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Series Foreword

During the Renaissance, algebra was resumed from Near Eastern sources, and geometry from the
Greek. Scholars of the time became familiar with classical mathematics. When calculus was born in
1665, the new ideas spread quickly through the intellectual circles of Europe. Our history shows the 1m-
portance of the diffusion of these mathematical ideas, and their effects upon the subsequent develop-
ment of the sciences and technology.

Today, there is a cultural resistance to mathematical ideas. Due to the widespread impression that math-
ematics is difficult to understand, or to a structural flaw in our educational system, or perhaps to other
mechanisms, mathematics has become an esoteric subject. Intellectuals of all sorts now carry on their
discourse in nearly total ignorance of mathematical ideas. We cannot help thinking that this is a critical
situation, as we hold the view that mathematical ideas are essential for the future evolution of our
society.

The absence of visual representations in the curriculum may be part of the problem, contributing to
mathematical illiteracy, and to the math-avoidance reflex. This series is based on the idea that math-
ematical concepts may be communicated easily in a format which combines visual, verbal, and sym-
bolic representations in tight coordination. It aims to attack math ignorance with an abundance of
visual representations.

In sum, the purpose of this series is to encourage the diffusion of mathematical ideas, by presenting
them visually.
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Preface to the Dynamics Books

what is dynamics?

Dynamics is a field emerging somewhere between mathematics and the sciences. In our view, it is the
most exciting event on the concept horizon for many years. The new concepts appearing in dynamics €X-
tend the conceptual power of our civilization, and provide new understanding in many fields.

the visual math format

We discovered, while working together on the illustrations for a book in 1978, that we could explain
mathematical ideas visually, within an easy and pleasant working partnership. In 1980, we wrote an €X-
pository article on dynamics and bifurcations using hand-animation to emulate the dynamic picture
technique universally used by mathematicians in talking among themselves: a picture 1s drawn slowly,
line-by-line, along with a spoken narrative — the dynamic picture and the narrative tightly coordinated.

Our efforts inevitably exploded into four volumes of this series, of which this is the second. The dy-
namic picture technique, evolved through our work together, and in five years of computer graphic ex-
perience with the Visual Math Project at the University of California at Santa Cruz, is the basis of this
work. About two-thirds of the books are devoted to visual representations, in which colors are used ac-
cording to a strict code.

Moving versions of the phase portraits, actual dynamic pictures, will be made available as computer
graphic programs on tloppy disks for home computers, and as videotapes, videodiscs, or films.

on the suppression of symbols

Math symbols have been kept to a minimum. In fact, they are almost completely suppressed. Our pur-
pose is to make the book work for readers who are not practiced in symbolic representations. We rely
exclusively on visual representations, with brief verbal explanations. Some formulas are shown with the
applications, as part of the graphics, but are not essential. However, this strategy is exclusively peda-
gogic. We do not want anyone to think that we consider symbolic representations unimportant in
mathematics. On the contrary, this field evolved primarily in the symbolic realm throughout the clas-
sical period. Even now, a full understanding of our subject demands a full measure of formulas, logical
expressions, and technical intricacies from all branches of mathematics. Brief introductions to these are

included as appendices in Part One, Periodic Behavior. The equations relevant for the chaotic systems
described in this volume are included as an appendix at the end of this book.
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our goals

We have created these books as a short-cut to the research frontier of dynamical systems: theory, experi-
ments, and applications. It is our goal — we know we may fail to reach it — to provide any interested

person with an acquaintance with the basic concepts:

*state spaces: manifolds — geometric models for the virtual states of a system

*attractors: static, periodic, and chaotic — geometric models for the local asymptotic behavior of a
system

*separatrices: repellors, saddles, insets, tangles — defining the boundaries of regions (basins) domi-
nated by different behaviors (attractors), and characterizing the global behavior of a system.
*bifurcations: subtle and catastrophic — geometric models for the controlled change of one system
into another.

The i1deas included are selected from the literature of dynamics: Part 1, Periodic Behavior, covers the
classical period from 1600 to 1950. (These are needed for all the following volumes.) This volume, Part
2, Chaotic Behavior, is devoted to recent developments, 1950 to the present, on the chaotic behavior ob-
served in experiments. The sequels will be devoted to the theoretical developments, since 1950, belong-
ing to the tradition begun by Poincareé.

prerequisite background

We assume nothing in the way of prior mathematical training, beyond vectors in three dimensions, and
complex numbers. Nevertheless, it will be tough going without a basic understanding of the simplest
concepts of calculus. All the essential ideas will be presented in Volume 0 of this series.

acknowledgements
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duction, during the Summer of 1980. Our next effort, the preliminary draft of Volume 2 of this series,
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Historical Introduction

As described in Part One, experiments play an increasingly important role in dynamics. Helmholtz,
Rayleigh, Duffing, Van der Pol, and Hayashi relied on experimental simulations to discover the main
properties of perlodlc motions in nonlinear oscillations. Since 1950, digital simulations have become

increasingly important, especially since the experimental discovery of chaotic attractors in 1962 by
Lorenz.

But chaotic limit sets had been known to theoretical dynamics since Poincare. The first chaotic
attractor in a dynamical system (in the mathematical sense of a vector field on a state space) was
discovered in 1932 by Birkhoff. It took many years before these objects emerged into the theoretical
literature, in the works of Charpentier, Levinson, Cartwright, Littlewood, Smale, and others. Ex-
perimental studies accelerated this process.

But we must emphasize at once, and we cannot possibly do this as strongly as we would like, that
the connection between the chaotic attractors of theory, and those of experiments, is hypothetical
at this time.

In fact, many believe that the connection is fictitious. An account of this view may be found in the
literature (Abraham, 1983a). But in this book, we will be very casual about this fundamental pro-
blem. We will speak of chaotic attractor in either the theoretical or experimental context.

This introduction presents a few words of description for some of the leading figures in the history
of chaotic dynamics. Their positions in a two-dimensional tableau — date versus specialty (applied,

mathematical, or experimental dynamics) — are shown in Table 1.



2 Historical Introduction

TABLE 1.

THE HISTORY OF CHAOTIC DYNAMICS

Date THEORY EXPERIMENT
1850
Helmholtz
Poincaré Rayleigh
1900
Duffing
Birkhoff Van der Pol
Charpentier
Levinson Hayashi
1950 Cartwright & Littlewood

Lorenz, Stein & Ulam

Smale Rossler, Ueda

Shaw

2000
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Here are some capsule histories. Further details may be found in Chapter 3.

Jules Henri Poincaré, 1854-1912. In his
studies of celestial motion, Poincaré
discovered homoclinic trajectories (see
Section 3.1). Eventually, in 1962, Smale
showed that these are chaotic (non-
attractive) limit sets. Thus the first ap-
pearance of a chaotic limit set in the
mathematical literature, as far as we
know, was in Poincaré’s three volume
work on celestial mechanics, in 1892.

Marie Charpentier. Charpentier further
developed the properties of Birkhoff’s
remarkable curves, 1n a series of papers

in the 1930’s.

Mary Lucy Cartwright and J. E. Little-
wood. In a joint paper published 1n
1945, Cartwright and Littlewood an-
nounced a similar result. Their proof
appeared in 1949. They were inspired by
experimental observations of Van der
Pol and Van der Mark, published in
1927.

Stephen Smale. In 1962, Smale proved
that Poincaré’s homoclinic trajectories
are chaotic limit sets, in the mathe-
matical sense.

George David Birkhoff, 1884-1944. The
first chaotic attractor to appear in the
mathematical literature, to our know-
ledge, 1s in Birkhoff’s paper on remark-
able curves, published 1n 1932. (See
Section 3.2.) The actual discovery, 1n a
context derived from celestial mechan-
ics, occurred in 1916.

Norman Levinson. In 1944, Levinson
conjectured that Birkhoff’s chaotic
attractor might occur in the three-di-
mensional dynamics of forced oscilla-
tion. In 1948, he announced he had
proved that 1t does.

Edward N. Lorenz. In one of the first
digital simulations of a dynamical sys-
tem, around 1961, Lorenz discovered the
experimental object which has come to
be known as a chaotic attractor, in the
experimental sense. The took place in a
model for atmospheric air currents.

M

More recently, there has been an enormous explosion of research work on both mathematical and ex-
perimental chaos. Reluctantly, we close our history at this point, in 1962.
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1. Static Limit Sets and Characteristic Exponents

In Part One, Periodic Behavior, limit points and cycles in dimensions one, two, and three were intro-
duced. In this chapter and the next, we review the geometry of these simple limit sets. Further, we intro-
duce the Liapounov characteristic exponents, which completely characterize the geometry of the simple
limit sets. This is prosaic, but important. In the third chapter, more complicated limit sets will be

introduced.
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1.1. LIMIT POINTS IN ONE DIMENSION

In one-dimensional state spaces, dynamical systems are naturally very constrained. For example, the
typical limit set must be a point. As in Part One, we begin with this case for completeness. In addition,
this provides a simple context in which to describe a new idea, the Liapounov characteristic exponent.

Recall that one-parameter state spaces were used extensively in the early history of science.

For example, George’s temperature may be represented as a point on a line. A simple dynamical model
for this experimental domain (George’s oral temperature) could be the vector field shown here. It has a
single point attractor. Starting with the thermometer at an arbitrary initial state (room temperature,
say), he inserts it under his tongue. In three minutes, the transient dies away, leading to a static attractor.

1.1.1. In this dynamical system, there is a single attractor, a limit point, at 98.6 degrees.
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We now describe the characteristic exponent, or CE of this limit point. Rotate each vector 90 degrees
counterclockwise. Their ends delineate the graph of the vectorfield. In this context (one-dimensional
linear state space) the graph is a curve in the two-dimensional plane. The graph goes through the hori-
zontal axis at the limit point.

1.1.2. The slope of the graph i1s nega-
tive at the limit point, as the limit point
1S attractive. The steeper the slope, the
faster the temperature of the thermom-
eter approaches equilibrium.

There is only one CE because the dimension of the state space is one. In general, the number of CEs is
equal to the dimension of the state space. Here, the dimension of the inset is one, which is maximal. The
Inset 1s an open subset of the state space. It is the basin of the point attractor. Meanwhile, the outser con-
sists of a single point, the attractor. Thus, the index (dimension of the outset) is zero. The magnitude of
the CE tells the strength of the attractor, that is, the rate of approach of the nearby trajectories, within
the inset, or basin.

