... JV/i)
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where the x’s are in X
x ,

the y's are in X
n \ X

x ,
and

x
x < ... < xm < oj

x < y x < ... < yn .

It follows from Lemma 7.3.19 (iii) that

u
x
= /(xj ... xm co

x
a)

x + \ ... oj
x
+n).

Thus for all x e X
x ,

(1) X < t(x
x

... Xm OJ
x
OJ

x
-t- 1 ... COj +/?) ^ COj .

Now consider an arbitrary £, 1 ^ £ < 17. As before, ct^ is the first element

of A",, which is not in A^, and for all x e X%, we have

x < and ^ co*.

Express u

^

as a term in

w« = 5(1^ ... w
p
a>^z

x
... z

q )

where the vr’s are in A",*, the z’s are in X
n
— X^, and

W
x < ... < W

p < OJc < z
x < ... < z

q
.

Again, using Lemma 7.3.19 (iii),

u
i
= s(w i ... wp

cj^co^-\- 1 ... to. + r/).

Then whenever w
p < w e X *

,

(2) w < ^(vi^ ... WpCOrCO^ + 1 ... u>s + q) ^ cu^.

Choose w[ < ... < w'p in X
x
such that for all i ^ m and j ^ p,

(3) x
f
< Wj iff x

t
< w’j, x

x
> Wj iff x

;
> w'-.

By indiscernibility and (2), whenever w'
p < x e X

x ,
we have

x < s(w[ ... w'pCO
x
co

l 4- 1 ... a)
x + q) ^ co

x
.

Since X
x

is cofinal in (A
x , <), it follows that

s(wj ... w'
p
co

l
co 1 + 1 ... co

l +q) e A
fJ
\A

l ,

whence

(4) u ,
= t(x

l ... xm a>
x
co

x + 1 ... a>
{
+n) ^ s(w'

1
... w'

p
co l

cd
x + 1 ... o) x +q).

Using indiscernibility and (3), (4),

(5) t(x
x

... x,n o>
(

*a)£+ 1 ... a>£ + /i) ^ 5(11’! ... w
p
cu^o^ + 1 ... co^ + q) =
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Moreover, using indiscernibility and (1), we see that for all w e X^,

(6) w < t(x l ... xm co*(D*+ 1 ••• oj^ + n).

Since X, is cofinal in <>, (5) and (6) imply that

(7) u
(
= t(x t ... xm a)

{
co

f
+l ... a){+ n).

Note that whenever 1 ^ £ < ( < >h

(8) X
x < ... < Xm < C0

$
< ... < 0)^ + n < CO

;
< ... < o)

c + „.

From (7), (8), and the indiscernibility of <A„, <> in 5t„, it follows that the

set : £ < ri}, <) is indiscernible in 51,,, and this is the required con-

dition (d). -\

Proof of Theorem 7.3.18. As we observed already, we need only prove (ii)

and we may assume that 51 has built-in Skolem functions. By Proposition

7.3.10, 51 has a set <A, <> of indiscernibles of power a. Thus the hypotheses

of Lemma 7.3.19 hold. X is uncountable, so by Lemma 7.3.19, the hypotheses

of the next lemma, 7.3.20, are satisfied by 51 = 53. Then by Lemma 7.3.20,

there is an elementary chain

5(*, £ is an ordinal > 0,

which satisfies conditions (b)-(d) of the Theorem and condition (e) of

Lemma 7.3.20. Finally, by (e) the model 5ia is generated by a set (Xx , <>

of indiscernibles whose increasing sequences satisfy the same formulas as

the increasing sequences from X. Furthermore, a is inaccessible, so cox = a

and 5(a has order type cox = a, whence <2fa , <) has order type ^ a.

Therefore <Aa , <> can be ordermorphically embedded one-one into

<A, <>. Then by the elementary embedding theorem, 5ta is elementarily

embeddable in 51, so (a) can also be satisfied. H

Exercises

7.3.1. Investigate what happens to Chang’s conjecture in the ‘trivial’

cases where a > (1 > d and a ^ y > S are not both true.

7.3.2. If Chang’s conjecture holds for (a, p), (y, <5) and oc' ^ a ^ P, then

Chang’s conjecture holds for (a', p), (y, <5).

7.3.3. If Chang’s conjecture holds for (a, p), (y, <5) and also for (y, <5), (/r, v),

then Chang’s conjecture holds for (a, p ), (/i, v).
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7.3.4. Let us say that Chang’s conjecture holds for (a, p), (y, < <5) itf every

model of type (oc, p) for a countable language has an elementary submodel

of some type (y, g), with g < S. Prove that if every well ordered model

of type oc for a countable language has an elementary submodel which is

well ordered of type y, then for all p < oc, Chang’s conjecture holds for

(oc, P\ (y, < y).

7.3.5. If Chang’s conjecture holds for (oc, P), (y, < <5) and if a ^ ^ /?',

then Chang’s conjecture holds for (a, p'), (y, < (5). If Chang’s conjecture

holds for (a, P), (y, oj) and oc ^ P ^ p\ then it holds for (a, P'), (y, to).

7.3.6. If S < cf (a) < p < oc, then Chang’s conjecture fails for (a, p), (a, S).

7.3.7. If a is a Rowbottom cardinal, then either a is weakly inaccessible or

cf (a) = oj.

7.3.8. Prove the assertion 7.3.5.

7.3.9*. Assume oc > p ^ S and oc ^ y ^ S. Then Chang’s conjecture for

(a, p), (y, < 5) is equivalent to the following partition property:

For every set X of power \X\ = oc and / of power |/| = p, and every

partition SW (A') c=
(J ieI C { ,

there exist subsets Y <= X of power |F| = y

and J c= / of power
\

J\ < S such that *SW(T) c=
(J jeJ Cj.

7.3.10*. Let oc > p ^ 5, oc > y ^ S. Assume that for all /.i < S
, p

n = p.

If Chang’s conjecture holds for (a, p), (y, < <5), then it still holds for

languages with fewer than S symbols. If ft' ^ // < y and P = P* and Chang’s

conjecture holds for (oc, P), (y, /L), then it holds for (a, p), (y, n).

[Hint: Use Exercise 7.3.9.]

7.3.1 1. 51 is said to be a Jdnsson algebra of power oc iff \A\ = oc and % has

no proper submodel of power oc (and 91 is a model for a countable language

having only function symbols). Every Jonsson algebra is obviously a

Jonsson model. Prove that if there exists a Jonsson model of power oc,

then there exists a Jonsson algebra of power oc.

7.3.12*. Prove that if there exists a Jonsson algebra of power oc, then there

exists one which has a single binary commutative function.

7.3.13*. Prove that for every cardinal a there is a Jonsson algebra (A, F)

of power oc, where F is an infinitary function with oj places.

7.3.14. Let P < oc. Prove that there exists a Jonsson model of power oc

with p relations iff there exists a model 91 of power oc with countably many
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relations and a set X c= A of power p such that s
2l has no proper elementary

submodel of power a which includes X.

7.3.15*. Prove without the GCH that for each n < a>, there is a Jonsson

model of power More generally, for all cardinals a, if there is a Jonsson

model of power a, then there is a Jonsson model of power a
+

.

7.3.16. Prove that a is a Ramsey cardinal iff a > co and every model %
for a language JSf of power \\&\\ < a, has a set of indiscernibles of power a.

(Cf. Proposition 7.3.10.)

7.3.17. The ‘Erdos notation’. Let a, p, y be cardinals and n be a natural

number. The notation

a - (P);

is defined to mean that:

For every partition [a]" = (J f6yCf
of [a]" into y parts, there exists

X c a of power \X\ = p and i e y such that [X]
n a C

t
.

Similarly,

« - (/or
means that:

For every partition ^(a) = 1J iey C, of *^w(a )
into y parts, there exist

X c a of power a and elements i
x , i2 ,

••• ey such that [Jff <= C
ln ,

/? = 1 ,
2

,
—

Check the following:

(i) . Ramsey’s theorem (Theorem 3.3.7) says that for all n < a>, a ^ co,

a —
> ((0)2 •

(ii) . Erdos and Rado's theorem 7.2.1 says that for all n < co and a ^ co,

3„(a)
+ -(a +

)r‘.

(iii) . a is a Ramsey cardinal iff for all p < a,

a (a)p"-

(iv) . The relations a -* (/?)" and a -> (0)y

<<0
remain true when the

cardinal a is made larger and when the cardinals on the right of the arrow

are made smaller.

7.3.18. Show that if a -» (y)^, then Chang's conjecture holds for (a, p),

(7, ©).
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7.3.19*. Show that a is a Ramsey cardinal iff

* - («)?•.

[Hint: Use Proposition 7.3.10.]

7.3.20. a - (p) 2

0>
if and only if every model of power a for a countable

language has a set of indiscernibles of power p.

7.3.21*. If a -> (a)^, then a is weakly compact.

[Hint: Show that a - (a)^ implies the condition in Lemma 7.3.11 and

then use the proof of Proposition 7.3.12. Also it must be shown that a - (a)^

implies that a is inaccessible.]

7.3.22*. If a is weakly compact, then for all p < a and // < co, a - (a)J.

[///>?/: Use an argument like the proof of Ramsey’s theorem and Theorem

7.3.13, but where D is an a-complete ultrafilter in an ^-complete field of

sets of power a.]

7.3.23*. For each infinite cardinal P ,
let k(P) be the least cardinal a such

that

« - (/or

(if such an a exists). Thus a is Ramsey iff a = /c(a). Prove that if k(P)

exists, then

for all y < k(P), k(P) -*
(/?)y

w
.

7.3.24. If k(P) exists, then it is inaccessible.

[Hint: Use above exercise.]

7.3.25*. If p < ol and /c(a) exists, then k(P) < K'(a)(a,/? are infinite

cardinals).

7.3.26**. If k(oj) exists, there is a cardinal co < p < k(cd) such that P

is Il^-indescribable for all m, n < co.

[Hint: Let a be a limit ordinal > k(co), and consider a model

<7?(a), e, /?, ...) with built-in Skolem functions. This model has a set

<X, <) of indiscernibles of order type co, with X <= k(co). The mapping

xn
-* xn+l determines an elementary embedding/

:
§(X) -< §(A^). Take for

p the first ordinal moved by /.]

This exercise shows that there are weakly compact cardinals co < P < k(co);

hence the first uncountable weakly compact cardinal is not Ramsey.

7.3.27*. If a < /c(a), then /c(a) is not weakly compact.

[Hint: Show that /c(a) is LI j-describable, using the equation /c(a)
a = /c(a)

from Exercise 7.3.24.]
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7.3.28*. Let D be an a-complete nonprincipal ultrafilter over a. Then D

has the partition property in Theorem 7.3.13 iff there is a permutation o

of a such that <r(Z)) = {(i(T
r

) : X e D }
is a normal ultrafilter over oc.

7.3.29. State and prove a version of Rowbottom’s theorem for models of

languages & of power \\<&\\ < a.

7.3.30*. Suppose that a is a limit of measurable cardinals and cf (a) ^ y ^

P < a. Then Chang’s conjecture holds for (a, /?), (a, y). Thus every limit a

of measurable cardinals such that cf(a) = co is a Rowbottom cardinal.

7.3.31. State and prove a generalization of Silver’s theorem for languages

of power less than a.

7.3.32. A model 91 = (A, U, <, ...) is said to be well ordered on U ol type

a iff < is a well ordering of the set U of order type a. Generalize Silver’s

theorem for well ordered models on U.

7.3.33**. Show that Silver’s theorem is still true when the hypothesis

‘a is a Ramsey cardinal’ is weakened to ‘for some y > (o lt a = fc(y)\

[Hint: Verify the hypothesis of Lemma 7.3.20.]

7.3.34*. Suppose a is a Ramsey cardinal and 91 is a well ordered model of

type a for a language of power ^ a. Then for every cardinal P > a, 91

has an elementary extension which is well ordered of type p. In tact, there

is an elementary chain 91^, P a cardinal ^ a, such that 9(a = 91 and conditions

(b)-(d) of Silver’s theorem hold.

[Hint: Use the fact that a is weakly compact.]

7.3.35*. A model 91 = <T, <, ...> is said to be co^well ordered iff < is

a simple ordering of A and there is no decreasing sequence of length (o x .

If T is a theory in a countable language and T has an uq-well ordered model

of power then T has <urwell ordered models of all infinite powers.

[Hint: Use the Erdos-Rado theorem.]

7.3.36. Let hwo be the Hanf number for well ordered models, i.e., the least

cardinal a ^ co such that for every theory T in a countable language, if

T has a well ordered model of power a, then T has well ordered models

of all infinite powers. Prove that hwo exists.

7.3.37*. Prove that if /c(coi) exists, then hwo < K((o
y ).

7.3.38*. Show that ^ cf (hwo ) ^ 2".

[Hint: Prove that if a theory T has well ordered models of every power
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P < a, but does not have well ordered models of every infinite power, then

there exists another theory T' which has a well ordered model of power a

but does not have well ordered models of all infinite powers.]

7.3.39*. Show that hwo = 3„wo . Thus c^ < hwo ,

7.3.40*. If the first inaccessible cardinal a > co

7.3.41*. If k(oj
)
exists, then k(co) < hwo .

< ^H-0>

exists, then a <

< hWO ’ etc.

7.3.42. 9f = (A, <, ...> is said to be an y-like model iff < simply orders

A, A has power a, and every element of A has fewer than a predecessors.

(Thus a well ordered model is a-like iff it is of type a.) Give examples of

the following:

(i) . A theory which has an a-like model for all a > co, but not for a = co.

(ii) . A theory which has a-like models iff a is a successor cardinal.

(iii) . A theory which has a-like models iff a is singular.

For the following exercises assume that is countable.

7.3.43 (GCH). If T has an a
+
-like model, then for all regular p, T has a

/U-like model. The GCH is not needed when p
+ = co 1 .

[Hint: Use the two-cardinal theorems.]

7.3.44*. If T has an co-like model, then for all a, T has an a-like model.

[Hint: Use indiscernible elements.]

7.3.45* (GCH). If a is inaccessible and T has a-like models, then for all

regular /?, T has /U-like models.

[Hint: Without using the GCH, show that T has an o^-like model, and

then use Exercise 7.3.43.]

7.3.46**. Let a be a strong limit cardinal. If T has an a-like model, then

for all singular cardinals p, T has a /7-like model.

[Hint: Use ‘doubly-indexed’ indiscernibles.]

7.3.47. In Exercise 4.2.12, we defined a to be a Mahlo number iff every

closed unbounded subset of a contains an inaccessible cardinal. Mahlo

numbers are also called p 0 cardinals. We now define a to be a pn+l cardinal

iff every closed unbounded subset of a contains a pn cardinal. Show that if

a is a pn+1 cardinal, then a is the ath pn cardinal. Also, if a > co and a is

weakly compact, then a is a pn cardinal.

7.3.48**. Suppose that for each n < co, there is a pn cardinal a„ such that T
has an a„-like model. Then for every cardinal p > co, T has a /Mike model.
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7.3.49*. For each n < co, there is a sentence a„ such that for all a, c„ has

an of-l i kc model iff ce is not a pn
cardinal.

7 3 50**. A semigroup <(G, *}> is a set G together with an associative binary

operation \ A semigroup is a group if • is both left and right solvable, i.e.,

for all x,yeG, (3z)(x • z = y) and (3z)(z • x = y).

Let a be an infinite cardinal. Prove that if a semigroup <G, •> of power a

is a Jonsson semigroup, i.e., it has no proper sub-semigroups of the same

power, then either <G, •> is a group or else

cf (a) = to and (3/?)(/J < a a a < 2").

Hence, if cf(a) > w or if (p < a - 2* < a), then every Jonsson semigroup

of power a is a Jonsson group.

7.4. Large cardinals and the constructible universe

In Section 4.2, Scott’s theorem states that the existence of a measurable

cardinal > co implies that the axiom of constructibility is false. We were

able to give a proof there with a minimum knowledge of constructible sets.

Using the results of the preceding section, Scott’s theorem can be vastly

improved. From the weaker hypothesis of the existence of a Ramsey car-

dinal, it will be shown that the axiom of constructibility becomes lalse at

the earliest possible stage, i.e., there are nonconstructible sets of natural

numbers (Theorem 7.4.7). The even weaker hypothesis that at least one ‘non-

trivial’ case of one of the three questions 7.3. 1-7. 3. 3 has an affirmative

answer, still implies that the axiom of constructibility fails (Theorem

7.4.10). It also implies that there are nonconstructible subsets ot co (cl.

Theorem 7.4. 1
1 ), but we shall not give the (long) proof here.

This section will depend heavily on the basic properties of constructible

sets. They are available in several books, for example, Cohen (1966), Godel

(1940), or Shoenfield (1967). We shall not attempt here to give a complete

introduction to constructible sets. Instead we give only a brief outline which

will serve to fix notation and point out what is needed for the theorems that

follow. We advise the reader to learn the basic properties of constructible

sets elsewhere before attempting to read this material.

In Section 4.2 we gave the following ‘model-theoretic’ statement oi the

axiom of constructibility:

For every regular cardinal a > co, there is no proper subset M c= /7(a)

such that a c- M and <Af, e> is a model of ZF-P.
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I his definition is not convenient for our present purposes, and we shall

have to turn to the usual statement of the axiom of constructibility which

is familiar from the literature.

