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PREFACE

At present, physics is a collection of deductive theories, many of which do
not specify explicitly all the concepts and postulates upon which they are
based. This work is intended to be the foundation of a sing/e deductive theory
upon which all of physics can be built. Its title could have been ““A Deductive
Physical Theory. Part 1”’; but the actual title was chosen since it better
indicates the main subject matter, and since the other parts have not yet been
written. Although the content of this work has been of interest to philoso-
phers for a long time, and still is, it is actually an integral and essential part
of physical theory, as will be clearly seen later on.

Fruitful and exciting developments in mathematics during the last half
century, concerned with the formulation of deductive theories, foundations
of geometry, set theory, and symbolic logic, have not been utilized in physics
to the extent they could. It is hoped that the extensive use of these ideas
and tools here will demonstrate their power, elegance, and usefulness for
physics, or for that matter any other science.

The theory starts with the primitive concept of the class of living humans,
and ends with the derivation of the equations of motion of a particle in an
arbitrary gravitational field. On route, it develops the concepts of particles,
events, clocks, length measuring instruments, and all other basic concepts of
space-time geometry in terms of only eight primitive concepts. It is a purely
macroscopic theory, as the beginning of physical theory must be, but it is
also the springboard for the development of a microscopic theory in the same
spirit. By building from the ground up it may providé a fresh perspective and
approach to a theory of elementary particles.

There has been a revival of interest in the general theory of relativity in the
last five years. It is my belief that this work contributes to the clarification
and development of the operational foundation of this theory. It owes much
to relativity, but it also contributes new ideas and a novel approach.

In the formulation of a basic theory, a non-technical language such as
English is too ambiguous and is not suited for the tremendous amount
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of deduction involved. Fortunately, a language ideally suited for this kind
of task does exist under the name of symbolic logic (SL). It is simple, concise,
clear, and tailored for deduction; which is why it is used in this work.

This book is divided into two parts and appendices. In Part One all the
eight primitive concepts, upon which the theory is based, are introduced.
Part Two deals with clocks, length measuring instruments, and space-time
geometry. The reader who is not interested in details, need not bother with
the appendices, can skip over the proofs and unfamiliar symbols, and should
still be able to get the gist of all the ideas. In fact, even a reader who is inter-
ested in details may find it helpful to get first a bird’s eye view before digging
in. However, for the reader who feels that the theory and its formalism are
worth the time necessary for a deeper understanding, and who wishes to
follow the proofs in detail, an introduction to SL and set theory adequate
for these purposes is offered in Appendix A.

Primitive concepts are designated by the letter C, interpretations by I,
axioms by A, postulates by P, theorems by T, and definitions by D. Each
item is distinguished from items of the same species by three numbers: a
Roman numeral referring to the chapter in which the item occurs, followed
on the right by a number of the section and then by a number distinguishing
the items within a section. For instance, TII4.5 denotes theorem 5 of Sec. 4,
Chapter I, and reads T 5 of 1I4. The chapter or section numbers are omitted
in referring to items in the same chapter or section, and the chapter and
section numbers are shown on the top inner corner of every page. The
symbol ‘([R]p—q)’ denotes reference [R], pages p to q.

This book is the result of research conducted over a period of ten years,
during which many different versions of the theory have been tried. In the
last three years or so, the theory has become sufficiently stable and natural
that it seemed worthwhile to publish. Tt is not based directly on any reference
or set of references, but it is inspired and influenced by the author’s know-
ledge of physics, philosophy of science, and mathematics.

The principal publications dealing with the same subject matter and pre-
sented in the same spirit, are those by Reichenbach [1924], Schnell [1938],
Carnap [1958], and Robb [1914]. The first two deal mainly with Chaps. 1V,
V and X, and the last two with Chaps. IV and V. Robb’s work is practically
all based on the use of light signals, and is restricted to special relativity. We
make use of both particles and signals, and our theory is geared to general

relativity. Further comments concerning the relation of these works to ours
are made in due course,
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I. WHAT IS A DEDUCTIVE THEORY?

1. Deductive physical theory

A physical theory consists of the following three ingredients: (1) a set of
classes, such as the class of particles, the class of events, the class of electrons;
(2) a set of relations that holds between the elements of these classes, such as
the time relation between events, and the collineary relation between parti-
cles; and (3) a set of propositions that specify the properties of these relations,
such as the proposition that the coincidence relation between events is an
equivalence relation. The elements of the first two items are called physical
concepts and those of the third item physical laws.

The goal of physical theory is to explain the meaning of the physical con-
cepts and to justify the physical laws. A physical concept is explained if it is
defined in terms of understood physical concepts, and a physical law is justi-
fied if it is deduced from accepted physical laws. Since a concept is explained
in terms of other concepts, and a law is deduced from other laws, a never-
ending process results if one tries to explain every concept and justify every
law. The only way out is to start with a set of concepts called the primitive
concepts and a set of laws called the postulates; then define all concepts in
terms of the primitive concepts and deduce all laws from the postulates.

Since the primitive concepts are the concepts that cannot be explained,
and the postulates are the laws which cannot be justified, it is desirable to
reduce the number of primitive concepts and postulates to a minimum. In
fact, this is one of the criteria which can be used to choose between two
equally acceptable theories. If it is not possible to decide between two theo-
ries on this basis, aesthetic considerations of simplicity, naturalness, and
elegance can be used. Of course, logical contradictions must be absent from
any acceptable theory.

The primitive concepts and postulates have to satisfy certain experimental
conditions. If the concept is a class, it should be possible to decide experi-
mentally whether any particular entity is or is not a member of the class.

3
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Similarly, if the concept is a relation, it should be possible to decide whether
the proposition that the relation holds between certain elements is true or
false. If a postulate can be tested experimentally, it must agree with experi-
ment; if it cannot be tested, all consequences of the postulate which can be
tested must agree with experiment. Moreover, every postulate must have at
least one consequence which can be tested experimentally.

A physical theory developed in accordance with the principles outlined
above is called a deductive physical theory.

2. Deductive abstract theory

In the mathematical formulation of a deductive physical theory, the primitive
concepts are represented by symbols, and the postulates become propositions
about these symbols. The meaning of a primitive concept must be completely
expressed by the postulates and not by the symbol representing it. To say
that the meaning of a concept is necessary for logical deduction, amounts to
saying that not all the properties of the concept which matter for deduction
have been expressed in the postulates. Thus in the mathematical theory the
undefined symbols are treated as meaningless, and all deductions are made
with the help of the postulates.

The mathematical theory is made physical by adding a set of statements
called interpretations, which establish a correspondence between the physical
concepts and the mathematical symbols, and make it possible to translate
the mathematical propositions into propositions about physical concepts and
viceversa. The mathematical theory withoutinterpretationsiscalled a deductive
abstract theory ; the word ‘abstract’ is quite appropriate, since the logical struc-
ture of the physical theory is literally abstracted in the mathematical theory.

The modern axiomatic method was first developed by Hilbert in his ‘Foun-
dations of Geometry’ (1899). An excellent discussion of the history, nature,
and role of the axiomatic method in mathematics is given by S. C. Kleene
([1952] § 8, pp. 43-65, and in particular § 15). The rich and profound ideas
that are now presented are due mainly to E. L. Post, but familiarity with
them was acquired through P. Rosenbloom ([1950] Chap. IV).

A deductive theory starts with a finite set of symbols (alphabet), called the
(primitive) concepts. These symbols are used to construct finite sequences of
symbols written in linear order from left to right, called strings. If s and ¢ are
strings, then s-¢ is the string consisting of the symbols of s followed by the
symbols of ¢.
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Just as not every combination of letters of the English alphabet constitutes
an English word, so not every possible string is admissible in a particular
theory. To produce admissible strings, it is necessary to have an initial supply
of strings cailed axioms, and a set of rules called postulates that produce from
the concepts and axioms new strings called products. (Notice the difference
in meaning of the words ‘axiom’ and ‘postulate’. In the literature, these words
are frequently used interchangeably.) The class of concepts, axioms and
products is called the object language (OL), and any element of the OL is
called an admissible string.

In formulating the OL, another language such as English is necessary to
specify what are the concepts and axioms, and to express the postulates. The
language used to talk abour the OL is called the meralanguage (ML).

A postulate may be expressed by the sentence:

If the strings a, ..., a, are admissible,
then the string b is also admissible. )

For convenience, (1) is abbreviated by:
ags...,a,—>b. 2

A sentence of the form (2) is called a production, the set of strings ay, ..., a,
the input, and the string b the output. The output is a product, only if all the
input strings are admissible. Both the commas and ‘—’ in (2) are elements of
the ML.

In order to produce many strings from a postulate, it is necessary to in-
clude in the input and output, symbols called string variables which when
replaced by certain strings of concepts, make the input admissible and the
output a product. Different replacements result in different products. If
S1, ..., 8, are given strings of concepts and x,...,x, ., are string variables,
each of the strings a,, ..., a,, bin (2) can be written in the form ‘s, - x; -5, x,"..."
Sp—1'Xg—1'S;, where any of the strings s; or x; may be empty (contains no
symbols). String variables are elements of the ML.

The input and output of a postulate must satisfy the following conditions
{Rosenbloom [1950] p. 162): (i) each string variable that occurs in the output,
must occur in at least one input string, (ii) every input and output string must
contain at least one string variable, (iii) at least one of the given strings s,
in the output is not empty.

As an illustration of the above ideas, consider the following deductive
theory o7, which is adequate for part of arithmetic:
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Concepts: 1, R, = .

Axioms: N1.
Postulates: P1. Nm, fn— Nm-n,
P2. Rn—n=n.

Interpretations: ‘1’ denotes the number 1, ‘Rn’ means “n is a string of
1’s”, and ‘m=n" means “The strings m,n are equal, i.e., have the same
number of 1’s”’.

Substituting the concept ‘1° for the variables ‘m’ and ‘n’ in P1, we get the
sentence ‘N1, M1 -»N11’*. Since N1 is an axiom, the input {1, N1} is admis-
sible, and thus the output 11 is a product (is also admissible). If in turn
we substitute ‘11’ and ‘1’ for ‘m” and ‘n’ in P1, we get the product N111, and
so on. We can also replace ‘m’ and ‘n’ by ‘=" in P1. But since the string Nt =
is not admissible, neither is the output 9= =. Similarly, we can produce
from P2 the products: 1=1, 11 =11, 111=111, ...

3. Definitions

Although definitions are not essential to the development of a deductive
theory (DT) they are very convenient, and most DT’s contain them in abun-
dance. A symbol ‘d’ is said to be defined in a DT, 2’, relative to a DT, 2, if
and only if (i) the concepts of 2’ are those of 2 plus the concept d, (ii) any
string in 2 (constructed from the concepts of @) is a product in 2’ if and
only if it is a product in &, and (iii) to every string in @' there corresponds
a string in £ such that each can be produced from the other in 2’. Thus the
symbol ‘d’ is defined if it does not change the OL of &, and can be eliminated
from any string (Rosenbloom [1950] p. 168).
The simplest type of definition is that in which ‘4’ is the name of a string
s in 2. In this case, the postulates of &’ consist of the postulates of 2 plus
the two postulates:
xdy—xsy, (1a)
xsy—+xdy, (1b)

where x,y are string variables. The extension of £ to 2’ by the concept d
and the postulates (1) is denoted by:

d for s. 2

t The string ‘L1’ denotes the number ‘two’, not ‘eleven’ (see 3.3).
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If the variables ‘x’,* y’ in (1) are replaced by strings in &, the only string in 2
which can be a product of (1) is xsy. But since xsy originates from 2 through
(1b), condition (ii) is satisfied. Condition (iii) is also satisfied by postulates (1).

Referring to the DT, &7, presented in the previous section, the following
definitions are illustrations of (2):

2 for 11, 3 for 111, 4 for 1111, .... 3)

Notice that 3-1=1111=4. The products ‘11=11’, ‘111=111", etc., can be
rewritten with the help of (3) in the form 2=2’, ‘3=3’, etc.

Frequently, a symbol ‘d’ is defined in context, which means that a certain
string ‘f(d)’ containing ‘d’ is taken as an abbreviation of a string s in 2.
Here, the postulates that have to be added to & are the same as (1), except
for replacing ‘d” by f(d)’; thus, this definition is also designated by:

f@d for . 4

An illustration of (4) is provided by the following definition of addition
in &t
(m+n) for m-n. (5)

Notice that three signs, ‘ +°, ‘(’, and ©)’, are defined in context simultaneously.
With the help of (5), we can write the product ‘1111=1111" in the form
“2+2)=4"or ‘(3+1)=4".

A more complicated kind of definition, is definition by recursion (induc-
tion). In this case the new symbol ‘d’ is defined in simple contexts, and
postulates are given for translating an occurrence of ‘d” in more complicated
contexts. For instance, multiplication in 7 can be defined by:

(nx1) for n, (6a)

(mxn-1) for ((mxn)+m). (6b)
By means of (6) we now translate the string ‘(4 x 3)+5)’:
3): ((4%3)+5)=>((4x2-1)+5). (A
(6b): (A)—~((4%x2)+4)+5). (B)
(3): (B~ (((4x1-1)+4)+5). (<)
(6b): (O)—-((((4x1)+4)+4)+5). (D)
(6a): D)= (4+49)+4)+5). (E)
(5).03): (E)—>((8+4)+5). (F)
(5),(3): (F)=(12+5). (G)

(5),(3): (G)—»17.
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The numbers on the left of the colon are the postulates used to obtain the
productions on the right by replacement of the string variables by specific
strings. The symbols on the extreme right are the names of the products.
For example, ‘(4)’ is the name of ((4 x2-1)+5).

4. Theorems

As in the case of definitions, theorems are not necessary for the development
of a DT, but are very convenient in expediting the process of deduction. We
now explain what is a theorem and what constitutes a proof; in this way,
we shall have a clear idea of what deduction is.

A theorem is a proved production in the form [see (2.2, 1)]:

agy...,d,~b. 1

The main difference between a theorem and a postulate is that in a postulate,
b follows from ay,...,a, without a proof, whereas in a theorem this fact is
proved. We say that a production (1) is a theorem if and only if there exists
a sequence of productions P,, ..., P,, which are either postulates or theorems,
such that (Rosenbloom [1950] p. 163)

{ai,...,an} = {ay,...;a,}, and

Pi:ay,...,a, - by;

{af,...,an,} = {a;,...,a,, by}, and
Pyiaj,..,a,, =+ by

{a®,...,aY < {ay,....a,, by, ..., b—y}, and
P, a(lk),...,affk)—»b.

The above set of steps constitutes the proof of theorem (1), and (1) is said
to be proved by P,,..., P,

Thus a theorem is a set of logical steps in a proof’; when a theorem is used
in a proof, all these steps are short circuited and the necessity for repetition
of the steps is eliminated. The importance of a theorem is determined by the
number of times it is needed in the proof of other theorems, and the number
of steps it short circuits.

To illustrate, we prove the following theorem in the theory ¢ of Sec. 2:

Theorem. Nm, Nn—(m+n)=m-n.

Proof. PL:9tm, Rn—Nm-n. (4)
P2:(4)»m n=m-n. (B)
(3.5):(B)—»(m+n)=m-n.
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Rosenbloom ([1950] p. 163) uses the word ‘theorem’ to denote what was
called here the output. In our usage, which I believe conforms better with
the usual usage, a theorem is a production not a string.

5. Symbolic logic and deductive theories

We saw in Sec. 2 that an ML is necessary to formulate a DT. Although a
language such as English can be used for the ML, such a language is ambigu-
ous and ill suited for the tremendous amount of deduction involved. In con-
trast, symbolic logic (SL) is clear, concise, tailored for deduction, and is
therefore ideal for the formulation of a DT.

My experience throughout the development of the theory presented here,
has been that the very attempt to formulate a postulate or definition in SL,
makes it difficult to be ambiguous and sharpens the statements considerably.
Moreover, it is much easier to deduce the consequences of a proposition
written in SL, than when the proposition is written in a non-technical lan-
guage. Deduction with SL is like solving an algebraic equation; it is to a
large extent mechanical, and therefore less taxing mentally.

After all ambiguities and contradictions are eliminated with the help of
SL, any statement in SL can be translated back into English for the benefit
of those not versed in SL. As soon as familiarity with SL (which is a much
simpler language than English) develops it will be found more advantageous
and convenient to work and think directly in SL.

The theory is formulated in such a way that the reader need not know SL
to get the important ideas. But if the reader feels the theory merits a deeper
understanding, he can acquire all the necessary knowledge of SL from Ap-
pendix A.

Application of SL to the formulation of several different DT’s can be
found in a book by Carnap ([1958] Part Two).



II. OBJECTIVE UNIVERSE

1. Introduction

Before getting involved in details, we outline the basic philosophy and general
plan of the theory.

In spite of all the talk about objectivity, science as we know it is a human
activity, and our conception of the universe is based directly upon our sen-
sations and how we interpret them. Thus it is natural that the theory should
start with the concept of a living human as an observer, and lead to the
concept of the objective universe through analysis of the sensations of ob-
servers (Russell [1927] pp. 6-9, Chaps. XX, XXI).

Many physicists would probably say that this is philosophy and not phys-
ics, and would rather start with a concept such as ‘object’. Unfortunately,
such a concept is very complex, as will be seen in this chapter, and it is there-
fore advisable to start with simpler concepts. To do otherwise is to evade
the deeper understanding of the concepts we use, and thus be in a poor
position to decide how much we can extend these concepts to the microscopic
domain.

It is true that much has been accomplished in physics without paying
attention to such considerations, but eventually a point is reached where one
must know whence he came, to decide whither he should go. It was at such
a point that relativity was developed, and it is my belief that we are at such
a point once more, trying to decide which road to take to the understanding
of elementary particles.

The concept of the objective macroscopic universe is reached in two steps:
(1) An observer discovers there are similarities between many of his sen-
sations, and attributes each subclass of similar sensations to a subjective
entity. There is no justification at this point of assuming these entities to be
outside the observer; they could well be the result of a mental process such
as a dream. (2) Different observers discover through communication that
they can establish a correspondence between their subjective entities, and

10
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then attribute the corresponding subjective entities to an objective entity
(macroscopic object). The class of objective entities is called the (macro-
scopic) objective universe.

The concept of the microscopic universe is obtained by another similar
step, namely: to explain the behavior of macroscopic objects, microscopic
objects, such as elementary particles are assumed to exist, and through vari-
ous interactions, microscopic happenings are assumed to lead to macro-
scopic phenomena. It is impossible to prove the existence of such objects, as
it is impossible to prove the existence of perceived objects. But the outstanding
success of these assumptions in explaining a vast area of perceived data, is
ample justification for making them. In this book we deal only with the
macroscopic universe.

The theory is formulated exactly as described in the previous chapter,
namely as a purely abstract deductive theory with physical interpretations.
The abstract theory by itself is a self-consistent mathematical theory that can
be studied by mathematicians without regard to the interpretations. All the
physical properties associated with a physical concept are expressed by math-
ematical postulates about the mathematical symbol representing the concept.
The interpretations play absolutely no role in the deduction, but serve only
to translate mathematical sentences into sentences about the physical world,
which can be tested experimentally.

It was seen in Secs. I2, 4 that postulates and theorems are productions.
Since the inputs of all productions in this book can be easily deduced from
the form of the output and the type of letters used (see Conventions at end
of the book), only the outputs are presented.

Moreover, the following notation is adopted in proofs: The steps of a
proof are presented as shown in the illustration at the end of Sec. 14, except
that ‘—’ is omitted. The output of the theorem produced in the last step is
denoted by T (for theorem), and signals the end of the proof. If the output
of the theorem is in the form of an implication ‘F— G’, the antecedent F is
abbreviated by Ant and the consequent G by Con. Thus the proof is complete
if the last step is ‘Ant—Con’.

Items of the physical theory are designated by the italic bold capitals: 4,
C, D, 1, P, T (see preface); whereas, items of the logical theory presented in
Appendices A and B are designated by the Gothic bold capitals: A, C, D,
I, P, T. The logical theorems (T) are all in Appendix B, and the remaining
logical items are in Appendix A. This notation makes it unnecessary to
specify the places in which the logical items occur.
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2. Observers

As already mentioned, the first concept of the theory is the class of living hu-
mans in the role of observers. If one were developing a biological theory,
this concept would probably be the last one instead of the first, but for physi-
cal theory this seems to be a reasonable starting point.

Cl1. H.

I1. & is the class of living humans who have adeguately functioning sense
organs, can communicate with each other, and do so honestly and without
bias. The elements of s are called observers. A human does not qualify as
an observer if his senses are preconditioned to influence his future sensations,
as in staring a long time at a spot, or if he is hallucinating, under hypnosis,
or under the influence of a drug that affects his nerves and brain, or is reputed
to be deceitful or biased. Who can qualify as an observer, is a question that
can only be answered through long experience with comparison of sensations.
The present state of science is a clear evidence that a sufficient number of
observers do exist.

The property ‘ is a class’ is expressed by the axiom:

Al Cor.

A class is a collection of individuals having a certain common property. For
a more precise meaning of ‘class’ and its distinction from a set, Appendix A
should be consulted.

One may wonder at this point whether an existence postulate should be
introduced to the effect that 5 is not empty, or that it has at least a certain
number of members. Such a postulate is usually introduced in mathematics
to prove the existence of elements important in the development of the theory.
Since we are not interested in such statements concerning observers, we do
not introduce such a postulate. Whenever necessary, additional axioms can
be introduced having the form ‘+He #’, i.e., ‘H is an observer’.

The other properties of observers are expressed in postulates concerning
other concepts.

3. Sensations

One of the guiding principles in deciding what concepts to adopt as primitive,
is that the concepts should be understood with as little explanation as possi-



11 3] SENSATIONS 13

ble. Such a decision can be made only as a result of trying different ap-
proaches and discussing them with many people. I lost track of the number
of approaches I tried before settling down to the present one.

Many physicists prefer to introduce directly the concept of an object, and
bypass sensations altogether. Unfortunately, it turns out that this concept
is very complicated, as is seen later in this chapter, and the longer route taken
here is justified by the clarity and deeper understanding that result from it.

Since the following three concepts are means to an end, and are not used
after this chapter, the symbols used to represent them have no relation to
their names. The more frequently used concepts are represented by the first
letter of their name.

C2. Z.

I2. Occasionally, one may have a single pure sensation, as when looking
at a non-varying monochromatic point-source of light, or feeling the con-
stant pressure of the point of a pin. More frequently, one has simultaneously
a great variety of sensations, such as visual sensations from different portions
of the field of view, and sensations of touch, temperature, sound, and smell.
The sentence ‘(S, H>eZ’ means ‘S is a simultaneous set of sensations of
observer H’.

Implicit in the notation (S, H)>e %’ is that & is a class of ordered couples
(binary relation) and the ordered couple (S, H) is an element of Z. The
assumption that & is a class (112)1 is expressed by axiom:

A2. Cz,
and that & is a binary relation (D23), by the postulate:
P1. R, Z.
For convenience, we introduce the definition (see Sec. 13):
D1. SZH for (S,H)eZ.
The class of sensations of observer H is defined by
D2. Fy for Xa>3XZH.

‘X3 XZH’ denotes the class of all X such that X is a sensation of H(I13).
According to P12 (Postulate 12 of Sec. 8, Appendix A), ‘Se £, is equivalent
to ‘SZH’.

In the sentence ‘SZ H’, H is an observer, i.e., the range of the relation &
is the class 5 of observers (P2).

t *(112)’ denotes ‘Interpretation 12’ in Appendix A.
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P2. (GX)XZH.~He#.

A simultaneous set of sensations S can belong to at most one observer.
Consequently % is a many-one relation (D35), i.e.

P3. SFGASZFH-G=H.
Literally, this means that if S is a sensation of both G and H, then G=H.

4. Subjective entities

As explained in the introduction, the next step is to correlate sensations, and
then attribute the correlated sensations to a subjective entity.

C3. F.

I3. When an observer sees an object from different points of view and
under different conditions (with his naked eye, through a telescope, through
a window screen, under different lightings), his visual sensations due to the
object do change. Yet he still attributes the different sensations to the same
source by analyzing them and comparing them with the help of his memory.
Moreover, through experience, an observer has the ability to correlate sen-
sations stemming from the stimulation of different sense organs. For instance,
he may recognize an object by either how it looks or how it feels. The sen-
tence ‘(R, S, H>e 7’ means ‘The two simultaneous sets of sensations R and S
are attributed by the observer H to the same source; H may have R and S at
the same (psychological) time, or at different times’.

Here again, the mathematical sentence ‘{R, S, H >e #’ means ‘the ordered
triple (R, S, H) is a member of the class _#°, and these properties are ex-
pressed by axiom A3 and postulate P1 below.

43, Gz
Pl R, £

For convenience, we define:
D1. R7Z4S for (R,S,H)ey.

All the important properties of the ternary relation ¢, discussed in I3,
must be expressed by postulates. Postulate P2 expresses the fact that the
first two terms in ‘R, §, H)’ are (simultaneous sets of) sensations of the
observer H, who is represented by the third term.

P2. RIuS—-RZHASZH.
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Literally, P2 states that if R_#,S, then RZH and SZ H. The meaning of
‘RFpS’ is given by D1 and I3, and of ‘RZH’ by D3.1 and 12.

From P2 and P3.3 it follows that if R #;S or S #4R, and S ¢,T or
T #yS, then G=H (T1).

This means that if sensations R and S are attributed to the same source by
observer G, and sensations § and T are attributed to the same source by
observer H, then G and H must be one and the same observer (since the
sensation S can only belong to one observer). The reader who is not yet
interested in details should skip the proof of T1.

TL. RZSVSFRASIyTVTFyS:>G=H.

Proof. Since this is the first theorem, the proof is presented in full detail.
As familiarity with the different logical theorems develops, fewer and fewer
details are given. The experienced reader can bypass many of the steps with
a brief glance.

P2:R#;S—-RZGASZG. (1
T214:RZGASZG->SZG. 2

The items on the left of the colon are the postulates and theorems used to
deduce the outputs on the right of the colon. The numbers on the extreme
right are the names of the outputs.

(1),(2), TL.2:R #(S—>SZG. (3)
The proper way of writing this is:
T1.2:(1),(2)»FR £ ;S>SZG,

but we shall take the liberty of using the simpler form (3).
Similarly, we have

P2, T(2.14,1.2): S ¢ yT>SZH. €))]
This illustrates what is meant by giving fewer details.

(3),(4), T(1.7,2.33): R FSAS Fy T->SZG ASZH (5
P3.3 ->G=H. (6)

The last step is an abbreviation of the two steps:

P33:SZGASZH-G=H, 7
(5),(7), T1.2: R £ S A S £y T-G=H. (6
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This kind of abbreviation will be used frequently from now on. Notice that
T1.2 is not even mentioned in (6).

[n exactly the same way we can deduce from P(2, 3.3) and T(2.14, 1.2)
that

RESATF,S—>G=H, (8)
SZGRASFT>G=H, 9)
SFRATF,S—>G=H. (10)
(6"), (8)-(10), T1.7:(6") A (8) A(9) A (10), (11)

(1), T(2.37,1.1): RFSASFyT. v RFEGS AT F5S.
V.SEIRASFuT.V.SEFGRATFyS:»G=H. (12)
(12), T(2.42,1.2): T.

‘T’ signals the end of the proof, and stands for the output of Tt:
RESVSFIRASFTVT FyS:-»G=H.

The relation # is the one that H uses to correlate his sensations. In order
that correlated sensations can be grouped into disjoint subclasses that can
be attributed to subjective entities, it is necessary that _#, must be an equiva-
lence relation (D32) in the class of sensations of H, Z 4(D3.2). In other words,
#n must be reflexive (D25), symmetric (D27), and transitive (D30). The
reason for this is that whenever an equivalence relation holds between the
elements of a class, the class can be decomposed into disjoint equivalence
subclasses, such that all the members of a subclass are equivalent to each
other, but no member of a subclass is equivalent to any member of another
subclass. A member of the original class can belong to one and only one
equivalence subclass, which is said to be determined by it.

The reflexivity of #, i.e., the fact that every sensation § is correlated with
itself, is expressed by:

P3. SZH-S 7,S.

Instead of expressing the symmetry and transitivity of #, by two postu-
lates, it Is more economical to introduce the single postulate that # 5 is semi-
transitive {D31).

P4. RIS ARZ, TS F,T,

ie., if R ZyS and R Z,T, then S_#,T. This means that if H attributes R, S
to the same source, and R, T to the same source, then he attributes S, T to
the same source.
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In the usual form of the transitive law, we should write ‘S ¢ ,R’ instead
of ‘R _#,S’. However if this is done, the symmetry of _#, must be postulated;
whereas by adopting the form in P4, it is possible to prove that # is sym-
metric (T2).

T2. F u 1s an equivalence in & y.
Proof. P3, P4, T7.1.

In view of this, we see that a simultaneous set of sensations S of H deter-
mines a unique equivalence subclass defined by:

D2. Fu(S) for XX 7,8,

where X3 X ¢, is the class of all sensations X equivalent to S(113).

It is tempting to identify _#4(S) with the subjective entity to which H
attributes S. However, #,(S) is a class, and a class cannot be an element
of anything (see the discussion of class and set at the beginning of Sec. A2).
Since we should be able to talk about the class of the subjective entities of
an observer H, we see that a subjective entity must be represented by a set
and not a class. This suggests that we assume the existence of a unique set A
that represents # 4(S), in the sense 4= #4(S). According to D21, D2, and
P12, ‘A= _#,(S) means ‘for any set X, Xe 4 if and only if X #,5°. Conse-
quently, ‘R #,S’ and ‘A= _#,4(S) imply ‘R, SeA4’. If we interpret ‘Re 4’ to
mean ‘R is attributed to A’, then we see that A is the subjective entity to
which H attributes the sensations R and S.

In order for this interpretation to be justified, it is necessary that the set 4
is unique. Because of T3.22, it is sufficient to assume that if SZ H, there
exists at least one X such that X= #,(S), i.e.,

Ps. SZFH-3X)X=_#4(S).
The sufficiency of P5 for uniqueness is proved in (see D10):

T3. SZH-(A1 X)X =_7,(5).
Proof. P5,T(3.22,1.2).

This states that if SZ H, there exists exactly one set X such that X'= _#,4(S).
This unique set, which is the subjective entity associated with S, is represented
explicitly by:

D3. S(H) for (1X)X=44(S),
where ‘(1 X)X = _#,(S) denotes rhe set X that satisfies ‘X= _#,(S) if this set
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exists, otherwise it denotes the null set (17, D11). The meaning of D3 is
further clarified by:

T4. SHFHAA=S(H)>SZH A A= ¢ 4(S).
Proof. T3, T(4.3,1.2):SZH» A=(1X)X= ¢, (S)oA=24(S)
D3 —. A=8S(H)>A= #4(S). (1)

(1), T2.32:T.

According to T4 the sentence ‘4= S(H)’, where S is a sensation of H, is
equivalent to ‘4 is the subjective entity to which H attributes the sensation .S”.
The class of subjective entities of H is now defined by:

D4. 2(H) for X3(3Y).YZHAX=Y(H)

2(H) is the class of sets X to which H attributes his sensations Y.
With the help of D4, the class of subjective entities (without reference to
a particular observer) is defined by:

Ds. 2 for X3(3U)Xe2(U),

i.e., 2 is the class of sets X such that there exists at least one observer U,
and Xe 2(U).

Since a subjective entity is subjective, i.e., it belongs to a particular ob-
server, we expect that if 4 is a subjective entity of both G and H, then G and
H must be one and the same observer (T5).

Ts. Ae 2(G)AAe 2(H)-»G=H.
Proof. D4,T4,D2,D21,T3.(15,4): Ant
~(AX,Y)XZGAYZH
AVU):UedeUFX A UcdeUFgyY

T1.14 »(3X, Y).XZG. A (YU).UF XU F,Y
P3,P4(AX,Y)XIXNX I XX FyY
T27 —»@X,Y)XFXAXIY
TI -@AX,Y)G=H
T3.13 »Con.

