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Editorial Note

The present selection of A. Mostowski’s work comprises within one
edition the most important of his papers, written during nearly forty years
of scholarly activity and scattered so far over various publications. We
hope that it will gain the approval of all readers who concern themselves
with the foundations of mathematics.

In selecting the papers, the Editorial Committee aimed at including,
on the one hand, the most important of A. Mostowski’s contributions to
mathematics and, on the other hand, those papers which have preserved
their topical interest and are the most frequently quoted ones.

In the five introductory articles (pp. XIX-XLIV, vol. I) which discuss
the main trends in A. Mostowski’s research, the numbers of bibliographical
reference marks refer to the full bibliography of A. Mostowski’s works
included in volume one.

Most of A. Mostowski’s papers, which were originally published in
English, have been reproduced photographically without any changes.
In those papers, a double pagination occurs: at the outer corners the
running pagination of the volume, and at the inner corner, in square
brackets, the reference to the complete bibliography and the pagination
of the original version. It is intended to facilitate the use of the inter-
national reference marks within each paper which refer to the original
page number.

Only a few of the papers included in this edition (namely those marked
in the Bibliography with the numbers [11, [2], [3], [5}, [6], (7], [51], [79])
have been translated from Polish, French or German, so at the inner
corners in those papers the references to the complete bibliography are
given only.

We are grateful to all publishers of the original papers here included
for their consent to the reproduction of those papers, which has enabled
us to prepare this edition of A. Mostowski’s work and present it to the
readers. In particular the following permissions to reprint Mostowski’'s
papers were given: Thirty years of foundational studies, Lectures on the
development of mathematical logic and the study of the foundations of
mathematics in 1930-1964, Acta Philosophica Fennica XVII (1965),
pp. 1-180; Models of set theory, Lectures delivered in Varenna, September
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1968, C.I.LM.E., Italy 1968, pp. 67-179; The classical and w-complete
arithmetic, Reprinted with permission of the publisher American Mathe-
matical Society from Journal of Symbolic Logic, copyright © 1958,
Volume 23, No. 2, pp. 188-206; An exposition of forcing, in: Algebra and
logic, Lecture Notes in Mathematics 450, Springer-Verlag, Berlin-Heidel-
berg-New York, (€) by Springer-Verlag, Berlin-Heidelberg 1975, pp. 220
282; Observations concerning elementary extensions of w-models I, re-
printed with permission of the publisher American Mathematical Society
from Proceedings of Symposia in Pure Mathematics, copyright (C) 1974,
Volume 25, pp. 349-355; On extendability of models of ZF set theory to
the models of Kelley~Morse theory of classes, in: Logic Conference, Kiel
1974, Lecture Notes in Mathematics 499, (©) by Springer-Verlag, Berlin—
Heidelberg 1975, pp. 460-542.



Andrzej Mostowski (1913-1975)

Professor Andrzej Mostowski was born in Lwéw on November 1st,
1913. He studied mathematics in Warsaw in the years 1931-1936. On re-
ceiving his M.A. degree he went to Vienna, where he studied under Kurt
Godel, and then to Ziirich. In 1938 Mostowski defended his doctoral disser-
tation, written under the supervision of Alfred Tarski and devoted to the
interrelationship of various definitions of the notion of infinite set. He then
took up a post at the Meteorological Institute in Warsaw. During the Nazi
occupation of Poland he worked as an accountant at a tile factory. In the
years 1942-1944 he taught at the Underground University of Warsaw,
where he was unofficially appointed a “docent”. After the war Professor
Mostowski was for a short time on the staff of the Jagiellonian. University
in Cracow, where—in 1945—he presented his “habilitation” thesis, devoted
to the axioms of choice for finite sets. In 1946 he returned to Warsaw and
was made assistant professor at the University of Warsaw. He became
associate professor in 1947 and full professor in 1951. For the next sixteen
yearns he occupied first the Chair of Algebra and then the Chair of the Foun-
dations of Mathematics at the University of Warsaw, and in 1952 he was
Dean of the Faculty of Mathematics and Physics. In the years 1948-1968
he worked also at the Institute of Mathematics of the Polish Academy of
Sciences, acting as head of the Division of the Foundations of Mathema-
tics.

In 1956 Professor Mostowski was elected an associate member and in
1963 a full member of the Polish Academy of Sciences. He received Po-
lish State Prizes in 1953 and 1966 and the Jurzykowski Foundation Prize
in 1972. In 1973 he was elected a member of the Finnish Academy of
Sciences. He was on the editorial boards of several learned journals, inclu-
ding the Fundamenta Mathematicae, the Journal of Symbolic Logic, and
the Annals of Mathematical Logic; he was also a co-editor of the Series for
Mathematics, Physics and Astronomy of the Bulletin of the Polish Academy
of Sciences. His long association with the North-Holland Publishing Com-
pany helped to raise the “Studies in Logic and the Foundations of Mathe-
matics” series to its present-day importance.

The academic year 1948-1949 Mostowski spent at the Institute for
Advanced Study at Princeton, and in 1969-1970 he was a fellow of the
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All Souls College at Oxford. He took part in numerous congresses and

conferences all over the world.

In 1972 Professor Mostowski was elected President of the Section of
Logic, Methodology and Philosophy of Science of the International Union
for the History and Philosophy of Science. He died in Vancouver B.C.

on August 22nd, 1975.
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Abzdhlbare Boolesche Korper und ihve Anwendung auf die allgemeine
Metamathematik, Fund. Math. 29 (1937), pp. 34-53.

O niezalenosci definicji skoriczonosci w systemie logiki (On the inde-
pendence of definitions of finiteness in a system of logic), Dodatek
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pp. 1-54.

Uber gewisse universelle Relationen, Ann. Soc. Pol. Math. 17 (1938),
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Uber den Begriff einer endlichen Menge, Sprawozdania Towarzystwa
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Fund. Math. 32 (1939), pp. 201-252.
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J. Symbolic Logic 4 (1939), pp. 113-114.

Remarques sur la note de M. Sierpifiski “Un théoréme sur les familles
d’ensembles et ses applications”, Fund. Math. 33 (1945), pp. 7-8.
Axiom of choice for finite sets, Fund. Math. 33 (1945), pp. 137-168.
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matyki (On sentences undecidable in formalized systems of mathe-
matics), Kwartalnik Filozoficzny 16 (1946), pp. 223-277.

[12]* Zarys teorii Galois (An outline of Galois theory), supplement to

Zasady algebry wyzszej (Foundations of higher algebra) by W. Sier-
pifiski, Monografie Matematyczne 11, Warszawa 1946, pp. 371-428.

(*) Unfortunately, dealing with the bibliography of a scholar as prolific as A. Mos-
towski one cannot be sure that all the papers have been found and introduced. Still we
hope that all the major papers have been incldded.

We notice that the books are additionally marked with an asterisk.
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C. RAUSZER

Research work of A. Mostowski in logical calculi

(Translated into English by M. M. Weglinska)

Problems concerning logical calculi were not in the sphere of A. Mos-
towski’s main interests. Nevertheless, he always followed very closely the
developments of mathematical research not necessarily related to the field
he was occupied with at a particular moment and very often dealt with
those problems in his papers. Therefore, in summing up Mostowski’s works,
one should not omit those in which he discussed questions arising, as it
were, on the peripheries of his basic research, the more so as they often
initiated new trends of investigation. Here belong papers [16], [19], [46]
[59], [74), [85], [89] (according to the enclosed list of publications).

Algebraic approach plays an important role in the semantical study of
non-classical calculi. It was Mostowski who, in paper [16], introduced
algebraic modelling for first order calculi.

The main purpose of the above mentioned paper is to outline a general
method which permits us to prove the intuitionistic non-deduciBility of
many formulas. The method consists in utilizing the connections between
intuitionistic logic and the so-called Brouwerian lattices, which were intro-
duced and examined by McKinsey and Tarski in 1946. Mostowski proves
the following theorem:

If o is intuitionistically deducible, then the corresponding functional
is equal to zero for every non-void set 7 and every complete Brouwerian
lattice L.

This theorem initiated the algebraic approach to non-classical logic,
which was later so successfully developed by Henkin, Rasiowa and others.

Some of Mostowski’s papers are devoted to a generalization of logical
quantifiers. In paper [59] he deals with operators which represent a natural
generalization of logical quantifiers and formulates problems for those
generalized quantifiers which correspond to the classical problems of first
order logic.

Most of the discussion in paper [59] centres around the problem wheth-
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er it is possible to set up a formal caiculus which would enable us to prove
all true propositions involving new quantifiers.

Dr. Pacholski’s paper, enclosed in this book, gives a more detailed
explanation of these problems.

Another generalization of logical quantifiers applicable both in two-
valued and in many-valued cases has been proposed and discussed by
Rosser and Turquette in their book Many valued logics. According to their
conception a quantifier is a function correlating a truth value with a non-
void set of truth values. They examined the problem of axiomatizability
of first order calculi with the arbitrary quantifiers under the assumption
that the set of truth values v is finite. Then, in 1959, Rosser discussed a sim-
ilar problem under the assumption that this set coincides with interval
[0, 1]. In paper [80] Mostowski takes up the problem of axiomatizability
under a more general assumption, namely that the set of truth values is an
ordered set which is bicompact in its order topology. The main feature of the
results set forth in that paper is their non-effective character. Mostowski
proves the existence of complete sets of axioms and rules of inference for
some many-valued predicate calculi without exhibiting them explicitly.

The purpose of paper [85] is to discuss the generalization of two funda-
mental theorems concerning two-valued predicate calculus to the many-
valued case. One of them is the compaciness problem. It was examined
by Chang and Keisler in their paper Model theories with truth values in
uniform space. Mostowski gives an alternative proof of their result.

Mostowski’s solution of this problem consists in conceiving models
over a suitably chosen set.f as points of a compact space M and then con-
structing of the function Val(®, ) in such a way as to make it a continuous
function of u.

The construction of M is the key to the solution of the problem. It is
easy to construct a space where Val(®, u) is continuous for all formulas
without quantifiers. In order to construct a space where Val(®, u) is con-
tinuous for arbitrary @, we have to pass from the initial language J to anoth-
er language J,, which is obtained from J by adding an infinite number
of functors. (Thus functors by means of which the language J,, is obtained
play the same role as the epsilon operators of Hilbert). Formulas of J con-
taining quantifiers are reducible in a certain way to the symbols of the new
language J,, which does not contain quantifiers.

The second problem discussed in paper [85] concerns axiomatizability
and its reduction. Mostowski considers,the following question:
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[s the set of satisfiable (valid) formulas the complement of a recursively
enumerable set?

First, in order to answer this question, Mostowski proves a theorem
which provides necessary and sufficient conditions for a closed formula of
J to be satisfiable. In order to establish the axiomatizability of predicate
calculi this theorem can be exploited in various ways. The simplest case is
where the set of truth values v is a separable space, but the theorem can
also be used for the axiomatizability problems in certain cases where o is
not separable. In such cases expressions of J,, can no longer be enumerated
by means of integers and we must take certain abstract entities of those
expressions as the “Gddel numbers”. This idea is elaborated in Section 6
of paper [79], where the case of the well-ordered set v is discussed. In paper
[84] Mostowski uses the above-mentioned theorem to prove conditions
which are needed for the set of satisfiable formulas to be a complement of
a recursively enumerable set.

Mostowski, who had a great deal of philosophical knowledge, used to
say that it would be wrong to deprive logic, however formal it might be,
of a certain, possibly subconscious, philosophical base. Conscious choice
1s more difficult since at the present stage of discussions about the founda-
tions of mathematics one cannot be sure which of the conflicting.theories
is the best or even just good.

In paper [46] Mostowski deals with problems which, according to him,
are specific for mathematics and do not occur in other branches of science.
They are of a philosophical nature and, in the above-mentioned paper, he
tries to solve them within the limits of mathematics alone and by applying
mathematical methods only. These problems can be formulated as follows:

1. What is the nature of notions considered in mathematics? To what
extent are they formed by man and to what extent are they imposed from
outside, and whence do we gain knowledge of their properties?

2. What is the nature of mathematical proofs and what are the criteria
allowing us to distinguish correct from false proofs?

(Both problems are taken verbatim from paper [46].)

The paper in question does not pretend to be a lecture on mathematics
in the strict sense. Mostowski simply tried to show what, from the point
of view of mathematics alone, constitutes answers to these questions, who
has dealt with them and in what way.

The completeness problem is an interesting example of a question which
arose from philosophical investigations concerning the relations between
formal calculi and semantics. The problem has found many purely mathe-
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matical applications in spite of its philosophical origin. The aim of paper
[74] is to prove a generalization of the G&del incompleteness theorem:

Let us say that a formula @ with one numerical free variable is free for
a system S if the formulas ©(4,), D(4,), ..., P(4,) are completely inde-
pendent for every n (i.e. every conjunction formed of some of these formu-
las and of the negations of the remaining ones is consistent; @(4;) denotes
the formula obtained from @ by substituting the j-th numeral for the va-
riable of @). Mostowski proves that for every given family of extensions
of a formal system S satisfying certain very general assumptions there
exists a formula which is free for every extension of that family.

Paper [89] is a collection of 16 lectures delivered at the Summer School
in Vaasa, Finland, in 1964. In these lectures Mostowski sketched the de-
velopment of mathematical logic and the progress of research into the foun-
dations of mathematics in the years 1930-1964. It is obvious that one short
course did not permit Mostowski to present in detail all the theories that
had been formulated during the period in question. He concentrated in
these lectures on giving clear explanations of the main problems of math-
ematical logic, showed their applications and paid special attention to
many-valued calculi.

Mostowski’s scholary achievements include a book on mathematical
logic [19], which was published over 30 years ago. It was the very first uni-
versity textbook and the very first monograph on the subject in Polish
scientific literature. Mostowski did not limit his presentation to the classical
problems of mathematical logic but discussed also the results obtained by
Gadel and problems which arose in the field of logic after 1930. Although
the book has served many generations of Polish mathematicians, it has
never been translated into any foreign language. Modesty was charac-
teristic of Mostowski’s personality and that is probably the reason why he
opposed any suggestions of a translation.
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The contribution of Mostowski to the foundations of second
order arithmetic

Second order arithmetic (called also analysis) is a theory of irrational
numbers. Systematic work on the foundations of this theory probably
began in mid-fifties, when Mostowski (with collaboration with Grzegor-
czyk and Ryll-Nardzewski) published paper [62). Besides a precise descrip-
tion of the system of second order arithmetic and its syntactical rules the
paper contains a beautiful topological proof of Orey’s theorem. Also some
connections with theory of recursive functions are considered and some
similarities between particular classes of effective hierarchy are emphasized.
The fundamental work on the subject is the Formal system of analysis based
on an infinitistic rule of proof [72] presented by Mostowski at the Warsaw
“Infinitistic Methods” Symposium in 1959. In this paper Mostowski intro-
duced the important notion of models absolute for well orderings of natural
numbers (so called f-models). It is shown that the set of sentences true
in all f-models is complete (in the sense of Post) for the family of IT; sets
of natural numbers and the existence of w-models, which are not g-models
follows as a corollary. The existence of a minimal 8-model as well as finitely
axiomatizable extensions of the system of analysis is also stated and proved.
Another important result concerns the absoluteness of arithmetical for-
mulas with respect to the constructible universe. The absoluteness of for-
mulas of type IT} is proved, and this result, strengthened later by the ce-
lebrated result of Shoenfield to XI-formulas, has many interesting conse-
quences and applications in the foundation of set theory.

The problem of the existence of w-models which are not f-models is
once again discussed in a joint paper by Mostowski and Suzuki [99]. They
find that each denumerable f-model of 4, (with choice) has an elementary
extension which is an w-model but not a f-model. The method of proof
is here totally different. It is further generalized and improved in paper
[111] and is now called a “definable quantifier”. Another kind of questions
arise when one considers the structure of the family of all w-models (or
B-models) or models elementarily equivalent to the principal model. In
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paper [103]. Mostowski imposes a naturally defined partial ordering of
“encodable membership” on the family of w-models and proves the exis-
tence of a subfamily ordered in type % - w,. The paper contains also some
applications of the above mentioned theorem to hyperdegrees. Other partial
orderings, namely those of inclusion and of elementary inclusion (along
with encodable membership), are widely discussed in paper [106]. Problems
connected with standard systems are considered in paper [107]). Using
a definable ultraproduct construction, the author proves the existence of
a nonstandard model such that the corresponding standard system is not
a model. Finally, in paper [102], the problem of definability of Skolem
functions is discussed. By using the forcing method it is proved that an
arbitrary countable w-model satisfying the principle of dependent choices
can be expanded to an w-model with a definable well ordering of the uni-
verse and hence with definable Skolem functions.

The method works.for nonstandard models as well, which shows that
the addition of Skolem functions for all sets leads to a conservative exten-
sion over the scheme of depended choices.
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Andrzej Mostowski’s studies of decidability, recursion
and hierarchy

(Translated into English by Z. Adamowicz)

Andrzej Mostowski belonged to those investigators of the foundations
of mathematics who found inspiration for logical research basically in math-
ematics. From the very start of his teaching activities at the University
of Warsaw almost until he died he gave lectures in various branches ofalge-
bra and arithmetic and—at one time-—even in analysis.

He was particularly impressed by algebra and used to say—for some
time—that logic should be studied in conjunction with other branches of
mathematics, for instance with algebra itself.

In his own research in the foundations of mathematics, however, the
algebraical trend was not particularly significant. It is in evidence in Mos-
towski’s invgstigations of products of models or of automorphisms, but
the essence of those investigations derives from problems in set theory
or metamathematics.

Mostowski belonged to that generation of mathematicians for whom
the foundations of mathematics, although strictly bound with other math-
ematical disciplines, already consisted a separate body of problems, de-
veloping on their own lines, independently of other branches of mathema-
tics, and of philosophy either. The separation of logical research from phi-
losophical studies, taking place gradually during the first half of the 20th
century, was effected in Poland mainly under the influence of Alfred Tarski,
who was Andrzej Mostowski’s principal teacher.

Tarski himself still found in philosophy the inspiration for one of his
fundamental papers: “On the notion of truth in the languages of formalized
theories”.

Philosophical problems, however, became at that moment nothing more
than a pretext or a secondary motive for formal investigations. Although
the main trend in the interests of logicians during the interwar period can
be satisfactorily described in philosophital terminology as an investigation
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of the “cognitive power” pertaining to logical means of proof and to set
theory as well, that cognitive power began to be expressed by means of
notions specific to logic or metamathematics such as: independence, com-
pleteness, undecidability or interpretability by matrices and models.

It is those problems, and particularly the cognitive power of arithmetic
and set theory, that soon became the main concern of Andrzej Mostowski
and continued to be so to the end.

In order to sum up, somewhat trivially perhaps, the whole of Mosto-
wski’s work, it must be said that he -was involved all the time with the most
profeund problems of the foundations of mathematics; he was fully au
courrant with all significant investigations and contributed to every branch
of metamathematics results of considerable importance for progress in our
knowlcdge.

Actually, from the very start Mostowski took up research in several
domains and his investigations in those domains alternated. In these reflec-
tions I would like to draw attention to the trend in his research relating
to the notion of recursiveness and effectiveness. and the logical hierarchy
of notions.

Some of Mostowski’s work goes back to pre-war days, namely his in-
vestigations made in collaboration with A. Tarski, of the types of well-
orderings [24], which, however, were only published in a short note in 1949
during Mostowski’s first visit to California. They are investigations of the
limits of the effectiveness of our cognition from the point of view of deci-
dable problems. Mostowski’s results in this field are interwoven with Tarski’s
and give in effect an image of the decidability of the elementary theory of
well-orderings with addition but without multiplication.

The results in question were later supplemented by A. Ehrenfeucht.

As regards investigation of the power of the means of proof from the
point of view of undecidable problems, Mostowski was from the start
under the influence of G6del’s achievements concerning the undecidability
of arithmetic; he had spent one year as a post-graduate student working
under Godel in Vienna. In the difficult years immediately after the war, not
wishing to lose touch with those results, he made his own hand-written
copy in a separate note-book of the whole of Gddel’s dissertation on undeci-
dable sentences in the Peano arithmetic, of which, as far as I remember
there had been in Poland only one copy in the Jagiellonian Library in
Cracow. That note-book served his pupils for several years as the only
means of getting acquainted with the original.

Other techniques of reproducing texts were not available then; many
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of them were not even known yet (in this respect progress in the last thirty
years has been greater than in the preceding 300 years). Mostowski is pro-
bably the last mathematician to use that mediaeval method of duplicating
a text.

Mostowski’s fascination with Godel’s work on the undecidability of
arithmetic caused him to write two popular papers in the subject: one in
Polish [11] published in 1946 and one in English [35) published in 1952
in the North-Holland Publishing Company series of monographs in Am-
sterdam and enjoying considerable popularity, although at the time of its
publication Mostowski was already in possession of two stronger proofs
of his own, both published in 1949, one in Fundamenta Mathematicae [20]
and the other [24] in The Journal of Symbolic Logic.

Respect for the work of others compelling one to study their results
before constructing one’s own version distinguished Mostowski from many
other scholars.

As a matter of fact, Mostowski in collaboration with Tarski and Ro-
binson took in 1949 a very important step forward, which, however, they
would not have been able to do without Godel’s earlier results. Namely,
they reproduced Godel’s reasoning on the basis of a finite system of axioms,
which made it possible to prove the undecidability of numerous mathe-
matical theories in the extensions of which a finite system of axioms of
arithmetic could be embedded. This method, expounded in another book
[41] of the same North-Holland Publishing Company series in 1953,
formed for ten years the basis for proofs of undecidability, until it became
eclipsed by the slightly different, extremely ingenious method of Rabin—
Scott.

Mostowski’s keen interest in the existence of undecidable sentences in
arithmetic made him seek his own examples of sentences of this kind. Paper
[20] gives a proof of undecidability that is set-theoretical in nature and
stronger than Godel’s, and although it is not effective, its content is dis-
tinctly mathematical and intuitive on the grounds of the arithmetic of real
numbers. But even while following the path traced out by Gddel, Mostow-
ski finally observes that there exists a simple method of proving the unde-
cidability of arithmetic by means of proving the universality of the set of
theorems on recursively enumerable sets. If we prove in a purely arithme-
tical manner the existence of a non-recursive recursively enumerable sets,
then the undecidability of arithmetic is proved immediately, without the
necessity of assuming—as Godel did—the w-consistence of arithmetic.
Gddel in 1931 could not of course foresee that the situation would be as
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simple as that. Those far-reaching simplifications were only published
in The Journal of Symbolic Logic in 1958 [62] in a paper written jointly
by Mostowski, Grzegorczyk and Ryll-Nardzewski and constituting in
those days a summing up of all the methodological investigations funda-
mental for arithmetic. The paper is mainly concerned with a comparison
of ordinary arithmetic with a second order arithmetic containing a non-
effective generalization rule, called the omega rule. The rule, not suitable
of course for practical use, simply describes a certain approximation to
the set of true sentences. Now, the set of theorems of second order arith-
metic closed with respect to the omega rule shows many similarities to the
set of theorems of elementary arithmetic. If we replace the notion of re-
cursive enumerability in the elementary case by the notion of II], we shall
obtain in the case of the omega rule analogies of the theorems on complete-
ness, on non-decidability, on representability, etc. The paper in question
has become a basis for investigating omega models for arithmetic.

The line of research based on Godel’s discovery ran close to another
line of research, namely that concerning the logical hierarchy of mathema-
tical notions. Mostowski’s investigations in this respect were undoubtedly
rooted in the set-theoretical studies of the Warsaw set-theoretical and to-
pological school, whose main representatives were Sierpiniski and Kura-
towski. In those studies considerable space was devoted to the estimation
of the Borel class or projection class of given sets. The assessment was of
logical nature, for it had early been noticed that to the operation of pro-
jection corresponds a strictly logical operation of the existential quantifier.
On the basis of this analogy Mostowski had constructed, during the war,
a hierarchy of arithmetical notions commonly known today as the Kleene—
Mostowski hierarchy and consisting in increasing the number of quanti-
fiers in a definition. Because of the circumstances due to the war, paper [13]}
was only published in 1947 in F. M., later than Kleene’s paper on the
same subject. It is regarded, however, as one of the most important of
Moestowski’s discoveries. His mathematical turn of mind made him seek
a place in his hierarchy for purely mathematical notions. Investigations of
this kind are to be found in papers [21] and [48]. Particularly the latter,
published in 1955 in F. M., is an interesting and, in a sense, a historical
event. Namely, it shows that the notion.of the limit of a sequence in whose
definition there occur three quantifiers, the universal one, the existential
one and the universal one again, cannot be simplified.. All three quantifiers
are indispensable: the notion is of class J/73. Both in the proofs of undeci-
dability and in the hierarchy Mostowski always searched for theorems and
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notions whose intuitive content was purely mathematical. He always asked:
what are the natural arithmetical notions having more than three numer-
ical quantifiers? or, what natural mathematical notion is further in logical
hierarchy than the notion of well-ordering?

Studies of the types of models were an application of notions from lo-
gical hierarchy. The strict concept of model having been made precise
thanks to the work of Tarski, the question arose how simple the models
for given mathematical theories can be. Lindenbaum’s method of com-
pleting a theory led to an easy conclusion that every theory has a model
of the type IT9 n 9. It was not certain, however, whether there existed
simpler models, particularly recursively enumerable ones. The solution
of this problem is the subject of papers [4]1] and [47], in which it is shown
that set theory suitably formulated (in the second of the two papers in the
form of one sentence, i.e. with a finite system of axioms) is a theory without
recursively enumerable models. The proof was later considerably simplified
by Rabin.

A little apart from Mostowski’s other activities is his research in com-
putable analysis. Computable analysis attempts to reduce all notions of
classical analysis to computable notions. In such reduction, however, many
definitions that are equivalent on classical grounds turn out to be non-
equivalent in the computable sense. Thus, for instance, though for real
numbers different method of recursive approximations are equivalent to
one another, they cease to be equivalent for sequences of real numbers,
as Mostowski points out in [60]. Mostowski’s interest in the above field
of study belongs to the early period of his activities; it gave way later to
other interests. However, the achievements in this field are fundamental;
they are, so to speak, classical, although nowadays sometimes obtained
in a simpler way.
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The investigations of Andrzej Mostowski in the foundations
of set theory

(Translated into English by Z. Adamowicz)

In investigating the foundations of set theory, it was on two out of the
many possible problems that Mostowski concentrated his attention. They
were the systems of axioms of set theory and the logical relations between
various sentences derivable from those systems. Within the range of systems
of set theory which are now more or less universally accepted Mostowski’s
work concermed two essential types of theories: (a) the Zermelo-Fraenkel
theories (cumulative theories of types) with or without individuals, (b) se~
cond order theories of the Gédel-Bernays type and of the Kelley-Morse
type.

It is a characteristic feature of Mostowski’s work that he bases mathe-
matical constructions on a suitably chosen and strictly formulated set
theory. This form of “logicism” was obvious in his various papers, from
the earliest to the very last. Indeed, investigations into the foundations of
set theory were conducted by Mostowski more or less continually. Traces
of his interest in those problems are discernible in papers written at various
stages of his scientific activity.

Mostowski’s doctoral dissertation [2] was devoted to various forms
of the definition of infinity (of an infinite set). It is characteristic for the
period in which the dissertation was written that the independence of
various definitions of finiteness was proved by Mostowski with respect to
a system of the theory of types. Indeed, at that time—in the thirties—a ge-
nerally assumed or at least acceptable, system of set theory did not yet
exist. The Zermelo-Fraenkel system was fully formed but not yet in gener-
al use and the Godel-Bernays system did not exist, The dissertation con-
tains also consideration regarding individuals.

The set theory with individuals known today as the Fraenkel-Mostowski
system was formulated by Mostowski in [6]; for although it was Fraenkel
who had given in 1922 the main ideas of the proof that the axiom of choice



XXVIII W.GUZICK!I and W.MAREK

is independent of the axioms of set theory, the task of developing those
ideas into a form acceptable to mathematicians was completed later by
Mostowski.

In Mostowski’s investigations a particular role is played by the problem
of the independence of the axiom of choice of other set-theoretical axioms
and the problem of the independence of various forms of the axiom of
choice.

Paper [6], published in 1939 (at the same time as Bernays’s paper on
the predicative theory of classes) contains a system of axioms of set theory
with individuals and a definition of a permutational model. The general
idea is that the axioms of set theory do not single out any atoms from among
other atoms. Consequently a permutation of the set of atoms (Mostowski
always assumed atoms to form a set) extends to an automorphism of the
whole universe. Mostowski then considered a certain group G of permuta-
‘tions of the set of atoms A4 and a certain ideal 7 of subsets of 4 (in general
it was the ideal of finite subsets of 4, though in [15] it was the ideal of
countable subsets of an uncountable set of atoms). A set x was called
symmetric if there existed a set E e[ such that the permutations from G
that did not move the elements of E preserved x. The set E was then
called the support of the set x. Hereditarily symmetric sets formed an
internal model for set theory. In [6] Mostowski proved that the axiom
of choice is indeed stronger from the sentence stating that every set can
be linearly ordered. The model used for the proof had been obtained from
a model with a countable set of atoms ordered into type % with the use of
the group of permutations of 4 preserving the order and the ideal of finite
subsets of 4. The most important step in the proof was the so-called
lemma on the minimal support: every set belonging to the model has
a minimal support. An analogous lemma proved for other models was
later repeatedly applied by Mostowski’s followers to ‘other results of inde-
pendence.

For a complete solution of the problem of independence of the axiom
of choice from the remaining axioms of set theory mathematicians had to
wait until 1963, i.e. until Cohen’s results.

Immediately after the war Mostowski published paper [10}, which was
his “habilitation” thesis. He inaugurated with it the study of the dependence
of various forms of the axiom of choice for finite sets. By [#] Mostowski
denoted the sentence “every family of n-element sets has a function of
choice”, If Z was a finite set of natural numbers, then by [Z] Mostowski
denoted the conjunction of sentences [n] for n € Z. The question conside-



INVESTIGATIONS IN THE FOUNDATIONS OF SET THEORY XXIX

red in the paper was as follows: when is it possible to prove in set theory
the implication [Z] — [n]? Mostowski formulated certain sufficient con-
ditions and certain necessary conditions, but he did not succeed in proving
that the sufficient condition which he had formulated was also necessary.
The problem was ultimately solved in the Jlate sixties by R. Gauntt and
J. Truss, i.e. after Cohen’s discovery of the method of forcing. The most
important feature of Mostowski’s work was the application of group theory
in the proof. Namely, Mostowski shows that certain group-theoretical
assumptions can serve for the proof of the implication [Z] — [n] and that
from this implication follow facts concerning the existence of certain groups.
The ultimate solution of the problem is as follows: in order that [Z] — [r]
it is necessary and sufficient that for every subgroup of G = S, without

fixed points there should exist a subgroup H = G and a sequence H,, ..., H,
K

of subgroups of H such that Z [H:HleZ.

i=1
The idea of the proof arises from the fact that the non-existence of certain
groups of permutations permits the construction of a choice set while the
existence of such groups permits the construction of a permutational model.
It is worth stressing that the condition formulated by Mostowski is effec-
tive—for its verification it suffices to investigate the properties of the sub-
groups of a finite group, namely of S,. Consequently the existential problem
“does there exist in set theory a proof of the implication [Z] — [1]?” is
decidable. Mostowski’s paper did not solve the problem completely, but
aroused considerable interest in permutational models. It is interesting to.
note that the discovery of forcing, which has stimulate the interest of math-
ematicians in set theory, has also contributed to a renewal of investigations
of permutatiopal models. Generic models applied to the proofs of inde-
pendence have been found to be quite similar to Mostowski’s permutatio-
nal models. The similarity has proved to be considerable, as has been shown
in papers by various authors on the embedding of permutational models
into generic models. It should thus be stated that, in addition to solving
certain specific problems in set theory, Mostowski created a new method,
which has since been applied by numerous followers; what is more, he
created a new field of interest for a large number of mathematicians.
Paper [6] was the last of Mostowski’s results published before the war.
From his reminiscences (Reminiscences of logicians, in: Algebra and logic,
Springer Lecture Notes 450) we know that during the Nazi occupation
Mostowski obtained several results, in particular with regard to the effect
of the axiom of constructibility upon the properties of the projective hie-
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rarchy (the manuscripts were bumt during the Warsaw Uprising and Mos-
towski never published them). After the war Mostowski, having published
[10] and [15), apparently abandoned the foundations of set theory for re-
cursion theory. However, in the year 1949 he published paper [20], in which
under stronger assumptions he gave a nondecidable arithmetical sentence
different from Godel’s. The paper contains a proof of what is commonly
called the Mostowski contraction lemma. It concerns the fact that every
well-founded and extensional relation is isomorphic with the membership
relation on a suitable transitive set. The importance of this fact cannot be
overestimated: it belongs to the basic results of the foundations of set theory
and is extremely useful in present-day research.

In 1951, Mostowski [27] investigated the relations between the Zerme-
lo-Fraenkel set theory and the Godel-Bernays theory of classes, disco-
vering interesting sentences unprovable on the grounds of the latter theory.
In particular, he showed the unprovability—within the Gédel-Bemays
theory—of the so-called Z'{-schema of existence of classes and the induction
schema for non-predicative formulas, and also discussed the properties
of the satisfaction class for the class of all sets. The paper demonstrated
the restrictions of the power of the Gddel-Bernays theory and, in this
way, prepared the ground for the development of the rion-predicative theory
of classes.

The crisis which affected the foundations of set theory in the fifties is
also evident in the bibliography of Professor Mostowski’s papers. Papers
which appeared at that time are remote from the problems of the founda-
tions of set theory, only a few short ones were connected with that field.

P. J. Cohen’s results of 1963 caused an increased interest in the founda-
tions of set theory and at the same time accelerated the “mathematization”
of the whole discipline. Almost simultaneously, Scott’s results concerning
the incompatibility of the existence of measurable cardinals with the axiom
of constructibility increased the interest in combinatorial set theory and
in its connections with the foundations of set theory.

Investigations of forcing (i.e. Cohen’s method) Mostowski pursued con-
tinually to the last days of his life. He devoted four publications to this
subject [91], [97], [100], [112]. The fullest presentation of the theory of
constructible sets (together with the whole theory of relative constructi-
bility) can be found in the monograph entitled Constructible sets with appli-
cations [100]. The monograph, which was preceded by the investigation
published in [88] and [91], contains an exposition of a unified theory com-
prising- G6del’s theory of constructible sets with its subsequent modifica-
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tions. Moreover, it gives the fullest existing exposition of the theory of
forcing. An interesting feature of [100] is the adoption, as a metatheory,
of the non-predicative theory of classes (called the Kelley-Morse theory).
This theory has been known since the research of Hao-Wang, but for
unknown reasons has not been worked upon further (motives for investi-
gating it can be found in the introduction to [113]). The applications of
the non-predicative theory of classes in [100] drew attention to that interes-
ting domain. Also in Mostowski’s work we can find results concerning
that theory [113}, [116]. He inaugurated investigations of the non-predica-
tive theory of classes, which were then continued by his students (e.g. [109]).
They were motivated by Mostowski’s results of [27), which we have dis-
cussed above.

An important contribution to the study of forcing was made by Mos-
towski in paper [112]. It referred to his other investigations, in particular
to those concerning generalizations of the model theory and their applica-
tions to the investigations of models of second order arithmetic. This gene-
ralization, called the method of generalized quantifiers, has proved to be
close to the so-called “omitting types technique” and to forcing. In parti-
cular, models obtained by forcing have proved to be a particular case of
models obtained by a certain generalized quantifier.

A search for a deeply motivated system of axioms of set theory and
a desire to learn the power of such a system were the essential motives of
Mostowski’s research in the foundations of set theory and the results which
he obtained were of enormous importance for the rise and development
of that domain.
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The work of Andrzej Mostowski in model theory

(Translated into English by Z. Adamowicz)

The main field of Andrzej Mostowski’s research were the foundations
of mathematics. He regarded model theory basically as a tool for other
investigations in the foundations of mathematics and did not rate its own
cognitive value very highly. Nevertheless, his work had a considerable
influence on the development of model theory, and the notions and methods
which he introduced have gained a permanent place in textbooks and mon-
ographs. To begin with, we should mention the theory of indiscernible
elements, created jointly with Andrzej Ehrenfeucht, the theory of products,
and generalized quantifiers. The theory of indiscernible elements has pro-
vided one of the most attractive and most frequently used methods of
constructing models. It has found numerous applications in model theory
itself and also in other branches of the foundations of mathematics. With-
out the notion of indiscernible elements it would have been impossible
to obtain many important results. The paper on generalized quantifiers
contributed greatly to the formation of abstract model theory—the so-
called “soft model theory”.

Mostowski published the results of his investigations in model theory
in seven papers. They will be discussed here in chronological order with
the exception of the paper on the generalization of Craig’s interpolation
theorem, which is closely connected with the much earlier paper on gene-
ralized quantifiers and Will be dealt with next to it.

The paper On direct products of theories [33], published in 1952, begins
with the statement that it concerns decidability questions. Nevertheless
the paper should be assigned to model theory, mainly because it was in
model theory that the methods worked out in it were later elaborated and
applied. Mostowski dealt in it with the operations of direct power and of
the finite product of relational structures. He was interested in the question
whether the elementary properties of the power 2 can be described in the
case where the elementary properties of the structure U and the cardinality
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of I are known; similarly, he inquired whether the elementary properties of
the direct product A, x AU, x ... x ¥, of relational structures can be ex-
pressed by means of elementary properties of the factors. The answer to
both questions is positive. Mostowski found an effective procedure for
reducing the question about the truth of a sentence in a direct product to
the question about the truth of certain sentences in the factors of that
product.

The existence of such a procedure has several important consequences.
First of all, it implies that the direct product and the direct power are ele-
mentary operations, which means that elementary properties of the product
depend only on elementary properties of the factors. In other words, po-
wers and products of elementarily equivalent structures are elementarily
equivalent, which is not necessarily true for other algebraical constructions.
Another consequence of the existence of the above-mentioned procedure
is the possibility of reducing the question about the decidability of the
theory of a product to the questions about the decidability of the theories
of the factors. In particular, the theory of a direct product of structures
whose theories are decidable is decidable.

Mostowski’s method of reducing the question about the truth of
a sentence in a product to a similar question for factors was soon
extended in a paper by R. L. Vaught [V1] and then in one by S. Feferman
and R. L. Vaught [FV]. They introduced the notion of a generalized pro-
duct, which comprised several operations known before, including the
direct product, not necessarily finite. For the operation of the generalized
product they defined the notion of “acceptable sequence”. This notion
was a generalization of Mostowski’s reduction procedure. Finally, in 1965,
F. Galvin, basing himself on the same reduction principle, defined autono-
mous systems. With their aid he obtained many interesting new results
concerning Horn sentences and invariant sentences with respect to the
operations of the direct product and the reduced product. The results of
S. Feferman, R. L. Vaught and F. Galvin were further generalized. [W],
[WW], [CK] and repeatedly applied, e.g. in investigating the saturation of
reduced products and limit reduced powers [S1], [P].

At the time of the appearance of Ehrenfeucht’s and Mostowski’s paper
on automorphisms [54] investigations in model theory were concentrated
on the characterization of sentences invariant with respect to various ope-
rations. The paper in question was very remote from those problems and
probably no one guessed how great its future role would be.

The most important notion introduced in the paper is the notion of
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sets of indiscernible elements. Let ? be an arbitrary relational structure
and let X be an arbitrary subset of the universe of the structure 2 linearly
ordered by the relation<. The set X is a set of elements indiscernible in
U if, for any formula (v, ..., v,_,) of the language of the structure A
and for any two increasing sequences (Xg, ..., Xoe1)s (Yo, -oe» Vu—1) Of
elements of the set X, A= plxo, ..., xo_ 1 iff =@y, ..., ¥o_1]. In other
words, a linearly ordered set X included in the universe of the structure U
is the set of elements indiscernible in  if all increasing sequences of ele-
ments of X having the same length have the same elementary properties.
The most frequently quoted result of Mostowski and Ehrenfeucht is the
theorem stating that every elementary theory which has at least one infinite
model has models with arbitrarily large sets of indiscernible elements. More
precisely, if a theory T has infinite models and {X, <) is an arbitrary line-
arly ordered set, then there exists a model U of T containing X in which
{X, <> is a set of indiscernible elements. Another important notion first
used in Ehrenfeucht’s and Mostowski’s paper is the notion of a model gener-
ated by indiscernible elements. A relational structure 2 is generated by a
set X if every element of the structure 2l is the value of a certain term with
parameters from X.

The main problem investigated by Ehrenfeucht and Mostowski was
that of the existence of models with a “large” group of automorphisms.
The authors succeeded in solving it completely. The full answer is con-
tained in Theorems 4.3 and 5.7 and in the example preceding the formu-
lation of Theorem 5.7. The example shows that the groups of automorph-
isms of complicated theories cannot be quite arbitrary. Namely, if the
theory is sufficiently rich, then the group of automorphisms of any of its
models is isomorphic with the group of automorphisms of a certain line-
arly ordered set. It follows hence that considerations should be restricted
to groups of automorphisms of linearly ordered sets. For such groups the
answer is positive, which means that for any linearly ordered set (X, <)
and for any theory having infinite models there is a model whose group of
automorphisms contains the group of automorphisms of the set (X, <).
The structure in which (X, <) is a set of indiscernible elements is such
a model. It was found later that the restriction on the group of automorph-
isms is connected with the non-stability of the theory (M. Morley [M],
J. T. Baldwin, A. H. Lachlan [BL]).

The Ehrenfeucht-Mostowski theorem had a large number of applications.
Obviously it is impossible to mention all of them here even by name. We
shall restrict ourselves to a few of the most important and most typical ones.
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In Morley’s proof of Lo$’s hypothesis about categoricity [M] an impor-
tant step was the demonstration that there is a large model which realizes
a small number of elementary types. The construction of such a model con-
sisted in an application of sets of indiscernible elements. Incidentally, this
is the only known method of building large models realizing a small number
of elementary types.

Among the trends which have recently been developing in a particularly
dynamic way we find investigations of stability. Sets of indiscernible ele-
ments [S2] are the main tool of such investigations. At the European Sum-
mer Meeting of the Association for Symbolic Logic at Clermont-Ferrand
in 1975 S. Shelach gave an exhaustive lecture on the modern investigations
of stability and devoted a considerable part of his lecture to the generali-
zations and applications of the notion of sets of indiscernible elements.

It should be added that sets of indiscernible elements have been used
in model theory to construct models of large cardinality for infinitary lan-
guages [K1]; it had been impossible to do that by the means used for this
purpose in classical model theory.

Sets of indiscernible elements have also played an important role outside
model theory, especially in problems connected with large cardinals. One
of the possible definitions of a Ramsey cardinal can be given in terms of
indiscernible elements: m is a Ramsey cardinal if every relational structure
of cardinality m and of a countable similarity type contains a set of car-
dinality m of indiscernible elements. This definition of a Ramsey cardinal
is particularly useful in cases where the apparatus of model theory is used;
it was applied in the beautiful proof of Silver’s theorem [S] stating that the
existence of a Ramsey cardinal implies the existence of O*.

Mostowski’s paper on generalized quantifiers was precursory. He was
the first to introduce an extension of the elementary logic weaker than
higher order logics. Subsequently, many such extensions were defined.
Their investigation is now one of the main topics in model theory.

It is a serious defect of the first order language that there are quite
a number of important mathematical notions and objects which cannot be
described with its aid. On the other hand, higher order logics are extre-
mely difficult to investigate. This is because in those logics we use the no-
tions of set and membership and thus get involved in all the difficulties
connected with their definition and axiomatization. Hence higher order
logics cannot be complete in any sense.

One of the most important suggestions for strengthening the first order
logic is contained in Mostowski’s paper on generalized quantifiers. Let T
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be a function with values in the set {0, 1} defined on pairs of cardinal
numbers. To every such function Mostowski adjoins the quantifier Qy.
It ¢ is a formula (for simplicity let it have one free variable) and 2 is a re-
lational structure, then the formula Qrxg is satisfied in A (UEQrx¢)
if (*) T(¢%, | 1¢¥) = 1. The above definition generalizes the classical
notion of quantifier. Namely, if T(m,n) = 1 exactly when tt > 1, then
Qg7 1s the existential quantifier. Similarly the function T for which T(m, n)
= 1if n = 0 describes the universal quantifier. Investigations of generalized
quantifiers have concentrated on quantifiers denoted by the symbols Q,
and Q.. If o is an ordinal number, then the quantifier Q, is described by
a function T, such that T,(m, n) = | iff m > N,. The quantifier 0., called
the Chang quantifier, is determined by the function 7, which satisfies the
condition T.(m, 11) = 1 « m+1 = m. The symbol L, denotes the first
order language enriched by the quantifier Q.

The above definition of a generalized quantifier and of the quantifiers
Q. comes from the already mentioned paper by Mostowski. He examined
in it the basic properties of generalized quantifiers. Undoubtedly the most
interesting result is the theorem stating that the logic Ly, cannot be axio-
matized by a recursively enumerable set of axioms. The idea of the proof
is based on the fact that in the logic Lg, it is possible to give a categoricat
description of the standard model of the arithmetic. The theorem on non-
axiomatizability remains true even for the set of sentences true in all coun-
table structures.

It should be observed that Mostowski, in his comment on the theorem
on non-axiomatizability, expressed the wview that the non-existence of an
effective set of rules of inference and axioms for a logic is not a sufficient
argument for the rejection of that logic. In those days the tradition of the
Hilbert school was still very strong; consequently Mostowski’s opinion
could give rise to a serious controversy. In accordance with the above meth-
odological standpoint, Mostowski later introduced the operation of f-con-
sequence in second order arithmetic. Non-effective and infinitistic methods
are now commonly used in model theory and the traditional concepts of
a language and a deductive system have lost their former importance.

The paper on quantifiers contained another theorem worth mentioning,
namely the theorem stating that if the first order language is enriched by
a generalized quantifier which is not definable by means of classical quanti-
fiers, then the Lowenheim-Skolem~Tarski theorem no longer holds. Ten

M) U ={aec¥U; ‘lI]Zq)[a]}.
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years later P. Lindstrom [L2] strengthened this theorem and obtained a very
interesting characterization of the first order logic. In spite of the fact that
the full version of the Ldwenheim-Skolem-Tarski theorem is false for
logics with generalized quantifiers, Mostowski proved that every relational
structure contains—elementarily in the sense of Lo,—a countable structure.
He also showed that for countable structures there exists only one non-
trivial generalized quantifier.

The above paper by Mostowski left several open problems, which were
subsequently studied by numerous logicians. Among them were G. Fuhrken
[F] and A. Slomson [S1}, who studied the compactness of languages with
additional quantifiers. G. Fuhrken connected this question with the inves-
tigations of two-cardinal models and m-like models. It is well known now
that, in contradistinction to Lg,, the languages Lo, and Lo, can be axio-
matized. This was proved by R. L. Vaught for Ly, [V2] and by H. J. Keisler
for Ly, [K2). H. J. Keisler gave also a finite system of axioms for Lg,.
For L, partial results of this type were obtained by Y. Yasuhara [Y] and
A. Slomson [S1].

To languages with additional quantifiers Mostowski returned in his last
paper in model theory [96]. He considered in it the question whether for cer-
tain extensions of the first order logic the Craig interpolationlemma and the
Beth definability theorem are true. He showed that for a logic with additional
quantifiers the interpolation lemma is false and that for Ly, the definability
theorem is false. These results were later extended by M. Yasuhara [Y],
L. Lipner [L] and H. Friedman [F]. It should be emphasized that the
class of languages studied in the paper in question was very extensive.
Mostowski formulated the necessary conditions for the interpolation lem-
ma to be true in a logic from that class. Investigations, conducted by nu-
merous scholars, into the properties of various logics led at the beginning
of the present decade to the rise of a new field of research called “soft model
theory”. Mostowski’s paper on the Craig interpolation theorem can be
considered as the first paper in this field.

Two of Mostowski’s papers are devoted to the study of the topological
space of all countable relational structures. In one of those papers, written
jointly with Ehrenfeucht [78], there was built a compact space of countable
models which is universal, in the sense that every countable model is iso-
morphic with a model in that space. In the second paper [82] Mostowski
studied classes of countable models for which there exists a universal com-
pact space. He showed that if for a class K there exists a compact universal
space, then the class of infinite submodels of elements of K is a class of
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type -UC, and if K e EC or K € PC, then K possesses a compact universal
space.

In addition to the papers discussed above, Mostowski wrote a few more
papers closely connected with model theory. Here belong the papers in
which he constructed a system of axioms [36] and then a single sentence
[47] without a recursively enumerable model. In another paper [22], Mos-
towski, in collaboration with Tarski, gave a description of elementary
types of well-orderings.

It is a characteristic feature of Mostowski’s work in model theory that
his papers are not devoted to solving problems. None of those papers is
a direct continuation of investigations initiated by other mathematicians.
He himself inspired new investigations and laid out the main lines of their
development. He had a perfect sense of what was significant. His publica-
tions always left open a great many serious problems, which were sub-
sequently worked upon by numerous mathematicians. The knowledge of
some of Mostowski’s results is now fundamental for the study of model
theory.
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Foreword

In the summer of 1964 I delivered in the Summer School in Vaasa,
Finland, a series of lectures on the development of mathematical
logic and of the study of foundations of mathematics in the years
1930 —1964. The subject was suggested to me by the Rector of the
School, Professor Oiva Ketonen.

When preparing these lectures I had to evaluate critically the
period to which my whole scientific activity belongs. As this retro-
spection turned out to be an exciting mental experiment I accepted
with gratitude the proposal of Professors Ketonen, Hintikka and
von Wright to work out my lectures and to publish them in the series
Acta Philosophica Fennica.

A review like the present one can be neither entirely impartial
nor entirely complete. The choice of the subjects which one wants
to take up thus presents considerable difficulties. Further difficulties
arise when one tries to give a concise characterisation of various
discoveries and of their mutual relations. The task becomes still
incomparably more difficult when one has to express oneself in a
foreign language. Only after the completion of the work does one
see how far it falls short of the image one had in mind when one
started it. If in spite of the difficulties I have decided to publish
the lectures, I did it in the hope that they may convey to the (rare)
reader some of the enthusiasm with which I witnessed the creation
of theories reported on in the following pages.



Introduction

Our aim in these lectures is to sketch the development of mathemat-
ical logic and of the study of foundations of mathematics in the
years 1930 —1964. It will not be possible to enter into the details
of all the theories that have been created during this period; we
shall, rather, content ourselves with brief indications of their con-
tents and of their applications. Thus the presentation will of ne-
cessity be somewhat superficial. We believe, however, that it may
nevertheless have some interest as it covers a wide field and thus
enables one to see the work done in the last few decades in a wide
perspective,

It is customary to distinguish three major movements in the
philosophy of mathematics: the intuitionism of Brouwer, the logicism
of Frege and Russell and the formalism of Hilbert. The first of them
views mathematics in isolation from other branches of science and
insists on restricting the notions and methods used in mathematics
to the most elementary and intuitive ones. For these reasons, few
mathematicians have joined the intuitionistic school. The logicism
of Frege and Russell tries to reduce mathematics to logic. This
seemed to be an excellent program, but when it was put into effect,
it turned out that there is simply no logic strong enough to en-
compass the whole of mathematics. Thus what remained from this
program is a reduction of mathematics to set theory. This can hardly
be said to be a satisfactory solution of the problem of foundations
of mathematics since among all mathematical theories it is just the
theory of sets that requires clarification more than any other.
Finally, the formalism of Hilbert sets up a program which requires,
first that the whole of mathematics be axiomatised and, secondly,
that these axiomatic theories be then proved consistent by using
very simple combinatorial arguments. As it has turned out, this
program is not realizable; and even if it were, it would hardly satisfy
philosophically minded mathematicians because of the inevitable
arbitrariness of the axioms.
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The philosophical aims of the three schools have thus not been
achieved, and it seems to us that we are no nearer to a complete
understanding of mathematics than the founders of these schools.
In spite of this, it cannot be denied that the activity of these schools
has brought about a great number of important new insights and
discoveries which have deepened our knowledge of mathematics
and its relation to logic. As it often happens, these by-products
have turned out to be more important than the original aims
of the founders of the three schools. It will be our aim to study
these results so as to obtain a picture of how the philosophical prog-
rams of the three major schools have influenced the formal develop-
ment of logic and of the foundational study. We will see that the
contribution of ¢ach of them has been great and that none of them
could exist without the others.

The three schools underwent great changes during the years 1930
—1960. Especially striking has been the development of meta-
mathematics which originally aimed at a proof of consistency as
envisaged by Hilbert but which has later developed into a much
more ambitious theory. The most important results of meta-mathe-
matics have their origin in certain studies started in the early thirties.
It is true that these results have discredited in part the philosophical
program of the formalist school, but it is also true that the meta-
mathematical discoveries have revolutionised our knowledge of
mathematics and of formal logic.

Intuitionism has not changed its basic philosophy but has begun
to change its formal side. Formulae, which were previously banned
altogether, have replaced in part the complicated and often incom-
prehensible verbal expressions used in older publications. In -this
way intuitionistic theories, which were previously known almost
exclusively in the narrow circle of the followers of Brouwer, became
intelligible to other philosophers and mathematicians, to a great
benefit of both sides. There also appeared other theories not directly
connected with intuitionism but sharing with it the tendency to
restrict mathematical notions to very simple ones. Collectively, these
theories are known as the constructivistic trend in the modern
philosophy of mathematics. Intuitionism in the proper sense of the
word is probably the most interesting of these constructivistic
theories.

Logicism, which dominated foundational studies in the years
prior to 1930, did not create essentially new conceptions after 1930.
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There were scholars, e.g. Le$niewski, who worked essentially along
the lines of the old program of the logicists, but their influence has
been small. The program of logicism nevertheless survived in the
guise of set-theoretical conceptions. This is only natural if we reflect
that type theory and other similar systems to which the logicists
tried to reduce mathematics were essentially axiomatic systems of
the abstract theory of sets.

Thus we shall have to account for the contributions of the follow-
ing three main schools of thought: the constructivistic, the meta-
mathematical and the set-theoretical. In the early thirties ap-
peared three publications which can be taken to be representative
of these three schools and which greatly influenced their further
development. These were the well-known works by Heyting [80],
Godel [54} and Tarski [222]. We shall begin our exposition by
discussing these papers aird certain other works which immediately
depend on them.



Lecture I
Formalization of the intuitionistic logic

Intuitionism as invented by Brouwer rests on several general
principles, only some of which are relevant to intuitionistic logic.
Very important but not relevant to our immediate purpose is the
assumption that general set-theoretical notions are not to be admitted
into mathematics and that all mathematics is to be reduced to the
arithmetic of integers and to a very special intuitionistic theory
of the continuum. Another no less important assumption which is
very relevant to intuitionistic logic is the intuitionistic contention
that logic does not precede mathematics but is a result of the mathe-
matical activity. A law of logic is, according to this thesis, a form
of deduction which has been accepted by mathematicians; before
mathematicians have used deductions of this form there was no
reason to accept it as a law of logic. Finally, a third thesis prescribes
certain forms of reasoning which according to intuitionists are the
only ones to be admitted into mathematics. Mathematicians, so says
the thesis, can only perform certain (mental) constructions; a mathe-
matical theorem is but a report on these constructions.

In order to make this point clearer let us consider the following
situation. Suppose that a mathematician tries to prove the existence
of an object with some prescribed properties. In order to do this he
performs certain constructions, and if he succeeds in obtaining in
this way an object with the requisite properties, then he has proved
an intuitionistically admissible existential statement. Let us now
suppose that our mathematician has failed to construct directly an
object as required, but that he can derive a contradiction from the
assumption that there are no objects with the requisite properties.
A classical logician would still say that an existential statement
has been proved by our mathematician, but an intuitionist would
deny this. According to the intuitionistic conception, the proof of
impossibility which was carried out by our mathematician is a
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construction showing the impossibility of proving the general state-
ment: “Every x is deprived of the properties in question™; it is not
a construction of an object satisfying these properties. Hence the
negation of a general statement is not equivalent to an existential
statement. We see from this example that the identification of a
mathematical theorem with a construction leads us to reject certain
laws of classical logic. As it happens, the formulae which are accepted
by intuitionists are true under the classical interpretation; thus in-
tuitionistic logic is a proper part of classical logic.

Heyting [80] was the first to undertake a formalization of in-
tuitionistic logic. He divided his system into two parts, one dealing
with propositional logic and the other with the logic of quantifica-
tion. We shall present here the propositional logic of Heyting’s in
a slightly modified form.

The primitive notions of this system are: alternation (denoted
by v), conjunction (denoted by A), implication (denoted by —) and
the constant F denoting a false sentence. The axioms for alternation
and conjunction are the same as in classical logic:

A p>@ve, ¢-@Vvye, @->n->{@->n->pve->rl}
K) @0agQ—>p, (PAQ >q (r>p)>{T >9)>[r>@ArQI}

The axioms for the connective — and for the constant F constitute
only a part of the corresponding classical axioms:

M >G>~ —>9 @0l p->@G-p)
(F) F > p.

The only rule of inference is the classical modus ponens. The
equivalence p = ¢ is defined as (p - ¢) A (¢ = p) and the negation
-pasp—>F.

The system characterized by the axioms (I) is known as positive
implicational logic; the axioms (A), (K), (I) characterize the full
positive logic. Not all classically true formulae which involve only
the connective — are derivable from (I); they are derivable from (I)
together with the axiom known as Peirce’s law:

P [(p > q) ->p] > p.
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The axioms (A), (K), (1), (F), (P) are sufficient for the derivation
of all classically true propositional formulae. Indeed, by substituting
F for ¢q in (P) we obtain the formula

(@) (=p—>p) >p

From (I) we can derive easily the formula p - [(p - ¢q) — ¢]
which upon substitution ¢ = F gives us p - (= p - F),whence
according to (F)

(i) p=>(=p-—>9.

Finally, the law of syllogism

(iii) P—->9->lg—>n—>@->n]

is easily derivabple from (I). Thus all the axioms of the well known
system of Lukasiewicz are derivable from (I), (F), and (P). Since the
formulae (pvg)=(-p—=>¢q), (PAg= ~(p > —q) are easily
derivable from (A), (K), and the classical laws for — and -, we
see that (A), (K), (I), (F), (P) are indeed sufficient for the derivation
of all the laws of the classical propositional logic.

Peirce’s law (P) is far from being intuitively obvious. The intui-
tionistic axioms (A), (K), (I), (F) are, on the contrary, very clear
and intuitive. We conclude that the intuitionistic logic is simpler
and more natural than the classical one.

In order to obtain the logic of quantifiers from the propositional
logic we proceed exactly as in the classical case: we add the axioms

Q) N\ Fx - Fy, Fy—»V Fx
x x
and the following rules of proof:

A - Fz Fx > A
A > AFzx V Fzx - A
X T

where A is a formula which does not contain z as a free variable.

The above method of formalizing intuitionistic logic does not
differ essentially from the one proposed by Heyting. There are other
ways, perhaps more elegant ones, of formalizing this logic, e.g. the
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very simple method of Gentzen [50]; we shall not, however, enter
into the details of these other methods.

Several important meta-mathematical theorems about the formal-
ized intuitionistic logic were discovered soon after Heyting published
his paper. The most interesting one was the discovery made by
Godel [56], based in part on some earlier results of Glivenko [52],
that the classical logic can be interpreted in the intuitionistic one,
Godel defined new connectives ~, -, ., @ by means of the equations
~p=-p P q=pAg pt+ag=~(~p - ~q, pRqg=
~ (p + ~¢), and showed that if we replace in any formula the connec-
tives -, A, v, - by ~, ., 4+, >, then all the classically true for-
mulae will go over into intuitionistically provable formulae, whereas
formulae which are not classically true go over into formulae which
are not intuitionistically provable. In order to obtain an analogous
result for the logic of quantifiers we may interpret the existential
quantifier as =~ A - and leave the general quantifier unchanged.

x
In this way Godel proved that the classical logic is faithfully repre-
sentable in the intuitionistic logic. Of course the intuitionistic logic
is identically interpretable in the classical logic, but this identical
interpretation is not a faithful one.

Godel showed that the.same relationship exists between certain
axiomatic theories based on the classical and the intuitionistic logic.
Thus e.g. Peano’s arithmetic based on the classical logic is inter-
pretable in Peano’s arithmetic based on the intuitionistic logic.
This theorem gives us an intuitionistic consistency proof for Peano’s
arithmetic based on the classical logic. It is remarkable that this
proof should turn out to be so easy while no strictly finitistic con-
sistency proof exists. Peano’s arithmetic based on the intuitionistic
logic contains thus many non-finitistic elements.

Much effort was devoted by logicians and mathematicians to
attempts to obtain a classical interpretation of the intuitionistic
logic. Results in this direction evidently do not interest intuitionists
who do not have to interpret their own logic in the classical system,
which is unintelligible to them. For people who adhere to classical
logic an interpretation is the only method which allows them to
understand intuitionistic logic.

A very interesting interpretation was given by Kolmogorov, who
interpreted the intuitionistic logic as the logic of problems. The
connectives -, v, A, — are inferpreted as operations of forming a
new problem out of given ones. E.g. the implication p — ¢ is the
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problem which consists of reducing the problem ¢ to the problem p.
Intuitionistic identities built up by means of the connectives and the
variables p, q, r, . . . will then represent schemata of problems which
admit solutions independently of the particular choice of p, ¢, r, . ..
This interpretation is well in keeping with the intuitionistic concep-
tion that a mathematical theorem is always identical with a (theoret-
ical) construction.

More influential than this interpretation was another one devised
by Tarski [225]. A very similar conception was also published about
the same time by Stone [218].

A close connection between the classical propositional calculus
and the calculus of classes had been known since the time of Boole.
The parallelism between these calculi is best seen when one uses
the same symbols for propositional connectives and for operations
on sets; we have then e.g. the equivalences [r ¢ (X v Y)] = [(x € X)
v(izeY), (xe - X)= — (xeX), efc. To each propositional
formula we can then associate a Boolean polynomial simply by
interpreting the propositional variables as set-variables ranging over
all the subsets of an arbitrary set V. The classical logical identities
are associated with those polynomials whose value is V independently
of the values given to the variables. This interpretation is no longer
valid for the intuitionistic logic since e.g. the intuitionistically un-
provable formula p v — p is associated with a polynomial whose
value is V for every p. The problem formulated by Tarski was to
find a class G of subsets of V and suitable operations performable
on these subsets such that the following be true: If we correlate with
a propositional formula a polynomial obtained by interpreting the
connectives as these operations on sets and the propositional vari-
ables as arbitrary sets in G we obtain a polynomial identically equal
to V if and only if the formula we started with is intuitionistically
provable. Tarski showed that we can take as V a suitable topological
space, e.g. a Euclidean plane, as G the class of open subsets of V,
and interpret F as the void set and the connectives v, A, — as
union, intersection and as the operation Int [(V — X)U Y],
respectively. Open sets are of course those subsets of V which
together with any point p contain a sufficiently small neighbourhood
of p. Int (A) is the interior of A, i.e. the largest open set contained
in A.

Let us discuss an example of a topological space. Let T be a finite
directed tree, i.e. a set of points called vertices some of which are
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connected by directed edges in such a way that there are no closed
cycles. (For examples of such frees, see diagrams 1 and 2.)

Diagram 1. Diagram 2.

Each tree T of the sort just described has one or more primitive
vertices, i.e. vertices in which no edge ends.!

A neighbourhood of a point p is the set of all points ¢ which can
be connected with p by a path pp’p”...p" = ¢ where the edges
pp’, p'P’s . ., PV p belong to the tree. Thus an open set has the
property that with every point p it contains all points g which can
be connected with p by a path.

The following remark, due in principle to Weyl [244], shows the
intuitive origin of the topological interpretation. Let us consider
sentences of the form z € X where X is a subset of V. Each such
sentence can be either true or false. Let us call it strongly true (or
strougly false) if it remains true (false) for all points.z’ lying suffici-
ently close to x. Thus the sentence x € X is strongly true if z lies
in the interior of X and strongly false if it lies in the interior of

V—X. For anz lying on the boundary of X (i.e.intheset X N V — X
where the bar denotes closure) the sentence is neither strongly true
nor strongly false. All this is in accordance with the intuitionistic
conception of a set according to which a finite amount of information
concerning x should be sufficient to decide whether = belongs or
does not belong to the set. Of course this remark, while indicating
the connection between topology and the intuitionistic logic, does
not by itself suffice to explain the success of Tarski’s construction.

Formally speaking Tarski's result says that open subsets of a
topological space V form a matrix in which all intuitionistically
provable formulae are valid; for a suitable V (e.g. if V is a Euclidean

! Formally speaking, a tree is the graph of a one-many relation R
such that the relation xR%x holds for no x and no integer n.
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plane) this matrix is adequate for the intuitionistic logic. Of course
the general notion of a matrix was known long before Tarski’s work
on the intuitionistic logic; but never before his work had a matrix
with so many elements been actually used nor had any one con-
sidered matrices having the structure of a topological space.

Several later studies of the intuitionistic logic and of other many-
valued systems drew their inspiration from Tarski’s paper.

We add some further remarks on the proof of Tarski's result. In
one direction it is very easy: it is a routine matter to check that the
axioms (A), (K), (1), (F) are valid in matrices consisting of open
subsets of an arbitrary topological space V and that the rule of
modus ponens preserves validily in this matrix. Thus all intuitionistic
theorems are valid in these matrices. It is much more difficult to
show that exactly those formulae are valid in the matrix that are
intuitionistically provable (provided that V satisfies certain condi-
tions). In order to obtain this result Tarski used the following result
of Jaskowski [85]: There exists a denumerable sequence of finite
matrices M, such that a propositional formula A is intuitionistically
provable if and only if it is valid in at least one of these matrices.

It is not difficult to describe Jaskowski’s matrices. Each of them
consists of open subsets of a finite space determined by a tree. The
first matrix corresponds to a tree with but one vertex, and the subse-
quent ones are obtained from the preceeding ones by two operations
which we call 0’ and O”. The operation O’ is simply the operation of
joining trees together (without adding new edges to any of them);
0" consists of joining to each other two trees T';, T, so as to add to
them one vertex which is joined by edges to the primitive vertices
of T, and of T,. This is illustrated by diagram 3.

This clear description of Jaskowski’s matrices is due to Grze-
gorczyk [70]; proofs of Jaskowski’s theorem are contained in Rose
[186] and Scott [197].

Subsequent development brought essential simplifications to

Diagram 3.

AN OO O (ST

T, O'(T,, Ty) O'(Ty, Ty)

1
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Tarski’s original proof; see McKinsey and Tarski [142]. Instead of
Jaskowski’s matrices Tarski used certain other matrices whose ele-
ments are formulae. The idea of using such matrices goes back to
Lindenbaum.

The intuitionistic logic is but one of many non-classical logics.
Several other such “logics’’ were defined first by fukasiewicz and
Post and later by other logicians. Some of them were invented for
purely formal reason, but several others, e.g. modal logic, possess
intrinsic philosophical value. It seems to us that the intuitionistic
logic occupies a privileged position among these systems: it is the
only logic, so far constructed which is actually being used by a
relatively large group of actively working scientists. It is also the
only one which has been extended beyond propositional logic and
the logic of quantifiers and used in the development of certain parts
of mathematics. L.ukasiewicz, who was the first to conceive an idea
of a logic different from the usual one, hoped that one day several
logics will emerge which will actually be used, as are for instance
the non-Euclidean geometries., Most of the non-classical logics in-
vented so far are not being actually used although several of them
are being studied in the meta-mathematical fashion on the basis
of the two-valued logic. It looks as if the intuitionistic logic were the
only one in the case of which Yukasiewicz’s plan has still some
chance of realization. At the same time this logic is based on an
original and internally coherent view of mathematics. These two
circumstances explain the vivid interest which the intuitionistic
logic has raised from the moment it was created.



Lecture Il

The incompleteness of arithmetic

In this lecture we shall be concerned with another important
contribution of the early thirties to the study of the foundations of
mathematics, especially with the so called first incompleteness theo-
rem of Godel [54] which states that the usual axiomatic systems of
arithmetic of integers are incomplete. In order to explain tle, im-
portance of this result we insert some brief historical comments.

