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INTRODUCTION 

This volume contains papers read at the Conference on Intuitionism and 

Proof Theory held at the State University of New York at Buffalo, New 

York, in August 1968. The conference was organized by us with the coop¬ 

eration of the Department of Mathematics at S.U.N.Y., and with financial 

support provided partly by the National Science Foundation (Social Sciences 

Division) and partly by S.U.N.Y. We take this opportunity to thank Miss 

Melstrads of the National Science Foundation, Mr. Blackstone, Director of 

Summer Sessions at Buffalo, and Mr. Snell, Dean of the Graduate School at 

Buffalo, for their financial support which made the conference possible; as 

well as innumerable students and faculty at Buffalo, who helped us in innu¬ 

merable ways. 

The organization of the volume is as follows: Papers VI-XVIII deal with 

Intuitionism and papers XVII-XXXI with Proof Theory; the two related 

papers XVII and XVIII of Prawitz and Scarpellini represent the intersec¬ 

tion of the two areas. The first five papers, including Yessenin-Volpin’s in¬ 

augural address, represent various tendencies in constructive mathematics 

which do not fit squarely into the dichotomy intuitionism-vs.-formalism. 

There are some discrepancies between the list of papers contained in 

this book and those actually read at the Conference. In particular, Takeuti 

gave a course of ten lectures on proof-theory, and Troelstra ten on intui¬ 

tionism; the Takeuti lectures will be published in an extended form by 

North-Holland, and Troelstra’s have already been published as vol. 95 in 

the Springer lecture-note series (“Principles of Intuitionism”). A paper by 

Gilmore (“Formalization of Naive Set Theory”) was withdrawn because 

the system presented turned out to be inconsistent, and one by Sabbagh 

(“Extensions Finies de Fragments du Calcul Propositionnel Intuitionniste”) 

because its results were found at the last minute to be properly included in 

those of McKay, J. Symb. Logic 33 (1968) 258-264. Papers by Krasner 

(“Definitionism”) and De Jongh (“Elementary Remarks on Some Con¬ 

cepts and Methods of Intuitionism”) were not received in time for inclusion 

in this volume. A paper by Hull (“Counterexamples in Intuitionistic Anal- 

vii 



INTRODUCTION viii 

ysis”) had already been accepted for publication in the Zeitschrift fur 

Mathematische Logik before the conference was held (Z. Math. Logik 15 
(1969) 241-246). Kleene’s paper (“Formalized Recursive Functionals”) 

was not included because of its length; it has subsequently appeared as 

number 89 of the Memoirs of the American Mathematical Society (1969). 

The paper XX of Feferman contains only a part of the material presented 

at the conference. The rest is contained in a privately circulated manuscript 

entitled “Ordinals Associated with Theories for one Inductively Defined 

Set”. 

Yessenin-Volpin was invited to give the opening address, but unfortu¬ 

nately could not come; he submitted the long paper with which this volume 

opens, an which stands here as an opening address. At the Conference 

itself an alternative opening address was read by Heyting (paper VI in 

this volume). Bernays too was unfortunately unable to come; his paper 

(paper XXV) was read by Howard. 

Akiko Kino 

John Myhill 

Richard Vesley 



SECTION A 

NEW DIRECTIONS 





THE ULTRA-INTUITIONISTTC CRITICISM 

AND THE ANTITRADITIONAL PROGRAM 

FOR FOUNDATIONS OF MATHEMATICS * 

A. S. YESSENIN-VOLPIN 

1. The aim of this program is to banish faith from the foundations of 

mathematics, faith being defined as any violation of the law of sufficient 

reason (for sentences). This law is defined as the identification (by definition) 

of truth with the result of a (present or feasible) proof, in spite of the 

traditional incompleteness theorem, which deals only with a very narrow 

kinds of proofs (which I call ‘formal proofs’). I define proof as any fair way 

of making a sentence incontestable. Of course this explication is related 

to ethics - the notion fair means ‘free from any coercion and fraud' - 

and to the theory of disputes, indicating the cases in which a sentence is 

to be considered as incontestable. Of course the methods of traditional 

mathematical logic are not sufficient for this program: and I have to enlarge 

the domain of means explicitly studied in logic. I shall work in a domain 

wherein are to be found only special notions of proof satisfying the 

mentioned explication. In this domain I shall allow as a means of proof 

only the strict following of definitions and other rules or principles of 

using signs. I shall indicate several new logical theories of this kind dealing 

with modalities, tenses and voices of verbs, with identifications and distinc¬ 

tions, with rules of attention and neglecting, with general principles of 

semiotics, etc., and with the help of these theories I shall reconstruct 

arithmetic and prove the consistency of Zermelo-Fraenkel set theory (ZF) 

with any finite number of inaccessible cardinals. This program has been 

studied by me in full detail. I don’t insist I have eliminated all difficult 

questions - but I have introduced in my proofs no essentially new hypothesis 

and even if I am using some kind of hypotheses, these are all of a linguistic 

nature, and are common to all thinkers. I need no hypotheses concerning 

infinity. 

But this program is too large for a short report, and here I shall confine 

* Opening address. 

3 



4 A. S. YESSENIN-VOLPIN A I 

myself to the exposition of my ultra-intuitionist criticism and of some main 

features of the positive program. 

2. I begin with a criticism of the following traditional assumptions under¬ 

lying the body of modern mathematics. 

Tl. The uniqueness (up to isomorphism) of the natural number series; 

T2. The existence of the values of primitive recursive functions (prf) 

for every system of arguments for an arbitrary natural number series. 

If for each system xt,..., xn of arguments in a natural number series N 

the value of cp(xt,. .., x„) exists in N, I shall call N closed with respect to (p. 

T3. The principle of mathematical induction from n to n . 

T4. If the axioms of a formal system are true and the rules of inference 

conserve the truth then each theorem is true.* 

T5. The meaningfulness of the relations of identity and distinctness. 

I criticize these assumptions above all simply on the ground they are 

assumptions. Their incontestability has never been established and this is 

sufficient reason to doubt them. But this radical line of criticism does not 

help to establish the connections between these assumptions, and I shall 

examine them more closely as follows. 

Above all, proposition Tl uses a quantifier ranging over a domain 

including natural number series. It is too obscure to place at the beginning 

of mathematics. 

I accept the traditional intuitionistic criticism of Brouwer and go further. 

I ask: why has such entity as 1012 to belong to a natural number series? 

Nobody has counted up to it (1012 seconds constituting more than 20 000 

years) and every attempt to construct the 1012-th member of sequence 

0, O', 0",. . . requires just 1012 steps. But the expression in steps’ presupposes 

that n is a natural number i.e. a number of a natural number series. So this 

* The assumptions T1-T4 have been criticized by many people, e.g. Borel, Frechet, 

Mannoury, Rieger and van Dantzig doubted Tl, or the ‘finiteness’ of very great numbers 

like 10lol° (van Dantzig). Lusin spoke about Tl as a‘poignant problem’. The independence 

of T2 is a commonplace in the theory of primitive recursive functions; and doubts about 

the finiteness of 10lol° lead immediately to a rejection of T2. H. Poincare in his ‘Science 

et Mdthode’ (1908) wrote that many people have rejected T3 because they found a vicious 

circle in its substantiation: he does not name these scientists, but the most plausible 

conjecture is that they spoke about the circle involving T3 and T4, as discussed in the 

text below. 

But this criticism has never been made in a systematic manner and I never heard of 

anybody who has criticized T5 or T8. 
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natural attempt to construct the number 1012 in a natural number series 

involves a vicious circle. This vicious circle is no better than that involved 

in the impredicative definitions of set theory: and if we have proscribed 

these definitions we have to proscribe the belief in existence of a natural 

number 1012, too. 

Let us consider the series F of feasible numbers, i.e. of those up to which 

it is possible to count. The number 0 is feasible and if n is feasible then 

n < 1012 and so n! also is feasible. And each feasible number can be ob¬ 

tained from 0 by adding so F forms a natural number series. But 1012 

does not belong to F. 

Nevertheless the traditional natural number series containing 1012 is 

generally supposed to exist. And if we accept it there are at least two 

different natural number series. 

This is only the beginning of my criticism. I don’t really believe in the 

existence of a series containing 1012 - I shall prove the possibility of such 

a series - and I shall not need the notion of feasibility or any other empirical 

notion for my proof of the possibility of distinct natural number series. 

But for the present let me continue the consideration of F. Since 10 and 12 

are feasible numbers, 1012 is not such a number and the function ab is a 

prf, T2 is violated for F. 

This is not strange. The independence of T2 is many times indicated 

in the literature. The inductive definition of the natural numbers takes no 

account of the property T2 of a natural number series. 

The mathematicians use the following way of constructing natural number 

sequences: one chooses a number a0 and defines an+l in terms of an. Here 

I am interested only in the case an+l > an for all n. I call a natural number 

series N regular if it is closed with respect to an for each such sequence a„ 

considered as a function of n. Of course, the assumption that every natural 

number series is regular is even stronger than T2: and so it is wrong. 

I doubt the possibility of a regular natural number series. This notion 

depends on arbitrary sequences of numbers: and so it is connected with 

problems like that of the continuum. It is natural to consider the notion of 

T-regularity, T being a class of number sequences, and one may expect 

to obtain a T-regular series for certain concrete T’s. 

Of course, with the help of T3 (for arbitrary induction properties) one 

can prove the regularity of every natural number series but this is an 

argument against the acceptance of T3, at least in its most general form. 

I call T4 the locality principle for proofs, - because it asserts that the 
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property of a tree-figure of being a proof depends only on the local proper¬ 

ties of this figure - more strictly, on the properties of its summits and nodes, 

the only ‘integral’ property consisting of the fact that the local properties 

are satisfied by each summit and node. A similar principle may be formulated 

for deductions from arbitrary premises in terms of ‘truth relative to the 

premisses’. 

It is clear that T4 depends on T3. Vice versa, T4 is used in obtaining 

P{m) for arbitrary m from P(0) and dn{P(n) => P(n')). This vicious circle 

forces me to reject both T3 and T4 in the deepest questions of foundations 

of mathematics. It is essentially on these grounds that I am not searching 

for any axiomatic theory in my program. 

This rejection of the axiomatic method does not mean the expulsion of 

the axioms and rules of inference as such. But I find that these rules are not 

sufficient to obtain a proof. We always need some supplementary ‘rules of 

guarantee’. I shall consider the traditional tree-figures of logical proofs and 

deductions too, but I shall not consider them as such and I shall call them 

the bodies of proof or deduction or more briefly the demonstroids and the 

deductoids. The rule of guarantee requires that a demonstroid or deductoid 

is to be accompanied by an establishment of its convincingness (which I call 

also the soul of the proof or deduction). This establishment must constitute 

a proof of the fact that for the given demonstroid the applications of rules 

of inference considered together form a way of leading only to truths (and 

similarly for deductoids and relative truths, i.e. truths relative to the 

premises of deductoids). This is a new proof, and occasionally it may consist 

of a new demonstroid with its own establishment of convincingness. But 

in order that this procedure stops at some time, one has to have some 

primitive kind of proofs, independent of demonstroids. I call these proofs 

the protodemonstrations. The use of definitions and certain logical rules 

from domains deeper than the predicate calculus (modality theory, etc.) 

are the only means available in protodemonstrations. 

The idea of establishment of convincingness is not completely strange 

even for traditional mathematical logic. Everyone understands that each 

tree-figure of proof requires a reference to T4. This reference (perhaps 

supplied by another reference to T3) is generally considered as an establish¬ 

ment of convincingness: and it is so uniform that it is always omitted. But 

I criticize this establishment of convincingness for its vicious circle (with 

T3 and T4). So I reject this traditional establishment of convincingness. 

I consider a special genetic theory dealing with these establishments. 
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3. Now I go further with my criticism of traditional assumptions. I shall 

consider T5. I recall the series F of feasible numbers. N denotes a natural 

number series with 10'2. 

It may seem quite natural to say that some numbers of N are feasible and 

that the number 1012 is not. I said this above myself. But this way of con¬ 

sidering the numbers of F leads to the situation that the finite set of numbers 

{0, 1, . . ., 1012} of TV contains an infinite part F. Perhaps it is not absurd 

but it leads to many difficulties. If somebody looks over this set of N- 

numbers he exhausts this infinite part, but I prefer to say an infinite process 

cannot be exhausted. This difficulty disappears if we distinguish between the 

F-numbers and the A-numbers equivalent to them. But sometimes it will 

be more convenient to identify these numbers belonging to different series. 

It is a very common thing; sometimes we identify objects that we distinguish 

in other cases. The rules of doing so must be established in a rigorous way. 

Already Heraclitus pointed out that the notion of identity is not com¬ 

pletely clear. But mathematicians prefer to proceed as if Heraclitus had not 

lived. I cannot continue in this way. The situation when an infinite process 

can be imbedded in a finite object is an ordinary one in investigations of 

distinct natural number series, and I shall need an apparatus for the explicit 

consideration of all identifications used in such cases. 

First of all I maintain that the relation of identity or distinctness has no 

other meaning than that two objects have been identified or distinguished. 

There are two important kinds of atomic actions: identifications and 

distinctions. These actions are commonly used according to certain rules and 

they can be forced by these rules. Actions do not need to possess any 

meaning but they may have an aim. The rules also can be accepted as a 

means to achieve some aim. A very common aim of the identification of 

two objects a and b is to prepare the acceptance of the sentence ‘a and b 

are identical’, and similarly with distinctions. I shall consider a general 

theory of collations, i.e. identifications and the distinctions. A more general 

theory of rules and aims is needed for it. 

Generally, one can identify or distinguish any two objects in two arbitrary 

occurrences of them. But collations play in our arguments a role similar 

to that of assumptions, and they must be made quite explicit or at least 

according to explicitly stated rules. 

You can identify Fermat’s last theorem with the sentence 2x2 = 4. 

Then, the last sentence being proved, you can say Fermat’s theorem is 

proved too. This is not awkward if you express it quite explicitly: if Fermat’s 
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last theorem is identified with the proved sentence 2 x 2 = 4, it is proved. 

If the identification were an ordinary one, it could be not mentioned; 

though in identification theory all rules of the ordinary identifications are 

to be mentioned. 

Although one can identify any two objects in arbitrary occurrences of 

them, there are cases of awkward identifications. E.g. such is every identifica¬ 

tion of a present object with an absent one. If you consider identifications 

used without explicit mention you have to proscribe these dangerous 

identifications and you have to require that no two objects are identified 

before they appear. 

Let us consider the series F and N once more. Each F-number will be 

identified with the equivalent TV-number - but this presupposes the 

appearance of the F-number. So the identifications constitute an infinite 

process P. This process effectuates an imbedding of F in the finite part 

{0, 1,..., 1012} of N: but this imbedding is infinite and you never can say 

it is over or that F is imbedded in {0, 1,. . ., 1012}. 

I refer to as a Zenonian situation every case in which the events of an 

infinite process are to be identified with the parts of a finite object; and this 

finite object I call the field of a Zenonian situation. It is useful to establish a 

connection of this notion with the Zenonian paradox of the runner: A 

runner cannot get from the point A to the point B; for if he does then the 

infinite process of runnings of consecutive halves of this distance is over. 

But the events of this infinite discrete imaginative process are not necessarily 

the same as the parts of the real continuous process of running. (The 

continuous character of the process would be more evident if the running 

is replaced by the flight of a ball.) They are only identified with them: 

but the series of these identifications is an infinite process, and it can never 

be over as Zeno supposes in his argument. A similar criticism explains the 

paradox of Achilles and the tortoise. 

The identification of two composite objects f(ax,..., a„) and g(b1,..., b„) 

is often produced as the result of a structural procedure of identification. 

The structures of these objects are supposed to be identified (which pre¬ 

supposes the identification of n in both occurrences). One identifies/ with g, 

ai with bt for all i = 1, . . ., n, then one makes the establishment of exhaustion 

(of all f, g, aY, bx,. .., an, bn), and only then does one identify the objects 

i j • •a„) and g(bt, . . ., b„). That is a structural identification. 

The described Zenonian situation with the field {0, 1, . . ., 1012} is not 

impossible if one considers the series of identifications as an infinite one. 
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It is only an infinite imbedding of the infinite process F in the finite field. 

One may say this means the field is finite in some occurrences and infinite 

in other ones. I call it the Zenonian situation in the wider sense. 

But generally one considers a finite composite object in many occurrences 

of it and one identifies the object in these occurrences and one thinks these 

identifications may be considered as structural ones. Given the Zenonian 

situation one cannot carry out the structural identification of its field (with 

an infinite process imbedded in it) on the ground that the establishment of 

exhaustion becomes impossible. But if the identifications are not stated in 

an explicit manner it is impossible to notice the fact; and one talks about 

the field as if this impossible structural identification were carried out. That 

would be the Zenonian situation in the narrower sense. This situation is 

impossible - though without the analysis of identification one can easily 

overlook it. 

4. Before going further I introduce now some terminological conventions. 

The events of a natural number series N I call the ^-numbers. If 

iN^Oi, Oj,...) and N2(02, 02,...) are two such series, then I call 0! and 02 

equivalent and I denote it by 0X ~ 02 ; if m ^ n (where meN^ and n e N2) then 

I permit it to be said* that m' ~ n' also, and the relation m ^ n is always 

to be established in this way. If for each A^-number m there is an equivalent 

jV2-number n, I say that Nt is not longer than N2 and I denote it by N2. 

If Nt N2 and N2 Nt, then I call the series Nt and N2 isomorphic. 

If Nt ^ N2 and Nt is not isomorphic to N2, I say that Nt is shorter than 

N2 - but intuitionistically this does not mean the existence of an A^-number 

equivalent to no A^-number. If Nl N2 and there is an A^2-number q 

equivalent to no A^-number, I say that N2 is shorter than q and I denote 

it by Nl -< q; in this case I say also that Nt is explicitly shorter than N2 

(or that N2 is explicitly longer than Nf) and I denote it by Nl < N2. 

If one tries to establish an isomorphism between two series Nx and N2 

by considering the pairs <0t, 02>, <0j, 02>,. . ., since the consideration of 

each pair <m, n) presupposes the appearance of m and n one obtains only 

* Usually this is expressed by ‘if m ~ n then m' ~ n'\ But such expressions overlook 

the fact that m’ ~ n' can appear only after m ~ n has appeared. This negligence may 

lead to the platonistic representation of a realm of all equivalences of the kind m ~ n. 

Of course I have to reject this, and I prefer to speak here about the rules governing the 

appearance of the equivalences rather than speaking of the equivalences themselves 

without mentioning the rules. 
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the consideration of the third series of these pairs which is not longer than 

each of N1 and N2 and nothing more. 

I find it useful to consider here the analysis of an ordinary supposed 

justification of T3. Given P(0) and V«(P(«) => P(n')) one indicates the 

possibility of obtaining the deductions for P(0) P(O') and P(O'), then for 

/’(O') id P(0") and for P(0") and so on. This justification of T3 uses: 

(a). An application of Carnap’s Rule 

(Ca) •••?(»■)••• 

Vm P(m) 

where m denotes an arbitrary value of the variable m. 

(b) . The hypothesis of potential feasibility according to which, given a 

method of construction requiring an arbitrary finite number m of steps, 

each step being feasible on the supposition that all preceding steps are 

fulfilled, one considers as feasible the result of this construction. 

(c) . The localization principle T4 for deductions. 

(d) . A principle of parallelism according to which at the m-th step of the 

described deduction one obtains just the sentence P(m). 

(e) . The features of the interpretation of signs V and =3 used in the 

justification of the logical steps leading from P(0) and V«(P(«) o P(«')) 

to each P(m). 

(f) . The consideration of the truth of VwP(m) (relative to P(0) and 

V«(P(«) => P(n'))) as denoting the deductibility of each P(m) (from the 

premisses just mentioned); this consideration is used in the justification 

of (a). 

(g) . The indirect clause of the inductive definition of a natural number 

(leading to the conclusion that each m can be obtained from 0 by adding '). 

I should mention also the fact that the result of the construction used 

for each m is a deduction figure for P(m) (to which T4 is to be applied). 

I think one can obtain this fact from the definition of a deduction figure, 

the application of (b) and a kind of argument similar to (d). 

5. Now I describe briefly the structure of this antitraditional program: 

It contains a central nucleus consisting of two theories: the ontological 

theory and the genetic theory and a consistency proof for ZF (and some of 

its extensions) based on these theories. The ontological theory deals with the 

substantiation of the possibility of natural number series and other discrete 

processes required for this consistency-proof; and the genetic theory deals 
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with the notion of proof for sentences related to the events of distinct 

processes. The genetic theory deals especially with the elaboration of the 

notion of the establishment of convincingness for given processes called the 

studied processes. Also some fundamental theories called prototheories are 

needed in the central nucleus - these are e.g. collation theory, the modality 

and tense theories sketched below, and some others. Generally, only proto¬ 

demonstrations are available as means of proving in the prototheories and 

even in the ontological and in the genetic theories. Outside the central 

nucleus I shall have several extreme directions of the program concerned 

with the substantiations of some hypotheses occurring in the theories of 

the central nucleus. These hypotheses are implicitly contained also in the 

traditional theories, or in a general platform underlying them; at any rate 

they have nothing to do with impredicative definitions or other vicious 

circles occurring in the foundations of all traditional theories. The proto¬ 

demonstrations are the only available means of proof also in the extreme 

directions, and the gap between these and the prototheories may be a 

temporary one. If the foundations of ZF were the only task of the whole 

program I could say that the main problems of the extreme directions 

concerned with the substantiations of the mentioned hypotheses are essen¬ 

tially settled today. 

6. Now I continue the list of traditional assumptions. 

T6. The possibility of neglecting modalities and aims in foundations of 

mathematics. 

T7. The possibility of neglecting tenses, voices and moods of verbs. 

T8. The possibility of neglecting the rules of attention and neglecting. 

T9. The hypothesis of potential feasibility. 

T10. The division of theories into object theories and metatheories. 

Til. The postulates of the intuitionistic predicate calculus. 

The reasons for my criticism of T6 and T7 are connected with the previous 

analysis of traditional assumptions. 

Evidently when one applies T9 (see (b) above) one confuses the feasibility 

of construction with the supposition that the construction is fulfilled. 

E.g. for an arbitrary m one concludes from (b) and (d) above that the 

deduction of P(m) is feasible - but that does not suffice to obtain the deduc¬ 

tion of P(m') with the help of P{m) P(m'), for in order to obtain it one 

has first to obtain the deduction of P(nt), and that is more than the assertion 

about its feasibility. Evidently there is a modal principle justifying this 
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transformation of the possible into the real in the foundation of mathematics 

- I shall call it the principle of modal fulfilment and analyse it more closely 

below. The exact formulation of this principle requires a theory of modalities. 

There is another thing which makes modal investigations necessary in 

the ultra-intuitionistic program. I mentioned the necessity of making 

explicit the rules of collations; and this requires a systematic treatment of 

rules and aims, which leads to a development of a theory of modalities. 

In virtue of the traditional intuitionistic criticism we have to consider 

the natural number series not as accomplished totalities but rather as 

infinite processes. But one cannot speak exactly about any process without 

using tenses in order to discern the past events from the future ones. For 

a natural number series, at each stage, its infiniteness belongs to the domain 

of the future and so one has to expose the rules of transforming the future 

tense into the present or the past in reasonings. The theory of tenses is 

closely connected with that of modalities, and in the course of the develop¬ 

ment of these theories voices and moods must also be taken in consideration. 

I introduce modal characteristics in the notion of natural number series. 

I call such series necessitary, real or eventual according to the modality 

‘necessary’, ‘factually’ or ‘possible’ with which the future appearance of 

n' after n is asserted. Similar characteristics are to be used in connection 

with the notion of closedness of a series with respect to a function cp, with 

the relation Nt < N2 (according to the modality with which the existence 

of q e N2 with -< q is asserted) and so on. The notion of finiteness I 

connect with that of an end (but not with natural numbers) and one can 

distinguish the modal characteristics of finiteness etc. 

The theory of modalities will be closely connected with semiotics, i.e. 

the general theory of signs. 

In semiotics I consider the act of indication as central. An indication is 

an action by which its author shows to the addressee a point with the help 

of a sign. There is a denotational connection between the sign X and every 

point x of an indication and I denote this connection by X -» x. 

A language is a method or system of indications, it is defined by means 

of constructing signs and by denotational connections. 

A character or tactic is a system of rules, i.e. of propositions expressing 

permissions and demands (see below). If a tactic is expressed in a language 

I call it a method. A way is a tactic or a method. 

The notion of connection is a primitive one. As with all primitive notions, 

its use is to be described by some way, i.e. by some method or at least by a 
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tactic. There are many tactics for following connections - they correspond 

in particular to the different kinds of connections. There are aim and 

denotational connections and the tactics for following them I call the tactics 

of attention. Every other tactic for following connections is subject in a way 

to a tactic of attention. 

To follow a tactic for following connections is to accept such sentences 

as ‘a is connected with b\ Every sentence of this form is always connected 

to such a tactic x> and if some rule of x prevents the acceptance of the 

sentence ‘a is connected with b’ I say that ‘a is strange to b (relative to %)’. 

If a sign is made by means of a language I call it the name of its points 

in that language and the points I call the senses of that name. 

Each sign is used with at least one tactic of attention permitting one to 

notice that sign, and with a tactic of collations permitting one to identify 

it in its occurrences. I call a sign clear if there is an accepted tactic for 

following denotational connections with it. All points strange to the sign 

(relative to this tactic) are always to be neglected as its points. So a sign 

(in particular a name) is always a sign for its non-strange points only. 

A clear sign I call definite if it is necessary that it has just one point. The 

definiteness of a sign depends on a tactic of collations. 

A class is an indefinite name; its elements are the fixed values of its senses. 

(There are rules of using these explications. The idea is to identify the class 

defined by a name with that name; but that is not always convenient. But 

the use of the word ‘class’ is always to be connected with an indefinite name. 

Of course this use of the word ‘class’ has nothing to do with classical 

set-theoretical hypotheses on the existence of classes.) 

I call direct those occurrences of a sign in which the role of the sign is 

confined to its playing a part as a sign for its points, and to the participation 

in following those tactics of attention and collations which make it a 

sign. (The role of an object is defined as a class of aims and obstacles to 

which the object is attached by a tactic for following connections.) The rule 

of interchangeability of synonyms is suitable only for direct occurrences of 

signs. So the interchangeability of the terms ‘indefinite name’ and ‘class’ 

applies to direct occurrences of these terms only, and can be limited by 

some further rules useful for a text. These rules may be replaced by rules for 

distinguishing somewhere the senses of the both terms. All this question is a 

typical example of how closely the senses of different terms may be inter¬ 

connected. At the first sight even vicious circles must occur in these explica¬ 

tions but one can avoid them by distinguishing the senses of the same term 
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in different occurrences, in the hope that the system of explications gives a 

reduction for these terms attached to their occurrences. 

A collection is a finished class (i.e. a class whose elements are exhausted, 

which may be specified by means of collation theory). 

There are the following three fundamental semiotical principles: 

51. Given a collection of indications (a0 -*■ al9 ay -* a2,. . ., an_x -» an} 

in a language L the indication a0 -*■ an also belongs to L. 

It is a rule for restricting languages. It enables us to follow the denotational 

connections. One uses this rule each time when the sense of word in a new 

occurrence is to be identified with its sense in a former one. 

52. If the connections/ -> F,a{ -*• A1,.. ., an -* An belong to a language 

L, F being an operation applicable to the objects At,. . ., A„, then the 

notation f(a1,...,an)->(the result of applying F to Alt. .A„) also 

belongs to L\ some specifications of the role of the order ‘al5..., an’ may 

be introduced, and ‘f(at, . . ., an)’ may be replaced by another record 

which enables one to reconstruct it. (The principle of structural parallelism.) 

Parameters are indefinite indecomposable names. 

53. When a text is accepted the result of fixing some collection of param¬ 

eters in it by their admissible values is also to be accepted; but this 

operation of fixation may require grammatical agreements in the text ob¬ 

tained by the fixation. 

I have to draw special attention to the agreements in the verbal tenses. 

The fixed values may in turn depend on parameters or even be parameters. 

7. Now I shall describe the main features of my modality theory. 

First of all, it cannot be an axiomatic theory on the grounds of the 

vicious circle with T3 and T4. Also it must precede other logical theories, 

in particular that of the applicability of the axiomatic method, i.e. the 

genetic theory. So all proofs in it must be protodemonstrations. 

I divide the modalities into three categories (necessary, real and possible) 

and four groups: deontic modalities connected with rules, e.g. permissions 

and demands, aim modalities connected with aims (‘possible’ means 

‘possible for an aim’ i.e. the aim might be achieved with this means, and 

‘necessary’ means ‘needed for some aim’), and the two kinds of alethic 

modalities - the organic modalities connected with methods or ways (I can 

= I am able, I must = I am forced by rules of a way) and the epistemic 

modalities (‘perhaps’ or ‘certainly’). The epistemic possibility of A may 

be interpreted as the organic possibility of the continuation of reasoning 
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after A is accepted. The epistemic necessity of A means the organic necessity 

of the acceptance of A forced by rules of a way. For each group there is 

the modality ‘real’ used, e.g. in the abstract consideration of an action in 

connection with rules in order to investigate the lawfulness of the action 

without any assumption about the alethic reality of the action. 

A situation is a class of (senses of) sentences. Generally, a situation S 

describes some conditions indicated in a way. The conditions may be 

described by a situation with different degrees of precision, the degree being 

sufficient or not according to the aims of the description. 

The modalities may apply to the situations and to the propositions 

- sentences or names of actions. The deontic, aim and organic modalities 

apply to the names of actions which may be propositions with one verb 

in the infinitive mood. The epistemic modalities apply to sentences (so the 

verb stands in the indicative mood). 

When a modal operation is applied to a sentence or to a name of action 

it is always to be accompanied by the name S of one or more situations. 

(An occasion possible in one situation may not be possible in another, etc.) 

That is one of the characteristic features of my modality theory. Sym¬ 

bolically the situation index S is to be applied to the sign of the modal 

operation (<>, ! or □ for organic modalities, denoting respectively organic 

possibility, reality and necessity; O, t, □ for aim modalities; P, F and O 

for deontic modalities; and M, R and N for epistemic modalities). So 

MSA means ‘perhaps, in the situation S, A\ etc. If the assertion MSA, 

Os^ etc. is accepted for a class I of situations S, it is denoted by MXA, 

Oj A etc. For aim modalities the sign T denoting the aim is to be added: 

Os A means ‘in the situation S it is possible to achieve Tby means of A' etc. 

But if the situation S or the class Z is fixed in the context one can omit the 

index S or I in formulating the modal proposition. So one omits the class 

Z of all situations obtainable in mathematics in the formulation of the 

hypothesis of potential feasibility. 

There are several degrees of modalities. Modal words were used in the 

basic semiotic explications before the notions of class and situation were 

introduced. In those contexts it was impossible to use systematically the 

situation sign. That was the first degree of modalities. After the notion of 

situation appears, the second degree is obtained. 

The theory of deontic modalities is essentially that of tactics or characters. 

These are systems of rules, a rule being a proposition of the form ‘In the 

situation S it is permitted to do A' or ‘In the situation S it is required to do 
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A’; the proscription of A is defined as the proposition of the form ‘In the 

situation S it is required not to do A\ The atomic actions A for the founda¬ 

tions of mathematics are: 

(I). preferences; 

(II). acts of establishing or following connections, in particular acts of 

attention; 

(III) , collations; 

(IV) . indications; 

(V). acceptances of propositions, i.e. sentences, rules and optional 

propositions expressing aims or sometimes desires or wishes; (the 

acceptance of a method is considered as the acceptance of all its 

rules); 

(VI). perceptions; 

(VII). the acts inverse to (II) and (V) - acts of neglecting and acts of 

refusal of accepted propositions; 

(VIII). the abstention from the acts (I)-(VII). 

In some theories related to the ultra-intuitionistic program, e.g. the theory 

of disputes, new items appear: 

(IX). raising and answering questions (considered as actions similar to 

(V)); 
(X). addressing another person 

and 

(XI). including some text in the memory; 

the abstentions (VIII) are extended to these new items. 

The tactic expressed in a language is called a method (see above; now 

the notions of rule and tactics are specified). Tactics are means for aims 

(as well as materials which are usually considered as obtained by a tactic; 

in addition to them, the means are the rules occurring in tactics, and the 

actions performed for the achievement of the aims; in particular those 

fulfilled in the course of following the rules, etc.). By means of tactics new 

complicated deeds A may be introduced; and this leads to the extension of 

the class of rules. 

In a natural way the notion of following a tactic is defined. A discrete 

process* is the following of a method and I shall say that it is described 

by the method. 

* Generally I take the word ‘discrete’ always to mean ‘expressible in a language of words’. 

Procedures are processes which can be accomplished. 
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To follow a tactic x generally presupposes another tactic iJ/ by means of 

which the actions A indicated by the rules of x are fulfilled, the situations 

S are collated, and so on. The tactic ij/ is called external or deeper with 

respect to % or to a process described by x• The actions made in following 

i[/ but not x are called automatic with respect to / or a process described 

by X- By the way, it happens often that a tactic / ora process described by 

it uses many external tactics and the notion of automatic action applies 

to each of them. 

All this is very important for my program. The ultra-intuitionistic program 

introduces tactics of acts (I)-(VII): but these acts envelop the profoundest 

acts of our thinking underlying the ultra-intuitionistic reasonings too. Even 

the reading of a text uses the acts (I)—(III) (e.g. one prefers to read from left 

to the right) and it would be completely impossible to investigate in the 

program the many tactics of attention and collations used in the beginning 

of the exposition of it. But this is superfluous. Most of these tactics turn out 

to be external to the tactics of the deeds we really need to investigate. So 

one can assume that many actions (I)—(III) are fulfilled automatically, and 

even apply such traditional expressions as ‘the same word as before’ etc. 

Only in certain cases especially indicated by the ultra-intuitionistic criticism 

shall I have to describe explicitly the rules of the tactics: and this criticism 

is ruthless enough, for those cases form a class sufficiently large for all 

important aims. Other cases may be treated with the traditional negligence 

to the explicitness of these actions which are considered as the automatic 

ones. However, the investigation of these external tactics are of great 

importance e.g. for cybernetics - but for the ultra-intuitionistic program 

it is not an urgent business. 

Tactics may be incomplete for two reasons: (a) there may be situations 

for which the rules permit to make each of two or more incompatible 

actions (I call these situations the Buridanian ones) and (b) there may be 

unforeseen situations of which the rules say nothing. For both cases there 

are general ways of completing the tactics (though the completed tactic 

does not need to become complete). In case (a), generally, it is done by 

tactics of preference. In case (b) one chooses one of two fundamental 

preferences: according to the principle of liberalism one prefers permissions 

to proscriptions and according to the principle of despotism one prefers 

proscriptions to permissions. The acceptance of the first principle leads to 

the liberal regime characterized by the rule ‘everything not proscribed by 

(the rules of) a tactic is permitted by the regime’ and the acceptance of the 
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second principle leads to the despotic regime expressed by the rule 

‘everything not permitted by the tactic is proscribed by the regime’. One 

applies the principle of liberalism in cases one seeks for means for the 

accepted aims. One applies the principle of despotism in cases one tries to 

achieve aims with the help of accepted means, or to verify the proposed 

means with the help of accepted criteria. 

Definitions are the rules of usage of names. Their usage is always governed 

by the despotic regime which leads to prohibiting the application of the 

term introduced by definition in any other sense. All inductive definitions, 

e.g. that of natural number, contain an ‘indirect clause’ which is the im¬ 

position of the despotic regime on the consideration of an arbitrary object as 

satisfying the definition. 

The theory of methods and ways is a generalization of the traditional 

theory of algorithms. There are at least four respects in which the former 

is more general than the latter: (a) the primitive operations of the normal 

algorithms (the substitution of words) are performed in a way which is not 

itself considered as an algorithm; (b) the theory of algorithms depends on 

natural numbers, which are to be obtained in some way; (c) the methods 

can be applied to objects of a completely general nature; (d) the ‘work’ of 

a method or way (i.e. the following of it) may be an undetermined process. 

Now I turn to the alethic modalities. A situation is called real if each 

element of it is accepted on the ground of a perception. So the void situation 

is real. The problem of perception is of course a very deep one (and it is 

connected with the consideration of active and passive voices) but in the 

domain of the foundations of mathematics we can restrict our attention 

to the perception of texts proposed in the exposition of exhaustions and of 

the atomic acts (I)-(V) and (VII)-(XI) without further analysis. Each real 

situation is also called possible. 

The principle of modal fulfilment (pmf). If the situation S is possible and 

the action or event A is possible in S then the situation S u {A} (obtained 

from S by adjoining A to it) is also possible. 

This principle holds for all four groups of the modality ‘possible’ (all 

occurrences of which in the formulation of the principle have to belong 

to the same group). Symbolically it may be stated in the form 

S A 
O- 

S u {A} 

where ‘O’ denotes one of the modality signs O, M or P. It may be 
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specified that A stands in the future tense above the bar and in the present- 

past tense below it, symbolically 

S AA 
O- 

S u {Vv4} 

A denoting the future tense and V the present-past tense. If O is O or P 

then A in OSA is the name of an action, and can be expressed by a proposi¬ 

tion with one verb in the infinitive mood, in the OsA or above the bar 

it stands in the active voice (‘it is possible to do A’) but in S vj {A} it stands 

in the passive voice. Below the bar A stands in the indicative mood. If O 

is M, then A in MSA is the name of an event, and the verb in A stands in 

the indicative mood both above and below the bar, and the voice is the 

same in both cases. So this principle contains also the rules for tenses, 

voices and moods. 

The justification of pmf may consist in the definition of a possible situation 

as such which can be obtained from a real one by a string of applications of 

pmf. A closer examination shows that in this way pmf is reduced to its 

simplest case for which it is rather a tautology. 

Perhaps a somewhat more explicit formulation of pmf is 

Su {A} 

(or still more precisely with A A above the bar and VA below it etc.). Here 

one sees distinctly that A stands with the modality ‘possible’ attached to it 

above the bar and without this modality below it. That is the essence of 

the rule explaining its name of ‘fulfilment’, and it turns out that pmf is a 

formalization of the ‘utilization’ of possibilities. However the modality 

‘possible’ does not disappear below the bar, but it is attached to the situation 

S u {A} itself. Often one forgets to mention this occurrence of the modality 

and speaks of the situation S u {A} as of a real one. So one obtains faith 

in S u {A}: and that is the general way of accepting-on-faith in the domains 

of religion and philosophy, and in traditional intuitionist or constructivist 

mathematics too. Such are the cases when one believes in mathematical 

‘reality’ on the grounds that its objects can be obtained by a method. The 

ultra-intuitionist analysis reestablishes the correct use of modalities. 

A deep idea of this program consists of representing the traditional 

mathematical ‘real’ situations only as possible ones obtained by iterations 
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of pmf. The consideration of mathematical situations as possible is cer¬ 

tainly sufficient for the sake of consistency proofs. 

Now I continue the review of my theory of modalities. 

If a process D is described by a tactic x and for a situation S occurring 

in the course of D the rules of x demand an action or event A then for the 

continuation of D in S the fulfilment of A is necessary. 

That is the main principle of necessity. It is in virtue of this principle that 

the definitions are observed in the course of a development of a theory and 

it seems that this principle itself can be based essentially on the definition 

of the word ‘describe’. It is also in virtue of this principle that each move of 

a bishop in a chess-game necessarily is a move by a diagonal. This principle 

may seem quite tautological. But a closer examination shows that it depends 

on an elimination of a double negation. What really can be justified is that 

in the course of a process the rules of a tactic describing it cannot be violated. 

It is not the same as the ‘fact’ that the rules are necessarily observed. But 

generally I neglect the eliminations of double negations occurring in the 

deepest questions of that program because it is the matter of an extreme 

direction to deal with them. 

If an event e of a process D is over and done with in a situation S of D 

and d precedes e in D then it is necessary that d is over in S. (The principle 

of ordinal necessity, p.o.n.) The ‘being over and done with’ is a form of 

expressing the past tense. So the principle deals with that tense too. 

There are also such ‘trivial’ principles as ‘everything necessary is real’ 

and ‘everything real is possible’. These are stated only for the two groups of 

alethic modalities and for possible situations only. (The reason of the 

impossibility of a situation may be precisely a violation of some trivial 

principle in it.) For deontic or aim modalities the observance of these 

principles is the characteristic feature of just or purposeful activities. There 

are also some relations between organic and epistemic modalities (e.g. 

that organic necessity implies the epistemic necessity) - these too are stated 

for possible situations only. Various other connections - the distributivity 

of conjunction and the equivalence between the impossibility of A and the 

necessity of not-^4 - can be established (with some restrictions) for possible 

situations. 

The violation of the main principle of necessity is impossible in each 

possible situation. (The principle of negative evidence, p.n.e.) 

For aim modalities I accept, also for possible situations S only: 

If the aim T is not achieved in S, in order to achieve it in S it is necessary 
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to apply (a) some sufficient means and (b) each of the necessary means 

(the inversion principle). 

Each system of actions is sufficient for the achievement of each of its 

necessary result. 

For the future tense I deal primarily with the tense ‘A will have been’ 

which I denote ASA or simply AA if the situation S to which this ‘will’ 

refers is clearly indicated in the context. I accept: 

(a) . If A has been in S it will have been in every situation which is later 

than S. 

(b) . If A is necessary in every situation of a class I of situations, A is 

necessary also in each future situation of I. 

(c) . In each possible situation an appearing event is always later than 

events already entering in the situation, and this order relation will neces¬ 

sarily be observed in every later situation. 

Also the rules occurring in pmf and pon are very important for the theory 

of tenses. The following rule is of a semiotical nature: 

(d) . In order that a proposition be meaningful it is necessary that its 

predicate agree in tense with the objects to which it refers. This means e.g. 

that the phrase ‘tomorrow is August 12’ is meaningless if pronounced 

August 11; a meaningful phrase is on that date ‘tomorrow will be August 12’. 

(d) is very important for the analysis of deductoids exposed in the 

ordinary logico-mathematical language having no future tense. A sentence 

A(m, n), containing the names m, n of the events m, n of a process, can be 

meaningful only on the supposition that m and n have already occurred. 

(It could be otherwise if the predicate in A(m, n) stands in a future tense.) 

The deductoids may contain the rule (Ca) and so the sentences occurring 

in them constitute an infinite process. The identifications required for the 

substantiations of the applications of the rules of inference etc. may introduce 

a Zenonian situation (even in a narrower sense), and therefore it is not 

evident that the deductoid must possess an establishment of convincingness. 

So a sentence A(m1, . . ., mk) may occur in a deductoid only on the 

supposition that my,. . ., mk have already occurred. That is the first genetic 

principle for ultra-intuitionistic proofs. The second genetic principle is that 

if «!,.. ., np are events of the same process I shall say they have all ensued 

only if a later event n of the process has ensued (cf. p.o.n.). The third 

genetic principle is connected with the inversion principle: e.g. I cannot 

consider an occurrence of A in B (or even an occurrence of A depending 

on an occurrence of B) before this occurrence of B is considered as already 
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having occurred. These three genetical principles constitute a genetic 

constitution which is to be observed in the ontological and especially in the 

genetic theory. (In the ontological theory as well as in prototheories the 

sentences A(m, it) containing the future tense may occur; and then the first 

genetic principle may be violated. E.g. in the definition of a natural number 

series there is the location ‘n' will be ensued’, to which a modality may be 

attached; the application of pmf to this location belongs to the ontological 

theory. Cases of such a nature with the future tense are only ones dealt 

with in the ontological theory.) 

8. Now I return to the consideration of the natural number series and the 

assumptions T8-T11. 

First of all, I have considered a series F without 1012 but it does not 

mean a number q has to be so great as 1012 in order it could be longer than 

some natural number series. If a series N contains a 20th event this does 

not mean that another series M has to contain its 20th event also. In the 

notion of series there is no proviso about this. 

So let us consider two necessitary series N1 and N2, whose numbers 

I denote aQ,at,. . . and b0, bx,. . . respectively. Let N2 contain b20 and 

let Nt be shorter than b20, which means that there never shall be such 

entity as a20 in N1. (Later I shall prove the possibility that Nt does not 

contain even a2.) Let N1N2 be the series a0, b0, a1} bt,..., at, bif ai+i,... 

obtained from and N2 by alternation. It really is a series because if 

has occurred then i < 20 and there is bt in N2 and ai+1 necessarily will 

have occurred; if bt has occurred in NtN2 this means that at has occurred 

in Nx and so ai + 1 necessarily will have occurred. Now let us consider the 

task: to find the occurrence of b20 in NlN2. This task requires only 42 

steps each of them being alethically possible when the preceding steps are 

accomplished. Nevertheless the fulfilment of the task is impossible because 

if b20 is found in Nt N2 then a20 also is found in it, and so a20 is in , 

which contradicts the condition. 

I say there is an obstacle to the fulfilment of this task, and I call this 

obstacle the catching of this task on Nt. Of course catchings may arise 

also from more complicated alternation, e.g. the task of finding bl000 in 

the series a0,b0,a1,b1,b2,a2,b3,b4,b5,a6,b6,b1,bs,b9,a2,. . . (the 

numbers of b’s after ai + 1 is one greater than after a,) also catches on N1. 

Generally catching is (roughly speaking) an obstacle to a task consisting 

in the fact that its fulfilment requires the exhaustion of an infinite process. 
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In the case of a Zenonian situation (in the narrower sense) with the 

field {0, 1, . . 1012} of ,/V-numbers the task of the structural identification 

of that field in its two occurrences catches on the series F of feasible numbers. 

So every Zenonian situation in the narrower sense is impossible on the 

grounds of a catching. Conversely, to every catching it is possible to associate 

a Zenonian situation (e.g. obtained by the identification of b?s in N1N2 

and in N2, the first one’s forming the infinite series; this situation is one 

in the narrower sense if one requires the structural identification of the 

segment {b0, . . ., b20} of N2 in its occurrences before and after this introduc¬ 

tion of infinity into it). 

The introduction of the notion of obstacle is a most important feature of 

the ultra-intuitionistic program. Of course the constructivists were also 

aware of some ‘trivial’ obstacles for their constructions, such as the absence 

of necessary means or a vicious circle in a task. But these obstacles always 

have been the barriers for a single step in the fulfilment of the task. The 

catching is a new kind of obstacle arising from the possibility of a finite 

sequence being longer than an infinite series. Each ‘finite’ task whose fulfil¬ 

ment is destroyed by a catching I shall call the field of this catching. 

The possibility of a catching frequently appears in the genetic theory, 

whose principal aim is to obtain a list of conditions sufficient for a deductoid 

to possess a semiotic substantiation undamaged by catchings. In this theory 

catchings are represented by sequences whose members are just the occur¬ 

rences like those of bt in NtN2; and these sequences are represented by 

functions cp, whose values are those occurrences and whose arguments are 

the numbers of a short natural number series on which the occurrences 

depend. E.g. bt — <p(a,-) where at is in N1 and Z?; is in NlN2. I call these 

functions metafunctions (because the occurrences of the members of the 

sequences are traditionally considered as metatheoretical objects). Each 

catching in the genetic theory may be represented by a metafunction given 

for an infinite process (containing the arguments of the metafunction) and 

all of whose values must belong to the field of the catching and be distinct 

- these are called unbounded metafunctions. 

9. Now I pass to my criticism of T8. I wish to introduce a new branch 

of logic - relevancy theory - into the foundations of mathematics. It is a 

theory about how to take something into attention or to neglect it. 

These problems appear at each step in our thinking but the traditional 

logic worries too little about them. Everyone knows the syllogism: all men 



24 A. S. YESSENIN-VOLPIN A I 

are mortal, Socrates is a man, therefore Socrates is mortal. But another 

argument is no worse: All men can die only once, Socrates has died, therefore 

now Socrates cannot die and Socrates is not mortal. (I suppose that the word 

‘mortal’ refers only to beings who can die.) That is a paradox. Its explanation 

I see in the fact that the word ‘man’ had different senses in this text, one time 

denoting all men - living and dead - and one time denoting only living 

men. In order to eliminate all paradoxes of this sort one has to specify the 

way of following the denotational connections. Every way of following 

connections I call here a tactic of attention (but I mean mainly following 

the aim or denotational connections). 

Perhaps one feels the problem of this tactic is strange to the foundations 

of mathematics, but even if it is so this fact belongs to relevancy theory and 

one has to prove it, which already requires some acquaintance with this 

theory. That is already a criticism of T8. 

The main role of relevancy theory is attached to the fact that one always, 

may neglect strange objects, i.e. objects strange to the aims of considerations. 

With some trivial provisos I insist upon the inverse principle: only strange 

objects may be neglected, which I call the main principle of relevantism. 

This means: first prove the strangeness of an object and only then neglect it. 

This presupposes that the way of establishing or following connections, i.e. 

the tactic of attention is sufficiently well known. 

In traditional mathematical logic one has never argued about tactics of 

attention and rules of connection and neglection. One could think that the 

rigid system of definitions makes that superfluous. But the rigidity of this 

system depends on the notion of natural numbers and so it cannot be more 

rigid than this notion is. The rejection of T1 is already the rejection of this 

rigidity: and so the problem of introducing the tactics of attention into 

consideration becomes a very urgent one. 

But the means of traditional theories are not sufficient in order to fix 

in a unique way the supposed tactic of attention. The existence of con¬ 

sistent but ^-inconsistent systems may be interpreted as revealing this fact 

even by traditional means. 

I shall apply the relevancy theory to the study of metafunctions. Strange 

objects are neglected and therefore instead of proving the impossibility of 

a metafunction p destroying a construction C I can prove that each such 

metafunction p must be strange. This I prove chiefly with the help of the 

following principle of strangeness which can be established in the relevancy 
theory: 
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If an object 6 is indispensable for any consideration of p but one considers 

C without taking © into attention then p is strange to C. 

The importance of this principle is due to the fact that when an ultra- 

intuitionistic theory T considers two natural number series F and N, 

F < N, one always can intentionally introduce the function p(x) on F 

such that p(m) is always the A-number equivalent to m and if F < q e N 

then this p enables one to introduce the Zenonian situation with the field 

4 = {0, 1, . .q) where all of 0, 1,. . q are A-numbers. As explained 

before one can further consider a catching destroying an appearance Ocq 

of q. But this does not mean one has to worry about it because it is possible 

that Ocg has nothing to do with T. is one thing which may be really 

necessary for the study of A but Ocg may be strange to the theory T or to a 

part T' of it in which this question arises. If p creates an obstacle for Ocq 

but not for the consideration of q[, then one may neglect this obstacle as a 

strange one provided one is interested only in $ but not in Oc,. One can 

neglect p in such cases even if the obstacle created by p impedes a con¬ 

struction of Q considered in connection with Ocq. Let (5 be the equivalence 

relation between F- and A-numbers. Although 6 is a typical ultra- 

intuitionistic object it may happen that in T or a part T' of it there is no 

need for the consideration of it: and then one can suppose that T or at least 

T' is really being considered, without taking @ into attention. Let Q be 

considered in T or T' respectively. Then in T (or T' respectively) p is strange 

to ^ because (S is indispensable for any consideration of p. 

Of course there may be cases of much more complicated metafunctions 

than this p. Typical objects 6 are e.g. fixations of parameters. Usually any 

ultra-intuitionistic consideration T' depends on some chosen natural 

number series N j,..., A( which may be considered as the fixed values of 

parameters Nx,..., Nk for the series. Then T' may be considered as the 

result of assigning these values to these parameters in a more general con¬ 

sideration T. Let A j',. . ., N'k' be another system of values for Nt,..., Nk 

not mentioned in T'. Then if p is a metafunction whose definition uses 

N'i,. . ., Nk or Aj'-numbers q’/ such that A) < q'/ (j = 1,.. k) then p 

is strange to T'. The nature of © may be completely arbitrary, e.g. 6 may be 

using of a tactic of attention x in a situation where there is no given tactic of 

collations for objects considered with the help of x- With the help of such 

a (5 one can prove the strangeness of a metafunction p defined in a manner 

independent of any tactic of collation; and with the help of a suitable (5 

one can do the same, if the tactic of collation of p essentially differs from that 
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used for the elements of the supposed field of the catching represented by p. 

In such a manner I prove that a sufficiently symmetrical object cannot be a 

field of catching - this idea is well known in traditional mathematical logic 

(cf. e.g. Mostowski’s proof of the independence of the axiom of choice). 

There are some principles of preference for the tactics of attention in 

connection with obstacles. When one seeks means for the accepted aims 

one can prefer the attention to a means to the attention to an obstacle for 

the application of the means. But when one has chosen a means in order to 

achieve an aim, e.g. when one carries out a construction, one has before all 

to take into attention every obstacle for the aim. Nevertheless even here the 

word ‘obstacle’ cannot refer to any strange obstacle. 

The choice of a tactic of attention may depend (and usually does) on the 

accepted aims. But for the most part this choice is made implicitly and 

automatically with respect to the considered activity. Even in my own 

program, the cases in which I explicitly consider the rules of such tactics 

are comparatively rare (but important). 

A natural number series A is defined as a discrete process having an 

initial event 0 and a unary leading operation n' with an evident (external) 

tactic of collations for its events and a despotic regime imposed on its events. 

This regime belongs to the tactic of attention which one has to accept in 

order to follow the notion of an A-number but it does not define this tactic 

uniquely. In order to see this, I shall consider the construction of a very 

short natural number series. 

Generally for constructing a natural number series A one can take an 

accomplished event - say, the indication of a void place - as its zero and 

take the indication of n as the leading operation n'. If one wishes to receive 

in this way a necessitary series A, one has to accept the rule requiring the 

indication of n in the situation that n has occurred and is distinguished from 

all preceding A-numbers. The necessitary series is also a real one. If one 

wishes to achieve an eventual series, one can accept two permissions (a) and 

(b) in place of this requirement: (a) it is permitted to indicate n; (b) it is 

permitted not to do so. In all cases the events, as they appear, are required 

to be distinguished from all preceding ones; and the fulfilment of this 

requirement is to be given by a single action with a parameter m for the 

preceding numbers. Then the sentence m ^ n may be accepted for each 

value n of the A-numbers and the m's preceding that n, and by the fixing 

of m with m preceding n one can obtain the sentence m # n as an accepted 

one (see S3 above). But A is not fixed till the tactic of attention to its 
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numbers is specified and the notion of A-number remains not clear. Now 

suppose (by S3) this tactic is fixed in some manner. Then this notion becomes 

clear though depending on the undefinite value of this fixation. Let this 

tactic of attention be denoted by %. 

Now I introduce a new tactic t of attention to the A-numbers. At each 

stage n of A (i.e. after the appearance of n before the appearance of ri) 

x permits one to take into attention only n' and the A-numbers < n. (The 

word ‘only’ is an abbreviation for the introduction of the despotic regime.) 

1 call t the short-sighted tactic of attention. The series A considered with 

this tactic t I denote by At. 

At each stage n of Nt only the At-numbers < ri are considered as At- 

numbers and there is no such entity as ri' amongst all possible A-numbers. 

Evidently Nx is not closed with respect to the function ri'. If n — 0 then 

(at the stage 0) Nx is to be considered as a series shorter than 2 (the number 

2 being taken from another series, perhaps from A). As a matter of fact, 

after the sentence Sr0 asserting the appearance of 0' in Nx is accepted, then 

(at stage O') the name ‘AT-number’ will denote just the entities 0, O' and 0" 

but not O'”, and so on. At each stage of every reasoning one has to consider 

which are the accepted sentences of the form STn. Here it is useful that the 

word ‘accepted’ stands in its passive form. 

That is the proof of the possibility of very short natural number series, 

and this proof is independent of all empirical considerations like that of 

unfeasibility of the number 1012. Of course it is as yet too vague, because 

still I have not expounded the ultra-intuitionistic reconstruction of logic; 

and without this one does not know how to deal with At. I criticize T4 but 

at present I have not secured even the simple applicability of the postulates 

of intuitionistic logic. So I have to reconstruct the substantiations of these 

postulates (see T11) in order to see that the substantiation is independent of 

the chosen tactic of attention, or at least that the short-sighted tactic is a 

suitable one for the acceptance of the postulates. This follows essentially 

from the fact that a tactic of attention has always underlain the consideration 

of the traditional intuitionistic postulates, a tactic deeper than its substantia¬ 

tion. Its properties have never been studied: and this may be explained by 

the fact they are almost inessential. The only important thing was that one 

can follow a chosen tactic and consider it as a fixed one. But the short¬ 

sighted tactic for At contains even less requirements of action than the 

original tactic % for A and so one can follow it. There can be no obstacle to 

combining two tactics x and t so as to follow the first in considerations of 
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A-numbers and the second in considerations of At-numbers: and with this 

combined tactic of attention one can consider the pair of these series. 

Besides this one has to remark that in purely logical reasonings about the 

given objects and processes nothing forces us to accept such a sentence as 

Sx0. This fact belongs to the contemplations of voices, and leads immediately 

to the possibility of consideration of several natural number series at once. 

Of course, from the series Nx without 2 one can obtain a series with the 

arbitrary given number k from another series K but without A:+ 2: it suffices 

to add Nt to the accomplished beginning {0,. . ., k) of K. 

It is useful to remark that the rules of tenses prevent the acceptance of 

the appearance of 0' in N. I can assume that N and Nt are necessitary. 

According to the definition of a series 0 has occurred (= is) in Nt, and 0' 

will have been, but there is no rule enabling to obtain from that the sentence 

that 0' has been (= is). After 0' will have been in N, 0" will have been also, 

but a future relative to another future is not yet a future. So one cannot 

obtain a sentence about the appearance in Nx of its future event 0". 

10. Hitherto I spoke only about destructive critical ideas insofar as the 

possibility of constructing a sufficiently long natural number series seems 

to be diminished by this criticism. But the theory of collations leads to a 

contrary result, it restores the possibility of considering great finished 

totalities of objects. The operation of duplication of a given finished totality 

P — {aY,..., a„p} is accomplished in the following way: given one 

occurrence Ocp of P, form another one Oc'p simply by indicating Ocp once 

more and distinguishing P and a{ (i — 1, . . ., np) in their old occurrences 

(through Ocp) and the new ones (through Ocp); then it is sufficient to 

indicate the pair of indications on Ocp and on Ocp and obtain with the help 

of SI the indications on 2np objects 0at, . . ., 0a„p, 1 alf.. ., 1 a„p (0at 

denoting the at in its occurrence through Ocp and 1 at the occurrence of a, 

through Ocp). So with the help of indications and distinctions one obtains 

the duplicated totality 2P = 0at, . . ., 0a„p, la1}.. ., 1 anp. It is then natural 

to identify 0at with at (i = 1,. . ., np). Starting with P = {0} one obtains 

after 40 steps of duplication a totality with 240 (> 1012) members. SI is 

used for indications of these members. 

This is still not a natural number series with 1012. In order to go further 

I have to consider a hypothesis related to T9: 

The central ontological hypothesis (c.o.h.). Let E be an accomplished 

procedure (called the basis of c.o.h.). Let for each step e of E le be a finite 
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procedure feasible if the //s are accomplished for all steps d preceding to 

e in E. (I call le the load of c.o.h.). Then a procedure £, is feasible which 

consists in the reproduction of E with le following each step e (before the 

later steps / of E are accomplished). 

C.o.h. is a very strong hypothesis which practically implies all applications 

of T9. It is a hypothesis to the effect that the applications of pmf may be 

iterated; and this is the only kind of iteration of pmf allowed in my program. 

C.o.h. deals only with the feasibility, i.e. the organic possibility, of le and 

E,. There is no counterpart of c.o.h. for epistemic possibility in my theory. 

C.o.h. asserts only the feasibility of E,. Feasibility is a kind of possibility 

- the possibility of a construction - and if one wishes to assert the presence 

of Ex one has to accompany the application of c.o.h. by that of pmf. 

The acceptance of c.o.h. leads to a third degree of modalities and the 

strength of c.o.h. consists in the extension of the old rules to it. But one can 

show that c.o.h. is not a sufficient means for obtaining an impossible situa¬ 

tion from possible ones and so one can justify the applications of c.o.h. 

in the consistency-proof for ZF. For the leading idea of this proof is, that 

if ZF were inconsistent then a violation of the main principle of necessity 

would hold in a possible situation obtained with the help of c.o.h. (This 

violation would consist e.g. in the fulfilling of an identification of 0 with 

0' in the course of an activity prohibiting this identification.) 

There is another principal hypothesis in my program: All (non-trivial) 

obstacles other than catchings are strange. This hypothesis on obstacles 

essentially is not new to the foundations of mathematics because in tradi¬ 

tional mathematical logic even catchings are considered as strange. With 

the help of c.o.h. I can essentially show a protodemonstration of this 

hypothesis. But the detailed justification of c.o.h. and this hypothesis 

belongs to some extreme directions of the program. 

11. In connection with T10 I say that already the introduction of tactics of 

attention and collations makes the structure of logical theories more com¬ 

plicated than is provided for by T10. Often it is inconvenient to consider 

the collations used in a text at the same level as the text, and one has to 

return from the collations to the collated signs. The consideration of aims 

introduces pragmatics as a part of the semiotics under investigation. I don’t 

exclude the importance of the two levels considered in T10 but I find it 

insufficient for my aims. I deal essentially with semantical and pragmatic 

considerations connected with metatheories. (Following Curry I prefer 
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the term ‘epitheory’ reserving the term ‘metatheory’ for a well-defined epi- 

theory.) It is hard to answer whether the rules of inference belong to the 

object theories or to the metatheories in traditional logic. This question 

becomes still more difficult if one analyzes these rules and studies the means 

of analysis in a third theory. Certainly the new means do not belong to the 

object theory but the metatheory then splits. A fortiori it splits when we 

introduce considerations of an essentially new kind dealing with the estab¬ 

lishment of convincingness. The structure of the new program is to be 

described in terms of methods, tactics and aims rather than in terms of the 

traditional division into object and metatheories.* 

As concerns Til, I say here only that for most of the intuitionistic postu¬ 

lates one can repeat a way of substantiation available in the traditional 

logic. There are several methods, and the substantiation is always connected 

with the interpretation chosen for the ordinary logical operations. I have 

to carry out such a substantiation in order to see that it is compatible with 

the requirements of my prototheories: relevancy theory, collation theory, and 

the theories of the modalities, tenses and voices. Here I note that the 

traditional postulate —i A zd (A zd B) was reduced by A. Heyting to 

(A v B) & —1 A zd B. In order to substantiate the latter I use the permission 

to identify with b ‘the member which is distinguished from a of the pair 

[a, b} of distinguished objects’. It is not difficult to see that this permission 

is compatible with the requirements of collation theory. 

In connection with Bernays’ axioms Vx^(x:) ^ A(t) and A(t) zd 

I note that they presuppose the denotational connection x -» t. These 

connections I call simply ‘arrows’. For a single axiom this is merely a trivial 

remark: but if a great totality of such axioms enters in a deductoid the 

study of these arrows becomes a large part of the establishment of con¬ 

vincingness. 

Consider two of Bernays’ axioms Vx,4(x) => A(t(y)) and VyB(y) zd 

B(s(z)) entering in a deductoid. They are to be accompanied by the 

arrows x -> f(y) and y -* s(z) respectively. The first of these arrows shows 

that for each value of y t(y) is an admissible value of x, and the second 

shows the same thing for z, s(z) and y. Then if the variable y is to be identi- 

* The notion of‘formalization’ is now to be enlarged; ‘to formalize’ the use of a notion 

means for me ‘to expose a method of using its name’. Perhaps in this deviation from the 

traditional understanding of formalization by means of a formal system lies the essence 

of my criticism of T10. (N.B. A method = a system of rules (expressed in a language). 

Formalization is to be understood as any establishment of a system of rules.) 
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tied in its occurrences in both axioms it is natural to suppose that t(s(z)) 

should be (for each value of z) an admissible value of x. It is denoted by 

the arrow x -* t(s(z)) which is also to be inscribed in connection with the 

deductoid, I say this arrow refers to it. If a third Bernays’ axiom, say 

C(r(w)) 3zC(z), accompanied by the arrow z -> /-(w), occurs in the 

deductoid, and the variable z is to be identified here with the same variable 

in its former occurrences, then in the same way the arrow x -> t(s(r(w))) is 

to be considered as referring to the deductoid; and this means that (for 

each value of w) t(s(r(w))) is an admissible value of x. This fact in its 

general form is justified by means of S1-S3. But it must not be assumed that 

the composition of functions (with admissible domains and ranges) always 

leads to a well-defined function. E.g. every natural number series must be 

closed relative to n! but Nt is not closed relative to the function n". So the 

semantical conditions expressed by arrows may be violated. 

One of the principal concerns of the establishment of convincingness is 

to show the correctness of all arrows referring to the deductoid. There is 

a strict system of rules governing the notion of an arrow referring to a 

deductoid. They are in agreement with the requirements of collation theory, 

e.g. if an arrow x -» t refers to a deductoid, and t in this occurrence is to be 

identified with s somewhere in the deductoid then the arrow x -* s also has 

to refer to the deductoid. (This arrow x -> s is called the identificational 

arrow.) Many complications arise from the fact that rule (Ca) (instead of 

T3) is allowed as a rule of inference. But the main difficulties resulting from 

the use of (Ca) are connected with catchings. The latter are studied as 

unbounded metafunctions, and the second principal concern of the establish¬ 

ment of convincingness is to show that every such metafunction is strange 

to the deductoid. There are several ways to do it, e.g. the method of sym¬ 

metry, analogous to that used by A. Mostowski in his proof of the indepen¬ 

dence of the axiom of choice. This method is applicable when one has to 

show that a symmetrical part of a deductoid cannot be the field of a catching. 

The underlying idea, that one cannot define a single-valued function taking 

infinitely many values in a sufficiently symmetrical field, is made more 

precise by means of the principle of strangeness from relevancy theory. 

There is a kind of identification which is dangerous in the sense that it 

can very easily create a Zenonian situation. Suppose that (p is a function 

symbol entering in a deductoid (q> denotes a function defined in a studied 

process and taking its values also in a studied process) and that there is an 

infinite class of identifications of the values of (p with different parts of a 
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finite object E (e.g. a term or formula entering into the deductoid). Then E 

becomes the field of a Zenonian situation. I call such identifications dangerous-, 

this danger is of great importance, especially in the case when cp is defined 

on a short natural number series (which is shorter than E), but theoretically 

even a long series may be cofinal with a very short subsequence of it. From 

now on I suppose that all deductoids considered are free from dangerous 

identifications unless the contrary is allowed explicitly. 

There is a protodemonstration of the fact that a deductoid without 

arrows always possesses an establishment of its convincingness.* The same 

is easily proved for deductoids without the use of (Ca). But this assertion 

depends on the fact that all deductoids are considered in a form not making 

use of open formulas; the axioms of Bernays mentioned are to be replaced 

by their closures. 

In order to say more about the form of deductoids I add here that only 

closed formulas are admitted in them; this affects the list of axioms for 

quantifiers. So only closed formulas of the type VxA(x) => A(t) are admitted 

as axioms and in the arrow x -»■ t the term t is a constant. But for each 

application of (Ca) with the premises P(m) whose deductoids use an arrow 

x -* cp(m) the conclusion VmP(ra) is accompanied by the arrow x -> (p{m) 

which is said to absorb the arrows x -*■ q>(m). Thus the closure of a formula 

VxA(x) => A(t(y, z)) is proved with the help of two applications of (Ca), 

and is accompanied by the absorbing arrow x -» t(y, z). Each arrow x ->• t 

accompanying a premise of a rule of inference accompanies also its con¬ 

clusion; and if x occurs in the other premise the arrow accompanies the 

latter premise too, provided x is identified in both premises. Thus arrows 

are repeated and I call them in their new occurrences the induced arrows. 

Now the rules for obtaining the composition x -* t(s(z)) from two arrows 

x -» t(y) and y -*■ s(z) (and for the analogous compositions involving terms 

t(y, u) with two or more variables) are formulated in a syntactically natural 

manner. (If an arrow is obtained by several acts of forming compositions of 

x -> t(y) and y -> s(z) etc., then the different applications of these acts are 

connected to distinct acts of identification of the variable y in the formulas 

of the deductoid.) If x enters into a formula with the arrow x -» t through 

a term <p(x), it is required that cp(t) should be an admissible value of a 

variable. A special interpretational occurrence of (p{t) is introduced in such 

* Besides the absence of dangerous identifications, this prototheorem presupposes that 

all applications of (Ca) are of a nature really encountered in my investigations; cf. the 

second paragraph on page 31 or the third on page 35. 
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cases. (The word ‘term’ is replaced by ‘termoid’ if it is not certain that for 

each system of values of its variables the term denotes an admissible value 

of a variable.) 

One can reduce even the first principal objective in regards to arrows to 

the problem of proving the impossibility of non-strange catchings; a fortiori 

it is true for the second objective introduced especially in connection with 

catchings. The latter being the only (non-trivial) obstacles, one can say 

that the establishment of convincingness is the verification of the absence of 

(non-strange) obstacles for the construction needed in connection with the 

substantiation of the deductoid. 

Recall now the well-known theorem of Bernays and Godel concerning 

the expressibility in the ordinary arithmetic of every prf cp. If one analyzes 

the occurrences of arrows in the proof of this theorem (represented in a 

form where T3 is excluded in favour of (Ca)), one notices that the correctness 

of the condition on arrows presupposes that the natural number series is 

closed relative to (p. 

12. The establishment of convincingness of a deductoid consists mainly in 

considering a class called the envelope of the deductoid. The deductoid itself 

is a finite object: the applications of (Ca) are represented in it by their tasks. 

(Two tasks of (Ca) are to be identified if for every nt they lead to the identi¬ 

fied deductoids of the premise B(m).) If an application of (Ca) with the 

premises B{m) enters into a deductoid P then the deductoids for the premises 

B(m) are not presupposed to appear before the conclusion 'imB{m) of that 

(Ca). This is connected with the fact that the truth of dmB(m) is interpreted 

as the truth, i.e. the feasibility of a proof, for each B(m) (cf.(f) on p. 10), 

but not as its presence. I say that the deductoids for B(m) refer to P but not 

directly (whereas the task of (Ca) and the formula of P refer to P directly). 

The envelope of P, called eP, consists of all objects referring to P\ these are 

the formulas of P and of deductoids of premises of (Ca) referring to P, 

the arrows belonging to formulas, the tasks of (Ca) and the applications 

of the other rules of inference, the interpretational occurrences of termoids 

and all collations required for these objects as well as the establishments of 

exhaustion refering directly to their structural procedures. For each process 

studied, I introduce the corresponding semantical process. The events of this 

are the names obtained for the events of the studied process, according to 

S2. Each such name appears in the semantical process after its sense has 

occurred in the process studied; it is called a semantical event. These events 
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refer to P and for each reference of a constant termoid t to P the structural 

identification of t in this occurrence with the synonym of t occurring as a 

semantical event refers to P. (Structural identifications for two synonyms 

are defined in a natural manner with the help of identifications for more 

simple synonyms occurring as their parts.) These semantical identifications 

represent the interpretations of constant terms occurring in the envelope 

eP. Also for each m of an application of (Ca) a semantical identification of 

that m in the semantical process and in B(m) is required, in order to 

guarantee the coincidence of the studied process mentioned in connection 

with different applications of (Ca) related to the process. All objects of the 

envelope eP are considered as appearing in accordance with the requirements 

of genetical constitution. This entails that Zenonian situations destroying 

the feasibility of the tasks of the elements of eP may appear, and one of the 

requirements of the establishment of convincingness is to guarantee that 

this will not be the case. The constructions involved in the semiotical 

justifications of the intuitionistic postulates don’t require the appearance of 

any event except those which have to have occurred in order that the 

postulate be meaningful (in its reference to P). So these constructions are 

always feasible on the grounds of c.o.h., and they cannot introduce new 

Zenonian situations or catchings. On these grounds these constructions 

are not introduced in eP (but semantical identifications have been included 

in eP so that this introduction might be possible without any essential change 

in the feasibility of the other elements of eP). 

There are two principal kinds of arrows: 

(a^. those accompanying the Bernays axioms, the absorbing arrows 

accompanying the conclusions of (Ca) and the identificational arrows; 

(a2). the arrows obtained from the arrows (at) by composition. 

For (a2) as well as for (ax) there are induced occurrences; and compositions 

are to be made only from arrows belonging to the same occurrence of a 

formula. The rule for obtaining the identificational arrows is as follows: 

Let an arrow x -* t1 belong to a formula F and let Ocl5..., Oc„ be the 

occurrences of terms t1,...,tn such that for each two Oc;, Oci + l (1 < i < n) 

either the identification of t; and ti + 1 in these occurrences refers to P or the 

occurrences Oc; and Oci + 1 are parts of an equality tt — ti+l (or of a 

synonym Eq(t;, ti + 1) of such an equality). Then the identificational arrow 

x tn also belongs to the formula F in the same occurrence of the latter. 

The identificational arrows refer to P. But it is allowed to neglect them 

if x -> tn already has an occurrence belonging to the same occurrence of F 
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or if there is a protodemonstration that the string Ocl5. . Oc„ is strange 

to the construction of elements of eP. (The equality tt = ti + 1 may be 

proscribed in the construction of these strings if it is certain that it does not 

express an identification of tt and ti+1, e.g. when t{ and ti + l are the events of 

different studied processes.) When it is not clear if an identificational arrow 

belongs to a formula, I prefer to count it as belonging to it. (Superfluous 

arrows can only damage the establishment of convincingness.) The rules for 

identifications related to parts of arrows are formulated in a natural manner. 

There is an important requirement called the requirement of termoidal 

completeness. When a task t(x) of a name t(x) of an event of a studied 

process refers directly to the task of a deductoid (e.g. through a task of 

(Ca)) for indefinitely many x’s, then it is required that there is a functional 

symbol t(x) representing this r in the (envelope of the) deductoid. It is 

required that for each of those x’s an identification of t(x) with t(x) refers 

to a deductoid or at least that there should be a string of such identifications 

uniting t(x) with t(x). This requirement is in accordance with those of 

collation theory. It guarantees that one cannot prevent the appearance of 

the absorbing arrow x -> <p{nf) by replacing the <p(m) by their synonyms 

not containing ‘<p’> 

The tasks of (Ca) may be, generally, of a completely arbitrary nature. 

But in practice I need for my aims only several simple cases of these tasks 

requiring no semiotic pathology. (The most difficult of them are connected 

with the representation of some variants of T3.) If all (Ca) are restricted 

to these simple cases there is a protodemonstration of the fact that the 

requirement of the termoidal completeness is fulfilled if the non-absorbed 

arrows (of type at: cf. p. 34) are finite in number. The latter condition 

I call that of the finiteness of the arrows. 

For every element 17 of eP I denote by 77 the finite set of objects preceding 

77 in order of genetic constitution. (All these objects are to belong to eP.) 

Now I can say that the establishment of convincingness of a deductoid P 

consists in three requirements imposed on P and on deductoids P' referring 

to P. 

I. every termoid referring to P shall be a term; 

II. the requirement of termoidal completeness; 

III. for every 77 in eP' each unbounded metafunction whose values belong 

to 77 is strange to the considered task of P'. 

In accordance with S3 the deductoids as well as their establishments of 

convincingness may depend on various parameters. These may be fixed in 
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an admissible manner through all occurrences of them; the establishment of 

convincingness remains an establishment thereafter. 

There are many reductions of I—III to sufficient conditions of a finitistic 

type. E.g. I observe for condition I that for the arrows x t(y) occurring 

in deductoids of formulas Vn(P(n) => P(«')), if a variable y occurs in t(y) 

it does not occur as the left part of an arrow, which saves the envelope from 

an accumulation of functional symbols in the right parts of arrows obtained 

by the composition of x -> t(y) with the arrows y -» s(z). Note also that 

from / arrows of the form x -* t where t is another variable y or y' one 

cannot obtain an arrow x -> r where r contains more than 22‘ strokes. 

Of course if Kt is a natural number series such that for each a in it there 

must be a ^-number equivalent to a + 22‘ this leads to some simple finitistic 

conditions sufficient for I. Requirement II is mostly replaced by the condition 

of finiteness of arrows. The fulfilment of III is guaranteed by a number of 

conditions dealing with certain symmetries of different parts of deductoids 

etc. 

I mentioned above that the fulfilment of the condition on the arrows 

can be reduced to the impossibility of some non-strange catchings. Now 

I can say that the field of those catchings consists of the numeroids, i.e. 

the termoids obtained by c.o.h. as a result of calculation of given termoids; 

the obstacle is an obstacle to the semantical interpretation of the numeroid 

and consists in the fact that the parts of the numeroid catch on a semantical 

process (or on a studied one). 

Now I shall describe briefly the semantical interpretation of the usual 

logical operators preferred by me in connection with Til. A ■=> B is inter¬ 

preted as the presence of a proof of B from A (this proof being of course of 

a somewhat more simple nature than that wherein the A -=> B occurs; 

e.g., this proof may depend on a more simple value of a parameter or on 

a more simple way of fixing it). —i A is short for A f where / acts like 

0 = O'. It is important to remark that this concerns only —j in the usual 

contexts of mathematical logic, because the appearances of ‘not’ in the 

names of (VIII) on p. 16 cannot be reduced to implications. The quantifiers 

are introduced before the connectives and afterwards, e.g. conjunction is 

defined as a universal quantifier with a finite range. This provides me with 

connectives symmetrical from the beginning, (x) is called the universal 

quantifier: (x)^4(x) means the presence of a method enabling one to accept 

^4(x) for every value x of x that has occurred. (Ex) is called the particular 

quantifier and (Ex)T(x) means that there may occur (with an arbitrary 
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modal characteristic and tense) an x for which A(x) can be accepted. Here 

the modality of x in both quantifiers is arbitrary, but if it is ‘real’ these 

quantifiers become the usual Vx and 3x (used in the explication of the 

connectives). Some tactic of acceptance of sentences is here borne in mind. 

It is not difficult to construct a deductoid for two formulas A and —, A 

and even to find an establishment of convincingness for each of them in 

such a manner that if one forms a further deductoid for A & —i A one 

cannot establish its convincingness. More precisely, this impossibility holds 

only if the structural identification of both A’s in A & —i A is to be fulfilled. 

There are cases when this identification leads to a violation of the condition 

on the arrows, and there are also other cases when this identification causes 

a Zenonian situation or catching (e.g. with the field A). These are the 

apparent contradictions or contradictoids and they don’t disturb the program. 

Some of them arise if one tries to prove with the help of T3 the isomorphism 

of two different natural number series: after replacing T3 by (Ca) and 

analyzing the arrows one finds a violation of the condition on the arrows. 

There are also contradictoids arising from considerations of the ultra- 

intuitionistic model for ZF (see below). E.g. one can in many ways indicate 

a set x and choose as A the sentence ‘x is finite’ (in some set-theoretical 

meaning of finiteness). Another contradictoid arises if one finds in this 

model a set y violating the axiom of choice and takes as A the sentence 

y is well-ordered’. (Besides the consistency of ZF I obtain ultra-intuition- 

istically Cohen’s result about the independence of the axiom of choice and 

the continuum-hypothesis; but not his result about the independence of the 

continuum-hypothesis from the axiom of choice in ZF.) It is worth noting 

that contradictoids disappear if one excludes the identification of A in the 

text of A & —i A. Then the formula A & —i A ceases to express a contra¬ 

diction. In connection with Til I must say that conjunctions A & B may 

differ according to the possibilities that parts of A and B are or are not 

collated to one another. If one has a proof of A and another one of —i A 

then the collations of different parts of A within the first A belong to the 

first proof, and those within —i A to the second; but if one merely combines 

both proofs one makes by this action no identification of both A’s in the 

theorems A and —i A. On similar grounds it is possible that there are two 

theorems A and A B such that B is not a theorem. 

Sometimes I use the possibility of considering the texts of conjunctions 

Ax & ... 8c An with no identifications of the parts of the different A/s. 

This enables me to consider some important parts of deductoids as sym- 
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metrical. E.g. in the axioms Ax & . .. & A„ => Aj (1 ^ j < n) the identifica¬ 
tion of both A/s destroys the symmetry of the conjunction. But if one 
analyzes the aims of collations one remarks that this identification is un¬ 
necessary for establishing the fact that implication is an axiom, provided 
that one knows that Aj in the right-hand part of it is a member of the 
conjunction in the left-hand part of it. So one can exclude some of the 
customary identifications as useless for logical aims and reestablish the 
symmetry of many parts of deductoids. This symmetry is used in proving 
that these parts cannot be fields of catchings. It is only one of many similar 
devices of my program. E.g. I use the fact that in applications of (Ca) 
there is no need to collate the parts of different premises P(m) and P(n). 
Of course the exclusion of the customary identifications leads to a revision 
of Til. But as I have mentioned I can reestablish the substantiations of the 
traditional axioms of the intuitionistical predicate calculus. 

This belongs to a brief description of my genetic theory. This theory is 
essentially more complicated than the ontological theory. (That is natural 
because the notion of a proof must be more complicated than that of a 
natural number series.) 

13. Now I return to a brief discussion of the ontological theory. 
Let K0 be a natural number series containing a number k but not k + 2 

(see above, p. 27). Then K0 does not contain 2k. 

For each /f0-number p I denote by p the totality of all /^-numbers ^ P- 
(I call p the genesis of the /^-number p and similarly I call the genesis 2 
of an event z of an arbitrary discrete process D the totality of all those events 
which have necessarily occurred provided z has.) For each Ai0-number p 
I consider now the application of c.o.h. with the basis p and the load con¬ 
sisting, for 0 e p, in the formation of {0} (i.e. in the indication of a void 
place) and for each i+ \ ep in the duplicating of the object obtained as 
the result of the ith load. So for each /+ 1 e p I obtain the totality of strings 
a0 . . . ai+l, where each di (j ^ 1+1) is 0 or 1.1 apply the tactic of collations 
which enables one to identify 00 .. . Oaj... ai+1 of the (/ +1 )st load with 
the dj ... ai+1 of the (i—j)th load. Now I apply c.o.h. once more with the 
basis p and with the (i-t-l)st load consisting in looking over the strings 
a0 ... ai+1 in their natural lexicographical order. This load is feasible if 
the ith such load is because the (z'+ l)st load consists in repeating the /th 
load two times (the first time in the form ax ... ai+l or 0dx . . . di + l of 
the strings, and the second time in the form \ax . . . di+l of the strings with 
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the same ordering of ax . . . ai + l); here the step 10... 0 is to follow the 

step 01 ... 1, which causes a fold. Then I apply c.o.h. with the basis p 

and the load consisting for each i+\ ep in the repeating of the foregoing 

(/ +1 )st load without taking the fold into attention (the result of this load 

being the consideration of the strings a0 ... ai + 1 as appearing in lexico¬ 

graphical order). Now I consider the class K* of all appearances of such 

strings a0 ... ai + 1 with i+ 1 ep where p is a A0-number, the strings with 

different f s being collated according to the tactic described. The operation 

x + 1 or x' is introduced for these appearances in the natural manner; and 

then the class becomes a class of events occurring in the course of 

following a method which defines a natural number series. In the theory of 

collations I establish that this class K* may be identified with this course 

itself, i.e. with a natural number series. (At least I show that the class of 

texts involving those wherein this identification is allowed is sufficiently 

large to include the texts I need in the central nucleus of my program.) 

So given a natural number series K0 with a A0-number k such that 2k 

does not belong to K0 I obtain a new natural number series K* containing 

numbers < 2‘ for each A0-number i, and no other numbers. (Of course when 

I say this, I identify the equivalent K0- and A*-numbers, which is not 

always allowed.) From the ontological standpoint the fact that A'* is a 

natural number series means nothing but that the appearance of its events 

can be described by a method of the kind used in the definition of the notion 

of a natural number series and the fact of the possibility of K* with the 

indicated property means nothing but the possibility of obtaining by means 

of c.o.h. the feasibility of each of the events of K*. Further it is evident 

that if K0 < q e Kx then K* <2q e K*. Also (b) K* is closed with respect 

to the sum-operation a + b defined in a natural way. If q = 2k then 

qe K* -< 2q, so (c) there is a natural number series K* closed with respect 

to a + b but explicitly not closed with respect to 2“ and (d) one can construct 

many series K* -< K** -< . . . each of them satisfying the property (c). 

Now I fix a natural number series L having property (c), e.g. L = K%, 

and I introduce the series M0 = K*, Mj = M*, . • • Mi+1 = M*,. . . 

where i e L. For each L-number i the introduction of Mt is made by means 

of c.o.h. with the basis t and the load consisting, for 0 61, in obtaining the 

introduction of K*, and for each e+ 1 e i, in obtaining K* from the series 

K obtained in the result of the eth load. (So by c.o.h. the names of these 

series are feasible and their events are only the points of indications allowed 

by SI.) Finally I obtain a natural number series ML whose events are those 
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belonging to some Mt, ieL with the natural tactic of collations identifying 

equivalent numbers of different Mt's. Now it is evident that (e) ML is closed 

with respect to 2“ and (f) if Ly -< Lz then MLl «< MLl. Also it is easy to 

show (g) L ^ Ml. For the considered series L it is easy to introduce an 

operation (p(L) such that L «< <p(L) and (p{L) is closed with respect to 

a + bje.g. (p(K0) = <p(L) = L*\ q>(Mt) - Mi+l, (p(ML) = Mv{L)). 

Let Ml be Mp(L). Then (e) and (f) hold with ML replaced by ML and (g) 

can be strengthened to (g*) L -< ML. 

If m e M*, then 
. 2m 

where 2 occurs g times belongs to M*+gprovided g el. (This follows from 

i+g e L.) I denote by 2(a) the ath superpower of 2 defined by the equations 

2(0) = 1, 2(a) = 22<a>. If m = 1 then the result obtained shows that aeL 

entails 2(a) e ML (and a fortiori 2(a) e ML). q e K* -< 2q gives q e M0 •< 2q 

and further 

2qeM1 < 229 eM2< 222' e M3 etc., 

the number 
. 29 

22' (e 

with i 2’s being obtainable by means of c.o.h.; and L = K* -< 2q gives for 

each jeL 

Mj<22' 

where 2 occurs 2q times whence 
. 2 9 

Ml< 22' 

with 2q 2’s and 2q < 2(q) gives ML -< 2(2q+q) < 2(29+1). So ML < 2(29 + 1); 

but qeK*0=M0 gives 29+1 e M2 s ML, so 2?+1 6 ML < 2(29+1). (In a 

similar way one can obtain an r such that /* e ML -< 2(r).) Now the operation 

over L behaves itself towards 2(a) just as K* does towards 2a (with ML 

in the role of K* and 2q+1 in the role of k); therefore I can repeat the 

t Here it is supposed that L -< L*. 
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construction used for K* and 2“ and obtain a series closed with respect to 

2(a) and (with the help of (g*)) even many such series Nl, N2,.... 

One can go further and obtain series closed with respect to the operations 

2-m) defined by 2\£*> = 2(m) and 2\°+\ = 1, 2= 2P'+1<m,). One can even 

replace here the equation 2f+)1 = 1 by 2-°)1 = 2[1). For each i from a series 

L one can obtain another series Nx < N2 < . . . closed with respect to 2-m). 

One can even obtain series closed with respect to 2-m) as a function of two 

variables i and m. According to a well-known result of R. Peter, for each 

prf cp(n) one can find an such that (p(m) < 2\m); so one can obtain a 

natural number series N closed with respect to any prf and even many such 

series N0, N1 ... (The index i in Nt may belong to any previously con¬ 

structed series.) 

Of course ultra-intuitionistically the notion of prf is to be relativized and 

generalized. Let prf be defined as in Kleene’s book ‘Introduction to meta¬ 

mathematics’. Then each prf can be obtained from some initial prf’s in a 

number of applications of two functionals: (a) the schema of composition, 

and (b) the schema of primitive recursion. This number is now a A-number, 

N being a parameter. (One of the initial functions also depends on such a 

parameter; but that is not very essential.) Further one can now consider 

prf’s defined on different series and taking their values in others. To the two 

mentioned functionals I propose to add still two functionals consisting 

merely in replacing an argument or value by its equivalent in another series: 

(c) continuation and (d) restriction. The role of these functionals is to 

replace one series by another in the trivial manner, the resulting function 

being undefined if one cannot obtain its value in this way. This is the most 

essential ultra-intuitionistical generalization of the notion of prf; so one 

obtains the notion of prf defined by means of various natural number series. 

The notion of partial recursive function remains essentially the same, 

insofar as it depends on the calculations, where the latter are to be feasible 

on the ground of c.o.h. It is easy to show that each partial recursive function 

x{xy,... xn) is a prf in the sense just introduced. Namely, let 

. . . xn, y) = 0]) be its traditional Post normal form - by a 

continuation of the series considered one gets its applicability (i.e. closure 

with respect to 11/ and x)- Now for the operator ny[x(xt, . . ., xn,y) = 0] 

I consider its representation in terms of the function i defined by a single 

equation t(z', 0, y) — y (see Kleene’s book § 57). Let N denote the series 

on which these functions are now considered and N < q eJV. (For the 

series considered one always can find such an N and q.) Let t be defined 
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on N by the equations f(z', 0, y) = y, f (0, u, y) = x(v, u!, y) = q. Then 

Hy[x(xl}..., xn,y) — 0] can be defined on N as the restriction to N of 

the prf 

H y [t( n x(*i. • • •» xn, s), FI x(xi s), y) = y] 
y<q s<y sgy 

and so x(xi > • • •> *„) 1S a Pff- 
Of course the result obtained before about the possibility of series N 

closed with respect to every prf is to be understood as referring to prf’s 

defined by means of A-numbers only. Even this notion is now relativized 

and one can find series Nl < N2 . . . with this property. It may be that 

these prf’s on N2 majorize Ackerman’s function on Nt, and so on. 

14. But in order to prove the consistency of ZF with k inaccessible cardinals 

one needs only the k + 2 series K < N0 < Nl < < Nk, the N{’s being 

closed with respect to superpower and the possibility of every At-number 

k' of such N'q < N[ < ... < N'w. For the pure system ZF it is sufficient to 

consider K < N0 with possibility of varying N0 by choosing its values 

No -< iVo -< . . . ~< Nq for each Ao-number m. By means of Nl0 I construct 

a model D‘ for the system ZF; equiconsistent with ZF without the axiom of 

infinity and I have to introduce the latter into Dl *. In this model Dl there 

is a set m, of l ‘urelemente’, and I choose K such that me K entails 

m + 22' e K. Then I introduce intentionally a Zenonian situation with the 

help of a 1-1 function defined on K and taking its values in m,, so that the 

set m, becomes infinite. After this I have to verify the axioms of ZF,- (in- 

* The main differences between ZF, and ZF are the following: 

(a) , the axiom of extensionality is missing in ZF, and a new functional symbol q(x) 

with axioms x £ q(x), and \/u(u£x ^ y) zd q{x) = q(y) is introduced in order to 

obtain the equiconsistency with ZF; 
/***»/ 

(b) . the logic of ZF, is intuitionistic and all 3* in axioms are replaced by —i V* —i 

(likewise for all disjunctions); 

(c) . for the atomic formulas xe y and x — y the law —i —i A zo A is accepted. 

(c) enables one to prove the consistency of ZF, with classical logic. But (b) entails that for 

the set-theoretic functions (and even for those representing prf’s in ZF) instead of existence 

only the double negation of existence is provable in ZF,. This explains the fact that the 

closedness of N0 with respect to superdegree enables us to construct a model for ZF,. 

(d) . The axiom of infinity is replaced by the introduction of a new alphabet a, /?, . . . 

of variables for the elements of m, and of the arithmetical signs 0 and ' with Peano’s axioms 

Vaa' ^ 0 and VaV/?(a' = /?' zd a = /9). 
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eluding the axiom of infinity) for the resulting model. I construct a deductoid 

for each of them, and I show that if there were a contradiction C in ZF; 

containing < / formulas then by replacing in C the axioms by their deduc- 

toids I obtain a deductoid D for a contradiction (not only a contradictoid!*) 

and an establishment of convincingness for D. Here I use essentially the fact 

that the sets of the model D‘ are symmetrical, and so the main parts of the 

deductoids may be constructed as symmetrical also: in this way the most 

disturbing catchings are avoided. (More precisely, for k = 0, I construct 

deductoids in such a way that all objects taking part in it and depending 

on / are symmetrical. These cases are the most difficult of all.) 

Of course all this is but a very short sketch, in which only a very small 

part of the consistency proof for ZF is indicated. All technical parts of this 

proof are investigated by me in complete detail and exposed in many 

manuscripts. The most urgent of them is ready for publication. But the size 

of all these manuscripts exceeds that of Kleene’s book and that prevents 

me from publishing them quickly. In this most urgent text, the demonstroids 

are written down, as well as an exact description of the establishment of 

their convincingness and the chief ideas needed in carrying it out. After this 

text becomes available to my colleagues I shall be able to answer further 

questions with a suitable degree of exactness. But all this technically is a 

very large program and my requirements as to rigour surpass my ability of 

writing quickly. So many questions will remain and I hope they will be 

settled in the course of further study. If I have a success even today, it 

consists in the fact that these questions are essentially deeper than all 

questions known independently of my program. 

Of course, from the ultra-intuitionistic standpoint the traditional axiom¬ 

atic set theory ZF is but a poor fragment of our thinking.* It is to be supple¬ 

mented by the theory of modality and the whole domain of research of my 

prototneories, and this can essentially be done with the help of my method 

for founding it. But the resulting theory is of course not an axiomatic one. 

15. The ultra-intuitionistic program is also an ultra-pedantic one. In order 

to fulfil its requirements completely it is necessary to construct theories 

* More exactly C is considered as a formal proof of 0 = O' in ZF, and D as a demonstroid 

for 0 = O'. 

t Also I have to note that ZF is only one way of formalization of Cantor’s set theory and 

therefore its formalization must not close the domain of research in foundations of set 

theory. E.g. one has to investigate the consistency of Quine’s system ‘New Foundations’. 
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about each grammatical category unavoidable in the exposition of this 

program. That is possible, but still not fulfilled in all detail. So today there 

are questions answered only intuitively. There is a kind of intuition un¬ 

avoidable in this research. To this intuition belongs the understanding of 

aims of each use of a sign or of each other elementary act of thinking. 

I aspire to describe also this intuition by some methods but then new 

elementary acts are required and I am forced to indicate some external 

tactic followed only intuitively. That is unavoidable. But one of the extreme 

directions of the program consists in reduction of all uses of intuition to the 

intuitive understanding that the signs used correspond to their aims. I call 

this direction pragma-ultra-intuitionism. 

At any rate nobody can dispense with a kind of confidence to his own 

memory in his study of a theory. Of course, that is true for my program, too. 

I argue that this kind of confidence is different from faith in the ordinary 

sense, because it is not used as an argument in a proof or deduction. 

Nevertheless the logic of confidence governing this kind of confidence is 

required in my program in order to justify confidence in memory too. This 

logic deals with the transition from ‘A asserts B’ and ‘I believe A' to ‘I 

accept B\ and with many rules of preference of one source of confidence to 

another one. I recall that the ethical term ‘fair’ enters in the general explica¬ 

tion of ‘proof’, and I aim to establish an ethical theorem that it is better 

to accept memory as a source of confidence than to reject it. (If I prefer A 

to B, I say A is better than B; this explication shows why I have always 

to prefer the better; and if sometimes I say I refuse to do it the reason is a 

play on words based on the presence of several tactics of preference.) The 

principle of tautology is considered as the best source of confidence. 

I introduce the extreme directions in order to state that today all unsolved 

questions essentially belong to the extreme directions. So in order to show 

today’s state of affairs in my program I can list these extreme directions. 

They too have been studied by me in part. I can indicate today the following 

seven directions (in their names I use the abbreviation ‘uism’ for ‘ultra- 

intuitionism’): 

(1) . ultra-ultra-intuitionism (briefly: uduism) - the construction of the 

theory of disputes - the logic of confidence and the relevant parts of ethics; 

(2) . extra-ultra-intuitionism (briefly: eduism) or relevantism - the sub¬ 

stantiation of the hypothesis on obstacles, or its abolishment from our 

considerations; 

(3) . trans-ultra-intuitionism (briefly: teduism) - the same for c.o.h.; 
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(4) . pragma-ultra-intuitionism (briefly: peduism); 

(5) . lega-ultra-intuitionism (briefly: eluism) - the foundations of the 

primary permissions and the deontic relations between different extreme 

directions; the relevant parts of ethics; 

(6) . nega-ultra-intuitionism (briefly: neguism) - the substantiation of the 

principle of the negative evidence; 

(7) . bi-nega-ultra-intuitionism (briefly: bineguism) - the substantiation 

of the elimination of double negations in the foundations of prototheories. 

Some questions of the same type are still remaining in the foundations of 

the genetic theory, but here there is evidence that they can be settled essen¬ 

tially by means of Godel’s imbedding operations. In many cases this elimina¬ 

tion requires the consideration of the double negation of a possibility as a 

new kind of possibility, for which pmf and other modal principles can be 

proved. Generally to this direction belong only such questions that can be 

dissolved in the considerations of modalities. 
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COMPUTABLE ANALYSIS AND DIFFERENTIAL EQUATIONS 

OLIVER ABERTH 

Computable analysis is an analysis restricted to the field of computable num¬ 

bers, where a real number is called computable if there is an algorithm for 

obtaining arbitrarily precise rational approximations. Algorithms are the 

basis also for the definitions of the functions and sequences of computable 

analysis, and in every instance of a number, function or sequence, an ap¬ 

propriate defining algorithm is assumed available. This constructive point 

of view leads the analysis to take on many intuitionistic aspects. 

1. Effective methods. A novel feature of this analysis is the wide use that 

can be made of the concept of ‘effective method’. For a given computational 

problem, it is natural to ask whether there is a constructive method of 

finding an algorithm defining the computational result if the algorithms de¬ 

fining the input data are known. To put this more precisely requires entering 

into the details of what constitutes an algorithm. Here we use the terminolo¬ 

gy of a recent exposition of computable analysis [1 ], where the formal con¬ 

cepts of ‘program’ or ‘programmable function’ replace our undefined term 

‘algorithm’. NP denotes the ‘descriptive integer of the program P’, a unique 

positive integer assigned to the program P. 

There is then an effective method of solving a given computational pro¬ 

blem if there is a programmable function F(NPl, N?2, . .., NPk) such that 

if NPl, NP,, . . ., NPk are the descriptive integers of programs defining the 

input numbers, functions, or sequences, then F defines the computational 

result. (F may have additional arguments besides the ones shown, in ac¬ 

cordance with the type of result that F is to define). A computational pro¬ 

blem for which such a programmable function F exists is then effectively 

soluble; whenever it can be shown that no such F exists, the problem is 

effectively insoluble. 

A simple example of the employment of these concepts is the following 

computational problem: Given a (computable) number x defined by the 

47 
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programmable function a(s) (a(e) is a rational approximation for x with 

error not greater than the rational e), find a decimal approximation dk with k 

decimal digits after the decimal point such that \dk — x| < rxlO-k, r a 

prescribed rational number, r is usually taken as and often there is an 

additional requirement of the evenness of the last decimal digit when the 

maximum error of Jx 10-fc is attained. 

Even ignoring the additional requirement, for r — \ this problem is effec¬ 

tively insoluble, theorem 14 of [1] providing an easy proof. Since there is no 

difficulty here for the special case when x is a rational number plq, we can 

show that for r > \ the problem is effectively soluble: take dk to be a decimal 

number closest to a((r—x 10“*). 

An interesting convenient choice for r is J- = 0.5. In this case from dk we 

may obtain dj, 1 ^ j < k — 1, by adding 5 x 10-u+1) to dk and then dropping 

all digits beyond the jth decimal place. Similarly, if r equals 5 x10s-1/ 

(10s — 1), 1 < s < k, then the described process is correct for 1 < j < k—s. 

The identification of unreasonable computational problems that is pro¬ 

vided by the concept of an effectively insoluble problem may be useful in nu¬ 

merical analysis. 

In the remainder of this paper we treat some topics of differential equations 

from the point of view of computable analysis, to bring out a few differences 

in comparison with real analysis, and other applications of the concept of 

effective method. 

2. The differential equation dy/dx = /(x, y). Our first theorem is similar to 

a standard ‘existence theorem’ of differential equations. 

Theorem 1. Given the differential equation dyjdx = /(x, y) with f{x,y) 

uniformly continuous in a rectangle R = {(x, y): x e [a, b], y e [c, d]}, with 

\f{x,y)\ < M and \f(x, yk)-f{x, y2)\ < L\yx-y2\ for points (x,y), (x,^), 

(x, y2) in R and positive constants M, L, then for any prescribed constant y0 

with (a, y0), (b, y0±M(b — a)) in R, there is an effective method of finding a 

uniformly continuous function y(x), x in [a, b], and its derivative ^'(x), such 

that y(a) = y0, y'(x) = f(x,y(x)). Moreover, this function is unique. 

The usual constructive techniques of Cauchy and Lipschitz may be employ¬ 

ed in the proof of this theorem to show the effective method and uniqueness 

ofy(x) (cf. Ince [4], pp. 75-81). The uniform continuity required for/(x, y) 

cannot be replaced by pointwise continuity. 
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Theorem 2. Under the same hypotheses as in the previous theorem except 

that the Lipschitz condition is dropped, for any positive integer n there is 

an effective method of finding a function y„(x), x in [a, b], and its derivative 

y'n(x) such that yn{a) = y0, \y'„(x)-f(x, y„(x))\ ^ l/n. However, there is an 

/(x, y) such that for appropriate y0 there is no effective method of finding a 

function y(x) satisfying y'(x) = /(x, y(x)), y(a) = y0. 

Proof. There is no difficulty in constructing a uniformly continuous 

function/„(x, .y) such that |/„(x, y)—f(x, j>)| ^ l/n in R and/„(x, y) satisfies 

the Lipschitz condition for L—Ln. Then by theorem 1 we may find ^(x) with 

\yn(x)-f(x> ynO))l = Ifn(x, yn(x)-f(x, yn(x))\ < 1 In. 

To prove the second part of the theorem, consider the function/(x, y)=iyi, 

with [a, b] = [0, 1]. If y0 > 0, y — (x + |Tol*)* so that j(l) > 1, and if 

y0 < 0, y — — (x + |jo|*)* so that y(l) < —1. That these functions are 

unique may be shown by applying theorem 1 for an appropriate rectangle 

R. If y0 = 0 any of the following functions is a solution: y = 0 for x in 

[0, x0], y = ±(x-x0)* for x in [x0, 1], 0 x0 < 1. 

If there were an effective method of obtaining a solution y(x\ y0) for any 

y0 in an interval containing 0 as an interior point, say [—1, 1], then we 

arrive at a contradiction. Define the programmable function Q(n) as follows: 

For n = NP, set y0 = a? (cf. proof of theorem 21 of [1] for the definition 

of aP) and decide on one of the following as true: y{ 1; aP) > — \ or y( 1; aP) 

< In the first case Q(n) = +1, in the second Q(n) = — 1. Thus if 

P(Np) is defined, Q(NP) = +1 if P(NP) ^ 0 and -1 if P(NP) > 0. But 

then if NQ is the descriptive integer of a program realizing Q, whichever 

value Q(Nq) assumes leads to a contradiction. 

3. Linear differential equations with constant coefficients. To obtain an 

effective method of solving the equation y^ + an_ly<-n~1) + ... +axy' + 

+ a0y = 0, at constants, with the initial conditions that j>(fc)(0) are specified, 

k = 0, 1,1, a slight change from the usual approach is necessary. If 

r is a complex root of multiplicity m for the polynomial tn + an-1tn~l + .. .+ 

+ a0, then zJerz, j = 0, 1, . . ., m — 1, are m linearly independent complex 

solutions to the differential equation. We apparently have an effective 

method of solving our problem: Since a general solution is Ya=i ciyi(z)> 

yt a complete set of the above solutions, we may adjust the constants cf to 

satisfy the initial conditions and then take the real part as our solution. 

However, the method of obtaining the specific solutions yt is flawed be- 
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cause there is no effective method of determining whether a polynomial 

with computable number coefficients and degree > 1 has multiple roots, or 

even the multiplicity of a given root [2]. To get around this difficulty, note 

that if rl, r2 are distinct, the divided difference 

i <■:• 'i' 
0 

i i 4-12 = k — 1 

is also a solution. Using this function, er‘z, and further divided differences’ 

we obtain n linearly independent solutions given by 

eflZ- er2Z _ “ z* 

rl — r2 k=i k\ 

oo k 
Z 

y*(z) = I — E 
k~ s 1 K! ijZO 

i i + ... + is = 
= k —s+1 

r ‘i r >2 
' 1 '2 . rc 

for s = 1,2where the roots rt, r2, . . r„ need no longer be distinct. 

These functions can be used to obtain the effective method of solving the 

differential equation under the initial conditions. 

4. A solution to the equation A u = 0 with no analogue in real analysis. 

Since in computable analysis there are functions pointwise continuous over 

a closed interval but not uniformly continuous there, the possibility arises 

of finding such functions as solutions to differential equations. This could 

not occur with the linear differential equation treated in the previous sec¬ 

tion; a generalization of theorem 1 applies there. However, for Laplace’s 

differential equation 

. d2u d2u 15/ du\ 1 d2u 
0 = Au = —- -\-- =-r — + - — , 

dx2 dy2 r dr \ dr) r2 d92 

we can show that non-uniformly continuous solutions exist. 

Theorem 3. There is a function u(r, 9), not identically zero on the unit disc 

0 < r < 1 though equal to zero on its circumference, pointwise continuous 

but not uniformly continuous on the disc, and satisfying the equation Au = 0 

inside the disc. 

Proof. We may enumerate those descriptive integers NP such that 

P(2-(iVp + 2)) is defined: Nx, N2, . . .. If the correspondingly defined rational 

numbers are r1; r2, . .., define gn(9) to be a periodic function, with period 

27t, such that gn(9) = Ofor|0-rn| < 2-(iV"+1), gn(9) = 1 for |0-r„| ^ 2~N" 

and — n < 9-rn < n, and gn{9) is given by the obvious linear relations for 
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intermediate 0. If hn(9) = f]k = i 9k(9), then in a period 2n this function is 

unequal to 1 on intervals whose total length is less than 2]T®=1 2~fc = 2. 

Now if 

1 C2n 1 C2n 
a(k)n = - hn(9) cos kddd, b(k)n = - hn(9) sin kddO, 

nj0 nj0 

then these sequences are Cauchy and hence have limiting values a(k), b(k). 

For r < 1 we define our desired function by 

CO 

u(r, 9) = |a(0)+ £ rk(a(k) cos k9 + b(k) sin k9). 
k = 1 

By differentiation of the series, w may be shown to satisfy Au = 0 for r < 1. 

If u„(r, 9) is given by 

CO 

un(r, 9) = ia(0)n+ £ rk (a(k)n cos k9 + b(k)n sin k9), r < 1, 
lc= 1 

an alternate form for un(r, 0) is the Poisson integral (cf. [5], pp. 270-277) 

1-r2 

r2 — 2r cos (9 — cp) +1 
d (p, r < 1. 

For any angle 9' = {a(e)}, if Na is a descriptive integer of a program re¬ 

alizing a, a(2-(N* + 2)) is defined, so we may find a large enough n, say n0, 

such that hno(9) = 0 on an interval containing 9' as an interior point. Em¬ 

ploying the Poisson integral, for any positive number e we can show in the 

usual manner that 0 < u„0(r, 9) < e for (r, 9) inside the unit disc and suffi¬ 

ciently close to the point (1, 9) on the circumference. The same applies to 

un(r, 9), n > n0, by comparison of their Poisson integrals with that of 

uno(x, y), and by an easy additional argument also to u(r, 9). Thus we may 

set u{r, 9) equal to 0 on the circumference of the disc and obtain a compu¬ 

table function defined everywhere on the disc. 

5. Effective methods and well posed problems. In real analysis, to make the 

problems of partial differential equations conform more with physical 

reality, the concept of a well posed problem, where the solution varies 

continuously with the initial values, is widely employed. Hadamard’s 

famous example of a problem not well posed was that of determining a 

solution to Au = 0 with u(x, 0), uy(x, 0) prescribed. The functions 

un(x, y) = (sinh ny sin nx)/n2 satisfy the initial conditions u(x, 0) — 0, 



52 O. ABERTH A II 

uy(x, 0) = (sin nx)jn, but as n -» oo, un(x, y) does not approach the solution 

u(x, y) = 0 though the initial conditions approach u(x, 0) = 0, uy(x, 0) = 0. 

In computable analysis the concept of an effectively soluble problem 

may be used as a substitute for the idea of a well posed problem. For in¬ 

stance, it is not difficult to show that for functions g(x) not unequal to all 

the functions 0, (sin nx)/n, there is no effective method of finding a function 

u(x, y) not unequal to all the functions 0, (sinh ny sin nx)/n2, with 

u(x, 0) = 0, uy(x, 0) = g(x). 

A formal proof can be given as follows: Take g(x) equal to |aP| sin (x/|aP|). 

|aP| is a reciprocal of a positive integer or is 0 according as P(NP) is or is not 

defined. If |aP| = 0, x/\aP\ is undefined, but in this case the coefficient 

|aP| allows us to take g(x) = 0 and obtain a computable function. If there 

were an effective method of obtaining u(x, y), then since w(l, |aP|) > \ if 

P{NP) is defined and w(l, |aP|) = 0 if P(NP) is undefined, we obtain an ef¬ 

fective method of determining whether or notP(AP)is defined, contradicting 

theorem 13 of [1]. 
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MATHEMATICS AS A NUMERICAL LANGUAGE 

ERRETT BISHOP 

The one point on which constructivists agree is their criticism of classical 

mathematics. Brouwer’s great contribution was to analyze intensively the 

inadequacies of that system. After Brouwer and Kronecker, we all know a 

reformation is needed, but disagree about what course it should take. 

Intuitionism, as developed by Brouwer, stresses as basic our intuition of 

the integers and our intuition of the real numbers; all of mathematics is to be 

reduced to these two primitive constructs. In my book [1] I proposed, 

in the spirit of Kronecker rather than Brouwer, that the integers are the 

only irreducible mathematical construct. This is not an arbitrary restriction, 

but follows from the basic constructivist goal - that mathematics concern 

itself with the precise description of finitely performable abstract operations. 

It is an empirical fact that all such operations reduce to operations with 

the integers. There is no reason mathematics should not concern itself with 

finitely performable abstract operations of other kinds, in the event that 

such are ever discovered; our insistence on the primacy of the integers is 

not absolute. 

Thus by ‘constructive’ I shall mean a mathematics that describes or 

predicts the results of certain finitely performable, albeit hypothetical, 

computations within the set of integers. If a word is needed to delimit this 

special variety of constructivism, I propose the term ‘predictive’. From 

the predictive point of view, Brouwer’s intuitionism at first glance contains 

elements that are extremely dubious; free choice sequences and allied 

concepts admit no ready numerical interpretation. Moreover, the numerical 

content of intuitionistic mathematics is diluted by over-reliance on 

negativistic techniques. The role of negation in predictive mathematics is 

philosophically secure, if only because there exist negative statements that 

do have numerical content. Nevertheless, it is remarkable that a systematic 

effort to avoid negation leads uniformly to better results. 

Constructive mathematics is in its infancy. According to some, it is 
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doomed to the role of scavenger. These people conceive of classical mathe¬ 

matics as establishing the grand design and the imaginative insight, leaving 

the constructivists to add whatever embellishments their credos demand. 

Although totally wrong, this viewpoint hints at a truth: The most urgent 

task of the constructivist is to give predictive embodiment to the ideas and 

techniques of classical mathematics. Classical mathematics is not totally 

divorced from reality. On the contrary, most of it has a strongly constructive 

cast. Much of the constructivization of classical mathematics is therefore 

routine; constructive versions of many standard results are readily at hand. 

This makes it easy to miss the point, which is not to find a constructive version 

of this or that, or even of every, classical result. The point is not even to 

find elegant substitutes for whole classical theories. The point rather is 

to use classical mathematics, at least initially, as a guide. Much will be of 

little value to the constructivist, much will be constructive per se, and much 

will raise fundamental questions which classically are trivial or perhaps do 

not even make sense. The emphasis will be on the discovery of useful and 

incisive numerical information. It is the incisiveness and scope of the 

information, not the elegance of the format, that is relevant. 

A given classical result may have no, one, or many constructive versions, 

none necessarily superior to the rest, because different constructive theorems 

can represent different numerical aspects of the same classical result, all 

giving different estimates, useful for different ends. In many instances a 

classical definition, which makes good constructive sense, no longer rep¬ 

resents the correct point of view, and so must be replaced. Finding the 

correct replacement is often a non-trivial challenge, involving considerations 

which from the classical standpoint would be absurd. I believe that even¬ 

tually the influence of constructive on classical mathematics will be greater 

than the influence the other way. Very possibly classical mathematics will 

cease to exist as an independent discipline. In the meantime, it behooves 

constructivists to attach their mathematical and philosophical investigations 

to mathematics as it exists. Contrary practice has led to numerous irrelevan- 

cies and misplaced emphasis. Even a quick look shows that much of the 

constructivist literature lacks the serious intent the subject demands. 

In this short paper I want to indicate what to me are some of the important 

questions of constructive mathematics today. First, I wish to discuss certain 

mathematical problems, not because of any special interest or difficulty of 

these particular problems, but as an indication of the sort of work that 

needs to be done. 
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The first example is taken from probability theory. (Modern probabilists 

seem to have little or no interest in the computation or even the computa¬ 

bility of the probabilities with which they deal. It is not surprising the 

subject is blatantly idealistic.) The BirkhofF ergodic theorem asserts that if 

T is a measure-preserving transformation on a finite measure space and / 

is an integrable function, then the averages 

/"« = -T- (/M+/(r*)+ ... +/(r*» 
n + 1 

converge as n -* oo for almost all x. Constructively this result fails. For a 

counterexample in the style of Brouwer, take T to be rotation of the unit 

circle through an angle 2rca, where a is a real number which, for all we know, 

could be equal to 0, but could, on the other hand, be irrational. On the one 

hand {/"} would converge a.e. to/, and on the other to the constant function 

(2ir)-1J/(0)d0. Thus a constructive proof of Birkhoff’s theorem is out of 

the question. It is shown in [1] that the sequence {/"} in general satisfies 

certain inequalities (of a type first introduced by Doob for the study of 

martingales, and called upcrossing inequalities), which classically imply 

the sequence converges a.e. These inequalities, which from the classical 

point of view constitute a considerable strengthening of Birkhoff’s theorem 

and its principal modern generalizations, would seem to afford a satisfactory 

constructive version of the ergodic theorem, but this is not so. In the case 

of a completely general measure-preserving transformation, the upcrossing 

inequalities are probably satisfactory. In other words, they afford a good 

equal-hypothesis substitute for Birkhoff’s theorem. However, we would 

also like a good equal-conclusion substitute for Birkhoff’s theorem - that is, 

usable conditions on T that imply the constructive convergence of the 

sequence {/"} almost everywhere. This is an important open problem. 

The next example is taken from algebra. Recently I was asked whether 

the Hilbert basis theorem - that a polynomial ring over a Noetherian 

domain is Noetherian - is constructively valid. The answer is easily seen 

to be ‘yes’. Unfortunately, not even the ring of integers is Noetherian from 

the constructive point of view (and therefore the Hilbert basis theorem is 

vacuous). For a counterexample in the style of Brouwer, let {nk} be a 

sequence of integers, for which we are in doubt as to whether they are all 

equal to 0. The ideal generated by the integers nk has no finite basis in the 

constructive sense. The problem is to find a constructively usable reformula- 
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tion of the definition of a Noetherian ring, which would include the integers 

and give constructive substance to the Hilbert basis theorem. 

Our third example, from topology, came as a surprise. Elementary 

algebraic topology should be constructive, but the definition of the singular 

cohomology groups gives trouble. A singular 1-simplex of the unit circle 

Sl is a continuous function co from the closed unit interval [0, 1] into S1. 

Let Q denote the set of all such co. A singular 1-cochain c (over the integers 

Z) can be thought of as a function from Q to Z. We wish to define con¬ 

structively a singular 1-cochain that generates the one-dimensional cohomo¬ 

logy group of Sl. Such a cochain will in particular be a non-constant 

integer-valued function c on Q. Now the set Q is arcwise connected, in the 

sense that if oq and co2 are any points of Q, there exists X\ [0, 1 ] -* Q with 

A(0) = cot and A(l) = co2. A result of Brouwer says that every integer¬ 

valued function on [0, 1 ] is constant. A corollary is that every integer-valued 

function on an arcwise connected set is constant. Thus a non-constant 

integer-valued function c on Q would counterexample Brouwer’s result. 

Brouwer’s result has not been counterexampled. These considerations 

indicate the difficulties involved in finding a satisfactory constructive version 

of singular cohomology theory. 

Each of the three problems just discussed requires the development of 

new concepts appropriate to the constructive point of view. None of them 

is likely to be given an acceptable solution by the application of a general 

technique of constructivization. Incisive estimates and apt definitions are 

not to be expected as consequences of general schemes that translate from 

classical to constructive mathematics, although translation techniques may 

have value in special instances, as we shall see later. 

The most urgent foundational problem of constructive mathematics con¬ 

cerns the numerical meaning of implication. Constructivists have custom¬ 

arily accepted Brouwer’s definitions of the mathematical connectives and 

quantifiers, implication in particular. According to Brouwer, P -» Q means 

that the existence of a proof of P necessarily entails the existence of a proof of 

Q, in other words, there is a method that converts a proof of P into a 

proof of Q. In [1] I gave a variant of this definition, fitted to the predictive 

point of view: P -> Q means \ . . the validity of the computational facts 

implicit in the statement P must insure the validity of the computational 

facts implicit in the statement Q ..There is a discrepancy between 

even this reformulated definition and the predictive goal, since, as defined, 

P -> Q is not a priori predictive of the results of certain finitely performable 



A III MATHEMATICS AS A NUMERICAL LANGUAGE 57 

computations within the set of integers. Rather than prematurely attempt 

to resolve this discrepancy, in [1] I decided to let the mathematics be the 

test, and found that in actual practice there was little difficulty in giving 

numerical interpretations to statements with implications or even nested 

implications. Although the numerical meaning of implication is a priori 

unclear, in each particular instance the meaning is clear. We are at liberty 

to continue to treat the numerical meaning of implication as being provided 

by the context, but hopefully there exists a philosophical explanation of the 

empirical fact that intuitionistic implication in each instance admits a 

numerical interpretation. Such an explanation requires a deeper analysis 

of the content of a theorem of constructive mathematics. As a point of 

departure for such an analysis, I examined a number of theorems and proofs 

of [1], and came to the following conclusions. 

A complete mathematical statement - that is, a theorem conjoined with 

its proof and with all theorems, proofs, and definitions on which it depends, 

either directly or indirectly - asserts that a given constructively defined 

function/, from a given constructively defined set S to the integers, vanishes 

identically. In other words, it asserts Vx^(x), where A is the decidable 

predicate /(x) = 0 and x ranges over S. 

Most theorems, standing by themselves, are incomplete mathematical 

statements. An incomplete mathematical statement concerns certain entities 

whose constructions are not described in the statement itself. For instance, 

the prime number theorem 

implicitly refers to a sequence {«*} of positive integers such that 

n 

whenever n > nk. The integers nk can be extracted from the proof of the 

prime number theorem, presuming it is constructive (as it is). In general, 

an incomplete mathematical statement asserts the existence of an element 

y of a set T, such that when the rule for constructing y is given the statement 

becomes complete. In other words an incomplete statement has the form 

3yP(y), where P(y) is a complete statement with parameter y. According 

to the above, the incomplete statement therefore has the form 

3yVxA(x, y) 0) 
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where x runs over a set S, y runs over a set T, and A(x,y) is a decidable 

predicate for each x in S and y in T. 

An incomplete mathematical statement is a consequence of its completion. 

Nevertheless, it contains additional information - the intent. If the prime 

number theorem were written in the form 

VnV/c 
(" 

5s 
n(n)log n 

-1 -< k -l 

and nk replaced by its explicit definition, we might fail to realize that the 

primary intent was to construct any sequence making the statement 

true. The use of incomplete statements aids the intuition and saves time. 

Moreover, incomplete statements are structural components of implications. 

An implication P -* Q, where P and Q are incomplete statements, means 

something quite different from P' -> Q’, where P' is a completion of P and 

Q' of Q. 

Let us grant that mathematics is concerned with statements of the form 

(1), and inquire how an implication P -» Q, where P and Q are statements 

of form (1), is to be interpreted as a statement of form (1). The interpretation 

we shall develop is due to Godel [2]. Let P be 3yVxyl(x, y) and Q be 

3vVuB(u, v), so that P -*• Q is 

3yVxA(x, y) -* 3vVuB(u, v). (2) 

Pure thought translates this into 

Vy(Vx A(x, y) -> 3vVuB(u, y)). (3) 

For a given value of y, which we now fix, (3) asserts that in case the statement 

A(x, y) is true for all x then v can be constructed to have certain properties. 

The rule for constructing v will consist of a certain finitely describable 

procedure, some stages of which perhaps assume the truth of VxA(x, y). 

For example, at a certain stage we may need to know that a certain integer 

d is non-zero, in order to be able to perform a division, and it may be 

necessary to make use of the hypothesis dxA(x, y) to derive the needed 

inequality d 0. In fact, such an occurrence is no obstacle to giving a 

universally valid definition of v. We simply take v to be some convenient 

constant in case d — 0 (which constant does not matter). Such considera¬ 

tions lead us to expect we can extend out original construction, and give a 

universal construction for an element v of the set in question, with the 

property that in case Vx^4(x, y) does hold, then v will have the value 
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originally prescribed. In other words, we conjecture that if we can prove the 

statement 

Vx/l(x, y) -> 3uVu5(u, v), (4) 

we can actually prove the seemingly stronger statement 

3v(VxA(x, y) ->■ VuB(u, v)), (5) 

which in turn is equivalent to 

3t)Vu(Vx^4(x, y) -> B(u, v)). (6) 

Thus we conjecture that P -> Q is actually equivalent to the seemingly 

stronger statement 

Vy3iA/u(VxT(x, y) -> B(u, v)). (7) 

To go deeper, fix values of y, v and u, and consider the statement 

VxT(x, y) -*• B(u, v) (8) 

which asserts that the particular decidable statement B(u, v) is a necessary 

consequence of the totality of decidable statements ^4(x, y) for all x. 

Experience indicates that a proof of a statement such as (8) actually deduces 

the truth of B(u, v) from the truth of finitely many of the statements A(x, y). 

Moreover, reflection indicates the difficulty of exhibiting an instance of a 

proof of a statement such as (8) that actually uses infinitely many of the 

statements A(x, y) to prove the statement B(u, v). Let us therefore conjecture 

that if we can prove (8) we can actually construct elements xl,..., xB 

such that 

A{xx, y) a. . .aA(x„, y) -* B(u, v). (9) 

Now (9) is a finitary statement involving decidable propositions. Therefore 

the rules of classical logic hold, so that there exists k with 1 ^ k ^ n 

such that 

A{xk, y) B(u,v). (10) 

Thus we conjecture that if we can prove (8) we can prove 

3x(A(x, y) -» B(u, v)). (11) 

Thus we conjecture that (7) is actually equivalent to the seemingly stronger 

statement 
(12) Vy3t;Vu3x(^4(x, y) -> B(u, v)). 
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Using the axiom of choice, we transform (12) into 

3i;3xVyVu(A(x(y, u), y) -» B(u, v(y))). (13) 

This is our candidate for a numerical version of P -> Q, and these con¬ 

siderations probably explain why intuitionistic implication in actual practice 

admits of numerical interpretation. Godel in [2] proves for a particular 

formal system, designed to accommodate large portions of constructive 

mathematics, that any proof of (2) can be transformed into a proof of (13). 

Whether or not we wish to commit ourselves to this or any other formal 

system, Godel’s result strengthens our conjecture that (13) is the proper 

numerical version of P -» Q, and leads us to define a new type of implication, 

which I shall call numerical implication (or Godel implication). With P and 

Q as above, P -*■ Q is defined to be the statement (13). Since it appears that 

intuitionistic implication in practice amounts to numerical implication, it 

would seem that for the philosophical unity of predictive mathematics we 

should abandon intuitionistic implication and work with numerical 

implication exclusively. Before we definitely accept such a change, we should 

check in more detail that numerical implication is actually being used, and, 

just as important, that our intuitions can adjust to the change. I believe 

experience will prove that numerical implication is at least as natural and 

easy to use as intuitionistic implication. 

Another important foundational problem is to find a formal system that 

will efficiently express existing predictive mathematics. I think we should 

keep the formalism as primitive as possible, starting with a minimal system 

and enlarging it only if the enlargement serves a genuine mathematical need. 

In this way the formalism and the mathematics will hopefully interact to 

the advantage of both. As a point of departure, we take a formal system 

such as used by Godel [2]. Another version is given in Spector [6], where 

the relevant system is called I2 ■ It is closely related to the system of Kleene 

and Vesley [3], with the free-choice type axioms left out. 

To give a quick sketch, our system E formalizes the theory of functions 

of certain types. The types are defined inductively as follows. The primitive 

type is [0], and a function of type [0] is an integer. If • • •> tn are types, 

< = (*!,..., f„) is a type, and a function of type t is an «-tuple (/x,.. .,/„), 

where fi is of type ff. If and t2 are types, -*■ t2 is a type, and a function 

of type ty -*■ t2 is a function from the set of all functions of type tt into 

the set of all functions of type t2. The types tt -*• (t2 -*■ t3) and (tl9 t2) -* r3 

are considered to be the same, and the types t -*■ ,..., tn) and 
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(t t -*• tn) are considered to be the same. The system I contains 

variables of the various types, for functions of the various types. Variables of 

the various types are combined in meaningful ways to form terms. A 

variable of type t is also a term of type t. If U is a term of type -*■ t2 and 

t> a term of type tx, then u(t>) is a term of type t2 ■ The constant 0 is a term 

of type [0]. For each term u of type [0], the successor u' of u is a term of 

type [0]. If u is a term of type t and xx, . . ., xn are distinct variables of 

arbitrary types then X(xl,. . ., xn)u is a term of type 

(f!,..., tn) -*• t, to be interpreted as the function whose value at (/x,.. .,/„) 

is the result of replacing xt by f in U (1 ^ i < rt). The primitive formulas 

of I are of the form u = b, where u and 0 are terms of type [0]. By means 

of the connectives a, v and and the quantifiers 3 and V, applied to 

primitive formulas, arbitrary formulas are obtained. The statement ‘not A' 

is defined to mean ‘A -+ 0 = 1.’ The axioms and rules of inference include 

the axioms and rules of the intuitionistic predicate calculus (rules and 

axioms A1 through A10 and B1 through B4 of [6]), axioms for equality 

(axioms Cl through C4 of [6]), the induction rule (rule D of [6]), and the 

axiom of choice for all types (an extension of axiom E of [6]). Also included 

is an axiom expressing the meaning of the A-operator. For convenience 

we might also include axioms for certain functions, as is done in [3]. 
Our first problem is to interpret sets in the system I. To each set A we 

associate a formula A'(x,y) containing no quantifiers. (Then A'(x,y) is 

decidable for given values of the free variables a: and y.) The set A is defined 

by taking xeA to mean VyA'(x, y). (Of course, x may stand for a finite 

sequence (^i,..., xn) of variables of various types, and the same is true 

of y. Note that it would be incorrect to define xeA by a formula of the 

type 3z VyA'(x, y, z); in such a situation, the value of z is necessary to com¬ 

pletely determine an element of A; hence we should write (x, z) e A rather 

than xeA, and define it by the formula VyA'(x, y, z).) Each set A has a 

relation of equality, which means we must define —Ax2 by a formula 

3zVyA"(xt, x2, y,z). 

Of course =A must be shown to be an equivalence relation. The special 

equality xt = x2 defined as Vy(x1(y) = x2(y)) is called functional equality. 

Whenever the equality relation on a set A is not defined, functional equality 

will be meant. In general we require the equality relation on any set to be 

weaker than functional equality. If A' and A" contain a variable u, in 

addition to those described above, we have a family of sets indexed by the 
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parameter u. This construction will only be used in the special case of a 

family of subsets, as described below. If A and B are any sets, defined 

respectively by formulas A', A" and B', B", we define the set C = F{A, B) 

of all functions from A to B as follows. Write the formula 

Vx(xe A ->/(x)efi) a Vx1Vx2(x1 gA ax2 e A axj —a x2 -> f(x i) =B/(x2)) 

in the form 3uVvC'(f, u, v). Take (/, u)eC to mean Vi>C'(/, u, v). Similarly 

take (/i, mO =c(/2, w2) to mean 

Vx(x e A ->/j(x) =B/2(x)). 

To define a subset 5 of a set ,4, according to [1], we must define an element 

x of ,4, perform the construction of an additional function u, and check 

that certain additional conditions are satisfied. Thus B will be determined 

by a certain formula B', and (x, u)e B will mean 

x e A a Vi'B'(x, u, v). 

We take (xj, t/t) =fl(x2,w2) to mean Xi =Ax2 . In case B' contains a 

variable w in addition to x, u and v, we obtain a family of subsets of A. 

The union and the intersection of a family of subsets of A are defined in 

obvious ways. In case Bx and B2 are subsets of A, the formula Bx a B2 

is defined in an obvious way, and Bt = B2 is by definition the formula 

2?! c: B2aB2 c Bl. The statement Bx <=. B2 a B2 a B3 -> Bx c B3, for 

instance, is a formula in I containing as subformulas the formulas A’, 

A", B[, B2 and B2. (This particular statement is of course provable in T.) 

There is no difficulty in extending the above ideas to complemented sets. 

(A complemented set, relative to a family of real-valued functions on a 

set A, is an ordered pair (B1, B2) of subsets of A such that for all xe Bx 

and y e B2 there exists/ in with/(x) ^ f(y)-) We first run into difficulty 

with Borel sets. In [1] we consider a set A, a family ^ of real-valued 

functions on A, and a family Jt of complemented subsets of A relative to 

IF; we define a Borel set generated by ^ to be a complemented subset 

obtainable inductively from the two following techniques of construction: 

(1) . The elements of are Borel sets. 

(2) . A countable union (or countable intersection) of Borel sets already 

constructed is a Borel set. 

Properties valid for an arbitrary Borel set are often proved by induction, 

corresponding to the inductive character of the definition just given. The 

type of induction in question also occurs in Brouwer’s definition of the 
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constructive ordinals. These definitions seem not to be formalizable in Z. 

