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PREFACE

In 1955 at Stanford University Professor Patrick Suppes gave
a course on axiomatic set theory, during which time Professor
Herman Rubin was asked to give a series of lectures on the axiom
of choice. During the course of these lectures it was noted that,
while there was much in the literature on the axiom of choice,
the material was available only in many diverse journals and books.
It was suggested that we collect this material to make it moie readily
available. It seemed like a simple enough project to begin with;
then it grew and grew and grew some more and now has blossomed
forth into a book.

The book consists of a selection of the forms of the axiom of
choice which appeared in the literature together with additional
forms which were obtained in the process of writing the book.
It would have been a hopeless task to try to include all of the
forms of the axiom of choice which appeared in the literature, so
we chose the forms which in our opinion were either used often in
practice, unusual, relatively unknown, or particularly weak or
strong. We hope that we have included all of the interesting
equivalents of the axiom of choice.

We assume a knowledge of logic and elementary set theory
(von Neumann-Bernays-Godel set theory), but we do include a list
of definitions of set theoretical symbols and terms in the section
entitled ““Preliminary Definitions and Theorems”.

In Part I we discuss propositions which are equivalent to the
usual form of the axiom of choice. These equivalents will be referred
to as set forms. In Part IT we discuss stronger forms — essentially
forms which are obtained from the set forms by changing the word
“set” to ““class”. These latter forms are called class forms. The set
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forms of the axiom of choice are the forms which are most often
used in practice.

In preparing this monograph for publication we first prepared a
draft and sent it to several people for their comments and cor-
rections. We are very grateful to the people who did reply. We
believe that the quality and usefulness of the book was greatly
improved by their comments. In particular we should like to thank
Professor Alfred Tarski for his many useful comments and cor-
rections. Others whom we should like to thank are Professors
E. W. Beth, A. Levy, D. Scott, and R. Vaught. Our typists, Ann
Breen and Barbara Johnson, also deserve credit for bearing with
us under the strain, and we should like to thank the Mathematics
and Statistics departments at Michigan State University for their
cooperation.

HERMAN RUBIN
JEAN E. RUBIN

September 1961
East Lansing, Michigan



INTRODUCTION

There has been quite a bit of philosophical discussion about
whether or not the axiom of choice is meaningful. One form of the
axiom of choice which was given by Russell [1] in 1906 and Zermelo
[2] in 1908 is as follows:

If t is a disjoint collection of non-empty sets, there exists a set C
which comsists of one and only one element from each set in ¢,

The controversy is about the meaning of the word “exists”.
What does it mean for a set to exist? One group of mathematicians,
loosely called the ¢mtuitionists, believes that a set exists only if
each of its elements can be designated specifically or at least if
there is a law by which each of its elements can be constructed.
(The meaning of the word “constructible” varies greatly even among
intuitionists. It should not be assumed that all intuitionists have
the same criteria for the existence of a set.) So that for example
if x is the set of even integers this set exists because there is a law
to decide whether or not a given integer is in x. On the other hand,
if ¥ were defined to be the smallest natural number # which has
the property that there is a sequence of 100-n digits all equal to
each other in the decimal expansion of (z + €)*¢ there is at
present no rule to construct y, so that according to the intuitionists,
the number y does not exist. (See Beth [2], pp. 418-19.) (There are
some mathematicians who would accept the existence of the number
y, but who do not accept the axiom of choice. Then there are others
who not only do not accept the existence of the number y, but
also do not accept the validity of an indirect proof.)

Another school of mathematicians takes a more liberal viewpoint
about existence and they believe, essentially, that an axiom about
existence of sets may be used if it does not lead to a contradiction.
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It has been shown by Godel [1] that the axiom of choice is consistent
with the other axioms of set theory, {von Neumann-Bernays-Godel
set theory). Moreover, the axiom of choice has become almost
indispensable in mathematics since a large number of important
results have been obtained from it in almost all branches of mathe-
matics without leading to a contradiction. So that the authors along
with the other members of this school have no qualms about using
the axiom of choice when necessary. However, there are some
mathematicians who believe that the axiom of choice is obvious
and they tend to use it in proofs whether it is necessary or not.
Working on the principle that it is desirable to obtain the strongest
possible results from the weakest possible hypotheses we recommend
not using the axiom of choice unless it seems absolutely necessary.
(Certain authors have replaced the axiom of choice with weaker
propositions (like PR or PD below) in order to avoid using something
as strong as the axiom of choice.)

Actually, however, whether the axiom of choice is realistic or not
is immaterial for the purposes of this monograph. Our main purpose
is to give many of the important propositions which are logically
equivalent to the axiom of choice. That is, those propositions which
can be proved equivalent to the axiom of choice using the axioms
of set theory, without the axiom of choice, and the rules of logic.
If the axiom of choice were not realistic then what we do here
would still be logically correct, assuming our proofs are correct,
even if it were not very useful. ‘

Two important results of Fraenkel and Gédel have placed the
question of the “truth” of the axiom of choice in almost the same
position as that of the parallel postulate in geometry. In 1922
Fraenkel [1] proved that the axiom of choice is independent of the
other axioms of set theory. That is, Fraenkel constructed a model
in which the axioms of set theory excluding the axiom of choice
are satisfied but this model contains a set which does not satisfy
the axiom of choice. This result was later extended by Fraenkel [2],
Lindenbaum and Mostowski [1], and Mostowski [1], [2], and [3].

However, these results are not completely satisfactory because
the models used all contained individuals. In 1957, Specker [2]
constructed a model in which there are no individuals but both the
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axiom of choice and the axiom of regularity are not satisfied.
Mendelson [2] in 1956, obtained a little stronger result — a model
with no individuals in which the axiom of regularity for finite sets
is satisfied. The question of independence cannot be considered
completely settled until a demonstration with no individuals and
satisfying the axiom of regularity is given; in fact our forms P 17
and P 6S are satisfied in all the models with which we are acquainted.

As was mentioned above, Gédel [1] in 1940 proved that the axiom
of choice is consistent with the other axioms of set theory (von
Neumann-Bernays-Godel set theory). He proved that given a model
for set theory in which there are no individuals and the axiom of
regularity is true, there exists a model in which, in addition, the
axiom of choice is true. Moreover, if Godel’s model is modified so
that either individuals exist or the axiom of regularity is false, the
truth of the axiom of choice is not disturbed. Hence, the axiom of
choice is consistent with the other axioms of set theory whether
there exist individuals or not and whether the axiom of regularity
is true or not. (These results do not apply to every proposed model
of set theory. In fact, in Quine’s model the axiom of choice is in-
consistent. See Quine [1] and Specker [1].)

There are also some known results on the relative strength of
the axiom of choice and some other well-known propositions.
It was stated in 1926 in Lindenbaum and Tarski [1] that the
generalized continuum hypothesis implies the axiom of choice
(proven by Sierpenski [3] in 1947) and Tarski [4] has stated an
axiom on inaccessible sets which implies the axiom of choice.
(See also Bachman [1].) It is known that the generalized continuum
hypothesis is consistent (Godel [1]) but it is not known whether or
not it is actually stronger than the axiom of choice. However, it
is known that Tarski’s axiom is stronger than the axiom of choice
but it is not known if it is consistent. (Its negation is consistent with
the axiom of choice and the other axioms of set theory.) The prime
ideal theorem is known to follow from the axiom of choice but it
wasn’t until recently that Halpern [1] proved that the converse
is not true. The axiom of choice is actually stronger than the prime
ideal theorem. Also, the Birkhoff representation theorem for
abstract algebras is known to follow from the axiom of choice, but
it is not known if the converse is provable.
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We assume an elementary knowledge of logic and set theory. The
following symbols will be used: “not” for negation, “and” for con-
junction, “‘or” for disjunction, ‘- for implication, “‘«"’ for equiva-
lence, “="" for identity, ‘“(3X)” for the existential quantifier,
there exists an X, and “(X)” for the universal quantifier, for all X.

The system of axioms for set theory which we adopt is essentially

the system X given in Gddel t [1] with the following exceptions:
I. We permit the existence of individuals.

II. Unless specifically indicated, we do not assume the axiom of
regularity (Axiom D in Godel). Theorems in which it is used in the
proof will be indicated by a footnote.

Formally: the primitive notions are class, set, individual and the
element relation e. The convention is made that capital letters, X,
Y, ..., denote variables whose ranges consist of all classes and
all individuals, and the lower case letters, x, y, ..., denote variables
whose ranges consist of all sets and all individuals.

The axioms of Group A in Gobdel {1], are modified as follows:

1. If x is a set then x is a class.
2. f X eY then X, is a set or X is an individual.
3. The principle of extensionality:
(@) If X and Y are classes then (#) [# € X < u € Y] implies
X=Y.
(b) If X is an individual then (Y) (Y ¢ X]. (An individual
does not contain any elements.)

1 Godel's axiom system is essentially the same as the system of Bernays
{1]. Axiom D is due to von Neumann {2] (Axiom VT 4).
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Because of 3(b) we make the convention that the range of a
variable which immediately follows e does not include individuals.

4. The existence of the unordered pair:

(X)) (B2) () (1 e 2> 1 = x 07 u = y].

The remaining axioms are just as they appear in Godel.
(Axiom D. The Axiom of Regularity: If X is non-empty then
there is a # € X such that # and X have no elements in common.)

DEFINITIONS AND THEOREMS

1 (a)
(b)

X is a proper class if X is not a set or an individual.
((XHY )Y a proper class - Y ¢ X]).

If X and Y are classes, X is said to be a subclass of Y,
X cY, if every element of X is an element of Y.
((u)[#w e X >ueY]) X is said to be a proper subclass of Y,
XcY, if XcYand X#Y. (If Xisa setitis called
a subset of Y.)

The power class of X, #(X), is the class of all subsets of X.
(e PX)ouc X))

The empty set, A, is defined by the properties that A is a
set and (X)[X ¢ A4].

The wunivcrse, V, is defined by the property (x)[x e V].

We use the standard notation to denote classes. That is,
{x,y, ...} is the set whose elements are x, y, ..., and if
& (%1, %2, ..., %p) is uniquely defined for each x1, x2, ..., %5
and P is a predicate then

ue{f (%1, X2, ..., %p): P(x1, %2, ..., Xp)} o

(x1) (Axg). . .(Fxp) (4 = A (x1,%2, ..., %) and P(x1,%2, ..., %5)].

(f) A wunit set is a set which has only one element. An unordered
pair is a set which has two elements.

(g8) An ordered paiv, {x,y> is defined as follows:
x> = {{x}, {x, y}}.

An ovdered n-tuple, <x1, xa, ..., %n> = {x1, (X2, ..., Xn>>, Where

n > 2 1s a positive integer.

()
(i)
()

The Cartesian product, X X Y = {Kx,y>:xe X and ye Y}.
The union, X oY ={u:ueXorueY}.
The intersection, X nY ={u: ueX and ueY}.
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(k) The difference, X ~Y = {u: ue X and u ¢ Y}.
() A class X is said to be complete if for all ue X, u < X.
(m) X and Y are said to be disjoint if X nY = A. A class X
is said to be disjoint if each pair of its elements is disjoint.
Because of the definitions of <, v, n and X we make the
convention that the range of a variable which immediately precedes
or follows <, v, n or X does not include individuals.

2. R is said to be a (binary) relation if R is a class of ordered pairs.
R is said to be an n-ary relation if R is a class of ordered n-tuples.
We use the symbol x Ry to mean the same as <x, ¥> ¢ K.

In what follows R is meant to be a binary relation unless other-
wise specified.
(a) The domain of R, Z(R) = {x: (Ay)[Kx, ¥> ¢ R]}.
The range of R, Z(R) = {y: (Ax)[<x, y> € R]}.
(b) R"X = {t: (Au)[u € X and <u, t) € R}.
() R is a function if whenever {(x,y> ¢ R and <x, 2> ¢ R then
y = 2.
R is a function mapping X into Y if R is a function
and Z(R) =X and Z(R) = Y.
R is a function mapping X onto Y if R is a function
and Z(R) = X and Z(R) =Y.
If R is a function often instead of x Ry or <x, ¥> ¢ R we write

R(x) =y or Rz =1y.

(d) Risa 1-1 function if R is a function and whenever <%, 2> ¢ R
and <y, 2> e R, x = y.

(e) X is equivalent to Y, X ~ Y, if there exists a 1-1 function
mapping X onto Y.

X < Y it there exists a class Yy = Y such that X ~ Y.
X<YiftX<Yandnot X ~ Y.

(f) If » is a natural number, » > 1, R is an n-ary operation
on X if R is a function which maps {<x1, x2, ..., ap>:
%1, %2, ..., %p € X} into X. A O-ary operation on X is a
constant and a unary operation on X is a function which
maps X into X. (We shall assume throughout the text that
no ambiguity arises as to the order of an operation. Such
ambiguities could be avoided, but the definition would be
unnecessarily complicated )
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(8) R'is a class-valued function if whenever xe 2(R) and
<%, 9> € R, either y = A or y is a unit set. We detine

Rx] = {y:<x, {yp e R}.

(R[x] can either be A, a set, or a proper class. We make
this rather artificial definition so that if R[x] = A we can
distinguish the two possibilities that x¢ Z(R) (then
R"{x} = A) or if (x, 4> € R (then R"{x} = {4})).

(h) If F is a function 1:
union, U F(x) = UF"X = {u: (Ax)[x € X and u e F(x)]},

reX
intersection, N F(x) = NF'X = {u: (x)[x e X — u € F(x)]},
reX
Cartesian product, X F(x) = {f : [ is a function and
zeX
D(f) = X and (x)[x ¢ X — [(x) e F(2)1},

power XY = {f: fis a function and @ () = Y and Z(f) = X}.
(Note. X x X # X2 but X X X ~ X2, and when # is finite,
X~ {u: u=<(x1, %, ..., %>, where %1, %g, ..., xp e X}. Also it
can be shown that 2z ~ & (x).)
(i) RIX ={x,v>:<x,y>eR and x e X}.
(If R is an n-ary operation R|X = {Kx, 9> : ¥, > e R, x =
%1, X2, - .., Xn>, and %1, X3, ..., Xp € X}. See parenthetical
remark following 2(f).)
(j) tmverse, R™1 = {Kx, y>: <y, x> ¢ R}.
(k) complement, B = {<x, y>: (x.y> ¢ R}.
(1) composite product, R o S = {Kx,y>: (F2)[Kx,2> e R and
{2,V € S}.
(m) the identity relation, I = {{x, y>: x = y}.
(n) R is reflexive on X if (x)[x e X - x R x].
R is irreflexive on X if (x)[x e X - notx R «].

1 It is sometimes necessary to consider the union (intersection, Cartesian
product) of classes. This definition can be generalized to this case as follows:
If F is a class-valued function:

union, U Flx] = {u: (34)[x ¢ X and u ¢ F[x)}.
reX

Similarly for intersection and Cartesian product.
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R is symmetric on X if (x)(y)[(¥, ve X and x R y) >y R x).
R is anti-symmetric on X if (x)(y)[(x,veX and x Ry and
YR x) - x =yl

R is transitive on X if (x)(y)}(2)[(x,y,2€X and xRy and
yRz2) > xRz

R is conmected on X if (x)(y)[x,yeX - (x Ry or yRx or
% =)}

R is a partial orderingl on X if R is transitive on X.

R is a lineay ordering on X if R is a partial ordering on
X and R is connected on X.

% is said to be an R-first or R-smallest (R-last or R-largest)
element of X if xe X and forallye X, x #v - x Ry(y R x).
x 1s said to be an R-manimal (R-maximal) element of X if
xeX and forallyeX,yRx xRy (x Ry -y R x).

if Y ¢ X, xis said to be an R-lower bound (R-upper bound)
of YifxeXandforallyeY, x 2y >x Ry (y R x).

if Y € X, xis said to be a strict R-lower bound (strict R-
upper bound) of Y if x is an R-lower bound (R-upper bound)
of Y and forallyeY, not y Rx (not x K y).

if Y = X, xissaid to be an R-greatest lower bound or infimum
(R-least upper bound or supremum) of Y if x is an R-lower
bound (R-upper bound) of Y and if y is an R-lower bound
(R-upper bound) of Y and x %y then y Rx (x R y).

R is said to be a well-ordering on X if R is antisymmetric
on X, transitive on X, and every non-empty subclass of X
has an R-first element 2. (If every non-empty subclass of X
has a unique R-first element then R is automatically anti-
symmetric and transitive.)

If R is a well-ordering on X and S is a well-ordering on Y
then X is said to be simzlar to Y, X ~ Y, if there exists a

1 Some mathematicians require that a partial ordering be reflexive and/or
anti-symmetric besides being transitive, but we do not make this restriction.
The same remarks hold for a linear ordering.

2 Some mathematicians require that a well-ordering be reflexive. Some-
times we shall need a reflexive well-ordering, sometimes an irreflexive well-
ordering, and sometimes a well-ordering which may not be either reflexive
or irreflexive.
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1-1 function F mapping X onto Y such that for all w,
veX, u #v, wRvif and only if F{x)S F(v).

(Note: A set X is said to be partially ordered, linearly ordered,
well-ordered etc. if there exists a relation which is a partial ordering,
linear ordering, well-ordering etc. on X.)

(z1) A class X is fimite if there exists a natural number # such

that X ~ n. Otherwise X is infinite.
3. Ordinal numbers.

(a) X 7s an initial R-section of Y if R is a relation, X < Y and
Y ~n(RVX) < X. (That is, all R-predecessors in Y of
members of X also belong to X.)

(b) X is the initial R-section of Y generated by u if R is a relation,
and X = Y ~ R-1"{u}. (That is, X is the class of elements
of Y which are R-predecessors of #. If R is transitive then
an initial R-section of Y generated by # is an initial R-
section of Y.)

(c) X is an ordinal number 1 if

(i) X is a set.
(i) X is irreflexively well-ordered by e.
(iii) For all # e X, u is the initial e-section of X generated
by u.

(d) Ox is the class of all ordinal numbers. 0 = 4.

Lower case greek letters, «, 8,5, ..., will be used to denote
variables whose range is On.

(&) a<pifaep; a<pifa<fora=4

(f) « is a limit ordinal if « = U f and « # 4.

<o
4. Properties of ordinal numbersf

(@) If @ £ A then Aea for all xeOn.

(b) Every element of an ordinal number is an ordinal number.

(c) A set of ordinal numbers is an ordinal number if it is
complete.

(d) No ordinal number is an element of itself.

(e} « < g if and only if « = B.

(f) For any two ordinal numbers « and § either « << 8, « = §,
or f < e.

1 The definition is that given by von Neumann {2] in 1928.
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(g) On is well-ordered by e.
(h) For every well-ordered set there is a unique ordinal number
which is similar to it.
(i) If « is an ordinal number so is « v {a}.
(7} If « is not O or a limit ordinal then there exists a unique
ordinal number 8 such that « = g v {#}. We shall call g
the immediate predecessor of o and designate it by « — 1
and call « the immediate successor of f and designate it by
g+ L
(Note: All the above properties of ordinal numbers can be derived
without using either the axiom of regularity or the axiom of choice.)



PART I

SET FORMS

1. The Well-Ordering Theorem

Before 1904, when Zermelo [1] published his proof that the
axiom of choice implies the well-ordering theorem, the well-ordering
theorem was considered as self-evident. Cantor and others used it
without hesitation. WE I-WE 3 are three classical forms of the
well-ordering theorem. WE 4(m) and WE 5 are due to Azriel Levy 1,
and WE 6 is a generalization of WE 5.

WE 1: Every set can be well-ordered.

WE 2: Every set is equivalent to an ordinal number.

WE 3: Every set is equivalent to a subset of an ordinal number.
Let m be a natural number, m > 1.

WE 4(m): For every set x there exists an ordinal number « and a
function | defined on o such that f(B) < m for every f < a and

U /(p) = x.

B<a

WE 5: There exists a natural number m > 1 such that WE 4(m).

WE 6: For every set x there exists a natural number m > 1, an
ordinal number «, and a function f defined on « such that f(8) < m
for every 8 < a and U f(8) = x.

f<a
WE 4(m) could be restated in the following way:
Every set is the union of a well-ordered set of finite sets each of
which has not more than m elements. Similarly for WE 5 and
WE 6.

1 These forms are given in a paper entitled “Axioms of multiple choice”
which has been submitted for publication to Fundamenta Mathematicae.
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It is clear that WE2 - WE 3 and WE 3 - WE 1. To prove
that WE 1 — WE 2 see Godel [1] 1. The following equivalences are
also clear: WE 1 & WE 4(1), WE 4(m) — WE 4(#n) if m < », and
WE 4(m) -~ WE 5 —~ WE 6. Therefore, to prove that the above
six forms are all equivalent it remains to prove the following:

THEOREM 1.1. WE 6 - WE 12,

ProoF. Let x be an arbitrary set. For each set y, define a set
of natural numbers N, as follows:
(i) meNyif (3f)(3x)[fis a function, x e On, Z(f) = «, U f{B) =y

B<a

and (8)[f < « — f(f) < m]]. (WE 6 implies that N, # A for
every set y.)
Next, we shall prove the main result:

(i) If y xy <y and m is a natural number such that m > 1
then m e Ny implies m — | € Ny,

Suppose y and m satisfy the hypothesis of (ii) and m € Ny. Then
there exists a function f and an ordinal number « satisfying (i).
Define

(i) uavs = (f(B) X [9)) ~ [(3), whete B, 7,6 < .

Now, #gys is a set of ordered pairs, so that it is a relation and we
may talk about its domain and range. Moreover, we have

D(ugye) < 1(B) < m, Rlugys) < f(y) < m, and ugys < f(8) < m.

Case 1. (B)[f <« and f(f) # A — (Fy)(3d)[y, d < «,
D(ugye) = A, and D(ugye) < m]].

For each § < o with f(8) # A, let 43 and ug be the lexicographi-
cally < — first ordinal numbers y and § such that P(ug,s) # A
and PD(ugys) < m. (That is, first find ordinal numbers y and é
which satisfy the conditions. Then let A3 be the < — smallest such y
which satisfies the conditions. Then given Ag, let us be the < -

1 The proof is given in Godel [1] p. 27, theorem 7.7. This proof is quite
similar to the proof of theorem 2.8 which we shall give in detail.
2 The proof is due to Azriel Levy. See footnote p. 1.
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smallest & which satisfies the conditions.) Now define:

Vg = {g(uﬂ,lﬂ,ﬂa) if f(ﬁ) # A4,
’ A" i jp) = 4.

and wp = f(f) ~ vs. Next we define a function g as follows 1:
@) =a+a

if f << « then g(8) = vg,
if «<f, and f§ ~a =~y < a then g(f) = w,.
We shall prove that m — 1 € Ny by proving that g is a function and
a + o an ordinal which satisfies (i). That is, we have to prove
U gB) =1y and if § <o+ « then g(f) < m — 1. The first

B<a+ta
equality follows from set theoretic considerations and from the

fact that Uwvg < UfB) =v. If § <« we have vy <m and
B<a f<a

consequently g(8) <m — 1. If « <f < « + a, then there is a
y < « such that f ~a==y. If fiy) #A4, then vy, £ A4, f(y) <m
by (i), and vy < f(y), therefore, w, = f(y) ~ vy <m, so that
g(f) <m — 1. If f(y) = A then w, = A, so that again g(f) < m — 1.

Case 2. (AB)B < «, f(B) = A and (y)(d)[y, d < « and
D(ugys) # A — D(ugys) ~ m]].

Let 8 be the <-smallest ordinal number in {A: 4 < «, f(A) # 4,
and (y)(8)[y, 6 < xand D(usye) # A - D(uays) ~ ml}. Let se f(B).

If v, 6 <o and D(ugys) 7+ A then PD(ugys) has m elements.
It follows from (i) and (iii) that wgys has at most m elements
(ugys < f(8) < m). Therefore ugys ~m and wug,s is a function.

Now, if in addition to f(8) # 4, also f(y) # A, then there exists
a 6 such that ugys 7 A. (This follows from (iii) and the fact that
yxyc<y) Let 8, be the <-smallest ordinal number in
{6: ugys # A}.

Next, define

_ JHusyols)} if f(y) # 4 _
Uy _{ A if ](('}’) = A and Wy = f(V) Uy.

1 The sum of two ordinal numbers is defined for example in Bachmann [1]
p. 45.
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(Note that since f(B) = A4, if D(ugys) = A then se f(B) = D(ugyo)
and f(y) # A, therefore &, exists.) Now define a function g on
a -+ o as follows:

If y < « then g{y) = v,.

If « <y then y ~a >~ 1 < aand gly) = wa
Again we shall show that g is a function and « + « an ordinal
number which satisfies (i) with » replaced by m — 1. Asin case 1,
we have U gly)=9y. If y<a, gy) =0, <1I'Sm —1. If

<a+a ‘

a<yand proooed gly) = wi= f(A) ~va; if f(A) £ A, v3 w1
and gly) <m — 1, while if fA} = A, gly) = A4 < m — 1. Hence,
if A < a 4 «, then g(A) < m — 1. This completes the proof of (ii).

It follows from (ii) and mathematical induction thatif y X y = y
then y can be well-ordered. Now, to complete the proof of the
theorem we must show that our original set x can be well-ordered.

Therefore, we prove:
(iv) For every set x there exists a set ¥ such that x v (y X y) < y.

Construct y as follows:

Let 20 =x and 2p41 = 25 v (20 X 24). Let y = U z,.
n=20
If m < n then 2y, < 25 and 2, X 2y < 2. Clearly, ¥ < y. Also,

0

yXy= U . z5 X zp
n,m=0
oo
s U zma,x(m,n) X zmax(m,n)
s m =
o0
= u zmax(m,n)+l
n,m=0
< 9.

Hence, x v (y X y) < v.
Therefore, x is a subset of a set which can be well-ordered, so
that x can be well-ordered also, q.e. d.

2. The Axiom of Choice

Apparently, the first specific reference to the axiom of choice
was given in 1890 in a paper of G. Peano [1]. In proving an existence
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theorem for ordinary differential equations, he ran across a situation
in which such a statement is needed. In 1902 Beppo Levi [1], while
discussing the statement that the union of a disjoint set ¢ of non-
empty sets has a cardinal number greater than or equal to the
cardinal number of #1, remarked that its proof depended on the
possibility of selecting a single member from each element of ¢
Others, including Cantor, had used the principle earlier, but did
not mention it specifically. We give here nine forms of the axiom
of choice.

AC1: If s is a set of non-empty sets, there is a function [ such
that for every xes, f(x) e x.

AC2: Iftis adisjoint set of non-empty sets, there is a set ¢ which
consists of one and only one element from each set in f.

AG 3: For every function f there is a function g such that for every
%, 1f x € D(f) and f(x) + A, then g(x) € f(x).

AC 4: For every relation v there is a function | such that D(f) =
= D(r) and { < r. (See P 12

AC5: For every function f there is a function g such that 2(g) =
= R(f) and for every x € D(g), flg(x)} = x. {If f is 1-]1 then g is its
inverse.)

AGC 6: The Cartesian product of a set of non-empty sets is non-
empty.

Let m be a natural number, m > 1.

AC7(m): If s is a set of non-empty sets, theve is a function f
such that for every x €s, f(x) # A, (%) < x, and f{x) < m.

AC8: There exists a natural number m > 1 such that AC 7(m).

AC9: Ifs s a set of non-empty sets, then there is natural number
m > | and a function | such that for every x € s, f(x) # A, f(x) € %,
and f(x) < m.

In 1904, Zermelo 2 [1] stated a principle of choice similar to

1 It is not known whether this statement is equivalent to the axiom of
choice.

2 Zermelo states in his paper that the proof of the theorem came out of
conversations with Erhardt Schmidt.
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AC 1 and proved that it implied the well-ordering theorem. (Zer-
melo took s to be the set of all non-empty subsets of a given set.)
AC 3 and AC 6 are essentially restatements of AC 1.

In 1906, Bertrand Russell [1] gave a principle analogous to AC 2.
He announced this principle as a possible substitute for Zermelo’s,
but he believed that it was weaker. (Russell actually stated his
principle in the form of AC 6 with disjoint sets. However, by

“product” Russell meant the following: xe X Sgif x = U S, and
aecd aecd
% ~nSg 1s a unit set for each a ¢ 4. This definition of product is

due to Whitehead [1]. Hence Russell’s form is the same as AC 2.
See 2(h) in the section entitled Preliminary Definitions and
Theorems for our definition of product.) In 1908, Zermelo, in [2],
stated and in [3] proved that Russell’s and his formulations of the
axiom of choice are equivalent. The name “axiom of choice” is
due to Zermelo [1], and the name “multiplicative axiom’ or
“multiplicative principle’” is due to Russell [1]. AC4 and ACS
were given by Bernays [2] in 1941 1. AC 7(m) and AC 8 are due
to Azriel Levy 2 and AC 9 is a generalization of AC 8.

We shall first show that AC 1-AC 6 are all equivalent. AC 1
obviously implies AC 2, and it is clear from the definition of product
that AC 1 and AC 6 are equivalent.

THEOREM 2.1: AC2 - AC 1.

ProoF. Let s be a set of non-empty sets. Define ¢ = {{x} X x:
% € s}. Then the choice set of AC 2 is the required choice function
ons.

TuEOREM 2.2: AC1 — AC 3.

Proor: Let f be an arbitrary function. Let s = Z(f) and let
F be the choice function on s. Define a function g so that for
each x € 2(f), g(x) = F(f(x)). Then g is the required function.

TueoreMm 2.3: AC3 - AC 1.

1 Bernays actually gives AC4S and ACS5S which are stronger than
AC 4 and AC 5. AC 4S is given as an axiom and AC 5S is proved equivalent
to it.

2 These forms are given in a paper entitled ‘‘Axioms of multiple choice”
which has been submitted for publication to Fundamenta Mathematicae.
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ProoF: Let s be a set of non-empty sets. Let f be a 1-1 function
such that Z(f) = s. Define a function F such that for each xes,
F(x) = g(f~1(x)), where g is defined by AC 3. Then F is the required
choice function.

TuHEOREM 2.4: AC4 — ACS5.

Proor: Let f be an arbitrary function and let » = {(x, y>:
<y, x> ef}. AC4 implies that there is a function g such that
D(g) = D(r) and g <r. Clearly, for every xeZ(f) = D(g),
Hgl®) = ».

THEOREM 2.5: ACS5 — AC 4.