Since the publication of the works of Frege and of Russell and
Whitehead logicians believed that each intuitivelv correct deduction
can be reconstructed in the classical logical calculus. It was also
believed that by adding suitable axioms to the logical calculus we
shall be able to construct axiomatic systems in which every intuitive-
ly correct mathematical statement will he provable. If there were
doubts as to how the axioms (e.g. the axioms for set theory) are to he.
chosen, nobody (except the intuitionists) felt the slightest doubt that
the axioms of Peano fully describe the notion of an integer. Hence
it was generally believed that all intuitively correct statements of
arithmetic are formally derivable from these axioms. This belief -
was the basis of the philosophical views of the Hilbert school. The
representatives of this school were convinced that the notion of
truth (the truth of an arithmetical statement) has been defined,
since true statements coincide with statements formally derivable
from the axioms of Peano. They shifted therefore the emphasis
from the problem of defining truth (which was always considered
the central problem of philosophy) to the more formal problem of
establishing the consistency of Peano’s axioms by using very simple
combinatorial arguments. We remark parenthetically that such a
proof, if it existed, would be interesting independently of the question
whether intuitive arithmetic is reducible to Peano’s axioms.

Godel’s discovery showed, first, that the identification of true
formulae with formulae formally derivable from Peano’s axioms is
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untenable. Secondly, he showed that a consistency proof as required
by Hilbert does not exist unless arithmetic is inconsistent, Thus the
whole program of the formalist school was dealt a blow from which
this school has never really recovered.

Godel’s work became quickly famous. Since it is generally known
we can limit our exposition to brief indications.

The main tool invented by Godel and used by him in the proofs
of his theorems was the so-called arithmetization of meta-mathe-
matics. It consists simply of an enumeration of formulae and se-
quences of formulae with the help of integers. (We shall call the inte-
ger correlated with a formula, or a sequence of formulae, under this
enumeration the number of this formula or sequence.) The existence
of such an enumeration is secured by the fact that the set of all
formulae has the same power as the set of integers. Because of this
fact we can correlate with each set of formulae and each relation
between formulae a set or a relation between integers. In a system
in which arithmetical theorems can be proved we can also prove
theorems equivalent to certain theorems about formulae. In this
way it is theoretically possible to construct within arithmetic
statements referring to themselves. Self-referential statements used
carelessly can lead to inconsi tencies, known as semantic antinomies.
Well known examples of these antinomies are the paradox of the
liar and Richard’s paradox. Godel’s first theorem amounts to showing
that these paradoxes would indeed be present in the axiomatic
arithmetic if this system were complete. As shown by Wang [242],
each of the semantic antinomies known so far can be transformed
into an incompleteness proof.

In order to describe Godel’s proof we need some meta-mathe-
matical definitions. Let us assume that T is a consistent system of
arithmetic among whose expressions there are the symbols 0, 1, 2, . . .,
called numerals. Let us assume that to each integer n there is associ-
ated a numeral n and that the formula m £ fi1is provable in T when-
ever m and n are different integers.

We shall say that a formula F with one free variable is a weak
description of a set X of integers if for any integer n the formula
F(ni) is provable in T just in case n is an element of X. Sets which
possess at least one weak description in T are called weakly rep-
resentable in T. There are only denumerably many such sets because
the number of different formulae is denumerable. If F is a weak
description of X and — F is a weak description of the complement -X



16 FOUNDATIONAL STUDIES [89], 20

of X, then we call F a strong description of X in T; sets X which
have at least one strong description in T are called strongly represent-
able in T.

Weak and strong representability are two of the many possible
ways of making precise the vague notion of expressibility of an
intuitively given property within a formal system. Consider e.g.
the set X ={0, 2, 4,.. } of even numbers; its elements are the
integers possessing the intuitively clear property of being divisible
by 2. We express this property in the axiomatic arithmetic T by
the formula F(y) = V [y = = 4+ z]. Obviously F(i1) is provable in

x

T if n e Xand - F(i2)is provablein X if it is not the case that n € X;
assuming that T is consistent we can say that X is strongly repre-
sentable in T. It is much more difficult to give an example of a set
which is weakly but not strongly representable in a system T. In
fact, the existence of an example of this kind implies the incom-
pleteness of T: for if T is complete and F is a weak description of X
in T, then n€X holds just in case when F(7) is not provable in T,
i.e. when - F(n) is provable in T and hence — F is a weak descrip-
tion of -X.

In an analogous way we define the weak and strong representabil-
ity of a set consisting of pairs or triples or quadruples of integers.
Thus we can speak of the representability of binary, ternary, quatern-
ary elc. relations between integers. We can also define the represent-
ability of functions. E.g. if fis a function of one argument ranging
over integers whose values are also integers, then we say that a
formula F(z, y) with two free variables represents f if (i) F weakly
represents the relation f(n) = m; (ii) the formula A V! F(zy) is

zy

provable in T. There is no need to distinguish in this case between
weak and strong representability.

One can show that if certain formulae which we shall not specify
here are provable in T, then there is a set U strongly representable
in T which consists of triples of integers and which is “universal”
in the following sense: whenever a set X of integers is weakly repre-
sentable in T, there is an integer e such that

¢)) neX=V [<e p, n>eU]
P

U is simply the set of triples <z, y, z> such that z is a number
of a formula F with one free variable, and y the number of a finite
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sequence of formulae whose last term is F(Z) and which represents
the formal proof of its last term in T. It is of course not obvious that
such a set U is strongly representable; at least half of Gédel’s paper
was devoted to a proof that this is really so.

Another important lemma is the following theorem on projections:
under suitable dssumptions concerning T it is the case that if X
is a set of pairs which is strongly representable in T, then the set
{z: \y/ (<z, y> € X)} is weakly representable.

The theorems on the existence of a universal set and on projections
allow us to prove very quickly that T is incomplete. The set X =
{n: A (< n, g, n>eU)}is easily shown not to be weakly represent-

q

able; otherwise there would be an integer e for which (1) is true
and hence we would obtain

Al<n, ¢, n>c U]l =V [<e, p, n> ¢ U]
q p

whence for n = ¢
Al<e, g, e>€Ul =V [<e, p, e> € U]
q p

which is a contradiction.

On the other hand the complement of X is weakly representable
according to the theorem on projections. Hence there exist sets
which are weakly but not strongly representable, which implies (as
we remarked above) the incompleteness of T.

We will now discuss the assumptions which have to be made in
order to prove the theorem on projections.

Let X be a set of pairs of integers weakly represented by a for-
mula F. It is natural to expect that the set P ={z:V [<z,y> ¢ X]}

v

will be represented by the formula V F (u, w). This is indeed the
w

case under certain conditions. Let us first assume that <z, y> ¢ X,

i.e. that F (%, ) is provable. Using a well-known law of logic we

obtain that the formula V F (%, w) is provable. The only assump-
w

tion needed in this step is that to every integer y there exists a cor-
responding numeral. If, as it is often admitted, numerals consist of
symbols 1 placed one after another, then our assumption states
that the length of each numeral is an integer and that for each integer
there exists a numeral of this length. Now let us assume that z is
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not in the set P, i.e. that for every y the pair <z, y>> is not in X.

Hence — in view of the strong representability of X -- we obtain

that for every y the formula — F(%, §j) is provable in T. In order

to infer that the formula V F(Z, w) is not provable in T Godel
w

assumed that whenever all formulae of the infinite sequence — A(0),
- A1), ... are provable in T then the existential statement V A(y)
y

is not provable in T. This assumption is called the w-consistency of T.

The theorem on the universal set requires that certain formulae
which we shall not enumerate here be provable in T.

Altogether we have 3 assumptions: (A) the one-one correspond-
ence between numerals and integers, (B) the w-consistency of T,
(C) the provability in T of certain formulae. _

Assumptions (B) and (C) were discussed almost from the beginning
of the whole theory. Rosser showed in an important paper [187]
that one can replace the assumption of w-consistency by the miuch
simpler assumption of consistency. The proof of the theorem on pro-
jections must then be modified in that a more sophisticated formula
must be used to show the weak representability of the set P. It
follows from his proof that each consistent extension of Peano’s
arithmetic is incomplete provided that the set of the numbers of its
axioms is weakly represenfable. Consistent theories with this pro-
perty are called after Tarski [231] essentially incomplete. We shall
see later the importance of these theories for the problem known as
the decision problem. Especially important is the fact that there
exist essentially incomplete theories based on a finite number of
axioms. The simplest such theory (Vaught, unpublished) has one
primitive notion R which denotes a binary relation and is based on
the axioms

Y {,\ - (yRzx), 4}, V /t\{tRZE [(t = z) ViRy]}.

The assumption (C) can be modified in various ways but of course
cannot be dropped altogether. The assumption (A) was noted not
long ago by Rieger, Let us discuss it a little more closely. The major-
ity of mathematicians believe that the notion of an integer is uniquely
determined and that the integers form a well determined set. If
one adheres to this view, then it is obvious that the lengths of for-
mulae are integers and that the assumption (A) is satisfied. It is
possible, however, to take a different standpoint and to insist that
2ach set of objects satisfying Peano’s axioms can be taken as the
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set of integers. It is known that there exist many mutually non-
isomorphic models of Peano’s axioms; hence one can assume that
one such set is used in intuitive mathematics and another is used to
count symbols in formulae. Then the assumption (A) need not be
satisfied. In Rieger’s view this remark invalidates the philosophical
claims of Godel's discovery; it is more appropriate to say that it
merely discloses one of the assumptions on which Gédel’s theorem
rests.

Our discussion has so far been limited to one of the many results
contained in Godel's paper [54]. We shall now review briefly its
second main result. It is appropriate to remark that Godel's paper
was exceptionally rich in new ideas and that only now, after more
than 30 years, the wealth of problems stemming directly from it
begins to show signs of exhaustion.

Godel's second main result is his second undecidability theorem.
It was merely sketched in the published paper and was due to appear
with a detailed proof in the second part of his paper. This second
part was never written, however.

Let Z be the set of pairs <z, y > such that y is the number of a
formula of formalized arithmetic T and x the number of its formal
proof in T. It was shown by Gdédel that Z is strongly representable
in T; his proof indicated how to construct a formula F which strongly
represents Z in T. Let k be the number of the formula 0 = 0 or of
any other formula which is refutable in T. The formula /\ [- F(z, k)]

was denoted by Godel by Wid. Its intuitive content 1s there is no
formal proof in T of the formula 0 3 0,

The second undecidability theorem asserts that the formula Wid
is not provable in T provided that T is consistent. If we assume
~ that every combinatorial proof can be formalized within arithmetic,
then Godel’s second theorem shows that Hilbert’s program of prov-
ing in a purely combinatorial way the consistency of arithmetic is
not realizable. This assumption is open for discussion, however, as
we shall see later when we discuss Gentzen’s theorem. Afiother
objection which can be raised against such interpretation of Godel’s
second undecidability theorem is this: There are many formulae F
strongly representing Z in T; Godel’s theorem is valid only for some
such formulae. It is not immediately obvious why the theorem
proved for just this formula should have a philosophical importance
while a similar theorem obtained by a different choice of a formula
strongly representing the same set Z is simply false.
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Let us consider as an example the formula F'(z, y): F(x, y) A
- F(z, k). If T is consistent, then F’ strongly represents Z in T
just as F does. Thus the formula Wid’ = A - F'(z, k) can be con-

x

sidered as another formal expression of the consistency of T. How-
ever, Wid' is obviously provable in T.

The reason why the second undecidability theorem holds for some
formulae strongly representing Z but fails for others is this: the main
step in the proof of this theorem consists of a formalization of an
intuitively correct deduction in T. (We may add parenthetically
that this deduction happens to be the proof of Gddel’s first theorem
but that this is not essential for the explanation of the phenomenon
just described.) The intuitive deduction uses not only premisses of
the form <z, y> € Z and <z, y> € Z for some particular integers
z, y but also some properties of Z expressible as general statements.
When we formalize the deduction in T we can express the premisses
<z, y>eZ, <x, y> € Z by the formulae F(Z, §), - F(Z, j) which
are provable in T for ajl formulae F strongly representing Z. This
is no more true for the general statements; for some formulae strongly
representing Z these general statements may turn out to be provable
in T and for the others not provable.

The first analysis of the second undecidability theorem from this
point of view was given by Bernays in [81]. The conditions he im-
posed on F pertained to the provability of certain general state-
ments in which F (and other related formulae) occur.

A deeper analysis was undertaken by Feferman [36] who in-
troduced the notions of a recursive formula and of a recursively
enumerable formula. In order to describe his construction let us
assume that { is a function taking on values 0 or 1 according as
<z, y>e€Z or <z, y> € Z. Godel showed that { can be obtained
by consecutive substitutions from the function £ + 1 and a finite
number of auxiliary functions 7; which are defined recursively, i.e.
which satisfy equations of the form

*) 75 (0, ) = a (), 3 (n + 1, 2) = B (r49(n, ), N, x)

where # and « involve only the functions 1, ..., 7j—;.

If we adjoin to T symbols 7; for the functions 7; and add the
formulae (*) as new axioms, then we obtain a system which we
shall call a primitive recursive extension of T. Now a formula F
is called primitive recursive if there is a primitive recursive extension
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T’ of T in which the equivalence F(z, y) = ({(z, y) = 0) is provable
(¢ is the symbol for the combination of symbols 7; corresponding
to the function ). It is easy to show that such a formula F strongly
represents Z in T. It can also be shown (as was already done in
effect by Godel in [54]) that for every strongly representable set Y
there is a primitive recursive formula strongly representing it.

A formula obtained from a primitive recursive formula by prefix-
ing a string of existential quantifiers to it is called recursively enumer-
able. Feferman’s main result states that if T is consistent and F is
a recursively enumerable formula strongly representing Z, then the
formula A - F(z, I.c) is not provable in T. The theorem is valid not

x

only for the formal arithmetic based on Peano’s axioms but for an
arbitrary extension of this system.

The general problem brought up by this analysis can be described
as follows: there is given, on the one hand, a set X of integers (or of
pairs, triples etc.) and, on the other hand, a formal language. We
are looking for the best possible definition of X in T, i.e. for a defini-
tion which makes, of all the intuitively true formulae involving X,
as many as possible provable in T. If we use as definitions formulae
strongly representing X, then we can prove in T every formula
corresponding to the statements n € X or n € X. If we use primitive
recursive formulae as definitions of X we can prove more true state-
ments and still more such statements become provable if we use
recursively enumerable formulae. But it is easy to show that no
formal definition of the set Z used above will make all general arith-
metical statements provable in arithmetic. This follows simply from
the remark due to Rosser [187] that the set

{p: /:\ [(<z, p> & Z) A (<=, neg(p)> € Z)]}

is not recursively enumerable (neg is here a function such that when-
ever p is the number of a formula, neg(p) is the number of its nega-
tion).

Let us now return to Godel’s second undecidability theorem. For
reasons which were set forth above we do not think that this theorem
overthrew Hilbert’s program although it doubtless showed a weakness
in its original formuiation. But quite apart from this philosophical
claim, Gédel’s theorem proved to be a very powerful tool in investig-
ating the relative strength of various axiomatic systems. Whenever
we have two systems, both of which contain arithmetic, so that we
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can prove in one of them the formula Wid expressing the consistency
of the other, then there is no possibility of interpreting the first
system in the second. Such applications were made e.g. by Kemeny
[93] who compared the relative strength of Russell’s theory of types
and of Zermelo’s axiomatic set theory. Further applications were
found by Feferman [37].

In addition to the two undecidability theorems Gédel’s paper
contained various other results which we shall discuss in the lecture
dealing with decision problems. It also contained some deep remarks
concerning the way in which the adjunction of variables of higher
types modifies the set of provable arithmetical formulae. These
remarks were understood only long after the publication of the paper.

As we saw above, Gbodel’s paper was devoted mainly to problems
of consistency and comipleteness of formal systems. The method
invented by Gbdel was to compare intuitively true properties
of mathematical objects with properties expressible in the formal
system under consideration. The sharp division of reasoning into
intuitive meta-mathematics and formal mathematics was rejected
on principle by the intuitionists; in the hands of Godel this very
division turned out to be an extremely valuable tool for establishing
properties of formal systems. This brings once more to light the deep
differences between the approach to foundational problems of the
intuitionistic school and the approach of the more conservative meta-
mathematical school of Hilbert.



Lecture III

Semantics

We shall call the study of relations between mathematical objects
and formal expressions naming them ‘logical semantics’’. This descrip-
tion of logical semantics is not essentially different from the descrip-
tion of semantics given in linguistics although linguists would not
limit themselves to mathematical objects but would replace them
by any objects whatsoever and would also replace expressions of
a formal language by sentences of the everyday language. Tarski was
the first to realize that the basic ideas of semantics can be applied
to the study of formalized languages.

When developing semantics we must carefully distinguish
between the language in which we speak (the ‘‘syntax-language”
or the “meta-language’”) and the language about which we speak
(the “object-language”). The meaning of expressions of a language
cannot be described in the same language. Thus we have in semantics
the same pair of languages which we encountered in our discussion
of Godel’s incompleteness theorem. There is a deep difference, how-
ever, between the way Tarski developed semantics and the way
Godel discussed certain relations between formulae and sets of
integers. Godel was interested only in very special relations of this
kind and tried in every case to reduce these relations to ones which
could (via his numbering) be expressed in arithmetic. Tarski on the
contrary aims at a general theory of semantic relations; he notes
that in some cases these relations are essentially reducible to arith-
metic but considers this as a secondary phenomenon. His meta-
languages are always very rich and contain sizable parts of set theory.

Tarski showed that all semantic notions can be reduced to one
fundamental notion, viz. that of a value of a formula. Taken by
itself a formula is just a string of symbols and is devoid of any
meaning. Thus in order to define the value of a formula we must
first fix the values of the simple symbols out of which it is con-
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structed. We shall limit ourselves to the case of first-order formulae,
i.e. formulae which are constructed from individual variables, predi-
cates, propositional connectives and quantifiers.

It is customary to assume that the propositional connectives denote
Boolean operations in a two-element algebra{?B, %}whose elements
may be called the truth-values. We need, furthermore, three things:
(a) an interpretation of the variables; we assume that they denote
elements of a set A; (b) an interpretation of predicates; we assume
that a predicate with p arguments denotes a relation with p argu-
ments ranging over A, i.e. a function which correlates a truth-value
with every p-tuple of the elements of A; (¢) an interpretation of
quantifiers; we assume that the general quantifier denotes a function
Q from subsets of A to the set {%, %} such that Q(4) = B and
Q(X) = & for all the other values of X; the interpretation of the
existential quantifier is defined by duality.

These conventions determine the interpretation of the language
Since the interpretation of the connectives is the same in all models
and the interpretation of quantifiers depends but on A, we see that
a model is completely determined by A and by the relations correl-
ated with the predicates.

Once a model M is fixed we can define by induction the value of
a formula in M for a given assignment of elements of A to the free
variables occurring in the formula. The definition proceeds by in-
duction. The value of an atomic formula P(z,,..., zp) is equal
to the value of the relation associated with P for the arguments
a,, ..., ap correlated with the variables x,,..., p,. The value of
F v G is the Boolean sum of the values of F' and of G; and similarly

for other connectives. The value of A F for a given assignment =
xi

of the elements of A to the free variables of /\ F is equal to Q(X)

where X is the set of all @ in A with the followmg property: the
value of F for an assignment which correlates a with x; and is other-
wise identical with the assignment x is 8.

In what follows we shall use the customary notation |=py Fla, b, . . .]
for the relation defined by the following requirement: the value of
F in M for the assignment correlating the elements a, b, ... with
the consecutive free variables of F is . This relation is also read:
a, b, ... satisfy F in M.

The inductive definition of the value of a formula was for the first
time formulated explicitly by Tarski, but the notion itself was well



[891], 29 THIRTY YEARS OF FOUNDATIONAL STUDIES 25

understood intuitively and used successfully long before Tarski’s
paper. Hilbert and his students constantly used the notions of general
validity and of satisfiability of formulae which are essentially equi-
valent to the notion defined by Tarski.

We do not think it essential that Tarski formulated his definition
not for a first-order language but for other more comprehensive
languages. I am inclined to think that this was on the contrary a
somewhat unfortunate circumstance which clouded rather than
clarified the problem. From the point of view of syntax there is no
essential difference between languages of the first and (say) of the
second-order. The language of the second-order can be treated as the
language of the first-order with the stipulation that we use special
letters for certain variables and place them in a special way in the
formulae. What essentially counts is the interpretation (or a model)
of the language. Tarski in his first paper chose an interpretation
under which the values of second-order variables were arbitrary
subsets of A. This is not the only possible model, however, as was
shown later by Henkin [77] (¢f. also Mostowski [149}).

These remarks should not be interpreted as an indication of any
doubts about the importance of the progress due to the introduction
of semantic notions. Semantics brought order into the various parts
of meta-mathematics and allowed one to define and discuss several
natural and important notions. While the notions of semantics are
extremely simple and natural, the problem of their formalization
turned out to be rather deep; it has lead to several new discoveries.
Let us discuss these two applications of semantics in turn.

The best known and at the same time the most important notion
of semantics is that of logical consequence. Let F, A;,..., A, be
formulae of the language under consideration. We say then that F
is a logical consequence of A,,..., A, if, for every model and for
every assignment of values to the free variables of these for-
mulae, it is the case that whenever the valueof A,,..., A, is B,
then so is the value of F. For'a first-order language this notion
coincides with that of deducibility by means of suitable formal rules
of proof. Its advantage as compared with the latter notion lies in
its wider range of application. For instance, there exist no adequate
rules of proof for higher order languages, and hence the semantic
notion of consequence is the only one which we can use in connection
with such languages.

Another important notion is that of definability in a given model M.
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We say that a is definable in M if there is a formula F with one free
variable such that a is the unique element x of A for which |=ps F[z].
A set X of elements of A is definable in M if there is a formula F
with one free variable such that for every a in A the equivalence
a € X = |=p F[a] holds. Similar definitions can be formulated for
relations with an arbitrary number of arguments.

An interesting and not yet completely solved problem is the
following: Is the set of elements definable in a model M itself defi-
nable in this model? The answer obviously depends on the model.
Tarski investigated this problem for the standard models of higher
order arithmetics and found that the set of definable families of sets
of integers is not definable. For the set of definable sets of integers,
however, the problem has recently been solved by J. W. Addison
with the use of the notion of forcing due to Cohen (cf. lecture
XV).

The notion of definability in a model should not be confused with
a completely different but similarly named notion of definability in
a theory. This latter notion is not semantic but syntactic in character.
Let us explain this for the case of definability of sets..Consider an
axiomatic theory T with the primitive notions R,,..., Ry, Y and
based on certain axioms. We assume that Y has just one argument,
Tarski [223] says that Y is definable in T in terms of Ry, .., Riif
there is a formula F not involving Y which has one free variable and
is such that the equivalence Y(x) = F(z) is provable in T.

If Y is definable in T in terms of R,, ..., Ry andif all the axioms
of T are true in a model M, then the set X which interprets Y in M
is definable in M and the defining formula can be.chosen so that Y
does not occur in it. The converse theorem is not true, however; one
can easily give trivia] examples of theories whose primitive notions
R, Y have the following properties: (i) Y is not definable in terms
of R in T; (ii) in every model M in which all the axioms of T are
true the interpretation of Y is definable in M by a formula not in-
volving Y.

We shall now discuss the properties of the following function:
the value of F in M. For simplicity’s sake we shall assume that no
free variables occur in F. We shall also assume that among the
relations of the model M there are the following arithmetical rela-
tions: = is an integer, x = y + z, * = yz. It is then possible (using
the Godelian machinery of numbering of formulae) to replace the
value-relation (the value of F in M is ) by the arithmetical relation
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(*) f is the number of a formula without free variables which is
true in M.

Tarski asked the following questions:

(1) Is the relation (*) definable in M?

(2) If (*) is not definable in M, what new relations should we add
to M in order to ensure the definability of (*) in the extended
model?

The famous theorem due to Tarski and named after him states
that the answer to question (1) is indeed negative. The proof is
obtained by a simple application of the diagonal procedure.

Let us enumerate all formulae with one free variable x and denote
by Fp the n-th formula; let Dg(z) be a formula which defines k in M
(its existence follows easily from the assumption that M contains
the basic arithmetical relations). Put Zy ={k: |=p V [Fn(z) A

x

Dy(x)] }; by a diagonal argument the set Z = {n :ne Zn} is differ-
ent from all sets Z,. We shall now derive a contradiction from the
assumption that (*) is definable in M by showing that if (*) were
definable in M by a formula G, then Z would be equal to one of the
sets Z .
The Godel number of V [Fy(x) A Dy(2)] is a function of nj it
x

can be shown that this function is definable. Let S be a defining
formula. Hence, for every n,

=MV [Da(x) A S(x, y) A - G(y)] if and only if not
z, ¥
I=m \x/ [Fa(x) A Da(x)],
i.e.
I=pr V [Da(x) A Fyx)] if and only if not |=p V [Fa() A Da(z)]

where ¢ is the number of the formula V [S(z, y) A - G(y)]. Replacing
v

here n by ¢ we obtain a contradiction.

Tarski’s theorem applied to Peano’s arithmetic yields at once the
incompleteness theorem. Indeed the set of (numbers of) formulae
derivable from Peano’s axioms is easily shown to be definable in the
(standard) model of arithmetic whereas Tarski’s theorem shows that
the set of formulae true in this model is not definable in it. Hence
the two sets are different which is — in essence — the contention
of the incompleteness theorem.

The solution of problem (2) is of course not uniquely determined.
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We can obviously add various relations to the model M in such a
way that the relation (*) be definable in the new model. The most
natural solution is to add to M the relations expressed by “a is a
finite sequence of elements of M and ‘‘the elements of a sequence
a satisfy in M the formula with the number « (i.e. the value of this
formula is ). We shall denote this extended model by M'.

The second of these relations can be defined by induction, but it
is an induction of a very peculiar form. The usual inductive defini-
tion of a function has the form

f(0, a) = p(x),  fn + 1, @) = q(f(n, a), n, @)

where p and ¢ are given functions. The relation of satisfaction
can be defined only by a much more complicated scheme of induc-
tion in which the value of f(n -+ 1, a) depends on the values f(s, )
where s < n and b is arbitrary. Thus the second inductive equation
has the form

fln + 1, @) = @ ((A8)s<n (AD) f(s, b), 1, @)

where (13)s<n (Ab) f(s, b) is the function which is defined for s < n
and for an arbitrary b and whose value is f(s, b), and where @ is
a functional whose values are integers, whose first argument is
a function and whose remaining arguments are integers.

In this way Tarski’s theory ties up with the theory of inductive
definitions and allows us to establish a theorem saying that there
exist types of inductive definitions which cannot be reduced to the
ordinary inductive definitions in a purely arithmetical way.

Let us finally discuss the problem whether it is possible to develop
an axiomatic theory of semantics.

Tarski showed that for any axiomatized theory T we can set up
an axiomatic theory T' embodying certain features of the semantics
of T. The primitive notions of T are, in addition to those of T, the
following: the notions of arithmetic (which allow us to speak in T’
of numbers correlated with formulae of T); the set of all finite se-
quences of the elements of the universe of T; and the satisfaction
relation.

The axioms of 7T’ include those of T; there are, furthermore
axioms corresponding to the inductive clauses of the definition of
the satisfaction relation, and axioms characterizing the notion of
a finite sequence.
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If M is a model of T in which all axioms of T are true and if M’
is the extension, of M defined dbove, then all the axioms of T' are
true in M. If T is based on a finite number of axioms (or if a suitable
form of the rule of mathematical induction is valid in T"), then the
consistency of T is provable in T'. Thus T is a theory which is
essentially stronger than T (c¢f. p. 26). The method of proving
the consistency of a given theory T in a stronger theory is often ac-
complished by interpreting T’ in this stronger theory.

An interesting further relationship between T and T’ is formul-
ated in a theorem going back to Godel [58] and developed further
by Kreisel and Wang [117]: There exist infinitely many formulae
of T which are provable in T (and hence in T’) but whose shortest
proof in T is k times longer than its shortest proof in T'. Here k
can be any integer fixed in advance. Thus T is stronger than T also
in the sense that many proofs already existing in T can be essenti-
ally shortened in T". Proof of this theorem also uses ideas of semantics
but is too involved to be given here.

We thus see that the development of semantics not only allowed
one to make precise various intuitively clear meta-mathematical
notions but also threw new light on the problems of incompleteness.
Semantic ideas simplify Godel's argument and complement his
theorem by showing that axiomatic theories containing arithmetic
are not capable of defining their own satisfaction relation nor de-
fining certain other semantic notions. Thus semantics turned out to
be useful both in the ‘“constructive’ as in the ‘destructive” parts
of meta-mathematical study.



Lecture IV

Computable functions

The need of a systematic study of functions whose values can be
calculated by a finite process was felt already in the Hilbert school.
Hilbert and his students devoted much attention to the problem
known as the' decision problem for the first-order logic, i.e. to the
problem of finding a method which would allow one to decide in
a finite number of steps whether any given formula is or is not pro-
vable. Many similar problems can be formulated in logic as well as
in mathematics. To mention only a few, we have e.g. the problem
of deciding whether -a given string of symbols is a correctly built
logical formula, whether a given arithmetical formula is decidable
in Peano’s arithmetic, whether a given polynomial with integral
coefficients is irreducible, efc. In each of these examples we have
a denumerable class C of objects (formulae, strings of symbols,
polynomials) and a subclass C’ of this class (the class of provable
formulae, of well formed formulae, of irreducible polynomials). We
may define a function f on C by putting f(x) = 0 for z ¢ C’ and
flx) =1 for x € C—C’ (the characteristic function of C’). The
problem is then to find a method allowing us to calculate fin a finite
number of steps or to prove that such a method does not exist.

We can obviously solve various problems of this kind without
knowing the general definition of a finitistic method. Mathematicians
certainly did not feel the need of formulating such a definition when
they gave irreducibility criteria for polynomials with integral coeffici-
ents. The situation is of course different if we want to show that
a specific problem does not admit an algorithmic solution.

Since the class C dealt with in the decision problem is usually
denumerable, we can limit ourselves to the case when C is a set of
integers. The characteristic function f of C’ is then an arithmetical
function (i.e. a function whose arguments and values are integers),
and our problem is to define a class of arithmetical functions whose
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values can be found in a finitistic way. We are discussing this problem
right after the general account of semantics and of the incompleteness
theorem partly for historical reasons and partly because there is a
far-reaching analogy between the notion of a computable function
and the notion of a function definable in a given model. However
much we would like to ‘“mathematize’’ the definition of computabil-
ity, we can never get completely rid of the semantic aspect of this
concept. The process of computation is a linguistic notion (pre-
supposing that our notion of a language is sufficiently general); what
we have to do is to delimit a class of those functions (considered as
abstract mathematical objects) for which there exists a correspond-
ing linguistic object (a process of computation). In the case of the
notion of definability we also encountered the situation that we
tried to define a class of functions (or sets or relations) for which
there exist certain linguistic objects (formal definitions in the model).

Historically the first example of a class of computable functions
was furnished by the primitive recursive functions. They can be
defined as the functions that can be obtained from constants and
from the successor function 4+ 1 by means of substitutions, of the
identification of arguments, of adding superfluous arguments and of
applying the schema of primitive recursion (cf. p. 32)

*) [0, @) = p(a),  [f(n + 1, a) = q(f(n, @), n, q).

This class became very famous after Gdédel showed that these
functions suffice for the purpose of numbering all formulae and all
sequences of formulae. It is obvious, however, that the class of

. primitive recursive functions does not include all computable func-
tions. This follows from the existence of a computable function which
is universal for the class of the primitive recursive function. A uni-
versal function is a function of two variables U such that for every
n the function f(x) = U(n, z) is primitive recursive and that each
primitive recursive function can be so ebtained. Obviously the
‘*)diagonal” function U(n, n) 4+ 1 is not primitive recursive. It is
slightly more cumbersome to prove that U is a computable function.
Without going into details we can say that n is a code number which
indicates the order of the operations of substitutions and recursions
which are used to define a given function as well as the order of the
starting functions. Thus U(n, z) is the value at the point z of the
function obtained from the starting functions by the use of process
with the code number n.
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It can be shown similarly that various extensions of the class of
primitive recursive functions which are obtained by using a schema
of recursion more general than (*) do not exhaust the set of com-
putable functions. This latter class must obviously have the property
that no universal function for this class is itsel contained in the class.

Several definitions of computable functions and sets were proposed
in the decade 19301940 and still others appeared later. It is signifi-
cant that all these definitions, though formally different, proved to
be equivalent. We shall not enter into details of these definitions
but only give general indications.

1. Definitions using the notion of representabilily. These definitions
were among the first to be proposed. The first author who proposed
to identify computable functions and sets with the ones which
are representable in a formal system was Church [16]. Further
definitions { a similar character were proposed by Herbrand and
Gbdel [57] and by Goédel alone [58]. Church used a very special
system called the calculus of A-comversion, Godel and Herbrand
a weak system' whose expressions are exclusively identities. More
general was the approach of Goédel in [58]; he noted there that the
class of functions which are representable in the formal system of
arithmetic of the k-th order is independent of k. This observation
was put in a general form by Bernays in [81]; it was shown there
that the class of functions representable in any formal system satisfy-
ing sonie very general conditions is one and the same. The main con-
dition to be satisfied is that the relation expressed by: “m is the
number of a proof of a formula number n” is primitive recursive.

2. Arithmelical definitions. For any relation between integers
R, yys ... yn) let us denote by ming R(z, y,, ..., yn) the least
x satisfying R(z, y,, - . ., Ya) or O if such an x does not exist. A class
K of functions is closed under the effective min-operation if to-
gether with each function f(z, y,, . . ., ¥n) satisfying the “effectivity-
condition” A , V {f(, ¥y - - -» n) = 0] it contains the function

ntte, ®

ming [f(x, Yy + « - Yn) == 0].

Kleene [97] developed the theory of computable functions assum-
ing (essentially) the following definition: a function is computable
if it belongs to each class which contains the primitive recursive
functions and which is closed with respect to the operations of
substitution and of the effective minimum. Kleene’s original defini-
tion was simpler in that he started with an incomparably smaller
set of functions.
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This arithmetical definition was discussed by J. Robinson [177]
who showed how to simplify it still further. In particular she showed
that the min-operation may be replaced by the operation of taking
the inverse of a function under the assumption that it exists.

A set is computable if its characteristic function is computable.
An entirely different definition was proposed not long ago by
Kleene [106] in connection with his theory of functionals which will
be discussed in lecture VIII; see p. 78.

3. Canonical systems, Turing machines and algorithms. Post [160],
Turing [234], and Markov [139] proposed still other definitions of
computability. A function is computable according to these defini-
tions if it is representable in suitable auxiliary systems. These systems
differ, however, from the logical systems dealt with in the definitions
given in section 1 in that it is not possible to give any semantic
interpretation of them. These auxiliary systems are called canonical
systems, Turing machines, and algorithms. Let us describe e.g. the
algorithms of Markov [139].

For this purpose we consider words ir a given finite alphabet A,
i.e. finite (possibly void) strings of elements of A. If g, ¢’ are two
words, then we denote by *“g — ¢”" a rule of transformation which
carries a word of the form PgQ into Pg’Q; it is assumed that P does
not contain the word g. An algorithm is determined by a finite list
of such operations:

91 >9 92 > 9o e Gk -> Gk

Some of these operations are singled out and called the “‘stop
operations”. (Markov distinguishes them by placing a dot after
them.)

Let P, be a word; the algorithm operates in the following way:
we look for the least i such that P, contains g;; we represent P, in
the form Pg;() where P does not contain g;. Now we transform P,
according to the i-th rule and obtain the word P, = Pg¢’;Q; we
repeat the same steps with P, and obtain the word P,; efc. If after
n steps no operation is applicable or the last operation used was
a stop-operation, then P, is the word obtained from P, by the
algorithm. If the process never stops, then the algorithm is not
applicable to P;. We thus see that an algorithm determines a func-
tion whose domain consists of words (not necessarily of all words)
and whose values are words.
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Let us now assume that the alphabet contains the symbol 1, and
let it be the word 11...1 (n times). A function f is called comput-
able if there is an algorithm such that all numerals fi belong to its

domain and that for each n the algorithm transforms 7 into f(n).
As we see, this definition uses notions closely connected with the

theory of computers; this connection is still closer in the case of the

definition given by Turing, which we shall not reproduce here.

One of the early results of the theory of computable functions was
that all the definitions which we enumerated above are equivalent
to each other.

Before discussing the properties of computable functions we
shall compare the various definitions. None of the definitions is
strictly finitistic. In the first group of definitions we require that
the representing formulae F be decidable, i.e. that for every
n there be a proof of either F (fi) or of — F (fi); in the second
group of definitions we require that the min-operation be applied
only to functions satisfying the condition: for every y,, ..., ya
there is an x such that f(z, y,, ..., y») = 0; in the definition based
on the notion of algorithm we require that for each integer n the
word it belong to the domain of the algorithm. These non-finitistic
requirements are needed to exclude the construction of the diagonal
function.

In order to eliminate these infinitistic conditions it is necessary
to replace computable functions by the more comprehensive class of
partial computable functions which differ from the total ones in
that they need not be everywhere defined. The simplest possible
definition is that given in terms of an algorithm. Every algorithm
determines a partial recursive function; its domain consists of inte-
gers n such that the algorithm yields a final value when applied
to i1 and that this value is a numeral.

For the set of all partial computable functions there exists a
universal partial computable function, i.e. a function u with two
arguments satisfying the following condition: For every partial
computable function f there is an integer e such that the functions f
and Az u (e, x) have the same domain and that f(z) = u(e, x) for
every z in the domain of f. We define u(n, x) as an integer y such
that the n-th algorithm eventually stops when applied to % and
yields the value 7. The algorithms are enumerated e.g. by the Godel
numbers of the defining sequences g; — ¢'y.

The diagonal function u(e, €) 4 1 is still partial computable and



[89], 39 THIRTY YEARS OF FOUNDATIONAL STUDIES 35

hence representable as u(q, ¢). We are not led to an inconsistency
because we have no right to replace-e by ¢ here: since u is only a
partial function we don’t know whether ¢ is in its domain or not.

A set which is void or which is the set of values of a computable
(total or partial) function is called recursively enumerable. Other,
equivalent definitions of a recursively enumerable set are: the set
of values of a primitive recursive function; the domain of a partial
computable function; the set weakly representable in e.g. Peano’s
arithmetic. While computable functions serve to make precise the
notion of decidability, recursively enumerable sets make precise
another notion, viz. that of a set generated from given initial ele-
ments by a systematic process. For instance, formulae provable in
an axiomatic theory based on a finite number of axioms are generated
from the axioms by the rules of proof. The domain of a partial re-
cursive function is recursively enumerable. The generating process
is in this case the following: we write down one after the other all
possible sequences of words and retain only those sequences each
term of which (with the exception of the first) is obtained from the
previous one by the use of the algorithm. We also reject those sequ-
ences whose last term although obtained by a non-stop operation
can still be transformed by the basic operations of the algorithm
and also those sequences whose first or last term is not a numeral.
The required set consists of integers n such that 7 is the first term
of one of the remaining sequences.

Post [160] formulated a method of developing the theory of re-
cursively enumerable sets independently of the theory of computable
functions. His ideas were very similar to those of Markov. Once the
theory of recursively enumerable sets is developed, we can introduce
the notions of computable sets and functions. This possibility is a
consequence of the following theorems:

(1) The characteristic function of a set X is computable if and
only if X and the complement of X are both recursively enumer-
able.

(2) A partial function f is computable if and only if the set of
pairs <z, f(x)> is recursively enumerable.

Theorem (1) can be proved as follows: Let us assume that there are
two systematic processes which generate X and -X. By looking
through the elements generated by them we must eventually come
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to any x given in advance. If = is generated by the first process we
put f(x) = 0, otherwise f(z) = 1. Thus we have a method of calculat-
ing the value of fin a finite number of steps.

The general theory of computable functions and of recursively
enumerable sets is an elegant and at the same time not very difficult
mathematical theory. We shall give below the most important
results. For the most part they were first established by Kleene [97].

At the beginning we have a series of elementary theorems stating
the closure properties of the class of (total and partial) computable
functions under such operations as substitution, recursion, inversion,
efc. Applied to recursively enumerable sets these theorems yield
the result that the class of these sets is closed under cartesian multi-
plication and under the operations of forming finite unions and inter-
sections and of forming images and counter-images by means of
computable functions. All these theorems are obvious if one defines
computable functions by means of representability in a sufficiently
strong formal system. Next few theorems deal! with universal func-
tions, As indicated above, there exists a computable partial function
with two arguments which is universal for computable partial func-
tions with one argument. It follows immediately that there exists
a set-valued function F such that (a) each recursively enumerable
set X is representable as F'(n) for a suitabie n; (b) the set { <m,n>:
melF (n)} is recursively enumerable. In the language of algorithms this
theorem says that there exists a universal algorithm U (or a universal
Turing machine), i.e. one which is able to generate any algorithmic-
ally generable set. Thus if an algorithm A is described by the opera-
tions g; > ¢'; (i= 1,2, ..., s) and if it transforms a word W, con-
secutively into W, W,, ..., Wg, then U acts on pairs of the form
Py=<Wy <<9p91>,.... <@s» ¢'s>>> and transforms P;
into Py, forj=1,2,..., kand finally Py into Wy

The existence of a universal function allows us to construct by
the diagonal procedure effective examples of sets which are not
recursively enumerable and also of recursively enumerable sets whose
complements are not recursively enumerable. These .examples serve
as a starting point for a study cf various decision problems. As
cxamples of such problems we may quote the fcllowing preblems:

Is there an algorithm to decide whether for any two given integers
n,, n, the sets F(n;) and F(n,) are identical? Is there an algorithm
to decide whether two given algorithms define one and the same
function?
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The answer to both these questions is negative.

Computable functions (total and partial) are important for the
general philosophy of mathematics not only because they allow us
to express precisely the decision problem and to solve it in many
special cases. Their philosophical importance is due to the fact that
they can be accepted as a basis of a nominalistic mathematics. This
nominalistic trend rejects such abstract notions as sets, functions,
efc. and admits only those objects which can be named. Computable
partial functions are thus evidently acceptable to the nominalists.
It is another question whether it is possible to construct reasonable
mathematical theories while not accepting any objects besides the
computable partial functions. The negative solution of the decision
problems formulated above shows that such a mathematical theory
would necessarily be non-extensional, which indicates the degree of
discrepancy between the nominalistic and the classical approach.
These problems will be dealt with in a more detailed way in lecture X1I.

There are obviously nominalistic theories of mathematics which
admit more objects than just computable functions. Set-theoretically
minded mathematicians of the thirties, grouped around Lusin in
Moscow and around Sierpinski in Warsaw, developed the theory of
Borel sets and of analytical sets which was initiated by the French
semi-intuitionists of whom Borel, Baire, and Lebesgue were the best
known representatives. Instead of reducing all mathematical notions
to integers the semi-intuitionists started from the notion of areal num-
ber; sets of such numbers and functions defined on the set of all real
numbers were not taken for granted; semi-intuitionists insisted that
only nameable sets and functions are admissible. We do not have to
enter into the details of what was meant by “nameable” in this
context; all that we want to say here is that the theory of sets and
of functions acceptable to the semi-intuitionists shows striking
analogies to the theory of computable functions. The best explana-
tion of this analogy has been given by Addison [1], [2]. We can thus
see that the similarity between the philosophical programs which
underlie the theory of computable functions and what is known as
the descriptive theory of sets determined to a certain extent the
results of these theories.

More technical applications of the theory of computable functions
are furnished by various meta-mathematical theorems. We may
mention e.g. a result of Rosser [187] who strengthened Gédel’s incom-
pleteness theorem by showing that the set of (the numbers of) un-
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decidable arithmetical sentences is not recursively enumerable.
There have also been attempts to apply the notion of a computable
function to make precise the notion of a random sequence occurring
in some axiomatic formulations of probability theory (Church [20]).
Finally there have been several attempts to construct a computable
analogue to the usual set theory and in particular to the theory of
well-orderings. These attempts started with the early papers of
Church [18] and of Church and Kleene [22]; the subsequent develop-
ments will be reported on in lecture XI.

To concludé our account of the early phase of computability
theory let us compare once more this theory with semantics. In both
these theories we define a class of abstract objects by means of
linguistic concepts (we disregard for a moment the purely arithmet-
ical definitions of computable functions). In semantics the language
in question could not be purely formal but had to be interpreted.
In the theory of computability the situation is different: the language
need not be understood; it is sufficient to know how to manipulate
its expressions. We can thus say that the theory of computability
is purely syntactic. This explains the close ties between this theory
and the theory of mathematical machines. The interpretation of a
language is defined by means of set-theoretical concepts, which
gives rise to the close relations between semantics and the set-
theoretical, infinitistic philosophy of mathematics; whereas the
theory of computability leans towards a more finitistic nominalistic
philosophy.



Lecture V

Theorems of Herbrand and of Gentzen

Herbrand and Gentzen, who worked independently of each other
along the lines of Hilbert’s program, discovered important theorems
which deeply influenced later research in the field of logic. We shall
first deal with the work of Herbrand which was somewhat earlier
than that of Gentzen. Herbrand’s main results are contained in his
dissertation [79]. We shall not describe all the results which it con-
tains but shall limit ourselves to what is known as his fundamental
theorem. It contains a reduction (in a certain sense) of predicate
logic to propositional logic. Of course this reduction cannot be com-
plete because the former theory is undecidable and the latter decid-
able.

Herband correlates with each formula F of the predicate calculus
an infinite sequence of propositional formulae having the form of
a disjunction:

Hy,(F)=Hp=A,V...VAg

these formulae are called the Herbrand disjunctions. The definition
of H, is effective, i.e. H, can be obtained from F and n by means
of a fixed algorithm. The relationship between F and its Herbrand
disjunctions is the following: F is provable in the predicate logic if
and only if there is an n such that H, is a theorem of the propositional
calculus.

Let us give an example of how the disjunctions H, are to be formed.
Suppose that F is the formula A V A M(z, y, z) where M is quan-

x yp z

tifies-free. Let ¢ be an arithmetical function such that ¢(i) > i
and ¢(i) < ¢(j) forallintegers i, j satisfying the inequalities 1 < i < j;
we may take as ¢ e.g. the function (i + 1) 4 i. We form the dis-
junction

(*) i;/n M(Il’ T4 Icp(i))
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and replace in it every atomic formula by a propositional variable
in such a way that different atomic formulae are replaced by differ-
ent propositional variables. The resulting formula is the n-th Her-
brand disjunctian,

The formula (*) may be interpreted in the following way (cf.
Kreisel [112]): Suppose that we are trying to build a counter-example
to the formula F. We will then look for an element a and a function
f correlating with each p an element f(p) such that — M(q, p, f(p))
is true. Let us substitute for p arbitrary values p,,..., py; thus
the conjunction

N = M(a, ps, f(ps))

<n

is true. The formula (*) may thus be interpreted as a statement
that whatever our choice of a and of the function f will be, our
attempt to build a counter-example to F will fail in the field of at
most n elements,

It is very easy to show by induction on n that if (*) is provable
in the propositional calculus, then F is provable in the predicate
logic. We have only to note that the variable Tgny OCCUrs exclusively
in the last term and that we can therefore use the rule of proof

1 A v B(x)
@) A v A B(2)
z
and obtain the formula V [M(z,, i z,;) Vv A Mz, z, 2)].

i<n-1
Using the rule

A v B(x)

(2) VRVAVA:TRY

A vV B(y)

v
we obtain similarly V = M(z,, 15, 2,q) vV V A M(z,, y, 2).
vz

i<n-1
Continuing in this way and using the rule

qgvpvp
qvp
we obtain finally V A M(z,, y, z), whence by the rule
y oz

(3)

C(x 1)
) A C)

we obtain F.
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It is slightly more difficult to prove, conversely, that if I is pro-
vable in the predicate logic, then thereis an n such that (*) is provable
in the propositional logic. The simplest way of obtaining this result
is to use the completeness theorem which will be discussed in the
next lecture. Herbrand himself came very close to the discovery of
this theorem and probably did not make the decisive step only
because he was constrained by the finitistic attitude which he had
taken over from Hilbert’s school. Instead of this simple and natural
way of proving his theorem he used another, more difficult one. 1t
was shown a year ago that his proof was fallacious [28]. A correct,
strictly finitistic proof was given by Bernays [81].

The proof sketched above has some remarkable consequences.The
only rules used in the derivation of F from (*) are (1) —(4); if (*) is
provable in the propositional calculus, then it can be obtained from
the axioms of the form p v - p by the repeated use of the rule (3)
and suitable other rules of propositional logic, e.g.

5 P P9 pA(qVvr)
(6)) , . :
pVvy pAg (PAQVI(PAT)

together with rules allowing us to change the order of formulae in

disjunctions and conjunctions. In order to obtain a complete set of

rules for the predicate calculus we must still add rules allowing us to

bring every formula to a prenex normal form. An example of such

rules is the following: If the formula - A A(z) is a part of another
x

formula B, then it can be replaced throughout B by V - A(z); and
x

conversely.

As we see, Herbrand's theorem allows us to get rid of the classical
rule of modus ponens altogether. Herbrand wrote: “A cause des
difficultés que I'on risque de rencontrer, dans certaines démonstra-
tions par récurrence sur les démonstrations, du fait de la régle d’im-
plication, nous considérons ce résultat comme trés important”. The
importance which Herbrand had in mind can be explained thus.
Let us first define by induction the notion of a subformula of a given
formula: For any formula A, A is a subformula of A itself; if A is
a subformula of B, then it is a subformula of the formulae B A C,
Bv(C, B> C, =B and also of C AB, C vB, and C - B, and
finally of A B and of V B where z can be replaced by any variable;

x x

if A(z) is a subformula of B, then so is A(y) (letters z and y may
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again be replaced by any variables). Now Herbrand’s remark amounts
to the following: If F is provable, then there exists a proof of it
consisting exclusively of subformulae of -F. It is obvious that this
result greatly simplifies the study of formal proofs. Because of the
clause that A(y) is a subformula of B whenever A(z) is we cannot
expect to obtain a solution of the decision problem, but at any case
we see that we came very close to it.

Many of Herbrand’s results were rediscovered and greatly im-
proved by Gentzen [50] who devised a new logical calculus essenti-
ally equivalent to the one used by Hilbert’s school but much more
flexible.

Gentzen’s calculus does not operate with single formulae but with
sequences of the form

Al...Akl‘—Bl...Bz (kZO,lZO)

where the A¢and the By are formulae in the usual sense. This sequence
is read: At least one of the formulae B,, ..., B; follows from the
assumptions A,, ..., Ag. A void string in antecedent means a true
assumption and a void string in the consequent means a false con-
clusion. The only axioms of the Genzen calculus have the form
A +— A. The rules of proof are more numerous than in the usual
systems of logic; for every propositional connective we have a pair
of rules allowing us to introduce this connective in the antecedent
or in the consequent. For instance, the rules for the connective —
have the form

A,...Ax X+ B,...B, A,...Ax~B,...B X
Al...Akl—Bl...Bl - X Al...Ak ﬁXl—Bl...Bl

Gentzen admitted furthermore a number of rules (called structural
rules) which allow us to change the order of formulae in the an-
tecedent and in the consequent and to avoid repetitions of formulae.
A fmal rule called **cut” corresponds to the classical “modus ponens”
and reads

A ...Ay+-MB,...By MC,...C,—D,...D,
A ...AxyC,...Cp,—B,...B,D,...Dy

Now Gentzen’s main result says that this last rule is superfluous;
every sequence provable by means of it is also provable without it.
(A generalization of this theorem was given by Kleene [101].)
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For the classical logic Gentzen’s theorem yields probably nothing
more than Herbrand’s fundamental theorem. The flexibility of the
Gentzen method is nevertheless obvious from the fact that it is
applicable to many non-classical systems and especially to the in-
tuitionistic system. Gentzen’s intuitionistic calculus is not as sym-
metric as the classical calculus since the rule of introduction of the
symbol —in the antecedent must be dropped and the other rules refor-
mulated in such a way that no sequence with more than one formula
occurs as a consequence in any proof. With these limitations Gentzen’s
theorem on the elimination of cuts is still valid. It is the basis of
various meta-mathematical results concerning the intuitionistic
logic. E.g. it is obvious from this theorem that the intuitionistic
propositional calculus is decidable. It may also be shown easily
that certain formulae of the intuitionistic predicate logic are not
provable intuitionistically. Proofs of this kind proceed by checking
all the possible rules that could lead to the formula in question and
by showing that none of them is able to yield this result. This is
the case e.g. with the formula A [p v F(x)] - [p v A F(z)).

x x

The Gentzen method is applicable to many other non-classical
systems, e.g. to the minimal logic (cf. Keionen [94]). It is also
possible to apply it to systems based on certain infinitistic
rules of proof. For instance, Schiitte [195] has given a Gentzen
style formalization of an arithmetic based on an infinitistic rule
which is known as the rule @ and which allows us to obtain the
general statement A F(z) from the infinite set of premisses F (0),

x

F(1),.... He has also used it in consistency proofs of certain
arithmetics.

We shall now describe some applications of the theorems of Her-
brand and of Gentzen.

The effectivity of erxistential slatemenis. l.et T be an axiomatic
theory of the first-order based on the usual logic and on an arbitrary
number of open axioms, i.e. of axioms in which no quantifiers occur.-
We assume that the primitive notions of T are relations, functions,
and constants. Any meaningful combination of constants, variables
and functions is called a term. Now let us assume that the formula
A V F(z, y) is provable in T. Applying the Herbrand —Gentzen
r ¥

theorem we can show that there are a finite number of terms
t, ... ts involving only the variable x such that the disjunction
V F(z, t(z)) is provable in T without using any quantifiers in the

i<s
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proof. We can thus say that all the existential statements provable
from open axioms are effective; in other words, thatif all existential
assumptions in the axioms are made explicit, then all existential
theorems will also be explicit. We have a corresponding, although
slightly more complicated theorem for formulae with more than
two quantifiers, e.g. A V A V F(z, ..., ).

x yz 1z uv
The general consistency theorem (Bernays [81]). This theorem allows

us to eliminate in certain circumstances all set-theoretical notions

from consistency proofs obtained by means of models. Let us assume

that we are given an arithmetical model of an axiomatic system in

which all the axioms of the system are true. Thus the elements of

the model are integers and its relations are arithmetically defined.

An axiom, eg. A V A Y F(z, y, z, ), will be called effectively
x u z

true in M if there are computable functions f, ¢ satisfying the condi-
tion |=pg F(m, f(m), n, g(m, n)) for all integers m, n. Now Bernays’
theorem says that if all the axioms are effectively true in a model
M, then so are all the consequences of these axioms. It is evident
that this theorem is closely related to the previous one dealing with
effectivity.

Let us consider as an example Peano’s axioms for arithmetic with
the schema of induction

{l\ {é\ [z<y—>A@] > AW}~ NA(z)

limited to formulae A(r) in which no quantifiers occur. It is not
difficult to prove that these axioms are effectively true in the usual
arithmetical model; hence so are the theorems. Hence the formula
V A(z) is provable if and only if there is an integer n such that A (1)
x

is provable; from this we may infer that the system in question is
consistent.

Let us dicuss this result more closely. Once a model of a system is
given and once the axioms are shown to be true in the model, it is
trivial from the point of view of semantics to infer that the system
is consistent. The point of Bernays' consistency theorem is that it
does not use semantics and that it dispenses with set-theoretical
constructions altogether. It is true that we used the semantic relation
|=p1 F(m, f(m), n, g(m, n)) in the formulation of Bernays’ theorem.
Since F is quantifier-free it is clear, however, that this relation can
be defined directly without the whole elaborate semantic theory.
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This elimination of set-theoretical constructions from a consistency
proof is important not only from the methodological point of view..
There are cases (admittedly rather rare ones) where this elimination
can yield genuinely new results. A case in point is the problem
whether a finitely axiomatizable fragment of Peano’s arithmetic
can be proved consistent within the full arithmetic. There is no hope
of using the general semantic method here, for Peano’s arithmetic
is far too weak to allow a reconstruction of even the very limited
part of semantics which is needed to prove the consistency of a
finitely axiomatizable subsystem of arithmetic. (For a profound
discussion of these rather intricate matters see Montague [144].)
Let us also remark that the possibility of formally proving the con-
sistency of finitely axiomatizable fragments of arithmetic within the
whole of arithmetic was the basis of the work of Kreisel and Wang
[117] dealing with the lengths of formal proofs.

We shall mention one more result of Gentzen which, although
less general, is certainly no less famous than his theorem discussed
above. This is his conception of a consistency proof of arithmetic
based on transfinite induction (Gentzen [51}).

An adequate formulation of the principle of transfinite induction
in its full generality is possible only in set theory. Gentzen, who
was working along the lines drawn by Hilbert, used a much more
restricted principle which can be expressed in purely arithmetical
terms. His principle has the form

* /y\ Alz=y > A@] > AW} - A A@

where A is any arithmetical formula and .z an arithmetically defin-
able well-ordering of integers. As compared with the set-theoretical
transfinite induction this principle is limited in a twofold way:
First, we do not speak of sets and we use the principle only to show
that all integers satisfy an arithmetical formula A. Secondly, we
do not formulate the principle for any well-ordering (which would
require a certain amount of set theory) but only for the very special
well-orderings that can be defined arithmetically for integers.

For many formulae defining well-orderings of integers the formula
(*) is provable in Peano’s arithmetic; hence by Godel's second un-
decidability theorem such special cases of (*) cannot yield the con-
sistency proof. Gentzen’s discovery was that there is a formula
x < y which defines a well-ordering of integers of the type ¢y = w +
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»? + »®” + ... and which has the property that the induction
principle (*) for this well-ordering allows us to prove the consistency
of arithmetic. It follows that for such a well-ordering < the principle
(*) is not provable in arithmetic.

The details of Gentzen’s proof are too complicated to be given
here. The general idea is that to each formal proof there is defined
a transfinite number « < g, called the height of the proof; it is
shown that if this proof would have as its end formula 0 5 0, then
so would also a proof with a lesser height. Hence the existence of
a formal inconsistency would violate the induction principle.

A simpler though not essentially different proof was given by
Schiitte [195]. We shall return to Gentzen’s theorem in lecture X
on the occasion of Godel's interpretation of intuitionistic arithmetic.

By way of conclusion, let us try to evaluate the work related to
Herbrand’s and Gentzen’s theorems from a more general point of
view. There are undoubtedly two opposing trends in the study of the
foundations of mathematics: the infinitistic or set-theoretical and
the finitistic or arithmetical. Herbrand’s and Gentzen’s original
discoveries belong of course to the second of these trends but the
subsequent work which has been based on these results has borrowed
many ideas from the first. This influence of the set-theoretical
approach is clearly visible in Bernays’ consistency theorem in which
semantic notions are consciously imitated in finitistic terms. We
may say that Herbrand’s and Gentzen’s methods allow us to make
finitistic certain particular cases of set-theoretical constructions.
This intertwining of the two trends and the influence which they
have exerted on each other will also be seen clearly in almost all
subsequent lectures.



Lecture VI

The completeness problem

The completeness problem was formulated by Hilbert well before
the period which interests us here and solved by Gédel in 1931. It
is concerned with the relations between the syntactic and the se-
mantic conceptions of logic. The problem can be formulated in two
different ways. We can either consider an uninterpreted formal
calculus, described in purely syntactic terms, and try to find a
semantic interpretation for it; or we can assume as given an inter-
preted language and look for a formal calculus with purely syntactic
rules of proof which would allow us to prove all the true sentences
of the language. Both formulations lead to interesting special results.
We shall deal first with the former formulation, which is the one
used by Godel.

Godel solved the problem for the predicate calculus, It is simpler,
however, to formulate it for a calculus in which there are no quanti-
fiers. In this case a solution can be obtained in a very natural way
by certain algebraic constructions; an extension of these construc-
tions leads to a solution also in the general case.

Let us start with the very simple case in which we are given a
number of axioms each of which is an equation, ¢.g. z-(y-2) =
(z-y)-z x-y=y-zelc; the dot denotes here a binary operation
which we shall call “multiplication” in order to have a word for it.
The problem is to construct a model in which these axioms are true,
i.e. to define a set and a binary operation on the elements of the set
such that all the axioms are satisfied under this interpretation. In
this form the problem is very well known for algebraists, who call
it the problem of constructing a free system satisfying given
equations, The construction runs as follows: we consider “words”
in a (finite or infinite) alphabet A, i.e. finite sequences of symbols
correlated with the elements a of A. We call two words equivalent
if one of them can be obtained from the other by transforming it
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according to the axioms. For instance, in case of the two axioms
mentioned above and of an alphabet containing symbols a, b, the
words (ab) [(ba)b] and [(aa)b])(bd) are equivalent.

The elements of the model we are looking for are the equivalence
classes of words under this relation. The operation X interpreting
the multiplication is defined a$ {s] X [f] = [(s) (f)] where [s] denotes
the equivalence class containing s.

Let. us pass to a more complicated situation where the axioms
are not necessarily equations but still contain no quantifiers. The
axioms are thus propositional combinations of atomic formulae
R(,, ..., tx) where R, R,, ... are predicates and ..., #; are
terms. We assume that the identity predicate vccurs among the
Ry's and that the appropriate axioms for identity are among the
axioms of the theory. A model is now determined by a set (the
universe of the model), by the interpretations of the operations and
by the interpretations of the predicates. We construct it in the
following way: we add the symbols of some alphabet A to the theory
and consider only constant terms, i.e. terms which contain no vari-
ables. We can repeat our previous construction: two constant terms
t,, t, are called equivalent if the formula {;, = {, is provable in the
theory.

The set of all equivalence classes is taken as the universe of the
model; the predicate Ry is interpreted as the relation which holds
between theclasses [{,], . . ., [{x] if and only if the formula Ry((,, . . ., {x)
is provable. Finally, the primitive operations on these classes are
defined in the same way as in the case discussed previously.

It is not difficult to show that if the theory is complete with
respect to formulae containing neither variables nor quantifiers,
then all the axioms of the theory come out true under the inter-
pretation thus obtained. This is no more true if the theory is in-
complete, but it is obvious how to rearrange the proof so as to
obtain a solution. After adjunction of A we extend the theory to a
more comprehensive one which is complete with respect to the
formulae in question, and perform our construction for this extended
theory.

The extension of a theory to a complete one is a meta-logical
problem which possesses a very clear algebraic content. It is closely
connected with the theory of representations of Boolean algebras
developed by Stone [217]. Stone’s representation theorem shows that
every Boolean algebra B is isomorphic with a field of sets. The main
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tool in his theory is the concept of a filter (or an ideal) of B, i.e.
the concept of a subset F of B such thatz, ye F ->xA yeF and
zeF ->zxzvyeF. A filter which is different from B but which
cannot be extended to a filter different from B is called maximal.
It follows from Stone’s theory that every filter different from B can
be extended to a maximal filter. This theorem is in fact equivalent
to his representation theorem.

Formulae of a theory can be treated as elements of a Boolean
algebra if we identify mutually equivalent formulae. It turns out
that the filters and maximal filters of this algebra have a very simple
interpretation: a filter consists of formulae provable in an extension
of a given theory (obtained by an adjunction of new axioms), and
a maximal filter consists of formulae provable in a consistent coiu-
plete extension of the theory. It is thus seen that the solution of the
completeness problem for a theory with quantifier-free axioms
follows from Stone’s representation theorem for Boolean algebras.

There are several methods to extend the completeness theorem
to the case of the full first-order logic. One of them uses what is
known as the epsilon-theorem. This theorem shows that every con-
sistent set S of axioms can be replaced by a consistent set of quanti-
fier-free axioms which form a set at least as strong as S. One obtains
this new system by adjoining to the given theory certain new pri-
mitive operations (called Skolem or Herbrand functions). Each
model of the old system can be recovered from a model of the new
system simply by dropping the interpretations of the symbols not
present in the old theory. The consistency proof for the extended
system is not immediately obvious, however, and it is perhaps
easier to prove the completeness theorem first and derive from it the
e-theorem.

Another method which does not require any extension of the list
of primitive notions of a theory was invented by Henkin {76]. It
rests on a deeper analysis of the maximal filters and the relations
they bear to models,

Let us consider the Boolean algebra B of sentences (i.e. formulae
without free variables) of a first-order theory T to which we add
constants denoting elements of an infinite alphabet A and the axioms
stating that these constants denote different objects.

Every model whose universe I is the set of equivalence classes [{]
of terms (without variables) determines a maximal filter F in B.
This filter consists of all sentences true in the model. It is not
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true, however, that every filter determines a model. For instance,

if a filter contains all the sentences of the form — A(f) and in addi-

tion the sentence V A(z), then it is clear that it corresponds to no
x

model. It turns out that this situation is the only one which can
prevent a filter to correspond to a model. If F is a maximal filter
in B with the property that
for every formula A with one free variable, if the sentence
(*) V A(z) belongs to F, then so does at least one formula of the
x

form A(?),

then there is a model (with the universe I) which corresponds to the
filter. Hence the completeness problem will be selved when we show
the existence of a maximal filter F with the property (*). In case
of a denumerable set A several such proofs are known: Rasiowa and
Sikorski [172] were the first to prove this theorem by means. of
topological methods; Tarski (quoted by Feferman in [33]) replaced
them by purely Boolean ones, and Rieger [175] used for the same
purpose the representation theory of Boolean algebras.

For a non-denumerable set A these methods are not applicable,
and we must either use the methods based on the e-theorems or
a (suitably adapted) method of Henkin [76}. We may note that the
first hint of a completeness theorem for a non-denumerable A was
given by Tarski in an appendix to [222} (¢f. also Malcev [134]).

A fruitful method of proving the completeness théorem was de-
vised independently by Beth [7], Schiitte [195a}, [195b], and
Hintikka [82]. The essence of their method (which was clearly influ-
enced by Gentzen-type formalizations of logic) is to look system-
atically for a possible counter-example to a given formula F. Let us
sketch this proof:

We shall call a conjunctive a finite sequence of formulae, each
provided with one of the symbols + and —, e.g. ¢ = <F+, G-,
H-, K+ >, The meaning of such a conjunctive is the same as that
of the formula FA (= G)A (- H) A K. The void sequence A is
also counted as a conjunctive. We shall define certain operations
on conjunctives. For a given conjunctive ¢ we first determine whether
it contains a pair of formulae F+, F-; if this is the case we put f(a, n) =
9(a, n) = A (the void sequence). Otherwise we determine the first
formula F in a (i.e. the one farthest to the left) which is not an
atomic formula, If there is no such formula F we put f(a, n) =
g(e, n) = a. In the remaining cases we define f(e, n) and g(a, n)
as follows:
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1. F= -~ Ff f(a, ) =g(@,n) =< ..., Ff >

(dots represent here formulae different from F present in «a);

2. F=(F;A G)+ f(a, n) = g(a, n) = < ..., Ff, G} >;
3. F = (F, vG,)- fla,n)=glae,n) = <... Fj, G] >;
4. F = (Fy vG)* fla,n)=<...Ff>,

g(a, n) = <..., Gt >;

5. F = (FyA Gy~ fle, n) = <... F{ >,
gla, n) = <..., G >;

6. F = (\x/F1(-"3))+ f(a, n) =g(a, n) = < ... (F ()t >;
7. F = (4\F1(x))- f(a, ) = g(a, n) = < ..., (F(n)~ >;
8. F = (AF(@)* f(a, n) = g(e, n) =

=<.. *s (Fl(O))"', ey (Fl(n))+s (/I\Fl(x))-'- >;

9. F = (VFy@) f(a, n) = g(e, n) =

= <o FO) - (Fy(m), (V@) >.

Now for any formula F without free variables we construct a
refutation tree T' of F. To this end we consider the full binary tree
as drawn in diagram 4,

Diagram 4.

F-

g(a, )
f(a, n)
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and place <F-> in the vertex 0. We further agree that whenever
a non-void conjunctive a is placed in a vertex V, then f(e, n) and
g(a, n) are placed in two vertices immediately following V. The value
of n (which matters only in’'cases 6-—9) is determined as follows:
in applying rules 6 and 7 we choose as n the smallest possible
integer not yet used in the tree; in the rules 8, 9, we take as n the
greatest of the integers already used.

Dropping from the tree all vertices not occupied by conjunctives
we obtain a refutation tree T of F. The branching points of T are
all binary; hence by a well-known theorem due to Konig the tree
is either finite or contains an infinite branch. In the former case F
is provable and in the latter there is a model in which F is false.
This thodel is defined by taking as its universe the set of all inte-
gers and interpreting a predicate, say P, as the relation R which
holds between the integers n,, ..., ng, if and only if the formula
(P(ny, - .., ng))* eventually appears in the conjunctives lying on
the branch.