Given a set M of sets, a subset X c= M is said to be definable in M (with

parameters) iff there exists a formula (p(uv
{

... vn )
of the language ££ = {e}

and elements y lt ..., yn e M such that

X = {* e M : <A/, e> h (p[xy
,

... ;>„]}.

Note that each formula (p(uv
j

... vn )
and /7-tuple y x , ...,yn e M defines a

unique subset X a M

.

We now define by induction the chain of sets L( a),

a an ordinal.

7.4.1. If a = 0, then L(a) = 0. If a > 0 is a limit ordinal, then

L(a) = U m-
p<a

If a = p+ 1, then

L( a) = [A" c= L(P) : A" is definable in £(/?)}.

It follows that in all cases L(a) = [j f}<aL(p+ 1 ).

A set x is said to be constructible iff there exists an a such that x e L(ot).

The class of all constructible sets is called the constructible universe and is

denoted by L. Thus

l = u
a

Proposition 7.4.2. The axiom of constructibility holds iff every set is

constructible.

The usual statement of the axiom of constructibility is that every set is

constructible, and the above proposition states that this usual statement is

equivalent to the one given in Section 4.2.

Proposition 7.4.3.

(i) . If a < P, then T(a) <= L(P) and T(a) e L(P).

(ii) . acL(a)c^(a)Waei(a+l) \ L(a).

(iii) . L(a) is a transitive set, i.e. x e ye L(ol) implies x e T(a). Consequently
,

L is a transitive class.

(iv) . Ifa is an infinite ordinal, then |L(a)| = |a|.

(v) . //a is a cardinal
, <B , £> = <L( a), e>, and <B , £) is well-founded.
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then there are a unique >/ and function f such that

> = <L(ij),e>.

(vi) . If xeL and x <= L(f\ then xeL(\£\
+

). More generally , if xeL

and x is a finitary relation over then x e L(|c|
+

).

(vii) . If a = 3
a ,

/ten L(a) = *(a) n L.

One important result is that the constructible universe is a ‘model' of

ZF + axiom of constructibility.

Before we can state this and further results clearly, we must be more

specific about the nature of the intuitive underlying set theory (UST) which

we are operating in. Up to this point we have been able to get by without

making any definite commitment to whether the UST is like ZFC, Beina)s-

Godel set theory, or Bernays-Morse set theory. But results such as the one

above about the constructible universe must be stated one way when the

UST is ZFC and another way when it is Bernays-Morse. So from now on

we shall work under the definite understanding that our UST is Bernays-

Morse set theory. This makes it possible for us to study models whose

universes are classes rather than sets.

The usual ordered pair construction

<x,y} = {{*}, {x.j'}}

does not work for proper classes. However, it is easy to find a substitute,

for instance

<X, r> = (X x {0}) u (Tx {1}).

Consider a class A and a binary relation E over A. We may then torm the

model (A, E) for the language J£?e
= {e}. The notion of satisfaction ot a

formula q> of in the model (A, E) may then be defined recursively in

the usual way. Since A might be a proper class, the Bernays-Morse

axioms are needed to make such a definition. We shall extend the usual

model-theoretic notation to such models, e.g.,

(A, E) k (p [ai ... an ],

<A,E > < <B, E),

and so on.

In particular, we may consider the model e>, where V is the class ot

all sets. If (p(x
l ... x„) is a formula of and a

x , ...,«„ are sets, then

cp(a
l ... an) is true
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if, and only if,

<K e> t= <p[a
1

... an \.

If (p is a formula of and y is a new variable, then cp
(y) denotes the

relativization of (p to y; it is formed by replacing

(3x)cr by (3x)(x g >> a cr) and (Vx)o by (Vx)(x e y -* er)

everywhere. With this notation we see that for every class A and all

<*\ > ..., an g A,

(p
(A)

(a
l

... a n )
is true

if and only if

<A, e> N <p[a, ... a„].

It is convenient to use ZFL to denote the theory

ZF + axiom of constructibility.

With this understanding we can now state the following theorem:

Theorem 7.4.4 (Godel).

(i) . <L,e> h ZFL.

(ii)
.
(axiom of choice)

(L)
.

(iii)
.
(GCH)(L)

.

Combining Proposition 7.4.3(vii) with Theorem 7.4.4(i), we obtain the

following useful fact:

(a = implies R(a) = L(a))
(L)

.

The formal proof of Theorem 7.4.4 can be carried out in ZF and yields the

following:

Theorem 7.4.4'.

(i) . ZF b (ZFL)(L)
.

(ii) . ZFL b axiom of choice.

(iii) . ZFL b GCH.

Flereafter, by ‘formula’ we shall mean a formula of the language —
{g}.

Let A be a transitive class. We say that the formula <^(x
x

... xn ) is absolute

for A iff for all , ..., an e A,

(p(a
{ ... <p

{A
\a

i
... an).

{Note: We can replace the latter line by

< V, g> b (p[a
l ... an\+->(A,e) b cp[a

x
... an ].)
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Whence a formula (p(x
{

... xn ) is absolute for L iff for all ...,an eL,

(p(a
{

... a n)
<-> (p

iL\a
l

... a n).

it is obvious that every atomic formula is absolute for L as well as for

every transitive class B. We shall be particularly interested in absoluteness

for the sets L( a). A convenient sufficient condition for absoluteness is given

by the notion of a limited formula.

By a limited (or bounded
)
quantifier we mean a quantifier of the form

(Vw e r) or (3w g v), where u and v are set variables. (Vwgl*)i// means

Mu(u g v -> (//), and (3w e v)ij/ means (3w)(w g v Aij/). A formula cp(v
l

... vn )

is said to be a limitedformula iff all its quantifiers are limited.

Lemma 7.4.5. Let cp(v
l

... vn ) be a limited formula. Then <p is absolute for

L and alsofor every transitive class B (hencefor each set L(a)).

The proof is an easy induction on the length of ip.

Our flexible use of abbreviations (introduced into set-theoretical formulas

in the standard way) can lead to trouble when we are dealing with the

notion of absoluteness. The difficulty is that an abbreviation might stand for

either of two or more formulas which are logically equivalent with respect

to ZFC but not logically equivalent; thus if <5, g> is not a model of ZFC,

it may well happen that one of these formulas is absolute for B ,
while the

other is not. For example, consider the abbreviation ‘x = <7, z>’ and the

two formulas (1) and (2) below:

(1) (Vw)[w e x «-* (Vt/)(u e u <- v = 7)

v (V^)(t? g u <-* v = yv v = z)],

or

(2) (3wu) [hgiadgxa (Vw)(w e x -+ w = uvw = v)

Ay g u a (Vw)(w g w -> w — T

)

AyEVAZEVA (Vh’)(h’ g v - w = y V w = z)].

The formulas are not logically equivalent, but they are logically equivalent

with respect to ZFC. Thus ‘x = <7, zf can stand tor either (1) or (2).

The formula (2) is a limited formula, so by Lemma 7.4.5, it is absolute for

every transitive class B. Flowever, formula (1) is not absolute for the tran-

sitive set B = {0}.

To get around this difficulty, let us say that an abbreviation (p for a formula

can be expressed by a formula
\J/

iff
\Jj

is one of the formulas which cp ab-



7 .4
]

l.ARGt CARDINALS AND THE CONSTRUCT IBLE UNIVERSE 479

breviates. Then we shall tacitly agree that whenever an abbreviation for a

formula can be expressed by a limited formula, it really does stand for a

limited formula. The following are examples of abbreviations which can be

expressed by limited formulas:

*x <= /;

‘x = <y, z>’;

‘x is a function’;

‘

x

is an ordinal'.

We shall also need the following very special absoluteness results:

Lemma 7.4.6. Suppose >/ ^ \£\
+
.Thenfor all x e L(t]) (andfor an appropriate

formula defining L(£ )):

(i) . x = L(i) iff {x = L(i))
(Un))

, and

(ii) . <x, s> N a[a
l

... a„] iff «x, e> N a [a, ... for all formulas o

and a
v , ..., an e x.

The reader should be warned that some very simple and familiar formulas

are not absolute for L or for L(a), for example,

x is a cardinal;

jt is countable;

X = S(y);

x = R{P).

We now come to the first of the main results of this section.

Theorem 7.4.7. Suppose there exists a Ramsey cardinal y.. Then :

(i) . There are only countably many constructible subsets of co.

(ii) . For any two cardinals p, y with a> < p < y, we have <L(p ), e> -<

<L(y), e>.

(iii) . If y is a cardinal, then

({P : P is a cardinal and at < p < y}, <)

is a set ofindiscernibles in (T(y), e>.

Proof. It is not hard to prove that (ii) implies (i). However, we shall prove

(i) directly from Rowbottom’s theorem, and then prove (ii) and (iii) from

Silver's theorem.
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(i) . Let U be the set L n S(oo) of all constructible subsets of to; then

U c- L(a). Consider the model <L(a), e, U}. Thus |L(a)| = a and \U\ ^
2“ < a. By Rowbottom’s theorem, there is an elementary submodel

(B, e, V) < <L(oc), e, U} such that |5| = a,
\

V\ = co. There is a unique

rj and/such that /
: <£, e> ^ e>. Since |5| = a, |>y| = |L(;/)| ^ a,

so ri ^ a. But every ordinal of <5, e) is an ordinal of <L(a), e>, so the

ordinals of <5, e> and hence of <£(>/), e> have order type ^ a. Then

rj ^ a, whence

/: <5, e> s <L(a), e>.

The statement is a finite ordinal’ can be expressed by a limited formula,

and therefore the model <L(a), e, U} satisfies the sentence

(Vx)(£/(x) <-> (Vy)(y e x -> y is a finite ordinal)).

Hence the above sentence also holds in <B , e, K>, and it follows that the

isomorphism /maps V onto U, whence
\

U\ =
|

V\ = oj.

(ii) . We may choose a well ordering <* of the set L(a) such that for all

£ < a, the set L(() is an initial segment of <X(a), <*>. This is done by first

well-ordering L(l), then L(2)\L(1), etc. Since L (a) has power a, and for

all £ < a, L(£) has power |(| < a, the well ordering <* has order type

exactly a. This gives us a well ordered model

(1) 51 = <L(a), <*, e>

of type a. From our choice of < * we see that satisfies

(Vx, y)(xey -> x <* y).

This is because x e

y

el(() implies that x eL(r\) for some >/ < £, and each

L(r\) is an initial segment of <L(a), <*).

Using Silver’s theorem, there is an elementary chain

= (Ajc, <£, c > o,

with the properties (a)-(d). By (a) we have

<A,,e,} = <L(a),e>,

and by (b), 5/ is a well ordered model of type co,. Using (a) again, (1) holds

in 5/, and therefore is a well founded relation. So by 7.4.3, there is a

unique ordinal t], and isomorphism

/* : (A,,e^) s <L(f/
{ ),

e>.
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Since |L(()| = |(| for all infinite £,

riz > 1^1 = IM^)I = M*l = M*,

so ri « ^ On the other hand, by (1), the ordinals of^ have order type

^ to,*, whence the ordinals of <L (>/,*), e> have order type ^ But the

formula 'y is an ordinal’ is absolute forL(»^). It follows that rj^ ^ tu^, and

thus = oj^. Hence

(2) fi : (A ( , e4> s <Z-(cu
4 ),

e>, £ > 0.

We claim that

(3) if 0 < C < {, then /{ { A ; = /c
.

To prove (3), we note first that

be A*, aeA^, be^ a implies be^a,

because by (1 )
we have b <^a and by (c) the set A

c
is an initial segment in

(A^, <,*>. Since L(a)^) is transitive, we have

ft(a) = {f((b)-bet
a}, aeA

(
.

Moreover,

/{(a) = {/{(*) : b e
{ «} = {/{(*) : b e

4
a}, a e A

(
.

Then by induction on <
{ ,
we see that f(

(a) = ff
(a) for all a e A

: ,
and (3)

follows.

Combining (2), (3), and the fact that the models form an elementary

chain, we conclude that

<L(w
c ),

e> < <L(co
4 ),

e).

This proves (ii).

(iii). Given £ > 0 and 0 < £ < {, let w
c
be the co^th element under <$.

In our proof of (ii), the well ordering <* could have been chosen so that

for each ordinal p < cc, P is the first element of L(v)\L(p). Since the

formulas *y is an ordinal’ and ‘xe £(}>)’ are absolute for L( a), the model

satisfies

(4) (V>») [y is an ordinal -* (Vx)(x <* y <r+ x e L (>’))].

Then (4) also holds in 5^. Moreover, for each 0 < £ < £, a e A%, we have

aeAr iff ft
(a)eL(o)

Q)
iff ^NeL(/^(a)

{)).

Thus by (4),

aeA^ iff a ff \co^).
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This means thatA *(co
; )

is the co^th element in the ordering <,*, that is,

AM = Re-

condition (d) of Silver's theorem says that the set

<{w
c
:0 < C < £}, <s>

is indiscernible in By (1), we have <$ u
n
iff£ < h- B follows that

<{co
; :

0 < C < f}, e>

is indiscernible in the model <L(co,*), e). This proves (iii). 4

Theorem 7.4.7 is remarkable, for it shows that the assumption that a

large cardinal exists (a Ramsey cardinal) implies something new about sets

of natural numbers. Of course, even the existence ot an inaccessible cardinal

a > co implies number-theoretic facts like ZF is consistent’. However,

Theorem 7.4.7 is more exciting because it is a case where an axiom of in-

finity implies something about sets of real numbers, which is mathematically

interesting and unexpected.

Theorem 7.4.7 also tells us something about the ‘model' e>.

Corollary 7.4.8. Assume there exists a Ramsey cardinal. Then :

(i) . For all cardinals (3 > co, <L(/?), e> -< (L, e).

(ii) . There is a formula ijj(u, v ) of such that for all u and v ,

\j/(uv) iff Ti is aformula of TFg ,
v e L, and <L, e> 1= u[v]\

(iii) . If (p(v) is a formula of TFe and <L, e> h (3i;)</>, then there is a

countable x e such that e> N (p[x ].

(iv) . Let C be the class of all uncountable cardinals. Then <C, <) is a

class of indiscernibles in <(L, e).

Proof, (i). By Theorem 7.4. 7(ii), the models {L(f), e>, (3 a cardinal > co,

form an elementary chain. The union of this chain is <(L, eX The proot ot

the theorem on unions of elementary chains still goes through in this case, so

<L(j?),e> <<L, e>.

(ii). Let ij/(uv) be the formula which says:

‘w is a formula of and there exists a cardinal /3 > co such that

v e L(p) and v satisfies u in <L(/?), e)’.
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Then it follows from (i) that ip(uv) has the required property.

(iii) . If <L, g> h (3t;)<p, then by (i), <L(cdj), g> N (3v)(p, whence there

exists x:gL(cd,), such that (L(o)
x ) y g> N <p[x]. Again using (i), <L,g)N

(p[x]. Since x g L(o
x ), x <= L(£) for some co ^ £ < a>

l
. Thus \x\ ^ |L({)| =

|£| = co, whence x is countable.

(iv) . Let < ... < a„ and /?,<...< /?„ be increasing /7-tuples of un-

countable cardinals, and let y be a cardinal with a„ < y, /?„ < y. By Theorem

7.4.7(iii), we have

<L(y), e, a, ... *„> = <L(y), e, /?, ... /i„>.

Then by (i),

<L, g, a, ... a„> = <L, g, p l
... /?„>• H

The next Theorem 7.4.10 completely solves the problems 7.3. 1-7. 3.

3

under the assumption of the axiom of constructibility. Lemma 7.4.9 below

allows us to handle all three problems at once.

L[-:mma 7.4.9. Let ql be a cardinal and assume:

(i) . For all cardinals p ^ a, if </?, g> -< <L(a), g> and \B\ =
/?,

L(P) c £.

Then each of thefollowing hold :

(ii) . <L( a), g> /$ # Jonsson model ofpower a.

(iii) . For all cardinals 3 < p < a and 3 < y ^ a, Chang's conjecture

failsfor the pairs (a
, /?), (y, <5).

(iv) . For all cardinals P < a, ///crc exists a well ordered model of type a

w/z/c/z /zl> elementary submodel oftype p.

Proof, (ii) follows by taking p = ca .

For (iii), consider the model 51 = <L(a), L(p), g> of type (a, P) and

suppose there is a 53 <51,53 = <#, F, g>, of type (y, <5). Then V = Br^L(p).

By (i), L(y) c= £. If y ^ p, then also L(y) c= L(p), whence L(y) c= V, and

this contradicts
\
V\ = 3 < y. Similarly, if p ^ y, then L(p) cz B

,
whence

L(p) a V and this contradicts |F| = 3 < p. Thus there is no 53 < 5( of

type (y, 5).

To prove (iv), choose a well ordering <* of L( a) of order type oc, such

that L(P) is an initial segment. Then <L( a), <*,g, /?> is a well ordered

model of type a. Here P is a constant of the model. Suppose <£, < *, g, P} <
<L(a), <*, g, /?> is an elementary submodel of type p. Then \B\ = p

,

so (i)

implies that L(p) <= B. But then the element p $ L(P) has p predecessors, so
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(B, <*, g, /?> cannot have type ft Thus <L(a), <*, e, ft} has no elementary

submodels of type ft H

Theorem 7.4. 10. Assume the axiom of constructibility. Then conditions

(i)-(iv) ofLemma 7.4.9 holdfor all cardinals a.