ProoF: Let 7 be an arbitrary relation and define a function 4
as follows:
b= {Kx, ¥, %) 1 <x, y> €7}

AC 5 implies that there is a function g such that 2(g) = £(#) and
for every x € Z(g), h(g(x)) = x. Now, g(x) is an ordered pair, so
we define f(») to be the second coordinate of g(x), for each x e Z(g) =
= 9(r). Clearly, 2(f) = D(r), f is a function, and f < 7.

THEOREM 2.6: AC4 — AC3.

Proor: Let f be an arbitrary function. Define a relation r as
follows:

r={x iy e (%))

AC 4 implies that there is a function g such that 2(g) = 2(r)
and g € 7. g is the required function.

TueoreMm 2.7: AC3 —- AC 4.

ProoFr: Let 7 be an arbitrary relation. Define a function 4 as
follows:

For each xe¢9(r), hix) = {y:<x, 9> er}. (h{x) =1r"{x}.) AC3
implies that there is a function f such that if x e 2(h) and A(x) # 4,
then f(x) e h(x). f is the required function.

Next, we shall show that each of AC 1-AC 9 is equivalent to a
form of the well-ordering theorem. WE 1| implies AC 1, for WE |
implies U s can be well-ordered; then define the f of AC1 to be
the function which associates each set of s with its first element.
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THEOREM 2.81: AC1 - WE 2.

(The intuitive idea of the proof is as follows: Let x be a non-
empty set and { a choice function on the set of all non-empty subsets
of x. We well-order x as follows: Let f(x) = a be the first element
of x; f(x ~{a}) = b be the second element of x; f(x ~ {a, b}) = ¢
be the third element of x; etc.)

Proor: Let x be a non-empty set. Let f be a choice function on
the set of all non-empty subsets of ¥ and define f(A4) = # where
u ¢ x. We define a function G as follows: For all ordinal numbers
a, Gla) = f{x ~ G"a). (It follows by transfinite induction that G
is defined for all o € On.)

(1) GYis 1-1 on #(G) ~nx. If « < B, and G(a), G(f) € x. then
Gla) # G(B) since G(B) = f(x ~G"B) ex ~ G"f, and G(x) € G"B.

(2) There is an ordinal number « such that G"« = x. For there
must be some ordinal number g such that G(8) ¢ x. If this were not
so, by (1) G would be a 1-1 mapping of On into x which contra-
dicts x being a set. Let « be the smallest ordinal number such that
ae{f:G(B) ¢x} Then by the definition of «, G"x < x, and by
the definition of G x ~ G"a = A.

From (1) we see that an ordinal number satisfying (2) yields the
desired result.

It is clear that AC 1 AC7(1), AC7(m) -~ AC7(n) if m < u,
and AC7(m) - AC 8 — AC 9. Therefore, it remains to be shown
that AC 9 implies a form of the well-ordering theorem.

TueoreM 2.9: AC9 —~ WE 6.

Proor: (The proof is similar to the proof of 2.8.) Let x be a set
~and let s be the set of all non-empty subsets of x. By AC 9, there
exists a natural number # and a function g such that for every
yes, gly) # A4, gly) =y, and g(y) < m. Define g(4) = # where
u ¢ x. Define a function G as follows: For all ordinal numbers «,
Gla) = glx ~ﬂ8 G(B))-

Now, we proceed as in the proof of 2.8 and prove:
(1) Gtis 1-1 on Z(G) ~ P(x) and

1 The proof given here is a modification of Zermelo’s [1] proof using
ordinal numbers instead of well-ordered sets.
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(2) There is an ordinal « such that U G"« = x.
Then define f = Gj«, and we have m is the natural number, « is
the ordinal number and f is the function which satisfies WE 6.

3. The Law of the Trichotomy

The equivalence of the axiom of choice and the trichotomy was
given by Hartogs [1] in 1915. As in the case of the well-ordering
theorem, the trichotomy was considered self-evident and was used
without hesitation before 1915.

T: For all sets x and vy, either x 1s equivalent to a subset of y or
y is equivalent to a subset of x.

It is clear from the properties of ordinal numbers that WE 2
implies T. (See 4(f) on p. xx11.) To prove the implication the other
way we first define Hartogs’ function 1:

DEeFINITION 3.1: I'(x) = {o: a < #}.
We must prove that I" is defined. That is,

LemMA 3.2: For all sets x, I'(x) is a set.

Proor: Let R be the set of all reflexive well-ordering relations
on subsets of x. R € P(x X x); therefore R is a set. The mapping
which assigns to each well-ordering in R the corresponding ordinal
number 2 is a mapping of R onto I'(x). Therefore I'(x) is a set.

We next prove

LemMA 3.3: For every set x, I'(x) is an ordinal number.

Proor: A set of ordinal numbers is an ordinal number if it is
complete. That is. we must prove that if « € I'(x) then o & I'(x).

Suppose ae['(x) and fea Then a < x and f < «. Hence,
B X x so that fe I'(x).

THEOREM 3.4: T -~ WE 3.

Proof: By T, either x < I'(x) or I'(x) < «x. The first inequality
implies WE 3 since I'(x) is an ordinal number. The second is im-

1 See Hartogs [1].
2 See 2(z) and 4(k) in Preliminary Definitions and Theorems.
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possible because it implies I'(x) e I'(x). (No ordinal number can be
an element of itself.)

We shall next consider a proposition which is similar to T. It
was stated by Lindenbaum in Lindenbaum and Tarski [1] and later
proved by Sierpinski [5].

T’: For every two non-empty seis, there 1s a mapping of one onto
the other.

Clearly T implies T’. Next we have the following

LEMMA 3.5: For any two sels x and vy, if there is a mapping of x
onto y then there s a 1-1 function which maps P(y) into P(x).

PrOOF: Let f map x onto y. For ¢ e P(y), define g(#) = f-1"¢.
Then g is a function from £(y) into #(x). To show that g is 1-1,
we note that if s, t e P(y), g(s) ~g(t) = Vs ~ 1t = f-1"(s ~¥).
Therefore, if g(s) =g(t), fl"s~t)=A4 and 1 ~s)=4;
which implies ¢ < s and s < ¢; so that s = {.

Tueorem 3.6: T - WE 3.

ProorF: Consider the non-empty sets x and I'(#(x)). By T, either
there is a mapping of x onto ['(P(x)) or there is a mapping of
I'(?(x)) onto x. If the first mapping exists, then 3.5 implies there
is a 1-1 function which maps Z(I'(#(x))) into P(x). But since
I'P(x)) < P(I'(P(x))), this implies that I'(P(x)) < P(x), which
is impossible. Hence, there must be a mapping f of I'(#(x)) onto x.
For each f e x, define g(f) to be the smallest element of f~1"%. We
see that g is a I-1 function from x into I'(#(x}). Hence x < I'(#(x)),
which proves WE 3.

4. Maximal Principles

As mathematics developed further there also developed a need for
another non-constructive proposition. A principle, which Kura-
towski, Hausdorff, Zorn, and others, used to replace transfinite
induction and the well-ordering theorem. It appears, at first
glance, unrelated to the axiom of choice, but actually is equivalent
to it.

This principle and principles similar to it are often referred to as
forms of Zorn’s Lemma. (It appears that Bourbaki [1] and Tukey [1]
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first referred to them in this way.) We prefer to call these forms
maximal principles since it is a more descriptive title. Also, we discuss
forms which are far afield from Zorn’s original form, but still
maximal principles.

In fact, it might be more appropriate to call the principle ‘“‘Kura-
towski’'s Lemma” or ‘“Hausdorff’s Lemma” rather than “Zorn’s
Lemma”. In 1914, Hausdorff [1] derived M 5 (below) from the well-
ordering theorem. M 6 is a specialization of M 5. In 1927, in the
second edition of Hausdorff’s book there is a derivation of a form
similar to M 4 from the axiom of choice. Kuratowski [1] in 1922
derived M 4 and minimal principles equivalent to M3 and M 4
from the well-ordering theorem 1. (In our forms M 1-M 4 there
is an obvious duality between minimal and maximal principles.
We shall not discuss the minimal principles here.) Kuratowski used
a minimal principle to prove a theorem in analysis. In 1932, R. L.
Moore [1] derived a minimal principle equivalent to M 3 from the
well-ordering theorem. (Moore lists Kuratowski in his bibliography.)
It wasn’t until 1935 that Zorn [1] published his paper. He was the
first to state that a maximal principle implies the axiom of choice.
He stated without proof that M 3 is equivalent to the axiom of
choice (to be proven in another paper which was never published).
Zorn was also the first one to apply a maximal principle in algebra.
He discussed a list of applications of M 3. He was apparently una-
ware of the work of Hausdorff and Kuratowski.

O. Teichmiiller [1] in 1939 and J. W. Tukey [1] in 1940 indepen-
dently gave M 7 and proved it equivalent to the axiom of choice.
Tukey also gave M 1, a generalization of M 3. Teichmiiller was
unaware of Zorn’s work while Tukey refers to Zorn. N. Bourbaki
[1] in 1939 gave a proposition similar to M 1 and states, without
proof, that it is equivalent to the well-ordering theorem. (He stated
a lemma similar to Kuratowski’s lemma (see 4.11) to indicate how
one would prove that M 1 implies the well-ordering theorem.
M 7 is also stated by Bourbaki, but no proofs are given.) M 2 was
given by Szele [1] in 1950.

There are two different forms of the maximal principles. M 1-M 4

1 Some of the preliminary work in Kuratowski's paper is due to Hessen-
berg [1].
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postulate the existence of a maximal element, and the remaining
forms postulate the existence of a maximal set.

M 1: If R is a transitive relation on a non-empty set x and if
every subset of x which is linearly ovdered by R has an R-upper bound,
then there is an R-maximal element in x.

M 2: If R ¢s a transitive relation on a non-empty set x and if
every subset of x which is well-ordered by R has an R-upper bound,
then there is an R-maximal element in x.

DEFINITION 4.1: A mest is a class which is linearly ordered by
inclusion, <.

M 3: If every non-empty nest which is a subset of a non-empty set
x has its union an element of x, then x has a maximal element 1.

M 4: If every well-ordered nest which is a subset of a non-empty
set x has its union an element of x, then x has a maximal element 1.

Clearly M2 >M1 >M3 and M2 >M4 »>M3. There are
many other maximal principles between M 2 and M 3 we could
have chosen just by changing the ordering relation or the conditions
on the upper bound. We chose M 1 since it is a common form and
often used in practice and M 4 for historical reasons.

M 5: If R is a transitive relation on x, then there exists a maximal
subset 1 of x which is linearly ordered by R.

M 6: For cvery set x, there exists a maximal subset) of x which
is a nest.

DEerFINITION 4.2: A non-empty property P is of finite character
if a class X has the property P if and only if every finite subset
of X has the property P. If X has the property P, we write P[X].

(Note: If P is a property of finite character and Q = {x: x is
finite and not P[x]} then P[X] if and only if x € Q implies x & X
Conversely, if @ is any collection of non-empty finite sets and P[X]
if and only if x € Q implies x ¢ X, then P is a property of finite
character. The proofs of these statements follow directly from 4.2.
In particular, the second statement implies that the property of
an element not belonging to a set is a property of finite character.

1 Maximal with respect to inclusion, <.



4. MAXIMAL PRINCIPLES 13

That is, if P is defined as follows: P[X] < u ¢ X for some fixed
element #, then P is a property of finite character. (To prove this
take Q = {{u}}.))

M 7: For every set x and every property P of fimite character,
there exists a maximal subset 1 of x which has the property P.

Clearly M7 - M5 — M 6. In order to prove these seven forms
are equivalent, it remains to be shown that M3 - M7 and
M 6 — M 2. It turns out that it is easier to prove the latter implica-
tion in two steps, M6 -M5 and M5 - M 2.

THEOREM 4.3: M3 >M7.

Proor: Let x be a set and P be a property of finite character.
Let y = {t: ¢t < x and P[{]}. We shall show thatif n = y, n £ 4,
and # is a nest then Uney. Clearly Un < x. Let # be a finite
subset of U ». Then since # is a nest, » is a finite subset of some
element of #. Since every element of # has the property P, it follows
that P[u]. Therefore we obtain P{U #] by the definition of finite
character. Furthermore, the empty set has property P. Thus y
satisfies the hypotheses of M 3, so y has a maximal element.

THEOREM 4.4: M6 — M 5.

ProoF: Let R be a transitive relation on x. Let ¥ be the set
of all subsets of x which are linearly ordered by R. By M 6, there
is a maximal subset # of y which is a nest. Let m = U n. We wish
to show that m is a maximal element of y. Clearly m < x. Let u,
vem, u % v, then (Jw)(u, vew and w e #). R linearly orders w,
and hence either # R v or v R #. Consequently R linearly orders m.
Suppose m is not maximal; then for some zey, we have m < z.
We observe that # v {z} is a nest since every element of # is a subset
of z. Since # is maximal, we must have {2z} < n. That is, zen,
whence z < m, which contradicts our assumption about 2. Conse-
quently, m is maximal, and therefore M 5 holds.

THEOREM 4.5: M5 - M 2.

ProOF: Let R be a transitive relation on x. Let y be the set of
all subsets of x which are well-ordered by R. Define a relation S
on y as follows:

1 Maximal with respect to inclusion, <.
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S={tu:tey and ey and ¢ is an initial R-section of u}.
S is clearly a transitive relation on y; therefore, by M 5 there is a
maximal subset # of y¥ which is linearly ordered by S. Let m = U =,
We shall show that m has an R-upper bound, and that such an
element is an KR-maximal element of x.

First let us show that m e y. Clearly m < x. Let z be any non-
empty subset of m. Then for some fe#n, 2 ~nt # A. Let u be the
R-first element of z ~ £. It remains to be shown that # is R-first
in z. Now let vez, v #u. If vet, we have u Rv and not v Ru
by the well-ordering property. If v ¢ ¢, v € w for some w € n. By the
definition of S and the construction of #, ¢ is an initial R-section
of w. Hence # R v and not v R . Therefore, # is the unique R-first
element of z so that R is a well-ordering on z and m e y.

By an argument similar to that of the preceding theorem, m is
maximal in y. Consequently, » cannot have a strict R-upper bound.
For if b were a strict R-upper bound for m, we would have m’
= m v {b} ¢ y which contradicts the maximality of m. Since m €y,
it follows from the hypothesis of M 2 that m has an R-upper bound.
Let b be such a bound. Suppose zex and bRz If not 2R, 2
would be a strict R-upper bound for s, which is impossible.
Therefore, b is an R-maximal element of %, q. e. d.

There are some additional maximal principles which we shall
discuss briefly. They are quite similar to the forms M 1-M 7 and
first appeared in the literature in Kuratowski [1] in 1922, We shall
call them M’ 1-M’ 7. The hypotheses for these forms are the same
as that of the corresponding unprimed forms, but the conclusions
are stronger. The conclusions for M’ 1-M’ 4 state that there exists
a maximal element larger than any given element; the conclusions
for M’ 5-M’ 7 state that there exists a maximal subset containing
any given subset with the required property. We shall state only
two of these additional forms in a formal way; it will be clear
what the other forms are.

M’ 1: If R s a transitive relation on x and if every subset of
x which is linearly ordered by R has an R-upper bound and if yex
then there is an R-maximal element z in x such that either y Rz
ory =z
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M’ 7: For every set x and every property P of finite character and
for every subset y of x such that Ply), there is a maximal subset 1 z
of x such that y < z and P[z].

It is clear that M'# - M# for » = 1, ..., 7. Next we prove
the implications the other way.
THEOREM 4.6: Mn —M'n for n =1, 2, 3, 4.

ProOOF: Let y € x and let w be the set of all upper bounds for y.
Then apply M # to the set w and thereby obtain M'xn.

THEOREM 4.7: M7 - M'n for n = 5, 6, 7.

Proor: We give the proof for M'S. The others are analogous.
Let y be a subset of x which is linearly ordered by R. ‘“‘Linearly
ordered” is a property of finite character. Call it P. We define a new
property @ as follows. For any subset w of x, Q[w] if and only
Plw v y]. Q is clearly a property of finite character. By M 7 there
is a maximal subset z of x which has the property Q. Therefore
z vy is a maximal subset of x which contains y and is linearly
ordered by R.

The following maximal principals M 8 and M 10-M 13 are due
to W. H. Gottschalk [1] and M 9 is due to A. D. Wallace [1]. (All
these forms can be given in the primed form also.)

Let x be a set and R a relation. In the forms following, we shall
omit these statements, as well as the statement that there is a
maximal subset y of x satisfying the conclusion; just the conclusion
will be stated in each form.

M8: y Xy <R

M9:yxy< RuR1

M10: y x y € R v R-L

Mil: y xyc RuvR1lul

MI12: yxys RuR1lul

M13: y» = R. (By y® here we mean {123, ..., ¢x>: ti €y,
i=1,2,...,n})
(See 2(j), {k), and (m) in the section ‘‘Preliminary Definitions and
Theorems” for the definition of R-1, B and /.) Note that M 13

1 Maximal with respect to inclusion, <.
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refers to an »n-ary relation, while in M 8-M 12, R is a binary relation.

M 5 could be stated in the following way: For every set x and
transitive relation R, there is a maximal subset y of x such that
yXy < RuUR11uUI In M9, the set y is called coherent since
for every s and ¢ in y either sR¢ or tRs. In M 10 y is called
asymmetric since for every s and ¢ in y neither s R{ nor ¢ R s.
In M 11, v is called chained or connected and in M 12, anti-
symmetric.

It is clear that M 9 is equivalent to M 10 and M 11 is equivalent
to M 12 for just substitute B for R. (R = R.) Moreover M 8 is a
special case of M 13. Also M8 -M9 —->M 1! and M7 - M 13.
The latter implication holds because if P[y]«»y® < R then P is a
property of finite character. Finally, M 5 is a special case of M 11.
We have now shown the following chain of implications holds:

M7->MI3>M8 -M%-MI0O>MI126M11 ->MS.

We have previously shown that M5 M 7, (4.3, 4.4, 4.5, and the
preceding discussion); hence M 1-M 13 are all equivalent.

We shall next show that these maximal principles are equivalent
to the other forms of the axiom of choice we have given. Since
there is so much in the literature about the equivalence of a maximal
principle and the axiom of choice or the well-ordering theorem,
we shall give several of these proofs. The first two (4.8 and 4.9)
are well known.

THEOREM 4.8: M3 — AC 1.

ProoF: Let S be a collection of non-empty sets, and let C be
the collection of all choice functions on subsets of S. It is clear that
every nest of functions in C has its union in C, and therefore, by
M 3, C has a maximal element f. Clearly, f is the required choice
function.

A similar proof could be given that M3 — WE 1. Instead we
shall prove

THEOREM 4.9: M1 - WE 1.

Proor: Let x be an arbitrary set, and let P be the set of all
ordered pairs <y, w> such that y < x, w < y X y and w is a well-
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ordering on y. Let us define a relation R as follows: If <y, w) and
&', w) are elements of P, then <y, w> R, wh> if y <y, w
=w n(yXxy), and y X (y) ~y) € w'. That is, w’ is an ex-
tension of w, w = w'|y, and ¥ is an initial w’-section of y'. If s
is an R-linearly ordered subset of P, then an R-upper bound for s
is <U D(s), U #(s)>. (We leave the proof that <U 2(s), U Z(s)> ¢ P
and is an R-upper bound for s as an exercise.) Therefore, by M 1,
P has an R-maximal element {z, v>. Suppose m € x ~ z. We define
Z=zv{m} and v =vv(zx {m}), and we observe that
2, v>R<,v> and not <z, v"> R<{z v). This contradicts the
maximality of <z, v>, so 2 = x and hence v well-orders %, q.e. d.

We now proceed to the slightly more difficult task of proving
that the axiom of choice implies a maximal principle. We shall
first prove that the well-ordering theorem implies a maximal
principle and then give several proofs that the axiom of choice
implies a maximal principle.

THEOREM 4.10: WE2 - M 51,

The intuitive idea of the proof is as follows: Let x be a set and
let R be a transitive relation on X. By WE 2, there is an ordinal
number « such that « is equivalent to x. We construct a maximal
R-linearly ordered subset of x by the following method: Let the
first element of x belong. If the second element of x stands in the
relation R to the first element, the second element is included,
otherwise not. We continue by including those elements "which are
R-connected to the elements already included.

Formally, let F be a 1-1 function from « onto x. Define the
function G as follows:

G(8) = F(B) if <« and (y)[y < B~ (F(8) RG(y) o G(y) RF(B)],

G(B) = F(0) otherwise. :

It is clear that the range of G is a maximal R-linearly ordered
subset of x.

THEOREM 4.11: AC3 >M'42.
1 This is the proof given in Hausdorff [1], 1914.

2 The proof is due to Kuratowski [1], 1922. Similar proofs were given by
Hausdorff [2] in 1927 and Bourbaki [2], Kneser [1], and Szele [1], all in 1950.
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Let us first prove the following lemma, which is independent
of the axiom of choice:

LEMMA: Let a e x and suppose that every non-empty well-ordered
nest of elements of x has its union in x. Furthermore, let | be a function
on x to x, such that for all ye x, y < f(y). Then there is a z € x such
that a < z and z = [(2).

To prove this let f be a function on x to x such that for all y e #,
y < f(y). Define a function G by transfinite induction as follows:

G(0) = a,
Gl + 1) = f(G(a)),
G(a) = U G(B) if « is a limit ordinal.

-3

I

B

We observe that if « << 8, G(«) = G(f). Since every non-empty
well-ordered nest of elements of x has ifs union in x, G is a function
from On into x». Since x is a set, the function G cannot be 1-1.
Hence for some ordinals « < f, G(a) = G(f). Therefore G(«)
= G(a + 1), and thus G(a) = f(G(«)). Since G(0) =a, a = G(«)
and this completes the proof of the lemma.

Now let us use this lemma to prove the theorem. Let x be a non-
empty set with the property that every well-ordered non-empty
nest of elements of x has its union in %, and let 4 € x. Define a
function % on x as follows: For all y e x, A{y) = {z: zex and y < 2}.
By AC 3, there exists a function f such that 2(f) = 2(h) and for
all y e x, if h(y) # A then f(y) € A(y). If h(y) = A define f(y) = y.
Now, f satisfies the hypothesis of the lemma — / is a function from
% to x such that for all yex, y < f(y). Therefore, there is a zex
such that ¢ < z and f(z) = z. Such an element z is a maximal
element of x.

THEOREM 4.12: AC3 - M’ 51,

ProoF: Let x be an arbitrary set, R a transitive relation on x,
and y an R-linearly ordered subset of x. Let L = {2: 2 = x and R
is a linear ordering on z and y < z}. Suppose M’ 5 does not hold.

1 The proof is due to Frink [1], 1952. This is similar to the proof given by
Zermelo [2] in 1908.
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Then there is no maximal element of L. By AC 3, there is a function
f on L such that for each zeL, f(z) ex ~2z and z v {f(2)} e L.
(Formally we obtain this function f as follows: For each ze L
define A1(z) = {w: w e L and z < w}. Because we are assuming that
L has no maximal element, %;(2) = A. AC 3 implies there exists
a function Ag such that Z(h;) = P(hs) and ha(2) € b1(z) for all
ze L. Now define h3(z) = ha(z) ~ 2. Since 23(2) # A for all z¢ L,
again by AC 3, there exists a function f such that 2(f) = 2(h3) = L
and for all z€ L, f(z) € h3(z).) Let us denote z v {f(z)} by z’, which
we shall call the successor of z.
Let K = L. We shall call K complete if

(@) yeK,
{b) 2’ € K whenever z¢ K,
(c) if N is a non-empty nest and N < K, then UN ¢ K.

Let o be the set of all complete sets. Since L e %", & is non-
empty. Since the intersection of any non-empty set of complete sets
is complete, J = N ¢ is the smallest complete set. Let us now
demonstrate that J is a nest.

If z ¢ J, 2 is normal if for every uedJ, 2z < u or u = z. We shall
prove that every element of J is normal, thereby proving that J
is a nest.

Let z be a normal element of J. (J has a normal element since
y € J is normal.) Define K(z) to be the set of all u ¢ J such that
u S z or 2 < u. Clearly y e K(z) since y < z. Suppose # e K(2).
If 22 < u, then 2 < %’ and #' e K(z). If # < z and «' & z then
z < u’ since z is normal. But we have » < z < ', which implies
u = z or #’ = z. The latter equality is impossible since we have
assumed #' & 2. Consequently # =2, so 2’ < # and u' € K(2).
It is also clear that if N < K(z2) is a nest then U N ¢ K(z), because
if there is an # e N such that 2’ € # then 2/ = U N, otherwise
U N < z Therefore, K(z) is a complete subset of J. Since J is the
smallest complete set it follows that K(z) = J.

Now we are able to show that the set of normal elements form
a complete set. First, y is normal. Next, suppose z is normal, then
J = K(2). Therefore, for all ueJ either # < 2z, which implies
uw < 2, or 2 < u. Consequently 2z’ is normal. Finally, suppose
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N is a nest of normal elements, (every subset of normal elements
is a nest). Suppose # ¢ J. If every element of N is a subset of u
then U N < w. If there is an # ¢ N such that v < » thenuw < UN.
Hence, U N is normal. Therefore, the set of normal elements of J
forms a complete set which implies all elements of J are normal and
thus J is a nest.

Since J is a nest and a complete class by (c), U J € J, so that by
(b) (UJ) eJ, which implies (UJ) = UJ, which is a contra-
diction, q. e. d.

THEOREM 4.13: AC1 —-M 11,

ProoF: Let x be an arbitrary non-empty set and R a transitive
relation on x, which we may assume to be anti-symmetric and
reflexive (since M 1 - M 1 (with R anti-symmetric and reflexive)
—> M3). For each R-linearly ordered subset y of x, let § be the set
of all R-upper bounds of y in x ~y. Let f be the choice function
on the set of all non-empty sets of the type 4. If y is an R-linearly
ordered subset of x, vy is said to be an f-chain if y = A and if for
all z <y with £ ~ny £ A4, f(£) is an R-minimal element of £ ~ y.
{At least one f-chain exists since {f(/i)} is an f-chain.)

The following properties hold for f-chains:

(@) If y is an f-chain, z € ¥, and £ ny = A then £ = §. (In fact
all linearly ordered sets satisfy this condition.)

(b) If y is an f-chain and $ # A4 then y' =y v {{(§)} is also
an f-chain.

To see this observe that if z < y" and £ ~y' % A then either

() 2rcyandZny #4
or (i) zrcyandfnmny=4
or (iii) z ¢ y.

Since y is an f-chain (i) implies that f(¢) is an R-minimal element
of £ ~y'. If (ii) holds then Z ~y" = {f(¥)}, but (a) implies ¥ = £.
Therefore, f(4) is an R-minimal element of £ ~4'. And (iii) is
impossible because if z ¢ y and z < y" then f(§) € = which implies

1 The proof is due to Weston [1], 1957.
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£~y =A. Since (i), (i), and (iii) are the only possibilities it
follows that v’ is an f-chain.
(c}) For any two f-chains, one is an initial R-section of the other.
Let y and z be f-chains and suppose fez ~ 7y, Let

u={s:seznyandsRi}.

We shall show that # = y. Clearly # < y. Let us assume

(D) <y
It is also clear that « = 2. Since ez and ¢ ¢ #, we have

(i) » < 2
Also, t e 4 ~ z, therefore

(iii) & ~z # A.
Since z is an f-chain, it follows from (ii) and (iii) that f{#) is an
R-minimal element of # ~z. In particular, since fe#% n~ z,

(iv) f#@) R¢.
Now, if f(#) ey then since f(4) ez and by (iv) we would have
f(#) € w, which is impossible. Therefore,

(v) 1@)¢y.
If 4 ~ny # A, since y is an f-chain, (i) implies f(#) ed ny < ¥,
which contradicts {v). Therefore,

(vi) 4 ny = A.
By (i) and (vi) it follows from (a) that

(vil) 4 = .
Now, suppose 7 € ¥ ~ #, then it follows from (vii) that there is an
sewn such that r Rs, (if not r €4 but 7 ¢ ¥, contradicting (vii)).
Since s € #, s R¢, so that the transitivity of R implies » R ¢. Now,

we have r e y and 7 R £, so that since 7 ¢ # we must have r ey ~ 2.
Now, if we define a set

v=1{s:seynzand sR7}

then by an argument analogous to the argument used to derive
(vi), we obtain
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(viil) 3 ~z=A.

But since # R¢ and tez, ted nz which contradicts (viii). There-
fore, # = y and y is an initial R-section of z.

Since the set of all f~chains is a nest its union is linearly ordered
by R. Let us next show that the union is an f-chain. Let c = U{y: y
is an f-chain}. Suppose y < ¢ and ¥ ~ ¢ ¢ A. Then there is an /-
chain z such that ¥ ~nz % A and an f-chain w such that y < w.
We wish to show first that y < z. Since z and w are both f-chains
it follows from (c) that either w < z or z is an initial R-section of w.
In the former case, ¥ < 2. In the latter case, if y ¢ 2z then there
exists an element s ey such that s ew ~ z and s € 2. This implies
that for every ¢t e, s Rt which implies § ~ z = A4 which contra-
dicts the choice of z. Hence, y < z. (y # z since § nz # A.)

Now, we have there exists an f-chain z such that y < z and
9 n z # A, therefore f() is an R-minimal element of § n2 € ¥y ~c.
It remains to be shown that f(y) is an R-minimal element of § ~ c.
Suppose not, then there is a £¢§ ~ ¢ such that ¢¢2z and ¢ R f(9).
Also, there is an f-chain w such that ¢ e w. Since 2z and w are both
f-chains and since ¢ e w ~ z it follows from (c) that z is an initial
R-section of w, so that for every sez sR¢ This implies, in
particular, f(¥) R¢. Consequently, since R is anti-symmetric,
t = f(§) which is a contradiction. Hence, f(¥) is an R-minimal
element of ¥ ~ ¢ and ¢ is an f-chain. Moreover, ¢ = A because if
¢ # A then we could construct ¢’ = ¢ v {f(¢)} which is also an
f-chain by (b), and ¢ < ¢’ which contradicts the choice of c.

Since c¢ is linearly ordered by R the hypothesis of M 1 implies
that ¢ has an R-maximal element m. Clearly s is an R-maximal
element of x, because if there exists an # #% m and m R » then
n ¢ ¢ which is a contradiction, q.e. d.