1.1.3. Here is a weakly attractive limit
point in one dimension. The character-
1stic exponent (or CE, shown in the in-
set) 1s a small negative number:
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1.1.4. The time series of typical tra-
jectories (see Part One) 1n this system
show a gradual approach to the weakly

attracting point.

1.1.5. Here, in contrast, 1s a strongly
attracting limit point. The characteristic

exponent (see inset) 1s a /large negative
numaber.
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1.1.6. The time series of typical tra-
jectories of this system reveal a rapid
approach to the strongly attracting
point.

1.1.7. Another possibility is a positive
slope, or characteristic exponent, at the
critical point. This can occur only for a
point repellor, indicated here by a hol-
low dot. The vectors point away from
the critical point.




Dynamics: Chaotic Behavior 11

A limit point in one dimension is called Ayperbolic if its CE is not zero. Some hyperbolic critical points
In one dimension are shown in the following table.

/oort‘rd(f 9ra/oh cy( funcz‘ion Gt

) e e
o,

S L
O

1.1.8. Hyperbolic limit points in one dimension.
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What about zero as a CE? Zero slope implies tangency.

A limit point with zero as its CE is called nonhyperbolic or degenerate.

1.1.9. These are the four degenerate critical points on a line. The graph is tangent to the

horizontal axis at the critical point.

In Part Three of this Series, we will explain how these degenerate cases are exceptional. Garden-variety
dynamical systems do not have them. But they become important in the theory of bifurcations, treated
in Part Four of this Series.
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1.2. SADDLE POINTS IN TWO DIMENSIONS

In Part One, we described limit points in the plane as nodal or spiral. Here we will characterize them in
terms of their CEs.

1.2.1. Remember the phase portrait of the gradient system in Part One (1.6.10)? It has three
limit points: two point attractors and a saddle point.
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Let’s start with the saddle point. What are its CEs?

1.2.2. This typical saddle point has an
inset and an outset, both of dimension

one.

The index of this saddle 1s one.

To identify the two CEs of this saddle point, let’s introduce a new coordinate system, by translation and
rotation, so that the new coordinates start at the saddle, and are oriented along its inset and outset.

1.2.3. Here 1s the preceding portrait,
with new coordinate axes included.
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1.2.4. Here 1s the same portrait, ro-
tated and translated, with the new co-
ordinate axes in standard position.

Now we suppose that we may treat each of the new coordinates separately. This seems to be assuming a
lot, but 1t is actually justifiable.

1.2.5. Graphing the horizontal (u)
component of the vector field (in the
new coordinates) along the horizontal
(u) axis, as in the preceding section, we
may measure the slope, or strength of
repulsion, in this direction. This posi-
tive slope is one of the CEs of the saddle

point.
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1.2.6. Likewise, graphing the vertical
(v) component of the vectorfield, along
the vertical (v) axis, we may measure the
slope, or strength of attraction, in this
direction. This negative slope is the
other CE of the saddle point.

1.2.7. Here are the two CEs of the
saddle point, pictured on the line of real
numbers. One 1s negative, the other
positive. As in the one-dimensional
case, the CE to the left of the origin
characterizes attraction, the one to the
right, repulsion.

Recall that the index of a critical point is the dimension of its outset. In this case, the index is one. And
this is also the number of CEs to the right of zero.
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1.3. NODAL POINTS IN TWO DIMENSIONS

Next we consider attractive critical points for dynamical systems in two dimensions. There are two
types, nodal and spiral, as described in Part One. In this Section, we look at the nodal case. What are the
CEs is this context? Let’s consider a typical nodal attractor, as in the gradient system, 1.2.1.

)/

1.3.1. Like the saddle point, this has characteristic directions (red). In one direction indi-
cated by double arrows the attraction is stronger than in the other. We call this the fast di-
rection, the other is the slow direction. The identification of these directions, for a nodal
point, is not as easy as in the preceding case of a saddle point. Algorithms of linear algebra

are normally used.
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1.3.2. As with the saddle point, we
introduce new coordinates centered at
the attractive node, and oriented along
the fast and slow directions.

1.3.3. Graphing the component of the
vectorfield along the new coordinate
axis in the fast direction (u), we measure
the slope of the graph at the critical
point to obtain the fast CE. It is large
and negative, characterizing fast
(strong) attraction.
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1.3.4. Graphing the component of the
vectorfield along the slow (v) axis, the
slope at the origin provides the slow CE.
It 1s small and negative, characterizing
slow (weak) attraction.

1.3.5. The two CEs are shown inset.
The one to the left characterizes the
stronger attraction of the fast direction.
Both are to the left of zero, as the node 1s
an attractor. To the right of zero there
are no CEs, and the index of the nodal
attractor 1s zero.
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1.3.6. In contrast, the same procedure

applied to a nodal repellor provides two
CEs to the right of zero. The one to the
right characterizes the stronger repul-
sion of the fast direction (double ar-
rows). The index of this node 1s two, as
the outset 1s two-dimensional.

In all hyperbolic cases, the index is equal to the number of CEs to the right of zero. This is zero for at-
tractors, one for saddles, and two for repellors.
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1.4. SPIRAL POINTS IN TWO DIMENSIONS

In two dimensions, there are two types of limit points, nodes and spirals. The spiral differs from a node
in that there are no characteristic (fast and slow) directions.

14.1. Recall from Part One that the damped simple pendulum has a point attractor at the
bottom, corresponding to an oscillation which dies away.
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1.4.2. Note that the trajectories
asymptotically approach this point,
while spiraling around it.

The point attractor of spiral type, in the plane, also has two CEs. But they are not real numbers, and can-
not be explained by reducing to the one-dimensional case. Instead, the vector field must be approxi-
mated, near the critical point, by a linear vectorfield. Linear algebra, applied to this approximation,
provides two eigenvalues. These conjugate complex numbers are the CEs in this case. (For details, see
Volume O of this Series.) This is also the actual procedure, using linear algebra, needed to calculate the
CEs 1n the nodal case of the preceding section.

1.4.3. The CEs of a point attractor of
spiral type, in the plane, are a pair of
conjugate complex numbers. They are
In the /left half of the complex plane be-
cause the point is attracting: the farther
to the left, the stronger the attraction.

Meanwhile, their vertical separation
measures the rate of rotation, or angular
velocity of spiraling around the attrac-
tor. Conjugate means each is the mirror
reflection of the other in the horizontal
(real) axis, as shown here.
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H

The set of CEs, pictured in the complex plane, is called the spectrum of the critical point.

1.4.4. In this example, trajectories
zoom towards the point attractor, while
spiraling slowly. The CE spectrum 1is
shown in the 1nset.

1.4.5. In this case, they rotate rapidly,
while moving gradually toward the

point.
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m

Remember: all attractors have index zero.

1.4.6. For a repelling spiral point, the
conjugate CEs are in the right half of
the complex plane. The index of a repel-
lor in the plane is two.

1.4.7. A degenerate spiral or center, an
Intermediate case between attraction
and repulsion, is a critical point sur-
rounded by concentric periodic trajec-
tories. This is a non-hyperbolic critical
point.
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ty pe inaex portrait (xS

attractors

1.4.8 The typical hyperbolic limit points, their CEs, and indices, are summarized 1n
this table.

two cases are omitted from the table. These are the hyperbolic attractor and repellor with
equal (real) CEs. They are classed among the degenerate cases, even though they are hyperbolic, because
they are transitional phenomena between the nodal and spiral types. The cases shown are all the ele-

mentary ones, meaning hyperbolic, with distinct CEs.

Actually,
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M

1.5. CRITICAL POINTS IN THREE DIMENSIONS

As in lower dimensions, critical points in three dimensions are mostly hyperbolic, with nonhyperbolic
(degenerate) cases occurring exceptionally. We begin with the typical cases, which are hyperbolic. These
may all be constructed by combining the hyperbolic linear and planar critical points of the preceding
sections, in a single, three-dimensional portrait.

We begin with a three-dimensional saddle point. There are three CEs for a critical point in three
dimensions.

ke

1.5.1. Here, a one-dimensional repellor is combined with a nodal attractor in a plane, to
form a nodal saddle in three dimensions. In this case the linear component comprises the
outset, which is one-dimensional. The planar component comprises the inset, which 1s two-
dimensional. The sum of these dimensions is three, the total dimension of the state space,
and the index is one. The trajectories which are neither in the inset nor in the outset fly by

hyperbolically.

1.5.2. There are three CEs for a critical point in three dimensions. Here are all three, for the
nodal saddle point, pictured in the complex plane. All are real numbers in this case. The two
in the left half-plane are the CEs of the attractive planar node, comprising the inset. The
other is the CE of the linear repellor. Thus, the CEs for the combined critical point are just

the CEs of the components.
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This is another example of this construction.

1.5.3. Here a planar repellor of spiral
type 1s combined with a linear attractor,
to form a spiraling saddle point in three
dimensions. This time, the planar com-
ponent comprises the outset, which is
two-dimensional, so the index is two.
The linear component comprises the in-
set. Trajectories neither in the outset nor
the inset fly by, spiraling as they go.

1.5.4. Again, the spectrum of the com-
bined saddle point is the union of the
spectra of the components. The conju-
gate pair in the right half-plane is con-
tributed by the spiral repellor in the out-
set. The other CE, on the negative real

axis 1n the left half-plane, belongs to the
one-dimensional attractor in the inset.
Again, the number of CEs on the right
equals the index of the combined criti-
cal point.