To extend the system Z to subsume the theory of Borel sets, it would be 

necessary to include the type of induction in question. W. A. Howard tells 

me he has constructed such an extension. We shall consider this matter 

no further, since there is another approach, which will be explained later. 

It appears that the theory of the standard abstract structures - groups, 

metric spaces, differentiable manifolds, and so forth, can be developed 

within Z. For example, a metric space (X, p) can be realized in Z by the 

formulas X', X" determining the set X, by the element (p, v) of the set 

F(X x X, R0 +), and by an element w that arises when the formula 

xeXAyeXA p(x, y) = 0-+x=xy 

is translated to the form 3h'WP(h', t, p) = 0. We shall abbreviate 

M = (XX", p, v, w), and introduce the notation Me Jt&y to represent 

the fact that X' and X" are formulas defining a set X, that p is a metric 

on X, that v and w are the moduli introduced above, and that a certain 

formula '(p, v, w, y), which contains X' and X" as subformulas and 

expresses the fact that p is a metric on X and v and w are the moduli de¬ 

scribed, is valid. As a formula of Z, M e JiSZT stands for Vy^"(p, v, w, y). 

We might call JtSST a large set (or a class), as distinguished from the sets 

already defined (which we sometimes call small sets). 

Although the metric spaces form a large set, rather than a small set, 

the compact (metric) spaces can be regarded as a small set, as follows. 

Let T be the set of totally bounded pseudo-metrics on the integers Z. For 

each p in T, let Zp be the completion of Z with respect to p. The set of all 

such completions is the set of all compact spaces. 

In the same way, there is a small set of locally compact spaces. 

A (small) category C is an analog of a small set. The set X of objects of 

C is specified by a formula X', and the equality relation on X is taken to be 

functional equality. Another formula Y' defines the sets Horn (xl, x2) 

of morphisms, so that z e Horn (xj, x2) means Vy Y'(xl ,x2,z, y). A third 

formula gives the equality relations on the sets Horn (xj, x2). There is a 

function e which to each x in X assigns an element (the identity element) 

ex of Horn (x, x). There is a function which to each z2 e Horn (xt, x2) 

and z2 e Horn (x2, x3) assigns an element (their product) of Horn (xl5 x3). 

The usual axioms for a category must be satisfied. 

Of course, all metric spaces, or all groups, or all vector spaces over R 

cannot be regarded as a small category. However, if a suitable cardinality 
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restriction - such as separability or countability - is imposed on the indivi¬ 

dual objects, many classical categories can be considered as small categories 

in our sense. Examples are the compact (metric) spaces, the locally compact 

(metric) spaces, the countable metric spaces, the (separable) Banach spaces, 

the countable groups, the locally compact (metric) groups, the (metric) 

differentiable manifolds, and the countably generated vector spaces over R. 

Functors are easily treated, and a suitable framework for homological 

algebra is thereby provided. For example, one can formalize the definition 

of the singular homology functor from the small category of locally 

compact spaces to a certain small category of abelian groups, and 

presumably derive in Z the standard properties of singular homology. 

Following the procedure we used for defining a large set, we can define 

a large category. For example, to make into a large category,' 

we must first define the set Horn (Mx, M2) of morphisms connecting given 

objects Mx e and M2 e SZT of Jt&ZT. Again the membership 

relation z e Horn (Mx, M2) is defined by a formula , M2, y, z), 

where our notation indicates that is a formula with variables px, vx, 

wx, p2, v2, w2, y, z containing X[, X”, X2 and X2 as subformulas. Another 

formula will give the equality relation on Horn (Mx, M2). Again the func¬ 

tion e which assigns to each Man identity element of Horn (M, M) 

and the function describing the product of morphisms must be given. The 

structure of these functions needs further elucidation. They will not be fixed 

functions of the system Z, because their types will depend on the types of 

their arguments, which are not fixed. Presumably their definitions will have 

the same form independently of type. 

Continuing along the above lines, we should have no difficulty in defining 

functors between large categories. Whether the theory would be useful in 

constructive mathematics is not clear. On the one hand, it is possible that 

small categories are adequate for the applications, but it is also possible 

that something more general than a large category might be needed, to 

define which we would need to enlarge the system I. 

Consider a positive measure p on a compact space X, that is, a non¬ 

negative linear functional / -» J/dp on the space C(X) of all continuous 

real-valued functions on X. We wish to define the measures of certain 

subsets of X. It would be extremely awkward to attempt to formalize the 

theory as given in [1] in the system Z, because there is no set of Borel sets 

and therefore no set of measurable sets in Z. Thus we must either extend Z 

or take another approach. It turns out that a modification of the approach 
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of [1] gives a theory that is not only formalizable in I but improves the 

original version. The idea is to define a partial set S to be a triple (/, {/}}, M), 

where/e C(X), 0 < / < \,fj e C(X) and 0 ^ fi for each positive integer j, 

and M is a positive integer, such that 

(a) . co(S) = lim J/jd/i exists, 
j-*co 

(b) . fM > min {/, 1-/}, 

(c) . /l ^ f2 ^ • • •• 

Then we define x e S to mean that there exists 8 > 0 with /(x) > /m(x) + <5 

for all positive integers m, and x e ~ S to mean there exists 8 > 0 with 

1— /(x) > fm(x) + 8 for all m. Consider xeS and y e ~ S. Now either 

^ f(x) or fM(x)~Sz 1 —/(*), by (b). Since the former inequality 

contradicts xe S, we have in fact fM(x) ^ l—f(x). Hence 1— f(x) < f(x). 

Similarly f(y) < 1 —f(y). Hence x # y- Write S' = {x: x e ~ S'} and 

S" = {x: x e ~ S}. The ordered pair 

a(S) = (S', S") 

is a complemented set in the sense of [1], which means that if xe S' and 

y e S" then x # y. The complement of S is defined to be the triple 

~ S EE (1 -/, {/.}, M). Clearly <x(~ S) = ((- S)', (~ S)") = (S", S'), 

which by definition (see [1]) is — (S', S") = — a(S). 

Now if T = (#, {#7-}, TV) is a second partial set, we define S < T to mean 

that for each positive integer m there exists a positive integer y = y(m) 

such that \f—g\ < fy—g,„■ Clearly, S < T if and only if ~ S < ~ T. Also 

S < U whenever S < T and T < U, and xeT whenever xe S and S < T. 

HenceS < rimpliesthata(S) < a(T), in the sense that x e a(S) ->• x e a(T) 

and x e — a(S) -+xe —a(T). 

For the partial set S considered above, write JS = J/d/i. For the partial 

sets S and T given above, S < T implies 

jfdp-jgdg. <j\f-g\dp^ 

sc J(fy-9m)dp < jfydp ^ co(S). 

The union S v T of the partial sets S and T is 

SvT = (max {/, 0} , {/,+£.,}"= ltM + N). 
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It is easily seen that SvT is a partial set, with co(SvT) = co(S ) + a>(T). 

Similarly, S'a T is defined to be 

(min {/, g} , {//+0,}”=i, M + iV). 

It is a partial set. We have 

~(S v T) = ~Sa ~T and ~(Sa T) = ~S v ~ T. 

If St < S'2 and < 7^, then 

S[ vS2 < 7\ v T2 and Sx a S2 < Tt aT2. 

Also 

a(S v T) < a(S) u a(T) and a(S a T) < a(S) + a(T). 

A measurable set S = {S(n)}“= x is a sequence S'(l) < S'(2) < . . . of- 

partial sets, with 

S(n) = (f(n, •), {//n, ■)}*=!> A7(n)), 

such that lim,,.,^ co(S(n)) = 0. The limit 

/r(S) ee lim I f(n, -)dg, 
Tl-> 00 * 

called the measure of S, exists. If T is another measurable set, we define 

(SvT)(n) he S(n)vT(n) and (SaT)(k) = S(n)AT(n) for each n. Also 

(~ S)(n) = ~ S(n). It follows that SvT, SaT and ~ S are measurable 

sets, and the usual algebraic laws are valid. 

For each measurable set S', we take x e S to mean x e S(n) for some n, 

and x e ~ S' to mean x e ~ S(«) for all n. Correspondingly we write 

a(S) = (J„°°=1 a(S(n)). Then a(~ S) = -a(S'). 

If the measure g(S) of the measurable set S' is positive, then J/(«, *)d/r > 

> co(S'n) for some n, and a construction similar to that of [1] gives a point 

x e S(n). Hence x e S, so that cc(S) is non-void. 

If {S(% fc)}“=1 is a sequence of measurable sets, such that 

C = lim g(S(% 1) v... v S(% k)) 
n~* oo 

exists, a somewhat complicated definition basically similar to that given 

in [1], leads to a measurable set S = V”=i S(-,k) having the following 

properties: 

(1) . M(S) = c 

(2) . ot(S) < U"-. “(«(•, fc))- 
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An operation A is defined similarly. The theory of chapter 6 of [1] can be 

developed in this framework. 

To formalize in X the notion of an abstract measure space, definition 1 

of chapter 7 of [1] must be rewritten as follows. A measure space is a family 

JK = {At}teT of complemented subsets of a set X relative to a certain 

family 3F of real-valued functions on X, a map p: T -*■ R0+, and an addi¬ 

tional structure as follows: The void set 0 is an element Ato of , and 

p(t0) = 0. If s and t are in T, there exists an element iv/ of T such that 

AsVt < As u At. Similarly, there exist operations a and ~ on T, corre¬ 

sponding to the set-theoretic operations n and —. The usual algebraic 

axioms are assumed, such as ~ (sv t) = ~ s a ~ t. Certain measure- 

theoretic axioms, such as p(s v t) + p(sA t) — p(s)+p(t), are also assumed. 

Finally, there exist operations V and A . If, for example, {/„} is a sequence 

such that C = limfc_00/i(t1 v... vfk) exists, then V {t„} is an element of 

T with measure C. Certain axioms for V and A are assumed. If T is the 

family of measurable sets of a compact space relative to a measure p, and 

the set-theoretic function p: T -*■ R0+ and the associated operations are 

defined as indicated above, the result is a measure space in the sense just 

described. 

Considerations such as the above indicate that essentially all of the 

material of [1], appropriately modified, can be comfortably formalized in X. 

Much effort has been expanded in developing formal systems to accom¬ 

modate Brouwer’s theory of free choice sequences and related constructs. 

I am of the opinion that this is not the appropriate approach to Brouwer’s 

ideas. Presuming we are satisfied with I as a vehicle for predictive mathe¬ 

matics, I think we should realize the non-predictive portions of intuitionistic 

mathematics as part of the metatheory of X, rather than trying to incorporate 

them in some modification of X. (Aspects of Brouwer’s approach to free 

choice sequences lead me to think he might have been sympathetic to this 

point of view.) Now the metatheory of X is based on the work of Godel [2], 

who shows that every function proved in X to exist can be constructed 

(simply by unwinding the existence proof) by means of certain canonical 

operations. Kreisel [5] has shown that every function/, of the type mapping 

sequences of integers into integers, constructed by means of Godel’s 

canonical operations, is continuous, in the sense that if co0 is any sequence 

of positive integers there exists a positive integer N such that if co and co' 

are any sequences of integers with |co| < co0 and co(n) = co'(n) for all 

n < N then /(co) = /(co'). This can be regarded as the central result of 
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Brouwer’s theory of spreads. Thus we can develop Brouwer’s ideas as a 

metatheory. In particular, Brouwer’s result that every/: R -*■ R is continuous 

emerges as a meta-theorem, which states that if we construct within T a 

function f:R->R having a certain property, then we can construct a con¬ 

tinuous / having the same property. In fact more is true, the canonical 

function which is constructed by unwinding the formalized proof of the 

existence of / is continuous. After these results have been proved as meta¬ 

theorems, it becomes constructively meaningful to build a new formal 

system to incorporate the metatheory. This is not attractive at present, since 

the theory of spreads has found no significant mathematical applications. 

In [1] I remarked that the constructive theory of Banach algebras, given 

in chapter 11, was forced and unnatural, and that some metatheory was 

indicated, to smooth the transition from the constructive to the classical 

proofs. Although it is too early to speak with assurance, it appears that for 

the particular application I had in mind the metatheory in question is 

provided by the numerical (or Godel) interpretation of implication. The 

principle result of chapter 11 of [1] involves the notion of a partial ideal P 

of a Banach algebra 21, determined by elements ,..., x„ of 21 and a 

totally bounded subset A of 21, and defined as 

P = P(xlt..x„; A) 

= {*!}>!+ • • • +x„yn: yte A for 1 < i < n}. 

If xt,.. ., xn generate an ideal I of 21, then the distance of I to the identity 

e is 1, so that for each A the distance of P to e is at most 1. Thus the statement 

S(xt,..., x„), that xt,... x„ generate an ideal, can be written 

VAVa dist (P(Xi, . . ., xn; A), e) > a, 

where A ranges over the totally bounded subsets of 21 and a over the positive 

constants < 1. Now we want to constructivize the result T, that if 

xt,... xn generate an ideal /, then for each x in A there exists a complex 

number z such that xx,. . ., x„, x — ze generate an ideal; in other words, 

the statement S(x1,..., x„) -> 3z5(xl5..., x„, x — ze). A simple and 

trivial modification of the classical proof of T gives a constructive proof 

of the weaker statement F 

S(xj,. .., x„) -► VBV/ftz dist (P(x1,.... x„, x — ze; B), e) > /?, 

where B ranges over the same set as A and /? the same set as a. The numerical 

meaning of F is 

VjBV/?3z3A3a'<2, 
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where Q is the statement 

dist (P(x1,. . x„; A), e) > a -*■ dist (f^Xj,. . x„, x-ze; B), e) > /?. 

This is just the constructive substitute for F which was proved in [1] by 

extremely tedious considerations. 

Certain other results in the theory of Banach algebras, not treated in [1], 

cannot be constructivized so simply. For example, an unpublished result 

Q of the author, first published in [7], states that if y is a differentiable arc 

in complex «-space C", then every continuous function /: y -*• C can be 

uniformly approximated on y by polynomials in the coordinates zt, . . ., z„ 

of C". Stolzenberg informs me he has constructivized the classical proof, 

in case y is analytic, by no means a simple task. To try to get a cheap con- 

siructivization, note that for each k the distance dk(f, y) of / to the poly¬ 

nomials of degree k, with coefficients bounded in absolute value by k, is 

computable. (The proof is left to the reader.) Thus our statement Q has 

the form 

V/VyVm3/c3j(j > m a dJk(f, y) < m-1), 

where / ranges over the set of functions from y to C, y over the differ¬ 

entiable arcs in C", and dJk(f, y) is the./th rational approximation to the real 

number dk(f, y). Actually this is an abbreviation of 

V/VyVm(Vy v4(/, y, y) -> 3k3j(j > m a dJk(f, y) < m-1)), 

or 

V/VyVm3/c3j3y(,4(/, y, y) -*• (j > m a dJk(f, y) < m-1)), 

where now the variables/, y, m, k,j and y range over all functions of certain 

types, and dyA(f, y, y) is the statement that / and y actually belong to the 

above-mentioned sets. Thus our approximation statement Q is an V3- 

theorem, which means it can be written in the form du3vP(u, v), where P 

is decidable. Now it is an empirical observation that V3-theorems of classical 

mathematics tend to be constructively valid, so we suspect there is a meta¬ 

theorem to that effect. For instance, we might try to prove the metatheorem 

M that every V3-theorem provable in the system 1' obtained by adjoining 

the axiom of the excluded middle to I is constructively valid. (Presuming 

the classical proof of the above theorem Q can be formalized within S', 

such a metatheorem M would imply that Q is constructively valid.) Now 

Spector [6] has proved such a metatheorem M. Unfortunately, his proof 

involves an inductive procedure whose meaning is unclear, and so the 
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question is still open. At least for certain special theories, such a meta¬ 

theorem could be extremely useful. 

The system I, with the predictive interpretation of implication, can 

certainly be presented as a programming language like fortran and algol. 

As stated before, each theorem T of T has the form 3xVyA(x,y), where x 

is constructed in the proof of I. We should be able to write a compiler for 

the language I, so that whenever a proof of such a theorem T is read into 

our computer, the computer will compile a program to compute the con¬ 

structed quantity x. What do we mean by a program to compute a given 

function x of a given type? Without loss of generality, we consider only 

functions x whose values are finite sequences of integers of a given length 

n. Our question can be answered by induction. Presumably we know what it 

means to program the computer to compute a given integer. If x is an 

rt-tuple (xt,..., x„) of functions, to program the computer to compute x 

we program it to compute each of the functions xt,..., x„. Finally, if x is 

of type t -> [0], a program to compute x is a program to compute x(«) 

for an arbitrary argument u of x. Since x(u) is determined by the values of u, 

the only information the program will need about u is the values of u at 

certain of its arguments yl9 . . ., yk, where of course yt may be a function 

of . . ., w(yi_1), and k itself may be determined in the course of the 

computations. Thus the program for computing x will contain as sub¬ 

programs the programs for computing yk,...,yk. The computation of 

w(x) will request the values u(yx),. . ., u(yk) at certain junctures, which 

will be supplied by the program for computing u we supply the machine 

when we request x(w) in conjunction with the programs for computing the 

7; (which are part of the program for computing x). Thus by induction we 

see what it means to program the computation of a given function x. 

Of course, the program may call on other programs, or subroutines, rep¬ 

resenting proofs of theorems referred to in the proof of the given theorem. 

Definitions may be called as well. Types of functionals will presumably be 

established by type declarations, as in algol. 

As an example, consider the theorem of Koksma [4] that the set A of all 

9 > 1, for which the powers {0',}“=1 are equidistributed modulo 1, is a full 

subset of the set of real numbers > 1, which means its complement has 

measure 0. Jonathan Tennenbaum has asked whether it is possible to ex¬ 

plicitly exhibit an element 9 of A, in the sense we can compute an arbitrary 

term of the decimal expansion of 9. The answer hinges on whether Koksma’s 

proof is constructive. It is, except at one point, and that point is easily 
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constructivized. The upshot is that the answer to Tennenbaum’s question 

is ‘yes’. Thus, having realized X as a programming language, we could feed 

the formalized constructivized version of Koksma’s theorem into the com¬ 

puter, then feed in a positive integer n, and request the machine to output 

the Hth term of the decimal expansion of the fixed 9 constructed in the 

proof. We might have to wait a long time. 

It would be interesting to take X as the point of departure for a reasonable 

programming language, and to write a compiler. 

Added in Proof. The author wishes to thank G. Kreisel, J. Myhill, and 

G. Stolzenberg for correcting inaccuracies in the original draft. Myhill 

notes that in view of such definitions as that of (/, u) e C, it would be more 

comfortable to extend X by adding as axioms the formulas which specify 

the numerical interpretation of implication. On further research, I have 

not been able to find in [5] or elsewhere in Kreisel’s work the quoted result, 

that every / mapping sequence of integers into integers is continuous. 

Kreisel proves a somewhat weaker result, a form of pointwise continuity. 

However, the quoted result is valid. The numerical interpretation of state¬ 

ment (2), as given above, is valid only when each of the variables x, y, u, v 

ranges over a basic set - a set for which no computations are necessary to 

check that an element belongs to the set. In X, all variables range over basic 

sets; in informal mathematics, all statements can presumably be phrased 

in terms of variables ranging over basic sets. 
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ON THE NOTION OF RANDOMNESS 

PER MARTIN-LOF 

This is a contribution to the investigations into the notion of randomness 

by von Mises, Wald and Church. 

For the sake of simplicity, we shall only consider infinite sequences 

of the binary digits 0 and 1 obtained by tossing an ideal coin. Adapted to 

this case, Church’s formulation [1] of von Mises’ definition of randomness 

may be phrased as follows. 

Firstly, it is required that the limit frequency should equal 

lim = - , 
n->oo n 2 

where s„ = Xj +x2 + . .. +*„. Secondly, this is required not only for the 

original sequence but also for every infinite subsequence 

obtained by taking a recursive function/, which is defined for all finite binary 

sequences and takes the values 0 and 1, and selecting one after another 

those indices n for whichf{xlx2 . . • *„-i) = 1. 

The sequences satisfying this definition of randomness form a set of prob¬ 

ability one with respect to the measure n which makes all coordinates in¬ 

dependently take the values 0 and 1 with probability A recursive sequence 

is necessarily non random. 

A serious defect of this definition was revealed by Ville [5]. He showed 

that there exist sequences which satisfy the definition but nevertheless have 

the property 

^ - for all n, 
n 2 
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the probability of which clearly equals zero. Thus von Mises’ definition 

appears to a great extent arbitrary. Not even such an intuitively appealing 

property as the oscillative behaviour of the relative frequencies necessarily 

holds for sequences which are random in his sense. 

The practice in probability theory is rather the following. As soon as we 

have proved that a certain property, such as the law of large numbers, 

lim - - , 
n -*■ oo II 2 

or the law of the iterated logarithm, 

sn-\n 1 
lim sup 

yin log log n x/2 

has probability one, we say that this is a property of randomness. However, 

if we try, within the classical mathematical framework, to define a sequence 

to be random if it possesses all properties of randomness, we are led to a 

vacuous notion. For all complements of one point sets have probability one, 

and hence the intersection of all sets of probability one is empty. Thus no 

sequence would be random. 

It is proposed to avoid this paradox, born of the classical conception of 

the totality of all sets of probability one, by restricting our attention to hy- 

perarithmetical sets or, equivalently, to properties expressible in the construc¬ 

tive infinitary propositional calculus. This may be regarded as a construc¬ 

tive version of the restriction to Borel sets which is usually accepted in pro¬ 

bability theory. Actually, the specific Borel sets considered there are always 

obtained by applying the Borelian operations to recursive sequences of 

previously defined sets, which means precisely that they are hyperarithme- 

tical. 

Our main purpose is to prove the following theorem. 

Theorem 1. The intersection of all hyper arithmetical sets of measure one is 

a l\ set of measure one. 

Proof. If one allows non-constructive methods, it is immediately clear 

that the intersection of all hyperarithmetical sets of measure one also has 

measure one, for there are not more than countably many such sets. It would 

be desirable to have a constructive proof of this, but that has to await the 

constructivization of measure theory applied to l\ and 77} sets in general. We 

content ourselves by noting that the statement to be proved, namely that 

the measure of a certain l\ set equals one, has the quantifier form 
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Let namely the Zj set A be represented by a recursive monotone Suslin 

scheme, 

a = UfW,. 
1 = 1 

where the union extends over all choice sequences of natural numbers 

n1n2 ... n,... and the sets A„in2__ni are decidable. Then the statement 

n(A) — 1 may be written in the form 

V/c3nt n2 ... V/(/t( U ... U > l-2_t), 
m i = l mi — 1 

which is clearly l\. 

It remains to show that the intersection of all hyperarithmetical sets of 

measure one is l\. This will be done by representing it in the form 

*Ve(P(e) a Q(e) -»• R(e, x)). 

Here P is a 77 j predicate expressing that e is the Godel number of a hyperarith¬ 

metical set. Q is a 77} predicate such that, if e is the Godel number of a hy¬ 

perarithmetical set, then Q{e) expresses that the measure of this set equals 

one. Finally, R is a l\ predicate such that, if e is the Godel number of a hy¬ 

perarithmetical set, then R(e, x) expresses that x belongs to this set. 

To construct the predicate P it will be convenient to view a hyperarith¬ 

metical set as a countable wellfounded tree to each top point of which there 

is associated an atomic set, that is, a set determined by a condition of the 

form x, = 0 or x„ = 1, and to each branching point of which there is asso¬ 

ciated one of the signs J and P). More precisely, we define a branch to be 

a syntactic expression of the form Q0^iQi^2 • • • Qi-\niQu where for every 

i = 1,2,..., /, rii is a natural number and is (J or P), and, finally, 

is an atomic set. A hyperarithmetical set may then be defined as a re¬ 

cursively enumerable set of branches which can be obtained by repeated 

applications of the following two inductive clauses. Firstly, a recursively 

enumerable set, whose only element is an atomic set, is hyperarithmetical. 

Secondly, if At, A2, . .., An. ... is a recursive sequence of hyperarithmet¬ 

ical sets, then the recursively enumerable set, consisting of all !Jn2o«i • • • 

Qi-i^iQi such that QqTIj^ . . . belongs to A„, is hyperarithmetical. 

Similarly with (J replaced by Q. 

A hyperarithmetical set satisfies the consistency condition that, if two 

branches P0m1P1m2 . .. Pk-1mkPk and Qtinx Qxn2 . . . Qi-knlQl belong to 

it and mi = ni for / = !,..then P; = Qt for / = 0, 1,.. .,j. In particu- 
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lar, if j = min (k, /) then k = l. Now, it is clear that we can construct a 

recursive enumeration of all recursively enumerable sets of branches that 

satisfy this consistency condition. Let P(e) be the proposition that for all 

choice sequences of natural numbers nln2 . . . there exists a branch 

QoniQin2 ■ • • Qi-iniQi which belongs to the set whose Godel number in 

this enumeration equals e. Then P is a 77} predicate and, by the bar theorem, 

P{e) holds if and only if e is the Godel number of a hyperarithmetical set. 

As for the predicate Q it suffices to remark that the measure of a hyper¬ 

arithmetical set is a hyperarithmetical number, and, consequently,the state¬ 

ment that a hyperarithmetical set has measure one is hyperarithmetical. 

Also, this is so uniformly in the set considered. A predicate Q with the proper¬ 

ty that, if P(e), then Q(e) expresses that the hyperarithmetical set with 

Godel number e has measure one, may thus be chosen 77} or l\ just as we 

please. (Of course, this does not imply that there is a hyperarithmetical Q 

with the desired property.) We need Q in 77} form. 

A similar argument shows that a predicate R with the property that, if 

P(e), then R(e, x) expresses that x belongs to the hyperarithmetical set whose 

Godel number equals e, may be taken either 77} or Z}. We need it only in 

Z} form. The proof is now complete. 

It is proposed to call the Z} set just constructed the set of random sequences. 

More precisely, it is the set of sequences that possess all hyperarithmetical 

properties of randomness. 

Theorem 2. A hyperarithmetical sequence is not random. 

Proof. If a sequence is hyperarithmetical, then the one point set deter¬ 

mined by that sequence is a hyperarithmetical set of probability zero and 

hence disjoint from the set of random sequences. 

Theorem 3. The set of random sequences is not hyperarithmetical. 

Proof. Suppose that it were hyperarithmetical. Being a hyperarithmetical 

set of positive measure (in fact, measure one) we could then find a hyper¬ 

arithmetical point in it which contradicts theorem 2. The fact that a hyper¬ 

arithmetical set and, more generally, a 77} set of positive measure contains 

a hyperarithmetical point is proved in Sacks [4]. 

Actually, the set of random sequences is not even 77 J, because being Z}, 

it would then by Suslin’s theorem be hyperarithmetical in contradiction to 

theorem 3. 

It is a simple corollary of theorems 1 and 2 that there exists a 77° set in the 



A IV ON THE NOTION OF RANDOMNESS 77 

Baire space Nn which is non-empty although it contains no hyperarithmeti- 

cal points. To see this it suffices to represent the set of random sequences, 

which is a l\ set in the Cantor space 2N, as the projection of a 77° set in 

2n x Nn. Since no hyperarithmetical sequence is random, this 77° set contains 

no hyperarithmetical points. Now, the set remains 77° if we consider it as a 

subset of Nn x Nn instead, and the latter space may be identified with Nn in 

the usual way. The first example of a set of this kind, or, equivalently, of a 

recursive tree which is not wellfounded although all its hyperarithmetical 

branches are finite, was given by Kleene [2]. 

Since the set of sequences that satisfy Church’s form of von Mises’ 

definition of randomness is a hyperarithmetical (even arithmetical) set 

of measure one, it is strictly more inclusive that the set of random sequences 

defined here. By the same argument it is seen that the present definition is 

stronger than the one proposed in Martin-Lof [3], where the elements of a 

certain 1° set °f probability one were called random sequences. 

Already Wald [6] proposed to sharpen von Mises’ concept of random¬ 

ness by defining a sequence to be random if it possesses all properties of prob¬ 

ability one which are expressible within a certain formalized logic such as 

Principia Mathematica. However, just as the set of random sequences de¬ 

fined here has turned out not to be hyperarithmetical, we must expect that 

Wald’s proposal leads to a set which is no longer expressible in the language 

we started with. And, if this language is Principia Mathematica or set theory 

as formalized by Zermelo and Fraenkel, it seems doubtful if we can ever 

get a clear conception of such a set of random sequences. 

The main improvement of the present paper as compared with Wald 

[6] is, firstly, the choice of a language, namely the constructive infinitary 

propositional calculus, which seems particularly well adapted for probability 

theory, and, secondly, the fact that we have been able to prove that the set of 

random sequences, although escaping the hyperarithmetical hierarchy, does 

not escape us completely but belongs to a class of sets, namely the Tj sets, 

which can still be handled constructively, although, naturally enough, this 

requires abstractions more powerful than those needed on the hyperarithme¬ 

tical level. 
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ABSTRACT QUANTIFICATION THEORY* 

RAYMOND M. SMULLYAN 

Introduction. An alternative title for this subject might be ‘Quantification 

theory without logical connectives or quantifiers.’ The point is that many of 

the well-known theorems about first order logic can be established as con¬ 

sequences of purely combinatorial lemmas which do not depend in any 

essential way on the logical connectives or quantifiers. In earlier works 

([4], [5], [6], [7]) we introduced a uniform ‘a, /?, y, d’ categorization for 

quantification theory such that in both the presentation of the postulates 

and the treatment of the metatheory the logical connectives and quantifiers 

never appear explicitly. The starting point for this present investigation is the 

realization that the mathematically interesting results of first order logic 

can be derived from certain very general properties of the a’s, /Ts, y's and <5’s 

without having to go back to their definition. Our central definition is that 

of a logical framework in which we abstract these key properties. The logical 

frameworks which arise in the concrete contexts of propositional logic and 

first order logic possess a certain property which we do not postulate in our 

general definition, viz. that no formula possesses an infinite descending 

chain of proper subformulas. The interesting thing is that this property 

(which we refer to as regularity or well-foundedness) is exploited in some com¬ 

pleteness proofs but not it others. As a result, different proofs of the same 

completeness theorem generalize in our abstract setting to distinct complete¬ 

ness theorems. 

This paper is but a brief sketch in which we give the main definitions and 

statements of theorems, but not the proofs. The proofs should be easy to 

supply by those readers with a background in quantification theory, par¬ 

ticularly by those familiar with the tableau point of view. A complete ex¬ 

position of this subject is currently in preparation. 

* This research was sponsored by the Information Research Division of the Air Force 

Office of Scientific Research under grant number 43367. 
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1. Logical frameworks 

Definition 1. By a (classical) logical framework ££ we shall mean an order¬ 

ed sextuple <E, C, D,cp, ", P> of the following items obeying the condi¬ 

tions stated alongside: 

(1) . E is a well-ordered set whose elements we call the elements of the 

framework. 

(2) . C is a subset of E whose elements we call conjunctive elements. 

(3) . D is a subset of E whose elements we call disjunctive elements. 

Elements in CkjD will be called compound-, elements of E outside C*uD 

will be called atomic. 

(4) . q> is a function which assigns to every compound element x a finite 

or denumerable sequence <xl5 x2,..., x„,.. .> of elements of E whose 

terms we call the components of x, more specifically, we refer to xt as the 

ith component of x. We require that if x be both conjunctive and disjunc¬ 

tive, then x has only one component. 

(5) . is a function which assigns to each x e E an element x in E called 

the conjugate of x. We require that conjugation obeys the following laws 

(for all x in E): 

(i) . x y* x; 

(ii) . the conjugate of x is x; 

(iii) . if x is conjunctive, x is disjunctive, and if x is disjunctive, then x is 

conjunctive; (From this it follows that if x is atomic, so is x.) 

(iv) . cp(x) has the same number of terms as <p(x), and the ith term of 

<p(x) is the conjugate of the ith term of <p(x). (Thus if <p(x) = <xl9 x2,..., 

x„,. . .), then <p(x) = <xl5 x2,. . ., x„,. ..).) 

(6) . P is a function which assigns to each x a finite set P(x) of positive 

integers. We say that x depends on i if i e P(x), and otherwise that x is 

independent of i. 

This concludes our definition of a logical framework. 

We use the symbol a to mean any conjunctive element x such that <p(x) is 

finite, p for disjunctive x such that <p(x) is finite, y for any conjunctive x such 

that <p(x) is infinite, 5 for any disjunctive x such that <p(x) is infinite. We 

write oq for the ith component of a and similarly with ft. We write y(i) for 

the ith component of y, and similarly with d. Our conjugation laws imply 

that 5 is some /?, and that for any i < the number of terms of cp(a), (x); = 

= aj. Likewise for any y, y is some <5, and y(i) = y(i). 

Applications. Take classical first order logic formulated with ~, a, v, 
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=3, V, 3 as independent primitives, and formulated with individual variables 

vt,v2, • • vn,... and individual parameters (constants) alt a2,..an,.... 

All formulas will be assumed closed. Now we introduce two new symbols 

T and F, and we define a signed formula as an expression of the form TX or 

of the form FX, where A" is a formula. In the framework we now construct E 

is to be the set of signed formulas. Our a’s shall be all signed formulas of one 

of the four forms T Xa Y, FIv Y, FX Y, F ~ X; our /Ts shall be all 

elements of one of the forms TXvY, FXaY, TX^Y, T ~ X. Our y’s 

shall be of one of the forms T (dv)T(v), F (3y)lF'(y) (where v is any individual 

variable), and our S’s shall be elements of one of the forms T (3v)T(v), 

F(dv)'F(v). Our function cp shall assign to each a a 2-term sequence <al5 

a2>, to each p a 2-term sequence </?!, /?2>, to each y a denumerable sequence 

<y(l), y(2), ..., y(n),...), and to each 8 a denumerable sequence <<5(1), 

8(2), . . ., 8(n),. . .), where the components a;, y(/), 8(i) are defined by 

the following tables: 

a <*i a2 P Pi Pi 

TXaY TX TY TXvY TX TY 

FXvY FX FY FX a Y FX FY 

FlDf TX FX TX 3 Y FX TY 

F ~ X TX TX T ~ X FX FX 

y y(0 8 8(i) 

T(Vv)'P(v) TT(ai) T (3v)T(v) THai) 
F(3d)«P(o) FT(at) F(Vv)W(v) FT(at) 

We next define the conjugate of a signed formula as the result of changing 

T to F or F to T (thus TX = FX; FX = T A-). The reader can easily verify 

that all our conjugation laws of (5) hold. Finally, for any signed formula X we 

define P(X) to be the set of all positive integers i such that the parameter at oc¬ 

curs in X. 

We have thus described the framework that arises with classical first 

order logic. We remark that although we used ~, a, v, =>, V, 3 as inde¬ 

pendent primitives, we could just as well have taken any complete subset. 

One advantage of our uniform treatment is that it does not commit us to 

any particular choice of primitives. We might also see that our scheme could 

accommodate joint denial, or Sheffer’s stroke function, or converse implica¬ 

tion as primitives (but not e.g. the bi-conditional). 
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Frameworks are also applicable to languages with expressions of denu¬ 

merable length. For languages with expressions of non-denumerable length, 

we would have to extend the notion of a framework by allowing cp(x) to be 

a possibly non-denumerable sequence. These extended frameworks are stu¬ 

died in Linden [3]. 

2. Regularity and induction. We now return to the purely abstract develop¬ 

ment of the subject of frameworks. In this section and the next the function 

P will play no role. 

By a descending chain for x we mean a finite or denumerable sequence 

whose first term is x and which is such that every other term is a component 

of the preceding term. We call y a descendant of x if y is a term of some des¬ 

cending chain for x. (Our notion of descendant plays the role of the usual 

notion of subformula, or rather of positive subformula in the sense used by 

Roger Lyndon.) 

We call x a regular element if it has no infinite descending chain. We call 

x uniformly regular if there is a finite upper bound for the lengths of all 

chains for x. We define the degree of a uniformly regular element x as the 

smallest k greater than the lengths of all chains for x. We call well-founded 

or regular if all elements of are regular, and uniformly regular if all 

elements of are uniformly regular. 

The framework of ordinary first order logic is regular, in fact uniformly so. 

The framework of propositional logic with denumerably infinite conjunc¬ 

tions and disjunctions is regular but not uniformly regular. 

We define to be a Boolean framework if for each x, <p(x) is a finite 

sequence (in other words there are no y’s or <5’s). We remark that regular 

Boolean frameworks are automatically uniformly regular (this is a conse¬ 

quence of Konig’s infinity lemma). 

Call a property (of elements of E) inductive if it holds for all atomic ele¬ 

ments, and for any compound element x, if it holds for all components of x, 

then it also holds for x. The following induction principle is basic: 

If a property is inductive, then it holds for all regular elements. 

3. Semantic notions. We let S be a subset of E. 

Definition 2. We say S is closed downwards if for every conjunctive ele¬ 

ment c of S, all components of c are in S, and for any disjunctive element d 

of S, at least one component of d is in S. We say S is closed upwards if the 
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converses hold, i.e. if for every conjunctive c, c e S providing all components 

of c are in S, and for any disjunctive d, d e S providing at least one compo¬ 

nent of d is in S. 

Definition 3. We call S' a Hintikka set if S' is closed downwards and for 

no atomic element p it is the case that p and p are both in S. We call S a 

Kalmar set if S' is closed upwards, and for every atomic p at least one of p and 

p is in S. 

Definition 4. We call S' a quasi-truth set if S' is both a Hintikka set and a 

Kalmar set. Equivalently, S' is a quasi-truth set if S' is closed both upwards 

and downwards, and if for every atomic element p exactly one of p and p is 

in S. 

We call S' a truth set if S' is closed both upwards and downwards, and if 

for every element x exactly one of the pair x, x lies in S'. 

Definition 5. We call x valid (in the framework if x belongs to all truth 

sets, and satisfiable if x belongs to at least one. We call S' (simultaneously) 

satisfiable if S' is a subset of at least one truth set. (We note that x is valid 

iff x is not satisfiable.) 

We call S quasi-satisfiable if S' is a subset of some quasi-truth set. We call 

x strictly valid if x is not quasi-satisfiable. 

Definition 6. By a basic set B we mean a set of atomic elements such that 

for any atomic element p exactly one of the pair p, p lies in B. 

By induction one easily proves 

Theorem 1. Suppose M is closed downwards and U is closed upwards and 

every atomic element of M lies in U. Then every regular element of M lies in U. 

Corollary 1. In a regular framework, if two truth sets contain the same ato¬ 

mic elements, then they are identical. Hence also, in a regular framework 

a basic set can be extended to at most one truth set. 

Duality. Let be a framework <£, C, D,q>, ", Pj. By the conjugate frame¬ 

work =£? we shall mean (E, D, C, cp, ", P>. (Thus conjunctive elements of 

are called disjunctive in and vice-versa). It is trivial to verify that & 

is actually a framework. 

The following theorem, though trivial, is useful in some subsequent proofs, 

since it cuts the labor in half. 
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Theorem 2. (Duality Theorem), (a). S is closed downwards in iff 

E—S is closed upwards in 

(b) . S is a Hintikka set in SE iff E—S is a Kalmar set in 

(c) . S is a quasi-truth set in iff E—S is a quasi-truth set in . 

Likewise with truth set. 

We next need 

Theorem 3. (a). If S is a Hintikka set, then for no regular element x can 

x and x both be in S. 

(b) . If S is a Kalmar set, then for every regular x, at least one of x and x 

lies in S. 

(c) . If S is a quasi-truth set, then for every regular x, exactly one of x and 

x lies in S. 

One proves (a) by induction. Statement (b) can be proved by a dual ar¬ 

gument, or better yet, directly from (a) using the duality theorem. 

Theorem 4. (a). Every maximal Hintikka set is a quasi-truth set. 

(b) Every minimal Kalmar set is a quasi-truth set. 

Again, one can prove either half by induction and obtain the other half 

by duality. 

Now consider a basic set B. Let^B be the union of all Hintikka supersets of 

B, and let JfB be the intersection of all Kalmar supersets of B. It is easily 

verified that B is a maximal Hintikka set and that JfB is a minimal Kal¬ 

mar set. Thus theorem 4 yields 

Theorem 5.2Eb and Jf B are both quasi-truth sets. 

It is trivial to extend any Hintikka set H to a Hintikka set H' which con¬ 

tains a basic subset B (just take all conjugate pairs (p, p) such that neither p 

nor p occurs in H and add one of them to H). Also H' <=, B, and B is 

a quasi-truth set. 

Hence we have: 

Theorem 6. (a). Every Hintikka set is quasi-satisfiable. 

(b). (After Hintikka). In a regular framework, every Hintikka set is 

satisfiable. 

Combining earlier theorems, we have 

Theorem 7. (Fundamental Valuation Lemma). Any basic set B of a 

regular framework can be extended to one and only one truth set S. And for 
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any Hintikka superset H of B and any Kalmar superset K of B we have 

H c S £ K. 

Discussion. The inclusions H ^ S, S ^ K of theorem 7 are quite important. 

The first one is substantially Hintikka’s lemma and underlies completeness 

proofs of so-called ‘cut-free’ systems. The second half (which is ‘dual’ to 

the first half) underlies Kalmar’s completeness proof for propositional logic. 

Indeed it yields 

Corollary 2 (After Kalmar). Let 3d he a regular Boolean framework 

and let b be a relation between finite subsets of E and elements of E satisfying 

the following conditions (for all S, x, y, a, /?): 

K0. For every x e S, S\-x. 

K! If for each component (xtof a 5 b a,-, then S b a. 

K2. If for at least one component /?,- of ft 5 b then 5 b /?. 

K3. If 5u{x}b y and 5u {x}by, then Shy. 

Then for any valid element x of 3d 0bx {where 0 is the empty set). 

We remark that the conclusion still holds if we weaken the hypotheses 

by requiring them to hold only when 5 contains only atomic elements, and 

by requiring K3 to hold only when x is an atomic descendent of y. This then 

in an obvious manner provides a complete Gentzen type axiomatization 

of regular Boolean frameworks (if we replace ‘b’ by the Gentzen arrow and 

look at K0 as axioms and Kx, K2, K3 as inference rules. Rule K3 is then a 

sort of ‘cut’ rule, but it is analytic (in the sense of [7]), i.e. proofs obey the 

subformula principle. 

4. Tableaux. By a tree we shall mean a collection of finite or denumerable 

sequences (of elements of E) all having the same first term (called the origin 

of 3T) and such that no sequence is a proper initial segment of any other. 

We refer to the elements of 3T as branches. If 0 is a finite branch (xq,. . ., x„), 

then by (0, y) we mean the sequence (jc1 ,.. .,xn,y). To extend a branch 

0 to (9, y), we mean the act of deleting 9 from IF and putting in its place 

(0, j). To split or simultaneously extend 9 to (0, jq), . . (0, yn) is to delete 0 

from ^ and put in its place (0, jq),..., (0, y„). 

By an analytic tableau for a set 5 (of elements of E) we mean a tree con¬ 

structed as follows: 

We start the tree by taking any element of 5 as the origin. Now suppose 

y is a tableau for 5 and 0 is any branch. Then we may extend 0 by any of 
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the following five operations (and the result is again a tableau for S): 

(A) . If a is a term of 0, then we may extend 6 to (9, a,), where af is any 

component of a. 

(B) . For any term /? of 9 we may simultaneously extend 9 to (9, /?,), . . 

(9, /?„), where ^,.. ., /?„ are the components of 

(C) . For any ye 0 we may extend 9 to (9, y(i)) (for any /). 

(D) . For any 5 e 9 we may extend 9 to (9, S(i)), providing all terms of 9 

and all elements of S are independent of i. 

(E) . We may extend 9 to (0, s) for any element s of S. 

A branch of a tableau is called closed if it contains some element and 

its conjugate; otherwise it is called open. A tableau is called closed if all 

its branches are closed. 

By a synthetic tableau for a set S, we mean a tree constructed using the 

rules above as well as the following: 

(F) . For any element x of E, we may simultaneously extend 9 to (0, x) 

and (0, x). 

Rule (F) is the counterpart to Gentzen’s cut rule. 

Now we define a set S to be analytically inconsistent if there is a closed 

analytic tableau for S, and synthetically inconsistent if there is a closed syn¬ 

thetic tableau for S. We define an element x to be analytically (synthetically) 

provable if the unit set {x} is analytically (respectively synthetically) in¬ 

consistent, and by an analytic (synthetic) proof of x we respectively mean a 

closed analytic (synthetic) tableau for x. 

Semantic normality. We have still made no assumptions about the P func¬ 

tion. Now it is necessary to do so. We shall call EE semantically normal if 

for every set S, every 5, every i and every j such that all elements of S u {0} are 

independent of j, if {<5(0} is satisfiable (quasi-satisfiable) then Su{<5(/)} 

is satisfiable (quasi-satisfiable respectively). 

We henceforth assume EE to be semantically normal. We also henceforth 

let S be any denumerable set (of elements of E) such that there are only 

finitely many i such that some element of S depends on i. 

One easily shows: 

Theorem 8 (Correctness of the Tableau Method), (a). If S is quasi-sa¬ 

tisfiable, S is analytically consistent. If x is analytically provable, x is strictly 
valid. 

(b). If S is satisfiable, S is synthetically consistent. If x is synthetically 
provable, x is valid. 
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By the method of systematic tableaux (cf. e.g. [1]), one proves 

Lemma l. If S is analytically consistent, then S is a subset of a Hintikka set. 

The above lemma with Hintikka’s lemma gives 

Theorem 9 (Analytic Completeness Theorem). If S is analytically consis¬ 

tent, S is quasi-satisfiable. If x is strictly valid, x is analytically provable. 

Next we define a set M to be E-complete if for every 5 e M, there is some i 

for which <5(i) 6 M. Then one easily shows 

Lemma 2. If M is both E-complete and a maximal set which is synthetically 

consistent, then M is a truth set. 

By a Henkin type construction, one can extend a synthetically consistent set 

to a set M satisfying the hypotheses of the above lemma. Hence we have 

Theorem 10. (Synthetic Completeness Theorem). If S is synthetically 

consistent, S is satisfiable. Also every valid x is synthetically provable. 

For regular frameworks theorems 9 and 10 say the same thing. For non¬ 

regular frameworks, they are distinct theorems which as far as we know are 

of incomparable strenths. 

We now know that analytic consistency is equivalent to quasi-satisfiabilty, 

and synthetic consistency is equivalent to satisfiability. Since analytic con¬ 

sistency and synthetic consistency are both properties of finite character, 

we have 

Theorem 11 (Compactness Theorems), (a). If all finite subsets of S are 

quasi-satisfiable, then S is quasi-satisfiable. 

(b). If all finite subsets of S are satisfiable, then S is satisfiable. 

Eliminability. Call an element x eliminable if for every finite set S, if 

and Su {x} are both analytically inconsistent, then S is analytically inconsis¬ 

tent. In a regular framework analytic consistency is equivalent to satisfiabili¬ 

ty, and so every element is eliminable (Gentzen’s theorem). If is not ne¬ 

cessarily regular, the situation is this. Suppose S is analytically consistent. 

Then S' is a subset of some quasi-truth set S*, and for any regular x either 

x 6 S* or x e S*, hence either S u {x} or S u {x} is quasi-satisfiable, hence 

also analytically consistent. We thus have 

Theorem 12. For any {semantically normal) framework f£, every regular 

element x is eliminable. 
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Next we observe that the statement ‘every x is eliminable’ is equivalent to 
‘analytic consistency = synthetic consistency’ which is equivalent to ‘quasi¬ 
satisfiability = satisfiability’ which is equivalent to ‘every Hintikka set is 
satisfiable.’ Thus we have the following theorem (which is reminiscent of a 
result of Schutte for type theory): 

Theorem 13. For any (normal framework (=£?) (regular or not), the following 
two conditions are equivalent: 

(1) . Every element is eliminable. 
(2) . Every Hintikka set is satisfiable. 

Discussion of further results. For semantically normal regular frameworks, 
virtually all of the results of [5] go through, in particular the completeness 
of all the Gentzen type systems considered there, the first symmetric comple¬ 
teness theorem, and the first system of linear reasoning. For results like the 
fundamental theorem and Craig’s interpolation lemma we require addi¬ 
tional properties of our framework to which we now turn. 

5. Structurally complete frameworks. The framework of first order logic pos¬ 
sesses the following two properties: 

Cx. For any x and y there is an a whose set of components is {x, y}. 
C2. For any x and any positive integer i there is some y such that 

y{f) = x and y is independent of i. 
None of our results so far has required these properties! We call FF struc¬ 
turally complete if C2 and C2 hold. 

Concerning Cx, we might impose the stronger requirement C* that for 
any x and y there is some a such that <p(a) is the sequence <x, y>. We remark 
that the framework of first order logic with primitive propositional connecti¬ 
ves ~, a , v, => does not have this stronger property, but if we added con¬ 
verse implication as another primitive, the stronger property C^ would hold 
(as the reader can easily verify). 

We now write x Ay to mean any a whose set of components is {x, y}, 
and (V/)x to mean any y independent of i for which y(i) — x. We write 
xvy to mean any /? whose set of components is {x, y}, x y for any /? 
whose set of components is {x, y}, and (3/)x for any 5 independent of i for 
which <5(i) = x. (Humorously enough, we are restoring the logical connec¬ 
tives and quantifiers, but only in the metalanguage!) 

Property Ct is all we need in order to state and prove the fundamental 
theorem. For Craig’s interpolation lemma we need C2 as well, and also the 
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following additional facts about the P function: (1). For any a, a depends on 

i iff some component of a depends on i; (2). For any y, i and j # i, y(i) de¬ 

pends on j iff y depends on j; (3). x depends on i iff x depends on i. For such 

frameworks, the Craig-Lyndon lemma holds, where we now define an 

interpolation element for x => y as an element z such that (i)jnz and 

z 22 y are both valid; (ii). for any i, z depends on i iff both x and y depends 

on i; (iii) every atomic descendent of z is a descendent of both x and y. 

6. Structures for intuitionistic logic. We have recently been able to extend 

our uniform method and its corresponding abstract viewpoint to in¬ 

tuitionistic logic. We give here only an extremely brief sketch in which we 

are mainly interested in giving the appropriate definitions. 

By a structure EE we shall mean a triple (EE, El, E2), where EE is a frame¬ 

work satisfying an additional condition to be given later, Ex is a subset of 

E whose elements we call 1-special, E2 is a subset of E whose elements we 

call permanent. We call an element 'E-special if its conjugate is 3-special. 

3-special and V-special elements are collectively called special, and elements 

not called special are called ordinary. 

In applications to intuitionistic logic, the 3-special elements are to be sig¬ 

ned formulas of one of the three forms FX 22 Y, F ~ X, F(Vx)!F(x). The 

permanent elements are to be those formulas signed with T. 

We refer to EE as the underlying framework of EE. The additional condition 

we must impose is that for any element Q which is either some y or <5 and any 

distinct i and j, if Q(i) depends on j, then Q depends on j. 

Models. The following notion of ‘model’ appears to be the appropriate ge¬ 

neralization of Kripke [2]. 

By a model ME for EE we shall mean a quadruple (fS, R, h, I) satisfying 

conditions I and II below, where ^ is a collection of objects called universes, 

R is a reflexive and transitive relation between universes, b is a relation be¬ 

tween elements F of ^ and elements x of E, I is a function assigning to each 

universe a non-empty set of positive integers whose members we call the 

integers available in F. We call F2 an extension of Ft if r1Rr2. We use 

the notation F* for any extension of F. We read “F b x’ as ‘F yields x’ or 

‘F forces x’. Now for the conditions. 

I (a). For any F and x, F yields exactly one of x and x. 

(b) . If F b x and x is permanent, then for any F*, F* b x. 

(c) . If i is available in F, then i is available in F*. 

II (a). For ordinary a, F b a iff F yields all components of a. 
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For 3-special a, F F a iff some F* yields all components of a. 

For V-special a, F F a iff every F* yields all components of a. 

(b). For ordinary y, F F y iff for every i available in F, F F y(i). 

For 3-special y, F F y iff for some F* and all i available in F*, F* 

yields y(i). 

For V-special y, F 1- y iff for every F* and every i available in F*, F* 

yields y(i). 

Remarks 

(1) . The conditions on the P's and 5’s follow from II and 1(a). 

(2) . Our notion of ‘model’ derives from Kripke as follows: In Kripke’s 

models, the relation F is between universes and unsigned formulas. Let us 

say that F yields TX if F F X, and F yields FX if F does not yield X. The 

reader can verify that conditions I and II are then a uniform version of 

Kripke’s conditions. 

(3) . Our conditions are really more general than needed for intuitionistic 

logic. The fact is that in the structure of intuitionistic logic there are no 

V-special a’s nor 3-special y's. 

Realizability. Following Fitting [1] we say that F realizes x if F yields x and 

if every i on which x is dependent is available in F. Now x is called valid 

if for every model, each universe of the model realizes it. A set M is called re¬ 

alizable if for at least one model at least one universe of the model realizes 

all elements of M. 

Semantic normality. We call S? semantically normal if for every Q which is 

either some y or 5 and every finite set M (of elements of E), if Mv{Q(i)} 

is realizable and if no element of Mu{0} is dependent on j, then Mv{Q(j)} 

is realizable. 

We again assume semantic normality. 

Tableaux. In discussing tableaux for a structure we need some device per¬ 

mitting us at various stages to declare an element on a branch to be cancel¬ 

led or inoperative on that branch (this can be formalized in many different 

ways). A branch is then understood to be closed if its set of uncancelled 

terms contains some element and its conjugate. 

Our classic tableau rules are then modified as follows. Rules A, B, C, D 

are the same providing the a, P, y, 3 are either ordinary or V-special. But if 

they are 3-special, one cancels all non-permanent elements on the branch 

6 before extending it. 
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Completeness. Kripke’s form of the completeness theorem goes through in¬ 

tact for semantically normal regular structures Sf, i.e. every consistent set 

is realizable (and hence every valid element is provable). Bifurcations of the 

completeness theorem for non-regular structures will be the subject of anoth¬ 

er study. 

Concluding remarks. Many theorems of intuitionistic logic (such as the com¬ 

pleteness theorem) do not depend in any way on which elements were sin¬ 

gled out as ‘special’. All theorems about structures (as we have defined them) 

apply as well to other subsystems of classical logic by simply changing the 

class of special elements. 
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TRADITIONAL INTUITIONISM 





RECENT PROGRESS IN INTUITIONISTIC ANALYSIS* 

A. HEYTING 

In this lecture I wish to report about work done by two of my students, con¬ 

tinuing partly unpublished work by myself. Part of the results have been pu¬ 

blished in the thesis of Ashwini Kumar, now in Kanpur, India [1] and in 

that of C. G. Gibson, now in Liverpool [4], 

1. The Brouwer-Stieltjes integral. Gibson worked on the Brouwer-Stieltjes 

integral. We cannot restrict ourselves to the case that the non-decreasing 

function X which defines the measure is everywhere defined, because it 

would then be continuous. It is sufficient to suppose X defined on a dense, dis¬ 

crete subspecies of the real line. As X is right continuous, its domain can be 

extended by the limitpoints of decreasing sequences <xf>, for which the se¬ 

quence <Ax;) converges. However, the theory is developed for a X with a 

dense, discrete domain; it is a theorem that functions with the same maximal 

extension give rise to equivalent measures. X must have the infimum 0 and 

its supremum must be calculable. 

Brouwer’s theory of measure and integration [3] can now be followed; 

instead of rational intervals cells are used; a cell (a, b] is a set {x\a < x^>b}, 

where a and b are in the domain of X. It proved advantageous to use here 

the negative order relation: if a < b is the positive order relation, which in¬ 

volves that there are two different rational numbers between a and b, then 

a < b means —i—i(n <° b). The main advantage of < over <° is that by the 

use of < the difference of two cells is either a cell or the sum of two cells. 

It need not be true that every point in the domain of X is measurable; this 

is only the case if sup^^y) is calculable. 

The theory can be extended to functions of bounded variation, provided 

we suppose that the variation is calculable. Every function ju of calculable 

variation which is continuous on the right, is the difference of two non¬ 

decreasing functions. Let v(y, x) denote the variation of n over [y, x], 

* Opening address. 
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n'(x) = supj,<;cv(}>, x) = v(— oo, x) and g"{x) — g'(x)-g{x), then g' and 

g" are nondecreasing and continuous on the right. 

The converse does not hold: if X and X are right continuous and non¬ 

decreasing, then X — X need not be of calculable variation. Let Xy be the 

function defined by Xy(x) — 0 fory < x, Xy = 1 fory x. Then var(Ay —Az) 

= 2 for y # z and var(2y — X2) — 0 for y = z. Thus if Xy — Xz is of calculable 

variation for all values of y and z, then it is decidable for all y and z whether 

y = z or y # z. In particular the function / defined by f(y) = 0 for y # 0, 

/(0) = 1 would be everywhere defined and consequently continuous. This 

is contradictory. The result can be expressed by saying that the space of 

functions of calculable variation is not linear. It is a subset of the linear space 

of functions of bounded variation. 

2. Separable Hilbert space. Other work concerns the theory of separable 

Hilbert space ([1], [6], [7], [8]). It can be defined as usual by the set of se¬ 

quences <x;> such that £ xf converges; only the convergence must be taken 

positively. The notion of a sequence can here be taken in the sense of an 

ips. Von Neumann’s axioms can be taken over, but must be formulated more 

precisely [7]. The functions / such that /2 is Brouwer summable form a 

Hilbert space B2; there is no doubt that this result can be extended to Brou- 

wer-Stieltjes summability for a given measure X, though this has not been 

proved explicitly. 

In the theory of linear functionals difficulties arise with respect to the 

Riesz representation theorem. V h(F(f) = (/, h)) if and only if conditions 

(a) and (b) are satisfied: 

(a) . Fhas a calculable supremum ||F|| for unit vectors, 

(b) . there is a vector f0 of minimal length such that |.F(/0)| = ||F||2. 

If ||F|| # 0, then there is a unit vector ft such that F(f1) = ||F||, and ||F||/i 

= /0 satisfies condition (b). 

The separable Hilbert space H cannot be represented by a fan [2] but it ad¬ 

mits a representation by a spread. Suppose that H is given by sequences 

(Xj) such that £ xf converges. Let G be the subset of H, consisting of finite 

sequences of rational complex numbers. G is dense in H. I construct a spread 

S as follows: Every sequence of natural numbers is an admissible sequence 

for S. Let g{, g2, . . . be an enumeration of G. The complementary law F of 

S' is defined as follows: F«F1» = gkl. r({k1, . . ., kn_x, kn)) = gt, where 

l is the kn-th number such that 

\g>-r«kl,...,kH-i»\ <2-. 
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Every element gmi, gm2,... of S determines a point h of H such that 

I h-gmr\ < 2 for every r. Conversely every point in H is the limit of an 

element of S. 

The spread representation is used in the proof of the following theorem [1]. 

Theorem. A linear operator T which is defined all over H, is uniformly con¬ 

tinuous on H. 

Proof. For he H we can find a sequence q = qx, q2, . . . in S such that 

\qt — h\ < 2-i_2for every i. Then, if\h — h'\ < 2~n~1, we have \qt — h'\ < 2~l 

for i < n, so there is a sequence q' in 5 starting with qx,. . qn and coinci¬ 

ding with h!. Let r — rx, r2,. . . be a sequence in S that coincides with Th. 

For a given m, rm must become known after a finite segment of q, say qx,. . ., 

qn, has been chosen. It follows that rm is the same for Th' as for Th. We have 

then 

\h'—h\ < 2~"~1 => \TK — Th\ < 2~m+1. 

This is the case for every full operator T. If T is linear, we have 

|/| < 2~"_1 =>\Tf\ < 2-m+1 

for every/, so 

\h'-h\ < 2~n~l => \TW-Th\ < 2~m+1 

for every h and h!. 

A closed linear manifold M in H need not have a calculable dimension. If 

a finite or denumerably infinite orthonormal basis for M is known, then M 

is a subspace of H. The orthogonal complement of a linear manifold M 

is a closed linear manifold M±. Even if M is a subspace, it is not always 

possible to write every vector/in the form/ = / +f2, where/ e M,/2 e M±. 

A necessary and sufficient condition for the general possibility of this de¬ 

composition is that M is located; this means that the distance of every 

vector from M is calculable. It is sufficient to know the distance from M of 

every vector in an orthonormal basis elf e2,... of H. Let bx, b2, ■.. be 

an orthonormal basis for M, where bt — bikek. Then an equivalent con¬ 

dition is that Yjtfk is calculable for every k. 

M c M±J~, but M±± = M cannot be asserted, even if M is a closed sub¬ 

space. 

Example: M is defined by the basis bx ,b2,..where b{ = e2i except when 

the i,h-(/ + 9)th digits in the decimal expansion of n are all 7; then bt = ex. 
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el e Mx <-> there are no 10 consecutive 7’s in n 

ey 6 M"L‘L <-> it is impossible that there are no 10 consecutive 7’s in jr. 

Always MA"L± — Mx. 

The spectrum of a full completely continuous self-adjoint operator, for 

which the quadratic functional (Af,f) is positive definite, can be determined 

by the method of Hilbert-Courant, which has the advantage that the charac¬ 

teristic values are calculated one after the other. Let F be any full completely 

continuous functional, then m0 = sup|/i = 1F(/) is calculable. Also, if M 

is a finite-dimensional subspace, then 

m(M) = sup F(f) 
feM-L 
l/l = i 

is calculable, and so is mk = inf m(M) for all ^-dimensional subspaces M. 

The sequence m0, w4,... is non-increasing and has the limit 0. If F(f) = 

= (Af,f), then m0, mx,.. . are the characteristic values of A. All this can 

be proved intuitionistically, but the proofs are more complicated than the 

classical ones; they use several times the fact that a function defined on a 

bounded closed located species has a calculable supremum, [8]. 

The characteristic vectors of A need not be calculable, even in a finite¬ 

dimensional space. 

Example: 

F(x, y) = x2 + y2 + (ax + by)2; m0 = l+a2 + h2, mt = 1; 

fo = {~b, a), fy = (a, b). 

If no positive lower bound is known for \a\, nor for \b\, we shall not always 

be able to calculate the direction off0. However (and this is also the case in 

Hilbert space) if m0# my, then f0 can be found such that Ff0 — m0. 

Ashwini Kumar [1] has considered full self-adjoint operators, not ne¬ 

cessarily completely continuous. His definitions of the resolvent species 

RS(T), the approximate point spectrum APS(T) and the continuous spec¬ 

trum CS(T) are positive versions of the classical definitions. For instance, 

A e cs(r) if 

f#g=>(T-X)f#(T-X)g 

and for every k there is a unit vector h such that \(T— A)-1/z| > 2k. 

RS(T) n APS(T) = 0, but as might be expected, it cannot be asserted that 

RS(T) u APS(T) = C. Instead we have the theorem that RS(T) u APS(T) is 

congruent with C; this means that there cannot exist a complex number which 
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cannot belong to RS(r) u APS(r). APS(T) is real; this does not mean that 

every non-real number is regular. For z = x + iy, y # 0, a necessary and 

sufficient condition for z to be regular is that the species of the points 

(/, ((T—x)/y)f) in HxH, for / in H, is located in H x H. For self-adjoint 

operators it is unnecessary to define the spectrum; it can be identified with 

APS. 

The representation of the resolvent by a Brouwer-Stieltjes integral is 

obtained by a double limit process. First we consider the subspace Hn span¬ 

ned by the first n basic vectors; let Pn be the projection on Hn and Tn — PnTPn. 

Tn can be represented in Hn by a Hermitian matrix (fy). We can find the 

characteristic values of this matrix, but not always the characteristic mani¬ 

folds. To overcome this difficulty, we approximate the tiS by rational num¬ 

bers t'tj such that the matrix is hermitian and £ (ty-ty)2 < 2~n. The 

characteristic values of (t(j) are algebraic numbers, so for any two of them 

it is decidable whether they are equal or apart, and the corresponding char¬ 

acteristic subspaces can be found. We add to these with the character¬ 

istic value 0. Let T'n be the operator, determined by (/y) on Hn, and 0 on 

H^, then 

where En(A) is defined in the well known manner. A passage to the limit gives 

((■T-z)f, g) = lim (A-z) 'd(En(X)f, g). 

3. Non-separable Hilbert space ([1]). No example of a non-separable Hil¬ 

bert space is known. The same sort of difficulties because of which the space 

of functions of calculable variation is not linear occur in the theory of al¬ 

most periodic functions, cos Ax is a.p. if and only if A = 0 or A # 0. If A # 0 

and g # 0, then e'^ + e1"* is a.p. if and only if A = g or A # g; this follows 

from |eu* + ei"x|2 = 2 + 2 cos(A — g)x. It follows that a trigonometric series 

£ ake'XkX can only be a.p. if for every k, l it is decidable whether Ak = A, or 

Ak # A,; the sum of two series which satisfy this condition need not be a.p. 

The inner product of elAx and e,fiX is 

so it is only defined in these two cases. 
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The mean value of an a.p. function f is always calculable, but that of 

/(jc)e~,A* need not be calculable for every A; moreover, the Fourier exponents 

need not be calculable. 

It seems that a general theory of a.p. functions is unfruitful. The theory 

can be restricted to Fourier series with mutually apart exponents, but even 

these do not constitute a Hilbert space. 

From the intuitionist point of view it is natural to consider Hilbert space 

with the binary fan BF as its index set. Every element of HBF is a function 

/ with a domain Df <= BF and a range Af a C (complex numbers), satis¬ 

fying the following conditions: 

1. for every k there is given a finite species Qk of mutually apart elements 

of Df; for every k, Qk <= Qk+1, 

2. for every k and m, £aeQk+m-Qk \f(a)\2 < 2~k, 

3. If a e Df and a is apart from every element of Qk, then |/(a)|2 < 2~k. 

It is clear that ae Df — {JkQk=>f(a) = 0. Thus we may extend Df to 

U<2t^(BF-U Qk) and putf{a) = 0 for a e BF — (J Qk. 

Unfortunately, HBF is not linear, because from f,ge HBF it does not fol¬ 

low that f+g e HBF. In fact, we are not always able to find Qk(f+g) satis¬ 

fying the conditions 1, 2, 3 above. Also the inner product (/, g) is not always 

defined. 
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A THEORY OF CONSTRUCTIONS EQUIVALENT TO ARITHMETIC 

NICOLAS D. GOODMAN 

A theory of constructions is a type-free and logic-free theory directly about 

the rules and proofs which underlie constructive mathematics. The idea of 

such a theory as a basis for mathematics is implicit in many of the intuition- 

istic writings. For example, in Heyting [2], an informal theory of this sort 

is tacitly used for the interpretation of the logical connectives. The first 

attempt to formalize such a theory and to use it to give a semantic founda¬ 

tion for intuitionistic logic is in Kreisel [4]; the formalization is carried 

further in Kreisel [5]. Our purpose here is to continue this work by describ¬ 

ing a theory of constructions which is proof-theoretically equivalent to 

arithmetic. The proof of this equivalence and a discussion of its proof- 

theoretic applications will be postponed to a later publication. 

The results of this paper, in a somewhat different form, are part of the 

author’s doctoral dissertation at Stanford University, written under the 

direction of Professor Dana Scott. We wish to express here our deep grat¬ 

itude to Professor Scott for his patience, his sympathetic guidance, and his 

many stimulating suggestions. We also wish to express our indebtedness to 

Professor Georg Kreisel for several valuable conversations on the subject 

of this paper. 

1. The definition of intuitionistic implication. The major difference between 

intuitionistic and classical logic is that the classical mathematician thinks of 

himself as reasoning about an objective, external domain of entities. Every 

meaningful assertion about that domain is objectively either true or false. For 

the intuitionistic mathematician, on the other hand, it does not make sense 

to talk about the truth of a mathematical proposition independently of 

the question of whether or not one has a proof of it. Classically, in order to 

explain the meaning of a proposition it suffices to give the conditions under 

which it is true. Intuitionistically, one must rather explain what it means to 

have a proof of the proposition. For example, if we already understand the 
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propositions 21 and 23, then we explain the implication 21 -> 23 by stipulating 
that a proof of 21 -» 23 is to consist of a method leading from any proof of 
21 to a proof of 23, together with a proof that the method always works. 

In the next several paragraphs we shall analyze the presuppositions of 

this definition in an effort to determine what our eventual theory of construc¬ 

tions must look like. 

2. Terms. Since the proof of an intuitionistic implication is essentially a 

function, it is clear that, in addition to terms denoting the proofs themselves, 

the theory of constructions must contain notations for various operations 

on proofs. Moreover, since functions can themselves be parts of proofs of 

complex assertions, it is technically convenient to work in a type-free theory 

in which rules and proofs are not distinguished. We shall imitate the com¬ 

binatory logicians and think of a function of two arguments, for example, 

as a function of one argument whose values are again functions of one ar¬ 

gument. We write the result of applying a to b as (ah) rather than as a(b). 

Then we omit parentheses by associating to the left, so that ab0 . .. bfc_t, 

the result of applying a to the arguments b0,..., bk+1, is 

((... (ab0)... )bfc_j). 

We treat everything as a function by taking objects which are intuitively 

not functions to be totally undefined functions. 

We may now give a formal definition of our set of terms. We suppose given 

a list «0, »!, v2, ... of variables. We use x, y, z, u, v, w to denote variables. 

We also suppose given a set of constants. Each variable and each constant is 

a term. If a and b are terms, then (ab) is a term. These are the only terms. 

We use a, b, c, b, e, f, g, I) to denote terms. Every term is uniquely of the 

form ab0 . .. b*_l5 where a is a variable or a constant. A term containing 

no variables is closed. We indicate the substitution of a for x in an expres¬ 

sion by prefixing [a/jc]. 

3. The combinators. The correctness of the laws of Heyting’s predicate 

calculus (HPC) should follow directly from the interpretation of the logical 

connectives. For example, that 21 21 is a correct logical principle follows 

from the triviality that the identity function, applied to any proof of 21, 

gives a proof of 21. In order to be able to formalize such arguments in our 

theory of constructions, we must have at least certain elementary closure 

conditions on the functions of the theory. The simplest requirement we can 
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make is that they be closed under explicit definition. To that end we adapt 

Curry’s familiar combinators K and 5 (see Curry and Feys [1]). In order 

to be able to think of the constants K and 5 as denoting functions, we modify 

them so as only to be defined when their arguments are defined. Specifically, 

Kxy has the value x, and Sxyz has the value xz{yz), whenever the latter is 

defined. It is well known that K and S suffice for the treatment of explicit 

definition. Below we shall often make use of lambda-abstraction, remembering 

that this notation is eliminable in favor of K and S by the methods of Curry 

and Feys [1]. 

The theory of constructive functions at the base of our theory of construc¬ 

tions will be very similar to a classical free-variable theory of Godel numbers 

of partial recursive functions acting on each other. Indeed, we can make a 

diagonal argument to see that ours must also be a theory of partial functions. 

This is to be expected, since Church’s thesis is not obviously false. Specifical¬ 

ly, suppose we have a term f with the property that, if x is not zero, then fx 

is zero, and, if x is zero, then fx is not zero. Then consider the term 

(Ax.f(xx))(Ax.f(xx)). 

If this term had a value, then it would have to be a fixed point of the function 

denoted by f, which is impossible. Thus the term must be undefined. 

To avoid using partial functions, one would have to think of a construc¬ 

tive function as a pair consisting of a rule and a proof that the rule is every¬ 

where defined. But this is a derived notion which should be defined, within 

the theory of constructions, in terms of the more elementary notions of rule 

and proof. 

4. Intensional identity. Just as in classical recursion theory there is an under¬ 

lying notion of computation, so we need a notion of reduction. Any closed 

term of our theory is of the form ab0 ... bfc_x, where a is a constant de¬ 

noting a rule. In order to evaluate this term we must apply the rule denoted 

by a to the arguments, if any, denoted by b0,. .., bfc_t. To do that, we must 

first evaluate the terms b0,.. ., bfc_ x. The result of the application of a will, 

in general, be another term itself requiring evaluation. In this way the intend¬ 

ed interpretation of the constants of the theory will induce the relation of 

reduction on the closed terms. This relation will be deterministic, since we 

always reduce the arguments first and then carry out the uniquely determined 

operation required by the rule denoted by a. A term which cannot be 

further simplified by this reduction process, and therefore directly denotes 
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a well-determined construction, is reduced. Thus a closed term is defined 

if and only if it reduces to a reduced term. In general, of course, it is 

undecidable whether or not the reduction process applied to a given term c 

terminates. 

Our notation will be so chosen that syntactically distinct reduced terms 

denote distinct constructions. Thus we may replace the intuitive relation of 

intensional identity between constructions by the formal relation of inten- 

sional identity between closed terms which holds just in case they reduce 

to the same reduced term. If a and b are arbitrary terms of our theory, 

we write a = b to mean that a and b are defined and have intensionally 

identical values, where we think of free variables as ranging over the 

reduced terms. In particular, an equation a = a asserts that a is defined. 

When we come to the axiomatization of our theory 2T, we shall be care¬ 

ful to give enough axioms that every closed term which is defined can be 

reduced within ST to a reduced term. Therefore, as we shall show in another 

paper, the theory itself induces a unique minimal reduction relation on the 

closed terms which satisfies all the axioms of the theory. 

The relation of intensional identity is an undecidable, purely existential 

relation. If we know that a and b are defined, however, then it is decidable 

whether or not they are intensionally equal. We introduce a constant Q 

representing the predicate of intensional identity. 

Since the basic identity relation of our theory is intensional, it makes sense 

to introduce operators, which we shall call discriminators, whose function 

it is to analyze the structure of the reduced forms of the terms they apply to. 

Their importance is primarily technical, in that they enable us to formulate 

certain principles in a more perspicuous way. We shall need three discrimi¬ 

nators. The first of these, which we call 5, determines whether or not the 

reduced form of its argument c is of the form (al a2). The other two discri¬ 

minators, (5j and d2, carry this analysis further. Specifically, in the above 

case, we take <5;c = a,- for i = 1, 2. 

5. Pairing. In § 1 we explained that a proof of an implication is a pair con¬ 

sisting of a function and a proof. Thus our theory must contain pairing func¬ 

tions D, Dx, D2. We let Dxy be the pair consisting of x and y, in that order. 

Moreover, for i = 1, 2, we let Di(Z)x1x2) = xt. If x is not a pair, then we 

let Z),x = x. 

For the interpretation of arithmetic, it is convenient to think of every 

object as a sequence. Specifically, we think of each x as the (eventually 
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constant) sequence 

D±x, D,{D2x), Z»1(jD2(Z>2jc)). 

Then, for each natural number n, we can construct a term C„ such that, for 

any x, Cnx is the «th component of x thought of as a sequence in this way. 

Also we can construct, for each n, a term pn such that, for any x and y, 

pnxy is such that 

C„(pnxy) = y, 

and, if m / n, then 

Cm(pnxy) = Cmx. 

Now suppose that we are giving a definition of the logical connectives for 

a language containing quantifiers and free variables. Then what we must 

define is not ‘y is a proof of 2P‘ but rather ‘y is a proof that the sequence x 

satisfies 21’. Thus to each formula 2f we will assign a term |2I| such that, 

intuitively, |2I|x>> has the value true if and only if y proves that x satisfies 21. 

Suppose we already have the terms |2I| and |23|. Then, reformulating the de¬ 

finition in § 1, it is clear that we should have 

|2I 93| = (.bcy.Dly proves that, for any z, if |2I|xz has the value true, 

then 1931x(D2yz) has the value true). 

6. Truth-functions. In a classical truth definition the logical connectives are 

presupposed, not defined. The definition in § 5, on the other hand, is actually 

supposed to explain implication. If the definition is not to be circular, then 

the ‘if .. ., then’ in the definition must be essentially simpler than the in- 

tuitionistic implication being defined. This is achieved by requiring that the 

proof predicates |2I| and |53| be decidable, so that, even from an intuitionistic 

point of view, we can make unproblematical use of truth-functional connec¬ 

tives. Let us look at those connectives more closely. 

It is convenient, though arbitrary, to let the truth-value T be (Axj.x), and 

to let the truth-value 1 be (focy.y). 

Looking at the definition of implication in § 5, we observe that, if z is not 

as a matter of fact a proof that x satisfies 21, then D2yz may be undefined, 

since the function D2y is only supposed to apply to arguments which 

are proofs of the relevant kind. Thus we only want to try to evaluate D2yz if 

|2I|xz = T. Thus we need a truth-functional implication between partial 

predicates of one argument which gives the value T if the antecedent has the 
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value 1, even if the consequent is undefined. We explicitly define a function 

=3 j of three arguments u, v and z, writing 3Y v' for ‘n x uv\ in such a 

way that if uz = T, then the function applies v to z, and if uz = 1, then it ap¬ 

plies (Aw.T) to z. Remembering how we defined T and 1, we put 

Z3 j = (Xuvz.uzv(Xw.T)z). 

More generally, we put 

=>k = (Auvz0 . . . z*_! . uz0 . . . zfc_1u(Aw0 . .. wk_! . T)z0 . . . zk_ j). 

Similarly, we let 

nk = (htvz0 . . . zfc_j . uz0 . . . zk_lv(Xw0 . . . wk^1 . l)z0 . . . zfc_0 

and 

Ufc = (Xuvz0 . . . Zk_! . MZ0 . . . Zfc-^AvVo . . . wk_! . T)uz0 . . . Zfc_i). 

We can now write the definition of implication as follows: 

|2I -> S31 = (Xxy.D1y proves that, for all z, 

[(|2l|x) =3t (Az.|93|x(I>2yz))]z = T). 

7. Sequents. Since the relation = is not decidable, the truth-functions are 

not quite enough to give us all the basic logical apparatus we need. Neverthe¬ 

less, since we are working with partial functions, and since it is not obvious 

how to formulate the correct intuitionistic logic of partial predicates, we wish 

to minimize the logical presuppositions of our theory. The notion we need is 

that of a sequent. 

We use A and F to denote finite sets of equations, where an equation is 

an expression of the form a = b. Then a sequent is an expression 

zl b a = b. 

This sequent is to be interpreted as an intuitionistic implication: if all the 

equations in A hold, then a = b. The formulas of our theory are sequents. 

Notice that we only assume implication between purely existential assertions 

and, in particular, we have no iterated implications. 

Except for the specification of the remaining constants, this completes the 

description of the language of our formal system. We postpone writing down 

any axioms until after we have completed the discussion of the intended 

meanings of the constants. 
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8. The proof predicate. Looking at the definition of implication at the end 

of § 6, we see that if |2l -» 33|xy = T, then Dxy is a proof of an elementary 

statement in AE form. We shall take such proofs as basic and will not at¬ 

tempt to analyze their internal structure. Thus it is natural to introduce a 

primitive decidable operator n such that nuv has the value T iff v is a proof 

that, for all z, uz = T. Then we can write the definition of implication as 

|9l -> S3| = (/bey . tc[(|2I|x) 3, (Az . |93|x(D2yz))](Dxy)). 

The decidability of the basic proof predicate n seems to conflict with or¬ 

dinary mathematical experience. After all, we often think we have a proof 

of an assertion when, as a matter of fact, the argument we have in mind is 

still confused. We take this fact as evidence not of the undecidability of the 

proof predicate, but rather of a lack of clarity in the way the putative proof 

is presented. From an intuitionistic standpoint, the verbal argument we have 

in mind is at best a rough guide to the construction of the infinite canonical 

proof which, if fully grasped, could not be misleading. Thus we assume that 

a clearly given construction always either is or is not a proof of a given 

assertion. 

9. The self-referential paradox. There is an essential impredicativity in our 

definition of implication. For the assertion that |2l -»• !©|xy = T involves 

quantification over all proofs of including proofs which may themselves 

have been built up in some way fromy. Unless something is done to moderate 

this impredicativity, it actually leads to paradox. As a first step, we construct 

a self-referential sentence which asserts of itself that it is unprovable. 

Let 

g = (Xyz.S(Ky)(Kz)). 

Then g is a total function of two arguments with the property that, if 

gyzx is defined, then 

Therefore 

and so 

I- gyzx = S(Ky)(Kz)x. 

gyzx = gyzx b gyzx = Kyx(Kzx), 

gyzx = gyzx b gyzx = yz. 

The assertion that w does not prove that 

b yz = T 0) 
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can then be written as 

b (n(qyz) =>j (K±))w = T. 

Let 

% = (tyz.n(n(ayz) => t (K±))(zz)). 

Then the equation f)yz = T asserts that zz is defined and proves that (1) is 

unprovable. Thus to construct our self-referential assertion it suffices to 

find a term a such that we can prove that az = f)az whenever either side is 

defined. We take 

a = (Az.(ly.t)(yy)z)(ly.$(yy)z)). 

We can explain the lambda-abstraction here in such a way that a is defined. 

Then we have intuitively that 

b az s T (2) 

just in case zz is defined and is a proof that no x is a proof of (2). 

Now, if something is proved, it is a fortiori true. Hence 

7t(gaz)x = T b gazw — T, 

and so, as above, 

7t(gaz)jc = T b az = T. 

By our choice of a, therefore, 

7i(gaz)x = T b 7t(7r(gaz) => x (K±))(zz) = T, 
so that 

n(gaz)x = T b (7t(gaz) 31 (Ad.))w = T. 

Recalling the definition of d,, we have 

7i(gaz)x = T b /flw = T. 

Therefore, by the decidability of n, 

b 7i(gaz)x = 1. (3) 
It follows that 

b (Tt(gaz) =5 j (A:i))x = T. (4) 

Thus we have specified, uniformly in z, a proof of (4) for all x. Hence there 

must be a function f such that, for all z, 

b 7i(7i(gaz) =i (KL))(fz) = T. (5) 
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In particular, 

b 7i(7r(gaf) ^ x (Kj_))(ff) = T. 

That is, b Ijaf = T, and so b af = T. For any w, therefore, 

b gafw = T, 

and so we can choose b with 

b 7i(gaf)b = T, 

which contradicts (3). 

A similar argument shows that if the starred theory in Kreisel [4] is modi¬ 

fied so as to permit arbitrary lambda-abstraction, the resulting theory is 

inconsistent. This fact was noticed independently by Kreisel and by the 

author. 

10. Stratification of the theory of constructions. There is a fundamental 

heuristic principle to the effect that clear ideas lead to consistent theories. 

What we have left vague above is how constructions are built up. The set- 

theoretic paradoxes are resolved by observing that sets must be sets of ob¬ 

jects already at hand. Similarly we suggest that proofs must be about ob¬ 

jects already constructed. Just as in Zermelo set theory there is an implicit 

cumulative theory of types, so we propose to formulate a theory of con¬ 

structions involving a cumulative theory of levels. At the bottom level 

we will have constructive rules operating on each other. Among these will 

be certain basic, purely finitistic rules such as the combinators. We assume 

that it is decidable whether a construction belongs to this basic level, and 

as usual with decidable species, we identify the level with the function 

which gives T or 1 according to whether its argument is or is not an element 

of the level. We introduce a constant B to denote this basic level. Given any 

level L, we suppose that we can extend L to a new level containing all the 

objects of L, all proofs about objects of L, and certain additional construc¬ 

tions to be described below. If a denotes L, then we let Ea denote the extend¬ 

ed level. We emphasize that this is not a stratification by logical type, but 

rather a stratification according to the subject matter of proofs. 

Applying an idea of Kreisel, we can think of the stratification slightly 

differently. If the operator n of constructive universal quantification is it¬ 

self to be a construction, then this quantification must only be over a domain 

which has been grasped as a totality. But we cannot grasp the whole of the 
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constructive universe, which is always only a potential totality. The only 

grasped domains which we shall consider here are those which are maximal 

in the sense that they include everything which is immediately understood 

when their elements are understood. For example, we could think of the spe¬ 

cies of natural numbers as a grasped domain. This domain is not maximal, 

however, since implicit in the species of natural numbers is the species of 

constructive numerical functions, and so on. In this paper we shall always 

use ‘grasped domain’ to mean a totality which is decidable, which is grasped 

as a whole, and which is maximal in this sense. Therefore the grasped do¬ 

mains are just our levels. 

We add a new constant G which, applied to any argument x, determines 

whether or not x is conceived as a grasped domain. Then we will have 

h GB = T and 

Gx = T h G(Ex) = T. 

From the present point of view the operator n of § 8 no longer makes 

sense, since the only proofs we understand are proofs about the elements of 

a given grasped domain. Within this new framework, we must think of n 

as a function of three arguments, where nxyz = T means that x is a grasped 

domain containing y, and z is a proof that, for all w in that domain, yw = T. 

Neither nx nor z will be in the domain x, but only in the extended domain 

Ex. The operator n itself will not be in any grasped domain. 

11. The reducibility operator. Suppose we have a grasped domain a. Then 

we wish a to be as self-contained as possible. Therefore, if we have any rule z, 

then we suppose that we can find a rule Faz in the domain a with the proper¬ 

ty that, if x is in a and zx is defined and in a, then 

1- Fazx = zx. 

We do not care about the values of Faz for arguments x such that x is not in 

a, such that zx is undefined, or such that zx is defined but not in a. 

Suppose z is actually not in the domain a. Then we shall not assume that 

if Fazx is defined, with x in a, then the value of Fazx is just zx. For, this prin¬ 

ciple would imply that z is somehow involved in the definition of Faz, con¬ 

trary to our conception of the levels as built up from below. Instead, we sup¬ 

pose that Fa, applied to z, chooses some rule already present in a which, 

extensionally, has enough of the right values to serve as a representative 

for z. The operator Fa cannot use the fact that z is undefined at an argu- 
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ment x without looking at the meaning of z and therefore giving a function 

as value which is itself of level higher than that of a. 

The effect of the reducibility operator F is similar to the effect of an 

impredicative comprehension principle. Suppose, for example, that we have 

proved 

A«Vm21(«, m), (6) 

where n and m are numerical. Then that proof gives us a function/ such that 

A n^(n,fn). 

The description of/ may involve objects of very high level. For example, the 

proof of (6) may be by modus ponens, so that/may depend on understanding 

the proof of a complex auxiliary proposition. However, since n and m are 

certainly in the basic domain B, we also have 

A h21(h, FBfn), 

and FBf is itself in B. 

The introduction of the reducibility operator F is made necessary by the 

impredicative character of intuitionistic implication. It seems to us essential 

to the intuitionistic position that given a fixed assertion 21 about a well- 

defined domain, there is always an a priori upper bound to the complexity 

of possible proofs of 21. In case 21 is an implication, this principle already 

guarantees the existence of some sort of reducibility operator. 

12. Proofs. Now suppose/ is an element of the grasped domain a. Suppose 

we have a formal proof in our theory of the assertion that, for any x in a, 

fx = T. Then we /let af denote an intuitive proof of the assertion. We take 

/taf to be in the extended domain Ea. Since the formal proof may involve 

lemmas about objects of higher level, the introduction of the operator / 

involves another impredicativity of essentially the same nature as that in¬ 

volved in the introduction of F. Intuitively, /taf denotes an infinite canon¬ 

ical proof of the assertion. This canonical proof depends only on a and / 

and not on the structure of the formal proof, which can be thought of as an 

indication of how to construct the infinite intuitive proof /af. If we have 

no formal proof of the assertion, then, in general, we are not able to construct 

the intuitive proof, and /af is undefined. 

13. Avoiding the self-referential paradox. We have now completed the 

description of the language of our theory^- of constructions. The constants 
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we shall use ar qK, S, D, Dl,D2, 5, 5l,52, Q, E, B, G, n, /’and/. The set of 

terms is then defined as in § 2. Sequents are defined as in § 7. 

Before beginning the axiomatization of SE, let us consider how the para¬ 

dox of § 9 is now avoided. There are several ways in which one might hope 

to reconstruct the argument leading to the contradiction. The most naive 

proposal might be to choose a so that 

b a = (Xz.n(Ec)(nc(Qaz) =31 (AT))(zz)), 

where c is a grasped domain, and where we write ‘‘Ec' rather than V as the 

scope of the left-most application of n since we can only correctly apply 

nc to a rule in the domain c. But in this case the step from (4) to (5) is un¬ 

justified because a itself is only known to be in the domain Ec, not in c. 

Alternatively, we might choose a so that 

h a = (2z.7t(£c)(7tc(g(Fca)z) s t (WL))(zz)). 

But then, at the beginning of the argument, we only obtain 

7tc(g(/ca)z)x s Tf- Fcaz = T, 

which is not enough to give 

7tc(g(/ca)z) x = T b az = T 

even with the additional premise b cz = T. 

14. Axioms about consequence and identity. We begin with the rules of weak¬ 

ening and cut. 

II. If A b a s b, then A, c = b 1- a = 6. 

2. If A, a = b b c = b and A 1- a = b, then A b c = b. 

Next we have substitution for free variables, with an additional premise to 

guarantee that the term being substituted is defined. 

13. If A 1- a = b, then c = c, [c/x]A b [c/x]a = [c/x]b. 

We have reflexivity, symmetry, and substitutivity of intensional identity. 

14. If a is a variable or a constant, then b a = a. 

5. a s b b b = a. 

6. [a/x]b sc, b s a b [b/x]b = c. 

We can only apply a function to an argument if both are defined. 

17. ab s ab b a s a. 

8. ab = flb b b e b. 
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As applications of the rules of I, the following are all provable: 

(i) . a = b I- a = b. 

(ii) . a = b, b = c b a = c. 

(iii) . a = b 1- a == a. 

We do not, in general, have 

a = b, c ee b b ac = bb, 

since well-defined functions and arguments may lead to undefined function 

values. 

15. Axioms for the combinators and pairing. The basic axioms for K, S, D, 

Dy and D2 are as follows: 

III. 1- Kxy = x. 

2. Sxyz = Sxyz 1- Sxyz = xz(yz). 

3. xz(yz) = xz(yz) 1- Sxyz = Sxyz. 

4. 1- Sxy = Sxy. 

5. b Di(Dxlx2) = X,-. 

6. 1- Dtx = Dtx. 

We also need axioms asserting that if x is not a pair, then b D;x = x, but 

we are not yet in a position to formulate them. 

The above axioms suffice for the treatment of explicit definition and se¬ 

quences as in §§ 3, 5, and 6. 

16. Axioms for the discriminators. We first wish to assert that the operator 

<5 represents a decidable predicate. Let us formulate what this means in 

general. We say that a term a is a decidable predicate of n arguments iff when¬ 

ever we have 

A, ab0 ... b^i = Tb c e= b 

and 

A, ab0 ... bn_j = ± b c = b, 

we also have 

A, b0 s b0,..., b„_! = b„_x b c = b, 

If a is a decidable predicate of n arguments, then 

b ax0 .. .x„_! = ax0 .. .xn_y. 

mi. 5 is a decidable predicate of one argument. 
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Next, <5,x is defined only if the reduced form of * is composite. 

III2. dtx = 5tx \- Sx = T. 

3. 5x = TV 5tx = <5;X. 
No constant is composite. 

Ill 4. Suppose a is a constant. Then b (5 a = 1. 

Finally we need an axiom guaranteeing that <5; has the right values. 

Ill 5. Suppose a is K, S, D, Q, E, n, F, fr, Sy, Dy, ny, Fy or fry. Then 

and 

ax = ax 1- ^(ax) = a 

ax = ax 1- <52(ax) = x. 

17. Axioms for the predicate of identity. The constant Q is to represent 

the decidable predicate of intensional identity. 

IV1. Q is a decidable predicate of two arguments. 

2. 1- Qxx = T. 

3. Qxy = T 1- x = y. 

4. If a and b are distinct constants, then b Qab = 1. 

We are now ready to write down the axioms which assert that Dt has the 

right values on arguments which are not pairs. 

IV5. <5x s l b Z);x = x. 

6. <5(5jx) = 1 b Dtx = x. 

7. QD((51((51x)) = 1 b Dtx = x. 

As an example of the application of Q, we observe that it enables us to dis¬ 

tinguish pairs from objects which are not pairs without using the discrimi¬ 

nators. For x is a pair just in case x is the pair of its components. Thus let 

P = (Xx.Qx{D(Dlx){D2x))). 

Then P is a decidable predicate of one argument which is such that, intui¬ 

tively, b Px = T if and only if x is a pair. 

18. The rule of induction. In order to interpret arithmetic, we need a prin¬ 

ciple justifying arguments by induction over the natural numbers. In the 

context of an intensional theory such as ours, it is natural to add a principle 

of induction on the way in which the reduced terms are built up. This can be 

formulated as follows: 

V. Suppose x does not occur in A or a. Suppose 

(i). A, Sx = 1 b ax = T 
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(ii). A, x) = T, a(52x) = T b ax = T. 

Then A b ax = T. 

Now we assign a numeral n to each natural number n as follows: 

(i) . 0 = K. 

(ii) . n +1 — DOn. 

A reduced term a is a numeral if it is 0 or if it is a pair whose first component 

is 0 and whose second component is a numeral. Then, imitating this defini¬ 

tion, it is not difficult to construct a closed term N, without using the dis¬ 

criminators, such that: 

(i) . N is a decidable predicate of one argument; 

(ii) . for each n we have b Nn = T; 

and 

(iii) . the following special rule of induction is derivable: Suppose x does 

not occur in A or a. Suppose 

(a) . A b aO = T. 

(b) . A, Nx = T, ax = T b a(L>0x) = T. 

Then A, Nx = T b ax = T. 

For each primitive recursive function H we can construct a closed term 

such that, using induction, can be proved to satisfy the defining equa¬ 

tions for H. 

19. Axioms concerning grasped domains 

VII. G is a decidable predicate of one argument. 

2. b GB = T. 

3. If Ga = T, then b G(La) = T. 

For each natural number p, we define the pth level Lp as follows: 

(i) . L0 = B. 

(ii) . Lp+1 — ELp. 

The only reduced terms of the theory which denote grasped domains are 

the terms Lp. This will not, however, necessarily remain true when ET is 

extended. Thus instead of asserting directly that these are the only grasped 

domains, we add axioms which assert, for each term of EE which is not an 

Lp, that it is not a grasped domain. 

VI4. Suppose a is a constant of EE other than B. Then b Ga = i. 

5. Suppose a is a constant of EE other than E. Then 

x = a b Gx = ±. 
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6. Suppose a is any constant of Then 

^iO^ix) = a b Gx = 1. 

The operator E only applies to grasped domains. 

VI7. Ex = ExV Gx = T. 

Any grasped domain is a decidable predicate of one argument. 

VI8. Suppose 

(i) . A, ah = T 1- c = b. 

(ii) . A, ah = 1 b c = b. 

Then A, Ga = T, b = b b c = b. 

Any element of a grasped domain is also an element of the extended domain. 

VI9. Gx = T, xy = T 1- Exy = T. 

A grasped domain is closed under any function belonging to that domain. 

VI10. Gx = T, xy s T, xz = T, yz = yz b x(yz) = T. 

Certain elementary rules belong to the basic domain. 

VI11. Suppose a is K, S, D, Dl, D2 or Q. Then b Ba = T. 

There are other operators which, because of their great generality, belong 

to no grasped domain. 

VI12. Suppose a is 5, 8t, d2, E, G, n, F or Then 

Gx = T b xa = 1. 

Every level is an element of itself, but not of the previous level. 

VI13. Gx = Tb xx = T. 

14. Gx = T b x(Ex) = ±. 

In certain cases one can argue from the level of a reduced term to the level 

of its components. 

VI15. Suppose a is K, S, D, Q, Sy or Dy. Then 

Gx = T, 5xz = a, xz = T b x{d2z) = T. 

16. Suppose a is S or D. Then 

Gx = T, x(ayz) = T b xy = T. 

20. Axioms about the reducibility operator. We begin with two axioms about 

the level of a term of the form Fa. 

VIII. Gx = T b x(Fx) = T. 

2. Gx = T, 5Yy = F, xy = T b x(S2y) = T. 

Of course, Fx is only defined if x is a grasped domain. 
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VII3. Fx = Fx t- Gx = T. 

Next we have two axioms about the level of terms of the form Fab. 

VII4. Gx = T b x(Fxz) = T. 

5. Gx = T, x(Fyz) = T b xy = T. 

Finally we have the characteristic axiom about the values of functions of 

the form Fab. 

VII6. Gx = T, xy = T, x(zy) = T b Fxzy = zy. 

21. Axioms about proof. Again, we begin with axioms about the levels of 

certain constructions. 

VIII1. Suppose a is n or f. Then 

Gx = T b Fx(ax) = T 

and 

Gx = T b x(ax) = 1. 

2. Suppose a is n or f. Then 

ax = ax b Gx = T. 

3. Suppose a is n or /. Then 

Gx = T, axz = axz b Fx(axz) = T 

and 

Gx = T, x(ayz) = T b x(ay) = T. 

4. Suppose a is n or /,i. Then 

axz = axz b xz = T. 

5. nxzy = T b Exy = T. 

If a is a grasped domain and b is an element of that domain, then 7iab is a 

decidable predicate of one argument. 

VIII6. Suppose 

(i) . A, 7tabc = T b b = e. 

(ii) . A, nabc = 1 b b = e. 

Then A, Ga s T, ab = T, c = c b b = e. 

The reflection principle asserts that anything provable is true. 

VIII7. 7ixzy = T, xw = T b zw = T. 

The rule of proof asserts that formal derivations correspond to correct in¬ 

tuitive proofs. 
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VIII8. Suppose x does not occur in A, a or b. Suppose 

A, ax = T 1- bx = T. 

Then 

d, Ga = T, ab = T H 7tab(/ab) = T. 

A proof of the form /ab is only a proof of one assertion. 

VIII 9. nxz(/iyw) = T b y = x. 

10. nxz(/ixw) = T b z = w. 

Finally, we need three axioms asserting that various objects are not proofs. 

VIII11. Suppose a is any constant of Then 

Gx = T, xz = T b 7txza = ±. 

12. Suppose a is any constant of&~. Then 

Gx = T, xz = T, 8xy = a b nxzy = ±. 

13. Suppose a is any constant of^" other than /?. Then 

Gx = T, xz = T, = flh nxzy = ±. 

This completes the description of the theory of constructions. 

22. The interpretation of arithmetic. We suppose given a formulation of 

Heyting’s arithmetic (HA). We shall not describe this theory, but refer the 

reader to Kleene [3] as an example. Then, to each formula 21 of HA, we 

wish to assign a closed term |2I| of^" such that, for any sequence x and any 

y, \%\xy = T if and only if y is a proof that x satisfies 21. First, to each term 

t of HA we assign a closed term |t| of ^ such that, for any sequence x, 

|t|x is the value of t at x. The definition is by recursion on the structure of t: 

1. kl - cH. 
2. |0| - (/bc.O). 
3. |f'| = (Ax.Z)0(|t|jc)). 

4. Suppose FT is a primitive recursive function of k arguments introduced 

by certain defining equations. Let be the term introduced in § 18 to prov- 

ably satisfy these equations. Then 

IH(t0,. . ., = (kx . f„(|t0|x) . . . (14-il*)). 

Now, the level of a term |2l| will depend on the depth of nesting of quanti¬ 

fiers and implications in 21. Accordingly, to each formula 21 we assign a 

depth, d(2t), by recursion on 21: 
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1. d(3 = t) = 0. 

2. d(2l a SB) = d(2Iv93) = max {d(2l), d(SB)}. 

3. d(2l -*■ 93) = 1 + max {d(9l), d(23)}. 

4. d(V»„21) = d(2I). 

5. d( A v„ St) = l + d(2I). 

We can now define the term |2I| by recursion on the structure of 21: 

First, y proves that x satisfies an equation § = t just in case y is of level 

zero and |3|x = |t|x: 

IS = t| = (Xxy . By n0 Q(|§|x)(|t|x)). 

The construction y proves that x satisfies 21 a S3 just in case the first compo¬ 

nent of y proves that x satisfies 21 and the second component of y proves that 

x satisfies S3: 

|21 a S3| = (Xxy . ISlIx^y) n0 |S3|x(D2y)). 

The construction y proves that x satisfies 21 v S3 just in case either y proves 

that x satisfies 21 or y proves that x satisfies S3: 

|21vS3| = (Axy . |21|xy u0 |23|xy). 

Suppose p = d(2t ->■ S3). Then d(2t) < p, and so any proof that x satisfies 

21 has level < p. Therefore, in defining |2I -* S3| it suffices to quantify over 

w- 
121 -► S31 = (Xxy . 7iLp[(|2l|x) =>x (Xz . |S3|x(D2yz))](T>1 y)). 

The construction y proves that x satisfies V u„ 21 just in case the first compo¬ 

nent of y is a natural number and the second component of y proves that 

x, with the first component of y in the «th place, satisfies 21: 

I V®„21| = (2xy . N(D1y)) n2 (Xxy . |21|(pnx(D1y))(D2y)). 

Finally, suppose d(A®„21) = p. Then y proves that x satisfies A«n21 just 

in case the first component of y proves that, for any natural number z, the 

second component of y applied to z proves that x, with z in the «th place, 

satisfies 21: 

I A ®„2l| = (Xxy . nLp[N zd 1 (Xz . |2l|(p„xz)(D2yz))](Dly)). 

Observe that the constant zero sequence is represented by 0. Then our main 

result about the interpretation of HA is this 

Theorem. Suppose 21 is a sentence of HA. Then 21 is a theorem of HA if and 
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only if there is a term a such that we have in 3T that 

b |2l|0a = T. 

This theorem establishes the consistency of^" relative to HA. 
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CHURCH’S THESIS: A KIND OF REDUCIBILITY AXIOM FOR 

CONSTRUCTIVE MATHEMATICSt 

G. KREISEL* 

The purpose of this lecture is to expand the remark ([21] p. 146, 2.76) 

relating Church’s thesis in constructive mathematics to the ‘hypothesis’ 

V = L in set theory (which, by [4] p. 147, implies a natural form of the 

axiom of reducibility). Some problems suggested by the remark are solved 

in the Technical Notes (e.g. I and II) below. Also (and, to me, this is perhaps 

most important) the body of open problems is coherent, and so there is at 

least a chance of some decisive results in this area. 

Two topics treated here may be of independent interest. A development 

of the theory of abstract constructions by use of the notion of graspable 

domain (§ 5) and a connection between Scott’s model [36] and the theory of 

lawless sequences (Technical Note III). 

Introduction: abstract impredicative and (more or less) explicitly defined 

notions. We consider principally: 

(i) . The abstract notion of arbitrary subset and the power set operation 

(collecting all subsets of a given set); correspondingly, the notion of con¬ 

structive set, obtained by iterating the process of collecting (only) those 

subsets which are definable by means of formulae in the language of set 

theory, using names for elements of the given set. 

(ii) . The (abstract) notion of constructive function (with integral ar¬ 

guments and values) as understood in intuitionistic mathematics, and ex¬ 

plained in [5]; correspondingly, the notion of recursive function, defined by 

means of recursion equations. 

The clause ‘more or less (explicitly defined)’ is needed because (i) the ab¬ 

stract notion of set (theoretic ordinal) is used for formulating the iteration 

process and (ii) the notion of constructive function is involved in the mean- 

t Concluding address. 

* Preparation of this paper was partially supported by grant DA-ARO-31-124-G 985. 
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ing of the quantifier combination V3 in V«3m T{e, n, m) (for Kleene’s T- 

predicate) used to define the notion of recursion equation. Only for certain 

segments of the constructible hierarchy and certain subclasses of the class 

of recursive functions are the relevant definitions independent of the cor¬ 

responding abstract notions (cf. my other lecture [26]). 

Undoubtedly the natural way, incidentally corresponding roughly to 

the historical development, of looking at the two sets of notions, is this: 

First we have the abstract notions and their basic properties (axioms), e.g. 

the axioms of Zermelo, Mahlo, Fraenkel in (i), Heyting’s arithmetic and 

extensions in (ii). These axioms are recognized by inspection or reflection. 

Afterwards defined notions are introduced. Those mentioned above (happen 

to) satisfy the axioms originally found for the corresponding abstract no¬ 

tions. This fact was not immediate on inspection, but had to be established 

by a detailed argument, by Godel for (i), by Kleene for (ii) using the notion 

of recursive realizability.1 

Note in passing that for mathematical practice too the abstract notions 

are primary. Thus mathematicians speak freely of sets, but get bored or 

confused by explanations of first order definability, let alone of its iteration. 

In constructive mathematics, Bishop’s book [1] owes much of its appeal (and 

cogency) to the fact that he does not write out recursion equations but works 

with the primitive notion of constructive function; for more technical points 

see also [24] p. 233. Finally, as a related and more elementary illustration 

([21]p. 103,1. 42), the natural way of looking at the Euclidean plane is not 

to introduce coordinates (names for points) at all, let alone algebraic ones 

for points obtained by explicit constructions; their place is in refinements. 

Probably the first natural logical problem is to look for properties which 

distinguish between the abstract and corresponding explicitly defined notions. 

In set theory this kind of question was suggested by Godel [6] and first 

carried out (by use of axioms about measurable cardinals) in Scott [35], 

Another, quite different, attempt is given in a letter (1963) of Myhill quoted 

in [28] (by use of axioms for random reals). From the present point of 

view it is equally natural to try and refute 

V/3eVn3p[T(e, n, p) a/m = U(pJ] 

(for constructive functions /, numbers e, n, p, Kleene’s T and U) which we 

shall here call Church’s thesis.2 One expects to use recondite properties of 

the basic constructive notions but, if possible, less problematic ones than 

those used by Scott and Myhill above. (Evidently the project makes sense 
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only if one understands or, as one sometimes says, ‘accepts’ the basic notions; 

it would be circular if one thinks of the explicitly defined ones as replacing 

the others.) 

Let me end this introduction with a word on the difficulties of the pro¬ 

ject. Subjectively, we live at present in a logical tradition which insists on 

algebraization or arithmetization (in place of the geometric way of looking 

at things). Not only (as in Euclid’s axioms) do we list explicit properties 

of notions, but we try to list the means of generating the objects studied. As 

an illustration, contrast the explicit definition of the property of continuity 

with the (algebraic) restriction to e.g. polynomials built up by addition and 

multiplication. In its extreme form this tradition requires the kind of ex¬ 

plicit description mentioned as a prerequisite of precision itself (cf. [23] con¬ 

cerning formal and informal rigour). Whatever its merits or defects the 

tradition exists and presents a psychological obstacle to the study of ab¬ 

stract notions. For this reason, I give elementary examples in § 1 (and con¬ 

sider them basic.) 

Objectively, the nature of the abstract notions is problematic; indeed 

this is perhaps their principal interest for the logician (though of course 

not for the working mathematician). Evidently the analysis of the notions 

is the ultimate aim of our research. But we should be able to say at the start, 

at least roughly, what kind of entities these abstract objects are. This is 

not the place to go into the notion of subset.3 But what are the constructive 

functions or rules, and, more generally, the constructive proofs for which we 

wish to set up a theory? Speaking for myself, I think their usual characteri¬ 

zation as mental objects (in contrast to their spatio-temporal or linguistic 

representations) is inadequate in an essential respect. The rules and proofs 

are of course involved in the mental (psychological) experience of mathe¬ 

matical activity. But the theories we try to set up are not about this ex¬ 

perience as it presents itself to us, they concern its logically significant as¬ 

pects. 

Before mechanically dismissing this distinction as ‘vague’ or ‘circular’ 

(cf. note 4 on p. 143 for a sermon) let us pursue it, and compare our pro¬ 

blems with those arising in mechanics, say. The objects considered in this 

science are not the (material) bodies of physical experience as they present 

themselves to our senses. To apply mechanics we have to determine the mecha¬ 

nically significant data in an empirical situation (mass of the body rather 

than, say, its colour, electric charges if there is electric interaction etc.). Indeed, 

we need the theoretical notions to tell us which data are significant, but we 
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do not have a recipe for stepping from crude physical experience to those 

data. One last and highly relevant historical point. The notions and laws of 

mechanics (e.g. the equations for incompressible fluids) were derived from 

general qualitative experience, not from delicate measurements which, in¬ 

cidentally, can often be stated only in terms of the theoretical notions. 

In the last analysis (cf. [21], p. 191, 5.422) the interest in the general 

theory of constructivity is based on the conviction that the (mental) ex¬ 

perience of mathematical activity is susceptible to a similar kind of theory 

as we have for (familiar) mechanical phenomena. We can’t be sure that 

the conviction is well founded. But it’s a sensible idea, and, as we know, 

sensible physical theories, even when false, have led to interesting formal 

mathematical problems and results. This certainly seems to carry over to 

our project. 

1. Basic example: constructive (prima facie) non-mechanical rules for 

number theoretic functions (cf. [21], p. 131, 2.35). We consider a formal 

system such as Heyting’s arithmetic HA which we have recognized to be 

constructively valid. Thus to each formal derivation (with Godel number) ' 

n corresponds a constructive proof, say p„. The rule / is given by cases: 

Case 1. If n is not a derivation of any closed formula of the form 3x91 

then fn = 0. Otherwise 

Case 2.1. fn = 0 if p„ does not provide a specific numerical instance 

satisfying 91, e.g. if 3x91 has been inferred from Vx9l; 

Case 2.2. fn ~ x+ 1 if x is the number verifying 91 which is provided 

by P„. 
Clearly, no Turing machine will react to this rule as it stands. But let’s 

look at it before calling it vague4. As a first test of understanding we show: 

/ is not equivalent to the following (mechanical) rule /' (Recall that 

(HA H 3x91) => 3x 1- 9Ix where x denotes the xth numeral.): 

Case T. If n is not a derivation (in HA) of any closed formula 3x91 then 

f'n = 0. Otherwise 

Case 2'. f'n = x + 1 where x is the argument of 91 in the shortest deriva¬ 

tion (in HA) of a formula of the form 9Ix. * 

The rules are clearly different since case 2.1 has no analogue here at all. 

They are not even equivalent. For let 93 and © be two closed theorems of 

HA such that © has a much shorter derivation than 93, and let 91 be 

(x = Oa93)v(x = 1a6). 
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Let n consist of a derivation of 25, followed by the inference to 3x21. Then 

fn = 1, but f'n = 2. 

We can go a little farther. Consider an enumeration 2Im in a system S of 

arithmetic properties, and let 9l(m, n, y) mean: 

If n is a derivation in 5 of 3x2Im then 21 my. 

If S is constructively valid, we have VmV«3y 9R(m,«, y) and hence 

3/zVwVn9J(m, «, /z(«)). But in general (in contrast to HA) we cannot expect 

(5 b 3x2Im) => 3x(S b 2Imx), 

for example, if (i) the closed formula 3x2Ix is constructively valid, (ii) for 

no numeral x is 3x2Ix -> 21x derivable in HA, and (iii) S = HA u {3x2Ix}. 

In that case the only definition of h that we have goes via p„; while, for 

S — HA, our f above will (at least) be a solution of 

VmVn 9t(m, n, h(n)). 

Remark. It is almost banal that we understand non-mechanical rules; 

on the contrary too detailed, that is ‘too’ mechanical rules only confuse 

the human computer. The point of considering the specific rule / above 

is to have precise questions in a familiar context. 

2. Basic example: formal problems. Having understood the rule /, we ask 

Problem 1. Is f equivalent to some mechanical rule? 

Clearly the problem has the same character as any other problem of informal 

mathematics: we look for minimal assumptions about p„, as evident as 

possible, which are sufficient to settle the question. However, if preferred, 

there is a ‘corresponding’ purely formal problem. 

Recall that each of the following syntactic studies of HA assigns a specific 

term t, possibly containing free variables (corresponding to case 2.1), 

to any formal derivation of 3x21: 

Kleene’s various recursive realizability interpretations ([14] —[16]); 

Godel’s functional interpretation [5]; its variant ([17], p. 112, 3.52); 

Goodman [8]; cut elimination by use of infinite proof figures ([34] as 

extended in [21], p. 164, 3.332 5). Let fj be the mechanical rule which the 

interpretation assigns to derivations in HA. 

Problem 2. Are the functions fj, for the interpretations .f above, equiv¬ 

alent? (‘Equivalent’ either in the sense that the terms assigned to n by the 

denote definitionally6 or extensionally equal objects.) 
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Problem 3. Which, if any, of the fj, are equivalent to the non-mechanical 

rule f above? 

Problem 2 belongs to traditional proof theory of intuitionistic arithmetic, 

a subject very much in need of less crude problems than the hackneyed 

question: does V 3x21 imply 3x I- 2Ix? Ad problem 3, note that t assigned by 

a given J ‘satisfies’ St in the sense of J, not always for the intended inter¬ 

pretation. 

3. Church’s thesis: generalities; incompleteness of Heyting’s predicate cal¬ 

culus. For systems not containing variables for constructive (number 

theoretic) functions the axiom on p. 122 is replaced by 

V2f{Vx3y«x, y)el)^ 3cVx3 z[T{e, x, z) a <x, C/(z)> 6 X]}, 

and for systems not containing variables X for species, by the schema 

Vx3y 9t(x, y) -> 3eVx3z\T{e, x, z) a 9ft(x, U(z))] (*) 

for all definable relations not containing free variables (parameters) for 

incompletely defined objects such as free choice sequences. 

Church's rule is, by definition, the inference of the conclusion in (*) 

when the premise has been derived. 

As observed in [19] (p. 140,1. 11-14, for 21 of theorem 3, p. 150) Church’s 

thesis implies incompleteness of Heyting's predicate calculus, and this is 

sharpened in the Technical Note I below.7 Regarding Church’s thesis as 

neither plausible nor refuted, we can say that the notion of constructive 

validity of first order formulae depends on problematic properties of the 

basic notion of constructive function; like second order validity ([23], p. 

157), and unlike first order validity (cf. p. 144, note 7) in the classical case. 

The following question asks for an analogue to Skolem-Loewenheim: 

Problem 4. Is there a definition {in the theory of species of natural numbers 

or even in arithmetic) of the species of constructively valid formulae in the 

language of predicate calculus {without having to decide Church's thesis)? 

But Church's thesis would of course imply that the species so defined is 

not the set of theorems in Heyting’s system. (Note that there is no solution of 

problem 4 by a constructively enumerated species.) 

4. Church’s thesis and Church’s rule; consistency and conservative extension 

problems. Evidently, given any formal system containing the notation 

needed for formulating Church’s thesis (or its variants in § 3), it makes 
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sense to ask whether the addition of Church’s thesis or rule is consistent, 

or whether the system is closed under the rule8; more generally, whether the 

addition is conservative for suitable classes of formulae (corresponding to 

[21], p. 106, 1. 535, for the addition of V = L). 

Good candidates for such classes of formulae are usually arithmetic 

formulae in the fragment (—i, a , V) or V3 formulae. But perhaps the subject 

is ripe for a more general treatment (possibly simplifying [15] a bit): 

Problem 5. Are there simple syntactic conditions (on axioms) which ensure 

that the axioms, added to intuitionistic predicate calculus, are (i) consistent 

with Church's thesis or (ii) closed under Church's rule? 

But, for immediate progress, it is probably more useful to indicate 

particular systems that present open problems. 

(a) . Theory of species of natural numbers (like classical analysis with the 

comprehension axiom and the axiom of dependent choices, but intuitionistic 

instead of classical predicate logic). In Technical Note II I give a sketch 

of a proof of closure under Church’s rule (as I conjectured [21], p. 351). 

We have the following question (but cf. the postscript on p. 147): 

Problem 6, For what classes of formulae (if any, e.g. {0=1}) is the addition 

of Church's thesis to the theory of species conservative? 

For a justification of the theory of species see the end of § 5 below. But 

problem 6 is of interest even for those who (have not thought out the 

justification, or who simply) are primarily interested in a narrower area of 

constructive mathematics. Various formal theories of (possibly iterated) 

inductive definitions or, equivalently, so-called higher number classes can 

obviously be modelled in the theory of species, and so the consistency of 

Church’s thesis with the latter covers also those systems. (Naturally a 

separate argument is needed to treat the rule above; cf. end of Note II.) 

(b) . Theories of choice sequences. For a brief summary see Technical 

Note IV. For all such theories, or better for all notions of choice sequence 

a considered, we have 

—i Va3eVx3z[T(e, x, a) Aa(x) = I/(z)]. 

This is natural. For instance, for dice a (or lawless sequences) you don’t 

expect to prove that successive values of a will follow a recursive, or for 

that matter, any law. Nor will the thinking (freely creating) subject a 

convince himself that his (mathematical) behaviour is subject to such a 

law! 

What is more reasonable to assume, is the consistency of the schema (*) 
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in § 3 for relations 91 defined by use of quantifiers for choice sequences. 

The bulk of the theories (cf. Technical Note IV) are reduced to the particular 

theory IDK in such a way that the consistency of (*) with IDK implies its 

consistency with those other theories. I have convinced myself that Kleene’s 

original recursive realizability interpretation extends to IDK (§ 1 of [24]) 

by use of the trick [24], p.235, 1. 12. {Added in proof: the details are now in 

[43], 3.7.2.) But there is room for a more complete solution of 

Problem 7. For what class of formulae is the addition of Church's thesis 

to IDK conservative?9 

(c). Kripke's schema. The schema is justified by reference to the 

‘thinking subject’ or, more objectively, to the analysis of mathematics into 

co stages ([23], p. 179, 1. — 7); but it is stated in the ‘usual’ language of 

intuitionistic analysis. For species X and constructive functions / (not only 

choice sequences) we have a ‘strong’ form (KS+) 

VV3fdn\_X(n)] <-► 3m(/(m) = n)] 

(proved consistent by Scott [36], with various basic axioms, cf. Technical 

Note IV) and the ‘weak’ form (KS~) 

VV3/Vn([3m(/(m) = n) -> V(«)] a[—i 3m(/(m) = n)—\ V(n)]) 

(which follows from the axioms [23], p. 159-160). Even (KS~) is incon¬ 

sistent with Church’s axiom V/3eV«3p [T(e, n,p) a U(p) = /(«)].*0 

However, I do not know the answer to 

Problem 8. For in the (restricted) language of analysis (not containing 

the primitive b„ of [23]), is (KS), together with the axioms of Technical 

Note IV, consistent with Church's schema, and is the system closed under 

Church's rule? 

Discussion. The assumptions used in deriving KS~, namely thinking of 

the body of mathematical evidence as arranged in an co order, seem arbitrary 

(though not absurd) if, as in the theory of ordinals, one also thinks of 

individual proofs as consisting of a transfinite sequence of steps ([3], 

footnote 8). Therefore the inconsistency of (KS) with Church’s thesis does 

not, I think, refute the latter conclusively. In any case it leaves open the 

question whether constructive rules f defined without reference to such an 

hypothetical co-order of mathematical proofs are equivalent to recursive 

functions. We therefore turn now to an area of constructive mathematics 

which does not assume such an order, yet looks promising, that is, it looks 

abstract enough not to be reducible to mechanical operations. 
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5. Abstract constructions and proofs. See for reference [21], pp. 125-127 

or Troelstra's course at the present conference and Goodman’s lecture 

[8].11 It is useful to think of the latter as a setlike, of the former as a classlike 

theory, where constructions correspond to sets, notions to classes (p. 126).12 

For the present purpose it seems slightly more convenient to use the classlike 

formulation. Let us scrutinize a bit the basic relation: 

For some given notion a, the construction (more precisely, judgement) 

c proves ad for variable d. 

For the discussion below it is quite sufficient to consider a particular 

notion a which we understand. More generally, there is nothing to force 

us to look at any notion a or any object d except after we have convinced 

ourselves that everything in sight makes sense, provided we have also 

convinced ourselves that the closure conditions (axioms) explicitly formu¬ 

lated are satisfied. After all, this freedom is one of the principal virtues of 

quantifier-free systems such as theories of constructions. 

The principal issue is this: 

If we think of the variable d as ranging over the, so to speak, absolutely 

unattained universe of all constructions, it seems dubious that there should 

be any construction (something that we grasp completely) which proves 

ad, even if we have convinced ourselves that, for any clearly given d, a 

is indeed a well defined notion. (In set theory: even if xey makes sense for 

each pair of well defined x and y, why should we be able to put together, 

here and now, all x: x = x, or x: x $ x?). 

On the other hand, if we take some particularly simple notion ad, say 

pd > pd (where I use O for truth functional implication and, if one wants 

to, a and v for truth functional conjunction and disjunction respectively) 

we simply have a proof. Whatever else may be in doubt, we have a perfectly 

clear idea or ‘schema’ for verifying pd > pd. The kind of judgement 

involved here plays the same role among proofs as, say, the identity operator 

plays among functions. It is simply a mindless ritual to chant: for each type 

we have a different identity operator. (Though, trivially, for each domain D 

the set of pairs (<x, x):xefl} depends on D.) 

The obvious and immediate conclusion is: just as there are some opera¬ 

tions which are defined for arbitrary operations (in the non-trivial sense of 

giving distinct values for ‘lots’ of arguments, e.g. the identity operator, 

the composition operator etc.) so there are some notions a which can be 

proved by constructions to hold for unrestricted d. The definition of other 

operators depends essentially on a given domain (‘essentially’ in the sense 
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that the function is made total by a trick of, say, defining its value to be zero 

outside the given domain; cf. [21], 2.151, pp. 124-125). In the case of 

notions a, the corresponding restriction concerns the variable d. 

Example (cf. [21], p. 126, 2.213). Suppose the variable d does not occur 

in a, and a Oj3 has been formally derived by a derivation p. Now, if this p 

uses only very elementary principles (of propositional substitutions), by 

the above we may infer a 0 n(ap; d • fid) in the notation loc. cit. In words: 

If a then the proof ap (described by p) establishes /? for variable d. 

If, however, the formal derivation p itself uses principles such as the 

reflection principle and /3 refers to properties of the notion of proof itself, 

we should only infer, for a given (grasped) domain D: 

If a then the proof ap establishes d e D > fid, for variable d. 

Present development of the theory of constructions is unsymmetric with 

respect to functions and proofs. Several non-trivial total functions are avail¬ 

able (such as pairing and inverse pairing functions in [21], p. 126, 1. 6, 7, 

superseded by Goodman’s much more thorough [8]13), but next to nothing 

is done by way of analysis of judgements. The device (cf. [21], p. 126,1. — 12) 

of using the formal derivation p as a name of the proof ap is a purely formal 

trick. 

Grasped domains and the theory of species of natural numbers. Clearly 

what is required is an analysis of the kinds of restrictions D (if any) needed 

for given p, and principles, corresponding to set theoretic existential axioms, 

for stepping from given D to ‘bigger’ ones. This matter is wide open. But 

for orientation (and also for its intrinsic interest) let me consider the 

particular abstract assumptions sufficient to derive the formal laws of the 

theory of species [in § 4(a)]. The present discussion supersedes [21], p. 126, 

2.215 and [25], p. 429. 

We suppose given the graspable species of natural numbers with character¬ 

istic function CN, i.e. CNd— 1 if d is a natural number and CNd=0 otherwise. 

The assumption is that we can grasp the notion of being a species of 

natural numbers, that is we have a characteristic function Cni for the 

property (of d): 

d is a construction involved in the notion of species (of natural numbers). 

In words, if we understand the concept of natural number we also under¬ 

stand what a proof or construction implicit in the concept of natural 

number is (more precisely, normalized, irredundant constructions are 

meant; otherwise it would be absurd to suppose that we have a grasp of their 

totality). Thus, in particular 
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(i) . For species c, we have: CNlc (short for ckic = i); 

(ii) . For species c, and (constructions) p and jc, 

(CNlcAcpx) >(CNi pACNx), 

that is, if c is a species and p proves that x is in the species c, thenp is involved 

in the notion of species (of natural numbers) and x is a natural number; 

(iii) . We have a functor F, associating to c,cx,...,cn, all satisfying 

CNl, a construction d, d = F(c; cx,.. cn), such that 

CNl d = 1 and n(p; x . CNl x ^cxcj . . . c„) — dp. 

Thus suppose the species defined by the formula 21 with free variables X, 

X( (1 < i < n) is determined by the construction c with parameters x, x;. 

Then V.T2I defines the species d, when Xt has the value c;. 

Comment. The analysis above, like the interpretation of the logical oper¬ 

ations intended by Brouwer and fomulated by Heyting, uses notions which 

are more abstract than those of familiar constructive mathematics ([21], 

p. 119). The analysis has enough coherence and substance to suggest that 

there is something definite to understand here (even if, by note 3, we have 

not yet done so). But do we want to know about it, not only subjectively, 

but for getting on with the business of constructive mathematics? Not the 

possibility of understanding intuitionistic concepts, but their usefulness is 

the true issue. Dramatic exaggerations would only lead to the kind of let¬ 

down which Russell felt after he (or rather, according to his autobiography, 

after Whitehead) finished Principia. 

Assuming that the intentions of such an abstract analysis of the principles 

behind the theory of species of natural numbers have been properly formu¬ 

lated we have 

Problem 9. Is the hypothetical theory of constructions consistent with 

Church's thesis? 

(Of course, a positive solution of problem 6 does not necessarily ensure 

one for problem 9.14) 

Finally we have the somewhat related 

Problem 10. Is the set of derivable (variable-free) closed atomic formulae 

in this hypothetical theory of constructions recursive? 

In particular, for any given (closed) term t it should be decidable whether 

the construction intended by t proves a given assertion in the theory of 

species. And, for the formal theory, it should be recursively decidable 

whether t can be formally shown to have this property. 
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It should be noted that the ‘corresponding’ requirement is neither satisfied 

by Kleene’s recursive realizability interpretations [14] and [16] nor by 

Godel’s functional interpretation [5] of the logical operations. Specifically, 

recall that to each formula 21 are associated the relations 

the number e realizes 21 

and 

the functional s satisfies W2t0(.s, t) 

resp., where 3sVf2I0(.s, t) is the interpretation of 21 according to [5]. Thus, 

on the interpretations considered, the partial recursive function (with 

number) e and the functional s are the constructions that ‘constitute’ the 

proof of 21 (together with the judgement that these constructions stand in 

the relation above to 21). But neither of these relations is evidently decidable, 

and the formal derivability of the corresponding formulae (in the systems 

considered) is certainly not recursively decidable. 

The decidability property mentioned in problem 10 therefore distinguishes 

(what I conceive to be) the intended intuitionistic interpretation of the 

logical operations from some other constructively meaningful ones. The 

property may turn out to be a useful adequacy condition. 

Discussion {continuing the comment of p. 131): The notions here considered 

need not be analyzed before one can do constructive mathematics. The 

principal interest here is philosophical: not to confine oneself to what is 

necessary15 for (current) practice, but to see what is possible by way of 

theoretical analysis. And there are surely many who have an interest in 

the abstract notions, but who, for temperamental or for other reasons, 

had best wait till the theory is technically more developed. After all there 

are a lot of other things to do in constructive mathematics; intentionally 

I chose for my other talk [26] a topic at the opposite end of the scale dealing 

with restricted notions of proof and small ordinals. 

TECHNICAL NOTES 

Notes I and II arise directly from the project described in the main text. 

They derive constructively meaningful results from arguments in the 

literature which were not only prima facie non-constructive but (it is fair 

to say) seemed to have a purely technical interest. In Note II Spector’s 

important paper [37] is used to derive for full classical analysis a result 

whose interest is independent of the notoriously problematic constructive 

validity of bar recursion for all finite types (cf. [25], p. 421). Notes III and 
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IV concern some notions of choice sequence and their formal theories, 

summarized in the chart at the end of the paper. 

I. Non-enumerability of the species of valid formulae of predicate calculus 

by a recursive function (under Church’s thesis). We combine the ideas of 

[19] and of Mostowski [30]. 

Consider any primitive recursive binary tree T. For a suitable formula 

i$T (cf. [19]) containing function symbols, the assertion 

all constructive paths through T are finite 

is equivalent to 

is (contructively) valid. 

The proof of equivalence uses the facts set out in note 7; the result stated 

holds also if ‘finite’ is replaced by ‘not infinite’, and ‘^r’ by *—i —> $T’. 

has the form U 6 where 11 is universal and (S is existential, and so 

—i —: %T has the form —i (UaUj) where Ui is universal and equivalent 

to —i (£.16 

Mostowski’s general theorem states that the sets of formulae 

(21: 21 is true in all r.e. models} 

and 

{21: 21 is false in some primitive recursive model} 

are not arithmetically separable. Inspection shows that, for 21 of the form 

—i (UaII,) above, the sets above are not separable by an r.e. set, i.e., an 

r.e. set including {^r: %T is true in all r.e. models}. 

Remark. The abstract recursion theoretic result is this. The sets of 

primitive recursive trees 

{T: all recursive paths are finite} 

and 

{T: there is an infinite primitive recursive path} 

are effectively not separable by an r.e. set. 

From this classical result we now get the corresponding intuitionistic 

result as follows. Given any proposed r.e. separation, say a>e, we find 

explicitly Te and a classical proof of 

Te e coe and not all recursive paths are finite 

or 

Te <£ coe and a particular primitive recursive path pe is infinite. 
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Hence, intuitionistically, it is absurd that 

(i). -i—i Teecoe -> (all weakly recursive paths of Te are not infinite) 

and 

(ii). —iTee(oe-> (pe is infinite), 

where {e} is called weakly recursive if Vx —i —i 3yT(e, x, y). Now (i) 

implies 

—i —i Te e coe -> (all recursive paths of Te are not infinite). 

We now conclude the required result since (ii) implies 

(all recursive paths in Te are not infinite) ->■ —i —i Te e a>e. 

For this argument it would not have been sufficient to have a classically 

recursive, that is intuitionistically weakly recursive, path in place of pe. 

So one needs here in an essential way Mostowski’s inseparability result 

in place of the more ‘natural’ result 

{2f: St is true in all recursive models} is not arithmetic, 

while in Mostowski’s original formulation, the inseparability property had 

the role of a refinement. 

Remark. A common misunderstanding is avoided by distinguishing 

between completeness and soundness on the one hand and faithfulness on 

the other. For each St in the language of predicate calculus, let the formula 

33(St) of a formal theory of species, say define the validity of St. is 

called faithful, provided that, for each St, 

St is derivable in Heyting’s predicate calculus iff 33(St) is derivable in 

Despite the impossibility of establishing completeness (in any existing 

system) there are quite elementary formal systems for species or, for that 

matter, for abstract constructions which are faithful. The situation is 

completely parallel in the case of classical logic. Let 33^(31), in the language 

of set theory, define classical validity. Now for set theory without the 

axiom of infinity we have 

33^(31) provable if and only if 31 is derivable in predicate logic, 

but not 

33^(31) -> (31 is derivable in predicate logic). 
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(Take for 21: every ordered set has a least element.) On the other hand 

soundness is derivable without the axiom of infinity. 

