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1. Introduction. *Q 

Q ,  [ 
*Q Q .  a *Q 

Q .  a Q .  

A = Q(a)  c *Q 

*Q r 
is by F(x, y )  = 0 F(x, y )  E Q [ x ,  (a, p) 
a on *r, a, B 

A = Q(a, p)  
*Q. F(x, y )  = x2 + y 2  - 1, r 

a2 + p2 = 1 a B 
Q(a, B)  = Q(o) 0 

CI /? by 

o2 - 1 B=- C? 2 0  
m = -  , a=- 

1 - B  o2 + 1, co2+1‘ 

Q(a, B)  
no 

r 
*Q by 

*Q by Q * Q )  

by *Q. We 

as 

in 

1) Research supported in part by the National Science Foundation Grant GP-18728- 



2 A. ROBINSON 

A Q *Q 

an internal 

valuation of *Q induces a valuation of A and that, moreover, all valuations of 

A can be obtained in this way. 

In 

Q by 

Q )  K. *K 

K. K 

by *K by 

*K K by 

* K  K. 

2. Valuations induced in A .  K *K 

K, A K 

“K. *K. 

*K. x E *K by vpx  

x vpx E *Z,  *Z 

*K. 

Suppose now that upx is not identically zero on A - (0).  a E A 

vptl > 0 (a # j? # 0 A.  

vPj?/vPa 

a # K 

*K vpx = 0 on K - (0) ) .  p 
K(tl), f(x, y )  E K [ x ,  y ]  

f ( a ,  p) = 0. 

2.1. f ( x ,  v) = 2 cijxiy’, cij E K. 

p) = 0, cijx$j cklx”y’ 

2.2. up(cija’fi j)  = v p ( C k p k p ’ ) .  

c i j  c k l  K,  upci j  = v p c k ,  = 0 ( i  - k)vpa = (I - j)v,p. 

I - j # 0 I - j = 0 i - k # 0 vpa = 0, 

a. 

i - k  

1 - j  
2.3. ~ p p  = ~ Uptl. 

v p p  vpa. 

2.4. wPx = v p x / u P ~  
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2.4 A 

wpx = 0 x E K - w p  
A K. w p  

2.3. w p  
is induced by u p  in A .  up 

a 

*K. P 
*K, 

K *K. vpx  is not finite 

x E A - (0). 

a E A v p  (CI # CI 4 K 

upx on K - p # 0 A .  As 

y )  E K [ x ,  y ]  by 2.1 p) = 0. 

2.2 f(x, y) .  

2.2, 

2.5. (i - k)vpa = (1 - . i ) v p p  -k ( v p c k ,  - v p c i j ) .  

1 - j = 0 uPc( 

of a. I - j # 0 

UpQ - i - k VpCij  - VpCkl 
2.6. - - - + 

vpa 1 - j ( 1  - j ) vpa  

on 2.6 is 

is is 

on 2.6, 

wp/? by 

O vpj? - i - k  
2.7. wPB = (=) 

- l-j' 

2.6 

of "(v,~/u,a)  (i - k)/(Z - j )  

(uPa)- l  

if up@ z 0, (vPj?)-l). 

wpx, by 2.7, A K 

/? # 0, wpp  
by f l  = K - w P p  = 0 up/? 

is /?, y E A,  p # 0, y # 0, 
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= W P P  + WPY, 

vpp  5 v p y  p + y # 0. 

w p p  I wpy 

wp(p + y )  = O( + Y) ) 2 O(*) = w p p .  
V P N  V P R  

w p  A K. induced 

by u p  in A .  up of 

a. 
*K. 

by 1x1 by 

*K *C. 

1x1 on 

1x1 does not remainfinite on A .  

1x1 x E A 

on A .  a # 0 A 

la1 a 4 K. 

p # 0 A .  y )  E 

K [ x ,  y ]  as by 2.1 P )  = 0. 

Ici,aipil Icijaipjl # 0, 

cklxkyy' 

2.8. 

1. 

If(a, p) - cijccipil/lcijctifijl 
1 

f ( a ,  p) = 0. 

cijxiyj  2.8 

2.8 - p ,  p 2 0, 

- + (k - i )  + ( I  - j )  = - p .  

ckl ci j  

1x1 
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( k  - i )  + ( I  - j )  = v 

v I - j # 0, 

i - k V 

I - j ( 1  - 
2.9. - = - + 

on 

i - k  
2.10. wp = O(%) = - 

wp p E A ,  fi # 0, 

A K. 2.9 

wp by 

# 0, 

p, y E A ,  p # 0, y # 0. 

= wp + wy. 

I - p + y # 0, wp I wy 

p + y # 0 1 + y/p E A ,  + 

2.12 

1 + y/pl 

- 2 0, ly/pl I 1. 

1 + y / P ]  5 2 2.12. 2.11 

w(p + y )  2 O(-) = wp. 

all B E K - wp = 0 /I. 
wx a A K. wx is induced 

by the given archimedean valuation. Once wx up 

CI. 
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K = A = Q(w), w E 

*Q - Q. w 

= (w)  A.  

w = v 

A ,  = (0) = (p"). w = v 

*Q 
A .  

all 

A c *K 

*K, 

A .  

3. All valuations of A = K(w) over K are induced. K 

A = K(w) c *K w E *K - K 

K(w)  

K. 

3.1. LEMMA. Let a be any algebraic integer which belongs to *K. If la1 is 
$nite in all archimedean valuations of *K then a must be standard, a E K. 

Proof. 

*C. a = a('), a('), ..., a(") 

a "C. Ia(')l, 1d2)1, ..., IcI(")I 
a 

b bound la( j) l , j  = 1, ..., n, ..., s,, 
a('), ..., a("). [ski I c )b ,  

k = 1 , . . . , n. sk 

sk E Q ,  k = 1 , . . ., n. 

f ( x )  = X" - s1xn-1 + ... + 

a CI 

A K(w) by p ( t )  E K [ t ]  

K( t )  by Vp. 

g( t )  E K [ t ] ,  

3.2. q( t )  = (p(t))'"s(t), m 2 0 
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p ( t )  s(t) .  g ( t )  h( t )  K [ t )  

3.3. g( t )p ( t )  + h(t)s(t) = 1. 

q(t)  by V,q = m by V,f = V,q - V,Y 

f ( t )  E K(t),  f ( t )  = q(t)/r(t) .  K(w), 

by V, by 

K(t )  on K(o), by V,(f(o)) = V,(f(t)) E K(t). 

q(t)  E K [ t ]  q(o)  E K [ w ]  c q(o) 
*K, (q(w)) 

n P Y ,  

P j  

p(w),  vj > 0. Pi = P, 
v j  = v, u p  

u p ( p ( o ) )  = v > 0. 

v p o  2 0. vpw < 0 

3.4. p ( t )  = a,-, + ~ , t  + ... + uAtA, uj E K,  an # 0. 

vpaj = 0 uj # 0 vp(p(o) )  = I u p o  < 0, 

upw > 0 v p ( k ( o ) )  2 0 

k( t )  E K [ t ] .  

q(t)  E K[t ] ,  v p ( g ( o ) )  2 0, up(h(w)) 2 0, 

up(s(o)) 2 0 g ,  h, s by 3.2 3.3. vp(s (o) )  > 0 

VP 1 = -I- h(m)s(w)) > 0 

u p  1 = 0. up(s(w)) = 0 3.2, 

3.5. u P ( q ( o ) )  = mvp(p(o>>. 

a = p ( o )  w p  by 

u p  w p  V, on x = q(o)  E 

K [ o ] ,  2.4, 
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Pi 

p(w), Pi v j  

P j  = P = v, 
upw 

by 3.4. upuj, uj # 0, 

upw 

vp(p(w)) = Ivpw, up(p(w)) 

no am’, p u E K, 

up(k(o))  

k(t)  E K [ t ] .  

q(t)  E K [ t ]  g, h, by 3.2 3.3. 

up(s(w)) 

v,(g(w)p(w)) u,(h(w)s(w)) 

U P 1 = + h(w)s(w)) 2 v,(h(w)s(o))) 

up  1 

up(s(w)) up(s(o))  = p ,  

3.2, 

vp(q(w)) = mupkJ(w>) + P* 
CI = p ( o )  w p  

by u p ,  A.  w p  = V, on A 

x = q(w) E K [ o ] .  

2.7, 

p / v  

of 

(p(w)) = nPy’ 

S.  S 

K { P ( j ) )  = (r S 

p, j > p 
P(j)  E S. S 

p o ,  P(j)  4 S > po.  

p o  

S, 



ALGEBRAIC FUNCTION FIELDS 9 

S Pi 
@(a)) 

(p(o)) 

= 

*K y 

y by ( y )  = 

6 p(o) = y / d  E 

*K, 66 = y/p(o).  86 by 3.1 

*K 86 

by IsSl) Ip(w)l = y/lsdl 

a = Ip(o)l on 

3 by 

*K 

V, on = V,x 

x = q(o) q(t)  E K [ t ] ,  g, h, s by 3.2 3.3. 

V,(q(w)) = m. 
p ( t )  by 3.4. IwI 

Ip(w)l lo1 
Ig(o)l, Ih(w)l, Is(o)l Is(w)l 

by 3.3, 

1 = 111 = Ig(olp(o) + Is(~)llP(w)l + Ih(w)lls(o)l 

11 I Is(o)l 

p = 

by 2.10 

Vp by 

a K ( o )  
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by o’ = 

o-’. all A = K ( o )  K by 

*K 

4. All valuations of A over K are induced. 

A K, A *K. 

on 

4.1. Let A be an algebraic function field over a field K, where K 

is algebraically closed in A .  Let S be a set of valuations of A over K with the 

following property. For every element o E A - K and for every valuation V 

of K ( o )  over K there exists a V’ E S which reduces to V on K(co). Then S 

is the set of all valuations of A over K.  

4.1 

K 

A *K. 

S A by 

*K. o E A - K V K(o) K 

3 v *K 

V on K(w) K. v V’ on A 

K V on K(o) .  S 

A K, A K by 

*K. 

4.1, 

S 

is by 

S induced induced 

by D. S So, D Do So Do 

A K, 

degree 

m A ,  (m) ( c t )  

R/Q R Do 

R 
do S, D by Qi 

Ri Q # Qi d(Q) > d(Qi)  d ( X )  

X .  Do # D Do - D 
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C (a) 

a E a, # Qi,  d(Q) > d(Qi).  d(Q) = n n 

Do - D 
4.1, d(Qi)  = n 

a E 

a E 

a. 

4.2, On the assumptions of 4.1, an element a E without induced 

poles is a constant. 

Proof 4.2. a E 

Va < 0. V' K(a), E S 

on 4.1 

4.2. V"a < 0, a 

CI E 

Q P 

v, a P,  V p  v, 
induced 

a Q 

Q, 

Q-l  Mi(Q).  Mi(Q)  

li(Q), K 

4.3. li(Q> S d(Q) + 1. 

4.3 

4.1 

[1967]. 

Q Q = nP7 P j  

vi 6, = d(Pj)  n, 
V.7 = 1 Vp, 

P,. 6, 

Wj/Jj W, c J, c Wj 

Pi, 6 = d(Q) = 

a,, ..., a, Mi(Q) .  

a, P, n, 
6 on k, ,  ..., kl E 

a = k,a, + ... + k,a, no 

nj P,. a no a E 
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by 4.2. a,, ..., a* 
a = k,a, + ... + klal no of 

nj Pj L - 6. a E 

1, 1 - 6 I 1, L I 6 + 1. 4.3. 

PI,  ..., p,, A a E A - 
PI P M 

V,  a 2 0, V,  < 0. V’ V ,  

V p  a 2 0, V’ V’ 

by p ( t )  E K [ t ] .  V’(p(a)) = Vp(p(a)) =- 0 so 

p; V,p; > 0 p by 

p(a) .  P 
p1 a do 

p2,  ..., p, A 

a 

by ..., &. fll, ..., fin 
a, PI,  . . . , pn 

Q; Qi Qi Q 

(a) = R/Q by do S. 

,u Bjak, 

j = 1, ..., n, k = 0, ..., m - p - 1. n(m - p), 

Q;. 

by 4.3 

n(m - ,u) I l i ( Q T )  I d(Q7) + 1 = d(Qi) + 1 

4.4. m(n - d(Qi)) I ~p + 1. 

n - d(Qi)  by 

4.4 

n 4 d(Qi). d(Qi) I d(Q) d(Q) = n, 

d(Qi)  = n. 4.1. 

5. Conclusion. 

*K y )  

r 
by f(x, y )  = 0. 

(a, p) K, A 
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*I‘ 

5.1. *I‘ contains a non-standard *K-point if and only if the 

number of K-points on r is injnite. 

Proof. *r (a, p). 
“I‘ y)” 

“r’’ *I‘ *K. 

x = a,, y = pl, a l ,  p1 E ‘‘r 
y )  (al, pl)” 

x = az, y = pZ, 
az, pZ E (a1, /I1) # (az, &). 

y )  (a1, pl) (az, pz)” 
(a3, p 3 )  

(a,, pl) (az, pz). 
r (a1, B1), (az, BZ), (a3 ,  p3) ,  ... 

{q,,}, 

n,  (a, 8) on r m > n 

a = qm j? = qm”. 

n (a, p)  on *r. 

on 1 

y )  = 

0, f ( x ,  y )  E y ]  

(a, p) on *r. 5 K 

q f ( 5 ,  q) = 0. K(5, q) 

r. 
B) K(5, q) a +. 

I‘ is not a 

straight line parallel to one of the coordinate axes. 

y )  = E 

r 
a 

= 0 j? 

(a, p) r 

a 
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$: K(5)  + K(a) 

on K, 5 N. q )  = 0 p) = 0, $ 
K(5, q )  -+ K(a, p) q + p. 

K(a, p)  r. 
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by R by Z 

*R by *Z.  Z 

{ 1,  2, . . . , n, . . .} by N 

by *N.  *N\N 

271 by T. 

*R by *T = *R/271*Z. 

on T(*T) 271 on R(*R). 

on 
G 

by 0. y G 

I(x, y)l = Iv(x)l = 1, (x + Y ,  Y) = (x, Y)(Y, Y) (0, Y) = 1 
x, y E r 

G 

As 

T 

Z Z 

T. *T *Z 

n, 
n on r G.  

Tn G = Z(m) 

m, m { y o ,  ..., Y,,,.-~} 

by 

1 E G, k = 0, 1, 2, ..., m - 1 

by 

T(271m) = (0, 271/m, ..., 2z(m - 271. 

T. T(2nm) 

T. R 

o E *N\N *Z(o) 

o. *Z (w)  

o. 
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by = (0, ..., - 
2n, 

if y E k E ( I ,  y )  = 

1 E 

as 

we 

R. by 

on 

2. of groups. G 

n + 1 (n 2 additively. G 

by xo, xl, ..., x,, xo = 0 

unit element G.  A 

G by x, y, z, ... . 
group algebra G 

G,  

by L(G), (n + 
C on G 

of multiplication by convolution operation, 

by *, g E L(G) 

n n 

2.1. ( f*g>(x> = 2 f ( x  - xi) g(xi) = 2 S(xJ g(x - xi), 
i = O  i = O  

x E G. 

G 

L(G) (n + 1)-dimensional commutative linear algebra 

over C. 

x i  E G(i = 0, 1, 2, ..., n) by ei 

L(G) ei(xj)  = 6 ,  = 0, 1, 2, ..., n, 

6 {eo, e l ,  ..., en} 

L(G) L(G), e, 

L(G). xi  4 ei G 
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L(G)  G 

L(G).  ei*ej = ek 

x i  + xi = xk 

L(G)  

L(G)  L(G)  G. 

by E L ( G )  

T,. on L(G)  

2.2. For each E L(G)  we set T,-(g) = = for every g E L(G). 

T f  L(G)  L ( G )  

-+ T f  L ( G )  

L ( G )  L(G).  

L(G)  (n  + 
by 11 - gl12, 

by g E L(G)  

by 

n 
~ 

2.3- ( A  g >  = 2 f (x i> g(xi), 
i = O  

I l f  I12 = ( (5 f  

L(G)  involution 

f, E L(G) by 

2.4. f ( x )  = - x )  for all x E G, where the bar stands for  the operation of 

taking complex conjugates. In particular, for all i = 0, 1, 2, ..., n, ti = e j  

i fand only i f x i  + x j  = 0.  
~ 

(TfS, h )  = cx (1, f ( x  - Y ) d Y ) )  h(x) = 1, d Y )  C J ( Y  - x)h(x) 
= ( 9 ,  T f h )  Ti  T f  

T; = T f .  {Tf  E L ( G ) }  

2.5. THEOREM. The regular representation -+ T f  of L ( G )  into the algebra 

qf all linear transformations of L(G)  into L(G)  is a representation of L(G)  

into a *-algebra of normal linear transformation on L(G). In particular, the 

representation x i  -+ Tei of the group G into the algebra of all linear trans- 

formations on L(G)  is a unitary representation of G. 

Proof. T3 = T; T f  T3 = T3Tf, E L ( G )  
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T,  eo 

L(G) Te0 = I 

TEj = (Tej)-'.  Tei 

G 

2.6. There exist exactly n + 1 different characters of G which 

form a complete set of n + 1 orthogonal eigenvectors of the commutative 

family of normal linear transformations {T, : f E 

Proof. {T,} is 

{uo, u l ,  ..., u,] L(G) 

{T,}. xi  E by 

(Tej u j )  (x) = uj(x - x i )  x E uj 

T,, l i  

uj(x - x i )  = l iu j (x)  x, x i  E G.  uj(0) = 0 

uj(x)  = 0 x E G uj 

uj(0) # 0 j = 0, 1 ,  2, ..., n, ,Ii 

l i  = uj(-xi) /uj(0)  = 0, 1, 2, ..., n. uj(x  - x i )  = 

uj(x)  uj(-xi) /uj(0)  = 0, 1, 2, ..., n x, x i  E 

(x,  y j )  = uj(x)/uj(0) j x E G, 

y j  L(G) (0, y j )  = 1, 

( x  + y ,  y j )  = (x,  y j ) (y ,  y j )  x ,  y E G, I(x, y j ) l  = 1 

( - x ,  y j )  = (x ,  y j )  x E G.  y j  G 

n + 1 y j  ( j  = 0, 1, 2, ..., n)  

L(G). 

y G 

y # y i ,  y y i .  y # y i ,  

y E G ( y ,  y )  # ( y ,  y i ) ,  (y ,  yi)(y, # 1. 

<ri ,  Y> = Cx(x, yi)(x, 7) = Cx<x - Y ,  Yi)(x - Y ,  Y) = Cx<x, ri) * 
(Y, yi)(x, Y)(Y ,  Y) = (Y, y i ) ( Y ,  Y ) < Y ,  ~ j >  (Y, y i ) (Y ,  Y) + 1 
-~ 

y y i  

orthogonality relations G.  

2.7. (Orthogonality Relations.) For all i, j = 0, 1, 2, ..., n we have 

( Y i ,  rj> = (n + l P i j ,  
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that is, the matrix U = ((xi, y j ) / J n  + I), i, j = 0, 1,2, ..., n + 1 is a unitary 

matrix, and so we have also the orthogonality relations 

n 

2 (x i ,  r k ) ( x j ?  Y k )  = (n  + ') 6 i j  
k = O  

.for all i, j = 0, 1,  2, ..., n. 

by r 
by y1 + y z  r 
(x, y1 + y 2 )  = (x, y,)(x, y2 ) .  

r 
x E 

y E r, (x,  y )  on r, G 

n + 1 r. 

2.8. THEOREM. The set of characters of the commutative group G of order 

n + 1 under the operation of pointwise multiplication, written additively, 

forms a group r of order n + I ,  the character group of G. The character group 

of  r is isomorphic to G under the natural isomorphism x + (x,  y ) ( y  E r )  of G 

onto the character group of r. 

n 

2.7 

r x + (x, y )  

E r )  G I'. 

2.7 In 

2.9. THEOREM. The character group r of aJinite commutative group G is 

isomorphic to G. 

Proof. on 

> 1. 

{a l ,  . . . , a,} G p i ,  . . ., pr,  

x E 
r 

x = 1 nisi, 
i= 1 
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ni 1 I ni < ( i  = 1, 2, ..., r) .  

G .  y G, (x ,  = ( a l ,  y)" ' ,  ..., y)"', 

y by on 

.. ., i = 1,2, ..., r,  = 0 (ai, y)"' = 1, 

(ai, y )  = 1 I qi 5 y 

by y = y(q,, ..., qr). (q,, ..., q,,) y 

p1 ... 
2.6. 

G r x E 

x = nlal + ... + n,,a,,, 1 I ni I i = 1, 2, ..., r, 

y = y(n,, ..., n,,). 

x E G E L(G)  translate by 

2.10. f x ( Y )  = f ( Y  - x ) ,  Y E  

x i  E f X i  = ei * f ,  

L(G) translation invariant 

ideaZ L(G). y 

x E G,  y x  = (x ,  y ) y ,  

by 

L(G)  

by by 2.6, 

Tf x i  -+ Tei 
(n + irreducible unitary transformations by 

Tei 
by 

2.11. (Fourier Coeficients). For each E L ( G )  the complex 

numbersf(y) = ( l / n )  y )  = ( l /n)C,  f ( x ) ( x ,  y),  y E r will be called the 

Fourier coeficients o f f .  

2.12. It follows immediately that g E L(G) ,  then 

A 

for any complex number a, af = v.. 
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A inversion formula 

2.13. THEOREM (Inversion Formula). For each E L(G) and for each 

x E we have 

n 

 roof. ( n  + f(yj)(x, y j>  = 
j = O  

/ n  n \ 

x E 

f = f. 
+ 

yo, ..., yn, 

(n + 

2.14. THEOREM (Parseval’s Formula). Let f ,  g E L(G). Then + 
<f ,  Q> = <f, s>. ~n particular, ( l / J n  + 1) I I ~ I I ~  = IIPL 

As f E L(G) ( C x l f ( x ) l P ) l ’ P  

p-norm I p < 00) by II \ I p .  

[ 19231 [ 19681 IV). 

2.15. THEOREM (F. Riesz). If U = (uij) ( i , j  = 0, 1, 2, .. ., n) is an (n + 1) 
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&@I -t 1)unitarymatrixandifM = = 0, 1,2, ... ,n),thenfor 

1 < p I 2, l/p + l / q  = 1, we havefor each f E L(G) 

IIUfll, I M(Z-p)’p Ilfllp, and 

M(Z--p)’p II U*f IIP’ 

U = ( (x i ,  y j ) /  

J n  + 1) ( i , j  = 0, 1,2, ..., n), M = l / J n  + 1, 
Uf = Jn + 11 U*f = ( l / J n  + 1)f of 

- 
~- 

2.16. THEOREM (Hausdorfl-Young Inequalities). If 1 5 p I 2 and 

and 

l / p  + l / q  = 1 ,  then for each f E L(G) we have 

Ilf II, 2 (I/@ + WP Ilf llp, 

+ 1 ) P  Ilfll, 5 IlfIIp. 

special *T(2nw). 

*T(2no) 

3. The star-finite grops *Z(o) and *T(2ao). 1 
*Z(w) *T(2aw). 

o odd, w = 2 0 ,  + 1, 
oo is *T(2nw) 

by x, = 2nn/o, n = 0, 
f 1, rt 2, . . ., &ao [ - + a ] ;  

272. *T(27co) 

{yk :k = 0, 1,  +2, .. ., +oo) 

by 

)3.1. ( n , y k )  = ( W n k ) ,  k , n  = 0, fl, ..., +oo. 

‘ 
*T(2no) by *Z(o) 
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by { yk = k : k = 0, f 1, f 2, . . . , f coo ] 
o. 

by o 
o, *T(2no)  

the set of standard parts 

of the elements qf *T(2nw) is T, that is, = 

*T(2no)  by *L(w) 

internal *T(2no)  *C 

C’ 5 = {<(n): 

n E Z }  

*L(w) by 5 *tW = {*<(n):n  = 0, f 1, ..., * c o o } ,  

*5 5 .  
5 + *to C‘ *L(o) external. 

5 E lP(Z)(l  I p co), 

11511, = ( -? 15(n)l’)1’P < 
n = - a )  

if 1 I p < 00 11511, = : n  E Z )  < co, 11*5 - *(JP = 0 

a = ,b for two numbers a,  b means that a - b is 
infinitely small) 1 I p < co, 11*511, < co 
11*5,11, 

E *L(w) calledp-near-standard I p I co) 
5 E Ip(Z) - * 5 J P  = ,O. 

7.22 [1966]. 

3.2. element f E *L(w) is p-near-standard I p < co) if 
and only i f  11 f 11, is finite and 

If(W = 1  0 
n B  Ik( do0 

for all infinitely large n E *N\N. 

Proof. 

f ( n )  n E *Z.  

5(n) = st(f(n)) n E 

5 .  n E ClklSnl* ( (k )  - 
. f(k)lp = ,O. 
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[1972]) 

v < coo 

= l o .  
lkl b v  

5 E Zp(Z) 

v <  lkl Q u o  
= l o ,  

3.3. 1 I p < CO f E f 
f is p I < 00. 

I p < 00) p. 

I < 00, 11,. I 

(k)lP’ lip’ < I, lL0 - [nC&mo 

so, by 3.2, f 

2 

4. The Fourier coefficients of continuous functions. E 

on 

E *(C(T)) 

*T(2110) 

off 
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E by 

+ n  

4.1. f ( n )  = - 1 dx, n E 
2n 

- x  

by 

+ m  

4.2. f ( x )  - 2 X E  T. 

on 

( * f ( n ) : n  E 

{f(n):n E 

n = - m  

4.3. * ( f ( n ) : n  E Z }  = {*f(n):n E *Z}. 

E on 

E(n), n E *Z, by 

+ n  

4.4. E(n) = - 1 dx, n E 
2n 

-I 

by 

4.5. F(x) - x ( E ( n )  :n E *Z), x E 

on 

*T(2nw). n E *Z, 

f ,  by 

=-  1 3 =-(f,y,>, 1 n E * Z .  

cc) I k l , o o  0 o 

(f,(n) : n E 

2.13 

4.7. *f( -w) 2nk = 2 f,(n) ( n') I coo. 

InlSoo 

= x E 
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k = k, lk,l I oo = x. 

4.8. For all x E 

2.14 

Forf ,  9 E C(T) 

2.16 on 

E C(T).  

(Hausdorfl-Young Inequalities.) Let 1 I p I 2 and + = 1 

E 

{ f ( n )  : n  E 

{f,(n):n E 

o 
by mf 

by of. 
4.6 

by on 
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n E 
f - x E 

4.12. Iff E C(T), then f ( n )  = f,(n) for allJinite n E Z.  More 

precisely, for all In1 5 oo we have 

A 

In particular, *f(n) = ,f,(n)for all In1 I oo satisfving = 

Proof. 

rngh(6) I + (maxlhl)m,(b) 

x E 6 = 

0. 

1, 
F, by 

4.13. For each f E C(T) we shall denote by F, the internal step function 

on *T satisfying 

2n n 2n n 
F,(t) = * f ( k )  whenever - - -= t - - k I -, 

0 0 0 

where k = 0, ..., fo,. 

F, 

cf 
rn,f(2n/o). 

4.14. For all t E *T we have 

E ,  F, 

4.15. LEMMA. For each f E C(T) and for each n E *Z we have 
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+ x  

29 

E,(n) = -1 1 F,(t)e-i"'dt = (sin (:)/(:))],(n). 
21c 

-I 

it follows that 

Hence, the required result follows. 

Observe now that if t , ,  tz  E *T and It, - t2( < 6, then IF,(t,) - F,(t,)l 

I; IF,(td - *f(tdl + IF,(tz) - * f ( t ~ ) l  + I*f(td - *f(tz)l implies, by4.14, 
that 

4.16. for all 0 < 6 E *R, we have mFm(6) I 2m.f(n/o) + mef(S).  

Furthermore, 

1 
P,(n) = - / F,(t)e-jst dt = - - / F, ( t  + +) e-jnt dt 

2n 2.n 
-+ -+ 

implies 

4.17. for all 0 # n E *Z we have IE?,(n)l I 3 mF,(n/lnl). 

Combining 4.16 and 4.17 we obtain the following special case of the 

Riemann-Lebesgue Lemma for the o-circle group *T(2no). 

4.18. THEOREM (Riemann-Lebesgue Lemma). For each f E C(T) and for 

all 0 # In1 I oo, we have 

fv particular, ],(n) = , Ofor all in$niteIy large In1 I oo. 
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Proof. = E,(n). 4.15 

4.16 

0 # 5 wo. I wo Inn/ol 5 tn 
I fn. on 

0 n, 

Remark. 4.18 

f ,  (n) = I  0 In1 I oo 

E L(w) by no 

*L(o). 

{f,] 

4.19. E C(T)  1 I E we 

~ 1 2 l*f ( $ ( k  + 1 ) )  - *f 
Ik lSoo 

particular, for = 1 we 

1 I E 

~ 1 2 ( * f  ( $ ( k + I ) )  - *f 

I k l S m o  
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by 

2.14 by 

4.15 = 1. 

{fa} n 

f'(n) = f ( n )  fm(n)  n, 

In1 I wo. {,fa) 

4.20. For each f E C(T)  the sequence {f&) : In1 I wo}  of the 

Fourier coeficients o f f  is p-near-standard for all p 2 2, and its near-standard 

part in the EucIidean space "L(w) is the sequence { j ( n )  : n E Z }  of the Fourier 

coeficients off. 
Proof. 3.3 

{fa} *L(w). g E C(T)  

Ig(x) - g(y)l I MIX - yI 
x, y E by 4.17, lga(n)l I 0 # In] I wo. 

by 3.2, {om} f E C(T)  

0 < E E R g E C(T)  

I f ( x )  - g(x)l < E x E 2.15 

v < oo 

{go} 
(&,n,4ao~@m(n)~z)f 0 < E E R 

4.21 (Cv4 ,<molf,(n)12)f 
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{ f m }  p 2 2. {f} 
4.12, 

4.20 

E C(T) { f a }  
1 I p < 2. = C,"= n + 

x E C(T) Ilfll, = 00 

1 < p < 2 p. f 
{ f a }  1 I p < 2. 

1 s p < 2, 

E C(T)  : < coo} 

< co 

5. Applications 

on 

on 

by 

no 

LZ(T) 

C(T) L2(T) 

on 

{ fm} 

5.1. Iff, g E C(T), 
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+% 
r n  + m  

- x  

+ x  
I C  

4.19 

4.20 

5.2 

5.2 

(1/2n) so, by 5.2, 

5.3. THEOREM. E 2, x E T }  

in L ~ ( T ) .  
L1(T)  

C(T). 

E *(C(T)) on *T 

*(C(T)), is, 
f E C(T) - E *T) = 0, 

{E(n)  : n  E * Z }  

2 2 {f> 
- *f, 

A 

2 IF(n) - = IF(t) - * f (t)I2 = 0. 
n@Z 2n 

- x  

4.13 
A cnnZ - = 0. 
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no 

by 

5.4. (Hausdorfs-Young Inequalities). each f E C(T) and for 

2 and q satisfying + = 1 we each real number p satisfying 1 < p 

have 

\ -*  / 

/ 

< p I 2, q 2 2, 

by on 

4.10. 

4.11 

sm(x) = ClllCm x E 

E sm,,(n) = 0 m c In1 I 
on 4.1 1 (s, , , )~.  

IIsmllq m. 
]Isnt - f 1 1 4  -+ 0 + 00 

p. by m 5.5, 

4.19 

5.6. Assume that f E satisjies the following two conditions 

+a3 

In1 I.f<n)12 < 00, 
n =  

mf(6)  = 0(,/6) as 0 c 6 tends to zero. 
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Then 
n -  1 

n-+m k = O  2 l f ( - $ ( k  + 1)) - f ( % k ) 1 2  = 0. 

a, = ( 2 /.f(z(k + 1)) - * f ( $ k ) / l ) t  = 1  0. 
Ikl Q u o  

4.19 

by *T 

F, - *j, 
1 

0 Inl<mo In1 400 
- 2 n21P,(n) - I w 2 IE,(n) - *f<n>I2 

2.rr 

w 
5 - 1 IF,(t) - * f ( t ) l Z  

2n 
0 

4.14 
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a, = 0 o 

Remark. by 

on 

mf(S)  = 0(6*+"), E > 0, 

f ( x )  = + l), x E by 

f 

6. 

rp on positive dejinite 

- m 

2  xi - x j )  ~ i ~ j  2 0 6.1. 
i , j=  1 

{ x l ,  ..., x,} {cl, ..., 

[1968]) by n 

{ x l ,  ..., x,} ,  {cl, ..., c,} 

6.2. rp(x) = rp(-x) for all x E G ;  

Irp(x)l I rp(0)for a l lx  E G ;  

Irp(x) - rp(y)I2 I 2 q(0) - q ( x  - y ) ) f o r  allx E G, 
where stands for the real part of a complex number; 

Icp(y)12)*for all x, y E G. In particular, Iq(x + y )  - rp(x)l I (rp'(0) - 
Irp(O)rp(x + - cp(x)rp(v)12 I ((P2(0> - Irp(x)I2)' (rp2(0) - 

Irp(Y)12)+ + Irp(0) - rp(Y)l. 

6.2 cp, 

rp(0) > 0 
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on 

= (xo = 0, xl, ..., x,) 
cp on 

- 
6.3. 2 cp(Xi - ~ j )  ~ i ~ j  2. 0 

i , j = o  

co, cl, ..., c,. 

6.3 

Cbo Ici(xI, y) I2 .  

6.4. THEOREM. A complex valued function cp on afinite Abelian group G 

is positive definite if and only if @ ( y )  2 0 for all y E I'. 
Proof. @(y)  

by 

2.13 cp 

on 

6.5. TJ~IEOREM. A continuous function cp E is positive definite if and 

Q d Y i f @ ( n )  2 O f o r a N n E Z a n d z , " - _ ,  @(n) < co. 
Proof. cp on *cp 

on cp, on 

all o. by 6.4, 

$,(n) 2 0 all n E *Z.  cp(0) = &19,0 @,(n) 

by 4.12, @(n) = all n E @(n) 2 0 
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I 2n 

6.6 - dx 1,: 

n E 2. 2:=Eoo @(n) 
by 5.1, f E C(T)  

* 

@jmcn,> fl€Z 

I 

@(n)  = p(n)  n E Z, 

"T(2no) *Z(o) 

on 2. [1968]) 

6.7. THEOREM (G.  Herglotz). A function 50 defined on the additive group 

integers is positive definite ifand only ifthere exists apositive linear functional 

p on C(T)  such that 
2 r  

~ ( n )  = 2n ' S  
0 

for all n E 2. 
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on 

by 

A(T)  C(T) 

f E C(T)  

2 0 n E 2. 
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A REMARJC ON THE CANTOR-LEBESGUE LEMMA 

W. A. J. LUXEMBURGI) 

CaIvornia Institute of Technology 

1. Introduction. 

by book on 

p. 84 5.24, 

p. 

(a, nx + b, = 0 
n+ca 

x a, = b, = 0. 

on 

2. Points of density and dispersion. 

R. 
by 

e. c R E(x) = j: 
x, c E R c 

10, p. 

1) This work was supported in part by NSF Grant GP 23392. 
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2.1. A point x E R is a point of density one of a measurable subset e c R 
if and only if E is differentiable at x and its derivative E ( x )  = 1. A point 

x E R is a point of dispersion of e if and only if E'(x) = 0. 

x 

e 

e. 

e c R 

by el. el 

[1948]). 

2.2. For every measurable subset e c R the set el is measurable and 

&\el) + &1\e) = 0. 

R.  

by *R, *R 
by M ,  *R by M,. 

2, ..., n, ...} R by N *R by *N. a, b E *R, 

a = b a - b 

on 

*R. 

2.3. Let e be a measurable subset of R of positive measure and 

let xo E el be a point of density one of e. Then for each in$nitely large number 

y E *R\R and for each non-zerojinite standard real number a E Mo there exists 

a non-zero injinitesimal h (0 # h E M,)  such that yh = 1  a and xo rfs 

h E *el n *e. 

Proof. is no loss y a 

0 < a 0 < y. k 0 < k < a 

xo E 0 < a/y E M1 2.1 

2.4. ?- (*E  ( xo + - *E ( xo + 
k Y 

by 2.4 2.4 by 2 
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2.5. ( * E  (x, + +) - *E ( x o  + - 
2k 

- * E  ( x ,  - -)) a - k  =ll. 
Y 

2.5 h # 0 xo f h Eel n e 

a - k I hy I a. For *E 2.5 

3, 2.5, 

approximate continuous functions, by A. 

El9481 p. 131). 

on is called approximately continuous at a point 

xo E I whenever for every E > 0 the point xo is a point of density one of the 

set {x: I f ( x )  - f(xo)l < E } .  by 

on R 1 

on e, f almost everywhere approximately 

continuous on e. f bounded, then f is approximately 

continuous at a point x E e if and only if the function F(x) = f( t)dt  is 

direrentiable at x and its derivative F(x)  at x satisfies F ( x )  = f (x). 

e 

e R ,  e is approximately continuous at x i f  and 

only if x is a point of density one of e. 

2.3, no 

2.6. Let f be a real measurable function defined on R. Then for 
each infinitely large y E *R\Rand for each non-zerofinite number a(O # a EM,) 

there exists for almost all x E R an infinitesimal h = h,(x, y ,  a )  such that 

h # 0, hy = a and *f(xo h)  = f(xo).  

3. A generalization of the Cantor-Lebesgue Lemma. 

on 2.3. 

3.1. (Cantor-Lebesgue Lemma). IfA,,(x) = a,, nx + b,, nx 

A,(x) = 0 = p,, cos(nx + p,,), where p,, = , /{a: + b:), satisfies 
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for all x in a set e ofpositive measure, then pn = 0. I fwe only assume 

that is uniformly bounded in n in a set of positive measure e, then the 

sequence {p,} is bounded. 

