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PREFACE

In 1955 at Stanford University Professor Patrick Suppes gave
a course on axiomatic set theory, during which time Professor
Herman Rubin was asked to give a series of lectures on the axiom
of choice. During the course of these lectures it was noted that,
while there was much in the literature on the axiom of choice,
the material was available only in many diverse journals and books.
It was suggested that we collect this material to make it more readily
available. It seemed like a simple enough project to begin with;
then it grew and grew and grew some more and now has blossomed
forth into a book.

The book consists of a selection of the forms of the axiom of
choice which appeared in the literature together with additional
forms which were obtained in the process of writing the book.
It would have been a hopeless task to try to include all of the
forms of the axiom of choice which appeared in the literature, so
we chose the forms which in our opinion were either used often in
practice, unusual, relatively unknown, or particularly weak or
strong. We hope that we have included all of the interesting
equivalents of the axiom of choice.

We assume a knowledge of logic and elementary set theory
(von Neumann-Bemays-Godel set theory), but we do include a list
of definitions of set theoretical symbols and terms in the section
entitled "Preliminary Definitions and Theorems".

In Part I we discuss propositions which are equivalent to the
usual form of the axiom of choice. These equivalents will be referred
to as set forms. In Part II we discuss stronger forms - essentially
forms which are obtained from the set forms by changing the word
"set" to "class". These latter forms are called class forms. The set
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forms of the axiom of choice are the forms which are most often
used in practice.

In preparing this monograph for publication we first prepared a
draft and sent it to several people for their comments and cor-
rections. We are very grateful to the people who did reply. We
believe that the quality and usefulness of the book was greatly
improved by their comments. In particular we should like to thank
Professor Alfred Tarski for his many useful comments and cor-
rections. Others whom we should like to thank are Professors
E. W. Beth, A. Levy, D. Scott, and R. Vaught. Our typists, Ann
Breen and Barbara Johnson, also deserve credit for bearing with
us under the strain, and we should like to thank the Mathematics
and Statistics departments at Michigan State University for their
cooperation.

HERMAN RUBIN
JEAN E. RUBIN

September I96I
East Lansing, Michigan



INTRODUCTION

There has been quite a bit of philosophical discussion about
whether or not the axiom of choice is meaningful. One form of the
axiom of choice which was given by Russell [IJ in 1906 and Zermelo
[2J in 1908 is as follows:

If t is a disjoint collection of non-empty sets, there exists a set C
which consists of one and only one element from each set in t.

The controversy is about the meaning of the word "exists".
What does it mean for a set to exist? One group of mathematicians,
loosely called the intuitionists, believes that a set exists only if
each of its elements can be designated specifically or at least if
there is a law by which each of its elements can be constructed.
(The meaning of the word "constructible" varies greatly even among
intuitionists. It should not be assumed that all intuitionists have
the same criteria for the existence of a set.) So that for example
if x is the set of even integers this set exists because there is a law
to decide whether or not a given integer is in x. On the other hand,
if y were defined to be the smallest natural number n which has
the property that there is a sequence of lOO-n digits all equal to
each other in the decimal expansion of (n + e)"-e, there is at
present no rule to construct y, so that according to the intuitionists,
the number y does not exist. (See Beth [2J, pp. 418-19.) (There are
some mathematicians who would accept the existence of the number
y, but who do not accept the axiom of choice. Then there are others
who not only do not accept the existence of the number y, but
also do not accept the validity of an indirect proof.)

Another school of mathematicians takes a more liberal viewpoint
about existence and they believe, essentially, that an axiom about
existence of sets may be used if it does not lead to a contradiction.
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It has been shown by Godel [IJ that the axiom of choice is consistent
with the other axioms of set theory, (von Neumann-Bernays-Godel
set theory). Moreover, the axiom of choice has become almost
indispensable in mathematics since a large number of important
results have been obtained from it in almost all branches of mathe-
matics without leading to a contradiction. So that the authors along
with the other members of this school have no qualms about using
the axiom of choice when necessary. However, there are some
mathematicians who believe that the axiom of choice is obvious
and they tend to use it in proofs whether it is necessary or not.
Working on the principle that it is desirable to obtain the strongest
possible results from the weakest possible hypotheses we recommend
not using the axiom of choice unless it seems absolutely necessary.
(Certain authors have replaced the axiom of choice with weaker
propositions (like PR or PD below) in order to avoid using something
as strong as the axiom of choice.)

Actually, however, whether the axiom of choice is realistic or not
is immaterial for the purposes of this monograph. Our main purpose
is to give many of the important propositions which are logically
equivalent to the axiom of choice That is, those propositions which
can be proved equivalent to the axiom of choice using the axioms
of set theory, without the axiom of choice, and the rules of logic.
If the axiom of choice were not realistic then what we do here
would still be logically correct, assuming our proofs are correct,
even if it were not very useful.

Two important results of Fraenkel and Godel have placed the
question of the "truth" of the axiom of choice in almost the same
position as that of the parallel postulate in geometry. In 1922
Fraenkel [1J proved that the axiom of choice is independent of the
other axioms of set theory. That is, Fraenkel constructed a model
in which the axioms of set theory excluding the axiom of choice
are satisfied but this model contains a set which does not satisfy
the axiom of choice. This result was later extended by Fraenkel [2J,
Lindenbaum and Mostowski [IJ, and Mostowski [IJ, [2J, and [3].

However, these results are not completely satisfactory because
the models used all contained individuals. In 1957, Specker [2J
constructed a model in which there are no individuals but both the
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axiom of choice and the axiom of regularity are not satisfied.
Mendelson [2J in i 956, obtained a little stronger result - a model
with no individuals in which the axiom of regularity for finite sets
is satisfied. The question of independence cannot be considered
completely settled until a demonstration with no individuals and
satisfying the axiom of regularity is given; in fact our forms P 17
and P 6S are satisfied in all the models with which we are acquainted.

As was mentioned above, Godel [1J in 1940proved that the axiom
of choice is consistent with the other axioms of set theory (von
Neumann-Bernays-Godel set theory). He proved that given a model
for set theory in which there are no individuals and the axiom of
regularity is true, there exists a model in which, in addition, the
axiom of choice is true. Moreover, if Godel's model is modified so
that either individuals exist or the axiom of regularity is false, the
truth of the axiom of choice is not disturbed. Hence, the axiom of
choice is consistent with the other axioms of set theory whether
there exist individuals or not and whether the axiom of regularity
is true or not. (These results do not apply to every proposed model
of set theory. In fact, in Quine's model the axiom of choice is in-
consistent. See Quine [IJ and Specker [1].)

There are also some known results on the relative strength of
the axiom of choice and some other well-known propositions.
It was stated in 1926 in Lindenbaum and Tarski [IJ that the
generalized continuum hypothesis implies the axiom of choice
(proven by Sierpenski [3J in 1947) and Tarski [4] has stated an
axiom on inaccessible sets which implies the axiom of choice.
(See also Bachman [1].) It is known that the generalized continuum
hypothesis is consistent (Godel [IJ) but it is not known whether or
not it is actually stronger than the axiom of choice. However, it
is known that Tarski's axiom is stronger than the axiom of choice
but it is not known if it is consistent. (Its negation is consistent with
the axiom of choice and the other axioms of set theory.) The prime
ideal theorem is known to follow from the axiom of choice but it
wasn't until recently that Halpern [1J proved that the converse
is not true. The axiom of choice is actually stronger than the prime
ideal theorem. Also, the Birkhoff representation theorem for
abstract algebras is known to follow from the axiom of choice, but
it is not known if the converse is provable.
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We assume an elementary knowledge of logic and set theory. The
following symbols will be used: "not" for negation, "and" for con-
junction, "or" for disjunction, "-+" for implication, " ....-.. ' for equiva-
lence, "=" for identity, "(3X)" for the existential quantifier,
there exists an X, and "(X)" for the universal quantifier, for all X.

The system of axioms for set theory which we adopt is essentially
the system ~ given in Godel ! [lJ with the following exceptions:

1. We permit the existence of individuals.

II. Unless specifically indicated, we do not assume the axiom of
regularity (Axiom D in G6del). Theorems in which it is used in the
proof will be indicated by a footnote.

Formally: the primitive notions are class, set, individual and the
element relation e, The convention is made that capital letters, X,
Y, ... , denote variables whose ranges consist of all classes and
all individuals, and the lower case letters, x, y, ... , denote variables
whose ranges consist of all sets and all individuals.

The axioms of Group A in Godel [lJ, are modified as follows:

1. If x is a set then x is a class.
2. If X € Y then X, is a set or X is an individual.
.5. The principle of extensionality:

(a) If X and Yare classes then (u) [u e X <-> U € YJ implies
X=Y.

(b) If X is an individual then (Y) [Y ¢ X]. (An individual
does not contain any elements.)

1 Godel's axiom system is essentially the same as the system of Bernays
[1]. Axiom D is due to von Neumann [2] (Axiom VI 4).
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Because of 3(b) we make the convention that the range of a
variable which immediately follows t: does not include individuals.

4. The existence of the unordered pair:
(x)(y)(3z)(u)(u e Z <--+ U = x or u = y].

The remaining axioms are just as they appear in G6del.
(Axiom D. The Axiom of Regularity: If X is non-empty then

there is a ss e X such that U and X have no elements in common.)

DEFINITIONS AND THEOREMS

.I. (a) X is a proper class if X is not a set or an individual.
((X)(Y)[Y a proper class --+ Y ¢ XJ).

(b) If X and Yare classes, X is said to be a subclass of Y,
X £: Y, if every element of X is an element of Y.
((u)[u e X --+ U t: YJ). X is said to be a proper subclass of Y,
X c Y, if X £: Y and X 0:/= Y. (If X is a set it is called
a subset of Y.)

(c) The power class of X, .9'(X), is the class of all subsets of X.
(u t: .9'(X) <--+ U £: X.)

(d) The empty set, A, is defined by the properties that A is a
set and (X)[X ¢ A].
The universe, V, is defined by the property (x)[x e V].

(e) We use the standard notation to denote classes. That is,
{x, y, ... } is the set whose elements are x, y, ... , and if
d(XI, X2, ... , xn) is uniquely defined for each Xl, X2, ... , Xn
and P is a predicate then
u t: {d(Xl, X2, ... , Xn) : P(XI, X2, , Xn)}<--+

(3XI)(3x2) .. .(3xn)[u = d(XI,X2, ,xn) and P(XI,X2, ... ,xn)].
(f) A unit set is a set which has only one element. An unordered

pair is a set which has two elements.
(g) An ordered pair, <x, y> is defined as follows:

<x, y> = {{x}, {x, y}}.
An ordered n-tuple, <Xl, X2, ... , Xn> = <Xl, <X2, ... , xn» , where
n > 2 is a positive integer.
(h) The Cartesian product, X X Y = {<x, y>: X e X and y e V}.
(i) The union, X v Y = {u: u e X or u t: V}.
(j) The intersection, X ,.... Y = {u: U t: X and U t: V}.
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(k) The difference, X ,...., Y = {u: u e X and u ¢ V}.
(I) A class X is said to be complete if for all u e X, u £; X.

(m) X and Yare said to be disjoint if X rv Y = A. A class X
is said to be disjoint if each pair of its elements is disjoint.

Because of the definitions of s:, v, rv and X we make the
convention that the range of a variable which immediately precedes
or follows £;, v, ,.., or X does not include individuals.
2. R is said to be a (binary) relation if R is a class of ordered pairs.

R is said to be an n-ary relation if R is a class of ordered n-tuples.
We use the symbol x R y to mean the same as <x, y> € R.

In what follows R is meant to be a binary relation unless other-
wise specified.

(a) The domain of R, g}(R) = {x: (3y) [<x, r> € R]}.
The range of R, 9£(R) = {y: (3x)[<x, y> e R]}.

(b) R"X = {t: (3u)[u e X and <u, t> e R}.
(c) R is a function if whenever <x, y> € R and <x, z> € R then

y = z.
R is a function mapping X into Y if R is a function
and g}(R) = X and 9£(R) s: Y.
R is a function mapping X onto Y if R is a function
and g}(R) = X and 9£(R) = Y.

If R is a function often instead of x R y or <x, y> e R we write
R(x) = y or R x = y.

(d) R is a I-I function if R is a function and whenever <x, z> e R
and <y, z> £ R, x = y.

(e) X is equivalent to Y, X ~ Y, if there exists a I-I function
mapping X onto Y.
X < Y if there exists a class Yo s: Y such that X "":i Yo.
X -< Y if X < Y and not X "":i Y.

(f) If n is a natural number, n > I, R is an n-ary operation
on X if R is a function which maps {<Xl, X2, .•• , X n>:
Xl, X2, ••• , xn £ X} into X. A O-ary operation on X is a
constant and a unary operation on X is a function which
maps X into X. (We shall assume throughout the text that
no ambiguity arises as to the order of an operation. Such
ambiguities could be avoided, but the definition would be
unnecessarily complicated)
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(g) R' is a class-valued junction if whenever x E ~(R) and
<x, y> E R, either y = A or y is a unit set. We define

R[x] = {y: <x, {y}> E R}.

(R[x] can either be A, a set, or a proper class. We make
this rather artificial definition so that if R[x] = A we can
distinguish the two possibilities that x ¢ ~(R) (then
RO{x} = A) or if <x, A> E R (then RO{x} = {A})).

(h) If F is a function I:
union, U F(x) = U FOX = {u: (3x) [x E X and u E F(x)]},

«ex
intersection, n F(x) = nFoX = {u: (x)[x E X ~ U E F(x)]},

x.x
Cartesian product, X F(x) = {j: j is a junction and

x.x
~(f) = X and (x)[x E X ~ j(x) E F(x)]},
power,XY = {j: j is a junction and ~(f) = Y and fjf(f) s; X}.

(Note. X X X =1= X2 but X X X ~ X2, and when n is finite,
Xn R:! {u: u = <Xl. X2, ... , xn>, where Xl, X2, ... , xn E X}. Also it
can be shown that 2x R:! &P(x).)

(i) RIX = {<x, y>: <x, y> ER and x EX}.
(If R is an n-ary operation RIX = {<x, y> : <x, y> E R, x =
<Xl, X2, ... , xn>, and Xl, X2, ... , Xn E X}. See parenthetical
remark following 2(1).)

(j) inverse, R-I = {<x, y>: <y, x> E R}.
(k) complement, R = {<x, y>: <x. y> ¢ R}
(1) composite product, R 0 5 = {<x, y>: (3z) [<x, z> E Rand

<z, y> E S}.
(m) the identity relation, I = {<x, y>: x = y}.
(n) R is rejlexive on X if (x)[x E X ~ x R x].

R is irrejlexive on X if (x)[x E X ~ not x R z].

1 It is sometimes necessary to consider the union (intersection, Cartesian
product) of classes. This definition can be generalized to this case as follows:

If F is a class-valued function:

union, U F[x] = {u: (3x)[x £ X and u e F[x]}.
x.x

Similarly for intersection and Cartesian product.
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(0) R is symmetric on X if (x)(y)[(x, Y e X and x R y) -*y R x].
R is anti-symmetric on X if (x)(y)[(x, y € X and x R y and
yRx)-*x=y].

(p) R is transitive on X if (x)(y)(z)[(x, y, z € X and x R y and
y R z) -* x R z].

(q) R is connected on X if (x)(y)[x, Y e X -* (x R y or y R x or
x = y)].

(r) R is a partial ordering 1 on X if R is transitive on X.
(s) R is a linear ordering 1 on X if R is a partial ordering on

X and R is connected on X.
(t) x is said to be an R-first or R-smallest (R-Iast or R-largest)

element of X if x € X and for all y € X, X =I- y -* x R y(y R x).
(u) x is said to be an R-minimal (R-maximal) element of X if

x € X and for all y € X, Y R x -* x R y (x R y -* y R x).
(v) if Y 5; X, x is said to be an R-lower bound (R-upper bound)

of Y if x € X and for all y e Y, X =I- y -* x R y (y R x).
(w) if Y 5; X, x is said to be a strict R-Iower bound (strict R-

upper bound) of Y if x is an R-lower bound (R-upper bound)
of Y and for all y € Y, not y R x (not x R y).

(x) if Y 5; X, x is said to be an R-greatest lower bound or infimum
(R-Ieast upper bound or supremum) of Y if x is an R-lower
bound (R-upper bound) of Y and if y is an R-lower bound
(R-upper bound) of Yand x =I- y then y R x (x R y).

(y) R is said to be a well-ordering on X if R is antisymmetric
on X, transitive on X, and every non-empty subclass of X
has an R-first element 2. (If every non-empty subclass of X
has a unique R-first element then R is automatically anti-
symmetric and transitive.)

(z) If R is a well-ordering on X and 5 is a well-ordering on Y
then X is said to be similar to Y, X '" Y, if there exists a

1 Some mathematicians require that a partial ordering be reflexive and/or
anti-symmetric besides being transitive. but we do not make this restriction.
The same remarks hold for a linear ordering.

2 Some mathematicians require that a well-ordering be reflexive. Some-
times we shall need a reflexive well-ordering, sometimes an irreflexive well-
ordering. and sometimes a well-ordering which may not be either reflexive
or irreflexive.
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1-1 function F mapping X onto Y such that for all u,
v € X, u i= v, u R v if and only if F(u)S F(v).

(Note: A set X is said to be partially ordered, linearly ordered,
well-ordered etc. if there exists a relation which is a partial ordering,
linear ordering, well-ordering etc. on X.)

(Zl) A class X is finite if there exists a natural number n such
that X R:i n. Otherwise X is infinite.

3. Ordinal numbers.
(a) X is an initial R-section of Y if R is a relation, X :;; Y and

Y rv (R-IHX) :;; X. (That is, all R-predecessors in Y of
members of X also belong to X.)

(b) X is the initial R-section of Y generated by u if R is a relation,
and X = Y ,.... R-l"{U}. (That is, X is the class of elements
of Y which are R-predecessors of u, If R is transitive then
an initial R-section of Y generated by u is an initial R-
section of Y.)

(c) X is an ordinal number 1 if
(i) X is a set.

(ii) X is irreflexively well-ordered by e.
(iii) For all u e X, u is the initial e-section of X generated

by u.
(d) On is the class of all ordinal numbers. 0 = A.

Lower case greek letters, IX, {J, y, ... , will be used to denote
variables whose range is On.

(e) IX < f3 if IX € {J; IX < f3 if IX < {J or IX = f3.
(f) IX is a limit ordinal if IX = U f3 and IX i= A.

{J<oc
4. Properties of ordinal numbers:

(a) If IX i= A then A € IX for all IX e On.
(b) Every element of an ordinal number is an ordinal number.
(c) A set of ordinal numbers is an ordinal number if it is

complete.
(d) No ordinal number is an element of itself.
(e) IX < {J if and only if IX c: {J.
(f) For any two ordinal numbers IX and {J either IX < {J, IX = (J,

or fJ < IX.

1 The definition is that given by von Neumann [2) in 1928.
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(g) On is well-ordered by E.

(h) For every well-ordered set there is a unique ordinal number
which is similar to it.

(i) If IX is an ordinal number so is IX V {oc}.
(j) If IX is not 0 or a limit ordinal then there exists a unique

ordinal number fJ such that oc = fJ v {fJ}. We shall call fJ
the immediate predecessor of IX and designate it by oc - 1
and call IX the immediate successor of fJ and designate it by
fJ + 1.

(Note: All the above properties of ordinal numbers can be derived
without using either the axiom of regularity or the axiom of choice.)



PART I

SET FORMS

1. The Well-Ordering Theorem
Before 1904, when Zermelo [IJ published his proof that the

axiom of choice implies the well-ordering theorem, the well-ordering
theorem was considered as self-evident. Cantor and others used it
without hesitation. WE I-WE 3 are three classical forms of the
well-ordering theorem. WE 4(m) and WE 5 are due to Azriel Levy 1,

and WE 6 is a generalization of WE S.
WE 1: Every set can be well-ordered.

WE 2: Every set is equivalent to an ordinal number.

WE 3: Every set is equivalent to a subset of an ordinal number.

Let m be a natural number, m > 1.

WE 4(m): For every set x there exists an ordinal number IX and a
function f defined on IX such that l(fJ) ~ m for every f3 < IX and
U f(f3) = x.

(J<<<

WE 5: There exists a natural number m > I such that WE 4(m).

WE 6: For every set x there exists a natural number m > I, an
ordinal number IX, and a lunction I dejined on IX such that 1(f3) ~ m
lor every fJ < IX and U f(fJ) = X.

(J<<<

WE 4(m) could be restated in the following way:
Every set is the union of a well-ordered set of finite sets each of

which has not more than m elements. Similarly for WE 5 and
WE6.

1 These forms are given in a paper entitled"Axioms of multiple choice"
which has been submitted for publication to Fundamenta Mathematicae.
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It is clear that WE 2 ~WE 3 and WE 3 ~WE 1. To prove
that WE 1 ~WE 2 see Godel [1] 1. The following equivalences are
also clear: WE 1- WE 4(1), WE 4(m) ~WE 4(n) if m < n, and
WE 4(m) ~ WE 5 ~WE 6. Therefore, to prove that the above
six forms are all equivalent it remains to prove the following:

THEOREM 1.1. WE 6 ~WE 1 2.

PROOF. Let x be an arbitrary set. For each set y, define a set
of natural numbers Ny as follows:

(i) mENy if (3j)(31X)[f is a function, IX EOn, P)(f) = IX, U j(fJ) = y,
f1<a.

and (fJ)[{3 < IX ~ f(fJ) <; m]]. (WE 6 implies that Ny * A for
every set y.)

Next, we shall prove the main result:

(ii) If Y X Y s; Y and m is a natural number such that m > 1
then m « Ny implies m - 1 E Ny.

Suppose y and m satisfy the hypothesis of (ii) and mENu- Then
there exists a function f and an ordinal number IX satisfying (i).
Define

(iii) Up "I 6 = (f(fJ) X j(y)) rv j(lJ) , where fJ, y, lJ < IX.

Now, Up "I 6 is a set of ordered 'pairs, so that it is a relation and we
may talk about its domain and range. Moreover, we have

P)(Up "I 6) S; f(fJ) <; m, ~(Uf1"1~) S; j(y) <; m, and Up"l~ S; f(lJ) <; m.

Case 1. (fJ)[fJ < IX and j(fJ) * A ~ (3y)(3lJ)[y, r5 < IX,

P)(UP"l6) * A, and P)(Up "I 6) -< 11£J].
For each fJ < IX with j(fJ) * A, let Ap and f-tp be the lexicographi-

cally < - first ordinal numbers y and lJ such that P)(up"l~) '* A
and P)(up"l~) -< m. (That is, first find ordinal numbers y and lJ
which satisfy the conditions. Then let Ap be the < - smallest such y
which satisfies the conditions. Then given Ap, let f-tp be the <-

1 The proof is given in GOdel [1] p. 27, theorem 7.7. This proof is quite
similar to the proof of theorem 2.8 which we shall give in detail.

2 The proof is due to Azriel Levy. See footnote p. 1.
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smallest 15 which satisfies the conditions.) Now define:

v = {fJ)(Up,;.P,l'p) if j(fJ) =I=- A,
p A if j(fJ) = A,

3

and Wp = j(fJ) "" Vp. Next we define a function g as follows 1:

~(g) = 01: + 01:,

if (J < 01: then g(fJ) = Vp,
if IX <fJ, and fJ "" 01: r-J Y < 01: then g(fJ) = WI"

We shall prove that m - 1 E Ny by proving that g is a function and
a + IX an ordinal which satisfies (i). That is, we have to prove

U g(fJ) = y and if fJ < 01: + 01: then g(fJ) ~ m - 1. The first
P<o<+o<
equality follows from set theoretic considerations and from the
fact that U Vp S; U j(fJ) = y. If (J < IX, we have Vp -< m and

f3<0< f3<0<

consequently g(fJ) ~ m - 1. If 01: < (J < 01: + IX, then there is a
y < IX such that fJ "" 01: r-J y. If j(y) =I=- A, then VI' =I=- A, j(y) ~ m
by (i), and VI' S; j(y), therefore, WI' = j(y) "" VI' -< m, so that
g(fJ) ~ m - 1. If j(y) = A then WI' = A, so that again g({J) ~ m - 1.

Case 2. (3fJ)[fJ < 01:, j({J) =I=- A and (y)(t5)[y, 15 < IX and
fJ)(upy,,) =I=- .1---+ fJ)(uPY") ~ m]].

Let fJ be the <-smallest ordinal number in {J.,: ). < IX, I(J.,) =I=- A,
and (y)(t5)[y, 15 < 01: and fJ)(u;.y,,) =I=- A ---+ fJ)(u;.y,,) ~ m]}. Let S E j(fJ).

If v, 15 < 01: and fJ)(upy,,) =I=- A then fJ)(upy,,) has 11/, elements.
It follows from (i) and (iii) that UPI''' has at most m elements
(uPI''' S; 1(15) ~ m). Therefore UPI''' ~ m and UPI''' is a function.

Now, if in addition to I({J) =I=- A, also I(y) =I=- A, then there exists
a 15 such that uPI''' =I=- A. (This follows from (iii) and the fact that
y X Y S; y.) Let 151' be the <-smallest ordinal number in
{t5: UPI''' =I=- A}.

Next, define

_ {{Upy,,(S)} if I(y) =I=- A d - j( ) ""
VI' - A if j(y) = A an Wy - Y Vy.

1 The sum of two ordinal numbers is defined for example in Bachmann [1]
p.45.
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(Note that since f(f3) 0:/= A, if ~(u{jy,,) 0:/= A then S E f(f3) = ~(u{jy,,)

and f(y) 0:/= A, therefore by exists.) Now define a function g on
ex + ex as follows:

If y < ex then g(y) = Vy .

If ex < y then y "'-' IX '"'-' A < ex and g(y) = w)..
Again we shall show that g is a function and ex + ex an ordinal
number which satisfies (i) with m replaced by m - I. As in case I,
we have U g(y) = y. If y < ex, g(y) = Vy <:; I' <:; m - I. If

y<~+~ •
ex< y and y "'-'ex '"'-' A, g(y) = w). = f(A) "'-'V;.; if f(J..) 0:/= A, v). I'::::i I
and g(y) <:; m - I, while if f(J,.) = A, g(y) = A <:; m - I. Hence,
if A< ex + ex, then g(J,.) <:; m - I. This completes the proof of (ii).

It follows from (ii) and mathematical induction that if y X Y s::: Y
then y can be well-ordered. Now, to complete the proof of the
theorem we must show that our original set x can be well-ordered.
Therefore, we prove:
(iv) For every set x there exists a set y such that x v (y X y) s::: y.

Construct y as follows:
00

Let Zo = x and Zn+1 = Zn v (zn X zn). Let y = U Zn.
n~O

If m < n then Zm s::: Zn and Zm X Zm s::: Zn. Clearly, x s::: y. Also,
00

y X Y = U· Zn X Zm
n,m=O

00

s::: U zmax(m,n) X zmax(m,n)
n,m=O

00

s::: U Zmax(m,n)+ 1
n,m=O

s::: y.

Hence, x v (y X y) s::: y.
Therefore, x is a subset of a set which can be well-ordered, so

that x can be well-ordered also, q. e. d.

2. The Axiom of Choice
Apparently, the first specific reference to the axiom of choice

was given in 1890 in a paper of G. Peano [I]. In proving an existence
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theorem for ordinary differential equations, he ran across a situation
in which such a statement is needed. In 1902 Beppo Levi [IJ, while
discussing the statement that the union of a disjoint set t of non-
empty sets has a cardinal number greater than or equal to the
cardinal number of t 1, remarked that its proof depended on the
possibility of selecting a single member from each element of t.
Others, including Cantor, had used the principle earlier, but did
not mention it specifically. We give here nine forms of the axiom
of choice.

AC 1: Ij s is a set oj non-empty sets, there is a junction j such
that jar every XES, j(x) EX.

AC 2: Ij t is a disjoint set oj non-empty sets, there is a set c which
consists oj one and only one element jrom each set in t.

AC 3: For every junction j there is a junction g such that jar every
x, ij x E 2)(f) and j(x) =F A, then g(x) E j(x).

AC 4: For every relation r there is a junction j such that 2)(f) =
= 2)(r) and j s r. (See P 12.)

AC 5: For every junction j there is a junction g such that 2)(g) =
= fJi(f) and jar every x E 2)(g), j(g(x)) = x. (If j is 1-1 then g is its
inverse.)

AC 6: The Cartesian product oj a set oj non-empty sets is non-
empty.

Let m be a natural number, m > 1.

AC 7(m): I] s is a set oj non-empty sets, there is a function j
such that jar every XES, j(x) =F A, j(x) s x, and j(x) <m.

AC 8: There exists a natural number m > 1 such that AC 7(m).
AC 9: I] s is a set oj non-empty sets, then there is natural number

m > 1 and a junction f such that for every XES, j(x) =F A, f(x) s x,
and j(x) <m.

In 1904, Zermelo 2 [1J stated a principle of choice similar to

1 It is not known whether this statement is equivalent to the axiom of
choice.

2 Zermelo states in his paper that the proof of the theorem came out of
conversations with Erhardt Schmidt.
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AC 1 and proved that it implied the well-ordering theorem. (Zer-
melo took s to be the set of all non-empty subsets of a given set.)
AC 3 and AC 6 are essentially restatements of AC I.

In 1906, Bertrand Russell [1J gave a principle analogous to AC 2.
He announced this principle as a possible substitute for Zerrnelo's,
but he believed that it was weaker. (Russell actually stated hIS
principle in the form of AC 6 with disjoint sets. However, by
"product" Russell meant the following: x E X Sa if X s; U Sa and

a.A a.A
X '"' Sa is a unit set for each a E A. This definition of product is
due to Whitehead [1]. Hence Russell's form is the same as AC 2.
See 2(h) in the section entitled Preliminary Definitions and
Theorems for our definition of product.) In 1908, Zermelo, in [2J,
stated and in [3J proved that Russell's and his formulations of the
axiom of choice are equivalent. The name "axiom of choice" is
due to Zermelo [IJ, and the name "multiplicative axiom" or
"multiplicative principle" is due to Russell [1]. AC 4 and AC 5
were given by Bernays [2J in 1941 1. AC 7(m) and AC 8 are due
to Azriel Levy 2 and AC 9 is a generalization of AC 8.

We shall first show that AC 1-AC 6 are all equivalent. AC 1
obviously implies AC 2, and it is clear from the definition of product
that AC 1 and AC 6 are equivalent.

THEOREM 2.1: AC 2 ~ AC 1.

PROOF. Let s be a set of non-empty sets. Define t = {{x} X x:
XES}. Then the choice set of AC 2 is the required choice function
on s.

THEOREM 2.2: AC 1 ~ AC 3.
PROOF: Let t be an arbitrary function. Let s = gf(f) and let

F be the choice function on s. Define a function g so that for
each x E £0(1), g(x) = F(f(x)). Then g is the required function.

THEOREM 2.3: AC 3 ~ AC 1.

1 Bernays actually gives AC 4S and AC SS which are stronger than
AC 4 and AC 5. AC 4S is given as an axiom and AC 5S is proved equivalent
to it.

2 These forms are given in a paper entitled "Axioms of multiple choice"
which has been submitted for publication to Fundamenta Mathematicae.
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PROOF: Let s be a set of non-empty sets. Let t be a 1-1 function
such that fJll(/) = s. Define a function F such that for each XES,
F(x) = g(f-l(X)) , where g is defined by AC 3. Then F is the required
choice function.

THEOREM 2.4: AC 4 ~ AC 5.

PROOF: Let t be an arbitrary function and let r = {<x, y>:
<y, x> E/}. AC 4 implies that there is a function g such that
22(g) = 22(r) and g s; r. Clearly, for every x E fJll(f) = 22(g),
t(g(x)) = x.