To recapitulate, without a relation between sensations it is not possible
to arrive at the concept of an entity perceived by an observer. This relation
was represented by #,. By assuming £ to be an equivalence relation, the
class of sensations of observer H was divided into disjoint equivalence sub-
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classes, each of which was represented by a set S(H). It is these sets that
were finally identified with the subjective entities perceived by H.

5. Objectivity

In this section we achieve the first major goal by defining the objective macro-
scopic universe. To do this, we need to correlate subjective entities of different
observers, and then attribute the corresponding entities to a common source,
an objective entity. The correlation is achieved by means of the concept:

C4. A

14, ‘{4, G, B, H>e 4" means ‘The two different observers G, H establish
a correspondence between the subjective entity A perceived by G and the sub-
Jjective entity B perceived by H, i.e., they agree that 4 and B owe their exist-
ence to the same source’. For example, G and H agree that they see the same
object (source), or the object that one sees is the same as the object the other
touches. We are not concerned here with the opinions of G and H about
what 4 and B are, but only with their establishing a correspondence between
A and B.

As before, ‘4" is a class’ is expressed by the axiom:

A4. Cx,
and ‘A" is a 4-place relation’ by the postulate:
Pl RyA .
For convenience we define:
D1. AgH yB for (A,G,B,H)eX .
The interpretation of the different terms in ‘A, z B’ 1s given by:
P2. AgHt yB—Ae 2(G)ABe 2(H)AG#H,

i.e., if Ag# B, then A is a subjective entity of G, B is a subjective entity of
H, and observer G is different from observer 4.

Although the subjective entities 4, B are attributed to the same source,
they are different, since the observers G and H are different (T1).

T1. AgH yB—A+#B.
Proof. P2:Ant—>Ae 2(G)ABe 2(H)AG#H. ¢))
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T53:4€ 2(G)ABe 2(H)AA=B—Ae€ 2(G)n Ac 2(H)

T4.5 ~G=H. @
(2),T2.32: Ac 2(G)ABe 2(H)AG#H—>A#B. 3)
(1),(3): T.

Moreover, since a subjective entity can belong to at most one observer,
we have:

T2. ApH GBA Ayt C—>F=H.
Proof. P2: Ant—>Ade 2(F)nAe 2(H)
745 —Con.

The symmetry of ‘A, 4B with respect to the interchange of 4, G with
B, H is expressed by:

P3. AgH yB—>ByH GA.

If F agrees with G that 4 and B are due to the same source, and G agrees
with H that B and C are due to the same source, then F and H will agree
that 4 and C are due to the same source, provided F# H. If F=H, then 4
and C must be identical; otherwise, the observer F will attribute two different
subjective entities to the same source. Thus we assume:

P4. AF‘%/.GBABG’%‘HC_)AF'X‘HCVA=C'

Notice that 4 =C implies F=H, by T2 and P3.

We now define an objective entity by a method similar to that used in the
previous section to define a subjective entity. In effect, we introduce an
equivalence relation in the class of subjective entities; thereby decomposing
this class into equivalence subclasses, and then represent these subclasses by
sets which are identified with objective entities.

The equivalence relation is defined by:

D2. ALB for A=Bv(AU,V)A,X B

‘4% B’ means ‘either 4= B, or there exist two different observers U, V
who agree that 4 and B are due to the same source’.
To prove that ‘£’ is indeed an equivalence relation, it is sufficient to prove

that it is reflexive (T3) and semitransitive (T4), just as was done in T4.2.

T3. EY

Proof. D2: A% A A=AV @A U, V)4t A
T1,T1.11 -A=A. (1)
(1), T(5.1, 1.1): T.
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T4. ALBArAEcHBEC.
Proof. D2: Ant—:A=Bv (@A U,V)Ay, A" B.
ANA=Cv@AU,V)AyH,.C
T(2.42,5.1),P3,T2.19-B=Cv(3 U, V)CyX',B.
T2 vAU,V,W). Ay yBAAyH wC. (1)
P3,4: (AU, V,W).AyH B A AyH yC.
-B=Cv(@AV,W)B,#,C. (2)
(1),(2), D2:T.

T5. £ is an equivalence in 2.
Proof. T3,7T4,T7.1.

The equivalence subclass of subjective entities containing A is defined by:
D3. H(A) for X2.XeDAXEA.

As in P4.5, we assume the existence of a set that represents this subclass.
P5. Ae 2-3 X)X =x4(4),

This states that if 4 is a subjective entity, there exists at least one set X that
represents the equivalence subclass #'(4). The uniqueness of this set is dem-
onstrated in:

T6. Ac 3@ X)X =X (A).
Proof. P5,T3.22.

The unique set, which is the objective entity (object) associated with the
subjective entity A, is represented by:

D4, A for (1X)X=2(A).

To convince ourselves that 4 is indeed the object to which the subjective
entity A is attributed, we notice that ‘4 is attributed to 4> means ‘AdeA".
Thus we have to prove that if 4 is a subjective entity (4€.2), then AeA.

T7. Ae2—>Acd.
Proof. T6,T4.3, D4: Ant
—(VX). X =AoX=24(4)
D21, D3 o(VY).YeXoYe2AYE4
P4 > Ac2rAXA-4eX
T3,T1.10 . Ac2—-AecX
T2.(32,14)»(VX).X=AdArAc2-AecXrX=4
T5.3 —»Aed
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T3.(19,15)—»:Ae 2A(AX)X=A4A.~Aed
T1.10 —.Ae2-4€ed
T2.(32,18)->Con.

If two observers agree that their subjective entities A, B are due to the
same source [(3U, V)4, # ", B], the objects 4, B must be identical (T8).

TS. AU,V)AyA yB.~A=B.

Proof. T2.15,D2: Ant—A£B. (1)
(1), T2.12: AntA X 54 542 BAXE4
T5 »Xx£pB. 2)
(2), T2.32: Ant—>. X £ A X £B. (3)
P3,(3): Ant—. X £BXx £ 4. 4)
(3),(4): Ant—>(V X). X £ AX £B. (5)
D21,D3:AntA X=2(A)»(VY).YeXYe2AYEA4
(5), TL.14 —Ye2rYEB
D3 —X=2(B). (6)
(6), T2.32, P3,P3,PS: Ant —(V X).X =4 (A)e>X = X (B)
T4.2, D4 —Con.

The converse of T8 is also true, namely:

T9. A=BAA,Be 2AA#B—(AU,V)AyX",B.

Proof. T5.4:4=B-(VX).X=4A-X=8. 1)
T6,T4.3,D4: Ac 2V X).X = A X =H"(A). 2)
Similarly: Be 2-(VX).X=BoX=x(B). (3)
(L)-03): Ant—>(V X).X=A(A)oX =4 (B)
D21,T1.14 —»(VY).YeA (A)y>Ye A (B)
P4 —.Ae A (A)>Ae X (B)
D3,2 —.Ae2AA=A-Con
T(1.10,2.32) —Con.

The objective universe of observer H is the class of objects to which H
attributes his subjective entities; in symbols:

Ds5. OH) for X3(3Y)X=YA@U,2)Y, 7 Z.

Literally, O(H) is the class of sets X, such that there exists at least one sub-
jective entity Y that H attributes to X(X=Y), and there exists at least one
other observer U and a subjective entity Z of U such that H and U agree
that ¥ and Z are due to the same source X (according to T8, Z=¥=1X).
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The (macroscopic) objective universe (class of objects) is then the class of
all objects that belong to at least one observer U(D6).

Deé. O for X3(3U)XeoO(U).

Objects are denoted by italic capital Latin letters.

It can be seen from D5 and D6 that only two observers are necessary and
sufficient to establish the objectivity of an entity. Since objectivity is essen-
tially a measure of agreement between different observers, one may think
that more than two observers are necessary. However, it turns out in practice
that if two observers having the qualifications specified in I1 agree on the
perception of an entity, the probability that another such observer would not
agree with them is negligible. It is because the probability of agreement con-
verges so rapidly to unity, that the concept of objectivity is possible.

The fact that an entity A is objective (A€ ), does not mean that it is per-
ceived by every observer — it is quite possible that A is perceived by an
observer G{ A€ @(G)], but not by another observer H. In D7, we define the
class O(H,,...,H,) of objects common to observers H,,...,H, as the inter-
section (D18) of O(H,),..., C(H,).

D7. C(H,,....H,) for CO(H)n..nC(H,).

With D7, our first major task is completed. Some of the ideas upon which
this chapter is based were expressed qualitatively by B. Russell [1927}. But
as far as I know, this is the first time a precise definition of the objective
universe is given in the framework of a deductive theory.

This is the only chapter in which physicists may feel a little out of place.
From now on there will be many familiar landmarks, as a glance at the con-
tents can show. However, instead of flying from one landmark to another,
we shall use surface transportation that covers the territory thoroughly and
penetrates deeper into little explored areas.
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1. Parts

The point of space geometry is a particle, which is usually defined as an
object with no perceivable parts. For this definition to be acceptable, the
concept ‘part’ must be meaningful. The question now is whether ‘part’ can
be defined in terms of the set concepts ‘element’ (116) or ‘subset’ (D19), or
whether it must be introduced as a primitive concept.

Since an object is a set (DII5.4), and a set without elements cannot be
distinguished from the null set §(T6.24), the identification of ‘part’ with
‘element’ is ruled out. To decide whether ‘part’ can be defined in terms of
‘subset’, we need to know the physical interpretation of ‘subset’.

The subset relation < is defined in terms of the element relation e(D19).
To interpret ‘4eB’, where A, B are sets representing objects, we observe
that a set is an individual or a definite collection of individuals [Sec. A2(i)].
Consequently, B={4, C,...,C,}, which means that B can be decomposed
into a set of objects, one of which is 4, i.e., 4 is a constituent of B. From this
and D19 we conclude that ‘A< B’ means ‘any constituent of 4 is also a
constituent of B’, and thus ‘4 =B’ (D20) means ‘any constituent of 4 is a
constituent of B, but not conversely’. Since this is precisely the meaning of
‘A is a part of B’, ‘part’ can be identified with the proper subser relation <,
and no additional primitive concept is necessary to represent ‘part’.

The sentence ‘C consists of A and B’ can be interpreted in one of two ways:
‘C= {4,B}’ or ‘C=AUB’. We use the former interpretation if we consider
A, B to be the ultimate constituents of C, and the latter interpretation if we
consider the parts of A, B to be also parts of C. Notice that < is transitive,
whereas € is not; thus if 4 is part of B and B is part of C, then 4 is part of
C, but if 4 is a constituent of B, and B a constituent of C, then A4 is not a
constituent of C.

Different observers may not agree on the analysis of an object into parts
because of differences in the distances of the object from them, variations in

24
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the resolving power of their perceptions, and diversity of conditions and
means of observation — a car appears to be a particle at a distance, but a
complex object when close by; two adjacent objects may appear to be a
particle to a nearsighted person, but two distinct objects to a person with
good eyesight; a dust particle ceases to be a particle under a microscope.
Thus it is not sufficient to write ‘4 = B’ for objects; it is also necessary to
state who perceives 4 and B. In view of this, the following definitions are
useful (D19-21; DIIS.5):

D1. AcyB for ASBAA,BeU(H).
D2. AcyB for AcBAA,Be0(H).
D3. A=yB for A=BAA,BeO(H).

As in T6.(3,4), D(20, 21), we have:

T1. ASyBeoAcyBv A=4B.
T2. AcyBoAS yBA ~BS A,
T3. A=yBoAcyBABo 4A.
T4. ~AcyA.

T5. AcyB-~BcyA.

T6. AcygBABcyCoAc,C.

T4, 5, 6 show that < is irreflexive (D26), asymmetric (D28), and transi-
tive (D30). Thus, < is a strict partial ordering of the class of objects of
H,0(H).

Even though an observer H may perceive 4 to be part of B, but some other
observer G may not perceive 4 or B, nevertheless, the relation < is objective
in the sense that if any observer U perceives 4 to be part of B, any other
observer H who perceives A and B, agrees with U that A4 is part of B. In
symbols:

T7. (AU)AcyB.AA,Be O(H)»Ac ,B.
Proof. D2:Ant—>AcBAA,BeO(H)
D2 —Con.

What we have done so far, is to introduce few basic relations between
objects. In the next section, two more relations are defined. All these relations
are then used in Sec. 3 to define a particle and derive some of its properties.
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2. Connection and separation

In addition to the above definitions, it is useful to introduce two more:

D1. AseyB for
~ASyBA~BSyAn(3X)XcyAAXcyB.

‘A=c, B’ reads ‘A and B are connected for H’, and means (T1.1): 4 is not
equal to B(~ A=yzB), A is not part of B, B is not part of 4, and there exists
an X which is a part of 4 and B.

D2. AocyB  for
~ASyuBA~BsyArn~AX)XcyAdA X cyB.

‘Aocy B’ reads ‘4 and B are separate for H’, and means: A is not equal
to B, A is not part of B, B is not part of A, and there does not exist an X
which is a part of 4 and B.

T1. ~ Az A A ~ AncyA.

Proof. D1,2;T6.3: Aseyd v AocyA—>~A=A. ¢))
(1), T(2.20,2.39,6.6): T.

T2. AseyBe>Boey A.

Proof. D1.

T3. Aocy B Bocy A.

Proof. D2.

Two objects 4, B of an observer H are related to each other in one of five
different ways (T4): (1) A=, B, (2) A< yB, (3) Bc A, (4) AseyB, (5) A><yB.

T4. AsyBvAcyBv BcyAv AseyB v AocyB.
Proof. Substitute ‘A< yB’, ‘Bc 44", and ‘3 X)XcydAXcyB’ for F, G,
and H, respectively in T2.4 and make use of T1.(1-3), and D1,2.

3. Particles

The class of particles perceived by an observer H is the class of objects X
of H that have no parts perceived by H(D1).
D1. P(H) for X3XeO(H)A~(FY)YcuX.

Particles are denoted by the Latin italic capitals: P, Q, R, S, T, U.
We do not define the class of particles, because what is a particle to one
observer may not be a particle to another observer. However, it does seem



1r 3] PARTICLES 27

possible in practice to find objects that are considered to be particles by many
observers under a wide range of conditions. The class of objects that are
particles to observers Hy,..., H, is the intersection (D18) of the classes
P(H,),...,?(H,).

D2. P(H,...H) for P(H)n..nF(H,).

According to D2.1, two objects are connected only if they have a common
part. Since a particle has no parts, it cannot be connected with another ob-
ject (T1).

T1. PeP?(H)— ~(3 X) X2e,P.
Proof. D1: Ant>~(3Y)YcyxP
T3.17 (YY)~ Y ,P
T2.15 S(VY)~Yc,Pv~Yc, X

T(3.17,2.38) —>~@@Y)YcyPAYcuX
T2.15,D2.1 —Con.

From D1 and TI1, we see that if 4 is a particle and B is an object, then
cases (3) and (4) in T2.4 are excluded. If B is also a particle, case (2) is also
excluded, which leaves cases (1) and (5). Thus two particles P, Q are related
in one of two ways: They are either the same or separate (72).

T2. P,QecP(H)-P=yz0Q v P>cy0.

Proof. D1:Ant-P,Qe O(H)
T2.4 —S>P=4QVvPcOvQcyPvPaeyQvPocyQ. )
D1, T1:Ant—> ~Pc 4O A ~QC yP A ~P32,0. @)

(1),(2), T2.11:T.

We have given a precise definition of a particle, and have shown that this
definition has the basic properties associated with a particle. Unfortunately,
it turns out that the concept of a particle is not objective, since what is a
particle to one observer may not be a particle to another observer. There
does not seem to be any way out of this, either in the macroscopic or micro-
scopic domain. For instance, a proton behaves like a particle for scattering
of low energy electrons, but has a structure for scattering of high energy
(=100 MeV) electrons.

Since (point) events are happenings to particles, events are not objective
either, which explains why the subscript ‘H’, referring to observer H, persists
throughout the theory.

So far, we have been concerned with only macroscopic particles. Whether
microscopic particles can be defined in a similar manner, is a moot question.
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1. Introduction

Just as the point of space geometry is a particle, the point of space-time
geometry is an event. We arrived at the concept of a particle through sen-
sations; how do we arrive at the concept of an event? The answer is, through
changes of sensations.

Since the only events of interest in physics are point-events, the changes
must be sudden (no extension in time), and the objects affected must be parti-
cles (no extension in space). In order for a change in sensations to be sudden
and distinct, it is necessary that it starts or ends at a level above the threshold
of both intensity and quality. For instance, the light from a particle must be
bright enough to be clearly seen, and its color must be well within the visible
range of red to violet. .

This does not mean that gradual variation of the intensity or quality of
light, sound, etc., cannot be studied in physics. Such phenomena can be
observed through the motion of the indicator of a detecting instrument, and
the important events are the sudden coincidences of the tip of the indicator
with the scale marks.

If a particle appears to an observer as he suddenly turns his head, such an
appearance iIs not considered an admissible event. To exclude such events
from consideration, all events are required to occur within the field of per-
ception.

2. Appearance and disappearance events

The only kind of events that can happen to a particle, are appearance (cre-
ation) and disappearance (annihilation); all other kinds of events can be
defined in terms of these two. For instance, the coincidence of particles P,Q
into particle R, can be defined in terms of the disappearance of P,Q and
appearance of R. These two kinds of events are introduced inC 5 and C 6 below.

28
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Cs. o

I5. %a, P, H)e 2/’ means ‘the observer H perceives the event a of the
sudden appearance of particle P’. The appearance must be within the field of
perception of H, and the sensations associated with P must be above the
threshold of intensity and quality.

The fact that o7 is a class, is expressed by the axiom:

AS. Cot,

and that it is a ternary relation by the postulate:
Pl. R,
For convenience we introduce the definition:
D1. asdyP for {a,P,H)e.s/.
We do not define ‘e is the appearance of P’ without reference to H, i.e.,
adP for (AU)as,P,

because a particle to one observer may not be a particle to another, and a
may not even occur to some observers. For instance, particles O, R may
seem to coincide into particle P for an observer H, who perceives the ap-
pearance a of P(a.e/yP), but Q,R may remain separate to another observer
G, for whom the event @ never occurs.

The following postulate states that the right member of ‘a7 ;P’ is a parti-
cle, i.e., the domain of the binary relation .27, is the class of particles #(H):

P2. (Ax)xLZyP.»PecP(H).

If two particles P,Q coincide into particle R, two views are possible: (1)
the disappearance of P,Q and appearance of R are three distinct events that
coincide at the same place and time; (2) these events are one and the same
event, namely the event of coincidence of P,Q into R. Here we adopt the
first view which corresponds to the view of Carnap’s C-T system (Carnap
[1958] p. 198). The second view corresponds to Carnap’s Wiin-system (Car-
nap [1958] p. 207). Other references in which these views were first proposed
and discussed, are given by Carnap ([1958] p. 197). The concept of coinci-
dence of events necessary for the first view is introduced in the next section.

In accordance with the first view which we take, an appearance event a is
associated with ar most one (D9) particle X, i.e.,
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P3. asd yPAastyQ-P=Q
and a particle P is associated with ar most one appearance event, i.e.,
P4. aslGgPAb yP—a=b.

It is not assumed that every particle P is associated with at least one appear-
ance event, because such an event may not be perceived by anyone. Different
observers G,H are used in P4, but not in P 3, because it is meaningful to have
a particle common to two observers, but two observers do not know that
they are talking about the same event unless they agree first that the events
are associated with the same particle.

All that has been written above about appearance events is completely
applicable to disappearance events, and the corresponding steps are written
down without comments.

C6. 2.

16. Ca,P, H>e &’ means ‘the observer H perceives the event a of the sudden
disappearance of particle P’. The disappearance must be within the field of
perception of H, and the sensations associated with P must be above the
threshold of intensity and quality.

A6. 2.

Ps. R, 2.

D2. PZya for <(a,P,H)>eZ.
P6. (3 x)PZyx.—>Pe?(H).
P7. PZuanQ@ya—-P=0.

P8. PDsanPZyb—a=bh.

Since an appearance event can never be a disappearance event, we assume:
P9. adGPAQZyb—oas#b,

i.e., if @ is the appearance of P, and b is the disappearance of Q, then a#b.
Another way of saying the same thing is that an event a cannot be both the
appearance of a particle P and the disappearance of particle Q(7T1).

T1. ~.a ;PAQPya.
Proof. P9:as/PAQDya—a+#a. (D
(1), T2.20:a=a-T. (2

(2), T5.1:T.



v 2,3] COINCIDENCE OF EVENTS 31

The class of events perceived by observer H is defined by:

D3. E(H) for x23Y)xegYvYPyx,

i.e., &(H) is the class of events x that are either the appearance or disappear-
ance of a particle Y. The class of events common to observers Hy, ..., H, is
defined by:

D4. é(H,,....H,) for x3(3Y).YeH(H .., H)
AxA g YA AxAdy Y.V YDy xA...AYDy X),

i.e., &(H,,...,H,) is the class of events x such that there exists a particle ¥
common to Hy,...,H,, and x is either the appearance of Y or the disappear-
ance of Y for all the observers Hy, ..., H,.

If a is the appearance of P for G, and a is common to both G and H, then
a is the appearance of P for H, and P is a particle for both G and H (T2).

T2. asdgPraeé(G H)»ad yPAPe?(G, H).
Proof. D4:Ant —asZ;PA(3X)XeP(G, H)
rMastgX naslyX. v . XDganXDya)
T, T2 HUe@X)XeP (G HYnast s Pradd X nas/yX
P3,T5.3 -»Con.

The same statement is applicable if ‘appearance’ is replaced by ‘disappear-
ance’, i.e.,

T3. P%canaeé(G,H)»PZyanPe? (G, H).
Proof. D4,T1,P7, as in T2.

3. Coincidence of events

Time geometry cannot be built from events alone; a mortar to relate events
is necessary to produce a structure, This mortar consists of the coincidence
relation between events, and the relation before. ‘Coincidence’ is introduced
as a primitive concept and ‘before’ is defined.

CT. €.
I7. «{a, b, H>e% means ‘the observer H perceives the events a,b to occur

at the same place and the same (psychological) time’, or briefly, ‘H perceives
a coincides with b’.



32 EVENTS [iv3

The simultaneity (same time) concept used in I7 should cause no anxiety,
because the events occur at the same place. This kind of simultaneity is ob-
jective, i.e., holds for all observers who agree on the perception of the affected
events.

The class property of % is expressed by:

A7. e,
and the fact that it is a ternary relation by:
P1. R,%.
For convenience, we define:
D1. a=xyb for (a,b,H>e®.

The fact that the left member of ‘a=yb’ is an event perceived by H, is ex-
pressed by:

P2, a=pgb—ae&(H).

The identity of the right member is not given, because it can be deduced from
the symmetry of =,(71).

Suppose that events a,b are common to observers G,H(D2.4), i.e., G and
H agree that they perceive a particle P with which a and b are associated.
If G perceives the coincidence of a,b(a=;b), then H must also perceive the
coincidence of a,b(a=yb), because the coincidence occurs at the same place
and time. The observers G,H could be moving relative to each other. Briefly,
if two events coincide for an observer, they coincide for any other observer
who also perceives the events (P 3).

P3. a=gbna,be&(G,H)—»a=yb.

Since every event can be considered coincident with itself, we assume=,
is reflexive, i.e.,

P4, ae&(H)—»a=ya.

Moreover, =, must be an equivalence in &(H). The shortest way of
achieving this is to assume the semi-transitive property (D31):

P5. a=yb A a=yc— b=ye.

Tl1. =g is an equivalence in &(H).
Proof. P4, P5,T7.1.
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T2. a=yb—a,be&(H).

Proof. Tl:a=ub—b=ya
P2 —be&(H). H
P2,(1):T.

4. Time order

The time order between events that can be connected by a chain of particles
(events inside the light cone) is defined in this section. Time order between
events that can be connected by light signals (events on the light cone) is
introduced in the next chapter. Some authors (Carnap [1958] p. 198) intro-
duce this relation as a primitive concept, and others (Reichenbach [1958]
§ 21) define it in terms of a causal chain. Our approach is similar to the latter
method, but is different in the explicit use of the two types of events presented
in Sec. 2.

More explicitly, we define ‘a precedes b’ to mean (D1) there exists a se-
quence of particles Z,, ..., Z,{n>1) such that a coincides with the appearance
of Z,, the disappearance of Z, coincides with the appearance of Z,, ..., the
disappearance of Z, coincides with b. The particles Z,,...,Z, are the links
of the chain connecting g and b.

Dl1. a<gb for
Ax, v, Z).a=yx AXAYyZANLZDyy A y=yb:
vEn)n>1A@ X, yL2Z0, 00X Vi L)
a=gX{ AX1 gL AL Dy  AY{=<pgXa A ...
AXp S Wi N2, Dy, N Y=<ub.
‘a< yb’ reads ‘a precedes b, for H’. The sentence ‘a is before b’ is defined

in DV3.2 to include events ordered by unperceivable signals.
The field of <y is the class of events of H(T1).

Tl a<yb—a,be&(H).
Proof. D1: Ant—(3 x)a=zx A3 y)y=yb
732 —Con.

A very simple but important case of D1, is when a is the appearance of a
particle P and b is the disappearance of P, namely:

T2. asd yPAPDyb—a<yb.
Proof. D2.3:Ant—a,be&(H)
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P34 —axyaAnadyP APDyb A b=yb
D1 —Con.

Just as < is a useful relation between numbers, <, defined below is a
useful relation between events.

D2. axgpb for axybva<yb.

‘a gb’ means ‘either a=yb or a<yh’.
With the help of D2, a compact statement of a general transitive law in-
volving <y and >, can be given (T3).

T3. agbab<yc.v.a<ghArbxyc:—oa<yc.
Prodf. D1, T2.40:a=yb A b< yera=yb A3 x).b=px A ...
73.1 =@ x)a=px ...
D1 Sa<ye (1)

D1, T2.40:a<zbAb<yc
—(Qu,v,x, p).a=yu AV=gh AD=EX A P=HCA L
T3.1->(Fu,0,%, y).a=<yu AUVEX A P=pCA ...

Dl —a<pye. Q)
(1),(2), T2.40: a=yb v a<gb. Ab<pyc:—a<yc. 3)
(3),D2:axyb Ab<yc—a<yc. (4)

Similarly, we can prove:

a<yb Ab=< e a<ye. (5)
(4),(5), T2.37:T.
Literally, T3 states that either a=< ;6 and b<< ¢, or a<gb and b=<{ ¢, implies
a<gC.
One of the essential properties of =, is that coincident events are con-
nected without any intermediary. In view of D1, this means that =<, and
<y are mutually exclusive (P1).

P1. ~.a=gh Aa<yb.

One consequence of this, is that < is irreflexive (D26).

T4. ~qa<ya.

Proof. Pl:a<ya— ~a=ga. (nH
T1,P3.4:a<ga—a=ya. 2)
1),(2): a<ga—a=yan ~a=ga. 3)

(3), T2.9:T.
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Moreover, < is asymmetric (T5).

T5. a<gb—> ~b<ya.
Proof. T3:a<gybAb<ga—a<pya. )
(1), T2.20,T4: ~.a<,b Ab<ya. (2)

(2), T2.22:T.

Therefore, <, is irreflexive (T4), asymmetric (T5), and transitive (T3),
and thus is a strict partial ordering of §(H); it has the same properties as the
numerical relation <.

A definition that is useful later on is:

D3. a7 yb  for a=xpybva<ybvb<ya.

‘aF yb’ reads ‘a,b are time-like for H’. This terminology is borrowed from
relativity, where the time interval between two events related in this way is
said to be time-like.



V. SIGNALS

1. Change, coincidence and dissociation

It was stated in Sec. IV 2 that all events of interest to physics can be defined
in terms of appearance and disappearance events. This is accomplished in D1.

D1. P,...P,RQy0,:,....0, for
(BX1seees X V1o oos V) P1@uX A AP D yx,,
AY1Z Oy A oo A Y g Qy AX 1=y R Xy =gV 1 =g =g Y
‘Piy.... P,y Qy,...,Q, means ‘there exist events x,,...,x,, that are the
disappearance of particles P;,...,P,, respectively, and there exist events
Y1, ...,V that are the appearance of particles Q,,...,0,, respectively, and all
these events coincide together’, it reads ‘P,,..., P, go into Q4,...,Q,, for H’.
Special cases have special names: ‘PQyQ’ reads ‘P changes into Q, for H’;
‘Pi,y...,P,QuQ reads ‘P,...,P, coincide into Q, for H’; ‘PQuQ;,...,Q0,
reads ‘P dissociates in Q,,...,Q,, for H’.
The remainder of this section is devoted to the development of the proper-
ties of ©y. The reader who is not interested in details can glance at D24,
P1, and then proceed to Sec. 2.

T1. P, Py Oys o 0umPys s Py 0y, .., 0, € P(H).
Proof. D1, PIV2.(2,6).

T2.If iy,...,i, is a permutation of 1,...,m, and j,...,j, iS a permutation
of1,...,n,then P, ..., P,Q401»..., ;=P ..., P, Qu Q... O,
Proof. D1, TIV3.1.
T3. P,...PQy0Q,...0,AR;,...,RQyS,,..., S,
APy PRy, LR FEDV{Q,, .., QN {S, ..., S #£0:
-P,..,P,R,...,RQy0:,....0,S;,.... S,

Proof. D1, TIV3.1.
T4. P, .. .P,Qxr0Q.....0nie{l,...ominjell,..,.n}>PQyQ,;
Proof. D1.

36
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We prove in T5 that &y is irreflexive, and in T6 that it is asymmetric.
However, @y, is not transitive.

T5. ~PQy P.
Proof. D1: PRy P—(3x, \)PDyx Ay yP A x>y
TIV42 (3 x,y)y<gx Ax=gy. (0
(1), T2.20, PIV4.1: T.
Te. POy Q- ~0QuP.

Proof. DL:PQu oA QP
—>Qu,v,x, V)PDyu n v gQ A=<y AQDyx Ay yP A x=yy
TIVA2-5(3u,0,x,¥) y<gt AUSZ0 A O<pgX A X=yy
TIV4.3-3x,y) y<pXx Ax=gy. (1)
(1), T2.20, PIV4.1, T2.22:T.

The following definitions restrict the number of particles participating in
a reaction:

D2. P,...P,Qu0,,....Q0, for
PP Qs QuA(N UV, X, ) UDyx ANV Dyy
Ax=gyAUe{P,...,P}-»Ve{P,..,P.}.

‘Pi,....,PQpQy,....,0Q0, means ‘only P,,..., P, gointo Q,....,0,".

D3. P,...,P,Qy0....0, for
Pt Py Q.. QAN U,V, x, y).x A qU Ayt gV
Ax=uyAUe{0,,...,.0,}=»Ve{0Q,...,0,}
‘Piy... P, yu0,,....,Q0,, means ‘P,...., P, go into only Q,...0,".
D4, P,..PQy0,,...Q, for
P,...P,Qu0,.... 0, AP, ... P04, ..., 0,
‘Piyes P @ y0y,...,Q, means ‘only Py,...,P, go into only Q,...,0,.

T7. PQuRAQOLR. V. ROy PARSyQ:»P=0Q.

Proof. D2:PQuRAQQyR->PROLRAQQLR
T3 _)P’ Q@H R
D1 —(3x, y)PDyx AQDyy Ax=yy. o)
D2, T625:P-QyR—>.PDyx AQZyy Ax=yy—Q=P. )
(1),(2), T2.7: POy R A QQu R-P=0Q. (3

Similarly, we can prove

Ry PARQyQO—-P=0. 4)

(3),(4), T2.37: T.
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If P,QyP,, P,QyPs,....P,_QyP,, then P, ..., P, form a particle chain,
and an event at the beginning of the chain occurs before an event at the end
of the chain (T8).

T8. a=ycAct ygPy AP QuPy A ... AP, Q 4P,
AP Dyd nd=yb—a<yb.
Proof. D1,D1v4.1.

If PQgxQ, R, and for any object Y,Pc, Y implies Q=Y and R, Y, we
expect that Q= R, since Q and R exist at the same time. This is expressed in:

P1. PRuO,RA(VY).Pc Y0, Y ARS,Y:>(0=R.