Proof. By Lemma 7.4.9, it suffices to prove (i). To do this, we assume that

(i) is false and get a contradiction. Thus we assume that there are cardinals

a > P and a model <

B

, g> -< <L(a), g> of power \B\ = p such that not

L(p) c= B. Since <B , g> is well-founded, there is a unique ordinal t] and

isomorphism

/: <L(j/), g> ^ <5, e>.

Then /is also an elementary embedding

/:<L//), g> < <L(a), e>.

We have

M = l-^Ml = ft so t] ^ p.

For any limited formula (p(y Y
... vn ) and any x

{ , ..., x„ e L(//), we have

(1) <jt>(Xi ... x„) iff q>(f(x Y ) ... /(*„)),

because limited formulas are absolute for L(>/) and L(a). Also, by Lemma

7.4.6, for all < /? we have

(2) /(T(/0) =

This is because x = Lfi) iff (x = L(ju))
(L(,,) '

iff (/(x) = L(/(/i)))
(L(a))

ilf

/(*) = L(Ai1 ))-

Since L(/?) is not a subset of there exists x g L(P) such that /(x) ^ x.

Let c be the least ordinal such that

(3) for some x gL(£ + 1), /(x) # x.

P is a limit ordinal, so £ < ft In fact, /? is a cardinal, so

(4) |{|
+
<P<»/.

It follows from the equation L(/) = (J v<(»L(v+ 1) that

(5) for all x g L(£), /(x) = x.

Thus c is the greatest ordinal with the property (5). We claim that

(6) m > ft
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To prove (6), assume that /(£) ^ By (5) and the fact that / is one-one,

we have /(£) > so /(£) = £. From (4) we see that L(£) e L{rj). Let

jc 6L(^+1). Then there are a formula (p(uv
1

... vn ) and y t , yn e L(£)

such that

(7) X = {z 6 L(£) : ... y„)}.

The statement

x = {zeu : (p
(u\zy

1 ... yH)}

is limited, so by (1),

(8) f(x) = {z 6 /(L(0) : <P
u,uim

(zf{y t ) ... /(y„))}.

But by (2), f(L(i)) = UfH)) = L(Z)> and bY (
5 )./(.Vi) = >’i> •>/(>'.) =

JV It follows from (7) and (8) that/(x) = x. But x was an arbitrary element

of JL(£ + 1), so we have contradicted (3). We conclude that /(£) > {, i.e.,

(6) holds.

We have £ > w, because for each // ^ a

)

there is a limited formula (p(v
)

such that // is the unique set satisfying cp(v), whence /(//) = //. Also, it

follows from (4) that

(9) S(() n L c L(ti).

Up to this point in the proof, we have not used the axiom of construc-

tibility. Using it now, (9) implies that S(£) <= L(//). Define

D = {xe S(£)
: { e/(x)}.

We claim that D is a nonprincipal ^-complete ultrafilter over £. This is es-

sentially the result of Exercise 4.2.4, but we shall give a direct proof here.

Note that the formulas x = 0 , z = x n y, z = £\x are limited. Thus

/(0) = 0, so £ e/(0) and 0 D. Also, for all x,y: x e D and y e D implies

£ e/(x) and £ e f(y). So £ ef(x) n f(y) = f(x n >’)> and x n ye D. And,

for all x <= {, x$D implies £ £/(x). So £ef(£)\f(x) = /({\x), and

£\xeD. This makes D an ultrafilter. D is nonprincipal, because for all

(eC,

££{£} = {/«)} = /((«)>

so {£} £ T). To prove D that is ^-complete, let £ e £ and • 71 6 0 c D.

We have a slight difficulty because it is not clear whether {x^ : n e Q e L(/7).

However, we get around this by letting

r = {<7T, e C x £ : /< e x„}.
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Then r e L(r]). Each belongs to L(rj), and

{n e £ :
<7r, er} = xn e D.

The formula v = {/.i £ £ : <7r, //)> £ r) is limited. Therefore for all n <

{ ef(xn ) = {v e/({) : </(«), e/(r)}

= {/*e/({) : <7i, /*> e/(r)},

whence <7i, <;> e /(r). Hence

C e {// e/(c) : (V 7i £ C)<tt, //> £/(r)} - z.

Since the formula v =
{// £ £ :

(V7r £ C)<7r, ju> £ r} is also limited,

/( 0 *«) = /({M e :
(Vtt £ 0<7i, /<> £ r}) = z.

n<Z

Hence n«<r*« E D -

We have shown that is a measurable cardinal > to. But by Scott s

theorem 4.2.18, this contradicts the axiom of constructibility. H

When Theorem 7.4.10 above is stated in contrapositive form,

if condition (i) fails then the axiom of constructibility fails,

then both its hypothesis and conclusion are weaker than those of Theorem

7.4.7. For the results of Section 7.3, show that all of (ii)-(iv) fail, and hence

(i) fails, when a is Ramsey.

Kunen has recently proved what appears to be the ultimate theorem in

this direction:

7.4.11. If any of the conditions (i)-(iv) fail,
then all the conclusions of

Theorem 1.4.7 and Corollary 7.4.8 hold.

(Actually, one shows that if (i) fails, then Corollary 7.4.8(iv) holds.)

Thus the weaker hypothesis implies the stronger conclusion. The proof

combines the methods of the preceding and present sections with a general-

ization of the iterated ultrapower construction of Section 6.5. Although

many of the tools required for the proof have already been introduced in

this book, we shall not give the proof here because it is quite long. We shall

prove one last result connecting the problems 7.3. 1-7. 3. 3 with the construc-

tible universe.
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I heorlm 7.4.12. Assume that there is no ordinal £ > at such that

(£ is a weakly compact cardinal

)

{L)
.

Then conditions (i)-(iv) ofLemma 7.4.9 hold.

Proof. Assume (i) is false. Let a, r/,

/: <L(ri), g> < <L( a), g>,

and c be as in the previous proof. We show first that (£ is inaccessible)
(L
\

It is easy to check that £ is accessible if and only if

(1) there exist £ < £ and y c= £ and r c (xy such that is cofinal in

<C, < ) and for all p, n g y, p ^ n implies {v : r( v, /*)} # {v : r(v, n)}.

Let <p(£, (,y, r) be an abbreviation for the part of (1) inside the quantifiers;

formally,

(Vz g £)(3u ey)[z e u] a (V//, 7r e y)[p 0 n -*

n (VvG{)[(3$Gr)(j = <v, (3ser)(s = <v, tt>)]].

Note that all the quantifiers in cp are limited. It follows that cp is absolute

for L. Suppose (£ is accessible)*
7
'*. Then there exist £ g £ and y g 5(£) n L

and r e S(£ x y) n L such that

</>
a)

(£, c, y, r).

Using absoluteness we have

<P(C, f,y, r).

Since |c|
+
^ rj, we haveyGL(iy) and r e Then as we observed in the

previous proof, it follows that

But /(C) = C, SO

(2) <f(Cm)J(y)J(r)).

The statement (2) implies that /(>’) is cofinal in /(?), whence there exists

/t < /({) with { < /t and // 6 /(>•). Let

(3) z = {veC : <v, ft} ef(r)}.

We note that for all 7t 6 £, we have /(tt) = n, and ney iff f(n) ef(y)\

therefore

( 4 ) y =f(y) <"> £•



488 SELECTED TOPICS [
7.4

For all 7r ef(y) n n ^ f.
i ,
whence by (2) and (3),

(5) z ^ {vgC :
<v, tr> e/(r)}.

We have

z C=/(z), /(z) c/(C) = C,

(C-z) d/(C-z) =/(0-/(z) = £-/(*),

and therefore z =/(z). Thus from (3) and (5), respectively, we obtain,

using (4),

(3fiey)(z = {v e C : <v, ju> e r}),

(V7r ej>)(z ^ {veC :
<v, 7i>er}).

This is a contradiction. Hence (c is an inaccessible cardinal)
fL)

.

To show that (c is weakly compact )

(L) we shall use the characterization

of weakly compact given in Exercise 4.2.2(iii). ft says that a cardinal /?

is weakly compact iff ft is inaccessible and every model of the form

<R(P), e, S
{

... Sn}

has a proper elementary extension

<C, E, T
x

... O
such that

c e C, be R{P), cEb imply c e R(P).

Note that since (c is inaccessible )'
L
\ we have (f = 2*)

(L)
;
hence

(«(o = myL)
-

Furthermore, using Lemma 7.4.6, we have

nm) = £(/(«))•

Consider a model 33 e L of the form

33 = <L({),6, 5i ... S„>.

Then S l9 ..., Sn eL. Since S l9 ..., Sn are finite-placed relations over L(c),

they all belong to L(|£|
+

). Hence 33 eL(|£|
+

), and 33 eL(r\). Now form the

model

/ob) = <nm),ej(s,)...f(sn)y.
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Recalling that /is an elementary embedding of e> into <L(a), g>,

we have for each formula (p(v
{

... vn )
and x, , ..., xn e L(f),

1= </>[x, ... x„])
(i)

iff <L('/), e> N (58 t= <p[x, ... xj)

iff <£(a), e> N (/(SS) 1= <p[/(x,) ... /(*„)])

iff (/(S3) t= <p[/(x i) ... /(x„)])
a>

.

This is because the statement ‘33 1= </?[*! ... xj' is absolute by Lemma
7.4.6(ii). But f(x j) = x

{ , ... ,/(*„) = xn . Therefore (33 -< /(33))
(L)

. On the

other hand, £ <= L(£), whence £ e/(£) <= /(L(£)), so £e/(L(£)). But

^ £ L({). Hence

(/(33) is a proper elementary extension of 33)
<; )

.

If y ef(L(£)), z g L(£), and yez, then y e L(£) because L(£) is transitive.

Thus /(33) has the required property. H

Corollary 7.4. 1 3. Ifthere exists a Ramsey cardinal , then there is a countable

ordinal fl > a> such that

(fi is a weakly compact cardinal)
(L)

.

Proof. By Rowbottom’s theorem, there is no Jonsson model of power a.

Then by Theorem 7.4.11, there is an ordinal £ > cu such that

(£ is a weakly compact cardinal/
1/

The desired conclusion now follows from Corollary 7.4.8(h). H

Exercises

7.4.1. Show that Corollary 7.4.8(i) can be reformulated as the following

theorem of ZFC: Let 3f = <(T, £) be a model of ZFC+ ‘there exists a

Ramsey cardinal’. Let

= {a e A : 31 N 'a e L’},

31 h 7? is a cardinal > a>\

and

L(/?/“ = (a e A : 3( h 'a e L(/?)’}.

Then

<L0Sf, £> < <La , £>.
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Give similar formulations for parts (iii) and (iv) of the corollary.

7.4.2*. Assuming that k(co 1 )
exists (cf. Exercise 7.3.23), prove the conclusions

of Theorem 7.4.7.

[Hint: Use Lemma 7.3.20 or Exercise 7.3.33 instead of Silver’s theorem.]

7.4.3. Assume that there exists a cardinal a and a well ordering <* of

1(a) such that the model <L( a), <*,e> satisfies the sentences (1), (4) of

the proof of Theorem 7.4.7 and also has an uncountable set of indis-

cernibles. Show that the conclusions of Theorem 7.4.7 hold.

7.4.4*. Assume that the class of cardinals > co is indiscernible in the model

< L, e> (i.e., condition 7.4.8(iv)). Let 0# be the set of all formulas <p(v
l . . . v„)

of such that <L, e> 1= (p[(o
{ ... coj. Here co l5 ..., co„ are in the ordinary

sense, not in the sense of L. Prove that O^ L.

[Hint: Let a be a cardinal > K^.Then O

^

is also the set of all ^6 formulas

<p(v t
...vH) such that <L(a), 6> 1= ... co„]. Use the fact that there

exists a well ordering <* of L(a) which is definable in e> and such

that <L(a), e> satisfies sentences (1), (4) of the proof of Theorem 7.4.7.]

7.4.5. Condition (iv) of Corollary 7.4.8 implies conclusions (i)-(iii) of

Corollary 7.4.8.

[Hint: Use Exercise 7.4.3.]

7.4.6. Suppose that a is a Rowbottom cardinal. Then for every formula

cp(v) of J^e such that <L(a), e> 1= (3\v)<p(v), there exists a countable

xeL(coj) such that <L(a), g> t= cp[x]. In particular, if a > co, then there

are only countably many constructible subsets of co.

7.4.7. Suppose a > coj and Chang’s conjecture holds for (a, co
x ), (co

x ,
co).

Then there are only countably many constructible subsets of co. [Remark:

From exercises in Section 7.3, if Chang’s conjecture holds for some pair

(a, /?), (y, co) with /? > co, a ^ y > co, then it holds for (a, coj),

(co 1? co).]

7.4.8*. Assume that a is a cardinal and every countable subset of a is con-

structible. Then conditions (i)—(iv) of Lemma 7.4.9 hold.

[Hint: Like the proof of Theorem 7.4.10, but prove that £ is a Ramsey

cardinal instead of proving that £ is measurable.]

7.4.9. If y is an inaccessible cardinal, then (y is an inaccessible cardinal)
(L)

.

7.4.10*. If y is a weakly compact cardinal, then (y is a weakly compact

cardinal)
(L)

.
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[Hint: By the preceding exercise, (y is an inaccessible cardinal
)

(L)
. Thus

(R(y) = L(y))
(L)

. Let y > o. Consider a constructible model 0 =

<L(y), e, S
{

... Sn }. Take a cardinal a > y and choose an elementary sub-

model (£ < <L(a), e> of power y such that y c C, y e C, 0 e C. Then

(£ = </_(>/), e> for some >/. By weak compactness, there is a <5 ^ rj and an

elementary embedding / :
<L(^), e> -< <L(<5), e> such that y is the least

ordinal with /(y) ^ y. Now use the method of Theorem 7.4.1 1 to show that

in the constructible universe /(0) is an elementary extension of 10 of the

required kind.]

7.4.11*. Suppose / : e) < <L(a), e), a is a cardinal, ^ is the least

ordinal such that /({) ^ and |<^|

+
^ r] (cf. the proof of Theorem 7.4.1

1
).

Then

(f is nf-indescribable)
(L)

.

(The notion of a n"'-indescribable cardinal is defined in Exercise 4.2.19.)

If in addition a is a limit cardinal, then

(£ is indescribable)
(L)

.

The same conclusion holds if/: e> < <L, e) and ^ is the least ordinal

such that /(£) /

7.4. 1 2*. Assume that the class C of all uncountable cardinals is indiscernible

in e). Then for each cardinal a > to, there exists an elementary em-

bedding / : e> -< e) such that a is the least ordinal such that

/(a) # a. Hence

(a is weakly compact)
(L)

,

and

(a is indescribable)
(L)

.

[Hint: Use the fact that there is a function F definable in <L,e> such

that the sentences (l)-(4) of the proof of Theorem 7.4.7 hold in <L,e>.

Thus <L, e> has definable Skolem functions, and the Skolem hull of C is

isomorphic to <L,e>. Next use the elementary embedding theorem for

indiscernibles, i.e., any ordermorphism of the class of indiscernibles into

itself generates an elementary embedding/
:
<L, e) < (L, e>.]

7.4.13**. Assume that /: e> < <L( a), e>, a is a cardinal, { is the

least ordinal such that/({) # <!;, and |£|

+
^ t\. (Same hypotheses as Exercise

7.4.1 1.) Then there exists an elementary embedding

/: <L,e> -< <L,e>

such that £ is the least ordinal with /(£) # £.
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[Hint: Form an Tiltrapower’ X\D(L, e>- Let

D = {xeL r\ S(£) : £ e/(*)}•

Note that D £L. Let the elements of Hd<£> e> be the equivalence classes

of constructive functions g e^L. Show that the ultrapower is well-founded

and therefore isomorphic to <X, e). Let /be the composition of the natural

embedding and this isomorphism. This exercise is the first step in the proof

of the result 7.4.11 of Kunen.]

7.4.14. Using Exercises 7.4.12 and 13, show that if

(there is no indescribable cardinal)
(L)

,

then conditions (i)—(iv) of Lemma 7.4.9 hold.

Elaborating on the hint for Exercise 7.4.12, there is a formula x <* y

such that the following are theorems of ZFL:

(VxyXx ey -+ x < * y),

(Va)(L(a) is well ordered by <*),

(Va)(L(a) is an initial segment of <*).

Using <*, we can define Skolem functions in ZFL. For the following

problem we shall use formulas containing < * and Skolem terms as abbrevia-

tions for the formulas which define them in ZFL.

7.4.15*. Assume that the class of all uncountable cardinals is indiscernible

in <L, e>, and let 0# be the set of formulas defined in Exercise 7.4.4.

Show that O7^
is the unique set I such that:

(1)

. I is a maximal consistent set of formulas of ££e .

(2)

. All axioms of ZFL belong to I.

(3)

. All the J?e formulas (i)-(iii) of Lemma 7.3.19 belong to I.

(4)

. All J^e formulas of the form

v„ < t{v
l

... Vn -iVn+ i
... Vm )

—> l'n +i ^ ••• Vn-l l n + l *•' l m)

belong to I.

(5)

. All ££e formulas of the form

(p{vh ... V
in)

(p(v
jl ... V

jn), / < ... < in < (Oji < ••• < jn <

belong to I.