What is remarkable in proofs of this type is that they allow us to
construct immediately a formal proof of F provided that no counter-
example to it exists.

The construction sketched above differs but inessentially from
the one used by Beth.

The completeness theorem found numerous applications to purely
algebraic imbedding problems. It is important for such applications
that the theorem be proved for a set A of arbitrarily high power.
The possibility of applying the completeness theorem to such prob-
lems was first pointed out by Malcev [134] who also published the
first proof of the theorem independent of the cardinality of A (Mal-
cev’s proof was not entirely correct but his mistake can easily be
corrected). A typical example of the applications in question is a
theorem which says that each partial ordering of a set can be ex-
tended to a complete ordering. More sophisticated applications were
given by Malcev [135] and by Henkin [78].

As the most important meta-mathematical application of the
completeness theorem we mention the result that an incomplete
theory based on the first-order logic always has at least two non-
isomorphic models. Indeed, if F is a formula which is neither prov-
able nor refutable in a theory T, then theories T' and T obtained
from T by adding F and - F to its axioms are consistent and thus
have models which of course are non-isomorphic. We can prove
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similarly that if T is an essentially incomplete theory, then it has
2% non-isomorphic denumerable models. In particular, Peano’s
arithmetic has 2% non-isomorphic denumerable models. The
existence of such models was first proved by Skolem [209]; the
proof sketched above was indicated by Gbdel in a review of Sko-
lem’s paper.

The completeness theorem can also be used to establish the ex-
istence of non-isomorphic models of certain complete theories. Let us
take as an example a consistent extension T of Peano’s arithmetic.
By adding Skolem functions we obtain a theory T' which is based on
axioms none of which contains quantifiers. We know already that
every model of T’ determinés a model of T. Now we add to T a new
constant a, obtaining a theory T’ ¢a). As was already pointed out
above, every complete extension T* of T'(a) determines a model
whose universe is the set I of all terms of T"(a). The question is now
how many such complete extensions T* of T'(a) there are. In order
to answer this question we look at the Boolean algebra B’ of all
formulae of T with one free variable x. The set of formulae F(z)
such that F(a) belongs to T* is clearly a maximal filter in B’, and
every such filter determines a complete extension of T'(a). Since,
in the case of arithmetic, there are 2% maximal filters in B’, we
obtain 2% models. A model M* corresponding to a complete ex-
tension T* of T’(a) can be isomorphic to a model M** corresponding
to a different complete extension T** of T'(a), but the number of
such exceptional extensions T** is at most denumerable since in
the isomorphism between M* and M** the element a can be mapped
only on one of denumerably many terms, and the image of a deter-
mines already the image of the whole of M*. It follows that there
are 2% non-isomorphic deniumerable models.

We thus see that the existence of mutually non-isomorphic de-
numerable models of a complete theory depends not on the structure
of the Boolean algebra B of sentences but on the structure of the
algebra B’ of formulae with free variables. The importance of this
algebra was first noted by Ryll-Nardzewski [188]; we shall say more
about it later when discussing the theory of models.

Several important problems arise when we consider the effectivity
of the methods used in the proof of the completeness theorem. We
have here really two problems: one concerning methods used to prove
the existence of at most denumerable models, and the other con-
cerning methods used to prove the existence of models of any car-
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dinality. Let us start with the second problem, which clearly belongs
to the abstract set theory.

After the discussion above it should be clear that the completeness
theorem is a consequence of the theorem known as the fundamental
theorem of Boolean filter theory, which states that every proper
filter in a Boolean algebra B can be extended to a maximal filter.
It is easy to show that this theorem is in fact equivalent to the
completeness theorem for systems of logic in which we allow an
arbitrary number of individual constants (c¢f. Los [125]). The funda-
mental thenrrem is known to follow from the axiom of choice; it
has also been proved that it is independent of the axioms of set
theory without the axiom of choice (cf. [123]). The more difficult
question whether the axiom of choice is equivalent to the fundamental
theorem has recently been answered negatively by Halpern [72].

Let us now consider the construction of denumerable models; we
can assume that the elements of our models are integers. The natural
question to ask here is whether the models one obtains by using the
completeness theorem are always recursive or at least recursively
enumerable. To make the question more explicit let us assume that
F is a formula with (say) one binary predicate. An interpretation
of Fin the set N of integers is a binary relation, i.e. a set R of ordered
pairs. The problem is to find out whether there is a recursively
enumerable R such that F is true in the model <N, R>. The answer
to this problem is negative. An example of a formula for which there
exists no recursively enumerable model is provided e.g. by the con-
junction of all the axioms of set theory (in the formulation of Godel

[60]). This example is due to Rabin [165].
Kleene [104] and Hasenjaeger [75] showed that one can always
find a model in which R is defined in the form
mRn= AV S(n, n, z, y)
x y

and in the dual form

mRn=V A S'(m,n,xy)
r p

with recursive S and S’. Putnam [163] obtained an even simpler form

mRn= 510 [Y Sp(m, n, T) A {1\ - 8'p (m, n, y)]

with recursive S, and §';.
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Putnam’s result is the best possible one for formulae without the
predicate of identity; for formulae with this predicate we can impose
an additional requirement on the model to the effect that the pre-
dicate of identity be interpreted as identity. The exact form of the
simplest definition of a model is not known in this case.

Worth noting here are some strange features of the recursive
models of certain simple akioms. For instance, Peano’s arithmetic
is known to possess just one (up to isomorphism, of course) recursive
model; among all the 28 denumerable models non-isomorphic to
the usual (standard) one there is not a single one which would be
recursive or even recursively enumerable (¢f. Feferman [35], Scott
[196]). 1t is not quite clear what causes this peculiar behaviour of
various axiomatic theories and what prevents some of them from
admitting recursive models at all and others from admitting more
than one such model.

Several attenipts have been made in the literature to generalize
the completeness theorem to more comprehensive systems of logic.
Let us consider e.g. a language which differs from the usual system
of logic by containing one additional quantifier (Sr) (to be read
“for at most finitely many z’’), additional axiom schemas

4\ - F(x) - (Sz) F(z);

A {F@) = [@=y) V... V(& = ya)l} > (52) F()

and one additional rule of proof which allows us to obtain the
formula — (Sz) F(z) from the infinite list of formulae

V F(@), - V...l)/g\{m)z[(x: y) V... V(@ =y}

Yy
n=12 ...

The completeness theorem for this infinitistic logic can be ob-
tained by the algebraic or by the topological method and also by
the Betli—Hintikka—Schiitte method. This was sta’ed explicitly
by Schutte [1953]. It is significant that the methods based on the
e-theorems do not work in this case. We shall later say more about
the reasons why these methods cannot be used here.

If we pass to higher logical systems the situation becomes quite
different. Let us take as an example the second-order logic. As was
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remarked in lecture II, the syntactic structure of this logic does not
decide whether it is essentially different from the first-order logic.
All depends on what kinds of models of the sentences of this logic
we admit. If we do not impose any limitations, the completeness
theorem will continue to hold and we obtain a completeness theorem
which says that a formula which is not refutable has a model in
which the second-order variables are restricted to a certain subclass
of the full class of subsets of the universe. This result was first ob-
tained by Henkin [77] whose paper has essentially contributed to
a better understanding of what higher-order logic really is.

However, if we admit for our second-order logic only models in
which the range of the second-order variables is the full class of all
the subsets of the universe, then Godel’s first undecidability theorem
shows that the completeness theorem is no more true and cannot
be saved unless we decide to strengthen so the axioms and rules of
proof that they will no longer be effective.

These considerations lead to a different approach to the com-
pleteness problem, which is the second approach mentioned in the
beginning of this lecture. We take as a starting point not the formal
calculus for which an interpretation is to be found but, conversely,
a language and a class of ‘““admissible” interpretations of it. The
problem is to construct a formal calculus on the formulae of this
language such that precisely those formulae are provable which are
true in all the admissible models. If by a calculus one means a finite
set of recursive rules, then one can in some cases use results from
the recursive function theory to prove that no such calculus exists.

There are many results pertaining to the problem just indicated.
It is easy to show e.g. that for the logic with the quantifier S inter-
preted in the way indicated above the solution of the problem is
negative: the calculus with the infinitistic rule which we discussed
cannot be replaced by a calculus with a finite number of recursive
rules. This is the case simply because the set of formulae which are
true in all models is not recursively enumerable. We may note that
this set would be recursively enumerable if the e-theorem were true
for this logic.

If we now change the interpretation of S to read: “there are at
most denumerably many elements such that...”, then the problem
admits a positive solution: using results of Fuhrken [48], Vaught
(239] showed not long ago that there exist recursive rules allowing
one to prove exactly the formulae which are true in every model
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(with this interpretation of S). For many other special cases the
problem remains open.

As another example let us consider the following problem:

We leave the language of the predicate logic unchanged but
narrow down the class of admissible models. Vaught [238] has in-
vestigated the classes of formulae which are true in all recursive or
recursively enumerable models and found that none of these classes
can be axiomatized by recursive rules. A similar result was found
earlier by Trachténbrot [233] who found that the set of formulae
true in all finife models is not recursively enumerable although it is
a complement of such a set.

The problem which we discussed in the last few paragraphs can be
formulated for various non-classical logics provided we can give them
an interpretation. For instance, we may take the interval [0,1] as
the set of truth-values (in the case of ordinary logic there are exactly
two truth-values) and interpret the propositional connectives as
functions defined in this interval and taking their values from it.
Quantifiers are interpreted as functions from the subsets of [0,1]
to [0,1}. We can then define the basic semantical notions in the
same way as in the two-valued case and ask whether the set of
formulae true in every model is axiomatizable by a finite set of
recursive rules, Chang [15], Scarpellini [193] and others have achieved
some results in this direction; it is hard to say, however, whether
investigations of many-valued logics will eventually prove to be
more than a mere curiosity.

The completeness problem is an interesting example of a question
which arose from philosophical investigations concerning the relations
between formal calculi and semantics and which has found many
purely mathematical applications in spite of its philosophical origin.
One often speaks of the relevance of mathematical logic to algebra;
it is chiefly the completeness theorem that allows one to connect
these two disciplines in such a way that they can deeply influence
one another.



Lecture VII

Further development of the recursive function theory

Full and partial computable functions are very well suited to the
needs of constructively minded mathematicians. The development
of the theory of these functions lead to new notions su:d construc-
tions however, which do not any more conform complictely to the
philosophy of constructivism. Most of these new notions were in-
troduced by Kleene. We shall here describe some of them. They are
important for purely mathematical reasons but also because they
allow us to study some semi-constructivistic theories.

Relalive computability. This important notion due to Kleene is
best explained in terms of machines. Let f be a function with one
argument defined in the set of all integers and taking on integral
values, We can view such a function as a device supplying us with
the information that f(0) is the value »f f at 0, f(1) at 1, and so on.
Let us imagine a machine in which this infinite amount of informa-
tion is stored and which performs the same steps as an ordinary
machine. In the course of calculation the machine is from time to
time asked to take from the memory the value of f at a point which
has been calculated before. A function ¢ calculated by such a machine
is called computable with respect to f. The number of times the
machine must draw on the information about the values of f depends
in general on the particular argument n which appears in the input
of the machine but is always finite. Thus in order to calculate g for
a given value n of the argument we need only a finite number of
values f(0), f(1), ..., f(z), where z depends on n. Instead of this se-
quence we can use the single integer pAO+t . pl@+t — f(z) which
synthetizes so to speak the finite sequence of the exponents (p;
denotes the j-th prime).

Kleene [98] proved that a (partial) function computable relative
to f has the form

(1) g(n) = U min, (R(f(2), n))
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where U is a fixed primitive recursive function and R a primitive
recursive relation. In order to make this resalt plausible we may
remark that in the course of the computation of ¢g(n) the machine
performs a process which can be described arithmetically by means
of an integer p. We are here invoking of course the whole machinery
of Godel numbers. The process depends on the integers f(0), .. ., f(2),

i.e. p is a function of f(—z)—and of n. This function is a partial one not
only because g is not necessarily a full function but also because p
is undefined if the value of z is too small; the machine cannot coni-
plete its work if a sufficient number of the values f(j) is not at hand.

A more detailed analysis shows that the dependence of p on f(z)
and i is given by a recursive relation, say S, whereas the value g(n)
is obtained from p by a recursive operation U,. Taking all these
observations together we come to the equivalence m = g(n) =

\/ [S(p, f(z) n) A (m = U(p))] from which we obtain (1) by easy

formal transformations.

A similar relativisation is possible for the notion of a recursively
enumerable set: a set A of integers is recursively enumerable with
respect to f if A is either void or is the set of values of a function
computable with respect to f.

Degrees. (Kleene and Post [109]). If g i a partial function comput-
able with respect to f, then we say that its degree is smaller than
or equal to f:deg(g) < deg(f). The degree of f is defined as the set
of all funclions ¢ satislying both inequalities deg(g) < deg(f) and
deg(f) < deg(g).

The degrees form a very interesting structure and much work has
been devoted to them. Let us mention a few facts found in the course
of this work.

Degrees form an ‘‘upper semilattice’, i.e. for every two degrees
a, f there is a smallest degree y which satisfies ¢« <y and 8 < y.
It is not true, however, that for any two e, S there is the greatest
degree y which satisfies ¢ = y and § = y (¢f. [109]). The first result
is almost obvious but the second requires a rather ingenious proof.

One shows easily that the cardinal number of degrees is that of
the continuum. Less obvious is the fact established first by Shoen-
field [205] that there exists a set of mutually incomparable degrees
whose cardinal number is that of the continuum.

The lowest degree O consists of course of computable functions.
Higher degrees can be found among the arithmetically definable
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functions which were first introduced by Kleene [98]. A function f
is arithmetically definable if there is an arithmetical formula A
which defines f, i.e. has the property that for every n the number
f(n) is the only integer m such that A(i1, m) is true in the standard
model of arithmetic. The number of quantifiers in A serves as a
measure: of the complexity of the definition. Functions which can
be defined by a formula with n quantifiers but not by a formula
with less than n quantifiers belong to the n-th class of the,arithmet-
ical hierarchy. In order to avoid misunderstanding we remark that
the atomic formulae of A have the form y = f(z,, . . ., zy) where [
is any computable function.

The simplest class after O consists of the characteristic functions
of recursively enumerable sets. From what was said in lecture IV
we infer easily that there exists a ‘“‘universal’’ recursively enumierable
set K, i.e. a set K such that every recursively enumerable set X
is representable as {n 1 f(n) e K} with a computable f. It follows
that the characteristic function cy of X has a degree less than or
equal to that of the characteristic function of K. Denoting the latter -
degree by O’ we obtain deg(cy) < O’. Since there are X such that
cx is not computable we obtain O’ =% O.

Most non-computable recursively enumerable sets one encounters
in mathematical logic are of degree O’. It would be more accurate
to say that their characteristic functions have this degree; for simplic-
ity’s sake we shall nevertheless identify sets with their characteristic
functions.

Thus e.g. the set of the Godel numbers of theorems provable in
any computable extension of Peano’s arithmetic has the degree O’;
also the set of (the numbers of) refutable sentences has this degree.
Several sets which are not recursively enumerable also have this
degree, e.g. the set of the Gédel numbers of undecidable sentences of
any such theory, and the set of the Godel numbers of first-order
formulae which are true in every finite model etc.

Sets recursively enumerable with respect to K have again a
“universal” sef; the degree of its characteristic function is denoted
by O”". Evidently O” > O’. We can define similarly the degrees
O, 0" elc.

We could start not with O but with any degree and form the
degrees ¢’, ¢”, ... In order to obtain (deg(f))’ we take the degree of
a function which is universal for all the functions g whose degrees
are < deg(f). Evidently this construction requires a proof that such
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a function exists and that its degree is determined by deg(f). Thus
we see that the jump operation ' allows us to show the existence of
arbitrarily high degrees. The iteration of the jump operation does
not exhaust all possible degrees. There are e.g. degrees greater than

each of the degrees O("), n=1,2....

The fine structure of the set of degrees is very complicated. The
most detailed account of this difficult subject is given in [190].

The computation of the degree of a given set or — in case this set
(or its characteristic function) is arithmetically definable — the
determination of its place in the arithmetical hierarchy presents in
general a very difficult problem. We saw examples of such problems
in the previous lecture where we discussed arithmetically definable
models for single formulae of the predicate calculus. Several more
mathematical examples can be found in [185]. Aninteresting example
was given by Specker [213] who considered complete extensions of
Peano’s arithmetic. Such extensions can never be recursively enumer-
able but one can find them already among sets of degree O”; Specker
showed that no Boolean combination of recursively enumerable
sets (of formulae) can be a consistent complete extension of .arith-
metic.

The set of arithmetical formulae which are true in the standard
model of arithmetic has a higher degree than any O("); this set
therefore provides us with a simple example of a set which is not
arithmetically definable.

Properties of recursively enumerable sets. These sets were studied
very extensively, probably because of their relevance for mathemat-
ical logic and the theory of machines. The chief contributor to the
theory was Post whose paper [160] marks the beginning of a new
era in this field.

1. Post’s theorem. It was known long ago that a set which is
recursively enumerable and which has a recursively enumerable
complement is computable, i.e. has a computable characteristic
function. We proved this theorém on p. 39. Generalizing this
result Post showed that if a set X as well as its complement belongs
to the same class of the arithmetical hierarchy, say to the n-th one,
then X is recursive relative to a set belonging to a lower class of the
hierarchy, i.e. the degree of X is < O™,

The theorem reminds one of a similar result on analytical sets:
a set which is analytical and whose complement is analytical is a
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Borel set. The analogy is imperfect, however, as we can see from the
following theorem which is true for recursively enumerable sets but
false for analytical sets:

2. Theorem on non-separable sets (Kleene [100]). There are pairs
of disjoint sets X, Y which are recursively enumerable (relative
to a function f) but which cannot be separated by a set computable
with respect to f. In other words there is no set R computable (relative
to f) such that X <« Rand Y < -R.

A simple example of such a pair is the set X of (the numbers of)
arithmetical formulae provable in Peano’s arithmetic and the set Y
of (the numbers of) arithmetical formulae which are refutable in it.
Of course the essential undecidability of Peano’s arithmetic is an
immediate consequence of the non-separability of X and Y. Several
theories much weaker than arithmetic also possess the property of
non-separability, i.e. the property that the set of theorems and the
set of their negations are non-separable.

In another example due to Trachténbrot [233] we take as X the
set of (the numbers of) formulae of the predicate calculus which are
false in at least one finite model and as Y the set of (the numbers of)
provable formulae of this calculus.

Inseparable sets have found numerous applications. For instance,
they are used in constructing first-order formulae which have no
recursively enumerable models, in a proof that Peano’s arithmetic
has exactly one recursive model (cf. lecture VI), and in several other
constructions.

3. Recursively enumerable sels of special kinds. Post asked in his
paper [160] whether there exist recursively enumerable sets of
different degrees. His paper contains an account of various unsuc-
cessful attempts to solve this problem. Post stated that the set K
of the degree O’ is in a certain sense small: For every recur-
sively enumerable set X disjoint of K it is possible to determine
effectively (from the definition of X) an integer not in X U K. Post
called such a set creative. All creative sets have the degree O’, and
thus are unsuitable as possible candidates for the solution of the
problem. Looking for a possible example of a recursively enumerable
set of a smaller degree, Post constructed ‘‘big” recursively enumer-
able sets. His simple sets S have the property that -S does not contain
any infinite recursively enumerable sets. Still bigger are the hyper-
simple sets H whose characteristic property is that if F,, F,, ..
is any recursively enumerable sequence of finite sets, then only
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finitely many Fj; s have non-void intersections with -H. The sets
constructed by Post proved to have the degree O’ and thus did not
help him to settle the problem. They were nevertheless subjected to
further study partly of a purely mathematical and partly of a meta-
mathematical character. Thus e.g. Myhill [154] showed the recur-
sive isomorphism of any two creative sets, and Grzegorczyk [68]
showed how to obtain easy proofs of Gédel’s undecidability theorem
by using simple or hypersimple sets. The literature on various kinds
of recursively enumerable sets accumulated so rapidly between 1950
and 1960 that it is not possible to discuss it here in detail.

4. The Friedberg—Mucnik method. Post’s problem was solved
simultaneously by Friedberg [44] and Mucnik [153] in 1956, that is
full 12 years after the problem was stated. Their construction is
highly technical, and we find it impossible to describe it here. We
shall only say that the general plan is to obtain two recursively
enumerable sets A = U Ay, B = U B; where A; and Bj are finite

i i

sets and where neither of the sets A, B is recursive in the other. The
definition proceeds by stages: at even stages s = 2i we take care
of the set A; and at odd stages s = 2j + 1 of the set By. -

If the characteristic function ¢, of A were computable relative
to ¢cp we would have a relation

) ca(®) = U (min T(cp(2), z, €))

where T(m, n, 0), T(m, n, 1), ... is a computable enumeration of all
primitive recursive binary relations. Now the choices of Ay at the
stages s = 2i are performed so as to obstruct relation (2) for a value
e;, where ¢; ranges over all integers as i increases. Choices of the
sets By are similar but with the roles of A and B reversed. Of course
at no stage s are the sets A, B completed, and we are in fact not
obstructing relation (2) but a similar relation between the char-

acteristic functions of the approximating sets U A4;, U Bj. Thus
1<s/y J<s/

a special care must be taken to make sure that no further choices
make the relation obstructed at some stage of the approximation to
reappear in the limit.” The method which assures this is called the
priority method.

5. Various applications of the Friedberg—Mucnik method. This
powerful method made it possible to solve'several problems concern-
ing recursively enumerable sets and degrees as well as their relations
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to meta-mathematics. We may mention as an example the result
of Sacks [190] according to which every countable partially ordered
set can be embedded in the semilattice of degrees. A result due to
Friedberg [46] says that there exists a “maximal’ recursively enumer-
able set M such that the complement -M is infinite but cannot be
divided in two infinite parts of the form R N (-M) and (-R) N (-M)
where R is recursively enumerable, i.e. that no recursively enumer-
able set is able to divide -M into two infinite parts.

An example of a meta-mathematical application is proyided by
a result of Shoenfield [206] who showed the existence of an axiomatic
theory (based on an infinite set of axioms) which has the properiy
that the set of the Godel numbers of its theorems is a recursively
enumerable set of any preassigned degree ¢ << O’. For O <o < O
we obtain an example of a theory which is undecidable but such
that its undecidability cannot be proved by reduction to arithmetic.
As we noted above the set of the Gdédel numbers of theorems
provable in Peano’s arithmetic have the degree O’. Feferman [34]
gave some general criteria as to when this degree is O’ in case of
an arbitrary theory.

Recursive well-orderings. We have already remarked that the
theory of computable functions and its generalizations were created
for the purpose of reconstructing some fragments of classical mathe-
matics along constructivistic or nominalistic lines. We shall say more
about these attempts in lecture XI. Of course the attempts to re-
construct some parts of the classical set theory in computable terms
belong to this program. We include a brief discussion of computable
well-orderings already here since they will be needed in the next
lecture.

Let R be a primitive recursive relation whose domain and counter-
domain consist of integers. If R is a well-ordering of a recursively
enumerable subset of the set N of all integers, then we say that R
is a recursive well-ordering.

We know that all primitive recursive relations can be arranged
in a sequence R, R,, ... in such a way that the three-argument
relation R.(z, y) is computable. The set of indices e such that R,
is a recursive well-ordering is denoted by O; it plays an important
role in the theory of recursive well-orderings.

The ordinal types of relations R,, e in O, form an initial segment
of the Cantorian second number class, The smallest ordinal not
belonging to this segment is denoted by w, and called the first non-
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constructive ordinal. It is a denumerable ordinal, yet there is no
primitive recursive relation of this type. It is possible to show that
there is no arithmetically definable well-ordlering which would have
the type w,.

Recursive well-orderings are important chiefly because they allow
us to express in purely arithmetical terms definitions which usually
are expressed in set theory. ‘We have in mind some particular cases
of what are known as the definitions by transfinite induction.

A typical definition by transfinite induction consists of three
clauses

(@) Ag= A,

(ii) Ag1 = F (4p),

(iii) A; = EU}. Ag (4 is a limit number)
<

where A is a set and F a function whose arguments and values are
sets. This definition is expressed in set theory because we use in it
the notion of an ordinal. If we are interested only in values of Ag
for £ < ¢ < w,;, however, we can eliminate ordinals in favor of
integers ordered by a recursive relation R, with e chosen so that the
type of R, be o. What we define is a function A(n) from integers to
sets; the three clauses of the definition now become

(i") if ng is the first integer with respect to the ordering relation
R,, then A(ny) = A;

(ii") if n’ is the immediate successor of n inr the ordering R,, then

A(n') = F(A(n));

(iii") if n does not have an immediate predecessor in the ordering
R, then

A {ream= \‘{ [@ % M)A Re(y, 1) A (z € A@)]}.

(The formula in (iii") says that A(n) is the union of the sets A(y)
where y preceeds n in the ordering R,.)

As we see, the set-theoretical notions have disappeared from the
definition unless they are present in F.

We can also formulate an arithmetical counterpart to proofs by
transfinite induction. Corresponding to each e in O (such that the
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field of R, consists of all integers) and to each arithmetical formula G
strongly representing R, we have an arithmetical axiom

* A {{.\ [(n £ m)A G (n, m) > A(n)] > A(m)} ~ A An)

which says that if the truth of A(m) follows from the assumption
that A(n) is-true for all n preceeding m (in the ordering R,), then
A(n) is true for all n.

For certain indices e in O transfinite definitions (i’)—(iii’) are no
more powerful han ordinary explicit definitions; for some e in O
and some G the axiom schema (*) is also derivable from Peano’s
axioms for arithmetic. However, this is not true for all e in O.

The transfinite definitions here described have been used several
times to obtain extensions of incomplete systems, especially of
systems of arithmetic. First steps in this direction were made by
Turing [235] who tried to remove the incompleteness of arithmetic
by adding to it an undecidable sentence (constructed, say, by the
method of Godel) and repeating this process indefinitely by trans-
finite induction. A precise formulation of this construction was given
recently by Feferman [37].

Another similar application of the transfinite induction to meta-
logical problems was made by Shoenfield [204] who investigated
what is known as the effective rule w.

The rule w is an infinitistic arithmetical rule of proof which says
that whenever all sentences A(0), A(1),..., A(R),... are proved,
then the sentence A A(zx) can also be considered as proved. The

x

effective rule  (first proposed by Novikov) strengthens the
assumption: instead of requiring that for every n there is a proof
of A(it) we assume that there is an algorithm which produces a proof
of A(it) whenever i is fed into it. Of course every arithmetical state-
ment is “provable”’ by a finite number of applications of the rule w.
Shoenfield showed that transfinite iterations of the effective rule w
also yield a complete system of arithmetic.

Several authors have investigated the strength of the axiom (*)
and its dependence on the choice of the formula G as well as on the
choice of e. It turns out that there are indices e in O for which axiom
(*) is quite strong and allows one to prove e.g. the consistency of
arithmetic. We shall not discuss this subject but proceed rather to
an extension of the arithmetical hierarchy obtained by means of
transfinite induction of the kind just described.



Lecture VIII

Hierarchies and functionals

In lecture VII we discussed a hierarchy of sets of integers, known
as the arithmetical hierarchy. In mathematical practice we often
encounter sets which do not belong to this hierarchy, and it is there-
fore natural to extend it.

The hyper-arithmetical hierarchy. One obtains it by extending the
arithmetical hierarchy into the constructive transfinite.

Without going into technical details we can describe the process
as follows: We first fix two arithmetically definable functions s,
o such that whenever eisin 0, then so are ¢’ == 7 (¢) and e, = ¢ (e, n);
moreover, if the order type of R, is @ 4+ 1, then the order type of
R,y is e; and if the order type of R, is a limit number 4, then the
order types of Ry, ., form a sequence which converges to A.

We want to define, for each e in 0, a universal function F, whose
values are sets and relations which jointly form the e-th level of
the hyper-arithmetical hierarchy. If the order type of R, is 0, then
we take as F, a universal function for the family of recursively
enumerable sets and relations. If the order type of R, is « + 1,
then we take as F, a universal function for the family of sets and
relations which can be formed from sets and relations of the e’-th
class (i.e., from sets and relations F.(n) where n=1,2,...) by
means of Boolean operations and quantifiers V, A, with x ranging

x T

over integers. Finally if the order type of R, is a limit number 4,
then F, is a universal function for the family of sets and relations
of the form'U, F., (f(n)), where f is a recursive function.

If X is a set (or a relation) such that there is an e in O and an
integer n such that X = F,(n), then we call X a hyper-arithmetical
set (or relation).

The success of this construction is due to the circumstance that
the values of ¢’ and e, are given by computable functions =, ¢ of ¢
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and n. These functions are fixed from the beginning and constantly
used in the construction of the levels.

A detailed exposition of the theory based on a definition very
similar to the one given above was given by Kleene [105]. It seems
to me that one obtains an easier exposition if one starts from another
definition based on the notion of representability (cf. [71]).

We consider a formal system (S) of second-order arithmetic based
on Peano’s axioms for integers with the axiom of induction in the
form

)/(\{(OGX)/\ /z\ [zeX >z +1eX) > /z\ (z € X)}
and on the following set-theoretical axioms:

/z\ [reX=zeY] >(X=Y) (extensionality),

¥ /x\ (re X = A(x)] (comprehension).

In the axiom of comprehension A(x) stands for an arbitrary for-
mula which may or may not involve set variables but does not
involve X.

In addition to the usual rules of proof we admit into (S) the (strong)
rule w (cf. lecture V1I). We define hyper-arithmetical sets (relations)
as the ones which are strongly representable in (S).

A related definition was also proposed by Kreisel [114]; he used
certain model-theoretical notions, however, instead of the quasi-
syntactical notion of representability in (S).

Our definition reveals the source of the close analogy between
hyper-arithmetical and computable sets (relations). Indeed, both
these classes are defined as consisting ¢f sets (relations) strongly
representable in a formal system; the only difference is that in order
to obtain computable sets we take as this system the usual second-
order arithmetic whereas the hyper-arithmetical sets are obtained
if we adjoin to the second-order arithmetic an additional infinitistic
rule of inference.

Of course we can introduce (total) hyper-arithmetical functions
exactly in the same way as computable functions.

Several definitions used in the theory of computable sets and
functions can now be repeated in the hyper-arithmetical case. We
can relativize the notion of a hyper-arithmetical function by in-
troducing sets (relations, functions) hyper-arithmetical with respect
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to a given set (relation, function) X. To obtain this notion we add
to the symbols of (S) a new symbol £ denoting a set and axioms
ne E for those integers n which belong to X as well as axioms
— (il € E) for those integers n which do not belong to X. Sets (rela-
tions, functions) which are strongly representable in the resulting
system (Sy) are called hyper-arithmetical relative to X.

Once we have the relative notion we can define degrees, called
here hyper-degrees. The hyper-degree of a set (relation, function)
X is the class of sets (relations, functions) ¥ which are hyper-arith-
metical with respect to X and have the property that X is hyper-
arithmetical with respect to them.

The notion which corresponds to that of a recursively enumerable
set is of course the notion of a set weakly representable in (Sy). One
can show that these sets coincide with sets definable in the form
{n: RX(n)} where R¥(n) is a relation arithmetical with respect

to X Another form in which these sets can always be represented is
{n: A V T (cx(z), n)} where cy is the characteristic function of X,

Tisa recurswe relation, and f(z) is equal to H pl+1, Sets defi-

nable in this form are called Hl-sets. An example is furnished by
the set O of integers which enumerate all primitive recursive well-
orderings of recursively enumerable subsets of N. The set O is
universal for the family H; exactly as the set K defined in the
previous lecture was universal for the family of recursively enumer-
able sets: Every Hi-set is representable as {n :f(n) e U} where f is
a primitive recursive function. Thus O has the largest hyper-degree
among Hll-sets; we shall say that the hyper-degree of O has been
obtained from the hyper-degree of hyper-arithmetical sets by the
operation of hyperjump.

The analogue of Post’s problem which was so difficult for degrees
turns out very easy for hyper-degrees. Spector [215%] has shown that
there are no hyper-degrees strictly lower than the hyper-degree of
O but not hyper-arithmetical. He also proved that there are con-
tinuum many incomparable hyper-degrees. His methods are based
on measure theory and category theory.

The analogue of Post’s theorem is valid for 17 -sets: A H -set
whose complement is also a H -set is hyper-arlthmetlcal The separa-
tion theorem holds for complements of Hl-sets If A and B are
disjoint and both are complements of Hl-sets, then they can be
separated by means of a hyper-arithmetical set. Students of set
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theory cannot fail to note that all these results are but for notational
variation identical with classical results in what is known as the
theory of analytic sets. This theory was initiated by Suslin and
developed further by Lusin and Sierpinski. It deals with sets of real
numbers or more generally with subsets of certain spaces and in

particular with sets definable in the form \}4 A T (cx(n), a) where
n

T is a closed set and X ranges over sets of integers. We see thus a
close analogy between these theories: computable relations corre-
spond to closed subsets of the space, H -sets to analytic comple-
ments, and hyper-arlthmetlcal sets to Borel subsets of the space.

As an example of a result obtained by pursuing these analogies
let us note the following development of a Hll-set into “‘constituents :

For every Hi-set P={n: Q V T (cx(x), n)} there exists a prim-
n

itive recursive relation C such that

neP =V C(,n).

eeo

This development is an analogue of a theorem of Lusin — Sierpinski
according to which an analytic complement is representable as a
union of Borel sets.

The analogies between the descriptive set-theory and the hyper-
arithmetical hierarchy were formulated satisfactorily for the first time
by Addison [2].

The analylic hierarchy. A further extension of the hyper-arith-
metical hierarchy is the analytic hierarchy of Kleene [105]. We
obtain it by dividing sets into classes according to their definitions
just as in the case of the arithmetical hierarchy; however, this time

we allow formulae containing not only the quantifiers A, V whose
r ¥

range consists of integers but also quantifiers Q, ¥ whose range

consists of sets of integers. Thus an analytic class consists of sets
defined by a formula in which alternating set-quantifiers 4{\ or \){ are

followed by a formula with no set-quantifiers. E.g. the fourth analytic
class consists of sets

() {k : )\(/ 4\ \z/ /T\ ))/M (ex(p), cy(p), cz(P), c1(p), k)}

and of sets
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@ {k:AY AY AM exp) ey, 2(). e2), )

where M is a primitive recursive relation.

Sets of the form (i) we count to the class Z: and those of the
form (ii) to the class II;.

In the same way as in the arithmetical hierarchy the classes IT, 1
and Zslﬂ contain sets of a hyper-degree higher than those of all
the sets in H: and X%, Certain questions which were easily disposed
of in case of the arithmetical hierarchy are very difficult in the
analytic case, however. It is not known, for instance, whether the
separation theorems hold for J7} -sets when s > 2. It seems probable
that this question cannot be answered at all on the basis of the usual
axioms of set theory (¢f. Addison [2]).

We have restricted our account to sets whose elements are integers.
In case of analytic hierarchy it is perhaps more natural to consider
sets whose elements are subsets of N since such sets are admitted
anyhow as values of bound variables. The theory thus generalized
is for all practical purposes identical with the theory of projective
sets developed in the twenties by Lusin and his school. It is known
that this theory abounds in very difficult problems which cannot
probably be solved on the basis of the existing set-theoretical axioms.
An excellent account of interrelations between the theory of hierar-
chies and the descriptive theory of sets is contained in Addison’s
paper [2].

Meta-mathematical applications of higher analytical sets are
rather scarce; Scott (unpublished) found some applications showing
that sets representable in languages with infinitely long formulae
are analytic.

Primitive recursive functionals. The notions of primitive recur-
siveness and of computability have been extended to objects of
higher types; the first step in this direction was taken by Godel in
1958 [62]. We can look at his idea as a departure from strictly finit-
istic conceptions (which proved to be too weak to serve as a basis
for Hilbert’s program) but in quite a different direction from the
one which leads to the various hierarchies which we discussed above.
Godel’s idea whose germ can be found in writings of Hilbert is to
define the notion of computability not only for sets of integers and
for functions from integers to integers but also for objects of higher
logical types. These objects are called functionals.
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Let us explain what functionals are. To this end we first define
by induction certain type-symbols: * is a type symbol; whenever
Ty« « o Tk T are type-symbols, then so is (ty - .- Tk : Tp); No other
symbols are type-symbols.

Functionals of type * are integers; if v = (7, ..., T¢ : 7p) isa type-
symbol, then functionals of type 7 are functions with k arguments
ranging over functionals of type 7, ..., T} respectively and whose
values are functionals of type 7, Thus e.g. functionals of type (* : *)
are numerical functions, i.e. functions from integers to integers,
functionals of type ((* : *):(*: *)) are functions whose arguments
and values are numerical functions efc.

Arbitrary functionals are of course highly infinitistic entities
accessible only to set-theoretists. Godel considered a very narrow
class of functionals called primitive recursive functionals which —
as he showed — are very useful in meta-mathematical investigations.
The definition of primitive recursive functionals is as follows (for
later use we correlate with each functional f an index Ind(f) which
we give in parentheses):

1. ‘A functional of type (v;,..., Tx: *) with a constant value 0

is primitive recursive. (Index : < 1, (v, ..., T : *)>.

2. A functional S of type (* : *) defined by S(z) == = 4 1 is prim-
itive recursive. (Index: 2.)

3. If f has the type T = (7,, . . ., Tk : T) and is primitive recursive,
then the functional obtained from f by interchanging the p-th and
the g-th argument and the functional obtained from f by an identifica-
tion of the p-th and the g-th argument are primitive recursive.
(Indices < 3, p, ¢, Ind(f) > and << 4, p, q, Ind(f) >.)

4. If f has the type v = (7, . . ., Tk : 7) and is primitive recursive
then the functional g of type (vy, ..., Tk, 0}, . . ., 0p : Tp) defined by
the equation

gy .. Vk Wy, ooy Wp) = [y ..., VF)

is primitive recursive. (Index: < 5, oy, ..., 6p, Ind(f) >.)

The operation 4 allows us to add inessential variables to a func-
tional.

5. If fhas the type t=(t;, ..., Tx : Tg) and g the type (04, . . ., 07 1 7))
and both are primitive recursive then the functional h of type
(015 + +s Gpy Tys + -+ +y Tk Ty) defined by the equation

Ay ev 0wl Wy ooy W) = [(gy .« - o Ur), Wy, ..., W) is prim-
itive recursive. (Index : < 6, Ind(f), Ind(g) >.)



(89], 77 THIRTY YEARS OF FOUNDATIONAL STUDIES 73

6. If [ is a primitive recursive functional of type (vi,4, ..., T&:
(ty -+ 71 Tp)) them the functional h of type (vy, ..., Tk:1Tp)
defined by the equation h (a,, ..., ax) = [f(ayys - - o ax)] (ay, . - o ap)
is primitive recursive. (Index : < 7, Ind(f) >.)

7. If f has the type (vy,...,Tk:7), i <k, and g¢,,..., g; are
functionals of types 7,, ..., 7, and f, ¢;, . . ., g are primitive recur-
sive then the functional k of type (7;,,, ..., Tk : 7,) defined by the
equation

R @iy e 08) = (915« 965 Vigys - 0B)

is primitive recursive. (Index: <8, i, Ind(f), Ind(g,), ..., Ind(g;) >.)
8. The functional f of type ((zy, . . ., Tk 1 Tg)s Tys + - o Tk & Tp) defined
by the equation

f,v.. ) =0y ..., 0k

is primitive recursive. (Index: <9, (t,,..., Tx:7H) >.)

9. If f and g are primitive recursive functionals of types

Ty .onTrT)and (g *, T, .. TEDTY),
then the functional h defined by recursion

hOQ,vy,..,0) =f®y ... k),

hz4Lov,.. ,00)=gCth(z, 00, .., 08), T, g5+ . VUk)
is primitive recursive, (Index: < 10, Ind(f), Ind(g) >.)

Godel gave in [62] an axiom system whose smallest model con-
sists of primitive recursive functionals and stated that this system
has the same strength as Peano’s arithmetic with a strong schema
of induction

MAE=y > A4@] > 4@} > A 4@,

where x < y is a formula which defines a well-ordering of integers
into the type &, No proof of this assertion has been hitherto pub-
lished. It is obvious from his remark, however, that the theory of
primitive recursive functionals while stronger than the ordinary
Peano arithmetic is nevertheless still an intuitively clear theory
which can serve as a basis for meta-mathematical investigations in
the sense of Hilbert. Gédel himself showed such applications; we
shall say a few words about them in lecture X,

A very elegant definition of primitive recursive functionals has
been given by Grzegorczyk [69].

Computable functionals. Kleene [106] formulated a problem of
extending to functionals the notion of computable partial functions.
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The definition which he proposed used the machinery of indices
which we introduced together with schemata defining the primitive
recursive functionals. These indices represent a code in which the
process of calculation of primitive recursive functionals is noted. We

consider now a new schema: Let 7= (7,,..., T:1,) be a, type
symbol. F_ is a functional of type (*, 7,,..., Tx: 7y such that if z
is the index of a functional f of type r and a,, . . ., aj are functionals

of types 7.,... 75 then F/(z ap... ar) = fla,,..., ar). We
give to F, the index < 11, 7 >.

The class of functionals to which an index can be correlated ac-
cording to these definitions is just the class of (partial) computable
functionals in the sense of Kleene.

Kleene gave several definitions equivalent to his original one
(¢cf. e.g. [107]). The whole theory is still in its first stages and it is
not immediately obvious whether it will find applications to logic.

The actual computation of a Kleene’s functional takes on the
form of a tree. If we want to compute the value of a functional
with the index z for the arguments a,, ..., ax (of the appriopriate
types) we investigate the form of z and reduce the computation to
the computation of certain other computable functionals. E.g., if
z= < 11, 7 > and a; = ¢, then we reduce the problem to finding
the value of f(a,, . . ., ax) where fis the functional with the index g¢.
In more complicated situation we may reduce the problem to that of
finding, say, f(a, ..., ax) where f is a functional with the index
a,(h(ay)) where again h is a functional with a given index r. We
have then to compute first h(a,) (which need not be a number but
a function or even a functional), then find the value of a,(h(a,))
which we consider as given once the functional a, is given and then
proceed to evaluate f(a,, ..., ap).

Thus we see that the computation tree of f(a,, . . ., ax) is in general
infinite and its cardinality is very big. Though there are only de-
numerably many computable functionals, their class can be con-
sidered only by means of-a very strong set theory.

Computable functionals of type (*:*) are just the computable
functions which we discussed in lecture IV. Thus Kleene’s general
“definition of computable functionals gives us still another definition
of computable functions. One can find in Kleene’s [106] a detailed
proof that his new definition is equivalent to the usual one.

Bar-recursive functionals. Spector [216] defined a less infinitistic
extension of primitive recursive functionals. The new principle he
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used to define his functionals was called by him the “bar-recursion”.
Its simplest example can be described as follows: Let s range over
finite sequences of integers: s = << g, ..., 84 >; we call k the
length of s and denote it by Ih(s). We can identify s with the integer
H,-<kp:i+1. Let Y, G; and H be functionals with types ((*:*): %),
(*:*) and ((*:*), *:*). We assume that Y(f) depends only on a
finite number of terms of f, i.e. that there is a p such that Y(f,) =
Y(f,) whenever f, and f, coincide in their first p terms. We now
define the functional F of type (*:*) by the following rule in
which s” denotes the infinite sequence < 54, ..., 5.4, 0,0,0,... >

and s”q the sequence << s ,. . ., 84, @ >:
F(s) = G(s) if Y(s') < lh(s),
F(s) = H(4 a F(s"a), s) if Y(s') = lh(s).

The computation of I can be described thus: if Y(s") < Ih(s) the
value of F(s) is explicitly given. Otherwise we reduce our problem
to that of finding the function ¢(a) = F(s"a). If Y{(s"a)") < lh(s"a) =
th(s) + 1, then ¢(a) = G(s"a) and our computation is accomplished.
Otherwise we look for the function w(a, b) == F(s”a”b) elc. Because
of the assumption which we made the value of Y eventually ceases
to increase as we take larger and larger extensions of s. Hence after
finite numbers of steps we find the functions ¢(a), y(a, ), ...
and hence the value of F(s).

Spector generalized this idea to arbitrary types and showed that
his bar-recursive functionals can be used to obtain consistency
proofs for second-order arithmetic.

Let us finish this review of the various notions of computability
by taking alook on the tendency which is apparent in the historical
development of the subject.

We started with certain very simple notions, close to the intuitive
idea of computability. The class of objects thus obtained proved to
be too narrow, however. The need of having a round off theory and
of finding objects which would help us to fulfil Hilbert’s program
forced the logicians to depart more and more from the ideal simplicity
of computable functions and to introduce more and more infinitistic
objects. The tools thus created have an intrinsic value and formal
applications (e.g. to proofs of consistency). Whether they fit to a
philosophical program of finitism or intuitionism is rather dubious.-
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It looks as if extreme finitism were too barren to allow really fruitful
applications; we obtain however important results when we try to
approach it. We shall see in the next lecture how a seemingly very
modest limitation imposed on the unrestricted set-theoretical notions
has led Gédel to solve important consistency questions in set theory.
It seems therefore that it is better not to adhere unrestrictedly to
the philosophical program of finitism which did not produce all too
important results; on the other hand some limitations going into the
direction shown by finitists brings extremely interesting and valuable
results.



Lecture IX

Consistency of the axiom of choice and of the
continuum hypothesis

In 1940 Goédel published a monograph [60] devoted to the problem
of consistency of the basic set-theoretical hypotheses. His main
proof was widely commented on, and it has exerted a profound
influence on the meta-mathematical and philosophical work of the
last two decades. In view of the importance of the topics dealt with
by Godel we shall discuss them at some length.

The consistency proof devised by Godel is closely related to the
subject developed in last two lectures. Godel constructs a model
in which the axiom of choice and the cortinuum hypothesis are valid
by extending the arithmetical hierarchy into the transfinite. We
saw in the preceding lecture that the extension of the arithmetical
hierarchy into the consiruclive transfinite leads to the hyper-arith-
metical sets. If we drop the assumption that the transfinite levels
are to correspond,to recursive well-orderings and allow arbitrary
ordinals as labels of the successive levels, we obtain an incomparably
larger family of sets. These sets were called by Godel constructible
sets; they form a model for all set-theoretical axioms together with
the axiom of choice and the continuum hypothesis.

A constructively minded mathematician cannot understand
Godel’s proof, if he is sincere, for he does not accept the notion of
an arbitrary ordinal. He can only interpret this proof in a purely
formal way; ordinals will then be certain objects described in the
axioms of set theory. We shall not take this stand, however, but
rather assume that the general notion of an ordinal is intuitively
clear to us.

The family of sets defined by Godel represents a realization of
what is known as the predicative foundation of mathematics. The'
notion of predicativity was introduced by Poincaré at the beginning
of this century. It seemed to him that we shall be able to eliminate
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set-theoretical antinomies by considering only such sets (functions,
relations) as can be defined without referring in the definiens to
any totality involvihg the object which we want to define. Such
definitions are called predicative.

Godel made these intuitions precise in the following way. Let
A, B, ... be set-theoretical formulae with at least one free variable
z (by a set-theoretical formula we mean a first-order formula built
from the atomic formulae z =y and zey). A model for a for-
mula of this kind is furnished by an arbitrary family K of sets;
in such a model the symbol € is interpreted-as the relation ‘being
an element of”. Every formula A with exactly one free variable
determines a subset of K consisting of those elements X in K which
satisfy the condition |= fA[X]. In case A has k+ 1 free vari-
ables we can say that every choice of values Y,,..., Yz in K for
any k of these variables determines together with A a subset of K:

{XeK:i=gA[X, Yy, ..., Yi}.

‘"The family of all sets thus obtained is denoted by D(K) and called
the family of set-theoretically definable subsets of K.

Gédel takes now as K, the void family and defines a transfinite
sequence of sets by induction as follows:

Kg,q = D(Kp),

K.—= U K
A 5<15

(In the second formula 7 is a limit number.) Every set in K ; — K¢
is defined without reference to the totality K, , to which it belongs
and only with reference to a smaller totality. In this sense we can
say that sets which belong to any K¢ are admissible from the predic-
ative point of view.

The infinitistic element in this definition lies in the use of arbitrary
ordinals.

Sets which belong to K¢, , — K¢ are called constructible at level
& 4 1. Sets constructible at any level are called constructible.

Constructible sets form again a hierarchy. Unlike the hierarchies
discussed in the previous lectures this hierarchy extends into the
Cantorian transfinite; we refrain on purpose from imposing any
limitation on the ordinals & used for labelling the levels.
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The following hypothesis has been called by Gidel the axiom of
constructibility: Every set is constructible. One could object that
this axiom is evidently false since e.g. the set {a, b} consisting of
iwo objects a, b which are not sets is certainly not an element of
K, for any £. For Gidel the word “set” has a special meaning,
however: A set is a collection a, of objects whose members are again
sets and which has the property that there are no infinite decreasing
sequences... dp € 4, ;, €... € a; € d,. The word ‘set” in the
axiom of constructibility has this narrow technical sense.

Even with this limitation the axiom of constructibility is a highly
dubious statement. An intuitionist would reject it outright not only
because it contains various infinitistic terms but also because it
states the existence of a law defining an arbitrary set while it seems
more probable that there exist sets which cannot be defined by any
law, Take e.g. a sequence of sets

0, {0}, {0, {0}}, ...

which we shall denote for short by ng, i1, 15, .. .. An intuitionist
would say that we can form a set Z by casting dice and including
ity to Z if and only if in the p-th cast we obtained an even number.
Such a set Z is certainly non-constructible.

In spite of these doubts it must be admitted that the notion of an
arbitrary subset of a given infinite set is not sharply defined and
that different interpretations of this notion seem to exist which are
all compatible with our common intuition. The axiom of construct-
ibility represents a very definite limitation of this notion; thus
various problems whose solution seems hopeless for the unlimited
notion of a set can very well become solvable if we accept the new
axiom.

It is one of the most difficult tasks for a mathematician to decide
whether he has to accept or to reject a new axiom. If sets were real
objects existing in the world in the same sense as physical bodies we
could leave the decision to experiments of some kind. Since nothing
supports this Platonistic assumption, we are left without any cri-
terion of truth if we do not consider as such the formal criteria of
consistency and our very unclear “mathematical intuition”

At present we must resign ourselves to the possibility that there
exist two equally acceptable set theories: one which accepts the
axiom of constructibility and another which rejects it. However
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unpleasant this situation may be for those (rare) mathematicians
who maintain that mathematics discovers truth, we must say that
we see no way of deciding which of these two set theories is superior
to the other,

Independently of what our attitude to these philosophical ques-
tions may be, we can state various formal consequences and pro-
perties of the axiom of constructibility.

The most important result is that the axiom is consistent relative
to the other axioms of set theory. Goédel proved this theorem by
showing that the axiom of constructibility is true in the domain of
constructible sets (which can be defined in the usual set theory),
and that all set-theoretical axioms are frue in this domain. The
first fact is proved by an analysis of the notion of constructibility;
we have to show that the definition of constructibility is not affected
by a relativization of the fundamental notions of set theory to the
class of constructible sets. The second fact is proved- by showing
that there are arbitrarily great ordinals & such that all set-theoretical
axioms are true in Kg. Thus the axioms are not able to distinguish
between the whole universe and certain sufficiently big sets. This
is in effect a well-known principle of set theory known as the reflec-
tion principle.

It is almost obvious that the axiom of constructibility implies the
well-ordering theorem. The set K, is obviously well-ordered, and
the well-ordering of any K extends in a natural way to a well-
ordering of Kg,. Thus every K, can be well-ordered and hence —
by the axiom of constructibility — every set whatsoever can be
well-ordered.

Much less obvious is the fact that the axiom of constructibility
implies the generalized continuum hypothesis. In order to show e.g.
that there are only x, subsets of the continuum Godel shows that
every constructible set X of integers is constructible already at a
denumerable level £. He thus obtains an enumeration of constructible
sets of integers by means of denumerable ordinals, which is precisely
the content of the continuum hypothesis.

The famous contraction lemma of Godel which he used to prove
this fact is in effect a form of the Skolem—Loéwenheim theorem.
According to this theorem there.is a denumerable family of sets
containing X and forming a model for set theory (with the axiom
of constructibility). This family is then ¢contracted” in order to
obtain a transitive family, i.e. a family whose all elements are among
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its subset. The way in which this contraction is executed is best seen
on an example: If the given family is {4, {4, {4}}, {4}}, then the
contraction yields {O, {O, {O}}, {0}} The minimal element A of the
given family is.contracted to O (which is the absolutely minimal
element), and other elements {4}, {4, {A}} are accordingly con-
tracted to {0} and {0, {0}}

The general principle is that if m,, m,, ... are contracted to
mj, my, ..., then the set {ml, m,, .. } is contracted to {mi, m, .. }

The resulting denumerable transitive family is isomorphic with
the given one and is therefore a model for the set-theoretical axioms
including the axiom of constructibility. This implies (as we shall
see) that this family is one of the sets K; with a denumerable £.
Since X is not affected by contraction we obtain X e Kg.

In order to show that the sets K, are the only possible transitive
families A which are models for the set-theoretical axioms including
the axiom of constructibility we analyze the axioms and look at the
statements concerning A which express the fact that the axioms
are true in A. It turns out that most set-theoretical properties do
not change their content when relativized to A. If e.g. P and Q
are elements of A which satisfy in A the property “P is a subset
of ', then P is a subset of Q. The definitions of ordinals and of the
classes K; have the same property of “absoluteness”. Hence if the
axiom of constructibility /I\ \5/‘ (z € Kg) is true in A, then for every

x in A there is a £ in A such that KE €A eind Te€ KE' It follows
easily that A is the union of all the sets K which it contaius, whence
the theorem easily follows.

The exact proof of Godel’s theorem requires thus a meticulous
discussion of the question as to which definitions are absolute. After
this very tiresome discussion the proof goes through rather smoothly.

The existence of a definable well-ordering and the realization of
the generalized continuum hypothesis are two properties of con-
structible sets which cannot be established for arbitrary sets. Another
such property was found by Scott [198]. He showed that there is
no set X in which there exists a constructible denumerably additive
non-trivial two-valued measure which is 0 on finite subsets of X.
It is still an open and apparently very difficult question whether
one can assume without inconsistency that there is a set on which
such a non-constructible measure exists.

The axiom of constructibility was used by Gédel already in 1939
to solve several outstanding questions in the theory of projective
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sets. Meanwhile similar questions arose in the theory of analytic
hierarchies, and their solutions have been derived from the axiom
of constructibility. Godel did not publish his results which he
merely announced in [59]; full proofs have been published by
Novikov [157] and Addison [3].

The basis of these applications is the following result: If the axiom
of constructibility is true, then there exists a definable well-ordering
of all the sets of integers. This well-ordering can be found already
in the second analytic class, i.e. it can be defined by either of the
two formulae

YA YR Y, cn), e,

© AV N 5X, Y, cpn), cgln))

Z n

ii

with recursive functionals R, S.

It is easy to prove that no simpler definition of a well-ordering of
sets of integers is possible.

The construction of these formulae is not difficult. We saw that
every constructible set of integer is an element of K¢ and that there
exists a well-ordering of Kg. The elements of K¢ are denumerable
and their elements as well as the elements of their elements efc. are
denumerable and it is possible to map constructible sets of integers
in a one-one way into the elements of K¢p. The well-ordering of Kp
goes then over into a well-ordering of the constructible sets of in-
tegers. Analyzing the definition of this relation we find that it can
be reduced to either of the two forms (*) while the axiom of con-
structibility implies that we obtain in this way a well-ordering of
all the sets of integers.

We can say, in short, that the existence of a definable well-ordering
has been proved by expressing the theory. of the set K in the lan-
guage of the second-order arithmetic. This arithmetization is pre-
sented in an especially clear way in [3].

The existence of a definable well-ordering allows us to solve many
problems concerning the analytic hierarchy. Addison [2] has discussed
the problem of separability for the analytic hierarchy and found
that any two disjoint sets which belong to the n-th class H: of the
analytic hierarchy (n > 1) are separable by means of sets which
belong to the n-th class together with their complements. For sets
whose definitions begin with an existential quantifier the theorem is
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false. The situation is thus exactly the reverse to what we find in the
first analytic class.

Several other mathematical applications have been discovered by
Kuratowski [118]. Machover [133] used the axiom of constructibility
in discussing an extension of the notion of computability to the theory
of functions of ordinal variables. His computable functions were
defined by an infinite system of equations. In order to repeat the
diagonal construction he had to construct a computable correspon-
dence between ordinals and systems of equations. The existence of
such a correspondence follows from the axiom of constructibility.

All these applications suggest of course the question whether the
axiom of -constructibility is true. The problem would of course be
solved if it were possible to derive the axiom of constructibility from
the other axioms of set theory. It was shown quite recently that no
such derivation exists.

There exist therefore two mutually contradictory systems of set-
theoretical axioms: one accepts the axiom of constructibility, the
other rejects it. It is a highly pertinent question whether the choice
between these two systems is just a matter of taste or whether there
are compelling reasons to accept one of them as a basis for mathe-
matics.

Godel declared himself very strongly in favour of the set theory
which rejects the axiom of constructibility, but his reasons are not
quite clear [61]. The need to answer the fundamental philosophical
question whether there are objective criteria of truth in mathematics
has never been felt as strongly as in connection with the axiom of
constructibility.

We mention still some formal results somewhat related to the
question whether the axiom of constructibility is true or false. If the
axiom is false, then there should exist formulae which are valid in
the domain of constructible sets but invalid in the whole domain of
sets. Shoenfield [207] discussed simple formulae of the form

® VAR (cx(n)) AV R (cx(n)) (R is computable)

and of similar form with two set-quantifiers. He found that in the
domain of these formulae there is no difference between construct-
ible sets and arbitrary sets. If any of the formulae (*) is true in the
domain of constructible sets of integers, it is also true in the domain
of all sets of integers, and conversely. Formulae with three or more
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set quantifiers do not behave in this way, however; there are for-
mulae true in the domain of constructible sets but false in the domain
of all sets, provided that non-constructible sets exist.

The notion of constructibility introduced by Goédel has been
transformed in various ways, and these transformed notions can
be used for several purposes. An interesting modification has been
proposed by Cohen [23} who used it to obtain a minimal model for
the Zermelo —Fraenkel set theory.

Cohen takes as T, the empty set and defines the sets T, by in-
duction; if C, = UB<a Ty, then he includes in T, all sets of the
following form:

(1) {z, y} where z, y € C,,
2) U y where z € C,,
yex
!
3) {y ysa)a(ye Ca)} where z € C,,

(@) {z:(zeC)n \!{ (G ex)A = Co FY, 2, uy, ..., urll}

where F is a first-order formula, z, u,, .. ., ux € C, and F satisfies
the condition that for every y in x there is exactly one z in C, such
that |= C, Fly, z, uy, . . ., ug].

He shows that there is a denumerable ordinal ¢ such that 7'y, = T,
and that T, is a model for the Zermelo—Fraenkel set theory. This
model is minimal in the sense that it is contained in every transitive
family of sets in which all the axioms of set theory are satisfied.

From the existence of the minimal model Cohen drew the following
curious consequence which in the case of the Bernays- Godel axioms
was noted already by Shepherdson [201]: There exists no formula R
such that one can prove in set theory that the elements x satisfying
R(z) form a model for a set theory with the negation of the axiom
of constructibility.

The situation is completely different in the case of models satis-
fying the axiom of constructibility. There exists a formula (obtained
by formalizing the definition of a constructible set) such that it is
provable in set theory that the totality of élements satisfying this
formula is a model for set theory with the axiom of constructibility.
Hence we can obtain using this formula a proof of relative con-
sistency of the axiom of constructibility. The result of Shepherdson
and Cohen shows that no such method is available if one wants to
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prove the independence of the axiom of constructibility. Hence the
independence problem is more difficult than the problem of con-
sistency.

Let us still mention that Scott proposed other modifications of
the notion of constructibility by allowing higher-order definitions
in the construction of the set D(K). Scott obtained in this way a
very elegant new proof of the relative consistency of the axiom of
choice.

Let us summarize the essential steps of our discussion. The problem
of the consistency of set-theoretical hypotheses, such as thegeneralized
continuum hypothesis, is a formal problem. The solution which Godel
gave to it was obtained by extending and modifying the nominalistic
(predicative) approach to mathematics. There are close connections
between the theory of hierarchies and the theory of constructible
sets: the latter theory is an extension of the former into the Cantorian
transfinite. The actual proof of the generalized continuum hypothesis
from the axiom of constructibility uses also the Skolem — Léwenheim
theorem and thus ties the theory of constructible sets with the
theory of models.

The new axiom helps to solve various problems; yet it must be
considered as a very dubious hypothesis. The problem of its inde-
pendence proved to be very difficult.

Although the theory started with a formal problem, it touches
the deep and fundamental problem of truth of set-theoretical
hypotheses! We see no way of deciding the question whether the
axiom of constructibility is true or false; what is worse, even an
exact formulation of the problem does not seem to be possible.

All these facts are highly significant for everyone who is seriously
interested in the mutual relations of mathematids and philosophy.



Lecture X

Various interpretations of the intuitionistic logic

We devote this lecture to a review of the interpretations proposed
for intuitionistic logic and arithmetic. These interpretations are
formulated in the language of classical logic; they were formulated
not by intuitionists but by representatives of classical mathematics
who wanted to make intuitionistic conceptions accessible to non-
intuitionists.

By intuitionistic logic we mean here a predicate calculus without
identity but with two quantifiers V, A. We assume that an infinite
number of constants c,, ¢,, ... are available in the calculus. The
logical axioms are those of the intuitionistic propositional logic plus
the following two schemata for quantifiers:

AN\ Fx - Fa Fa -V Fuz.

The rules of proof are the following: the modus ponens and the
two rules
A - Fx Fxr > A

A > AFa VFr> A

where A does not contain the free variable z.

-In the intuitionistic arithmetic we assume that all formulae
F, G, ... are built by means of propositional connectives and quanti-
fiers from equations between terms; terms in turn are built from
constants and variables by means of symbols for arithmetical func-
tions. Intuitionistic arithmetic is based on all the logical axioms
and the usual axioms of Peano.

Topological and algebraic inferpretations. This interpretation is a
natural extension of the topological interpretation of the proposi-
tional calculus which we sketched in lecture I. The underlying idea
is to choose an appropriate algebraic structure S as the set of truth-
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values. In the case of classical logic we choose as S the two-
element Boolean algebra. In the case of intuitionistic logic we choose
as S a (partially) ordered set which is complete in the sense that every
non void subset S, = § has the greatest lower bound (g.Lb.) and
and the least upper bound (l.u.b.) in S. The g.Lb. of S, is the greatest
element which stands in the relation < to every element of S, and
thel.u.b. of S, is the smallest element which stands in the relation >
to every element of S,. These elements are denoted by :/:}9 z and
V =z, respectively, or in case S, is a finite set {a, b ..., m}lsimply

xS,

by anbAa...Amand avbdyv...vm, respectively.
For arbitrary a, b in S we denote by a — b the l.u.b. of the elements
z such that anz s b: a > b = \{g z where S; = {z:arz <b}.
TeO;

A model of intuitionistic logic over S is determined by aset I % 0
which we interpret as a range of individual variables. Predicates are
interpreted as functions with arguments in I and valuesin S. A valua-
tion is a mapping g of the set of all variables and constants into I
and of the set of predicates with k arguments (k =0, 1, 2,...) into
the set of functions with k arguments such that the arguments range
over I and values over S. We define in the same way as in the clas-
sical case the value of a formula A for the valuation g (in symbols:
Val(A, g)). The definition proceeds by induction: If A is an atomic
formula F(z,, ..., rx) where F is a k-place predicate and the z;
are variables or constants, then Val(A,g9) = f(g(zy), ..., 9(zr)
where f is the mapping of I¥ into S correlated with F. If A is one
of the formulae BvC, BA C, B - C, and — B, then Val(A, g) is
Val(B, g) v Val(C, g), Val(B, g) A Val(C, g), Val(B, g) - Val(C, g),
Val(B, g) - O, respectively. It should be noted here that the sym-
bols A, Vv, - between formulae denote propositional connectives and
the same symbols between expressions Val(B, g) and Val(C, g)
denote operations on elements of S; O denotes the minimal element
of S, ie. A =z

¢S

Finally we assume Val (/;\F’ g) = i/“} Val(F, g¢y), Val(\x/ F,g) =
i\./l Val(F, g;), where g, is a valuation which correlates the element
i to the variable x and coincides on all other places with g¢.

This construction is an immediate generalization of the usual
definition of satisfaction for classical logic. It is applicable with

minor changes to other non-classical systems of logic, e.g. to the
modal logics of Lewis and Langford. The first to give an explicit
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definition of the function Val for intuitionistic logic was Chandra-
sekharan [13]; since then it has been widely used by various authors.
A most comprehensive account of the subject is given in the recent
book of Rasiowa and Sikorski [173].

It is easy to prove that for arbitrary S and I # 0 (satisfying the
conditions specified above) we have Val(F, g) = I (= 0 - 0) for
all intuitionistically provable formulae F. This result is a basis for
various independence proofs in the intuitionistic logic. We can show
for instance that for some S, I and ¢ we have Val(F, g) #+ 1 where
F is the formula

'ﬁ/\HIJ-)V — Hzx.
x z

Hence this formula is not provable intuitionistically. The structure
S used in this case as well as in many similar cases consists of open
subsets of a topological space.

These independence proofs suggest the problem of completeness:
Let X be a fixed topological space, let S be the family of its open
subsets and let I be a fixed infinite set. Does the set of formulae
which identically satisfy the equation Val(F, g) = 1 coincide with
the set of intuitionistically provable formulae?

Rasiowa {171] solved the completeness problem by showing that
there exists a space X satisfying these -conditions. Sikorski [210]
strengthened her result by proving that there exists a closed subset
X of the Cantor discontinuous set which possesses the same property.
For many spaces the question is still open.

The inluilionistic models of Beth. Beth [8] proposed another
modification of the classical notion of a model and obtained in
this way an adequate interpretation of intuitionistic logic. His
construction was discussed by Kreisel-and Dyson [29] who supplied
various details omitted by Beth and corrected several minor inac-
curacies.

Let F be a formula containing only the predicates P, ..., P.
Beth defines his models by considering trees, i.e. figures consisting
of points joined by oriented edges. It is assumed that there are only
finitely many edges starting in a given point and that there is
exactly one “initial” point which is reached by no edge. A branch
consists of a finite or infinite sequence of edges such that the end-
point of each edge is the beginning of the next. We assume that no
branch forms a closed curve. A sub-tree of a given tree consists of
points which can be reached from a given point p as well as from
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all points lying on the branch which connects the initial point with p.
This sub-tree is said to be determined by p. A tree T is decomposed
into sub-trees Tp,, ... Ty, if each infinite pranch starting in the

initial point passes through one of the points p;.

Let now T be a tree and let us assume that with each point p
there is correlated a finite sequence of formulae each containing no
free variables and no predicate different from P, ..., Pg. These
formulae are said to be connected with p.

The inductive definition of satisfaction is as follows: An atomic
formula A is true on the tree T if T can be decomposed in a finite
number of sub-trees Ty, - .. Tp, such that the formula A is con-

nected with each py.

— A istrue on T if the formula A is true on T for no sub-tree of 7".

A v Bistrue on T if T can be decomposed in a finite number of
trees such that on each of them either A or B is true.

AA Bis trueon T if A and B are true on T.

A — B is true on T if for every sub-tree T’ of T it is the case
that if A is true on T’, then B is true on T'.

A\ Fzx is true on T if Fe¢, is true on T for each n.

x
V Fz is true on T if T can be decomposed in a finite number
x

of sub-trees Tpl, -+ Tp, and if there exist k constants c,’l oo Cfy
such that each Fey, is true on Ty,

The completeness theorem proved by Beth says that intuitionistic-
ally provable formulae coincide with formulae which are true on
every tree.

Let us take as an example the formula p v — p with an atomic p.
The tree of diagram 5 (p. 94) shows that this formula is not an intui-
tionistic theorem. Indeed, it is easy to see that there is no decom-
position of this tree in a finite number of sub-trees such that on
each sub-tree either p or — p be valid.