Of the forms we have already given of the maximal principle,
only two do not involve a relation or a property, and state that
there is a maximal element or subset with respect to a natural
relation among sets (M 3 and M 6). We shall concern ourselves only
with the maximal subset form M 6. The question can then be raised
as to whether the corresponding forms with other natural relations
among sets are of equal strength. Let x and y be two arbitrary sets.
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These sets are disjoint unions of the appropriate two of x Ay,
X~y y~x (F=E~y)vxay andy=(y~x v @xny).
The immediate symmetric set-theoretical relations derivable from
these are whether x ~ y is the empty set, and how many of x ~ y
and y ~ x are the empty set. If x and y are distinct and non-empty,
it can readily be seen that exactly one of the relations x ~ny = A,
oneof x ~yandy ~xisempty (x < y or y < «x), and none of the
three sets are empty (x ¢ y and ¥y € x and x ~ny 5 A), must
hold. Accordingly we introduce the following notation:

DeFINITION 4.14: Let X and Y be any two classes. Then
i XDYif XY =A.

i) XDY if X~nY #A.

() XKYif X<cYorYclX

(iv XKYif X¢Yand Y ¢ X.

V) XJYif X¢Yand Y¢X and X ~nY £ A
vi) XJYifXcYoYcXorXnY =4

Note that the properties D, K, and J are the complements of the
properties D, K, and J respectively, and as we have previously
observed, exactly one of D, K, and J must hold if the sets are
non-empty, therefore, D = K or J, J = D or K, and K = D or J.

We shall also use the following consistent ambiguity: We shall
say that a class has a given one of the above properties if every
distinct pair of its elements has the property. If a class X has the
property D, we shall write D[X] and similarly for the others.

Let us now introduce the following notation:

M 14(A): Every set has a maximal subsetl which has the
property A.

G. Kurepa [1] has shown that M 14(4) is equivalent to the
axiom of choice if 4 is any one of the properties D, J or J. M 14(D)
was shown to be equivalent to the axiom of choice by R. Vaught [1].
M 14(K) is the same as M 6. But, J. D. Halpern has shown in 1961
in his Ph. D. thesis that M 14(K) is not equivalent to the axiom
of choice. However, previously, Kurepa [1] had shown that the
following proposition is equivalent to the axiom of choice:

1 Maximal with respect to inclusion, <.
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M 15(K): Every set can be anti-symmetrically linearly ordered and
every set has a maximal subsetl which has the property K.

Clearly M 7 implies each of the forms M 14(4), 4 = D, D, K,
J, J, and M 15(K), since the properties considered are all properties
of finite character.

THEOREM 4.15: M 14(D) — M 14(D).

ProoF: Let x be an arbitrary set. For each element sex we
define a set N, as follows:

Ne={u:u={s}or (A)[tex, u={s, ¢}, and s Dt}}.

Now if s # ¢, then Ny D N, if and only if s D £. M 14(D) implies
that {N,: s e #} has a maximal subset w which has the property D.
We also have that Ng= N; if and only if s =¢; therefore,
{s: Ns e w} is well-defined and is clearly a maximal subset of x
which has the property D.

THEOREM 4.16: M 14(J) — M 14(D).

Proor: Let x be an arbitrary set. For each sex, define
sy = s v {<s, up}, where u is a set such that ()(s)[(sex and ¢ e x)
— (s, uy ¢ £]. Therefore, if s #¢ then sy K{,, which implies
Sud ity Sy Dty If s 548, 5y Aty =5t sothat sy Diyos Dt
M 14(J) implies that {sy: s e x} has a maximal subset which has
the property D.

THEOREM 4.17: M 14(D) - AC 2.

Proor: Let s be a collection of non-empty disjoint sets. Let
x = {{<0, v, <1, w>}: w e s and v € w}. The elements {0, v}, <1, w)}
and {<0,v">, <1, w">} of x are disjoint if and only if w # w’. By
M 14(D), there exists a maximal subset ¥ of x which has the
property D. Then the choice set for the collection s can be taken
to be {v: (Fw){<0, v>, <1, wd} ey}, q. e. d.

THEOREM 4.18: M 14(J) — M 14(K).

Proor: Let x be an arbitrary set and let # ¢ U x. For each s e %,
define sy = s v {u}. Then for all s, tex, sy ~niy # A, so that
Sud ty> sy Kty Also sy Kty sKt since u¢Ux. Therefore,
if {s4: s € x} has a maximal subset which has the property J then
% has a maximal subset which has the property K, q. e. d.

1 Maximal with respect to inclusion, <.
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THEOREM 4.19: M 15(K) — AC 2.

ProoF: Let s be a family of non-empty disjoint sets. Let R be
an anti-symmetric, linear ordering of Us. There is no loss of
generality if we assume R is reflexive. If x e u € s, define

x%p = {z: zen and z R x}.

Since R is anti-symmetric, if ¥ £ y then xg = ygp for all x, y e U s.
Also

(a) xr K yg if and only if x and y belong to different elements
of s. :
Because if x and y belong to different elements of s then xg nyp = 4
which implies xg K ygr. Conversely, suppose ¥ and y belong to the
same element of s. Since R is connected on Us either x Ry or
y R x. But x Ry implies x € yg which implies xg < yg and y R«
implies y € xg which implies yg < xg. Therefore, if x and y belong
to the same element of s then xr K yg.

Hence, it follows from (a) that a maximal subset of {xz: x € U s}
which has the property K yields a choice set for s, q. e. d.
We have now shown that the following implications hold:

M7 - M14(J) - M 14(D) - M 14(D) - AC2, M7 -~ M 14(J)
—~M14(K) =M6, M7 M 15(K) - AC 2.
We have shown previously that M6 -M7 and AC2 -M7.

It has been shown by C. C. Chang [1] and Azriel Levy ! that
M 14(D) can be generalized by extending the property D to Dy,

and, in an analogous way, we were able to generalize M 14(D).

DEerFINITION 4.20: If m is a natural number, m > 2, a class X
is said to have the property Dp(Dp) if every subset of X which
has m distinct elements has an empty (non-empty) intersection.
(Dz =D and Dy = D))

Now we claim that M 14(D,,) and M 14(D,,) are equivalent to
the axiom of choice. Clearly M 7 — M 14(D,,) and the proof that

1 Chang actually obtained a stronger form, M’ 14(D,,) but Levy in his
unpublished paper (see footnote 1 on page 1), by using AC 7(m), was able
to weaken it by eliminating the prime. We give here the weaker form,
M 14(Dm).
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M 14(Dp) — M 14(Dy,) is similar to the proof that M 14(D) —
M 14(D), 4.15.

THEOREM 4.21: M 14(Dp) — AC7(m — 1).

ProoF: Let x be a set of non-empty sets. We can assume without
loss of generality that the elements of x are disjoint, since otherwise
we can replace each element y of x by {<y, £ : te y}.

Let

u={{0, 8, <1, y}: teyand yex}.
Let v be a maximal subset of # which has the property Dy, For
each y e %, define
) = {£: {0, &, <1, >} e ).
Then f(y) < y since v < u; f(y) < m — | since v has the property
Dy,; and f{y) # A since y % A and v is maximal, q. e. d. (See 4.17.)

Just as in the case of Levy’s forms of the well-ordering theorem
and the axiom of choice (WE 4(m) and AC 7(m)) we are able to
obtain weaker forms of M 14(Dy,).

M 16: There exists a natural number m > 2 such that M 14(Dy,).

M 17: For every set x there exists a natural number m > 2 such
that x has a maximal subset 1 which has the property Dy,

Clearly, we have M 14(D,,) -M 16 -~ M 17. Also, M 17 - AC9;
the proof is analogous to the proof of 4.21.

There is some difficulty involved in trying to obtain similar
results for D,,. Because of the definition of Dy, (definition 4.20)
the statement:

S: For every set x, there exists a natural number m > 2, such
that x has a maximal subset 1 which has the property Dy,

holds independently of the axiom of choice. We can prove S without
making use of the axiom of choice. To see this let x be an arbitrary
set.

Case 1. Every finite subset of x has a non-empty intersection.
Then x itself is the required maximal set for every m > 2.

Case 2. There exists a finite subset y of x with » distinct elements
which has an empty intersection. Then y is a maximal subset of x
which has the property D41, so take m = n + 1.

1 Maximal with respect to inclusion, <.
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To eliminate this rather trivial case we modify the definition of
Dy, slightly as follows:

DEFINITION 4.22: If m is a natural number, m > 2, a class X
is said to have the property D!, if every subset of x which does
not have more than m distinct elements has a non-empty inter-
section.

Therefore, if a class has the property D!y every subset of m
elements has a non-empty intersection, every subset of m — 1
elements has a non-empty intersection, etc. So that if Dy, is replaced
by D!y, in S, the proof of case 2 is not valid. In fact, we are able
to prove that the following propositions are equivalent to the
axiom of choice.

M 18: There exists a natural number m > 2 such that M14(D!y) L.

M 19: For every set x, there exists a natural number m > 2 such
that x has a maximal subset ® which has the property D!y,

Itis clear that M7 - M 18 — M 19. We shall prove M 19 - M 17.
The proof is a generalization of the proof of 4.15.

THEOREM 4.23: M 19 - M 17.

ProoF: Let us first observe that if every element of x is disjoint
from every element of y, then a subset w of x v y has the property
Dy, if and only if w ~x and w ~y both have the property D,.
Consequently, to prove that x# has a maximal subset with the
property Dy, it is sufficient to prove the fact for

u = ({w} X %) v {{oe, &>: 2 € w},
where o is the set of natural numbers.

In what follows the range of the variables m, #, etc., is the
set of natural numbers greater than 1.

The set u satisfies the following property:

(if There is a 1-1 function ¢ from w into # such that for each
s e u, there is an « € w such that s ~ @(x) = 4.
Note that (i) enables us to constructively enlarge any subset v

1 It is rather easy to show that M 18 with D!, replaced by Dy, is also
equivalent to the axiom of choice since, the proof that it implies M 16 is
analogous to the proof of 4.15.

2 Maximal with respect to inclusion, <.
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of # with-less than # elements to an n-element subset y(x, v) with
N yn, v) = A.

Define

(i) zp={:t S u,t ~n and Nt = A4},
and for each s e %, and #,

(iil) fu(s) = {h: he X 2 and s € A(n)}.
Let

(iv) y =Ufm.

n

‘We observe that

(v) Ifv < ythenN v % Aif and only if for each n, (8) v ~f,u <n
or (b) v Afiuanand Nf Vs = A
(v) is clearly true if v = A. Otherwise, if # e X zpn then
m=2
heNveo (W) wev -k ew
(

m)(S)Is € /7170 — h e fafs)]
o ()(S)ls € /71" — s € h{n)]

o M) < b))
Now f;Vv ~ v ~ fp"u since fn, is 1-1 and if # 7 m then
o'~ fp"u = A. By (i) and (iii) A(n) ~# so that [ 1"v < n.
If f71"v ~n then f;'"v = h(n) and consequently has an empty
intersection. Conversely, if for each # (a) or (b) is satisfied, we can
define % by

>

—1r : —1n»

i) oy = {0 <
then ZeNv.

Now, let v be a maximal subset of y with the property D!p.
This is equivalent to v ~ f,"# being a maximal subset of f,"u
with the property D!y for every #. Also, it follows from (i), that
v ~n f"u has at least m elements. But if w < /"% has at least m
elements, w has the property D!y, if and only if f,,1"w has the pro-
perty Dy,. Thus, f.'"v is a maximal subset of % with the property
Dy,. The theorem follows easily.
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Next, we turn to some more generalizations of the form M 14(4)
and thereby answer some of the questions asked in Kurepa [1].
In order to simplify the notation we define a property K* as follows:

DEFINITION 4.24: A class X is said to have the property K* if
X can be anti-symmetrically, linearly ordered and X has the
property K.

We shall show that M 14(D or K or J), M 14(D or J or K¥),
M 14(D or J or J or K), and M 14(D or J or K*) are equivalent to
the axiom of choice. Each of these forms also has a primed form
which is equivalent to the axiom of choice, but we can obtain a
weaker primed form.

M’ 20: If x is an arbitrary set and e € x then there exists a maximal
subsetl y of x such that e ey and y has the property D or D or J
or J or K or K*2,

Clearly M 14(D) implies M 14(D or K or J), M 14(D or J or K*),
and M’ 20; and M 14(D) implies M 14(D or J or J or K) and
M 14(D or J or K*). We shall sketch the proofs that each of the
above five forms imply the axiom of choice.

THEOREM 4.25: M 14(D or K or J) - AC 2,

PrROOF: Let S be an infinite set of disjoint, non-empty sets, no
set of which is an element of another or of itself. (This latter pro-
perty can be assumed without loss of generality for just replace
each teS by ¢ X {u} where u¢ US.)

Let C be the collection of all choice functions on subsets of S.

Let T = {{s,t}: teseS}

Define %3 ={u X (avf):uel and feC} where a has the
property that a n UC = A.

Now, apply M 14(D or K or J) to the set x;1. Each of the alterna-
tives imply the existence of the required choice set.

THEOREM 4.26: M 14(D or J or K*) — AC 2.
Proor: Let S and T be defined as in 4.25.

1 Maximal with respect to inclusion, <.

2 Strictly speaking M’ 20 is not a primed form since ¢ is an element of »
rather than a subset of . So that the form we give is even weaker than the
corresponding primed form.
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Let P be the set of all reflexive linear orderings on subsets of US.
Let M ={{p} X ss:peP and [teseS and s; = {r: res

and 7 p £}]}.

Define x5 = T v M. (We may assume without loss of generality
that T and M are disjoint.)
Apply M 14(D or J or K*) to xs.

THEOREM 4.27: M 14(D o7 J or J or K) - AC 2.
Proor: Let S, C, and T be defined as in 4.25.

LetU={{r} vTr:7veTand Ty ={{r,q}: ge T and ¢ nr = A}}.

Define x3 = {u X (@ v f): w e U and f ¢ C}, where a has the pro-
perty that a n UC = A.

Apply M 14(D or J or J or K) to 3.

THEOREM 4.28: M 14(D or J or K*) — AC 2.

Proor: Let S and T be defined as in 4.25, P and M as in 4.26
and U as in 4.27.

Let W ={u X (b vm): ue U and m ¢ M}, where b has the pro-
perty that b n UM = A.

Define x4=|U if M = A,
W if M + A.

Apply M 14(D or J or K*) to 4.
THEOREM 4.29: M’ 20 - AC 2.
Proor: Let S be defined as in 4.25, x5 as in 4.26, and x3 as in 4.27.

Define x = x5 v x3. We may assume that x2 and x3 are disjoint.

Apply M’ 20 to x with ¢ € x3.

The following propositions are put in here since they deal with
the properties D, D, J, J, K and K, and they were suggested by
some problems proposed by Kurepa [1]. They are not the same
type of maximal principles which were considered previously.
Let us introduce the following schemata.

M 21(A: B): Any set which contains a maximal subset 1 with the
property A contains a maximal subset 1 with the property B.

1 Maximal with respect to inclusion, <.
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M 22(A: B): Every set can be anti-symmetrically, linearly ordered
and any set which contains a maximal subset 1 with the property A
contains a maximal subset 1 with the property B.

Under the following conditions M 21(4: B) is equivalent to the
axiom of choice:

A=Dand B=D,J,J,or K; A=Dand B=D, J, or K;
A=Jand B=D, D, J, or K; A=J and B=D, J, or K;
A=KandB=D,D,J,orJ;A=KandB=D,D, J,Jor K.

It follows from J. D. Halpern’s Ph. D. thesis that M 21(4, K) is
not equivalent to the axiom of choice if 4 = D, D, J, J, or K
(See remarks following M 14(A4)), and it is not known if M 21(J: D)
or M 21(D: J) are equivalent to the axiom of choice.

However, M 22(4: B) is equivalent to the axiom of choice for
all 4 and B, A # B, such that A=D, D, J, J, K, or K and
B=D,D,J,J, K, or K.

Clearly, M 22(A: B) - M 21 (A: B); M 14(B) -M 21(4: B) and
M 22(4: B); and M 14(K) — M 22(4: K).

TueoREM 4.30: M 21(D: K) -> M 14(K).

Proor: Let x be an arbitrary set. Define

sy = s v {u}, where sex and u ¢ U x.
Let
S = {su: sex}.

If sy, tueS, sy nty= (s ~t) v {u} Therefore, maximal sets in
S which have the property D are one element sets. Hence,
M 21(D: K) implies that S contains a maximal subset 7" which
has the property K. But if sy, fy€S, sy Kty s Kt so that
{s: sy € T} is a maximal subset of x which has the property K.
(See 4.18.)

THEOREM 4.31: M 21(D: J) — M 14(K).

PrOOF: Substitute J for K in 4.30. J and K are identical on S.

THEOREM 4.32: M 22(D: K) - M 15(K).

PrOOF: Substitute K for K in 4.30.

THEOREM 4.33: M 21(D: D) -~ M 14(D).

1 Maximal with respect to inclusion, <.
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Proor: Let x be an arbitrary set. (We shall assume that
A ¢ x.) Define
sy = S v {¢s, up} where s e x and (f)[(f e x and ¢ %~ s) — <s, u> ¢ £].
(Su f\tuzs f\t)
Let v =x X {u}, (su nv={s, w}).
Define S = {sy: sex},
Se =S v {v}
If sy, ty €S then sy K #,, therefore,
sudtycrsyDityesDt and sy Do
(Su Jtyor sy Dty>sDt and sy, J ).
Now, we have {v} is a maximal subset of S, which has the
property D. M 21(D: D) implies that S, contains a maximal
subset T, which has the property D. Ty = {v} v T where T is

a maximal subset of S which has the property I_)._ Then {s: sy € T}
s a maximal subset of x which has the property D. (See 4.16.)
THEOREM 4.34: M 21(D: J) - M 14(D).
ProoOF: Substitute J for D in 4.33. J and D are identical on S.
THEOREM 4.35: M 21(D: D) - M 14(D).

ProoF: Let x be an arbitrary set. Define
Xy = % v {u} where u n Ux = A.

By definition of u, {#} is a maximal subset of x, which has the
property D. Therefore, M 21(D: D) implies that x, contains a
maximal subset y, which has the property D. y, = y v {#} and
y is a maximal subset of x which has the property D.

THEOREM 4.36: M 21(D: K) - M 14(K).

PRrROOF: Substitute D for D in 4.30. Here, a maximal set in S
which has the property D is S itself.

THEOREM 4.37: M 21(D: J) - M 14(K).

PrOOF: Substitute J for K in 4.36. J and K are identical on S.
THEOREM 4.38: M 22(D: K) —~ M 15(K).

Proor: Substitute K for K in 4.36.
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THEOREM 4.39: M 21(D: J) — M 14(K).
PRrOOF: Substitute J for K in 4.38. J and K are equivalent on S.
Theorem 4.39 implies that M 22(D: J) — M 15(K).

THEOREM 4.40: M 21(K: D) - M 14(D).

ProoF: Substitute K for D in 4.33, and ignore the v of 4.33.
A maximal subset of S which has the property K is a one element set.

THEOREM 4.41: M 21(K: J) — M 14(D).

ProoF: Substitute J for D in 4.40. J and D are identical on S.

THEOREM 4.42: M 21(K: D) - M 14(D).

PrOOF: Substitute D for D in 4.40.

THEOREM 4.43: M 21(K:J) — M 14(D).

PRrOOF: Substitute J for D in 4.42. J and D are identical on S.

THEOREM 4.44: M 22(K: K) - AC 2.

ProoF: Let S be a family of non-empty disjoint sets. Since every
set can be anti-symmetrically, linearly ordered, let R be a reflexive
relation which anti-symmetrically, linearly orders U S. If x e u € S,
define

%y = {2: zen and z R x}.
Let

T ={xy: xeuces}

If xy, yueT, x £y >%xy4 £ yusince xRyand yRx >z =y.
Also, %y K vy u # v. Therefore, for each ues, {x,: xeu} is a
maximal subset of T which has the property K. M 22(K: K)
implies that T contains a maximal subset P which has the property
K. {x: %y € P} is the required choice set. (See 4.19.)

THEOREM 4.45: M 21(K: D) — M 14(D).

ProoF: Substitute K for D in 4.33 and ignore the % of 4.33.
A maximal set in S which has the property K is S itself.

THEOREM 4.46: M 21(K: J) - M 14(D).

ProoF: Substitute J for D in 4.45. J and D are identical on S.
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THEOREM 4.47: M 21(K: D) - M 14 (D).

PrOOF: Substitute D for D in 4.45.

THEOREM 4.48: M 21(K:J) - M 14(D).

Proor: Substitute J for D in 4.47. J and D are identical on S.
THEOREM 4.49: M 21(K: K) — M 14(K).

ProOF: Let x be an arbitrary set and let S be defined as in 4.30.
Define
S% = S U {u} where u ¢ U x.
{u} is a maximal subset of S* which has the property K. M 21(K: K)
implies that there exists a maximal subset T% of S* which has the
property K. T% =T U {u}. {s: sy e T} is a maximal subset of x
which has the property K.

THEOREM 4.50: M 21(J: D) - M 14(D).
PrOOF: Substitute J for D in 4.35.
THEOREM 4.51: M 21(J: K) - M 14(K).

ProoF: Substitute J for K in 4.50. {u} is also a maximal subset
of S% which has the property J.

THEOREM 4.52: M 21(J: J) — M 14(K).
ProoF: Substitute J for K in 4.51. J and K are identical on
S% and S.

THEOREM 4.53: M 22(J: K) - AC 2.

ProoF: Substitute J for K in 4.44. Maximal subsets of T with
the property J are one element sets.

THEOREM 4.54: M 21(J: D) - WE 1.

ProoF: Let x be an arbitrary set. Let # be the set of all reflexive
well-orderings of subsets of x. If R, R"e %, R is said to be an
extension of R' if R" < R and Z2(R') X {Z(R) ~2(R')) < R.
For each R e Z, define

Sr = set consisting of R and all its extensions (R = N Sg).

Let
& = {Sr: ReZ}.
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Suppose Sk, Sr'€ & and T € Sgp ~ Sg, then T is an extension of
R and R’, so that either R is an extension of R’ and Sz < Sg/,
or R’ is an extension of R and Sg- < Sg. Hence the set & has the
property that each pair of its elements either has the relation
K or D. Therefore, maximal sets in & with the property J are one
element sets. M 21(J: D) implies that there exists a maximal
subset 7 of & which has the property D. Since D and K coincide
on &, this implies that 7 is a maximal subset of & which is a
nest. Let
T=UR.
Sred

Since T is a union of comparable reflexive well-orderings of subsets
of x it is clearly a well-ordering of a subset of x. Suppose s e«
and s ¢ Z(T). Then s ¢ Z(R) for all Spe T . Let

T* =T v (2(T) x {s}) v {<s, 9},

and let 7* =9 v {T*}. Since T is an extension of R for each
R e and T* is an extension of T, * is a nest. Since T#% ¢ 7,
this contradicts the maximality of . Therefore, 2(T) = %, and
T is a reflexive well-ordering of x.

THEOREM 4.55: M 21(J: D) -~ WE 1.

ProoF: Substitute J for J in 4.54. A maximal subset of & with
the property J is & itself.

THEOREM 4.56: M 21(J: K) -~ WE 1.
Proor: Substitute K for D in 4.55. K and D are identical on %.
THEOREM 4.57: M 21(J: J) — M 14(D).

ProoF: Substitute J for D in 4.34. {v} is a J-maximal subset
of S,.

THEOREM 4.58: M 22(J: K) -~ AC 2.

Proor: Substitute J for K in 4.44. A maximal set in T with
the property J is T itself.

THEOREM 4.59: M 22(J: D) - AC 2.
ProOF: Substitute D for K in 4.58. D and K are identical on 7.
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In most of the proofs of the theorems 4.30-4.59 sets were con-
structed in such a manner that either one element sets or the whole
set had the desired maximal property. Then, in most of the cases
the proofs were similar to previous cases, (4.9, 4.16, 4.18, and 4.19).

The final form to be considered in this section is an obvious
extension of the idea of constructing maximal subsets with respect
to ‘‘natural” relations. The relation to be considered is the e-
relation.

M 23: Every set x contains a maximal subsetl vy such that for
every s, tey, s #~ &, either set or tes.

It is clear that M 7 -~ M 23 since M 23 deals with a property
of finite character. We shall prove that M 23 — WE 1.

THEOREM 4.60: M 23 - WE 1.

Proor: Let x be an arbitrary set and let #" = {W: (y)[y < »
and W is a reflexive well-ordering of y]}. We define a relation R

on # as follows:
If W, W e# then

WRW oW < W and QW) x (W) ~DW)) < W'

(Note: W’ is an extension of W, see 4.9 and 4.53.) For all W e #~
we define a function f on ¥~ as follows: If W e %",

W)y={W} v{{(W): W RW and W' e #}.
We claim: (i) fW)=f{U)-W = U and
(i) f(W)e(U)y»WRU.
It is clear that if W = U then f(W) = f(U). To prove the converse
it is sufficient to prove that
(iii) {WH ~{f{(W'): W RW and W e #} =

for all W e #”'. We leave the proof of (iii) as an exercise.

To prove (ii) we note that if WR U then clearly f{(W) e {(U).
Suppose f(W) e f(U) then either (W) = {U} or W R U, but the
first alternative is impossible.

1 Maximal with respect to inclusion, <.
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M 23 implies that Z(f) contains a maximal subset  such that
for every S, T eQ either SeT or T eS. Let % = {U: f(U) € Q}.
Since f is a 1-1 mapping of #~ onto Z(f) preserving order (by (i)
and (ii)) it follows that % is a maximal subset of #  such that
for all U, W e, either URW or WRU.

We claim that U % is a reflexive well-ordering on x. Since
U % is a union of R-comparable reflexive well-orderings of subsets
of x, U% is clearly a reflexive well-ordering on a subset of x.
Suppose there exists an s e x such that s ¢ 2(U #%). Then for all
Ue, s¢Z2(U). Let

V=U% v (@0 % x {s}) v{s )

and let #*=% v{V}, Since for each Ue#%* URYV, and
U < @*, the maximality of % is contradicted. Hence, U % is a
reflexive well-ordering on x.

5. Algebraic forms

This section is devoted to algebraic forms which are equivalent
to the axiom of choice. Many of these forms were used in abstract
algebra long before it was known they were equivalent to the axiom
of choice. However, it wasn’t until 1953 that J. Schmidt [1] and
D. Scott [1] independently proved that several of these forms were
actually equivalent to the axiom of choice. We give eleven forms in
this section. AL’ 2, AL’ 3, and AL’ 4 are given because of their
generality and ease of application. The other forms refer to specific
types of algebraic systems (lattices, Boolean algebras, etc.) or
special types of properties (meet-irreducible subalgebras, absolutely
dispensible elements, etc.).

DEeFINITION 5.1: Algebra.

(1) o = <(A,{Op: Be K}> is called an algebraic system or an
(abstract) algebra if A is a set and for each f € K, O is a finitary
operation defined on 4. (A 0O-ary operation is a constant.)

(2) # =<B,{0s/B: Be K}> is called a sub-algebra of o if
B < A and B is closed with respect to Og for all f e K. (That is,
if Op is an n-ary operation then Og"{<by, bg, ..., by>: bie B,
i1=1,2,...,n} < B.) # is called a proper sub-algebra if # +# .
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When it will not lead to any confusion, we shall call the set “A”
of o/ the algebra and the set “B” of # the sub-algebra.

DEeFINITION 5.2: Lattice.
(1) & =<L,{v, ap is called a lattice if the following conditions
are satisfied for every a, b, and ¢ in L 1:

(@) L is a set and v and A are binary operations,

) avbeLandanbel,

yava=aand anra=a,
Javb=bvaandaanb=>bna,
e)avibve)=(avbdvcandana(bac)=(anb)ac,
f)av@and)=aandan (avd) =a;

(b
(c
(d
(e

(

v is called the jorn and A the meet.
(2) 1eL is called a unit element if for allaeL,anl =a.

(3) OeL is called a zero element if for all aeL, av 0 =a.

(4) E < L is called an ¢deal if whenever a, beE, av be E and
whenever aeL and beE, anbeE. E is called a proper ideal
if E # L. (If E is a proper ideal then 1 ¢ E.)

(5) If a, beL, a<b if avbd=1> (it follows from 5.2, (1)(f)
avb==>5if and only if a A b= a).
(6) x=Vaif a<x forall aed and if a <y for all ae 4

aed
then x <y. (x is called the least upper bound of A.)

x=Aaif x <a for all aed and if y <a for all aec 4
aed
then y < x. (x is called the greatest lower bound of A.)

(7) The lattice 2 is called complete if for each non-empty sub-
set A of L, VaeL and A aelL.

aed aed
(8) ceL is called compact if whenever ¢ < V a where 4 < L,
aed
then there exists a finite subset B of A4 such that ¢ <V a.

aeB
(Note: A lattice is an algebraic system, but as defined, a sub-

1 This definition of a lattice is given in Birkhoff [1] p. 19.
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algebra is not an ideal. However, if the lattice were defined as
follows a subalgebra would be an ideal.

&L =<(L,{v} v{04: aeL}> where

Oq is a unary operation such that O4(b) = a A b, for all ae L.)

AL 1: Every lattice with a unit element and at least ome other
element contains a maximal proper ideall as a subset.

AL’ 1: Every proper ideal of a lattice with a unit clement can be
extended to a maximal proper ideal 1.

AL’ 2: If A is an algebraic system, B a subalgebra and a ¢ A,
but a ¢ B, then there exists a maximal subalgebral which contains
B as a subset, but does not contain a as an element.

DeriNiTION 5.3: C is called a finitary closure operator if C is a
monotone unary operation such that for every class X:

C(X) =U{C(y): y € X and y is finite}.
If C(X) = X then X is called C-closed.

AL’ 3: If x is an arbitrary set, C a finitary closure operator,
P a property of finite character, and y a C-closed subset of x which
has the property P, then there is a maximal C-closed subsetl of x
which contains y as a subset and has the property P.

AL’ 1 was given in 1953 by D. Scott [1] and AL’ 2 was given by
Robert Blair in 1957 in an unpublished paper. AL’ 3 is a generali-
zation of AL’ I and AL’ 2. AL’ 2 and AL’ 3 are false in the corre-
sponding forms without primes as there may exist no subsets
with the desired property.

We shall prove the following implications:

M3 >AL'3 -AL'2 -AL'1 -AL1 >M7.

In section 4 it was shown that M3 and M 7 are equivalent.
The proof that M 3 — AL-'3 is similar to the proof of 4.3. AL’ 1
is a special case of AL’ 2 and it is clear that AL’ 1 — AL 1.

THEOREM 5.4: AL’3 — AL’ 2.