THEOREM 2.5: AC 5 ~ AC 4.

PROOF: Let r be an arbitrary relation and define a function h
as follows:

h = {«x, y>, x>: <x, y> E r}.

AC 5 implies that there is a function g such that 22(g) = fJll(h) and
for every x E 22(g) , h(g(x)) = x. Now, g(x) is an ordered pair, so
we define t(x) to be the second coordinate of g(x), for each x E 22(g) =
= ~(r). Clearly, 22(/) = ~(r), t is a function, and t s; r.

THEOREM 2.6: AC 4 ~ AC 3.

PROOF: Let t be an arbitrary function. Define a relation r as
follows:

r = {<x. y>: y Ej(x)}.

AC 4 implies that there is a function g such that 22(g) = 22(r)
and g s; r. g is the required function.

THEOREM 2.7: AC 3 ~ AC 4.
PROOF: Let r be an arbitrary relation. Define a function h as

follows:
For each x E ~(r), h(x) = {y: <x, y> E r}, (h(x) = r"{x}.) AC 3

implies that there is a function t such that if x E ~(h) and h(x) =I- A,
then t(x) E h(x). t is the required function.

Next, we shall show that each of AC l-AC 9 is equivalent to a
form of the well-ordering theorem. WE 1 implies AC 1, for WE 1
implies U s can be well-ordered; then define the t of AC 1 to be
the function which associates each set of s with its first element.
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THEOREM 2.8 1: AC 1 ~WE 2.
(The intuitive idea of the proof is as follows: Let x be a non-

empty set and j a choice function on the set of all non-empty subsets
of x. We well-order x as follows: Let j(x) = a be the first element
of x; j(x ,....., {a}) = b be the second element of x; j(x ,....., {a, b}) = c
be the third element of x; etc.)

PROOF: Let x be a non-empty set. Let j be a choice function on
the set of all non-empty subsets of x and define j(A) = u where
u ¢ x. We define a function G as follows: For all ordinal numbers
0:, G(o:} = j(x ,....., G"IX). (It follows by transfinite induction that G
is defined for all IX EOn.)

(1) G-l is I-Ion 3i(G) A x. If IX < 13, and G(IX), G(f3) EX. then
G(IX) *- G(f3) since G(f3) = j(x ,....., G"f3) EX""'" G"f3, and G(IX) E G"f3.

(2) There is an ordinal number IX such that G"IX = x. For there
must be some ordinal number 13 such that G(f3) ¢ x. If this were not
so, by (1) G would be a 1-1 mapping of On into x which contra-
dicts x being a set. Let 0: be the smallest ordinal number such that
0: E {f3: G(f3) ¢ x} Then by the definition of IX, G"IX S; x, and by
the definition of G x,....., G"IX = A.

From (1) we see that an ordinal number satisfying (2) yields the
desired result.

It is clear that AC 1~ AC 7(1), AC 7(m) ~ AC 7(n) if m S n,
and AC 7(m) ~ AC 8 ~ AC 9. Therefore, it remains to be shown
that AC 9 implies a form of the well-ordering theorem.

THEOREM 2.9: AC 9 ~ WE 6.
PROOF: (The proof is similar to the proof of 2.8.) Let x be a set

. and let s be the set of all non-empty subsets of x. By AC 9, there
exists a natural number m and a function g such that for every
yES, g(y) *- A, g(y) S; y, and g(y) <m. Define g(A) = u where
u $ x. Define a function G as follows: For all ordinal numbers IX,
G(IX) = g(x ,....., U G(f3)).

fJ<o:
Now, we proceed as in the proof of 2.8 and prove:
(1) G-l is I-Ion 3i(G) A ,gtJ(x) and

1 The proof given here is a modification of Zermelo's [IJ proof using
ordinal numbers instead of well-ordered sets.
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(2) There is an ordinal ex such that U G"ex = x.
Then define 1= G\ex, and we have m is the natural number, ex is
the ordinal number and 1 is the function which satisfies WE 6.

3. The Law of the Trichotomy
The equivalence of the axiom of choice and the trichotomy was

given by Hartogs [1) in 1915. As in the case of the well-ordering
theorem, the trichotomy was considered self-evident and was used
without hesitation before 1915.

T: For all sets x and y, either x is equivalent to a subset 01 y or
y is equivalent to a subset 01 x.

It is clear from the properties of ordinal numbers that WE 2
implies T. (See 4(f) on p. XXII.) To prove the implication the other
way we first define Hartogs' [unction 1:

DEFINITION 3.1: F(x) = {ex: ex <; x}.
We must prove that F is defined. That is,

LEMMA 3.2: For all sets x, F(x) is a set.
PROOF: Let R be the set of all reflexive well-ordering relations

on subsets of x. R s; .9'(x X x); therefore R is a set. The mapping
which assigns to each well-ordering in R the corresponding ordinal
number 2 is a mapping of R onto F(x). Therefore F(x) is a set.

We next prove

LEMMA 3.3: For every set x, F(x) is an ordinal number.
PROOF: A set of ordinal numbers is an ordinal number if it is

complete. That is. we must prove that if ex € F(x) then ex s; F(x).
Suppose ex € F(x) and fJ € ct. Then ex <; x and (3 C Ct.. Hence,

fJ <; x so that fJ € F(x).
THEOREM 3.4: T _ WE 3.

PROOF: By T, either x <; F(x) or F(x) <; x. The first inequality
implies WE 3 since F(x) is an ordinal number. The second is im-

1 See Hartogs [I J.
2 See 2(z) and 4(h) in Preliminary Definitions and Theorems.
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possible because it implies F(x) E F(x). (No ordinal number can be
an element of itself.)

We shall next consider a proposition which is similar to T. It
was stated by Lindenbaum in Lindenbaum and Tarski [I] and later
proved by Sierpinski [5].

T': For every two non-empty sets, there is a mapping alone onto
the other.

Clearly T implies T'. Next we have the following

LEMMA 3.5: For any two sets x and y, il there is a mapping 01 x
onto y then there is a 1-1 [unction. which maps &J(y) into &J(x).

PROOF: Let I map x onto y. For t E &J(y) , define g(t) = 1-1"t.
Then g is a function from &J(y) into &J(x). To show that g is 1-1,
we note that if s, t E &J(y), g(s) '"'-' g(t) = 1-1"S '"'-' 1-1"t = 1-1"(s '"'-' t).
Therefore, if g(s) = g(t), 1-1"(s '"'-' t) = A and 1-1"(t '"'-' s) = A;
which implies t s; sand s s; t; so that s = t.

THEOREM 3.6: T' --+ WE 3.

PROOF: Consider the non-empty sets x and F(&J(x)). By T', either
there is a mapping of x onto F(&J(x)) or there is a mapping of
F(&J(x)) onto x. If the first mapping exists, then 3.5 implies there
is a 1-1 function which maps &J(F(&J(x))) into &J(x). But since
F(&J(x)) -< &I(F(&J(x))), this implies that F(&J(x)) -< &I(x), which
is impossible. Hence, there must be a mapping I of F(&J(x)) onto x.
For each t E x, define g(t) to be the smallest element of I-11ft. We
see that g is a 1-1 function from x into F(&J(x)). Hence x ~ F(&J(x)),
which proves WE 3.

4. Maximal Principles
As mathematics developed further there also developed a need for

another non-constructive proposition. A principle, which Kura-
towski, Hausdorff, Zorn, and others, used to replace transfinite
induction and the well-ordering theorem. It appears, at first
glance, unrelated to the axiom of choice, but actually is equivalent
to it.

This principle and principles similar to it are often referred to as
forms of Zorn's Lemma. (It appears that Bourbaki [IJ and Tukey [IJ
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first referred to them in this way.) We prefer to call these forms
maximal principles since it is a more descriptive title. Also, we discuss
forms which are far afield from Zorn's original form, but still
maximal principles.

In fact, it might be more appropriate to call the principle "Kura-
towski's Lemma" or "Hausdorff's Lemma" rather than "Zorn's
Lemma". In 1914, Hausdorff [IJ derived M 5 (below) from the well-
ordering theorem. M 6 is a specialization of M 5. In 1927, in the
second edition of Hausdorff's book there is a derivation of a form
similar to M 4 from the axiom of choice. Kuratowski [IJ in 1922
derived M 4 and minimal principles equivalent to M 3 and M 4
from the well-ordering theorem 1. (In our forms M I-M 4 there
is an obvious duality between minimal and maximal principles.
We shall not discuss the minimal principles here.) Kuratowski used
a minimal principle to prove a theorem in analysis. In 1932, R. L.
Moore [1] derived a minimal principle equivalent to M 3 from the
well-ordering theorem. (Moore lists Kuratowski in his bibliography.)
It wasn't until 1935 that Zorn [IJ published his paper. He was the
first to state that a maximal principle implies the axiom of choice.
He stated without proof that M 3 is equivalent to the axiom of
choice (to be proven in another paper which was never published).
Zorn was also the first one to apply a maximal principle in algebra.
He discussed a list of applications of M 3. He was apparently una-
ware of the work of Hausdorff and Kuratowski.

O. Teichmiiller [IJ in 1939 and J. W. Tukey [IJ in 1940 indepen-
dently gave M 7 and proved it equivalent to the axiom of choice.
Tukey also gave M I, a generalization of M 3. Teichmiiller was
unaware of Zorn's work while Tukey refers to Zorn. N. Bourbaki
[I] in 1939 gave a proposition similar to M I and states, without
proof, that it is equivalent to the well-ordering theorem. (He stated
a lemma similar to Kuratowski's lemma (see 4.11) to indicate how
one would prove that M 1 implies the well-ordering theorem.
M 7 is also stated by Bourbaki, but no proofs are given.) M 2 was
given by Szele [IJ in 1950.

There are two different forms of the maximal principles. M I-M 4
1 Some of the preliminary work in Kuratowski's paper is due to Hessen-

berg [1].
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postulate the existence of a maximal element, and the remaining
forms postulate the existence of a maximal set.

M 1: If R is a transitive relation on a non-empty set x and if
every subset of x which is linearly ordered by R has an R-upper bound,
then there is an R-maximal element in x.

M 2: If R is a transitive relation on a non-empty set x and if
every subset of x which is well-ordered by R has an R-upper bound,
then there is an R-maximal element in x.

DEFINITION 4. I: A nest is a class which is linearly ordered by
inclusion, £.

M 3: If every non-empty nest which is a subset of a non-empty set
x has its union an element of x, then x has a maximal element 1.

M 4: If every well-ordered nest which is a subset of a non-empty
set x has its union an element of x, then x has a maximal element 1.

Clearly M 2 ~ M I ~ M 3 and M 2 ~ M 4 ~ M 3. There are
many other maximal principles between M 2 and M 3 we could
have chosen just by changing the ordering relation or the conditions
on the upper bound. We chose M I since it is a common form and
often used in practice and M 4 for historical reasons.

M 5: If R is a transitive relation on x, then there exists a maximal
subset 1 of x which is linearly ordered by R.

M 6: For every set x, there exists a maximal subset 1 of x which
is a nest.

DEFINITION 4.2: A non-empty property P is of finite character
if a class X has the property P if and only if every finite subset
of X has the property P. If X has the property P, we write P[X].

(Nate: If P is a property of finite character and Q = {x: x is
finite and not P[x]} then P[X] if and only if x E Q implies x $ X.
Conversely, if Q is any collection of non-empty finite sets and P[X]
if and only if x E Q implies x $ X, then P is a property of finite
character. The proofs of these statements follow directly from 4.2.
In particular, the second statement implies that the property of
an element not belonging to a set is a property of finite character.

1 Maximal with respect to inclusion, £.
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That is, if P is defined as follows: P[X] <-+ u 1X for some fixed
element u, then P is a property of finite character. (To prove this
take Q = {{un.))

M 7: For every set x and every property P of finite character,
there exists a maximal subset 1 of x which has the property P.

Clearly M 7 -? M 5 -? M 6. In order to prove these seven forms
are equivalent, it remains to be shown that M 3 -? M 7 and
M 6 -? M 2. It turns out that it is easier to prove the latter implica-
tion in two steps, M 6 -? M 5 and M 5 -? M 2.

THEOREM 4.3: M 3 -? M 7.
PROOF: Let x be a set and P be a property of finite character.

Let y = {t: t £ x and pet]}. We shall show that if n £ y, n '* A,
and n is a nest then U n E y. Clearly U n £ x. Let u be a finite
subset of Un. Then since n is a nest, u is a finite subset of some
element of n. Since every element of n has the property P, it follows
that P[u]. Therefore we obtain P[U n] by the definition of finite
character. Furthermore, the empty set has property P. Thus y
satisfies the hypotheses of M 3, so y has a maximal element.

THEOREM 4.4: M 6 -? M 5.
PROOF: Let R be a transitive relation on x. Let y be the set

of all subsets of x which are linearly ordered by R. By M 6, there
is a maximal subset n of y which is a nest. Let m = Un. We wish
to show that m is a maximal element of y. Clearly m £ x. Let u,
v E m, u oF v; then (3w)(u, v E wand wEn). R linearly orders w,
and hence either u R v or v R u, Consequently R linearly orders m.
Suppose m is not maximal; then for some Z E y, we have m c z.
We observe that n v {z} is a nest since every element of n is a subset
of z. Since n is maximal, we must have {z} s::: n. That is, ZEn,
whence Z £ m, which contradicts our assumption about z. Conse-
quently, m is maximal, and therefore M 5 holds.

THEOREM 4.5: M 5 -? M 2.
PROOF: Let R be a transitive relation on x. Let y be the set of

all subsets of x which are well-ordered by R. Define a relation 5
on y as follows:

1 Maximal with respect to inclusion, £.
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5 = {<t, «»: t f. Y and u f. y and t is an initial R-section of u}.
5 is clearly a transitive relation on y; therefore, by M 5 there is a
maximal subset n of y which is linearly ordered by S. Let m = Un.
We shall show that m has an R-upper bound, and that such an
element is an R-maximal element of x.

First let us show that m f. y. Clearly m s; x. Let z be any non-
empty subset of m. Then for some t f. n, z "" t i=- A. Let u be the
R-first element of z "" t. It remains to be shown that u is R-first
in z. Now let v f. Z, v i=- u, If v f. t, we have u R v and not v R u
by the well-ordering property. If v ¢ t, v f. w for some w f. n. By the
definition of 5 and the construction of n, t is an initial R-section
of w. Hence u R v and not v R u, Therefore, u is the unique R-first
element of z so that R is a well-ordering on z and m f. y.

By an argument similar to that of the preceding theorem, m is
maximal in y. Consequently, m cannot have a strict R-upper bound.
For if b were a strict R-upper bound for m, we would have m'
= m v {b} f. Y which contradicts the maximality of m, Since m f. y,
it follows from the hypothesis of M 2 that m has an R-upper bound.
Let b be such a bound. Suppose z f. x and b R z. If not z R b, z
would be a strict R-upper bound for m, which is impossible.
Therefore, b is an R-maximal element of x, q. e. d.

There are some additional maximal principles which we shall
discuss briefly. They are quite similar to the forms M I-M 7 and
first appeared in the literature in Kuratowski [IJ in 1922. We shall
call them M' I-M' 7. The hypotheses for these forms are the same
as that of the corresponding unprimed forms, but the conclusions
are stronger. The conclusions for M' I-M' 4 state that there exists
a maximal element larger than any given element; the conclusions
for M' S-M' 7 state that there exists a maximal subset containing
any given subset with the required property. We shall state only
two of these additional forms in a formal way; it will be clear
what the other forms are.

M' 1: It R is a transitive relation on x and it every subset o!
x which is linearly ordered by R has an R-upper bound and it y f. x
then there is an R-maximal element z in x such that either y R z
01' Y = z.
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M' 7: For every set x and every property P oj jinite character and
jar every subset y oj x such that P[yJ, there is a maximal subset 1 z
oj x such that y s:: z and P[z].

It is clear that M' n ~ M n for n = 1, ... ,7. Next we prove
the implications the other way.

THEOREM 4.6: M n ~ M'n jar n = 1,2,3,4.

PROOF: Let y E X and let w be the set of all upper bounds for y.
Then apply M n to the set wand thereby obtain M'n.

THEOREM 4.7: M 7 ~ M'n jar n = 5, 6, 7.

PROOF: We give the proof for M'5. The others are analogous.
Let y be a subset of x which is linearly ordered by R. "Linearly
ordered" is a property of finite character. Call it P. We define a new
property Q as follows. For any subset w of x, Q[w] if and only
P[w v y]. Q is clearly a property of finite character. By M 7 there
is a maximal subset z of x which has the property Q. Therefore
z v y is a maximal subset of x which contains y and is linearly
ordered by R.

The following maximal principals M 8 and M IO-M 13 are due
to W. H. Gottschalk [IJ and M 9 is due to A. D. Wallace [I]. (All
these forms can be given in the primed form also.)

Let x be a set and R a relation. In the forms following, we shall
omit these statements, as well as the statement that there is a
maximal subset y of x satisfying the conclusion; just the conclusion
will be stated in each form.

M 8: y X Y s:: R.
M 9: y X Y s:: R u R-1.
M 10: y X Y s:: 11 u 11-1.
M 11: y X Y s:: R u R-1 u I.
M 12: y X Y s:: 11 u 11-1 u I.
M 13: yn s:: R. (By yn here we mean {<t1 , tz, ... , tn>: ti E y,

i = 1,2, ... , n}.)
(See 2(j), (k), and (m) in the section "Preliminary Definitions and
Theorems" for the definition of Rr», 11 and I.) Note that M 13

1 Maximal with respect to inclusion, S::.
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refers to an n-ary relation, while in M 8-M 12, R is a binary relation.
M 5 could be stated in the following way: For every set x and

transitive relation R, there is a maximal subset y of x such that
y X Y £; R v R:» v I. In M 9, the set y is called coherent since
for every sand t in y either s R t or t R s. In M 10 Y is called
asymmetric since for every sand t in y neither s R t nor t R s.
In M 11, Y is called chained or connected and in M 12, anti-
symmetric.

It is clear that M 9 is equivalent to M 10 and M 11 is equivalent
to M 12 for just substitute R for R. (R = R.) Moreover M 8 is a
special case of M 13. Also M 8 -+ M 9 -+ M 11 and M 7 -+ M 13.
The latter implication holds because if P[yJ.-. yn £; R then P is a
property of finite character. Finally, M 5 is a special case of MIl.
We have now shown the following chain of implications holds:

M7 -+M 13 -+M8 -+M9.-.M 10 -+M 12.-.M 11 -+M5.

We have previously shown that M 5.-. M 7, (4.3, 4.4, 4.5, and the
preceding discussion); hence M I-M 13 are all equivalent.

We shall next show that these maximal principles are equivalent
to the other forms of the axiom of choice we have given. Since
there is so much in the literature about the equivalence of a maximal
principle and the axiom of choice or the well-ordering theorem,
we shall give several of these proofs. The first two (4.8 and 4.9)
are well known.

THEOREM 4.8: M 3 -+ AC 1.
PROOF: Let 5 be a collection of non-empty sets, and let C be

the collection of all choice functions on subsets of S. It is clear that
every nest of functions in C has its union in C, and therefore, by
M 3, C has a maximal element f. Clearly, t is the required choice
function.

A similar proof could be given that M 3 -+ WE 1. Instead we
shall prove

THEOREM 4.9: M 1 -+ WE 1.

PROOF: Let x be an arbitrary set, and let P be the set of all
ordered pairs <y, w> such that y £; x, w £; Y X Y and w is a well-
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ordering on y. Let us define a relation R as follows: If <y, w> and
<r'. w'> are elements of P, then <y, w> R <y', w'> if y £ y', w
= W' rv (y X y), and y X (y' ......- y) £ w'. That is, w' is an ex-
tension of w, w = w'ly, and y is an initial w'-section of y'. If s
is an R-linearly ordered subset of P, then an R-upper bound for s
is <U ~(s), U ~(s». (We leave the proof that <U ~(s), U ~(s» e P
and is an R-upper bound for s as an exercise.) Therefore, by M I,
P has an R-maximal element cz, v>. Suppose m € x ......- z. We define
z' = z v {m} and v' = v v (z X {m}), and we observe that
<z, v> R <z', v'> and not cz', v'> R cz, u». This contradicts the
maximality of <z, v>, so z = x and hence v well-orders x, q. e. d.

We now proceed to the slightly more difficult task of proving
that the axiom of choice implies a maximal principle. We shall
first prove that the well-ordering theorem implies a maximal
principle and then give several proofs that the axiom of choice
implies a maximal principle.

THEOREM 4.10: WE 2 ---* M 51.

The intuitive idea of the proof is as follows: Let x be a set and
let R be a transitive relation on X. By WE 2, there is an ordinal
number oc such that oc is equivalent to x. We construct a maximal
R-linearly ordered subset of x by the following method: Let the
first element of x belong. If the second element of x stands in the
relation R to the first element, the second element is included,
otherwise not. We continue by including those elements which are
R-connected to the elements already included.

Formally, let F be a 1-1 function from oc onto x. Define the
function G as follows:

G(fJ) = F(fJ) if fJ < oc and (y)[y < fJ ---* (F(fJ) R G(y) or G(y)R F(f3))J,
G(fJ) = F(O) otherwise.

It is clear that the range of G is a maximal R-linearly ordered
subset of x.

THEOREM 4.11: AC 3 ---* M' 4 2.

1 This is the proof given in Hausdorff [1], 1914.
2 The proof is due to Kuratowski [1], 1922. Similar proofs were given by

Hausdorff [2J in 1927 and Bourbaki [2], Kneser [1], and Szele [1], all in 1950.
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Let us first prove the following lemma, which is independent
of the axiom of choice:

LEMMA: Let a € x and suppose that every non-empty well-ordered
nest 01 elements 01 x has its union in x. Furthermore, let I bea [umction.
on x to x, such that lor all y € x, Y £ I(Y). Then there is a z e x such
that a £ z and z = I(z).

To prove this let I be a function on x to x such that for all y e x,
Y £ I(y). Define a function G by transfinite induction as follows:

G(O) = a,

G(ex + 1) = I(G(ex)),
G(ex) = U G({3) if ex is a limit ordinal.

fJ<a.

We observe that if ex < (3, G(o:) £ G({3). Since every non-empty
well-ordered nest of elements of x has its union in x, G is a function
from On into x. Since x is a set, the function G cannot be 1-1.
Hence for some ordinals ex < (3, G(o:) = G({3). Therefore G(o:)
= G(ex + 1), and thus G(ex) = I(G(ex)). Since G(O) = a, a £ G(ex)
and this completes the proof of the lemma.

Now let us use this lemma to prove the theorem. Let x be a non-
empty set with the property that every well-ordered non-empty
nest of elements of x has its union in x, and let a € x. Define a
function h on x as follows: For all y € x, h(y) = {z: z € x and y c z}.
By AC 3, there exists a function I such that ~(f) = ~(h) and for
all y e x, if h(y) i= A then I(y) e h(y). If h(y) = A define I(y) = y.
Now, I satisfies the hypothesis of the lemma - I is a function from
x to x such that for all y e x, Y'£ I(y). Therefore, there is a z e x
such that a £ z and I(z) = z. Such an element z is a maximal
element of x.

THEOREM 4.12: AC 3 -+ M' 5 1.

PROOF: Let x be an arbitrary set, R a transitive relation on x,
and y an R-linearly ordered subset of x. Let L = {z: z £ x and R
is a linear ordering on z and y £ z}. Suppose M' 5 does not hold.

1 The proof is due to Frink [IJ, 1952. This is similar to the proof given by
Zermelo [2J in 1908.
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Then there is no maximal element of L. By AC 3, there is a function
f on L such that for each z e L, fez) e X ,...., z and z v {fez)} € L.
(Formally we obtain this function f as follows: For each z e L
define hl(z) = {w: w € Land z c w}. Because we are assuming that
L has no maximal element, hI (z) =I A. AC 3 implies there exists
a function h2 such that ~(hl) = ~(h2) and h2(z) € hl(z) for all
z e L. Now define ha(z) = h2(Z) ,...., z. Since ha(z) =I A for all z € L,
again by AC 3, there exists a function f such that ~(f) = ~(ha) = L
and for all z € L, fez) e ha(z).) Let us denote z v {fez)} by z', which
we shall call the successor of z.

Let K £ L . We shall call K complete if
(a) y € K,
(b) z' e K whenever z e K,
(c) if N is a non-empty nest and N £ K, then UN € K.

Let of be the set of all complete sets. Since L e of, of is non-
empty. Since the intersection of any non-empty set of complete sets
is complete, J = n of is the smallest complete set. Let us now
demonstrate that J is a nest.

If z e J, z is normal if for every u € J, z £ u or u £ z. We shall
prove that every element of J is normal, thereby proving that J
is a nest.

Let z be a normal element of J. (J has a normal element since
y € J is normal.) Define K(z) to be the set of all u e J such that
u £ z or z' £ u. Clearly y € K(z) since y £ z. Suppose u € K(z).
If z' £ u, then z' £ u' and u' e K(z). If u £ z and u' $ z then
z £ u' since z is normal. But we have u £ z £ u', which implies
u = z or u' = z, The latter equality is impossible since we have
assumed u' $ z. Consequently u = z, so z' £ u' and u' E K(z).
It is also clear that if N £ K(z) is a nest then UN € K(z) , because
if there is an n € N such that z' £ n then z' £ UN, otherwise
UN £ z. Therefore, K(z) is a complete subset of J. Since J is the
smallest complete set it follows that K(z) = J.

Now we are able to show that the set of normal elements form
a complete set. First, y is normal. Next, suppose z is normal, then
J = K(z). Therefore, for all u € J either u £ z, which implies
u £ z', or z' £ u, Consequently z' is normal. Finally, suppose
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N is a nest of normal elements, (every subset of normal elements
is a nest). Suppose U E J. If every element of N is a subset of U

then UN s;; u. If there is an n EN such that u s;; n then u s;; UN.
Hence, UN is normal. Therefore, the set of normal elements of J
forms a complete set which implies all elements of J are normal and
thus J is a nest.

Since J is a nest and a complete class by (c), U J E J, so that by
(b) (U J)' EJ, which implies (U J)' s;; U.J, which is a contra-
diction, q. e. d.

THEOREM 4.13: AC 1 -+M }1.

PROOF: Let x be an arbitrary non-empty set and R a transitive
relation on x, which we may assume to be anti-symmetric and
reflexive (since M l -+ M 1 (with R anti-symmetric and reflexive)
-+ M3). For each R-linearly ordered subset y of x, let y be the set
of all R-upper bounds of y in x "-' y. Let I be the choice function
on the set of all non-empty sets of the type y. If y is an R-linearly
ordered subset of x, y is said to be an I-chain if y *' A and if for
all z c y with z f"'I Y *' A, I(z) is an R-minimal element of z rv y.
(At least one I-chain exists since (t(A)} is an I-chain.)

The following properties hold for I-chains:
(a) If y is an I-chain, z s;; y, and z rv y = A then z = y. (In fact

all linearly ordered sets satisfy this condition.)
(b) If y is an I-chain and y *' A then y' = y v {t(y)} is also

an I-chain.
To see this observe that if z c y' and z rv y' *' A then either

(i) z c y and z rv y *' A

or (ii) z s;; y and z f"'I y = A

or (iii) z $ y.

Since y is an I-chain (i) implies that I(z) is an R-minimal element
of z rv y'. If (ii) holds then z f"'I y' = {t(y)}, but (a) implies y = z.
Therefore, I(z) is an R-minimal element of z rv y'. And (iii) is
impossible because if z $ y and z c y' then I(y) E z which implies

1 The proof is due to Weston [IJ, 1957.
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Z A y' = A. Since (i), (ii), and (iii) are the only possibilities it
follows that y' is an I-chain.

(c) For any two I-chains, one is an initial R-section of the other.
Let y and z be I-chains and suppose t e z '"" y. Let

u = {s: s € z A y and s R t}.

We shall show that u = y. Clearly u £ y. Let us assume
(i) u c y.

It is also clear that u £ z, Since t € z and t ¢ u, we have
(ii) u c z.

Also, t € u A z, therefore

(iii) U A Z 0:/= A.
Since z is an I-chain, it follows from (ii) and (iii) that I{u) is an
R-minimal element of u A z. In particular, since t € u A z,

(iv) I(u) R t.
Now, if I(u) € y then since I(u) e Z and by (iv) we would have
f(u) € u, which is impossible. Therefore,

(v) I(u) ¢ y.

If u A Y 0:/= A, since y is an j-chain, (i) implies I(u) € u '"' Y £ y,
which contradicts (v). Therefore,

(vi) u A y = A.
By (i) and (vi) it follows from (a) that

(vii) u = Y.
Now, suppose r € y '"" u, then it follows from (vii) that there is an
s e u such that r R s, (if not r € u but r ¢ 9, contradicting (vii)).
Since S e U, s R t, so that the transitivity of R implies r R t. Now,
we have r € y and r R i, so that since r ¢ u we must have r € y '"" z.
Now, if we define a set

v = {s: s € y A Z and s R r}

then by an argument analogous to the argument used to derive
(vi), we obtain
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(viii) V r-. z = A.

But since r R t and t EZ, t EV rv z which contradicts (viii). There-
fore, u = y and y is an initial R-section of z,

Since the set of all I-chains is a nest its union is linearly ordered
by R. Let us next show that the union is an I-chain. Let c = U{y: y
is an I-chain}. Suppose y c c and y rv C =1= A. Then there is an 1-
chain z such that y rv Z =1= A and an I-chain w such that y s; w.
We wish to show first that y s; z. Since z and ware both I-chains
it follows from (c) that either w s; z or z is an initial R-section of w.
In the former case, y s; z. In the latter case, if y $ z then there
exists an element S EY such that SEW""'" Z and S EZ. This implies
that for every t Ey, S R t which implies y r. Z = A which contra-
dicts the choice of z. Hence, y c z. (y =1= z since y rv Z =1= A.)

Now, we have there exists an I-chain z such that y c z and
)1 rv Z =1= A, therefore I(y) is an R-minimal element of )1 rv Z s; )1 rv c.
It remains to be shown that I(y) is an R-minimal element of )1 r-. c.
Suppose not, then there is atE)1 rv c such that t ¢ z and t R 1()1).
Also, there is an I-chain w such that t Ew. Since z and ware both
I-chains and since t Ew ,...." z it follows from (c) that z is an initial
R-section of w, so that for every S EZ, S R t. This implies, in
particular, ICy) R t. Consequently, since R is anti-symmetric,
t = I(y) which is a contradiction. Hence, 1()1) is an R-minimal
element of )1 rv C and c is an I-chain. Moreover, i3 = A because if
C=1= A then we could construct c' = c v {/(C)} which is also an
I-chain by (b), and c c c' which contradicts the choice of c.

Since c is linearly ordered by R the hypothesis of M 1 implies
that c has an R-maximal element m. Clearly m is an R-maximal
element of x, because if there exists an n =1= m and m R n then
n E i3 which is a contradiction, q. e. d.

Of the forms we have already given of the maximal principle,
only two do not involve a relation or a property, and state that
there is a maximal element or subset with respect to a natural
relation among sets (M 3 and M 6). We shall concern ourselves only
with the maximal subset form M 6. The question can then be raised
as to whether the corresponding forms with other natural relations
among sets are of equal strength. Let x and y be two arbitrary sets.



4. MAXIMAL PRINCIPLES 23

These sets are disjoint unions of the appropriate two of x ("\ y,
x"", y, Y "'" x. (x = (x"", y) v (x rv y) and y = (y ""' x) v (x ("\ y)).
The immediate symmetric set-theoretical relations derivable from
these are whether x ("\ y is the empty set, and how many of x "'" y
and y ""' x are the empty set. If x and y are distinct and non-empty,
it can readily be seen that exactly one of the relations x rv y = A,
one of x ""' y and y ""' x is empty (x s; y or y s; x), and none of the
three sets are empty (x $ y and y $ x and x ("\ y :::j=. A), must
hold. Accordingly we introduce the following notation:

DEFINITION 4.14: Let X and Y be any two classes. Then
(i) X D Y if X rv Y = A.