Proof. 

no = 0 

e. = 0 z E *e 

o E *N\N. xo E el n e e 

w E *N\N. + *pa) # 0, *pa, = 0. on 

+ *p,) = 0, by 2.3, h # 0 

xo & h E *e h o  = 3n. 1 = 1  *po + h)  + 
* po) = 1  *pa, + *po) = 1  + *po) = 1  0 

+ *pa) =1 1. *pa, = 1  0 all o E *N\N 
limn+- pn = 0, 

I M n E N all 
x E e. In {p,} 

o E *N\N. xo E el n e o E *N\N. 

+ *po) = 0, 0 # h E Ml 

+ h)  + *,urn) = 1. *po 

o E: *N\N 

2.3 

3.2. THEOREM. Let f be a real periodic function of period one which is 

continuous everywhere and which has the property that its set of zeros has 

measure zero. Let {a,} (n E N )  be a sequence of real numbers such that 

a, = + co and assume that (8,) (n E N )  is an arbitrary sequence of 
real numbers. Then we have the following two results. 

If {p,} (n E N )  is a sequence of real numbers such that 

p,f(a,x + P,) = 0 
n-rm 

in a measurable set e of positive measure, then p, = 0. 

{p,} (n E N )  is a sequence of real numbers such that 

l~nf(anx + PdI I M 

for all n E N and for all x in a measurable set e of positive measure, then the 

sequence {p,} (n E N )  is bounded. 
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no 

pJ(a,,x + /3,) = 0 x E e. 

*p,*f(*ad + */I,) = 0 all o E *N\N x E *e. 

xo E e n el e o E *N\N. *f(*a,xo + 
*/I,) = 0, e 

E e > 0. a E Mo 

*a,xo + */3, - [*a,xo + + a = y. a,, = + 00 

*a, by y = *a, 

2.3 h # 0 *a,h = a 

xo + h E *e n *el. 0 = *p,*f(*a,(x, + h) + */Im) = *p,*f(y + k), 
k E M,.  If@)! > 0 f y 

*f(y + k )  # 0, *p,*f(y + k )  = 0 *pa = 0 

o E *N\N 

Remark. f ( x )  = 2nx (x E R) a, = 42n (n E N),  

3.2 

f 
conditions of the theorem are best possible. 

C 0 I x 5 1, f (x )  = 

(Ix - yI:y E C) 0 I x I 1 1 .  f 
3"x - [3"x] E C 

n E N x E C by p,, = n, n E N 

p,f(3"x) = 0 x E C p, = + 00, 

p(e) > 0 

= 0 0 I x I 3 = (1 - 2x)(1 - x )  

t I x I 1 f (x  + = f (x )  x,  f 
0 I x I 1 3. p, = n 

(n E N),  by f(2"x) = 0 0 5 x I 3, 
pJ(2,x) = 0 x 0 I x I 3 

{p,} 

f on 

2.3 

p. 82) 
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a 

3.1 

by 3.1 

on 

2. A Mean Value Theorem in metric spaces. A (X, d) 
B E X ,  C E By 

d(A, B) = d(A, C)  + d(C, 

by segment, 

d(A, B ) ] .  

d) complete convex metric space. 

B E X B ]  

2.1. Iff: d) * (Y,  A )  is continuous, then for each natural 

number n 2 3 there exist points A,, B,, E (A,  B )  such that 
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$ : [0, d(A, B)]  + [A,  B ]  

R B] X. 

P( t )  = Jl(d(A, B) - 0 ,  t E [O, 1 1 .  

n 2 3. by 

or 

(1)  ko # 0 n - 1 ko # 0 n - 1 

= cp(ko/n) B, = q(k0 + l /n) .  

(2)  ko = 0 n - 1 do 

g( t )  

(2). = ~ ( t ) .  

B,, = cp(t + l /n) .  

magniJication : X  +. Y 
*X 

a 

C, dcf(A), f(C))/d(A, 

d ( f (B) ,  f(C))/d(B, C)  magnijicatiorr 

off at C 

T 
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as 
of A 

C, 

M(A/d)  by 

As M(A/d)  

2.2. A MEAN VALUE Let (X,  6) be a complete convex metric 

space, let (Y ,  A )  be a metric space, and let f : X + Y have a magnification 

everywhere on X .  Then for every segment [ A ,  B ]  in X ,  there exists C E (A,  B) 

such that 

Proof. f d(x, y )  M 0 d ( f ( x ) ,  f ( y ) )  w 0. 

A, ,  B ,  E (A ,  B)  

A4, B4 E ( A 3 ,  B , )  by 

(An)nEN (BJnsN. 

w C = = 

C C A ,  B,. (A 

by 

6, E ( 

d(f(A,), f ( C ) )  M A(f(A,), f(B,)), 

6 E (1) 

d(A,, C )  + d(C, B,) = d(A,, B,). 

of 
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Remarks. by 

f ( x )  = x on 11 

M(s/x)f(x) = 1 s(f(O), f(l))/x 1) = 

+4(2/J2) = 47cJ2 > 1. 

f ( x )  = ' lxl on [ - 1, 11 1 

f ( + l )  = 1 so 

2.3. 

1. IIx - yII. 

2. 

3. 

4. 

--7c < I n) 
2.2. 3 

[1966] 

2.4. COROLLARY. I f f :  ( X ,  d) + (Y, A )  is an internal map whose magn$- 

cation exists and is finite at each point of the internal complete convex metric 

space ( X ,  d) ,  then is uniformily S-continuous on X .  

Proof. = {r  E *R+ : IMf(x)l < r x E 

by 

bound 

2.2. 

on 

6.1 

a 

2.5 THEOREM. Let ( X ,  d) + (Y, A )  be a continuous standard function. 

is uniformly continuous on X .  

The following are equivalent: 
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is S-continuous on the remote points of * X ,  and hence everywhere 

on * X .  

(3)  Every pair of sequences (x,, : n E N ) ,  (y,, : n E N> which satisfy d(x,,, y,,) + 0 

also satisfy d(f(x, ,) ,  f (y , , ) )  + 0. In particular when Y is compact, if 

is not uniformly continuous there are sequences (z,, : n E N ) ,  (w,, : n E N )  

such that d(z,,, w,,) + 0, f (zJ + a, andf(w,) + b # a. 
Proof. (2) 

(1) (2) 

(2) (3) 

d(z,,, y,,) + 0, o E 'N, d(x,, y,) = 0. 

d(f(x,) ,  f(y,)) w 0 (3) 

by (3) 

E > 0 n x,, 

y ,  d(x,,, y,,) -= d(f(x, , ) ,  f(y,,)) > E, by 

3. Continuous *-meromorphic functions. 

on 

on 

on (52)  

on 

52, on 

by 

is 

52 d. 

f E (52)  d 

(52, d) (*S, s), *- 
a E 52 

E > 0 ( E  E 8') 6 > 0 

d(z, a)  < 6 s( f (z) ,  < E ,  or z a 

f ( z )  p f(a). 

(Q, d )  

on *52 

on 

on "52, by 
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x (f, g )  E p(ug) f ( z )  : g ( z )  

all z E 52 

s) = 

Now 

p(x,  y )  = Ix - yI, 

f on 

p M(s/p).  

3.1. The foIIowing are equivalent: 

(1) f is S-continuous at zero. 

(2)  There exist three values a, /3, y E *S, jiniteIy separated in the spherical 
metric, which f does not attain in the injinitesimals, 

The magnification o f f ,  Mf(z),  isjinite on the injinitesimals, D. 

Proof. 

6.3.11 

by on *S 

on 

by injinitesimal group 

by 

on a, /3, y E *S a, y E a i a, 

[w, a ;  b, c] = [ z ,  a; /3, y] 

w - a  z - u  
-- - - x- , x x 1. 
w - c  z - y  

w = [ (a  - xc)z + (xac - ay)] / [ ( l  - x)z + (xa - y ) ]  

SO w = + 6)z + + l), 6, 8, q 

A by 

mal 
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0, 1, oc) 

g = w o f 
w a, p, y (2) 0, 1, oc). 

(3). = 0, 

IV w f ( 0 )  

M(s/p)f = M(s/p)w 0 f. w(z)  = + - J 
f on a, 

I f 1  1 on r, a. 

= $ r, 

If’(b)l = 1(1/2 - I 1/($r)2, b w 0, 

M(s/p)f(b)  on D Mf(b)  = If’(b)l/(l + lf(b)I2). z x b, 

MfV) = - - J r n o l z  J1 + lf(b)I2). 

M(s/p)  by p spherical 

derivative. (1) (3). 

by 0 b D 

< on 

2.2, 

I Kolb - 4 = 0, 

f (3) (1). 

*C. 3.1 

3.2. 

E > Ix - yI 

S- 

52 d on B b E B. *U is 

E *C:lzl < l} .  
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3.3. DEFINITION. We say b is the center of an S-disk of 52 with respect to d 

provided there exists an internal conformal (1-1) mapping cp: *U + 52 
satisfying: 

(1) 440) = b, 

(2) cp(0) = OAb), 
(3) M(d/p)p(z) exists, isfinite and non-infinitesimal for z in the monad 

of zero. 

3.4. The conditions of Theorem 3.1 apply at the center b E L? of 
an S-disk with respect to d where S-continuity in 3.1(1) and the magnification 

in 3.1(3) are taken with respect to d. 
Proof. f(cp(z)) f ( w )  d - 

b M(s/p)f 0 q(z) = M(d/p)cp(z) * M(s/d)f(w).  

by 3.3(3).) 

4. 

by 

4.3. 

4.5. 

4.1. 8 Riemann surface 

metric d. d 

D a f D c R. 

M(d/p)id(a) = 1, 

p D. a group of conformal 

d-isometries B b E 52 w E 

w(a) = b. d M(d/d)w(z) = 1, 

w E z E 52, 

52 d p a) .  

W-invariant 0 = 

{f o w:f  E F w E = F. 
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8, conformally invariant. 

0 by 

4.2. The following are equivalent for a W-invariant family I;: 

F is a normal family. 

M(s/d) f ( z )  is ajinite for every z E *B and every f E *F. 

M(s/d) f ( z )  < K (a standard constant) for every z E B and f E F. 
Every f E *F is S-continuous on all of *B and hence uniformly S- 

continuous in the metric d. 

Proof. => f E *F z E w(a) = z, w E * W. pg(a) = 
M(s/p)g(a) = M(s/d)g(a) g E *F by 

=- Mf(z)  f E *F z E *B 

bound K. K) 

3.1. W s / d l f ( z )  = [ ~ ( ~ / d ) m l  * [Wd/d)w(a)I = M W l f  O W ( 4 Y  so (2) 

s. 2.4. 

=- on 

by 6.4.11. 

d = st(y) d(x, y )  R 0, 

x, y E 

4.3. When { f i ,  ..., 0 Wthe conditionsof the theorem 

are equivalent to (standard) uniform continuity of the f k  on all of 8. 

4.8 [1965]. 

4.4. Remark. 

4.5. 

on b E B w E 

w(a) = b. B 
W 

B. f f 0 regular 

b B)pf(z) 
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Examples 

4.6. Julia exceptional functions. B = C\{O}, 

= {bz:b E 81, d(x, y )  = Ilog(x/y)l --x < < TC a = 1. 
[ 19261 

f ( z )  = n(z - 2")/(z + 2"), f 0 

[ 19311 
Izlpf(z) ( p  M(s/p), 

3.1.3 (3) M(s/d)f(z) = M(p/d)w(l)pf(z) = Izlpf(z) 
w(1) = z. x x 1, M(p/d)w(l) x lz[ Ix - 1 xl 

x lzl, 

4.7. Yosida's Theory [1934]. 8 = = 

{z + b:b E B}, d(x, y )  = Ix - yI a = 0. 

8 
(3) necessary and suficient for normality of 

f 0 W in the form pf (z) < 3.1 M(s/d) (z) = 

5 

by pf(z) 

P ! G )  = If'(z)l/(l + lf(Z)l2).) 

4.8. Normal meromorphic functions. [ 19381, 
[1957].) B = U = {z E C: IzI < l}, = x 

[(z - ct)/(Ez - 1)]:O E R, lcl[ < 11, 
U, a = 0 d(x, y )  = ~ ( x ,  y ) ,  (= 4 - y [  + 
IJx - lj)/(lx - yI - IJz - ll)]). A 

0 

U a 

on f = f o P on U 
P U 

(2), (3) (4) by 

on 

[1938] (3) (1 - zZ)pf(z) < 

M(S/?lf(Z> = O w(0) = [wP/?)w(O)lPf(z) = (1 -zmf(z), 

w(0) = z. 
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x x 0. 

at 

(U, q) .  

CI E *U, q-galaxy 01 

so ( I X l / ? ( X ,  0)) x 1.1 

CI, G(CI) = { z  E *U:q(z ,  CI) E 01. 

4.9. Ifcp(t) ,  0 5 t < 1, is a continuous curve in U with Iq(t)l + 1, and 

if the normal function f satisfies f(cp(t)) -, b as t --t 1, then f o W has the 

constant function b as a limit. 

a x 1 t( = cp(a) w(z) = [(z + a)/(Ez - l)]. 
f 0 w on by 4.2, o w) 

-+ b, t x 1 2 b, 

w) = b on q ( t )  

G(a). w )  on 

f o  w x b on = G(0) 

f on G(a). necessary and su8cient 

condition that f 0 W has a constant limit is that f is near constant on a galaxy 

of *u. 

4.10. F. 

by 

H"(U). 

I(x - y ) / ( J x  - 1)1 
on 
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on 

normal functions can be extended to non-trivial 

parts. 

on 

[ 19601 

[ 19661 

5. 

[ 1969, 

’ 

d )  

D,(B;E) = { x e X : 3 b ~ B  d(x ,b)<  E )  

c 

od(B) = { X  E * X :  3 b E B d(x, b) % o}, 

injinitesimal neighborhood B. 

5.1. DEFINITIONS. 

We say A c f2 is a d-Julia-set for f iffor every (standard) positive E, 

for two values a, /3 E S, the sphere. 
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We say is a d-Milloux-set for f if for every positive r, 6 ,  E, there exist 

tl, t2 E S and y E A such that d(a, y )  > r and 

f(Dd(Y; 2 s\Ds((clY 52};&). 

5.2. THEOREM. Let b be the center of an S-disk on with respect to d. 

If b is an S-discontinuity in the metric d for a standard meromorphic function 

f deJined on and if b E od(*A), then A is a J-set. If b is in an injhite galaxy, 

then is an 

Proof. 3.4 

a, 

*f(*[Dd(A; E ) ]  f(Dd(A; E)) .  

E od(b) E *Dd(A; E )  = Dd(*A; E )  A 

b B *B z O +  x 

(*R\o) x (*R\o), 

"(*B) = B = 

R' x R' x R +  

E S.  

*B = {(ry8,E):r,6,E > 0 3 c , , t 2 ~ * S  3 y ~ * A  

(If r 6 E y E oa(b) n * A  

5.3. Remarks. 

by 2.5. (This 

by 

o E #N,  x, 2.5(3) 

dis on ns(*D), 4.6,4.7 4.8 

on 
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so 4.6,4.7 4.8 

s 8, 

h(z) = E d(z, a )  > r ) : r  > 01, 

h(z), a E f2 

ro, S-disk. 

on a)  > ro (z E *8) 

5.4. THEOREM. = a, then *A contains an injhite 

S-discontinuity or A is an M-set. 

Proof. z E 

M(s/d) (z)  o,(z) 

3.4 z 

5.5. Julia-MiIIoux theorem for meromorphic functions. 5.2 

4.6. x f y 

Ix - yl < Sly1 6, 

Ix - yI < 61yl 

lz,l pf(z,) = 00 then the 

sequence (2,) is an M-set for 

lzl 4.6. 

5.6. Gavrilov’s classes W,(p 2 SZ 
a. by 

p 2 1. = pf(z). W, 

by 

I Z I ’ - ~  < 00. 
by Ix - yl < ~ l y I ’ - ~ .  

pf(z,,) = a, for  a holomorphic function deJined in a neighborhood 

of 00, then for every r > 0 and E > 0 there exists a point such that in the 

disk - < takes on every value in the circle IwI < r with the 

exception of a set of diameter less than 2/r. 

5.7. no 



62 K. D. STROYAN 

on 

co M(s/q)f(z) = lzl pf(z)  

on M(s/q) = 

5.5 4.6 

5.8.  Functions in the unit disk. of 

r A U f + a r. 
M(s/q)  f on *r, *D,(r; E ) ,  E E a ’, f 
is a on *r. 

A of r, f -+ a A *D,(T; E )  

if r A are finitely separated boundary curves and 

f -+ a on r, then either -+ a on A or every mutual neighborhood of the 

curves is an M-set. In particular, i f f  is normal, -+ a along A. 

6. A note on two cluster set theorems of Gauthier. 

of U 

q of *U, 

% l}). A ,  A ,  E U n 

*A,)  = oq(Zn *A2) .  

6.1. Let f: U -+ S be a continuous function. Then f is uniformly 

continuous on U ifand only iffor everypair of equivalent subsets U, A ,  - A,, 

the cluster sets C ( f ;  A , )  and C( f ;  A, )  are equal. 

ProoJ: (+): 

A , )  = n *A, ) )  = n *A,)))  = n *A,)))  = 

C ( f ;  A,).  n * A j ) )  = n *A,))) = 

(e): is 

a # p c f (yn) .  {xn:n  E N }  - {y ,} ,  C ( f ;  # CCf; {A,}). 
(Yn)nsN q(xn, Y n )  + 0 ~(0, x n )  -+ OD, ~(0, V n )  -+ a -, 

6.2. 2 A meromorphic 
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function is normal on U if and only if C(f; A , )  = C(f ;  A , )  for every pair 

of equivalent subsets of U. 

Ccf; = n o,(*A)). 

A ,  - A ,  = &f; A2) .  U + S 

on c(f; = Ccf; in 5.1 

f e(f;  = C(f; 

1 1.  
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A NON-STANDARD REPRESENTATION 

OF MEASURABLE SPACES, L,, AND L: 

University of Illinois 

by 

L, L i  

o 
on 

Em. 

L i  

on L, 

R *R 

S 

*N S; 

b *R, b N b - 
b “b 

b. 

1. The partition P and bounded measurable functions. X 

A? A 

{Bi  €A?: 1 I i I n} = u;= , Bi Bi n Bj = 0 
i # j .  B 

P, P, 8, P, PI 

1) by NSF 14785. 
8)  [1964] 

[1969]). 
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P I  I P, E P I ,  C = u (B E P,:B c C). 
B [1966]. 

{Pj} 8, E P Pj I 

[ 19661 

[1969]). “I” 

1 .1 .  THEOREM. There is a partition P E *B such that *Po P for 

There is an injinite integer op E *N and an internal bijection from 

I f i  andd are in I and i # j ,  then Ai # Id and Ai  n A j  = Id. 
* X  = U i o l A i .  

For each E A, let I ,  = {i E I : A i  c *B) .  Then IB is *Jnite, and 

Po E 9. That is, P c *A! has the followingproperties: 

I = {i E * N :  I 2 i _< cop) onto P. Thus we may write = { A i : i  E I } .  

*B = U i E I B  A , .  

= : i E I }  *X 
B E Jl I ,  = { i  E I: 

A ,  c *B). 
K A! X, 

x E {x} E P, P *N 2 K. 

DEFINITION. Let Q be the set of functions from X to R u { + 00, - 001, M, 

the A?-measurable functions in Q and the bounded functions in M. For 

each f E Q and non-empty C E A, let 

D ( f ,  = - 
XEC xoc 

*D D,  

D. *D 

on 

A i  E Rf 

1.2. PROPOSITION. Given g E *Q and A # in *&, we have *D(g, A )  E 

*R+ u {+a}. For any x andy in A, Jg(x)  - g(y)l I *D(g, A )  and for any 

6 > 0 in *R, there are points x and y in A with 

I&> - d Y ) l  ’ *D(g, A )  - 6 .  

IfA’ E *A, A‘ # fl, and A‘ c A,  then D(g, A’) I D(g, A).  
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1.3. boundedfunction f E Q is measurable ifthere is a 6 ?1: 0 in 

such that *D(*f, Ai) I 6 for all i E I. 
Proof. I 6 (*D(*f, Ai): 

i E f E V E > 0 P, E 8 
D ( f ,  I E E P,. *P, I D(f ,  B )  = *D(*f, *B) 

B E P,, *D(*f, A i )  I *D(*f, i E 

6 4 E V E  > N 

1.3 

by 

DEFINITION. Let E be the set of all internal mappings from the index set I 

into *R. We write xi instead of x(i) for x E E and i E I. Let “E” denote the 

external equivalence relation in E defined by setting x z y when xi  N y i  for 

all i E I. Let cp  be afixed mapping of I into *X so that for each i E I, cp(i) E Ai, 
and let T denote the mapping of into Edejinedby setting T( f ) ( i )  = *f  ( cp ( i ) )  

for each f E and i E I. 

cp  

8. 

1.3 tP 
E, E T ( f )  E p(j). 

T: 

1.4. PROPOSITION. Givenf, g in u, B in R, T(.f + Bg) = uT( f )  + 
BT(g), Tug)  = Tcf)T(g), where ( W T ( g ) ) ( i )  = (T(f>(i>) (T(g)(i)), and 

T ( f )  * T(g) i f f  # 9. 
Proof. 

# g, E& E > 0 If(x) - g(x)l 2 E 

x E ITcf)(i) - T(g)(i)l> E i E IB. 

2. on (X, Ji!) 

P. 

p: & + R 
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B,  B2 p(B, u B,) = p ( B , )  + 
p ( B , ) ;  p(0) = 0. 

DEFINITION. Let @ ( X ,  A), or simp& @, denote the set of allfinitely additive 

real-valued functions p on A’ such that Ip(B)I < + a. Let U be the 

mapping of @ into E defined by setting U@)(i) = *p(Ai)  for each p E @ and 

i E I. I f e  E E and both Ciez (eivO) and xiEI arefinite in *R, let 

y ( e )  be that element of @ such that for each B E A’, cp(e)(B) = O x i o r B  e,. 

2 
p E @, cp(U@)) = p; 

U(cp(e)) z e. 
I 

2.1. PROPOSITION. Given p, v in @ and a, P in R, we have U(ap + Pv)  = 

aU(p)  + PU(v). Moreover, q ( U ( p ) )  is defined und equals p. 

Proof. b = Ip(B)I. 

A E *A, I*p(A>I I b, so cisI (U(p)(i) v 0) 5 b Cipr (- U(p)(i)  v 0)  I 

b. B E  A, cp(u(~)) (B)  N &zIB u(P)(O = Cie~B *P(Ai) = *A*B) = 

p(B) ,  * p  p(B)  cp(U(p)(B)) 

R *R, v A ,  

a, b E *R, a v b = b )  a A  b = b). E v 

A by (xvy) ( i )  = x(i)  (XA y)( i )  = x ( ~ ) A  

y( i )  x y E i E 

v A @. p v @ 

B E A ,  

p v v(B) = + v(B - 
C C B  

Also,p A v = = = = p+ + p-. 
* p +  (*p)+ = *(p+), *p- (*p)- = *@-). 

l*pl = *1p1. 

2.2. PROPOSITION. Let p and v be in @. Then 

( i )  
C i e I  - = p v  - Cisz 

U(p  v E U(p)  v U(v); 

U ( p  v 2 U(p)( i )  v U(v)(i) for each i E I;  

U(v)(i) N 0; 
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p v v  = cp(U(p)v U(v)); and 

IU(p)(i)l = Ipl(X) - 6 ,  where 6 2 0, 6 N 0. 

Similar results hold for the operation A . 
Proof. B E A', ,uvv(B) 2 

p ( B ) v  v(B) R. For E > 0 R, 3B E A? p v v ( X )  - [ (p(B)v  

v(B)) + (p(X - B ) v v ( X  - B))]  < E. P 

(B,  - B }  E 

by E A! 

1,. by 

= C[*p'(AJ + '- 6 
id 

6 2 0 6 I! 0. 

DEFINITION. Given @, we let @+ denote the set of non-negative elements of 

@, GC, the set of countably additive elements of @, and QP, the set of purely 

finitely additive elements of @. Also, we set @: = @, n @' and@; = QP n @+. 

p E @, c A B1 r> B2 3 B, 3 . . . 
n Bi = 0, p(Bi)  = 0. v E @; v A p = 0 

p E @:, v E QP v+ v- @ i. 
GC cDp 

v ; @ = 0 @, 

[1952] pp. 48-52). 

DEFINITION. For each p E @ :, v E @ i, E > 0 in R and B E A! we say that the 

triple (p, v, E )  stands in relation S to B when p(B) < E and v(X - B )  = 0. 

1.19 [I9521 for 
01, v, E )  @: x @: x (R+ - (0 ) )  E A! 01, v, E )  S B. 

of 

2.3. THEOREM. There is a set K E *A such that for all p E cDc, I*pl(K) N 0 

Proof. S ((pj, vj, E ~ ) }  

and for all v E QP, I*vl(*X - K )  = 0. 
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S ( C j p j ,  C j v j ,  E ~ )  S By (pj, v j ,  e j )  S B. 

3K E *A’ v E @;, *v(*X - K )  = 0, 

p E @: E > 0 *p(K) < E ,  *p(K) = 0. 

K E *A 

K 2.3 K = u ( A ,  E P: 
A i  c K } .  p = pc + pp p 

@ = QC 0 GP, A i  c * X  - K, U(p)( i )  = U(pJ( i )  

P, 

p E @+, 

,u E @ B E A’, B 

C E A! C c B p(C)  2 0 (p(C) I 0); 

B 

Ai c K, u(~)(i> 31 u(Pp) ( i ) .  

2.4. THEOREM. Let p be an arbitrary, finitely additive signed measure on 

( X ,  A!). Let A +  = u { A i  E > O} ,A-  = u < 01, 
and A, = u ( A i  E * p ( A i )  = Then *p(A , )  = 0, and for each standard 

p-null set B, *B c A,. I f  there exists a p-positive set B+ and a ynegative set 

B-  in A with X = B+ u B- andB+ n B- = 0, then c *B+, c *B- ,  

each A i  E P is either a *p-positive set or a *p-negative set, and A .  is a *p-null 

set. 

Proof. A,  A i  *p(Ai )  = 0, *p(Ao)  = 0. 

B i E IB, * p ( A i )  = 0, so * B  = UielB Ai c A,,. 

B ,  B- X ,  

* X  = *B+ u *B- *B,  n *B- = g. * p ( A i )  > 0, 

A i  C$ *B-,  A ,  c *B+. A -  c *B-.  

2.5. COROLLARY. If /i is countably additive, every A i  E is either a *p- 

positive or a *p-negative set. 

Example 1 : X A’ X ,  

p, on ( X ,  A). x E X ,  {x}  E p ( ( x } )  = 0, 

A ,  = u ( A i  E = 

Example 2: X = N 4 N, ( n }  E 

n E N .  cc) ( n  E * N :  (n}  # P} ,  

= (i} i < o. e E E by ei = 2-’ 
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1 I i 5 w - 2, em- ,  = ei = 0 i 2 w. n N ,  

cp(e)({n}) = 2-”, cp(e)(N) = cp(e) no 

*cp(e)({w - l}) > 0, so U(cp(e)) + e. 

K 2.3 {n * N : n  2 o}. 

on 

CP. 

D E H N I T I O N . L ~ ~ @ ,  = = = Oorp(B) = l}. 

For each j E I, let 6’ be the element of e such that 6; = 0 i f  i # j and 6; = 1. 

2.6. For each p @,, Uk) = 6jfor  some j I, and for all 

Proof. 

cp(6j) @,. 

j ,  I, U(cp(6j1)) = 6j2 j ,  E I, j ,  # j,. 

5 by 2.1, U(cp(6j2)) = 6jz.  

j E  I, ( ~ ( 6 ’ )  CPp (~(6’) E CPc. 

9 c 
n = - 
9 c 9 =I B2 =I . . . . 

@,. 

2.7. If { x }  &? for each x E X ,  then the following statements 

For each I, cp(6j) E CPp zYAj  # { x }  for any standard x 

Every free &?-measurable ultrafilter contains a chain 

are equivalent: 

m 

{B,) with n = 8. 
n= 1 

Proof. => 9, p CPl 

by = 1 9 = 0 A - 9. 
2.6, p = cp(6j) A j  # { x }  x E 9 

p 4 GC, =I =I . . . & 

n;=, = 8 # 0. E 9 n. 

=> ( ~ ( 6 ’ )  CPc x A j  = {x}. If 

A j  # { x }  x 9 = = l}, 9 
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{B,}  c % n;& B, = 0, 
(p(#)(B,) = 1, ( ~ ( 6 ’ )  4 QC. 

Example 3. A’ [O,l], 

{B,}  

B, = 0. 

Example 4. A’ 
X ,  

no {B,)  B, = 0. 

Example 5 .  X ,  A?, P CI) 2, = o - 1. 

E *N - N,  2.7 (~(6’”) 4 GC. 

* ( q ( S i o ) )  6 *QC, U(q(8jO)) # djo. 

3. Integration. f E MB p E @, Jx f dp 
Tcf)  - U(p) E. 

3.1. Let p be a non-negativefinitely additive measure on ( X ,  A), 

and let f 2 0 be in M. For each B E A?, the number 

S B  = 2 *f(X))*AAi) 
i€ZB 

is finite in *R if and only if the restriction o f f  to B is p-integrable. In this 

case, JB f dp N S B .  

Proof. 

I) I f on B, j B  I) dp I SB I S B  f dp *R u {+a}. 

3.2. If p E Qi, f E MB, and B E A‘, then 

1 = 02 * ~ ( C p ( i ) )  *p(Ai). 
QIB 

B 

In particular, 

1 = U(PL), 

X 

where “2’ denotes the innerproduct (x, y )  --f zieI xg, in E. 
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f f + c c 

f - f  

f 2 0 on E I B ,  

*f(x). q = ( f ( i )  - f(i)); by 

1.3. q N 0. s = f ( x ) .  2 CiEIB 
by 2.2 3.1, 

N I Cf(i)*p+(Ai) - C j ( i ) * p - ( ~ i )  - 

= ICf(OC*p+(Ai) - + C f ( Q  C- *p-(Ai) + - 

+ - f(O)*P(A31 

I s 2 - (0" + s 2 C*p-(Ai) - - 

+ = 0. 
Example. 3.2 

on co) = x - ~ ,  Ai  E P 
on 

11 f ( x )  = x-* 

E 

3.2 p E @. f E 

E f , ,  = f A n ,  E *f,, = *f A n .  

co, co)] = { n E  *D(*f,,, Ai) I l/n}; 

o + 1 - By 1.3, o E *N - 
p E @ f E A, 

1 = 02 
B 

E A, 

I- f- 
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4. The space La and its conjugate space. Jf 

A N 
Jf Jf. Jf 

on ( X ,  A). f E M ,  

= { a ~  R: > a }  

Mo = {f E M :  < + a}. g 

Mo - = 0, La 

Mo II.llm. 

Given N, let I ,  = { i  E Z:Ai E *N}. For each f E M,, let To( f )  

be that element of E such that T o ( f ) ( i )  = *j(cp(i))  for i E I - Zo and 

Tocf)( i )  = 0 for i E I,. 

4.1. Given E 4, we have B E N if and only $IB c I,. 
Proof. If B E N ,  VAi c A i  E *N,  ZB Zo. ZB Zo, 

*B = uielrr A i  E *N. “*B E *Jf” 

E N” 

To 
La T,(h) h E La. 

4.2. I f f  and g are in M,, then 

T,(olf) = aTo( f ) for  each a E R; 
To(f + = To(f) + 

= where CTo(f)To(g>l(i> = ~ O ( f ) ( O ~ O ( ~ ) ( ~ ~ ~ i ~ ~  

To(f) 
(v) 

=> Ilf - = 0 => Tocf) = 

Ilf Ilm N ITo(f)(i) l* 
Proof. 

- g 11 =l 0, 3B E A - N n E N I - 
2 l/n x E ITocf)(i) - > l/n 

i E - I,. - g 11 = 0, E Jf = 

x E X - ZB I,, Tocf) = 

m = ITo(f)(i)l r = E > 0 
3C E c/lr < r + E on X - C, m < r + E. 

3 D EA - Jf > r - i E ZD - Zo, 

ITo(f)(i)l > r - E. r - E < m < r + E E > 0 R, m N r. 



REPRESENTATION OF MEASURABLE SPACES 75 

L: L, 

L: [1952] p. 53). *Mo, 

*L, g E *M, * - g 11 = 0, 

F E L:, * F ( f )  = *F(g). A E *A, xA 
xA(x) = 1 x E xA(x)  = 0 

X E * X  - A.  

DEFINITION. Let V be the mapping of L: into E defined for each F E L: and 

i E I by setting 

For each F E L:, let be the element in @ such that pF(B)  = F(xB) for 

each B E A?. 

4.3. PROPOSITION. Let F and G be elements of L:. Then 

for each u, B in R, V(uF + BG) = aV(F) + BV(G); 

V(F)(i)  = *F(xAi) = 0 for each i E I,; 
each i E I, *&Ai) = * F k A l ) ;  

= q(V(f));  

= V(F); 
pUf = q(V(F)vO)andpL, = rp(-V(f)vO). 

Proof. (i), B E 4, pF(B)  = F(xB) = 

zisZB *F(xAi) N q(V(F))(B), 

2.2, 

4.4. Let @, denote the normed vector space {p  E @:p(B) = 0 

for all B E N} with norm defined by setting llpll = Ipl(X) for all p E @,. 

For each F E L:, let O(F) = p F .  Then 0 is an isometric isomorphism from 

the Banach space L: onto @,, and for each F E L: and E L,  we have 

F ( f )  = V ( f l  * T O ( f ) .  

X 

Proof. Y @, L: v E @, 

E L, by 

= J f  dv. 

X 
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I l f I I m I l ~ l l , ~ ~ d ~ ( ~ ) C f )  N U(v).To(.f) 
by 3.2. 

v # 0 1 

I/Ai = *v(Ai)/I*v(Ai)l *v(Ai) # 0 l /A, = 0 *v(Ai) = 0, 

* 11 111 , = 1 by v 2.2, 

v E Go, II Y(v)II = Ilvll. Y 

Y 0 = Y - l ,  Y 0 0 
on L:. F E L i  E > 0 R, g E 

llgllm = 1 IIF - Y 0 O(F)II < I(F - Y 0 O(F))(g)l  + $8. 

h = *g - cis1 * g ( c p ( i ) )  - xAi .  llhll, N 0, by 3.2 

4.3, 

11 F - Y o O ( F )  11 < E,VC > 0 R, F = Y 0 O ( F )  

F E L:. 

4.4 2.6, 

on L,. 
F E L: f ,  g E L,, Fcf * g )  = 

F ( f )  . F(g>. 

4.5. If F E L i  and F # 0, then the following are equivalent 

F is multiplicative; 

p F  E n Go; 
p F  = cp(sk).for some k E - Io; 
U(pF)  = V(F)  = 6 j  for some j E Z - Z,; 
3j E Z - I. so that V' E L,, F ( f )  = "(*f(cP(j))) ,  

statements: 

where * f ( c p ( j ) )  denotes the extension of any standard representative o f f  

evaluated at cp( j ) .  

Proof. If E A? F(xB) # 0, F k B )  = F(& = 

[F(xB)]' ,  F k s )  = 1. F # 0, p F  # 0, E A pF(B) = 
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F k B )  # 0. =- 2.6, c> a 

V(F) = 6' E - by 4.4, F c f )  3: T,cf)  - V(F) = 

*f(cp(j))  f E =- a 

4.6. PROPOSITION. I f i  andj are in I - I,, and 6' = U((p(d')), then for each 

f E L,, *f(cp(i))  N *f(cp(j)) .  Inparticular, VB E A, Ai c * B e  A j  c *B. 

Proof. f E p F  = ( ~ ( 6 ' ) ~  

L:. F c f )  N *f(cp(j)) .  = "(*f(cP(j))), E > 
R, = {x E X : I f ( x )  - a1 < E } .  A j  c *By F(xB) = pF(B)  = 1, 

c I*f(cp(i)) - a1 < E. E 

52 {cp(i):  i E - 
cp(i)  cp( j )  *f(cp(i))  N *f(cp(j))  

f E f E zcf) on 8 
{cp(i)}  O(*f(cP(i))), 8 

{zcf) : f E } 
3, z 

My E - g 11 , = 0. 

E M, zcf)({cp(i)})  O(*f(cP(i))) 

*f(cp(i))  *R, + 00 *f(cp(i))  + co 
*R+,  - 00 *f(cp(i))  - 00 *R-; 

z u )  8 
{cP(i)}  52 

( ~ ( 6 ~ )  8 
Fm. 2Fm 

* L', C(Fm) 

on 

E g E C(9,) 

g(F)  = F ( f )  VF E Fm 

[1952] p. 8 z 

C(8). 

4.7. The set F,,, is compact in the relative weak * topology of 

L:. 
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Proof. {Fu: a E d }  F,,,, 2 
d, {Fa: a E *d} {Fa: a E d}.  

u E *d, 3Ai E P Fu(xAi) = 1 Fa(xA,) = 0 # i. 
3, E Va E *d 38 2 a *d FB(xAi0) = 1. Fo 

( ~ ( 6 ' ~ ) .  fk, k = 1, 2, ..., n 

L,, E 

Va E d 3p 2 a d IFp(fk) - F0Cfk)l < E k = 

1, 2, ..., n. a E *d, 3p 2 u *d F,&,,) = 1, 

k = 1,  2,  ..., n, 

*D (*fk, Aio) pF,(Aio) = 1. 