A related interpretation of intuitionistic logic was given by Lo-
renzen [124] who used the notion of a ‘““dialogue”.

There exists a close connection between the topological inter-
pretation and Beth's construction. Each tree determines a topo-
logical space consisting of all its branches. In this space every point
p determines a neighbourhood consisting of all branches going
through p. We shall call this neighbourhood simply p.

Let us correlate with each predicate P; (with, say, k arguments)
the following function f;: f{a,, .. ., ax) is the union of those neigh-
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Diagram 5.
pv~-p
P - p}

P’ {r. = p}

AN

{p. -~ P}

/

g {p. = p}

SN

bourhoods p for which Py(cs, . .., ¢ap) is true on Tp. Take as I

the set of integers and as S the ordered set of all open subsets of
the space determined by the tree. To each P; we have then correlated
a mapping of I*¥ into S, and we have thus obtained a topological
model of the sort discussed above. Kreisel and Dyson [29] showed
that — under suitable assumptions — a formula is true on the tree
if and only if its value in the corresponding topological model is 1.
The assumption which we must make is that an atomic formula
true on a sub-tree T’ of T must be true on every sub-tree of T,

Trees and topological models are very convenient in discussing
pure logic.! Perhaps they could also be used for interpreting Brouwer’s
theory of ‘free choice sequences’” and their species but no such
applications have ever been made. It is less probable that inter-
pretations of this kind can be found for intuitionistic arithmetic.

Realizability. Kleene [99]2 proposed an interpretation of intui-
tionistic arithmetic. Before describing the details of his construction
we insert a few general remarks.

The purpose of an interpretation of a system is to give a precise
meaning to notions which are either incompletely explained or taken as

! Kripke’s paper [1172], which appeared when this book was in the
press, contains further information about this subject.
? More recent exposition of this theory is given in [1092], pp. 90—132.
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primitives in the system under consideration. In the case of predicate
logic the notions to be interpreted are the connectives and the quanti-
fiers. The intuitionists have given in their writings some explanations
as to how they understand the connectives. We saw in lecture I
that the fundamental notion to which all intuitionistic notions are
reducible is that of a construction. This fundamental notion is only
implicitly used by intuitionists. Kleene’s proposal amounts to
making the reduction explicit and moreover to identify constructions
with partial computable functions. Since these functions can be enu-
merated we may formally identify a construction with an integer.

The interpretation of the universal quantifier proposed by Kleene
is as follows: a construction whose number is e establishes the truth
of the formula A Az if the partial computable function f whose

x

number is e has the property that for each n the integer f(n) is the
number of a construction which establishes the truth of A(fi). The

meaning of an existential formula V Az is similar. A construction
x

whose number is e establishes the truth of this formula if we can
read off from e an integer n and a number ¢’ such that ¢’ is the number
of a construction which establishes A(f1).

The details of Kleene’s interpretation are as follows: let K(e) and
L(e) be two functions such that the mapping e - (Ke, Le) establishes
a one-one correspondence between integers and pairs of integers.
Let F be a partial computable function such that F(0, x), F(1, z), . . .
is an enumeration of all partial computable functions. We shall
write F,(z) instead of F(e, x). With these notations we are going
to define a relation ‘e realizes A’’, where A is an arithmetical for-
mula without free variables.

Case 1. A is an atomic formula; in this case e realizes A if and
only if A is true. We use of course the fact that primitive arithmetical
predicates are all decidable and that the truth and falsity of an
atomic formula is therefore a well-defined notion.

Case 2. A is the formula B A C. In this case e realizes A if and
only if K(e) realizes B and L(e) realizes C.

Case 3. A is the formula B v C. In this case e realizes A if and
only if either L(e) = 0 and K(e) realizes B or L(e) = 1 and K(e)
realizes C.

Case 4. A is the formula B — C. In this case e realizes A if and
only if for each n either n does not realize B or F,(n) exists and
realizes C.
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Case 5. A is the formula — B. This case is reducible to the pre-
vious one because — B is the same as B — 0 £ 0.

Case 6. A is the formula A B(x). In this case e realizes A if and
x

only if for each n the number F,(n) exists and realizes B(i1).
Case 7. A is the formula V B(x). In this case e realizes A if and
T

only if K(e) realizes B(ITE)).

The relation ‘e realizes A" is thus defined. Kleene has shown that
all formulae which are provable in intuitionistic arithmetic are
realizable by an arbitrary e. The hypothesis that only such formulae
have this property has been disproved by Rose [186].

Kleene’s notion of realizability hence does not give us an adequate
interpretation. This shows that the identification of constructions
with computable partial functions is unjustified: There must exist
intuitionistically acceptable *‘constructions’’ which are not reducible
to such functions.

Gidel’s interpretation by means of functionals. The principle of this
interpretation which was proposed by Go6del in [62] is similar to that
of the realizability interpretation but the class of admissible con-
structions is much wider. These constructions are identified not with
functions but with functionals.

In order to see how the functionals appear in the interpretations of

formulae let us consider an example. Let A be the formula— A V Bry
x Yy

where z and y are numerical variables. Using the idea of the no-

counter-example interpretation (¢f. lecture IV) we interpret this

formula in the following way: Whichever function f we choose there

exists a counter-example to the formula A B(z, f(z)). In other words,
x

there exists a functional @ of type ((*:*):*) such that we have
- F{D(f), f(D(f))). The interpretation of the formula = A V Fzy
x oy

is thus the formula g //\ — F(D(), f(P())).

Godel defines for every arithmetical formula F' (with or without
free variables) its translation F*; the translation has always the
same free variables as I and has the form V A F’(p, q) where p and

P 4

q are finite sequences of variables whose values are functionals.
The exact definition of the translation is inductive:

If A is an atomic formula, then A* = A’ = A;

If A is the formula BA C, then A* is the formula
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V A [B(pnq)A C'(py 921

Py Py 914

If A is the formula B v C, then A* is the formula

V A {lc=0AB(p, gl v Ir=1)vClpy ¢}

IyPiPs %4

If A is the formula B — C, then A* is the formula !

V A By, ¥ (p1 4)) > C(D (py): ¢);

DY P
(The case when A is — B is reducible to the former ones since — R

is equivalent to B — (0 # 0));
If A is the formula V B(zx), then A* is the formula
x

V A B'(z, p, q);

xp q

If A is the formula A B(z), then A* is the formula
x
V A B(D @), 9.
P x,q

The most complicated rule for implication is explained by Gédel
as follows: We have to correlate with every example of a p, satis-
fying the condition /\ B’'(p,, q,) an example p, = D(p,) satis-

fying /\ C(D(py) 92) and with every counter-example ¢, satisfying

- (@(pl), q,) a counter-example q, = ¥(p,, q,) satisfying -B'(p,,q,).

The definition of F* thus completed, Gédel limits the variability
of functionals to the class of primitive recursive functionals. Transla-
tions of all formulae provable in the intuitionistic arithmetic become
then intuitively true statements concerning these functionals.
Moreover, these statements are provable in the axiomatic theory T
of primitive recursive functionals which we mentioned in lecture
VIII. This shows the consistency of the intuitionistic (and hence
of the classical) arithmetic relative to T.

It is not known whether the property of having the translation
provable in T is characteristic for intuitionistically provable arith-
metical theorems.

! In this formula & and ¥ are finite sequences of variables. If e.g.
@ consists of ¢, y,..., then ®(p) denotes the sequence ¢(p), y(p), ...
and similarly in other cases.
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An extension of Godel’s ideas to second-order arithmetic has been
carried out by Spector [216].

All the interpretations we have discussed in this lecture try to
explain intuitionistic notions in classical terms. An intuitionist
might ask: How can one explain these classical notions in intui-
tionistic terms? This problem, which is accessible only to intui-
tionists or people who can think in terms of the intuitionistic logic,
has been discussed by Kreisel [113].

It seems to me that the study of mutual interpretations of the
classical and intuitionistic systems is extremely useful. By develop-
ing them we can hope to reach at least a partial understanding
between these two schools.



Lecture XI

Constructive foundations of mathematics

After the discovery of set-theoretical antinomies several mathe-
maticians decided that the only radical solution of the problem
raised by these antinomies is to exclude all general set-theoretical
notions from mathematics and to limit oneself to the study of those
objects that can be effectively defined or constructed. We have
already discussed the ideas of the intuitionists and seen that the
limitation to constructible objects is an essential feature of their
program. There are several other constructive trends less extreme
than intuitionism; their program is to limit the domain of admissible
mathematical objects to a more or less arbitrarily chosen class
without challenging (as the intuitionists do) the classical rules of
proof. Since the class of admissible objects is not uniquely determined
we cannot speak of a unique constructive trend; there are, on the
contrary, many mutually conflicting constructive programs which
differ from each other in many details, sometimes important ones,
although their general tendencies are similar.

We shall first discuss works whose aim is to examine constructive
objects by quite arbitrary means. Since these means are not neces-
sarily admissible from the constructive point of view, it is clear that
the results obtained in this way cannot claim philosophical im-
portance. They are sometimes interesting from a purely mathemat-
ical point of view, however.

Computable analysis. This theory restricts all mathematical
notions and in particular those which occur in mathematical analysis
to computable functions. The notion of integer is taken over from
classical arithmetic and not analyzed any further. The notion of a
real number and all other mathematical notions undergo limitations
which aim at an elimination of all non-computable notions.

Specker {211] considered a very narrow class of real numbers
which he called primitive recursive. These numbers can be ap-
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proximated with the accuracy (}/,)" by fractions which have the form
[f'(n) — f(n)] | g(n) where ', f", g are primitive recursive functions:

™) la = {f'(r) — "]/ g(n) | < ()"

He also considered various other types of approximations, e.g.
by partial sums of the series 2 f(n) / g» where fis a primitive recursive
function which satisfies the condition f(n) < g for all n. Still other
approximations make use of the notion of a primitive recursive
cut. Specker discovered various singularities in the behaviour of
these numbers. He proved for instance that a number ¢ may have
a primitive recursive decimal expansion whereas 3« fails to have
such an expansion. Specker’s work was continued among others by
Péter [159].

A more comprehensive class consists of the numbers known as
computable real numbers. These numbers satisfy for each n the
inequality (*) in which f’, f”, g are computable functions. They were
defined by various authors (Rice [174], Robinson [178], Mazur [141])
who showed that the singularities discovered by Specker in case of pri-
mitive recursive numbers do not hold for computable iumbers. They
proved e.g. that a real number ¢ is computable if and only if the
sequence of digits in its decimal expansion is computable,

One proves easily that computable numbers form a real closed
field. Hence the usual algebraic operations can be performed on
computable numbers and yield computable results.

In order to develop further parts of analysis one introduces com-
putable sequences and computable functions of a real variable.

A sequence {am} of real numbers is computable if there exist com-
putable functions f, f’, g of two variables such that the following
inequality holds for arbitrary m and n:

| am — [fim, n) — f'(m, P)] [ g(m, n) | < ()"

In other words, we require that for each n and m we can fix (in
a computable way) an interval of length (/)" which contains ap.
There is of course a certain degree of arbitrariness in this definition.
Instead of using an approximation by rationals we could start from
any other means of appproximation, e.g. we could require that the
n-th decimal digit in the expansion of a;, be given by a computable
function of m and n. There are several rather difficult arithmnetical
questions which arise in connection with these definitions, for instance:
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Is there a computable sequence {am} such that the sequence of the
digits of the expansion e, = 2 f(m, n, g) / g* is computable for no g?
Questions of this kind only quite recently have received answers
(¢f. Lachlan [119]).

Computable sequences of reals do not have all the properties one
would like them to have. Mazur showed, for example, that there is
a computable sequence ap, with all terms different from 0 such that
the sequence 1/ap is not computable.

The most important and at the same time the most difficult
notion is that of a computable function of a real variable. We shall
limit ourselves to functions of a non-negative variable with non-
negative real values.

To each such function ¢ we associate a functional @ as follows:
Let a be approximated by a fraction f(n) / 2%: | a - f(n) [ 27| << (/)"
We find a similar approximation of 8, = ¢(f(n) / 27):

| Bn — g(n, m) [ 2m | < ()™

Thus ¢g(n, m) is the value of a functional @(f, n, m) whose type is
(((* : *), *, *): *); this functional allows us to find an approximation
of @(z) for a given approximation of a. Most definitions of com-
putable real functions make use of this functional &.

Banach and Mazur [141] called a function ¢ computable if it
carries any computable sequence «, again into a computable sequ-
ence. The corresponding functional @ carries then each function
Az f(n, ) (where f is a computable function) into a computable
function.

Functionals with this property are called Banach—Mazur func-
tionals. Such a functional remains a Banach-Mazur functional after
arbitrary changes of its values at non-computable arguments. Hence
there is no point to consider the Banach —Mazur functionals for non-
computable values of arguments.

The Banach —Mazur real functions are continuous at every com-
putable point. Mazur established various other properties of these
functions, e.g. the so called property of Darboux which says that
if p(a) <0, p(f) >0 where ¢ and f are computable and « < g,
then there is a computable y such that ¢ <y << § and ¢(y) = 0.

The class of Banach-—Mazur functions and functionals is rather
wide. Several narrower classes of functions were investigated by
various authors. Thus e.g. Myhill and Shepherdson [155] and laf\er
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Kreisel —Lacombe—Shoenfield [116] considered partial recursive
functionals. If Fy, F,, ... is a standard enumeration of partial com-
putable functions and f a fixed partial computable function then the
functional @(F,) = f(e) is a partial recursive functional. Thus the
domain of such a functional consists of partial recursive functions
and the computation of its value consists of a computation per-
formed on a number e which the argument has in the standard enu-
meration. We have to assume that f is chosen so that if F¢ = F,’
then f(e) == f(e’). Partial recursive functionals give rise to a class
of real functions, called partial recursive.

Another possibility is to admit partial computable functionals.
These functionals correlate with each function f a partial function
computable relative to f (cf. lecture VII). We shall call them the
Kleene functionals. The range of the arguments of a full Kleene func-
tional consists of all functions not only of computable ones. Hence
the corresponding real functions are insofar different from the
Banach—Mazur functions as they are defined everywhere and not
only for computable values of the arguments.

Still another class of functionals was proposed by .Grzegorczyk
[66] who defined it as the smallest class closed under some operations
among whom the operation of effective minimum was the most
characteristic. Kleene [106] called these functionals u-recursive but
we prefer the name Grzegorczyk-functionals.

We have thus four notions of functionals and of real functions:
Banach—Mazur functionals, partial recursive functionals, Kleene
functionals and Grzegorczyk functionals. The mutual relations of
these various classes were discussed in several papers.

Friedberg [45] showed that Banach-—Mazur functionals form an
essentially wider class than partial recursive functionals; this result
is very deep. Myhill and Shepherdson [155] proved a much easier
result that every partial recursive functional can be extended to a
Kleene functional. Kreisel —Lacombe—Shoenfield [116] sharpened
this result by showihg that the same property is also possessed by
functionals defined only on total computable functions. -

From standard results on computable functions and functionals
(cf. Kleene [104]) it follows that Grzegorczyk functionals coincide
with total Kleene functionals.

It follows from these results that positive theorems (i.e. theorems
stating that each functional has a property) valid for the Banach—
Mazur class are true for all other classes. Thus all real functions cor-
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responding to partial recursive, partial computable and u-recursive
functionals are continuous and possess the property of Darboux.

Grzegorczyk showed that his functionals and hence the corre-
sponding real functions are uniformly continuous. Lacombe [120]
(cf. also Specker [212]) showed that real functions of Grzegorczyk
not always attain the maximum in a computable point. This negative
result severely restricts the possibility of repeating classical proofs
in the computable analysis. Such reconstructions were attempted in
various papers, for instance in Klaua [96].

A very specific notion of a real function was proposed also by
Brouwer. His definition makes use of terms and notions accessible
only to intuitionists. Kleene [102] has shown that one obtains a
persuasive interpretation if one explains these notions in terms of
partial computable functionals. Under his interpretation free choice
sequences of Brouwer are simply arbitrary sequences; Brouwer’s
“functions’ are partial computable functionals. Assuming that this
interpretation represents faithfully the intuitionistic notions we
come to the conclusion that Brouwer’s ideas on foundations of
analysis were pretty far from constructive ideas in the orthodox
constructivism which does not accept arbitrary sequences of integers.

Another branch of computable mathematics is the theory of
recursive equivalence of sets of integers created and developed by
Dekker and Myhill [27]. This theory examines notions obtained from
set-theoretical ones by replacing arbitrary sets by sets of integers
and arbitrary mappings of sets by partial recursive ones.

Extensions of compulable mathematics. In computable mathe-
matics we reduce all notions to computable ones. Various authors
examined other possibilities. Thus e.g. Grzegorczyk [67] studied a
system which he called the ‘‘elementarily definable analysis”. In
this system all notions are reduced to such as can be defined in
terms of integers and their first-order theory. It was Weyl who
already in the early twenties developed such a theory for the first
time, of course without using the much more modern notion of
definability.

Another possibility is to use the class of hyper-arithmetic sets
and functions although it is a debatable question whether a theory
based on these notions can claim to be constructive.

Some results in hyper-arithmetic analysis were obtained by
Kreisel [115] who investigated the possibility of proving in it an
analogue of the classical Cantor —Bendixon theorem.
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Whatever the mathematical interest of such theories may be it is
certain that strictly finitistic theories are much more satisfactory
from the philosophical point of view.

Strictly finilistic theories. By strictly finitistic we mean theories
which limit not only the class of objects but also the class of ad-
missible methods of proof. According to this terminology even the
computable analysis as described above is not strictly finitistic since
it operates with classical mathematical notions without restriction
and takes no care which laws of logic are used. Even the notion of
computable function is not unobjectionable from the strictly finitistic
point of view because in all definitions of this notion occur some
clauses which cannot be verified in a finite number of steps.

Strictly finitistic attitude was represented since long by Skolem
who formulated the concept of recursive arithmetic. His idea was
taken up by Goodstein in two books [63], [64] published in 1957
and 1961. The main idea of recursive arithmetic is to develop mathe-
matics as a formal system which operates exclusively with equations.
The number of functional constants is not limited, new constants
being added either by explicit or inductive definitions. The rules of
proof are just the rule of substitution (of terms for variables through-
out a proven equation), the rule of ‘replacing equals by equals”

 F=g¢
A(F) = A(G)

and a rule which says that ¥ = G whenever both F and G satisfy
equations of a recursive definition.

There are no quantifiers in this theory nor are there propositional
connectives. We do not assume, in recursive arithmetic the existence
of a set of all integers. Also it is irrelevant for this system which
kind of logic do we admit since no logical notions occur in it.

Several theorems of analysis can be proved in recursive arithmetic.
This is true for theorems expressible by means of approximations
of real numbers by rational numbers. For instance if f is a real func-
tion and if we can define a primitive recursive operation which from
an approximation of x by means of a rational number produces a
rational approximation of f(z), then this operation can be taken as
a definition of a sort of the function f. Goodstein succeeded to estab-
lish a series of theorems which are 'analogues in recursive arithmetic
of the classical theorems of analysis.
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The idea of recursive arithmetic found a rather unexpected applica-
tion. Church [21] constructed a system very similar to this arithmetic
in which arithmetical operations are replaced by Boolean ones and
applied it to a description of electric circuits with retarding elements.

Another extremely consistent system of constructive mathematics
was created by Markov and his collaborators. The basic notion to
which all other notions are reduced by the representatives of this
school is the notion of an algorithm. In Markov’s school all definitions
are expressed in everyday language and all references to actual in-
finity are strictly avoided. Although Markov and his followers con-
sciously refrain from formulating the logic which they admit, it is
clear that they accept the intuitionistic logic. Thus we see that there
are essential differences between Markov’s conceptions and recursive
arithmetic: the former school accepts all algorithms, the latter only
those which correspond to primitive recursive functions; the former
uses (informally) the intuitionistic logic, the latter avoids using
logic altogether.

Real numbers and their sequences are defined in Markov’s theory
as in computable analysis, the only difference being that numbers
are replaced everywhere by algorithms which define their successive
approximations. One consequence of this is that the relation of
identity (for real numbers) is no more decidable, since there is no
algorithm which would allow us to decide whether any two given
algorithms define approximations of one and the same real number.

The notion of a real function is again defined by Markov with the
help of algorithms. He identifies a real function with an algorithm
which correlates with each algorithm A another algorithm A’ in such
a way that if A and A, define two approximations to one and the
same real number then so do A" and A;. We thus see that Markov
chose for his real functions the notion equivalent to that of a partial
computable functional.

Markov’s theory is exposed in [139]. His work was continued by
Sanin [192] who investigated analogues of various classical theories
in the constructive mathematics of Markov.

He was able to develop even as advanced parts of analysis as the
theories of Hilbert space and Lebesgue integral. Because of con-
structivistic limitations these theories do not behave as their classical
models and are usually much less elegant. Sanin [191] found for
instamce that in the constructive theory of the Lebesgue integral it is
not permissible in general to interchange the operation of integration
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with that of a passage to a limit. Yet it was precisely to obtain
this theorem that Lebesgue formulated his definition of the integral!

Personally I do not believe that it is worth-while to reconstruct
classical theories in constructive terms. No particularly interesting
results have been obtained, and hardly anybody believes that the
cumbersome theories obtained in this way will really replace the
elegant classical theories. I am inclined to believe that there are
branches of mathematics which simply are not suseeptible to finitistic
treatment.

There are of course branches of mathematics which can be treated
in a finitistic way. Abstract algebra is an excellent example of such
a domain. Methods and results of the recursive function theory can
lead and have in fact led to many important and interesting results
in this theory. We are often dealing in algebra with problems of
pronounced algorithmic character; for instance, all questions con-
cerning elementary transformations of polynomials taught in. school
belong to this group. Van der Waerden [240] and in a broader con-
text Shepherdgon and Frohlich [47] discussed the problem which
questions of the elementary theory of fields can be answered by
using algorithms. To this end they considered fields whose operations
are defined by means of computable functions. Thus they used the
same device which is constantly used in computable arithmetic and
analysis though with a completely different aim in mind. Further
work along the same lines was also done by Rabin [168] and the
general setting of the problem was given by Malcev [136]. Malcev
did not limit himself to special systems like fields but considered
arbitrary abstract algebras and the numerations of their elements
such as to represent the basic operations of the algebra by means
of computable functions. Although the aims which these authors
pursue are incomparably more modest than the reconstruction oif
mathematics in the finitistic theories it is probable that the results
of their works will last longer than the more ambitious but less
fruitful conceptions of the finitistic school. |



Lecture XII

Decision problems

The decision problem as formulated by Hilbert consists in finding
criteria which would allow us to check in a finite number of steps
whether any given formula of the first-order logic is or is not pro-
vable. In the period 1930—1964 this general problem was given an
essentially negative answer, i.e. it was shown that no such criteria
exist. Several partial problems nevertheless admit positive solutions;
these positive solutions have found various applications.

Positive results. Let us first discuss a type of problem which
was formulated already in Hilbert’s school. We consider the seman-
tically defined property of satisfiability of first-order formulae in
some domain and ask whether there are criteria which allow us to
decide effectively when a formula has this property. It has been
shown that such criteria exist for certain classes of formulae.

Let F be a formula in which exactly one predicate P occur. Let
us assume that P is binary and that F has the form V A M(z, y),

zr y

where M contains no quantifiers, and let H, be its n-th Herbrand
disjunction:

Hy: Mz, x) v Mz, 25) V... VM, Ty).

We know from lecture V that F is provable if and only if there
is an n such that H, is provable.

This is evident]y the case when H, is provable in the propositional
calculus. We shall show that if H, is not provable in the propositional
calculus, then no H, can be provable in it. Indeed, there are the
following atomic formulae in M(x,, x,):

@) P(x,, x,), P(x,, T,), P(Ty, 1,), P(x,, T,)

and hence the following formulae in M(zp, z,,,):
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(i) P(xp, xp), P(@p, Tpi1)s P(Xpi1s Tp)s P(@pyys Tpiy)-

According to our assumption we can assign truth-values {,,, {;,,
l,1s 15, to the atomic formulae (i) in such a way that M becomes
false. Two cases are now possible:

(A) the truth-values f;; can be chosen so that {,, = {,,. In this
case we can assign the truth-values t,,, {,,, 1,;, {,, to the atomic
formulae (ii) for p = 2,3,.... These assignments are consistent
with each other and give the truth-value “false’” to M(zp, z,.,).
Hence H, is not a theorem.

(B) t;; # t,, for every assignment of truth-values #;; to the for-
mulae (i) which make M(z,, x,) false. In this case we use the assump-
tion that H, is not a theorem and infer that there is an assignment
of truth-values f;; to the atomic formulae

(i)  P(z;, x)), P(zy, 2,), P(xy, 1), Pz, T,), P(2,, 5),
P(zg, 2,), P(z3, T4)

which makes H, false. In this assignment ¢;; = f;,. Otherwise we
would have {,, = t;4 (since l;; # {,, by the definition of Case B),
and by substituting z, for z, and =z, for z, we would obtain an
assignment {,,, ly,, l3,, {35 Of truth-values to the atomic formulae (i)
which makes M(x,, r,) false and has the property that P(z,, r,)
and P(x,, z,) are assigned the same truth-value. This would con-
tradict the definition of Case B. Hence #,;, = t3;5, and we see that
we can assign to the atomic formulae

P(Tap, 10 Tapir)s P@apirs Tapro)s P@opies Tapia)y P(Tzpio Topio)s

P(xyp i ZTapis)s P@opis Topio)y P@opyss Topys)

the same truth-values as to the formulae (iii) and that these assign-
ments are consistent. Thus H, is provable for no n. In this way
we obtain a solution of the decision problem for the class of formulae
we are considering. This solution was first given by Bernays and
Schoenfinkel in 1928.

Similar combinatorial arguments can be applied to more com-
plicated classes of formulae. The strongest result in this direction
is due to Godel [55] who solved the decision problem for first-order
formulae of the foorm A V A M, where M has no quantifiers.

Tyeo XL Y2 L.l
Another rather general result is due to Herbrand [79] who solved
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the decision problem for formulae with an arbitrary arrangement
of initial quantifiers followed by a matrix in which the only con-
nectives are disjunction and negation.

Herbrand’s theorem discussed in lecture V provides a unifying
principle for proofs of this sort.

A different type of a decision problem originated with Skolem
[208]; it was developed mainly by Tarski in a number of papers. of
which the most important.is [226]. The general character of these
problems can be described as follows: Let us consider an axiomatic
theory T based on the first-order logic. We ask for criteria for a given
formula F to be provable in T. This is the decision problem for the
theory T. If the general decision problem were solvable, then so
would be the decision problem for every finitely axiomatizable
theory T. Indeed, if A,,..., A, are all the axioms of T, then
F is provable in T if and only if the formula A; A...A Ay
— F is provable in (pure) logic. Hence the decision problem for T
is reduced to that for logic. This remark, interesting though it is,
does not help us very much since the decision problem for logic is
not solvable; moreover, the implication formulae just mentioned are
not usually reducible to any of the forms for which the decision prob-
lem has been solved.

The method devised by Skolem and developed by Tarski is called
the method of elimination. The scheme of this method is as follows:
Let T be a first-order theory and

(1) Py, Pix), Pi'(z, y), P"(x, 4, 2),... (i=0,1,...)

a sequence of formulae with 0,1, 2, ... free variables. The number
of these formulae may be finite or infinite. Let us assume that (i)
each formula W of T is equivalent to a Boolean combination C of
formulae (1) and that C can be found effectively for any given W.
Let us assume, furthermore, that (ii) if W has at most n free vari-
ables, then C is built from those formulae (1) that have at most n
free variables. Under these assumptions each W without free vari-
ables is equivalent to a Boolean combination of the formulae P,
P,, .... Hence if we can decide when a Boolean combination of
these formulae is provable in T we can decide when an arbitrary
formula W is provable.

Assumptions (i) and (ii) are satisfied if formulae (1) satisfy the
following conditions: (iii) each atomic formula of T occurs among
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the formulae (1); (iv) if K is a conjunction of formulae (1) and of
their negations, then the formula W = V K is equivalent to a
x

Boolean combination of formulae (1) built from those formulae whose
free variables occur in W.

The reduction of conditions (i) and (ii) to (iii), (iv) is based on
a simple reduction of formulae to a standard form known as the
prenex normal form.

The essential property of formulae (1) is (iv). It can be expressed
by saying that a necessary and sufficient condition for the existence
of an x satisfying K is expressible as a Boolean combination of for-
mulae (1). The name “method of elimination’ is borrowed from al-
gebra where we often eliminate an unknown and express by certain
equations and inequalities the necessary and sufficient condition
for the solvability of an equation.

Let us illustrate the method on a simple example. Let us take
as T the theory whose unique non-logical primitive notion is a binary
relation R (the identity relation is treated as a logical notion). The
axioms of the theory state that the universe is ordered by R and
that every element has a predecessor and a successor:

Rxx, Rxy A Ryx - x =y, Rxy A Ryz - Ruxz,
Rxy vz =y v Ryz,
AV (Rxy A Rzz A A {[Ra:S/\ T#Ss—> Rys]A [Rsx A s # x— Rsz]}.
x yz s

We take as P, the formula A (z = z) and as P,(z, y) the formula
Rxyn V AN @ # x) A Regey A (2 = 2) A (T4, =Y)]

T Ty O<i<j<ni2

(n=20,12,...).

The formula Py(x,y) says that z precedes y and that there
are at least n elements between x and y. It can be shown
without much trouble that conditions (iii) and (iv) are satisfied
in this example. Hence for each formula W without free variables
we can find an equivalent Boolean combination of P, alone, whence
it follows that the decision problem for T is solvable.

The elimination method was successfully used to solve the decision
problem for various theories. The strongest result is due to Tarski
[226] who established the decidability of the theory of real closed
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fields. Axioms of this theory consist of two groups. Axioms of the
first group state that the universe of the theory is an ordered field;
the number of these axioms is finite. Axioms of the second group
form an infinite sequence and state that each equation of degree
3,5,7,... has at least one root. (If we could define in the theory
the general notion of a polynomial of an odd degree, we could replace
this infinite sequence of axioms by a single sentence; however, this
general notion is not definable.)

Another important example of a decidable theory is the theory
of Abelian groups whose decidability has been proved by Szmielew
[{220]. This theory is of course incomplete; one can even show that
it admits 2% complete extensions. The elimination method is, as
we see, applicable to essentially different kinds of theories.

At the present. moment the applications of the elimination method
seem to be exhausted. With the exception of relatively simple cases
familiar in the existing literature, the method leads to forbidding
calculations which can hardly be undertaken by anybody. In the
last few years new methods have appeared which have made it
possible to solve the decision problem for several theories.

One of these new methods rests on the simple remark that complete
theories based on a recursively enumerable set of axioms are always
decidable. Since various methods of establishing the completeness of
theories are known at present, we can in this way obtain solutions of
the decision problem for complete theories. We shall say more about
such proofs in lecture XIII.

Biichi [10], [11] used the theory of finite automata to obtain a
solution of the decision problem of some fragments of the second-
order arithmetic. The constants of this theory are 0 (zero) and
(successor); there are two types of variables: lower case variables
for integers and upper case variables for sets of integers.! According
to whether we admit arbitrary sets or only finite sets as values of
the set variables we distinguish the strong and the weak second-
‘order arithmetic.

Both the weak and the strong second-order arithmetic are inter-
preted systems. The notions of truth, definability efc. in these systems
are thus understood in the semantical sense.

In what follows we shall give an account of the work of Biichi
concerned with the weak theory.

! We shall often identify a set with its characteristic function,



108 FOUNDATIONAL STUDIES [89], 112

Biichi showed that each formula of the weak second-order arith-
metic (without free variables) is equivalent to a formula of the form

(2) YV L [E(Y10), .. Ya(©) a A B(Y,(),... Ya(D),
Yi(t), ... Ya())]

where K and B contain but propositional connectives.

The truth of formula (2) can easily be checked. Let us assume
for instance that n = 1 and that B(§, ) is true (where  is the truth-
value “false’’). Since Y, has to be a finite set, formula (2) is true
if and only if there exists a finite sequence ¢y, ¢4, .. ., Cpy = % of
truth-values such that K(c,) and B(cy, ¢;,,) are true for each j < p.
The terms of this sequence are simply the truth-values of Y,(j), and
p is the least integer such that no ¢ = p — 1is an element of Y,.
If there are two identical consecutive terms in the sequence ¢, ...,
Cp-; We can drop one of them without altering the properties of the
sequence. Furthermore, the sequence FBFV can be replaced by FY
and the sequence BFBVF by BF. Thus we see that it is sufficient to
check whether the sequences &, {FBF, BT satisfy the conditions
imposed on ¢, ..., ¢, ; and this can obviously be done in a finite
number of steps.

The reduction to the form (2) is far from obvious. Biichi obtained
it by using certain concepts from the theory of finite automata. Let
us define this notion:

A finite automaton is determined by (i) its initial configuration,
(ii) its transition functions, and (iii) its output function. The initial
configuration is a string E,, ..., Ep of truth-values. The transition
functions are propositional formulae Hy(p,, ..., Pm; 1 - - +s In)
where j = 1, 2,..., m. The output function is a propositional formula
U(py - - -» Pm). The functioning of an automaton can be described
as follows: We first fix arbitrarily the values of the parameters
gy .+ qn in the transition functions by giving them values
Xy oo Xy, where each X, is a function of ! ultimately equal §.
At each moment { the automaton is in a ‘‘stage’” described by a
string ry(f), . . ., rp(f) of truth-values. These “stage functions’ are
defined by induction:

rg(0) = Ey, re(’) = He(r, (), . . ., (), X (1), <o Xan(D).

The output of the automaton at the moment?is defined as u(f) =
U@rt), . . ., rm(t)).
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Thus an automaton presents us (for every choice of the parameters
Xy .- . Xp) with an infinite sequence u(f) of truth-values. The set
of values of the parameters for which the terms of this sequence are
ultimately 8 is called by Biichi the *behaviour” of the automaton.
The main result of Biichi obtained by analyzing the formulae of the
weak second-order arithmetic is that each set S of n-tuples X, ..., X,
(where each X, is a function of { ultimately equal ) which is
definable in the weak second-order arithmetic is the behaviour of
a finite automaton, and conversely.

Since the behaviour of an automaton can be described by a formula
of form (2), the desired reduction of formulae to form (2) follows.

The principle of Biichi’s result for the strong second-order arith-
metic is similar, but the reduction to form (2) is much more involved,
chiefly because we cannot assume that the functions X, are ulti-
mately equal .

Let us mention here that the recursive arithmetic of Church [21]
coincides with the formal theory of finite automata in Biichi’s sense.

Negative results. The basic method used in proofs of uadecid-
ability is the reductiou of the decision problem for a class K to-the
decision problem of another class K, for which the solution of the
decision problem is known to be negative. It is obvious that if the
characteristic function of K, is computable relative to the character-
istic function of K and if the former function is not computable,
then the latter is not computable, either. Hence the set K is not
computable. Identifying the (intuitive) notion cf decidability with
the (formal) notion of computability, we obtain in this way a
negative solution of the decision problem for the set K. In lectures
IV and VII we gave several examples of sets whose characteristic
functions are not computable.. By means of the reduction procedure
it is possible to obtain various proofs of undecidability. We shall
mention a few of them.

The first result of this kind is due to Church [17] who proved the
undecidability of the full predicate logic, thus solving Hilbert’s
original problem. Church’s result showed at the same time the un-
decidability of various subclasses of the full predicate logic. It has
been shown in a number of works, which started appearing well
before 1930, that the decision problem for the set of all formulae of
the predicate logic is reducible to the decision problem for various
subclasses of this set, each consisting of formulae in the prenex
normal form with certain simple prefixes. The best known example
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of such a subclass consists of formulae with the Skolem prefix
V...V A.., AM, where M has no quantifiers. It may indeed

Ty Tn Ul Um
be shown quite easily that to each formula A of the predicate logic

there is a formula B of the form A ... A V...V MsuchthatB

2 Ty Um
is satisfiable if and only if A is satisfiable (¢f. Godel [53]). Many
other classes of formulae with the same property have been found;
they are sometimes called ‘reduction types”. An account of them
can be found in Suranyi [219].

The reduction to the Skolem type of formulae as well as most of
the other reductions have been obtained by means of combinatorial
methods: one expresses the fact that a given formula A has a
model and tries to give to the resulting expression as simple a form
as possible,

A reduction of -a different kind was found recently by Biichi [12]
and somewhat later by Moore, Wang and Kahr [86]. Instead of
expressing in a simple form the satisfiability of a formula A they
used a reduction to problems connected with Turing machines (or,
equivalently, with Markov’s algorithms). Biichi showed that with
each Turing machine one can correlate a formula F = A A(z)A
AV A B(z, y, z) such that F is satisfiable if and only if the corre-

r yz
sponding machine ultimately stops. It follows that the class of

provable formulae V P(z) vV AV Q(, y, z) (where P and Q do
x x y z

not contain quantifiers) is not computable. Moore, Wang and Kahr
improved this result by showing that the class of true formulae
V AV Q(z, y, 2) is not computable. It is worth while to mention
r y z

that the problem whether a formula of this form (or of Biichi’s form
above) is salisfiable is algorithmically decidable (cf. lecture V).

The prefix problem which we have so far considered is interesting
in itself but seems rather artificial. Deeper problems arise when we
consider axiomatic theories and ask the question whether the sets
of their theorems are computable or not.

The first result of this kind is due to Church who proved (in effect)
that the set of theorems provablein Peano’s arithmetic is not compu-
table. Let us sketch a modern proof of this result.

Let T be a theory satisfying the following conditions:

1°. There is an infinite sequence of symbols 4, 4,,... such
that each formula of the form — (4; = 4)) is provable in T for i 5 j.

2°, Each primitive recursive relation is strongly representable in T.
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3°. There is a formula M(xz, y) which strongly represents the
relation < in T and has the property that the formulae M(z, y) v
M(y, ) and M(z,4p) =[(x=4,) V...V (x = 4y)] are provable in
T for each n.

Under these assumptions the set of provable formulae of T is not
computable.

Indeed, let A and B be two recursively enumerable sets of in-
tegers which cannot be separated by computable sets (see p. 66).
Since they are recursively enumerable, they can be defined in the
form A ={n: \1{ R(n, p)}, B={m: Y S(m, q)} where R and S are

primitive recursive relations. Let F and G be formulae which
strongly represent R and S in T. Then the formulae

F:VAF@ ) a A MG y) > = 6, 2]},
G’ : \y/{[G(x, »ANIMEy) > - Fla, z)]}

weakly represent A and B and satisfy the condition that the formula
- [F'(z) v G'(x)] is provable in T.

Let us now assume that the set of provable formulae of T is
computable and let C = {n : F'(4y,) is provable in T}. Hence C is
computable, A < C and C N B = 0, which contradicts the assump-
tion of the inseparability of A and B.

The idea of this proof is due to Rosser [187].

As we see we proved not only the undecidability of T but also the
undecidability of an arbitrary consistent extension of T. Theories
each consistent extension of which is undecidable are called essenti-
ally undecidable.! Many examples of such theories are known. An
example of a finitely axiomatizable and essentially undecidable
theory was given on p. 22. Other examples can be found in [231].

Putnam [162] has shown the essential undecidability of an
arbitrary theory T based on a recursively enumerable set of axioms
in which every computable set is strongly representable. In order to
obtain this result he uses the Godel substitution function and con-
structs a formula F such that F is provable in T if and only if its
Godel number n belongs to a preassigned set strongly representable
in T. It follows at once that this set cannot coincide with the set
of Gédel numbers of the theorems of T; thus the latter set is not
computable.

! The notion of essential undecidability coincides with that of essen-
tial incompleteness introduced on p. 22.
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For further discussion of the question which theories are essenti-
ally undecidable, see Shoenfield [206]. It is proved in his paper
that weak representability of all computable sets in T does not
entail the essential undecidability of T.

Theories which are essentially undecidable and finitely axiomatiz-
able can be used to establish undecidability of various theories. This
method was devised by Tarski [231] who formulated the following
test: If v is an essentially undecidable and finitely axiomatizable
theory, if T is a consistent theory and if T and 7z have a common
consistent extension, then T is undecidable. Using this test Tarski
proved, among other things, the undecidability of the theory of
groups and of the theory of lattices. It is remarkable that surprisingly
weak theories prove to be undecidable; for instance, the theory
whose primitive terms are two binary relations and whose axioms
state that these relations are reflexive, symmetric, and transitive is
undecidable. (If -only one equivalence relation is considered, the
theory is decidable,) This theory was discussed by Janiczak [84]
and H. Rogers [184].

Another highly interesting method was found not long ago by
Rabin [170] who showed that one can in many cases dispense with
the use of essentially undecidable theories in proofs of undecidability.

Let T and T, be two theories whose primitive terms are R and R ;
we assume that R and R, denote binary relations. Let T, be undecid-
able. We require that T, be interpretable in T in the following sense:
There are formulae D(R, z) and A(R, z, y) of T such that (i) all
axioms of T, go over into theorems of T if the universe of T, is
interpreted as the set of elements satisfying D(R, =) and R, as the
relation defined by A(R, z, y); (ii) every model M, of T, can be
obtained from a suitable model M of T by taking as the universe
of M, the set {a ! |= m D[Ry, a]} and as the interpretation of R, the
relation {<a, b>>: |= p A[Ryy, @, b]}. If these assumptions are satis-
fied, then T is undecidable.

In order to see this, let us denote, for any formula F,(R,) of T,,
by F(R) the formula of T obtained from F, by the process described
in (i). Since it can be decided, for each formula of T, whether it
does or does not correspond to a formula of T,, it suffices to show
that I is provable in T if and only if F, is provable in T,. In one
direction this follows from (i). Now assume that F, is not provable
in T,; by completeness theorem there is then a model M, of T, in
which F, is false. Using (ii), we infer that there is a model M of T
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in which F is false; whence Rabin’s result follows. Obviously the
assumption that R and R, are binary is not essential in this proof.
The following example (due to Rabin) will illustrate his method.
Let T, be the theory whose unique primitive term is a k-ary
relation R, and T the theory whose only primitive term is a binary
relation R. No extra-logical axioms are assumed in either theory.
Take as D the formula - V (zRy) and as A(R, Ty ... Tg) the

v
formula V [(uR¥u) A (uRz;) A (uR%,) A ...A (uRkzy), where uRk
u

means the same as uRz and where uR%x is defined (by induetion)
as V [(uRv) A (vR* 7). E.g. if k= 3, the formula A(R, z,, T, T,)
v

is true just in case when the diagram of R looks as follows:

I

[ 4
[ ]
=
»

rY

L 4 & ﬁxa

In this diagram points other than z,, z,, r, denote elements not
satisfying the formula D.

This simple method of Rabin’s is in many cases surprisingly
efficient.

Slightly different from the problem of decidability of theories is
the problem of decidability of models. For every M we may con-
sider the set T(M) of those formulae which are true in M and
ask whether this set is computable. This problem is obviously
equivalent with the decision problém for a theory T whose
axioms are all the formulae of T(M); thus we do not know a priori
whether the axioms of T form a recursive set. For this reason
not all methods mentioned in connection with the decision problem
for theories can be applied to the decision problem of models.

In most cases we may establish the undecidability of a model M
by showing that integers and the usual arithmetical operations on
them are definable in M; cf. Robinson [179] and J. Robinson [176].
These investigations often use rather deep results of purely mathe-
matical character.

An interesting open problem is the decision problem for the model
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consisting of all the subsets of the real line and of the Boolean
relations together with the additional relation: X is the closure
of Y. This problem was formulated by Grzegorczyk [65] who estab-
lished the undecidability of various models of similar character but
was not able to solve the seemingly simplest case of a one dimensional
space.

Many other decision problems are known in mathematics and
especially in algebra. Let us mention the problem known as the word
problem for semigroups: we consider a finite alphabet {a, b, ..., k}
and “words” in this alphabet, i.e. arbitrary finite (possibly veid)
sequences of these letters. Let (S}, S/'),..., (S;, S;') be a finite
list consisting of pairs of words. We call two words ($’, S”) equivalent
if " can be obtained from S’ by a finite number of transformations
each of which consists of a replacement in a given word w of a seg-
ment identical with S} by the word S}’ or conversely (i = 1, 2, ..., n).
Let E be the set of pairs (S’, S”) such that S’ is equivalent to §”.
Is E a computable set? This is the word problem for semigroups.
We can formulate a similar word problem for groups and other
decision problems of algebraical character.

Markov [138] and Post [161] reduced the word problem for semi-
groups to the problem whether any given Turing machine will
eventually stop. This yields a negative solution to the word problem.
The word problem for groups, which is much more difficult, was
solved by Novikov [158]; simpler solutions were found by Boone [9]
and other algebraists, We mention these results only briefly since
in spite of their importance for algebra they have been used neither
in logic nor in the study of foundations of mathematics. It should
be stressed, however, that the theory of computable functions
created by logicians in order to discuss philosophical and meta-
mathematical problems proved decisive during the early phases of
the study of algebraical decision problems. It can safely be said that
these algebraical problems would have remained unsettled had not
logicians developed the theory of decision problems for uninterpreted
and syntactically described logical calculi.



Lecture XIII

The theory of models

The modern form of semantics is the theory of models. Some of its
results are quite old. For instance, the Skolem —Léwenheim theorem
dating back to 1917 is of basic importance for this theory. The
systematic development of model theory was initiated by Tarski
in the early fifties [227]. His ideas proved so fruitful that model
theory is at present one of the most important parts of the founda-
tional study. The theory has also close ties with abstract algebra,
and. it has found numerous applications.

The abstract scheme of model theory is as follows: We are given
a language L and a class C of objects called models (or realizations)
of sentences of L. There is also given a relation between sentences and
models which we shall call the satisfaction relation and express by
words as follows: “Model M satisfies the sentence F* (or “The sen-
tence F is true in M”’). We do not assume that sentences are neces-
sarily finite-sequences of letters; they may be abstract objects of quite
arbitrary character. The language is determined not by the nature
of these objects but by the operations performable on them. Thus
in various applications we consider languages in which the class of
sentences is not denumerable or in which we are allowed to form
infinite conjunctions or disjunctions or in which each sentence is
an infinite (perhaps even transfinite) sequence of symbols. Also the
nature of models is quite arbitrary. In most cases they consist of
a set (which we call the universe of the model) and a sequence of
relations which correspond to the predicates of the language. This
case is by far not the only possible one, however. The great flexibility
of model theory is largely due to this freedom in the choice of the
language and of the class of models.

We shall write M e E(F) or |= p F if the sentence F is true in the
model M. For a set X of sentences we write M e E(X) if each for-
mula F in X is true in M. M is then called a model of X. If X is
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the set of axioms of a theory, then we also say that M is a model
of this theory. We say that a sentence F is a consequence of X
if E(X) < E(F); the set of all the consequences of X is denoted
by Cn(X). The operation Cn has the well known properties of a
closure operation: X < Cn(X) and Cn(Cn(X)) = Cn(X).

The theory of models is best known in the case in which L is the
first-order predicate logic with identity. Sentences of L are then
first-order formulae without free variables. This case will be treated
in the present lecture. We shall impose no limitations on the number
of predicates in L, however, and we shall assume that there are
arbitrarily many individual constants in L.

A model is defined as a sequence consisting of a set A (the universe
of the model) and of a family of relations in A and of elements of A.
This family is indexed by the predicates and the individual constants
of L. In this way a relation between the elements of A is correlated
with each predicate P of L and an element of A is correlated with
each constant of L. We assume that the number of arguments of the
relation correlated with P is the same as the number of arguments
of P. The satisfaction relation is defined in the usual way explained
in lecture III.

In order to simplify our terminology we shall sometimes identify
a model with its universe. In this sense we speak of the cardinal
number of a model or of an object being an element of the model.

Three relations between models are of importance for us:

1. We say that a model M, is a submodel of M, or that M, is
an extension of M, (in symbols M, < M,) if (i) the universe A,
of M, is a subset of the universe 4, of M,; (ii) the relations of M,
are obtained from those of M, by restricting them to A,; (iii) the
interpretations of individual constants are the same in both models.

2. A model M, is an elementary submodel of M, (or M, is an
elementary extension of M,, in symbols M; < M,) if M, < M,
and the following condition is satisfied: whenever F is a formula
and a, b, . . . are elements of M, then the conditions |= a1, Fla, b, . . .]
and |=p, Fla, b, ...] are equivalent.

3. Two models M, and M, are elementarily equivalent (in symbols
M, =M, if M, ¢ E(F)= M, ¢ E(F) for each sentence F.

Note that these three relations are meaningful not only in the
case when L is the first-order logic but in all cases when we have
defined the relation of satisfaction. In order for definitions 1 and 3
to be meaningful it is not even necessary to have defined the relation
of satisfaction for formulae with free variables.
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The relation M, < M, evidently implies M, = M, but not con-
versely. A connection between the notions of elementary extension
and elementary equivalence has been established by Keisler [90];
see p. 130.

Relations 1 and 3 were introduced by Tarski [227], relation 2
by Tarski and Vaught [232].

We shall now discuss the Skolem —Loéwenheim theorem.

Analyzing the original proof due to Skolem one obtains the follow-
ing result (Tarski— Vaught |232]): If m is an infinite cardinal not less
than the cardinal m, of the constants and predicates of L, and if M
is a model of a power k > m, then for every cardinal p such that
k =z p 2 m there is a model M, of power p such that M, < M.
This theorem is called the downward Skolem —Lowenheim theorem.

A completely different theorem called in the recent literature the
upward Skolem —Lowenheim theorem was proved for the first time
by Tarski in a note to [209] (¢f. Tarski—Vaught [232]): If m is a
cardinal satisfying the conditions of the previous theorem and M
is a model of power m, then for every cardinal ¢ 2 m there is a
model M, of cardinality ¢ such that M, > M.

The upward Skolem —Léwenheim theorem results easily from the
compactness theorem:

If E(X,;) # 0 for every finite subset of a set X, then E(X) # 0.

For a language L with at most denumerably many constants and
predicates this theorem was first proved by Gédel [53] (cf. lecture V).
The general result is due to Malcev [134] who also first applied this
theorem to algebra. A modern proof of the compactness theorem
will be sketched in lecture XVI.

The different Skolem —Lowenheim theorems belong to the most
important results in the theory of models. We shall show how they
can be applied in order to characterize what are known as the spectra
of sets of sentences,

Let X be a set of sentences of L. We shall call the spectrum of X
the class of cardinals m such that E(X) contains models of power m.
It follows from the Skolem —L&wenheim theorems that if the spec-
trum of X contains at least one cardinal 2 my, then it contains all
cardinals = m,,.

The part of the spectrum consisting of cardinals < m, is not very
well understood even in the simplest case when my, = x,. Let us
call a set K of integers the finite part of the spectrum of X (or of
a single sentence F) if K is the intersection of the spectrum of X
(or of F) and of the set of all integers. Scholz {194] asked whether
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all computable sets are finite parts of the spectra of single formulae.
This question has been answered in the negative by Asser {4]. The
finite parts-of spectra thus form a subclass of the class of ccmputable
sets, but the structure of this class is still unknown. For instance,
one does not know whether the intersection of two sets in this class
is also a member of the class. Some partial results on the finite parts
of spectra were given in [151].

Rabin [166] has shown that the upward Skolem—L&éwenheim
theorem is in general not true if one drops the assumption that the
power of M is not less than m,. He gave a counter-example with
my = 2 ¥. Rabin’s paper illustrates the difficulties which we may
expect in studying the initial parts of spectra.

Another simple but very fruitful application of Skolem —Ldwen-~
heim theorems is provided by new methods of completeness proofs.
Since a complete theory with a recursively enumerable set of axioms
is decidable, these methods often enable us to establish the decidabil-
ity of a theory without the cumbersome calculations which are
unavoidable in the elimination method discussed .in lecture XII,

The first method to be discussed is based on the following lemma
which immediately results from the definitions of the notions in-
volved: A-theory T is complete if and only if any two of its models
are elementarily equivalent.

Let now T be a theory with at most denumerably many constants
and predicates (m; = &,) and assume that there are no finite models
M of T. We shall say that T is categorical in power m (Lo§ [126],
Vaught [236]) if any two madels of T with the cardinal number m
are isomorphic. Using the Skolem--Léwenheim theorems and the
lemma given above we obtain the theorem: If a theory T satisfying
the assumptions given.above is categorical in an infinite power m,
then it is complete (Vaught [236]). The following examples show the
efficacy of this theorem:

(1) According to a classical theorem due to Cantor any two linearly
ordered sets which are denumerable, dense and have no first or
last element are isomorphic. Let T, be a theory with one binary
predicate P based on axioms which state that the universe is densely
ordered by P and has no first or last element. By Vaught’s
theorem T, is complete and hence decidable. We call T, the theory
of dense ordering. Its decidability can be proved by the elimination
method but this proof, while not very difficult, is incomparably
more involved than the above semantical proof.
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(2) In a similar way we show that the theory T, of atomless
Boolean algebras is complete.

(3) Let T, be a theory with two ternary predicates S, P and
axioms stating that for every two elements x, y of the universe there
is exactly one s = x - y such that S(z, y, s) and exactly one p = zy
such that P(z, y, p) and further that the universe is an algebraically
closed field with characteristic zero.

Since one proves in algebra that any two algebraically closed fields
with the same characteristic and the same power m > g, are iso-
morphic, we obtain the result that the theory T, is complete and
hence decidable.

The same result is also true for the theory Ty(p) which we obtain
from T, by dropping the axioms concerning the characteristic 0 and
assuming instead of them an axiom stating that the characteristic
of the field is p.

In order to avoid possible misunderstandings we add a few more
comments on the axioms of T; and T,(p). Both these theories are
based on an infinite number of axioms. Indeed, in order to express
in the language L that a field is algebraically closed we must admit
axioms which state that all quadratic equations, all equations of
degree 3, all equations of degree 4 efc. have roots. For each degree
we have thus a separate axiom. The fact that the field has char-
acteristic 0 is expressed by the axioms

+z=0->@=0,+rc+2)>@=0,c+z+z+2=0)—>
(x=0),....

which again form an infinite sequence.

In the usual expositions of the field theory all these axioms would
be replaced by a finite number of sentences. These sentences would
however involve the notions of polynomial and integer and hence
would not belong to the first-order language on which theories T,
and Ty(p) are based. A theory based on this less elementary language,
while mathematically more convenient, is much less interesting for
a logician. No completeness result holds for this less elementary
theory.

(4) Kochen [110] has obtained by the method described above
Tarski’s result that the theory of addition and multiplication of real
numbers is decidable.

In view of these applications it would be desirable to have criteria



120 FOUNDATIONAL STUDIES [89], 124

of the categoricity of theories in a given infinite power. No such
criteria are known in the general case. For m = &, the following
beautiful result was found by Ryll —Nardzewski [188] and (somewhat
later but independently) by Svenonius [219%] and Engeler [32]: If
a theory T with at most denumerably many predicates and constants
is complete, then it is categorical in power »y if and only if for each
integer n the Boolean algebra of its formulae with at most n free
variables is finite.

Partial results for the case m > x, canr be found in Vaught [237]
‘and [2398]; the latter paper contains a survey of all results obtained
so far in the study of this problem as well as a complete biblio-
graphy.

Lo asked in [126] whether a theory categorical in a power m > R,
is categorical in every non-denumerable power. This very difficult
problem was solved (positively) by Morley [147].

The work on the notion of categoricity in a given power is stillin
progress.

We shall now discuss another semantical method of establishing
completeness of theories.

Let M be a model with the universe A; for simplicity we assume
that there is just one relation R in M and that it is a binary one.
We adjoin to the language L constants for all the elements of A,
and denote by {, the constant denoting a. The set consisting of all
formulae P(f,, {p) where a and b are elements of A such that aRb,
of all formulae {;, #~ {p such that a and b are different elements of A
and of all formulae — P(f4, {) where a and b are elements of A
such that it is not the case that a R b is called the diagram of M
and is denoted by D(M).

Let now T be a theory and X its set of axioms. We call T a model-
complete theory if for every model M e E(X) the set X U D(M) is
complete. This notion was introduced by A. Robinson {180]. Before
we show how to use it in proofs of completeness we give a few ex-
amples which show that the notions of completeness and of model-
completeness are different from each other:

The theory T, is complete and model-complete.

The theory of linear order of type w* + w (¢f. page 110) is com-
plete but not model-complete. Indeed, if M, is a model of this theory
consisting of integers (positive and negative) ordered by the rela-
tion =, then the sentence = V [P(ty, T) A P(z, L) A (T # L) A (T # 1))

x

is neither provable nor disprovable in X U D(M,).
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The theory of algebraically closed fields obtained from the theory
T, by dropping all the axioms referring to the characteristic of
the field is incomplete but model-complete. Indeed, the sentence
::/\y [S(x,x,y) - S(.y,y)] which states that the characteristic of

the field is 2 is independent of the axioms. On the other hand if M
is a model of the theory then the set X U D(M) is complete. If the
characteristic of M is 0, then the set X U D(M) is equivalent to the
axioms of Tg; if the characteristic of M is p, then this set is equi-
valent to the set of axioms of Ty(p); hence the set is always complete.

Robinson [180] has established a necessary and sufficient condition
for model-completeness of a theory which can be tested rather
easily. The condition says that for every model M of T, for every
extension M’ of M which is also a model of T, and for every sentence

B of the foorm V Y where Y is a conjunction of atomic
N

formulae or of their negations, the conditions M ¢ E(B) and M’ ¢ E(B)
are equivalent. Using the expression of Robinson: existential senten-
ces B are persistent, i.e. their validity in M is preserved by extensions
of M to any larger model M’ (under the assumption that the axioms
X of T are true both in M and in M’).

Let us sketch briefly a proof of Robinson’s result.

We first assume that T is a model-complete theory. If an existential
formula B is true in M, then it is obviously true in an extension M’
of M. If B is false in M, then by the completeness of X U D(M), the
sentence — B is a consequence of X U D(M), since the consequences
of X U D(M) are true in M, Since the diagram of M is contained in
the diagram of M’, we obtain that — B is a consequence of X U D(M’)
and hence that — B is true in M’, i.e. B is false in M.

Now we assume that T is not model-complete. Let M be a model
such that M e E(X) and Z a sentence independent of X U D(M).
We can assume that Z is in the prenex normal form beginning with
an existential quantifier and that no sentence in such form with
fewer quantifiers is independent of X U .D(M’) for any model M’
of T. Put Z =V Q(2).

x

Since X U D(M) U {Z} is consistent there is an extension M’ of
M such that M’ e E (XU {Z}). Hence M’ contains an element a
such that Q({g) is true in M'. Since ((I;) has less quantifiers than Z
we obtain Q({;) € Cn(X U D(M’)) whence it results easily that Q({,) €
Cn(X U {Y(la, . - ., Lay)}) Where Y is a conjunction of finitely many
sentences in D(M’).
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It follows easily that [ V Y@, ... xp) —> Z] € Cn(X) and

Xyseees X

hence the sentence B = vV Y(z, ... Ty) is not provable
Ty eeesXp

from X U D(M). It follows that B is false in D(M). On the other

hand B is true in M’. Thus the incompleteness of X U D(M) con-

tradicts the Robinson’s condition.

We shall now show how Robinson uses his theorem in the study
of completeness. Let us call M a prime model for a theory T if every
model \IW’ in which the axioms of T are true contains a sub-model
of T isomorphic with M. Robinson’s main theorem states:

If a model-complete theory T admits a prime model M, then it is
complete.

Indeed, we shall show that theorems of T coincide with sentences
true in M. It is sufficient to show that if a sentence Z is true in M,
it is provable. Otherwise there would exist an extension M’ of M
such that M’ e E(X) and Z would be false in M’. Hence, by the
model-completeness — Z would be a consequence of X U D(M’).
But this is clearly imipossible since Z is a consequence of X U D(M)
and D(M) is a subset of D(M’).

Because of its assumptions Robinscn’s theorem is applicable only
to a limited class of theories. One of the most important applications
was Robinson’s result {181} showing the decidability of the set of
those first-order sentences involving the predicates z =y, x £ y,
r=Y -+ z, x=y.z and “x is an algebraic number” which are true
for the real numbers. This extension of Tarski’s decidability result,
which we discussed in lecture XII, could hardly be obtained by the
method of elimination of quantifiers.

Further indications concerning completeness proofs using model-
theoretical notions can be found in Robinson’s book [183].

Another important. part of model theory depends on a theorem
known as Craig’s interpolation lemma [25]. This result is a purely
syntactic theorem dealing with the provability of formulae in the
first-order logic without identity. It says that if (P, Q,, ..., @k
Zy ..., Tp) and G(P’, Qv s 'Qk, Ty, ... ITy) are two formulae
with the free (predicate and individual) variables indicated and if
the implication F — G is provable in logic then there is a formula
H = H(Q,...,Qk Ty, ..., Tm) such that both implications F — I
and H — G are provable in logic. The essential point is of course
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that the interpolation formula H contains freely only those variables
which are free in F and in G.

We shall reformulate Craig’s lemma using semantic notions.
In order to simplify the notations we shall assume that m = 0 and
k=1 and write Q instead of @,. Furthermore we assume that P
and Q are both binary predicates.

Let A be a fixed infinite set and let M be the family of all models
of the form <A, R> where R< A X A. If H is a formula with
the free variable (, then we denote by Uy, the set of all models M
in M such that |= py H[R], i.e. H is satisfied in M under the inter-
pretation of Q as R. If F has the free variables P, ), then we denote
by V. the set of models M in M for which there exists a relation
S < A X A such that F is satisfied in the model M* = <A, S, R>
obtained from M by adjunction of the new relation S.

Craigs lemma is equivalent to the following separation principle: If
F = F(P, Q) and G = G(P, Q) are formulae such that Vz N V; =0,
then there are formulae H = H(Q), K = K(Q) such that V < Uy,
Ve © Ugand Uy N Ug = 0.

This formulation of Craig’s theorem was a starting point of an
extensive work undertaken by Addison in which he tried to establish
a common basis for set-theoretical and logical separation principles.
(See [3a].)

The equivalence of this statement with Craig’s lemma is a simple
corollary to the completeness theorem.

Proofs of Craig’s lemma were given, besides by Craig himself, by
Lyndon and other authors; see literature quoted in [131].

In order to illustrate the uses of Craig’s lemma we shall give a proof
of a theorem due to Beth concerning the theory of definitions [6].
This theorem was proved by Beth before Craig in a more complicated
way.

We mentioned already in lecture III a method (due in principle
to Padoa and stated precisely by Tarski) of proving independence of
a primitive notion P of a theory T from other primitive notions
Q.. ..., Qg of T. The Padoa—Tarski theorem states that if there are
twomodels M= <A,R, S,,...,5:> M = <A, R, Sy, ..., Sc>
of T such that R =% R’ then P is independent of Q,, ..., Qx in T.

Beth’s theorem says now that this method is always applicable:
If there are no models M, M’ with the properties mentioned above,
then P can be defined in T with the help of Q,, ..., 0k alone.

Proof: Using the completeness theorem we obtain, that if there are



124 FOUNDATIONAL STUDIES (89], 128

no models M, M’ required in Padoa’s method then there is a finite
conjunction K of axioms of T such that the formula

KR, Qi 0x) > {K®, Q... Q00 —~ [R@y ..., 7 —
R'(zy, . - - Tp)I}

is provable in logic. If L(Q,, ..., Q% Z;, ..., Tp) is an interpolating
formula for the formulae

F:KR, Qp-.. 00 AR@E,, ... Tp),
G: KR, Qy--Qx) > R(Zy ..., Tp)

then R(xy,..., 2p) = L{(Qy ..., Qk %y ... Tp) is provable in T
and hence R is definable in T by means of Q,, ..., Qx alone.
Important extensions of Craig’s lemma are due to Lyndon. We
shall discuss only one of his results; a full account is given in [131].
First we define by induction the phrase: “‘An atomic formula
M(,, ..., tg) (where ¢, ..., {x are terms) occurs positively (nega-
tively) in a formula F*’. If F and M coincide, then M occurs positively
in F. If M occurs positively (negatively) in F, then it occurs positively
(negatively) in FvG, GVF, FAG, GVF, G- F V F, A F and
x z

negatively (positively) in - F and in F - G.

If all the atomic formulae involving R occur positively in F, then
we say that R occurs positively in F.

Lyndon’s generalization of Craig’s lemma is now this: Let Fand G
be formulae as in Craig’s lemma and assume that Q; occurs positively
(negatively) in F and in G; then there exists an interpolation formula
H in which Q; also occurs positively (negatively). It follows from
Lyndon’s theorem that if a formula F containing a predicate () has
the property that its validity is preserved under extensions of (,
then F is equivalent to a formula in which @ occurs positively. More
precisely, the assumption means that the condition M ¢ E(F)implies
M’ ¢ E(F) for each M’ obtained from M by replacing the relation
S which interprets in M the predicate Q by a relation 8§’ > S.

This result solved a problem proposed by Marczewski in [137].
It is one of the many results in model theory which relate the set-
theoretical properties of models with the syntactic properties of
sentences true in these models. We shall consider below some other
results of this sort.
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Iet us consider a class F of models and assume that F contains
with each M every model isomorphic to M (we disregard at present
the set-theoretical difficulties involved in this definition). We call
F an elementary class if there is a set X of first-order sentences such
that F = E(X). This terminology is due to Tarski [227}. Our program
is to characterize the elementary classes among all possible classes
F and also to study relations between the form of sentences which
belong to X and the set-theoretical properties of F.

Lyndon’s theorem fits in this program since it can be rephrased as
follows: If an elementary class F has the property that it contains
with each M any model M’ obtained by replacing S by a relation
§’ o §, then F = E(X) where each formula A in X contains the
predicate Q positively.

Historically the first (and simplest) result of this kind was obtained
by Tarski [228] and, independently, by %.o§ [127]. It says that if
a class F contains with each M all the submodels of M and if F is
an elementary class, then there is a set X of sentences such that
F = E(X) and that all the elements of X are general sentences (i.e.
have the form A H where H does not contain quantifiers).

Xy ...

Another resulg of this kind due to ¥.o§ —Suszko [130], and also
obtained by Chang [14], characterizes elementary classes closed with
respect to the operation of forming the union of an increasing sequence
of models.

All these results have been essentially generalized by Keisler [88].

Many authors have given various set-theoretical characterizations
of elementary classes. Thus e.g. Tajmanov {221] obtained a simple
characterization in topological terms. He introduced a topology in
the class of all models by taking as neighbourhoods of a model M
the classes E(A) where A is any formula true in M. Elementary
classes are just closed subsets of this space. Many other characteriza-
tions have been shown by Tajmanov to follow from this simple result.

The deepest result in this direction is due to Keisler [89] who
proved (using the generalized continuum hypothesis) that a class F
is elementary if and only if it is closed with respect to the operation
of forming reduced Cartesian powers and its complement -F is
closed with respect to the operation of forming reduced Cartesian
products (these notions will be explained in lecture XVI). Less deep
but independent of the continuum hypothesis are characterizations
given by Kochen {110] who used other operations than those of
forming reduced products and powers.
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It is remarkable that in spite of their very abstract form these
characterizations can be effectively used. For instance, Rabin [169]
proved, using these criteria, that the class of groups & which are
(isomorphic to) groups of automorphism of models M in E(X) is
always an elementary class and thus has the form E(Y). Rabin’s
theorem states the existence of a set Y for any given X but his proof
does not provide any means of actually constructing such a set, and
is thus of great interest for evaluating non-effective methods in logic
and set theory.

Another problem which has been studied extensively is that of
giving set-theoretical criteria for the elementary equivalence of two
models.

Keisler [90] proved that M, = M, if and only il some reduced
powers of M; and M, are isomorphic to each other. It follows that
M, = M, if and only if there are two isomorphic models M; and M,
such that M, < M, and M, < M;. Kochen [110] gave a similar
characterization of == in terms of other operations. Less sophisti-
cated but very useful was a characterization given by Ehrenfeucht
and Fraissé.

Fraissé’s [41] definition uses a sequence of equivalence relations
~ n. Let X,, X, be finite subsets of the universes of M, and M,.
We write X, ~ , X, if the relations of both models restricted to X,
and X, are isomorphic. Now assume that an equivalence relation
~ n between finite subsets of M,;, M, has already been defined.
We define the relation ~ ., as follows: X, ~ ., X, if for every x,
in the universe of M, there is an x, in the universe of M, such that
X, U{z,} ~ X, U{z,} and conversely.