II. Theory of species: closure under Church’s rule. The present note 

contains sketches of proofs (but for the theory Sf of species without axioms 

of choice; cf. also the postscript on p. 147). 

For each finite subsystem Sfn of the theory y3 of species of natural 

numbers, we can formally prove in the latter 

(i) . for primitive recursive 2I(x, y), if Vjc —i —i 3y2I(x, y) can be proved 

in then Vx3y21(x, y) can be proved in (where 21 is a canonical 

definition of the primitive recursive relation considered), 

(ii) . for arbitrary 2I(x, y) containing x and y as its only free variables, 

if Vx3y2l(x, y) can be proved in S?n then there is a number e such that 

Vx3z[T(e, x, z) a2I(x, I/(z))] 

can be proved in 

A corollary to (i) is of course, that exactly the same equations can be 

proved to be recursion equations in full classical analysis and in the theory 

of species. (It is well known that this class of equations is stable in the 

sense that it is unchanged by adding the assumption that all sets are con- 

structible.) 

To prove (i), we use Spector’s paper [37], together with a model of bar 

recursion of finite type in the theory of species (but using only the compre¬ 

hension principle). For by [37], if Vx —i —i 3y2I(x, y) is proved in the 

theory of species, there is a term f of the theory of bar recursion of finite 

type such that 

2l(x, t(x)) 

is derivable in the latter. So all we need is a valuation function in the theory 

of species for terms t(x). (All species needed here are explicitly defined. 

I do not know if [32] can be extended to include axioms of choice.) 

(ii) follows from (i) together with suitable refinement of work presented 

in the lecture by Prawitz [32] (or Scarpellini [33], whose exposition was 

however less clear). It is sufficient to formalize the proof of cut elimination 

(in the sense of Prawitz [32]) for systems £fn. Given a derivation of 

Vx3y2I(x, y) in Sfn we get derivations in second order logic of 

$(s, 0) -»■ 3y2I1(smO, y), m = 0, 1, 2,.. ., 

where 8(.s, 0) is the usual first order axiom for zero and successor, and 21 j 
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is got from 51 by letting the variables for individuals range over the least 

species closed under successor. Cut elimination provides, uniformly in n, 

terms t„, built up from 0 and s (and possibly variables). Since the reflection 

principle for can certainly be proved in 9*, and since we have an 

enumeration of t„ primitive recursive in the function which maps proofs 

of Sf „ with cuts into cut free proofs, we get a proof of Vx5I(x, {«}(*)) in 

for suitable e. 

It remains to note that for finite subsystems of second order logic that 

is restricted to comprehension axioms of limited logical complexity, 

Prawitz’ proof can be carried out in classical analysis itself. But the statement 

of cut elimination is of the form Vx3y5I(x, y) with primitive recursive 51, 

and so we can apply (i). 

It may be observed that a completely analogous argument solves 

questions 1, 2, 3(ii) on p. 350 of [44] positively, and establishes for classical 

analysis the finitist equivalence of cut elimination and 1-consistency of 

analysis; that is, if \]s maps proofs with cuts into corresponding cut 

free ones, some a maps proofs n of 3x5tx for primitive recursive 51 into 

numerical realizations an of 5Ix, such that this a is primitive recursive in 

ijj, and conversely. 

Remark. There is an amusing parallel between the formally quite different 

work of Prawitz [32] and Scarpellini [33]. Both start with a theorem first 

proved for classical logic and, in the classical context, of very limited use. 

Prawitz takes cut elimination in the sense of Takeuti, in which the most 

important properties of usual cut elimination (such as the subformula 

property) are lacking. Scarpellini takes Gentzen’s second consistency proof 

which, as it stands, merely provides a reduction procedure for derivations 

of purely numerical formulae. (The existence of some reduction procedure 

is an immediate consequence of consistency, and so the interest of Gentzen’s 

result depends sensitively on the particular reduction and the particular 

principles used for establishing the termination of the reduction procedure.) 

In contrast, when applied to a wide class of formal systems based on the 

rules of Heyting’s predicate calculus, the ideas used in the two ‘unemployed’ 

proofs mentioned above, establish closure under Church’s rule. The rule is 

genuinely problematic. First, even if the theory of species is seen to be 

constructive, Church’s thesis is certainly not evident (cf. problem 6). Second 

since the systems are of course incomplete, even if (for the intended inter¬ 

pretation) Church’s thesis holds, i.e. formal derivability in S? of Vx3y2I(x, y) 
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implies the validity of 3eVx3z[T(e, x, z) a 2I(x, U(z))], there is no guarantee 

that the latter can be derived in 5? itself (cf. also problem 5). 

III. Scott’s model [36] and the theory of lawless sequences. (The present 

Note is not essential to the main topic of this paper; a mild connection with 

Church’s thesis will come up at the end of this Note.) The model, found 

by Scott some time ago, is natuially interpreted in terms of the theory of 

lawless sequences of natural numbers and constructive functions, more 

precisely, of constructive functions of finite type over the natural numbers 

(that is, § 1 of [24] extended conservatively to finite types, as in [5]). The 

interpretation follows the lines of [18] where lawless sequences were first 

used to extract intuitionistically meaningful results from work on the 

topological interpretation. From the present point of view Scott’s [36] 

provides, to date, by far the most advanced development of any theory of 

derivatives of lawless sequences, also called ‘compounds’ ([24], p. 244) or 

‘projections’ (by van Dalen and Troelstra [39]); cf. Note IV for some general 

remarks on such derivatives. We now consider Scott’s model. 

Basic definition. A real number (generator) is a pair (a, a) (c.f. [24], 

p. 244, 4.1) where the functions a considered are obtained by composing 

an arbitrary continuous function (element of K) with a projection into the 

usual spread a of convergent sequences of rationals, and so a is a continuous 

(constructive) function with arguments in Nn and values in a. 

In other words, freely chosen real numbers are regarded as ‘projections’ 

of some lawless sequence a by means of a. 

With every formula in Scott’s language of real numbers [36] is associated 

a formula of [24]; and with any formula in the language of functions of real 

numbers is associated a formula in the language of [24] but (as mentioned 

above) extended by variables for constructive functions of higher type as 

follows. 

Instead of associating an open set <= Nn with a prime formula x < y, 

one takes the proposition, with parameter a, 

3n3mVp > m[(a, a)(p) + n_1 < (b, a)(p)], (*) 

where a and b are associated to the variables x and y respectively, (a, oc)(m) 

being the mth (rational) element of the path in the spread a defined by 

(a, a). Note that we use just one parameter a throughout (in contrast to 

the derivates of [24] or the projections of van Dalen and Troelstra [39]). 

It is then a theorem of the theory of lawless sequences that, for given 
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a and b, the species of a satisfying (*) is the open set [x < y] c: Nn, and, 

for logically compound formulae 21, if 21' is the formula associated with 51, 

{«: SI'} = M, 
provided the quantifiers Vx and 3x are replaced by Va and 3a respectively. 

Finally, if 21 is closed, truth of 21 in Scott’s model is formally equivalent 

to Va21'. 

Similarly, for formulae containing variables for functions for real numbers, 

the application operation is defined in the natural way, and the functions, 

that is mappings of continuous functions a (in the basic definition) into such 

a, satisfy the formal axioms of extensionality and comprehension formulated 

by Scott [36]. 

Main result. By the elimination of variables for lawless sequences [24], 

the basic theorems of Scott’s paper (such as Kripke’s schema or Brouwer’s 

continuity theorem for extensional functions defined on a closed interval of 

the continuum) are equivalent to assertions in the language of constructive 

functions (and functionals of lowest type). 

What is still open is, whether the latter assertions are constructively valid; 

Scott promises to analyze this matter. But even as it stands his work 

establishes the consistency of a formal theory of choice sequences including 

Kripke’s schema (cf. the chart in Note IV) for which previously there was 

no wholly convincing proof. The consistency follows from the fact that the 

assertions involved (in the language of constructive functions of finite type) 

are theorems of classical analysis. 

It should of course not be assumed that the proofs in Scott’s paper [36], 

as it stands, are all constructive. Further one would expect that essentially 

different assumptions about constructive functions will be needed to establish 

(the assertions equivalent to) Brouwer’s theorem and Kripke’s schemata 

(in weak or strong form of § 4). The latter is of course of special interest 

here because it conflicts with Church’s thesis. 

Remark. Scott [36] points out that he had thought of his model some time 

ago but did not pursue it until encouraged by experience with boolean valued 

models (though he does not use any technical results about such models). 

It should be added that another, perhaps more objective, obstacle had been 

overcome in the mean time. Until Myhill’s critique (cf. [23], p. 173, 

elaborated in [31]) the axiom of choice, for continuous f was taken in 

the form 

Vx3y2I(x, y) -> 3/Vx2I(x,/x) 
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without requiring uniqueness on y; see e.g. [16] or [21], p. 135, 2.511. 

(Incidentally this was done despite the fact ([21] p. 133 top) that this form 

fails in the model consisting of what I myself called ‘continuous functionals’ 

in [17], cf. also the discussion in Note IV.) The unrestricted form fails in 

Scott’s model [36]. To regard the model as anything beyond a formal 

exercise it was necessary to give an informal analysis of the intended notion 

of choice sequence to show that the form above not only fails in the model, 

but fails for the intended notion. The existence of a continuous f can be 

asserted only if y depends extensionally on x, and one (simple) way of 

ensuring this is to strengthen the hypothesis to Vx3!y9f(x, y), when the 

axiom holds in Scott’s model. (Only in the special case of lawless sequences 

is extensional dependence automatic, cf. [24], p. 238.) 

Correction. Though I myself have not had doubts about the legitimacy of 

the notion of lawless sequences ([18], p. 378, 1. 10-12), as recently as 

January 1964, when I gave the lecture [21] (p. 142, bottom), I questioned 

their usefulness. 

IV. Notions of choice sequence and their formal theories. The purpose of 

this Note is to expand a side remark in § 4(b) by describing (my views on) 

the role of choice sequences in constructive mathematics. 

Contrary to popular first impressions, a little reflection shows that 

we have a reasonably clear notion of choice sequence; more precisely (as so 

often, cf. the notion of set in [27], pp. 171-173) we have a crude mixture of 

notions which have to be separated by distinctions. Further it appears 

(again as so often) that there are relatively few basic ingredients of the 

mixture from which the rest can be defined. Several papers in the present 

Proceedings set out, axiomatically, properties of such basic notions. 

Personally I believe that the notion of choice sequence is of particular 

interest in formulating geometric conceptions within constructive mathe¬ 

matics ([24], pp. 246-247, though I have not been able to develop this idea). 

This last remark suggests the following point of view: 

Granted that we understand such notions of choice sequence, we may 

ask whether they are reducible to notions used more widely in constructive 

mathematics. This would be the analogue to reducing the (geometric) 

continuum to set theory, in the sense that (i) it is the only structure satisfying 

Dedekind’s axioms and (ii) there are set theoretically defined structures 

which satisfy these axioms too. In other words we have sufficient properties 

of the continuum to characterize it uniquely up to isomorphism (or, 
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equivalently, characterize it as far as any extensional statements about 

it are concerned). Correspondingly, in the intuitionistic case, as soon as 

the notion of abstract construction was proposed as an analogue (for 

constructive mathematics) to the notion of set in usual set theoretic founda¬ 

tions, one of the first questions to consider ([20], p. 208, footnote 11) was 

the reduction of choice sequences, since the latter are not constructions. 

Only ‘reduction’ may here have to be understood in a somewhat weaker 

sense (with respect to statements in a specified language only). The so-called 

elimination theorems provide precisely this kind of reduction. (Not sur¬ 

prisingly they also have formal applications, in establishing the proof 

theoretic strengths of systems for choice sequences.) 

We now list the principal formal systems with a kind of running commen¬ 

tary. 

Formal relations between theories of choice sequences. 

Hr‘. elementary analysis [12]. 
H': an isomorphic copy of Hl but without (even) the axioms asserting 

the existence of pairing functions or closure under primitive recursion; 

thus H' is satisfied by lawless sequences. 

H[: includes both Hx and H\ but also countable axioms of choice 

V«3m, V«3jc. 

B: theory of constructive functions and Brouwer operations ([24], § 1); 
(B is sometimes called: IDK.) 

L: theory of lawless sequences, [24], § 2. 

Kinds of choice sequences 

I: closure of choice sequences under mappings of spreads into spreads 

(cf. [21], p. 135, and [24] p. 243, footnote 9) 

T: closure of choice sequences under arbitrary continuous mappings [38]. 

These two conditions hold respectively when a choice sequence is given 

(i) . by a spread 

and 

(ii) . as the image of a continuous mapping. 

The corresponding further axioms are 

5: a property of a sequence holds in some spread to which the sequence 

belongs ([21], p. 135). 

C: a property of a sequence holds for the whole range of some continuous 

operation (which range contains the given sequence), [38]. 
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Closure conditions on choice sequences 

V3!: obtained from Hx by adding the assertion that there exists a 

continuous ‘choice’ function if 2I(a, x) is extensional and Va3!x2I(a, x). 

Bl\: bar induction with uniqueness in the premise or, equivalently (cf. 

[24], p. 233, bottom), decidability of the set of secured sequences. This last 

condition was mentioned in Brouwer’s statement of the bar theorem [3], 

but not explicitly used in his own arguments. In fairness to Brouwer it 

should be said that, in his statement, he did not use the quantifier combina¬ 

tion Va3x but spoke of functions (on choice sequences). But the time 

honoured condition on a functional relation 21 requires uniqueness Va3!x 

and so, as mentioned already, decidability of 21. See also note 40 of [26]. 
V3: corresponding to V3!, but without uniqueness (and V3a when adjoined 

to S). 

BI: corresponding to Bl\ without uniqueness. 

Discussion of BI and V3, which (in contrast to BI\ and V3!) are not 

immediately evident and in general not true for many of the clearly analyzed 

notions of choice sequence: Historically they were almost certainly 

introduced as the result of an oversight, ignoring (cf. Note III) (i) that 

obviously only extensional functions could be expected to be continuous 

and (ii) that, even if 21(x, y) is extensional and Vx3y2I(x, y) is valid, there 

is not necessarily a continuous f:xv-+y such that Vx2I(x,/x). 

Illustration (by analogy): Let x = , x2>, y = <jq, yf) range over 

pairs of r.e. sets. Let 21(x, y) express 

xx u x2 = yx u y2; jfi <= xx, y2 e x2; yt n y2 = 0. 

Then, by Rosser’s trick there is a recursive function/from (pairs of) Godel 

numbers x of x to Godel numbers y, but no effective (extensional) operation, 

i.e. no recursive / such that if 

Xi = xj, x2 = x2 then (fx)t = (/x')i and (/x)2 = (/x')2. 

Since in general two wrongs don’t make a right, BI and V3 do not become 

interesting by simply adding (heavy formal work) to the original oversight 

that led to their choice. But the systems may have interest for two quite 

independent reasons. Philosophically, since Troelstra [38] has at least 

made plausible that, under certain restrictions on the possibility of com¬ 

municating rules, BI and V3 may be valid after all. Proof theoretically, 

because the systems considered (and even Kleene’s subsystems [15] excluding 
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C) are closed under Church's rule, and so, whatever their interpretation, 

they may be useful examples in connection with problem 5. 

Correction. In my joint paper with Howard [12] the significant difference 

between V3 and V3! is overlooked. By a fluke the results are not meaningless 

because only numerical existential quantifiers V/3«2I(/, n) occur and the 

distinction between decidable and undecidable 21 is made: by the above this 

happens to be equivalent to the distinction between V3 and V3!. 

All the systems below (except suitable strong forms of Kripke’s schema 

KS) are interpretable in B\ in particular all statements in the language 

of B which are derivable in any of the systems are also theorems of B. 

Legend. If a system SC is below SC' and joined to SC' then SC includes SC", 

A broken line indicates mutual inconsistency (inconsistency of S and C, 

by [38], is only known on the basis of certain additional axioms for con¬ 

structive functions, e.g. Church’s thesis). 

NOTES 

1. More precisely, (i) and (ii) are not exactly parallel. Membership and classical logic 

are kept fixed in (i), and so relativization to L determines unambiguously the meaning 

of formulae in the language of set theory. But in (ii), not only the notion of constructive 

number theoretic function is restricted, but the meaning of the logical particles is altered 



B VIII church’s thesis 143 

somewhat arbitrarily. Specifically, even if one considers the identification ‘constructive = 

recursive’, and R(e, a) stands for ‘e realizes a’, it is arbitrary to put R(e', a ->/?) = 

Ve[ft(e, a) -»■ R({e'}(e), /?)], that is to interpret 3eR(e, a) -* 3e'R(e\ /}) by 3e'Ve[R(e, a) 

-> R({e'}(e), /?)], unless R(e, a) is assumed to be decidable. The value of e' need not only 

depend on e, but also on the proof of R(e, a). To make the parallel complete one has to 

use an abstract theory of constructions as e.g. in Goodman’s [8] in place of Heyting’s arith¬ 

metic. Then all prima facie higher type objects are required to be coded by natural num¬ 

bers, and all functions are taken to be recursive. (This ‘reduction’ to numbers is essential 

when Church’s thesis is regarded as a reducibility axiom.) 

2. Historically the choice of name (e.g. [10], p. 190) is perhaps dubious. Turing’s 

assertion was only that all mechanically realizable functions are recursive. Here we have 

the additional assertion that all instructions defined in terms of constructive notions are 

mechanically realizable. But historically it is equally dubious whether the distinction was 

recognized when Church formulated his thesis. Since in the twenties and early thirties the 

abstract character of intuitionistic concepts was not realized, the concepts finitist and in- 

tuitionistic were often identified (e.g. von Neumann [40], p. 7, 1.19 or Herbrand [9], p. 

210 and the (somewhat modified) footnote 3 on p. 225), and so probably constructive 

and mechanical, i.e. formal, rules would have been identified too. 

Digression. Besides the two notions of mechanical and constructive rules we have the 

notion of physically realizable (number theoretic) function, that is realizable according to 

current physical theory (cf. [21], p. 144, elaborated in [22], § 4). It seems to be open wheth¬ 

er there are (finitely specified) physical systems whose most probable behavior is non-re- 

cursive, in the sense that printing the course of values of a (recursive) function, programmed 

on a computer, is the ‘most probable’ behaviour of the latter (regarded as a physical system). 

The theory of partial differential equations gives a negative answer for a general class of 

systems in classical mechanics. This result is not trivial since we are dealing with the 

mechanics of continua and Turing machines are discrete mechanisms. For quantum 

physics our question above seems to be open. It may be remarked (for an earlier discus¬ 

sion see [29]) that the celebrated three body problem suggests a more specific question. 

Given three neighborhoods Ult U2, U 3 in phase space (the mass of particles being includ¬ 

ed) and an integer n can we always determine recursively neighborhoods Vlt V2, Vs with 

the following properties: either Vt <= U, (i = 1, 2, 3) and with initial conditions in Vlt V2, 

V3 there is no collision up to time t—«-1, or the differences V,— Ui (i = 1, 2, 3) are < n_1 

and for some positions in V3, V2, V3 there is a collision before t+n~l1 As far as I know 

this problem is open. It would be of interest to examine whether, in case of a negative 

solution, one could use this situation for an analog computation of a non-recursive func¬ 

tion (by repeating collision experiments sufficiently often). 

3. Though some understanding of this notion and of the history of its analysis certainly 

helps in thinking about the theory of species of, say, natural numbers in § 5. Note however 

this difference between our understanding of abstract sets and abstract constructions: 

while possibly our formal theories of constructions are approaching the standard reached 

in [41], our understanding of their meaning is far short of the analysis of the cumulative 

hierarchy in [42]. 

4. So to speak: on a priori grounds. Granted there are ideas which some people thought 

unambiguous and which on analysis turned out to need distinctions. Why shouldn’t there 
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be other ideas which (perhaps for doctrinaire reasons) people think vague, but which on 

reflection turn out not to be so? If the man in the street is shown examples of convexity, 

they strike him as indicating a vague concept, certainly not as one definable in familiar 

geometric terms. Another (highly relevant) example that is often overlooked (but cf. 

[21], footnote 14 on p. 122) concerns the identity of proofs; in arguments about priority 

mathematicians discuss, in patently objective terms, whether two proofs are essentially 

identical. 

5. There are significant variants according to whether 3x9( can only be inferred from 

9I(t) for some term t, or also from 9I(t) V 3*91. For instance, in the latter case one can 

use primitive recursive proof figures, in the former not generally. Correction. In [21], 

p. 165, 3.3321 the interest of this difference was not properly considered. 

6. Problem 2 is strictly formal only for the case of extensional equality, because of the 

abstract character of the concept of definitional equality between rules, say [t], denoted 

by terms t (of some formal system). The intended rule will in general involve a specific 

but not necessarily mechanical reduction procedure. Evidently a (syntactic) relation = 

between terms may satisfy given axioms without satisfying 

Vt1Vt2(t1 = t2 <->&] = [t2]). 

It seems plausible that some relations = in the literature (cf. e.g. Howard’s lecture [11]) 

do correspond to the intended {(t2, t2) : [t2] = [t2]}, though no argument is given. (It 

seems to me perfectly coherent to reject the notion of definitional equality as simply not 

being necessary for existing mathematical practice. But something close to the sin of ul¬ 

timate despair is involved in both rejecting the notion and going through the labour of 

working out the formal theory of =). 

7. The evident facts used, though not listed explicitly loc. cit., are: 

(i) . the intended meaning of completeness, p. 139 (1); 

(ii) . any species satisfying the axioms g (for the fragment of arithmetic) (pp. 142-143) 

contains a subspecies (constructively) isomorphic to the natural numbers, 

(iii) . for species X of natural numbers and constructive number theoretic functions / 

VJ[V«(T(«) v —|T(«)) -> 3fVn(f(n) = 0 <-► X(n)]. 

(iv) . the principle of dependent choices in the form: for species D (‘£>’ for domain) and 

P of one and two arguments respectively, and functions / with numerical arguments 

Vx(Dx -* 3y[Dy AP(x, y)]) -> Vz(Z>z 3/Vn[/0 = z A D(Jn) A P(/n,/«+)]). 

In short, the connection between Church’s thesis and the notion of constructive validity 

(though ipso facto not this notion itself) is insensitive to the exact meaning of the basic 

constructive notions; cf. e.g. [22], p. 254 concerning first order validity in the classical 

case (which requires ‘little’ about the notion of set except of course that infinite sets are 

included). 

8. Let us not forget our theme of comparing Church’s thesis to V = L. Consider the 

converse: what corresponds to Church’s rule in the case of V = L? In general, from a 

proof of 3X^H(X) we cannot infer the existence of a constructible Xc say, such that 9l(flfc); we 

have to restrict 91 to be invariant (for extensions over the constructibles). Using note 1 on 

p. 142, compare (i) some Xc satisfies 91 in L with (ii) the comment to problem 3 on p. 126. 
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9. The main purpose of the consistency results is to help avoid fruitless lines of research, 

since our principal interest is the refutation of Church’s thesis (as formulated here). Note 

that consistency results exclude even a ‘weak’ refutation in the sense of showing the ab¬ 

surdity of a proof, not only a ‘strong’ one in the sense of exhibiting a counterexample of 

the kind considered in § 1. 

Correction. In contrast to § 1, and despite its title, Kalmar’s [13] contains no trace of 

any uniform, mechanical or non-mechanical, procedure which might conflict with Church’s 

thesis (in any of the senses of note 2, p. 143). Note also that [13] explicitly insists on using 

classical logic; a ‘conflict’ must be established by a counterinstance, and so even the assump¬ 

tions about the thinking subject which, by Kripke (cf. note 10 below), establish the absur¬ 

dity of proving Church’s thesis, are not enough for Kalmar’s purpose. It may fairly be 

said that [13] does not provide a framework within which one might even begin to 

refute Church’s thesis. 

10. Since Kripke’s result is (correctly) attributed to him, but his argument does not 

seem to be in print, here is a proof of the result. We only need a specific X, say Kleene’s 

Vy—i T(n, n, y), X0 for short. Kleene shows that X0 is not r.e.. Let us suppose the argument 

uses the principles of classical first order arithmetic. Writing 2I(c, m, n) for 

3q[T{e, m, q) A U(q) = «], 

we observe that both 3w2I(e, m, n) -> X0(n) and ~i 3wi9I(e, m, n) are (equivalent to) for¬ 

mulae in the fragment ("i, A , ->-, V). Now Kleene shows for variable e 

Vm n 3qT(e, m, q) -> ~i Vn([3m2I(e, m, n) -* X0(/i)] A [“i 3w3I(e, m, n) -> —: -Jfo («)])• 

Since X0 (and hence —i X0) are also in the fragment above, we have a proof in intuitionistic 

first order arithmetic of Kleene’s result, and a fortiori one with the stronger premise 

Vm3qT(e, m, q). 

But this patently contradicts Church’s axiom under the assumption (KS-). 

11. Correction. I shall refer principally to these formulations and not to my earlier 

[20]. It is true that [20] gives a good explicit analysis of the meanings of proposition and 

species (pp. 201-202), correctly stresses the need for total functions (p. 206, 1-17) in a 

genuine analysis of implication, and generally gives the primitive notions (p. 205) in terms 

of which Heyting’s explanation of the logical operations can be built up. But the details of 

the formal language in [20] simply do not correspond to the intentions stated. For exam¬ 

ple, the use of A-notation and a large number of specific function constants (p. 203, 1.3) 

side by side is absurd since the point of A-notation is to define specific functions. But to do 

this smoothly, the functions have to be partial. Consistency was ensured by a bunch of 

restrictions, which are bad on two counts. Some merely nullify the familiar use of A-no- 

tation (which ought never to have been introduced at all), others (e.g. p. 204, 1. 20) 

which do have a sensible meaning (for instance, p. 204, 1. 20, which applies to notions 

of proof discussed in my other lecture, where only closure conditions on proofs can be 

given since the totality of proofs considered is not assumed to be grasped) are not explain¬ 

ed. 

There is an additional distinction which has so far not been formally necessary, but 

which is probably important, for example in the explanation of implication (or universal 

quantification). When we think of the pair (pi,P2) 
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Pi proves the identity: for variable p, if p proves A then p2(p) proves B, 

p2 is a genuine function or operation, while p2 recognizes that p2 satisfies the condition 

stated; thus p2 is a judgement. But similarly, since in general both the arguments p and 

the values p2(p) of p2 are such pairs, say p = (/>', p") and p2{p) = (p2, p2), should the 

function p2 depend both on p" and on p' (pr only on p")l It is perhaps significant that in 

Godel’s interpretation [5] of 213s93 for purely universal 21 and 93, we have 3s(2I -> 93), 

that is the function 5 does not depend on the (hypothetical) proof of 21. (It is not unusual 

that conceptually basic components of a notion are not distinguished in a formal theory; 

cf. the type or rank of a set in set theory.) 

12. It is trivially simple minded to transfer thoughtlessly set theoretic notions to construc¬ 

tive mathematics. But it is equally simple minded to dismiss thoughtful attempts in this 

direction as ‘mere analogies’ for the following theoretical reason: Most mathematicians 

do not have a clear conception of the nature of the objects they are talking about. So if 

some notion or distinction has a very wide immediate appeal, the chances are that it has 

a meaning for different conceptions of mathematics. Evidently two provisoes follow: (i) 

the transfer can be expected to be valid, say in the case of a familiar set theoretic notion, 

only if the latter is defined in the natural (not in some other, classically, equivalent) way 

(ii) the notion presents itself naively in mathematics, and does not have an explicit foun¬ 

dational purpose. 

13. It should be noted that Goodman’s axioms are valid for the very abstract notions 

of proof and construction here considered, although his own intended notion (‘semantics’) 

concerns particularly elementary and explicitly described manipulations. 

14. By now the reader will be able to pursue our theme for himself (if he wishes to do 

so), that is to state the analogue in set theory for V = L corresponding to problems on 

Church’s thesis. Actually, several passages in [21] have been intentionally set out to have an 

obvious analogue for the theme considered, for example, pp. 105-106, 1.52, 1.53, 1.533. 

15. To avoid a very common misunderstanding a distinction has to be made which 

in turn is very much in need of precise analysis. What is ‘necessary’ for practice? 

(a) . There is clearly a certain combinatorial element in mathematical reasoning, which 

is intuitively best reflected by stating implications 21 -»■ 93 using only the most elementary 

logical principles even if 21 can be seen to be valid. As people put it, all the ‘hard work’ or 

(when we eliminate logical symbols altogether in favour of functions; cf. Bishop’s lecture 

[2]) the numerical content may reside in the construction leading from 21 to 93; the nature 

of the verification of 21 is often quite different. As far as classical mathematics is concerned 

instead of taking ZF as ‘framework’, one could stay within predicate logic, and as far as 

constructive mathematics goes, some quantifier-free theory like Godel’s T [5] (perhaps 

even without induction) is an immediate candidate. Naturally if one takes the (psycholo¬ 

gical) analysis of ‘hard work’ seriously the choice of framework is the central issue because 

it expresses one’s view of the nature of the ‘hard’ part of mathematical activity. 

(b) . Besides the question of discovering unconditional assertions 98 there is also the 

problem of making the choice of notions intelligible. It is one thing to point out (correctly), 

as Bishop does, that Brouwer’s assertion concerning the continuity of (extensional) func¬ 

tions does not really affect mathematical practice, in sense (a), if we simply take our func¬ 

tions as given together with a modulus of continuity. But it is a separate matter to explain 
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this step by showing that any definition satisfying some abstract condition is bound to 

provide the additional information; in other words by analyzing (when possible) the most 

general notion of construction, not merely definitions in some formal system such as 

Godel’s T [5]. Abstract intuitionistic mathematics is concerned with this kind of problem, 

which of course is not touched in (a) above. 

16. As a result of correspondence with Professor Scott it seems desirable to add some 

comments. 

(a) . Our results hold for both interpretations (i) and (i') of validity on p. 139 of [19]; 
the crucial direction in the equivalence is the derivation of i—igr is valid’. 

(b) . Since the domain of the variables (in $T) is arbitrary and not a ‘detachable’ sub¬ 

species, the desired result, even in case (/'), does not follow directly from early work on 

consistent formulae with no recursive models (e.g. in footnote 5 on p. 384 of [18]), be¬ 

cause the domain of these models is assumed to be recursive. 

(c) . The formula U above corresponds in an obvious way to the formula (7) on p. 144 

of [19]. The delicate case to consider occurs if the species depend on freely chosen objects, 

say p, as parameters and the elements of D* are such objects. Q* corresponds to a path 

through T. We have, of course, a constructive sequence of operations a*, a*,., with 

a*p, a*Pi ■ the ‘natural numbers’ of D*. 

Evidently some properties of (operations on) freely chosen objects have to be used in 

our deduction. What we need essentially is that Vp—> (U* A U*) should follow from the cor¬ 

responding result with p replaced by constructive objects, such as the theorem (for the 

choice sequences treated in [21], p. 136, line 1 or 2, .524 or [38]): (Va n Aa) -> (Van Aoc) 

for constructive number theoretic functions a and choice sequences a. The reader who has 

another notion of choice sequence (and hence of validity) in mind should concentrate on 

the conjunct 

Vrt3!m([/tf = 0 a B*(a*p)] v[jb^Oai B*(u*p)]) 

corresponding to (x)[B(*) v—i £}(*)] in (7) on p. 144 of [19]. If, for each n, m depends only 

on a neighborhood of p, the possible paths corresponding to different p can be construc¬ 

tively enumerated. Hence the assumption that all constructive paths through T are not 

infinite gives the required conclusion. 

POSTSCRIPT 

(to problem 6 and Technical Note II) 

The consistency of Church’s schema has now been verified by extending 

Kleene’s original recursive realizability interpretation to the theory of species 

([43], 3.7.3; further work needed for conservative extension results is ana¬ 

lyzed in [43], 3.8. Closure under Church’s rule can probably be obtained 

by modifying [43], 3.7.3 using Kleene’s (f realizability) [15], and thus im¬ 

proving Technical Note II). As a result of correspondence with Dr. Troel- 

stra I can now formulate my original doubts about the consistency. 
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We know of course that the addition of axioms for species to an elementary 

theory of constructive functions is non-conservative (with respect to the 

language of the latter); new sets of equations can be proved to define 

(total) functions. To show that species have ‘nothing to do’ with functions, 

we should have to have a set F of evident axioms for functions, such that 

the addition of the usual axioms for species is conservative. But the nearest 

approximation to such an F is Kripke’s schema in § 4(c) which implies of 

course that every species is constructively enumerable. But F is inconsistent 

with Church’s schema. 
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FORMAL SYSTEMS OF INTUITIONISTIC ANALYSIS II: 

THE THEORY OF SPECIES 

JOHN MYHILL 

1. Background. In the first paper [4] of this series I proposed an axiom system 

for the ‘elementary’ part of intuitionistic analysis, i.e. the theory of natural 

numbers, computable functions and free-choice sequences. The treatment of 

species in that paper was very sketchy (I merely adjoined comprehension 

axioms, giving two forms of the system, one predicative and one impredica- 

tive). In this second paper I consider the question of axiomatizing higher- 

type objects more fully. I believe that what I have done is adequate to the 

uses of higher types in the actual writings of Brouwer. 

Unfortunately, it does not seem that a theory suitable for this purpose 

can be obtained simply by adjoining new axioms to my old system. The rea¬ 

son for this is that the old system was designed to include ‘Kripke’s schema’, 

with a view to formalizing Brouwer’s so-called historical arguments which 

are being discussed by Professors Troelstra, De Iongh and Van Rootselaar 

and Mr. Hull at this conference. Let us recall: the schema states that for any 

proposition 21, possibly containing parameters, we can form a sequence 

% such that t2I(/7) = 1 or 0 according as 2t has or has not been proved by 

the nth stage. Thus 

T9j(n) = 1 -» 21 (1) 

and 

(Vn)(T«(n) = 0) <-*• —, 21. (2) 

This schema (explicitly stated by Brouwer, and even with instead of -*• 

in (1)) is used by him e.g. to prove that —-i(Vx:)(a(x) = 0) does not imply 

(3x)(a(;t)# 0). (For this, consider a = Tflv-,a with an undecided 21: then by 

(2) —i(Vx)(a(jc) = 0), but no n for which a(n) ^ 0 is known.) 

In my old system I asserted Kripke’s schema in the form 

151 



152 J. MY HILL B IX 

(3a) (Vx)(a(x) = Ova(x) = 1)’ 

A 

(3x)(a(x) = 1) -> 21 

A 

_ (Vx)(a(x) = 0) <-► —i 21 . 

i.e. we asserted that the % of (l)-(2) was a free-choice sequence. This got 

us into trouble with (Va)(3/?)-continuity, i.e. the assertion that if (Va)(3/1) 

23(a, P) then the P depends continously on the a. (Here and henceforth 

a, {!, y denote free-choice sequences). To see why this is so, let 21 be ‘(Vx) 

(P(x) = 0)’ with a free-choice parameter ft; then —, (ft = 0) <->• (a = 0) 

and a(x) = 1 -> ft = 0, so that a cannot possibly be a continuous function 

of p. This point (the contradiction between Kripke’s schema and (Va)(3/?)- 

continuity) was I believe first made by me in my ‘Logique et Analyse’ article, 

and has been explored at length by Troelstra in one of his lectures. 

A makeshift repair was made by me in my Amsterdam paper last year (the 

first paper of the present series), by substituting the (Va)(3«)-continuity 

axiom for the (Va)(3/?) one. The resulting system, including Kripke’s schema, 

has resisted any attempts to find a contradiction in it and not much analysis 

appears to be sacrificed. For it is proved in the book of Kleene and Vesley 

that (Va)(3«)-continuity implies (Va)(3!/?)-continuity (3!/? = there exists 

an (extensionally) unique p) and it is the latter that is almost always needed 

in analysis. Further the P — T(Vx)(a(x)=0) is conspicuously non-unique, at 

least on the intersubjective version of intuitionism; different mathematical 

subjects are evidently free to prove things in different orders. 

However, this repair ((Va)(3n)-continuity replacing (Va)(3/?)-conti- 

nuity) is not based on a careful philosophical analysis of what it is to be 

‘given’ a free-choice sequence; one finds this out the hard way when one 

realizes that on a most evident assumption about functionals, the two forms 

are equivalent. 

More precisely: the axiom of choice says 

(Va)(3£)2I(a, P) - (3<Z>)(Va)2I(a, *(«)), 

at least for 21 with only lawlike parameters. Kripke’s schema says 

(V«)(3« (a = 0) p = 0 

A 

-(3 x)(P(x) = !)-»• (Vx)(a(x) = 0). 

for short (Va)(3/J)93(a, P). 
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By the axiom of choice there is a function <P for which always 

■B(a, #(a)), 

in fact 4>(a) is what we called before T(Vx)(a(;c)=0). Hence (Va)(3!/?)(/? = 

= $(a)); and any such /? depends discontinuously on a. Thus (Va)(3 !/?)- 

continuity is violated and consequently (Va)(3«)-continuity also. Briefly, we 

cannot have in the same system Kripke's schema, the axiom of choice and 

{even weak) continuity in its unrestricted form. The restriction needed is 

simply that if (Va)(3«)2I(a, n) and z/2I is extensional in cl then n is a continuous 

function of a. Indeed the classical arguments for continuity make no sense 

unless only the values of a are used in computing n. From this we can infer 

(Va)(3 !/?)-continuity for extensional contexts. Now (Va)(3!>5)(y5=T(VJC)(a(jc)=0)), 

but in computing /? we use knowledge about a which does not consist simply 

of its values. So the restriction on continuity is not simply an ad hoc one to 

avoid contradiction, but one which is evident once we analyse the meaning 

of the prefix (Va)(3!/1). We formalize the requirement that 21 be extensional 

in a by 

ejtan2I(a, n) <-► (Va£n)(a = p A 2I(a, n) -> 2l(/?, n)) 

but here a doubt arises which is not completely resolved. We want 

2I(a, n) to mean that n depends only on the values of cl, not on any other 

(intensional) information. The condition a = /? a 2I(a, n) -> 2I(/i, n) is a 

necessary one for extensionality in this sense (if a and /? have the same values 

and 2I(a, n) and n depends only on the values, then 2I(/3, n)); the implication 

in the opposite direction is not absolutely clear though very plausible, and 

we shall hopefully undertake its defense (on philosophical grounds) in a 

later paper of this series. We are indebted to Professor De Iongh for point¬ 

ing out to us the necessity for such a justification. 

There are a few other additions to be made to the original system. Since 

the functionals <P are now not necessarily extensional (e.g. if <Poc = r(Vx)(ci(x) = 0> 

then a = (] does not imply <2>a = <Pfi) we must include axioms for intensional 

identity = as well as extensional identity =. There is also a problem about 

‘lawlike’. The axiom of choice (in all types) should read someting like 

(VE)(3t))9I(j, 1)) - (34>)(VJ)«(J, #j) 

where <f> is lawlike if 21 has only lawlike parameters. However this yields 

(3*)(V«) (3x)($oc)(x) = 1 -> (Vx)(ax = 0) 
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with a lawlike <P, which is certainly not true if by ‘lawlike’ one means 

‘mathematical’. An ingenious counterexample suggested by Kreisel in his 

concluding address at this conference indicates that even in the case that 

E and t) in the axiom of choice are number-variables and only mathematical 

notions occur in 21, still the <P may be only ‘empirically’ and not mathema¬ 

tically lawlike. (This example will be discussed later in the present paper.) 

Hence we need both the notion D of ‘lawlike’ used in [4] and a stronger 

notion M of ‘mathematically lawlike’ (= Troelstra’s ‘absolutely lawlike’ 

in [6]): the formal treatment of this distinction is the most curious feature 

of the system proposed here. 

2. Formal description of the system. Signatures and levels are defined by 

simultaneous recursion as follows (cf. Schutte [5] pp. 245 seq.). N (the type 

of the natural numbers) is a signature and its level is 0. If n ^ 1, <xl5..., an 

are signatures, and m is greater than the level of each of <7l5..., crn, then 

ra^j,..., <7„) is a signature and its level is m (the type of sets of ^-tuples 

<Ei,. .., £„> with £,• e ot for i = 1,..., n defined by formulas quanti¬ 

fying only over levels < m). If n ^ 1 and ax,..., on, x are signatures, then 

(ctj ,..., <7„)t is a signature and its level is greater by 1 than the greatest of 

the levels of <r1,..., on, t (the type of functionals having n arguments of 

types o-j,..., cr„ respectively and taking values in type r). If r is a signature 

so is [t] (the type of finite sequences of objects of type t). 

If we write (<7t,..., o„) as a signature we understand it to be m+l 

(cfj,. . ., <x„), where m is the highest of the levels of ax,..., <r„. 

The type of a term is defined recursively as follows. A variable with sig¬ 

nature (superscript) o is of type <r; so is a defined constant with signature a 

introduced under RD below. If tj,. .., t„ are of types o1,..o„ respecti¬ 

vely and § is of type (o1,. . ., <x„)t, then 3(tx,. . ., t„) is of type t. If t is of 

type [t] and § is of type N, then t[3] is of type t. 

0 is of type N (zero). 

s is of type (N)N (successor). 

D(T) and M(t) are of type (t). (Here and in some other cases the super¬ 

script will be omitted if no confusion can arise. £>(t) is the species of lawlike 

object of type r and M(T) is the corresponding species of mathematical (ab¬ 

solutely lawlike) objects.) 

[ ][t] is of type [t] (empty sequence of objects of type t). =(a1, o^) 

is of type (<?!, ox) (intensional identity). 

If t is of type [i] and § of type r, then t*[3] (the finite sequence obtained 
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by adjoining 3 to the sequence t) is of type [t]. 

£«(N)N)t) js typg ^^jq)N)t) (the species of continuous mappings of 

(N)N into type t). 

Certain primitive recursive functionals of specified type also appear in the 

axioms. 

Conventions. An italic variable without superscript will be used for type 

N. Upper case italic variables will be used for species (sometimes the sig¬ 

nature will be omitted). Large Greek letters will be used for functionals, i.e. 

variables of type except for N(N) for which we use a, /?, . . .. 

Small German letters denote variables or terms of unspecified type; large 

German letters denote formulas (possibly with free variables). 

Formulas are built up from atomic ones of the form §(tl5..., t„) where 

§ is of type (tj,.. ., z„) and tj,.. ., t„ are of types rlf..t„ respectively, 

by connectives and quantifiers of all signatures. [We write ^ = t2 for ee 

(tl912) and (sometimes) tj e t2r) for t2(t1).] In addition if 21 is any formula 

and t a term of type N, then bt2l plays the role of an atomic formula. 

The underlying logic is an infinitely many-sorted intuitionistic predicate 

calculus. 

In addition to the usual logical rules, we have: 

RD. If (3xT)2I(x) is a theorem (21 without free variables other than x), 

one can introduce a term t of type x by the defining postulate 2I(t). (Notice 

we do not need to prove uniqueness.) We call the proof of (3xl)2I(x) the 

justification of t. 

The non-logical axioms fall into several groups: 

P. Peano axioms with variables of type N, with ee for the identity re¬ 

lation (sometimes we write = instead in this case) and with induction as a 

schema. 

K. The inductive definition of K(((N)N)t): 

eon§t(((N)N)t)<l> -> K<P, 

(Vn)tf(4>(n)) - K(S$), 

(V<P)(&on§t <P -+ 2I($)) a (Vfr)((Vn)2I(?r(n)) -> 2I(£1')) -> (V4>)(K<f> -+ 2I<*>), 

where we define (SonSt and E (under RD above) by the defining postulates 

(SonSt <P +-> (Vxx)($(x) = ${x)\ 

(~ <?)(«) = (tf>(«(0)))(pa), 
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where 

(pa)n = a (n +1). 

Note that our continuous functionals are not necessarily lawlike. 

I. Axioms for (intensional) identity and finite sequences: 

2I(j)a£=1) 31(15), 

E = 9 v (j = t)), 

—.([ ]w = *w*/), 

x[t] = y <-+ Z([t])N(x) 1 l(y) a (Vz < l(y))(x(z) = y(z)); 

/(Ct])N(x) is the length of the finite sequence x[T] and we postulate the de¬ 

fining equations: 

/[ ] = o, 

lx*[y] = sl(x), 

2I[ ] a(Vx[t])(V/)(3I(x) -h. SI(x * [>])) (Vxw)3I(x), 

o</xft] -»• x * [y](/i)EEx(«), x * [y]/(x) = y, 

n > l(x) - x[t](n) = 0T 

(where 0' is an appropriately chosen zero-object in each type). 

~(<p(N)t, o) = [ y 

~(*(N)t, S(x))=~(*x)*[*(x)] 

(course-of-values functional; henceforth we write $(x) instead of x).) 

D. Axioms for D and M: 

Djj a. . . aDj„ Dt (n > 0), 

where Ji,..., £„ are all the free variables of t except the number 

variables. (Thus a species or functional is lawlike if only lawlike parameters 

enter into its definition.) Likewise 

Mjj a ... a M£„ -»• Aft (n > 0), 

where are all the free variables of t except the number variables, 

and where the sign 1- is not used in the justification of any defined constant 

occuring in t. 

D% v —1 Dr, 
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Thus the lawlike objects of any type are a detachable subspecies of that type, 

and the mathematical objects are a detachable subspecies of the lawlike one. 

F. Axioms of continuity: 

(Va)(3x)(Dx a 21(a, x)) a 21(a, x) -+ (3$ e K)[(Va)21(a, <Pa) a (Df x 

a. . .aDin-+ D<P)] 

where £„ are all the free variables of 21 except a and x. (One might be 

tempted to postulate the same thing with M replacing!): but the apparent 

invalidity of the same substitution in the axiom of choice, discussed below 

in section 3, makes us hesitant to do this.) 

S. Axioms for species (comprehension): 

(3Sm(ffi’"-’ff"))[(Vx<ri) ... (Vx<Tn)(S(x1,..., x„) 

<-*2l(xl5..., x„)) A(Dt)! A .. .ADt)n ->• DS)] 

where t)x,..., are all the parameters of 21. Thus a species is lawlike if no 

non-lawlike parameters occur in its definition. The same clearly holds 

reading ‘mathematical’ for ‘lawlike’, and we postulate 

(3Sm(ff1’’’ ’<Tn>)[(VXj,..., x„)(S(x!,..x„)*-+ 2I(xj,..., x„)) a(MQj 

a ... a Mt)„ -> MS)] 

where t)x,..., t)„ are as above and where 21 continues neither h nor any con¬ 

stant in whose justification h appears. 

Notice that with RD these axioms give us the effect of an abstraction ope¬ 

rator. 

In the above axioms m is to be any number greater than the levels of 

on or any variable occurring bound in 21, and greater than or equal 

to the level of any constant or free variable occurring in 21. (For this purpose 

1- is regarded as having level 0). This gives the ordinary (finite) ramified hier¬ 

archy (Schiitte, loc. cit.). 

C. Axioms of choice. 

AC. 

(VjO • • • (Vj„)(3t))21(j1 ty) -► 

(3<?)[((VEi) . .. (V^Gh <P(E,, • • •, In)) a 

(Dtyi A ... A Dtyk D<P)l 

where t)t)* are all the free variables of 21 other than t) 
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and number variables (notice there is no restriction on t); notice also that this 

with RD obviates the need for A-terms). 

DC (Dependent choice). 

2I[ ][t] a (Vx[t])(2tx ->■ (3/)(21(x * [y])) -> 

(3cp(N)t)[((Vn)2I^(n)) A (Dt)1 a . .. a Dt)k D<*>)] 

where tyj,..t)k are all the free variables of 2l(x) except (number variables 

and) x itself. 

With RD this allows us to make definitions by primitive recursion in all 

types: hence the system contains all the Dialectica functionals. 

J. Axioms for the thinking subject: 

hm5Iv^l-m 21, 

((3m) bm2t)~2I 

bm 2t a n > m -> bn 21. 

Finally we assert the ‘Never-on-Sunday schema’, which asserts roughly that 

unless we have already proved 21 v —i $1, we can say nothing mathematical 

about the stage at which 21 will be decided. 

NOS: @jt(S) a MS a h„ (t„ e S)-* 

Fn 21 v F„ —i 21 v(Va) (Vx)(a(x) < 1) 

A 

(Vxy)(a(x) = 1 a y > x -+ a(y) 

A 

(Vx < «)(a(x) = 0) 

-* a e S 

1) 

Here Tj, is introduced by RD using the axioms for thinking subject and 

satisfies 

t<h(x) < 1, 

T«(x) = 1 (t(x + y) = 1), 

21 <-» (3x)(t«(x) = 1). 

NOS yields as consequences to both Troelstra’s 

Ma a —i (-,21 a —i 1-, —i 2t -»• -i (Ta e a), 

(where we do not see the necessity that 21 contains only lawlike parameters), 

and the strengthened form of Kripke’s schema discussed by Hull in [1]. 

We presume that much more can be said about I-,, M and their relation- 
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ships; for example, there seems no way of proving from what is said here 

that —i (Vx)(£>x -> Mx). (There is an obvious intuitive argument.) But 

this is a subject for another paper. 

3. Concluding remarks. These remarks concern the particular forms of the 

axiom of choice (AC and DC) that we used. In both of them we have been 

more cautious than would appear on the face of it to be warranted: we wish 

to justify this caution. 

Consider first a simple case of AC 

(Vx)(3y)9I(x, y) -»(3<?>)(Vx)[9l(x, <Px) a D<P], (1) 

where 91 contains only mathematical parameters and constants. Should we 

not in this case be allowed to infer M<P rather than D<Pl (Notice that 

by an earlier observation in section 1 of this paper, we cannot do this if 

j and t) are replaced by free-choice variables.) 

Let us consider the usual intuitionistic argument for (1). The hypothesis 

is proved by exhibiting a method for obtaining the y from the x; <£(x) is 

simply the y obtained by that method. There are it seems several possible 

situations. (I) The method may not use any information about any tb at 

all. In that case there is no trouble with (I) and <P is absolutely lawlike. (II) 

It may use general properties of the t® (e.g. Kripke’s schema itself or NOS) 

but still no particular values of any This still seems harmless to me; in 

particular if Church’s thesis were refutable on that basis I would think 

Church’s thesis was simply wrong, i.e. that there are uniform methods which 

are constructive from the point of view of intuitionism and yet non-recursive. 

(Ill) Particular values of some % are used in computing y from x, and yet 

they always lead to the same y. If that could be proved, i.e. if (Vj:)(3!y) 

9l(x, y), it seems to me that this reduces to II since the particular values of 

T<g are not used in any essential way, but only its general properties. This 

case of (1) (the (Vx)(3!y)-axiom of choice) seems much more justifiable, 

but of course not as useful as the general form since it only applies to decid¬ 

able 91. (IV) One or more tffl’s appear in 91. Then y can certainly be expect¬ 

ed to depend on x in a non-(absolutely) lawlike manner, but that need cause 

us no concern: the restriction on the D-axioms (that no defined constant can 

be asserted to belong to D if Kripke’s schema was used in proving the exis¬ 

tence theorem for that constant) prevents the application of (1) since the 

ts’s count as non-lawlike. (V) There may be no t<b’s in 91, nor any notion 

defined in terms of them, and nevertheless the particular values of certain 
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t®’s could make a difference to the value of the y obtained by the ‘method’. 

It seems highly implausible to me that such a thing could ever happen and 

yet I cannot prove that it is impossible. Quite probably a detailed philo¬ 

sophical argument could rule it out; but Troelstra has been very scrupulous 

and refrained from asserting (1) until such an argument is forthcoming. 

In his paper [3] at this Conference, Kreisel has given a strong argu¬ 

ment against (1), not indeed for 2l’s written in the notation of this system, 

but for another 31 which we might quite reasonably wish to add. This 

2f(x, y) means: either x is not the Godel number of a proof (in some 

particular intuitionistic system) of an existential statement (3z)23(z), and y 

is 0; or x is the Godel number of such a proof and y is the z yielded by the 

proof. Then the hypothesis of (1) is true, and there is certainly a method (name¬ 

ly examination of the proof x) to find the y; but one cannot in general 

expect a recursive method. For particular intuitionistic systems such methods 

are sometimes known (cf. Kleene [2]) but there seems no justification at all 

for asserting that given an intuitionistic system (e.g. the present one) we can 

find (from the proof that it is an intuitionistic system) a recursive <P for this 

particular 21. Hence we have no reason to assert the conjunction of the two 

following propositions: 

For this particular 21, there exists a <P which is mathematical (absolutely 

lawlike) (2) 

and 

Every mathematical <P e (N)N is recursive (Church’s thesis). (3) 

In our system, we assert neither (2) nor (3). But when we reflect on the 

meaning of ‘lawlike’ and ‘mathematical’ Kreisel’s argument seems to throw 

doubt on (2) more than on (3). There certainly does exist a <P for (1); we 

can tell someone ‘analyse the proof x and find the z yielded by it’. This is a 

lawlike method (certainly it does not depend on any free choices) but it is 

not a mechanical method (it demands understanding and reflection, not 

only following rules). Nevertheless we could reasonably maintain that the 

predicate 2I(x, y) is a mathematical one rather than an empirical one: hence 

we cannot in general strengthen D to M in (1). At least no argument has 

been given why we should. 

Our last remark concerns the axiom of dependent choice. One might be 

inclined to postulate something simpler namely 

(VE€S)(3t)sr)H(j, H) - (3#e(S)T)(VjeS)9(j, <Ke))- (4) 

That certainly yields DC as a consequence, and at first sight it looks plausi- 
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ble. Why not accept it instead of DC? To avoid the notational complica¬ 

tions involved in partially defined functionals <Pe(S)T, let us consider a 

weaker form of (4) (but still enough to give (DC). If we succeed in making 

the weaker form doubtful, we shall have no reason to assert the stronger one 

either: 

(Vj eS)(3^(j, t)) -> (3T)[(VxeS)(3!y)T(£, Jj)a(Vj6S)(V1j)(T(j, *)) -> 

mm (4') 

(For decidable S, this is a consequence of AC). 

The reason one is inclined to believe (4) or (4') is that at first sight the 

usual intuitionistic justification of AC seems to go over unchanged. But let 

us recall that justification, and see where the difference comes about. 

If (V£)(3l))5l(£, t)), then by the intuitionistic interpretations of 3 there 

is a method for finding the t) from the £. Then <£(£) in AC is simply the t) ob¬ 

tained by the method. Likewise in (4') we are inclined at first to say: T is 

the species of those pairs (£, t)) where feS and where t) is obtained from £ 

and the proof of £ e S by the method which we must have in order to assert 

(V£)(£e S -*• (3ty)5I(£, t))). But if we analyse this in terms of the theory of 

constructions, we see that we have made an error. 

Let us recall some principles of that theory: 

7t proves (V£)2I(£) iff proves that (V£)[7r2(£) proves 5I(£)], 

n proves 51 -* 33 iff nt proves that (Vp)(p proves 51 -» n2(p) proves 53), 

7t proves (3£)5l(£) iff 7^ proves 5I(7i2), 

Applying these principles to (4') we get 

n proves (V£)(£ e 5 -> (3t))5l(£, 1})) 

nt proves (V£)(n2(£) proves (£6S-» (3t))5t(j, t)))) 

n, proves (Vj)((it2(j))i proves (Vp)(p proves J s S -> (n2(s))2(p) proves 

(3to»(s, m 
—> 

(V£p)(p proves £ e S -+ 5I(£, ((7t2(£))2(p))2); 

i.e. the Q in (4') depends not only on the £ but on the proof that £6 5: 

different proofs can be expected to yield different t)’s. (This is particularly 

clear if S is defined by an existential condition). 

On the other hand, the theory of constructions yields a straightforward 

justification of DC itself. 
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Assume 

2l[ ]Ct] (5) 

then something, say n*, proves it. Assume also 

(Vx[t])(2lx -> (3yT)2t(x * [>])), 

then the antecedent of (4') yields functions (p and ij/ such that for all x[t] 

n proves Six -> cp(n, x) proves 2I(x* [1^(71, x)]). (7) 

(6) 

So 

7r* proves 21 [ ], 

<p(n*, [ ]) proves 2t[^(7t* [ ])], 

<p((p(n*> [ [ ])) proves 21([iKtc*, [ ])]*[H<P(n*’ [ [ ]))])» 

and in general if we define by simultaneous recursion 

^ 1 

tyn *A(^n 5 • • •» tyn-l])j 

Kn+ 1 = <P(Kn, Djo» • ■ •, tyn-l]), 

we obtain from (7) that always 

nn proves 2l[t)0, • • •, 

and DC is satisfied with <P taken as (Ax)t)x. 
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PROJECTIONS OF LAWLESS SEQUENCES 

D. VAN DALEN and A. S. TROELSTRA 

Introduction. Intuitionistically, one may conceive a wide variety of notions 

of choice sequence (see e.g. [2], [3], [4] § 10, [5]). 

Many of these notions are of little use to the construction of a theory 

of real numbers because of their ‘anti-social behaviour’ (described in [5]). 

Nevertheless, they provide us with a nice testing ground for intuitionistic 

concepts and principles, and also they represent interesting examples of 

topological spaces. 

In this paper we restrict ourselves to so-called anti-social notions of 

choice sequence; they are supposed to be described within the general 

framework outlined in [5]. Sections 1 and 2 summarize notions, notations 

and principles from [5] which are needed in this paper. For intuitive ex¬ 

planations we must refer to [5]. 

The ‘anti-social’ behaviour of the notions considered is due to the fact 

that the so-called restricting conditions (see § 2) do not contain non-lawlike 

parameters in these cases. This type of behaviour is best illustrated by a 

result (given in [5]) which states that for a wide variety of anti-social notions 

the concept is not closed under simple continuous operations (like the 

operator T, defined by 2%. [lx.2xx] where x is a variable for numerical¬ 

valued sequences). More precisely, simple relations like 2x = £ are possible 

only when x> £ are both lawlike. 

Our aim is to ‘approximate’ some of these notions by sequences which 

are obtained by certain lawlike transformations (called projection operators) 

on lawless sequences (of lawlike objects). The resulting sequences are called 

projected sequences. 

With each projection operator the question presents itself: to what extent 

do the projected sequences approximate the intended notion of choice 

sequence? The matter is subtle (see § 4) but in some respects we obtain 

satisfactory approximations. 

For example, in § 6 we obtain a proof of A a V! x-continuity and A a V! a 
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continuity for projected sequences which ‘approximate’ notions of choice 

sequence with these properties. The results concerning anti-social behaviour 

are also easily translated for projected sequences. 

It turns out however, that the validity of A a V x-continuity may depend 

on the projection chosen for the approximation. This is illustrated by an 

example given in § 4, where for two projections, both approximating the 

same notion, A a V x-continuity holds in the first case, but is refutable in 

the second case. From the results in the final section however, it follows that 

A a V x-continuity also holds in the second case with respect to predicates 

in a suitably restricted language. Further research in this direction seems 

to be promising. 

The motivation behind the study of projections is two-fold. In the first 

place, lawless sequences are relatively simple, so we may ask for approxima¬ 

tions (which in some cases are almost as good as conceptual reductions, 

as we shall see) of the more complicated notions by the conceptually 

simpler lawless sequences. In this respect, the elimination of abstr (the 

abstraction-process introduced in [4], [5]) from the derivation of A« V!x- 

continuity for projected sequences is worth noting (§ 6). 

In the second place, because the projected sequences are approximations 

of certain notions, they may serve the same mathematical purposes as these 

notions. Thus we reduce the number of notions required in intuitionistic 

mathematics. 

§1. Preliminaries. In this section we introduce some notations and conven¬ 

tions. For intuitive explanations we refer to [5]. 

1.1. We use boldface capitals A, B, C, D, ... for constructive classes 

(species) of constructive (lawlike) objects. We shall assume these classes 

to be decidable (in a universal sense), i.e. for a given construction it is 

decidable whether it is a construction of the given species or not. N is 

reserved for the class of natural numbers. For elements of N we use the 

lower case letters k, n, m, x, y, z, u, v, w (with sub- or superscripts if 

necessary). 

We suppose these classes C, D,... to be provided with a decidable 

definitional (or intensional) equality, usually denoted by ee (or more 

precisely by =c, =D etc.). We write = for =N. 

1.2. Cartesian products are defined as usual (notations: CxD, C"). A 

mapping (p from C into D is any kind of (not necessarily predetermined) 
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method of assigning an element of D to any element of C. A mapping <p 

from C into D is said to be of type (C )D, or expressed otherwise: <p e (C )D. 

We use the lower case letters a, b, c, d, e, f (with or without sub- or 

superscripts) as variables for lawlike elements of (N)N. These functions are 

thought of as being given by a prescription with a proof that a natural 

number is assigned to any given natural number, a — b means that pre¬ 

scriptions and proofs for a and b are identical. 

1.3. Sequences are mappings of type (iV)C for a suitable C. In discussing 

mappings of type (N)C we use £, i, ... as variables for mappings 

of this type. 

A finite (ordered) sequence of elements p0,.. .,pn of C is written as 

<Po,•• ;Pn> ; p = Def<p>. The equality =c may be extended to finite 

sequences of elements of C (i.e. to (J„ C") by stipulating: 

<Po . • • •» Pn> = <Po » • • •> Pm> =Def n = ™ A A X ^ n(px = p'x). 

Concatenation * is defined by 

<Po » • • •> Pn) * (Pn+ 1 » • • •> Pn + my =Def (Po > • • •» Pn + m)- 

The length of a sequence is defined by 

1th p„> = n+1, 

1th < > = 0. 

For natural numbers, we may suppose a bi-unique enumeration of all 

finite sequences of elements of N to be given, such that < > corresponds 

to zero. In our terminology we shall not distinguish between sequences and 

their numbers in such an enumeration. 

1.4. { , } is used as a lawlike pairing function onto N of type (iV2)iV; 

ji,j2 denote the inverse pairing functions. 

In discussing sequences of type (1V)C, we shall use a, x as variables for 

initial segments, i.e. a, x e{Jn Cn. We define 

— Def ( y> 

XX = Def <X0, • • X(^-1)> for x > 0. 

xea =De{ Vx(%x = a), 
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</?0, X is a sequence x' with 

X'm = pm if m < n, 

x'm = y(m — n) if m ^ n; 

< > *X ~ Def X' 

In describing sequences and predicates, A will be universally used as an 

abstraction operator. 

1.5. (First-level) extensional equality between sequences x> £e (N)C is 

defined by 

X = £ ~ Def Ax(*x =c£x). 

1.6. Let 93 stand for an arbitrary (not necessarily decidable) species. Then 

as a selection principle (axiom of choice) we state: 

A p e C V q e 93A(p, q,x, We (C)93 Ape CA(p, Vp, x,.. •)• 

In case A does not contain non-lawlike parameters, W may be supposed 

to be lawlike. 

Important special cases: 

A x V yA(x, y) -> V a A xA(x, ax) 

AxVyA(x, y,x,x'---)~* V^AxA(x, fx, x', *'•••) 

and for extensional A, i.e. an A such that 

A{. .., x, • • •)A A x(xx = x'x) -*■ A{..., x’> ■■■) (x e (iV)iV), 

we have 

A x V ayl(x, a) -> V b A xA(x, Ay. h{x, y}), 

Ax Vx^(x, x>x')-+ V £A Xi4(x, Ay . £{x, y}, /). 

1.7. As a general convention, we assume all non-lawlike parameters of the 

predicates to be exhibited in formulae. 

§2. Lawless and choice sequences 

2.1. We consider lawless sequences of type (1V)C. Lawless sequences of type 

(N)N are discussed extensively in [2]. 

We shall assume 

V peCW qe C(—, p = c q). (2.1) 
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£, r], 9, C will be used as variables for lawless sequences. Intensional equality 

between lawless sequences is denoted by =. The following properties hold 

for lawless sequences: 

A <r V e(e e a), (2.2) 

e = tjve # rj, (2.3) 

f^(£) £0> • ' en) A ^ (£! £0 ! ■ • •> en) 

VxA>/eex(# . . .,£„) -> W(rj,e0,. . .,£„)) (2.4) 

where ^ (e, e0,..., e„) is an abbreviation for 

e#e0A£#e1A...A£#en. 

From these principles one derives easily 

£ = riA x(fix = r\x). (2.5) 

Hence for lawless sequences = and = coincide. 

Let us use T for a lawlike continuous operator acting on lawless sequen¬ 

ces, with values in N. Continuity of T is expressed by 

AeVxVyA^e £x(T rj = y). (2.6) 

Let T* denote a lawlike operator of type ({JnCn)N. We shall assume 

A TVr*[ Ae VxF*£x 7*- 0 a A o(T*o / 0 -* VyA^e a(rrj = y))]. (2.7) 

A stronger assumption about r* is the so-called extension principle: 

A r*( A e V xr*£X # 0 -► A z V xr*pc 7^ 0). (2.8) 

In combination with (2.7), the extension principle asserts that every con¬ 

tinuous functional defined on lawless sequences of type (N)C is defined on 

all sequences of type (iV)C. 

The principle of A £ V x-(extensional) continuity may be expressed as 

follows: 

AeVxJF(£,x) VrAeIT(£,r£). (2.9) 

Analogously for A £ V a-continuity etc. In the case of more variables, 

(2.9) is to be replaced by 

A £i • • • A e„(# (fii , • • .,£„) -*■ V xWifi , . . ., £„ , x)) f 

V Tn A £i • • • A £„(# (£i j • • •) £n) > • • •> £« 5 An<£l, . • £„)>)), 



168 D. VAN DALEN AND A. S. TROELSTRA B X 

where # (el5.. e„) is an abbreviation of e( # £y for all i # y, 1 < / < n, 

1 < y < and where r„ denotes a continuous functional acting on ^-tuples 

of lawless sequences with values in N. We can make assumptions about the 

rn analogous to (2.7), (2.8). 

In the case of lawless sequences of type (N)N, we can make one further 

assumption: 

A-TVe e KAeVx(re = esx — 1) (2.10) 

(see [4], [2]). Hence with (2.9): 

A £ Vx X{e, x) —* V e A n(en ^ 0 -> /\ee n W{e, en — 1)), (2.11) 

A eV a X(e, a) -* V ef\n(en ^ 0 -► V b A £ e n W{e, b)). (2.12) 

2.2. Let us consider sequences of type (iV)iV x R, where R is a class of 

lawlike extensional conditions on sequences of type (N)N, i.e. 

RsRax = ZaRx^RZ, 

with x, £ e (1V)1V. For sequences x of type (N)NxR we introduce two 

projection operators n0,7tx by stipulating for x =Def «*„> 7?n»„: 

= <£„>„, KiX” = Rn- 

2.3. We shall suppose 1? — \JXRX, we also assume a (not necessarily 

extensional) decidable binary relation □ on R to be given. Choice sequences 

(a, /?, y, 8 are used to indicate choice variables) are sequences of type 

(N)N xR which satisfy the following general a priori conditions: 

(A) Ax(7r1a(x + 1) □ ^ax), Ax(n1ccxeRx), A x(n1ax(7i0a)). 

At any stage, an initial segment ax and the conditions (A) are given, nothing 

more. 

2.4. For a clear intuitive picture we make some further assumptions: 

(B) To every R e R we may associate in a unique way a condition R* 

such that 

A R e R A x(R*x v —, R*x), 

AReRAxe (N)N(RX ~ A xR*xx). 

(C) ReRxAR' eRx+1 aR' CR - 

AaAy(y > x+1 -> (R'*oy R*ay)). 
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In simple examples, (C) is often fulfilled in virtue of the stronger condition 

R CR' -*• A x(R*x -> R'*x). 

(D) AReR(R*0), AR e R0 Vx(R*Z). 

(E) AaAxAReRx(/\y < (x+l)R*ay -* 

VR'eRx+1(R' OR A Ay < (x+l)R'*ay)), 

and 

AaAxAReRxAR'eRx+i(R' Cl?a Ay < (x + l)R*ayA 

Ay ^ (x+l)R'*dy -*• Vzi?'*(a(x +1) *f)). 

In fact we could have taken a weaker condition for (E): 

Aa Ax AR e Rx(Ay < (x + l)R*ay -> 

WzVR’ eRx+1(R’ CRa Ay < (x+l)R'*ayAR'*(a(x+l)*2))), 

but the assumption (E) is fulfilled in the relevant examples, and moreover 

it simplifies the construction of projections in § 4. 

2.5. Some other properties which may be assumed for choice sequences 

are listed for future reference: 

(F) There exists a UeR such that 

A x(UeRx), 

A ReR(RC U), 

Axe (N)N( Ux~0 = 0). 

(U stands for ‘universal condition’). 

(G) AaAxVa e CV/?(ax = fix An0p = a). 

(H) AaeCAxVp(Ay< x(nl fiy = U)An0fi = a). 

2.6. A sequence a= «x0, i?0>,...,<xn, Rn» is called admissible (a e Aidm) 

in case 

A u < n(Ru C Ru+1)A A u < n(Ru e Ru) a 

R*<x0y a(I?i<x0> aR*(x0, X!»a. . .a(R*(x0}a. . . A R* <X0 , . . .,X„». 

< ) is also called admissible. 

As a first principle about choice sequences we have 

A cr e dadmV a(a 6 a). (2.13) 
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If = denotes intensional equality for choice sequences, we require this 

equality to be decidable: 

a = /?va ^ p. (2-14) 

Let X, Y, Z be used for predicates which are 7t0-extensional with respect 

to choice sequences, i.e. 

Xolati0a = nop -a Xp. 

We assume a principle of intensional continuity for choice sequences: 

X(a, a0,. .a„) a # (a, a0,. . a„) -► 

Vcr[a e (7 a Apea(^ (p,a0,. .., a„) X(p,a0,..., a„))]. (2.15) 

In many examples of notions of choice sequence 

a = p «-> f\x(n0ax = 7t0Px atz^ ax = nxpx). 

This is always true for example when to every ax one can find P, y, y such 

that ax = px = yx> /?(x+y) y(x+y). The proof is given by using (2.15). 

2.7. In case (A)-(H) are valid for our notion of choice sequence, we have 

A«V!xI(a, x)-> V e e K /\oiX(a, e(n0a)) (2.16) 

(for K and notation e(a) see [4]) or equivalently 

A a V! xl(a, x) —> V e e K A n(en ^ 0 -» A a(7r0 a e n -*• X(a, en— 1))) 

(2.17) 

Similarly 

A a V! aX(a, a) -> \J ee K/\ n{en ^ 0 -> V a A a(7t0 a en-> X(a, a)) 

(2.18) 

(AocVla is interpreted extensionally: X(a, s)aI(«, b) ^ a — b). 

§3. Examples. Below we indicate some notions of choice sequence by 

specifying □ and the Rx. As special conditions we introduce 

Nx — Def Ax . [ A Z ^ x(xz = 0)], 

Bx =Def Ax - [A Z > x(xz < 1)]. 

In case of Bx, B* may be stipulated by: 

B*ay «-> 0 = 0 in case y < x 

B*ay *-* a(y—l) ^ 1 in case y > x. 
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Similarly for Nx. Now we list examples (I)—(VI): 

(I). Rx —Def {U,NX}. Nx+l CNX, NXCU, ucu. 

(II). Rx —Def {U,NX,BX}. N X+l [I -^*5 Rx+i i C Bx, 

Nx+1 11 Bx, NXCU, B XCU, UCU. 

(III). R = RX — Def {U} V {Ra : a lawlike, a e (■N)N}, 
where R ■a — Def ^X * X. = a. Ra □ U, RaCRa, UCU. 

(IV). R = RX — Def {U} ^ {Rx • xe N}, 

where Rx=Defh (x = -- Ay . a{x, y}); a is supposed 

fixed universal function for all primitive recursive functions, i.e. 

<Ay. a{x, y}>x enumerates all primitive recursive functions. 

RxCU,RxZRx, UCU. 

(V). Myhill’s notion of choice sequence as discussed in [3] (cf. also [4], 

10.2 (D)), which was inspired by Brouwer, can be reformulated 

so as to fit our scheme of description; see § 4. 

(VI). Like example (V), but with a restriction to primitive recursive 

spreadlaws as given by an enumerating function. 

§4. Projection operators 

4.1. We shall consider an easy example first. 

Let R contain a single condition 

Rx A x(xx = 0 v XX = 1). 

We stipulate C by R C R. R* is specified by 

R*x(x + 1) = xx = 0v xx = 1. 

R* 0=0 = 0. 

Then we have obtained the lawless sequences with values 0, 1 only. 

Now we define Proj on lawless sequences of natural numbers as follows: 

Let a = Proj e, e a lawless element of (N)N. 

nQocx = 0 if Ay ^ x (ey = 0 vey = 1) a ex = 0, 

n0(xx = 1 if Ay < x (ey — 0 v ey = 1) a ex = 1, 

n0ax = 1 if V y < x (ey > 1), 

nlcxx = R for all x. 
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Now this is a bad approximation of our notion of choice sequence, since 

we clearly have (a denoting any lawlike sequence of (N)N): 

A £ —i —i V a (n0 Proj e = a) 

for as soon as ey > 1 for some y, Proj e is lawlike; and for lawless sequences 

we have A e —i —i V x (ex > 1). 

Proj*E defined by 7i0a = Xx . sg(ex) and n1ax = R for all x, is a much 

more accurate approximation; now we have 

A £ A a —i (n0 Proj* e = a). 

The projection operators we shall consider obey the conditions below 

which guarantee that a certain minimal degree of faithfulness is obtained: 

(i) Proj en is determined from en. 

(ii) If Proj en * <x, R) satisfies the general conditions imposed by (A) 

(is an admissible initial segment for the notion of choice sequence 

considered), then we can find a p such that for rj with fj(n +1) = 

— en* p we have Proj t](n +1) = Proj en * <x, R). 

One might express these conditions by saying that Proj ‘preserves local 

freedom of choice’. 

4.2. Let us discuss example (I). We approximate this notion by a projection 

of lawless sequences of natural numbers. Let a = Proj e, 

h\ ex if A w < x(j2eu — 0), 
7r0ax = ( 

10 otherwise; 

IU if Au < x(j2eu = 0), 
7Tj OCX = ( 

\NX otherwise. 

The projected sequences are denoted by a, /?, y,.... The following strong 

form of extensional continuity holds. 

Theorem 4.1. Let X be an extensional predicate with a single non-lawlike 

variable, then 

A a V xX(ol, x) -> V e e K A ocX(oc, e(n0a)) 
holds. 

Proof. X is extensional, i.e. 

7r0a = n0p -»(*(a, x) -»• X(fi, x)). 
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Suppose Aoc\/xX(a, x), then A £ VxX(Proj e, x). Using (2.10) for 

lawless sequences of natural numbers ([2], 2.4) we obtain an e e K such that 

Ae^f(Proj e, e(e)). Now take any a and define x by x = Def Ax. {7t0ax, 0}. 

Let z be such that exz / 0, and let 7r0 /? e n0 txz, /? = Proj e. Then either 

ez = xz and then X(p, e(x)) since e(x) = e(fi) or 

ez = <{7r0aO, 0}, • • •, {n0ocu, 0}, {05 T«+i}> • • ■> {0, yx-1}> 

with yu + 1 7^ 0. Then if we take an r] with rj(z +1) — xz * <{0, 1}) we have 

e(rj) = e(x) and n0 Proj rj = 7r0 Proj e, so X(fi, e(x)). Therefore X(fi, e(x)) 

holds in all cases. Next one constructs an f e K such that 

f(n0az) = e({n0a0, 0}, . . ., (7r0a(z-l), 0}>. 

Hence /\otX(a,f(n0a.)). 

To illustrate that finding a suitable projection operator is a rather delicate 

task we will change the operator defined above slightly and show that for 

the resulting notion we do not have extensional continuity. 

Define the projection operator Proj by a = Proj e if 

A ex if Am < x(j2eu # 0), 
7t0ax = 

10 otherwise; 

U if Aw < x(j2eu ¥* 0), 

Nx otherwise. 

One can check that the proof of the above theorem does not go through, 

but we will do more and prove 

Theorem 4.2. For suitable X(a, x) we have 

—i(A«V xX(a, x) -*■ Aa VxVy Aj5(?r0ax = n0flx -> X(/?, y)). 

Proof. Take for X(<x, x) the formula Ve(rc0a = 7i0 Proj e A^eO = *)• 

Clearly X is extensional and A«VxI(a, x) holds. Suppose 

A a V x V y A P(n0ax = n0[ix ->■ X(p, y)), 
then 

A e V x VyA r\{n0 Proj ex = n0 Proj rjx -+ 2f(Proj r\, y)). 

Hence there is an e e K such that 

A fiA ti(n0 Proj e(j1 e(e)) = iz0 Proj jj(A e(e)) -> 2f(Proj rj,j2e(e))). 
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Now take / = Xx. {0, 1} and let / 0. 

Putj\e(x) — Wi and j2e(x) — w2, then for any e with eu = xu 

A rj(n0 Proj e ut = n0 Proj y ut-+ X(Proj rj, u2)). 

Let n = <0, 0, . . 0) (u1 times), then 

A t](n0 Proj rjUi = n -* X(Proj r], u2)). 

Hence for an t] such that n0 Proj rju^ = n we have 

V r]'(n0 Proj r\ = 7T0 Proj r\' a j2r\ 0 = u2). 

Let Y(rj, r/') be the matrix of this formula, then 

r(»z. = «2 v V m[r]' G m A 

A v 'W emArj" ^ rf)-+n0 Proj = n0 Proj rj" a ;21]"0 = w2)] 

(here we applied r\ = ?/' v r] # ?j'). 

Now choose an ^ such that 7i0 Proj rj ut = n and j2t]0 # w2, then 

V V m[/j' e m a A v 'W £ rn At\" ^ r\) 

7t0 Proj t] = n0 Proj r\" a j2r\"0 = u2)]. 

Let q $ m * <z>(= m') then 

A n" e m' (7r0 Proj rj" = n0 Proj rj), 

so there exists an m” such that 

11 e m" a A r\" e m" A v" e m' (7r0 Proj rj" = 7t0 Proj t]"'). 

From this and the definition of Proj we easily conclude that ^ is lawlike. 

Thus 

Ari(n0 Proj r\ ut = nAj2r]0 / u2 -> \Zxj2rjx = 0) 

or 

A^Vx(n0 Proj vj u, = n Aj2rj0 # u2 -»j2rjx = 0). 

Again we can find an f e K such that 

A rj(n0 Proj r\ul = n Aj2rj0 # u2 -> j2r]f(rj) = 0) (*) 

Define = Ax. {0, w2 + l} and let t> be such that fx'v # 0, v ^ f(x )- 
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Choose t] e x'v, then j2 = j2 x'f(x') / 0, which contradicts(*). Therefore 

we have 

—i (AaVx X(oc, x) -* AaVxVyAP(n0ax = n0flx -> X(f, y))) 

for the X chosen above. 

Remark. We could have strengthened the result by using (2.7) and (2.8) 

instead of (2.10). 

4.3. Construction of projections. Suppose a notion of choice sequence to be 

given which satisfies (A)-(F), and for which the classes Rx may be enumer¬ 

ated as x]: p e C}. Further we assume R[p*, x] = U for all x and for 

a certain fixed p* e C. 

We remark that condition (E) on choice sequences implies the existence 

of a function s" e (C x N)C (in virtue of a selection principle as indicated 

. in 1.5) such that 

AaAxApeC(Ay< (x +1 )R*[p, x](ay) -> 

R[s"(p, a(x +1)), x +1] C R[p, x] a 

Ay < (x + l)jR*[s"(p,a(x+l)), x+l](ay)). 

Now suppose s' e (C xN xC')C to be such that 

A peCWre C'(R[s'(p*, 0, r), 0] = R[p, 0]), 

ApeCAqeC A x(R[p, x +1] C R[q, x] <-> 

Vr e C'(R\_s’(q, x + 1, r), x + 1] = R[p, x+1])). 

We construct s e (C xN xC')C as follows. We put 

s(p*, 0, r) = s'(p*, 0, r). 

Let s'(q, x+l,r) = p; in case Ay ^ (x+ l)i?*[p, x+ l](ay), we take 

s(<j,a(x + l), r) ee p, 

and in case A y < (x + 1 )R* [p, x +1 ](ay) we take 

s(q, a(x+1), r) = s"(q, a(x+1)). 

Now we define a function t e (C x N2)N such that 

{t(p, 0, u) : u e N} 
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enumerates the v such that 0](j5), and in case Ay ^ xR*[p, x]ay 

{t(p, ax, u) :u e N} 

enumerates the v such that R*[p, x](dx * 0). 

Now we define a projection operator Proj for lawless sequences of type 

(N)iVxC' as follows. If A n(en = <7i0en, n1sn'}), then 

Proj e = «x„, K[>(n), n]»„ 

is given by 

p(0) = s(p*, 0,! eO), 

x0 = t(p(0), °> TtosO), 

and for v > 0 

p(v) = s(p(v-1), <x0,..Xy_j), nisv), 

xv = t(p(v), <x0,..., x^.j), n0ev). 

4.4. A lawlike function of type (N)N is said to be a spreadlaw if 

aO ^ 0 a A n V x(an ^ 0 ->• a(n * $) / 0) a 

A n A m(a(n * m) / 0 an / 0) a A n(an = 0 v an = 1). 

We write a e Spr to indicate that a is a spreadlaw, and x e a is an abbrevia¬ 

tion for A x(axx ^ 0). For spreadlaws a and b we define a £ b by 

A n(an / 0 -*• bn # 0). 
In Myhill’s presentation in [3], which was inspired by Brouwer, sequences 

of pairs <xt, ak> with xkeN and ak e Spr are considered. These sequences 

must satisfy the conditions 

(i) ak+l £ ak for every k, 

and 

(ii) ak <x0, . . . , xk} 7^ 0 for every k. 

As it stands, this notion of choice sequence is not ‘basic’, since the spread- 

laws do not constitute a decidable subclass of the class of lawlike functions, 

and moreover, c (which should play the role of □) is not decidable relative 

to spreadlaws. 

Therefore we describe a modified notion which is ‘basic’ (i.e. meets our 

general requirements in section 2), and which is closely related to Myhill’s 

notion. 
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First we remark that we can codify a spreadlaw by an arbitrary lawlike 

function (cf. [1], p. 181). Let a be a lawlike function of type (N)N, then a 

spreadlaw c is defined by 

cO = 1, 

c(n * £) = sgcn-sg(j2a{n,x}+(l^\x-j1an\)), 

where sgx = 0 if x = 0, sgx = 1 otherwise. Note that the j2a-part 

enumerates choices permissible after n, and that the j\ a-part makes certain 

the existence of at least one choice after n. Let <P0 be the (primitive recursive) 

operator which associates c with a as given above. Conversely, to each 

spreadlaw c e Spr we can find a lawlike a such that c — <P0a: let d be the 

choice function existing in virtue of An\Jx(cn = 1 ->• c(n * £) = 1), define 

ax{n, x} = c{n * jf), and a2n = dn, then if a = {ax, a2} = Xx{a2x, a2x], 

<P0a = c holds. (Thus we have constructed an operator I7 such that 

d’o'Pc = c for c € Spr.) 

We also have a device for codifying subspreads of a given spread. Define 

d' from a spreadlaw c by 

d'{n, x} = x • c(n * X) + (1 — c(n * £)) • c'n, 

where c'n = min {x: c(n * £) = 1}. If c = <P0a, d' is primitive recursive 

in a. For every n, Xx . d' {n, x} enumerates all possible ‘next choices’. Now 

we define d primitive recursively from b, a by 

dO = 1, 

d(n * £) = sg dn ■ sg[c(n * £) • sg j2 b{n, x} + (l — |x — d'{n, jx bn}|)], 

where c = <P0a. Let <P denote the operator which constructs d from c, b, 

then d = <P(<P0a, b). We put 

<£„(a0 ,...,«„) = ^(^u- i(a0 »• • •» au-1)» ««)• 

Our notion of choice sequence is now described as follows. Let 

Ru =Def [R<a0,. . au}: a0,..., au lawlike} u {U}, 

where 

R(a0,...,au} =De{Xx .[xed>u(a0, ■ ■ ■, a„)], R< } = U. 

□ is defined by 

R(a0,. .au} \ZR(b0,. . .,bv} iff v+1 = u and A w < v(aw = bw), 

R<a0,...,au>CU, U £U. 
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□ is clearly decidable. Take C' to be the class of all finite sequences of 

lawlike functions, and let C' be the class of all lawlike sequences together 

with 0. We index Rx in this case by stipulating: 

*[< >,*]= U, Cp* = < »; 

RWn n \ vl = fR<a°’ ■ * fl«> in case U = X, 
l U otherwise. 

The function s" we may take in this case to be defined by 

• • •» fl,),5(x + l)) = (a0, . .., ax, Xx . {1, 1}>, 

Is" = 0 in all other cases 

(<P(a, Xx . {1, 1}) = a). For s' we stipulate 

fs'« >> 0, 0) = < >, 

I s'(< ), X, a) = <a) for all x, 

s'(<fl0» • • •. «*>> * + l> a) = (a0,. . ax, a}, 
\s'(p, x, r) = < > in other cases. 

Now the projection-operator defined on lawless sequences of type 

(N)N x C' may be constructed as indicated in the previous subsection. 

4.5. In the case of example (VI), we simply take all primitive recursive 

spreadlaws enumerated by a universal function; note that <P0a, b) 

are primitive recursive in a, b. 

For the enumerating class C’ one may take N in this case, and one obtains 

an approximation by a suitable projection of lawless sequences of type 

(N)N. Details, which are similar to those in the case of example (V), are 

left to the reader. 

§5. A a V x-continuity. From theorem 4.2 we saw that A a V x-continuity 

is not always valid for projected sequences of the types considered. In fact, 

there are many more cases in which A a V x-continuity can be disproved; 

adapting the trick from theorem 4.2 to the choice sequences themselves 

we succeed for example in disproving A a V x-continuity for our example 

(II), taking for X(a, x): 

V ^(n0ix = 7t0)9a[(x = 0 a 7^/10 = U)v(x = 1 A^i/JO = B0) 

v (x = 2 A 7T, fiO = No)-]). 



PROJECTIONS OF LAWLESS SEQUENCES 179 B X 

Similarly, A oc V a-continuity may be disproved for example (V) by taking 

X(<x, a) — Def V p[n0ct = n0p 

a (n1 [iO = Xi. x e &o(a) v (a = Ax . 1 a % /?0 = [/))]. 

§6. Extensional continuity. In this section we will prove extensional con¬ 

tinuity for an extensive class of notions of projected sequence. We shall 

employ (2.6)-(2.9) in the form 

A e V xX(e, x) -*■ VTA eX(e, re), 

where f is a continuous operator (e lawless of type (iV)C'). 

In the following x> £ will be arbitrary sequences of type (iV)C' and 

e, rj, C, $ are lawless sequences of type (N)C'. a, /?, y denote projected 

sequences. We now list some properties of Proj. 

(1) A x[ A x(7i1 Proj xx = U) -*• A a A y(a e n0 Proj xy -*■ 

V e(ey = xy a n0 Proj e = a))], 

(2) A x A £ V a V f/(ex = fjxAn0 Proj rj = a), 

(3) A a VxA x[tt0 Proj xx = 7r0ax a^ Proj xx = £7], 

(4) A n A £, A xiln = -► Pr°j = Proj x«). 

Lemma 6.1. Assume (1)—(4) and let X(ct, x) be extensional, then 

AaV!xI(a,x) -> A a V! x Vy A P(tt0xy = 7i0/?y -»• X(f},x)). 

Proof. Suppose A aV!xJT(a, x). Then we have As V!xZ(Proj e, x), 

hence there is a T such that 

Ae2f(Proj e, Te). 

Moreover 

7r0 Proj e = 7i0 Proj t] -> Te = rrj. (5) 

Take any a = Proj e. Then we can find a x such that 

A x[7T0 Proj XX = 7l0 OCX A 7Tj Proj XX = C/] 

(by (3)). We suppose r to be defined on all functions of (iV)C'. There 

exists an n such that 

rx = x <-> A €(£n = xn -> = x). (6) 
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Now suppose 

= Proj C, 

n0Pn = n0ccn = n0 Proj %n. 

Then we can find x', ri such that 

n = x' <-» A Z(£n' = Cn' ^ F£ = x'). 

We may suppose n! ^ «. Furthermore there are m, z such that 

re = z <-> A £(fra = em -> F£ = z), m ^ n'. 

Now there exist by (2) e1, a such that 

elm = em atc0 Proj = a, 

hence 

rx = re = rel. 

By (1), we can find an rj such that 

Xm = fjm a n0 Proj t] = a, 

since aen0 Proj xm• Also 

(since m ^ n). Furthermore 

rx = rr, 

re = Tx = F?/. 

On account of (2), there are 3, 6 such that 

In' = 3n' a 7r0 Proj 3 = b 

and because of (1) 3t exists such that 

3X n = xn a n0 Proj 3X = b 

(since b en0 Proj xn\ this follows from 

b e 7t0 Proj (n = n0Pn = n0ccn = n0 Proj /«)• 

Therefore by (10), (7) and (11), (6) 

B X 

(7) 

(8) 

(9) 

(10) 

(ID 

n = F3 aTx = n, 
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hence using n0 Proj 3 = n0 Proj $l5 (8) 

n = Tx = re. 

Therefore with n0fin = n0m etc. 

A a V! xl(a, x) -> A a V! x V y A j8(a y = fiy X([l, x)). 

Remark I. A completely parallel argument may be given to prove: 

A a V! aX(a, a) -> AocVlaV yA P(n0 ay = n0/3y -> X(x, a)) 

under the same conditions. 

Remark II. In the conditions (1), (2) of the lemma, the quantifiers A a, V a 

may be restricted to a species Y say A ae Y, V a e Y. This does not alter 

the proof. 

Lemma 6.2. Suppose the conditions (l)-(4) for our projection operator to be 

fulfilled, and let an operator T' of type ({N)N)(N)C' be given which transforms 

7r0a into a sequence x =Def r'n0<x which satisfies the requirements of con¬ 

dition (3). Then for projected sequences 

A«V!xI(a,x)-> VeAaA(a, e(n0<x)). 

Proof. Let T be the operator of type ((N)C')N introduced in the proof 

of lemma 6.1. Since T is defined for any x of type (IV)C' (on account of 

the extension property), T is certainly defined for all T'e, e lawless of type 

(1V)1V. Therefore (formula 2.10) 

V e e K A x e (N)N(rr'x = e(x)) 
and hence 

Aal(a, c(7t0a)). 

Theorem 6.3. Let a notion of choice sequence be given for which (A)-(H) 

are satisfied, and let Proj be a projection operator corresponding to this 

notion which is constructed as indicated in subsection 4.3. Then for the 

projected sequences: 

A a V! xl(a, x) —► V e A al(a, e(it0 a)). 

Proof. Assume for simplicity the C in (G), (H) to be the collection of all 

lawlike sequences. We have to verify the validity of (1)—(4), in order to be 

able to apply the previous lemma. The validity of (4) is immediate. (1) is 

derived from (H) as follows. Let x satisfy A x(7i1 Proj yx = U) and 
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a e n0 Proj %y. According to (H) there exists a choice sequence /? such that 

Az < = L/)a7i0/? — a. 

Hence by 2.15 for some aeAadm 

Afie(r[A z < y(n1 fiz = U) An0P = a]. 

Suppose 1th cr > y. Then for any £ e cr such that A x(%x e Aadm) we have 

A z < yfai^z = U)atz0£, = a. 

For suppose 1th cr, then we can find a e <r such that j8e^(w+l). 

Then n0P — a, so n0[Su — au — n0£u; hence n0^ = a. By our method of 

constructing Proj, V e(Proj e e cr) holds. Therefore 

A z < _y(7t! Proj 6ze U a n0 Proj e = a), 

and thus 

V e(ey = xy A7Co Pr°j e = a)• 

(2) is derived from (G). We have to prove 

A x A £ V a V r/(ex = fjx a n0 Proj rj = a). 

Take any sx. (G) can be rewritten as 

A cr e Aadm V e cr a n0P = a). 

Take cr = Proj ex e Aadm. Then 

V /?(/? e a a n0 P = a), 

and hence for some a' (cr' an extension of cr) 

Aye a'(n0y = a). 

By the preservation of ‘local freedom of choice’ for our projection operators 

we can find an r/ such that fjx = ex and Proj rj e cr'. Hence n0 Proj rj — a 

(by a reasoning analogous to the argument given above). 

(3) is satisfied automatically if we construct a T' as required in lemma 6.2. 

r1 is constructed by giving a simultaneous recursive definition of certain 

continuous operators r" e ((N)N)(N)N, F"' e ((N)N)(N)C', such that T' 

is then given by 

Xx. [Xx. <r"pc, r'"xx>]. 
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Let £ denote a sequence of (N)N. We can find r0 e C', and a lawlike function 

c such that 

R[p*, 0] = R[s(p*, 0, r0), 0] 

z = t(p*, 0, cz) 

Let Px denote the class {p: R[p, x] = U}. 

Now we may define a lawlike function q> such that 

R[p*, w] = R[s(p, aw, (p(aw, p)), w] 

for w > 0, p e Pw (we have made use of a selection principle here). Also 

we suppose W to be such that 

x = t(p, aw, *P{p, aw, x)) 

for w > 0, p e Pw. 

Now let r"£ = n, r"'£ = v. Then r", T" are defined by: 

Po = P*> v0 = r0, pO = cE, 0; 

p* = s(p*,fil,v0), vl = cp(pl,p*), pi = V(pX,pl,E, 1); 

P* = s(p*-i,pn,v(n-1)), vn = q>(pn, p*_t), pn = T(p*, pn, {n). 

The verification that r has the required properties is now straightforward. 

§7. Approximation relative to a restricted language. 

7.1. As we have seen, projections approximate the corresponding choice 

sequences to a certain extent, but not completely. However, we might ask 

if projections associated with a certain notion of choice sequence yield 

better approximations if we make suitable restrictions on our language. 

Let us consider a simple example as an illustration. Let A denote the 

continuous operator on sequences defined by: 

Ai = Xx. x(x + l). 

If 8, r\,... are lawless sequences of (N)N, we may consider the sequences 

Ae, Arj,. . .; in many respects, these sequences behave like lawless sequences, 

although not entirely so. For if we use a, /?,... as variables for A-trans¬ 

formed lawless sequences, we have 

A a V e(a = Ae), 

whereas 

A rjW e(t] = Ae) 
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(even more, A t] A e —i {*] = As), as is readily proved). Therefore these 

A-transforms are certainly not lawless sequences. One verifies easily 

e = t] Ae = At]. 

Continuity does not hold. Take X(<x, x) to be: 

X(cc, x) =Def Ve(a = AbasO = x), 

then X is extensional, and also A a V!xJT(a, x), but not 

AaVxVyA/?(ax = /?x -*■ X(fi, y)); 

this is easily refuted. But this disproof of A a V x-continuity uses a property 

which refers explicitly to the lawless sequences from which the A-transforms 

were obtained. 

We may suspect that A a V x-continuity would hold in cases where 

X(x, x) does not explicitly refer to the original lawless sequence. This turns 

out to be true, in a sense which will be explained below. 

7.2. Let j£? denote a second order language with variables for lawless 

sequences of type (N)N: variables for numbers: x, y, z, u, v, w,n,m; 

variables for lawlike functions: a, b, c, d; function constants for certain 

primitive recursive functions, like 0, +, +, • etc.; a constant predicate K 

for lawlike functions, and a binary predicate = for numbers. The logical 

operators are those of three sorted intuitionistic predicate calculus: 

a, v, —i, Ax, Vx, Ae, Ve, A a, Va. 

Terms, atomic formulae and formulae are defined as usual; let Tm denote 

the class of terms, Fm the class of formulae. 

Let r be a continuous operator of type ((N)N)(N)N. Fm(F) consists of 

formulae which are obtained by replacing in each Fe Fm every occur¬ 

rence of a lawless variable by its F-transform, i.e. e by Fe. 

Now the following two assertions may be proved* for F = A, F = Fb 

(definition follows), under the condition e = rj <-> F6s = F6fj: 

(i) For any X e Fm(F) 

X(e, e0 ,...,£„) -► {Fe = Fe0 v . .. v Fe = Fe„ v V n[Fe e n a 

A rj(rt] e n a Trj # Fe0 a . . . a F/j ^ Fe„ -► X(q, e0,..., e„))]}, 

* We are indebted to professor G. Kreisel for a hint towards the proof. 
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and the principle of /"-continuity: 

(ii) for any Xe Fm(r), 

A £ V xX{e, x) —» V e e K A eX(e, e(re)). 

For any lawlike b, rb is defined by first introducing a lawlike function g, 

defined from b by primitive recursion: 

and then putting 

The condition 

is ensured when 

g 0 = 0, 

g(n * x) = b{gn, {x, lth(n)}} 

r„x = Ax . g(x(x +1)). 

e — g rbs — rbY] 

AnVmVxVj g(ti * m * £) # g(n * m * y). (1) 

A simple case of an operation rb is the r defined by an (arbitrary) c such 

that 

Tx = Ax . c{x, pc}. 

In order to ensure (1), we may require 

A x V y V z V z'{c{y, z} # c{y, z'} a y > x). 

We expect that much more general results in this direction can be proved; 

we hope to return to this matter in a further installment. Therefore we omit 

proofs. 

7.3. Let us make a simple application to our example (I). Let for any x, 

ktx be defined as [x/2] (the maximal n such that 2n ^ x). We put 

k2x = x — 2k1x. Now we define Projj by: 

7r0 Projj ex 
l^ex if Am ^ x(k2eu = 1), 

1(3 otherwise; 

711 ProA ex = 
if A u < x(k2eu = 1), 

otherwise. 

By a simple adaptation of the proof of theorem 4.1 we see that we can 
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prove continuity in the form: 

A a V! xX(a, x) -*• V e e K A ctX((x, e(a)). (2) 

Moreover, we see that in case X is such that X(a, x) X'(n0ix, x), 

X'(e, x) e Fm, (2) can be proved from 

A £ V xY(e, x) -*■ V e e K A £Y(e, e(e)) 

for Y e Fm. Now, if we define JA by 

Fjgx = 2;18X + sg(;2£x), 

then F^continuity is valid. 

Remark that Projx Fx is exactly the representation as defined in §4 

(theorem 4.2). Because of F1-continuity and the remark made above, it 

follows that 7t0 Proji /^-continuity holds, i.e. 

A oc V xX(a, x) -* V e e K A aX(a, e(n0a)) 

holds for Projx Fi-projections if X is such that for some x) e Fm 

X(jx, x) <-*■ X'(n0a, x). 
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ON SUBJECTIVE MATHEMATICAL ASSERTIONS* 

B. VAN ROOTSELAAR 

According to Brouwer, mathematics is an individual mental activity and 

for that reason we need not be surprised that Brouwer’s intuitionism shows 

a certain subjective aspect. This aspect appears particularly explicitly in 

his papers [1], [2], where he defined choice sequences depending on the 

experiences of the mathematician defining them (the creative subject). 

These examples will be the starting point for our discussion. 

Brouwer’s prescription of the creative subject’s choice activity is quite 

unambiguous and runs essentially as follows: 

1. The creative subject should take in mind a non-tested mathematical 

assertion 21, i.e. a mathematical assertion for which no proof is known of 

—121 v —i —121. 

2. Then he creates a choice sequence a = (a(«)} according to the following 

prescription: as long as he has experienced neither the truth of —i 21 nor 

that of —i —i 21 he chooses a(n) = 0: but as soon as he has experienced the 

truth of 21 after the choice of a(r—1), but before that of a(r) he chooses 

a(r + /t) = 2~r for all n; and as soon as the truth of —121 has been experienced 

between the choices of oi.(s— 1) and oe(.s) he chooses a(.y + «)= — 2~s for all n. 

Then the sequence a converges and determines a real number a. At the 

moment we are not interested in the use Brouwer made of this construction, 

but concentrate on its subjective aspects. 

As early as 1949, D. van Dantzig emphasized the ambiguity in Brouwer’s 

terminology and tried to give subjectivistic as well as objectivistic inter¬ 

pretations of his terminology. In particular he proposed the subjectivistic 

interpretation of the term mathematical assertion as one of which the 

creative subject never will be in doubt as to whether it has or has not been 

proved by him. 

This interpretation essentially has reappeared in Kreisel’s more formal 

* Revised Nov. 1, 1968. 
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treatment in his [6] as one of the axioms for the creative subject (formula 

(1) below). 

In that paper G. Kreisel took the step of using Brouwer’s notion of 

creative subject in a formal way in order to derive purely mathematical 

results. He deviated from Brouwer, who essentially recognized only one 

creative subject, by taking into consideration the existence of many (more 

than one) creative subjects. 

His fundamental notion is 

Zhm2I 

to be read as: the creative subject I has evidence for asserting A at stage m. 

Instead of Kreisel’s I hm 21 we shall use in the following 

P(cr, m, 21) 

where a is a variable for creative subjects. 

In [6] Kreisel accepted the following axioms: 

(1) . P(ct, m, 21) v —i P(<t, m, 21) 

(2) . 21 -» (a) —i —i (£m)P(cr, m, 21) 

(o-)[(£m)P(<7, m, 21) -* 21] 

In [9] the present author proposed 

(3'). 21 <-► (E<t)T(<t, 21) 

meaning: 21 is true if and only if there is a creative subject <r, who has 

experienced the truth of A. The reference to stages was left out (T(a, 21) = 

= (£m)P(cr, m, 21)), and in comparison to (2) there is equivalence instead 

of implication. Subsequently in [10] A. S. Troelstra rendered Kreisel’s 

axioms as follows: 

P(cr, m, 21) v —i P(cr, m, 21), 

21 -* (<x) —, —i (£m)P(<r, m, 21), 

(3) . (E<j)(Em)P(cr, m, 21) *-*■ 21. 

So the second part of (2) has been reinforced to (3) (similarly to (3')). The 

first axiom of (2) is equivalent to 
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Kreisel’s axiom of Christian charity, as reported by J. Myhill in [7], which 

seems to formalize a well-known argument of Brouwer’s: 

(4). if the creative subject has evidence that he will never assert 21, then 

he has evidence to assert —, 21. 

We shall return to this below for the motivation of axiom (6). First some 

observations are made in connection with the representation of subjectivity. 

If the creative subject enters explicitly into the formalization of Brouwer’s 

example and if at the same time we do not restrict ourselves to one creative 

subject, the resulting sequence in the example may be denoted by 

{a(<r, 21)n}, 

and its limit by a(o, 21). If this concept is to be really subjective, we should 

not have 

a(o, 21) = a(t, 21) 

for all a and t. However we are not able to derive a mathematical assertion 

to this effect, without making a further assumption. Note that in general 

one objects against Brouwer’s definition on account of the fact that there 

is no proof for 

(<7)(T)(n)(a(<7, 2l)(n) = a(t, 21)(n)). 

If we recall that 

a(cr, 2l)(n) *= 0 <-> —i P(cr, n, —,21 v —, —121), 

(n)a(er, 2l)(r + n) = 2~r <-» P(<7, r, 21), 

(n)a(cr, 21)(s + /i) = — 2~s <-+ P(cr, s, —, 21), 

we see that (En)(a(<r, A)(n) ^ oc(r, 21)(«)) implies a(cr, A) ^ a(r, 21), hence 

if we assume a(o, 21) = aft, 21), it follows that 

(n)(a(cr, 21)(n) = a(r, 21)(n)); 

consequently 

(n)(P(a, n, 21) ^ P(t, n, 21)), 

an assertion we should like to deny, e.g. by 

(5). —i (o-)(t)(u)(P(ct, n, 21) <->• P(t, n, 21)), 

for non-tested 21. This formula expresses a minimal amount of freedom of 

deduction for creative subjects. 
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A formulation of non-testedness of 21, implicit already in van Dantzig 

[4], is 

nontest (<?, ti, 21)«-» —t P(<7, n, (Em)P(<r, m, —,21 v —i —i2I)). 

On the basis of this definition it is clear how we are to ensure the intended 

minimal freedom of deduction for creative subjects and so obtain provable 

subjectivity (in various degrees). 

Just as it seems to be reasonable to require a minimal amount of freedom 

of deduction, it seems reasonable also to put an upper bound on this freedom. 

In other words the creative subject should accept evidence on account of 

his having accepted other evidence, which leads one e.g. to assume 

P(cr, n, 21 a 23) <-> P(<x, n, 21) a P(ct, n, 58), 

further: 

if P(cr, n, 21) and P(cr, n, 21 -» 58) then P(cr, n, 58) for all 21 and 58, 

and 

P(<7, n, 21 —► 58) —> P(cr, n, 21) -» P(tr, n, 58). 

Also 

if P(<r, m, (n)(21(n) -» 58(n))) then P(<r, m, (n)21(n) -*■ (n)58(n)), 

and 

if P(c7, m, (n)(21(n) -> 58(n))) then P(a, m, (£n)21(n) -> (£n)58(n)).* 

Remark. The assumption of 

if 21 -* 58 then P(a, n, 21) -> P(cr, n, 58) 

or the assumption of 

if P(<r, n, 21) and 21 —> 58 then P(<r, n, 58) 

for arbitrary 21 and 58 is not advisable on account of (3). However it seems 

to be useful to assume one of these rules for certain subclasses of formulas, 

e.g. for the theorems of intuitionistic predicate calculus (not involving P 

or a). 

* These five formulas will be referred to as ‘the deduction rules for P-formulas’ and em¬ 

ployed tacitly in what follows. We shall also assume that if 9t and S3 are definitionally 
equivalent, then P(ct, m, 21 <-> S3). 
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Another possibility is to assume P(<x, k, 31) for all a and k for these 

formulas. For the present we shall not make such a general assumption, 

but confine ourselves to some ad hoc assumptions in each case. The assump¬ 

tions preceding this remark may be considered as such. 

To find a basis for our system we look for a substitute of Kreisel’s (2a), 

and indeed the proper relativization of (4) seems to be 

(6). P((T, m, (n)—,P(cr, n, 21)) -» P(<r, m, —,31). 

In fact, in the following we consider as a basis the axioms 

(1). P(cr, m, 31) v —i P(cr, m, 31) 

(3). (£cr)(£m)P(cr, m, 31) «-> 31 (er and m not free in 31) 

(6). P(<T, m, (n)—iP(ir, n, 31)) -> P(cr, m, —,31). 

We shall not elaborate the system in detail, but mention additional axioms 

in case they are necessary for our discussion. 

The resulting system is considerably weaker than Kreisel’s, but seems to 

obviate some objections made by S. C. Kleene to Brouwer’s relevant 

statements (cf. Kleene and Vesley [5], 174-176). 

One of the features of Kreisel’s system is the derivability of Kripke’s 

schema. Whether this is considered attractive is a matter of taste; one might 

also prefer to drop the system altogether and merely adopt Kripke’s schema 

instead. We shall not carry out a comparison between these possibilities, 

but see what remains of the derivation on our basis. 

Kripke’s schema is usually formulated as follows, where a stands for a 

free choice sequence: 

(£a)(((n)a(n) = 0 <-> —,31) A((£n)a(n) / 0 -+ 31)) 

On Kreisel’s basis, this is simply derived as follows: 

Put 

a(n) — 0 <-> —, P(t7, n, 31), 

a(ri) = 1 «-> P(a, n, 31). 

Then 

(En)a(n) — 1 «-» (En)P(cr, n, 31), 

so 

(£n)a(n) = 1 -> 21. 
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Also 

so 

(En)a(n) = 1 <-> —i (En)P(<7, n, 21), 

(n)a(n) = 0 21. 

On our basis we have to proceed a little differently, already from the 

beginning. 

First of all we should not start with 

<x(o, 2I)(n) = 0 <-> —i P(<r, n, 21) 

a(<r, 21)(n) = 1 P(<r, n, 21), 

for since this is to be looked upon as a definition valid for all a, at least a 

has every evidence to assert the above equivalences for every m. So we 

should start with 

P(cr, m, (n)(a(o-, 21)(n) = 0 ■*-> —i P(<r, n, 21))), 

and 

P(<7, m, (n)(a(a, 21 )(n) = 1 P(<r, n, 21))), 

for every m and every a. Then on account of the deduction rules for 

P-formulas 

P(cr, m, (n)a(o-, 21)(n) = 0) <-► P(cr, m, («)—,P(ct, n, 21)) 

so on account of (6) 

P((T, m, (n)a(cr, 21)(n) = 0) -a P(it, m, —i2I). 

and by (3) 

P(<t, m, (n)a(c-, 21)(n) = 0) -> —121, 

or 

(£<r)(£m)P(cr, m, (n)a(a, 21)(n) = 0) -> —121. 

Also 

P(cr, m, (£n)a(cr, 21)(n) = !)•<-> P(<r, m, (En)P(a, n, 21)), 

so 

(Ecr)(Em)P((r, m, (En)a(a, 21)(n) = 1 (Ea)(Em)P(a, m, (En)P(a, n, 21)). 

A further reduction of these formulas depends on the logic that is assumed. 

We have in mind intuitionistic logic, which seems to be a quite natural, 

although by no means the only possible, choice. 
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Then on account of (3) from P(<x, m, (En)P(cr, n, 21)) follows (£n)P(cr, n, 21), 

hence 21*, so we arrive at 

(£<r)(£m)P(cr, m, (En)cc(<r, 2l)(n) = 1) -> 21. 

So much is clear, that Kripke’s schema is not self-evident on the present 

basis. 

If we adopt the converse of (6) 

(6a). P(c, m, —,21) -+ P(cr, m, (n)—,P(a, n, 21)), 

then we have 

P(cr, m, (n)a(<r, 2I)(n) = 0) <-► P(<r, m, —i2I), 

and consequently 

(£cr)(£m)P(cT, m, (n)a(cr, 2I)(n) = 0) *-* —|2I, 

and our result has more resemblance to Kripke’s schema. 

Let us next apply the idea to some of Brouwer’s examples. Suppose 21 

is non-tested by a at stage k (fixed), i.e. 

—i P(<7, k, (£n)P((r, n, —i2l v —, —,21)), 

then define a (a, 21) by 

(n)(a(a, 2I)(n) = 0 «-> —, P(cr, n, —,21 v —, —,21)) 

and 

(n)(oc(a, 21 )(n) = 1 <-► P(ir, n, —,21 v —, —,21)) 

i.e. put 

P(cr, p, (n)(a(a, 21 )(n) = 0 —, P(<r, n, —,21 v —, —,21))), 

P(ct, p, (n)(a(cr, 2l)(n) = 1 <-+ P(cr, n, —,21 v —, —i2C))). 

Then if 

also 

so by (6) 

Since by (3) 

P(cr, k, (n)cc(cr, 21 )(n) = 0), 

P(er, k, (n) —, P(a, n, —,21 v —, —,21)); 

P(a, k, (-,21 v “ 121)) 

-, (£<r)(£m)P(<7, m, —, (—,21 v —, —,21)), 

* D. Scott pointed out a redundancy in the first version. 
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it follows that 

—i (Ea)(Em)P(<J, m, (n)a(cr, 2I)(n) = 0), 

i.e. no cr can ever prove («)a(cr, 2I)(«) = 0 for his choice sequence a (a, 21). 

Next if 

P(cr, k, (En)u,(<j, 21 )(n) = 1) 

then 

P(<r, k, (En)P(a, n, —,21 v —, —,21), 

contrary to the hypothesis, so 

—i P(ff, k, (£n)a(cr, 2l)(n) = 1), 

i.e. cr has no proof of (En)a(cr, 2l)(n) = 1 at stage k. If 21 is non-tested for 

all a at stage k, then no a has such a proof at stage k. It is not reasonable 

to expect more, because the non-testability of 21 at stage k does not preclude 

the possibility of 21 being tested at some later stage. Actually from (8) 

follows that it is impossible that 21 is non-testable for all cr at all stages. 

In another example Brouwer uses an 21 which depends on a choice 

sequence parameter /. Let 2I(/) be such that 

(Ef)W)&m -!«(/); 

of course this should make sense to a, so the hypothesis should read 

P(a, k, (£/)2t(/) & (Ef) —i2l(/)). 

Then if we put again 

P(cr, k, a(a,f)(n) = 0 - -i P(<r, n, - -W) v -n - -W))). 

P(a, k, a(cr,/)(n) = 1 <-> P(cr, n, - l r >
 

3
 r -5I(/))), 

and 

we find similarly 

Next suppose 

then 

(£cr)(£m)P(cr, m, (n)cc(a.f)(n) = 0) 

P(a, k, (f)(En)a(cr,f)(n) = 1), 

P(cr, k, (f)(En)P(a, n, -12I(/) v —,21 (/))), 

hence if a is convinced of the fan-theorem and/is understood to range over 
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a finitary spread, we have 

P(cr, k, (£n)(/)P(<r, n, —|2I(/) v —, —,2t(/))). 

This is contradictory if a also accepts Brouwer’s corollary that the con¬ 

tinuum cannot be split, so we obtain 

—i (£<x)(£m)P(<r, m, (f)(En)cc(a,f)(n) = 1) 

(Note that Myhill in his [8] criticizes the use of the fan theorem, because 

it is used in an intensional context. Our context is a little different from the 

one criticized by Myhill). 

The above results do not seem to justify Brouwer’s claims that he has 

proved classical mathematics to be contradictory. As far as I know, no one 

besides Brouwer has ever seriously believed so. 

In this connection I wish to point out some consequences of another 

axiom (which in a more systematic representation might be dependent), viz. 

(8). P(t, k, (<r)2I(cr)) -» P(t, k, 21 (p)). 

If we consider the result of the first example 

—i (£<r)(£m)P(<r, m, (n)a(<r, 2I)(n) = 0), 

or 

(<x)(m) —i P(c, m, (n)a(a, 2I)(n) = 0), 

then we have 

(£t)(£/c)P(t, k, (cr)(m) —i P(<r, m, (n)a(<7, 2I)(n) = 0)). 

So by (8) 

(£t)(£/c)P(t, k, (m) —i P(t, m, (n)a(t, 2I)(n) = 0)). 

so 

(£t)(£/c)P(t, k, —i (n)a(r, 2I)(n) = 0), 

from which follows 

(£a) —i (n)a(<7, 2I)(n) = 0. 

A similar reduction is possible for both resulting formulas of the second 

example. 

Another application of the axioms for creative subjects consists in the 

possibility of describing quite naturally different notions of choice sequences 

in terms of the knowledge about them possessed by the creative subject. 
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A variety of conditions may be imposed, some of which we mention, 

without pursuing the study of sequences which satisfy such conditions. 

1. AF(a, <t) (n)(m) —i P(<r, n, a(n + l) = m). 

Note that from AF(a, a) follows —i(£'n)P(a, n, — (cf. Myhill [7]). 

2. AF(a) <-> (cr)AF(a, a). 

3a. L0(a, a) •*-*■ (n)(Em)P(a, n, a(n +1) = m). 

3b. L(a, a) <-► (k)P(cr, k, L0(a, a)). 

4. JL0(a) «-* (<x)L0(a, cr) & (m)(n)(cr)(T)(P(<7, n, a(n +1) = m) 

«-» P(t, n, a(n + l) = m)). 

5. Li(a) (n)(£m)((r)P((T, n, a(n + l) = m). 

Such notions (formulations) seem to be useful for the problems mentioned 

in e.g. Myhill [8] and Troelstra [10]. Observe that in the approach outlined 

above one does not encounter difficulties which might call for an assumption 

like the arrangement of proofs in a sequence, as mentioned in e.g. van 

Dantzig [4], Myhill [7] and Troelstra [11]. Questions as to what every 

creative subject a should be able to deduce (as encountered by Troelstra [11]) 

may be handled on the basis of our remark. 
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A PALATABLE SUBSTITUTE FOR KRIPKE’S SCHEMA 

R. E. VESLEY 

1. Introduction. We are concerned with certain intuitionistic refutations of 

theorems of classical analysis. Some of such refutations rely only on the 

intuitionistic but non-classical continuity condition attached to a Va3x- 

prefix (‘Brouwer’s principle for numbers’, [5] 7); since Kleene’s investigation 

and formalization these seem well understood. But others, such as the 

refutation of (oe)(a =8= 0 -» a # 0) for a ranging over real number generators 

([2] 8.1, [5] 17-18), rely on Brouwer’s method employing sequences 

developed by a ‘creating subject’ who looks for the solution to some un¬ 

solved problem. These have been slower to yield to formalization. One way 

to deal with them has been proposed by Kripke. We shall describe another 

and much less bold way. 

We shall not repeat here the details of Brouwer’s method, for which one 

should read not only the references and discussions in [2] and [5] cited 

above but also Kreisel [6] and Myhill [7], [8]. 

Nor shall we discuss in any detail Kripke’s proposed axiom schema 

(cf. [6], [7], [8]): 

KS 3/?{[Vx/?(x) = 0 ~ —i A]} & [3x/?(x) # 0 :3 A]}, 

notation as in Kleene’s system I of [5], with A an arbitrary formula possibly 

containing free function variables. 

Let I* be I with *27.2 (Brouwer’s principle for numbers) replacing 

x27.1 (Brouwer’s principle for functions, or Va3/?-continuity) as axiom 

schema. The addition of KS to I* seems to make possible the derivation of 

all the refutations under discussion here. This has been verified by Hull [3] 

for those results written out in [2]. 

Why should one be interested in an alternative approach to the refutations? 

These are some reasons: 

(a). One may wish a system retaining Brouwer’s principle for functions 

(x27.1). As emphasized by Myhill [7], this form of continuity is inconsistent 
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with KS. It seems to be true that Brouwer never explicitly asserted this 

principle, but under one interpretation of intuitionistic intention one would 

expect every assertion (a)(E/?),4 to be short for some assertion (a)(E\fi)A', 

where A' -> A. And continuity for the latter follows from Brouwer’s 

principle for numbers ([5], p. 89). So Kleene was led to *27.1 as a way 

to make this interpretation as explicit as possible in the notation of I. 

(b) . In an intuitionistic theory of species of higher order, one can be 

even more explicit. Elere, as Myhill has observed, it seems natural to 

postulate 

(S){(a)(E0)S(a, p) -> (ES')[(S' <= S & (a)(E!/?)S'(a, j&)]}, 

which contradicts KS. 

(c) . Even if KS is weakened in that A is permitted no function variables, 

it still allows the derivation of formal theorems 3aE, E containing a as only 

function variable, for the intended interpretation of which the a cannot be 

recursive. So under even this weak KS one misses a property which on 

Church’s thesis one might expect for an intuitionistic system (and which I 

possesses, by theorem 9.3 of [5]). 

On the other hand, for those who accept KS our formal work below may 

have some interest in verifying explicitly that Brouwer’s refutations do not 

use the full power of KS but can be obtained from a weaker principle. 

2. A new schema 

2.1. Suppose we want a system for intuitionistic analysis embracing the 

Brouwer refutations and the axioms of I (and hence not including KS). 

One possibility of course is simply to put in separately each refutation as 

an axiom or axiom schema. E.g. we would postulate —, Va{—, Vxa(x) = 

— 0 => 3xa(x) # 0}. Kleene’s investigations in [5] 17-18 of several of these 

results have shown them to be independent and his arguments using realiza¬ 

bility and special realizability also show that these at least can be added 

consistently to I. (Note that intuitionistically if independence of A means: 

not hs A and not hs —i A, then independence of A does not imply that 

—i ^4 is consistent with 5; one needs also not bs —i —i A.) 

A more attractive possibility is to find a single axiom schema from which 

all the desired results would follow and which itself would be consistent 

with I. Since KS holds in some versions of intuitionistic analysis, it might 

provide intuitionistic support for the new schema if it could be deducible 

in I* from KS. Other support for it in the intuitionistic literature would be 

desirable also. 
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We now describe such a schema. It is related to the familiar principle of 

classical analysis: every continuous function / defined on a dense subset S 

of the continuum can be extended to a continuous function/* defined on 

the entire continuum. We restrict the dense subset to be negative, i.e. there 

must be a predicate A(oc) such that aeSs A (a). We omit the continuity 

conditions on /, /* (/* is continuous anyway if completely defined). And 

we should prefer not to use the words above either, but rather to avoid any 

suggestion of a notion of a function defined not on the entire continuum 

but only on a (possibly undecidable) subset, or subspecies, since this notion 

of a partially defined function presents difficulties. 

Towards writing our new schema in I, we first express the density of the 

species A(a) in an arbitrary spread a ([5] p. 56) by means of the following 

formula: 

Dense(-i A(a), a): V<xae<TVx3pfi£a(p(x) = a(x) & —, A(p)). 

For the case a is the universal spread o, we have then 

I- Dense(—i A(u), v) ~ VzSeq(z)3j8(/?(/fi(z)) = z & —, A(f})). 

We now state our axiom schema (1) as a postulate for v rather than for 

the continuum of real numbers. (In (1) and (3) p is not free in A, and in (2) 

and (4) b is not free in A.) 

(1) . Dense(—i A(a), u) & Va(—, A(a) o 3pB(oc, ft)) 

=> Va3j5(—i /1(a) Z3 2?(a, /?)). 

Actually, to obtain the Brouwer refutations we need postulate only the 

consequence for number-valued functions: 

(2) . Dense(—\ A(a), v) & Va(—i A(a) 3bB(a, b)) 

3 Va36(—i A(a.) B(ol, b)). 

Derivation of (2) from (1) in I is straightforward. 

As consequences in I of (1) and (2) respectively, we can now obtain the 

corresponding statements for arbitrary spreads. 

(3) . Spr(a) & Dense(-n A(a), a) & Vaa€(J(—, A(a) 3fiB(a, fl)) 

=> —i A(ct) =3 B{a, /?)). 

(4) . Spr(cr) & Dense{—, A(a), a) & Vaae<J(—i A(a) zd 3£>B(a, b)) 

=> Vaae<r3fi(—, A(a) => B(a, b)). 
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2.2. Let 1° be I with (1) as added axiom schema. We shall show Lis con¬ 

sistent by showing its theorems are Realizable ([5] 10-11). 

Theorem 1. Let A, B{f) be formulas of I of orders a and b respectively 

([5] 10.5), A not containing (l free. Then the following formula is Realizable. 

(5).(c-^AezD d3pB(p))h=> 93p[c-,Af=> B(PJ] 

where c is a* 1, etc. 

Proof. Let *? be a list of variables including all those except /? free in 

A, B(p). For any *? the formula (5) is Realized-*? by hgA ee cp[ee] where 

rfvi = <C{v>ro])0, OM-mrei),). 
For, suppose (i) ee Realizes-1/7 the hypothesis. We must infer that cp[ee] 

Realizes-1? the conclusion. We need that {zlca(d{e€}[c0])1 Realizes-1? 

{(d{C£}[c0])o} C—i Af-=> B(p). Suppose ca Realizes-*?c —i A. Then (ii) c0 

Realizes-1? c—i A. We need that (d{ee}[c0])1 Realizes-*? {(d{ee}[c0])o} B(ft). 

This follows from (i) and (ii). 

Corollary 1. If V V E in 1° and the formulas T are Realizable, then E is 

Realizable. 

Corollary 2. In 1° not V KS. 

2.3. 
Theorem 2. Let S be the formal system obtained by adding KS as axiom 

schema to Kleene's basic system B ([5] p. 8), or even to B less the bar theorem 

x26.3. Then in S h (1). 

Proof. Assume the hypotheses (i) and (ii) of (1). By x2.1 applied to (i), 

assume 

(iii) . VzSeq (z)(/?z(/h(z)) = z & —, A(pz)), 

where = /ix/?«z, a)). By KS 

3y{[Vxy(x) = 0 ~ —i A(a)] & [3xy(x) / 0z A(a)]}. 

Assume 

(iv) . [Vxy(x) = 0 ~ —i A(a)] & [3xy(x) / 0 => A(a)]. 

Now define C 

(v) . VxtKx) = if Vz^^(z) = °* 
\psb)(x) if 3zz<x7(z) ¥* o and y = pz2^xy(z) # 0. 
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Then (vi) —, A(£), for assume for reductio ad absurdum (a) A(C). We shall 

deduce —i —i 3xy(x) ^ 0 and —13xy(.x) / 0. For the first, assume 

—i 3xy(x) / 0. Then Vxy(x) = 0. So —i A(a) by (iv) and also £ = a by (v). 

So —iA((), contradicting (a). For the second, assume 3xy(x) / 0. Assume 

y = pzz^xy(z) ^ 0. Then £ = /?5(y) by (v) and by (iii) —, A(Q, again contra¬ 

dicting (a). Flence, (vi). So by (ii) and (vi) assume 5(£, a). Now toward 

deducing —i A(a) =3 B(x, a), assume —i A(a). Then Vxy(x) = 0 [(iv)]; 

so £ = a. So B(x, a). By =3, V-introd. Va3o(—i A(a) =3 B(a, a)). 

2.4. We shall not derive in 1° (or I plus (2)) each of Brouwer’s refutations, 

but only some representative ones. Though we have not written out every 

detail of the other derivations that would be required, we believe, on the 

basis of extensive checking not reproduced here, that in I plus (2) we can 

obtain all the counterexamples given or cited in [2] 8.1. 

In theorem 3 the formula in (a) is the negation of ‘Markov’s principle’ 

(extended to functions, cf. Kleene’s remark 18.6 in [5] p. 185); (b) and (c) 

correspond to Brouwer’s most often given counterexamples ([2] pp. 

117-118); (d) is a lemma used to establish (e) (a description of our proof of 

(d) has already been given by Hull [3]); (e) establishes that the virtual 

ordering <C of the continuum is not a pseudo-ordering ([2] p. 117 lines 

7-8, [3]); (f) corresponds to Heyting’s theorem 2 ([2] p. 118) with 1 

replacing 0. This last is the only refutation treated here which appears not 

to be derivable from (a) as axiom replacing (1) (or (2)). Another in the 

same class is our formal version of the negation of the Bolzano-Weierstrass 

theorem ([2] p. 119). 

Theorem 3. In 1° (or in I plus (2)): 

(a) , f- —i Va(—i Vxra(x) = 0 => 3xa(x) ^ 0). 

(b) . I- —, VaaeR(—i a ^ 0 =3 a # 0). 

(c) . b -i VaaeR(oc ^ 0 □ a > 0). 

(d) . 1- VyyeR(0 <: yvy <C a) d « > 0. 

(e) . b i VaaeR(a ^ 0 => VyyeR(a ^ yvy^ 0)). 

(f) . b —i VaaeR(—i a = 1 3 a <C 1 va ^ 1). 

Proof, (a). We easily deduce Dense(—i Vxa(x) = 0, n). Next assume 

Va(—i Vxoc(x) = 0d 3xa(x) ^ 0). By (2), Va3x(—i Vxa(x) = 0 3 a(x) / 0). 

Using *27.2, assume 

(i). Va3y{r(a(>')) > 0 & Vx(r(a(x)) > 0 => x = y) & (—i Vxa(x) = 0 

3 a(t(a(j)) - 1) # 0)}. 
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Letting a = AxO, we can assume 

(ii). z(2x0(y1)) > 0. 

Define ax: 

0 if x ^ T(AxO(y!)) v x < , 

1 otherwise. 

Then (iv) a^j^) = AxO(yi). Putting ax in (i), we can assume 

(v) . r(a1(^2)) > 0, 

(vi) . Vx(z(a1(x)) >0dx = y2), 

(vii) . —iVxa^x) = 0 3 a1(t(a1(j2)) - 1) # 0. 

From (ii), (iv), (vi) yt -- y2. Now 0 A a1(x(a1(^2)) - 1) (by (vii), (iii)) 

= «i(t(«i(Ti)) - 1) = aiC^AxO^i)) - 1) (by (iv)) = 0 [(iii)]. 

(b), (c). Cf. Kleene’s remark 18.6 [5] p. 185. 

(d). Assume (i) a e R and (ii) Vyy6R(0 <C y v y < a). By (i) and *R1.11 

([5] p. 138), assume (iii) a' e R' & a' = a. Using (ii) and *R0.7 with (iii) 

and *R7.3, we deduce Vyyeir(0 < yvy <c a'). Thence from *R0.8 and 

*27.6, assume 

(iv)- VyyeR.3y{Vx[r(y(x)) > 0 = y = x] & 

{(0 <: y & x(y(T)) = l)v(y < a' & t(y(y)) - 2)}}. 

Putting y = a', assume 

(v). Vx[t(a'(x)) > 0 y = x] & 

{(0 <: a' & r(a'(>’)) = 1) v (a' <c a' & r(a'(y)) = 2)}. 

Using *R7.6, (vi) t(oc'(j>)) = 1. Now (vii) tx'(y — 1) — 1 > 0, as follows. 

Assume (1) <x'(y — 1)— 1 = 0. Using *R9.20 assume (2) /? e R' &p(y) — 

a.'{y) and (3) /? =§= (a'^ — 1) — 1) • 2~(y~1}. By (3) and (1), (4) 

ft = 0*2-(,,-1) = 0 [using *R9.4]. From (iv) with /} for y, (vi) and (2), 

0 <C [1, contradicting (4). 

Now a' *£ (a^y — 1) — 1) • 2~(y~1) [*R9.16] > 0 • 2“(J’"1) =£= 0. Then by 

(iii), *R7.3, a > 0. 

(f). We shall show contradictory: (i) VaaeK.(—i 1 d a<: lva ^ 1), 

whence (f) [using *R0.7]. From *R0.8 assume (ii) Spr(cr) & Va(a e R' ~ 

a e cr). We deduce (iii) Dense(—i a = 1, cr), as follows. Assuming a e a, 

define /? 
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(«(*) 
(iv). VxjS(x) = \ 2,+1 

a(x) 

\.2/?(x — 1) 

if x < y, 

if x = y & <x(y) = 2y, 

if x = y & a(y) 9^ 2y, 

if x > y. 

Then (v) fi(y) = a(y), and by cases (x+1 < y, x+1 = y, x+1 > y; 

with subcases (a(x +1) = 2X+1, a(x+1) 2*+1) in the second case): 

|2/?(x) — P(x + 1)| < 1. Thence (vi) PeR'. By induction onp, using (iv) 

\P(y+p) — 2y+p\ ^ 2”, whence 2y\P(y+p)—2y+p\ ^ 2y+p and 

3x'ip 2y\P(x+p)-2x+p\ < 2X+P; 

so (vii) —i P Sz Xx2x = 1. Combining (v)-(vii): (iii). From (i) and (ii): 

(viii) Vaa6(7(—, a s= 1 ^ 3x[(x = 0 & a <: 1) v (x = 1 & a :> 1)]). Using 

(iii) and (viii) in (2) 

Vaae<T3x( —1 a =s= 1 id (x = 0 & a <: 1) v (x = 1 & a :> 1)). 