Va E *d, 38 2 u *d IFB(*fk) - FOcfk)] < E = 1,2, . . ., n, 

Va ~ d ,  38 2 u d IFB(fk) - F0Cfk)l < E k = 1,2, ..., n. 

5. Radon-Nikodym derivatives. 

p E p E T O O  f E L,, 

X, 4 JV 

JV 

p E @:. 

.N on 

( X ,  .a. 

5.1. THEOREM. Let p be an element of E such that 

pi = 0 for i E 
N m E R, and 

I o a n d V E > O i n R , 3 B E A w i t h A i c  * B a n d p i - & <  

p j  < pi + E for all j i - Let pub) be the element of E such that 

pU(p)( i )  = p i * p ( A i )  for each i E I. Let v = rp(pU(p)); then v E GC and v is 

absolutely continuous with respect to p, i.e., v << p. Let = then 

f E L,, and 

T,(f)(i) N p i  N *v(Ai)/*p(Ai) for each i E I - Io. Conversely, for 

any f E L,  with 11 f , = my i f  v E QC is given by setting v(B) = j B  dp for 

each B E A? and p = T,(f), then statements and hold, and 

Proof. v = cp(pU(p)), 4, Iv(B)I I O C i e r a  5 mP(B). 

v E rp,, Y << p, I m. f E 

v = rp(PU(P)). 
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h i E I - I.  E > 0 R. a = 'pi, 
A A ,  c *B a - E < pi < a + E ,  V j  E IB - I,. 

E A? 

3Q E .M (a - E )  I f ( x )  I (a + E )  on - 
I*f(cp(i)) - a1 I E. Ai,  

I*v(Ai)/*p(Ai) - a1 I E. E T,-,cf)(i) N a N p i  N 

E = = 

v E QC, p = Tocf), B E A, 

*v(Ai)/*P(Ai)* 

(4) P(B) 5 0) I (4) P(B), 
XEB XEB 

pi  N *v(Ai)/*p(Ai) i E I - I,. 

B E A? i E IB ai N 0 v(B) = 

p(B)  N 0. v(B) N xidB p i  *p(Ai)  N cp(pU(p))(B) 

B E A, v = cp(pU(,u)). 

C i e r B  *v(Ai) = ( p i  + Ji)*p(Ai)* Ic i erB  a i  *p(Ai)I I IaiI) * 

p(X) = 1, A, A?. P ,  

E *A1 = u (A i  E P :  

A ,  C ]  E *Al = = Ca, 
# u ( A , E P :  A i  E P ~ ,  C, E P ,  # C ,  n = 

8, x E C1 n C,, A E P x E A ,  A 

A c n = u {A i  E P :  A ,  C1 n n 

C, # C ,  n C, # C,, C1 n C, = Ca. P, 
* X  P ,  

5.2. r f  Y E  and E(Y, A,) is the conditional expectation of 

Y with respect to A?,, then for all C E P l ,  *D(*E(Y, A?,), C )  N 0. Moreover, 

given C E P ,  with p(C)  # 0 x E 

*E(Y, Ad(x> N C *Y(cP(~))*~(A~)I/*~~(C). 
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Proof. The fact that *D(*E(Y, C) N 0 follows from Theorem 1.3 

applied to A, and P,. Fix C E P, with p(C) # 0 and x E C. By the definition 

of conditional expectation we have 

1 *E(Y, Al)d*p = *Yd*p. s C 
C 

Clearly there is an q = 0 so that 

1 * w ,  Al)d*P = A,)(X> + r)*AC). 

C 

If Ic = ( i  E Z:Ai c C ] ,  then V i E I,, 3 ai N 0 so that 

(*Y(cp(i)) + Si)*p(Ai) = *Yd*p. 
ieIc 

C 

Therefore, 

*Y(cP(~>>*~U(A~)I/*CL(~) + C 2 Si*p(Ai)l/*~(C) - V *  *m A l ) ( X )  = 
idc idc 

Since 

min 6, I [ 2 Si*p(Ai)]/*p(c) I max Siy 
ielc idc idc 

the theorem follows. 
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FOR 

S , ( O ,  11 

Bernd EIFRIG 

Universitat Heidelberg 

S m ( O ,  11, 

A (0, 11. 

L,(O, 13 

von L,(O, 11 L,(O, 11 + % ( X )  

,, (offenen-abgeschlossenen) 
und 

von S , ( O ,  11 ~c > K1. 
U N, von 

[ 
E U 

[ 
von 11 U,, von 

S2(0 ,  13 + 2Z2(0, 11 

1. 

k k + l  
f i r  n = 1,2, ... rnit Ik," = ( F ,  -.-I und 

k = 0, 1, ... - 9'2 (O,I], x E (O,l]. 
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U,, 
f),= , , 2 . .  . f [ 19721 

p(1X) # 8. v E p(U) 
x E 11 

1.1. f ( x )  = 

x E f E 2 w < o ,  11. 

Ik,v 

2. = = = 

1.1 1 " = 0 (" = 

1.2. x E n x E n 

.Fx = E x E 11. 

1.2 B; 

B; c E PX und 

1.3. 
1 = l , x ~ (  k k x + l  

z,,, n 8: # 8 und *x. ex E *X 
und fix # 8, fkx,v n 8: und 

% ( X )  

Ex 
Fx c Ik,,v n B;. 

c B , ~  

4 F . J  
= 1, 

s 
1.4. F x  



DIE EXISTENZ EINES STARKEN LIFTINGS 

3. DEFINITION 

83 

[ 1.6. p ( A ) ( x )  = 

fur meJbares A .  

{ x : p ( A ) ( x )  = 11 

= l }  3 

von F, 

p(A)(x)  = 1 = 0, x E 11. 

c { x : p ( A ) ( x )  = t 

= { x  : p(A)(x)  = l }  

und 5 ,  E * X  

p(A) (x )  = i?,(5,). p 1- 

F, c p(x) 
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ON SOME CONCURRENT BINARY RELATIONS 

OCCURRING IN ANALYSIS 

W. A. J. LUXEMBURGI) 

California Institute of Technology 

1. Introduction. 

@c, .) concurrent 

xl, . . ., x, @ @) 

y @ @) @(xi, y )  

= 1,2 ,..., n. 

@ z 

@(x, z )  x E @ 

by [ 19661 p. 30), 

go 

[ 1969b1. 

by 

l) Work on this paper was supported in part by NSF Grant GP 23392. 
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by 

by 

[ 1969b1 

2 

3, 

on 

I" 

[ 

2. An inequality for finite sets of complex numbers. R 

2 c R Z 

{ 1,2, . . ., n, . . .} by N. 
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2.1. (Dirichlet’s Principle). For each choice of real numbers 

x l ,  ..., x, E R and for each positive number E (0 < E E R)  there exists an 

integer n E Z such that nxi dirers from an integer in absolute value by at 

most E for all i = 1, 2, . . ., n. 

di @ = x R+,  

R+ = ( x  : x  > di = Z by @((x, E) ,  m) mx 

by E 

by 

by [ 19691 

a 

R 

by *R by *Z. a E *R 
(a) = a - [a], [a] a. 

a = b a - b 

@((x, E), m) e I(mx)l < E I1 - (mx)l < E 

2.2. There exists an injinitely large integer w E *Z such that 

( o x )  = 0 or 1 for all x E R. 

2.3. Let z l ,  . . ., z,, be n-complex numbers such that for allp E N 

2.4. 2 akzfE < Mp,  L1 I 
where ai, . . ., a, and M are positive constants. 

Then lzil < M for all i = 1, 2, ..., n. 

Proof. zk = rk (k = 1, 2, . . ., n). 2.2 
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w E *Z (Oak) = , 0 

k = 1, 2, . . ., n. (1/2) akr; I M", 

lZkl  = rk I ~(2/a,)'l". (2/ak)'l" =, 1, 

lzkl I M k = 1, 2, . . ., n, 

1 k = 1, 2, . . ., n. by 2.4, Ici= , akrFbkl 5, M", bk 1 

Remark. 2.3 ak on 

p a,@) = 0 (k = 1,2, . . ., n) 

(ak(p) ) l /p  = 1 

k =  1 ,2  ,..., n. 

2.4 . . ., a, 

2ml, ..., 27ca,, a,, ..., a, 

1, z,, ..., z, 

a, ,  ..., a, 

no 

x,, . . ., x, 
linearly independent Q , qkxk = 0, 

q l ,  ..., q, E q1 = q2 = ... = q, = 0, 

x,, ..., x ,  R. 

2.5. (Kronecker's Approximation Theorem). If the real numbers 

1, a,, ..., a, are linearly independent and PI, ..., P, are n-arbitrary real 

numbers, then for each natural number m E N and for each positive number 

E(O < E E R )  there exists a natural number n > m such that I(nak + P k ) l  < E 

for each k = 1, 2, ..., n. 

[I9541 23. 

R 1 E cDH 

x x x R' 

cDiH((x, y ,  m, E ) ,  n) n > m I(nx + y)l < E 

11 - (nx + y)l < E. 
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2.6. THEOREM: For each Hamel basis H of R such that 1 E H there exists 

an infinitely large natural number o E *N such that (ox + y )  = 0 1 for 

each x E H and for each y E R. 

2.3 

2.7. THEOWM. Let zk = rk k = 1, 2, ..., n, be n-complex 

numbers, where at, ..., a, are reduced 1 and at, ..., a,} form a 

linearly independent set. Then 

for allp E N,  where {al, ..., a,} is an arbitrary set of complex numbers # 0 

and M is a positive constant, implies lzkl I M for all k = 1, 2, . . ., n. 

at, ..., a, on p ,  laklllP = 1 

k =  1,2 ,..., n. 

3. The Radon-Nikodym Theorem. 

Juhhsz on 

[ 19671 7 

4.1. THEOREM (Radon-Nikodym). Let ( X ,  A, p) be aJinite measure space 

and let v be a non-negative countably additive measure defined on the CT- 

algebra A of the p-measurable sets of X such that v(E) I p(E) for all E E A. 

Then there exists a non-negative @-measurable function on X which is unique 

such that 0 I f ( x )  < 1, ,u - and v(E) = J E  f ( x )  dp for all E A. 

on von 
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by 

is 

4.2. LEMMA. The binary relation @ with domain A and range the convex 

set P of all p-measurable f satiflying 0 I f I 1 and dejined by @(E, f) 
whenever = J E  dp is concurrent in 

Proof. @ 

E A = (y(E)/p(E))E, 

> 0 f = 0 = 0. v(E) = 0 

p(E) = 0 f E @. 

@ E l ,  ..., En E A. 

[1967] p. 25) 

A F,, ..., 
F,, E A k = 1, 2, ..., n, Ek = U ( F i : F i  c Ek). 

f = l(v(Fj)/p(Fj))F'j, p (Fj )  = 0. 

i = 1, 2,  . . ., n, 

Remark. 

r 
@ r 

SZ r @(E, {F l ,  . . ., Fp}) ,  

E r { F,,  . . ., F,} E 52 E = U ( F i  : Fi c E),  

r @ 

4. 

X .  

4.2 

f on * X  0 I f 4 1 ,  = E E A .  

g E L2(X,  A,  p) 

so, = f*g on L2. 

cp E L 2 ( X )  f *g d*p = jx qgdp g E L2. 

g = E A 
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v(E) = = pdp. 
' E  s s  E 

jE 2 0 jE - = p(E) - v(E) 2 0 E A 

0 5 rp I 1, cp 

x 
cp 

cp 

Lz. rp o(Lco, L1)- 

E *(L-). 

4. An imbedding theorem for the second dual space of a normed linear space. 

by 

on 

on on 

E" 

(E, 11 - 11) 
by E', E", . . . . 

by ( a  , .), E E', E x, 

x"> E E n  E on. 

need 
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4.1. DEFINITION. Let be a linear subspace of the dual space of a 
normed linear space E. Then a linear subspace V c is called a W-norm 

fundamental (abbr. subspace of E whenever for each x' E 

llx'II = x ' ) l :  llxll 1 x E V). 

If W = E', then V is called simply a norm-jiundamental subspace of 

A V E A 

E 

E' E E n  by 

x -+ ( x ,  .) on 

us 

on 

E, 

4.2. Let V c E be a linear subspace of E which is ( c 

and let XI' E E". Then for each choice of elements xi,  . . ., x i  E and for each 

E > 0 there exists an element x E V such that ( x ,  xi) = ( x j ,  x")  for each 

i = 1, 2, ..., nand llxll I + E )  IIx"II. 

Proof. no llx"II = 1. 

x +. ((x, xi), . . ., ( x ,  x i ) )  of C", C" 

K, ( E  > 
{ x : x  E V llxll I 1 + E }  V. K, 

C". ((x;,  x"),  ..., (x i ,  x " ) )  4 K,, 

by 

a,, ..., a, aixf, x">l 2 1 I(x, I;=, aixi)l < 1 

x E V llxll 1 + E .  V xi,  ..., x; E 

aixjII I + E ) .  1 

aixf ,  x")l I /lx''II llC;=l aix;II 5 + E )  

Q, x R' 

V @((x', E ) ,  x )  ( x ,  x ' )  = 

(x', x") llxll I + E )  llx"II. 4.2 

Q, 
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*V 

4.3. If c E is a linear subspace of E, where E' 

is a linear subspace of E', then for each x" E E n  there exists an element 

v E *V such that (x', x") = ( v ,  x') for all x' E W a n d  

In particular, i f  = or is E"-norm fundamental, then 1 1 0 1 1  

Proof. 

(x' ,  x") = ( u ,  x') x' E I(x', x")l = I (v ,  x')l I 

llvll (Ix'IJ, so, by llx"ll = x")l :x' E 

5 I 11011, 

andIlx"ll I IIVII. 

Remarks. v E *V 

by x". 

u E 

x' E E', U(x') = (u, x') I(#, x')l llull IIx'II, 

on 

u E *E 

x" E (x', x") = x'))  x' E (Ix" ( 1  I 
*E 

by 

no 

4.3 

4.3 

v X" on 

llx"II = by 
I"(N). 

4.13. 

I", 
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[ 19581 111 IV. 

1"(N) 

x = x(n),  n E N llxll = E N ) .  

P ( N )  

(I")' 
by I ' .  

V 

1' on N 

V 1'. *V 

on *N 

*N.  by 4.3, 

on I". 

4.4. For each element F E ( P ( N ) ) '  there exists an internal 

function f on * N  which vanishes outside a star-jinite subset of *N such that 

2 f (n)*x(n)  = F(x) for  all  x E l", and 
ns*N 

4.4 N .  

4.4 

(Im)'. 

4.4 

( i )  f ( n )  n E N. I f  

by f ' f -  

F, f 

a F on I" F(x) 2 0 

x 2 0. 

4.5. A linear functional F E (I")' is non-negative i f  and only if f ( n )  2 0 

for all standard n E Nand znG*N f - (n)  = 0. 

1"(N), 

F E (1")' of 

4.4 x E Z", 
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F(x)  = 2 f(n)"x(n> = c f ' (n)*x(n) - 2 f -(n>*x(n>, 
nc9N 

F + ( x )  = f ' (n)*x(n)) F - ( x )  = 

f -(n)*x(n)) 

F E (1")' absolutely 

continuous part purely finitely additive part. 

F E (1')' absolutely continuous an integral 

cp E 1' x E 

m 

F(x)  = cp(n)x(n>- 
n= 1 

E (2")' purely finitely additive or singular 

IG(x)l I IF(x)l x E 1" G = 0. 

(1")' 

4.4 

4.6. AlinearfunctionalF~(l~)'isanintegralifandonlyif~~,~~ f(n)l = '0 

linear functional F E (1")' is singular if and only iff (n)  = 0 for all 

for all infinitely large natural numbers v.  

standard n. 

4.6 

F E (1")'. 

F by f E *V 4.4, 

cp by cp(n) = f ( n )  

n E N. x E 1" 

4.7. F(x) = 2 *cp(n)*x(n) + 2 ( f ( n )  - *cp(n))*x(n), 
n@N ne* 

F(x)  *cp(n)*x(n) 

cf(n) - *cp(n))*x(n) 

x E I", Fs(x) = ( f ( n )  - *cp(n)) x(n),  by 4.4, 

fq C,"= cp(n)x(n) = fq(n)*x(n) f J n )  = cp(n) 
n. ( f ( n )  - f,(n))*x(n) x E I", 

Fs 4.4. - f J n )  = 0 n 

4.6 F, 4.7 

F E (1")' 

pF on N 
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,u 4.4 by 

c p F ( A )  = zns*A f ( n ) .  4.6 
if i f p L F ( A )  = 0 

on 

B 

8, E E(t)  E 8. 
x 

nteT llxll = < co, 11 - [ I r  
t E = E(t)  = R, 

I"(E, (I"@, 

E 

x' 

nteT Ei llx'I) = Its= < co, 11 - 11; 
E ll(E', 

1" V 

x' E l l (E' ,  T. 

V P ( E ,  

(E, 

I"@, *E *B E *V 

*l-Ite*T 
Crs.T 11; 4.3, 

4.8. E 

E * x E 
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‘ 

ntET E(t) 

4.8 

V 

E 

4.2 X” 

x E 

by [1958] p. 

4.9. Yamabe). Let V be a norm-fundamental subspace of 
a normed linear space E and let x E E. Then for each positive real number 

E > 0 and for each choice of elements x i ,  . . ., xi  E E’ there exists an element 

u E Vsuch that ( x ,  x i )  = (0, xi> for each i = 1,2, ..., nand IIx - 1111 c E. 

i = 1,2, . . ., n, Hi = ( x :  ( x ,  X I >  = 0 )  

on x; = nzl Hi. 
n 

n 

x E E 

u E V x - u E 

cp : x  + ( ( x ,  x i ) ,  . . ., ( x ,  x i ) )  E 

cp(E) cp(V) 

q ( V )  c q(E).  q(E)  = cp(V). 

x E q ( x )  4 cp(V), by q ( V )  

by 

cl, ..., c, 

(x, cixi) = 1 ( u ,  cL=, cix;) = 0 u E 

1 = ( x  - u, C:=l cix:)  I IIx - 0 1 1  lIC:=’=, cixiII u E V, 
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V n K 

H E H n V is 

H. by E 

R E E', H = 

{x: (x, x') = 0} = H' n H", H' = = 

' H" = x') = 

V n H' H', E 

H = (x, x') = 0}, 
H i  = {x: (x, x') > H -  = {x: (x, x'} c E E'. 

H -  H i  n V H i  H -  n V 

H - .  x E H,  E > 0, u l ,  v2 

v1 E H i  n V, v2 E H -  n V, I(x - v1 11 < E I1x - u2 11 c E. 

H H i  H -  V 

0 < < 1 v = Au, + (1 - A)v2 

v E H n V IIx - vII 5 - vlll + (1 - A)Ilx - u211 < E ,  

Remark. 

V of E, 

x E E 

ax E' x Ri V by @((x', E ) ,  v )  

(x, x') = ( v ,  x') IIx - vII c E 

4.3. 

4.10. THEOREM. Let V be a norm-jiundamental subspace of a normed linear 

space E and let *V be an enlargement of V. Then for each x E E there 

an element v E * V such that 

I(x - vI( = 0. 

(x, x') = (v, x') for all x' E E' ,  and 

4.10 

V 

u 

x' E E', (0, x') u 

*E. 
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4.10 

C[O, 11 

1 1 

(ii) 1 = 1 
0 0 

g on 11 
p *C[O,l]. 
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RESTRICTED ULTRAPRODUCTS OF FINITE 

VON NEUMA” ALGEBRAS 

Gerhard JANSSEN 

Lehre, Germany 

1. Introduction. 

[1971] 

[1970] 

on 

von 

von von 

2. Restricted ultraproducts of metric spaces and normed vectors spaces. 

(Mi, di), i E J 

di: Mi x Mi + R U = = 

J. Mi = *M is 

di = *d *M x *M + *R 

*R 
of R.  R *R by B (S) 

*R.  S B 

B = R + S 

B + R,  

*a = {*m E *MI*d(*a, *m) E S} 

monad *a E * M  *p = (*m E *MI*d(*p, *m) E B }  galaxy 

*p E *M. *d(*a, *b) 5 *d(*a, *p)  + *d(*p, *b) 

*a, *b E *p *p 

on *a E *p, *d(*a, *b) E B,  *d(*b, *p)  5 *d(*a, *b) + 
*d(*a, *p)  E B *b E *p. *p  *a 
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*a. of *a 

*a 

*x  - " y  0 *d(*x, *y)  E s 

on *M *p. *a - *a, *b - 
*b)  = *b,) d = on *p / -  x 

*pi,. . *p/ , ,  d )  

restricted ultraproduct of 

( M i ,  di ) ,  J *p E *M. 

2. PROPOSITION. If ( M i ,  di ) ,  i J are complete metric spaces, then their 

Proof. rn(n), n E N ( M ,  d ) .  a 

2.2. d(m(n), m ( k ) )  < 2-N n, k 2 N N E N .  

restricted ultraproduct ( M ,  d )  : = *PI-, d )  is a complete metric space. 

n N *m(n) E *p  m(n). 

mi(n) E nisJ M i  *(mi@))  = *m(n) n E N .  

by on n 

*d("m(n), *m(k ) )  < n, k 2 N N E N .  

2.3. 

mi(n + di(mi(n + wi(n)) < 2-" 
wi(n) 

njj(l): = wi(n + = 

* ( w i ( n ) )  = *m(n) n E N ,  * 
n = 1 

n, "d(*wi(n), *m(n + = *d(*m(n), *m(n + < by 

2.3 i a 

U .  *wi(n + = *m(n + 
on J :  

2.4. di(wi(ii + I ) ,  w,(n)) 5 2 di(wi(n + k),  wi(n + k + 
k = O  

1 - 1  

w j ( n )  a E J wi 

Mi. * m ( l )  *wi)  = *d(*m(l),  *wi) < 
x i ,  2 - k  = 1 *wi E *p by 

11' E A4 *wi ,  w m(n), 

d(w, m(n)) = *m(n)) s 
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(Mi ,  d i )  

J = N wi(n) 

ui = wi(i)  E niOJ Mi.  u *ui 
rn(n). 

its 

(K,) 

*K 

= + 
+ K .  (V, 11 11) 

( Vi,  11 11 i ) ,  i E J 

*V. 

by 

- 
I/: = = is 

11 11 : = 11 11. Vi 

IIuiwilli s lluilli lIwilli ui ,  wi E Vt 

2.5. *II*u *wI1 I *Il*uII *u,  * w  E *V. 

V = K .  

2.1. 

2.6. The restricted ultraproduct of Banach spaces = complete 

normed vector spaces (Banach algebras = complete normed algebras) is a 

Banach space (Banach algebra). 

Vi K 

(-,-)i by i: = J ( x i ,  xi)i. 

by 

-- 

IIxi + + IIxi - = + IIY~IIZI- 
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IIX + Y1I2 + IIX - Y1I2 = 2(l1X1l2 + llV1l2) 

x ,  y V.  on V 

by 

(x, y ) :  = )(llx + y1I2 - [Ix - yl[’) 

by 

(x,y): = H I x  + yI12 - IIx - yI12 + + + - 
K = C. 

2.1 

2.7. COROLLARY. The restricted ultraproduct of Hilbert spaces is a Hilbert 

space. 

3. Von Neumann algebras. 

von = 

book A 

by 

von [ 1936, 19371 book 

H C 

(-,-) llxll: = J(x, x). A 

A H bounded 

r llAxll < rllxll x E H. r E R llAll 

norm A .  B ( H )  

C A E B ( H )  

adjoint AT, by 

(Ax, y )  = (x, ATy) x, y E H.  

A AT B(H) hermitian involution, 

3.1. ( A  + B)T = A T  + BT, (AB)T = BTAT, ATT = A, (rA)T = rTAT, 

rT r E C .  

weak topology H by { x  I(x, y)l I y E H }  

H. weak (operator) topology B ( H )  by 

{ A  y)l I x ,  y E H }  strong (operator) topology B ( H )  
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by { A  H IlAxll I x E H }  b ( H ) .  selfadjoined 

A = AT, B = BT b ( H )  order by 

A 5 B e (Ax, x )  I (Bx, x )  x E 

43: = { E  E B ( H )  E = E 2  E = E T }  projections. 

A E b ( H )  spectral function 

E(t )  on R %, 

3.2. t ,  I t2  =- E(t,) 5 E(t2) I,,  t ,  E R. 

b. E(t )  

0 I M E E ( - M )  = 0 E(M) = 1. 

d. A A = t dE(t)  

IlAll. 

and only if 

% contains the identity operator 1 of b ( H ) .  

b. A E % z A ' E % .  

% is weakly closed in b ( H ) .  

3.3. A subalgebra % b ( H )  is a von Neumann algebra if 

by H'. 

by 

N1: = { A  E % I IlAll I b ( H ) .  

%, 

%, 

2. 

93.1 93.4, 

3.4. If is a selfadjoined operator in a von Neumann algebra %, then the 

range of its spectral function is contained in %. Hence the spectral representa- 

tion takes place in %. 

von factor, C1. 

8 
% C 
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1 a uT. 2l 
trace, 2l + C 

a, b E 2L 

3.5. = 1. 

b. = 

= 

d. > 0, a # 0. 

a E 0 5 M E R 

x E %. 

b., d. (a, b):  = 

on [lal[: = J(a, a) = 

'$l by 

~- -. 

llaxll I Mllxll X E  %. 

M E R N(a) on 2l. 
L(a) by L(a)x: = on [[ 11). 

L(a) by by 

L: a+ %(a) 
% %('$l), 

L(1) = 1, L(aT) = (L(u))T, N(u) = N(L(a)),  

N %(a). 
L(a) 3.3 b. von 

% L(2l) 

von 

3.6. L is a homeomorphic map of the unit ball a1: = {a  E 2l ] 

N(a)  I 1 ] onto L(%[,), if we endow with the weak Hilbert space topology 

and L ( a 1 )  with the weak operator topology induced from The same 

holds, ifwe give the 11 11-topology and L(211,) the strong operator topology. 

Proof. L by A E I,(%), 1 E 2l 

a, +. a 

'illII. L(uJ 
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B(@) 
= L(a). x,  y E 2l - L(a))x,  y )  = 

( A x , y )  -   ax,^) = ( A x , y )  - tr(avT) = (&y)  - (a, (XY')') = (&Y) - 
(aa, ( ~ y ~ ) ~ )  = (Ax, y )  - tr(a,xyT) = (AX, y )  - (sax, y )  = 

(Ax, y )  - (L(aa)x, y )  = - L(aa))x, y )  = 0. 

L(a)  on 2l '$l 
on 

a, -+ a 211. 

L(a)  L(a,). do x 

2l. II(L(a) - L(a,))xl12 = Il(a - a,)xl12 = 

- a,)xxT(a - a,)') = - a,)'(a - a,)x) = IlxT(a - a,)'I12 5 

N2(xT) Il(a - a,)'I12 = N 2 ( x )  Ila - a,1I2 

n --f m. 2l L(a)  

L(a,). 

L 

2l L(2l) 

3.7. If '2I is an algebra with trace, then the three conditions 

are equivalent 

L('2I) is a von Neumann algebra in 23(a). 
b. The unit ball 211 = {a E %IN(a) 5 l }  is compact in the weak Hilbert 

space topology. 

211 is complete in the Hilbert space norm 11 11. 

3.8. W e  call an algebra finite, if it has a trace and satisjies 

one of the equivalent conditions of the preceding corollary. Let 8 denote the 

class of jinite algebras. 

no 

5 n x 

by n 

5 von 

11,. 
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4. of (a,, i E J 

*% 

U J.  2 3. 

a, E nieJ ai, *a 

*% *a E *2l a, E nisJ %, 

*a. *% *C *1, 

*a I+ *a*=, *% + *C, 

*(*a, = *Il*all = J*(*a, *a) 

*N(*a) = I * M E  *R I *II*a*xll I *M*II*xll 

*x E *%}. *% 

a,: = {*a E *% I *N(*a) E B }  as: = 

{*a E %, I * 11 *all E S}. B,  S, C,, C, 2. 

%, as. 

4.1. *N(*a*b) I *N(*a)*N(*b) 

4.2. *II*a*bII I *N(*a)*Il*bll, *II*a*bll I *N(*b)*II*all 

BIB %s 

a,. %: = %,/%s C, 

%,. *IJ*u*~II = *Il*all 

(*a + = *a*T + %, on 

a I+ aT on %. N,(li) = 1 

IIlilli = 1 E %, = 1 .  4.2 *b = E %, 

*Il*all I *N(*a)*II*111 = *N(*a). 

on %, = on *%. 

To 

on 2l by 

~ , ( a ) :  = I M E  R I = I ~ l l x l l )  

N,(a): = I *a E a} .  

= I x z 01 

llaxll = I = llxll 

N,(a )  I N,(a) a %, Nl 

% 

no 

21i 
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4.3. of 

3.7. 

Nl = N2. 

E % 

*a on 

Mi 
n 

ai ai = J t dei(t). 

0 

2 0 0 bound 

21B 

M E Mi < E J.  

Mi 

si = / t ti = ri n RI - ei(ri)ll E S { i E J  

as. 
- si 2l 

= E = E 

- < - si) = 

5 

I ti BI} 
- li - ei(ti))i I - li - ei(ti>Ii 

= 4 = 2 ~ i ( a ) ,  
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on 

= = 

21i 21i(l): = {ui E 21i I I 

11 I I i .  
3 *2l 

= (a  E Bl I N(a) 5 I1 2.1. 

D 11 N2(a) = I 
*a E a }  6(1): = {a  E 2l I < I }  3. 

&(1) D 3 = 2l(1). 

on 

on. 

4.4. PROPOSITION. Let e be a projection in Z, then there exist projections 

ei E 'LI, for  all i E J such that *ei E e .  

Proof. ai E nieJ 21i e ,  = $(ai + a:) 

e 

f i  = t f i ( t )  fi. 

0, t I 0 

t > 1. f i ( t >  = { 
e - e2 = 0 * f i  - *f :  = *(J ( t  - t 2 )  d f i ( t ) )  E as. 

*(ti - t t )  * t i  * t i  - *I  

*f i ( t i )  - * f i ( r f )  E as, 0 < I t i ,  t f  I z2 < 1, 

E ~ ,  c2  E R.  

* f i ( t i )  up 

f i ( t )  by 

0, 

f i ( + ) ,  0 < t I 1 
l i ,  1 > t ,  

d i ( t ) :  = 

ei: = t dd i ( t )  e E 2l. 

21B 

I 
*a *N(*u) E S .  
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5. The center of a restricted ultraproduct. 

von 

5.1. Two projections e, f of a von Neumann algebra 2l acting 

on the complex Hilbert space H are said to be equivalent (-), i f  there exists 

an element u E 2l such that uTu = e and uuT = f. 

O I (u - fue)T(u - fue) = uTu - uTfue - euTfu + 
euTffue = e - uTuuTue - euTuuTu + euTuuTue = 0. u = fue = 

f u  = ue. 2l tr(e) = = = 

is 

N(u) = N(e) = 1,  e # 0. e(p), p E B (f@), p E B)  

2l e@) - f (p) p E B, 

commutant 2l' von 2l on H 

2l': = {b E b ( H )  ab = ba a E a}. 2l' von 

2l discrete 2l' 2l 

von 

no e # 0 2l 

von e2le on eH 2l continuous. 

e 2l e2le 

von 2l  is 

e2le x ( 1  - e)%(l - e )  e2le 

( 1  - e)2l(l - e )  [1969] 

$8.1, 2 1).  von 

by [1969] 111, $3.1, 

2). 

C p E B  e@) - f (PI. 

5.2. Every discrete von Neumann algebra can be written 

as a direct product nsBB (3(p) 0 b(H(B)) ) ,  where the 3(p) are commutative 

von Neumann algebras and H @ )  suitable Hilbert spaces. Moreover, i f %  is 

jinite, then all H@) are necessarily finite dimensional. 

5.3. projection e of a von Neumann algebra 2l is called 

fundamental of order n = 0, 1,  2, . . ., if there exist 2" mutually orthogonal 
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equivalent projections e = e( l ) ,  e(2), . . ., e(2") such that ~~~, e(1) is contained 

in the center of %. 

'% e n e e(1) 

by e [1969] 111, 98.3, 3). 

5.4. PROPOSTION. Every projection e in a finite continuous von Neumann 

algebra is the sum of a family of mutually orthogonal fundamental projections 

[1969] 111, $8.2, 

5.5. LEMMA. Let e = CseB e(B) be the sum of mutually orthogonal pro- 

jections e(P) in afinite algebra % and let each e@) = zi$'{ f@, I )  be the 

sum of r(P)  mutually orthogonal equivalent fundamental projections of order 

n(P) such that f(P, I )  rl.l f ( y ,  k), i f  f i  # y ,  then e is contained in the center 

3 of % i f  and only i f r@)  = 2"(@) for all P B. 

Proof. r(P) = 2nta) /3 E B, e(P) = I )  

3 by 5.3. e = ZseB e@) E 3. 
y E B r(y) < 2n(y), 0 # u E % 

uTu = UU' = r(y) + l ) ,  

f(y, f(y, f(y, 2), . . ., f(y, r(y)) .  

remarkatthebeginningofthissectionweobtainue=uf(y, l)e=uf(y, l )=u  # 0 

eu = ef(y, r(y) + = Ou = 0. 

% 3, 3 
3 

5.6. THEOREM. If (aiy i E J are finite algebras with centers si, then 

the center 3 of the restricted ultraproduct % is the restricted ultraproduct of 

the 3i. 
Proof. Si 3. 

3 E 

?JieJ 3i. % as 

= + + - 
E 3 3. So 

z = z e(t) E 3 
e(t) E 3 t E R. 

e E 3. 4.4 

ei E nieJ ai. Si 
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von ei = ci x d ,  ci (di) 

Si. by 5.4 

c. 1 = f i@,O 
BEBi 

1 S I <ri(B) 

fi@, I )  n i @ )  

fi@, 1) w B = y. + = 2n1(B) 

mi@) = 

5.5 c ci 3 

ci by 

,ni(B) 

c;. E 3 

c; 

c E 3. 
5.2 di si, 

3. 
3i 3. 

5.7. of 

= S, = '%I,, = n x 

by n 

('%I,, n E 
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(m, 
YJl 

[ 19691 111, 
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ALMOST PERPENDICULAR VECTORS 

University of Glasgow 

by 

0 

1. C, 

on u C, *M 

*M 

*A4 standard 

*; C *C, 

C. x E *C 

injinitesimal, x = 0, 1x1 < E E ,  finite 

n 1x1 < n, infinite 

*H 

0 by 

{Sh,&:h E H, 0 < E E R}, s h , &  = {f E H :  I f ,  hi < E } .  

*A4 by monad 

p,(O) = n(*S,,,:h E H, 0 < E E R). 

weak monad 0 *H 

0” 
,!$,.E pw(0) *H 

1) if *M enlargement of if of M 
*M. 
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f 
almost perpendicular to f 

p,,,(O) = { f  E I, 

I, 

1 Let S be a dense subset of H, and let f E * H  be II S, i.e. 

( f ,  h )  = , 0 for all h E S. Then i f f  is jinite, f , 
Proof. h E (h,) S h. 

n E N 

If, hl 5 hnl + If, h - hnl. 

E As h, + h f 
nl If ,  h - h,,l -= +E. If, h,,] c JE,  

I f ,  hl < E ,  E (f, h) = , 0. 

f $6. 

1.2. If is separable with orthonormal basis (en :n E N )  then 

in afinite vector f = *z:= , c,e, ’) is I , H @c, = , 0 for alljinite n. 

Proof. 

c, = , 0 n E N ,  f , en. 

f = e,  v E * N  - N .  

e, H h = z;= , e,/n, 

(e”, h )  = l / v .  

2. 

“A4 M are H 

*A4 p. 28) 

IC > 
I H  

*S 

S H, no 

I 

1) *X:= 1 means that the summation is over all n E * N .  
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S c h E # 0 f E 

3. Weak compactness of 

0 by pw(0), f E * H  

weakly neur-standardif = fo + 
E 

fo + = fd + f; fo - f,,' = f; - 
= 0. 

p. 

3.1. Every finite point of is weakly near-standard. 

Proof. f cf, 
h E H @,(h) = 

"(f, ("a standardpart a, 

a - "a = , 0, [ 19661 p. cDo on 

C) "(a + = "a + 
"(ka) = k - Oa a, b k @, 

" 11 2 11 @, 11. by 

fo E cD,(h) = (f,, h E cf,, = "cf, 
cf - f,, h)  = , 0, f - fo 

3.2. COROLLARY (Standard). The closed unit ball in H is weakly compact. 

Proof. B ,  

p. 

*B, E *B1, 

5 1, = fo + E H,f, 
fo E 

on 

> 1, l l f o 1 1 2  1 by 

> 1, 

f E *B,.  5 1, 

3.1, 

1) We here take *M to be an enlargement. 
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4. Compact operators. 11966, p. 1191 

f o  

near-standard. A 

A : H +. *A 

4.1. If A is a bounded linear operator: H +. H then *A maps 

Proof. At A I, H.  h E H 
into P w ( 0 ) -  

(h, * A f i )  = ( * A t h , f i )  = I  0; 

* A f ,  

4.2. The operator A ; H +. H is compact iff * A  maps finite 

vectors I , into injinitesirnal vectors. 

Proof. a. A H, *Af ,  

H, * A f ,  =, 0. 

e. f E *H, = f o  + E H, Il H ;  

*Af = *Afo  + * A f l ,  by * A f ,  = , 0, so *Af  E p(*Afo); 

A 

4.3. (Standard). If A ; H +. H is bounded and A t A  is compact, 

Proof. I , H A t A f ,  = 0 by 

then A is compact. 

A * A  

= 1  A t A f l >  = (Af17  A f l ) ;  A f l  = 1  O. 

5. Infinite vectors 1, H .  a 

0 
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+ 0 

E pw(0) all v, v 

[1966] pp. 96, 59). 