1 Maximal with respect to inclusion, <.
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Proor: Let & = <(A4,{0p: f € K}> be an algebraic system. If
x < A, define C{x) as follows: a € C(x) if and only if there exist
elements ay, as, ..., ap € x and an operation Og, f e K such that
a=0g (1, a2 ..., ay). Since Og is a finitary operation for all
B e K, C is a finitary closure operator, and if B is a subalgebra of
o/, then B is C-closed. Moreover, the property of excluding an
element from a set is a property of finite character. Hence, AL’ 2
is a special case of AL’ 3.

THEOREM 5.5: AL1 -M7.

ProOOF: Let x be a set and P a property of finite character. Let
us assume that x does not have the property P, for if it does then
it is the maximal subset which has the property P. Let us also
assume that at least one non-empty subset of x has the property,
otherwise the empty set is the required maximal set. Let y
={t:t <xand Plf]} vix} If s, tey, define sat=snt and

switif Pls vt

svi= .
x otherwise,

then (y, {v, A})> is a lattice. The unit element of the lattice is x.
By AL 1, <y, {v, A}> has a maximal proper ideal z. We shall show
that Uz is a maximal subset of x with the property P. Clearly,
Uz < x. Next, x ¢ z since z is a proper ideal. Let ¢ be a finite subset

of U z. Then there is a finite number of elements sy, sg, ..., sz of z
n n
such that { = U s;, Since 7 is an ideal and x ¢ 2z, U s; € 2, which
i=1 i=1

implies P[ U s;]. Consequently, P[¢], which implies P[U z]. U z is
i=1

maximal since z is maximal, q.e. d.

In the proof of 5.5 we just required AL ! to hold for complete
lattices.

AL’ 4 was given in 1959 by E. W. Beth 1. It is one of the most
general forms of the axiom of choice that we have come across.
Before stating it, we give the following definition:

1 AL’ 4is aset theoretical interpretation of the syntactical form that Beth
actually states.
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DEFINITION 5.6

(a) Let m and # be natural numbers and let R be an n-ary
relation, then for m << m, {x1, %3, ..., xm> € Z7(R) if there exist
elements %p+1, ¥ma2, - .., X such that <x1, %2, ..., x> € R.

(b) Let R be a quinary relation, then R : X if for all natural
numbers m and #n, for all ue X™ and for all w such that
<w, m, ny e D3(R) there exists a v e X" such that <w, m, 5, %, v> e R.
(Let X0 = {4} and X! = {0} X X))

AL’ 4:If x is an arbitrary set, y < x, and R : vy, then there is
a maxwmal subsetl z of x such that vy < z and R : 2.

The proof that M3 — AL’ 4 is similar to the proof of 4.3. We
shall show that AL’ 3 is a special case of AL’ 4.

THEOREM 5.7: AL’ 4 — AL’ 3.

ProoF: Let x be an arbitrary set, C a finitary closure operator,
P a property of finite character, and y a C-closed subset of x
which has the property P. Define a quinary relation R as follows:

<w,m,n, u,vd)e Rom and #» are natural numbers; #eam;
vex®™;, and either # =0, w=2A4, and P[Z%(u)], or =n =1,
we C(#(u)), and v = <0, w).

Then, we claim, R : z if and only if P[z] and z is C-closed. (We
leave the details of the proof to the reader.) Now, it is clear that
AL’ 4 -~ AL’ 3.

The following maximal principle is due to Mrowka 2 [1] and deals
with a special type of lattice, a Boolean algebra (see 5.2).

DEFINITION 5.8: Boolean Algebra.

B = <(B,{v, A}> is said to be a Boolean algebra if the following
conditions are satisfied:

(a) # is a lattice.
(b) an(bve)=(anb)vianc)andav (bac)=(avbd)afave)

forall a, b, c € B.
(cy 0and ! are in B.
1 Maximal with respect to inclusion, <.

2 Mrowka showed that the axiom of choice implies AL 5, but his proof
of the converse was incorrect. (This was corrected in Mrowka [2].)



42 SET FORMS

(d) For every ae B there exists an element be B such that
avb=1and aa b=0. (It can be shown that b is unique. & is
called the complement of a and is denoted by ~ a.)

AL 5: I} B is a Boolean algebra and S <= B such that 0 ¢ S, then
there exists a maximal proper ideal 1 disjoint from S.

(See 5.2(4) for the definition of a proper ideal. Every non-empty
ideal E in a Boolean algebra B contains 0, for if a e E then
~ana=0¢E)

The proof that AL’ 3 — AL 5 is analogous to the proof of 5.4
since a Boolean algebra can be defined as an algebraic system in
such a way that an ideal is a subalgebra (see the remarks following
5.2).

THEOREM 5.9: AL5 -M7.

Proor: Let x be an arbitrary set and P a property of finite
character. Let Z = <B, {v, A}> be defined as follows: B = P(x),
v=uv,and A = n, (0 =4 and | = x), then & is the Boolean
algebra of the set of all subsets of x. Let S = {y: y < x and not
Ply}}. Then S < B and A ¢ S since P[A] for every property of
finite character P. Therefore, AL 5 implies that there exists a
maximal proper ideal E disjoint from S. It is clear that UE is
the desired maximal subset of x.

We shall consider next six more algebraic equivalents of the
axiom of choice.

AL 6: If & = <L, {v, A}> is a complete lattice, a, b, ce L, a < b,
¢ is compact, ¢ < b and ¢ £ a then there exists an element m e L
such that a <m < b, c & m and if there is a deL such that
m < d < b then ¢ <d (in other words, m is a maximal element
in the interval between a and b which is not greater than or equal
to ¢).

Before stating the remaining forms in this section we require
some further definitions.

DeriNITION 5.10: Let &/ =<4,{0s: e K}> be an algebraic
system (see 5.1).

1 Maximal with respect to inclusion, < .
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(1) A subalgebra B is said to be meet-trreducible if whenever
B = N % where & is a set of subalgebras then B e &%.

(2) B = A is said to be a basis for 4 if A is the smallest sub-
algebra containing B as a subset and whenever C < B there exists
a subalgebra D < A such that C ¢ D.

(3) An element x € 4 is said to be absolutely dispensible if for all
sets s < A whenever 4 is the smallest subalgebra containing S as
a subset then A is the smallest subalgebra containing S ~ {x} as a
subset.

AL 7-AL 11 all refer to an algebraic system & and subalgebras
in that system.

AL 7: Every subalgebra is the intersection of all meet-irreducible
subalgebras containing 1t as a subset.

AL 8: Every proper subalgebra has a proper meet-trreductble sub-
algebra containing it as a subset.

AL 9: The set of absolutely dispensible elements is equal to the
intersection 1 of the set of all maximal proper subalgebras 2.

AL 10: For every element in a basis there exists a maximal sub-
algebra 2 which does not contain it as an element.

AL 11: If A has a finite basis and B < A is a subalgebra then
there exists a maximal proper subalgebra ? which contains B as a
subset.

Diener [1], in 1956, proved AL 6 and AL 8 equivalent to a form
of the axiom of choice. AL 7 was derived from the axiom of choice
by Birkhoff and Frink [1] in 1948. However, there is an error in
their proof (the proof of Lemma 4, pp. 301-2, is incorrect) which
was later noted and corrected by Diener [1]. In 1938, McCoy [1]
proved a special case of AL 7 and in 1949 Fuchs [1] 8 gave a correct
proof of AL 7. The proof given here is similar to Diener’s. AL 9
is due to Frattini [1] and Neumann [1]. Frattini in 1885 only
proved the theorem for finite groups and did not require the axiom

1 We make the convention here that N A is the whole algebra.

2 Maximal with respect to inclusion, <.

3 Fuchs proved a special case, but his proof extends to the general case
virtually unchanged.
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of choice. The proof given here is essentially the same as the proof
given by Neumann in 1937. Krull [1], in 1929, derived a proposition
which is similar to AL 11 from the well-ordering theorem. In 1953
Schmidt [1] proved that AL 7, AL 9, AL 10, and AL 11 imply
a form of the axiom of choice.

We shall prove

M3 >AL6 »AL7 - AL8 - AC3
AL’3 -AL9 AL 10 >M7
AL’3 AL 11l > M7.

It is clear that AL 7 — AL 8 and since an element in the basis
is not absolutely dispensible, AL 9 — AL 10.

THEOREM S5.11: M3 — AL 6.

Proor: Let & = <L, {a,v}> be a complete lattice and for a,
beL, a <b, let {a,b] ={d:deL and a < d < b}. Suppose ceL
is compact, c <bandc £ a. Let 2={D: D c[a,b]and D £ A
and ¢ £ YV D}. 2 # A since {a} e Z. Let A be a non-empty nest
contained as a subset in 9. We shall show that U 4" ¢ 2. Clearly,
if A # A, then U AN % Aand U A < [a, b]. Suppose c <V U A,
then since c is compact there exist dy, dg, ..., dg, N1, Ng, ..., Ng,
die Nye & such that ¢ <V {dy,ds, ..., dx}. Since A is a nest,
for some j€{l1,2,...,k}, Ny Ny for all ¢ =1,2,...,k, there-
fore ¢ = V Nj. This is a contradiction since N; ¢ 2. Hence U A" € Z
so that by M 3, 2 has a maximal element M.

Let m =V M, then @ < m < b and ¢ &« m. Suppose there is a
dea, b] so that m < d < b. This implies M = M v {d} so that
M o {d}¢2. Therefore, c <V (M v {d}) =d, q.e.d.

Before proceding with the proof that AL 6 -~ AL 7 we prove a
lemma due to Buchi [1].

DEFINITION 5.12: # = <L, {A,v}> is said to be an algebraic
laitice if L is the set of all subalgebras of an algebraic system.
The meet of two elements of L is ordinary set intersection, but
the join of two elements is the smallest subalgebra containing them
both. (This is usually not ordinary set union.)

It is easily verified that an algebraic lattice is a complete lattice.



5. ALGEBRAIC FORMS 45

LEMMA 5.13: Every element in an algebraic lattice is the join of
compact elements.

Proor: Let & =<L,{a, v} be an algebraic lattice and let
peael. We wish to show that the subalgebra generated by g,
(the smallest subalgebra containing u), denoted by (u), is a compact
element of L. Since (u) is a subalgebra and L is the set of all sub-
algebras of an algebra, (u) e L. Suppose M < L and () < V a,

then z e V a. This implies that there exists a finite subset a]:lMof
M such tﬁcslfét weV a. Since V ais a subalgebra it follows that
(n) <V a. Hencgd(vy) is com(szgt.
Leta;I: L, then clearly a = V (u), q. e. d.
uea

THEOREM 5.14: AL 6 — AL 7.

Proor: Let 4 be an algebraic system and <L, {a, v}> the alge-
braic lattice of the set of all subalgebras of A. Let B ¢ L and let D
be the intersection of all meet-irreducible subalgebras containing
B. Suppose B << D. Then there exists a compact element C e L
such that C « B and C < D. For suppose ye D ~ B, then by
5.13, (1) is compact and clearly (u) « B but (u) < D. Let C = (u).

By AL 6, there existsan M e L such that B< M <4, C« M
and M i1s maximal. Suppose M is not meet-irreducible. Then there
exists a subset K < L such that M = AKand M ¢ K. Let N ¢ K,
then M < N. Since M is maximal C << N for all N ¢« K. There-
fore C < A K = M. This is a contradiction, so that M is meet-
irreducible.

B < M and D is the intersection of all meet-irreducible ideals
which contain B, therefore D << M. Since C < D it follows that
C < M and this again is a contradiction. Hence B = D, q.e. d.

TrEOREM 5.15: AL 8 — AC 3.

PRrROOF: Let f be an arbitrary function whose domain is s and
assume for all x €5, f(x) has at least two elements. We define an
algebra o = (A, {0y: uwe A}> as follows:

A = {x,y>: xes and y € f(x)}
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Juif o=, w =<,y #Fz
Oulv, w) = {v otherwise.

A subset of A is a proper subalgebra if it is a function. It is clear
that a subalgebra of & is meet-irreducible if and only if it is
maximal. AL 8 implies, therefore, that there exists a maximal
subalgebra B < 4. If we let g = B, then g is a function, 2(g)
= D(f) = s, and for all xes, gx) € f(x), q-e. d.

THEOREM 5.16: AL'3 — AL 9.

Proor: Let A be an algebraic system. Let D < A4 be the set of
all absolutely dispensible elements and let .# be the set of all
maximal proper subalgebras. We wish to prove D = N .#.

Suppose x ¢ N .#. Then there is a M e.# such that x¢ M.
Therefore the smallest subalgebra containing M v {x} is 4, so
that x ¢ D. This implies D < N .#.

Now, suppose x ¢ D. For any set S < A let C(S) be the smallest
subalgebra containing S, then C is a finitary closure operator.
If x ¢ D, then there exists a set T < A such that C(T) < 4 and
C(T v {x}) = A. We define a property of finite character P as
follows: for any S < A4, P[S]«— x ¢ S. Clearly, P{C(T)]. Therefore
AL’ 3 implies there is a maximal subalgebra M which contains
C(T) and x ¢ M. Hence x ¢ N .#. This implies N .4 < D, q.e. d.

THEOREM 5.17: AL 10 - M 7.

ProoF: Let 4 be an arbitrary set and P a property of finite
character. Assume A does not have the property P. For each
x € A define n-ary operators on K = {<y1, ¥2, ..., Y Y1, ¥2, ++ +,
yn € A} as follows:

% if not

If <y1) yz» rey }’n> € K: Oz(yl; yZ’ ey yn) = P[{yl: yz; ey yﬂ}])
v1 otherwise.

S < 4 is a subalgebra if and only if P[S]. There exists a finite set
which does not have the property P; otherwise 4 would have the
property P. Therefore, there is a smallest finite set B which does not
have the property P. B is a basis for 4 since no proper subalgebra
contains B, and every proper subset of B is a subalgebra.
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Suppose b € B. AL 10 implies that there exists a maximal sub-
algebra M such that b¢ M.

If M =« N = A and P[N], we have P[N ~{b}]. Since M = N ~ {b},
N ~{b} = M from the maximality of M. Hence N = M v {3}.
Thus either M or M v {b} is a maximal subset of 4 with the
property P.

THEOREM 5.18: AL’3 — AL 11.

Proor: Suppose A has a finite basis B = {b, by, ..., bs} and
Bg © 4 is a proper subalgebra. For any set S < A we define
C(S) as the smallest subalgebra containing S. Then C is a finitary

closure operator. Define the property Py, 1 = 1, 2, .. ., » as follows:
forany set S < A, Pj[S] < b; ¢ S. Pyis a property of finite character
for each j=1,2, ..., n.

AL’ 3 implies that we may construct the following finite sequence
of subalgebras:
If b5¢ Bj—y then B; = Bj_1,7=1,2, ..., n.
If &; ¢ By then By is a maximal subalgebra containing B
as a subset and b;¢ By, 1=1,2, ..., 7.

By construction each Bj; is a proper subalgebra and B;_; < Bj
for each j = 1,2, ..., n. Hence each B; contains By as a subset,
We claim By is a maximal proper subalgebra containing By. For
suppose By is not maximal. Then there exists a proper subalgebra
D such that B, < D. Since D £ A, for some bge B, by ¢ D. But
then By < D which contradicts the definition of Bg.

THEOREM 5.19: AL 11 - M7.
Proor: Similar to 5.17. Take the subalgebra of AL 11 to be A.

6. Cardinal Number Forms

We shall discuss some propositions about cardinal numbers which
are equivalent to the axiom of choice, but first we must define a
cardinal number in an appropriate manner. We cannot define the
cardinal number of a set x (¥) to be the smallest ordinal number
equivalent to x because it requires the axiom of choice to prove
that such an ordinal number exists. We cannot define x to be the
class of all sets equivalent to x because in this case * would be a



48 SET FORMS

proper class. What we shall do is transform the second definition
by limiting the class of sets considered so that it is a set, but still
obtain all the usual properties of cardinal numbers. We shall do
this by introducing the notion of rank 1. (Note: The axiom of
regularity is needed to define rank. But rank is defined merely four
convenience. Every theorem about cardinal numbers is a theorem
about sets so that it would not be necessary to define cardinal
numbers at all. Rank is not used in any of the proofs. However,
the notion of a cardinal number greatly simplifies all of our work
so we shall define it.) 2

DEFINITION 6.1:

(1) # is the class of individuals.
(2) For every ordinal number «, (¢} = & v Z( U =(f)).
g <a
LEMMA 3 6.2: For every x there exists an ovdinal number « such
that x e 7(o).

PrOOF: Suppose the lemma is false. Let 4 = {x: ()% ¢ 7()]}
Since A # A, it follows from the axiom of regularity that there
exists a y € 4 such that y n 4 = A. (It is clear from the definition
of 7 that y is not an individual.) Since y n 4 = A4, for every zey
there exists an « such that ze 7(«). Let B = {a:(32)[zey and
ze ()]} and let 8 = sup B. Since « < # implies +(«) = 7(f), for
all zey, we have ze7(8) =& v P(U(y)). Therefore, either

B

<
ze £ or z < Ur(y). From this we obtain y ¢ JF v Z( U (y))
y<8 y<p

= 7(f) so that it follows from the definition of r that y e 7(y) for
all y > B. This contradicts the assumption that ye 4. Conse-
quently, the lemma follows.

DEFINITION 6.3: For every x the rank of x, p(x), is the smallest
ordinal number « such that x e 7(x).

1 Defined by Mirimanoff [1], 1917. See also Tarski [8].

2 This definition of cardinal number is due to D. Scott [2]. Scott gives
credit to A. P. Morse {(unpublished lecture notes) for some of the notions
involved.

3 The axiom of regularity was used in the proof.
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It follows from the definitions of = and p that
(1) If x is an individual, p(x) = 0,

@) () = {x: plx) < o0,

In what follows in this section we shall have to assume that
7(«) is a set. It is clear that 7(x) is a set if and only if £ is a set.
Hence, we shall assume that .#, the class of individuals, is a set.

There is one further property of rank that we shall need, namely,

LeEMMA 6.4: The rank of x, p(x), is the smallest ordinal number
a such that for all yex, p(y) < o

Proor: Suppose p(x) = «. If x¢.# then the lemma is true.

Suppose x ¢ £ and y € x. Since p(x) = «, ¥ € 7(a) = £ v P( U 7(8)).
f<a

Therefore, x < U 7(8) which implies y e U 7(f). Hence, y e r(f)

B<a B<a

for some B < « which implies by 6.3 that p(y) < «.
Now suppose p(y) < g for all yex. Then, by 6.3, ye U 7(y),

y<8

for all yex. Consequently, xe?( U r(y)) < 7(f), so that «

y<§B
=p(x) < B, q.e.d.
Now we define the cardinal number of a set as follows:

DEFINITION 6.5: The cardinal number of a set x, x, is the class
of all sets of smallest rank which are equivalent to x.

It follows from 6.1, 6.2, and 6.3 that for every set x, % is defined
and, since .£ is a set, x is a set. It is clear also that x ~ y if and
only if x = ¥.

Next, we shall define some operations and relations between
cardinal numbers.

DEFINITION 6.6: Let m and # be cardinal numbers.

(1) Addition: Let x and vy be two disjoint sets such that x = m

and y = #, then m +n = x v y.

(2) Subtraction: If there exists a unique cardinal number p such
that m = »n 4 p then m — n = . B

(3) Multiplication: Let x and y be two sets such that x = m

and y = n, then m-n = x X ¥.
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(4) Division: If there exists a unique cardinal number $ such
that m = n+p then m +— n = p.
(5) Power: Let x and y be two sets such that y = m and y = =,

then m» = {f: f is a function from y into x}.

(6) Inequality: Let x and y be two sets such that ¥ = m and
y=mn,thenm <nif x <y and m < n if x < y.

It is clear that the operations and relation as defined in 6.6 do
not depend upon the particular choice of -the sets x and y. Now,
suppose we were to define the sum of an infinite number of cardinal
numbers as follows: Let {4p: b € B} be a class of pairwise disjoint
sets then X Ap = U—Z;. In order to show that the sum of cardinal

beB beB
numbers on the left side of the equality does not depend upon the

particular choice of the Ap’s, the axiom of choice is required.
Hence, we cannot give the natural definition of an infinite sum of
cardinal numbers without using the axiom of choice.

It is easy to show without the axiom of choice that for two
cardinal numbers m and %, m < # if and only if there exists a
cardinal number ¢ such that m 4+ $ = ». But if 4 is changed to -
in the preceding statement then the proposition is equivalent to
the axiom of choice (see CN 12). It is also easy to show without
the axiom of choice that if m and # are cardinal numbers, and
n # 0 then m-n = n implies m < n. However, the converse of
the preceding statement is equivalent to the axiom of choice,
(see CN 14).

It can also be shown that addition and multiplication of cardinal
numbers are commutative and associative, multiplication is
distributive over addition, and the following laws hold for powers:

mntP = |t -md,
(mm)? = mn-2,
m* =m-m- ... m (n times) if » is finite.

It follows from the definition of addition, multiplication, and
powers that m + #, m-n, and m® exist for all cardinal numbers m
and #. However, subtraction and division are different matters.
For finite cardinals # — m exists whenever m < # and »n -- m
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exists whenever m << # and # is a multiple of m. We shall show
below that for all transfinite cardinals (see 6.11) m and #, if m <
then » — m and #» = m exists if and only if the axiom of choice
holds. (CN 13 and 17. See also CN 12, 14, and 18.)

Before we discuss the axiom of choice we shall first prove some
preliminary lemmas

LEMMA 6.7: If m and n are cardinal numbers and m, n > 2 then
m+n << m-n.

ProoF: Let x and y be disjoint sets such that ¥ = m and y = =.
Let a, bex, ¢, dey, a £ b, and ¢ #%d. Define a mapping ¢ as
follows:

If s e x then ¢fs) = <s, o).

If tey and ¢ = ¢ then ¢(f) = <a, £, and ¢(c) = <b, d>.

Clearly, ¢ is a 1-1 mapping of x vy into x X y. Hence m
+n < m-n.

DEFINITION 6.8: An aleph is the cardinal number of an infinite
well-ordered set.

LeMMA 6.9: For any aleph, 82 = R.

ProoF: Let o be an ordinal number such that x = . Define a
relation R on On X On as follows: For f1, y1. fa, y2€O0n,
B1, v R <Pz, y2> if (max (B1, y1) < max (B2, y2) or (max (61, y1)
= max (B, y2) and f1 << f2) or (max (f1, 1) = max (83, y2) and
B1 = B2 and y1 < yg). On X On is well-ordered by R.

Let N = {#: B1is an ordinal number and (§ is finiteor § X f = ;.73)}
We shall show that every ordinal number belong to N. Suppose not.
Let § be the smallest ordinal number which does not belong to N.
Then

(i) B is not finite.
(ii) B is a limit ordinal. For suppose not, then there exists an
ordinal number y such that g =y v {y}. It follows from (i) that y

is not finite, therefore g = %. But, y < # so that y ¢ N which
implies § € N. This contradicts the definition of §.

(iii) B X B = Uy X y. This follows because y X y is an initial
y<8
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R-section of On X On for every ordinal number y and f is a limit
ordinal.

Let u(y) be the ordinal number of y X » ordered by R. (That
is, (y) is an ordinal number and p(y) ==y X y.) If y < § then

—_— finite =
w(y)=7/><7={ 7 < B.

Therefore, y(y) < B which implies by (iii),

Uyply) = »(B) <8

<8

So that /K 73 gf) which implies § ¢ N. This is a contradiction,
hence, N = On.

LeEmMMA 6.10: For amy two alephs m and n, mn=m+ n
= max (m, »).

ProoF: Suppose m < # then
n<m-+n<wmnbyb?

< n-n = n? = n by hypotheses and 6.9, q. e. d.

DEFINITION 6.11:
{(a) o is the cardinal number of the set of natural numbers.
(b) A cardinal number m is transfinite if Ro < m.

(c) Rx is the o' aleph. That is, if A is the class of all alephs
ordered by < then A =~ On, where On is ordered by <<. Then R,
is the element of A which corresponds to « € On.

In all of the following propositions it is assumed that m, =, $,
and ¢ are transfinite cardinal numbers unless it is stated otherwise.

CN1: mn=m -+ n

CN 2: There ts a cardinal number n such that m = ne.

CN 3: m = m?2,

CN 4: There is an ordinal number o such that for all transfinite

cardinal numbers m there is no well-ordered by < set M of cardinal
numbers between m and m?2 such that M ~ a.
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CN5 : If m2 = n2 then m = n.

CNé6: Ifm<mnand p <qgthenm -+ p <n-q.
CN7: If m<mnand p <gqthenmp<n-g.
CNS8: Ifm+p <n-+ p then m < n.

CN9: If m-p < n-p then m < n.

CN 10: There is a cardinal number n such that m < n and for
every cardinal number P if m < P then n < p. (n is said to be an
immediate successor of m.)

CN 11: If n << p and there is no cardinal number between n and
P (p is said to cover n) then either m-n = m-p or m-p covers m-m.
(If p is an immediate successor of » then p covers #. This can
easily be shown without using the axiom of choice. But the converse
of this is equivalent to the axiom of choice. See CN 10 and 6.19.)

CN 12: If m << n then there is a p such that n = m-p.

CN 13: If m < n then n = m exists. (That is, the $ of CN 12
exists and is unique.)

CN 14: If m < n thew n — m = n.

CN15: Ifm -+ p=m 4 gtheneither p =qor p <mandg < m.

CN 16: If m + m < m + n then m < n. {The converse is inde-
pendent of the axiom of choice.)

CN 17: If m < n then n — m exists. (That is, there exists one
and only one $ such that n =m 4 p.)

CN 18: If m < n then n — m = n.

(The proposition: If m < » then thereis a p such that w =m - p
(simnilar to CN 12) is independent of the axiom of choice.)

CN19: If p<mand q <nthen p + q #* n.
CN20: If p <mand g < nthen p-q + n.
CN 21: Edther m +n = m or m + n = n.
CN 22: Edther m-n = m oy m-n = #.

Let m be a cardinal number greater than 1,
CN 23(m): If p™ < q™ then p < q.
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CN 24: There is a cardinal number n > | such that for all cardinal
numbers p and q there is a cardinal number m, 1 < m < n such
hat pm < g™ implies p < gq.

CN 25: If mP << m? and m + 0 then p < gq.

CN 26: If the greatest lower bound (m ~n) and the least upper
bound (m v n) of m and n exist then m-n = (m ~n)-(m v n).
(Tarski [7] has shown that the proposition: If m ~n# and m v a
exist then m + n = (m ~#n) + (m v n), is independent of the
axiom of choice.)

In 1924, Tarski [1] proved that CN 1, CN 3, and CN 5-CN ¢
are equivalent to the well-ordering theorem. CN 10 was given in
1954 by Tarski (9] and CN 11 is due to Sudan [1] (1938). CN 15~
CN 19, CN 23(m), and CN 25 were stated without proof by Tarski
in Lindenbaum and Tarski [1] in 1926. The proof of the equivalence
of CN 17 and the well-ordering theorem was later given in 1947
by Sierpinski [4]. In 1946, CN 20 was shown to be equivalent to
the well-ordering theorem by Sierpinski [2]. It was shown by
M. S. Lesniewski that CN 21 implies the trichotomy and an analo-
gous proof holds for CN 22. CN 24 is a generalization of CN 23.
CN 2 and CN 12-CN 14, while not explicitly stated in the literature,
follow from the work of Tarski and Sierpinski. As far as we know
CN 26 is given here for the first timel,

We shall sketch the proofs that some form of the axiom of choice
implies each of the above 26 propositions.

WE 1 implies every set can be well-ordered, hence every cardinal
number is an aleph. Therefore, CN 3 and CN 5 follow from 6.9,
and CN 3 implies CN 2 and CN 4. CN 1 and CN 6-CN 9 follow
from 6.10. Lemma 6.10 also implies CN 11-CN 22, and CN 26.

1 A. H. Kruse has obtained several additional cardinal number forms
equivalent to the axiom of choice in a paper entitled ‘“Some observations on
the axiom of choice’” to appear in Zeitschrift fiir Mathematische Logik und
Grundlagen der Mathematik. One form which is of particular interest because
it immediately implies that both the trichotomy and the generalized conti-
nuum hypotheses imply the axiom of choise is the following: For all cardinal
numbers p, m, and #, if p << m, n < 22 then either m < n or n < m. See also
A. H. Kruse, “Some theorems on the axiom of choice’”’. Notices A.M.S. 9
(1962) 134-5 (Abstract).
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CN 10 follows since the alephs are well-ordered by <. The tricho-
tomy implies CN 23(m)-CN 25.

Now, in order to prove the converses, we first state and prove
the following lemmas 1:

LEMMA 6.12: Let m, n and p be transfinste cardinal numbers, and
let ® be an aleph. If m-R < n + P then either m < p or R < n.

Proor: Let %, ¥ and z be sets, y n 2 = A, and let # be a well-
ordered set such that x =m, y =#, z=p, and u = R. Since
m-R < n -+ p, there exists a 1-1 function ¢ which maps x x %
into y v 2.

Case 1. There is an sex such that for all teu, p(<s, B)ey.
Define p(f) = ¢{<s, &) for all teu; y is a 1-1 function mapping
u into y. which implies R < #».

Case 2. For all sex, there is a ¢e# such that ¢(<s, £)) ez. Let
ts be the smallest element of # such that @(<s, D) € 2. Define
p(s) = @(<s, t>) for each sex. Then p is a 1-1 function mapping
% into 2. Hence m < 9, q.e. d.

LEMMA 6.13: Let m and n be transfinite cardinal numbers and let
R be an aleph. Then if 8 < m-n then either R < m or R < n.

ProOF: Let #, y be sets such that x = m, y = # and let « be
a well-ordered set such that @ = R. Then « < x X y so that there
exist well-ordered sets x1, y1, ¥1 € %, ¥1 S ¥ such that « < x1 X y1.
Let p=17%1, ¢g=1y;, then R < p-¢=max (p,q) (by 6.10). If
X << p then X < m and if X < ¢ then X < #, q.e. d.

DEFINITION 6.14: For any transfinite cardinal number m let

m* = I'(x) where x = m. (I'(x) = {«: « < x}, see 3.1, 3.2, and 3.3.)

By 3.3 we have m* is an aleph. If m* < m then by 3.1 I'(x) € I'(x)
which is impossible. Therefore, m* £ m. Moreover, by 3.1, m* is
the smallest aleph which is not smaller than or equal to m. If m
in an aleph then m* is its immediate successor. (See CN 10 for
the definition of ‘‘immediate successor’”’.) The concept of m* will
be useful in what follows.