Fraissé’s theorem says that M, = M, if and only if 0 ~, 0 for
each n.

Let us consider as an example the set N of all integers ordered
by the x< relation (its order type is w* 4 w) and an extension
N’ of N ordered by an extension <’ of the s-relation in type
o* + o + o* + w. We assume that N is an initial segment of N'. Let
M,=<N, => M,=<N', <’ > and let X; € N, X, < N’
be two {inite sets with the same number of elements. We can decom-
pose X, into a disjoint union X, = X U X' where X = X, N N,
Xy = X, — N. Let X; and X’ have p’ and p” elements. It is then
easy to prove that X, ~ , X, if and only if there are at least n
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elements between the first p’ and the last p” elements of X,. This
implies, in particular, that M, = M,.

One could obtain the same result by using the elimination of
quantifiers but the method based on Fraissé’s construction is much
more conspicuous.

Ehrenfeucht obtained (independently) the same characterization
as Fraissé and expressed it in a very suggestive language of games
[30]. He also showed how this characterization can be applied to
solve various problems concerning definability of elements in models
whose universes consist of ordinals.

We shall see, in the next lecture, that the Ehrenfeucht —Fraissé
method can be extended to certain languages different from the
first-order language considered here.

The results of model theory presented here do not exhaust all
which have been dealt with in the existing literature. The theory
is still in the stage of very rapid development and will certainly find
many new applications.



Lecture XIV

Theory of models for non-elementary languages

We mentioned already in lecture XIII that the scheme of the
model theory is very general and applicable to various kinds of
languages. Several attempts were made to apply this scheme to
languages different from the language L of the first-order logic.

We shall report on results obtained for the following languages:

1. The language Q,. This language differs from L by containing
in addition to the symbols of L one new quantifier Q. The sentence
QzFz is true in a model M if and only if there are in M at least 8,
elements which satisfy F in M. We have thus one language with
many different interpretations of the constant Q. The notion of a
model is the same as in the case of the language L.

2. The language LI!. This language differs from L by containing
variables X, Y, ... for sets. A sentence )\(/ F(X) is true in a model

M if there is a subset of M whose power is < 8, which satisfies F
in M. Again we see that there is one syntactic structure of the
language but a multitude of interpretations. The languages L)' are
said to be of weak second-order. Again models are defined in the
same way as in L.

3. The strong second-order language L' has the same syntactic
structure as L but a different interpretation of the set variables:
the formula JY F(X) is true in a model M if there is a subset of M

of any cardinality which satisfies F(X) in M.

4. The sequential second-order language Lj contains variables not
for finite sets of elements but for finite sequences of them and also
symbols for concatenation of two sequences and for forming a one-
term sequence <<a>> out of a given element a.

5. Higher order languages L{" and L™ are defined similarly as
the languages LI and L. It is possible to combine the methods of
construction of these languages and require for instance that arbi-
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trary subsets of a model be values of the first-order set-variables
X, Y, ... but only finite sets be allowed as values for second-order
set-variables efc.

6. The infinitistic language Ly, o, Let 2, ¢ fori=20,1, 2,...
be individual variables and constants and let R; be a predicate
with p; arguments (i =0,1,2, ...). Atomic formulae of Ly,s o, are

expressions Ry(t;,..., tpi) where each t; is either a variable or a

constant. The rules of formation of more complicated formulae are

the same as in L with two additional infinitistic rules: if A; is an

infinite sequence of formulae, then %"' Ay and I7 Ag are formulae.
1

Models are just the ordinary models as in the case of L. A sentence

X Aqis true in Mif and only if there is an i such that A; is true in M;
1
a sentence IT Ay is true in M if and only if each A; is true in M.

1

Formulae of L, , ,, are infinitistic objects; thus even the syntax

of this language can be studied only in strong systems of set theory.
In the symbol Ly, o, the first index w, is the smallest cardinal

larger than the cardinal number of terms in any disjunction or con-
junction allowed in the language, The second index shows that only
a finite number (i.e. a number < w,) of variables can occur under

a quantifier; we can form a sentence V  F (which is, in fact,
Tyye-0n

1o
an abbreviation for V V ...V F) but we are not allowed to form

T, Xy 2
a sentence V F with an infinite sequence of variables under
{21 T3 .0}

the quantifier.,
7. The infinitistic languages Ly, w, are defined similarly. For
instance in Lg,, o, we can form disjunctions and conjunctions of

sequences of lengths < w, and also bind by a single quantifier strings
of variables whose length is any ordinal < w,.

These languages were introduced by Tarski and Scott [200]; the
symbolism is due to C. Karp [87] who undertook an extensive study
of these languages. The usual first-order logic is contained as a
special case among the languages here considered: in fact L = Ly, o,

There exist various relations between the languages we enumerated.
Thus e.g. Qg is translatable into Lg" and Lg' into Ly, w,

The notions of submodel, elementary extension (with respect
to a given language J), elementary equivalence (with respect to J),
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spectrum, elementary class (with respect to J) can easily be defined
in a similar way as in the previous lecture. The same applies to the
notion of (logical) consequence. However, not all results can be
carried over'to the more general theory which we consider here.
The main difference between the model theory for the language L
and the model theories of the languages 1—7 above is the failure of
the compactness theorem in most of the latter. This theorem is false
for the languages Q,, Lg', L™, L} and most of the languages Loy, o,

For the languages (,,, Fuhrken [48] proved a remarkable theorem

which implies that the compactness theorem is true in the model
theory of these languages. It is not yet known whether this is also
true for lauguages Q, with a limit index.

The downward Skolem —L&wenheim theorem is valid (with some
modifications concerning the minimal power of a model) for all
languages defined above. This is no more true for the upward Skolem
—Lowenheim theorem which fails for almost all of these languages
(notice that we used the compactness theorem in the proof of the
upward Skolem —Léwenheim theorem for the language L). Because
of the failure of this theorem the structure of spectra in these lan-
guages is incomparably more involved than in the case of language L.

In this connection Hanf [73] proved a simple but interesting
theorem valid for any language J in which the downward Skolem—
Lowenheim theorem is true: for any such language there exists a
cardinal | (the ‘“Hanf number of J”’) with the property that if a
formula F has a model of power j, it also has a model of any power
> §. Hanf’s proof is not constructive and the actual determination
of { even for very simple languages presents great difficulties. From
results of Morley [148] it follows e.g. that for @, the Hanf number is
/by, where the transfinite sequence r is defined as follows: n, =
Ros Togyy = 2"’5, Toy = 25<,1 1og for limit pumbers A.

Montague [146] investigated spectra in higher-ordef languages L™
and proved using essentially results of Hintikka [83] that with
each formula of L™ one can correlate a formula of LIV ‘with the
same spectrum. This illustrates the difficulty of the spectrum prob-
lem for the language LY.

The Fraissé — Ehrenfeucht formulation of the equivalence of models
can be carried over to several non-elementary languages. Let us
sketch (after Fraissé [42]) the relevant definitions for the language
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Let M be a model with the universe A and A7 the set of all se-
quences <Tj, ... Tp> with x;e¢ A for j=1,2,..., n. Let further
S« (A) be the family of subsets of A of a power << 8, and §, (4)*
the set of all sequences <X,,... X,> with X;e S, (4). We
define a sequence of equivalence relations ~ ; whose fields are
triples <M, x, X> where M is a model, z ¢ A%, X e S, (4)” and
n is an integer,

The relation <M,, r;, X;> ~ o <M,, 1, X,> holds if and only
if 1° the function correlating the consecutive terms z,,, ;,, - . ., %3,
of x, to the corresponding terms x,,, Ty, ..., Ty, of T, is an iso-
morphism with respect to the relations of M, and M,; 2° z;; € X;
=1y ¢ X, foralli,j sn.

If ~ g is already defined, then we define ~ . , as follows: the
relation <M, x,, X;> ~ ., <M,, 1, X,> holds if and only
if for arbitrary z, € A; and Z, ¢S, (A, there are z,e¢ A, and
Z, €S, (A,) such that '

<M,, z,"<z,>, X,"<Z;>> ~ p <M,, 1,7<2,>, X,"<Z,>>
and conversely.

With these definitions it is easy to show that two models M;,. M,
are equivalent with respect to the language L' if and only if M, ~; M,
for each k.

For infinitistic languages L, o, the sequence of relations ~ g
can be extended into transfinite but even this transfinite sequence
does not yield the full characterization of equivalence with respect
to Ly, w, These problems were investigated by Scott who found
applications for them in the descriptive set theory [199]. See also
[123 a].

Interesting and mostly not yet solved problems result when one
investigates analogues of the completeness theorem for various
generalizations of the language L. Let us call a sentence F of a
language J true if it is true in all models. In case of the language L
the set of true sentences is as we know recursively enumerable. For
the language (J, one shows easily that this set.is a H;-set which is
not hyper-arithmetical and the same-is true for the languages L}
and Lj. For @, Vaught [239] established the unexpected fact (based
on results of Fuhrken [48]) that the set of true sentences of this
language is recursively enumerable. The problem has not yet been
solved for all languages Q,. For languages Ll! (¢ > 0) and L' only
negative results are known; e.g. one knows that the set of true
sentences of these languages are not analytic. The problem whether
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they are constructible in Godel’s sense is open. Still less is known
in case of infinitistic languages Lw#, w, because we are lacking

suitable hierarchies which would allow us to express the analogues
of the completeness theorem.

We shall devote the rest of this lecture to applications of model
theories of generalized languages. Whereas there are as we saw in
lecture XIII many applications of the usual model theory, the appli-
cations of the generalized one are rather scarce, Some of them are
worth noticing, however.

1. Axiomatic theories based on the language L;. Axiomatic
theories usually considered in meta-mathematics are based on the
first-order logic L and the notion of consequence used in them is the
(syntactically defined) notion of consequence of L. It follows from
the Skolem —Lo6wenheim theorem for L that such theories are never
categorical unless the cardinalities of all their models do not surpass
a fixed integer.

Tarski [229] was the first to realize that one often obtains in-
teresting theories, if one bases them on other languages and appro-
priately changes the notion of consequence. Suppose for instance
that we base a theory on the language Lj (the theory is then said
to be of a weak second-order). We admit then as axioms certain
sentences of Lj and call a sentence of Lj a theorem if it is a con-
sequence of axioms i.e. if it is true in every model of the axioms.
Such a theory is decidable only if all its models have just one element.
Unless this assumption is satisfied, the set of theorems is not recur-
sively -enumerable. On the other hand many weak second order
theories are categorical and hence complete. Moreover they are often
more natural from the mathematical point of view, since we can
define in them various notions not definable in the ordinary theories.

Let us take as an example the weak second-order theory of al-
gebraically closed fields (Tarski [229]).

The notion of a polynomial is definable in such a theory (we can
identify a polynomial with the sequence of its coefficients). We can
also define the value of a polynomial for a given argument and thus
express in a single sentence that a field is algebraically closed. Also
the notion of characteristic is definable in the theory.

We saw in lecture XIII that the first-order theory of algebraically
closed fields requires an infinite number of axioms; on the contrary
the weak second-order theory is finitely axiomatizable.

Tarski (I.c.) was able to classify all equivalence types (with respect
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to Ly) of algebraically closed fields of a given characteristic. It turned
out that fields with a given finite degree of transcendence form such
a class; besides these classes there is still one equivalence class con-
taining all algebraically closed fields with infinite degrees of tran-
scendence. As an immediate corollary Tarski obtained the result
that if a sentence of L is valid in the field of complex numbers it is
valid in all algebraically closed fields with characteristic 0 and
infinite degree of transcendence.

- A similar “transfer principle’’ was obtained earlier by Tarski [226]
for sentences of L as a simple corollary to the decidability of the
elementary theory of addition and multiplication of complex num-
bers. Since the theory based on the language Lj is incomparably
richer than the elementary theory, the new principle represents a
much stronger result than the old one.

It follows from the result discussed above that the weak second-
order theory of algebraically closed fields beconmies complete, upon
addition of axioms which determine the characteristic and the tran-
scendence-degree of the field. Other examples of complete weak
second-order theories are provided by the arithmetic of integers or
of rationals. These theories are even categorical and, in addition,
finitely axiomatizable of course with respect to the notion of con-
sequence in Lj. The set of sentences of Lj which are valid in the field
of real numbers is not finitely (and even not hyper-arithmetically
axiomatizable (cf. [152]). It seems to us that the study of axiomatiz-
ability of weak second-order theories deserves a further study.

2. Applications of infinitistic logics Ly, «, to abstract set theory.
We mentioned in lecture VI that the compactness theorem for the
first-order logic follows from the existence of a maximal filter in an
arbitrary Boolean algebra. A similar connection between the com-
pactness .theorem and the existence of certain filters subsists for
infinitistic logics Lg,, o,

In order to state this result we must first explain some set-theoreti-
cal notions. An ordinal x is called regular if w, cannot be repre-
sented as a limit of a transfinite sequence of a type < @, whose
terms are << w,- An ordinal g is called inaccessible if it is regular
and m <w, - 2™ <N,

Tarski [230] calls an ordinal u strongly compact, if every set X
of sentences of L, o, With cardinality s, has the property: if
every subset of X with a smaller cardinality is satisfiable, then so
is X. The connection with the theory of filters established by Tarski
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is now this: a regular ordinal u is strongly compact provided that
the Boolean algebra B, of all subsets of a set of power s, contains
a maximal non-principal §,-multiplicative filter (i.e., a filter F
such that if R « F and R has a power <&, then the intersection
of R belongs to F). This result reduces the question of existence of
filters with the properties just mentioned to a meta-mathematical
problem concerning the language Ly,,, «,,. Mathematicians interested
in abstract set theory once tried for a long time to settle the question
whether for the first inaccessible ordinal 4 > 0 the Boolean algebra
B, contains a nonprincipal, x,multiplicative maximal filter (for
all smaller numbers the problem was solved long ago by Tarski and
Ulam). The interest in this question is due to the fact that it is
closely connected with the abstract measure theory.

Solving this problem proposed by Tarski Hanf [73] showed that
the first inaccessible number g > 0 is strongly incompact whence
in particular it follows that there is no filter of the kind indicated
above. The measure-theoretic problem was thus solved by the use of
the model theory of the language L,,, «,. Hanf’s construction showed,
moreover, that many other regular ordinals are strongly incompact.
The question whether one can assume without inconsistency that
there are strongly compact ordinals is open and seems to be very
difficult.

We shall outline Hanf’s proof of incompactness of Ly, ¢, for the
first inaccessible ordinal > 0. To obtain his result Hanf considered
a set X of sentences of L,,,, o, which describes an axiomatic theory
of ordinals. All sentences of X contain but one predicate, viz. e. We
include in X the axiom of extensionality and the axiom of regularity
in the form

= V I,y €0y,

Vgs Ugpsee I

Next we add to X sentences which state the existence of all ordi-
nals £ << w,. Since each ordinal is equal to the set of its predeces-
sors, it can be described by a formula Sg(z) of Ly, w, E.g. for
¢ = w,, we have as the description of ¢ the formula

V {Tlzea A, [ € 0p = Do (0 = 0)] A (v, = )}

where v stands for the sequence {v,} of type w; + 1.
The sentences which we add to X have the form V S (2).
x
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Finally we add to X sentences which state (I) that all ordinals are
smaller than the first inaccessible ordinal > @ and (II) that there
exists a largest ordinal. While it is clear how to express (II), the
sentence (I) is rather involved and cannot be given here. One obtains
it expressing in our formal language the definition of various set-
theoretical notions.

The cardinal number of X is x,. Each set X, € X with a
cardinality << , is satisfiable in a model of set-theoretical axioms
containing only ordinals smaller than a fixed ordinal < w,. The
whole set X is not satisfiable since the largest ordinal 2 of the
model (existing on account of (II)) would be smaller than u (by (I))
but also would be = & for every & < u (since we have in X the axioms
stating the existence of & and & 4+ 1 for each individually given §).
‘We thus obtain 2 = x and @ << u which is a contradiction.

Tarski and Keisler [92] have shown that the results concerning
filters in B, can be obtained directly without a detour via the meta-
mathematics of the logic L, ,. It remains a fact, however, that it
was the model theory of infinitistic languages which has led Tarski
and Hanf to discoveries in the abstract set theory.

Infinitistic languages are obviously not suitable as a basis for
mathematics since even their syntax requires a strong set theory.
The above examples show, however, that they are not just idle ge-
neralizations but valuable tools for obtaining new results.



Lecture XV

Problems in the foundations of set theory

The abstract set theory has contributed more than any- other
branch of mathematics to the development of foundational studies.
The reasons for this phenomenon are numerous.

One of the basic assumptions of set theory is the axiom of infinity
which says that there exist infinite sets. This assumption implies that
the scale of infinite cardinals is itself infinite. Thus the axiom of
infinity leads us out of the mathematical domains which are close
to everyday practice and even to scientific experience. We are thus
faced at the very beginning of set theory with the fundamental ques-
tion of the philosophy of mathematics: which mathematical objects
are admissible and why?

The same question arises in connection with sets of small powers,
e.g., with sets of integers. One could accept the ‘‘Platonistic” attitude
and declare that sets (of integers) exist in the same sense as any
other objects and that there is thus no arbitrariness in this notion.
But even a Platonist must make it clear how he discovers properties
of these allegedly existing objects. The adversaries of Platonism seek
a solution by accepting one or another form of constructivism. This
attitude is often more satisfactory philesophically than Platonism
but unfortunately usually destructive for mathematics and even for
those parts of it which are well established by the scientific praxis.

Most mathematicians do not perceive the problem which is posed
by the abstractness of set theory. They prefer to take an aloof attitude
and pretend not to be interested in philosophical (as opposed to
purely mathematical) questions. In practice this simply means that
they limit themselves to deducing theorems from axioms which were
proposed by some authorities.

Interesting though the philosophical questions of foundations of
set theory undoubtedly are, we shall not deal with them any further
here since, for the reason just explained, the writings of contemporary
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set theorists and logicians do not offer very much which could help
us in solving these problems. The writings of the period 1930—1964
which we are analyzing do not contain much philesophical discus-
sion. These writings contain however great wealth of formal meta-
mathematical results which we will try to summarize.

The best known results of this kind are connected with the axiom
of choice and the continuum hypothesis. Many less famous but not
less important problems are connected with other axioms or hypo-
theses of set theory e.g. with Suslin’s hypothesis.

In this lecture we shall report on some of these problems and their
solutions.

The Zermelo— Fraenkel and Bernays—Godel axioms of sel theory.
The first axiomatic system of set theory was due to Zermelo. It was
perfected soon afterwards by Fraenkel. In the period between 1930 —
1960 various new axiomatic systems of set theory were proposed.
The best known is the system formulated by Bernays [5] and used
by Gddel in his famous book [59]. The Bernays—Godel system has
three primitive notions: set, class, and €, whereas Zermelo and
Fraenkel used but two: set and e. The distinction between sets and
classes goes back to the writings of Cantor who distinguished bet-
ween ‘‘consistent’™ and ‘“inconsistent” sets.

The introduction of the new primitive notion allowed Bernays and
Godel to present the system of set theory in the form of a finitely
axiomatizable system (the basic idea of this reduction was due to
von Neumann); the previous systems and in particular the system of
Zermelo required an infinite number. of axioms.

The comparison of the Bernays—Godel and Zermelo —Fraenkel set
theories led to various discoveries.

Novak [156] showed that sentences provable in the Godel —Bernays
system and not containing the predicate *‘class’ coincide with sen-
tences provable in the Zermelo —Fraenkel system. We express this
by saying that the Godel —Bernays system is an inessential extension
of the Zermelo —Fraenkel system. Also the consistency of the Gédel —
Bernays system is reducible (in a finitistic way) to that of the Zermelo
—Fraenkel system (Novak [156], Shoenfield [202]). Kleene [103]
showed that each axiomatic system with a recursively enumerable
set of axioms can be extended in an inessential way to a finitely
axiomatizable system by adding one new primitive predicate (cf.
also Vaught—Craig [26]). All these results show that the difference
between both systems is not very great as far as their mathematical
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contents is concerned. The Zermelo—Fraenkel system was shown not
to be finitely axiomatizable by Montague [144], [145]. Earlier at-
tempts to obtain this result which were undertaken by Wang [241]
and Mostowski [150] contained mistakes. The impossibility of a finite
axiomatization of Peano’s arithmetic and some other theories was
proved (by using non-standard models) by Ryll—Nardzewski [189];
¢f. also Hauschild [74].

Various extensions of both the Bernays—Gddel and the Zermelo—
Fraenkel set theories were proposed in order to secure the existence
of high cardinalities. The first step was made by Tarski [224] who
formulated an axiom which secures the existence of inaccessible car-
dinals. Lévy [122] made the next step and formulated axiom schemata
which secure the existence of various kinds of inaccessible cardinals.
Lévy’s schemata have the form of reflexion-principles and state,
roughly speaking, that if the universe possesses a property expressed
by a set theoretical formula, then there is a set in which this for-
mula is also satisfied and which is closed with respect to opera-
tions described in the set-theoretical axioms.

These extensions of Zermelo—Fraenkel (or Bernays—Godel) set
theory are essential; adding Lévy’s schemata we are able to prove
statements which were formerly not provable. Such statements can
even be found among statements concerning integers.

No relative consistency proof for the new axioms exists; its exist-
ence is excluded by Godel’s second undecidability theorem. Never-
theless set theoreticians believe that these axioms are consistent and
this belief is strengthened by the fact that none of the known an-
tinomies have appeared in the extended systems.

A very strong form of the axiom of infinity states that there are
compact regular ordinals 4 > 0. This axiom is much stronger than
Lévy’s schemata. Nothing can be said as yet with regard to its con-
sistency.

Other axiomatic syslems of sel theory. The Zermelo—Fraenkel
(and Bernays—Godel) set theory arose from attempts to formulate
in a consistent way the intuitive assumptions of the naive (Cantorian)
set theory. Cantor in the early phase of his work used implicitly the
following axiom (axiom schema) of set existence: Whenever F is a
formula (with one free variable x), there is a set .S consisting of all ele-
ments a satisfying F. The same schema was explicitly used by Frege.
Since the schema is known to be inconsistent one tried to modify it.
The axioms of set theory represent an outcome of these endeavours.
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Three ways of modifying the inconsistent principle of set existence
were proposed:

(i) One does not accept the principle for all formulae F;

(ii) One restricts the variability of a;

(iii) One imposes simultaneously both limitations (i) and (ii).

The simple type theory as first formulated by Chwistek and
Ramsay accepts (iii). In this theory we admit only formulae which
conform to the rules of formation prescribed by the theory. Moreover
each variable has its prescribed domain (c¢f. Church [19] for an exact
presentation of the syntax of the simple type theory). The Zermelo—
Fraenkel and Bernays — Gddel systems accept (ii) because the schema
of set existence accepted in these theories is the following: If S is a
set, then so is {a {(aeSAF (a)}. The restriction (i) is represented
by axiomatic systems due to Quine [164] in which the set existence
schema is assumed only for so-called stratified formulae whereas no
limitation for the domains of variables is assumed. Quine’s theory
was extensively studied by a number of logicians (e.g. Wang [243])
but does not seem to have influenced the work of mathematicians.

It is more than probable that the axioms of set theory have not
yet reached their definitive form. In connection with this question
one should read the profound article of Godel [61].

Axiom of choice. This axiom was from the start treated with
distrust by many outstanding mathematicians. The philosophical
discussion concerning its acceptability was closed well before 1930.
In the period between 1930 and 1960 one obtained far-reaching
formal results concerning the (relative) consistency and independence
of the axiom. The first problem was dealt with in lecture IX. The
problem of independence was essentially solved already in 1920 by
Fraenkel though not in an entirely precise way. His method, usually
called the permutation method, is applicable only to some systems
of axiomatic set theory, e.g. to the Zermelo —Fraenkel system with the
axiom of extensionality in the form

Z@NZWA Nse)=(sey)] > (=),
(where Z(x) means: x is a set)

but is not applicable to the Zermelo —Fraenkel system with the addi-
tional axiom A Z(z) or any other axiom fixing the number of objects
x

which are not sets. This shows how limited is the field of applica-
tions of the permutation method.



140 FOUNDATIONAL STUDIES [89], 144

The general idéa of the permutation method is this: we start from
an infinite set K, whose elements are not sets and form new sets by
repeating the operations of summation and of forming the power set.
In this way we construct sets K, K; = K, U P(K,), K, = K, U P(K,)
U P(K, U P(Ky)) etc. This sequence can be extended into the
transfinite. Each permutation 7 of K, acts on sets in each K and
determines a permutation of this set. Let G be a group of permuta-
tions of K, and L 4 lattice of subsets K, containing all finite subsets
of K, and consider only those elements x of K which have the
following property (P): there is a set X € L such that each permu-
tation n of K, which belongs to G and is constant on X leaves z
invariant. The class of x which hereditarily have the property (P)
is a model for Zermelo —Fraenkel axioms, with the possible exception
of the axiom of choice.

Choosing a suitable group G and a suitable lattice L one obtains
models by means of which it is possible to obtain independence proofs
of various set-theoretical statements and in particular to prove the
independence of the axiom of choice.

The literature dealing with these proofs is rather extensive. We
refer to the synthetic paper of Lévy [123] as well as the newest
additions to the theory obtained by Halpern [72] and L&4uchli [121].

Specker [214], Mendelson [143] and Shoenfield [203] have modi-
fied the permutation method by considering instead of K, a family
of sets z with the property x € z. Their method is again applicable
only to such set theories in which one can assume without inconsis-
tency that there is an infinite set of such sets.

Cohen’s notion of forcing. In 1963 Cohen [24] found a new method
which allowed him to establish the independence of the axiom of
choice and of the generalized continuum hypothesis from practically
every system of set theory built along the Zermelo —Fraenkel lines.
The success of his method is due to a new meta-mathematical notion
of forcing.

We shall describe briefly this notion.

Let J be a first-order language with finitely many predicates and
with infinitely many constants. We do not exclude the possibility
that the variables and constants are divided in mutually exclusive
types so that only such substitutions are admissible in which a
variable is replaced by a constant of the same type. For the present
we assume that J does not contain symbols for functions.

Forcing is a relation between a finite consistent sequence P of
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atomic sentences (i.e. atomic formulae without free variables) or
negations of such sentences and a sentence F. We call P an “informa-
tion”’, An information Q obtained from P by adding new terms to it
is called an extension of P. We write then P < (.
The definition proceeds by induction on the number of logical
constants of F. In order to abbreviate our formulae we shall write
P I} F instead of “P forces F”’
1. If F is an atomic sentence, then P I+ F if and only if F is
a term of P.

2. If F is the sentence F\ A F, (or F, v F,) then P I F if and
only if P IF F, and (or) P IF F,.

3. If F is the sentence F;, — F,, then P I F if and only if every
extension () of P which satisfies Q I F, satisfies also Q IF F,.

4. If F is the sentence - F,, then P I F if and only if no extension
Q of P satisfies Q I F,.

5. If F is the sentence V F,, then P IF F if and only if there

x

is a constant a (of the same type as x) such that P I} F(a).
6. If F is the sentence A F,, then P [} F if and only if no ex-
x

tension Q of P and no constant a (of the same type as x) satis-
fies the condition @ IF = F,(a).

Condition 6 can be rephrased thus: for every constant a (of the
appropriate type) and every extension Q of P an extension R of
can be found such that R IF F(a).

Most characteristic are conditions 4 and 6. Condition 4 secures
that once we have the relation P |l - F,, then no matter how we
extend P to Q we shall never encounter the situation when we would
have to assume Q |F F,. Similarly condition 6 secures that once we
have P IF A F,, we shall never have the relation Q Il -~ F,(a) what-

x

ever a and whatever extension @ of P we choose. Thus if we imagine

the sequence P growing as time goes on, then the fact thata relation

PIF = F,(or Pt A F, (x)) holds at a given moment prevents rela-
x

tions of the form @ IF F; (or Q t — F,(a)) to hold in the future (in-
dependently of the way we ¢xtended P).

The definition of forcing is interesting quite apart from its applica-
tions. Feferman [38] investigated it in the case of a formal system
of Peano arithmetic with an additional one place predicate and show-
ed that it is hyper-arithmetical. Grzegorczyk [70] showed that if one
considers only sentences without quantifiers, then the sentences F
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which are forced by every information P coincide with theorems of
the intuitionistic propositional calculus. No such simple characteriza-
tion is known for arbitrary sentences.

In the case considered by Cohen the language J contained not only
constants and variables but also symbols of functions. In order to
describe his construction we must go back to the construction of
Godel [60]. Modifying inessentially our definitions from lecture IX
we define a transfinite sequence K, of sets such that Ky = v = set
of all integers, K/1 = U§<}_ K§ for limit numbers 1 and K, , is the
family of all sets of the form {a: (a € Ko) A |= p, Fla; by, . . ., bgl}
where F is a formula with k -1 free variables, &,, ..., bp ¢ K,
and M, = <K, €,> is the model with the universe K, and with
the e-relation limited to K,.

It follows from Godel’s proof that there is a denumerable ordinal
ay such that M, is a model of set theory (with the axiom of con-
structibility and hence with the axiom of choice and the generalized
continuum hypothesis). Cohen’s plan was now to add to M, a new
set C of integers and close K, U {C} with respect to all operations
@ used in the construction of K, . He hoped to achieve by a suitable
choice of C that C will not be a constructible set in the new model.
In order to obtain a model in which the continuum hypothesis does
not hold he adjoined to M, a sequence C= {C(,} of new sets of
integers such that no two terms of C are identical and § ranges over
the ordinal w, (or w;, or ay, ...) of the model M,. Of course the
ordinal w, of the model M, is denumerable (although this ordinal
satisfies in the model the formula “x is non-denumerable”). It is not
immediately obvious that a choice of C (or {Cé}) is possible: If we
add to M, an arbitrary C and close it with respect to the operations
@ we will usually not obtain a model for set theory. Even if we are
lucky enough and obtain such a model it will usually not have the
property (needed in the proof of independence of the continuum
hypothesis) which says that if an element w, satisfies in M, the
formula: “zx is the second uncountable ordinal” then the same
element w, satisfies this formula in the new model. Thus the appro-
priate choice of C is the essential point of the whole proof. Cohen
achieved it by his theory of forcing. He considered a language in
which there are variables and constants of types T where t ranges
over ordinals < &, To each element a in K, there is a constant of
type T denoting a. In addition there is a constant ¢ denoting a set of
integers (or constants c; denoting sets of integers and a constant ¢
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for the whole sequence {cd}) and symbols for the operations ¢.
Besides these symbols we admit unrestricted variables without any
limitations of range. Sentences in which no unrestricted variables
occur are called limited, other unlimited. A restricted sentence F
has a rank which is defined as the least ordinal £ such that no con-
stant and no variable of type = & occurs in F. Informations P contain
only sentences of the form n e cor n € ¢ (and n € ¢5 or n € ¢,
respectively).

We first define the relation of forcing for limited sentences. Con-
ditions 2—6 remain unchanged but 1 is modified unless F is an
atomic formula of the form allowed in P. In other cases the atomic
formula a eb possesses a structure which allows us to reduce the
relation P Il a e b to simpler cases.

We shall illustrate the definition in two cases:

Let b be the constant {x (xeK)A l=m, F(x, by, - - ., bk)} and
a a constant for an element of K, In this case the relation
P It aeb is defined as P IF F, (a, by, ..., by) where F, is a limited
statement obtained from F by replacing all unrestricted variables
by variables of type a. If b is a constant for an element of K, and
a the constant {x (xe KA |= M, F(z, by, . . ., bk)‘} then Pil aeb
holds if and only if PIF A [(¢ = z,) A (x, € b)] which in turn can

xg

be reduced by the use of rule 5 and by the definition of equation
to relations of the form P lF G where G has a rank less than «.

The remarks we made should be sufficient to illustrate how we can
define the relation of forcing for limited sentences by the use of
transfinite induction.

This definition being completed we define forcing for unlimited
sentences by the rules 1 —6. No complication arises in case of atomic
sentences since they are all limited sentences and hence forcing is
defined for them.

Starting from the definition of forcing it is easy to prove (non-
constructively) that there is an infinite increasing sequence P; <
P, < ... of informations with the following properties:

(1) for each sentence F either F or — F is eventually forced;

(2) for each n either n e ¢ or — (n € ¢) (and for each n and § either

nec; or —(ne€c;) eventually occurs in the sequence.

Each sequence-with the properties (1) and (2) determines a set C
of integers (or a sequence {Cd}' of such sets). We define C as the set
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of such n that the formula n € ¢ eventually occurs in the sequence
P,, P,, ... (similarly C,is the set of integers n such that the formula
n € ¢y eventually occurs in the sequence P, P,,...).

Sets C (or C;) defined in this way are called generic.

Cohen showed in his independence proofs that if one adjoins to
M, any generic set C (or any sequence of such sets) and closes the
resulting set with respect to the operations ¢, then one obtains a
model in which the axiom of constructibility (or the continuum hypo-
thesis) is not valid. The details of this proof are too involved to be
given here.

Similar construction allowed Cohen and other mathematicians
working with the method of forcing to obtain other proofs of inde-
pendence. E.g. Cohen showed that if the system of Zermelo —Fraenkel
without the axiom of choice is consistent, then it remains consistent
after adjunction of an axiom stating that there is a denumerable
set S of pairs each element of which is a set of real numbers and such
that there is no choice set for S.

The main advantage of Cohen’s method as compared with the per-
mutation method is that it is applicable not only to the Zermelo —
Fraenkel (or Godel —Bernays) set theory but also to most theories
obtained from them by the adjunction of axioms of infinity which we
discussed earlier and of axioms which determine the number of non-
sets. Thus only now, after this method was created, can we consider
the independence problems as solved.

Properties of generic sets. Besides solving the independence
problem, Cohen’s method suggested many new problems. The most
interesting is the study of generic sets. These sets seem to satisfy
(with respect to a given model M, ) intuitions which underly Brouw-
er’s intuitionistic conception of a set (of integers). There is no way
to define (in a given language) any such set individually; we can
only give information concerning any finite number of individual
members of such a set. The work on thesesetsisin full progress. We
shall quote orly one result obtained by Cohen: he showed that the
family of generic sets is very big. In fact this family is of second
category in the Baire space of all sets of integers.

The notion of a generic set can be defined not only for set theory
but also for arithmetic and other theories. Ryll—Nardzewski (in an
unpublished paper) considered topological properties of generic sets.
He proved that if F is an arithmetical formula with a parameter Z
ranging over generic sets, then the truth-value of F is a continuous
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function of Z. This theorem allowed him to characterize the family of
generic sets and to prove that it is of second category without
recourse to the notion of forcing.

The same results can probably be obtained for set theory but no
definite proof exists as yet.

Final remarks. The philosophical importance of set theory is
obvious: the fundamental epistemological questions connected with
mathematics cap be best illustrated on set-theoretical problems.The
most fundamental question is, of course, how to decide between the
formalistic and “Platonistic” conceptions of the abstract parts of
mathematics. (In the case of the less abstract parts the problem is
not as acute, because we understand the way in which needs of

_practical life and of science formed the mathematical theories.)

Cohen’s work did not create these philosophical questions. They
existed long before meta-mathematics was created. Still the rigorous
proof that there are two consistent and mutually incompatible set
theories stirred the imagination of many mathematicians who were
formerly indifferent to these questions. It is at present hard to tell
whether mathematics will accept the existence of these two in-
compatible set theories or will try to find new axioms which will
eliminate one of them or finally will try to limit mathematics to more
finitistic domains. We see that the issue between Platonists, formalists
and intuitionists is as undecided to-day as it was fifty years ago.



Lecture XVI

On direct and reduced products

We devote this lecture to a rather special algebraic -construction
which proved of great value in solving various problems of mathe-
matical logic.

The direct producl. Let I be a set + 0 and let M; = < A;, R;>
for i in I be a model in which A; is a non-void set and Ry
a binary relation. The restriction to models of this special type
is not essential: the models M; could be any models as long as
they all are of the same type, i.e. the number of relations must be
the same in all the models M; and if Ry;, Ry,, . .. are relations of My
then the number of arguments in R;; must be equal to the number
of arguments of Ry for arbitrary i, j in I.

The direct product of the models M; is the model P = P;; M; =
<A, R> where A = P;¢; A; is the set of all functions [ with
domain I satisfying the condition f(i)e€ A; for iel and R is a
binary relation defined thus:

(1) fRg= A [fD) Reg®]

In the case when all M; are equal to a model M we denote P M
by M! and call it the direct power of M.

This standard algebraic construction has been generalized by
Feferman and Vaught [40] and applied to several decision problems.
In the generalized notion which they introduced the relation R
depends not only of the relations R; but of some auxiliary relations
defined in 1.

The reduced direct product. This product is a special case of the
notion introduced by Feferman and Vaught but we shall define it
directly. Let F be a maximal filter in the Boolean algebra of the
family of all subsets of I. This filter determines an equivalence
relation ~ in the set A:
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f~g={iel:f{i)=g@)}eF.

The relation ~ is compatible with R, i.e.

(f~gpr(f’ ~g) —~[fRg =Ry,

hence we can form the quotient system P/~ = <<A/~, R[~>
whose universe is the set A/~ of all equivalence classes f/~ =
{g 1 g ~f} and whose relation R/~ is defined by the equivalence

(fl~) R|~ (g/~) = fRg

The model <<A/~, R/~> is called the reduced product of the
M;. It depends of course on the filter F.

The form of the definition given above is due to Tarski (cf. [43])
who obtained it by simplifying a much more involved definition
proposed by Lo$ [128]. Lo$’s construction, though no more in use at
present, is worth mentioning if only for its connections with many-
valued logics. Y.o$ considered the set {i el: f(i)= g(i)} as a ‘kind
of *“distance” of two functions f and ¢ and considered the direct
product P;M; as a special case of a “logical space” which insofar
differs from the usual models as the values of atomic formulae aRb
are not merely the truth values &, 8 but elements of an arbitrary
Boolean algebra. Identifying suitably elements of a ‘‘logical space”
L.o$ arrived at what we call now reduced products.

The essential property of reduced products (discovered already
by Los$ [128]) is expressed by the equivalence.

@) = pj Hlft/~eo frl~t={iel:|= m, HUf(D), - f®D]} € F
in which H is an arbitrary first-order formula with one binary pre-
dicate and possibly the identity symbol and with k free variables.

The proof of (2) is very easy and uses induction with respect to the
number of logical connectives in H.

It follows from (2) that

(3) M!|~ is elementarily equivalent with M.

The model M!/~ contains a sub-model isomorphic with M namely
the sub-model consisting of equivalence classes fj~ where f is a
constant function. Identifying M with this sub-model we obtain
from (2)

(4) M!/~ is an elementary extension of M.

If F is a principal filter F = {X < I:iye X} where i, is a fixed
element of I, then the reduced product P;¢; M;/~ is isomorphic
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with M;, and the whole construction is trivial. Thus the only in-
teresting case is when the filter F is non-principal.

Compaciness theorem. The first striking application of the
reduced direct products was the following simple proof of the com-
pactness theorem (see Frayne —Morel—Scott [43]):

Let X be a set of sentences such that each finite subset of X is
satisfiable. We want to prove that there is a model in which all
sentences of X are true.

In order to obtain this result by the use of reduced products let /
be the family of all finite subsets of X and denote, for i ¢ I by M
a model in which all sentences belonging to i are true. For arbitrary
sentences S;, ..., Sg in X we denote by J(S,,..., Sg) the family
of sets i el such that (S;ei)A...A (Sgei). It is obvious that
all the families J(S;, ..., Sg) (where Sy« «» Sg range over X and k
over arbitrary positive integers) form a filter F, in the Boolean
algebra of all subsets of I and 0 € F,. We extend this filter to a
maximal filter F not containing 0. The required model in which all
the sentences of X are valid is the reduced product P = P;.; My/~.

Indeed if SeX, then the set {i €el:Se i} belongs to F, and
hence to F whence, by (2), S is true in P.

Another theorem which can be proved in the same way is this: if
every finite subset j of a model M can be extended to a model
M, which belongs to a given elementary class K, then the whole M
can be so extended.

Both these results can be obtained by an application of Gddel’s
completeness theorem. The proofs using reduced products are more
direct and hence give a better insight in the structure of the models
whose existence is stated in the theorems.

Other, deeper applications of the reduced products were mentioned
in lecture XIII.

Applications lo the abstract sel theory. Let us assume that for
each { in I the relation R; orders the universe 4; of M;. It follows
from (2) that the universe of the reduced product P = P;.; M/
is ordered by the relation R/~. If the R; are well-orderings, then, as
simple examples show, P need not be well-ordered. However, the
following theorem is true:

(5) If F is a o-multiplicative filter (i.e. if Xy, e Fforn =0,1,2,...

implies [} Xy € F), then the reduced product of well-vrdered
n

models is itself well-ordered.
Theorem (5) is a basis of all results concerning denumerably
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additive filters in Boolean algebras of all subsets of a set. We shall
show this by sketching the proof (due to Keisler [91]) that the first
inaccessible non-denumerable cardinal x, is not measurable, i.e.
that there is no non-trivial denumerably multiplicative maximal
filter F in the Boolean algebra of all subsets of a set X of power x,.

Let us assume that such a filter F exists and that X is the set of
all ordinal < w, ordered by the < relation. It can then be shown
that F is x;-multiplicative for each 1 < a. According to (5) the
reduced power X%/~ determined by F is well-ordered. The set
XX/~ contains a subset similar to X consisting of equivalence
classes f/~ where f is constant. This subset which we shall identify
with X can be shown to be a segment of X*/~. If F were a principal
filter then XX/~ and X would be isomorphic. Otherwise the,order
type of XX/~ is greater than X since e.g. the equivalence class of
the identity function §(x) = = does not belong to X. Let p/~ be
the first equivalence class in X%/~ after X and consider the sets:

A= {x : p(z) has an immediate predecessor <p*(z)},

B = {a: : ¢(x) has no predecessor and there is an ordinal
£ < g(x) such that (r) = 2},

C = {z: (p(x) has no predecessor) A §</q\7(z) (p(x) > 25-)}

(we denote as usual by £ the cardinal number of the set {17 < 5}).
Since X = A4 U B UC one at least of the sets A, B, Cisin F. If
A ¢ F, then putting p(z) = ¢*(x) for x ¢ A and y(x) = 0 otherwise
we obtain a function i such that p/~ precedes ¢/~ in XX/~.
Hence y is a constant and so is ¢. This contradiction shows that
A &F.

If B ¢ F, then we denote by #(x) the smallest § < p(z) such that
9(@) < 2f and infer similarly that ¢ is a constant, which is im-
possible.

Finally if C ¢ F, then for each z in C there must exist an ordinal
Mz) < p(x) such that p(z) is co-final with A(z), since gp(z) is smaller
than the first inacgessible cardinal. Again we show that 1 is a constant
function, Mz) = 1. Hence ¢(r) = limg_ % Hz, & for all xeC.

For each fixed § < 4, the function 4 considered as a function of
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z alone¢ has values < @(z), whence it is a constant, d(z, &) = ()
on a set Qg which belongs to F. The intersection D = né% Q:NnC
belongs to F and for z in D we have #(x, £) = p(¢). It follows that
for x in D the equation ¢(r) = Iim5<10 Nz, &) = Iim5<)_o y(&) is
true whence we infer that ¢ is equal to a constant on a set which
belongs to F. This however contradicts the definition of ¢.

Hence we obtain a contradiction in all cases. This shows that the
filter F with the properties we enumerated cannot exist.

By using a similar argument Scott [198] proved that if there is
a non-trivial maximal denumerably multiplicative filter F in the
Boolean algebra of a set X, then F is non-constructible. The most
recent results (Gaifman [49]) show that under the same assumption
for any infinite A there are no more than 7 constructible subsets
of {§:§< 1}. In particular there are only denumerably many
constructible sets of integers provided that measurable cardinals
exist! This result was obtained before Gaifman by Rawbotten.

Applications of reduced producls fo non-standard models of
arithmetic. Let M, be the model <w, 2, II> where w is the set of
integers and 2, I] are the relations T =y 4+ z, r =y - z. We call
M, the standard model of arithmetic.

For every infinite set I and every non-trivial maximal filter F
the reduced power M}/~ is by (2) elementarily equivalent to M,
but is not isomorphic to M, since the equivalence class of the
diagonal function is different from the values of all numerals in
M‘I)/~. Using the downward Skolem —Liéwenheim theorem we can
obtain from Mé/~ a denumerable non-standard model elementarily
equivalent to M, In this way we have a simple method of con-
structing non-standard models.

Scott [196] modified this method by showing that one obtains
a non-standard denumerable model by limiting from the start the
family P A4, He considered the set D of functions definable in M,
and .a -maximal non-trivial filter F in the Boolean algebra of defin-
able snbsets of M, (the existence of this filter can be established
without the axiom of choice which is necessary when one wants to
prove the existence of a maximal non-trivial filter in the Boolean
algebra of all subsets of an infinite set). Repeating the construction
of the reduced power but including in it only equivalence classes of
definable functions, Scott obtained a non-standard denumerable
model elementarily equivalent to M,. He also showed that this model
is isomorphic with a model constructed by Skolem [209]. The method
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used by Skolem, while formally different from the method of reduced
powers, is thus essentially equivalent to the latger.

Scott’s analysis showed that one does not obtain a model if one
replaces D by a more restricted set, e.g. the set of polynomials or of
recursive functions. These negative results showed that it is not
easy to construct effective examples of non-standard models. We
should mention here results (obtained among others by Feferman
[35), Scott [196), these authors jointly with Tennenbaum [39], and
Rabin [167]) which show that there are no recursive non-standard
models satisfying the axioms of Peano. All these results explain why
it is so difficult to establish the independence of number-theoretical
sentences from the arithmetical axioms by the use of non-standard
models: In order to find such applications one should have 3 much
better knowledge of the structure of these models and more direct
methods of their constructions than we have at present.

Of other works on non-standard models we here mention an im-
portant paper by Specker—MacDowell [132] who used the method
of Skolem to establish the following theorem: every model M of
Peano’s axioms can be extended to a model M’ in such a way that
M’ is an elementary extension of M and all elements of M’ — M are
greater than the elements of M. Another promising direction of the
studies of non-standard models seems to be one concerned with
automorphisms of such models (¢f. Ehrenfeucht—Mostowski [31]).

Non-standard models for analysis. The method of reduced pro-
ducts can be used to obtain non-standard models for an arbitrary
theory. A. Robinson investigated such models in a series of papers
(see for instance [182], [183]). The theory which he considered is
very rich and contains symbols for all functions and relations defined
in the set of real numbers. Axioms of the theory are all sentences
true for real numbers. Robinson showed that this theory admits non-
standard models. He himself constructed these models by the use of
the extended completeness theorem. Other writers prefer to con-
struct them by the use of reduced products.

Each non-standard model for Robinson’s theory is a non-archi-
medean field R* which is an clementary extension of the field R of
real numbers. Each function f defined on R has an extension f* which
is defined on R* and each first-order property of f is preserved by the
extension.

The field R* contains actually infinitely small and actually infin-
nitely great elements, i.e. elements @, A such that 0 < |a| < 1/n
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and | A| > n for each integer n. It is thus possible to derive in R*
the basic theorems of analysis using the Leibnizian ideas of infi-
nitesimals. Thus e.g. we call a fuuction f continnous at the point z
if f(x + a) — f(z) is infinitely small for each infinitely small num-
ber a. A derivative of { at the point z is a number d such that the
difference {[f(a: + a) — [(z)] /a} — d is infinitely small for each
infinitesimal a. Robinson showed that one obtains in this way a
completely rigourous theory which is formally identical with the
classical analysis. It is at present not clear, whether the non-standard
analysis will bring essentially new results. It is nevertheless remark-
able that we can give a clear and precise presentation of ideas which
were considered obscure for almost 300 years.

We stop here our presentation of what we consider as the most
important results in the recent development of logic and the founda-
tions of mathematics. The rate of development of these domains is
presently so rapid that many new excellent results will certainly
appear before these lectures will come to the hands of prospective
readers. Let us hope that these new results will not only bring new
interesting insights into the details but also allow us to form a sound
judgment about the outstandiag problems in the philosophy of ma-
thematics which have been waiting so long for a final solution,
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MODELS OF SET THEORY
by

A, Mostowski

(University of Warszawa)

Lecture I,

Aim of the lectures: to outline various methods used recently
in construction of models for axioms of set theory., No completeness
in pursuing this aim is attempted.

In the introductory lecture I we describe three systems
of axioms for abstract set theory, In all these systems theré are
two primitive notions: "class" and ''membership''. We define sets
as classes which are capable of being members of other classes:

x 18 a set if and only if there is a class y such that x €Y.
We also define atoms as objects which have no elements,

The distinction between sets and classes was noted already
by Cantor who distinguished between the 'consistent sets'' and
"inconsistent sets' i,e, sets and (proper) classes in the modern
terminology, Ag we ghall see there are axiomatic systems in which
the existence of proper classes is assumed and other systems in
which their existence is excluded.

Set - theoretic formulae: Let xl,le.__ be a sequence of
different letters (the variables), We shall often replace ''x" by any
other letter and omit subscripts,

(1) Expressions Cl(xi), xq exj,xi = x, are formulae; the

J
variable x; is the unique free variable in the first of them and the
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variables X, X; are the unique free variables of the remaining two,

(1) If F and G are formulae, then Bo is the expres-
sion (F) ,(G); the variable xy is free in this formula if and only
it it is free in F or in G,

(iti) If F 1is a formula, then so is (xj)F; the variable
X is free in this formula if and only if i;éj and x; is free in F,.

(The symbol ‘ is the Sheffer's stroke and (xi) is the
general quantifier, We define the propositional connectives different
from | in the usual way; also the existential quantifier is defined
as  ~(xy) —F.).

We denote by Fr(F) the set of those i for which xj
is a free variable of F,

Predicative formulae are those formulae in which all
quantifiers are limited to sets or atomes, We obtain a precise definition
of this class of formulae by replacing the rule (iii) by the following:

(iii*) If F 1is a formula, then so is (xj)(xk) [(xjexk) —> F:-l
where k 1s not in Fr(F) and k #j.

The above expression can also be written as
(x5) (xie) [("j e x) | (F| Fi

Definitions: x 1is a set (in symbols S(x));: Cl{x)&(Ey)(x € y);

x is a proper class (Pcl(x)):Cl{(x)& —S(x);
x is an atom; (At(x)): (yXy ¢ x)

We now list axloms of the different systems which we shall
consider . The first 9 axioms are common to them all:

Axioms for classes:

Ext. Cl(x) & Cl(y)& (z)[(zéx)E (z ey)J — (x=y);

Cl;. Pecl(x) —> (Eylly & x);
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Cl,. (y € x}—>Cl(x);

Fund, (yex) —> (E2) { (zexam [t € 2=t gt x]} .

Remarks, Ext is the familiar axiom of extensionality.
C11 s'ays that proper classes have elements, 1.e,, are not atoms,
C1,

of foundation and says that each class which has elements contains at

says that whatever has elements is a class. Fund is the axiom

least one minimal element, i.e., one whose elements are not elements
of the given class; of course the minimal element may be an atom.
Axtoms for sets.
Pair. [S00 VA] & [56) v Aty)] > (E2) ((5) & () fte)
'=‘[(t = x)wit = y)]z) ;
Sum. S(x) = (BufStw) & () { ce w= (B9 [(zevstex]i)
Pot. S(x) = (Ep) [S(p)&(2) { ze p=( €1=2) & (0 | (tez)—»(tex)])}]
Emp. (Ex) [S(x) &(y) (v¢ x)]
Inf, (Ex) {S(x) & (Eu)(u € x)&(v) [(VEX)—" (Ew) ((WEX) &
W {tew = [tenve = D]}
Remarks, These axioms state the existenoe of the unordered
pair of any two objects (which may be sets or atoms), of a union of
sets which belong to a given set, of the power set of a given set, of the
empty set and of at least one Infinite set. The notation for these sets
will be the usual one: .! x,y} for the unordered pair, Ux for
the union, P(x) for the power set and 0 for the empty set, The
uniqueness of these sets follows from Ext,
Further axioms will fulfill a twofold role: first they will
determine the number of atoms; secondly they will express the idea
that an {mage of a set under an arbitrary mapping is again a set.

The first question does not seem to be very important for
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the abstract set theory and it is nowadays customary to dismiss it
by simply assuming that with the exception of 0 there are no atoms
altogether. We shdll follow this custom and adopt the following axiom:

Noatoms: (x €y)&(x#£0) — S(x).

The second ailm is much more important. It is achieved
in many different ways according to the system of axioms which one
adopts.

The system of Zermelo-Fraenkel, In this system we first
of all assume that there are no proper classes:

Nopcl: Cl{x)—»S(x).

This axiom together with Noatoms allows us to simplify
the axioms previously given by omitting everywhere the expressions
"S(x)".

The idea that an image of a set is again a set is expressed in
ZF Dby the following axiom schema:

Subst, . ((EIYF —» @(Eb)y) { (yeb)=(Ex) [(xea)ar]}
in which F is an arbitrary formula such that b is not its free variable,

System of GHdel-Bernays. In this system we assume that
every predicative formula determines a class and express the idea that
the image of a set is again a set not by means of a schema but by a
single axiom involving the notion of a class.

First we define the ordered pairs: <xi, xJ.) = Exi, ?xi, xj}} .
A class whose elements are ordered pairs is called a relation; it is
called a function (in symbols Fn(x)) if it satisfies the condition:

(w)(u)(v){ [((u,v>€ x)&( cu,w> & x)] — (v = w)} .

We denote by x''a the classt such that (y) i (yet)=

(Ez) [(zea)&(cz,y>e x)]} provided that such a class exists.



971, 711 MODELS OF SET THEORY 181

The axioms which we admit in the system GB are now as
follows:
Clex g (EX(CIX) & (u) {sw->[(wex)= F})

Subs&B. Fn(x) & S(a) —» S(x"a).

Remarks, In ClexGB (class existence scheme) F is a

predicative formula in which the variable x is not free. The class

whose existence is stated in ClexGB

{u: u = u} is the universal class consisting of all sets,

is denoted by {u:F} ; e g.

SubstGB is called the axiom of substitution; note that the
class x''a exists by virtue of the class existence scheme.

System of Morse, In this system we leave the axiom of
substitution unchanged and extend the class existence scheme by allowing
arbitrary formulae F, We denote these axioms by ClexM and SubstM.

Comparison of the systems ZF, GB and M.

The following theorems are easily established:

I. ZF is interpretable in GB,

Proof, We interpret classes of ZF as sets of GB,

II. GB is a subtheory of M (obvious),

III. GB is an inessential extension of ZF. By this we
mean that each preaicative formula provable in GB is also provable
in ZF,

Proof., If F is predicative and provable in ZF, then
by I (and its proof), F is provable in GB. Let F be provable in
GB. In order to establish its provability ir. ZF it will be sufficient
to show that every model of ZF can be extended to a model of GB
in such a way that sets of the new model be identical with sets of the

old model, Let therefore M be a model of ZF and let M!' be
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the family of sets {teM: (t,al,...,an) satisfies F in M} ;

here F 1is.a predicative formula with n+l free variables and

a,...,8 are elements of M, Interpret classes as elements

of M' and the membership relation as ¢ . The resulting model satisfies
all the axioms of GB and contains a submodel isomorphic with M

and consisting of sets {teM: t e x} .  All the sets of M' have

this form which proves the theorem.

We shall show later that M 1is an essential extension of
GB.

Relativisation, Let A(x) be formula in which x is a free
variable; A may contain free variables other than x . From every
formula F we may obtain a new formula by replacing each quantifier
(xi) by (xi) [A(xi)-—> ,..] . The new formula is denoted by F(A)
and called the formula F relativised to A, We assume that formulae
F and A do not have any variable in common,

It s obvious that (F | &)%) = (FIA) | o), (x)F) M2
x)F@®) 3t 1 Fr(F) and (xpF)®) = (x) [Axp »FA)] 1t
1i€Fr(F). The symbol = denotes here the logical equivalence
relation (not the connective),

Functions whose values are classes, We insert here a note
about functions whose arguments are sets and values are classes,

Of course this notion is important only for systems GB and M,

A function all of whose values are non void classes and
whose arguments are sets can be defined as a relation. The value
of such a function f for the argument x is simply
f‘ = {y: <x,y>£t} . If we want to admit 0 as a possible value

of a function, then we define f as a pair a,r where r ig
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a relation and a is a class which contains Dom(r) as a subclass,
The value of f for the argument x |is r.oor 0 according as
x 1s an element of Dom(r) or an element of a-Dom(r),
We write ''f:a —»y"l instead of "f is a function with
domain a whose values are subclasses of y'. The elementary operations
on functions such as superposition or restriction of the domain to a
subclass can easily be defined for such functions. A function with
domain a whose values for 1 in a are explicity given will be denoted
by FIE afi' If f:awz, iga and ug z, then we denote by
f+(i/u) the uniquely determined function with domain auil} whose
restriction to a is f and whose value for the argument i is u,

Semantical notions defined in set theory. The basic semantical
notion is that of satisfaction: a sequence f{ of subclasses of a class
x satisfy a formula F in x. If we want to discuss this relation in
set theory, we have to replace formulae by certain sets. The following
theorems are provable in ZF:

IV. There is a smallest set Frm such that ¢0,i>,

<l, <1,j»» ,<2, «i,j>> are elements of Frm for arbitrary
integers 1, j and is such that whenever a, b belong to Frm,
then so do {3, «a,b>> and < 4,<1i,a»> for arbitrary I in
(the set of lntégers).

We write rxl P x;‘ for <1, <1,j>> and simlilarly
rél(xl)" for £0,i> and rii = '3:']‘ for <2,<1,j>> . We also
write a ] B for <3, <a,b>> and r(xl)av for < 4, <1i,a>>.

We call Frm the set of ''GHdel sets' of formulae.
By Frmpr we denote the subset of Frm consisting of

GUYdel sets of predicative formulze,
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V. There is a function Fr defined on Frm such that
Fr{ r&l(xi)-') = {i } , Fr( "3(iex'." ) = Fr( r;ti = >§'=[i, #and Friia|p") =
=Fr(a) o Fr(b), Fr( r_(xi):;b = Fr(a) - ? i} . We call Fr(a) the
set of free variables of a,

We call a formula S with 3 free variables a predicative
satisfaction formula for one of our three systems ZF, GB, M if
the following formulae are provable in these systems:

(1) S(x,y,z)~—» (xeFrmpr)&Cl(z)&(yE zFr(x));

(1) (T, {ciy>}, ) = yez)

St Mxex7 L f<Ly'>.<iy">]. 2= (y'e ')
SCTxy = 21 L < y'>.<i >}, A= (v =y

(it1) S( "2)b,y,z)=[~S(a, y | Fr(a),z) v TIS(b, y|Fr(b),2)] ;

(iv) S( r’(xi);I , ¥,2) = S(a,y, z) if 1¢Fr(a); otherwise:

(v) S( r?xl)f' , V2) = (U)[ (u 62)»S(a.yu{<i,u>}.z)] .

A formula S(x,y,z) with three free variables will be called
a satisfaction formula for ZF, GB or M if the following formulae are
provable in the corresponding system:
(i") S(x,y,2) —> (x € Frm) & Cl (z) & (y: Fr(x) —z),
@) st’ax) yo= vy e
St yexy Ly, 2@ v e vy
S( My = x5 Ly, 2)= yy = Yjo
(iii") and (iv") as (lii) and (iv),
(v S( '-(xl)ﬂ-1 , .2l = (u) [(u € z)—> S(a,y + (i/u).Z)]

In case of the system ZF there is no need to distinguish
between the satisfaction and predicative satisfaction formulae because

sequences of classes can be identified with sequences of sets,
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The following theorems exhibit essential differences between
systems .ZF, GB and M:

VI. There is a satisfaction formula for ZF.

VII, There is a predicative satisfaction formula for M
but - provided that M is consistent - no satisfaction formula for M,

VIII, If GB is consistent, then there is no predicative
satisfaction formula for GB, and also no satisfaction formula for GB,

We shall sketch the proofs of these theorems,

In order to prove VI we define (in ZF) two operations on
sets of finite sequences:

dywdy
Str(z,k1 ,k2, dq,dp) = fye z :(y ) dy ¢ kl) v ( y’d2¢ ko) ,
Qu(z,k,1,d) = k if i¢d; otherwise
- fye o -} () [(ue )=y uki,usje k_]f

We obtain a predicative satisfaction formula for ZF by
expressing in the language of ZF the conjuction of the following
relations: z {s a set, x¢€ Frm, ye zFr(x); there is a finite
sequence f such that for each i in Domf(f) either {i is

|—-Cl(xp-)_‘ or it is '—}p e )q or it is r_xp = x1 for some
p.q or there exist j,k both smaller than i such that fi = '-fj I f;‘
or finally there is a j ¢ i and a p such that fi = |'(—xp) fJ-'; the
last term of f is x; there is a finite sequence k with Dom(k) = Dom(f)
such that for each i in Dom(f):

if fi is r—Cl(xpp , then ki =H<p,u>} :uéz};

it f; is ’?(pexq-' , then ki={{<p,u> ,(q,v)}: (uev) &

uez) & (vez) ;

i f = )(p=x;l , then ki={{<p,u> ,(q,u)} Z“GZ}.
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N r s _ n n
it f fjlft . then kj = Str(z,k;,ky, Frif;), Fr(fy),

1

'_ .1 = .
if f (xp) fj , then ki Qu(z,k.j,p,Fr(fj)),

i
y is an element of the last term of k.

We proceed similarly in order to prove the positive part
of VIL

The negative part of theorem VII is proved by using the
well known technique of G8del. We assume that there exists a satisfaction
formula S for M and denote by s a function such that for every
n in Frm with Fr(n) = fo}the set s(n) is the GOdel set of the formula
resulting from the formula with the Gddel set n by substituting n
for its unique free variable, Let n, be the Gbdel set of the formula
~S(s(xg), 0, V) where V is the universal class; we rely here of
course on the fact that the function s can be defined in M.
Then "‘15(5(n0),0 ,V) has the Gddel set s(ng). We prove by
induction on the length of G that if G is a formula with p
free variables XpseeesXp and with the Gbdel set g, then the

following equivalence is provable in M:

Gixy,uens xp) =5(g, ¥y <pXis V).

Using this equivalence for G= T35(s(ny)0,V) we obtain
the result that the equivalence —1G= G would be provable in M
and hence M would be incunsistent.

The detailed proof of theorem VIII will be given later.
The main idea is this: we assume the existence of a predicative
satisfaction formula for GB and prove in GB the existence of a
set which is a model for ZF, From this we derive (always in GB)

the existence of a set which is a model for GB and thus infer that
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GB is consistent, Thus the consistency of GB would be provable in
GB which as is well known entails the inconsistency of GB.

We conclude with a theorem which we shall need later and
which can be proved by using the same technique as the one used
in the proof of theorem VIIL

IX, For each predicative formula T the conjuction of the
following formulae is refutable in ZF :

) (x)y) [T(x,y) — (x EFrmpr) & (y 1is a sequence of

sets) & (Dom(y) = Fr‘(X))] ,
@ @, w [ T §<Lush = cuw)

. r — )
My e W | T exg' , §<Lux <jv>})
= (bev) ,
similarly as above with " € " replaced by " = ";

af  (ab)y (fa €Frm )& (b € Frm ) —> jT@E | ? Y=
[AT(e. y|Fr(@)vaT, y IFrm)})
(") @MWy B {eeFrm JeUgFr@)~—>[T(x)a" y= TG, y]
¢ @ 0 {(aeFrm el eFr@) > [T(Tyd, y=
(W) Tla,y u{< i,U>})]} .

Proof. Let t be the GBdel set of the formula —1T(s(x°),0).
Hence the G8del set of the formula —1T(s(t),0) 18 s(t) = to' Using
(1") - (v"') we infer by induction that if h is the GBdel set of
a predicative formula H whose free variables are xij:(j =0,1,...,k-1)
and if f 1is a sequence with domain Fr(H), then T(h,{) = H(fio""'!ik-l)'
If we take in particular H= "'T(to‘, 0), we obtain H = —H,

Hence the conjuction of (1'') - (v'") leads to a contradiction,
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Terminological remarks, 'If S is a satisfaction formula
(or a predicative satisfaction formula), then we shall write z P x [y]
instead of S(x,y,z). If x is the Godel set of a formula F, then
we shall replace x by F (although it would be more exact to write
Y and not simply F in these formulae),

Let F be a predicative formula with the free variables
xl,... ,xn and let F(z) be its relativisation to the formula xe€ z.
Then the formula

(y1€2)8... & (y € Z)——ble:F[{d.yp ,....<n,y,,>}]

- pl2) }
=F (yl,.-..yn)
is provable in each of the considered systems of set theory,
Fr )Let z),29 be classes, z; < zg. It (x)y) [(xeFrmpr) &
r(x
(y e zy ) & (zlk= x [yJ_,(zz = x [y])] , then we say that zy
is an elementary subclass of 2, and write 2z, -(przz. A similar
definition can be glven for the notion of extension in case when x
ranges over arbitrary formulae not just the predicative ones, We

shall not use this notion however,
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LECTURE 11

The backbone of the whole set theory is the stratification
of the universe into levels{simple theory of types). In discussing
this phenomenon we shall assume as known the notion of ordinals and
the theorem on definitions by transfinite induction, We denote by On
the class of all ordinals; in the case of the system ZF where there
are no classes we think .of On as of a formula so that On(x) means
the same as ''x is an ordinal', Sometimes we shall use the expression
x € On even in ZF treating it as equivalent with On(x).
We define by transfinite induction sets Rg:
R =0, R_, =PRy), RAUfR:r'e r}(r isa
Hmit number),
Note: What we define is in GB (or any stronger system) a
function which correlates with each ordinal T a set R; . in the
case of ZF we have a formula R(x,y) such that it is provable in ZF
that (x) [On(x)—)(E!y)R(x,y)] . This unique y is denoted by Rx;
it satisfies the equations given above,
I, For every set x there is an ordinal a such that x£R,.
This theorem is provable iu each of our three systems, The
proof is obtained easily from the axiom Fund.
The least ordinal a such that x&R Is called the rank of x,
We want to discuss the problem whether some of the Ra's
are models of ZF, In order to answer this question we shall formulate
and prove in M the following theorem:
1l (Scott-Scarpellini). Let A=U{Ar :I‘eOn} where for
each ordinal +_ A, isaset, A, ¢ A, and A =U{Afr,:i"ﬁ"}

’
for each limit ordinal o . Under these assumptions:
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(a). For each F in Frm there is an increasing and

pr
continuous mapping fF.: On ~» On such that if fF(a) = a and xeAaFr(F),

then A_ b= Fx]= Ak=F[x].

(b), There is a function f: Frmprx On —»0On such that for
each F in F‘rmpr the mapping a—>{(F,a) satisfies the conditions
formulated in (a),

(¢} There is an increasing and continuous mapping t:On—>0On
such that {f t(a) = a, then Aa.< prA'

Proof, (a). We use induction on the number of connectives
which occur in F, If F has no connectives, then we take as f
the identity map.:, If F is r-(G \ Hr,' then we take as fF
sition of f_ and f It F is r(xl)G-| and 1¢ Fr(G), then

G H*

we take fF = fG' The only case which requires a more elaborate

proof is one in which ¥ has the form '_(x )}f-' and i € Fr(H).
Fr(F)

F
the compo-

We first define auxiliary functions a:A -~ On, and

b:On —» On as follows:

a(x) = min { r € On:(Eu) [(ueAr) & (AE=TH [xu{(l,u>}])]}

- . Fr(F)
b(r) = sup {a(x). xéAr }

1
It follows from these definitions that if x &€ Afr , then ( )

W, [ nxui, wij)= ey AkH [ xgctwi]].

(I)The subscripts after quantifiers denote their relativisation to the

formula x € a, Thus (x)a means the same as (x) [ (x € 8)—p J .
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Now we define c¢(0) = 0, c(r+1) = max(c(r), b(r+1)) and c(r)=
sup {c(r'):r'< r} for limit numbers r. Finally we put IF = fHo c.
This function is obviously increasing and continuous. If fF(x) =r,
Fr(F)

v we have c{r)> b(r),

then IH(r) =clr) =r and for every x in A
It follows

aRFlh] = , (A =Hxdcunl)sw, @[, w]])
>, [xvictu D= w, (e xopawi])
= A =F [x_]

and similarly

AEF [x]=(), (A [xufctud]) = ), e xofct )]
r
= (), (A=H[xUf<tus]])=(a k= F []).
r

(b), We define f(F,x) = x if F is an atomic formula
(without logical operators), f(ri"l ] F-’, x) = f(Fl, f(Fz,x)) and f( QXi)H-! x)=
f(H,x) #f 1i¢ Fr(H). U {&Fr(H), then we put 17 (x )H, x) =
f(H, c(x)) where ¢ 1is defined similarly as in part (a), The proof

is identical as in the case (a).

