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ABSTRACTWe present a generalization of Segerberg’s onion semafticbelief revision, in
which the linearity of the spheres need not occur. The regulbgic is called broccoli logic.
We provide a minimal relational logic, with a bi-modal nefgithood semantics. We then show
that broccoli logic is a well-known conditional logic, theigess-Veltman minimal conditional
logic.

KEYWORDSBelief revision, relational belief revision, non-lineaelief revision, broccoli logic,
conditional logic, dynamic doxastic logic, selection ftions, neighborhood semanticd( M .

1. Introduction

Belief revision is the study of theory change in which a sefasmulas is as-
cribed to an agent as a belief set revisable in the face of méarnmation (Cf.
(Géardenfors, 1988; Rott, 2001)). A dominant view in beliefision is the so-called
AGM paradigm, which describes a functional notion of revisicin (Alchourrénet
al., 1985)). A natural semantics in terms of sphere systems((efwis, 1973)) was
given by Grove in (Grove, 1988) and a logical axiomatizati@s extensively studied
by Segerberg (cf. (Segerberg, 2001) and the forthcomingegi®erget al,, 2007)).
The resulting logic is called “dynamic doxastic logid?(L). A generalization of
the AG M approach in which revision is taken to be relational rathantfunctional
was first studied by Lindstrom and Rabinowicz (cf. (Lindstrét al, 1991)), and was
pursued in (Cantwell, 2000). The motivation here is to fdimeacases in which an
agent may obtain incomparable belief sets after revisiondwy information. In such
cases, multiple belief sets would be entertainable undasiom with new informa-
tion, and something extra-logical would be required torilisimnate between them. In
this paper, we will pursue this generalization and propossational belief revision
logic. We call the resulting logic “broccoli logic’K L) and the type of revision it de-
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picts “broccoli revision.” As it turns out, and this will bae main result of this paper,
BL already exists, in the guise of what we call “minimal coratiél logic” (M C'L),
studied by Burgess and Veltman (cf. (Burgess, 1981; Vel{rh@85)).

In section 2, we outline onion semantics and the intendedrgéiration toB L. In
section 3, we give a minimal relational logid/(RL) with its complete proof sys-
tem. The semantics of this logic is in effect a neighborhoedhantics (see e.g.
(Chellas, 1980)), but we will interpret it in terms of rewsi In section 4, we will
propose ways of expanding RL to get a complete proof system f6r and we will
point out a major difficulty in this task, namely to provideaalled arrow-condition
for generalized selection functions. Finally, section H sliow how the quest for a
generalized selection function, with the promised diffii@s inherent in the project, is
avoidable by showing tha® L is equivalent ta\/C' L.

2. Onion and broccoli logics

This section presents the onion and broccoli semantics. Wedgfinitions of
onion and broccoli models and provide the semantics foritbedoli modal operators.

2.1. Onions

An onion is a linearly ordered sphere system that satisfyithié condition. The
following definition makes this more precise.

DEFINITION 1 (ONIONS). — LetU be a nonempty set. Aonion©O C P(U) is
a linearly ordered set of subsets bf satisfying the following condition (the limit
condition): forall X C U :

Uonx#0=3Zc0stvyeOynX #£0iff ZCY)

The limit condition states that every set intersecting aimrntersects a smallest
element. Let? be asetofsets,and B8 e X = {Y € W : Y N X # (}. We use
the notatiortZ (W e X')’ to express thaf is a minimal set i7" (with respect to set
inclusion) intersectingX. In the case of onions, due to linearity, it is natural to @rit
3Zu(O e X) to express that there exists a minimal sphere intersedfing/e can then
write the limit condition succinctly as:

Jonx #0=3Zu0eX).

1. This paper focus is on the dynamic logic of belief revishima conditional logic, but there is
also an interesting connection to be made with researchrimoootonic logic. We leave this
subject aside, and refer the reader to (Arl6-Ceadtal, 1992; Makinson, 2003) as a starting-
point.
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2.2. Broccoli semantics

We want to pursue a generalization of onion logic by dropphegrequirement of
linearity, thus generalizing the limit condition. The nebfinition can be instantiated
with various notions of generalized limit conditions. Wellveionsider two options
below.