0 *H 

~ ( 0 ) .  I kf k E *C, so. 

11 kfll 

Il p(0); 

*A(kf)  = k * *Af 

H 

v,, v2 v1 << v2 

+ < v2 v, 

[1971]). random pair by 

[1969] p. 71 ')) v, = 

p 

5.1. << v , a n d i f f , : N + N i s s u c h t h a t f l ( n ) + c o a s n + c o  

Proof. k EN, > < v I .  

then = 1  0. 

+ 

f ( n )  = m (m)/k < n. 

n I (l)/k) 

fi(m) + co m + 00. n = v1 m 

2 v,, *f(vl) 2 v,, v1 << v,. 

5.2. Let (e,:n E be an orthonormal sequence in and let 

v1 << v2 E - Then vleyz is infinite and I, 
Proof. h = C;=, c,e, + h' H,  I e, 

*H,h' e, v E Ih, vlevzl = : N +  by 

I n  c, = 0. 

1) Luxemburg shows there that, if << YZ, the point ev2/vi E *H is not compact, i.e. 
does not belong to any standard compact set. 



1 20 

+ co n + 00 c,, + 0, < 
= 0 

I, p ( 9 )  

5 by Th,,,, h E n E N ,  

Th,n = {fE > If, hl  < l/.}. 

no 

F, p ( 5 )  E 

*N - N }  df,,). I [1970]) 

= 

p ( F )  

NN/%, no v1 << v2, 

%, /3N - N 

[ 

6. v1 << v2 

1.1. S h E = 0. 

S H - S S - S 

h = I;=, c, + = [l/Icnl] 

c,, # 0. v1 << v2, c,, # 0, 

Ih, = 0 h e  S, 

2 h E - S. 

(h, v,e,,) 0 
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FUNCTIONAL ANALYSIS - 
A NON-STANDARD TREATMENT WITH SEMIFIELDS 

Leslie YOUNG 

Wolfson College, Oxford 

1. Introduction. 

a 

is 

us 

go 

upon 

on 

To 

on 

[1966] [1969], is 
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is, 

upon 

on 

do 
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1.1. Non-standard analysis. 

W. ‘$I 

K extension llJz. ‘$I 

9l by ‘$I 

on ‘$I 

internal. a llJz ‘$I 

by a %TITJ1. “d”. 

‘$I standard. S 

9l a E S ‘$I, 5t E 3. S 3 
3 extension 

llJz 93. 

“9’. 
“ A” 

3. “3x E 

y E N ( x ,  y)” 

y 

f ( y )  N ( x ,  y )  ( x ,  y )  

(x, y )  (.,.). 
3 V => 

R(x, y )  llJz concurrent in x 

{ x l ,  ..., x,} y 

i = 1, . . ., n R(xi,  y )  llJz. %% llJz 
enlargement llJz y 

R(R, y )  ‘$I 2 

fi. 
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( E ,  F )  

fu l l  

on 

An 

A ic-saturated R 

on A 

{ x l ,  . . ., A y i = 1, . . ., n R(xi,  y )  

9111 A= < IC a z x E A R(x,  z )  1131. 

by 

5 by 

2, P, 8. 

p ( 8 )  = n{SlSE 51. 

I .  1.1. Let 5 be a jilter on a set of entities of 1131. There is an 

enlargement of (9Jl such that $@ is an internal subset of 8 with the property that 

U E 8 and U c p(5) +- U E @ 

then 8 such that S E @. 

VS E 8, 3 4 @. 

A 8 @ 

A 5. 5 0  

by g E  = E 5 S E }  E E 5. 

Proof. @ 

p(Se)  = (u Iu~8 U C  ~ ( 8 ) ) .  

8 E 80 A n d # 0. 
9jt 91 ~c > 3 0 .  

R(x, y )  $1 x y ?j 

y E 8, y c x A n y # 8. 
x on 9jt is 

y E ge y E b 8 E Se A n y # 8, U E  @ 
U p(5) U E A .  

VS E 5:s 4 @ 3U E U p(5) U 4 @ 

Q U E  8: U c p(5) - U E  @ 3s E 5 3 E @. 
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1.1.2. 8 S E 8 S c ~ ( 8 ) .  
1.1.3. 8 on X S X 5 p(5) 3. 
1.1.4. 8 9 on X p ( 9 )  n p ( 5 )  # B 

8 p X 

8 

~(9) = ~ ( 3 ) .  

1.1.5. A 8 on X E X p(5) p ( p ) .  

1.1.6. p(p )  = u{p(8)18 
1.1.7. p E X S X n 5 # B. 
1.1.8. S c X is p ( p )  n 3 # B * p  E S. 

1.1.9. X p, q E X ,  p ( p )  n p ( q )  = 8. 
1.1.10. s x Vx E 3 3p E S:X E p(p). 

1.1.1 1. S c X x E 9 p E X 

x E p(p ) .  

X x E 3 p E X x E S 

1.1.12. X x 

S X x E 3. 
A r l? q E R 

< q. 

1.1.13. l? 
As on R R 

0 p, q E l? p - q 

?II q. 

1.1.14. A f : X  Y 

1.1.15. E I Xi 

%! on X .  ( X ,  %) x E 8 

1.1.16. x E 8 V E %! 

E x f W ) )  c P W P ) ) .  

n X i  q E p(p) E I qi E p(pi). 

is 

p E X x E p(p). 
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1.1.17. ( X ,  42) 8 

1.1.18. A X x E A = x 

1.2. Topological semifields. 

by 

do 

for 

do on 

in 

A 

has 

A RA h : A  -, R.  

r by “r”. 

by R 

RA 1 h E RA 
0 h-’ by 

h- l (d)  = (h(d))-’ d E A .  

RA R is 

R. 

(h  E RAIIh(d)l < E }  Vd E A , &  > 0 

0. 

‘“illA’’ 0 

RA. 5 on RA by 

Rd, 2 0. 

g 5 h g(d) 5 h(d), V ~ E  A .  
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S c RA bound 

v S, RA by 

(VS)(d) = S } .  

S RA bound A S. 

f E RA I f 1  E RA by 

Ifl(d) = I f ( 4  d E A .  

X A 4 : X  x X + R: quasimetric RA 

4 pseudometric 

4(XY v) = 4(YY x) XY Y E x. 
4 metric 

4(x, y )  = 0 => x = y. 

by 4 on X by 

x 

{y  E X l 4 ( x ,  y )  E u }  u lllA 

of 0 RA. 

u illA. 

x E X 8, on X 

1. g,, x E S, 

2. 

9 on X 8, 
x 9 

9 = {SlSc X 

1. x x $(x, x) = 

2. V ~ 8 ~ t h e n 3 p o s i t i v e r e a l s ~ ~ ~  ..., ~ , , , 3 d ~ ,  ..., d , , ~ d :  

4(x,y)(dr)  < e i , i =  1, ..., n - y ~ V .  

E 8, y 4(xy y)(d,)  < +gi. y E 
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&(y, z)(di) < + i  by 4(x, z)(d,)  c ei z E V. 

y E W => V 2 {zl  4 ( y ,  z ) (d i )  < + E ~ ,  i = 1 ,  . . ., n }  

* V € i Y y .  

by 4 on X on X x X 

{(x, y) l  +(x, y )  E u> u 

92A. 

S. 

1.2.1. For every topological space ( X ,  9) there is a semijield 

Proof. 4 X .  4 : X x X -+ 

RA and a quasimetric 4 over RA which induces the topology 9 on X .  

R” by 

0 (x, y )  E ( S  x S )  u x X )  

4(X, = { 1 ( x , ~ ) E  S x 

4(x, x)(S) = 0 Vx E X VS E 9 4(x, x )  = 0. 

(s, E ( S  x S )  u u X )  +(x, y ) ( S )  = 0 s 4(x, z ) (S)  + 4(z7 y ) ( S )  

z. (x, y )  E S x z E X z E S z E 

(x, z )  E S x (z ,  y )  E S x 4(x, z ) (S)  = 1 

4(z ,  y ) ( S )  = 1 4(x, y ) ( S )  I +(x, z ) (S)  + 4 ( z ,  y ) (S) .  

{yl  +(x, y ) ( S )  < 8). 

{ y l & ( x ,  y ) ( S )  = 0).  S X 

x 

N x N 

S x. x E S {yl  4(x7 y ) ( S )  < 1) = S S a 

x. 

x E X 

1.2.2. For every uniform space ( X ,  a) there is a sem$eld RA 

and a pseudometric 4 over RA which induces the uniformity on X .  
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Proof. p. 

U E Q d, :X x X + R 

1. 0 I du(x ,y)  5 1. 

2. (x,  y )  4 U d,(x, y )  = 1. 

3.  4 ( x ,  Y )  = U Y ,  X I .  

4. du(x, Y )  I dI,(X, 4 + d,(z, Y ) .  

5. E > 0 V E  42 (x ,  y )  E V - d,,(x, y )  < E .  

A d, a. 4 : X x X -+ RA 

by 

4 ( x ,  Y)(d,) = du(x, u). 

4. 

A { (x ,  y )  Id,(x, y )  < 
E }  42 by 5. U E ((x, y )  du(x, y )  < 
l }  = U 

et 

R 
on X x X 

[ 19601. 

R. 

RA. 

4 : X x X + RA < on A by 

d i d’ V x , y ~  X 4 ( x , y ) ( d )  I 4(x ,y ) (d’ ) .  

4 directed A 

by 

1.2.3. THEOREM. For any quasimetric 4 : X  x X + RA we can define a 

directed quasimetric 4‘ : X x X -+ RA which induces the same topoIogy on X .  
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Proof. {d,, ..., dn} A 

6 : X  x 

h(x, Y )  = 4 ( x 9  y)(di)* 
i = l ,  ..., n 

A' 6 {d l ,  . . ., d,} A .  

4 ' : X  x X by 

4'b, Y X 6 )  = Y ) .  

A' by .< 

4' 

{yld(x, y )  < E )  = (yl 4(x, y)(di) < E )  { d , ,  ..., d,) c A 

A x E X by 

i =  1 ,  ..., n 

n 

= {YI~& Y)(di) < 4, 
i= 1 

x by 4. 

1.2.4. Let 4 :X x X +. RA be a directed quasimetric. In the 

induced topology on X 

X E R  r \ { + ( x , m ) : m E M }  = 0. 

Proof. x E R x M so 

VE > 0 Vd E A 3y E M :  $(x, y) (d)  < E. 

VE > 0 Vd E A 3y E M :  4(x, y) (d)  < E A {4(x, m):m E M }  = 0. 

U x d,, . . ., d, E A ,  ei, ..., E, > 0 

4(x, y)(di)  < ci ,  = 1, ..., n * y E U. 

d E A d .< di, i = 1, ..., n 

E = gi. 

i =  1 ,  ..., n 

3y E M +(x, y)(d)  < E ,  3y E M +(x, y)(di)  < E ~ ,  = 1, ..., n, 
3y E M y  E U. x E R. 

X 

4 : X  x X + RA M 

x 4 M ,  x # A{+(x, m)lm E M }  # 0. 
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3d E A 38 > 0 Vy E M y  $(x,  y ) ( d )  > E. { v I  $(x, z)(d) c $ 8 )  

UlsM {z l  $(y ,  z)(d) < * E }  

x 

$ bounded v { $(x, y )  1 x ,  y E 

$ : x + RA $’ : x + RA 

by 

$’(XY Y )  = $(XY + $(x, Y)) .  

0. 

ho E Bo isfinite d e  , ho(d) j?. 

ho E RA bounded h RA 
ho I h. 

ho RA h 

BA h I ho. R(x, x ,  y E RA x I y 

x 

If h E RA 0 h N 0. on RA 

R 
R. 1.1.15 h N 0 h(d) N 0 d E A .  

RA. 

1.2.5. I f X  is quasimetrised by $ over RA then in the induced 

Proof. 

topology x E p(p) iff $0, x )  N 0. 

x E p ( p )  x E i? 

x E n { { u  E dl $0, v) E a> 124 E 

Vd E VE > 0 $0, x)(d)  c E ,  

$ ( p y x )  N 0. 

by $ RA ‘i2 

by $ 

by 

(x ,  Y )  E $(XY Y )  = 0. 

$ ( x , y )  N o $(y, x )  N O x , y  E rZ 

$(x, z) N 0 $(z, N 0 =. $(x, y )  I: 0. 
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2. Function Spaces. Y” 

X Y. Y by Y x Y Rr 

X 

on C on Yx 
by 4 c :  Yx x Yx RrXC 

4c(f1g)(d,  A )  = W - ( x ) , g ( x ) ) ( d )  f, 9 E yx7 d E r7 A E c. 
XEA 

no 8 

4c 

4C(h f ) ( d  4 = 0 ( f ( x ) , f ( x ) ) ( d )  = 0 
XEA 

0 h E Yx 

4J.L s)(d, 4 = W w 9  g ( x ) ) ( 4  
XEA 

= 4 C ( L  g ) ( &  -4 + 4 c ( k  g ) ( 4  4. 
on Yx C 

a f 

( 9  I 4 c ( f ,  g w ,  A )  < E l  = ( 9  E A W x ) ,  s ( x ) ) ( 4  < 8 )  

= (9 I vx E A g ( x )  E N ( f ( x ) ) )  

x A N ( f ( x ) )  by 

d, E .  As d, E N ( f ( x ) )  

f ( x )  

Y 0 

4c 
on C 8 +=. 

X topology of 
pointwise convergence +x. 

= ( X I  topology of uniform convergence 

on X .  
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If X C X 

C compact-open topology. 

&,. 
( X ,  4) 4 : X x X --t RA 

let (Y,  %!) 8 : Y x Y --t Rr. A 

F Yx equicontinuous 

Vx E X VVE 42 3 nhd G x V ~ E  FVy E G ( f ( x ) , f ( y ) )  E V. 

vx E x vu E ‘ar 3~ E W F V ~  E X  +(x, y )  E v e ( f ( x ) , f ( y ) )EU.  

4 8 

by 

no 

no 

of 

X ,  Y “C(X,  Y)” 

X Y on C “c(X ,  Y)” 

X Y. 

2.1. C ( X ,  Y )  is closed in Yx with the C topology. 

Proof. c ( X ,  Y )  Yx 
on X .  by 

C. 

g E c (X ,  Y) by 1.2.4. A { g) If E c ( X ,  Y ) }  = 0 

A { v e(f(x), g(x)) c(X,  Y ) }  = 0. 
xsx 

As 

j- E c(x, Y),  vx E x vu E ‘ar ‘ad vy E x : 4 (x, v) e(f(x),  j-(y)) E 

=, A { i e ( f ( w w  - ml:m E = 0. 

by m E u 

le(g(x>, dY)) - 5 ~(g(x>,f(x)) + lO(f(X)Y g(xN - ml + O ( f ( Y ) ,  dY)) 

5 g(4) - + 2 v W W Y  g(x))* 
xsx 
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x, u, v, y 

4(X,Y) E 2, * A {lW(X), dY)) - E .> = 0 

O(g(x), g(y)) ii by 1.2.4. 

Vx E X Vu E ‘iRr 3v %’ Vy E X 4(x, y )  E v * O(g(x), g(y)) E U. 
0 Rr 

0 g 

2.2. THEOREM. If F c c ( X ,  is equicontinuous then the closure of F in 

Yx with the weak topology is contained in c(X, and is equicontinuous. 

Proof. 1.2.4: 

9 E F * A { 4 x ( f ,  s)lfe = 0 

Vx E X A {Ocf(x), g(x)) If E F }  = 0 by 4x 
If F 

V ~ E  X V ~ E  ‘iRr 3 v ~  ‘iRA V ~ E  X: 4(x,y) E v * V’E F Ocf(x),f(y)) u 

* A (l~(.f(X>,’(Y)) - m l : f E  F, m .> = 0. 

IWX), S(Y)) - 5 W(x),’(x)) + Ie(f(x>,f(Y)) - + O(.f(Y>, g(y)). 

A {l@(g(x), g(y)) - ml:m E .> = 0, 

W(X>, S(Y)) E u. 

vx x vu E 30 E vy E x:4(x, y )  E v => vg E F ecf (x) , j -b) )  E is. 

0 Rr 

of 
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on 

f ,  g E Yx 

&Cf, g)(d7 A )  5 E Vx E A ~ c f ( x ) ,  g(x))(d)  I E. 

g)(d,  A )  N 0 Vx E A^ Ocf(x), g(x))(d)  N 0. 

f ,  g E Yx 

v(C) = E 

+ c c f ,  g )  N 0 Vx E v(C) Ocf(x), g(x))  N 0. 

Vx E X O(f(x), g (x) )  N 0. 

on X Vx E 3 

~ c f ( x > ,  g(x) )  = 0. 

2.3. subset of Yx is equicontinuous if and only if 
vx E x vy E 2 +(xy y )  = o v j ~  P ecf(x), f(y))  N 0. 

up 

up 

2.4. Let X be a locally compact topological space, Y a uniform 

space and give c (X,  Y )  the compact open topology. I f F  c c(X,  is relatively 

compact then F is equicontinuous. 

Proof. 1.1.11 g E fl 
E c(X,  +,,cf, g )  N 0. C 

X Vx E v(C) O(f(x), g (x) )  N 0. (*) 

x E X , y  E 2 +(x ,y)  N 0. 

As f E c(X,  Ocf(x), f ( y ) )  N 0 by 1.1.14. 

X y v(C) by 1.1.12 

so by (*) f 3 y % ) 7  SCY)) = 0. 

e w ,  g w )  = o +,,(L 9 )  = 0. 
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F 

2.5. If F is an equicontinuous subset of c ( X ,  Y )  then the weak 

topology and the compact open topology coincide on F. 

Proof. Vx E X B(f(x), g ( x ) )  N 0 

A X Vy E d g(y))  N 0. 

y E d A by 1.1.10 

x E A 4 ( x ,  y )  N 0. 

As F by 2.3 h E’ 
O(h(x), h(y ) )  N 0. f I ( f (x) ,  f(y)) N 0 B(g(x), g ( y ) )  I: 0. 

e ( f ( Y ) ,  S(Y))  W f ( v > , f ( x ) )  + e ( f (x> ,  d x ) )  + e(g(x)Y SO)> 

so 

e( f (Y) ,  d Y ) )  = 0. 

A X Vy E d B(f(y),  g(y)) N 0 

2.6. (Ascoli). Let X be a locally compact topological space, Y 

a uniform space. A subset F of c ( X ,  Y )  is relatively compact in the compact 

open topology i f  and only if F is equicontinuous and for  each x in X F(x) = 

{ f(x) I f  E F )  is relatively compact. 

Proof. 2.4 

c ( X ,  Y )  x E X y E P(x) .  is 

f~ E y = f ( x ) .  E c ( X ,  Y )  

dC( f ,  N 0. B(f(x), g ( x ) )  = B(y, g ( x ) )  N 0 y is 

F(x) by 1.1.1 1. 

E’ 
g E c ( X ,  Y )  4co(j-y N 0. F(x)  is 

x E X a p ,  Y Bcf(x), p,) N 0. 

g E Yx by g ( x )  = p ,  x E X .  eCf(x), g(x ) )  N 0 x E X so 
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4-&(x), g(x)) N 0. 1.1.7 g 
by 2.2 g E c ( X ,  Y). 

by 2.2 I; by 

2.5 on 

4,,(fY N 0. 

by 1.1.1 1. 

on c(X,  : (f, x) ft f(x) 

c(X,  x c ( X ,  x 

$ on c ( X ,  

on c ( X ,  

V ~ E  c ( X ,  Y )  Vx E X Vg E t ( X ,  Y) ,  Vy E 2 4(xy y )  N 0 $ c f ,  g) N 0 

* W X ) Y  g(y))  = 0. 

[1959]. 

2.7. THEOREM. If a topology on c(X,  Y )  makes the evaluation map conlinu- 

ous then it is stronger than the compact-open topology. 

Proof. $ on c ( X ,  

Vf E c ( X ,  Y), Vg E t ( X ,  Y), $(f, g) N 0 
Vy E A^ O(f(y), g(y) )  N 0. 

y x A 
4(x, y )  N 0. f E c ( X ,  Ocf(x), f (y) )  N 0. 

$(f, g) N 0 O(x, y )  N 0 O(f(x), g(y)) N 0 by 

ecf(Y>Y dY)) O(f(Y>Y f(x)) + e(f(x), 

so Ocf(y), g(y)) N 0. y 

$(f, g) N 0 =. 4,,Cf, g) N 0 

2.8. THEOREM. If X is locally compact then the compact-open topology 

makes the evaluation map continuous. 

&,cf, g) N 0. O(f(x), g(y)) N 0. 
Proof. x E y E 2, 4(xy y )  N 0, f E C ( X ,  Y) ,  g E t(x, Y ) ,  

f E C(X, Y),  

O(f(X)Y N 0. 
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As y is  X by 1.1.12 

A X y E A^. 4,,(f, g) N 0 so 

OCf(Y), d Y ) )  = 0. 

e ( f ( 4 ,  g0.I)) e ( f w 9  f ( Y ) )  + e( f (Y) ,  

so O(f(y),  g ( y ) )  1: 0 

on c ( X ,  Y )  

on 

on 

2.9. THEOREM. I f f  E Yx is pre-near-standard and +x(f, g )  N 0 for 

some g in Yx then 4ccf, g )  N 0. 

Proof. 4c by 1.1.16 

C 

V A  E C Vd E A VE > 0 3h E Yx Vx E A^ e(f(x), h(x))(d)  < E .  

x E X 4 ( f ( x ) ,  g(x)) N 0 4x( f ,  g) N 0, E > 0 

O(g(x), h(x))(d)  < E. 

Vx E 2 O(g(x), h(x) ) (d)  < E. 

e( f  (x), g(x) ) (d)  5 W f ( X > ,  h(x))(d)  + W ( X ) ,  g(x) ) (d)  

VE > 0 V A  E C Vd E A Vx E A  ̂ O(f(x), g(x))(d)  < 28, 

4c(f ,  g )  N 0. 

COROLLARIES: 

If8 is a,filter on Yx which is 4c Cauchy and converges to g E Yx in the weak 

topology then 8 converges to g in the C topology. 

Proof. f p ( 5 )  I $ ~  
&x(f, g )  N 0 by 1.1.5. 2.9 4c(f,  g)  N 0 

8 g C 
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If is is Y x  uniformity of 
Proof. 4c px 4c 

x f ( x )  8 
By x E p x  E 

O(f(x), p,) N 0. g E Y x  by = p x  x E 4x(f, 
N 0. 2.9. 4c(f, N 0 4c 

3. Topological Spaces. 

up 

3.1. 

a, B, L 

> 0,B > 0,a + /3 = 1 + P A  c 

V 1  E R: 111 I 1 c 

Lixi E A  C;= lL,l I 1. 

> O V A : a  

x -H - x 

x X 

x R x R x 

0 

0. 

R 
0. on 

0 

0 
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is locally convex. 

0. 

A seminorm on X RA 

4 : X + R,d 

4(0)  = 0, 

4(x  + Y )  5 4(x) + 4 ( Y >  x, Y E x. 
+(x) = 0 

on X O(x, y )  = 4 ( x  - y )  

0 { X I  4(x) (d)  < E} 
d E A ,  E > 0. in x E ~ ( 0 )  4(x) N 0. A 

X 

[1966] p. 39) 

~ ( I x )  = I I ~ ~ ( x )  R, X E X ,  

x = 0 4 norm. 

3.1.1.  THEOREM. Let A be a closed convex circled subset of the topological 

vector space E. A = u {AA 11 > 0 }  is a linear subspace of E. The Minkowski 

jirnctional of A dejned by 

gA(x)  = > OIx E 3.A) 

is a seminorm on A over R and A = ( x  E A g A ( X )  5 l}. 

If A is radial then A = E and g A  is defined on all of E. 

3.1.2. THEOREM. For every locally convex topological vector space E there 

is a semijield RA and a seminorin 4 : X + RA which induces the initial topology 

on E. 

Proof. A 0. 

4 : X + RA by 

4 ( x ) ( A )  = g A ( X )  x E E, A E A.  

This 0 

g A  R 4 RA. 

4 on X 

0 4(x ) (A)  I E }  for A E A ,  E > 0. 

{ X I  4 ( x ) ( A )  I E} = { & X I g A ( X )  I l }  = E A  by 3.1.1. As A is 
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0 

A B E bounded B 

by N 0, VN 3a > 0: 111 I a * 1B c N .  

0. 

3.1.3. THEOREM. If the vector space X is seminormed by $ : X  -+ RA then 

$(x)  _< f .  
Proof. on X ,  A 

a subset A is bounded ifand only ifthere is an f E RA such that x E A 

VdE A 3ad > O:EdA C { X I  $(X)(d) I 1 )  

VdE A 3ad > 0:X E A $(CIdX)(d) I 1 ,  

$(x)(d) I l / c t d .  f E RA by f ( d )  = l /ad .  

f E RA x E A * $(x)(d)  I f ( d ) .  

0 

(XI  +(x)(d) < E }  a < E/f(d). 111 I a. y E LA 

x E A $(y) (d)  = IAl$(x)(d) I IAlf(d) I c$(d) < E so 
y E { X I  $(x)  (d) < E } .  A by 

0. 

{zl 4(z) I f }  A 

f {zl +(z) I f >  is 

A.  

X by $ : X  + RA x E 2 $finite $ ( x )  

Vd E A $(x)(d)  $ bounded $ ( x )  3f E R A :  

4 ( x )  I f. A 4 x 

S = {z I +(z) I f } 
4‘ on X by 3.1.3 

x 4’ 4 on 

(X, X‘) 
4 do 

1.1.5, 1.1.10, 1.1.18 
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4 3 on X 

p(3) 4 

3.1.4. Let E be a real vector space; p a function from E to the 

positive reals such that p(x  + y )  5 p(x) + p(y) ,  x ,  y E E andp(arx) = crp(x); 

a 2 0, x E E. I f f  is a real linear functional on a linear subspace G of E such 

that for x E G I f(x)l  I p ( x )  then there is an extension F off to E such that 

IF(x)l 5 p ( x )  for x E E. 

3.1.5. If A is a closed convex circled subset of the locally convex 

topological vector space E and xo $ A then there is a continuous linear functional 

f on E such that x E A => If(x)l I 1 andf(x,)  > 1. 

E, F dualpair (E,  F )  

E x F R :  (x ,  y)t, ( x ,  y )  E 

Vy E F ( x ,  y )  = 0 x = F. 

E, F 

by “E” “F”. 
For y F (x, y )  t, ( x ,  y )  x E E 

on E F E* 

on E. 

( E ,  E’) E 

E‘ 

on E. 

E E‘ 

E‘ E. 

weak topology o(E, F )  on E by 

4F: E -+ RF 

+ F ( x ) ( Y )  = I <x,  y)I y F, E* 

(-;) on R 

4F E 

&(x)(y)  = 0 y E F x = 0 4F 

0 on E by “pE(O)”. 

3.1.6. In the dual pair ( E ,  F )  a linear functional f : E  3 R is 
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continuous with the respect to the a(E, F )  topology if there is a y E F such 

that Vx E f ( x )  = ( x ,  y ) .  

upon 

3.1.7. Let be a vector space and . . ., linear functionals on 

E. I f f  is a linear functional on E such that f i ( x )  = 0, i = 1, . . ., n =- f ( x )  = 0. 

then there exist c l ,  . . ., c, E such that = cy= ci f i. 

F )  polar by 

A" = { ~ E F I V X E A  I ( x , ~ ) I  5 I} .  

c A"";A c B-BO c A";n{Aq l i ~ l }  = [ ~ { A ~ l i ~ l } ] " .  

x P 8. 

(8, P) 

p ( 0 )  0 on 

y E p(0)O Vx E p ( 0 )  ( x ,  y)l 5 1. p(0) 

by Vx E p ( 0 )  Vcr E I(ax, y)l 5 1. 

(-;) Vx E p(0) Vcr E I(x, y)I 5 l/lcrl. 

Vx E p(0) ( x ,  y )  N 0. p(0y  = { y  E fi IVx E p(0)  ( x ,  y )  ~ 2 r 1  O } .  

p(O>.o = p(0) .  

3.1.8. subset of equicontinuous ~ ( 0 ) " .  

V 

4 ( x )  N 0 -  ( x , y )  N o 
p(0)0. 

A@' =I p(0). 

C F by 4 E  
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on “C 

by 4 c : E  + RC 

4c(x)(4 = (I<% x E E, A E c. 
Y E A  

A 4 E  
We C‘ = {EAIE > 0, A E C } ;  

= ~ ( d l A  E C } .  

3.1.9. THEOREM. The monad of 0 in E with the C topology is [v(C‘)]”. 

Proof. 

= [U(&AI E > 0, A E C ) ] ”  

= n{(&A>.Ie > 0, A E c}. 

X E  [v(C’)]O V A G  C VE > 0 V y e  A^ I(x,y)l I E 

cjc(x) 1: 0. 

0 E o(E, F )  pE(0)  = F”. 

TheneighbourhoodsofOinEwiththeCtopologyhaveassub-base {Sol SEC’}. 

S S 

on C 

C by c f on E 
C 3B E C’:x E Bo If(x)l S 1. 

3.2. The weak topology. 

( E ,  F )  c $ ~  

x I? 5 on F 

Z(Y)  = 

x is 4F y E F. a(F*, F )  on F* 

+ F ( X  - x) N 0. 

on F by 

g. I? on F 
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Vx E A - f ( y i )  - (x, y )  I: 

3.2.1. Let B be a subset of E; A its closed convex circled hull 

and a linear functional on F such that y E B" * I f (x) l  I k .  Then there is 

an x E Â  such that 

> ( E ~  : 1 I i I n} i = 1, ..., n ,  

on f: 
f by x I?. do 

F y on E; B 

E; 8 : F + a , ,  . . ., a,, 

XE p ( l ) B  y F <x, y )  = 8(y)  p(1) 

1 on R." 

As y E 8' 
M .  As M 

0 E + E  

J : E 3 J 
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M by 2.2, J E E'. y # J ~  

3.2.2. (Alaoglu-Bourbaki) . Every equicontinuous subset of E' is 

o(E', E )  relatively compact. 

J on M" 

i@' 3 p(0) jj E'. 

3.2.1 

9 on F consistent (E ,  F )  

f on F x E E 

y E F, f ( y )  = ( x ,  y ) .  

by x E A^ A E. x 4F xo E 

xo f .  on A 

o(E, F )  

3.2.3. (Mackey Arens). Let C be a cover of E by a class of 

convex circled o(E, F )  relatively compact sets which is directed by c . Then 

the C topology on F is consistent with ( E ,  F ) .  

Proof. f on F 

C by c S E C' = (&A E > 0, 

A E C }  x E So * I f (x) l  5 1 .  3.2.1 x E 3 
y E F f ( x )  N ( x ,  y ) .  S o(E, F )  

xo E E 4 F ( ~  - xo) N 0. o(F*, F )  

xo = f .  

In 

9 on F on 

by 3.2.2 

o(E', E )  4 ( E ,  F )  

3.2.4. Let B be a convex circledsubset of E. B is o(E, F )  relatively 

compact if and only if B is 4F bounded and every linear functional bounded 

on Bo is represented by some member of E. 

Proof. B o(E, F )  x E B * 3z E E 

&(x - z) N 0 y E F ( x ,  y )  N ( z ,  y) .  ( x ,  y )  
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x E B. 
r E l? Vx E B ( x ,  y)l  I r. 

r,, E R Vx E 

I(x, y)l 5 r,,. h E RF by h(y) = r,,. x E => &(x) I h. 

4F 
f by k on 3.2.1 x E B 

y E F f ( y ) / k  N ( x ,  y ) .  B a(E, 

xo E &(x - xo)  N 0. o(P*, on F* 

by kxo E 

h E RF Vx E &(x) h. 

x +F 

y E B" =. Vx E B I ( x ,  y) l  I 1 

x E 8, y E B" IR(y)l I 1. B". 

xo E y E X(y) = (xo,  

Vy E F ( x ,  y )  N (xo ,  y ) ,  4 F ( ~  - xo) z 0. x E B 4F 
o(E, 

strong on 

on 

on 

semireflexive 

3.2.5. Let be a locally convex topological vector space semi- 

normed by 4 ; E --+ RA. E is semirejexive if and only if every x in which is 
q5 bounded is 4E# near-standard. 

Proof. x 4 f E RA 

+ ( x )  I S = { z  E El +(z) I f }  

a(E, x E 3 x is 4Ej  
on So 

0. y E So 

z E $(z) I f =- I(z, y)I I 1. 

x y E So, I (x ,  y) l  1 4 ( x )  I f. 
y E So IR(y)l I 1. on 0 

on 
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E. E X E E. y E E’ ( x ,  y )  N 2 ( y )  so 

- 2) N 0 x 4Er 
f on E‘ 

E B E 

YEB”* If(Y>l 2 1.  

3.2.1 x E A^ A B )  

y E E’, f ( y )  N <x, y ) .  B on h E R’ 

x E B 4(x) I h. S = { x  E El 4 ( x )  I h}  

B A .  x 

4 xo E E 4 E , ( ~  - xo) N 0. 

f by xo. E 

a(E, E’) 

[1972] 

A barrel A barrelled 

0. 

3.2.6. A locally convex topological vector space E is barrelled 

if and only if every 4 E  boundedpoint in 81 is in p(0)”. 

Proof. E i?’ 4 E  f E RE 

$ € ( y )  I S = { z I ~ € ( z )  I f }  c $ ~  So S” 

by 

0, 9 3 p(O), 

B” p(0)O:B” p(0)O. B”0 3 p(0Y 3 p ( 0 ) .  B 

B = B”0 3.2.8). B 0. 

c p(0)”.  y E p(0)O. 

B B” 

3.1.3 3.1.8 E 

q5E E’ 

3.2.7. If E is barrelled and y is a 4 E  boundedpoint in i?’ then y 

Proof. f E RE such that 4 E ( ~ )  5 

jj on E by J ( x )  = st((x, y ) )  x E E. 

x E (z 4 ( z )  I f }” Ijj(x)l I 1 .  (zl 4 E ( ~ )  I f >” 

is 4 E  near-standard. 
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0 jj 

J E 4E(J - y )  N 0 SO y 4E 

3.2.6, 3.2.7 4 E  o(E', E), 

upon 

I 

3.2.8. (Bipolar Theorem). In the dual pair (E ,  F )  the closed 

convex circled hull of a subset B of E is Boo. 

Proof. A B. z E Boo so y E B" 

l(z, y)l I 1. 3.2.1 x E A^ y E 

( x ,  y )  N (2, y ) ,  &(x - z )  N 0, 

Boo B. 

Bm B. 

3.2.9. The closed convex circled hull of an equicontinuous set 

Proof. 3.1.8 B B p(0)O. 

is equicontinuous. 

p(0)". p(0)OOO c p(0)O. Boo 

3.2.10. Let be a locally convex topological vector space. The 

topology on E is identical with the C topology in the dual pair ( E ,  E')  where 

C is the class of closed convex circled equicontinuous subsets of E .  

Proof. 3.1.9 p ( 0 )  = v(C')O. 

3.1.8: S E C => So 3 p(0 ) .  

V(CY = n { P I S E  C }  I> ~(0). 

'3 

0 

p(0)  = n {SlS E %} = n {PI S E by 3.2.8 

= [U{PISE C}]".  

S E '3 =. So E C so p(0) 3 v(C)O. = C 
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3.3. uniform (E,  F )  

C on E C F. 

on 

by 

2 C 

on F. I? 
is P. 

IC IC 

1.1.1. IC 

B(9(B(F))) F 

“9” 

3.3.1. If A is a $ E  bounded closed convex circled subset of F then 

( A  n E’)” c A” + E. 

Proof. x E ( A  n E”)” y E A  ̂ n E” * I(x, y)l  I 1. (*) 
5 o(F, E )  0 F @ 

8 by 

U E C D  y e  U* I(x,y)I 5 1 .  

5 Eo U c E” * U E CD by (*). 

o(F, E )  0 S 

1.1.1 S E 5 3 E 

y E A n S *  I(x,y)l I 1. 

o(F, E )  

x,, . . ., x, E 

y E A I(xi,y)l  I 1, i = 1, ..., n =- I(x,y)I I 1. (**) 

H = { y  E FI (xi, y )  = 0, i = 1, ..., n> 

A = u { P A  : p > 0) F by 

g A ( z )  = > 0 : z ~ p A ) .  
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gA 

V Z E A  V ~ E R : ~  > gA(Z) 3 w ~ A : z  = am. 

v z  E A va E R :a  > g A ( Z )  3w E A:  I(x, z)l = a1 ( x ,  o)l. 

For z E fi n A  ̂ a E l? :a > gA(z) o E A 

( x i ,  w) = 0, i = 1, ..., n. by (**) I(x, w)l s 1,  I(x, z)l I a. 

z E fi n r? 

va E 8 : a  > g A ( Z )  =. I(x, S a. 

~ ( x ,  z)l I gA(z) z E B n A. 

n A^ A  ̂ 2 
z ( x ,  z )  by gA(z) on 

3.1.4 

cp on A  ̂

I ~ ( Z ) I  I gA(z) Z E A  

2, 

y E A n A =- (cp - ~ ) ( y )  = 0, 

y E A  ̂ ( x i ,  y )  = 0, i = 1,  . . ., n (cp - Z) (y )  = 0. 

cl, ..., c, R 
3.1.7 

(4 - ~ ) ( y )  = 2 cixi, y y €2. 
( i 1 1  ) 

, cixi 

xis 

x E A” + E. 

n 
d: = cl. 

u; E R ( x 2 ,  y )  = (afx, ,  y )  y E df = di + 
a;c2 d,Z = 0. d: = d: d,Z = c2. 
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E R (xj, y )  = (a:., + a2x2, y )  y E A 

d: = dt  + a:c,; d,3 = d,3 + d,” = 0. d: = d:; d,3 = dz; 
d: = c,. 

x, di = 0 

a’s a{ = 0, 

di = 0 d; = 0. 

n n 

2 cixi = 2 d:xi 
i =  1 i =  1 

A .  d;’s 

z;= dkWk dk)s 

dys, WR)S xis. 

i, < i, o k l  = x i l ,  WkZ = x i2  -= k,. 

o k  A .  