Using *27.5, assume 

(ix). Vaae<J3>,{T(a(y)) > 0 & Vx(r(a(x)) > 0 id x = y) & 

h« = l ^ (t(a(y)) = 1 & a <: 1) v (r(a(>1)) = 2 & a :> 1)]}. 

Putting a = Xx2x(Sz 1), let wq = x{Xx2x{yl)) > 0. By cases (wj = 1, 

> 1) with (ix) we can easily deduce a contradiction. 

In the proof in [1] of the result (c) Brouwer seems to assert the continuity 

of a number-valued function defined on a particular negative dense proper 

subspecies of a certain spread, namely on the real number generators a with 

a :> 0. See particularly p. 123 lines 8-10 from below. This is the closest 

we can come to direct evidence for (1) in Brouwer’s texts, and it is very 

weak. For his use of what might be taken as a consequence of (1) appears 

unnecessary for his argument, which he bases instead on use of the creating 

subject. 

3. Systems contradicting (5) or (1) 

3.1. To derive the Brouwer refutations we could start not from (2) but 

from the stronger schema 

(6). (—1 A 3 3xB(x)) 3 3x( —1 A 3 B(x)), 

which is itself a consequence of (5). We do not do so, not only because 

we can find no derivation of (6) from KS and no evidence for the intuition- 
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istic truth of (6), but also because we have evidence against (6), namely 

its inconsistency with the ‘strong Kripke schema’ [7] 

KSS 3£(3x£(x) # 0 ~ A). 

Let S" be the system obtained by adding KSS to I*. We sketch the proof 

that (6) is contradictory in S". By KSS 3/?(3x/?(x) 0 ~ —t Vxa(x) = 0). 

Call this 3pK(o, p). Assume K(o, ft). Now 

K(o, p) & (—1 Vxa(x) = 03 3x/l(x) # 0). 

Using (6) etc. 3p3x(K(o, P) & (—i Vxa(x) = 03 p(x) 0)), whence 

Va.3x3P(K(/x, P) & (—. Vxa(x) = 03 p(x) ^ 0)). Using continuity (*27.2) 

and then putting a = AxO, we can deduce (formulas from which we may 

assume) 

^aaea3p(K(o, P) & (-, Vxa(x) = 03 p(y2) # 0)) 

for o,y1,z satisfying Spr(cr) & Va(a e a ~ VxJC<J,1a(x) = 0) and y2 = 

r(Ax0(y1))—1. Thence 

'ioxe<T3u3p(p(y2) = u & K(a, p) & (—, Vxa(x) = 03 p(y2) # 0)) 

write Vaae<T3w3/fB(a, p, u, y2). Then assume by continuity 

Vaaeff{3!yx'(a(y)) > 0 & Vy(r'(a(y)) > 0 3 3pB(a, p, T'(a(y))-^-l, y2))}. 

Putting a = AxO, assume x'(a(y3)) > 0 & Vx(x'(a(x)) > 0 3 x = y3) and 

B(Ax0, P, t'(AxO(y3))— 1, y2). If P(y2) ^ 0 then by K(XxO, P) we have 

—i VxAxO(x) = 0; so t'(AxO(>’3))—1 = P(y2) = 0- Hence 

Vow [VxJ.<J,3a(x) = 0 3 3jBB(o, P, 0, y2)], 

whence we can deduce 

Vaaeff[Vxx<y3a(x) = 0 3 —, —, Vxa(x) = 0], 

which is easily shown contradictory. 

3.2. A way of phrasing (1) is to say that in the assertion that a is in the 

negative dense species Aoc4(a) there is conveyed no information necessary 

to determine a choice sequence P corresponding (via the relation B) to a. 

All such information is already given in a. On one view even this weakening 

of (5) is implausible; doesn’t the assertion A(o) tell us at least of the existence 

of a certain derivation from A (a) of a contradiction? One may prefer a 

formal theory in which (1) fails. We shall show that in Troelstra’s theory 



B XII A PALATABLE SUBSTITUTE 205 

CS of [9] we can derive a contradiction from the conjunction of (1) and the 

following modification of (1) in which the /? of (1) is replaced by a variable 

e ranging over K. 

(7). Dense(—\A(a), v) & Va(—iA(a) zd 3eB(a, e)) id Va3e( —\A(u) z>B(a, e)). 

Using axiom schema F2 of CS 

Va(—i Vxa(x) = 0 => 3e(3/l a = e|jS & Vj3 —i Vxe|/?(x) = 0)). 

Using (7) 

Va3e(—i Vxa(x) = 0 => 3/?(a = e|/l & V/J —i Vxe|/?(x) = 0)). 

Applying the CS continuity schema F3, putting a = XtO, and then using 

(3), we may assume 

Vaaeff3j5(—, Vxa(x) = 0 => a = /|j5 & —i Vx/|j8(x) = 0) 

for a satisfying Spr(a) & Va(a e a ~ Vxx<yia(x) = 0) for a certain yl. 

Then by the Va3jS-continuity schema F4 assume 

(i)- Vaa6(T(—i Vxa(x) = 0 => a = f\(g\ct) & Vj8 —i Vx/|jS(x) = 0). 

Thence —i Vx/|(^|2t0)(x) = 0. But also we can deduce Vx/|(<7|2iO)(x) = 0 

as follows. Assume /|(#|2t0)(x) # 0. Thence assume /(jJ * (^|At0)(y)) > 1. 

We can deduce formulas from which we may assume 

(ii). Va(Vxx<),2a(x) = 0 =>/(£* (g\<*)(y)) > 1. 

Then define 

From (i) ax =/|(^|a1). But a^x) = 0 [(iii)] ± f\(g\<*i){x) [(iii), (ii)]. 

We do not know if (1) alone is contradictory in CS, nor do we know the 

status of the Brouwer refutations with respect to CS. 

(We should like to thank Joan R. Moschovakis for calling to our attention 

an error in our original discussion and for pointing out that our argument 

does not contradict (1) but only the conjunction of (1) and (7).) 

4. A metatheoretical application of (2). Suppose one accepts the principles 

of I together with (2) as defining one kind of intuitionistic theory. Using 

this theory informally as metatheory what results concerning I or 1° follow? 

We give in theorem 4 one result: there is a model for I in which the function 

variables range over the free choice sequences which are not not general 

recursive. Classically the theorem fails (by Kleene’s corollary 9.9 [5] p. 

113); its ‘intuitionistic proof’ here (i.e. proof in the informal version of 1°) 
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requires not only (2) but (the classically invalid) Brouwer’s principle for 

numbers. 

Presumably there is a parallel to this theorem in which 1° replaces I and 

C/Srealizable replaces C/realizable. I have not checked details of this. 

For the theorem let C be the intuitionistic species of all choice sequences 

a satisfying GR(a) where GR(oc) = a is general recursive. The theorem is 

proved under the hypothesis that the proof of Kleene’s theorem 9.7 of [5] 

p.lll can be carried out in the informal version of 1°. This hypothesis (or 

even that the proof could be carried out in B) seems extremely plausible 

but we make no attempt to justify or further elucidate it. Its verification 

may emerge from Kleene’s recent work [4]. 

Theorem 4. Using informally the principles of 1° (and specifically *27.2 

and (2)): lfYE in I then E is Cl realizable. 

Proof. We apply Kleene’s theorem 9.7 cited above. Additionally we need 

to consider the case of axiom schema X26.3C (the bar theorem). We adapt 

Kleene’s treatment of that case in his proof of theorem 9.3 [5] p. 107, 

now using Brouwer’s principle and (2) to show the well-foundedness of the 

tree for the informal bar induction. Specifically, we take over as (l')-(4') 

the statements (l)-(4) of p. 107, with the modification that 'E, n, a, p0, pt, a 

must be in C. Next, since we have by hypothesis only that {(71)0, oJfaK0') 

is defined for each a in C, and not for arbitrary a, we need to modify the 

argument at the top of p. 108. Let 

R!{%, a) = (Ea)[Gi?(a) & a = a(x) for x = ({(rc)o, o}H(0))o]- 

We shall show (5') (P)(Ex)R’(n, /?(x)). By hypothesis, (7i)0i 0 C/realizes- 

V£3xR(fi(x)); thence (p)[GR(P)-+ {(n)0< 0} [j?](0) is defined]. So Q3)[GR(p) -> 

(E\u)(n)0< 0(2 * fi(u)) > 0]. By (2), and the density in our sense of the not 

not-general recursive choice sequences in the species of all choice sequences 

(p)(Eu)[GR(p) -* (n)0> o(2 * ff(u)) > 0 & (v)[(n)0t 0(2 * fi(v)) > 0 -* u = ®]]. 

Abbreviate this (p)(Eu)[GR(p) -+ B(n, /J, «)]. By Brouwer’s principle assume 

(0- > 0 & (z)(t(/?(z)) > 0 -> z = y) 

&[GR(P)-+B(n, p, t(/?(y)) — 1)]}. 
Assume 

(ii). x(P(y)) > 0 & (z)(t(/?(z)) > 0 -> z = y). 

& (GR(P) -> B(n, p, T(jg(y))-1)]. 
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Let x — ((tc)o, o(2 * fi(x(P(y))~ 1))~ 1 )o • Define 

if t < max [x, T(J}(y))-l, y], 

otherwise. 

By (i) there is yl such that 

(iv). t(a^)) > 0 &(z)(r(a1(z)) > 0 -» z = y,) 

& [GjR(aj) -> B(n, at, TCa^))-1)]. 

Now Gi?(at); so (v) B(n,al, t(oc1 (y^))— 1). Then 

(vi). {(rc)o,o}I>i](0) = (w)o,o(2*a1(T(a1(^1))-l))-l. 

Also T(ai(y)) = z(fi(y))_[(iii)] > 0 [(ii)]. By (iv) y = yt. So t(a1(y1)) = 

*(P(y))> and (vii) «i(T(ai(yi))-l) = P{?(JKy))- 1) [(iii)]- So from (v0> 
(vii) ({Qi)o,o}[«i](0)))o ^ ((?t)o,o(2*^(T(jg(j;))-l))-l)o = x. From (ii) 

fi(x) = at(x). So GR(a1) & fi(x) = at(x)&x = ({(7t)0 o}[ai](0))o> whence 

(5')- 
Now the definition of Rx, the derivation of (6') (with R' replacing R) 

and the remainder of the proof can proceed as before. 

REFERENCES 

[1] L. E. J. Brouwer, De non-aequivalentie van de constructieve en de negatieve ordere- 

latie in het continuum, Indag. Math. 11 (1949) 37-39. 

12) A. Heyting, Intuitionism, North-Holland, Amsterdam (1956) (2nd ed. 1966). 

[3] R. Hull, Counterexamples in intuitionistic analysis using Kripke’s schema, Z.f. 

Math. Logik 15 (1969) 241-246. 

[4] S. C. Kleene, Formalized recursive functionals and formalized realizability. Am. Math. 

Soc., Providence, R.I. (1969). 

[5] S. C. Kleene and R. E. Vesley, The foundations of intuitionistic mathematics, North- 

Holland, Amsterdam (1965). 

[6] G. Kreisel, Informal rigour and completeness proofs, in Problems in the philosophy 

of mathematics, ed. I. Lakatos, North-Holland, Amsterdam (1967). 

[7] J. Myhill, Notes towards an axiomatization of intuitionistic analysis, Logique et 

Analyse 35 (1967) 280-297. 

[8] J. Myhill, Formal systems of intuitionistic analysis I, in Logic, methodology and 

philosophy of science III, eds. B. van Rootselaar and J. F. Staal, North-Holland, 

Amsterdam (1968) 161-178. 

[9] A. S. Troelstra, The theory of choice sequences, in Logic, methodology and philo¬ 

sophy of science III, eds. B. van Rootselaar and J. F. Staal, North-Holland, Amsterdam 

(1968) 201-223. 





SECTION C 

CLASSICAL INTERPRETATIONS 
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A CHARACTERIZATION OF THE 

INTUITIONIST1C PROPOSITIONAL CALCULUS* 

D. H. J. DE JONGH 

We will present here a characterization of the intuitionistic piopositional 

calculus Pp from above, i.e. we will describe a property of Pp that no 

consistent propositional calculus stronger than Pp possesses. By a proposi¬ 

tional calculus stronger than Pp (at least as strong as Pp) we understand 

one in which all formulas in Pp are provable and some others as well (and 

possibly some others as well), and which is closed under substitution and 

modus ponens. (Closure under substitution is, of course, guaranteed if no 

particular axioms are postulated, but only axiom schemata.) By a formula 

we understand a formula built up from ,..., &n (the atomic formulas) 

with the connectives &, v, => and —i. We will follow the notation of Kleene 

[7]. 
Lukasiewicz [11] proposed the conjecture that Pp can be characterized 

from above by the property: 

for any formulas 21, 23, if bPp 21 v 23, then hPp 21 or hPp 23. 

This conjecture was disproved by Kreisel and Putnam [9], who showed 

that Pp+ the axiom schema (—i 21 => 23 v©) r> (—i 21 => 23) v(—, 21 3 ©) 

has the same property. 

In [8] Kleene proved a stronger property of Pp and he subsequently 

proposed to the author the conjecture that this property characterizes Pp 

from above. First, one defines a notion r|T21 for any sequence E of formulas, 

any formula 21 and any propositional calculus T, from the notion hT of 

provability in T. Kleene states the definition in [8] in particular for the case 

that T is Pp (cf. [8] § 4), and he proves (among other things) that, for each 

21,23,©, if 21|Pp 21 and t-Pp 21 => 23 v©, then FPp 21 => 23 or fPp21=>©. 

Kleene’s conjecture, which we will confirm in this presentation is: if T is a 

* Part of the author’s typewritten doctoral dissertation. 
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propositional calculus at least as strong as Pp, possessing the property 

if 91|t 91 and bT 91 3 93 v 6, then bT 21 3 93 or bT 91 => ©, (*) 

then T is Pp. Also we will give another characterization of Pp from above 

by replacing (*) by 

if 9l|x 91 and bT (91 3 93) & (93 3 91), then 93|t 93. (**) 

For this purpose we discuss some connections between pseudo-Boolean 

algebras and /-valuations (see for the definition of /-valuations Beth [1], 

Kripke [10], de Jongh [4]). If 9t(^a1,..., is a formula we will write 

9I*(a1,. .., a„) for the pseudo-Boolean algebraic term formed from 

a1,..tx„ with n, u, => and _ in the same way as 91 from ,. .., £Pn 

with &, v, 3 and —i. A formula 91 is said to be valid in a pseudo-Boolean 

algebra A, iff 9l*(a1,.. ., a„) = 1 for all at,.. an e A. 

Theorem 1 (McKinsey and Tarski [12]). 

(a) . bpp 911#* 91 is valid in every pseudo-Boolean algebra. 

(b) . bpp 91 ijf^l is valid in every finite pseudo-Boolean algebra. 

Definition 1. For any propositional calculus T at least as strong as Pp 

we say that a pseudo-Boolean algebra A is a T-pseudo-Boolean algebra 

iff for each formula 91 such that bT 91, 91 is valid in A. 

Theorem 2. For every propositional calculus T at least as strong as Pp, 

bt 91 iff 91 is valid in every T-pseudo-Boolean algebra. 

Proof. Immediate from results of Birkhoff [3] on equationally defined 

classes of algebras and the fact that T-pseudo-Boolean algebras can be 

defined by a system of equations, since pseudo-Boolean algebras can 

(cf. e.g. [14]). 

Another special case of a theorem of Birkhoff [3] is 

Theorem 3. The class of all T-pseudo-Boolean algebras is closed under the 

formation of sub-algebras, homomorphisms and direct products. 

The following definitions are from [6] (mostly originally from [13]). 

Definition 2. If a partially ordered set < V, < ) is a complete lattice, then 

a e V is called join-irreducible iff a > [J {f: /? < a}. The set of all join- 

irreducible elements of V will be denoted by V°. 
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Definition 3. A lattice V is called join-representable iff V is complete and 

completely distributive, and every a e V can be written as a = (J {/?: f < a 

and 0 e V0}. 

Definition 4. A subset F of < V, < ) is called M-closed iff for all p, q e V, 

p e F and q < p imply q e F. 

The set of all M-closed subsets of a partially ordered set V will be denoted 

by V. V is then complete and completely distributive. 

Theorem 4. ([13], [6]). Every join-representable lattice V is isomorphic to F°. 

Theorem 5. (e.g. [2]). A complete and completely distributive lattice is a 

pseudo-Boolean algebra if we define a => ft = (J {y: a n y ^ /?}. 

Every finite distributive lattice is complete, completely distributive, and 

join-representable (e.g. [2]). So theorem 5 implies that every finite distribu¬ 

tive lattice is a pseudo-Boolean algebra V for some partially ordered set V. 

Since for every partially ordered set V, V is a distributive lattice, there is 

a 1-1 correspondence between finite pseudo-Boolean algebras and finite 

partially ordered sets. 

Definition 5. If V is a partially ordered set, then V is T-admissible iff V 

is a T-pseudo-Boolean algebra. 

Definition 6. A P.O.G.-set is a partially ordered set with a greatest element. 

Theorem 6. (essentially in [6]). If V is a P.O.G.-set, then there is the 

following correspondence between any I-valuation < V, vv) and the pseudo- 

Boolean algebra V: 

for all formulas 21, 23, if F = {p e V: w(p, 21) = 1} and G = {p: w(p, S3) 

= 1}, then 

(i) . F n G = {p: w(p, 21 & 23) = 1}, 

(ii) . FuC = {p: w(p, 2Iv23) = 1}, 

(iii) . F => G = {p: w(p, 21 => 23) = 1}, 

(iv) . _F = {p: w(p, —, 21) = 1}. 

Theorem 7. If Vis a P.O.G.-set with greatest element m, then Vis T-admissible 

ifffor all Evaluations < V, w> and all formulas 2f such that bT 21, w(m, 21) = 1. 

We will need a short resume of some results of [5]. 

Definition 7.(a). An I-function is a function with domain a finite P.O.G.-set 

V and range the set {0, 1} with the property that, if q < p in V and f(p) = 1, 

then f(q) = 1. 
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(b). An In-function f is a function with domain a P.O.G.-set V and range 

the set {0, 1}" such that for all m (1 ^ m ^ n) the function fm defined on 

V by fm(p) — () is an /-function. 

We write Fn for the set of all /"-functions and F for the set of all /- 

functions, mf for the greatest element of Df, the domain of / and 

for the partial ordering of the domain of/. 

Definition 8.(a)./, g e Fn are congruent by cp iff cp is an isomorphism from 

Df onto Dg such that f(p) = g(cp(pf) for all p e Df. 

(b). / is congruent to g (in symbols / = g) iff / is congruent to g by cp 

for some cp. 

Definition 9. An n-ary 1-operator a is a function from Fn into F with the 

properties: 

(i) . DaU) = Df for all fe F". 

(ii) . if / = g by (p, then a(f) = a(g) by cp. 

If V is a partially ordered set and p e V, then we write V(p) for the set 

{p' e V: p' < p). If f e F” and p e Df, we write fp for the restriction of / 

to Df(p), g < / iff (3p){g = /). 

Definition 10. A function cp fiom the partially ordered set <K, < ) onto the 

partially ordered set < W, ^ t) is strongly isotone iff 

(i) . for all p', p e V, if p' < p, then cp(p') < i cp(p) 

and 

(ii) . for all p', p e V, if cp(p') ^ i ifi^n for some p ^ p, (p(p ) 

- <p(p')- 
Definition 11.(a). If/, g e F", then g is a reduced form of / iff there is a 

strongly isotone function cp from Df onto Dg such that, for all peDf, 

d((p(p)) =f(p)- 
(b) ./is irreducible iff all reduced forms of/ are congruent to /. 

(c) . If g is a reduced form of / and g is irreducible, then we call g a 

normal form of /. 

In [5] we proved that the normal form of an /"-function is unique up to 

congruence (theorem 2.3). Also we proved that, if / is irreducible and 

g ^ /, then g is irreducible (lemma 2.2 Cor.). 

Definition 12. A normal I-operator a is an /-operator such that 

(i) . for all fe F" and/? e Df, (a(fp))(p) = («(/))(/>) 

and 

(ii) . if/ geFn and g is a reduced form of/ then (a(g))(mg) = (a(f))(mf). 

Definition 13. The normalized characteristic set C* of a normal «-ary 
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/-operator a is the set of all irreducible /"-functions / such that 

W)){mf) = 1. 

In [5] it was proved that a normal /-operator is uniquely characterized by 

its normalized characteristic set. 

Definition 14. A normal /-operator is finite iff its normalized characteristic 

set contains only a finite number of congruence classes. 

In [5] we defined then /-operators corresponding to the usual connectives 

in a natural way. These /-operators were proved to be normal (and in the 

cases of & and —i finite) and we proved that, if we introduce definability 

in a natural way, then all finite normal /-operators are definable from the 

/-operators corresponding to the usual connectives (theorem 3.7). More in 

particular: 

Theorem 8. Let g e Fn, g irreducible, mg has k immediate predecessors 

,. .., qk with respect to < g, for each i (1 < i ^ k) qt has k, immediate 

predecessors with respect to ^g, and for all i and j (1 < i ^ k, 1 < j < k{) 

ai and ai} are respectively the normal I-operators with normalized character¬ 

istic sets C* = {/e Fn:f ^ gq.} and C*} = {feFn: /< gqJ. Then, 

in the case that for all m (1 < m < n) fm(p) = 0 for some p < mg, the 

normal I-operator a with normalized characteristic set C* = {/eP:/ < g) 

can be expressed as follows: 

k ki k 

a = U (a» 3 U aij) 3 U ai 
i=l j=1 i=l 

ki 

(with (J aij standing for at if kt = 0). 
j= i 

The main theorem is a little bit stronger than we need to establish the 

results predicted earlier. We have not checked the intuitionistic validity of it. 

Probably the double negation will hold intuitionistically. 

Theorem 9. If T is a consistent propositional calculus stronger than Pp, 

then for each integer r ^ 2 there is a formula 21 z> 33! v. . . v S3s (s ^ r) 

such that 2I|t2I and hT 21 => 23x v... v 23s, but not t-T 21 => 23fl v... v 23i(c 

for any proper subsequence (il,. . ., if) {k ^ 1) of (1,. . ., 5). 

Outline of proof. First we construct a finite P.O.G.-set (W, <0, qf) 

having qlt..., qk as the immediate predecessors of q0 (k ^ 1), such that 

W is not T-admissible, but, for all i (1 < i ^ k), W(q) is T-admissible. 
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Then from this P.O.G.-set W we construct a P.O.G.-set <F, <,p0> with 

Pi,...,ps (s > r) as immediate predecessors of p0 such that F is not 

T-admissible, but for all j (1 < j < 5), V(pj) is. Then we construct an 

irreducible /"-function g on F for some n such that, for all m (1 < m < n), 

gm(Pi) = 0 for some i (1 < / < 5). 

Now assume a, at,..as are the definable /-operators with normalized 

characteristic sets C* = {feFn\f ^ g) and C* = {/eF:/< 9P} 

(1 < i < s), and assume that 21, 23j,..., 23s are the formulas corresponding 

to these definable /-operators. We will show 

(a) . hT 21 => 23t v... v23s, 

(b) . not hT 21 =3 23 (1 v. .. v33ik for any proper subsequence ,..., 4) 

of (1,.. .,s), 

(c) . 21|t 21. 

(a). The crucial point of the proof is that the class of T-pseudo-Boolean 

algebras does not contain a pseudo-Boolean algebra on which 

2t 3 23! v... v Bs is not valid (a ‘counter-example’ to this formula). More 

precisely, for any pseudo-Boolean algebra A on which 21 3 23x v... vS3s 

is not valid, the pseudo-Boolean algebra V is isomorphic to a sub-algebra 

of a homomorphism of A, and so theorem 3 implies that, since V is 

not a T-pseudo-Boolean algebra, A cannot be one, and therefore 

hx 2f => 23i v... v 23s. In effect, if ,..., a„ e A are such that 

21* => S3? u ... u 23*(ai» • • •> «n) # 1, 

then Fean be proved to be isomorphic to the sub-algebra of the relativization 

of A with respect to 2l*(a1,..., a„) generated by the images of al5. .., a„ 

under the natural homomorphism on that relativization. 

(b) . If t £ (4,..., 4) (0< t^s), then we can prove that 2l^25fl v... v 23fk 

is not valid on then, since V(pt) is a T-pseudo-Boolean algebra, 

not t-T 21 =3 23h v... v 23i|c. 

(c) . This is easy to prove with the help of theorem 9 and the definition 

of |x. 

For our second characterization we give first an equivalent expression for 

2t|T 21. 

Definition 15. a is a connected /-operator iff a is normal and for all/, g e C* 

there exists an h such that / < h and g < h. 

Of the next theorem we again did not check the intuitionistic validity. 
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Theorem 10. For any formula 31, 3I|pp 31 iff the I-operator corresponding to 

31 is connected. 

From this theorem and the proof of theorem 9 theorem 11 follows almost 

immediately. 

Theorem 11. If T is a consistent propositional calculus at least as strong as 

Pp, and 

for each 31,33 i/31|t 31 and hT (31 33) & (33 => 31), then 33|t 33, (**) 

then all theorems of T are provable in Pp. 
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INTUITIONISTIC MODEL THEORY AND THE COHEN 

INDEPENDENCE PROOFS 

MELVIN FITTING 

Godel proved the continuum hypothesis consistent with the other axioms 

of set theory [2] by constructing a transfinite sequence of (domains of) 

classical logic models {Ma}, taking a limit L, over all ordinals, and showing 

it was a model for set theory and the continuum hypothesis (among other 

things). We will indicate how this procedure can be generalized to transfinite 

sequences of Saul Kripke’s intuitionistic logic models [7] in such a way as 

to establish the independence results of Cohen [1]. 
This sort of thing has been done by Vopenka and others (see refs. [3]-[5] 

and [10]—[14]) using topological intuitionistic models. Kripke’s model 

structure is closer in form to Cohen’s forcing technique, and the methods 

used are more ‘logical’. Neither Vopenka’s nor this method requires count¬ 

able models for set theory. 

First I will briefly sketch Kripke’s notion of an intuitionistic logic 

model, since the notation I use is different from his. 

Notation. If P is a function ranging over sets of parameters, by P{T) 

we mean the collection of all first order formulas with constants from P(r). 

21 is any atomic formula, 36 and 2) are any formulas. 

Definition 1. By an intuitionistic model we mean an ordered quadruple 

<G, R, l=, P>, where G is a non-empty set, R is a transitive, reflexive rela¬ 

tion on G, ¥ is a relation between elements of G and formulas, and P is a 

map from G to non-empty sets of parameters, satisfying for any r, A e G 

(1) . rRA =>P(P) s P(d); 

(2) . P t= 21 => 21 eP(P); 

(3) . r ¥ 21, rRA => A ¥ 21; 

(4) . r ¥ (Xa2))<^P h X and r N 2); 

(5) . r h (X v 2)) ■*> (36 v 2)) e P(r) and r ¥ X or r N 2), 

(6) . r t= ~ X ~ leP(r) and for every A e G such that FRd, A ¥ X; 

219 
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(7) . F 1= (36 $)) o (36 => D) e P(r) and for every A e G such that 

rRA, if d 1= 36, A t= 

(8) . F t= (3x)36(x) -o- for some a e P(F), r I= 36(a); 

(9) . r t= (Vx)36(x) <=> for every A e G such that rRA, and for every aeP(A), 

A N 36(a). 

Definition 2. 36 is valid in the model <G, R, h, P> if for every r e G such 

that 36 eP(r), Fl=36. 

36 is valid if 36 is valid in every model. 

Theorem 1. (Kripke [7]). 3£ is a theorem of intuitionistic logic if and only 

if 36 is 

The above modeling may be briefly motivated as follows: 

G is a collection of possible states of knowledge; any feG may be 

considered to be a collection of physical facts. rRA means if now we know 

r, later we might know A. P(r) is the set of constants constructed by the 

stage r, or the set of parameters introduced in reaching F. Finally i> 36 

means that from the facts r we may deduce 36. 

If a model <G, R, t=, P> has a countable domain, i.e. (J{P(r)|re G}, we 

may apply Cohen’s complete sequence method [1]. Call H ^ G an R-chain 

if any two elements are R-comparable. Call H a complete R-chain if for any 

formula 36, only using parameters ‘available’ in H, for someF eH, FN36v ~36. 

Then, as in [1], any r e G can be included in a complete R-chain. If H is a 

complete R-chain, {36| for some r e H, T 1= 36} is, if we ignore the universal 

quantifier, a classical truth set. Now suppose 36 has no universal quantifiers 

and ~~36 is not an intuitionistic theorem. The analog of the Skolem- 

Lowenheim theorem holds for Kripke’s models, so for some model with 

a countable domain <G, R, \=, P} for some F e G, F ¥ ~ ~36. For some 

A e G, FRd and A N ~ 36. By the above remarks ~ 36 must belong to some 

classical truth set, so 36 is not classically valid. (This can be extended to a 

full proof of Kleene [6] theorem 59). 

Suppose we could find some intuitionistic model <G, R, h, F> in which 

for some F e G, F N ZF and F ¥ ~ ~ AC, where ZF is the set of Zermelo- 

Fraenkel axioms, and AC is the axiom of choice, all expressed in (classi¬ 

cally equivalent) forms not using the universal quantifier. Then by the above 

we would have the classical independence of the axiom of choice. (Note 

that h,(36 3~~'3))=-(36 =3 2)).) Before showing how this may be 

done, we present the Godel construction in order to bring out the analogy. 
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Let V be a classical Zermelo-Fraenkel model. In [2] Godel defined over 

V the sequence {Ma} of sets as follows: 

M0 = 0, 

Ma+1 is the collection of all definable subsets of Ma, 

Mx — [Ja<xM(1 for limit ordinals X. 

Let L be the class (JaeK Ma. Godel showed thatL was a classical ZF model. 

As an introduction to the intuitionistic generalization, we restate the Godel 

construction using characteristic functions instead of sets. Now of course 

‘e’ is to be considered as a formal symbol, not as set membership. 

Let M be some collection and let v be a truth function on the set of for¬ 

mulas with constants from M. We say a (characteristic) function f is defin¬ 

able over <M, »> if domain(/) = M, range(/) £ (T, F}, and for some for¬ 

mula 36(x) with one free variable and all constants from M, for all ae M 

f(a) = t(3E(a)). 

Let M' be the elements of M together with all functions definable over 

<M, t>. 

We define a truth function u' on the set of formulas with constants from 

M' by defining it for atomic formulas. If f,ge M' we have three cases: 

(1 ).f,geM. Let v'(/e g) = »(/6 g)\ 

(2) . feM, g e M'-M. Let v'(fe g) = g(f)\ 

(3) . /e M' — M. Let -£(*) be the formula which defines / over <M, »). 

If there is an he M such that c((Vx)(x e h = 36(x))) = T and 

v’(h e g) = T let v'(f eg) — T, otherwise let v'(f e g) = F. (Case 3 

reduces the situation to case 1 or 2.) 

We call the pair <M', »') the derived model of <M, v). 

Now, let M0 = 0 and let t>0 be the obvious truth function. Thus we 

have <M0, r0>. 

Let <Ma+1, »a+1) be the derived model of <Afa, «a>. 

If X is a limit ordinal, let Mx = (Ja<A^a- Let vx{feg) = T if for some 

a < X, vff eg) — T, otherwise let vx(f e g) = F. Thus we have <Mx, vx). 

Let L = a°d let v(f eg) = T if for some ae V va(feg) = T, 

otherwise let v(f e g) — F. Thus we have the ‘class’ model <L, v). All the 

axioms of ZF will be valid in this model. 

Before proceeding to the intuitionistic generalization, we note that it can 

be shown that for formulas without universal quantifiers it suffices to con¬ 

sider only intuitionistic models with the P-map constant. From now on we 

will assume this, and we will write the range of the map instead of the map 
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itself. Thus our models now are quadruples <G, R, N, S'), where S' is a collec¬ 

tion of parameters, etc. Also, for convenience, let B be the collection of all 

R-closed subsets of G. 

Let <G, R, K S') be some model. We say a function / is definable over 

<(7, R, ¥, S} if domain(/) = S, range(/) ^ B, and for some formula 3£(x) 

with one free variable, all constants from S' and no universal quantifiers, 

for any a e S' 

f(a) = {T|r t= 1(a)}. 

Let S' be the elements of S' together with all functions definable over <G, R, 

K sy. 
We define a N' relation by giving it for atomic formulas over S'. If/, g e S' 

we have three cases: 

(1) . f,geS. Let JV(/e g) if J>(/e g). 

(2) . feS, ge S'-S. Let JV(/e <7) if F e g(f). 

(3) . feS' — S. Let 3£(jc) be the formula which defines/over <G, R, l=, S'). 

Let JTV(/e #) if there is an h e S such that Tt= ~ (3x) ~ (x e /i = 3£(x)) 

and 7>'(/i e ^). (This reduces the situation to case 1 or 2). 

We call the model <G, R, S"> the derived model of <G, R, N, S'). 

Now, as above, let V be a classical model for ZF. We define a sequence of 

intuitionistic models as follows: 

Let <(7, R, 1=0, S0> be any intuitionistic model satisfying the following five 

conditions: 

(1) . «7, R,h0, S0yeV; 

(2) . S0 is a collection of functions such that if f e S0, domain (/) c S0 

and range (/) ^ B; 

(3) . for/ geS0, TN0(/€ g) if and only if T e g(f); 

(4) . (extensionality) for /, g, heS0, if nz0~(3x)~(x ef = x e g) and 

rl=o ~ ~(/e h) then Tl=0-(g e h); 

(5) . (regularity) S0 is well-founded with respect to the relation x e do¬ 

main^). 

Remark 1. If we consider the symbols v, a , ~, =3, V, 3, (, ), e, xx, x2, 

x3,. .. to be suitably coded as sets, formulas are sequences of sets, and hence 

sets. It is in this sense that (1) is meant. 

Next, let <(7, R, t=a + 1, Sa + iy be the derived model of <G, R, Na, Sa>. 

If X is a limit ordinal, let Sx — lja<2 Sa. Let rt=A(/e g) if for some a < 2, 

rt=a(/e g). Thus we have <(7, R, 1=A, Sfy. 

Finally, let S = (JaeK Sa and />(/e g) if for some ae V, T\-a(feg). 
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Thus we have the ‘class’ model <G, R, N, S>. 

At this point, let me remark without giving the proofs that the techniques 

which are used in handling the {Ma} sequence have their analogues for the 

above sequences. As in the classical case we may show: 

Theorem 2. All the axioms of Zermelo-Fraenkel (stated without universal 

quantifiers) are valid in any such <G, R, N, S>. 

Remark 2. As a special case, let S0 = 0 and let G have one element (then 

B has two elements, G and 0). If we define functions va(X) = {F e G| 

Ft=a£} and we identify G with T and 0 with F, the resulting sequence (Sa, va) 

is identical with the sequence<Ma, va) above. Thus, as a special case of the 

above theorem, L is a (classical) ZF model. 

At this point it is possible to produce a particular <G, R, N0, S0) with so 

much symmetry built in that in the resulting class model (G, R, Y, S') ~ AC 

is valid. From this, as shown above, the classical independence of the 

axiom of choice follows. Since this model requires a fair amount of detail, 

rather than give it here I refer you to [15] and go on to show how ordinals 

may be represented in these models. 

By putting one more requirement on <G, R, f0, S0) it becomes possible 

to find quite satisfactory representatives of all the ordinals of V in the class 

models. Essentially, as in the classical case, each ‘ordinal’ will be the ‘set’ of 

all smaller ‘ordinals’. Let us make this more precise. 

We use a formula ordinal{x) with no universal quantifiers which classically 

defines the ordinals. 

Let us define ordinal representatives as follows: Suppose for each P < a 

we have already defined representatives in S. We call f e S'a general represen¬ 

tative of a if 

(1) if g e S represents any ordinal <a, (g e f) is valid in <G, R, l=, S'). 

(2) if for some F e G, rY(g e/), then for some R-successor A of F, some 

P < a and some he S representing p, AY{g = h), that is, AY ~(3x) 

~(xeg = x eh). 

General representatives would be quite satisfactory to work with, if they 

existed, even if they were not unique. However, it is convenient to single 

out canonical representatives. 

If / is a general representative of a, we call / a canonical representative 

of a if 

(1) for no g e domain(/) and for no F e G does F 1= (/ = g)\ 

(2) if F 1=-\g e /), then Ft= (g ef) for all g e domain(/). 
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For reasons to be given in a moment, canonical representatives, if they existed 

would be delightful to work with. To ensure their existence, we place two 

requirements on the 0-th models which say essentially that canonical re¬ 

presentatives in S0 (if any) are unique and that there are sufficiently many ca¬ 

nonical representatives in S0 that any element of S0 which at some point is 

an ordinal may later be a canonical one. 

Formally, call <G, R, 1=0, S0} ordinalized if 

(1) no ordinal has more than one canonical representative in S0; 

(2) iff e S0 and F N0 ordinal(/) for some F e G, then for some R-succes- 

sor A of F and some heS0 which is a canonical ordinal representative 

of some ordinal, A f0(f = h). 

Now it is not difficult to show the following results: 

If <G, R, N0, S0y is ordinalized, 

(1) every ordinal of V is uniquely canonically representable by an ele¬ 

ment of 5 (denote the representative of a by &); 

(2) a = p iff (A = ft) is valid in (G, R, h, S), 

ocefl iff (# e ft) is valid in <G, R, h, S); 

(3) ordinal($) is valid in <(?, R, ¥, S'); 

(4) if for some FeC, F Nordinal(/), then for some R-successor A of F 

and some ordinal a, A¥(f = $); 

(5) if the canonical representative Si is in Sp + 1 — S), & is the function 

defined over the model <G, R, by the formula ordinal(x). 

Again we do not present proofs, but they can be found in [15]. Let me remark 

that making 0th models ordinalized is a natural requirement; models which 

are not are rather contrived things. 

There is an analogue to the classical notion of absoluteness: Call a for¬ 

mula 3£(xi,. . xn) dominant if for any fx, . . ., /„ in Sx and any FeG, 

F 1= 3e(/j,.. .,/„) iff Fh.XCA,.. Formulas like (x e y), (x = y) and 

ordinal(x) are dominant, so whether a 0th model is ordinalized or not can 

be determined by considering it alone. 

Let cardinal{x) be a formula with no universal quantifiers, which clas¬ 

sically defines the cardinals. Then the following may be shown: 

Theorem 3. Suppose R, l=0, S)) is ordinalized and for some reG 

and some ordinal a, F h cardinal(a). Then a is a cardinal in the model L of 

constructable sets. 

It is the opposite of this situation that is needed to show the independence 
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of the continuum hypothesis. A proof in Cohen may be adapted to these 

models to show the following: 

r, A e G are called incompatible if they have no common R-successor. 

G is called countably incompatible if any subset of G of mutually incompa¬ 

tible elements is at most countable in V. 

Theorem 4. If R, t=0, S0) is ordinalized, G is countably incompatible, 

and a is a cardinal of V, then cardinal(ot) is valid in (G, R, h, S'). 

Now a specific Oth model can be given which produces a class model in 

which ~ (continuum hypothesis) and AC are valid. The model is essentially 

the same as the one in Cohen and the methods he uses can be adapted. 

We remark that constructible set representatives can also be defined and 

the proof of the independence of the axiom of constructibility of Cohen can 

be adapted to these models. 

I am afraid the foregoing has been only a collection of definitions and re¬ 

sults, without proofs. To give the proofs in detail would take pages. To give 

them in outline is to say they are the analogues of classical proofs or of proofs 

in Cohen. But now I am going to give even less details than before, only in¬ 

dicating the types of theorems that exist without stating them precisely. 

To the best of my knowledge there are three versions of the independence 

proofs (not counting those above): Cohen’s forcing technique, Vopenka’s to¬ 

pological method and Scott and Solovay’s Boolean-valued logic approach [9]. 

The connection between the above intuitionistic methods and those of 

Cohen should be clear to anyone familiar with Cohen’s work. 

Since there is a topological model theory for intuitionistic logic, there is of 

course a topological version of the above. In fact there is a direct translation 

between Kripke’s models and topological models, without going through 

the respective completeness theorems. I do not know how close translations 

of the above mentioned proofs would be to those of Vopenka. 

There are also pseudo-Boolean algebra models for intuitionistic logic [8], 

and again there is a direct translation between Kripke’s models and alge¬ 

braic ones. There are also some connections between pseudo-Boolean and 

Boolean algebras which apply in this case. Thus the above may be put into 

the language of Boolean-valued logics. The result is not the Scott and Solo- 

vay proof. We generalized the {Ma} sequence, they generalized the {Ra} 

sequence (sets with rank). Thus two more methods of showing independence 

become available, a Boolean-valued {Ma} sequence and an intuitionistic (or 

forcing) {Rx} sequence. Some details of both may be found in [15]. 
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AN ABSTRACT NOTION OF REALIZABILITY FOR WHICH 

INTUITIONISTIC PREDICATE CALCULUS IS COMPLETE 

H. LAUCHLI 

To each formula A of predicate logic and each assignment p of ‘proofs’ to 

the atomic parts of A we shall associate a set p[A], the set of ‘proofs of A\ 

The proofs of A -*■ B are just the functions from p[A] into p[B]\ the proofs 

of 3vA are the pairs <c, x) such that x is a proof of Avc (substitution of c for 

4 
Instead of ‘proofs of A’ we could as well say ‘realizing functionals for A\ 

In contrast to Kleene’s (second version of the) notion of realizability [3], 

we consider arbitrary, not necessarily countable functionals. 

We shall show that A is derivable in Heyting’s predicate calculus if and 

only if there is an explicitly definable functional 0 such that 0 ep[A] for 

all p, i.e. if and only if there is a well defined ‘proof’ of A which does not make 

use of the internal structure of proofs of the atomic parts of A. 

The ‘only if’ part will be clear from the known results about realizability. 

For the proof of the ‘if’ part we make use of the following analogy be¬ 

tween Kripke’s semantics for intuitionistic logic [4] and the theory of per¬ 

mutation groups. In the former, we can assert the implication A -* B in a 

situation H iff in any later situation H' where we can assert A, we also can 

assert B. In the latter, the following is true: Given sets A, B and a group H 

of permutations of the elements of A u B leaving A and B invariant. Then 

there is an //-invariant function from A into B iff any subgroup H' with a fixed 

element in A also has a fixed element in B. 

The theorem will be established classically. The corresponding result for 

propositional logic was announced in an abstract [5]. 

Similar interpretations have been considered by Dana Scott (derived from 

Godel’s Dialectica interpretation) and by Goodman, Kreisel, Troelstra, 

Scott (derived from the intuitionistic notion of ‘construction’; see [1]). To 

my knowledge, completeness of intuitionistic predicate calculus has not been 

established for any of these interpretations. 
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1. We consider formulas containing n-place predicate letters, a proposi¬ 

tional constant /(‘false’), individual constants, variables u, v, w, con¬ 

nectives a , v, 3, V. We write —,A for A -*f F(r) denotes the set of 

all closed formulas with individual constants from a set T. 

In the following r and II are countably infinite sets, c0 e r is a designated 

element of f, XxY denotes the Cartesian product of the sets X and Y, 

X u 7is the disjoint union ({0} x 7)u({l} x 7), 7* is the set of all functions 

from X into 7. 

To each formula A, not necessarily closed, we associate a set S(A), the 

set of ‘possible proofs of A’: 

S(A) = II if A is atomic, 

S(A a B) = S(A) x S(B), 

S(A v B) = S(A)OS(B), 

S(A -+B) = S(B)S(A), 

S(VvA) = S(A)r, 

£(3»4) = r x S(A). 

Note that S^”) = S'(^4) for all individual constants c. Thus S(dvA) can be 

interpreted as the set of all choice functions which assign to each cef an 

element of 

A proof assignment is any function p which assigns to every (closed) for¬ 

mula A e F{T) a set p[A] such that 

p\f] — P[A] £ n if A is atomic, 

P[AaB] = p[A]xp[B], 

p[AvB}= p[A]Cjp[B], 

p[A B] = {x e S(A -> B): xy ep[B] for all y ep[A]}, 

p\fvA] = {x e S(\/vA): xc e p[Avc] for all cef}, 

p\3vA] = {<c, x>: cef and xep[Avc]}. 

Note thatp[A] £ S(A) for allp and A. The elements ofp[A -> B] are func¬ 

tions with domain 5(yl). Thus the identity function on S(A) belongs to 

p[A -* A] for each p. 

2. Let be the least class containing the sets {0, 1}, T, 17, such that when¬ 

ever Dl,D2eSd, then DlxD2, D1\jD2, The elements of 

D2xD2 are viewed as functions with domain {0, 1}. Let SF — (J 2>. 

The elements of will be called functionals. Simple functionals are those 

which can be defined explicitly. The following kind of explicit definition 

will do: We consider terms built from constants 0, 1, c0 and variables, using 
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the following formation rules: If t, s are terms and X is a variable and D e 2), 

then t[s), <r, s>, ADx(t) are terms. Terms are interpreted as follows: 

Let Fbe an assignment of functionals to variables. Then V[t] is the follow¬ 

ing functional: 

V[0] = 0; 

V[l] = 1; 

V[c 0] = c0; 

V[x] is the functional assigned to x; 

F[r(s)] is the value of V[t] at F[s] if V[t] is a function and F[.s] belongs to 

its domain, F|7(.s)] = 0 otherwise; 

F[<f, 5>] is the function with domain {0, 1} and values V[t] and F[.s] 

at 0 and 1 respectively; 

V[X°x(t)] is the function with domain D, taking the value Vxa[t] for ae D; 

Vxa assigns a to x and agrees with V otherwise. 

If t is closed (all variables bound by X), then the functional V[t] does not 

depend on V. Simple functionals are by definition those given by closed terms. 

Example 1. Let A, B, C be closed formulas. Let 

D = S((y4 -> C)a(B-> C)), 

E = v B). 

Then the term 

ADx(ABy«xO(,yl), xl(yl)>(jK)))) 

defines a simple functional which belongs to 

p[(A -» C)a(B -* C) (AvB -* C)] 

for all proof assignments p. 

Example 2. Let 

Then 

D = S(—Nv(R(v) v £(i>))). 

A°x(x(Arx«l, Anx(x))))) 

defines a simple functional which belongs to 

S(-^-yv(R(v)v -i R(v))). 

3. Let a be a permutation on full (i.e. a one-one function from full 

onto itself), which leaves invariant the sets E, IJ and the designated element 

cQ. a extends in a natural way to a permutation on J5”: <r0 = 0, ai = 1; if 
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g is a function then (og)x = o{g(a~1x)). In particular <r<a, b) = <era, ob>. 

A functional 0 e F is said to be invariant, if oO = © for all such a. 

Simple functionals are invariant since c0, 0, 1 and all sets De§ are 

invariant. On the other hand, there are uncountably many invariant 

functionals in F that are not simple. 

4. In the following A denotes a closed formula containing no individual 

constants other than c0. The symbol I- denotes derivability in the intuitio- 

nistic predicate calculus. 

Theorem. (1). IfY A, then there is a simple functional 0 such that 0 e p[A] 

for all proof assignments p. 

(2). If not 1- A, then there is p such that p[A ] contains no invariant func¬ 

tional. 

Corollary. The following are equivalent (classically): 

(a) . YA\ 

(b) 3 simple 0, 'ip, 0 ep[A]\ 

(c) . Vp 3 simple 0, 0 ep[A]\ 

(d) 3 invariant 0, Vp, 0 ep[A\, 

(e) . Vp 3 invariant 0, 0 ep[A]. 

The corollary indicates a certain stability of the property *\-A\ For condi¬ 

tions (b), (c), (d) and (e), which are quite different intensionally, turn out to 

coincide with ‘YA’ extensionally. 

If we drop the restrictions put on 0, then we get classical logic in one case 

and an intermediate thing in the other: Vp 3(arbitrary) 0 with 0 ep[A] iff 

A is derivable in classical predicate calculus. On the other hand, the condition 

30Vp holds for some intuitionistically invalid formulas, e.g. for 

'iv{R{v)\/ Q) -> (VvR(v)vQ), 

but not for all classically valid ones, e.g. not for Q v —, Q. 

Part (2) of the theorem is not true if only those p are considered with 

p[f] = A (empty). The formula —t—, v —iZ?(f)), call it —i—iB, 

gives a counterexample. For ifp\f] = A thenp[—( B] = A sincep[B] # A, 

B being classically valid. Hence p[—i—, 5] = S(—i—15). But S(—\—,B) 

contains invariant functionals, as was shown in example 2. 

The proof of part (1) of the theorem is a routine variation on the proof of 

theorem 62, [2]p. 504. The remainder of this paper is devoted to the proof 

of part (2). 
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5. Let N be the set of the natural numbers (including 0). Let E be the set of 

all finite sequences of natural numbers (including the empty sequence 

A) together with an ‘ideal element’ U. Let R be the binary relation on E such 

that jRs' iff either s' is U or s is a (not necessarily proper) initial segment 

of s'. Let IP be a function with domain E and countable sets as values, such 

that whenever sRs' and s A s', then *P(s) £ 'l'(s') and the complement 

,F(s')—{P(s) is infinite. We also assume 'P(A) infinite. F(,F(s)) denotes the 

class of all closed formulas with individual constants from •P(s). 

Everything introduced so far will remain fixed. In particular, we shall not 

vary the function *P. 

A model is a binary function <P(A, s), where A ranges over F(!P(£/)) and 

s over E, whose range is the set {T, F}, and which satisfies the following 

conditions: 

(1) . if <P(A,s) = T, then A e F(F(s)); 

(2) . if <P(A,s) = T and sRs\ then 4>(A,s') = T; 

(3) . if <P(f, s) - T, then <P(A, s) = T for all A e F(T(s)); 

(4) . <P(AaB,s) = T iff AaBsF(F(s)), and <P(A, s) = T and 

<P(B, s) = T- 

(5) . <P(AvB,s) = T iff A vBeF(F(s)), and <P(A,s) = 7 or 

H^,s) = T; 

(6) . (P(A -*• B) — T iff A -> BeF(F(s)) and for all s' with sRs', if 

<P(A,s') = T then <P(B, s') = T; 

(7) . d>(yvA,s) — T iff <P(AVC, s') — T for alii' with sRs' and all c eF(s') 

(8) . <P(3vA,s) = T iff <P(Avc,s) = T for some ce *P(s). 

Lemma 1. Let A e F(iF(A)) with not YA. Then (and only then) there is a model 

0 such that 0(A, A) = F. 

The proof is clear from Kripke’s work [4]. 

The element U is no bother: Any <P which is defined on I — {17} can be ex¬ 

tended to E by setting <P(A, U) — T for all A e i7(lP(I7)). 

6. In this section we establish a relationship between models <P and proof 

assignments p. 

Let q be a one-one function from E into the set of positive prime numbers. 

The function q> from E into N is defined by <p(A) = 1, (p(s*n) = cp(s) ■ 
■ q(s*n), (p(U) = 0 (s*n denotes adjunction of the last term n to the se¬ 

quence 5). Let | denote the relation of divisibility. Each non-empty subset 

of E has a greatest lower bound (gib) with respect to R. For n e N let 
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5„ = glb{^: n|<p(.s)} (the set is non-empty since n\(p{U)). For instance 

— A and s0 = s4 — U. 

The following are simple consequences of the definitions: 

(1) . (p(s)|<p(.s') iff .sRy, 

(2) . n\<p(sn), 

(3) . «|<p(s) iff s„R.s, 

(4) . n\m implies s„R.sm, 

(5) . S<p(s) 

Let 7 denote the set of all integers, including the negative ones. Let n' de¬ 

note the set of residue classes of 7 modulo n: 1' is a one element set, 0' is 7. 

We have ri n m' — A for n, m e N, n / m. 

We now define F — 77 = (J {^(s,,) x «' : n e N}. (More precisely: We 

impose a certain structure on the given countable sets F and 77. The struc¬ 

ture on F is isomorphic to that on 77. Thus, as a notational convenience, we 

identify F with 77.) 

The designated element c0 of F is to belong to *F(j'1)xl'. Let F„ = 

U {'?(sk) x k': k\n)- Thus F = F0 and c0 e Fi and 
(6) . n\m implies F„ £ Fm. 

The elements of F are ordered pairs. If c e F, let c~ denote its first component: 

c~ 6 for some n. In virtue of (4), if k\n then F(sk) £ !F(sn). Hence 

(7) . ceF„ implies c~ e !F(.sn). 

The converse is not true for all c e F, but we have 

(8) . if d e then there is c e F„ with c~ = d. 

If A e F(F), let A~ denote the formula obtained by replacing each individual 

constant c by c~. 

(9) . A 6 F(F„) implies AT e FCF(5„)). 

Let a be the following permutation on F: If c — <d, i/n) e *F(^„) x then 

crc = <<7, (i +1)/«>. Then, for all c e F and neiVwe have 

(10) . anc = c iff ceF„. 

In particular crc0 = c0 since c0 e Ft. 

To each model we associate a proof assignment p as follows. Let 

A e F(F) be atomic. We define 

p[A] = U {«F(jk)xfc': (P(^-, Jjk) — T or <P(f,sk) = T}. 

The requirement p[f] £ p[^4] £ 77 for atomic ,4 is satisfied. />(/!] only de¬ 

pends on A~. This carries over to compound formulas. Hence for all 

A,BeF{r) 

(11) . AT = E~ implies p[A] = p[B]. 
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Furthermore it is easy to see that 

(12). o(p[A]) = p[A], for all A in F(r). 

Lemma 2. For all ne N and A e F{rn), on has fixed elements in p[A ] if and 

only if 0(A~, s„) = T. 

(Thus we have a world constant a such that for all there is ap such that 

lemma 2 is true.) 

Proof. The proof is by induction on the complexity of A: 

1. Let A be atomic. By (10), on has fixed elements in p[A] iff r„ n P[A] 

^ A, i.e. iff there is a k, k\n, such that <P(A ,sk) = T or <P(fi sk) = T. By (4), the 

latter holds iff ^>(A~~, sn) — T or $(/, £„) = T. Since A e F{r„) (9) gives 

A~ e FfF{sn)). Thus <P(f,sn) = T implies <P(A~, sn) = T. Hence a" has 

fixed elements inp[A] iff <P(A~~, .?„) = T. 

2. Let A be B a C or B v C. The induction step is clear. 

3. Let A be B -> C. 4only if’: let x £p[A] with onx — x. Consider s with 

and <P(B~,s) = T. Let m — (p(s). Then n\m by (3), and hence 

B e F(rm) by (6). By (5) .s is sm. The induction hypothesis gives an element 

y £p[B] with amy = y. Now xy £p[C] and am(xy) - (omx)(omy) = xy 

and C e F(rm). The induction hypothesis gives <P(C~, s) = T. Hence 

0(A~, sn) = T. 

'if’: Let <P(A , sn) = T. If n\m then -snR5m (by (4)) and hence <P(B , sm) = 

= T implies <P{C~, 5m) = T. By the induction hypothesis for each m with 

n\m, if om has fixed elements inp[B], then it also has fixed elements inp[C], 

Let H be the permutation group generated by <rn, and let H(y) denote the 

largest subgroup of H leaving y fixed. Since any subgroup of H is generated 

by am for some m with n\m (at worst m = 0), we have that for each y £p[B] 

H{y) has fixed elements in p[C]. 

We say y1 is equivalent to y2, if hyk = y2 for some h£ H. Let S be a maxi¬ 

mal set of pairwise non-equivalent elements of p[B]. Let g be a function 

from S into p[C] such that gy is fixed under H(y) for all y e S. Let xk = 

= {(hy, h(gy)}: y £ S and h£H}. represents a function: If hy = h'y, 

then h~xh' e H(y) £ H(gy), whence h(gy) = h'(gy); dom^) = p[B] be¬ 

cause of the maximality of S and the invariance of p[B] (see (12)). Also 

rg(xj) £ p[C], Thus Xy is an //-invariant function fromp[B] into p[C]. 

Recall that the elements of p[B -*■ C] are functions with domain S(B), 

the set of ‘possible proofs of B\ Let x2 be any invariant function from 

S(B)— p[B] into S(C), for instance the constant function with an invariant 

element of S(C) as value (which is easily seen to exist, since both T and II 
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contain the a-invariant element c0). Then jc = x2 belongs to p[B -> C] 

and is invariant under on. 

4. Let A be dvB. *only if’: Let xep[VvB], anx — x. Let y„R.y, de W(s). 

As before, we have n\m and s = sm for m — cp(s). By (8) there is c e Tm such 

that c~ — d. By (10) omc = c. Therefore am{xc) = xc. Also xc ep[Bvc] and 

B" e F(rm). Induction hypothesis gives <P((B”)~, s) = T. (B")~ is (B~)vd. 

Hence <P(dvB~, sn) = T. 

‘if Let <f>(yvBT, s„) = T. Let ceT. If H is the group generated by 

<t", then H{c) is generated by am for some m with n\m. By (10) c e Tm. By 

(7) c“ e F(sm). By (4) snRsm. Therefore <Z>(M~ sm) = T. Also B\ 6 F{Tm). 

By induction hypothesis H(c) has fixed elements in p[Bvc]. As before we 

get an invariant function. There is no trouble with the range, since for all 

heH, h(p[Bvc]) = p[Bvc] — p[Bvhc] in virtue of (12) and (11). Therefore an has 

fixed elements in p\ivB}. 

5. Let A be 3vB. The proof is straightforward, using (7), (8) and (10). 

This concludes the proof of the lemma. 

Proof of part (2) of the theorem: 

Let A be a closed formula containing no individual constants other than 

c0. Then A e F(TX) and A~ e F('F(s1)) = F(F(A)). Assume not YA. Lemma 

1 gives a model <P such that <P(A~, A) = F. Let p be the proof assignment 

associated to <P. Then by lemma 2, a has no fixed element inp[A]. Therefore 

p[A] contains no invariant functional. 
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EXTENDING THE TOPOLOGICAL INTERPRETATION TO 

INTUITIONISTIC ANALYSIS, II 

DANA SCOTT* 

This paper is a sequel to the paper [12] written for Professor Heyting 

under the same title. Nearly all of the questions left open in [12] have been 

answered. In particular the results of section 3 in [12] having to do with 

universal formulae of the theory of < in three variables have been extended 

to arbitrary universal formulae in section 5. (Our numbering of sections con¬ 

tinues that of [12].) We then discuss in section 6 the general metama- 

thematical implications of the method of section 5 for the theory of the 

topological model of intuitionistic analysis. In section 7 the important step 

is taken of enlarging the model to encompass arbitrary (extensional) real 

functions. The main result is the verification in the model of Brouwer’s 

theorem on continuity: all functions are uniformly continuous on closed in¬ 

tervals. The proof is given in detail along with several related results. (The 

reader will have to refer to [12] for notation and the definition of the model.) 

The author was thus able to conclude this paper feeling that he had a 

rather good grasp of the basic properties of the real numbers of the model. 

Several further projects remain to be carried out, however. The next im¬ 

portant step is to discuss the corresponding topological interpretation of 

second-order arithmetic and the theory of free-choice sequences of integers. 

This will make possible an exact comparison of the theory of the model and 

the usual axiomatic theories of intuitionistic analysis (which will no doubt 

be one of the main topics of part III of this series of papers.) Following such 

work it is obvious that attention must be given to obtaining a constructive 

version of the model. Kreisel has suggested that the theory of constructive 

and lawless sequences (the system of [8]) may provide the proper framework 

* Research on this paper has been supported by a grant from the National Science 

Foundation. Special thanks are due to Professor G. Kreisel for the many hours of dis¬ 

cussion on intuitionism in general and the helpful criticisms of earlier drafts of this paper in 

particular. 
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for this discussion in view of the connection between the topological inter¬ 

pretation and lawless sequences [5] (part IV?) In this connection it is appro¬ 

priate to take this opportunity to retract a remark of [12], p. 194. Contrary 

to what was said, Kreisel has all along felt that the topological interpre¬ 

tation has relevance. Indeed in [6] he mentions it along with realizability and 

his own elimination of free choice sequences. Moreover in [5], p. 370, para¬ 

graph 2, he had already presented the clearest possible statement of his view 

of the interpretation. 

In another direction the theory of species and higher-order functions will 

require consideration. That study will of course bring in connections with 

the Boolean models for set theory ([11] and [13].) To date no particular 

technical results about the Boolean models have played a role in the dis¬ 

cussion of these topological models. In fact, the main effort was given to 

the consideration of those properties of the models and topological spaces 

most appropriate to foundations of intuitionism. However, it was the success 

of the Boolean models in making clear certain aspects of Cohen’s remarkable 

independence results (such as the type of construction of generic and ran¬ 

dom reals) that encouraged the author to take up again the study of the topo¬ 

logical interpretation which he had put down some ten years before. And he 

is most happy to see now just how well things fit together. It does not seem 

altogether impossible that work in the intuitionistic theories may throw 

additional light on the properties of the Boolean models (cf. [2] and other 

references given there). 

5. Further independence results. In section 3 we discussed universally 

quantified three-variable consequences of the axioms of order (1.1)—(1.2) 

and noted that such questions could be thrown back to propositional 

calculus as well as being determined by the model. At the time of 

writing the earlier section the results were rather special, and the author 

suggested that they should generalize. They do. Kreisel ;has pointed out 

the relevance of the following well-known fact about HPC (Heyting’s 

predicate calculus): 

A universal sentence is a consequence in HPC of a given universal axiom 

if and only if its matrix is a propositional consequence of a finite number of 

substitution instances of the axiom using the variables mentioned in the con¬ 

clusion. 

Note that our language has only relation symbols, in fact only <, which 

makes the result so simple; in particular, we have a decision method for 
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universal consequences of a universal axiom. The proof of this general 

result requires no special knowledge of models. 

Let us consider the theory of <. We can schematically indicate the gen¬ 

eral universal sentence as 

Vx0,. . ., *„_! A(xt < Xj: i,j < n), 

where we mean to suggest that the expression involves the various atomic 

formulae xt < Xj. Let Pu be propositional letters and let 

A(PU: i,j < n) 

indicate the result of replacing xt < Xj by Pu in the matrix of our universal 

sentence. Further let 

B(pij■ hj < n) 

be the conjunction of all formulae of the two forms 

-i [P« A pii 
and 

LPij Pik V Pkj] 

for i,j, k < n. In our case the general result mentioned above shows that 

the given universal sentence is a consequence of (1.1)—(1.2) if and only if 

[B(PtJ: i,j < n)-> A(PU: i,j < n)] 

is a propositional theorem in HPC; hence the decision method. This approach 

is definitely only suited to universal prenex formulae, however. The author 

is rather inclined to believe that the full first-order intuitionistic theory based 

on (1.1)—(1.2) is undecidable. 

Having noted the above purely formal result, we may now ask: Are the 

axioms (1.1)—(1.2) complete for the universal sentences valid in our modell 

We shall prove that, under suitable conditions on the topological space T, 

if the universal sentence is not provable in the theory of <, then it fails in 

the model. Indeed we shall find that the contradictory sentence 

Vx0 —i Vxj,..., xn _ j A(xi < Xj: i,j < n) 

is actually valid in the model. For this purpose in view of [10], pp. 130-131 

we find it convenient to assume that T is a non-empty, dense-in-itself, to¬ 

tally disconnected, metric space; the two best known examples being the 

Cantor space 2N and the Baire space Nn. We prefer the latter because of 
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its naturalness in interpreting second-order number theory. Thus for the re¬ 

mainder of the paper we may as well fix T = NN. In the future there may 

be reason for greater generality, but this choice of T gives a complicated 

enough model with sufficiently many interesting properties. 

Suppose, then, that the universal sentence is not provable from (1.1) — (1.2). 

Thus the corresponding propositional formula is not provable either. By 

what we know about T = NN, we can assign open sets [P0] to the Pu in such 

a way that 

IB(PU: i,j < n)J = T; 

while 

IMPij- i,j < «)] # T. 

We wish to find continuous functions e Si such that 

Bi < f j = py. 

and this will give us the counterexample in the model. 

It seems convenient to construct certain auxiliary functions before ob¬ 

taining the In the first place, given open sets [Py] and given a subset 

I £ {0, 1,..., n}, we can define continuous functions ot e M that are non¬ 

negative and such that 

[°7 > o] — n n p* wi¬ nter HI 

Next, for given i,j < n, we define 7ry e such that 

71 ij = Yjai~ Yj aJ > 

iel jeJ 

HI HJ 

where the summations run over all the subsets satisfying the indicated re¬ 

strictions. Finally we set for i < n 

^0i > 

but it takes several steps to see that these functions so defined have the desired 

properties. (These formulae, by the way, do indeed generalize those of 

section 3.) 

We note first that, for i,j < n, 

nu = 0 

and 
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hold by definition. The 7ry are by no means non-negative, but we shall see 

that 

lnij > °1 = lPijl 

Assume that 7ty(f) > 0, then by the definition of the ny and the non-nega¬ 

tive character of the 07, we find 07(f) > 0 for at least one subset / such that 

iel,j$l. But then by the construction of 07, we have t e [PyJ. Now 

for the converse, assume that t e [PyJ. We must obtain a particular 

/ £ {0, 1,— 1} such that i el, j $ I, and 

< e n n m. 
kel lil 

where of course k, l range over all indices less than n satisfying the restric¬ 

tions. To construct / we proceed by induction. Let 70 — {i} and Iq = {j}. 

Since 

py " [pj = 0 

we know that i / j, because t e [Py] but t £ [P,-,]. Hence I0 n Iq = 0 and 

'efl DM- 
kelo le/o' 

Suppose now q < n, and Iq n Iq = 0, and 

1 e D fl l^kil- 
kelq lelq' 

Let m be the least integer where m < n, m $ Iq n Iq. We will show how to 

adjoin m to Iq or to I'q preserving the above properties. Because, from the 

assumptions about the Py, we have 

[P*l] — [PfcmJ u [Pm(]’ 

so that 

n n t^kii — (n u n n/miii)- 
kelq lelq' kelq lelq 

Now if t e fVi, [Pkm], set Iq+1 = Iq and I'q+1 = I’q u {m}. While if 

t e fife/,' [pmi], set Iq+1 = Iq u {m} and Iq+1 = Iq. The required proper¬ 

ties are obvious in either case. Proceeding in this way to q — n (or is it n — 2 

since we started with i,j as given?) we obtain / and its complement as desired. 

Having found this / we see 07(7) > 0. Now if J is any subset with j e J and 

i $ J, then since t $ [P^], we have 07(f) = 0. We have thus proved that 

TZij(t) > 0. 
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To complete the proof we must prove in addition 

7Zij + njk + 7tki ~ 0. 
Note that in view of our above remarks about the it is sufficient to assume 

the i, j, k < n are all distinct. We must, unfortunately, write out the sum on 

the left-hand side of the above equation, namely: 

Eff/“ Z aJ+ Yugi~ Z ffj+ Z ai~ Z °j' 
iel jeJ jel keJ kel ieJ 
j$I i$J k$I j$J i$I k$J 

There are two kind of terms: positive and negative, and there are equal 

numbers of each. Thus if we can show that each positive term can be can¬ 

celled by a unique negative term that is formally equal to it, then the whole 

expression cancels to zero. In view of the symmetry of the situation, consider 

a typical term <37 with i e I and j $ I. By inspection, of the six kinds of restric¬ 

tions on the capital letter subscripts in the expression only two could con¬ 

tain an occurrence of the same subscript I. And actually only one can arrise: 

the cases kel and k $ I are disjoint. Thus indeed a positive occurrence of 

07 cancels with a unique negative occurrence with the same subscript. Our 

argument is complete. 

From the equation just proved we see that 

which implies that 

It follows that 

Zj-ti = 

Ki < y = IPtjl 

[zt(£i < i,j < n)] # T. 

Since the only interesting situation is where n ^ 2, we can derive exactly as 

in section 3 the validity in the model of 

Vx0 —iVxj,.. ., x„-1A(xt < Xj: i,j < n), (5.1) 

which gives us a large number of independence results. What we would like 

to discuss next is whether there are reasonable axioms for intuitionistic 

analysis from which these formulae (5.1) become provable. 

6. Maximality of propositional calculus. In classical logic we have a very 

easy time of it: an unprovable propositional schema leads at once to contra¬ 

diction after a suitable substitution of quite trivial formulae for the pro- 

positional letters. Thus we know in a most direct way that in our formaliza- 
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tion no valid principles have been overlooked. The predicate calculus is 

not that simple, otherwise it would be decidable. Nevertheless, if we con¬ 

sider a theory such as that of all (classically) true sentences of first-order 

arithmetic, we conclude from Gddel’s theorem that each unprovable pre¬ 

dicate calculus schema has an instance in the language of arithmetic that is 

indeed false. Let us formulate this idea as a general metamathematical no¬ 

tion. 

On the one hand we have a logical calculus (classical or intuitionistic 

propositional or predicate calculus, to be definite) which consists of various 

schemata and some rules (maybe, only modus ponens and generalization.) 

On the other hand we have a theory which consists of a set (species) of valid 

formulae in a certain (applied) language. We assume that we know what it 

means to form an instance of a logical schema in the applied language. Ob¬ 

viously we want to assume that the logic is sound for the theory; that is, all 

instances of schemata are valid and all instances of rules lead from valid for¬ 

mulae to valid formulae. What is more interesting is the question of whether 

the logic is maximal for the theory. This means that if we take a schema not 

provable in the logical calculus, then the adjunction of all instances of this 

new schema render the given theory inconsistent in the sense of the original 

logical calculus. (We can take the inconsistency to be the resultant provability 

of arbitrary formulae.) We use the word ‘maximal’ here as being more des¬ 

criptive than the overworked ‘complete’. As pointed out, classical proposi¬ 

tional calculus is maximal for any (classical) theory. Classical predicate 

calculus is maximal for certain theories, though not for any recursively enu¬ 

merable theory. What about the intuitionistic logical calculi? 

An analysis of the argument of section 5 shows that atomic formulae of 

the form y > 0 have instances which, in the model, take on any value (any 

open set). Thus with our choice of T — NN we can easily argue that if 

C(P,-: i < m) is a propositional formula not provable in HPC, then 

^ Vy0, • •ym-nC(yf > 0: i < m) (6.1) 

is valid in the model. Note that the negation falls outside the scope of the uni¬ 

versal quantifiers. Thus no instance of the unprovable C(Pj: i < m) is likely 

to lead to a propositional contradiction (unless it is classically invalid.) 

However, an obvious instance combined with universal generalization does 

lead to a contradiction. Therefore we can say that the propositional part of 

HPC is maximal for the theory of valid sentences of the model in the context 

of all the rules of HPC. Whether the full HPC is maximal for this theory the 
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author cannot see at the moment; though this may in fact follow from the 

known topological completeness proofs for HPC. 

A question that should be answered concerns those axiomatic theories 

of analysis for which we have the same HPC maximality. Kreisel has veri¬ 

fied in [5], p. 378, propositional maximality for a theory of lawless sequences. 

The theories of Kleene-Vesley [4] and Kreisel-Troelstra [14] need investi¬ 

gation on this point. The many fragmentary results of [4] point in this di¬ 

rection; and one should consider in this connection whether the full Vod/L 

continuity is really needed or just Va3!/k Another question: could there 

be any intuitionistically acceptable extension of Heyting’s arithmetic (HA) 

for which we would have propositional maximality? It seems unlikely. 

From the axiomatic point of view, propositional maximality has certain 

useful consequences. We shall now show that (6.1) together with some very 

elementary algebra allow us to formally derive the results of section 5. Hence, 

if in [4] it would have been possible to obtain (6.1), many of the results of 

[4], ch. IV would have followed directly. 

Let us recall the notation from the previous section: B{Pi}\ i,j < n) 

stood for a certain conjunction related to the axioms of order; A^P^: i,j < n) 

was an arbitrary formula such that 

[B(P0-: i,j < n) -+ A(PU: i,j < n)] 

was unprovable in HPC. Let ptj be distinct real variables for i,j < n. Our 

construction of the in section 5 could be turned into a formal proof of 

B(pu > 0: i, j < n) «-> 3x0,..., x„_t A [x, < Xj *-* pu > 0], (6.2) 
i, j<n 

where A is the sign of conjunction of several formulae. The proof would 

be rather long: Assuming the left-hand side, we would have to first introduce 

Pu = max(Ptj» 0), 

to get non-negative variables, and then invoke the elementary theorems to 

have 

Pij > 0 ~ Pu > °- 

But that is easy. Next we would have to introduce for / £ {0, 1,..n— 1} 

si = FI II Pki > 
kel HI 

where f] is the sign of arithmetic product. Elementary algebra tells us that a 

product of non-negative terms is strictly positive if and only if all the terms 
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are strictly positive. Thus the formal Sj correspond to our use of <Tj in the 

informal proof of section 5. Then we could introduce corresponding to 

the tzij and then the xt corresponding to the Again by elementary al¬ 

gebra we could transcribe our proof to finally establish (6.2). 

Now we invoke (6.1) and the unprovability of the implication combined 

with (6.2) to prove 

—i Vx0,. . x„_ i A(xt < Xj: i, j < n), (6.3) 

which is not quite as strong as what we validated in section 5. But note that 

[x; < Xj;+-> xt+y < x7+.y] by elementary algebra. This translation in¬ 

variance makes it easy to prove, as in section 3, the following 

Vx0,..x„_, A(xl < xy. i,j < n) « Vx,,..x^tA(xt < xy. i,j < n), 

(6.4) 

where on the right-hand side we have left x0free. Obviously the implication 

goes from left to right; for the converse one just translates the fixed x0 to 

an arbitrary x0. The reader can surely do this for himself. That is how we 

get the formal proof of (5.1). 

The deduction just outlined illustrates a familiar phenomenon: a result 

purely in the theory of one predicate (in this case it was <) was obtained 

only with the aid of several auxiliary notions (viz. +, •, —, max, min) to¬ 

gether with their elementary properties. In classical theories we have exam¬ 

ples in various fragments of integer arithmetic but not in the theory of order 

in the continuum. This is another indication that the intuitionistic theory of 

< is more complicated than the classical theory. 

To further illustrate the usefulness of the auxiliary notions for under¬ 

standing the basic theory of < we may mention the definitions of z e [x, y] 

and z e (x, j) given in (4.2)-(4.3). These are equivalent to the definitions in 

[3] (3.3.2.1, p. 40), and we find in [3], p. 41 a proof that 

z e [x, y] *-* min(x, 7) < z ^ max (x, .y). (6.5) 

That obviously makes very good sense and clears up the doubts the author 

had when he wrote section 4. However, in the case of the open interval the 

best we can do is 

z e (x, ,y) —1 —1 [min (x, y) < z < max (x, 7)]. (6.6) 

The author is only very slowly beginning to understand the role of —1—1 in 

intuitionistic mathematics, and hopes to discuss it again at another time. 
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A different kind of consequence of the method used to verify (6.1) shows 

us that for arbitrary formulae A 

3y[y > 0 <-► A] (6.7) 

is valid in the model. This is a strong version of Kripke's schema first men¬ 

tioned in print by Myhill [7], p. 174. Myhill’s weaker statement of the prin¬ 

ciple would read in our notation: 

3y[[y ^ o —i J] a [> > 0 -+ .4]]. 

Clearly this statement follows from (6.7) but one would guess not conver¬ 

sely. Assuming that the system of analysis supplied by our model is at all 

reasonable intuitionistically, we thus obtain a consistency proof for this 

form of Kripke’s schema. As Myhill has already pointed out, (6.7) is incom¬ 

patible with Va3/?-continuity ([7], pp. 173-174). Thus to justify the reason¬ 

ableness of our model, we must now turn to a discussion of what continuity 

properties actually are valid since such principles are desirable intuitionisti¬ 

cally. 

7. Functions and continuity. We are now going to enrich our language of 

analysis by the adjunction of function variables. We reserve /, g, h (with or 

without subscripts) for such variables and employ the usual function-value 

notation f(x) in the formal language. We are assuming our functions to be 

everywhere defined, real-valued functions of one argument. The extension of 

the language and the results to functions of several arguments seems to 

present no difficulties and is left to the reader. 

The interpretation of these functions in the model will be given in a very 

straightforward way and will lead to several obviously basic principles 

being valid. In the first place our functions will be extensional: 

V/Vx, y[x = y -+/(x) =/(y)], (7.1) 

and apartness and equality of functions will be given by the following defi¬ 

nitions: 

V/, g[f # g+-* 3x /(x) # 0(x)], (7.2) 

V/, gU = 9 <-*• —if # g]. (7.3) 

Next we will have the principle of function existence: 

Vx3!y A(x, y) -*■ 3 !/Vx A(x,f(x)), (7.4) 
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where A(x, y) is an arbitrary formula which is assumed to be extensional (as 

are all of our formulae for the time being) in the sense that 

Vx, x', y, y' [A(x, y) a x = x' a y = y' -» A(x', y')] 

must be valid. 

There are no surprises here, since (7.1)-(7.4) are clearly rather fundamen¬ 

tal for any reasonable theory of functions. What is surprising is that, without 

seeming to have built the fact into our interpretation, we do validate the 

principle of continuity: 

V/Vz, wVe > 0 3d > 0 Vx, y e [z, w][|x-y| < d -» |/(x)-/(y)| < e],(7.5) 

where we have used e and d as rational variables in place of the conventional 

e and <5. Note that (7.5) is not just point-wise continuity of every function 

but uniform continuity on every closed interval. 

A simple consequence of uniform continuity is: every rational-valued 

function is constant. A moment’s reflection shows it is enough to prove that 

every integer-valued function is constant; and, even simpler, it is sufficient 

to prove that every two-valued function is constant. This last principle has a 

simple schematic statement: 

Vx[A(x) v —i A(x)] -> [VxA(x) v Vx —i A(x)], (7.6) 

a principle which states, in Brouwer’s terminology, that the continuum is 

‘unzerlegbar’ (cf. [4], *R10.4, p. 155). The proof of (7.6) begins with the 

introduction of a function / such that 

Vx[[i4(x) a/(x) = 0] v[—i A{x) a/(x) = 1]], 

which is justified by (7.4). Then one applies (7.5) with e — 1 for an ar¬ 

bitrary pair of numbers z, w. The interval [z, w] can easily be covered by 

intervals of length d, where d is supplied by (7.5), and the inequalities 

together with an inductive argument imply that/ is constant on [z, w]. 

It is tempting on rather formal grounds to assume a version of the axiom 

of choice: 

Vx3yv4(x, y) -» 3/Vx,4(x,/(x)), (AC-RR) 

where we have followed Kreisel [8], pp. 233f, in style of terminology with RR 

meaning that the choices are from reals to reals. Without thought, (AC-RR) 

would seem to be a reasonable strengthening of (7.4); however, in view of 

the remarks in connection with (7.6) we see that it is actually invalid for the 
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extensional notion of function intended here. Indeed the formula [x < y a 

y e Q] gives the obvious counter-example. 

It is quite pleasant that to be able to achieve all the above results the in¬ 

terpretation in the model can be as simple as possible: we take as functions 

those mappings cp : -> ^ such that for £, rj e & we have 

U = ril^ MO = HOI 
This is the extensionality principle: we make (7.1) valid by definition. We 

let denote the class of all these extensional functions (p : & -> 0t. 

Further we define for q>, ip e 

W *'!'} = U MO # HOI 

This convention makes (7.2) valid also by definition; similarly for (7.3). But 

this is all that is trivial by definition; the remaining facts require proof. 

To prove the validity of (7.4) it is clearly enough to prove existence of/, 

because the uniqueness will follow in view of the hypothesis and (7.2-7.3). 

Thus we must show that 

(*,>>)] £ [3/V*/4(x,/(*))]. 

We will take advantage here of the fact that T = Nn is totally disconnected 

(though no doubt all we really need to know is that T is metric.) In such a 

space every open set is the union of its clopen subsets. Hence it is sufficient 

to prove for every clopen set K c T that if 

*C= [Vx3!M*,j/)]|, 
then 

K s [3/V*^(x,/(*))]. 

Indeed, to prove this last inclusion, we need only find a function cpK e 

corresponding to K such that 

K s [Vxi4(x, <?*(*))]• 

The advantage of working with clopen K is that for t e K and b, e 8% we 

will have a special way of defining pK(0(()> but for t $ K we can simply set 

(pK{0(0 = 0. The clopenness of K will assure that q>K(0 e ^ so defined is 

continuous. 

Thus let ^ e be fixed. Our assumption implies that 

lllyA&y)}, 
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To define (pK(£) we use the same method as in section 2 and set 

<Pk(0(0 - inf {r e Q: t e [3y[A(£, y) a y < r]]} 

for t e K; otherwise the value is 0, as mentioned above. As in the proof 

of (2.7) it is elementary to check that 

K n (pK(0~l(<L> <?') = Kn [3y[A(£, y)Aq < y < g']], 

which shows that (pK(£) is continuous on K. Therefore (pK(£) is continuous 

everywhere in T. This does not yet prove that (pK e 0. We must still verify 

/fn [£ = >;] <= {<pK(0 = <pM]; 

but this easily follows from the extensionality of A. Since (pK(£) is 0 outside 

of K, we see that indeed cpK e &31. Finally it is clear by construction that 

K £ lA((, ?>*({))], 

and the desired conclusion follows. 

The proof that (7.5) is valid is by no means as straightforward. Note 

first that (7.5) implies 

V/Vx, y[f(x) # f(y) -»• x # y], (7.7) 

which is a stronger version of (7.1). As it turned out, it is very useful to 

validate (7.7) first as a lemma, and then establish (7.5). (This point was a 

stumbling block for the author, who formulated the problem in a lecture at 

the University of Texas at Austin. Shortly thereafter the idea of the following 

proof was communicated to the author by Professor Jack Hardy, whose 

assistance it is a pleasure to acknowledge.) 

To prove (7.6) we note first that what we have to establish is this inclusion 

for <;, q e 01 and cp e 0!®: 

IHO * Hn)] s [Z* n]- 

Now after translation back to subsets of T, we can complement both sides 

of the inclusion to obtain: 

{teT: i(t) = £ {teT: q>(^)(t) = (p(ri)(t)}. (*) 

That is what we must prove; what we are assuming (because (p e 0®) is 

equivalent to: 

In {r e T: £(f) = i/(t)} £ {teT: <?(£)( 0 = 0(0}- (*•) 
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We can state the problem in words: (*) means that q> is an operator on con¬ 

tinuous functions (to continuous functions) such that if two arguments 

C, rj are equal at a point, then their images <p(C), (p{g) are equal at the same 

point. Thus <p(C)(t) only depends on t and £(t), not on the whole of C- It 

would seem that (**) is much weaker: <p(C)(t) depends on knowing t and 

knowing C in some neighborhood of t, that is, on the local behaviorof C around 

t. (The author imagined at first that one could have a function cp satisfying 

(**) without its satisfying (*). It seems odd that a problem like this has not 

been considered before, but inquiry failed to uncover any relevant infor¬ 

mation. It would fair to say that most of the operators considered in mathe¬ 

matics usually depend on the whole of C (like integration) or do not give 

continuous functions (p{C) as values (like right-hand derivatives).) 

The first main step in deducing (*) (for all C, t] e 8ft) from (**) (for all 

C, rj e 8%) is to remark that the set on the right-hand side of (**) is closed 

because <p(C) and (p(rj) are each continuous. This means that we can strengh- 

ten (**) to read: 

Cl In {t e T: C(t) = rj(t)} S {teT\ <p(Q(t) = (p(r])(t)}, (***) 

which we are assuming for all C, r\ e 8%. Now we must prove (*) for a parti¬ 

cular pair £0,rj0e 8$. Suppose t0 e T is a point such that Co(A>) = >7o(fi))- 

We will show below that we can find open subsets U, V of T such that 

Cl(C/)n C1(F) = {t0}, 

and such that £0 is bounded on U and t]0 is bounded on V. Now the function 

t0 = Z0{Cl(U)vrlo\Cl(V) 

is obviously continuous on C1(C/) kj C\(V) because £0(*o) = ?7o(fi))> ar>d it 

is bounded. Thus by the well-known Tietze extension theorem (T is a metric 

space) we can extend the function to the whole of T. We call the extension 

Co also. (This construction of C0, which is due to Prof. Hardy, is the main idea 

of the proof.) Now we make use of (***) for Co, Co and for Co, ^o- 1° 

the first instance we see by the construction ofC0 that: 

t0 e Clin {t e T: Co(0 = Co(*)}, 

and so by (***), <p(C0)(fi)) — <KCo)(?o)- In the second instance we have 

t0 e Cl In {t e T: Co(0 = *7o(0}> 
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and so again by (***), <p(C0)(fo) = <P07oXfi))- Now it follows at once that 

<p(fo)(f0) = ^0?o)(*o)> which is what we needed to establish (*). 
Filling in the part of the argument about U and V that we had postponed, 

we note first that if t0 is isolated we can take U — V — {t0}. Assume then 

that t0 is not isolated and let tlf t2, ?3, •.tn,... be an infinite sequence of 

distinct points converging to t0. Inasmuch as £0 and rj0 are continuous, they 

both must be bounded on {t,, t2, . . ., t„, . ..}. Around each of these points 

we can put small open spheres with tn e Sn such that the closures of the spheres 

are pairwise disjoint (T is a metric space!) and on which £0 and tj0 are uni¬ 

formly bounded. It follows that 

OO 

V = u S2„ 
n= 1 

and 

V^\JS2n-l 
n— 1 

are the required open sets. 

We shall now investigate the nature of the functions q> e more closely. 

The reader will appreciate that it is necessary to keep his wits about him in 

thinking about the model. We already use functions £ : T -> R to play the 

role of real numbers in the model, so that when we come to functions in the 

model we have to use operators cp : 0t -*■ 2%. Thus <p{ff) is a function for 

each £ 6 as we had to consider in the above proof of (7.7). Looking 

from the outside, the type of the objects used in the model is always higher 

than the formal type of the variable which ranges over them. This process 

of going up in type for the definition of the model is very convenient for 

making the construction simple, but we shall now show that a reduction in 

type is possible helping in the analysis of the model. 

Since cp e satisfies (*) we define 0 : Tx R -> R by the condition: 

0(t, a) — b iff for some £ e £(t) = a and <p(£)(0 = b. 

We thus have <£ well-dertermined and such that for £ e t e T: 

<?(£)(0 = {(0)- 

The point of bringing in <f> is that, as we shall now show, the function 0 is 

continuous on the product space Tx R. We argue by contradiction: suppose 

that 0 is not continuous at some point (t, a). Then there must exist an e > 0 

and a sequence of neighborhoods Un of t and a sequence of reals <5„, such that 
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the U„ monotonically decrease to {t} and the 8n to 0. Further we can find 

a sequence of points (tn, a„) where tn e Un, and \an — a\ < 8n, and 

I<£(*„, a)| > e 

for all n. Since for fixed an, a the two expressions &(t, a„) and <P(t, a) repre¬ 

set continuous functions of t, we can clearly assume that all tn A t. (Other¬ 

wise we could ‘adjust’ tn e Un and still preserve the above strict inequality). 

Furthermore, because the diameters of the Un are converging to 0, we can 

assume that the t„ are all distinct. (If not, we can choose a suitable subse¬ 

quence.) After that fuss, we can now remark that we are able to construct 

a continuous function £ e M such that £(t„) = an and 8,{t) = a, because 

the an do converge to a. But then since <p(£) is continuous, q>(8,){tn) would 

have to converge to <p(^)(t), which contradicts the above inequality. 

Now that we see why <P is continuous, we can quickly establish the 

validity of (7.5) for cp. Note first that it is sufficient to consider z = q and 

w — r, where q, r e Q and q < r. Let e > 0, e e Q. We must show: 

t = uin nin oe T; K(0>*?(0e[«» r]Ai?(o-»i(oi <5 -*■ 
S< 0 

l<K*.f(0)-<K*.»K0)l <£]}- 

Introduce an auxiliary function s:Tx (0, co ) - R by: 

e(f, (5) = sup (|<P(t, a) — <P(t, b)|: a, b e [<j, r], |a — b\ < 5}. 

The function inside the sup is a continuous function of three variables t, a, b, 

and the sup is being taken over a compact subset of R x R. It follows for a 

fixed <5 that e(t, 8) is a continuous (and well-defined!) function of t. Since 

for fixed t the real function <P(t, a) is uniformily continuous for a e [q, r], 

we conclude that e(t, 8) decreases to 0 as 8 decreases to 0. Let, then, t0 e Tand 

choose <5 so that s(t0, <5) < e. Let U £ The a neighborhood of t0 such that 

e(t, 8) < e for all t e U. We must verify that U is included in the right-hand 

side of the above topological equation. It is immediate. 

The method of proof just employed for (7.5) is also very helpful in other 

problems: for example we shall now validate in the model a principle which 

states that every positive function on a closed interval is bounded away from 

zero: 

V/Vz, w[Vxe[z, w][/(x) > 0] -» 3y > 0Vxe[z, w][/(x) ^ yj]. (7.8) 

In view of continuity, and the denseness of the rationals, it is sufficient to 
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treat only the case where z = q, w — r, q < r. For simplicity we shall in 

addition assume for our cp e 2%® that 

T = [Vxe [q, r][>(x) > 0]]. 

The more general case can be treated as in the proof of (7.4). In terms of <P 

we are thus assuming that 

<P(t, a) > 0 

for all t e Tand all a e [q, r]. Define rj e 2% by rj(t) = inf{<£(/, a) : a e [q, r]} 

for t e T. Again by virtue of the compactness of [q, r], we can check that 

r\ is continuous. But for fixed t we have <P(t, a) as a positive continuous func¬ 

tion of a e [q, r], therefore q(t) > 0 for all t e T. We can thus easily verify 

that 

T = {Vxe[q, r][<p(x) > »/]], 

and (7.8) is established. We may remark that this construction of rj shows 

also that every function has a greatest lower bound on every closed interval 

- a fact that can fairly easily be deduced from continuity (cf [1], p. 35 for 

example.) 

Our reduction of the cp : 2% ->• 2% to the <£: Tx R -a R is very useful in 

discussing other questions about the model. For example, every ordinary 

continuous function F : R -> R can be extended to 2?, as we have often re¬ 

marked, by the formula 

9(0(0 = JW))- 

The question is whether every <p e 2%® is ordinary in this sense. Well, obvious¬ 

ly not: let a e 2# be fixed and define 

9(0(0 = f(0+«(0- 

Could there be an F: R -> R such that 

F(f( 0) = C(0+«(0 

holds in general? If so, we could take £ to be constant, say 0, and deduce 

F(0) - <x(t), 

thus making a constant. Since a need not be constant, the desired counter¬ 

example is produced. 

The foregoing simple argument leads naturally to a modification of our 
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question: given cp e could we find a continuous function G : RxR -> R 

and a particular such that 

<K0(0 = G(a(r), 5(0) 

for all 5 e ^ and t e T1 The answer is again no, but the argument is more 

difficult. (The author is indebted to Kenneth Kunen for the suggestion of the 

counter-example.) In terms of the correspondng A> the problem is to find G 

and a such that 

<P(t, 5(0) = G(a(t), 5(0) 

for all 5 e & and t eT. This simplifies to 

0(t, a) = G(a(0, a) 

for all a e R and t eT. We have only to choose a very bad <P to get into trou¬ 

ble. In view of the universal properties of Nn, we can choose T> so that the 

functions tj/t: R ^ R where 

iJft(a) = <P(t, a) 

give us all continuous functions from reals into reals. That is, <P would be 

a universal function for all real continuous functions with the parameter in 

T — NN. That is possible; but, by the equation for G above, it would also 

be universal with parameter in R. That is not possible. 

We have just shown that in the model not every function need be ordinary 

or even quasi-ordinary (i.e. ordinary in a parameter a.) There is a common 

special case where we can, however, conclude that the function is indeed 

ordinary. Suppose cp has been introduced to validate 

Vjc A(x, cp(x)) 

where Vx3!yyl(x, y) is valid and A(x, y) has no additional parameters. (The 

formula can involve <, +, *, other ordinary functions and predicates, the 

predicates Q and D, and so on.) We note first that cp must be somehow in- 

variantly determined. 

Now we ask: ih what sense is cp invariant? Well, let t : T -+ Tbe any auto- 

homeomorphism of T. This extends to the model. For 5 e 01 we define 

t(5) so that 

t(5)(t(0) - 5(0 

for all t eT. (Thus t(5) = 5 ° f_1) This makes it possible to regard t : & -*• 
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—► 2%. However, it is not the case in general that t g for we have 

HO - Tfo)] - t([£ - //]). 

(Recall that i is naturally defined on open subsets of T also!) We can re¬ 

gard t as acting on28m, nevertheless. For any ijj e 2%® we define i(t//) so that 

<<A)0(0) = <<K0) 

for all £ e 0t. It is easy to check that t(ip) e 2&. Having done this, we remark 

that by the usual kind or argument, if B is any formula involving ordinary 

functions and predicates bound real and function variables, and parameters 

from 2% and then 

t([b(c, •.iA, • • •)]) = • • •> <<A)> • • •)]• 

Applying this automorphism principle to A we have 

t([A(£, /?)]]) = [A(t(£), 1(17))] 

because there are no other parameters. But 

[A(£, rj)J = [<p(0 - >j], 

hence 

fl>(<P)0(0) = *00] = = <»/)]. 

It follows at once that t(<p) = cp. 

We have thus proved that if cp e 2ft® is defined by a parameterless formula, 

then it is invariant under all automorphisms of the model determined by 

autohomeomorphisms of T. Let us see what this means about the corres¬ 

ponding continuous function $ :TxR^> R. Now 

so by substitution 

<P(0(0 = 5(0)» 

cpMOXH o) = *wo. rmm 
= f(0)- 

But x((p) = cp, so we derive 

?WO)(T(0) = *0)«0)(T(0) 

= X>(0)0(0) 

= 9>(0(0- 
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Putting two and two together we find: 

$(<, «<)) = #(*(»)> «o)- 

Since £ is arbitrary we can say 

9(f, a) = a) 

for all t e T and all ae R. But hold, the autohomeomorphism i is arbitrary, 

and T = Nn has a transitive autohomeomorphism group; thus 

<P(t, a) = a) 

for all t, t' e T. This means that does not depend on t at all and we can 

write 

<P(t, a) = F(a) 

where F : R -+ R so obtained is continuous. Thus 

9(0(0 = F(£(0)> 

and we have finally proved that (p is just an ordinary function. 

In words we could say that the above argument suggests that in intuitionis- 

tic analysis it is impossible to give an outright extensional definition of any 

function not already known from classical analysis. (Of course, the simple- 

minded identification of intuitionistic analysis with the theory of this model 

is not justified because the model is defined classically.) 

We close this section with a problem about continuity. In (7.6) the hypo¬ 

thesis means that the property A(x) decomposes the continuum into two 

disjoint parts. Let us weaken this by having two properties A(pc) and B{x) 

where Vx[y4(x) v 7?(x)], but where we do not make any disjointness assump¬ 

tion. (For example Vx[x < 1 vx > 0] is valid.) We can obviously not hope 

to have any such strong conclusion as [Vxy4(x) v Vx5(x)] (by the example!), 

but what about this principle: 

Vx[^4(x) v B(x)] -*• 3 q, r\_q < r a [Vx 6 [g, r] A(x) vVxe [q, r] B(x)]]? 

The author has not yet been able to see an answer to the question of the 

validity of this formula. The situation may become clearer after a study of 

second-order arithmetic in the model. 
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SOME RESULTS FOR INTUITION1STIC LOGIC WITH SECOND 

ORDER QUANTIFICATION RULES 

DAG PRAWITZ 

Consider the second order logical system obtained by adding ordinary quan¬ 

tification rules for predicate variables (including an abstraction principle) 

to first order intuitionistic logic. For this system, I shall prove a Gentzen 

Hauptsatz (i.e. a cut elimination theorem), which will give the following 

corollaries: 

(1) . If A v B is provable, then either A or B is provable. 

(2) . If 3xA(x) is provable, then A(t) is provable for some individual term t. 

(3) . If 3XnA(Xn) is provable, then A(Tn) is provable for some predicate 

term Tn (Tn is here an abstraction term defining an «-ary relation). 

These results, which certainly are consonant with intuitionistic principles, 

may have some bearing on the debated question whether a second order sy¬ 

stem of the described kind is intuitionistic acceptable.* 

A Gentzen Hauptsatz for classical second order logic was obtained by 

Tait [7] and later by Takahashi [8] and Prawitz [5] and [6]. Unlike the 

situation in first order logic, where a syntactical proof of Gentzen’s Haupt¬ 

satz for classical logic can be carried over almost without change to in¬ 

tuitionistic logic, these results have no immediate impact on the system that 

we are considering here. All the proofs of Gentzen’s Hauptsatz for classical 

second order logic are semantical, and to give an analogous proof for our 

present second order system, we have to supply the system with some suit¬ 

able interpretation. This can be done by extending either Beth’s [1] (as 

modified by Dyson and Kreisel [2]) or Kripke’s [3] interpretation of first 

order intuitionistic logic. It turns out that second order Beth models may 

be construed as special cases of second order Kripke models. We thus obtain 

* The intuitionistic significance of the described system has been advocated by Professor 

Georg Kreisel especially. I am grateful to him for encouraging me to carry out these in¬ 

vestigations. 
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a stronger result by proving the completeness of our system with respect 

to Beth models. I shall now carry out this task following the pattern of 

Prawitz [5] and [6]. 

1. The languages. We consider languages containing at least individual 

parameters and variables (denoted ‘a’ and ix' respectively), «-ary predicate 

parameters and variables for each n — 0, 1, 2, . . . (denoted ‘Ptt’ and lXn' 

respectively, sometimes leaving out the superscript), the implication sign 

(=>), the universal quantifier (V), the abstraction operator (A), and paren¬ 

thesis. In addition, the languages may contain «-ary function symbols for 

functions from the individuals to the individuals. Each category of param¬ 

eters and variables is supposed to be denumerably infinite unless otherwise 

stated. We assume that the parameters of each category are given in a cer¬ 

tain alphabetic order. 

The individual terms (denoted ‘f’), «-ary predicate terms (abstractions) 

(denoted ‘J’"’) and formulas (denoted ‘A’, ‘B\ . . .) are defined as usual 

(see e.g. Prawitz [4], p. 63-64); it is to be noted that terms and formulas 

never contain free variables. We shall assume that the terms of each catagory 

have been ordered in some way. 

Negation, conjunction, disjunction, and existential quantification are de¬ 

fined as in Prawitz [4], p. 67. We shall also use some other ordinary syntac¬ 

tical abbreviations and notations, which can all be found in Prawitz [4]. 

2. The calculus 3T. By a sequent in a language L we understand an expres¬ 

sion of the form r A, where f and A are (possibly empty) finite strings of 

formulas in L separated by commas. 

If II and I are sets of formulas, II => Z is to denote any sequence whose 

formulas occuring in the antecedent (succedent) are exactly those of II (Z). 

Usual abbreviations are used, e.g. A, II => B is an abbreviation for {A}vll 

=>{*}• 
We now set up the following calculus of sequents called y: 

Axioms. All sequents of the form A, II => A. 

Inference rules. 

-►=>) A, n^B 

n=>A => b AzsB, n=>c 

Vi->) n=>B 

=>->) 77=>/4 B,n=>C 

n=>A 

n=>VxAax Vxi4, n^B 
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->v2) n=>A v2->) A$:,n^B 

n^vxnApxl vxnA, n^B 

-A) n=>(Sftx11yf"A)_ X-*) {SfffyffA), n=>B_ 

n=>Xxlx2 ■ ■ ■ xnAt1t2 ■ ■ ■ tn Xxxx2 . . . xnAtxt2 II=>B 

cut) r=>A a, r=>B 

r^B 

The rules -> Vx and ->V2 are with the restriction that a and P", respectively, 

do not occur in the sequent below the line. 

Proofs (in tree form) and provability are defined as usual. 

Remark. It is easily seen that structural rules that have not been stated 

above (e.g. thinning) hold as derived rules. It is also to be noted that the 

ordinary inference rules for negation, conjunction, disjunction, and existen¬ 

tial quantification hold as derived rules by the way we have defined these 

concepts. 

A sequent containing at most one formula in the succendent will be 

called an intuitionistic sequent. All sequents provable in the calculus 

above are of course intuitionistic. However, to prove that the cut rule 

is derivable from the other rules of , it will be convenient to consider 

another calculus 3~' where also other sequents may be provable. 

3. The calculus^”'. The calculus is set up as follows: 

Axioms. All sequents of the form A, 77 => 1, A, where A is atomic. 

Inference rules. 

->=0 a, n=>B =>->) n=>Z, A B, 77=>T 

n=>Z, AzsB A^B, n=>z 

-v,) n=>A Vi-) At, n^z 
n^z, VxAax MxA, n^z 

-fV2) n=>A 

T
 <N 

>
 a%, n=>z 

n^z, vxnApxl VA"A, n=>z 

-U) n=>z, (szz::?a) (sftx2fytxfA), n=>z 
n=>Z, Xxxx2 . .. x„Atxt2 . • • tH Xxxx2 . . . xnAtxt2 . . . tn, n^z 

cut) n=>z, A A, n=>z 
n^z 
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The rules -+'i1 and -»V2 are with the same restrictions as in^”. 

One easily shows (by induction on the length of the given proof) that a 

sequent r -*■ A is provable in 3~' only if there is a formula A in A such that 

r -> A is provable in . From this, one easily obtains: 

Lemma 1. An intuitionistic sequent, i.e. of the form T -*• A, is provable 

in ^ (without cut) if and only if it is provable in XT' (without cut). 

To prove that the cut rule is derivable from the other rules of the calculus 

FT, it is thus sufficient to prove the corresponding thing for the calculus . 

4. Beth models. The (second order) Beth models will be certain trees of 

formulas paired with a language. By an (undecorated) tree we understand 

a pair (K, R) where K is a non-empty set of points or nodes and such that 

there is a relation S' in K and a point k e K (called the origin) with the prop¬ 

erties: (i) R is the ancestral of S, (ii) there is no k' in K such that k'Sk, 

(iii) to each k' in K except k, there is a unique k" such that k"Sk, (iv) for 

each k' in K, kRk'. The relation S just described may be read ‘stands im¬ 

mediately below'. By a path in a tree (K, R), we understand a sequence kt, 

k2,. . . of points in K such that kx is the origin, kt stands immediately below 

ki+1 (for each kt and ki+1 in the sequence), and kn is the last point of the 

sequence only if it is a top node (i.e., there is no k' in K different from kn such 

that knRk'). A path is said to go through k if k belongs to the path. A point 

that belongs to a path is said to be on the path. 

A Beth model is now defined as a quadruple (L, K, R, cp) where L is a 

language, (K, R) is a tree, and cp is a function that assigns a set (pk of atomic 

formulas in L to each k in K, satisfying the following condition: for each 

point k in K, if A does not belong to cpk, then there is a path in (K, R) through 

k such that A does not belong to <pk-, for any k' on the path. 

Let be a given Beth model (L, K, R, cp), let A be a formula in L, and 

let A: be a point in K. By definition, A is true (in Jt) at the point k, abbre¬ 

viated S(ff, k) (or Sm(A, k)), if and only if either 

(1) . A is atomic and A belongs to (pk, or 

(2) . A is B => C, and for each k' such that kRk', if S(B, k'), then S(C, k'), 

or 

(3) . A is dxB and for each t in L, S(Bxt, k), or 

(4) . A is dX"B and for each Pn in L, S(Bpf k), or 

(5) . A is Xxtx2 . . . xnBt112 . . . tn and S((S?£2ft*nB), k). 

A sequent FI => I in L is true (in — (L, K, R, (p)) at k, if for each k' 
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in K such that kRk', if all formulas of 77 are true at k', then some formula of 

I is true at k'. 

One easily proves by induction over the length of the formulas: 

Lemma 2. If A is not true in ~$ — (L, K, R, cp) at k, then there is some path 

in (K, R) through k such that A is not true in<Jf at any point on the path. 

By the denotation (in a Beth models = (L, K, R, cp)) of a predicate term 

Tn in L at a point k in K, abbreviated d(T", k) (or dM(Tn, k)), we understand 

(i) the set of rc-tuples (t1,t2,.. ., tn) such that Tnt1t2 . . . tn is true (iruJ?) 

at k, when n > 0, and (ii) when n = 0, the truth value 1 or 0 if Tn is true or 

not true, respectively, (in at k. 

One easily verifies: 

Substitutivity of equivalence. Let — (L, K, R, cp) be a Beth model, let 

A be a formula in L, let T and T' be n-ary terms in L such that dM(T, k) — 

= djt(T', k) for each k in K, and let A' be obtained from A by replacing 

some occurences of T with T'. Then, for each k in K, A is true in at k if 

and only if A' is. 

A Beth models = (L, K, R, cp) is said to be normal if for each T" in L 

there is a parameter Pn in L such that dM(T", k) = dM(Pn, k) for each k in K. 

A formula or sequent in L is said to be valid if it is true in each normal 

Beth model (L, K, R, cp) at each point k in K. 

By the definition of truth and the substitutivity of equivalence we obtain: 

Lemma 3. If ^ = (L, K, R, cp) is a normal Beth model, then VX"A is true in 

at k, if and only if Ajn is true in at k for each T" in L. 

Using lemma 3, one proves by induction over the length of proofs: 

Theorem 1. Every sequent provable in ST or 2T' is valid. 

Remark 1. A somewhat more natural procedure would be to replace the 

language L in a Beth model with a sequent of domains D°, Dl, D2, . . ., 

where D° is a set of individuals and D" is a set of n-ary relations in D°, and 

then to define satisfaction in the usual way. However, the definition given 

above (which of course amounts to the same thing) will be convenient in the 

subsequent completeness proof. 

Remark 2. A (second order) Kripke model would be defined as a quadruple 

(K, R, (p, i/i), where K, R, and cp are as before, and ij/ is a function that assigns 

a language (or a sequence of domains as in remark 1) to each point in K, and 

where the following two conditions are satisfied: for each k and k' in K 
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if kRk', then <p{k) £ cp(k') and ij/(k) £ i//(k'). Unlike the situation in the 

first order case, the second order Beth models are thus a special kind of the 

second order Kripke models. 

5. Refutations. The points in a tree may be divided into levels in an obvious 

way, and the levels may then be numbered in such a way that the origin is 

the point on level 1. By a refutation of a sequent S, we understand a language 

L paired with an infinite tree of sequents (i.e. a quadruple (L, K, R, i//) where 

(K, R) is a tree and ij/ assigns a sequent to each point in K), where L is a lan¬ 

guage which contains infinitely many parameters of each kind besides the 

symbols of S, and where the following conditions are satisfied: 

(1) S is the bottom-sequent (i.e. assigned to the origin). 

(2) . No sequent (assigned to a point) in the tree is an axiom. 

(3) . If the sequent Sx = r -*■ A, A is a sequent on an odd level (i.e. assigned 

to a point on an odd level), then there is one sequent S2 or two sequents 

S2 and S3 immediately above Sx (i.e. assigned to point(s) k2 (and k3) such 

that kx stands immediately below k2 (and &3)) as follows: 

(a) . If A is atomic, then S2 is f -*■ A, A and there is no S3. 

(b) . If A is B =3 C, then S2 is r -> A and S3 is T, B -*■ A, C. 

(c) . If A is VxB, then S2 is f -*• A and S3 is T -> Bxa where a is the first 

individual parameter in L not in Sx. 

(d) . If A is VX"B, then S2 is r -> A and S3 is T -+ Bp" where P" is the 

first rc-ary predicate parameter in L not in Sx. 

(e) . If A is kxlx2 . . . xnBtxt2 ... tn, then S2 is T -» A, (S^;;;*nB) and 

there is no S3. 

(4) . If the sequent Sx = A, T -»■ A is a sequent on an even level, then there 

is one sequent S2 immediately above Sx as follows: 

(a) . If A is atomic, then S2 is T, A -* A. 

(b) . UAisB ^ C, then S2 is T, B => C -> A, B or T, C -> A. 

(c) . If A is VxB, then S2 is T, B*, VxB -> A where t is the first individual 

parameter in L such that Bx does not occur in the antecedent of a sequent 

below S2. 

(d) . If A is VX"B, then S2 is T, Bj'n, VX"B -» A where Tn is the first 

«-ary predicate term in L such that B^ does not occur in the antecedent 

of a sequent below S2. 

(e) . If A is Xxxx2 . . . xnBtxt2 . . . tn, then S2 is T, (S?,‘t*2]!\*nB) -* A. 

A refutation of a sequent S is uniquely determined except for L and 

the choice to be made in (4b). By comparing the inference rules in 
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with the clauses (3) and (4), it is easily seen that if the sequent(s) S2 (and 

S3) stands (stand) immediately above Sj and is not determined by clause 

(4b), then if is unprovable in fT' without the cut rule so is (are) S2 (and 

S3). Furthermore, if B => C, T -» A is unprovable \xvdT' (without cut), then 

r, B zd C -» A, B and F, C -> A cannot both be provable in (without 

cut). Hence, if S is unprovable in without the cut rule, we can construct 

a refutation of S by choosing an unprovable S2 in clause (4b). We have thus 

proved 

Lemma 4. There is a refutation of each sequent which is unprovable in ST' 

without the cut rule. 

Note that the choice to be made at applications of clause (4b) is not ef¬ 

fective in general; lemma 4 is thus proved only classically. 

Given a refutation (L, K, R, ip) and a point k in K, we define: 

A is positive at k if and only if on each path in (K, R) through k, there is a 

point k' such that A occurs in the antecendent of the sequent t//k>. 

A is negative at k if and only if there is some point k' such that kRk' and 

A occurs in the succedent of i]/k-. 

From the definition of a refutation (L, K, R, i//), we verify the following 

facts: 

Lemma 5. (a). If A is atomic and negative at k, then there is a path through 

k such that A is negative at each point on the path. 

(b) If A is atomic and positive at k, then A is not negative at k. 

(c) (1). If A => B is positive at k, then for each point k' such that kRk', 

either A is negative at k' or B is positive at k'. 

(2) . IfdxA is positive at k, then A* is positive at k for each t. 

(3) . IfdXnA is positive at k, than A*" is positive at k for each T". 

(4) . If lx l x2 ... x„Atl t2 ... tn is positive at k, then (Sftxf;; ’t*”A) is positive 

at k. 

(d) (1). If A => B is negative at k, then for some k' such that kRk', A is 

positive at k' and B is negative at k'. 

(2) . IfdxA is negative at k, then A* is negative at k for some t. 

(3) . IfdXnA is negative at k, then Aj" is negative at k for some Tn. 

(4) . If Xxtx2 ... xnAt1t2 ... tn is negative at k, then (S^tx22ftx''A) is 

negative at k. 

Proofs. All the proofs are quite straightforward with the exception of 

case (cl), which is obtained as follows: Assume that A B is positive at k 

and that kRk'. We consider two cases: 
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Case (i): A =3 B is positive at k' with respect to the subtree whose origin 

is k'. Then for each path through k' there is a point k" such that k'Rk" and 

such that the sequent assigned to k" is obtained by applying case (4b) to 

the formula A B. There are now two possible cases: either all of these 

applications of (4b) are obtained by writing B in the antecedent in which 

case B is positive at k', or some of these applications of (4b) are obtained by 

writing A in the succedent in which case A is negative at k'. 

Case (ii): A ^ B is not positive at k' with respect to the subtree whose ori¬ 

gin is k'. Then there must be some point k" such that k"Rk' and such that 

the sequent assigned to k" is obtained by applying the case (4b) to A => B 

writing B in the antecedent. Hence, in this case, B is positive at k'. 

6. Main results 

Theorem 2. Every valid sequent is provable in ET' without the cut rule. 

Proof. Let r -> A be a sequent that is not provable in without the cut 

rule, and let 0t — (L, K, R, if/) be a refutation of T -» A (lemma 4). 

By a possible value of a term Tn, n > 0, (with respect to we understand 

a function V on K such that for each kin K 

(1) . V(k) is a set of ^-tuples (tl5 t2, . . ., tn); 

(2) . if Tt112 .. . tn is positive at k, then (ty, t2,.. ., tn) e V(k); 

(3) . if Tty t2 . . . tn is negative at k, then (ty, t2, . . ., tn) <£ V(k); 

(4) . if (tj, t2, . . ., tn) $ V(k), then there is a path in (K, R) through k 

such that (ty, t2,. . ., /„) ^ V(k') for each k' on the path. 

By a possible value of a term T°, (with respect to &), we understand a func¬ 

tion V on K such that for each k in K: 

(1) . V(k) is one of the two truth values 1 (truth) and 0 (falsehood); 

(2) . if T° is positive at k, then V(k) = 1; 

(3) . if T° is negative at k, then V(k) = 0; 

(4) . if V(k) = 0, then there is a path in (K, R) through k such that 

V(k') — 0 for each k' on the path. 

For each Tn and for each possible value V of Tn, we introduce a new con¬ 

stant Py not in L in such a way that Py is different from Py., if F# V. The 

language obtained from L by adding all these new parameters is denoted by 

L'. If A is a formula in L', then A* is to be a formula obtained from A by re¬ 

placing every one of the new constants Py with a term T in L that has V as a 

possible value. 
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Let^/f be the quadruple (Z/, K, R, cp) where L', K and R are as above and 

(p is the function from K such that <pk (k in K) is the set containing (i) all 

atomic formulas positive in 8% at k, (ii) all formulas Z*° such that V(k) = 1, 

and (iii) all sentences Pytl t2 ... tn such that (t,, t2, ■ ■ ., t„) belongs to V(k). 

We want to prove: 

(a) . ^ is a Beth model. 

(b) . If A* is positive in & at k, then A is true in^# at k. 

(c) . If A* is negative in 8ft, at k, then A is not true in^# at k. 

(d) . is a normal Beth model. 

The theorem may then be inferred as follows: Since the formulas of r (A) 

are positive (negative) in 8ft at the origin of the tree {K, R), they are thus true 

(not true) in Jt at this origin (note that A* = A, if A is a formula in L). 

It follows that r ->• A is not true in the normal Beth model Hence, r -*■ A 

is not valid. 

Proof of (a). Follows from lemma 5(a) and clause (4) in the definition of 

possible value. 

Proof of (b) and (c). The proof is by induction over the length of the for¬ 

mula A. If A is atomic and is a formula in L, then (b) is obvious from the con¬ 

struction of (p, and (c) follows from this construction and lemma 5(b). 

If A is Py or Pytx t2 ... tn, then (b) and (c) are obvious from the construction 

of cp and clauses (2) and (3) in the definition of possible value. 

The induction step is obvious by comparing lemma 5(c) and 5(d) with the 

definition of truth. We take one example: Suppose (dXnB)* is positive at 

k. Since (XXnB)* = VXnB*, it follows from lemma 5(c3) that B**" is positive 

at k for each Tn in L. For any Pn in L', (B*n)*= B**" for some term Tn in 

L. Hence, for each Pn in L!, (B*„)* is positive at k. By the induction assump¬ 

tion, Bp2 is then true in J' at k for each Pn in L\ i.e. by clause (4) in the de¬ 

finition of truth, VArnB is true in^f at k. 

Proof of (d). We first verify that for each term T, dM(T, k) (considered 

as a function on K) is a possible value of T*. Condition (1) is obviously 

satisfied; conditions (2) and (3) are satisfied according to (b) and (c), re¬ 

spectively; and condition (4) is satisfied according to lemma 2. It follows 

that there is a parameter Pv in L' such that dM(T, K) = dM{PV, k) for each 

k in K. 

Theorem 3. If a sequent is provable in or ZT', it is provable without using 

the cut rule. 

Proof. Assume that f -> A, A and A, T -> A are provable in ST or . 
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By theorem 1, T -» A, A and A, F -» A are then valid. It follows that F -*■ A 

is valid, and hence, by theorem 2 (and lemma 1), also provable in fT' (fP) 

without using the cut rule. 

Theorem 4. (a). If ->Av B is provable, then either ->A or -*B is provable. 

(b) . If -+3xA is provable, then so is -+A* for some t. 

(c) . If ->3X"A is provable, then so is A*" for some Tn. 

Proof. We prove part (a) and (c) of the theorem for the calculus 2P. 

The proof of part (b) is similar to that of part (c). 

Proof of (a). Assume that -*A v B, i.e. 

^VX((T 3 X) 3 ((B X)) 

(where X is a 0-ary variable not occuring in A or in B) is provable. It follows 

(by the fact that the rules ->V and -> => are inversible) that 

/t 3 P, /j 3 P —>• P 

is provable, where P may be choosen foreign to A and B. Hence, either 

A=>P, B^>P-+A or AzsP,B-=>P-+B 

is provable. Since P does not occur in A or B, we obtain by substituting 

A v B for P that, either 

A ^ (A v B), B zi (A v B) -* A or A 3 (T v B), B 3 {A v B) -* B 

is provable. Since ->A 3 (A v B) and ->5 3 (dv5) are provable, it follows 

that either ->A or ->5 is provable. 

Proof of (c). Assume that ->3XnA, i.e. 

->VF(VT"(^ 3 Y) 3 Y) 

(where Yis 0-ary variable not occuring in VXnA) is provable. As in the proof 

of (a), we can infer that for some P not occuring in VX"A and for some /i-ary 

terms T1,T2,..., Tm, 

1X"(A = P), A\" => P, A?, = P.Axr„ = P -* A*" 

(where 1 < i < m) is provable. Since sequents of the form 

-+VXn(A 3 3XnA) and ->A*" => 3X"A 

are provable, we infer by substituting 3XnA for P that ->A^" is provable 

for some «-ary term T. 
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Remark. Theorem 4 also holds when the antecedent is not empty as long 

as there is no predicate variable in an atomic and strictly positive part of 

a formula in the antecedent. The strictly positive parts of a formula A are 

defined recursively as follows: 

(1) . A is a strictly positive part of A. 

(2) . If C => B, VxB, or 'iXnB is a strictly positive part of A, then so is B. 

(3) . If Xx1x2 . ■ ■ xnBt1 t2 ... tn is a strictly positive part of A, then so is 
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ON CUT ELIMINATION IN INTUITIONISTIC SYSTEMS 

OF ANALYSIS 

B. SCARPELLINI 

In what follows we consider certain intuitionistic systems of analysis, for¬ 

mulated in terms of the sequential calculus. Our aim is to outline proofs 

of certain results, in part on cut elimination, about these systems. 

1. We start by giving a quick review of Gentzen’s second consistency proof. 

As language L we take one whose alphabet contains the following kinds of 

symbols: 

(1) . logical symbols a, v, =>, 3, V, 

(2) . brackets (, ), 

(3) . the individual constant 0, 

(4) . constants for certain primitive recursive (p.r.) functions such as 

+ , x, ', etc., 

(5) . the equality sign =, 

(6) . individual variables x2, x2,..x, y, etc., 

(7) . function variables for one place number theoretic functions al9 

«2, ■ ■ ; P, 7 etC., 
(8) . for every finite sequence w = <w0,. . ., «s> of natural numbers a 

denumerable list of so called special function constants a^, a*,. . ., 

(9) . the sequential arrow 

Terms, prime formulas and arbitrary formulas are defined as usual inductive 

ly. An expression 9IX,. .2IS -► 93x,..23( where 2I;, are formulas is 

called a sequent. As sublanguage L* of L we take the one whose alphabet 

contains only the symbols listed under (l)-(6) and (9). Formulas and se 

quents are then defined with respect to this alphabet. The rest of section 1 

refers only to L* as basic language. The terms 0, O', 0”,... are called nu¬ 

merals and correspond as usual to the natural numbers. A sequent is called 

a prime sequent if it contains only formulas of the form p = q, that is prime 

formulas. At this stage let us associate once and for all with every «-place 

271 



272 B. SCARPELLINI D XVIII 

constant c for p.r. functions a fixed p.r. function (pc of n arguments; in par¬ 

ticular we associate with +, x,', addition, multiplication and successor, in 

that order. This valuation induces in a natural way a mapping h which 

associates with every term t containing precisely n variables a p.r. function 

ht of n arguments. In particular if n = 0 then ht is a number which will also 

be denoted by |t|. Now we can call a constant prime sequent true if it is true 

under the usual interpretation. A prime sequent is called verifiable if it is 

true whenever we replace the free variables by constant terms. Finally let 

us call two formulas 21, 21' isomorphic (to each other) if there is a formula 

23(x!,..., x5) and two lists of constant terms ^ , . . ., t, and qt,. .., qs such 

that 

(1) . 2t is SBCtj.ts), 

(2) . 21' is S3(ql5..., qs), 

(3) . |q,-| = |t,| for i ^ s. 

Now we can introduce the sequential version ZT of classical number theory. 

The rules of ZT are given by the following list: 

(1) . the rules of the first order sequential predicate calculus, 

(2) . induction, 

(3) . a special rule called conversion, defined as follows: 

2I1,...,2ls->2S1,...,23t 

2ii,...,2i;->23;,..., 23; 

where 2Ii5 2f; and 23fc, 23^ are isomorphic. 

The axioms of ZT are roughly speaking the following: 

(1) . all numerically true prime sequents with at most one formula in the 

succedent, 

(2) . a sufficiently large set of verifiable sequents containing among others 

all axioms of equality, 

(3) . all sequents of the form ® -> with ®, isomorphic. 

Having the rules and the axioms we can define proofs in the usual way. 

Proofs will always be considered as trees whose nodes are sequents. A clas¬ 

sical proof HP is intuitionistic if it has the property: ^contains only sequents 

having at most one formula in the succedent. If we admit only intuitionistic 

proofs then we obtain the intuitionistic version of ZT, to be denoted by ZTi. 

Before looking at Gentzen’s second consistency proof let us repeat the 

definition of the final part of a proof a sequent S belongs to the final 

part of a proof if it is either the end-sequent, or if it is a premise of a conver- 
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sion, or a structural rule whose conclusion belongs already to the final 

part. We also use the self-explaining notions of ‘successor’ and ‘image’ 

for formulas in the final part. Definititions of this or similar notions are 

given in [1], [4], [6]. In order to prove consistency Gentzen introduced in 

[1] certain syntactical transformations of proofs, called reduction steps. 

There are three kinds of these, namely 

(1) . elimination of logical axioms and of thinnings from the final part, 

(2) . elimination of logical inferences from the final part, 

(3) . elimination of induction inferences from the final part. 

Reduction steps of type (1) will be referred to as preliminary reduction 

steps, while steps of type (2) and (3) are called essential reduction steps. 

The precise definition of these reduction steps (or simply reductions) is 

not needed. It is sufficient to know a few of their properties. 

The proof of the following theorem is elementary and is given in [1]. 

Theorem 1. (a). Only finitely many successive preliminary reduction steps 

can be applied to a given proof 3P. 

(b). Let SP be a proof whose final part contains no variables and which 

does not admit any reduction step. If SP is different from its final part then there 

is at least one logical inference whose conclusion is in the final part and whose 

principal formula has an image in the end-sequent. 

If 3P' is obtained from SP by means of a series of preliminary reductions 

and one essential reduction then we denote this fact symbolically by SP'VSP. 

Then we define: SP'\*SP iff there are proofs SP$,..., SPs such that SP0 = SP, 

SPs — SP' and SPi+-f\SP{ for i < s. It is clear that V* is transitive. 

Gentzen’s main result is 

Theorem 2. The relation V* is well founded. 

Gentzen proved theorem 2 by associating with every proof SP an ordinal 

#(P) and by showing that SP'y SP implies g{SP') < g{SP). 

In order to state an immediate consequence of theorems 1 and 2 we recall 

the notion of a constructive, infinite cut free proof, introduced in [1]. By 

transfinite induction over V*, making thereby use of theorems 1-2 one pro¬ 

ves easily 

Theorem 3. If SP is a proof in ZT of S then there exists a constructive in¬ 

finite cut free proof SP' of S. If SP is intuitionistic then SP' is intuitionistic. 

Gentzen proved his results for a subsystem of ZT which does not contain 
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conversion or implication. However, it is easy to extend his procedure so 

as to include ZT; details concerning this are given in [6]. It is also not dif¬ 

ficult to extend Gentzen’s method so as to include the intuitionistic system 

ZTi; this is also treated in [6]. 

Another immediate consequence of theorems 1-2 for ZTi, which is prov¬ 

ed in [6] is 

Theorem 4. (a). If SP is an intuitionistic proof of -» 91 v 33, where 21, 23 

contain no free variables, then one can find effectively a proof SP' of -> 21 or 

-»S3. 
(b). If 0* is an intuitionistic proof of -> 3x21(x) where 21 contains only x 

free, then one can find effectively a term t and an intuitionistic proof 0' of 

- 21(t). 

2. Next we look at weak extensions of ZT for which Gentzen’s method still 

works. Let D(x) be a p.r. predicate and -< a p.r. partial ordering of 

{x|D(x)}; assume that -< is well founded. Let g and b be two constants in 

ZT which express -< and D numeralwise. For easier reading we abbreviate 

g(x, y) = 0 by x -< y without danger of confusion and for b(x) = 0 we 

write just d(x). Assume for simplicity that ZT contains already the following 

axioms: 

(1) . p-<q,q-<t-*J)-<t, 
(2) . p < q, q -< p -> 
(3) . p < q, p = q -+ , 

(4) . p < q -> d{fi), 
(5) . 1) -< q -> </(q), 

where p, q, t are terms. By ZT(<) we denote that extension of ZT which 

has the following additional rules: 

d(y)> (x)(x < y => 21(v)), r -y A, 21(y) 
TI - 

d(t), r -> A, 21(t) 

and for every t with £>(|t|) true the following rule 

y < t, (x)(x <y 2I(x)), r -»■ A, 21(y) 

TI|t, 
P<t,r^A, sift) 

where y does not occur in the conclusions and where t in the fiist case and p 

in the second are supposed to be free for y in 21()>). The two rules are denoted 
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by TI and TI„ respectively (with |t| = n) and have already been introduced 

in this form in [2]; they express adequately transfinite induction with 

respect to -< and (<x,y} \x<n a y <n a x <y). The rules TI„ are 

superfluous but have been added for technical reasons as will be seen below. 

To the reduction steps already used by Gentzen we add new ones, namely 

those for TI- and TI„-inferences with conclusion in the final part. Let SP be 

a proof containing no variables in the final part. Let there be a particular 

Tl-inference having its conclusion in the final part. 

Case 1. D(|t|) is false. Then d(t)-> is an axiom from which d(t), T->zl, 

2l(t) can be derived by thinning and interchange. 

Case 2. £>(|t|) is true. Now y < t -> d{y) is an axiom and so we can per¬ 

form the new deiivation presented below. Here we have suppressed T, zl in 

order to save space, and abbreviated (x)(x <y 2l(x)) by (x)^j,2I. 

y < t d(y) d(y), (x)<yM -> 2I(y) 

cut - 

y < t, (x)^y2I -> 2t(y) 

TIm 
g «< t -> 9l(S) 

—» ID - 

—►§-<!=> 21(g) 

->V - I 

->(s)<t2I (x)<t%d(t)-W(t) 
cut ------ 

d(t) -> 2I(t) 

The reduction step for TIn looks quite similar: 

Case 1. |p| -K |t|. Then p -< t -> is an axiom from which p -< t, r -> zl, 

2I(p) can be derived by thinning and interchange. 

Case 2. |p| -< |t|. Now .y«<p, p-Ct-^-y-Ctisan axiom and so we can 

perform the new derivation presented below. There we observe the same con¬ 

ventions as before. 

y <p, p <t~* y <t y < t, (x)<y 21 -+ 2I(y) 

cut - 

y < p, (x)<y2l, p < t -* 2I(y) 

TI,p, - 
g < p, p -< t -*■ 21(g) 
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21(3) 

-►V - j 

P < t -* (x)<p St (x)<p St, P < t -*• St(p) 

cut - 

p < t -> 3l(*0 

With these reduction steps (called TI- and TI„-reductions for short) added 

to the previous ones it is an easy task to prove the analogue of theorem 1 in 

an elementary way. Gentzen’s program is completed if we can prove theo¬ 

rem 2 also for the present case. Let us indicate briefly how this is achieved. 

In this context we use the notions and notations used in [1] and [7]. First 

we associate with every premise 5 of a TI- or a TI„-inference the number of 

logical symbols in (jc^SI and call it the order of S. If S is the premise of a 

cut or an induction then we take as the order of S the number of logical sym¬ 

bols in the cut formula or the induction formula respectively. Now we can, 

as in [1] and [7] associate with every sequent S in a proofs2 another num¬ 

ber, called its height and to be denoted by h(S). Finally let £ be the ordinal 

associated with -< and the ordinal associated with {<x, y}\x<n Ay<n a 

x<y} where D(n) is true. Let S be the premise of a Tl-inference and 

S' its conclusion. If a is the ordinal of S then we take cod((a # co?)co{) 

as ordinal of S' where d = h(S) — h(S'). If S is the premise of a Tl-inference 

then we take cod((a # cox)cox) as ordinal of S' where 2 = The verifica¬ 

tion that a TI- or TI„-reduction lowers the ordinal of (the end-sequent of) 

the proof 3P requires a routine calculation which is omitted. For the pre¬ 

vious reduction steps everything remains the same as before and so we obtain 

in a straightforward way the analogue of theorem 2 for ZT(-<). With theo¬ 

rems 1-2 at our disposal we can prove theorem 3 by transfinite induction over 

V* where V* is defined as in section 1 but with respect to the reduction steps 

of ZT(«<). In the same way we can now also prove theorem 4 proceeding 

exactly as in [6]. 

3. Before coming to the main part of this paper we consider a conservative 

extension ZT*(-<) of ZT(<). Formulas and sequents of ZT*(<) are now 

defined with respect to L. While the valuation of constants for p.r. functions 

is retained, we can explain the role of the special function constants as fol¬ 

lows: if w — <w0,. . ., ws_!> then oclw represents a function whose first s 

values are determined by w but which is unspecified otherwise. This leads 

us to consider a term such as e.g. t(a, oc‘w, x) (containing no other variables 
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and special function constants) as representing a certain continuous func¬ 

tional t(a, x) where a may run over arbitrary functions while ft is restrict¬ 

ed to those functions for which /?(i) = ut for 0 < / < 5—1. Let us call a 

term saturated if (1) it contains no variables but possibly special function 

constants a^,. . ocsWs, (2) if the sequences wlt.. .,ws determine the nu¬ 

merical value of t completely. For a saturated term we denote by |t| its nu¬ 

merical value. The notion ‘SC is isomorphic with SC” is defined as in section 1 

except that the terms t, q are now only required to be saturated. A prime 

sequent is called saturated if it contains only prime formulas t = q with t, q 

saturated. A saturated prime sequent is called numerically true if it is true 

under the usual interpretation. Verifiable sequents are defined as before. We 

now take as axioms for ZT*(-<) all those of ZT(<) (with ’isomorphic’ and 

‘numerically true’ in the new sense) plus for every special function constant 

oc‘w with w = <w0, . . .. the axioms -> v.lw{k) = uk for k < s— 1. The 

rules of ZT*(-<) are essentially the same as those of ZT(-<) except that now 

also quantifier rules for function symbols are available and that the conver¬ 

sion rule is now defined with respect to the new notion of isomorphism. 