Excluding the degenerate cases with coincident CEs, six more typical hyperbolic critical points may be

constructed in this way, for a total of eight. Again, a critical point is called elementary if it is hyperbolic,
with distinct CEs.
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portrail G-k

altractors - index Q

saddles - index [

15.5. Four elementary critical points are illustrated in this table.
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portrait C.E

1.5.6. These are the remaining four, in three dimensions.

saddles-index 2

re]:an(ors -index 3

There are many more degenerate cases in three dimensions than in two. They include the hyperbolic
cases with coincident CEs on the real axis. We have not illustrated any of these degenerate critical

points, as they are exceptional. That is, they are rarely encountered in applications, except 1n the context
of bifurcations, described in Part Four of this series.
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2. Periodic Limit Sets and Characteristic Multipliers

We have encountered periodic limit sets, or /imit cycles, in most of the examples in Part One. In this
chapter we will review the typical ones which occur in dimensions two and three. Also, within this re-
view, we will add an important concept, the Poincare characteristic multipliers, or CMs, of these limit

cycles. Like the CEs of critical points, these characterize the geometry of the insets and outsets of typical
limit cycles.
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2.1. LIMIT CYCLES IN THE PLANE

In Part One, we described eight exemplary dynamical systems, five of them with planar state spaces. We
now recall the two kinds of limit cycles occurring among them, and describe their CMs. In this context,
each limit cycle has a single CM. In general, the number of CMs is one less than the dimension of the
state space.

e G

2.1.1. Van der Pol’s dynamical model for the radio transmitter contains one limit cycle,
which is attractive. It is a periodic attractor. All other trajectories (other than the critical

point at the origin) tend asymptotically to this limit cycle.
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There is no obvious way to define CEs for this limit set. We will describe a subtle way, due to Poincare.

2.1.2. Choose a point on the limit
cycle, say P, and enlarge a neighborhood
of it. Nearby trajectories are attracted to
the limit cycle.

2.1.3. Through P, draw a small per-
pendicular line segment, S. This 1s
called a Poincare section, as in ‘Cross-
section’.
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2.1.4. Start at a point in S above P, say
X, and follow its trajectory, determined
by the dynamical system of Van der Pol.
This trajectory follows around near the
limit cycle. Eventually, it passes through
the section again. Let R(x) denote the
first return of the trajectory of x to S.
This point, R(x), is above P in S, but is
closer to P than x is, as the limit cycle is
attractive. Starting at a point y of S be-
low P, say y, the first return of the trajec-
tory of y to S, R(y), 1s below P, but
closer than is y. Likewise, every point of
S has a first return to S. This defines a
function from S to itself called the first
return map, R. Note that R(P) =P.

2.1.5. Make a square with the line seg-
ment, S, for each side. The graph of R is
a curve 1n this square. It passes through
(P,P) because R(P) =P.
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2.1.6. The CM is defined as the slope
of this curve over the point P of S. This
is necessarily a positive real number, 1n
this context. For example if its about
1/2, as shown in this example (2.1.4),
then R(x) will be about half as far from
P as is x. The limit cycle must be an

attractor.

For the limit cycle of the Van der Pol system, the CM is between zero and one because the limit cycle is
attractive.

Let’s consider another system in the plane, with a periodic repellor. The CM of a periodic repellor in the
plane is a real number greater than one.

2.1.7. For example, if the CM 1s about
three, as shown here, then R(x) will be
about three times as far from P as 1s x.
Thus, the limit cycle must be a repellor.
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A limit cycle in the plane is called Ayperbolic if its CM is not equal to one. There are only two cases. A
periodic attractor has its CM between zero and one, while a periodic repellor has its CM greater than

one. A limit cycle with CM equal to one may be neither an attractor nor a repellor.

What causes the CM to be equal to one?

2.1.8. A limit cycle surrounded by
other limit cycles has a very special
return map: the 1dentity function,
R(z) =z. The slope of this function 1s
one, so the CM i1s one in this case. This 1s
a nonhyperbolic imit cycle.

Recall the frictionless pendulum, panel 2.1.18 of Part One. This is an example of a nonhyperbolic limit

cycle.
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2.2. LIMIT CYCLES IN A MOBIUS BAND

In the preceding section, we found that the CM of a limit cycle in the plane was inevitably a positive real
number. Why do we never come across a negative CM? The answer is: we do! But only in a non-
orientable surface, as we shall see in this section.

2.2.1. Suppose we have zoomed-1n on
a Poincaré section of a limit cycle in a
two-dimensional context, graphed the
return map, and found a negative slope,
or CM. Then necessarily, a point in the
section above the cycle, like x here, has a
first return on the opposite side of the
cycle, like R(x) here.

R(x)

2.2.2. Now let’s zoom back out, so we
can see the entire limit cycle, and the
entire trajectory from x to R(x). There
has to be a twist in the surface, in order
for the return map to reverse orientation
of the Poincaré section. The Mdbius
band, shown here, is just one of the

many possibilities.
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The CM of a periodic attractor around a Mobius band is a negative real number, between —1 and 0.

2.2.3. A periodic repellor around a
Mobius band has a CM less than — 1.

2.2.4. A limit cycle around a Mdbius
band with a CM equal to —1 is non-
hyperbolic. In this case, the limit cycle
belongs to a family of “parallel” peri-
odic trajectories.
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Of course, not all limit cycles in a Mobius band have negative CMs.

2.2.5. For example, a limit cycle which
does not go all the way around...

2.2.6. .. .or one which goes twice
around.
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attractor

ﬂan-/lyperbo( (C

2.2.7. The limit cycles in two-dimensional state spaces are classified in this table, which in-
cludes both positive and negative CM contexts. The CM is never zero.

B o m—— )
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Now we are going to characterize these limit cycles in terms of the CMs of Poincaré. His subtle con-
struction of the CMs of a limit cycle works in contexts of any dimension.

We will consider the saddle cycle first.

2.3.2. At a point, P, in the limit cycle,
construct a small cross-section, S. This
time, the Poincare section 1s two-di-
mensional, like the strobe planes ot Part

One, Chapter 4.

2.3.3. Each point of S (if 1t’s not too
close to the edge, at least), when pro-
longed forward along its trajectory, will
have a first return to the section. Here,
the point x returns at R(x), while an-
other point y returns at R(y). As x is
chosen here 1n the inser, R(x) is closer to
the limit cycle. On the other hand, y is in
the outset, so R(y) i1s farther from the
limit cycle.
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This construction defines a function from (most of) S to itself, the first return map, R. The graph of R
1s a surface in four-space, so we cannot draw it pictorially. But according to vector calculus, as described
In Volume Zero of this Series, R may be approximated very well, in a neighborhood of P, by a linear
transformation. The theory of these, linear algebra, provides an algorithm for obtaining two complex
numbers, the eigenvalues of this linear approximation. These characterize the linear transformation
exactly, and the first return map approximately. These two complex numbers are, in general, either real,
or a complex conjugate pair. These are the CMs of the limit cycle.

2.3.4. In the case of the saddle cycle in
Duffing’s system, the CMs are positive
real numbers. One 1s /arger than one,
characterizing the outset. The other i1s

smaller than one, characterizing the
inset.

2.3.5. The curve in S corresponding to
the smaller CM (shown in the box) is the
cross-section of the inset of the limit
cycle. This surface is invariant: trajec-
tories which start on it, stay on it. With-
in this invariant surface, the inset, the
limit cycle acts as an attractor. The
smaller CM determines the rate of this
attraction. The smaller the CM, the
faster the asymptotic approach to the

limit cycle.
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2.3.6. The other curve in S, corre-
sponding to the larger CM (see below),
is the cross-section of the outset of the
limit cycle. Within this invariant sur-
face, the limit cycle acts as a repellor.
The larger the CM, the stronger this
repulsion.

2.3.7. Here are the two invariant sur-
faces, inset and outset. They intersect 1n
a curve, the limit cycle. Only small por-
tions of them are shown here. They both
may extend far out of the picture. Both
CMs are shown in the box.
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2.3.8. The trajectories of the inset spiral toward the limit cycle, while those of the outset
spiral away. Other nearby trajectories just fly on by, spiraling closer for a while, then spiral-

ing away.
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2.3.9. Even though the CMs are posi-
tive, the 1inset and outset cylinders may
be twisted. But they must twist an even
number of twists, 1f the CMs are posi-
tive. Here, for better visibility, we have

shown only the inset.

2.3.10. Asinthe two-dimensional case
of the preceding section, negative CMs
arise when both the inset and the outset
are Mobius bands, each with an odd
number of twists while going once
around. Again, the outset band has
been deleted for better visibility.
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2.4. NODAL CYCLES IN THREE DIMENSIONS

Here we consider variations on the saddle cycle of the preceding section. If the CMs are real and both
small (between — 1 and 1) we have an attracting or repelling cycle which looks rather like a saddle. These
are called nodal cycles.

2.4.1. These two small, real CMs correspond to two invariant surfaces, as in the saddle
cycle. But the limit cycle acts as an attractor within each. One, with the smaller CM, attracts
more strongly than the other. They are sub-insets, called the fast-inset and the slow-inset

respectively.
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2.4.2. As with saddle cycles, these
positive CMs could correspond to sur-
faces with any even number of twists.
Here, the first return, R(x), i1s on the
same side of the fast-inset as the initial

point, X.

2.4.3. And as with saddle cycles, the
invariant surfaces may both be twisted
an odd number of times. In this case, the
CMs are negative, and the first return,
R(x), 1s on the opposite side from the
initial point, x.
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2.4.4. Repelling cycles can be nodal,
too. Here, the two large (greater than
one), real CMs correspond to two 1n-
variant surfaces, the fast- and slow-
outsets. But the limit cycle acts as a
repellor within each.

2.4.5. Repelling nodal cycles may also
have twisted fast and slow-outsets, with
negative CMs.
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2.5. SPIRAL CYCLES IN THREE DIMENSIONS

As the two CMs of a limit cycle in three space are the eigenvalues of a linear transformation, it 18 pos-
sible for them to be a pair of conjugate complex numbers, rather than a pair of real numbers. This 1s the

case with limit cycles of spiral type.

75.1. Recall that in the ring model for the damped pendulum ( Part One, Panel 4.1.12) the
periodic attractor around the center was surrounded by spiraling trajectories.
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2.5.2. Since there are no invariant sur-
faces as in the case of a nodal cycle, the
CMs cannot be real. They are a conju-
gate pair of complex numbers. The
magnitude (distance of either from the
origin) characterizes the rate of asymp-
totic approach to the limit cycle. The
angle (1n the sense of polar coordinates)
characterizes the rate of spiraling.

2.5.3. The unit circle in the complex

plane discriminates attractors from re-
pellors.
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2.5.4. In the case of a spiral attractor,
the complex conjugate CMs are inside
the unit circle.

2.5.5. In the case of a spiral repellor,
the complex conjugate CMs are outside

the unit circle.