2. World lines

In relativity, a world line is a curve in a space-time diagram, i.e., the class of
all events associated with a particle. Since the only events associated with
a particle are its appearance and disappearance, it does not seem possible
to identify a particle after an event with a particle before the event. This is
particularly true with events resulting from interaction of indistinguishable
particles.

There are two cases, however, in which one can establish a correspondence
between a particle after an event and a particle before the event: (1) if a
particle P is not part of any object and only P changes into only O (P-&-»x0),
then the correspondence between P and Q is unique, and we can say that Q
is a continuation of P; (2) if a particle P is a part of an object X, P goes into
0 (PQyQ), and Q is a part of any object Y that is P part of, then we can
establish a correspondence between P and Q by virtue of their association
with the same objects. For instance, if P is the tip of a pointer, then as the
pointer coincides with different marks of a dial, the tip will successively dis-
appear and appear. Each particle representing the tip after every one of these
events can be considered to be a continuation of the preceeding one.

Thus we define ‘P continues into @’ in D1 to mean that one of the above
two cases hold, and then define a world line in D2 to be the class of events
on a particle or its continuation.

D1. P2Q for ~(3X)P,QcyX. APQyQ:
ViAX)PcyX APQuOA(NY)PcyY»Qc,Y.

‘P2’ reads ‘P continues into Q, for H’ or ‘Q is a continuation of P, for H’.
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T1. (PpQ)-P,QeZ(H).
Proof. D1, T1.1.
T2. (P>}—I>Q)—+ ~(Q>I—;P).

Proof. D1: Ant-PQ, 0
T1.6 —>~0QyP
D1 — Con.

T3. P20 AP>R.-0=R.
Proof. D1,T2.42,T1.3: Ant— : P-© ', QAP Dy R.
v.PQQAPRQyR.
V.PQuO APy R
v.PQyQ,R
AVY)PcpY-5QcyYARC,Y
T1.7,P1.1 ~Con.

Just as in T1.8, Py,..., P, establish a particle chain, if Pp2P,,...,P_ >
P(T4).

14, a=ycAc yPLANPPRPP A AP, _ 2P,
AP Dyd nd=yb—a<yb.
Proof. D1,D1.(2-4): Ant>a=yc A e/ 4P,
AP QyP,A...AP,_Q4P,
AP.Dyd nd=yb
T1.8 —Con.

We now define the world line of particle P as the class of events that coin-
cide with either the appearance or disappearance of P or a continuation of P.

D2. W (P)y for x> y)ix=pyA.ydyPvPDyy
v(@An)n>0A32Z,....Z)(PRZ  AZpZo A ...
AZy 3Ly N Zo@Zy (N NZPRPYN Yyt yZy N Z2,Dyy.
W (P)y is called the world line of P.
In accordance with D2, the world line of a particle is equal to the world
line of any of its continuations.

—P

-t'yin

TS. PI?PZA"'APn '—)W(PI)HEW(PH)H‘
Proof. D2.

T6. aeW (P)y—~aecE(H)APeP(H).

Proof. D2,TIV3.2, PIV2.(2,6), T1.

As might be expected, two events a,b on the world line of a particle P are
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related in one of three ways: (1) a coincides with b, (2) a precedes b, or (3)
b precedes q, i.e., aF 4zb (see DIV 4.3).

T7. a,beW (P)y—aT ub.

Proof. D2,D1V4.(1,3), TIV(3.1,4.3), T4.

T8. a=pbAbeW (P)y—>acW (P)y.

Proof. D2, TIV3.1.

T9. P=Q VP20V QP oW (P)y=# (Q)n.
Proof. D2.

3. Signal relation

So far, time order was established by means of particle chains only. In phys-
ics, order between events not so connected may be established by unperceivable
signals. If there is no perceivable connection between two events, how can
one establish an ordering relation between them? One possibility is through
correlation between two sets of events as described in the interpretation of
the following primitive concept.

Cs8. .

18. {a,b,H>e ¥ means ‘there exist two sets of events a, § on the world
lines of two separate particles, such that there is a one to one correspondence
between the a-events and the f-events, and the type of, and relations between
the a-events determine the type of, and relations between the ff-events, but
not conversely; a is one of the events of «, and b is the corresponding event
of 8. The sentence “¢a,b, H)e &’ reads ‘a is the start of a signal that ends at
b, for H’.

Another method of establishing a signal relation, proposed by Reichen-
bach ([1958] § 21), is by the marking of events, such as putting a red filter in
front of a particle at which a light pulse is assumed to be emitted.

C8 is the last primitive physical concept introduced in this book. All of
space-time geometry is constructed by means of just the eight concepts C1
to C8.

The class property of . is expressed by the axiom:
AS8. €7,
and the fact that it is a ternary relation, by the postulate:
Pl. R, ~.
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For convenience, we introduce the definition:

D1. aFyb for <a,b,H>e.
That the field of &, is &(H), is expressed by:
P2. a¥ yb—a,beé(H),

and that a,b are not connected by a particle chain by:
P3. a yb— ~aT yb.
The following postulate expresses the asymmetry of .%,.
P4. aLyb—>~bS ya,
and PS5 the transitivity of .%y:
Ps. aL b AbS ye—aF ye.
The irreflexivity of .}, follows from P4 and P35:

Tl. ~aSya.
Proof. P4,T7.2.

Thus & is a strict partial ordering of &,.
If two events are related by %y, then any event that coincides with either
one is related to the other by & (P 6).

P6. a=yb AbF ye.v.aSL yb Ab=yci—aS ye.

We now have two ways of ordering events: by <,; and by &. A relation
that combines both relations is defined by:

D2. aZyb for a<ybva¥yb
vAn)n>0A@x,, .., x,)a<px;vaFyx,.
AX(<gXa VX LuXa. A A X, <gbv x, L yb.

‘aZByb’ reads ‘a is before b, for H’.
The following theorems show that #,, has the same properties as Sy:

T2. aZByb—a,be &(H).
Proof. D2, T1V4.1,P2.
3. ~aBya.

Proof. D2, TIV4 4, T1.

T4. aByb— ~bABya.

Proof. D2,TIV4.5, Pa.
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T5. a#Byb AbByc—aR ye.
Proof. D2,TIvV4.3, PS.

T6. a=yb AbByc.v .aByb A b=yc:—aHyc.
Proof. D2,T1V4.3, P6.

4. First signals

The most important signals in physics are the signals with maximum speed
of propagation, such as light signals. Since speed has not been defined yet,
the name ‘first signal’ used by Reichenbach ([1958] p. 143) is quite appro-
priate for these signals. Literally, a first signal never comes out second in a
race with any other signal or particle chain. This idea is incorporated in the
definition:

D1. aFyb for a¥yb
AV x).xT ga—(xByb>x<ga. A bBgx—>a<yx).
AV y)-yT yb—(aBry—>b<py. A .yBya—y<gyb).

‘aF ub’ reads ‘a is the start of a first signal that ends at b, for H’. The
meaning of ‘a% ,b’ is illustrated in Fig. 1. Literally, ‘a# 4;b’ means: a.% yb;
and if @, x are time-like, then x4 ,b implies x=<ya, and bZyx implies a< yx;
and if b,y are time-like, then a%,;y implies b=<Xpy, and y%# a implies y<pb.

T1. aF yb—a,be &(H).
Proof.  D1,P3..

T2. ~aF ga.
Proof. DI, T3.1.

b
b X y a
a T
)
£ b
X Nb T a Yy
Cl/
x%’Hb —-Xx,a b%gy_.aﬂ,x aBy —b<,y Y%HG —-y=<,b
(@) (o) TP (o) (@)

Fig. 1. First signals
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T3. aF yb— ~bF ya.
Proof. D1,P3.4.

T2 shows that #,, is irreflexive, and T3 that it is asymmetric. However,
F 4 is not transitive.

T4. a=ygb AbF ye.v .aF yb Ab=yci—aF ye.
Proof. D1,TIV4.3,P3.6,T3.6.

If two first signals depart together they will arrive together, and vice versa
(T5).

T5. aF yb A cF yd - a=ycAbT yd-b=yd.
A .aT ye ANb=yd—a=yc.
Proof. TIV3.1,D1,D32:a=yc A aF yb—c=ya na#yb

T3.6 —cByb. 1)
DIV4.3:b< yd—bT yd. Q)
(D, (2):aF yb A cF yd naxyeAb<yd

S>CF gd ANbT yd A cByb nb<yd
D1 —d=<phAb<yd
DIV4.2, TIV4.5-b=d. 3)

As above:
aF yb AcF yd na=xge Ad<yb
—aF ybAdT gb A aByd Ad<yb

—b<(pd Ad<yb
b=y, (4)
aF yb A cF yd A a=<yc A b=yd-b=gd. (5
(3)(5), T2.(37,40), DIV4.3: aF yb A cF yd A a=<pyc AT yd
b=yd. (6)
(6), T2.32: aF yb A cF yd—.a=ye ADT yd—b=yd. @)
Similarly : aF yb A ¢F yd—.aT ye A b=yd—a=yc. (8)

(M,(8) :T.

If a first signal departs before another, it should arrive before it, and vice
versa. This is deduced in T6 from the postulate:

Pl aF yb A cF yd—:a<yc AbT ygd— ~d<gb.
A.b<gygdrnaT yc— ~c<ya,

which states that if a# 4b and ¢F yd, then if a precedes ¢, d does not precede
b, and if b precedes d, ¢ does not precede a.
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T6. aF ybAcF yd—ia<ycAbT yd-b<yd.
A b<yd naT ye—a<ye.
Proof. PIV4.1:aF ybAcF ygd na<ycAbT yd

—>aF ybAeF yd A ~a=yc AbT yd A a<yc
T5,P1 »~b=ydA ~d<pbAbT yd

DIV4.3-5b=<,d. (0
Similarly: aF b A cF ydAb<ydnaTd ye—a<ye. (2)
(1),(2):T.

The following postulate states that a direct first signal never arrives later
than a first signal chain that departs with it:

P2. aF yb A aF yc ACF yd ANbT yd—b=< yd.

Finally, since a first signal has a finite maximum speed of propagation, in
a round trip its arrival is always after its departure (P 3 Fig. 2).

P3. AF yb AbF yc AaT ge—a<ygc.
A(Vx)'a<ﬂx<uc“’ ~ XT yb v XxF yb v bF yx.

]

Fig. 2.
Round trip of a first signal

In effect, P3 states that if a first signal departs from a, is reflected at b, and
returns at c, then a preceeds ¢; moreover no event x between a and ¢ can be
connected in any way, with event b.

This is the heart of the theory of relativity, for if this were not true, the
maximum speed of propagation would be infinite and simultaneity would be
absolute not relative (Reichenbach [1958] § 22). To be more specific, as long
as there exists a set of events between a and ¢, any of these events can be
chosen to be simultaneous with b, and an event that is simultaneous to one
observer may not be simultaneous to another observer using the same simul-
taneity convention. But if @ coincides with ¢, then a (or ¢) becomes the only
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event that can be considered simultaneous with b, and simultaneity becomes
the same for every observer. In this case the round trip time of the first signal
is zero, the speed of the signal is infinite, and the light cone degenerates into a
single plane.



VI. CLOCKS AND TIME INTERVALS

1. Introduction

The last two chapters are concerned with the topological structure of the
class of events (without regard to the length of time intervals). In this chapter,
clocks are used to define a time metric, which forms the basis of time geometry.

A clock is a physical system that generates and counts a sequence of events
at a particle, called the ourput particle; the output particle of a watch is the
tip of its minute hand, and of an atomic clock is the end of its output lead.
To measure the time interval between two events g, b by a clock, g, b must
occur on the world line of the output particle of the clock, and the number
of events generated by the clock between a and & is the value of the interval
between them.

If no limitation is imposed on the type of clock used, the description of
physical phenomena obtained in this way, is at the mercy of the capricious
behaviour of the clock; if the period of a pendulum measured by such a
clock is found to vary, is the variation due to the pendulum or to the clock
itself? Consequently, if a reasonable description of physical phenomena is
desired, it is necessary to impose some limitations on the clocks used.

In the general theory of relativity, there is a great deal of freedom in the
choice of a (coordinate) clock. However, the rates of all clocks are specified
relative to coincident standard clocks (by the metric coefficient ggq), and
without standard clocks it is not even possible to measure the space-time
line element ds.

How are we to select a clock? There seem to be two different procedures,
both of which are used in practice: (1) Try different clocks, and find out the
kind of description of physical phenomena they lead to. The clock that gives
the description which is considered by respectable physicists to be the sim-
plest and most natural, is the clock that is crowned to be a standard clock.
All other clocks are judged by comparison with it. Until the revolution of
the atomic clocks, the king has been the astronomical clock. It has been a

49
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benevolent ruler and rendered much service to physics, but alas times do
change, and the collective leadership of atomic clocks is taking over. There
are very good reasons for this peaceful revolution, which will become ap-
parent before this section is over. (2) Intercompare many clocks, and select
the ones that exhibit the least relative instability. Comparison of two clocks
means the coincidence of the output particles of the two clocks, and the
measurement of the frequency ratio of the number of events generated by
one clock to the number of events generated by the other clock between any
two end events. The clocks that have the most stable ratio, i.e., the ratio with
the smallest amount of fluctuation, are considered to be the clocks with the
highest relative stability. This is precisely the procedure used in the selection
of atomic time standards. Clearly, the more clocks that agree with each other,
the better we feel about their selection.

Which type of time standard is better, the solitary type selected by the
first procedure or the comparison type selected by the second procedure?

There is no getting around the fact that the solitary type standard is arbi-
trary. It cannot be justified by any theory, because such a theory must in-
volve the concept of a time measure, which depends upon the existence of
a standard, which we are trying to justify. The only justification for a solitary
type standard is that the description of nature it leads to is acceptable. Un-
fortunately, what is acceptable at one time may not be acceptableat a later time,
dueto advances in knowledge and technology. For instance, using quartz crys-
tal clocks, and more recently atomic clocks, the U.S. National Bureau of Stand-
ards routinely measures the fluctuations in the spin angular frequency of the
earth, which used to be assumed a constant. Such a measurement amounts
to assuming that the observed fluctuations are due to the earth and not the
quartz clocks. Any ‘corrections’ included in the definition of the standard
must be considered as part of the definition, and not as justified by a theory.

The relative instability of two clocks is a specific quantitative parameter
that is of direct significance to the measurement of time intervals by different
clocks. Consequently there is no arbitrariness in deciding which clocks have
the least relative instability; in contrast to the subjective, far more difficult
judgement that must be made in deciding which solitary type clock leads to
the most natural and simplest physical laws. Moreover the use of several
clocks in setting up the standard, reduces considerably the peculiarities of
any particular clock.

The above comments plus the fact thatcomparisontypeatomicstandards are
several orders of magnitude more stable than the astronomical standard, leave
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no doubt as to which type of standard is preferable, both in principle and prac-
tice. In this chapter we shall give a thorough treatment of both the definition
and use of the comparison type standard (Basri [1965] Sec. 2).

The subject of time standards is quite complex, and is in an active state
at present, because of recent developments concerning atomic standards and
related systems. The definition of the astronomical standard involves detailed
knowledge of classical mechanics, astronomy, and properties of the earth,
whereas atomic standards involve quantum mechanics, modern physics, and
electronics. An excellent summary of the situation with regard to the astro-
nomical standard is given by Munk and MacDonald [1960], and a review
of technological developments pertinent to atomic time standards up to
September 1963 is given by Mockler [1964]. We shall not get involved here
in the practical details of defining a time standard, but will concentrate only
on the essential ideas of what constitutes a standard. A basic knowledge of
mathematical statistics, such as that presented by Cramér [1946] and Brown-
lee [19601], is helpful in understanding Secs. 3 and 6.

2. Clocks

Regardless of what is the actual mechanism of a clock, the common feature
of all clocks is that they have a minute hand that generates events by coin-
ciding successively with the marks of a dial, and counts the events it generates
by its angular position and the position of the hour hand around the dial.
The events can be thought of as produced at one particle, namely the tip of
the minute hand. For our purposes, it is even better to think of the tip as
stationary and the dial as rotating.

In the case of a quartz or atomic clock, the tip of the minute hand is re-
placed by the end of the output lead, which delivers an electromagnetic signal.
The signal can be used to operate an electronic counter that both exhibits
and counts the events generated by the clock.

Thus any clock A can be thought of as a physical system that generates
and counts a sequence of events a,,...,a, at a particle P, called the output
particle. To be more specific, we take P to be part of 4(PcyzA) and assume
that a,,...,a, are elements of the world line of P(ay, ...,a,e# (P)y) that are
ordered by the relation <y(a;<y...<ya,). To distinguish these events on
P from other events on P, we assume that any event of the set {a,,...,q,}
must be either the appearance or disappearance of a particle X other than P
which is part of 4. Moreover, there are no other events associated with parts
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of A that occur between a; and g, on the world line of P. For a watch A4, the
particles X are the marks around the dial that disappear and reappear as the
tip P of the minute hand sweeps by them.

D1. (ay,...,a,52g P,A)y for
agy e A€W (P)gna <y...<ga, A3 Xy, ... X)X, ... X,#P
AXi, Xy gAn(a, A gX v X Dya) A ...
Aa, A yX, v X,Dya,)
ANVu)ue? (P)yr(3X)X#PAXcyAn(udyX v XD yu)
Aa,Syuspa,~ue{ag,...,a,)

“(ay,....a, Seqg P,A)y reads ‘ay,...,a, is a sequence of events at P associated
with A°.

Next we define a clock (not yet standard) to be an object 4 having an
output particle P(P< 4 A4) such that given any event « on P, and any positive
integer k, there exists a sequence of events x,,...,x;,, at P associated with
A, such that u occurs between x; and x,(x, < zu<yx,). This insures that a
clock can generate at P a sequence of events starting at any time and of any
length. Moreover, for any two events v, w on P such that v precedes w(v<<w),
there exists a positive integer # and events y,...,y,. such that

(V15 osVnr1 Teg Py A)y, 11 <Xpv<pY2, and ¥, <pw<gVn+ 15
i.e., there exists a sequence of events on P that brackets v and w.
The output particle is unique, in the sense that if X, Y are two particles

on which occur sequences of events associated with A4, then the world lines
of X, Y are the same (X=Yv X>»>Yv Y>2X).

D2. (A%¢P)y for PoyAn(Nu,k).ue¥ (P)ynkes
(Axy, e Xy (X gy e Xpp T2g P A AXy Kpu<py Xyt
Ao, w)o,we? (P)gAv<gw->@nnef A@y, ..., ns1)
(Visooor Vui1 Teg Py A A V1S p0<gV2 A Yu<aW<ghn+1:
ANV UL, Uy Uy ey U X, Y )ty eyt Seg X, A)y
A1, ooy U, Teg Y, Ay X = YvXpYvYoX.

‘(AB£P)y reads ‘4 is a clock with output particle P’. . is the class of
positive integers.

3. Relative instability

To define a standard clock, we need to know first the meaning of ‘comparison
of two clocks’. We say that clocks A, B are compared, starting with event a
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of A and b of B, and to m events of A there correspond n events of B,
[(4,a,m¥"B,b,n),] if and only if the output particles X, Y of A, B coincide
into a single particle Z(X,Y&,Z), and there exist events u,...,U, 41,
Vys.eyUupq Such that a,uq,...,u,., and b,vq,...,v,,, are sequences asso-
ciated with 4 and B, respectively, b is between a and u, (a<X;p<gu,), and
v,is between u,, and u,, ¢ 1 (U= Uy <ula+ ). By allowing b and v, to fall within
two successive events of A4, instead of letting b coincide with a and v, with
u,,, we are in effect neglecting time intervals of duration less than the interval
between two successive events of 4. This error can be minimized by increasing
the number of events of 4 that correspond to a certain number of events of B,

D1. (4,a,m¥'B,b,n)y for m,nnesf
ANAX,Y,Z2)(ABLX)y ABELY )y A X, YQ  Z
AU 15 V1 s Uy (@ U Uy Seg Z, A)y
A,y Uy Seg Z,B)y Aa< gb<gyty A, g0, < gl s -

Notice that the symbol (4,a,m¥"B,b,n),’ is not symmetric in 4 and B.
This causes no difficulty, since in the definition of a standard clock (D4.1)
we symmetrize over all possible pairs {4,B) and {B,A4).

The comparison defined in D1 constitutes only a single measurement of
the frequency ratio f(=n/m). Many more measurements of f are necessary
before it is possible to estimate the mean and standard deviation of f. The
latter is identified with the relative instability.

Consider an experiment in which k sequences of length m events associated
with clock 4 are compared with & sequences of clock B, with the results
ny,...,n for the lengths of the B-sequences. In order to insure that the fre-
quency ratios f1, ..., fx(fi=n;/m) are independent identically distributed ran-
dom variables, we take m long enough to destroy correlations between the
beginning and end of each sequence. For the cesium 5Mc/s clocks at the
National Bureau of Standard in Boulder, Colorado, m= 10°. Moreover, to
destroy correlations between the end of one sequence and the beginning of
the succeeding one, we separate the k sequences by k—1 gaps of suitable
length j(Fig. 3). The total number of events of A4 required for one experi-

ment is: km+(k—1)j+1=k(m+j)—j+1.

m iy my J L m o ( | S 4my 4

A — 1 T I
L | [ | | ] [ B

B 1 T, | 7,1 D (o

Fig. 3. Comparison of clocks
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From the datafi,...,f;, we can calculate the sample moments:

k
Vo = %Zi(fi)a’ f: Vi, (1)

1 —
Sa=%z(f,-—f)“,S=Jsz, @

where f is the sample mean, and § is the sample standard deviation.

If the value of a random variable X ranges over the class of real numbers,
and P{F} is the probability of F, then the function P(x) defined by (Cramér
[1946] p. 167):

P{x < X <x +dx} = P(x)dx, 3)

is called the probability density function (PDF) of the random variable X.
Since the probability that X has some value is 1, we must have the normal-
ization condition:

ifo P(x)dx =1. (4)

Let f(x) be a function integrable over (— oo, 00). The integral (Cramér
[1946] p. 170):

SXP = | f(x)P(x)dx, (5)
is called the true (population) mean or expectation value of the random varia-
ble f(X).t

With the help of (5), the (true) moments of f; are defined by:
p=f0, m=XUi=-w, (@>1) (6)
G = \/ﬂz ’ (7)

where u is called the mean and o the standard deviation. We are assuming
here f; has the same PDF for all values of i, i.e., f;, ..., f, are identically dis-
tributed. '

If the PDF of f; is known, it is possible to calculate confidence limits for
¢ and a. For example, if the distribution is normal (Cramér [1946] p.208), i.e.,

P(x) = (2n) *exp(- 1x%), (®)

* For a discrete variable, such as f;, Eq. (3) becomes ‘P{X = x,} =P (n), Eq. (4) becomes
2raoP(m) =1°, and Eq. (5) becomes: { f(X)> =ZLq f(xn) P (n).
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then (Cramér [1946] pp. 382, 387, 518; Brownlee [1960] pp. 219, 229):

P{/—t,S//k—1<pu<f+t,S\/k—1}=1-p, ©9)
P{kS* i s, <o® <kS*yi)=1-p, (10)

where t, and X,Z; are the p percent values of Student’s and y? distributions of
k —1 degrees of freedom (Cramér [1946] pp. 233-241). The expressions inside
the curly brackets are of the form ‘X< C<Y’, where X, Y are random vari-
ables, called the confidence limits, and C is a constant. The sentence
‘P{X<C<Y}=1-p’ states that the probability that the confidence interval
(X, Y) covers the number Cis1—p,i.e.,in alarge number of trials, the fraction
of times that C falls within (X, Y) is 1 —p; it does not state that the probability
that C falls within (X, Y) is 1 — p, because this probability is either one or zero,
since C either does or does not lie within (X, Y).

If the PDF of f; is not known, we can still calculate confidence limits for
1 and o provided the number k is large enough for the central limit theorem
(Cramér [1946] p. 213) to be applicable. According to this theorem, if u and
o exist, then regardless of the PDF,

iim P{,u—gpa/\/k<f<,u+gpa/\/k}=1—p, (11)
where g, is the p percent value of a normal (Gaussian) deviate (Cramér
[1946] p. 211), i.e.,

tgp
P{ifi—ul<go}=0n)" [ exp(—Ix")dx=1-p.  (12)
~Op
Moreover, if u, also exists, then (Cramér [1946] p. 348)
limP{o® — g,[(ts — c*)Kk]* < S? < 0? + g, [(us — o*)/K]}} =1 - p.
ke (13)
In effect, (11) and (13) state that for large enough k, f and S? behave as
though they were normally distributed.

Confidence intervals can be derived from (11) and (13) (Cramér [1946]
pp. 366, 511), and the result is that for sufficiently large k (k~10 is usually
large enough (Cramér [1946] p. 202)),

P{f—g,S\Vk—1<pu<f+g,S\k-1}~1-p, (14)
P{S? = g, [(S4 = $*)i(k = ¥ <o® < 5 + 4, [(S. = Sk — DT}
~1-p. (15)

Notice that S, is needed in (15), but not in (10); a small price to pay for not
knowing the PDF.
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Going back to our experiment, since f;=n;/m, we expect:
p=<Lf>=NM (16)

to be the true frequency ratio of the clocks, and ¢ to be the relative instability.
Thus the sentence ‘The clocks A, B have the frequency ratio M|N and relative
instability o[(A,B €/, M|N, 0),]” means: Clocks A4, B can be compared at
any time, and for as long as desired, i.e., for any event » of 4 and any integer
m, there exists an event v of B and integer n such that (4,u,m?¥” B,v,n)y.
Moreover, if f;,...,/; are the results of the experiment described after D1,
and k is large enough for the central limit theorem to hold, then [Eqs. (14),
(15)] the probabilities that the confidence limits f+ g,5/,/(k—1) include the
mean N/M, and S2 + g,[(S,—S*)/(k—1)]* include the variance o7, are both
equal to 1 —p. More precisely, for any positive real number ¢, there exist three
integers ¢,r,s such that for any integers k (number of trials), m (length of com-
parison), and j (length of gap), m=>s, j>¢ (to make n; independent); and
k > r(to make the central limit theorem applicable) imply:ifu, ..., %+ jy— j+1
is a sequence of events of A; X,Y are the output particles of 4,B; and
Sis oSl fi=n/m) are the results of the comparisons (A,u;,m¥ B,vy,n )y,
(A Uims jy+ 1>MF By02, 0y )yps o on (A U= 1) (m+ jy + 1 MY B, 0o 1)y then for any
real number p between 0 and 1, the probability that the confidence limits
f+9,5//(k—1) include M/N, and the probability that S+ g,[(S,—S*)/
(k—1)]* include 62, are both equal to 1 —p within an error «.

The following definition is just a formal expression of the above ideas
(# is the class of real numbers):

D2. (A,B€(s M|N,0)y for
M,NefnoeRA(AX,Y)(AGL X)yn(BELY),
ANVu,mmef nue# (X)g—(3 v, n)(A4,u,m? B,v,n)y:
A(Ve)ee #ne>0-(3q,r,5)q,r,5€F
AVjk,m)j,k,mefnjzgrnkzram=s
(VUL o Ugmet jy= j+ 10 U1s Bis ooy gy )

(uy, o Upm+ jy—j+1 Feg X, A)y ~(A,uy,m?"B,v,ni)y
A A Uiy jys 1, MY Bog, )y AL
AA U gyoms o MY B v )y

—(Vp).pe ZAO0<p<l—
IP{S,— q,[(Sa—SH/(k—1)]F <0” <S,+ g,[(Ss—SH)i(k—1)]*}
—(l-p)l<e

AMP{f — 9,5/ /(k—1) < NIM < J+ g,S]\/ (k= 1)} = (1= p)l <.
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4. Standard clocks

Even if the relative instability of two clocks is small enough to suit our pur-
poses, there is still the possibility that their rates may change together in the
same way, so that we could not detect this change by comparing them with
each other. Two pendulum clocks having the same thermal coefficient of
expansion, and identical twin quartz crystal clocks cut from the same blank
and aging the same way can exhibit this behavior. Fortunately, the delin-
quincy of such pairs can always be detected by comparing them with clocks
of different upbringing. Once it is detected, something can always be done
to cope with it, such as by controlling the environment or incorporate servo-
mechanisms that keep them on the right path. This can be done without
inhibition by fear of circularity for using physical theory to make corrections
of instruments that themselves determine the form of the theory. The reason
is that ultimately the clocks are treated as black boxes whose merits are
judged by how they behave under comparison, and not by how they are
constructed.

Although two clocks may be constructed independently from different
materials, there is still a chance that they may stray off together due to sta-
tistical fluctuations. Both this effect and the previous one due to similar con-
struction, can be practically eliminated by increasing the number of clocks
that must agree with each other.

We therefore define a standard clock as an element of a set of at least vy
clocks, any two of which have frequency ratio 1 and relative instability less
than a certain amount g 1. The numbers t,, o are agreed upon by a standards
committee; r; should be at least 3, and o1 for atomic clocks is of the order
1012,

Di. (AFE€P)y; for (AC(P)yn(3r)reSf
A2<r<eeA(3X, LX) A(X, L X )APe{X,, .., X,}
AVX,Y)X#YAX, Ye{X,, ..., X,}

@) (X,Y¥ti1/1,0)yA0<07.

(AL EP)y reads ‘4 is a standard clock (SC) having output particle P’.
The number 1 is called the reliability index, because the larger v is, the more
reliable we feel our standard is. The sentence ‘#(Xj,..., X,)’ means ‘all the
X’s are different from each other’.

D2. FE(A)y for AX)(AFEX),.
D3. AyrnayEyA for AX)ASEX)nay,....a,e W (X)y
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Two SC’s may not belong to the same family, and thus their frequency
ratio may be different than unity. The following definition helps us express
the idea that the SC’s 44,..., 4, belong to the same family.

D4. ESC(Ay, ... Ay for FE(ADgA ... AL EC(A)u
AE(AL B AINNV X, Y).X#AYAX, Ye{Ay, ..., A}
—(30)(X,Y¥¢s1/1,0)g Ao<07.

‘ESC(Ay, ..., Ay’ reads ‘A, ..., A, are equivalent standard clocks’.

There are four different interactions known in physics: strong, electro-
magnetic, weak and gravitational. Typical examples of these interactions are,
respectively, the nuclear force, the force between charged particles, the force
responsible for f-decay of a nucleus, and the force between two masses. The
order of magnitude of these forces is roughly in the ratios 1:1073:10™*4:10~4°.
A question which has been of interest in the last few years is: suppose we
have two families of SC’s, each operating on the basis of a different kind of
interaction, will a member of one family agree with a member of the other
family? Dicke ([1964] p. 14) and Finzi [1961] give an affirmative answer for
strong and electromagnetic interactions, but leave the question open for
weak and gravitational interactions.

P1. ESC(A,B)ynEFSE(B,C)y—>ESE(A,C)y.

5. Time metric

A class € is called a metric space if to every pair of elements of € is assigned
a real number 7(a, b) having the following properties:

(i) t(a, b) =0,

(i) t(a, b)=0—a=b,

(iii) t(a, b)=1(b, a),

(iv) t(a,c)<1(a,b)+1(b,¢).

The function 7 is called a metric in the space 6.

With the help of SC’s we introduce a measure on & that has the same
basic properties as a metric. A time interval between two events a,b is meas-
ured by an SC, A4, by letting @, b occur on the output particle of 4, and count-
ing the events generated by A between a and b.

D1. ©(Asa,b;n)y for nef Aa,bFEyA
A(3 X’uh "‘,un+2)(ul’ ey i %7 X’ A)H
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‘t(A;a,b;n)y’ reads ‘The time interval between a,b by clock A is n’.

TIME METRIC

Ay Spa< gl AUg 1 Spb<glp+ -
VU Spb<ply Ay 1 Spa<pgUp+ 2.
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In order to define the value of the time interval, we need to prove first that
this value is unique. In T1 we prove there exists at least one value, and in
T2 that there exists at most one value.

T1.
Proof.

T2.
Proof.

T3.
Proof.