Remark: In the theorems that follow in which we prove that

1 Lemma 6.12 is stated by Tarski in Lindenbaum and Tarski [1] without
proof and lemma 6.13 is well known,
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an arbitrary set ¥ can be well-ordered, we assume that m = x is
transfinite. This is no loss of generality because if # is not trans-
finite then replace m by m -+ Xp, which is transfinite. If we prove
that # + Ro << # where # is an aleph then m < #n. Therefore, if
« is an ordinal number such that @ = % then x < « which implies
WE 3. Hence it will be sufficient to prove that for every transfinite
cardinal m there exists an aleph » such that m < ».

THEOREM 6.15: CN 1 -~ WE 3.

ProoF: Let m be a transfinite cardinal number. By CN 1,
m-m* = m + m*. Since m* & m, we have by 6.12 that m < m*.
Since m* is an aleph WE 3 follows.

THEOREM 6.16: CN 2 - WE 3.

ProoF: Let m be a transfinite cardinal number. CN 2 implies
that there exists a cardinal number n such that m 4 m* = %2,
Now, m* < m + m*, so that m* < n2. Since m* is an aleph it
follows from 6.12 that m* < n. Therefore, there is a cardinal
number p such that # = m* 4 p. Now, we have,

m -+ m* = n2
= (m* + )2
— (m*)z + 2'm*'P 4 Pz
It follows from 6.12 that either m* < m or p < m*. The first
alternative is impossible so that p < m* which implies # = m*.
Hence, by 6.9, nZ=m, so that m -+ m* = m* which implies
m < m*, q.e. d.
THEOREM 6.17: CN 3 —~CN 1.
ProoF: m +n = (m + n)2 by CN 3
=m2 4 2-m-n 4 n?
>mn
>m -+ n by 6.7.

Hence m 4+ n = m-n.
Before proving CN 4 — WE 3 we prove two more lemmas.

LEMMA 6.18: For every transfinite cardinal m, (m2)* = m*.
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ProoF: Let ® be an aleph such that 8 << m-m. Then it follows
from 6.13 that X < m. Therefore from 6.14 it follows that X < m*.
This implies that every aleph which is less than or equal to m?2
is also less than m*, so that (m2)* < m*. Hence (m2)* = m*.

LEMMA 6.19: For every transfinite cardinal m, m << wm 4 m*
and there are no cardinal numbers between m and m + m*. (m + m*
covers m) L.

Proor: For every transfinite cardinal m, m << m 4 m*. If
m = m -+ m* then m* <<m, which is impossible. Therefore
m < m -+ m*, v

Suppose that $ is a cardinal number such that m < < m + m*,
Let p = m 4+ n. We can write

) m=g+r,n=s41¢
where

(i) g4+ s<m, v+t < m*

(i) » < m, r < m* by (i), (ii).

(iv) m + r = m by (iii), because (iii) implies that there exists
an aleph # such that r << » <. Therefore, there exists a » such
that m =u+ov. Thenm +r=u+v+r=u+v=m,.

vy m+s= (47 +s<m+r=mby (i, (i), and (iv).
vi) m4+n=m-+1 by (i), (v)-

(vil) ¢ < m* by (i1).

Therefore p can be written in the form m + £ where { < m*.

Since m* is the smallest aleph which is not less than or equal to
m, and since ¢ is an aleph, if { < m*, thent! <mandp =m + ¢t =m.
If ¢ = m* then p = m + t = m + m*. Therefore, m + m* covers
m, q. e. d.

TuroreM 6.20: CN 4 - WE 3.

Proor: Suppose WE 3 does not hold and suppose # is a cardinal
number which is not an aleph. Let p* = &, and let m = p - &, ,
where « is an arbitrary ordinal number.

1 This lemma is due to Tarski [9].
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We shall show that there is a well-ordered by << set M of cardinal
numbers between m and m? such that M ~ a. For § < «, let
B=PR, 5+ 8., If f<y<ea then gs<gy; for suppose
98 = v then

y8 I + R = p'xa+v + R,
and

PR, SPOR s+ R

Soby 6.12p <N, ,0or X, <PR

But p £ &, since p is not an aleph. By 6.13, the second in-
equality implies that either 8, , <p or 8,,, <R, ; The first
inequality is impossible since p* = g, and the second is impossible
since § <y. Let M = {gg: f < o}, then M == a.

Since m =p + X, o

m2 = p2 4 2%, P+ K4
= ?2 + p.sp+a’

by 6.9 and other elementary properties of cardinal numbers.
Therefore m < gg <m2forall f < o« If m =ggthenp 48, ,=p:
N, s 1+ ®,, 5 This implies that p°X,, , < p + R, ,. But by 6.12
we have either p <X, , or X,, ; < p which is impossible since p
is not an aleph and p* =8, If g =m? then p-8,,,+ R, .,
= p2 4 p-N,,, which implies p-X,, , < p'X,,;+ R, .. Again by
6.12 either p <X, ., or 8,,, <p'X, ., The first alternative is
impossible since p is not an aleph and the second alternative
implies, by 6.13, that X, , <p or 8,,, <R, , But both alter-
natives are impossible since p* = &, and B < «. Therefore, we
have m < gs << m2 for every f < a and since M = {g5: f < o} == «,
this contradicts CN 4, q.e. d.

THEOREM 6.21: CN 5 - WE 3.

Proor: Let m be a transfinite cardinal number. There exists a
cardinal number # such that m << # and # = #2. For let # = mi¥,
Then m < n and #n2 = (mN)2 = M2Re = MR = 4,

(n + n*)z f— nz + 2.n.n* + (n*)Z —>- n.n*
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also
(n + n*)2 = n2 4 2-n-n* 4 (n*)2
= n + 2-n-n* 4+ n* by hypotheses and 6.9
<n-n*+2-n-n* byb67
=n-3-n*
= n-n* since n#* is an aleph.
Therefore, it follows that
n4+n*)2=n-n*
= n2-(n*)? by hypotheses and 6.9
= (n-n*)2
Hence by CN 5, n-n* = n + n*. Since n* < n, we have by 6.12
n < n*. But m < n, therefore, m < n* which implies WE 3,
q.e. d.
THEOREM 6.22: CN 6 - WE 3.

ProoF: Let m be a transfinite cardinal number. There exists a
cardinal number n such that m <# and 2-n = n. For example
let n = Ro-m. Then m <% and 2-n = 2-Ro'm = Rg-m = n. We
have n <n 4+ n* and n* < n + »*. Suppose #n < n + n* and
n* < n + n*. Then by CN 6,

n+4n* << (n+n*+ (n+ n*=n+ n*

which is a contradiction. Therefore n = n 4+ n* or n* = n 4 n*.
The first alternative implies #* < n# which is impossible. Therefore
the second alternative holds and # < n*. Hence m < »n* and
again we have WE 3, q.e. d.

THEOREM 6.23: CN 7 - WE 3.

Proor: The proof is similar to the proof of 6.22 with n =
= m® = n2 and replace + by -.

THEOREM 6.24: CN 8 — WE 3.

ProoF: Let m be a transfinite cardinal number. Suppose
m &£ m*, then m* < m -} m*. Since m* is an aleph, m* + m* = m*,
so that m* + m* < m + m*. Therefore, by CN 8, m* < m, which
is a contradiction. So that m < m* and WE 3 follows.
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THEOREM 6.25: CN 9 — WE 3.

Proor: The proof is analogous to the proof of 6.24 with + re-
placed by -.

THEOREM 6.26: CN 10 - CN 3.

Proor: Let m be a transfinite cardinal number. CN 10 implies
there is a cardinal # such that m < # and for every cardinal p,
if m <p then n < p. But m <m + m* (by 6.19). Therefore,
m < n < m - m*. Hence, 6.19 implies n = m -+ m*.

Suppose CN 3 does not hold. Then for some m, m << m2. Since
am - m* is an immediate successor of m,

(@) m 4+ m* < m2,

() (m2)* = m* by 6.18.
Therefore, (ii) implies m* & m2. But (i) implies m* < m2. This
is obviously a contradiction. Hence m = m?2.

THEOREM 6.27: CN 11 - WE 3.

Proor: Let m be a transfinite cardinal number and let m* = R,.

Rx+1 Covers Ry, therefore, by CN 11 either m-Rs4+1 = m-R; or
m-Ry+1 COVErs m-Ry But,

MRy < MRy + Ra+1 < M- Ry +1.

Therefore, either
MRy = MRy + Ra+1
or
MRy + Ray+1 = M Ra+1.

The first alternative implies that Rx4+1 < m-Ra. But Ra4y £ m
and Ra+1 £ R4 which contradicts 6.13. Therefore, the first alterna-
tive is impossible.

The second alternative implies either Rx+1 < MRy Or m < Rat1
(6.12). It has just been shown that Xx41 € m-Ra, therefore,
m < Ra+1 and this implies WE 3.

TuaeoreM 6.28: CN 12 - WE 3.

Proor: Let m be a transfinite cardinal number. Since
m* < m + m*, it follows from CN 12 that there is a p such that
m + m* = m*-p. Lemma 6.12 implies that either m* <<m or
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p < m*. The first alternative is impossible so that p << m*. It
follows from 6.10 that m*-p = m*. Therefore, m + m* = m*,
which implies m < m*, q.e. d.

Clearly CN 14 —~CN 13 > CN 12.

THEOREM 6.29: CN 15 — WE 3.

Proor: Let m be a transfinite cardinal number, then
m* + m = m* + (m + m*). CN 15 implies either m = m + m*
or m < m* and m -+ m* < m*. The first alternative is impossible,
therefore m < m*, q.e. d.

THEOREM 6.30: CN 16 - WE 3.

Proor: Let m be a transfinite cardinal number, then
m* + m* < m* + m since m* = m* + m* (6.10). If m *4 m*
< m* 4+ m then, by CN 16, m* << m, which is impossible. Hence,
m* = m* + m, which implies m < m¥*.

THeorREM 6.31: CN 17 - WE 3.

ProoF: Let m be a transfinite cardinal number, then
m* < m + m*. CN 17 states that if m* << m 4+ m* then there is
one and only one cardinal number $ such that m + m* = m* | 5.
However, m + m* = m* +m and m + m* = m* 4+ (m + m*),
(6.10). Hence, CN 17 implies m = m + m*, which implies m* < m,
which is impossible. Therefore, m* = m + m* which implies
m < m*,

Tt is clear that CN 18 — CN 17.

THEOREM 6.32: CN 19 - CN 18.

PrOOF: Suppose m << #, then there is a p < » such that
p + m =mn. CN 19 implies p == n. Therefore, by the definition
of subtraction, # — m = n.

THEOREM 6.33: CN 20 - WE 3.

Proor: Let m be a transfinite cardinal number, clearly,
m < m-m* and m* < m-m*, CN 20 implies that either m = m-m*
or m* = m-m*, The first alternative implies that m* < m which
is impossible. The second alternative implies m << m* which
implies WE 3.

THEOREM 6.34: CN 21 —» T.
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ProOF: If m +-n=m then n <m and if m + # = n then
m<n, qed

THEOREM 6.35: CN 22 - T.

Proor: The proof is analogous to the proof of 6.34 with +
replaced by -.
Clearly, CN 23(m) — CN 24.

THEOREM 6.36: CN 24 -~ WE 3.

ProOOF: Let s be a transfinite cardinal number. Let » be a
cardinal number so that » = n-7, (for example, let r = 2" Ri).
let t =s7, p =¢-t* and g =1+ (¢ (#*)*)*. Suppose | <m <,
then

g = [t + @ @*)")*m
> t (t' (t*)n)*(m—l)
> (t*)n)*(m—l)
>t-t*m (m = m — 2 4 2 and use 6.9)
= (¢-t*)m (by the definition of ¢, i™ = i)
= pm.

Next, we shall show that pm < gm. (pm)* = ((¢-t*)m)* = (¢- (¢*)™)*
< (¢-(#*)m)* < g < gm. Therefore, pm < gm since (p™)* is the
smallest aleph which is not smaller than p™.

Now by CN 24, it follows that p <gq. Therefore #-1* <t
+ (¢-(@#*)7)*. By 6.12, either #* < ¢ (which is impossible) or
t < (¢-(t*)n)*. Hence, s <t = s" < {¢-(#*)®)* so that s is smaller
than an aleph and that proves the theorem.

THEOREM 6.37: CN 25 — WE 3.

ProOF: Let p be a transfinite cardinal number. Let m = i
and ¢ = m*. Then

) +1
mp = (2% — 2w _ gt e g

Next, we shall show that m? < me. m* = q < me. Therefore, if
m? < m?P, m* < m which is impossible. Hence, m? < m?. By
CN 25, p <g=m* q.e.d.

THEOREM 6.38: CN 26 - WE 3.
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Proor: Let p be a transfinite cardinal. Let ¢ = Ra, # = Ryt
where « is chosen so that n > p*. Let m = p 4 ¢. Thenm A n = ¢,
moun=p+amn=pntnand(muoun)-(man)=2pq+n
CN 26 implies p-n + n = p-q + », which implies p-n < p-¢ + ».
Therefore by 6.12 either n << p-¢q or p < n. The first alternative
contradicts 6.13 since # £ p and # & ¢. Therefore, » < » which
implies WE 3.

7. Additional Forms

The following forms of the axiom of choice do not seem to fit
into any of the earlier sections so we have made another section
for them. The first three, P 1-P 3, are due to Tarski [3] and [4]
and deal with sets and cardinal numbers.

P 1: For any non-empty set s there exists a set ¢t such that for
all x, xet if and only if x < t and 5 £ *.

P 2: For any non-empty set s there exists a set i such that
t~{x:x S tands £ x}.

P 3: If t is an infinite set, m and m cardinal nunbers such that
P=mand n <m, and s ={x:x <t and n £ x} then 5 = mn.

We shall prove the following:
AC3and T->P1—->P2->WES3,
Tand WE1 -P3 >P2

THEOREM 7.1: AC3 and T - P 1.

Proor: Let s be a non-empty set and « a non-limit ordinal
number with (2))* < X, (see 6.14). Let w, be the smallest ordinal
number with cardinal number R,. Define a function ¢ on On as
follows:

$() = {x: x = Ug"Band ¥ < s}.
Now define ¢ as follows:

t= U ¢(8) = U ¢ wa.
8

< Wa

We shall show that ¢ is the required set.
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Suppose xe€t, then for some B << w,, xe¢(B). Therefore,
¥ S Ug'B < Ug’wys =t and x < s which implies § £ £

Now suppose ¥ < ¢ and s « . It follows from 7T that s <« x if
and only if ¥ < 5. For each yex let By = {8: vy e $(8)}, let y(¥)
be the smallest ordinal number in By, and let R = %(y). Since y
is a mapping of x onto R it follows from 3.5 that W( ) < Px)

or equivalently 2R < 22, But we also have % < 5. Therefore,
2R < 2 which implies

(1) R < 2%
It follows from (i) that

(i) R < R
Since R is a set of ordinal numbers, either R is finite or R is an
aleph. If R is finite then clearly (ii) holds. If Risan aleph, then (i)

implies R< (2;)*, so that (ii) follows from the definition of Ra.

Let 8 = sup R. We claim 6 < w4. Clearly, if 8 € R then § < w4
which implies Z < Rg. Since « is not a limit ordinal we have
E < Ry—3. Let Ag = {y: p is a 1-1 function mapping § into wx-1}.
Now, E < Ry—3 if and only if 4g # A. Therefore, AC 3 implies
that there exists a function f such that for each e R, fge Ag.
Now, we claim that

(i) 6 < U {/3} X Wx—1

Clearly, 0 U ({ﬂ} X B). If y e e R, define a function g so that
g(<B, »>) = <ﬁ fp( )>. Then g is a 1-1 function mapping U ({8} X f)
into ﬂUR{ﬂ} X wx—1. Consequently (iii) follows. It fofilfws from
(iii) that
§ <R X wa—1
= R-X,_1 by 6.6
= Ry—1 by (ii) and 6.10.

Hence,

(iv) 0 < wa.
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For every y e x, there is a § < § such that y e ¢(f). Therefore,
yeU¢"(6 + 1), which implies x = U ¢"(8 + 1). Since ¥ <5, it
follows from the definition of ¢ that x e é(0 + 1). Since w4 is a
limit ordinal it follows from (iv) that § + 1 < w,. Consequently,
zeUd'wa=1t, q.e.d

If in P1 “S « %" is replaced by “x¥ < 5”, then the only place
the axiom of choice is used to derive the resulting proposition,
callit P, isin proving (iv) 1. That is, in proving that the supremum
of a set of ordinal numbers, each of which is less than ws, is also
less than wy. It is known that the latter proposition is weaker
than the axiom of choice, but it is not known whether P is derivable
from the axioms of set theory, excluding the axiom of choice.

Before proving that P2 — WE 3, we shall prove the following
lemma:

LEMMA 7.2: Let ¢ and v be sets such that v < 1, then there exists
a set w which has the following properties:

) wet,
(i) w¢o,
(i) w can be well ordered.

ProoF: Since v < 7 there exists a 1-1 function ¢ which maps v
into ¢. Define a function ¢ such that for every ordinal number «,

dp') if p'xev,
¥() :{u¢t if p’adv.

First we note that if y”"« and y"f belong to v and y"a = ¢"p
then « = B. For suppose « < § then y(«) e "8 but () ¢ "B so
that y"« 7 9"8. Since ¢ is 1-1, this implies that when the range
of p is confined to ¢, y is 1-1. Therefore, there must be at least
one ordinal number « such that y"« ¢ v, otherwise the set £ would
contain a subclass equivalent to the class of all ordinal numbers.
Let y be the smallest ordinal number in the class {a: v« ¢ v}.

Let w = 9"y = {p(«): « < y}. Suppose % € w. Then x = y(x) for
some a << y. By the definition of y, y"«x ev, therefore x = y(x)
= ¢(y"a) e t. Hence w < tand (i) is satisfied. Next, by the definition

1 This was noted by Dana Scott.
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of y, "y ¢v, therefore w = 9"y ¢ v and (ii) is satisfied. Finally,
when y is confined to {«x: « <y}, v is 1-1. Therefore w = "y
~ {a: « < y} so that w can be well-ordered, q. e. d.

Now we are ready to prove

TueoreMm 7.3: P2 - WE 3.

ProorF: Let s be an arbitrary set, then P 2 implies there exists
asetfsuchthat t ~{x:xctands< x}. Letv={x:x < fand
5 & x}. Since v = 7, v and £ satisfy the hypothesis of 7.2. Therefore,
there exists a set w such that w < ¢, w ¢ v and w can be well-ordered.
Since w < ¢t and w ¢ v, we must have that s < w. Since w can be
well-ordered, WE 3 follows.

TueoremM 7.4: T and WE 1 - P 3.

Proor: Let ¢, m, and # satisfy the hypotheses of P 3. Let # be
a set so that u = #.
s={x:x < tand n ¥ %}
={x:x<ctandx <n} by T.
For each xes, let f; = {f: f is a function from # onto x}. Then
s Ufz
reg

< {f: f is a function from # into ¢} = F.
Hence,
(i) 5 < m» by 6.6.

If » is finite the theorem is clear so suppose it is infinite. Then
WE 1 implies that » and » are alephs so that by 6.10 m = m-n.
Therefore, there exists a 1-1 function ¢ which maps ¢ X # onto ¢.
For each f e F define a function ¢ so that

¥(f) = {p(f(v), v): v e u}.

y is 1-1 since ¢ is 1-1. Moreover, y(f) < ¢ and W__f‘)‘ = n. Therefore
v is a 1-1 function which maps F into s, so that

(ii) m» <s.
Hence (i) and (ii) imply s = m®.

THEOREM 7.5: P3 -~ P2,
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Proor: Let s be an arbitrary non-empty set and let 5 = n.
Suppose # > 2. (If n % 2 take ¢ = A in P 2)) Let m = 2°°; then

. 1
m is infinite, n < m and m?» = (2"&’)" =g gnfe Tl ol m.
Let ¢ be a set such that £ = m. P 3 implies that:

m* = {x:x < tand n « x}

>{x:xctands £z}
But, since m” = m, we have
t~{x:x<tands <7}
and this proves P 2.
Since the trichotomy and the well-ordering theorem are equivalent
it has been shown that each of P 1-P 3 is equivalent to the axiom
of choice.

P 4 was stated in Lindenbaum and Tarski [1] in 1926 without
proof and later was proved by Tarski [5] in 1948.

P4: If x <U Ay then there is a finite integer n such that
n =0
x < U A,
i=0

TrEOREM 7.6: WE 1 — P 4,

ProoF: Suppose x < U 4;. First, it is clear that we may
i=0

assume that none of the A4’s are empty. It is also clear that P 4

holds if x is finite, so let us assume x is infinite. WE 1 implies

that the cardinal number of an infinite set is an aleph and also

that every infinite cardinal number is transfinite.

Case 1. All the Ay’s are finite. Then U A; < ®p so that x < o
which implies x is finite. i=0

Case 2. At least one A4; is infinite, say A;. Suppose A is finite,
then there exists a finite set By < A; such that Ay ~ Bg. Since
the cardinal number of A4; is transfinite, it is easy to show that
Aj ~ By ~ A;. Hence, we may assume, —

Case 3. All the Ay's are infinite. Let 8y =x and %, = A
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Suppose 8; < « for all 7. Then y = sup § < « which implies

But this contradicts the assumption that x < U 4. Therefore,
0

n

there exists an # such that « < f, so that x < U 4;.
t=0

THEOREM 7.7: P4 - WE 3.

ProoF: Let x be an arbitrary set. We may assume without loss
of generality that x is transfinite. (See the remarks preceding 6.15.)
We shall prove first that

(i) There exists a function F such that for each y, Fy is a 1-1
function mapping I'(y) into P(P(P(y))). (See 3.1, 3.2, and 3.3).
Let o € I'ly) and let f be a 1-1 function which maps « into y. Then
for any such f let 4y = {z:(3B)[f < « and z = f"B]. If z € Ay then
z€ P(y) so that Are P(P(y)). Let Q = {Ay: (da)[x e I'(y) and fisa
1-1 mapping of « into y}. Then

() @ = 2(Z()).

There is a natural mapping from Q onto I'(y), namely, for each
AjyeQ associate the ordinal number which is the domain of f.
It follows from 3.5 that there is a natural 1-1 function % which
maps Z(I'(y)) into £(Q). Define .a function g from I'(y) to 2(I'(y))
such that for each z € I'(y), g(z) = {z}. Then for each z ¢ I'(y) define
Fy(z) = h{g(2)). Since g and % are 1-1 it follows from (ii) that
F, is a 1-1 function from I'(y) to Z(#(#(y))) which proves (i).

Now, let yo=12x, ¥i+1 = P(y;), and u = U I'(y;). Then it
i=0
follows from (i) that » < U ( y@ X {3 If u < U {y; X {£}} then by
i= i=0

P 4 there exists a finite integer » such that « < U (y; X {¢}).

i=
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n
Therefore, there exists sets #u; < y; such that u ~ U (1; X {i}).

i=

(=4

Then by 6.6 we have u = Xu; X {i}. But since % and u; X {7}
i=0 e
are alephs, it follows from 6.10 that % = max (#; X {i}). So that

there exists a § such that u = uy X {j} = ;. This implies u < y;,
which in turn implies the contradiction I'(y;) < yj.

Hence, we must have # = U (y; X {i}) which implies that

i=0
%=1y < #. But # is a set of ordinal numbers, therefore WE 3
follows.

The next proposition, P 5, is called the Tychonoff Compactness
Theorem. 1t is used quite frequently in topology. In 1935 Tychonoff
[1] derived P 5 from a maximal principle and later in 1950 Kelley [1]
proved the converse. We shall not attempt to give these proofs here.

P5: The product of compact spaces is compact in the product
topology.

Next, some metamathematical propositions, P 6-P 8, are con-
sidered. Vaught [2] in 1956 proved that each of them imply the
axiom of choice.

P 6: A formula having a model in a set of cavdinality n also has
a model in a set of cardinality m if Xo < m < n.

P 7: A formula having a model in a set of cardinality Ro also has
a model in a set of any cardinality greater than Ro.

P 8: If Qs a set of formulas in which the set of tndividual constants
has cardinality m and every finite subset of Q has a model, then Q
has a model in a set whose cardinality is not greater than m + Re.

(It is assumed that the formulas contain only finitely many
non-logical predicates).
We shall show that P8 - P7 - P 6 - CN 3.

THEOREM 7.8: P8 - P 7.

Proor: Let ¢ be a formula which has a model in a set x wherc
% = Ro. Let m be an arbitrary cardinal number such that Ko < m.

Let C be a set such that C = m and suppose x ~ C = A. For
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each a € C we define the formula ¢, as follows:
ga = (FD)[b = al.

For any a1, a3, ...,aneC, @, @,, @y, --., ., has a model in a
set defined as follows: Let x1, %3, ..., ¥y ex and suppose none
of the x;’s are individual constants of ¢. Replace the x;’s by the
a;'s and thereby obtain a model in x.

Let Q = {¢} v {ga: a € C}, then Q satisfies the hypothesis of
P 8. Hence Q has a model in a set whose cardinal number is not
greater than m + Ro = m. By construction of @, the cardinal
number has to be equal to m. Hence, ¢ has a model in a set of
cardinal number m, q. e. d.

The proof that P7 — P 6 requires the use of the well-known
Skolem-Liwenheim Theorem (see Skolem [1]) which states:

Every consistent set of formulas (with no individual constants)
has a model in a set of cardinality Ro.

The proof of this theorem does not require the use of the axiom
of choice in any form.

THEOREM 7.9: P7 — P 6.

ProorF: Suppose a formula ¢ has a model in a set of cardinality ».
Then ¢ is consistent. Therefore, by the Skolem-Léwenheim theorem,
@ has a model in a set of cardinality ¢, so that by P7 it has a
model in a set of any cardinality greater than Rp, namely m where
Ro<m < n, q.ed

TreEOREM 7.10: P 6 -~ CN 3.

ProoF: Let m be an arbitrary transfinite cardinal number. Let
n=2"% then n2=(2nN)2=om2® _om® _, 4pd g
< m < n. Consider the following formula:
S: (M@ HR(x, v, 2) and (x)(Y)(2)(+)(¥) () [R(*, ¥, 2) and
Rx',y.,2) > (z=2 o (x =1 and y = ¥'))].
An algebra (4, R) where 4 is a set and R a ternary relation is a
model for the formula S if and only if R is a 1-1 function mapping

A4 X A into 4 (so that (.;1_—)2 = 71). Clearly, the formula has a
model of cardinality » since #2 = n. Hence, P 6 implies it also
has a model of cardinality m. Therefore m?2 = m, q.e. d.
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The proof that the axiom of choice implies P 7 was given first
in 1936 by Malcev [1] and later in 1949 by Henkin [1]. The proof
will not be given here.

The propositions P 9 and P 10 are derived from a form given by
von Neumann! [2] and they are unusual because the axiom of
regularity is used to prove that the well-ordering theorem implies
them. It is not known whether it can be done without this axiom.

P9: If x 1s a non-empty set and A is a proper class then A can
be mapped onto x.

P 10: If x is a non-empty set and A is a proper class then x < A.
Clearly P 10 implies P 9.

THEOREM 7.11: P9 - WE 1.

Proor: Let x be a non-empty set and let 4 = O#, the class of
all ordinal numbers. P 9 implies that there is a function F which
maps On onto x. For each s ex, F~1"{s} is a class of ordinal num-
bers. Let «s be the smallest ordinal number in F-1"{s}. Then x is
equivalent to {as: s € x}. So that x is equivalent to a set of ordinal
numbers and can therefore be well-ordered.

THEOREM 2 7.12: AC 3 and WE 2 - P 10.

Proor: Let x be a non-empty set and 4 a proper class. Let

= {p(s): s € A} (See 6.3 for the definition of p. We shall assume
that £, the class of individuals, is a set). B is a proper class because
A is a proper class and the class of all sets with the same rank is a
set (6.3ff). Since B is a proper class of ordinal numbers it is equi-
valent to On. Let F be a 1-1 function mapping On onto B.

By WE 2, there is an ordinal number «, such that ¥ ~ a. Let
¢ be a 1-1 function which maps x onto «. By AC 3, there is a
function G such that for every § € «, G(8) € F(8). Define a function
y as follows: for each y e x,

v(y) =

Then p is a 1-1 function which maps x into 4, q. e. d.
P 11 is obtained from M 14(D) by changing the word “set” to
1 Von Nenmann actually lists our form P 1S as an axiom of set theory.

P 9 and P 10 are weaker forms.
2 The axiom of regularity was used in the proof.
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“class”. (See 4.14 for the definition of D.) In most cases when this
is done, the new proposition is stronger than the axiom of choice.
However, in this case, with the aid of the axiom of regularity, it
can be shown that P 11 1s equivalent to the well-ordering theorem.

P 11: Every class has a maximall sub-class which has the
property D.

Clearly P 11 implies M 14(D).
THeoREM 27.13: WE2 —» P 1.

Proor: Let X # A be an arbitrary class and let x ¢ X. WE 2
implies there exists an ordinal number « such that x ~ «. Let
¢ be a 1-1 mapping of « onto x. Also, On is equivalent to « X On.
(See Godel [1], p. 27, 7.71.). Let @ be a 1-1 mapping of On onto
o X On, and suppose for each e On, @(f) = <a(f), b(B)>.

For each 8 e On, define

S(B) ={y:yeX and (y)(z)(y < B and z € S(y)) —
(y nz # A and p(y) = b() and ¢(a(B)) € ¥)).

(We assume that .#, the class of individuals, is a set so that it
follows from 6.3 ff that S(B) is a set for each feOn.) In other
words, S(g) is the set of all elements of X which contain the a(8)™
element of x, have rank 5(f), and also intersect all elements of
Sy} for y < 8.

Let Y = U S(f), then, we say, Y is a maximal sub-class of X

BeOn . _
which has the property D. Clearly, from the definition of S(f),

Y < X and Y has the property D (that is, no two elements of ¥
are disjoint). Suppose Y is not maximal. Then there is a z¢ X,
zéd Y such that forall yeY, 2~ Y #£ A. Since xe Y, z n x 7~ A.
Since o ~ x, thereisa § < « such that ¢(8) ez, ~nud since On ~ o X On,
there is an ordinal number y, such that @(y) = <8, p(z)>. There-
fore, z € S(y) which implies z ¢ Y. This is a contradiction, q. e. d.

Since M 14(D) — M 14(Dy,) and M 18 and M 19, it follows that
if the word “set” is changed to “‘class’’ in each of M 14(5m), M 18,

1 Maximal with respect to inclusion, <.
2 The axiom of regularity was used in the proof.
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and M 19, the resulting propositions are equivalent to the set
form of the axiom of choice.