What about CMs on the unit circle?

A limit cycle is Ayperbolic if none of its CMs are on the unit circle. An important example of a non-
hyperbolic limit cycle in three-space 1S a center.
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2.5.6. A center is surrounded by concentric tori, which are invariant surfaces. Nearby tra-
Jectories stay on these tori, neither attracted nor repelled by the central limit cycle.
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portrait CM.

attractors

sadd les

V‘e/oe/[or.s

2.5.7. A limit cycle is called elementary if it is hyperbolic, and its CMs are distinct (no two
equal). All the elementary limit cycles in three space are summarized in this table.
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2.6. CHARACTERISTIC EXPONENTS

In the case of a limit point, the local asymptotic behavior is described by the CEs. The number of CEs 1s
equal to the dimension of the state space. In the case of a limit cycle, the local asymptotic behavior 1s
described by the CMs. The number of CMs is equal to the dimension of the Poincare section, one less
than the dimension of the state space.

In this section, we develop the relationship between CEs and CMs.

2.6.1. Recall, from the preceding
Chapter, that with CEs, the horizontal
coordinate (real) indicates the strength
of repulsion (right half) or attraction
(left half). The vertical coordinate (im-
aginary) indicates the rate of spiraling.
The CEs on the left are attractive. Those
on the right are repulsive. The imagi-
nary axis is excluded, for hyperbolic
limit points. We will call this diagram

the CE plane.

2.6.2. On the other hand, in the pre-
ceding Section, we have seen that, with
CMs, the magnitude indicates strength
of repulsion, while the angle character-
izes spiraling. The CMs are attractive if
inside the unit circle, and repulsive when
outside. The unit circle is excluded for
hyperbolic limit cycles. We will call this
diagram the CM plane.
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We now describe a function from the CE plane to the CM plane, called the exponential map, or polar
coordinates.

X =

attractive Ve/ou/sive attractive repu(si ve
| B R S ——e Sy . - e e e
=] o, / O f

2.6.3. Step 1. Map the horizontal axis of the CE plane onto the positive half of the hori-

zontal axis of the CM plane, using the natural exponental function. Note that zero is
mapped to one.

2.6.4. Step 2. Wrap the vertical axis of the CE plane around the unit circle of the CM plane.

Linear measure on the real axis of the CE plane becomes angular measure on the unit circle
of the CM plane.
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2.6.5. Step 3. Horizontal lines in the CE plane are mapped into rays in the CM plane,
radiating from the origin. Vertical lines in the CE plane are wrapped around concentric
ircles in the CM plane. No point in the CE plane goes to the origin of the CM plane.

6.6. Note that the attractive and repulsive regions of the CE plane are mapped onto the
corresponding regions of the CM plane.

We could use this mapping to define CEs for limit cycles, but this will not be necessary.
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2.7. DISCRETE POWER SPECTRA

Before ending this review and expansion of Part One, we pause to emphasize the periodic attributes of
attractive limit cycles. This explains why we call them periodic attractors, which is not because they
come and go!

2.7.1. In Part One, Panels 2.3.5 to
2.3.7, we discussed the pitch and volume
of pure tones. These are attributes of
sinusoidal time series, or time records of
one coordinate of a regular (circular)
periodic attractor.

TIME

2.7.2. A time series from another, very
irregular, periodic attractor might look
like this. It may be bumpy, but it 1s peri-
odic in the sense that the same irregular
pattern is repeated over and over. Each

repetition takes the same period of time

—hence periodic. The reciprocal of the

period of time is the frequency of the
periodic time series. This one would

sound like a complex tone, with a color-
ful timbre.
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2.7.3. Following the ideas of Fourier analysis, we may represent the irregular periodic time

series (or tone) as a sum of regular (sinusoidal) pure tones of various frequencies, ampli-
tudes, and relative phases, all sounded together.
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2.7.4. Recording the square of the amplitude, and the frequency, of each of the component
pure tones in a diagram such as this is called the power spectrum of the periodic time series
(complex tone). In this case, the power spectrum is discrefe, as it consists of discrete vertical
line segments. This is characteristic of periodic attractors.

Likewise, continuous power spectra are uncharacteristic of periodic attractors. And yet, they abound n
music, and throughout nature, in noise. The dynamical model for a noisy time series is the chaotic

attractor, to which we turn at last.
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3. Chaotic Limit Sets

Points and cycles are not the only limit sets found in dynamical systems. The torus is a limit set proved to
be rare in theory, but frequently seen in experiments. Reasons are given in Part Three, Stable Behavior.
In this chapter, we introduce some of the curious limit sets discovered by experimentalists. Among all
kinds of limit sets, only the attractors are directly observable in simulations by analog and digital
computers. So this chapter will emphasize chaotic attractors, primarily. The reasons these are called
chaotic will be described in the last chapter.
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3.1. POINCARE’S SOLENOID

Poincaré’s discovery of homoclinic tangles, and their subsequent analysis by Birkhoff and Smale, are
described in detail in Part Three of this series. Poincaré predicted, in his original description of homo-
clinic tangles, that they might be too complicated ever to be understood. The full picture, recently

emerged, contains a chaotic limit set of saddle type, which we call Poincaré’s solenoid. In this section,
we describe the superficial appearance of this theoretical object.
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3.1.1. Here is the solenoid. Like an infinite coil of wire, shown here in red with a piece cut
away for visibility, it might be regarded as a thickening of a periodic trajectory of saddle
type. But, it has an infinite number of pieces, as we shall see. In this representation, we
emphasize its Poincaré cross-section. The inset cross-section is a thickened curve, with an
infinite number of pieces. The outset cross-section is also a thickened curve.

Let’s build up this picture, piece by piece.
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J.1.2. Recall, from Section 2.3, this typical periodic saddle in three-space.

3.1.3. This twisted version has Mdbius bands for its inset and outset. Each has a single
twist.
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Next, consider a twisted periodic saddle going twice around before closing. Each half almost closes, but
not quite. The inset of each half is twisted, like a Mobius band. These half-insets may thus be parallel,

without crossing. The outset of each half is likewise twisted, so these may be parallel as well. We may
visualize this as follows.

3.1.4. Take a narrow strip of paper (1)
and fold it the long way (2).

3.1.5. Use this folded strip to make a
Mobius band, twisting and taping care-
fully (3). Note that the fold does not
match up at the taped part. This is no
problem, because we...
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3.1.6. What remains is a double strip.
This is the inset-model.

3.1.7. Hereis the inset model, with the limit cycle and the attracted trajectories drawn on it.
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3.1.8. Trying to uncoil the inset model, we find that we have a long band, which is double
twisted.
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Now take another narrow strip of paper. Fold, twist, and tape, as above, but with this complementary
orientation.

3.1.9. This model is horizontal where
the previous one was vertical, and so on.
Cutting off the fold, we obtain this
model for the outset of our double
periodic trajectory. This is the outset-
model.

3.1.10.  Putting together the two models, we obtain this picture of the double periodic tra-

jectory. The trajectory completes two revolutions before closing, likewise the inset and out-
set bands.

Note that the inset and outset must intersect in this picture. The intersection is another saddle cycle
which completes two revolutions before closing. The outset of the new cycle coincides with the inset of
the original one, and vice versa. This is the complication Poincaré had noticed and despaired. The fan-
tastic consequence of this intersection, obtained by a small perturbation, is known as a homoclinic
tangle. This 1s detailed in Part Three, Stable Behavior. For the present, we will 1gnore this consequence.
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3.1.11. We could equally well fold the
strip twice, like this.

3.1.12. Twisting, taping, and cutting, we obtain an inset-model for a quadruple periodic

trajectory.
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[terating this procedure, we may make models for very long periodic trajectories, all coiled so as to fit 1n
the same ring. All these may have their insets parallel, likewise their outsets. Adding trajectories which
coil around the ring endlessly without closing, we obtain a complicated limit set of saddle type,
Poincarée’s solenoid, as shown in panel 3.1.1. The occurrence of this limit set in the forced Van der Pol
system (Part One, Periodic Behavior, Ch. 5) was suggested by Cartwright and Littlewood, and fully
analyzed by Smale, as explained in the Hall of Fame. It is not observed in experiments, because it is not

an attractor.

We turn now to the chaotic limit sets which are actually attractive.
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3.2. BIRKHOFF’S BAGEL

Birkhoff picked up dynamical systems theory, in 1912, where it was left by Poincaré’s death. Within
four years, he had discovered the chaotic attractor, as a theoretical object in discrete dynamical systems
(1932). This was his remarkable curve, found in the dynamics of a map of the plane to itself. This was
later studied by Charpentier (1935), and is still an active research topic. This so-called curve is actually
thicker than a normal one-dimensional curve, so we call it a thick curve. Thickness, in this sense, relates
to fractal dimension, explained in the next chapter.

In 1944, Levinson raised the question of the occurrence of this attractor in the context of forced oscil-
lation. Here, the plane would be the strobe plane, a Poincaré section, and the map of the plane to itself
would be the first return map. Then the remarkable (thick) curve of Birkhoff would be the strobe
section of a thick torus, which we call here a bagel. He answered this question in the affirmative for a
particular system, similar to the forced Van der Pol (1948, 1949).

Meanwhile, Cartwright and Littlewood announced a similar result (1945) for the forced Van der Pol
system, and later published their proof (1949). They pointed out experimental evidence for this strange
attractor, which they had found in the earliest electronic simulations of the Van der Pol system, done by

Van der Pol himself in collaboration with Van der Mark (1927).

Recent experiments by Holmes (1977) on the Duffing system, and by R. Shaw (1980) on the forced Van
der Pol system (standard and variations) with an analog computer have detailed the folded structure of
Birkhoff’s attractor, which we present in this section. Our presentation relies heavily on Part One of this

Series.
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By increasing the frequency of the driving oscillator, we may observe many different braids, as de-
scribed in Part One, Chapter 5.

3.2.4. For example, an ultraharmonic
would appear, in the strobe plane or
storage scope screen, as a discrete point
set on the section of the invariant torus.
With each pulse from the forcing oscil-
lator, one of the dots is refreshed. In
other words, the trajectory hits the
strobe plane repeatedly. The successive
hits cycle through the discrete point set,
repeatedly. The order of successive hits
1s not simply clockwise, or counter-
clockwise. However, the same order is
repeated each cycle. Thus, if we watch
for a while, we learn to predict the next
hit exactly.