(ii) X 15 Y if X ("\ Y :::j=. A.
(iii) X K Y if X s; Y or Y s; X.
(iv) X X Y if X $ Y and Y $ x.
(v) X J Y if X $ Y and Y $ X and X rv Y :::j=. A.

(vi) X J Y if X s; Y or Y s; X or X ("\ Y = A.
Note that the properties 15, X, and J are the complements of the
properties D, K, and J respectively, and as we have previously
observed, exactly one of D, K, and J must hold if the sets are
non-empty, therefore, 15 = K or J, J = D or K, and X = D or J.

We shall also use the following consistent ambiguity: We shall
say that a class has a given one of the above properties if every
distinct pair of its elements has the property. If a class X has the
property D, we shall write D[X] and similarly for the others.

Let us now introduce the following notation:
M 14(A): Every set has a maximal subset 1 which has the

property A.
G. Kurepa [I] has shown that M 14(A) is equivalent to the

axiom of choice if A is anyone of the properties 15, J or J. M 14(D)
was shown to be equivalent to the axiom of choice by R. Vaught [1].
M 14(K) is the same as M 6. But, J. D. Halpern has shown in 1961
in his Ph. D. thesis that M 14(X) is not equivalent to the axiom
of choice. However, previously, Kurepa [1] had shown that the
following proposition is equivalent to the axiom of choice:

1 Maximal with respect to inclusion, S;.
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M 15(K): Every set can be anti-symmetrically linearly ordered and
every set has a maximal subset 1 which has the property K.

Clearly M 7 implies each of the forms M 14(A), A = D, 15, K,
J, J, and M 15(K), since the properties considered are all properties
of finite character.

THEOREM 4.15: M 14(15) -+ M I4(D).
PROOF: Let x be an arbitrary set. For each element s e x we

define a set N s as follows:
N s = {u: u = {s} or (3t)[t € x, U = {s, t}, and s D t]}.

Now if s =1= i, then N s 15 Nt if and only if s D t. M 14(15) implies
that {Ns: s e x} has a maximal subset w which has the property 15.
We also have that N s = N, if and only if s = t; therefore,
{s: N s € w} is well-defined and is clearly a maximal subset of x
which has the property D.

THEOREM 4.16: M I4(J) -+ M 14(15).
PROOF: Let x be an arbitrary set. For each s € x, define

Su = s v {<s, u>}, where u is a set such that (t)(s)[(s € x and t e x)
-+ <s, u> ¢ t]. Therefore, if s =1= t then Su K t«, which implies
Su J tu ...... Su15 tu. If s =1= t, Su rv tu = s ,.., t, so that Su 15 t« ...... s 15 t.
M I4(J) implies that {su: s e x} has a maximal subset which has
the property 15.

THEOREM 4.17: M I4(D) -+ AC 2.
PROOF: Let s be a collection of non-empty disjoint sets. Let

x = {{<G, v>, <I, w>}: w € s and v € w}. The elements {<G, v», <I, w>}
and {<G, o"», <I, w'>} of x are disjoint if and only if w =1= w'. By
M I4(D), there exists a maximal subset y of x which has the
property D. Then the choice set for the collection s can be taken
to be {v: (3w){<O, v>, <I, w>} e y], q. e. d.

THEOREM 4.18: M I4(J) -+ M I4(K).
PROOF: Let x be an arbitrary set and let u ¢ U x. For each s e x,

define Su = s v {u}. Then for all s, t e x, Su"" t« =1= A, so that
SuJ t« ...... Su K tit. Also Su K ttt ...... s K t since u ¢ U x. Therefore,
if {su: s € x} has a maximal subset which has the property J then
x has a maximal subset which has the property K, q. e. d.

1 Maximal with respect to inclusion, £.



4. MAXIMAL PRINCIPLES 25

THEOREM 4.19: M 15(K) -?- AC 2.

PROOF: Let s be a family of non-empty disjoint sets. Let R be
an anti-symmetric, linear ordering of Us. There is no loss of
generality if we assume R is reflexive. If x E U E s, define

XR = {z: Z E U and z R x}.

Since R is anti-symmetric, if x of::- Y then XR of::- YR for all x, Y E U s.
Also

(a) XR K YR if and only if x and Y belong to different elements
of s.
Because if x and y belong to different elements of s then XR f"\ YR = A
which implies XR K YR. Conversely, suppose x and y belong to the
same element of s. Since R is connected on U s either x R Y or
Y R x. But x R Y implies x E YR which implies XR S; YR and Y R x
implies Y E XR which implies YR S; XR. Therefore, if x and Y belong
to the same element of s then XR K YR.

Hence, it follows from (a) that a maximal subset of {XR: x E U s}
which has the property K yields a choice set for s, q. e. d.
We have now shown that the following implications hold:

M 7 -?- M 14(J) -?- M 14(D) -?- M 14(D) -?- AC 2, M 7 -?- M 14(J)
-?- M 14(K) = M 6, M 7 -+ M 15(K) -+ AC 2.
We have shown previously that M 6 -+ M 7 and AC 2 -+ M 7.

It has been shown by C. C. Chang [1] and Azriel Levy 1 that
M 14(D) can be generalized by extending the property D to D m,
and, in an analogous way, we were able to generalize M 14(D).

DEFINITION 4.20: If rn is a natural number, m > 2, a class X
is said to have the property Dm(Dm) if every subset of X which
has m. distinct elements has an empty (non-empty) intersection.
(D2 = D and D2 = D.)

Now we claim that M 14(Dm) and M 14(Dm) are equivalent to
the axiom of choice. Clearly M 7 -?- M 14(Dm) and the proof that

1 Chang actually obtained a stronger form. M' 14(Dm ) but Levy in his
unpublished paper (see footnote 1 on page I). by using AC 7(m). was able
to weaken it by eliminating the prime. We give here the weaker form.
M 14(D m) .
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M I4(D m ) --+ M I4(Dm) is similar to the proof that M I4(D) --+

M I4(D), 4.15.
THEOREM 4.21: M I4(D m ) --+ AC 7(m - 1).
PROOF: Let x be a set of non-empty sets. We can assume without

loss of generality that the elements of x are disjoint, since otherwise
we can replace each element y of x by {<y, t»: t E y}.

Let
u = {{<O, t», (1, y>}: t E Y and y EX}.

Let v be a maximal subset of u which has the property Dm. For
each y E x, define

t(y) = {t: {<O, t>, <1, -» E v}.
Then t(y) s;;: y since v s;;: u; t(y) ~ m - 1 since v has the property
Dm ; and t(y) 0:1= A since y 0:1= A and v is maximal, q. e. d. (See 4.17.)

Just as in the case of Levy's forms of the well-ordering theorem
and the axiom of choice (WE 4(m) and AC 7(m)) we are able to
obtain weaker forms of M I4(Dm ).

M 16: There exists a natural number m > 2 such that M 14(Dm).

M 17: For every set x there exists a natural number m > 2 such
that x has a maximal subset 1 which has the property Dm .

Clearly, we have M I4(D m ) --+ M 16 --+ M 17. Also, M 17 --+ AC 9;
the proof is analogous to the proof of 4.21.

There is some difficulty involved in trying to obtain similar
results for Dm. Because of the definition of Dm, (definition 4.20)
the statement:

S: For every set x, there exists a natural number m > 2, such
that x has a maximal subset 1 which has the property Dm.

holds independently of the axiom of choice. We can prove S without
making use of the axiom of choice. To see this let x be an arbitrary
set.

Case 1. Every finite subset of x has a non-empty intersection.
Then x itself is the required maximal set for every m > 2.

Case 2. There exists a finite subset y of x with n distinct elements
which has an empty intersection. Then y is a maximal subset of x
which has the property Dn+1 , so take m = n + 1.

1 Maximal with respect to inclusion, S;;:.
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To eliminate this rather trivial case we modify the definition of
jjm slightly as follows:

DEFINITION 4.22: If m is a natural number, m > 2, a class X
is said to have the property jj!m if every subset of x which does
not have more than m distinct elements has a non-empty inter-
section.

Therefore, if a class has the property jjlm every subset of m
elements has a non-empty intersection, every subset of m - 1
elements has a non-empty intersection, etc. So that if Dm is replaced
by D!m in S, the proof of case 2 is not valid. In fact, we are able
to prove that the following propositions are equivalent to the
axiom of choice.

M 18: There exists a natural number m > 2 such that M 14(D!m) 1.

M 19: For every set x, there exists a natural number m > 2 such
that x has a maximal subset 2 which has the property lJ !m.

It is clear that M 7 -+ M 18 -+ M 19. We shall prove M 19 -+ M 17.
The proof is a generalization of the proof of 4.15.

THEOREM 4.23: M 19 -+ M 17.
PROOF: Let us first observe that if every element of x is disjoint

from every element of y, then a subset w of x v y has the property
Dm if and only if w r» x and w rv y both have the property Dm .
Consequently, to prove that x has a maximal subset with the
property Dm it is sufficient to prove the fact for

u = ({co} X x) v {<ex, ex): ex e co},
where co is the set of natural numbers.

In what follows the range of the variables m, n, etc., is the
set of natural numbers greater than 1.

The set u satisfies the following property:
(i) There is a 1-1 function g; from w into u such that for each

s e u, there is an ex e co such that s rv g;(ex) = A.
Note that (i) enables us to constructively enlarge any subset v
1 It is rather easy to show that M 18 with 15!m replaced by ti; is also

equivalent to the axiom of choice since, the proof that it implies M 16 is
analogous to the proof of 4.15.

2 Maximal with respect to inclusion, S;; •
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of U with· less than n elements to an n-element subset 'ljJ(n, v) with
n 'ljJ(n, v) = A.

Define

(ii) Zn = {t: t £ u, t ~ n, and n t = A},
and for each s € U, and n,

(iii) tn(s) = {h: h e X Zm and s € h(n)}.
m

Let

(iv) y = U t:u.
n

-We observe that

(v) If v £ y then n v =1= A if and only if for each n, (a) v 1"'1 t:u -< n
or (b) v ,.., t:u ~ nand n t;;I"V = A.

00

(v) is clearly true if v = A. Otherwise, if h € X Zm then
m=2

h € n v ...... (w) [w € V -+ h e w]

...... (n)(s)[s e I;;I"V -+ b € In(s)J

...... (n)(s)[s e I;;I"V -+ s € h(n)J

...... (n)U;;I"v £ h(n)].
Now I;;I"V ~ v rv In"u since In is 1-1 and if n =1= m then
tn"u r» Im"u = A. By (ii) and (iii) h(n) ~ n so that t;;I"V <n.
If I;;I"V ~ n then I;;I"V = h(n) and consequently has an empty
intersection. Conversely, if for each n (a) or (b) is satisfied, we can
define h by

( .) h( ) = {'ljJ(n, I;;I"V) if I;;I"V -< n
Vl n I-I"'f I-I"n V I n v~n

then h e n v.
Now, let v be a maximal subset of y with the property 15!m.

This is equivalent to v rv tn"u being a maximal subset of tu"u
with the property 15!m for every n. Also, it follows from (i), that
v f"\ Im"u has at least m elements. But if w £ Im"u has at least m
elements, w has the property 15!m if and only if I;;/"w has the pro-
perty Dm. Thus, I;;/"v is a maximal subset of u with the property
Dm. The theorem follows easily.



4. MAXIMAL PRINCIPLES 29

Next, we turn to some more generalizations of the form M 14(A)
and thereby answer some of the questions asked in Kurepa [I],
In order to simplify the notation we define a property K* as follows:

DEFINITION 4.24: A class X is said to have the property K* if
X can be anti-symmetrically, linearly ordered and X has the
property K.

We shall show that M 14(D or K or J), M 14(D or J or K*),
M 14(D or J or J or K), and M 14(D or J or K*) are equivalent to
the axiom of choice. Each of these forms also has a primed form
which is equivalent to the axiom of choice, but we can obtain a
weaker primed form.

M' 20: II x is an arbitrary set and e E x then there exists a maximal
subset I y 01 x such that e E y and y has the property D or D or J
or J or K or K* 2.

Clearly M 14(D) implies M 14(D or K or J), M 14(D or J or K*),
and M' 20; and M 14(1)) implies M 14(D or J or J or K) and
M 14(..0 or J or K*). We shall sketch the proofs that each of the
above five forms imply the axiom of choice.

THEOREM 4.25: M 14(D or K or J) --+ AC 2.

PROOF: Let 5 be an infinite set of disjoint, non-empty sets, no
set of which is an element of another or of itself. (This latter pro-
perty can be assumed without loss of generality for just replace
each t E 5 by t X {u} where u ¢ U 5.)

Let C be the collection of all choice functions on subsets of 5.
Let T = {{s, t}: t ESE 5}.
Define Xl = {u X (a v f): u E T and 1E C} where a has the

property that a f"'I U C = A.
Now, apply M 14(D or K or J) to the set Xl. Each of the alterna-

tives imply the existence of the required choice set.

THEOREM 4.26: M 14(D or J or K*) --+ AC 2.
PROOF: Let 5 and T be defined as in 4.25.

1 Maximal with respect to inclusion, S;.
2 Strictly speaking M' 20 is not a primed form since e is an element of x

rather than a subset of x. So that the form we give is even weaker than the
corresponding primed form.
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Let P be the set of all reflexive linear orderings on subsets of US.
Let M = {{P} X St: PEP and [t ESE Sand St = {r: r E S

and r p t}]}.
Define X2 = Tv M. (We may assume without loss of generality

that T and M are disjoint.)
Apply M 14(D or J or K*) to X2.

THEOREM 4.27: M 14(D or J or J or K) ~ AC 2.
PROOF: Let S, C, and T be defined as in 4.25.

Let U = {{ {r}} v T r: r E T and T r = {{r, q}: q E T and q f"'I r = A}}.
Define Xa = {u X (a v j): u E U and j E q, where a has the pro-

perty that a f"'I U C = A.
Apply M 14(D or J or J or K) to Xa.

THEOREM 4.28: M 14(D or J or K*) ~ AC 2.
PROOF: Let Sand T be defined as in 4.25, P and M as in 4.26

and U as in 4.27.
Let W = {u X (b v m): u E U and m e M}, where b has the pro-

perty that b f"'I U M = A.

Define X4 = {U if M= A,
W if M =1= A.

Apply M 14(D or J or K*) to X4.

THEOREM 4.29: M' 20 ~ AC 2.

PROOF: Let S be defined as in 4.25, X2 as in 4.26, and Xa as in 4.27.
Define x = X2 v Xa. We may assume that X2 and Xa are disjoint.
Apply M' 20 to x with e E Xa.

The following propositions are put in here since they deal with
the properties D, D, J, J, K and X, and they were suggested by
some problems proposed by Kurepa [IJ. They are not the same
type of maximal principles which were considered previously.
Let us introduce the following schemata.

M 21(A: B): Any set which contains a maximal subset 1 with the
property A contains a maximal subset 1 with the property B.

1 Maximal with respect to inclusion, S.
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M 22(A: B): Every set can be anti-symmetrically, linearly ordered
and any set which contains a maximal subset 1 with the property A
contains a maximal subset 1 with the property B.

Under the following conditions M 21(A: B) is equivalent to the
axiom of choice:

A = D and B = Jj, J, J, or K; A = Jj and B = D, J, or K;
A = J and B = D, D, J, or K; A = J and B = D, J, or K;
A = K and B = D, 15, J, or J; A = K and B = D, 15, J, J or K.
It follows from J. D. Halpern's Ph. D. thesis that M 21(A, K) is
not equivalent to the axiom of choice if A = D, 15, J, J, or K
(See remarks following M 14(A)), and it is not known if M 21(J: D)
or M 21 (15: J) are equivalent to the axiom of choice.

However, M 22(A: B) is equivalent to the axiom of choice for
all A and B, A i= B, such that A = D, D, J, J, K, or K and
B = D, 15, J, J, K, or K.

Clearly, M22(A:B) _M21 (A:B); M 14(B) _M21(A:B) and
M 22(A: B); and M 14(K) - M 22(A: K).

THEOREM 4.30: M 21(D: K) _ M 14(K).

PROOF: Let x be an arbitrary set. Define

Su = s v {u}, where SEX and u ¢ U x.
Let

5 = {Su: SEX}.

If su, tu E 5, Su A t« = (s A t) v {u}. Therefore, maximal sets in
5 which have the property D are one element sets. Hence,
M 21(D: K) implies that 5 contains a maximal subset T which
has the property K. But if Su, t« E 5, Su K tu ...... s K t, so that
{s: Su E T} is a maximal subset of x which has the property K.
(See 4.18.)

THEOREM 4.31: M 21(D: J) _ M 14(K).
PROOF: Substitute J for K in 4.30. J and K are identical on 5.
THEOREM 4.32: M 22(D: K) _ M IS(K).
PROOF: Substitute K for K in 4.30.
THEOREM 4.33: M 21(D: D) _ M 14(D).

1 Maximal with respect to inclusion, s:: .
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PROOF: Let x be an arbitrary set. (We shall assume that
A f. x.) Define

Su = S v {cs, u>} where s e x and (t)[(t € X and t -=/:- s) -- <s, u> f. t].
(su '"' t« = s '"' t).

Let v = x X {u}, (su rv v = {<s, u>}).
Define 5 = {su: s € x},

Sv = 5 v {v}.
If Su, tu € 5 then su K t«. therefore,

Su J tu"-' Su D tu"-' s D t, and Su D v

(su J tu"-' Su D tu"-' s D t, and su J v).

Now, we have {v} is a maximal subset of Sv which has the
property D. M 21(D: D) implies that S; contains a maximal
subset Tv which has the property D. Tv = {v} v T where T is
a maximal subset of 5 which has the property D. Then {s: su € T}
s a maximal subset of x which has the property D. (See 4.16.)

THEOREM 4.34: M 21(D: J) __ M 14(D).
PROOF: Substitute J for D in 4.33. J and D are identical on S.
THEOREM 4.35: M 21(D: D) __ M 14(D).

PROOF: Let x be an arbitrary set. Define

Xu = x v {u} where tt rv U X = A.

By definition of u, {tt} is a maximal subset of Xu which has the
property D. Therefore, M 21(D: D) implies that Xu contains a
maximal subset Yu which has the property D. Yu = Y v {u} and
y is a maximal subset of x which has the property D.

THEOREM 4.36: M 21(D: K) __ M 14(K).

PROOF: Substitute D for D in 4.30. Here, a maximal set in 5
which has the property D is 5 itself.

THEOREM 4.37: M 21(D: J) -- M 14(K).

PROOF: Substitute J for K in 4.36. J and K are identical on S.
THEOREM 4.38: M 22(D: K) __ M 15(K).

PROOF: Substitute K for K in 4.36.



4. MAXIMAL PRINCIPLES 33

THEOREM 4.39: M 21(15: J) ....,.. M 14(K).

PROOF: Substitute J for K in 4.38. J and K are equivalent on 5.
Theorem 4.39 implies that M 22(15: J) ....,.. M 15(K).

THEOREM 4.40: M 21(K: 15) ....,.. M 14(15).
PROOF: Substitute K for D in 4.33, and ignore the v of 4.33.

A maximal subset of 5 which has the property K is a one element set.

THEOREM 4.41: M 21(K: J) ....,.. M 14(15).

PROOF: Substitute J for 15 in 4.40. J and D are identical on 5.
THEOREM 4.42: M 21(K: D) ....,.. M 14(D).

PROOF: Substitute D for 15 in 4.40.

THEOREM 4.43: M 21 (K: J) ....,.. M 14(D).

PROOF: Substitute J for D in 4.42. J and D are identical on 5.
THEOREM 4.44: M 22(K: K) ....,.. AC 2.

PROOF: Let 5 be a family of non-empty disjoint sets. Since every
set can be anti-symmetrically, linearly ordered, let R be a reflexive
relation which anti-symmetrically, linearly orders U 5. If x E U E 5,
define

Xu = {z: Z E U and Z R x}.

Let

T = {xu: x E U € s}.

If xu, Yu E T, x i= y ....,.. Xu i= Yu since x R y and y R x ....,.. x = y.
Also, Xu K Yv"-' u i= v. Therefore, for each U € s, {xu: x E u} is a
maximal subset of T which has the property K. M 22(K: K)
implies that T contains a maximal subset P which has the property
K. {x: Xu E P} is the required choice set. (See 4.19.)

THEOREM 4.45: M 21 (K: 15) ....,.. M 14(15).

PROOF: Substitute K for D in 4.33 and ignore the U of 4.33.
A maximal set in 5 which has the property K is 5 itself.

THEOREM 4.46: M 21(K: J) ....,.. M 14(D).

PROOF: Substitute J for 15 in 4.45. J and D are identical on 5.
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THEOREM 4.47: M 21(K: D) - M 14 (D).

PROOF: Substitute D for D in 4.45.
THEOREM 4.48: M 21(K: J) _ M 14(D).

PROOF: Substitute J for Din 4.47. J and D are identical on S.
THEOREM 4.49: M 21(K: K) _ M 14(K).

PROOF: Let x be an arbitrary set and let S be defined as in 4.30.
Define

Su = S U {u} where u , U x.
{u} is a maximal subset of S» which has the property K. M 21(K: K)
implies that there exists a maximal subset Tv of S» which has the
property K. Tv = T U {u}. {s: su € T} is a maximal subset of x
which has the property K.

THEOREM 4.50: M 21(J: D) _ M 14(D).

PROOF: Substitute J for D in 4.35.
THEOREM 4.51: M 21(J: K) _ M 14(K).

PROOF: Substitute J for K in 4.50. {u} is also a maximal subset
of s» which has the property J.

THEOREM 4.52: M 21(J: J) _ M 14(K).
PROOF: Substitute J for K in 4.51. J and K are identical on

s» and S.
THEOREM 4.53: M 22(J: K) _ AC 2.

PROOF: Substitute J for K in 4.44. Maximal subsets of T with
the property J are one element sets.

THEOREM 4.54: M 21(J: D) _ WE 1.

PROOF: Let x be an arbitrary set. Let ~ be the set of all reflexive
well-orderings of subsets of x. If R, R' €~, R is said to be an
extension of R' if R' c R and ~(R') X (~(R) "" ~(R')) s:: R.
For each R € ~, define

SR = set consisting of R and all its extensions (R = n SR).
Let
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Suppose SR, SR' E!/ and T ESR rv SR', then T is an extension of
Rand R', so that either R is an extension of R' and SR £; SR',
or R' is an extension of Rand SR' £; SR. Hence the set !/ has the
property that each pair of its elements either has the relation
K or D. Therefore, maximal sets in !/ with the property J are one
element sets. M 2l(J: 15) implies that there exists a maximal
subset!T of !/ which has the property 15. Since 15 and K coincide
on !/, this implies that !T is a maximal subset of !/ which is a
nest. Let

T= UR.
SR<.:r

Since T is a union of comparable reflexive well-orderings of subsets
of x it is clearly a well-ordering of a subset of x. Suppose SEX

and S ¢ I!#(T). Then S ¢ I!#(R) for all SR E!T. Let

T* = Tv (I!#(T) X {s}) v {<s, s>},

and let !T* = !T v {T*}. Since T is an extension of R for each
R E!T and T* is an extension of T,!T* is a nest. Since T* ¢!T,
this contradicts the maximality of !T. Therefore, I!#(T) = x, and
T is a reflexive well-ordering of x.

THEOREM 4.55: M 2l(J: 15) _ WE 1.

PROOF: Substitute J for J in 4.54. A maximal subset of !/ with
the property J is !/ itself.

THEOREM 4.56: M 2l(J: K) _ WE 1.

PROOF: Substitute K for 15 in 4.55. K and 15 are identical on !/.
THEOREM 4.57: M2l(J:J) _M 14(15).
PROOF: Substitute J for D in 4.34. {v} is a J-maximal subset

of s;
THEOREM 4.58: M 22(J: K) _ AC 2.

PROOF: Substitute J for K in 4.44. A maximal set in T with
the property J is T itself.

THEOREM 4.59: M 22(J: D) _ AC 2.

PROOF: Substitute D for K in 4.58. D and K are identical on T.
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In most of the proofs of the theorems 4.30-4.59 sets were con-
structed in such a manner that either one element sets or the whole
set had the desired maximal property. Then, in most of the cases
the proofs were similar to previous cases, (4.9,4.16,4.18, and 4.19).

The final form to be considered in this section is an obvious
extension of the idea of constructing maximal subsets with respect
to "natural" relations. The relation to be considered is the E-

relation.

M 23: Every set x contains a maximal subset 1 y such that [or
every s, t E y, S "* t, either SEt or t E S.

It is clear that M 7 -+ M 23 since M 23 deals with a property
of finite character. We shall prove that M 23 -+ WE 1.

THEOREM 4.60: M 23 -+ WE 1.

PROOF: Let x be an arbitrary set and let ifI = {W: (3y) [y s::; x
and W is a reflexive well-ordering of y]}. We define a relation R
on ifI as follows:

If W, W' E ifI then

W R W' +-+ W C W' and 2)(W) X (2)(W') -- 2)(W)) s::; W'.

(Note: W' is an extension of W, see 4.9 and 4.53.) For all WE ifI
we define a function j on ifI as follows: If W E ifI,

j(W) = {{W}} v {/(W'): W' R Wand W' E ifI}.

We claim: (i) j(W) = j(U) +-+ W = U and

(ii) j(W) E j(U) +-+ W R U.

It is clear that if W = U then j(W) = j(U). To prove the converse
it is sufficient to prove that

(iii) {{W}} rv {j(W'): W' R Wand W' E ifI} = A,

for all WE ifI'. We leave the proof of (iii) as an exercise.
To prove (ii) we note that if W R U then clearly j(W) E j(U).

Suppose j(W) E j(U) then either j(W) = {U} or W R U, but the
first alternative is impossible.

1 Maximal with respect to inclusion, S::;.
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M 23 implies that ~(f) contains a maximal subset Q such that
for every S, T e Q either S € T or T e S. Let 011 = {U: I(U) € Q}.
Since 1 is a 1-1 mapping of if/' onto ~(f) preserving order (by (i)
and (ii)) it follows that 011 is a maximal subset of if/' such that
for all U, W € 011, either U R W or W R U.

We claim that U 011 is a reflexive well-ordering on x. Since
U 011 is a union of R-comparable reflexive well-orderings of subsets
of x, U 011 is clearly a reflexive well-ordering on a subset of x.
Suppose there exists an s e x such that s ¢ ~(U 011). Then for all
U e 011, s ¢ ~(U). Let

V = U 011 v (~(U 011 X {s}) v {cs, s>},

and let 011* - 011 v {V}, Since for each U € 011*, U R V, and
011 c 011*, the maximality of 011 is contradicted. Hence, U 011 is a
reflexive well-ordering on x.

5. Algebraic forms
This section is devoted to algebraic forms which are equivalent

to the axiom of choice. Many of these forms were used in abstract
algebra long before it was known they were equivalent to the axiom
of choice. However, it wasn't until 1953 that J. Schmidt [IJ and
D. Scott [IJ independently proved that several of these forms were
actually equivalent to the axiom of choice. We give eleven forms in
this section. AL' 2, AL' 3, and AU 4 are given because of their
generality and ease of application. The other forms refer to specific
types of algebraic systems (lattices, Boolean algebras, etc.) or
special types of properties (meet-irreducible subalgebras, absolutely
dispensible elements, etc.).

DEFINITION 5.1: Algebra.
(1) d = <A, {Op: {J e K}> is called an algebraic system or an

(abstract) algebra if A is a set and for each {J € K, Op is a finitary
operation defined on A. (A O-ary operation is a constant.)

(2) [JI = <B, {OpIB: {J € K}> is called a sub-algebra of d if
B £ A and B is closed with respect to Op for all {J e K. (That is,
if 0 13 is an n-ary operation then OP"{<bl, h ... , bn>:bi e B,
i = 1, 2, ... , n} £ B.) [JI is called a proper sub-algebra if [JI =1= d.
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When it will not lead to any confusion, we shall call the set"A"
of d the algebra and the set "B" of [J1 the sub-algebra.

DEFINITION 5.2: Lattice.
(1) .P = <L, {v, A}> is called a lattice if the following conditions

are satisfied for every a, b, and c in L 1:

(a) L is a set and v and A are binary operations,
(b) a v b € L and a A b € L,
(c) a v a = a and a A a = a,
(d) a v b = b v a and a A b = b A a,
(e) a v (b v c) = (a v b) v c and a A (b A c) = (a A b) A c,
(f) a v (a A b) = a and a A (a v b) = a;

v is called the [oin. and A the meet.

(2) 1 € L is called a unit element if for all a e L, a A 1 = a.

(3) 0 € L is called a zero element if for all a e L, a v 0 = a.

(4) E s L is called an ideal if whenever a, b € E, a v b € E and
whenever a € Land b € E, a A b € E. E is called a proper ideal
if E =1= L. (If E is a proper ideal then 1 ¢ E.)

(5) If a, b € L, a ~ b if a v b = b (it follows from 5.2, (l)(f)
a v b = b if and only if a A b = a).

(6) x = V a if a <x for all a e A and if a <y for all a e A
aEA

then x <y. (x is called the least upper bound of A.)
x = A a if x <a for all a e A and if y <a for all a e A

aEA

then y < x. (x is called the greatest lower bound of A.)

(7) The lattice .P is called complete if for each non-empty sub-
set A of L, V a € L and A a e L.

aEA aEA

(8) c e L is called com-pact if whenever c < V a where A s L,
aEA

then there exists a finite subset B of A such that c < V a.
aEB

(Note: A lattice is an algebraic system, but as defined, a sub-

1 This definition of a lattice is given in Birkhoff [IJ p. 19.



5. ALGEBRAIC FORMS 39

algebra is not an ideal. However, if the lattice were defined as
follows a subalgebra would be an ideaL

.If = <L,{v} v {Oa: a € L}> where
O« is a unary operation such that Oa(b) = a A b, for all a e L.)

AL 1: Every lattice with a unit element and at least one other
element contains a maximal proper ideal 1 as a subset.

AL' 1: Every proper ideal of a lattice with a unit element can be
extended to a maximal proper ideal 1.

AL' 2: If A is an algebraic system, B a subalgebra and a € A,
but a ¢ B, then there exists a maximal subalgebra 1 which contains
B as a subset, but does not contain a as an element.

DEFINITION 5.3: C is called a finitary closure operator if C is a
monotone unary operation such that for every class X:

C(X) = U {C(y): y s; X and y is finite}.

If C(X) s; X then X is called C-closed.

AL' 3: If x is an arbitrary set, C a finitary closure operator,
P a property of finite character, and y a C-closed subset of x which
has the property P, then there is a maximal C-closed subset 1 of x
which contains y as a subset and has the property P.

AL' 1 was given in 1953 by D. Scott [IJ and AL' 2 was given by
Robert Blair in 1957 in an unpublished paper. AL' 3 is a generali-
zation of AL' 1 and AL' 2. AL' 2 and AL' 3 are false in the corre-
sponding forms without primes as there may exist no subsets
with the desired property.

We shall prove the following implications:

M 3 -+ AL' 3 -+ AL' 2 -+ AL' 1 -+ AL 1 -+ M 7.

In section 4 it was shown that M 3 and M 7 are equivalent.
The proof that M 3 -+ AL/3 is similar to the proof of 4.3. AL' 1
is a special case of AL' 2 and it is clear that AL' 1 -+ AL 1.

THEOREM 5.4: AL' 3 -+ AL' 2.