P 12 is quite similar to AC 4. It is actually an axiom of choice
for proper classes, but, since the axiom of regularity is used to
prove its equivalence to AC 4, we put it in this section.

P12: For every relation R whose domain is a set (its range may
be a proper class) there 1s a function f such that D(f) = 2(R) and
fER.

It is clear that P 12 —- AC 4.
THEOREM 1 7.14: AC4 - P 12.

ProoF: Let R be an arbitrary relation whose domain is a set.
Define a relation R’ as follows:

R’ = {Kx,y>: <x, y> e R and (2)[<x, 2> € R — p(y) < p(2)1}.

(We assume that .#, the class of individuals is a set, so that it
follows from 6.3ff that R’ is a set.) AC 4 implies there is a function
[ with 2(f) = 2(R’) and f < R’. Therefore, Z(R) = 2(f) and
SR, qed

P 13-P 15 are infinite distributive laws. P 15 is due to Collins 2 [1].
The others are generalizations of P 15.

P 13: For every non-empty set A, for every function B whose
domain is A and for each a € A, By is a set, and for every function
X whose domain 1s B o e 1(<a, by € B 0 e 1 (Ax)[<a, x> e B and
bex))

n UX,,= U nNX, ..
aed beB, fexBaaed

To obtain P 14 set X, , = b in P 13. Slightly stronger forms,
P 13s and P 14s, are obtained by allowing B to be a class-valued
function in P 13 and P 14. It is immaterial in the proof whether
X,pin P 13 is a set or a proper class.

1 The axiom of regularity was used in the proof.
2 Collins uses Quine’s axiom system for set theory in which the axiom of
choice is inconsistent. (See Quine [1] and Specker [1]))
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P 15: For every non-empty set A

n ub= U ni{fa
aed bed feC(d)acd
where C(A) is the set of all choice functions on 4.
ItisclearthatP 13 - P14 -P 15 P 13s -P 13, P 14s - P 14
and P 13s - P 14s.

THEOREM 7.15: P15 - AC3.

ProoF: Let f be an arbitrary function. (We may assume
f(x) # A for each x € Z(f).) For each x € 2(f) define a; = {{u, y}:
. € f(x)} where » is an arbitrary set. Define 4 = {az: x € Z(f)}.
If bea, for every az e A, then ueb, so that ue N U b. There-

azed beas

fore, by P15, we U N g(a). Hence, there is a ge C(4) such
geC(4d)azed
that for all aze A, ueg(ay). This implies, for all a;e A there

is an x € 2(f) such that g(a;) = {u, vy} where y e f(x). Define a
new function 4 such that 4 = {Kx, y>: x € 2(f) and g(az) = {u, v}};
then % is the required function.

TueoreMm 7.16: AC1 - P 13.

ProOF: Suppose we U N X, ., then there is an fe X B,
fex Bsacd ’ aecAd
such that ue X ;,, for every aeA. Therefore, for every ae 4

there is a b € Bq, namely b = f(a), such that « ¢ X, ,. This implies

e U X, , (Wehaveshown that the right side of the equation
acd beBa

in P 13 is a subset of the left side without using the axiom of choice.)

Next, suppose e N U X ,; then for every ae 4, there is a
aed beBs

beB, such that ue X, ,. Let Co = {b:be B, and ue X, ,}. By
AC 1, there is a function f such that f(Cs) € C, for all a e A. This
implies that we U N X, ..

fex Baaed

THEOREM 7.17: P12 — P 13s.

Proor: The proof is analogous to 7.16 until C, is defined. In
this case C, may be a proper class. So we define a relation R such
that <a,b> e R—aeAd and b e C,. P 12 implies there is a function
f such that 2(f) = A and f < R. Therefore, there is a function f
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such that f(a) € Cq, for alla € 4. Thisimplies thatwe U N X, ..
feXBaaed
(The axiom of regularity was used to prove AC 4 — P 12.)

THEOREM 7.18: P. 14s - P 12.

Proor: Let R be an arbitrary relation whose domain is 4. For
every ae A, define Bla] = {{u, t}: <a,t> e R}. For every aed,
if beBla], then ueb Therefore, ueN U b So by P l4s,

acAd beBlal
ue U N f(a). Which means that there is a function f such
fex Blal aed

that for all ae A, f(a) e Bla] and w e f(a). Which implies that
fla) = {u, t} for some ¢ such that <a, > ¢ R. Define g= {<a, t>:
<a, {u,t}> e f}. It is clear that g is a function. Moreover, 2(g)
= Z(R) and g < R, q.e.d.
The following implications have now been proved:
AC1 >P13—+P14 P15 —+AC3, and PI2-->P13s—>Pl14s
— P 12. The axiom of regularity was not used in any of these proofs.
Dual forms for P 13-P 15, P 13s and P 14s can be obtained

by interchanging union and intersection. We have U N X_,
aed beBa

=V~n UV~X,_, However, there is a little difficulty in
aeAd beBa
taking complements since the complement of a set is a proper

class. But it can be shown in each case that the dual form is equiva-
lent to the axiom of choice.
The next form is due to J. Konig {1]. (See also E. Zermelo {3].) 1

P 16: Let K be an arbitrary set and let A and B be functions

with domain K. If Ay < By for all ke K then U Ap < X By.
ke K keK

Clearly, P 16 — AC 6, for take Ay = A for each ke K.
Before proving the implication the other way, we first prove
the following lemma.

Lemma 7.19: WE | — For any set K and function A whose

domain 1s K, U Ay < U {k} X Ap.
keK keK

Proor: WE 1 implies that K can be well-ordered. We define

1 Konig [1] derives P 16 from the axiom of choice for the case that K
is denumerable and Zermelo [3] does it for the general case.
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a function f as follows: for each xe U Ay, f(x) = <k, x> where &
keK

is the first element of K such that x e Ax. It is clear that f is a

1-1 function from U Ay into U {k} X A.
keK keK

THEOREM 7.20: AC ! and AC3 and WE 1 — P 16.

ProoF: First, we may assume that Ek > 1 for all 2e¢ K. (For
suppose not. Let J ={k:keK and Br > 1}. Clearly U A

keJ
= U A4y, for if Bk=1 then A=A, and X By~ X B. If
—keK keJ ke K
By =1 for all k¢ K, P 16 holds trivially.) We may also assume

that the 4;’s are disjoint (by 7.19, U Ag < U {k} X Ag. Hence,
keK

if P16 holds for the disjoint fam1ly {{&} X Ax: ke K}, it also
holds for {Ax: k€ K}).

Since Ag < By, for each % € K, there is a 1-1 function mapping
Ay into Bg. AC3 implies there exists a function y so that for
each k € K, p(k) is a 1-1 function mapping 4 into Bg. Also, since
Ag < By, B ~ y(k) "Ar # A, AC 3 implies there exists a function
¢ such that for each %€ K, ¢(k) € By ~ y(k)" Ap.

Define a relation f as follows: if x € A%, 7, ke K,

. é(7) if 7 #4,
x)() = o
1)) {w(k)(x) if 1 =k
Clearly, 2(f) = U Ag. For each xe U Ay, there is one % such

keK keK
that x € Ay (since the A’s are disjoint), therefore, f(x) is uniquely

determined. For each je K, f(x){j) e By. Hence, f is a function

mapping U A into X Bjy. Next, we wish to show that fis 1-1.
keK keK

By the definition of f, x e Ay if and only if f(x)(k) = w(k)(x).

Therefore, if f(x) = f(¥), f(x)(j) = f(y)(j) for all je K. Hence,

there exists a k€ K such that x, y € Az. Moreover,

w(k)(x) = (@) (&) = [() (k) = p(A)(¥).

Since (k) is a 1-1 function, ¥ = y. Hence, f is also 1-1. We have

shown that U A; < X Bi. It remains to be shown that the
keK keK

union and product are not equivalent.
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Let C € X Bi and C ~ U Ay, then C = U Cy where the Cy's
keK keK keK

are disjoint and Cx ~ A, k€ K. Define Dy = {g(k): g € Ci}, then
Dy < Bg. Moreover, Dy <x Ci (that is, there exists a function
which maps Cj onto Dy), and since Cg ~ Ay, we also have
Dy <* Ag. 1t follows from AC 1 that Dy < Ag. Since Dy < By
and Ay < By, it follows that Dy < By. Therefore, By ~ Dy # A4,
so that AC 3 implies there exists a function % such that for each
ke K, h(k) e By ~ Dy. Clearly, 2e X Bg, but by the definition

keK
of Dy, h¢ C. Hence, C # X By and U Ay < X Byg, q.e. d.
keK keK keK

P 17 and P 18 are the next two forms to be considered in this
section. We assume, for these two forms, that there are no indivi-
duals. (It could be shown that it is sufficient to assume that the
class of individuals can be well-ordered.) 1 Moreover, in order to
prove that these forms imply the well-ordering theorem, we use
the full definition of rank (6.3).

P 17: The power set of a well-ordered set can be well-ordered.
P 18: Every linearly ovdeved set can be well-ordered.

We may assume without loss of generality that the well-orderings

are reflexive.
Clearly WE 1 — P 17 and P 18.

THEOREM 7.21: P 18 - P 17.

ProOF: Suppose x is a well-ordered set. We define a relation R
on P(x) as follows: if s, teP(x), s Rt the first element of
(s v #) ~ (s nt) belongs to ¢. P(x) is linearly ordered by R, hence
P 18 implies Z(x) can be well-ordered.

THEOREM 2 7.22: P17 - WE 1.

Proor: We shall prove by induction that for every ordinal
number «, there exists a function R such that for every g < «,
R is a reflexive well-ordering of z(8) = {x: p(x) = B}. (See 6.3 for
the definition of rank, p.)

1 There is another form of the axiom choice given by Kruse which makes
this same assumption, but because of the complexity of the form we shall

not give it here. (See Kruse [1] p. 552).
2 The axiom of regularity was used in the proof.
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Let w(f) = {x: p(x) < B}, and let
A= I'(w(x) (see 3.1 for the definition of I)
= {y:y < w(®)}.
Since A is a set of ordinal numbers it can be well-ordered. There-

fore, P 17 implies that there exists a relation S such that S well-
orders &(1). (We shall assume S is reflexive.)

2(0) = {4} so that Ry is well defined.

Suppose R, is defined for all y << f(<< «). Define

DP)=UR,v U zy X z(9).

y<p y<oé<g

®(p) is a well-ordering of w(f). For each reflexive well-ordering
P, 2(P) is equivalent to an ordinal number and there is just one
1-1 function ¥p which maps Z(P) onto that ordinal number
preserving order. (See Godel [1] p. 27). Then ¥, is a 1-1 mapping
of w(f) onto an ordinal number. We have

Tw(ﬂ)(x) < YIm(ﬁ)()’) < xD(B)y,
and
':pdb(ﬂ)”w(ﬂ) <A
It follows from 6.4 that if x, y € 2(8) then x, y e Z(w(f)) so that
we define Rg as follows:

xRgy o W2 S ¥Poupy.

Then clearly Ry is a reflexive well-ordering of z(f), q. e. d.

P 19 is put in primarily as a curiosity. Blair and Tomber [1]
discuss two forms of the axiom of choice for finite sets. It was
pointed out to them by H. Rubin that if a slight change was
made in the wording of these two forms, one would obtain two
forms of the general axiom of choice. (This is noted in Blair and
Tomber’s paper.} P 19 is a generalization of these two forms.

P 19: Let R be a transitive, anti-symmetric velation on a non-
empty set x. Consider the set 2 = {s:sex and tex and s # t and
t R s}. Suppose, for each t € x, there is an R-minimal element u € z;
such that w R s for each s € z¢, u % s. Then there exists an R-linearly
ordered subset of x with no R-upper bound.

We shall show that P 19 is equivalent to M 1.
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THEOREM 7.23: M1 - P 19.

Proor: Let x be an arbitrary set and R a transitive relation
on x. Suppose x has an R-maximal element m. Then 2, = A and,
hence, the hypothesis of P 19 fails to be true. Therefore, if the
hypothesis of P 19 is true then x has no R-maximal element.
So that the contrapositive of M | implies that x has an R-linearly
ordered subset with no R-upper bound, q. e. d.

THEOREM 7.24: P19 - M 1.

ProoF: Suppose M 1 is false. Then there exists a set ¥ and a
transitive, anti-symmetric relation R defined on x (we can assume
R is anti-symmetric without loss of generality) such that every
R-linearly ordered subset of ¥ has an R-upper bound and x has
no R-maximal element. Let N be the set of integers. We define a
relation S on x X N as follows: if ¢s, m), &, nd>ex X N then
s,m)S<,nyifs #A#tand sRtors=1¢and m < n. x X N satis-
fies the hypothesis of P 19, because if <s, m> S <¢, #> then <s, m> S
s,m -+ 1> and <s,m + 1> S, n) or <s,m 4+ 1> = <, n). Hence,
(s, m -+ 1> is an S-minimal element of zq,my such that for all
<t 0y € 2s,mp, <S,m 4 1) £ &, ny, (s, m + 1> S<E, .

Let % be an S-linearly ordered subset of x X N, and lety = 2(u).
Then y is an R-linearly ordered subset of x. Every R-linearly
ordered subset of x has a strict R-upper bound. If not then an
R-upper bound would be an R-maximal element of x. Let b be a
strict R-upper bound of y. Then <b, 0> is an S-upper bound of #.
This contradicts P 19, q. e. d.

P 20, which is the last form to be considered in this section,
is due to Tarski [8].

P 20: It is not the case that there exists a set x such that if
y = P(x) ~{A} and F = {f: | is a function mapping y into x} then
there exists a function g such that D) =F, Rg) <y and
1e(h) ¢ gf) for all f < F.

Turorem 7.25: AC1 - P 20.

ProoF: Suppose P 20 is false. Then there is a set x and a function

gsuch that 9(g) = F, Z(g) = s < vy, and f(g(f)) ¢ g(f) for all fe F.
This implies that s is a set for which AC 1 does not hold, q. e. d.
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THEOREM 7.26: P20 — AC 1.

Proor: Suppose AC 1 is false. Then there is a set x such that
for every fe F, there is a zey such that f(z) ¢ z. Suppose u ¢ x;
then define

f(x ~ hf"oc) if ]‘(x ~ hf”oc) €EX ~ hf”a,
% otherwise.

hila) = {

Just as in the proof of 2.8 (for G) we can prove that Ayl is
1-1 on #(ks) ~ x and therefore there exists an « such that As(x) = u.
Let « be the smallest ordinal number such that « € {8: 2(8) = u}.
If 25" = x, then it follows, just as in 2.8, that x can be well-
ordered. But then, it is clear that we can find a function f € F such
that for all z ey, f(2) € z (just take f(z) to be the first element of z)
so this contradicts our assumption that AC 1 is false. Therefore,
hy"« < x, so define g(f) = ¥ ~ hf"a. Then g has the property that
D) =F, Z(g) < y and f(g{f)) = u ¢ g(f), so that this contradicts
P20, qed

In conclusion we shall summarize the work in section 7 by
indicating where the axiom of regularity was used in proving
equivalences. All the propositions given in sections 1-6 were shown
to be equivalent without using the axiom of regularity. In section 7
the following propositions were shown to be equivalent without
using the axiom of regularity:

A: P1-P8, P13-P16, P19, P20, AC1 (all forms given in
sections 1-6).

B: P12, P 13s, P 14s.

In the following diagram when we write for example B — A,
we mean one of the equivalent propositions in B implies one of
the equivalent propositions in A.
P11
P1O-P 9-A>P18->P17.
B /
Band P9 — P 10.
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Using the axiom of regularity and that the class of individuals
is a set, it was shown that A -P 11, A >P 10, and A — B.
(It could have been shown that it was sufficient to assume the
axiom of regularity and either the class of individuals is a set
or the class of individuals can be well-ordered.) Using the axiom of
regularity and the class of individuals can be well-ordered, it was
shown that P 17 — A. (In proving the former implications the
only property of rank that was needed was the class of all sets
with the same rank is a set while in proving the latter implication
other properties of rank were also used.)



PART 1I

CLASS FORMS

We now turn to the class forms of the axiom of choice. There
is not very much in the literature on the class forms since they are
hardly ever used in practice. In 1925 J. von Neumann [1] listed
P 1S as an axiom of set theory (Axiom IV 2) and stated that the
well-ordering theorem can be derived from it. In 1928, von Neu-
mann [2] proved that his Axiom IV 2 implies that the universe
can be well-ordered. In 1940, Gddel [1] used AC 1S as an axiom
of set theory ! and Bernays [2], in 1941, used AC 4S as an axiom.
Bernays also proved the equivalence of AC 4S and AC 5S.

For each set form of the axiom of choice in Part I which has the
form — “For every x there exists a y such that P(x, y)”, where P
is a property — we can construct the class form — “There is a
function F such that for every x, P(x, F(x))”. For an example
of this see WE 1 and WE 3S. Another example is a class form of T:

There is a function F such that for every two sets x and v,
F(x,v) is a 1-1 function of a subset of x into y such that either
D(F(x,9)) = & or R(F(x,9) = y.

The proofs that all class forms of this type are equivalent are
similar to the corresponding proofs for the set forms. It is clear
that class forms of this type imply the corresponding set forms.
We shall not give all such class forms here.

In many cases a class form can be obtained from a set form
merely by changing the word “set” to ‘“class”. (For example,
see AC1 and AC1S, AC2 and AC2S, AC3 and AC3S, AC4,
P 12, and AC4S, etc.) In other cases other changes have to be

1 Actually, Godel stated the following form as an axiom: There is a
function F such that for every non-empty set », F(#) e x. (Axiom E). But
this is clearly equivalent to AC 1S.
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made also. (See, for example, M 1S-M 4S). In some cases there
are other methods for strengthening set forms. (See, for example,
MR 6S and MF 3S.) There are also some class forms which have
no analogue in Part I (MR 14S(U) and MR 14S(U). We shall not
attempt to give all the class forms which are obtainable from the
set forms of Part I.

1. The Well-Ordering Theorem 1

WE 15-4S are class forms of WE 1, WE 55 is a class form of
WE 2, and WE 6(m)S-WE 8S are class forms of WE 4(m)-WE 6.

WE 1S: There is a relation R such that every set 1s well-ovdered
by R.

WE 2S: There is a velation R such that every class is well-ordered
by R.

WE 3S: There is a function F such that every set x is well-ordered
by F(x).

WE 4S: There is a relation R such that R well-orders V and every
proper initial R-section of V s a set.

WE 58: If X is a proper class then X s equivalent to On.

Let m be a natural number, m > 1.

WE 6(m)S: For every class X there exists a function F defined
on On such that F(o) < m for every w e On and U Fla) = X.

aeOn

WE 7S: There exists a natural number m > 1, such that
WE 6(m)S.
WE 8S: For every class X theve exists a natural number m > 1

and a function F defined on On such that F(a) < m for every a« € On
and U Fla) = X.

xeOn
The following implications are immediate:

WE 55 - WE 25 -~ WE 1S - WE 35S, WE 55 — WE 4S5,
WE 6(1)S— WE 55, WE 6(m)S — WE 6(n)S if m <, and

1 The letter “S” will follow the number of each proposition, definition
and theorem of Part II.
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WE 6(m)S — WE 7S — WE 8S.
THEOREM 1.1S: WE 45 — WE 5S.
Proor: Use Theorem 7.7 in Gddel {1], p. 27.
THEOREM 1 1.25: WE 35S — WE 45,

Proor: Suppose F satisfies WE 3S. Define R as follows:
x Rye [(p(x) < ply) or (p(x) = p(y) and x precedes y in the well-
ordering of {z: p(z) = p{x)} by F({z: p(z) = p(x)})]. (See 6.3 f{.)

R is clearly an ordering of the universe. Moreover, if x is a set,
{y:y Ra} < {y: p(y) < p(x)}. We shall assume that £, the class
of individuals, is a set so that the latter class is also a set. Hence,
every proper initial R-section of ¥ is a set.

It is also clear that R is connected. Therefore, to prove R well-
orders V, it is sufficient to show that every non-empty subclass
of V has an R-first element.

Let A < V and 4 # A. The elements of A4 are partially ordered
by their rank. Let « be the smallest ordinal number which is
the rank of an element in 4 and let B = {x: x ¢ 4 and p(x) = «}.
B is a set since . is a set. B is well-ordered by R by construction.
Let & be the R-first element of B. Then b is also the R-first element
of 4, q.e. d.

THEOREM 1.3S: WE 8S - WE 5S.

ProorF: The proof is similar to 1.1, but here it is sufficient to
take the universe, V, as the proper class and therefore, we auto-
matically have V' X V < V. Here (i) becomes

(') meN if (AF)[F is a function, D(F) = On, U F(a) =V,

xeOn
and («)[« € On — F(«) < m]] and (ii) becomes

(ii) If m is a natural number such that m > 1 then meN
implies m — 1 € N. The proof goes through just as in 1.1.
It has now been shown that WE IS-WE 8S are all equivalent.

2. The Axiom of Choice

Forms AC 1S-ACS5S and AC7(m)S-AC9S may be obtained
from the corresponding set forms by substituting the word “class”

1 The axiom of regularity was used in the proof.
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for “set” in the appropriate places. AC 6 has no class analogue
because the cartesian product of a proper class of non-empty sets
is empty. (This was noted by A. Tarski.)

AC1S: If S is a class of non-empty sets, there is a function F
such that for each x € S, F(x) € x.

AC2S: If T is a disjoint class of non-empty sets, there is a class C
which consists of one and only one element from each set in T.

AC3S: For every function F there s a function G such that for
every x if x € D(F) and F(x) # A then G(x) ¢ F(x).

ACAS: For every relation R there 1s a fumction F such that
9(F) = 2(R) and F < R. (See P 12)

AC5S: For every function F there ts a function G such that
D(G) = R(F) and for every x € 2(G), F(G{x)) = x.

Let m be a natural number, m > 1.

ACT7m)S: If S is a class of non-empty sets, there is a function F
such that for every x €S, F(x) £ A, F(x) < x, and F(x) < m.

AC 8S: There exists a natural number m > 1 such that AC 7(m)S.

AC9S: If S is a class of non-empty sets, then there is a natural
number m > 1 and a function F such that for every x € S, F(x) #4,
F{x) c x, and F(x) < m.

The proofs that AC 1S-AC 5S are equivalent are the same as
the corresponding proofs for the set forms with one exception.
The proof that AC 3 -~ AC 4 (see 2.7) does not hold for the class
forms because for some x ¢ 2(R) (where R is the relation described
in AC 4S), {y: <x, ¥> € R} may be a proper class.

To prove AC 35S — AC 4S we introduce the following principle
which is weaker than the axiom of regularity or the existence of
rank.

PR: For every relation R there exists a relation S such that
DR) = D(S), S © R and for every x, S"{x} 1s a set.

LEmuMA 2.1S: The axtom of regularity and F is a set imply PR.

ProoF: Let R be an arbitrary relation. Define S as follows:

xSy xRy and (2)[x Rz — p(y) < p(2)]. It follows from 6.3 ff
that S"{x} is a set for all «.
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It is clear that AC 4S also implies PR.
THEOREM 2.25: PR and AC 3S — AC 4S.

Proor: Let R be an arbitrary relation. PR implies that there
exists a relation S such that 2(R) = 2(S), S < R and for every x,
S"{x} is a set. For each x € Z(S) define a function F as follows:
F(x) = S"{x}. AC3S implies there is a function G such that for
every x, if xe Z(F) and F(x) % A then G(x) e F(x). G is the
required function, q.e. d.

We have now shown that AC IS-AC 5S are all equivalent. We
shall show next that they are also equivalent to the well-ordering
theorem.

Clearly WE 35S — AC 1S.

THEOREM 2.35: AC 1S - WE 3S.
ProorF: AC 1S - AC.1 - WE 1. For every non-empty set x, let
Sz ={R: R < x X x and R well-orders x}.

WE 1 > S; #A4.Let S = {S;: x ¢ V}. By AC 1S there is a function
G such that for each S;e S, G(S;) € S;. Then, for each xeV,
define F(x) = G(Sz). F is the required function.

Also, without using the axiom of regularity we can prove the
following:

THEOREM 2.4S: WE 2S — AC 4S.

ProoF: Let R be an arbitrary relation. By WE 25 there exists
a relation S, such that for every class X, X can be well-ordered
by S. Define a function F as follows. If x e Z(R) then F(x) = S-
first element of {y: x R y}. F is the required function.

Just as in the case of the corresponding set forms of the axiom
of choice the following equivalences are clear: AC 1S« AC 7(1)S,
AC7(m)S — AC7(n)S if m < n, and AC7(m)S — AC 85— AC 9S.
So that now it remains to be shown that AC 9S implies a form of
the well-ordering theorem.

Tueorem ! 2.55: AC9S - WE 8S.

Proor: (The proof is similar to 2.9 but here we have to use the
axiom of regularity and assume .£ is a set).

1 The axiom of regularity was used in the proof.
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Let S be the class of all non-empty sets. Then by AC 9S there is a
natural number m > 1, and a function F such that for every
xeS, F(x) # A, F(x) < x, and F(x) < m. Define a function G
on On as follows:

G(a) = F({x: x¢ U G"a and ()[y ¢ U G"& - p(x) < p(y)T})-

Then just as in 2.9 we can prove

(1) Glis 1-1 on Z(G) ~ S and

(2 UG"On=1V.

Now, WE 8S follows.

Before concluding this section we shall mention another propo-
sition which is clearly weaker than the axiom of choice, but with
its help we can prove WE 1S implies WE 25. We state it here,
rather than in section 1, because it is a direct consequence of

AC 4S. Tt is called the Principle of Dependent choices (PD) and
is due to Tarski [5].

PD: For every mom-empty relation R, if Z(R) < D(R) then
there is a function f, D(f) = set of natural numbers, such that for
each natural number n, f(n) R f(n + 1).

THEOREM 2.65: AC 4S — PD.

Proor: Let R be a relation which satisfies the hypotheses of
PD. By AC4S, there is a function G, such that 2(G) = Z(R)
and G < R. Let x ¢ Z(R). Define

o) = x,
flm + 1) = G(f(m)).

Then f is clearly the required function.
TaEOREM 2.7S: WE 1S and PD — WE 2S,

ProoF: Yet W be an irreflexive relation which well-orders every
set. Suppose W does not well-order the universe. Then there is a
non-empty class A such that A has no W-first element. Define a
relation R as follows:

R={xy:xeA,yed and <y, x> e W}. Since A has no W-
first element, P(R) = A. Therefore, R satisfies the hypotheses
of PD. Hence, there is a function f such that for each natural
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number », {f(n), f(r + 1)}> e K. But, by the definition of R, this
implies that (f(n + 1), f(n)> e W for each #. So that the set
{{(n): m is a natural number} has no W-first element. This is a
contradiction, q.e. d.

3. Maximal Principles
M 1S5-M 4S are class forms of M 1-M 4.

M 1S: If R is a transitive velation on a non-empty class X and
if every subset of X which is linearly ordered by R has an R-upper
bound then either there is an R-maximal element in X or X has a
subclass which is a proper class and which is linearly ordered by R.

M 2S: If R is a transitive rvelation on a non-empty class X and
if avery subset of X which is well-ordered by R has an R-upper bound
then either there ts an R-maximal element in X or X has a subclass
which is a proper class and which is well-ordered by R.

M3S: If every non-empty nest which is a subset of a non-empty
class X has its union in X, then either X has a maximal element 1
or there is a subclass of X which is a nest and a proper class.

M 4S: If every non-empty well-ordered nest which is a subset of a
non-empty class X has its union in X, then either X has a maximal
element 1 or there is a subclass of X which is a well-ordered nest and
a proper class.

Consider the following set forms: M 5-M 13, M 14(D), (J), (K),
(M 14(K) =M 6), M 14(Dy,), M 16, M 17, and M 23. If, in each
of these forms the word “set” is changed to “‘class”, we obtain
class forms, M 55-M 13S, M 14S(D), (J), (K), (M 14S(K) = M 6S),
M 14S(Dy,}, M 16S, M 17S, and M 23S. 1f the word “set” is changed

to “class” in M 14(D) we obtain P 11 which is equivalent to a
set form. The same is true for M 14(Dy,), M 18, and M 19. If in
M 14(J), the word “set” is changed to “‘class”, we do not know
if the resulting proposition is equivalent to any form of the axiom
of choice. However, we were able to prove that the following
propositions are equivalent to the class form of the axiom of choice

when 4 is replaced by J or K.

1 Maximal with respect to inclusion, <.
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M 15S(A): The wuniverse can be anti-symmetrically linearly
ordered and every class has a maximal subclass which has the
property A.

As was pointed out in Part I (preceding Definition 4.14), if
X and Y are distinct, non-empty sets then exactly one of the
following properties hold: X DY, X KY, or XJ Y. However,
in the case X and Y are classes there is another possibility to
consider, namely X v Y = T.

DeriNiTION 3.1S: Let X and Y be classes;
B XUYiHXoY=V,
i) XUYifXvY #V.

The property U is dual to D. (Thatis, XD Y~ (V~X) U (V ~Y)).
If X and Y are distinct, non-empty, non-universal, and non-com-
plementary classes then exactly one of the properties D, K, J,
and U hold between them. D, K, J, and U are the complements
of D, K, J, and U respectively, therefore, we must have D = K
orJorU K=DorJorU,J=DorKorU,and U =Dor K
or J. For the sake of completeness we shall also consider the six
properties, D or K (DK), D or J (DJ), D or U (DU), K or J (KJ),
K or U (KU), and J or U (JU), which in this case are not the
complements of D, K, J or U.

It would be mmpossible to state the form M 145(4) where U
or U is substituted for A because it would be necessary to con-
struct a class of classes. In order to avert this difficulty we introduce
a relation in an appropriate manner.

MR 14S(A4): For every relation R and class X there exists a
maximal subclass 1Y such thatforall x,y e Y, x % y, R"{x} A R"{y}.

MR 14S(A4) is equivalent to the class form of the axiom of
choice if A =D, D, J, J, K, Dy, Dy, U, U, DK, DJ, DU, KJ,
KU, or JU. (Dp, and Dy, are not binary properties so that by
MR 14S(Dy,) we mean the following:

For every relation R and class X there exists a maximal sub-

1 Maximal with respect to inclusion, <.
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class Y such that for all y1, ve, ..., ym € Y, yis distinct,
N R"{y;} = A. Similarly for Dy.)
i=1

The following propositions are also equivalent to the class form
of the axiom of choice.

MR 15S(K): The wuniverse can be anti-symmetrically linearly
ovdered and for every relation R and class X there exists a maximal
subclass 1 Y such that jor all x, y e Y, x # y, R"{x} K R"{y}.