3.2.5. For some higher frequency, and
carefully chosen amplitude, we find
what appears to be a continuous closed
curve, instead of a discrete point set.
This 1s the remarkable curve of Birk-
hoff, exactly as predicted by Levinson.
As far as we know, this was not actually
observed until very recently (R. Shaw,
1980). The trajectory hits the strobe
plane in a point which appears to rove
randomly around this curve. Unlike the
preceding (periodic) situation, we find
ourselves unable to predict the next hit
of the trajectory on the strange curve, no
matter how long we observe it.

''''''''''''''''
-----

lllllll
---------
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3.2.6. Adjusting the phase control re-
veals a rotating distortion of the closed
curve. The spike slowly crawls to the
right along the top, while the lower
spurs march briskly to the left along the
bottom. One by one, they catch up with
the upper spike, and merge with it.

¥

3.2.7. Here is a sequence of eight successive phases, a full cycle around the ring model,
exactly as discovered by Robert Shaw (1980) in analog simulation of Van der Pol’s system.

His equations are reproduced in the Appendix.

81
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3.2.8. Assembling Robert Shaw’s sec-
tions in the ring model for the forced
Van der Pol system, the bagel emerges.

3.2.9. Interpolating more sections and smoothing between them, we obtain this folded,
thickened surface. But this is essentially the trace of a single trajectory. It is not a periodic
trajectory. The missing sections have been cut away for better visibility.
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This single trajectory represents a most irregular behavior of the forced oscillator, chaotic behavior.

Let’s color the bagel red. Now we isolate a small piece on Birkoff’s remarkable curve, color it black, and
follow it once around the bagel.

3.2.10. Starting at phase 3n/2, this black piece is pinched to a beak, and pulled out to the
left, away from the main body of the bagel. It is not yet moving. But the two lower spurs
(red) are moving down and to the left.

; 2

3.2.11. After phase 0, the black beak 1s pinched more, elongates further, and crawls to the
right along the top of the bagel. Meanwhile, the lower spurs are marching briskly around
after the beak. At 1/2, one of them has caught up with the beak, and merged with it. A new
beak is forming on the right. At 5n/4, the second spur has also merged. The old beak is now
a spur. Finally, the new beak is fully formed, and become a spur, while yet a new beak has

been born on the left.
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3.2.12. Going on around a bit, the red spur is pressed flat into the side of the bagel, like a

pleat. This whole process, from fresh beak to ironed pleat, took one and half cycles of the
forcing oscillation.

The bagel consists of an infinite number of pleats, almost all of which have been pressed flat against the
thickened toroid. This fractal microstructure, characteristic of all the known chaotic attractors, will be
clarified in Chapter 4. It is actually responsible for their unpredictable behavior.
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3.3. LORENZ’S MASK

The advent of digital computers made a great impact on dynamical systems theory. One of the early
results was the surprising discovery, by Lorenz (1962, 1963), who had been a student of Birkhoff, of an
unsuspected type of chaotic attractor. This discovery occurred during simulation of global weather
patterns, and eventually provided science with its first deterministic model of turbulence.

3.3.1. The earth, warmed by the sun, heats the atmosphere from below, while outer space,
always cold, absorbs heat from the outer shell of the atmosphere. The lower layer wants to
rise, while the upper air wants to drop. This causes a traffic problem.
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To visualize the air currents in the atmosphere, we construct a cross-section. The plane section, passing

through the center of the earth, cuts the atmosphere in a ring. Let us look now at a small piece of that
ring.

3.3.2. The traffic problem of the com-
peting warm and cold air masses 1s
solved by circulation vortices, called
Benard cells.

3.3.3. Returning to three dimensions,
a typical vortex may have warm air

rising in a ring, and cool air descending
in the center like this.
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3.3.4. The atmosphere, or at least a
portion of its spherical shell perhaps as
large as the Sahara Desert, might be
seething in a sea of Bénard cells, closely
packed as a hexagonal lattice.

3.3.5. In fact, this aerial photo of the
Sahara Desert shows, in the pattern of
sand dunes, the sculptured footprint of
such a sea of atmospheric vortices.
Snowfields and icebergs reveal similar
patterns, sculptured by invisible Bénard
cells in the atmosphere.
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Lorenz set out to model this atmospheric phenomenon, using a dynamical system derived from the
equations of fluid dynamics.

3.3.6. Simulating the model with computer graphics in the early 1960’s, he saw this on the

screen. Here, as with the bagel in the preceding Section, the attracting object is rigidlv

determined. But the future of a trajectory within it is unpredictable by the observer. In the
next Chapter, we will explain this paradox.

Like Birkhoff’s bagel, this is an attractor which is neither a point nor a cycle.

The behavior of a trajectory following this attractor, as observed by Lorenz, is very erratic. It orbits one
of the holes for a while, then jumps to the other for a while, and so on. This is why its behavior is called
chaotic, as we shall see in more detail in the next Chapter. It so erratic that Lorenz dispaired of predict-
Ing the weather by simulation of this dynamical model. The chaotic attractor, translated back into the
original context of air currents in the atmosphere, provides a model for atmospheric turbulence.

The actual microstructure of this object, which we call Lorenz’s mask, is described further in the next
chapter, and still further in Part Three of this Series.
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4. ROSSLER’S BAND

Inspired by Lorenz’s discovery, and aided by an analog computer with stereo 3D display, R&ssler set out
to find the simplest dynamical systems with chaotic attractors. Among others, he discovered the simple
folded band described in this section. Later, Crutchfield (1980) found the same phenomenon 1in the
Duffing model for the forced pendulum.
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3.4.1. Here is an electronic analog of Duffing’s forced pendulum. In the black box, upper
right, is an electronic analog of a damped pendulum. The meters read the instantaneous
current through, and voltage across, the load resistor on top of the box. The forcing oscil-
lation is generated by the isolated oscillator, center, which also sends a strobe pulse to the
storage scope, left. A dot written on this screen will persist.

This is much like R. Shaw’s experimental setup for the Birkhoff bagel, in the forced Van der Pol device
described in Section 3.2.
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3.4.2. Recall, from Part One, these mechanical devices used by Lord Rayleigh to model the
violin string (later studied by Duffing) and the clarinet reed (later studied by Van der Pol).

Without being forced, the oscillation of one dies away, while the other’s is self-sustained.
When forced, both will oscillate.

3.4.3. In the context of electronic analog devices, we have these two devices: without

forcing, one wants to be still, the other to oscillate, as shown in these phase portraits. When
torced, both will oscillate, as described in Part One, Periodic Behavior

From these two devices, extensively described in Part One: Periodic Behavior, much of dynamics has
evolved. We return now to the electronic analog of the Duffing device.
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REVIEW: With the forcing oscillator set close to the natural frequency of the damped electronic pen-
dulum, there are two periodic attractors in the ring model for the three-dimensional state space of the
combined system (Part One, Panel 4.3.8). Thus, our strobed storage scope will show a dotted curve
asymptotically approaching a point. There are two such attractive points in the strobe plane. Which
attractor our strobed (dotted) trajectory ends up at depends on which basin the initial point is in. (The
initial point may be chosen by the experimentalist before turning the device on.) The two basins are
separated (in the three-dimensional ring model) by a scrolled surface, the inset ot a periodic saddle

(panel 4.3.13 in Part One). In the strobe plane, they are separated by a teardrop-shaped curve (panel
4.3.12 in Part One).

3.4.4. Here is the separatrix of the isochronous oscillations of the electronic Duffing
device. As the inset of a periodic saddle, it is not a limit set, but it is repelling. In the strobe
plane, it appears as a teardrop-shaped curve. Meanwhile, the outset of the periodic saddle,
although not a limit set either, is atfractive. It 1s a twisted band (shaded black in this draw-
ing) bounded by the two periodic attractors. T his outset band meets the strobe plane in a
short curve segment, shown here in heavy black. Just as the inset (separatrix, red) 1s repel-

ling, the outset band (black) is attracting.
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3.4.7. If we leave the frequency fixed
but change the phase of the strobe pulse,

we find the arc rotates, flexes, stretches,
and folds.
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3.4.8. Putting these strobe views to-
gether around the ring model, we obtain
a three-dimensional picture of this un-
usual attractor, first observed by Rossler
in another dynamical system.




94

Chaotic Limit Sets

3.4.9. Hereis the full Rossler band, in the Duffing system. Like the Birkhoff bagel and the
Lorenz mask, it appears to be a slightly thickened surface. A more detailed picture of its rich
microstructure is presented in the next Chapter. Keep in mind, meanwhile, that these attrac-
tors are not static objects. They determine the dynamic behavior of an attracted trajectory.
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3.4.10. Here is the full Rossler band, as seen by Rdssler in his original system. (See the
Appendix for the equations, this computer drawing courtesy of R. Shaw.) This view is
straight down from the top, so the height of the fold (shown in the preceding panel) is fore-
shortened. The trajectories do not actually cross 1n 3D.

There are many other unusual attractors waiting to be discovered by pioneers with analog and digital
computers. This is one of the last frontiers of the local theory of dynamical systems.
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3.4.11. Here is a related experimental object, also discovered by Rossler, which we call the
funnel. (See the Appendix for the equations, this computer drawing courtesy of R. Shaw.)

The trajectories attracted to these attractories asymptotically approach almost every location in the
thickened surface. Of course, the motion of such a trajectory is precisely determined by the mathemati-
cal model. Yet because the smallest uncertainty in the determination of the actual position of the tra-
jectory at a given moment implies an enormous uncertainty later on, the future of the trajectory along
the attractor is apparently chaotic. Hence, these experimental objects are called chaotic attractors. They

may not be either attractors or chaotic in any rigorous mathematical sense, however. All this will be
clarified in the next Chapter.
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4. Attributes of Chaos

There are many reasons for calling the unusual limit sets, found experimentally and described 1n the pre-
ceding chapter, chaotic. In this chapter we will describe some of these reasons, which have received con-
siderable attention in the literature.
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4.1. UNPREDICTABILITY

Although the large-scale attractors are aspects of a dynamical system which are fully deterministic in
the formal mathematical sense, the behavior of an trajectory attracted to such an attractor 1s totally un-
predictable, in the long run. This is the reason these extended limit sets have earned the name chaotic
attractors. In this section we explain this paradox, originally emphasized by Lorenz (1962, 1963).