1 Maximal with respect to inclusion, S;.
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PROOF: Let d = <A, {Op: f3 e K}> be an algebraic system. If
x s; A, define C(x) as follows: a e C(x) if and only if there exist
elements al, a2, , an e X and an operation Op, f3 e K such that
a = Op (aI, a2, , an). Since Op is a finitary operation for all
f3 e K, C is a finitary closure operator, and if B is a subalgebra of
d, then B is C-closed. Moreover, the property of excluding an
element from a set is a property of finite character. Hence, AL' 2
is a special case of AL' 3.

THEOREM 5.5: AL I -+ M 7.

PROOF: Let x be a set and P a property of finite character. Let
us assume that x does not have the property P, for if it does then
it is the maximal subset which has the property P. Let us also
assume that at least one non-empty subset of x has the property,
otherwise the empty set is the required maximal set. Let y
= {t: t s; x and pet]} v {x}. If S, t e y , define SAt = S rv t and

S v t = ( S v t if P[S ~ t],
[ x otherwise,

then <y, {v. A}> is a lattice. The unit element of the lattice is x.
By AL I, <y, {v, A}> has a maximal proper ideal z. We shall show
that U z is a maximal subset of x with the property P. Clearly,
U z s; x. Next, x , z since z is a proper ideal. Let t be a finite subset
of U z. Then there is a finite number of elements Sj , S2, •.• , Sn of z

n n
such that t s; U Si. Since z is an ideal and x, z, U Si e z, which

i=1 i~1

n
implies P[ U Si]. Consequently, P[t] , which implies P[U z]. U z is

i= I
maximal since z is maximal, q. e. d.

In the proof of 5.5 we just required AL I to hold for complete
lattices.

AL' 4 was given in 1959 by E. W. Beth 1. It is one of the most
general forms of the axiom of choice that we have come across.
Before stating it, we give the following definition:

1 AL' 4 is a set theoretical interpretation of the syntactical form that Beth
actually states.
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DEFINITION 5.6:
(a) Let m and n be natural numbers and let R be an n-ary

relation, then for m < n, <Xl, X2, ••• , Xm> E ~r;:(R) if there exist
elements Xm+1 , Xm+2, ••• ,Xn such that <Xl, X2, ••• , Xn> E R.

(b) Let R be a quinary relation, then R : X if for all natural
numbers m and n, for all u E Xm and for all w such that
<w, m, n> E ~:(R) there exists a v E s» such that <w, m, n, u, v> E R.
(Let XO = {A} and Xl = {O} X X.)

AL' 4: It X is an arbitrary set, y ~ x, and R : y, then there is
a maximal subset I z ot X such that y ~ z and R : z.

The proof that M 3 ---'.>- AL' 4 is similar to the proof of 4.3. We
shall show that AL' 3 is a special case of AL' 4.

THEOREM 5.7: AL' 4 ---'.>- AL' 3.
PROOF: Let X be an arbitrary set, C a finitary closure operator,

P a property of finite character, and y a C-closed subset of X

which has the property P. Define a quinary relation R as follows:
<w, m, n, u, v> E R <--> m and n are natural numbers; U E xm;

V E xn; and either n = 0, W = A, and P[&l(u)] , or n = 1,
WE C(&l(u)), and v = <0, w>.

Then, we claim, R : z if and only if P[z] and z is C-closed. (We
leave the details of the proof to the reader.) Now, it is clear that
AL' 4 ---'.>-AL' 3.

Thefollowing maximal principle is due to Mrowka 2 [1] and deals
with a special type of lattice, a Boolean algebra (see 5.2).

DEFINITION 5.8: Boolean Algebra.
f!lJ = <B, {v, I\}> is said to be a Boolean algebra if the following

conditions are satisfied:
(a) f!lJ is a lattice.
(b) a 1\ (b v c) = (a 1\ b) v (a 1\ c) and a v (b 1\ c) = (a v b) 1\ (a v c)

for all a, b, c E B.
(c) °and 1 are in B.

1 Maximal with respect to inclusion, ~.
2 Mrowka showed that the axiom of choice implies AL 5, but his proof

of the converse was incorrect. (This was corrected in Mrowka [2].)
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(d) Fat every a f B there exists an element b f B such that
a v b = 1 and a A b = O. (It can be shown that b is unique. b is
called the complement of a and is denoted by '"" a.)

AL 5: It B is a Boolean algebra and S ~ B such that 0 If. S, then
there exists a maximal proper ideal i disjoint from S.

(See 5.2(4) for the definition of a proper ideal. Every non-empty
ideal E in a Boolean algebra B contains 0, for if a e E then
'"" a A a = 0 e E.)

The proof that AL' 3 -+ AL 5 is analogous to the proof of 5.4
since a Boolean algebra can be defined as an algebraic system in
such a way that an ideal is a subalgebra (see the remarks following
5.2).

THEOREM 5.9: AL 5 -+ M 7.
PROOF: Let x be an arbitrary set and P a property of finite

character. Let PJ = <B, {v, A}> be defined as follows: B = &'(x),
v = v, and A = ,.." (0 = A and 1 = x), then PJ is the Boolean
algebra of the set of all subsets of x. Let S = {y: y ~ x and not
P[y]}. Then S ~ B and A If. S since PEA] for every property of
finite character P. Therefore, AL 5 implies that there exists a
maximal proper ideal E disjoint from S. It is clear that U E is
the desired maximal subset of x.

We shall consider next six more algebraic equivalents of the
axiom of choice.

AL 6: It iF = <L, {v, A}> is a complete lattice, a, b, c f L, a < b,
c is compact, c < band c :t a then there exists an element m e L
such that a < m ::;;; b, c:t m and it there is a d f L such that
m < d ::;;; b then c :s:: d (in other words, m is a maximal element
in the interval between a and b which is not greater than or equal
to c).

Before stating the remaining forms in this section we require
some further definitions.

DEFINITION 5.10: Let d = <A, {Op: {3 € K}> be an algebraic
system (see 5.1).

1 Maximal with respect to inclusion, ~ .
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(I) A subalgebra B is said to be meet-irreducible if whenever
B = n Y' where Y' is a set of subalgebras then BEY'.

(2) B ~ A is said to be a basis for A if A is the smallest sub-
algebra containing B as a subset and whenever C c B there exists
a subalgebra DcA such that C ~ D.

(3) An element x E A is said to be absolutely dispensible if for all
sets s S A whenever A is the smallest subalgebra containing 5 as
a subset then A is the smallest subalgebra containing 5 ,....., {x} as a
subset.

AL 7-AL II all refer to an algebraic system d and subalgebras
in that system.

AL 7: Every subalgebra is the intersection 01 all meet-irreducible
subalgebras containing it as a subset.

AL 8: Every proper subalgebra has a proper meet-irreducible sub-
algebra containing it as a subset.

AL 9: The set 01 absolutely dispensible elements is equal to the
intersection 1 01 the set 01 all maximal proper subalgebras 2.

AL 10: For every element in a basis there exists a maximal sub-
algebra 2 which does not contain it as an element.

AL 11: II A has a [inite basis and B c A is a subalgebra then
there exists a maximal proper subalgebra 2 which contains B as a
subset.

Diener [1J, in 1956, proved AL 6 and AL 8 equivalent to a form
of the axiom of choice. AL 7 was derived from the axiom of choice
by Birkhoff and Frink [IJ in 1948. However, there is an error in
their proof (the proof of Lemma 4, pp. 301-2, is incorrect) which
was later noted and corrected by Diener [I]. In 1938, McCoy [IJ
proved a special case of AL 7 and in 1949 Fuchs [IJ 3 gave a correct
proof of AL 7. The proof given here is similar to Diener's. AL 9
is due to Frattini [IJ and Neumann [1]. Frattini in 1885 only
proved the theorem for finite groups and did not require the axiom

1 We make the convention here that n A is the whole algebra.
2 Maximal with respect to inclusion, ~.
3 Fuchs proved a special case, but his proof extends to the general case

virtually unchanged.
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of choice. The proof given here is essentially the same as the proof
given by Neumann in 1937. Krull [1], in 1929, derived a proposition
which is similar to AL 1I from the well-ordering theorem. In 1953
Schmidt [I] proved that AL 7, AL 9, AL 10, and AL I I imply
a form of the axiom of choice.

We shall prove

M 3 -+ AL 6 -+ AL 7 -+ AL 8 -+ AC 3

AL' 3 -+ AL 9 -+ AL 10 -+ M 7

AL'3 -+AL II -+M7.

It is clear that AL 7 -+ AL 8 and since an element in the basis
is not absolutely dispensible, AL 9 -+ AL 10.

THEOREM 5. I I: M 3 -+ AL 6.
PROOF: Let .ft' = <L, {A, v}> be a complete lattice and for a,

bEL, a < b, let [a, b] = {d: dEL and a < d ~ b}. Suppose eEL
is compact, C < band c :t a. Let!!) = {D: D s; [a, b] and D =1= A
and c :t VD}. !!) =1= A since {a} €!!). Let .At be a non-empty nest
contained as a subset in !!). We shall show that U.¥ €!!). Clearly,
if .At =1= A, then U.At =1= A and U.At s; [a, b]. Suppose c < V U.At,
then since c is compact there exist di, dz. ... , dk , N 1, N 2, ... , N k,

dt E Nt €.At such that c < V {db d2 , ••• , dk } . Since .At is a nest,
for some i E{I, 2, ... , k}, Nt S; Nj for all i = 1,2, ... , k, there-
fore c S; V N j • This is a contradiction since N, €!!). Hence U .At €!!)
so that by M 3, !!) has a maximal element M.

Let m = V M, then a <m ~ band c:t m. Suppose there is a
d € [a, b] so that m < d < b. This implies M c M v {d} so that
M v {d} tI!!). Therefore, c < V (M v {d}) = d, q. e. d.

Before proceding with the proof that AL 6 -+ AL 7 we prove a
lemma due to Buchi [1].

DEFINITION 5.12: .ft' = <L, {A, v}> is said to be an algebraic
lattice if L is the set of all subalgebras of an algebraic system.
The meet of two elements of L is ordinary set intersection, but
the join of two elements is the smallest subalgebra containing them
both. (This is usually not ordinary set union.)

It is easily verified that an algebraic lattice is a complete lattice.
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LEMMA 5.13: Every element in an algebraic lattice is the loin 01
compact elements.

PROOF: Let .!l! = <L, {A, v}> be an algebraic lattice and let
It E a E L. We wish to show that the subalgebra generated by It,
(the smallest subalgebra containing It), denoted by (It), is a compact
element of L. Since (It) is a subalgebra and L is the set of all sub-
algebras of an algebra, (It) E L. Suppose M s;: L and (It) < V a,

a<M
then It EVa. This implies that there exists a finite subset N of

a<M
M such that It EVa. Since V a is a subalgebra it follows that

a<N a<N
(It) ::;: V a. Hence (It) is compact.

a£N

Let a E L, then clearly a = V (It), q. e. d.

THEOREM 5.14: AL 6 --+ AL 7.

PROOF: Let A be an algebraic system and <L, {A, v}> the alge-
braic lattice of the set of all subalgebras of A. Let BEL and let D
be the intersection of all meet-irreducible subalgebras containing
B. Suppose B < D. Then there exists a compact element eEL
such that C 1: Band C < D. For suppose It ED,...." B, then by
5.13, (It) is compact and clearly (It) 1: B but (It) < D. Let C = (It)·

By AL 6, there exists an MEL such that B < M < A, C 1: M
and M is maximal. Suppose M is not meet-irreducible. Then there
exists a subset K s;: L such that M = A K and M ¢ K. Let N E K,
then M < N. Since M is maximal C < N for all N E K. There-
fore C < A K = M. This is a contradiction, so that M is meet-
irreducible.

B ::;: M and D is the intersection of all meet-irreducible ideals
which contain B, therefore D < M. Since C ::;: D it follows that
C < M and this again is a contradiction. Hence B = D, q. e. d.

THEOREM 5.15: AL 8 -;. AC 3.

PROOF: Let 1 be an arbitrary function whose domain is sand
assume for all XES, I(x) has at least two elements. We define an
algebra d = <A, {Ou: U E A}> as follows:

A = {<x, y>: XES and y E I(x)}
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O ( ) _ {U if v = <x, y>, w = <x, z», Y =F z,
u u, W - h'v ot erwise,

A subset of A is a proper sub algebra if it is a function. It is clear
that a subalgebra of d is meet-irreducible if and only if it is
maximal. AL 8 implies, therefore, that there exists a maximal
subalgebra B c A. If we let g = B, then g is a function, !P(g)
= !P(f) = 5, and for all x E 5, g(x) E f(x), q. e. d.

THEOREM 5.16: AL' 3 -+ AL 9.

PROOF: Let A be an algebraic system. Let D S; A be the set of
all absolutely dispensible elements and let vIt be the set of all
maximal proper subalgebras. We wish to prove D = n vIt.

Suppose x f n vIt. Then there is a ME vIt such that x f M.
Therefore the smallest subalgebra containing M v {x} is A, so
that x f D. This implies D S; n vIt.

Now, suppose x f D. For any set 5 S; A let C(5) be the smallest
subalgebra containing 5, then C is a finitary closure operator.
If x f D, then there exists a set TeA such that C(T) c A and
C(T v {x}) = A. We define a property of finite character P as
follows: for any 5 S; A, P[5] - x f 5. Clearly, P[C(T)]. Therefore
AL' 3 implies there is a maximal subalgebra M which contains
C(T) and x f M. Hence x f n vIt. This implies n vIt S; D, q. e. d.

THEOREM 5.17: AL 10 -+ M 7.

PROOF: Let A be an arbitrary set and P a property of finite
character. Assume A does not have the property P. For each
x E A define n-ary operators on K = {<Yl. Y2, ... , Yn>: Yl, Y2, ... ,
Yn E A} as follows:

Ix if not
If (Yl, Y2, ... , Yn> E K, O~(Yl, Y2, ... , Yn) = P[{Yl, Y2, ... , Yn}] ,

Yl otherwise.

5 c A is a subalgebra if and only if P[5]. There exists a finite set
which does not have the property P; otherwise A would have the
property P. Therefore, there is a smallest finite set B which does not
have the property P. B is a basis for A since no proper sub algebra
contains B, and every proper subset of B is a subalgebra.
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Suppose b e B. AL 10 implies that there exists a maximal sub-
algebra M such that b 1M.

IfM eNs; A and P[N] , wehaveP[N ",-,{b}]. SinceM s; N ",-,{b},
N "'-'{b} = M from the maximality of M. Hence N = M v {b}.
Thus either M or M v {b} is a maximal subset of A with the
property P.

THEOREM 5.18: AL' 3 -+ AL 11.

PROOF: Suppose A has a finite basis B = {bl, b2, ••• , bn} and
Bo c A is a proper subalgebra. For any set S s; A we define
C(S) as the smallest subalgebra containing S. Then C is a finitary
closure operator. Define the property Pj, j = 1, 2, ... , n as follows:
for any set S s; A, Pj[S] +--> bj 1S. Pj is a property of finite character
for each j = 1, 2, ... , n.

AL' 3 implies that we may construct the following finite sequence
of subalgebras:

If bj e Bj-I then Bj = Bj- b j = 1, 2, ... , n.
If bj 1Bj-I then Bj is a maximal subalgebra containing B j-1

as a subset and bj 1Bj, j = 1,2, ... , n.
By construction each Bj is a proper subalgebra and Bj-l s; Bj

for each i = 1, 2, ... , n. Hence each B j contains Bo as a subset.
We claim B n is a maximal proper subalgebra containing Bo. For
suppose B n is not maximal. Then there exists a proper subalgebra
D such that B n c D. Since D =1= A, for some bk € B, b»1D. But
then B k c D which contradicts the definition of Bk.

THEOREM 5.19: AL 11 -+ M 7.

PROOF: Similar to 5.17. Take the subalgebra of AL 11 to be A.

6. Cardinal Number Forms
We shall discuss some propositions about cardinal numbers which

are equivalent to the axiom of choice, but first we must define a
cardinal number in an appropriate manner. We cannot define the
cardinal number of a set x (x) to be the smallest ordinal number
equivalent to x because it requires the axiom of choice to prove
that such an ordinal number exists. We cannot define x to be the
class of all sets equivalent to x because in this case xwould be a
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proper class. What we shall do is transform the second definition
by limiting the class of sets considered so that it is a set, but still
obtain all the usual properties of cardinal numbers. We shall do
this by introducing the notion of rank 1. (Note: The axiom of
regularity is needed to define rank. But rank is defined merely four
convenience. Every theorem about cardinal numbers is a theorem
about sets so that it would not be necessary to define cardinal
numbers at all. Rank is not used in any of the proofs. However,
the notion of a cardinal number greatly simplifies all of our work
so we shall define it.) 2

DEFINITION 6. 1:

(1) of is the class of individuals.
(2) For every ordinal number ex, T(ex) = of v f!lJ( U T({3)).

(J<c<

LEMMA 36.2: For every x there exists an ordinal number ex such
that x € T(ex).

PROOF: Suppose the lemma is false. Let A = {x: (ex)[X ¢ T(OC)J}.
Since A *- A, it follows from the axiom of regularity that there
exists a y e A such that y rv A = A. (It is clear from the definition
of T that y is not an individual.) Since y r. A = A, for every z € y
there exists an oc such that z € T(OC). Let B = {oc:(3z)[z e y and
z € T{ex)J} and let {3 = sup B. Since ex < (3 implies T{ex) S; T{(3) , for
all z e y, we have z € T({3) = .f v f!lJ( U T(Y)). Therefore, either

y<{J
z €.f or z S; U T(Y). From this we obtain y S; .f v &( U T(Y))

y<{J y<{J
= T({3) so that it follows from the definition of T that y € T{Y) for
all Y > (3. This contradicts the assumption that y € A. Conse-
quently, the lemma follows.

DEFINITION 6.3: For every x the rank of x, p(x), is the smallest
ordinal number oc such that x € T(OC).

1 Defined by Mirimanoff [IJ. 1917. See also Tarski [8].
2 This definition of cardinal number is due to D. Scott [2]. Scott gives

credit to A. P. Morse (unpublished lecture notes) for some of the notions
involved.

3 The axiom of regularity was used in the proof.



6. CARDINAL NUMBER FORMS 49

It follows from the definitions of T and p that
(1) If x is an individual, p(x) = 0,

(2) T(O() = {x: p(x) < O(}.
In what follows in this section we shall have to assume that

T(O() is a set. It is clear that T(O() is a set if and only if ~ is a set.
Hence, we shall assume that ~, the class of individuals, is a set.

There is one further property of rank that we shall need, namely,

LEMMA 6.4: The rank of x, p(x), is the smallest ordinal number
0( such that for all y € x, p(y) < 0(.

PROOF: Suppose p(x) = 0(. If x e~ then the lemma is true.
Suppose x ¢~ and y e x. Since p(x) = 0(, X € T(O() = ~ v f1J( U T(fJ)).

(1<rx
Therefore, x s: U T(f3) which implies y € U T(fJ). Hence, y € T(fJ)

{1<rx (1<rx
for some fJ < 0( which implies by 6.3 that p(y) < 0(.

Now suppose p(y) < fJ for all y € x. Then, by 6.3, Y € U T(Y),
1'<{1

for all y € x. Consequently, x e f1J( U T(Y)) s: T(fJ) , so that 0(

1'<{1

= p(x) < fJ, q. e. d.
Now we define the cardinal number of a set as follows:

DEFINITION 6.5: The cardinal number of a set x, X, is the class
of all sets of smallest rank which are equivalent to x.

It follows from 6.1, 6.2, and 6.3 that for every set x, xis defined
and, since ~ is a set, x is a set. It is clear also that x ~ y if and
only if x= y.

Next, we shall define some operations and relations between
cardinal numbers.

DEFINITION 6.6: Let m and n be cardinal numbers.
(1) Addition: Let x and y be two disjoint sets such that x = m

and y = n, then m + n = x v y.

(2) Subtraction: If there exists a unique cardinal number p such
that m = n + p then m - n = p.

(3) Multiplication: Let x and y be two sets such that x = m

and y = n, then m- n: = x X y.
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(4) Division: If there exists a unique cardinal number p such
that m = n'p then m --;- n = p.

(5) Power: Let x and y be two sets such that ~ = m and y= n,
then m» = {f: f is a function from y into x}.

(6) Inequality: Let x and y be two sets such that x= m and
y = n, then m < n if x « y and m < n if x ~ y.

It is clear that the operations and relation as defined in 6.6 do
not depend upon the particular choice of.the sets x and y. Now,
suppose we were to define the sum of an infinite number of cardinal
numbers as follows: Let {A b : b e Br be a class of pairwise disjoint

= --
sets then 2: A b = U Ab. In order to show that the sum of cardinal

bEB bEB
numbers on the left side of the equality does not depend upon the
particular choice of the Ab's, the axiom of choice is required.
Hence, we cannot give the natural definition of an infinite sum of
cardinal numbers without using the axiom of choice.

It is easy to show without the axiom of choice that for two
cardinal numbers m and n, m :s;: n if and only if there exists a
cardinal number p such that m + p = n. But if + is changed to .
in the preceding statement then the proposition is equivalent to
the axiom of choice (see CN 12). It is also easy to show without
the axiom of choice that if m and n are cardinal numbers, and
n :::/=- 0 then m-n = n implies m < n. However, the converse of
the preceding statement is equivalent to the axiom of choice,
(see CN 14).

It can also be shown that addition and multiplication of cardinal
numbers are commutative and associative, multiplication is
distributive over addition, and the following laws hold for powers:

(mn)P = m n·p ,

m» = m-m- ... -m (n times) if n is finite.

It follows from the definition of addition, multiplication, and
powers that m + n, m rn, and m» exist for all cardinal numbers m
and n. However, subtraction and division are different matters.
For finite cardinals n - m exists whenever m < nand n --;- m
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exists whenever m < nand n is a multiple of m. We shall show
below that for all transfinite cardinals (see 6.11) m and n, if m < n
then n - m and n -:- m exists if and only if the axiom of choice
holds. (CN 13 and 17. See also CN 12, 14, and 18.)

Before we discuss the axiom of choice we shall first prove some
preliminary lemmas

LEMMA 6.7: If m and n are cardinal numbers and m, n > 2 then
m + n < m·n.

PROOF: Let x and y be disjoint sets such that x= m and y = n.
Let a, b e x, c, d € y, a #c b, and c #Cd. Define a mapping q; as
follows:

If s € x then q;(s) = <s, c).

If t € Y and t #c c then q;(t) = <a, t», and q;(c) = cb, d).
Clearly, q; is a 1-1 mapping of x v y into x X y. Hence m

+ n <m·n.

DEFINITION 6.8: An aleph is the cardinal number of an infinite
well-ordered set.

LEMMA 6.9: For any aleph, K2 = K.

PROOF: Let Q( be an ordinal number such that oc = ~i. Define a
relation R on On X On as follows: For fh, YI. fh Y2 € On,
<fh, YI) R <P2, Y2) if (max (PI. YI) < max (P2, Y2) or (max (PI, YI)
= max (/h Y2) and PI < P2) or (max (PI. YI) = max (P2, Y2) and
PI = P2 and YI < Y2). On X On is well-ordered by R.

Let N = {p: P is an ordinal number and (p is finiteor P X P = (l)}.
We shall show that every ordinal number belong to N. Suppose not.
Let {l be the smallest ordinal number which does not belong to N.
Then

(i) {l is not finite.
(ii) {l is a limit ordinal. For suppose not, then there exists an

ordinal number Y such that P= Y v {y}. It follows from (i) that Y
is not finite, therefore if= y. But, Y < P so that Y € N which
implies P€ N. This contradicts the definition of fl.

(iii) P X P= u Y X y. This follows because Y X Y is an initial
y<fJ
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R-section of On X On for every ordinal number y and fJ is a limit
ordinal.

Let 1p(y) be the ordinal number of y X Y ordered by R. (That
is, 1p(y) is an ordinal number and 1p(y) ,...., y X y.) If y < fJ then

= = {finite =
1p(y) = y X Y = Y < fJ·

Therefore, 1p(y) < fJ which implies by (ii!),

u 1p(y) = 1p(fJ) < fJ·
y<(J

So that fJ X fJ :::;: fJ which implies fJ e N. This is a contradiction,
hence, N = On.

LEMMA 6.10: For any two alephs m and n, m-n = m + n
= max (m,n).

PROOF: Suppose m < n then

n < m + n :::;: m-n by 6.7

:::;: n'n = n2 = n by hypotheses and 6.9, q. e. d.

DEFINITION 6.11 :

(a) No is the cardinal number of the set of natural numbers.

(b) A cardinal number m is transfinite if No < m.
(c) N" is the a t h aleph. That is, if A is the class of all alephs

ordered by < then A ,...., On, where On is ordered by <. Then Nco
is the element of A which corresponds to a e On.

In all of the following propositions it is assumed that m, n, p,
and q are transfinite cardinal numbers unless it is stated otherwise.

CN 1: m-« = m + n.
CN 2: There is a cardinal number n such that m = n 2•

CN3: m = m 2•

CN 4: There is an ordinal number a such that for all transfinite
cardinal members m there is no well-ordered by < set M of cardinal
numbers between m and m 2 such that M ,...., a.
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CN5 : If m2 = n 2 then m = n.

CN 6: If m < nand p < q then m + p < n + q.
CN 7: If m < n and p < q then m- p < n- q.
CN 8: If m + p < n + p then m < n.
CN 9: If m'p < n'p then m < n.
CN 10: There is a cardinal number n such that m < n and for

every cardinal number p if m < p then n ::;; p. (n is said to be an
immediate successor of m.)

CN 11: If n < p and there is no cardinal number between nand
p (P is said to cover n) then either m'n = m'p or m'p covers m rn.
(If p is an immediate successor of n then p covers n. This can
easily be shown without using the axiom of choice. But the converse
of this is equivalent to the axiom of choice. See CN 10 and 6.19.)

CN 12: If m < n then there is a p such that n = m·p.
CN 13: If m < n then n -:- m exists. (That is, the p of CN 12

exists and is unique.)
CN 14: If m < n then n -:- m = n.
CN 15: If m + p = m + q then either p = q or p < m and q < m,
CN 16: If m + m < m + n then m < n. (The converse is inde-

pendent of the axiom of choice.)
CN 17: If m < n then n - m exists. (That is, there exists one

and only one p such that n = m + p.)
CN 18: If m < n then n - m = n.
(The proposition: If m < n then there is a p such that n = m + p

(similar to CN 12) is independent of the axiom of choice.)
eN 19: If p < nand q < n then p + q 01= n,
CN 20: If P< nand q < n then p. q 01= n.
CN 21: Either m + n = m or m + n = n.
CN 22: Either m-« = m or m'n = n.

Let m be a cardinal number greater than 1,
CN 23(m): If pm < qm then p < q.
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CN 24: There is a cardinal number n > 1 such that tor all cardinal
numbers p and q there is a cardinal number m, 1 < m < n such
hat pm < qm implies p < q.

CN25: It m P < mq and m i=- 0 then p < q.
CN 26: If the greatest lower bound (m rv n) and the least upper

bound (m v n) of m and n exist then m'n = (m r» n)· (m v n).
(Tarski [7J has shown that the proposition: If m rv nand m v n
exist then m + n = (m rv n) + (m v n), is independent of the
axiom of choice.)

In 1924, Tarski [IJ proved that CN 1, CN 3, and CN S-CN 9
are equivalent to the well-ordering theorem. CN 10 was given in
1954 by Tarski [9] and CN 11 is due to Sudan [1] (1938). CN 15-
CN 19, CN 23(m), and CN 25 were stated without proof by Tarski
in Lindenbaum and Tarski [IJ in 1926. The proof of the equivalence
of CN 17 and the well-ordering theorem was later given in 1947
by Sierpinski [4]. In 1946, CN 20 was shown to be equivalent to
the well-ordering theorem by Sierpinski [2]. It was shown by
M. S. Lesniewski that CN 21 implies the trichotomy and an analo-
gous proof holds for CN 22. CN 24 is a generalization of CN 23.
CN 2 and CN 12-CN 14, while not explicitly stated in the literature,
follow from the work of Tarski and Sierpinski. As far as we know
CN 26 is given here for the first time 1.

We shall sketch the proofs that some form of the axiom of choice
implies each of the above 26 propositions.

WE 1 implies every set can be well-ordered, hence every cardinal
number is an aleph. Therefore, CN 3 and CN 5 follow from 6.9,
and CN 3 implies CN 2 and CN 4. CN 1 and CN 6-CN 9 follow
from 6.10. Lemma 6.10 also implies CN II-CN 22, and CN 26.

1 A. H. Kruse has obtained several additional cardinal number forms
equivalent to the axiom of choice in a paper entitled "Some observations on
the axiom of choice" to appear in Zeitschrift fur Mathematische Logik und
Grundlagen der Mathematik. One form which is of particular interest because
it immediately implies that both the trichotomy and the generalized conti-
nuum hypotheses imply the axiom of choise is the following: For all cardinal
numbers p, m, and n, if p < m, n < 2p then either m :::; n or n :::; m. See also
A. H. Kruse, "Some theorems on the axiom of choice". Notices A.M.S. 9
(1962) 134-5 (Abstract).
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CN 10 follows since the alephs are well-ordered by <'. The tricho-
tomy implies CN 23(m)-CN 25.

Now, in order to prove the converses, we first state and prove
the following lemmas 1:

LEMMA 6.12: Let m, nand p be transfinite cardinal numbers, and
let N be an aleph. If m'N < n + p then either m < p or N < n.

PROOF: Let x, y and z be sets, y f"'I Z = A, and let u be a well-
ordered set such that x= m, y = n, Z= p, and u= N. Since
m- N < n + p, there exists a 1-1 function cp which maps x X u
into y u z.

Case 1. There is an s Ii: x such that for all t e u, cp«s, t» Ii: y.
Define 'ljJ(t) = cp(cs, t» for all t e u; 'ljJ is a 1-1 function mapping
u into y. which implies N ~ n.

Case 2. For all s e x, there is a t e u such that cp«s, t» Ii: z. Let
t8 be the smallest element of u such that cp«s, t8» e z. Define
'ljJ(s) = cp«s, t8» for each s e x. Then 'ljJ is a 1-1 function mapping
x into z. Hence m < p, q. e. d.

LEMMA 6.13: Let m and n be transfinite cardinal numbers and let
N be an aleph. Then if N < m- n then either N < m or N < n.

PROOF: Let x, y be sets such that x= m, y = n and let Ct. be
a well-ordered set such that a = N. Then Ct. =< x X y so that there
exist well-ordered sets Xl, yl, Xl S X, Y1 S Ysuch that ex =< Xl X Y1.
Let p = xl, q = Y1, then N < r« = max (P, q) (by 6.10). If
N :::;: P then N < m and if N < q then N < n, q. e. d.

DEFINITION 6.14: For any transfinite cardinal number m let

m* = F(x) where x= m. (F(x) = {ex: ex =< x}, see 3.1,3.2, and 3.3.)
By 3.3 we have m* is an aleph. If m* < m then by 3.1 F(x) € F(x)

which is impossible. Therefore, m* :t m. Moreover, by 3.1, m* is
the smallest aleph which is not smaller than or equal to m. If m
in an aleph then m* is its immediate successor. (See CN 10 for
the definition of "immediate successor".) The concept of m* will
be useful in what follows.

Remark: In the theorems that follow in which we prove that
1 Lemma 6.12 is stated by Tarski in Lindenbaum and Tarski [IJ without

proof and lemma 6.13 is well known.
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an arbitrary set x can be well-ordered, we assume that m = x is
transfinite. This is no loss of generality because if m is not trans-
finite then replace m by m + Ko, which is transfinite. If we prove
that m + Ko < n where n is an aleph then m < n. Therefore, if
<X is an ordinal number such that (X = n then x ~ <X which implies
WE 3. Hence it will be sufficient to prove that for every transfinite
cardinal m there exists an aleph n such that m < n.