DEFINITION 2 (BROCCOLI FLOWERY. — Let U be a nonempty set. Broccoli
flower B C P(U) is a set of subsets satisfying sogeneralized limit condition

There are (at least) two ways to specify the generalized Gomdition of definition 2.
We present two obvious candidates. BX = {Y N X :Y € B}. ForallX C U, if
UBnN X # 0, either:

1) 3ISCBstVY e BYNX #0=3Z € S(Zu(Be X)ANZ CY)),or
2) 3S CBsLVYY € BYNX #0 = 3Z € S(ZnX)u((B|X)e X)AZ CY)).

Intuitively, a generalized limit condition states that Bveet intersecting a broccoli
flower intersects every members of a Sedf smallest elements of the flower. In the
first case, the members 6fare minimal sets of the broccoli flower that have a non-
empty intersection withX. In the second case, the membersSohave a minimal
intersection withX.

With a generalized limit condition, it is meaningful to defioounterfactual modal-
ities. Two natural candidates fd? . (with their respective duals) come to mind. Let
‘—’ stand for the material conditional. The first modality sdfjat o — 1 holds
throughout every minimab-sphere; the second says that- « is consistent (i.e., it
has non-empty intersection) with every miningakphere. In belief revision terminol-
ogy, the first modality expresses thats believed after every revision lyy, while the
second expresses thais consistent with every revision ky. We will follow Chellas
(Chellas, 1975) and write these two counterfactuals asnheyunodalitie§y]v and

().

DerINITION 3 (BROCcOLI MODELS). — M = (U, {By}uecr,V) is a broccoli
modelif U is a set of worlds{ 5, }..cr is a family of broccoli flowers for each world
u € U satisfying either generalized limit condition, afdis a valuation assigning
sets of worlds to propositions.

In what follows, we suppress the indexand we give the truth-definitions assuming
the first generalized limit condition, although this is hental.

DEFINITION 4 (BROCCOLI SEMANTICY. — We say thaty is true at worldu in
a broccoli modebt, written 91, u F ¢ iff (taking standard truth definitions for the
propositional and the Boolean cases):

1) M, uE [ply iff VZu(B e |])(Z N el € |¢]), and
2) M, u k= [p) fEVZu(B o @) (Z N el N |4]) # 0.

Here, as usuallp| = {u : M, u F ¢}. We call|p| theassociated propositido .
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Figure 1 illustrates the semantics of both operators. Inlgftefigure, all minimal
-sets are contained |, and|v| intersects each minimakset in the right figure.

P P

Figure 1. Broccoli semantics of the conditiondlg] and[y)

3. Minimal relational logic

Our primary goal is to get a logic that captures a notion oigheévision in which
revision is relational rather than functional. That is, wento allow for incomparable
revisions with respect to a belief set. With that purpose indnwe want to express
notions like “all sets obtained under revisionpyrey-sets” and ¥ is consistent with
all sets obtained under revision ky. In conditional terminology, the same claims
read as “all minimalp-sets are)-sets” and “all minimaky-sets interseci-sets.” In
this section, we introduce a minimal relational loghd L) that captures the core of
these ideas. Section 3.1 introduces the language and thengesnof this minimal
logic. We will use intuitive interpretations of the semastin terms of revision, but
this is only to keep the motivation of the paper prominent.diVe the axiomatization
of the minimal logic in section 3.2 and prove it to be complateection 3.3.

3.1. Language and semantics

We use a standard propositional language whose primitivedeBo connectives
are negation- and disjunctionv, augmented with two modalitigs] and[p)1).

DEFINITION 5 (M RL MODELS). — Given a finite set of propositional variables
PROR aminimal relational modeis a triple (U, R, V'), where:

— U is a nonempty set, the universe;
- R={Ry, :¢isaformula R, C U x P(U)}; and
-V:P—PW).
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DEFINITION 6 (M RL SEMANTICS). — Let 9t be a model and let. € U. The
truth-definition for atomic propositions, negations andjdnction is standard. The
semantics for the conditionalg]|« and [p)v is given by :

Muk [l iff VX((u,X) € Ry = Vv € X, M0 E 1)
M, uk[p) iff VX((u,X) € Ry = Fve X, MuvE))