(c). We define t(0) = 0,t{r+1) = max (t(r), sup f {(F, r+1):
Fe Frmpr}) , t(r) = supi tir'):r'c r} if r is a limit number,
If t{r) = r, then {(F,r)= r for each predicative formula F and
hence, in view of (b), Ar< prA'

Remarks on the Scott-Scarpellini theorem., We want to
discuss the question whether theorem II can be so reformulated as to

become provable in ZF or in GB.
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The case of the system ZF. Since there are no proper
classes in ZF, we must replace the class A and the relation «x €Ar
by formulae. If we do this, then we cannot use the satisfaction formula
since there is no formula describing the satisfaction of an arbitrary
x in Frm in the domain of all sets satisfying a given formula A,

We come around this difficulty by remarking that the satisfiability of
an explicitly given formula F in At})ye indicated domain can be expresl-
sed by the relativised formula F. Thus we shall have not a single
theorem starting with the general quantifier "for each F in Frm'' but a
theorem schema which can be proved separately for each explicitely
given formula F. A final change in the wording of the theorem con-
cerns the function fF,: since there are no mappings of On into On in
the system ZF we must replace the mapping fF by a formula which
describes it

The Scott-Sc arpellini theorem takes thus in ZF the following
form:

Let A(x) and B(x,y) be two formulae with the free variables
x and x,y respectively; let C be the conjunction of the following
formulae:

(0 {A = (Ey) [ony) & Bex,y)]{ .

v {onty)—>E2)x) [ (x € 2= B, y]{,

(y)(y") {On(y) & On(y") & (y'=y+1) — (x) I_B(x,y)—-» B(x, y')]z ,

()y) (Lim(y) — {Blx,y)= (E2) | (z ¢ y)& B(x,z)]{)

For any formula F with two free variables x,y let

DF be the conjunction of the formulae:

x [onx) — (Ey) Fix,y)
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() (9) | Flx, y)—>On(x) & on(y)]
WD [Fix,y) & Flz,t) & (xe2) = (ye v)]
() (Lim(x) & Flx,y) — () fu€yy = EY] (texn

&F(t, u)]} .

With these notations the following holds: For arbitrary
formulae A(x), B(x,y) and H(xl,...,xn) there is a formula F(x,y)
such that the implications

C —bDF,

[p(ACD_ p(BL: ]

C&F(r, r)&B(xl, r) &, ..&B(xp, r) ——* =
are provable in ZF,
Notice that the formula C says that the domain of all
x's satisfying A is the union of sets {x:B(x, r)} with r ranging
over ordinals and that these sets form an increasing and continuous
family while DF‘ says that F defines an increasing and continuous
mapping of ordinals into ordinals,
A similar reformulation of the Scott - Scarpellini theorem
is also possible in the case of the system GB. Again we must express
the theorem as a scheme because there is no satisfaction formula
for GB. However the assumptions of the theorem and the statement
concerning the existence of a mapping can be expressed as in system M.,
Finally we notice that a theorem similar to the Scott-Scarpel-
lini theorem can be proved (in any of our three systems) for unions
of the form U{ Ar i:r& s } where s 18 an inaccessible cardinal,
Applications of the Scott-Scarpellini theorem., The following
theorem is proved in M; it can also be proved in any system obtained

from GB by adding to it new axioms which secure the existence of a
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a predicative satisfaction formula:

III. There is an increasing and continuous function f; On —On
such that whenever f{(r) = r, then Rr <prV; in particular, Rr is
a model of ZF,

Proof. The decomposition V = U{ Rr r e On} satisfies
the assumptions of the Scott - Scarpellini theorem. Since all axiom of
ZF are equivalent to predicative sentences and are valid in V, we infer that
if Rr is an elementary subset of V, then Rr is a model of ZF,

We can now supply proofs of two theorems which we announced
in Lecture It

IV. There is no predicative satisfaction formula for GB
provided that GB is consistent.

Otherwise we could repeat in GB the proof of theorem III
and infer that there is a set a which is a model of ZF, Hence by
adding to a its definable subsets we would obtain a model for GB.
Since this proof would be formalizable in GB we would have a proof
in GB that GB is consistent which would entail the inconsistency of
GB.

V. M is essentially stronger than GB, provided that GB is
consistent,

Proof. There is a predicative satisfaction formula for
M but none for GB.

VI. ZF is not finitely axiomatisable, provided that it is
consistent.

Proof. We denote by K the conjunction of any finite number
of axioms of ZF and show using the version of the Scott - Scarpellini

theorem which is provable in ZF that there is an ordinal r such that
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Rr k=K. Hence the consistency of K is provable in ZF while the
consistency of the whole ZF is not so provable,

VII. GB.is finitely axiomatisable,

We merely sketch the proof of this theorem. Call F?¥ the
particular instance of the axiom (scheme) SubstGB which corresponds
to the formula F, It can then be shown that all the particular instances
of SubstGB can be derived from the axioms F;,...F; where F‘l...li‘9 are the
formulae: (Eu;)(Eu,) [(u =<up,up> )&(u; € uz)] » (Budu= < ug,u,>),
Tugy), (uey) & (ue 2), (Bt <y, t>€ y).(Eul)(Euz)[(u = CupLu>) &
(uy € y) L(Eulus <upju,> ) & <uy,u;> €y), ( Eu )Eu,)(Eu,)

[(u =<up Cuy, ugdy ) & Luy, Lug, u>€y) L (Bu ) (Euy)(Eu,)
= <u,, .
Bu u, LUy, Ugsy ) &(<u2,<ul, u3>>ey)] .

These axioms state the existence of the following classes:
E = {(u,v): u evevz , 1 ={<u,u> : uev}, V-Y Ynz,
Dom (Y), Y x V, \YJ, Cnvl(Y), Cnvz(Y) and our theorem reduces to
the statement that for every predicative formula H there is a class
Y constructed from E and I by means of the operations enuinerated
above and consisting of all u for which H(u). Details of this proof
can be found in Gldel's monograph,

Natural models, If r is an ordinal and Rr is a model
of ZF,GB, or M, then we call it a natural model of the corresponding system
In theorem III we established (in M) the existence of a "tower' of natural
models for ZF which is ordered by the relation <pr We now show
that the existence even of a single pair Rr‘ R‘ such that R}_»( ere
cannot be established in ZF provided that ZF is consistent, We do
this by proving in ZF the following:
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VIII, (Montague - Vaught), If Rr<ers; then R is
a model of ZF,

Proof. We first show that r is a limit number =£ o,
Since the formula (Ex){x=x) 1is true in Rs, it is true in Rr and
hence quk 0 and rg5£0. If te€r, then Rt e—Rr and hence
there is an x in Rs such that Rt € X, Thus the formula
(Exl)(xoe xl) is satisfied by Rt in Rs and hence it must also
be satisfied in Rr. Thus there is an x in Rr such that Rte x
and therefore t +lstr,

Using the fact that r is a positive limit number we easily
check that all axioms of ZF are valid in Rr. The verification is
evident in all caseswith the exception of the axiom scheme SubstzF
which requires a separate treatement,

Let F be a formula with k+2 free variable and let
5 EREP(F)-“J} be such that R = (xi)E!xj F[EJ . For x
in Rr let f(x} be the unique y 1in Rr such that Rr)= F[Eu{d,x),
d,»}]. Let xp and xq be variables which do not occur in F
and let a be an element of Rr' The set Im(f,a) = b belongs to Rs
and satisfies the condition R_ = H[E'ui<p, a», <q, b>}] where H

is the formula

(xj) {(xjexq) = (Exi) [(xi € xp) & F]} .

It follows that there f8 a set b' in Rr such that
RF H [—pu{<p,a> , < q,b>}] +and we easily prove that b'= Imli(, a),
Thus axiom SubstzF is valid in Rr' Theorem VIII can obviously
be also proved in M,
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In order to obtain more information about the relation <pr
in the class of all Rr's we introduce the following definition:
We call an ordinal r extendable if for any ordinal s
there i a sequence { of order type & such that f{(0) = r
and Rf(t) < er!'(t') for each pair t, t' such
that t<t'<s
From part (c) of the Scott-Scarpellini theorem it follows
that there are extendable ordinals. Moreover there are ordinals r such
that there i{s a sequence of order type On consisting of Rx’s which
are elementary extensions of Rr and well ordered by the relation <pr’
The next theorem is provable in M,
IX. (Ryll Nardzewski). For each extendable ordinal r
there are arbitrarily high ordinals s > r such that Rr _<er5

but for no t>s does the relation Rs<ert hold.
Proof. Let us assume that there is a (least) extendable r
such that there exists an ordinal s°> r with the properties: whenever
d R R h
8 > so an . prits then Rs< pr Ht for some t> s, We notice
that because of the extendability of r there are arbitrarily high s
such that R < R and our assumption says that each such s
r\pr s
from a certain s on can further be extended to an Rt .
For arbitrary finite sequence f of sets we denote by
m(f) the least ordinal > 5, such that all terms of f{ belong to

Rm(f) and Rr <prnm(f)' Consider the formula T(x, f) defined as

follows :

(x&Frm_) & Fn(f) & (Dom(r) - Fr(x))&(Rm(f)’::x[fJ) .



198 FOUNDATIONAL STUDIES [97], 88

w e shall show that this formula has the charateristic pro-
perties (i'')-(v'') of the truth predicate (c¢f. Lecture I, theorem IX). Since
we know that we can refute the conjunction of (i) - (v') we shall have
the proof that our assumption leads to a contradiction as soon as we veri=
fy that 'T has the properties (i') - (v''). Of these, (i''), (i1i") and (iv'"') are obvious,
In order to verify the remaining two we prove a lemma:

If so< sgtand Rrﬁu_Rs’ Rr<ert' then Rs‘<pr Rt .

Proof of the lemma, For each s>sosuch that Rs is an ele-
mentary extension of Rr we denote by s' the least ordinal > s such that
Rs' is an elementary extension of Rs' The existence of 8' follows from

our asgumptions Now we start from given ordinals s, t and construct two

szquence f and g satisfying the inductive equations f({0)s, f(n+1)=
= (f(n))!, f(u)= sup {f(n): n<u} ., 8(0) = t, g(n+l) = (g(n))', glu)=

. W,
sup {g(n). n <u}. e obviously have Rf(n)< erf(m) and

R _ . =
gln) < for n< m; moreover V = J {Rf(n) ;n & On}

pr g(m)

D) . . oFr(x)
iRg(n) :n EOn}.Letx eFrmpr and y eRs .

SlnceRs <pr V we infer that R = x [y:} = V= x [y] ;
e i1 t
we prove similary tha Rt <pr V and therefore

R==x [y] = Vj=x [y] whence(Rsl'——-:x [y]).-—;(ﬂt}:x [y]) .

The lemma is thus proved,

Verification of condition (iii"). Let us assume that
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-
T r-xl ,"2 , 1.

This assumption is equivalent to the statement that either

Rm(f) = % [_f lFr(xl)] or Rm(f)h %y E}Fr(xz)] . Since by
the lemma Rm(f) <Pl‘ Rm(f l F‘r(xi) for i= 1,2 we infer that the

previous statement is equivalent to the disjunction of the statements

Rt | Fr(xi))f=:x{' [r ) Fr(xi)] for i = 1,2 and this disjunction
is precisely the right hand side of (iii'").

Verification of condition (v''), We assume that x € Frmpr

and { € Fr(x). Let us consider the statement T( '—(xi) x' ,
this statement says that f is a sequence with domain Fr(x) and that

Rm(f)h x [fu{(i, u>}] for every u in Rm(f)' We have to

prove that this statement is equivalent to the following:
for every u, ‘Rm(f u§<i,‘u>} )h x [f u£<i, u>}]

Obviously the first statement is implied by the second

because mif U {<i, u> 1 ) = m(f) whenever u is in R Now we

m(f) *
assume the first statement and choose an arbitrary u. By the lemma
Rm(f)< erm(fu{<(, u)} } and hence the first statement implies
Rm(fu{( {, w} B(x,)x [ﬂwhence we infer that the second statement is

valid, Theorem IX is thus proved
A theorem similar to IX can also be proved for other

transfinite sequences of sets, for instance for sets Lr which we

shall discuss later.

199



200 FOUNDATIONAL STUDIES [971, 90

In connection with theorem IX we discuss briefly the
ordinals which are not extendable. Let us call a function f whose do=
main is an ordinal r and which satisfies the condition
Rf(n) <pr Rf(m) for arbitrarym € n € r a chain of length r stars
ting in f(0), An ordinal s is not extendable if and only if there is
an ordinal r such that there is no chain of length r starting at s. The least
such r is called the height of s. The height of an extendable ordinal
could additionally be defined as On,

We don't have an exact charscterisation of ordinals
which are heights of non extendable ordinals, However we can exhibit
a rather large number of examples of such ordinals,

We call an ordinal r > 0 an R- definable ordinal if there
is a predicative formula F with Fr(F) = Z‘ 0 } such that whenever
s€&€0nandr € RS. then r i{s the unique element of RS such that
Rs):= F [{<0, x>}.] while 0 is a unique such x if r ¢ R_.

We call F a definition of r. We now prove in M:

X. (Wilmers). For every R-definable ordinal r there is
an ordinal whose height is r+l.

Proof. Using part (c) of the Scott - Scarpellini theorem
we easily prove that there are ordinals x such that Rx contains as
element a chain of length r + 1. Let a be a smallest such ordinal
and le f be a chain of length r + 1 which belongs to Ra . We put
b = f(0) and claim that the height of b is r + 1 .,

Since { is a chain of length r + 1 starting at b, it is
obvious that the height of b is8 2> r + 1, Now we assume that there
is a chain g of length r + 2 starting at b and derive from this assum=
ption a contradiction,

There exists a predicative formula H with
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Fr(H) = {0, 1}‘ such that for an arbitrary ordinal

p and arbitrary u, v in R

(1) Rp):H“<o, u> L, <1, v>}]_3 (v € On)&(u
is a chain of length v).

We shall indicate below how to construct such a formula,
Assuming thut we carried out the construction we proceed as fol=
lows.

We easily show that n € R for arbitrary

n+l1) < Rg(n+1)

ninr + 1; since g(n) & R we see that g ] (r+l1) €

glr+l)
Rg(r + 1). Now g, (r+ 1) is a chainof length r + 1 and hence
by (1)

Rg(r+ 1)t=H[{<0, glr+1)>, <1, r+ l>}-] .
Denoting by F a definition of r we obtain from the last

formula
Retr + 1) = (Exg) (Ex)) (Ex,) [F(xz) & (x, % 0) &

&(x1=x2+1)&H] .

Since R is an elementary subset of Rg( we

g(0) r+1)

can replace in this formula g(r + 1) by g(0), f.e. by b, We thus

infer that there are elements c, d of Rb such that ¢ # 0, Rb =

F J_—{<2, c>}] and R F H [{<o, d>, <1, c+ 1>}]~
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The first of these formulae provesthat ¢ = r and the
second that d is a chain of length r+1, Since d € Ry and
b «& a, we obtain a contradiction with the definition of a
It remains to construct the formula H ., Let
R' ( x , y ) be a formula which defines the relation x =
= R (cf. p 19 ) and let G ( 2z, t ) be the formula
) (x) [(xe Frmpr) & (f € zF‘r(x)) & (z x[f])—)

— t k= x[h].
The required formula is

On(xl)&Fn(xo)&(Dom(x0)=xl)&(1)(1)(2)(1)

[rtesratie xx)& <t z2>€x )& (<) trexy )

.

—>G( 2z, t )] .

Natural models of GB and of M. These models are si=
tuated much less densely than the natural models of ZF: we shall
prove the following result in the system ZF + AC resulting from
ZF by adjunction of the axiom of choice:

XI1. (Shepherdson) . Rr is a natural model of GB if and
anly if r is of the form s + 1 and 8 is a strongly inaccessible
cardinal; this condition i{s also necessary and sufficient for Rr to

be a model of M .
Proof. If Rr i8 a model of GB or of M , then
r s a successor, r =8 + 1 because there exists a universal

class of the model, From the satisfiability of the axiom Subsat it
follows that if t is an ordinal < s and f a mapping of t
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into s , then Im (f, t) ¢ Rs and hence there {8 an ordinal
t'< s such that Im (f, t) & t' ., This proves that s is
weakly inacceasible,

In order to show that s is strongly inaccessible we have
to show that if t « s, then the cardinal number of P ( t ) is

less than s , By our assumption t € Rs and hence p(t) &

Since we assume that Rs +1 is a model of GB and since there
is a well ordered set which belongs to Rs and has the same power

as P (t ), we infer that there exists an ordinal number in Rs

which has the same power as P ( t ) . Thus this cardinal number
is smaller than s |

If s is strongly inaccessible, then we easily check that
all the axiom of M are true in Rs +1° In particular the
axfom Subst {s satisfied because if { {s any mapping of Rs

into Rs and a belogs to R_, then Im(f, a) belogs to R .
8 8

A comparison with theorem VIII suggests the following
problem: how to characterize ordinals r , 8 (r <« s ) sati=

?
sfying the relation Rr 1 <pr Rs 17 It is easy to see

that thig problem is wrongly expressed because the relation in
question never holds (Rr is the largest element of Rr+1 but not of Rs+1
Therefore we modify the problem and discuss not the relation of
elementary extension but a closely connected relation of elementary
embeddability,

Definition. Rr is elementarily embeddable in Rs it

there is a function f whith maps Rr isomorphically (with

).

203
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respect to the relation € ) onto an elementary subset of Rs .
XII. (Reinhardt), If r 1is a strongly inaccessible ordinal

and R is elementarily embeddable into Rr where

r+1
r' > r, then r 1{is measurable,

L
Proof. Let f be a function which embeds Rr ‘1
into R _, . Since R is a model of GB, the same is
r'+p r+1
true of R , and hence r'+p = 8 + 1 , where s is
r' +p

strongly inaccessible, Since Rr is the largest element of Rr+1

and RS the largest element of RS 1 it follow that f maps

R onto R_(1i.e f{R_)=R_)
r s r s

Similary f(r ) = s since r 1is the largest ordinal
of Rr ‘1 and s the largest ordinal of Rs 1 " On the other
hand the range of f [ (r + 1) is strictly contained in s + 1
for reason of cardinality, Hence there is an ordinal p g s
such that p¢ Rg (f [ (r+1)) Obviously p ¢ Rg ()
because an ordinal in Rg ( f ) must be the value of f for an argu=
ment in r + 1

From the properties of f it easily follows that
flxny)=flx) " f(y),flxvy)=£fx)VIiy)
and f{ x -y )=f{x)-f(y) for arbitrary x, y in

Rr 1 . For instance the first equation is established by no=

ticing that x N y is characterised as the unique element 2z which

together with x and y satisfies in Rr +1 the formula

W o €x) =[tex)&(tex ) . Heee f(z)
together with f ( x ) and f ( y ) satisfies the same formula in
R
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Now we put F1§x5r:pef(x)} and
claim that F is a filter of subsets of r which is prime and
t-multiplicative for each t < r .

It x, y& F, then p € f{(x)n t(y)=t(x "N y)
and hence x Ny € F .,

If x Sy €r and x & F, then fix)=f(xIN f(y) C f(y)
and hence p &€ f(y), l,e.,, y &€ F. From p &€ s =f(r)
it follows that r & F and hence F is not void.

Hence F s a filter of subsets of r .

If xS r, then r=x V(r - x) and we iInfer f (r ) =

=5 =f(r-x)u f(’x). Since p ¢ s , it follows that
either p € f(x) or p& f (r - x) ; both these formulae
cannot be true because f (x) M f(r - x) =0 , Hence either
xor r - x belongs to F and F 1is prime.

Now we show that if t € r , then F is t-multipli=
cative. Let g be a sequence of type t consisting of elements

of F ., Since g & Rr and g satisfies In Rr

+ 1 + 1 a
formula which says that g 1is a function with domain t , we
infer that f ( g ) satisfies in Rs +1 the formula saying that
it is a function with domain f ( t )

The intersection nRg ( g ) can be characterised as the
unique element of Rr 1 which together with g satisfies in
R the formula

r+1
(texo)E(W)(v)[(<w, v> € xl)—+(tev)]

Hence the same formula is satisfied in R by

s + 1
f(MNRg(g) and f(g)) .
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Now we notice that the same formula is also sati=
sfied in RsH by N Rg(f(g)) and f(g) and hence N Rg(f(g)) = t(N Rglg).
Since Rgl(g)s F, we see that pe€ f(x) for every x in Rg(g). Now no=
tice that x € Rg(g) is equivalent to

R!_H)s(Ey)( <Y, %> € xl) L{(O,x) , <1,g>}] and hence to

R ™ ENC <yoxp>ex) [{<o, 10>, <1, 1@>)]; te., to

f(x) € Rg(f(g)). Thus p is an element of every member of Rg(f(g)),
i.e., pe NRg(f(g) = f() Rg(g)). Hence () Rglg) € F.
This proves theorem XII, Notice that this proof like the

proof of theorem XI was carried out in the system ZF + AC,
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Lecture III
In this lecture we shall apply'the Scott - Scarpellini
theorem to obtain various families of sets which form models of ZF ,
We call a set A predicatively closed if for every a
in A, every F € Frm with 0O€ Fr ( F ) and for every
Fr(F)-{0} pr
a the set —
sF(a,f)={xea:a;-_—rltu{<o,x>}]}

(a, t) will be called the section

f in

belonge to A, The get SF‘
of a determined by F and f.

We shall show that all sectionsof elements a of A
can be obtained by iterating finitely many operations Let us con=

sider the following operations:

A(x.y)={x.y} Ay ) =x Uy, Alx y) o=

A4(x,y)=xoy, As(x,y)=§A2(u,v):u,ve x} s

A(x, y)-= {As(u,v):u,vex} ) A7(x,y)=

- {A‘t(u,v):u,v&' xZ

As(x,y)=Ux, Ag(x,y)={‘y,u>:uex} )
Alo(x,y)={{<0,u> R <1,v>}:(uev) &

(u, v ¢ x)}

A“(X,y)' {{<0,u>, <l,u>}: u & x} ,

Alz(x,y;={u: {<o.u>§u yex} .
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I. If 0 & A and A is closed with respect to the ope=

rations A1 - A12 then A s predicatively closed.

We shall only indicate the essential steps of the proof.
First we notice that an arbitrary finite sequence whose
terms are integers belongsto A . Hence if a set s of finite sequen=
ces with a common finite domain d £ &) belongs to A , then so
does the set of all sequences f © x where x ranges over s and
f is a fixed one one mapping of a set d' onto d.
Hence if the set {x e aFr(F ):a'—._- F [x]}

1
belongs to A, then so does the set {x = aFrUF) tafk F [x J}

where F' arises from F by a permutation of variables,

By iterating suitably the operations A1 - A12 we

prove that if d £¢J is a finite set of integers and a & A, then

ad &€ A. From this we easily infer that if s € A and s is
a set of finite sequences with a common finite domain d and with
ranges contained in a where a is in A, then for every fini=
te set d' such that d € d/cqu the set g f e a4t ’ d e s}
belongs to A.

Finally we show that if a & A, d is a finite set of

integers and n % d, s & a4 v {n}’ then the set

f e ad : ( Eu) [t‘u{ < n, u>}€.s]§ belongs to A along with
s .We show this by noticing that in order to obtain

this set from s it is sufficient to subtract from every member
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of 8§ the set of all sets of the form %\(n, t)} where t € a,

Let us now  consider the set DF (a) =

- {feaFr(F):ahF[f]} . If a €A and F s
r; Y 3 My = x) th
one of the formulae Cl(xo\, XO € LI x0 Xy , en

DF( a ) belongs to A as we easily see inspecting the operations

A10 - A12 Using the operation A7 we extend this result to the

case when F has arbitrary variables, Using the operations A2

A3 as well as the remarks established above we show that if

DF( a)e A for i =1, 2, then the same result is true for the
i

cases when F = r-F‘l F‘; and F = '_( %, ) Fl—’ . Finally
we use A12 in order to construct SF( a, f) from DF( a),

The main result of the present lecture is as follows:
II, Let Ar be a family of sets (indexed by ordinals}

which satisfies the assumptions of the Scott - Scarpellini theorem,

If in addition A g a = U{A s € On} and A is traasitive
r s r

and predicatively closed for every r in On, then A is a model of

ZF,

Proof. The verification of most of the axiom is immediate

We discuss only the axioms Inf, Pot and Subst which are slightly mo=

re difficult to verify.

Axiom of infinity . We define by induction a sequence

r of ordinals: r = 0, r = min i s : A € AS} and put
n

0 n+l r

n

209
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r = sup . then Ar satisfies the conditions stated in the axiom Inf,

Axiom of power set, For a & Ar and x In P(a) N A

let s(x)=min{s:xe:\s§,t= max(r,sup{s(x):

:x € Pla) m A] . Then x € A—>(x €P(a)= (x&a) &
&(xe_-Al ). Now take an ordinal u such that Até Au and

determine the section SF( At' {< 1, a>}) of Au where F s
the formula { v ) [( v g xo) — (ve xl) ]

This section is equal to P( a) m A and since Au is predica=

tively closed , it belongs to Au and hence to A.

Axiom of substitution ., Let a & Ar and let F be a
formula with Fr( F ) 2 { 0, l} . Furthermore let p be
Fr( F -
a sequence In A r( ) { 0, 1} such that

Ab(xo)(E!xl)F[p]. For x in Ar let

fx)*mn §s:(By)[ (year&(arF [§<o x>,
(l,y>§up])j} and put t = max( r, sup{f(x):(xc_—Ar )})

Using the Scott - Scarpellini theorem we determine an ordinal u
such that u>t and for arbitrary x, y in Au the following

equivalence holds :

Ak Fl{<o, x>, <1, y>}up])_=_(AuFF[{<0, x>, <1, y>}v )

Finally we choose an ordinal v such that Au & Av
and determine the section SG( Au‘ { <j, ay>\w p ) where j is

an integer such that x, is not freein F and G is the formula

(xl) { (xle xo) = (Exo)[(xoe xj)&FJZ.
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This section which we denote by b belongs to Av and satisfies the

condition

y € b = (Ex) [(xea)&(Al:=F f{<o, x> , <1, y>jupj)_7
Remark, Theorem II was proved above on the bakis of

the system M 4. There i8 a version of this theorem which can be

established in ZF, Similary as on p. 82 we consider a formula B

with two free variables and define a formula A by

(Er) [ On(r)é&B(x, r )J . Let C¥ be the conjunction of the

4 for;nulae listed on p. 82 and of the following formulae:

® ) (1) [on(r) & B(x r)&(y € —> Bly, )

(x) (y) (r) {On(r) & B(x,r) & B(y, rj—> 1/5\12 (Ez) [B(z,r) &(z=Ai(x,y))]}

(The first of the above formulae expresses the fact that
the set {x : B(x, r)} is transitive and the second that this set
is closed with respect ta the operations Al - A12 ; obviously the
gsecond formula should be expressed in the language of ZF which
can easily be done by writing down the definitions of Ai(x, y) as
set theoretic formulae),

Imitating the proof of theorem II we can derive from C¥
in ZF all formulae obtained from the axiom of ZF by relativising
all quantifiers to the formula A. In other words the formula A defines
an Interpretation of ZF in ZF + C* .

Exampler of classes which determine models of ZF,

Example 1, V = U{ Rr Ir g On} .

Example 2: constructible sets, We define for an arbitrary
set a
a = fs e n:we Frm ) & © € Fr(F) & (f & JFr(F) - 107)]
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a! {s the family of all sections of a determined by an arbitrary
formula F in Frmpr and an arbitrary sequence f with terms
in a. We now. put

- o s Y X . )
Lo=0 L, , =L L {Lr.r e s}(s is a l{mit number)

The union L = U{ Lr rr & On} is called the class of con=

structible sets,

It is easy to construct a relation which well orders the
class L, We define it as the union U{Xr rr € On} where
XO =0, Xs = U{ Xr HIS Vg s} if s is a limit number and where

Xr 1 is obtained from Xr by the following construction. For

every u in Lr + 1 Lr we denote by Fu the earliest element

of Frmpr such that for some f in Iir(F) - { 0}

The term 'earliest” refers to a fixed well ordering of the

denumerable set Frmpr which we think of as fixed in advance.

If there are many sequences f for which the above
equation is true then we denote by ru the earliest of them in the
lexicographical ordering «& of finite sequences induced by the re=
lation X .

r

Now we define X as the union of X , of the set
r +1 r

%(u, v o> :(ueLr)&(v & LF+I-LF)} and of the set of

+

pairs gu, v> where u and v both belong to Lr s Lr
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and either Fu precedes FV in the well ordering W

= f R
or Fu FV and fu<< v

In order to prove that L is a model of ZF we esta=

blish four simple lemmas:

1. L & L for each r in On ,
r r +1
Proof. Lr =S r_xO - x(')'“ (Lr, 0) and hence Lr is

its own section,

2. (i} Each Lr is transitive; (ii) If s &€ r, then
Ls < Lr'

We prove both parts simultaneously by induction on r,

For r = 0 the lemma is trivial; if it holds for all r < rO and rO is a

limit number, then it is obvious that the lemma is also true for

o Now assume that ry = r + 1, It will be sufficient to show

that L < L and L is transitive ., Thus assume
r—= "r r

+ 1 + 1

a gL hence a-anL_ = s‘_xoe X (Lr,§<1, a>-})eLr

+
Transitivity of Lr 1 follows now from the remark that {f x is an
element of Lr .1 then x is a section of Lr and thus
x&L CL

r—~ r+1,

3, If k¥ is8 a set of ordinals and r = sup k, then
Lr=U{Ls:se kY .

Proof, If r € k, then the lemma results from the mono=
tonicity of the sequence Lr; if r¢ k, then it results from the last
inductive equation for the Lx's and the lemma 2(ii).

4, If a€ Lr, then each section of a belongs to Lr+l'

Proof, We use the following simple fact which can easily

213
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be established by induction on the number of connectives in a formula:

Let ¥ & Frmpr and let F* be obtained from F by
relativising all quantifiers to the formula x € X where the variable
xi does not occur in F. If X {s a transitive set, a&€X and

fe aFr(F), then

Xe=F* [10j<t, a>}[zal=F [1].

We take now X = Lr‘ and assurne that 0 € Fr(F) and
f& aFr(F) - {0} , where a € Lr, We obtain then
SF(a, f) = SF* & (XO c xi) (Lr, fu{<i, a>} ) which proves that the

section SF( a, f ) belongs to Lr +1.

III, L is a model of ZF,

Proof. In view of lemma 2(ii) we can represent L as
the union LJ{L‘.).r : r&o0nl where the indices range over limit
numbers, Lemmas 1 - 4 show that all assumptions of theorem

IT are satisfled by the family L , in particular the predicative

@.r
closure of L w.p results from lemma 4 because each element
of L Wor belongs to some Lx with x <& - r and hence its sections
are elements of Lx+1 which is contained in L W.p *

Example 3. Relatively constructible sets, We start with

= = ]
a transitive set a and put Lo(a) a, Lrﬂ(a) Lr(a),
Ls(a) = U{ Lr(a) : r<s} (s is a limit number). The union

U{Lr(a) :r & On:’z = L(a) is called the class of sets constructible

in a, We can show similary as in theorem IIl that L(a) is a model
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of ZF.

More general notions of relative constructibility are pos=
sible. We shall sketch a definition due to Solovay,

We consider a wider class of formulae, We adjoin to the
atomic formulae Cl(xi), xiexj and X = x'i which were used thus far
still one type of atomic formulae U(xi). We call the smallest class of
formulae which contain all atomic formulae (including the new on2s)
and is closed with respect to the operations FlG and (xi)E the class
of generalised formulae, The notion of satisfaction can be defined in
a similar way as for the class of ordinary formulae, Whereas for-
merly we defined the notion of satisfaction of a formula F in a set,
we must now use a more general relational system. Let x, y be sets
such that x2y. The atomic formula U(xi) is satisfied in this system
by a sequence { {f and only if fiey; other atomic formulae are sa=
tisfied in the system (x, y> just in case they are satisfied in x, The
inductive clauses of the definition of satisfaction remain the same as
before. The notien of section In a relational system (%, y>» is defined
as follows: SF(< x, y>, f) is the set consisting of all 2 in x such
that the sequence fu{<0, a>} satisfies F in <x, y> . Let <x, y>
be the set of all sections of <x, yb in the generalised sense thus
explained.

For an arbitrary transitive class A we put now LO(A) =
0, Ly "<L.L AA> andL, =U{Lr ir€s} s tsa
limit number,

It can be shown similary as in the proof of theorem Il

that L(A) is a model of ZF,
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Example 4. Various generalisations of constructible sets,
The class L can be defined in still another way which is sometimes
technically more convenient and moreover susceptible to various ge=
neralisations.

Let n be an integer212. We define by transfinite induction
a mapping dn : On—* 0n in such a way that dn(O) = 0 and the order

3
type of the set Zn(x)—ire on : dn(x)<r<dn(x+1)} be n, (dn(x)) .
For 1imit numbers x we require that dn(x) = sup{dn(r) rr<L x} .

Let In, Kn, Ln, Mn be functions such that the correspondence

x:_“(In(x), Kn(x), Ln(x), Mn(x)) determines a one - one mapping

of the set Zn(x) onto nxdn(x)xdn(x)xdn(x). For y = dn(x) we put
I{y) = K{y) = L{y) = M(y) = 0.

We now define va transfinite sequence C : On -V by induction:
= = . = A
€070 €4 (x) {Cy yed (M. C o= AL €y O )N
n n n n
N CMn(x) provided that x does not have the form dn(t) and In(x) <12,

if 1 (x)>12, thenC_ = (clx.

B
In(x)+1

13°-+» By

In the last part of the inductive definition B
are operations on sequences of sets which satis{y the condition
B(NS Re(f) » U Rg(f) for each transfinite sequence f.

*
The sequence Cd . Cr is increasing and satisfies the
x

*_ = D
conditionsCreCrH and Cs - Uzcr’ r<s} where r , 8 €0n and s

is a limit number,

We easly show by induction that each Cr is a transitive set
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(the factors C were added in the third inductive equa=

M_(x)
n

tion for Cr just in order to achieve the transitivity of the sets Cr)'
Finally it can be shown that if s is a limit number, then CS is clo=
sed with respect to the operations A1 - A12 and hence Cs is predi=
catively closed, From theorem II we thus obtain
IV. The class C =U{cr: reon} is a model of ZF,
Remarks, It should be stressed that the class C is a mo=

del of ZF independently of how we choose the operations BIS""Bn

in the last inductive equation, This shows that we may construct
many different models of ZF using the above method.

In case when we do not have any additional operations
(i.e., when n = 12) the resulting class is identical with L; the proof
of this is rather complicated (see Linden, Sets models and recur=
sion theory, North Holland 1967),

We shall use the symbol mein for the x-th term of the se=
quence C in case when n = 12; the union of all c;nin will be denoted
by Cmin; by the result quoted above, Cmin = L,

We now give an example where we use additional operations.
Let n = 15, and let a be a fixed transfinite sequence of type r, sas
tisfying the condition

asc_ {ar: r<s} for each s(ro.

We define the additional operations B ., B,, and B15 as follows:

if f is not a function or Dom(f)¢0n, then we take Bi(f) = 0 for
i =13, 14, 15, Otherwise we denote Dom(f) by r and put

f) = a, if r(ro and Bl3(f) =0if ryr

BIS 0’
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B0 = {fx P x<r) & (I, .(x) = 14)} ,

B
150 = (] K@) Nty o0 -
15
The class C obtained in this case depends on a and will be
denoted by Cz(a). The effect of the operation B13 is that all terms
of a will eventually appear in the sequence Cz(a). They occupy pla=

ces x for which 115()() = 13. In view of the definition of B14 the

ierms Cf(a) where 115(x) = 14 are consecutive ordinals, Finslly

terms Cz(a) with T, _(x) = 15 are equal to the common part of CZ
x 15 M15(X)

and a segment of the sequence Cf(a) consisting of terms with
indices (Kl 5(x).

The effect of the operation B15 is this:

Lemma. For each ordinal r the sequence {(x, Cf(a)): X € r}
i8 an element of Cz(a).
Proof, Let s be a limit number)» r and let t be an ordinal

(t) = 15, Kls(t) = r and M, _{t) = d, _(s). In view of the

h
such that 15

l15 15

inductive definition of the sequence Cf(a) we have.
_ z z _ Z . VA
cha = (c®| r)ncdls(s)(a) {<x char>: xexr)n Cq o™ -
Z
15

All ordinals x {r are elements of C

o

(a); this follows
(s)

from the remark that there is a sequence of type s of ordinal £ dls(s)

satisfying the equation Ils(x) = 14 Since CxZ (a) is an element of
CdZ (8.)(3) for every x<r, we infer that the pairs {x, Cf(a)) with

15
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Z

d, .(s8)

(a) for each x {r, Hence Ctz(a) is equal to the
15

x{r.belong to C

sequence {(x, Cf(a) >t x€ r} .

As an application of the above remark we prove the follo=
wing theorem: .

V. The axiom of cholce is consistent with ZF,

Proof. Since CZ(O) is a model of ZF, it will be sufficient
to show that the axiom of choice 1is true in this class. Now it is easy
to show that if a transitive class is a model of ZF, then the axiom of
choice is true in this class if and only if this class contains with
every element x a function which maps ordinals onto a set y 2 x.
In view of the lemma the model CZ(O) has this property which proves
-the theorem.

Definable well orderings of the universe., For x in Cmin

we define 0d(x) = min}r: x = C:_mn
The relation R™1 ={<x,y> ec™in ¢

obviously a well ordering of len-

min

: Od(x) £ 0d(y) } is
1t can be shown that the relation Rmin is defipable in Cmin.
Even a stronger theorem is true:

VI. There are finitely many sentences K . ,Kn which

17
belong to the set of axioms of ZF and formulae F, G in Frmpr with
Fr(F) = Fr(G) = {0, 1} such that whenever m is a transitive class in

which the axioms Kl"" 'Kn are valid, then
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(x €onnm— (mi= ExF[ { <o x> ] ],
(x€0nNm) & (y€m)—> (mF[ {(o, x>, €1, y>’}]);—;(y=c;nin .

—_ min
(x€m) & yem—>[ (mec[ {(0. x>, L1, y>}] 1= (¢x, y> € R™)
The formula G is defined from F as follows:
& & F &
(Exz)(Ex3) {On(xz) & On(x3) & (x2€ x3) F(xz, xo) (x3, xl)
() [0, € x)> VF0x, x )] & (x) [(xg€x0— TF(xg; xl)]}

The construction of F is much more complicated and cannot be
given here. However it does not require any new idea: we simply write down
in the formal language of ZF the inductive definition of the set c;nm

A theorem similar to VI can also be proved for sets Lr'

We shall use this fact later. The formula F can be called and absolute

definition of c;m“ (or of L ).

It follows from theorem VI that the class Cmin possesses a
well ordering which is definable in cmin Hence the existence of a de=
finable well ordering of the universe is consistent with ZF,

These ideas were further exploited by Goédel, Kuratowski,
Addison and others who discussed the well ordering of Cminf\ P{w)
induced by the relation Rmin and proved that it is projective of the
class PCANCPCA. This result has numerous applications in proofs
that various hypotheses of the descriptive set theory are consistent
with ZF,

Example5. Ordinal definable sets, This class was first di=
scovered by Gddel who did not publish his results and then rediscove=
red by Scott and Myhill and some years afterwards, independently, by
Vopenka and Hajek.

We ceall a set x¢€ Rr definable in Rr if there is a formula F

in Frmpr with exactly one free variable X, such that for every t in Rr
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the conditions t €& x and th= F[-{(O t)}] are equivalent. A set x is

ordinal definable if there is an ordinal r such that x is definable in

R . A set x is hereditarily ordinal definable if for every finite sequen=
r

ce s such that s € s _€...s €s = x all the sets s, are ordinal
n n 1 o J

-1
definable,

We put D = 0, D { x€ R_: x is hereditarily ordinal

o r+1
definable} B DS ='J{Dr :rd s} (s is a limit number).
It is obvious that DrC Ds for rs, Dr is transitive and

Ds =V { Dr : r< s} for limit numbers s. Since the operations A1 - A12

lead from ordinal definable sets agdin to such sets, we easily infer,
using theorem I that every set Dr is predicatively closed.

Lemma . There are arbitrarily great ordinals such that

Dre Dr'+1.

Proof. It is clear that each Dré Rr+l and that each element

of Dr is hereditarily ordinal definable. Thus it remains to show that

there are arbitrarily great ordinals such that Dr‘ is definable in Rr+1'

" that x is

To achieve this we first construct a formula which "says
definable in Ry.

Let B = B(xo, x x3,) be the conjunction of the following

9
formulae:

Ord(xo), Fnc(xz), Dom(xz) = X +1, (o0, 0>€ Xy (Xo, X272 € Xz,

(t) [(texo)-) (u) {((t +1, u>e xz)E(v)[(ve u)—» (v, t> GXZH}J
® [(tex_ +1) & Lim(t) — (w {((t, u> € x,)) = (Bs)(Ev) [(set) &
( (s, v> Exz) & (uEv)]}]

Let C be the formula (with the free variables xl,x3
(x4E Frmpr) & (Fr(x4)={0})& (x5) [(xse xl) 5(x3l=x4 Y'{ 0, xs)}]) &
&(xs €x )]

It is not hard to show that if r¢On, r # 0 and r is a limit

.x4)
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number, then for arbitrary x, y, 2z, t, F in Rr the following equi=

valence are true

Rrp.-.B[{( 0, x>, €2, ¥), {3, z)}] = (x€0n) & (y is a function

with domain x + 1) & (8) (8 €x) —»(y(s) = Rs) & (y(x) = z)

If s ¢ r, then R_ k(B! x,ME! x)B[ {<o, s>}7] .

R Ecl{cnty, €325, ¢4, F> }] T (F € Frm ) & (Fr(F) =
{0} ) &t ={uez sk ¥ Co, u>} )

It follows that if we put A = (Ex XEx,)(Ex,) (B & C] . then
for arbitrary positive limit number r and arbitrary x, t in Rr the
equivalence

REAL{ <0 x>, 1, t)}] = (x€On) & (t€R )& (t 1s

definable in Rx) .

For each ordinal r we denote by f(r) the supremum
sup {g(x) : x€ Rr} where g(x) is the least ordinal such that x is
definable in Rx or 0 if such an ordinal does not exist. It is obvious
that the function f is continuous and non decreasing. It is even strictly
increasing because each ordinal r is definable in Rr+l but does not
even belong to Rr' Hence there are arbitrarily great critical numbers of
f, f.e,, ordinals r which satiefy the equation f(r) = r. We claim
that if r is such a number, then Dr is definable in R

First of all, D_€R__,
remarkinyg that Dx+l S Rx by the definition of Dx+l and then summing

r+l°
because DPC_ Rr: this is proved by

over x€r, We have still to exhibit a formula G such that, for every

x, xeD)=R_ kG[{<c0 x>]].
To establish the existence of this formula we notice that r and

Rr are obviously definable in Rr+ Farthermore from the definition

1
of Dr we obtain the equivalences
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(x€D ) = (Es) [s¢<r & (xe Ds+l)-}

(Es) [(s er) & (x ERH) & (x is hereditarily ordinal definableﬂ

(Es) [ (s €11 & 4x €R ) & (wim) { Fn(w) & (me W ) & (Dom(u) =

m + 1) & (u(0) = x) & (1) [ (1 < m) - (ui+1) € u(i)] —

(u(m) is ordinal definable)} .

We now notice that the quantifier (u) in the part of the equi=
valence can obviously be limited to Rr’ because a finite sequence whose
terms belong to Rr is itself an element of Rr(the terms of u belong
to the 'transitive closure' of x and hence to R since we assume that
um)eu(m-1)¢ ... ¢ ul@) = x). It follows that we can replace in the
least part of the equivalence the expression (u(m) is ordinal deﬂnable)‘
by

(u(m)¢ Rr) & (u(m) is ordinal definable).

As we know ‘ordinal definable’ means (Et) [_(t € 0n) & (u(m) is defina<
ble in Rt)] . However, since u(m)¢ Rr and r is a critical number of
f we see that the expression 'u(m) is definable in Rr' can be replaced
by *"(t€r) & (u{m) is definable in R )' and thus by

ten & ® = al{co t> ¢ umdl] .

Thus we finally obtain

(x€D ) = (Es) (s¢r) & (x€R.) & (u)(m) [(ue R)&mEw)&

Fn(u) & (Dom(u) = m+1) & (L0, x> € w) & () { (1 m)—>
(v)(w) [(vear) &(WER )& (L, V)€ W& (CIH, wy& u)
—(wev)] & (PUyER ) & (em, y>€u) —

®0 {t€R e onw & B EA[ [0, 5, <1, y>}]})]

This formula obviously entails the definability of Dr in Rr+l'
The lemma is thus proved.
As a corollary to the above lemma we obtain

VIIL. (Scott - Myhill). The class D =U { Dr : reOn} is a model of ZF,
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Proof. In view of the lemma we can represent D as a union

of sets D;. = which satisfy the condition D;‘G D! As we re=

Phr) 41’

marked above, the sets Dx' and hence the sets D;‘, are predicatlively

closed, transitive and form an increasing sequence. The condition

D's =y { Dr crd s} is satisfi¢d if s is a limit number since the su-=

premum of an increasing sequence of critical numbers for the function
f is itself a critical number for f. Thus all assumption of theorem II
are satisfied in this case.

If x €D, then there is a smallest ordinal r = rx such that x
is definable in Rr' Among formulae which define x in Rr there is one,
call it Fx, which occurs earliest in a standard enumeration of the
set Frm r which we must think of as fixed at the beginning of the
whole proof. Thus we have a one-one mapping x _;(rx, F‘x) of D into
On xFrmpr. It is not difficult to show that this mapping restricted to
a get a€D is itself and element of D. From this we infer

VIII. Axiom of choice is valid in D.

1t is obvious that L ¢ D C V; none of the equation L = D,

D = V can be proved or disproved in ZF,
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Lecture IV

This lecture will be based on axioms of M but will be devoted
to models of ZF, We shall introduce the notion of height and width of a model
and shall compare various models as to their height and width,

By a model of ZF we mean in this lecture a transitive set
of sets in which all axiom of ZF are true, It is obvious that the
class of modelsof ZF can be defined by a predicative formula,

Instead of transitive families of sets we could equally well
use arbitrary well founded relations, This results from the following
lemma provable in ZF,

I {("contraction lemma'’}, If R is a well founded relation which

satisfies the condition
(u = v) = ){tRY={Rv))

for arbitrary u, v in the field of R, then R is isomorphic with the
relation € in a transitive family of sets,

The proof of this lemma is easy and will not be given here,

The existence of models follows from the Scott - Scarpellini
theorem; this theorem shows for instance that there are ordinals r, s,
such that L;< L, Ds-<D and Rt-< R. Hence there are models of 2ZF
of the form Lr, Ds’ Rt'

The question arises: are there models of ZF of any given car=
dinality? The answer results easily from the downward Skolem - L&=
wenheim theorem:

II. For every ordinal r >4 there is a model of power {r)
elementarily equivalent with L.,

Proof., We start with a set of power )rl , e, g., with r
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itself and consider an ordinal s (of any power) such that r CLs< L,
For each F in F‘rmpr with 0 €Fr(F), each infinite set aeL'i and each

Fr(F) - {o} we denote by e_(f) the earliest element

sequence f in a
x in L_ such that L_l=F [§<0,x>}ut] or 0 if there is no -such

element, Furthermore we put a' = {eF(f) : (FEFrmpr) & (0EFr(F)) &
¢ @ aFFF) -} o} )}

It is-obvious that a &£a' (consider the formula Xq * xl!) and
that a and a' have the same power (Frmpr is denumerable and f ran=
ges over the set of all finite sequences with terms in a ). Now we form
the union a =Uan where ag = r and a a;l; it is obvious that the
power of a is |r| and that a{L, Finally we apply the contraction lem=
ma I to obtain the desired transitive set.

A theorem simfilar to II can be proved for the class D and
generally for every class which can be proved to be well orderable.

There are other proofs of the Skolem-L8wenheim theorem which
allow us to prove the' existence of denumerable models which are ele=
mentarily equivalent with' any given model whether well orderable or not.

III. For any model of ZF there exists an elementarily equiva=
lent denumerable model,

Proof. Let m be the given model. We shall say that a for=
mula Fe Frmpr with exactly one free variable Xy describes an ordi=
nal if the set SF(m, {<0,x>}) is an ordinal, For each F with this
property we consider a costant OF; moreover we consider denumerably

many constants ¢,, j = 0, 1, 2,... These constants are added to the

]
language of ZF; the formulas of the extended language are obtained from
the formulae of the old language (i.e,, essentially from the elements

of Frmpr) by substituting constants for some or all free variables of
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the formulae.

Let T be the set {FEFrmpr :(Fr(F)=0) & (m}:F)};We may
call T '"the theory of m'. Now we denote by T* the set of sentences
of the extended language which can be derived from T and the following
sentences:

—|(c]. = c,) where j f k, (xo) [(xOGOF)EF] where F is a formula
which describes an ordinal.

We claimthat if F is a formula (of the extended language) with
Fr{F) = {0}, then (%): (xo)F(xo)eT*-s(j)m(F(c‘) eT™),

06 (x) [ 0n(xo)—>1=(x0)]e T*E((;)@“(OG) et
in the formula (*¥#) the letter 'G' ranges over formulae {of the primitive
language)} which describe ordinals,

The implications from left to right in both (#) and (%% are
obvious. The converse implication in the case (%) can be proved by noti=
cing that all the steps in a deduction of F(ci) from T can be repeated
when Cj is replaced by a variable not occurring in the given deduction,

The implication from right to left in »t%) can be proved as fol=

lows. Write F(OG) as F'(0g, ¢ cn) where F' is a formula of the

primitive language. The consta:ns 0X different from OG can obviously
be eliminated by replacing then by terms §x: X}which in turn can be
eliminated because of their definability in the primitive language. For
simplicity we assume that the variables X, i=1, 2,..., ndo not appear
in F'. We denote by F'" the formula F'(xo, LITRRS ,xn) and by K the
conjunction of formulae —l(xp = xq) where 1< p<q<n.

Using the deduction theorera we can show that from a proof
of the formula F"(OG, Cpueves €01 from the assumption T we can
obtain a2 prooi of

() (xo)(xl)...(xn)[(xo = 0g) & K—#F"
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from the same assumption. To see this it is sufficient to replace
in the given proof all the constants cj by new variables and prefix
each formula which appears in the proof with the conjunction of ine=
qualittes-l(xp = xq) where p ¥ q and xl:> and xq range over the varia=
bles which were used to replace the constants c..

It follows now that for each formula G which describes an
ordinal the formula (of the primitive language)

(xg)x)oe () (W]t € x)= G)] & K —F")
istrue in m and hence belongs to T.

We choose for G the formula G0 which describes the follo=
wing ordinal r: if there is an ordinal s such that
mf-(Exl)...(Exn)K &"‘IF"[{< 0,s>}], then r = so+1 where 84 is the
least such ordinal; otherwise r = 0, The formula Go can be written

explicitely:
(Ey) {(Exo)[(On(xo) & K &7F" & (v){ (ve xp) > (xgdx, ). (x,) [(v=xo)

& K—»—F"J})& (yex0+1')J & (y = xo)} .
(The formula inside square brackets has the free variable 'y'; since we
must insist that the free variable should be 'xo' we had to add the
outer quantifier (Ey) and the equation (y = xo) at the end in order
to have the free variable xo).

The formula (i) with G replaced by Go is thus provable,

Since this formula implies the formula
(%) [On(xo) - (x))eo. (x JK=> F'"){ , we obtain the left hand side of
Gese ),

In the further course of the proof we use ideas which under=

lie the proof of the completeness theorem. We consider the Boolean
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algebra of formulae of the extended language and denote by B the
quotient algebra obtained by the division by the filter T* . The for=
mulae (¥) and (¥ %) prove that the element (ExO)F/T* is the Boolean
join of the element F(cj)/T* and the element (Exo) [On(xo) & F] is
the Boolean join of the element F(OG)/T .

By the Rasiowa - Sikorski lemma there is a maximal filter
’I‘**D’I‘* which preserves these joins, We define a relational system
£ C,R> where C is the set of all the constants cj and R is the rela=

tion which holds between ¢, and ¢

if and only if the formula c.e€ Sy
T*‘l‘ g

T**

is an element of . It is well lKlrmown that all sentences of
and hence those of T are true in this relational system, We now
prove that the relation R is well founded.

Let us denote by H the formula which defines the relation
"r is the rank of x” Formally we express H as follows:

(Ex,)(Ex,) § Blxg, %,.%5) & (x; €x5) & (20 [(yex,) & Bly,z,1)

— T1(x, £ 9]}
where B is the formula defined on p. 111 | The formulae

H(v, x)—» On(v), (x)(E!v) H(v;x),

(xey) & H(v,x)& H(w,y)—>(v & w)
are provable in ZF, It follows that for every j the formula

(Ev) (H(v, Cj) & On(v)}

belongs to T" and hence there is a formula Gj which describes an
ordinal and which has the properties that the formulae H(OG.’Cj) and

Ty . J
( ) (cjeck)——> (OG_e o6 )
j k
belong to T**

Let rj be the ordinal described by Gj and let j, k be such
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that chck.
In order to prove that R is well founded it will be sufficient to pro=

ve that rycr . Assume the contrary. It follows that mp{xzckkfxzcjz

and hence the formula OGz 0G is in T* . This however is impos=

sible because the formula F+¥%)J clearly implies that =0, = 0y)

k ]

belongs to T.'* .
The well foundedness of the relation R being established we may

use theorem I and obtain the desired model.

The above proof does not work in the non denumerable case
because no analogue of the Rasiowa - Sikorski lemma is then available,

Definition, We call a height of a model m the least ordinal °*
not in m; we say that a model m1 is broader than m2 at the level r
where r is an ordinal if mlf\Rr >m, nRr

Example. The natural models have the largest possible breadth

The first remark is obvious and the second follows from the
existence of the formula F alluded to in theorem VI of lecture ML
It follows from the properties of this formula that whenever m is a
model and r € 0n/m, then C’:_une m, Hence if h i8 the height of m,
then C:lmg m; it can be shown that C;nln = Lh.

IV (Cohen - Shepherdson), There is8 a minimal model (i.e..
one which i8 contained in any model),

This follows from the example above. The minimal model is
equal to the first Lr which is a model of ZF,

V. If m i8 a model , then so is m AL,

We omit the detailed proof of this theorem. Essentially it can

be established as follows: The proof that L. is8 a model of ZF is based
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on the fact that all axiom of ZF are valid in the universe, Relativi=
gsing this proof to m we obtain that all these axioms are valid in the
domain of constructible elements of m. In view of the example above this
domain is mNL,

Theorem V shows that the height of an arbitrary model is at
the same time the height of a constructible model. The converse is
not true. E,g., the height of a natural model {s always non - denume=
rable because every such model contains non denumerable well orde=
rings and each such ordering is similar to an ordinal which belongs
to the model, On the other hand there are denumerable constructible
models.

In lectureVIl we shall construct examples of denumerable models
of equal heights but of different breadths. Such models are of para=
mount importance for various Independence proofs. Their existence can
best be established by means of the notion of forcing introduced by
Cohen, However we shall not deal with this notion here. Instead we shall
discuss another problem which is much more special but interesting and,
as we shall see, far from trivial,

»
We put L‘; - L_AR It 1s obvious that LrS.L: for

a +1°
r <s € 0n and hence there is a ;mallest ordinal ¢ such that L: is
constant from c on . We want estimate the size of c.

We note in passing that the same problem can also be for=
mulated for the families Lthk where Kk ><0+1, Smaller values of
k are not interesting because er\ Rn is certainly constant from
r =& on if n L.

Estimates of ¢ from below, Let us call a model m constructi=

ble if there is an ordinal r such that Lr = m; the ordinal r is called
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the index of m. It can be shown that the index of a constructible mo=
del i8 equal to its height.
V1, ¢ is greater than the index of the minimal model,
Proof., Let the index of the minimal model be i and the index
of the next model in the sequence Lx be j. Then the sentence
'there is a constructible model of ZF'
is true in Lj. Since the Skolem-L&dwenheim theorem is provable in
ZF (cf. the proof of theorem III above) we infer that the sentence
'there is a denumerable constructible model of ZF'
is true in Lj‘ Hence there is a set x in Lj which satisfies in Lj the
formula 'x is a denumerable model of ZF'. Such a set must be a mo
del of ZF because the relation of satisfaction and the class of axioms
of ZF are absolutely definable. Since Lj contain just one model of ZF,
x must be equal to this unique model i.e,, to Li. Hence L')contains
a function which maps Li onto & and is one-one. Since each ordinal
< 1 is an element of Li we infer that i is denumerable in Lj and
hence there is a set X of integers such that X € L. and the relation
{( m,n>: 2m(2n - e X} is of the order type i. It follows that
X e L'; but X ¢ L: because otherwise i would be an element of i,
In order to obtain a stronger estimate for ¢ we introduce
the
Definition, A positive ordinal r is called L-definable if there
is a predicative formula F with Fr(F) = {o} such that whenever reLs
and L is a model of ZF, then r is the unique element of LS such

that L;:F[{(O,x)}] while 0 is a unique such element if r # LS

and Ls is a2 mode! of ZF (compare a similar notion of R - defina=

bility which we introduced in lecture II),
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VII. If r is L - definable and Ls is the r-th term of the se=
quence of the construetible models , then c>»s,

Proof, Let F be a formula which L - defines r and let Li and
L. be the r + 1st and r+2 nd terms of the transfinite sequence which
ch)ntains all constructible models, We consider the following sentence H:

(Ex)(Ez)((x; } 0) & On(x)) & (x)€ x,) & (zex)) & (xb= F‘({(O,xo>}])

& Fn(z) & (Domf(z) = -XO) & (t)(u) {((t,u)e z) - (u is a constructi=
ble model of ZF) & (v})(w) [{((v,w>gz) & (tev) = (wew]d) .

H "says'" that x, contains a sequence of constructible mo=
dels of ZF ordered in type r by the relation&. Of course the for=
malization of H given above is not complete: expressions 'is a con=
structible model’, 'Fn(z)'etc. have to be written exclusively in terms
of the primitive notions of ZF, Such a complete formalization of H
is easily obtainable.

Since réLieLj and the sequence£<x,Lx> I Xe r} belongs
to Li we easily see that LJ,):.—:(EXI) l:(x1 is a model of ZF) & HJ
We now use the Skolem-Lo6wenheim theorem which as we know is
provable in ZF and hence valid in Lj. We obtain the result that L,
contains an element y which is denumerable in L, (i.e., a mapping
of y onto integers exists in Lj) and which has th; property that the

formula 'x1 is a constructible model of ZF' & H is satisfied in Lj by
y (more exactly: by the sequence i<l,y>}). It follows that y is a con-=
structible model of ZF, y = Lt for some t. Hence j»t. Since Lt sas=
tisfies H in Lj we infer using the definition of L - definability that

Lt contains as element a sequence of type r of constructible models

of ZF. Hence t2>{.

From the inequalities j».tw>i it obviously follows that
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t = i. Hence Li is denumerable in Lj and therefore the same is
true of r. Now the proof can be brought to an end in the same way
as in VI,

The notion of L. - definability is closely connected with the
notion of strong definability which was discussed in a paper by the
present writer. It follows from the result of this paped that L - de=
finable ordinals are 4601. Thus 1if r is the first ordinal which is
not strongly definable, then c>r, Most probably still stronger evalua=
tions of ¢ from below are possible,

Estimate of ¢ from above, We shall show that ¢ < 601. The
proof is based on a device invented by Gddel in his proof that the
continuum hypothesis is wvalid in the model L,

VIII. (Godel's lemma). If xGR,, and x&L, then x€L e .

Proot. Let r be such that xeLr and Lr is a model of ZF,
We consider the relational system <Lr’ €>. By an application of

the Skolem-LOwenheim theorem we obtain a structure <m, €> such

that m is denumerable, x and Rw belong to m and <m,6><<Lr €>

From theorem VI of lecture III we know that there exists a formula

F & Frmpr with two free variables x such that for an arbitrary

X
(1 |
model N of ZF and every ordinal s in OnNN, and every u € N

Nt:(E!xl)F[{<0, s>}] ,
NI=F[{<0,S>, <1,u>}-’-=~(u = Ls).
The following sentence which expresses the fact that every
set belongs to one of the sets L. is evidently true in the structure
<L.€>: ) (x,)(Ex) [ordx) & (Ex)) F & (x,€x) .
Hence this sentence is true in the structure <m, €y whence we

infer that for every y in m there is an 8' and an x' such that s' and
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x' belong to m and
mi=0rd [{(0,5'}}] impe F [z <0,8'> , <l,x'>}], ye x\.
The element 8' is not necessarily an ordinal since m {s not
necessarily transitive; similary x' need not be equal to an Lv'
Contracting m to a transitive set m* we obtain a model of ZF;
the element s' and x' are contracted to elements s and x*whlch sa=
tisfy formulae similar to those above but with m replaced by m% .
It follows that s 1is an ordinal and x %= Ls* . Hence yeLs* and the-
refore m*gUfLs“: s*g m"~ On } = I..t . The ordinal t is denumerable
because m')f i{s denumerable, Since x is transformed into itself by the
contracting function we infer that xeLt_C_L Wy
From Gbdel's lemma we immediately obtain
X. ¢ sCDl.
Remark. If the formula (i) were true in V, we would ob=
viously have L'wl = Ry +1 2and hence c would be equal to A
Since the assumption that (i} is true in V is consistent with the
axioms of ZF we infer that so is the assumption c = wl.
A construction of Rowbottom. Scott was the first to prove
that the existence of very large cardinals implies the existence Of sets
which are not constructible, Gaifman improved his result by showing
that the existence of measurable cardinals implies the denumerability
of LAR Wiy i.e., the inequality c <Q)1. An independent proof of
this result was also obtained by Rowbottom and we shall reproduce it
below, Rowbottom's result is even stronger than that of Gaifman because
he does not assume the existence of measurable cardinals but makes
a much weaker assumption ,
We denote hy {A:}‘n the family {ZSA s lzf = n}.
Definition. We say that a cardinal r satisfies the partition
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property r »(wl)ifl) (or for.short the property (R)) if the following
is true: for every set U of power r and every denumerable family fn
of mappings: .
t:{u} "=, (n = 1;2...)

there is a set X& U of power é)l and a function g: &.)—)ér.)l such
that fn(a) = g(n) for every a in {X} " and every integer n >=1,

We call X the set of indiscernibles for the family fn.

Before we define a particular family which shall be used in
the proof we establish the

Lemmal, If s €0n and a is a finite sequence whose elements
are constructible sets, then the set

ta) - { Fe Frm_ :(Fr(F) = Dom(a) & (L, E=F [a] )}
is constructible,

Proof, Since L is a model of ZF there exists in L a set of
all F's which satisfy in L the formula obtained by expressing in the
language of ZF the condition (Fr(F) = Dom(a)) & (Lst:-_ F [a] ).
Because of the absoluteness of this formula we infer that this set
coincides with t(a).

We call t(a) the type of a, Lemma 1 implies that the type
of a sequence whose terms are constructible sets is itself constructi=
ble, We shall call types t(a) of sequences with constructible elements
c - type,

For each finite set a with constructible elements we denote
by t'(a) the index (in the transfinite sequence of all elements of L )
of the type t(a') where a' is the sequence with the range a and with
terms arranged in an increasing order; the ordering relation is that

of the natural ordering of L.,
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We assume the existence of a cardinal ry with the property

(R) and put f (a) = t'(a) for each a in {L } B Hence f maps
n ry n

{Lro}n into &)1 and since Lro has power ro. we obtain a set X of
power &)1 and a function g: &J—)ﬁ_}l which satisfy the equation
t'(a) = g(n) for every a in {X}n .

Lemma 2,If a class K has a well ordering which is defi=
nable in K and if Y is a subclass of K, then elements definable in
the structure <K, € ,y> ve vy form a class D which satisfies the
relation D<K,

Proof, All we need to show is the following: if F € Frm__,
0 € Fr(F) and a ¢ DFr(F) - {O} then from KE(Ex ) F[a] it or

’ 0
follows that there is an elemnent b in D such that K\=F[§< 0,b>} (V] a] .
By assumption there is a b in K which satisfies this condition and
since a well ordering of K is definable in K, the first element of K
which satisfies the condition stated above is definable in K and hence
belongs to D,
We apply the lemma to the case where K = Lr and
= X, The set D is a non - denumerable model of ZF gince so is

Y

Lr . By contraction we obtain a transitive set B which is a model
0

of ZF,

Let u->u' be the contracting function. If a and a™ are two
increasing sequences whose common domain is Zl, 2,... ,n} and whose
term have the form u' where ug X, then obviously t'(a) = t1a™)
whence L = F [a]EL E=F [a*] for each F in Frm__ with

Ty Ty pr
Fr(F) = {1,2,...,n%.

We shall now prove that B has the form Ls with s > Col.
To prove this we denote by F the absolute definition of L
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(cf. theorem VI in lecture III) and notice that for every x in Lr
0
there is an ordinal r in On(\Lr such that

x€L, fLe., Lro}_—_ F[fc 0,r>°, < 1,x>]]. Hence

Lro,:: (x2)(Ex0§(Ex1) [0rd(x0) & F & (xze xl)] . The same formula

is true in B which implies that for every x in B there is an ordinal
r in B satisfying the condition x ¢ Lr' Hence B =LJ{Lr : rédnnB } =
= Ls where s is the height of B, Since B is not denumerable, we
obtain s 3&.]1

Now we notice that x€LANR € +1 implies xe L @y
((cI. VIH) and hence xg Ls' Thus if xe€ I.f‘m1 , then x = u' for some
u in D, Since u is definable in the structure <Lr L E, YD vex’
the element u' = x is definable in the structure <I?, €, Y> yeX .
Denoting by G the formula which defines x we infer that x is the
unique element of B which satisfies the condition
(mex)_:_Bt:G[{<_0,m> , < l,y'l‘> beee, LN, y;l‘,»}]; here y; are all
elements of {u' : ueX} which occur in the definition of x.

Thus an integer m belongs to x if and only if m together with the

y'i(i = 1,2,...,n) satisfy G in B.

We can write this result in a more conspicuous way if we
denote by Cm(xo) a formula which says that the m-th integer belongs
to xo(e. g. Co(xo) is the formula-0é€ g Cl(xo) is the formula
{0}5 xgete. ). We obtain then

1 ]

me x=BlE= (Exo) G & Cm(xo) [{<l,y1 S e n,yn>}] .
Since the elements yi are Indiscernibles and since we can obviously
assume that they form an increasing sequence we infer that the right

hand side of this equivalence does not depend on the particular choice
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-+
@1

is determined by a formula and consequently there are only denume=

of these indiscernibles but only on G and m, Thus each x in L

»*
rably many elements in L wi which proves that c<a_1.
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Lecture v

In order to establish the independence of various set-theore=
tical hypotheses from the axioms of ZF Scott inmiroduced a new kind
of models which are completely different from the ones considered
thus far, His construction i{s closely connected with ideas due to
Cohen who first established these independence result. Cohen used for
this purpose the notion of forcing. Scott's methods are much easier
to deal with., A construction equivalent to that of Scott was also de=
veloped by Vopenka. The present lecture as well as the three lectu=
res which follow are based on lectures given by Scott in the Summer
School on Set Theory in Los Angeles (1967),

The main idea of Scott /and Vopenka/ is the use of many
valued logic. Instead of the Boolean algebra {0,1} of truth values we
shall consider an arbitrary complete Boolean algebra B, Instead of
sets we shall consider functions with values in B; sets of sets will
be replaced by functions with values in B whose arguments are fun=
ctions of the same character, By Induction we define a class of these
functions which is stratified in a similar way as the universal class V,
Elements of this class are objects which will be used to interpret the

"

basic notion of ''set'. Under this interpretation each set-theoretic for=
mula has a value which is an element of B. We shall show that all
theorems of ZF have the value 1, Thus a formula whose value for
some algebra B is not 1 is independent from the axioms.