C @ ¢

4.1.1. Inthe preceding section, we observed this situation, in the electronic Duffing device,
before the appearance of Rossler’s band. The attracted trajectory returns repeatedly, at exact
intervals, to the same point in the strobe plane. This is the epitome of predictable behavior.
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4.1.2. Here is a computer drawing of
the periodic attractor of the Duffing
system, seen from above. Not only the
point of periodic passage through the
strobe plane, but all of the states on this
periodic attractor, are exactly predict-
able.

4.1.3. Increasing the forcing frequen-
cy, we observe higher harmonics as peri-
odic attractors. Here, in another com-
puter drawing also seen from above, is a
periodic trajectory cycling four times
around the ring before closing. Its inter-
section with the strobe plane is a set of
four dots, each visited in turn by the
orbiting trajectory.

This motion is completely predictable. After observing a few cycles, we can predict, based on one strike
of the strobe plane, exactly where the next few will strike.
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4.1.4. Increasing the forcing frequency
further, we obtain an extended attrac-
tor. Also seen from above i1n this com-
puter drawing, there are several bands
within a figure like Rdssler’s band. The
intersection with the strobe plane is a set
of thick arcs. (The thickness is explained
in Section 4.4.) Although the orbiting
trajectory passes through these thick
arcs periodically, we are unable to make
long range predictions based on one
strike.

Although the motion is fully deterministic in the mathematical sense, it is rather unpredictable in the ex-
perimental sense. This is one reason this motion is called chaotic.

The successive passages of the trajectory, orbiting the Rossler-like band, are experimentally rather un-
predictable, because (1) we do not know the exact position of the trajectory at a given moment, (2) a
small difference in this current position leads to an enormous difference in position later on, and (3) the
trajectory will eventually come arbitrarily close to any point on the thick bands.

Property (2), characteristic of all chaotic limit sets, is called sensitive dependence on initial conditions.
Property (3), also characteristic of chaotic limit sets, is called topological transitivity. Related to the
ergodic hypothesis of statistical physics, this just means that a single trajectory pierces every little region
i1 the limit set. These conditions are described further in the next section.

We now explain why these three conditions lead to unpredictability.
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4.1.5. The precision of our measure-
ment of the pendulum’s state (displace-
ment and velocity), at a given time, may
be regarded as an amount of informa-
tion. Here, for example, suppose we
know only that the state is in the shaded
half of the state space. Our information,
then, is only that the pendulum is to the
right of bottom. We know nothing of
the speed of its motion, not even its di-
rection. This 1s a small amount of in-
formation about the instantaneous state
of the system.

T'he more precise the measurement, the smaller is the region known to be occupied by the state of the
system, and the more information we have about it.

4.1.6. In this case, our measurement is
more precise. The state is known to be in
the small shaded box. Thus the dis-
placement and velocity are known,
within small intervals of error. We have
a considerable amount of information
about the the state of the pendulum.
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4.1.7. Carried to extremes, if our
measurement were infinitely accurate,
the region of uncertainty would be a
point, and our information would be in-
finite. This is the assumption in the
mathematical context.

4.1.8. But in the experimental context,
there is always a region of uncertainty,
due to the realities of observational in-

struments, recording media, and the
Uncertainty Principle. Here, we see this
region by enlarging the preceding draw-
ing.
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4.1.9. Returning to Rdssler’s band, let us begin with a region of uncertainty, shown in black
here and labeled x, within the strobe plane. After approximately one cycle, this track passes
through the strobe plane again in the set shown here in black, labeled R(x). But the track
expands. So the original region, X, has expanded to the larger set R(x). After this expansion,
we have less information about the state of the system.
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4.1.10. We relabel R(x) by R’ (x). The track continues to expand. And after another similar
period of time, it has passed through the strobe plane again, in the black set R”(x). The
original region, X, its first return, R’ (x), and its second return R “(x), comprise the beginning
of an infinite sequence of sets. These are getting wider and wider. And so we have less and
less information about the state of the system, as time goes on.

In fact, no matter how small the initial region, the successive strikes of its trajectories through the strobe
plane will spread in this way. The cause of this spreading is explained in the next section.

So this, at last, is the meaning of unpredictability in the context of chaotic attractors. Any small error in
the measurement of the current state (inevitable) eventually /eads to fotal ignorance of the position of

the trajectory, within the chaotic attractor.
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4.2. DIVERGENCE AND INFORMATION GAIN

The basic dynamical feature of chaotic attractors is bounded expansion, or divergence and folding to-
gether of trajectories within a bounded space. This feature implies sensitive dependence on initial con-
dition, originally emphasized by David Ruelle, and gain of experimental information, introduced by
Robert Shaw. In this section we explain these implications. The connection between divergence and
characteristic exponents (CEs) is given in the following section.

4.2.1. Suppose we have a dynamical system with a planar state space, and a repelling point.
After a careful measurement of both variables at time to, we have determined that the state
of the system is in a small region near the point repellor. The track of this region, along tra-
jectories of the dynamical system, spirals away from the repellor, expanding as it goes. Thus,
at a later time, 1, the track of the initial region is a larger region, as shown here. Supposing
that we do not remeasure the state of the system at this later time. Then the information we
originally had, together with our knowledge of the phase portrait of this system, add up to
the knowledge that the system is in a state in the larger region, nothing more. But the larger
uncertainty means we have less information at the later time than we had at the time of the
initial measurement. The divergence of the trajectories leaving a repellor implies loss of the

information obtained from an initial measurement.
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On the other hand, the divergence of trajectories leaving a repellor, together with new measurements at

a later time, implies a gain of information. Now let’s carefully follow this divergence, and its attendant
information gain, in four steps:

* measure the initial state of the system,

* watch this region expand, while initial information is lost,

* remeasure the state of the system, increasing current information,
* extrapolate backwards, gaining information on the initial state.

4.2.2. At the initial time, we measure
the state of the system as accurately as
possible, within the limitations of the
given laboratory instruments. The po-
sition of the initial point in the state
space 1s thus a small region, such as this
rectangle. Its sides are the experimental
errors 1n the values of the separate co-
ordinates, such as position and velocity
of the pendulum.

4.2.3. After an interval of time, the in-
itial region flows outwards from the
repelling point, along the diverging tra-
jectories of the dynamical system, as we
see here. The initial region grows into
this larger region. Information about
the current state seems to be decreasing,
as we know less and less about the

actual state of the system as time goes
on.
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4.2.4. But at this later time, we re-
measure the state of the system, again
with the best accuracy of the laboratory
apparatus. Now we have increased our
information about the system at the
later time.

4.2.5. Finally, we flow the larger re-
gion backwards in time to its original
position, as a small rectangle. and along
with it, we flow the small rectangle it
contains. This becomes the immeasur-
ably small dot within the initial rec-
tangle, as shown here. As this 1s smaller
than the initial rectangle, we have more
information about the initial state, be-
cause of the second set of measure-
ments, than we could possibly have
known at the beginning.

By this sequence — measure, flow, remeasure, reflow backwards — we have obtained more information
about the state of the system at the initial time than we did with the initial measurement (with the same

instruments).

To emphasize the actual gain of information provided by diverging flow, let’s repeat this sequence with
the state space coarse-grained by cells indicating the limit of precision of the measuring and recording

apparatus.
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4.2.6. In this armchair experiment, we
suppose that the measuring apparatus 18
digital, with data bins 0.1 units wide.
Thus, all values of x between 2.35 and
2.45 are thrown into the 2.4 bin by the
measuring and recording process, and
likewise for values of y. Here we see the
state space, coarse-grained by these
bins. The red shading represents a re-
gion known mathematically to be oc-
cupied by the initial state of the dynami-
cal system. But the black shaded bin re-
presents the region known experimen-
tally, according to the most accurate
measurement possible, with the as-
sumed instruments, at the initial time.
The system, with almost 100 percent
certainty, occupies the cell labeled
(2.4,2.6) by the measuring instruments,
as shown in the corner box.

4.2.7. After a period of diverging flow,
the initial red cell has expanded so as to
cover many experimentally distinguish-
able cells. Without a new measurement,
we have /ess information now about the
current state than we initially had about
the initial state. We do not know which
of the thirteen black shaded bins the
system now occupies. However, if we
now make a new measurement and ex-
trapolate backwards in time, we will
have more information now about the
initial state than we did originally. Ac-
knowledging our capacity to make
measurements any time we wish, we see

that diverging flow provides Increasing
information about initial states. In-
formation is gained in diverging flows.
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4.2.8. Conversely, near a point attrac-
tor, the flow is convergent. An initial re-
gion shrinks smaller and smaller. Here,
initial points, known through measure-
ment to be distinct, eventually become
experimentally indistinguishable. Ex-
trapolation backwards of current
measurements may tell us nothing
about the initial state of the system.
Thus, convergent flow provides decreas-
ing information about initial states. In-
formation is lost in converging flows.

,EIIII

We have illustrated the concepts of information gain and loss, or flow, in flows near repelling and
attracting points. Similar concepts apply to repelling and attracting limit cycles, and, as we shall see in
the next section, to chaotic attractors. We turn now to the related concept of sensitive dependence on
initial conditions.

4.2.9. Suppose we have two adjacent
initial conditions, near a repelling point.
Because of the divergence of trajectories
in this flow, the trajectories from these
two initial points diverge. After some
time, the two initial states have flowed to
final states which are far apart. Thus, In
this context, a small change in initial
state results in a large change in final
state, after a short time of evolution of
the system. This, called sensitive de-
pendence on initial conditions, 1s a
characteristic feature of chaotic attrac-
tors. These, like the repelling point 1llus-
trated here, have diverging trajectories,
as we shall see in the next section.
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4.2.10. Conversely, in the converging
flow near an attracting point, a large
change in initial state results in a smaller
change in final state, after a short time.
We may call this insensitive dependence

on initial conditions.