The semantics of the modaliti¢s] and[¢) contains two levels of quantification and
should be read in two stages: 1) the left bracket picks out afsg-subsets of the
universe and 2) the right bracket evaluates whgiis true in these subsets. Notice
that the semantics given by minimal relational models isighi®mrhood semantics.
Indeed, the relatiork is a relation between worlds and subsets of the universe. The
modality[¢] is the usual neighborhood universal modality, but indexitd associated
propositiong|. It comes with its dual modality) with the obvious semantics. The
interesting addition of our language is the modality, which expresses that every
set R, -related tou satisfiesy in at least one point. In neighborhood terminology,
this modality expresses that evesyneighborhood contains at least apgoint. This
latter modality also comes with its natural dyal], which expresses that there is a
minimal ¢-set that is contained ipy|.? In the remainder of this paper, we shall no
longer appeal to neighborhood semantics. We will insteadige an interpretation in
terms of revision.

Figure 2. Minimal relational model

Figure 2 presents a simple minimal relational model, in Whiee worldu is R, -
related (illustrated with arrows) to the sets of worldsandY” in such a way that is
consistent withX andY". Hence, according to the minimal semantics of definition 6,
[p)v is true atu. This illustrates the semantics of our minimal relatiomait, but to
give a motivation for pursuing this semantics, we illusdrigs role inBL.

One way to see the link betwedhl. and M RL is by adding restrictions on the
broccoli relationR), in order to get the setX’ andY of figure 2 as sets returned
under revision byp. This is illustrated in figure 3.[p) is true atu, sincev is
consistent with every revision by. We see the motivation of the minimal relational
logic of the present section. In a full-blowBL, either additional restrictions on the
relation R or so-called ‘generalized selection functions’ will pldnetrole of selecting

2. The modality{,]y was first studied in (Arl6-Costet al,, 1992)
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Figure 3. Picture representing the semantics[@f« in BL

minimal revised sets. Once these sets are selected, theatirglational logic of the
present section will provide the logic to evaluate what kdluthese sets. We will
discuss selection functions in section 4. For the remaiofihis section, we present a
complete axiomatization af/ RL. Our goal is to get a firm grasp of the core of future
expansion taB L.

3.2. Proof system

The following set of axioms and rules is complete with respeceninimal relational
models:

Axioms:

1) Classical tautologies

2) (o) = el

3) {plY = —lp)

4) [pl(¥ — 0) — ([plY — [¢]0)
5) (¢ — (p](1 Vv 0)

6) [¢ly A (@] — (pl(¥ A 0)

7) el T — [plv

Rules:

1) Modus Ponens.

2) Necessitation fofp] and[p).

3) If ¢ andy’ are formulas differing only inp having an occurrence ¢fin one
place wherey’ has an occurrence 6f, and ifd = ¢’ is a theorem, thep = ' is also
a theorem.

Rule 3, substitution of equivalentss applied indiscriminately inside or outside the
modal operators. We count the presenceginside [¢] and[y) as occurrences af.
For example, ity = 0, then both ]y = [¢]6 and[¢]a = [#]« are instances of rule 3.
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Axioms 2 and 3 provide the dual modalities[of and|[y) respectively. Axiom 4
is a typical K axiom for the modality[].2 Axioms 5 is a monotonicity axiom for
the modality(y]. Intuitively, if ¢ is consistent with some revision kpy then anything
weaker than) is also consistent with some revisionpyAxiom 6 provides a minimal
interaction between the modalities:fis believed after every revision hyand there
is a revision byy such that) is believed, then there is a revision #ysuch that both)
andé are believed. Finally, axiom 7 says that if there is no rewvidiy ¢, then every
[¢]-formula holds vacuously.

Now, Suppose thaty] T € u for someu € U.* Then, for every) € u such that
[p)1 € u, axiom 6 gives thaty](y» A T) € u. By monotonicity of(¢] (axiom 5),
(p] € u. Hence, if there is a revision by and if ¢ is consistent with every revision
by ¢, then there is a least one revision pyhat withesses the consistencyyaof This
is desirable for a relational belief revision logic.

3.3. Completeness

Soundness is a matter of routine. We show the soundnessarhggi and leave
the others to the reader. Assume thatu E [p] A (¢]0. Thendt, u E (6, i.e.,
IX((u, X) € Ry AVv € X, M, v E 0). But,u F [¢]y implies thatve €
X, M, v 4. Henceyv € X,M,v E ¢ A 0. Therefore X ((u, X) € Ry, A Vo €
X, MoEyY Al e, MuE (o] A0).