(6)

. For any well ordering <' of co, the model generated by the set

(co, <') of indiscernibles whose increasing sequences satisfy I is well ordered

by <*.
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Note : It turns out that, with an appropriate Godel numbering ol 'fe

formulas, the conditions (l)-(6) can be expressed as a n 2 torinula over

<7?(co), e) (that is, second-order universal-existential). It then follows that

the statement (p e O" is A3, i.e., can be defined both by a n 3
lormula and

by a E 3
formula in </?(«), e>. This is known to be the simplest possible

kind of nonconstructible set, in the L and n hierarchy. Solovay has shown

that if ZF is consistent, so is ZF+ ‘there is a nonconstructible \\ set’.

7.4.16*. Assume the class of cardinals > co is indiscernible in <L,e> and

define O^ as before. Let M be a transitive set or class, <M, e> h ZFC,

CM = {a e M : <A/, e> h a is a cardinal > co}, and

LM = {x e M : <M, e) \= x e L}.

Prove that if 0# e M, then <CM , <> is a set of indiscernibles in <LM , e>.

Hence all the conclusions of Corollary 7.4.8 hold in <A/, e) (by Exercise

7.4.5). This means that simply by putting the set O' of natural numbers

into the model, we can make every definable element of <L, e> countable!

7.4.17*. Gaifman’s construction. Let a > co be a measurable cardinal and

let D be an a-complete nonprincipal ultrafilter over a. Recall the iterated

ultrapower construction of Section 6.5. For each ordinal p ,
let

Ep = X<p, >yE>

be the ultrafilter formed by iterating D, p times with the inverse well order.

Prove that:

(i) . The iterated ultrapower YIep^E, e> is well founded and isomorphic

to <L, e).

(ii) . For each yep ,
let d

{y) : »
e) ^YlEp^E^ey be the natural

embedding. Let beY[D(L,e} be the equivalence class of the identity

function on a. Then {d
[y)

{b)
: y e P} is indiscernible in n^<L ’

6> (
with the

obvious ordering). Hence <(L, 6^> has indiscernibles.

7.4.18*. Generalize Theorem 7.4.7(ii) to the following. Suppose there exists

a Ramsey cardinal a. Then for any three infinite cardinals a < p < y, P and

y regular, we have

<L(/?), e> <L(y), e>.

denotes elementary submodel in the sense of the infinitary language

introduced in Chapter 4.) In particular, we have

<L(co 2 )> e) ^01 e>.

This result can be improved in the style of Exercise 7.4.2.
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SET THEORY

in the first part of this appendix, we shall develop the intuitive set theory

which is needed for the theory of models. Our purpose is both to fix notation,,

and to present some basic results about ordinals, transfinite induction and

cardinals. The treatment below will fill the gap between the amount of set

theory used in most other branches of mathematics and the slightly larger

amount used in model theory.

The last part of this appendix contains the formal lists of axioms for

four axiomatic set theories, those of Zermelo, Zermelo-Fraenkel, Bernays,

and Bernays-Morse.

The empty set will be denoted by 0. The set of all x such that the condition

cp(x
)
holds, if such a set exists, is denoted by {x : (p(x)}. The set of all

elements of X which are not elements of Y is denoted by X\ Y. We write

Y <= X if Y is a subset of X, including the possibility Y — X. We use the

usual notation for unions and intersections. The ordered pair of * and y
is defined by

<*,T> = {{*}, {x,y}}.

We define ordered n-tuples inductively by

(xy x
,

<

C -^-

1

? •••> xn ,
xn +

1

y ^ <*i > •••> xny 9 xn + \ y.

The Cartesian product X x Y is the set of all ordered pairs <x, >’> with x e X,

y e Y, and we write

X
{
x ... xln xl„ + 1 = (Xj x ... xljxl„ + 1 ,

X 1 = X, X" +1 = X” x X.

An n-ary relation over Xis a subset of X", and afunction is a binary many-one

relation. If <x, y)e/, where / is a function, we may write y =f(x) or

y =fx . If R is an n-ary relation we sometimes write
, ..., xn ) for

494



SET THEORY 495

<*, ,
xn} £ R. If R is binary, we may write xRy for <x, y} e R. We shall

say that /is a function on X onto Y if X = domain (/) and Y = range (./),

/ is a function on X into Y if X = domain (/) and range (/) <= Y. The

restriction of a function / to a set f c domain (/) is written /|T. An n-ary

operation over X is a t unction on X n
into X. We shall denote the set ot all

functions on A' into Y by
X
Y. In particular, note that °X = {0}. The Carte-

sian product of a collection {X
t

: i 6 /} of sets is denoted by A ,• and is

defined to be the set of all functions / with domain / such that /(/) £ A^-

for all i e /.

An equivalence relation over a set X is a binary relation R over X which

is reflexive (i.e., xRx for all xeX), symmetric (i.e., xRy implies yRx ),

and transitive (i.e., xRy and yRz implies xRz). A partial ordering of a set X

is a binary relation R over X which is reflexive, transitive and antisymmetric

(i.e., xRy and yRx implies x = y). A simple ordering of a set X is a partial

ordering R of X which is connected (i.e., for all x, y e X, either xRy or T^A')-

A well ordering of a set X is a simple ordering R ol X with the property

that every nonempty subset Y of X has a least element (i.e., an element

yeY such that yRz for all z e Y). A strict well ordering of A' is a relation

R over X which is irreflexive (x e X implies not xRx) and such that the

reflexive relation R u {<*, x} :xeX} is a well ordering of X. It is easily

seen that if X is (strictly) well ordered by R and Y a X, then Y is (strictly)

well ordered by R n Y x Y.

Any set X of sets is partially ordered by the inclusion relation c=.

X is said to be a chain iff X is simply ordered by c=
,
and a well ordered chain

iff X is well ordered by c. Two chains X,
Y are said to be isomorphic iff

there is a one-one function /, called an isomorphism on X onto Y, such that

for all x, y £ X, x <= y if and only if/(x) c= f(y).

We now turn to ordinal numbers or ordinals. An ordinal is a set 2 such

that (Ja <= a and a is strictly well ordered by the £ relation. As a rule,

we shall use lower case Greek letters for ordinals. This definition of ordinals

is, of course, quite artificial, although it has by now become fairly standard

in the literature. The intuitive idea of an ordinal is not a set at all, but a

type of well ordering. Our definition of an ordinal as a certain kind of set is

just a trick. However, it has the advantage of making our notation much

simpler. We did the same sort of thing in our artificial definitions of ordered

pairs and of functions. (If we wanted to do things in the most natural

way, we would start with several different kinds of basic objects instead of

starting only with sets.) We shall develop the elementary facts about ordinals

carefully, so we can see that they really behave the way we want them to.
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A.l. Every element of an ordinal is an ordinal.

Proof. Let a be an ordinal and x e a. Ify e x, then y e IJa, so y e a. Hence

jt c= a, and it follows that x is strictly well ordered by e.

We now show that [jx a x ,
or in other words, z ey, y e x imply z e x.

Let z ey,y ex. Since (J a c= a, we have y e a, and hence z e a. e is transitive

over a, sozex. H

A. 2. If a, p are ordinals
,
then a c=

ft if and only if a e p or a = p.

Proof. If a e p, then a c=
(J/? and (J/?

c= p, so a c= p.

Assume a c ft and a A P- Let y be the least element of the nonempty set

P\a. To show that a e ft, we shall prove that a = y. If 5 6 y, then Sep,
and since y is the least element of p \ a, 5 e a. Therefore y c a. Now let

<5 e a. Since a c; p, S e p. p is strictly well ordered by e, so we have either

y 6 <5, y = <5, or <5 e y. Since y ^ a and <5 e a, we conclude that y # <5 and

y ^ 5. Therefore <5 e y. This shows that a cz y, and completes the proof. H

By combining the two previous results, we see the following:

A. 3. Every ordinal a is a well ordered chain.

The next result is a considerable improvement over A. 3.

A.4.

(i) . Every set of ordinals is strictly well ordered by e.

(ii) . Every set of ordinals is a well ordered chain.

Proof. Since (i) obviously follows from (ii) and A. 2, we prove only (ii).

Let X be a set of ordinals. Then cz partially orders X. Suppose a, p e X.

If not p a a, then there is a least ordinal y e p\oc. Since <5 e y implies

6 e p n a, we have yea. But y a, so by A. 2, y = a. Therefore olg p
and hence a c= p. This shows that cz is connected over X

, and thus cz

simply orders X.

Now let y be a nonempty subset of X. Choose olgY.

Case 1: a n Y = 0. Let p e Y; then p <£ a. Moreover, a c p or p cz a.

ff/ica, then p = a. Hence a is the least element of y.

Ctfse 2: a n Y # 0. Then a n T has a least element y. We have

y n y = 0, because S ey n Y implies that S e a n Y and <5 e y, contradicting
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our choice of y as the least element of a n Y. Since y n Y = 0, we see from

Case 1 that y is the least element of Y. Therefore c= well orders X. H

Now that we have shown that the ordinals are strictly well ordered by 6,

we shall usually write a < fi for a e /?, and a ^ fi for a e p or a = p.

We repeat for emphasis that

a < fi means the same as a e /?.

Notice that A.l says that each ordinal a is equal to the set of all ordinals

fi < a. Moreover, A. 2 says that a c [i if and only if a ^ fi.

The first three ordinals are: 0, 1 = {0}, 2 = {0, {0}}. The successor of a

is the ordinal a+1 = a u {a}, which is the least ordinal greater than a.

a is said to be a limit ordinal iff it is the successor of no ordinal. The smallest

limit ordinal other than 0 is denoted by oj. The elements of oj are called

finite ordinals, or natural numbers', we use the letters in, n, p, q, r, s for

arbitrary natural numbers.

The infimum of a nonempty set X of ordinals is the least element ol X,

and the supremum of X is the least ordinal which is greater than or equal

to every element of X. The exercise A. 5 below provides a very convenient

notation for the infimum, f}X, and the supremum, [JX, of a set X of

ordinals.

A. 5. Let X be a nonempty set of ordinals. Then QX and are ordinals. In-

deed, f^\X is the infimum ofX and (JX is the supremum of X.

We now come to the very useful principle of transfinite induction.

A. 6 (Transfinite Induction). Let P(a) be a property ofordinals. Assume that

for all ordinals fi, if P(y) holds for all y < fi, then P{(5) holds. Then we

have P(ol) for all ordinals a.

Proof. We suppose that P( a) fails for some a, and arrive at a contradiction.

Let

X = {y ^ a : P(y) fails}.

X is not empty, because a e X. Thus X has a least element p. But P(y) holds

for all y < fi, so by hypothesis P(p) holds. This contradicts P e X. H

We shall see many examples of proofs which use transfinite induction in

this book. Here is a first example.



498 APPENDIX A

A. 7. If a, p are ordinals which are isomorphic well ordered chains, then

a = p. Furthermore, the only isomorphism from the chain a to itself is the

identity function.

Proof. Let P(a) be the property:

‘the only ordinal which is isomorphic to a is a, and the only isomorphism

from a to a is the identity function.

Assume that P(y) holds for all y < p. Let / be an arbitrary isomorphism

from p to an ordinal 5. For each y < P, the restriction of/ to y is an iso-

morphism from y to the ordinal f(y). But P(y) holds, so y = f(y) and /
is the identity function on p. Therefore S = p, and P(P) holds. -I

The whole point in studying ordinals is that every well ordering ‘looks

like’ some ordinal. To make this precise we shall say that a well ordering R

over a set X has order type a iff there is a one-one function /on X onto a

such that xRy implies f(x) < f(y). The function/ is called an isomorphism

from R to a. We see from A. 7 that a well ordering R has at most one order

type, because any two order types of R must be isomorphic and hence equal.

Moreover, there is at most one isomorphism / between R and its order

type a, because if/, g are two such isomorphisms, then f~
[

g is an isomor-

phism from a to a. The next result shows that the order type always exists.

A. 8. Every well ordering has exactly one order type.

Proof. The proof of this proposition depends on another version of the

principle of transfinite induction which applies to well orderings rather than

ordinals. Let R be a well ordering of a set X, and let x e X. By the initial

segment of R determined by x we mean the restriction R n Yx Y of R

to the set

Y = {y e X : yRx and y ^ x}.

We use the following principle of transfinite induction - the easy proof is

left for the reader.

(1) Let P(R) be a property of well orderings. Assume that for every well

ordering S, if P(T )
holds for every initial segment T of S, then P(S).

Then P(R) holds for all R.

We now apply the principle (1), where P(R) is the property:
‘R has an
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order type’. Suppose every initial segment of a well ordering S over X has

an order type. It suffices to prove that S has an order type. For each x e X
let fx be the unique isomorphism from the initial segment of S determined

by x to its order type.

Case 1 : S has a greatest element x. Then, if p is the order type of the

initial segment of S determined by x, the function

{<*. />>}

is an isomorphism from S' to /?+ 1, so P(S) holds.

Case 2: S has no greatest element. We note that if ySx, then the restric-

tion g of

f

x to the set

{z : zSy and z ^ y}

is an isomorphism from the initial segment of S determined by y to an

ordinal. Therefore g = fy and fy cz fx . Now form the union /of the chain

{fx :xeX}.f is an isomorphism from S to the supremum of the order

types of the initial segments of S. Thus again P(S) holds and our proof is

complete. H

A function/whose domain is an ordinal a is called an (ot-termed) sequence.

An enumeration of a set A is a sequence whose range is X. We sometimes use

the notation </0 ,/i, P < a, or fp ,p < a, or even </0 ,/i, •••>,

for an a-termed sequence /.

The sum a + /i of two ordinals is the ordinal y ^ a with the property

that the chain y \ a is isomorphic to the chain p. It takes transfinite induc-

tion to show that ct + p exists and is unique. Intuitively we think of ot + p

as the list of ordinals in a followed by the list of ordinals in p. Let /be an

a-termed sequence and g a ^-termed sequence. The concatenation f
r

g of

/ and g is the (a + /i/termed sequence which is, intuitively, obtained by first

listing/., £ < a, and then listing g^ C < P- More formally
, f g may be

defined by

f
n
g(0 =m for { < a,

f
n
g(a+0 = g(C) for f <p.

We shall always assume the axiom of choice
,
which states that:

IfXt
is a nonempty set for each i e /, then the Cartesian product

is nonempty.

The axiom of choice has a number of equivalent formulations which

can be found in almost any advanced textbook in mathematics. For con-
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venience, we shall state a few ot them here. The proofs of their equivalence

to the axiom of choice can be found, for example, in Kelley (1955).

A.9 (Well Ordering Principle). Every set can be well ordered.

A. 10 (Enumeration Principle). Every set can be enumerated.

A.l 1 (HausdorfT Maximal Principle). Every set X ofsets includes a maximal

chain Y,
i.e., a chain Y c: X such that if Y a Z cz X and Z is a chain

,
then

Y = Z.

A. 12 (Zorn’s Lemma). Let X be a nonempty set of sets which is closed

under unions of nonempty chains {i.e., if 0 ^ Y cz X and Y is a chain, then

(j7eX); then X has a maximal element, i.e. an element xeX such that

x cz y e X implies x = y.

We shall often wish to introduce a definition by transfinite recursion.

This type of definition is made possible by the following important result

in set theory.

A. 13. Let G be a function on [jp<a
pX into X. Then there exists a unique

a-termed sequencef such that f(p) = G(f\p)for all p < a.

Proof. We argue by transfinite induction, A. 6. Assume the proposition

is true for all a < a0 . We shall prove the proposition for a = a0 . Let G

be a function on (J B<ao
pX into X. For each y < a0 there is a unique y-termed

sequence fy
such that fy(P)

= G(fy \p) for all p < y. If a0 is not a limit

ordinal, say a0 = y+\, we let/be the a-termed sequence such that/|y =fy ,

and f(y) = G(fy ). Then f(p) = G(f\p) for all p < cc0 .

Suppose now that a0 is a limit ordinal. We note that if S < y < a0 , then

fy
\S is a d-termed sequence with the property that for all P < <5,

f7\m =fy(P) = G(fy \P) = G((fy \5)\P).

By uniqueness of fb ,
we have fy

\b =fb . In other words, f5 czf
y

. Now it

follows that the union/ = lj y<a/y
is an a-termed sequence with the property

that f(p) =fp + i(P) = G(fp + i \p) = G(f\P). In both cases we have found

the desired function /.

To show uniqueness, let f be another a0-termed sequence such that

f'(p) = G(f\p) for all p < a0 . Then by the uniqueness offp ,

f'\P=fp=f\P for all p< a0 .
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It follows that

rift) = Gifm = g(/\p ) =/w
for all p < a0 ,

so / = /'. 4

By the power ,
or cardinality

,
of a set denoted by lA'I, we mean the least

ordinal a such that A" is enumerated by an a-termed sequence. (The existence

of |

A"
|

requires the axiom of choice.) An ordinal a is said to be a cardinal
,

or initial ordinal
,

if a = |a|. We shall use lower case Greek letters for

cardinals as well as ordinals. The £th infinite cardinal is denoted by

or alternatively by co
5

.

The successor of a cardinal a, denoted by a '

,
is the least cardinal greater

than a; thus (*C)
+ = . A cardinal a is said to be a limit cardinal iff

it is not the successor of a cardinal. The cardinal power of a with exponent p

is defined by of = |^a|. The ‘beths’ are defined recursively by

=
> ^<*+

1

= 2 c
,

and when ^ is a limit ordinal,

= U 3
C

•

The ‘beths’ are closely tied in with the notion of a strong limit cardinal.