We denote the basic operation of B by +,., - with subsript
B if necessary, Infinite meets and joins are denoted by]Tand Zpossi=

bly with the index B, The elements 7Tx 6B x and er B x are deno =
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ted by 0 and 1, We also put x—»y = -x+y and x% y = (x—>y). (y—>x).

We always assume that B is complete,

The axiomatic basis for all what follows is the set theory
M together with the axiom of choice although most of the theoremscan
be proved already in ZF provided that we add to it the axiom of
choice,

We denote by Bv the class of tunctions f in V whose range
is €B, We call Dom(f) the support of f. We now define ''partial uni=
verses' V? which correspond to our former Rr’ The definition is
by induction: VB is the class of all B-valued functions whose domains
are subsets of U{VSB: s<r} . For r = 1 the only element of V}13
is the ''void" function 0. The union of all partial universes will be
denoted by VB.

The basic semantical notions, We introduce, in analogy to
what we did in lecture T the notion of satisfaction. Since we are now
- dealing with many valued logic /elements of B playing the role of
truth values/ we shall have not the division of formulae in those which
are satisfied by a sequence and those which are not satisfied by this
sequence but a more complicated partition of formulae into sets of
formulae which are satisfied by a given sequence with a degree b
where bg B, In other words we shall define a B-valued function SB
whose arguments range over the class

{{F,a) : (F €Frm) & (a e(VB)Fr(F))} . Scott writes
lIF(a)] for SB(F,a) . If Fr(F) consists of one integer n, then we
shall often write SB(F, a) instead of SB(F‘,{<n, a>}).

The definitior. of SB proceeds by induction and consists of
two parts, one dealing with atomic formulae and another with formu=

lae involving logical operators.
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Definition of SB(F, a) for the case where F contains logi=

cal operations. We put
SyF,|F,.a) = (-SLF |, a| Fr(F ) + (S,(F,, a] Fe(r ),
Spl(x)JF,a) = SL(F, a) if 1¢Fr F,

Sp(x)F, a) =7T B(sB(F, auf<i, x>]) 1 ieFr(F).
x &V
Definition of SB(F, a) for atomic formulae, We first defi=
ne two auxiliary functions E, I which map VBXVB into B, Let us
assume that these functions are already defined on the set
( {UVI: : s<r})2 and let a, bea pair which belongs to( {VE: s< r} )2

but not to the former set., We put

1@, 0 T pomia {20Z, ¢ pom@y (o0 1 ¥1]T

T, & pom@v) 1P ~Z, epom(a) (2 1, ")]}
E@ 5 = Zi pomy 1P 1@ v] .

This is clearly an inductive definition of the sort which can
be formalised on the basis of axioms of M. Hence we can assume
that there exist functions E, I which satisfy the above equations.

We now put

Splx, = xj.{<i. a>, <i, b>}) = Ha, b) for i # i,

SB(xi = X §<i, a>}) = SB( Cl(xi),f<1.a>}) =1,
Sgix; € x, <1, a>. &i, b>}) = Ea, b) for 1 7 j,
)
SB(xiexi,§<i, ay }) = 0,
Remark, If we formalise the construction in the system

ZF we obtain two formulae E'(a, b, x) and I'(a, b, x) such that
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it i8 provable in ZF that for arbitrary a, b in VB there is exactly
one x such that E'(a, b, x) and exactly one y such that I'(a, b, y).
Denoting these unique elements by E(a, b) and I(a, b) we can prove
inductive equations for E and I, In this cause we cannot define g fun=
ction which could play the role of SB; we even cannot define a for=
mula S' (F, a, x) for which it would be provable that for arbitrary
F in Frm and an arbitrary a in (VB)Fr(F) there i{s exactly one x in
B and which would have the property that {f this unique x is denoted by
SB(F' x), then the i{nductive €quation given in the first part of the
definition will be provable, However we can define SB(F‘, x) for each
explicitly given formula F.

If we work in the system GB, then E and I can be defined
but again there is no possibility of defining the function S generally,

Validity., A formula F will be called B-valid if S (F, a) = 1
for every a in (V )Fr(F)

Submodels, Any class W‘<_:_V.B is called a Boolean submodel.
The satisfaction function S of a submodel is defined as follows. If F
is an atomic formula, then S (F a) = S (F a) for every a in WFr(F).
If F i{s not an atomic formula, then the value of S (F a) 1s defined
oy induction in the same way as the function S with the only change
that in the case of the formula (x )F the domain of variability of "x"
is restricted to W,

Elementary submodels, We call W' an elementary submodel

1
of W if S:(F, a) = S:(F, a) for an arbitrary F {n Frm and a in
w,l“r(F‘).

Tarski's test, If for every F with 0 € Fr(F) and for an

arbitrary sequence a in W’Fr(F) - {o}the following equation holds:
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e ewSaF. a<0, x53) = T LS. avjco, x>] ),

then W' {8 an elementary submodel of W,
In particular, {f W' {g a submodel of W and for every F in
Fr(F) - {0}

Frm such that 0 ¢Fr(F) and every a in W' there {8 an

W,
x in W' gatisfying the equation SB(F, su{<0, x>} ) =

.z

xGwS‘g(F, a U{< 0, x>}), then W' {8 an elementary submodel of W,

Proof. is practically the same as in the two-valued case.

We shall later develop the sematinca of Boolean models but
must first esthblish some obvious properties of the function SB.
Theorems 1 - 4 below are so obvious that no proof is needed.

1. If FEFrm and F' results from F by a correct substitution,
then the validity of F implies that of F'.

2. It F,GEFrm and if the formulae F, F—»G are valid ,
then so is G,

3. ' F, Ge€Frm, i#Fr(F) and the formula F—» G {8 va=
1id; then so is F—’(xl)G.

4, Axioms of the propositional logic and of quantifier logic
are valid.

5. I{a, a) = 1,

Proof by induction, Let us assume that the theorem is true
for aGU{V?: r(s} and let atVsB - UiV? : r<s} . The element

I{a, a) {s the Boolean product of two identical elements
-2
J;[Dom(a){&(X) y€Dom(a) El(y). I(x, ,y)]} . This latter element is

clearlyéTY;‘Dom(ﬂ){a(x)—»[a(x). I(x, x)J} whence by using the inducti=

ve assumption we obtain that this ‘element is rf; eDom(a)[a(x)_’

a(x)] =1
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6. I(a, b) = I(b,a). Proof obviGus.
7. I{a, b). I(b, c)<I(a, c).
Proof, Obvious Boolean calculation rexduce the statement to

I(a, b), I(b, c). a(x)éEyeDom(c)E(y). I(x, yﬂ for x € Dom(a),

Write this formula for short HLC. It is clear that

-
H< z € Dom(b)

I(b, ¢) and noticing that I(b, c). b(z)ézyeDom(c) cly). I(y,zﬂwe

[b(z). I(x,z)] whence by multiplying both sides by

obtain HE 2 Zyc_Dom(c)[c(y). Ix, z). Uy, z)] .

2 & Dom(b)
Now we use 6 and obtain HL EGDom(b) ZyéDom(c) cly). Ix, 2).

1(z, yﬂ .

The rest of the proof. follows by induction: if the theorem is true
B 3 B 3
for <x, vy, z>&U{Vr : r<& s} and <a, b, c>é€}{‘/r : r&s ?) .
then the above Inequality implies
£ =
HZ EzeDom(b)ZyéDom(c) cly). Ix, y)] C.
8. I(a, b). E(a, x)SE(b, x).
Proof. The left-hand side is <2
z € Dom(x)

h b - is £
whence by 7 the left-hand side is ~Ezénom(x)

9. Il(a, b), E(x, a) £ E(x, b),

Proof. The left-hand side is = I(a, b), Z}u &Dom(a)

I(x,uﬂﬁ EueDom(a)(a(u)' I(x, u).{ a(u)—>Z;V éDom(b)[b(V)‘ I(u, vﬂ}>$
P

u & Dom(a) Ev &€Dom(b)

ZVGDom(b)[b(")- Ix,v)] = E(x, b).
10, E(a, a) = 0

x(2). Iz, a). Ia, b)]
x(z). I(z,b)] = E(b, x).

afu),

a(). b(v). Ux, w. Iu, v)]<
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Proof by induction. We assume the theorem for elements in

U{VB :r<s and let a EVB. From the definition we obtain
r 8
= Z , <.
E(a, a) x c—Dom(a)[a(x)' Ix, a)] - Z;x éDom(a)E:(x' a). Itx, aJ

because a(x) < E(x, a) for each x €Dom(a), Hence E(a, a) <
erDom(a) E(x, x) and by the inductive assumption we obtain
E(a, a) = 0.,

11. Lemma on extensionality. If F€ Frm, igFr(F),
Fr(¥) - i}

aE(VB) then

Ix, y). Sg(F, avf<i, x>} <S,(F, a ofci, y>7) .
Proof. For atomic formulae the lernma follows from 5 - 10,
For compound formulae we obtain it immediately using induction on the

number of logical operators.
12. Lemma on bounded quantifiers, If Fé& Frmpr, ig Fr(F),

¢ Fr(F), aevPFrF) - {13 then

SB((Exi)[(xiexj) & F‘] s aU{(J, x}f) =Zu eDom(x)[sB(F‘
au{(i, u>} ). x(u)] .
Proof. The left-hand side is =
Z:ueVB [.SB(F, au{(i, u>g). E(u, x)] and hence is 3 the
right-hand side. On the other hand, the left-hand side is equal to
<
T evB 2 e Domi KB T, 2 SpF, aufa, 2>])] <

Z;u evB ZzeDom(x)[x(Z)' sB(F' a U{<i‘ z>})] * RHS

Embedding of V into vB, If B' is a complete subalgebra
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of B then, clearly, vB' is a submodel of VB. In particular we can

select for B' a two-element algebra. We shall define a map of V
into VB : Let aeRr - s(eJr Rs and assume that X is defined for x in
U R . We denote by 4 a function with domain

sgr 8
{Y : xea} and with value 1,

We shall prove by induction the following

Theorem 12, The following implications hold for arbitrary
a, bin V:

(i) (a = b)—-)l(:, !';) =1,

(1) (a€b)» B, B = 1,

(i) (a # b) =1, B) = 0

(tv) (ag b) ~EX, §) = 0.

Assume that these formulas are valid for pairs in
(U{V?: r<s } 12 and let ¢a, b>»be a pair in (U{V?: rés})z
which does not belong to the previous set.

Formula (i) is obvious in view of 5, If agb, then : & Dom(‘l;) and
g(ﬁ) = 1 whence we obtain (ii). Assume that a # b and xea - b,
Hence }/e Dom(;) and K()ﬁ = 1 and for every 3{’ in Dom(g) we have
y # x whence by inductive assumption I(;',, ¥) = 0.Hence

v v

nzGDom(‘l;)b(z)' I(z, :) = 0 whence I(¥, b) = 0, If a¢ b, then

a f x for every x in b whence by (iii) 13, %) = 0 for every X in
Dom(t\;) and therefore E(g, g) = 0.

Note: the mapping a—>¥ is not a mapping onto because fun=
ctions which are not constant do not belong to its range,

From (i) - (iv) and the lemma on bounded quantifiers we ob=

tain by induction the following
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Fr(F)  then

Theoreml13, If F€&€ Frmpr and agV
Sp(F, %) = 1 if VIEF[a] and Sp(F, 3) = 0 if VEF[a] .

Note, The assumption that F& Frmpr is essential for the vas=
lidity of this theorem; it is not true, in general, for arbitrary for=
mulae F in Frm,

Complete homomorphism. Let h map B onto a Boolean
algebra B' and preserve all finite and infinite meets and joins, We
call such a mapping a complete homomorphism.

A complete homomorphism h : B—»B' determines a mapping
. vB_yB
f is already defined on U{VP :r& s} and let a evg but
a?’U{V?: r< s} . Hence s is a successor, 8 = t+ 1 and

Dom(a)& U{Vr : rf—_t& . We define f(a) as a function whose domain

which i{s defined by induction. Let us assume that

is ff(x) : xeDom(a)} and whose value for the argument z & Dom(f(a))

15 24, ¢ Dom(a)) & (f(x) = 2)@00),

We shall prove the following result:

14 (Lemma on complete homomorphism)., If F€ Frm and
ae (VB)Fr(F)  then

h(Sg(F, a)) = Sgr (F, foa)

Proof, We first prove the lemma for the case where F is
an atomic formula and then for the case where F has logical ope=
rators,

Case I. It will be sufficient to prove the equation:
h(Eg(a, b)) = Eg (f(a), f(b)), hiIg(a, b)) = Ig,(f(a), f(b)).

We use transfinite induction and assume that (a, bX(UfVE:
r&s} 12 - (U{VE: r<s} )2 and also that the lemma is true for
pairs in ( U{V?: r<s})2. From the definftions and the assumption

that h is complete we obtain
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X

h(lg(a, b)) JT 5Dom(a){h(a(x)t-»?_'Jye Dom(by[HBE.

hagte, W ...

(where the dots stand for an expression resulting from the one written

above by transposing a with b and x with y). We can replace the pro-=
duct TT, ¢ pom(a) ®¥ Tz eDom(t(a) 1 V(x € Dom(a) & (tx) - 2)

and similary the sum Zye Dorm(b) by Z:teDom(f(b))

Z(ye[)om(b) & (f(y) = t) In this way we obtain

hlig(a, b)) = [1 Jit@) (@) —

z € Dom(f(a))
L\ e pomy LE®ON®. Iy @, o]} . ... = 1 @), o),

The proof for E is similar;

h(E, b)) = L5 oy [hee0) - g, ] -

Zze Dom(f(b)) Z(x €Dom(b)) & (f(x) = 2)

Gron1,me. 3 = By i@, (o).
Case II , it will be sufficient to discuss only the case where
F = (x;) G and { € Fr(G). By definition
hSB(F.a) | g hSy (G. aufei, x>} ) =
Tl cvE SBG.foalfci, tx)>])<

]Tzch' SBrG, fo aUj«, z>}) = SgeF, foa),

In order to establish the inequality > we must show that f

] L4
maps VB onto VB . This we do again by induction. Let a'€ VB 41

For every z' in Dom(a') there is a z in Vf such that f(z) = z'.

Let a have the domain 22€V?: f(z) & Dom(a')} and let a(z) be an
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element of B such that h(a(z)) = a'(f(z)). Wé easily prove that
f(a) = a',
Automorphisms, A special case of the lemma on complete
homomorphism is the following
Theorem 15, If h is an automorphism of B, F& Frm,

ac (VB)Fr(F)’

then

h(SB(F', a)) = SB(F, foa)
where f is determined by h as above.

Corollary 16, If Fr(F) = 0, then SB(F) is invariant with
respect to all automorphisms of B.

If h is an automorphism, then f is one-to-one. Hence the
definition f(x) can be simplified: (f{x))(z) = h(x(f-l(z))).

Theorem 17 (The maximum principle), If F& Frm, 0¢ Fr(F),

B)Fr(F); then there is an element x in VB such that

ae(V
SRUEXQ)F, a) = S_(F, aUi<0, x>]).

Proof., Put SB(F, au{(O,u>}) = f(u). From the lemma on
extensionality we infer that I{x, u). f(u) £f(x) for arbitrary u and x,
For each a in the range of f we denote by r(a) the least
ordinal r such that there are u in V? for which f(u) = a, Let Qa be
the set of these u, We can assume that for all a in Rg(f) and all u
in Qa the domain Dom(u) is one and the same, This follows from
the remark that if Dom(u) = ¢ and ccc', then the element u' defi=
ned by the equationsDomf(u') = ¢', u'(x) = u(x) for x€c and
u'{x) = 0 for xe€c' - c,satisfies the equation I{u, u') = 1
Thus in all Boolean equations u can be replaced by u'. In the situation
which we are now considering we put d =U{Dom(u):

(ueQa) & {a€ Rg(f)) and replace each u in Qa by u' whose domain
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is d and whose values on Dom(u) coincide with those of v and are 0
outside Dom(u), The set of modified elements we call again Qa and
we put Q =U£Qa : aeRg(f)} . The range of the function f restricted
to Q is equal to Rg(f).

Now we use axiom of choice and find a function g : Q> B

such that Z’ueQ glu) = Zu €Q f(u) = pa

x € Rgl(f) x such that

glu,gl(u'") = 0 for u' # u'' and g(u)=f(u) for ueQ. (E.g. we can well
order Q and put g(u) = f(u) - Zf(v) where v ranges over elements
which precede u.)

We define an element x of VB by

Dom(x) = d, x(t) =u§Q [.g(u) u(t)] for ted
an¢ claimthat this is the required element.
In order to show this it is sufficient to prove that
(%) g(u) £I(x, u) for each a in Rg(f) and u in Q,.
Assume for a moment that (*) has been proved. On the one
hand it is immediate that f(x)<Sg((Exy) F, a). On the other it follows

from () that

g(u) = g(u)s fu) < I(x, u)+f(u) € £(x)

W = 2 eoft =L

and hence f(x);Z:u ueRg(f)u =

eqQt
SB((EXO)F' a).

The inclusion (%) is proved by the following calculations:
Let a€ Rg(f) and ueQ,; from the definition of E it follows

Ix, u)> ﬂ;e d[-x(’c) + g(U)]

and from the definition of x
-xtt) + u) =/ T cq FEW+-v] + ut) =nveQ[-v(t)+
u(t)H(-gv)) ] .
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Now we notice that -g(v)>g(u) whenever v€Q and v ¥ u,
Hence all the terms of the product corresponding to values v ¥ u
are »g(u) and the product is ;g(u)-[(-u(t)) + ( -g(u))] = glu) .

Elementary subsets of vB, we shall now prove that there
exist ordinals r such that V?-<VB. Let us put S{;(F, a) = Sg’(F,a)
where W = vx*} . We first prove the following

Theorem 18 (Principle of reflection). There is a function
f : FrmXOn—>On such that for each F in Frm

(i) the function fg(r) = f(F, r) is an increasing and conti=
nuous mapping of On into On;

(1) i k = fp) and a€ (VBFTF) then sy(F, a) - SK(F,a).

Proof. For atomic F we put f(F, r) = r, If F is the for=
mula G or the formula (xn)G with n#Fr(G), we put f(F, r) = {(G,r).
If F is the formula G & H, then we put f(F, r) = £f(G, f(H, r)).
Now let F be the formula (Exn)G and let n€Fr(G).

For each ae(VB)Fr(F) we denote by s{a) the least ordinal
s such that V? contains an element x gatisfying the equation
Sp((Exy)G, a) = SB(G, §<n, x>§ua); if there is no x with this pro=
perty, then we put s(a) = 0, Now we define by induction a function g:

g(0) =0, glr + 1) = max(g(r), suP{a(a) s (v;)Fr(F) } Y41

glt) = s“P{g(r) : r<t} if t is a limit number,
Finally we put f(F, r) = g(f(G, r)). The proof that f satisfies the re=
quired conditions is similar to the proof of the Scott-S'carpellini
theorem.

From the principle of reflection we obtain

Theorem 19. There is an increasing continuous mapping
f : On—-On such that (f(k) = k)}~> (VE<VB) ,

Proof. The required function is defined by induction:
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£f(0) = 0, f(r) = sup 21’(!) : t<r} if r {8 a limit number,

f(r + 1) = sup{f(F, r) : F€ Frm} +1
It is easy to show that f(k) = k implies #(F, k) = k for each F
and hence that Sg(F, a) = S‘é(F, a) for every a in (ka)Fr(F).

This proves the theorem.
We shall now use the axiom of cholce and obtain elementary subsets
of VB with an arbitrary infinite power. To obtain this result we
start with an ordinal k of power greater than a given power p and
consider the set VE. Using the axiom of choice we correlate with
an arbitrary F in Frm such that 0€& Fr(F) and an arbitrary a in
(ka)F‘r(F)- 10} an element x = H(F,a) of VEBatisfyine the condi-=

tions set forth in the maximum principle, We can call H the universal
B
k
under the Skolem function H(F, a) we obtain a set W' of the same

Skolem function.Closing an arbitrarily given infinite set W <LV

power ag W such that Wi VE and hence W'{VB. Thus we have pro=
ved

Theorem 20 (The theorem of Skolem-Ldwenheim), There are
elementary submodels of vB of any infinite power.

Boolean models versus ordinary models, Let W be a subset
of VB, A model M =({A, R>where A is a set and R is a binary re=
lation & A XA will be said to be elementarily equivalent with W if
for any sentence F{i.e. a formula without free variables)

(SR(F) = =M [=F).

The existence of such a model for an arbitrary W is doubtful
but we shall show that thesfollowing condition secures its existence:

(A) There is a maximal filter % of B which preserves

4

€
all the sums erWSB(F' au{<n, x>}) where F€Frm, n€Fr(F)
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and aew F(F) - in}.
Remark., We say that a maximal filter 3 preserves a
sum b =be if b € % implies that at least one bx isin % . A
lemma due to Rasiowa and Sikorski states that in every algebra B
there is a maximal filter which preserves a given denumerable num=
ber of sums,
For a set WS.VB and a filter % &B we put
a = fbéW : Iz, ble B } for any a in W.
Thus @ is an equivalence class of the relation I{a, b)e ¥ which is
easily seen to be reflexive, symmetric and transitive (cf. lemmas
5,6,7). Let A = {3: aeW} and R = §<7, B> € AXA : Ea. b)e 3 }
The definition of R is correct because I{(a, a')+I(b, b') - E(a, b)
< E(a', b') and hence Ela, b)e % implies E(a', b')e 4 for any
a' in @ and b' in b. The model <A, R> depends on W,B and #4 and
can be denoted by M(W, B, 4 ). As long as one or more of the
parameters W, B, Z is fixed we shall simplify the notation by omit=
ting symbols whose values are fixed.
Lemma 21, If 4 satisfies (A), FE€ Frm and aeWFr(F),
then
(%) sJF, a)e % = MW,B, 3 )=F [3)
(in (#) the symbol @ means the sequence {{i, 5})} : ieDom(a)} ).
Proof, If F is one of teh atomic formulae xj = xj or
Xj €4, then both sides of (#) have the same values, If F {s the for=

mula X;

{ = xJ., then the left-hand side of (%) is I(ai, aj)é 4 and the

right-hand side is T =a‘j. Thus (# ) ie true in view of the definition

of a, If F is the formula x éxj, then the left-hand side of (%) is

i
E(ay, aj)e 4 and the right-hand side is (Ei, §j>e R. Again both

sides are equivalent because of the definition of R,
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We omit the trivial discussion of the cases where F is one of the
formulae 3G, G & H and discuss only the case where F is

the formula (xn)G and n€Fr(G). The left-hand side of (%) implies
in this case

(%) S;V(G, aU{(n, x}} J¢ B for each x in W,

Using the inductive assumption we obtain immediately the
right-hand side od (% ) .If the left-hand side of (% ) is false, then
we use the maximality of %4 and obtain ZX‘WS%, (=G, au£<n, a)})
€ %4 whence we infer by (A) that at least bne term of this sum
belongs to % . Hence bt*®) is false for at least one x in W and
using the inductive assumption we obtain the negation of the right-
hand side of (),

Taking in the lemma W = VE where k is a critical number
od the function f defined on p. 143 we can prove the

Theorem 22, There are models elementarily equivalent
with VB,

Proof. The required model is M(VE, B, % ) where 3is
any maximal filter of B . The condition (A) is satisfied because in
view of the definition of f each sum mentioned in (A) is equal to
one of its terms,

Using the elementary submodel of VB which is closed
with respect to the Skolem functions H(F, a) (see the proof of the
Skolem-L&wenheim theorem) we obtain in the same way the

Theorem 23, For any infinite power there exist models of
this power elementarily equivalent with VB .

The well-founded case, The models constructed in the abo=
ve theorem need not be well-founded. We shall discuss the exisience

of well-founded models elementarily equivalent to VB. First we notice
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the following

Lemma24, if{A, R>- N is a model of ZF and the rela=
tion R is well-founded on the set Ony ={ a€ A: NpEord [a]i , then
N is well-founded.

Proof. Formalizing the definition of sets Rr we obtain a
formula such that Fr(F) = {0, 1; and the formulae (x }(E!xp)F,
F—0rd(x;), Flx,, x;) & Flxz, x3) & (x € xz)——>(x| € x3) are
prevable in ZF.

Hence if there were an infinite sequence a, of elements of N which
would be decreasing in the sense that(anﬂ, an>e R. for each n, there
would also exist a decreasing sequence of elements of Ony..

Next we establish the important

Theorem 25 (Behaviour of ordinals in VB). If u(;VB, then
there is an ordinal r such that Sy(0rd, u) = Zs<'r L(u, ).

Proof. If s €0n, then it is easy to verify that SB(Ord, % -1
and hence I{u, stl)éSH(Ord, u) which proves the inclusion 2,

In order to prove the converse inclusion we notice that the formula
Ord(x ) & Ord(x)—>(x ex ) y(x_ = x)vix &x)
is provanle in ZF and hence valid. [t follows that for any u In vB

and r In On
SB(Ord, u) £E(u, rY) + Nu, rY) + E(F, u).

Since E(u, £ = by x). E(x, }{)] =Zs<r I(u, 8)

x éDom(lY) [l(u,

and E(r‘-’, u) = u(v) « ](F, v)] we obtain

v € Dom(u) [
v v
S40rd, w < Zssl_ M, 8) + 0y 1 V-

Now we notice that if r # r, and T rzéon, then
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I(rl, v). I(ryz. v) = 0 for each v. Since B is a set there cannot

exist arbitrarily long sequences of mutually disjoint elements of
B - jof.
Hence for each v there is an ordinal rv such that I(r‘-/, v) = 0 for
every ordinal r> ro Choosing in (2 ) r> sup{rv ve Dom(u)} we
obtain SB(Ord, u) 525< r Hu, 8.
With the help of this theorem we can now establish the
Theorem 26, there exist well-founded models elementarily
equivalent with VB,
Proof. Let W be a denumerable elementary subset of'VB.

For each u in W let r{u) be the least ordinal such that

R v,
(*) s, (0rd, u) - Z)sa(u) W, Y.

{The elements £ with s <r(u) do not, in general, belong to W but this
has no bearing on the proof).

According to the Rasiowa-Sikorski theorem there is a
maximal filter F which preserves all the sums (#*) . We now
claim that the model M = M(W, B, } ) which according to previous
theorems is elementarily equivalent with VB, is well founded,

Let X be the set iueW : SBIOrd, u)€3?and notice that

OnM = ;'ﬁ : ueX}. For each ué&X, there is an ordinal s< r(u) such
that I(u, &) e i because 4 preserves the sum (#) . Since

I(u, sl).I(u. 52) = 0 for 5, 4 s, we infer that there {s just one

such ordinal 8 = s(u), If u, v&X, then E(u, v)e¢ J implies

s(u) € s(v) because E(u, v).I(u, s{u) . I(v, slv})<E(slu), elv))

and the right-hand side would be zero if s{v) were smaller than or
equal to sYu). Finally we notice that if v€ U, then s(v) = s{u) because
o, v)oIu, sfu)€Iv, slu)).

The function h(u) = s{u) is therefore well defined for
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T in OnM and has the properties: Rg(h)S On, (u, v>e R — h(li)< h(¥).

This proves that the set On
M is well founded.

M is well ordered by R. Hence the model
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Lecture VI

In this lecture we shall prove the

Theorem (a). All formulae provable in ZF are valid in au
arbitrary Boolean model: (b} The axiom of choice is valid in-an ar=
bitrary Boolean model,

Since the rules of proof preserve validity (cf, theorems
1.3 of LectureV) it will be sufficient to consider only the axiomsg
Now the axloms of (propositional and predicate) logic have been dealt
with in theorem 4 of Lecture V and axiomsof identity in theorems
7-10 of that Lecture, It remains to consider only the proper set theo=
retic axioms

(i), The case of the axiom Ext, Since the value of the
formula Cl(xl) is always 1 (se¢e the definition of SB on p, 132)

it is sufficient to show that the value of the formula

(x,) [(x, €x ) = (x,€ x )] —(x_ = x))
is 1 for an arbitrary sequence {(0, a> , <1, b>}. Using the lemma
on bounded quantifiers (theorem 12 of LectureV) we prove that the.

value of the antecedent is

TL €Dom(a) [~ + = b)]'ﬂt- & Dom(b) [-bw) + B, @] -

= I{a, b)
which proves the theorem.
(i) The case of the axiom Nopcl. We have to show that
T(azb E(a, b) = 1. Let ae,VB and let b be a function with do=
main {a"s with the value 1, Obviously E(a, b) = 1 whence

b E{(a, b) = 1 and, since a ‘was arbitrary,
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T(aZ]b E(a, b) = 1,

(iii) The case of the axiom Cll' Since the antecedent of this
axiom has value 0 according to (ii), its value is 1,

(iv) The cases of the axiom Cl2 and Noat. In these axioms
the formula Cl(x) forms the postcedent and, since the value of the
formula Cl(x) is 1, we immediately obtain the result,

(v) The case of the axiom Emp., Since Efa, 5) = 0 we obtain
Sgllx)70x € x ), {€0, §>3) = 1 and hence S ((Ex )(x )mix, €x ), 0-1
This is the desired result because the axiom Nopcl has value 1 and
hence the value of (Exl’)(xoe xl) is 1 for an)i’ sequencei(O, a)}

(in the present case: for the sequence {(0, 0>} ),

(vi) The case of the axiom Pair, Let a, beVB and let ¢
be a function with domain {a, b} identically equal 1. We easily verify
that

E(x, ¢) = I{x, a) + I{x, b)
which proves the theorem in view of the result {ii) above,

(vii) The case of the axiom Sum. Since we have verified the

axiom Nopcl we can reformulate Sum as follows:

E) ) {xes) >Epfiyea & xeyi]} & vy ea) »
- [xen sxenl}
In order to verify the validity of this formula we select an arbitrary

a in VB and seek an s in VB such that

(%) nx eDom('s){-s(x, * Z:}'GDom(a)[a(y)'E(x' y)]} =L

( #) a(yD+(-y(xb Elx, s)] = 1

yéDom(a)} Trx € Dom(y) E_
We select 8 in such a way that Dom(s) =U{Dom(y):yeDom(a)}

and
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sfx) = Ey‘ Dom(a)[E(x’ y)oa(y)] for x in Dom(s).
Equation (%) is then evident Since E(x, &) = Z;teDom(s) s{t)-
I{x, t) we further infer that for z in’ Dom(a) and x in Domi(zYy
(-a(z)+(-z(x)) + E(x, 8) = (-a(z)) + (-z(x)) +EyeDom(a)ZteDom(y)

[aEC po1x, 0] >

(-a(z))+(-z(x)) +{a(z)-E(x, 2z)-I{x, x)) =

=(-a(z))+(-z(x)) + E(x, z),

Since #(x)$ E(x, z), the right-hand side is = 1 and equation
(»*¥) is proved,

(viii) The case of the axiom Pot. This axiom can be taken
in the form .{ef. (ii) above)

(*) (Exz)(xo) [(xoe x2)*:'——__ F] where F is the formula

(x,)[(x,€ x )= (x,€ x)] .

The meaning of F is, of course, xoe xl. Let a be an element
of VB In order to abbreviate our formulae we put
vix) = S(F, §€0, x>, <1, a>}) thus v(x) is the truth-value of the
statement ''x is a sub-set .of a'.

1t 1 epPom(@)

tly wi(f) = 1, Let P be the set of all functions with domain Dom(a)

and f(x)«< a(x) for x in Dom(a), then eviden=

and values f(x) £a(x). We shall show that the function p defined by the
equations

Dom(p) = P, p(f) = 1 for all f in P
satisfies for each s in VB the equation

(% ) E(s, p) = v(s),

We first prove the inclusion <., By definition E(s, p) =
Et‘spﬁ(a‘ f)-p(f)] = anepl(s, f) because p(f) = 1, But v(f) = 1
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for f in P and hence E(s, p) =Z I(s, f).v(f_)]e'v(s) in view of the

fep
lemma on extensionality,

Now we prove the inclusion >, For an arbitrary s we define
s~ by means of the equatiotsDom(s*) = Dom(a), s*(x) = E(x, 8)ea(x).
Hence s*e P and v(s)k 1:E(s* ,p). Thus in order to finish our
proof it is sufficient to show that v(s)="I(s, 8™ ) i.e. to prove the
two inclusione

v(s)-8% (x) £E(x, 8) for x & Dom(s™ ) = Doma),

v(g)s s(y)< E(y, s"’) for y € Dom(s).

The first inclusion results immediately from the definition
of s*; The second ig established as follows: since s(y)<E(y, s) and
v(s)*E(y, s)<E(y, a) we.infer

v(s)es(y)< E(y, s Ely, a) =Z; [E(y, s)- Iy, x)-a(x)Jé

x@Dom/(a)
<
2y eDom(a*ffly: M E(x s)ra(] -

erDom(s*)B(y’ x).s™ (x)] €

T x e Domis® y[100 3B s¥)]er(y, %) .

Equation (*%) is thus proved. It follows from this equation
that the Boolean value of the formula (*) for the argument {41, a>}
is 1,

(ix) The case of the axiom Inf. Since the axiom Nopcl has
been verified we can write this axiom in the form (Exo)F where F is

the conjunction of
G : (Exl)[(xle xo) & (XZ)_'(xzexl)J R
H o () [ix, € x )= (Bxy)(x,€ x ) & (1) {(x,€x,) =

[(xae x v ixg = xl)]})] .
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In order to verify that the value of this axiom is 1 it will
v V.
be sufficient to show that S_(G, §<o,w>})= Sg(H, { <o,d>P)= 1
5 )
The value of G is equal to ExeDom(oY))[w(X)JTt —~E(t, x)

v Vv v
This sum is 1 since &X0) = 7Tt - E{, 0) =1,

The value of H is (cf. the lemma on bounded quantifiers)
T (- ) + L v {55 TT [y +
x EDom(tS) ’ y€& Dom{w) " 'z& Domly) ’

HBe D) w1, )] TU oo [xewEE, v]-

T [1e0 + 2, 9]}).

Since Dom(® ) consists of functions n where n € & and

YV,
(n) = 1 we can simplify this expression to

T cwn el L oa[FE B+ 16, 9] =&

negw p«gn m
TT. [1z, %) + B 0] .
z
Using formulae (i)-(iv) éstablished in Theorem 12 (Lecture V)

we simplify this to

Tl 2 I [-1(2, M) + Elz, r‘()]

me&aw n>m
In order to show that this element is = 1 it will be sufficient to
show that for any m in Cor(;[—l(z, x¥1) + E(z, n\;')] where m' = m + 1,
This resu}ts easily from the observation that E(z, 1¥1') =
Z o [, b= fdere, ) - 1, M.

(x) The case of the axiom Fund. Similary as in the pre-

p<m'’

vious cases we can simplify this axiom by omitting everywhere the
clauses that elements to be considered are sets. Thus we can take

Fund in the form

(x,) [(Ex3)<x3e,x°)—>(r:xl) f ex) & (x)ix,e xl)—r-uxzexo)]}J :
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or equivalently
(x xx)fix € x) = (Exy)[(x,€ %) & (yex)]] & (xyex ).
We write this formula briefly as (xo)(xs) 7F . Let x, y be arbitrary
B h .
7 =
elements of V and assume that the element b0 SB(I,{< 0, x><3, y°>-S)
is # 0. We shall show that this assumption results in a contradiction.
Obviously (#) E(yo, x) 7,bo

and
Syl0e) Yixy & x ) = (Bxy) [(x,e %)) & (e x )]}, {<0, x>]) 25,

Performing the calculation of SB we obtain by the use of the lemma-
on bounded quantifiers
* . 2 :‘
(¥ %) 7Tzl— Elz, x) +Z'/t'é'Dom(z)E(t' x| > by
Using (%) we obtain

ZtEDom(}’o)[bo.E(t’ X)'E(yo’ xﬂA : bo> 0. te.

Zt & Dom(y, ) b'°~ Ef{t, x) >0.

Hence we infer that there is a y1 in' Dom(yé) such that

bo'E(yl’ x) = b > 0. Let us select a y, of this kind. Applying

(% %) again we obtain

+ 0 Et, x)z b
E(yl’ x) tEDom(yl) 7 o

whence there exists a Yy in Dom(yl) such that bl-E(yz. x) = b2> 0.
Continuing this process we construct (using the axiom of choice) an
infinite sequence Yo yl, Yorees such that Yns1€ Dom(yn), This
implies the existence of an infinite descending sequence of ordinals
which is impossible,

(xi) The case of the axiom Subst_,_,. We formulate this

A
axiom as follows:
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(M e Ex N[ =) = )] slx MEx ) (xy € %)z
(Ex ) [(x ex ) & !

where F i{s a formula, 1 <{p<mgn, xm, xn xp do not occur in F

and 0, 1¢& Fr(F), Whenever ae(VB)Fr(F) _{0' 1} ) ox, yc-VB, we

shall denote the element sB(F,§<o, x>, <1,y>}ua) by f,(x, y)
Moreover we shall denote by a-*b the element a.b + (-aX-b) of B;
thus if G, H are formulae and ge(VB)Fr(G)VFr(H), then
SglG=H, g) = Sy(G, g|Fr(G) » S_H, g | Frim).

Fr(F)- {0, 1}

B
Let a ¢ (VB)
-h(a) + k(a) where h{(a) =Hx Z"y ﬂsza(x, y) * Iy, z)] and

k(a) =nuz;v7Ty{E(y, z) * Zx [E(x, u)'fa(x, y)]} . We have to prove
that h(a) $k(a),

The value of the formula (1) is

First we notice that according to the maximum principle
(and the axiom of choice) we can correlate with each x in VB an y(x)

in VB such that

() Z,y T(z[fa(x, 2% 1y, 2) - T(z[fa(x, ) xllyx), 2)] .

From this we easily obtain the following two lemmas:

(3) h(a)'fa(x, yO-f by SRy, vt

Proof. According to (2) h(a)*fa(x,y')ﬁ[fa(x, y'» Iy(x), y')],
fa(x, y".ly(x), y') and similary h(a)-fa('x, y'" £ I(y(x), y")'fa(x,y")
whence h(a)-fa(x, y')-fa(x, Y'4£Uy(x), y)Ily(x), y'")<ly’, y').
(4) h(a)éfa(x, y(x)).
Proof. From (2) we sce that h(a)éfa(x, z) % I(y(x), 2); now we put
z = y(x) and use the formula a¥1 = a,

From (3) and (4) we obtain



266 FOUNDATIONAL STUDIES [97], 156

(5) h(a).f (x, y) £Xy, y(x).
Let now u be an arbitrary element of VB and let v be de=
termined by the conditions:
(8) Dom(v) = { y(x) : x€Dom(u)} , v(y) =Zx eDm_m“)[u(x).fﬂ(x.yi’
We shall consider the value of E(y, v) for an arbitrary y
(for y in Dom(v) it is given in (6)). First we notice that
(7) By, V) * Ly ¢ pom(w PO 0] 7 L,
. < . :
ie., Ely, v) ‘erDom(u) futx)-f_(x, »]

Proof. By definition Ely, v) =25

z € Dom(v)v(z)' Iz, y)

whence by (6)

x € Domf(u) z z &€ Dom(v) [u(x)'fa(x' z)- Kz, y)]

= Z;x & Dom(u) z’z € Dom(v) [u(x)-fa(x, y)] ; er Domi(u) [u(x)- fa(x’ y)}

The inclusion converse to that given in (7) cannot be pro=

E(y, v) = PN

ved; but we shall show

(8) h@2- 2 pome B L ] + EG, v
Proof. Let x€& Dom(u). By (5), h(a)-u(x)-faGX, y) &

Iy, y(x))~U(x)'fa(x, y) £y, y(X))-U(X)-fa(X. y(x) < Ly, y(x)).

Z’tc—Dom(u) [u(t)~fa(ts y(xN]= v(y(x)-Iy, y(x)) (here we use the fact

that y(x)« Dom(v)). From this inclusion we infer

h@)eu() 10 NEL, _po o fula)Iy, @)= B(y, V)
Summing over x we obtain (8).
(7) and (8) jointly give

®) ha) €B(y, V)« L _[EG, w.f,x y)]

because (see the lemma on bounded quantifiers) Z

x ¢ Dom(u) EI(X)'
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f (x, y)] Z [E(x u)-f (x y)] Now we take the product YT
on the right-hand side of (9) then the sum Z and finally the pro=
duct Tl'u. In this way we obtain the desired formula h(a)<£ k(a).
Theorems which we have proved show that all the theoreme
of ZF are valid in an arbitrary Boolean model, We shall now show
that the axiom of choice is valid in these models.
(xii) The case of the axiom of choice, This axiom written
in full takes the following shape:
(Xo)[b(l)(xg(x ){[(X ex ) & (x &x ) & (x 3€ %, ) & (X3EX )]—o(x = xz)}->

(Ex Yilx )(xd‘(x ){[(xzex ) & (x ex ) & (x4ex ) & (xsex ) & (x 4€X )]-—»
(xg < x4)}& (xz)(xs)(Ex4){Bx2€ xo)& (x3ex2;]—9[(x4ex2) & (x4ex1)]})]
This formula can be written in the form

(xo'){H(xo)—b(Exl) {K(xo, x;) & Lix_, xl)]} where H ''says'' that x isa
family of miutually disjoint sets, K(xo, x,) "says" that x, has at most
one element in common with each set which belongs to X and
L(xo, x,) "says'' that x; has at least one element in common with
each non void set which belongs to X

In order to prove that the value of this formula is I in
each Boolean model we select an arbitrary a in VB and denote by
h(a) the element SB(H(xo), {40, a»}); we shall exhibit a b in VB
such that h(a)<k(a, b) and h(a)<1(a, b) where k and | are values of
K(xo, xl) and L(xd, xl).

It ie intuitively obvious that the domain of b should be
D(a) =y { Dom(y) : y € Dom(a)} because each choice set for a set consists of
elements of the elements of this set. We shall define b(x) for x in D(a) in

such a way that for any u, x, y the Boolean product
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E(u, a)+*E(x, b)*E(y, b)*E(x, u)<E(y, u) be 0 whenever I(x, y) = ¢ This
correspondsto the requirement that the choice set for a set should
contain at most one element common with any element of this set,
Moreover we shall formulate the definition so as to secure the

inclusions b{x) < EU[E(U, a)-E(x, u)] and

E(u, a)E(z, u)$z;xeDom(b)[E(x’ u)~b(x)] which correspond to the

requirements that the choice set for a set s consi sts of the elements of the ele=

ments of s and has at least one element in common with each non-void element of s
Let us arrange the elements of D(a) in a transfinite se=

quence dr with r< s, seOn. The following definition meets. all the

requirements:

Dom(b) = {dr trgs } ,  bldp) = Zu[b?(u, a), o (dr,u)J

where

¥*
EY (d,. w = E(d., u. T -E(d,, u)

t<r
Refore calculating k(a, b) we notice that from the definition

of h it directly follcws that
(1) h(a). E(u, a). E(v, a). E(dr, u), E(dr' v) & Hu, v)
Next we prove for arbitrary r, r' ¢ s
(2) h(a)., E(u, a). r(d . vl E{d, u. b(d ). bid ) ¢ Id . dr,);

In order to prove this we merely replace b(dr)' b(dr') by

their values and represent the left-hand side as the union of terms

h(a).[Eu, a). B, w. Elv, a). E . v [Ew a. B, w.

r 1

®
E(v', a) E" (4, v)
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extended over arbitrary v, v'. According to (1) the expression inclu=
ded in the first square bracket is =I(u, v) and the expression inclus=
ded in the second square brackets is < I(u, v'). Hence according to

the lemma on extensionality the left-hand side of (2) is
» *
E (d, u«E (d_,, u)
r r

This product is 0 if r # r'; thus (2) i8 evident in this case. If r # r'
then (2) is also true because its right-hand side is then 1,

We shall now prove
(3) h(a)., E(u, a). E(x, u). E(x, b). E(y, u). Ely, b) £ I{x, y)

Notice that this inclusion is very similar to (2}; the only
difference in that dr' dr' are replaced by x, y and that instead of
b(dr). b(dr') we now have E(x, b), Efy, b).

In order to prove (3) we denote its left-hand side by L
and expand E{x, b), E(y, b) according to the definition of F. We then

obtain

ha. 5 r,<S[E(u, a). E(x, ul. Ely, w. I(x, d ). bld ). Ly, dr,).b(drv,)]

which by extensionality is

h(a)-.)__;

e s [Ew.a). B@_, w.EW@, whb(d ). bl ). 1x, 4 ). Iy, d_)].

The expression in the square brackets is él(dr.dr,)(cf(Z)). whence
£
L\Zr‘r, [ta,. a ). 1tx, d). 16y, a_j] € 1x, 9.
If now we represent (3) as h(a), P <€ I{x, y) and transform (3) to
h <T -P +
(a) < lx.y.u[ P I(x, y)]

we obtain h(a)% k(a, b),

We now pass to the proof of the inclusion h{a)=1{a, b} and
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first establish the inclusion
@ B, &) B, weZ  JE@, w. b))
This is shown as follows: 1t is obvious that E(d » u)‘Z: E(dr' u) =

® r<s
Zr<s E (dr’ u). The last step is based on a we11 known Boolean
lawZ}L(s xr = Er(s [xr. ﬂt<r(~xt)]which allows us to represent each
Boolean sum as sum of mutually disjoint elements. Since
E*(d , u) £E(d , u) we can also write E(d,, u)éz EE(d , u.

r r t r<s r
E*‘(dr, u)] . Now we multiply both sides by E(u, a) and notice that
E(u, a). E¥(d_, u)‘éZ’ &J(V, a), ol d_, v)] = b(d ). In this way we
r v r r

obtain (4).

We want now to replace in (4) the element dt by an arbi=
trary z. To achieve this we use the definition of E and the lemma on

extensionality obtaining

E(u, alE(z, u) = 2, [I(u, v). alv). E(z, u)|<

v € Dom(a)

2y e Domiay I V). atv). E(z, )],

Applying again the definition of E we obtain
f
% <
E(u, a). E(z, u)‘zveDom(a) Z&veDom(v)Ll(u' via(v)., I(z, w). v(w)]

Now we notice that if ve Domi(a), then Domliv)¢ D(a) = Domi(b)

and hence the sum EweDom(v) is fz;t<s' Thus we obtain

E(u, a). E(z, ug 2, [, v). atn). 1z, d). via)]

v(—Dom(a)Zt<s
Since I(u, v). v(dt)él(u, v). E(dt’ v)sE(dt, u) we further obtain
ijs[w. . Z, ¢ pomay® v a0 =2, _ [E, a.

J which according to (4) is 42: [E(d , u), b(d )] Since

the last sum is obviously 42: El(x u) E(x bJ we finally infer that
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E{u, a). E(z, u)< Zx[E(x. u), E(x, b)] .
Performing obvious Boolean transformationswe obtain from

this inclusion the identity

nu Trz Zx{-[E(u, a). E(z, u27+[E(x, u). E(x, b_)]} =1

which is the same a3 }(a, b) = 1. Thus h{a)<£1(a, b) and the

theorem is proved,
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Lecture VII

In this lecture we shall construct (after Scott) a model in
which the axiom of constructibility is not valid. In connection with
this result we shall construct two transitive families of sets which are
models of ZF and have equal heights but are not elementatily equiva=
lent.

We consider the Cantor set 20, i.e. the set of functions
with domain @ and with values in the set {0, l} . We introduce in 2%
the usual product topology and denote by B the Boolean algebra of
regular closed domains, i.e. of sets which can be represented as

closures nf open sets, The Boolean operations in B have the follo=

wing meaning: the sum is the closure of the set theoretical union tx b x v . b <’

the product is the closure of the interior of the intersection

T(x bx :mx and -b is the closure of the complement of b.
The sets C; = {f : f(n) = i} form a sub-base of the space and belong
to B,

Another property of B which we shall need {s concerned
with its automorphisms. lLet p be a permutation ofwand let F be a
function defined on 2¥ by the equation F(f) = fop. It can be shown
that F is an autohomeomorphism of ?¥and hence the function
H : b—>Im(F, b) is an automorphism of B,

Lemmal. If 0 f b # 1, then there {8 an automorphism of
B such that H(b) # b.

Proof. Since b and -b contain non-void open sets , there are
two neighbourhoods U, V the first of which is contained in b and the
other in -b. We can assume that U =chn€,8} We now determine k

integers m{j), j<k, such that the intersection Vl= vn QRC:,H%
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be non-void. Such integers exist because the requirement f QV imposes
only finitely many conditions on a fixed number, say i, of initial coor=
dinates of f. Thus we can select k coordinates m(1),,..,m(k)> ] and
impose on them the condition f(m(j)) =& (j). The resulting neighbourood
W has points in common with V because W containa points with ar=
bitrary initial 1 coordinates,

Let p be a permutation ofcowhich maps n(j) onto m(j).

If fe(-b)A Wn Vv then F(f) € U because the value of F(f) = fop
for the argument n(j) is equal to €(j). This proves that
H(-b)~b # 0 and hence -b~H-1(b) # 0 whence H™1(b) # b,

Definition. Let d be a function with domain s such that
dm) = c8.

Remark. We can look upon elements of VB as a kind of
"multivalued sets' such that logical value of a formula 'k is in the
set'" is an element of B not necessarily 0 or 1, Thus we can visua=
lize d as a "multivalued set" such that the truth value of a sentence 'n
is an element of d" is a union of n + 1 intervals of the Cantor set C
consisting of those reals in C which in the ternary scale have the n-th
digit 0. It is obvious from this picture and it will be proved formally
in lemma 3 below that d is different from all ordi nary two-valued sets.

Lemma 2, If F is the formulav (xz)l_—(xze xo)——p(xze xl)J
(t.e. x_Sx,), then Sp(F.{<0, d> <1, = 1.

v
Proof, The value in question is ﬂ )[-d(x) +(o(x)] .

x ¢ Dom(d
v vy
Since Dom(d) = W ={X newg and &Xn) = 1 for ag& we see that the
v
element -d(x) +&)(x) is 1 for each x in Dom(d).
Lemma 3. If a€¢), then I(d, \z;) =0,

Proof, From the definition of I we obtain
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v, _ v
14, 2) "/_Lenom(d) -d0 +Zye Dom) W) 1. 1)

v
]Ty & Dom(;) (-a(y) * erDom(d),Ej(x)' Ix, y)_] ).

In both factors "x" can be replaced by "B" with n ranging overd and

%
"y'" by "m" with m ranging over a. Since a(my = Cz )

1

v
-d®) = C. agm = 1 and I(%, m)is 0 or 1 according as n # m or

n = m, we can simplify the above expression and obtain
1 ] o
+ .
ﬂnew[én £ln, 2) 7-1'{neacm’

where £(n, a) = 1 if nea and 0 otherwise, Thus I(d, %) =

1 o _ o 1_ & (p)
7.Tn¢a Ch- TTme:acm T[-ngfa, mea Cm* Cn Z”];)e(,.,)cp
where £(p) is 0 for p€a and 1 otherwise.

In view of the definition of B we further obtain

id, 9 = mt (N c &P < pipeps o
pew p

and the lemma is proved.

We shall now discuss the problem of an effective choice
for the set P(P(cw)), Thus we shall investigate the question whether
there exists an effectively defined function which correlates with each
non-void subset of P(GQ) an element of this set. In order to make
precise the notion of an effectively defined function we reformulate
the problem as follows: does there exist a formula F with Fr(F) =

{0, 1} such that the sentence
() ([Ex)0x ex )] & <x1)(x2)2 [tx,ex) & (xpex | tx, € cO)})

—E x)[xex)aF

(E! %) [x,€x ) & F)]

be true, In this sentence the antecedent means that xo is 2 non-void
set of subsets of &) and the conclusion says that there is just one

element of X, which stands to x in the relation defined by F,
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If we wish to have the sentence written out exclusively by means of
N
the primitive notions of set theory, we can eliminate the constant ((CO'

by replacing the expression "xzea)" by
* *) Ord(xz) &—lLim(xz) & (x3)[(xsex2).>"lL1m(X3)]

where Ord(x,) is the conjunction of the formulae

(u)(v) {[(uév) & (Vexi)]—') (uexi)é [xiia tranaitive,]
o flaex) & vexi]>[menviu = vvive )]}

[the & -relation is connected in xi] R
and Lim(xi) is the formula
Ord(xi) & [(Eu)(uexi)] & (v); (vexi)—->(Fw) [(wexi) & (v e—w)]‘}
xlis a limit ordinal > 0_7 .

The formulation of the problem is still imperfect because
the word "true" is unclear, We thersfore replace the problem by a
relative one, Let M be a (Boolean or ordinary) model for ZF, We say
that F determines a choice function for P(P(&W)) in M if (> ) is va=
lid in M.

From Remarks contained in Lecture III it follows:

Theorem 1, If M is a transitive family of sets which is a
model for ZF and if the axiom of constructibility is valid in M, then
there is a formula which determines a cholce function for P(P(CU)) in M.

We shal now prove

Theorem 2. If B is the Boolean algebra of regular closed
sets in {0, l}w, then there is no formula which determines a choice
function for P{P(«W)) in VB,

Proof. Let us assume that (¥) is valid in vB, The main
idea is to consider the '"multivalued set' s such that s(d) = | but

8(2) = 0 for each a € W. Formula F correlates with s one of its
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elements. The contradiction arises by showing that this set is inva=
riant with respect to all automorphisms of B and thus is a two:-valued
set,

We define s by equation

Dom(s) = {xe VB,  : Dom(x) =u‘} s(x) = ZS_{;[ I(x, Z)}

In view of the Lemma 3 s(d) = 1. Consider now the formu=
la (x4)(x5) {l-(x46xo) & (x5
explained In (% ¥) . We claim that the value of this formula for the

ex4)}-——> (xsé a))} whose exact meaning is

element s {s 1 , This can be verified as follows . In view of the

lemma on bounded quantifiers this value is = 7T
x € Dom(s)

NyeDom(x) { - [s(x), x(y)] + A(y)} where A(y)is the .
value of formula (*¥) for the argument y, Since y & @ it can be repre=

sented ag & with ac ) and we verify immediately that (¥ %) has the
value 1 for the argument ¥ .
Thus both the formulae in the antecedent of () have the value
1 for the argument {(O, s>, <3, d>} and il follows that
(1) s (B! xl)[(xle x) & F], 8) = 1.
We define a function a which-intuitively speaking-describes
the element selected from s:

Domf(a )=6-3, a (r\{) =Z
o o

xeDom(s)[s(x)' x(h). f(x)] where

fx) = Su(F, {<0, s>, <1, x>} ) and want to prove that E(a_, &) = 1
The following implication is of course provable in ZF:
(ii) ((E! - & (x.€¢ x,) &
xp) (o ex ) & F] & txy) {6 x=Ex) [ lxg e x ) & (xy €%
F]} )= (xgex ) .
This formula results from an obvious theorem of ZF which says that

if there is just one 3 satisfying a condition and x, consists of exactly

3
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those elements which belong to a set satisfying this condition, then
xg too satisfies the condition in question,

The first term of the antecedent of (ii) has the value 1 for
the argument §<0, s)} , see (i), We shall show that the value of the
second term in the antecedent of (ii) has also the value 1 for the
argument f(O, 8>, < 3,a°>} . This term is logically equivalent to
the conjunction of

(i11) (xz);(xzexs)-)(Exl) [(xlexo) & F & (xze xl)]}
i) S ex) & pexp & B> mpexy}.
The value of (lii} can be calculated using the lemma on

bounded quentifiers, The result is

7t {-a () + ernom(s)fs"‘)- x(%). f(x)JE

new
and this product is 1 according to the definition of a.. The value of
(iv) is
-8(x)) + (-x(y)) + (-1(x)) + E "j
L, < boms) Ly Do [ Y + () + E(y, a )
We can replace y by % since Dom(x) = w After obvious Boolean

calculations we see that the value of (iv) is

\é
]an( ~ 2y eDom(ey [#®)- 100 x@)] + a_()

because E(m, ao) = ao(l‘{). Thus in view- of the definition of ao this
product is 1, Thus the whole antecedent of (ii) has the value 1 and

we obtain E(ao, s) = 1, i.e.

(v} Z'xG-Dom(s) [s(x). I(ao, xJ =1

We shall deduce a contradiction from this formula, As re=
marked above we shall obtain it by showing that ao is an ordinary
two-valued set,

First we show that s is symmetric in the following sense:
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If h is an automorphism of B and f = fh the mapping of VB onto

vB determined by h (see p.138 ), then f(s) = s, To see this we no=

tice that if x&€ Dom(s), then Dom(x) =[.j and hence Dom{f(x)) =

{f(u) : u€Dom(x)} =6:)’ because elements of agare invariant under f,
Further we calculate the value of f(s) for the argument

s = f(x) where x € Dom(s):

f(s)(z) = h{s(x)) = hi H —I(x, &) = aﬂ - h(I(x, 5/)) =

ag € w
y v v
J;rw ~ I{f(x), f(a)) = a]zw — Kz, a) = s(z),

(In the last but one equation we used the obvious equation
tX) = ¥). The symmetry of s is thus established.

Using the symmetry of 8 we obtain by theorem on p. 140
ha (M) = S_((Ex ) [(x,ex ) & F & (xyex))], {<0, tis)
aon B .\(1 XIE ° XZ Xl N » 8)> ,
<2, (B>} )= a @
o

hence ao(ﬁ/) is invariant with respect to all automorphisms and hence
a (%) i{s either 0 or 1 (see lemma 1), Thu_s I(ao, E’l) = 1 where

a, = {n : ao(X) = ‘1} . Thus - intuitively speaking - the element se-=
lected from s i{s a two-valued set. Using (v), the definition of s(x)

and the equation I(ao, 51) = 1 we derive

17 . 18, ] - Z

v
x ¢ Dom(s) x € Dom(s) [I(al‘ x).

Iéw (- 1(&, x))]

and the right-hand side i{s obviously 0. Thus we obtained the desired
contradiction and theorem 2 is proved.

From theorems 1 and 2 we infer

Theorem 3, No transitive model for ZF in which the axiom

of constructibility is valid can be elementarily equivalent with VB.
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In particular we see that the axiom of constructibility is not prova=
ble in ZF even if we adjoin to it the axiom of choice, We shall now
prove

Theorem 4, There are two (two-valued) transitive models
for ZF whose heights are equal but which are not elementarily equivalent.

Proof. Let M be a transitive model elementarily equivalent
with VB and M' the family of constructible elements of M. Then M!
has the same height as M and is transitive but M' is not elementa=
rily equivalent with M because there is a formula which determines a
choice function for P{P{&)) in M' whereas no such formula esists for
M.

It would be interesting to know whether there existsa for=
mula which determines the choice functions for P(P(®)) in a natural
model,

The answer to this question cannot be given, however, because it es=
sentially depends on the axioms for set theory accepted in metamathe=

matics,
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Lecture VIII

In this ]Jecture we shall construct a model in which the continuum hy-
pothesis is false. Our first task will be to express thie hypothesis as
a sentence of our formalised language . In order to achieve some economy

in our notation we shall introduce some abbreviations .

We shall write x,y, z for xo, xl, x2; furthermore we shall use
other small Roman letters instead of the variables xi.and shall assume
that their choice has been made in such a way that no collision of variables
occurs, We shall also make extensive use of limited quantifiers: the for-
mulae  (Ey), [-]. (Ey)g[-J, (By) y |- ] widl mean : (Ey) {(ve x)&[-1],
(Ez), (Ey), [-1, (Bs) (E¥)g [ ~] where 2z, s are now variables not be-
fore present in the formulae, The quantifiers (y)x, (y)).‘ , (y)i' are defined
in a dual way., Prefixing a formula F which belongs to Frmpr by a li-
mited quantifier of whatever sort we obtain again a formula which belongs
to Frmpr. As a final abbreviation we shall use the symbol (Eu, v,...)
instead of (Eu) (Ev)... and similarly for the general quantifiers and limited
existential and general quantifiers.

We now shall list several auxiliary formulae; we add (in square

brackets) the intuitive meaning of each formula,
XQy: (u)x(uey) [inclusinn] B
P (xy.2 (yeN&(z€ &), [(w=y)v@= 2)]
[x is an unordered pair whose elements are y and z] R
P(x, y, z): (Eu, v)x[P'(x, u, v) &P (u, y, z)g( P'(v, v, ¥ )]

[x is an ordered pair with the first member y and the

second member z] :
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(x,y,2): (Bu)_ P(u, x, 2) lthe ordered pair with members x,z
t M
belongs to yl ;

Rel (x) : (s))) (Eu, V). P(s, u, v) [x is a relation] ;
Dom (x, ¥) i (W) (EV)g(u, x, V& (1, V), [tu, x, V> (uey)]
[y is the domain of x] B
Rg (x, y): similarly as above but with (u,x, v) replaced by
(v, x, u) [y is the range of xJ ;
Fn(x): Rel (x)&(u, v, w, t) N ﬂ:(u, x, v) &(w, x, t_)] -qv[(u=w);(v=t)]}
[x is a one-one functionJ H

[x, Y, z]: Fn(y)&Dom (y, x )8( Reg(y, z) [y maps x onto z in a one-one
way] ;

Ord (x): see p, 165 fx is an ordinal] ;

Lim(x): see p. 165 [x is a limit ordinal >0];

omo(x) ¢ Ord (x) & Lim(x) &(y)x ~1Lim(y) [x is the ordinal w] .

Lemma 1, The following formulae are provable in ZF :
@) [y dBuez—>E) (v, 5, v ;
@ (B vy, A&y, unly, y, um )t = un
This lemma is evident and needs no proof,
Since the formulas listed above are all predicative, we can apply
to them theorem 13 from lecture V. In this way we can immediately
obtain the value of each of the above formulae for the argument of the form
v v v : v s
{<o,a>, <1,b>, <2,¢c>}. For instance SB (xCy, 4<0,a> .<1,5>3) is 1 if aCb

and 0 otherwise, similary SB(omo(x)'{ <o, a>}) is 1 if a = W and 0 otherwise,
We notice the result explicitly for the formula [x y. 2]
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. v v v . :
Lemma 2. SB([x Y, zJ ,{<0,a> R '<1,f> , <2, b>}) is 1 if
f is a one-one mapping of aonto b; otherwise this value is 0,
In order to express the continuum hypothesis we need still one for-

mula which , however, is not an element of Frmpr :

om (x) :0rd ()& (Ey) fom (& E2) [y, 2, J&(2), [(yez))—>

Et [y, t, zj]} K is the first
uncountable ordinal] .
The continuum hypothesis abbreviated CH can now be expressed

as follows :

CH: (%, y, z) (fomo(x)&oml(y)& (t) [ (téz) =(t C xﬂ}—r(Eu) fy, u, z] ).

Before exhibiting a model VB in which CH has the value 0

we want to explain the underlying idea. The model VB will contain 3
elements a, b, ¢ for which the value of the antecedent in CH willl
be 1 and the value of the consequent will be 0, There is little doubt
how to choose a: the only natural choice is a = w . The natural choice
for ¢ is the element which we constructed in lecture VI when we
verified the validity of axiom Pot: this element together with o gives

the value 1 for the last formula in the antecedent of CH. Hence we

D
take as b the function with domain B om((X) whose value is iden-
tically 1 .

Can we take for b the element g ? The answer depends of

1
course on whether the value of the formula oml(xl) for the argument
':;l is 1. Looking at the formula om, we can easily convince ourselves

that this is the case provided that the value of the formula [y, z, x] for

the arguments ?{(i) :§<l, 5,\, <2,f>, <0, 51>} is 0 for each f in

VB. If this condition is satisfied, then we shall say that u‘)’l is a

cardinal in VB. It can be shown that there are algebras B such
v : B

that W, is not a cardinal of \'
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It is instructive to discuss this phenomenon. In the ordinary mo-
del V the ordinals w and w are of different powers and thus
for each g in V  the truth value of the formula [y, z, x] for
the argument f<1,w> , <2, g, < 0,w1>} = q{g) is 0. It follows
from lemma 2 that SB( ['y, z, x] R (‘:f(é’)) = 0, However the model VB
contains many elements not of the form E. e, g. all functions whose va-
lues are not only 1. Hence it may very well happen that there will be in
vE® an eclement f not of the form 5 for which SB([y, z, %\, G(f)Ft.

In next theorem we shall formulate a sufficient condition for B
which epsures that VB does not contain elements f with this pro-

v

perty, Hence if B  satisfies this condition we can take b= Wy

The problem whether the continuum hypothesis is not valid in VB
depends now on the values of Shl [xz, x xl], f<o, £>, <1,f:1>,
<2, c>}) = v(f) . If there is no f such that v(f) # 0 , then the
consequent in CH has the value 0 and so has the whole formula
CH. Again the problem what 1is the value of v(f) cannot be ans-
wered in a straightforward way. In the ordinary model V the sets wy
and BDom(u")’) have different powers provided that the cardinal number
of B is sufficiently big, However this by itself does not preclude the
existence of an f in VB for which v{f) would be 1.

In next theorem we shall formulate a condition on B which suffices
for the equation v(fj = 0 to be true throughout VB . Afterwards we
shall construct an algebra B for which this sufficient condition is
satisfied , In this way the {ndependence of CH will be proved.

In order to have shorter formulae we introduce the following definitions:

Definition 1, [a, f, b]B = S [xj, x,, x‘;j,{ <i, 1>,<j,a>, <k, b>}) ,
L 3) g 7 Splxg x, X)), 1< £, <G, x>, <k, y>})

We shall usually omit the index B .
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Definition 2. We say that a Boolean algebra satisfies the countable chain
condition (abbreviated ccc) if every set X C B consisting of mutually
disjoint elements is at most countable,

Remark: elements b!, b" of B are disjoint if b!' b" =0,

Theorem 3, Let B satisfy c¢cg let b,c be elements of VB and

A asubset of Dom(c) and let the following assumptions hold

——mra——— =
N max (&, Dom(b)) <A ,
(2) c(y) =1 for each y in Dom (c) ;
(3) Iy, y'Y =0 for any two (different) elements of A,

Under these assumptions [b, f, c] =0 for each f in VB .

Proof. We put for 2z in Dom(b)
Z(z):{ye A :[b, f, CJ. (z, f, y)}t>0

If y,y' belong to 2(z), then by lemma 1 (ii)

b, . c]. (2 &y (2 fy) € Ly, ¥
and hence, if y #y', the product fb, f, ¢f.(z, f, y). [b, f, c] .

(z, f, y') = 0 according to (3) . Thus 2Z(z) has at most ){ elements be-
)

cause otherwise B would not satisfy ccc. The wunion UzéDom(b)Z(z

has power at most max (Xo’ m.)) whence, by (i) , there isa y in
A which does not belong to any 2(z). Since y&Dom (c) we obtain,

by (2) , a(y) = E(y, ¢) =1, Now we use lemma 1(i) and infer that

[b. £ c]. Ev.) sL[Ewb) . (v, £, y)|. The left-hand side of this for-
mula is simply [b, f, c_] + the right -hand side can be transformed accor-

ding to the lemma on bounded quantifiers, Thus we obtain

[b, ¢ CJSZ‘zeDom(b) [brz). (z £, y)]. But [b, £, c]. (z £, y) =0
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because y is not in Z(z) for any z in Dom(b). Hence we obtain

[b, f, cJ=0 .

We note two corollaries from the theorem proved above

14 v
Corollary 4. If B satisfies ccc and re& Ul then [r, f, w1]=0

for each f in VB

, A =Dom (Jl), c = Jl in the previous theorein,

\'4
Corollary 5. If B satisfies ccc, then SB(oml(x), wl) =1 ,

v
Proof, Put b=r

Remark, Strictly speaking we should have taken 2<0,X)1>} and not
"‘;1 as the argument in SB ; we shall however use the simpler though
less accurate notation in order to abbreviate our formulae,

Proof. We can write oml(x) in the form Ord(x)&(Ey) K where

K is the conjunction of 4 formulae

() om (y), yex, (27, z, x], (2)([(ye2)&(z ex))>(Et) [y.1, x])

We shall now calculate the values of these formulae for the argument
{<0, (.‘)’1> . <1,8;>} (notice that x is the same as X and y the same
as x, according to our convention) , Obviously the values of-

Ord(x)giomo(y)&(yex) is 1, the value of the third formula mentioned
in ) is 1 according to Corollary 4 . In order to establish this
result for the last formula (%) it is sufficient to consider =an arbi-
trary ordinal r such that (.)<r<w'1 and show that there is an
f in VB such that 1 = [o‘)/, f, 1\:] . Now w and r have both the
same power No and thus there is a one-one mapping g of w
orto r, By lemma 2 we obtain [(.‘{, E, ¥J= 1 which proves our
carollary.