For the completeness part, [B€ consist of all maximak-consistent sets of for-
mulas. For each formula, we define an accessibility relatidhfp| between worlds
and subsets of worlds df“. For all worldsu € U%, if (¢]T ¢ u, then we put
wa‘ = (). Otherwise, for every subséf C U* and formulasy andv, we say that
the ordered paifu, X) € leo‘ iff X satisfies the following two conditions:

1) forallz € X, if [¢]¢ € u, theny € x; and
2) for every[p)y € u, X contains at least one worldwith ¢ € v.

DEFINITION 7 (CANONICAL M RL MODEL). — Letp € PROPbe a proposition.
Let VE(p) = |p| and letR® = {R{, : gisaformulg, then the modein* =

(U*, R, V*) is thecanonical minimal relational model

The completeness of the proof system in section 3.2 folloasfa standard truth-
lemma:

LEMMA 8. — Forall v € U* and for all formulast, € w iff 9, u E 6.

3. There is no corresponding axiom for the modalityjy). Consider a model/ such that the
setX C U is the only subset o/ that ise-related to the world: € U, i.e, R, = {(u, X)}.
Suppose that both)|N X # @ and|—¢|NX # 0, butthatf|NX = 0. Thenu E [p)(¢v — 0)
(since|—y| N X # 0) andu E [p)1), butu & [p)0. Hence o) (v — ) — ([p) — [p)0) is
not valid.

4. We read/p| T as “there is a revision by”.



Downloaded by [University of Tennessee, Knoxvillg] at 14:01 31 December 2014

220 JANCL - 17/2007. Belief revision and dynamic logic

We will give the proof of the truth-lemma once we have stated proved the follow-
ing crucial lemmas.

LEMMA 9. — If (p]a € u, then there exists a subs&t C U* such that(u, X) €
RILW and for every world: € X, o € z.

PROOF — Let[p)0 € u, and let
v ={f:[glB € utU{f}U{a}.

Suppose that~ is not consistent, then there exisis..., d,, € v~ such that (A J; A
«a) — —6. For everyl <i <mn,

dicvs = [pld €u (Definition of v ™)
= Alpld; € u (Truth definition
= [p]Ndi€u (Axiom 4)
= ([p]A\di A{pla) € u (since(g]a € u)
= (pl(NiANa)€eu (axiom 6)
= (o]0 €u (by the monotonicity axiom 5)
= -lp)deu (axiom 3)

and this is a contradiction, sin¢g)d € u by assumption. Therefore; is consistent.
Let v be a maximal extension ef".

For everyf; such thafy)6; € u, letw; be obtained from the above construction,
and let
X ={w; : [p)0; € u,0; € w;}.

ThenX satisfies conditions 1) and 2) and for everg X, a € z. |
COROLLARY 10 (COROLLARY TO THE PROOF OF LEMMA9). —If [p)) € u, then
the setw = {1} U {0 : [¢]0 € u} is consistent.

LEMMA 11. — If ()9 € u, then there exists a subs&t C U~ such that(u, X) €

lea‘, and there exists a world € X such that) € x.

PROOF — Assume (p)1» € u. Then there is a maximal consistent setuch that
1 € v. The proof thaw exists is standard (see (Blackbwial, 2001), Lemma 4.20).

By corollary 10, for every formula, if [¢)a; € u, then the setv, = {«a;}U{0 :
[¢]@} is consistent. By Lindenbaum’s lemma, there exists a mabdonssistent sei;
extendingw, such thaty; € w;. LetW = {w; : [p)a; € u}

Finally, let X = {v} U W. Itis not difficult to check thatu, X) € R‘fpl, and
P € v. |

We are now ready for the proof of the truth-lemma.

PROOF (LEMMA 8). — Thanks to axioms 5 and 7, {f2] T & u, then[p)y € u
and [¢]y € wu for all . SinceRﬁD‘ = () when{p]T ¢ u, the lemma is trivially
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satisfied. Thus, we assume for the remainder of the proof(#jat € u. The proof
now proceeds by induction on the complexityf The interesting cases are when
0 = [p]y or @ = [p)1p. The first directionq € v = M, u F ) follows from the
conditions imposed oRijl. We prove thatlt,u F 6 = 0 € u.