A cardinal a is called a strong limit cardinal iff, for all cardinals P < a,

2
li < a. We shall let the reader prove the following.

A. 14.

(i) . a is an infinite limit cardinal if and only if there is a limit ordinal £

such that a = N*.

(ii) . a is an infinite strong limit cardinal if and only if there is a limit

ordinal £ such that a = 2*.

A. 15.

(i) . £ < X* <
(ii) . There are arbitrarily large cardinals a such that

The continuum hypothesis (CH) states that = Xj, and the generalized

continuum hypothesis (GCH) states that, for all £, 2
N? = ^+ 1

- Thus the

GCH implies that for all {, The GCH also implies that every

limit cardinal is a strong limit cardinal.
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We do not assume the CH or GCH as part of our intuitive set theory.

The GCH is interesting because it dramatically simplifies the arithmetic

of cardinals, and we shall sometimes prove theorems which need the GCH
as an additional hypothesis.

Some of the basic results in the arithmetic of cardinals are collected in

the next three propositions. They are included mainly for reference, so the

proofs are not given. Most of them are proved in Kamke (1950).

A. 16. The following three conditions are equivalent :

(i) . \X\ ^ |T| {as ordinals).

(ii) . There is a one-one function on X into Y.

(iii) . There is a function on Y onto X.

A. 17. Let a, p, y be arbitrary cardinals.

(i) . a < 2
a

.

(ii) . If ol ^ p, then a7 ^ p
y and {if 0 < y)

y* ^ y
p

.

(iii) . a
0 = 1;

1* = 1; if a > 0, 0
a = 0.

(iv) . Let p be infinite and y > 0. Then

(a
p
)
y = (a

y
)
p = v? u a7 = a^ v

.

Special case : (2
P
)
P = 2P .

(v). If a is infinite and n > 0, then a" = a.

(vi). IfX is a nonempty set of cardinals,
then (JX and P|A" are cardinals.

A. 18.

(i) . IfX u Y is infinite,
then

\X u Y\ = \X\ u \Y\.

(ii) . IfX u Y is infinite and X and Y are nonempty
,
then

\X x Y\ = \X\ u
\
Y\.

(iii) . IfX is an infinite set of sets
,
then

\[jx\^ | A'l u 1J{|a:| : x e X},

that is, the cardinal of \JX is at most the supremum of the cardinal ofX and

the cardinals of the elements of X.

The inequality in (iii) above may be replaced by an equality in the following

two important cases:
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(a) X is well ordered by inclusion ;

(b) any two sets in X are disjoint.

The set of all subsets of X, also called the power set of X, is written •S(A').

If a is a cardinal, we shall write

Sa(A') = {x cz X : \x\ < a},

Sa
(A") = {x cz X : |A"\x| < a}.

For example, S
OJ
(X) is the set of all finite subsets of X and 5W (X) the set of

all cofinite subsets of X.

A.19.

(i) . |S(Y)| = 2 1
*

1

.

(ii) . IfX is infinite ,
then

= W-

Part (i) is obvious, and (ii) follows from A. 17 (v).

The rank function /?(£) is obtained by iterating the operation of forming

power sets. We define inductively

*(0 )
= 0

;

*({+l) «$(*«));

if £ > 0 is a limit ordinal, R(£) =
\J n

<^R(q).

The rank function has the following obvious properties:

A. 20.

(i) . If rj < i, then R(rj) cz /?(£).

(ii) . For each ordinal £, |/?(co + £)|
=

(hi). J?(0 = Un<^S(R(r1 ))Jor am > 0.

The axiom of regularity is the following statement:

A. 21. For every set x there is an ordinal £ such that x e /?(£).

A. 22. The axiom of regularity is equivalent to each of the following :

(i) . For every nonempty set x there exists yex such that x n y = 0.

(ii) . There is no infinite sequence x0i x lf x 2 ,
••• of sets such that x

l
e x0 ,

x2 e x
{ ,

x3 e x2 , ...

.
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The equivalence of (i) with the axiom of regularity does not require

the axiom of choice, but the axiom of choice is needed to prove that (ii)

implies the axiom of regularity. The statement (ii) has the consequence

that for every set x, x x, and more generally there cannot be any finite

cycle x0 e x
t
e ... e xn e x0 .

The axiom of regularity is not used at all in this book, [t is, however,

usually included among the axioms of set theory, because only the ‘regular

sets x e R{£) are considered to be mathematically interesting. For this

reason we may as well include the axiom ot regularity as part ot the

intuitive set theory.

One consequence of the axiom of regularity which may be useful in

model theory is the following principle of induction (compare A. 6):

A. 23. Let P(x) be a property of sets. Assume that for all sets"y
, if P(z) holds

for all z ey, then P(v )
holds. Then we have P(x) for all sets x.

In the next few pages we shall develop in some detail the important notion

of cofinality. Let ^ be a limit ordinal. A set X is said to be cofinal in £ iff

X cz £ and £ = (JA. The cofinality of £, written cf(£), is the least cardinal a

such that a set of power a is cofinal in £.

Notice in particular that cf(0) = 0. We define the cofinality of a successor

ordinal by simply writing

cf(£+l) = 1.

How does the cofinality function behave? One thing which we can see at

once from the definition is

co ^ cf(f) ^

whenever £ is an infinite limit ordinal. Putting £

a) = cf(cu).

A cardinal a is said to be regular iff cf(a)

cf(a) < a. So we have the following:

A. 24. co is regular.

By a quirk of fate, 0 and 1 are regular, but all finite cardinals n > 1 are

singular. However, the notions of regular and singular cardinals are impor-

tant only for infinite cardinals. Are there any other regular cardinals?

The next proposition gives us some others.

= co, we obtain the equation

= a, and to be singular iff
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A. 25. Any infinite successor cardinal a
+

is regular.

Proof. Let X be cofinal in a
+

. By A. 18 (iii),

a
+
^ \X\u\J{\fi\ :peX}.

But \p\ ^ a for all ft e X,
so

[JW :PeX} < o<
+

.

This means that \X\ = a
+

,
and cf(a

+
)
= a

+
. H

When we begin looking at limit cardinals other than co, we usually find

that they are singular. For example, it is easy to see that

cf(K*) = CO, cf(2w )
= CO.

Thus and are singular. More generally, we may prove another result.

A. 26. For any limit ordinal £ > 0, we have

cf(X^) = cf(3$) = cf(£).

Proof. If X is cofinal in £, then the set Y = {N
y : y e X} is cofinal in

and
\
Y\ = \X\. Hence cf(«

{) ^ cf({)-

If X' is cofinal in then the set

Y' = {y : for some ft e X', \fi\ =

is cofinal in and
\

Y'\ ^ \X'\. So we have cf({) ^ cf(K
{
). This proves

cf(f) = cf(N*). The proof of the equation cf(^) = cf(^) is similar. H

We now, naturally, ask the question: Are any limit cardinals greater than

co regular? From the usual axioms of set theory it is impossible to prove that

the answer is yes, and it is probably also impossible to prove that the answer

is no. A strong limit cardinal which is regular is called an inaccessible

cardinal. Thus co is an inaccessible cardinal. Other inaccessible cardinals,

if they exist, have many nice properties in common with co. The hypothesis

of inaccessibility states that there are inaccessible cardinals greater than co.

We shall not assume the hypothesis of inaccessibility as a part of our

intuitive set theory - like the GCH, it is a plausible extra assumption about

set theory which can usually be avoided.

Let us turn again to the cofinality function.
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A. 27. Let £ be an infinite limit ordinal. Then there is a cofinal set Y in

which is isomorphic as a chain to cf(^). If b, is a limit cardinal
,
we may

choose Y to be a set of cardinals.

Proof. Let a = cf(£) and let I be a cofinal set in £ of power a. Let

xp , p < cl, be an enumeration of X. We define a function / on a into £ by

transfinite recursion. Let/(0) = 0. Now let 0 < p < cl, and suppose we have

already chosen f(y) e £ for each y < p. Then the set

Z = {x
y :y < P] u {/(y) : y < P}

is a subset of £ of power less than cl, so we cannot have £ = (JZ. The only

other possibility is (JZ < £. We may therefore define f(p) to be the least

£ < £ such that (JZ < £. The function / on a into £ has the following

properties:

(1) ify < p < cl, then/(y) </(/?);

(2) £ = U/»<

It follows that the set Y = range (/) is cofinal in £, and T has the isomor-

phism / with a. H

A. 28. For every ordinal £, cf(£) w o regular cardinal.

Proof. We must show that

cf(cf({)) = cf({).

This equation is obvious if cf(£) = 0 or cf(£) = 1, so let us assume that

cf(£) is infinite, and let a = cf(£). By A. 27, there is a set Y cofinal in £

which is isomorphic to a, and let /be the isomorphism from a to Y. Let Z
be cofinal in a. Then the set

w= {Any.pez}

is cofinal in {. Then a ^ |

W\. But
|

W\ ^ |Z|, so a ^ |Z| and cf(a) = a. H

A. 29. If a. is an infinite cardinal
,
then cl < a

cf(ot)
.

Proof. Let Y be a set cofinal in a and/ an isomorphism from cf (a) to Y.

Now let g be any function on a into the set
cf(a)

a. We wish to show that

g cannot be onto
cf(ot)

a. To show this we define a function h e
cf(a)

a in the

following way. For each p < cf (a), h(p) is the least £ < a which does not
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belong to the set

(i) {ffy(P) y </(/*)}.

We know that there is such a £ < a because the set (1) must have power

at most \f(P)\> and < a. Now the function h cannot lie anywhere

in the list g y , y < a, because when f(p) > y we have h(p) ^ g.(P). It

follows that g does not map a onto
cf(a,

a, and so

Incidentally, the result which we have just proved is a form of what is

known as Konig’s theorem. It is an improvement of Cantor’s theorem

that a < T (A. 1 7 (i)), because we know that

Indeed, the proof of A. 29 is a form of Cantor’s famous ‘diagonal method’

which is used to prove that a < 2*.

In this part of the appendix, we shall give a brief description of three

of the main systems of axiomatic set theory, namely the set theories of

Zermelo-Fraenkel, Bernays, and Bernays-Morse.

A. 30. Zermelo-Fraenkel Set Theory, ZF. This theory is formulated in

first-order logic with identity and the binary relation symbol e. The axioms

are the following, 1-9:

1 . Extensionality
:
(Vx^)(x = y (Vz)(z e x <-+ z e >>)).

Intuitively, * = y iff x and y have the same elements.

2. Null set
:
(3^V_y)(n y e x).

3. Pairs: (Vxy3zVw)(w e z <-> u = xv u = y).

Intuitively, if x, y are sets, so is {jc, y).

4. Unions
:
(Vx3^Vz)(z e y <- (3h’)(z e w a w e x)).

Intuitively, if * is a set, so is (Jx.

5. Power set
:
(Vx3_yVz)(z e y *-* (Vw)(w e z -* we x)).

Intuitively, if x is a set, so is S(x).

6. Infinity : (3x)((3_y)( >> e x) a (V^)(_y ex-> (3z)(>> e z a z e x))).

Intuitively, there exist infinite sets.

7. Regularity
:
(Vx)((3_y)(_y ex)-* (3y)(>; exAi (3z)(z ejaze x))).

Intuitively, every nonempty set is disjoint from one of its elements.

8. Subsets: (Vx3j>Vz)(z ey <-* z e x a (p(zuA ... w„)), where ^ is any

formula in which y does not occur.

Intuitively, y — {z e x : (p(zu
{

... un )) is a set.
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9. Collection :
(Vx)[x eu ^ (

3z)(p(xzuv
{

... vn)] (3vVx)[x e u ->

(3z)(z e y a (p(xzuv
x

... r„))], where cp is a formula in which v does

not occur.

Intuitively, if each of the classes Cx = {

z

: cp{xz ...)}, x e u, is non-

empty, then there exists a set y which meets each of these classes.

Note that both 8 and 9 are infinite schemes of axioms rather than a single

axiom. The subset scheme and the collection scheme are often combined

into a single scheme of axioms called the replacement scheme.

Replacement :

(yx3\z)(p(xzuv
l

... vn )
— (3yVz)[z 6 y <-> (3x)(x e u a (p(xzuv

x
... c„))]

where is a formula in which y does not occur and 3!z means 'there

exists a unique z\

Intuitively, if F(x) is the unique z such that <p(xz ...), then
(
/
r(x) . x e u

}

is a set.

The scheme of replacement can be proved lrom the axioms of ZF. On the

other hand, the subset and collection schemes can be proved from the

remaining axioms 1—7 of ZF plus the scheme of replacement. Thus axioms

1-7 plus replacement is an alternative set of axioms for ZF. The advantage ot

our list of axioms 1-9 is that it is easy to describe the subtheories of ZF

below.

Zermelo-Fraenkel set theory with choice, ZFC, has the axioms of ZF

plus the following:

10. Choice :
(V*3 ;’)[>’ is a function with domain

x a (Vz)(z e x a (3w)(m ez)-> y(z)ez)].

Intuitively, every set has a choice function.

All of the results in this book, except for a very small number of results

which involve proper classes, can be formulated and proved in ZFC.

A. 31. Subtheories of ZF. Two important subtheories of ZF are Zermelo

set theory and ZF minus the power set axiom.

(i). Zermelo set theory
,
Z, has all the axioms of ZF except the scheme of

collection, that is, axioms 1-8. For each limit ordinal a > co, </?(a), e>

is a model of Zermelo set theory. The importance of this theory is mainly

historical, for it came before ZF. Zermelo set theory with the axiom of

choice is adequate for much of classical mathematics and most of the
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results of this hook. However, it is not adequate for defining the sequences

or R(ol), or proving that every well ordering has the order type of some

ordinal. Thus one has to treat cardinals and well orderings differently in

Zermelo set theory.

(ii) . Zermelo-Fraenkel set theory minus the power set axiom , or ZF — P,

has all the axioms of ZF except the power set axiom, namely axioms 1-4

and 6-9. This theory (and some of its subtheories) is important in the recent

literature because of its relation to generalized recursion theory and infinitary

logic. Lt is not adequate for classical mathematics because the set of real

numbers cannot be shown to exist. On the other hand, much of modern set

theory can be done in ZF — P. We use ZF—

P

in Section 4.2 to give a quick

statement of the axiom of constructibility.

(iii) . Set-theoretic arithmetic. This theory has all the axioms of ZF except

that the axiom of infinity is replaced by its negation. Thus the axioms are

1, 2, 3, 4, 5, 1 6, 7, 8, 9. The standard model for this theory is </?(cu), e).

Set-theoretic arithmetic is equivalent to Peano arithmetic in the sense that

every formula of one language has a simple translation into a formula of

the other language such that a sentence is provable in one theory if and

only if its translation is provable in the other theory.

In ZF, one can prove the consistency of Zermelo set theory, ZF — P, and

set-theoretic arithmetic. The consistency of set-theoretic arithmetic can also

be proved in Zermelo set theory and in ZF — P.

A. 32. Bernays Set Theory. This theory is formulated in first-order logic with

identity and with a binary relation symbol e and a 1 -placed relation symbol

V. V{x) is read
‘x is a set’, and n V(x) is read

‘x is a proper class'. In order

to make the axioms readable, we need to introduce some abbreviations.

Given a formula cp, we define the re/ativization of (p to V, in symbols (p ,

inductively as follows:

If (p is an atomic formula, cp
1 = cp;

(<Pi a<P 2 )

K = <Pi*<P2’>

(-i <p,f = t(K);

((3x)<p)' = (3x)(F(x)a<?>
v
);

((V’cW = (Vx)(F(x) </).

Thus cp ‘ is interpreted as cp with all the quantified variables restricted to V.

The axioms of Bernays set theory are given by the list of axioms 1 *—10*

below:
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1*. Extensionality : Same as axiom 1.

2*-6*. The relativizations to V of the axioms 2-6, i.e. the null set axiom,

axiom of pairs, axiom of unions, power set axiom and axiom of

infinity.

7*. Regularity : Same as axiom 7.

8*. Replacement :

(Vw)(w is a function -» [(Vz/3zV^)(y e z <-> (3x)(x e u Ay = vr(x)))]
K

),

where the notion of a function and the notion x(z) are used in the usual

way. Note that this time the axiom of replacement is a single formula

rather than an infinite scheme, because the class w takes the place of

the formula (p(x
, y).

9*. Universe class :
(Vx)( V(x) <-> (3.y)(x e 7)).

Intuitively, x is a set iff x is an element of some class.

10*. Comprehension :

(3xVy)(.y e x V(y) a cp
v
(yu

l
... */„)),

where ... un ) is any formula in which x does not occur.

Intuitively, the class x = {y : V(y) a (p
v
(yu

t
... un )} exists. This axiom

states that there are lots of classes. Note that V(y) is needed here

to avoid Russell's paradox.

There are two natural axioms of choice for Bernays set theory, one ot

which is stronger than the other. The weaker axiom of choice, the ‘axiom

of choice for sets’, is just the relativization of Axiom 10 to V. The stronger

axiom of choice, the ‘axiom of choice for classes', is Axiom 10 as it stands.

Intuitively, the former says that every set has a choice function and the latter

says that every class has a choice function.

A. 33. Bernays-Morse Set Theory. This theory has the same axioms as

Bernays set theory except that the comprehension scheme 10* is replaced

by the stronger scheme

10**. (3xV»(j> e x <- V(y)A(p(yu
l

... un ))

where <p is any formula in which x does not occur.