We can now prove in exactly the same way theorems 1,2 as before. A minor 

complication related to the presence of function variables appears now in 

the proof of theorem 3; it is in this connection where the use of the is 

very convenient. We will meet this complication again in the proof of theo¬ 

rem 3* in section 4. Theorem 4 remains true under the additional assumption 

that the formulas (3x)21 and contain neither function variables nor 

special function constants; its proof parallels the one in [6]. 

4. Denote by ZT* the theory which we obtain from ZT*(-<) by omitting 

TI, TI„ (that is just classical number theory but with reference to the lan¬ 

guage L). Let L(y, z, x) and D(y, x) be two p.r. relations such that for every 

x e {<>>, z>|L(y, z, x)} is a partial ordering of {y\D(y, x)}. Let g(x, y, z) and 

b(y, x) be terms such that L and D are formally represented by g(x, y, z) = 0 

and b(y, x) = 0. Let us abbreviate g(x, y, z) = 0 by y <x z or sometimes 

even more simply by y < z\ let us abbreviate b(y, x) = 0 by d{y) or by 

dx(y). For simplicity we assume that ZT* contains all the axioms 

(1) . p < q, q -< t -> p < t, 
(2) . p < q, q -< p 
(3) . p < q, p = q -+ , 

(4) . p < q -► d(p), 
(5) . p < q - d(c\). 
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The system ZB is obtained from ZT* by adding the following new rule: 

dt(y), 0)(x -<t y => 9l(*))> r -* a, 2fi» 
TRI - 

W«t), rft(q),T->d,2I(q) 

where t is an arbitrary term, q a term free for y in 2I(y) and y a variable 

which is not free in the conclusion. JF(<t) is the formula (a)(3x)(—i«(x + 1) 

«<t a(x)). By an appropriate choice of -<* it is easy to show that ZB is 

equivalent to the classical version of the theory TIQf in [3]. The intuitionis- 

tic version ZBi is again obtained by admitting only those proofs which con¬ 

tain only sequents having at most one formula in the succedent. If we en¬ 

quire whether it is possible to prove theorems 1-4 also for ZB (with appro¬ 

priate reduction steps) it turns out that this is impossible in view of a theorem 

of G. Kreisel whose proof is outlined in the appendix of section 1 of the 

Stanford report. For ZBi however we shall see that reduction steps can be 

introduced so as to obtain theorems 1, 2 and 4 and a restricted version of 

theorem 3. To this end we need a lemma which is almost trivial to prove but 

which is basic for all later considerations. We remind that a proof in 

ZBi is a certain finite tree; the final part of £? (which is defined in the same 

way as before) is a certain subtree of Therefore we can arrange the upper¬ 

most sequents of the final part in a well-determined way from left to right: 

S0,..., Sn. One easily shows: for two uppermost sequents S', S" of the 

final part, S' is left of S" iff there is a cut in the final part with left premise 

S* and right premise S'*, such that S* is below or equal to S' and S* is below 

or equal to S". 

(Basic) Lemma 1. Let SP be an intuitionistic proof which contains no thinning 

on the right in the final part and whose end-sequent has the form -> 21. Let 

S0, . . Sn be the uppermost sequents of the final part listed from left to 

right, let St be rt -> 21 

(1) . If i < n we can effectively find a proof 3P' of ->21;, 

(2) . if IB occurs in some rj,j ^ n, then one can find effectively a proof of 

Remark. A stronger version of this lemma is given in [6], theorem 7 but 

only for ZT. The assumption that there is no thinning on the right in the final 

part of 2P could be dropped but helps to simplify the argument below. 

Proof. We proceed by simultaneous induction with respect to i. If i = 0 

then (1) and (2) are satisfied by S0 which necessarily has to be of the form 
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-> 2I0. Let (1) and (2) be true up to z'-l. If 23 occurs in rt, then there is a cut 

with left- and right-premises S' and S" respectively whose cut formula 23* 

in S" is an image of this S3. Since there is no right thinning present in the final 

part of SP we necessarily find an Sa with a < i such that the cut formula S3* 
in S' is an image of the 2Ia in ra-*■ 21,*. By induction there is a proof of -»• 2Ia. 

Since S3* is isomorphic both with 2Ia and with S3, there is also a proof of 

-> S3. Since now —> S3 is provable for every S3 in F; and since a proof of 

r, -* 2If is already at hand there is also a proof of -> 2l;, thus verifying both 

(1) and (2) for St. 

Next we say that a proof in ZB has degree n if every formula in 2P contains 

at most n logical symbols. Denote by ZBi„ the subsystem of ZBi obtained by 

admitting only proofs of degree n. Now we introduce a certain conservative 

extension of ZBi, namely ZBi' which has all the rules and axioms of ZBi and 

in addition the following rules: 

(1) . If e is the Godel number of a proof SP in ZBi of JF(«<t) where t is a 

saturated term, the rule 

Hy)> (*)(* <t y =» 8t(*))> r -> 2i(y) 
TRIe e - 

dt(q), r - 2I(q) 

with q free for y in 2I(y) and y not free in the conclusion. 

(2) . With e, t, q as before and for n such that D(n, t) is true, the rule 

y <tn, 0)(x <t y =3 9t(x)), r -* 2I(y) 

TRI" e --- 

q <tn, r 2I(q) 

A proof SP' in ZBi' has degree n if all formulas in SP' contain at most \n lo¬ 

gical symbols and if every Godel number e in an inference TRIe or TRI", 

is the Godel number of a proof of degree n. Restriction to proofs of degree n 

yields a subsystem ZBi' of ZBi'. It is easy to prove 

Lemma 2. If ZBi; b % then ZBi„ b 

For each n we make the following assumption A„: if S3 is a I7j-formula such 

that ZBi„ b S3 then S3 is true. 

Remark. Lemma 1 holds of course invariably for ZBi', ZBi; and ZBi„, as 

follows from its proof and lemma 2. By lemma 2, An remains true if we re¬ 

place there ZBi„ by ZBi;. Call a proof SP in ZBi; normal if all its terms in the 
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final part are saturated, if its end sequent has the form -* 21, and if no 

thinning occurs in the final part. For normal proofs we define reduction steps; 

with the exception of one we have introduced all these reduction steps in sec¬ 

tions 1 and 2 already. Specifically we have (1) elimination of logical axioms 

and thinnings from the final part, (2) elimination of logical inferences from 

the final part, (3) elimination of induction steps from the final part. We have 

TRIe- and TRI"-reduction steps which are exact copies of the corresponding 

TI- and TI„-reduction steps introduced in section 2. Finally, if there is 

a TRI-inference 

dt(y), (x)<y%T -+ 21(y) 
TRI - 

JF(<Ut(q),r^2l(q) 

with conclusion in the final part, then, in view of lemmas 1 and 2, the remark, 

and the definition of normal proof, we find a Godel number e of a proof in 

ZBi of IF(-<t). Hence we can replace the TRI-inference by a TRIe-inference: 

dt0), 0)0 y => 210))> r ®O0 
TRIe- 

dtO)> r -* 21(q) 
thinning - 

W(<tl dt(q), r -> 2l(q) 

Reduction steps of type (1) above are again called preliminary, all other 

reduction steps are called essential. For normal proofs SP, SP' we define 

SPySP iff SP' follows from SP by means of some preliminary and one essen¬ 

tial reduction step. The relation V* is then defined in the same way as the V* 

in section 1. For normal proofs we can again prove theorem 1 in section 1 in an 

elementary way. In order to prove theorem 2 for our V* we have to associate 

ordinals with proofs in such a way that an essential reduction step lowers the 

ordinal of the corresponding proof SP. Let us denote by An the smallest ordi¬ 

nal larger than the ordinal of any <m for which ZBi^, 1- IT(-<m) holds. Next, 

a natural number, called order, is associated with every sequent S in a proof 

SP which is premise of one of the following inferences: (1) cut, (2) induc¬ 

tion, (3) TRI, TRIe or TRI". In cases (1), (2) we take the number of logical 

symbols in the cut or induction formula, in case (3) we take the number of 

logical symbols in (x)(x <ty => 2I(x)). Having defined the order we can associate 

a height h(S) with every sequent Sin^ in the same way as in [l]and [7]. Now 

we associate an ordinal o(S) with every sequent S in SP and distinguish cases 
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according to whether S is (1) an axiom or else the conclusion of (2) a con¬ 

version or a structural rule other than cut, (3) of a logical rule, an induction 

or a cut, (4) of a TRI-, TRIe- or a TRI"-inference. In the cases (l)-(3) we 

proceed as in [1], [7]. If S is the conclusion of an inference under (4) with 

premise S' and if o(S") = a has already been determined then we put o(S) = 

= oid((a# a)5)co4) where d and £ are determined as follows: 

(1) . d = h(S')-h(S), 

(2) . £ is if the inference is a TRI, 

(3) . if the inference is a TRIe then ^ is the ordinal of <t where e is the 

Godel number of a proof of -> IF(-<t), 

(4) . if the inference is a TRI”, then £ is the ordinal of {<x, y}\x <ty a 

x, y «<t m) where e is as before. 

The ordinal of SP is the ordinal of its end-sequent. The verification that 

an essential reduction step lowers the ordinal of a normal proof is now only 

a matter of routine, which leads to the same calculations as in the case of 

ZT(-<). As a corollary of this fact we reobtain now theorem 2 of section 1 

for the present relation V*. From theorems 1,2 we obtain theorem 4 for 

ZBi' and hence also for ZBi„ but with the same additional assumption as 

in section 3. 

We sketch the proof of theorem 4. Let SP be a normal proof of -> (3x)2I(x). 

In view of theorem 2 we can transform SP by means of finitely many reduc¬ 

tion steps into a normal proof SP' which does not admit any reduction step 

at all. Then there is an inference in SP' which satisfies the requirements of 

theorem 1. It is now easy to see that this inference is the right-most one 

amongst all inferences having their conclusions in the final part and it must 

have the particular form 

T - ai(q) 

r -+ (3x)')(ix) 

for some constant term q. By omitting this inference we obtain the proof 

required by theorem 4. 

In order to state that form of theorem 3 which holds in our case we de¬ 

fine by induction the notion- of a positive formula: 

(1) . a prime formula is positive, 

(2) . if 91,58 are positive then 21 a 58, 2Iv33, (3x)2I, (Vx)2I, (3a)2I, (Va)2I 

are all positive. 
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Theorem 3*, If & is a proof in ZBi' of -*• 51 with 21 positive then there is an 

infinite constructive proof of -> 21. 

Proof. We will give a brief sketch of the proof. We proceed by induction 

with respect to the number n of logical symbols in 21 and for fixed n by trans- 

finite induction with respect to V*. In order to fix the ideas we consider an 

21 of the form 23 v(£. We assume for simplicity that 21 contains no variables 

and exactly one constant aw; we may therefore write 21(aw) in place of 21. 

Without restriction we may assume that gp does not admit any preliminary 

reduction step. 

Case 1. gP is normal and admits an essential reduction step which trans¬ 

forms gP vtitogP'. After a possible application of some preliminary reduction 

steps to gP' we obtain a gP" which is normal, has the same endsequent as gP 

and satisfies gP'V*gP. The statement then follows by transfinite induction. 

Case 2. gP is normal and does not admit any reduction step. Using 

theorem 4 we find a proof gP' of -> 23 or -» ©. The statement then follows 

from the induction hypothesis. 

Case 3. gP is not normal. This means that not every term in the final part 

of gP is saturated. Call a finite sequence v good if (1) v is an extension of w, 

(2) replacing aw by a„ in gP gives a normal proof gPv, (3) if v is a proper ex¬ 

tension of v' then v' does not satisfy (1) and (2). For each good v case (1) 

or (2) applies to gP and so we obtain cut free proofs gPv of -* 2l(a„). With the 

aid of the cu-rule we can piece the gP'v together so as to obtain a cut free 

proof of -> 2t(aw). 

Theorem 3* remains true if all quantifier-free formulas are admitted as 

positive. In the system ZBi only numerical parameters are allowed in -<; 

however only routine additional work is needed in order to carry through 

the arguments of section 4 for a system in whicn -< may depend on function 

parameters. 

5. We consider briefly a generalization of the above to stronger theories. 

To this end let <= be a p.r. relation such that v c= w iff v, w are finite sequen¬ 

ces and v is a proper extension of w; denote for simplicity by c: also a fixed 

prime formula t(x,y) = 0 representing this relation. Denote by x <y the 

formula x c y a ®(x) a where 3) is arbitrary. By W°(<() we denote 

the formula (£)—i(x)(<^(x+1) -< £(x)). We note that the formulas p -< q, 

q-<t->p<r, $(p), p < q -> ®(q) have cut free proofs con¬ 

taining only propositional inferences. The extension ZBC of ZT* contains 

the rules and axioms of ZT* and for every formula 2) the following rule: 
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®0), (x)<y% r -* A, 2l(y) 
TRI - 

$(q), r -* A, 2t(q) 

with q free for y in 2I(y), y not free in the conclusion and -< related to ® 

as described above. 

From ZBC we can pass to its intuitionistic version ZBCi and to subsy¬ 

stems ZBCi' in a similar way to before. Without proof we note that (1) 

ZBC is as strong as classical analysis, (2) ZBC can be interpreted by means 

of the mapping 21 => 21° (see [5], p. 493) in ZBCi. Let ZBK be that subsy¬ 

stem of ZBC which is obtained by putting the following restrictions on the 

formulas 2): 

(1) . ® contains no function variables and no a^, 

(2) . the free variables of 2) are x, z. 

We write x -<ty for x c yA'3)(x, /)A®(y, t). The intuitionistic version of 

ZBK exists again, namely ZBKi and if we admit only proofs of degree n 

we get the subsystems ZBKi„. The passage from ZBKi to a conservative 

extension ZBKi' is now performed in the same way as in section 4. The only 

difference is that the rules TRI" are now replaced by the following slightly 

different ones: 

y <t«*> (*)(* -<t y 3 2I(x)),r -*■ 2100 
TRI™ ei e, et - 

q <tm, r -* 21 (q) 

where e, t, q have the same meaning as for TRI" while er is the Godel-num- 

ber of a proof in ZBKi of -* ®(m, t). 

For ZBKi' (defined as in section 4) we can introduce the following 

kinds of reduction steps: (1) preliminary steps, (2) logical reduction steps, 

(3) induction reductions, (4) TRI-, TRIe- and TRI™ e,-reduction steps. 

Reduction steps of kinds (l)-(3) and TRI-reduction steps are defined in 

exactly the same way as in section 4. Reduction steps TRIe and TRI™ ei are 

almost the same as their counterparts TI and TI„ in section 2 with the follo¬ 

wing exceptions: 

(1) . the cases (1) in the definitions of the TI- and TI„-reduction steps in 

section 2 are omitted now, 

(2) . the axiom y -< t -+ d(y) which appears leftmost at the top in the first 

of the two figures in section 2 is now replaced by a propositional cut-free 

proof of y -<t q ->• 2)(y, t) in case of a TRIt-reduction, 
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(3). the axiom y < p, p «< t -► y -< t which appears leftmost at the top 

in the second figure of section 2 is now replaced by a propositional cut free 

proof of y -<t q, q -<t m -> y -<t m in case of a TRI” ei-reduction. 

With these reduction steps we can apply the arguments outlined in section 4 

with almost no change to ZBKi'. As a result we reobtain theorems 1, 2, 3* 

and 4 for ZBKi'. We have considered ZBKi' instead of ZBCi' only in order 

to illustrate how to pass from ZBi' with number parameters to ZBKi'. 

The theory ZBCi' however bears to ZBi' with function parameters about the 

same relation as ZBKi' to ZBi' with number parameters. It is therefore not 

difficult to transform the proofs of theorems 1, 2, 3*, 4 for ZBi' with func¬ 

tion parameters into proofs of theorems 1, 2, 3* and 4 for ZBCi'. Lack of 

space prevents us from considering details. They will be presented elsewhere. 

6. We conclude by mentioning some further results without proof. 

Theorem 5. (a). For fixed n we can prove in ZBi (with number or function 

parameters) the following three statements: 

(1) . if ZBi' I- -*■ 21 with 21 positive then there is an intuitionistic construc¬ 

tive infinite cut free proof of —> 21, 

(2) . if ZBi' 1- -> 21 v 23 where 21 v 23 contains no variables and no special 

function constants then ZBi' h —*• 2t or ZBi' I- —► S3, 

(3) . if ZBi' -*■ (3x)2I(x) where (3x)2I(x) contains no free variables and no 

special function constants then there is a term t such that ZBi' b ->■ 2l(t). 

(b). For fixed n we can prove in ZBC the three statements in (a) but with 

ZBCi' in place of ZBi'. 

A proof of theorem 5(a) amounts to reproducing for fixed n in ZBi the 

classical arguments of sections 2 and 4; and a similar remark applies to theo¬ 

rem 5(b). If we add to ZBCi the rule 

(x) -ngft(x), r -> 21 

—i(3x)9i(x), r -> 21 

where is p.r. and may contain parameters of any kind then we obtain 

a theory ZBCi* for which the exact counterparts of theorem 5(a) holds. 

In order to state the last results, let ZbCi be the theory which differs from 

ZBCi in the following respects: (1) there is no induction rule in ZbCi, (2) 

the special function constants and their axioms are omitted. Then we have 



D XVIII ON CUT ELIMINATION 285 

the following two theorems whose proofs are very similar to those in 

section 4. 

Theorem 6. If SP is a proof in ZbCi of —► 21 with 31 positive then one can find 

effectively a finite cut free proof SP' in ZbCi of -» 21. If SP is a proof in ZbCi 

of -> (3x)31(x) where 31 may contain any kind of variables then one can find 

effectively a term t and a proof SP' in ZbCi of -» 31(t). 

In this paper we have only presented the smaller part of the conclusions 

which can be drawn from our basic lemma 1. Detailed proofs together with 

other results will be presented elsewhere. 
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SECTION E 

PROOF-THEORETIC ORDINALS 





HEREDITARILY REPLETE FUNCTIONALS OVER THE ORDINALS 

SOLOMON FEFERMAN* 

Introduction. Orderings used in proof theory may be thought of as orderings 
of terms built up from constants and function symbols corresponding to 
functions on the ordinals Q, e.g. 0, +, exp,,, for the ordering of type e0.t 
The ordering ^ of the terms t is induced by the (natural) order of their 
values Val (t) in Q: 

ti ^ t2 o Val (tt) < Val (t2). 

The function symbols faithfully represent the given system of functions 
F on ^ if for each t the order type |t|< of t in ^ is the same as Val (t). 
Equivalently, this holds if the system F is complete, i.e. it fills up an initial 
segment of Q. Three things are needed to make the ordering useful for 
proof theory: it should be (i) faithful, (ii) recursive,1 and (iii) provably 
well-founded by elementary methods. 

This paper continues the general study of [3] of properties of systems F 
which ensure that the associated orderings =^F satisfy (i) and (ii), and the 
study of operations on systems which preserve these properties, (iii) is not 
taken up here. The properties (i) and (ii) are not in general preserved 
under the well-known process of adjoining the critical function of F (to F). 
However, it was shown in [3] that stronger properties of F, called repleteness 
and effective relative categoricity, are preserved under this process, as 

* Research supported by grant DA-ARO-D-31-124-G655. 
t In proof theory one uses other orderings too, suggested by reductions in proof figures 
(Takeuti’s ordinal diagrams [121). These orderings are, to begin with, partial orderings 
of proof figures induced by a reducibility relation, which are then embedded, more or less 
arbitrarily, in a total ordering. 

t The need for this is evident where proof theoretical reductions to quantifier-free systems 
are to be given (as is commonly possible). However, this is also required for reductions 
to constructive systems when the equivalence of the two notions of well-foundedness, 
tVF and TI, is to be used. Kreisel [7] Technical Note IV has pointed out how Brouwer’s 
argument for this equivalence depends on the assumption of decidability of the ordering. 
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well as under its transfinite iteration. These notions and results are reviewed 

briefly in § 1 below. 

By means of a pairing function in QxQ -*■ Q, systems of functions F 

can be coded by functions F: Q -> Q, indicated here by FsQ1. Then the 

process of adjunction of the critical function is given by a functional 

0: -> Ql, or <P e Q2. The process of transfinitely iterating such a 0 

can be regarded as given by a functional from Q2 to Q2. Let £?n+1 consist 

of functionals from Qn to Q". When formulated in this type structure, 

the notion of repleteness for F in Ql is readily generalized to a notion of 

hereditary repleteness for functionals of every finite type n. The main 

result obtained here (§ 2, theorem 3) is that the iteration functionals of type 

n (n > 3), when defined properly, are all hereditarily replete. 

A suitable generalization of the notion of effective relative categoricity 

to functionals of higher type has not yet been developed. However, it is 

possible to show that orderings induced by iteration in all types of the 

critical process have isomorphic recursive ordinals (§ 2, theorem 5). This 

is accomplished here by the use of effective operations over the recursive 

ordinals. 

The remainder of the paper consists of three brief sections. Some open 

problems suggested by the preceding notions and results are formulated 

in general terms in § 3. In § 4 we consider the relation between the functions 

induced by iteration of the critical process and the functions of Bachmann’s 

hierarchy [1], and in § 5 the relation to other theories of functionals over 

the ordinals. These sections contain some further problems and conjectures. 

1. Systems of type level 1. Let Q be the 1st uncountable ordinal; 

a, P, y, >?, C range over Q. Ordinals are taken so that a = {£|£ < a}. 

F: Q -> Q is normal if it is continuous and strictly increasing; A £ Q is 

normal if it is closed and unbounded. Let &(F) = range of F. 

Basic facts 

(i) . A is normal o there exists (unique) normal F with A — &{F). 

(ii) . F normal => {£1^(0 = £} is normal; in this case, F' denotes the 

normal function enumerating this set. 

Special facts 

(iii) . If is a sequence of normal sets with A^ 2 A^ for £ < rj 

and if a < Q then f]i<xAi is normal. 

(iv) . If (Ff>i<n is a sequence of normal functions with 0 < i^(0) and 
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^(F? + 1) £ &(F'f) for each £ and &(Ff) = fi]n<i^(Fn) for limit £, then 

A£F*(0) is normal. 

The facts (i)-(iii) lead to the definition of a certain transfinite iteration 

of the critical process applied to any initial normal F0 with Fo(0) > 0: 

let Fa+1 = F'a for a < Q, and let Fa enumerate f)i<a&(F() for a a limit 

number. The sequence (Ff>i<n is called the first hierarchy beginning with 

F0; further such hierarchies of normal functions are incorporated in the 

Bachmann hierarchy discussed in §4 below. By (iv), k£F$(0) is again a 

normal function. As an example, consider the trivial normal function 

F0 = A£(l+£). Then Fjfi) = of-Yb, and F4(0) = of. The first hierarchy 

beginning with )f(ofi) is a sequence of functions K(a), in the notation of 

[3]. Thus k(1)(£) = e5, k(2)(£) = £th fixed point of /c(1), etc. The normal 

function A£»c({)(0) has as its first fixed point the least impredicative ordinal 

r o- 
The theory of [3] §§ 1,2, deals with sequences F — <Ft,. . ., Fm) of any 

functions of one or more arguments F;: Qx... x Q -> Q. Let ClF(v4) be 

the closure under F of the set A u {0}. The set of F-inaccessibles 

Inr = {a|Clr(a) = a} is normal; let F' enumerate InF. The members of 

C1F(0) are represented by closed terms in a formal symbolism Tm(f) 

containing symbols 0 and /l5 . . .,/m. Put tt < F t2 if Valf^i) < ValF(t2). 

The basic properties wanted of a system F are 

(a) . F is complete, i.e. C1F(0) e Q, 

(b) . < F is effective (recursive). 

Example. F = <A£, ri(afi + ?/)> has both these properties. For this case 

one has C1F(0) = e0 and in general (F)'(£) = e^. Adjunction of G to F 

is denoted by F * <G>. For the specific example, F * <F'> = <A<^, rj(co^ + rj). 

As mentioned in the introduction, the properties (a), (b) are not in 

general preserved in the passage from F to F * <F'>. This leads to the defini¬ 

tion of stronger properties: F is said to be replete if for each a, ClF(a) e Q. 
A suitable strengthening of (b) is more recondite: F is effectively relatively 

categorical (e.r.c.) if, roughly speaking, the order relation between any 

two terms ..., xk), t2(xly..., xk) can be effectively determined 

from the ordering among xt,...,xk, provided that these all represent 

F-inaccessibles. 

The following illustrate the general theorems which can be obtained (l.c.): 

I. IfF is replete (e.r.c.) then F * <F'> is replete (e.r.c.). 

IT. If F is replete (e.r.c.) and Ga is the octh function in the first hierarchy of 



292 S. FEFERMAN E XIX 

normal functions starting with G0 = F' then F * (Xf t]Gfrj)) is replete 

(e.r.c.). 

Consider <1£(1 + £)>, which is trivially replete and e.r.c. By II so is 

<2£(1 + £), Xf g(co4 + h)}, and then by I so is <A£(1 + if), Xf + h), Xff), 

and finally by II the same holds for <2£(1 + £), Xf rj(co( + tj), If 

Both I, II have the form: if F is replete (e.r.c.) then so is F(F), where <P 

is a functional from systems F to extended systems F * <G). The functional 

in II can be considered to be a transfinite iteration of the functional in I. 

To generalize these results, one would want to deal with the iteration of 

arbitrary functionals <t> which preserve repleteness (e.r.c.). This is done in 

the following section in a way which doesn’t depend on the special facts 

about normal functions given above. This gives generalizations at least 

for functionals which preserve repleteness. 

2. Hereditarily replete functionals. The following part of the finite type 

structure over Q is used: Q° — Q and Qn+1 consists of all F: Q" -*■ Qn. 

For simplicity, m-tuples of ordinals will now be (naturally) coded by 

ordinals, and sequences of functions will be coded by single functions.* 

Take (frj} = 2^(2/? + 1); this is bi-unique from QxQ to Q— {0}. For 

£ > 0, let <*; = <(£)o> (Oi)i (0)o = (0)x = 0. Given a < Q and any 

sequence (F^)i<a(F^ e Q1), let Ai<aFi = G, where G(£) = F({)o(({)i) if 

(£)0 < a, and G(f) = 0 otherwise (enumeration). Let (F0, . . ., Fm) = 

= Ai<m+1Fi. Now take C1F(,4) to be the smallest set which includes 

A u {0} and which contains <£, g') and F{f) whenever it contains 

f t]. As before, InF = (a|ClF(a) = a} and F' enumerates InF. Now take 

Cr(F) = (F, F'). Write FeRp1 if for each a(< Q), ClF(a) e Q. Put 

F=sg j G if ClF(a) £ ClG(a) for each a. If a sequence of functions F is coded 

as a single function F for all a and ClF(a) is closed under + and exp2 then 

ClF(a) = ClF(a), and F is replete iff Fe Rp1. The following is a reformula¬ 

tion of theorem 1 of § 1, with additional observations. 

Theorem 1. Suppose Fe Rp1. Then 

(i) . Cr(F) e Rp1, 

(ii) . F«3 x Cr(F), 

(iii) . G 6 Rp1 & F«a ! G => Cr(F) *53 t Cr(G). 

Proof. The proof of (i) is like that of § 1, I; the proofs of (ii) and (iii) are 

easy. 

* An alternative is to start with Q° — set of all finite sequences of elements of Q. 



E XIX HEREDITARILY REPLETE FUNCTIONALS 293 

The functional Cr 6 Q2. We shall analyze § 1, II as a result about iteration 

of this functional It(Cr), where now It e Q2. This is obtained by extending 

the notion Rp, and the operation A to higher types. 

For any sequence a < Q, of members of Qn+1, let Ai<aFi = 

— GeQ',+1 where for all HeQ", G(H) = Ai<a(Fi(H)). Again, take 

(F0, . . Fm) = Ai<m+1Fi. For each F,GeQn,n^2, let (F o G) e Q" 

with (F o G )(H) = F(G(H)) for each HeQn~\ 

For each n > 2, an iteration functional It"+1 e Qn+1 is defined as follows: 

for each FeQn, Itn+1(F) = i7(fi) where F(0) = F and for each a > 0, 

a < Q, F(a) = d?<a(Fof®). 

Suppose Rp" (e Q") and =s3„ have been defined (n > 1). A functional 

FeQn+1 is said to be hereditarily replete and we write Fe Rp"+1 if 

F: Rp" Rp". Example. Cr e Rp2 (theorem 1 (i)). 

For F0, Fy e Rp" + 1, define 

Fo^n^F.o for all G e Rp", F0{G) <3 „ F^G)* 

The subscript ‘n is dropped from in the following. 

The following gives the basic closure conditions on the Rp". 

Theorem 2 

(i) . Suppose n ^ 2 and F, G e Rp"; then F o G e Rp". 

(ii) . Suppose and F^e Rp" for each ^ < a; then 

(A(<aFs)e Rp". 

Proof, (i). This is trivial by definition. 

(ii). This is proved by induction on n. For n = 1, let F= {A^<aFf}. 

First show for any /? 

Cl M = u a„,o.....,,_)(0K„,. Clf(« n a]. 

When each F's e Rp1, the right hand side is a union of ordinals, so Clf(/?) 

is an ordinal. The induction step from n to n +1 is obvious by definition 

of Rp"+1 and the commutativity of A with application. 

As a corollary, F0,..., Fm e Rp" => (F0,..., Fm) e Rp". The proof of the 

following is now straightforward. 

* The definition of Rpn + 1 given in the talk imposed some additional conditions in terms 

of <1. These are satisfied by the particular functionals we are interested in, but can be 

dispensed with in general. 
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Theorem 3. Suppose n ^ 2. Then 

(i) . It"+1 eRp"+1. 

(ii) . Fe Rp" => It"+1(F). 

(iii) . F, Ge Rp" & F G => It"+1(F) <3 Itn+1(G). 

As a corollary (new version of § 1, II): for any Fe Rp1, (It3(Cr2))(F) e Rp1 

and (It3(Cr2))(F). 

Given K £ (J0<nfi" and A £ fi, define Clx(^4) to be the smallest class 

C £ (Jn2.0fi" satisfying the following conditions: 

(i) . A u {0} £ C, 

(ii) . t] e C => <£, rj) e C, 

(iii) . n 1 & F0, FY e C n fi" => (F0, Ft) 6 C, 

(iv) . n> 1 & Fe C n Qn & G e C n Q"~l => F(G) e C, 

(v) . n > 2 & F0, Ft e C n fi" => F0 o 6 C. 

If AT £ |J0<nRp" and K is countable, then K is replete in the sense that for 

each a < fi, ClK(a) n fi e fi. 

Suppose given an enumeration of K = {H0, ..., H„,...} and an 

enumeration of a = {a0,..., a„,...}. Corresponding to these enumerations 

is a symbolism with terms of finite type. It contains for each m constant 

symbols of the same type as Hm and symbols 0 and am of type 0. If t0, tt 

are terms of type 0 then <t0, tt> is a term of type 0. If t0, are of type 

n ^ 1 then (t0, tj) is of type n and for n ^ 2 so is (t0 o tt). If t0 is of type 

n ^ 1 and tt is of type n— 1, then t0(t,) is of type n— 1. Each term t of 

type n has a value Val (t) in ClK(a) n fi". Define 

to ^ ti t0, tx are of type 0 & Val (t0) < Val (tj). 

We call this the ordering between terms induced by (the given enumeration 

of) K and a. When K is replete, this ordering (after identifying t0, such 

that t0 =s^ tt and tx t0) is isomorphic to the ordering of the ordinals 

< ClK(a) n fi. 

Let K0 = {A<^(1 + £), Cr, It3, ..., It”+1,...}. 

Theorem 4. K0 £ PR^, where PRQ is the class of primitive recursive func¬ 

tionals over fi. 

PRfi is the obvious extension to fi of Godel’s primitive recursive func¬ 

tionals over co; cf. [4] § 1. It is shown in [4] § 3 that PRfi n fi is a recursive 
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ordinal. The argument uses effective operations in metarecursion theory. 

The same argument establishes 

Theorem 5. For each a < co1 (the least non-recursive ordinal), ClKo(a) n 

Q < . 

Proof. Actually a simpler proof can be given in this case, using ordinary 

partial recursive functions over O. The subscript 'p' in the following is used 

to distinguish the notions here from those in [4]. Let 

E°p = 0 

feEnp+lo (Vg)[g eEnp=> {f}(g) e Ef\, 

Nrp(a, oc, 0) <=>« e O & \a\ — a 

and 

Nrp(/, F,n +1) 

ofeEnp+1&FeQn+1& (VG, g){Nrp(g, G, n) => Nrp({/}(^), F(G), n)}. 

We say that / is a number of F if Nrp(f F, n) when F e Q". Now it can be 

shown that each F e K0 has a number v(F). Moreover whenever F0, Fx 

of the same type have numbers, so do F0 o Ft and (F0, Fj). It follows that 

for each as O, each Fe ClKo(|a|) has a number v(F); moreover the set of 

these v(F) is recursively enumerable. Hence {v(j3)|j8 e ClKo(|a|) n 0} is 

recursively enumerable and is a subset of Oy for some y < a>x. 

Note that this argument does not establish the recursiveness of the 

ordering of terms induced by K0 and a, but only of an ordering isomorphic 

to it. 

3. Open problems. The following problems are suggested by the general 

direction of this work. I do not have precise formulations, but the intent 

is clear enough to guide their study and to test the adequacy of proposed 

solutions. 

The following is the main problem. 

(i) . What is the general notion of (transfinite) iteration of the critical 

process? It would not be surprising if the type structure had to be suppressed 

or abandoned in a solution of this. Moreover, it should include a solution 

to the following problem; this is stated here because it seems more tractable 

at the moment. 

(ii) . What is a suitable generalization of iteration to transfinite types 
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(in the present context)? Part of the problem here is to find the right trans- 

finite type structure; this should automatically provide for a generalization 

of the notion of repleteness. In a sense, the consideration of countable 

K £ (J0<nRp" is an extension to type co. Then we can consider the func¬ 

tional <P of type cn + 1, <P(K) = K v {K'}, where K' enumerates 

{<^|C1K(<^) n Q — £}, etc. The following economy can be achieved here. 

Given countable K £ (J0<nRp'1, let C1K(0) n — {F0, ..., Fn>.. .}. 

Define K — An<c0Fn. Then K e Rp1 and for any a, ClK(a) n Q = Cl^(a), 

independent of the enumeration F0,..., Fn, . ... Any such K is said to 

represent K. Then Cr(K) represents <P(K). This gives us a new basic func¬ 

tional Crx 6 Rp2, namely Cr^F) = Cr(F0 u {F}). From this is obtained 

in turn Cr2 e Rp2 with Cr2(F) = Cr^ u {F}) where K1 — (24(1+£), 

Cr, Crl5 It3, It4,...}. Obviously this process can be iterated, but it is not 

yet clear how to organize this in a coherent way. 

Returning to the notation of § 1, when an F is e.r.c., we get much more 

information about it than that it is effective (e.g. theorem 2.10 of [3]). 

Thus, although one can obtain various recursiveness results such as 

theorem 5, it would be hoped to solve the following problem: 

(iii). What is a suitable generalization of the notion of effective relative 

categoricity to functionals? If such can be found, it should be possible to 

show, for example, that the ordering of terms induced by K0 is recursive 

(cf. the remark at the end of § 2). 

4.1. Relations to (Bachmann) hierarchies of normal fuctions. As described 

in § 1, associated with any normal F0 satisfying Fo(0) > 0 is a hierarchy of 

normal functions <Fa>a<n which are successively critical for the preceding 

functions. Then G0 = A^F^O) is normal with (7o(0) > 0, so the hierarchy 

associated with G0 gives a second hierarchy for F0, etc. The Bachmann 

idea [1] is to keep track of the iteration of this process by going into an 

initial segment of the 3rd number class: let Fn — 2^(0), then Fn+a is the 

ath function in the first hierarchy starting with Fn, Fn.2 — 2^Ffi + ?(0), 

etc. This provides normal functions Fa: Q -* Q for a ranging over any initial 

segment of the ordinals < Q2 for which one has associated fundamental 

sequences of order type < D with each limit number. (E.g. Fn. a enumerates 

$)> while Fni = A£Fn. ^(0)). This is easily done for 

a < + 1 = 1st fixed point of Qv = v for v > Q. (It is extended further by 

building hierarchies of normal functions over Q2; we return to this point 

below.) Using notation which has become fairly standard in this connection. 
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let<p0 = A<!;(1+£) and for a < e0+1 let (pa be the ath function in the extended 

hierarchy starting with <p0.*f 

Note that fundamental sequences have to be considered in the definition 

of the (pa in order to keep all functions normal and to apply the special 

facts (iii), (iv) of § 1 at limit numbers. This problem is avoided in the 

definition of the iteration processes It” considered above by allowing non¬ 

normal functions and using the enumeration operator A to encode every¬ 

thing obtained at earlier stages. This suggests that it should be possible 

to cover the cpx by functions in ClXo(0) n Q1, or even extract them in some 

sense. 

The following relations are conjectured. Superscripts n are dropped from 

the It" where there is no ambiguity. 

For any a, 

<Pa+n < (It(Cr))0«). 

For F1 = It(Cr) 

(p*+n ■ 2 *3 F[2\(pa), ...,(pa+n.^ F(^(<Pa) when f < Q, 

and 

<P*+a**3 (h(Fi))(<Pa)- 

Let F2 = It^) = It(It(Cr)). 

<Pa+a*-2 ^ F^\cp2),. . ., <pa+fl2.{«a F(i\(pa) for ^ < Q, 

and 

(P«+n3^ F3(<pa), 

where F3 — It(F2) = It(It(It(Cr))). In general 

(L({)(Cr))(<pa) for c < Q, 

and 

(pa+n” ^ ((It(If))(Cr))(^a). 

In particular cpnn It4It3Cr<p0 (application associated to the left).If this 

holds one would guess that 

* Bachmann starts with <p0(!) = cot which is here <pfi(f). For a S: Q2 we have Q+a. = a 

and the function cpx is the same with either starting point. A minor difference is that [1] 

begins enumerations with 1 rather than 0. 

t An interesting comparison of the ordinals obtained by the Yeblen-Schiitte functions 

[11] and by these hierarchies has been made by Levitz [8]. He shows that Veblen’s first 

E-number is just <pnn(0). 
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(p „<nt"+2Itn+1...It3Cr<p0. 
Q • ‘ 

n 

en+1 is the limit of Q, Qn, £2° ,. ... Thus every ordinal < (pEsi+l(0) would 

be in ClKo(0) n Q. 

By theorem 4, ClKo(0) n Q ^ PRfi n Q. Howard (unpublished) has 

shown that PRfi n Q < + This leads me to the following 

Conjecture. ClKo(0) n Q = <p£n + 1(0). 

Let Qv be the vth initial ordinal, with Q = Qt. The hierarchy cpa for 

a < eft + 1 essentially uses the hierarchy of normal functions il/p — Xq(Qp + rj) 

from Q2 to £l2- ^ can be extended further by building up hierarchies of 

normal functions over Q2. This in turn requires consideration of funda¬ 

mental sequences in C23, etc. Such use of the Qv has been systematized to 

some extent in the (independent) work of Pfeiffer and Isles for finite v and 

more generally by Isles [6] for certain transfinite v. Assuming the conjecture 

above is correct, one is immediately led to the following question: What 

corresponds in the present approach to the use of the initial ordinals Qv for 

extending the hierarchies of normal functions? Some obvious candidates are 

supplied by an extension of the theory to transfinite types as anticipated in 

§3. 

4.2. Remarks on the problems of associating fundamental sequences and 

well-orderings. An association of fundamental sequences in an initial segment 

of the 2nd number class is a relation 5(a> <p) satisfying the following con¬ 

ditions: 

(a) (i). ^f(a, cp) => a is a limit number < Q and cp — Xn < axp{n) is an 

increasing sequence of ordinals with a = supn<co(p(/j), 

(ii) . $(a, cp) & $(a, iJ/)=> (p = i//, 

and 

(iii) . ^(a, <p)&/?<a&/?a limit number => (3iA)^(j3, t//). 

An association of well-orderings in such an initial segment is a relation 

28(a, x) satisfying 

(b) (i). 2B(a, x) => a < Q and x is a well-ordering relation of order type 

a with field e 0j, 

(ii) . 2B(a, x) & 2B(a, y) => x = y, 

and 

(iii) . 2B(a, x) & P < a => (3y)28(/i, y). 
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The domain of 23 is {oc|(3x:)28(a, x)}; the domain a5 of $ is defined 

to be (y|(3a ^ y)(3<p)^(a, (p)}. The existence of associations 23 with 

= Q, ajg = Q, is trivial assuming the axiom of choice. 

The general aim of Bachmann’s work is to produce associations % with 

very large domains which are explicit, in some suitable sense. To see the 

matter in perspective, let us go over the simplest historical and logical 

relations. 

The interest in fundamental sequences goes back to a result of Hardy 

(1903) (reproved in Church [2]): A well-ordering of type of a subset 

of the continuum can be defined from any (association) with domain Q. 

Hardy simply showed how to define a 2B with domain Q from such an 

Compare Levy [9] who showed (1963): it is consistent with ZF +AC + GCH 

that no formula of the language S6 (of set theory) defines a well-ordering 

of type Q of a subset of the continuum. So there is no definable in 

S6 for which (a)(i)—(iii) and a5 = Q can be proved in this system, let alone 

ZF. 

The next logical question is whether for some countable a and possible 

% and 23 with domain a, one can be essentially ‘simpler’ than the other. 

An answer to this question, in terms of axiomatic set theory, follows from 

examination of the Hardy-Church arguments [2]. Given a definition of 23, 

we can read off a definition of with the same domain; for the converse 

one uses a straightforward definition by transfinite induction. Put axioma- 

tically, the two steps can be formalized in a set theory without the power- 

set axiom, with the I^-axiom of choice as its only non-trivial existential 

axiom. (This system is quite weak, of the same strength as Tj-AC in 

Friedman [5].) So, proof theoretically, the problems of finding and 

are, in an obvious sense, equivalent for systems containing this weak set 

theory. 

What can be said about a which are provably domains of ^ or 23? 

Certainly, for = the least constructibly uncountable a we have a 23L 

with domain Q\, namely 

a < Q\ & x is the first well-ordering of co in L of type a 

(‘first’ in the usual well-ordering of L). Since Q[ must be considered too 

‘large’ (at least for applications to proof theory), this implies that additional 

conditions should be imposed; for example (as suggested by Kreisel), add 

(b)(iv). 23(a, x) & 28(/?, y) & (1 < a => y is an initial segment of x. 

(It is less obvious what additional conditions on $ would be natural.) 
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Question. For any 28 which can be proved (say in ZF) to satisfy (b)(i)-(iii) 

is there a 28' which can be proved to have the same domain as SB and to 

satisfy (b)(i)-(iv)?* 

The general question of finding natural additional conditions on SB seems 

to have some independent set-theoretic interest. 

To summarize: on the basis of the present evidence, there seem to be no 

logical advantages in associations $ as compared with associations SB. It 

might be considered possible that the results are formally simpler to state 

for % than for SB. However, this possibility is slight if the conjectures above 

(concerning Bachmann’s hierarchies of normal functions and the functions 

obtained by higher type iterations of the critical process) are true. 

5. Relations to earlier work with functionals. Neumer has developed extensive 

classes of functionals over the ordinals, but without any general theoretical 

framework. The work has undergone a series of expansions and revisions 

in a number of papers; the most recent versions are to be found in the 

papers [10]. The ‘operators’ of [10] part I and ‘selectors’ of [10] part II, 

are both functionals of finite type, but the objects of type 1 are always 

normal functions. The operators /, /', I",... of the former and S, S', S",... 

of the latter correspond, respectively to the functionals Cr, It3, It4,... 

defined here. In addition, Neumer considers certain symbolic operators 

which he calls ‘facients.’ The facient 1^ is really a functional making use 

of the iteration of the process of forming, for any normal Fe Q1, the function 

enumerating the inaccessibles of {IF, I'IF, I"I'IF, . . .}. In terms of §3, 

it corresponds to (It(Crj))'. The facient 2# corresponds to (It(Cr2))', etc. 

I expect that a systematic development of the ideas concerning transfinite 

types indicated in § 4 would comprehend all the facients considered by 

Neumer.1* 

* It should be remarked that the domains of definable 28 provably satisfying (b) (i)-(iv) 

are the same as the types of provably definable well-orderings R in a>, by R — U pc| 

(3 a) S3 (a, *)]. 

t I was not acquainted with Neumer’s work at the time of my talk on §§ l^t at the con¬ 

ference. I wish to thank H. Levitz for bringing it to my attention. 

t More recently, and independently, iterations of functionals of type 2 were used to ana¬ 

lyze the ordinals of the Veblen-Schiitte system [11] by Levitz [8] and Page (dissertation, 

Oxford). Using the footnote of p. 000 this jibes with the bounds involving + 

conjectured in § 3. 



E XIX HEREDITARILY REPLETE FUNCTIONALS 301 

REFERENCES 

[1] H. Bachmann, Die Normalfunktionen und das Problem der ausgezeichneten Folgen 

von Ordnungszahlen, Vierteljahrschr. Naturf. Ges. Zurich 95 (1950) 115-147. 

[2] A. Church, Alternatives to Zermelo’s assumption, Trans. Am. Math. Soc. 29 (1927) 

178-208. 

[3] S. Feferman, Systems of predicative analysis II: representations of ordinals, /. 

Symb. Logic. 33 (1968) 193-220. 

[4] S. Feferman, Ordinals associated with theories for one inductively defined set, 

(mimeographed). 

[5] H. Friedman, Subsystems of set theory and analysis, dissertation, M.I.T. (1967). 

[6] D. Isles, Regular ordinals and normal forms, these proceedings 339-361. 

[7] G. Kreisel, Church’s thesis: a kind of reducibility axiom for constructive mathema¬ 

tics, these proceedings 121-149. 

[8] H. Levitz, On the ordinal notations of Schiitte and the ordinal diagrams of Takeuti, 

dissertation, Pennsylvania State University (1965). 

[9] A. Levy, Independence results in set theory by Cohen’s method I, Notices Am. Math. 

Soc. 10 (1963) 592. 

[10] W. Neumer, Algorithmen fur Ordnungszahlen und Normalfunktionen, Part I, Z.f 

math. Logik u. Grundl. Math. 3 (1957) 108-150; Part II, ibid. 6 (1960) 1-65. 

[11] K. Schutte, Kennzeichnungen von Ordnungszahlen durch rekursiv erklarte Funk- 

tionen, Math. Ann. 127 (1954) 15-32. 

[12] G. Takeuti, Ordinal diagrams, Part I, J. Math. Soc. Japan 9 (1957) 386-394, Part II, 

ibid. 12 (1960) 385-391. 





FORMAL THEORIES FOR TRANSFIN1TE ITERATIONS OF 

GENERALIZED INDUCTIVE DEFINITIONS AND 

SOME SUBSYSTEMS OF ANALYSIS 

SOLOMON FEFERMAN* 

Summary. The first order systems IDV (for ordinals v given by primitive 

recursive well-orderings -<), described fully in § 1, express roughly speaking 

that a familiar principle for defining specific sets of natural numbers can be 

iterated v times. Kleene’s definition of O is a typical instance of IDX. 

Such systems were first studied by Kreisel in [6], where the principle was 

referred to as that of generalized inductive definitions (g.i.d.). More precise 

information on background is given in § 2.1 below, after the various systems 

considered have been described in detail. ID<V is essentially (Ja<v IDa. 

The systems (J7j-CA)<V in the language of classical analysis (containing 

variables for sets of natural numbers) express roughly, that there are 

hierarchies obtained by iterating the hyperjump operation any number 

less than v times. Such systems were first studied by Friedman [4]. 
Let (BI) (in the language of analysis) denote the familiar principle of bar 

induction, that is the equivalence of two senses of well-foundedness of 

primitive recursive orderings. 

The principal results of the present paper (§ 3) establish a strong form of 

‘proof-theoretical equivalence’, called co, T-equivalence, between the following 

systems: 

(3.1.4) For v = coy + \ v <e0, (/7{ — CA)<V + (BI) is co,T-equivalent to IDV. 

(3.1.7) For v = a>y, with y a limit number and v < e0, (7711-CA)<V + (BI), 

(n\-CA)<v and ID<V are all a>,T-equivalent. 

* Research supported by grants DA-ARO(D)-31-124-G985 and NSF-GP-8764. A pre¬ 

liminary version of this paper was presented to this conference under the title ‘Note I: 

GID^ and the ZZj-comprehension axiom’ of‘Two notes on theories GIDV given by v itera¬ 

tions of generalized inductive definitions.’ (The version printed here does not include all 

the material presented at the conference. The rest is contained in [2]. Eds.) 
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co,X-equivalence and a slightly weaker relation = are explained in § 1.5; 

when S = S', (there is a finitist proof that) S, S' have the same arithmetic 

theorems and, in a suitable sense, the same I7[-theorems. 

The following corollaries establish relations with more familial sub¬ 

systems of classical analysis: 

(2.2.1) For v — co, (/711-CA) + (BI) is co,T-equivalent to IDV. 

(3.2.2) For v = co“, (d2-CR) is co,T-equivalent to ID<V. 

(3.1.9) For v = e0, (d]-CA) s ID<V. 

In fact, the argument for the first of these is the basis for the more general 

theorems above. In turn, it extends arguments in §2.1 for related results 

concerning !Dt and systems (I7j-CA)~ and (BI)_ without set parameters. 

The theorems of § 3 were developed from these in collaboration with 

H. Friedman. 

The significance of these results for constructive foundations of analysis 

is considered in § 4 and for the work of Tait [12] and Takeuti [15] in § 5. 

§ 1. Preliminaries 

1.1. Languages used. All the languages considered are sublanguages of 

a 2nd order language FF2(P0, Pk, • • •) where P0,Pl5. . . are 2nd order 

(set) constants. The 1st order vocabulary has the (numerical) variables 

;e, y, z, . . ., the constant 0, and a symbol for each primitive recursive 

function; the (n + l)st numeral 0~- is denoted by n. t, tl9.. . range over 

terms; the atomic formulas are (1^ = t2) and (teP;). The full language 

has in addition the 2nd order (set) variables X, Y, Z,. .. and atomic 

formulas of the form (t e I). With any finite or infinite sequence </c;>i<m 

is associated the sublanguage FF2(Pko, Pfcl, • • •) having only the Pki as set 

constants; this is written F£ 2 when m — 0. FF k(Pko, Pkl,. . .) (or simply 

FFX when m = 0) is the sublanguage with no set variables. 

Let SF be any sublanguage of =Sf2(P0,P1, . . .). All theories T in =£? 

will be assumed to contain the axioms and rules of classical two-sorted 

predicate calculus, with equality axioms in the 1st sort. When FP is con¬ 

tained in =5f1(P0, Pt,. . .), this is just the usual 1st order logic. In this case 

the P{ can be treated as predicate constants and we may write P;(t) instead 

of (t e Pi). In addition, for any FF it will be assumed that T contains all 

axioms of elementary number theory Z in Ff, i.e. the usual axioms for 
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0, and the defining equations for the primitive recursive functions, 

together with all instances of induction: 

$(0) a A x[$(x) -* ft(x')] -> A xg(x), 

where $ is any formula of . 

By the (set) parameters of a formula we mean its free (set) variables. An 

arithmetic formula is one without set quantifiers or set constants; it may 

contain set parameters. 21, 23 range over arithmetic formulas. An arithmetical 

formula in which all quantifiers are bounded is said to be elementary. 9? 

ranges over the elementary formulas; these include only formulas cor¬ 

responding to relations primitive recursive in their parameters. The usual 

notations of recursion theory are used both formally and informally. 

<x, y} is written for 2X • 3y, and x e Xy for <x, y} e X. 

For any formulas ^(X) and @(x) (perhaps with other free variables), 

^(£©(x)), or simply ^(@), denotes the result of substituting ®(t) for each 

occurrence (teZ) in Functions are identified with sets X such that 

AxV!y<x, y} e a, /J range over functions. Thus a(tt) occurs in a 

formula only in contexts a(ti) = t2, i.e. <t1,t2)ea. Given ^(a) and 

&(x, >>) where A x V!y©(x, y) has been proved, $(2x©(x, —)) denotes 

the result of substituting ©(ti, t2) for each occurrence a^) = t2 in 

The notations ^(a(x)) and ^(®(x, —)) are explained in terms of these. 

The well-foundedness of a relation Q(x, y) is expressed by the formula 

WF(g): AaVx ~ <2(a(x+l), a(x)). The principle of transfinite induction 

w.r. to Q in is the schema 

TI(Q, g): A x{ A y[0(y, x) -* g(y)] -+ g(x)} -> A x%(x) 

wheie % is any formula of When Q(x, y) is written (x < y) these are 

written WF(-<) and TI(-<, $). Let -<£o be the natural ordering of order-type 

e0 in (o. For each v < e0, let <v be the initial segment of -<eo with | -<v| = v. 

All instances of TI(<V, £0 in 3? are derivable from Z in =£? by [11] pp. 

201-211. 

1.2. LDi. Let 210, ,. . . be an enumeration of all arithmetic formulas 

2I(A', x) of containing at most X, x free, and such that each occurrence 

(tedf) in 21 is positive. For each 21 = 21, write Pn for Let be a 

sublanguage of JZ’1(P0,P1, . . .) containing Pm. The axioms of 10^21) in 

=£? (in addition to those mentioned in 1.1) are 
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(1.2.1) (i). A x[21(P2, > x) -> Pa(x)], 

and 

(ii). Ax[21(23, x) -> 23(x)] -> Ax[Pa(x) -> 23(x)], 

for each formula 23 of IDt is the union of ID1(9lJ) in Px ,. . .). 

Unless otherwise indicated, any one IDj(2l) is always taken in -Sf’i(Pa). 

Consider any SI = 21;. A set Zis called 21-closed if A x[2l(X, x) -* x e X], 

The positivity condition on 21 ensures the monotonicity condition 

(1.2.2) X <= 7 -* A x[21(Z, x) -* 21(7, x)]. 

(Here and below, X^Y abbreviates Ax[xeX->-xe7] and X=Y 

abbreviates Ax[x e X<r+ x e 7].) Monotonicity in turn ensures in set 

theory that there is a least 21-closed set. In other words a model for ID1(21) 

(in any =£?) is obtained by defining 

(1.2.3) P2j(x) <- A X{ A y[21(*, y) -> y e X] -> x e X), 

where X ranges over arbitrary sets. 

Thus (1.2.li) expresses the existence of an 21-closed set Pm and (1.2.lii) 

expresses that Pm is least among the 21-closed sets defined by formulas 23 

of (i) is also often called the inductive definition of P^ and (ii) the 

associated principle of proof by induction on P^. 

An important example of an ID^21) is provided by the inductive defini¬ 

tion of the accessible part of a relation -<, taking 21(7, x) to be 

A y[y < x -> y e X], Set theoretically, the least 21-closed set is seen to be 

the same as {x: ~< I' x is well-founded}. In this case (1.2.1)(ii) is just 

TI(-<*, 23) where -<* is the restriction of -< to its accessible part. O can be 

defined to be the accessible part of a rec. enum. -<. A closely related induc¬ 

tive definition of a set T of recursive trees (in 1.4) will be used extensively 

throughout the paper. 

For each 21 = 21;, the monotonicity condition is logically derivable. 

Equivalently, 

(1.2.4) A y[P(y) -> P'GO] A x[2l(P, x) -♦ 21(P', x)] 

is derivable in fP, P'). Kreisel has remarked ([7], p. 138) that conversely 

any 21 for which this holds is equivalent to one of the 21;. This extends also 

to the case that (1.2.4) is derivable from axioms of the form S(P) u S(P') 

where S(P) consists of sentences 23(P) in =£?fP). For then there are 23;(P) 

in S(P), i = 1,..m such that 
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m m 

I A y[P(y) -> P'(y)1 a fj »,(P) a »(P, x) -> [ n W) -> St(P', *)]. 
i=l i=l 

Hence by Lyndon’s interpolation theorem [10], we can find a formula 

2I1(i>',x) such that P' is positive at all occurrences in 2^ and such that 

m 

1- A y[P(y) -*■ P'(y)] a [] 93,(P) a 2I(P, x) -► Sl^P', x), 
i= 1 

and 
m 

¥ UP', *) - [ n ®.(P') - 
i= 1 

Hence S(P) h [2t(P, x) <-► , x)]. 

1.3. ID<5 IDv and ID<V. We now consider theories for iterations of induc¬ 

tive definitions relative to any given prim. rec. well-ordering -<. In this 

section, let 2I0, 2Il5... be an enumeration of all arithmetic 2t(X, Y, x,y) 

in =§?2 containing at most X, Y, x, y free, and such that each occurrence 

(t e X) in 21 is positive. For each 21 = 2l; write Pa for P;. Now write P®(x) 

for <x, j)ePa. Let if be a sublanguage of ^(Pq, Px ,...) containing 

Paj. The axioms of ID<(21) in J27 are 

(1.3.l)(i). A x, y[2I(P®, f((z)1 -< y a P«h((z)0), x, y) - P*(x)], 

(ii). A y{ A x[2I(23, z{{z)l <yA Pf2)l((z)0), x, y) -> 23(x)] 

- Ax[Pj(x)-8(x)]}, 
and 

(iii). TI«93), 

for each 23 in J5f. IDK is the union of ID<(2(,) in ^f1(P0,P1,. ..). Unless 

otherwise noted, any one ID<(21) is taken to be in ^Pa). 

Given 21 = 2I;, a model for IDK(2I) in any is set theoretically defined 

by the following transfinite recursion on -< 

(1.3.2) Pj(x)~ AZ{A«[2I(X,f((z)1 <yAP?zh((z)0),u,y)-+ueX] 

-* x e A"}. 

Now the positivity of X in 2I(Ar, Y, x, y) ensures that for each y, P® is the 

least set satisfying the closure condition A w[...]. 

A variant of the preceding definition of ID< applies to any prim. rec. 

relation -<, giving theories for iterations of inductive definitions along its 

accessible part <*. This is obtained by replacing < by <* in (1.3.1 i, ii) 
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and by changing (1.3.liii) to the axioms of IDX for the accessible part of «<. 

When 1 ^ v < e0 and -< is -<v we shall write IDv(2l), IDV for ID,, (21) 

and ID,,, resp. As noted in § 1.1, we can omit (1.3.liii) in these cases. The 

results stated in this paper will concern various IDV; many of these can be 

generalized to arbitrary ID<. The restricted formulations are taken for 

simplicity and because they suffice for the known applications of interest. 

For 2 ^ v < e0, 91 = 21 ( and containing P®, we define ID<V(2I) in 

to be the union of IDM(2I) in for 1 < fj, < v.* This is contained in IDv(2l) 

but may be weaker since we only have (1.3.li, ii) for each section -<M of -<v. 

We take ID<V to be the union of all ID<v(2f) in ^(Pq, Px ,. . .). 

1.4. Tv. The inductively defined sets Tv to be discussed now play a central 

role in the reduction of certain subsystems of analysis to IDV. It also follows 

from these results that IDV can be reduced to IDV(2I), where 21 determines 

the closure conditions for <T’1 +^)/t<v. Tx is the set T of Godel-numbers 

for the well-founded recursive trees. The set Ot = O and the higher con¬ 

structive number classes Ov could serve the same purposes; the Tv have 

some technical advantages here. 

Throughout the following, s, range over sequence numbers. c s 

if ^ represents a proper initial segment of j; < > is the number of the 

empty sequence. For any set Y, TY is defined to be the set of all e such that 

(i) {e}Y is total, (ii) AaVy^a^)) ^ 0, and (iii) As, [$i c; sa 

{e}y(s) = 0 -» (e}y(^1) = 0]. The branches of the tree determined by e 

are the (sequences represented by) sequence numbers s with (e}y(.s) = 0. 

The tree may be empty. For e e TY take \e\ to be the ordinal of the associated 

tree. 

The main result about Tv is that it is complete for the predicates n\ in Y. 
This is by the standard unsecured-sequences argument: Given R{s) with 

set parameter Y, associate a total {wiJy with 

{ur}y(s) = 0 <-> A st !>! cz j -► ~ i?(^)]. 

Then A a V j>P(a(j>)) «->• uR e TY. The set theoretical assumptions in this 

argument are examined formally in § 2.1 below. 

Let S' be a prim. rec. function such that for any Y, e, .sq and s, 

{^(e, 51)}y(5) ^ (e}y(s! * s). We write e \ ^ for 5(e, sx) and e \ <«> for 

e \ 2n+1. When ee TY, e \ st is a number for the subtree below s1. The 

* One could consider more generally ID<v«3ti(i>i^„<v); this would require assignment 

of distinct symbols to distinct /i. 
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following holds for any x, Y: 

(1.4.1) TY is the least set X satisfying Ax[2lr(df, Y, x) —> x e X], where 

31r(X,Y,x) is AzM w({x}y(z) ~ w) a [A^({x}r(^) / 0) v A «(x f <w>eX)]. 

The proof that TY satisfies the closure condition is direct by definition. 

For X satisfying the condition, [e e Ty -> e e X] is proved by induction 

on \e\. 

Let T0 = 0 and Tn + 1 = Tr" for n < a>. This is extended to a definition 

of Tv for v < e0 by working with ■< = «<£0. We can assume that -< has 

field aj, 0 is the least element in this ordering, and that the successor b © 1 

of each element b is 2b. Let Lim (b) hold if b is a limit element, i.e. 

b # 0, b / (b)0 © 1. Tb is defined by recursion on b as follows: 

(1.4.2) (i). Tb = 0 for b = 0, 

(ii) . Tb = Tr<fc)o for b = (b)0 © 1, and 

(iii) . x e Tb <-> (x)x <b a (x)0 e T(x)l, for Lim (b). 

We also write Tv for Tb when |b| = v in the ordinary -<; in this sense, T„ 

is the same as above. 

Let 1 ^ v < e0, \a\ = v. Take Y, x, y) to be the formula 

y < a A {ly = (y)o ® 1 A 2lr(x, Y(y)ox, y)] 
v [Lim (y) a (x)x < y a (x)0 e TWl]}. 

X is positive in 2lv. By (1.4.1, 2), the model for IDV(2IV) given by (1.3.2) has 

Pyv(x)^y <aAxeTy. 

We shall write IDTv for ID1+V(211+V) and 7),(x) for P^1+V(x) in the theory. 

Also, IDr <v is written for ID< (l+v)(^ll+v)- 

1.5. 03, T-models. We shall consider relationships between certain subsystems 

of analysis and systems IDV and IDTv. The latter always contain IDr,. 

We can identify this with ID^i^) where %T{X, x) is ^(X, 0, x) of (1.4.1). 

In this case we write IDr for IDri and T(x) for PajT(x). The set theoretical 

definition (1.2.3) of a model of IDT is expressed by a formula of 

namely 

(1.5.1) AX{Ay[2tT(A,y) - ye X] -> xe X}; 

this formula is also denoted by T(x). 
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Suppose S, S' are sets of axioms in SP, resp., where are 

sublanguages of SP2(P0, ,. ..). A relative interpretation of S in S' 

([16], pp. 20-21, 29) or uniform S'-model of S ([8], p. 364) assigns to each 

symbol of ££ a definition in =£?' and to each sort of variable in SP a range of 

variation given by a formula of SP', such that the translation of each % 

in S is provable in S'. By an co-model of S in S' we mean a uniform S"-model 

of S which leaves the symbols and range of variables of £PX fixed. 

Let S'! be a set of axioms in £P = SPfPko, Pkl,...) and S2 a set of 

axioms in SP2. An co, T-model of Sk in S2 is an co-model for which the 

translation (T(x))' is provably equivalent to T(x) in S2. An co, T-model of 

S2 in Sl is an co-model for which the translation (T(x))' of (1.5.1) is provably 

equivalent to T(x) in Sr. In this case (T(x))' has the form 

A z{9Jl(z) a A y[2l'T(z, y) -*■ y e' z] -» x e' z}, 

where (y e' z) is the formula defining (y ez) in 2? and 9JJ(z) is the formula 

of £P giving the range of variation of the 2nd order variables. 

A theory S is said to be co, T-reducible to a theory S' if every finite sub¬ 

system of S has an co, T-model in S'. S and S' are said to be co, T-equivalent 

if each is co, T-reducible to the other. In every case in the following where 

it is asserted that a theory S has an co, T-model in a theory S', or is co, T- 

reducible to S', we have a finitist proof of this fact. It follows that S is 

proof theoretically reducible to S' in the following strong sense: we have 

a finitist proof of the fact that every sentence provable in S, which is arith¬ 

metic in the formula T(x), is provable in S’. We write S' S" when this is 

established; trivially, S < S' implies that S is consistent relative to S'. 

We write S = S' if S ^ S' and S' < S. 

1.6. Some subsystems of analysis. Let S' be any collection of formulas 

%(x) of SP2 (parameters permitted). The S'-comprehension axiom schema 

(J^-CA) consists of (the universal closures of) all formulas 

(1.6.1) V X A x[x e X <-> §(x)], 

where $(x) is in ^ and % is not free i° cKx)- (2f-CA)- is ($--CA), where 
consists of the formulas in $ without set parameters. The %-axiom of 

choice schema (^-AC) and its restriction (^-AC)- are obtained similarly 

from (AC01) of [8], p. 326, when ^ consists of formulas $(x, a). 

Let/7o = 1° be the collection of elementary formulas 9?(x). All the systems 

in S’2 considered here are assumed to contain (I7q-CA). Each system is 
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named by its corresponding additional axioms. (77°-CA) — (£° -CA) is 

derivable (over (77°-CA)) from the instance 

V AT A x[x s X «-► A y«x, y> e 7)] 

of (/Zj-CA). (77}-CA)~ has the additional axioms VIAx[xeI<-> 

AaVy9?(x, a(y))], where 9? contains no set parameters. (77J-CA) can 

be taken to consist of all sentences 

A p V X A x[x A a V y9i(x, a(y), j5(y))]. 

(77°-CA) is derivable in (77J-CA). The systems (i711-CA)<v mentioned in the 

introduction will be defined in § 3 below. 

The (classical version of the) system (BI) of bar induction is given by 

the additional axioms 

(1.6.2) WF(ffi)-> TI(«R, ft). 

(BI)“ denotes the restriction to the case that contains no set parameters, 

but where no restriction is made on 

Lemma 1.6.3. [ A XW(X) -» 21(g)] is provable in (77°-CA)+(BI); it is 

provable in (77°-CA) + (BI)“ when A X^(X) contains no set parameters. 

Proof. The standard reduction of 5l(A") to 77J-normal form associates 

an 9R(JT, 5) such that 

(77°-CA) I- [3t(AT) <-» A/?V xfft(AT, 0(x))]. (1) 

This is done in such a way that with each % is associated a © s.t. 

b Ax V! y@(x, y) a[Vx9t($, ©(x, -)) -> 3t(£r)]. (2) 

For example, suppose SI(A') has the form V x A y91(A", x, y). This is 

equivalent to A P V xS^A', x, /J(x)); moreover, [ V x9i(X, x, /?0(x)) 

V x AyS^A", x, y)] for the function P0(x) = (juy) ~ 9i(A", x, y). In this 

case take ©(x, y) to be the formula 

[~ 97($, x, y) a A z < y9?(g, x, z)] v [ A z97($, x, z) ay = 0]. 

(BI) b A X A J8 V x9t(X, P(x)) -> V x$R(& ®(x, -)). (3) 

More generally, for any 9?(s) and © such that AxV!y@(x,y) has been 

proved we have 

(BI) b A a V x97(a(x)) -»• V x9i(©(x, —)). (4) 
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This follows from [WF('J{1) -*■ 11(3^, ©i)] where ^(v, s') is 

[Seq(s) a Seq(s') a A z < Lh(s) ~ 37(s :~z)a(s' c= s)], 

and ©^s) is 

[Seq(s)a Az < Lh(s)($(z,(s)x-1) -► Vx9i(©(x, -))]. 

§ 2. Relationships between IDi, ID^ and subsystems of (Z7l~CA) + (BI) 

2.1. Relationships between IDx, (Il[-CA)~ and (BI)-. The following are 

the known results on these systems; they are due to Kreisel (proved or 

sketched in [6], [7] p. 137, and [8] § 10): 

(2.1.1)(i). IDj = ID0. 

(ii) . (BI) ^ (BI)- < ID0 < (BI). 

(iii) . IDi has an ay-model in (H°-CA) + (I7(-CA)-. 

Actually, these are special cases of Kreisel’s results principally concerning 

intuitionistic systems, which will be considered in § 4. In particular, the 

proof of (ii) depends essentially on the use of such systems. 

Though the results (i), (ii) are sharp for IDt, ID0 (or equivalently IDr), 

(BI)- and (BI), they leave open the exact relationship between IDX and 

Il\-CA-. This is established by the following theorem. More importantly, 

the model-theoretical formulation and proof are the basis for the results 

below relating various IDV with subsystems of analysis. 

Theorem 2.1.2. 

(i) . IDj has an ay,T-model in (77°-CA) +(BI)-, as well as in 

(77°-CA) + (77}-CA)-. 

(ii) . (77{-CA)- + (BI)- has an ay,T-model in IDr. 

Proof, (i). The definitions of the co-models of ID: are the same in both 

cases, but the proofs differ in the treatment of the principles of proof by 

induction. For each Pa of IDls translate Pa(x) by 

Pi(x) = A X{ A yWX, y) y e X] - x e X}. (1) 

This determines a translation of x(Pao, Pai, . . .) in 2 preserving JS? 1. 

The translation 

A x[21(Pa, x) -»• Pi(x)] (2) 
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of (1.2.1i) is logically valid and so holds for both systems. For, given any 
two formulas ^(x) and @(x), the proof of monotonicity applies equally 
well to show 

t- A z[8(z) ®(z)] - A x[8l(& x) - 2I(@, x)]. 

It follows that 

b A y[2I(X, y) -> y e X] -»• A x[2I(Pg > x) ®(x> X)J> 

so that (2) is derivable. 
The translation of (1.2.1 ii) is 

A x[W(f8', x) -> »'(*)] -> A x[Pi(x) - $8'(x)], (3) 
where 

= . 

is the translation of 

25(x) = SS(Pao,.. .,P„m,x). 

First consider (3) in (77}-CA)~. For each i, 

(n°-C A) + (77}-CA)~ b V Y A x[x 6 Y ~ P^(x)] (4) 

by reduction of (1) to 77} normal form. Then also 

(I7°-CA) + (f7i-CA)- b VA'Ax[xeA’^SB(Pi0,...,Pim,x)], (5) 

giving derivability of (3) in this case. 
To obtain (3) for the case of (BI)“, apply lemma 1.6.3, taking P^(x) 

for the formula A X$l(X): 

«-CA)+(BI)- b p;(x) - {A yim', y) - ®'(y)] - »'(*)}• (6) 

Let us now turn to the proof of part (ii). We formalize the proof of the 
basis result for 77} predicates: A a V x9?(a(x)) A aM V x97(a(x)), where 
M is the collection of sets recursive in T. Thus M is trivially an co-model 
for (77}-CA)_. But also if WF(97) is true in M then 5R must actually be 
well-founded; hence TI^, will hold in M for any formula Since M 
is definable in IDr it need only be verified that the formal principles of 
IDt are sufficient to derive these facts. 

Let 9J7(x) be the formula AyV^({x}T(y) cs: z) of -^(T) and (y e'x) 
the formula ({x}T(y) ~ 0). The range of variation of the 2nd order variables 
of =S?2 under the translation is given by relativization to 9JL This and the 
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formula (y e' x) determine a translation of into ~^i(T) preserving the 

symbols and variables of . 

Given 9K(x), the 2nd order definition of being a function is translated as 

Ay V!z({x}r«y, z» ~ 0). With each such x is associated xx with 

{xx}T(y) (/iz)({x}r(<y, z>) ~ 0), so 9ft(xx). Conversely, every xx in 

can be found in this way from its graph x in 9ft. Hence the translation of a 

formula AaVy9i(a(y)) is equivalent to Ax[3ft(x)->- Vy9i({x}r(y))]. 

The latter will be written A%V y$R(a(y)) in ^i(T). 

The main step is to formalize the unsecured-sequences argument for the 

n\-completeness of T; cf. § 1.4. Given (which may contain numerical 

parameters) the number % is associated (uniformly in the parameters) 

with {t/fu) total and (wg,)(s) — 0 > A cz s —>■ 9i(sx)]. Let 

Secw(s) = T(un {s); (7) 

this expresses 91-securability of s. With this identification, the inductive 

definition of 91-securability: 

[9i(s) a A sx[sx c: s -> ~ 9t(sx)] v A y Secg,(s * <y»] -> Sec^s), (8) 

and also proof by induction: 

{ A s[iR(s) a A sx[sx cr s -> ~ 9?(sx)] v A y23(s * <y»] -» 23(s)} 

-* A s[Secjj(s) -> SB(s)], (9) 

are both derivable in IDT. Applying (9) we get 

IDr h 8603,(5) -> A«an[a(L/i(s)) = s -* V y9t(a(y))]. (10) 

On the other hand, ~ SeCj,(s) ->• V y ~ Sec3,(s * <y». Thus if ~ Sec9,(sx) 

we get a in 9ft with Ay ~ 31(a(y) and a(Z,/i(5x)) — 5X, by 

a(x) = (juy) ~ Secj,(a(x) * <y» = (/xy) ~ T(un [ (a(x) * <y») 

for x ^ L/?(5X). Formally, 

IDr h A aaR[a(Lfi(s)) = s -* V y3ft(a(y))] -> Sec3,(s). (11) 

In particular, A aOT V y9i(a(y)) -> A s Sec3,(s). Thus the translation of (BI)~ 

is provable in IDr from (9) and (11). To obtain (n\-CA)~, consider 

A a® V y9?(x, a(y)); here u9, depends on x, = /(x) with prim. rec. /. 

(7), (10) and (11) yield 

IDt h A aOT V y9i(x, a(y)) «-► T(/(x)). (12) 
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This proves V zm A x[x e' z «-> A V y9i(x, oc(y))]. The fact that this is 

a T-model also follows from (12). 

It does not follow from these results that ID! has an co, T-model in IDr. 

The obstacle is that the relative arithmetic CA does not hold in 9ft. However, 

we can modify the proof of theorem 2.1.2 to obtain the following. 

Theorem 2.1.3. IDj is co, T-reducible to IDr. 

Proof (sketch). Let S be the subsystem of (77°-CA)+(77j-CA)“ con¬ 

sisting of all instances of 

V A A x[x jy(x)] 

where % has no set parameters and no nested 2nd-order quantifiers; in 

other words ^ is arithmetical in some formulas of the form A T2I(T). The 

proof of theorem 2.1.2i (esp. (1), (5)) also shows that IDj has an co, T-model 

in S. It thus suffices to show that any finite subsystem St of S has an 

co, T-model in lDr. This is obtained by taking 9ft(x) to define the set of all 

numbers x of functions recursive in T(n) («th jump of T) for sufficiently 

large n. 

These model-theoretic arguments do not give the proof theoretical 

equivalence (2.1.1) of IDt with (BI). 

2.2. Relationships between ID^ and (Z7}-CA) + (BI). The main results 

here are simpler to state because (/7^,-CA) is derivable from (/7}-CA). 

Theorem 2.2.1 

(i) . ID^, has an co, T-model in (/7}-CA) +(BI). 

(ii) . (n\-CA)+ (BI) has an co, T-model in IDTcj. 

Proof, (i) By definition, ID^ = ID^ for -< = «<„; this has the same 

theorems as ID< using the ordering < of co. Let S = (J7j-CA) + (BI). 

For each P% of ID^,, the definition of Pf (x) in SP2 is obtained from (1.3.2) 

as follows. Let 

©(A, y) = A T{Ax[2I(y, 2((z)j < yx(z)0 e A(z)l), x, y) -> x e y] 

* — Y}, (1) 

which expresses that Xy is the smallest set satisfying the inductive definition 

from <Az>z<y. Then let 

P'f(x)' = VA[Ayi < y(£(A, yj) ax e AJ, (2) 
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(nl-CA) t- A y V Z A x[x P*(x)']. (3) 

This follows from 

(n J-CA) b A y V X A yi < y©(X, yt), (4) 

which is proved by induction on y. We also have unicity of such X (up to y): 

(n\-cK) v a y, X, x'[ A y1 < M.x, yi) A ®(x', yo -> xy = x;]. (5) 

It follows from these that the translation of axiom (1.3. li) of ID^ is provable 

in (nJ-CA). 

In contrast to the proof of (2.1.1), we cannot in general prove 

V ZA x, y[<x, y) e Z <-*• Pj(x)'] in (77J-CA). Here we must use (BI) to 

get the translation of (1.3.1ii), which is (equivalent to the universal closure 

of) 

A yt < y ©(X, yj) a (x e Xy) -> 

{ A «[9l(S8', 2((z)x < y a (z)0 6 XWl), w, y) -»• 93'(w)l ®'00}- (6) 

This is provable in (BI) by (1) and lemma 1.6.3. Thus the translation (2) 

determines an co-model of IDi in (n[-CA) + (BI), which is easily checked 

to be an co, T-model. 

For (ii) we formalize the argument that M = (Jn<(07?crn forms an 

co-model of (I7}-CA) + (BI), since RcTn+l is a basis for predicates 

A a Vy3f(a(y), /?(y)) where /J is recursive in Tn. Formally, let 9K(x) be 

the formula A y V z({(x)0}T<JC>1(y) ~ z) of =Sf1(T’(0) and (y e' x) be 

({(x)0}r<x)l (y) — 0). This determines a translation of 2 preserving 

and relativizing the 2nd order quantifiers to SOL Given x such that 9Ji(x) 

write px for Ay{(x)0}T(*)‘ (y). 

The proof extends the argument for (2.1.2ii). Consider a formula 

A V y9i(a(y), /?x(y)). A number uj of the tree of unsecured sequences 

of 9?(s, px(Lh(s))) is associated with 9?, uniformly in x. Let 

Secji(s) = T(X)1+1(mjj 1 s). (7) 

Proof by induction on Sec^ follows from the inductive description of 

T(x)l + 1, and hence 

IDr<o b 2R(x) a Sec*(s) -»• A aw[u(Lh(s)) = s -* V ySR(a(y), j5,(y))]. (8) 

By direct argument 

IDrto b S’Dl(x) a ~ SecJ(s) -> Va{91cT(*>i+1(a)Au(Lh(s)) = s 

a Ay ~ 9i(a(y), j5x(y))], (9) 
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and thus 

lDTa>\- A v[/\txm\/ y$i(a.(y), p(y)) ++ Tv+1(uvnj]. (10) 

The translations of (/7j-CA) +(BI) follow as in (2.1.2ii). 

§ 3. Relationships between 1DV, ID<V and subsystems of analysis 

3.1. Relations between IDV, ID<V, (/!}-CA)<V and (BI). These relation¬ 

ships are stated for v < e0, using -< = -<eo. All of the results can be 

generalized to any prim. rec. well-ordering -< by adding the appropriate 

instances of TI(<) to each system. 

Let \a\ = a in <, a / 0. X is a hierarchy based on the hyperjump up to 

a (or a) if 

(3.1.1 )(i). for each b © 1 «< a, Xb9l = TXb, 

and 

(ii). for each b < a with Lim(b), xelti->(x)1 -< b a(x)0 e X(x)l. 

By (1.4.1), the equality in condition (i) is expressed in J?2 by the formula 

A x[x e X6ei <-► AT{Ay[21r(X, y) y e 7] -+ x e Y}]. Let %(a, X) 

be the formula of =S?2 expressing (3.1 .li, ii); for fixed a this is written 

§fl(Z) or ip^Z). Let be the sentence 

(3.1.2) AZV X\§a(X) a X0 = Z]. 

£)2 expresses that for each Z, Tz exists. For a, fi ^ (§a A §/? §a + ^) 

is derivable in (77q-CA). 

By (n{-CA)<v for v a limit number is meant the system with axioms 

£>a for each a < v. (7711-CA)<co is equivalent to lp2, which is provable in 

(Z7J-CA). Conversely, if §2 is assumed we can prove the completeness of 

Tz for predicates A a V y^R(a(y), Z). Hence the axioms of (n\-CA) 

follow from §2. Thus 

(3.1.3) (/Jj-CA)<(1) and (/7}-CA) have the same theorems. 

The results of this section were obtained in collaboration with Friedman, 

who introduced the systems (77}-CA)<v and established, in particular, that 

(d2-CA) is a conservative extension of (n\-CA)<eo for Tl\ sentences ([4]). 
This subsection considers relationships involving (J711-CA)<V and IDV, 1D<V 

for arbitrary v satisfying certain closure conditions. In § 3.2 we consider 

the relation between these for v = cu" and the comprehension rule (zl2-CR). 
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The general pattern of the results is summarized in § 3.3. 

The arguments are extensions of those of §2; only the few essentially 

new points involved are indicated. The following generalizes theorem 2.2.1. 

Theorem 3.1.4 

(i) . For each v < e0 of the form y • co with y > 0, IDV has an co, T-model 

in (JI}-CA)<V + (BI). 

(ii) . For each v < e0 of the form v = coy with y > 0, (77j-CA)<v+(BI) 

has an co, T-model in IDTv. 

Proof. In (i), only (£)y} + (BI) is needed. For (ii) we use the fact that 

U..K vRcTb is a model for (77}-CA)<v + (BI). For suppose Z e RcTb with 

\b\ = p < v and suppose \a\ = a < v. A hierarchy A up to a with X0 — Z 

can be found recursive in Tb®a > where \b ® a\ — /J + a; but a, fl < of 

implies (/? + a) < of. This argument is formalized in IDTv. 

Corollary 3.1.5. Suppose v < e0 is of the form v — of with limit y. Then 

(I7(-CA)<V + (BI) is co, T-reducible to IDT_ <v. 

Proof. Any finite subsystem S of (I7}-CA)<V + (BI) is contained in 

(77J-CA)<V1 + (BI) for some = of' with 0 < < y. 

Theorem 3.1.6. Suppose 2 < v ^ e0. Then 

(i) . for a < v, IDa has an co, T-model in (I7j-CA)<V; 

(ii) . ID<, is co, T-reducible to (77j-CA)<v. 

Proof, (i). The argument is similar to that for (3.1.4i) (extending that 

for (2.1.2i)) but is simpler. A model for IDa can be defined from any X 

such that §a(A) (with X0 = 0). (BI) is not needed here because the transla¬ 

tion of any formula 33(x) is arithmetical in such an X; the work is taken 

over by (77°-CA). 

(ii). This is a corollary of (i). 

Summarizing, we have 

Theorem 3.1.7. Suppose v < e0 is of the form v = of with limit y. Then the 

theories (77j-CA)<v, (7711-CA)<V + (BI), ID<V and IDr <v are co,T- 

equivalent. 

The condition that y is a limit number cannot be omitted here since, by 

[8] § 8, the consistency of (/7J-CA) (in fact the full reflection principle) 

can be proved in (77j-CA) +(BI). 
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By [4] we have 

Corollary 3.1.8. (d2-CA) = IDr> <eo. 

3.2. (d^-CR) and (n\-CA)<0}a,. A formula of 2 is said to be essentially 

n\(n\) if it can be brought to a prenex normal form in which every set 

quantifier is universal (every universal set quantifier precedes every existen¬ 

tial set quantifier); it is said to be essentially T}^) if its negation is essen¬ 

tially 77j(J72). The d^-comprehension rule (n = 1, 2) is the rule of inference 

,3 21) A *[%(*) <-> ©(x)] 

V X A x\x SM] 

where ^ is ess. and ® is ess. (parameters permitted). (d*-CR) 

denotes the system obtained from (/7°-CA) by adjoining (3.2.1) as a basic 

rule. The usual reduction of ess. nln formulas to IT*-normal form requires 

choice axioms which are not available in (d^-CR); this explains the use 

of the more general classes of formulas. 

Theorem 3.2.2 

(i) . (d2-CR) is a), T-reducible to (/71l-CA)<0)to. 

(ii) . (d2-CR) is a conservative extension of (n{-CA)<0)a,for n\ sentences. 

Proof, (i). The proof formalizes, in (I7{-CA)<a,m, the following model- 

theoretic argument. Let Ma be the collection of sets recursive in Tp for some 

P < a. Ma = \Jfi<aMp for limit a. AXX(. . .) abbreviates A XMf- • •), and 

similarly for V Xx(. . .). denotes the result of relativizing every set- 

quantifier in to Ma. In this notation, the fact that RcT“ constitutes a 

basis for each predicate Z{ in some Tp, ft < a, is expressed by: 

a xx[ v m(x, t) <-> v r+12i(A, y)]. (i) 

We next claim that with any ess. l\ formula ®(X) can be associated ©i(A') 

of the form V T3l(Z, T) such that for any a 

A X*[®x(X) -> ©1(JT)] a A ^[(^(A) -* @a(A)]. (2) 

Suppose, for example @(A) = AkV YAmVZ$8(fc, m, X, Y, Z). Take 

®fX) = V Y, Z A k, mIQQc, m, X, Yk, Zk m). The second implication is then 

trivial. For the first, given any a, enumerate Ma = {W£, . . Wx, . . .} 

arithmetically in Ta. Then ®x(X) <-* A k V y A m V zi8(/c, m, X, Wx, Wx); 

if this holds we can choosey = f(k), z = g(k, m) where f g are arithmetical 
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in Ta. The sets Y = {<x, k): x e W}(k)} and Z = {<x, <fc, m»: x e Wg(k,m)} 

give the first implication in (2); in fact, since these are recursive in Ta + 1 

we can take ©“+2(Z) instead of ©^Z) there. 

It follows that if /? is a limit number, /? < a, and $(Z) is ess. n\ then 

AZ^“(Z)-+^(Z)]. (3) 

Suppose, for example % is of the form A T©(Z, T) where © is ess. l\. 

Assume X is in Mp and that A Ta©a(Z, Y). Given Y in Mp, it is to be shown 

that Y) holds. By (2), @t(Z, Y) holds with ©X(Z, Y) = V Z21(Z, Y,Z). 

Let y < with both X, Y in My. By (1), VZy+121(Z, Y, Z) and hence 

©?(*, Y), giving ©P(Z, Y) by (2). 

The main step is to show the following: 

Suppose n > 0 and that a sentence % has been proved in (d^-CR) 

using at most (n — 1) applications of the d ^-comprehension rule; (4) 

then is true for every a of the form a — con ‘ 5 with <5 > 0. 

This is proved by induction on n. It is sufficient to show that if ^r(x, X), 

@(x, X) are ess. 17l\ resp., without other parameters and 

AX0 A x[g*(x, X) <-* &0(x, X)] (5) 

holds for every /? = of • 2, A > 0, then 

A Za V ya A x[x e Y <-> %\x, Z)] (6) 

holds for every a = con+1 • <5 with <5 > 0. Write a = of • (co • 5); <x> • <5 

is a limit number with co • 8 — limfc Xk for some sequence of Xk > 0. Each 

Pk = of • Ak is also a limit number since n > 0. Then any Z in Ma belongs 

to MPk for some k. By (3) and its dual, both 

A x[ft“(x, Z) -> £^k(x, Z)] and A x[&Pk(x, Z) -> ©“(x, Z)] 

hold. Then by (5) 

A x[$a(*> x) «-+ t^k(x> Z)]. 

(6) follows from this and 

A Xpk VfAx[xey« ^k(x, Z)]. 

Let S be any derivation in (d^-CR) containing, say, (m— 1) applications 

of the rule (3.2.1). (4) can be formalized to give an co-model of S in 

(I711-CA)<ojm + 1. As one proceeds by induction on n ^ m, it is only necessary 

to consider those a = co" • (5 with a ^ com. This proves (i). 



E XX THEORIES FOR INDUCTIVE DEFINITIONS 321 

The entire argument can be relativized to any initial set Z. Write Mz 

for the corresponding collections; Z is in Mz for any a. If (d^-CR) b 

A Z V 79I(Z, Y) then for some n, (/7}-CA)<c0<u proves 

(AZAIMzu„VyMZ J(I, Y) 

and hence A ZV 72l(Z, 7). 

To complete the proof of (ii) it must also be shown that each axiom of 

(7711-CA)<(0a. is provable in (dj-CR). Note that for any a < e0, \a\ = a, 

A y < a{$Q(y, X) a <p(y, X')-> A u< y(Xu = X'u)} (7) 

is provable by transfinite induction on -<a. It is sufficient to show that 

for each n < a>, 

(d]-<CR) b A Z V X[£UX) *X0 = Z]. (8) 

Let |w„| = of, and let o represent ordinal product on «<. Suppose (8) 

holds for n; then also 

AyAX{§(y, X) - V 7[70 = Z0 A$(y © iv„, 7)]} 

and 

AZArVZ[§(vvnoz, I)aI0 = Z] (9) 

are provable in (dj-CR). Let £r(x, Z) be the formula 

My, zVZ{§(iv„ oz, I)aI0 = Z Ay < wn o z ax e Xy} 

and @(x, Z) the formula 

V y, zAZ{§(w„ o z, X) aX0 = Z -*• y < vv„ o zaxe Xy}. 

§(y, X) is arithmetical in an ess. n\ formula, so is both ess. Yl\ and ess. • 

Thus $(x, Z) is ess. and @(x, Z) is ess. n\; moreover 

AZAx®(x!Z)^®(x,Z)] (10) 

is provable in (d^-CR) by (7) and (9). Then so also is A ZV Xt A x[xeX1 <-» 

£r(x, Z)], which immediately implies (8) for n + 1. 

Corollary 3.2.3. (d^-CR) and IDr <(oU> are co, T-equivalent. 

It is worth noting that the proof of (3.2.2) also gives the following 

Theorem 3.2.4. (dj-CR) is closed under the l\-rule of choice. 

Proof. Suppose, for example 

(d^-CR) b A x V A A 79I(x, X, 7). 
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By (4) above there is a = co" such that 

(77}-CA)<co„ h Ax V XaA Ya2I(x, X, Y). 

Using the enumeration of Ma arithmetical in Ta (hence recursive in Tx + l) 

we derive 

V X“+2 Ax VZa{Xx = Z a A Y“SI(x, Z, Y)}. 

Since a is a limit number, the basis result (1) gives 

A Ya2I(x, Z, Y) -> A Y2t(x, Z, Y) 

for Z in Ma. Hence V XAx A Y2l(x, Xx, Y) is derivable in (77j-CA)<t0<u 

and in (d^-CR). 

3.3. General pattern. Consider the usual jump (not hyperjump) operation 

and write $fa{X) for 

X is a hierarchy based on the ordinary jump up to a. 

Let (/7j-CA)<v be the system with axioms AZVX[§°(X)aX0 = Z] for 

each a < v. It follows from Kleene [5] that (n°l-CA)<(0.y is equivalent to 

ramified analysis with levels /? for each p < y. Write (/7q-CA) for (/7j-CA) 

or equivalently (77®-CA). 

(3.3.1) (i). (77®-CA)<0> = (77^-CA) 

(ii) . (n'!-CA)<„... = (A |-CR) 

(iii) . (i7?-CA)<to s (dl-CA). 

(i) is trivial; (ii) is fiom [1], 6.14 (using the above remark on ramified 

analysis) and (iii) from [3] Ch. II.5. By the results of [4] and this section, 

the same pattern is followed when we increase the superscripts on the left 

and the subscripts on the right by 1: 

(3.3.2) (i). (77j-CA)<co = (77J-CA) 

(ii) . (77j-CA)<caW = (dl-CR) 

(iii) . (77j-CA)<£0 = (A\-CA) 

As a matter of fact, these results and their proofs were suggested by the 

previous ones. Though the proof of (ii) (i.e. (3.2.2)) simply generalizes 

my proof of 6.14 sketched in [1], this possibility was noticed only recently 

by Friedman. It should be noted in addition that (3.2.4) corresponds to 
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[1] 6 .27, according to which (d}-CR) is closed under the Tj-rule of 

choice.* 

There is an important difference between (dJ-CR) and (d}-CA). While 

the jump hierarchy up to a>w actually is an cu-model for (d{-CR), the 

hierarchy up to e0 is not an cu-model for (dj-CA) since the least co-model 

consists of all hyperarithmetic sets. A corresponding remark applies to 

(di-CR) and (d^-CA). 

§ 4. Value of reductions to systems IDV. The remarks below suggest definite 

technical advantages of these reductions and some limitations of their 

foundational significance; some additional technical advantages appear 

in the discussion in § 5. 

4.1. The main results above yield conservative extension results for 

provably recursive well-orderings and ordinal functions as follows: In 

each case we have S2 s Sx, where S2 is a subsystem of analysis and Sx is 

one of the theories IDTv or IDr <v. If S2 b WF(9f) then we can find e e T 

with 91 provably embedded in the tree of e and S2 b T(e), so S2 and St 

have the same provably recursive well-orderings. But S2 = also implies 

that for / recursive, Sl5 S2 prove the same sentences of the form 

Axlt.. .,xn[T(xl)A...A T(xn) -»• T(f(xl,.. .,*„))]. 

This extends to any theory S2 which is a conservative extension of S2 for 

Tl\ sentences. 

Since the IDV are very naturally associated with ordinals, it is not un¬ 

reasonable to expect to be able to develop a theory of their provably 

recursive ordinals and ordinal functions. This is obviously so foi IDt 

(cf. [2]). It is not obviously so for IDV for v > 1 since the natural orderings 

associated are non-recursive; however, some collapsing argument may 

perhaps be possible. 

4.2. Evidently the familiar classical interpretation of g.i.d. is not relevant 

to the foundational significance of the reductions, because the existence of 

least sets (under suitable conditions on the defining formula 91) is derived 

from the compiehension axiom or a theory of ordinals. 

* (A\—CA) =(Z[—AC) = (Zj—DC) by [3] Ch. 5, and (A\—CA) = AC) = 
—DC) by formalization of the Kondo-Addison theorem as verified by Mansfield; 

however, the arguments in this case are quite different. 
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Prima facie the reductions become candidates for constructive consistency 

proofs because of the following observation of Kreisel [6]. 

Let ID? (21) be the system IDV(2I) with the logic restricted to be intuition- 

istic, except that only derivability of the monotonicity condition (1.2.4) 

on 21 is required,* and let ID? be the union of ID?(2I) for such 21. Then 

IDV < ID?. 

However, Kreisel points out (in [8], esp. pp. 344 and 352, and in [9], 

§§ 4, 5) that for v > 1, the principles used to justify ID? with (the usual 

interpretation of) intuitionistic logical operations also justify the whole 

theory of species of natural numbers, where the reduction of full classical 

analysis is immediate. Therefore the special significance of these results for 

constructive foundations of analysis is open. 

§ 5. Connections with the literature. We consider work by Tait and Takeuti. 

It so happens that in both cases the principles of IDV enter into their work 

and also variants, that is, formally quite different principles of inductive 

definitions, are considered. 

5.1.1. Tait gives consistency proofs for (d^-CR) and (I^-AC) by cut- 

elimination arguments in infinitary propositional systems PL““ and PLe°, 

resp. ([12], §§ 4, 5). The formulas and derivations of PLV are represented 

by trees indexed by members of Ta for a < v. The same cut-elimination 

arguments apply even more simply and more intelligibly to the theories 

IDr <v, by assigning to every sentence ^ a sentence of PLV with 

mk)f = \X/a6Jn = a). 

5.1.2. The 2nd-order theory Ind of [12] § 1 has constants for set func¬ 

tionals /a and axioms of the form 

A x[W(MX), x, X) x e >a(Z)] 
and 

A x[2I(23, x, A) -> 23(x)] -» A x[x e /^(X) -*■ 23(x)], 

where Y is positive in 21(7, x, X). It can be seen that Ind is cu, T-equivalent 

to ID^ by the same arguments as in 2.2. 

5.2.1. Takeuti [15] has given a consistency proof for (n\-CA) by trans- 

finite induction on the ordinal diagrams 0(cu + l,o>3) applied to a prim. 

* The argument in § 1.2 reducing to 2L(P, x) with positive P does not hold intuitionisti- 

cally. 
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rec. predicate. The principles of g.i.d. enter this work implicitly, in the 

following sense. At the present time, the most elementary proof of the well- 

foundedness of 0(co+ 1, cu3) uses ID^; the method is by an extension of 

the proof by Kreisel (review Zentr. f. Math. 106 (1964) 237-238) and by 

making use of [13]. 

It seems likely that the following converse holds; a proof of consistency 

of IDW, and hence of (77{-CA), should be given using induction on 

0(a> +1, —); moreover, this should be much simpler than [15]. 

5.2.2. In [14] and [15] ch. 4, Takeuti considers 2nd order systems with 

additional symbols P(x,y), P(x,y, P") resp. and axioms of the form 

(1) P(x, y) ^ ^(2((z)i «< y a P((z)0, (z)x)), x, y), 

(2) P(x, y, P~) <-» ft (2((z)x <y a P((z)0, (z)u P)), x, y, P), 

where -< is a given prim. rec. well-ordering, £r(X, x, y) resp. x, y, Y) 

is arithmetical in 77}-formulas, and, in (2), P ranges over arbitrary ‘varie¬ 

ties’, i.e. abstracts £@(x) (written (x}@(x) in [15] for any formula ©. Thus, 

in contrast to our systems ID< these axioms contain also 2nd order variables. 

We establish relations between the systems in the text and, for reasons 

to be explained in a moment, somewhat modified variations of Takeuti’s 

systems. 

Let a = |-<|, and suppose (for simplicity) that a is of the form coy. Let 

be obtained from schema (1) by adding TI(-<) and (/7°-CA); P is 

treated as a 2nd order constant symbol. Then 

(3) (i). is o,T-reducible to IDTce. 

(ii). IDr, is co,T-reducible to S< for suitable choice of%. 

(It is understood as in § 1.3 that IDr<i is described by reference to -< and 

contains TI(«<).) The proof of (3i) is obtained by formalizing the construc¬ 

tion of an comodel of SK with P recursive in Ta. 

Let be obtained from schema (2) by restricting P to be a set variable, 

and adding WF(«<), (BI) and (77}-CA); P is now treated as a functional 

symbol for XY £P„((z)0, (z)l5 F). Then 

(4) (i). is co,T-reducible to ID-^ w, 

(ii). IDTa.c o is co,T-reducible to for suitable choice of 

The proof of (4i) goes via an <y,P-model of in (77]-CA)<a.0} +(BI) (in¬ 

cluding TI(-<)) and the generalization of (3.1.4ii). 
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These results can be generalized to systems involving iterations of the 

schemata (1), (2) considered in [14], [15]. 
Concerning the modifications, it seems that TI(-<) must have been in¬ 

tended (though it was not explicitly included) since it is difficult to see how 

the schemas (1), (2) can be applied non-trivially without it. In any case, 

inasmuch as the concern in [14], [15] is with consistency proofs, if one can 

get a reduction for an extended system by the same principles, so much the 

better. With regard to the restriction to set variables in (2), no explanation 

is given in [15] for the substitution of 3@(x) for Y in the atomic formula 

P(x, y, Y), and it is not clear exactly what was intended. A form of (2) 

is derivable in S< for those abstracts 'f' — £@(x) which can be proved to 

define a set, e.g. when ®(x) = (^(x, P) with ©i(x, X) arithmetical in n\- 
formulas. 
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BROUWER’S BAR THEOREM AND A SYSTEM OF ORDINAL 

NOTATIONS 

HARVEY GERBER* 

In [3] Godel proves the consistency of arithmetic by using computable 

functionals of finite type. Spector [6] extends Godel’s proof to a consistency 

proof of analysis by introducing a new definition, bar recursion, and a 

corresponding principle of proof, bar induction. Bar induction is a general¬ 

ization of Brouwer’s bar theorem [1] (bar induction of type 0) to higher 

types. The problem still remains of obtaining a proof of the consistency of 

analysis by using the constructive theory of ordinals. 

In § 1 we construct a system of ordinal notations based upon the work 

done in [2], This system of notations has been used by Wm. Howard 

(unpublished) to prove the consistency of the formal system obtained by 

adjoining the axiom of bar induction of type 0 to elementary intuitionistic 

analysis. 

In § 2 we prove the well-ordering of any proper segment of our notations, 

but not the whole segment itself, using Brouwer’s bar theorem formulated 

in the form of TID, ‘the axiom of transfinite induction’ for decidable rela¬ 

tions p. 

§ 1. A system of ordinal notations. The terms 0, £2°, <2° [a, a] defined below 

can be interpreted as the ordinal numbers 0, 1, (pa.* a* respectively (of [2]), 

provided that the terms a, a are interpreted as the ordinal numbers a*, a* 

(also of [2]). We recall that <p0 is any normal function whose range consists 

of limit ordinals. 

Definition 1. Terms and class Cl of terms of the system T. 

1.1. 0 is a term and C/(0) = 2. 

* The author is grateful to the National Research Council of Canada (Grant # A-3723) 

for financial assistance. The author also wishes to thank Professor William Howard for 

his many helpful suggestions. 
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1.2. If a is a term then Q* is a term and 

Cl(Qa) = 
2 if a = 0, 

3 otherwise. 

1.3. If a, p, b are terms and Cl{b) = 2 then Qa[P, b] is a term and 

2 if a = 0, 

3 otherwise. 
Cl(Qa[p, &]) - { 

1.4. If a, P are terms, then a # p is a term and 

C/(a # /?) = max {C/(a), C/Q3)}. 

1.5. If a is a term then £2*0 is a term and Cl(Q*0) = 2. 

Intuitively, C/(a) = 2 (resp. C7(a) = 3) says that the ordinal which a 

denotes is in the second (resp. third) number class. This concept is needed 

in order to provide the restriction in 1.3 above which corresponds to the 

restriction in [2], that the function (pp is defined only for arguments b 

such that b is in the second number class. We call the terms of the form 

Qa or Qz[fi, b] the principal terms 

Let *, < ) be defined as in [4]. 

Definition 2. We define the sequence of summands of a term a, written 

5(a), as follows: 

2.1. If a is a principal term or 0 then 5(a) = <a>. 

2.2. If a = P # y then 5(a) = S(P) * 5(y). 

If 5(a) = <al5. . ., a„> then we say that each af (1 < i < n) is a summand 

oi a. 

Definition 3. Degree of terms: 

3.1. D(0) - 0, 

3.2. D(Q*) = D(a)+1, 

3.3. D(Qa[p, b]) = D(<x) + D(P) + D(b)+\, 

3.4. D(a # P) = D{ol) + D(P). 

Definition 4. Let I be a principal term. We define the exponent and the 

coefficient of t, written E(t) and K(t) respectively as follows: 

4.1. £(Ga) = a, K(fia) = Q° 

4.2. E(Q*[p, b~\) = a, K(Q*[p, bj) = Q°[p, b]. 
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Definition 5. We define the relation C(x, t) read ‘x is a constituent of f 

as follows: 

5.1. If t — 0 then C(x, t) iff x = 0. 

5.2. Let t # . . . # where tt is either a principal term or 0 for 

1 < i < n. Then C(x, r) iff x = K{tt) or C(x, E(t{)) for some i if tt # 0, or 

x = 0 if ti = 0. 

Definition 6. We define the relation P(x, a, a) read ‘x is a part of Q°(a, a)' 

as follows: 

P{x,a.,a) iff C(x,«)vx = a. 

Before defining the <-relation and the =-relation we introduce the following 

abbreviations. We abbreviate a < bv a = b by a ^ b, —, (a = b) by 

a f b and a < b by b > a. Let t = tx # ... # ta where each t{ is either 

a principal term or 0 (we call such a representation the normal form represen¬ 

tation (n.f.r.) for t) and at least one of the tt is different from 0. Let L(t) 

denote the summand f, ^ 0 of t, of largest index i, such that E(t{) < E(l,) 

for all j (1 < j < n) where tj # 0 and such that K{tt) < K(tm) for all m 

(1 < m < n), where E{tt) = E(tm). We write [a, a], 1, £2 etc., instead of 

fi°[a, a], Q°, Qn°, etc. 

Assume that oc f Ov a f 0. Let DP(a, a) denote the term a if a f 0. 

If a = 0 and K(L(t)) f 1 or E(L(t)) = 0 then DP(a, a) denotes K(L(t)). 

If a = 0 and E(L(t)) ^ 0 and K(L(t)) = 1 then DP(a, a) denotes 

DP(£(L(t)), a). We write x = DP(a, a) and say ‘x is the distinguished part 

of (a, a)'. 

One final abbreviation. Assume that a f Ov Q ^ a. Let t = # ... #rn 

be the n.f.r. for t. If a f 0 then we write x 6 ND(t, a) iff C(x, t). If a = 0 

and K(L(t)) f 1 and Q < t then we write x e ND(/, a) iff C(x, *!#...# 

# L(t)* # ... # tn) where L{t)* is obtained by replacing L(t) — Qa[P, b] 

by Q*. If a = 0, E(L{t)) = 0 then we write x e ND(t, a) iff C(x, t1 # . . . # 

# E(t)* #...#/„) where E(t)* is obtained by replacing L(t) by 0. Finally, 

if a = 0, E{L{t)) f 0 and K(L(t)) = 1 then we write x e ND(t, a) iff 

C(x, # . . . # L(t)* # . . . # tn), where L(t)* is obtained by replacing 

L(t) by 0 or x e ND(F(L(l)), a). We say ‘x is a non-distinguished part of 

(a, a)' if x g ND(a, a). 

The following definition is a definition by induction on the total number 

of components and parts of the two terms involved. Hence this definition 

gives an effective ordering of the terms. 
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Definition 7. Inductive definition of the =-relation and <-relation on T: 

7.1. 0 = 0, 0 < a for all a ^ 0, and Qa0 = 0 for all a. 

7.2. Let tx — and t2 — . If a = /?, then 1x = t2. 

7.3. Let tx — Qa[ccx,ax], t2 = Qp[a2, a2] with a = p. 

7.3.1. If <xx = a2 and ax = a2, then tx — t2. 

7.3.2. If <xx < a2 and [a2, a2\ = DP(aj, ax) and 

Ax[xeND(al5 ax) -+ x < [a2, a2]], 

then tx = t2. 

7.3.3. If a2 < ax and [04, ax ] = DP(a2, a2) and 

Ax[xeND(a2, a2) ^ x < [als ax]], 

then A = t2. 

7.4. Let 5(a) = <al5. . ak) and S(P) = </4, . . ., /?„>. If & = n and 

there is a permutation (/1?. . ., 4) of (1, ...,&) such that <xi = pu for each 

i = 1,. . k, then a = /?. If k < n (resp. n < k) and there is a permutation 

(4,. . ., 4) of (1,..., n) (resp. a permutation (/l5..4) of (1,.. ., k)) 

such that am = P,m for and /?,m = 0 for k < m n (resp. 

aIm = Pm for 1 ^ m ^ n and a,m = 0 for n < m < &), then a = p. 

7.5. If A,t2 are principal terms and if E(tx) < E(t2), then tx < t2. 

7.6. If 4 = Q“, t2 — Qp[y, a] and if a = P, then tx < t2. 

7.7. Let tx = Qa[ax, ax], t2 — Qp[<x2, a2] with a = /?. 

7.7.1. If ax = a2 and ax < a2, then tx < t2. 

7.7.2. If ax < a2 and A x{P(x, ocx, ax) -> x < [a2,a2]}, then tx < t2. 

7.7.3. If Vx{P(x, a2, a2)a [ax,ax] < x}, then tx < t2. 

1.1 A. If Vx[x e ND(a2, a2) ax = [al5 ax]], then tx < t2. 

7.8. Let P be a principal term, then if px,. . ., Pm < P we have 

Px # . . . # Pm < P- 
7.9. Let oc, Px,. . ., pm be principal terms, m > 1. If a ^ pk for some k 

(1 < k < m), then a < px # . . . # Pm. 

7.10. Let a = otx # . . . # am, P = px # . . . # P„ be the n.f.r. for 

a, p resp. where n > 1 ,m> 1. If there exist a, (1 < / ^ m), pk (1 ^ k ^ n) 

such that a; = \8k and 

ax # ... # a,_x # aI + 1 # ... # am < Px # ... # pk-x # pk + x #...#/? 

then a. < p. 

Associativity and commutativity follow trivially from def. 7.4. We see from 
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def. 1.3 that b < Q in the term b]. The following theorems show that 

= is an equivalence relation, the <-relation is compatible with =, and 

that the system T is linearly ordered. 

Theorem 1.1. Let a and b be any terms', then 

(i) a = a and —i (a < a). 

(ii) If a = b, then b = a. 

(iii) One and only one of the following hold: 

a < b, a = b, b < a. 

Proof. We prove (i) by induction on D(a), and we prove (ii) and (iii) 

by induction on D(a) + D(b). 

Theorem 1.2. Let a, b, c be any terms, then 

(i) a = b/\b = c-+a = c, 

(ii) a<bAb<c->a<c, 

(iii) a = bAb<c-+a<c, 

(iv) a = bAc<b^c< a. 

Proof. We prove the conjunction of (i)—(iv) by induction on 

D(a) +D(b) +D(c). Namely, if a', b', c' are any terms such that 

D{a') + D(b') + D(c') < D(a) +D(b) +D{c) and if a', b', c' satisfy the 

premise of (i), (ii), (iii) or (iv) then the conclusion follows. Let us assume 

that a = [a^aj, b = [oc2,a2], c = [a3,a3], where ax = a2, at = a2, 

a2 < a3, [a3, a3] = DP(a2,a2) and A*[x 6 ND(a2, a2) -» x < [a3, a3]]. 

By the induction hypothesis ax = a2 and a2 < a3 imply a1 < a3. Since 

oc1 = a2 and al = a2, it is easy to see that DP(a2,a2) = DP(a1,a1), 

and that if >^eND(a1,a1) with y f. 0, then there is an xeND(a2,a2) 

such that y = x. Thus by the induction assumption DP(a1; ax) = [a3, a3] 

and Ax[x e ND(a1, at) -> x < [«3,a3]]. Thus [ia1,a1]= [a3,a3]. The 

other case are similar. 

We can now easily show that if b < a # 1 then b < a. 

Theorem 1.3. Ax{P(x, a, a) -> x ^ [oc, a]}. 

Proof. By induction on D{[a, a]). Let p be the maximum part of (a, a). 

We can assume that p = DP(a, a) and all other parts of (a, a) are less 

than p, for otherwise p < [a, a]. Let p = [/?, b]. If a < /?, then [a, a] = 

= [/?, b]. If a = [l and a — [(l, b], then b < [ft, b] by the induction hypoth¬ 

esis and hence [ft, b] = [a, b] < [a, [f, b]\ = [a, a]. If a = 0 then p is a 

constituent of a. Since a = p there is a constituent q of /? such that p = q. 
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If b = 0, then p = [a, a]. If b > 0 then [/?, b] > q = [/?, b] which contra¬ 

dicts theorem 1.1. 

Now assume that P < a and a = 0. Let P(r, /?, 6) with r > [a, a]. Let 

a* be obtained by replacing p by r in a. Then, since [P, b] ^ r, we have 

r ^ [a*, 0] ^ [a, 0] < r, a contradiction. If there is an r e ND(/?, b) such 

that r = [a, a] then, since [P, b] > r, we have r < [a*, 0] < [a, 0] = r, 

again a contradiction. If P(r, P, 6) implies r < [a, a] then [p, b] < [a, a]. 

If re ND(/i, b) -> r < [a, a] and p = [a, 0] where p = DP(jS, 6) then 

[a, a] = [/?, b\. The case when a ^ 0 and ft < a is similar. 

It is easy to see that if p = 0, p = Q° or p — tx # ... # then the 

theorem holds. 

§ 2. Well-foundedness. In this section it is useful to alter the definition of 

term by writing # ... # a„) for QP ay # ... # Qp an where 

Cl(ai) = 2 (1 < i ^ n). Thus, for example, we write # 

# f2[0, 0] # 1) instead of ^ £j[0; 0] # Q. If 1 is a summand 

of t, then we write t = a # 1. If t = a # 1 then the term t* — a is defined 

inductively in the obvious way. If it is not the case that either t = 0 or 

t = a # 1 then we write t e Lim. 

Lemma 2.1 

(i) . Suppose [a # 1,0] > [/?, b]. Then there exists a k such that 

g(k) > [p, b], where g( 1) = [a, 0], g(n + \) = [a, g[n)]. 

(ii) . Suppose [a # 1, a # 1] > [P,b]. Then there exists a k such that 

g{k) > [p, b] where g( 1) = [oc # 1, a] # 1, g{n+ 1) = [a, g{n)]. 

Proof. We prove (i) by induction on D([p,b]). It is easy to see that 

a # 1 ^ p. Assume that a # 1 > P and [a # 1, 0] > p where p is the 

maximum part of (P, b). By the induction assumption there is a A: such that 

g(k) > q, where q is the maximum summand of p. Thus g(k) > p. If 

a > p, then g(k) > [fi,b]. If a = p, then g{k) > b and thus g{k+\) = 

= [*,g(k)]> [p,b]. 

If there is a part of (a # 1, 0) which is greater than [/?, b], then there is 

a part of (a, 0) which is greater than [/?, b]. Thus #(1) > [p, b]. If there is 

a />eND(a # 1,0) such that p = [P,b], then there is a part of (a, 0) 

which is equal to [/?, b]. Thus g(2) > g( 1) ^ [/?, b]. 

We also prove (ii) by induction on D([p,b]). 

Let a ^ 0 be any term. If K(L(a)) # 1 or E(L(a)) = 0, then a(c) is the 

term obtained by replacing the summand L(a) of a by the term £2£(L(lz))c. 
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If K(L(a)) = 1 and E{L(<x)) f. 0, then a(c) is obtained by replacing 

L(a) by Q^(c) where p = E(L(a)). Let t = [a, a] f [0, 0], then t{c] = 

[a, c] if a f. 0 and t{c} = [a(c), a] if a = 0. We see that t{c} is ob¬ 

tained by replacing the distinguished part of (a, a) by c only at DP(a, a). 

Lemma 2.2. If t = [a, a] > [ft, b] and if DP(a, a)e Lim then there is a 

c < DP(a, a) such that t{c} > [ft, b]. 

Proof. By induction on D([P, Z?]). If a = and a > b then a e Lim thus 

choose c = Z> # 1. If a > /? and all parts of (/?, b) are less than [a, a], then 

by the induction hypothesis there is a c such that t{c] > p where p is any 

part of (P, b). Note that a(c) > p. Thus t{c} > [P, b]. 

Assume that there is a part p of (a, a) such that p > [p, b]. If 

p — DP(a, a), then set c = [p, b] # 1; if p DP(a, a), then set c — 1. 

If q e ND(a, a) and q = [P, b], then choose c = 1 # 1. 

Lemma 2.3. Let [a, a # 1] > [P, b]. If DP(a, 0) e Lim then either [a, a] > 

> [P, b] or there is a c < DP(a, 0) such that [a(c), [a, a] # 1] > [p, b]. 

Proof. By induction on D([jS, 6]). If a = P then a # 1 > b and hence 

a ^ b.\i a > b then [a, a] > [P, b] and if a = b then [a(c), [a, a] # 1] > 

> [P,b] with c = 1. Assume that a > P and all parts of (p, b) are less than 

[a, a # 1]. Let q be the maximum summand of the maximum part p of 

[P, b]. Then either [a, a] > q and hence [a, a] > [p, b], or there is a 

cl < DP(a, 0) such that [a(ct), [a, a] # 1] > q. Since a > P there is a 

c2 < DP(a, 0) such that a(c2) > p. The lemma holds taking c3 = max(cx, c2). 

If there is a part p ^ a # 1 of (a, a # 1) such that p > [P,b] then 

[a, a] > [P, 6]. If p — a # 1 then [a, a] # 1 > [a, a] ^ [P, b]. Thus the 

lemma holds taking c = 1. Similarly, if p e ND(a, a # 1) and p = [P, b], 

then since a # 1 f [P, b] we have [a, a] # 1 > [a, a] ^ [f, b]. Thus 

choose c = 1. 

Let a f 0 be any term such that DP(a, 0) = 1 and a # y # 1. If 

E(L(a)) = /? # 1, then a [c] is the term obtained by replacing the summand 

L(a) of a by the term Qpc. If EfLft)) ^ P # 1 then a[c] is obtained by 

replacing L(a) by Qnc} where P = £(L(a)). We see that if a > p and c 

is greater than any constituent of P then a[c] > p. 

Lemma 2.4. Let [a, 0] > [f, b] where a # 0, DP(a, 0) = 1. If a ^ y # 1, 

then there exists an n such that g(n) > [P,b], where #(1) = [a[l], 0], 

g(n+\) - [a[#(«)], 0]. 
Proof. By induction on D([P, b]). It is easy to see that a ^ j3. Assume 
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a > /? and all parts of (/?, b) are less than [a, 0]. Then there is an m such that 

g(m) > p where p is the maximum summand of [/?, b]. Hence a[g(m)] > /? 

and thus g(m +1) > [/?, b]. 

Assume that there is a part p of (a, 0) such that p > [/?, b]. Then p is a 

part of #(1) and hence g{\) > [/?, b]. Similarly any non-distinguished part 

of (a, 0) is a non-distinguished part of g{2), thus g(l) > [/?, b]. 

Lemma 2.5. Let [a, a # 1] > [/?, b] and let a be as in lemma 2.4 with 

a / y # 1. Then there is an n such that g(n) > [/?, b\ where g{\) = [a, a] # 1, 

g(n+ 1) = [«[#(«)], 0]. 
Proof. By induction on £>([/?, 6]). 

Note that lemmas 2.1-2.5 hold when [/?, b] is replaced by an arbitrary term 

t*. Simply take S to be the maximum summand of t*, and apply the 

restricted result. 

Before proceeding to a proof of the well-foundedness of any proper 

segment of our notations we need the following definitions. We assume that 

the reader is familiar with the formalization of H (elementary intuitionistic 

analysis) as given in [4]. Let Q be any property, and p any relation definable 

in H. 

Definition 8. Q is progressive with respect to p, written Prog (Q, p), if 

Ax{Aj[*pj> -*• Q(y)] -*■ GW}- 

The principle of proof by transfinite induction with respect to p up to a, 

written I(p, a), is 

A G{Prog (Q, p) -*■ A y[apy -► Q(y)]}. 

Definition 9. The relation p is well-founded up to a, written WF (p, a) 

if given any free choice sequence f if apf(0) then 

V«-i [f(n)pf(n+1)]. 

Finally by the axiom of transfinite induction for a given relation p up to a, 

written TI(p, a) is meant the axiom scheme 

WF(p, a) -> I(p, a). 

We shall be using only one order relation > thus we will write Prog (Q) 

for Prog (Q, > ) etc. 

As in [5], p. 29 we can find a one to one mapping if/ from our notations 

into the natural numbers. Let us assume that this has been shown. In what 



E XXI A SYSTEM OF ORDINAL NOTATIONS 335 

follows we identify the notation with the natural number given by i]/. 

Let 

Tl(a1, z, x) = a1 # Qzx 

and 

Tk+i(alt..ak+1,z,x) = ax # QTk(Xi>-“ >ak+1’z>x\ 

Note that, for example, Tl{a.l,zt 1) = # Qz, T1(a1,z, 0) = at and 

Ti(oci,z, y # 1) = # Qzy, z, 1). We define 

Ek(cti > • • •> &k j z, x, u) [PAai, . . •, cck, z, x), q]. 

Let Ul(al, z) denote 

ax # 0 -> £(L(aj)) > z 

and C/B+1(a1,..., aB+1, z) denote 

[“! # 0 -> E(L(al)) ^ T„(a2, . . a„, z, 1)] a C/n(a2,. . an+1, z). 

Let P^oq,. . ., a„, z, x) denote 

A b{WF(b) -> WF(S„(ai, . . ., a„, z, x, &))}; 

e.g. P2(ai) a2> 2, x) denotes A6{WF(A) -> WF([a # f2“2#n!:;c, 6]. Finally 

let Qn(z, x) denote 

(Aa1)...(Aan){t7n(a1,...,aB,z)AP„(ai,.. ., a „,z, 0) 

->PB(al9..., a„,z, x)} 

and 

an # 0 a £(L(a„)) = z -> K(L(ccn)) > x. 

Lemma 2.6. If 

WF(Sn(a,,.. an, z, x, 0)) (1) 

and 

A fl[WF(a) - {WF5„(aj.a„, z, x, a) 

-> WFSn(a!B, z, x, a # 1)}], (2) 

t/ie/i Pn(al9. . ., a„,z, x). 

Proof. We will get PB(a1,. .., aB, z, x) from TI by showing Prog Xb 

WF5'„(a1,..., a„, x, b). In view of (1) and (2) the only case to consider is 

when b e Lim. Prog kb. WFSn(ax, . . ., a„, x, b) then follows from lemma 2.2. 
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Lemma 2.7. Suppose x e Lim, x < Q and (Ay < x)P„(a1,..., a„, z, y). 

Then P„(ax,. . ., a„,z, x). 

Proof. We establish (1) and (2) of lemma 2.6. To get (1) observe that 

the hypothesis implies 

(Ay < x)WF(Sn(a1, . . ., a„,z,y, 0)); 

hence Sn(al5.. ., an, z, x, 0) by lemma 2.2. To prove (2) let dxb denote 

5„(al5 . . a„, z, x, b). Then 

9x(a # 1) = lim 9y((9xa) # 1) (3) 
y<x 

by lemma 2.3. Assume WF(a) and WF(0xa) (so WF((0xa) # 1)). Hence 

from (Ay < x)Pn(a1, .. ., a„, z, y) we conclude (Ay < x)WF(0y((0xa) # 

# 1)). Thus WF(9x(a # 1)) by (3). 

Theorem 2.1. If Qn(z, 1) then Prog Xx . Qn(z, x) for all x < Q. 

Proof. Q„(z, 0) is obvious. A x{Q„(z, x) -> Qn(z, x # 1)} follows from 

Q„(z, 1) because P„(al5 . . ., a„, z, x # 1) is just P„(al5 . . ., a„ # Qz, z, x). 

It remains to prove, for x e Lim, x < Q, that Qn(z, x) if ( Ay < x)Qn(z, y). 

This follows from lemma 2.7. 

Corollary 1. Qn(z, 1) -> Qn(z # 1,1). 

Proof. Assume Q„(z, 1). Then Ax{WF(x) -> Qn(z, x)} by theorem 2.1 

and TI. Assume Un(cal,..., a„, z # 1) and Pn(a\,..an, z # 1,0); 

we must prove P„(al5 . . ., a„, z # 1, 1). By lemma 2.6 it suffices to prove 

WFS„(a!, . . ., a„, z # 1, 0) (4) 

and 

A fl[WF(o) -> {WF(S„(oc1,. . ., ccn, z # 1,1, a)) 

-> WF(Sn(ai,. . ., a,, z # 1,1, a # 1))}]. (5) 

From Ax[WF(x) -* Q„(z, x)], C„(a1, . . ., a„, z # 1) and P„(a1,. . ., a„, 

z # 1, 0) we conclude 

Ax[WF(x) Pni^i z, x)]. (6) 

Hence A*[WF(x) -» WF(5'„(a1,. . ., a„, z, x, 0))]. Hence (4) follows from 

lemma 2.4. To prove (5) let g(n) be as in lemma 2.5. Hence, assuming 

WF(fl) and WF(S„(a1,...,a„,z + 1, 1, a)), we conclude A«WF(#(«)) 

with the help of A*(WF(x) -* WFS„(a1,..., a„, z, x, 0)) proved above. 
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But 

Sn(oc1,. . ., a„, z # 1, 1, a # 1) = lim g(n) 
n-+co 

by lemma 2.5. Hence WF(5'„(a1, ..a„, z# 1, 1, a# 1)). Thus (5) is proven. 

Corollary 2. Qn(0,1). 

Proof. If n> 1, then Q„(0,1) is Az(<2n-i(*, 1) -* Qn-i(z # M)), 
so Qn(0,1) from corollary 1. We must prove Qx(0,1) separately. This 

proof is similar to the last part of the proof of corollary 1, a function g 

being constructed by use of lemma 2.1 and an appeal being made to lemma 

2.6 (for Sx and Px). 

We define Q„ for all n < w inductively as follows: 

Q0 = Q, 

Qn+l = Qn". 

Corollary 3. For all k, WF([f2fc, 0]). 

Proof. We first prove (A6){WF(6) -*■ WF([0, 6])}. Assume WF([0, a]) 

for all a < b. Let / generate a descending chain, where/(0) < [0, b]. Then 

f{0) = k[0,at\ # p where k is an integer, ax < b and ft < [0, ax]. Since 

P < [0, ax ] we can apply the hypothesis of transfinite induction and conclude 

that there is an n such that/(0) > . . . > f(n) = y[0, ax] # y, where j < k 

and y < [0, ax]. After finitely many applications of this argument we get 

p such that f(p) = 5, where <5 < [0, ax], so we can apply the hypothesis of 

transfinite induction once more to get q such that —i [f(p) > f(q+ 1)]. 

Now set a1 = . . . — an = z = 0 in corollary 2 and get 

12° o Q° l 

Ab{WF{b) -> WF([f2—, 6])} -> Ab{WF(b) -a WF([fl‘—, 6])}. 

Hence from Ab{WF(b) -> WF([0, 6])} and 2A0) and ... and 0„(O) we 

get 
12 

WF([fl—,0]). 

Corollary 4. Let T* — {a: a e Taoc < Q). Any proper segment of T* is 

well-ordered. 

Proof. From corollary 3. 
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From theorem 1.1 we see that the relation < is decidable. Thus we have 

proven the well-ordering of any proper segment of our notations less than 

Q by using TID. 

Simon Fraser University 
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REGULAR ORDINALS AND NORMAL FORMS 

DAVID ISLES 

1. Introduction. The ordinary Cantor normal form for countable ordinals 

9 employs the ordinal functions of addition, multiplication and exponentia¬ 

tion (based on co) to express 9 in the form o/'hj + . . . +co6knk; if 9 is not a 

fixed point of the normal function lxcox, the ordinals 9t, Hi are all < 9. 

In as much as the fixed points of any normal function / are themselves the 

range of a normal function (called the derivative of/; see theorem 2.1), one 

can define a sequence of normal functions {fp} where/enumerates the fixed 

points of fa for a < /?. This sequence can be used to obtain normal forms 

for an initial segment of the second number class in which many of the 

fixed points of lxa>x are included. The length of this segment depends on 

the size of the collection {/^}. Starting with work of Veblen [7], Bachmann 

in [1] showed how to use normal functions of the third number class in de¬ 

fining the set {/p}; this procedure was later continued by Gerber [4] several 

of whose ideas occur here. In this paper, the process is generalized to allow 

the use of the ath number class for certain transfinite a. 

Let G — Gt be the normal function which enumerates the closure under 

limits of the class of regular ordinals (def. 2.2). In section 3 we employ the 

sequence {G^}, where Gp enumerates the fixed points of Ga for a < /?, in 

defining normal forms for all regular ordinals 5 < Gj(l) where / is the first 

regular fixed point of G. Normal forms for ordinals a, G(p) < a < G(p + 1) 

are obtained by constructing sets of ordinals Or(p) £ Gj(l)-I-1 and then 

generating the derivatives cpa of the function lxG(p)x (exponentiation) for 

a e Or(p). In section 6 we define the sets Or(/>) by induction on a < G/(l): 

if a < G(p + 1), then a e Or(p); if G(p+ 1) < a and a e Or(q) (p+ 1 < q) 

then, roughly speaking, a e Or(p) only if it is possible to define a normal 

form for a in which all of the ordinals occurring are < G(p+ 1). Details of 

the procedure whereby a normal form for a e Or(g) can be constructed are 

given in sections 4, 5 and 7. 

We conclude this paper first by demonstrating that the normal forms de- 
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veloped include those of Bachmann and yield a recursive ordering for a seg¬ 

ment of the countable ordinals, and then by indicating how they can be 

used to replace ordinal diagrams in some of Takeuti’s work. Most proofs are 

omitted. 

2. Bachmann collections of ordinals. In what follows we will consider an 

ordinal number to be the set of its predecessors. A normal function is an 

increasing continuous ordinal function; 0 will not in general be included 

in the domain of the normal functions discussed here. If/is any ordinal func¬ 

tion and 9 an ordinal, V/ will denote the range of fiff 9 the restriction of / 

to 9, Suc(0) that 9 is a successor, and Lim(0) that 9 is a limit. 

Definition 2.1. A limit ordinal d is regular if there is no 9 < d and function 

/: 9 -*■ d such that d = lub {/(a) + l|a < 0}. 

To secure the existence of regular ordinals we add to the usual axioms of 

set theory (not including the axiom of choice) the following axiom. 

AxNorm. Every normal function defined for all ordinals has arbitrarily 

great regular fixed points. 

Applying it to the identity function, we obtain an enumeration of the clo¬ 

sure under limits of the regular ordinals. 

Definition 2.2. G(l) = co. 

G(0 + 1) = least regular ordinal greater than G(9). 

Lim(/i) => G(p) = lub{G(0)|0 < p}. 

In what follows up through theorem 2.5 we will suppose that/is a normal 

function on the regular ordinal d. 

Definition 2.3. The mth iterations of / are the normal functions fm{x) 

where f°(x) = x and/n+1(x) =/(/"(*))• 

Theorem 2.1 (Veblen [7]). The set of fixed points of f is order isomorphic 

to d. The order isomorphism f is a normal function on d (called the derivative 

off). 

Theorem 2.2. (1). /'(I) = lub {/"(1)|1 < n < co}, 

(2). f'(x +1) = lub {/"(/'(*) +1)11 ^ n < co). 

Both of the given sequences are fundamental. 

Let (fe|1 ^ 9 < p, Lim(/i), p < 5} be a sequence of normal functions on d. 
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Theorem 2.3. (Veblen [7]). Suppose that if 1 < 9 < p then V/0 <= yf'v for 

1 ^ v < 0. Then f) {V/0| 1 < 0 < p} is order isomorphic to d and the order 

isomorphism q> is a normal function on d. 

Theorem 2.4. (notation from theorem 2.3). Let 

p — lub{^(z')|l < i < n, Lim(7t), n < p}. 