Supposép]y € u. Sinceu is a maximal consistent set of formulagp]y € u. By
axiom 2, this implies thatp)— € u. By lemma 11, there exists a subsétC U~
such that(u, X) € R@l and a worldx € X such thatht,z F —). Hence, by the

truth-definitiondn, u E (p) -1, i.e., M, u E =[], Therefore N, u & [p]1).

Finally, suppose thdto)y & u, then—[p)y € u. Hence,(p]—) € u (axiom 3).
By lemma 9, there exists a subs¥tC U* such that(u, X) € Rlﬂw\ and for every
world x € X, ) € z. By the inductive hypothesis, for everye X, 9,z F —).
Therefore, by the truth-definitiod]t, u & [©)1. [ |

4. Generalized selection functions

As we mentioned above, a way to get broccoli logic out of madimelational
logic is to accommodate onion selection functions to theetatA generalized selec-
tion function is a function fronP (V) to P(P (1)) that takes propositions to sets of
propositions. In this section, we show what properties gdized selection function
should satisfy in broccoli models, and we point to a diffigwdf the generalization,
namely to find an appropriate arrow condition for broccolid®ls. We start with onion
selection functions.

4.1. Onions and selection functions

DEFINITION 12 (SELECTION FUNCTIONY. — A functionf : P(U) — P(U) is a
selection functionf it satisfies the following conditions, wherg Y C U :
fxX)cx (INC)

XCY = (f(X)#0

= f(Y) #0) (MON)
XCY= (XNfY)#0

= [(X)=Xn[f({Y)) (ARR)

The third condition is called tharrow conditionand is the source of the major diffi-
culties in the original development of broccoli semantics.
Let U be afinite set and lef’ be a selection function oli. Let
So = F(U)
Spnt1 = SpUFU-=S8,)
SinceU is finite, there is a smallest such thatS,,, .1 = S,,. We leave to the reader

to verify that the seOr = {S,, : n < m} is an onion and thab» and F agree>
Hence, models for onions may be given in terms of selectiontfans.

5.0 andF agree iff
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DEFINITION 13 (ONION SELECTION MODELY. — LetU be a set,F’ a selection
function onU and V" a valuation on a given set of propositional variables. Wetbay
the triple9t = (U, F, V') is anonion selection model

The truth-definition for the modalit] in onion selection models is given by:
M, u k= [l iff F(lel) C [¢].

The complete logic for onions consists of the axioms ( 1), @&y ( 4) of section 3.2
together with the additional axion{$), (M) and(A):

[ele (1)
(@) — ()T (M)
() — ([p AP0 = [p]( — 0))  (A)

Axioms (I), (M) and(A) are obvious analogues of conditiolgVC), (M ON) and
(ARR) of definition 12. The total resulting system is almost Lew&hous condi-
tional logic V' C, provided that we add an assumption of centrality (cf. (lseW@B73;
Nute, 1984)).

4.2. Broccoli and generalized selection functions

Now, consider the issue of generalizing this format in a hioear setting(INC)
and(MON) are easily generalized iB L to the following conditions, for al, Y C
U:

YeFX)=Y CX (INC*)
YCXand3Z e F(Y)stZ #0=3Z¢c F(X)stZ#0) (MON")

with the identical corresponding axiorig) and(M ). On the one hand, if(¢] T € u
for some worldu € U (i.e. if there is no revision by) then|[p]¢ € u by axiom 7.
But if there is no revision by, then F(X) is empty, and INC*) holds vacuously.
On the other hand, if there is a revision pythen(7) and(INC*) express the same
thing, namely that members @ (||) are contained iny|. Similar considerations
will convince the reader thdt\/) and (M ON™*) go together.

A difficulty arises when attempting to generalize conditichRR) in a similar
fashion, as the condition seems to require line&ri®ne way to see this is by looking
at the failure of axiom(A) in broccoli models. Only one half ofA) can be kept
in BL, viz. (o)t — ([p A 9]0 — [¢](xp — 0)). The other half makes a crucial
appeal to linearity, as may be seen from the counter-modiéwfe 4. Furthermore,
this counter-model invalidateg)y — ([p](¢v — 0) — [p A +]0) under both limit

1) OpNX #0 = FX = X N Sy for somek.
2) OrNX=0=FX =0.