The difference is that Bernays set theory has the comprehension scheme

only for formulas whose quantifiers range over sets, while in Bernays-Morse

set theory the quantifiers in the comprehension scheme are allowed to range

over arbitrary classes. Thus Bernays-Morse set theory is an extension of

Bernays set theory. The relation between the models of the three set theories
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described here is discussed in Section 1.4. Bernays-Morse set theory will be

especially convenient in the last section of the book, Section 7.4, where

the results are most easily expressed in terms of classes. The axiom of

choice for sets, or the stronger axiom of choice for classes, may also be

added to Bernays-Morse set theory.
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OPEN PROBLEMS IN CLASSICAL MODEL THEORY

Here is a list of selected open problems. Generally, a problem is selected

either because it has historical interest, or because it has intrinsic interest,

or because its solution promises interesting or important new methods.

The problems are arranged roughly into three groups: old problems (1-7),

specific problems (8-21), and general problems (22-24). When a problem

can be stated most strikingly as a conjecture, we shall state it that way,

even where we believe that the conjecture is not true. Unless otherwise stated,

assume that the language & is countable. Whenever the proposer of a

problem is known to us, his name appears in parentheses after the problem.

1. The finite spectrum problem : Given a sentence cp, the finite spectrum of

(

p

is the set of all n < co such that cp has a model of power n.

Conjecture : If 5 c= co is the finite spectrum of some sentence of
,
then

co \ S is also the finite spectrum of some sentence of (Scholz).

2. Conjecture : There is a Jonsson group of power co
i
(Kurosh).

3. For each n ^ co, let be the free group with n generators xm , m < n.

Conjecture : If 2 ^ p < n, then = 9I„, and in fact -< (Tarski).

4. Conjecture : If D is an uniform countably incomplete ultrafilter over /?

and A is any infinite set, then |PJ D T| — (Known to be true if p = co„,

n < co, and V = L holds.)

5. Conjecture : If T is a complete finitely axiomatizable theory in JSP, then

T is not co ! -categorical
,
and T is unstable.

6. Conjecture : Without the continuum hypothesis, it can be shown that

any theory T with more than co non-isomorphic models of power co has

2
W
non-isomorphic models of power co (Vaught).

512
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7.

A model S
21 is said to be rigid iff the only automorphism of is the

identity function. Given a theory T in 2^, define R(T) to be the class of all

infinite cardinals a such that T has a rigid model of power a.

Conjecture (GCH): For every theory T in either

R(T) = {a : a ^ <o},

R(T) = {a : a > to},

R(T) = {a : to ^ a ^ co
p }

for some ordinal /? < oj
{ ,

or

R{T) = {a : to < a ^ t/j^} for some ordinal fi <

(Ehrenfeucht).

8.

Conjecture’. There is a Jonsson model of power of power (Jonsson).

9.

For a theory T in Sf

,

let

/

7 (a) be the number of non-isomorphic models

of T of power a.

Conjecture : If to < a < p, then/r(a) ^ /r (/J) (Morley).

10. Conjecture (GCH): If a, [1 ^ to and /J is singular, then every theory

which admits (a
+

,
a) admits (/?

+
,/?). This has been proved by Jensen

assuming V = L (Vaught).

1 1. Find a simple set of axioms for the theory of all models S
J( = (A, U

, ...)

such that
\

A\ ^ 2
(rj (|t/|) (Vaught).

12. Conjecture : Every theory T which admits (N
(IJ

. N 0 )
admits (2

N
°, N 0 )-

This is true with the CH (Shelah).

13. 3-cardinal problem: For which triples of cardinals (a, /?, y), (a', /?', /)

does every theory which admits (a, ft, y) admit (a', p\ /)? (Vaught).

14. Conjecture (GCFl or V = L)\ If a is less than the first measurable

cardinal > to, then every uniform ultrafilter over a is regular (Keisler).

15. Conjecture : Let 0 < /? < to. Every uniform ultrafilter over to„ is regular

(Keisler). This was proved by Prikry and Jensen assuming V = L.

16. Conjecture (GCH): If there is a uniform tordescendingly complete

ultrafilter over a, then a is no smaller than the first uncountable measurable

cardinal (Keisler).

17. Conjecture (GCH): Let D be an ultrafilter over a such that every

ultraproduct ]~] d a p
which is infinite has power ^ a

+
. Then D is oC-good

(Keisler).
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18. Conjecture : Let \A\, \B\, ||j£?|| ^ a and let D be a regular ultrafilter

over a. If 21 = 23, then = Y\d S3- (Chang and Keisler)

19. Conjecture: If D is a regular ultrafilter over a, then for all infinite

21, YId^ is a
+
-universal. (Chang and Keisler)

20. Conjecture : Let T be a complete theory having infinite models. Then

exactly one of the following will hold:

(i) . T is categorical in every power N
a ,

a ^ 3!

.

(ii) . Thas exactly 3
2 non-isomorphic models in every power N

a , a ^ ^

.

(iii) . Thas at least |a| non-isomorphic models in every power a ^ .

(Shelah)

21. Let cz & and let T be a complete theory in T is said to be

y-saturated over iff every model of T of power y with a y-saturated reduct

to is y-saturated.

Conjecture (GCH): Let a, /? > co. If T is a
+
-saturated over then

T is [1
+
-saturated over ££’

.

(Chang)

22. Investigate set theory based on the axioms of ZFC plus the gap n

conjecture, with or without the GCH.

23. Develop a theory of models which stresses the order type of the model

21 = <A , <,...) rather than the cardinality of the set A.

24. Develop the model theory of second- and higher-order logic.
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Notes for Chapter 1

1.1 For an account of the early development of sentential and predicate

logic, see Church (1956). Universal algebra as a separate subject appeared

in the works of Whitehead and Russell (1913, 1925, 1927); in more recent

years, the books of Birkhoff (1961), Cohn (1965), and Gratzer (1968) are

representative of the field. The books of Cohn and Gratzer contain further

discussions of the relation between universal algebra and model theory.

1.2 Many results in this section (as well as the exercises) are special cases

of more general theorems about the model theory of first-order languages.

All of these more general results will appear in later sections of the book.

Exercise 1.2.19: The case \£f
\

= c

o

1
is due to Kreisel and Specker (see

Kreisel, 1 962); the general case is due to Reznikoff ( 1 965).

1.3 The basic notions of satisfaction and truth are due to Tarski (1935a).

Also due to him are some of the other notions such as: elementary equiv-

alence between models, the semantical notion of consequence, submodels,

extensions. We again refer the reader to Church (1956) for a complete

account of the history of first-order languages.

1.3.11: Lindenbaum (see Tarski, 1930a).

1.3.20: Godel (1930).

1.3.21-22: Godel (1930) for countable, Malcev (1936) for uncountable

languages.

Exercise 1.3.14: Fuhrken (1968).

Exercises 1.3.15-20: These exercises give a general method for proving

that two models are equivalent. The method was

introduced by Fraisse (1954) and, independently, by

Ehrenfeucht (1961 ).

515
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1.4 The definition of a theory is due to Tarski. Most of the examples in

this section are well-known mathematical facts. Some references on number

theory and set theory can be found in the text. For more information on

the early development of set theory, see Fraenkel and Bar-Hillel (1958).

Sikorski (1964) is a good reference for Boolean algebras.

1.4.2: Cantor (1895).

1.4.4: Stone (1936).

1.4.10: Steinitz (1910).

Exercise 1.4.9: Stone (1936).

Exercise 1.4.10: Lindenbaum (see Tarski, 1935b).

Exercise 1.4.15: Tarski (1938).

Exercise 1.4.18: Mostowski (1949).

1.5 Elimination of quantifiers is an important method in proving positive

results in questions involving decidability. This section only contains two

simple examples.

1.5.3, 4: Langford (1927).

1. 5.7-9: Tarski (1936).

Exercise 1.5.7: (i) Behmann (1922); (ii) Szmielew (1955); (iii) Tarski

(1931); (iv) Behmann (1922).

Exercises 1.5. 8-9: Pressburger (1930).

Exercise 1.5.11: Szmielew (1955).

Notes for Chapter 2

2.1 The Godel completeness theorem was first proved for countable

languages by Godel (1930) and in general by Malcev (1936). The proof

given here is due to Henkin (1949). Henkin’s proof is of particular impor-

tance in model theory because it introduces the method of constructing

models from individual constants. The Lowenheim-Skolem-Tarski theorem

was first proved even before the completeness theorem; the case a = co

was proved by Lowenheim (1915) and Skolem (1920), and the general case

is due to Tarski. The subject of model theory received a great impetus from

the early applications of the completeness theorem by Henkin, Malcev,

Robinson, and Tarski. The method of diagrams originated in the works of

Henkin and Robinson and leads naturally to uncountable languages.

Nonstandard analysis was introduced by Robinson (1961a, 1966), and has

been developed by several researchers in recent years as a new approach

to analysis.

2.2. 1-5: Henkin (1949).
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2 . 1 . 6 :

2.1.7:

2.1.9:

2 . 1 . 10-11

2.1.13:

Exercise 2.1.1:

Exercise 2.1.2:

Skolem (1920).

Skolem (1934).

Henkin (1953).

Robinson (1951).

Marczewski-Szpilrajn (1930).

Skolem (1934).

Stone (1936), Henkin (1954a).

Exercise 2.1.5: Robinson (1951).

Exercise 2.1.12: Henkin (1953).

Exercises 2.1.13-14: Tarski (1952).

Exercises 2.1.15-19: Rasiowa and Sikorski (1950).

2.2 The co-completeness theorem is due to Henkin and Orey. Various im-

provements were later obtained by different authors. One of these improve-

ments is the omitting-types theorem 2.2.3, which is from Grzegorczyk,

Mostowski, Ryll-Nardzewski.

Padoa (1901) observed that if a sentence (p(P
)
has two models which are

alike except for the interpretation o \' P, then the relation P is not explicitly

definable from (p(P ). Beth’s theorem is the converse of Padoa’s method and

was proved by Beth (1953). Later, the Craig interpolation theorem and the

Robinson consistency theorem were proved independently by different

methods, but each one easily implies the other. They form one of the

fundamental properties of first-order predicate logic. Craig and Robinson

both gave a proof of Beth’s theorem. A number of different proofs of these

results have appeared in the literature. The proof given here is due to

Henkin (1963). Another proof, using special models, will be given in

Chapter 5.

The material in this section is covered from a somewhat different viewpoint

in Kreisel and Krivine (1967).

2.2.9, 10, 15: Grzegorczyk, Mostowski, Ryll-Nardzewski (1961).

2.2.19: Chang (1964a), Kreisel and Krivine (1967).

2.2.13: Henkin (1954b), Orey (1956).

2.2.18: Keisler and Morley (1968).

2.2.20: Craig (1957).

2.2.22: Beth (1953).

2.2.23: Robinson (1956a).

2.2.24: Lyndon (1959a).

Exercise 2.2.10: MacDowell and Specker (1961).

Exercise 2.2.19: Henkin (1963).
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2.3 This section closely parallels the paper of Vaught (1961), “Denumerable

models of complete theories’’. The notions of countably saturated and

atomic models were introduced in that paper. Theorem 2.3.13, the char-

acterization of co-categorical theories, was proved independently by Engeler

(1959), Ryll-Nardzewski (1959), and Svenonius (1959a).

2. 3.2-4, 7, 9: Vaught (1961).

2.3.13: Engeler (1959), Ryll-Nardzewski (1959), Svenonius (1959a),

Vaught (1961).

2.3.15: Vaught (1961).

Exercises 2.3.15, 16: Ehrenfeucht (see Vaught, 1961).

Exercise 2.3Al: Morley (1970).

Notes for Chapter 3

3.1 The basic notions of elementary chains (Tarski and Vaught, 1957) is

of fundamental importance. The notions and basic results on elementary

extensions and elementary chains were introduced by Tarski and Vaught

(1957). The closely related notion of model completeness is due to Robinson,

who proved the basic results and gave several examples of model complete

theories in 1956. The last theorem in this section is a nontrivial application

of the method of elementary chains due to Shoenfield.

3. 1.1-6, 13: Tarski and Vaught (1957).

3.1.10: Los (1954), Vaught (1954a).

3.1.7, 9: Robinson (1956b).

3.1.12: Lindstrom (1964).

3.1.16: Shoenfield (unpublished).

Exercises 3.1.1, 3.1.3: Tarski and Vaught (1957).

Exercise 3.1.10: Cohn (1968, p. 33, Proposition 5.9).

Exercises 3.1.22-23: Chang (1967a).

3.2 Preservation theorems formed the backbone of model theory until 1962.

More recently, they were prominent in the early development of model

theory for infinitary logic. The various preservation theorems were originally

proved by several different methods. The more uniform method presented

here was developed in Keisler (1960). Another approach to preservation

theorems using saturated models is discussed in Section 5.2.

We have already encountered the notion of countably saturated models

in Chapter 2. The notion of countably homogeneous models originates

with Craig, Jonsson, Morley, and Vaught; for a detailed discussion, see

Morley and Vaught (1962). The notions of T admitting a pair (a, /?) of

cardinals and the general problem of Lowenheim-Skolem theorems for
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two (or more) cardinals are due to Vaught; see Morley and Vaught (1962),

Vaught (1965a, b).

3.2.2: hoi (1955b), Tarski (1954).

3.2.3: Lo£ and Suszko (1957), Chang (1959).

3.2.4: Lyndon (1959c).

3.2.8: Craig (1961), Vaught (1958a).

3.2.9: (i), (ii), (iv) are due to Vaught and (iii) is due to Craig.

3.2.10: Vaught (see Morley and Vaught, 1962).

3.2.1 1: (iii) is due to R. M. Robinson, and (iv) is due to Morley (both

unpublished).

3.2.12: Vaught (see Morley and Vaught, 1962).

3.2.14: Keisler (1966b).

Exercise 3.2.1: Robinson (1956c).

Exercise 3.2.2: Keisler (1960).

Exercise 3.2.4: Robinson (1956c).

Exercise 3.2.10: Craig (1961).

Exercise 3.2.13: Morley and Vaught (1962).

Exercise 3.2.14: Keisler and Morley (1968).

Exercise 3.2.18: Kueker (unpublished).

Exercise 3.2.19: Keisler (1970).

3.3 Skolem functions date back to Skolem (1920). The important notion

of indiscernibles is due to Ehrenfeucht and Mostowski (1956). The ultra-

filter theorem, Proposition 3.3.6, was first proved by Tarski; for more

discussion on this, see notes for Section 4.1. The remarkable theorem of

Ramsey (1930) was discovered by him to settle the following: It is decidable

whether a universal sentence has an infinite model. The consequences of

his combinatorial theorem far transcend the original purpose for which

it was intended.

3.3.6: Tarski (1930b).

3.3.7: Ramsey (1930).

3.3.8-13: Ehrenfeucht and Mostowski (1956).

3.3.14: Morley (1965a).

Exercises 3.3.7, 3.3.10-11: Ehrenfeucht and Mostowski (1956).

Exercise 3.3.14:

Exercise 3.3.15:

Exercise 3.3.16:

Exercise 3.3.18:

Exercises 3.3.19-20:

Keisler (unpublished).

Hodges (1969).

Park (M.I.T. thesis).

Keisler (unpublished).

Rabin (1965).
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Notes for Chapter 4

4.1 The ultraproduct construction goes back to the work of Skolem (1934).

He invented a ‘restricted’ ultrapower to construct a nonstandard model of

complete arithmetic. More recently, Hewitt (1948) studied what we would

now call the ultraproduct of real closed fields. The general reduced product

construction was introduced by Los (1955a), and the fundamental theorem

was stated in that paper. Frayne, Morel, Scott, and Tarski discovered the

ultraproduct version of the compactness theorem, the natural embedding,

and other basic facts which make the ultraproduct an important construction

in model theory; see Frayne, Morel and Scott (1962). A review of the role

of ultraproducts in model theory can be found in the survey articles of

Chang (1967b) and Keisler (1965a). The book by Bell and Slomson (1969)

is an exposition of that part ot model theory which can be reached using

only the ultraproduct construction. Ultraproducts have proved to be useful

in other branches of mathematics, particularly algebra (Amitsur, Ax,

Kochen) and nonstandard analysis (Luxemburg, Robinson).

4.1. 1-4: Tarski (1930b), Stone (1936).

4.1.9: Los (1955a).

4.1.12-13: Frayne, Morel, and Scott (1962), Kochen (1961).

Exercise 4.1.30: Daigneault (see Kochen, 1961).

4.2 Ulam (1930) proposed the problem of whether measurable cardinals

exist, and proved that every measurable cardinal is inaccessible. Sub-

sequently, many other mathematical conditions were found to be equivalent

to measurability; see Keisler and Tarski (1964). Recent work on measurable

cardinals began with the discovery of Hanf (1964) and Tarski (1962) that

the first inaccessible cardinal is not weakly compact and hence not measur-

able. Keisler (1962) applied the ultraproduct construction to give another

proof of the fact that the first inaccessible cardinal is not measurable, and

then Scott (1961) used ultraproducts to show that the existence of a measur-

able cardinal contradicts the axiom of constructibility. The work of

Hanf and Scott (1961) and Keisler and Tarski (1964) showed that weakly

compact cardinals are very large and measurable cardinals are larger still.