4.2.11. Finally, suppose that a set, such as the Réssler band pictured here, is almost com-
pletely filled by a single solenoidal trajectory. Then a small region of initial states at the in-
itial time, to, moves along to a more extended region at a later time, t.. After a long while
this set must be pulled and twisted so as to cover most of the entire band. For the solenoidai
trajectory pierces the initial region infinitely often, and these initial points flow along the
solenoid and almost fill the band. This situation, called fopological transitivity, is not im-
plied by diverging trajectories alone, but is nevertheless an observed feature of all experi-

mentally-known attractors. This may be due to the constraints of reality, causing experi-
mental dynamicists to study a single trajectory.



Dynamics: Chaotic Behavior 113

4.3. EXPANSION, COMPRESSION AND CHARACTERISTIC EXPONENTS

Divergence (or equivalently, information gain, or sensitive dependence) plus transitivity imply un-
predictability, as described in Section 4.1. In this section, we show how divergence and convergence, or
expansion and compression, occur simultaneously near chaotic attractors.

How can compression to the attractor, and expansion along the attractor, happen simultaneously? Here
we explain the geometry of this paradox, in the case of Rossler’s band.

4.3.1. Consider a flow in three dimensions, like the flow near a periodic saddle, which 1s
attractive in one direction, and repellent in another. For periodic saddles, this is described by
two characteristic multipliers: one CM inside the unit circle, the other outside. (See Section
2.3.) Alternatively, we describe the saddle behavior with two characteristic exponents: one
CE to the left of the imaginary axis, and one to the right. (See Section 2.6.) For our present
purpose, we prefer CEs. But these CEs may be calculated for trajectories which are not
closed, as long as they are recurrent like the transitive solenoidal trajectory in the Rossler

band, illustrated in Section 3.4.

In this flow, horizontal information is gained, while vertical information is lost. The negative CE de-
scribes the rate of vertical convergence, while the positive CE describes the rate of horizontal divergence.
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All the chaotic attractors illustrated in the preceding chapter are thick surfaces in three dimensional
space. (The source of this thickness, an infinite number of surfaces compacted close together, 1s ex-
plained in the next section.) A transitive trajectory in each is saddle-like, as in the preceding panel. But
the attracting direction is perpendicular to the thick surfaces, which are therefore attractive. Meanwhile,
the repelling direction is tangent to the thick surfaces, so the flows along these attractors are diverging.

At the same time, trajectories converge towards the attractor, and diverge along it, saddle-like. Here is
the way the Rossler attractor manages endless divergence within a bounded region, in five steps.

4.3.2. Here we have a horizontal surface, which is a piece of the attractor. The flow is away

from us, diverging horizontally for a while, making information, and exhibiting sensitive
dependence.

As the flow progresses, this piece of surface grows at the far end. We will track this growth.
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4.3.3. In step 1, the back extends away from us, and widens as it goes, because of diver-
gence. The right wing is rising. Step 2, the back extends and widens further, but the widening
is all to the right and upwards. The growing right wing is folded up and to the left. Step 3, the
back extends further, widens more to the right, and the right wing is folded further upwards
and to the left, until it is parallel to the unchanged orientation of the left wing.
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4.3.4. In step four, the process is continued, and we find that the rearward growth of the
surface 1s actually along a circle, bringing it eventually back and around to meet the front.
Step five, it closes. In fact, it does not exactly close as a surface. What we have described is a

thick surface, composed of infinitely many layers, like flaky pastry, filo, or croissant dough.
This 1s explained in some detail in the next section.

Try following two trajectories around the band, and you will see that they endlessly diverge in a bounded

space, as transitive solenoids. They keep on diverging from each other in the short term, while never
succeeding in getting too far from each other, in the long run.
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4.3.5. Birkhoff’s bagel also expands endlessly in a bounded space, as shown in this eight
step model. In step 1, we start with a diverging flow on a piece of surface, as betore. Step 2,
the back grows away from us, and a fold begins to form in the middle. In step 3, the back ex-
tends further away from us, and the fold is pressed down flat, like a pleat. This drawing has
been shrunk a bit to save space. Step 4, the back grows further and the fold is pressed flatter.
Taking more of the sides into view, we see they bend downwards. The drawing 1s shrunk
again, to fit in the panel. In step 5, more of the object comes into view, and we see that the
sides join at the bottom like a pleated cylinder. Step 6, following the growth at the back of
the cylinder, we see it is bending around a circle. In step 7, the bent pleated cylinder is joining

itself, to make a torus. Finally, it closes, as a thick surface.
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4.3.6. Lorenz’s mask is also endlessly expanding in a bounded space. We will describe this

In seven steps. First, take two copies of our usual piece of surface, with a diverging flow on
each. Join them, as shown in step 2.

4.3.7. In step 3, taking more of the flow into view, we see the surfaces bending. In step 4,

the flow of the back edge away from us begins to curve all the way around. Likewise, the flow
into the front edge is seen to come from around a bend, also.

To get ready for the next step, rotate the S-shaped model (step 4) clockwise a half turn.
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4.3.8. In these last three steps, the front and back edges are extended further along the
flow, bending further until they join. These joints are as thick surfaces, as we shall see 1n

more detail in the next section.

These objects have a fractal dimension, somewhere between two and three. They also have CEs, like a
periodic saddle.

To complete our models for these three chaotic attractors, we zoom in on the fractal microstructure of
thick surfaces, in the next section.
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4.4. FRACTAL MICROSTRUCTURE

The folding required to expand endlessly in a bounded region requires an infinite microstructure. Here
we explain this feature of chaotic attractors, again using Rossler’s band for illustration.

4.4.1. Here is the Rossler band, as the folded thick surface constructed in the preceding
section, in five steps. As distinct trajectories of a dynamical system may never join, this ob-
ject cannot possibly be a simple surface, with two layers glued together.
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4.4.2. Let’s follow the progress, as time
marches on, of a Poincaré section of
the thick surface. This appears to be a
line-segment at first. As we shall soon
see, 1t 1s actually a thick line-segment.
First it extends backwards away from
us, curving to the left and around a
circle. At the same time, it widens and
folds over. Eventually it reaches double
its original width, folding all the way
over, and comes back to the Poincare
section as a U-shaped channel.

4.4.3. Now we understand that the
cross-section of the band is not an inter-
val. It must be a folded interval with two
layers. Let’s follow the evolution of this
folded interval as it goes around, repeat-
ing exactly the steps above. Starting
another turn as a U-shaped channel, the
stretch and fold produces a double-U-
shape on return to the Poincare section.
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4.4.4. Now we know that the section 1s
not a line-segment, and it’s not a U-
channel either. Starting a third turn as a
double-U, the folding action of the band
creates a quadruple-U on next return to
the Poincare section. And so on!

4.4.5. After countless repetitions, the
original interval of section as expanded,
folded, and returned in countless layers.
These accumulate in a certain pattern.
To examine this pattern, we cut again in
a cross-section. This one, which we call
the Lorenz section, cuts through the
Poincare section.
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4.4.6. Turning the Lorenz section face front, we see a single dot corresponding to each layer
of the filo dough of Réssler’s band. The number of dots is infinite. But, they have a pattern.
There are gaps within gaps within gaps.

4.4.7. The pattern may be reconstructed in a sequence of steps called Cantor’s process.
First take a line segment, at 1. Then remove a smaller segment from somewhere within,
making a gap, as in 2. Then repeat this surgery on each of the two remaining segments, ob-
taining 3, and continue forever. If at each step you take away the middle third of a segment,
this is the middle thirds process. But there are many other possibilities.
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4.4.8. For example, this construction removes two intervals in each surgery. It is the middle
fifths process. We cannot pin down exactly which process is needed to reconstruct the

[ orenz section of the Rossler band. But it is definitely this kind of thing, called in general a
Cantor set.

4.4.9. So take a Cantor set, rotate to vertical, and attach a horizontal line to each point.
This is called a Cantor one-manifold by specialists. But we have been calling it a thick line all

along.
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4.4.10. Or instead, attach a piece of surface to each point of the Cantor set. This is a
Cantor two-manifold, or thick surface.

By fractal microstructure, we just mean a thick line or surface, more-or-less. We also must allow
creases, folds, and so on. For more information on fractals, and their fractal dimensions, see the ex-
cellent books by Mandelbrot and Stewart, listed in the Bibliography.

All the experimentally known chaotic attractors are characterized by this kind of fractal microstructure,

as well as by the divergence of trajectories, measured by characteristic exponents. Relationships between
the fractal dimension and the characteristic exponents are a current research topic.
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4.5. NOISY POWER SPECTRA

The normal impulse of an experimentalist, upon sighting a complex time series, is to take its power
spectrum. As we have seen in Section 2.7, the power spectrum from a periodic attractor is a discrete, or

line, spectrum. This technique has been very successful with the chaotic attractors. But the power
spectra of chaotic attractors are continuous, or noisy.

4.5.1. The power spectrum of a time series is computed by an arduous algorithm. The
longer the time series input, the more accurate the power spectrum output. The spectrum
contains about half enough information to recreate the original time series. It records the
frequencies and powers, but not the phases, which are used in the reconstruction, as shown

in Section 2.7.
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4.5.2. This is the power spectrum of a
typical periodic attractor. Each line,
over an integral multiple (octave) of the
fundamental frequency of the oscillator,
indicates by its height the power con-
tributed to the oscillatory motion 1in
that octave. This 1s called a discrete
spectrum.

4.5.3. This, 1n contrast, is the power
spectrum of a typical chaotic attractor.
There 1s activity at every frequency. This
1s called a continuous spectrum.

With experience, we might be able to recognize attractors from the power spectra of the time series pro-

duced by one coordinate of the state space, if we had enough examples on file. This is like the fingerprint
strategy for criminal identification.



Dynamics: Chaotic Behavior 129

4.5.4. This periodic attractor in three
dimensions is fully described by three
time series, one for each coordinate.
The power spectrum of one of these is
shown here.