D2.

a,bF€yA—(An)1(4;a,b;n)y.
D4.3,1): Ant—>(3 X) (A€£X)y

D22-Annef AQQuy, oot 2)(Uys..tlyy s Seg X, A)y

AUy Kpa<pguy Ay 1 SEb<plly 2.
V. SXgb<gly Al 1 Xpa<glpiz
D1-Con.

(3'm)t(4;a,b;n)y.
D1,D2.(1.2), TV2.9,TIV(4.5,4.3):
w(4;a,b;m)gat(Asa,byn)y
(A X, Upy ey Upyg s U5 oees Uyga):
(Ugy sty Sog X, A)g A0y, .. Uy r S2¢ X, A)y
Aupa<ptr<pg. <plm+ 1 <pO<pUm+2
A Spa<p0r<pg. <plp+ 1 Eb<HUn+2-
V. Spb<pu;<p. . <pglm+ 1 p0<pllm+2
A b <pv;<g... <pln+ 1 <pad<gln+2)
TV2.7,TIVA3-(F X, uyq, ooy 25 01y eevs Vpa )
(Ui s iy Fog X, AYg A(Vgs s Uy T2¢ X, Ay
A (U vy <gtiz V 01 it <o)
Ay <y <pg-o <pln+ 1<HUm+2
/\(um+1<HUn+2<H“m+2an+1<H“m+2<HUn+2)

D243 Uy eyt 25 Uy s Uprz)e Ups sl a2} = {04, ...

—Mm=~n.

(1), D9:T.

a,b S ECyA—-(3 n)t(A;a,b;n)y.
T1,2;D10.

t4(a,b)y for (1n)t(A;a,b;n)y.

> Uns 2}

1)

74(a,b)y is the value of the time interval between 4 and b by clock 4.

T4.
Proof.

a,bFS€CyA—>.1(a,b)y=n—t(4;a,b;n)y.
T3,T4.3,D2.
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We now proceed to prove properties of the measure 7 4(a,b), analogous
to the metric properties (i)-(iv).

T5. a,bFEyA—1,(a,b)y=0.

Proaf. Ti:Ant—»(An)t(4;a,b;n)y
T4,D1 -An)ry(a,b)y=nAn=0
T5.6 —Con.

Thus property (i) is satisfied.
In T6 we prove that if @ and b coincide then 1 ,(a,b), =0.

T6. a,bS € AN a=yb—1,4(a,b)y=0.

Proof. T1,4: Ant—>(In)1t(a,b)y=nra=yb
D1 -(3n)r(a,b)y=nAn+1=1
T5.6 —Con.

In T7 we prove that if 7,(a,5),;=0, then a,b occur between two successive
events of clock 4. We cannot prove that ¢ and b are coincident, unless the
events of A4 are so close together that it is no longer possible to resolve @ and b.

T7. a,bFS € Anta, b)y=0
—@AX,u,0)(u, v Leqg X, Ay Au=ya, b<gv.
Proof. T4, D1.

The last two theorems take the place of property (ii). If the spacing be-
tween the events of clock A is taken small enough, then a,5 in T7 may be
considered coincident, and property (ii) is satisfied with ‘=" replaced by
=

The following theorem shows that the symmetry property (iii) is satisfied:

T8. a,bFSEyA-1,(a, b)y=1,(b,a)y.

Proof. Di:t(Ad;a,b;n)yot(A:b,a;n)y. H
(1), T1.14, T4: Ant—(V n).74(a, b)y=ne>1,(b,a)y=n
T5.4 —Con.

In the next three theorems, property (iv) is also proved, and thus t ,(a,56)4
is a metric aside from the slight deviation from (ii).

79. a,b,cSEyAn(a<yb<ycve<yb<ya)
—74(a, ) =74(a, b)y +74(b, )y
Proof. T1,DI:Ant—(3 X, 0y, ooyt g 2,015 oas Upy 2)

(Ui s iy 2Feg X, Vg A5 ooy Vg 2 Feg X, Ay
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A Xpa<pg. <glye Spb<gly+2

A Spgbh<ge o <pu s (XpC<plus -

Vo Kpe<pge <plpy 1 Spb<glys:

A Spb<pg.. . <glp e Spa<gliyy 2-
D213 X, g, oy thyrns2)(Uys s Ui ni 2 Seg X, Ay

Ay pa<pguy<pg.<pglny 1 Xgb

<plm+ 2= LU snt 1 SHC<pUm s+ 2

vV Spe<pgUy<j... <plyy 1 Xpb

<pUm+2<g o <gUmtnt 1 SHE<pgUm+n+ 2
D1, TA-(31,j, k)t (a,b)y=irnt (b, )g=]

Ata,y=kni+j=k

—Con.
T10. a,bFECyAnt (a,b)g=nna=pycAb=yd >14(c,d)g=n.
Proof. T4,D1.
Til. a,b,cSCyA-t4(a,c)y<tq(a, b)y+14(b,c)y.
Proof. TV27:a,b,ce? (X)y—rcxgaxpybvexyb<ya

axpbxpev bxyaxyevaxyesyb v bxyexpa. (1)

76,9, 10: Ant A (e ya<gb v e hxa
vaphxyev b a<,c)—Con. (2)

T6,9,10: Ant A (a< e pb v b e ha)

=t (a, g +1a(c, b)p=14(a, b}y
75 —74(a, )y<t4{a, by
T5 —Con. (3)
(1(3):T.

6. Comparison of time intervals

Due to statistical fluctuation of the period of a clock, the time metric
t4(a,b)y has a statistical error associated with it, which we calculate in this
section. Once this error is estimated, it is possible to compare the values of
different time intervals.

As a first step we define the mean of a time interval as the arithmetical
mean of several values of the same interval measured simultaneously by
different SC’s with coincident output particles. More precisely, the mean
(t4(a,b)y) is defined as the real number ¢ satisfying the following condition:
Given a positive ¢ and & between 0 and 1, there exists an integer r such that
for all integers k larger than r, and any equivalent standard clocks X, ..., X},
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if 7x,(a,b)g=ny,...,7x,(a,b)y=m, then the probability that the difference

between the mean
k

1
n= u;,
kg

1
and the number ¢, is larger than ¢, is <9, i.e., i converges in probability to
t (Cramér [1946] p. 252). According to Khintchine’s theorem (the weak law
of large numbers) (Cramér [1946] pp. 253-254), this happens if »; are inde-
pendent identically distributed random variables with a finite mean.

D1. (taa,b)gy for (11)(Ve,d)e,de
Ane>0A0<0<1—>@r)ref a(Vk). kef nk=r
(VX X gy ooy ). ESLE (X s Xyt
Aty (@, D)g=n, A ... Aty (a,b)g=m—P{li—1]>e} <.
{t4(a, b)y is called the mean of 14(a, b)y.

D2. V{ta(a,b)y} for (t4(a,b)y—<{t4(a, b)ud)*>.

V{1 (a,b)y} is known as the variance of t,(a,b)y.
We now postulate the existence of the mean and the variance of a time
interval.

Pl. 3n)ty(a,b)g=n
A1)t (a, D)y =t AV{t (a.b)y} <xt.

K is related to o (defined in D4.1) by a constant obtained as follows:
o1=0(f)=0a(n/m)=o(n)fm=(n )2 m)[a(n)/{n>¥] =(N/ Mm)*2xk.
The factor 2 multiplying x stems from the fact that o(n;) characterizes two
clocks, whereas x? is the variance per unit time of a single clock.

Rarely do we measure a time interval by more than one clock. We can set
a lower bound on the probability that this single value deviates from the
mean by a certain amount, with the help of P1 and Tchebycheff’s inequality
(Cramér [1946] p. 182).

Ti. t(a, b)g=n <t (a,b)yd=t->P{|ln—t|<x(t/p)}}=1-p.
Proof. P1, Tchebycheft’s inequality.

This states that the probability that |n~1| is less than x(t/p)?, is larger
than 1 —p.

T1 is valid regardless what is the PDF of n. If the PDF is known to be
normal, then ‘p~* inside the square bracket in T1 is replaced by the p per-
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cent value of a normal deviate ‘g,’. For instance, for p=10"%, p~#=10, but
9,%3.

In the same way, we can make a probability statement about the difference
between two time intervals.

T2. ty(a, b)y=n; ntg(c,d)y=n, AESEC(A, B)y
Ata(a, b)) =t Altg(c, D> =1,
SP{|(n,—ny)—(t, — ) <x[(t; +1,)/p]*} = 1 —p.

Proof. P1, Tchebycheff’s inequality, and the fact that the variance of the
difference of two independent random variables, is the sum of the variances.

Since (¢, +1,) is not known, it is desirable to estimate it by (n, +n,). This
is possible, since x << 1 and, as above,

P{|(n, +ny) — (1, + o)l <x[(t; + 12)/p]*} = 1 = p.

T3. t4(a, b)y=n  Atg(c,d)y=n, AESE (A, B)y
Ata(a,b)yd =t Atp(c,d)gy =t nop<<l
—P{|(n, —ny)—(t, =)l <x[(n; +ny)/p]*} =1~ p.
Proof. T1,2.

With the help of T3, we can now give a reasonable definition of the equality
of two time intervals t(a, b) and 1(c,d). If a=<yb and c=<4d, both intervals are
zero by T5.6, and are therefore equal. They are also equal if ax<yc and
h=yd, or a=<yd and b=c. Otherwise, we can only state that if the difference
between them is less than the error indicated in T3, the probability they are
equal (¢, =t,) is about 1—p, i.e., they are equal at a 100p%, confidence level.

D3. [a,b=c,d],y for
a=pgbane=yd.v.axycAb=yd. v.a=xyd A b=ye.
vaX,Y,mn)éESE(X,Y)yrtx(a,byy=mazy(c,d)y=n
Alm—n|<k[(m+n)/p]*.

‘la,b=c,d], " reads “(a,b) is p-equal to (c,d)".
We can also give a similar definition for one interval being less than an-
other.

D4. la,b<e,d],u for
cxXgaspgh<gdvcpghxpya<ydvd=xyaxyb<yc
vdsgh<ga<yc
vaAX,Y,mn)EFC(X,Y)grtx(a,b)y=maty(c,d)y=n
An—m=k[(m+n)/p]*.
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‘la,b<c,d],, y reads ‘(a,b) is p-less than (c,d).
We now prove few basic properties of D3 and D4.

T4. a,beéy—la,a=b,b],yrla,b=b,a], .

Proof. D3,PIV3.4,T2.15.

T5. fa,b=c,d], yolb,a=c,d], yola, b=d,c], yole.d=a,b], 4.
Proof. D3,

Notice that although p-equal is reflexive and symmetric, it is not transitive,
ie, [a,b=c,d], y and [c,d=e,f], ; do not imply [a,b=e,f], 4. If there
were no errors, the transitive law would have been valid, but unfortunately
things in practice are not as tidy as in the ivory tower. However, the transi-
tive law does hold for p-less.

T6. la,b<c,d], ynled<efl,u—la,b<ef],u
Proof. D4, T1V4.3.

The following theorem leads to the usual result that two time intervals
m,n are related in one of three different ways: m<n, m=n, m>n.

T7. AX, Y, mn)8SEC(X, V)grtx(a,b)y=mnaty(c,d)y=n

~la,b=c,d],yv[a,b<c,d],yv[c,d<a, b], .
Proof. D34, TIV4.3.



VII. LENGTH MEASUREMENT AND SPACE
GEODESICS

1. Introduction

So far, in the class of events was given both a structure and a metric, but the
class of objects has only the ‘part’ relation, and when it comes to the class of
distinct particles, it has nothing. Without relations and a metric in the class
of particles, neither a spatial structure can be specified, nor can the motion
of an object be described. We now proceed to rectify the situation.

The simplest relation between particles is collinearity. In abstract geometry,
collinearity is introduced as a primitive concept, but in physics it has to be
defined operationally; otherwise, we would not know how to construct
straight edges, and experimentalists would have to close shop. Unfortunately,
it does not seem possible to define collinearity operationally without some
sort of a rigid structuret. For instance, the straightness of the edges of two
rulers can be tested by putting the edges in coincidence and rotating the
rulers about the edges to see if the edges remain in coincidence. Without the
rigidity of the rulers, this test is a waste of time. Another way of defining a
straight line, or more generally a space geodesic, is by the condition that it is
the shortest path between two particles. This means that if we have rigidly
connected congruent pairs of particles, and we lay these pairs end to end to
form chains, then the chain having the smallest number of links between the
two particles is the geodesic path between them, and the particles of the chain
can be said to be collinear, or lying along a geodesic. We adopt this method to
define collinearity, but before we can do so we must define ‘rigidly connected
congruent pairs of particles’.

In order for pairs of particles to be rigidly connected they must at least
satisfy the following properties: (i) two pairs that are congruent at one time
and place, must be congruent at all other times and places; (ii) congruence is
symmetric, i.e., if {P,Q> is congruent with {R,S>, then {Q,P)> must be

for instance, on a rotating disk.

65
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congruent with (R,S>, and {R,S) must be congruent with (P,0>; (iii)
congruence is transitive, i.e., if (P,Q) is congruent with (R, S>, and {R,S)
is congruent with (T, U, then (P, Q) is congruent with (T, U>.

There are essentially two methods for constructing pairs of particles that
have properties (i) to (iii): (1) The traditional method of testing different
objects, and discovering that pairs of particles on certain objects, called rigid
bodies, do have the desired properties, provided certain conditions are
satisfied, such as constancy of temperature. It is not necessary to have a
theory of heat to satisfy this condition, because we can define constant
temperature to mean that the level of mercury in a thermometer must remain
the same. No theory of how the thermometer works is necessary either;
the state of the thermometer is simply taken to be part of the definition of
rigidity. (2) The modern method of reflecting light (first) signals between two
particles, and verifying that the round trip time, according to a standard clock
stationed at one of the particles, remains the same. Again it is not necessary to
assume that the speed of light is constant ; all that is necessary is that properties
(1) to (iii) are satisfied if this condition holds. Thus whatever method is used to
achieve rigidity in practice, the important thing is that properties (i) to (iii)
are satisfied. In other words, the proof of the pudding is in the eating.

Thus, to define collinearity we need rigidity, and to define rigidity we need
congruence. By ‘(P,Q) is congruent with {(R,S)’ is usually meant that
P,R and Q, S are coincident at the same time. Since P and Q are separate
particles, this involves simultaneity of events at different particles, which is
conventional and relative (see discussion after PV4.3). The way out of this
predicament is to realize that all that is necessary is to insure there is an
interval of time during which the particles of one pair are coincident with
the particles of the other pair, and not that the two coincidences occur
simultaneously. This can be accomplished as follows: After particles Q and S
coincide, send a signal to arrive at P after its coincidence with R; then before
the dissociation of P and R, send a signal that arrives at Q before its dissoci-
ation from S. During the time interval from the arrival of the signal at P
until its departure, we know that P is coincident with R as well as Q is
coincident with S, i.e., {(P,Q) is congruent with {(R,S>. We now proceed
with the formulation of these ideas.

2. Length measuring instruments

Our first goal is to define a rigidly connected pair of particles. To accomplish
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this, we define a length instrument that associates a number with any pair of
particles, such that congruent pairs are associated with the same number
under any condition. If the number associated with a pair remains constant
in time, the two particles are considered rigidly connected. This method not
only permits the definition of rigidity, but also paves the way for the intro-
duction of a metric.

Before a general definition of a length measuring instrument is given, it is
helpful to analyze an example of such an instrument. A familiar example
that brings out all the basic features, is the vernier caliper. It consists of a
metal ruler with a fixed jaw on one end, and a movable jaw that slides along
the ruler. The movable jaw has several marks on it, but here only one of the
marks is of interest. As the jaws separate the moving mark coincides succes-
sively with one side of the marks fixed on the ruler, generating type I events,
and as the jaws close, the moving mark coincides with the other side of the
fixed marks, generating type 1I events. Starting with closed jaws, the number
of type I events minus the number of type II events gives a measure of the
distance between the two jaws. The distance between two marks on a ruler
can be determined in the same way by moving a finger along the ruler. A
length interferometer operates on the same principle, except that the two
types of events are the appearance and disappearance of interference fringes.
The following definition is a generalization of these ideas:

D1. A(P,Q,LN)y for (AX)(XFEP)zAQeP,
AAx, Y)xcEgrycEygaxny=0
AVu)uexuy—ue¥ (P)y:

A(Y)ve? (P)y—1{v)e{0,1,... N}
Al(v)=Card(wawex Awxgv)—Card(wawey Aw< yv).
‘Y(P,Q,I,N), means: P is the output particle of a standard clock, Q is a

particle, and there exist two nonintersecting subsets x, y of events of H that
occur on the world line of P. Moreover, if v is an event on P, then [(v) is an
integer between 0 and N, which is equal to the number of events belonging to
subset x that occurred before v, minus the number of events belonging to
subset y that occurred before v.t Referring to the example of the vernier
caliper, P, Q are particles on the two jaws, x,y are the events of types I and II,
and [(v) is a measure of the distance between P and Q at the time of occurrence
of event v. The particles P, Q are called the end particles, and 1(v) the scale
value at v.

T *Card (S); denotes the cardinal number of set S, i.e. the number of elements of S.
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The next step is to define the congruence of two pairs of end particles, as
described in the introduction. For this purpose, it is useful first to define the
sentence ‘g is the appearance of a particle P, and b is an event on P after a
such that no dissociation of P occurs between a and b[a(P)—4b]".

D2. a(Py—gb for asdyPAraxybrbe¥ (P)y
A~QQu,0, X, Y)ueW (P)ynasyu<yb APQuX, Y AX#Y
AUSgOA PDyovod gy X vostd Y.

In D3 we define the sentence ‘( P,Q) is congruent with {R,S) during
(a,b), and the ratio of scale values during this interval is m/n’ to mean (see
Fig. 4): P coincides with R to form X (event u), Q coincides with S to form ¥

N/

W\
b
X
y X
a
u
1%
yd 5 R
q 13

Fig. 4. Congruence

(event v), a signal departs from » and arrives at ¢ on X, and then departs
from b on X to arrive at w on Y. The events a, b occur before the dissociation
of X, and w before the dissociation of Y. Moreover, the scale values of the
two pairs of end particles are m and # during the interval (a,b).

D3. Con[P,Q,m(a,b)yR,S,n]y for
AED). %P, QL N)y A% (R, S,[,N)y
AA X, Y).P, RO uX AQ,SQ Y
AQu,v,w)u(X)—gbrv(Y)y-gwarae? (X)y
AVBya Au<Xga=<yb A bByw
AVX)xeW (X)gAaspx<Xyb-H(x)=mAl(x)=n.

Two pairs of end particles, {(P,Q> and {R,S>, become candidates for a
length measuring instrument if, in analogy with DVI3.2, they satisfy the
following condition: there is a congruence of (P, Q) with (R,S) for any
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possible scale value of either one. Moreover, for any real positive ¢, there
exists integers ¢,r such that for any integer k larger than r (to make the
central limit theorem applicable), and for any possible scale value m of
(P, Q>, if ny,...,n, are the scale values of (R, S> during k successive con-
gruences with (P,Q> (separated by gaps of duration longer than ¢), then
the probability that the confidence limits 71+ g,S./(k — 1) include m, and the
probability that S? + g,[(S,— S*)/(k —1)]* include ¢* are both equal to 1—p
within an error ¢ [see Eqs. VI 3. (1, 2, 6, 7, 14, 15)]. This condition is denoted
by ‘[ P,Q(a,N)R, Sy .

DA4. Y[P,Q(6,N)R,S]y for ocAA0<o
A(Vm)mel0,...N}>Qu,v,))€on[P,Q, m(u,v)yR, S, {4
AEx,y,)YEon[R, S, m(x, y)xP, Q,i]u:
A(Ve)ee Rne>0-(Tq,r)q, ref A(Vk) kef nk=r
(VU , 00, 0y, .oy Uy, U, 1):m €40, ..., N}
A:Con[P,Q,m(uy, v )xR,S,n; ]y
vEen[R,S,m(uy,v)xP,Q,n ]y
A
A Bon[P,Q, m(uy v )R, S, ni ]
v Eon[R,S, m(u, v )y P, Q,m ]y
A0 <pa X2 <pe- < g gl
AAX)(XFEP)yv(XTER)y.
Ax(nu)gzg Ao Atx{ve_ 1w g =q.:
A(Vp)peZAO<p<l—
(P{i—g,SNk—1<m<ii+g,S/\k—1}
—(1-p)<e
AP{S? = g,[(Ss—SHi(k— D] <o
<S*+g,[(Sa=SHI(k—= DI} = (1 -p)l <e.

Finally, we define a length instrument (L1), in analogy with DVI4.1, by:

Ds. Z9(P,Q,)y for AN)Z(P,0,,LN)yAN>N,
A@r)ref a2<r <ra(@X, Y.L X, V)#E(XL Y, L X, Y)
AP QY (X, Vi), KX, X))
ANV UV, X, Y).CU, VY#CX, YD
A <Ua V>7 <X’ Y>E{<X19 Y1>, LREY] <er Yr>}
->30)¥%[U,V(o,N)X, Y]y ro<0y.

This means that we take (P, @) as an element of a set of at least v, LI’s,
any two of which satisfy the condition % for ¢ <ag,. The values of the range
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N, reliability index v, and standard deviation o are all decided by a
standards committee.

De. LIy for X, Y)ZLI(X, Y, D).
As in DVI4.4. we define equivalent L1’s by
D7. ELF (P01, R, S, )y for
FLIP,Q,D)ynLI(R,S, )y A(3a,N)¥[P,Q(0,N)R, S]y.
D8. LI Dy for
AU, v, X,Y)sZLI(U,V,E X, Y, ).
T1. LI )y LI (L),
Proof. D(8,7,4).
P1. ELIEDyAELI(L,m)y—»ELF(F, m)y.
3. Distance

To measure the distance between two particles P,Q by an LI, we establish
congruence between P,Q and the end particles of the LI, and take the scale
value during congruence as a measure of the distance between P and Q.
This measure is not necessarily linear, and we shall not bother to define a
space metric until a linear space measure is defined in Sec. 7.

DI wlP(ab)Qinly for
AU, V,X,Y)LF(U,V,DgAU, PRy X AV,0Q Y
AQQu,o,wu(X)—ybArv(Y)—gwarae¥ (X)y
AVBya nugayb A bByw
AYX).xeW (X)gna<yx<yb-I(x)=n.
‘w[ P(a,b), Q;n]y reads ‘the distance between P and Q during (a,b) by L1

[ is . The notation is as in D2.3 and Fig. 4.
We now prove that the number n established by D1 is unique.

T1. (@* n)p([P(a,b),Q; nlg.
Proof. D1, PAzm[P(a,b), 03 mly A [P(a,b), @3l
—(a)=m Alla)=n

—m=n. (D)
(1),D9:T.
T2. 3n)w[P(a,b),Q;n]y—>3!n)u[P(a,b),Q;n]y.

Proof. T1,D10.
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Because of T2, we can define the distance between particles P, 0 measured
by an LI, |, during (a4,5) on P, by:

D2. wi[P(a,b),Qly  for (1n)u,[P(a,b),Q;n]y.

T3. (3m)u[P(a,b),Qsm] y
= [P(a,b),Qly=nop[P(a,b),Q;n]y.
Proof. T2,T4.3,D2.

According to D2.(1,5), [ can only have one of the values 0 to N;, and thus
#=0, but we can not prove yet the other metric properties.

T4 (@n)u[P(a,b),Q;n]yg—>u[P(a,b),Q];20.
Proof. D1,D2.1.

Since the scale value of an L1 is limited, not every distance can be measured
by an LI. The property that the distance between two particles P,Q is
measurable by the LI, [, at any time and as frequently as desired, is defined by:

D3. (PA#Q)y for
AX,.VNZLAX, Y, Dya(Vu)ue?# (X)y—»Fo,n)ve? (X)y
A [P, 0),Q5n]g v i [Qu,0), Psn]y:
ANVK).keI @ u, v, Ry, uny Uy, U )
Uy <y o2 <o < gl
A P(uy,00), Qsnydev ui[Quy,v1), Pingg. A
A [P (e vi)s @5 il v i [ Q (g i), P ]y

From this it follows that:

1. (P Q)y QM P)y.
Proof. D3.

Another useful definition is:
D4. (PA#Q), for (AD(PA Q).

‘(P#Q)y reads ‘the distance between P and Q is measurable’.

4. Rigidity

Due to statistical fluctuations of LI’s, the distance they measure fluctuates
in time, even if the actual separation is constant. We therefore define ‘the
distance between two particles P,Q is a constant r by an L1, [’ to mean: The
distance between P and Q is measurable by [. Moreover, given any positive &,
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and & between O and 1, there exists an integer /, such that for any integer &k
larger than i, if ny, ..., n, are successive measurements of the distance between
P and Q by I, there exists a unique real number g such that the probability
that |i—q| <e, is less than 6, i.e., i converges in probability to g (Cramér
[1946] p. 252), and r is this unique number.

D1. M[(P,Q;V)H for (P'//{IQ)I-I
A(Ve 8)e,deBne>0A0<d<1>Ti)ies

AVk) keI AkZio>(Vuy, v, 0y, ..., U, U, 0y).
Uy S0 <pz V2 <p-- <X pty
A[P(uy,0,),Qlg=ny v [Quy,v1), Ply=ny. A ..
A [P (U, 00), QT =1 v 11 [Q (s, 0)s Pl =1y
—-(31q)ge ZAP{|lii—q|>e}<5Ar=(135)P {Ji—s|>¢} <4.
As in the previous section, we prove there exists at most one number »
that satisfies (P, Q;r)y, and then define the distance u(P, Q).

T1. @' (P, Q;1)y.
Proof. According to DI, u(P,Q:r)y implies that r is the (unique) true
mean of the distance between P and Q measured by [, and thus:

wi(P,Q; )y AP, Q;s)y—r=s.  Q.E.D.

T2. @A udP,Q;Ny—>@Ar) u(P,Q; 1)y
Proof. T1,Di0.
D2. (P, Q) for (17)m(P,Q;r)y.
ui(P,Q)y is the (constant) distance between P and Q measured by I.
T3. AP, Q;r)u— 1P, Q; )y (P, Q) =s.
Proof. T2,T4.3,D2.
4. (AP, Q;r)y— (P, Q)y=0.
Proof. D1,T3.4.
T5. (P, Qs )y (Q, Pir)g. A

(EI r)/‘I(Pa Q; r)H-"/v‘[(P, Q)H=HI(Q, P)H-
Proof. D1,T3, asin TVI5.8.

Since a constant distance measured by two equivalent L1’s must be the
same, we assume:

P1. we(P, Qi )y A ELI (EDu—ui(P, Q; Py

If two distances are equal, and one is measurable by an LI, [, the other
must also be measurable by [. Thus:
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P2. (3L, p) (P, Q;p)u A e(R, S )y A (P M Q). —(RM S)y.

The situation regarding LI's of different families is the same as that
regarding SC’s, described at the end of Sec. VI4. Until now, there is no
experimental evidence against the assumption that the ratio of two constant
distances is the same for any LI, i.e.,

P3. (3 p. 4, )1e(P, Q; Pl A (R, S5 Q) A (P, Q5 1)y
AR, S; S)H-_"ﬂf(Pa Qu/ur(R, S)H =u (P, Q)H/:uI(R’ -

At last we are in a position to define a rigidly connected pair of particles.
D3. PRAE,Q for P#QAQGBLr)u(P,Q;r)y.

This means that P and Q are rigidly connected if they are distinct and
there exists an LI according to which the distance between P and Q is
constant in time.

16. PRAC 1 Q—QRE ,P.
Proof. D3.

Two particles that are rigidly connected according to one LI must be
rigidly connected according to any other LI (P4).

P4. PRAE yQ N(PAM Q)y—(3 p) (P, Q5 )y
DA4. RAE(Py,...,P)y for
P EC Py AP, RC Py ... \NP,_ ( HEC 4P,
‘RE(P,,...,P,), reads P,,...,P, is a sequence of rigidly connected particles’.

T7. RE(Py, ..., P )y RAE (P, ..., Py
Proof. D4, Té6.

5. Congruence

In D2.3 congruence means actual coincidence of particles. Here, this concept
is generalized to include equality of separate distances determined by LI’s.

Dl. P,Q=4R,S for P,Q,R,SeZ,
A:P=QAR=S.v.P£QAR#S
A:P=RAQ=S.v.P=SAQ=R.

V(H va’ p).uf(PSQ;p)HAyl(R’S;p)HAng(f’I)H'

‘P,Q=yR,S’ reads ‘(P,Q) is congruent to (R,S), and means: P=Q and
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R=S, or P#Q, R+ S and one of the following cases holds: P=Rand =S,
or P=S and Q= R, or the distances of the pairs P,Q and R, S, measured by
equivalent LI’s are equal.

T1. P,P=,0,R»0=R.

Proof. Dl.

T2. P,Q=2,R,SAP#Q—R#S.

Proof. T1,T2.32.

T3. P,Q=yR, SP,0=yS, Ro>Q, PHyR, SR, S=LP. 0.

Proof. D1.

T4, P,0=yR,SA(P£QVR#S)A(P#RVPASVQ#RVQ#S)
PRy Q A RAG S.

Proof. D(1,4.3).

T5. P,Q=4R,SA(P£OVR#AS)A(PERVR#SVQ#RVQ#S)
AN(PAMQ)y v (RAS)y:~(E p)ui(P,Q; ply A (R, S5 p)a

Proof. T4, DI,P42: Ant—PR%E 0 A (P Q)y A REE uS A(RMS)y

AL P (P, Qs Py A (R, S5 P)u
ANELI(E, M)y

P4.(1,4) =3, p) (P, Q; pu A 11(R, S; Pt
A (3 r, S)ﬂ[(P,Q; r)H N ,il](R, S;S)H
P43 —Con.
T6. P,0=,R,SAR,S=,T, U~P,0=,T,U.

Proof. By D1, the antecedent has the form:

FiVF,VFE,VFE.A.G vG,,vGyv Gy
This can be written as (T2.40) H, v ...v H;,, where each H, is equivalent
to F; A G; for some i and j. The theorem is proved, if we can prove H,—Con
for every value of k.

T51:P,0,R, S, T, Ue Py AP=QAR=SAR=SAT=U
—SP,0, TLUeP AP=QAT=U
Dl —Con.
There are 6 cases that have ‘R=S8A R#S’, all of which imply the Con
because of T1.11.

T5.1:P,Q,R,S, TUec P, AP£QAR#ESAT#UAP=R
AQ=SAR=TAS=U
PO, TLUEPyAPEQATAUAP=TAQ=U
D1 —Con.
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There are 4 such cases in all, and 4 more cases of the following type:

T5.1:P.OR,S, TTUe PyAP#QAR#SATAUAP=RAQ=S
AALELP) (R, S;P)uAu(TUs ply A LI (L, Dy
P, Q. TUePyAP#QAT#£U

AAELP) (P, Q; Py AT U; ply A ELI (£, Dy
D1-Con.

This takes care of 1+ 6+4+4(=15) cases. The remaining case is:

P4.(1,2,4),D4.(1,3):P#£QAR#ASAT#U
AAEL ) (P, Qs Py AR, S; p)u A ELI (£, Dy
AEML QR S; Oy A (T U Qg A ELI (M, 1)y
- P#QAR#SAT#U
AFLLP) (P, Qs D)u At(R, S; p)u A ELI (£, Dy
AAMG (R, S; @) g A (T, U Du AQ@ru(T,U;r)y
PA3— P#QAT#UAP,Q, T, Uec?,
AEEL ) (P, Q; Py AT U p)g A ELI (D),
D1-Con.

We thus see from T3, TS5, and T6 that =, has all the required properties
of congruence discussed in the introduction.

In D4.41s defined a sequence of rigidly connected particles, whose distances
are not necessarily equal. We now define a chain by making the links of the
sequence of equal length.

D2. Gh(Pyy . P)y for #(Pp,....P)
AP, Py=y Py, Py AP, Py=my Py, Pan ... AP, 3, P 1PyPa-1, P

‘€4(P,,....,P,)y" reads ‘P,....,P, is a chain’
The condition ‘#(Py,...,P,)" insures that there are no closed loops in the
chain.