MR 16S: There exists a natural number m > 2 such that
MR 14S(Dyp).

MR 17S: For every relation R and class X, there exists a natural
number m > 2 and a maximal subclassl Y such that for all

m
Y1, V2 - - -, Yme Y, yi's distinct, N R"{y;} = A.
i=1

MR 18S: There exists a natural number m > 2 such that

MR 145(D ).

MR 19S: For every relation R and class X, there exists a natural
number m > 2 and a wmaximal subclass 1 'Y such that for all
yl) }’2, oo -y ym € Y’ n R”{y@} # A

i=1

While we were not able to prove M 14S(J) equivalent to the
other class forms we are able to prove MR 145(J) equivalent to
a class form. Even though M 14S(D), M 18S, and M 19S are equi-
valent to a set form, MR 145(D), MR 18S, and MR 19S are equi-
valent to a class form.

The following proposition is put in primarily for convenience in
proving certain equivalences.

MF 3S: Let F be a class valued function, IT a predicate such that
for each class X,
(i) I X]e@x)x s X >xeD(F) and Flx] ¢ X]
(i) x < F[x] for all x e D(F) and
(1i) ¢f for every nom-empty mest y = D(F), II[ U Fly]], then if

ye¥
1 Maximal with respect to inclusion, <.
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there ts a class which has the property II, then there is a maximal
class 1 which has the property II.

There is also a form MF 4S which is obtained from MF 3S
merely by requiring the nest to be well-ordered. MF 35S and MF 4S5
are class forms of M 3 and M 4.

The final maximal principle to be considered in this section is
AL’ 3S which is obtained from AL’ 3 by changing the word “‘set”
to “class” wherever it occurs. We shall not consider the class forms
corresponding to the other set forms in sections 5 and 6.

We shall now proceed to prove that all these propositions are
equivalent. In many cases the proofs of equivalence for the set
forms carry over for the corresponding class forms. However, in
some cases the proofs do not carry over because the constructions
would lead to a class of classes for the class forms. It is usually
possible to avoid this difficulty by using the notion of rank and
we shall indicate how this is done in the theorems that follow.

We shall first prove the following:

(I) M5S > MR 14S(K) — M6S <> M 1Se> M2S > M3S > M4S < M23S.

(Note: M 6S is the same as M 145(K).)
Clearly M2S - M 1S —~M3S and M 2S - M 4S - M 3S.

THEOREM 3.2S: M 3S — M 2S.

Proor: Let X be an arbitrary class and R a transitive relation
on X. Define Y as follows:

Y ={s:s € #(X) and (x)[x ¢ s — R is a well-ordering on x] and
(x)(y)[x, vy € s >« is an initial R-section of y or y is an initial R-
section of x]}.

Let n < Y be a nest, then ne Y. Hence, by M3S, Y either
has an R-maximal element or a subclass which is a nest and a
proper class.

Suppose the first alternative holds. Let m be an R-maximal
element of Y, then U m can be well-ordered by R. The hypothesis
of M 2S implies that Um has an R-upper bound, 4. b is an R-
maximal element of X.

1 Maximal with respect to inclusion, <.
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If the second alternative holds then there exists a nest N € Y
such that N is a proper class. UU N is then a subclass of X which
is a proper class and is well-ordered by R, q. e. d.

It is clear that MR 14S(K) - M 65. We shall show next that
M6S —M3S, M 1S —>M6S, M35— M 23S, and M 5S— MR 14S(K).

THEOREM 3.35: M 6S — M 3S.

Proor: Let X be an arbitrary class. By M 6S, there exists a
maximal subclass N < X which is a nest. If N is a proper class
then X has a subclass which is a proper class and is a nest. If N
is a set, then by the hypothesis of M3S, UNeX and UN is
clearly a maximal element of X.

THEOREM 3.45: M 1S —> M 6S.
ProoF: Let X be an arbitrary class. Let
Y = {x: x < X and x is a maximal nest in X ~ £(U x)}.

Y is partially ordered by inclusion. Let s be a linearly ordered
subset of Y. We note that M 1S ->M 1 — M’ 6. M’ 6 implies that
there is a maximal nest y such that

(i) Uscy < PUUs).

It is clear that y is an upper bound of s since Us < y. We claim
also that y € Y because since & and U are monotone (i) implies

(i) Z(UUs) = Z(Uy) < P(ULPUU s)).

But for any set z, U Z(z) = 2. Therefore, from (ii)) we obtain
PUUs) = PUy). Hence, yeY.

M IS implies that either Y has a maximal element, which is
clearly a maximal nest in X, or Y contains a subclass S which is
a proper class and is linearly ordered. U S is clearly a nest and
we claim that U S is a maximal nest in X, For suppose not. Suppose
there exists a # e X such that US v {#} is a nest. Then either
v € u for all ve U S or there exists a ve U S such that # < ».
In the first case, UU S < » which is a contradiction since # is
a set and S is a proper class. In the second case, v € U S implies
there exists an x e S such that vex. x v {u} = US v {u}, there-
fore, x v {u} is a nest. Moreover, since # < vex, % v {u}
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€ X ~n2(Ux). But this is a contradiction because x e Y, there-
fore x is supposed to be a maximal nest in X ~n #(Ux), q.e. d.

THEOREM 3.5S: M 23S — M 3S.

Proor: Let X be an arbitrary class. We define a relation R on
X X On as follows: If ¢s, ap and ¢, > € X X Onthen<s, ad R <&, B
s <tand « < B or s =1{, s is maximal, and « < . We define
a function F on X X On as follows:

F(Ks, ) = {{Ks, }} v {F(KS', ad): <s", a”> R<s, o
and <s', «"> € X X On}.
It is easily shown that
F{¢s, ) = F(<E, B) = <s, a0 = &, B,
F(s, @) e F(t, B) e <5, o> R<E, B (see 4.60).

M 23S implies that {F(¢s, a>): <s, > e X X On} has a maximal
subclass Q such that for every S, TeQ, SeT or T € S. Therefore
X X On has a maximal subclass K which is linearly ordered by R.

Suppose X has no maximal element. Z(K) is a nest. If 2(K)
is a set then by the hypothesis of M 3S, U Z(K) ¢ X and therefore,
U Z(K) would be a maximal element of X. Hence, if X has no
maximal element Z(K) is a sub-class of X which is a nest and a
proper class.

THEOREM 3.6S: M 3S — M 23S.

Proor: Let X be an arbitrary class. For any set x define
N =xowUxuvUUx v ..., Also, define Y ={y:y = X and
y is a maximal subset of X ~ N(y) which is connected by e}. It
follows from M 23 that Y £ A. If Y has a maximal element that
proves M 23S. If Y has no maximal element then M 3S implies
that there exists a nest Z contained in Y which is a proper class.
We claim U Z is a maximal subclass of X which is connected by e.

It is clear that U Z is a subset of X which is connected by e.
Suppose U Z is not maximal. Suppose there is an xe X ~UZ
such that ({x} v U Z) is connected by e. Therefore, for all y, if
yelU Z then either yex or xey. Since UZ is a proper class
UZ & x, therefore there exists a y e U Z such that x ey. Since
yeUZ there is a teZ such that yef Since Z < Y, te Y, and
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since xeyet, xeN(f). Since {x} v U Z is connected by ¢ and
t < UZ it follows that {x} vt is e-connected. However, ¢ is a
maximal subset of X ~ N(f) which is e-connected, therefore,
xet. Hence, x e UZ. But this is a contradiction so that UZ is
the required class.

THEOREM 3.7S: M 55 — MR 14S(K).

ProoF: Let R be an arbitrary relation. Define a relation S as
follows:

xSyeox, ye2(R) and R"{x} = R"{y}.

S is a transitive relation so that by M 5S, there exists a maximal
subclass X of 2(R) which is linearly ordered by S. X is the required
class.

TreEOrREM 3.85: MR 145(K) - M SS.

ProofF: Let R be an arbitrary transitive relation. (We may
assume without loss of generality that R is reflexive, for if not just
consider R v I instead of R). Then we claim

(1) x Ry~ R"{y} = R"{x}.

For suppose ¥ Ry and z € R"{y}. Then y R z so that by the transi-
tivity of R we obtain x R z which implies z € R"{x}. Now suppose
R"{y} = R"{x}. Since R is reflexive, y e R"{y} which implies
y € R"{x} which implies x R y.

Hence, it follows from (1) that MR 145(K) — M 5S.

Next we shall prove:

(IT) WES5S -~ MF 38~ AL’ 35S+ M 7S - M 13S - M 85« M 9S

- MI10S-M11S—- M 125 MR 145(4) 1 — M 5S.

The arguments that the following chain of implications hold are
analogous to the corresponding arguments for the set forms.

M7S ->M13S -M85 ->M9S-MI10S >M12S-»M11S —>M5S.

We can also prove the following without use of the axiom of
regularity:

THEOREM 3.95: M 11S — M 8S.
1 Where 4 = D, J,J, U, U, DK, DJ, DU, KJ, KU, or JU.
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Proor: Let R be an arbitrary relation. We define a relation *R
as follows:
x,v> e *Ro {x, 9} X {x,9} € R.
Foranyclass X, X x X € * R~ X X X < R. Since, *R v*R-1 0]
=*R,M11S - M 8S.

TrEOREM 3.10S: M 11S — MR 145(D).
ProoF: Let R be an arbitrary relation. Define a relation S as
follows:
xSyox,ve2(R), x #y, and R"{x} D R"{y}.

S = S§-1, therefore, M 11S implies that there exists a maximal
subclass YV of X such that Y X Y = § v /. This is an equivalent
way of saying that Y is a maximal subclass of X such that for
all x, yeY, x £y, R"{x} D R"{y}.

In an analogous way we can prove that M 11S — MR 14S(4)
iftd=D,J,J, U, U, DK, DJ, DU, KJ, KU, or JU. In a similar
way we can prove M 13S — MR 145(4) if 4 = Dy, or Dy,

TraeorREM 3.11S 1: MR 145(D) - M 11S.

Proor: Let R be an arbitrary relation. Define a relation S as
follows: If x € 2(R),

xSy (Fz)y = {x, 2} and <x, 2> ¢ (B ~n B-1) U 1.
(That is, <x,2> ¢ R and <z, x> ¢ R or x = z.)
If x, ye2(S), x #y, then S"{x} £ S"{y} because {x} e S"{x}

but {x} ¢ S"{y}. If x £y, then S"{x} ~» S"{y} < {{x, ¥}}.
If X ¢ Z(R)y = 2(S), the following statements are all equivalent:

(i) S"{x} D S"{y}, forallx, ye X, x £ y.

(i) S{x} ~nS"{y} =4, forall x, ye X, x # y.

(iii) <x,»¢B AR forallx, yeX, x #y.

(iv) <v, e Rv R} forallx, yeX, x # y.

v) X x XcRuvR1lul qed

1 We will prove that the relations in the preceding footnote are universal,
that is, given any symmetric relation R and any of the above 4, there is a
relation S such that whenever » sy, ¥Ry if and only if S"{#}4S5"{y}. A

simileir remark holds for the set forms and was used by Kurepa [1]. For D
and D this was previously observed by Szpilrajn-Marczewski [1].
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The same proof will hold if D is replaced by DK, DU or J.
By duality an analogous proof will hold for U and KU.
TuEOREM 3.12S: MR 14S(D) - M 11S.
ProOOF: Let R be an arbitrary relation. Define a relation S as
follows: If x e Z(R)
xSye (A2)y ={x,z}and &, 2> e R v R V]

Just as in 3.11S we have if x, y e 2(S), x # y, then S"{x} & S"{y}
and S"{x} ~ S"{y} = {{, v}

It X € 2(R) = 2(S), the following statements are all equivalent:

(i) S"{x} D S"{y}, for all x, ye X, x # y.

(@) S"{x} ~n Sy} # A, forallx, ye X, x # y.

{iii) <x,y>e Rv R forallx, yeX, x £ y.

(iv) X X X< RvR1lul q.ed

The same proof will hold if D is replaced by J, JU or JK. By
duality an analogous proof will hold for U and DJ.

TuEOREM 3.13S: AL’ 3S -~ M 7S.

ProoF: Let the closure operator in AL’3S be the identity
operator; then clearly AL’ 3S — M 7S.

THEOREM 3.14S: MF 3S — AL’ 3S.

ProoF: Let X be an arbitrary class, P a property of finite
character, and C’ a finitary closure operator. Let C(X) = C'(X) v X,
then X is C-closed if and only if X is C’-closed and X < C(X).
Let Y be a C-closed subclass of X. Let C* be defined as follows:

c*(Z) = U Cn(2).

n=>0

C*(Z) is the smallest C-closed class containing Z. C* is clearly a
finitary closure operator. Define a class-valued function F as
follows:

D(F) = {x: x = X and P[C*(x v Y)1}.
x e D(F) - Flx] = C*(x v Y).



98 CLASS FORMS

If x € Y, F[x] = Y. Define a predicate IT as follows:
IHZy»Z=C(Z)and P[Z]and Y = Z < X.

Now we must show that the hypotheses of MF 3S are satisfied.
It follows from the definition of II, 2(F) and F that II{Z)«—
#x = Z >xeP(F) and Flx] € Z]. Suppose Z is a non-empty
nest contained in 2(F). Consider W = U C*(x v Y). Suppose

xeZ
v e C(W), then there exists a finite subset y of W such that v € C(y).

Since Z is a nest, there exists a z € Z such that x e C{C*(z v Y)) =
C*(z vY) = W. Therefore C(W) = W, which implies W = C(W).
It follows from the definition of 2(F) that W has the property P
and it is clear that Y ¢ W < X. Hence II(W) and the hypotheses
of MF 3S are satisfied. Therefore, there exists a maximal class
which has the property II, q.e. d.

Before preceding with the proof that M 7S — MF 35S we prove
the following theorem:

TueoreEM 3.155: M 11S — AC 4S.

Proor: Let R be an arbitrary relation. Define a relation S as
follows:

<x, }’>5<2, Wy x F£ 2.

M 11S implies that there exists a maximal class F contained in
R such that F X F < S v S-1 vl F is the required function.

THEOREM 3.165: M 7S — MF 3S.

Proor: Let F be a class-valued function and I7 a predicate
which satisfy the hypothesis of MF 3S. That is,

() Hixlo x)[x < X —-xe2(F) and F[x] < X)
(ii) x € F[«x] for all x e 2(F)
(ili) If for every non-empty nest Y < @(F), II{f U Fy]l.
It follows from (iii) that v
(1) x & @(F) — II[F[x]] (take Y to be {x}).
Let
(2 P={x:xe2(F)}.
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We wish to show that P is a property of finite character. Suppose
Plx] and y < x. Therefore, x ¢ Z(F) by (2); yeH[F[x]] by (1);
x < Fx] by (ii); y < F[x] since ¥y < x; ye2(F) by (i); and
P[y] by (2). Now suppose for all y < x if y is finite then P[y).
We wish to prove P[x]. Since M7S - M7 - WE 1, ¥ is either
finite or an aleph. Clearly if ¥ is finite then P[x]. Suppose the
theorem is false, then there exists a smallest ordinal number «
such that there is an x with x = R, and for all y < x if y is finite

then P[y]. Let w, be the smallest ordinal number such that wg = R,
then wa &~ x. Let f be a 1-1 function mapping w, onto x. Let

2g = ['p for B € wy. If B << w4 then ; << R4, which implies zg € Z(F).
Since {zg: B << wa} forms a nest, it follows from (iii) that
IIf U Flzg]]. Since x = U z3 € U F[zg] by (ii), it follows from

B<wa B<wa B<wa

(1) that x e Z(F). Therefore P[x] by (2). But this is a contradiction.
Hence, P is a property of finite character.

Next, we define a property Q as follows:

(3) PIX]~ (AY)X < Y and II[Y].
If we can show that Q is a property of finite character then this
will complete the proof of the theorem for M 7S then implies that
there exists a maximal class with the property Q and this class
is also a maximal class with the property II. In order to prove
that Q is a property of finite character we shall prove

(4) O X]e (ly = X - PPl

Suppose Q[X] holds, then there is a Y such that X < Y and
IITY). If y < X then y < Y. Therefore, by (i), y € 2(F). Hence,
by (2), P[y].

Now suppose

6) Wy = X > Phll
We wish to prove Q[X]. Let

(6) Y = U Flyl.

¥y X

It follows from (5) and (2) that for all y € X, y e Z(F), and it
follows from (ii) that X < Y. In order to prove Q[X] it is sufficient
to prove II[Y].
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It follows from the remarks preceding 3.9S that M 7S — M 11S.
Hence, by 3.15S we may assume that AC 4S holds. We define a
relation R as follows: R = {Ku,y>: u e F[y] and y < X}. Then
AC 4S implies that there exists a function G such that Z(G) = Z(R)
and G € R, Let z< Y and let y =UG"2= U G(u). By the

uUe

definition of G, y = X, therefore y € Z(F) by (5) and (2). Therefore
(1) implies II[F[y]]. Suppose # €z, then since z € Y, u ¢ F[G(u)]
< F[y). Therefore, z = F[y] so that II[E[y]] and (i) imply

(7) z € D(F)
and
(8) Flz] < Flyl.
But F[y] = Y. Hence
9 Flzl Y.
Therefore, if 2 = Y, (7) and (9) hold, so that (i) implies I7[Y],
which implies Q[X], q. e. d.
We shall prove next that WE 55 — MF 3S.
THEOREM 3.175: WE 5S — MF 3S.

Proor: Let F be a class-valued function and II a predicate
which satisfy the hypothesis of MF 35S, WE 5S implies that there
exists a 1-1 function G which maps On onto V. Define another
function H such that for each ordinal number «,

U H(f) v {G()} if ﬁU H(p) v {G(a)} € D(F),
<a

f<a

U H(B) otherwise.
f<a
By the definition of H it follows that if « << § then H(«) = H(f).
Therefore, H"On is a nest. We shall also show that H(x) e 2(F)
for every « € On. By the hypothesis of MF 3S, there exists a class
which has the property II. Therefore, A € Z(F) so that H{0) e 2(F).
Now, suppose for § < «, H(f) e Z(F) which implies U H(8) < 2(F).

B<a
Since U H(p) is a nest, by the hypothesis of MF 3S, IT{( U F[H(#)]).
f<a f<a

Again by the hypothesis of MF 3S, we have H(8) < F[H(B)] for

H{x) =
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all 8 < «, which implies U H(f) < U F[H(f)]. Hence, by the
B<a f<a
definition of I, we have U H(f) e Z(F) and this implies H(x) e Z(F).

B<a
We have obtained now that H”On is a nest contained in 2(F),

hence, by the hypothesis of MF 3S, 7I{ U F[H(«)]). Let 4 =
aeOn
U F[H(x)]. We claim that 4 is a maximal class with the property
axeOn

I, for suppose A < B and II(B). Since G maps On onto V, let
G(x) be an arbitrary element of B. We have U H(f) < 4, so

B<a

that U H(f) v {G(«)} = B. Therefore, II{B) implies U H(f) v
f<a B<a
{G(x)} e 2(F). Hence, G(x) e H(«) = F[H(«)] = A. This implies

that B= 4, q.e. d.
We shall show next,

(III) MR 14S(J) — M 14S(J) - M 14S(D) — AC 2S.

It is clear that MR 14S(J) — M 14S(J).

THEOREM 3.18S: M 14S(J) — M 14S(D).

Proor: Let X be an arbitrary class. For each se X, define
su=>sv{<s,u>} where (){teX and ¢ #s ><s,up¢t]. If s #4¢,
su & ty which implies sy Dty sy by If s #¢, sy nty =5 A,
so that s, Dty s D¢t M 14S(J) implies that {s,:se X} has a

maximal subclass with the property J, hence X has a maximal
subclass with the property D. (See 4.16.)

TaeoRrREM 3.19S5: M 14S(D) — AC 2S5,
Proor: Analogous to 4.17.

Some of the propositions which have been stated contain the
condition that-the universe can be linearly ordered. (M 145(J)
and (K) and MR 14S(K)). Without using the axiom of regularity,
the weakest form of the axiom of choice which is known to imply
that the universe can be linearly ordered is M 7S. We shall demon-
strate this proof in the following lemma.

Let us introduce the following notation:
LV: V can be anti-symmetrically linearly ovdered.
LeEmMMA 3.205: M-7S —LV.
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Proor: Let X be a class of ordered pairs. We say X is circular
if there exists a finite sequence of length » > [ of ordered pairs
in X, <zo, 21>, <21, 22>, <22, 23>, . .., {In—1, Zn>, such that zy = z,,
and the other z;’s are distinct. If no such sequence exists X is
called non-circular. Let P be a property defined as follows: For
every class of ordered pairs 4,

P[A] e~ A is non~circular.

P is clearly a property of finite character.

M 7S implies that there exists a maximal class, R, with the
property P. We claim R is an anti-symmetric linear ordering of
the universe. R is clearly anti-symmetric. Suppose <x,%> and
y,z>eR and <x,2>¢ R. This implies R v {Kx, 2>} is circular.
However, if R v {<x, 2>} is circular then clearly R is circular which
is a contradiction. Therefore, <x, 2> € R and R is transitive. Suppose
<%, y> ¢ R then R v {<x, ¥>} is circular. So that there exists a finite
sequence of ordered pairs <zo, 21>, <2122, --., Fn-1, x> in
R v {(x, 9>} such that 29 = 2, and since R is not circular one of
the ordered pairs is <x, ¥ say <z, z;+1>. Each of the following
are elements of R: <2i+1, 2Zi+2), <Zi+2 Zi+30, +.+» Bn—1, Zn>,
{20, 21D, ..., <2i—1, %>, where 2,41 =y and z; = x. Therefore,
since R is transitive it follows that <y, x> € R. Hence, R is connected.
Since R is transitive and connected it is a linear ordering of the
universe.

We shall now proceed to prove the remaining propositions of
this section equivalent.

TueoreEM 3.21S: LV and M 11S — MR 155(K).
ProoF: Substitute K for D in 3.10S.
THEOREM 3.22S: MR 155(K) — AC 4S.

Proor: Let R be an arbitrary relation and let L be a reflexive
relation which anti-symmetrically linearly orders the universe.
Define a relation S as follows:

S = {x, ¥, <x, 2>: <x, ¥> e R and <, 2> ¢ R and <y, 2> € L}.

If <x,y> and <z, w)> e Z(S) then S"{Kx, y} K S"{Kz, wd} e x = 2.
For, first of all, if x # z then S"{<x, y>} » S"{Kz, w)} = A. Now
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suppose x = 2. Either <y, w)> ¢ L or <w, y> ¢ L. Suppose <y, w)> e L
and suppose <u, v> € S"{<z, w>}. Then # = z and <w, v> ¢ L. Since
<y, w> and (w,v>eL, <y,v> eL. Hence <u, v> e S"{Kx, y>} which
implies S"{z, w>} < S"{Kx, y>}. If <w, ¥> € L we obtain in a similar
manner, S"{Kx, y>} < S"{<z, w>}.

MR 15S(K) implies there exists a maximal class F contained in
2(S) such that if s, teF, s=1¢ then S"{s} K S"{#}. Clearly
9F)=92(R) and F < R. If <,y and <&, 2> e2(S) then
S"{Kx, y>} K S"{Kx, 2>}, hence not both <x,y> and <x,z> belong
to F. Therefore F is a function which satisfies AC 4S. (This proof
is similar to 4.19.)

It is clear that if the universe can be linearly ordered and
MR 145(J) holds then M 15S(J) also holds.

THEOREM 3.23S: M 15S(J) — M 15S(K).
PRroOF: Substitute J for J and K for K in 4.18.

THEOREM 3.245: M 15S(K) — AC 2S.
Proor: Analogous to 4.19.
THEOREM 3.255: AC4S — M 145(X) (= M 6S).

ProOF: Let X be an arbitrary class of sets. Let R be a relation
defined as follows:

R={x,s>:x < X and se X and (f){tex -1t < s]}.

By AC4S, there exists a function F such that 2(F) = 2(R)
and F < R.

Suppose » = X and # is a nest which has no strict upper bound.
Let m be a nest such that n € m < X. Suppose s e m ~ n. Then,
since # has no strict upper bound, there exists a ¢ e# such that
s € . This implies s € U#n. Hence, m <« ZUn ~ X. Since U n
is a set, this implies that M’ 6 —> M 145(K) in this case. AC 4S
clearly implies AC 4 and it was shown in Part I that AC4 —~ M’ 6.
In the remaining part of the proof we shall assume that every
nest has a strict upper bound.

Define a relation S as follows: For all x, y, <x, 9> Sz if 2 is a
maximal nest such that x € z € Z(y) ~n X. M'6 implies the
existence of such a z whenever x is a nest and y is a set such that
xS Py) nX. AC4S implies that there exists a function H
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such that 2(H) = 2(S) and H = S. We define a function G for
each a € On as follows:
Gx) = HU G"a, F(U G")).

We are assuming here that every nest has a strict upper bound.
Therefore, in order to prove that G(«) exists for every a e On it
is sufficient to prove that U G"« is a nest for every « e On. If
« =0, UG"0 = A which is a nest. Suppose U G"« is a nest for
every o« << .

Case 1. B is a limit ordinal, Let x, y e U G"S, then there exist
ordinal numbers y and 6, y < f, § < f, such that x e G(y) and
y € G(d). Since B is a limit ordinal there exists an ordinal number
a < f such that G(y) e G"« and G(6) € G"«. Hence, x, y e UG"x
and by induction hypotheses U G”« is a nest. Therefore, x K y.

Case 2. f# is not a limit ordinal. Then there exists an ordinal
number « such that f =« + 1. G"8 = G"(x + 1) = G"« U {G(a)},
so that UG"8 = U G"a« v G(«). U G"« is a nest by the induction
hypothesis, therefore, by the definition of H, G{«) is a nest and
UG"a < G(x). Hence, G"8 = G(«) is a nest,

Next, we shall prove that U G"Ox is a maximal nest contained
in X. It is clear that U G"On < X and that it is a nest since when-
ever «, feOn and « < § then G"« = G"B. Suppose there exists
an x € X such that U G"Ox v {x} is a nest. Since G"On is a proper
class, we cannot have that for all ¥ e U G"Oxn, u < x. Therefore,
there exists a u e U G"On such that ¥ < u. So that there is an
o € On such that # e G"«. Hence, by the maximality of G(x) we
have x € G(a) < U G"On, q.e. d.

The following implications have now been proved:

(IV) LV and M 11S - MR 15S(K) — AC 4S - M 14S(K).
LV and MR 14S(J) — M 155(J) — M 15S(E) — AC 25.

Next we shall prove: For all natural numbers m > 2.
(V) MR 14S(Dp) <> MR 14S(Dy,) — M 14S(Dy) — AC 7(m — 1)S

v ¥ v v
MR 18  <MRI16S  —>M165  —ACS8S
v v v v

MR 19S — MR 175 - M 17S — AC9S
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The verticle implications hold for purely logical reasons and it
is also clear that MR 145(D,,) - M 145(Dy), MR 16S — M 16S,
and MR 17S — M 17S. The proofs of the following implications
are similar to the proofs for the corresponding set forms:
MR 14S(Dy;) — MR 14S(Dy,), MR 18S > MR 16S, MR 19S — MR
17S (See 4.23); M 14S(Dp) - AC7(m — 1)S, M 165 — AC 85,
M 17S — AC9S (See 4.21). It is not known whether it is possible
to prove the following equivalences without making use of the
axiom of regularity: MR 17S — MR 19S, and if m # n, MR 14S(Dy,)
— MR 14S(D,), MR 14S(D,) — MR 14S(D,), M 14S(D,,) —
M 14S(D,). In order to prove the two remaining implications in
(V) (MR 14S(Dy) - MR 14S(D,,) and MR 16S — MR 18S) we
shall prove a lemma.

DEerFINITION 3.26S: If P is a property of m classes, R is a relation
and X is a class then
Pg(X] if and only if P[R"{x1}, R"{x2}, ..., R"{xm}]

for all x1, 9, ..., x;m € X such that the x;’s are distinct.
Using this notation we could have written MR 145(4) as follows:
For every relation R and class X there exists a maximal subclass
Y such that 4g[Y].

LeEMMA 3.27S: For every class relation R and for every matural
number m > 2, there exists a relation S such that Dygr[X) if and
only if Dpg[X] for every class X.

ProoF: Let R be a relation, m a natural number, m > 2, and
X a class. Define S as follows:
S={xy:xeDR),y < PR), xey, and
(v = {x} or (y ~ m and Dmr[y]))}-
Now we have,
Dps[ X Wy € X and y ® m — N S"{x} = 4]

Tey

oy € X and y ~ m — Dpaly]]

*"BmR[X]-
By means of 3.27S it is easy to show that MR 14S5(Dj) —
MR 14S(D,,) and MR 16S — MR 18S.
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All the implications in (I)-(V) were proved without use of the
axiom of regularity. In order to prove that all the preceding
class forms are equivalent it remains to be shown that one of
M 1S-M 4S implies WE 4S or WE 55.

THEOREM 1 3.285: M 1S — WE 4S.
ProoF: Define a class A as follows:

A={xw:wcxxXzx w wellorders x and (s)(})[sex and
p(?) < p(s) > tex]}. (We assume . is a set.)

(Note: M1S - M 1+ WE 1, therefore 4 is a proper class.) We
define a relation R on A4 as foilows: If <, w), &', w"> e A then
ZawdRE, whoxcx andw=w n(x X x)and x X (' ~x) = w'.
R is clearly a transitive relation on 4 and if b is an R-linearly
ordered subset of 4, then <U 2(b), U £(b)> is an R-upper bound
for b.

M IS implies that either 4 has an R-maximal element or 4
has a subclass which is a proper class which is linearly ordered
by R. But A has no R-maximal element. Therefore, let K be a
subclass of 4 which is a proper class and is linearly ordered by K.
Let X = UZ(K) and W = U #(K). We shall show that X =V
and W well-orders X. Let se V. Then since X is a proper class
there is an x ¢ X, such that p(s) < p(x). Let x e y ¢ Z(K), then by
the definition of A4, this implies that sey, which implies that
s e X. Since K is linearly ordered by R, it follows from the definition
of A and R that W well-orders X = V.