4.5.5. This chaotic attractor in three
dimensions is also fully described by
three time series, the coordinates of a
transitive solenoidal trajectory. The
power spectrum of one of these might
look like this: a discrete spectrum with a
little noise added.
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4.5.6. These chaotic attractors (Rssler bands and funnels) are increasingly chaotic, as
shown by the increasing levels of the noise (continuous spectra) in their power spectra,
shown below in each case. This is actual data from analog simulations (Crutchfield et al,

1980). Note that the spikes, indicating approximately periodic behavior, are lost in the noise
in the lower right example.
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4.5.7. Here is a summary table of the exemplary attractors we have presented, with
sketches of their characteristic output. One could wish for an extension of this table, show-

ing all possible attractors likely to arise in experiments and applications. But at this point,
that’s a big wish.
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4.6. CONCLUSION

This completes our visual introduction to the local behavior of dynamical systems, begunin Part One.
By local behavior, we mean the behavior of trajectories on or near a single attractor. It is important to
keep in mind that a typical dynamical system has many attractors and basins. In applications, the lo-
cation of these may be more important than the particular local behavior of each attractor (point, cycle
or chaos). We repeat here, in ending this part of our story, that the identification of experimental attrac-
tors with limit sets of mathematical models is not yet fully justified in dynamical theory.

In the next volume, Part Three, Global Behavior, we will turn to the global behavior of dynamical
Systems.
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Appendix: Systems of Equations

Example: 2d.
Section: 3.4.
Iype: Forced spring.
Origin: Duffing, 1908.
Space: Ring, R*xS".
Coords: displacement, x.
velocity, y.
driving phase, 6
System:
X =y
y'=(-1/m) {a.x’ + a,x+cy}+ Fcos6O
6’=w

Remarks: mass, m
restoring force of spring, a,x+ a:x*, a, >0,
hard spring, a; >0
linear spring, a; =0
soft spring, a; <0
coupling strength, F
driving frequency, w

Example: 4b.
Section. 3.2.
Type: Forced, self-sustained oscillation.
Origin: Rayleigh 1888 (see Volume 1)
Space: Ring, R*xS'.
Coords: current, Xx.
voltage, .
driving phase, w
System:
X '=Yy
yv’=(-1/CL) {x+ By’ —Ay} + Fcos6
0=

Remarks: capacitance, C>0
inductance, L >0
characteristic function of vacuum tube, Bv’ —Av, A,B>0
coupling strength, F
driving frequency, w.
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Example: 4c.
Section: 3.2.

Origin: Van der Pol, 1922.

System :
X =y

y'=(-1/CL) {x+ (3Bx* —A)y} + Fcos6

8’=w

Remarks: version of 4b, obtained by differentiation.

Example: 4d.

Origin : R. Shaw, 1980.

Section: 3.2.
System:

x’=y+ Fcos6

yv'=(-1/CL) {x+ (3Bx*—A)y}

O=w

Remarks: version of 4c, obtained by moving the force to the first equation.

Example: 5.

Section: 3.3.

Type: Polynomial.
Origin: Lorenz, 1962.
Space: Euclidean, R’.
Coords: x, y, z.

System .
x'= 10(y-x)
y’'= x(28-2)-y
7’= xy-(8/3)z

Example: 6.

Section: 3.4.

Type: Polynomial.
Origin: Rossler, 1968.
Space: Euclidean, R’.
Coords: x, ), z.
System:
X'= —(y+z)
y'=x+y/5

7’=1/5 + 2(x-5.7)

Appendix
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Benard cells, 3.3.3

Birkhoff’s remarkable curve, 3.2.0, 3.2.6
CEs, 1.1.1, 2.6.2, 4.3.1, 4.3.8

CM;s, 2.1.0, 2.1.1, 2.3.3, 2.6.2
Cantor set, 4.4.7, 4.4.8

Lorenz section, 4.4.5

Lorenz’s mask, 3.3.6

Poincare section, 2.1.3

Rossler’s funnel, 3.4.11, 4.5.6
Rossler’s band, 3.4.9

bagel, 3.2.0

basin, 1.1.2

bifurcation, 1.1.9

center, 1.4.7, 2.5.5

chaotic attractors, 3.4.11, 4.1.0, 4.1.4
chaotic behavior, 3.2.9, 3.3.6
characteristic exponents, see CEs degenerate, 1.1.8
eigenvalue, 2.3.3

elementary, 1.4.8

elementary, 1.5.4, 2,5,7

ergodic, 4.1.4

exponential map, 2.6.2

fast direction, 1.3.1

fast-inset, 2.4.1

fast-outset, 2.4.5

first return map, 2.1.4

fractal dimension, 3.2.0

fractal microstructure, 4.4.10
harmonics, 3.4.6

homoclinic tangle, 3.1.0, 3.1.10
hyperbolic, 1.1.7, 2.1.7, 2.5.5

index; 1.1.2;1.2.2,'1.2.7,1.3.6
information flow, 4.1.6, 4.2.0, 4.2.8
inset, 1.1.2, 1.2.2, 2.3.3, 3.4.4
invariant, 2.3.6

isochronous harmonic, 3.2.2

limit sets, 1.0.0

nodal cycles, 2.4.0

node, 1.3.1

noise, 2.7.4, 4.5.0

nonhyperbolic, 1.1.8, 1.4.7, 2.1.8
outset, 1.1.2, 1.2.2, 2.3.3, 3.4.4
periodic attractor, 2.1.1, 2.7.0, 2.7.3
polar coordinates, 2.6.2

power spectrum, 2.7.4

saddle point, 1.2.1

sensitive dependence, 4.1.4, 4.2.0, 4.2.10
separatrix, 3.4.4

slow direction, 1.3.1

slow-1nset, 2.4.1

slow-outset, 2.4.5

spectrum, 1.4.3, 4.5.3

spiral attractor, 2.5.5

spiral repellor, 2.5.5

strobe plane, 2.3.3

thick surface, 3.4.9, 4.3.1, 4.3.4, 4.4.10
thick curve, 3.2.0

thick line, 4.4.3, 4.4.9

topological transitivity, 4.1.4, 4.2.11
turbulence 3.3.0, 3.3.6

uncertainty, 4.1.8

unpredictability, 4.1.10
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Visual Mathematics Library Film Series

l The Lorenz System I

by Bruce Stewart

| The first in a series of high resolution computer animated movies on nonlinear dynamics, The Lorenz |
System shows a visual example of elementary chaos. Edward Lorenz’s model of thermally driven convection
is explained in a standard 16mm color film of 25 minutes duration. Because the subject itself is three-
‘ dimensional and dynamic, the film format can bring fundamental ideas from the research frontier within
the reach of non-specialists.
The film introduces the fluid dynamical model leading to the dynamical system, and constructs phase '
| portraits of the system for a wide range of parameter values. Ideas are introduced step by step, beginning
with the notion of phase space itself. The presentation is entirely visual, without equations, but with fre-
quent captions explaining the important ideas. The major bifurcations in the Lorenz system are seen, and
the manifold outstructure emanating from the equilibria is examined in the laminar, pre-chaotic, and
‘ chaotic regimes. The geometry of period doubling cascades is observed.
The Lorenz System is suitable for college-level students of differential equations, fluid mechanics, or
nonlinear oscillations. Anyone who deals with nonlinear models of dynamics (in physics, chemistry,
biology, ecology) can gain valuable insight from this film.

The Lorenz System, 25 minutes, color, 16mm. Purchase price: $150.00 plus $5 shipping & handling.
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Chaotic Chemistry

by Robert Shaw, Jean-Claude Roux and Harry Swinney

Experimental data from a stirred chemical reactor, plotted according to the graphical scheme of non-
linear dynamics, reveals a geometric figure essentially identical to the famous Réssler attractor of chaotic
dynamics. (Section 3.4 of Volume 2). This film shows the experiment, the graphical scheme, and the struc-
ture of the reactor, in exquisite detail, using state-of-the-art computer graphics equipment.

Chaotic Chemistry, 20 minutes, black & white, 16mm. Purchase price: $200.00 plus $5 shipping & handling.
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Chaotic Attractors of Driven Oscillators \

by J. P. Crutchfield

This movie studies a series of classic nonlinear oscillators. The technique used is that of animated Poincaré
sections. This is the temporal animation of cross sections through an attractor. A single Poincaré section
is made by collecting the oscillator’s position and velocity at a fixed phase of the driving force. The anima-
tion then plays back in time successive sections as the driving phase advances. The technique allows one
to easily see and study the folding and stretching geometry around the attractors.

The movie presents five chaotic attractors taken from three different nonlinear oscillators. The first
three examples come from Shaw’s variant of the driven van der Pol oscillator. (SeeSec.3.20ofVol. 2). The first
exhibits the folding action of three “ears” on a torus attractor. The second “ribbon’’ attractor is the conse-
quence of a period-doubling route to chaos. The final van der Pol example reveals a complex attractor with
visible fractal leaves. The movie illustrates the first attractor’s symmetries by superimposing sections.

The fourth attractor comes from Duffing’s oscillator (See Chapter 4 of Vol. 1). With its thick fractal struc-
ture, it is reminiscent of oriental brush-stroked characters. The final example is the driven damped pendu-
lum. As this attractor is spatially periodic and of infinite extent, a “five-well” segment is shown. With the
animation it appears as a train of ocean waves continually breaking on a beach.

The movie “Chaotic Attractors of Driven Oscillators” was filmed during the fall of 1981 and premiered

at Dynamics Day La Jolla, 4-6 January, 1982, La Jolla, Callifornia. A brief written description accompanies the
movie.

Chaotic Attractors of Driven Oscillators, 12 minutes, black & white, T6mm. Purchase price: $120.00 plus $5
shipping & handling.

To order: Orders should be sent to Aerial Press, and should include shipping and handling
charges. For orders including more than one film, figure shipping and handling for each addi-
tional film at one-half the cost of the first. Please send advance payment with your order. VISA
and MasterCard charges are accepted; please include card number, expiration date, your phone
number and your signature with charge orders. Note: For orders in Canada and Mexico, figure

shipping and handling at 150%, for orders in Europe, figure shipping and handling at 300% of
charges indicated above.

Aerial Press, Inc. P. O. Box 1360, Santa Cruz, CA 95060
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THE VISUAL MATHEMATICS LIBRARY

Dynamics is emerging as an important conceptual scheme, unifying the sciences — physical, biological,
and social — in a common geometric model. This book, the second of a series, introduces the basic con-
cepts of chaotic dynamics, through the most important experimental discoveries of the last two decades.

The preceding volume describes the historical work leading up to these events, concerning nonlinear os-
cillations. The following volumes describe the recent progress in the subject, on structural stability and
bifurcations. All are written for a general audience, without the assumption of previous training in math
or the sciences. Visual presentation, the hallmark of the Visual Mathematics Library, makes the ideas

accessible.
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