6. The exact relationship between the Arrow condition anédrity is still an open question.
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conditions. It is an open question to find an appropriate géization of(ARR) that
yields a generalized selection function 8. This promises to be a difficult task.
But instead of pursuing this enterprise further, we pausksee whetheB L may not
be obtained from an entirely different approach, viz. bywehg that the logic already
exists! This fact is the third and main contribution of thagper. We will come back to
a brief discussion of selection functions in section 5.4.

Figure4. Counter-model tdp)y — ([¢](¢ — 0) — [ A ]0)

5. Broccoli logic and minimal conditional logic

Minimal conditional logic (/ C'L) was studied by Stalnaker, Pollock, Burgess and
Veltman to capture the idea that a conditiopak- ¢ is true if an only if the conjunc-
tion ¢ A —1) is less possible than the conjunctipm ¢, and no more. Their modeling
comes with a reflexive and transitive-order for each world: and no spheres need
occur. In a sphere system, two worlds lying on the same sptgge on which worlds
are farther away and which are closer. This assumption igpg inA/C L. Hence,
if two worlds z andy are equally far away in the underlying order from woulénd
if the world z is farther away than the world, no conclusions may be drawn as to
whether world: is farther fromu than worldz, or vice versa. Instead of changing the
onion picture by allowing non-linearly ordered sphere eysas we wish to do i L,
MCL ignores spheres altogether. It has been a difficult task tociimpleteness for
MCL, and we refer the reader to Burgess (Burgess, 1981) for dettbpmoof. In this
section, we show how to avoid similar completeness diffiesilvith BL by showing
that it is actually equivalent td/C'L.

Section 5.1 provides thé/C L semantics, section 5.2 gives the complete proof
system and section 5.3 shows the equivalenc&/¢fL and BL. In section 5.4, we
come back to a discussion of selection functionsiot' L.

5.1. Minimal conditional logic

A Minimal conditional logic modeis a triple (U, k3, V), whereU andV are as
above, and?? is a ternary relation o that respects reflexivity and transitivity in the
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second and third arguments (cf. (Burgess, 1981)). Theioaldtzyz should be read
as “according to world:, world y is no farther away than world”. We shall write
the more suggestive <, z instead ofRzyz. We letW,, = {y : 32,y <, 2} be
the zone of entertainabilityor world v € U. Intuitively, worlds outside the zone of
entertainability for, are worlds so far away that their distance from any given avisrl
not evaluable. Theninimal conditional logic languageontains a set of propositional
variables, together with negation disjunctionVv and a counterfactual modalify]
for every formulap.

DEFINITION 14 (MCL SEMANTICS). — We say that the formulgp]y is true at
world « in the modeb)t, and we writedt, u F [p]4, iff:

Yy € W,NV (), 3z € W,NV (p)[z <, y&Vw € W,NV (¢)(w <, z — w € V(1)]

Notice that the semantic definition @f]¢> does not contain a minimality condition.
However, if the model is finite an®it, u = [¢]v, then there is a minimal world € U
suchthat € (V(¢)NV(v)). Since we will only use finite models for our equivalence
result, we use the minimality formulation in evaluating« for the remainder of this
paper. The semantic condition reduces to:

Yy € W, NV (p),3z € W,NV(p)z <, y&Vw <, z,w & V(p)&z € V(¢)]. (1)
Figure 5 depicts a simple model satisfyiig. There are two minimap-worlds, =

andz’, andv is true at both worlds. Hence; is true at every minimap-world. We
turn to the proof system a¥/C'L.