Now, we must show that every proper initial W-section of
V is a set. Suppose se V, then there is an x ¢ Z(K) such that
sex. Suppose tW's and suppose ¢¢x, then there exists an
<x',w’> ¢ K such that fex’. Since K is linearly ordered by R,
either <x, w) R (x’, w'> or <x’,w')> R <{x, w)>. But since tex’ and
t ¢ x, we must have <x, w> R (x', w’>. Therefore ¢s, ) e x X (x' ~ x)
<€ w’, which implies s W ¢. But, since s+ ¢, this contradicts the
supposition ¢ W's. Hence tex and {t: ¢ W s} c x. Therefore,
every proper initial W-section of the universe is a set, q.e. d.

(Note, 4.9 is a similar proof which holds for sets.)

1 The axiom of regularity was used in the proof.
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4. Additional Forms

The forms in this section are class forms for several of the forms
in Part I, Section 7. The forms which involve cardinal numbers
(Part I, Section 6) can not be strengthened since a proper class
does not have a cardinal number.

P 1S is a class form of P 9 and P 10 and is due to von Neumann
[1] and [2]. (See the introduction to Part II.)

P 1S: Every proper class can be mapped onto the universe.

P 1S is clearly equivalent to WE 5S.

The forms P 25-P 4S, P 2sS, and P 3sS are class forms of
P 13-P 15, P 13s, and P 14s and are obtained by allowing 4 to
be a proper class. However, if 4 is a proper class then X B, = A,

aed
so that P 2S5, P 3S, P 2sS, P 3sS, and P 4S have to be reworded.

P 2S: For every non-empty class A, for every function B whose
domain is A and for each a € A, Bq is a set, and for every function X
whose domain 1s B o €71,

xeN U X, ,o (3F)[F s a function, D(F) =
aed beBs
A, (a)[ae A — F(a) e By], and (a)[a e A — x € X, p)l]-
Similarly, for P 3S, P 2sS, P 3sS, and P 4S. The proofs that the
class distributive laws are equivalent to the other class forms are

analogous to the corresponding proofs for the set forms.
P5S — P7S are class forms of P 17 and P 18.

P 5S: For every proper class X, P(X) < X.
P 6S: The power class of a well-ordered class can be well-ordered.

P 7S: Every linearly ordered class can be well-ordered.

Clearly WE 2S - P 7S and WE 55 — P 5S — P 6S. The proofs
that P7S — P 6S and P 6S - WE 4S are analogous to the corre-
sponding proofs for the set forms.

P 85 is metamathematical in form and has no set counterpart.
Hilbert [2] in 1923 stated it in the following form:

There exists a function F such that for every property P if
P[F(P)] then for all x, P[x].
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However, such a statement is meaningless in the system of set
theory in which we are working. F is some sort of a metamathe-
matical function which has not been defined. Through discussions
with A. Levy and R. Vaught we were able to come up with a more
meaningful formulation. To do this we introduce the metamathe-
matical notion of the iota operator.

DEFINITION 4.1S: If ¢ is a propositional function then:
X = (Y)p(Y) < [(31 Z)p(Z) and p(X)] or
[not (Al Z)p(Z) and X = V.
(A1 2)p(Z) = (AZ)p(Z) and (X)(Y)[p(X) and (Y) > X = Y])

By introducing the iota operator we avoid the necessity of
talking about functions which have proper classes in their domains
or ranges. Now, by using this metamathematical notion we are
able to rewrite Hilbert’s proposition in the following form:

P 8S: There is a propositional function ¢ such that
@EAXYY)Y #4 > (1 Z)p(Z, X, Y) e Y].
(Actually, P 85 was obtained by rewriting the contrapositive of
Hilbert’s original proposition.)
THEOREM 4.2S: WE 25 — P 8S.

Proor: Let ¢(Z, X, Y) mean Z is the X-first element of Y.
WE 2S implies that there exists a relation X which well-orders
the universe. Therefore, we have for all non-empty classes Y,
(1 2)p(Z,X,Y)eY, q.e.d.

THEOREM 4.35: P 85 > AC 4S.

Proor: Let R be an arbitrary relation and let ¢ be a propo-
sitional function and X a class which satisfy P 85. We define a
function F as follows:

X, > eFoxeD(R) andy = (12)p(Z, X, R"{x}).

Then it follows from P 8S that F is a function which satisfies AC 4S.
Now, in conclusion, we shall summarize the results of Part II.
The following implications were all proved without use of the
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axiom of choice or the axiom of regularity:

P 1S~ WE 4S5 & WE 55 « WE 6(m)S — WE 75—« WE 8S.
AC45- ACB55 - P 2sS— P 3sS.

WE 35+ AC 1S AC25- AC35- P25~ P35S~ P 4S.
MF 3S+~ AL’ 35 M7S.
MISoM25- M35 M4S— M 65— M 23S.
M8S-MIS—MI10S~M11S- M 125 MR 145(4) 1.
M 55« MR 14S(K).

In the following diagram when we write for example A —D
we mean one of the equivalent propositions in A implies one of
the equivalent propositions in D.

eIWLower

c

E / E
1 M /1’45 o /
B
‘f Musa 7
MR 155 (i)
0 M13s —-“%
i v M 155 (J) —= M 155 (K) — C
P fs Ly MR 14S (D) —————» MR 18S —-MR‘ISS
P os MR 145 (Dpp) MR 165§ ——=MR 175
WE 25 M 145 (D) ———— MIES M 175
P7s l \\ AC 7(m-1]S ———» AC'8S —-——-—-AC‘9$
we s F 85\
PD/ \ 8ZFD
weas © \
AC 7(m)S \PR
AC 85
AC 98

Using the axiom of regularity and that the class of individuals
is a set it was shown that C - A, E —+ A, and AC9S — A. Using
the axiom of regularity and the existence of a relation which well-
orders the class of individuals it was shown that P 6S — A. Hence,
all the class forms are equivalent.

1 Where 4 = D, J,J, U, U, DK, DJ, DU, KJ, KU, or JU.
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WE 1: Every set can be well-ordered. (1, 1)
WE 2: Every set is equivalent to an ordinal number. (1, 1)

WE 3: Every set is equivalent to a subset of an ordinal number.
(1 1)
Let m be a natural number, m > 1.

WE 4(m): For every set x there exists an ordinal number «
and a function f defined on « such that f(8) < m for every 8 < «
and U f(f) = x. (Levy 1961; 1, 1)

f<a

WE 5: There exists a natural number » > [ such that WE 4(m).

(Levy 1961; 1, 1)

WE 6: For every set x there exists a natural number m > 1,
an ordinal number «, and a function f defined on « such that
f(B) < m for every f <a and U[f(f) =x (Levy 1961, Rubin
1962; 1, 1) f<a

ACG1: If s is a set of non-empty sets, there is a function f such
that for every x e s, f(x) e x. (Zermelo 1904; 2, 5)

AC?2: If ¢ is a disjoint set of non-empty sets there is a set ¢
which consists of one and only one element from each set in ¢.
(Russell 1906; 2, 5)

AC 3: For every function f there is a function g such that for

1 In parentheses following each of the forms we shall give the name of
the one who is given credit for the form (when applicable) and the date
followed by the section and page number where it occurs in the text. Rubin
1963 refers to the present work.
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every x, if x € 2(f) and, f(x) # A then g(x) e f{x). (Zermelo 1904;
2,5)

AG4: For every relation 7 there is a function f such that
D(f) = 2(r) and f < ». (Bernays 1941; 2, 5)

AC5: For every function f there is a function g such that
2(g) = Z(f) and for every x € 2(g), f(g(x)) = x. (Bernays 1941; 2, 5)

AG 6: The Cartesian product of a set of non-empty sets is non-
empty. (Zermelo 1904; 2, 5)
Let m be a natural number, m > 1.

AC 7(m): If s is a set of non-empty sets, there is a function f
such that for every x es, f(x) % A4, f(x) = %, and f(x) < m. (Levy
1961; 2, 5)

AC 8: There exists a natural number m > 1 such that AC 7(m).
(Levy 1961; 2, 5)

AC9: If s is a set of non-empty sets, then there is a natural
number m > 1 and a function f such that for every x e s, f(x) # A4,
f(x) € %, and f(x) < m. (Levy 1961, Rubin 1963; 2, 5)

T: For all sets x and y either x < y ory < . (Hartogs 1915; 3, 9)

T’: For every two non-empty sets, there is mapping of one onto
the other. (Lindenbaum 1926, Sierpinski 1948; 3, 10)

M 1: If R is a transitive relation on a non-empty set x and if
every subset of x which is linearly ordered by R has an R-upper
bound, then there is an R-maximal element in x. (Bourbaki 1939,
Tukey 1940; 4, 12)

M 2: If R is a transitive relation on a non-empty set x and if
every subset of x which is well-ordered by R has an R-upper
bound, then thereis an R-maximal element in x. {Szele 1950; 4, 12)

M 3: If every non-empty nest which is contained in a non-
empty set x has its union in x then x has a maximal element.
(Kuratowski 1922, Zorn 1935; 4, 12)

M 4: If every non-empty well-ordered nest contained in a non-
empty set x has its union in x, then x has a maximal element.
(Kuratowski 1922; 4, 12)
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M5: If R is a transitive relation on x, then there exists a
maximal subset of x which is linearly ordered by R. (Hausdorff
1914; 4, 12)

M 6: For every set x there exists a maximal nest contained in x.
(Hausdorff 1914; 4, 12)

M 7: For every set x and every property P of finite character
there exists a maximal subset of x which has the property P.
(Bourbaki 1939, Teichmiiller 1939, Tukey 1940; 4, 13)

M’ 1: If R is a transitive relation on x and if every subset of x
which is linearly ordered by R has an R-upper bound and if y e x
then there is an R-maximal element 2z € ¥ such that either y Rz
ory =z (4, 14)

M’ 2: If R is a transitive relation on x and if every subset of
x which is well-ordered by R has an R-upper bound and if y € %,
then there is an R-maximal element z ¢ x such that either y Rz
ory =2z (4,14)

M’ 3: If every non-empty nest which is contained in x has its
union in » and if y € x then there is a maximal element z € x such
that y < z. (4, 14)

M’ 4: If every non-empty well-ordered nest contained in x has
its union in x and if y € x, then there is a maximal element 2 e x
such that y < z. (4, 14)

M’ 5: If R is a transitive relation on x and ¥ is a subset of »
which is linearly ordered by R then there exists a maximal subset
z of x such that y < 2. (4, 14)

M’ 6: If y is a nest contained in x then there exists a maximal
nest z contained in x such that y < z. (4, 14)

M’ 7: For every set x and every property P of finite character
and for every subset y of x such that P[y] there is a maximal
subset z of x such that y < z and P[z]. (4, 15)

M 8: Let x be a set and R a relation then there is a maximal
set y < x such that y X y < R. (Gottschalk 1952; 4, 15)

M 9: Let x be a set and R a relation then there is a maximal set
y < x such that y X ¥y € R v R-1. (Wallace 1944; 4, 15)
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M 10: Let x be a set and R a relation then there is a maximal
set y € x such that y X y € R v B-1, (Gottschalk 1952; 4, 15)

M 11: Let x be a set and R a relation, then there is a maximal
set ¥ < x such that y Xy < R v R-1 u . (Gottschalk 1952; 4, 15)

M 12: Let x be a set and R a relation then there is a maximal
set y < x such thaty X y € R v B-1 U I. (Gottschalk 1952, 4, 15)

M 13: Let x be a set and R an n-ary, relation then there is a
maximal set y < x such that y» c R. (Gottschalk 1952; 4, 15)

M 14(A4): Every set has a maximal subset which has the proper-
ty A, where A = D (Vaught 1952;4,23), A = D, J, J (Kurepa 1952;
4,23) A = Dy, (Chang 1960, Levy 1961; 4, 25), A = Dyp,Dor K or J,
DorJor K¥ Dor Jord or K, D or J or K*. (Rubin 1958 and
1963; 4, 26, 29-30)

M 15(K): Every set can be anti-symmetrically linearly ordered
and every set has a maximal subset which has the property K.
(Kurepa 1952; 4, 24)

M 16: There exists a natural number m > 2 such that M 14(D,,).
(Chang 1960, Levy 1961; 4, 26)

M 17: For every set x there exists a natural number m > 2
such that x has a maximal subset which has the property Dp.
(Chang 1960, Levy 1961, Rubin 1963; 4, 26)

M 18: There exists a natural number m > 2 such that M 14(D ).
(Rubin 1963; 4, 27)

M 19: For every set x, there exists a natural number m > 2
such that x has a maximal subset which has the property D!,
(Rubin 1963; 4, 27)

M’ 20: If x is an arbitrary set and ¢ex then there exists a
maximal subset y of x such that eey and y has the property D
or D or J or J or K or K*. (Rubin 1958; 4, 29)

M 21(4: B): Any set which contains a maximal subset with
the property A4 contains a maximal subset with the property B,
where A =Dand B=D,J,JorK; A =Dand B=D, Jor K;
A=J and B=D, D, J or K; A=J and B=D, J or K;



LIST OF THE SET FORMS 115

A=KandB=D,D,J,orJ;A=Kand B=D, D, J,J, or K.
(Rubin 1960; 4, 30)

M 22(4: B): Every set can be anti~symmetrically linearly
ordered and any set which contains a maximal subset with the
property A contains a maximal subset with the property B, where
A#Bandd=D,D,J,J,KorKand B=D,D,J,J, K, or K.
(Rubin 1960; 4, 31)

M 23: Every set x contains a maximal subset y such that for
every s, tey, s # ¢, either sef or fes. (Rubin 1963; 4, 36)

AL 1: Every lattice with a unit element and at least one other
element contains a maximal proper ideal as a subset. (Scott
1953; 5, 39)

AL’ 1: Every proper ideal of a lattice with a unit element can
be extended to a maximal proper ideal. (Scott 1953, 5, 39)

AL’ 2: If A is an algebraic system, B a subalgebra, and a € 4,
but a ¢ B then there exists a maximal subalgebra which contains
Basasubset, but does not contain & as an element. (Blair 1957; 5, 39)

AL’ 3: If x is an arbitrary set, C a finitary closure operator,
P a property of finite character, and y a C-closed subset of %
which has the property P, then there is a maximal C-closed subset
of x which contains y as a subset and has the property P. (Rubin
1963; 5, 39)

AL’ 4: If x is an arbitrary set, y < x, and R : y, then there
is a maximal subset z of x such thaty < zand R : 2. (Beth 1953; 5, 41)

AL 5: If B is a Boolean algebra and S < B such that 0¢S,
then there exists a maximal proper ideal disjoint from S. (Mrowka
1955; 5, 42)

AL 6: If #= <L,{v, A} is a complete lattice, @, b, celL,
a < b, ¢ is compact, ¢ < b and ¢ £ a, then there exists an element
mel such that a <m < b, ¢ & m and if there is a d e L such
that m << d < b then ¢ < d. (Diener 1956; 5, 42)

AL 7: Every subalgebra is the intersection of all meet-irreducible

sub-algebras containing it as a subset. (McCoy 1938, Birkhoff and
Frink 1948, Fuchs 1949, Schmidt 1953; 5, 43)
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AL 8: Every proper subalgebra has a proper meet-irreducible
subalgebra containing it as a subset. (Diener 1956; 5, 43)

AL 9: The set of absolutely dispensible elements is equal to the
intersection of the set of all maximal proper subalgebras. (Frattini
1885, Neumann 1937, Schmidt 1953; 5, 43)

AL 10: For every element in a basis there exists a maximal
subalgebra which does not contain it as an element. (Schmidt
1953; 5, 43)

AL 11: If A has a finite basis and B < 4 is a subalgebra then
there exists a maximal subalgebra which contains B as a subset.
(Krull 1929, Schmidt 1953; 5, 43)

CN 1: m-n = m + n. (Tarski 1924; 6, 52)

CN 2: There is a cardinal number # such that m = #2. (Tarski
and Rubin; 6, 52)

CN 3:m = m2. (Tarski 1924; 6, 52)

CN 4: There is an ordinal number « such that for all transfinite
cardinal numbers m there is no well-ordered by < set M of cardinal
numbers between m and m? such that m ~ «. (Tarski 1924, Rubin
1963; 6, 52)

CN 5: If m2 = #n2 then m = n. (Tarski 1924; 6, 53)
CN 6: If m <nand p < ¢qthenm + p<<un + g¢. (Tarski 1924, 6, 53)

CN7: Ifm<nandp <qthenm-p <n-q. (Tarski 1924; 6, 53)
CN 8: If m + p < n -+ p then m < n. (Tarski 1924; 6, 53)
CN9: If m p < n-p then m < n. (Tarski 1924; 6, 53)

CN 10: There is a cardinal number # such that m < » and for
every cardinal number p if m < p then n < p. (Tarski 1954; 6, 53)

CN 11: If  covers n then either m-n = m-p or m-p covers m-x.
(Sudan 1938; 6, 53)

CN 12: If m < n then there is a $ such that n = m-p. (Tarski
and Sierpinski; 6, 53)

CN 13: If m << » then n — m exists. (Tarski and Sierpinski; 6, 53)
CN 14: If m <n then n <+ m = ». (Tarski and Sierpinski; 6, 53)
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CN15: If m 4+ p = m 4 q then either p =g or p <m and
g < m. (Tarski 1926; 6, 53)

CN 16: If m + m < m + n then m < n. (Tarski 1926; 6, 53)

CN 17: If m < n then »n — m exists. (Tarski 1926, Sierpinski
1947; 6, 53)

CN 18: If m < »n then n — m = n. (Tarski 1926; 6, 53)

CN19: If p <% and ¢ <% then P + g % n. (Tarski 1926;
6, 53)

CN 20: If p < n and g < n then p-g # n. (Sierpinski 1946; 6, 53)

CN 21: Either m +n =m or m + n = n. (Lesniewski, Sier-
pinski 1947; 6, 53)

CN 22: Either m'n =m or m-n = n. (Lesniewski, Sierpinski
1947; 6, 53)

Let m be a cardinal number, m > 1.

CN 23(m): If pm < g™ then p < ¢. (Tarski 1926; 6, 53)

CN 24: There is a cardinal number # > 1 such that for all
cardinal numbers $ and ¢ there is a cardinal number m, | <m <#n
such that pm < ¢m implies p << g. (Tarski 1926, Rubin 1963; 6, 54)

CN 25: If m? << m2 and m = 0 then p < g. (Tarski 1926; 6, 54)

CN 26: If the greatest lower bound (m ~ #) and the least upper
bound (m v #) of m and # exist then mn = (m ~ n)-(m v n).
(Rubin 1963; 6, 54)

P 1: For any non-empty set s there exists a set ¢ such that
for all ¥, x e £ if and only if x < ¢ and s & x. (Tarski 1938, 7, 63)

P 2: For any non-empty set s there exists a set ¢ such that
t~{x:x <tand s L x}. (Tarski 1938; 7, 63)

P 3: If ¢ is an infinite set, m and » cardinal numbers such that
t=m and n <m, and s = {x: x < ¢ and » <« x} then s = mn.
{Tarski 1938; 7, 63)

P 4: If x < U A; then there exists a finite integer » such that

n t=0
x U Ay (Tarski 1926 and 1948; 7, 67)
i=0
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P 5: The product of compact spaces is compact in the product
topology. (Tychonoff 1935, Kelley 1950; 7, 69)

P 6: A formula having a model in a set of cardinality » also
has a model in a set of cardinality m if 8¢ < m < #n. (Vaught
1956; 7, 69)

P 7: A formula having a model in a set of cardinality Xy also
has a model in a set of any cardinality greater than ®g. (Vaught
1956; 7, 69)

P8: If Q is a set of formulas in which the set of individual
constants has cardinality m and every finite subset of Q has a
model, then ) has a model in a set whose cardinality is not greater
than m -+ Ro. (Vaught 1956; 7, 69)

P9: If x is a non-empty set and A4 is a proper class then 4
can be mapped onto x. (von Neumann 1925; 7, 71)

P 10: If x is a non-empty set and A is a proper class then
x < A. (von Neumann 1925; 7, 71)

P 11: Every class has a maximal subclass which has the proper-
ty D. (Kurepa 1952, Rubin 1963; 7, 72)

P 12: For every relation R whose domain is a set there is a
function f such that 2(f) = 2(R) and f < R. (Bernays 1941,
Rubin 1963; 7, 73)

P 13: For every non-empty set 4, for every function B whose
domain is 4, and fOI: each a € A, B, is a set, and for every function
X whose domain is B o €1,

N UX,,= U 0X, 0

acd beBa fexBaacd
(Collins 1954, Rubin 1963; 7, 73)

P 13s: For every non-empty set A4, for every class-valued
function B, and for every function X whose domain is B o0 ¢71,

n UX,= U nNX, .

acd beBla) fex Bla] aed
(Collins 1954, Rubin 1963; 7, 73)

P 14: For every non-empty set A, for every function B whose
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domain is A, and for each a e 4, B, is a set,

n Ub= U nNfa).
aed beBa fexX BaaeAd
(Collins 1954, Rubin 1963; 7, 73)
P 14s: For every non-empty set A, for every class valued
function B,
n Ubd= U nNfa).

aed beBla) fex Bla) aed
(Collins 1954, Rubin 1963; 7, 73)
P 15: For every non-empty set 4,

N Ub= U nfa),

acd bea feC(d) aed
where C(A) is the set of all choice functions on 4. (Collins 1954 ; 7, 74)

P 16: Let K be an arbitrary set and let 4 and B be functions
with domain K. If Ay < By for all 2e¢ K then U A; < X Bg.
(Kénig 1905, Zermelo 1908; 7, 75) keK keK

P 17: The power set of a well-ordered set can be well-ordered.
(Rubin 1960; 7, 77)

P 18: Every linearly ordered set can be well-ordered. (Rubin
1960; 7, 77)

P 19: Let R be a transitive, anti-symmetric relation on a non-
empty set x. Consider the set z; = {s: sex, tex, s #¢and ¢t R s}.
Suppose, for each ¢ € %, there is an R-minimal element # € z; such that
# R s for each s € 2, # # s. Then there exists an R-linearly ordered
subset of ¥ with no R-upper bound. (Blair and Tomber 1960,
Rubin 1960; 7, 78)

P 20: It is not the case that there exists a set x such that if
y = P(x) ~ {4} and F = {f: f is a function mapping y into x} then
there exists a function g such that 2(g) = F, #(g) < y, and
fe(h) é g(f) for all fe F. (Tarski 1951; 7, 79)
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WE 1S: There is a relation R such that every set is well-ordered
by R. (1, 84)

WE 2S: There is a relation R such that every class is well-
ordered by R. (1, 84)

WE 3S: There is a function F such that every set x is well-
ordered by F(x). (1, 84)

WE 4S: There is a relation R such that R well-orders V and
every proper initial R-section of V is a set. (1, 84)

WE 5S: If X is a proper class then X isequivalent to Oxn. (1, 84)
Let m be a natural number, m > 1.

WE 6(m)S: For every class X there exists a function F defined
on On such that F(x) < m for every aeOn and U F(o) = X.
(1’ 84) aeOn

WE 7S: There exists a natural number # > 1, such that
WE 6(m)S. (1, 84) -

WE 8S: For every class X there exists a natural number m > 1

and a function F defined on On such that F(a) < m for every
«eOnand U Fa) = X. (1, 84)

aeOn
AC1S: If S is a class of non-empty sets, there is a function F
such that for each x € S, F(x) e x. (Godel 1940; 2, 86)

AC2S: If T is a disjoint class of non-empty sets, there is a
class C which consists of one and only one element from each set
in T. (2, 86)

AC3S: For every function F there is a function G such that
for every x if x € 2(f) and F(x) # A then G(x) € F(x). (2, 86)
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AC4S: For every relation R there is a function F such that
9(F) = Z(R) and F < R. (Bernays 1941; 2, 86)

ACBS: For every function F there is a function G such that
2(G) = A(F) and for every xe¢2(G), F(G(x)) = x. (Bernays
1941; 2, 86)

Let m be a natural number, m > 1.

AC7(m)S: If S is a class of non-empty sets, there is a function
F such that for every x ¢S, F(x) = A, F(x) € x, and F(x) < m.
(2, 86)

ACS8S: There exists a natural number m > 1 such that
AC 7(m)S. (2, 86)

AC9S: Is Sis a class of non-empty sets, then there is a natural
number 7 > 1 and a function F such that for every x € S, F(x) # 4,
F(x) < x, and F(x) < m. (2, 86)

M 1S: If R is a transitive relation on a non-empty class X and
if every subset of X which is linearly ordered by R has an R-upper
bound then either there is an R-maximal element in X or X has a
subclass which is a proper class and which is linearly ordered by R.
(3, 89)

M 2S: If R is a transitive relation on a non-empty class X and
if every subset of X which is well-ordered by R has an R-upper
bound then either there is an R-maximal element in X or X has
a subclass which is a proper class and which is well-ordered by R.
(3, 89)

M 3S: If every non-empty nest which is a subset of a non-
empty class X has its union in X, then either X has a maximal
element or there is a subclass of X which is a nest and a proper
class. (3, 89)

MF 3S: Let F be a class-valued function, IT a predicate such
that for each class X

() HX]o (x)[x =€ X >xeP(F) and F[x] = X]
(i) x = F[«x] for all x e Z(F), and
(iii) if for every non-empty nest Y < 2(F), IIl U F(y]],

yeY
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then if there is a class which has the property I7, then there is a
maximal class which has the property I7. (3, 91)

MA4S: If every non-empty well-ordered nest which is a subset
of a non-empty class X has its union in X, then either X has a
maximal element or there is a subclass of X which is a well-ordered
nest and a proper class. (3, 89)

M5S: If R is a transitive relation on X, then there exists a
maximal subclass of X which is linearly ordered by R. (3, 89)

M 6S: For every class X there exists a maximal nest contained
in X. (3, 89)

M 7S: For every class X and every property P of finite character
there exists a maximal subclass of X which has the property P. (3, 89)

M 8S: Let X be a class and R a relation; then there is a maximal
class Y = X such that Y X Y < R. (3, 89)

M 9S: Let X be a class and R a relation; then there is a maximal
class Y € X such that Y X Y € R v R-1. (3, 89)

M 10S: Let X beaclass and R arelation; then there is a maximal
class Y € X such that Y x Y = R v B-1. (3, 89)

M 11S: Let X be aclass and R a relation; then there is a maximal
class Y € X such that Y X Y s RuvR-1v . (3,89

M 12S: Let X beaclass and R a relation; then there is a maximal
class Y € Xsuchthat Y Xx Y€ RuR1u 1. (3,89

M 13S: Let X be a class and R an n-ary relation; then there is a
maximal class ¥ € X such that Y» < R. (3, 89)

M 14S(4): Every class contains a maximal subclass which has
the property 4, where A = D, J, or Dy, (3, 89)

MR 14S(4): For every relation R and class X there exists a
maximal subclass Y such that forallx, y e Y, x % v, R"{x} 4 R"{y},
where A =D, D, J, J, K, Dy, Dy, U, U, DK, DJ, DU, KJ, KU,
or JU. (3, 90)

M 15S8(4): The universe can be anti-symmetrically linearly
ordered and every class has a maximal subclass which has the
property A, where A = J or K. (3, 90)
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MR 15S(K): The universe can be anti-symmetrically linearly
ordered and for every relation R and class X there exists a maximal
subclass Y such that for all », ye Y, x#y, R"{x} K R"{y}. (3, 91)

M 16S: There exists a natural number m > 2 such that
M 14S(Dyw). (3, 89)

MR 16S: There exists a natural number m > 2 such that
MR 145(Dy). (3,91)

M 17S: For every class X there exists a natural number m > 2
such that X has a maximal subclass which has the property Di,.
(3, 89)

MR 17S: For every relation R and class X there is a natural
number m > 2 and a maximal subclass Y such that for all y;, ys,

m
..o, ¥me Y, ys distinct, N R"{y;} = A. (3, 91)
i=1

(2
MR 18S: There exists a natural number m > 2 such that
MR 14(D!p). (3, 91)

MR 19S: For every relation R and class X there exists a natural
number m > 2 and a maximal subclass Y such that for all

m
YL Y2 .-, Yme Y, NR{y} +# 4. (3,91)
i=1

M 23S: Every class X contains a maximal subclass Y such that
for every s, teY, s £ ¢, either set or tes. (3, 89)

AL’ 3S: If X is an arbitrary class, C a finitary closure operator,
P a property of finite character, and Y a C-closed subclass of X
which satisfies P, then there is a maximal C-closed subclass of X
which contains Y as a subclass and satisfies P. (3, 92)

P1S: Every proper class can be mapped onto the universe.
(von Neumann 1925; 4, 107)

P 2S: For every non-empty class A, for every function B whose
domain is A, and for each a € A, B, is a set, and for each function
X whose domain is B o €71,

xeN U X ,« (3F)[F is a function, 9(F) = 4,
aed beBg

(a)[ae A - F(a) e Bg] and (a)[ac 4 — x € X, p]] (4, 107)
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P 2sS: For every non-empty class A, for every class-valned
function B whose domain is 4, and for each function X whose
domain is B o €1,

xeN U X, ,o (3F)[F is a function, 2(F) =4,

aed beBla)
(@)lae A — F(a) e Bla]] and (a)[aed —>xeX, pl]- (4,107)
P 3S: For every non-empty class 4, for every function B
whose domain is A, and for each a € 4, B, is a set,

xeN U be (AF)[F is a function, Z(F) = 4,

aed beBa

@[aed —F(a) e Bg), and (a)[ae A — x ¢ F(a)]]. (4, 107)

P 3sS: For every non-empty class A, for every class-valued
function B whose domain is 4,

xe N U be (AF)[F is a function, 2(F) = 4,

aed beBla)

(@)[ae A - F(a) e Bla]], and (a)[a e A —x e F(a)]]. (4, 107)
P 4S: For every non-empty class 4, xe N Ube (AF)[F is a

function, D(F) = 4, (@)[ac A - F(a) ca], and (@)ac A - ¢ F(a)].
(4, 107)

P 5S: For every proper class X, Z(X) < X. (4, 107)

P 6S: The power class of a well-ordered class can be well-
ordered. (4, 107)

P 7S: Every linearly ordered class can be well-ordered. (4, 107)
P 8S: There is a propositional function ¢ such that
@AX)Y(V)Y #4 - (12)p(Z, X, Y) e Y].
(Hilbert 1923; 4, 108) '



LIST OF FORMS WEAKER THAN THE AXIOM OF CHOICE

PR: For every relation R there exists a relation S such that
2(R) = 2(S), S < R and S"{x} is a set. (2, 86)

PD: For every non-empty relation R, if #(R) < 2(R), then
there is a function f, 2(f) = set of natural numbers, such that for
each natural number #, f(n) R f(r 4+ 1). (Tarski 1948; 2, 88)

LV: V can be anti-symmetrically linearly ordered. (3, 101)
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