3.1.7 oj z j  E A 

( w j ,  # 0 ( o k ,  = 0 # j .  a E R 

x i  

xi’s. a = 1. y j  E R 

I z j / y j  E A .  

Also, I(oj, z j /y j ) l  I 1 .  by z j  ( o k ,  z j / y j )  = 0, 

k # j .  

xi’s do 

wk’s. x i ,  A 

x i  = ,Y:=l b k o k .  

Y j  > aI (o j ,  I(oj, zj>I>* 

As z j / y j  E A 

oj by z j .  

w j  

by a. by y j  
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xi  now 

z j / y j  E by (**) 

As Iq(zj/yj)l I g A ( z j / y j )  I 1 by 

by zj .  

I 2 / [ ( x j ,  zj/yj)l .  

dk. 

(***> 

A 4 E  E E y )  y E A. 

- 2?= E, 

X E ~ + E .  

(2 n Eo)O c + E. 
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3.3.2. THEOREM. In the dualpair of vector spaces ( E ,  let C be a covering 

of by c j E  bounded closed convex circled subsets. The following are equivalent 

for x E 8: 
x is q5c pre-near-standard, 

(2) x is 4,$nite, &(x - 2) N 0 and R is o(F, E )  continuous on members 

of c, 
(3) y E v(c) pF(O)  * ( x ,  y )  OY 

(4> pF(O)lo. 
Proof. 1=2: x 4c by C 

on E 1.1.16 S E C, E > 0 x E E 

y E s I(x - xo, < E .  As C cover 

y E F (x, y )  x 4F 
R on by 

%) = 

F* 4 F ( ~  - N 0. x 4c by 

2.9 &(x - 2 )  N 0 x E E 

on o(F, E )  o(F, E )  

on C. R) R 
o(F, E )  on C E c R).  

,? c e (F ,  R).  x E ,? &(x - 1: 0 by 

2.1 R) R. 
1.1.8 E R o(F, E )  on C. 

2-3: y E v(C) n pF(0)  * R(y) N 0. &(x - N 0 so 

E V(C> (3 P F ( 0 )  = <x, v >  N 0. 

3*4: z E v(C') n pF(0)  E > 0 

z/e E v(C) n pF(0) .  Z / E )  N 0 so ( x ,  z )  N 0. 

E v(C') n pF(0)  I(x, z)l I 1 so x E [v(C') n pF(O)]". 

4 => 1: [v(C') n p F ( O ) ] O  = [~{SISEC']  n E"]" = [u{$ n EOISEC']]" = 

n{ (9 n E">"I S E C']. by 3.3.1 S E C' ($ n E")O c 

9 + E. 

n j ( + S ) o + E I E > O y S E C  

x E [v(C') n p F ( O ) ] O  + VE > 0 VS E C 3xo E E : x - xo  E (: 
* V E > O V S E C ~ X ~ E E V ~ E $ I < X -  x,,y)I S E. 
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V C xo E E 

x E v(xo) .  1.1.16 x $c 

( E ,  E ’ )  E 

E‘ on E 

by llyllE. = SUP(~(X, y)l I 1 1 ~ 1 1 ~  I l}. SE,  

E .  Also, on E 

(E)* o(E, E )  on SE,. 

3.3.3. The following conditions on x E B are equivalent: 

(1) x is norm pre-near-standard, 

(2) x is normjinite, IIx - N 0 and X is o(E, E )  continuous on SEp,  

Proof. C = ( E S ~ , I E  > E‘ by $ E  

E’. by 3.2.10 C 

on E 

3.3.2 “v(C)” by “$E,’y ‘ ‘~p~, by 

(3) y E S E ‘  P E ’ ( O )  * < x ~  y >  

3.3.4. Let E be a barrelled locally convex space and E its dual. 

Then x E i? is pre-near-standard if and only i f  for every y E p E r ( 0 )  which is 

$ E  bounded, (x, y )  N 0. 

Proof. (1) (3) 3.3.2 

E on 

C E f  

3.2.6 v(C) 

~p~ E‘. 

3.3.3 [1969]. 

3.3.1 

3.3.2 

3.3.2. 
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by 

E, F C 

3.3.2. 

A E on F. 

S c F "A," A S.  

8 on E 8, = { A ,  : A E S}. S 

o(F, E )  0 S p,(O) = n pF(0) .  

3.3.5. THEOREM. A Jilter 5 on E is & Cauchy i f f o r  every S E C there is an 

A E 8 such that A ,  is an eguicontinuous family on S with the relative E )  

p ( 5 )  
topology. 

Proof. 8 

x E P(5) = VY E V(C> n P F ( 0 )  (x, Y >  N 0 

~ V S E C v y E s n p F ( 0 )  ( x , y )  N O ,  

S E C p(&) [p,(O)]". 1.1.2 3 A  E %,:A ~(5,) 
'ill 0 S a(F, E )  

3B €91: B ps(0) ,  B" 3 [pS(0)]". 
3A E BS 3B E '% : A  B". 

3.1.8 

S E C B E 5 B, c [p,(O)]". S E C, y E s n 

pF(0) ( x ,  y )  N 0 x E p(S). x p ( 5 )  & 
5 & 

( I ) ,  (2), 3.3.2 

by 

on F 8. 
on 

3.3.6. THEOREM. x E 8 is & pre-near-standard if and only if there is a 

linear functional f on E which is o(F, E )  continuous on members of C such 

that &(x - f )  N 0. 

Proof. (2) 3.3.2. 

3.3.2 
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3.3.7. linear functional on Fis a(F, E )  continuous on members 

of C i f  and only i f  there is a & pre-near-standard point x in 2 such that 

Proof. 

E C' = (ESI E > 0, S E C}, x E E - x E 
( F * ,  F ) .  A .  

.. ., A,}  C, o(F, E )  on A i  
on o(F, E )  

on 4E 

y E d n E" => f ( y )  N 0. E (d n E')" 

(F*,  F ) .  3.3.1 E + E. xo E E, 

f - xo E 2. 

- ... ... 
xo E E - xo E i = 1,  ..., n. A .  

4c(x - N 0. 

x E 

- X E  n ( ( c d ) O I E  > 0, C } .  

3.1.9 0 E 

&cf - x )  N 0. 3.3.6 x +c 

x +c by 3.3.2, 

y E P A O )  = (x, u> N 0. 

4ccf - X) N 0 SO 

Y E V(C) n 1 4 9  * f ( Y )  N 0. 

a(F, E )  on C. 

A E & 
x E d on F a(F, E )  

on C &(f - N 0. 

& x E d xo E E 

&(xo - x) N 0. on F 

o(F, E )  on F &(f - x) N 0 by 

3.1.6. completion 
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3.3.8. (Grothendieck Completeness Theorem). E endowed with 

the C uniformity is complete i f  and only i f  every linear functional on F which 

is o(F, E)  continuous on members of C is a(F, E )  continuous on F. 

Proof. 

o(F, E )  on C by 

3.3.5 $c x E 8 &(x - N 0. 

As E xo E E &(x - xo) N 0. 
C on I;* = xo so a(F, E )  

x E 8. (2) 3.3.2 

&(x - 2) 1: 0 X o(F, E )  on C.  

X a(F, E )  on F 2 = xo xo E E. x &- 

is E C 

on F o(F, E )  on 

C.  by 3.3.8 by 

3.3.7 E 

on 

3.3.9. Every weakly compact subset A of E is &- complete. 

Proof. & x A, &(x - 2) N 0 by 

3.3.2. As A xo A 

&(x - xo) N 0. X = xo x is 

on 

3.3.2. 

as 

by 

on 

(E ,  F )  F E R, E P 
0 on A 

E x E A  ̂ ( x ,  y )  N 0. 8 on F 
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0 p(8) 0, 

y E p(5) =I ( x ,  y )  N 0 x E A^. 

3.3.10. subset of E isprecompact in the C topology if and 

only if every Jilter 5 on F which contains a member of C and converges to 0 
in o(F, E), converges to 0 in the topology of uniform convergence on A. 

Proof. A C 8 
C 0 o(F, 

p(8) c p(5) c pF(0)  so p(8) c v(C) n pF(0) .  
x E A^ 4c by (3) 3.3.2 

y E p(8) ( x ,  y )  N 0 x E 

8 0 on 

y E v(C) n pF(0) .  x E A, ( x ,  y )  N 0. 

8, = {Sl c y E s}. on P y E ~ ( 8 , ) .  
y E pF(0)  so by 1.1.4 p@,) c pF(0)  8, 

y E v(C) E C y E 3. E 8, by 

5, on C 0 

o(F, E). 8, 0 

on 

x E A, 2 E /A@,) => ( x ,  2) N 0. 

y E p@,) so x E A, ( x ,  y )  N 0. y 

v(C) n pF(0) .  3.3.2 x E A^ 4c 
q.e.d. 

3.3.11. Let be a barrelled locally convex topological vector 

space and E' its dual. A subset A of E is precompact i f  and only i f  every 4 
boundedJilter on E' which convergences to 0 in o(E, E )  converges to 0 in the 

topology of uniform convergence on A. 

Proof. = C 

C is  # J ~  4 E  
4 E  3.2.6 

by 3.2.9. 

C. 
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3.3.3 by 

1119691. 

A,  3.3.6. 

3.3.12. A subset A of E is 4c precompact if and only $,for 

every S E C, the restrictions of the members of A to S form an equicontinuous 

family on S with the relative o(F, E )  topology. 

Proof. B y  (3) of  3.3.2 A Vx E A VS E C 

y E 3 n pF(0)  3 ( x ,  y )  N 0. n p F ( 0 )  0 S 

o(F, E )  2.3 

E A c E 

i f  SE,  

3.3.12 A' n S 

o(F, E )  0 on S S.  A" 

A q5c A 

0 F on I& 
E. a(F, E )  on 

3.3.13. r f x  E l? is 4,jinite then x is 4F pre-near-standard. 

Proof. C 

F C on E a(F, E). v(C) 

ofj inite y = C;=l aiyi a,  E 8, lail 5 1 y ,  E F. y 

y ,  as E. 

y E n p F ( 0 )  x E E ( x ,  y )  N 0 

xi E E 3.1.7 ai 

x E 4F (x, y i )  y i  E F so ( x ,  y )  = x;= x i  ( x ,  y i )  is  y v(C) n ~ ~ ( 0 ) .  

(3) 3.3.2 x 4F 

4F 4F E 

3.3.14. Let (E,  F )  be a dualpair of vector spaces; mZ a cover 

of E by 4F bounded closed convex circled sets; % a cover of F by 4 E  bounded 

closed convex circled sets. The following are equivalent: 
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1 .  

2. 

3. 

4. 

In particular, in the dualpair <E, E’) where E is a locally convex topological 

vector space and E‘ its dual, the topology of uniform convergence on pre- 

compact subsets of E coincides with a(E’, E )  on equicontinuous subsets 

of E’. 

Proof. 1 => is 

2X‘ = {&MI& > 0, M E 1111} 

Each M E 1111 is 4% precompact. 

The 1111 topology coincides with a(F, E )  on each N E %. 

Each N E W is 4m precompact. 

The W topology coincides with a(E, F )  on each M E 91. 

v(1111’) = C V ( 3 ’ )  n PF(0) l0 .  

V W ’ ) .  = [v(%’) n P F ( 0 ) I  

C V ( r n ’ > o  n v(%’)1 = [v(%’) n P F ( 0 ) I .  

C v ( ~ ‘ ) .  n V(%’>l = Cv(%’) n PF(0)I .  

CV(1111’). n V ( W l  = CPF(0) n v(%)l .  

%Jl E ~(1111’) = E ~(1111).  c E” = p,(O). 

~(1111’). 0 1111 ’91 

o(F, E )  on N E 92. 
2 =- N E % 4E by 3.3.13 N E % 

4 E  1111 

o(F, E )  on N E %. N E % 4m 
3 =- 1 =- 2. 

4 => 2 => 3. 

W 
E’ I $ ~  on E 

1111 E, (1) 

Our 

E 1111 2X 
on E. 

the E‘ 
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A 

As 3.3.2 

3.3.15. / f A  is a 4,precompact subset of E then its closed convex 

circled hull is also &c precompact. 

Proof. A 4, d & 
a c n A"O c [v(C') n 

[v(C') n c [v(C') n [v(C') n c 

[v(C') n A"" c [v(C') n 

A"" A 4, 
4, 

p. 2411 

up 

a 

3.2.8 

by A"" 

A 

3.3.16. The following conditions on the closed convex circled 

(1) A is & complete. 

A is 4, compact. 

A is a(E, F )  compact. 

Proof. = 2 :  3.3.15 x E d 6, 

2 =- 
3 +- 3.3.9. 

hull A of a 6, compact subset of E are equivalent: 

A bC x E d 4, 

by 

3.2.4 
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3.3.15 3.3.16 

3.3.2 

y E y on 0 E, 

3k E E +- y)l I k. U 
x E l? xo E x - xo E I? 

- xo, I k. 

5 + I(xo,Y)Iand(xO7~)isstandardso ( x , Y )  
x l?. y on U by 

y E y on 

3.3.17. If a locally convex topological vector space E is locally 

precompact then E is jni te  dimensional. 

Proof. 3.3.15 

U 0 

. . ., x, z E 

on . . ., x,. z 

on . . ., z,, 
on 3.1.7 y E ( x i ,  = 0, i = 1, . . ., n 

( z ,  y )  # 0. 
y on U. 

U 0. 

z' y' E U", E U, ( x i ,  = 0, i = 1, . . ., n (z' ,  = 3. 
(z, x E z E E7 y E = 0, 

y E U", z E U = 4 x. 

U 0, U" 
y v(C) 

E E, 

= 0 E y E v(C) n E". = 3. 
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3.3.2 z E 

3.4. Compact mappings. 

( E ,  F ) ;  ( G ,  H )  T :  E + G 

T’ : 

H-+ 

<x, T’(h))  = ( T ( x ) ,  h )  x E E, h E H.  

3.3.2 a 

3.4.1. Let F ) ;  (G,  H )  be dual pairs of vector spaces; C 

a class of 4F bounded closed convex circled sets covering E 9 a class of c$G 

bounded closed convex circled sets covering H ;  T :  E + G a linear map which 

is continuous with respect to the weak topologies and T‘ its adjoint. Then the 

following are equivalent: 

V A  E C T ( A )  is precompact for the 9 topology on G. 

(2 )  VS 9 T’ restricted to S is a uniformly continuous map from S with the 

(3) VS 9 T ’ ( S )  is precompact for the C topology on F. 

V A  E C T restricted to A is a uniformly continuous map from with 

Proof. 1 + 2: 3.3.2 

relative G )  topology to F with the C topology. 

the relative o(E, topology to G with the 9 topology. 

T(V(C’)) = n llH(0)l0. 

[T(V(C’>>l0 = C V @ )  n P,dO)IY 

h v ( 9 )  n pH(0) +- I(T(x), h)l I 1 x E v(C‘).  

T’ 

h v ( 9 )  n pH(0) I(x, T’(h))l I 1 x E v(C’), 

T’(v(9) n ~ ~ ( 0 ) )  c v(C‘>o. 
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by 3.1.9 v(C’>o 0 F C 

(2) 1.1.14 on 

0 so 

0. 

2 =- 3: S E 9 & 4H by 

3.3.13. T ( S )  & 
3 => 4: 1 2. 

4 => 1: 2 => 3. 

( E ,  E‘ ) ;  ( G ,  G ’ )  C 
E; G 

G’ 9 

G‘ G‘ 

on G 

3.4.1 T 

T‘ 

[1972] on 

on E by ‘ ‘ l l . l l E ’ ’  
by “SE”. on E’ by 

IlfIIE, = sup{lf(x)l: 1 1 ~ 1 1 ~  5 I }  Il f / lE.  N 0 

A T : E  --f F compact 

E F. 

[1966] T 

,@ P .  F 

T 3, 
P .  

f ( x )  N 0 x E 3,. 

3.4.2. Let E, F be normed spaces with F complete; E’, F’ their 

duals; T : E  -+ F a linear map which is continuous with respect to the weak 

topologies. T is compact i f  and only i f  the adjoint T’ maps points of sFf in 

the weak monad pF,(0)  to norm infinitesimal points of E .  

Proof. T T(3, )  

(3) 3.3.3 

x E 3, f E 3 F r  n pF,(0), ( T ( x ) ,  f) N 0 
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(x ,  T ’ ( f ) )  N 0. 11 I I E ,  
3,’ n ,uFp(0) IIT’(f)llE, N 0. 

3.4.3. TnEomM. Let E and F be normed spaces with F complete; E’, F’ 

their duals; T a weakly continuous linear map from E to F. T is compact if 

und only if T’ is compact. 

Proof. SFl a(F’, F )  

F‘.  3.2.2 E 3,’ g E SFr h E pF.(0) 

= g + h. 

IlhllF’ 5 I l f l l F ‘  + Ilgl lF‘  5 

so +h E 3,, n ~ ~ ’ ( 0 ) .  3.4.2 ~ ~ T ’ ( h ) ~ ~ E r  3: 0. T’(g) 

T ’ ( f )  = T’(g) + T’(h) T’cf) T’ 

SF,  I? T‘ 

f E SF, n ~ ~ ~ ( 0 ) .  T‘ 

3,. I? h E E 

IIT’cf) - hllE N 0. T ’ ( f )  E pfi ,(h).  pF,(0)  Tis 

T’cf) E pE,(0) .  @(El, E)  h = 0. 

l/T’(f)l/E, N 0. 3.4.2 

3.4.4. Let E, F be normed spaces with E reflexive. If T :  E + F 

maps points of sE in the weak monad pE(0)  to norm infinitesimal points then 

T is compact. If T is continuous with respect to the weak topologies then the 

condition is also necessary. 

Proof. 3.2.5 

x E 3, xo E E 

x1 E pE(0):  x = x1 + xo.As IIX1IIE I 1 1 ~ 1 1 ~  + ~ ~ x ~ I I ~  
$xl E 3 E  n p E ( 0 ) .  /IT(X~)I~F N 0. T(x) = T(xo) + T(x,) 

T(xo) T(x)  is T is 

x E sE n pfi(0) .  As T y E F 

IIT(x) - y I I F  1: 0. T(x)  E pF(y) .  x E pE(0)  T is 
T(x)  E p,(O). o(F, F’) 

is y = 0. IIT(x)ll, N 0. 
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3.4.4 

I K(x, 

x L,(I) 

11 11 : cp + T by 

1 

T(4) : x * I K(x,  

0 

T 
xo E T,, on &(I)  by 

1 

Tx, : 4 f, j W x o ,  

0 

Tx, &(I). 

cp E e,(Z) 0 Txo($) N 0, 

K(xo, N 0. 
0 

x E f xo E x N xo K 

x E > 0, t E I 

K ( X ,  t )  - K(xo,t>l < E. 

cp &(I)  
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[ K ( x ,  t )  - K(x, ,  

0 

< E I 28. 

0 

K ( x ,  < 1.i I 
L2(Z) for 

E > 0 IIT(cp)II < 2.2, T ( q )  is 

is 
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NON-STANDARD NOTES ON THE HYPERSPACE 

I. JUHASZ 

Budapest 

1. The hyperspace. 

1.1. H(R)  R 
1.7, p. R, 

by 23: 

8 = {(01, ..., 0,): Oi R}, 

A R (01, . . ., On> 

n 

A c U Oi, 
i =  1 

A n Oi =i= 4 i = 1, ..., n. 

1.2. 

R 

[ 19691, 

2.6, p. 
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F I of 

B I,  

by p(p) p ( S )  

p E S R *R, A E H(R),  

p H ( A )  A *H(R). 

R Tl 

1.3. LEMMA. Let A E H(R) and X E *H(R).  Then X E p H ( A )  ifand only if 

(1) x = 
and 

p E A implies p ( p )  n X =I= 4. 

Proof. X E p H ( A )  

u = <ol, ...) 0,) 

A H(R). X E *U, by 

* 

x c (6 Oi). 
i =  1 

A U 

Oi c X *G, 

p E A p .  A = { p } ,  

E pH(A) ,  X 

( p }  =!= A ,  <G, R\{p}) A 

H(R),  by 

=I= X c pb). 

X n *G =I= 4. 

*Cp(R) * X 

p X .  

p ( p ) ,  

P(P) n x * 4. 

X E *H(R),  

X E *U. X c 
Y 

U 

*(u;=l Oi) 
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1 s i 5 n 

E Oi n pCp) c *Oi, p ( p )  n -+ 4, 

X n *Oi -+ 4; 

2. Applications. 

2.1. 

by 

2.2. (cf. Kuratowski [1966] or Michael [1951]). I f R  is compact 

Proof. E *H(R) So 

so is H(R). 

A = ( p E R : p ( P ) n X i  4) .  

R [1969] 3.4.2, 

p. 63), i 4 4 -+ c * R  R 

*R 

x E Prf(A). 

(2) 1.3 by 

(l) ,  G 

$ *G. y E n *(R\G). by 

R, y q E R y E p ( q ) .  

p ( q )  n *(R\G) $: 4, q E R\G, R\G 

p(q)  n .f. 4, 

q E A  c G. 

c *G X c p(A) ,  

2.3. (cf. Michael [1951]). If R is normal then H(R) is completely 

regular. 

Proof. R 

on H(R) 
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[1969] 3.9, p. 72 [1969] 7., 

p. 

As on T by 

on *T *T x *T) ,  

on T x T. 

E on *H(R)  X ,  Y E  

*H(R)  X E Y U, 

R 0 

(3) X Y Y 

E 

So X Y E Z, U, 0 
R R 

u c  we w e  v. 

X * U, X E Y Y * Y 5 2 

Z c Z *U X 

X Z. 

= on H(R)  x H(R),  

X + Y 9 H(R)  x 

H(R)  

(4) ( X ,  Y )  # *9, ( X ' ,  Y' )  X'  = Y' 

( X ' ,  Y ' ) E * 9 .  

X Y U 0 
X c *U Y + 

9 = { ( A ,  B ) : A , B E H ( R ) A ( A  c U=> B c 

= on H(R).  

E H(R) ,  

A E H(R)  

*A,  by P A ] .  

[*A]  c p H ( A ) ,  X E [*A] 

A R 
U 

A c  U c  u c  V 



NON-STANDARD NOTES ON THE HYPERSPACE 175 

X = *A A c U X X c p ( A )  

is (2), p E A 

P(P) n x = 4. 
G 

*G n X = 4. G ,  G2 

p 

p E G I  c GI c G2 c G2 c G, 

R 

U = R\G2 = R\G,. 

U RIG,, 0 c R\G2, R\G2 

0 R\G2 

X *U, *G2 n X = 4, X = A * A  * 
A p E A\V. 

X E p H ( A )  X E [*A] ,  X E A .  

U, 0 * A  *U. X p(A) ,  

X * U * X * U p E A 

p(p) n X + 4, p ( p )  n *U $: 4 p E 0 
A c 0, *A *0 * 
X = A 

x E PH(A) .  

2.4. 

A S R R )  S 
R.  3.6.1, p. 65) 

R, S y E * S  

*R.  

R 

S R I 

R 

( 5 )  R {pi:i E 

R 111 S j E *Z\Z pi *R. 

2.4. Zf R is H(R) is also 

Proof. 2.2, H(R) is 
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H(R) .  So { A ,  : i E Z }  R 
111 _< E *Z\I. 

B = { P E  R : p ( p )  n A j  += +}. 

by B R 2.2, A, 

B += 4, p i  E A ,  i E 

R by ( 5 )  p j  E A j  

p j  *R, q E R p j  E p ( q ) ,  

q E B. 

A j  E pH(B) *H(R). 

(2) 1.3 by B, 

A j  p(B) .  

G 3 B 

I ,  = { i ~  Z:Ai G }  Z2 = Z\I,. 

*Z = *Il u *I2 j E *Il. 
on j E *Z,. i E I,, A,\G + 4, 

p i  E A,\G. { p i : i  E I,> c R. 
IZ,l I IZl I a R by 

p j  E Aj\*G 

p j  *R. q E R p j  E p(q) ,  

q E B p ( q )  + "G q 4 G.  B c G 

E *I,, A j  *G. 

[ 5, p. 764 = w. 

I 

on 

R H(R) 

5 17, 5.4) H(R)  

R .  

3.6.2 p. 66, 

5.5.3, p. 

2.5. by 

I 
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do 

Problem H(R)  

H(R))? 

Problem IZ. 11 

? 

Added in proof, Dec. 19,1971. 
11. 
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[ 19591 

von und 

und von 

[ [ 19671, 

und und 

und [ 19691 

und [ 19691 

und 

und 

und von 

1) von 11 von 
und 
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und 

zu 

von 

[ 
52- 

6 

von 

von und [ 
und 

von und von und 

von 

von 

und [ 
K.’) 

von [ 19641 

1) Dies halten wir jedoch fiir weniger gravierend, da man von solchen speziellen Modellen 
haufig sowieso wirkungsvolleren Gebrauch machen kann als von allgemeinen. 
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und 

0 und 1 

und 2 

3 

4 

4.16 

5 und 6 

und 

und 

0. 52 von Q,(n = 2, 

...; 52 von 52, 

% 

52, + A(An). und 

von 4 

r von von von 

% % 

q)  I' p = q 

'$(A) und 

F ( A )  

c Id von {x}. 
R. 

E (= '$ (A))  

A' c 9 A' und c G E 9 ( A )  GE Ji! 
nun von 

8 9 ( A )  

G 8, n G 8. 
4 und F ( A ) ,  f(F) von { f ( F )  : F >  
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von 

[ 19693 

0 von 

F von '@(A) ( A  

p ( F )  = nFGF 
B 

pd(B) = n *F* 
F c A  
B C * F  

B # 8, U ,  = { F  c A : B  * F }  pd(B) = p(V,).  

"B A ,  B 

A * A  

[1969], 

24 u. 44): (Fi)iEr 

von A .  ni,, p ( F i )  = und 

v i e r  F i  = E .  

1. Cauchy-Algebren. '2l 
A .  F ( A )  zu n- 

(.F(A))" 

o und PI,  . . ., F ,  w(F,, . . ., F,): = 

w(F, x ... x F,)).') 

I Sei y eine Teilmenge von %(A). y heipt Cauchy-Struktur 

und ( A ,  y )  Q-T-Cauchy-Algebra (kurz: Cauchy-Algebra), wenn folgende 

Axionie gelten: 

a E A impliziert stets E y ,  

F ,  G E y und F v G # E impliziert F n G E y ,  

y ist solid, 

y ist eine Q-Unteralgebra von %(A) .  

Die Elemente aus y heiJen Cauchy-Filter. Ist Q = 8, so heipt ( A ,  y )  Cauchy- 

Rauin. 

Bemerkungen: 

von [1968]. 

1) Die Ausnutzung dieser Moglichkeit, mit Filtern zu rechnen, taucht zum ersten Ma1 
explizit bei Kowalsky [1954a] auf. (iv) aus Def. 1.1 durch diese Arbeit angeregt. 
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8 von und 

y 

5 

2 )  (A, y )  von und und y 

von 

9 c '@(A) 

A E  9, 

9 und 

y ,  G 9 und 2 G E y. 

von 

1.2. Sei (A, y )  eine Cauchy-Algebra und F E y. Wir sagen, 

F konvergiert gegen x E A (in Zeichen: F + x), wenn F n 2 E y gilt. 

z,:x + z y x :  = {F E y :F n X E y }  

und (A, zy)  von 

1.3. z,,) heiJt die zu (A, y )  assoziierte Limes-Algebra.'). 

(A, 7) he@ 
vollstandig, wenn jeder Cauchy-Filter konvergiert, 

prakompakt, wenn y alle Ultrajlter enthalt, 

kompakt, wenn (A, y )  vollstandig und prakompakt ist. 

Bemerkung. ( X ,  z) von und y 

y )  

Spezielle Limes-Algebren betrachteten bereits u.a. Fischer [1959] (Gruppen) und 
Binz und Keller [1966]. 
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nun (A ,  '%I 

A und *'%I 

und 7.3.4, 

und 

1.4. Ein Punkt a E * A  he@ Pranahstandard-Punkt, wenn ein 

F E y mit a E p ( F )  existiert. Die Menge der Pranahstandard-Punkte bezeichnen 

wir mit P(*A, y )  (kurz: P) .  Ist aujerdem F konvergent, so he@ a Nah- 

standard-Punkt; die Menge aller Nahstandard-Punkte sei N(*A, y )  (kurz: N ) .  

1.1. 

U )  von p ( V )  

U 

[ 19691 

und [ 19693 

von 1.1 

1.5. P(*A, ist eine Q-Unteralgebra von * A  und B(*A, y )  : = 

UPEy ( p ( F )  x p ( F ) )  ist der Graph einer Kongruenzrelation -, aufP(*A, y ) .  

B und - B(*A, N , und "-" y 

a E P [a] ,  : = (b  E P : b - a }  und c * A  

[MI ,  : = UaEMnP [a],. 

y 

Beweis von Z.5. o und a, o 

d, y ,  a, P.') o 
(n # und a,, . . ., a, E P. . . ., F, E y 

ai E p ( F i ) ,  

b :  = o(a,, . . ., a,) E o ( p ( F , )  x . . . x p(F,))  c p ( o ( F ,  x . .. x F,)). 

1.1 b E P, P von *A. 

von P x P 

und "-" (a, b), 

c )  B und G E y a, b E p ( F )  und b, c E p(G), b E p ( F )  n 

p(C) # (d. v G # und 1.1 n G = : 

1) A is in * A  eingebettet. 



KOMPLETTIERUNG VON CAUCHY-ALGEBREN 185 

H E y. (a, c )  E p(H) x p(H) c B, von -. 

1.5 A PI- 

1.6. LEMMA. Seien a, ,  ..., a,, E P untereinander aquivalent (bezuglich -). 

Dann existiert ein Filter Go rnit a, E p(Go) fur i = 1, ..., n. 
Beweis. k = 2 k = n - 1 

und G y a, ,  . . ., a,- , E und 

E p(G). n p(G)  # 0, 1.1 Go = n G E y 

und . . ., a, E p(Go). 

- w y. 

1.7. PROPOSITION. Es gelte w G genau dann, wenn n G aus y ist. 

‘‘ w ” ist eine Kongruenzrelation in der S2-Algebra y und w G” ist aquivalent 

Beweis. 1.5. 

n G = :H y, u p(G) p(H), [ p ( F ) ]  = [p(G)]. 

a E b E p(G). 

H E y a, b E p(H), 1.1 n H und H n G y. 

E # H n H ) v  (H n G )  y E n 

H n G c n G, n G E  y. 

zu = 

nun 

4). 

1.8. KOROLLAR. Sei E y ,  x E A.  Folgende Aussagen sind aquivalent: 

+ x ,  

= [XI, 
Beweis. 

= CXlY 

[XI 

[ 19661, und 
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1.9. THEOREM. Fur eine Cauchy-Algebra ( A ,  y )  sind folgende Aussagen 

A ist vollstandig, 

P(*A, y )  = N(*A, y ) .  

Beweis. 

aquivalent: 

1 THEOREM. Sei ( A ,  y )  eine Cauchy-Algebra und man betrachte die 

A ist prakompakt, 

P(*A,  y )  = * A ,  

A ist kompakt, 

N(*A,  y )  = *A. 

folgende Aussagen: 

Dann gilt e und o * 

von 

von 

E = L'(X,  Z, m), ( X ,  2, m) 

X y1 

F E y z  

( u , ) , , ~  = 0 

P - F von { ( x :  1x1 d u,} :n  E N) 

und (E, yi) 

N(*E, = N(*E, y 2 )  und B(*E, yl) = B(*E, yz ) ,  

y1 # y 2 ,  y1 

y 2  

Wir 

und 

1.1 1. DEFINITION (Fischer [1959], vergl. Kowalsky Sei ( A ,  

eine Cauchy-Algebra und F c A .  Dann ist h ( F ) :  = (x E A: es exist. G E y 

mit G v F  # E und G + X I .  h he@ Hullenoperator. 

F he$t abgeschlossen, wenn h ( F )  = F gilt. F hegt  ofen wenn aus G E y 

und G -+ x E F stets F E G folgt. 

SchlieJlich nennen )!sir F dicht in A ,  tvenn h ( F )  = A gilt. 
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h [ 
nun und 

1.12. 

h(F)  = "([*F]) .  

F ist genau dann offen, wenn fur jedes x E A aus x E F stets c *F 

folgt. 

Fis t  genau dann dicht in A ,  wenn N(*A, 7) c [*F] gilt. 

Beweis. 

2. Separationsaxiome. 

v 

(A ,  y ) ,  

2.1. Sei y )  eine Cauchy-Algebra. Zwei Teilmengen F, 

c A he$en y-verbunden (kurz: verbunden, in Zeichen F v G) ,  wenn ein 

H E  yexis t ier tmitFvH # E # G v H .  

Zwei Filter F ,  G auf A hegen verbunden (in Zeichen: F .ZL G ) ,  wenn alle 

Elemente von F mit allen von G verbunden sind. 

nun zu F A b(F) und 

v ( F )  P ( A )  von P ( P ( A ) ) ) :  F 

und b(F) = { H E  y :  H' E y H' H und H ' v P  # 

v(F)  = {H E y :H v P} .  
F A b(F) v(F)) von {b(F):  

F E F }  {u(F) : F E F } )  *(A).  

2.2. LEMMA. Sei *93 ein Enlargement der vollen Struktur 9X uber A.  Fur 

I: w G. 

Fur alle F E F ,  E G gilt [*F] n # 0. 
b(F)vb(G)  # 

Beweis. e 

e- von 1.6 und 1.7 

zwei Filter F ,  G auf A sind folgende Aussagen aquivalent: 

M c A b(M)  = { H E  y :p (H)  c 
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b(F) 

I ;  E y/x 

“ x ”  s. 1.7) und 

von {b(F) : F E y }  E ) 

4. 

2.3. (Separationsaxiome) . 
s2: a, b E A und ci n b E y impliziert a = b. 

Gilt s2, so heipt A separiert. 

s3: Aus F E y folgt h(F) E y .  Dabei ist h(F) der von {h(F) : F E F }  erzeugte 
Filter. Gilt s3, so he$t A regular. 

Sind F ,  G aus y undgilt b (F)v  b(G) # E,  so folgt F n G E y .  Gilt 

so heipt A v-separiert. 

Zu jedem F E y existiert ein G E y mit b(G) c u(F).  Ist erfiillt, 

so he@ A v-regular. 

Eine Caucliy-Algebra, die alle vier Axiome erfiillt, he.@ stark separiert. 

Bemerkung. s2 T, s3 

von und 

(s. vs, und vs3 

und 

von 

[ 
zu 

nun Nonstandard-Charakterisierungen 

A ist genau dann separiert, wenn fur  j e  zwei verschiedene Standardpunkte x,  y 

stets [ X I  n [ y ]  = $3 gilt. 

2.4. Sei (A, y )  eine Cauchy-Algebra und *%TI ein Enlarge- 

A ist v-separiert. 

Sind P, G aus y ,  so ist [p(F)] = [p (G) ]  gleichwertig mit [*F] n 

# $3 fur  alle F E F ,  G E G. 
Zst F E y ,  SO ist nFEF [*F] = [p(F)].  

ment der vollen Struktur YX iiber A. Man betrachte folgende Aussagen: 

Dann gilt e 
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Beweis. F E y ,  so 

[p(F)] = [p(G)] F 'u G, 2.2 

nun F ,  G y F 'u G. 2.2 [*F] n 

[*GI # F E F ,  G E G. A F n G E y ,  

[p(F)] = [p(G)].  =. 

2.2 und 1.7. =. [p(F)] nFEF [*F] 

x und U ,  x 

U ,  'u F 2.2. 

[p(U,)] = [ p ( F ) ]  (s.o.), x E [ p ( F ) ] .  

[ p ( F ) ]  n F E F  [*F].  

2.5. LEMMA. Folgende Aussagen sind aquivalent: 

A ist v-regular. 

Zu jedem F aus y existiert ein G E y und zu jedem G aus diesenz G 

ein F E F mit der Eigenschaft: Ist H E y und H 'u F, so liegt p ( H )  in 

[*GI* 
Beweis. Es (s. zu 

b(G) = {H E y :  p ( H )  c [*GI).  

sg.  s,; s, * =. =. s,; 

2.6. PROPOSITION. Jede separierte, regulare vollstandige Cauchy-Algebra 

( A ,  y )  ist stark separiert. 

Beweis. A F ,  G E y F 'u G. 
h(F)  n h(G) # F E F ,  G E G. und 

1 h(F) n h(G) E y. F n G 3 h(F) n h(G) 

A F E y und G = h(F). F E F und H E u(F) .  

H E  H, V E  y fi# E und # f;. Y 

h ( H )  n h(F) # 0. H E H 

H 3 h(H)  E b(h(F)),  v (F)  c b(h(F)),  v(F) 2 b(h(F)) 

nun 
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2.7. Beispiele. 

1) s2 p A = R LJ { - a, a},’) SZ = 0 und y1  

H von { { x  E R: 
1x1 > n } : n  N} und F = ( H v o )  n {-a}, G = (Hv 

(R\Q)’) n {+ a}. y von y1 u { P ,  C}.  (A ,  y )  

s2, F v G und P n G 4 y 

p s3: A T3 

und y (A ,  y )  

3) p s3: A = R und x E R = (U(x)v 0) n f, 

U ( x )  von x 

y von {V(x):x R}. (A, 

von 

1: 13 V ( x ) ,  G = V ( x ) ) .  