Figure5. Simple model such th@p]y is true at worldu. The dotted arrows stand for
sequences of--related worlds

5.2. Proof system

The following set of axioms, with the same set of rules as forimal relational
logic presented in section 3.2, is complete 46 L (cf. (Burgess, 1981)):

1) Classical tautologies
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)0 — [¢l(¢ A 0)
0) — [ely
[£10 — [p A 9]0
YAl — oV ol

We give some examples of derivable theses.
EXAMPLE 15. —MCLF [o]t A [ A )]0 — []0 O

PROOF — Assume 1) [p]¢ and 2)F [ A 9]6. By axiom(2),F [o A =] (p A —1)
and by axiom(4),F [¢ A —]—. Hence, by monotonicity in the consequent (axiom
(4) again),F [ A —9](—¢ Vv ). Now, from assumption 2) and axiofd),F [p A
¥](—¢ Vv 6). Combining the latter two results, we get thafp] (- Vv 6). But since
F [¢]y by assumptiorfl), we get that- [¢]6, as desired. [ |

EXAMPLE 16. — MCLF {(p)yp — ()T g

2) [ple

3) ¢l A
4) [pl(p A
5) [p]ep A
6) []v A

‘GG‘G‘G‘G

PROOF — We prove the contrapositive. Assume thafy)] L. Then both+ [¢)]—v
and- [¢]¢. Hence, by axiont5), F [t Ap|—). Butt [t Ag](—1) Ap) is an instance
of axiom(2) and by axiom(4), [-1 A ¢]—). Thereforel- [p] ). [ |

EXAMPLE 17. — MCLF [p A]0 — [p](v — 0). O

PROOF — Assume- [p A 9]6. By monotonicity,t [ A ¥](— Vv 0). Butk [p A
—](—) Vv 0). Thereforel- [p](— V 0), i.e.,t [p](¥ — 0). |

As we can see from axioff2) and examples 16 and 17, conditidi, (M) and one
direction of A of section 4 are derivable in/C' L. We see at once thdt/ C'L has
the properties we were looking for iBL, and we will now show that it hasll the
properties ofBL. The general reason behind these considerations becogaesirt
the next subsection.

5.3. Minimal conditional logic is broccoli logic

Let9M = (U, R, V) be a finiteM C'L model. We will transform this model into
a broccoli model, by constructing a broccoli flower at eachlavof 91, taking the
downward closed sets of worlds according to the underlyndgio(see figure 6).

More precisely, leC,(y) = {z € U : z <, y}, thenBROC(z) = {Cy(y) :
y € W, } is the induced broccoli flower at world. In particular, sinceét is finite,
we are guaranteed the existence of minimal sets of worldsaasoted in semantic
condition 1. We thus obtain a limit condition for free, and wan then talk about
broccoli models. An induced broccoli modBIROC (90) is given by:

BROC(OM) = {BROC(z) :z € U}
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Figure 6. Induced broccoli model (dotted lines) from anfiC' L model (arrows)

The semantics dfy]y in the induced broccoli model is given by the following:
BROC(M),x & [gly iff VZu(BROC(z) o |])(Z N [¢] € ).

The main result of this section now follows from lemma 18.

LEMMA 18. — M,z E [¢|¢ iff BROC(IMN), x F [p]v.

PROOF — In the one direction, assume th8t, = E [p]iy. To ease the notation, we
write C, instead ofC, (w). Let C, u( BROC (z) e |¢|), and letv € C,, N |¢|. By the
truth definition for[¢]y, 3z <, v such thatt, z E ¢ A ¢ andVy <, z, M,y & ¢.
But z must be equal te. Otherwise,C, C C, C C,, (the latter inclusion uses the
transitivity of <), which implies that”, would be a proper subset 6f, intersecting
||, contradicting our assumption. Thusg ||, which implies thatC,, N @] C |¢].
Therefore, since was chosen arbitrarily3 ROC' (9M), = E [¢].

In the other direction, assume thaROC (9M), = F [¢]y and suppose thalt, y F
¢ forsomey € U. ThenCyN|¢| # 0. Hence3C,, € C, suchthaC,,;(BROC(x)e
|¢]) (by the limit condition!) andCy, N |¢| C |¢]. ButsinceC,, C Cy,w <, y.
Assume thatw is not a minimal world satisfyingp A v with respect to<,, then
Jw' <, wsuchthatl, w’ F pAyp. Thisimpliesthat!, c C,, andC’ N|p|N|y| # 0,
contradicting the minimality of”,,. Thereforeyw is a minimal world satisfying> A ¢
and sincew <, y, we get thab)t, z F [p]v. |

We are now ready for our main theorem.
THEOREM19. — BL = MCL.

PROOF — To show thatM C'L is BL, we need to show 1) that all axioms of sec-
tion 5.1 are valid inBL, whose semantics were given in section 2 and 2) that if a
principle is not derivable i/ C L, then there is a broccoli countermodel.