THEOREM 6.15: CN 1 -+ WE 3.
PROOF: Let m be a transfinite cardinal number. By CN 1,

m·m* = m + m*. Since m* 1: m, we have by 6.12 that m ::s;; m*.
Since m* is an aleph WE 3 follows.

THEOREM 6.16: CN 2 -+ WE 3.
PROOF: Let m be a transfinite cardinal number. CN 2 implies

that there exists a cardinal number n such that m + m* = n 2•

Now, m* ::s;; m + m*, so that m* s;: n2. Since m* is an aleph it
follows from 6.12 that m* ::s;; n. Therefore, there is a cardinal
number p such that n = m* + p. Now, we have,

m + m* = n 2

= (m* + P)2
= (m*)2 + 2'm*'p + p2
>m*·p.

It follows from 6.12 that either m* < m or p < m*. The first
alternative is impossible so that p ::s;; m* which implies n = m*.
Hence, by 6.9, n't = n, so that m + m* = m* which implies
m < m*, q. e. d.

THEOREM 6.17: CN 3 -+ CN 1.

PROOF: m + n = (m + n)2 by CN 3
= m2 + 2'm'n + n2

>m'n
> m + n by 6.7.

Hence m + n = m·n.
Before proving CN 4 -+ WE 3 we prove two more lemmas.
LEMMA 6.18: For every transfinite cardinal m, (m2)* = m*.
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PROOF: Let N be an aleph such that N < m·m. Then it follows
from 6.13 that N < m. Therefore from 6.14 it follows that N < m*.
This implies that every aleph which is less than or equal to m 2

is also less than m*, so that (m2)* :s;;: m*. Hence (m2)* = m*.
LEMMA 6.19: For every transfinite cardinal m, m < m + m*

and there are no cardinal numbers between m and m + m*. (m + m*
covers m) 1.

PROOF: For every transfinite cardinal m, m z: m + m*. If
m = m + m* then m* < m, which is impossible. Therefore
m<m+m*.

Suppose that p is a cardinal number such that m < p < m + m*.
Let p = m + n. We can write

(i) m = q + r, n = s + t,
where

(ii) q + s < m, r + t < m*.
(iii) r < m, r < m* by [i), (ii).

(iv) m + r = m by (iii), because (iii) implies that there exists
an aleph u such that r < u < m. Therefore, there exists a v such
that m = u + v. Then m + r = u + v + r = u + v = m.

(v) m + s = (q + r) + s < m + r = m by (i), (ii), and (iv).

(vi) m + n = m + t by (i), (v).

(vii) t < m* by (ii).

Therefore p can be written in the form m + t where t < m*.
Since m* is the smallest aleph which is not less than or equal to

m, and since t is an aleph, if t < m*, then t < m and p = m + t = m,
If t = m* then p = m + t = m + m*. Therefore, m + m* covers
m, q. e.d.

THEOREM 6.20: eN 4 -+ WE 3.

PROOF: Suppose WE 3 does not hold and suppose p is a cardinal
number which is not an aleph. Let P* = Np ' and let m = p + Np+ ""
where IX is an arbitrary ordinal number.

1 This lemma is due to Tarski [9].
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We shall show that there is a well-ordered by < set M of cardinal
numbers between m and m2 such that M ,...., IX. For f3 < IX, let
qp = P'Np+fJ + Np + cx ' If f3 < r < IX, then qp < s-: for suppose
qp = q1" then

and
p'Np+ "1 < p'Np+ fJ + Np + cx '

So by 6.12 P < Np+ cx or Np+"l ~ P'Np+ fJ'
But P j: Np + cx since P is not an aleph. By 6.13, the second in-

'equality implies that either Np+ "1 < P or Np+ "1 < Np+ fJ ' The first
inequality is impossible since P* = Np and the second is impossible
since f3 < y. Let M = {q{J: f3 < IX}, then M ,...., IX.

Since m = P+ Np + a '

m2 = p2 + 2'Np+ cx 'P+ N;+cx

= p2 + p'Np + cx'

by 6.9 and other elementary properties of cardinal numbers.
Therefore m < q{J < m2 for all f3 < IX. If m = qp then p + Np + a = p.
Np+ fJ + Np+fJ' This implies that P'Np+ fJ < p + Np +cx' But by 6.12
we have either p < Np + cx or Np+fJ ~ P which is impossible since p
is not an aleph and P* = Np • If qp = m2 then P'Np+ fJ + Np + cx
= p 2 + p'Np + cx which implies p'Np+ a < p'Np+ fJ + Np+ a' Again by
6.12 either p < Np+ cx or Np+ cx <P'Np + fJ ' The first alternative is
impossible since p is not an aleph and the second alternative
implies, by 6.13, that Np +cx < P or Np + cx < Np + fJ' But both alter-
natives are impossible since P* = Np and f3 < IX. Therefore, we
have m < q{J < m2 for every f3 < IX and since M = {qp: f3 < IX}""" IX,
this contradicts CN 4, q. e. d.

THEOREM 6.21: CN 5 ---+ WE 3.

PROOF: Let m be a transfinite cardinal number. There exists a
cardinal number n such that m < nand n = n2. For let n = m N•.
Then m < nand n2 = (mNo)2 = m2·No - mNo = n.

(n + n*)2 = n2 + 2·n·n* + (n*)2 > n'n*
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(n + n*)2 = n2 + 2·n·n* + (n*)2
= n + 2·n·n* + n* by hypotheses and 6.9
:::;: n·n* + 2·n·n* by 6.7
= n'3'n*
= n·n* since n* is an aleph.

Therefore, it follows that

(n + n*)2 = n·n*
= n2. (n*)2 by hypotheses and 6.9
= (n·n*)2.

Hence by CN S, n·n* = n + n*. Since n* 1: n, we have by 6.12
n < n*. But m:::;: n, therefore, m S n* which implies WE 3,
q. e. d.

THEOREM 6.22: CN 6 --+ WE 3.
PROOF: Let m be a transfinite cardinal number. There exists a

cardinal number n such that m :::;: nand 2'n = n. For example
let n = Ko·m. Then m :::;: nand 2'n = 2'Ko'm = Ko·m = n. We
have n < n + n* and n* :::;: n + n*. Suppose n < n + n* and
n* < n + n*. Then by CN 6,

n + n* < (n + n*) + (n + n*) = n + n*,

which is a contradiction. Therefore n = n + n* or n* = n + n*.
The first alternative implies n* :::;: n which is impossible. Therefore
the second alternative holds and n S n*. Hence m:::;: n* and
again we have WE 3, q. e. d.

THEOREM 6.23: CN 7 --+ WE 3.
PROOF: The proof is similar to the proof of 6.22 with n =

= mK• = n2 and replace + by '.
THEOREM 6.24: CN 8 --+ WE 3.
PROOF: Let m be a transfinite cardinal number. Suppose

m 1: m*, then m* < m + m*. Since m* is an aleph, m* + m* = m*,
so that m* + m* < m + m*. Therefore, by CN 8, m* < m, which
is a contradiction. So that m :::;: m* and WE 3 follows.
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THEOREM 6.25: CN 9 ---+ WE 3.
PROOF: The proof is analogous to the proof of 6.24 with + re-

placed by'.
THEOREM 6.26: CN 10 ---+ CN 3.
PROOF: Let m be a transfinite cardinal number. CN 10 implies

there is a cardinal n such that m < n and for every cardinal p,
if m < p then n < p. But m < m + m* (by 6.19). Therefore,
m < n ~ m + m*. Hence, 6.19 implies n = m + m*.

Suppose CN 3 does not hold. Then for some m, m < m2. Since
.m + m* is an immediate successor of m,

(i) m + m* < m»,

(ii) (m2)* = m* by 6.18.

Therefore, (ii) implies m* 1: m 2 . But (i) implies m* < m 2• This
is obviously a contradiction. Hence m = m2.

THEOREM 6.27: CN 11 ---+ WE 3.
PROOF: Let m be a transfinite cardinal number and let m* = K,x.

K,x+ 1 covers K,x, therefore, by CN 11 either m- K,x+ 1 = m- Kx or
m'Kx+l covers m·Kx . But,

m'K,x < m'Kx + K,x+l < m·K,x+l.

Therefore, either

or
m'Ka + K,x+l = m·Ka+l.

The first alternative implies that Kx + 1 < m :Kx . But K,x+ 1 1: m
and K,x+1 1: Kx which contradicts 6.13. Therefore, the first alterna-
tive is impossible.

The second alternative implies either K,x+l ~ m'K,x or m < KX+l

(6.12). It has just been shown that KtX+ 1 :1: m- Ka , therefore,
m < Kx+1 and this implies WE 3.

THEOREM 6.28: CN 12 ---+ WE 3.
PROOF: Let m be a transfinite cardinal number. Since

m* < m + m*, it follows from CN 12 that there is a p such that
m + m* = m*' p. Lemma 6.12 implies that either m* < m or
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p < m*. The first alternative is impossible so that p < m*. It
follows from 6.10 that m*'p = m*. Therefore, m + m* = m*,
which implies m ::;;: m*, q. e. d.

Clearly CN 14 -+ CN 13 -+ CN 12.

THEOREM 6.29: CN 15 -+ WE 3.
PROOF: Let m be a transfinite cardinal number, then

m* + m = m* + (m + m*). CN 15 implies either m = m + m*
or m < m* and m + m* ::;;: m*. The first alternative is impossible,
therefore m < m*, q. e. d.

THEOREM 6.30: CN 16 -+ WE 3.
PROOF: Let m be a transfinite cardinal number, then

m* + m* < m* + m since m* = m* + m* (6.10). If m *+ m*
< m* + m then, by CN 16, m* < m, which is impossible. Hence,
m* = m* + m, which implies m < m*.

THEOREM 6.31: CN 17 -+ WE 3.
PROOF: Let m be a transfinite cardinal number, then

m* < m + m*. CN 17 states that if m* < m + m* then there is
one and only one cardinal number p such that m + m* = m* + p.
However, m + m* = m* + m and m + m* = m* + (m + m*),
(6.10). Hence, CN 17 implies m = m + m*, which implies m* < m,
which is impossible. Therefore, m* = m + m* which implies
m<m*.

It is clear that CN 18 -+ CN 17.
THEOREM 6.32: CN 19 -+ CN 18.
PROOF: Suppose m < n, then there is a p < n such that

p + m = n. CN 19 implies p = n. Therefore, by the definition
of subtraction, n - m = n.

THEOREM 6.33: CN 20 -+ WE 3.
PROOF: Let m be a transfinite cardinal number, clearly,

m ::;;: m·m* and m* ::;;: m·m*. CN 20 implies that either m = m·m*
or m* = m- m*. The first alternative implies that m* < m which
is impossible. The second alternative implies m s; m* which
implies WE 3.

THEOREM 6.34: CN 21 -+ T.
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PROOF: If m + n = m then n < m and if m + n = n then
m < n, q. e. d.

THEOREM 6.35: CN 22 _ T.

PROOF: The proof is analogous to the proof of 6.34 with +
replaced by '.

Clearly, CN 23(m) - CN 24.
THEOREM 6.36: CN 24 _ WE 3.

PROOF: Let s be a transfinite cardinal number. Let r be a
cardinal number so that r = n-r, (for example, let r = 2n ·No).
Let t = sr, p = t·t* and q = t + (t· (t*)n)*. Suppose 1 < m < n,
then

qm = [t + (t· (t*)n)*]m
> t· (t· (t*)n)*<m-l)
> i : (t*)n)*<m-l)
> t·t*m (m = m - 2 + 2 and use 6.9)
= (t· t*)m (by the definition of t, tm = t)
= pm.

Next, we shall show that pm < qm. (pm)* = ((t·t*)m)* = (t· (t*)m)*
< (t·(t*)n)* ~ q < qm. Therefore, pm < qm since (pm)* is the
smallest aleph which is not smaller than pm.

Now by CN 24, it follows that p < q. Therefore t·t* < t
+ (t·(t*)n)*. By 6.12, either t* < t (which is impossible) or
t ~ (t·(t*)n)*. Hence, s < t = sr < (t·(t*)n)* so that s is smaller
than an aleph and that proves the theorem.

THEOREM 6.37: CN 25 _ WE 3.

PROOF: Let p be a transfinite cardinal number. Let m = 2pN•
and q = m*. Then

N. < No) N.+ 1 NomP = (2P )P = 2 p'P = 2P = 2P = m < ms,
Next, we shall show that mP < ma. m* = q ~ m a. Therefore, if
m a < m P, m* < m which is impossible. Hence, mP < ma. By
CN 25, P< q = m*, q. e. d.

THEOREM 6.38: CN 26 _ WE 3.
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PROOF: Let p be a transfinite cardinaL Let q = Kit, n = KMI
where IX is chosen so that n > P*. Let m = p + q. Then m r'I n = q,
m v n = p + n, m'n = p'n + n, and (m v n) ·(m t"I n) = p.q + n,
CN 26 implies p'n + n. = r« + n, which implies p'n < p.q + n,
Therefore by 6.12 either n < p.q or p < n, The first alternative
contradicts 6.13 since n 1: p and n:t q. Therefore, p < n which
implies WE 3.

7. Additional Forms
The following forms of the axiom of choice do not seem to fit

into any of the earlier sections so we have made another section
for them. The first three, P I-P 3, are due to Tarski [3J and [4J
and deal with sets and cardinal numbers.

PI: For any non-empty set s there exists a set t such that for
all x, x e i if and only if x s; t and s:t x.

P 2: For any non-empty set s there exists a set t such that
t ~ {x: x s; t and s:t X}.

P 3: If t is an infinite set, m and m cardinal nunbers such that
t = m and n ::;; m, and s = {x: x s; t and n:t x} then s= m».

We shall prove the following:

AC 3 and T --+ P 1 --+ P 2 --+ WE 3,
T and WE 1 --+ P 3 --+ P 2.

THEOREM 7.1: AC 3 and T --+ PI.

PROOF: Let s be a non-empty set and IX a non-limit ordinal
number with (~)* < Kit, (see 6.14). Let Wit be the smallest ordinal
number with cardinal number Kit. Define a function 4> on On as
follows:

4>({J) = {x: x s; U 4>"{J and x< S}.
Now define t as follows:

t = U 4>({J) = U 4>"Wit·
f3 <0;"

We shall show that t is the required set.
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Suppose x E t, then for some (3 < Wa, X E r/J({3). Therefore,
x £; U r/J"{3 £; U r/J"w a = t and x< s which implies s1: i.

Now suppose x £; t and s1: X. It follows from T that s1: x if
and only if x< s. For each y E X let By = {(3: y E r/J({3)}, let y(y)
be the smallest ordinal number in By, and let R = &l(y). Since y
is a mapping of x onto R it follows from 3.5 that &(R) ~ &(x)
or equivalently 2R :s;; 2;;;. But we also have x< s. Therefore,

= =
2R < 28 which implies

(i) R < 28 •

It follows from (i) that

(ii) R < Nc.:.

Since R is a set of ordinal numbers, either R is finite or R is an
aleph. If R is finite then clearly (ii) holds. If R is an aleph, then (i)
implies R< (28)*, so that (ii) follows from the definition of Na .

Let () = sup R. We claim (J < Wa. Clearly, if {3 E R then {3 < Wa

which implies {3 < Na • Since ex is not a limit ordinal we have
Ii < Na-l· Let A p = {tp: tp is a I-I function mapping {3 into Wa-l}.

Now, Ii < Na-l if and only if A p =1= A. Therefore, AC 3 implies
that there exists a function 1 such that for each {3 E R, Ip E A p.
Now, we claim that

(iii) (J ~ U {{3} X Wc.:-l.
fJER

Clearly, () ~ U ({f3} X (3). If y E (3 E R, define a function g so that
fJER

g«{3, y») = <(3, tp(y)· Then g is a 1-1 function mapping U ({f3} x(3)
fJER

into U {{3} X Wa-l. Consequently (iii) follows. It follows from
fJER

(iii) that

(J < R X Wa-l

= R'Na-1 by 6.6
= Na-l by (ii) and 6.10.

Hence,

(iv) () < Wa.
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For every y € x, there is a f3 < 0 such that y e ep(f3). Therefore,
y € U ep"(O + I), which implies x s:::: U ep"(O + I). Since x< s, it
follows from the definition of ep that x € ep(O + I). Since WIX is a
limit ordinal it follows from (iv) that 0 + I < WIX' Consequently,
x € U ep"WIX = t, q. e. d.

If in P I "s 1: x" is replaced by "x < s", then the only place
the axiom of choice is used to derive the resulting proposition,
call it P, is in proving (iv) 1. That is, in proving that the supremum
of a set of ordinal numbers, each of which is less than WIX, is also
less than WIX. It is known that the latter proposition is weaker
than the axiom of choice, but it is not known whether P is derivable
from the axioms of set theory, excluding the axiom of choice.

Before proving that P 2 ~WE 3, we shall prove the following
lemma:

LEMMA 7.2: Let t and v be sets such that v< t, then there exists
a set w which has the following properties:

(i) w s:::: t,
(ii) w¢v,

(iii) w can be well ordered.

PROOF: Since v<t there exists a I-I function ~ which maps v
into t. Define a function 1jJ such that for every ordinal number a,

(a.) = {ep(1jJ"ex.) ~f 1jJ"ex. € v,
1jJ U ¢ t If 1jJ"ex. ¢ v.

First we note that if 1jJ"ex. and 1jJ"f3 belong to v and 1jJ"ex. = 1jJ"f3
then ex. = f3. For suppose ex. < f3 then 1jJ(ex.) e 1jJ"f3 but 1jJ(f3) ¢ 1jJ"f3 so
that 1jJ"ex. *- 1jJ"f3. Since ep is I-I, this implies that when the range
of 1jJ is confined to t, 1jJ is I-I. Therefore, there must be at least
one ordinal number ex. such that 1jJ"ex. ¢ v, otherwise the set t would
contain a subclass equivalent to the class of all ordinal numbers.
Let y be the smallest ordinal number in the class {ex.: 1jJ"ex. ¢ v}.

Let w = 1jJ"y = {1jJ(ex.) : ex. < y}. Suppose x € w. Then x = 1jJ(ex.) for
some ex. < y. By the definition of y, 1jJ"ex. € v, therefore x = 1jJ(ex.)
= ep(1jJ"ex.) € t. Hence w s:::: t and (i) is satisfied. Next, by the definition

1 This was noted by Dana Scott.
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of 1', 1jJ"Y'u, therefore w = 1jJ"Y 'v and (ii) is satisfied. Finally,
when 1jJ is confined to {IX: IX < y}, 1jJ is 1-1. Therefore w = 1jJ"Y
1'::::1 {IX: IX < y} so that w can be well-ordered, q. e. d.

Now we are ready to prove
THEOREM 7.3: P 2 -+ WE 3.
PROOF: Let s be an arbitrary set, then P 2 implies there exists

a set t such that t ~ {x: x £; t and s:t X}. Let v = {x: x £ t and
s1: X}. Since v= t, v and t satisfy the hypothesis of 7.2. Therefore,
there exists a set w such that w £; t, w , v and w can be well-ordered.
Since w £; t and w, u, we must have that s~ w. Since w can be
well-ordered, WE 3 follows.

THEOREM 7.4: T and WE 1 -+ P 3.

PROOF: Let t, m, and n satisfy the hypotheses of P 3. Let u be
a set so that u= n.

s = {x: x £; t and n {: X}
= {x: x £; t and x< n} by T.

For each XES, let Ix = {j: t is a function from u onto x}. Then

S ~ U Ix
x<s

~ {f: t is a function from u into t} = F.
Hence,

(i) S~ mn by 6.6.
If n is finite the theorem is clear so suppose it is infinite. Then

WE 1 implies that m and n are alephs so that by 6.10 m = m- n.
Therefore, there exists a 1-1 function fP which maps t X u onto t.
For each t E F define a function 1jJ so that

1jJ(f) = {fP(f(v), v): v E u}.

1jJ is 1-1 since fP is 1-1. Moreover, 1jJ(f) £; t and 1jJ(f) = n. Therefore
1jJ is a 1-1 function which maps F into s, so that

(ii) m» s; s.
Hence (i) and (ii) imply s= m».

THEOREM 7.5: P 3 -+ P 2.
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PROOF: Let s be an arbitrary non-empty set and let s= n.
Suppose n > 2. (If n 4:: 2 take t = A in P 2.) Let m = 2nNo; then

. . f it d (2nNo) 2nNo·n 2nNo+ 1 2nNomlSln lID e,n <man mn = n= = = =m.
Let t be a set such that t = m. P 3 implies that:

m» = {x: x £ t and n <t:: x}

2:: {x: x £ t and s :til
>t=m.

But, since m» = m, we have
t >::::i {x: x £ t and s< x}

and this proves P 2.
Since the trichotomy and the well-ordering theorem are equivalent

it has been shown that each of P I-P 3 is equivalent to the axiom
of choice.

P 4 was stated in Lindenbaum and Tarski [1] in 1926 without
proof and later was proved by Tarski [5] in 1948.

00

P 4: If x ~ U Ai then there is a finite integer n such that
n i=O

X ~ U Ai.
i= 0

THEOREM 7.6: WE 1 -+ P 4.
00

PROOF: Suppose x ~ U Ai. First, it is clear that we may
i=O

assume that none of the A/s are empty. It is also clear that P 4
holds if x is finite, so let us assume x is infinite. WE 1 implies
that the cardinal number of an infinite set is an aleph and also
that every infinite cardinal number is transfinite.

00

Case 1. All the Ai'S are finite. Then U Ai < No so that x ~ No
which implies x is finite. i= 0

Case 2. At least one Ai is infinite, say Ai' Suppose Ak is finite,
then there exists a finite set Bk c Ai such that Ak ~ B k. Since
the cardinal number of Ai is transfinite. it is easy to show that
Ail"-.J Bk >::::i Ai' Hence, we may assume,

Case 3. All the A/s are infinite. Let NIX = x and Np, = A,.
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Suppose {3i < ex for all i, Then y = sup {3 < ex which implies

00 00

U Ai < U Ai X {i}
i= 0 i= 0

< NY'No

= Ny by 6.10

00

But this contradicts the assumption that x -< U Ai. Therefore,
i~ 0
n

there exists an n such that ex < {3n so that x ~ U Ai.
i=O

THEOREM 7.7: P 4 ~ WE 3.
PROOF: Let x be an arbitrary set. We may assume without loss

of generality that xis transfinite. (See the remarks preceding 6.15.)
We shall prove first that

(i) There exists a function F such that for each y, F y is a 1-1
function mapping r(y) into 8I'(8I'(8I'(y))). (See 3.1, 3.2, and 3.3).
Let ex E Fly) and let f be a 1-1 function which maps ex into y. Then
for any such f let At = {z:(3{3)[,8 < ex and z = t"{3J. If z E At then
z E 8I'(y) so that At E 8I'(8I'(y)). Let Q = {At: (3ex)[ex E r(y) and f is a
1-1 mapping of ex into y}. Then

(ii) Q s;; 8I'(8I'(y)).
There is a natural mapping from Q onto r(y) , namely, for each
At E Q associate the ordinal number which is the domain of f.
It follows from 3.5 that there is a natural 1-1 function h which
maps 8I'(r(y)) into 8I'(Q). Define .a function g from r(y) to 8I'(r(y))
such that for each Z E r(y), g(z) = {z}. Then for each z E r(y) define
F y(z) = h(g(z)). Since g and hare 1-1 it follows from (ii) that
F y is a 1-1 function from r(y) to 8I'(8I'(8I'(y))) which proves (i).

00

Now, let yo = x, Yi+l = 8I'(Yi), and u = U r(Yi)' Then it
i= 0

00 00

follows from (i) that u ~ U (Yi X {i}). If u -< U (Yi X {i}) then by
i= 0 i= 0

n
P 4 there exists a finite integer n such that u ~ U (Yi X {i}).

i= 0
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n
Therefore, there exists sets Ui S; Yi such that u::::::; U (Ui X {i}).

i= 0
n =====.

Then by 6.6 we have u= :£ Ui X {i}. But since u and Ui X {i}
i= 0

are alephs, it follows from 6.10 that u= max (Ui X {i}). So that

there exists a j such that U= uJ X {j} = UJ. This implies U '< Yir
which in turn implies the contradiction r(YJ) '< YJ.

00

Hence, we must have u. = U (Yi X {i}) which implies that
i=O

x = Yo '< u. But U is a set of ordinal numbers, therefore WE 3
follows.

The next proposition, P 5, is called the Tychonoi] Compactness
Theorem. It is used quite frequently in topology. In 1935 Tychonoff
[1Jderived P 5 from a maximal principle and later in 1950 Kelley [1J
proved the converse. We shall not attempt to give these proofs here.

P5: The product 01 compact spaces is compact in the product
topology.

Next, some metamathematical propositions, P 6-P 8, are con-
sidered. Vaught [2J in 1956 proved that each of them imply the
axiom of choice.

P 6: A [ormula having a model in a set 01 cardinality n also has
a model in a set 01 cardinality m il Ko < m < n.

P 7: A [ormula having a model in a set 01 cardinality Ko also has
a model in a set 01 any cardinality greater than Ko.

P 8: II Qis a set 01 [ormulas in which the set 01 individual constants
has cardinality m and every [inite subset 01 Q has a model, then Q
has a model in a set whose cardinality is not greater than m + Ko.

(It is assumed that the formulas contain only finitely many
non-logical predicates).

We shall show that P 8 --+ P 7 --+ P 6 --+ eN 3.
THEOREM 7.8: P 8 --+ P 7.
PROOF: Let ep be a formula which has a model in a set x where

x= Ko. Let m be an arbitrary cardinal number such that Ko < m.
Let C be a set such that C = m and suppose x f"\ C = A. For
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each a e C we define the formula qJa as follows:
qJa = (3b)[b = aJ.

For any at. a2, ... , an e C, qJ, qJa" qJal' ••• , qJan has a model in a
set defined as follows: Let Xl, X2, ••• , X n e X and suppose none
of the x/s are individual constants of tp, Replace the xt's by the
at's and thereby obtain a model in x.

Let Q = {qJ} v {qJa: a e C}, then Q satisfies the hypothesis of
P 8. Hence Q has a model in a set whose cardinal number is not
greater than m + Ko = m. By construction of Q, the cardinal
number has to be equal to m, Hence, qJ has a model in a set of
cardinal number m, q. e. d.

The proof that P 7 - P 6 requires the use of the well-known
Skolem-Louenheim Theorem (see Skolem (IJ) which states:

Every consistent set of formulas (with no individual constants)
has a model in a set of cardinality Ko.

The proof of this theorem does not require the use of the axiom
of choice in any form.

THEOREM 7.9: P 7 _ P 6.
PROOF: Suppose a formula qJhas a model in a set of cardinality n.

Then qJis consistent. Therefore, by the Skolern-Lowenheim theorem,
qJ has a model in a set of cardinality Ko, so that by P 7 it has a
model in a set of any cardinality greater than Ko, namely m where
Ko < m < n, q. e. d.

THEOREM 7.10: P 6 - CN 3.
PROOF: Let m be an arbitrary transfinite cardinal number. Let

. n = 2m·Ko, then n2 = (2m.Ko)2 = 2m·z·K• = 2m·Ko = n, and Ko
< m < n. Consider the following formula:
S: (x)(y)(3z)R(x, y, z) and (x)(y)(z)(x')(y')(z')(R(x, y, z) and

R(x', y', z') - (z = z' +-+ (x = x' and y = y'))].
An algebra <A, R> where A is a set and R a ternary relation is a

model for the formula S if and only if R is a 1-1 function mapping
A X A into A (so that (A)2 = A). Clearly, the formula has a
model of cardinality n since n2 = n. Hence, P 6 implies it also
has a model of cardinality m. Therefore m2 = m, q. e. d.
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The proof that the axiom of choice implies P 7 was given first
in 1936 by Malcev [IJ and later in 1949 by Henkin [1]. The proof
will not be given here.

The propositions P 9 and P 10 are derived from a form given by
von Neumann 1 [2J and they are unusual because the axiom of
regularity is used to prove that the well-ordering theorem implies
them. It is not known whether it can be done without this axiom.

P 9: I I x is a non-empty set and A is a proper class then A can
be mapped onto x.

P 10: II x is a non-empty set and A is a proper class then x -< A.
Clearly P 10 implies P 9.
THEOREM 7.11: P 9 --+WE 1.
PROOF: Let x be a non-empty set and let A = On, the class of

all ordinal numbers. P 9 implies that there is a function P which
maps On onto x. For each SEX, P-l"{s} is a class of ordinal num-
bers. Let IXs be the smallest ordinal number in P-l"{s}. Then x is
equivalent to {1X8: SEX}. SO that x is equivalent to a set of ordinal
numbers and can therefore be well-ordered.

THEOREM 27.12: AC 3 and WE 2 --+ P 10.
PROOF: Let x be a non-empty set and A a proper class. Let

B = {p(s): sEA} (See 6.3 for the definition of p. We shall assume
that .F, the class of individuals, is a set). B is a proper class because
A is a proper class and the class of all sets with the same rank is a
set (6.3ff). Since B is a proper class of ordinal numbers it is equi-
valent to On. Let P be a 1-1 function mapping On onto B.

By WE 2, there is an ordinal number IX, such that x ::::::i IX. Let
</> be a 1-1 function which maps x onto IX. By AC 3, there is a
function G such that for every (J E IX, G({J) E P({J). Define a function
1p as follows: for each y EX,

1p(y) = G(</>(y)).
Then 1p is a 1-1 function which maps x into A, q. e. d.

P 11 is obtained from M 14(D) by changing the word "set" to
1 Von Neumann actually lists our form P IS as an axiom of set theory.

P 9 and P 10 are weaker forms.
2 The axiom of regularity was used in the proof.
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"class". (See 4.14 for the definition of D.) In most cases when this
is done, the new proposition is stronger than the axiom of choice.
However, in this case, with the aid of the axiom of regularity, it
can be shown that P 11 is equivalent to the well-ordering theorem.

P 11: Every class has a maximal s sub-class wh£ch has the
property D.

Clearly P 11 implies M 14(15).

THEOREM 2 7.13: WE 2 --+ P 11.

PROOF: Let X =I=- A be an arbitrary class and let x E X. WE 2
implies there exists an ordinal number 01: such that x ~ 01:. Let
ep be a 1-1 mapping of 01: onto x. Also, On is equivalent to 01: X On.
(See Godel [1], p. 27, 7.71.). Let if> be a 1-1 mapping of On onto
01: X On, and suppose for each (3 EOn, if>({3) = <a({3), b({3».

For each (3 E On, define

S({3) = {y: y E X and (y)(z)(y < (3 and z E S(y)) --+

(y rv z =I=- A and p(y) = b({3) and ep(a({3)) E y)].

(We assume that J, the class of individuals, is a set so that it
follows from 6.3 ff that S({3) is a set for each (3 E On.) In other
words, S({3) is the set of all elements of X which contain the a({3)th
element of x, have rank b({3) , and also intersect all elements of
S(y) for y < (3.

Let Y = U S({3) , then, we say, Y is a maximal sub-class of X
{I.On •

which has the property 15. Clearly, from the definition of S({3) ,
Y £ X and Y has the property D (that is, no two elements of Y
are disjoint). Suppose Y is not maximal. Then there is a z E X,
Z ¢ Y such that for all y E Y, Z ,.... Y =I=- A. Since x E Y, Z rv x =I=- A.
Since 01: ~ x, there is a (3 < 01: such that rp({3) E z, and since On ~ 01: X On,
there is an ordinal number y, such that if>(y) = <(3, p(z). There-
fore, Z E S(y) which implies Z E Y. This is a contradiction, q. e. d.