S. 20 

nun [1954b], 

[1959]). 

2.8. Limesgruppen. A e.’) 

ze F(A) 

P .re, 

x A fFf-l E ze P ze, 

von F ( A ) .  

x -+ zx: = { fF:  F E re> [1959]) 

A ( A ,  yr  = (G E 9 ( A )  : 

GFG-l n G-’PG E ze F E ( A ,  y r )  

und ( A ,  

( A ,  

( A ,  T],) von [1959] (s. 1.3). 

y c (s.o.). 

(Q, +), y 

Es 

I )  R: Korper der reellen Zahlen, Q: Korper der rationalen Zahlen, N und Z wie ublich. 
2, W Z :  Multiplikation, 01: Inversenbildung, SZ = { W Z ,  01, e} .  
3, G-l = topologische bzw. abelsche Limesgruppen ist yt = {G E F ( A ) :  
GG-l n G-lG w}. Ob dies allgemein gilt, ist unbekannt. 
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von y von 

y = yry  natiirlich. 

SATZ. Jede regulare natiirliche Cauchy-Gruppe ( A ,  y )  ist v-separiert. 

Beweis. I;, G E y b(F)vb(G)  # n G)H(F n 

G)-' E zye H E zye 

FG-' E zye F E F ,  G E G 

FG-' c h(FF-'GG-l). PG-' 13 h(PP-l t 3 G - l ) ~  zye 

und 

**M 9Jl 

x E y E G (F E F ,  G E G 2.2 [*F] n [*GI # 0. 

x y - l  = xz-lzy-'  E F[*F] - ' [*G] (P  n *G)-' 

c [*(FF-')][*(GG-')]  [*(FF-lGG-l)]. 

xy-' E h(FF-'GG-'). 

Beispiel. A ') P 
0 

(u , , ) , , ,~  P von 

[-un, u,,] (: = {x : -u ,  < x < u,}) 

TO und yT 

y r )  

und J , ,  J ,  

P yr ,  

( u , , ) , , ~ ~  und n F,, E F - F,, c 

[-u,,, u,,]. F,, x,,. F,, 
x,, + [ -u,,, u,], {x,, + [ --u,,, u,,] : n  E 

G. G E yr  und v(P)  3 b(G). y J  und 

yr) 

z) 

1) A ist kommutativ, s. Birkhoff [1967] S. 312ff. Die angegebene Konvergenz heiBt manch- 
ma1 Folgen-Ordnungskonvergenz. Mit geringen Modifikationen bleibt das folgende 
richtig, wenn mann absteigend filtrierende Netze benutzt. 
2) ( A ,  yz)  wurde bereits ausfiihrlich bei Papangelou [1964] behandelt und dort (im Grunde 
genommen auf dieselbe Weise wie hier) komplettiert. 
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A c ze ze 

F A 

B, ,  Bz b,, bz E A und 

b,B, n b,Bz = 0, e $ h(b,B,B;lb,f). (A, y,) 

von 

A von 1.1 

8 = (10 E F ( A  x A)  : F =) U }  

U 

8 
von F ( A  x A )  p ( U )  

und 

[ 8 p ( U )  

* A  x *A und *A. 

3. Einige Verallgemeinerungen topologischer Begriffe. Q-r- 
A. 

A,. A, 

A 

y y 

uniforme Konvergenzstruktur und [ 1965, 

8 von F ( A  x A )  

von A 8. 
F E 8 F -  : = { { ( y ,  x) : (x, y )  E F }  : F  E F }  E 8. 
F ,  G E 8 und F 0 G # E F 0 G E 8.’) 

8 d.h. 8 = {F E F ( A  x A ) : F  =) U } ,  U 

von A. und [ C, = 

{ F  E F(A):F x F E S} 8 
U ,  Cu C,. 

(Ao, C8) 

y A, 5 C, = y 

1) F o G = {(x, y): z E (x, z) E F, (z, y) E G) .  F o G der von 
o ( F  E P, E G) 
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3.1. Eine Cauchy-Struktur y auf A he@ Weil-Struktur und 

(A ,  y )  Weil-Algebra, wenn ein Nachbarschaftsjilter U mit y = C ,  existiert. 

A,, 

*2X 8 
= UFEs p(F) *A und 

*A und 

so = {F E F ( A  x A ) : p ( F )  c 

= # 8). 
[1969], und 

[1969]). 

3.2. Sei eine 52-Unteralgebra von %(A) und zu jedem a E A 

existiere ein F E A mit F c d. Sei y die feinste Cauchy-Struktur auf A,  in 

der A enthalten ist. Dann existieren zu jedem G E  y endlich viele Filter F,, . . ., 
F, E A mit G 3 n:=l F, und n;=, F, E y. 

Beweis. und 

rc 

von [1972]). 

y' G F ( A ) ,  

F1, ..., F, E A G 3 fly=, F, und n:=l Fi E y. y' y 

und und 1.1.  y' 

y' = y und 

y' 

co # und . . ., G, E y'. 

Fij (i = 1, ..., n; j = 1,  ..., r i )  4 G, 3 ny=l Fij und 

1.7) [p(Fij)lY = [p(Fi1)l7 i, j .  

ai E p(Fil) (i  = 1, . . ., n). 

P(co(G1 x ' * .  x G.1) = d p ( G , )  x * . *  x P(G,)) 
u co(p(Flkl) * * *  pL(Fnkn)) 

i =  1, ..., n 
k i =  1, ..., r' 

= u p(w(Flk, * * *  Fnkn)) 
i =  1, ...,,, 

kr= 1, ..., rr 

= C d a , ,  * * ' 9  

l> d.h. mit x E G ( S )  ist ,ud(X) enthalten in G ( 8 ) .  
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y P(*A, 

A? 

von a ( i F l k ,  x * * .  x FnnJ A?. 1.7 

n o ( F l k ,  * "  Fnkn) 
i =  I ,  ..., n 

k i =  1 ,  ..., ri  

o(G, x ... x G,) 

und von 

3.3. PROPOSITION. (A ,  und 

Beweis. *1)32 

U y = C,. M U ( M )  = 

F E y, { U ( F )  : U U ,  F F }  U(F)  

M A 

91 A .  

{ y  A :  x M (x, y )  E U}. 

und [p(F)]  = p ( U ( F ) ) .  

( I ) :  [*MI c p ( U ) ( * M ) :  = { y  x E *M (x, y )  E p ( U ) } .  

z E [ * M I ,  so H y z E p ( H )  und p ( H )  n * M  # 0. 
p ( H )  x p ( H )  p ( U )  z p(U) (*M) .  

nun 

F , ,  F ,  y [p(F1)]  n [p(F2)] = 8. 
(s.o.)  p ( U ( F , ) )  n p(U(F, ) )  = 8. U E U und 

Fi E F ,  = * ( U ( F , ) )  n *(U(F,)) = 0. ( I )  [*F1] n 

[*F2] = 

sj: Aus und (I) U(F) I@). 
F E y. b(U(F))  v (F) .  

F E F ,  H E y und H ZL F .  Zu H D E y 

fi # E # D v 8 ,  d.h. p ( D )  n # 8 # p ( D )  n *F. p ( D )  n 

p ( U )  3 p ( D )  x p ( D )  x E p(U) (*F)  c *(U(F) )  

U .  *H n *(U(F))  # 0, 
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24) n U ( F )  # 0. 

von 

3.4. (A i ,  yi) = 1, 

cp(F) E y,  E y1 

zu E y, E y1 q(F) c 
zu U E y, E y1 

cp(F) c U 
cp und cp 

. Ist cp 

q 

S2 und cp von A l  cp 

1.10 

von y,) 

3.4 

von 

3.5. PROPOSITION und 

rp: + y,) und *1uz 
u y z )  und 

*(cp x cp) 71)) Yz). 

von (E, yl) (E, y,) (s.o.) 

von und 

von (Al, sl) g2) (&: k = 1, (AlF 

und C8,). y i )  g1 y i  = C,, = 1,2) 
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und cp : A ,  + A ,  so cp 

g;, 5; y i  = C,,., cp 

von (A, ,  5;)  (A,, 5;). 

3.6. Seien (Ai ,  yi) Cauchy-Algebren (i = und cp : A ,  -+ A ,  

cine beliebige Abbildung. Dann gilt: 

Ist (Al ,  yl) vollstandig und cp C-stetig und bedingt C-ofsen, so ist 
(A2 ,  y,) ebenfalls vollstandig. 

Ist ( A l ,  (pru-) kompakt und cp surjektiv und C-stetig, so ist cp 

bedingt C-oflen und (A2,  y2) ist ebenfalls (pra-) kompakt. 

3.5 und 1.9 1.10. 

von und 

3.1. Sei (A’, eine Cauchy-Algebra mit Operationenbereich 

Q, A c A’ eine Teilmenge und cp : A  + A’ die Einbettungsabbildung. Ist y 

die grobste Cauchy-Struktur auf A,’) fur die cp stetig ist, so he@ ( A ,  y )  

(Cauchy-) Unterraum. 

Bemerkungen. A so ( A ,  y )  

(A,  

(A’ ,  ( A ,  

3.8. Sei (A’, y ’ )  eine Cauchy-Algebra und (A ,  y )  ein Cauchy- 

Ist ( A ,  vollstandig und (A‘’ y ‘ )  separiert, so ist A abgeschlossen in A’. 

Ist umgekehrt A‘ vollstandig und A abgeschlossen in A’, so ist (A ,  y )  

vollstandig. 

(A ,  y )  ist genau dann prakompakt (bzw. kompakt), wenn *A ent- 

halten ist in P(*(A‘), y ’ )  (bzw. in N(*(A’),  y‘) und A abgeschlossen 

ist) . 
Beweis. A’. 

A. 

1.9, 1.10 und 

Unterraum. Dann gilt: 

l) Auf A betrachten wir zunachst keine Operationen, y muR also nur (i)-(iii) aus 1 . 1  
erfiillen. 
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[1966], [1969], 

und [1969]). 

y 

und 

und [1969], [1969] 

( X ,  ist genau dann lokalkompakt, wenn N(*X,  y )  = 

uCEe *C ist, wo 6 das System der kompakten Mengen bezeichnet. 

von 

[1968]). 

und 

3.9. Der induktive Limes vollstandiger Cauchy-Algebren in 

der Kategorie der Cauchy-Algebren mit gleichem Operationenbereich 52 ist 

eine vollstandige Cauchy-Algebra. 

3.2. 

[1963]. 

2.8). 

und 

3.9.l) 

3.2 

von 

4. Komplettierung. 1.1 1 C 

(A, y )  

1) DaB es sich Vektorraume handelt, die sich nicht ohne weiteres in die Theorie der 
B-Algebren einfiigen, ist weniger wesentlich (s. Sektion 6). 
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von C- 

Es 

4.1. Eine Teilmenge C einer Cauchy-Algebra ( A ,  y )  he@ uni- 

.form ilicht in A ,  wenn zu jedem F E y ein G aus y existiert mit C E G und 

h(C) c F .  

a E A d E y ,  

G E y C E G und h(G) c d,  a E h(C)).  

A = R, Q = und x E R U ( x )  

z und F 
(n + z),,,~. 

U ( x )  :x # 0, 

U(0)  n F : x  = 0. 
V(x) = 

y von ( V ( x ) : x  E R},  so Q 

(R, y ) .  

4.2. Sei ( A ,  ein Cauchy-Raum.’) Ein vollstandiger Cauchy- 

Raum (A’, y ’ )  he@ Komplettierung von ( A ,  y ) ,  wenn die beiden folgenden 

Bedingurigen erfullt sind: 

Es existiert eine C-stetige Abbildung T von A auf einen uniform dichten 

Unterraum von (A‘, y‘). 

( i  i )  Jst (A”, y ” )  ein separierter, regularer, vollstandiger Cauchy-Raum und 

U eine C-stetige Abbildung VOFZ ( A ,  y )  in (A”, y”) ,  so existiert eine 

C-stetige Abbildung S von (A’, y ’ )  in (A”, y ” )  rnit U = ST. 

nun von 

und 

von 

4.3. Konstrwktion der Nonstandard-Komplettierung. ( A ,  y )  SZ-r- 

1) Wir lassen also bewuBt eventuelle Operationen auf A zunachst auRer acht. 



KOMPLETTIERUNG VON CAUCHY-ALGEBREN 199 

und *1uz luz A.')  

' A ,  

P(*A, y )  -?  1.5). 

q und von A ,  

""", [ a ]  [a] , )  

von P(*A, y),  

M c A .  M ,  = q(*M n P) (P: = P(*A, 7)). 

q- l (M, )  = [*MI.  F 
von {F, : E F} A von (F, : E 7 } 

und y, A,, A 

von P und 

von q A .  (A,, 

4.16 

4.4. LEMMA. (A,, y,) ist eine vollstandige Cauchy-Algebra (mit dem- 

T :  A + A,  ist ein Cauchy-Morphismus und T(A)  ist uniform dicht in A,. 

Beweis. A! 4.3) 

a E A,, F E y q ( p ( F ) )  = {a } .  
w n # und G1, . . ., G" E A. 

x 

selben Operationenbereich wie A ) .  

von 3.2 

E A'. 

F' E y Ft c G' (i = 1, . . ., n). (w(F' x 

F")), c w(F: ... F;). A 

x i  E *F' n h = w(q(x,) ,  . . ., q(x,)) 

F' E F' (i = 1, . . ., n) und h E w(F; . . . F:). 

= q(o(x1, . . ., X " ) )  

E q(w(*F1 x - - .  x *F") n P )  

= q(*(o(P x ... x F")) n P) 
= (w(F1 x ... x F)),. 

2 und E F' 
A. 

3.2 1.7 und 1.8 

1) Wir betonen, daD wir (genau wie Machover und Hirschfeld [1969]) keine Saturiertheit 
von *'%I verlangen. 
2) Nach Konstruktion ist Av eine f2-Algebra; wir verlangen also von yv die Eigenschaften 
(i)-(iv) von Def. 1.1. 
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F ,  (F E F E y und a E p(F) ,  F,  c k, 
F, 

F E y F ,  T(F). von T. T 

T(A)  = : C  und G E 7,. 

3.2 GI, . . ., G” E y n;= Gi G 

und G: E 7”. 

h A,. 

D i :  = CVGS # E und n;=, G; 3 h(r);=, Di) .  

h ( n  Di) = n h ( D i ) ;  so zu 

G E y ,  D :  = CvG, # E und h(D)  G,. 

G E G. G von *G n P, C n 

2 T ( G )  n # $?J D # E. 

G E G h(C n G,). 

h(D)  c G,. 

a E *G n P, so H E y a E p(H), H, q(a)’. 

H v  6 # E p(H) n *G # 0. C n G, n H, # 0 
H E H, 

H v  (C n Gv)’ # E ;  q(a) E h(C n G,). 

4.5. LEMMA. Sei (A ,  y )  eine Cauchy-Algebra und 9Jl die volle Struktur 

hoherer Ordnung iiber A. Seien ferner *9Jl und ‘1)32 zwei Enlargements von 1)32. 

Ist (Avl ,  y,,) mit Hiye von *m, (A,,, y,,) mit Hiwe von ‘9Jl konstruiert und 

sind Ti die entsprechenden Abbildungen von A + AVi (i = 1,  2), so existiert 

ein C-Isomorphismus U von A,, auf A,, mit UT, = T,. 

Beweis. 1 *my 
2 

G = nFEY (pl(F) x p,(F))  von *A x ‘A, 

und p,  (a, b)p(a’, b’) e (a, a’) E B,  und 

(b, b’) E B,. 

p H :  = G/p .  

P, = {a  E *A: b E ’A (a, b )  E G }  und P, = {b,  E ‘A: es 
a E * A  (a,  b )  E G}.  Also Q : G + H 

Q(a, b )  = (ql(a), q,(b)) und 

A, ,  = {a  E A,,: 6 E AV2 6 )  E H }  

Av2. 

(a, i?) E H, a E *A,  b, c E ’A (a, b)  und (a, c )  
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F ,  G E y (a, E p l ( F )  x p 2 ( F ) ,  (a, c )  E 

pl(G) x p2(G). a p l ( F )  n pl(G) # 0 F n G y ,  6 = t. 
(6, a)  und (t, a)  E H 6 = 2. 

H U + Av2. 

UT, = T2 F y ,  so U(F, , )  

von {Uq, (*Fn F )  = n P , ) : F E  U(F,, ,)  = FV2. 

und von U. 

von y,) 

y, q, 

4.6. Zst v-separiert, so ist yv die solide HuIIe von { I ; ,  : F y }  = : 

Zst umgekehrt yv die solide HiiIle von A, und A regular, so ist A v- 

separiert. 

Beweis. A von 

1.1 D1, D ,  E A. F ,  G y 

F,  G, D , v  D ,  # E F,, G,,. 

n # 0 F ,  G.  2.2 und 1.7 

F n G y ,  F, n G, = (F n G),  A. 
F ,  G y F 2 . ~  G. 2.2 F , v  G, # E .  

y F,  n G,. 

F E  F ,  G u u 

u c h ( H )  F n G =I h(H) E y und 

4.7. y,) ist genau dann separiert, wenn (A,  

separiert ist. 

Zst (A,  v-separiert, so ist (A,,, y,,) genau dam regular wenn (A,  y )  v- 

regular ist. 

Beweis. A und a, b E P(*A, y )  {q(a), q(b)}' yv. 

4.6 F y {q(a), q(b)}' .  b 

E F .  q(a) = q(b). 

und F ,  G y 2.2 und 

2.4 F , v  G, # E, = F,  n G, E y,. a E p ( F ) ,  b E p(G). 

q(a) und q(b); q(a) = q(b), 
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[ p ( F ) ]  = [p(C)], a und b Aus 

(A ,  

A 4.6 F E y h(F,) E yv zu 
F E y und G E y und G 

G E G F E F ,  so H E y H ZL F 
p ( H )  q(a) E h(F,). H E y 

H ,  q(a)' und HvvFv # E .  A,  Also a E p ( H )  

Aus H, n F, # $3 H E  H nun [*HI n 

[*F] # 0, H v P .  p ( H )  [*GI q(a) E G,. 

h(Fv)  G,, und h(F,) =I G,, d.h. h(F,) E y,. 

A, und I: E y. 4.6 G E y lz(I:,) =I G,. 

v(F) =I b(G). 

4.8. PROPOSITION (Eigenschuften von T) .  

T ist genau dann injektiv, wenn A separiert ist. 

b)  T ist genau dann surjektiv, wenn A vollstandig ist. 

c )  Sei (A ,  y )  eine sepurierte, v-sepurierte Cuuchy-Algebra und sei T(A) = : 

C versehen mit der Unterraum-Cauchy-Struktur yc (vergl. 3.7). T ist genau 

dunn ein C-Isomorphisnius von (A ,  y )  aiIf (C, yc),  wenn A regular ist. 

1.9. 

T und A yv = A! 

F v v C  F E y 

T- l  (F ,v  von T- ' (F,  n C ) ( F E F ) .  

a T- ' (F ,  n C )  [a] n [*F]  # 0 1.12 

a h ( F )  Also T-'(F,v = h ( F )  

und 

Beweis. 

4.9. KOROLLAR. Sei (A ,  y )  separiert und vollstundig. T :  (A, y )  + (A,, y v )  

ist genau dunn ein C-Isomorphismus, wenn A regular ist. 

nun (A,, y,) 

von 4.2 

4.10. PROPOSITION. Seien (Ai, yi) Cauchy-Algebren (i = 1, 2)  mit gkichem 

Operationenbereich, Ti : A i  --f Ai, wie in 4.3 und S :  Al + A,  eine C-stetige 
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Abbildung. Dann existiert eine C-stetige Abbildung S' :A,, + A,, 

(1) SITl = T,S. 

Zst A ,  v-separiert, so ist S' durch ( I )  eindeutig bestimmt. Mit S ist auc 

ein C-Morphismus. 

203 

mit 

S' 

Beweis. 

A ,  u A,. *S:  *Al + A,  S 

und von *S 

P(*A,, y, )  = : P,. 4,s" = S'q, 3.5 

S ' :A , ,  -+ A,, (qi: 4.3), von Ti 

F y,. S(F) y,. E F 

n p , )  = q2(S"(*F n p l ) )  = 42(*(S(F)) n f',), 

S'(F,) 3 (S(F)),. von A,  

A,, (4.7). U von A,, 

A,, UT, = T I S ,  so S' und U 

T,(A,) = U. 

*S und 

4.11. THEOREM. (A,, y,) ist eine Komplettierung von (A, y).  

4.4, 4.9 und 4.10. 

4.12. (Av, y,) he@ die Nonstandard-Komplettierung von (A, y ) .  

nun 4.13 

4.13. Sei A eine uniform dichte Unteralgebra einer voll- 

standigen, separierten, regularen Cauchy-Algebra (A', y'),  y die Unterraum- 

Cauchy-Struktur auf A und cp die Einbettungsabbildung von A in A'. Dann 

existiert ein C-Isomorphismus 'p, von A,  auf A' mit 'p,T = q, wobei T die 

kanonische Abbildung von A in A, gemaJ 4.3 ist. 

(A', y ' )  ist die Nonstandard-Komplettierung von 

(A ,  Y). 
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4.1 

Beweis von 4.13. 2.6 und 2 3.7 

(A, (Av, 7,) 4.7 und 4.4 

T’:A’ -+ A; zu A‘ 

4.3 T‘ 4.9 Es 

cp‘ von A, A; q‘T = T‘cp zu 
A’. 

A. 

P :  = P(*A, y )  = P(*(A‘), y’) n * A  

B :  = B(*A, y )  = B(*(A’), y ’ )  n *(A x A )  

= P(*(A’), 7’). @ von *cp 

P und q, q‘ 4.3, zu P P‘ 

cp‘q = q’rp cp’ 

Aus cp’(q(a)) = cp‘(q(b)) q‘(@(a)) = q’(@(b)) und 

und q(a) = q(b). cp’ ii A; und a E A‘ 

T’(a) = d.  F E F v A  # E und F -+ a. 

G = cp-’(F v A)  y und p(C)  p ( F ) ,  b E p(G)  

cp’(q(b)) = ii 40’ 
cp’ zu F E 

G E y’ A E G und h(G) c F .  Zu E G G A )  

F E  F F c h(G), q’(*F n I“) c q’(*G n I”) 
cp’(q(*G n P))  = q‘(cp(*G n P))  und und 

q’(*G n P’). F ,  3 cp‘(G,), cp’ 

4.14. KOROLLAR. Sei (A ,  y )  eine uniform dichte Unteralgebra der regularen, 

separierten, vollstandigen Cauchy-Algebra (A‘, y‘). Dam la@ sich jede C- 

stetige Abbildung S von A in eine stark separierte Cauchy-Algebra (A l ,  y,) 

eindeutig zu einer C-stetigen Abbildung von A’ in die Nonstandard-Kom- 

plettierung von A ,  fortsetzen. 

4.13 und 4.10. 

Bemerkung. von 4.13, 
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von 

Nonstandard-Komplettierung 

4.13 und 3.3 

. 

A ,  

uns nun von 

[ 19691 zu 

A,  

von (s. S. 

von 

von 

von 

So L 

und 

% 
A .  und und 

% 

und 

von 

9I 9I 

v, A und (p = q)  p ,  q S. 

arithmetisch, 

1) Q enthalt also keine Negation und kein Relationssymbol auBer der Gleichheit. 



206 M. WOLFF 

4.15. Sei (A ,  eine Cauchy-Algebra mit SZ a h  Operationen- 

bereich und ein arithmetischer Allsatz in L. Gilt Z in A ,  so auch in A,. 

Beweis. Z A .  Z 
* A ,  P(*A, y )  

von C A,  = q(P(*A, 7)) 4.3). 

A A ,  

A * A  (A ,  y )  

A ,  A ,  von P(*A, y )  

[O],. A ,  [ O ] ,  

P(*A, y )  

4.16. Eigenschaften der Nonstandard-Komplettierung. (A,  

Q und T A 

(A,, y,) 4.3 

und A + A ,  

(A,, und 

von (A ,  y )  von 4.2. 

A A ,  

A 

A 

S von A 

(Al, y 1) 

s, von (A,, ( A l ,  yl). 
S S,  

1) Korper sind bekanntlich nur partielle B-Strukturen; es gibt kein nur aus arithmetischen 
Satzen bestehendes Axiomensystem sie. Wir betrachten nur kommutative Korper. 
2) Dieses Ergebnis wird hier vorweggenommen. Der Beweis folgt in 5.5. 
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(A ,  y )  

(A', y ' )  

(4, YY). 

r )  
$2 I' 

und 

r)  
und 4.14 

5. [1955] 

5.1. Sei 23 eine ffberdeckung einer Menge A ,  und jeder 

UltraJilter auf A enthalte ein Element aus S. Dann existiert eine endliche 

Teilmenge von b, die A uberdeckt. 

Beweis. 

nun 

5.2. Sei (A ,  y )  eine Cauchy-Algebra. 

Eine tfberdeckung b von A hegt C-uberdeckung, wenn .fur jedes F E y 

stets nBEB (F v B) # E gilt. 

Eine Menge U von C-Uberdeckungen hegt C-Basis, wenn zu jedem Ultra- 

jilter H auf A ,  der nicht in y liegt, eine ffberdeckung 23 E U existiert, so 

daJ {A\B: B E S }  Subbasis eines Filters G c H ist.') 

5.1 

5.3. Fur eine Cauchy-Algebra (A ,  y )  sind folgende Aussagen 

(i)  (A ,  y )  ist prakompakt. 

Jede Uberdeckung enthalt eine endliche Uberdeckung. 

Es existiert eine C-Basis U, so daJ jede C-uberdeckung aus U eine 

aquivalen t : 

endliche ffberdeckung enthalt. 

1) A \ B: = { X  6 A: x 4 B } .  
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und 

U 

23( V )  : = { V(x)  :x E A } ,  und V(x)  : = 

{ y  E A : (x, y )  E V }  

nun 

( A ,  und 2 von y 

F E y G,, . . ., G,, 2 n;= Gi 
E y und Gi c F .  G B(G) 

Y $ von 2 (P(A) 

$(G) E B(G) G E 2. $ E Y $(2) 

5.4. U : = {$(2) : $ E Y} ist eine C-Basis. 

Beweis. *1)32 %Jl A 

x E *A, P(*A, 7). $ E Y x # 

d:= {$(G) :G E 21 und x E 

0;- , *(A\$(G,)) Gi E 2. 
{A\$(G):G E 2} H, 

x U,, 
x 6 P(*A, y 

U G E Z  *($(G))* 

5.5. Die Nonstandard-Komplettierung (Av, y,) einer prakom- 

pakten Cauchy-Algebra ( A ,  y )  ist kompakt. 

Beweis. 4.4 (A,, 

2 = {Fv:F E 4.3 2 von 5.4 

11 5.4, 

B(F,) = { F ,  : F E F }  

F E y $(F,) E B(F,) 

F F =  : cp(F) E F $(Fv) = (cp(F)),.  (cp(F):F E y }  

von A .  A 

F , ,  . . ., I;,, A = u;= cp(Fi). (s. 

* A  = u;=, *(cp(F,)) = P(*A, und 

A ,  = u;=, $(Fiv). 5.3 
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von 

(A, y )  und yc 

y und (A, y,) 

5.6. Die Nonstandard-Komplettierung von (A, y c )  hegt Cauchy- 

Kompaktijizierung von (A, y ) ;  sie wird mit y(A) bezeichnet. 

4.3 y(A) von *A; 
qu und A T,. 

5.7. Sei (A, y )  eine Cauchy-Algebra. Fur die Cauchy-Kompakti- 

jizierung y(A) gilt dann: 

Ty ist ein C-Morphismus und T,(A) ist dicht in y(A). 

Ist (A', y')  eine separierte, regulare kompakte Cauchy-Algebra und 

S:A + A' ein C-Morphismus, so existiert ein eindeutig bestimmter 

Morphismus S' von y(A) in A' mit S = S'T,. Ist S(A) dicht in A', so ist S' 

surjektiv und bedingt ofsen. 

Beweis. y c ye und 4.4 Ty *%R 

2.l A und It E y(A) ,  a E q;'(It). 

a U ,  T,(U,) 
{qy(*U): U E V , }  It 

It T,(U,) It; 

4.10 zu 

y,. A' 
y und y,. 4.9 und 4.10 

von y(A) A' 
S = S(A) und a' E A'. G E y' 

G v S(A)' # E und G + a'. U S - '(G v S(A)') 
T,(U) y(A) It. S'It = a'. 

von 

von 4.15 4.15 

1) Die Menge aller Cauchy-Strukturen, die y und alle Ultrafilter enthalten, ist nicht leer, 
da '@(A) in ihr liegt. 



210 M. WOLFF 

5.8. Sei ( A ,  y )  eine Cauchy-Algebra mit Operationenbereich 52 

und ein arithmetischer Satz in der Sprache der in A gilt. Dann gilt I; 

in der Cauchy-Kompaktifizierung y(A) und dariiber hinaus in jeder kompakten 

regularen separierten Cauchy-Algebra mit dem gleichen Operationenbereich, 

die eirz dichtes C-homomorphes Bild von A enthalt. 

Beweis. ,Z *A, y(A) von “A.  

Cauchy-Kompaktifizierung 

(A,  

A y und und yc 

3.3 und 4.14). 

5.7 

Cauchy-Kompaktifizierung. 

A = R, Q = P, und y 

B(R). 

y(R) z B W .  

6. Einige weitere Bemerkungen. 

K 

(L, yL) d 
von Q‘ und A d 

U, : L x A + A .  x E L 

w, o,(a) = UA(x, a) 

a E A ) .  Q = Q’ u {w, :x  E d’ von 

r von 52. 

nun dL 
A dL. y 

A UA : x A -+ A 

(A ,  y )  

QI, und r L  von 
L 
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(L, yL) und und (A ,  y )  

y. 1st (A,  y )  stark separiert, so ist 

(Av, y,) eine SZ-r-Algebra und yv ist L-vertraglich. 

4 

R 

11. von 

von 

von 

R) (s. 

von und 

p und 

und von 

4.14 und von 4.15 

111. 

Vollstandigkeitskriterium 

[ 19651 S .  ). 

(A ,  y )  U 

U y und U 
von U 

zu U von 1.7. 
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[a] , .  5.4 U. 

Sei ( A ,  ein Cauchy-Raum, y' eine weitere Cauchy-Struktur und U eine 

strikte C-Basis, deren uberdeckungsfamilien aus in y' voltstandigen Mengen 

bestehen. Dann ist ( A ,  vollstandig. 

von 

[ 19711 

1 S .  369): 

Sei E ein Vektorverband iiber R und 2 eine separierte Vektorraum-Topologie 

mit der Eigenschaft: Ist (x,) = 0 so konvergiert das Netz (x,) beziiglich 2 

gegen 0. Ist zusatzlich jedes Null enthaltende Ordnungsintervall [a,  b ]  = 

{x E E : a  < x < b }  %-vollstandig, so ist E ordnungsvollstandig. 

2.8 
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of 

*N - N ,  

NN/@ 
by 

1, 

[ 19691 

2 

3 on X 

* X  X ?  A 8 ample, 

(AN) 

X < 
AN 

BN - N ) .  

3, * N  *N x * N ) ,  

* N .  

4 p : * N  + *N accessible on 

A E *N a E A ,  p(a)  a. 

on A by 

1) 

by a 
2, on [1971]. 
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X a E * X  serial 

(a, : n E N )  X v E *N a .= a,. 

a, v *N.  

*N.  

5 by 

by 5.12 

on 

1. Skies and constellations. 

1.1. M on N,  * M  

M ,  N' *N - N 

*M. A basic ultrapower basic model "1% 
f2! on N. 

N -+ N ,  F, f :  N -+ N f ( n )  + 00 n -+ 00, 

f - ' [ n ]  n. f E F *M 

*f  I 

f , <<, -, c-, on N' 

a /  b f E F f(a) b. 

a << b f(a) < b f~ F. 

a - b u p  b b f  a. 

a t, b f ,  g E F, f ( a )  = b g(b) = a. 

sky, constellation exact range a E N' 

= N ' : x  - 
= E N' : x  +, a} ,  

= N' n {f(a) F } .  

by I 

a 

A up 

linked. 
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sk(a) -= 

3.4, 

sk(b) x c y x - a, y - b, a << b. 

8.4, 

1.2. Let a be any in3nite number in any *N. Then 

For all E F,, f ( a )  - a. 
If b - a, then there exists f E Fo such that f ( a )  = f (b) .  

Proof. a f  f (a) .  

f ( a )  f a f 

n E fl (n) = m f ( m )  < n. 

fl n 

n] n, by Fo. 

f ld f (n) )  > n n, by 

( f (a ) )  2 a, f ( a )  f a 
8.4, (Fl 

N --r F,.) 

on N. 

1.3. Let ic, 1 be any cardinals and let 5 be a$lter on N. 5 
will be called ic1-sparse if, for every partition of N into countably many sets 

D1, D,, D,, . .., all ofpower c IC (some of them may be empty), either some 

D, E 5 or there is an 5 set S S E 5)  such that S n Dm has power 

IS n D,! c 1 for all m. The set of all Asparse fufs will be denoted by 

by by 

&stable absolutely l-simple), 

rare, 

absolute, 

on. 

- - 
[ 19561 

f3N - 
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QN - N [I971 4.3 

N N / @  

u = ( 1 ,  2, 3, ...),/a. 

1.4. THEOREM. Let @ be any f i f  on N and let *N = ”1%. Then 

N ’  = *N - N is a single sky i f% is &stable. 

The highest sky of N’ is linked iff % is rare. 

N’  is a single constellation iff @ is absolute.’) 

Proof. [1971] 4.2. I 

a = (al ,  a,, a3, ...)/a = (a,)/@ *N. For 

m E N D, = {n:a ,  = m}. Dm ID,l < K1 

a D, E 42. 

a E f(a) 2 u f E F f(a,,) 2 n S = 

( n  :f(a,) 3 n} E @. S n D,, on D,. 

S E @ IS n D,I < KO m, by 

f ( m )  = S n D, 
= 1 S n D, = 4). 

2 n n E S, s o f ( a )  2 u. 

% a E *N sk(u), 

* N  - N 

.5. 

by 1 

* M  M 42 on N,  *Ml = 

(*MjN/”2 M. “ M ,  M I  

MN/%, (a,)/@ 

a, lower halfof * M I ,  upper ha& 

lower numbers * N l  = (*N)N/@ (a,)/@ 

a, a b 

1) I have recently found another connection between % and SK[*N]: (d) con@) is co- 
initial in iff 42 is rapid (in the sense of Mokobodzki [1967-19681, or see Choquet 

[ 1968 
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a << b; *N, N N / 9 .  

2, 3, 4, ..., n, .. . 

no 

*M M N / 9 0  

*MI = ( M N / 9 0 ) N / 9  

MNXN/4Y0 x 42, a0 x 9 on 

x by 

S E 9o x 9 {m : (m, n )  E S }  E a0 n, 

{ n  : { m  : (m, n)  E S }  E a0} E 9. 

1.6. 1.4 

a 

9, = { S  c N : U E * S )  

on f, g E F, f ( a )  = g(a) { n  : f ( n )  = g ( n ) }  E @,. 

N N / 9 ,  - 

1.7. For any infinite a in any 

c iff 9, is d-stable, 

n = i f f  9, is rare, 

= i f f  9, is absolute, 

where 9, = { S  c N : a  E *S}.')  

1.8. *M no 

*M K > c, 

6 

adequately saturated 

by 

pp. 

Qi,(s, x ,  y )  s by x y .  

s, D(s) = {x :  y ,  Qi2(s, x ,  y ) } .  

l) Also (d) con(a) is coinitial in sk(a) iff %a is rapid. 
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1.9. DEFINITION. Let IC be any infinite cardinal. The nonstandard model * M  

of M will be said to be K-adequately saturated (IC-AS) if the following holds 

for every internal binary relation s of *M: if there is a set A consisting of 
standard elements of D(s), with IAl < IC and such that s is concurrent on A 

(i.e. for every finite set { x l ,  . . ., xk}  C A there exists y E * M  such that 

QZ(s, xi, y )  holds for i = 1 ,  . . ., k ) ,  then for every such A there exists y 1  E *M 

such that @z(s, x, y l )  holds for  all x E A. *M will be called adequately saturated 

if it is u-AS for  some IC > c. 

X ,  Y X Y X 

A 

Y, X - Y 

2. monads. 

by [1969] pp. 18-86. 

X M 

on N ) ,  *M M. 8 
on X monad 5 *M 

p ( 5 )  = n (*S:SE 5). 

8 n ( S  : S E 8) = 4. 
In by 

[1969] p. 37). 

by 8 on X ,  

5 = ( S  c X : p ( S )  c * S } ,  

*M 

*M M I 

5 # 4 
M? 

2.1. DEFINITION. A point a E *X will be called serial if there is a countable 

subset S of X with a E *S. 

*N * X  = XN/@ 
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* X  a = (a,,)/@ = {a,,:n E N }  

a E 

5 = { S  E: X : I X  - SI < No}. 
5 p(5) 

* X ,  p(5) 
on N,  

9=r = { S  c N:IN - SI < Ho}, 

p ( 9 r )  = *N - 

f ( 9 r )  : (g-.~) 

1x1 < c, no 

on 

*M aproper extension of M * X  

*N - # 8. 
*N - * X  - 

2.2. The Jilter 5 on X has non-empty monad in every proper 

extension ifffor every fuf @ on N there is a map N --+ X such that 2 5. 
Proof. * M  = MN/% 

*My p ( 5 )  a = (a,,)/% f: -, 
(n) = a,. 5, a E {n : (n) E S }  E @, 

- E %. E (@) E 5, (43) 2 5. 
a *N - %a 

f: + 2 5. f ( a )  E *X 

a E cL(@a) E P(f(%a))9 s o m >  E A5). 