Since then measurable cardinals and ultraproducts have been one of the

major themes of research in set theory, particularly in the works of Gaifman,

Kunen, Rowbottom, Silver, and Solovay. Some of this work is expounded

in Section 7.4 of this book.

4.2.4: Frayne, Morel, and Scott (1962).

4.2.11: Keisler (1962).
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4.2.12: Tarski (1962).

4.2.14: First proof: Hanf (1964) and Tarski (1962); this proof:

Keisler (1962).

4.2.18: Scott (1961).

4.2.19-23: Scott (1961), Keisler and Tarski (1964).

Exercise 4.2.6: Keisler (1962).

Exercise 4.2.9: Hanf (1964).

Exercises 4.2.10-12: Levy (1960).

Exercise 4.2.13: Hanf (1964).

Exercises 4.2.14-16: Keisler and Tarski (1964).

Exercise 4.2.19: Hanf and Scott (1961).

Exercise 4.2.20: Vaught (1963a).

Exercise 4.2.21 : Keisler (1962), Monk and Scott (1964), Tarski (1962),

Hanf and Scott (1961), Erdos and Tarski (1961).

4.3 Certain regular ultrafilters were used by Frayne, Morel, Scott, and

Tarski to prove the compactness theorem and Frayne’s theorem. They

also proposed the cardinality problem and essentially proved Proposition

4.3.7 on cardinalities of ultrapowers. The notion of an a-regular ultrafilter

in general was introduced by Keisler (1964c). The two-cardinal theorem

4.3.10 and its corollary were proved by Chang and Keisler. It is an example

of a theorem whose statement does not mention ultraproducts, but whose

proof requires ultrapowers in an essential way.

4.3.7: Frayne, Morel, and Scott (1962), Keisler (1964c).

4.3.9: Keisler (1964c).

4.3. 10-1 1 : Chang and Keisler (1962).

Frayne, Morel, and Scott (1962), Keisler (1967a).

Morley and Vaught (1962).

Keisler (unpublished).

Chang (1967c) with GCH, Kunen and Prikry (1970)

without GCH.
Exercises 4.3.13, 14: Frayne, Morel, and Scott (1962).

Exercises 4.3.15, 16: Keisler (1964c).

Exercise 4.3.28: Hodges (unpublished)

Exercises 4.3.29, 30: Keisler (1963), Kochen (1961).

Exercise 4.3.32: Keisler (1967a).

Exercise 4.3.34: Keisler (see Chang, 1967c).

Exercise 4.3.35: Walkoe (see Keisler, 1968b).

Exercise 4.3.36: Benda (1969), Keisler (1968b).

4.3.12:

4.3.14:

Exercise 4.3.1 1

:

Exercise 4.3. 12:
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Notes for Chapter 5

5.1 The notions of a-saturated and saturated models go back to the sets

of Hausdorff (1914). Their importance for model theory was not realized

and exploited until the late 1950’s. Jonsson (1956, 1960) studied the notions

of universal (a-universal) and homogeneous (a-homogeneous) models.

In the present setting for model theory, these notions are also given in

Morley and Vaught (1962). Many results relating saturated and special

models to universal and homogeneous models were first proved in that

paper. The notion of special models is due to Morley and Vaught (1962).

The definition of special models given here is due to Chang and Keisler

(1966) and is simpler than the original definition.

5.1.4, 5: Vaught (see Morley and Vaught, 1962).

5.1.8, 9: Morley and Vaught (1962).

5.1.12-14: Vaught (see Morley and Vaught, 1962).

5.1.16, 17: Morley and Vaught (1962).

5.1.19-22: Keisler and Morley (1967).

Most of the easier exercises in this section are either from Morley and

Vaught (1962) or from Chang and Keisler (1966).

Exercises 5.1.9-13, 15, 16: Keisler and Morley (1967).

5.2.3, 4:

5.2.6:

5.2.7, 8.

5.2.11:

5.2.13:

5.2 Most of the preservation theorems were proved before saturated models

were invented. However, saturated models, let to a uniform approach to

the subject.

Los (1955b), Robinson (1956c), Tarski (1954).

Equivalence of (i) and (ii) is due to Los and Suszko (1957)

and Chang (1959); (iii) is due to Keisler (1960).

Keisler (1960).

Morley and Vaught (1962).

Lyndon (1959c).

5.2.14, 15: Chang (1959), improving earlier results of Robinson (1951).

5.2.16: Vaught (1963b).

Exercise 5.2.1: Tarski (1955).

Vaught (1954b).

Tarski (1954), Los (1955b).

An example was first found by Fraisse (unpublished).

Keisler (1960).

Kochen (1961).

Chang (1959).

Rabin (1960, 1962).

Exercise 5.2.2:

Exercise 5.2.3:

Exercise 5.2.4:

Exercises 5.2.6, 7:

Exercise 5.2.8:

Exercise 5.2.10:

Exercise 5.2.12:
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Exercise 5.2.13: Park, M . l.T. thesis.

Exercises 5.2.15, 17: Chang (unpublished).

Exercises 5.2.19-25: Keisler (1965c).

Exercise 5.2.26: Feferman (1971).

5.3 The starting point of Section 5.3 is Beth’s theorem and Craig’s theorem,

both of which were proved in Section 2.2. Definability and interpolation

theorems give interesting connections between model-theoretical statements

in and syntactical statements in expansions of

5.3.1: This is a very much simplified version of a result of Chang and

Moschovakis (1968). The proof here is given in Kueker (1970).

5.3.2: Chang (1968c).

5.3.3: Svenonius (1959a).

5.3.4, 5: Kueker (1970).

5.3.6: Chang (1964b), Makkai (1964). Vaught first pointed out that

GCH is not necessary for the proof; the proof here is due to

Chang.

Exercise 5.3.2: Chang (unpublished).

Exercises 5.3.5, 6, 8: Kueker (1970).

Exercise 5.3.9: Robinson (1965).

Exercises 5.3.10, 1 1 : Chang (1964b).

Exercise 5.3.12: Kueker (1970).

Exercise 5.3.15: Chang (1964b).

Exercises 5.3.16, 17: Kueker (1970).

Exercise 5.3.18: Reyes (1970); this proof is due to Chang.

Exercise 5.3.19: This is a negative solution, by Chang, to a problem

posed by Mostowski.

5.4 The }]x-sets of HansdorfT are forerunners of a>a-saturated models.

Tarski’s original proof of the completeness of the theory of real closed

fields used the method of elimination of quantifiers and gave a decision

procedure for the theory. Later Erdos, Gillman and Henrickson (1955)

proved that any two real closed fields of power aq whose orders are >7 j -sets

are isomorphic. Kochen observed that this result plus the existence of

o-q-saturated models of power gives a new proof of Tarski's theorem.

The present proof is adapted from Kochen's proof.

Theorem 5.4.6 was first proved in the special cases where U is either real

closed, algebraically closed, or equivalent to the field of rational numbers

by Robinson (1959, 1961b). Robinson asked whether the theorem was

true in general. This was settled affirmatively by Keisler (1964a).
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Theorem 5.4.12 was proved independently by Ax and Kochen (1965a, b,

1 966) and Ershov ( 1 965). The present treatment is largely due to Rowbottom.

The applications, including Artin’s conjecture, are also given in those

papers. Artin’s conjecture is a striking example of a problem in algebra

which was intractible to purely algebraic methods but which was solved

elegantly using methods from model theory. Another treatment based

on the elimination of quantifiers has been worked out by P. Cohen

(unpublished).

5.4.4: Tarski and McKinsey (1948), Kochen (1961).

5.4.6: Keisler (1964a).

5.4.12-19: Ax and Kochen (1965a, b, 1966), Ershov (1965).

Exercise 5.4.1 : Hausdorff (1914).

Exercise 5.4.2: Erdos, Gillman and Henrickson (1955).

Exercise 5.4.4: Robinson (1956b).

Exercises 5.4.8, 9: Keisler (1964a).

Exercise 5.4.10: Robinson (1956b).

Exercise 5.4.12: Presburger (1930).

Exercises 5.4.19-26: Ax and Kochen (1965a, b, 1966) and Ershov (1965).

5.5 The main theorem, Theorem 5.5. 10, as well as the definition of invariants

are due to Tarski. The result was later rediscovered by Ershov (1964). The

present proof is due to Keisler.

5.5.10: Tarski (1949).

Exercises 5.5.8, 10-14: Keisler (unpublished).

Exercise 5.5.15: Mostowski and Tarski (1949). Parts (ii) and (iii)

require a key observation of Ehrenteucht.

Notes for Chapter 6

6.1 The notion of a good ultrafilter, the result that good ultrafilters exist

(assuming the GCH) and good ultraproducts are saturated, and the iso-

morphism theorem for ultrapowers (assuming the GCH) are due to Keisler.

The existence of good ultrafilters without the GCH, namely Theorem 6.1.4,

is due to Kunen. The isomorphism theorem was proved without the GCH
by Shelah (1972b).

6.1.1: Keisler (1960, 1964d).

6.1.4: Keisler (1964b) with GCH; Kunen (1973) without GCH.

6.1.6: Keisler (1964d).

6.1.7: (i) is due to Ketonen (unpublished); (ii), (iii) are due to

Kunen (1973).
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6.1.9: Keisler (1961, 1964d).

6.1.10-15: Shelah (1972b).

6.1.16, 17: Keisler (1961); GCH eliminated by Shelah (1972b).

Keisler (1964d).

Keisler (1967a).

Keisler (1964b) with GCH; Kunen (1973)

without GCH.
Keisler (1965b).

Chang (1960).

Shelah (1972b).

Keisler (1961 ).

Exercises 6.1.15-18: Keisler (1967a).

Exercise 6. 1 .20

Exercise 6. 1.21

Exercise 6. 1 .22

Exercise 6. 1 .23

Exercise 6.1.1

Exercise 6.1.3:

Exercises 6.1.4, 5:

Exercise 6.1.6:

Exercise 6. 1 . 10:

Exercises 6.1.1 1-13

Exercise 6. 1 . 14:

Keisler (1967b).

Keisler (see Benda, 1970).

Benda (1970).

Keisler (1967b).

Exercises 6. 1.24, 25: Shelah (unpublished).

6.2 Direct products, reduced products and ultraproducts all play important

roles in model theory. Reduced products were studied in Frayne, Morel,

and Scott (1962); some of the underlying ideas also go back to Chang, Los

(1955a), and Tarski. The characterization of universal direct product

sentences given by Proposition 6.2.8 is a very early result of McKinsey

(1943). The fact that Horn sentences are preserved under direct products

was proved by Horn (1951), and preservation under reduced products by

Chang. The converse result, that reduced product sentences are Horn

sentences, was proved by Keisler (1965d), assuming the continuum hypoth-

esis. The continuum hypothesis was eliminated by Galvin (1965).

6.2.1: Frayne, Morel, and Scott (1962).

6.2.2: Chang (see the above paper).

6.2.3: Chang and Morel (1958).

6.2.4-6: Keisler (1965b).

6.2.7: Galvin (1965).

6.2.8: McKinsey (1943).

6.2.9: Lyndon (1959b).

Exercises 6.2.7, 8: Keisler (1965b).

Exercise 6.2.10: Lyndon (1959d).

Exercise 6.2.11: Galvin (1965).

Exercise 6.2.12: Tarski (see Frayne, Morel, and Scott, 1962).
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Exercise 6.2.13:

Exercise 6.2.14:

Exercise 6.2.15:

Birkhoff (1935). Proof here due to Chang.

Keisler (1965d).

Benda (1970).

6.3 The notion of a determining sequence is due to Feferman and Vaught

(1959), and is descended from earlier ideas of Vaught (1954c) and

Mostowski (1952). The definition given here contains refinements added

by Weinstein (1965). The general exposition in this section owes much to

Weinstein (1965) and Galvin (1965). The results of Galvin and Weinstein

were both obtained in 1965 doctoral theses, about the same time as Ershov’s

(1964) theorem.

6.3.2: Feferman and Vaught (1959).

6.3.3: Weinstein (1965).

6.3.4: Feferman and Vaught (1959).

6.3.6, 8: Weinstein (1965).

6.3.9: Weinstein (1965), Galvin (1965).

6.3.13: Galvin (1965).

6.3.14: Vaught (1954c).

6.3.18, 19: Galvin (1965).

6.3.20: Ershov (1964).

Exercise 6.3.1: Oberschelp (1958).

Exercises 6. 3.2-4: Weinstein (1965).

Exercise 6.3.5: Appel (1959). The simple proof here is due to

Weinstein.

Exercise 6.3.10:

Exercise 6.3.1 1

:

Exercise 6.3.12:

Exercise 6.3.13:

Exercise 6.3.14:

Makkai (1965).

Galvin (unpublished).

Galvin (1965).

Chang, Galvin.

Galvin (1965).

6.4 The completion of a model S
71 was introduced by Rabin (1959).

In that paper Rabin proved Theorem 6.4.5 in the special case where a is

accessible and the GCH holds. In Keisler (1963), the concept of a limit

altrapower was introduced and the three theorems is this section were proved,

Theorem 6.4.5 in the present general form. The presentation here is based

upon simpler proofs of Theorem 6.4.4 by Lindstrom and of Theorem 6.4.5

by Chang. Blass (unpublished) has given another proof of Theorem 6.4.10.

For a more general construction, the limit ultraproduct, see Keisler (1965a)

and Kopperman (1972). The construction outlined in Exercise 6.4.30 is

similar to Skolem's original ‘restricted’ ultrapower construction.
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6.4.4: Keisler (1963), Lindstrom (1968).

6.4.5: Rabin (1959), Keisler (1963), Chang (1965b).6.4.6-

11: Keisler (1963).

6.4.12-14: Keisler (1965a).

Exercise 6.4.12: Keisler (1963).

Exercise 6.4.13: Keisler (1965a).

Exercises 6.4.16-26: Keisler (1963).

6.5 Finite iterations of ultrapowers were developed by Frayne, Morel, and

Scott (1962). The infinite iterations were introduced by Gaifman (1967).

Our presentation is a simplification of Gaifman’s work. Gaifman used a

category-theoretic approach instead of the notion of a function which lives

on a finite set. Independently, Kunen (1970) developed iterated ultrapowers

in essentially the same way as in this section, and generalized the construction

even further in order to study models of set theory and measurable cardinals.

6.5.1, 2: Frayne, Morel, and Scott (1962).

6.5.6-

10: Gaifman (1967).

6.5.11, 12: Keisler (unpublished).

6.5.14: Gaifman (1967).

Exercises 6.5. 1-4: Frayne, Morel, and Scott (1962).

Exercise 6.5.16: Keisler (1963), Kochen (1961).

Exercises 6.5.22-29: Gaifman (1967).

Exercise 6.5.32: Keisler (1965a).

Exercise 6.5.34: Keisler (1967a).

Notes for Chapter 7

7.1 Los made his conjecture in Los (1954). Before Morley proved the

conjecture in general, Vaught had shown the special case that if a > co is

a limit cardinal and T is categorical in all powers less than a, then T is

categorical in power a. The original proof of Morley's theorem used the

notion of transcendence rank. This notion provides a powerful way of

classifying types of elements. The present simpler proof was devised by

Baldwin and Lachlan, using methods of Keisler and Marsh. The notion of a

stable theory was introduced by Morley, w'ho used the term totally trans-

cendental theory. The two most exciting recent results in categoricity are

7.1.27, due to Baldwin and Lachlan, and 7.1.25, due to Shelah.

7.1.1: Morley (1965a). (This proof due to Keisler.)

7.1.3: Morley (1965a). (This proof due to Silver (unpublished).)



528 HISTORICAL NOTES

7.1.4-12: Morley (1965a).

7.1.13: Baldwin and Lachlan (1971).

7.1.14-23: Morley (1965a).

7.1.24: Shelah (1972a).

7.1.25: Shelah (1970d).

7.1.26: Keisler (1971b), Shelah (1970a).

7.1.27, 28: Baldwin and Lachlan (1971).

7.1.29-32: Shelah (1971d).

Exercise 7.1.3: Silver (unpublished).

Exercises 7. 1.4-6: Keisler (1971a).

Exercise 7.1.13: Ehrenfeucht (1957), Morley (1965a).

Exercises 7.1.14, 15: Keisler (1971a), (1967b).

Exercise 7.1.16: Silver (unpublished), Ressayre (1969), Rowbottom

(unpublished).

Exercises 7.1.17, 18: Morley (1965c).

Exercise 7.1.19: Keisler (1970).

7.2 The main topics covered in this section are the Morley theorem on

omitting types and some theorems ol Chang and Vaught on the two-cardinal

problem. Apart from the methods of indiscernibles and saturated models,

we introduce an idea due to Morley which uses the partition theorem of

Erdos and Rado to construct models with special properties. The section

ends with a discussion of the gap n conjecture and related problems, which

leads naturally to the topics covered in the next section.

7.2.1: Erdos and Rado. The elegant model-theoretic proof given here

is due to S. Simpson.

7. 2. 2-4: Morley (1965b).

7.2.5: Morley and Morley (1967) (with V — L); Silver (unpublished,

without V = L); the present proof is due to Chang (1968b).

7.2.6: Vaught (1965b); the present proof is essentially due to Morley

(1965b).

7.2.7: Chang (1965a).

7.2.8: Jensen (unpublished).

7.2.10: Specker (1949).

7.2.11: Rowbottom and, independently, Silver (unpublished).

7.2.12: Mitchell and Silver (unpublished).

7.2.13: Vaught (1965a).