Since M 14(D) --+ M 14(Dm ) and M 18 and M 19, it follows that
if the word "set" is changed to "class" in each of M 14(15m ), M 18,

1 Maximal with respect to inclusion, <; .
2 The axiom of regularity was used in the proof.
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and M 19, the resulting propositions are equivalent to the set
form of the axiom of choice.

P 12 is quite similar to AC 4. It is actually an axiom of choice
for proper classes, but, since the axiom of regularity is used to
prove its equivalence to AC 4, we put it in this section.

P12: For every relation R whose domain is a set (its range may
be a proper class) there is a [unction. I such that f»(f) = f»(R) and
1<;;. R.

It is clear that P 12 -+ AC 4.

THEOREM 17.14: AC 4 -+ P 12.

PROOF: Let R be an arbitrary relation whose domain is a set.
Define a relation R' as follows:

R' = {<x, y): <x, y) e Rand (z)[<x, z) e R -+ p(y) < p(z)]}.

(We assume that f, the class of individuals is a set, so that it
follows from 6.3ft that R' is a set.) AC 4 implies there is a function
I with f»(f) = f»(R') and I <;;. R'. Therefore, f»(R) = f»(f) and
1<;;. R, q. e. d.

P 13-P 15are infinite distributive laws. PIS is due to Collins 2 [1].
The others are generalizations of PIS.

P 13: For every non-empty set A, lor every junction. B whose
domain is A and lor each a e A, B a is a set, and for every junction.
X whose domain is B 0 e-1«a, b) e B 0 c 1 ..... (3x)[<a, x) e Band
be x])

n U Xa,b = U n Xa,f<a)'
au! bEB. fE X B. aEA

To obtain P 14 set Xa,b = b in P 13. Slightly stronger forms,
P 13s and P 14s, are obtained by allowing B to be a class-valued
function in P 13 and P 14. It is immaterial in the proof whether
Xa,b in P 13 is a set or a proper class.

1 The axiom of regularity was used in the proof.
2 Collins uses Quine's axiom system for set theory in which the axiom of

choice is inconsistent. (See Quine [IJ and Specker [1].)
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P 15: For every non-empty set A

nUb = U n I(a)
aul boA !_C(A) a_A

where C (A) is the set 01 all choice [unctions on A.
It is clear that P 13 - P 14 - PIS, P 13s - P 13, P 14s _ P 14

and P 13s - P 14s.

THEOREM 7.15: PI5_AC3.

PROOF: Let 1 be an arbitrary function. (We may assume
I(x) =I=- A for each x e !»(f).) For each x € !»(f) define ax = {{u, y}:
.y € I(x)} where u is an arbitrary set. Define A = {ax: x e !»(f)}.
If b € ax for every ax € A, then u € b, so that u € nUb. There-

a:r;EA bEa%
fore, by PIS, u € U n g(a). Hence, there is a g e C(A) such

g_C(A) ax_A
that for all ax € A, u € g(ax). This implies, for all ax e A there
is an x € !»(f) such that g(ax) = {u, y} where y e I(x). Define a
new function h such that h = {<x, y>: x € !»(f) and g(ax) = {u, y}};
then h is the required function.

THEOREM 7.16: AC 1 _ P 13.

PROOF: Suppose u € U n Xa,f(a)' then there is an 1e X Ba
f- x B. a_A a.A

such that u e Xa,f(a) for every a e A. Therefore, for every a € A
there is a b € B u, namely b = I(a), such that u € Xa,b' This implies
u € n U Xa,b' (We have shown that the right side of the equation

a.A b e B«
in P 13 is a subset of the left side without using the axiom of choice.)

Next, suppose u € n U X a b; then for every a € A, there is a
aEA b e H« '

b e B a such that u € Xa,b' Let C« = {b: b € Ba and u € Xa,b}' By
AC 1, there is a function 1 such that I(Ca) €C a for all a€A. This
implies that u € U n Xa,/(a)'

!_xB.a.A

THEOREM 7.17: P 12 _ P 13s.

PROOF: The proof is analogous to 7.16 until C« is defined. In
this case Ca may be a proper class. So we define a relation R such
that <a, b> € R +--> a € A and b e Ca. P 12 implies there is a function
1 such that !»(f) = A and 1 s;; R. Therefore, there is a function 1
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such that j(a) E C«, for all a E A. This implies that u E U n Xa,f(a)'
j.xB.a.A

(The axiom of regularity was used to prove AC 4 --+ P 12.)
THEOREM 7.18: P. 14s --+ P 12.
PROOF: Let R be an arbitrary relation whose domain is A. For

every a E A, define B[a] = {{u, t}: <a, t> E R}. For every a E A,
if b e B[a], then u E b. Therefore, u En U b. So by P 14s,

a.A b.B[a]
U E U n j(a). Which means that there is a function j such

f. x B[a] auf

that for all a E A, j(a) E B[a] and U E j(a). Which implies that
f(a) = {u, t} for some t such that <a, t> E R. Define g = {<a, t»:
<a, {u, t}> E j}. It is clear that g is a function. Moreover, ~(g)

= ~(R) and g s; R, q. e. d.
The following implications have now been proved:

AC 1 --+P 13 --+P 14 --+P 15 --+AC3, and P12 --+P 13s --+P 14s
-)- P 12. The axiom of regularity was not used in any of these proofs.

Dual forms for P 13-P 15, P 13s and P 14s can be obtained
by interchanging union and intersection. We have U n Xa,b

a.A s,»,
= V ,...., n U V,...., Xa,b' However, there is a little difficulty in

a.A b.B.
taking complements since the complement of a set is a proper
class. But it can be shown in each case that the dual form is equiva-
lent to the axiom of choice.

The next form is due to J. Konig [1]. (See also E. Zermelo [3].) 1

P 16: Let K be an arbitrary set and let A and B be junctions
with domain K. If A k -< Bk for all k E K then U A k -< X B k.

k.K k.K

Clearly, P 16 --+ AC 6, for take A k = A for each k E K.
Before proving the implication the other way, we first prove

the following lemma.
LEMMA 7. 19: WE 1 --+ For any set K and junction A whose

domain is K, U A k ~ U {k} X Ak.
k.K k.K

PROOF: WE 1 implies that K can be well-ordered. We define

1 Konig [IJ derives P 16 from the axiom of choice for the case that K
is denumerable and Zermelo [3J does it for the general case.



76 SET FORMS

a function f as follows: for each x E U A k , t(x) = <k, x> where k
k.K

is the first element of K such that x E A k It is clear that f is a
1-1 function from U A k into U {k} X A k .

k.K k.K

THEOREM 7.20: AC I and AC 3 and WE I -+ P 16.

PROOF: First, we may assume that B k > I for all k E K. (For
suppose not. Let J = {k: k E K and Bk> I}. Clearly U Ak

= k e J
= U Ak, for if Bk = 1 then A k = A, and X B k R:J X Bk. If
= k.K k.J k.K
B k = 1 for all k E K, P 16 holds trivially.) We may also assume
that the Ak's are disjoint (by 7.19, U A k <; U {k} X A k. Hence,

k.K k.K
if P 16 holds for the disjoint family {{k} X A k : k E K}, it also
holds for {A k : k E K}).

Since A k -< B k , for each k E K, there is a I-I function mapping
A k into Bk. AC 3 implies there exists a function 1p so that for
each k E K, 1p(k) is a 1-1 function mapping A k into B k • Also, since
A k < Bs, Bk "" 1p(k) "A k =F A, AC 3 implies there exists a function
q, such that for each k E K, q,(k) E Bk ,...." 'IjJ(k)" A k .

Define a relation f as follows: if x E Ak, j, k E K,

f( )(') - {4>(j) if j =F k,
x J - 'IjJ(k)(x) if j = k.

Clearly, ~(f) = U A k . For each x E U A k , there is one k such
k.K k.K

that x E A k (since the Ak's are disjoint), therefore, f(x) is uniquely
determined. For each j E K, t(x)(j) E Bi' Hence, t is a function
mapping U Ak into X Bk. Next, we wish to show that f is 1-1.

k.K k.K
By the definition of t. x E A k if and only if t(x)(k) = 'IjJ(k)(x).
Therefore, if t(x) = t(y), t(x)(j) = f(y)(j) for all j E K. Hence,
there exists a k E K such that x, yEA k. Moreover,

'IjJ(k)(x) = f(x)(k) = t(y)(k) = 'IjJ(k)(y).

Since 1p(k) is a 1-1 function, x = y. Hence, t is also I-I. We have
shown that U A k <; X B k . It remains to be shown that the

k.K k.K
union and product are not equivalent.
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Let C s X Bk and C ~ U A k, then C = U Ck where the Ck's
k.K k.K k.K

are disjoint and Ck ~ Ak, k E K. Define Dk = {g(k): g E Ck}, then
Dk S B k. Moreover, Dk ~* Ck (that is, there exists a function
which maps Ck onto Dk), and since Ck ~ A k, we also have
D» ~* A k. It follows from AC 1 that o, ~ Ak. Since o, S B»
and A k -< B k, it follows that Dk C B k. Therefore, B k ,....., D k *- A,
so that AC 3 implies there exists a function h such that for each
k EK, h(k) EB k ,....., Dk. Clearly, hEX B k, but by the definition

k.K
of Dk, h ¢ C. Hence, C *- X Bk and U A k -< X B k, q. e. d.

k.K k.K k.K
P 17 and P 18 are the next two forms to be considered in this

section. We assume, for these two forms, that there are no indivi-
duals. (It could be shown that it is sufficient to assume that the
class of individuals can be well-ordered.) 1 Moreover, in order to
prove that these forms imply the well-ordering theorem, we use
the full definition of rank (6.3).

P 17: The power set oi a well-ordered set can be well-ordered.
P 18: Every linearly ordered set can be well-ordered.
We may assume without loss of generality that the well-orderings

are reflexive.
Clearly WE 1 --+ P 17 and P 18.
THEOREM 7.21: P 18 --+ P 17.
PROOF: Suppose x is a well-ordered set. We define a relation R

on &'(x) as follows: if s, t E &'(x), s R t ...... the first element of
(s v t) ,....., (s rv t) belongs to t. &'(x) is linearly ordered by R, hence
P 18 implies &'(x) can be well-ordered.

THEOREM 2 7.22: P 17 --+ WE 1.

PROOF: We shall prove by induction that for every ordinal
number Ct, there exists a function R such that for every f3 < Ct,

Rp is a reflexive well-ordering of z(f3) = {x: p(x) = f3}. (See 6.3 for
the definition of rank, p.)

1 There is another form of the axiom choice given by Kruse which makes
this same assumption, but because of the complexity of the form we shall
not give it here. (See Kruse [IJ p. 552).

2 The axiom of regularity was used in the proof.
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Let w(fJ) = {x: p(x) < fJ}, and let
A = F(w(OI:)) (see 3.1 for the definition of F)

= {y: y <w(OI:)}.
Since A is a set of ordinal numbers it can be well-ordered. There-
fore, P 17 implies that there exists a relation S such that S well-
orders &(A). (We shall assume S is reflexive.)

z(O) = {A} so that Ro is well defined.
Suppose R; is defined for all y < fJ( < 01:). Define

tP(fJ) = U Ry v U z(y) X z(r5).
y<fJ y<~<fJ

tP(fJ) is a well-ordering of w(fJ). For each reflexive well-ordering
P, .P(P) is equivalent to an ordinal number and there is just one
1-1 function 'l'p which maps .P(P) onto that ordinal number
preserving order. (See G6del [1] p. 27). Then 'l'4)(fJ) is a 1-1 mapping
of w(fJ) onto an ordinal number. We have

'l'4)(fJ){x) -< 'l'4)(fJ)(y) - xtP(fJ)y,
and

'l'4)(fJ>"w(fJ) -< A.
It follows from 6.4 that if x, y E z(fJ) then x, y E &(w(fJ)) so that

we define RfJ as follows:

x R{J y - 'l'4)(fJ)"x S 'l'<PCfJ>" y.
Then clearly R{J is a reflexive well-ordering of z(fJ), q. e. d.

P 19 is put in primarily as a curiosity. Blair and Tomber [IJ
discuss two forms of the axiom of choice for finite sets. It was
pointed out to them by H. Rubin that if a slight change was
made in the wording of these two forms, one would obtain two
forms of the general axiom of choice. (This is noted in Blair and
Tomber's paper.) P 19 is a generalization of these two forms.

P 19: Let R be a transitive, anti-symmetric relation on a non-
empty set x. Consider the set Zt = {s: SEX and t E X and s * t and
t R s}, Suppose, tor each t E x, there is an R-minimal element u E Zt

such that u R s tor each s E Zt, U * s. Then there exists an R-linearly
ordered subset ot x with no R-upper bound.

We shall show that P 19 is equivalent to M 1.
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THEOREM 7.23: M 1 ~ P 19.

PROOF: Let x be an arbitrary set and R a transitive relation
on x. Suppose x has an R-maximal element m. Then Zm = A and,
hence, the hypothesis of P 19 fails to be true. Therefore, if the
hypothesis of P 19 is true then x has no R-maximal element.
So that the contrapositive of M 1 implies that x has an R-linearly
ordered subset with no R-upper bound, q. e. d.

THEOREM 7.24: P 19 ~ M 1.

PROOF: Suppose M 1 is false. Then there exists a set x and a
transitive, anti-symmetric relation R defined on x (we can assume
R is anti-symmetric without loss of generality) such that every
R-linearly ordered subset of x has an R-upper bound and x has
no R-maximal element. Let N be the set of integers. We define a
relation 5 on x X N as follows: if <s, m:», a. n> E x X N then
<s, m> 5 ct, n) if s =1= t and s R t or s = t and m < n. x X N satis-
fies the hypothesis of P 19, because if <s, m> 5 <t, n) then <s, m) 5
<s, m + I) and <s, m + I) 5 <t, n) or <s, m + I) = <t, n). Hence,
<s, m + I) is an S-minimal element of Z<s,m) such that for all
a, n> E Z<s,m), <s, m + I) =1= ct, n), <s, m + I) 5 <t, n>.

Let u be an S-linearly ordered subset of x X N, and let y = g)(u).
Then y is an R-linearly ordered subset of x. Every R-linearly
ordered subset of x has a strict R-upper bound. If not then an
R-upper bound would be an R-maximal element of x. Let b be a
strict R-upper bound of y. Then cb, 0) is an S-upper bound of u,
This contradicts P 19, q. e. d.

P 20, which is the last form to be considered in this section,
is due to Tarski [8].

P 20: It is not the case that there exists a set x such that il
y = £?I'(x) ......, {A} and F = {I: I is a [unction mapping y into x} then
there exists a iunction g such that g)(g) = F, !Jl(g) s y and
I(g(f)) ¢ g(f) lor all IE F.

THEOREM 7.25: AC 1 ~ P 20.
PROOF: Suppose P 20 is false. Then there is a set x and a function

g such that g)(g) = F, !Jl(g) = s s y, and I(g(f)) ¢ g(f) for all I E F.
This implies that s is a set for which AC 1 does not hold, q. e. d.
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THEOREM 7.26: P 20 -.r AC 1.

PROOF: Suppose AC I is false. Then there is a set x such that
for every t E F, there is a Z E Y such that j(z) f z, Suppose U f x;
then define

h (lX) = {t(X "-'h/lX) if t(x ": h/lX) EX "-' h/lX,
J u otherwise,

Just as in the proof of 2.8 (for G) we can prove that hr1 is
l-Lon &i(hf) f""\ X and therefore there exists an lX such that hf(lX) = u.
Let lX be the smallest ordinal number such that lX E {jJ: h/(fJ) = u}.
If h/lX = x, then it follows, just as in 2.8, that x can be well-
ordered. But then, it is clear that we can find a function t E F such
that for all Z E y, t(z) E Z (just take t(z) to be the first element of z)
so this contradicts our assumption that AC 1 is false. Therefore,
hllX C x, so define g(f) = x "-' h/lX. Then g has the property that
~(g) = F, &i(g) s y and t(g(f)) = U f g(f), so that this contradicts
P 20, q. e. d.

In conclusion we shall summarize the work in section 7 by
indicating where the axiom of regularity was used in proving
equivalences. All the propositions given in sections I-6 were shown
to be equivalent without using the axiom of regularity. In section 7
the following propositions were shown to be equivalent without
using the axiom of regularity:

A: P 1-P 8, P 13-P 16, P 19, P 20, AC 1 (all forms given in
sections 1-6).

B: P 12, P 13s, P 14s.

In the following diagram when we write for example B -.r A,
we mean one of the equivalent propositions in B implies one of
the equivalent propositions in A.

P I I -,

P 10 -+P 9 -.rA -+P 18 -+P 17.

B 7'
Band P9 -.rP 10.
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Using the axiom of regularity and that the class of individuals
is a set, it was shown that A -'; P II, A -'; P 10, and A -'; B.
(It could have been shown that it was sufficient to assume the
axiom of regularity and either the class of individuals is a set
or the class of individuals can be well-ordered.) Using the axiom of
regularity and the class of individuals can be well-ordered, it was
shown that P 17 -'; A. (In proving the former implications the
only property of rank that was needed was the class of all sets
with the same rank is a set while in proving the latter implication
other properties of rank were also used.)



PART II

CLASS FORMS

We now turn to the class forms of the axiom of choice. There
is not very much in the literature on the class forms since they are
hardly ever used in practice. In 1925 J. von Neumann [1] listed
PIS as an axiom of set theory (Axiom IV 2) and stated that the
well-ordering theorem can be derived from it. In 1928, von Neu-
mann [2J proved that his Axiom IV 2 implies that the universe
can be well-ordered. In 1940, Godel [1] used AC IS as an axiom
of set theory 1 and Bernays [2], in 1941, used AC 4S as an axiom.
Bernays also proved the equivalence of AC 4S and AC 5S.

For each set form of the axiom of choice in Part I which has the
form - "For every x there exists a y such that P(x, y)", where P
is a property - we can construct the class form - "There is a
function F such that for every x, P(x, F(x))". For an example
of this see WE 1 and WE 3S. Another example is a class form of T:

There is a function F such that for every two sets x and y,
F(x, y) is a 1-1 function of a subset of x into y such that either
!0(F(x, y)) = x or &f(F(x, y)) = y.

The proofs that all class forms of this type are equivalent are
similar to the corresponding proofs for the set forms. It is clear
that class forms of this type imply the corresponding set forms.
We shall not give all such class forms here.

In many cases a class form can be obtained from a set form
merely by changing the word "set" to "class". (For example,
see AC 1 and AC IS, AC 2 and AC 2S, AC 3 and AC 3S, AC 4,
P 12, and AC 4S, etc.) In other cases other changes have to be

1 Actually, Godel stated the following form as an axiom: There is a
function F such that for every non-empty set x, F(x) EX. (Axiom E). But
this is clearly equivalent to AC IS.
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made also. (See, for example, M IS-M 4S). In some cases there
are other methods for strengthening set forms. (See, for example,
MR 6S and MF 3S.) There are also some class forms which have
no analogue in Part I (MR 14S(U) and MR 14S(D). We shall not
attempt to give all the class forms which are obtainable from the
set forms of Part 1.

1. The Well-Orderin~Theorem 1

WE IS-4S are class forms of WE I, WE 5S is a class form of
WE 2, and WE 6(m)S-WE 8S are class forms of WE 4(m)-WE 6.

WE IS: There is a relation R such that every set is well-ordered
by R.

WE 2S: There is a relation R such that every class is well-ordered
by R.

WE 3S: There is a function F such that every set x is well-ordered
by F(x).

WE 4S: There is a relation R such that R well-orders V and every
proper initial R-section of V is a set.

WE 5S: If X is a proper class then X is equivalent to On.

Let m be a natural number, m > I.
WE 6(m)S: For every class X there exists a function F defined

on On such that F(ex) ~ m for every ex € On and U F(ex) = X.
ot.On

WE 7S: There exists a natural number m > I, such that
WE 6(m)S.

WE 8S: For every class X there exists a natural number m > I
and a function F defined on On such that F(ex) ~ m for every ex e On
and U F(ex) = X.

ot.On
The following implications are immediate:

WE 5S --+ WE 2S --+ WE IS --+ WE 3S, WE 5S --+ WE 4S,
WE 6(I)S....,. WE 5S, WE 6(m)S --+ WE 6(n)S if m ::;;; n, and

1 The letter "S" will follow the number of each proposition, definition
and theorem of Part II.
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WE 6(m)5 ~WE 75 ~WE 8S.
THEOREM I.IS: WE 4S ~WE 5S.
PROOF: Use Theorem 7.7 in Godel [IJ, p. 27.
THEOREM 1 1.2S: WE 3S ~WE 4S.
PROOF: Suppose F satisfies WE 3S. Define R as follows:

x R y <-> [(p(x) < p(y) or (p(x) = p(y) and x precedes y in the well-
ordering of {z: p(z) = p(x)} by F({z: p(z) = p(x)})J. (See 6.3 ff.)

R is clearly an ordering of the universe. Moreover, if x is a set,
{y: y R x} £: {y: p(y) < p(x)}. We shall assume that f, the class
of individuals, is a set so that the latter class is also a set. Hence,
every proper initial R-section of V is a set.

H is also clear that R is connected. Therefore, to prove R well-
orders V, it is sufficient to show that every non-empty subclass
of V has an R-first element.

Let A £: V and A '* A. The elements of A are partially ordered
by their rank. Let IX be the smallest ordinal number which is
the rank of an element in A and let B = {x: x £ A and p(x) = IX}.
B is a set since f is a set. B is well-ordered by R by construction.
Let b be the R-first element of B. Then b is also the R-first element
of A, q. e. d.

THEOREM I.3S: WE 8S ~WE 5S.
PROOF: The proof is similar to 1.1, but here it is sufficient to

take the universe, V, as the proper class and therefore, we auto-
matically have V X V £: V. Here (i) becomes

(i') m e N if (3F)[F is a function, IJ2(F) = On, U F(IX) = V,
CXEOn

and (IX) [IX £ On ~ F(IX) ~ mJJ and (ii) becomes
(ii') If m is a natural number such that m ;» 1 then m £ N

implies m - 1 e N. The proof goes through just as in 1.1.
It has now been shown that WE IS-WE 8S are all equivalent.

2. The Axiom of Choice
Forms AC IS-AC 55 and AC 7(m)S-AC 9S may be obtained

from the corresponding set forms by substituting the word "class"
1 The axiom of regularity was used in the proof.
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for "set" in the appropriate places. AC 6 has no class analogue
because the cartesian product of a proper class of non-empty sets
is empty. (This was noted by A. Tarski.)

AC is: If 5 is a class of non-empty sets, there is a function F
such that for each x e 5, F(x) e x.

AC 2S: If T is a disjoin: class of non-empty sets, there is a class C
which consists of one and only one element from each set in T.

AC 3S: For every function F there is a function G such that for
every x if x € £0(F) and F(x) =/= A then G(x) € F(x).

AC 4S: For every relation R there is a function F such that
£0(F) = £0(R) and F ~ R. (See P 12.)

AC 5S: For every function F there is a function G such that
£0(G) = ge(F) and for every x e £0(G), F(G(x)) = x.

Let m be a natural number, m > I.

AC 7(m)S: If 5 is a class of non-empty sets, there is a function F
such that for every x € 5, F(x) =/= A, F(x) ~ x, and F(x) ~ m.

AC 8S: There exists a natural number m > I such that AC 7(m)S.
AC 9S: If 5 is a class of non-empty sets, then there is a natural

number m > I and a function F such that for every x € 5, F(x) =/=A,
F(x) ~ x, and F(x) ~ m,

The proofs that AC IS-AC 5S are equivalent are the same as
the corresponding proofs for the set forms with one exception.
The proof that AC 3 -+ AC 4 (see 2.7) does not hold for the class
forms because for some x e £0(R) (where R is the relation described
in AC 4S), {y: <x, y> € R} may be a proper class.

To prove AC 3S -+ AC 4S we introduce the following principle
which is weaker than the axiom of regularity or the existence of
rank.

PR: For every relation R there exists a relation 5 such that
£0(R) = £0(5), 5 ~ R and for every x, 5"{x} is a set.

LEMMA 2.IS: The axiom of regularity and .f is a set imply PRo
PROOF: Let R be an arbitrary relation. Define 5 as follows:

x 5 y ...... x R y and (z)[x R z -+ p(y) < p(z)]. It follows from 6.3 ff
that 5"{x} is a set for all x.
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It is clear that AC 4S also implies PRo
THEOREM 2.2S: PR and AC 3S ~ AC 4S.
PROOF: Let R be an arbitrary relation. PR implies that there

exists a relation 5 such that P2(R) = P2(5), 5 £ R and for every x,
5H{x} is a set. For each x E P2(5) define a function F as follows:
F(x) = SH{X}. AC 3S implies there is a function G such that for
every x, if x E P2(F) and F(x) #- A then G(x) E F(x). G is the
required function, q. e. d.

We have now shown that AC IS-AC 5S are all equivalent. We
shall show next that they are also equivalent to the well-ordering
theorem.

Clearly WE 3S ~ AC 1S.
THEOREM 2.3S: AC 1S ~ WE 3S.
PROOF: AC IS ~ AC.l ~ WE 1. For every non-empty set x, let

Sx = {R: R £ x X x and R well-orders x}.
WE 1 ~ Sx #- A. Let 5 = {5x: x E V}. By AC IS there is a function
G such that for each Sx E 5, G(5x) E Sx. Then, for each x E V,
define F(x) = G(5x ). F is the required function.

Also, without using the axiom of regularity we can prove the
following:

THEOREM 2.4S: WE 2S ~ AC 4S.
PROOF: Let R be an arbitrary relation. By WE 2S there exists

a relation 5, such that for every class X, X can be well-ordered
by 5. Define a function F as follows. If x E P2(R) then F(x) = 5-
first element of {y: x R y}. F is the required function.

Just as in the case of the corresponding set forms of the axiom
of choice the following equivalences are clear: AC IS ..... AC 7(I)S,
AC 7(m)S ~ AC 7(n)S if m < n, and AC 7(m)S ~ AC 8S ..... AC 9S.
So that now it remains to be shown that AC 9S implies a form of
the well-ordering theorem.

THEOREM 1 2.5S: AC 9S ~WE 8S.
PROOF: (The proof is similar to 2.9 but here we have to use the

axiom of regularity and assume f is a set).
1 The axiom of regularity was used in the proof.
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Let S be the class of all non-empty sets. Then by AC 9S there is a
natural number m > 1, and a function F such that for every
XES, F(x) =1= A, F(x) s x, and F(x) <; m. Define a function G
on On as follows:

G(oc) = F({x: x ti U Giloc and (y)[y ti U G"oc _ p(x) < p(y)]}).
Then just as in 2.9 we can prove
(1) G-l is I-Ion 8l(G) rv Sand
(2) U Gil On = V.
Now, WE 8S follows.
Before concluding this section we shall mention another propo-

sition which is clearly weaker than the axiom of choice, but with
its help we can prove WE IS implies WE 2S. We state it here,
rather than in section 1, because it is a direct consequence of
AC 4S. It is called the Principle of Dependent choices (PD) and
is due to Tarski [5].

PD: For every non-empty relation R, if 8l(R) s ~(R) then
there is a function f, ~(f) = set of natural numbers, such that for
each natural number n, f(n) R f(n + 1).

THEOREM 2.6S: AC 4S _ PD.

PROOF: Let R be a relation which satisfies the hypotheses of
PD. By AC 4S, there is a function G, such that ~(G) = ~(R)

and G S R. Let x E ~(R). Define
/'(0) = x,
f(m + 1) = G(f(m)).

Then f is clearly the required function.
THEOREM 2.7S: WE 1Sand PD _ WE 2S.

PROOF: Let W be an irreflexive relation which well-orders every
set. Suppose W does not well-order the universe. Then there is a
non-empty class A such that A has no W-first element. Define a
relation R as follows:

R = {<x, y>: x E A, yEA and <y, x> E W}. Since A has no W-
first element, ~(R) = A. Therefore, R satisfies the hypotheses
of PD. Hence, there is a function f such that for each natural
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number n, </(n), I(n + 1» E R. But, by the definition of R, this
implies that <t(n + 1)' t(n» E W for each n. So that the set
{/(n): n is a natural number} has no W-first element. This is a
contradiction, q. e. d.

3. Maximal Principles
M IS-M 4S are class forms of M 1-M 4.
M 18: II R is a transitive relation on a non-empty class X and

il every subset 01 X which is linearly ordered by R has an R-upper
bound then either there is an R -maximal element in X or X has a
subclass which is a proper class and which is linearly ordered by R.

M 28: II R is a transitive relation on a non-empty class X and
il every subset 01 X which is well-ordered by R has an R-upper bound
then either there is an R-maximal element in X or X has a subclass
which is a proper class and which is well-ordered by R.

M38: I I every non-empty nest which is a subset 01 a non-empty
class X has its union in X, then either X has a maximal element 1

or there is a subclass 01 X which is a nest and a proper class.
M 48: I I every non-empty well-ordered nest which is a subset 01 a

non-empty class X has its union in X, then either X has a maximal
element 1 or there is a subclass 01 X which is a well-ordered nest and
a proper class.

Consider the following set forms: M S-M 13, M 14(D), (J), (K),
(M 14(K) = M 6), M 14(Dm ), M 16, M 17, and M 23. If, in each
of these forms the word "set" is changed to "class", we obtain
class forms, M SS-M 13S, M 14S(D), (J), (K), (M 14S(K) = M 6S),
M 14S(Dm), M 16S, M 17S, and M23S. If the word "set" is changed
to "class" in M 14(D) we obtain P 11 which is equivalent to a
set form. The same is true for M 14(Dm), M 18, and M 19. If in
M 14(J), the word "set" is changed to "class", we do not know
if the resulting proposition is equivalent to any form of the axiom
of choice. However, we were able to prove that the following
propositions are equivalent to the class form of the axiom of choice
when A is replaced by J or K.

1 Maximal with respect to inclusion, S.
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M 15S(A): The universe can be anti-symmetrically linearly
ordered and every class has a maximal subclass which has the
property A.

As was pointed out in Part I (preceding Definition 4.14), if
X and Yare distinct, non-empty sets then exactly one of the
following properties hold: X D Y, X K Y, or X J Y. However,
in the case X and Yare classes there is another possibility to
consider, namely X v Y = V.

DEFINITION 3.1S: Let X and Y be classes;

(i) X U Y if X v Y = V,

(ii) X U Y if X v Y =1= V.

The property U is dual to D. (That is, X D Y- (V '"'-' X) U (V '"'-' Y)).
If X and Y are distinct, non-empty, non-universal, and non-com-
plementary classes then exactly one of the properties D. K, J,
and U hold between them. JJ, K, J, and U are the complements
of D, K, J, and U respectively, therefore, we must have Jj = K
or J or U, K = D or J or U, J = D or K or U, and V = D or K
or J. For the sake of completeness we shall also consider the six
properties, D or K (DK), D or J (DJ), D or U (DU), K or J (KJ),
K or U (KU), and J or U (JU), which in this case are not the
complements of D, K, J or U.

It would be impossible to state the form M 14S(A) where U
or V is substituted for A because it would be necessary to con-
struct a class of classes. In order to avert this difficulty we introduce
a relation in an appropriate manner.

MR 14S(A): For every relation R and class X there exists a
maximal subclass 1 Y such that [or all x, y € Y, x =1= y, R"{x} A R"{y}.

MR 14S(A) is equivalent to the class form of the axiom of
choice if A = D, JJ, J, J, K, o.; JJm, U, V, DK, DJ, DU, KJ,
KU, or JU. (Dm and JJm are not binary properties so that by
MR 14S(Dm) we mean the following:

For every relation R and class X there exists a maximal sub-

1 Maximal with respect to inclusion, S;.
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class Y such that for all YI, yz, ... , Ym E Y, y/s distinct,
m
n R"{Yi} = A. Similarly for 15m.)

i= 1

The following propositions are also equivalent to the class form
of the axiom of choice.