2.3. 

5 0 # 
n(S: S E 5)  E ~ ( 5 ) .  5 
5 So E 

p(5) = *So. 5 
on 

2.4. Every Jilter 5 is free or principal or is the intersection of a 
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freefilter g1 with a principalfilter ?j2, in which case p(8) = p(gl) v ~(5~). 
Proof. 5 So = n(S: S E 8) 

8, by So. 8 
So $ 8 - So # 0 E 8. - So : S E 8 

cG.2 5 
B1 g2; p(B1 n 52) = 

p(g l )  u p ( z z )  [1969] p. 

2.5. Let 8 be a freefilter on X and * X  any proper extension of X .  

5 has a countably based refinement. 

5 has an elementary refinement. 

There is an infinite set So E X such that So C‘ S for  all S E 5, i.e. 

such that # - So C p ( 5 ) .  
Proof. - 5’ 2 5 by II E N .  

=I Sz 3 S, . . ., 
5 n a,, - S,,, 1.  

(a,, : n E N )  5” 2 5 
+ (a,, : n E N )  

3” 5 So = {a,:n E N } ,  5 
So G’ S E %”, E 8. 

*So - So E *S S E 8, P, # *So - So c p(5). 
* So S; = {a,,:n E N }  

So. (a,, : n E N )  

The following statements are equivalent: 

5. 

2.6. DEFINITION. A free filter which satisfies any and hence all of the 

conditions of Theorem 2.5. will be said to be ample. 

8 on X ,  

p(5) # M. 

1x1 < c CH; 

CH 

X = R 

2.7. Let A N  be the statement: “For every free filter 8 on R, 

i f p ( 8 )  is non-empty in every proper extension *M of M ,  then 8 is ample”. 

Then 
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CH implies 

implies that there is a b-stable,fuf on N .  

Proof. 8 So c R 
8 S So - 42 on N 

N -+ R, f(%) $ 8. c 

(fa : a < a), 52 is 1521 = c, 

CH); f o  f o (n )  = n. by 

(N ,  : a c 52) N 

Va c p < SZ, N, E' N,: is almost decreasing. 

Va c SZ 3S, E 8 f , [N, ]  n S, = 0. 
do No N N - No E 5, 

(b). ( N ,  : j3 c a) 

a < 52 {N ,  : p  c a }  

A ,  c N A,  G' N,  

p < a. N, = A,. S, E 8 
- S, 8). 

N, = {n E A,  :f,(n) 4 S,}. 

E' N,  p < a, n S, = 0, 
(N,) by % N, 

f(%) 3 8 f E RN 2.2. 

k E N ,  f E F, Sk, c N x N by 

s k , f  = { ( m , n ) : m  > k f ( m )  c n}. 

s k , f ,  k E N,  f E F, 8 
(a, b )  a << b. is 8 

is So -C N x N S E 8 
So - *M = 

MN/% p ( 8 )  = 0, "1% 42 

by 

2.8. Remarks. I do 

R 

by > c. I X = N x I.  

(%i : i E I )  on N,  8 on X 

S E 8 i E I, {n: (n, i) E E qi. 8 
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p(8) # 0 '?# 

on N @ = ai i E I f: N -+ X by f ( n )  = 

(n,  i), so 2 8 
(3) by tails 

(azn : n E N ) .  no 

2.9. The transformation of monads. 

f[p(73)] p ( 8 )  

f(8). f p s  p f 8  p ( f ( 8 ) )  on. 

2.10. ') Let X ,  Y be any sets in a structure M,  8 a filter on X ,  

f a map from X to Y,  and *M any nonstandard model of M. Then 

f P 8  E P f 8 .  
If *M is an enlargement, p f 8  is the smallest monad containing f p 8 ;  

thus f p 8  is not a monad unless fpFj = p f g .  

f p 8  = pf  8 if the following condition is satisfied: 

(C)  For every y E p f  8, iff - ' [y]  n *S # 0 for all S E 8 then f - ' [y]  n 

Proof. y E f p 8 .  y = f(x) x E p8. S E 8, 
x E * S  so y E [*Sly  y E p f 8 .  

8' pij' 2 fps.  S E g', * S  E! 

ps' 2 f p 8 ,  - ' [*S] 2 pg. 8 
by - ' [S]  E 8, so SE f(8). As S 8', 8' f(8) 

pf  8 E pg', 
y E p f  8; i f f y  e f [ * S ]  S E 8, i f f f - ' [ y ]  

*S. ( C )  f- ' [ y ]  p8, so y = f ( x )  

x E p8, y E f p 8  (C)  y E p f 8 ,  

y $ f p 8  - ' [ y ]  n p 8  = $3. 

on (C)  

(C)  

P8 # $3. 

2.1 1 .  Let 8 be any filter on X ,  let *M be a model of M 

with u > 181, and let A be any internal subset of * X .  I f  A meets * S  for  every 

S E 8 then A meets ~ ( 8 ) .  

1) Part (ii) and a result related to (iii) are derived by Machover and Hirschfeld [1969] 
5.1.9-10. 
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Proof. [1969] p. 55, 2.7.10.) 

s3 by a)  S * X  

a E n sg on 8, 

2.7.4 [1969] p. 53, 3.2 

2.12. Condition (C) is satisfied whenever either 

*M is with K > 151, 
or f is such that for some k E N, f - ' [y]  < k for ally E Y (in particular 

i f f  is 1-1). 

Proof. 8.11 f - ' [ y ]  

- ' [ y ]  < k y E Y, 

y E y E p f f s  n p 8  = Ca. 
f - ' [ y ]  n * S  = !3 S E 5, by 

f - ' [ y ]  = { x l ,  x2, ..., x,} m < k. For i = 1, ..., m 

xi  4 p 3  Si E 5 xi  4 *Si. S = S ,  n S2 . . . n S,,, E 8 
n * S  = 

3.10) 

f,@ 

3. Monads and skies in *N. 

3.1. Let 49 be a fuf (or any free filter) on N and let * M  be art 

(i) lp(@)l = I*NI and p(@) is cofinal in N'.  

If *M is AS p(@) is coinitial in N'.  

Proof. I 

p :*N  + *N p[*N]  c ~(92). r 

by f )  S E *@, f *N + *N 

c S. k *S, ,  ..., *sk @ So = S ,  n ... 
n sk. So f (*So, * f )  r, 

so (*Si, *f), i = 1, ..., k. r on @; r 

@ I@[ = c, on * M  

p p 

~ ( 4 2 ) .  

enlargement or an AS model of M. Then 
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N'. SE @, n * S  # El, 
2.11 n p ( @ )  # El. 

3.2. A 

J Z ~ ,  %, "142, ~ ( 4 2 , )  = 8. *M 

A4 *M,  = *MN/%, .  *M2 p(%,) 

N'.  

- N ) ,  ~ ( 4 2 , )  n = El 
*S S E %, 

2.11. 

3.3. 42, x q,: A a,, @, on 

N ,  ~ 2 ,  x JZ, on N x N 1.5 

f f p ( @ ,  x @,) 

E N' 1.1 b < 
b < x x E b is 

f E f ( a )  b 

3.4. If%,, @, f i f s  on @ = @, x Q,, 

p u 2  = E p%,,  ~ p @ ,  c 

Proof. p a  c p%, x p%, is $ @'l1, 

S ,  E u?Z1 6 *Sl S,  @, S ,  x S2 E @ 

6 *S, x S,, 4 p a .  E pgl, E p @ ,  

4: < h E E N'.  n E N 

= {m :h(m) > n} .  E *Sn, S,, E a1 
n 4Y1 E p%,) .  S = u ;= ,(S,, x n) 

S,, = {m E * N : h ( m )  > < 4 S, 4 *S, 

E p @ , ,  E p a 2  < S 

62 E *S, 

n E N S,, = {m:(m,  n)  E S }  S; = S,, - [ l ,  h E 

so 6 P@. 

h(m) = n S,, E %I 4 S;. 

good S E @, S,, E @, n, 
4 S; n m. E *S; S,, E @,, 

< by So = {n : S,,E@~} E 
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42, a, E p%,, so E *So, So, E 

a, < h(al)  h(a,)  v S, E a, q! S,, 

E S,,, (a,, a,) E *S 

3.5. p : x 

n) = m. = 42,. *M 

*Mi = * M N / 4 , .  u, = 2, 3, . . .)/'Z1 

42, * M ,  

S E: u1 E *S {n :n  E E a,, E 

no < 
,u% no (u,, u, $pp% u, ~ p % ,  = 

,up% 

by x 

= {(my n) : 2 n} 42' % on 

= n, 

p42' = ,u% # a, 
,u%, n = {u , }  3.6 

l ) + n .  

q f = o q-' -+ 

f E F,. V ,  = q(@),  u = q(u,, u,)  

Y z  = c E * S } .  

f (U,)  = = a,, f(U,) a1, f ( u )  = ul.  

u E p V , ,  ,uYl 

u1 p Y l  n E n 

f,u"lrl = n f p V , ,  E: pa, - {u , }  

%, = f(V,) E F, ,  

,uVl ,uY2 do SM[Y,] # 

3.6. I 

on by 

no c 

1) An analogous characterisation of absolute fufs is as follows: 8 is absolute iff, in any 
enlargement, whenever (I, 6 E ,US and a < 6, a < er(6). This is not hard to prove directly, 
but occurred to me, via Theorem 3.4 above, from a result of A. Louveau (Ultrafiltres 
absolus, to appear in Seminaire Choquet): 8 is absolute iff 8 x 8 = 8 '2 ) .  the trace of 
{S x S: s E 8} on {(m, n): m < n}. 
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8.5 

5 p s  on 

3.1. THEOREM. Let 5 be a free filter on N .  

If 5 is ample, then in any *N p g  meets every sky. 

If 5 not ample and i f  A N  is true, then there exists an enlargement 

in which p 5  does not meet every sky. 

Proof. 5 So 4 # *So - So c p g  

So {k,:n E N }  k ,  < k ,  c k ,  ... . 
*So - So = {k,:v E N ' }  

by f ( n )  = k ,  a E N' a < k ,  a f k ,  k, = f (a) .  so 

a - k,. p s  

5 MN/Q 

no * M  *MN/Q 

MN/Q ,ug 
no *"/a, 

AS 

3.8. DEFINITIONS. A freefilter 5 on N will be called sub-ample i f  there 

( 2 )  A nonstandard model *M of arithmetic will be called rich i f  every filter 

is a function f E Fo such that is ample. 

on N has a non-empty monad in *N. 

AS 

3.9. THEOREM. Let 5 be a freej l ter  on N. 

If 5 sub-ample then in any AS model p 8  meets every sky. 

( C H )  If5 is not sub-ample, and i f  *M is any rich model, then p s  does 
not meet all the skies of *N. 

Proof. E Fo pf 8 
* N .  If *M AS f p 5  = pf 8, 2.10 2.12, so 

f p g  1.2 

p g  f p s  p g  
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% %! on N 

f E Fo, f (%!)  $ f(5). no by p%! 

by pg. 

Fo ( fa :  a < fo(n) = n. No 

- No E 5 
(N,  : a < 

(PI Va < 52, 3S, E 5 f , [N , ]  nf,[S,] = (d. 

( N B : b  < a) N,  

E FO,f,[Aa] by 

€fa(%) - 
S, E %,f,[A,] - f ,[S,]  N ,  = {n E :f,(n) $ 

N, E' N, /3 < a n = (d, 

%! (N,:a < S Z ) ,  

u E p(%!). p(%) b E p% n 

f E Fo f ( u )  = f (b ) .  fp%! fps 

pf%! pff5 .  f(%!) 
(%!) 3 

B f ( % )  E Fo- 

3.10. Example. 

p g  

(D,) D,  = D, = 

(2, 3}, D, = {4,5,6} ID,l = m. = m 
n E D,; E Fo. 5 by 

E N - D,. 
5 = 9 4 ,  on N ,  

So S; 

So n D,. - S; E 5 So - 
- Sb) = 5'; 5 

f 
f p g  ?j pff5 

fp% pf 5, 

4. Accessible functions: serial points. 
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m f n in, n E N .  all a, b E *N, a 7  b 

f E F f ( a )  2 b. 

4.1. DEFINITION. Let *M be any non-standard model of arithmetic, A 

any (internalor external) subset of andp any internalfunction: *N + *N. 

p will be said to be accessible on A if n f for all n E A .  If there is a single 

function f E F such that p(n) < f (n)  for all n E A ,  p will be said to be uniformly 

accessible (u.a.) on A .  

in 

5. is 

4.2. THEOREM. Let *M be an AS model of M, let 5 be any filter on N 

and let the internal function + * N  be accessible on ~ ( 3 ) .  Then there 

is an 8 set So such that p is u.a. on *So-a fortiori p is u.a. on ~ ( 3 ) .  
Proof. So E 3, 

p on *S. s QZ(s, (S,  f), a)  

SE *8, f E *F, a E > f ( a ) .  

s on 8 x F c 

*M a, E 

So E 8 , f ~  F, a, E *So > f(u,), p 

on &, 

A 

*M 

$6), a p 

a 1 7 .  p on 9 4 )  

on N ,  by a. 

* M )  p on *N.  

p on I do 

4.3. Serial points and their constellations. 2.1 

X ,  a * X  

S c X a E *S. S 
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(a,:n E a,, v E a = a,. 

v by a, 

v (a,, : n E N ) ,  a = a,. 

4.4. Let v be any injinite number in any *N. Then = 

: 7c any permutation of N } .  

Proof. c-) v = 

a. = = v, f, g E 

= { n  E N:gCf(n)) = n}, S1 
2nd, v E *S v E * S ,  *S,, 

v E *S, .  f so 

h - - 
a: + by 

f ( n )  n E  

h(n) n E - S,.  
z ( n )  = 

7c u - f[S,]) = = 

= v E *S1, 

4.5. Let be any injinite set in a structure My and *A4 be any 

non-standard model of M. Let a be a serial element of * X  - X and let 

denote the set of all v E such that there exists a sequence (a,,:n E N )  of 

distinct elements of X with a,  = a;  then is a constellation of *N. 

Proof. (a,) v a, = a. 

a, n E a v E N ‘ .  

by 4.4 v = ~ ( v ‘ )  7c on 

a; = an(,,) n. (a;) (a,) 

a:, = an(,,,) = a, = a, 

(a,) 

(a:) E N ‘ ,  

a;. = a. S, S‘ (a,,), (a;) S“ = n 

a E - (a;) 

(a,); a; = a,,,, 

v” E a;,, = a, = a, a;,, = a,,,,,) v = 
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a, f g E F g(v) = v". 
v c, v". (a:) a = 

a;. = a:,, v' t, vNr (a:) 

of (a;), v'' cf v'", v cf v', 

4.6. THEOREM. Let a, a' be serial points of * X .  Then = @ a  

and a' are connected by a standard permutation of * X .  

Proof. a' = .(a) a = a, a' = a; a: = a(a,), 

= = S S' 

a E *S, a' E *S' X - S, X - S' 

1x1 = 

(a,) (a;) v E a = a,, a' = a:. 

h X - S X - S' 

.n : X -, X by 

z(a,)  = a: n E N 

.(X) = h(x) X E X  - S. 

n(a) = a' 

4.7. Remarks. 

A * X  1x1 > No). 
no 

A 

(N ,  <), 

by 

A,  

Fo by 

E Fo, n E N,  -'[n] 

5. Monads in a metric space. As 2 

is 

as 

( X ,  2) z 
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p. 59 

E *X 

p,(a) = n(*S: ~ V E  z a E *V E *S).  

a 

p 

x standard 

= (Y E *x u) = 01, 

p N 0 p 

x. 

p. 100 

p ( x )  x 
pr(a). 

by p. is 
x 

on 

do 

5.1. by = N 
pd(n)  

n {n}. E N‘,  pd(a) = n(*S:a E *S)  

%a, 

3.1 *M p(aa) 

N’  

5.2. 

R’, *R+.  

b E *Rf af b << b f << 
< x. *Rf 

1) The t will often be omitted for brevity, likewise I shall write p(u) for p&) where this 
is safe. 
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by *N.  

a 

*R+, *R + *R 
on a E *Rf 

[a ] . )  I 1/0 = 00 a << co 
a E *R+. 

* X .  

5.3. DEFINITION. Let a be any point in * X ,  and v any number in *N. The 

v-core round a, is defined to be the set of all b E * X  such that v << 1 /p(a, b). 

v a, 

a l /v .  

now 

5.4. THEOREM. Let ( X ,  p )  be a metric space in a structure M. Let *M 

be an AS model of M ,  and let a E * X  be a serial point, i.e. let there be a se- 

quence (a, : n E N )  of distinctpoints of X and a number v E N‘ such that a = a,. 

Then the monad of a in the p topology is given by 

p(a )  = (a,,) : v’ E pd(V)). 

If {a,, : n E N }  is discrete in X then the cores that make up p(a)  are disjoint. 

Proof. V a E *V, S N 

n a, E V. v E *S, pd(v) E * S  so v’ E ,ud(v), 

a,, E * V. V is f E F n E S, 

x p(a,,, x) < 1/f(n) V. *M n E *S, 

p(a )  v‘ E pd(v) ,  

b E * X  b # E &(v). W e  

b # p(a )  by V a E * V b 4 * V. 

p : * N  -+ * N  

n. 

E p d ( V )  b 4 so v’f  l/p(a,,,b). p 

on pd(v), a by 4.2 p on *So 

So E a,; f E F p(a,,, b )  > 
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n E *So, pd(V) *So. V 

n E B, a, l l f (n);  V = 

u ( B , : n  E S).  u = a, E *V v E 

So f b B, n E *So, b 4 *V 

{a, : n E N }  g E F 

a, 

*M,  v‘ a,, 

5.5. Example. X R 

a = l /v ,  v E N ’ .  

p ( 0 )  a) 

p(0).  

5.6. The monad of a a-compact set. ( X ,  z) 

A * X .  

p. 59 A 

p r ( A )  = n(*S: V E  z, A E *V E *S).  

A.’) A is {a},  p , ( { a } )  = pr(a) 

on 

A A ,  

5.7. Let ( X ,  z) be a topological space in a structure M and let 

If S * X  is internal, p,(S) = u (pr(u) :a  E S).  

A X is compact i#p,(A) = u(pr (x )  : x  E A ) .  

Proof. p. 60, 3.2.2. 

p. 64, 3.5.2. 

*M be a K-AS model of M ,  with IC =- IMI. Then 

l )  It is noting that if A E A’, &4) = &*A). 



236 C.  W. PURITZ 

5.8. For any point a, any set S and any number n, B,,(a) will 

denote the open ball of centre a and radius and B,,(S) will denote 

u (B,,(a) :a  E S). (This can refer to X or * X  according to context.) 

will denote :a  E S). 

f E F, Bf(, ,)(S).  

5.9. Let ( X ,  p )  be a metric space in a structure M and * M  be 

an AS model of M. Let A be any a-compact subset of X ,  i.e. A = UneN A,, 

with each A,, compact. Then 

P(A) = u = [,Q P(A3) u [,U, 
ve*N 

Proof. V A .  x E A d(x)  = 

X - V )  = y) .  As d V 

d on A, l /dis  on A ,  

on A,,. A,, l /d  on A,,. 

f E F l /d (x)  < f ( n )  x E A,,. 

UneN BfC,,, (A,,) E V SO UvsqN Bf(,) (A,) E *V, 

UvEtN E * V 

C c X b $ p(b, x), x E C, 

x xo 

p(b, = p(b, xo) x,, E C.  * X ,  

A,, n E N ,  A,, v E N'.  

b Uve" 
V b $ * V 2 *A. v E *N p(b, A,) = p(b, x,), x, E A,. 

b $ v f  l /p(b,  x,) so [l /p(b,  x,)] on *N. 

f E F f ( v )  2 l /p(b,  x,), p(b, x,) 2 
v E * N .  

V i s  V 2 A ,  b $ Bf(,) (A,) 

all v, b 4 "V,  

p ( A )  
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5.10. Examples. X = R x R 
y = 0. = [ - n ,  n ]  x (0) 

v2 > v,, E 

p(A) = (x, y )  : 1x1 << - . i lY l  7 
= { (x, y )  : x # 0 y = 

A; = ( [ - n ,  

u x (0)) 

p(A') = (x, y )  : x 9 0 i X N O  
1 

~ << - 
1 

1x1 lY l  

x + 0 1x1 << - , 

5.1 1. Uniform spaces. 

by pp. 

by pp. 

d on x 

entourages. 

€ on x 

p(€ )  a, b E * X  

a N b (a, b) E p ( € )  N 

on N *R 
by 

l) ,  

on R 

5.12. The finest uniformity on R compatible with the usual 

topology is given by e0  where 

x N,, y Ix + yI << - yI. 

Proof. A x A = { (x ,  x) : x  E 

R x R. 
by 
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D on X .  (A 

d(x, y )  = 0 x = y . )  

d 
p. 

a N b (a, b ) ~ p ( & )  d(a, b)  N 0 VdE D. 

on * X  

by 

a, E X ,  

p(ao) = (x:x N a,; d(x, a,) N 0 VdE D}. 

5.4 5.9 

on *M,  

*D, do 

p(a,).') 

by 

5.13. DEFINITION. Let ( X ,  D )  be a uniform space. For any a E * X ,  v E * N  

1ve de$ne 

= {x E * X :  for all d E D and for all serial d E *D with 

< v << l /d(a, x)}, 

where sk, is the sky of *N that contains 

*D N 

= N n E N 

3 )  [I9721 
by 
by by 

d(x, y )  = d( y ,  x)). 
no 
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= {XE * X :  *D < v << l /d(a,  x ) } .  

D 
d l ,  d2 E D d = dl v d2 = sup(dl, d 2 )  by 

d(x, y )  = y ) ,  d2(x, y ) )  x, y E X .  

d d D. 
b D. 

b D v , 

5.14. D and b dejne the same uniformity. 

is unaltered when D is replaced by b. 
Proof. (i) d E I). d, ,  ..., dk E D d = 

( d l y  ..., dk) ,  a, b E * X ,  d(a, b )  N 0 

d,(a, b )  N 0 i = 1, ..., k. a N b * ( X ,  b) 

* ( X ,  D). 
D by b 11.12. 

E 

x E d *B < 
b, = (d,,:n E N )  1-1 b 
E *N, d = d,. d,, = . . ., dnk,) d,,, E D.  

< by dni 

< by v << x ) ,  i = 1, ..., k,. 

d,(a, x) = dPi(a, x )  iE [l, k p ] ,  v << 

- 

__ 

__ 

5.15. Let ( X ,  D )  be a uniform space2) in a structure M ,  and 

let * M  be a GAS model of M ,  where IC > ID]). Let = a, be any 

serial point of * X :  Then the monad of a is given by 

p ( a )  = : E 

V a E * V. S = { n  :a,, E V }  

1) May well be an immediate consequence (i); but how to prove this? 
2, Or any topological space: see footnote on page 234. 
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a, E *S, pd(v) n E S 

dnl, . . ., dnk, E D f ( n )  

B,, = {x:dni(x,  a,,) < I/f(n) = 1 ,  ..., k )  E V, 

a,, V ) .  

< sk(v'), c &, 
v' E pd(v) i = 1, ..., k,,, dVTi 

: v' E p,(v)) G * V.  

I D 
b; 

Also ID[ = ID1 
b E p(a).  A 

D %!, on N v, 

Gz(s, Do, f ) ,  n) E *a,, Do E * A ,  f E *F, n E S 

f ( n )  < l/d,,(a,,, b), Do = (dm:m E *N) .  s 

on A = %!, x A x F, (*Si, D & f i ) ,  = 1, .. ., k,  k 

A .  = S, n . . . n s k , f ( n )  = = 1 ,  . . ., k )  n, 
Do (d,, : n E N )  

d,, = rn = 1, ..., n, i = 1 ,  .. ., k) .  

n E V, = { x  E X:d,(a,,, x )  < V = u(V,:n E 

a = a, E * V. by b E * V, 

n E d,,(a,, b) < f i ( n )  < l/d;(a,,, b)  i = 

1, . . ., k,  Gz(s, (*Si, D& fi), n )  = 1,  . . ., k, 
on A .  A IAl = 

jdl) = 101) < IC, *M 
v1 E * N  s on A .  v1 E pd(v) 

Do = (d,) 

v1 << l/dV1@",Y b).  

d *D sk, < sk(v,). d = d, 

sk(p) Q sk(vl), E F fl(v,) 2 p .  

(a,) (d,,) 

= = 1, n)). 

a,, 2 d, v1 << l / ~ , l ( a , , ,  b)  v1 << l/d,(u,~, b); 

b E E E &(v)), 
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A 

5.16. Hilbert space. on H 

C (H,  D),  D = {d, : h E H }  

d, by 

d*(x, Y )  = Ix - Y,  hl, 

x - y h. This * H  

x N y Ix - y ,  *hi N 0 h E H, x - y l  H ,  x - y 

H. 0 by 

pw(0) = {X E * H : x  1 H } ,  

H 

(en:n E N).  * H  x 

x = C c,,e,, 
ns*N 

c, E *C, llxll x 5, H 

cn N 0 n. 5.17 

pw(0), 

1. H ( I  

LH by 

*M 

*N v1 << v2, 

viev2 LH, v2ev, 

h = cane,, a,, # 0. 

A 

5.17. THEOREM. Let H be a separable Hilbert space, with orthonormal 

basis (en : n E N),  in a structure My and let *M be any non-standard model of 
My v any number of *N,  and a any point of *H. For any x E *H let x - a = 

c,,en. Then in the weak topology of H the following hold 

Zf x E v << for all n with sk(n) < 
The converse to holdsprovided sk(llx - all) < 
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Proof. 5.13 Icnl = 

I a = 0, 

x = C*N c,e,, 2 Ilxll,fi E F, v << 
v i;7 n. h = h, = CnseN apnen of *H, v f p. 

apn p n, 

4, (x, a). 

1x3 hI G C n s * N  I a p n  CnI = s 

v << E F, s < 
m E * N  s, = C;:: lapfl cnl, r ,  = la,. c,I. 

-+ 0 * R  m -+ 00 * N ;  k E *N, 

mpk IlC: a,,, enll < l/k m 2 mpk; mpk 

k. k = k, = 

f, m, = mpk, 

v, p, m,. rmo -= 
smo. d = : n < m,) 

CT = < m,). sm0 < mod * p, m,, v f  mod, 

2 mod. = c,, n, v << 

C < smo < 
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ADDITIONAL REMARKS ON THE THEORY OF MONADS 
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and The University of Wisconsin 

0. Introduction. 

[ 

by 

by 

1. Monads in a distributive lattice. 

[ 19691 

X on X .  

L 0 1 

L 5, x y L by x v y ,  

x y by x A y. sup 

5, A ,  v , X 
*% by 
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*X 3; 

A 

A by A = {*a : a  E A},  *A.  

1 . 1 .  DEFINITION. The infmonad of a nonempty subset A of L is denoted 

p ( A )  = {x E " L : x  < a for  every a E A}. In other words, all the non-standard 

Iuttice elements below every standard element of *A. 

The sup-monad of a noiz-empty subset A of L, is denoted 

v (A)  = {x * L : x  2 a for  every a E A};  

the nonstandard lattice elements above every standard element of *A.  

L 0 1 

0 E y ( A )  1 E v(A)  

A c L. 

L, 

A F L afilter 

2. x, y F x AY E F, 

3. x F y L y 2 x y E F. 

I L ideal 

1 .  1$I,  

2. x, y I x v y  E I ,  

3. x I y E L y 5 x y E I. 

by 

1. 

1. O $ F ,  

1.2. THEOREM. Let A and B be non-empty subsets of L. 

y ( A )  = y(B) # (0) if and only i f A  and B are subbases of the same 

11. v(A)  = # ( I }  if and only if A and B are subbases of the same 

(proper) filter, F(y(A))  = { x  E L:*x 2 m for  every m E y ( A ) } .  

(proper) ideal, I(v(A)) = {x L : *x n for  every n E v(A)} .  
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Aji l ter  isjiner than thejilter F, if and only i f p ( F , )  p(F2).  

12. An ideal Z, contains the ideal I, i fand only if v(Z,) c v(I,). 

F1 p(F(p(A)) )  = p ( A )  v(I(v(A))) = v(A) .  

Z 

= {x  E L :  *x 2 a E _c 

Lo c Lo. x E p ( A )  

v (A) )  { y  E Lo : y  E y 2 x I)} = 

2 x I x). 2 A  ̂

A 

A # 0 

# 1 A .  = n Lo 

on 

by on 

on 

p, p, Fl 

= p j  F(pj) = F, v 

F,, by u v = {x E * L : x  I x I f, 
E PI E p , } .  v = pl n p2. 

p(F1 v Fz) = p(F1) n p(F,), A F,) = N l )  u 

v(1, vZ,) = v(I , )  n v(I,) v(I,  A = v(Zl) u v(Z,). 

E A]) = E A), 

E A] = E A)) = {x E z:x 2 y y E 

1 E [1969].) 
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by prime monads 

po prime 

x,  y E .& x v y 2 p o  x v y 2 m 

m E p o )  x 2 pco y 2 po. 

F(po) x,  y E L 

x v y  E F x E F y E F. 

v 2 by A 1. 

ultramonads, 

po 

x E 2 x 2 p o  x I p o  x A m = 0 m E po). 

1.9 

by 

ring of sets. A X E 3Y 

B 9 ( X )  X )  

Ca, X E B. u, 

n G v , A I 0 

1 .  

no 

by 

1.3. DEFINITION If A is a nonempty subset of B the B-inter- 

section monad of A,  

p 8 ( A )  = na = n ( * E : E E  A ) ,  

is related to the inf-monad as p e ( A )  = u p(A) .  

The &-union monad of A ,  

v,(A) = U A  = u ( * E : E E A ) ,  

is related to the sup-monad as vo(A) = n v(A) .  

F,(B) = ( E  E 8 : * E  2 .B}  I@) = 

( E  E 8 : * E  s B }  d B 
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* X .  1.2 F, 

F F = F&(F)). 

p8(B)  = n ( * E :  *E 2 B) = p8(F8(B)) 

*X  v,(B) = v,(I,(B)). 1.2 p,(p8(B))  = p,(B). 

X by 

9 
no 

p9, Fa, p, F 

d 9 

pg(F), p8(F) p(F)  F, c * X ,  2 p9(B) 

by dual ring 9 8 9 = (X\E: E E 8}, 
9) 8. 

p9, F9, 

1.4. Every prime B-Jilter arises as one of thejilters F8( (x } )  for 

some x E * X .  Equivalently, every prime &-monad arises as p 8 ( ( x } )  for some 

x E * x .  

x E El v E2, El ,  E2 E 8 x E El or x E E2 

p 8 ( ( x } )  F8( {x } ) .  

Fo = &\Po 

Fl 

Fl = { G E ~ : G  = X\E, E E ~ \ F , } .  

p8(F,) n pyt (Fl )  # 0 n = 0, E E Fo G E Fl 

E c X\G, X\G E Fo G 4 Fly 

x E pLg(Fo) n pg(Fl)  F,({x)) = Fo p , ( { x } )  

x ,  F 8 ( { x } )  z F, F , ( (x } )  

Fo x E p9(Fl).  x E E 4 F,, x 4 pg(Fl )  by 

Fl.)  

[1969]. 

E 

p,(A) x E p8(F) 

p , ( ( x } )  G p,(F), 

pa( ( x } )  do p 8 ( { x } )  = 

p8(F)  x E p8(F),  
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by x E p8(u)  u 

F. 

8 9 = 8) do  

p 8 ( { x } )  = pg(F) ,  F 

by 

x on 

The prime ideals are given by 18(*X\{x}) and the prime union-monads by 

3. 

on is 

VA*X\ { X I ) .  

1.5. I f  is a countable ultralimit or a K-saturated model 

( K  > (%)), a u-monadic cover of an n-monad can be replaced by aJinite 

subcover. Specijically, let A and B be subsets of 6. r f v , ( A )  2 p8(B) ,  then 

there exist 6-sets a , ,  . . ., a, E A such that uy= *ai 2 pg(B).  

Remark. v8(Z) 2 p8(F) ,  

E E I *E 2 p r ( F )  E E F. 1.4 

PAFO)\V&O) z d { X > >  = d F 0 )  x E P8(FO)\V8(Ld. 

1.5 F * ( A  x B )  

{ ( a l ,  b , ) ,  . . ., (al, b , )}  E F 

u ( a , : i  = 1, ..., A) 2 n ( b , : i  = 1, ..., A). 

C = { ( a l ,  b l ) ,  ..., (aA, b , )}  "C = A x B 

C 2 A^ x B, C E F 

u ( a , : i  = ..., A) 2 uÂ  = v,(A) 2 p8(B)  = nl? 2 n ( b , : i  = 1, ..., A). 

[ 1969, 2.7.1 1 

F 

F 

a , ,  ..., a, E A b, ,  . . ., b, E B 

u ( * a i : i  = 1, ..., n)  2 n ( * b i : i  = 1, ..., n) 2 pLg(B).  



REMARKS ON THE THEORY OF MONADS 251 

Q 

I-filters Fl and F2 have a common refinement I Fl v Fz 

Fl u F2 

set E, E &‘ is compatible with an 

Fl E, Fl 

1.6. d-Jilters Fl and F2 have a common refinement in I if and 

Proof. Fl v F2 p ( F l )  n p(F,)  # @ 

Fl v F2 El E Fl E, E F2 

only ifP&8(Fd) n P8(F2) + 0. 

PS(P(F1)) 2 P ( F d  

El n E2 = 0. 

PCyr(P(F1)) = *X\*E2 

PgOl(F1)) n P(F2) = 0. 

1.7. E I is compatible with Fl ifand only if 

Proof. Fz = F,(*E) 

A F8({x } ) .  

1.8. E I is compatible with F 8 ( { x } )  if and only i f x  E pB(E).  

Proof. x q! ps(E),  Eo E d x E Eo n E, = 0. 

x E p9(E) p , ( { x } )  n pcs(E) # 0 
F,({x}) .  pg(E)  = pu,(*E).) 

Remark. As p , ( { x } )  

by 

@ ( x )  = E d : ~  E pg(E) } .  

[1954]. 
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1.9. DEFINITION. A ring of sets 6 is normal shall mean that if El,  E, E &' 

1 .  A ,  u A ,  = X  

and El I E, (El n E, = Ca) then there exist sets A , ,  A ,  E B satisfying 

2. El I A ,  ( A ,  2 El) 
and 

or equivalently, using the dual ring 3, that there exist sets E '3 (G ,  = 

X\A,, = X\Al) satisfying 

3. E, I A1 (A2 2 E2) 

1 .  I 
2. 2 El ,  

3. 2 E,. 

and 

1.10. THEOREM. A necessary and suficient condition that every prime 8- 
jilter has a unique rejinement to an 6-ultrajlter, or equivalently, that p , ( ( x } )  

contains a unique 8-ultramonad for  each x E * X ,  is that b is a normal ring. 

Proof. El E, E & E, E,. 

pB(E, )  p9(Ez) G, E '3 2 E l ,  

C2 3 E2 Gl 

If x pB(El) n p9(E2),  by F, ( {x } )  

El E,, 

U,  U, 

F, El E U ,  E2 E U, El E,. 

8 A ,  A ,  

1.9 X = A ,  u A ,  

F A ,  A ,  F. A ,  E F, A ,  E U, A ,  I El E U1 

A ,  F, A ,  E U, A ,  E, U,, 

F &' 

A 

F, ( (x } )  

p , ( { x } )  

x is 
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1.11. Apoint x E *X can be assigned to a unique b-ultranzonad 

(in the sense above) i f  and only i f  p 9 ( p 8 ( { x } ) )  = n(ps(E) : x E pyr(E)  and 

E E 8). 

go 

p(F)  = u ( p 8 ( { x } ) : x  E p(F) ) .  

by 

1.12. set A c *X iscalled&-chromaticprovidedp6({a}) c A 

for every a E A .  

*A 

z 

B 

on 

2. closure 

by 

2.1. Let M be a mapping from P ( * X )  into @(*X) which is monad valued. If 
M is a closure operator on *X we shall say it is a monadic closure, and then 

the topology it induces is compact. (MA : 1 E 

FA 

F9 (MA). 
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A's, ..., 

.. ., FA") 

n ( M A i : i  = 1, ..., n )  # 0. f l ,  ..., f, FA,, ..., FA" 

# 8. 

E A ) )  = n(M, < A E A )  # 8. 

8 is always dense 

in * X  2, pa(*) = 

2.2. 

[1938]. X 

by o. po on 

Luxemburg's S-topology 

[1969] S -  

by [1966]). 

by 2 is 

X 

on 

X 

by z. = y ,  x E * X  

y E x E pc,(y), * X ,  

X .  

2.3. The monadic closure p, on induces a topology on for 

iiAiclz is a closed continuous map onto X .  by 

[1969] 

S E o, E 

pr(*S)  n 

Pr(*S)* 

* X  by 
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2.4. hull-kernel topology 

forprime$lters 8. 
on 

7c 7c = 

{F,({x}):x E * X } .  on 7c by 

= h(k(S)),  S -C 72, 

k ( S )  = n ( F :  F E S )  kernel Fo k(Fo) = 

E 7c : 2 Fo} hull Fo. 

x + F,({x}) 7c 

T c *X n, 

S = {F,( t ) : t  E T } ,  

= h(k(S))? h(k(S)) = {F E 7c:F 2 n [ F 8 ( { t } ) : t  E T I }  = 

{ P  E n:F 2 F,(p,(u[p,( t ) : t  E = { F  E n : p ( F )  c p, (T)} ,  

* X  h(k(S)) p,(T).  

p,(T).  p, on * X  

x + F, ( {x } )  

by 

n 

2.5. The hull-kernel topology for prime ideals over & 

2.4. by x -+ I,(*X\{x}), x E 

by pg Q € 1. 