Then 

q>(\) = lub{4(i)(l)|l < i < n} 

and 

(p(x+l) = lub{4(0(<p(x)+l)|l ^ i < n}. 

All of the given sequences are fundamental. 

{fe|1 < 9 < d) is a sequence of normal functions on d. 

Theorem 2.5 (Veblen [7]). If for every 9, 1 < 9 < d, 

(1) . V/(CV/;,1 ^ v< 9 

and 

(2) . Lim(0) => Vfe = f) {V/v|l < v < 0}, 
then the function lxfx{ 1) is a normal function on d. 

The sets Or(p) mentioned in the introduction will be unions of sets of the 

following sort: 

Definition 2.4. Suppose Lim(/z). A Bachmann collection of ordinals of 

type < p and bounded by n, 93(71, p) is a set of ordinals such that: 

Bl. 9 e 93(7r, p) => 9 < n, 

B2. 1 e 93(7t, p); 9 < n => 9 e 58(n, p) iff 9+1 e 93(7r, p). 

B3. If 9 e 93(7t, p) and Lim(0), there is defined a fundamental sequence 

DS[0] (the ‘distinguished sequence’ of 9) such that: 

(a) . Domain of DS[0] = T(0) < p. 

(b) . DS[0](i) e 93(7t, p), 1 < i < T(0); 9 = lub in 93(tc, p){DS[6]{i)}. 

(c) . If 1 < d < T(0), d = d' + l and Suc(DS[0](c/», then 

DS[0](</) = DS[0]«)+1. 

(d) . Lim(e) and e < T(0) => Lim(DS[0](e)), T(DS[0](e)) = e and 

DS[DS[0](e)] = DS[0](<?, 

(e) . (‘Nesting property’). If Lim(<5), <5 e 93(7c, p) and 

DS[0](z) < 5 < DS[0](i + l), then DS[0](z) ^ DS[<5](1). 

DS[0](z) will often be abbreviated 9(i). 

if m i < a < 9} is a set of ordinal functions then if ft < a < 9, ft -* a 

means Vfa £ yffi, ft < a ^ a. 
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Theorem 2.6 (Bachmann [1]). Let F be a normal function and d a regular 

fixed point of F. Given 33(71, d) there is a set of normal functions {F(6, — )| 

9 e 93 (ft, 5)} such that: 

(1) . Domain of F(9, —) = d; 

(2) . P(l, ~) = F\d; 

(3) . 27(0+1, -) = F(9, 

(4) . if Lim(0), T(0) < d, then VF(0, -) = f) {VF(DS[0](i), -)|1 < i 

< T(0)}; 
(5) . if Lim(0), T(0) - d, then F(9, -) - [2/F(DS[0](i), 1)]'. 

Furthermore, in cases 4 and 5 

(6) . DS[0](d)+l -> DS[0](rf+l). 

Proof. See Bachmann [1], p. 130. 

The family [F(9, — )|0 e 33(7t, 5)} will be said to be ‘based on’ ^B(n, d). 

Lemma 2.7 Suppose n e 93 (n, d) and 1 < F(l). If a e VF(1, —) there is a 

last P* e 33(7r, d) such that a e NF(p*, —). If a < F(n +1,1), then a = F{(5*, 

b) where b < a. 

Proof. See Bachmann [1], Satz 1, p. 138. 

This lemma will be basic in our construction of normal forms. Although the 

normal forms will be defined in terms of normal functions based on Bach¬ 

mann collections, they will be expressible as finite ordered sets of ordinals. 

In order to develop these normal forms, we will consider Bachmann collec¬ 

tions with each member 9 of which will be associated finite sets of ordinals 

called the ‘parts’ of 9. These finite sets will include the ordinals occurring 

in the normal form of 9. 

Notation. If Q is a set of ordinals and 9 an ordinal, then Q < 9 (or 

Q < 9) is an abbreviation for (x)[jc e Q => x < 9 (or x < 0)] and 9 < Q 

(or 9 < Q) abbreviates (Ex)[xe Q and 9 < x (or 9 < *)]. 

Definition 2.5. A Bachmann notational collection of type ^ d, bounded by 

n, 33*(7r, d) is a Bachmann collection with each member of which is associated 

two finite sets of ordinals P[0] and ND[0] (‘parts’ of 9 and ‘non-distin- 

guished parts’ of 9) and an ordinal D[0](‘distinguished part’ of 0) such that: 

PI. x e P[0] u ND[0]u{D[0]} => x s 93*(7i, d), x ^ 9, x < d and, if co <x, 

x is unequal to any regular ordinal. 

P2. (a). P[0] = ND[0]u{D[0]}; 

(b). P[P[0]] = U {P[X]|X6P[0]} = P[0], 

D[D[0]] = D [0], 
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Let e be a limit, e < T(0). 

P3. ND[DS[0](e)] = ND[0]. 

P4. D[0(e)] e ND[0(e + fc)], 1 k < co. 

P5 (a). P[0(1)] = ND[0]; 

(b). P[0(</+fc)] = P[0(</)], where d — 1 or Lim(r/) and 0 ^ k < co. 

P6. If 9{e + i) < a < 0(e + z + l) and a e 8), then D[0(e)] e ND[er], 

I < i < co. 

Notation'. If we wish to emphasize that 93(7:, 8) (or 8)) is a segment we 

will write B(n, 8) (or B*(n, 8)). In the course of this paper several different 

Bachmann notational collections will occur; the associated parts and sequen¬ 

ces will be variously indicated by P[I; 0], P[g; 0], P*[< q; 9], DS* [< q; 0] 

etc. 

3. Normal forms for regular ordinals 

Definition 3.1. / is the first regular fixed point of G. 

The existence of / is guaranteed by AxNorm. Notice that if the axiom of 

choice is assumed,/is just the first weakly inaccessible ordinal. {0|1 < 9 ^ /} 

is a trivial example of a Bachmann collection of type < /, bounded by / (let 

DS[0] = Xi[i < 0]). Thus we can apply theorem 2.6 to B(I, /) and obtain 

{G(0, -)|1 < 0 < /} where G(l, -) = Gf/. 

Definition 3.2. NF(/, 0), the Cantor normal form (relative to 

{G(0, — )|1 < 0 ^ /}) for ordinals 0, 1 < 0 < G(/+l, 1). 

(1) . If 0 = 9' + k where Lim(0'), 1 < k < co, 

NF(/; 0) = NF(/; 0')+l + ... +1, (k ones). 

(2) . If G(p) < 9 <G(p+1), NF(/; 0) - <0>, Lim(0). 

(3) . If 0g VG(1, —), /?* is the ordinal given by lemma 2.7 and 

0 = G(j8*. b), then NF(/; 0) = <£*, b}. 

Notation. NF(/; 0) = G(/f*, b) will mean NF(/; 0) = </?*, 6). Thus 

0 = G()S*, 6j) = G(/?*, b2) is possible although NF(/; 0) = G(fi*, by) 

and NF(/; 0) # G(/?*, b2). 

By defining suitable distinguished sequences and parts, we can show that 

{0|0 < G(l,p + \) < G(I, 1)} is a Bachmann notational segment of type 

< G(\,p+\), bounded by G(l,/? + l) i.e. 

{0|0 < G(l,/> + !)} = 5*(G(1,/> +1), G(l,/> + !)). 
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/-distinguished sequences and /-types, DS[/; 0] and T(/; 0), can be de¬ 

fined inductively for all 9 < G(I+ 1, 1) by considering NF(I; 9). Except for 

the cases G(p) < 9 ^ G(p + 1) and NF(/; 9) = G(I, 1) the cases of the 

definition are almost identical to those of def. 4.5 and will be omitted. If 

G(p) < 9 ^ G(p +1) and 9 = G(p)+9', we set DS[/; 9] — Xi[G(p) + i] 

andT(/; 9) — 0';if 9 = (?(/, l)wesetT(/; 0) = coandDS[/; 0] = Xns{n) where 

^(l) = G(l, 1) and s(n +1) = G(s(n), 1). The definition of /-parts, P[/; 0], 

ND[/; 0] and D[/; 0], coincides with def. 4.6 except where G(p) < 0 < 

< G(p + 1) or 0 = G(I, 1). If 0 = G(p)+9' < G(p+ 1) we let P[/; 0] = 

= P[/; G(p)]u{0}, ND[/; 0] = P[/; G{p)] and D[/; 0] = 0. If 0 = G(I, 1) 

then P[/; 0] = ND[/; 0] - {1, co} and D[/; 0] = co. If 0 = G(p+ 1) then 

P[/; 0] = ND[I; 9] = P[/; G{p)] and D[/; 0] - co. 

By induction on {0|0 < G{I+1, 1)} while considering cases arising from 

NF(/; 0) one can establish properties B3(d), B3(e) and P1-P6 (def. 2.5). 

In the proof of B3(e) and P6 one makes use of the recursion relations: 

G(s, u) < G(s', u') iff (a) s < s' and u < G{s', u’), 

or (b). s = s' and u < u', 

or (c). s' < s and G(s, u) < u'. 

The following properties of /-parts (needed later) can also be derived: 

P2(c). P[/;ND[/;0]] = ND[/;0]; 

ND[/; D[/; 0]] c ND[/; 0]. 

P7(a). Suc(0) iff D[/; 0] = 1, 

(b)(i). D[/; 0] = co => T(/; 0) = co or T(/; 0) = G(q+1). 

(ii). D[/; 0] # cu => (E!?)[G(^) < D[/; 0] < G(q+ 1) and 

D[/; 0] - G(q) + T(I; 0)]. 

In both cases if Lim(e), e < T(I; 0), then D[/;0(e)] = G(q) + e. 

P8. If either D[/; 0] = co and T(/; 0) = <% + l), or D[/; 0] = G(q) + 

T(/; 0), then P[/; G(^)] £ ND[/; 0]. 

Lemma 3.1 guarantees that in certain circumstances the distinguished se¬ 

quence of an ordinal can be extended. This ‘extension property’ will be pos¬ 

sessed by the Bachmann collections which we discuss in section 4. If a and 

b are ordinals, a < b, [a, b] — {e\a < e < b}. 

Lemma 3.1. Suppose Lim(0), 0 < /? < G{I+1, 1). Let d — T(/; 0) = 

D[/; 9] and assume G(q) < d < d* < G(q + 1) where d* ^ Pandd* <T(/; ft) 

if 9 = DS[/; p](d). Then if ND[/; 0]uND[/; p]n[d, d*) - 0, there is an 

ordinal 0*, 0* < /? such that T(/; 0*) = d*, DS[/; 0] = DS[/; 0*][’(/ and 

9 = DS[/; 0*](c/). 
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Proof. We use a double induction on p and 0. Notice that if we establish 

the existence of a suitable 0*, then 0* < p. For if 0 = 6*(d) < p < 0* we 

could conclude that either P = 9*(q), Lim (q), d < q — T(7; P) < d*, or 

D[7; 9*(k)] e ND[7; j0], where d ^ k < d*. Since D[7; 0*(<7)] = G(q) + 

T(7; 0) = d, it follows D[7; 0*(k)] = G(q) + k — k. Both cases are impossi¬ 

ble. 

We may assume 0 # p[d) for if it did simply let 0* = p if d* = T(7; p) 

or 0* = P(d*) if d* < T(7; P). If G(q) < 0 < G{q+1) we would have 

0 = d and could take 9* — d* ^ G(q+1). There are two cases left to con¬ 

sider: NF(7; 0) ee G(y, q) and NF(7; 0) = G(q,b +1), where Lim(q). In 

both cases q < 0 and ND[7; q] £ ND[7; 0] implies the existence of q* 

with DS[7; q] — DS[7; /x*](<7. In the first case, we let 0* = G(y, q*) after 

observing that q and q* must lie between the same consecutive fixed points 

of G(y, —). In the second case, we let 0* = G(q*, 1) if b = 0. 

b < G(q,b) is impossible for that would mean d = D[7;/i]eP[7;/i] 

cP[7;G(/i,i)]£ ND[7; 0] (def. 4.6(6)). The remaining possibility is 

G(q, b) = b; hence NF(7; b) = G(n, e) for q < n. If q < n — q*, let 

0* = G(q*,e +1) and if q < q* < n let 9* = G(q*,b+ 1). q < n < q* 

is impossible since this would imply t>eP[7;7t] c P[7; b] £ ND[7; 0] 

where Lim(y), d ^ v < d*. 

Replacing NF(7; 0) by NF+(7; 0) in def. 3.2 and changing clause 3 to read 

NF+(7; 0) = <NF+(7; /?*), NF+(7; Z?)) we can define the extended Cantor 

normal form of 0 (relative to {G(P, — )}). 

Remark 1. If 5(7; 0) is the set of ordinals which occur in NF+(7; 0), 

then S(7; 0) £ P[7; 0]u{7}. 

4. Properties of Bachmann notational collections. Any ordinal 0 lying 

between consecutive values of G has no interesting normal form NF+(7, 0). 

In this paper we will show how a large number of such ordinals < G(I, 1) 

can be assigned a normal form in terms of normal functions and smaller 

ordinals. In section 6 Bachmann notational collections of type < (?(/? +1) 

will be defined for each p + \ < G(I, 1); these collections will then be used 

as in theorem 2.6 to derive the set of normal functions which enter into the 

normal forms. This section and the next will be spent establishing those pro¬ 

perties of Bachmann collections which will be needed in their definition. 

We will use the abbreviation 93(?r, p) to stand for the Bachmann collection 

33(n, G(p+ 1)) where n < G(7, 1) and G(p +1) < G(7, 1); distinguished 

sequences and types of its members will be denoted by DS[p; 0] and 
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T(/7; 0). In addition to B1-B3 we will assume that the following are true of 

S3 (n,p): 

B4. If 0 < G(p) and 0 e 33(71, p), then {a|a < 0} <= ^d(n,p). 

B5. If 06S3(7r,p) and 0< <7(p+l), then DS[p; 0] = DS[/; 0] and 

T(p; 0) = T(7; 0). 

If the Bachmann collection 33(7r, p) is, in fact, a Bachmann notational 

collection 33*(7t,p), the parts of 0e33*(7i,p) will be denoted by P[p; 0], 

ND[p; 0] and D[p; 0], In addition to P1-P6 (def. 2.5) and P7, P8 (with p 

replacing /), the following is assumed to hold for ^8*(n,p): 

P9. If 0e33*(7r,p)and 0 < G(p+ 1), then P[p; 0] = P[I; 0], ND[p; 0] = 

ND[7; 0] and D[p; 0] = D[/; 0], 

Given 33*(7i, p) we employ theorem 2.6 to generate {Fp(0; — )| 0 e 33*(7i, p)} 

where ^(l, — ) = XxG(p)xfG(p+ 1). 

We first establish that recursion relations similar to those for {G(fi, — )} 

hold for {Fp(9, — )}. This is accomplished by a series of lemmas of which 

the most important is 

Lemma 4.1. If 0 < y and either 

(1) . a = 1 and ND[p; 0] < Fp(y, c) - D[p- 0] 

or 

(2) . P[p; 0] < Fp{y, c) = a, 

then Fp(6, a) = Fp(y, c). 

Theorem 4.2 (Recursion relations; Gerber [4]). Fp(0, a) < Fp(y, c) iff one 

of the following conditions holds: 

(1) . 0 < y and P[p; 0]u{a} < Fp{y, c), 

(2) . 9 — y and a < c, 

(3) . y < 9 and Fp(9, a) < P[p; y]u{c}, 

(4) . y < 9 and (Ex)[{(x e P[p; y] and 1 < c)or (xe ND[p; y] and 1 = c)} 

and x = Fp{9, a)]. 

Corollary 4.2.1. Fp(9,u) = Fp(y,c) iff one of the following conditions 

holds: 

(1) . 0 < y and either 

(a) . 1 < a, a = Fp(y, c) and P[p; 0] < Fp(y, c), 

or 

(b) . 1 = a, D[p; 0] - Fp(y, c) and ND[p- 0] < Fp{y, c). 

(2) . Reverse roles of 9 and y, a and c in (1). 

(3) . 0 = y and a — c. 
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Definition 4.1. Suppose n e 93*(7r,p). We define by induction on 

a < G(p + 1) the Cantor normal form of a relative to 

[Fp{9, -)|0 e93*(7t,/7)}, NF(n,p;a): 

(1) . If a < G(p), NF(n,p; a) = NF(/, a). 

(2) . IfaeVi7P(l, —) let a be the last member of 23*(7t,p) such that 

a e VFP(a, — ); a = Fp(oc, b). Then NF(7i, p; a) = <NF(/; G(p))><a, b). 

(This will often be abbreviated as NF(7r,/?;a) = Fp(oc,b)). 

(3) . If G(p) < a < G(p +1) and a $ VFP(1, —) then a can be written 

Yj = i Fp(cci,bl)mi + mk + 1 where mt < G(p) (and the summands are de¬ 

creasing). Then 

NF(t7,/>; a) = «NF(tt, p; Fp(cc1, bt))y, 

<NF(/;m1)>+ ... +NF(/;mt + 1)>. 

Remark 2. If p < n, 23*(p,p) is also a Bachmann notational collection. 

Suppose pe38*(p,p) and NF(p,p;a) = Fp(6,b) where P[p; 0]u{6} < a, 

by corollary 4.2.1 it then follows that NF(7t,p; a) = Fp(9, b). 

Using 23*(7i,p) as we used {9\9 ^ I}, we now define the analogous set 

to B*(G(p+ 1), G(p+1)). 

Definition 4.2. B*(n, p) is the set defined as follows: 

(1) . If 7i < G{p), then B*(n,p) = {a\a < 71}; 

otherwise, 

(2) . a ^ G(p) => a e B*(n,p); 

(3) . if NF(7i,p;a) ee Fp{9, b), P[p; 0]u{Z>} < a and 

P[p; 0]u{6} c= B*(n,p), then a e B*(n,p); 

(4) . if NF(7r,/?; a) = £ Fp(9i, b^m^ + m then a e B*(n,p) if 

{F’id^bJ} <= 

Members of B*(n,p) will be indicated by a, b, c, etc. From remark 2 it fol¬ 

lows that B*(p,p) £ B*(n,p) if p < n and p e H8*(n,p). We will show 

B*(n,p) = B*(Fp(n + \, 1), G(p)), a Bachmann notational segment of type 

^ G(p), bounded by Fp(ti +1, 1). The next theorem and its corollaries 

show that B*(n,p) is, in fact, a segment. 

Definition 4.3. Suppose {9,13} s 3&*(n,p) and 9 < f3. Further suppose 

d = T(p; 9) = D[p; 9] and that d* is an ordinal such that G(q) < d < 

d* ^ G(q +1) < G(p+ 1) where d *^ (3 and d* < T(p; (3) if 9 = DS[p; (3]{d). 

Finally suppose (ND[p; 0]uND[p; /3])n [d, d*) — 0. If whenever these 

conditions hold there is an ordinal 9* e 23*(7r, p), such that 9* ^ [3, 
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T(p; 9*) = d*, DS[p; 0] = DS[p; 6*]\d, and 0 = DS[p; 0*](rf), then 

SS*(7t,/>) is said to have the extension property (EP). 

Theorem 4.3. If 99*(7i, p) has EP and a e B*(n, p), then b < a implies 

b e B*(n,p). 

Proof. Suppose the theorem were false and let <a, b) be the smallest 

pair (lexicographically ordered) for which it is false. By using theorem 4.2 

and the definition of B*(n,p) one can show b = Fp(d, 1) = D\p, d]. Next 

consider NF(n,p;a) = Fp{9, c). Application of the recursion relations to 

b < a yields several possibilities. If 9 < d there must be x0eP[p\ 0]u{c} 

£ B*(n,p) with b < x0 < a. No 9 = d is impossible since b — D[p; d] 

eP[p; 9] S B*(n,p). Hence d < 9 and P[p; 0]u{c} < b. From the latter 

inequality follows ND[p; 9]r\[b, G(p + 1)) = 0; since ND[p; d] < b we 

have ND[p; <3]n[Z>, G(p + 1)) = 0. Suppose d = DS[p; 9](b) where 

b < T(p; 9); if T(p; 9) / G(p + \) then, since b = Fp(d, 1), T(p; 9) = 

= D[p; 0] e P[p; 0] < b. Thus T(p; 0) = G(p+ 1) which has as a consequen¬ 

ce that b = Fp(9(b); 1 )eVFp(9; -), i.e. NF(tt,p; b) f Fp(d, 1). The only 

option left is that d # 0(Z>). But then since p) has EP there is an ordinal 

5* < 0 such that T(p; d*) = G(p+ 1) and DS[p; <3*](6) = d. This means 

b = Fp(d(b), 1) e\Fp(d*, —) and contradicts the fact that NF(7i, p; b) 

= Fp(d, 1). 

Corollary 4.3.1. IfiQ*(n,p) has EP and P[p; n] c B*{n,p), then 

B*(n,p) = {a\a < Fp(n+\, 1)}. 

The next lemma and theorem will be used in the inductive definition of Bach- 

mann collections (section 6). Recall that if 33*(7t, p) is a Bachmann notational 

collection, so is 93*(DS[p; n](i), p), and NF(DS[p; n](i),p; a) is the Cantor 

normal form of a relative to {Fp(9, — )|0 e ^8*(n(i), p)}. 

Lemma 4.4. Consider DS[p;7i](/) where 1 < i < T(p; n) if T(p; n) < 

< G(p +1), and 1 < i < Fp(n, 1) if T(p;n) — G(p +1). Then if a ^ 

< P[p;7r(i)] and NF(7t(z), p; a) = Fp(9, 1) = T(p; 0), it follows that 

NF(7i,p; a) = Fp(9, 1). 

Definition 4.4. A„p(a), the ancestors of a (relative to 

{FP(P, -)\p (n,p)}) for a < G(p+1): 

(1) . If a < G(p), An>p(a) = {a}. 

(2) . If P[p; 0]u{0} < Fp(9, b) = NF(7t, p\ a), then 

An,p(a) = An>p(P[p; 0]) u An>p(b) u P[p; 0] u {b}. 
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If Fp(9,b)^ P[p;0]u{6}, A„>p(a) = 0. 

(3). If NF(7r,/?; a) = £ Fp(9i, b^m^m then 

An,P{a) = (J An<p(Fp(di, bt)) u {m1,..., m}. 

Remark 3. Notice that a e B*(n, p) iff An< p(a) / 0 and A„t p(a) c B*(n, p). 

Theorem 4.5. Suppose y$*(n,p) has EP and P[p; n] <= B*(n,p). Then 

(1) . i/T(p;n) < G(p +1), P|>; tc(z)] ^ B*(n(i),p), 1 < i < T(p;n), and 

ifT(jy, n) = G(p +1), then P[p; tt(/)] c B*(n(i),p) for 1 < i < Fp(n, 1); 

(2) . ifT(p; n) — G(p+1), then (0)[0 e S&*(n,p) and DS[/?; n](Fp(n, 1)) ^ 

^ 9 <n^F[p; 9] $ B*(d,p)]. 

Proof. (1). Suppose x0 e P[p; n(i)] and x0 $ B(n(i), p). By remark 3 

there is some smallest ancestor a < x0 such that a $ B*(n(i), p). Hence 

NF(7t(i), p; a) = Fp(d, a) or NF(7i(i), p; a) = Fp(d, 1) = D[p; d] = a, 

(corollary 4.2.1). In the first case a < P[p; 7i(i)] < Fp(n(i), 1) => a e\Fp 

(5 + 1,—). No. Using lemma 4.4 in the second case, one derives 

NF(7i,p; a) = Fp{d, 1) = D[p; 0] i.e. a<£B*(n,p). By using properties 

P1-P7 (def. 2.5) one sees a < P[p; 7t(z)] ^ P[p; n]v{Fp(n, 1)}. 

As P[p; n]vj{Fp(n, 1)} £ B*(n,p) the contradiction aeB*(n,p) follows 

from theorem 4.3. 

(2). NF(te(F'(7I, 1)), p- Fp(n, 1)) = Fp(n(Fp(n, 1)), 1) = Fp(n, 1) - 

D[p; n(Fp(n, 1))] implies P[p; n(Fp(n, 1))] $ B*(n(Fp(n, 1 )),p). Suppose 

Fp(n, l)e VFp(9, —) for some smallest 9, n(Fp(n, 1)) < 9 < n. Then 

T(p; 9) = G(p +1) and Fp(n, 1) - Fp(9(Fp(n, 1)), 1). Fp(n, 1) e VFP(9(FP 

(n, 1)), — ) implies 9(Fp(n, 1)) < n(Fp(n, 1)) < 9 < n. Application of the 

nesting property yields the contradiction 9(Fp(n, 1)) < 7l(F'(7t,l))< 0(1). 

Thus Fp(n, 1)£VFp(0, -) and hence NF (0, p; Fp(n, 1)) s Fp(n(Fp(n, 1)), 

1) = D[/?; n(Fp(n, 1))], i.e. Fp(n, 1) £ B*(9, p) for n(Fp(n, 1)) < 0 < n. 

But n(Fp(n, 1)) < 9 < n implies either 0 = n(e) where Lim(e) and 

Fp(n, 1) < e or n(e + k) < 0 < n(e + k + l), Lim(e) and Fp(n, 1) < e. In 

the first case e = D[p; 0] and in the latter eeND[p; 0]. But this means 

P[p; 0] $ B*(9,p), for as 33*(tt,/?) has EP, so does 93*(0,p) and thus 

(theorem 4.3) e e B*(9, p) would imply Fp(n, l) e B*(9, p). 

For the rest of this section we shall assume that 93*(7r; p) has EP, ne^d*(n, p), 

and P[p; n] £ B*(n,p). We first show that the segment B*(n,p) is a Bach- 

mann collection by defining sequences of length < G(p). 
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Definition 4.5. We define DS*[<p;a] and T*(<p;a) inductively for 

a e B*(n,p): 

(1) . If a < G(p), DS*[< p;a] = DS[7;a] and T*(< p; a) = T{I; a). 

(2) . (i). a) = Fp(9, b)m => DS*[< p; a] = Fp(9, h)DS[7; m], 

and T*(< p\ a) = T(7; m). 

(ii). NE(7r,Jp;a) = Fp(I,d+l)^DS*[<^;«]=i7P(l,^)DS[/;G(/))], 

and T*(< p; a) = T(7; G(p)). 

(iii). NF(7r, /?; a) = £ FP(9U bi)mi+ d => 

DS*[< p\a] = YJ Fp(di, 6i)mi + DS*[< P\ d], 
and T*(< p; a) = T*(< p; d). 

(3) . If NF(7i, p\ a) = Fp(9 + l, 6 + 1), 0 < b and 1 < 9, then 

DS*[< p; a] = Xng{n), 

where 

g(\) = Fp{9,2) if b = 0, 

g(l) = Fp(9,Fp(9+ 1, h)+l) if 0 < b, 

g(n + 1) = Fp(9, g(n)), 

and T*(< p\ a) = co. 

(4) . If NF(7t, p; a) = Fp(9, b) with Lim(h), let b = f+e where / is the 

last fixed point of Fp{9, — ) preceding b, 0 < e ^b < a. As B*(n,p) 

is a segment, e e B*(n, p). Then 

DS*[< p; a] = Fp{9, 1 +/+ DS*[< p; e]), 

and T*(< p; a) = T*(< p\ e). 

(5) . NF(7t,p;a) = Fp{9, h + 1) where 0 < b, Lim(0), and T(p; 9) = 

— G(p +1), then 

DS*[< p; a] — Xnh(n), 

where 

h{ 1) = Fp(9(2), 1) if b = 0, 

h( 1) = Fp(9(Fp(9, b)+1), 1) if 0 < b, 

h(n+l) = Fp(9(h(n)),l), 

and T*(< p; a) — co. 

(6) . NF(7t,/>; a) = Fp{9, b +1) where Fim(0) and T(p, 9) < G(p+ 1). 

If D[p; 9] = co (so T(p; 9) = co or T(p; 9) — G{q+ 1)^ G(p)) or if 

co # D[p; 0] < G{p), we let 

DS*[< P',ci] = ^F*(0(1+O,F'(0, *) + l), 

and T*(< p; a) — T(p; 9). 
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Else D[/>; 9] = G(p)+T(p; 9) and T(p; 9) e B*(n, p). If 0 < b, let 

DS *[<p;a] = Fp(9(l+ DS*[< p;T(p; 9)]), Fp(9,b) +1) 

and 

T*(< p; a) = T*(< p; T(p; 9)). 

If b = 0 let / be the last fixed point of the normal function XiFp{9(i), 1) 

preceding T(/?; 9), thus T(p; 9) = f+e where e ^ T(p; 0)and 

e e B*(n, p). Then 

T*(< p; a) = T*(< p\ e). 

and 

DS*[< p; a] = Fp(9{I +/+DS*[< P‘, e]), 1) 

Notation: DS[< p; a](i) will often be written a(i). Note that a = lub 

M0I1 < i < T*(< p; a)}. 

Lemmas 4.6 and 4.7 are used in establishing that NF(7i,p;a(i)) = a(i), 

a fact needed in the proofs of theorems 4.8 and 4.9. 

Lemma 4.6. (1). If NF(7t, p;a) = Fp(<x,b), Lim(h), and 6(1) < c < b, 

then c < Fp(ot, c). 

(2). If NF(n,p-,a) = Fp(<x, 1), Lim(a), D[p; a] = G(p) + T(p; a), and 

T(p; a)(l) ^ c < T(p; a), then c < Fp(oc(c), 1). 

Lemma 4.7. (1). If a = Fp(ct, p) and 1 < b < Fp(a+1, 1) or Fp(a + 1, d) < 

< b < Fp(a+1, d+1), then a $ NFP{9, —) for a < 9 < n, 9 e 93*(7r,/>). 

(2). If a = Fp{ci{e), 1) where 1 <e < T(p; a) and e < Fp(<x(e), 1), then 

a 4 YFP(9), —) for a < 9 < n, 9 e p). 

Corollary 4.7.1. If ae B*(n,p), NF(7r, p; a) = Fp(a, b) and either 1 < a 

or 1 = a and Lim(6), then NF(7r,/»; a(i)) = a(i). 

We now use these lemmas to prove that properties B3(d) and B3(e) hold 

for B*(n,p) and hence that B*(n,p) is a Bachmann collection of type 

« G(P). 

Theorem 4.8. Suppose a e B*(n,p) and e is a limit, e < T*(< p\ a), then 

Lim(DS*[< p; a](e)), T*(< p\ a(e)) — e, and DS*[< p\ o(o)] = DS* 

[< p; a]\e. 

Proof. By induction on B*(n, p) using the preceding corollary. 
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Theorem 4.9. (nesting theorem). Suppose a, d are limits, {a, d} <=B*(n,p), 

and a(u) < d < a(u + l) where 1 ^ u < F*(< p; a); then a{u) < d( 1). 

Proof. The structure of the proof is a double transfinite induction: 

the primary induction is on {<2|Lim(a) and a e B*(n,p)} and the secondary 

induction on {d\a(u) < d ^ a{u+1) and Lim(<7)}. Occasionally a subsi¬ 

diary induction on u is needed. It is a consequence of theorem 4.2 that the 

inequalities a(u) < d < a(u+ 1) can arise only because of certain ordering 

relations between the p-parts and the arguments of the normal forms of 

a{u), d, and a{u+1). The proof of the theorem as one considers each of 

these several possibilities is tedious but not difficult. Full use is made of 

lemma 4.6, corollary 14.7.1 and of the properties P1-P9 for p-parts. 

To complete the task of demonstrating that B*(n,p) is a Bachmann nota- 

tional segment, we now define parts for a e B*(n, p) and show that analogues 

of P1-P9 hold for them. 

Definition 4.6. We define inductively P*[<p;a], ND*[<p;a] and 

D*[<p;a] for aeB*(n,p): 

(1) (i). a = a' + 1 => P*[< p;a] = ND*[< p; a] = P*[< p;a'], 

and D*[< p; a] = 1. 

(ii). a < G(p) => P*[< p; a] = P[7; a], 

ND*[< p; a] = ND[I; a], 

and D*[< p; a] = D[/; a]. 

If G(p) < a, P[7; G(p)] will always be included in P*[< p; a] and ND* 

[< p; a]. 

(2) (i). NF(7i,p; a) = Fp(9, b)m => 

P*[< p; a] = P*[< p; F\Q, h)]uP[7; m], 

ND*[< p; a] = P*[< p; Fp(9, 6)]uND[7; m], 

and D*[< p; a] = D[7; m]. 

(ii) . NF(7r,p; a) = Fp(l, b + 1) => 

P*[< p; a] = P*[< p; Fp( 1, b)] = ND*[< p; a] 

and D*[< p; a] = D[7; G(p)]. 

(iii) . NF(7r,p; a) = £ Fp(9i, b^m^a' => 

P*[< p; fl] = U p*[< P; Fp(9i, 6>i]uP*[< p; a'], 

ND*[< p;a} = (J P*[< p; Fp(9it i1>i]uND*[< p; a'] 

D*[< p; a] = D*[< p; a'}. 
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(3) . NF(7r, /?; a) = Fp(9 + l,b + l), 1 < 0^ 

P*[< /?; a] = ND*[< p; a] = 

P*[< p; P[p; 0]]uP*[< p; Fp(9+1, 6)], 
D*[< p; a] = co. 

(4) . NF (n, p; a) = Fp(9, b) > b, Lim(6) => 

p*[< p; a] = P*[< p; P[p; 9]]uP*[< p; b], 

ND*[< p; a] = P*[< p; P[p; 0]]uND*[< p; b], 

D*[< p; a] = D*[< p; b). 

(5) . NF(7r,/»; a) = Fp{9, b+ 1), Lim(0) and T(p; 9) = G(p + 1) => 

P*[< p; a] — ND*[< p; a] = P*[< p; P[p; 0]]uP*[< p; b], 

D*[< p; a] = co. 

(6) . NF(7r, p-, a) = Fp(9, b + 1), Lim(0) and T(p; 9) < G(p +1) => 

P*[< p; a] = P*[< p; P[p; 0]]uP*[< P\ Fp(9, b)], 

ND*[< p\ a] = 

P*[< p\ ND[p; 0]]uND*[< P\ D[p; 0]]uP*[< P\ Fp(9, b)], 
£>*[< p; a] = D*[< p; D[p; 0]]. 

Remark 4. Both this definition and def. 4.5 depend on NF(7i, />; o).Remark 

2 shows that if a e B*(n,p) then NF(7i,/7;<3) = NF(fl,p;a) for n < /?. 

Consequently DS*[< p; a], P*[< p; a], etc. are independent of the ordinal 7i. 

One can now show that properties P1-P9 are true for P*[< p; a\, 

ND*[</?; a], DS*[< p; a] etc. The proofs of all of these except for P6 are 

straightforward; one inducts on ae B*(n,p), invoking case analyses accord¬ 

ing to the possibilities of NF(7r, p; a), and employs properties B1-B5 and 

P1-P9 for 0 e 33*(7i, p). 

5. Redefining sequences and parts of members of 93*(7r, p). We now show how 

sequences of length < G(p) and parts ^ G(p) can be defined for certain 

members of 33*(7t,/>). 

Assume 33*(7r, p) has EP and 7r e 93*(rr, p). 

Definition 5.1. Suppose P[p; n] £ B*(n,p). 

(1) . P[< p; n] = P*[< p\P|>; 7i]], 

ND[< p\ 71 ] = P*[< p; ND[/?; 7t]] u ND*[< p; D[p\ 7r]], 

and 

D[< p; 7i] = D*[< p; D[p]; tt]]. 

(2) (a). If D[p; 7i] = co, then T(p; n) — co or T(p; n) = G{q+ 1). 

If T(/i; 7i) = co or G(q +1) < G(p), then 

DS[<p; 7i] = DS[p; 7r] 



354 D. ISLES E XXII 

and 

T(< p; n) = T(p; n). 

If T(/?; 7i) = G(p +1), then 

T(< p;n) = co 

and 

DS[< p; n] = XnL(n) 

where 

L(l) = DS[p,7t](2), 
L(n +1) = DSb;7r](Fp(L(«); 1)). 

(b). D|>; 7r] A co and DO; ft] = G(q) + T(p; n). 

If q < p, then 

T(< p; n) = T(p; n) 

and 

DS[< p; n] — DSO; ft]. 

If q — p, then 

T(< p; n) = T*(< p; T(p; n)) = T*(< p; DO; ft]) 

and 

DS[< p\ 7t] = DSO> ft] ° DS*[< p; T(p; 7t)]. 

Theorem 4.5.1 says that if PO; ft] £ B*(n,p) then PO; DS[< p; 7t](/)] 

c 2?*(DS[< p, n](i), p), hence 

DS[< p; DS[< p; ji](i)], P[< p; DS[< [p; 7t](i*)], etc. 

are all defined. 

As with P*[< p\a\ DS*[< p\ a] etc., one now proves that properties 

P1-P9 hold for P[< p; n], DS[< p; n], etc.. The proofs are all straight¬ 

forward: one examines cases corresponding to those in def. 5.1 and uses 

the fact that properties B and P hold for PO; ft], DSO; ft], P*[< P', a], 

DS*[< p; a], etc.. The next lemmas are established in the same way; from 

them properties B3(d) and B3(e) follow. 

Lemma 5.1. Suppose Lim(t), t < T(< p; n), then DS[< /?; DS[< /?; 7t](/)] = 

= DS[< p; 7t][~t and T(< p; DSO; ft](0) — t- 

Lemma 5.2. Suppose Q e^d*{n,p) and P[p\ 0] c B*(n, 9), then if 

DS[< p; 7i](c) < 9 < DS[< p; 7i](c+l), 

DS[< p; 7t](c) ^ DSO; 9](0- 

The final result of this section states that a uniform bound can be placed 

on the size of < /?-parts of DS[< p; 7i](i). This will be used in the inductive 

definition of the next section. 

Lemma 5.3. P[< p; DS[< p; ft](i)] < P[< p; 7i]u{T(< p; 71)}. 
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6. Defining a sequence of Bachmann notational collections 

Theorem 6.1. For each it, 1 < n < G(I, 1), there is a collection of sets 

{18*(n. A:)11 < k < G{I, 1)} and, if n is a limit, a finite sequence of ordinals 

£ (71) = <qx, . . ., qm(n{), 1 < m(n) < co. The collection and sequence have 

the following properties: 

(1) . S3*(7r, Ac) £ G(I, 1) and 33*(7r, k) is a Bachmann notational collection 

with EP of type < G(k + 1), bounded by n. 

(2) . S3*(l, fc) - {1}, P[k; 1] = ND[k\ 1] = {1} and D[fr; 1] = 1. 

(3) . 7i 4 k) => S3*(7r +1, k) — 33*(7t, k), 

71 e S3*(7r, k) => S3*(7t + 1, k) = 23*(7i, k)u{n +1}, 

?[k; 7t+l] = ND[/:; 7t + 1 ] = P[A:; 7t] and D[A; 71 + 1 ] = 1. 

(4) . Suppose Lim(7r) and G(p) < it < G(p+ 1): 

(a) (i). qm < qm — i < ... <qt=p 
(ii) . P[qp, 71 ] S B*(n, q,) and G(qi+1) < P[< qp, ti]u{T(< qp, 71)} 

< G(qi+1 + l), 1 < i < m— 1. 

(iii) . P[qm; 7t] $ B*(n; qm) or qm = 1. 

(b) (i). k < qm=> 93*(tt, k) = k)’ 

qm^ k^> 33*(ti, k) = (J0<)1 93*(0, k)\j {71}. 

(ii) . qx ^ k < G(I, 1) => P[k; it] = P[7; 71], ND[fc; 7t] = ND[7; 71], 

D[fc; 7t] = D[/; it], T(k; it) — T(7; n), and DS[fc; 7t] = DS[7; n]. 

(iii) . qi+1 < j < qt and 1 ^ / < m-l => P[j; 7t] = P[< qp, 7r], 

ND[/; 71 ] = ND[< qp, n], D[j; n] = D[< qp, n], 

T(j; it) = T(< qp, it) and DS[y; 7t] = DS[< qp, n]. 

(5) . n e i8*(7i, k) only as given by (2), (3) or (4). 

Proof. By induction on it, 1 ^ 71 < G(I, 1), we shall define the collec¬ 

tion (93*(7r, k)}. At the 7rth step in the induction (and only at this step) 

7t will or will not be put into the various 18*(n, k) depending on whether one 

of the conditions (2), (3) or (4) is satisfied or not. 

Suppose the sets (93*(0, £)|1 < k < G(I, 1)} have been defined for 9 < it. 

When 7r = 1 or it = n' +1 the definition of 93*(7r, k) is given by (2) and 

(3). Suppose Lim(7i) and G(p) ^ it < G(p+ 1). We now proceed to define 

the sequence £ (7t) = (qt, . . ., qm) and to prove that the sets 

lJe<* k)u{n} = 93*(7r, k), qm < k, 

are Bachmann notational collections with EP. 
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Set qx — p. By induction on 0 < n one sees that if G{r) < 0 < G(r+1) 

and r < k, then 0e93*(0, k). Hence 93*(rc, k) = {0|0 ^ n) for qx s$ k. 

If one defines parts, types, and sequences as in (4b ii), it follows from the re¬ 

sults of section 3 that 93*(7r, k) is a Bachmann notational collection with 

EP of type < G(k +1), bounded by n. 

Suppose (h,..., qt, and 93*(7r, k) have been defined and shown to have 

the appropriate properties. Assume that P[qt; n] £ B*(qt; n) and that qt+1 

is that unique ordinal for which G(qt+1) < P[< qt\ n] u{T(< q,;n)} ^ 

< G(^r+1 + 1). Several lemmas of which the three below are most im¬ 

portant, combined with the results of section 6 suffice to prove that if parts 

and sequences are defined as in (4biii), 93*(7r, k) is a Bachmann notational 

collection with EP (of type < G(k + \), bounded by n) for qt + 1 ^ k < qt. 

To this end recall from theorem 4.5 that if v = DS[< qt\ 7i](i) (1 < / < T 

(< qt; n)), then P[qt\ v] £ B*(v, q,). Hence P[< qt; t;], DS[< qx\ v], etc., 

are all defined. 

Lemma 6.1.1. Let qt+1 < k < qt, then 

(a) , v e S3*(7r, k). 

(b) . P[k; v] = P[< qt; v], 

ND[fc; t>] = ND[< qt;v], 

and D[A:; t>] = D[< qt; v\. 

(c) . If Lim(e), e < T(< qt; it) and v = DS[&; n](e) = DS[< qt\ 7i](e), 

then T(k; v) — e and DS[fc; v] = DS[&; 7i][~e. 

Lemma 6.1.2. n = lub in 93*(7r, fc){DS[< qt; 7t](/)| 1 ^ / < T(< qt; 7r)}. 

Lemma 6.1.3. 93*(tt, /c) has EP for qt+1 < k < qt. 

Proof. See def. 4.3 for notation. If /? < n, then (0, /!} £ 93*(/f, k); by 

induction, 93*(/?, k) has EP. Thus we can assume 0 < /? = n. Further note 

that as a consequence of lemma 3.1, n, 0 can both be taken ^ G(k+ 1). 

If Lim(7i), then 0 < DS[fc;7i](J) for some d < T(k;n). The proof is 

completed by using the induction hypothesis to show that an appropriate 

0e93*(DS[fc,7i](</), k). 

The definition of the sequence qt > q2 > ... > qt+i can be continued, 

but after a finite number of steps either qm = 1 or P[qm; n] $ B*(n, qm). 

For k < qm set $*(71, k) = (J0<„ 93*(0, k). 

Clearly (J {95*(0, k)\9 < G(I, 1)} is a Bachmann notational collection 

with EP for each k, 1 < k < G(I, 1). The collection 
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Or(k) = U < G(I, l)}u{G(7, 1)} 

is also a Bachmann notational collection with EP if we set DS[&; G(I, 1)] = 
— Xns(n) (see section 3) and P[fc; G(I, 1)] = ND[&; (7(7, 1)] = (1, co}, 
D[Ar; (7(7, 1)] - to. 

7. Use of the sets Or(/c) to define normal forms 

Definition 7.1. Let n ^ (7(7, 1) and £ (7c) = <#j ..qs~); G(q1) < n < 

G(^i + 1). For each t, qs ^ t, we will define PNFf(7r) (the tth level pred¬ 

icative normal form of n) by induction on n. PNF'^) will be an ordered set 

of ordinals and the ordinals in it form the set S(t; n). We will show that 

S(t; n) c p[f; 7t]u{/}: 

(0). PNFr(G(7, 1)) = <7, 1 > for all t, 1 < t < (7(7, 1). 

(1) . if qx < t < G(I, 1), then 

PNF'(7t) = NF+(7; n), 

S(7; n) £ P[7;tt]u{7} 

(see remark 1). 

(2) . We can assume PNF' is defined for <7; < t and that 

S(t, n) £ P[t, 7i]u{7}. 

By the main induction if 9 e Or(g,) and 9 < n, then PNF9,(0) is defined and 

S{qtl 0)^P[qt; 0]u{7}. 

Suppose P[qt; n] £ B*(n, qt). 

(2.1). For each a e B*(n, qt) we will define (inductively) NF+(7t, q(; a); 

this will be an ordered set of ordinals and the ordinals in NF+(7t, qt; a) will 

form the set S(^f; a). It will be shown that S(<7,-; a) £ P*[< qt; a M/}: 

(a) . If a ^ G(qi), 

NF+(7t, q,;a) = NF+(7; a), 

and 

S(?i;fl) = S(7;fl)cP[7;fl]u{7}. 

(b) . Suppose G{qt) < a < G(#,- + l) and NF(7r, qt; a) = Fp(9, b) > b; 

by induction NF+(7r, qt; b) is defined and 

Sfo;*)sP*[<?,;*M7}. 
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(i) . 9 < a, NF+(rc, qt\ 9) is defined and S(qt; 9) s P*[< q.; 6]u{7}. 

Then 

NF+(;r, qr a) = «NF+(/; G(qt))>, <NF+(ti, qC, 9), NF+(;r, qt; b)}}, 

S(qt; a) = S(/; G(qi))uS(qi; 0)uS(^; b) 

s P[/; G'(^,)]uP*[< 0]uP*[< 9i; 6]u{7} 

= P*[< 

(ii) . a < 9. Let PNF9'(0) = h(bt,. . bk) where 

Sfe,; 0)-{/} = {bx,...,bk} <= Pfe,; 0]. 

As P[#,-; 0] < a we have {6l5..c 5*(7i, qt) and NF+(7t, 

qt; bj) is defined with 

S(?1;AJ.)cF[<?.;yu{/}. 

If we let NF+(ti, 9;; 7) = I then 

NF+(tt, qt; a) = 

«NF+(7; G(qi))y, (h(NF+(n, qt; bv), ..., NF+(tt, qt; bk)), NF+(tt, qt; b)». 

S(qr, a) = S(7; %i))uS(?i; • • • uS(#;; 6) 

S P[7; G(^;)]^P*[< qr, 6j]u . . . u P*[< qt; 6]u{7} 

= P*[< Qu a]u{/}. 

(2.2). For qi + l ^ t < qt, PNF'(7i) is defined as follows: 

(a) . If i = 1, i.e. n e B*(n, qk), 

PNF((ti) = NF+(ql;n). 

Clearly 

S(t; n) s P*[< qC, rc]u{7} - P[/; Tt]u{7}. 

(b) . Otherwise let PNF9'(7r) = v(al,..., am), where 

S(^;tc)-{7} = {fll5.. £ P[qt;n]. 

Then 

PNF‘(n:) - i;(NF+(7r, qt; ak),. . ., NF+(;r, qt; am)) 

and 

S(/J n) = S(^,; at)u • • • uS($,; am)u{7} c 

S p*[< aju ... uP*[< qt; am]u{7} = 

= P[<9i;^]u{7}-P[t;7r]u{7} 

for ql + 1 ^ t < qt. 



E XXII REGULAR ORDINALS AND NORMAL FORMS 359 

Remark 5. Notice that if {9, n} £ Or(^), 9 < n and a e B*(0,p) £ B*(n,p) 

then NF+(0, p; a) = NF+(rc, p; a). This is a consequence of the fact, 

(remark 2) that NF(9,p;a) = NF(n, p; a). 

Definition 7.2. Let n < G(I, 1) and £(71) = (tq1,..., qs). The predicative 

normal form of n (relative to (Or(A:)|l < k < G(I, 1)}), PNF(tc) = 

- PNF?s(tt). 

Note that B*(G(I, 1 ),p)= {a\a < FP(G(I, 1)+ 1, 1)} for 1 < p < G(I, 1). 

Theorem 7.1. If a e B*(G(I, l),/>)u{Fp(G(/, 1)+1, 1)} then a can be 

written uniquely as an expression made up from {/, <, ), >, 1, + }u {<?|Lim(e) 

and e < G(p)}. This will be called NF(p; a). 

Proof. If a ^ G(p), NF(p;a) = NF+(/;a). 

NF(p; FP(G(I, 1) + 1, 1)) = «NF(p; G(p))y, «/, 1 > +1, 1». 

Otherwise suppose 

NF(G(/, l),p;a) = Fp(9, b), 

PNF p(9) = h{bl,...,bk) 

where 

s (p; 9)-{l} = {blt.. .,bk} < a. 

Then 

NF(p; a) = «NF(p; G(p))\ </i(NF(p; bx), . .NF(p; bk)), NF(p; 7)». 

One consequence of the recursion relations and the method of definition 

of the sets 93*(n,p) is that the ordering F1(a, a) < F1 (/?, b) is recursive for 

countable ordinals < Fl{G(I, 1)+1,1). This is a special case of a more gene¬ 

ral result: The ordering Fp(a, a) < Fp(l3, b) can be effectively determined 

relative to the order relations on a finite set of limits < G(p). To get this 

one shows that if 9, n e ?8*(n,p) then the relation 9 < n can be effectively 

determined from the order relations of P(/>; n) uP[/?; 9] (and the order re¬ 

lations of G). 

In concluding this section, we would like to compare our countable limit 

F1{G(I, 1)+1, 1) with that of Bachmann, 

,(i)(l) 

In our notation ir0>j+1(l) = F2(G(1, 3) +1, 1) e 93*(G(7, 1), 1) and 

= -F1(7’2(G(1, 3)+l, 1), 1). 
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From the recursion relations 

F\F2(G(\, 3)+ 1, 1), 1) < F\G(I, 1) + 1, 1). 

In the same way, the limit one obtains by generalizing Bachmann’s proce¬ 

dure to make use of Qn, n < a>, (see for example, Pfeiffer [5]) is still 

<F1(G(I, 1) + 1,1). 

8. Applications to proof theory. Various consistency proofs and cut elim¬ 

ination theorems are carried through by means of an induction on the 

ordinal (in some well-defined sense) of the proof tree. Frequently an ordinal 

is coordinated with a tree by assigning particular ordinals to axioms and then 

specifiying for each rule of inference a function which determines the ordinal 

of the conclusion given the premiss and the ordinal of the premiss. In most 

cases this function can be taken to be one of the functions Fp(6, — ) described 

here. For example, consistency of number theory is proved by using E1 (1, — ) 

(e0, while to prove consistency of ramified analysis of ramification level 

a0 < cot, one needs {£'(/!, — )|y9 < a0 + 2}. 

We now briefly indicate how the functions described in this paper also 

can be used in place of ordinal diagrams to carry out Takeuti’s proof of 

the consistency of the system SINN. Let the definitions of ‘semi-isolated’, 

‘grade’ and ‘proof-figure with degree’ be the same as in [6]. Consider a 

Hilbert type second order system containing A-terms. Axioms are (1) tau¬ 

tologies, quantifier-free verifiable formulas, equality axioms, and A-axioms 

(t e Ax2I(x) 21(f)) and (2) £-axioms, f^(2) => EX%(X), for number and 

set terms X, % where % is semi-isolated if % is a set term. Rules are induction, 

modus ponens, the .E-rule: from $(zf) => K conclude EX%{X) => K; and 

set substitution: from ^(^4) conclude $(£). Takeuti’s proof (which, can be 

easily translated into this formalism) shows how a proof tree with endfor- 

mula 1=0 could be altered by a succession of reconstructions to yield a 

proof of 1 = 0 from tautologies and verifiable formulas. To prove that this 

procedure terminates, Takeuti assigns ordinal diagrams to the tree and then 

shows that the reconstructions decrease the ordinal diagrams. Instead of 

ordinal diagrams, one can assign classical ordinals as follows. Every axiom 

except the E-axioms is assigned 1 or 0; $(£) => EX%(X) is assigned 

r(r(i, i), i). 

If the premiss of an £-rule has ordinal 0, the ordinal of the conclusion is 

0©1; if the major and minor premisses of an induction have ordinals 0, a, 
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the conclusion is assigned a + 9ai. If the ordinal of § is a, % => © is 9 and 

the grade of ^ — d > grade of @ — n, then the ordinal of @ is F‘°(d, cc©0). 

Finally, if the degree of a substitution is k < cu and has ordinal a, then 

%{%) is assigned Fco(Fk(oc, 1), 1). The crucial point in checking the correct¬ 

ness of this assignment is to notice that it leads to a decrease of the proof or¬ 

dinal during Takeuti’s ‘essential reduction’. This is a consequence of theo¬ 

rem 4.2. 

Notice that reference is made only to ordinals < G(co+ 1). By using the 

regular ordinals G(l), G(2),. . ., G(co+1), one can define the sets 

S3*((/(a>+1), k), 1 < k < co; the functions Fk based on these sets would be 

sufficient to carry out the proof. Thus at least for the purpose of Takeuti’s 

theorem, we do not need the rather strong assumption of the existence of I. 

We have succeeded in pushing the construction much ‘further along’ by 

making use of Mahlo ordinals (see Gaifman [3]). What is still needed is a 

reformulation in a more elegant way which eliminates the tedious detail and 

case analyses. Perhaps the approach to this lies along the lines of Feferman’s 

recent work [2] or in the discovery of a suitable concept of normal form. 
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FORMALIZATION OF THE THEORY OF ORDINAL DIAGRAMS OF 

INFINITE ORDER 1 

AKIKO KINO 

In this paper we shall develop a formal theory of some systems of ordinal 

diagrams which have been used to prove the consistency of subsystems of 

classical analysis. By exhibiting a formal system in which these consistency 

proofs can be formalized, in particular one which suffices to prove the well¬ 

ordering of a given system of ordinal diagrams, one can use Godel’s incom¬ 

pleteness theorem (in the form that no system can prove its own consisten¬ 

cy) to form an estimate of what the limits are of the power of such methods. 

For example, if we construct a formal system S in which the well-ordering 

of ordinal diagrams of finite order can be proved, and if we prove in some 

subsystem T of analysis that S is consistent, we know that T cannot be prov¬ 

ed consistent by ordinal diagrams of finite order. 

Takeuti introduced diagrams of finite order in [5]. In [9] he generalized 

them to ordinal diagrams constructed from well-ordered sets 7, A and S and 

denoted these by Od(/, A, S) (or 0(7, A, S) for the system in the narrow sen¬ 

se). It is easily shown (cf. [4]) that all systems Od(7, A, S) (or 0(7, A, S)) 

can be embedded in systems Od(7', A', 0) with 0 empty (or 0(7', A', 0)), 
which we shall henceforth denote by Od(7', A') (or 0(7', A')) simply. In 

order to give the reader some idea of the strength of these systems 0(7, A) 

let us recall that O(n, co) corresponds to ordinal diagrams of order n. When 

7 is infinite, even very simple, we get systems of ordinal diagrams sufficient to 

prove the consistency of a fragment of analysis: for example using the well¬ 

ordering of 0(ca + l, co3) we can prove the consistency of I7]-analysis (cf. 

Takeuti [11]). This motivates us to study how we can formalize, for given 

primitive recursive 7and A, the theory of Od(7, A) in such a way as to prove 

1 Part of the work herein described was supported by NSF Grant GP-8918. The author 
would like to thank Professor G. Takeuti for his advice in the preparation of this work 
and Professor J. Myhill for his stylistic advice. 
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its well-ordering2. In §§ 1 and 2 is given the definition of Od(/, A) and its 

orderings < ,(i e 7) and a proof of well-ordering which is similar to the one 

in [5] as mentioned in [4]. 
If a relation -< orders a set S and a e S', we call a S-<- accessible if the 

subset {b\b -< a) of S is well-ordered by ■*< (in the sense of transfinite induc¬ 

tion). Then the following propositions can easily be shown: 

Proposition 1. If every b < a is S-<-accessibIe, then so is a. 

Proposition 2. If a is S-^-accessible, then so is every b «< a. 

Proposition 3. If a and b are S-<-accessible, then so is the natural sum 

a # b of a and b. 

The purpose of this paper, which is achieved in § 3, is to present a formal 

system which is in some sense constructive and in which the above mentioned 

proof of well-ordering of Od(7, A) can be formalized. We begin with in- 

tuitionistic arithmetic, i.e. Peano’s axioms plus primitive recursive definitions 

plus the intuitionistic predicate calculus. It is natural to take the notion 

is a well-ordering’ as a clear and secure one (cf. [2]): indeed it is custo¬ 

mary to add to intuitionistic arithmetic such a pair of schemata as 

a s S a Vx(x -< a -*■ Ac(S, -<, x)) -> Ac(S, -<, a) (1) 

and 

Ac(S, <, a) a Vy(y e S a Vx(x -< y -+ 2I(x)) -> 2I(y)) -» 21(a) (2) 

where -< is a decidable relation (in particular a primitive recursive one) 

and S a decidable set which is the field of <. 

The resulting system is close to the intuitionistic system called IDK (cf. 

[13]) but without variables for constructive functions. Only number-varia¬ 

bles occur. We know from results of Howard [14] and Gerber [15] that this 

system, although much stronger from the point of view of provable well- 

orderings than intuitionistic arithmetic without the added schema, is not 

strong enough for the present purpose: for they showed that the primitive 

2 Although only systems of the form 0(1, A) are used in consistency-proofs and special 

cases of the fundamental conjecture of GLC, and although also 0(1, A), a subsystem of 

Od(7, A), has a much simpler structure than Od(7, A), we seem nevertheless to be able to 

develop a formal theory of Od(7, A) in a theory in which a formal theory of 0(7, A) can 

be developed; in other words, Od(7, A) seems not strictly stronger than 0(7, A) as far as 

consistency is concerned. Therefore we only deal with the systems of the form Od(7, A) in 

the following. The definition of 0(7, A) is obtained from the definition of Od(7, A) by 

restricting a in 1.2 of § 1 to range only over A. 
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recursive provable well-orderings in that system are a subsystem of 0(2) 

(the system of ordinal diagrams of order 2). The clue is to be found in the 

transition from propositions 1-3 above with Od(7, A) for S and <; for -< 

which follow immediately from (1) and (2), to those same propositions 

with Nt for S and <; for -<. Here Nt is the set of /-normal o.d.’s, a subset 

of Od(7, A) defined in §2. (/-normal o.d.’s were called /-fans in [9].) 

This suggests that we strengthen (l)-(2) by letting S be not only the whole 

field of -<, but an arbitrary (not necessarily decidable) subset of that field. 

It is known3 that if we strengthen them in this way, allowing only arithmetic 

formulas for S, the system becomes a little stronger, but no new well-orderings 

can be obtained. But if we allow inductively defined notions (specifically 

the notion of an /-normal o.d.) to appear in S, the system becomes strong 

enough for what we want. 

To sum up: the system consists of (I) Heyting arithmetic, (II) the schemata 

(l)-(2) for arbitrary S expressible in the system, and (III) the inductive 

definition of iV,(cf. N1-N2 in § 3) following Takeuti [10]. This is not an 

inductive definition of the restricted form usual in intuitionistic systems (for 

example in Troelstra’s system), but we still find it sufficiently constructive 

to be convincing in consistency proofs. In (1) and (2) we put <; for -< and 

Od(7, A) and N{ for S, and the whole proof can be formalized straightfor¬ 

wardly, as will be seen in § 3 below. 

Of course we are assuming that 7 and A are sufficiently small (e.g. 7 = 

a> + l, A — co3 for Tl\-analysis) that their well-orderings can already be 

proved in Heyting arithmetic. If we want large 7 and A of course we have 

to add (IV) axiom schemata expressing the well-ordering of those sets. 

§ 1. Definition of Od(7, A ) and its linear orderings (cf. [9]) 

Definition 1. Let 7 and A be well-ordered sets. If there is no likelihood 

of confusion we shall use the same symbol < to denote the orderings of 

7 and A; the symbol < as well as = should be understood according to 

the context. For simplicity let 0 be the first element of 7. We call an element 

of Od(7, A) an ordinal diagram (o.d.). The system of ordinal diagrams con¬ 

structed from 7 and A is defined recursively as follows: 

1. Every element of A is an o.d. 

2. If a and /? are o.d.’s and / e 7, then (/, a, /?) is an o.d. 

3. If a and /? are o.d.’s, then a # /? is an o.d. 

3 This was communicated to us by W. Howard. 
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The rank of an o.d. a (z*(a)) is the number of (’s and #’s occurring in x. 

Definition 2. Let a and P be o.d.’s and ie I. P cz t x (/? is an i-subdiagram 

of x) is defined recursively as follows: 

1. If a e A, then a has no z'-subdiagram for any z e I. 

2. If x is of the form (j, a0, ax), then /? c=;a if ft <=ixl and i < j, 

or P is ax and i = j. x has no /-subdiagram if j < i. 

3. If x is of the form ax # a2, then p c=a if p cixl or P c: t a2. 

(z'-subdiagrams were called z-sections in [9]). 

Definition 3. An o.d. x is called a connected ordinal diagram (c.o.d.) if 

the operation used in the final step of the construction of a is not #. 

Definition 4. Let a be an o.d.. We define the components of x recursively 

as follows: 

1. If a is a c.o.d., then x has only one component i.e. a itself. 

2. If a is an o.d. of the form at # a2 and the components of ax and a2 

are /?x,.. ., pk and yx,..yn respectively, then the components of ax # a2 

are 0lt. . ., pk, ylt.. ., y„. 

Definition 5. Let a and P be o.d.’s. We define a = p recursively as follows: 

1. If ix e A, then a = P is the same as equality in A. 

2. If x is of the form (z, a0, ax), then a = P if P is of the form (j, po, /?x), 

with z = j, x0 = p0 and xl = pl. 

3. If a is a non-connected o.d. with k components ax, . . ., xk, then a = p 

if P has the same number of components Px,. . pk and there exists a per¬ 

mutation (/l5. . ., 4) of (1,. . ., k) such that xn = Plm for m = 1, . . ., k. 

Definition 6. Let a be an o.d. and let z e /. Then z is called an index of a if a 

has an z'-subdiagram. 

Definition 7. Let x and p be o.d.’s and let z e I. We define the relations 

x <i P and x <o0 P recursively as follows: 

1. If a, P e A, then x <tp and x < „ P mean x < p in A. 

2. Let the components of a and P be xlt . . ., xk and j81,. . ., ph respec¬ 

tively. x <tp (z 6 / or z is oo) holds if one of the following conditions is 

satisfied: 

2.1. There exists a Pm (1 < m < h) such that for every / (1 ^ / < k) 

xt < i Pm holds. 

2.2. k = 1, h > 1 and ax = Pm for some m (1 ^ m ^ h). 
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2.3. k > 1, h > 1 and there exist an a, (1 < / ^ k) and a Pm (1 < m ^ h) 

such that a; = Pm and 

al # ' ’ ’ # ®i-l # ®i+l # ' • • # CCk <;/?i # ‘ ' ‘ # Pm-i # Pm+l # • 

3. Let a and ft be c.o.d.’s and i e /. If there exists no index of a or p greater 

than z we define z to be oo, and if there exists any such indices we define z 

to be the minimum of them. Then a <; p if one of the following conditions 

is satisfied: 

3.1. There exists an /-subdiagram po of p such that a < f po. 

3.2. ao <i P for every z'-subdiagram a0 of a and a <~ p. 

4. Let a and p be c.o.d.’s of the form (z, a0, o^) and (j, P0, Px) respecti¬ 

vely. a <<*, P if one of the following conditions is satisfied: 

4.1. ct^ < o Pq . 

4.2. a0 = p0 and i < j. 

4.3. x0 = po, i = j and a1 <; . 

5. (z, a0, at) <*, a if a0 <0 a. a <„ (z, a0, ax) if a «o- 

The following propositions can be easily shown: 

Proposition 1 .= is an equivalence relation. 

Proposition 2. If at = plt a2 = P2, then <*i # a2 = Px # /?2 azzz/ 

(z, als a2) - (z, Pt,p2). 

Proposition 3. //"a! = Pi, ct2 = P2 and ai <; a 2, then px <* p2. 

Proposition 4. Every relation <; (z e 7 or i = oo) o a linear ordering of 

Od(/, A). 

§ 2. Informal proof of well-ordering 

Definition 1. If a relation -< orders a set S, and a e S, we call a S- ^ac¬ 

cessible if the set of all b e S, b < a is well-ordered by <. Here ‘well-ordered’ 

is to be taken in the sense of transfinite induction (not well-foundedness). 

So what we have to prove is that every element of Od(7, A) is Od(7, A)-<r 

accessible for every z e 7. 

Definition 2. We define ‘an o.d. p is an exponent of an o.d. a’ (denoted 

P < a) recursively as follows: 

1. If a e A, a has no exponent. 
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2. If a is of the form ax # ... # am, where al5 . . ., am are c.o.d.’s, then 

P < a if P < a,- for some / (1 ^ ^ m). 

3. If a is of the form (/, a0, at), then P < a if P is a0 or p < a0 or P < . 

(Exponents were called ‘values’ in [9].) 

Proposition 0. (Proposition 2 of § 3 of [8]). If p < a, p <0 a. 

The proof is omitted here. It should be noticed that it does not involve 

the notion of accessibility of o.d.’s. 

Definition 3. The set Nt of i-normal o.d.’s (called /-fans in [9]; this is the 

central notion of the proof) is defined as follows by transfinite induction 

on /: 

1. Every o.d. every exponent of which is Od(/,/l)-<0-accessible is a 

0-normal o.d. 

2. If/' is the successor of / in I, then a is an /'-normal o.d. if a is an /-normal 

o.d. and every /-subdiagram of a is Nr < ,-accessible. 

3. If / is a limit number of I, then a is an /-normal o.d. if a is a y-normal 

o.d. for every j < i in /. 

4. a is called an oo-normal o.d. if a is an /-normal o.d.for every / e /. 

The following propositions are immediate: 

Proposition 1. If every o.d. P <t a is Od (/, A)-< raccessible, so is a. Here 

is I or i = oo. 

Proposition 2. If a is Od (I, A)-< ^accessible, so is every P <;a. Here 

i e I or i = oo. 

Proposition 3. If oq,.. am are Od(/, A)-<r accessible, so is # .. . # am. 

These propositions hold also when we replace Od(/, A)-< ^accessibility 

by jV;-< raccessibility (called /-accessibility in [4]), where Nt is the set of 

/-normal o.d.’s. 

This induction on a set we don’t know to be decidable will turn out to 

have importance for the axiom system in which we later formalize this proof. 

By propositions l*-3* we denote propositions like 1-3 except that they 

refer to ^Vj-< .-accessibility instead of Od(Z, ^4)-< (-accessibility. 

Proposition 4. If a is Nr-< ^-accessible, it is Nr < -accessible, where V 

denotes the successor of i in I. 

Proof. We prove this by double induction on <r among Nr-<r- 



E XXIII FORMALIZATION OF ORDINAL DIAGRAMS 369 

accessible o.d.’s and on the rank of an o.d. Let a be Nr-< v-accessible and 

assume as the inductive hypothesis on <v: 

(1) . For every Nr- < (.-accessible o.d. P such that P <r a, /? is Nr< -ac¬ 

cessible. 

We claim a is Nt- < r accessible. For this we shall show that every /-normal 

o.d. P <i a is an /'-normal o.d. and is Nr < (-accessible by induction on 

the rank of ft. Let ft be an /-normal o.d. such that ft <; a and assume as 

the inductive hypothesis on the rank of ft: 

(2) . Every /-normal o.d. y such that y <; a and r(y) < r{p) is an /'-normal 

o.d. and is Nr < (-accessible. 

For any /-subdiagram p0 of P, p0 is an /-normal o.d. and is < £ a. So /?0 is 

an /'-normal o.d. and is Ari-<i-accessible by the inductive hypothesis (2). 

So P is an /'-normal o.d. Since P <; a by assumption, one of two cases 

holds: 

Case 1. P <v a. Then p is Nv- < (.-accessible by proposition 2* and so is 

Nr < ^accessible by (1). 

Case 2. There exists an /-subdiagram a0 of a such that P ^ ; a0. Since 

a0 is Nr<raccessible and p is /-normal by assumption, P is Nr < (-accessible 

by proposition 2*. 

Thus by proposition 1*, a is Nr < raccessible. 

Proposition 5. If cc is Nr < ^accessible, then a is N)- < j-accessible for every 

j < i- 
Proof. This is easily seen from the following lemmas 1-3. 

Lemma 1. Let i be a limit element of I such that the following condition 

is satisfied: 

(3) . For any j, k such that j < k < /, every Nk-<k-accessible i-normal o.d. 

is Nj-< j-accessible. 

Then for every j < i, a is Nf accessible if it is N - < -accessible. 

Proof. Let a be Nr < (-accessible. Let /0 be the successor of the greatest 

index of a less than /. We should note that p < a if P < ioa and so a is 

AV<c .^-accessible. Hence if j < i0 then a is iV,-^-accessible by assumption 

(3). 
In order to consider the case i0 ^ j < i we introduce an auxiliary notion 

‘y is an nth /-branch of P w.r.t. k0 and kf (where k0 and k1 are arbitrary 

fixed elements in / such that k0 < kf) defined recursively as follows: 

(i) . If k0 ^ and y czj p, y is a first /-branch of P w.r.t. k0 and kx. 

(ii) . If y and 5 is an «th A:-branch of P w.r.t. k0 and kt, y is an nth 
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/-branch of y3 w.r.t. k0 and kx if k0 < j < k; and y is an (« + l)st /-branch 

of /? w.r.t. k0 and k1 if k ^j<kk. 

We prove lemma 1 by transfinite induction on <; among Nr < .-accessible 

o.d.’s, using also induction on the number of branches w.r.t. /„ and /. 

Let a be Nr < raccessible and assume as the inductive hypothesis on <;: 

(4) Every /-normal o.d. /? <,a is Nk-<^-accessible for every k < i. 

Since for every j < i0 lemma 1 has been proved, it is enough to show that a 

is A/^-accessible for every / such that i0 < j < i. 

Let /„ < j < i, ft <j a and let yS be a /-normal o.d. We shall prove that 

y5 is an z-normal o.d. and Nr < raccessible for every / such that i0 < / < i, 

by induction on the number of branches of yS w.r.t. j and i. 

Let j ^ k ^ i and let be any /r-branch of y9. By the inductive hypo¬ 

thesis on the number of branches, y?0 is /-normal and A^fc-<t-accessible. Hence 

yS is an /-normal o.d. and yS <; a because yd <j a. So y? is A^k-<t-accessible 

for every k such that k < i by assumption (4). 

Thus a is iVfc-<ft-accessible for every k < i. 

By proposition 4 and lemma 1 we have 

Lemma 2. For every i e I such that (3) holds and for every j < i, if a is 

Nt-< ^accessible, then it is Nj-< j-accessible. 

Lemma 3. For every i el, (3) holds. 

Proof. By transfinite induction on I using lemma 2. 

Proposition 6. If a is Nm-< accessible, it is Nt- < -accessible for every i e /. 

Proof. Similar to the proof of proposition 5 using 

Lemma 4. For every pair j and k in I such that j < k, every Nk-<k-accessible 

co-normal o.d. is Nj-< j-accessible. 

Proof. Similar to the proof of lemma 1. 

Proposition 7. Every co-normal o.d. is N^-< ^-accessible. 

Proof. The proof of this proposition is not difficult but rather laborious. 

We shall give a very brief outline, referring the reader to proposition 14 in 

[7]. 
Let sup(a) denote the successor of the maximal element of A occurring 

in a. Then one easily obtains 

Lemma 5. cc < t sup (a) for all o.d.'s a, and for all ie I and for i = oo. 

So by proposition 2* it suffices to prove 

Lemma 6. If a e A, then a is Nx-< ^-accessible. 

This is proved by showing that every c.o.d. a such that a. <x a is Ar00-<00- 



E XXIII FORMALIZATION OF ORDINAL DIAGRAMS 371 

accessible (considering all possible cases) and applying propositions 3* and 

1*. 

By propositions 6 and 7 we immediately have 

Proposition 8. Every co-normal o.d. is Nr< ^accessible for all i e I. 

Proposition 9. Every 0-normal o.d. is Nr< ^accessible for all i e I and for 

i = oo. 

Proof. This will follow from the following lemmas 7 and 8. 

Lemma 7. Every i-normal o.d. is Nr< raccessible. 

Proof. By lemma 5 and propositions 8 and 2*. 

Lemma 8. Every O-normal o.d. is i-normal for all ie I and for i = oo. 

Proof. By induction on / using lemma 7. 

Lemma 9. If a is an o.d. which is not O-normal, then there is a O-normal o.d. 

ft such that ft <0 a and ft is not N0-<0-accessible. 

Proof. By induction on the rank of a using proposition 0. 

From this we have 

Proposition 10. Every O-normal o.d. is N0-<0-accessible. 

Proposition 11. Every o.d. is O-normal. 

By this and lemma 8 we have 

Corollary. Nt — Od(/, A) for all i e I and for i = oo. 

By propositions 10 and 11 we have 

Proposition 12. Every o.d. is Od(I, A)-<0-accessible. 

Theorem. Every o.d. is Od (I, A)-< ^-accessible for all iel and for i = oo. 

Proof. By the corollary of proposition 11 and proposition 9. 

§ 3. Formal theory of Od(/, A). In this section we shall give details of the 

formalization of the argument of § 2. 

Let / and A be primitive recursive sets of numbers and < 7 and < A be 

primitive recursive predicates which well-order / and A respectively. We 

recall the definition of Od(/, A) and the accessibility-proof of Od(/, A) 

(§§ 1-2), and try to formalize it as described in the introduction. 

For the sake of convenience let 1(a) and A(a) be the characteristic predi¬ 

cates of the sets / and A respectively; obviously they are primitive recursive: 

let o be the first element of / w.r.t. <T. We are interested in the arithmetiza- 

tion of Od(/, A) and shall not always make distinction between notions 

and their arithmetizations. 
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1. Definition of Od(7, A ) and its linear orderings <;. We have introduced 

primitive recursive predicates I, A, <j, <A and a constant o. Let us fix 

another constant oo for which —1/(00) and define a<b by a <j bv (1(a) a 

b = oo), and l(i) by I(i) v i = oo. It is easily seen that the notions ‘a is an 

ordinal diagram (o.d.)’ (denoted 0(a)), ‘a equals b in o.d.’s’ ‘(denoted = 

(a, b)) and the linear orderings a <tb (denoted <(i, a, b) for uniformity 

of notation) for each i (I(i) or i — oo) can be introduced in a primitive 

recursive manner in Heyting (intuitionistic first order) arithmetic (cf. [7]). 

To be more precise let us fix a basic formal theory which we shall later ex¬ 

tend to a system containing new axioms and axiom schemata concerning 

accessibility. For the sake of technical convenience we choose a slight mo¬ 

dification of Gentzen’s LJ(first order intuitionistic predicate calculus [1]), 

enriched by arithmetical axioms and induction: A sequent F => A is called 

admissible if at most one formula in A contains quantifiers (so that all the 

other formulas in A are decidable). The basic system is obtained from Gent- 

zens’s LK ([!]) by requiring that every sequent in a proof be admissible 

and allowing sequents of the following forms as initial sequents (axiom 

schemata): 

1.1. Logical initial sequent: 

$ => 

1.2. Axiom schemata for equality: 

=> a = a, 

a = b, 91(a) => 21(h). 

1.3. Mathematical axioms (mathematische Grundsequenz in [3]), i.e., a 

sequent F => A with the following properties; every formula of F and A is 

primitive recursive and contains no logical symbol, and every sequent ob¬ 

tained from F => A by replacing all free variables in F and zl by arbitrary 

natural numbers (i.e. numerals) is true. 

1.4. Course-of-values induction: 

Vx(Vy(y < x -> 21(y)) -> 2I(x)) => 21(a). 

In order to introduce primitive recursive predicates 0(s), =(a,b) and 

<(i, a, b), several primitive recursive functions and predicates are used; 

among them a <=,- b (denoted cz(i, a, b)) is important. We assume that any 

desirable properties of these primitive recursive functions and predicates 

are listed in the mathematical axioms (cf. [7] for examples of such axioms). 
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2. Accessibility of Od(7, A). We wish to add further notions to the basic 

system so that the system so obtained is strong enough to establish the acces¬ 

sibility of Od(7, A). 

Since we know as part of our assumption that 7 and A are well-ordered 

by <j and <A respectively, we can introduce accessibility of 7 w.r.t. <f 

and of A w.r.t. <A as axiom schemata (new initial sequents): 

For any formula 21(a) 

AI. 1(a), Vx(I(x) AVy(y <Tx -» 2I(y)) -*• 2I(x)) => 51(a). 

AA. A(a), Vx(A(x) AVy(y <Ax -> 2I(y)) -> 2l(x)) => 21(a). 

Let us now follow closely the accessibility proof in § 2. It is again clear 

that the notion a < b (a is an exponent of b) can be added in a primitive 

recursive manner to the basic system. Thus we are in a position to for¬ 

malize the two simultaneously defined notions ‘a is an /-normal o.d.’ and 

‘an i-normal o.d. a is Nj-<j-accessible’. Now let us recall (1) and (2) in 

the introduction, to see how to introduce the notion of an element s of 5 

linearly ordered by -< being accessible in S w.r.t. -< (denoted Ac(S, -<, ^)). 

To this end, it is convenient to introduce the abstraction operator { } into 

the system as well as a new higher order predicate constant Ac(*0, *lt *2): 

For any formula %(al}..., a„), which may contain other free variables, 

{xl5. . ., x„} 2I(x1, . . ., x„) is called an abstract with n argument-places. 

,4c({x}2I(x), {x, y}23(x, y), a) is a formula if (x}2I(x) and {x, }>}23(x, y) 

are abstracts with one and two argument places respectively. We use the 

following abbreviations: 

,4c({x}2I(x), a, b) for /Ic({x}2t(x), {x, y} < (a, x, y), b) 

and 

Ac(a,b) for Ac({x)0(x), a, b). 

The latter will mean that an o.d. b is accessible in Od(7, A) w.r.t. <a. 

Since 0(a), 1(a) and < (a, b, c) are primitive recursive, we can introduce 

Od(7, T)-<j-accessibility by 

AOl. I(j), 0(a), Vx(<(;, x, a) -a Ac(j, x)) => Ac(j, a), 

A02. I(j), 0(a), Ac(j, a), Vx(0(x) a Vy( <(;', y, x) -> 21(y)) ^ 2I(x)) 21(a), 

where 21(a) is an arbitrary formula. 
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We are now ready to introduce the central notion ‘a is an /-normal 

o.d.’ (N(i, a)) by an inductive definition w.r.t. <. To formalize this, let 

0(b) be 

0(b) aVx(<(x, b) -*■ Ac(o, x)), 

and let G({x, y}9I(x, y), a, b) be 

0(b) a ((1(a) a Vx(x < a -» 9I(x, b) AVy(c(x, y, b) 

-> 9t(x, y) a Ac({z)2t(x, z), x, y))) 

v (a = oo A Vx(x < a -> 9I(x, b))). 

Then we can introduce a new predicate constant N(i, a) using Takeuti’s 

kind of inductive definition in [10] (though our system does not contain 

second order quantifiers). 

Nl. 1(a), N(a, b) => G({x, y}(N(x, y)ax < a), a, b) 

N2. 1(a), G({x, y}(N(x, y)ax < a), a, b) => N(a, b). 

Let Ac(a, b, c) be y4c({x}A(/>, x), a, c) (which will mean c is Nb-< ^ac¬ 

cessible) and introduce the axiom and axiom schema for Nr<j- accessibility. 

AN1. N(i, a), Vx(iV(i, x) a <(j, x, a) -*■ Ac(j, i, x)) => Ac(j, i, a) 

AN2. I(j), Ac(j, i, a), Vx(A(i, x) a Vy(A(i, y) a <(j, y, x) 2I(y)) 

2I(x)) => 91(a) 

where 91(a) is an arbitrary formula. 

Naturally the notion of formula should be extended to include new pre¬ 

dicates in the axiom schemata (initial sequents) of the basic system, and the 

definition of a sequent being admissible should read: A sequent T => A is 

called admissible if at most one formula in A contains quantifiers, the pre¬ 

dicate N or Ac. (Thus the other formulas in A are all decidable.) Finally 

for technical reasons we need an additional axiom schema concerning Ac. 

EA. Vx(91(x) <-> 93(x)) => ^4c({x}9I(x), a, b) <-> Ac({x}93(x), a, b), 

where 91(a) and 93(a) are arbitrary formulas and 91 93 denotes (91 -> 93) 

a (93 —> 91). 

3. Outline of the formal proof of accessibility. After the above preparation 

it is rather routine to carry out the formal proof of the accessibility of 

Od(/, A), though writing it down in full detail is naturally laborious. We 

have no essential difficulty in changing the formal accessibility proof in 



E XXIII FORMALIZATION OF ORDINAL DIAGRAMS 375 

[4] §4 into a formal proof of accessibility in the present system. Instead of 

giving technical details we make a few remarks to give the reader some 

idea of how the proof can be carried out, referring him to [7] and [4] § 4 

for the details. 

First, we can use properties of primitive recursive functions and pre¬ 

dicates freely in terms of mathematical axioms as in [7] (though we need more 

mathematical axioms than those required in [7]). 

Secondly, we can see as follows that no second order quantification takes 

place in the present proof: In [4] § 4 we presented a formal theory of Od(7, A) 

in which the notion of accessibility was introduced by making use of such 

second order quantifications as 

A(i, a, a) (to mean ‘a is accessible w.r.t. <; in {x|a[x]}’) 

*-* V<p(Vx(a[x] a Vy(a[y] a < (i, y, x) -> <p[y]) -* q>[x]) -» <?[>]), 
def 

We also introduce the notion ‘a is an /-normal o.d.’ (there called /-fan) using 

inductive definition with second order quantifiers following [10]. Those quan¬ 

tifiers were required essentially only in order to express these two notions. 

We introduced the inference schema V elimination for a predicate variable. 

g(v), r=> a 

v<p$(<p), r => a 

under the restriction that ^(a) contained no second order quantifiers. By 

going over the actual proof outlined in § 2, we verify that any principal 

formula of an V elimination for a predicate variable $ occurring in the 

proof is of the form A(/, (x}9I(x), a), where 91(6) is 0(b) or F(j, b). In 

other words, since here we have the predicate Ac expressing accessibility, 

we can obtain the lower sequent of $ by reading Ac for A there and by 

making use of either A02 or AN2 with other minor changes. 
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ON THE RELATIONSHIP BETWEEN TAKEUTFS ORDINAL 

DIAGRAMS 0(n) AND SCHUTTE’S SYSTEM OF 

ORDINAL NOTATIONS 2(n) 

HILBERT LEVITZ* 

1. Introduction. In connection with his proof theoretical investigations [13] 

Takeuti defined for each positive integer n a system 0(n) which consists of for¬ 

mal expressions called ‘ordinal diagrams’ together with n + 1 well-orderings 

of these expressions [12]. He showed the consistency of a certain subsystem of 

formal simple type theory by assigning ordinal diagrams to the proof figures 

and by arguing by transfinite induction on these ordinal diagrams that cuts 

can be eliminated from the proofs. He then went on to prove the consistency 

of even more extensive subsystems [16] by using ‘ordinal diagrams of infinite 

order’ developed in [14]. 

In this exposition we use 0(n) to denote the set of ordinal diagrams of 

order n, and (0(n), <,) for 0 < i < n to denote the structure consisting of 

the set 0(n) ordered by <;. If a set A is well-ordered by a relation <, then 

||ue(A, <>|| will be used to denote the ordinal number corresponding 

to u e A when (A, <) is mapped by its ordering function onto an initial 

segment of the ordinals; ||<^4, <>|| will denote the order type of (A, <). 

In the author’s doctoral dissertation [5] it was shown that ||<0(1), <!>|| 

is the least co-critical number (cf. [10]). This ordinal appears in Bachmann’s 

hierarchy of normal functions as cpm( 1) (Bachmann’s functions have 1, not 

0, as the least element of their domain of definition). We also located Veblen’s 

least E-number ([9], [17]) within (0(2), <2>. Under the assumption that 

Bachmann’s hierarchy satisfies certain closure, representation, and recursion 

conditions we showed that ||2 e (0(2), <2>|| equals Bachmann’s <pen + 1( 1). 

* The author wishes to thank Professors K. Schutte and W. A. Howard for their encour¬ 

agement. 

This work was supported by a grant from the Office of Scientific Research of the United 

States Air Force. 
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Gerber [2] has shown that Bachmann’s hierarchy does indeed have these 

properties. 

Schiitte [11] has developed for each n a system of terms I(n) and an order¬ 

ing < of these terms so that <T(«), <> is a well-ordered structure. 

<Un<co £(n), <) is not a well-ordered structure, but it does have a largest 

well-ordered initial segment <Z0, <>. The principal result of this investiga¬ 

tion is that 

lim ||<0(n), <„>|| = ||<T0> <>ll- 
n<co 

Pfeiffer [8] has shown how to delete terms from (Jn<t0 Z(n) (by means of a 

restriction on the term formation rules) so that the resulting set Z is well- 

ordered by <, and <T0, <) is an initial segment of <T, <). He has also 

shown that ||<T0, <>|| = a* where a* is the‘Grenzzahl’of his own extended 

version of Bachmann’s hierarchy [7]. In this extended version the initial 

ordinals a>„ (n < co) play a role. 

Isles [3], working independently of Pfeiffer, has developed an extended 

version of Bachmann’s hierarchy in which initial ordinals even greater than 

co^ play a role. 

2. The system P*(n). In [6] we described a system 0*(n) which differed 

from 0(n) in inessential respects, and for which ||<0*(«), <,)|| = 

= II<0(n), <i>|| when 0 < i ^ n. We then described a system P*(n) such 

that <P*(n), <„) is an initial segment of <£>*(«), <„> which in turn is order 

isomorphic to an initial segment of <P*(n+l), <n + 1>, the latter initial 

segment being the one determined by [1, [1, 1]] e P*(n+ l)t. We find it 

more convenient to work with the system P*(n) because its members are 

built up using two place expressions [ , ] as opposed to the three place 

expressions [ ; , ] used in 0(n). Below we show how P*{n) is defined. 

In addition we state some lemmas about P*(n) which will be needed in 

relating P*(n+ 1) to T(«). For the proofs of these lemmas the reader should 

consult [6]. 

Definition 2.1. 

(a). Let n be a fixed positive integer. The expressions in P*(n) are called 

ordinal diagrams and are generated by means of the two operations # and 

[ , ] as follows (for brevity we call a member of P*(«) an o.d.): 

t In [6] we used the notation (1, (1, 1)) instead of [1, [1, 1]]; we prefer to use square 

brackets here because round brackets are used in forming the members of Zdn). 
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El.l. 0 eP*(n). 

E1.2. If ueP*(n) and i is an integer such that 1 ^ i < n, then [i, u] e 

P*(n). i is called the index of the o.d. 

E1.3. If u, veP*(n), then so is u # v. 

(b) . An ordinal diagram u is called connected if the operation used last in 

the construction of u is not #. That is, u is 0 or u is [i, v]. 

(c) . The notion of component is defined recursively as follows: 

E2.1. If u is connected then u has for its components only u itself and 0. 

E2.2. If u is of the form ux # u2 and the components of and u2 are 

xx, x2,. .xs and y2, y2,.. yt respectively, then the components of u are 

x1,x2,...,xs,y1,y2,...,yt. 

Definition 2.2. We define the notion of equality recursively as follows: 

E3.1. If all of the components of u are 0, then u = v if and only if all of 

the components of v are 0. 

E3.2. If u has a component different from 0, and if ,..., us are the com¬ 

ponents of u which are different from 0, then u — v if and only if among 

the components of v there are precisely s of them vt,..., vs which are dif¬ 

ferent from 0 and there exists a permutation (t2,.. ., ts) of (1,.. ., s) such 

that um = vtm for m = 1, . . ., s. 

E3.3. i = j and x — y imply [i, x] — [j, y]. 

Definition 2.3. If u and v are o.d.’s and i is an integer satisfying 1 < i < n, 

we define the relation u <= t v recursively as follows: 

E4.1. If v is 0 then u cztv does not hold. 

E4.2. Let v be of the form [j, y0]: 

E4.2.1. If j < i, then u holds if and only if u ^tv0 holds. 

E 4.2.2. If j = i, then u cz; v holds if and only if u is v0. 

E4.2.3. If j > i, then u cz t v never holds. 

E4.3. Let v be of the form vl # v2. Then u c . v if and only if u a . vx or 

u aiV2. 

Definition 2.4. We define the relations u <; v (0 < i < n) recursively as 

follows: 

E 5.1. Let the components of u and v be ,. . ., uk (k ^ 1) and ,. . ., vh 

(h ^ 1) respectively, u <; v holds if and only if one of the following condi¬ 

tions is fulfilled: 

E5.1.1. There exists vm (1 ^ m < h) such that for every s (1 < s ^ k) 

“s <,vm- 
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E5.1.2. k = 1, h > 1, ux = vm for a suitable m (1 < m ^ h), and vt # 0 

for some t ^ m. 

E5.1.3. k > 1, h > 1, and there exists (1 < ^ k) and Fm(l < m < h) 

such that us = vm and ux # . . . # ws_x # us+ x # . . . # uk < t vx # . . . # 

# Vm-1 # Vm+l # • • • # Vh. 
E5.2. Let u, v be c.o.d.’s. Then u <tv (/ = 1,...,«) if and only if one 

of the following conditions is fulfilled: 

E 5.2.1. There exists z such that u ^ ; z c t v. 

E 5.2.2. u <i-xv and z c,« implies z <,r. 

E5.3. If v has the form [j, y], then 0 <0 v holds. If u has the form [/, x], 

then u <0 0 does not hold. 

E5.4. Let u and v be c.o.d.’s of the form [i, x] and [j,y] respectively. 

u <0 v if and only if one of the following is fulfilled: 

E 5.4.1. i > j. 

E5.4.2. i = j and x <ty. 

Definition 2.5. We assign to each ueP*(n) a non-negative integer called 

the length of u and we denote it by Lu: 

E6.1. LO = 0. 

E6.2. L{u # v) — Lu + Lv. 

E6.3. L[i, x] = Lx+1. 

Definition 2.6. In the system P*(n) we define the notation lm recursively 

as follows: l0 = 0, /m+1 = lm # [n, 0]. Usually we write 1 instead of lx. 

Lemma 2.7. ([6], lemma 3.3). I/O < i < k < n, then x x]. 

Lemma 2.8 ([6], lemma 3.4). [/, x] <*[/, >>] if and only if at least one of 

the following holds: 

(a) , k = 0 a (j < i v (J = i a x < {7)). 

(b) . k > 0a([!,x] < k-i[j,y]*(i > kv(i < kax <k [7, >>]))). 
(c.) k > 0 a7 < k a [/, x] ^ k y. 

Lemma 2.9 ([6], lemmas 3.5, 3.6]) 

(a) . 0 < k < / < n, 1 < 1, and x <ty imply [i, x] <fc [i,y]. 

(b) . 0 ^ k < i ^ n, and 0 < j < i imply [i, x] <k [j,y]. 

Definition 2.10. We define the functions fk for 1 ^ k ^ n as follows: 

(!)• AO = 0, 
(2). fk(ux # . . . # us) =fkux # . . . #/kws if Ui is connected for 

1 < i < s. 
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rfat/.*]] ifi<j<k, 
(3)- ALA x] = [^> x # 1 ] if k = j and * = [p, y] # lm where p < k, 

v LA a] otherwise. 

Lemma 2.11 ([6], lemma 3.8]). If 1 ^ k ^ /?, and 0 ^ < k9 then u k v 

implies that fku <pfkv. 

Definition 2.12. For 1 < k < n we define the functions Fk as follows: 

(1) . Fk 0 = 0 

(2) . Fk{uy # . . . # us) — Fk«!#...# Fkus if w; is connected for 

1 < / < s. 

(3). Fk[j,x] = 

0 if j < k, 

x if j = k and x = [p, y] where p < k, 

[k, [p, y] # /„] if k = j and x = [p, y] # lm+1 

where p < k, 

[j, x] otherwise. 

Lemma 2.13. 

(a) . Fkfkx = x 

(b) . fkFkx — x provided each non-zero component of x has index equal or 

greater than k. 

(c) . If 1 k < n, then u <k_1v implies Fku <kFkv provided each non¬ 

zero component of u, v has index equal or greater than k. 

Proof. 

(a), (b), Immediate from defs. 2.10. 2.12. 

(c). Suppose not, then Fkv <kFku. But then using part (b) of this lemma 

together with lemma 2.11 we get v = fkFkv ^k-ifkFku — u, contradiction. 

3. The system The system Z(n) does not have an identity element with 

respect to the operation #. Below we describe a system Z*(n) which has such 

an identity. In doing so it will be necessary to modify certain clauses in the 

definition of Z(n) which are not compatible with the presence of an identity. 

Failure to make these modifications would result in u < u # 0. 

Definition 3.1 (a). Let n be a fixed positive integer. The members of Z*(n) 

will be terms defined recursively as follows: 

Gl.l. The symbols Q0, Qk,..I2n are terms. 

G 1.2. If u and v are terms then so are (u, v) and u # v. 

We sometimes write 0 instead of Q0. 

(b). Terms of the form and of the form (w, v) are called connected. The 
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notion of component is defined exactly as in clauses E2.1 and E2.2 of § 2. 

Definition 3.2. To each term u we assign a non-negative integer called the 

length of u (denoted by Lu) and a non-negative integer called the level of 

u (denoted by Su) recursively as follows: 

G2.1. LO = 0. 

G2.2. LQt = 1 for 1 ^ ^ n. 

G2.3. L(u, v) = Lu+Lv+ 1. 

G2.4. L(ux # . . . # uk) = Lux # . .. # Luk for connected terms 

ult...,uk{k> 1). 

G2.5. SQt — i (i — 0, 1,. . ., n). 

G2.6. S(u, v) = Sv. 

G2.7. S(ul #...#wk) = max {Su1,..., Suk} for connected terms 

«i,.. .,uk(k > 1). 

Definition 3.3. We define equality among terms recursively as follows: 

G3.1. = Qt(i = 0, 1,.. ., n). 

G3.2. Mi = vk and u2 = v2 imply (uu u2) = (v2,v2). 

G3.3. Same as E3.1. of § 2. 

G3.4. Same as E3.2. of § 2. 

Definition 3.4. We define the set of i-coefficients Ktu of a term u recursively 

as follows: 

G4.1. If m is connected and Su < i, then Ktu = {0, u}. 

G4.2. If 0 < i < k ^ n, then KtQk = {0}, that is the set whose only 

member is the symbol 0. 

G4.3. If i < Sv, then Kt(u, v) = Ktu u Ktv 

G4.4. Kj(uk # . . . # uk) — Kiul u . . . u KiUk for u1, . . .,uk connected 

(k > i). 

Definition 3.5. We define the relation < on I*(n) recursively as follows: 

G5.1. If i ^ Sv (i = 0, 1, . . n), then < (u, v). 

G5.2. If u is connected and Su < i (i = 1, . . ., n), then u < 

G5.3. If uk < vlt Su2 = i, and xe {Kiul u {m2}) implies x < (yl5 v2), 

then (m1; m2) < (vlf v2). 

G5.4. If uk = vk and u2 < v2, then (uk, u2) < (ul5 v2). 

G5.5. If < m15 Sv2 = i, and (uk, m2) ^ x for some x e {Kivl u {f2})» 

then (ut, u2) < (vk, v2). 

G5.6. Same as clause E5.1. of § 2, reading < instead of < t. 
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Definition 3.6. We define the expression lm and the functions 1 +x, — 1 +x, 

and f2, + x for 0 < i < n as follows: 

(1). l0 = 0. lm+1 = lm # (0, 0). We will normally write 1 instead of lt. 

(x # 1 if x = lm for some m, 

\x otherwise. 
(2). 1+x = 

(3) . -l+x = 

(4) . Oj + x = 

\lm if x lm+1, 

[x otherwise. 

x if x has a component (u, v) where Sv ^ i, 

# x otherwise. 

The following lemma states some elementary consequences of definition 3.6. 

Lemma 3.7. 

(a) . Sx — i implies x = for some y. 

(b) . x < y implies Qt + x < f3;+y. 

Definition 3.8. We define the sets C( and the functions for 0 < i < n as 

follows: 

(1) . x e Ct if and only if x = Qj where 0 < / < i or x = (w, v) where u # 0 

and Sv < i. 

|x if x6 Cj, 

(2) . htx = 1(0, y # If) if x = y # /m+1 and y e C;, 

1(0, x) otherwise. 

Lemma 3.9 (Simple consequences of def. 3.8). 

(a) . htx is a strictly increasing function of x. 

(b) . For a given i, (0, x) = hty where y = x or y = x# 1. 

(c) . If Sw ^ i, then w = u # v where each non-zero component of u is of 

the form htz for some z, and each non-zero component of v is of the form 

(x, y) where x ^ 0 and Sy = i. 

(d) . x < (1 +u, v) implies ht(x) < (1 +u, v). 

(e) . x < htx. 

(f) . If u ^ 1 and Sx > k, then u e Kkx implies ue Kkh{x. 

(g) . htx ^ (0, hjx) for any i,j. 

(h) . i > j implies htx < hjX. 

Lemma 3.10. 

(a) , v < (u, v). 

(b) . Sv = i and x e Ktu imply x < (u, v). 

Proof (Cf. [11], lemma 9.). The proof given there is for I(n), but it 

applies also to Z*(n). 
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The following recursively defined mapping ' maps Z{ri) onto {x|x e S*(n) a 

ax / 0}, and preserves order: 

(1) . (mx # . . . # us)' = «/#...#«/ if w; connected for 1 < / < s. 

(2) . 1' = (0, 0). 
(3) . Q■ — Qt for i^l. 

(4) . (l,x)’ = (0,*'). 

(5) . (x,y)’ = (-!+*', -1+/) if * # 1. 

4. The principal mappings. In this section we describe an order preserving 

mapping from <P*(n + l), <n + 1) onto an initial segment of (Z*(n), <>. 

Definition 4.1. For 0<P^n + lwe define the mapping Bk from P*(n+ 1) 

into Z*(n) as follows: 

B _ fl if x = [/,y] # lm where i < P-1, 

k 10 otherwise. 

Definition 4.2. For 0 < i: < n + 1 we define recursively the mappings gk 

and Hk from P*(n+ 1) into Z*(n) as follows: 

(1) . gk(0) = Hk{0) = 0. 

(2) . gk(ux # u2 # . .. # us) = gku1 # gku2 # ... # gkus, 

Hk(ux # u2 # . . . # ws) = Hkux # Hku2 # . . . # Hkus if ux is con¬ 

nected for 1 < i < j. 

(0 if / ^ k, 

(3) . Hk[i,x] = j P„+1-(k-i)(gk-ix) if i = k-1, 

\9k-dU x] if / < k—l. 

(K+i-k(^n+i-i+ffiX) if i>k, 

9k[hx]= (1+#**, &n+i-jt+(A* # gkFkx)) if/= P-1, 

UHk[i,x], Qn+1-k) if / < P-1. 

It will be seen later on that gn + l is the order preserving mapping referred to 

in the opening remark of this section. 

Lemma 4.3. Assume 0 < P < w+1, then: 

(a) . Sgk[i, a] = n+1 — max {P, /}. 

(b) . Qn + 1_k < gk[i, x] provided 1 < / < P. 

(c) . If i ^ P and gk[i, x] = («, v), then u = 0 or S(u, v) < « + l —P. 

(d) . If u = gn + 1_k(v), then if k* < P, there exists v* such that 

« = 9n + l-»•(»*)• 

(e) . s > / and s ^ P imply v] < (0, g^s, y]). 



E XXIV ORDINAL DIAGRAMS AND SCHUTTE’S NOTATIONS 385 

(f) . s > i and s > j imply g{[s, x] = gj[s, x]. 

(g) . i^j^s implies gt[s,y] ^ gj[s,y]. 

Proof. 

(a) . By induction on Lgk[i, x]. 

(b) . Immediate from part (a) together with def. 3.5. 

(c) . Immediate from def. 3.8. 

(d) . We can assume that v is connected. If v = 0, then trivial, so we can 

further assume that v has the form [j, t], 

(dl). k = &*. Then trivial. 

(d2). k* < k: 

(d2.1). j < n +1 — k*. Then using def. 3.8 and lemma 4.3(a) we see that 

dn+l-M t] = h(Vk* + 9n+l-k*[j, 0) = 9n + i-k{n + l-k*, [j, tj]. 
(d2.2). j > n+1 —k*. Then k > k* ^ n+l—j: 

(d2.2.1). gjt is of the form (p, q) # lm where p # 0, S(p, q) — k*. Then 

using def. 3.8 along with the fact that gj(t # 1) = gjt # 1 we get 

9n+i-k*lj> <] = h*(&n+i-j+9jt) = hk(Qn+l^j+gjt#l) = gn+l.k[j,t#l]. 

(d2.2.2). otherwise. On account of n+1 — j < k we get that Qn+l-j+gjt 

is not of the form Qk # lm for some m, so 

9n+i-k*[j, 0 = hk*(^n+i-j+9jt) = hk(Qn+l-j+gjt) = gn+l-k[j, t]. 

(e) . Follows from lemma 3.9(g). 

(f) . By def. 3.8 we would have under the given hypothesis that 

^n+1-i(^n+1 —s ^sy) hn+1 - 1—s-\-g sy^. 

(g) . By lemma 3.9(h) hn+1.-(Qn+1^s + g5x) ^ hn+l_j(Qn+1-s+gsx). 

Definition 4.4. We define the projection functions R and Q as follows: 

R(x, y) = x and Q(x, y) = y. 

Lemma 4.5. Assume 0 < k < n+1 and x* is a component of x, them 

(a) . If 1 < j < k— 1, then u e Kn + l_kRgk[j, x*] implies that 

ue Kn+k_kRgk[j,x}. 

(b) . If 1 < j < n +1, then gk[j, x*] < gk[j, x]. 

Proof. b 

(a) . The trick is to show more generally that for 1 < t < k—j, 

ue Kn + 1_kRgJ+t[j, x*] implies u e Kn+l_kRgj+t[j, x]. This can easily be 

done by induction on t. One considers cases t = 1, t = 2, and t > 2. The 

induction hypothesis is only used in the latter case. 

(b) . This is done by induction on k making use of part (a) of this lemma and 

lemma 3.10. The cases to be considered are j ^ k, j = k— 1, and j <k— 1. 
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The induction hypothesis is used only for the latter case. 

Lemma 4.6. Suppose 0 < k ^ n+ 1, then: 

(a) . gk\t, z] < hn+1-k(gk[t, z]) provided 1 < t < k. 

(b) gkx < hn + l_k(Qn + l_k + gkx). 

Proof. 

(a) . From t < k we get by lemma 4.3(a) that Sgk[t, z] = n+1 — k. From 

t < k we also get using def. 4.2 that gk[t, z] has the form (u, v) where u # 0. 

So by def. 3.8 hn + y_k(gk[t, z]) = (0, gk[t, z]). 

(b) . hn + 1_k(Qn + l_k + gkx) is connected and by lemma 3.9(a) 

hn+i-k(Gn+1-k + gkx*) < hn + l_k(Qn+l-k+gkx) whenever x* is a compo¬ 

nent of x, so it suffices to show that gkx* < hn+1_k(Qn + 1-k + gkx*) for 

each component x* of x. 

(bl). gkx* < &n + i-k + gkx*. Then using lemma 3.9(d) 

gkx* < Qn + l_k + gkx* < hn + l_k(Qn + 1_k + gkx*). 

(b2). gkx* = Qn + 1-k + gkx*. Then it suffices to show 

gkx* < hn + l_k(gkx*). 

Noting that Sgkx* ^ n+\— k we see from def. 3.8 that (0, gkx*) — 

= K+i-k(gkx*) 

Lemma 4.7. If 1 ^ k ^ n+1, then: 

(a) . 1 <ky a y — [/, x] a i ^ k implies 1 <kFky. 

(b) . 1 <ky andy connected implies 1 < gky. 

(c) . gkFky — /, for some t ^ 0 implies that y — z # /, where each non¬ 

zero component of z has index less than k. 

Proof. 

(a) . Immediate from def. 2.12. 

(b) . Immediate from def. 4.2. 

(c) . Suppose not, then we obtain a contradiction by using (a) and (b). 

Lemma 4.8. Assume 1 < k < n+1, then: 

(a) . gkFkx < gkx. 

(b) . gkx < gkFk[k, x]. 

Proof. 

(a). It suffices to consider the case where x is connected: 

(al.). x = 0. Then trivial. 

(a2). x = [5, y] for some s and some y: 

(a2.1). Fkx = x. Then gkFkx = gkx. 

(a2.2). Fkx = y. Then by def. 2.12 we see that s = k and y # 0, so by 

lemma 4.5(b) gkFkx = gky < hn+l_k(Qn + 1-k+gky) = gk[k,y] = gkx. 
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(a2.3). Fkx = [k, t>] where v # 1 = y. Then by def. 2.12 we see that 

s = k and gkFkx = gk[k,v] = hn+1_k(Qn+1_k+gkv) < hn+l_k(Qn+l_k + 

+ gk(v # 1)) = gk[k,y] = gkx. 

(b). 

(bl). Fk[k, x] — [k, x]. Then if x = 0 our result is trivial, while if x / 0 

we get by lemma 4.6(b) gkx < hn+i_k(Qn+1_k+gkx) = gk[k, x] = 

= dMk, x]. 
(b2). Fk[k, x] = x. Then gkx = gkFk[k, x]. 

(b3). Fk[k, x] = [k, v\ where v # 1 = x. By def. 2.12 we see that v / 0, 

so gkx = gkv # 1 < hn + l_k(Qn+1_k+gkv) = gk[k,v] = gkFk[k, x]. 

Lemma 4.9. 

(a) . Ifl ^ j < k — 1 < n and 1 < i — k— 1, then 1 < Rgk[j, [/,y]]. If 

in addition y + 0, then Rgk[j, [/, y]] is connected. 

(b) . 7/1 < j < k-1 < n, then gj+t[k, y] e K„+1_kRgk[j, [k, y]] provided 

that 2 < t < k—j. 

(c) . 7/1 ^ j < k- 1 ^ n, then gk[k, y] < gk[j, [k, y]]. 

Proof. 

(a) . Immediate from def. 4.2. 

(b) . We first note that under the given hypothesis gj+1FJ+l[k, y] = 

= 9j+i[k,y}- So it suffices to show that gj+1FJ+1[k, y]e Kn+1-kRgJ+t[j, 

[fc, y]]. We show this by induction on t: 

(bl). t = 2. Then RgJ+t[j, [k,y]] = gJ+1[j, [k,y]] = (1, Qn + 1_(i+1) + 

+ (Bj+1[k,y] # gJ+1FJ+1[k,y])). Since SgJ+lFj+1[k, y] = n+l-k we 

get gJ+1FJ+l[k,y]e Kn+l_kgj+1Fj+1[k,y]. This with /i + l-(;'+l)> 

> n + l-k gives gj+iFJ+1[k, y]e Ktt+1_kRgJ+t[j, [k,y]]. 

(b2). t = r+1 for some r ^ 2. By induction hypothesis 

9j + iFj+i[k, y]e Kn+1_kRgj+r[j, [k, y]]. But SgJ+r[j, [k,y]] = n+1 + 

-(j+r) >n +1 -k, so gj+1Fj+1[k, y]e Kn+1_kgJ+r[j, [fc,y]]. It remains 

only to note that gJ+r[j, [k,y]] = RgJ+t[j, [k,y]]. 

(c) . gk[k, y]eKn + 1_kRgk[j, [k, y]] by virtue of part (b) of this lemma. But 

Sgk[j, [k,y] = n + l-k, so gk[k,y] < gk[j, [k,y]] by lemma 3.10. 

Lemma 4.10. 

(a) . If l ^ i < k — 1, i < s ^ n + 1, 0 < p < n + 1 —k, and u ^ 1, then 

« e KP9i+i Fi+1 [*, y] f and only if ue K^fs, y]. 
(b) . If 1 ^ j < i ^ n+1,0 ^ p < n + l—i, and u / 1, then ue Kpgtx 

implies u e Kpgj + 1 FJ + 1 [i, x]. 
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Proof. 

(a) . 

(al). i+l <J. Then Fi+1[j, y] = [j,H so gi+1Fi+1[s,y] = gi+1[3ty\. 

But gi+1[s,y] = gi[s,y) by lemma 4.3(f). 

(a2). i+l — s. Then n + \—s = n +1 — (i+l) > n+\— k ^ p: 

(a2.1). y is not of the form [t,w] # lm where t < i+l and m ^ 0. Then 

Fi+i[s, y]= [s', y] so gi + 1Fi+1[s,y] = gi + 1[s,y] = hn+1_(i+1)(Qn+1_s+gsy). 

Therefore since w / 1 we get using lemma 3.9(f) that ue Kpgi + 1Fi+l[s, y] 

if and only if u e Kpgsy, and u e Kpgsy if and only if u e Kphn + 1_i(Qn + l_s + 

+ gsy)- It remains only to note that hn+1- i(Qn+1 _s+gsy) = gfay]. 

(a2.2). y is of the form [t, w] # lm where t < i+l and m ^ 0; 

(a2.2.1). m = 0. Then Fi+1[s, y] = y so gi+1Fi+1[s, y] = gi+1y. Now 

since i+l =s,gt[s,y] = hn+1_i(Qn + 1-s + gsy) = hn+1_i(Qn+1_(i+1) + 

+ gi+iy). From this it follows using u^ 1 and lemma 3.9(f) that u e Kpgi + 1 y 

if and only if u e Kpgt[s, y]. 

(a2.2.2). m > 0. Then Fi + 1[^,+] = [5, f] where v # 1 = y. Thus 

9i+iFi+1 [s,y] = gi+1[s,v] = hn+1_{i+1)(Qn+1^(i+1)+gi+1v). On the 

other hand gt[s, v] = hn+1_i(Qn+1„u+1)+gi+1v), so since u # 1, 

u e Kpgi + 1[s, v] if and only if u e Kpgi+1v, and ueKpgi + 1v if and only 

if u e Kpgi+ly, and ueKpgi+1y if and only if ueKpgt[s,y]. 

(b) . 

(bl). Fj+1[i,x] = [i, x], Then gj+1Fj+1[i, x] = gj+1[i,x] = 

= hn+1-(j+ifQn+1-i+gix), thus since u # 1 we have by lemma 3.9(f) 

that u e KpgiX implies u e KpgJ+1Fj + l[i, x]. 

0>2). [i, x] = x. For this to happen i = j+1, but then 

9i*tFj+iV,x] = 9i x- 
(b3). Fj+i [i, x] — [i, v] where v # 1 = x. For this to happen i = j+1 so 

gj+iFj+AUx] = gj+1[i,v] = hn+1-u+l)(Qn+1-.i+giv). Now since u # 1 

we get u e Kpgtx implies u e KpgiV, but then we are finished by lemma 3.9(f). 

Lemma 4.11. 

(a) . If 1 j < i < n + 1, then gtx < gj+1FJ+1[i, x]. 

(b) . If l ^ j < i ^ n + l and n + 1—i ^ p, then u e Kpg^x implies u ^ 

< ffj+iFj+AUx]. 

(c) . If 1 < i < n + 1 and n + \-i ^ p, then SgJ + 1Fj + l[i, x] ^ p. 

Proof. 

(a). 
(a 1). Fj+! [i, x] = [i, x]. Then gs + 1Fj+1 [i, x] = hn + t 1}(On +1 _, + gtx) 



E XXIV ORDINAL DIAGRAMS AND SCHUTTE’S NOTATIONS 389 

and the desired result follows from lemma 4.6(b). 

(a2). Fj+l[i, x] = x. For this to happen it must be the case (cf. def. 2.12) 

that i =y'+l so gJ+1Fj+1x = gtx. 

(a3). FJ+l[i, x] = [/, v] where x = v # 1. For this to happen it must be 

the case that i =7 + 1, so gj+1FJ+1[i, x] = gt[i,v] = hn+1-i((2n+1_i+giv). 

If v = 0 then x = 1 so the desired result would be trivial. If v ^ 0 

then gtv < hn+1^i(Qn+1_i + giv) by lemma 4.6(b), so gtx = giV # 1 < 

< hn+l-ii^n+l-i + diV)- 

(b) . We first note by lemma 4.3(a) that Sgtx < /j + 1 — i < p, so u — gtx* 

where x* is a component of x. So using part (a) of this lemma u — gtx*^ 

< 9ix < gj+1FJ+1[i,x]. 

(c) . 
(cl). Fj+1[i, x] = [i,z\ for some z. Then by lemma 4.3(a) we have 

Sgj+1[i, x] = n + l-i < p. 

(c2). Fj+ j [i, x] = x. For this to happen i — y +1 and x = [5, z] for some 

z and some s < i. Then by lemma 4.3(a) SgJ+1[s, y] = n +1 — i < p. 

Lemma 4.12. If 1 ^ i < k — \ < n, 0 </><« + 1 —k, then 1 ^ u e 

KpRgk[i,x] implies that u < v e Kpgtx for some v or that u = hsw for 

some s and some w [such that Sw ^ p and for which z e Kpw implies 

z e Kpgtx. 

Proof. By induction on k — i: 

(1). k — i = 1. Then Rgk[i, x] = 1 +Hkx, since u / 1 we can assert that 

u e KpHkx. From this it follows that u e KpHkx* where x* is a component 

of x. If x* = 0 or x* = [5,+] for s > k then Hkx* = 0 and our desired 

result would be trivial, so we can assume x* = [s, 7] where s < k— 1. 

(1.1) . s<k-1. Then Hk[s,y] = gk-i[s,y] = gt[s,y] thus usKpgtx*, 

so u e Kpg{x. 

(1.2) . s = k- 1. Then Hk[s, y] = /fn + i-(ft-i)(^fc_iT): 

(1.2.1) . Shn + l-(k_1)(gk-1y)>p.ThenueKpgk_1y. But from i = k - 1 = s 

it follows that gt[s,y] = A„+1_(Jfc_i)(fln+i_(k_1)+^-1>'), then using 

lemma 3.9(f) together with the fact that u / 1 we get u e Kpgi[s, y]. 

(1.2.2) . Shn+i_(t_i)(gk~iy) < p. Then u = hn+1_(k^lfgk^iy). We see 

then that gk_ ty plays the role of w mentioned in the statement of this lemma, 

for z e Kpgk_1y implies z e JfiTf,/i„+1_(t_1)(flB+1_(k_1) + gk-ky) while 

h„+i-tk-i)(ton+i-(k-i)+9k-iy) = 9k-i[k-l,y] = 9i[s,y] = 9iX*. 
(2). k-i = 2. Then Rgk[i, x] = gk-AUx] = (1 +LTk_1 x, fln+1_(k_1) + 

+ (5k_iX # gk-iFk-1x)) sou e KpHk-1x or ue Kpgk^lFk^1x: 
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(2.1) . u e Kpgk_xFk_kx. Then u e Kpgk_lFk_lx* where x* is a con¬ 

nected component of x. If x* = 0 then u = 0 and our result is trivial, 

so we can assume that x* is of the form [5, y] where s ^ k — 1 (if s < 

< k— 1, gk_lFk_1x* = 0). Recalling that k— 1 = i+1 and u / 1 we have by 

lemma 4.10(a) that ueKpgix*. 

(2.2) . ue KpHk^ix. In this case we can proceed in the same way as in 

case 1, except that we replace all occurrences of k— 1 by —2. 

(3). i < k — 2. Then Rgk[i, k] = gk-x[i,x] = (gk-2[i,x], O.+i-ok-!)). 

Since n +1 — (k— 1) > n +1 — k ^ p we see that ueKpRgk[i,x] implies 

u e KpRgk~x [i, x] so we have the right to employ our induction hypothesis. 

Lemma 4.13. If l^i^k—l^n, \ ^ j ^ m — \ ^ k — 1, 0 ^ p ^ 

< n+1 — k, and u / 1, then u e Kpgtx implies u < v e (KpRgm[j, [/, x]] u 

u KpQgm[j, [i, a]]) for some v. 

Proof. We argue by induction on m—j. ue Kpgtx* for some component 

x* and we can assume that x* ^ 0, so x* = [5, y] for some s and some y: 

(1). m-j = 1: 

(1.1) . / =j. Then gm[j, [i, x]] = gi+1[i, [i,x]] - (hn+1_igix, £2n+1_m): 

(1.1.1) . Sg (x > p. Then since by hypothesis u / 1, we get by lemma 3.9(f) 

ueKphn+l-igix. 

(1.1.2) . Sgtx < p. Then u = gtx* < gtx = hn + l_igixe KpRgm[j,[i,x]]. 

(1.2) . i <j. Then gm[j, [i, x]] = gJ+1[j, [i, x]] = (gj[i,x], Qn+l-m # 1). 

It suffices to show that u ^ v e Kpgi+t[i, x] for all t such that j—i> t ^ 1. 

We do this by an ‘inner induction’ on t: 

(1.2.1) . t = 1. gi+t[i, x] = gi+l[i, x] = (l+Hi+1x, i2n + 1_(i+1) + 

+ (Bi + lx # gi+lFi+1x). In view of the fact that p ^ n+l— (y+1) < 

< n + 1 — (i + 1), it would suffice to show that u ^ v e KpHi + 1x* for some v 

or that u < v e Kpgi + 1Fi+lx* for some v: 

(1.2.1.1) . s < i. Then Hi+lx* — #;X*. 

(1.2.1.2) . s — i. Then#,x* = /?„ + !_;(£!„ +1_i + #i.y). But thenfromn + 1 + 

— i>p we see that u e Kpgix* implies u e Kpgty. Furthermore Hi+lx* = 

— hn + 1_igiy, so we need only show that u ^ v e Kphn + l_igiy for some v: 

(1.2.1.2.1) . Sgty > p. Then since u # 1, we have by lemma 3.9(f) that 

u e Kphn+l_igiy. 

(1.2.1.2.2) . Sg,y < p. Then u < gty < hn+1_igiy. But hn + l_igiye 

Kphn+1^igiy. 

(1.2.1.3). s > i. Recalling that i < j < m— 1 ^ k — 1 we see using u / 1 

together with lemma 4.10(a) that u e Kpgi + l Fi+ x [5, y]. 
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(1.2.2). t > 1. So we write t — r +1 for some r > 0. Now gi+t[i, x] = 

= 9i+r+iU,x] = (gi+r[i,x], f2„ + 1_a+r)). By the inner induction hy¬ 

pothesis u e Kpgi+r[i, x]. This with p < n+l—(i + t) gives u e Kpgi+t[i, x]. 

(1.3). j < i. Now gm[j, [i, x]] - (1, Qn + 1_(j+1) + (Bj + i[i, x] # 

# (gj + iFj+dh *]))): 
(1.3.1) . n+l—i > p. Then by lemma 4.10(b) we get u e Kpgj + 1 Fj+1 [/, x]. 

That is, u e KpQgm[j, [i, x]]. 

(1.3.2) . n + l—i^p. Then by lemma 4.11(b) u < gJ+1Fj+1[i, x]. By 

lemma 4.11(c) Sgj + lFj+1[i, x] < p so gJ + 1 Fj + 1 [/, x] e Kpgj + 1 FJ + 1 [i, x], 

that is, gj+1FJ + 1[i, x] e KpQgm[j, [i, x]]. 

(2). m-j > 1. Then gm[j, [z, x]] - (gm_t[j, [i,x]], Qn+1-m). By induc¬ 

tion hypothesis i/Oe (KpRgm-l [j, [i, x]] u KpQgm.l [j, [/, x]]) for some 

v. But Sgm-i\j> [*»■*]] = n+l-(m-l) > n+l-k ^ p, so veKpgm_dj, 

[i, x]]. Thus veKpRgm[j, [i,x]]. 

Lemma 4.14. If 1 ^ i ^ k — 1 < n and 1 ^j^k- 1, then ueKn + 1_kRgk[i, x] 

implies u < gk[j, [i, x]]. 

Proof. 

(1) . u ^ 1. Then u < gk[j, [i, x]] by defs. 4.2 and 3.5. 

(2) . u > 1. By lemma 4.12 de Kn + 1_kgtx for some y, or u — hsw for 

some s and some w such that SV ^ n + \—k and for which ze Kn + 1_kw 

implies z e Kn + l_kgix: 

(2.1) . u ^ ve Kn + 1_kgix for some v. By lemma 4.13 

v < we(Kn + 1_kRgk[j, [i, x]] u Kn+l_kQgk[j, [i,x]]) 

for some w, but w < gk[j, [i, x]] by lemma 3.10. 

(2.2) . u = hsw for some s and some w such that Sw ^ n +1 —k and for 

which z e Kn + 1_kw implies z e Kn + 1-k gtx: 

(2.2.1) . hsw — w. Then w e Kn + 1_kw so w e Kn + 1_kgix. Then we have 

only to use lemma 4.13 followed by lemma 3.10 to get w < gk[j, [/, x]]. 

(2.2.2) . hsw = (0, w) or hsw — (0, t) where w = t # 1. Then Rgkhsw = 

= 0 < Rgk[j, [i, x]]. Moreover z e Kn + 1_kQhsw implies z e Kn+l_kgix, so 

by lemma 4.13 followed by lemma 3.10 we get z < gk[j, [/, x]], thus hsw < 

< gkU, [*,*]]• 

Lemma 4.15. If 1 < j < k ^ n + \, then gkx < gk[j, x]. 

Proof. By induction on k. Our induction hypothesis is that if k' < k, 

then for every j and every x,j ^ k' implies gk.x < gk'[j,x]. Let j, x be 

given where j ^ k. Since gk[j, x] is connected it suffices to show that gkx* < 

< gk[j, x] for every component x* if x. Moreover if x* = 0 our result is 
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trivial, so we can assume x* is of the form [/, je] for some i,y. By lemma 

4.5(b) it would, in fact, suffice to show gk[i,y] < gk[j, [i,y]]- 

(1) . j = k. Then using lemma 4.6(b) gk [i, y ] < hn+1 _k(Q„ + x _k + gk [i, y ]) - 

= gkh\ [i,y]]• 
(2) . j < k: 

(2.1) . i > k. Then Sgk[i,y] = n+l—i < n+l—k — Sgk[j, [/,y]] so 

finished by def. 3.5. 

(2.2) . i = k: 

(2.2.1) . j — k — 1. Using lemma 4.8(b) and lemma 3.10 we get 

Qn+i-k + gky < Qn + k-k + (Bk[i,y] # gkFk[i,y]) < 

< (1 ,Q„+i-k+ (Bk[i,y] # gkFk[i,y])) = gk[j, [t',y]]. 

(2.2.2) . j < k-1. Then by lemma 4.9(c) gk[i,y] < gk[j, [i,y]]. 

(2.3). i < k: 

(2.3.1) . i<k-\ Aj = k-l. Then Rgk[i,y] = gk-\[i, y] = Rgk[j, [/,?]] 

and Qgk[i,y] = a„+i-k < Q„+1 -k # 1 = Qgk[j, [i, j]] so by def. 3.5 

gk[Uy] < gk[j. [ky]]• 
(2.3.2) . i < k— \ a j < k — \ ov i = k — \ a j ^ k— 1. We now assert and 

will show that Rgk[i,y] < Rgk[j, [i, y]]. We prefix by 2.3.2.A the various 

cases which arise in showing this assertion: 

(2.3.2.A.1). i < k — 1 a j < k — \. Using induction hypothesis we see that 

Rgdky] = gk-dUy] < dk-iU, [ky]] = Rgk[j, [ky]l 
(2.3.2.A.2). i — k — 1a j ^ k— 1. Then Rgk[/,y] = 1 + Hky: 

(2.3.2.A.2.1). y = 0. Then 1 +Hky < Rgk[j, [/,}>]] by lemma 4.9(a). 

(2.3.2.A.2.2). y # 0. Now by lemma 4.9(a) Rgk[j, [i, y]] > 1 and is 

connected, so it suffices to show that Hky* < Rgk[j, [i, y]] for every non¬ 

zero component y* ofy. Lety* = [5, v] be such a component: 

(2.3.2.A.2.2.1). s > k— 1. Then Hky* = 0 so trivial. 

(2.3.2.A.2.2.2). s ^ k— 1. By two successive applications of the induction 

hypothesis we get gk_kv < gk-ds>v] < ffk-ilb »]]: 

(2.3.2.A.2.2.2.1). j = k — 1. Then Rgk[j, [i,y]] = 1 +Hk[i,y] = 

= i+^n+i-(k-i)(gk-iV,y]) = hn+i-(k-i)(9k-i[i,y])- 
(2.3.2.A.2.2.2.1.1). s = k— 1. Then by lemmas 3.9(a) and lemma 4.5(b) 

Hky* = Hk[s,v] = /?(,+i-(fc-i)(^k-iu) < ^+i-(k-i)(fl'fc-1[J,®]) < 

< K+i-(k-i){9k-AU [j,»]]) < K+i-(k-i)(gk-AUy*}) < 

^ hn + l-(k-l)(9k-l [h T])* 
(2.3.2.A.2.2.2.1.2). s < k— 1. Then Hky* = Hk[s,v] — gk-x[s, v] = 

= 9k-\y* < 9k-\y- By induction hypothesis gk_xy < gk-k[Uy]- On the 

other hand recalling that y / Owe see that gk-i[i, y] +! _(ic_ 1} which 
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together with the fact that Sgk-k[i,y\ = n+\ — (k — 1) gives us by lemma 

3.9(d) gk-i_[i,y] < K+i-(k-i)9k-AUyl 
(2.3.2.A.2.2.2.2). j < k-1. Then Rgk[j, [i, y]] = gk-i[j, [/, y]]. We now 

assert that Hk[5, v] < gk-i[s, u], for if 5 < k— 1, then Hk[s, v] — gk-i[s, v], 

while if s = k-1 we get Hk[s, v] = hn + l.{k.1){gk^v) < 

< K+i-(k-i)(Gn+i-vc-i)+9k-iv) = 9k-i[k-\, V] = gk-x[s, v]. Next we 
get by two successive applications of the induction hypothesis: gk_ y [5, v] ^ 

< 9k-\y < 9k-AUy] < 9k-i[j, [bT]]- 
This concludes the proof of our original assertion made at the outset of 

case 2.3.2 that Rgk[i, y] < Rgk[j, [i, y]]. To complete the proof of our lem¬ 

ma it suffices to show that u e (Kn + l_kRgk[i, y] u Kn + 1_kQgk[i, y]) im¬ 

plies u < gk[j, [1, y]]. We prefix the various cases in the proof of this by 

2.3.2.B: 

(2.3.2.B.1). u ^ £2n+i_k. Then since Bgk[j\ [/, 3^3] — n-)~\—k we have by 

defs. 4.2 and 3.5 Qn+1-k < gk[j, [i,y]]. 

(2.3.2.B.2). u > Qn + l~k. 

(2.3.2.B.2.1). u e Kn + 1_kQgk[i, y]. Then i = k— 1 (otherwise!/ — Qn + 1_k) 

so then Qgk[i, v] = Qn+1^k + (Bky # gkFky) so u e Kn+1_kgkFky* where 

y* is a component of y of the form [5, v] where 5 ^ k (if s < k then 

9kFk[s, v] = 0). Now SgkFk[s, v] ^ n +1 —k, so u = gkFk[s, v]. Using lem¬ 

mas 4.8(a) and 4.3(e) we see that gkFk[s, v] < gk[5,1;] < (0,#;[5, y]). By lem¬ 

ma 4.3(a) together with the fact that u > Qn+1-k we see S(0, gfs, t>]) = 

= n + \— k. Furthermore R(0, gt[s, f]) < Rgk[j, [i, y]] so it would suffice 

to show that z e Kn + l^kgt[s, v] implies z < gk[j, [/, y]]. If z = 1 this would 

be trivial, if z / 1 then recalling that [5, v] is a component of y we see that 

ze Kn+l_kgty so we can invoke lemma 4.13 and then lemma 3.10. 

(2.3.2.B.2.2). ue Kn+1.kRgk[i,y]. Then by lemma 4.14 u < gk[j, [i,y]]. 

Lemma 4.16. If 2 ^ k < n+1, 1 < / < k, and 1 ^ s < k, then 1 < ze 

Kn + 1_kgs[i, jc] implies z < gky where y <k [i, x] and Ly < L[i, x]. 

Proof. By induction on co • (L [i, x])+5. Our induction hypothesis is 

that 0 ■ (L [i', x']) + s' < co • (L [/, x]) + 5 implies that z e Kn + l_kgsfi’, x'] 

implies z < gky where y <k [i', x'] and Ly < L[i', x'] provided that 1 ^ 

^ /' < k and 1 < s' < k: 

(1) . i < 5-1. Then gs[i,x] = (gs-i[i, x], Qn + i-s). n+\-s > n+\-k 

so ze Kn + l_sgs[i, x] implies z 6 Kn + l_kgs_1 [i, *]. It remains only to apply 

the induction hypothesis. 

(2) . i = 5-1. Then gs[i, x] = (1 +Hsx, Qn + 1.s + (Bsx # gsFsx). Thus 
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since by hypothesis z > 1, we get z e Kn + 1 -kgs[i, x] implies z e Kn + 1 _fc//,x 

or ze Kn+1~kgsFsx: 

(2.1) . zeKn+l_kHsx. Then z e Kn+l_kHsx* where x* is a component 

of x of the form [j, w] where j ^ s— 1. By lemmas 2.7 and 2.9(a) [j, w] <k 

<k \J, LA w]] ^ it [A x] and, of course, L[y, w] <c 7. [/, x] so it would suf¬ 

fice to show that z < gky where y [j, w] and Ly < L[j, w]; 

2.1.1. j < s— 1. Then Hsx* = gs[j, vt>], since j < s— 1 < k, we get by 

induction hypothesis z ^ gky where y <k [j, w] and Ly < L[j, w], 

(2.1.2). j = s-l. Then Hsx* = /2n+1-(s-i)(^s-1 w): 

(2.1.2.1) . SHsx* ^ n+ 1 — k. Then z = hn + k_(s_l)(gs_lw). Since by 

hypothesis z > 1, we see that w =£ 0 and by lemma 4.3(a) we see that each 

non-zero component of w has index equal or greater than k. That is, w = 

= [at, ] # . .. # [at, ut\ where t ^ 1 and ar ^ k for 1 < r < t. By lemma 

4.3(g) gs-dar, wr]«S gk[ar, ur] for 1 ^ r ^ t. So z = hn+l _(s_1)(^._1vy)< 

< A„ + i-(,-i)(^kw) and by lemma 3.9(h) hn+l_(s_l)(gkw) ^ 

< K + i-k{9k*>) < ^ + i-4(^,+i-k + ^fcW) - rf, h;]. Thus [A:, w] plays the 

role of the .y called for in the statement of this lemma, for by lemma 2.9(b) 

and lemma 2.7 we get [Ar, w] <k [s—1, w] = [j, w] and L[k, vv] < L[j, w]. 