MR 158(K): The universe can be anti-symmetrically linearly
ordered and for every relation R and class X there exists a maximal
subclass 1 Y such that for all x, Y E Y, X "* y, R"{x} K R>I{y}.

MR 168: There exists a natural number m > 2 such that
MR 14S(Dm).

MR 178: For every relation R and class X, there exists a natural
number m 2 2 and a maximal subclass 1 Y such that for all

m
Yl. Yz, ... , Ym E Y, y/s distinct, n R"{Yi} = A.

i= 1

MR 188: There exists a natural number m > 2 such that
MR 14S(D!m).

MR 198: For every relation R and class X, there exists a natural
number m > 2 and a maximal subclass 1 Y such that for all

m
Yl, yz, .. 0' Ym E Y, n R"{Yi} "* A.

i~ 1

While we were not able to prove M 14S(J) equivalent to the
other class forms we are able to prove MR 14S(J) equivalent to
a class form. Even though M 14S(D), M 18S, and M 19S are equi-
valent to a set form, MR 14S(D), MR 18S, and MR 19S are equi-
valent to a class form.

The following proposition is put in primarily for convenience in
proving certain equivalences.

MF 38: Let F be a class valued [unction, II a predicate such that
for each class X,

(i) II[X] <-+ (x)[x £; X -'?- X E !J2(F) and F[x] £; X]
(ii) x£; F[x] for all xE!J2(F) and

(iii) if for every non-empty nest y £ !J2(F) , II[ U F[y]], then if
y<V

1 Maximal with respect to inclusion, £;.
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there is a' class which has the property II, then there is a maximal
class 1 which has the property II.

There is also a form MF 45 which is obtained from MF 35
merely by requiring the nest to be well-ordered. MF 35 and MF 45
are class forms of M 3 and M 4.

The final maximal principle to be considered in this section is
AL' 35 which is obtained from AL' 3 by changing the word "set"
to "class" wherever it occurs. We shall not consider the class forms
corresponding to the other set forms in sections 5 and 6.

We shall now proceed to prove that all these propositions are
equivalent. In many cases the proofs of equivalence for the set
forms carryover for the corresponding class forms. However, in
some cases the proofs do not carryover because the constructions
would lead to a class of classes for the class forms. It is usually
possible to avoid this difficulty by using the notion of rank and
we shall indicate how this is done in the theorems that follow.

We shall first prove the following:

(I) MS5-MR 145(K) -M65-M 15-M25-M35-M45-M235.
(Note: M 65 is the same as M 14S(K).)

Clearly M25 _M IS -M35 and M25 -M45 _M3S.
THEOREM 3.25: M 3S _ M 25.

PROOF: Let X be an arbitrary class and R a transitive relation
on X. Define Y as follows:

Y = {s: s £ &'(X) and (x)[x E s -'>- R is a well-ordering on x] and
(x)(y)[x, yES - x is an initial R-section of y or y is an initial R-
section of x]}.

Let n £ Y be a nest, then n E Y. Hence, by M 35, Y either
has an R-maximal element or a subclass which is a nest and a
proper class.

Suppose the first alternative holds. Let m be an R-maximal
element of Y, then U m can be well-ordered by R. The hypothesis
of M 2S implies that U m has an R-upper bound, b. b is an R-
maximal element of X.

1 Maximal with respect to inclusion, £.
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If the second alternative holds then there exists a nest N s Y
such that N is a proper class. UU N is then a subclass of X which
is a proper class and is well-ordered by R, q. e. d.

It is clear that MR 145(K) --+ M 65. We shall show next that
M 65 --+ M 35, M 15 --+ M 65, M 35 ...... M 235, and M 55 ...... MR 145(K).

THEOREM 3.35: M 65 --+ M 35.

PROOF: Let X be an arbitrary class. By M 65, there exists a
maximal subclass N s X which is a nest. If N is a proper class
then X has a subclass which is a proper class and is a nest. If N
is a set, then by the hypothesis of M 35, UN E X and UN is
clearly a maximal element of X.

THEOREM 3.45: M 15 --+ M 65.

PROOF: Let X be an arbitrary class. Let

Y = {x: x S X and x is a maximal nest in X rv 9'(U x)}

Y is partially ordered by inclusion. Let s be a linearly ordered
subset of Y. We note that M 15 --+ M 1 --+ M' 6. M' 6 implies that
there is a maximal nest y such that

(i) Us s y s 9'(UU s).
It is clear that y is an upper bound of s since Us s y. We claim
also that y E Y because since f!lJ and U are monotone (i) implies

(ii) f!lJ(UU s) s 9'(U y) s 9'(U 9'(UU s)).
But for any set z, U f!lJ(z) = z. Therefore, from (ii) we obtain
9'(UU s) = 9'(U y). Hence, y E Y.

M 15 implies that either Y has a maximal element, which is
clearly a maximal nest in X, or Y contains a subclass 5 which is
a proper class and is linearly ordered. U 5 is clearly a nest and
we claim that U 5 is a maximal nest in X. For suppose not. Suppose
there exists a U E X such that US v {u} is a nest. Then either
v s u for all v E U 5 or there exists a v E U 5 such that u c v.
In the first case, UU 5 s u which is a contradiction since u is
a set and 5 is a proper class. In the second case, v E U 5 implies
there exists an XES such that VEX. X V {u} sUS v {u}, there-
fore, x v {u} is a nest. Moreover, since u eVE x, X V {u}
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s;; X f'\ .9'(U X). But this is a contradiction because x E Y, there-
fore x is supposed to be a maximal nest in X f'\ .9'(U x), q. e. d.

THEOREM 3.5S: M 23S ~ M3S.

PROOF: Let X be an arbitrary class. We define a relation R on
X X On as follows: If <s, ct> and <t, fJ> EX X On then <s, ct> R <t, fJ>
<-+ set and ct < fJ or s = t, s is maximal, and ct < fJ. We define
a function F on X X On as follows:

F«s, ct» = {{<s, ct>}} v {F«s', ct'»: <s', ct'> R <s, ct>
and <s', ct'> EX X On}.

It is easily shown that
F«s, ct» = F«t, fJ» <-+ <s, ct> = ct, fJ>,
F«s, ct» EF«t, fJ» <-+ <s, ct> R ct, fJ> (see 4.60).

M 23S implies that {F«s, ct»: <s, ct> EX X On} has a maximal
subclass Q such that for every 5, T EQ, 5 ET or T E5. Therefore
X X On has a maximal subclass K which is linearly ordered by R.

Suppose X has no maximal element. E&(K) is a nest. If E&(K)
is a set then by the hypothesis of M 3S, U E&(K) EX and therefore,
U E&(K) would be a maximal element of X. Hence, if X has no
maximal element E&(K) is a sub-class of X which is a nest and a
proper class.

THEOREM 3.6S: M 3S -+ M 23S.

PROOF: Let X be an arbitrary class. For any set x define
N(x) = x v U x v UU x v .... Also, define Y = {y: y s;; X and
y is a maximal subset of X r» N(y) which is connected by E}. It
follows from M 23 that Y =F A. If Y has a maximal element that
proves M 23S. If Y has no maximal element then M 3S implies
that there exists a nest Z contained in Y which is a proper class.
We claim U Z is a maximal subclass of X which is connected by E.

It is clear that U Z is a subset of X which is connected by E.

Suppose U Z is not maximal. Suppose there is an x EX,...." U Z
such that ({x} v U Z) is connected by E. Therefore, for all y, if
Y EU Z then either y EX or x Ey. Since U Z is a proper class
U Z $ x, therefore there exists aYE U Z such that x Ey. Since
y EU Z there is e i e Z such that YEt. Since Z s;; Y, t EY, and
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since x EyE t, x EN(t). Since {x} v U Z is connected by E, and
t s; U Z it follows that {x} v t is E-connected. However, t is a
maximal subset of X 1'"'1 N(t) which is e-connected, therefore,
x Et. Hence, x EU Z. But this is a contradiction so that U Z is
the required class.

THEOREM 3.7S: M 5S -+ MR 14S(K).
PROOF: Let R be an arbitrary relation. Define a relation 5 as

follows:

x 5 y +-> x, Y E~(R) and R"{x} S; R"{y}.

5 is a transitive relation so that by M 5S, there exists a maximal
subclass X of ~(R) which is linearly ordered by S. X is the required
class.

THEOREM 3.8S: MR 145(K) -+ M 55.
PROOF: Let R be an arbitrary transitive relation. (We may

assume without loss of generality that R is reflexive, for if not just
consider R v I instead of R). Then we claim

(I) xRy+->W{y} S; R"{x}.
For suppose x R y and Z ER"{y}. Then y R Z so that by the transi-
tivity of R we obtain x R z which implies Z ER"{x}. Now suppose
W{y} S; R"{x}. Since R is reflexive, y ER"{y} which implies
y ER"{x} which implies x R y.

Hence, it follows from (I) that MR 145(K) -+ M 55.
Next we shall prove:

(II) WE 55 -+ MF 35 <--> AL' 35 +-> M 75 -+ M 135 -+ M 8S +-> M 95
+->M IOS+->M IIS<-->M 12S+->MR 145(A) 1-+M5S.

The arguments that the following chain of implications hold are
analogous to the corresponding arguments for the set forms.

M75 -+ M 13S -+ M8S -+ M 95<-->M 105 -+ M 12S+-> MilS -+M 55.
We can also prove the following without use of the axiom of

regularity:
THEOREM 3.95: M 115 -+ M 8S.

1 Where A = D, J, J, U, U, DK, DJ, DU, KJ, KU, or JU.
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PROOF: Let R be an arbitrary relation. We define a relation *R
as follows:

<x, y) E *R <--> {x, y} X {x, y} s R.
For any class X, X X X s *R<--> X X X s R. Since, *R u *R-1 u I
= *R, MilS ---+M8S.

THEOREM 3. lOS: MIl S ---+ MR 14S(D).
PROOF: Let R be an arbitrary relation. Define a relation 5 as

follows:
x 5 y <--> x, Y E ~(R), x *- y, and R"{x} D R"{y}.

5 = 5-1, therefore, MIlS implies that there exists a maximal
subclass Y of X such that Y X Y s 5 u I. This is an equivalent
way of saying that Y is a maximal subclass of X such that for
all x, y E Y, X *- y, R"{x} D R"{y}.

In an analogous way we can prove that MilS ---+ MR 14S(A)
if A = D, J, J, U, V, DK, DJ, DU, KJ, KU, or JU. In a similar
way we can prove M 13S ---+ MR 14S(A) if A = Dm or n;

THEOREM 3.11S 1: MR 14S(D) ---+ M 11S.
PROOF: Let R be an arbitrary relation. Define a relation 5 as

follows: If x E ~(R),

x 5 y<--> (3z)[y = {x, z} and <x, z) E (R A R-1) u 1].
(That is, <x, Z) ¢ Rand cz, x) ¢ R or x = z.)

If x, Y E ~(5), x *- y, then 5"{x} $ 5"{y} because {x} E 5"{x}
but {x} ¢ 5"{y}. If x *- y, then S"{x} A 5"{y} s {{x, yn.

If X s ~(R)" = ~(S), the following statements are all equivalent:
(i) 5"{x} D 5"{y}, for all x, y E X, X *- y.

(ii) 5"{x} A 5"{y} = A, for all x, y E X, X *- y.
(iii) <x, y) ¢ R A R-1, for all x, y E X, X *- y.
(iv) <x, y) E R u R-1, for all x, y E X, X *- y.
(v) X X X s R u R-1 u I, q. e. d.

1 We will prove that the relations in the preceding footnote are universal,
that is, given any symmetric relation R and any of the above A, there is a
relation 5 such that whenever x *- y, xRy if and only if S"{x}AS"{y}. A
similar remark holds for the set forms and was used by Kurepa [I]. For D
and 15 this was previously observed by Szpilrajn-Marczewski [I].
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The same proof will hold if D is replaced by DK, DU or J.
By duality an analogous proof will hold for U and KU.

THEOREM 3.125: MR 145(15) _ M 115.

PROOF: Let R be an arbitrary relation. Define a relation S as
follows: If x E !52(R)

x S y+-+ (3z)[y = {x, z} and <x, z> E R v R-l'v I].

Just as in 3.115 we have if x, y E !52(S) , x *- y, then S"{x} $ S"{y}
and S"{x} rv S"{y} S;; {{x, y}}.

If X s;; !52(R) = !52(S), the following statements are all equivalent:

(i) S"{x} 15S"{y}, for all x, y E X, X *- y.

(ii) S"{x} rv S"{y} *- A, for all x, y E X, X *- y.
(iii) <x, y> E R v Rr), for all x, y E X, X *- y.
(iv) X X X s;; R v R-l v I, q. e. d.

The same proof will hold if 15 is replaced by J, JU or JK. By
duality an analogous proof will hold for U and DJ.

THEOREM 3.135: AL' 35 - M 75.

PROOF: Let the closure operator in AL' 35 be the identity
operator; then clearly AL' 35 - M 75.

THEOREM 3.145: MF 35 - AL' 35.

PROOF: Let X be an arbitrary class, P a property of finite
character, and C' a finitary closure operator. Let C(X) = C' (X) v X,
then X is C-closed if and only if X is C'-closed and X s;; C(X).
Let Y be a C-closed subclass of X. Let C* be defined as follows:

00

C*(Z) = U cn(z).
n~O

C*(Z) is the smallest C-closed class containing Z. C* is clearly a
finitary closure operator. Define a class-valued function F as
follows:

!52(F) = {x: x s;; X and P[C*(x v Y)]}.

X E £&(F) _ F[x] = C*(x v Y).
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If X £: Y, F[x] = Y. Define a predicate II as follows:

II(Z) +-+ Z = C(Z) and P[Z] and Y £: Z £: X.

Now we must show that the hypotheses of MF 3S are satisfied.
It follows from the definition of II, 22(F) and F that II(Z) +-+

(x)[x £: Z --+ X E 22(F) and F[x] £: Z]. Suppose Z is a non-empty
nest contained in 22(F). Consider W = U C*(x v Y). Suppose

x<z
V E C(W), then there exists a finite subset y of W such that v E C(y).
Since Z is a nest, there exists a Z E Z such that x E C(C*(z V Y)) =
C*(z v Y) £: W. Therefore C(W) £: W, which implies W = C(W).
It follows from the definition of 22(F) that W has the property P
and it is clear that Y £: W £: X. Hence II(W) and the hypotheses
of MF 3S are satisfied. Therefore, there exists a maximal class
which has the property II, q. e. d.

Before preceding with the proof that M 7S --+ MF 3S we prove
the following theorem:

THEOREM 3.1SS: M 11 S --+ AC 4S.
PROOF: Let R be an arbitrary relation. Define a relation 5 as

follows:
(x, y> 5 (z, w> +-+ x "* z.

M 11 S implies that there exists a maximal class F contained in
R such that F X F £: 5 v 5-1 v I. F is the required function.

THEOREM 3.16S: M 7S --+ MF 3S.
PROOF: Let F be a class-valued function and II a predicate

which satisfy the hypothesis of MF 3S. That is,
(i) II[x] +-+ (x)[x £: X --+ X E 22(F) and F[x] £: X]

(ii) x £: F[x] for all x E 22(F)
(iii) If for every non-empty nest Y £: 22(F) , II[ U F[y]].

II<Y
It follows from (iii) that

(1) x E !?J(F) --+ II[F[x]] (take Y to be {x}).
Let

(2) P = {x: x E 22(F)}.
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We wish to show that P is a property of finite character. Suppose
P[x] and y 5; x. Therefore, x e P#(F) by (2); Y€ fl[F[x]] by (1);
x 5; F[x] by (ii); y 5; F[x] since y 5; x; Y e g)(F) by (i); and
P[y] by (2). Now suppose for all y 5; x if y is finite then pry].
We wish to prove P[x]. Since M 7S ~ M 7 ~ WE 1, x is either
finite or an aleph. Clearly if x is finite then P[x]. Suppose the
theorem is false, then there exists a smallest ordinal number IX

such that there is an x with x= N" and for all y 5; x if y is finite

then P[y]. Let w" be the smallest ordinal number such that w" = N",
then w" R::I x. Let f be a I-I function mapping w" onto x. Let

ZtJ = f"(J for (J € W". If (J < w" then ZtJ < N", which implies ZtJ € P#(F).
Since {ztJ: (J < w,,} forms a nest, it follows from (iii) that
II[ U F[ztJ]]' Since x = U ZtJ £ U F[ztJ] by (ii), it follows from

fJ<w~ fJ<w~ fJ<w.
(i) that x € P#(F). Therefore P[x] by (2). But this is a contradiction.
Hence, P is a property of finite character.

Next, we define a property Q as follows:
(3) Q[X] +4 (3Y)[X 5; Y and II[Y]].

If we can show that Q is a property of finite character then this
will complete the proof of the theorem for M 7S then implies that
there exists a maximal class with the property Q and this class
is also a maximal class with the property II. In order to prove
that Q is a property of finite character we shall prove

(4) Q[X] +4 (y)[y 5; X ~ P[y]]'
Suppose Q[X] holds, then there is a Y such that X 5; Y and

II[Y]. If y 5; X then y £ Y. Therefore, by (i), y € P#(F). Hence,
by (2), P[y].

Now suppose
(5) (y)[y 5; X ~ P[y]]'

We wish to prove Q[X]. Let
(6) Y = U F[y].

y,= x

It follows from (5) and (2) that for all y 5; X, Y € P#(F) , and it
follows from (ii) that X 5; Y. In order to prove Q[X] it is sufficient
to prove n[Y].
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It follows from the remarks preceding 3.9S that M 7S ---+ M lIS.
Hence, by 3.15S we may assume that AC 4S holds. We define a
relation R as follows: R = {<u, y>: U E F[y] and y ~ X}. Then
AC 4S implies that there exists a function G such that !i1(G) = !i1(R)
and G ~ R. Let z ~ Y and let y = U G"z = U G(u). By the

UEZ

definition of G, y ~ X, therefore y E !i1(F) by (5) and (2). Therefore
(1) implies II[F[y]]. Suppose u E z, then since z ~ Y, u E F[G(u)]
~ F[y]. Therefore, z ~ F[y] so that II[F[y]] and (i) imply

(7) z E !i1(F)

and

(8) F(z] ~ F[y].

But F[y] ~ Y. Hence

(9) F[z] ~ Y.

Therefore, if z ~ Y, (7) and (9) hold, so that (i) implies II[Y],
which implies Q[X], q. e. d.

We shall prove next that WE 5S ---+ MF 3S.
THEOREM 3. 17S: WE 5S ---+ MF 3S.
PROOF: Let F be a class-valued function and II a predicate

which satisfy the hypothesis of MF 3S. WE 5S implies that there
exists a 1-1 function G which maps On onto V. Define another
function H such that for each ordinal number IX,

j
U H(fl) V {G(IX)} if U H(fl) V {G(IX)} E !i1(F),

H(IX) = {J<a. B.«;«

U H (fl) otherwise.
{J<a.

By the definition of H it follows that if IX < (J then H(IX) ~ H({J).
Therefore, H"On is a nest. We shall also show that H(IX) E !i1(F)
for every IX E On. By the hypothesis of MF 3S, there exists a class
which has the property II. Therefore, A E !i1(F) so that H(O) E !i1(F).
Now, suppose for fl < IX, H(fl) E !i1(F) which implies U H({J) ~ !i1(F).

(J<a.
Since U H({J) is a nest, by the hypothesis of MF 3S, II( U F[H(fl)]).

{J<a. (J<a.
Again by the hypothesis of MF 3S, we have H({J) ~ F[H({J)] for
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all (3 < a, which implies U H({3) s: U F[H({3)]. Hence, by the
{J<a s« «

definition of II, we have UH(fJ) e '@(F) and this implies H(rx) € '@(F).
(J<a

We have obtained now that H"On is a nest contained in '@(F),
hence, by the hypothesis of MF 3S, II( U F[H(rx)]). Let A =

(xE"On
U F[H(rx)]. We claim that A is a maximal class with the property

a.On
II, for suppose A s: Band II(B). Since G maps On onto V, let
G(rx) be an arbitrary element of B. We have U H(fJ) s: A, so

(J<a
that U H({3) v {G(rx)} s: B. Therefore, II(B) implies U H(j3) v

{J<a (J<a
{G(a)} € '@(F). Hence, G(rx) € H(rx) s: F[H(rx)] s: A. This implies
that B = A, q. e. d.

We shall show next,

(III) MR 14S(J) -* M 14S(J) -* M 14S(D) -* AC 2S.
It is clear that MR 14S(J) -* M 14S(J).
THEOREM 3.18S: M 14S(J) -* M 14S(D).
PROOF: Let X be an arbitrary class. For each SEX, define

Su = S v {<s, u>} where (t)[t e X and t i=- s -* <s, u> ,t]. If s i=- t,
Su $ t« which implies Su D t« <-+ SuJ tu. If s i=- t, Su r. t« = s r. t,
so that SuD t« <-+ s D t. M 14S(J) implies that {su: SEX} has a
maximal subclass with the property J, hence X has a maximal
subclass with the property D. (See 4.16.)

THEOREM 3.19S: M 14S(D) ~ AC 2S.
PROOF: Analogous to 4.17.
Some of the propositions which have been stated contain the

condition that· the universe can be linearly ordered. (M 14S(J)
and (K) and MR 14S(K)). Without using the axiom of regularity,
the weakest form of the axiom of choice which is known to imply
that the universe can be linearly ordered is M 7S. We shall demon-
strate this proof in the following lemma.

Let us introduce the following notation:
LV: V can be anti-symmetrically linearly ordered.
LEMMA 3.20S: M75 -* LV.
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PROOF: Let X be a class of ordered pairs. We say X is circular
if there exists a finite sequence of length n > 1 of ordered pairs
in X, <zo, Zl>, <Zl, Z2>, <Z2, Z3>, .. " <Zn-l, zn>, such that Zo = Zn,
and the other zt's are distinct. If no such sequence exists X is
called non-circular. Let P be a property defined as follows: For
every class of ordered pairs A,

P[A] ..... A is non-circular.

P is clearly a property of finite character.
M 7S implies that there exists a maximal class, R, with the

property P. We claim R is an anti-symmetric linear ordering of
the universe. R is clearly anti-symmetric. Suppose <x, y> and
<y, z> E R and <x, z> ¢ R. This implies R v {<x, z>} is circular.
However, if R v {<x, z>} is circular then clearly R is circular which
is a contradiction. Therefore, <x, z> E Rand R is transitive. Suppose
<x, y> ¢ R then R v {<x, y>} is circular. So that there exists a finite
sequence of ordered pairs <zo, Zl>, <Zl, Z2>, ... , <Zn-b zn> in
R v {<x, y>} such that Zo = Zn and since R is not circular one of
the ordered pairs is <x, y> say <Zi, Zi+l>. Each of the following
are elements of R: <Zi+b Zi+2>, <Zi+2, Zi+3>, ... , <Zn-l, zn>,
<zo, Zl>, ... , <Zi-l, Zi>, where Zi+l = Y and Zi = x. Therefore,
since R is transitive it follows that <y, x> E R. Hence, R is connected.
Since R is transitive and connected it is a linear ordering of the
universe.

We shall now proceed to prove the remaining propositions of
this section equivalent.

THEOREM 3.21S: LV and MilS -+ MR ISS(K).
PROOF: Substitute K for D in 3.10S.
THEOREM 3.22S: MR 1SS(K) -+ AC 4S.
PROOF: Let R be an arbitrary relation and let L be a reflexive

relation which anti-symmetrically linearly orders the universe.
Define a relation 5 as follows:

5 = {«x, y>, <x, z»: <x, y> E R and <x, z> E Rand <y, z> E L}.
If <x, y> and <z, w> E .9)(5) then 5"{<x, y>} K 5"{<z, w>} ..... x = z,
For, first of all, if x =F Z then 5"{<x, y>} f"I 5"{<z, w>} = A. Now
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suppose x = z. Either <y, w> E L or <w, y> E L. Suppose <y, w> E L
and suppose <u, v> E S"{<z, w>}. Then u = z and <w, v> E L. Since
<y, W> and <w, v> E L, <y, v> E L. Hence cu, v> E S"{<x, y>} which
implies S"{<z, w>} S S"{<x, y>}. If <w, y> E L we obtain in a similar
manner, S"{<x, y>} S S"{<z, w>}.

MR 15S(K) implies there exists a maximal class F contained in
!2(S) such that if s, t E F, S =F t, then S"{s} K S"{t}. Clearly
!2(F) = !2(R) and F S R. If <x, y> and <x, z> E !2(S) then
S"{<x, y>} K S"{<x, z>}, hence not both <x, y> and <x, z> belong
to F. Therefore F is a function which satisfies AC 4S. (This proof
is similar to 4.19.)

It is clear that if the universe can be linearly ordered and
MR 14S(J) holds then M 15S(J) also holds.

THEOREM 3.23S: M 15S(J) -+ M 15S(K).
PROOF: Substitute Jfor J and K for K in 4.18.
THEOREM 3.24S: M 15S(K) -+ AC 2S.
PROOF: Analogous to 4.19.
THEOREM 3.25S: AC 4S -+ M 14S(K) (= M 6S).
PROOF: Let X be an arbitrary class of sets. Let R be a relation

defined as follows:
R = {<x, s>: x S X and SEX and (t)[t E x -+ t c s]}.

By AC 4S, there exists a function F such that !2(F) = !2(R)
and F S R.

Suppose n S X and n is a nest which has no strict upper bound.
Let m be a nest such that n S m S X. Suppose S e m r-« n. Then,
since n has no strict upper bound, there exists « t e n such that
sst. This implies s sUn. Hence, m S fYJ Un,... X. Since fYJ U n
is a set, this implies that M' 6 -+ M 14S(K) in this case. AC 4S
clearly implies AC 4 and it was shown in Part I that AC 4 -+ M' 6.
In the remaining part of the proof we shall assume that every
nest has a strict upper bound.

Define a relation 5 as follows: For all x, y, <x, v> 5 z if z is a
maximal nest such that x S z s .9'(y) ,... X. M' 6 implies the
existence of such a z whenever x is a nest and y is a set such that
x S .9'(y) ,... X. AC 4S implies that there exists a function H
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such that !!)(H) = !!)(S) and H s; S. We define a function G for
each a. E On as follows:

G(a.) = H(U c», F(U G"a.)).
We are assuming here that every nest has a strict upper bound.

Therefore, in order to prove that G(a.) exists for every a. E On it
is sufficient to prove that U G"a. is a nest for every a. E On. If
a. = 0, U G"O = A which is a nest. Suppose U G"a. is a nest for
every a. < {3.

Case 1. {3 is a limit ordinal, Let x, y E U G"{3, then there exist
ordinal numbers y and 0, y < {3, 0 < {3, such that x E G(y) and
y E G(o). Since {3 is a limit ordinal there exists an ordinal number
a. < {3 such that G(y) E G"a. and G(o) E c:«. Hence, x, y E U G'«
and by induction hypotheses U G':« is a nest. Therefore, x Ky.

Case 2. {3 is not a limit ordinal. Then there exists an ordinal
number a. such that {3 = a. + I. G"{3 = G"(a. + 1) = G"a. U {G(a.)},
so that U G"{3 = U G':« v G(a.). U G':« is a nest by the induction
hypothesis, therefore, by the definition of H, G(a.) is a nest and
U G"a. S; G(a.). Hence, G"{3 = G(a.) is a nest.

Next, we shall prove that U G"On is a maximal nest contained
in X. It is clear that U G"On S; X and that it is a nest since when-
ever a., pEOn and a. < {3 then G"a. S; G"p. Suppose there exists
an x E X such that U G"On v {x} is a nest. Since G"On is a proper
class, we cannot have that for all U E U G"On, U S; x. Therefore,
there exists a U E U G"On such that x S; u. So that there is an
a. E On such that U.E G':«. Hence, by the maximality of G(a.) we
have x E G(a.) S; U G"On, q. e. d.

The following implications have now been proved:
(IV) LV and M lIS ~ MR 15S(K) ~ AC 4S ~ M 14S(K).

LV and MR 14S(J) ~ M 15S(J) ~ M 15S(K) ~ AC 2S.
Next we shall prove: For all natural numbers m > 2.

(V) MR 14S(Dm) +--> MR 14S(Dm ) ~ M 14S(Dm) ~ AC 7(m - 1)5

-l- t t t
MR 185 +--> MR 165 ~ M 165 ~ AC 85

t t t t
MR 195 ~ MR 175 ~ M 17S ~ AC 95
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The verticle implications hold for purely logical reasons and it
is also clear that MR 145(Dm) -+ M 145(Dm), MR 165 -+ M 165,
and MR 175 -+ M 175. The proofs of the following implications
are similar to the proofs for the corresponding set forms:
MR 145(Dm ) -+ MR 145(Dm), MR 185 -+ MR 165. MR 195 -+ MR
175 (See 4.23); M 145(Dm) --+ AC 7(m - 1)5, M 165 --+ AC 85,
M 175 --+ AC 95 (See 4.21). It is not known whether it is possible
to prove the following equivalences without making use of the
axiom of regularity: MR 175 --+ MR 195, and if m 0:/= n, MR 145(Dm)
--+ MR 145(D n ), MR 145(Dm) --+ MR 145(D n), M 145(Dm) --+

M 145(D n ). In order to prove the two remaining implications in
(V) (MR 145(Dm) --+ MR 145(Dm) and MR 165 --+ MR 185) we
shall prove a lemma.

DEFINITION 3.265: If P is a property of m classes, R is a relation
and X is a class then

PR[X] if and only if P[R"{XI}. R"{X2}• . . . , R"{xm}]
for all Xl. X2, .. " Xm € X such that the x/s are distinct.

Using this notation we could have written MR 145(A) as follows:
For every relation R and class X there exists a maximal subclass

Y such that AR[Y].

LEMMA 3.275: For every class relation R and lor every natural
number m > 2, there exists a relation 5 such that DmR[X] il and
only il Dms[X] lor every class X.

PROOF: Let R be a relation, m a natural number, m > 2, and
X a class. Define 5 as follows:

5 = {<x. y): x € .@(R), Y s:; '@(R), x € y, and
(y = {x} or (y R::> m and DmR[y]))}.

Now we have,

Dms[X] +-+ (y)[y s:; X and y R::> m --+ n S"{x} = A]
XEy

+-+ (y)[y s:; X and y R::> m -+ DmR[Y]]
+-+ DmR[X].

By means of 3.275 it is easy to show that MR 145(Dm ) -+

MR 145(Dm ) and MR 165 --+ MR 185.
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All the implications in (I)-(V) were proved without use of the
axiom of regularity. In order to prove that all the preceding
class forms are equivalent it remains to be shown that one of
M 1S-M 4S implies WE 4S or WE 5S.

THEOREM 1 3.28S: MIS _ WE 4S.

PROOF: Define a class A as follows:

A = {<x, w>: w S x X x, w well-orders x and (s)(t)[s E x and
p(t) < p(s) _ t E x]}. (We assume of is a set.)
(Note: MIS _ M 1- WE 1, therefore A is a proper class.) We
define a relation R on A as follows: If <x, w>, <x', w'> E A then
<x,w> R <x',w'>-x s x' and w = w' rv (x X x) and x X (x' '"'-'x) s w'.
R is clearly a transitive relation on A and if b is an R-linearly
ordered subset of A, then <U £»(b), U &l(b» is an R-upper bound
for b.