7.2.14. Solovay (unpublished).

7.2.15: Silver, in AMS Set Theory volume.
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Exercises 7.2. 1-4: Morley (1965b).

Exercise 7.2.5

:

Chang (1968b); the counterexample was discovered

independently by Shelah (1971a) and Schmerl

(unpublished).

Exercise 7.2.6: Helling (1964).

Exercise 7.2.7: Morley (1965b), Morley and Morley (1967); see

note on 7.2.5.

Exercise 7.2.8: Howard (unpublished), Morley (unpublished),

Shelah (1971a).

Exercises 7.2. 10, 12: Vaught (1965b).

Exercise 7.2.13: Due to a large number of people; among them,

Morley (1965b), Lopez-Escobar (1965b), Helling

(1964), Chang (1968b).

Exercise 7.2.15: Chang (1965a).

Exercise 7.2. 1 6: Vaught (1965b).

Exercise 7.2. 1 7: Chang.

Exercise 7.2.18: Vaught (1965a).

Exercise 7.2.19: Chang.

Exercises 7.2.20, 21

:

Vaught (1965b).

Exercise 7.2.25: Keisler (1971a).

Exercise 7.2.28: Specker (1949).

Exercise 7.2.30: Kunen (unpublished).

Exercise 7.2.3 1

:

Morley (see Keisler and Morley, 1968).

Exercise 7.2.33: Keisler (1966a).

7.3 Ramsey cardinals were introduced by Erdos and his school, and several

of the combinatorial results are due to them; for example, see Erdos,

Hajnal, and Rado (1965). The main model-theoretic results in this section

are Rowbottom's theorem and Silver’s theorem.

7.3.5: Vaught (1965b).

7.3.6: Silver (unpublished).

7.3.7: Erdos and Hajnal (1966).

7.3.8: Fuhrken (1964).

7.3.9: Erdos (1942).

7.3.10: Silver, Shoenfield (both unpublished).

7.3.11: Erdos and Tarski (1961).

7.3.12: Hanf (1964).

7.3.13: Rowbottom (1964).

7.3.14: Erdos and Hajnal (1958, 1962).
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Exercise 7.3.16:

Exercise 7.3.18:

Exercise 7.3.19:

Exercise 7.3.21

:

Exercise 7.3.22:

7.3.15, 16: Rowbottom (1964).

7.3.16 (ii): Also Erdos and Hajnal (1966).

7.3.17(a), (b): Prikry (1968); (c) Kunen (1970).

7.3.18: Silver (1966).

Exercises 7.3.9, 10: Rowbottom (1964).

Exercises 7.3.12, 13: Erdos and Hajnal.

Exercise 7.3.15. For n = 1, Galvin (unpublished); in general,

Rowbottom (unpublished), Erdos and Hajnal (1966),

Chang (unpublished).

Shoenfield (unpublished).

Rowbottom (1964).

Silver (1966).

Hanf (1964).

Helling (1965); proof indicated due to Keisler.

Exercises 7.3.23-26: Silver (1966).

Exercise 7.3.27: Rowbottom (1964).

Exercise 7.3.28: Keisler and Scott (unpublished).

Exercise 7.3.29: Rowbottom (1964).

Exercise 7.3.30: Prikry (1968).

Exercises 7.3.31-35: Silver (1966).

Exercise 7.3.37: Silver (1966).

Exercise 7.3.40: Hanf (1964).

Exercise 7.3.41: Silver (1966).

Exercises 7.3.42-43: Fuhrken (1964).

Exercise 7.3.44: MacDowell and Specker (1961).

Fuhrken (1964).

Keisler (1968a).

Schmerl and Shelah (1969).

Schmerl (1969).

McKenzie (1971).

Exercise 7.3.45:

Exercise 7.3.46:

Exercise 7.3.48:

Exercise 7.3.49:

Exercise 7.3.50:

7.4 The axiom of constructibility and the basic properties of constructive

sets were introduced by Godel (1939, 1940) in order to prove that if ZF
is consistent, then so is ZFC + GCH. This section is based mainly on the

work of Gaifman and Rowbottom, and later Silver. Using iterated ultra-

powers, Gaifman proved that if there is a measurable cardinal a > co, then

all the conclusions of Theorem 7.4.7 hold. Independently, Rowbottom

proved that if there exists a Ramsey cardinal, then part (i) of Theorem

7.4.7 holds. Using the methods explained in the last section, Silver proved
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Theorem 7.4.7 in its present form. It is a common improvement of both

Gaifman and Rowbottom’s result. The other two main results of this section,

Theorems 7.4.10 and 7.4.12, are due to Keisler and Rowbottom. Rowbottom

first proved that any nontrivial case of Chang's conjecture contradicts the

axiom of constructibility

7.4. 1-6: Godel (1939, 1940).

7.4.7, 8: Silver (1966).

7.4.10: Keisler and Rowbottom (1965).

7.4.11: Kunen (1970).

7.4.12: Keisler and Rowbottom (1965).

Exercises 7.4.2, 3: Silver (1966).

Exercise 7.4.4: Solovay (1967).

Exercise 7.4.5: Silver (1966).

Exercises 1.4.6-7: Rowbottom (1964).

Exercises 7.4.8, 10-12: Silver (1966).

Exercise 7.4.13: Kunen (1970).

Exercises 7.4.15-16: Solovay (1967).

Gaifman, AMS Set Theory volume.

Chang (1968a).

Exercise 7.4.17:

Exercise 7.4.18:
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. . ., tf„(in a Boolean algebra) 300

Boolean algebras, theory of 38

Boolean combination 50

branch of a tree 197

built-in Skolem functions 143

built up from constants 66

cardinal 501

cardinal exponentiation 501

cardinal of a language 19

cardinal of a model 21

cardinality of a set 501

Cartesian product 494, 495

categorical in power a 2, 425

Cauchy sequence 272

chain 495

chain of models 1 13

chain, elementary 114

chain, Sq 1 1

7

Chang's Conjecture 450

543
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characteristic of a field 41

closed subset 198

closed theory 12, 36

closed under elementary equivalence 173

closed under roots 275

closed under ultraproducts 173

closed under unions 120

cofinality 504

compact 367

Compactness Theorem 1 1, 33, 67, 172

complete, a (filter) 179

complete, eo (theory) 81

complete embedding 369

complete extension 369

complete formula 93

complete number theory 42

complete theory 17, 36

completable 93

Completeness Theorem 8, 32

Completeness Theorem (Extended) 11, 33

Completeness Theorem for co-logic 81

completion of a model 369

completion of a valued field 272, 292

concatenation of sequences 499

conditional sentence 14

congruence relation 64

connected 495

consequence of 1 1, 32, 50, 97

Consistency Theorem (Robinson’s) 88

consistent 9, 25

consistent, co 80

consistent, k 315

consistent, (77, F) 309

consistent with a theory 78

Constructibility, Axiom of 191

constructible 475

Continuum Hypothesis 501

cover of a model 325

countable language 19

countably homogeneous 129

countably incomplete filter 201

countably saturated 96

countably saturated over 91 128

countably universal 100

Craig interpolant 85

Craig Interpolation Theorem 84

deducible from 9, 25

Deduction Theorem 25

definable, (p 325

definable element 35, 163

definable function 380

definable subset 48, 211, 475

define explicitly 87, 250

define implicitly 87

degree of a formula 416

degree n over U 269

dense (simple) order, theory of 38

descendingly a-complete 210

determined by a sequence of formulas 341

diagonal intersection 199

diagram 68

direct factor 243

direct product 177, 326, 349

direct system 243

directed 120

discrete linear ordering 159

divisible torsion-free Abelian groups 40

effective process 344

elementarily equivalent 32

elementary chain 114

Elementary Chain Theorem 114

elementary class 173

elementary diagram 108

elementary embedding 95

elementary extension 82

elementary submodel 82

elimination of quantifiers 50

end extension 82, 91, 141

enumeration of a set 499

equivalence relation 495

equivalence relation determined by g 372

equivalent, U 50

equivalent modulo E 386

equivalent (semantically) 17

equivalent over Y 152

Erdos and Rado Theorem 428

Ershov’s Theorem 361

essentially existential 244

essentially finite 352

existential sentence 34

existential-positive sentence 240

expansion of a language 19

expansion of a model 20

extension, E° 1 17

extension, T 1 14

field of formal power series 273

field of p -adic numbers 287

field of sets 39

fields, theory of 41

filter 46

filter generated by £ 165



INDEX OF DEFINITIONS 545

finite cover property 325

finite direct product 326, 349

finite intersection property 46

finite ordinal 497

finitely axiomatizable 12, 37

finitely generated 72

finitely satisfiable 1

1

first-order predicate language 18

first-order theory 36

formula 23

formula, 2™ 116, 175

formula, 116, 175

Frayne's Theorem 208

Frdchet filter 164

gap n conjecture 442

Generalized Continuum Hypothesis 501

generated from indiscernibles 149

germ of a meromorphic function 292

Godel’s Completeness Theorem 32, 67

groups, theory of 39

Hanf number 447

HausdorfT Maximal Principle 500

Hensel field 274

Hensel's Lemma 273

henselization 275

hereditary subset 262

homogeneous 129, 219

homomorphic 70

Horn formula 328

hull, Skolem 142

Hypothesis of Inaccessibility 505

ideal on a Boolean algebra 294

identity formulas 24

inaccessible cardinal 505

inconsistent 9, 25

increasing set of sentences 13

indecomposable filter 400

independent set of sentences 18

indescribable cardinal 199, 200

indiscernibles 147

inductive order, theory of 303

inessential extension 162

infimum of a set of ordinals 497

infinitary language 182

initial segment 498

inseparable 85, 90

integral domains, theory of 41

Interpolation Theorem 17

interpretation function 20

invariants of a Boolean algebra 296

inverse limit 243

inverse system 243

irreducible over X 415, 417

isomorphic chains 495

isomorphic models 21

isomorphically embedded 22

isomorphism of well-orderings 498

iterated ultrapower 386, 387

Jonsson algebra 469

Jonsson model 451

Keisler Sandwich Theorem 232

Kurepa tree 21

1

limit cardinal 501

limit ordinal 497

limit point 303

limit reduced power 379

limit ultrapower 372, 373

limited formula 478

limited quantifier 478

Lindenbaum algebra of 47

Lindenbaum algebra of T 73

Lindenbaum's Theorem 10, 26

live on 383

locally omits X 79

locally realizes X 79

logic, o> 81

Los-Vaught test 1 1

3

Lyndon Interpolation Theorem 90

Mahlo number 199

maximal consistent 9, 25

measurable cardinal 181

model, co 80, 433

model, (a, /?) 205

model, a-like 473

model, a-standard 446

model complete 1 10

model for a first-order language 20

model for sentential logic 4

model of X 10, 32

Modus Ponens 9, 25

monotonic function 307

Morley number 447

Morley Categoricity Theorem 413

Morley’s Theorem on Omitting Types 430

natural embedding 174, 388, 398

natural model of set theory 44
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negation normal form (nnf) 90

negative formula 234

negative occurrence 89

nonprincipal ultrafilter 46, 144

nonstandard element in Peano arithmetic

77

normal ultrafilter 192

number theory 42

omits E 77

Omitting Types Theorem 79, 82, 84

omits, a 84

onto function 495

open formula 51

operation over X 495

order type 190, 498

order of a branch 197

order of an element in a group 40

order of an element of a tree 196

order of a tree 196

ordered field 41

ordered /z-tuple 494

ordermorphic 147

ordinal 190, 495

outer extension 244

co-complete theory 81

co-consistent 80

co-homogeneous 129

co-logic 81

co-model 80, 433

co-rule 81

co-saturated 96

p-adic numbers 287

p-adic valuation 287

partial order, theory of 37

partial ordering 495

passes through 392

Peano arithmetic 42

positive diagram 70

positive formula 126

positive occurrence 89

positive sentence 13, 72

power of a language 19

power of a model 21

power set of X 503

preserved by reduced factors 340

preserved under arbitrary intersections 14

preserved under finite intersections 14

preserved under homomorphisms 123

preserved under submodels 123

preserved under unions of chains 123

prime model 96

principal filter 46

principal ideal in a Boolean algebra 295

product of ultrafilters 383

proper filter 165

pseudo-elementary class 177

quotient algebra of a Boolean algebra 294

ramification property 197

Ramsey cardinal 455

Ramsey’s Theorem 145

rank function 503

rank of a model 417

rank of a theory 419

rank of a type 417

rank of a valued field 292

rank of an element 417

real closed field 41

real closure 266

realizes E 77

realizes, a 84

reduced power 168, 349

reduced product 168, 349

reduced product sentence 333

reduct of a model 20

reduction of a language 19

reflexive relation 495

refutable 16, 32

regular cardinal 504

regular, a (filter) 201

relation 494

relative algebraic closure 266, 275

relatively compact 211

relativization of a formula 242

relativization of cp to V 509

Representation Theorem for Boolean Al-

gebras 39

residue class field 273

restriction of a function 495

rings, theory of 40

Robinson Consistency Theorem 88, 115,

245

Rowbottom cardinal 461

Rowbottom’s Theorem 460

rule, co 81

Rule of Detachment 9, 25

Rule of Generalization 25

rules of inference for first-order logic 25

sandwiched 229, 231

satisfiable 10, 32

satisfiable in 9f 77

satisfied in a model 29, 76
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saturated 96, 214

saturated over 208, 424

saturated relative to 429

Scott’s Theorem 191

self-determining 346

semantics 3

semigroup 474

sentential logic 4

separate 85

Separation Theorem 322

set-theoretic arithmetic 509

sequence (a-termed) 499

Silver’s Theorem 463

similar Boolean algebras 300

simple expansion of a language 19

simple model 242

simple order, theory of 37

simple ordering 495

Skolem expansion 141, 142

Skolem hull 142

Skolem Normal Form Theorem 153

Skolem theory 141

special Horn sentence 340

special model 217

specializing chain 217

stable in power a 404

standard model of number theory 42

strict basic Horn formula 339

strict Horn sentence 339

strict well ordering 495

strong homomorphism 242

strong limit cardinal 501

strongly compact 198

subdirect product 340

submodel 21

submodel complete 121

submodel generated by X 34

subtheory 36

successor of a cardinal 501

successor of an ordinal 497

sum of ordinals 499

superstable 423

supremum of a set of ordinals 497

Svenonius’ Theorem 251

symmetric relation 495

syntax 3

Tarski’s Theorem 267

tautology 8

terms 22

theory 12

theory of F 97

theory of a model 37

torsion Abelian group 77

torsion-free Abelian group 40

totally indiscernible 414

totally transcendental 419

transcendence rank 416

transcendental 269

transfinite induction 497

transitive model of set theory 45

transitive realization 49

transitive relation 495

tree 196

tree property 197

trivial Boolean algebra 293

true in a model 7, 31

truth definition 1

truth table 8

two-cardinal model 450

type 77

type of Oj , . . ., an 97

type of T 97

ultrafilter 46, 143, 166

ultrafilter, a-good 307

ultrapower 168

ultrapower chain 212

ultrapower extension 212, 370

ultraproduct 168

unbounded subset 198

uncountable language 19

uniform filter 205

union of a chain of models 113

union of a set of models 120, 242

universal, a 207, 219

universal, countably 100

universal sentence 34

universal-existential sentence 120

unstable 423

valid sentence 7, 32

valuation 271

valuation ring 273

value group 272

value of a sentence 8

value of a term 27

valued field 271

valued subfield 274

Weak Compactness Theorem (for infinita-

ry languages) 185

weak Horn sentences 340

weakly compact cardinal 185
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weakly homogeneous 225

weakly Horn 339

well-founded 190

well-founded partial ordering 77

well-ordered chain 495

well-ordered model 451, 472

well-ordering 495

witnesses for T 61

Z-valued field 292

Z-group 291

Zermelo Set Theory 508

Zermelo-Fraenkel Set Theory 507

Zorn’s Lemma 500
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A t= cp 7 51 1= Z[a
v . . . an ]

76

t 9 7, 32 51 < 23 82

h cp 8, 25 Z(c
l
...cn )

97

Z¥q> 11, 32, 50 Th(51) 108

Ill’ll 19 51 < 53 108

51 s 53 21 113

51 <= 53 22 v° ri<J
» “/i 116

t(vo • • . vn ) 24 m) 126

<p(v0 • • • vn ) 24 s »(«) 133

= 25 =„(«) 133

2: 25 //(a) 142

/[A'o . . . 27 $w 142

51 t= cp [x0 . . . xj 28 [AT 145

51 1= cp 29 S(/) 164, 503

51 = 53 32 f = d9 167

51 ¥ Z 32 YId^i 168

Z ¥ cp 32, 50 f

D

168

51 c 53 33 ela 169

S„(X) 36
y'tn i

|
m

~n> 11n 175

r \se 36 182

ZF 44 //(a) 189

*(«) 45, 503 V
v 242

^A 68 >h 264

Kx 68 DxE 327

A,u 68 ZFL 336

51—53 70 IL.1 338

I(^i . . . x„) 76 2t
# 369

549
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yn 447 GCH 501

* - m, 470 *< 501

Pn 473 501

L 475 CO* 501

L(a) 475 CO 501

<P
M All a

+ 501

<P

A All SJX) 503

0

*

490 S\X) 503

f\Y 495 S(X) 503

m 495 cf(a) 504

XY 495 ZFC 508

CH 501
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