Wallman compactijication. 

on 

& 

& E 6. 

by w(&) 8. 
{U}" = {U E w(&):E E V }  8. 

& w(&) 
w(&). on 

2.4 * X  

p, 

w(@. 
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2.6. the space of b-ultramonads with p8 as a closure is 

homeomorphic to the Wallman space w(b) .  

A X 

w ( b )  

X X 

8' is 

on X ,  22' = :f E C ( x ) ) ,  w ( 3 )  

cech-Stone compactiJication. [ 19691 [ 19691 

w ( b )  

X .  As $9 

b. 3 %', 

X w ( b )  

X .  

The following are equivalent: 

1. For each (standard) x E 8, F 8 ( { x } )  is an b-ultraJilter. 

2. For each x E 8, p 8 ( { x } )  is an b-ultramonad. 

3 .  For each x E 8, ,u,({x}) E p 9 ( { x } ) .  

4. For each x E G E 9, there exists E E b with x E E E G. 

5 .  For each E E E, "(pS(*E)) = E (here O is the discrete standard part, 

O(pS(*F)) = ,ug(*F) n 8, viewed in the standard model). 

1, 4. [ 19681 

of w(b) .  

Proof. I .  2. by 1.2. 

=- 3.): x 4 E E by *E n p 8 ( { x } )  = 0 p , ( { x } )  = 

*X\v,(*X\{x}) 3 .  

(3. by F, ( {x } )  
by F9({x}) 4. 

=> 5.) :  x E 8 x 4 E. G = X\E 4. 

E,  x E E,  c G E c X\E, = GI E B 5. 

(5.  => 1.): 1.8 on @ ( x )  = { E  E B :  

x E pS(E) }  by 5 .  F, ( {x } )  = @ ( x )  

x E 2. 

X w ( b )  
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p,({x}) pr({x}) 

x E 2, p z ( { x } )  x X .  As 

B 

x 4 S, S (S E a), El E, d 
x E El ,  S E E, El E,. 

x E 8, p 8 ( { x } )  C p , ( { x } )  E p , ( { x } )  9 

B separates points and closed sets. O(,ug(S)) = S 

S E a. 

1.10 x E * X  

d 
of 8 w(8) d 

2.7. 

p, as a closure on * X .  The mapping @ : * X  -, w(d)  is closed and 

continuous, so the quotient space obtained from * X  by identfying points 

associated with the same B-ultramonad is homeomorphic to w(B). 

@(x) = { E  E 8 : x  E p,(E)}.)  

p 8  

{ U}" = { U E w(d) : E E U }  

w(8)  p9(E). 

1.8 @(x) E 

x E p,(E). @ 

2.8. Remark. 

p,(E) 

E 8) @ 

@ 

@ 

A c * X ,  = @&(A)) 

@-'(@(x)) p b ( A )  

p,(A) @(p , (A))  = 

@-'(@(x)) = p9(p8((x})). @(x) p9(A)  

p g ( A )  1.6. pg(p8({x})) 

p,(A) p , ( { x > )  p8(A) ,  

1.8 @(x) = @(y)  y E p,@(@(x)) ) .  

1.10 @ on * X . )  
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P,A(x>) 2 P(@(x))  P ~ ( P ~ ( { x } ) )  2 P%(P(@(x)) ) -  Go E 3 
Go 2 p ( @ ( x ) )  Go 2 ~ ~ ( { x } ) ~  Eo = 

X\Go F , ( { x } )  @ ( x )  

Eo 2 p ( @ ( ~ ) ) ~  @-‘(cp(x)) = p~(p,({x})) 
w(8) 

by cp on @ 

on * X  X 2 
X w ( 8 )  w ( 8 )  

* X  

I \@ 
. 1 L  

x E w--+ w(&). 
cp 

3. A monadic approach to the Samuel compactification. 

2 

2.8). on 

on 

X 

u. infinitesimals with respect to u by o so 

o(B) = p(u) [B]  = {x E * X :  (x, b )  E p(u)  b E B}. 

u * X  x * X  

$ ( A )  = pg(o(p , (A)) )  A c * X  

p‘(F) = p 9 ( o ( p ( F ) ) )  F X .  

S u. 

envelope F X ( F )  by 

{ V [ ~ ] : V E S  ~ E F )  

V [ f ]  = { y E X : (x, y )  E V x E f }. 
VE S * ( V [ f ] )  = * V [ * f ]  2 o(p(F)),  *f 1 p ( F )  

*V 2 p(u) .  p ( ( F ) )  2 pS(F).  

E X *D 2 o(p(F))  

V E  S F V [ f ]  E 

*F V E  *S *D 2 V [ f ] ” ,  
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*S by c p ( F )  V E p(u). X 
$(F)  = p ( ( F ) ) .  

z(u) 

is ps on * X  

a S b $( {a ) )  = p S ( { b } )  

a 1 b (F , ( {a } ) )  = (F , ( {b } ) ) .  

X ,  

w ( 9 ) ,  by 

* X  

3.1. *X with ,us as a closure and "-equal points identified is isomorphic 

to the Samuel compactification. 

u ,us 
on * X .  on 

on * X  
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2.6. 

do 

M .  

Section 3 up 

[I 9691 

sectioii As 

on 

1. Ultrafilters. Z % I, 

I, I I, on I, 

QI [1966] 

[1969]. *2 l  2l. *2l I *Z, 
f on I *f on *I, 

D on I 

1 . 1 .  p ( D )  = n { * A J A  E D  ( A  # 8. 

z E * I  

1.2. = ( A  E Z ~ C I  E * A  ( A  

D 

1.3.  D = CI E p(D). 

1.4. M - ,b' = 

*I, 
An 

no 

D on I f I I. 

1.5. f ( D )  = { A  c 1 l f - ' ( A ) ~ D }  
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= 

1.6. f(D) = G *f (a)  E p(D). 

1.1-1.6 [1969] 

[ 19691. 

1.7. For CL, p E we dejine a -+ j? i f  there is a (standard) 

function :Z -+ such that *f (a) = j?. We put 

anda t, j? if. + p andj? -+ a. 

1.8. Remarks. -+ 

a + j? 3 a t, p Z, = 

a -+ jl /? E 
a c* p *h(a) = p h 1-1 

Proof. 

a w p *f(a)  = B *g(p)  = a g .  

T = ( a  E gf(a) = 

a E TI < co a j? 
IT1 = co = TI u T2 ITII = lTzl = IT1 Tl n T2 = 8. 

a E *TI, on - Tl 

1-1 

1.9. [1970]): 

on D, G E D = 
1-1 f(D) = 

[D] 5 [GI -+ f ( G )  = D. 

1.11 

[ 19701. 

1.10) on by 

1.10. Zf a w j? and a + /3 then a = p. 
Proof. * f ( a )  = j?. on a N b 
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m, n f”(a)  = f” (b ) .  < 
I,  a in I I(a) 1 1 N a. *I(a) = *I@) = 1, 

1 *I.  

m(a) m n f”(l(a)) = f”(a), 

n(a) n f”(“)(I(a)) = f”(a). 

p = *m(a),  v = *n(a). *fp(l) = *f’(a) 

p = *m(j?), V = * n u )  *f”A) = *fyp). 

*f(a)  = p p I p 2 u + 1. a - p =- p ’- p, so 

p # p + 1 odd. ji = p 

*f”(1) = *f’(a) 

*f”(A) = *f”@) = *f”+l(a). 

v > 0 v = V + 1 *f’(a) = *f”-l(/?), v - V 
v # V + 1.  v = 0. V - v V = 0, p = *fp(l) = 

a, p = a. 

1.11 .  I f f ( D )  = D then there is a set A E D such that flA is 

ProoJ a E p(D) .  *f(a)  - a so *f(a) = a by 1.10. 

the identity. 

{a I f (a )  = a}  E = D. 

1 . 1  1 

f ( D )  = g ( D )  X E D f l  X = g I X ?  

D 

1.12.  Example. Let I b e  injinite, A = {(a, a) :a  in A } , p : I  + I x I - A 

an enumeration of all orderedpairs with unequal terms, f = nl 0 p ,  g = n2 0 p .  

Then there are a, p in *I;a - p such that *f(a) = * g @ )  and *f (a)  # *g(a). 

Proof. 9, = { S  E I: a, b S f ( a )  # 

p 9, P ( I ) ,  

{ I  - S : S  E SP,} a, p. 
k p Sly . . ., s k  

Y P  S ,  u . . . u s k  = I.  k > 1.  Zl = g(&) 

1111 = III. I2 = p - l ( I 1  x I ,  - A ) .  If 

a E I2 n S, p(a )  = (x ,  y )  x = b s k y  

f ( a )  = g(b),  a, b s k .  I2 n S, = 8. 
12 c s1 u ... u s k - 1 .  
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IZ,I = 1Z,1 = IZ(  q:Z, + Z, p = p l l z  0 q. 

p : Z ,  4 Z ,  x Z ,  - A T j  = q-'(Sj n Z 2 )  

j = 1, ..., k - 1. T j  Y;, Z ,  = T, u ... v T k - , ,  

k p .  

1.13. * Z  

on *I: 

3 p fi' - p. 

2 -+ p' p' - p. 

1.14. The correspondence = is an isomorphism 

between the ordering and the ordering. 

Proof. + : = f i  - f i  
Z.  1.6 = = 

+ 2 - f i  
Z. by 1.6 = 2 

on 

1.15. Let 111 = 1. Then any 2' elements of the ordering 

have a common upper bound. 

Proof. on by 

8 Z Z 

181 = 2'. 

.f,, . . ., f, 8 i , ,  . . ., in Z E 

8 (ti 2A 

f k = i k , k =  1 ,..., n. 

+ : (ti --f 8, 

4 ( j ,  (0, S ) )  = [ S  E D -+ + ( D ) ( j )  E 

on Z x (ti x P(Z) ( D ,  S ) , ,  . . ., 
( D ,  S ) ,  D , ,  ..., D,, 

6 

i r E n ( S I S E 6 A S E D r ) ,  r = 1 ,..., n. . 
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E I $(D,)( j )  = i,, r = 1 ,  . . ., n, 

4(j,  ( D ,  m = 1,  . .., k. is E *I 

4(j,  (0, (D, S )  E 8 x P(Z). *($(D))( j )  E 

p(D) D E 8. 1.6 = D 
E 6 

1.16. COROLLARY. Every element of the ordering is the Jirst element 

in some increasing chain of type (2”)+. 

Proof. no 

So by 1.15 con- 

(2’)+. 

1.17. on up I 

JV I. Na of 

I ,  1.7). < JV 

. 

1.18. THEOREM. Let Na 3 ..Val 3 . . . 3 Nan . . ., n < o, where all ai are 

non-standard. Then there exists a non-standard p such that N ,  c n {JVa,[ 

i < 01. 
Proof. < ai:*f(!xi) = ai+l  

. f :  +. I .  

= If(v) = 

c, x Ng(ai+,)  = 

+ by *g(ai  + 1) - 1. 

* g ( a i + l )  I ai. 

*f, + (a,,) = a,, + 

gn = f , ,  0 ... 0 f 

= a,,. 

1.19. = 2 n A Vi _< n > g,+,(x>> 

up 

h 

?I 1.19 *?I %. 

a *h(a) n’s > n is 

*h(a) = p. j? in Nan n < w, 
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ui 

i 2 n 

h 1.19 gn by 3,. ‘?I 

[ Y = ~ ~ ( ~ ) I ~ E ~ ~ ( ~ > < x ~ . . . * C ~ ~ ( ~ ) < ~ ~ + ~ ( X ) I ~  [ h ( x ) =  L ( Y ) ] .  

x = a p = */?(a) = 

*h(Si(.)> = *h(a,) E Nu,. 

1.20. COROLLARY. Every decreasing sequence of non principal ultrafilters 

in R-K is bounded from below by a non principal ultrafilter. 

Proof. {Dn}n<a fn+l(Dn)  = Dn+l.  

a E p(D,) = *fn+l(an),  

1.18. 

Note. 1.15 1.18 

f ( D )  = G g(D) = g 

fn(D,) = D n + l ,  gn gn(D,) = 

n A ,  = 0. h(x) = f,(x) n 

/?(Do) 

2 

{xlg(x) < X I  ED.  

An + 1 = {x E A n  I gn + 1 (x) < gn(x)} E D- 

x E A,,. 

1.21. An ultrafilter D on JV is called minimal (resp. a P-filter) 

iffor any given partition JV = u ( A i  1 i < w }  where for all i < o Ai 6 D, there 

is a set A E D such that for  all i < w 1 (resp. IA n Ail < a). ] A  n Ail 

1.22. Jtr = u A i  f(x) = n 

x E A,, 

on D. D non 

1.23. LEMMA. is minimal ifsfor every nan-standard /I E Ma, 

NB = JVU. 
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is a P-Jlter i f f  for  every non-standard p E Ma, N, is cojnal 

Proof. 1.22. 

D = p E Nu. p = *f(a) 

f :  JV -+ N. 

(1.17) in Nu. 

A,  = {xlf(x) = n } .  

*f(a) = p D. 
A E D i -= w A n Ai 

= Y }  Y E f ( A )  
S(Y) = 0 i 
2l k x E A -+ gf(x) 2 x so *g(*f(a)) = *g(P)  2 a. 

Jlr, Nu: y E Nm, y = *h(a). 

Qx) = maxv4Y) lY  5 g ( x ) } .  

&(x) *&(p) 2 *h(a) = y. 

N, M a  non p E Nu, 
Jlr = no A ,  D. 

f(x) = n x E A,. *f(a) Jlr,,,, Nu. 

g *g(*f(a)) 2 a. 

A = {xlgf(x) 2 XI 

D = x E A,  n A g(n) 2 x so A n A,  

A 

1.24. Note. 1.23 by [1972]. 

1.25. EXAMPLE. If D is a minimalfilter then there is a set A E D such that 

( A  + A )  n A = Ca where A + A = {x + y : x ,  y E A } ,  and + is the sum of 

the natural numbers. 

Proof. Y = 

{ X  E NI ( X  + X )  n X = Ca} Y 
P ( N ) ,  Do = { N  - X : X E Y} a 

D. 
D X E D ( X  + X )  n X # 
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0. B, y E p ( D )  ci + B = y. M = 2b1 ,  

f l  = 2vB1, y = 2 9 ,  q, B1, y1 odd. - v N o. = v 
0 = I + 1, o N 1. # v, A - v p v 

I -= v. o = 1. ci - y y --t o 

N 5 Na c Nu n NY, by Nu Ny. 
= a, by 1.10 y = 

ci + B = y ,  B = 0. As B E p ( D )  D 

2. Ultrapowen. 

2.1. Let y be a cardinal. The full structure of cardinality y is 

the structure 

, w Y )  = {M? {RdId<ZV} 

where 

IMI = y ;  
{Rd}d<2y  is the set of allpossible relatiorri on M .  

by y 

up y = M(y) 

= 

2.2. Z on I. !VI'/D > '3N 

2.3. 

)IJz by *!Ill 9JI. 

% M, Z, 
on M, on all Z 

*% %. R 
by 8. 

cp 4 

*m = (*M,  {Rd)d<2Y}>. 

x,, ..., x,, E *M, *!Ill k R(x,, . . ., x,,) *% C fT(xl, ..., x,,). 

by on *!Ill C cp(xl, ..., x,,) 
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*N k @.(x,, ..., x,). (*%R of 92 
%R.) 

2.4. Let D be a ultrafilter on I and a E ,u(D). Dejne a mapping + 
$ :%R'/D + *%R 

by W I D )  = *f (a) -  
Then $ is an elementary embedding (in 

Proof. cp 

m l / D  b cp(f,/D, -..,f,lD). 

A E D 

9JI 1 q(fi(x), ..., f , (x))  x € A .  

a k Vx.A @ ( f  1 (XI, . . . 3  f , ( x ) ) .  

*2lkVx,, @ ( f l ( x ) ,  ..., f , ( x ) ) , a ~ * A  k @ ( f l ( a )  ,..., f,(a)). 
By 2.3 "$332 k q ( f ,  (a), . . ., f,(cc)). 

2.5. 1 M. E *I  Ma = {*f(a)l 

f : I  + M }  %Ra = ( M a ,  {R6)6<2, . )  by *%R. 

M. p(D) 2.4 1)32'/D N %Ra < *fuz. 
a, D p ( D )  

2.6. Let D be an ultrajlter, h : I+ I a mapping such that h(D)  = 

G. h induces a mapping 

h : 9JI"/G + %R'/D 

by h"(g/G) = g 0 h/D. 

Then 

If 111 I [MI and $:%R1/C + 9JI'/D is an elementary embedding theQ 

there is a function h : I  --f I such that h(D) = G and $ = h. 
Proof. M. p(D). p = "h(a) E p(G) .  l:%Ra 1: %R"/D, 

k:9J33Lp N 9JI'lG I-' 0 h 0 k:%RB + 

DIP -c ma. %R, E 9Jta < *%R %RB < *%R 

YJI, < 'JJ1,. I-' 0 h 0 k h 
II(  5 I c M * I  c *M. 

is an elementary embedding (in L). 
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a E p(D), B E p(G) 1: )IJz,1: )IJz'/D, k : )IJzb N $ = 1- l o $ o k :  
Wb ++ 9Xu. B' = $@). $ p' N B 

1.4). B' E * I  jl' E mu, B' = *g(a) 

g : I  + M. 
I' = {xlg(x) E I }  I' E D *g(cr) E *I. h ( x )  

g ( x )  X E I '  

xo 
h(x)  = 

xo I. *h(cr) = p' h(D) = = 

= r : I  + M $(*r(b)) = *r(P) 

*r(jl') = *(r  f ) ( a )  so I) = f i . 

2.7. COROLLARY. rfIIl I IMJ then 

1132'10 N )IJz'/G iff F 5 G in the R-K ordering (c.f. 1.9). 

DeJine )IJz'/D I 9X'/G if there is an elementary embedding of 9X1/D 

into 'iDI'/G. Then this order (reduced to isomorphism classes) is canonically 

isomorphic to the R-K ordering. 

2.8. COROLLARY. rfS = lIl I IM( then any 2' ultrapowers of llJl indexed 

Proof. 1.15 2.6. 

by I may be simultaneously embedded into a single ultrapower W'lD. 

2.9. 

% > )IJz. % 

9X'/D. I 2l by 2.4 

WIJZ%<*rn. 

%z = (f(01)If 

by I = M 2.4 

% 01 N on 

8 = (JV, {Rd}di20) o 

< .N 

% > 9X cr E %. 

2.10. THEOREM. Let D be a non principal ultrafilter on JV. 

D is minimal iff %"ID does not contain any submodel except 92. 
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D is a P-jilter irevery submodel of WN/D (except W) is cojinal in W21D. 

ProoJ 2.7 2.9. 

u E p(D) .  1.23 D N B  N a  

E Ma. 2.6 WN/G 

WN/D WNID. 2.9 

%"/G by 

2.1 1. Let 9X > % such that 9X does not contain a submodel 

of the form !JIx/D where D is minimal (resp. a P-filter). Then the following 

are true: 

For every u E '91 - !JI there is a submodel that does not contain u (resp. 

and is bounded by u). 

There,is a decreasing sequence 

9 1  ? fuz, $, ... 2 ma 2 ;.., 6 < w1, 

of submodels of 91 (resp. such that for every c1 !Ula is an initial segment of 92). 

Prooj: !JIa 2.9. Wa 
W'/D D not 

c1 by u)  by 1.20. 

by 1.18 

9X' by 92 

(/? E 911 3 X ( X  E 92' A a)> 
is 

3. A set theoretic framework for the nonstandard theory of ultraproducts. 

Jt = 

( M ,  {RJaEA> L 

IA'l = M m M rn m 

L, R, R,. 
S E(S)  = S u P(S)  (P(S)  is S) 

E,(S) = S,  E,+,(S) = E(E,(S)), EJS) = u,"=o En(S). 

E on Em@), E, = EIE,(S), en = En(S). S 

= (E,(S), L = L(S) 
S,  E,(S). index en en 

n. 
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A strong extension S A 3 A 

graded m IAI n dY != 

concurrent A m,, . . ., m, IAI 

b A 1 p(m,,  b )  i = 1, ..., n. A? 

enlargement p(x,  

b IAI E,(S) A != p(b,  c) .  b 

bound p .  

Relativization. p = 

pIN p EN@) 

piN = p p 

(P 8C q ) I N  = PIN 8Z d N ,  

( - P I I N  = -@IN), 

(Ex q ) l N  = 8C q l N ) .  

3.1. Supposep = p ( x l ,  ..., is a formula in Then there is an 

integer N such that for n larger than N,  S C (xi, . . ., = piN).  

Proof. N p 

c p, c EN(S),  

3.2. Suppose A is a strong extension of S, and set M = IAI, 

M, = ( m  in M : A  1 e,(m)), M, = M,, and A@ = <it&, {c,IMw, 

enlMw}nsN). Then A, is a graded strong extension of S and an elementary 

substructure of A. Am is an enlargement of S c> A is an enlargement of S. 

Proof. p by 

M,. p c,, . . ., ck cl, . . ., 
M,. != . . ., = piN) 

p by A b ..., 
(p(xl, ..., = p ( x l ,  ..., A,; 

Am 1 pIN(cl, . . ., Ck) A# != pIN(cl, . . ., ck). 

by PIN M,. 

A, < A. A, 

E,(S), A e M,, 

A, A 

A A,. 

A 

N 1 y)(p(x, 3 p(x, y)IN). b IAI 



214 G. CHERLIN AND J. HIRSCHFELD 

bound p.  A k e,(b) b M ,  b bound p A,. 

of MN bound p A; 

b M,. 

3.3. LEMMA. Let A be a graded strong extension of S, and retain the 

notation of Lemma 3.2. Assume that M ,  is a set of individuals. Then A is 

isomorphic with a substructure of M,. 

Proof. M ,  

no 

U,:M,,  + E,,(M,) 

U,  on M,. 

U,,+,(m) = 

Un:M,, + E,,(M,). 

U,, 1-1.  

3) U,, E~ ei i = 1, ..., n. 

A 

U = u,"=, U,, 

m M,, i m  { U n ( c ) : A  k eq,+lm) m M,,,,/Mo. 

4)  un+llMm = un. 

by S. 

3.4. LEMMA. If  d is a graded strong extension of S 2 T with interpretation 

vd4, then d i T  is a graded strong extension of T with respect to the induced 

interpretation. I f  d is an enlargement of S then dT is an enlargement oj'T. 

Prooj: c E,(T), A k p,(c) & (x)(p,,(x) e,(x)) so v,(c) 

MnlT. 

q L(S) 

n 
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& I T  AT fix s 
N 3.1. C s e S I: 

~ I N , T  - A C sJN,T e= AIT C S. & I T  > 
A o f  s(x, y )  

T. t(x,y) (s(x,y) &pN(x))  v ( -pN(y)). 

t S bound b A. by 

o f t ,  b bound s & I T .  

4. Ultraproducts. {Ma}aeA = (uaEA Ma) u 
A! vA. 3.2 

3.3 A o f  Mo. c EJS)  * c  = v&(c), 

*S = Mo. 
M,  + E,,+,(S) Mn(a) = En(Ma). *Mn:*A --+ 

*E,+,(S). a Mn(a) = {*f(a):f E X a E A  En(Ma)]; 

Mn(a) a E A .  

a 

for a A, *Aa = = Ma. 

4.1. For a in *A &a < *&,. 
Suppose c A, a E * X ,  p(x,  y ,  *fl(a), . . ., *f,(a)) is a formula in the 

language of A,, p(x ,  y ,  z )  = p(x,  y ,  fl(z), . . ., f,(z)) expressed in and 

for a in X suppose p(x,  y ,  a) is concurrent on Aa. Then p has a bound in *&,. 
Assume that for each a Ma = M ,  ajixed set. Then A,, *A!, are strong 

extensions of M ,  *A, is an enlargement of M. 

Proof. s A!,, s = s(*fl(a), . . ., 
*f,(a>). s by sol,, . . ., y,,), 

(zl, ..., zp)t(yl, ..., y,, zl, ..., zp, 41, ..., 4,). 
A ,  = {u Ma C s(fl(a), ..., f,(u))} for a A l  

4j (a;  zl, . . ., zp )  (MJP + Ma cl, . . ., cp 

Ma, Ma I: tCfl(a), ...,f,( a) ,  cl, ..., cp, &(u; cl, ..., cp) ,  ..., 

N o f  s 3.1) 
4r(a; c,, - * ., CPN. 

for i fi x M,(a). 
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g,i(a; z , ,  . . ., z,,) = 4 j (a ;  z l ,  ..., ~ ~ ) l ( ~ , ( , , , p ,  

j (a;  z,, . . ., z,)) 5 M,(a) a A j = 1, . . ., r. 

*Aa C c,, ..., cp IA,I. d,, ..., d, 

IA,l Am 1 t(*f,(a), ..., *fn(a), c l ,  ..., cp, d , ,  ..., d,). 

cl, ...) cp MN(a),  

ck = *hk(a) hk xneA M,(a). 

= 1, ..., r 

g j (a ;  tz,(a), . . ., h,(a)) a A ,  i M,(u) a A , .  
uj (a)  = 

S k (x)(x E ,  A ,  * t ( f , ( x ) ,  ..., f , ,(x),  h,(x) ,  ..., h,(x), u,(x), ..., 
u,.(x))). L(S) 

L(S) by 

[1969] p. 

a E ,  A 1,  by 

u(x )  a A S C v ( z ) ]  e Ma k 

s(fl ( a ) ,  . . . , f n ( a ) ) ] ,  [A k v(a)] e [*Aa k t(*fl(a), . . ., 

A C t(f,(a), . . .,f,(a), h,(a), . . ., h,(a), u,(a), . . .) u,(a)), 
A k t(*f,(a), ..., *fn(a), *h,(a), ..., *hp(a), *u,(a), ..., *u,(a)), 

d,, . . ., d, *u,(c(), . . ., *u,(c(), A, k t(*f,(a), . . ., *fn(a), 
c,, ..., cp, d , ,  . . ., d,) 

N f l ,  . . ., f , ,  EN(S) 

p N .  

prel(x, y ,  z )  p(x ,  y, z )  MN(z) .  

M X a s A  M,(a) EM(S).  t(u, v )  

EM X a e A  MiV(a) * &M X a e A  MiV(a)  

(z)(z  e l  X * prel(u(z),  v (z ) ,  z ) )  t 

on S.  q bound t A. q(a) 

*MN(c() ?(a) bound p *Aa. 

M k s, S M, C 

x. 4 *Aa C *Aa M ,  

by Aa is M. 

A ma = (Ma, {R;}beB)  

R; nb on Ma, 

9Xa. 

S, S = uasA Ma v A v B. 
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b B f b  X u ,  EN(M,) N by fb(a)  = Ri. 
*fb(a) nb on *Ma, *RE, *R; 

Aa. Aa *R; R; = *RE n (Ma x Ma). 

*mu = <*Ma, {RE}bsB), ma = <Ma, {R;}bsB>.  

4.2. '%Xu < *llJZ,. 
Proof. 3.5, 

fuz, Ma. Aa A 
3.5) 

4.2'. For s defined in me, 

s = s(*fl(a),  ..., *f,,(a), R;,, ..., REp), and 

s,, = s( f (a), . . ., f ,(a),  R;,, . . ., R;J,  the following are equivalent: 

ma C s  
*ma t s 

a E *{a:%& t s,}. 

4.3 2.4. 

9JZa 

4.3. Let D be an ultrafilter on A ,  a E p(D)  (c.J Then there 

is a natural isomorphism p :XUEA m, /D N YXa, (c$ 2.5), defined by p ( f / D )  = 

Prosf. p f / D  = g/D X = {a  A : f (a) = g(a)} 

D, so c1 * X ,  * f (a )  = *g(a). 

R XaEA m,/D C R(f l /D ,  ..., f J D )  X = 

{u A : m ,  I= R(fl(a) ,  ..., f,,(a))} D, a * X ,  

*Ylla k R(*fl(a), . . ., *f,(a)), so ma. 
R by - R, p 

*f(.)- 

4.4. COROLLARY. Ifa - p then ma N DIP. 

PL ruZ,) 
S. 'iUl,,l, %Na 

or N .  !UlaIN S. 

t, S :  (1132,IN) CN(p(c1, . . ., c,)) 
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p N,  W,lN t= p(cl ,  . . .) 
c,) 

by WalN kNp(C1,. . .) c,) 

* k N  is My 
* kN by S. 

4.5. LEMMA. Let * k = uNmz0 * kN,  p = p(*f,(a), ..., *fa(&)). Then 

Proof. 

p N. q(a) = p ( f l ( a ) ,  . . ., f,(a)) 
ma != p o a * (u : S != 

4.1 i). 

4.1 *ma * k p c> *9Xa C p .  

ma != p 0 *ma * t= p.  

{DIaIN k q ( a ) } }  ~ I I  t= t= q(a))  * *ma * != P. 

4.6. EXAMPLE (Compactness). Let K be a set of sentences in theJirst order 

theory and assume that for finite F c K there is a model WF C F. Then 

there is a model 9X k K. 

Proof. F c K mF k F. 

p. 10, 1. 22) 9 c *K K c 9. 
*W5 * != 9. s K, *9Xs * k s, *9X5 t= 

4.7. EXAMPLE (Frayne’s Lemma). IfW, = 9R2 with respect to the vocab- 

ulary V then there is an ultrapower 9X of 9Xz and an elementary embedding 

93, -+-+ 9JJL (with respect to V) .  

Proof. F = {s,, ..., sk}  1111,, 
s(cI, ..., c,, d , ,  ..., d,) = s1 & ... & sk c, ,  ..., c, 

V, d , ,  ..., d ,  V. by 

c;, . . ., c; M ,  W2 != s(c;, . . .) cAy 

d , ,  ..., d,). gF(ci)  = c:, g F ( d j )  = dj .  

9 9X, 9 E %TIl). *g 9 + *‘MS. 
g = * g S l l m l l  - g19X,l -+ *9Xs, by g, g:l~Wll + 

9Xs. g W, E 9. 

4.8. DEFINITION. If M is a collection of similar relational structures then 
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M is the class of structures isomorphic to an ultraproduct of elements 

M joint embeddingproperty M 

strong embedding property 

of 

M. 

4.9. EXAMPLE (Sabbagh [1971] p. 7,  I f M  has the j.e.p. (s.e.p.) 

then M has the j.e.p. (s.e.p.). 

Proof. 

M { m a b } b E B  

{9Xab}ab&Ah My *Ab b A = X bsB A,, 

a b By a(b) = c(b. a 

[1969] p. 17, 4.6.) 

a b B fa& :ma@) --f 9Ra 

~a N .  *g(ab) *maby hb on by h,(a) = fa,b(g(a(b))). 

*hb(a) = *fa,b(*g(ab))Y *fa,b(*g(ab)) m a -  Thus *fa,bllUlab:mab --f ma, 

4.10. COROLLARY. For any structure %TI, and index set A of cardinality K, 

any K ultrapowers of 9X by ultrajlters over A may be jointly embedded in an 

ultrapower of 5Wl by an ultraflter over A .  

Proof. A = X bEB A,  by A' = {a E A a = 

a, of a, E A 
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A COMPUTER ORIENTED VERSION OF 

“NON-STANDARD ANALYSIS” 

University of 

by A 

on (1) 

(2) a 

p. 

on 

1. Expressions. 

0, 1, +, -, ., I, E, (, 1, +, = 

a, b, c, ... N,,  N,, ... . 
N , ,  N,, N3,  . . . infinits. 
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Expressions 0, 1 ,  

up 

x, x2, ..., x,, u, v, ul, u2, ... u,,, v l ,  v2,  v3 

(n 2 

(u + v )  u v ]  

(u - u) u v ]  

(u * v )  u v ]  

( u / o )  u 

(UD) [u  u ]  

E(u, ul ,  v2,  v 3 )  [ul u < 0, v2 u = 0 v 3  u > 01 
u )  u x --+ 00 

(u l ,  u2, ..., u,) ul ,  u2, ..., 
--f u) x u]  

..., 3 u)  ..., u] 

(u 1 u )  u", u v 

x bound u) (x --f u), 

xl, x2, . . ., x,, bound .. ., +. u). 

u,..,...,,.~ [vl, ..., 
u1 v2 x2, u bound 

u 

a f p, p > 0 is 

0 a A p a E Q a - p c 0 c a + p. 
1 a f p a E Q a - p < 1 c a + p. 

(3) o + , -, * / (u 0 v )  a f p b, y, v, 1 
u p _+ v, v y f 1, 

V p , q E Q : / ? - v < p <  - A c q c y + 1- 

(4) E(u, v l ,  v 2 ,  v 3 )  

v1 u a _+ p, a + p < 0. 

u2 u 0 _+ p p > 0. 

u3 u a f p, cc - p > 0. 

+ 1 + ... + 1 1  a 

n on N. 

a - p c p o q c  a + p .  

( 5 )  u)  a p 

p 

n 
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(6 )  (ul ,  u2, ..., u,) (al, a,, ..., a,) f p ui ai f p, 
i =  1 ,2  ,..., n. 

(7) ( (x  + u)u) u,[u]. 

(((q, ..., x,) + u)(ul, u,, ..., u,)) 

((u u)w)  
UXl, ..., x, Cv1, 

(u . . . (u(uw)) . . .) 
n 

u n f p p > 0 (u = 0, 1, 2, ...). 

( u l u l )  (u2uz). 

u1 u,, u1 u,, 

definitions 

a = u, 

u a 

by u. commands 

24 f P7 

u p 

u & p [ a  - p, a + p], 

. . . u 

a f p, N i l ,  ..., N,,, < i, < . . . <in, 

u. 

by 

n 

1 + ... + 1 

finitely 

do 
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2. Basic rules. x y x = y 

E(y - x, 0, 1, 
x generalized real x = x 

x = y => y = x x = = z => x = z, = 

on x = y e E(y - x, 
0, = 1 = 

do 

x < y - x, 0, = 1. 

+ , -, * /, by 

Q + Q + , -, * 

1, 
[1967]) R. 

3 1. 

standard 

order 0. reals. order 

i N ,  

u ~ ( u ) ,  { ~ ( u ~ ) ,  ..., rc(u,)> 

rc(ul, u2, ..., u,). 

x N ,  y y K) - < E E > 0 

S IC. lul E(u, -u, u, u). 

N , on 

x = y o  x N ,  y K 2 

x N,+1 y * x N ,  y. 

x Ic-bounded M 5 rc 

1x1 < M. x1 N~ x2 y1 cK y2 

+ = K  x 2  + 
x2, y, ,  y2 * x1 - y1 N,  x2 - y2 

x2 Y2 * K  * 

ui u)  uN, 
by N, i u). 

When IC > then 

UN, is Ic-bounded i f u N ,  N ,  
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u 

2 K 

. . . u 

is [1966]. 

P 2  = (XY Y )  + Y 

= (J, a, b)  + p2((i ,  m) + 

2 = c f ,  a, b) + PZ((i, 4 + (i + 1, s + + l))>b-a(a,f(a)) 
* 

(i + 1, + 1) - m, m, m,f( i  + (a , f (a))  

?f- 

and 

lyi - zil II, 0 
i=a,b 

b 

2 lxil is rc-bounded 
i=a 

then 
b b 

3. Implementation on computers. 

on 

1970.* 

no 

100 %. 
on N. 

is by 

on N 
[1959]), 

(1) 

* In 1971 a more satisfactory compiler for the IBM 360 has made. 
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by 

( 3 )  by by 

2. 

by 

(3) ,  

0, 1, 0.1 

Q, 1, & 0.1, 

( 5 )  (4) 

2, 

4, 8, 16, 

[ 19271 

4, 8, 16 2, 4, 8, 16, . . . 

(- 1)"' 1 by 

of 

2 

2 2 

(x -+ 1/x2, 1, N,) & 0.001 s 
jT 

( 5 )  
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internal [ 19661). External 

9.6 [ 19631. 

4. Example: Differential equations. IC E No) 

? K  x2 A y l  = K  yz  => g(xl, yl) = K  g(x2, y z )  

xl, x2, yl,  y z  

0 5 X1 5 1 A -XI 5 y1 5 X1 A 0  5x2 5 1 A -X2 5 ,Vz 5 X2, 

g on Q = 

((X, 5 X 5 1 A - X  5 y 5 X}. 

Ig(x, y)l 5 1 on Q. 

H IC E No) 

xl, x2 0 6 x1 6 1 0 5 xz 5 1. 

0 5 x < 1 => ( D H ) x  = g(x, H(x)), 



288 A. JENSEN 

h = n + + p2(qp'""'(0, O ) ) ) ,  

q = u> + + Y + g(x ,  Y)h>Y 

nx. 

0 5 x 5 1). 

s g(x ,  h,(x)) 5 x n x E 13 

x 1  N, x2 x1 4 x2 ,  N = N,, 

A = -t 1, 

hN(xz)  - hN(X1)  N ,  g(x , ,  hN(xl)) .  
x2 - x1 

x3 x4 x1 x2. x3 < x4 

a n d x , + , ~ ~ a n d x , c = ~ x , . L e t a =  k < 
5 b k 

b - a  
€-  N-1 x2 - X I  N r  0. 
' N  

1 b-  1 

i=a 

1'1 = 1 is 
i=a  b - a  
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and 

because g( i /N,  hN ( i / N ) )  N~ g(xl, hN(x1))  for integers isatisfyinga 

we get 

i 5 b, 

Obviously - x  5 hN(x)  x for x E [0, 11 and consequently H(x)  = 

lim,h,(x) is generalized real, and H(x)  N,  hN(x)  for x E 11. Therefore, 

if x1 N~ x2 and x1 =k x2 and xl, x2 E [0, 11, then 

where 1 and N are chosen as above. 
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