T7. Cl(Py, ..., PYyoCh(P,, ..., Py
Proof. D2, T3.

T8. Ch(Pyy vy PYu— RE(Pyy ., Py,
Proof. D2, T4, D4.4.

9. GH(Py, ..., Py A(P AP,y

-3 P)#I(Pl’P2§P)H/\.UX(P2,P3§P)H Ao A(Paey, Pos D)ar-
Proof. D2,P4.2,T5, P4.3.
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6. Space geodesics

If two particles are connected by several chains having links of equal length,
the chain that has the minimum number of links between the two particles
is the one that lies on the space geodesic between the two particles.

D1. G(Py, ... Py for GL(P, ..,P)yurn>2
AV K)keS Ak>1o(V X, oo, X)BA(X s s X
AX =P AXy=P,A Xy, Xy= Py, Py k>n.

‘G(Py,....,P,)y" reads ‘P, ...,P, lie on a space geodesic (SG).’ It means:
P,,...,P,is a chain of at least two links, and it X, ..., X, is any chain linking
P, and P, and the links of the two chains are equal in length, then the number
of links of the X-chain is either equal to or larger than the number of links
of the P-chain.

T1. G(Py, ..., PYuoF (P, ..., P

Proof. D1,D5.2,T5.6: Ant A X, X,= Py Py X, Xo=iw P Py (1)
(1), T5.7:T.

T2. G(P,, ..., P)u A (P, M Py

_’(3 P).UI(Pla PzQP)u /\HI(stPs;P)H Ao A(Py- g, Py P
Proof. D1,T5.9.

If we consider two different pairs of particles on a chain, such that each
pair is separated by the same number of links as the other pair, and this
number is at least two, then the distances between the particles of each pair
are in general neither constant nor equal. However, if the chain is an SG,
these distances are both constant and equal, since the chain becomes like a
taught string. This is the content of the following two postulates:

P1. G(Py, ... Py A (P MP,)y—P, RE P,

P2. G(Py, . Py AL ko e, on) Aiztk
Ali—=jl>1Ni—j=k—IA(P.MP))y—P, P;=yP, Py

T3, G(Py, ..., Py Ai g,k de{l,....n}
ANi—j=k—IA(PAMP)y— P, Pi=y P, PN (Pt P)y.

Proof. P2,D(1,5.2), D5.1,P4.2.

One consequence of these postulates is that any two distinct particles on
an SG are rigidly connected, i.e.,
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T4. G(P,....Py AP,Qe{P, ... P} AP#£Q
A(PMQ)y—PRE 0.

Proof. D1:%(P,,...,P)y~CH(Py, ... P)y.
T5.8,D4.4 >P RACyP, AP, RCyPyA...ANP,_  AEyP,.
(1), P1: % (P, Py, Py)y A (P, MAP3),—Con. M
T3:9(Py. ..., Py A(Py M P)y NPy MPL)y— Py, P=yPy, Py
(1), T5.4,P1 —Con.

The proof for any n follows in the same way.

A postulate that leads to the uniqueness of a goedesic between two particles
is introduced in Sec. VIII3. The reason it is not introduced here, is that it
can be formulated in a more useful form after the concept of linear order
is introduced.

7. Linear length measuring instruments

The distance measure introduced in D3.2 and D4.2 is not necessarily linear,
and its value may not indicate the extent of separation of the end particles.
For instance, its value could increase with decreasing separation. We now
define a linear L1, whose measure is the customary one, and which has the
properties of a metric.

A linear LI, is an LI whose scale value is zero when the end particles
coincide, and if X/, ..., X, lie on an SG, then for any m between | and n,

(X, Xy =(m = Du(Xy, Xo)u-
Dl. LLINy for LF(y
AVX, V)X, YePunX=You(X,Y)y =0.
AV XL X, m).9(Xy, ..., X, )gAme{3,...,n}
= (X, X =(m—Du(X1, Xo)a
‘FLI()y reads ‘lis a linear length instrument (LLI).

D?2. AP, Q;r)y for (P, Q;r)gA LLI(y.
D3. AP, Q)y for (17).u(P,Q)y = r ALLI(1)y.

The principal property of an LLLI, is that if P,...,P, lie on a geodesic,
then A(P,P;), is |i—j| times the distance between any two successive
particles, i.e.,

T1. G(P,, ... Yy A LLI D Aisjsk+1e{L, ..n)
ANI<jA(PMP)yg— AP, Py =(j — 1) A(Py, Pes -
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Proof. D1,3:AntAi=j
—’ll(Pi, Pj)H=lI(Pi9 Pi)H=0=(j'—i)’ll(Pk7Pk+l)H' I
T6.2, TA3: Antni+1=j
—*il(Pi,Pj)H=il(PisPi+1)H:(.i“i)/11(Pk’Pk+1)- (2)
T6.3,T5.5:AntAi+1 <j—>/11(P,~, P.),,=/11(P1, Pj_,-+ 1),1

Dl z(j_i)iI(PI’PZ)H
T6.2 =(j—i)}~((Pkst+l)H' 3)
(1-(3): T.

T2. G(Pys .., Py AL LI (D A(PyM P,y

—2(Py, P)u=At(Py, Py + APy, P+ -+ 2t(Pa 15 Py
Proof. D1:Ant— APy, P,)y=(n—1)A(P,, P,)y

T6.2 —Con.
D4. (PALQ)y for (PMQuALLI(D)y.
Ds. (PALQ)y for (AN(PAL Q).

8. Space metric

We now prove that the distance measure provided by an LLI has most of
the essential properties of a space metric (see Sec. VI5).

T1. G r) AP, Q;1)y.—A(P,Q)y=0.
Proof. T4.4,D7.(2,3).
T2. P,QePyn LLIVy—. AL(P,0)y=0-P=0.
Proof. D7.1.
T3. 3 r)l;(P,Q;r)H.—>/1[(P,Q)H=)t[(Q, P)y.
Proof. T4.5,D7.(2,3).
T4. G(P,Q, Ry AN ZLLI Dy A(PAR)y
_')AI(P’ R)H :;"I(P, Q)H +)'I(Q’ R)II'
Proof. T7.2.

To complete the metric properties of 4, it is necessary to prove the
triangle inequality:

AP, R)y <A(P, Q) +41(Q, R,

for any three rigidly connected particles. This is done in TVHI3.2.



VIIl. GEODESIC GEOMETRY

1. Introduction

The material of the previous chapter make it possible to establish contact
with many developments in abstract geometry. I borrowed freely from these
developments, and in particular from ‘Distance Geometry’ by Blumenthal
[1953], ‘Geometry of Geodesics’ by Busemann [1955], ‘Foundations of
Geometry’ by Borsuk and Szmielew [1960], ‘Foundations of Euclidean
Geometry’ by Forder [1958], ‘Intrinsic Geometry of Ideal Space’ by Forsyth
[1935], and ‘Riemannian Geometry’ by Eisenhart [1949]. Many of the
borrowed ideas had to be modified to fit the physical theory. No continuity
postulate is made, and many existence postulates of abstract geometry are
excluded.

This chapter is devoted mainly to the one-dimensional geometry on a
space geodesic (SG), and the next chapter to the three-dimensional space
geometry. Space-time geometry is taken up in Chapter X.

2. Linear order

In the foundations of geometry (Borsuk [1960] p. 26; Forder [1958] p. 44)
linear order is introduced as a primitive concept, but in distance geometry
(Blumenthal [1953] pp. 33-34) it is defined. Since a distance measure is
available from the previous chapter, the latter approach is adopted.

Particle @ is said to be between P and R, if P, Q, R are distinct and the
distance between P and R is the sum of the distances between P and @, and
between Q and R.

Di. [P,Q,Rly for #(P,Q,R)
AL P, g, ") A(P.Q; PYu AA(QR; @) A (PR Py Ap+q=r.

This is a ternary relation between three particles, and has no direction,
in contrast to the binary ordering relation <, between events on a world

79
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line. Thus there is a basic difference between the topological structure of
particles on an SG and events on a world line. Left and right are conventional,
but past and future are absolute.

We now develop the basic properties of D1.

T1. I:P9Q’R]H_‘)[R5Q,P]H'
Proof. DI1,DVII7.2, TVII4.5.
T2. [P,Q,R]g—~[Q,P,R]y A ~[P,R, Q4.

Proof. D1,PVII4.3:[P,Q,R]y ~[CQ, P, R]y
—»P#QAPNA(P, R)y=41(Q, R)u+ (P, Q)y
:i[(Q,R)H-)L[(P, Q)H
=P#QA@ADA(P,Q)y=0

TVIIg.2 —-P#£QAP=Q. (1)
(1), T2.(8,22): [P, 0, ]y~ ~ [0, P, Rl @
T :[P.Q,R]y~ [R,Q, Py
(2) _’N[Q’R’P]H
T1,T2.20 —>~[P,R,Q],- 3
(2),(3): T.

P1. [P,O,R]u~[Q.R, SIuA(PALS)y—[P,Q, 5]y

This postulate makes it possible to extend the set of particles on a geodesic.
The condition ( P.# #S) is necessary since the distance between P and S is
longer than between P and R, and there is no guarantee that there is an LLI
with sufficient range to measure the distance between P and S.

The content of the following theorem is essentially the same as PI, except
that ‘Q’ is replaced by ‘R’ in the consequent.

T3. [P,0,R]y A[Q.R, S]u A (P.ALS),~[P,R.S],.
Proof. T1:Ant—-[S,R,Q]yA[R,Q, Ply A (SALP),
Pl —[S,R,P],
T1 —Con.
p2. [P.Q,R]uA[P.R,S]y—~[Q.R,S]y.
T4. [P,Q,R]yA[P.R,S]y[P.0Q.S]y A Q. R, S]y.
Proof. P2:[P,Q,Rly AP, R, S]y—[P,Q,R]aA[Q.R, STy
Pl _)[P’Q’S]HA[Q’ R’S]H- (l)
T1:[P, 0,51y A[Q, R, STy —[S. R, 014 A [S, 0. Pl
(1) —’[S’R’P]HA[RbQ’P]H
T »[P,0,R]u A[P.R,S]y. )

(1),(2):T.
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If O, R are between P and S, we expect that Q= R, or Q is between P and
R, or R is between P and Q.

P3. [P’Q’S]H/\[P’R’S]H_’Q:RV[PaQ’ R}HV[P’R’Q]H‘

The same statement, with ‘P’ replaced by ‘S’ in the consequent, is expressed
by:

Is. [P,Q,S]y~[P,R,S]y~Q=RV[Q,R,S]yV[R,0Q,5]4
Proof. P3,T1, as in T4.

The same three possibilities in the consequent of P3, apply to particles
R, S that are on the same side of P, Q.

P4 [P’Q’R]HA[P1Q7S]H_>R=SV[P7R55]HV[P,S,R]H.

The following theorem bears the same relation to P4, as TS to P3.

Te. [P9 Q’ R]H A [Pn Q’ S]H_’R= Sv [Q’ Rs S]H v [Q’ S’ R]H'
Proof. P4:Ant—>R=Sv .[P,Q,R]yA[P,R,S]y
v.[P,Q,S]yA[P,S,R]y.
P2 —Con.
D2. [P,...,P]u for

[P1’P2’P3]HA[P2’P3’P4]HA"'/\[Pn~2’Pn—I’Pn]H'
T7. [P, ... Plunij, ke{l,.. n}a(i<j<kvk<j<i)
AP MLP)y [P, P}, P]n.
Proof. D2, P1,T3.

T8. [Py,...,Plu—>RE(P,, ..., P)n.
Proof. D(2,1), DVII4.(3,4).

3. Linear order and space geodesics

T1. G(Py, ..., Py AQD)(PLA L\ Py)y A(P ML Py)y—[Py,....P ]
Proof. TVII(7.1,6.3),D2.(1,2).

Thus if P,,...,P, liec on a geodesic, they are in linear order [P,...,P,]y.
The following postulate insures that the converse is also true (Fig. 5).

P1. A(P,Q;p)uv.[P.Ry, ... .,R,, Qlu AA(P, Ry o)y
/\AI(RI,RZ;p2)H/\ Al[(RmyQ;pm+l)H
AP1+Prt ...+ Dy =p:
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AiI(P’Sl;ql)HAAI(SlaSZ;qZ)HA A)'I(SmQ;Qni-l)H:
>p<qg it g AP=0+ ...+ 4,0 1<[P.S1, ... 5, Q)

Pp

Fig. 5. Distance relations

The meaning of Pi is illustrated in Fig. 5. The reason for giving two
alternatives to measure the direct distance between P and Q, is that in case
this distance is too long to be measured with a single operation, it can still be
measured by several operations.

An immediate consequence of P1 is the triangle inequality:

T2. . AP, Q; p)u A A(Q, R; @)y AA((P,R; 1)y —r<p+q.
Proof. Pl.

In abstract algebra, where all distances are constant, P1 can be derived
from T2 as follows: For the special case shown in Fig. 5, we conclude from
T2 that p<s+qs, s<r +ryri<q;+q2r<q3+q,. Thus p<q,+...+¢s.
Unfortunately, in physics the distances r,,r,, and s may all vary with time
even though the other distances are constant. Since T2 applies only to
constant distances, it cannot be used to prove P1. It is not possible to
generalize T2 for variable distances in a way which is independent of
observers, because the times at which the measurements are made become
important, and questions of simultaneity at different places arise.

The following theorem is essentially the converse of T1:

T3, [Py, ... Plu A 4P, ..., PYu—>%(Py, ..., P)y.
Proof. P1,D2.1, TVII5.(9,5): Ant A G4 (X, ..., Xo)u
AXy=P AX,=P,AX{,X;=4P,P,
-(310) Z:—l APy Py ) < Zl;—l (X, Xj4 1)n
t J
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NPy, Py =...=4(P,_, P
=X, Xp)p= . = 4(Xi- 1, X
—>@AD(n~ 1) APy, Py <(k=1)A(Py, Py)y
—n<k. (D

(1).DVII6.1: T.

Any subset of particles on a geodesic, taken at regular intervals, also
consists of particles on a geodesic (T4).

T4. G(Py ., Pluniy, . ie{l, . ,n}ni <..<li
ANig—ig=...=1_4 —ik/\(Pil./ﬂ,?Pia)H—vg(Pil, - P,-k)H.
Proof. TVII(6.3,7.1),D2.2, DVII5.2: Ant
=[P ... P g nCA(P,, ... P )y
T3-Con.

Two sets of particles on a geodesic can be linked into one set of particles
on a geodesic (T5).

TS. G(Py, .., P Yy A G (Po_ s Poy s Pos i) A (P MLP),,
ﬁg(Pl, ""Pn+k)H'

Proof. T1,P2.1,T2.3: Ant—[P,,.... P, ]u- (1)
DVII6.1: Ant—>%4(Py, ..., Py - @)

(1),(2), T3: T.
To insure the uniqueness of an SG through two particles, we assume:

P2, [P.,Ry,...RWOQluA[P, Sy, S, Oy
AALF, S S =S 4 s
AAMP.Rr)uAMRL Ry 1) A e AM(Ri- LR r)p A< m
AAM(P,S s AA(S LS8 )u A AM(S; -1, S5 Aj<n.
-R;=S,

This states that if R,,...,R, and S,,...,S, are linearly ordered particles
between P and Q, and the distance between P and R; is equal to the distance
between P and S, then R;=.S;. From this it follows that:

T6. [P,R,Q|uA[P,S,Q]uAP,R=P,S>R=S.
Proof. P2, DVII5.1.

The reason we did not assume T6, and then prove P2, is that it is implicit
in T6 that the whole distance between the end points is measurable.
The uniqueness of a geodesic is demonstrated by:
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T7. G(P,Ry, .., Ry, Q) AG(P,S1s 0 Sus Ot
AED(P AL R)IgA(PALR)y—>R =S, ~n...AR,=S,.
Proof. Ti:Ant—[P,R,,..,R,,Qlur[P.St, .-, Su Q- (1)

TVI16.2: Ant—(31, p,q)A(P,Ri; Py A ... AL(R,. Q5 D)y
AP, S DA o AA(S Qs @y
(1), P1 A(n+1)p=(n+1)q
—-@ALP)A(P, R paA - AR, Q5 D)y
AP, S D) Ao AAi(Sw @5 D)
P2 —Con.

The only possibility for two or more different SG’s to pass through two
particles P,Q, is if the space geometry were elliptic, and P,Q are its two
poles. However, due to the extremely small curvature of the universe, this
possibility does not arise for any actual SG’s, even if the universe were
elliptic.

4, Collinearity

Frequently, all that is necessary to know is that a set of particles lie on an
SG, i.e., are collinear; the order in which they lie is unimportant. In such
cases, the following definition is useful.
D1. ZL(P,Q,R)y for P,Q,RePyn~#(P,Q,R).
v [Pa Qs R]H v [Q: P7 R]H v [:Pa R, Q]IP

‘L(P,Q,R)y reads ‘P, Q, R are collinear’ and means: one of the following
cases is true: (1) P, Q, R are particles, not all of which are distinct; (2) Q is
between P and R; (3) P is between Q and R; (4) R is between P and Q.

According to D1, any particle is collinear with itself (T1), and any two
particles are collinear with each other (T2).

T1. Pe?y—~#(P,P,P),.

Proof. D1.

T2. P.QePy—>L(P,P,Q)u AL (P,Q,Q)y.
Proof. D1.

The fact that the order of particles in #( P, Q, R} is immaterial, is expressed
by:
T3. ZL(P,Q,R)yoZ(Q, R, P)yoZL (R, P,Q)y
H“?(R’ 0, P)HHf(Q9 P, R)HH"?(Pa R,Q)y-
Proof. D1,T2.1.
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The relationship between collinearity and linear order isshown in T4 and T5.

14. [P,O,R]ly=>Z(P,Q,R)y A #(P,Q,R).
Proof. T2.15,D1,D2.1.
T5. Z(P,0Q, R)H/\ #(P,Q,R).

—P[P, Q’R]HV[Q>R=P]HVEP’R’Q]H-
Proof. D1,T2.2.

The following two theorems show how collinear particles can be combined
to yield other collinear particles.

T6. Z(P,Q,R)ynZ(P,0Q,S)yAP#0
~Z(P,R,S)u A Z(Q,R,S)y.
Proof. D1, P2.(1-4), T2.(3-6).

T7. ZP,QRuANZL(POSyAZ(P,Q, T)yAP#Q—>ZL(R,S, T)y.

Prodf. T6: Ant— % (P,R,S)g A L{(P,R, T)y. ¢}
T6: #L(P,R,S)g A L(P,R, T)yAP#R—>Z(R,S, T)y. )
T53: AntAP=R->Z(R,Q,S)yAZ(R,Q, T)y AR#Q
76 —-Z(R,S, T)y. 3)
(1)-(3): T.

Distinct collinear particles are rigidly connected (T8).

TS. Z(P,Q,R); A #(P,0,R)» %% (P,Q, R, P)y.

Proof. 15,T2.8.

D2. L(P,,...P)y for

L(Py, Py, Py AL (Pyy Py Py Ao AL (P, Py, Pl
‘L(Pys...,P)y reads ‘Py,...,P, are collinear’.

T9. PPy, .., P)uAP,O,Re(P,, ..., Pl > Z(P,0,R)y.
Proof. D2,T(6,7).

5. The side relation

Another useful relation between colllinear particles is the one defined below.

D1. PZuQ,R for P#Q,RAZL(P,Q,R)yr~[Q,P,R]g.
‘PZ 4O, R reads ‘Q, R are on the same side of P’.
The following theorems develop the properties of Z'y.

T1. PZ4Q,R->Q=Rv[P,Q,R]zv[P,R,Q]y.

Proof. D1,D4.1.
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T2.
Proof.

T3.
Proof.

T4.
Proof.

T5.
Proof.

Té6.
Proof.

T7.
Proof.

T8.
Proof.

T9.
Proof.

GEODESIC GEOMETRY [viu 5,6

P,QePyAnP#Q—-P240.0.
T4.(2,4), D1.

PZ 0, Ro>PZ 4R, Q.
D1,T4.3,T2.1.

PZ4Q,RAPZ4R,S—>PZ0,S.

D1,T4.6: Ant—>%(P,Q, S)y. 1
AntA Q=R->P%40,S. )]
T1,D1:AntAQ#R—~[R,P, STy ~.[P,Q, R}y v[P,R,Q]y (3
T2.(1,3,4):[P,Q,R]4v[P.R,Qly ~10Q, P, 8]y

—[R, P, Su “4)
(4),T2.32:[P,Q.,R]y V[P,R,Q]y- A ~[R, P, S]y:

—+~|:Q, P,S]y. &)

(3),(5): Ant A Q#R—~[Q,P,S]y. (6)

(1),(2),(6),D1: T.
L(P,Q,R)yAP#Q—>P=RV[Q,P,R]yv PZuQ,R.
T4.5, D1,

[P,Q,R]y—=PZXyQ, RARZ P, Q.
T4.4,T2.2,D1.

[P, Q,R]y—>~QZyP,R.

T2.2,T2.(15,38).

[P’ Q’ R]H A [P9 Q’ S]HQP%‘HR’ SA QgHRa S.
P2.4,T2.6,T2,T6.

[P,Q,S]yA[P,R, S|y~ PZyQ,RASZ 10, R.
P23,T2.5,T2,Té.

6. Congruence

In Sec.VII 5, congruence is defined and some of its basic properties are
proved. Here, more of its properties are demonstrated in the light of the
material developed since then.

T1.

Proof.

P’ Q#HP’R—’ N'[P’ Q! R]HV [P’R’ Q]H'
D2.1,TVII8.1:[P,Q,R], v[P,R,Qlx

-3Lp, ) A(P,Q;p)uA 1(P,R; @)y A(p<qvq<p)
DVII5.1—~P, Q=P R n
(1), T2.20: T.
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If O, R are on the same side of P and are equidistant from P, they must be
identical (T2).

T2.
Proof.

D1.

PZ,Q,RAP,Q=yP,R>0Q=R.

T5.1: PZ,0, R0 =RV [P,Q,R], V[P, R, 0y 1)
T1: P,Q=yP,R—~.[P,Q,R]yVv[P.R,Q},. )
(1),(2): T.

Mid (P,Q,R)y for
,S,”(P, Q, R)H AP#RAP,Q=LQ,R.

‘Mid(P,Q,R)y’ means: P,Q,R are collinear, and Q is midway between

P and R.

T3.
Proof.

14.
Proof.

Mid (P,Q,R)y> Mid (R, Q, P)y.
D1,T43, TVIIS3.
Mid(P,Q,R)y~[P,0,R]y

TVII5.1: P=QvQ=R.AP,0=40,R

»P=0QAQ=R

—P=R. (1
(1),D1: Ant—.#(P,Q, R)y A #(P,Q.R)
T4.5 -[P,Q,R]yv[Q.P,R]yV[P,R, Q]

D1, TI —Con.

The uniqueness of the middle particle follows from T4 and T3.6.

75.
Proof.

@A1X)Mid (P, X, Q)u.
T4, D1,DVIIS 2: Mid (P, X, Q) A Mid (P, Y,Q)y

[P, X, Qly ACA(P. X, QuA[P, Y. Qly ACA(P, Y, Q)u
T3.3>%(P,X,0),A%(P,Y,Q),
T3 1>X=Y. (1)
(1),D9:T.

Theorems 6 to 10 establish relations between corresponding sets of

particles.
To.

Proof.

PZyQ,RAP'Z,Q,R AP,Q=yP, Q' AP,R=,P',R
—.0=Re>Q'=R’.

AntAQ=R—P, Q=P Q' AP,0=P", R’

TVII5.6 —P,Q'=yP ,R'APZ,0Q R

T2 ~Q' =R 1)
Similarly: AntAQ'=R'->Q=R. )
(1),(2), T2.32: T.
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T7.

Proof.

T8.

Proof.

79.

Proof.

GEODESIC GEOMETRY [VII[ 6

[P’ Qa R]H A [Pla Q’a R’]H A P, Q#HP’: Ql
AQ,R=,0",R"-»P,R=,P',R’.
D2.1, PVI14.3: Ant
-@ADA(P,R)g=4{(P,Q)y+41(Q,R)y
AM(P,R)g=M(P, Q)+ A(Q, R )y
AP, Qg =2(P', Q) AA(Q, R)y=2A(Q", R )
S@AD (P, R)y=2e(P', R )
DVII5.1-Con.
[P,Q,RIuAP'ZyQ' ,R'AP,Q=yP Q' AP,R=yP R’
—’[P,’ Q,’ R,]H A Q’ Rl|=’|HQla R
T5.1: P°&xQ’, R’
"’Ql=R’V [P’a Q/5R/]HV [P’aRI’ Q,]H @
AntAQ' =R -P',Q'=,P,0 AP, Q"=,4P,R
TVIIS.6 —-P,0=4P,R
T1,T2.39 —>~[P,Q,R]g 2
(2),T2.9:Ant—>~Q'=R’. 3)
D2.1,PVH4.3: Ant—>(3ADA(P, @)y <A{P,R)y
AM(P,Q)y=2(P,Q)g A A(P,R)y=A4(P,R)y

->@DAL(P,Q)g<t(P,R)y. ©)

D2.1:[P", R, Q'] ~»ANA(P, Q"> 2 (P, R)y. 5)

(4),(5): Ant—~[P",R’, Q'] (6)

(1).(3),(6): Ant>[P', 0", R'], )
_’[Pz Q’ R]H A [Pl’ Q’a R’]H A P’ Qll=|'HP/a Ql

AP,R=,P R

Asin T7 -Q,R=,0',R’". (8)

(7),(8): T.

[Pa Q’ R]H A P» Q#Hp’a Q, A Q, R#HQ,’ RI

N P, R#HP,, R,_)[P’, Q,, R]H'

D2.1, PVII4.3: Ant— (3D (P, R )= A4(P', Q)i+ 4(Q', R
D21 —Con.

If Q is midway between P and R, and Q' is midway between P’ and R’,
then if any corresponding distances are equal, all the other corresponding
distances are equal (T10).

T10.

Mid(P,Q,R)y N Mid(P,Q,R )y

—:P,0=,P,Q'—0,R=,0",R' AP,R=,P R
A.Q,R=,0, R =P,0=,P' 0’ A\P,R=,P R'.
A.P,R=,P,R —P,0=,P 0’ AQ,R=,0",R.
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Proof. T4,D1,T(7,8), TVII5.6.

If R is collinear with two distinct particles P,Q, and S has the same
distances from P, Q as R, then S=R(T11).

Ti1. L(P,0,R)y AP#Q AP, R=,P,S AQ, R=,0, S>R=S.
Proof. TVII5.1:AntA(P=Rv Q=R)-»R=S. 03]
T45:  Anta #(P,Q,R)-[P,Q,R}y
v [Q’ Pa R]H v [P’ R’ Q]H (2)
DVH5.1: Ant—>P, Q=P . O AQ,R=,0,SAP,R=4P,S. (3)
(3), T9: AntA[P,Q,R];—[P,Q,S]u

T5.8 —PZR,S AP,R=,P, S

T2 LR=S. )
Similarly: Ant A[Q, P, R]g—R =S. (5)
(3),79:  AntA[P,R,Q]4—[P,S, Qs

T3.6 SR=S. (6)

(1).(2),(4)-(6): T.



IX. SPACE GEOMETRY

1. Non-collinearity

Three particles P, Q, R are said to be non-collinear if they are not collinear.

D1. A (P,Q,R)y for P,Q,ReZyn~ZL(P,Q,R).
Non-collinear particles are distinct (T1).

Tl. A (P,Q,R)y— #(P,Q,R).
Proof. D1,DVII4.1.

12. '/V(PsQ’R)H"‘VV(Qa RaP)u“*‘/V(RvP» Q)H
<N (R, Q, P)y=>AN(Q, P, R)y>A (P, R, Q).
Proof. D1, TVIII4.3.

Collinearity and non-collinearity are mutually exclusive (T 3).

T3. N.Q(K(P, Q, R)H /\./V‘(P, Q,R)”.
Proof. D1.

Three particles can either be collinear or non-collinear (74).

T4. P,Q,ReZy—L(P,Q,R)yvA(P,Q,R)y.

Proof. T(2.2,1.10,2.40): Ant
—:P,QREXPyAL(P,QR)y.v.P,Q.REPyA~ZL(P,Q,R)y
DVIIIA.1, D1~ % (P,Q,R)y vA (P, 0, R),
T3 —Con.

A particle cannot be both collinear and non-collinear with two other
particles (T'5).

TS, L(P,R,Q)y AN (P,S,Q)y—R#S.
Proqf. AntAR=S->Z(P,R,Q)y AV (P,R,Q)y. (1)
(1),T3,T2.8: T.

90
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Non-collinearity does not imply rigidity, but nonrigidity and distinctness
does imply non-collinearity (T6).

T6.
Proof.

P,Q,ReZy A #(P,Q,R)A ~PAE QN (P,Q, R)y.
DVI14.4, TVIII2.8: Ant— # (P, Q, P)
A~[P,Q,RlyAr ~[Q,P,R]yA ~[P,R,Q]y4
DVIl4.1 —>~$(P,Q,R)H
T4 —Con.

Non-collinearity implies that the inequality sign applies in the triangle
inequality TVIU3.2(T7).

T7.

Proof.

‘/V(P’ Q9 R)H A /II(P5 Q;p)H A il(Qa R; q)H
AM(P,R;F)g—r<p+q.

DVIIR21:AntAr=p+q—[P,Q,R],

TVIII4.4, T3 —~~A (P, Q, R)g. )
(1), T2.32: Ant—>r#p+gq

TVIII3.2 — Con.

Two different SG’s can intersect in at most one particle (T8, Fig. 6).

T8.

Proof.

N (P,Q,R)yAR#S
-A'"X)Z(P.Q, X)yrnZ(R,S, X)y.
TVII4.6: Z(P,Q, X)y AL (P,Q,Y), AP#Q

—>Z(P, X, Yy nZ(Q.X,Y)y- ' H
TVII4.6: (R, S, X)yn Z(R,S,Y)y AR#S

- Z(R, X, Y)y. )
TVII4T: L(P, X, Y)y AL(Q, X, Y)y AL (R, X, Y)y

> X#Y>Z(P,Q,R)y

- ~ZL(P,Q,R)y—~X=Y
T4 - N (P,Q,R)y—>X=Y. (3)
(1)~(3),D9: T.

Q a R
Fig. 6. T8 Fig.7. T9
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P P
T
S T
a R a R
Fig. 8. T10 Fig. 9. Tl1!
79. A (P,Q,R)yAZL(Q,R,S)yAQ#S—>A(P,Q,S)y.
Proof. TVIII4.6: (Q,R,S)y AQ+#S
=>.Z{(P,0,8)y—>ZL(P,Q,R)y
T220, T4 ». A4 (P,Q,R)y— A (P,Q,S)y. 1
(1), T2.32:T.
T10. A (P,Q, Ry AL(P,Q,S)ynZ(P,R, Ty
AP#S, T> A (P,S,T)y.
Proof. T9: Ant—» A" (P,R, S}y AL (P,R, T)ynP#T
T9 —Con.
T11. A (P,Q,R)yAS, TePyunS#T
> AP, S, T)gvA(Q,S, T)y vA (R, S, T)y.
Proof. TVI4.7: Z(P,S, T)y A Z(Q,S, T)y

ALR, S, T)g"S#T->ZL(P,Q,R)y
T3 - ~A(P,Q, R)y. e))
(1), T2.32, T4: T.

(@) (b) ©)
Fig. 10. P1
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P1. A (P,0,R)y A :[P,S, 0]y A[O, T,R]y A[R, U, Py
v.[P,Q,S]uA[Q,R, Ty A[R,P, Ul
v.[Q, T,R]zA([P,Q,S]y v[Q, P, S]y)
A{[P,R, Uy Vv[R, P, U]y):
—A(S, T, U)y.

The meaning of P1 is illustrated in Fig. 10; each of the diagrams corre-
sponds to one of the three possibilities listed in P1 that insures the non-
collinearity of S, T, U. The reader can verify that possibilities not included in
Fig. 10 do not insure non-collinearity.