M IS implies that either A has an R-maximal element or A
has a subclass which is a proper class which is linearly ordered
by R. But A has no R-maximal element. Therefore, let K be a
subclass of A which is a proper class and is linearly ordered by R.
Let X = U £»(K) and W = U Bl(K). We shall show that X = V
and W well-orders X. Let s E V. Then since X is a proper class
there is an x E X, such that p(s) < p(x). Let x EyE £»(K), then by
the definition of A, this implies that s E y, which implies that
SEX. Since K is linearly ordered by R, it follows from the definition
of A and R that W well-orders X = V.

Now, we must show that every proper initial W-section of
V is a set. Suppose S E V, then there is an x E £»(K) such that
SEX. Suppose t W S and suppose t ¢ x, then there exists an
<x', w'> E K such that t E x'. Since K is linearly ordered by R,
either <x, w> R <x', w'> or <x', w'> R <x, w>. But since t E x' and
t ¢ x, we must have <x, w> R <x', io'». Therefore <s, t> E X X (x' '"'-' x)
S w', which implies S W t. But, since s* t, this contradicts the
supposition t W s. Hence t E X and {t: t W s} s x. Therefore,
every proper initial W-section of the universe is a set, q. e. d.

(Note, 4.9 is a similar proof which holds for sets.)

1 The axiom of regularity was used in the proof.
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4. Additional Forms
The forms in this section are class forms for several of the forms

in Part I, Section 7. The forms which involve cardinal numbers
(Part I, Section 6) can not be strengthened since a proper class
does not have a cardinal number.

P 15 is a class form of P 9 and P 10 and is due to von Neumann
[lJ and [2]. (See the introduction to Part IL)

P 18: Every proper class can be mapped onto the universe.
P 15 is clearly equivalent to WE 55.
The forms P 25-P 45, P 2s5, and P 3s5 are class forms of

P l~P 15, P 13s, and P 14s and are obtained by allowing A to
be a proper class. However, if A is a proper class then X Bo, = A,

a.A
so that P 25, P 35, P 2s5, P 3s5, and P 45 have to be reworded.

P 28: For every non-empty class A, for every function B whose
domain is A and for each a E A, B o, is a set, and for every function X
whose domain is B 0 e-1 ,

X E n U X a b~ (3F)[F is a function, ~(F) =
aeA b e B« J

A, (a) [a E A _ F(a) E Bo,J, and (a)[a E A - X E Xa,F(a)JJ.
Similarly, for P 35, P 2s5, P 3s5, and P 45. The proofs that the
class distributive laws are equivalent to the other class forms are
analogous to the corresponding proofs for the set forms.

P 55 - P 75 are class forms of P 17 and P 18.
P 58: For every proper class X, &i'(X) <;; X.

P 68: The power class of a well-ordered class can be well-ordered.
P 78: Every linearly ordered class can be well-ordered.
Clearly WE 25 _ P 75 and WE 55 _ P 55 _ P 65. The proofs

that P 75 - P 65 and P 65 _ WE 45 are analogous to the corre-
sponding proofs for the set forms.

P 85 is metamathematical in form and has no set counterpart.
Hilbert [2J in 1923 stated it in the following form:

There exists a function F such that for every property P if
P[F(P)J then for all x, P[xJ.
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However, such a statement is meaningless in the system of set
theory in which we are working. F is some sort of a metamathe-
matical function which has not been defined. Through discussions
with A. Levy and R. Vaught we were able to come up with a more
meaningful formulation. To do this we introduce the metamathe-
matical notion of the iota operator.

DEFINITION 4.1 S: If <p is a propositional function then:

X = (1Y)<p(Y) ..... [(31 Z)<p(Z) and <p(X)J or

[not (31 Z)<p(Z) and X = V).

((31 Z)cp(Z) ..... (3Z)cp(Z) and (X)(Y)[cp(X) and cp(Y) -+ X = YJ.)
By introducing the iota operator we avoid the necessity of

talking about functions which have proper classes in their domains
or ranges. Now, by using this metamathematical notion we are
able to rewrite Hilbert's proposition in the following form:

P 88: There is a propositional function cp such that

(3X)(Y)[Y i= A -+ (1Z)cp(Z, X, Y) E Y].

(Actually, P 8S was obtained by rewriting the contrapositive of
Hilbert's original proposition.)

THEOREM 4.2S: WE 2S -+ P 8S.
PROOF: Let cp(Z, X, Y) mean Z is the X-first element of Y.

WE 2S implies that there exists a relation X which well-orders
the universe. Therefore, we have for all non-empty classes Y,
(1Z)cp(Z, X, Y) E Y, q. e. d.

THEOREM 4.3S: P 8S -+ AC 4S.
PROOF: Let R be an arbitrary relation and let cp be a propo-

sitional function and X a class which satisfy P 8S. We define a
function F as follows:

<x,y> E F ..... X E ~(R) and y = (1Z)cp(Z, X, R"{x}).

Then it follows from P 8S that F is a function which satisfies AC 4S.
Now, in conclusion, we shall summarize the results of Part II.

The following implications were all proved without use of the
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axiom of choice or the axiom of regularity:
A: P IS..--. WE 4S..--. WE 5S..--. WE 6(m)S..--. WE 7S..--. WE 8S.

B: AC 4S..--. AC 5S..--. P 2sS..--. P 3sS.

C: WE 3S..--. AC IS..--. AC 2S..--. AC 3S..--. P 2S..--. P 3S..--. P 4S.

D: MF 3S..--. AL' 3S..--. M 7S.

E: M IS..--. M 2S..--. M 3S..--. M 4S..--. M 6S..--. M 23S.

F: M 8S..--. M 9S..--. M IOS..--. MilS ...... M 12S ...... MR 14S(A) 1.

G: M 5S...... MR 14S(K).
In the following diagram when we write for example A -+ D

we mean one of the equivalent propositions in A implies one of
the equivalent propositions in D.

C
E / Ef M145(O) /

~ B
6t M 145(j) /'

• F ~MRI55(i()
-M1~5--- :.....L.t.M I5 5 (J) - M I55 (i() -- C

MR 145 (Dm ) • MR 185 ---MR 19S
I I ~

MR 145 (Om) • MR 16S ---MR 17S
+ l I

M 145 (Om) • M16S ---M 17S

AC 71m-os • ACl8S ---AC~5

o
i

LV

A

pfl
P 65

WE 25

Pis" I ~
/ WE 15 P85 PR

P65 Po! -, ~B~PO

WE 25 \ ""c
AC 7(~5 \:R

AC 85 B
\

AC 95

Using the axiom of regularity and that the class of individuals
is a set it was shown that C -+ A, E -+ A, and AC 9S -+ A. Using
the axiom of regularity and the existence of a relation which well-
orders the class of individuals it was shown that P 6S -+ A. Hence,
all the class forms are equivalent.

1 Where A = D, J, J. U, 0. DK, DJ, DU. K J, KU. or JU.
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WE 1: Every set can be well-ordered. (1, 1)
WE 2: Every set is equivalent to an ordinal number. (1, 1)
WE 3: Every set is equivalent to a subset of an ordinal number.

(1, 1)
Let m be a natural number, m > 1.

WE 4(m): For every set x there exists an ordinal number IX

and a function f defined on IX such that f(fJ) <m for every fJ < IX

and U f(fJ) = x. (Levy 1961; 1, 1)
(J<IX

WE 5: There exists a natural number m > 1 such that WE4(m).
(Levy 1961; 1, 1)

WE 6: For every set x there exists a natural number m > 1,
an ordinal number IX, and a function f defined on IX such that
f(fJ) <m for every fJ < IX and U f(fJ) = x. (Levy 1961, Rubin
1962; 1, 1) (J< IX

AC 1: If 5 is a set of non-empty sets, there is a function f such
that for every x E 5, f(x) EX. (Zermelo 1904; 2, 5)

AC 2: If t is a disjoint set of non-empty sets there is a set c
which consists of one and only one element from each set in t.
(Russell 1906; 2, 5)

AC 3: For every function f there is a function g such that for

1 In parentheses following each of the forms we shall give the name of
the one who is given credit for the form (when applicable) and the date
followed by the section and page number where it occurs in the text. Rubin
1963 refers to the present work.
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every x, if x E ~(f) and, j(x) 01= A then g(x) E j(x). (Zermelo 1904;
2,5)

AC 4: For every relation r there is a function j such that
~(f) = ~(r) and j 5:; r. (Bernays 1941; 2,5)

AC 5: For every function j there is a function g such that
~(g) = !Jf(f) and for every x E ~(g), j(g(x)) = x. (Bernays 1941; 2, 5)

AC 6: The Cartesian product of a set of non-empty sets is non-
empty. (Zermelo 1904; 2, 5)
Let m be a natural number, m > I.

AC 7(m): If s is a set of non-empty sets, there is a function j
such that for every XES, j(x) 01= A, j(x) 5:; x, and j(x) ~ m. (Levy
]961;2,5)

AC 8: There exists a natural number m > 1 such that AC 7(m).
(Levy 1961; 2,5)

AC 9: If S is a set of non-empty sets, then there is a natural
number m > ] and a function j such that for every XES, j(x) 01= A,
j(x) 5:; x, and j(x) ~ m. (Levy 1961, Rubin 1963; 2,5)

T: For all sets x and y either x ~ y or y ~ x. (Hartogs 1915; 3,9)
T': For every two non-empty sets, there is mapping of one onto

the other. (Lindenbaum 1926, Sierpinski ]948; 3, 10)
M 1: If R is a transitive relation on a non-empty set x and if

every subset of x which is linearly ordered by R has an R-upper
bound, then there is an R-maximal element in x. (Bourbaki 1939,
Tukey ]940; 4, ]2)

M 2: If R is a transitive relation on a non-empty set x and if
every subset of x which is well-ordered by R has an R-upper
bound, then there is an R-maximal element in x. (Szele 1950; 4,12)

M 3: If every non-empty nest which is contained in a non-
empty set x has its union in x then x has a maximal element.
(Kuratowski 1922, Zorn 1935; 4,12)

M 4: If every non-empty well-ordered nest contained in a non-
empty set x has its union in x, then x has a maximal element.
(Kuratowski 1922; 4, 12)
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M 5: If R is a transitive relation on x, then there exists a
maximal subset of x which is linearly ordered by R. (Hausdorff
1914; 4, 12)

M 6: For every set x there exists a maximal nest contained in x.
(Hausdorff 1914; 4, 12)

M 7: For every set x and every property P of finite character
there exists a maximal subset of x which has the property P.
(Bourbaki 1939, Teichmiiller 1939, Tukey 1940; 4, 13)

M' 1: If R is a transitive relation on x and if every subset of x
which is linearly ordered by R has an R-upper bound and if y E x
then there is an R-maximal element Z E x such that either y R z
or y = z. (4, 14)

M' 2: If R is a transitive relation on x and if every subset of
x which is well-ordered by R has an R-upper bound and if y E x,
then there is an R-maximal element Z E x such that either y R Z

or y = z. (4, 14)
M' 3: If every non-empty nest which is contained in x has its

union in x and if y E x then there is a maximal element Z E x such
that y £; z. (4, 14)

M' 4: If every non-empty well-ordered nest contained in x has
its union in x and if y E x, then there is a maximal element Z EX

such that y £; z. (4, 14)
M' 5: If R is a transitive relation on x and y is a subset of x

which is linearly ordered by R then there exists a maximal subset
Z of x such that y £; z. (4, 14)

M' 6: If y is a nest contained in x then there exists a maximal
nest Z contained in x such that y £; z. (4, 14)

M' 7: For every set x and every property P of finite character
and for every subset y of x such that P[y] there is a maximal
subset z of x such that y £; z and P[z]. (4, 15)

M 8: Let x be a set and R a relation then there is a maximal
set y £; x such that y X Y £; R. (Gottschalk 1952; 4, 15)

M 9: Let x be a set and R a relation then there is a maximal set
y £; x such that y X Y £; R v s-«. (Wallace 1944; 4, 15)
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M 10: Let x be a set and R a relation then there is a maximal
set y s x such that y X Y s ii v ii-I. (Gottschalk 1952; 4, 15)

M 11: Let x be a set and R a relation, then there is a maximal
set y S x such that y xy s R vR-I vI. (Gottschalk 1952; 4,15)

M 12: Let x be a set and R a relation then there is a maximal
set y S x such that y X y S ii v ii-I v I. (Gottschalk 1952,4,15)

M 13: Let x be a set and R an n-ary. relation then there is a
maximal set y s x such that yn s R. (Gottschalk 1952; 4, 15)

M 14(A): Every set has a maximal subset which has the proper-
ty A, where A = D (Vaught 1952; 4,23), A = D, J, J (Kurepa 1952;
4,23) A = o; (Chang 1960, Levy 1961; 4,25), A = ti; D or K or J,
D or J or K*, D or J or J or K, D or J or K*. (Rubin 1958 and
1963; 4,26,29-30)

M 15(K): Every set can be anti-symmetrically linearly ordered
and every set has a maximal subset which has the property K.
(Kurepa 1952; 4, 24)

M 16: There exists a natural number m > 2 such that M 14(Dm).
(Chang 1960, Levy 1961; 4,26)

M 17: For every set x there exists a natural number m > 2
such that x has a maximalsubset which has the property Dm.
(Chang 1960, Levy 1961, Rubin 1963; 4,26)

M 18: There exists a natural number m > 2 such that M14(D!m).
(Rubin 1963; 4, 27)

M 19: For every set x, there exists a natural number m > 2
such that x has a maximal subset which has the property D !m.
(Rubin 1963; 4, 27)

M' 20: If x is an arbitrary set and e E x then there exists a
maximal subset y of x such that e E y and y has the property D
or D or J or J or K or K*. (Rubin 1958; 4,29)

M 21(A: B): Any set which contains a maximal subset with
the property A contains a maximal subset with the property B,
where A = D and B = D, J, J or K; A = D and B = D, J or K;
A = J and B = D, D, J or K; A = J and B = D, J or K;



LIST OF THE SET FORMS 115

A = K and B = D, J5, J, or J; A = K and B = D, lJ, J, J, or K.
(Rubin 1960; 4, 30)

M 22(A : B): Every set can be anti-symmetrically linearly
ordered and any set which contains a maximal subset with the
property A contains a maximal subset with the property B, where
A =1= B and A = D, n. J, J, K or K and B = D, lJ,J, J, K, or K.
(Rubin 1960; 4,31)

M 23: Every set x contains a maximal subset y such that for
every S, t E y, S =1= t, either SEt or t E s. (Rubin 1963; 4,36)

AL 1: Every lattice with a unit element and at least one other
element contains a maximal proper ideal as a subset. (Scott
1953; 5,39)

AL' 1: Every proper ideal of a lattice with a unit element can
be extended to a maximal proper ideal. (Scott 1953, 5, 39)

AL' 2: If A is an algebraic system, B a subalgebra, and a E A,
but a ¢ B then there exists a maximal subalgebra which contains
Basasubset, but does not contain a as an element. (Blair 1957; 5,39)

AL' 3: If x is an arbitrary set, C a finitary closure operator,
P a property of finite character, and y a C-closed subset of x
which has the property P, then there is a maximal C-closed subset
of x which contains y as a subset and has the property P. (Rubin
1963; 5,39)

AL' 4: If x is an arbitrary set, y £;; x, and R : y, then there
is a maximal subset z of x such that y £;; zand R : z. (Beth 1953; 5,41)

AL 5: If B is a Boolean algebra and 5 £;; B such that 0 ¢ 5,
then there exists a maximal proper ideal disjoint from 5. (Mrowka
1955; 5,42)

AL 6: If 2= <L, {v, ,,}> is a complete lattice, a, b, eEL,
a < b, c is compact, C < band C 1: a, then there exists an element
mEL such that a < m < b, C 1: m and if there is a dEL such
that m < d < b then C < d. (Diener 1956; 5, 42)

AL 7: Every subalgebra is the intersection of all meet-irreducible
sub-algebras containing it as a subset. (McCoy 1938, Birkhoff and
Frink 1948, Fuchs 1949, Schmidt 1953; 5,43\
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AL 8: Every proper subalgebra has a proper meet-irreducible
subalgebra containing it as a subset. (Diener 1956; 5, 43)

AL 9: The set of absolutely dispensible elements is equal to the
intersection of the set of all maximal proper subalgebras. (Frattini
1885, Neumann 1937, Schmidt 1953; 5,43)

AL 10: For every element in a basis there exists a maximal
subalgebra which does not contain it as an element. (Schmidt
1953; 5,43)

AL 11: If A has a finite basis and B c A is a subalgebra then
there exists a maximal subalgebra which contains B as a subset.
(Krull 1929, Schmidt 1953; 5,43)

CN 1: m'n = m + n. (Tarski 1924; 6,52)
CN 2: There is a cardinal number n such that m = n2 . (Tarski

and Rubin; 6,52)

CN 3: m = m 2• (Tarski 1924; 6,52)
CN 4: There is an ordinal number 0( such that for all transfinite

cardinal numbers m there is no well-ordered by < set M of cardinal
numbers between m and m2 such that m r'V 0(. (Tarski 1924, Rubin
1963; 6,52)

CN 5: If m2 = n2 then m = n. (Tarski 1924; 6,53)
CN 6: Ifm < n andp < qthenm +p<n+ q. (Tarski 1924; 6, 53)
CN 7: If m < nand p < q then m'p < n·q. (Tarski 1924; 6,53)

CN 8: If m + p < n + p then m < n. (Tarski 1924; 6,53)
CN 9: If m'p < n'p then m < n. (Tarski 1924; 6,53)
CN 10: There is a cardinal number n such that m < n and for

every cardinal number p if m < p then n < p. (Tarski 1954; 6,53)
CN 11: If p covers n then either mrn. = m'p or m'p covers m·n.

(Sudan 1938; 6, 53)
CN 12: If m < n then there is a p such that n = m·p. (Tarski

and Sierpinski; 6, 53)
CN 13: If m < n then n -7- m exists. (Tarski and Sierpinski; 6, 53)
CN 14: If m < n then n -7- m = n. (Tarski and Sierpinski; 6,53)
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CN 15: If m + p = m + q then either p = q or p < m and
q < m. (Tarski 1926; 6, 53)

CN 16: If m + m < m + n then m < n. (Tarski 1926; 6,53)
CN 17: If m < n then n - m exists. (Tarski 1926, Sierpinski

1947; 6,53)
CN 18: If m < n then n - m = n. (Tarski 1926; 6,53)

CN 19: If p < nand q < n then p + q =I=- n. (Tarski 1926;
6,53)

CN 20: If p < nand q < n then p.q =I=- n. (Sierpinski 1946; 6, 53)

CN 21: Either m + n = m or m + n = n. (Lesniewski, Sier-
pinski 1947; 6, 53)

CN 22: Either m'n = m or m-n. = n. (Lesniewski, Sierpinski
1947; 6, 53)
Let m be a cardinal number, m > 1.

CN 23(m): If pm < qm then p < q. (Tarski 1926; 6, 53)
CN 24: There is a cardinal number n > 1 such that for all

cardinal numbers p and q there is a cardinal number m, 1 < m < n
such that pm < qm implies p< q. (Tarski 1926, Rubin 1963; 6,54)

CN 25: If mP < mq and m =I=- 0 then p < q. (Tarski 1926; 6,54)
CN 26: If the greatest lower bound (m f"\ n) and the least upper

bound (m v n) of m and n exist then m'n = (m f"\ n)' (m v n).
(Rubin 1963; 6,54)

PI: For any non-empty set s there exists a set t such that
for all x, x E t if and only if x £ t and s::j;; x. (Tarski 1938, 7, 63)

P 2: For any non-empty set s there exists a set t such that
t i::::I {x: x £ t and s::j;; x}. (Tarski 1938; 7,63)

P 3: If t is an infinite set, m and n cardinal numbers such that
1= m and n < m, and s = {x: x £ t and n {: x} then s= m»,
(Tarski 1938; 7,63)

00

P 4: If x -< U At then there exists a finite integer n such that
n i= 0

X ~ U At. (Tarski 1926 and 1948; 7,67)
i=O
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P 5: The product of compact spaces is compact in the product
topology. (Tychonoff 1935, Kelley 1950; 7,69)

P 6: A formula having a model in a set of cardinality n also
has a model in a set of cardinality m if No < m < n. (Vaught
1956; 7,69)

P 7: A formula having a model in a set of cardinality No also
has a model in a set of any cardinality greater than No. (Vaught
1956; 7,69)

P 8: If Q is a set of formulas in which the set of individual
constants has cardinality m and every finite subset of Q has a
model, then Qhas a model in a set whose cardinality is not greater
than m + No. (Vaught 1956; 7,69)

P 9: If x is a non-empty set and A is a proper class then A
can be mapped onto x. (von Neumann 1925; 7,71)

P 10: If x is a non-empty set and A is a proper class then
x ~ A. (von Neumann 1925; 7,71)

P 11: Every class has a maximal subclass which has the proper-
ty 15. (Kurepa 1952, Rubin 1963; 7,72)

P 12: For every relation R whose domain is a set there is a
function I such that !!)(f) = !!)(R) and I 5; R. (Bernays 1941,
Rubin 1963; 7, 73)

P 13: For every non-empty set A, for every function B whose
domain is A, and for each a E A, B a is a set, and for every function
X whose domain is B 0 e l ,

n U Xa,b = U n Xa,f(a)'
a.Ab.B. [e x Bc a eA

(Collins 1954, Rubin 1963; 7, 73)

P 138: For every non-empty set A, for every class-valued
function B, and for every function X whose domain is B 0 E-l,

n U Xa,b = U n Xa,f(a)'
a.A b.B[a] f. x B[a] a.A

(Collins 1954, Rubin 1963; 7, 73)
P 14: For every non-empty set A, for every function B whose
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domain is A, and for each a E A, B a is a set,

nUb = U n I(a).
a_A b eB« l_xB. a_A

119

(Collins 1954, Rubin 1963; 7, 73)
P 148: For every non-empty set A, for every class valued

function B,
nUb = U n I(a).

a_A b_B[a) I- x B[a) a_A

(Collins 1954, Rubin 1963; 7,73)
P 15: For every non-empty set A,

nUb = U n I(a),
a_A b_a I-O(A) a_A

where C(A) is the set of all choice functions on A . (Collins 1954; 7, 74)
P 16: Let K be an arbitrary set and let A and B be functions

with domain K. If A k -< Bk for all k E K then U A k -< X Bk.
(Konig 1905, Zermelo 1908; 7,75) k_K k_K

P 17: The power set of a well-ordered set can be well-ordered.
(Rubin 1960; 7,77)

P 18: Every linearly ordered set can be well-ordered. (Rubin
1960; 7,77)

P 19: Let R be a transitive, anti-symmetric relation on a non-
empty set x. Consider the set Zt = {s: SEX, t E X, S -::/= t and t R s}.
Suppose, for each t E x, there is an R-minimal element U E Zt such that
U R S for each S E Zt, U -::/= s. Then there exists an R-linearly ordered
subset of x with no R-upper bound. (Blair and Tomber 1960,
Rubin 1960; 7,78)

P 20: It is not the case that there exists a set x such that if
y = &(x) ,...., {A} and F = {f: I is a function mapping y into x} then
there exists a function g such that ~(g) = F, Bl(g) £: y, and
I(g(f)) 1- g(j) for all I E F. (Tarski 1951; 7,79)
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WE 18: There is a relation R such that every set is well-ordered
by R. (1,84)

WE 28: There is a relation R such that every class is well-
ordered by R. (1, 84)

WE 38: There is a function F such that every set x is well-
ordered by F(x). (1,84)

WE 48: There is a relation R such that R well-orders V and
every proper initial R-section of V is a set. (1, 84)

WE 58: If X is a proper class then X is equivalent to On. (1, 84)
Let m be a natural number, m > 1.

WE 6(m)8: For every class X there exists a function F defined
on On such that F(ex.) ~ m for every ex. € On and U F(ex.) = X.
(1,84) (HOn

WE 78: There exists a natural number m > 1, such that
WE 6(m)S. (1,84) •

WE 88: For every class X there exists a natural number m > 1
and a function F defined on On such that F(ex.) ~ m for every
ex. € On and U F(ex.) = X. (1,84)

"'EOn

AC 18: If S is a class of non-empty sets, there is a function F
such that for each x € S, F(x) € x. (Godel 1940; 2,86)

AC 28: If T is a disjoint class of non-empty sets, there is a
class C which consists of one and only one element from each set
in T. (2,86)

AC 38: For every function F there is a function G such that
for every x if x € {g(f) and F(x) =F A then G(x) € F(x). (2,86)
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AC 48: For every relation R there is a function F such that
!?)(F) = !?)(R) and F ~ R. (Bernays 1941; 2,86)

AC 58: For every function F there is a function G such that
!?)(G) = &f(F) and for every x E !?)(G) , F(G(x)) = x. (Bernays
1941; 2,86)
Let m be a natural number, m > I.

AC 7(m)8: If 5 is a class of non-empty sets, there is a function
F such that for every x E 5, F(x) =I=- A, F(x) ~ x, and F(x) :< m.
(2,86)

AC 88: There exists a natural number m >1 such that
AC 7(m)S. (2,86)

AC 98: Is 5 is a class of non-empty sets, then there is a natural
number m > I and a function F such that for every x E 5, F(x) =I=- A,
F(x) ~ x, and F(x) :< m. (2, 86)

M 18: If R is a transitive relation on a non-empty class X and
if every subset of X which is linearly ordered by R has an R-upper
bound then either there is an R-maximal element in X or X has a
subclass which is a proper class and which is linearly ordered by R.
(3,89)

M 28: If R is a transitive relation on a non-empty class X and
if every subset of X which is well-ordered by R has an R-upper
bound then either there is an R-maximal element in X or X has
a subclass which is a proper class and which is well-ordered by R.
(3,89)

M 38: If every non-empty nest which is a subset of a non-
empty class X has its union in X, then either X has a maximal
element or there is a subclass of X which is a nest and a proper
class. (3, 89)

MF 38: Let F be a class-valued function, II a predicate such
that for each class X

(i) II[X] ...... (x)[x ~ X -+ X E !?)(F) and F[x] ~ X]
(ii) x ~ F[x] for all x E !?)(F), and

(iii) if for every non-empty nest Y ~ !?)(F), II[ U F[y]],
II<Y
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then if there is a class which has the property II, then there is a
maximal class which has the property II. (3,91)

M48: If every non-empty well-ordered nest which is a subset
of a non-empty class X has its union in X, then either X has a
maximal element or there is a subclass of X which is a well-ordered
nest and a proper class. (3, 89)

M 58: If R is a transitive relation on X, then there exists a
maximal subclass of X which is linearly ordered by R. (3, 89)

M 68: For every class X there exists a maximal nest contained
in X. (3,89)

M 78: For every class X and every property P of finite character
there exists a maximal subclass of X which has the property P. (3,89)

M 88: Let X be a class and R a relation; then there is a maximal
class Y ~ X such that Y X Y ~ R. (3, 89)

M 98: Let X be a class and R a relation; then there is a maximal
class Y ~ X such that Y X Y ~ R v R:», (3,89)

M 108: Let X be a class and R a relation; then there is a maximal
class Y ~ X such that Y X Y ~ R v n-». (3,89)

M 118: Let X be a class and R a relation; then there is a maximal
class Y ~ X such that Y X Y ~ R v R-l v I. (3, 89)

M 128: Let X be a class and R a relation; then there is a maximal
class Y ~ X such that Y X Y ~ R v R-l v I. (3, 89)

M 138: Let X be a class and R an n-ary relation; then there is a
maximal class Y ~ X such that yn ~ R. (3,89)

M 148(A): Every class contains a maximal subclass which has
the property A, where A = D, J, or Dm . (3,89)

MR 148(A): For every relation R and class X there exists a
maximal subclass Y such that for all x, y € Y, x =F y, RU{x} A RU{y},
where A = D, D, J, J, K, o.; ti; U, V, DK, DJ, DU, KJ, KU,
or JU. (3, 90)

M 158(A): The universe can be anti-symmetrically linearly
ordered and every class has a maximal subclass which has the
property A, where A = J or K. (3, 90)
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MR 158(K): The universe can be anti-symmetrically linearly
ordered and for every relation R and class X there exists a maximal
subclass Y such that for all x, Y E Y, X=FY, R"{x}K R"{y}. (3,91)

M 168: There exists a natural number m 2 2 such that
M 14S(Dm). (3,89)

MR 168: There exists a natural number m > 2 such that
MR 14S(Dm). (3,91)

M 178: For every class X there exists a natural number m > 2
such that X has a maximal subclass which has the property Dm.
(3,89)

MR 178: For every relation R and class X there is a natural
number m > 2 and a maximal subclass Y such that for all Yb yz,

m
... , Ym E Y, yt's distinct, n R"{Yt} = A. (3,91)

i= 1

MR 188: There exists a natural number m > 2 such that
MR 14(D!m). (3,91)

MR 198 : For every relation R and class X there exists a natural
number m > 2 and a maximal subclass Y such that for all

m
Yl, Yz, ... , Ym E Y, n R"{Yi} =F A. (3, 91)

i= 1

M 238: Every class X contains a maximal subclass Y such that
for every 5, t E Y, 5 =F t, either 5 E t or t E 5. (3,89)

AL' 38: If X is an arbitrary class, C a finitary closure operator,
P a property of finite character, and Y a C-closed subclass of X
which satisfies P, then there is a maximal C-closed subclass of X
which contains Y as a subclass and satisfies P. (3, 92)

P 18: Every proper class can be mapped onto the universe.
(von Neumann 1925; 4, 107)

P 28: For every non-empty class A, for every function B whose
domain is A, and for each a E A, B a is a set, and for each function
X whose domain is B 0 E-1,

X En U Xa,b+-> (3F)[F is a function, ~(F) = A,
aEA bEB.

(a)[a E A --r F(a) E BaJ and (aHa E A --r X E Xa,F(a)JJ (4, 107)
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P 288:- For every non-empty class A, for every class-valued
function B whose domain is A, and for each function X whose
domain is B 0 E-1,

X En U Xa,b'-' (3F)[F is a function, fg(F) = A,
a e.tI. b.B[a]

(a)[a E A -+ F(a) E B[a]] and (a)[a E A -+ X E Xa,F(ajJJ. (4, 107)
P 38: For every non-empty class A, for every function B

whose domain is A, and for each a € A, Ba is a set,
x En U b.-. (3F)[F is a function, fg(F) = A,

a e .tI. b e B«

(a)[a E A -+ F(a) E B a], and (a)[a e A -+ X € F(a)JJ. (4, 107)
P 388: For every non-empty class A, for every class-valued

function B whose domain is A,
X € n U b.-. (3F)[F is a function, fg(F) = A,

a • .tI. b.B[a]

(a)[a E A -+ F(a) E B[a]], and (a)[a e A -+ X € F(a)]]. (4, 107)
P 48: For every non-empty class A, x En U b.-. (3F)[F is a

a • .tI. b.a
function, fg(F) = A, (a)[a € A -+F(a) € a], and (aHa € A -+x € F(a)].
(4, 107)

P 58: For every proper class X, ,qp(X) <X. (4, 107)
P 68: The power class of a well-ordered class can be well-

ordered. (4, 107)
P 78: Every linearly ordered class can be well-ordered. (4, 107)
P 88: There is a propositional function rp such that

(3X)(Y)[Y =1= A -+ (1Z)rp(Z, X, Y) E Y].
(Hilbert 1923; 4, 108)
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PR: For every relation R there exists a relation 5 such that
~(R) = ~(S), 5 s:.; Rand S"{x} is a set. (2,86)

PD: For every non-empty relation R, if Yl{R) s:.; ~(R), then
there is a function i, ~(f) = set of natural numbers, such that for
each natural number n, j(n) R j(n + 1). (Tarski 1948; 2,88)

LV: V can be anti-symmetrically linearly ordered. (3, 101)
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