Showing that thel/C'L axioms are valid in thé? L-models of section 2 is straight-
forward. We show that axior{b) is valid and leave the others to the reader. ebe
an arbitrary broccoli model and lete U be arbitrary. If={(¢]|T & u, i.e., ifthereis no
revision by, then the thesis is vacuously true. Hence, assume thatitherevision
by ¢. Assume furthermore th&it, u & [¢]v A[p]0. Sinced, u E [y, [o|N ] # 0.
Let Zu(B o | A ¢|) be a minimal set of3 intersecting|¢ A ¢|. Then for every
z € Z,x € |p| N || implies thatz € |¢| C |6]. Hence D, u  [p A ¢]6.
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To show that if a formula is not provable M C'L, then there is a broccoli counter-
model top, we use the completeness result of Burgess/di' L t/ ¢ for someyp, then
there is a finite modebt = (U, R, V') and a worldu € U such tha®l,u # ¢. ’ By
lemma 18, BROC(IM), u i ¢. Therefore BROC (M) is a broccoli countermodel to
. This completes the proof of theorem 19. |

COROLLARY 20. — BL is decidable.

5.4. Coming back to selection functions

Knowing that broccoli logic is in fact minimal conditionaddic, we may ask what
is an appropriate selection function for this latter logiaconjecture made by Horacio
Arlé-Costa in private communication is to use Chellas’ dafn of a choice function
f as a function from worlds and propositions to sets of pramos (cf. (Chellas,
1980), p. 270). The semantics for the modality is then given by:

Ent el iff [p[M e flw, o). ()

Notice first that 2 does not hold without an extra assumptfananotonicity on the
choice function. Consider a model with 3 worlds, ws, w3 such thatf (w, |p|™) =
{{w2}}, and assume that (¢)) = {ws,w3}. Theny is true in every minimalp-
world returned by the choice function, but|* ¢ f(w, |p|™). This simple example
shows that Chellas’ definition of choice functions requiegsextra assumption of
monotonicity in order to make sure that definition 2 indeealjates a semantics for a
conditional operator. One solution is to close the imagéefdhoice function under
supersets, and another solution is to change definition 2 to:

=ut ey iff 3Z € f(w, |o[™) such thatZ C |y M. 3)

In the case of\/C'L, Arl6-Costa’s proposal is to impose the following condiisoon
the selection function:

X e f(w,X)

XefwY)ANY € f(w,Z)= X € f(w,YUZ)
XefwY)A\NY € f(w,X)=Z € f(w,X)iff Ze f(w,Y).
YnY' e flw,X)iff Y € fw,X) ANY’ € f(w,X)

=W N

A quick check shows that this is indeed a choice functionM&® L models. Con-
dition 1 corresponds to axiom 2, condition 2 to axiom 6, ctindi4 to axiom 3, and
finally condition 3 is derivable using axioms 4 and 5. The fbwondition provides
the required monotonicity and guarantees that examplegHi& one presented above
do not occur.

7. Burgess proves that C' L has the finite model property.
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Itis still an open question what happens with the Arrow ctindiin broccoli logic.
Arlé-Costa’s choice function is an appropriate selectianction for M C L, and thus
for BL, but the arrow condition has been lost in the process, aladtigliwearity. We
leave for further research the study of this relationghip.

6. Conclusion

Our goal was to generalize onion semantics to capture sakdtbelief revision;
the result wasBL. It turns out thatBL is equivalent to a well-known conditional
logic, the Burgess-Veltman minimal conditional logic. 3 a fortunate outcome, as
it saves a lot of work in coming up with a completeness resydaading on the mini-
mal revisional logic of section 3. The major difficulty alotigpse lines was to devise
an appropriate generalized arrow condition yielding gelieed selection functions,
and this is still an open question. Another open questiomésrble played by the
[¢) modality in BL: what is the complete minimal logic ¢p]¢ and[y)1) over the
Burgess-Veltman models? An advantagelof’ L over BL is that it avoids the prob-
lem of choosing an appropriate generalized Arrow condibigrdropping the sphere
representation altogether. A lesson should be drawn hanegly that, as so often over
the past years, we see that logics of belief revision arelaepnditional logics.
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