2. Coplanarity

In abstract Euclidean geometry, a point D is said to be coplanar with three
non-collinear points A, B, C, if D lies on a line that connects two points of the
triangle ABC. The plane determined by A4, B, C, is defined to be the class of
all points coplanar with A4, B, C (Forder [1958] p. 57).

What makes this definition work, is the property that if D and E are
coplanar with A4, B, C, then any one of these five points is coplanar with any
three of them, e.g., E is coplanar with 4, B, D. In other words, there is only
one plane that passes through three non-collinear points.

Unfortunately, this property is not satisfied in Riemannian geometry,
except in the cases of constant curvature, and physical geometry is Rieman-
nian. To see how this property breaks down, consider three neighboring
non-collinear particles 4, B,C, and let several geodesics connect 4 with
points on the geodesic through B and C. The surface S, consisting of all
these geodesics is called the geodesic surface at A. If D and E are points on
the geodesics 4B and AC, then in general the geodesic connecting D and E
does not intersect all the geodesics on S, i.e., it does not lie on S, (Forsyth
[1935] Vol. II, pp. 135-136). In order for S, to qualify as a totally geodesic
surface (plane), it is necessary that the geodesic through D and E must
completely lie on S, for any D and E.

The conditions for existence of a totally geodesic surface are given by
Eisenhart ([1949] pp. 183-184). It is shown by Cartan ([1928] pp. 123-127)
that the existence of a totally geodesic surface is equivalent to the possibility
of displacement of figures without deformation (free mobility of figures).
This possibility is ruled out by Einstein’s general theory of relativity in
regions such as the vicinity of a massive object.
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Consequently, we have to carry on the development of the theory without
the concept of coplanarity.

3. Perpendicularity

PQ is said to be perpendicular to PR at P(P__,Q,R) if P,Q,R are non-
collinear, P is rigidly connected to @ and R, and for any particles X, Y
different than P, if X is collinear with P, Q and Y is collinear with P, R, then
the distance between X and P is smaller than the distance between X and Y
(Fig. 11}, i.e., the distance on a perpendicular from a point X to a line is the

Q

X

P Y R

Fig. 11. Perpendicularity

shortest distance from X to the line (Busemann [1955] pp. 103, 121). The
point P is called the foot of the perpendicular. Notice that the distance
between @ and R need not be constant.

Dl. Pl 4O0,R for JV(P, Q,R)ynZ6(Q,P,R)y
AYX. YLD, q)-L(P,Q, X)y A L (PR, V) AP#£X, Y
AMX,PippAar(X,Y;q)y—p<q.

If PQ is perpendicular to PR, and S is collinear with P and Q, then PS is
perpendicular to PR(T1).

T1. Pl 4O RAZL(P,Q,S)yrnP#£S—P | 4S,R.

Proof. AntAQ@=S—-P | ,S,R. (D
T1.9:4(P,Q, R}y AL (P, Q,S)yAP#S—>A(P,R,S)y. 2)
TL1:AntAS# Q> ZL(P,Q,S)y A #(P,Q,S)y

TVIII(4.5,2.8) —#%(R,P,S),. (3)
TVII4.6: Z(P,Q,S)y AL (P, 0, X))y AP#0Q

- ZL(P, S, X)y- )]
(2)-(4), D1: AntA Q#S—P | ,S,R. &)

(1),(5): T.
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A priori there is no reason why perpendicularity should be symmetric.
However, experimental evidence indicates that it is (P1).

Pl.

P HQs R—-P | 4R, Q

With the help of P1, T1 can be applied to the other side of the right angle.

T2.
Proof.

P 4O,RAZ(P,R,S)yAP£S—P | ,0,85.
P1,TI.

The foot of the perpendicular is unique (P2).

P2

T3.
Proof.

Pl 4O, RAP | 4O,SAZ(P,P,R,S)y—P=P.

Pl 4O.RAP | 4S,RAZ(P.P,Q,S);~P=P
P1,2.

In spherical and elliptic geometries, it is possible to have 2 perpendiculars
to the same line from one of the poles. In P2 this possibility is excluded
because of the extremely small curvature of space.

One consequence of P2 is that two perpendiculars to the same line can
never meet (T4, Fig. 12).

T4.

Proof.

D2.

R S
P a
Fig. 12. T4

P 1 yR,QAQ | 4S,P

>~3X)Z(P,R, X))y AZ(0,5.X)y.

D1:AntA X =P—A4(0,S, X)y

T1.3,T2.(15,38)—> ~.L(P,R, X)y A £(0, S, X)y.

Similarly: Ant A X =Q— ~.Z(P,R, X)y A ZL(Q,S,X)y.

T1,2: Ant A L(P,R, X)y AX#PAZL(Q, S, X)yAX#Q
SP | 4X,0AQ | 4X.PAZL(P,0.0.P),

P2, DI, TI.I-P=QAP#Q.

(3), T2.8:AntA X #P, Q- ~.Z(P,R, X)y A Z(0Q.S, X)y-

(1),(2), (4): Ant—> ~ L (P, R, X)u A £(0. S, X)u
P(3,5),T3.17 —Con.

Pl 4O:R,S,... for P yQ,RAP | 4OQ,SA...

(1)
(2

(3)
4
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From a point on a plane, only one line can be erected perpendicular to
the plane; or to be more precise, if P,0,R are non-collinear, only one
perpendicular can be erected from P, which is perpendicular to both PQ
and PR(P3, Fig. 13).

P3. A (P,Q,R)yAP | 4S:0.RAP | 4T;Q,R->ZL(P,S, T)y.

S T

Fig. 13. P3

4. Parallel displacement

In Euclidean geometry, two lines are said to be parallel if they lie on the
same plane and make equal angles with a straight line in that plane. We saw
in Sec.2 that the concept of a plane is not always available in physical
geometry, and thus a different tack must be used. Two ways out were
suggested: one by Levi-Civita (Eisenhart [1949] pp. 62-65, 72-74; Forsyth
[1935] Vol. IT, pp. 98-101), and the other by Severi (Forsyth [1935] Vol. 11,
pp. 101-107). Both methods use the idea of parallel displacement, but
Levi-Civita uses the idea of an imbedding space, whereas Severi uses
geodesics. Severi’s definition of parallel displacement fits well in our theory,
and we use it as the basis for our definition.

Consider three rigidly connected non-collinear particles P,Q, R. We wish
to find a particle S, such that RS can be considered parallel to PQ. There are
two things that must be accomplished: (1) the geodesic RS must at least start
tangent to the geodesic surface at P (see Sec. 2), and (2) the corresponding
angles that PQ and RS subtend with PR must be equal (Fig. 14).

Since the space curvature may be variable, the closer we are to P, the better
off we are. In fact, in a region sufficiently close to P, the curvature becomes
practically constant and the concept of coplanarity is applicable. If R is
sufficiently close to P, it is possible to find a particle U on PQ on the same
side as Q, and a particle ¥V on RS on the same side as S, such that P} and
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S

U

/ /
IS

P R

Fig. 14. Parallel displacement

RU intersect at some particle W. In order to test whether R, U, V are suf-
ficiently close to P, we take a particle X between P and U, and a particle Y
between R and V. If PY and RX always intersect for any X and Y chosen in
this way, then we know that we are sufficiently close to P, and that RV lies
on the geodesic surface at P.

We can now make RV have the same direction as PU by taking the
distance between P and U equal to the distance between R and V, and the
distance between U and V equal to the distance between P and R. Unless
R, U and V are sufficiently close to P, it is usually not possible to satisfy these
conditions and also have PV and RU intersect. Thus the operational meaning
of ‘sufficiently close’ to P is simply that all these conditions can be satisfied
for U and V as well as for X and Y.

What we have accomplished, is to displace PQ along the geodesic PR to
RS so that the initial directions of PO and RS are the same. This does not
guarantee that PQ and RS remain parallel if extended. In other words, if PQ
is extended to PQ’ and RS to RS’, such that the distance between P and Q'
is equal to the distance between R and S’, then it may be found that at Q'
and S’ the two geodesics are neither parallel nor coplanar.

We now put the above ideas in symbols.

D1. POt 4R, S for N (P,Q,R)yrA(R,S,P)y
AUV, W)PZQ, U ARZ S,V AP, W, V]uA[R, W, Uy
AP, USSR, VAP,R=,UV
A(YX, Y).[P,X,UluA[R, Y, V]y AP, X=uR, Y
SP,R=,X, Y AQZ)[P,Z, Y]u AR, Z, X]u.

‘P,O1} yR, S’ reads ‘RS is displaced parallel to PQ along PR’.
Another important difference between parallelism in Euclidean and
Riemannian geometries, is that if a geodesic segment is displaced parallel
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to itself along a closed path, it ends coincident with itself in Euclidean
geometry, but pointing in a different direction in Riemannian geometry. In
fact, this difference in direction can be used as a measure of the curvature of
space in the region of the closed path.

Tl PvQ)”\HRvsHR!S1PHP’Q'
Proof. D1,

However ‘P, Q1 4R, S is not symmetric with respect to interchange of the
other letters.

T2. PO yR, S A PExQ, TP, T} 4R, S.

Proof. DVIN5.1,T1.9:4°(P,Q, R)y A PE1Q, T> A (P, R, T)y. 48]
TVIIIS.(3,4): PXyQ, U APEyQ, T-PZy T, U. (2)
(1),(2),D1:T.

T3. PO gR,SARZE LS, T-P, Q1M 4R, T.

Proof. T1,2.

Q
U
X

Fig. 15. Antiparallel displacement

Antiparallel displacement can be defined in analogy with parallel dis-
placement (Fig. 15).

D2. P,Q1/uR,S for
N (P,Q,R)y AN (R, S, P)y
AERU,V,W)PEuQ,UARZ,S,V
A[P,W,R]y A[U, W, V]uAP, US,R, V AP, V=R, U
AV X, Y)[P, X, UluA[R, Y, V]un P, X=4R, ¥
P, YS,R X ALX, W, Y],

‘P,Q4| yR,S’ reads ‘RS is displaced antiparallel to PQ along PR’.
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T4.
Proof.
75.
Proof.

T6.
Proof.

PARALLEL DISPLACEMENT 99

P,Q1LHR,SHR,S1LHP,Q.

D2.

P,OY uR, SAPZ4Q, TP, TY 4R, S.
Asin T2.

P, yR,SARZ S, T-P, Q1| 4R. T.
T4,5.

As might be expected, parallelism and antiparallelism are mutually
exclusive (T7, Fig. 16).

, u v
W v UI/ w’ /V/
W z
P R P R
(a) Fig. 16. T7 (b)
T7. ~.P,Q1 4R, SA P, Q1] 4R, S.
Proof. D1,2, TVII5.6, TVIII(5.4,5.1,6.2,6.8):

P,Q’][‘HR,SAP,Q‘]LHR,S—>(3 uv,w,u.,v, W')...
AU=SUAV=V . v [P U UlgA[R V', V],
v.[P,U U ARV, V s (1)

If U=sU’A V=V, then we have (Fig. 16a)

[P.W,V]uA[R W, UlgA[U, W', V]y A[P, W', R],.
DVIII5.A, T1.9:4°(P, Q, R)y A P Q, U—A"(P,R, U)y.
TVII4.4,T1.9:4(P,R,U)y A[R, W, U] y» A (P, W,U)y.
TVUI4.4, T1.9:N (P, W Uy A[P. W, V]y> A (U, V, W)y
PLUA (U, V, W)y A[U, W, V]uA[U, W, Ry ALV, W, Ply

- A (P,W',R)y, which contradicts [P,W',R],.  (2)
D1:[P, U, Ul AR V', V]a AP, U'=yR, V'

~(32)[P,Z,V']uA[R.Z, U s

and a contradiction follows as above (Fig. 16b). 3)

D2:[P, U, U g A[R,V, V' ]yAP,U=HR, V
—»[U, w’, V]H/\[P, w’, R]m

which leads to the same conclusion as the first case. @

(1)-(4): T.
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P1. PO 4R, SA[S,R, T]y—P, Q1 xR, T.

TS. P01 yR, SA[Q, P, T]y—P, TI uR, S.

Proof. T1,P1.

P2. P01 4R, SA[S, R, T]y—P, Q1 uR, T.

T9. P,OY gR.SAIQ,P, T]y—P, T1} 4R, S.

Proof. 14, P2. /

D3. P,Qll 4R, S for P,QY4yR,Sv P, Q4 4R.S
T10. P,Q | yR, SR, S| xP, Q.

Proof. D3,T1,4.

T11. PO 4R, SAZL(P,Q, T)yAP#T-P, T|xR,S.
Proof. DVIII4.1,D3,T2,8.

T12. P,QI 4R, SAZ(R,S, T)yAR#T>P,Q| 4R, T.
Proof. T10,11.

Two geodesics parallel displaced in the same way along the same path are
collinear (P3).

P3. P,0| 4R, SAP, Q| 4R, T->Z(R,S, T)y.

T13. P, 01 4R, S AP, Q1 yR, T>RZyS, T,
Proof. P3, D1, TVIII4.5: Ant—Z(R,S, T)y AR£S, T
AS=TVIR, S, T]gv[R T,SIuv [T R, S]y. (1
DVIIIS.1, TVIN2.2: (R, S, T)y AR#S, T
A.S=TV[R,S, T]gV[R, T,S1u: >RZS, T. (2)

P1:AntA[T,R, S]y—P, 01 uR, TAP, Q4| 4R, T. 3)
(3), T7: Ant— ~[T,R, S]j. 4)
(1,(2),@:T.

T14. P, Q1M 4R, S A P, Q4 uR, T>[S, T, R].

Proof. As in T13.

T15. P,0 xR, S AP, 01, yR, T>RZ S, T.

Proof. As in T13.
Two parallels cannot meet (P4).
P4, ~P,Q| xR, 0.

If PQ is perpendicular to PR, and RS is displaced parallel to PQ along
PR, then RP is perpendicular to RS at R(PS).
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Ps. Pl 4O, RAP P|4R,S>R | 4P,S.

Da. PO R, S uT, U yA,B.... for
PO 4R, SAR S yT,UAT, Ul 44, BA....

5. Dimensions

The assumption that physical space is 3-dimensional is made in two parts,
space is assumed to be (1) at least 3-dimensional, and (2) at most 3-dimen-
sional. To get a feeling for how these assumptions should be stated, let us
start with 1-dimensional space.

If we take two points P,Q on a line, and consider two points R, R’ that
have the same distances p,q from P and Q, then if space were at most
1-dimensional, R must be identical with R’. On the other hand, if space were
at least 2-dimensional, we could have R# R’ (Fig. 17).

R

R

Fig. 17. Two dimensions

If space is at most 2-dimensional, we are stuck to a surface and there can
be no other point besides R and R’ that have the same distances p,q from P
and Q. But if space is at least 3-dimensional, we could get out of the surface
and find two other points S and S’ on each side of the surface that have the
same distances from P and Q as R and R’ (Fig. 18). This brings another dis-
tance into the picture, namely the distance r between R and S and between R
and S’. Finally, if space is at most 3-dimensional, there can be no other point
besides S and S’ that have the same distances p,¢,r from P,Q, R.

Thus, we assume that space is at least 3-dimensional (P1) by assuming the
existence of three non-collinear rigidly connected particles U, ¥V, W, and the
existence of two other distinct particles X, Y that have the same distances
from U, V, W. (In Fig. 18, U,V, W correspond to P,Q,R and X,Y to S,S".)
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PlL. AUV, W, X, V)N (U, V, Wy A REU,V,W,U)y
AEU VW, X, Y)AU, X, U, YAV, X,V Y
AW, X=W, Y.

The assumption that space is at most 3-dimensional (P2) is expressed as
follows: If P,Q, R are non-collinear rigidly connected particles, and Sis a
particle different from P,Q, R, then there exists at most one particle X
different from S such that the distances of S and X from P, Q, R are the same
(X corresponds to S’ in Fig. 18).

<
S/ N

Fig. 18. Three dimensions

P2. A (P,Q,R)y A RE(P,Q,R,P)ynSePyAS#P,Q,R
S(A' X)X #SAP, X=P, SAQ, X=40,SAR, X=4R, 8.

The distances A(X,P)y, 4(X,0)y, and 4(X, R), can be considered as the
space coordinates of particle X relative to the coordinate system P,Q,R, S,
where S is the origin and SP,SQ, SR are the axes.

Since an event at X must be specified by an additional time coordinate
given by a standard clock whose output particle coincides with X, space-time
is clearly 4-dimensional.

6. Geodesic space coordinates

A coordinate system (CS) is very useful in specifying the position of particles
and describing their motion. Moreover, by writing the distance measure (line
element) as a function of coordinates in a finite region, it is possible to give
a complete description of the geometry of the region.
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In the general theory of relativity there is tremendous freedom in the
choice of coordinates. One set of coordinates suggested by Synge ([1956] p. 7)
to illustrate this freedom, is obtained by four ‘old battered’ but hardy clocks
carried by flying aeroplanes that turn, dive, and climb in an arbitrary way.
By sending signals from an event to the clocks, the times of arrival of the
signals at the clocks can be taken as the four coordinates of the event; the
signals can be the sound waves of an explosion. A more conventional CS
can be described as a scaffolding constructed from an elastic material
(Reichenbach [1958] pp. 263-264). The material must be elastic because a
rigid structure is not possible in a time varying gravitational field.

Unfortunately, this freedom has a price; the price being the same as that
paid when one tries to specify the time of events by an arbitrary clock (see
Sec. VI 1). If the time intervals between a sequence of periodic events vary,
it is not possible to determine whether the variation is due to the clock or to
the physical process producing the events, unless something is known about
the clock itself. Similarly, unless the CS is constructed according to a
specific operational procedure, the properties of the CS and the physical
process described by it will be mixed up in an unknown way. For this reason,
we give below the complete instructions for the construction of a CS in an
arbitrary gravitational field.

The CS described here is a generalization of the common rectangular CS.
The reasons for all the complications become clear at the end, but for now
it is sufficient to state that the culprits are the fact that a rigid structure is not
possible in a time varying gravitational field, and the geometry is Riemannian.
The formulation of this CS in the framework of general relativity and its
application are given by the author elsewhere (Basri [1965] Secs. 9A, 10A and
11).

The CS consists of an orthogonal triad of particles and a method of
specifying the position of any other particle relative to this triad. An
orthogonal triad 0,4, B,C is a set of four particles such that 04, OB and
OC are mutually perpendicular (O | 4,B;0 | B,C;0 | C, A4). To specify the
position of any particle P relative to O, 4, B, C, first extend OA linearly by
particles X, (= A4),X,,..., X,, i.e,, let 0,X,..., X, liec on a space geodesic (SG)
[9(0,X,,...,X;)s]- This implies that the distances between neighboring
particles are all equal to the distance between O and A. Next parallel
displace OB and OC along this SG until X; is reached (D4.1). Let the two SG
segments obtained in this way be X,U; and X,V (Fig. 19). Then extend X;U,
linearly by particles Y,(=U),Y,,..., Y, so that 4(X,, Y;,...,Y,),, and paral-
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Fig. 19. ‘Rectangular’ CS

lel displace X;V; along this SG to get Y;Z,. Finally, extend Y,Z, linearly by
particles Z,, ..., Z, to reach P(=2Z,), such that ¥(Y, Z,, ..., Z;)p.

The numbers i,j,k are the ‘rectangular’ coordinates of P with respect to
the CS, 0,A4,B,C. The order in which these coordinates are obtained is
important; if OB is extended first instead of OA, the coordinates could have
different values. This is one of the peculiarities of Riemannian geometry.

Another way of looking at this CS is to think of the SG defined by
%(0,X,,X,,...) as the X-axis, the SG’s defined by %(X,Y;,Y,,...) the
Y-axes (in the XY-plane), and the SG’s defined by %(Y;,Z,,...,Z;) as the
Z-axes. The distances between points on the Y and Z-axes may vary with
time. Moreover, the curves Y=const, Z=const may neither be SG’s nor
parallel to the X-axis. These are some of the peculiarities of our space, and
the reasons why the CS was defined as above. It is not a rigid CS, but it is
well defined.

We now define more precisely the sentence: The space coordinates of
particle P are i,j,k with respect to the geodesic rectangular coordinate system
0,4, B,C. Since the space extension of any CS is limited, we choose the
origin so that only positive values of i,j,k need be considered. The inclusion
of negative values complicates the formulation, but is straightforward.

D1. P(i,j, k)= A€ S (0,4,B,C)y for
O] 4yA,BAO | yB,CAO | 4,C, A
Aj=0-.i=0-[k=0-P=0.
ANk>0-(EZ,,..,Z)Z,=CAr¥%(0,Z,,...Z )y NZ,=P].
Ai>0-3 X, .., X)[ X =Ar%(0,X,, ..., X
Ak=0-X=P.A.k>0-3V,,...V;, Z,....Z).
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O, MM Xy, Vilt g MM uaXo VinVi=Z, A Z,=P

ANO, C=y Xy, Vi X, Vih G (X Z 1, s Z)a]:

A j>0-.0=0-3Y,, ..., Y)[Y1=BA%(0,Y,...,Y))u
Ak=0-Y,=P. A k>0 W,, ... W, Zy, ... Z,).

O, MY, Wity . MM aYp, WAW,=Z, AZ, =P

ANO, C=RY Wiy S Y, WA (Y, 2y, .. 2y
A0 X, .., X, Uy o Uy Yy o, ¥). X = A

AG(0, Xy, s X)g A O, B g X, Ul g M aXe Ui AU =Y,
AO,B=p X, U= .BEuX, Un9(X, Yy, oo, i
Ak=0-Y;=P.Ak>0-3Vy,...V, Wy, ... W, Zy, ..., Zy).
0, Clt wXos Vill oo A o Vil w¥ss Welb o At W,
AW,=Z, A0, C=X,, Vi Ey X, Visn Yy, W,

=y S WinG (Y24, 2 )y AZy=P.

In the next chapter the following two definitions are needed:

p2. (P(x)— REF(0,4,B,C)}y for
(3i,7,k) P(i,j, k) — #% #(0, 4, B, C)y
A LLI Oy A (0, Ay =4(0, By = 4(0, C)u =1
AER)=GEL ) A =idn?=jAin =kA

D3. {a[P(x)]-2%%€5(0,4,B,C)}y for
{P(x)— %€ F(0,A4,B,C)}yrae¥ (P)y.
Several expressions of type D2 and D3 are combined as follows:

{P(xp),a [Q(xQ)], = RE€S(0,A4,B,C)}y
stands for

{P(}:P)—— RE€F(0,A,B, C)I}H
n{a[Q(xg)~ AEF(0,4,B,C)un....



X. SPACE-TIME GEOMETRY

1. Introduction

Time geometry on a world line was developed in Chap.VI, and the foundation
of space geometry was laid in Chaps.VII-IX. The two geometries are married
in this chapter to form a solid foundation for space-time geometry. The parts
of Einstein’s general theory of relativity (GR) that are not touched are the
field equations and the energy-momentum tensor.

GR utilizes a single time that applies over all space. This can be done only
if all clocks are synchronized. Although this is possible in principle, it is
shown below that synchronization is conventional, arbitrary, and impractical
in a time varying gravitational field. For this reason, our formulation makes no
use of synchronization ; it constitutes a new approach which is based upon GR.

It is verified experimentally that the relative rate of clocks, as determined
by the measured frequency of electromagnetic signals sent from one clock
to the other, depends upon the location, time, and state of motion of the
clocks. For instance, the rate of clocks at different heights above the earth’s
surface are found to be different (Pound and Rebka [1960]), and the same
is true for clocks placed at different radii on a rotating disk (Kiindig [1963)).
As the angular speed of the disk changes, so do the relative rates of the
clocks. Moreover, synchronization may not even be transitive; if two clocks
on the rim of a rotating disk are synchronized with the clock at the center,
the two clocks are found not to be synchronous with each other. It can be
shown (Basri [1965] Sec.6B) that synchronization is not transitive if and
only if two beams of light sent simultaneously in opposite directions around
a closed path of non-zero area arrive back at different times. Two beams of
light were sent in opposite directions around the rim of a rotating disk, and
were indeed found to return out of phase with each other (Sagnac [1913],
Macek and Davis [1963}).

Thus in an inhomogeneous time-varying gravitational field, the rates of
clocks depend upon both position and time, and synchronization is not

106
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transitive. Consequently, synchronization must be performed continuously
between all clocks and a central clock. Due to the finite speed of any signal,
it takes time to synchronize a distant clock, which adds another compli-
cation. Moreover, since, strictly speaking, synchronization can only be
performed between neighboring clocks, it can be seen that synchronization
in such an environment is rather impractical. This, added to the fact that
synchronization is conventional and arbitrary (see end of Sec.V4), makes it
highly desirable to find a method to describe physical phenomena without
synchronization.

One method of relating events at one particle with events at another
particle is to send first signals from one particle to the other. For example,
if we are interested in measuring the velocity of a particle P between points 4
and B, we let a first signal depart from 4 simultaneously with P. The time
interval that P arrives at B behind the arrival of the first signal can be used
as a measure of the time P takes to go from A4 to B. This lag time does not
depend upon synchronization, and is less complicated to measure operation-
ally (synchronization requires at least two first signals).

In the next section we derive from GR a relation between lag time and
other (proper) time intervals. (Proper time is the time measured by a single
standard clock.) This basic relation plays the same role in our theory as the
line element plays in GR.

2. The fundamental space-time relation

In this section we start with the line element of GR and derive a relation
between proper time intervals that plays a fundamental role in our theory.

Counsider two neighboring particles 4, B, and let a first signal start from A
at a, be reflected by B at b, and return back to 4 at ¢, and a particle P
depart from B at b and reach A at d (Fig. 20). Suppose that coincident with 4
is the output particle C of a coordinate clock running at some specified rate
(V/(—goo)) relative to the standard clock at 4. Let 4 be an event between a
and ¢ on C that is considered simultaneous with 5 by some method of
synchronization. In GR, the time that P takes to go from B to A4 is given
by the interval dz between b” and ¢ measured by clock C, and the travel time
of the first signal from B to A4 is given by the interval dt’ between b’ and ¢
measured by C.

The time interval 7,(bh,d) measured by a standard clock whose output
particle coincides with P, is usually denoted in GR by dz. Moreover, if ¢ is
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the average speed of light in vacuum in a round trip between two neighboring
particles, it is common to write:

ds = c¢dt = etp(b, d), dx® = cdt, (1)

where ds is known as the line element. Let dx’ be the difference in space
coordinates x’, — x5, relative to some CS(z' are defined in DIX6.2).

Fig. 20. Space-time relation

The relation between ds,dx°, and dx’ in GR is given by:
ds’ = ~ g,,de"dy’ (2a)
= — goo(dz®)? — 2gq;dx'dx® — g, dx'd¥’, (2b)
where the convention of summing over repeated indices is used, Latin indices

range over the values 1, 2, 3, and Greek indices over the values 0, 1, 2, 3.
For a clock at rest in the CS, d¥'=0, and

ds = \/(— goo) d°, or dr= /(= goo)dt. (3)

Since dt is measured by a coordinate clock and dr by a standard clock, it can
be seen from (3) that \/(—goo) is the ratio of the rate of a coordinate clock
to the rate of a coincident standard clock.

Our goal is to express the time dx® measured by synchronized clocks in
terms of the lag time 1 ,(c,d), and then eliminate it from (2). To do this, we

notice that (e d) =1, (b, d) — 1, (b, ),
= \/(‘ goo)(dl - dt’)~ 4
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The interval d¢’ can be obtained from the equation of motion, ds=0, of the

light signal from B to A. Thus, we get from (2) the quadratic equation:
— 8oo(cdt’y — 2(go;de’)cdt’ — g, de dx/ = 0,

Sij

whose solution is:
~ goot dt' = go; dz' + [(go; d¥')* ~ 8ooi; d&' d¥’]?
By means of the definitions:
Vi:go;'/\/(_goo)’ Vij = 8&ij T ViV (%)
this solution can be written in the form:
\/(—— Zoo)e dt’ =y, dx' + (y;; d¥* d&’)?. (6)

If we substitute (6) into (4), solve (4) for dt, and use this result in (2), we
get with the help of (1):

p(b,d)* = 1, (c,d)* + 2¢ ', (c.d) (vi; d¥ de)t, N

which is the desired fundamental relation.

We now go one step further, and express the last factor in (7) in terms of
the round trip time 7,(a,c). If d¢” is the coordinate time interval that the
first signal takes to travel from A4 to B (Fig. 20), then according to (3)

t4(a,¢) = /(— £oo) (d1' +d1").

The expression for d:” can be obtained from (6) by replacing ‘dx” by *—dx”.
Thus,

V(= goo)e di” = — 3, d¥' + (3,; di' dw)?,
and it follows from the last two equations and (6), that
t4(a,¢) = 27 (y;; dx’ del)E. (8)

This is the direct bond between space and time geometries.
From (7) and (8) we get (Basri [1965] Eq. 8.8)

tp(b,d)’ = 1,(c,d)* + 14(c,d)14(a,c), ®)

which the fundamental relation expressed purely in terms of proper times
(Fig. 20).
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3. Neighborhood

Since the rate of a standard clock may vary with both position and time
(Sec.1), there is no escape from the formulation of space-time geometry in
terms of local relations. The question is: how small should be the space-time
intervals between two events, in order that the events can be considered to
be in the neighborhood of each other? To answer this question, we seek
guidance from the theory of ordinary surfaces.

If a certain experimental error is allowed, then given any point on an
ordinary surface, one can always find a region around the point which is
small enough that Euclidean geometry is valid in the region within the
experimental error. For example, on the surface of a sphere of radius R, the
circumference of a circle of radius r is given by (Sommerville [1958] p. 116):

C = 2nR sin (r/R).

If r/R—0, then sin(r/R)—r/R, and C—2zr, which is the usual Euclidean
value on a plane. For r/R=0.5, C deviates from 2nr by about 4%, and for
r/R=0.1, the deviation decreases to 0.2%. Similarly, for a right triangle
having legs of length a,b, and hypotenuse of length ¢, we have (Sommerville
[1958] p. 119):

a b

CO$ - = COS$ _ COS
R

¢

R
¢ ¢ c\? a b a’ + b?

As  —0,cos - -»1—-4| - J,cos cos —1—-—4—Fg-,
R R R R R

and this relation reduces to Pythagoras theorem,

¢t =a? +b?,

valid in Euclidean geometry.

In analogy with this, a space-time neighborhood is defined as a region in
which the basic relation (2.9) is satisfied within the experimental error.

Two numbers ¢, r are said to be equal within the experimental error, if for
any p between 0 and 1, the probability that |g—r} is less than the variance
of g—r divided by /p, is larger than or equal to 1 —p(D1). This statement is
based upon Tchebycheff’s inequality (Cramér [1946] p. 182), and does not
depend on the probability density function (Eq.VI3.3; see also comments
after TVI6.1). If the PDF is known, then a more precise statement can be
made.
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D1. g+ for
(vp).0<p<1-P{g~ri<[V(e) + VPt =1 -p.
‘q£r’ reads ‘q and r are equal within the experimental error’.

The discussion and relations derived in the previous section were only
background material to motivate our theory. We now incorporate the

Fig. 21. Pt

fundamental relation (2.9) into the theory by assuming that given any event
e, there exists a space-time neighborhood in which the relation (2.9) is
satisfied within the experimental error (P1). The size of the neighborhood is
determined by the size of the error allowed. This correlation is implicit in P1,
but is not stated explicitly. More precisely, if P is the output particle of a
standard clock, and e is an event on P, then there exist at least two events
u,v on P, with u before e and v after ¢, such that for all events x,y,z and any
particle X, if x,z are on P; y,z are on X; ua<e<zxv;xFy anyFe (a
first signal starts at x, is reflected at y, and returns at e), y<z,and P, X are
the output particles of equivalent standard clocks, then the following relation
e (12’ Etp (e 2’ + 12( T, O

The symbol < is defined in DIV4.1, tp(a,b) in DVI5.2 and a#b in DV4.1.