(2.1.2.2) . SHsx* > n+ 1 —k. Then z e Kn + l_kgs_l w* where w* is a com¬ 

ponent of w. Since z > 1, w* has the form [a, u]: 

(2.1.2.2.1) . a ^ k. Then z = gs_t [a, u] and by lemma 4.3(g) gs_t [a, 

^ gk[a, u] = gkw*. Let y = w* and note that w* <k [j, w*] [j, w] and 

Lw* < L[j, w]. 

(2.1.2.2.2) . a < k. Then by induction hypothesis z ^ gky where 

y u] = w* <k [j, w] and Ly < L[a, u] = Lw* < L[j, w]. 

(2.2) . z e Kn+1_kgsFsx. Then z e Kn + 1_kgsFsx* where x* is a com¬ 

ponent of x of the form [j, w] where j ^ s (if j < s, Fsx* — 0). Since 

x* <*[/, x*] <k [/, x], and Lx* < L[i, x], it would suffice to show that 

z ^ gky where y ^k x* and Ly < Lx*: 

(2.2.1) . Fs[j, w] = [j, w]. So gsFs[j, w] = gs[j, w]: 

(2.2.1.1) . j ^ k. Then Sgs[j, w] ^ n + \ —k so z = gs[j, w]. By lemma 

4.3(g) gs[j, w] ^ gk[j, w] so let y = [j, w] = x*. 

(2.2.1.2) . j < k. Then by induction hypothesis there exists y such that 

z ^ gky where y <k [j, w] = x* and Ly < L[j, w]. 

(2.2.2) . Fs[j, w] = w. For this to happen j — s and w [t, u] where t < s. 

So z e Kn+l_kgs[t, u] and by induction hypothesis there exists y such that 

2 < 9k.y> y <k [L u], and Ly < L[t, «]. But [t, u] <k [j, [t, z/]] = [j, w] by 

lemma 2.7 and of course L[t, u] < L[j, w]. 
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(2.2.3). Fs[j, w] = [5, v] where v # 1 = w. For this to happen s — j. By 

induction hypothesis there exists y such that z < gky and y <k [5, t>] and 

Ly < L[s, i>]. But [s, v] = [j, v] <k [j, w] and L[s, v] < L[j, w]. 

(3). 1 >j-1. So gs[i,x] = hn+1.s(Qn+i-i+diX). From «+l-/> 

> n + 1 — k andz > 1 follows z e Kn+1_kgix* where x* is a component of x 

of the form [j, w]. Since [j, w] <k [1, x] and L[j, w] < L[i, x] it suffices 

to show that z < gky where y < k [j, w] and Ly ^ L [j, w]: 

(3.1) . j < k. From ze Kn + 1_kgi[j, w] the existence of the desired y fol¬ 

lows by the induction hypothesis. 

(3.2) . j ^ k. Then z = gt[j, w] and by lemma 4.3(g) g^j, w] < gk[j, w] 

so let y = [j, w]. 

Lemma 4.17. If 2 ^ k ^ n +1, then 1 < z e Kn+1^khn + l-(k^1)(gk-lw) im¬ 

plies that z < gky where y ^ k [k— 1, w] and Ly ^ L[k— 1, w]. 

Proof. 

(1) . Shn+l_(k_1)(gk^1w) > n+l-k. Then z e Kn + 1_kgk_lw* where w* 

is a component of w of the form [t, u]. Since [t, u] = w* < k [k— 1, w] and 

L [t, u ] < L [k— 1, w] it would suffice to show that there exists y such 

that z < k gky where y < k [t, u] and Ly ^ L [t, u]\ 

(1.1) . t ^ k. Then z = gk-k[t, u]. By lemma 4.3(g) gk-k[t, u] < gk[t, u] 

so let y = [/, u], 

(1.2) . t < k. Then since z e Kn + k_kgk_x[t, w] we have the existence of the 

desired y guaranteed to us by lemma 4.16. 

(2) . S'/iB+1_(k_1)(^_1w) < n+\-k. Then z =/in+1_(fc_1)(^_1w). 

Then the same argument which is used in case 2.1.2.1 of lemma 4.16 can be 

employed word for word (writing k for the s used there) to show that 

z ^ gk[k, w]. So let y = [k, w] and note that [k, w] <k[k— 1, w] and 

L [k, w] < L[k— 1, w]. 

Theorem 4.18 (Order preservation). If 0 < k < n + 1, then u <kv in P*(n+ 1) 

implies gku < gkv in I*(n). 

Proof. Our proof is by induction on a> ■ (Lw+Lv) + k. If u or v has more 

than one non-zero component we can apply induction hypothesis immediate¬ 

ly, while if u = 0 our conclusion is trivial. So we need only consider the case 

that u has the form [1, x] and v has the form [j, y]. 

0). k ^ i — j. Then by lemma 2.9(a) x <,7, so by induction hypo¬ 

thesis gtx< gty. Thus using lemma 3.9(a)gk[i,x] = hn+l-k(QH+l-i+gix)< 

< K+i-kiQn+i-i+giy) = gk[j,yl 
(2). i ^ j v i < k. By lemma 2.8 we have three cases to consider: 
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(2.1) . k = Oa (j < iv(j = iax <ty)). By virtue of the basic assump¬ 

tion of case 2 we see that k = 0 a j < i, but then Sg0 [i, x] = n + l —i < n + 

+1 -j = Sg0[j, y] by lemma 4.3(a), so g0[i, x] < g0[j, y] by definition 3.5. 

(2.2) . k > 0 aj ^ k a [z, x] < k y. Then by induction hypothesis gk[i, x] ^ 

^ gky while gky < gk[j,y] by lemma 4.15. 

(2.3) . k > 0 a([z, x] <fc_t [j, _y]) a (z > kv(i < k ax <k [j, y])). By 

the induction hypothesis gk-t[i, x] < gk-k[j, y]: 

(2.3.1) . z > k. Then by virtue of the basic assumption of case 2 we 

get z # j, while from lemma 2.9(b) we see that j > i is impossible. Thus 

j < i, but then using lemma 4.3(a) we see that Sgk[i, x] = n+l—i < 

< n+\ —max{k,j] = Sgk[j,y], so gk[i,x] < gk[j,y] by def. 3.5. 

(2.3.2) . z < kAx <k[j,y]. From lemma 2.9(b) we see that it cannot be 

the case that i ^ k < j, thus i < k Aj < k. On the other hand i — k aj' = k 

is impossible by virtue of the basic assumption of case 2. Furthermore using 

lemma 2.9(b) together with the previous assumption that [z, x] <k-{ [j, y] 

we see also that z < k Aj — k is also impossible. Thus we have only to con¬ 

sider the two cases i = k a j < k and i < k A j < k: 

(2.3.2.1) . i — k Aj < k. Then gk[i, x] = hn+1.k(Qn+1.k+gkx). From 

x <k [j, y] we get by induction hypothesis that gkx < gk[j, y]. Furthermore, 

from def. 4.2 we see that ^[y, _y] = (z, Qn + 1_k + w)forsomez ^ land some 

w ^ 0. Thus using lemma 3.10 we see that Qn + 1-k + gkx < gk[j, y] and then 

using lemma 3.9(d) we see that hn+1_k(Qn+1_k+gkx) < gk[j,y]. 

(2.3.2.2) . i < k a j < k. We now assert and will show that 

z e Kn + 1_kRgk[i, x] implies z < gk[j, _y]. We prefix the various cases which 

arise in the proof of this assertion by 2.3.2.2.A. We can assume z > 1 for 

otherwise our assertion would be trivial: 

(2.3.2.2.A.1). i < k — 1. Then Rgk[i, x] = gk~k[z, x]. By lemma 4.16 

z e Kn+1^.kgk_1[i, x] implies z ^ gkw for some w <k [/, x] where Lw < 

< L[i,x]. Now by induction hypothesis gkw < gk[j, y], so z < gk[j,y]. 

(2.3.2.2.A.2). i = k — 1. Then Rgk[i, x] = 1 +Hkx so z e Kn+1_kHkx* 

where x* is a component of x. If Hkx* = 0 our assertion would be trivial, 

so we can assume that x* = [t,p] for t < k and p some ordinal diagram: 

(2.3.2.2.A.2.1). t < k — 1. Then Hkx* — gk-k[t,p\ so we need only ap¬ 

ply lemma 4.16 and induction hypothesis as we did in case 2.3.2.2.A. 1. 

(2.3.2.2.A.2.2). t = k—1. Then Hkx* = hn+1-(k-V)(gk~1p). By lemma 

4.17 z < gkw where w ^k [k— 1,p] and Lw < L[k — \,p]. But [&— 1, p] = 

= x* <fc [A: —1, x*] [z, x] and L [k — \,p] < L [z, x] so by induction 

hypothesis gkw < gk[j,y], thus z < gk[j,y]. 
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This completes the proof of the assertion made at the outset of case 2.3.2.2. 

It remains to show that Rgk[i, x] < Rgk[j, y] a Qgk[i, x] < gk[j, y] or 

Rgk[i, x] = Rgk\j, y] a Qgk[i, x] < Qgk[j,y]. We prefix the cases which 

arise in showing this by 2.3.2.2.B: 

(2.3.2.2.B.1). i = k-1. Then Qgk[i, x] = Qn+l~k + (Bkx # gkFkx). We 

first note by lemma 4.8(a) that gkFkx ^ gkx, but x <fc [/, x] by lemma 2.7 

so gkx < gk\j,y] by induction hypothesis. Using lemma 3.10 we see that 

Qn+i-k < gk[j,yl Noting further that Bkx < 1 we get Qn+1_k + (Bkx # 

# 9kFkx) < ffk[j,y]- 
(2.3.2.2.B.1.1). j < k— 1. Then Rgk[j,y] = gk-i[j,y]- Now each com¬ 

ponent of Rgk[i, x] is of the form Hkx* where x* is a connected component 

of x. If Hkx* — 0 then trivially Hkx* < Rgk[j,y] so we can assume that 

x* = [t, z] where t < k and z is some ordinal diagram: 

(2.3.2.2.B.1.1.1). t = k- 1. Then Hkx* = hn + l_(k_1)(gk_1z). Now 

z <k-i[t,z] — x* <k_iX x] <k-x [j, y] so by induction hypothesis 

gk-\z< gk-dj, y] and by lemma 3.9(d) hn+l_(k_l)(gk_1z) < gk-Aj,yl 

(2.3.2.2.B.1.1.2). t < k— 1. Then Hkx* = gk-\[t,z]. Now [t, z] <k-k 

[fix] <fc_t [j,y] so by induction hypothesis gk-i[t, z] < gk-k[j,y]. 

(2.3.2.2.B.1.2). j — k — 1. From [fix] <k_! [j, y] follows x <*-17 by 

lemma 2.9(a). Write x = X! # x2 where each non-zero component of xk 

has index equal or greater than k an each non-zero component of x2 has 

index less than k. In a similar fashion writer — yt # y2- Now x <k-ky im¬ 

plies (x2 = T2aXj <fc-iTi)v(x2 <k-1y2): 

(2.3.2.2.B.1.2.1). x2 = y2 ax, <k^1y1. Then by def. 4.2 Rgk[i, x] = 

- 1 + Hkx =-- 1 +Hkx2 = l+Hky2 = 1 +Hky - Rgk[j, y]. We now show 

that Qgk[i, x] < Qgk[j,y]. From lemma 2.13(c) and def. 2.12 we see that 

Fkx = Fkxk <kFkyt = Fky. Thus by induction hypothesis gkFkx < gkFky. 

Now recalling that Bk has for its range the values 0 and 1 we assert and will 

show that Bkx # gkFkx < Bky # gkFky; from this Qgk[i,x] < Qgk[j,y] 

would readily follow: 

(2.3.2.2.B.1.2.1.1). (Bkx = 1aBky = l)v(fi?tx = 0). Then trivial. 

(2.3.2.2.B.1.2.1.2.) Bkx = 1 a Bky = 0. If our assertion did not hold we 

would have Bkx # gkFkx = Bky # gkFky. But then by def. 4.1 x would be 

of the form [s, z] # fi for some s < k — 1, some z, and some t ^ 0. This 

would mean that gkFky = fi + 1. Using the fact that x2 = y2 together 

with lemma 4.7(c) we would have that y = [j, z] # /( + 1. But then by 

def. 4.1 Bky = 1 which is contrary to our assumption. 

(2.3.2.2.B. 1.2.2). x2 <e-i y2- We now assert and will show that Hkx2 < 
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< Hky2 from this would follow Rgk[i, jc] = 1 + Hkx = 1 + Hkx2 < 1 + Hky2 — 

— Fgk L/> y]- ft is sufficient to consider the case where x2 and y2 are connected: 

(2.3.2.2.B.1.2.2.1). x2 = [k— l,z] and y2 = [A: — 1, w] for some z and 

some w. Now z <fc_xw so gk-xz < gk-kw by induction hypothesis. 

Using def. 4.2 and lemma 3.9(a) we get Hkx2 = An+1_(t_1)(^_1z) < 

< hn+l-(k-i)(gk-1w) — Hky2. 

(2.3.2.2.B.1.2.2.2). x2 = [k—\,z] and y2 = [t, w] for some z, some w, 

and some t < k— 1. Then from z [k— \,z] <lc-1 [t, w] it follows by 

the induction hypothesis that gk-kz < gk-x[t, w], so using lemma 3.9(d) 

with def. 4.2 we see that Hkx2 = hn + 1^(k_1)(gk_lz) < gk-k[t, w] = Hky2. 

(2.3.2.2.B.1.2.2.3). x2 = [t, z] and y2 = [5, w] for some z, w and 

some t, s < k — 1. Then using induction hypothesis we have that Hkx2 = 

= 9k-1 [*. A < gk-1 [s, w] = Hky2. 

(2.3.2.2.B.1.2.2.4). x2 — [t, z]andy2 = [k — 1, w] for some z, w and some 

t < k— 1. From t < k— 1 follows y2 <k-2x2, so by lemma 2.8 we see that 

x2 If x2 <k-iw then by induction hypothesis gk-kx2 < gk-k w, 

so we have, using lemma 3.9(d), that Hkx2 = gk-lx2 < gk~kw ^ 

< hn+i-(k-l){gk-lw) = Hky2. On the other hand if x2 = w then using 

the fact that t < k— 1 along with lemma 4.6(a) we get Hkx2 = gk-2[t, z]< 

< K+i-(k-i)(dk-i[t,z]) = K+i-(k-i)(gk-iw) = Hk[k-\,w] = Hky2. 
(2.3.2.2.B.2). i < k-1. Then Qgk[i, x] = Qn + 1-k < gk[j,y] by lemma 

3.10. Furthermore Rgk[i, x] = gk-k[i, x]: 

(2.3.2.2.B.2.1). j < k — 1. Then from [z, x] <k_1 [j, y] it follows by 

induction that gk-k[i, x] < gk-t[j,y] = Rgk[j, y]. 

(2.3.2.2.B.2.2). j — k — 1. From i < k — 1 follows [j,y] <k-z [*» •*] so 

by lemma 2.8 [z, x] <k-k [j, y] can only happen by virtue of having 

[*',*] 
(2.3.2.2.B.2.2.1). [z, x] = y. Then Bky = 1, so gk[i,x] — 

= (1+^k-iP.^L ^n+i-k) while gk[j,y] = (l+gk-t[i,x], k2n+i_k # 1). 
(2.3.2.2.B.2.2.2). [z, x] <k-ky: 

(2.3.2.2.B.2.2.2.1). y = [z, x] # z where z ^ 0. Then gk[z, x] = 

= (1+flfc-i[*.*]» Vn+i-k) while gk[j,y] = (l+gk-i[i,x] # 
# Hkz, Qn + 1_k + (Bk([i, x] # z) # gkFkz)). But Hkz # 0 or gkFkz # 0, 

in either case we are finished. 

(2.3.2.2.B.2.2.2.2). [z, x] <k-ky* where y* is a component of y. Then y* 

must have index less than k: 

(2.3.2.2.B.2.2.2.2.1). y* has index less than k— 1. By induction hypothesis 

gk-1[i,x]<gk-1y*, so gk-k[i, x] < gk-ky* = Hky* < 1 +Hky = Rgk[j,y]. 
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(2.3.2.2.B.2.2.2.2.2). y* — [k— l,z] some z. Now i < k— 1 means that 

[A: — 1, z] <k-2 [/, x] so to have [/, x] <k_! y* we must have [i, x] z. 

If [i, x] <k_j z then by induction gk-k[i, x] < gk-kz so by lemma 

3.9(e) gk.i[i, x] < gk_kz < A„ + 1_(k_1 )(gk-iz) = Hk[k- 1, z) = Hky* ^ 

< 1 +Hky — Rgk[j,y]. While if [i, x] =zwe have using lemma 4.6(a) 

9k-l[6*]< ^n + l-(fc-l)(^k-l [6 •*]) = ^n+ 1 -(It-l){,9k- 1 Z) = ^)Z] = 

= < 1 +Hky = Rgk[j,y]. 

Definition 4.19. We define D(« : &) for 0 ^ k ^ « as follows: 

It is easy to see that SD(n: k) — k from which it follows that i < j implies 

D(n: i) < D(n:j). 

Theorem 4.20. (Closure). If 0 ^ k ^ n +1, then gkx < D(n: Sgkx). 

Proof. By induction on co-Lx + k. Our induction hypothesis is that 

gk,x' < D(n: Sgk'X') whenever co ■ Lx' +k' < co ■ Lx + k. We must show 

under this assumption that gkx < D(n: Sgkx): 

(1) . x = 0. Then trivial. 

(2) . x has more than one non-zero component. Let these components 

be xx, x2, . . ., x, for t ^ 2. By induction hypothesis gkxt < D(n: Sgkx i) < 

max, D(n: SgkXi) = D(n: max,- Sgkxt) = D(n: Sgkx). 

(3) . x has exactly one non-zero component. Then x has the form [/, y] for 

some y: 

(3.1) . i ^ k. Then gkx = gk[i,y] = hn+1-k(Qn+1-i+giy). Using lemma 

4.3(a) we see that On+1_i < D(n: n + l—i) = D(n: Sgkx). Furthermore by 

induction hypothesis along with lemma 4.3(a) we get gty < D(n: Sg{y) ^ 

^ D(n: n+ 1 —i). Thus Qn + 1_i + giy < D(n: n + l— i) and by lemma 3.9(d) 

so is /?n + 

(3.2) . i < k—\. Then gk[i, x] = (^_„ [/, x], Qn+1-k). By induction 

hypothesis gk-k[i,x] < D(n: Sgk^x[i, y]) = D(n: n+l-(k-l)) = 

RD(n: Sgk[i, y]). Thus Rgk[i, y] < RD(n: Sgk[i, y]). Also, Qgk[i,y] = 

— On + 1_k < D(n:Sgk[i,y]). It remains only to show that zeKn + 1_kRgk[i, y] 

implies z < D(n: Sgk[i, x]). Let such a z be given then z e Kn+1_kgk~1 [/, j>]. 

But then by lemma 4.16 z < gkw where Lw < L[i,y]. By induction hy¬ 

pothesis gkw < D(n: Sgkw) ^ D(n:n + 1 —k) = D(n: Sgk[i, .y]), so z < 

< D(n: Sgk[i,y]). 

(3.3). i — k—\ then gk[i,y] = (1 +Hky, Qn+l_k + (Bky # gkFky)). We 
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first note that LFky ^Ly < L [i, y] so by induction gkFky < D(n: SgkFky)< 

^ D(n: n+l—k) = D(n: Sgk[i, y]). From this it easily follows that 

Qgk[i,y] < D(n: Sgk[i, y\). Using lemmas 4.16, 4.17, and induction hy¬ 

pothesis we show in a fashion similar to case 3.2 that z e Kn+1_kRgk[i, y] 

implies z < D(n: Sgk[i, y]). It remains to show that Rgk[i,y]< 

< RD{n\ Sgk[i, y]), but this is also handled in a fashion similar to case 3.2. 

Corollary 4.21 (Closure). gn+1x < D(n: 0). 

Lemma 4.22. (x, y) < D{n: k) Ay ^ Qk implies x < RD[n: k). 

Proof. 

(1) . x — 0. Then trivial since RD(n: k) is never zero. 

(2) . x / 0. Suppose to the contrary that RD{n: k) ^ x: 

(2.1) . RD(n: k) — x. Then since QD(n: k) = Qk ^ y it would follow 

that D(n: k) ^ (x, y), contradiction. 

(2.2) . RD(n: k) < x. It is easy to show that z e KkRD(n: k) implies 

z < 1. But 1 < (x, y) since x / 0. Moreover Qk < y < (x, y). Thus 

D(n: k) < {pc,y), contradiction. 

Definition 4.23. To each term u of I(n) we define recursively the notion of 

subterm of u and the notion of depth of a subterm of u in u. Au will denote 

the set of subterms of u. 

(1) . If u is Qj then Au = {0, u}. These subterms will have depth 0 in u. 

(2) . If u is (x, y) then Au = {w} udxu Ay. u will have depth 0 in u. 

While if z has depth i in x or y, then z has depth i + 1 in u. 

(3) . If u has components uk, u2, -. ., ur (r > 2) then Au — [Jri=xAui, if 

z has depth i in uJy then z has depth i in u. 

Note that u — v implies Au = Av. 

Theorem 4.24. If v < D(n: Sv) whenever v is a subterm of u, then there 

exists a w such that u = gn + \~su{w)- 

Proof. By induction on Lu. Denote Su by k: 

(1) . u = 0. Then trivial. 

(2) . u has more than one non-zero component. Let u* be such a component 

and denote Su* by k*, so k* ^ k. By induction hypothesis u* = <7„ + 1_t.(x*) 

for some x*. By lemma 4.3(d) u* = gn + l _kz* for some z*. Thus u — gn+l_kz 

for some z. 

(3) . u has exactly one non-zero component: 

(3.1) . u = Qj for some j # 0. Then u — gn + l_j[n + 1-7,0]. 

(3.2) . u = (x, y) for some x and some y. Since Sy = k we can write 
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y = Qk + t for some t. Moreover every subterm of t is a subterm of u, so by 

induction hypothesis we can write t = gn+l_kv for some v: 

(3.2.1) . x = 0. Then u — (0, y) = (0, Qk+gn+1_kv). Using lemma 3.9(b) 

two cases arise: 

(3.2.1.1) . (0, Qk+gn+1~kv) = hk(Gk+gn+1_kv). Then u = 

= 9n + i-k[n + l~k,v]. 

(3.2.1.2) . (0, Qk+gn+1..kv) = hk(Gk+gn+1.k(v) # 1). Then u = 

= 9n+i-k[n + l~k,v # 1]. 

(3.2.2) . x # 0: 

(3.2.2.1) . x = (p, q) where p ^0 and Sx — k+\. Then by induction hy¬ 

pothesis x = #„ + 1_(t+1)(w) for some w, and we see by lemma 4.3 that w = 

= [i, z] for some z where i < « +1 — (A: +1): 

(3.2.2.1.1) . t = 0. Then u = gn + 1-k[i, z]. 

(3.2.2.1.2) . t = Im + 1 for some m ^ 0. Then u — gn+l-k[n — k, lm # [/, z]]. 

(3.2.2.1.3) . otherwise. As seen previously t = gn + 1_kv for some v, but by 

lemma 2.13(a)v = Fn + 1 _*(/„ + 1-kv). Therefore t = gn+1_k(Fn+1 _*(/„ + l-kv)), 

thus u = gn+l-k[n-k,fn+1-kv # 

(3.2.2.2) . x = 1. Then u = gn + l_k[n-k,fn + 1_kv], 

(3.2.2.3) . otherwise. So x = 1+r for some r. Since u = (x,y) is a sub¬ 

term of u by hypothesis, we have that (x, y) < D(n: S(x, y)) — D(n: Sy) = 

= D(n:k). Using y ^ GSy = Qk we see from lemma 4.22 that x < RD(n: k). 

Now k ^ n for otherwise RD(n: k) = 1 and x = 0 contrary to the basic 

assumption of case 3.2.2. Since k ^ n, RD(n: k) = D(n:k +1), so x < 

< D(n\ k +1) from which it follows that Sx < k+1. Now by lemma 3.9(c) 

we see that it is possible to write r — p # q where each non-zero compo¬ 

nent qt of q can be written in the form qt = (at, bt) for some 0 and some 

bt such that Sqt = k +1, and each non-zero component pt of p can be 

written pt — hk+1zi for some zy 

(3.2.2.3.1) . p — 0. Then q has more than one non-zero component (other¬ 

wise we would contradict the basic assumption of case 3.2.2.3.) call them 

qk, q2, . . ., qc{c > 2). By induction hypothesis we have that for 1 < i < c, 

<ii — 9n-kwi f°r some W;, and by lemma 4.3(c) w£ = [j\, sj for some and 

some./, < «-/c.Thusw - gn+lL-k[n-k,fn+1.kv # [/„ j,] # ... # [jc,sc]]. 

(3.2.2.3.2) . p 7^0 and q ^ 0. Then p has componentspk, p2,. . pd (d ^ 1) 

and q has components qx, q2, .. qc(c ^ 1). As in the previous case qt — 

— 9n-kwi f°r 1 ^ i ^ c where wt — [j\, j4] with jt < n — k. As previously 

noted Pi = hk+1Zi for 1 < i < d. By induction hypothesis z, = gn+\-szi(ei) 

for some et. But as we have already seen Sx ^ k +1 so 5z; = Spt ^ Sx < 
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& + 1. This gives us the right to employ lemma 4.3(d) getting 

zi — 9n-k(e'i) for some e\. Thus 

u = [n — k, 

fn+i-kV # [n-k, e'f\ # ... # [n-k, e’j] # [j\, sx] # .. . # [;c, sc]]. 

(3.2.2.3.3). p / 0 and q — 0. Then p has components pk,p2, ■ ■ -,Pd 

(d ^ 1) and as in the previous case we see pt = hk+lgn^ke'i for some e\ so 

u = [n-k,fn+l_kv # [n-k, e\] # . . . # [n-k, e'ff\. 

Lemma 4.25. Let {os} be a sequence of non-negative integers such that 

a0 — 0 and for some j, aJ+1 < aj, and as + i < as T1 for all s such that 0 

s ^ j, then there exists an i where 0 ^ i < j such that aj+l = at and aj+1 < 

< as for all s such that i < s ^ j. 

Proof. We first note that j > 0, otherwise 0 = a0 = aj > aj+1 which 

violates the assumption that all terms of the sequence are non-negative. Let 

N = {/1 0 ^ t < j a at ^ aj +1}. From 0^0 < j and a0 = 0 < aj+1 it 

follows that 0 e TV so N is non-empty. Let i be the greatest member of N. We 

now show that i has the properties ascribed to it in the statement of this 

lemma. From i < j we get i + 1 ^ j: 

(!)• z +1 = y. Thena,-+1 < = ai+1 < a( +1, so aj + l < at. On the other 

hand from the definition of N we see that a; ^ aj+1, so a, = aj+1. Further¬ 

more i < s < j = z +1 implies that s = j so as = aj > aj+1. 

(2). z + 1 < j. We now assert that at = aj+1, for if at < aj+1 it would 

follow that ai+1 ^ a; +1 ^ aj+1, but then (z + 1) e N, and this would con¬ 

tradict the fact that z is the greatest member of N. It remains only to show that 

z < s j implies as > aj+l: 

(2.1) . s =j. Then as = a,. > aJ + 1. 

(2.2) . i < s < j. Then if as ^ aj+1 we would have s e N which contra¬ 

dicts the fact that z is the greatest member of N. 

Lemma 4.26. If u < D(n: 0), then for every subterm u* of u: 

(a) , u* < D[n: Su*). 

(b) . u* = (x, y) implies Sx, Sy ^ Su* +1. 

Proof. We prove the conjunction of (a) and (b) by induction on the depth 

of u* in u. We first note that (b) follows from (a) since first of all Sy — Su* < 

^ Su* +1, moreover from (x, y) < D(n: Su*) and y ^ QSy = QSu* it 

follows from lemma 4.22 that x < RD(n: Su*), thus Sx < SRD(n: Su*) < 

< Su*+ 1. 

We now show that (a) holds under the assumption that (a) and (b) both 

hold for subterms of smaller depth: 
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(1) . u* has depth 0 in u. Then u* is a component of u so Su* — 0 and 

u* ^ u < D(n: 0) = D(n: Su*). 

(2) . u* has depth k +1 in u. Then there exists a subterm z = (x, y) of 

depth k in u such that u* is a component of x or u* is a component of y: 

(2.1) . Su* = Sz. Using lemma 3.10 we see that u* < z. But by induction 

hypothesis z < D(n: Sz)■ = D(n: Su*). 

(2.2) . Su* > Sz. Then u* is a component of x, so u* ^ x. Since by in¬ 

duction hypothesis (x, y) < D(n: Sz) we see using lemma 4.22 together 

with the fact that y ^ QSy — QSz that x < RD(n: Sz): 

(2.2.1) . Sz = n. Then RD(n: Sz) = 1 < D(n: Su*). 

(2.2.2) . Sz < n. Then RD(n: Sz) = D(n: Sz+1) ^ D(n: Su*). 

(2.3). Su* < Sz. Since u* has depth k +1 in u, we can find a sequence 

uQ, ul9..., uk+1 of subterms of u such that u0 is a component of u, uk — z, 

uk+1 = u*, and for each s such that 0 ^ s < k the depth of us+1 in u equals 

the depth of us in u plus one. By the induction hypothesis Sut ^ Sut +1 for 

0 < t ^ k, so by lemma 4.25 there exists an i such that 0 < i < k and such 

that Sut — Suk+l and such that Suk+1 < Sut whenever i < t ^ k. Thus 

uk+1e(KSu.Rui'u KSu.QUi) thus it follows by lemma 3.10 that u* = uk+l < 

< u,. But by induction hypothesis < D(n: Sut) — D(n: Suk+l) = 

= D(n: Su*). 

Remark. The above lemma does not generalize by replacing the 0 by an 

arbitrary positive integer. To see this note that in the system I*(2) we get 

(Q2, 0) < D{2: 1) but it is not true that (Q2,0) < D{2: 0). 

Theorem 4.27 (Onto-ness). If u < D(n: 0), then u = g„+iW for some w. 

Proof. Immediate consequence of lemma 4.26 and theorem 4.24. 

Remark. The obvious generalization of the above theorem would be that 

u < D{n: k) implies u — gn+l~k{w) for some w. This proves to be false as 

can be seen by the following considerations: in the system T*(2) if we let 

u = (Q2, 0), then u < D(2 : 1). On the other hand we see from def. 3.5 and 

lemma 4.3(a) that if (x, y) is an image under some gt, then Sx ^ 5y + l. 

Theorem 4.28. ||<P*(« + 1), <n + 1>|| = \\D{n: 0) e I*(«)||. 

Proof. By corollary 4.21 gn + 1 is a mapping from P*(« + l) into 

{x|x e Z*(«) ax < D(n: 0)}. By theorem 4.18 it is order preserving. By 

theorem 4.27 it is onto. 

Remark. If n > 1, then the set of images under gt does not form an initial 
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segment when 0 ^ i <« + l. To see this note that = gt[i, 0] 

is an image, (Qn+2-i, 0) < i3n+1_;,but (Qn+2-i, 0) is not an image since 

SQn + 2-i > 50+1. 

5. The main conclusions. In the previous section we showed an order pre¬ 

serving mapping from <P*(n + 1), <„ + i> onto an initial segment of 

<>. We now show that <0(n+1), <n+i> can be mapped onto an initial 

segment of <T(«), <). To do this we first remind the reader of the author’s 

result (cf. § 2) that \\(0*{n +1), <n+i>|| =||[1, [1, 1]] 6 <P*(n + 2), <„ + 2>||. 

Moreover it is only a matter of calculation to see that under the order pre¬ 

serving mapping gn + 2 from <P*(« + 2), <n + 2) onto an initial segment of 

<T*(«+1), <) the ordinal diagram [1, [1, 1]] is carried onto the term 

un = ((... (((0, 1), Qn), ...), fl0)- Now in the order preserving 

mapping from <T*(« + 1), < ) onto <Z(« + 1), < ) (cf. § 3) un is mapped onto 

the term vn = ((... (((1, 1), Qn), Qn-i),...), 1). So recalling (§2) that 

||<0(n+l), <n+1>|| = ||<0*(« + 1, <n+i>|| we have that ||<0(n + l), 

<0+1)11 — ||t>„ e <27 («+l), <)||. Again it is only a matter of calculation 

to see that vn < Q[n+ 1, 0]f. According to ([11], theorem 6), vneZ(n) and 

||y„ e <T(n+1), <>|| = ||t>„ e <T(n), <>||. This concludes our argument 

that <0(«+ 1), <n+1) is order isomorphic to an initial segment of <T(«), <). 

By calculation one can see that fl[n, 0] < v„ and we have already seen 

that vn < Q[n +1, 0], so 

lim ||<0(m), <m>|| = lim ||nme<Z(m), <>|| = lim ||fi[m, 0] e <I(m), <>||. 
m<(o m<(0 m <(D 

This latter limit was shown ([11], theorem 9) to be the order type of the lar¬ 

gest well ordered initial segment of 1{m). 
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SECTION F 

PROOF THEORY 





ON THE ORIGINAL GENTZEN CONSISTENCY PROOF 

FOR NUMBER THEORY + 

PAUL BERNAYS 

The first published Gentzen consistency proof for the formal system of first 

order number theory, including standard logic, the Peano axioms and 

recursive definitions, was given in Gentzen’s paper ‘Die Widerspruchsfreiheit 

der reinen Zahlentheorie’ {Math. Ann. 112 (1936)). It was however not his 

original proof but a revised version of it. The revision was motivated by 

a criticism, in which I myself for some time concurred of the original proof 

on the grounds that it implicitly included an application of the fan theorem. 

Gentzen did not expressly oppose this opinion; he took care of the criticism 

by modifying his consistency proof before it was published. Fortunately 

the text of the original proof is preserved in galley proof*. 

On rereading the original text, I came to doubt the mentioned opinion1'. 

It seems worth while reconsidering the original proof, because 

1. it is certainly easier to follow than the first published proof and at 

least as easy to follow as the second Gentzen consistency proof, 

2. it does not require the generalized form of induction (ordinal induction 

up to e0). 

I shall give in this paper a description of Gentzen’s original proof in a 

way sufficiently detailed to make apparent the kind of constructive methods 

here used. At the same time I shall make a slight simplification in this proof, 

making use of some remarks in Gentzen’s Annalen proof. 

I begin by describing the formal system to be considered. The logical 

calculus used is the calculus of sequents* T -► A where T, the antecedent, 

is a finite (possibly empty) list of formulas separated by commas, and 

+ Since Prof. Bernays was unfortunately unable to be present, this paper was read by 

William Howard. — Eds. 

* An English translation of it will soon appear in an edition of Gentzen’s works in English 

by Manfred Szabo. 

+ Georg Kreisel had previously stated in conversation that he dissented from this opinion, 

t ‘Sequent’ as a technical term should be distinguished from ‘sequence’ in its usual sense. 
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where A, the succedent, is a single formula. The logical symbols v (or), 

3 (existence) and 3 (implication) are eliminated, and only & (and), —, 

(not), V (universality) are used. 

As Gentzen admits arithmetical function symbols (with the restriction 

that for numerical arguments the value of the function must be computable), 

there is no loss of generality in assuming that all prime formulas are equa¬ 

tions between terms. (Terms are built up in the usual way from free number 

variables*, numerals and function symbols.) 

The rules of the calculus, after the mentioned elimination, are the 

following: 

Initial sequents are: 

(1) . Logical initial sequents, i.e. sequents of one of the forms 

A & B —> A, A & B -> B, A, B —* A & B, 

A, -—1 A —>1 = 2, —1 —1 A —> A, 

(Vx)F(x) - F(t), 

where x is a bound variable, and t a term. 

(2) . Arithmetic initial sequents, i.e. sequents whose formulas are equa¬ 

tions and which have the property that by replacing each free variable by a 

numeral (of course equal variables by equal numerals) and by computing 

the function values, either the succedent formula gets the truth value ‘true’ 

or one of the antecedent formulas gets the truth value ‘false’, according to 

the usual valuation of numerical equations. 

The rules of inference are: 

(a) . Rules of structural change in a sequent, permitting one 

(at). to interchange the order of the formulas of the antecedent, 

(a2). to add an arbitrary formula to the antecedent, 

(a3). to delete a repetition of a formula in the antecedent, 

(a4). to change a bound variable of a universal quantifier, everywhere 

in its scope, into another bound variable. 

(b) . Logical inference schemata 

T -* A A, A -+ B 

T, A -> B 

* Gentzen makes a notational distinction between free and bound variables. 

* This schema does not occur in the original text as a fundamental schema, but it is deriva¬ 

ble from the schemata for negation there stated, which Gentzen later changed in § 14 of 

the Annalen paper. 
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r,A -* 1 = 2 

r , a 

r -» F(a) 

r - (Vx)F(x) 

(c). Induction 

(negation introduction) 

(where a is a free variable not occur¬ 

ring in any formula of F nor in F(x), 

and where x is a bound variable) 

(universality introduction) 

r->F(l) F(a), A -> F(a +1) 

r, A - F(t) 

where t is a term and a a free variable not occurring in T, A, F(l) 

or F(t). 

In this calculus from any two formulas A, —, A we can derive, using the 

initial sequent A, —i A -> 1 = 2 and cut, the sequent -»• 1 = 2; hence, 

in order to prove consistency of the considered formal system, it is sufficient 

to show that the sequent -> 1 = 2 is not derivable. 

A concept of ‘reduction’ of a sequent is introduced. The following are the 

possible ‘reduction steps' on a sequent: 

(aj). Replacing a free variable, wherever it occurs in the sequent, by the 

the same numeral, which can be arbitrarily chosen. 

(a2). Replacing a function symbol all of whose arguments are constants 

by its value. 

(Pi). When the succedent has the form (Vx)F(x), replacing it by F(k), 

where k is an arbitrarily chosen numeral. 

(P2). When the succedent has the form A & B, replacing it by A or by B, 

according to an arbitrary choice. 

(P3). When the sequent has the form T -> —i A, replacing it by 

A, T -> 1 = 2. 

(y). When the succedent is a false numerical equation: 

(Yi). Replacing an antecedent formula (Vx)F(x) by F(k), or adding 

F(k) to it in the antecedent, where k is a numeral. 

(y2). Replacing an antecedent formula A & B by one of the formulas 

A, B or adding one of these in the antecedent. 

(y3). If an antecedent formula —i A occurs, replacing the succedent 

formula by A and possibly cancelling the formula —, A in the 

antecedent. 
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The description of these reduction steps must be completed by the following 

rule of preference: The step (at) has preference over all other reduction 

steps, and (a!), (a2) have preference over the other reduction steps. That 

means: the steps (a2) are admitted only for a sequent which contains no 

free variable, and the steps (P^, (P2), (P3), (yj, (y2), (y3) are admitted 

only for sequents which contain neither a free variable nor a term which 

is not a numeral. 

Related to the concept of a reduction step is that of a ‘‘reduction process'. 

(Reduziervorschrift). By a reduction process for a sequent is meant a 

procedure consisting of a terminating sequence of successive reduction 

steps by which the sequent is brought into a ‘final form’ (Endform), i.e. 

to a sequent satisfying at least one of the two conditions: (1) that the succe- 

dent is a true numerical equation, or (2) that some antecedent formula is a 

false numerical equation. This defining property of a reduction process is to 

be understood in the strong sense that, whenever reduction steps of the 

kinds (a*), (Pi), (P2) occur in the procedure, the final form will be attained 

for every decision on the arbitrary choices, by suitably making choices in 

connection with steps of the kind (y^, (y2), (y3). 

A consequence of the rule of preference is that whenever for a sequent S 

there is a reduction process, there is a reduction process for any sequent 

resulting from S by replacing some or all of the free variables of S by 

numerals. 

As an illustration of a reduction process may serve the sequents of the 

form A -»• A. 

First, by applications of (o^) the free variables are removed. In the 

resulting sequent A* -a- A*, by applications of (Pt), (P2) and (a2) the suc- 

cedent is brought into either the form of an equation r = s where r and 

s are numerals, or into the form —, C, each term in C being a numeral. 

In the first case the equation r = s is a numerical equation. If this equation 

is true (i.e. of the form m = m) then a final form has been reached. Other¬ 

wise we have a sequent A* -> m = n with m = n false. Now we can apply 

the reduction steps (a2), (y^, (y2) to the antecedent A*; and this can be 

done in an exactly parallel fashion to the reduction steps (a2), (Pi), (p2) 

previously applied to the succedent A*. In this way the antecedent turns 

into an equation m — n, so that we get a false numerical equation in the 

antecedent, and so the sequent is again brought into a final form. 

In the second case, where we have, after the first reduction steps, the 

sequent A* -> —, C, we get, by applying (P3), the sequent C, A* -»■ 1 =2. 
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Applying here again to the antecedent formula A* the reduction steps 

(Yi), (y2), (a2) in an exactly parallel fashion to the steps (Px), (P2), (a2) 

previously applied to the succedent A*, we obtain the sequent 

C, —i C -*• 1 =2, then by applying (y3) we obtain C -> C. Here the formula 

C contains at least one logical symbol less than A*. Proceeding with the 

sequent C -> C in the same way as we did before with A* -*■ A*, we either 

obtain a final form or we get a sequent D -> D, where D contains fewer 

logical symbols than C. Thus, continuing in the same way, we come, if we 

have not already obtained a final form, to a sequent Q -» Q, where Q is a 

numerical equation m = n. The sequent m = n ->■ m = n has in any case 

a final form. 

It is to be observed that the course of the reduction following the given 

process depends on the choices to be made at the reduction steps (ax), 

(Pi), (P2), which are arbitrary. The succession of these choices constitutes 

a free choice sequence in Brouwer’s sense*. And the given reduction process 

consists in assigning to any such free choice sequence and to any sequent 

A -> A a succession of sequents, which in a finitist way can be seen to end 

with a sequent in final form. 

Using the method of the reduction process for sequents A -> A, and also 

that process itself, reduction processes can be given for each of the logical 

initial sequents. The arithmetical initial sequents can be brought into final 

form by reduction steps (ax), (a2). 

If it can be shown that for every derivable sequent there exists a reduction 

process, then it follows that the formal system under consideration is 

consistent. For there is no reduction process for the sequent -» 1 = 2. 

Hence, in order to prove consistency, it is sufficient to show for each of the 

inference rules, that if we have a reduction process for the premise, or in 

the many-premise case for each of the premises, we get a reduction process 

for the conclusion. Let us try to state this for the various rules of inference. 

For the rules (ax), (a2), (a4) the statement is trivial. For (a3) the statement 

follows from the fact that in the reduction steps (yx), (Y2X (Y3) one is 

allowed to leave unchanged the antecedent formula to which the step 

applies. 

For the schemata of negation and universality introduction the statement 

is obvious. 

* The choice of a member of a conjunction A & B at a step (J32) can be transformed to the 
choice of a number, by agreeing that the first or the second conjunction member will be 
chosen, according as the number is odd or even. 
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In the schema of induction the conclusion T, A -» F(t), by the use of 

steps (ocj), (a2) can be turned into a sequent T*, A* -> F*(n) where n is a 

numeral. By applying (o^), (a2) with the same replacements of the variables 

of T, A, F(l) to the premises, these will be turned into the sequents 

r* -> F*(l) and F*(k), A* -> F*(k+1), where k is an arbitrary numeral. 

(Possibly not yet all permitted applications of (a2) are made here.) From the 

assumption that a reduction process exists for the sequents T -> F(l) and 

F(a), A -> F(a + 1), it follows that we have also reduction processes for 

F* —► F*(l) and also for F*(k), A* -> F*(k+1), where k is any numeral. 

(It is assumed that the variable a does not occur in T, A, F(l), F(t).) 

If now n is 1, then the sequent T*, A* -» F(n) is either identical with 

r* -> F(l) or obtainable from it by rule (a2). If n is the successor of m, 

then r*, A* -> F*(n) is obtainable from T* -+ F*(l) and the m sequents 

F*(k), A* -> F*(k +1), wherein k is successively 1, 2, . . ., m by applications 

of cut, together with rule (a3). 

Thus the only thing still to be shown is that also cut has the property 

that if for both premises T -> A and A, A -> B we have a reduction pro¬ 

cess, we can get from them a reduction process for the conclusion T, A -> B. 

To show this, we begin with a remark about free variables. A reduction of 

the sequent T, A -> B must begin by replacing the free variables by numerals. 

By such replacements (arbitrarily chosen) T, A, B becomes F, A, B, and 

by making these replacements for those free variables in A which occur 

in the sequent T, A -»• B, and adding replacements for the other free variables 

(if any) in A, the formula A becomes A. Since by assumption we have 

reduction processes for the sequents T -»• A and A, A -> B, we also have such 

processes for the sequents F -> A and A, A -> B resulting from the former 

by reduction steps (at). The proof will be complete if from these reduction 

processes we can obtain a process for the sequent F, A -> B. 

There is no loss of generality in assuming from the beginning that the 

sequents T -> A and A, A -> B (therefore also T, A -» B) contain no free 

variables. Likewise there is no loss of generality in assuming that all terms 

in the sequents are computed so that no other terms occur than numerals. 

First consider the case in which the formula A contains no logical symbols 

and hence is a numerical equation. Notice two things: 

1. From a reduction process for a sequent S we can immediately obtain 

a reduction process for any sequent obtained from S by adding other 

formulas to the antecedent. 

2. From a reduction process for a sequent S which has a true numerical 
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equation Q in the antecedent, we can immediately get a reduction process 

for the sequent obtained from S by deleting the formula Q from the antece¬ 

dent. 

If now in the sequent A,A-»B for which we have a reduction process, 

A is a true numerical equation, it follows from the second remark that we can 

also obtain a process for the sequent A -> B, and, by the first remark, also for 

the sequent T, A -> B. If A is a false numerical equation, then by applying 

reduction steps ((3^, (P2), (|33) to the sequent T, A ->■ B we come either 

to a final form; or to a sequent T, A -* Q, where Q is a false numerical 

equation; or to a sequent C, T, A -> 1 = 2. By hypothesis we have a reduc¬ 

tion process for T -*■ A; and by the first remark above also for T, A -*■ A 

and C, T, A -> A. But since Q and 1 = 2, like A, are false numerical 

equations, the process for T, A -> A is also a process for T, A -> Q, and the 

process for C, T, A -> A is also a process for C, T, A -» 1 = 2. 

Hence, if A is a numerical equation, we can get from reduction processes 

for the sequents T -> A, A, A -> B a reduction process for T, A B. 

In order to prove the same thing for a cut with an arbitrary A (supposing 

only that in the sequents of the cut all terms are numerals), we proceed by 

reducing successively the number of logical symbols in the formula A, 

which Gentzen calls the mix-formula (Mischformel) of the cut. So we have 

to show that we have a method for getting from reduction processes for the 

premises of a cut schema (with no other terms than numerals) a reduction 

process for the conclusion, provided that we know already how to do this 

for any cut schema whose mix-formula has fewer logical symbols than the 

one of the cut schema under consideration. This proviso we shall refer as 

to ‘the inductive hypothesis’. 

We begin by paralleling the reduction of the sequent A, A -> B. As long 

as the reduction steps do not involve the antecedent formula A, each such 

step can likewise be applied to the sequent T, A -> B. If by these steps the 

sequent A, A -> B is reduced to a final form, the same holds for T, A -> B. 

Otherwise there is in the reduction of A, A -> B a first step which involves 

the mix-formula A. This step must be of one of the kinds (yj), (y2), (y3), 

and the sequent to which it applies has the form A, A* -» Q, where Q is a 

false numerical equation. The mix-formula A has one of the forms 

(Vx)F(x), C & D, —, C. 

In case A is a formula (Vx)F(x), the reduction step under consideration 

is of the kind (yx) and it yields either a sequent F(k), A* -> Q, where k 

is a numeral, or a sequent A, F(k), A* -> Q. If the numeral k in F(k) 
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occurs as a part of a term which contains a function symbol, we have to 

apply one or more steps (a2), by which F(k) becomes a formula Fx, all 

terms of which are numerals. Hence in the reduction of A, A -» B we come 

either to Fx, A* -* Q (Case 1) or to A, Fx, A* -> Q (Case 2), whereas in 

the reduction of T, A -> B we have at this stage arrived at T, A* -> Q. 

In case 1 we are almost at our goal. For in the reduction of the sequent 

r -> A the first steps can be chosen so as to turn it into T -> Fx. And the 

reduction process for T -> A gives a process for T -*■ Fx. Likewise the 

process for A, A -» B contains a process for Fx, A* -*■ Q. And since in the 

formula Fx the number of logical symbols is smaller than in A, we can 

apply the inductive hypothesis according to which we know already how 

to obtain from the reduction process for T -»• Fx and Fx, A* -*• Q a reduc¬ 

tion process for T, A* -> Q which, combined with the reduction steps 

already used to get from T, A -> B to T, A* -> Q, yields a reduction process 

for the sequent T, A -> B. 

In case 2 we have a reduction process for the sequent A, Fx, A* -»■ Q, 

and the reduction of T, A -> B has again arrived at the sequent T, A* -*• Q, 

Let us now provisionally assume that from the reduction process for T -►A 

and A, Fx, A* -> Q we have obtained a process for the sequent 

r, Fx, A* -> Q which results from the two of them by cut: then we have 

likewise a process for Fx, T, A* -> Q; and from this together with the process 

for r -> Fx (already used in case 1) we obtain according to the inductive 

hypothesis a process for T, T, A* -» Q, and hence also for T, A* -> Q. 

which again together with the performed reduction of T, A -> B to 

F, A* -* Q yields a reduction process for T, A -* B. So in case 2 our goal 

is attained upon the provisional assumption. 

Before discussing this assumption, let us consider the other two possible 

forms of the mix-formula A. If A is a conjunction C & D, almost nothing 

is changed, except the formula Fx is replaced by one of the conjunction 

members. When A is a formula —i C, the reduction step to be applied to 

A, A* -> Q makes this sequence either into A* -»■ C (case 1) or into 

A, A* -> C (case 2). And in the reduction of the sequent T -» A the first 

step makes it into C, T -> 1 = 2. 

Now in the first case, since C has fewer logical symbols than A, from the 

reduction process for the sequents A* -* C and C, T -> 1 = 2 we obtain 

by the inductive hypothesis a process for the sequent A*, T -*■ 1 = 2, 

and hence also a process for T, A* -*■ Q, which, together with the reduction 

steps leading from T, A -»■ B to T, A* -> Q yields a process for T, A -»■ B. 
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In case 2 the provisional assumption is that from the reduction processes 

for r -> A and A, A* -> C we get a process for the sequent T, A* -> C 

(which results from the two of them by the cut schema). This process 

together with the one for C, T -> 1 = 2, yields, according to the inductive 

hypothesis, a process for T, A*, T -*■ 1 = 2, and hence for T, A* -» Q, 

and so again for T, A -> B. 

Now it remains to consider the provisional assumption which, for all 

forms of the mix-formula syas that from the reduction processes we have 

for T -* A and for a sequent A, A1 -> Bt, we can get a process for 

T, Aj -> Bt. It might first seem that nothing has been gained by replacing, 

in the assertion to be proved, the sequent A, A -*• B by A, A1 -> Bt. But 

the last sequent occurs in the reduction of A, A -»• B, and its reduction is 

the part of the reduction of A, A -> B which follows the steps leading from 

A, A -» B to A, Aj -» Bj. Thus the replacement means progressing in the 

reduction of A, A -*■ B, and therefore it can take place only a limited 

number of times. This argument concludes the consistency proof. 

Concerning this proof of Gentzen’s one might ask in what respect it 

transgresses the methods formalizable in the formal system under considera¬ 

tion, as must be the case by the Godel incompleteness theorem. Gentzen 

himself gave the answer by stating that it is in the concept of a reduction 

process that the transgression comes about. Indeed this concept involves 

universal quantification over free choice sequences, and this quantification 

occurs not only in assertions, but also in hypotheses. 

The concept of a reduction process is also introduced in Gentzen’s 

Annalen paper, but there it is not properly used; it is rather replaced by the 

more elementary concept of a reduction step applied to a derivation 

(‘Reduktionsschritt an einer Herleitung’). Whereas in the concept of a 

reduction process the requirement of terminating after finitely many steps 

is involved, in the Annalen paper the ending of the procedure is proved, 

as you know, by assigning ordinals below e0 to the derivations, next showing 

that every reduction step on a deiivation lowers its ordinal, and finally 

proving ordinal induction up to e0. 





HERBRAND-STYLE CONSISTENCY PROOFS 

BURTON DREBEN AND JOHN DENTON 

Introduction. In this paper we outline an approach for studying consistency 

stemming from ideas of Herbrand. This approach ‘finitistically’ exploits 

the oldest and most naive idea in proof theory: a set of axioms is consistent 

if it has a model. Hence it is to be contrasted with that approach initiated 

by Gentzen in 1938 [7] and continued by Schiitte [18,19, 20] in which proofs, 

that is, formal derivations, are subject to various purely syntactic manipu¬ 

lations, and questions of interpretation play little role. Indeed, the Herbrand 

approach is perhaps best viewed as a reformulation of Hilbert’s evaluation 

method, a reformulation that frees that method from its customary (and 

in our opinion obfuscating) dependence on the e-calculus [2, 12, 13]. 
The basic result on which we depend is the fundamental theorem of Her¬ 

brand, the finitistic correlate of the Lowenheim-Skolem Theorem [10]. The 

fundamental theorem says, roughly, that a set of axioms is consistent (in 

any standard formulation of the predicate calculus) if and only if there exist 

arbitrarily large ‘finite approximations’ to models. (A precise statement of the 

theorem is given below.) There are several preliminary comments worth 

making. First, the proof of the fundamental theorem is constructive, in the 

sense that given a proof of a contradiction from the axioms, we can effecti¬ 

vely show a point beyond which the construction of the ‘finite approximations’ 

to models becomes impossible, and conversely. Second, because of the na¬ 

tural model theoretic interpretations of the systems studied, under this ap¬ 

proach we can often use our intuition of what a model of a given set of 

axioms ‘should be’ to suggest ways of showing the consistency of the axioms. 

Third, the methods used to prove consistency generally give as immediate 

corollaries properties such as the recursive satisfaction of AE-formulas and 

the Kreisel no-counterexample interpretation, properties for which an ad¬ 

ditional argument is necessary under the Gentzen-Schiitte approach. On 

the one hand, this means that in the case of theories which have been shown 

consistent but for which a no-counterexample interpretation is not known, 

419 
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it is presumably more difficult to prove consistency by this approach than 

by the pure syntactic approach; on the other hand, if we do succeed in prov¬ 

ing consistency by this approach, we are likely to obtain considerable ad¬ 

ditional information. 

The main body of this paper is divided into three parts. In the first, we 

give a precise formulation of the fundamental theorem of Herbrand. In 

the second part, we sketch how the method can be used to give a consistency 

proof for elementary number theory, and how the recursive satisfaction of 

AE-formulas and the no-counterexample interpretation follow immediately 

from the proof. Finally, in the third section we list some additional results 

and open questions. 

1. Statement of the fundamental theorem. We follow to a large extent the 

notations and terminology of Shoenfield [21]. We have a first order language 

with symbols —i, v, and 3, variables, and for each n, n-ary function and pre¬ 

dicate symbols. In particular, we suppose that for each n, the language 

contains infinitely many n-ary function symbols. We use x, y, z, w as syn¬ 

tactical variables for formal variables; f g, for function symbols; p, q, for 

predicate symbols; and e for constants (0-ary function symbols). Terms are 

built up from variables and constants using function symbols; we use a, b, 

c, d as syntactical variables for terms. An atomic formula is an expression 

of the form pal . . . an, where p is n-ary; formulas are built up from the ato¬ 

mic formulas using —i, v, and 3. Free and bound occurrences of a variable in a 

formula are defined in the usual way. We write bx[a] for the expression ob¬ 

tained from b by replacing all occurrences of x in b by a, and Ax[a] for the 

expression obtained from A by replacing all free occurrences of x by a, 

provided that for each variable y occurring in a, no part of A of the form 

3yB contains an occurrence of x which is free in A. The abbreviations 

(A -*■ B), (A & B), (A <-*■ B), VxA have their usual meanings; we follow 

Shoenfield’s conventions for omitting and inserting parentheses. (Cf. [21], 
pp. 14-18.) 

We depart slightly from Shoenfield in our definition of the logical axioms. 

For us, a logical axiom is a formula of one of the forms —i A v A or 

Ax[a] -> 3xA. (Thus, we take identity and equality axioms, where needed, 

as nonlogical axioms.) We adopt as rules of inference the expansion rule 

(infer B v A from A), the contraction rule (infer A from A vA), the as¬ 

sociative rule (infer (Av B)v C from A v (Bv C)), the cut rule (infer B v C 

from A v B and —< A v C), and the 3-introduction rule (if x is not free in B, 
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infer 3xA -> B from A -> 5). The theorems of a theory are the formulas 

obtained starting from the logical and nonlogical axioms of the theory using 

the above five rules of inference; and a theorem is logical if it has a logical 

proof, that is, if it can be thus obtained without nonlogical axioms. A theory 

T is consistent if not every formula in (the language of) T is a theorem.(Cf. 

[21], pp. 4, 20-22.) 

We now introduce some notions not occurring in Shoenfield. An oc¬ 

currence of an (existential) quantifier in a formula is restricted if and only 

if it lies within the scopes of an even (possibly zero) number of negation sym¬ 

bols; an occurrence that is not restricted is general. (In languages taking 

the universal quantifier as a basic symbol, occurrences of universal quan¬ 

tifiers are restricted or general according as they lie within the scopes of an 

odd or even number of negation symbols; for formulas in prenex form, the 

existential quantifiers are restricted and the universal quantifiers are general.) 

We obtain a validity functional form of a formula by the following steps: 

(i) . replace the free variables of the formula by new and distinct constants, 

and rewrite the bound variables so that no two occurrences of quantifiers 

contain the same variable; 

(ii) . delete each general quantifier of the resulting formula, and replace 

the occurrences of the variable quantified by it with occurrences of the term 

fxx . . . xn, where xt, . .., x„ are the variables quantified by restricted quan¬ 

tifiers within whose scopes the general quantifier lies, and / is an n-ary func¬ 

tion symbol not previously used. We obtain a satisfiability functional form 

similarly, except that the restricted quantifiers are deleted instead of the ge¬ 

neral quantifiers, and the argument places of the new function symbols are 

filled by the variables quantified by general quantifiers within whose scopes 

the corresponding restricted quantifier lies. Thus, if A is a quantifier-free 

formula with free variables x, y, z, w, then a validity functional form of 

3xVy3zA would have the form 3x3zAwy[e1, fxx], while a satisfiability 

functional form of 3xdy3zA would have the formVj'i^^Jq, e2, /2y]. The 

new function symbols introduced into a validity or satisfiability functional 

form are called indicial function symbols. 

We also need the notion of the expansion of a formula over a domain. 

A domain is a finite nonempty set of variable-free terms; and the height of a 

domain is the maximum height represented in it, where the height of a con¬ 

stant is 0 and the height of a term fax . . . an is 1 + the maximum of the heights 

of the terms als.. ., an. The expansion of a formula A over a domain D, 

written $(A, D), is defined by induction as follows: 
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(1) . if ^4 is an atomic formula, then S’(A, D) is A; 

(2) . if ^4 is -—i B, then S(A, D) is S{B, D); 

(3) . if A is B v C, then S(A, D) is S(B, D)vS(C, D); 

(4) . if A is 3x5, and S(B, D) is C, then S(A, D) is Cfia^ v Cx[a2] v ...v 

Cx[a„], where alt. . ., an are all the elements of D in some order. 

It is easy to see that for any formula A and any domain D, S(A, D) is a 

quantifier-free formula whose free variables are exactly the free variables of A. 

Moreover, if all of the quantifiers of A are restricted (in particular, if A is a 

validity functional form of some formula), then S(A, D) is truth-function- 

ally equivalent to the disjunction of the formulas obtained by deleting the 

quantifiers of A and replacing variables quantified by them with members of 

D in all possible ways. (The dual of the above statement also holds, in 

which ‘restricted’, ‘validity’, ‘disjunction’, are replaced by ‘general’, ‘satis¬ 

fiability’, ‘conjunction’ respectively.) We will refer to an expansion of a 

validity functional form of a formula A as a validity expansion of A, and 

an expansion of a satisfiability functional form of A as a satisfiability expan¬ 

sion of A. It should be noted that none of the above definitions or assertions 

are limited to formulas in prenex form. (The formulas AH and As defined by 

Shoenfield on pages 53 and 56 are validity and satisfiability functional forms 

respectively of closed prenex formulas A.) 

We can now state the fundamental theorem of Herbrand [10]: 

(a) . There is a uniform way to find (primitive recursively) a tautologous 

validity expansion for any logical theorem A from any logical proof of A. 

(b) . There is a uniform way to find (primitive recursively) a logical proof 

for a formula A from any tautologous validity expansion of A. 

As an immediate corollary we have the Herbrand consistency theorem: 

A theory all of whose nonlogical axioms are closed (i.e., contain no free 

variables) is consistent if and only if every satisfiability expansion of each 

{finite) conjunction of its nonlogical axioms is truth-functionally satisfiable. 

For expository convenience, both the fundamental and the consistency 

theorem have been stated in terms of Shoenfield’s formulation of the pre¬ 

dicate calculus. But, of course, strictly analogous theorems can be stated for 

every (standard) formulation of the predicate calculus. And with respect to 

several of these formulations, the fundamental theorem can be thought of as 

a more general version (more general because the constituent formulas in 

the end sequent need not be prenex) of Gentzen’s verschdrfter Hauptsatz [6], 
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Interestingly enough, though, part of the contrast between what we have 

called the Herbrand and the Gentzen approaches to proof theory can already 

be seen in the quite different kinds of argument that Herbrand and Gentzen 

give for this Herbrand-Gentzen theorem. Herbrand’s argument does not 

turn on syntactic manipulations, and hence is readily applicable to practical¬ 

ly all formulations of the predicate calculus. Herbrand’s primary concern 

is to establish part (a) of the fundamental theorem. Thus, in terms of Shoen- 

field’s system, the core of the argument is the construction of an analyzing 

function for the cut rule, that is, a five-place primitive recursive function 

cp(i,j, k, p, q) with the property that, for all i,j, k, p, q ^ 1, if formulas 

A, B, C, contain i, j, and k occurrences of quantifiers respectively, and if the 

formulas A v B and —i A v C have tautologous validity expansions over 

domains of heights p and q respectively, then the formula B v C has a tau¬ 

tologous validity expansion over a domain of height <p(i,j, k,p, q). The rest 

of the argument for part (a) is simple. Indeed, for each of Shoenfield’s other 

four rules of inference the identity function can serve as an analyzing func¬ 

tion, that is, if A is any formula having a tautologous validity expansion over 

a domain of height p and the formula B comes from A by one application of 

the expansion, contraction, associative, or 3-introduction rule, then B also 

has a tautologous validity expansion over a domain of height p. Finally, for 

each j ^ 1 and each term a of height h ^ 0, if a formula A contains j oc¬ 

currences of quantifiers, then the formula Av A has a tautologous validity 

expansion over a domain of height j, and the formula Ax[a] -» 3xA has a 

tautologous validity expansion over a domain of height j + h. 

A detailed proof of the fundamental theorem as well as a discussion of its 

relation to the verscharfter Hauptsatz and the Hilbert-Bernays e-theorems 

will appear in our forthcoming monograph with Scanlon [4]. (The proofs 

Shoenfield gives in pages 41-55 of what he calls the consistency theorem and 

Herbrand’s theorem are adapted from the proofs in Hilbert-Bernays [13] of 

the e-theorems. It is important to realize, as Hilbert and Bernays do, that 

these proofs are of a piece with the Gentzen approach but not with the Hil¬ 

bert evaluation approach.) 

To see the way in which the fundamental theorem (more precisely, its 

corollary the consistency theorem) reduces the problem of consistency to 

the construction of ‘finite approximations’ to models, let us consider the 

case of a theory whose nonlogical axioms A{ are closed and of the form 

Vxq . . . Vxn3_vT,', where A[ is quantifier-free. The satisfiability functional 

forms A(f of such formulas are of the form Vxi . . . .. . x„], 
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and a satisfiability expansion of a conjunction of such formulas will be a 

conjunction of formulas of the form 

■A-ix... 1 5 • • •> &n ’fi® 1 • • • ®n~\‘ (1) 

The fundamental theorem tells us that the theory will be consistent if and 

only if every finite conjunction of the formulas (1) is satisfiable. 

From a nonconstructive point of view, of course, the assertion that every 

finite conjunction of formulas (1) is truth-functionally satisfiable is equiva¬ 

lent to the assertion that the theory has a model, i.e., that there is a structure 

in which all formulas (1) (for every i and any terms al9.. .,an of the theory) 

and hence all the axioms of the theory are satisfied. (The connection is made 

via the ‘infinity lemma’ or the ‘law of infinite conjunction’.) But there are 

theories (e.g. elementary number theory) for which one cannot provide a 

model in any constructive way (i.e., a way which would enable us to deter¬ 

mine effectively the truth values of formulas of the theory in that model), 

but for which one can provide a general method which enables one, given 

any finite conjunction of formulas (1), to construct a truth assignment under 

which these formulas are all true. The various truth assignments provided 

by this general method give us information about the theory (and its theo¬ 

rems) which is not provided by a model presented in a nonconstructive way. 

As an example of such additional information, suppose that a closed for¬ 

mula of the form Vz3wi?, B quantifier-free, is a theorem of a theory whose 

nonlogical axioms At are as above. Then, by the deduction theorem, a for¬ 

mula of the form 

(At & T2 & ... & An) -> Vz3wB (2) 

is a theorem of a theory with no nonlogical axioms. Now a validity function¬ 

al form of (2) will be of the form 

(4s) & ... & A?) -> 3wBz[e], 

where 4S) is a satisfiability functional form of At. (Note that an occurrence 

of a quantifier is restricted in At if and only if the correspondingly placed 

occurrence of the quantifier is general in (2)). A validity expansion of (2) 

will then have the form 

(<f(4s\ D) & ... & *?(4S), D)) - «?(3w£z[>], D). (3) 

It can easily be shown that if a formula has a validity expansion which is 

a tautology, then it has such an expansion over a domain whose terms are 
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built up from the constants and function symbols occurring in its validity 

functional form (provided that at least one constant occurs in the functional 

form). Thus, in the present case, we may suppose that the domain D con¬ 

sists of terms built up from the constant e using contants and function sym¬ 

bols occurring in the axioms Ah together with the indicial function symbols 

/;. If we have a model stf for the functional forms A\s), and we assign e any 

value in the universe of s/, then we can compute relative to the model the 

values of the terms in D. Since the expansions <^(A[S), D) all hold instf, and 

(3) is a tautology, it must be that for some a in D, Bz w[e, a] holds in 

Thus, for each element e^ of the universe of ’, we can effectively find an 

element a^ such that Bz w[e, a] holds in j/, where and are the elements 

denoted by e and a respectively. In the case of number theory, this gives us 

essentially the recursive satisfaction of AE-formulas. 

2. The consistency of elementary number theory. As one might expect, the 

Herbrand approach to problems of consistency is most easily applicable 

to those theories for which we have a fairly clear idea of what a model should 

be. An extremely simple example of this is afforded by Shoenfield’s theory N 

on pages 22 and 51 of [21], or by any other formalization of (elementary) 

number theory without induction in which no indicial function symbols oc¬ 

cur in the functional forms of the axioms. Here the elements of the model 

will be the natural numbers. Hence, to specify a suitable structure srf (see 

[21], p. 18), we need only assign in the obvious way numbers, computable 

functions, and decidable relations to whatever functions and relation 

symbols occur in the axioms. For example, to 0, S', +,*, = , and <, the 

primitive symbols of N, are assigned respectively the number 0^, the suc¬ 

cessor function the sum +rf, the product , the identity relation 

— ^, and the less than relation . Clearly, s# is an (effective) model for 

the axioms, and in particular for the satisfiability expansion of any conjunc¬ 

tion of closures of the non-logical axioms over any domain D that consists 

just of terms built up from the constants and function symbols occurring 

in the functional forms of the axioms. (It follows from the remark in the last 

paragraph of section 1 that only such domains need be considered; henceforth 

we shall tacitly restrict our attention to them.) By the consistency theorem, 

elementary number theory without induction is consistent. 

Now let us extend N, or any analogous theory, by adding induction. First, 

consider an induction axiom of the form 

Vz((/4X[0] & Vx(A -»■ Ax[Sx])) -> VxA), (1) 
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where A is a quantifier-free formula whose free variables are z and x. A 

satisfiability functional form of the closure of this formula will be of the 

form 

Vz((Ax[0] & (^[/z] -> Ax[Sfz~\)) -> VxA), (2) 

where/ is the indicial function symbol corresponding to the restricted quan¬ 

tifier Vx appearing in the antecedent of the conditional. Intuitively, we want 

/ to stand for a number theoretic function with the property that if for some 

number k, VjcAz[k] is false and Az x[k, 0] is true, then Azx[k,fk] is true and 

Az x[k, Sfk] is false (for example, by letting/k be the least number n such 

that Az< x[k, S>?] is false). But there is no way in general of deciding effectively 

whether MxAz[k] is (number theoretically) false. So we cannot proceed as 

we did in the case of the system without induction. It is at this point that the 

full power of the fundamental theorem comes into play. Namely, to show 

the consistency of the induction axiom (1) with the other axioms of number 

theory, it suffices to show that for each domain D there is a structure D) 

in which the satisfiability expansion <?((2), D) (and the expansions of the 

other axioms) is true. In this structure stf (D), we do not have to insure that 

A [k,fk] is true and A[k, Sfk] false unless, for some term a belonging to 

D, A [k, a] is false in stf (D) (and A [k, 0] is true). That is, if the least number 

n such that A [k. S'/?] is false is ‘too large’ in relation to D, then we do not 

have to take it into consideration. (Here and frequently below, we simplify 

the substitution notation by omitting subscripts.) 

Now for each D, an (effective) structure xrf(D) that satisfies the expan¬ 

sions over D of all the other axioms is obtainable from the structure stf merely 

by assigning any computable function a to the function symbol/. Of course, 

distinct a\s will normally be picked for distinct D's. Our whole task is to 

find for a given D an a such that x^{D) satisfies ^((2), D) as well. More 

precisely, for each domain D and function a, let m be a mapping of the terms 

of D into the numbers such that 

m(0) = 0^ 

m(Sa) = S^m(a) 

m(a + b) = m(a) + ^ m(b) 

Each such mapping will be said to induce a structure s/(D). To induce a 

model for ^((2), D), we proceed by successive approximation. 

We begin by trying the function a0 such that a0(k) = 0,^ for all numbers k. 

m(a • b) = m(a) m(b) 

m(fa) = a (m(a)) (3) 
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Assuming that a,- has been defined for some i, we define mt by conditions 

(3), using a; in place of a. We then let s#t be the structure induced by m,. 

If the expansion <^((2), D) is true in i, then clearly we are done; if <^((2), 

D) is false in ;, then it is because for some term a belonging to D, A [a, 0] 

and A[a,fa] -*• A[a, Sfa] are true in stf but for some b in D, A [a, b] is 

false in Now we have ^ 0^, since if m^b) = <3^, then A [a, 0] 

and A [a, b] would have the same truth-value in Thus, our difficulty 

comes from the fact that we have not chosen mffa) — ai(m(a)) in such 

a way that A [a, fa] is true in ja/,- but A [a, Sfa] is false in However, the 

remedy is clear: Since A[mfa), 0^] is true (over the numbers) but A[m;(a), 

mi(b)] is false, we can find a number n < mfb) such that A[mt(a), n] is 

true but Almfa), is false. Hence, we define the function <xi+1 as fol¬ 

lows: 0Li+1(k) = txi(k) for all numbers k except k — mfa), where a is as above, 

in which case we define ai+ j(A:) = n, where n is as above. We define mi+1 by 

conditions (3), replacing a by a;+1, and we let ;+1 be the induced struc¬ 

ture. 

Clearly, ai+1 is a better approximation to the desired function than is 

at; our problem now is to show that by repeating the above procedure suf¬ 

ficiently many times, we will eventually find a structure in which <?((2), D) is 

true. The first observation to be made is that for all i, non-zero values of a,- are 

‘correct’, more precisely, if a,■(&)/ 0^, then A[k, afk)] is true and A[k, 

StfOc^k)] is false. This implies that we can measure progress towards our goal 

by counting the number of terms a belonging to D such that mffa) — 

the fewer of these there are, roughly speaking, the closer we are to our goal. 

In calculating this measure, however, we have to give priority to terms of low 

height. The reason for this is that in going from a; to txi+1 we may have chang¬ 

ed the value of m,(/a), where the height of a is relatively low, and in so doing 

we may change the value of m^fb), when a occurs in b, in unpredictable 

ways. An appropriate way to measure progress is the following: We let 

h(i,p) be the number of terms a in D of height p such that rn^fa) — 0^, 

and we let index (i) be the p0+ 1-tuple (//(/, 0), . . ., h(i,p0)), wherep0 is the 

height of Z); we write index (ij) -< index(i2) if and only if, for some p (0 < 

P^Po)» we have h(it, 0) = h(i2, 0) = . . . = h{i2,p-\) = h(i2,p-1), and 

h(ix,p) < h(i2,p). It is easy to show that if «?((2), D) is false in <s/f, then 

index(i + 1) -< index(i). Since the relation -< is a linear ordering, and since 

the numbers h(i,p) are bounded by q, where q is the number of terms in D, 

it follows that for some i < (1 +q)po, the satisfiability expansion <^((2), D) 

must be true in j/,-. The expansions of the other axioms of elementary num- 
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ber theory are true in every as we have seen, so we have that for every 

domain D there exists a structure stf(D) in which the satisfiability expan¬ 

sions of all of the nonlogical axioms of our theory are true. Hence, by the 

fundamental theorem the theory is consistent. (This theory can be shown 

consistent by simpler arguments, and Herbrand and Gentzen have both done 

so; see [9], [6], and also [15]. But such arguments cannot be extended to 

full number theory. Moreover, the argument just sketched for constructing 

■srf; is essentially the one used for constructing an analyzing function for the 

cut rule; see [3], [22], and [4].) 

In the proof of the consistency of systems such as N, we were able to use 

the same structure as a model of the satisfiability expansion of all the axioms 

over a domain D, independent of D. When we added induction axioms for 

quantifier-free formulas we could no longer do this, but we were still able 

to construct our successive approximations to models without back-tracking, 

in the sense that once we had found a ‘correct’ value for a,(&), we never nee¬ 

ded to change that value at a later stage in our construction. However, in 

order to prove the consistency of elementary number theory with an un¬ 

restricted axiom schema for induction, we must abandon this characteristic 

of our construction in order to preserve the principle that ‘non-zero values 

are correct’. Necessarily, this means that we must use more delicate means to 

measure progress towards our goal. It is in establishing that these measures 

do in fact show that we reach our goal after a finite number of iterations that 

we use methods not formalizable in the theory being shown consistent, and 

thus escape the limitations imposed by Godel’s theorem on consistency proofs. 

Nevertheless, the basic strategy of our construction remains unchanged: we 

map terms occurring in satisfiability expansions into elements of an intuitive 

model so as induce an appropriate structure. 

To illustrate how this is done, consider the case of an induction axiom (1), 

in which we now suppose A to be of the form 3yB, where B is quantifier-free 

and has free variables z, x, y. Then (1) becomes 

Vz((3yB[0, y]&Vx(3yB[x, y] -» 3yB[Sx, y])) ->• Vx3yB[x, y]), (4) 

where B[a, b] denotes Bx y[a,b]. Now if we were carrying out the details 

we would see that it is convenient to adjoin a new axiom 

VzVx(3y.B[x, y] -> B[x, gzxj), (5) 

where g is a new binary function symbol. Clearly the consistency of the sy¬ 

stem obtained by adjoining this axiom implies the consistency of the ori- 
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ginal system; on the other hand, formula (5) is a satisfiability functional 

form of VzVx(3^5 -> 3yB), and hence its adjunction cannot destroy con¬ 

sistency. (This has nothing to do with the axiom of choice.) In the presence 

of (5), (4) is provably equivalent to 

Vz((B[0, gzO] & Vx(5[x, gzx~\ -> B\_Sx, gzSx])) -> Vx5[x, gzxj), (6) 

which in turn has as a satisfiability function form 

Vz((£[0, gzO] & (B[/z, gzfz] -► B[Sfz, gzSfz])) -> Vx£[x, gzx]). (7) 

Thus, our problem is to show that any satisfiability expansion of the con¬ 

junction of (5) and (7) (and the other axioms of number theory) is satisfiable. 

As before, our method is to find a mapping m sending the terms occurring 

in the expansion into numbers in such a way that the expansions are true 

in the induced structure. This mapping m is to satisfy the conditions (3), and 

the additional condition m(gab) = P(m(a), m{b)), where /? is a binary func¬ 

tion to be determined by successive approximation. We start by taking 

a0(k) = [10(k, n) — 0^ for all numbers k and n. Given a,- and jS;, we define 

mt by conditions like those just stated for m, replacing a and /? with oq 

and /?;. 

For a given domain D, if the induced structure $4{ is such that the ex¬ 

pansions <f((5), D) and <f((7), D) are true, then of course we have reached 

our goal. Otherwise, there are two alternatives. Either there exist terms a, b, 

c in D making B[a, b, c] true in sf t and B[a, b, gab] false in or there 

exist terms a, b in D such that B[a, 0, gaO] and B[a,fa, gafa] -» B [a, Sfa, 

gaSfa] are true in sf x but B[a, b, gab] is false in (Here B[a, b, c] de¬ 

notes Bz<xy[a,b,c].) 

In the first case, the difficulty is clearly that m^gab) = ^(m^a), mt(b)) 

has an ‘incorrect’ value which we can change to a ‘correct’ value m^c). But in 

order to preserve the principle that non-zero values are correct for a,-, we must 

make sure not to pass on a non-zero value of a; which has become ‘incorrect’ 

by virtue of this change in /?;. We take care of this by a seemingly brutal 

procedure: If we go from /?,• to /?i + 1 by correcting an ‘incorrect’ value, then 

we define a, + 1(«) to be zero for all numbers n, thus, so to speak, erasing all 

non-zero values of a;. Although this might appear to be a step in the wrong 

direction, it will turn out that if we think in terms of sequences of maps, we 

can still devise a measure of progress with the right properties. We turn now 

to the second of the alternatives. 

If the satisfiability expansion <^((7), D) is false, then it is because w,(/a) 
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= a;(m,(a)) has an ‘incorrect’ value. Hence we define oci+1(k) = oc^k), 

except when k = mt(a); for this k, we take cci+l(k) to be the least number n 

such that 5[m,(a), n, n)] is true and Blm^a), S^n, /?,(m,(a), S^w)] 

is false; such a number exists and is smaller than m,(Z>). We also set fii+l(k, n) 

~ Pi(k, n) for all k, n. We have not violated the principle ‘non-zero values 

are correct’ in so doing, since the function symbol / does not occur in 

B[z, x, y] -> B[z, x, gzx], the formula serving as the criterion for the ‘cor¬ 

rectness’ of values of /?*. 

The method by which we devise measures of progress in order to conclude 

that the above procedure eventually gives us a model for the expansions 

<f((5), D) and <f((7), D) is essentially that of Ackermann’s 1940 consisten¬ 

cy proof [1] (see also Wang [23], pp. 362-375) adapted to Herbrand’s 

language. The formulas (5) and (7) correspond to critical formulas of the 

first and second kinds respectively. The use in our approach of function sym¬ 

bols instead of e-terms makes it easier to see what is going on. Briefly, what 

happens is that when we ‘erase’ all non-zero values of oq, we eventually re¬ 

place them with at least as many new ‘correct’ values (correct according to 

the new definition of /?;), and in this way we eventually define a mapping 

inducing a structure in which #((5), D) and <f((7), D) are true. Ordinal 

numbers are assigned to the pairs of functions (a,-, /?,), finite sequences of 

such pairs, finite sequences of finite sequences of such pairs, etc, (Note that 

these functions, sequences, etc., have values different from zero for only 

finitely many sets of arguments, and hence can be coded into numbers.) 

The construction sketched above leads to decreasing sequences of ordinals 

until a model for the expansion is reached; since a decieasing sequence of 

ordinals must terminate after finitely many terms, we have our desired con¬ 

clusion. The ordinals employed are constructive, and the bounds on the 

size of the ordinals involved are essentially the same as those found in the 

Gentzen-style proofs. Although the bounds increase as a function of the 

number of quantifiers occurring in the formulas appearing in the induction 

axioms, the conceptual difficulties do not increase; only the bookkeeping 

gets more complicated. 

As we mentioned in the introduction, the recursive satisfaction of AE- 

formulas and the no-counterexample interpretation result quickly from our 

consistency proof. The remarks at the end of section 1 should suffice to 

indicate how recursive satisfaction is obtained; we turn now to the Kreisel 

no-counterexample interpretation. Let us consider a theorem of elementary 

number theory of the form Vx3yVzB[x, y, z], where B[x, y, z] is quantifier- 
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free and has only the indicated free variables. By the deduction theorem, we 

have a logical theorem of the form 

A1 & . . . & Ar -> Vx3yVzJ3[x, y, z], 

where the formulas At are closures of axioms of number theory. A validity 

functional form of this formula will be of the form 

A(xs) & ... & 4S) -* 3yB[e, y,fy], (8) 

and by the fundamental theorem we can find a domain D such that 

#((8), D) is a tautology. Thus, if we have a structure in which each of the 

D) is true, then for some a in D, B[e, a, fa] must also be true, since 

${(3yB[e, y, fy]), D) is a disjunction. Now suppose someone comes to us 

and says: ‘I have a number n and a function <p such that for all numbers k, 

B[n, k, q>(k)] is false.’ Using the procedure described above, we can find a 

mapping m which maps the terms occurring in ((8), D) into numbers, maps 

e to n, maps fa to q>(m(a)) for all terms a, and is such that the mapping m 

induces a structure in which (?(Afs), D) is true for i = 1, . .., r. In this 

structure, B{e, a, fa] is true for some a in D, and hence B[n, m(a), (p(m(a))] 

must be true. Thus we have been able to defeat the proposed counterexample 

to the truth of Vx3yVzB[x, y, z], It is easy to make this argument completely 

general; it will apply to any consistency proof in which we map the terms 

occurring in a satisfiability expansion of the axioms so as to induce a struc¬ 

ture in which the expansion is true. 

3. Further results and prospects. The fundamental theorem in conjunction 

with mapping techniques which induce suitable structures has proved useful 

for investigating solvable cases of the decision problem (e.g., see [5]), as 

well as for clarifying Kreisel’s primitive recursive solution to Hilbert’s 

seventeenth problem [14]. 

In addition, Scanlon has extended the argument sketched in section 2 to 

provide a proof of the co-consistency of elementary number theory [4]. 

This proof is of the no-counterexample kind discussed by Kreisel in [16]. It 

is shown that given a proof of a formula 3xB and a number theoretic func¬ 

tion iJj, we can find a natural number n such that if D is a domain of height 

ithen the validity expansion over D of the formula A1 & . . . & Ak 

—i5x[S(',)0], where the axioms A( have at most i/i(«) quantifiers, is not a tautol¬ 

ogy. This is the sense in which co-consistency must be taken in order for the 

notion to have constructive content, as Kreisel has remarked. (There is an 



432 B. DREBEN AND J. DENTON F XXVI 

interesting contrast between co-consistency and simple consistency. Kreisel 

shows in [16] that the co-consistency of number theory without induction 

immediately implies the simple consistency of full number theory. But Par¬ 

sons has pointed out that the (arithmetical correlate of the) converse is not 

provable in full number theory). 

Candidates for further extensions of the Herbrand approach are the various 

subsystems of analysis and type theory which have already been shown con¬ 

sistent by other methods. An obvious candidate is the so-called ramified 

analysis in which there are different levels of sets, and the comprehension 

axioms for the sets of each level contain only quantifiers for sets of lower 

levels. It seems clear that a consistency proof along the lines of section 2 will 

involve great combinatorial complexities, for any such proof will afford much 

insight into ramified analysis. But the finding of such a proof should perhaps 

be taken as a touchstone for the likelihood of further useful results from the 

Herbrand approach to consistency, especially since Parsons establishes in 

[17] the co-consistency of ramified analysis, and Kreisel states that Godel’s 

consistency proof for number theory [8,21] can be extended to give a no¬ 

counterexample interpretation for ramified analysis. 
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ITERATED INDUCTIVE DEFINITIONS AND iJ-AC* 

HARVEY FRIEDMAN 

In this paper, we discuss the relations between T*+ t-AC and 77)-CA, k ^ 0. 

After that, we discuss I^-DC and iterated generalized inductive definitions. 

nlk-CA, for k > 0, is just the comprehension axiom (schema) applied to 

III formulae, together with EA. A III formula is one which has a block 

of k function quantifiers, starting with a universal one, followed by only 

number quantifiers and propositional combinations of atomic formulae.* 

EA is composed of first-order arithmetic together with the schema of ordi¬ 

nary induction on all second-order formulae. A Ul0 formula is a 77° formula, 

for the purposes of this paper. T^-AC is the schema (V«)(3/)P(«,/) -* 

(3g)(Vn)P(n, gM), where gM(m) = g(2n+1 ■ 3m+1), and P is together 

with EA, if k > 1. If k = 1, then take P to be arithmetical. 

It is well known that ll+ rAC is much stronger than 77^-CA, in the sense 

that ll+1-AC can prove the existence of an co-model of 77))-CA. This ac¬ 

tually follows from our theorem. An co-model is one in which the integers 

are standard. Instead, if we consider a natural process of iteration of J7^-CA 

described below, and we do this process e0 times, we get a theory which we 

call (77,)-CA)<Eo, and we have the 

Theorem. ll+ X-AC is a conservative extension of (nl~CA)<eo for III sen~ 
tences if k > 1. If k = 0, then it is a conservative extension for II\ sentences. 

For k — 1, we have Il\ sentences. 

(A theory T is said to be a conservative extension of 5 with respect to 77), 

sentences if and only if every 77), sentence provable in S is provable in T and 

T contains 5.) 

The case where k = 0 was treated in the author’s doctoral dissertation [3], 

* This research was partially supported by NSF G.P. 8764. 

t We use this particular definition of 77^ so that we do not need extra axioms to prove 

the existence of a complete 77^ predicate; one only needs 77^-CA. 
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The other cases of the theorem, as one can see from this paper, are proved 

by adaptation of the argument for the case k — 0. 

Now we define (77fc1-CA)<£°. There is a standard complete nl predicate 

Pk(n,f, 9) °f the free variables shown, for each k > 0. We define, for a re¬ 

cursive linear ordering indexed by e (the field may not be all of co), the pre¬ 

dicate H9k(f, e), k fixed ^ 0, as 

(Vp)(if p is the least point in the ordering e, then/(p) = g) & 

(V/?)(if p is not in the field of e then/(p) is everywhere 0)& 

(V/OOWf 9 is the successor ofp in the ordering e then 

(V«)(/(g)(«) = 0 <-► Pk{n,f(p), g) &/(,>(«) = 1 ~ Hn>fip)> 9)) & 
(Vp)(if p is a limit then 

(V«X/(P)(«) = 0 -fa- [n = (k, q} & q is below pine &f(q)(k) = 0] & 

[/(P)(«) - 1 «-> ~/(,)(») - 0])). 
Thus, when k — 0, and e is a well-ordering, we are describing the hyper¬ 

arithmetic hierarchy (relative to g). 

Now consider the standard recursive well-ordering of type s0. The field is 

a>. For each n, s0(n) is defined as the natural index of the initial segment of 

the standard ordering, e0, up to (but not including) n. s0(n) is a primitive 

recursive function. 

Finally, (/7fc1-CA)<C0 is nl0-CA together with the schema (V#)(3/)(/7£(/> 

e0(n))), where n varies through co. 

This theorem has special significance in the cases k — 0 and 1. For k = 0, 

r}-AC is, on the face of it, impredicative, further corroborated by the theo¬ 

rem of Kreisel that the minimum co-model of Tj-AC is the collection of all 

hyperarithmetic functions (sets). But this theorem shows that the Tl\ state¬ 

ments provable in Tj-AC can be predicatively proved. Furthermore, the 

proof of this metatheorem can be easily made strictly finitary. 

In the case of k = 1, there is a completely straightforward direct trans¬ 

lation (which we refer to later) of (I7fc1-CA)<£° into (and onto) the theory of 

iterated inductive definitions, where the iteration is carried through e0 times. 

This system ID<8° will be described later. Our theorem for k = 1 gives (a 

finitary proof) that I^-AC and ID<£° have the same IJ\ theorems. This will 

be made more precise later. Of course, finitary relative consistency proofs 

are immediately obvious from the finitary proofs of conservative extension 

results. 

Rather than first give the most complicated argument that produces the 

most refined results (namely the whole of the theorem), we successively give 

sketches of more and more sharpened versions. 
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We define (i7kl-CA)£o as (dn)(dg)(3f)(HBk(fe0(n))) + nl0-CA. Note that 

this addition to IJq-CA is not a schema. 

We first prove 

Theorem 1. Any Zj sentence provable in Zj-AC is provable in T = (nl~CA)e° 
+ all instances of transfinite induction on our standard ordering, e0, for 

formulae of complexity < 29. 

Our proof uses a basic lemma from proof theory, due to G. Kreisel [4] 

that follows from Gentzen’s work. 

Lemma 1. Let A be any consistent axiom system in the language of 2nd order 

arithmetic that contains EA and such that the set of all axioms in A minus the 

axioms in EA form a set of sentences of bounded complexity. Then there 

is an instance of transfinite induction on our natural ordering of e0 which is 

not provable in A. In fact, the predicate which the unprovable (in A) trans¬ 

finite induction is applied to can be taken to have only one free variable, the 

number variable on which the transfinite induction is being carried out. More¬ 

over, this is best possible, in the sense that for each predicate Fn, (with possibly 

more free variables) and each m, we have that TI(e0(m), Fn) is provable in 

EA. 

Unless explicitly stated otherwise, the only facts we shall use about the 

ordering e0 are 1) that the ordering is given by some recursive index e, 

2) that, using e, lemma 1 holds. Hence, the theorem will hold for any ordering 

R, indexed by some e satisfying these conditions, in place of e0. Any R sat¬ 

isfying these conditions must be a well-ordering of type < e0. 

Proof of theorem 1. We will suppose that we have a Fl\ sentence P, which 

is consistent with T. We write T+P for T+ {P}. We have to show that Z}-AC 

+ Pis consistent. We do this by constructing a model of Zj-AC + P, assuming 

Con(T+P). 

We first note that since T+P is consistent, by lemma 1 we get a particular 

instance of transfinite induction on e0, TI(e0; Fn), which is not provable 

in T+P. The induction is thought of as being performed on n as an element 

of the domain of the ordering e0. F will not have other free variables. Now 

consider T+P+ ~TI(e0; Fn). We know it is consistent, and so it has a 

model, M. We are adding the negation of an instance of transfinite induction 

on e0. We are therefore considering a model of a false theory of analysis. 

The reader should note that this model M has, necessarily, non-standard 

integers. We do not make use of this fact. We, instead, form a submodel N 

of M, in the sense that N will have the same ‘integers’ as M, but less 2nd 
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order objects (functions). It this sense, we are using an inner model construc¬ 
tion, and we are interpreting Zj-AC + P in T+P+ ~TI(e0; Fn). 

Now let Gn be (VA:)(if k is below n in e0 then Fk). We now come to the 
crucial step in the construction. We have ~r/(e0, Gn) holding in M. We 
will now form a simple submodel of M which we shall see satisfies Zj-AC+P. 
We take the submodel N to have the same integers as M. The functions in 
N will be the collection of all functions g in M such that M satisfies 

(3n)(Gn & (3h)(H0(h, e0(n)) & g is recursive in /?)). 

At this point, we advise the reader to draw a vertical line representing the 
ordinals < e0 according to M. Then to note that the n with Gn do not have 
a l.u.b. in M. The reader should draw a wavy horizontal line through where 
the l.u.b. ought to have been. P is satisfied in N since A is a submodel of M 
and P is satisfied in M. N must satisfy EA since N is an inner model of 
M definable by a formula and EA is satisfied in M. To see that N satisfies 
I7q-CA, use that M satisfies that every point in the ordering e0 has an 
(immediate) successor. This makes use of the transfinite induction on e0 
that is part of T. 

We shall now show that N satisfies Z}-AC. Let (dn)(3g)A(n, g, h), A 
arithmetical, h fixed in N, hold in N. A has no other free variables. 

Now consider the predicate 

Qm (3rc){(3a)(3#)(i/0(a, s0(m)) & g is recursive in a & A(n, g, h)) & 
(Va)(V#)(Vr) ((A0(a, e0(r)) & g is recursive in a & A(n, g, h)) 

-* r above m or r = m in e0)}. 

It is easily seen that M satisfies 

(3!s)(W)(((? above s or t = s in e0) -* ~Qt) & 
(t below s in e0 -*■ (3m) ((m above t or m — t) & Qm))), 

since M satisfies TI on e0 for sufficiently complicated formulae, and the 
absoluteness of arithmetic properties. From the definition of N, it is clear 
that M satisfies 

(V«)(« below the unique s -> Gn), 

again by absoluteness. But then M satisfies Gs. Now choose t as the first 
limit point in s0, > 5 in e0. We can do this in M, by the transfinite induction 
on £0 available in T. Then M will satisfy Gt. There is a Z e N such that N 
satisfies H0{Z, e0(t)). Then N satisfies 

(Vn)(3g)(A(n, g, h) & g is recursive in the pair <Z, /?)). 
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So, by /7q-CA, N satisfies (3T)(V«),4(«, (Y)n, h), and we are done. 

We now use the following refinement of lemma 1. 

Lemma 2. Let A be any consistent axiom system in the language of 2nd or¬ 

der arithmetic, containing Is? order arithmetic. Furthermore suppose that all 

axioms of A which are instances of ordinary induction, are instances of induc¬ 

tion applied to formulae of a certain bounded complexity, k. Also suppose that 

the axioms in A minus the axioms in EA have bounded complexity p as in 

lemma 1. Then one can find an instance of transfinite induction on e0(G(k)) 

applied to a predicate of complexity F(p), which cannot be proved in A. G and 

F are primitive recursive functions on natural numbers. As in lemma 1, we can 

restrict the free variables to one in the transfinite induction. 

With this, we can obtain 

Theorem 2. Any sentence provable in Zj-AC is already provable in (IIq- 

CA)<£°. 

An important point here is that the complexity of the induction is F(p), 

so it depends only on p, not k. The proof of theorem 2 is the same as of 

theorem 1, except that the two systems are broken up into subsystems: Let 

(Z|-AC)fc be the same as Z}-AC, except that in EA, the induction is only 

applied to formulae of complexity k. Let T„ be the theory (/7o-CA)£o(B) + all 

instances of transfinite induction on e0(n), for formulae of complexity < 29, 

minus ordinary induction. Let p be the complexity of (J„ Tn minus EA. 

(/7q-AC can be axiomatized so that there is this bound p). Then, in the same 

way as theorem 1 was proved from lemma 1, we can prove that every l\ sen¬ 

tence provable in (Zj-AC)t is provable in TG(fcxf(p))+ ordinary induction ap¬ 

plied to formulae of complexity k x F(p), using lemma 2. Now using con¬ 

dition (2) on the ordering e0, we see that each Tn is a subsystem of (FIq-CA)<Eo, 

and we have theorem 2. The addition of ordinary induction applied to formu¬ 

lae of complexity k x F(p) comes in when trying to show that the submodel 

satisfies ordinary induction applied to formulae of complexity k. 

At the crucial point in the proof of theorem 1 we took the submodel 

N of M as the functions g e M such that M satisfies 

(3n)(Gn & (3h)(H0(h, e0(n)) & g recursive in h)). 

We can choose an a 6 M and relativize this construction to the g e M such 

that M satisfies 

(3n)(Gn & (3/z)(//q(/z, e0(«)) & g recursive in h)). 

In this way, we immediately obtain 
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Theorem 3. Any 77} sentence provable in Z}~AC is provable in (77,}-CA)<Eo. 

We now prove the analogue of theorem 1 for k — 2. 

Theorem 4. Any l\ sentence provable in Z\-AC is provable in (77}-CA)E° + 

transfinite induction on e0 applied to all formulae of complexity < 29. Again 

call this theory T. 

Proof. Keeping the same notation as in the proof of theorem 1, we come 

to the assumption that N satisfies {fin)(fig)A(n, g, h), he N, where A is now 

77}. The absoluteness assumption in the proof of theorem 1 was that for 

each g e N, A{n, g, h) holds in N if and only if it holds in M, and that for 

any f e N, M satisfies H0(fi e0(n)) if and only if N satisfies it. In this case, 

we have this too. The first is guaranteed by the Kleene basis theorem, which 

must hold in M since it is provable in Z}-AC. For Kleene’s theorem says 

that the functions recursive in the complete 77} set in g satisfy the same 

17} formulae with parameter g as do all the functions. Hence, any l\ for¬ 

mula with parameters in N that holds in N will hold in M, because for any 

g e N, the complete 17} set in g, according to M, is in N. We can, of course, 

take formulae that have number quantifiers to the left of the function quan¬ 

tifiers 3, V, and this will still be true. Now, the predicate Hfifi £0(«)) is in¬ 

deed of this form. Now, for any g e N, we have that the complete 17} 

set in g according to M is in N, and is also the complete 77} set according to 

N; also, if Hfifi e0, («)) holds in N for some particular f e N, then it holds 

in M, and vice versa. 

It is an easy matter, using this lifting of formulae from N to M and split¬ 

ting into subsystems and lemma 2, to get 

Theorem 5. Any 17} sentence provable inl\-AC is provable in (77}-CA)<Eo. 

We mention a result of R. Mansfield: 

Theorem 6. A\-CA, Z}-AC, Z}-DC (dependent choice) all have the same 

theorems. 

In the author’s doctoral dissertation, we have 

Theorem 7. d}-CA, Z}-AC, Z}-DC have the same 77} theorems, and, in¬ 

cidentally, the same theorems about hyperarithmetic functions. 

Lemma 3. We can prove in 11 }-CA that every Tl\ formula with one free variable 

g which holds when the quantifiers are restricted to the functions recursive in the 

complete 77} set in g must hold when interpreted over all functions. In fact, 

we may weaken the hypothesis to insist only that we take the functions A\ in g. 
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This follows from a result of R. Mansfield that the Kondo uniformization 

theorem is provable in A\-CA. (and hence in Tl\-CA). 
So we obtain 

Theorem 8. Every Tl\ sentence provable inl\- AC is provable in (/72~CA)<£°. 

We let f e L9 be an abbreviation for the natural formalization of‘/is con- 

structible from g’ in 2nd order arithmetic. Then there is a predicate P(h, J, g), 

provably A\ in Il\-CA, such that we can prove (V/)(/e L9) -* P(h, J, g) 

defines a well-ordering on all funtions, as a relation on h and J, inlT^-CA. 

We obtain 

Lemma 4. We can prove in 77fc1-CA + (3^)(V/)(/eL9), k > 2, that (3#) 
(every ll formula with free variable h which holds, holds when the quantifiers 

are restricted to functions Al in the pair </?, gf). 

From this, we obtain 

Lemma 5. Every nl+2 sentence provable in 2/+1-AC is provable in 

(n1k-CA)<e° + (3g)(df)(feL9),fork> 2. 

In a paper in preparation, The 2nd order comprehension axioms, we will prove 

(among other things) 

Lemma 6. Every IJ\ sentence provable in (/7^-CA)<C0 + (3^)(V/)(/6 L9) is 

provable in (77^-CA)<£°, k > 2. 

So we have 

Theorem 9. Every Tl\ sentence provable in Sl+ j-AC is provable in (nl~ CA)<£°, 

k> 2. 

In the paper in preparation, we will also prove 

Lemma 7. Every Tl\ sentence provable in Z^-DC is provable in zl^-CA, k > 2. 

To finish the Theorem, we need 

Theorem 10. Each (/7i1-CA)<£° is a subsystem of ll+1-AC. 

Proof. We argue in Z*+1-AC. We let Qn be (Vg)(3f)(H9k(f s0(n))). We 

wish to show that for each n, Qh is provable in Ztl + 1-AC. Fix an n. Choose 

an r above n in e0. Then r is, provably in Zfcl+i-AC, above n in e0, since e0 

is recursively described. By lemma 1, transfinite induction on s0(r) for any 

formula is provable in Z^-AC. Hence we can prove, in Z,|+1-AC that n 

has an (immediate) successor. Let this successor be m. By using lemma 1, it 
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suffices to prove in Zj*+1-AC that (yq){q below p in e0 -> Qq) -> Qp, where 

p is below m. Arguing in T* + 1-AC, if p is the least point in e0, then Qp. If 

p has an (immediate) predecessor, q, then clearly Qq -> Qp, using 77^-CA. If 

p is a limit, we assume (dq)(q below p -» Qq), and we define X(n, g) as 

n = (b, q} & q is below p in e0 & (3f)(H9k(f, e0{q))&.f(b) = 0). Let 

Y(n, g) be n = <6, q} & q below p in e0 & (V/)(//g(/, e0(q)) -»/(&) = 0). 

Since p is below m, we can use transfinite induction on e0(m) in Zl+ t-AC to 

prove, in Zl + 1-AC, that X(n,g)+-+ Y(n,g). We can also find predicates 

Xx(n, g), F1 (n, g), where X1 is Zl+l, Y1 is nl + l, and X*-*Xl, Y<r+Yl are 

provable in Zl+1-AC. Since 2l*+1-CA cz Zl+l-AC, we have, in ll+l-AC, 

that (3x)(Vn)(« e x *-*■ X(n, g)). Hence we have, in Zl+l-AC, that (3/)(V«) 

((/(«) = 0 X(n, g)) & (/(«) = 1 ~ X(n, g))). Hence we have Qp. 

In Feferman’s contribution [1] on the theories IDV, we have a formulation 

of the theory IDe, where e is the recursive index of an ordering. 

If we take the union of the systems IDCo(n), we obtain the system ID<£°. 

Now each PA in ID<Eo has a standard interpretation as a function recursive 

in the unique/ with Hx(f, e0(fi)), for some n. In this way, we can easily obtain 

Lemma 8. Let A0 be the usual positive predicate used in the standard inductive 

definition of O. Let n be such that PA0(n) is provable in ID<6°. Then n e O 

is provable in (n\-CA)<eo. 

By using the completeness of hyperjump among 77} predicates, a straight¬ 

forward argument can be given, which is sketched in Feferman’s contribu¬ 

tion, 

Theorem 11. For any n, ID<£0 proves PAo{n) if and only if (77j-CA)<Eo 

proves n e O. 

This theorem 11, combined with theorems 5 and 6 give relationships be¬ 

tween Z^-DC and ID<£0; in particular, that these theories have the same 

‘provable ordinals’. 

When the co-rule is added to the theories ZjJ-AC, analogous results may 

be obtained. In the theorem, the theories (77t1-CA)<"1 play the role of 

(/7t1-CA)<£0, where cox is the first nonrecursive ordinal. 
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ASSIGNMENT OF ORDINALS TO TERMS FOR PRIMITIVE 

RECURSIVE FUNCTIONALS OF FINITE TYPE * 

W. A. HOWARD 

Introduction. Gentzen [2] showed that the consistency of first order 

(classical or intuitionistic) arithmetic can be proved by methods which are 

finitistic except for the use of the descending chain principle for the ordinals 

less than e0. On the other hand, Godel [4] gave an interpretation of first 

order intuitionistic arithmetic in a quantifier-free theory of primitive 

recursive functionals of finite type, thereby reducing the consistency of 

to that of ST. 

In the following, the terms of ST will be given in the A-calculus provided 

with a finite type structure. We establish a direct connection between 

and £q by giving an assignment of ordinals less than s0 to the terms of 

with the property that the reduction of a term (in the sense of A-conversion) 

lowers the corresponding ordinal. Unfortunately we have been able to do 

this only for restricted reductions; i.e., reductions arising essentially from 

the contraction of closed subterms (§ 1). However, in § 4 we extend our 

result to the case of arbitrary reductions by the use of non-unique assign¬ 

ments of ordinals to terms. This allows us to assign to every reduction 

sequence of terms 

Ay red A2 red . . . red An red .. . 

a corresponding descending sequence of ordinals 

al > a2 > • • • > an > • • •• 

If the ordinals less than e0 and the terms of ST are enumerated in a 

natural way, our discussion can be formalized in Skolem (free variable, 

first order, primitive recursive) arithmetic. Thus the ‘computability’ of the 

* Mention should be made of the paper of L. E. Sanchis, Functionals defined by recursion, 

Notre Dame J. Formal Logic 8 (1967) 161-174. 
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terms of ST in the sense of Tait [5], namely the reducibility of each term of 

XT to normal form, follows from the descending chain principle for the 

ordinals less than e0. Tait uses combinator-terms rather than 2-terms but 

it is easy to model combinators in the system of 2-terms. 

Our treatment is developed in a rather general form because we intend 

in the future to extend our results to certain extensions of ST\ in particular 

to type-zero-bar-recursive functionals. For extensions of 2T, the ordinals 

less than e0 may no longer be adequate. Indeed, we shall show in the future 

that for the analysis of the extension of -T just mentioned, the appropriate 

ordinals are those less than Bachmann’s ordinal <pc(0), c = efi + 1 (as 

developed in H. Gerber's paper [3]). 

1. Terms. The terms of ST are obtained from the prime terms of by 

applying the following operations finitely often. 

(i) . Application: from terms A and B get AB, with the restriction on the 

pair A, B given in clause (a) under Type levels below. The interpretation 

of AB is the value of the functional A when applied to the argument B. 

(ii) . 2-abstraction: from any variable X and term A get XX.A. 

Type levels. The general situation to which the method of the present paper 

applies is: one has a system of terms, generated as just described, in which 

it is possible to assign to each term A a non-negative integer level(A) in 

such a way that whenever AB is well-formed, level (A) > level(5) and 

level (A) ^ level(T5). In the case of ST this assignment is obtained by 

first assigning to each term A a type symbol, called the type of A, as follows. 

Type symbols are generated from a prime type symbol 0 by means of the 

operation: from type symbols a and t get the type symbol (ct)t. After type 

symbols are assigned to the prime terms of ST (see Prime terms below) 

the assignment of type symbols to the remaining terms of ST is determined 

by the following two clauses: 

(a) . If A has type (o)t and B has type a, then AB is well-formed and 

has type t. 

(b) . If the variable X has type o and A has type t, then XX. A is well- 

formed and has type (a)t. 

The level of a type symbol is defined inductively by the following two 

clauses: 

(i) . The level of the type symbol 0 is zero. 

(ii) . The level of (<t)t is the maximum of 1 +level(cr) and level(x). 
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It is easily seen that every type symbol a other than 0 has the form 

(ffi) . . . (crn)0 and that the level of a is the maximum of 

1 +level(o-1),. .1 +level(crn). 

The level of a term A is defined to be the level of the type symbol assigned 

to A. 

The length of a term is defined by the following clauses: 

(i) . Prime terms have length 1. 

(ii) . The length of AB is length(^4) + length(5). 

(iii) . The length of XX. A is 1 + length(v4). 

Prime terms. The prime terms of 2X are as follows: 

(i) . Variables of every type. 

(ii) . A numeral n of type 0 corresponding to each non-negative integer n. 

(iii) . A constant 3 of type (0)0 for the successor function. 

(iv) . For each type symbol a, a constant R of type (0)((0)(o-)o-)(<7)<t for 

a ‘primitive recursion functional’. 

(v) . For each type symbol a and non-negative integer n, a constant Rn 

of type ((0)(<7)<r)(cr)(7 for a ‘restricted primitive recursion functional’. 

Free and bound variables. In the generation of terms by the two processes 

of application and A-abstraction, the (possibly vacuous) occurrences of 

a variable X in a term are said to be free until the stage is reached where 

the operation XX is applied; thus the free occurrences of X in a term A 

become bound occurrences in XX. A. A term is said to be closed if it has 

no non-vacuous occurrences of a free variable. 

Subform and subterm. In order to define the notion of subform, let |5| 

denote the set of subforms of a term B. Then 

(i) . |5| = {B} if B is prime. 

(ii) . \AB\ = \A\ u \B\ u {AB}. 

(iii) . \XX.A\ = \A\ u {XX. A}. 

The notion of subterm is defined similarly except that clause (iii) (where 

\A| now stands for the set of subterms of A) is replaced by the clause 

(iii)*. \XX.A\ = (\A\ u {XX.A})-%, 

where % denotes the set of all those subterms of A which contain a (non- 

vacuous) free occurrence of X. 
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Notation. For terms A, B and C, ABC denotes (AB)C. More generally, 

AtA2A3 .. . Ak denotes (. . . (A1A2)A3 . . ,)Ak. The result of substituting 

a term B for all free occurrences of a variable Ain ^4 is denoted by [B/X]A. 

Contractions. In the following schemata, A contr B means: A contracts 

into B. 

(i) . ^-contraction: (AX.A)B contr [B/X]A so long as no free occur¬ 

rence of a variable in B becomes bound in [B/X]A. 

(ii) . §n contr « + 1. 
(iii) . Rn contr RH. 

(iva) . R°HG contr G. 

(ivb) . Rn+1HG contr Hn(RnHG). 

Restricted reductions. A red B if B arises from A by contracting one 

occurrence of a sub term of A. 

General reductions. A red B if B arises from A by contracting one occur¬ 

rence of a subform of A. 

Motivation for our formulation. In case our formulation of the terms of 

appears peculiar, the following motivation should be borne in mind. 

As mentioned in the introduction, the results of the present paper, together 

with the descending chain principle for the ordinals less than a0, yield the 

computability of the terms of ST; i.e., the reducibility of each term A to an 

irreducible term: the so-called normal form of A. Thus in the present paper 

we are concerned with an analysis of the terms of 3T, whereas J as a 

formal system contains equations between terms and propositional com¬ 

binations of such equations. Once the computability of the closed terms of 

ST has been established, then intensional equality can be introduced: two 

terms are said to be intensionally equal if they have normal forms which are 

congruent (i.e., the same except for changes of bound variables). For this 

purpose it is necessary to be assured that two normal forms of the same 

term are congruent. Tait [5] achieves this by imposing a rule which uniquely 

determines for each term A the subterm of A that is allowed to be contracted 

in reducing A. For more general reduction procedures, the uniqueness 

(up to congruence) of the normal form of a term is assured by a well-known 

theorem of Church and Rosser. 

The notion of intensional equality, just described, provides a truth 

valuation for the closed formulae of (i.e. propositional combinations of 

equations between closed terms). Thus one gets a proof-theoretic analysis 
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of the system STC obtained by restricting ST to closed formulae. Finally 

one gets a proof-theoretic analysis of FT itself from the observation that a 

proof in ST can be transformed into a proof in !X~C by replacing all free 

variables by suitable constants, starting from the end of the proof and 

working back, the induction rule in ST being eliminated by the calculation 

of numerical constants. 

In the discussion of ST (and its extensions), we permit any methods 

formalizable in Skolem (free variable, first order, primitive recursive) 

arithmetic. Hence sets of axioms of the form A contr B are permissible so 

long as the number of B (in a natural enumeration of terms) is a primitive 

recursive function of the number of A. 

In view of the motivation just described, the contractions given above 

for the constants R and Rn are sufficient; i.e., it is not necessary to require 

the stronger contraction Xx.R(fx)HG contr Xx.Hx(RxHG). 

2. A theory S of expressions 

Introduction. In the present section we introduce a theory S whose objects 

are expressions. Expressions are generated from constants and from variables 

xrj by two operations: from expressions/ and g obtain f+g and (/, g). By 

a vector of level n is meant an n+ 1-tuple h = <//0,. . ., hf) of expressions 

ht. We introduce operations □ and 5r which produce vectors /□ g and 5rf 

from vectors /, g. 

The motivation of the present section is as follows. In § 3 we shall define 

a mapping from the terms of XT' into vectors which assigns to each term of 

type level n a vector of the same level. In particular, to the variable Xr of 

type level n is assigned the vector xr = <Xq ,. .., x'>, it being assumed that 

the variables of ST have been enumerated: X°, Xy,.. ., Xr,.... More 

generally, the presence of a free variable Xr in a term H is reflected by the 

presence of the variables xr0, . .., x' in some of the components ht of the 

vector h assigned to H. It is crucial, however, that xj is not contained in 

hk for k > j (i.e. h belongs to the class C defined in the present section). 

If / and g are assigned to F and G, respectively, then to FG is assigned the 

vector h, of the proper level, whose components are equal to the corre¬ 

sponding components of/ □ g. If h is assigned to H, then 8rh is assigned to 

XXr. H. Thus 8r is a kind of ‘abstraction’ operator which maps a vector h 

which contains the variables x] into another vector 5rh which does not 

contain the variables xj-. 



448 W. A. HOWARD F XXVIII 

As will be mentioned in the present section, the theory $ of expressions 

has interpretations in which the constants are ordinals and the variables 

range over a set of ordinals (or ordinal notations). In such interpretations 

an expression is interpreted as a function (more precisely: intensional 

function) of the variables that it contains. 

In § 3 by the expression assigned to H is meant the initial component h0 

of the vector h assigned to H. When expressions are interpreted by means 

of ordinals the expression h0 becomes an ordinal if H is closed, and this 

is taken to be the ordinal assigned to H. 

The theory S. We construct expressions from: constants, variables x'-, 

the symbol +, and the symbol (•, •) as follows: 

(i) . A constant is an expression. 

(ii) . A variable x) is an expression. 

(iii) . If/and g are expressions, so are f+g and (/ g). 

It is assumed that among the constants of $ there are three constants 

denoted by 0, 1 and co. 

The theory <o is an axiomatic theory of a relation -< between expressions. 

Equality between expressions is treated axiomatically: it is assumed to be 

reflexive and to obey the replacement axiom. f>g means g <f. f g 

means: f < g ox f = g. 

Axioms for $ 

2.1. If f < g and g < h, then f < h. 

2.2. If f <g, then f ^ g. 

2.3. f+g = g+f; f+(g + h) = (f+g)+h. 

2.4. Iff < g, then f+h<g + h. 

2.5. f+g = f if and only if g — 0. 

2.6. 0 </; 0 -< 1 «< co. 

2.7. If/«< or and g -< co, then f+g < a>. 

2.8. (f,g+h) = (f,g)+(f,h). 

2.9. If g < c and h < c, then (g,f) + (h,f) < (c,/). 

2.10. then (,h,f)<\h,g). 

2.11. If/-< g and h / 0, then (/ h) < (g, h). 

2.12. (0,/) =/ 
2.13. (/ (g, h)) = (f+g, h). 

From 2.5 and 2.8 it is easy to prove: (/, 0) = 0. From 2.4, 2.5 and 2.9 

it is easy to prove 

2.14. If g > 0 and h > 0, then (g, f) + (h,f) < (g + hj). 
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Interpretation of S. For the analysis of primitive recursive functionals in 

§ 3, the following interpretation of S is used. The variables range over 

ordinals (or ordinal notations) less than e0; expressions are interpreted 

as functions, of the variables contained in them, in a manner to be described 

presently; a -< b is interpreted as meaning: a < b (the ordinary ordering of 

the ordinals) for all values of the variables, a + b is interpreted as the natural 

(i.e. Hessenberg) sum a# b which is defined as follows (Bachmann [1]): 

Represent a and b in Cantor normal form a = coai + . . . +coan and 

b = cobl + ... +cobm, where ax ^ ^ a„ and bx > ... ^ bm\ then 

a # b = coCl+ . . . +a>Cn+m, 

where the sequence ^ > cn+m is a rearrangement of the sequence 

o i, • • •, on, b i,..., bm. 
To define (a, b) in the case b # 0, represent b in Cantor normal form to 

the base 2: b = 2bl + ... +26n, where bx > ... > b„. Then take (a, b) 

to be 2C1 + ... 2Cn, where c; = a # b{ (1 < / < n). Finally take (a, 0) 

to be 0. 

It is easy to see that this interpretation satisfies the axioms 2.1-2.13. 

Expression vectors. If are expressions, the n+ 1-tuple f = 

— </0, . . .,/„> is called a vector of level n\ and for 0 ^ i ^ n the expression 

fi is called the z'th component of /. We also use (/),• to denote the zth com¬ 

ponent of/. If i > level(/) then (/); is defined to be 0. We shall often write 

fi for (/);. We define f+g to be the vector h of level max (level(/), level(</)} 

such that hi — fi+gt (0 < i < level(ft)). 

The operation fog. Let n denote max {level (/), level(flf)}. Then fog is 

defined to be the vector h — </z0,..., h„) such that 

K =fn + gn, 

hi - (hi+1,fi+gi) for 0 < i < n. 

Clearly / □ g = g □ /, by axiom 2.3. 

The following four lemmas are easy to prove from axioms 2.1-2.13 by 

downward induction on i. 

Lemma 2.1. Ifft > 0 for all i 4, n, then (/□ g)t > 0 for all i 4 n. 

Lemma 2.2. (/ o j); > A for all i. 
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Lemma 2.3. Assume level(/) = level(^) = n, and ft gt for 0 < z < n. 

Then (/□ h)L > (g □ h)Jor all i. 

Lemma 2.4. Under the assumption of lemma 2.3 and the additional assumption 

ft > 9i for 0 ^ i < k, some k ^ n, we have: (/D h)i > (g □ h)t for 

0 ^ i ^ k. 

We now prove: 

Lemma 2.5. Assume level(/) = level(zj) = n+1 > level(h) and /, >- 0, 

g( >■ 0 for 0 < / < n +1. Then 

(/□ + □ /t); < (if+g)1=1 *)i for 0 < i < n + 1. 

Proof. The proof is by downward induction on z. The lemma is clearly 

true for z = n+1. To obtain the induction step, let a, b and ct denote 

/□ h, goh and f + gi + hi, respectively. Observe that by lemma 2.1 

ai+l 0 and bi + l 0 for all z < zz + l. Hence by 2.14 

(«» +1, c,) + (6,+1, c,)< (a,+i + bt +!, c(). 

It is easy to see that 

(/ D *)i+(» D *»)z < (fl/+i. Ci)+(fej+i»c,), 

whereas by induction hypothesis 

ai+i + bi+1 < ((/+</) ° i)i+i, 
so 

(ai + l + bi + l, C;) < ((/+#) □ h)i. 

Notation, kf denotes /+ ... +f (k summands). 

Lemma 2.6. Let the assumptions be as in lemma 2.5. Let d be a vector such that 

2fn+l+2gn + l < dn + 1 andf + gi < djor all i < n. Then 

2((/□ h)u(ga h))i <(da h)t for all i < n + 1. 

Proof. Let a, b and cf denote / □ h, g □ h and f + gi + hi, respectively. 

Let e denote a □ b. The induction hypothesis is 2ei+1 -<(</□ h)i+1 for a 

given i < n + 1. We must prove 2e; < (d o h)(. Observe that 

ai + bi = (ai+1 ,fi + hi)+(bi +1, gi + hi). 

Hence 

oi + bi <(ai+1,ci)+(bi+1,ci). 
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But et = (e[ + 1, cii + bi). Hence by use of the axioms 2.10, 2.8 and 2.13 

we conclude 

*i < (et +1 + a, +1, c,) + (g, + j + bt +1, c,). 

By lemma 2.1 bi+1 >- 0. Also ei+1 > ai+1 +bi+1. Hence ei+1>- ai+1. 

Similarly ei+1>-bi+1. Hence «< (2ei+1,c{) by axiom 2.9. Hence 

2et < ((d a h)i+1, Ci) by the induction hypothesis and axiom 2.9. The 

desired result 2et < (d □ h)t now follows from ct ^ 

The classes C, and C. Recall that the variables occurring in expressions are 

taken from a list of variables x-. We now define the classes C, of expressions 

by four clauses. 

Starting clauses: 

(i) . If the expression h contains no variables, then h is in C;. 

(ii) . For every r, the variable x[ is in Ct. 

Inductive clauses: 

(iii) . If/ and g are in C;, then so is f+g. 

(iv) . If /is in Ci + 1 and g is in Cf, then (/, g) is in Cf. 

A crucial property of expressions in C; is given by the following lemma. 

Lemma 2.7. If h is in Ct then h contains no variable xrj such that j < i. 

Proof. By induction on the number of applications of clauses (iii) and 

(iv) in the definition of the classes Cf. 

The class C is defined to consist of all vectors h such that (h)t is in C, 
(0 < / < level(A)). 

Lemma 2.8. Iff and g are in C, then so is f o g. 

Proof. Immediate from clauses (iii) and (iv) in the definition of the 

classes C(. 

Notation. [e!xrf\h denotes the result of substituting e for all occurrences of 

xrj in the expression h. 

Lemma 2.9. Suppose e is in Cj. Then the operation of substituting e for x'- 

transforms each class C, into itself (i — 0, 1, 2, . . .). 

Proof. We must prove the assertion: for all i and all h, if h is in Ct then 

[_e/xrj]h is in Ct. It is easy to verify this assertion if h is as in clauses (i) or 

(ii), and then prove the assertion by induction on the number of applications 

of clauses (iii) and (iv) in the formation of h. 
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The operation <5r. It will now be assumed that by means of a function n(r) 

we have obtained a list of vector variables xr —\xr0,. .., x'(r)> 

(r = 0, 1, 2,. ..). To each h in (JC,- we associate a vector <57; in C, such that 

<57; has level n(r) +1 and does not contain any component of xr, as follows. 

In order to avoid ambiguity in clause (a), below, we shall regard /; in C( 

as being completely given only when the particular C;, to which h belongs, 

is specified. 

Starting clauses: 

(a) . If h is in Ct and contains no component of xr, then <57; is the vector 

of level n(r) such that (<57;); — h +1 and (<5rh)j = 1 when j # 

0 < j < n(r) +1. 

(b) . If h is X-, then (Srh)j = 1 (0 < j < «(r) + l). 

Inductive clauses'. 

(c) . If h contains a component of xr and h = f+g, where / and g are in 

C„ then Srh = 5rf+5rg. 

(d) . If h contains a component of xr and h — (/, g), where / is in Ci+1 

and g is in C;, then 

(5rh)j = (5r/)J+(<5^)J- if 0 < j < n(r), 

and 

= 2(5'f)j+2(6'g)j+l if j = n(r)+l. 

We also define <5r as acting on vectors h — </;0,..., hp) in C as follows: 

(<5rh)j = (^rfi0)j+ • • • +(&rK)j if 0 < j < n(r) + l, 
and 

(Srh)j = hj+ 1 if n(r) + l < j ^ p. 

By lemma 2.7 <57; contains no component of xr. 

Lemma 2.10. Suppose e is in Cj and contains no component of xr. Suppose 

s ^ r. Then for any h in IJ Q 

nelxsj]h = [e/x^h. 

Proof. By induction on the number of applications of clauses (iii) and 

(iv) in the definition of <5r. 

Corollary. Suppose e is in C and contains no component of xr. Suppose 

s 7^ r. Then for any h in C 

5r[elxs]h = [e/xs]<5r/«. 

(We assume level(xs) = level(e).) 
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Lemma 2.11. Let e be a vector of level n(r) and assume h is in C,. Then 

((<*>rh) □ e)t > [e/xr]h. 

Proof. By induction on the number of applications of clauses (iii) and 

(iv) in the definition of <5r. Clause (iii) is handled by lemma 2.5. Clause 

(iv) is handled by lemma 2.6. Namely, suppose h = (f g), where / is in 

Ci+1 and g is in C;. Denote (<5r/) □ e and (brg) □ e by u and v, respectively. 

Then ((b'h) □ e)t (u □ v)t by lemma 2.6. But (« □ v)t ^ (ui+1, vt) (f g), 

since ui + l >f and vt >- g by induction hypothesis. 

Corollary. If h is in C and e has level n{r), then ((5rh) □ e)t >- ([e/xr]/i)i 

for all i ^ level(h). 

Lemma 2.12. Let a, b and h be expressions. Suppose a >■ b. Then 

[a/x-]h > [blx[]h. 

Proof. By induction on the number of times the operations (iii) under 

Expressions above are used in building up h. 

Lemma 2.13. Let a, b and h be expressions. Suppose a >- b. Suppose further 

that h is in C0 and that xr0 is contained in h non-vacuously. Then 

[alxro]h > [blx'ojh. 

Proof. By induction on the number of times the operations (iii) and (iv) 

under The classes Ct and C above are used in building up h. In particular, 

when h is (/, g), where f e Ct and g e C0, we know by lemma 2.7 that xr0 is 

contained non-vacuously in g\ so axiom 2.10 can be applied. 

3. Assignment to terms of 2T. The main discussion in this and the following 

section applies not only to but to any extension °U of . Of course 

we treat only the contractions given in § 1; i.e. 2-contractions and the con¬ 

tractions peculiar to 2T. It is assumed that the terms of °U have been 

provided with type levels satisfying the conditions given in § 1; namely, 

whenever FG is well-formed, then level(F) > leve^G) and level(F) ^ 

^ level(FG). Indeed, more generally, we need make no restriction on the 

formation of terms FG so long as we allow the contraction of FG only 

when the above conditions on the type levels are satisfied. 

If a term H of °U is not of the form FG or XX. F, then H is said to be 

prime. In the present section we shall make assignments of vectors to the 

prime terms of IX and shall give prescriptions for passing from the assign¬ 

ment of vectors to F and G to the assignment of vectors to FG and XX. F. 

Hence for our assignment to be complete it is necessary to have, in addition, 
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a prescription for assigning vectors to the prime terms of °U which are not 

prime terms of 2T. For the purpose of this and the following section we 

need only assume that such a prescription exists and satisfies the condition 

that if h is assigned to the prime term H of level n, then ht >■ 0 for all 

i n. 

It is assumed that the variables of have been enumerated: 

X°, X1,..Xr,..., and that the vector variables xr of § 2 have been 

listed in such a way that xr has the same level as Xr. We shall assign to each 

term Fin °U a vector /in C such that level(/) — level(F). By the expression 

assigned to Fis meant the initial component/0 of the vector / assigned to F. 

Assignment to prime terms of ST 

(i) . To the variable Xr is assigned xr. 

(ii) . To the numeral n is assigned <1>. 

(iii) . To the constant § for the successor function is assigned <1, 1). 

(iv) . To the primitive recursion constant R of type level n is assigned the 

vector <1,..1, cu> of level n. 

(v) . To the ‘restricted primitive recursion’ constant Rk of type level n 

is assigned the vector <1, . . 1, 2(A: + 1 )> of level n. 

Terms formed by application. Suppose / and g have been assigned to terms 

F and G, respectively; and that FG is well-formed and has type level n. 

Then to FG is assigned the vector h such that (/i); = (/□ #), (0 < / < n). 

Terms formed by X-abstraction. Suppose h has been assigned to the term H. 

Then to XX'.H is assigned the vector 5rh, where <5r is the operator defined 

in §2. 

Lemma 3.1. Let Xs be a free variable of H. Let F be a term of the same type 

as Xs and assume no free variable of F becomes bound in [F/XS]H. Suppose 

f and h are vectors assigned to F and FI, respectively. Then [f/xs]h is a vector 

assigned to [F/XS]H. 

Proof. By induction on the number of times the operations of application 

and A-abstraction are used in building up H from prime terms. To handle 

A-abstraction, suppose H is XXr.G, where r ^ s. Then 5rg is assigned to H, 

where g is the vector assigned to G. By induction hypothesis [f/xs]g is 

assigned to [FfXs]G. Hence from the fact that XXr. [F/XS]G is [F/XS]H 

we conclude that dr[f/xs]g is assigned to the latter term. But by lemma 2.10 

and corollary dr[f/xs]g = [f/xs]5rg. 
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Addition of constants Rv to ST. Besides the constants Rn, let us introduce a 

constant Rv, of the same type, for each expression v. To Rv assign the vector 

<1, . . 1, 2(i>+l)> of the appropriate level. 

Lemma 3.2. Let e and f be the vectors assigned to H0(RvHG) and Rv+lHG, 

respectively. Then et -< fifor 0 ^ z < level(e). 

Proof. Let n denote level(e); so G, H and Rv have levels n, n+ 1 and zz + 2, 

respectively. Let a be the vector of level n+ 1 defined as follows: an + 1 = 

= 1 +hn + 1 and at = (ai+1, 1 +hi+l) for 0 ^ z ^ n. Let b, c and t be the 

vectors assigned to RVH, G and RVHG, respectively. Then for i < n 

et < (a □ t)i < (a □ (b □ c)),. 

Clearly a; ^ (a □ c)t for all i ^ level(a). Hence et ((a □ c) □ (b □ c)); 

for all z sj n. Hence it is sufficient to prove ((zz □ c) Q (J d <0)« < (d □ e)t 

for all i < n + 1, where d is the vector assigned to Rv+lH. By lemma 2.1 

b; > 0 for i < n+\. Clearly a( > 0 for i ^ zz+1. Hence by lemma 2.6 

it is sufficient to prove 

2an + 1+2bn + l < dn+1, (3.1) 

ai + bi di for i ^ n + 1. (3.2) 

To prove (3.1) observe 2an + 1 = 2(0, 1 + hn+l) =^(1,1 +hn + 1) by axiom 2.9; 

and 2bn + 1 (2z; + 3, 1 +hn + 1) by axiom 2.9. Hence 2an + l + 2bn + l 

-< 2(2y + 3, 1 +hn + 1) ^ dn + l by axiom 2.9. To prove (3.2) by downward 

induction on i, observe that for i < n, #,■ + £,■ is equal to 

(ai + 1, 1 +hi) + (bi + 1, 1 +hi). 