P1. BU).(UFEP)grnecW (P)y—(Fu,v).u,ve# (P)y
Au<ge<gpA(VX,X,9,2).X, 26 W (P)y Au gx<ge<gzxyt
AXFE Y A yFye Ay, zeW (X)g A y<pyz AQVIVFEX),
ANESE(U,V)u—>1x(y, )i =tp(e, 2)i1 +1o(e, 2)uTp(x, ).
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The experimental error in the relation of Pl can be calculated with the
help of PV16.1. Thus

Vi{tx(y,2)*} =215 (3, 2) V{tx(y, 2)}
<oitg(y,z)%. (1)
V{tp(e,z)* +1p(e, 2)Tp(x, €)}
=V{tp(e,2)*} + V{tp(e, 2)tp(x, ¢)}
=21p(e, z) V{tp(e, 2)} + 1p(x, €) V{1p(e, 2)}
+1p(e,z) V{tp(x, )}
<or[tp(e, 2)* +1p(e, 2)1p(x, €)]. (2)

Fig. 22. D2

The error can now be calculated from (1), (2) and D1.

Events a,b,c are said to be in the neighborhood of e on P if the following is
true (Fig. 22): P is the output particle of a standard clock U, events a, e, c are
on P, aZ b A bF e, there exists an output particle X of a standard clock V
such that U and V are equivalent, b,¢ are on X and b<c, and

tx(b,c)? £1p(e,0)? + tp(e,c)1p(a,e).
Moreover, for any events x,y,z and any particle ¥ and clock W, if x,z are

on P, axx<e<zxc, xFyAyFe, Y is the output particle of W which is
equivalent to U, events y,z are on Y, and y<z, then

1y (1, 2)? Z1p(e, 2) + 1p(e,2) Tp(x, €).
In symbols:



x 3] NEIGHBORHOOD 113

D2. a,b,eNtye, P for (QU)(USEP)yuna,e,ce W (P)y
AaF b AbF e AV, X)(VSLEX )y A EFSE(U,V)y
Ab,ce? (X)gAb<pyc
Atx(b, )i Z (e, O)ff +1p(e, O)ytp(a, )y
AVX,»,2, Y, W).x,ze W (P)gAapyx<pge<yz=<yc
AXF gy AYF ye N(WFEY)gn ESLE(U, W)y
AV, 2€W (Y)gAy<pyz
~>ty(y, Z)Iigtl’(e’ 2)i+1p(e, 2) yp(X, €y

Fig. 23. D4

Two events a,b are in the space-time neighborhood of each other if one is in
the neighborhood of the other on a particle X(D3).

D3. aTN b for
AX,u,v,wy:u,o,wHbpbXnacl{u,v,w}.v.u,v,whbya, XAbe{u,v,w}.
TL. aTN yhosbT N ya.

Proof. D3.

An event b is in the space neighborhood of events a, c on P, if there exists an
event x such that a,b,x are in the neighborhood of ¢ on P(D4, Fig. 23).

D4, bSANtyP(a,c) for (Ix)a,b,xANlyc, P.

Two particles P,Q are in the space neighborhood of each other, if they are
the output particles of equivalent clocks, and any event on one of them is in
the space neighborhood of two events on the other (D5).
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Ds. PSN 4Q  for
AU, V) (USEP)y A(VFEQ A EFSE(U,V),.
A(Vu).ue W (P)y— v, wuL N E40(v, w):
AV x).xe# (Q)y—(B y,2)x SN b P(y, 2).

T2. PFN Qo QFN P
Proof. Ds.

4. First-signal speed

Referring to Fig. 23, if the round trip time 7 (a, ¢} is measured by a standard
clock and the distance of event & from particle P is measured by a linear
length measuring instrument (Sec.VII7), the ratio of this distance to this
time constitutes a measurement of the local average speed of light during
the time interval between a and c¢. This speed is always found to have the
same value, 3 x 108 m/sec, regardless of the gravitational field or state of
motion of P (Basri [1965] Sec.7A).

To formulate this, we must first define the distance between an event a and
a particle P [see DVII(3.2, 7.1}].

D1. A(a; P)y  for
()@ X)X (a,a), P;rign LLI(Dy.

A(a;P)y is the distance between event a and particle P.

We now assume (P1) that if b is in the space neighborhood of a,c on P
(Fig. 23), and [ is a linear length measuring instrument, then there exists
exactly one number r such that 24,(b;P)=r1,(a,c).

Pl. bFNEyP(a, ) NL LI (D)y
~(31r)24(b; P)g=r1p(a, ¢)y.

The local speed ¢ of a first signal is the number r measured by the #.#.4,1,
and the standard clock whose output particle is P, such that for any events
x,¥,z, if y is in the space neighborhood of x,z on P, then 24(y; P)=rtp(x,2).
D2. Gp for (1r).QUYUSLEP)uALLI Dy

AN, y,2). y SN EgP(x, 2)g—-22{y; P)y=r1p(x,2)y.

It follows from P1 and D2 that:

T1. bSN¢yP(a,c) N LLIF Dy
—=22(b; P)y=cptp(a, ¢)y.
Proof. Pi,D2.
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5. Metric coefficients

If we write:
dl = A,(b; P),

and combine T4.1 with Eq.(2.8), we get:
di? =y, de' dx’. (1)

Thus y,; are the metric coefficients of the space geometry, since they help
express the element of length d/ in terms of the space coordinate differences
dx’. Moreover, the form of (1) shows that the space geometry is Riemannian.

To incorporate this result into the theory, we can either assume (2.8) and
derive (1), or assume (1) and derive (2.8). We choose the latter alternative,
since it is more direct (P1).

D1. z,,"Q for xé—x;.

Pl. {P(zp),b[Q(IQ)]_%—_yI%(O,A,B, C)I}H
ANDIN byP(a,c)=>F 1, r 1201357205 -5 Fa3)-
Fity o P33 € B AT (3 =Ty AP (3=F31 AFa3=T3,

A l[(b; P)H—‘—‘ rijx;:Q.tin.

The meaning of P1 becomes clear from Fig. 23, (1), D1, and the above
remarks.

Nine numbers, r;,, are introduced in P1, but by the assumed symmetry
(rij=r;), only six are independent. There is no loss of generality in the
symmetry assumption, because if r;; is written as the sum of a symmetric
and antisymmetric parts, the antisymmetric part contributes nothing. To
see this, let

ro =30+ )+ d (g =) = s+ ag,
where
i =30+ 1) = sji aij=%(r;—rp)=—ay.
Then
2a,5'% = (a,7'x + a2’y

= (a;; + a,)¥'y’

= (a; — “ij)xifj

=0.

The metric coefficients introduced in P1 are defined explicitly in:
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D2. :;(P,a;0,A,B,C,1)y for
(17).(AX,u,0,7y4, ..., 733,25, 25,25, 9", 9% ).
{X(x),a[P(v)]-2€S(0,A,B,C) }gnaF N EyX(u,v)
Ad(a; X)p=ru (@ -9 E - A F=F

y;; are called the space metric coefficients. We can now derive the relation
(2.8) in our theory (Fig. 20 with ‘P’ replaced by ‘Q’ and ‘4’ by ‘P’).

T1. a,b,dNbyc, PAb,de W (QuA(BUNUSLEP)y
A{P(x)—-Z€F(0,4,B,C)i}y—
to(b, A Z1p(c, )iy +2¢p 1p(c, D) [7:;(P, b)xpoibo]*.
Proof. D3.2,T41,P1,D2.

To compare time intervals on different world lines, it is necessary to send
first signals from one world line to another and compare the interval between
departures with the interval between arrivals. Since the coefficients y;; do not
help in relating these intervals, other coefficients are necessary, which are
derived now by means of GR.

dib

|

QX

P
Fig. 24. Comparison of time intervals

Let P,Q be two neighboring particles, a,c two neighboring events on P,
and b,d the events of arrival at Q of first signals that left P at ¢ and ¢, respec-
According to (2.6) and (1), the time interval measured by synchronized
tively (Fig. 24).
standard clocks, that light takes to go from a to b is:
¢(tp = 12) = A(b; P) + y:(P, a) xpq .
Similarly, the time of travel of the signal from ¢ to d is:

o(ta —7.) zl(dQP)‘f‘Yi(P,c)xPiQ-
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Subtracting these two equations, we get:

¢[(rs — ) = (rc — )] = ¢[10(b.d) — tp(a, C)]
=[4(d: P) = A(b; P)] + [v:i(P,c) — 7, (P,a)] 2pq
=[A(d; P) — A(b; P)] + (P, a) ctp(a, c) xpg
where
(P, a) = [v:(P, ¢} = y:(P,a)]/etp(a,c), (2

is essentially the time partial derivative of y;. Thus,

cto(b,d) = [1 + o,(P,a) xpg | ctp(a,c)
+ A(d; P)— A(b; P). 3)

Consequently, the coefficients that relate the proper time intervals 1,(a,c)
and 1,(b,d) are «;, defined in (2). Although the values of y; depend upon the
synchronization convention and method, «; do not, and are thus more sig-
nificant operationally. We, therefore, adopt o; as the remaining metric co-
efficients. This gives us nine independent coefficients in all, 6y’s and 3a’s.
In GR, there are 10 independent metric coefficients. The tenth coefficient,
go0, 18 set equal to ~1 in our theory because standard clocks are used
exclusively.

Application of (3) in GR is illustrated in Basri [1965] end of Sec.11.

The following postulate is based upon (3):

P2. {P(25), Q(30)— REF (0, A, B,C)}y A PSN 10
AaT N gena,ce W (P)yAb,deW (Q)gAa<ye
ANaF yb AcF yd
—(31r,15,73).019T0 (b, d)yy=(1+ rXpg)ipTp(a, )y
+A((d; P)p—A((b; P)y.

The coefficients introduced in P2 are defined explicitely in (Fig. 24):

D3. o;(P,a;0,4,B,C, )y for

(r).A X, u,0,w, 1,1y, 73,835,839, 9%, 09%) . r=1y

APR). X()—R€S(0,A4,B,C)}y AXFN yP AT N ya

A VEW (P)yAu,we# (X)gna<yv AaF qu noF yw

A cxx (W =[1+1;(0 ~x) ] ciptp(a, )y

+A(w; P)y—4 (u; P)y.
In the rest of this section postulates are introduced about the existence

and uniqueness of the first differences of the metric coefficients. These
differences are necessary for the derivation of the equations of motion.
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If a is an event on particle P with space coordinates x',x2,x, and u is any
neighboring event on any particle X with space coordinates y',x%x*, such
that a first signal connects a with u, and f is any of the metric coefficients
7:,%;, then there exists exactly one number r such that

[f(X,u)= f(P.a)]i(n' —=x")=r.

This number, called the partial difference of f with respect 1o x*, is denoted
by £,(P,a). These are the contents of P3 and D4 below.

P3. VX, u,p").aT N qu A aF qu
Afa[P(E', %%, u[X (', x%,2°)] - Z€S(0,4,B,C) 1}y
A f(P,a)e{y;;(P,a;0,4,B,C, )y, «(P,a;0,A,B,C, )y}
Af(X,u)ely;(X,u;0,A4,B,C )y, 0(X,u;0,4,B,C,1)y}
-@!n).[f(X,u)=f(P,a)](p" ~x") ="

D4' j‘,l(P,a;O,A,B,C,I)H fOr
(1r) r is the unique number in P3.

P4, Asin P3, except that X has the coordinates x',12%,%%, and
X w)~f(P.a))/(n*—x*)=r.

D5. f2(P,a;0,A4,B,C, )y for
(7r) r is the unique number in P4,

Ps. As in P3, except that X has the coordinates x',x2,n*, and
[f(Xw)— £ (P.a)) /(> — %) =r.

D6. f3(P,a;0,4,B,C, 1)y for

(7r) r is the unique number in PS.

If @ is an event on particle P, and u is any neighboring event on P, then
there exists exactly one number 7 such that

L/ (P,u)—f(P,a)]jciptp(a, u)=r.
This number, called the time partial difference of f, is denoted by fo(P,a).
P6. (Vu).aue W (P)yrad N yun LLID)y
A f(P,a) and f(P,u) are defined as in P3.
—=31r).[f(P,u)—f(P,a)][cptp(a,u)y=r.

D7. fo(P,a;0,A4,B,C,D)y for
(7r) r is the unique number in P6.



x 5,6] EQUATIONS OF A SPACE GEODESIC 119

From now on, the letters denoting the coordinate system are suppressed,
with the understanding that there is a specific coordinate system such as that
defined in DIX6.1, relative to which all coordinates are referred. The sub-
scripts ‘I and ‘H’, referring to the LLT and the observer are also suppressed.

/ b
bl

Fig. 25. P17

If a is an event on a particle P(xp), b any neighboring event on a particle
Q(xp), and b’ an event on P such that &' # b (Fig. 25), then the total difference
of f(P,a)is given by

41(P,a) = £(0, ) — 1 (P, a)
=f,(P,a)xpg + fo(P,a)ctp(a,b’).

P7. a,b’eW (PYyAbeW (Q) A aTNb AbFb—
f(Q@,b) = f(P,a) = f;(P,a)xpq +fo(P,a)ctp(a,b’).

Since the foundation has already been laid, there is no more virtue in
formality, and the material presented in the remainder of this final chapter
is accordingly informal.

6. Equations of a space geodesic

In PVIII3.1 it was assumed that a geodesic segment is the shortest path
between two particles. Consequently, if P (x,),...,P (%) lie on a geodesic,

and Q,(=P,),0,(92), ..., 0, 1(9,-1), @(=P,) lie on any path connecting P,
and P, such that Z%(Q,, ....Q,)(DVII4.4), and

pi=xl4+epl, piz0,ed20 (I<n<r), )
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then the distance on the geodesic path is an extremum, i.e.,

r—1
-

éﬁgug@mm=u* @
8 n

1

The subscript ‘0’ stands for ‘e! =e?=¢*=0". Let
AP P = ... = A(P.P,y) =4I,

AI - In+1 - I:: s
and assume that y;; do not vary with time, i.e.,
Vis0 (Pwa) =0

If for all n, P,¥A4P,,, and Q,%4°Q,., (D3.5), then we get from (2),
P5.1 and D5.2:

r—1
0 . .
2 Z [ij(nn)Ar):]:Al)ﬂzlo =0
ln

Making use of (1) and D5.(4-6), and writing

Vﬁ’? = ij(fn): Vﬂ?z = ij,l(xn)’

we find from this that

-§:U¢“ DDl (A5] + A (A5 + AP ]Ho = 0.

This implies ,_;

Al Axk ;
Z [ L ap0 + 13 Alp’] =0,

Y Al Al Al

where the parenthesis around ‘i’ means there is no summation over i.
Since p), =p. =0, we find
-1
Zn(Fn—l - Fn)pn
2

r—1i r—1
;nFnApn = ZnFn(pn+1 - pn)
1
r—2

=~§Mmum=~;wmhw 3

t Since continuity is not assumed, the differentiation with respect to & and setting &=0
may not be justified. Mathematicians could perhaps find a better way of handling this.
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Thus, the above equation becomes

r—1

4 E Ax) Axk 4
(n—1) n-1 1.4,(1) R n (i)
N BT s Sty BV Bl i) T O B
Z[ Al(y’ Al ) Vi 4 Al] F
2

Since p} are independent and arbitrary, we conclude from this that

4 Ax, Al Ask
=1y T2l ) gt e T 0n l<n< A
AL,())IJ Al ) Zyjk,z Al Al > n r, ( )

which are the desired equations of a space geodesic.

The simultaneous difference equations (4) determine a set of points having
coordinates x’ . Each set of subdivisions yields a different path, buteventually
Al gets small enough that the geodesic path obtained by smaller subdivisions

cannot be distinguished experimentally from the preceding path (Courant
and Hilbert [1953] p. 177).

7. Free trajectories

D1 a [P (x))],....a,[P(x,)}7 +P(0,4,B,C) for
(@, [PL(x))s s, [P(5)] - #E(0, 4, B, O)}
AP SN P, AP, SN PyN...AP,_ | SAP,
AN TN aynay TN asn ... na, (TN a, na;<a,<...<a,.

This reads ‘a,[P,(x,)]....,a,[PAx.)] is a trajectory of P relative to the CS,
(O, 4,B,CY".

D2. The trajectory of a particle P is free if it satisfies the following two
conditions: (1) If a;[P (x,)],u:[Q2(92)], s tte 1 [Or - 1(1,_ )], @[ P(x,)] is a
trajectory of a particle Q (Fig. 26), and a,.7 N u,,a,F b, ,b,e ¥ (P,),

U0 € W(Q,)upF Vys 15 Wl =%, +6Dl, T, (Ups ) =Tp (bya,) for 1<n<r, then

r—1
0
&;Z"‘CQ(umuné-l)JO =O'T (1)
1

@) If ay[P(x1)]. w2 [ Po(x2)]s - sty 1 [P _ 1 (3.~ )], a0, [ P(%,)] is a trajectory of
a particle Q (Fig. 27), and a,7 A u,,b,, 0, W (P,), 0, F b,y 1, tuF Ty 15
p (a,, u,)=eq, for 1 <n<r, then

r—1

0

asZn TQ(umun+1)!0 =0.t (2)
1

t See footnote on p. 120.
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Fig. 26. D2, condition 1

[x7

Condition (1) amounts to variation of the space coordinates, and condition

(2) to variation of the time coordinate.
We now derive the equations of motion of a free trajectory. Let

caplag,a,)=...=cpla,_,,a,) = As,

AI;; = I;i+1 - I;l;v Ax?; = CTP,.(bm an)’
Bn=A4xlds, B.= (i BB,

Vw) = Vij(Pm an) s )’:;ﬂk = )’ij,k(Pm a,).

For the trajectory of Fig. 26, we have according to T5.1,

CZTQ(um Upy 1)2 =(4 Do+ 1)2 + 2407, [yjk(Qm u,)A4n,) 4 ‘):P ,

where

where i i i
Avy=i, —vi, and Ay =g (v,u,).

By assumption, i i
Y P A% =455, Avi+é4p,.

(3)
4
(5)

(6)

O
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Qn
VI'
U,._1 b/-
//a"‘
P1 PZ PB P4 Pr—1 Pr

Fig. 27. D2, condition 2

Moreover, according to P5.7, we have

ij(Qn’u )= ?Jk( ,a,) + Yk, l(Pman)(nrf - 3‘:5)
= Vﬁ'L) yllc)lelprlz

Substituting these results into (7), (7) into (1), and making use of (3)-(6),
we get as in Sec. 6:

Z (B4 1B [V B AP + 3950 BiBsp¥4s] = 0.

Notice that Ay?, , is independent of &, and only contributes the factor B,
With the help of (6.3), we get as in (6.4):

4( B (n—1) i ﬁ“ m pi
P n N ST R ., l<n<vr, 8
AS(ﬁ,,_lyU n—1 ﬂ,, Jk ﬁ ﬁ ()

which are the first three of the equations of motion.
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For the trajectory of Fig. 27 and condition 2 of D2, we have

Avl = 4%,
yij(Qn’u ) V:j( »a ) + yijO(Pn5 an) c‘I:P,. (amun)
= Y:j) + ’VS;)O &qy,

Avpyy = T (V)1
c[r(bya) + t(a,u) — 1(b,v)]ss1-
From Fig. 27, we see that t(b,v),,  ®1(a,u),. Thus

AU'?H zAIr?+l +e(qut1 = 9u)
Substituting these results in (7), and (7) into (1), we get:

i,, (B 1+ B)(Gnsr — du) + b Ly BiBiAs q,]

2B,
=TT G+ B+ e s 0, = 0.
Since g, are mdependent and arbitrary, it follows that
. (5 + Ba-y) = *iﬂ Vi 0BaBi lL<n<r, 9

which completes the equations of motion.
According to T5.1,

45t = (Ax,?+ 1)2 + 2(Axr?+ 1) Bads.
Dividing both sides by 4s?, we find

1:(ﬁr(l)+l)2 + 2ﬁr(l)+lﬁn9 O<n<r' (10)
This equation shows that (8) and (9) are not independent.

8. Imertial systems

D1. An inertial system is a set of segments of free trajectories of particles
P,,...,P,.. All the particles have at least one space neighbor from the other
particles. The trajectory segment associated with P, is bounded by events
a,,b,such thata,,b,e#’(P,)and a,<b,. If P,, and P, are neighbors (P, A'P,),
then so are a,, and a,(a,7#4"a,), and b,, and b (b, 7A4'b,). Moreover, the
distance between any two segments remains constant from the beginning to
the end of the segments. Roughly speaking, an inertial system defines a
space-time region in which the distance between any two free trajectories
remains constant.
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P1. If a coordinate system such as that defined in DIX6.1 is constructed

from four particles of an inertial system, then within the system,
Vij = Ojs =0, (H

where §;; is the Kronecker delta, which is equal to 1 if i=j and 0 if i #].

T1. In an inertial region, the space geometry is Euclidean, all standard
clocks have the same relative rate (determined by a sequence of first signals),
and synchronization is transitive,

Proof. P1, P5.(1,2).

The steps leading to the definition of an inertial system are as follows:
(1) a coordinate system is defined operationally; (2) metric coeflicients are
introduced ; (3) free trajectories are defined in terms of the metric coefficients;
(4) an inertial system is defined in terms of the free trajectories. There is no
circularity in this definition, every step is operationally meaningful, and the
concept of force or interaction is not used.

9. Concluding remarks

We have come a long way from the class of observers. It is hoped that the
theory can serve as a foundation to build physics on. At least it is a start of
a unified physical theory that can be criticised, improved, or changed. The
theory is obviously not complete, since no method is given to calculate the
metric coefficients. In GR this is accomplished by means of the field equations
and the energy-momentum tensor. In our theory, the field equations would
have to be formulated in terms of lag times (see end of Sec. 1).

The place where we stopped is a logical resting place before continuing
the long and difficult journey ahead. There are several routes to take. One
possibility is to go on with the development of the macroscopic theory.
Another possibility is to go into the microscopic domain and find a path
back to where we left off. This is perhaps the more fruitful and interesting
route, and the author is inclined to go in that direction.

How to extend the theory to the microscopic domain, is a very important
problem. There are many interesting questions in this area that are of direct
concern to modern physics. For instance, time and space are macroscopic
concepts; what do the space-time coordinates in the wave function of
quantum mechanics mean? How are the microscopic ‘fundamental particles’
to be introduced in a macroscopic theory, and how should their interactions
be formulated? These, and many other basic questions must be answered
before the journey can be resumed.



INTRODUCTION TO THE APPENDICES

Symbolic logic and set theory are presented in the form of one purely deduc-
tive theory as described in Chap. 1. It is therefore helpful to study that
material before going on with this part.

The principal sources for this part are the works of Rosenbloom([1950]
Chap. 1V), Kleene ([1952] Chap. 1V), Nicod [1916], Whitehead and Russell
[1925], and Bernays and Fraenkel [1958]. However, the reader who is not
familiar with the subject ought to start with the books of Suppes [1957] and
Tarski [1959].

This part consists of two chapters. Chap. A lays the complete foundation
of symbolic logic and that portion of set theory necessary for the understand-
ing of this work. The remainder of set theory is given in references (Bernays
and Fraenkel [1958]). Chap. B provides a classified list of the logical theo-
rems. The proofs of these theorems can be found in Nicod [1916], Whitehead
and Russell [1925], and Bernays and Fraenkel [1958].
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A. FOUNDATION

1. Concepts

Term concepts (C1-C11): T,0,—,( , ),,1;8,0,B,,.
Class concepts (C12-C13): €, 5.
Formula concepts (C14-C19): §, =,¢,|,V,F.

2. Interpretations

(1) Term Concepts: —

In the following a set means an individual or a definite collection of indi-
viduals, whereas a class means a collection (possibly indefinite) of individuals
that have a common property. A set can be an element of a class or another
set, but a class cannot be an element of anything. This distinction between
set and class is due to von Neumann and Bernays (Bernays and Fraenkel
[1958] pp. 32-33, 56-57).

1. “Tr reads ‘r is a term’. A ferm is an expression which either names or
describes a set, or results in a name or description of a set when the variables
in the expression are replaced by names or descriptions (Suppes [1957]§ 3.2).
For example, if m and n are arbitrary numbers, then 2,#n, 2m+n are all terms.
Exactly what constitutes a term is specified in the postulates of Sec. 7. Terms
are denoted in the ML by lower case Latin letters.

12. @ is the null set, i.e., the set consisting of no elements.

13. ab is the term whose elements are the term b, and the elements of term
a (Bernays and Fraenkel [1958] p. 65). This concept is used to define the set
{ay,...,a,} and the ordered n-tuple <ay,...,a,> (see D5.12,13). Bernays uses
‘;” instead of ‘—’, but the latter was chosen because it is reminiscent of the
set union ‘U’ and because the semicolon has another meaning.

14,5. The symbol (" is called a left parenthesis (LP), and °) is called a right
parenthesis (RP). ‘(4) means ‘4 is to be taken as a unit, provided 4 has an
equal number (possibly zero) of LP’s and RP’s, and such that to every LP
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there is associated a unique RP to the right of it” (Rosenbloom [1950]
pp. 23-24).

16. The symbol *,’ is a comma in the OL.

I7. If there exists a unique x that satisfies F, (1x)(F,a) is that x; otherwise,
(1x)(Fa) is a. The description symbol ‘1" was introduced in this useful form
by Bernays (Bernays and Fraenkel [1958] p. 49).

18. ‘Bx’ means ‘x is a set variable, i.e., the name of an arbitrary set’. In the
ML, variables are denoted by the letters: u, v, w, x, y, z.

19-11. “Bs’ means ‘s is a string of bars, such as: |, , ...". These strings are
used as subscripts with ‘v’ to denote variables in the OL, e.g., ‘0", ‘v)’,....

(it} Class concepts: —

112. “Co?” means ‘o7 is a class’. An example of a class, is the class of num-
bers; we cannot exhibit all the numbers at once, but we can specify the
property of being a number and decide on that basis whether a certain set
is a number or not. Another example, is the class of 3-armed humans. Even
though there may not be any animal that belongs to this class, the class is
well defined. A class of a different kind, is the class of ordered couples of
events, one event occurring before the other. Such a class is called a binary
relation. In general, a class of ordered n-tuples is called an n-place relation
(see D5.23). In the ML, classes are denoted by script capital letters.

113. xa F is the class of all sets x that satisfy F; it is denoted by ‘{x|F}’ in
some of the literature. This is the only way we have of producing classes,
and shows clearly the intimate relationship between classes and properties
(predicates).

(iii) Formula concepts: —

114. ‘FF° reads *F is a formula’. A formula is either a sentence (name of
a proposition) or a sentential function, i.e., an expression which becomes a
sentence when certain variables called free variables (defined in Sec. 4), are
replaced by names of sets (Tarski [1959] § 2, § 3). Precisely what constitutes
a formula is specified in the postulates of Sec. 7. Formulas in the ML are
denoted by the letters: F, G, H,I,J, K, L.

I15. ‘a=b" means ‘a and b are the same term, i.e., ‘2’ and ‘b’ are two names
of the same term’. The symbol ¢ =" is called the identity relation, and applies
only between terms. The ‘equality’ of two classes defined in D5.21, means
that the two classes have the same elements, and must not be confused with
the 1dentity relation.

116. ‘aee?” means ‘the term q is an element or member of the term or class
2/°. A set can be an element of either another set or a class; for instance,
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1e{1,2} and le (class of integers). But a class cannot be an element of any-
thing. A set having one element is not equal to that element, as can be seen
from ‘{{a,b}}” and ‘{a,b}’; {{a,b}} has the one element {a, b}, whereas {a,b}
has the two elements @,b. Moreover, € is neither symmetric nor transitive,
i.e.,‘aeb’does notimply ‘bea’, and from ‘ae b’ and ‘be ¢’ it does not follow that
‘aec’. Since a set is a definite collection of individuals, we can deduce from
a sentence such as ‘ged’ that b={a,x,...,x,}, where x;,...,x, are terms.

[17. ‘F|G’ means ‘at least one of the formulas F or G is false’, and reads
‘F stroke G’. This concept was introduced by Scheffer {1913} and much econ-
omy in both concepts and postulates was achieved with its help. All the usual
sentential connectives such as ‘not’, ‘or’, ‘and’, can be defined in terms of
it (see D5.1-6).

118. {(Vx)F" means ‘for all x, F is true’. The symbol ¥’ is called the uni-
versal quantifier. The existential quantifier ‘there exists at least one x’ is
defined in terms of ‘v’ in D5.7.

119. ‘+F’ means ‘F is true’. True formulas are produced by means of the
postulates of Sec. 8. An example of a true formula is ‘x=x’, where x is a
variable. Since x is the name of an arbitrary set, ‘- x=x" states that for any
arbitrary set it is true that x=x. In contrast to this, the formula ‘x<y’ is
neither true nor false; it acquires a truth value only when ‘x’ and ‘y’ are
replaced by specific numbers.

3. Punctuation

It is very cumbersome to use parentheses exclusively, and thus points are
also used. A point is a symbol consisting of one or more dots. A point to the
right of a logical symbol is called a right-point (RPt), and one to the left of
a logical symbol, a lefr-point (LPt); the point is said to be attached to the
symbol in question. Each point in a string indicates a part of the string which
would have been enclosed by parentheses in the object language; this part
is called the scope of the point. If p,q are points in a string, p is said to be
senior to q if and only if p consists of more dots than ¢g. The scope of any
RPt extends to the right up to the first (if any) LPt which is senior to it.
Similarly, the scope of any LPt extends to the left up to the first (if any) RPt
which is senior to it (Rosenbloom [1950] p. 32).

There are certain symbols that always occur together and cannot be sepa-
rated such as ‘ae /’, ‘xaF’, ‘a=b". No parentheses or points are used be-
tween these symbols. Moreover, in using the symbols defined in D35.1-6,
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— and — are considered senior to |, A, v, and v, all of which are in turn
senior to ~ ., For instance,

(FA(~ Q) (FVv(GIG)))~((a=b)v(ae )
can be written as

FA~G-FVv.GlGioa=bvaes .

4. Free and bound variables

A variable ‘x’ that occurs in a formula in the form ‘(Vx)F’, ‘x3F’, or
‘(1x)(F,a); or in any other formula constructed or defined in terms of these
formulas is called a bound variable; otherwise, it is called a free variable
(Suppes [1957] § 3.5).

The notation ‘F(x,y,...)’ means that the variables ‘x’,‘y’, ..., are free in
‘F’, and ‘F(x,y,...)" is said to be a sentential function of x,y, .... If we simply
write ‘F’ for a formula, a variable ‘x> may be either free or bound in ‘F”.

If we are given ‘F(x,y,...), then ‘F(a,b,...)’ denotes F(x,y,...) with ‘x’
substituted by ‘a’, ‘Y’ by ‘b’,... everywhere in ‘F’. The substitution which
gives ‘F(a) must always be performed for the original free variable x in the
original formula ‘F(x)’. For instance, if ‘F(x) is ‘x+a=x’, then ‘F(a) is
‘a+a=a’. However, ‘F(b) is ‘b+a=>" not ‘b+b=>’, which is obtained by
substituting ‘4’ for ‘@’ in ‘F(a).

The sentence ‘x does not occur free in F’ is denoted by ‘xbF’ and “x is free
in £’ by ‘xfF’. Notice that ‘xbF’ and ‘x{F’ are always in the metalanguage,
since ‘b’ and ‘f are.

5. Definitions

The following set of definitions is restricted to those used in this book.
Di1. ~F for F|F.

According to 117, ‘~F’ means ‘F is false (F)’, and reads ‘not F’.

D2. FAG for ~(F|G).

According to 117 and DI, ‘FA G’ means ‘F and G are true (T)’, and reads
‘Fand G’.

D3. FvG for ~F|~G.
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‘Fv G’ means ‘at least one of the sentences F or G is true’, and reads ‘For G’.
D4. G-H for G|~H.

‘G— H’ means ‘either Gis F; or His T; or Gis F, and H is T". Since the only
logical possibilities are ‘Gis T",and ‘His Tor F’; ‘G is F’, and ‘His T or F*;it
follows that ‘G—H’is Fonly if Gis T, and H is F. ‘G— H’ reads ‘G implies
H’, or ‘if G, then H’, or ‘G is sufficient for H’, or ‘H is necessary for G’;
G is called the antecedent and H the consequent.

Ds. FeG for F—G.A.GoF.

‘FoG’ means ‘either both F and G are T, or both are F’; and reads ‘F is
equivalent to G’, or ‘F if and only if G’, or ‘F is necessary and sufficient for G’.

D6. FvG for ~(FoG).

‘Fv G’ means ‘either Fis T, or G is T, but not both Fand G are T’, and reads
‘For G, but not F and G’.

D7. Ax)F for ~(¥x)~F.

According to 118 and D1, ‘(3 x)F’ means ‘there exists at least one x which
satisfies F’. The symbol ‘I’ is called the existential quantifier.

Ds. (Vxq,....x)F  for (Vxy)...(Vx,)F,
Axy.x,)F for (Axy)...3x,)F.
D9. A'x)F(x) for (VYx,¥).F(x)AF(y)>x=y.

According to 118,15 and D2,4, ‘(3 x)F(x)’ means ‘there exists at most one
x which satisfies F”.

D1o0. 3!x)F for (Ax)F.A(3'x)F.

According to D7,9, ‘(3! x)F" means ‘there exists exactly one x which satisfies
F,

Di1. (1x)F  for (1x)(F;0).
According to 17, if (3! x)F then (71x)F is this x; otherwise, (1x)F=0.
D12, {a} for O—a,

{a,b} for {a}—b,

{ag,..oansi} for {ay,...ap—a,..

According to 13, {a,,...,a,} is the set whose elements are ay,...,4a,.
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D13. {a) for a,
{a,b) for {{a},{a,b}},
gy sy for La;,{as, ..., a,0).

{aq,...,a,y’ s called an ordered n-tuple.
Di14. V for x3x=x.

Since x=x for any x, it follows from 113 that V is the universal class, i.e.,
the class of all terms.

Di15. A for x>3x#x.

Since there is no x for which x#x, A is the null class, i.e., the class con-
taining no elements.
In D16-23 below, the symbols ‘4’ and ‘B’ denote either classes or terms.

Dise. A~ for xs~xeA.
A~ is the class of all terms not in A4, and is called the complement of A.
D17. AUB for xsxeAvxeB.

AUB is the class of terms that are either in 4 or in B, and is called the
union of A and B.

Di1s. AnB for xsxeAAxeB.

AnB is the class of terms that are both in 4 gnd B, and is called the inter-
section of A and B.

D19. ASB for (Vx).xeA-xeB.

‘A< B’ means ‘any element of A4 is an element of B’, and reads ‘4 is a
subclass (subset) of B’.

D20. AcB for A<BA ~BcA.

‘Ac B’ means ‘A4 is a subclass of B but not conversely’, and reads ‘4 is
a proper subclass (subset) of B’.

D21. A=B for ASBABCA.

‘A= B’ means ‘4 and B have the same elements’, and reads ‘A4 is equal to
B’. Further remarks about ‘=" are given after P6,7 of Sec. 8 (iii).
D22, X1y s XypdF  for
y3(3xy, ., x,). =%y, .., x> AF.
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“{X1,.--,X,»2F denotes the class of all ordered n-tuples y that satisfy F.
In some of the literature, this is written as ‘{x,,...,x,| F}".

D23. RZ  for
(Vy).yed->(Ax(, .., x) y=LX, .0, X,

“R,o/” means ‘o7 is a class of ordered n-tuples’, and reads ‘%7 is an n-place
relation’. For the special cases of n=2 and n=23, 7 is said to be a binary
and a fernary relation, respectively.

In all of the remaining definitions, it is assumed that %/ is a class and #
is a binary relation.

D24. a®b for {a,bdeA.
D2s. (R is a reflexive in &) for
(Vx). xe o >xAx.
D2s. (Z is irreflexive in )  for
(Vx). xe of - ~x&x.
D27. (2 is symmetric in &) for
(Vx,»). x,ye o AxRBy—>y&x.
D2s. (Z is asymmetric in ) for
(Vx,»). x,ye A ANXRy— ~yRx.
D29. (Z is antisymmetric in &) for
(Vx,¥). x,ye A AXRYy ANyEAx—x=}y.
D30. (& is transitive in 7))  for
(Vx,3,2). x,y,26€ 4 AxAy N yRz>xHz.
D3i. (2 is semitransitive in &) for
(Vx,3,2). x,y,z€ A AXxRY A xRz>yRz.
D32. (Z is an equivalence in <) for
Z is reflexive, symmetric, and transitive in =7.
D33. (% is a strict partial ordering of <Z) for
Z is asymmetric and transitive in 7.
D34, (2 is a partial ordering of /) for
Z is reflexive, antisymmetric, and transitive in o7.
D3s. Ruy— 12 for

RoZE AV X,,2). XAY ANXRz—>y=1.
“Ror_ 1 & reads ‘% is a many-one relation, or a function’.
D3e. R,_uZ for
R, ZANx,1,2). YRX A zBx—>y=1.
‘R, _uw# reads ‘Z is a one-many relation’.
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D37. R 2 for Ry ZAR_uZ.
“R,_ % reads ‘Z is a one-one relation, or a correspondence’.

6. Axioms

Al B,.

According to 19-11, this axiom states that  is a string of bars (consisting of
a single bar in this case).

A2, 0.

In accordance with 11 this means that 0 is a term. The fact that it is the
null set, is expressed in P10 of Sec. 8.

7. Postulates of classification
(1) Variables: —
PVI %X —?%Xr

The meaning of the metalinguistic symbol ‘—" is given in (I12.1). In essence,
PV1 states that if the string Bx is admissible, then Bx, is also admissible (a
product). According to Al, B, is admissible, and thus B, is a product.

Repeated application of PV1 yields the products B,;,, By, ..; this means
that |, y, 1> ... are strings of bars.
PV2. Bx— Box.

Replacing the string variable ‘x* by the strings /", ‘|, ..., we get the prod-
ucts ‘Bo’, ‘B, .... According to I8, this means that v}, D, ... are variables

of the OL. We are thus able to produce as many variables in the OL as we
wish with the help of only the four concepts: B, |, B, and p (Rosenbloom
[1950] p. 187).

(ii) Terms: —

PTI. Bx—+Tx.

With the help of this and the above results we can generate the products:
To, Toy, ...

Any formula which can be constructed in terms of sets can also be con-
structed by means of PT1 in terms of variables, and that is how sentential
functions are produced.
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PT2. Ta, Th—»T(ab).

Making use of A2 and D12,13, we can infer from this that if @ and b are
terms, so are {a}, {a,b}, <a), and <{a,b). The generalization to {a,,...,a,}
and {ay,...,a,y is straightforward.

PT3. Bx, Ta, FF>T((1x)(F, a)).

If we replace ‘a’ by ‘90" in PT3, and make use of A2 and D11, we can derive
the theorem:
Bx, FF->T((1x)F). eh)
PTA4. Co lac o +Ta.
In our theory and other theories, many of the primitive concepts are
classes, i.e., the string ‘€2 is an axiom. By means of PT4 we can assert

that any element of a class is a term.
(iii) Formulas: —

PF1. Ta,Th—F(a=b).
PF2. Ta, Tb—>F(aech).
PF3. Fa,Cof - F(ae A).

These are the basic (atomic) formulas from which all other formulas are
constructed. Although a term can be an element of either a term or a class,
a class cannot be an element of anything, which is one of the main distinc-
tions between a set and a class.

PF4. FF, TG~ F(FIG).

Making use of D1-6, we conclude from PF4 that if F and G are formulas,
soare: ~F, FAG, Fv G, F-G, FoG, and FvG.

PF5. Bx, FF—=F((V x)F).

With the help of this and D7,9, 10, we see that if x is a variable and F is
a formula, then ‘(3x)F", {(3' x)F’, and ‘(! x)F" are also formulas.
(iv) Classes: —

PC1. Bx, FF+C(x>F).

This is the only method we have of producing classes, aside from intro-
ducing axioms of the form ‘@s7’. The following theorem is a consequence
of PC1:
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T1. Ta—-C(v20,=a).

Proof. A1,PV2,PT1:Bp~T,.
PF1:Tv), Ta—F(0,=a).
PC1: 8o, F(v,=a)-»Output.

The procedure of proof is explained in (I4). According to T1, to every
term a there corresponds a class, namely the class of terms equal to a. In
contrast to this, if we are given a class 27, there is no way of producing a
term g that represents .7, in the sense a= .7 (See D21).

8. Postulates about true formulas
(i) Propositions: -

P1. FE,FF>G—}G.

This is the most frequently used postulate in deduction, and is called the
Principle of Inference, Law of Detachment, or modus ponens. It states that
if the truth of F and ‘F implies G’ is established, then we may also accept
the truth of G.

P2. ¥F, §G, FH, §I, FJ —
FF|. GIH:|: 1> 1|(J]G)—(FJ).

Nicod {1916} proposed this postulate and proved that the five postulates
of Principia Mathematica [1925] concerning propositions, and thus all of
propositional calculus, can be derived from it and P1. Both P1 and P2 can
be written purely in terms of the Sheffer stroke ‘", with the help of D4,1.

(ii) Quantifiers: —

The following three postulates about the universal quantifier are based

upon postulates FII, FVI, FVII of Rosenbloom ([1950] pp. 93-94):

P3. Bx, FF—F(V x)F.
P4. Bx, Ta, FF (x)—H(V x)F(x).—F(a).
Ps. Bx, FF, FG, xbF —H(¥x).F—>G:~.F (¥ x)G.

With the help of these postulates, all propositions about quantifiers as-
sumed or derived by other authors can be proved. Postulate P3 is called the
Rule of Universal Generalization, and P4 the Rule of Universal Specification.
According to P3, if Fis true, one can conclude that for all x, Fis true, regard-
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less whether ‘x is bound or free in * F” (see Sec. 4). If xb Fthen ‘(V x)F’ is trivially
true, but if xfF then ‘(Vx)F’ is a generalization of F. Postulate P4 permits
us to go in the opposite direction; it states that if F is true for all x, then F
is true for any particular set ¢. Thus all the variables are set variables. P5
means: If the strings Bx, FF, FG are admissible and ‘x” does not occur free
in ‘F’(“xbF’ can never be in the OL because ‘b’ is not), we can admit the true
sentence ‘If for all x, F implies G, then F implies for all x, G.’
(iii) Identity and membership: —

P6. Ta,3h,CA/ sta=b—o.ac o/ >be .
P7. Ta,Tb—+ra=b—a=>b.

These are called the postulates of equality and extensionality, respectively
(Bernays and Fraenkel [1958] pp. 52-53). P6 states that if a=5, then ae &/
implies be.«/; with the help of P12 below, this means that if a=5, any
propositionwhich holdsfora must also hold for b. According to P7, iftwoterms
a,bhavethesame elements, i.e., have the same extension (see D21), then a=5.

(iv) Description: —

P8. Bx, Ta, Tb, FF(x)~
FF{a) A (Y x).F(x)>x=a:->(1x)(F(x)b)=a.
P9. Bx, Th, FF (x)—

F~@!x)F(x).—(1x)(F(x),b)=b.

The preceeding postulates are equivalent to those given by Bernays ([1958]
p. 49), and express the properties of 1 stated in I7. According to P8, if the
term a is the only one that satisfies F, then (1x)(F(x)b)=a; P9 states that
if there is no unique x that satisfies F, then (7x)(F(x)b)=b.

(v) Sets and classes: —

P10. Ta—+t~aeh.
Pi1. Ta,Tbh, Tc—+tce(a—=b)oceave=b.
P12. Bx,Ta, FF(x)~trac.xs3F(x):—>F(a).

These three postulates express the meaning of the concepts @, v, and 3
interpreted in 12,3,13, and are also due to Bernays ([1958] p. 65). Postulate
P10 states that no term is an element of the null set @; P11 that ¢ is an element
of b if and only if cea or c=5; and P12 that the sentence ‘e is an element
of the class of all x satisfying F~ is equivalent to the sentence ‘a satisfies F”.

Three more postulates concerning sets and classes are necessary to com-
plete the deductive formulation of set theory (Bernays and Fraenkel [1958]).
They are not discussed here because they are not needed in this book.
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9. Application of symbolic logic

To use SL in a deductive theory, it is necessary to supplement the foundation
in this appendix by additional concepts, axioms, and postulates, depending
upon the field of interest. To illustrate, consider the following formulation
of a part of the theory of natural numbers:

Concepts: N, 0, .

Interpretations: A" is the class of natural numbers, 0 is the number zero,
and »' is the successor of the number ».

Axioms: €A, F0et . (2)

Postulate: Fne A —tn'e V. (3)

First of all, we notice that the concepts €, F, and € belong to SL. Then
by using PT4, we get:

C A" F0e A= T0.

Since according to (2) the input is admissible, 30 is a product, i.e,, 0 is a
term. From this result and (3) we can also deduce that 0',0” ... are terms
(the usual designations for these numbers are ‘1°, *2’,...). This shows how
the concepts and postulates of SL play an essential role in both the formu-
lation and development of a deductive theory; a fact which is amply illus-
trated throughout this book.



B. LOGICAL THEOREMS

In this chapter, a classified list is given of the logical theorems needed in this
work. The proof of these theorems can be found in Nicod [1916], Whitehead
and Russell [1925] and Bernays and Fraenkel [1958].

As explained in Sec.I4, theorems are productions. But since the input
strings can be easily deduced from the form of the output string, only the
output of each theorem is presented.

1. Rules of inference

T1. FEFF->G—FG.
FEFFoG—FG.
FF,FGoF—FG.

T2. FF->GFG->H—FF—-H,

FF->GFGH—-FF-H.
FF>GFrHoGFF-H.

FFeGFG-H—+FF—H.
FGoF,FGoH-FF—H.

T3. FF-G,FGoF—-FFoG.

T4. FFoGFGoH—»FFoH.

Ts. FF>.G>HFHSI=-FF—>.G- 1.

Té. FF>.GoHF->G—+F>.I->H.

T7. FF,....tE,—»FF A .. AF,.

T8. FF>G(, ..., F5G,—»FF->G A ... AG,

To. FF,~G, ... ,tF,5G—tF v.. v F,—G.

T10. FF=FFAGoG.

T11. F~F—=+F v GG,

T12. F(V x) F,H(¥ x).F>G—F(V x)G.

T13. FHVx). F>GHVx).G->H—-HVx).F>H.

T14. If s,¢ are any strings, then
FFeG,FsFt—FsGt.

143
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2. Propositions

TI.
T2.
T3.
T4.

TS.
Té6.
T7.
T8.
T9.
T10.
T11.
T12.

T13.
T14.
T15.
T16.
T17.
T18.
T19.
T20.
T21.
T22.
T23.
T24.
T25.
T26.
T27.
T28.
T29.
T30.

where (i}, ..

T31.

~.FA~F.

Fv ~F.

Fv ~F.

FAG V. FA~G V. ~FAG,

F-.G—F.
~F— . F-G.
FA.F->G:—G.
~GA.F-G:—»~F.
F-GA~G.»~F.
FAFVvG:—>~QG.
~FA.FvG:—G.
F-G. > FAH->GAH.
- FVvH->GvVvH.

v.~FA~GAH.
v.~FA~GA~H.

F-G.A.H-I:-FVvH->GvVI.

FiAn...AF-F(i=1,...,n).
F—>F,v.. vF/(i=1,..n).
FeF.

~~FoF.

FAFeF.

Fv FeF.
F->G.eo.~G—>~F.
F-»Geo. ~FvG.
F>G.o.~(FA~G).
FoG.o.GoF.
FoGeo . ~Go~F.
FAGo~(F-~G).
FvGo.~F-0G.
FvGeo:FvG. A.~(FAG).
Fin  AFeF AL AF,
Fiv..vFoF, v..VvF,
F v.. . vFeoF v.. . VF

In?

.,i,) is any permutation of (1,...

F—».GoH:—:G>.F->H.
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T32. FAG-H.«.F-».G-H

> FA~H->~G.
T33. FoG A H-1:e> FAH-GAL
T34. FoG A ... AG e F>G . A...AFoG,.
T35. F->G,v..vG,e: F->G.v..v.F>G,
T36. FI A AF->GeF-G v..v.FE->G.
T37. F v..VE-Go: Fi-5G. .. AF—G.
T38. ~(FyA...AF)o~F v..v~F,
T39. ~(Fyv..vE)>~F A...A~F,
T40. FAGV.. VG FAG.Vv..V.FAG,
T41. Fv.GiA..AGe:FVvG . A...AFVG,
T42. FvG AHvI:>:FAH. v . FAILV.GAH.v.GAL

3. Quantifiers

T1. (Vx)F(x).(¥ y)F(»).
T2. (Vx)(F-G).«>:(Vx)F.-(V x)G.
T3. (Vx)(FG).— (Y x) F.(V x)G.
T4. (Vx)F AG.—:(Vx)F. A(VX)G.
Ts. (Vx)F.v(Vx)G:—»(Vx)FVvG.
T6. xbF—H(V x)F.—F.
T7. xbF—HV x)F A G.—F A (Y x)G.
T8. xbF—H(Vx)Fv G.—F v(VX)G.
T9. (3 x)F(x).~3y)F(»).
T1o0. (Ax)F.>(3x)G:~(3x).F>G.
T11. @x)FAG.»:(Ix)F. A(3x)G.
T12. Ax)FvG.eo:(Ix)F.v(Ix)G.
T13. xbF—=t(Ax)F.F.
T14. xbF—+(3 x)(F-G).«>.F~(3x)G.
T15. xbF—+F3X)F A G.—F A(3x)G.
T16. xbF—=F3Xx)Fv G.—-Fv(3Ix)G.
T17. ~(3 x)~F.o(Vx)F,
(3 X)NFHN(VX)F,
~(3x)F.o(Vx)~F,
3x)F.e~({Wx)~F.
T18. (Vx)(F->G).o~3x).FA ~G.
T19. xbG—FHV x)(F->G).—:(Ix)F.-»G.

T20. 3x)(Yy)F.»(V y)(Ax)F.
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T21. A1 X)F(x).=@ y)(Vx).F(x)ysx=y.
T22. (3x)x=ysF(y).~@A!x)x=y>F(y)

4, Descriptions

TI. a=(1x)(x=a).

T2. (¥ x)(FeG).—»(1x) F=(1x)G.

T3. (A1 x)F(x).-:a=(1x)F(x).-F(a).
T4. (Vx).F(x)ox=a:—:a=(1x)F(x).F(a).
5. Identity

T1. = is an equivalence relation.

T2. a=b—.F(a)~F(b).

T3. a=bAF(a)y»a=baF(b).

T4. a=be(¥Vx).x=acx=b.

Ts. F(a)(Vx).x=a—F(x).

Té. F(a)o(3x).x=an F(x).

6. Set or class relations

T1. A< A

T2. ASBABcC—AcC.

T3. A<BoAcBv A=B.

T4, ~AcA,
Ac=B->~BcA,
AcBABcC—-AcC.

Ts. a=beoa=b.

Té. = is an equivalence relation.

T7. AUVA=A.

T8. AuB=BUA.

T9. AU(BUC)=(AUB)uC.

T10. AnA=A.

T11. AnB=BnA.

T12. An(BNC)=(AnB)nC.

Ti3. (AUB)"=A"NB".

T14. (AnB)"=A4"UB".

T15. AU(BNC)=(AuB)n(AUC).
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T16.
T17.
T18.
T19.
T20.
T21.
T22.
T23.
T24.
T25.
T26.
T27.

where (i, ...

T28.
T29.

7. Relations
TI1.

T2.
T3.

RELATIONS

An(BuC)=(AnB)u(4AnC).
ANnBc A.

AS AUB.

ANnBc AUB.
AnB=A—A<B.
AUB=B—A<B.

0=a.

acPoa=9.
(Vx)~xea.—a=0.
ae{b}ora=bh.
ae{by,...,b}oa=b,v..va=b,.
{ay,...,a}={a;,...,q; },

,I,) is a permutation of (1,...,n).

ie{l,..,n}>a,ef{ay,...,a,}.

ayy oty =<Xby,....by—a,=b, An...Aa,=b,.

Z is reflexive and semi-transitive in o/

% is equivalence in 7.

2 is asymmetric in &/ > Z is irreflexive in 7.
Z is strict partial-ordering of &7

> is irreflexive, asymmetric, and transitive in 7.
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1. Latin

Symbol

&(H,, ..., H,)
ELF(P,Q,E R, S, Dy
ELIE D,

EFSEC (A ... A)n

Fn

g(Pla -"aPn)H

SYMBOLS

Place introduced

ClvV 25
D1V 2.1
DIl 54
8th line from bottom

bVv3iz2

C1vV 3.7

D VII5.2

DVI22

DV13.2

D VI 2.3

8th line from bottom

Clv2.6
DI1V22

DIV23
D1vV24
D VII 2.7
D VII28
DVIi44

DVl

D VIL 6.1

151

Page

29
29
21
11

41

31
75
52
56
68
11

30
30

31
31
70
70
58

42

76



152 SYMBOLS

Symbol Place introduced Page
H CII 2.1 12
s D VIij2.2 52
F CIl4.3 14
R 74S D1l4.1 14
Fu(S) D142 17
A CII 54 19
¢ 'u D151 19
A (A) DII53 21
ZL(P,Q,R)y D VI1II 4.1 84
ZL(P,..,P)y D VIl 4.2 85
LI(P,Q. Dy D V1125 69
LI Dy D V1126 70
LLI Dy D VIL7.1 77
M D VIL34 71
M D VI 3.3 71
Mid D VII 6.1 87
ML D VIL7.5 78
ML D VIiI 74 78
N DIX 1.1 90
Ny DX32 113
o D115.6 23
O(H) D155 22
O(H,,...,H,) DI115.7 23
P Line 6 54
P(H) D 11T 3.1 26
P(Hy,....,H) DIIIl 3.2 27
2 D114.5 18

2(H) D144 18



SYMBOLS 153

Symbol Place introduced Page

4 D VI32 56

A€y D VII 4.3 73
RE(Pyy.... Py D VIl 4.4 73
P(i,j,k)—- A€ S (0,4,B,C)y D1X 6.1 104
(P(x)— €S (0,4,B,C)}y DIX 6.2 105
{a[P(x)] - #%€ 7 (0,4,B,C)}y D1X 6.3 105
e CV38 40

L DV3il 41

S, S Eq. V1 3.2 54

SE D VI4.1 57
FEC(A)y D V142 57

0, S E A D V143 57
FLeg DVI21 52

LNy DX3.5 114
PNy DX34 113

T 10th line from bottom 11

Ty DIV43 35

T Ny DX33 113

T & DX1.1 121

wu D VII 2.1 67

v DVI131 53

Vv DVIe6.2 62

W DV22 39

Xy D VIl 5.1 85

4 D VII 2.4 69

4 CII32 13

S#¥H DII31 13

Py DI132 13



154 SYMBOLS

Symbol Place introduced Page
2. German
B IA29 132
b 11th line from bottom 134
Of 1A 212 132
Cp DX 42 114
& 1A 214 132
f 10th line from bottom 134
ap Eq. VI 3.11 55
R, DA 5.23 137
Iy D VI4.1 57
rL D VII 2.5 69
T 1A 2.1 131
t, Eq. VI 3.9 55
B A28 132
v 1A 210 132
3. Greek

% DX 53 117

LB Eq. X 7.5 122
Vi DX52 116
P, ¥ Eq. X 76 122
Al Line 4 120
A4x° Eq. X 7.4 122
Ax! Line 5 120
5, Eq. X 8.1 125
M(P,Q:r )y D VIl 7.2 77
4(P, Q) D VII73 77
Ala; Py DX41 114
Ity Eq. VI 3.6 54
[ P(a,b),Q;nly D VII 3.1 70
w[P(a,b), 0]y D VI 3.2 7
1(P, Q51 )y D VIl 4.1 7
(P, Q) DVII4.2 72
Vs Eq. VI 3.1 54



SYMBOLS 155

Symbol Place introduced Page
o Eq. VI 3.7 54
oy D VI 4.l 57
oy, D VIL 25 69
(4;a,b;n)y DVI5.1 58
T4(a,b)y D V152 59
{ta(a, b)) D Vvié6.1 62
s Eq. VI 3.10 55

4. Miscellaneous

- Eq.12.2 5
K DII52 20
= DI 1.1 25
Cu DI 1.2 25
=, DI 1.3 25
e, DIII 2.1 26
>y DI 22 26
= DIV 3.1 32
< D1V 4.1 33
< DIV4.2 34
&) DV11 36
‘Q DV 12 37
Q- DV13 37
Q- DV 14 37
— DV2l1 38
H

[=Jou D V163 63
[-<.dou DVI6.4 63
a(P)—yb D VI 2.2 68
= D VIL5.1 73
[P,0,R] D VIII 2.1 79
[P,.....P,] D VII22 81
P1,0.R D IX 3.1 94
P1lyQ;R,S DIX 3.2 95
" DIX 4.1 97

1 DIX 4.2 98
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Symbol

lie

5. Logical

Xy,

~ [ =

xaF
X F

<l Ll <>y T <My

[RUR FR ]
— =

N
'\/:«-4

i nin>CcC

SYMBOLS

Place infroduced

D1X 43
DX 3.1
D X 5.(4-7)

1A 22

lA23

D As.1L
| A 213

DAS52
| A2.15
1A 216
1A 218

lA2.19

DAS5i

DASs2
DAS53
DAs54
DAS5S
DASsG6
D A7
DAS59
DAS510
DASs5I2
DAS5I3
DAs17
DAS58
DAsI19
DAs2
DAs521

Page

100
111

118-119

131
131
135
132
136
132
132
133
133
134
134
134
135
135
135
135
135
135
135
136
136
136
136
136
136



CONVENTIONS

Below are given the letters used to represent different items in the book.

Events: a, b, ¢, d, e.

Formulas: F, G, H, 1, J.

Integers (positive): i, j, k, [, m, n, p, q, r, s.

Labels of physical items: A, C, D, I, P, T.

Labels of logical items: A, C, D, I, P, T.

Length instruments scale values: ¥, [, m, 1.

Objects: 4, B, C, D.

Observers: F, G, H.

Particles: P, O, R, S, T, U.

Real numbers: p, q, r, S, 1, 9, &, 0.

Sensations: R, S, T.

Space coordinates: %, 1, 3.

Terms: a, b, ¢, d.

Variables for objects, observers, particles and sensations: U, V, W, X, Y, Z.

Variables for events and terms: u, v, w, x, ¥, z.

Variables for integers, real numbers, and scale values are the same as the
letters used to represent them.
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CS
bT
GR
LI
LLI
ML
OL
PDF
SC
SG
SL

ABBREVIATIONS

Coordinate System
Deductive Theory

General Relativity (Einstein’s Theory)
Length Instrument

Linear Length Instrument
Meta Language

Object Language

Probability Density Function
Standard Clock

Space Geodesic

Symbolic Logic

159

Page
102

106
69
77

54
57
76



and DAS.2
antecedent DAS.4, 11
antiparallel D1X4.2
asymmetric DAS5.28
axiom 5

axiomatic method 4

before DV3.2
between DVIII2.1

central limit theorem 55
chain DV1I5.2
causal 33
change DV1.1
class 1A2.(12,16), 131, Sec. A7 iv
ordered n-tuples DA5.22
clocks Secs. VI(1,2), DVI2.2
astronomical 49-51
atomic 49-51
comparison of DVI3.1, 52
coordinate 107
equivalent DVI4 .4
frequency ratio 56, DVI3.2
relative instability DVI3.2, 56
reliability index 57
standard DVI4.{
coincidence
of events I1V3.7
of particles DVI.1
collinearity DVIII4.1, 65, 66
concept
Primitive 3, 4
defined: see definition
confidence
interval 55
limit 55

INDEX

161

congruence DVII5.1, 65, 66
connected DITI2.1

consequent DAS.4, 11

consist 24

constituent 24

continuation of particles DV2.1
coplanarity Sec. IX2

deductive theory Chap. 1
abstract 4, 11
physical 4
definition Sec. I3
description symbol 1A2.7
dimension Sec. IX5
dissociation DV1.1
distance DVII3.(1,2)
constant Sec. VIi4
measurable DVII3.(3,4)

element 1A2.16
end particles 67
equality
class DAS. 2t
set 1A2.15
equivalence
relation DAS.32
subclass 16
equivalent
clocks DVI4.4
length instruments DVII2.(7,8)
propositions DAS5.5
events 28, DIV2.(3,4)
appearance I1V2.5
coincidence of I1V3.7
disappearance I1V2.6
experiment and theory 3



162

experimental error DX3.1
explanation 3

first signal DV4.1

speed DX4.2, Sec. X4
for 6
formula 1A2.14, Sec. A7iii
free trajectory DX7.2

geodesic
coordinates Sec. 1X6
space — DVII6.1, 65
surface 93

geometry
geodesic Chap. VIII
Riemannian 93, 115
space Chap. IX
space-time Chap. X
time Chap. VI

go into DVI.1

identity 1A2.15

if ..., then DAS.4

if and only if DAS.S
implies DAS.4

inertial system Sec. X8
input (string) 5
interpretation 4
intersection DAS5.18
irreflexive DAS.26

lag time 107

length measuring instrument Sec. VII2

line element 108
linear length instrument DVII7.1
linear order DVI{I2.1

macroscopic universe DII5.(5,6), 10

mean 54
member 1A2.16
metalanguage 5

metric 58
space — Sec. VII8
time — 58

metric coefficients Sec.X3
space — 116

INDEX

microscopic universe 11
midway DVIIi6.1
moments
population 54
sample 54

necessary DAS.4

necessary and sufficient DAS.S

neighborhood DX3.2, Sec. X3
space — DX3.(4,5)
space-time — DX3.3

non-collinear DIX1.1

not DAS.1

null set 1A2.2, AA6.2

object DII5.4, 10
object language 5
objective entity DII5.4, 11
objective universe DI15.(5,6), 11
objectivity I115.4
observer 7112.1
or
exclusive DAS.6
inclusive DAS.3
ordered n-tuple DA5.13
output (string) 5
output particle 49, 52

parallel DIX4.(1,3)
parallel displacement 96-97
part 24, 26
partial difference 118-119
particle DIII3.(1,2), 26
p-equal DVI16.3
perpendicularity DIX3.1, 94
physical

concept 3

laws 3

theory 3
p-less DV16.4
postulates 3, 5
precede DIV4.1
primitive concept 3, 4
probability density function 54
product 5
production 5



proof Sec. 14, 11

proper subset DA5.20
proper time 107

propositions 1A2.14, Sec. A8i
punctuation Sec. A3

gquantifier
existential DAS.7
universal 1A2.18

reflexive DAS.2S
relation
binary DAS5.23
many-one DA5.35
n-place DAS.23
one-many DAS.36
one-one DA5.37
space-time 107-108
relative instability DVI3.2, 56
reliability index
clocks 57
length instruments 69
rigid bodies 66
rigidity connected DVII4.3, 65

scale value 67

semitransitive DAS.31

sensations 7113.2

separate DIII2.2

sequence of events DVI2. |

set 131, 133, DAS.(12,13)

side relation DVITIS.1

signal Iv3.8

simultaneity 44

Space geodesic DVII6.1, 65
€quations Sec. X6
uniqueness TVIII3.7

standard clocks DVI4.1, Sec. V14

comparison type (atomic clocks) 4950

INDEX

solitary type (astronomical) 50
standard deviation 54
strict partial ordering DAS.33
string 4

admissible — 5

variable §
subclass DAS5.19
subjective entity DII4.3
sitbset DAS.19
sufficient DAS.4
symbolic logic Sec. IS5, A9
symmetric relation DAS5.27
synchronization 106-107

Tchebycheff’s inequality 62
term 1A2.1, Sec. A7ii
theorems Sec. 14
there exists
at least one DAS.7
at most one DAS.9
exactly one DAS5.10
time interval DVI5.(1,2)
comparison Sec. VI6
mean 62
variance 62
time-like relations DIV4.3
trajectory DX7.1
free DX7.2
transitive DA5.30
triangle inequality TVIII3.2
true 1A2.19

union DAS.17

variable [A2.8, Sec. AT7i
bound Sec. A4
free Sec. A4

world line DV2.2
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