Hence a. + bi ^ (ai+l+bi+1, 1 + ht) by 2.14. Hence, by induction hypothe¬ 

sis, ai + bi < (di + 1, 1 +ht) = di. 

Remark. In lemma 3.2 it would be desirable to replace Rv+1 by Rw such 

that w >- v. The difficulty would then arise, in the present proof, of estab¬ 

lishing (3.1). This difficulty vanishes if we assume that $ has the property 

4(x, y) < (z, y) whenever x < z. This property holds for the interpretation 

of <d given in § 2 if, in the definition of (a, b), one uses the Cantor normal 

form to a base greater than or equal to 4 instead of 2. 

Theorem 3.1. Suppose A contr B, and let a and b be the vectors assigned to 

A and B, respectively. Then <2, > bifor all i ^ level(a). 

Proof. It is easy to verify theorem 3.1 for the contractions §n contr n+ 1 
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and Rn contrRn. The verification of theorem 3.1 for the contractions 

R°HG contr G and Rn+lHG contr Hn(R"HG) is provided by lemmas 2.1 

and 3.2, respectively. It remains to examine the contraction (XXsH)F contr 

[F/XS]H. Let / and h be the vectors assigned to Fand H, respectively. Then 

[f/xs]h is the vector assigned to [F/XS]H by lemma 3.1. But for all 

i < level(Ji) the zth component of the vector assigned to (XXs- H)F is 

««)□/),. 

The desired result now follows from the corollary to lemma 2.11. 

Theorem 3.2. Suppose F reduces to G by contraction of one occurrence of a 

subterm A of F (restricted reduction of F). Let f and g be the vectors assigned 

to F and G, respectively. Then f gtfor 1 < i < level(f), and f0> g0. 

Proof. It is easy to see that since A is a subterm of F, there is a term H 

such that F is [A/Xr]H, where Xr has one free occurrence in H. Suppose A 

contracts to B. Then G is [B/Xr]H. Let a, b and h be the vectors assigned 

to A, B and H, respectively. By lemma 3.1,/ and g are [a/jcr]/i and [b/xr]h, 

respectively. It is easy to see that the non-vacuous free occurrence of Xr 

in H implies the non-vacuous occurrence of xr0 in h0. Theorem 3.2 now 

follows from theorem 3.1 together with lemmas 2.12 and 2.13. 

Assignment of ordinals to terms. To obtain an assignment of ordinals less 

than e0 to the terms of XT proceed as follows. First assign expressions f0 

to terms F in the manner described in the present section. Next apply the 

interpretation of expressions given in § 2 under Interpretation of <§. This 

results in the assignment of a function to F\ so apply this function to a 

suitable constant (say 0), in all argument places, to get an ordinal: this is 

the ordinal assigned to F. By theorem 3.2 reduction of F lowers the ordinal 

assigned to F. 

4. General reductions. At first sight it might appear that the assignment 

given in § 3 is valid for general reductions; i.e. that theorem 3.2 is true 

even when A is a subform. Namely, one might try to prove this generaliza¬ 

tion of theorem 3.2 by induction on the length of F. This attempt fails when 

F is of the form XXr. H for the following reason. Suppose XXr. H is 

reduced to XX'.G by contracting a subform of H, and let h and g be the 

vectors assigned to H and G, respectively. Then H red G, so by induction 

hypothesis ht > gt for all i ^ level(/i), and h0>- g0. Unfortunately this 

does not imply (5rh)i > ($rg)i for all i < level(5rA), and (<5rh)Q > (Srg)0 

(at least I can not prove that it does). 
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The above difficulty can be surmounted, if non-unique assignments are 

allowed, as follows. To XXr.H we allow the assignment of drd+[elxr]h, 

where e is the vector <1, 1, . . ., 1> of the same level as xr, h is any vector 

assigned to H, and d is any vector assigned to a term D such that D reduces 

to H in a finite number of steps: D — D0 red Dx red . . . red Dk = H. 

The following integer t{F), associated with F and the manner in which 

a vector is assigned to F, is useful for the proof of the remaining results of 

this section: t(F) = 1 if F is prime; 

t(AB) - + 

t(XXr.H) = 1 + t(D0)+ . . . + t(Dk) 

where D0, . . Dk are described above. 

Lemma 3.1 holds for the new method of assignment: with the help of 

the proof in § 3 it is easy to get a proof for the new assignments by induction 

on t(H). 

Theorem 4.1 below will be proved under the assumption of the following 

axiom for expressions b,f and g\ 

4.1. If/> g, then [>/x-]/> [b/x^g. 

Axiom 4.1 clearly holds under the interpretations of the system $ used in 

the present paper. 

Theorem 4.1. Suppose F reduces to G by contraction of a subform (general 

reduction). Let f be a vector assigned to F. Then there exists a vector g 

assigned to G such that f gtfor 1 < / < level(f ), and f0 >- g0. 

Proof. By induction on t(F). We handle ^-contractions as follows. 

Suppose F= (XXr. H)B red [B/Xr]H, where Srd + [efxr]h and b are 

assigned to XXr • H and B, respectively. By induction assumption there 

exists an assignment dk to the term Dk described above such that dt > dk 

for 1 i ^ level(rf), and d^ d@. Hence by axiom 4.1 ([6/x ]df ^ 

> ([ft/xr]dk)i for 1 < / < level(d), and ([b/xr]d)0 >- ([b/xr]dk)0. But Dk 

is H. Hence by lemma 3.1 [b/xr]dk is an assignment to [B/Xr]H. It now 

follows from the corollary to lemma 2.11 that this assignment has the re¬ 

quired properties. 

The case in which FisAB, and G arises from Fby contraction of a subform 

of A or B, is handled by lemma 2.4. The case in which F is XXr.H is handled 

by the induction hypothesis and (4.1). 
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5. More efficient assignment. Let = a> and cot+1 = co“k (k = 1,2,...). 

Let 2Tk denote the set of terms of XT which contain primitive recursion 

constants R and Rn of level at most k. It is easy to see that the assignment of 

§ 3, in assigning ordinals to terms of makes use of the ordinals less than 

a>k + 1. However the work of Tait [6], and independent work of C. Parsons 

(private communication to the author), suggests that it is the ordinals less 

than cok rather than cok+l that should be assigned to the terms of STk. The 

purpose of this section is to provide such an assignment which works 

so long as the following restrictions are made: if G has type level zero, 

the contractions {XX. F)G contr [G/X]F, R°HG contr G, and Rn+1HG 

contr Hn(RnHG) are allowed only when G is a numeral. 

We shall modify the assignment, described in § 3, of vectors to terms so 

that to a term F will be assigned a vector / of level max{l, level(F)}. This 

assignment will have the property that if FredG (restricted reduction) 

and if g is assigned to G, then fx >- gx. The expression fx will be assigned 

to F. When expressions are interpreted by ordinals as in § 3, this will yield 

an assignment to the terms of k by ordinals less than cok. 

The modifications are as follows. When r is such that Xr has type level 

zero, the corresponding xr is taken to be , xrf) rather than <Xq> (cf. 

§ 2, The operation <5r). 

To numerals assign the vector <1, 0). If Xr has type level zero, and It is 

assigned to H, then to XXr.H assign the vector <5r[0/xi]ft. If / and g have 

been assigned to F and G, respectively, then to FG assign the vector h such 

that level(/t) = max{l, level (FG)} and /?; = (/□ g)t for 0 < / < level(/»). 

Using the method of § 3 and the fact that, for all b, (b □ <1,0)),- = 

= (b □ <1>); for all i, it is easy to verify that the modified assignment has 

the required properties. 
University of Illinois at Chicago circle. 
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ON A NUMBER THEORETIC CHOICE SCHEMA 

AND ITS RELATION TO INDUCTION 

CHARLES PARSONS 

The usual first order number theory Z can be viewed in a number of ways 

as the union of an infinite sequence of subtheories whose axioms and rules 

are of ascending complexity. In this paper we introduce and discuss the 

elementary relations of several hierarchies of subsystems based either on re¬ 

stricted induction principles or on others of a set theoretic character. The 

main result is an independence theorem for ‘finite axioms of choice’ which 

implies that for every n > 0, the axiom schema of induction with < n nested 

quantifiers is stronger than the rule of induction with < n nested quantifiers. 

This latter theorem is announced in [8] (and for n — 1 in [6]) on the basis 

of a different proof. 

The paper is in the context of a larger proof theoretic investigation 

of subsystems of number theory, begun in [5], of which results are reported 

in [6], [7], and [8]. A paper in preparation will develop the work of [8] and 

give information about these subsystems based on Godel’s interpretation. 

1. Basic notions. We consider systems whose formulae are in the notation 

of elementary number theory. We use x, y, z, .. . for bound variables, a, b, 

c, . . . for free variables, f, g, h, . . . for function symbols. Terms are built 

from 0, S (successor), variables, and certain function symbols in the usual 

way. We use r, s, t, . . . for terms. Formulae are composed from equations 

s — t by the connectives —,, a , v , 3 and the quantifiers Vx and 3x. 

Let Z0 be a system which has for each definition of a function <p elementary 

in the Kalmar sense ([3], p. 285) symbols for the functions involved with 

the recursion equations as axioms. Z0 has also the usual axioms for equality 

and successor and the rule of induction applied to quantifier free formulae. 

Z0 has the deductive apparatus of classical first order logic. 

By well-known arguments we can operate in Z0 on formulae with only 

bounded quantifiers as if they were quantifier free formulae; hence if A is 

459 
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any such formula, by the rule of induction the formula 

IA AO a Vx < a (Ax => /l(Sx)) . Aa 

is provable in Z0. IA implies the usual axiom of induction on A. 

In addition to IA and the rule of induction 

IR 
AO Aa 3 A(Sa) 

Aa 

we consider some other schemata suggested by the fact that elementary num¬ 

ber theory can be derived in the theory of finite sets: 

Vx < a 3yAxy 3 3yVx < a A[x, (y)x] 

3jVx < a [(y)x — 0 a Ax . v . (j)* = 1 a —i Ax] 

Vx < a 3yAxy zd 3wA/x ^ a 3y < w Axy 

FAC 

AS 

M 

((y)x is the xth exponent of y; [3], p. 230.) FAC is a sort of choice axiom; 

AS is a version of the Aussonderungsaxiom; M (for maximum) is related 

to the axiom of replacement. 

If S is one of our schemata, let S„ be S restricted to formulae A with < n 

nested quantifiers; let S' be S restricted to A with ^ n nested unbounded 

quantifiers. S^(S^) is S restricted to A which are Z°(n°). (Hereafter we omit 

the superscript °). S(i?) is the instance of S with B in place of A. 

The notation for a schema will be used for the system obtained by adding 

it as an axiom or rule to Z0.S -* S' means that every theorem of S' is 

a theorem of S. 

We now state some simple facts about the relations of these schemata. 

Lemma 1. In FACf+1, every formula with < n nested unbounded quantifiers 

is equivalent to a In+1 formula. 

Proof. FAC*+1 implies, for any A with < n nested quantifiers, the for¬ 

mulae 

(1) 

(2) 

Vx ^ a 3yAxy = 3yVx ^ a A [x, (y)J 

3x ^ a VyAxy = Vy3x < a A [x, (y)*]. 

If B has ^ n nested unbounded quantifiers, it is equivalent to a prenex for¬ 

mula which, except for bounded quantifiers, is En + 1. Starting from inside, 

these bounded quantifiers can be transposed inward by (1) and (2); when one 

reaches those outside the outermost unbounded quantifier, one is operating 

onaZ„+1 formula. 
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Lemma 2. (a). FAC? FACf+1 <-+ FAC' 

(b) . fac? -> as" <-> as; <-♦ ia; 

(c) . ia; -> IA„ IR„ 

(d) . ir;~ia; 

(e) . IAj+1 - FAC? 

(f) . IRn + 1-AS? 

Proof, (a). The right-left arrows are obvious. If Vx =5 a 3y3z Bxyz 

where B is 77n then, if v is a pairing function with inverses v1, v2, we infer 

Vx ^ a 3y B(x, v1y, v2y); by FAC? there is ay such that 

Vx < a B{x, v^y)*, v2(y)x). 

Then clearly if y' = pfMi 

Vx < a 3z B{x, (y')x, z). 

FAC?+1 -*■ FAC; is immediate from lemma 1. 

(b) . AS(A) can be proved by applying FAC to 

y = 0 a Ax . v. y = Ia—i Ax; 

by (a), if A is /7„ this can be done in FAC?. 

We postpone proving AS? -» AS;. Sinse AS(A) can be proved by IA on 

3y ^ El Pi ^ a [00* = 0 a Ax . a . (y)x = 1 A —i Ax] 
i^a 

IA; -> AS; is evident. Conversely if 

Vx < a [(y)x = 0 a Ax . v . (y)x = 1 a —i Ax] (3) 

then the induction axiom (provable in Z0) 

(y)o = 0 a Vx < a [(y)x - 0 3 (y)Sx = 0] . 3 (y)fl = 0 

implies IA(A), and since by the substitution restriction in AS Aa cannot 

contain free y, the existential quantification of (3) by y implies IA (A). 

(c) . Trivial. 

(d) . IA; -> IR; follows from the standard reduction of IR to IA; IR; -> 

IA; by the proof given above for the case n — 0. 

(e) . FAC(A) can be proved with the induction axiom 

3yVx < 0 A[x, (y)J a Vz < a {3yVx < z A[x, (y)x] 

=5 3yVx < Sz A [x, (y),]} . => 3yVx < a A[x, (y)*]. 
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We now prove ASf -*■ AS'. ASf -♦ ASf is obvious. Hence we have 

AS” -* AS2 -> IAf -> FACf_ t. 

If Aa has ^ n nested unbounded quantifiers, it is composed by propositional 

connectives and bounded quantification from formulae 3wBxw and VwCaw, 

where Baw and Caw have < n — 1 unbounded quantifiers. By (a) and lemma 1 

A is equivalent to a formula A' composed by connectives and bounded 

quantifiers from 77„ formulae. But by the formulae 

3yVx < a [(y), = 0 = (b)x A 0] 

3yVx < a [(y), = 0 s (b)x = 0 a (c)x = 0] 

3yVx < a [GO* - 0 = Vz < t ((b)v0c,z) = 0)] 

the A for which AS(^) is provable in ASf are closed under logical connec¬ 

tives and bounded quantifiers. 

(f). If Aa is VwBaw where Baw is Z„_l5 we can prove ASf by the induc¬ 

tion rule on the formula 

3z3yVx ^ a Vw[(y)x = 0a Bxw . v . (y)* = 1 A —i B(x, (z)J] 

which is equivalent to a I1,,*! formula. This proves (f). 

Lemma 3. (a) l-zo FAC(A) => M(A) 

(b). hzo M(A) a Va AS^fv'a, v2a] . ) ^ FAC(A) 

Proof, (a). If the antecedent of M(v4) holds, by FAC(yl), for some y, 

Vx ^ a A(x, (y Then w = max*^ (y)x satisfies the consequent of M(^4). 

(b). Assume M(y4) and Vx < a 3y Axy. Then for some w 

Vx < a 3y < w Axy, 

and by logic 

Va AS(A[v'u, v2a]) => 3yVx < max v(x, y) 
x^a 
y^w 

[GO* = 0a A(vlx, v2x) . v . (y)x = 1 a —i A(ylx, v2x)] 

Ify satisfies the consequent of this, y' = P; exP < w ((y)v(iiZ) = 0) 
satisfies Vz < a A[i, (y'),]. 

From lemma 3 we have FAC„ <-► ASn + M„. Hence the relations of the 

systems can be diagrammed as follows: 
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IAn + 1-> IA*+,-^ FACf <-> FAC: ~ FACnx+ x ~ AS„ + M„ 

Y Y 

ir„+1->as?-»as:<-ia;,~ir: 

IA„ 

It is natural to ask whether any of the relations in the hexagonal part of the 
diagram holds in the reverse direction, and what the relation is between 
FACf and IRn +1. The main result below is that FAC" is not derivable even in 

IRf+2- It follows that IRn + 1 ->■ IA^+1 is false and that ASf -»• FAC^7 is 
false. IA„ -/* IRn + 1 follows from the fact that IR,I + 1 suffices to prove the 
consistency of IA„ (cf. [8]). It is easy to see that FACo IA*; we conjecture 
that the same holds for higher n. 

2. Independence results for FACf. Since FAC” implies IA„, it is clear that 
FACf cannot be derived in IR„. We strengthen this observation by showing 
that it is not derivable in IR^+2. 

Theorem 1. For every n there is an instance of FAC77 which is not derivable 
in Z0 from true /7„ + 2 sentences. 

Proof. By lemma 2 it suffices to show that there is such an instance of M 
with A In + 1. 

Let 3yAxy be a complete Zn predicate. Let T*Aeaxy be a formula which 
expresses the following: 

y is the number of the least derivation (say in Kleene’s formalism 
of recursive functions ([3], ch. XI)) from the equations with number 
e and equations of the form g(k) — l, of an equation f(z, x) — p (for 
some p < 7), and 3wVzVw < y dk < y V/ ^ y, if w is a line of the 
derivation of the form g(lc) — l, then 

/ = 0 a A [k, (w)w] . v . / — 1 a —1 A [k, z]. 

It is clear that the predicate preceding the quantifiers is elementary and is ex¬ 
pressed in Z0 by a quantifier-free formula, and the predicate inside brackets 
is an (n — 1 )-quantifier predicate. Hence T*Aeaxy can be chosen a f„+1 

formula. Intuitively, it expresses the Kleene T-predicate relative to 3yAxy. 
If n = 0 we omit A and use Kleene’s predicate T2 ([3], p. 291). 
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Now we consider the formula 

Vx < a 3y T*Aeaxy => 3wVx ^ a 3y ^ w T*Aeaxy. (4) 

Suppose (4) is derivable in Z0 from 77n + 2 sentences Bt ... Br. Let Bt be the 

formula 

Vx13y1 . .. Vx,3y,B;(x1(. y,) (5) 

(assuming n + 2 — 21). Expand the formalism to include symbols for the 

Skolem functions for Bx .. . Br; then (4) is derivable from the formulae 

B'i[x1,.. x, J^xj),.. .,fi(x1x,)]. (6) 

By Herbrand’s theorem we can derive from (6) and axioms of Z0, by substi¬ 

tution, propositional logic, and quantifier-free induction (in fact the in¬ 

duction formula will not contain the/j) an alternation of the form 

(p0ea 4: a a —i T*A(e, a, cp0ea, c0) . v —i(b0 < a) 

v3y < faea T*A(e, a, b0, y)v. . . v. 

C<5 » • • •» 1 ’ ^0 ) • • •> Bm — l) ^ ^ 

A | Tj \_&i ^m(^> ^5 ^0 > • ‘ •> ^"m — 1 ? ^0 > • • •» ^m— l)» • V 1 (^m ^ 

v3y <Am(e, a, c0,..., cm-lt b0,..., bm_x) T?A(e, a, bm, y) (7) 

where the terms cp^e, a,...) and i/q(e, a,...) are composed from the varia¬ 

bles by the symbols /j and the function symbols of Z0. Hence they express 

functions which are recursive in the Skolem functions. The Skolem functions 

satisfy 

fj(xi»• • •> xj) = y = y = nyjVxj+l3yj+l ... Vx,3y, 

B'i[xixi,fl(xi),..., fj _! (x!,.. Xy-i), yJt..., y,] 

which, since n + 2 = 21, is a In predicate. Hence the functions f) are re¬ 

cursive in 3y Axy. Hence so are the functions <p; and ij/{. 

We set 

cj = nyT*A\e, a, <p/e, a,c0,..„ cy_ j, 60,.. ., Bj_ x), y] 

Bj - nz < a —i 3 y < \J/j(e, a,c0,..., cj-1, B0,. .., 5,-0 T2*A(e, a, z, y) 

Then we define 

cp(e, a, i) = \l/0(e, a) +1 if i = i0 = <p0(e, a) 

^j +^5 c0 9 • • •> Cj 9 ^0 ’ • • *9 ^ “i" 1 if ij +15 
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where 

ij+i j +1(^> » • • ■) C]> b0, . .bj) 

if *Pj +i(T> , • . ., Cj, Bq > • • bj) i'o , . . ij, 

ij+1 = nk (k ^ i'o • • • if) otherwise. 

By the recursion theorem there is an c which defines Xecup(e, a, i) recursi¬ 

vely from £3y/l;cy. 

Then certainly e(a, i) is defined for i = i0; hence there is a y satisfying 

T*A(e, a, cp0ea, y); hence c0 is defined. If c0,.. Cj are defined and j < m, 

then e(a, iJ+1) is defined (since ij+1 / i0,. . ., iJt the stipulations do not 

conflict), and therefore cJ+1 is defined. By induction, c0, . . ., cm are all de¬ 

fined. 

If we substitute our given e and c0 . . . cm, B0 . . . Bm in (7), the result 

is false for all a > m. 

Suppose (p0ea ^ a. Since U(ny T*A(e, a, cp0ea, y)) = \l/0ea + l, 

—i ea T*A(e, a, cp0ea, y) 

holds; hence B0 ^ a; moreover T*A(e, a, cp0ea, c0) is true. 

Suppose the first j alternands false and (pj+l(e, a, c0,.. cj9 B0,..bj) 

< a. Since cj+1 is defined, T*A[e, a, q>j(e, a, c0 , . . ., Cj, B0,..., cJ+1] 

is true, but 

cp(e, a, ij+1) > il/j+1(e, a, c0,..., cJt b0,.. ., bj); 

hence Bj + 1 < a and 

—i 3y ^ a, c0,..Cj, B0,..Bj) T*A(e, a, Bj+1, y). 

(bj+i < a depends on the fact that a > m, for by hypothesis of induction 

Bk = 4 < a for every k < j; if ij+1 = (pj+l(e, a,. . .) we know Bj+1 < a; 

otherwise since a > m there is m' < a, m’ i0, . . ., ij, and the least such 

m! is ij+i-) Hence the (J+ l)st alternand is false. 

From this refutation we can find an instance of one of the formulae (6) 

which is false. I.e. for some i and suitable terms tl, . . tt, 

Bi[^t1, . . ., tt .. -iffttj, . . ., h)] 

is false. Hence Bt is false, i.e. not all of , . . ., Bm are true, q.e.d. 

Looked at constructively, the argument shows that if (4) is derivable from 

77n + 2 sentences (5), we can effectively find a no-counter-example interpre¬ 

tation of —-1 2?j v ... v —i Bm. 
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Corollary. FACf is not derivable in IR(;+2; hence for every n there is a 

formula, namely (4) with A a complete In predicate, which is derivable in 

IAf+1, but not in IRn + 1 or even in IRf+2 • 

Proof. Suppose (4) is provable in IR^+2. Then it follows in Z0 from the 

conclusions Bt, . . Bm of the last applications of induction in the proof; 

their closures are Tln + 1 sentences. By the theorem, we can effectively find 

a no-counter-example interpretation of —i B± v . . . v—\ Bm, which con¬ 

tradicts the uniform 1-consistency of IRf+2 . 

Remark. In [4] Kreisel gave an example of a‘non-Herbrand interpretable’ 

theorem of Z. Our argument for n — 0 amounts to showing (4) to be non- 

Herbrand interpretable. A formula is Herbrand interpretable if it has 

a no-counter-example interpretation by functionals explicitly defined from 

function arguments and recursive functions. 

Kreisel’s example is more elementary than it appears since the only axiom 

needed in the proof which goes beyond Z0 is a induction axiom. It is na¬ 

tural to expect such an axiom to be non-Herbrand interpretable (if the induc¬ 

tion predicate is not recursive), because the Godel interpretation [2] of 

such an axiom involves the universal recursion functional with values of 

type 0: 

ROaf = a R(Sx)af = f[x, Rxaf], 

which depends on a variable number of values of its function arguments. 

Our example is more elementary since its interpretation involves only 

elementary functions and the course-of-values functional p{(,); but a 

glance at the functional form of (4) (in the sense of [1]) 

Vx < a T2(e, a, x,fx) => 3w3yw \_gw ^ a => T2{e, a, gw, y)] 

indicates that the functional for w ought to depend on a values of/. 

The Godel translation of the negative version of an instance of FAC0 is 

3IFV/Va{Vx ^ a A{x,fx) => Vx ^ a A[x, (Wfa)f\} 

which is obviously satisfied by taking Wfa — Then Z0 + FAC0 

can obviously be interpreted in a subsystem Tq of T in which recursions are 

restricted to values of type 0, and the only recursion with a parameter of type 

> 0 is that for W. (This system is intermediate between T* and T0 of [8].) 

In fact this extends to IRf+ FAC0, and we have 

Theorem 2. (a). Let PR be free variable primitive recursive arithmetic. Then if 

Vx3 y Aaxy (A quantifier-free) is the conclusion of an induction in IR2+FAC0, 
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there is a constant cp of PR such that 

A (a, x, (pax) 

is provable in PR (strengthens theorem 1 of [6]). 

(b) . If B is provable in IR” + FAC0, then it is provable in IR* + FAC0. If 

B is provable in IR2 it is provable in IR^ . 

(c) . IR2 +FAC0 is a proper subtheory of\K\ . 

Proof, (a). Let Tq be as above. We suppose it formulated in the ex- 

tensional fashion of [10]. Types are 0 and (ct)t for types a, r. Let (0)°0 = 0, 

(0)m+i 0 _ (0)(0)m0. ((0)m0 is the type of number-theoretic functions of m 

arguments.) Terms of Tq are composed from variables and constants (in¬ 

cluding 0 and S by application; 0 and S are given constants; further constants 

are introduced by the schema 

ED <pcx . . . cn = t 

where t is a term whose free variables are among cl5..., c„. (Note that if 

s and t are not of type 0, s — t is an abbreviation for sax . . . an — tat . . . an, 

where at . . . an are new variables and sax . .. an is of type 0.) If t is a term 

with free variables cx,. . ., cn and perhaps a, Xat is represented by the term 

dct ... cn, where 9 is defined by 

9ci . . . cna = t. 

Constants are also introduced by primitive recursion 

PR (pOa! ... an = 11/0! ... a„ <p(5'x)a1 . . . an = x((Pxai ■ • • an)xa 1 ■ ■ ■ an 

where alt. . ., an, x, (pxOi .. . an are all of type 0, and by the recursion 

WOf = 2/0 W(Sx)f = Wxj ■ pfs{xSx). * 

Let A~ be the negative version of a number theoretic formula A and let 

A' be the Godel translation of A into a formula 3Fig AfF, g), where 

AfF, g) is a formula of the free variable system T. Then if A is a theorem 

of IR2+FAC0 and (A~)' is 3FVg AfF, g) then for some term s of Tq, 

not containing g, Afs, g) is provable in Tq. 

* Evidently T0' is closed under elementary recursions with parameters of arbitrary 

type. For example if t is a term of type (0)0, Ui^ati is expressed by sa(Wat), where, 

sax = n^a (x),. 
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This is clear for the axioms, and it is well-known that the interpretation 

of logical inferences does not involve recursion (except for a few elementary 

functions to handle definition by cases). Hence it suffices to consider in¬ 

duction. Let 

Vx3y BOxy Vx3y Baxy Vx3y B(Sa, x, y) 

Vx3y Baxy 

be an instance of induction. By hypothesis of induction there are constants 

<Po, X such that 

B(0, x, (p0x) B[a, i//fax, f(ipfax)] ro £[Sc/, x, xfax] (8) 

are provable in Tq. It suffices to find cp, 0 such that 

cpOx = cp0x 

(p(Sa)x = y((pa)ax 

QOax = x 

Q(Sb)ax = i}/\_(p(a — Sb), a — Sb, Qbax~\ 

(9) 

(10) 

are provable in Tq . For then we can derive by induction 

b < a B[b, 0(a — b)ax, (pb(9(a — b)ax)] 

which for a = b yields B[a, x, (pax]. 

(10) is an ordinary primitive recursion and will be satisfiable if (9) is. 

That (9) will be satisfiable is apparent if we observe that cp and x are ex¬ 

plicitly definable from primitive recursive functions and the functional W. 

Therefore xf ls uniformly elementary in / and finitely many primitive re¬ 

cursive functions. This suggests 

Lemma 4. Tq is closed under recursions of the form (9) (a, x, (pax of type 0). 

Proof. The terms (p0x and xfax have ‘A-normal forms’ from which expli¬ 

citly defined constants have been eliminated as far as possible. Consider 

a term t whose constants are among 0, S', W, i/'j , . . ., \J/„ introduced by pri¬ 

mitive recursion, and others explicitly defined from these. If t contains no 

free variables of type / 0 except f then the normal form of t belongs to the 

set U inductively defined by 

(Ul). If t is 0 or a variable of type 0, then t e U. 

(U2). If t is Stl oror iJ/itl . . . tni (i/^ of type (0)"'0) and ty . . . t„t e U, 

then t e U. 
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(U3). If b is of type 0, t is Wr(Abs) and r, s e U, then t e U. 

The heart of the proof of lemma 4 is finding an evaluation function for the 

terms in U which do not contain /. Let a0, at ... be all the variables of type 0. 

For a suitable Godel numbering we find a constant V of Tq such that 

v(P°‘i..... P°s k) = t, * 1 (11) 

if k = gn{t) and ah . . . ain include all the free variables of t. 

To let V depend on a parameter / and to allow t in (11) to contain / re¬ 

quires more powerful recursions than are available in Tq . For a fixed variable 

x we can define a function acd such that if d = gn{t(f)) and c — gn{s), 

s, t(f) 6 U, then acd is the g.n. of the normal form of t(zlxs'), and we do have 

I- tc = 0 3 V(p°‘l •...* pVn, ack = t\_AxV(p:‘i •... • pVn • Pi, c)] (12) 
II In ll In * 

where tc = 0 expresses ‘c is the g.n. of a term in U without/’, x is ak, and in 

the right-hand product the factor pV* is ommitted if i, = k. ij j 
Clearly for any n, Xxcpnx is expressed by the /zth term in the sequence 

(p0x, xVoQx, xU<po0)lx, • • •• 

Let u0, ul, u2,... be the normal forms of these terms. Then we have a pii- 

mitive recursive cp' such that cp'O = gn(u0), cp(Sa) = a((p'a, x’a), where 

x'n is the g.n. of the normal form v(f,n) of x/fix. Then cp'a = gn(ua). If we 

set 

(pax = V(p“ • p-k, <jo'a) 

(where at is a), then ip intuitively satisfies (9). In fact, from (11) we have 

immediately \-cp0x = u0 — cp0x, and from (12) we obtain 

1- (p(Sa)x = v{Xx<pax, a) = x(<Pfl)ax- 

Thus the equations (9) are provable. 

To define V, with each term t e U not containing/ we associate a term ? 

with a sole free variable a, which expresses a course-of-values function of 

the function expressed by t in that it will have the property 

p-‘i * * pVn < a t — (?) sub p-.li ♦.... p:‘ 
In ll 

(13) 

if a,, ... a: include all the free variables of t. 
*1 *n 

t will be explicitly definable from a fixed finite set of functions (cf. [9]). 

For example, if with r, s we associate r, 5(a) respectively, then with Wr(Aaks) 
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we associate co[k,a,r,s(M(k,a,r))], where 

N°(r, k,j, l) = (j)r if r ¥= k, 

— l if r = k 

N(k,j, l, a) = Y\ pr exp N°(r, k,j, l) 
r^a 

M(k, a, c) = max N(k,j, l, a) 
j^a 
lUc 

co(k, a, c, d) = f] Pj exp n Pk exp (d)m> j,,, a) 
jia 
l*is 

Then we can easily define a function V which has the property analogous to 

(12) for terms composed from the functions used for the ?, plus Axy xy, 

A.xy(x- y),yxpx, Ay(x)y, and then V is defined in terms of V, and (13) will 

imply that it satisfies (11) and, with a little more work, (12). 

This proves (a) with PR replaced by Tq. ((a) then follows from the fact 

that Tq is a conservative extension of PR in the following sense: 

Lemma 5. Let T0 be the extension of Tq in which the parameters of PR can 

be of arbitrary type (the value must still be of type 0). Let (p be a constant of 

T0 of type (0)m0, m ^ 0. With (p we can associate a constant <p of PR such 

that if A is a formula of T0 contaning only such constants and variables only 

of type 0, and A' is the result of replacing each cp in A by cp', then A is provable 

in T0 if and only if A' is provable in PR. If cp is a constant of PR then cp = cp'. 

Proof. We can take PR as T0 with the notation so restricted that only 

variables of type 0 are admitted. In both we suppose the axioms and rules 

to be as in [10], pp. 11-12 (with ED in place of PR 1-5; the rule G6 of 

extensionality is redundant in PR). 

Given a constant \j/ of T0, we can replace it by an equivalent constant i]/ j by 

replacing those recursions PR in its definition tree which involve parameters 

of type ^ 0 by explicit definitions with the functional R satisfying 

ROaf = a R(Sx)af — f(Rxaf)x 

(/ of type (0)(0)0); i.e. if cp is defined by PR, is introduced by 

cplxa1 . . . an = Rx^ay . . . an)(Xyxxyxa1 . . . a„) 

\j/ — t/q if \]/ is a constant of PR. Clearly if 1- A in T0, then 1- Ax (the result 

of replacing each cp in A by (p^ by a proof involving no recursion axioms 

except those for R and those with parameters of type 0. 
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Let t be a term of T0 thus restricted, of type 0 and with free variables 

only of type 0. Then the normal form of t is in the set U inductively defined 

by (Ul), (U2) without ftx, and 

(U3'). If t is Rsu(Xxyv) and s, u, v e U, then t e U where, as before, 

i/^ . . . t//„ are introduced by PR with parameters of type 0. 

If (p is defined by PR, then (p' is defined by the same recursion from i// 

and x'- Thus if we assume as hypothesis of induction that cp' is defined 

for every cp whose definition involves fewer applications of PR than the max¬ 

imum for t/^ . . . \J/n, it follows that i/i] . . . i\/‘n are all defined. 0' = 0 and 

S' — S. In case (Ul) t' = t, in case (U2) t' is St1 or i\t\t\ . . . t'n.\ in case 

(U3'), if cx ... cn are the free variables of t, we set 

i/fiCi • • • cn = W, 

X,xyc1 ...c„ = v', 

(pt0cx . . . cn = \Jjtcx ...cn, 

(pt(Sy)cl ...cn = Xt(<Ptyci • • • c„)yc1 ... c„; 

let t' be (PtS'cy . .. cn. 

Then if cp (of type (0)m0) is defined by ED and t is in normal form, de¬ 

fine cp' in PR by (p'ci . . . cm = t'. 

Next we note that if A has no free variables of type / 0 then a proof 

of A in T0 can be transformed into one which does not use the extension- 

ality rule ([10], p. 8) 

P ^ ua1 . . . a„ = val . . . an . 

P —> t(u) = t(v) 

(uciy . . . a„ of type 0,ai . . . an not in P, u, v). For in any proof in T0 we can 

eliminate all applications of G6 except those where t(u) is of the form 

ati . . . tn, a a variable. (Call a constant (p extensional if, where q>al . . . an 

is of type 0, for any P we can derive P -> . . . an — (pbx . . . bn from 

P -* a{ — bt, i = 1 . . . n, by G6 thus restricted. By induction on the definition 

of cp we can show every cp extensional and thus derive the unrestricted G6.) 

If A has no free variables not of type 0, we can substitute zero functionals 

for all variables not of type 0 in the proof below the premisses of the last 

G6, but then these inferences can be eliminated, and by a sequence of such 

steps we can eliminate all applications of G6. 

Given a proof of A in T0 without G6, we can by pushing substitutions back 

to the axioms obtain a ‘proof’ in which no free variables not of type 0 occur. 



472 CH. PARSONS F XXIX 

For each line B, B’ is defined; the rules go over into the corresponding rules 

of PR, and it is trivial that if B is a substitution-case of an axiom, B' is 

provable in PR. Hence A' is provable in PR, q.e.d. 

(b) . Let Z* be the extension of Z0 obtained by allowing introduction 

of constants by arbitrary primitive recursion. From (a) it is obvious that 

IR2+FAC0 is a subsystem of Z* + FAC0 and that IRf is a subsystem of 

Z*. To prove (b), it suffices to show that Zo+FAC0 is a conservative 

extension of IR^ + FAC0 and Z* a conservative extension of IR*. This is 

easy to see, using the fact that if cp is primitive recursive, cp(al ... an) — b 

can be expressed in Z0 by 

(3y)[Tn(e, ai ... an> y) A U(y) = b] 

(e is a p.r. Godel number of cp), and the recursion equations can be proved by 

^-induction. We omit the details. 

(c) . IAj -> IR^ + FAC0 is obvious from (b). If Pa expresses in Z0 ‘a is 

the Godel number of a p.r. definition’ then inspection of the representation 

of primitive recursive functions in IRf shows that in IAf we can prove 

Vx < a [Px zd Vy3z Tjxyz] =3 Vx < Sa [Px =3 Vy3y Tixyz]. 

Suppose every induction axiom in this proof were provable in IR^ + FAC0. 

Then (since PO =3 Vy3zP10_yz is certainly provable) by the closure of IR^ + 

FAC0 under i72 induction Vx[Px =3 Vy3z Txxyz] would be a theorem of it. 

But then it would be satisfiable by a primitive recursive function, which is 

impossible. 

Theorem 3. If A is 772, and A is provable in IAj, then A is provable in IR^ . 

Proof. Let A be Vx3y Bxy. By theorem 2 of [8] there is a constant cp of T0 

such that B(x, (px) is provable in T0. By lemma 5, B{x, cp'x) is provable in 

PR. But then A is provable in Z* and by the argument of (b) above it is 

provable in IRj. 
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APPLICATIONS OF THE CUT ELIMINATION THEOREM TO 

SOME SUBSYSTEMS OF CLASSICAL ANALYSIS 

W. W. TAIT 

The principal result of this paper is a constructive consistency proof for 

the system (Z^-ADC) of second order number theory with the axiom of 

dependent choice. The proof will proceed by showing that every derivation 

in this system of an arithmetic formula 21 can be translated into a normal 

(i.e. cut-free) derivation of 21 in infinitary logic. The crux of the proof is 

the introduction of (constructively) uncountable formulae and derivations, 

using the constructive conception of uncountable well founded trees which 

is discussed in Tait [7]. In preparation for the main result, I will summarize 

some proof theory concerning (Zj-ADC) and its subsystems. This involves 

only countably infinite logic, and it yields sharper results than mere con¬ 

sistency. Namely it gives bounds on the provable ordinals of the systems 

considered (i.e. the ordinals of decidable well-orderings for which induction 

is derivable). This is possible because of the existence of suitable decidable 

systems of ordinal notations with which the provable ordinals can be 

measured. Takeuti [8] has been able to use his ordinal diagrams to measure 

the provable ordinals of (77}-CA), i.e. second order number theory with the 

77{-comprehension axiom; but so far no measure has been found for the 

stronger systems which I will consider. It seems quite possible that some of 

the systems of notations, including higher order ordinal diagrams, which 

have already been developed would suffice; but I have not yet learned how 

to use them. What remarks I do have on further refinements of my results, 

and, more generally, of proof theory, will be saved for the end of the paper. 

Mainly, I will be concerned with the problem of constructive consistency 

proofs, which is, in any case, of a different character than the (non-con- 

structively meaningful) problem of provable ordinals. On the other hand, 

I will give independent consistency proofs for certain subsystems of 

(l}-ADC). For, with the discovery of suitable ordinal measures, this would 

lead to lower bounds on the provable ordinals for these systems. 

475 
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1. Second order number theory. I will use a, b, ax, . . . and x, y, z, xlt. .. 

to denote free and bound numerical variables, resp., and P, Q, Px,... 

and X, Y, Z, X1,... to denote free and bound set variables. The terms are 

built up from free numerical variables, 0, the successor operation ', and 

computable function constants. For convenience, I will assume that the 

latter include a constant for each primitive recursive definition. The *- 

predicates are built up from free set variables and constants PP, ^,. .. 

for set valued functions of 0 or more sets. The atomic *-formulae are the 

expressions § = t, F3, and their negations —i § = t, —i F§, where § and t 

are terms and F a *-predicate. The *-formulae are built up from the atomic 

*-formulae by means of the operations 2tv33, 21 a S3, Vx21(x), Ax2I(x), 

V^2l(X) and A-T2I(X). Here 2l(x) (21(X)) is obtained by replacing b 

by x (P by X) in a *-formula 21(6) (21(F)) which does not contain x (X). 

The negation —i 21 of a non-atomic *-formula 21 is defined in the obvious 

way via De Morgan’s laws and the law of double negation. The logical 

axioms and rules of inference are the usual ones for classical two-sorted 

predicate logic. The non-logical axioms include the equality axioms for 

numbers, the axioms for 0 and the defining axioms for the function 

constants, and the schema 21(0) a Ax(21(x) -► 21(x')) -*• A*21(jc) of 

mathematical induction. These non-logical axioms will be called the first 

order axioms. 

Among the additional axioms which we will consider will be certain 

restricted cases of the axiom schemata of comprehension, choice and 

dependent choice. The comprehension schema is 

V Z A x(Zx <-> 2f(x)). CA 

Here, and elsewhere unless it is otherwise specified, 21(6) may contain free 

variables other than b, and the same is true for expressions 

Let <a, b} denote a primitive recursive pairing function with inverse 

c = ((c)0, (c)t), where the components (c); are primitive recursive. Fst 

will be an abbreviation for F<3, t). The choice and dependent choice 

schemata are 

ADC 

AC A X V Z2t(x, Z) -> V z A x2l(x, Zx). 

A XV Z21(A, Z) V Z(Z° = P a A x2I(Z*, Zx')). 
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P = Q is an abbreviation for A x(Px <-> Qx). If M denotes a class of 

formulae, then M-CA denotes CA with 21(6) restricted to M; and similarly 

for the other schemata. 

We will use the terms formula and predicate for ^-formulae and 

*-predicates which do not contain any set function constants SP, , etc. 

*At and *Z0 denote the sets of atomic and arithmetic (i.e. without set 

quantifiers) *-formulae, resp. is the set of *-formulae without universal 

set quantifiers, and *Z\ is the set of *-formulae all of whose existential set 

quantifiers precede all of its universal set quantifiers. Dropping * all around, 

we obtain the classes At, Z°, Z\ and Z\ of formulae. For k = 1 and 2, 

we will also discuss the * A\-comprehension rule 

*aKqr A x(2t(x) «-> -i 23(x)) 

k V Z A x(Zx <-*■ 21(x)) 

if 21(6) and 23(6) are *Z£, and the *Alk-comprehension axiom 

*d*-CA A x(21(x) <-> —i 23(x)) -► V Z A x(Zx <-> 21(x)) 

if 21(6) and 23(6) are *Zl. Dropping * we obtain zl*-CR and z^-CA. Finally 

we will consider axioms for inductively defined sets of numbers. Let 

21(jP, Q, 6) be a r°-formula which contains only P, Q and 6 as its free 

variables and does not contain P. Q denotes a list of 0 or more set 

variables. Then 21 is called an inductive condition on P. For each such 

inductive condition 21, we introduce a set function constant The 

axioms for are 

Ind 1 A x(2I(^u(0, Q, x) SP^{Q)x\ 

Ind 2 A x(21(23, Q, x) -> 23(x)) -> A x(^a(0x -» 23(x)), 

for arbitrary *-formulae 23(6). These schemata are collectively denoted by 

Ind. It is important to notice that inductive conditions are Z°; they contain 

neither set function constants nor set quantifiers. 

Besides the first-order axioms, all of the systems which we consider 

contain *At-CA. If the remaining axioms are all instances of the schema S, 

the system will be denoted by (S). Since (S) contains At-CA and —i Pb is 

atomic, (S) will always contain CA for —i 21(6) when it contains it for 

21(6). *n\ is the class of formulae whose negations are *Zf Thus 

(*n'k-CA) = (*Z'k-C A). 
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It is evident that (*At-CA) £ (*I°-CA) = (*d}-CR) c (*Z}-AC) <= 

(*r}-ADC). Also, using *Z'°-AC, every *T} formula can be put in the 

form V Z21(Z), where 21(P) is *1°. This will be called the *l\-normalform: 

*2'11NF. From this, it easily follows that (*Z}-AC) = (*I°-AC) and 

(*£}-ADC) = (*T°-ADC). These remarks also hold without *; but in 

this case, we get a better normal form. Quantification V/ and A/ over 

numerical functions can be introduced in the usual way as relativizations 

of V Z and AZ. Using I°-AC every Z\ formula can be put in the form 

V/A x21(f(x)), where 21(6) is T° and f(/c) is the sequence number of the 

sequence (/(0),. . 1)). This is called l\-normal form: Tj-NF. /7{-NF 

is its negation. 
—^ 

Ind' is like Ind, except that the inductive conditions 21 (P, Q, 6) are 

restricted to the form 210(<2, b) v /\xPcp(b, x), and Ind'2 is restricted to 

23(6) which are in 77} NF. In (*At-CA, and so in all of the systems we 

consider every instance of Ind' can be put in TT^NF (i.e. TjNF preceded 

by universal set quantifiers). 

(Tj-CA) = (Ind'). 

That (Ind') £ (T}-CA) is easy, since we can define 

A Z( Ax(2!(Z, 0, x) -> Zb) using 77}-CA; and this definition satisfies 

Ind' in (77}-CA). We will prove the other inclusion: 

If k and m are the numbers of (k0,. . ., kp_f) and (m0,. . ., mq_l) resp., 

then k*m is the number of (k0,. . ., kp_y, m0, . . ., mq_f) and k^n is the 

number of (k0,. .., kp^l, n). Let 21 (Q, 6) be T° and contain only Q and 6 

free. Let 23(P, Q, 6) = 21 (Q, 6) v fxPb^x. Then 23 is an inductive condi¬ 

tion. Let q>(a) be the least c such that —i ^®(£?)<p(a)~c, or 0 if no such c 

exists. <p is arithmetic in ^as8(Q) and so it exists in (Ind'). (This uses the 

fact that T°-CA is contained in (Ind').) Also 1- V x21(£7, <p(x)) -> £^s(£?) 1 

in (Ind'), where 1 is the number of the empty sequence, and so 

1- A/V x21 (Q, f(x)) -> Conversely, let ©(6) = A/V jc2I((7, 6 *f(.v)). 

(5(6) is in 77}NF and clearly b A*(2S((5, Q, z) -» (5(z)), so by Ind'2 

b ^sb{Q) 1 -*• ©(1)- But (5(1) is equivalent to A/V x21(£?, f(x)) in (Ind'). 

So we have b ^©(0)1 <-> A/V x21(0, f(x)) in (Ind'). Now let 210(6) be in 

77}NF. Then 2(0(6) can be put in the form A/Vjc21(0> (6), f(x)); so 

b A z(^m(Q, {z})l 210(z)) in (Ind'). Hence (by *At-CA) b V Z A x(Zx *-* 
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2l0(x)), i.e. TjNF-CA is contained in (Ind'). But using this schema we 

can derive £°-AC and using the latter, every l\ formula can be put in normal 

form. This completes the proof that (Ind') = (Tj-CA). 

It also follows from the above that every I^-formula can be put in *Z{ 

form in (Ind'). Thus (d^-CR) c (j}-CR + Ind') and (I^-ADC) £ 

(*Tj-ADC + Ind'). The proof that (l}-CA) £ (Ind') also shows that 

(Ind) contains the axiom schema of bar induction BI: 

A/ V x2l(Q, f(x)) a A x(2I(g, x) -> (5(x)) a A x( A y£(x'~'y) -> (5(x)) -*• (5(1). 

For define the inductive condition S3(P, Q, b) as above; we saw that the 
—^ 

first conjunct in the antecedent of BI implies ^(Q) 1, while the second and 

third imply ^m(Q) 1 ->■ C(l) by Ind 2. 

§ 2. Countable logic. The countable *-formulae and *-predicates are built up 

as follows: T and —i T are *-formulae. The *-formulae are closed under set 

quantification, denumerable disjunction V 2tn and denumerable conjunc- 
n 

tion A 21 Each free set variable is a *-predicate. If SP has n argument 
n 

places and F1,...,Fn are *-predicates, then so is ^{F l,.. .,Fn). If 

2I0, Sli,... are *-formulae which contain no quantifiers, then 2x21* is a 

*-predicate. If F is a *-predicate, then Fn and —i Fn are *-formulae for 

each n. We will identify 2x2(xn with 2l„ and —i 2x21xn with —i 2t„. The 

countable formulae and predicates are the *-formulae and *-predicates which 

contain no set function constants. The atomic (*-)formulae are those of 

the forms T, Pn, <^(F)n, and their negations. 

From now on I will drop the term countable and refer to the (*-)predicates 

and (*-)formulae of § 1 as f nitary. But we will only consider finitary 

(*-)formulae which contain no free numerical variables. Finitary (^predi¬ 

cates and (*-)formulae form a subclass of the (countable) (*-)predicates 

and (*-)formulae, if we make the following identifications: V x2t(x) = 

V2I(n); Ax2l(x) = A2I(n); if § has the value n, we identify it with the 
n n 

numeral n; n = n is identified with T; and for m / n, m = n is identified 

with —, T. 

The rules of inference for countable logic are most conveniently stated 

for finite sets F, A, F1} etc., of *-formulae. These should be regarded as 

expressing disjunctions of all their members. r + A denotes the union of 

r and A. The axioms are T (i.e. (T)), Pn+ —, Pn and ^(F)n-l-1 &(F)n, 
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for all P, PP, n and lists of ^-predicates F. The normal rules of inference are 

A r + A (if A is an axiom) 

V r + 2Ifc (some k) A r + 21* (all k) 
r+ V2i„ 

n 
r + A 2I„ 

n 

3 r +21(F) v r+2l(p) 

r+ vz2i(z) r+ AZ2I(Z) 

In V, P does not occur in any member of T. In 3, F is a *-predicate, called 

the predicate of quantification. Besides the normal rules, we have the cut rule 

c r+2t r+181 

r 

21 and —1 21 are called the cut formulae. (Since —1 —1 21 — 21, this rule is 

symmetric.) 

Let dF = (g0, ,. ..) be a set of *-predicates. dF is closed if it contains 

the atomic predicates and if whenever %k — &(P), then for every n, ®(%n) 

is in it. Note that dF need not contain any atomic *-predicates. For example 

At = the set of 2x21 (x) and T° = the set of 2x23 (x), where 21(0) is Unitary 

atomic and 23(0) is finitary T°, are closed. If dF is closed, and we will 

assume always that it is, unless specified otherwise, (JF) will refer to the 

system with the predicates of quantification restricted to 2F. 

To measure the length of derivations and the complexity of cut formula, 

we introduce a decidable linear system of ordinal notations. These will be 

denoted by u, v, x, y, z, ul5 etc., and the ordering relation by <. This is 

to be decidable; and, moreover, the system is to be closed under the function 

Xz(u), where x°(u) = 2U and for z > 0, xz(u) is the (u + l)st fixed point 01 

all the f with x < z. x is of course to be computable on the notations. 

Such systems of notations are well-known. Let c= denote a well-founded 

partial ordering of a, /?, y, . . .. /? ^ z (/? is of rank ^ z) is inductively 

defined to mean that, for each a c /? there is an x < z with a x. 

-< z means that /? ^ x for some x < z. The class of *-formulae and the 

class of derivations can be regarded as wellfounded partial orderings, 

built up from the atomic *-formula and from the instances of A, resp.. 

So the rank relation makes sense for both of these classes. Note that atomic 
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*-formulae are of rank 0 (i.e. < 0), even in the case F(F)n, where F may 

consist of very complex predicates. We say that a derivation is of cut degree 

< v if every cut formula in it is of rank < v. h A[u, v] means that there 

is a derivation of A of rank < u (not ^ u, as in Tait [6]) and cut degree 

< v. 1- d[u] means that there is a normal derivation of A of rank < u. 

I.e. [u] = [u, 0]. 

I. If h 21 in (*At-CA) (in *T°-CA), then h 21[co2, k] in (*At) (in (*I0)) 

for some k < co. Similarly without *. 

This is essentially proved by Schiitte [5]. There are two other results which 

form the basis for the present paper. F *fz means %k <z for each k. 

II. If V A[u, v] in (IF), where IF ^ z and z + v ^ coXl + . .. +o)ln then 

f A[x*l(- ■ ■ xx"(2z + u) . . .)] in (F). 

Let cr be a decidable well-ordering, and let 

J(c:) - Ax(Ay(y <= X -*• Py) -» Px) —► A xPx. 

So 7(c) expresses well-foundedness. Let |c:| < z mean that c= is well- 

founded and each n is of rank < z in the ordering c=. 

III. IfY T(c)[x1(x)] in (F), then |c=| < x'(x). 

The proofs of II and III are in Tait [6]. 

Theorem 1. e0 is the ordinal (i.e. least bound on the provable ordinals) of 

(*At-CA), and eCo is the ordinal of (*T°-CA). 

As usual, ez = x^l+z). That e0 and e£o are bounds on the provable 

ordinals of these systems follows from I—III, since *At ^ 1 and *T co. 

The two parts of the theorem are due to Gentzen [3] and Schiitte [5] resp. 

(Note that (Z°-CA) is simply the lowest level of ramified analysis.) In the 

following sections we consider some further applications of I—III. 

3. Some subsystems of (*Tj-ADC). 21 (F) is the result of replacing each 

part VZ23(Z) and AZ23(Z) of 21 by V23(Fk) and A 23(Fk) resp., having 
k k 

first made these substitutions in 23(P). 

2I(^)^z + u if F*fz (i.e. Fk<z for each k) and 21 ^ u. Let 

*F0 = *At. For limits z, let *Fz enumerate (J *Fx. Let *FZ+x enumerate 
X<Z 

the least closed class including *FZ and containing Ax2I(*Fz)(x) for each 

finitary *1} formula 21(6). It is easy to show that *FZ ^ coz. Dropping * 

we obtain the sets Fz coz. 
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Lemma 1. If V 91 in (*/l J-CR), then h 21 [^"(O)] in some (* J%). Similarly 

without *. 

The *-less proof is in Tait [6]. The proof with * is just the same. So 

Theorem 2. The ordinal of (*dj-CR) is /"(0). 

The fact that f°(0) is the least bound on the provable ordinals follows 

easily from (6.19) of Feferman [1]. 

Theorem 3. The ordinal of (*2'j-AC), (*T}-ADC) and (*d}-CA) is x£°(0). 

That this is a bound on the provable ordinals was first proved by 

Friedman. That it is the least bound for (Tj-AC) follows easily from (6.19) 

of Feferman [!]• That it is the least bound for (dj-CA) follows from 

Friedman’s [2] result that (Tj-ADC) is a conservative extension of (A j-CA) 

for IJ\ formulae. In Tait [6] I obtained /eo(0) as a bound for (ij-AC) by 

showing that every proof in this system of a I j -formula preceded by universal 

set quantifiers can be translated into a normal derivation of rank < x£o(0) 

in some suitable (J*) with -< e0. The proof for (*Tj-ADC) is essentially 

the same; but I will give it without the ordinal bounds. 

Let 21 (P, Q) be finitary *1° and = #”(.P) a set of *-predicates 

Fk = Fk(P), k> 0. Set 

Then 

H = P) = V(21„(PF„) a A 2l(P, Fk) aF„x). 
n k<n 

1- V 2I(P, F„) -* 2I(P, H). 
n 

Let F be *At. Set G0 = F and G„+1 = H(^(Gn), Gn). The *-predicate 

G = ).xG(x)o(x)1 is called the dependent choice predicate for 2f(P, Q) and 

F relative to 3F. Substituting Gn for P in the above derivation, we have 

h V 2f(G", Fk(Gn)) -> 2I(G", Gn + 1) (1) 
k 

for all n. Let *Jrz be defined like above, except that *J^Z+1 enumerates 

the least closed class which includes *J?rz and contains the dependent 

choice predicate relative to *Jrz for each *T° formula 2f(P, Q) and each 

F in *At. 2tu and 21)1n) will always denote *-formulae of the form V 2f(^k), 
k 

where the dFk are (not necessarily closed) lists of *-predicates in *J5’U 

containing all the predicates which occur in 21. If 21 is then 

V 2IU -»■ 2I(*Jru). Au and d“n) denote sets consisting of *-formulae 2lu 

where 21 is in A. Note that each Au is in Av when u < v; and if h Tn + A"n) 



F XXX APPLICATIONS OF THE CUT ELIMINATION THEOREM 483 

for each n, then there is a single Au with b Fn + du for all n. Also, if 

b 91(Pj,.. Pn) + zT, PPn are not in any formula of A, and 

Gl5. . G„ are in then b 9l(Gx,. . G„) + d(0) for some zl(u0) simply 

by substituting G, for P, throughout the derivation. 

Lemma 2. Let r consist of *■formulae —i 93 where 93 is an instance of 

*Z°-ADC preceded by 0 or more universal set quantifiers; and let A consist 

offormulae of the form V Xt .. . XmA ... Yn91( Xt, . . ., Xm, Yk,. . Yn) 

where 91 is *Z}. Then b T + A [u] in (*At) implies b Au for some Au. 

Proof. The proof is by induction on u. The only case which does not 

follow immediately from the induction hypothesis is when the last step of 

the derivation is of the form 

T' + A+fXfi Y9t(A, Y) T' + A + AZ(-, Z° = Fv A 91(Z", Zn')) 
n 

r+A 

where T = T+ AXf Y91(X, Y) -> VZ(Z°-F a A91(Z", Z"')). 
n 

There are normal derivations of the premises of rank < v for some 

v < u. By the reduction lemma of Tait [6] T' + A + V Y9l(.P, Y)[v] and 

b T' + A + —, P° = Fv V —i 9I(P", F" )[v], where P is a new variable. By 
n 

the induction hypothesis b A + V 91(F, F* * * * vk), where the Fvk are the elements 
k 

of and b Av + —i P° = F v V —i 9f(F", Pn ). Substituting the choice 
n 

predicate G for A and F relative to *J5"V for P in these, and applying (1), 

b J“+9t(G", G"') for each n and b Au+ G° = F v V —, 9f(Gn, Gn ), 
n 

since G is in *Jru. We can assume Au(n) = Au for each n, and we have 

b G° = F. So by two cuts b Au. 

It is not hard to see that *J‘ru co2z and to obtain the bound ;A(0) 

on the derivation of Au above. Note that the (*£}-ADC) case of theorem 3 

is an immediate consequence of the lemma (with the bounds). For b 91 in 
n 

(*lJ-ADC) = (*I°-ADC) means that b A 93£ -> 91 in At-ADC), where 
i = 1 

each 93,- is an instance of (*T°-ADC) preceded by universal quantifiers. 

I.e. b {93l5..., —i 93„, 91}[e0] in (At). When 91 is *Z\, we can apply the 

lemma to obtain b 91[%eo(0)] in (*Jru) for some u, since b 9(u implies b A 

in (* J^) when A is *Z\. 

4. Uncountable logic; restricted upper bound principle. The species Tz of 

well-founded trees of class z are defined by recursion on z: T0 is the set of 
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natural numbers. For z > 0 Tz is inductively defined by: <z, 0> e Tz, and 

if x < z and / is a constructive operation defined on Tx, 

V„ e Tffn e Tz) ^ <z, x,/> e Tz. 

See Tait [7] for a discussion of a constructive conception of such inductive 

definitions. Under Church’s thesis, the well-founded trees can be coded by 

numbers; but of course Tz is uncountable (constructively) for z > 0. The 

Tz are closely related to the so called constructive higher number classes of 

Kreider-Rodgers [4], but are simpler because we do not require that the 

subtrees of a given tree be simply oidered. m, n, k, m1, etc., will range over 

well-founded trees from now on. 

We extend infinitary logic to uncountable formulae and derivations by 

introducing disjunction Vz and conjunction Az over arbitrary Tz. Thus 
n n 

V 0 and A 0 are the countable operations V and A introduced above. The 

rules of inference are the same as above, with the obvious modification of 

V and A. A formula is of V-class (A-class) z if x < z whenever Vx (Ax) 

occurs in it. It is of class z if it is both of V -class z and of A -class z. 

men will mean that n is of the form <z, x, f) and m — fk for some fee Tx. 

If n e Tz, then V and A are of class z. Put 
men men 

V"2Ifc = V (2fm v V m2Ik) 
k men 

and A" = —i V " —i. If n e Tz, then V " and A " are of class z. 
k k 

The formulae and proofs which will interest us are too big to measure 

with countable ordinals (at least, in the present very general setting.) So 

we will measure them with well-founded trees instead. The rank relation 

is defined just as with ordinals. 

IV. IfhA [m, n] in (J^), then b A [p] in (JF) for some p. 

The proof is exactly the same as in the countable case and is well-known. 

It proceeds by induction on n, and within that by induction on m. In the 

present setting p is of no significance. This is because it is generally un¬ 

countable, whereas the ordinals of formal systems are < a^. I will return 

to this point below. 

For the remainder of this section, we will be considering only proposi¬ 

tional logic i.e. the quantifiers Vz and Az aie dropped. 

Let d(V") denote the result of replacing some occurrences of Vz in 

formulae of A by V" (where n e Tz). As a consequence of IV, we have 
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Lemma 3. If b A and A is of A-class z, then b d(V") for some n e Tz. 

Proof. This is easily proved by induction on the rank of a normal deriva¬ 

tion of A, noting that each step of such a derivation is of A-class z. If the 

last step is by V applied to one of the designated Vz, then we can assume 

that it has the form A +%k => A, where k e Tz. By the induction hypothesis 

b d(Vp) + 2Ij[( Vp) for some peTz. The lemma follows by choosing n 

with k and pen, noting that b A( V p) implies b zl( V ") when pen. The only 

other crucial case is when the last step is b r + 91k (all k e Tx) => 

b r + Ax21fc = A. We have b T( V/fc) + 2Ik( V/fc) for each ke Tx, and 
k 

since A is of A-class z, x < z. So we can take n = <z, x, f). 

The main result we need concerns the restricted upper bound principle 

RUB AxVz9Im„ -» VzAxVp2imn, 
m n p m n 

where x < z and each 2Imn is of class z. The corresponding rule (from the 

antecedent to infer the consequent) is valid for the normal rules by lemma 3. 

But RUB is not itself provable in our system, for it is non-constructively 

false. Let 5Imn mean that n is the /nth element in some non-constructive 

enumeration of Tx, x = 0 and z = 1. RUBV denotes the restriction of RUB 

to z < v. Let S3 = Vw23k, where each 33k e RUB. 23(v) denotes the disjunc- 
k 

tion of all the —i 23k with 25k e RUBV. 

V. If b33 + d[p], where A is of f-class u and each 23k e RUBV, then 

b$8(u) + d. 
We assume that this is true for all u, p and v where (i) v < v' and p < p', 

or (ii) v < v'; and we prove it for v = v' and p = p'. The induction hypoth¬ 

esis (i) obviously takes care of all cases but when the last step in the 

derivation is 18+ ®fc+ A => 23 + d, by V, where 93fc is RUBV-RUBU. 

I.e. 33k = AxVz2Im)t -> VzAxVr2Imn, where the premise has a normal 
m n r m n 

proof of rank < q < p. Replacing —i by its conjuncts, we get 

(1) 1- S3 + zl+ AxVz2Im„[q], 
m n 

(2) b 23 + d-b VxAr2Im„[q] (all reTz). 
m n 

By (i) and (1) b 58(z) + d + Ax Vz5Imn, since A + Ax Vz3Im„ is of A-class z. 
m n m n 

So by lemma 3 b 53(z) + A + Ax Vr2Im„ for some reTz. By (i) and (2) 
m n 

b 23(z) + d+ VxAr —i 2Im„: and so by a cut, b 93(z) + zl. Since is RUBZ 
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for the —i 23k which are disjuncts of 23(z) and z < v, b 23(u) + A follows by (ii). 

Since RUB1 is empty we have the following 

Corollary. If A is of A -class 1, then RUB 1- A implies b A. 

We will use RUB to study the theory of inductively defined sets. First 

we need 

Lemma 4. Let 23(P) be of class z and not contain —i P. Let 24(A) be of class 

z for each k e Tz, and assume that for each such k and each m e k, 

b 2lm(n) -» Ak(n) for all ne T0. Then RUB b 23( Vz24) -> Vz25(24)- 
k k 

Proof. The proof is by induction on 23(F). If 23(P) = Pn, there is nothing 

to prove. Assume that it holds for 23m(P)' for each m e Tx wheie x < z. 

Then it clearly holds for Vx23m(P). By RUB 
m 

Ax23m(Vz24) -*• AXVz23m(24) -> Vz Ax23m(2lk), 
m k m k km 

since Vp23m(2l;) -> 23m(2lP). 
i 

In what follows (PL)Z will denote the system of propositional logic of 

class z; i.e. which involves only formulae which contain no quantifiers 

and are of class z. It is obvious that each formula and derivation of (PLZ) 

can be coded by a tree in Tz. 

5. Theory of inductively defined sets. Let 2I(F, b) be of class z and not 

contain —i P. Set 

&\b) = V 2I(^m, b) 
mek 

for each k e Tz so that is of class z. Set 

&(b) - V z0>k(b). 
k 

Choose m with kem. Then b 2I(^k, b) -> £Pm(b), and so b 21(^k, b) -> &{b), 

for all k e Tz. So by lemma 4 

(a) . RUB b A°((2I^, n) -> ^(n)). 
n 

Also, using the fact that —, P does not occur in 2I(P, b), 

(b) . b A °(2I(23, n) 25(n)) -> A °(^(n) 23(n)). 
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To each propositional *-formula 23 we assign an interpretation by 

replacing each part &mo(F) by the disjunction Xx\Jz&k(x), as defined 
k 

above for 2l(P, b) = 2I0(JP, F, b) of rank < z. Note that *At is of class to 

(i.e. each of its members is of finite class), and *#'z is of class co2z. 

Theorem 4. //© is 1°, then every derivation of& in (Ind) (and so in (Ij-CA)) 

can be transformed into a derivation of © in (PL“). 

For b (5 in (Ind) means b % -* © in (*At-CA) where ® is a finite con¬ 

junction of universal quantifications of instances of Ind. So b ®(*At) -* © 

in (PL“). But ®(*At) is a conjunction of instances of (a) and (b). 

Theorem 5. //”© is T°, then every derivation o/© in (d^-CR) transforms into 

a derivation of © in (PL"“). b 6 in (d^-CR) implies b :£)—>■ © in (*d j -CR), 

where “3) is as above. 

By lemma 1 b 3) -» © in some (*^k), k < to. So b 3)(*SFf) -> © in (PL““). 

Theorem 6. If © is E°, then every derivation of © in (Ij-ADC) transforms 

into a derivation o/© in (PL£°). 
m n 

b© in (Z^-ADC) implies b A ®;A A ©; -> © in (*At-CA), where 
i=l i—1 

3); and ©; are universal quantifications of instances of *Tj-ADC and Ind', 
n 

resp. So b—iX)1+...H-i 3)m+ A ->■ ©[u] in (*At), for some 
i= 1 

u < e0. 
It is easy to see that each instance of Ind' can be put in the form 

AI1...IpVr1... YqK(Xu. . ., Xp, Yu..., Yq) where 21 is *T°. So 
n 

each ©; is of this form, and hence A ©“ -> © is the negation of this form. 
i= 1 

rt 

Applying lemma 2, b A ©“ -> ©. But ©“ is a conjunction of instances of (a) 
1=1 

and (b) and is of class 2u. So b © in (PL2u). 

6. Remark. The statements of theorems 4-6 suffer from the defect that, 

if a set of E° formulae is derivable in any PL(z), then it has a normal deriva¬ 

tion in PL(1). What is really wanted for these theorems is a statement of 

exactly what constructive methods are used in transforming the formal 

derivation into a normal derivation in PL(1). The formulae and derivations 

in PL(z) can be coded in a natural way by elements of Tz; and all of our 
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arguments can be recast as definitions of operations on Tz by recursion 
and free variable proofs by induction on Tz. I will not give the details here; 
but the constructive principles involved are discussed explicitly in Tait [7]. 
One consequence of giving such a complete description of the constructive 
principles involved is this: All of the operations on trees which we use are 
introduced by a finite set of definitional schemata. The constant terms built 
up using these schemata form a decidable model Tz+ for the Tx (x ^ z) 
and the definitional schemata. Indeed this model arises by restricting 
<x, y, f) in Tx to the case in which / is obtained by these schemata. Thus 
the partial orderings given by the elements of Tz+, and in particular the 
formulae and derivations of PL(z)+, are recursive well-founded orderings. 
An investigation of the ranks of these orderings should lead us to bounds 
on the provable ordinals of the formal systems considered in theorems 4-6. 

For example, in view of Takeuti’s result, we should expect that the ranks of 
elements of T^ are bounded by ordinal diagrams of order co + 1. 
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PRINCIPLES OF PROOF AND ORDINALS IMPLICIT IN GIVEN 

CONCEPTS 

G. KREISEL* 

This lecture concerns the principal1 defect of existing proof theory stressed 

in the survey [18], particularly p. 323 or p. 360, the lack of a clear and 

convincing analysis of the choice of methods of proof, more specifically, 

of the choice of formal systems to be studied and of the metamathematical 

methods to be used in this study. Many metamathematical problems such 

as the consistency problem depend on such a choice. The ultimate aim is 

nothing else but the discovery of objective criteria for such a choice.1 As 

indicated in [18], what one is after is a (phenomenological) description of 

certain kinds SP of mathematical reasoning; the objective question is then 

simply this: whether the proofs represented or described by derivations of 

a given formal system F are in SP (soundness of F)\ whether all proofs in 

SP are represented in F (completeness with respect to SP or the weaker 

condition of completeness with respect to provability in SP}. 

The particular kinds of reasoning considered in the present lecture can be 

roughly described as follows: 

What principles of proof do we recognize as valid once we have 

understood (or, as one sometimes says, ‘accepted’) certain given 

concepts? 

The process of recognizing the validity of such principles (including 

principles for defining new concepts, that is, formally, of extending a given 

language) is here conceived as a process of reflection-, reflecting on the given 

concepts, reflecting on this process of reflection, and so forth. It is not 

assumed that every significant area of mathematics is properly analyzed 

in this manner; not even all those areas which may be described as: what is 

implicit in given concepts. For instance, if the basic concepts involve a 

very high degree of self reflection. 

Granted that we have to do with an area SP which lends itself to the kind 

* Preparation of this paper was partially supported by Grant DA-ARO-31-124-G985 
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of analysis indicated, it is evident that ordinals play a basic role. They index 

the stages in the reflection process. A moment’s thought (for people not 

totally ignorant of classical set theory) shows that some basic distinctions 

in the meaning of the notion of ordinal are needed corresponding to the 

concepts considered as given; distinctions parallel to the familiar ‘classical’ 

material summarized in technical note I. 

The two principal sets of concepts considered are: 

1. The concepts of co-sequence and co-iteration. 

2. The concepts of set of natural numbers and numerical quantification. 

Though related to earlier work on autonomous progressions ([16], pp. 

168-173 for ‘finitist’ mathematics, [4] for ‘predicative’ mathematics) the 

present paper involves an essential change in that it separates two distinct 

questions which were previously treated simultaneously. 

One question is, so to speak, the theoretical question: what is implicit 

in given concepts? perhaps to be compared with a question of the sort: 

what (physical or mathematical objects) can be built up by using given 

basic material as fully as possible? The other, so to speak, empirical question 

comes about as follows: There are objects which we have come to recognize 

under a certain name or by external properties of which we are more or less 

explicitly aware (say solids in physics, algebraic proof in mathematics etc.). 

Do these objects coincide with those generated by ‘theoretical’ or, perhaps 

better, more explicitly analyzed processes? 

Evidently, the kind of separation here considered would be out of place 

at an early stage of the work except when one happens to deal with childishly 

simple situations. For instance, if the concepts needed to answer the 

theoretical question are already available or if some very familiar properties 

of the empirical material determine all its laws (subject only to very general 

assumptions; cf. the discovery of the science of geometry). In general, one 

has to be prepared for a detailed theoretical development before one can 

even begin to compare theory and experience precisely. Before that the 

choice of theoretical notions is, more or less, suggested by the empirical 

material, and modifications in the empirical notions are suggested by the 

shape of the theory. 

But it seems to me that, in our subject, it is not unreasonable at the 

present time to attempt a comparison. In technical note II, I shall go over 

some of the evidence relating Hilbert’s notion of finitist proof not with the 

area 1 described above, but with the principles formulated in primitive 

recursive arithmetic. 
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1. Introduction (not needed for understanding the proposals and results 

below which ultimately must be judged on their merits). Our first aim is 

to make the study of informal notions of proof plausible. Put differently, 

since the raison d'etre of anything like existing proof theory seems to rest 

on such notions, the aim is nothing else but to make a case for proof theory; 

a subject which in point of fact is not popular. At least in my opinion 

no useful purpose is served by attributing this (sociological) fact to such 

fictions as a prejudiced logical ‘establishment’ or an ‘apathetic’ body of 

logical workers. At present a good number of proof theoretic methods are 

available (and thus a long list of both solved and open formal problems); 

as anybody familiar with the subject knows, some of these methods are 

ingenious. What is lacking is a good answer to the objection: why pursue 

proof theory now when we know that its original aim (Hilbert’s program) 

was based on false assumptions about the nature of mathematical reasoning? 

The first point to note is that the question of characterizing notions of 

proof has presented itself repeatedly in the history of mathematics (and 

is thus, literally, a natural question). The current distinction between, 

say, projective and affine theorems, in the sense of: valid statements about 

all models of the axioms of projective and affine geometry, corresponds to 

an earlier distinction between projective and metric methods of proof. It 

was a discovery that this distinction can be analyzed in terms of generality 

of the results; more technically, in terms of a restriction on axioms used 

(rather than, say, in terms of rules of inference); of course there is no reason 

to assume that every legitimate distinction between different methods of 

proof admits this kind of analysis.3 

In number theory, serious workers spoke of a distinction between 

elementary and analytic proof, and, more specifically, between proofs using 

real or complex analysis; see, e.g., Ingham’s monograph [11]. Their formula¬ 

tion was illiterate (if one remembers that complex numbers are, traditionally, 

regarded as pairs of real numbers): but this in no way means that it had no 

substance. 

In [13], p. 248 I proposed an analysis of this distinction roughly as 

follows. We consider quantifier-free theorems T and call a (quantifier-free) 

proof of T elementary if it contains only the function symbols occurring 

in T, their definitions (including thus the auxiliary functions used in these 

definitions, e.g. multiplication in the definition of factorials), and some 

basic minimal apparatus. The restriction to quantifier-free, that is logic- 

free, reasoning is clear: the set-theoretic operations involved in the meaning 



492 G. KREISEL F XXXI 

of quantified propositions are, roughly, what’s typical of analytic proofs! 

Shepherdson [26] discovered several familiar theorems which, demonstrably, 

do not have elementary proofs in the sense above. 

The defect of my formulation was, of course, not the mild ambiguity 

in what counts as ‘basic minimal apparatus’, but simply that it was too 

formal. Why restrict oneself only to the function symbols actually occurring 

in T, and not allow all that is implicit in the operations denoted by these 

symbols?4 Though (or: because) subtler, the kind of notions of proof 

considered in the present lecture may permit a more significant formulation 

of the old distinction between elementary and analytic proof in number 

theory. 

At the present time the legitimacy of this old distinction is not in doubt. 

Also Godel’s incompleteness theorem, with an absolute minimum of 

assumptions on the details of the distinction, shows the existence of theorems 

stated in elementary terms which do not have an elementary proof.5 But a 

natural modification of the old question is open, namely: 

What can we say about the kind, say syntactic structure, of elemen¬ 

tary theorems which may need analytic proofs? More generally, 

we should here replace ‘analytic’ (i.e., real variable proofs) by ’set 

theoretic’ (i.e., proofs involving axioms of infinity). 

Let it be noted that people currently working in number theory do not seem 

to analyze their proofs or conjectures in ‘logical’ terms such as those above. 

But they are very sensitive to the kind of considerations that may be essential 

to a particular problem.6 

One last word of introduction. Perhaps the single most striking aspect 

of distinctions between notions of proof is a certain finesse (which, according 

to one’s intellectual temperament, may be satisfying or frustrating). 

Logically, as is well known, the simple minded idea is that we want our 

proofs to be ‘reliable’; (cf., e.g., [18], p. 361(h)) or quite explicitly (as 

Hilbert once said [10], p. 157) that Zermelo’s axiom of choice be . . . 

reliable in the same sense ... as 2 + 2 = 4. But though the degree of 

reliability may be the same (for instance: certainty) the kind is different 

in the two cases; c.f. [18], p. 361 (ii). Mathematically, the simple minded 

idea is that since (quite properly) our primary purpose is to find out what 

is true, we don’t want to be bothered with distinctions between different 

kinds of proof. But this overlooks the following point which, at least for 

some, can be practically useful: if we have (mastered!) theoretical reasons, 

for instance abstract interpretations, restricting the kinds of proofs (or kinds 
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of conjectures) that are liable to be successful, we have in fact a better 

chance of discovering the truth. 

2. Ordinals. Quite naively (and also formally in set-theoretic foundations, 

cf. Note I) we distinguish between several more or less related notions 

(quite well illustrated by ‘the’ notion of finite ordinal): 

The process of building up the integers by a successor operation say a, 

with the property that ox is distinct from x and from all y built up before x. 

This process determines an ordering (= built up before) between the 

integers, and hence an abstract order type <. 

A much used property of the order type < is its well-foundedness, usually 

formulated either with variables X over subsets of our ordering or (monadic) 

variables f over functions from (canonically given) integers n into our 

ordering, where n+ is the canonical successor of n. 

VX{Vx[(Vy < x)(y e X) -» (x e A)] ->• Vx(x e X)]7 or V/3n —, (fn+ <fn). 

Clearly, the meaning of these principles involves the meanings of 

subset X and the logical operations V, -> 

co-sequence, and the quantifier combination V/3n 

Trivially, so does the relation between the two principles, and the relation 

between the abstract order type and the building up process. 

Illustration. There are primitive recursive cu-orderings (in the usual sense) 

for which well foundedness can be proved in the most elementary way, 

but we do not know the first element.8 

More important, for a classical interpretation of the quantifiers: dX 

and df the formulations of well-foundedness assume a well defined range 

even for the variables X and f9 

In contrast, in terms of the notion of natural number and specific co- 

sequences we can express quite straightforwardly the stronger10 assertion 

that some given ordering < has been built up from an (explicitly given) 

x0, by means of iterating an explicit a finitely often. (In fact, for variable 

x over our ordering 

ox ^ x0, olnxlxo = x, ox = oy <-+ x = y 

where a[n] is the ntb iterate of o, and n is a numerical valued function 

defined on the ordering.) Put in more ‘mathematical’ terms, if we want to 

express the idea of an ordering built up by means of a process, we have 
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to think of an algebraic structure, an ordering together with certain functions 

on it (and usually the latter are primary in that they alone may be enough 

to determine the ordering). 

Now the notions used above in formulating the process of building up 

co-orderings also allow the analysis of larger orderings. Our problem is 

to make the analysis sufficiently precise to establish limits to this process. 

Some of the principal results take the form: 

If an algebraic structure 91 can be obtained by the process in question 

so can F(9I), where F is some (familiar) operation. Needless to say, ‘corre¬ 

sponding’ results for the different notions of ordinal at the beginning of 

this section may be incomparable. Specifically, compare orderings built up 

by some process and orderings seen to be well founded (in both cases, by 

methods implicit in given concepts). Even if a larger class of orderings may 

satisfy the second condition, the former may be closed under ‘stronger’ 

operations, simply because we know more about an ordering when it has 

been built up in a prescribed way.11 

In terms of the distinctions above, it will be possible to deal quite quickly 

with the ordinals implicit in two important groups of concepts related to a 

constructive and a non-constructive use of the notion of natural number 

(or, more precisely, set of natural numbers). 

3. Ordinals built up by co-iteration starting with the notion of co-sequence 

(and two distinct objects of course). The essential formal problem is to 

express properly the idea that some ordering has been built up by (iterating 

the process of) co-iteration, starting with the natural ordering of the integers 

(the latter is determined uniquely up to isomorphism, as explained in the 

last section, an isomorphism built up from x0, a, n; x'0, a', n' if the orderings 

< and <' satisfy the conditions given). If an ordering has been seen to be 

built up in this way, proof by induction on it or definition by recursion are 

then evident consequences.12 

(a). Multiplication by co: the basic step. Given an ordering (say of natural 

numbers) and an element it is perfectly clear what quantifier-free 

information expresses that the ordering is built up from its initial segment 

(preceding by adding co copies of itself: 

a sequence £l9 £2,..., and a numerical valued mapping v defined on the 

ordering such that £vy ^ y < £{vjl)ii; mappings o{n, x), n(n, x) such that, 

for each n = 1, 2,. . . cr maps the segment onto [<!;„, £n + 1) preserving 

order (where n is used to express ‘onto’, i.e. 
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n(n, x) takes some conventional value if x £ [£„, £„ + 1), 

n(n, o(n, x)) = x for x preceding i^f). 

Note that the definition is meaningful for any ordering (indeed any binary 

relation). It preserves the basic property of uniqueness up to isomorphism 

as follows: 

Given two orderings sequences £, v, o, n and V, o', n' satisfying 

the conditions above, and order preserving mappings p, p between the 

segments {x: x < and {x':x'<'^i} then p, p' can be uniquely 

extended to mappings between the whole orderings.13 

(b). Iteration of the basic step. The general idea is clear enough. We start 

with the ordinal co; as always, ‘ordinal’ in the sense of an algebraic structure 

together with assertions expressing that the ordering has been built up in 

the way intended (here: co-iteration of a successor operation). Suppose now 

a is an ordinal built up by co-iteration; then we get (the ordinal, in the sense 

above) coa by iterating the basic step a times; in particular, since a was 

seen to have been built up as required, the usual definition of of by recursion 

on a expresses that the co-sequences (functions) are uniquely defined. 

Putting cox = co, co„ + 1 = co“”, we thus get to co„ for each n = 1, 2,. . ..14 

I shall set out elsewhere in full (and, I hope, agreeable) detail the whole body 

of operations and assertions about them that constitute the ordinal co„ in 

our sense. 

Now it is obvious that we do not get to e0 by the particular process of 

reflection just described; we’d have to recognize a0 for which e0 = of0 

as an ordinal before recognizing e0 as an ordinal; but a0 = e0 itself. So 

the open question is whether we can get to e0 at all by means of principles 

implicit in co-sequence and co-iteration. A really conclusive (negative) 

answer will be given in section 6 when enough machinery is developed. But 

(as so often) it is good to analyze what we can say about the matter at the 

present stage. 

Note first that there is no doubt which ordering, if any, for e0 is to be 

considered; nor of the functions, say x 0 y, exp^ on the ordering to 

represent addition and exponentiation to the base co; that is, if |x| is the 

order type of the segment preceding x, 

|x © y\ = |x| + |y|, lexp^xl = co1*1; 

in particular, we have a sequence wn, for which |wn| = co„. Any ‘conceivable’ 

set of recursion equations satisfied by our ordinal functions can be formally 
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derived. Similarly our ordering can be seen to be the limit of the wn since 

we easily get a numerical valued function X such that x precedes wXx. What 

is missing is the recognition, by means of principles implicit in the concepts 

considered, that our ordering is built up in the way intended.15 

The main issue can be put as follows: Let Q(a) mean: \a\ is an ordering 

that can be built up by iterating the process of co-iteration. We certainly 

do not dispute the truth of 

(*) Vn[fi(w„) -> fl(wB+1)]. 

In fact, we admit V«i3(wn) (granted that Q is meaningful). Can we infer the 

truth of f2(lim w„)? What stands in the way? 

(i) . Of course we should have A(lim wn) if (*) were proved by means of 

the principles considered. 

But is there any stage, in our reflection on the notion of co-iteration, 

where Q is even defined for all wn (on our understanding of the concepts 

used)? Let alone where (*) is so proved? It is precisely this matter which 

requires the close analysis below of the representation of proofs implicit 

in our concepts.16 

(ii) . Clearly, we should also have the truth of t2(lim vv„), granted the 

truth of VnQ(wn), if the length of the sequence wn were significant. In other 

words if the truth of A(lim xa), for a < /?, followed from the fact that /? 

is a small ordinal. 

Consider, in place of Q, the set theoretic property : to be an infinite 

cardinal < The sequence n — 0, 1, ... is short, and, for each n, 

One would be ill advised to conclude ^(fc^). 

I do not know if this comparison is a mere debating point. Be that as 

it may, we certainly have no evidence for the proposed inference (ii). 

Digression. If one is interested in the kind of reason that can be given for 

(ii), we can, of course, look for the application we wish to make of our 

‘theoretical’ notion of proof (in the sense of p. 491); I think we get an 

obviously negative answer to (ii) if our interest is that described in [16], 
pp. 169-173, namely to obtain limits to what we can learn to visualize, 

given the ability to visualize a sequence of co-copies of a configuration which 

we can visualize. But there is also a more theoretical way of looking at the 

matter. 

Even granted that e0 is not implicit in the concept of co-iteration, we now 

ask ourselves: what is implicit in the given concepts together with the concept 

of reflection on these concepts'? (reflection of the kind analyzed above).17 
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Certainly this is a natural question for anybody interested in getting at 

things from ‘below’. Here it is to be remarked that the mathematical 

apparatus of [3] gets its most natural interpretation in terms of the question 

above. Feferman starts with the function 1+a, call it A.q, and enumerates 

in /.p the critical points of A° for y < /?, that is 

Xpcc — o/ + a. 

Defining AqOC = A°0, we have AqOC = of, Aja = ea etc. Feferman uses only 

the stretch preceding the first critical number F0 of Aq, but, for the 

mathematical process described, this is by no means a natural stopping place; 

and one of his contributions to the present conference gives a far reaching 

extension (by use of higher types) which not only doesn’t go beyond the 

idea of the process mentioned, but doesn’t exhaust it. 

We shall not pursue this idea here, but rather analyze a notion of proof 

for which F0 is significant. This asymmetry between (i) the significance of 

the methods of proof (or: the natural context of the methods) and (ii) the 

results established is common enough; as somebody said one need only 

think of the geometrical significance of theorems in /7-dimensional geometry 

for n > 4 say. In fact, it goes without saying (because it has been said often 

enough) that the discovery of elegant mathematical methods needed to deal 

with a subject matter, may use ideas not implicit in the latter. From the 

present point of view, Feferman’s use of the process mentioned to deal with 

the ‘small’ segment < F0, is a successful application of this truism within 

metamathematics itself; thereby avoiding one of the horrors of proof 

theory described in note 1 on p. 507. 

4. Ordinals implicit in the classical logical operations on sets of natural 

numbers: boolean operations, cartesian products, permutations and identifi¬ 

cation, projection (= numerical quantification and, in particular, the set 

of all natural numbers18). The notion of proof here considered should be 

compared to what is called ‘predicative’ or ‘predicative relative to the notion 

of natural numbers’ in the recent literature; mainly of Feferman and 

Schiitte following proposals in [14]. The principal points that seem to me 

to have been neglected, are these. 

(i). The notion of set (of natural numbers) or, formally, the use of 

unramified free variables for sets, far from being a defect or a mere technical 

device, is an integral part of the notion considered. To use a hackneyed 

phrase: it’s not the notion of set, but what you do with it that’s problematic. 
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An immediate corollary is that the notion of ordinal in the sense of a well 

founded relation can be expressed directly (cf. note 9, p. 509). Similarly, we 

have ordinal functions in the sense of: preserving well foundedness. 

Examples: To justify: a -»2a we use, for any given set X, a suitable Xx, 

defined essentially just by projection, such that 

[(Induction on a applied to Xx) -*■ (Induction on 2* applied to X)\ 

Plainly, since we assume numerical quantification to be understood, 

we can form Xa defined from X by co-iterations of our basic operations and 

justify: ot -* ea. 

(ii). Though of course a principal problem is the formulation of definition 

principles for our notions, one mustn’t forget that something, more specifi¬ 

cally, some set of natural numbers is being defined:19 

The critical open problem now is this. Since we are considering ordinals 

in sense (i), iteration processes have to be justified, not directly, but via 

well foundedness; in particular, in connection with the ramified hierarchy, 

that is the transfinite iteration of our basic operations on sets, induction 

has to be applied to the property P: 

the (formal) definitions at a level of the hierarchy considered are 

understood if our basic concepts are understood.20 

Though P may be thought of as a property of numbers (or, if preferred, 

Godel numbers) there is no stage in our reflection on the concepts where 

we can assume P to be generally understood; cf. Q ;n the preceding section. 

The obvious solution is this: 

Recall that having proved at stage a that ft is well-founded in sense (i) 

(formulated with free set variables, cf. note 9, p. 509), we use infinite trees of 

ordinal ft as formal definitions (at stage /J of the hierarchy). At each node 

is a formula, either infinite or its finite code (cf. note 20, p. 510). The build-up 

is ‘locally correct’, that is the formula at a node N is built up from the 

formulae at the immediate predecessors of N by means of the classical logical 

operations listed in the section heading. There are two questions: 

(a) . Is the final formula, say F, qua (infinite) syntactic object, determined? 

(b) . Is F a good definition? 

As to (a), well-foundedness in sense (i) is (more than) enough; we need it 

only for a suitable specific arithmetic set (coding the sequence of sub¬ 

formulae of F) in place of the free variable X. As to (b) the truth of well- 

foundedness is certainly not involved (cf. last sentence of note 9, p. 509). Since 

we do not have an explicit definition for P to substitute for X, it seems reason- 
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able to suppose that the formal derivation of the well-foundedness of (1 is 

needed for (b); specifically, we expect to use the derivation as a (naturally, 

infinite) schema which need be applied only to instances of P whose meaning 

is determined at stage ex..21 In other words the (infinite) formal derivation 

would be used analogously to a piece of quantifier free algebra for strictly 

finitist applications, that is as a schema for purely numerical substitutions 

(cf. [13], p. 242, 4). 

5. Autonomous progressions. Having looked at the ordinals, we now turn 

to proofs, more precisely to other concepts and principles of deductions 

implicit in given concepts. A first step is to describe the latter by a 

(recursive or non recursive) hierarchy of systems made up of finite formulae 

and finite derivations. It is only a first step; or, if preferred, we have a finite 

description of infinite (extensional) configurations which represent more 

faithfully the objects under study, namely intuitive proofs.22 I shall confine 

myself to a few examples of the kinds of results one has for the notions 

discussed in (a) section 3 and (b) section 4. 

(a), co-iteration and co-sequences. Since our notions are ‘logic free’, the 

language used is quantifier-free; the essentials are therefore definitions 

principles. The most obvious use to be made of the ordinals is for definition 

by recursion. Let the system Pa express principles of definition by recursion 

on co“'a.23 

(i) . Clearly, if Pa is justified, we have seen that each formal theorem of 

Pa is valid (on our principles). Formally, we should be able to prove the 

reflection principle for Pa, which requires a valuation function for Pa. This 

is in fact available in Pp for some [l > a. (The details are familiar.) 

(ii) . We have also a converse to (i), namely if we build up a hierarchy 

P'a where Pj+1 is obtained by adding the canonical valuation function for 

P"" Uf. = UC 
a. < Eo a < so 

see e.g. [16], p. 172. The converse is plausible in the sense that the ‘most’ 

one can expect of P'x (or of any formal system!) is that all its formal theorems 

are valid.24 

(iii) . We may add free variables f for co-sequences,25 and corresponding 

definition principles for operations on them (functionals). The property of 

being well founded can now be expressed by 

->/(*/+ !) </(T/) 
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for some functional constant t. We then get the results stated in note 16, 

p. 510. For reference, call this progression P'\ 

(iv) . In, so to speak, an opposite direction, we may use the same language 

for all systems considered, say Ea (‘£’ for existential), using only rudi¬ 

mentary functions and a constructive existential quantifier as in [14] p. 

29326; Ea+l is obtained from Ea by adding (in place of the valuation func¬ 

tion) the reflection principle for Ea by use of the satisfaction relation for 

Ea. This is possible since, as observed by Myhill [20], the satisfaction 

relation for a purely existential language can be defined in the language 

itself. 

U and U 
a < eo a < eo 

are then equivalent in the obvious sense (in particular for any theorem 

3xA(n, x) of the latter there is a function term fA such that A(n, fAn) is 

proved in some Pa). 

(v) . In terms of (iv) we then get an easy comparison with (classical or 

intuitionistic) first order arithmetic. For each rudimentary A let A' be its 

canonical translation (unique up to provable isomorphism) in first order 

arithmetic Zx. Then 

3xA(n, x) e (J Ea if and only if 3xA'(n, x) e Zx 
a<£o 

(b). Classical logical operations on sets of natural numbers. The reader is 

referred to [4] for a survey of corresponding results. Ramified hierarchies 

with and without free set variables correspond to (iii) and (i) respectively. 

Hierarchies based on the T}-rule of choice together with the reflection 

principle correspond (more or less) to (iv).27 

Remark. ‘Autonomous progression’ means: progression using auton¬ 

omous ordinals, since we first pick out the ordinals (by considerations 

proper to the concepts treated) and then build up the progression. It turns 

out as a theorem that these ordinals are equivalent to those which can be 

proved in the progression to be well founded; cf. (a) (iii) above. But, as 

stressed at length at the end of section 4, we cannot use these proofs directly 

to justify the iteration of the progression.28 

6. Proofs: infinite representations and their finite descriptions. Recall the 

basic issue at the end of section 3 (in particular, note 15, p. 509): why can’t 

we infer £2(lim wn) from the truth of V«f3(wn)? This issue has a perfect 
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parallel for any of the progressions in the preceding section; using, say, P'f 

of (a)(iii), we can define the proof predicates P'fn or better P'fn (for variable 

n) in Pq ; and using O to express well foundedness (in the language of P") 

we can explicitly give a function n in P'd and establish, for variable n: 

K„(nn’ °n), 

where On is a term which gives the Godel number of a formula expressing 

well foundedness of con + 1.29 Hasn't this established dnQ(w„) in our pro¬ 

gression? 

The obvious answer is this. Though we have described the proof predicates 

P"n, there is no stage (of our reflection process) where we know that they 

are sound for our notion of proof. The most we can say is that the formal 

derivations appear to us ‘good’. More explicitly, let us recall the long and 

tortuous process by which we convince ourselves that the formal derivations 

of each PWn provide proofs implicit in the notions treated; a formal derivation 

in PWn in no way reflects this process which is, after all, the object under 

study. 

To put this answer into more ‘mathematical’ (quantitative) form we simply 

require more explicit representations of the process in question, and propose 

to use infinite proof figures, cf. note 22, p. 511. Let us write £Pa for the 

corresponding progression. 

Just how explicit should the representation be? Evidently, if we are to read 

the result ‘straight off’ the representation, we’d never get off the ground. 

More precisely, suppose the representation of the proof justifying P'f, 

that is the definition principle by recursion on co"‘“, is so detailed that an 

enumeration of all co" ’ “-recursive functions is, say, primitive recursive30 

in the (infinite figure representing the) given proof; then trivially the represen¬ 

tation is no simpler than co"' “-recursion. But let us remember our basic 

starting point: co-iteration is taken to be understood, to be regarded as a 

single act; it follows that a representation will be explicit enough (for 

somebody capable of such acts) if it symbolizes a sequence of co copies by 

a single element, and such a representation of a proof justiying P'f can be 

defined by a-recursion.31 But the whole sequence , (for «= 1,2,...) 

cannot even be defined in any particular SPan, let alone in ^0. Undefinabil¬ 

ity results are always more convincing than unprovability! More impor¬ 

tant, they avoid a natural error (e.g., by Herbrand [7], p. 231 1. 20-23 or 

myself, footnote 2 on p. 242 of [13]) of supposing that the theorems implicit 

in given notions (or, e.g., the finitist theorems) cannot be recursively 
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enumerated; what is true is of course only that no such enumeration can be 

proved to be sound by means of the particular methods considered. 

7. Relation to intuitionistic mathematics (as presented e.g., in section 5 

of my other lecture). The most striking difference between the general 

intuitionistic notion of constructive proof and those considered here 

(that is, proofs implicit in the two sets of concepts of sections 3 and 4) is 

clearly this. 

In intuitionistic mathematics a proposition is understood if we have 

grasped the possibilities of proving it (at least, by irredundant or ‘normalized’ 

methods). For the notions of proof here considered, not even purely 

universal statements formulated at the lowest level, say in P0, are understood 

in this sense, because new theorems of this form appear all the way out to 

«o)-32 
In view of this observation the comparison between constructive and set 

theoretic methods in (a) on p. 212 of [19] should be modified as follows. 

We still make mechanical computations correspond to the hereditarily Unite 

sets. But notions of proof implicit in such concepts as considered in the 

present paper correspond to ramified versions of the cumulative hierarchy 

up to ordinals implicit in the definition principles used for the ramification.33 

Intuitionistic proofs correspond then to the cumulative hierarchy itself. 

Specifically, just as there is no set of ‘all’ sets, so we have no grasp of ‘all’ 

proofs or ‘all’ constructions; but just as for any given set there is a set of all 

its subsets, so for any given construction we have a grasp of proofs about 

it (for more detail, see the discussion of grasped domains in my other 

lecture).34 

Certainly there is something depressing about the comparison. After all, 

the current search for axioms of infinity is very naturally thought of as: 

looking for the ordinals implicit in the power set operation; and why 

should the problem mentioned in the digression at the end of section 3 be 

any easier? Or, again, in 1908 Zermelo [33] gave a discussion of the notion 

of set and some important properties, his axioms; but it was only 22 years 

later, in [34], that this great logician was really able to say clearly what 

notion he was talking about (incidentally, with very little help from the 

many pages of‘technical’ papers that had appeared in the intervening years). 

Is there anything to encourage us? 

Well, since the question assumes the comparison, let’s also assume it 

in the answer! Then, trivially, we start where the pioneers in set theory 
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left off. A quite different point is that here we want to know about construc¬ 

tions which in turn refer only to our own constructions and reflections on 

this process. I still don’t see (cf. [17], p. 267, 1, 18-19) any guarantee for 

easy (self) knowledge; but it seems reasonable to take a chance. 



TECHNICAL NOTES 

I. Background on ordinals. The purpose of this note is to summarize the 

most important familiar distinctions both in (a) set theoretic and (b) 

intuitionistic mathematics. 

(a). Set theory. The notion of transfinite iteration is used in the analysis 

of the cumulative hierarchy itself (which is the principal interpretation of 

current formal set theories [34]). It is therefore, perhaps, not too surprising 

that we can ‘recapture’ quite faithfully this notion in terms of the notions 

of set theory itself. 

Case 1: ordinals built up by the process of forming successors a (of any 

given ordinal) and the supremum o' of a set of ordinals. Any building up 

process induces a (partial) ordering, say <, where x < y if x occurs at 

a stage in the process of building up y. To speak of a ‘building up’, clearly 

(i) ox # y for all y ^ x; and to speak of the supremum o'x (whose con¬ 

struction involves only the elements of the set x of ordinals), (ii) if y < o'x, 

for some (ordinal) u e x we must have y < u. It is natural, to satisfy (i), 

to form ox by operating on the set {y\ y < x} (for the relation < to be 

constructed!); but it is not altogether obvious that there is a uniform way 

of defining o which ensures (i); von Neumann discovered 

ox = x u {x} (A x); 

it is, in fact, the successor operation forced upon one if < is to be member¬ 

ship. To satisfy (ii), one puts 

o'x = (J x 

if one wants the supremum of a set with a largest element z to be z, and 

o'x = (J {oy: y ex} 

if one wants it to be oz. (If x has no largest element the two definitions are 

equivalent.) Note that (iii) if x and x' are equivalent in the sense that 

Vu3d[u e x -> (t> e x' a u < i>)], Vu3 u\_v exA(uex ad < u)] 

then o'x and o’x' are actually identical. 
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A critical point here is that ax is of higher type than x. There is certainly 

no apparent way of getting ‘uniform’ (e.g., set theoretically definable) 

a and o', and <, satisfying (i)-(iii) which stay at some restricted type; 

and it is consistent (with the usual set theoretic principles) to assume that 

there is none. 

Case 2: ordinals treated as order types satisfying some condition of well 

foundedness such as 

(i) . The least element principle. 

(ii) . The principle of proof by transfinite induction, that is for each 

formula Fx with free variable x (and not containing y) 

Vx[(Vy < x)Fy —► Fx] -> VxFx 35. 

(iii) . Finiteness of descending sequences (from to into the field of <). 

Clearly, the ordering built up in case 1, satisfies (i)-(iii). The converse 

involves a quite independent principle.36 In short, the remark on p. 493 

on different notions of set theoretic ordinal was justified. 

(b). Intuitionistic mathematics. Though the basic distinctions which arise 

here are remarkably similar to the set theoretic case, the proper emphasis is 

different. (I use [8] as a convenient reference.) 

Case 1: ordinals built up by the process of forming successors and suprema 

of co-sequences.37 These were originally introduced by Brouwer by means 

of higher type operations, indeed by use of species, but as observed in [8], 

they can be reduced in an obvious sense to constructive orderings of the 

natural numbers.38 Each of these orderings has a constructive characteristic 

function, a constructive successor and constructive so called fundamental 

sequences. 

Case 2: ordinals treated as order types', it will also be important to dis¬ 

tinguish between decidable order types (with a decidable characteristic 

function and decidable field) and general order types (determined by a 

species, that is a relation which is in general undecidable, but which can be 

proved to be a partial ordering39). 

Here the distinctions corresponding to (i)-(iii) in (a) are more funda¬ 

mental. Thus (i) is useless, and (ii) is, for decidable <, stronger than (iii) 

if only constructive descending sequences are meant since formulae F define, 

in general, species which simply do not have a constructive characteristic 

function. Brouwer introduced 

(iii'). all descending freely chosen sequences are finite. 

Brouwer’s socalled bar theorem asserts, for decidable40 < satisfying (iii'), 
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that < can be mapped by a constructive function in to an ordinal built up 

as in case 1, preserving order, and hence satisfies (ii). It is evident that (iii') 

alone does not ensure such a mapping onto an ordinal of Case 1, because 

the successor need not be constructive. 

II. Primitive recursive arithmetic: PRA. For a description see, e.g., Hilbert- 

Bernays, vol. 1. The purpose of this note is to consider whether PRA 

corresponds to a philosophically41 significant notion of proof. Its immediate 

appeal (established by the empirical fact that people take to it) shows of 

course that it corresponds to the immediately evident part of such a notion 

and not, for instance, to all that is implicit in some given concepts. 

1. In terms of the present paper, a plausible analysis is this. PRA corre¬ 

sponds to the principles of proof implicit in m-iteration and specific basic 

functions (that is, in contrast to section 3, the notion of co-sequence is not 

assumed to be understood; only some concatenation operations). Since, 

as is well known, co" is the limit of the ‘provable ordinals’ of PRA the 

critical point is to discover the ordinals implicit in the concepts above. Let 

toc be the limit of the ordinals built up at stage a of our reflection process. 

Since we apply co-iteration only to specific configurations, not to any 

configuration, we have, for + denoting the successor (as in § 2), 

toc+ = roc+ o) with tl = co. 

Assuming the formation of unions (which needs further analysis) we have 

zee = co • a (a copies of co). Clearly co" is inaccessible, since, for a < co", 

also co • a < co". 

2. The only serious42 attempt in the literature to find philosophical 

significance for PRA seems to be Tait’s discussion in [31]. Its central point 

seems to be that the evidence of each proof considered has, in some essential 

way, a strictly finite character. As it stands the analysis in [31] is uncon¬ 

vincing43 since the understanding of any one rule goes beyond this. And 

using a formalism containing only constants for rules, that is, not showing 

variable arguments, does not alter this fact. 

3. Finitist proof (finiter Beweis), as described in the introduction to 

volume 1 of Hilbert-Bernays. (As noted in several places, Hilbert’s own 

publications are not consistent, in fact, his aims in metamathematics were 

not.44) This description seems to indicate a fairly well defined area of 

mathematics, which uses co-iteration only of the particular construction of 

the number series by concatenation operations, and so, by (1), PRA may 

indeed correspond to the notion intended there. 



NOTES 

1. More technical defects which have spoilt proof theory for a long time, are due to the 

following ‘dilemma’. Formal systems which codify actual reasoning well, such as (subsys¬ 

tems of) classical analysis or set theory do not lend themselves to proof theoretic analysis 

without ad hoc tricks. Those systems which do, are often formal theories of hierarchies such 

as ramified analysis in [24]; usually hopelessly removed from actual practice. Evidently 

the rational step (cf., e.g., [18], p. 345, 1.17-19) is to use an auxiliary model theoretic 

reduction of ‘natural’ to ‘artificial’ systems which preserves a large class of theorems; 

beautiful applications of this procedure are in papers by Feferman [5] and Friedman [6]. 

Surely, one reason for the failure of using this method is sheer ignorance: either of the 

model theory involved or of the fact (cf. note II of [18] for details) that these reductions 

generally provide finitist proofs of conservative extension results. But perhaps a deeper, 

if unconscious, obstacle is the philosophical view that ‘nothing is gained’ by the use of 

transcendental (model theoretic) methods even as far as intelligibility is concerned. By 

accepting instead of testing this view its adherents make sure that indeed nothing is gained 

from their (non-existing) knowledge of transcendental notions! 

2. The reader familiar with mathematical practice will find there related problems in 

making objective the choice between alternative notions and definitions, for instance the 

separation between a structure-mere and obviously minor variants. Equally important, 

the crude chase after ‘bigger ordinals’ has its parallel in the vulgar idea ‘continuous func¬ 

tions are better than polynomials (say in finite fields!) because there are more of them’. 

Somebody, I think rightly, said about ordinals in proof theory: It’s not how large you 

make them, it’s how you make them large. Having recognized the general nature of the 

project, we are faced with a further difficulty which also has its parallel in ‘ordinary’ axiom¬ 

atic mathematics: though, perhaps surprisingly, few structures (in algebra or proof theo¬ 

ry: orderings together with suitable ordinal functions) turn out to be basic, recondite con¬ 

siderations and delicate distinctions may be needed to discover them. 

3. Another familiar axiomatic analysis distinguishing betv/een algebraic and analytic 

methods goes back to Sturm’s famous work. His own purpose in giving an algebraic 

proof of his theorem (valid, as we should say, for all real closed fields) was to avoid con¬ 

tinuity considerations which, with his background, were associated with dubious infinites¬ 

imals. In other words, his principal interest was of course not any extra generality; he 

wanted theorems about real numbers, but using only those methods of proof which he 

could see to be valid. 

Digression. Paradoxically, that is, despite its heterodox presentation, the paper of Yese- 

nin-Volpin [32] seems dominated by the preoccupation of current axiomatic mathematics 

here discussed, namely to analyze distinctions between notions of proof in terms of valid¬ 

ity for different kinds of objects, for instance different ‘number series’. Whatever (alleged) 
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ambiguities or weaknesses the usual concept of natural number may have, surely none of 

the various different ‘number series’ of which Yessenin-Volpin talks, is any clearer! (The 

same applies of course to non-standard models.) Putting it bluntly, the critique of the usual 

concept serves, consciously or unconciously, as a kind of diversionary tactic, drawing 

attention away from the weakness of the new concepts. Even worse (in my opinion), 

quite basic questions raised by the new concepts make perfectly good sense even if the usual 

concept is used. First, there is the question to what extent our notion of set is derived from 

the notion of finite set; and hence (presumably) the distinction between finite and in¬ 

finite set is derived from the distinction between small and large numbers. Second, there 

is the question of a coherent theory of this distinction, in particular of the logical laws 

obeyed by propositions involving the concept of large and small number. Clearly, the law 

of the excluded middle does not apply! But isn’t it one of the more vulgar errors to suppose 

that therefore intuitionistic logic applies? 

4. Psychologically, my original formulation makes some sense. It separates proofs in¬ 

volving a, possibly complicated, combination of notions actually named in T, from proofs 

making essential use of novel definitions. Needless to say there is another kind of reasoning 

which has some psychological interest and which may lend itself to rather crude formal 

characterizations: what is immediately clear or evident. (Any theory on the teaching of, 

say, some elementary part of mathematics to children, involves, implicitly or explicitly, 

ideas on the question above.) Though this matter is probably of limited logical interest, 

it seems plausible that the apparatus of mathematical logic may be useful for (stating psy¬ 

chological) theories about it. 

5. Before Godel’s decisive results the following plausibility considerations were valid. 

First, given any structure, say arithmetic, there are, trivially, facts about this structure, which 

can only be stated by means of notions that are not prima facie connected with it (e.g., the 

relation between the structure and quite ‘different’ notions). Second experience had shown 

that certain facts can be proved intelligibly only by use of extraneous notions (e.g., replac¬ 

ing familiar functions of analytic number theory by means of rational approximations pro¬ 

duces unintelligible constructions). These considerations made it plausible that other facts 

about the structure could not be proved (convincingly) at all without use of properties of 

such notions. 

6. I do not know any systematic exposition of the current ideas for analyzing theoretical¬ 

ly the nature of problems in number theory, but found Swinnerton-Dyer’s remarks [27] 

very congenial. As to the (heuristic) value of the old questions it is hard to say whether 

or not it is supported by experience in number theory. Obviously, the illiterate formulation 

mentioned early on is repulsive to a thoughtful person; but the people concerned are igno¬ 

rant of the logic which may be needed for a more satisfactory formulation, and therefore 

in no position to judge the matter. 

7. This principle of induction is, classically, equivalent to the socalled: least-element-prin¬ 

ciple (LEP) 

VY{(3x(x eX) -»• 3x[x e X A (Vy < x) —i (y e Y)]}. 

This formulation is not useful, intuitionistically; more important, the principle of induction 

is immediately evident from the build-up of the integers, while LEP is derived. 

8. Take a primitive recursive An, for which we don’t know whether 'ixAx holds. Our 
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ordering is according to magnitude for (<x, y>: x 5S n Ay ^ n) if (Vx < n)Ax; if n0 

is the least x for which —i Ax holds, we put n+ first, and the usual ordering for {<x, y}: 

x ^ rig , y ^ n^j. (A first element is given with the building-up process.) 

9. For reference below two points should be noticed. First, since the variables Xand/ 

occur purely universally in assertions of well-foundedness, formally they may be replaced 

by free variables; hence, if well-defined ranges for the variables x, y and n are understood, 

these assertions correspond to (assertions expressed by) free variable formulae in, say, 

primitive recursive arithmetic when the latter are interpreted without assuming a well- 

defined set of all natural numbers. Second, if no definite ranges are assumed for, say, x 

and y, we have a completely quantifier free rule: suppose, for some specific mapping t of 

the ordering into itself, we have derived: (rx < x -*■ rx e X) x e X, i.e., we have 

rxel->xel and (—|Tx< x) -r x e X; then we infer: x e X. Naturally this ‘reduction’ 

is of interest only if we have given a suitable (non-classical) interpretation to free variable 

formulae. 

10. Since the early days of logic it has been clear that a stronger, or more general state¬ 

ment can often be formulated in a more elementary way! Thus, as Hilbert-Bernays, vol. 2, 

emphasize, implications \f x AxWy By (with primitive recursive A and B) are not fi- 

nitistically meaningful; for given r : A(zy) -> By, with free variable y, is. Also, in the lan¬ 

guage of first order predicate logic we cannot characterize say the field of rationals (and 

hence not prove results about it). But we can express the notion of formally real field, 

prove general results about the latter, and ‘thus’ results about the field of rationals. 

11. For an example, see [18], p. 336, also in connection with note 9 above. Roughly 

speaking (or precisely in terms of the next subsection), if an ordering a is built up by the 

processes here considered, so is 2a; but if (under minimal assumptions on finitistically 

decidable sets X in the example mentioned) the induction rule of note 9 has been justified 

for a, it does not necessarily hold for 2“; for other examples, see [4], p. 134. 

12. We do not go here into the relations between (i) our way of expressing the build-up 

of the given ordering and (ii) the principles of proof by induction and definition by recur¬ 

sion (or the relations between the latter, cf. [15]). Formally, the simplest and, possibly, 

most satisfactory way of expressing the relation is by means of an inference rule-, but for 

an analysis of the nature of this inference some new idea should be used. 

13. ‘Extended’ by use of the operations explicitly given (in accordance wi*h the idea of 

regarding ordinals as algebraic structures). Note that for general orderings the mapping 

must be relative to given g, g' since the segment {x: x < <fi} may permit an (order pre¬ 

serving) automorphism. Conversely multiplication by a> preserves non-existence of non¬ 

trivial automorphisms. For detail, see [3] and footnote 11 on p. 339 of [18]. 

14. The corresponding orderings are unique up to isomorphism (built up from the func¬ 

tions involved in the algebraic structures associated with co„). 

Correction. In several places, e.g. [16], p. 164, 3.331, I have drawn attention to such 

intrinsic characterizations of the ordinals < e0, using as one of the functions: x -»■ a>® 

without restriction on a. This is pointless, as observed earlier; what is reasonable, for each 

a>„ with n = p-\-1 say, is: a -> co“ for x ^ cop, and say: a -> wp for other a, and this is in¬ 

deed sufficient for the required isomorphism result. 

15. By way of illustration, it may be useful to remember that all the functions and re- 



510 G. KREISEL C XXXI 

cursion equations involved can be equally obtained for (suitable) orderings which are not 

well orderings at all, and if |a| is not well ordered it makes no good sense to say that 

lexp^ a\ has been ‘built up’ by iterating anything \a\ times! (The easiest way of getting such 

orderings is to consider non-standard models of arithmetic, with the formal definition, 

unique up to provable isomorphism, of the natural e0 ordering and the functions mentioned. 

Of course all this is only an illustration because here we take the notion of co-iteration to be 

understood in its proper ‘standard’ sense.) Naturally such properties of ordinal functions 

express the intended fact, namely the possibility of building up the ordering by means of co- 

iteration, only if one understands the latter process. 

Correction. The misuse of verifiable in [2] pp. 284-286, e.g. 3.8, is evidently due to dis¬ 

regarding the facts just mentioned; the formal proof (even in the elementary system Q) 

that a given function satisfies equations having the form of definitions by recursion tells 

us very little, in general not even uniqueness (though for special types of equations it tells 

us uniqueness with respect to certain variations! cf. [15]). 

16. As by-products we shall get formal counterparts of both intuitively obvious facts 

(e.g. that our orderings are well founded in a suitable sense) and somewhat surprising con¬ 

verses (e.g. that orderings which can be proved to be well founded by the principles con¬ 

sidered can always be mapped by a function of our hierarchy in an order preserving way 

into one of our co„). Needless to say, detailed ‘technical’ refinements can have great 

philosophical value for establishing the limit e0 on a ‘minimum’ of hypotheses. Putting it 

crudely: the more detail we have for our o>„ the easier it is to show that there is no e0 with 

the same sort of detail! The idea here is this. Simple results on an intensional concept C 

need only few details, given by a crude homomorphic image Rc of C, (e.g. the order 

type R0 of a given ordering O). Later Rc is enriched by other (relevant) structure of C. 

17. The reader will now see the force of the apparently innocent restriction (on p. 489) 

to basic concepts which are not too self reflexive. 

18. In contrast to the preceding section, I shall here give a sketch only. The purpose is 

to draw attention to the kind of technical refinement that is significant (cf. note 16 above). 

The existing relevant work of Feferman and Schiitte is so thorough that one expects to 

read off the additional information provided only one knows what to look for. 

19. Thus we are not concerned with systems in which all objects are intended to be def¬ 

initions (or, more precisely, intuitive rules or attributes) in contrast to, e.g., [24], chapter 

VIII and XI or Krasner [12], In particular, self application does not arise since we consid¬ 

er sets (or properties) of certain individuals, namely natural numbers. Formally speaking, 

little is gained at the present time by embedding, say, arithmetic in a theory of attributes: in 

contrast to set theory the general principles which we can assert about attributes are so 

weak that special existential axioms seem to be needed even for arithmetic; cf. [14] § 33. 

See also note 27, p. 511. 

20. Specifically, the formulae are meant to define sets (of natural numbers) if they contain 

no free set variables and properties of sets, if they do; cf. note 9, p. 509. For the discussion 

below it is best, I think, to regard (finite) formulae of the ramified hierarchy as codes for 

infinite formulae built up from symbols for the basic concepts considered in this section. 

21. It seems likely that the work of Feferman and Schiitte ‘contains’ all the formal de¬ 

tails needed (cf. note 18 above); the principal problem is conceptual: to formulate properly 
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just what details are needed. (Compare: sometimes quite elementary calculations in the 

theory of addition of integers generalize to all groups; the main discovery may then be the 

observation that they generalize; the calculations correspond to the formal proof theoretic 

details in the comparison.) 

Digression. A different way of proceeding is to analyse the logical laws which are valid, 

in conjunction with the particular notions here assumed, for incompletely defined proper¬ 

ties such as P. At the present time this is not promising; cf. note 19. 

Correction. It is sometimes pointed out (e.g., [25]) that the proofs of well-foundedness 

only use intuitionistic logic. This is pointless for the present purpose (at least, without fur¬ 

ther analysis) since the intended, highly impredicative, interpretation of the intuitionistic 

logical operations (for which Heyting’s rules are valid) has nothing to do with incompletely 

defined properties; cf. end of note 3. 

22. In footnote 8 of [1] Brouwer stresses that proofs are to be conceived as transfinite 

iterations of basic steps. Prof, van Heijenoort has drawn my attention to Zermelo’s pa¬ 

pers [35] and [36], which also insist on the infinitistic character of proofs, see particularly 

[36], p. 145 top. What is simply thoughtless is the negative attitude towards Godel’s in¬ 

completeness theorems which seems to go with this insight into the character of proofs 

(e.g. [35], p. 87, but not repeated in [36]). First of all, properly interpreted, Godel’s theo¬ 

rems can be used to support this insight, just as they are used to refute Hilbert’s assumption 

that finite formal derivations reflect faithfully the structure of mathematical reasoning. 

Second, from a practical point of view, formal systems may be a very good description of 

what people are likely to prove. 

23. For a description, see e.g. [15] or, in more detail, [29]. The choice of co“a instead 

of say a is technical; it ensures that Px is properly included in Pa + 1. 

24. Just as consistency is the ‘least’ one expects. (Incidentally I do not know if, for P'a'+l 

consistingof P'a' together with the sentence asserting the consistency of P”, (J {P'a': a < e0} 

is the primitive recursive part of (J{Pa: a < £<)}•) 

25. Godel has stressed this point in conversation; indeed the obviously finitist character 

of this addition. 

Correction. In [14], p. 295, I say it would be ‘desirable’ to do so without being in the 

least clear on the point, in fact the formal rules (i) and (ii) which I set up in order to avoid 

the use of such variables are quite unsatisfactory; cf. [18], p. 336. Tait [30], p. 175, last 4 

lines, rejects the use of such variables out of hand. 

26. But omitting the rule for introducing function symbols; they are quite pointless, in 

the presence of an existential quantifier. 

27. Roughly, arithmetic relations correspond to rudimentary ones (and it would per¬ 

haps be of interest to investigate the correspondence). Provably definite properties of sets 

here correspond to provably recursive ones in (a). One difference between Feferman’s 

unramified hierarchies and (iv) is that he also considers theorems which are not X\; for 

such theorems we do not get an unambiguous correspondence to the ramified hierarchy 

but only ‘interpretations’; naturally since there are logical theorems JXA(X), for A , 

such that no set in the ramified hierarchy can be proved to satisfy A (when the quantifiers 

in A range over all sets), cf. [18], p. 349, last line. However, certain striking results do in¬ 

volve arbitrary formulae; transfinite induction can be proved for all formulae on any or- 
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dinal (in sense (i) of Section 4) [3] though not every formula defines a set; all (provably) 

definite formulae are equivalent to zlj-formulae [4] while only the converse is obvious. 

The significance of these formal results for the particular notions of section 4 remains to 

be analyzed. 

Digression. The provably definite properties were not introduced ad hoc, but correspond 

to a quite central aim, already formulated (informally) by Poincare: to look for invariant 

(sometimes called: extensionally definite) definitions, that is formulae which define a de¬ 

finite object so to speak ‘before’ one has made up one’s mind on possible extensions of a 

given universe; and this idea is formulated in terms of extensions of a given model (only 

very general axiomatic conditions being imposed on these extensions). Now though it is 

clear that Krasner’s interests [12] in ‘tests’ go in the same direction, it is possible that his 

notion is actually a bit different from invariance in the sense above. As explained above in 

note 19, Krasner’s notion is not promising if one is principally concerned with sets of in¬ 

tegers. In any case, at the present time it does not compete with the notion of invariance 

which (i) is quite precise, (ii) has been thoroughly investigated, (iii) has been found to 

have very satisfactory closure properties and (iv) wide generalizations in model theoretic 

generalizations of recursion theory. 

Correction. While, clearly, definitions implicit in the notions of Section 4 must be prova¬ 

bly definite in a suitable hierarchy satisfying the autonomy condition used, it is not apparent 

that Poincare’s aim requires such autonomy. So, without further analysis, Feferman’s re¬ 

sults [4] on provably definite formulae should be regarded as elegant stability properties 

of his unramified systems, and the latter as a kind of metatheory for the ramified hierarchy. 

28. Correction. This presents a change of view; when the term ‘autonomous progres¬ 

sion’ was introduced, it was thought that the formal machinery of say P" was needed in 

an essential way to obtain the ordinal a)n+l. In the system [16], p. 172, a symbol O is indeed 

added to the language to express: can (be proved to) be reached by a)-iteration. However, 

it is treated as a pseudo property and the relevant result 3.422 uses nothing of the formal 

machinery. 

29. Specifically, a suitable term r in P" for the natural ordering < of a>n + 1, in the no¬ 

tation of section 5a(iii). 

30. ‘Primitive recursive in’ is here taken as a translation of ‘read straight off’. 

31. The reader should recall an analogous (and, I believe, much neglected) situation 

in the theory of cut free infinite proof figures. If we are allowed to infer 3xAx only from 

At for some term t, cut free derivations corresponding to formal first order number 

theory cannot in general be defined primitive recursively; if 3xAx is inferred from At 

V 3xAx, they can. Put in present terms, proof figures using the latter formal rule conceal 

the steps involved in understanding the formal derivation as a proof. 

Correction. In [16], p. 165, 3.3321,1 had in mind the formal fact associated with the two 

rules; my observation was a prize example of pointlessness since I did not realize any 

significance in the formal fact. 

32. In a very strict sense, not even numerical statements are understood in this sense, 

because we can’t even define the sequence 0>a: a < e0. However, a consistency assumption 

is enough to justify a particular definition of irredundant proof, namely: computation in 

the £Aa in which the symbols used first occur. 
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Digression. It seems to me that the following mathematical problem may be of some inter¬ 
est. Let us use the standard definition of the intuitionistic logical operations relativized 
to proofs (and functions) in one of our autonomous progressions of formal theories; in 
this case decidability of the proof predicate is of course unproblematic. What are the result¬ 
ing formal logical laws! Does cut play a special role'l Are there reasonable variants of such 
relativizationsl (These questions belong to the theory of hereditarily formalizable proofs.) 

33. In Godel’s constructible hierarchy, as he repeatedly emphasized, there is no connec¬ 
tion between the definition principles (first order quantification) and the ordinals used. 
Consequently, with ‘definitions’ in place of‘proofs’ there is, e.g., an obvious meaning of 
irredundant definition of a set of integers for which all sets of integers in the hierarchy can be 
defined before a certain ordinal, the first constructibly uncountable one. But it seems far 
fetched to regard it as implicit in the definition principle. 

34. The fact that, as pointed out in my other paper, certain very elementary proofs are 
evidently applicable without restriction to grasped domains, corresponds to such elementary 
set theoretic operations as the boolean operations which evidently apply without careful 
consideration of what objects sets are. 

Digression. It cannot be stressed too much that Heyting’s interpretation of the logical op¬ 
erations (from which the presentation in my other paper is derived) is abstract and problem¬ 

atic. This fact may not be quite irrelevant to Brouwer’s notorious objections to Heyting’s 
formalization. Whatever Brouwer’s conscious reasons may have been, he may well have 
had doubts about what exactly is asserted in general logical laws. It seems quite absurd to 
suppose that he couldn’t have made up for himself all the well-known bromides about the 
‘innocence’ of formalization (how it ‘clarifies’ matters, or helps ‘communication’). In 
addition, he would have been right in expecting popular misinterpretation of the sig¬ 
nificance of Heyting’s particular rules since, at the time, there was no indication at all that 
they were complete for the intended meaning; in this connection, see note I of my other 
paper. 

35. (i) and (ii) are equivalent in classical, but not in intuitionistic logic. In axiomatic 
set theory, or, more explicitly, in ramified set theories where not every definable property 
has an extension, (ii) may be stronger than 

Vz{Vx[(Vy < x)(y ei:)^rez]-> Vx(x e z)}. 

36. Precisely, while the derivation of (i) for von Neumann’s orderings or the equivalence 
in note 35 above holds for every level of the cumulative hierarchy, the converse is an exis¬ 
tential theorem on the number of levels to be used. (The replacement axiom is a familiar 
sufficient condition for the converse, that is for the existence of a von Neumann ordering 
isomorphic to any given well-founded ordering.) 

37. In [16], 2.8, p. 147-148 (cf. 2.812) also suprema of longer sequences are considered 

(but given by constructive operations). 

38. In contrast to the set theoretic case 1, I know no way, even by use of higher types, 

of satisfying condition (iii) in (a) above. 

39. Evidently, if it can be proved to be a total ordering in the sense VxVy(x < y v 
x = y vy < x) and to have a decidable field, then < is decidable too. 

40. Using a for choice sequences, Va3/i —i (a/i+< an) does not in general ensure the exis- 
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tence of an extensional functional, say N, such that Voc—i [a(7Va) + ] < a{Na), where 

n+ = n+1. However, an extensional N can be obtained for decidable < by the device 

in the remark at the end of Technical Note III in my other paper, since for such < 

Va3« —i (an+ < an) -> Va3!n[—i (an+ < an) A (Vm < n)(am + < am)], 

where < denotes order of magnitude. For more detail, see the discussion of BI and BI! 

in technical note IV of my other lecture. 

Digression (cf. [37]). For < with a possibly undecidable field F, the situation is less 

neat; (iii'): Va3n —i(an+< an), called WFX in [37], is too strong. Specifically, our (ii) 

(transfinite induction) does not imply WFt nor even WF2: Va3n —i (Vm < n)(am + < an) 

by [37], pp. 333, 335 resp. In any case, WF2 -> V-xVk [—i(x<y)v—i Cy < jc)] (by 

taking a(2p) = x, a(2p+l) = y) and so < cannot be ‘too’ undecidable. 

Correction. While treating WF3 and WF4, which are intuitionistically useless by [37] 

p. 334, [37] omits the further classical equivalent 

Va[Vn e F) -> 3n —| (an+ < an)] 

and the (related) extended bar theorem of [17], p. 249. 

41. Mathematically speaking, there are weak subsystems of PRA which seem to be 

equally interesting; for instance the rudimentary arithmetic of Smullyan or the remarkable 

applications of Kalmar’s elementary functions by Rabin [22]; cf. also the occurrence of 

this class of functions for certain notions of complexity of computations [23]. 

42. When describing the notion of combinatorial proof in [19], App. II B, on p. 197, 

1. 11, I, inadvertently, slipped in a parenthetical restriction (to a finite number of rules) 

which, taken literally (cf., ibid., p. 214,1. —7), would not allow us to go beyond PRA. But 

for the notion intended in [19], App. II B, the restriction is simply not justified (or else 

the proof of validity of the system £FC is not correct as it stands!) 

43. I may be unduly skeptical because some (peripheral?) parts of the analysis are not 

thought out at all. For instance, Tait refers to [9] as a source concerning Hilbert’s own no¬ 

tion of finitist proof, goes on to say ‘it is difficult perhaps to determine what Hilbert really 

had in mind’ and argues that Ackermann’s enumeration of the primitive resursive functions 

is not finitist. But whatever else may be in doubt, Hilbert’s own notion as used in [9] 

certainly includes Ackermann’s function since it is explicitly mentioned! The argument that 

non-trivial mathematics can be done in PRA is weak in view of note 41 above. Probably Tait 

has simply overstated a perfectly legitimatepoint. Also, as is constantly done in foundations 

to prepare the way for highly problematic principles (e.g. full set theory), one is tempted 

to draw a very narrow line (mechanical or formal derivations for the strict formalist) be¬ 

yond which everything is ‘much of a muchness’. Tait’s particular concern is the use of 

well-founded undecidable species (of a certain sort); cf. note 40. 

44. Compare the quotation from the year 1922 given in the last paragraph of the intro¬ 

duction above with ([10], p. 180 from 1923): ‘results of usual mathematics... not absolute 

truths, . . . only those of proof theory’. It would perhaps be natural to try and reconcile 

these views by supposing that Hilbert believed that the reliability of finitist mathematics 

consists in being anschaulich (visualizable in its entirety). But Bernays has cast coubt on 

this by drawing attention to [10], pp. 162-163. Of course these inconsistencies are not sur¬ 

prising because (as a matter of experience) in philosophical matters often a major ad¬ 

vance is needed to produce as much as a semblance of coherence! 
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* The questions and conjectures on pp. 350-351 have been settled; see Prawitz [20] and 

technical note II of my other lecture. The paper [68] referred to on p. 362,1. 12 seems to 

have been withdrawn; however, the general result by Pfister has been published in A. 

Pfister, Zur Darstellung definiter Funktionen als Summe von Quadraten, lnventiones 

Math. 4 (1967) 229-237. 

Friedmans’ construction, referred to in footnote 34 on p. 375, has been published in: 
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P. 385: [4] has appeared in 145 (1968) 10-12. 

P. 386: [44] has appeared in 11 (1967) 32-55. 

Correction. P. 371,1. 16-17 is false. If A is TI\ and the 27^ sentence (3X e 2<°)A is prova¬ 

ble in ZF, so is (3XeL n 2°>)A by Note VI b(i) l.c. But it is consistent to add to ZF the 

assumption that all constructible sets of integers are analytic [R. B. Jensen, Notices 

Am. Math. Soc. 15 (1968) 189, 68T-6]. It seems to be open whether there is an A in IJ\ 

(with a single free variable X) such that A(X*) is a theorem of ZF for some set theoreti¬ 

cally defined X*, but not for any analytic X*. 
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