Our next theorem reduces the problem of independence of CH to
a construction of a suitable algebra:

Theorem 6, Let B be a complete algebra satisfying ccc., Let
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there be a set J of power >X1 and a function a:JXu—-"B such

that for any two i, jedJ

]Tew [at, my> ag n)) = o0

n

Then CH has the value 0 in VB

Remark, If a', a® are elements of B, then a's a®™ is the
element a?!, a" +(-al'),(-a") . v ‘

Proof ., Put P = BDom(w) and let ¢ be a function such that
Dom(c) = P and c(x) =1 for all x in P . As we have explained on
pp. 172 the formulae omo(x) and (t) [(t e€ez)=(tC x)] which appear
in the antecedent of CH have the value 1 for the argument {<0, 5),
<2,¢>} (remember that "z" is the same 'as "x," and  "x" the
same as "xo") . The last factor in the antecedent of CH is oml(y);
according to Coroltary 5 this formula has value 1 for the argument
{<1, (.‘%)}. Thus the whole antecedent of CH has the value 1 . The
theorem will be proved if we show that the value of the consequent

is 0 i.e, that [&’1, f, cJ =0 for each f in vB . Let us put

v,
eBDom((o)

hi(r\{) = a{i, n} for i€eJ, new . Thus hi = Dom (¢) ., Denote

by A the family of all the functions hi' ieJ . We shall show that
with this notation and with b=(.\;1

3 are satisfied ., Assumption (1) is true because A =—:I“>)(l and Dom(b)

all the assumptions of theorem

hag power Xl' Assumption (2) holds in view of the definftion of «c.
Finally let y = hif hj = y', Then I{y, y') is the product of the element

Meo -+ T, e . nei]}

and a similar element obtained by interchanging 1 and j. The first

element is =)-I;€w [-hi(ﬁ/) + hj(lY)] =nnew [—a(i, n) + a(j, n)] and thus
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1. v </, ([t m +a 0] . [ag, m+ag, o)) =TT [atinpe
qta(j,n)] = 0 . Thus assumption (3) is satisfied and [(.‘)’1, f, c] =0
Theorem 6 is thus proved.

In order to settle the independence of CH we prove finally

Theorem 7., There exists an algebra satisfying all assumptions of
theorem 6 .

Proof. LLet J be a set of power > )‘(1 and B the
Boolean algebra of regular closed domains in the space P(J) with the
usual product topology. It is well known that this algebra is complete,
A Dbasis of neighbourhoods in P(J) is furnished by the family of sets
U(X, Y) = { zcl:Xczkzny=0 )} where X and Y are disjoint
finite subsets of J. These neighbourhoods are open and closed m P(J) and
hence belong to B,

First we, construct the mapping a: J<w=>J with properties requi-
red in theorem 6, Since Jxw and J have equal powers there is
a one-one mapping g of Jxw onto J., We put a(i, n) =U({g(i,n)},0)=
=fZ2CJ: g, n)€z} ;obviously a(i, m)&B. Let ifj andb(i j, n) =
= a(i, n)x»¢a(j, n) . Since a(i, n) is open and closed, its complement in
the sense of the algebra B coincides with the set-theoretical complement,
Thus we obtain a(i, n). a (j, n) =f{ XC J: (g(i, n)e X)&(g(j, n)éX) and
-a(i, n) . - a(j, n) =§x_c_J: (g(i, n)#X)&(g(j, m¢ X)} and hence b(i,j,n) =

XgJ: (g, n)€X)&(i. n)€ X)} . It follows now that T[nb(i, j, n) is

the closure of the interior of the set Z = ﬂ b( i, j, n). In order to show
n

that the product is 0 it will be sufficient to prove that the interior of
Z 1is void,

Let us assume that Z contains a non-void open set. Hence Z
contains a neighbourhood U(X,Y) . Take n so that g(i,n)gXUY
and g(j, n)¢XU Y . Since g(i, n) ¢ g(j.n) the intersection af(i, n) N-a(j, n)N

N U(X, Y) is non void. This is impossible because this intersection is
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disjoint from Z and U(X, Y) g Z.

In order to show that B satisfies cce it is sufficient to show
that there is no uncountable family of mutually disjoint sets of the form
U(Xx, ‘g) . This results immediately from a well-known theorem of
Marczewski (Fundamenta Mathematicae 34 ) : for completeness' sake we
give here a proof (due to Cohen) of the special case of Marczewski's theo-
rem,

We notice firstthat (U(X, Y) N U(X', Y") = 0)== [(x n yHuxmy) ¢ 0]
For if the left-hand side is true, then any set Z . contained in J and
containing X U X' cannot be disjoint from Y UY' and in particular
(XU X" 0 (YUY') £ 0 which is equivalent to the righ-hand side because
XNy =X'NY' =0, Conversely, if i&XNY")YUX'NY) e.g. i€X nye,
then each set in U(X,Y) contains i but none set in U(X', Y') does so,

Now let us assume that there 1is an uncountable family U(Xr'Yr)
where rgR of mutually disjoint neighbourhoods, Since Xr U Yr is finite,
we can at once assume that all these sets er Yr have the same num-
ber, say n, of elements. This follows by the observation that for at leust
n the set R! =ire R: Xr U Yr has n elements } must be uncountable
and hence we can replace R by the set R',

We shall obtain a contradiction by showing that for each k there
is an uncountable set ng R and a set P  with exactly k elements

k

such that Pkg)(r U Y for each r in R_. For k=0 we set
Po =0, Rk =R , Reasoning by induction we assume that k >0 and that

asets Pog ...CP Ro?_ g} Rk have already been defined in such a

k‘l
way that Pk has k elements, R, is uncountable and

k
P, CX - -
(*) (EX UYL P BX PAX , P NY =P NY

for arbitrary r, s in Rk .
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Since <X, Yr > f < XS, Y5 > whenever r f s and since there
are only finitely many pairs of subsets of Pk , it is clear that there

. : v -
exists an r_ in R, such that (Xr U r) Pka. For st T the

k
o o
neighbourhoods U(Xr , Yr ) and U(XS, Ys) are disjoint; hence for each
o o
s in Rk - {ro} there is an element i =1i(s) such that
* M 1e(xron Y) U (xsn Yro)

Each such .i belongs to X UYr but none to Pk. Otherwise

o o
i would either belong to P, NX NY or to P NXNY_ and hence
k r s ks r,
- x X ] -
according to (%) either to Pkﬂ Xs an or to Pk n Xron Yr0 which

is impossible because these intersections are void.
Now notice that (Xr U Yr ) - Pk is a finite set and hence there

o . .
is an io in this set such Cthat i(s) = 10 for uncountably many s,

Let Pk+1= Pk U{lo} and 1let Rk+1 = 3 seRk L i(s) = 10}.. We have to
verify (¥) for the sets Pk+l and Rk+l' First condition is satisfied

i X Y f bit i
because 106 g U s or an arbitrary 8 in Rk+1' In order to verify

the second condition we have to prove that (ioe Xr)g(ioe Xs) for arbi-

trary r, s in Thus assume ioe Xs; by %) i ¥ . But
o r
o

() is also valid for i=io if we replace s by »r; hence

Rk+1 '

ioe Xr because otherwise iO would belong to Xr which is impossible.
We show similarly that if ioe Xr, then ioe Xs' The® verification of the
last condition (%) is analogous

Letting k =n + 1 we obtain that Xr U Yr has more than n

elements. which is a contradiction, Theorem 7 is thus proved.



On the independence of the well-ordering theorem from the
ordering principle

by
A. Mostowski (Warszawa)

(Translated from German original Uber die Unabhingigkeit des Wohlordnungssatzes
on Ordnungsprinzip by M. J. Maczyniski)

In the present paper we consider the problem (formulated by Fraenkel)
of the independence of the axiom of choice from the so-called ordering
principle.(*)

We precede the formal proof by some introductory remarks in order
to facilitate the understanding of the subsequent considerations.

It is known that among the axiomatic systems which represent a for-
malization and extension of Zermelo’s set theory two kinds of systems may
be distinguished. To the first kind belong systems which exclude the exis-
tence of so-called primitive elements (Urelemente), i.e. things that are
not sets. The second kind comprises systems in which the existence of infi-
nitely many such primitive elements is provable or at least can be shown
to be non-contradictory.(?) Both groups contain systems which permit
a formal development of various parts of set theory: for example in Zer-
melo’s system(®) the theory of sets of power < Ng+2% 422"+ . can
be evolved, the framework of Fraenkel’s(*) or von Neumann’s(®) system
allows one to develop the theory of power below the first inaccessible aleph,
and recently some even richer systems have been considered.(®)

From the metamathematical point of view, the systems of the first kind
are undoubtedly the most interesting ones. But those systems will not be
considered here: the method of proof to be used in this paper openly de-

(") See A. Fraenkel, Einleitung in die Mengenlehre, 3rd ed., Berlin 1298, p. 320.

(®) See E. Zermelo, Uber Grenzzahlen und Mengenbereiche, Fund. Math. 16
(1929), pp. 29-47.

(®) See E. Zermelo, Untersuchungen iiber die Grundlagen der Mengenlehre, Math.
Ann. 65 (1908), pp. 261-281.

(*) See the book of A. Fraenkel cited in ('), § 16.

(%) See J.v. Neumann, Die Axiomatisierung der Mengenlehre, Math. Zeitschrift
27 (1928), p. 669 f.

(®) See A. Tarski, Uber unerreichbare Kardinalzahlen, Fund. Math. 30 (1938),
pp. 68-89. In particular see § 2.
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pends on the existence of primitive elements. On the other hand, our con-
siderations can be applied to all systéms of the second kind. However, we
will carry out the proof only for a certain fixed system &, which will be
described in § 1. This system was actually introduced by Bernays(?) we only
give another formulation for the axiom of definiteness. This slight modifi-
cation aims at ensuring the possibility of introducing primitive elements.

In the system & a considerable part of the “naive” set theory can be
reconstructed, namely that part in which only sets of power below the first
unattainable aleph are considered. In particular, the whole theory of order
for such sets can be developed and in connection with this the well-ordering
theorem and the ordering principle (i.e. the assertion that every set can be
ordered) can be formulated. It should only be shown that the well-ordering
theorem is independent of all the axioms of & and of the ordering principle.

This is carried out by an application of the classical method of inter-
pretation:(®) namely we take from general methodology the fact that to
obtain the proof it suffices to give an interpretation of the basic notions of
the system & in some consistent system &’ such that all axioms of & and
the ordering principle change into provable theorems but the well-orde-
ring theorem changes into the negation of a provable theorem. Hence in the
sequel we shall restrict ourselves to the derivation of the model and to
the proof that in this model the axioms of &€ and the ordering principle
are satisfied but the well-ordering theorem is not. The question of consistency
of the system &, since it does not belong to these problems, will be left
outside our considerations.(®) It will be a (tacit) assumption in all our
theorems that & is a consistent system.

Now how should the system &’ be selected? It turns out that this choice
can be made to a great degree arbitrarily: as &’ we can take every system
of set theory which permits forming powers as large as in € and contains
the axiom of choice among provable statements; whether €' belongs to
the first or to the second kind considered above is immaterial. For definite-
ness we select as &' the axiomatic system of von Neumann,(*?) which
clearly satisfies both requirements. Since it would be very cumbersome to
express the proof in the formalism of von Neumann’s system, we hold to

(") See P. Bernays, A system of ax.omatic set theory, Part I, Journal of Sym-
bolic Logic 2 (1937), pp. 65-77.

(%) See the book of Fraenkel cited in (1); pp. 340-343.

(®) For this question see A. Tarski, Der Wahrheitsbegriff in formalisierten
Sprachen, Studia Philosophica 1 (1936), pp. 261-405. In particular, see “Nachwort™,

p. 393 f.
(*°) See footnote (%).
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the language of naive set theory, familiar to all set theoreticians. The com-
plete translation of the proof into the framework of von Neumann’s system
presents no essential difficulties.

This explains the fact why in our exposition we can afford to use several
notions which are of imprecise or even contradictory character in naive
set theory but are admissible in von Neumanu’s system. To such notions
belongs, for example, the notion of the domain of all sets or of all ordinal
numbers. The notion of ordinal number, which is often not sufficiently
precise in naive set theory, should be understood in the sense given by von
Neumann. Also we can make unlimited use of inductive definitions, which
are perfectly admissible in the system of von Neumann.(!!)

At the end of this paper we will return to the question of constructing
the model in other axiomatic systems.

The basic idea of the proof is closely related to ideas that have been
developed in several of Fraenkel’s papers.(*?) Also the investigations of
Lindenbaum and myself concerning the independence of the axiom of
choice(*?) have been conducive to the writing of this paper. In particular,
the construction of the sets A, (see 15 and footnote (%)), basic for the
whole proof has been taken from the joint work of Lindenbaum and myself,
soon to be published, where the results of this investigation will be pre-
sented in detail.

Concerning the outward form of the proof, I would like to remark that
I proved the theorem discussed here earlier, by a formally quite different
method: the construction of the model was replaced by certain operations
with formulas in some formal language.(**) From the logical point of view

(*") Besides the paper cited in (%) see also the following worksof von Neumann:
Zur Einfiihrung der transfiniten Zahlen, Acta Litt. ac scientiarum univ. Hung. Franc.
Joseph. Sectio sc. math. 1 (1923), pp. 199-208; Uber Definitionen durch transfinite Induk-
tion und verwandte Fragen der allgemeinen Mengenlehre, Math, Ann. 99 (1928), pp.
373-39%L,

(*?) See Uber den Begriff “definit” und die Unabhéingigkeit des Auswahlaxioms,
Sitzungsb. d. Preuss. Akad. d. Wiss. Phys. Math. Klasse (1922), pp. 253-267; Sur
l'axiome du choix, L’Enseignement Math. 34 (1935), pp. 32-51; Uber eine abgeschwdchte
Fassung des Auswahlaxioms, The Journal of Symbolic Logic 2 (1937), pp. 1-25.

(*3) See the communiqué of A. Lindenbaum and mine: Uber die Unabhingigkeit
des Auswahlaxioms und einiger seiner Folgerungen, C. R. de la Soc. des Sci. et des Lettres
de Varsovie 31 (1938), pp. 27-32.

(**) This so-called method of relativization is due to Tarski and has been presented in
my paper entitled: O niezaleinoSci definicfi skoriczonosci w systemie logiki (On the inde-
pendence of the definition of finitness in the system of logic). This paper appeared as an
appendix to the 16th volume of the annual report of the Polish Mathematical Society.
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this method has perhaps certain advantages, but it is much more compli-
cated than the one used here. The knowledge of the present method, con-
sisting in constructing the model, I owe to Godel’s lectures on the system
of axioms of set theory,(**) where Gd6del used this method to prove the
consistence of the axiom of choice. At the end of this paper, I will have
another opportunity to return to this important and interesting result of
Godel.

§ 1. The axiom system &

BASIC NOTIONS: Individuum, Class, ¢, A.

The logical character of these basic notions is the following: “indivi-
duum” and “class” are predicate names with one free variable; ¢ is the name
of a relation which can hold between two individua or between an indi-
viduum and a class; /1 is an individual constant. As a logical basis for the
subsequent system of axioms it is quite sufficient to take the narrower func-
tional calculus (without identity).

DEerINITION 1. An individuum x is identical with an individuum y (in
symbols xIdy) if and only if for every class 4 the formylas x e 4 and y ¢ 4
are equivalent.

AXIOM 1. A is an individuum.

DEFINITION I1. x is a set if and only if x is an individuum and either
xId A holds or there exists an individuum y such that y & x.

AXIOM 2 (the axiom of definiteness). If x, y are sets such that for every
individuum z the formulas z € x and z ¢y are equivalent, then xIdy holds.

AXIOM 3. If x is a set and y an individuum such that ynon ¢ x, then there
exists a set z such that for every individuum t the formula t € z is equivalent
to the disjunction te x or tldy.

AXIOM 4 (the axiom of union). For every set x there exists a set y such
that for every individuum z the formula z ¢ y holds if and only if there exists
an individuum t for which z ¢ t and t € x.

AXIOM 5 (the axiom of power set). For every set x there exists a set y
such that for every individuum z the formula z ¢ y holds if and only if z is
a set and for every individuum t the formula t € z implies the formula t € x.

(%) At the University of Vienna in the summer semester 1936/37.
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DErINITION HI. For arbitrary individua v, v we denote by (u, v) that set
x which satisfies the condition: for every individuum ¢ we have ¢ ¢ x if and
only if t1du or tIdv.

DerINITION 1V, For arbitrary individua u, v we denote by [u, v] that
set x which satisfies the condition: for every individuum ¢ we have t e x
if and only if ¢Id(u, 1) or tId(u, v).

AXIOM 6 (the axiom of infinity). There exists a set x such that A € x and
for every individuum y the formula y € x implies the formula (y, y) € x.

AxioM 7 (the axiom of empty set). We do not have x € A for any indi-
viduum.

AxioMm 8 (the axiom of foundation). If A is a class and there exists an
individuum x such that x € A, then there exists an individuum y such that
yeA and the formulas t ey and t e A do not simultaneously hold for any
individuum.

AXIOM 9. If x is an individuum, there exists a class A such that for every
individuum t the formulas t € A and t1d x are equivalent.

AXIOM 10. If A is a class, there exists a class B such that for every indivi-
duum t the formulas t € B and t non ¢ A are equivalent.

AxioMm 11. If A, B are classes, there exists a class C such that for every
individuum t the formula t € C is equivalent to the conjunction: t ¢ A and
teB.

AXIOM 12. There exists a class A which satisfies the following condition:
Sor every individuum t we have t € A if and only if t is a set, t # A, and from
x et, yetforany individua x, y it always follows that xIdy.

AXIOM 13. There exists a class A which satisfies the following condition:
Sfor any individuum t we have t ¢ A if and only if there exist individua u, v
such that uev and t1d[u, v].

AXIOM 14. For every class A there exists a class B with the following prop-
erty: for any individuum t we have t € B if and only if there exist individua
u,v such that ue A and t1d{u, v.

AXIOM 15. For every class A there exists a class B such that for any indi-
viduum the formula t € B holds if and only if there exists an individuum u such
that [t,u] e A.

AXIOM 16. For every class A there exists a class B such that for any indi-
viduum t the formula t ¢ B holds if and only if there exist individua u, v for
which [v,ul e A and t1d[u, v].
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AXIOM 17. For every class A there exists a class B such that for any indi-
viduum t the formula t ¢ B holds if and only if there are individua u, v, w
for which [u, [v, wll € A and t1d [[u, v], w].

AXIOM 18 (the axiom of replacement). If x is a set and A a class with the
Jfollowing property:
Jor any individua u, v, w, from [u,v] ¢ A and [u, w] € A it follows that wIdw

then there exists a set y such that for any individuum z the formula z € y holds
if and only if there exists an individuum t for which t e x and [, z] € A.

From the above axioms the whole “classical” set theory can be derived.
Here we do not need to develop the complete theory and we limit ourselves
to two definitions concerning the notions of ordering and well-ordering.

DEFINITION V. A set y orders a set x whenever x# A and for any indi-
vidua u, v, w ¢ x the following conditions are satisfied:

fu,v]ey or [v,u]ey;
if [u,v]ey andunonldv, then [v, ulnon ¢ y;
if [u,v]eyand[v, wley, then{u, wley;
[u,uley.

DEFINITION VI. A set y well-orders a set x if it orders x and the following
condition holds: if z is a set such that z non Id A and for every individuum
t the formula t & z implies the formula ¢ x, then there exists an individuum
u ¢ z such that for every individuum v ¢ z holds.

With the aid of these definitions, the ordering principle and the well-
ordering theorem can be expressed as follows:

ORDERING PRINCIPLE, For every set x# A there exists a set y that or-
ders x.

WELL-ORDERING TTHEOREM. For every set x# A there exists a set y that
well orders x.

As we have already mentioned, the system & represents a modification
of the system of Bernays. The difference between the two systems con-
sists in: 1° a different formulation of the axiom of definiteness and 2° a differ-
ent choice of the basic notions. In the system of Bernays there appear
four basic notions: “Set”, “Class”, “n” (the relation of membership of
a set to a class), “e” (the relation of membership of a set to a set). The first
two notions can in fact be defined with the help of & and 7. We have chosen
different basic notions in order to be able to come out with the relation of
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inclusion, which in our opinion is more in agreement with mathematical
usage. The constant A has been included in order to construct an axiomatic
system which does not exclude the existence of individua that are sets.

In our opinion the “natural” systems of set theory are those which in-
clude only two basic notions: “set” and “s”. The several formal systems
of this kind which have been published are unsatisfactory in that, in addition
to proper axioms, they contain “axiom schemes” which are based in fact
upon infinitely many axioms. As Mr. Tarski and I have jointly observed,
one can give thoroughly finite systems of axioms of this kind which are at
least as rich as the system of Bernays. We intend to present such a system
of axioms in another paper.

§ 2. The construction of the model

Starting with this section we will work within the framework of von
Neumann’s system of set theory. We use Latin letters to denote sets, and
Gothic letters to denote domains(*) of sets, which in general need not be
encompassable by any set. The letters &, 5, £, 7 denote ordinal numbers
and the letters ¢, ¢, N—certain functions. Moreover, the usual notation
of set theory will be used.

1. For every set x we denote by P(x) the system of all non-empty subsets
of x.

2 (Inductive definition for Z¢(x)). For every set x we put: a) 24(x) = x;
b) Z(x) for & > 0 is the set of those ¢ for which either ¢ € x or there are
z and 7 < § such that r ez e 2 (x).

3 (Inductive definition for Z;(A)). For every domain 2 we put: a)
Zo(A) = A; b) Z(A) for £ > 0 is the domain of all ¢ for which eithet
t € A or there are 7 < ¢ and y € 2,() such that x e y.

4, If x,y are sets and y € x, we have Z:(y) c Z;, ((x) for every ordinal
number §.

Proof If&=0and teX,(y) = p, then there is a z e x (and clear-
ly we have z = y) for which tez e x = Z,(x). Thus we have t € 2, (x),
iie. Zo(y) = Z,(x). Let us assume that the theorem holds for all numbers

(*) In the German original, the author uses the term “Bereich”. In contemporary
English mathematical text, the words “class” or “aggregate” would be probably employed.
Since the author uses the word “Klasse” in another meaning, we have decided to trans-
late ““Bereich” literally by “domain”. (Translator’s remark)
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n < & If t € Z(y), then we have either tep or teze X (y) for some z
and some 7 < £ In the first case we clearly have re X, (x) as reyex
= Xy(x); in the second case we infer from the induction hypothesis that
tez €2, ,(x) and, since n+1 < &+1, we obtain te X, ,(x). Hence
we have 2:(y) < 2, ,(x), which was to be proved.

5. If &, m are ordinal numbers and § < n, we have X¢(x) = 2 (x) for
every set x and Xy(UA) < X (W) for every domain .

Proof. If reXix), we have tex or tez where z e 2x(x), { < ¢
< 7. In both cases in view of 2 we have f € 2 (x). The proof for domains
is quite analogous.

6. For every ordinal number & we denote by & —1 the number which
immediately precedes &, if such a number exists. If & is a limit number or
0, we put £—1 = &,

7. If u,v are sets, we have

Zo({u’v}) = {u,'v}
and
Ze({u,0}) ={u, v} +Z_ )+ Ze_ (v) for all £ >0.

Proof. For Zy({u, v}) the formula is evident. Further r € X, ({u, v})
if and only if t'e {u, v} or there is a ze{u, v} such that t € z. But this
is equivalent to te {u,v}+u+v = {u,v}+2,(u)+2,(v). Hence the
theorem holds for £ = 1. Let us suppose that it holds for all < & where
&> 1. By 2 we have reX;({u, v}) if and only if re {u,v}, orif rez
€ X,({u, v}) for some z and 5 < &; here one can assume n—1 < . By
the induction hypothesis the second of these conditions yields either ¢t ez
€ {u, v} orteze X, _,(u), or finally tezeZ,_(v). From 5 < & we
obtain 7—1 < £—1, and from 5 it follows that u < X ,(¥) and v
< :_,(v). Hence we have either teu+v < X [ (w)+2;_ (@) or teX;_, (u),
orte Xy ,(v)thatist e {u, v}+2%_ (W) + 2, (v). Conseqnently, we obtain

) Zi({u,v}) « {u, 03+ () +2e_,(v).

IfteX; ;(u+2_(v) and &+ Ois not a limit number, then by 5 we have
t € Ze(u)+ Ze(v). On the other hand, if & is a limit number or 0, then by
6 the formulas re X;_ () + -, (v) and t € 2 (w)+2e(v) are equivalent.
Hence the inclusion X;_, (w)+Z;_,(v) = Z;({u, v}) is proved. Since also
{u, v} < Z({u, v}) clearly holds for & > 0, we have {u,v}+2;_,(u)+
+2¢ ., (v) © Ze({u, v}), which by (1) yields the desired equality.
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8. For every set x and every ordinal number & we have
26(21 (x)) =2 (x) = ZI(ZE(x))-

Proof. The formula is evident for & = 0. Wesuppose that it holds
for all n <& If teZ{Zy(x)), we have either reZi(x) or tez
€ Z,,(Z'l(x)), where 7 < & In the first case we have by § te 2, ,(x).
In the second case the induction hypothesis gives t €z € X, ,,(x), which
in view of 2, 5§ and n+1 < &+1 implies the formula e Z;,,(x). Thus
we have proved that

{)) Z(21(x) € Zpya(x).
Now if fe 2, ;(x), we have either fex or t e ze Z,(x) for some z and

7 < £+ 1. In the first case in view of 2, § and 7 < & we have f €z € Z(x),
ie. reZ,(Z¢(x)). Hence we have

@ Zer1(0) < (Z1(Ze(x)).

Finally, if ¢ € Z,(Z(x)) we have either e Zy(x) or tezeXy(x) for
some z. In the first case we have either rex c X\ (x) c Ze(Z(x)), or
teue X,(x), where n < & If the latter holds, we obtain t e Z,(Z,(x));
hence by induction ¢ e Z,(Z(x)) and consequently by 5 te Zg(Z,(x)),
as we have 7 < &. Thus in the first case t € Zy(Z,(x)) always holds. Simi-
larly we consider the second case: namely we have either tezexortez
evel,(x), where n <& In the first case we obtain feZ(x)
< Zy(Z,(x)), and in the second case f e ze X,(Z(x)) = Z(Z,(x)), i.e.
te 2, (£ (x)); since we have n+1 < &, it follows by 5 that 1 € Zy(Z, (x)).
Hence we obtain the inclusion

3) z I(Ze(x)) < 26(21 (x)).
Now our theorem follows immediately from (1), (2) and (3).
9. Ifu, v are sets and A, B domains, we have

Zu+v) = Zp(u)+Z(v)
and
Zy(A+B) = Zy(W+Z(B)

JSor every ordinal number &.

Proof. Itsuffices to consider only the first formula; the proof of the
second is quite analogous.

For & = 0 the formula clearly holds. Now we assume its validity for
all 5 < & If t € Ze(u+v), we have either te (u+v) or teze X (u+v)
where 7 < &. In the first case we obtain by 5 f e Zy(1)+2,(v) = Ze(u)+
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+ Z(v); in the second case according to the induction assumption we have
tezel2,(w)+2,(®); hence e Zy(u)+2Z(v). Conversely, if we have
t € Zg(u)+2y(v) then either teu or tev or texel,(u) or rey
€ Zy(v), where7, [ < &. Inthefirst two cases we have t € u+v € Z:(u+9);
in the third case, by the induction assumption, we have reye Z () +
+2,(v)  Z,(u+v); hence in view of 2 1 € Zy(u+v). Similarly we show
in the fourth case that ¢t € Zy(u+9). This formula generally holds for ¢
€ Zi(u)+2¢(v). Hence we have proved the equivalence of the formulas
teZy(u+v) and t e Zy(u) + Z:(v).

10. If u, v are sets, A, B domains, and u c v, U = B, then we have
Zi(u) © Zy(v) and Z(YU) = Z(*B) for every ordinal number &.
This follows directly from .9.

11. For every ordinal number & and every set of sets x we have

Zé(EXJ’) < Zeyi(x).

Proof. By 2 we clearly have Zy < 2\ (x). By applying 10 and 8 we

yYEX
conclude that

Zd39) = Z(ZBi0) = B (0,

which was to be proved.

12. If x is a set, A a domain, and & an ordinal number, then'we have
Z(Px) =P AU = Zy(x).

Proof. The formula is evident for & = 0. We assume its validity for
all n < & If te Zy(P(x) - A)—P(x) - Y, then there are n < £ and z such
that tezeZ,(P(x)-A). If zeP(x)- A, we have tez c x = Zo(x)
< Zy(x). If z non € P(x)A, then by the induction assumption we have
teze 2, (x); thus we have e Zy(x). Hence the formula ¢ € 2}(x) holds
in all the cases, which was to be proved.

13 (Inductive definition for a,). a) a; = 0; b) a,,, = {a,}.

14.Z=EMr=0,1,2,..].

Gn

15. A, =2Z2—{a,} for n=0,1,2, ...
16 K=Epn=1,2,.1]
As

17 (Inductive definition for Kj).
a) Ko = K+ {4,};
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b) K; = ;EK,,+‘B("Z<£K,,) for £ > 0.

18. If &, n are ordinal numbers and & < 7, we have K; < K.
The proof by indyction presents no difficulties.
19. For arbitrary ordinal numbers &, n we have X«(K,) < K,+Z.

Proof. The theorem holds for & =0, since 2y(K,) = K,. We
assume that the theorem holds for all { < £ If 1 e 2y(K,), then either
we have t € K, or there are Z and { < £ such that t e z € 2, (K,). In the
first case we have 7 € K, + Z. In the second case we conclude from the induc-
tion assumption that €z € K, +Z. Now if we have ze Z, then by 14
we have z = a, for some n, and consequently by 13 ¢t = a,_, € Z. But if
we have z € K,, there is a smallest number v < % for which zeK,. If
v = 0, then by 17 we have z = /1,, forsome m,and by 15 te A,,<c Z, i.e.

teZ If r>0, then by 17 we have K, = 3. +B(D K,) and since ¢

r<t v<t

non e K, for » < 7, we have ze B(D K,),i.e. by 10# Z = > K,. From

r<t r<v

this we obtain teZK,, hence by 18 € K. In any case we have t € K, + Z,

which was to be proved.

20. By I we denote the domain of all x for which there is a & such
that x € K;, If x e I, we denote by t(x) the smallest ordinal number &
such that x € K;.

21. If xe M and 1(x) > 0, then we have O# x = . K, and ©(y)

n<r{x)
< 1(x) for every y & x.
The proof follows immediately from 17 and 20.
22. Ifxisaserand 0# x < Ky, then x € K;, , and consequently x € IM.

Proof. From 0# x = K; it follows that 0# x < 3. K,, ie. x

y<&+1
6‘13( ZIKW) < Keyy-

n<é4

23. If ue M—K,, then P(u) e M.
Proof. By 21 we have 0% PBu) = ‘]3( > K,]) < Ky, from which

n<t{u)

in view of 22 it follows that P(u) e M.
24. If uis aset and 0# uc M < Ky, then . x e M.

XEH
Proof. For xeu we have 7(x) > 0; hence by 21 0# x < Z K.
n<%(x)
If ¢ is an ordinal number which exceeds all 7(x) with x € u, then it follows
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that x < ZK for all x eu, and in view of 18 0# Y x < K. By 22 this

XEU

yields Z x e‘.m which was to be proved.

XEu

25. 0, {0} non e M.

Proof. Itis obvious that 0, {0}none K,. If £ > 0 and Onon € K,
holds for all 7 < & then Onon € ), K, and by 1 we have Onon € ‘B(Z K,).

n<k
By 17 this implies that Onon € K,; hence by induction Onon € .

If we had {0} € M, then by 21 we would have {0} = > K, for £
n<f
= 7({0}). But this is impossible, since 0 non e Z K,. This ends the

n<§
proof.

26. If x € K, and y € x, then ynon € M.

Proof. If the theorem were false, then by 14, 15, 17 and 20 we would
have a, € K; for some n and &. By 13 and 21, this would imply {0} € X%,
which contradicts 25.

27. If & is an ordinal number and x € M, then we have a) Zy(x)—M < Z;
b) Z,() <« M+ 2Z.

Proof. a) If 7(x) =0, then x = A4, for a certain m and our asser-
tion is evident. If 7(x) > 0, then by 18 and 21 we have x < K,(,,; thus
in view of 10 and 19 Z; c X,,, HZ and consequently Z¢(x)— K < Z.
Since Koy = M, it follows that 25 —IM < Z, which was to be proved.

b) The formula clearly holds for £ = 0. Now if £ > 0 and X,(MN)
c M+ Z for all < &, then every x € Zy(M) satisfies either the formula
x eI or the formula x ey e Z,(M), where < & In the second case
we infer from the induction assumption that y e Wi+ Z. If y e Z, then
by 13 and 14 we have xe Z. If y e M and 7(y) = 0, then by 15, 16,17
we have x € Z. Finally, if v(p) > 0, then by 18 and 21 we have x ey
< Kiyy < P Hence in all these cases we obtain x € M + Z, which was
to be proved.

28. By ®, we denote the system of all one-to-one maps of K onto itself.
The map arising by the composition of two maps g, v € ®, is denoted
by @y (*%); by ¢~ ! we denote the map inverse to ¢.

29. For x e Kand ¢ € ®, we denote by g(x) that element of K which
arises from x under the map ¢.

(%) Le., the map v is performed first, and then @.



302 FOUNDATIONAL STUDIES [N

30 (Inductive definition for |, x]). We put for x e M and ¢ e Gy:
a) lp, do| = Ao; b) lp, x| = @(x) for xeK; o |g, x| =IE|[yEX] if
[ 29 4

7(x) > 0.
3. If xe M and ¢ € Gy, then |p, x| e M.

Proof. If (x) = 0, then the assertion results directly from 30 a), b).
We assume the validity of the assertion for all x with 7(x) < & and consid-
er an x for which 7(x) = & From 25, 30 ¢) and the induction assumption
it follows that 0# |, x| =« M, and in view of 22 we obtain |p, x| € M,
which was to be proved.

32. Ifxisasetand 0# x < I, then lp, x| = E [yex]
s ¥l

Proof. From 22 we easily obtain the existence of an ordinal number
£ for which x € K;. Consequently we have x € }. By 26 we must have
7(x) > 0, and now our assertion follows directly from 30 c).

33. If xe M and ¢ € Gy, then o', |p, x|| = x.

Proof. We proceed by induction with respect to z(x). If 7(x) = G,
our assertion is evident. Now we assume that it holds for all x with 7(x) < §,
and let x be an element of M with 7(x) = & Since & > 0, we conclude by
21 that 0# x < MM, and next, in view of 32 and 31, we get 0# |p, x|
= E [y ex] « M. By another application of 32 we obtain lp~!, |, x||

le, ¥l

= E [yex]. Since by 21 we have t(y) < £for y € x, we conclude
le=1, o, ¥1}

from the induction assumption that jp~', [, x|| = x, which ends the proof.

3. Ifpe®, and x,y € M, then the formulas x € y and |p, x| € |p, y|
are equivalent.
Proof. Let xey. From 26 it follows that y non e K,, and hence
7(¥) > 0; thus, by 21, 0 # y < I and further, in view of 32, {p, y| = E( (s
e, t

€ y]. Hence from x €y it follows that |p, x| € |p, y|. Conversely, let |g, y

€ lp, yl. By 31 we have |, yl € M; hence by 32 we obtain |y, |<P,:V”

= E [telp,y|]] for y € ®,. If we put here y = ¢~*, by 33 we obtain
v 1|

x € y, which was to be proved.

35. If xe M and ¢ € By, then (x) = 7(lp, x|).

Proocf. We proceed by induction with respect to 7(x). For t(x) the
assertion is evident in view of 38 a), b). Now let £ > 0, 7(x) = £ and let
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us assume that the assertion holds for all y with 7(y) < &. By 21 we have

0#£xc Z K,, from which in view of the induction hypothesis and 32
n<é

we obtain 0 # |, x| = Z K,, i.e. |lg,x| € K;. We also have z(|p, x|)
n<é

< & If we had (|, x|]) < &, then by the induction assumption we would
obtain =(lp~, |p, x|}) < &, i.e., by 33, r(x) < £ Since this contradicts
our assumption, we have =(lg, x]) = & = 1(x), which was to be proved.

36. If x e M and @, p € ®,, then we have |p, |y, x|l = lp, v, x|.

Proof. We again use induction with respect to z(x). If 7(x) = 0,
then the theorem holds. We assume that £ > 0 and the theorem holds for
all y e M with v(y) < & Let t(x) = £. By 32wehave lp,xi = E [yex],

|

vy
where, in view of 21 and 35, =(|y, y|) < & for y € x. Consequently we have
0 # |y, x| =« M, from which by 32 we obtain the formula |, |y, x|

= E [telp,xll= E [yex]. Now the induction assumption yields
I 1| . v, 1]

lp, fp, xll = E [y ex] =gy, x|, which was to be proved.
1w, ¥l

37. If xeM, 9 €e®,, and & is an ordinal number and Zy(x) M € M,
then we have \p, Z:(x)- M| = Z(lp, x)|- M.

Proof. The assertion holds for & = 0. In fact, we have Z,(x) = x
and Zy(lp, x|} = |p, x|. Further we have x non € K,, since otherwise in
view of 26 we would have x + MM = 0, and by 25 it is evident that the assump-
tion Zy(x) - Pt € M could not then be satisfied. Hence we have z(x) > 0,
from which by 21 we obtain 0 # x = M. Now from 32 it follows that
Q) I¢,X~9RI=,E1[yGX"~m]-

[P 4

Hence we have ze|p,x M|, and so z = |p, yl, where yex- M.
Thus according to 34 we have |p, ») € |@, x|, and according to 31 we have
lp, ¥} € Pt Consequently, we have z € |p, x| - M, and thus

Now if z € |p, x|+ M, then by 33, 34 and 31 we have [p~!, z] e x- M,
from which by (1) it follows that |,| 7!, 2] € @, x - M|, i.e., in view of
33, ze|p, x- M|. Hence we obtain the inclusion g, x|+ M < |, x- WY,
which together with (2) shows that our theorem holds for & = 0. Now we
assume the validity of this assertion for all n < & Let g e By, x € M,
Zy(x) - P e M. Then we have Zi(x)- W non € K,, since otherwise, in
view of 25 and 26, we would have Zi(x)- I = Onon € $M. Hence the
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number 7(Z(x)- D) is > 0, from which by 21 we obtain 0 # Zy(x) - M
< M, and consequently, in view of 32,

(3) lp, Ze(x)- M| = 1 EyI [y e Ze(x)- M.

Hence if z € |p, Z:(x)- IM| then there is an y e Zy(x) M for which
z = |, y}. Now there are two cases to be considered: either y € x or there
is a t and a number # < & such that y € t € 2,(x). In the first case we infer
from 31 and 34 that z€|p, x|+ M, and a fortiori z € Zs(Jp, x])- M. In
the second case we reason in the following manner: if we had fnon e M,
then by 27 we would have 71 € Z, from which yeZ and yeue K, for
a certain ». From 26 it would then follow that ynon € I, which contradicts
our assumption. Hence we have yere X (x)- M. By 34 this implies
z=|p, ¥l elp, t| € [pZ,(x)- M|, from which by an application of the
induction assumption it follows that z € %, (g, x|)- M. Hence we have
proved

“) lp, 2e(x)- M| = Ze(lg, x]) - M.

Now, conversely, let y € Z;(lp, x]) - M. We again have to distinguish
two cases: either y € |, x| - I, or there is a 7 and a number n < § such
that y e t € 2 (I, x|). In the first case, from 31, 33, 34 we obtain |p~1, y|
e x- MM, which in view of 33 and 34 implies yelp, 2:(x)-M|. In
the second case we conclude, as above, that reI. From yetelyp,
e, x|) - M it follows by using the induction assumption that y et
€lp, Z,(x)- M|, which by 33 and 34 gives |p~!, y| € |p71, t] € Ze(x) - M.
Consequently we have |¢~, y| € Zy(x) - M, hence by another application
of 32 and 34 we obtain y € |p, Zx(x) - M|. Hence we have proved that

® 2o, x) M < g, Ze(x) - M,
and formulas (4) and (5) show the validity of the theorem for the number
&, which was to be proved.

38. Aset® < B, iscalled agroupif ¢, p € B, always implies pp~' € 6.
The system of all groups will be denoted by 4.

39. If 4 < K, ® € %, then we denote by B(4) the subgroup of ® con-
sisting of all functions ¢ € ® which satisfy the condition ¢(x) = x for
xX€eA.

40. For A = K and G € 4 we denote by Rg(4) the domain of all sets
x € M such that |p, x|-= x for all p € B(A).
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41. If Ac K, Ge¥ xecRe(d) and ¢e®,, then we have |p, x|
e Se(9(4). (")

Proof. First, by 31 we have |p, x] € . From the assumption it
follows further that
Q) lp,x] = x for v e ®(4).

Now if we have y € 6((;)(/1)), then by 39 the function ¢~ 'x¢ belongs
to the group ®(A). By (1) we also have Jp~'y@x] = x, and, in view of 33
and 36, |z, |, x|| = |, x|. Since this holds for every y € G(p(4)), by 40
we obtain |p, x| € R(¢(4)), which was to be shown.

42. A set M = P(K) will be called a G-ring whenever ® € 4 and the
following conditions hold:

()] fromX, Y e M it follows that X+Y e M;
e) > X=K;

XeM
3) from X e M, ¢ € ® it follows that p(X)e M.

The system of all ®-rings will be denoted by R(®).
43 (Definition of the model). Let ® € 4 and M € R(®). An element

X € M will be called an M, G-distinguished element provided it has the
following two properties:

1)) there is an A4 € M such that x e & (A4);
(2) for every ordinal number £ we have Z:(x)IM < Z Ke(B). (1%)
BeM

The domain of all M, ®-distinguished elements will be denoted by 1By, .
A domain U is called M, ®-distinguished if it equals A, or satisfies the
following condition:

3) 0#UAc Wy, 5;

(4) there is a set 4 € M such that the formulas x € 2 and |p, x{ € A are
equivalent for every function ¢ € G(4).

44. If G €% and M € R(G), then Wy,.6 = 2. KRe(4).

AeM
The proof follows directly from 43.

("”) @(A) denotes as usual E [x & A]. We have lg, 4] = p(A).
@(x)
(*®) This formula is to be read as follows: for every re Xz (x)- M there exists
a set Be M such that t € Rg(B).
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45. If ® € 9 and M e R(®), then we have K, « Wy, s.

Proof If xeK,then x ¢ M. From 42 it follows further that there
is a set A € M such that x € A. Moreover, by 39, 40 and 30 b), we have
x € Ke¢(A). Finally, if & is an ordinal number and ye Z;(x), then
ynon € M, because it is easy to see that the elements of Z;(x) are always
identical with a certain a,, and thus by 26 they cannot belong to I%. Hence,
we have Zy(x)- I = 0. From this it follows by 43 that x is an M, G-dis-
tinguished element, which was to be proved.

46. [fGe%, Mec R(®) and x e Wy, 6~ Ko, then x « Wy 6.

Proof From x ey, 6—K, it follows that x e M—K,, and thus
7(x) > 0. Hence if y € x then, by 21, y € M. Since x is an M, G-distin-
guished element, for every t € 2,(x) and in particular for ¢t = y there is
a set A € M such that y € R¢(A). Further, by 4 for every ordinal number

£ we have Zy(y) - M = X, (x) - M, which implies Zp(y)- M <= Y. Ke(B).
BeM
Hence by 43 we conclude that y € Wy, &, Which was to be proved.
47. If 69, Me R(®), x Wy, 6 and ¢ € ®, then |p, x| e Wy, .

Proof. According to 31 we have |p, x| € M. Since there is a set
A € M such that x € Re(4), by 41 we obtain |p, x| € Rs(p(4)), and by
42 ¢(4) € M. Thus there is a B e M such that

(M lp, x| € Re(B).

Now let £ be an ordinal number. According to the assumption
@ Zy(x)- M < 3 Ke(B).

BeM

If Z:(jp, x|)- P = 0, we obviously have
©) Ze(lp, x)- M < EZMR«»(B)-

If Z:(le, x])- DM # 0, then we have
Q) Zi(lp, 0l - D e M.

Namely, if we denote by { an arbitrary ordinal number that exceeds
all =(y) with y € Z;(lp, x[) - M,(*°) then we obtain from 20 0 # Zy(x) - M
< K;, which by 22 implies formula (4).

(*®) The existence of such a number £ is ensured by the following theorem, which
is provable in v. Neumann’s set theory: for. every set of ordinal numbers, there exists an
ordinal number which does not belong to this set.
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Now let yeZi(lp, x))- M. In view of (4) and 37 we obtain y
€ |p, Ze(x) - DY; hence, by 33 and 34, lp=', y] € Zy(x)- M. From (2)
we conclude further that there is a set C € M such that |p~!, y| € Rs(C),
from which by 33 and 41 we obtain y € R¢(p(C)). Since by 42 we-have

p(C)e M, it follows that y e }: Re(B), and since this holds for every
BeM
yeZe(lp, x|)- M, we see that (3) is satisfied also in this case. From (1)
and (3) it follows by 43 that |p, x| € Wy, ¢, Which was to be proved.
4. If ® % Me R(®) and u, v e Wy, o, then {u, v}, {u, v) € Wy, 5.
Proof. IfueK; and ve K,, then by 18 we have 0 # {u,v} e K;
where { = max(§, 5); hence by 22
M {u,v} e M.
Since u,veIM, we have 0 % {u, v} =« M; thus, by 32, |, {u, v}|
= {lo, ul, |p, v|} for p e B,. Now by assumption there exist two sets

A, Be M such that |p, u| = u for ¢ € (A4) and |y, v| = v for y € ®(B).
Let us put C = A+ B; then by 42 we have

@ CeM.

If 9 € ®(C), then by 39 we have ¢ € G(4)- G(B); hence |p,u| = u
and |@, o] = v, ie. {lp,ul,lp, v} = {u,v}, or
3 lp, {u, v} = {u,v} for ¢ € B(C).

Now let £ be an ordinal number and y € Z¢({u, v})- M. If £ = 0, then
y = u or y = v, hence there exists a set B € M such that
@ lg,l =y for ¢ € B(B).

If £ > 0 then in view of Twe have y =uory=v or ye Z,_,(w)- M
or ye ;. (v)- M. The first two cases have been considered above, in the
third and fourth the assumptions u, v € MW,y ¢ imply that there exists
a set B e M for which (4) holds. Hence formula (4) holds in general, and
by 40 it follows that

) Z({u,v}) - M < Y. KRe(B).
BeM

From (1), (2), (3) and (5) by 43 it follows that {u,v} € Wy, s. By
a double application of this formula we obtain (u, v) € Wy s, since

Cu, vy = {{u, v}, {u, v}

49. If ® € 4and M € R(®), then every element of Wy, e— K is a distin-
guished domain.
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The proof can immediately be obtained from 32 and from the definition
of a distinguished domain.

50. If ®e¥ and M e R(®), then we have Z:(Wp o) M = Wi, s
for every ordinal number E.

Proof. The formula clearly holds for £ = 0. We assume its validity
for all n < & By S we have

(D Wy e = Z:(Whas, o) - M.

Now if x € Zy(Whas,s) - VI, then either x e Wy, ¢ or, for a certain
n<&and y,xeye2,(Wy,e). Hence by 27 b) and 26 we must have
y e M—K,, since x € P cannot hold. In view of the induction assump-
tion it follows that x € y € MWy, ¢ — Ky; thus, by 46, x € Wys.6. We thus
have Z:(Wyr,e) - D = Was, ¢, which together with (1) yields the desired
equality.

§ 3. The main theorem

The main theorem states:

If ® €9 and M € R(®) and if in the axioms of the system S we replace
the words “Individuum”, “Class”, “e”, “A” by the words “M, ®-distin-
guished element”, “M , ®-distinguished domain®, “e”, “A,”, respectively,
then all the axioms of the system & become true statements.

Before we give the proof of this theorem, we have to find out what sense
the defined notions of the system © acquire when we interpret the basic
notions of the main theorem in the way described above.

51. If €% McR(®) and x,y €Wy, e then x =y if and only if
the formulas x € U and y € % are equivalent for every M, ®&-distinguished
domain.

Proof. If x =y, then the formulas xe A and ye U are clearly
equivalent for every domain. Now let the formulas x e 2 and ye A be
equivalent for every M, ®-distinguished domain. Let us consider the do-
main A = {x}, which is also a set. From 26, 46 and 49 it follows that
ts a distinguished domain. Now we have x € U, and so we also must have
y €Y, i.e. x = y, which was to be proved.

From 51 it can be seen that this is the relation of identity which in our
model corresponds to the relation Id of the system &.

52. Let ® 9, M e R(®) and x €Wy, 6. The necessary and sufficient
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condition in order that x = A, or that there exist an 'y € Wy, ¢ with y € x, is
X € SIBM, [ Yand K.

The proof can immediately be obtained from 25, 26, 45, 46, 17 a) and
the formula A,non € K.

Hence to the notion of “set”, which has been introduced in Definition
I1, corresponds in our model the notion “element of MW, ¢— K”.(2°)

53.If %9, McR(®) and u,v €Wy, s, then {u,v} is the unique
element of Wy e — K which satisfies the following condition:

(* Jor any t €Wy s, texifandonly ift =uort =v.

Proof. From 48 we conclude that {u, v} belongs to the domain Wy, e-
Further, by 26 we have {u, v}non € X, since for example u € {u, v}- M.
Finally, an arbitrary ¢ belongs to {v, v} if and only if t = u or t = ©, and
so we conclude that the pair x = {u, v} satisfies the condition (*) and
belongs to the domain M,, ¢~ K. Now let

M yeMMy e—K
be an element satisfying condition (). Thus we have
2 u,vey,

from which in view of 26 and (1) we obtain the formula y e Wy, 6—Ko-
Now from 46 it follows that every 7 €y belongs to the domain Iy, e;
hence by (*) y = {u, v}. In view of (2) obtain y = {u, v}, which was to
be proved.

54. If ®e€ %, McR(®) and u,veWy.s, then {u,v) = {{u,v}},

|{u}] is the only element x of B, &— K which satisfies the following con-
dition:

Sor an arbitrary t €Wy, 6 we have tex if and only if t = {u, v} or
t = {u}.

For the proof we put in 53 {u, v} instead of u, and {u} instead of v
and apply 48.

(2°) From 52 and 45 one can easily conclude that in our model some theorems hold
which are not provable either in & or in the system of von Neumann. To such theorems
belongs e.g. the statement: “there exist infinite many primitive elements (i.e. individua
that are not sets)”. From this it follows, among other things, that including this statement
into the axiom system & cannot lead to a contradiction provided that von Neumann’s
sct theory is consistent. The basic idea of this proof, which consists in the proper choice
of the set A,, is due to A. Lindenbaum and was used for the first time for the proof
of the independence of the axiom of choice in the paper cited in footnote (**).
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As can be seen from 51, 53 and 54, to the notions (x4, v) and [u, v], which
have been introduced in Definitions III and IV of the system &, correspond
in our model the notions of ordered and unordered pairs, respectively.

Now we pass to the proof of the mam theorem for the system &.

55. If ® € 4 and'M € R(®), then we have Ay € Wy &.

Theorem 55, which follows directly from 45 and 17 a) represents the
main theorem for Axiom 1.

56. Let ® ¥, MeR(®) and x,y eWy. e~ K. If the formula z € x
and z € y are equivalent for every z €y, s, then x = y.

Proof. There are four possible cases:

(1) x,y € Wy, 6~ Ko,

Q) x =40 =y,

3) x € Wy, e — Ko,

@ x=4, and yeWyu e—K,.

In the first case we have, by 46, x, y € W,y . It follows from the assump-
tion that x and y have the same elements, and hence x = y. In the second
case there is nothing to prove. Case (3) is impossible, because, by 46 and
25, x contains an M, ®-distinguished element whereas y does not. Simi-
larly, (4) cannot hold either. This ends the proof. In view of 51, 56 repre-
sents the main theorem for Axiom 2.

5. If &9, MeR(®), x €Wy, 6—K, yeWy,6 and y non € x,
then there exists a z € Wy, a— K satisfying the following condition:

(*) for an arbitrary t € Wy, g, t €z holds if and only if tex or t = y.
Proof. We distinguish two cases:

(M x = A,

2 x € Wr,e—Ko.

In the first case we put z = {y} and according to 48 we have z € Wy, .
Hence y € z- I, which, by 26, proves that

3) ze Wre—K,p.

If # € -, then we have t = y. Now if ¢ is an element of Iy, e and either
t € Ay or 1 = y, then, by 26, the first condition can be omitted and there
remains t = y, i.e. 1 € z. Hence z satisfies condition (*), which, in view of
57, proves the validity of case (1).
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In case (2) we put z = x+ {y}..Since x e MN—K, and y ¢ M, we have
by 21 and 22

4) x+ {y} e M.
Fromy e (x+ {y})- D it follows by 26 that
® x+ {y}non € K,.

From the assumption we infer further that there exist sets 4, Be M
such that
(6) |, x| = x and |y, y| = y for ¢ € B(4) and p € B(B).

We put C = A+ B and we have by 39 and 42
) CeM and G(C) < G(4) G(B).

Now we have 0 # z < Em, because, by 46, x < Wy ¢ = Pt and y € M.

In view of 32 we conclude that

®  lp.d=E [red= E [texi+{lp. o} = lp, 21+ {lg. v}

@t

for ¢ € ®,. From (6), (7) and (8) it follows that |g, z| = z for ¢ € B(C);
hence
)] lp, z| € KRe(C).

Now let & be an ordinal number. By 7 and 9 we have

5@ M = S0 M+ Z_,0)- M,

According to the -assumption, Zi(x)- M and X;_,(y)-M are both con-
tained in 2;Re(B). Hence we have

(10) Zy2) M < Y RalB).
BeM

From (4), (5), (9) and (10) it follows by 43 that z € I, 6 —K,. Since
for any ¢ the formula ¢ € z holds if and only if ¢ € x or ¢ = y, we can see
that z satisfies condition (*). Hence 57 holds also in case (2).

From 57, 51, 52 we obtain the main theorem for Axiom 3.

58. If ®c¥%, MeR(®) and x e Wy e— K, then there exists an
y €Wy 6— K such that a t e W6 belongs to y if and only if there exists
a ze Wy ¢ for which tezey.

Proof. We distinguish three cases:

)] x = Ag;



312 FOUNDATIONAL STUDIES [7]

2) x < Kop;
3) x# 4, and xnonc K.

In the first two cases we put y = A, and, by 45 and 17 a), we have
y € Wy.a— K. Since by 26 not only the formula # € y but also the formula
tezey- MW,y e—K does not hold for any 1 e M &, we infer that these
formulas are equivalent for every 7 €W, «. Hence the assertion of 58
is true in both these cases.

In case (3) we put y = Z z. Since x e Wy, s —K,, by 46 every

2ex—Ko

z € x belongs to the domain I, s. Hence if we have r €y, then there
exists a z € W, ¢ such that 1 € z e x. Conversely, let ¢ be an element of
MW, & such that ez e x holds for a certain ze B, ¢. By 26 we have
znon € Ky, and hence teze x—K,, i.e. tey. Therefore for every
t e Wy, ¢ the condition ¢ € y is equivalent to the existence of a z for which
t €z e x. Hence to prove 58 it suffices to show that y e Wy, ¢~ K. This
can be shown as follows: since 7(x) > 0, by (3) and (21) there exists a
zex-IM. By 25 we have z # 0, and hence

)] y #0.

From x eWy,6—K it follows by 46 that x e W, ¢; hence x—K,
< MWy, e— Ko, and we conclude by another application of 46 that
&) y < Wy,s <« M.

Let us denote by { an arbitrary ordinal number which exceeds all 7(z)
with z € y. Then by 18, 21 and (4) we have 0 # y = K; and consequently
by 22

(6) yeM.
From (4) and (5) we obtain y - M £ 0, which by 26 proves that
@) ynon € K.
Since x e, ¢, there exists a set A4 such that |p, x| = x for all

@ € ®(A). Since, as is easy to show, |p, K| = K, for every function ¢ € &,
we infer with the aid of 32 that

8) lg, x—Kp| = x—K, for ¢e®A).

Now let ¢ e ®(A4) and fey. Hence there exists a z such that tez
€ x—K,. Applying 34 and (8), we obtain |p, t| € |p, z] € x—Kj; hence
lp, t| € y. Conversely, if we have |p, t| €y, then for a certain z we
have lp, t| € ze x—K,, from which we conclude by 33, 34 and (8) that
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telg™', zl e x—K,, and hence ¢ € y. Thus the formulast e y and |p, t{ ey
are equivalent, which proves by 32 that |¢, y| = y for ¢ € G(4), or
) ye8s(4)

Now let £ be an ordinal number. From 11 and 10 it follows that Z,(y) - M
< Zep1(x—Ko) M < X\ (x)- M. Since according to our assumption
Zep1(x)- M CBZMRG(B), we obtain

(10) Z() M 3, Ke(B).
BYM
From (6), (7), (9) and (10) it follows that y € Wy, 6— K,, which was
to be proved.

In view of 52, Theorem 58 represents the main theorem for Axiom 4.

5. If ®eY, MeR(®) and x e W, a—K, then there exists an y
€ Wyar, 6 — K such that the following condition holds:

(*) an arbitrary z € Wy, ¢ belongs to the set y if and only if z €¢ War, 6~ K
and the formula t € z for every t implies the formula t € x.

Proof. We put
) y = Px) Wp,e+ {40 }.

First, we wish to show that () holds. Thus let z € Wy s, and z € y.
By (1) this is equivalent to the disjunction: either z = Ag or 0 #% z = x
and z € Wy, ¢. In the first case~we have z € Wy, g— K by45and z- Wy, o
= 0 < x by 26. Thus the formulas t € z and ¢t € Wy, ¢ imply the formula
t € x. In the second case we reason as follows: if z(x) > 0, then by 21
0#zcyc and consequently, we have z-IM =zeWp,e = WM,
from which by 26 it follows that z cannot belong to K,. Hence we have
zeWBy,s—K and 7(z) > 0. Next, by 46, we have z- Wye =z x
and the formulas ¢ ez and 1 € Wy, ¢ imply 7 € x, Thus if 7(x) = 0, then
we must have x = A, because x non € K. We want to show the following:

2 if0#£zc A, and zeIR, then z = A,.

Namely, if we had z € M— {A,}, then as can be seen from 15, 16 and
17 a), we would have 7(z) > 0, and by 21 z = I, which, in view of 26
is clearly impossible. From (2) it follows that if z(x) = 0 then we must
have z = A,, and thus this case has been reduced to the one considered
previously.

Now let us assume that z belongs to the domain Wys, - K and sat-
isfies the following condition: ¢t € Wy, ¢ and 7 € z imply that 7 € x. Hence
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we have z- Wye < x. If z £ Ay, then ze Wy, 6—Ky; hence, by 46
and 25, 0 £ z =z Wy & = x, i.e. z€ P(x)- Was,s. Thus the assertion
of (») has been proved.

It remains to show that y € Wa,e— K. This we show as follows: if
x = A, then by (1) and (2) we have y = {1, }; hence by 45, 48, 26

3) {4} =y e Wu,s—K.
Thus we can assume that x # A, i.e. 7(x) > 0. By 23 we have P(x)

€ M, and hence by 26 & = (P(x)) > 0. From 21 and 18 it follows that
every element of y belongs to the set K;. Hence, by 22, we have

C)) yeM.
Since 4, €y, we have by 26
® ynon € K.

From x € Wy, e it follows that there exists a set 4 € M such that
@, x| = x for p € B(A). If z ey then we have either z = A,, and hence
by 30 a) [, z] = z for all g€ By, or 0% z = x,ze Wy, ¢ and z # A,.
In the latter case we obtain, in virtue of 32,47 and (%), 0 # |p, 2] = x
and |p, zl e Wy, o for p € G(4), i.e. g, z] € y. Similarly one shows with
the aid of 33 that, conversely, |@, z] € y always implies that ze y for ¢
€ ®(4). In view of 32, (4), (5) and 21 this proves that (¢,y) =y for ¢
€ ®(4),

(6) Y € Ra(A4).

Now let £ be an ordinal number and let ze Zy(y)- M—yp. Since, as
can easily be seen, Zy({Ao})* M = {4, }, on the basis of (1), 9, 12 and
the formula x € 1B, ¢ we obtain

ze - MZ(B() Bu. )~ P By © H(D) = 3 Ka(B).

Further we have

@) Z) M-y c Y Ke(B).
Be M

If z € y, then by (1), (3) and 44 we have z€ . Re(B), which, by (7),
BeM

yields Z.(»)- M < Z Re(B). Now in view of (4), (5) and (6) it follows
BeM

that y € Wy, ¢ — K, which was to be proved.
From 59 and 52 we obtain the main theorem for Axiom 5.

60. If ® € 9 and M € R(®), then there exists an x € Wy, e— K such



7] ON THE INDEPENDENCE OF THE WELL-ORDERING THEOREM 315

that A, € x and the formula y € x for every y e W, ¢ implies the formula
{r}ex

Proof. We put xo = Ay, xp4y = {x,} and denote by x the set of
all x,. It is evident that A, € x and the formula y € x implies y € x. On the
basis of 22 one proves by induction that x, € K, for n =0, 1, 2 ..., from
which. by 18 and 21, we obtain x < X,,, x € K,,,, and consequently

m xeT.
Further, we have by (26)
2) xnon € Kp.

From 30 a) we obtain |p, 4y] = A, for ¢ € B,, from which it is easy
to conclude, by a simple induction, that |¢, x,] = x, for n =0,1,2, ...
Hence, by 32, we obtain for an arbitrary set 4 € M.

3 x € Re(4).
On the basis of 26 we can easily see that Zy(x) - It = x for all £. Since
every element x, of x satisfies the condition |g, x,| = x, for ¢ € ®,, we:

conclude that Xy(x) - Pt « Ke(A) for an arbitrary set 4 € M. Hence we
have

) Zi(x)  Me Y Ke(B).
BeM

From (1)-(4) it follows that x e I, s — K, which was to be proved.
In view of 53 and 52 we obtain from 60 the main theorem for Axiom 6.

61. If ® € 9 and M € R(G), then Ay Wy 6= 0.

This theorem, which results directly from 26, represents the main theo-
rem for Axiom 7.

62. If ® € ¥ and M € R(®) and if U is an M, G-distinguished domain
and there is an x € Wy, @ belonging to the domain U, then there exists an
yeW,, o such that y € A and the formulas t € W and t € y do not hold si-
multaneously for any t e W, .

Proof Since A # Ao, we have 0 # A = W, ¢ = M. Further, there
are numbers & for which U-IB,, ¢- K # 0. Now if y is any element of
A Wy, 0 K, then we have y € A Wy, ». If £, = 0, then, by 26, we have
Wy, o' Ay =0;if & > 0, then we obviously have 7(y) = &, and conse-
quently, by 21, 7(z) < &, for z € y. Thus no element of y can belong to the
domain A-Wy, e, i.c. also in this case we have A- Wy ey = 0, which
was to be proved.



316 FOUNDATIONAL STUDIES 7

62 represents the assertion of the main theorem for Axiom 8.

63. If® €%, M e R(®) and x e Wy, &, then AU = x is an M, ®-distin-
guished domain which satisfies the following condition:

(*) Jor every t e MWy, & we have t € A if and only if t = x.

Proof. By 48 and 26 we have {x} e, ¢—K,, from which by 49
it follows that U is an M, ®-distinguished domain. It is evident that con-
dition (*) is satisfied.

From 63, 51 and 52 we obtain the theorem for Axiom 9.

64. If ® €% and M € R(®), and if AU is an M, ®-distinguished domain
then there is an M, ®-distinguished domain B such that the conditions t € ‘B
and tnon € AU are equivalent for every t e Wy, ».

Proof. If U = Wy, e, then we put B = A, and easily conclude from
26 that B has all the properties required in 64. If A # W, &, then we put
B = Wy, 6—U. We then have 0 # B = MW, s, and the conditions 7 € B
and tnon € A are clearly equivalent forevery ¢ € W, ¢ and every ¢ € G(4).
We conclude therefore that the conditions x € B and |g, x| € B are equiva-
lent for every x e Wy, s and every ¢ € B(4). Hence the domain B is
M, G-distinguished, which was to be proved.

64 represents the assertion of the main theorem for Axiom 10.

65. If® €%, M € R(®) and if A, B are two M, ®-distinguished domains
suchthat U- B - Wy, & # 0, then A - B is also an M, ®-distinguished domain.

Proof. By 26 we have AU # A, # B; hence, by 43, we conclude that
0+ A< Wy, s and 0 # B =« Wy, s, which implies
(1) 0# AB < Wy .

By “assumption there are sets A, Be M such that for an arbitrary
x € Wy, & the conditions
2) xed and lp,xjed for ¢e®(A)
resp. the conditions

3 xeB and |p,x|eB for ¢@eBGB)

are equivalent. We put C = A+ B and we have C ¢ M by 42. From (2),
(3) and the inclusion B(C) = B(4)- ®(B) it follows that the conditions
x€U-B and |p, x| € A+ B are equivalent for every x € W,,, s and every
@ € (C). In view of (1) we conclude that A B is an M, G-distinguished
domain, which was to be proved.
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66. If ® € 4, M € R(®) and x e Wy, 6 — K, and if W is an M, G-distin-
guished domain such that U-x # 0, then we have U-x € Wy s —K.

Proof. By 46 we have x =« M, ¢. Further we have 0 £ x- A =« M
and by 22, since x- U is a set, x - A € M. From the assumption A -x # 0
we infer by 26 that x - A non € K. If we now assume x to be a domain,
we conclude by 65 that there exists a set A e M such that the conditions
te U- xand |p, t| € A-x are equivalent. Hence, by 32 we obtain [p, U x|
= U-x for pe B(A), ie.

@ A x € Ke(4).

Now if £ is an ordinal number, then in view of the assumption and 10
we have

Q) Zi W x)  Me Z(x)- M A;MR,(A).

From (1) and (2) it follows that - x € MWu,e; hence we have A-x
€ Wy, a— K, which was to be proved.

67. If ®€¥ and M e R(®), and if U, B are two M, B-distinguished
domains, then there exists an M, ®-distinguished domain & such that for
an arbitrary t € Wy, ¢ the formula t € € holds if and only if t e W and t € B.

Proof. We put C = A, if Wy.o AB=0and €=A-B if
Wy, e - A B # 0. By 65, in both cases € is M, G-distinguished, and one
easily concludes from 26 that this domain satisfies all the conditions of 67.

67 represents the main theorem for Axiom 11.

68. Let ® €9 and M € R(®). There exists an M, ®-distinguished do-
main U with the following property:
(*) for an arbitrary t €My, ¢ we have t € W if and only if t e Wy a— Ko,
andfromxetandyet for any x, y € Wy e it always follows that x = y.

Proof. We denote by U the domain of sets {x} where x e Wy.e.
From 46 we easily conclude that 2 satisfies condition (*). To prove that
A is an M, B-distinguished domain, we denote by 4 an arbitrary set be-
longing to the ring M. For ¢ € B(4) and x e Wy, ¢ we have, by 32 and
47, lp, {x}| = {lo, x|} and |p, x| e Wy s. Hence if y € A and ¢ € G(A4),
then |, y| also belongs to the domain A. We put |g, y| for y and ¢~* for
@, and we conclude in view of 33 that |p, y| € A implies the formula y € U.
Hence the formulas y € A and ¢ € ®(4) are equivalent. Since according
to 45 and 48 we have 0 # A = W, s, we conclude that A is an M, G-
distinguished domain.
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From 68, 51 and 52 we obtain the main theorem for Axiom 12.

69. If ® €9 and M e R(®), then there exists an M, G-distinguished
domain U satisfying the following condition:

(%) ift €Wy &, thent € WU holds if and only if there are elements u, v € Wy, &
such that u e v and t = {u, v).

Proof We denote by U the domain of all pairs {u, v> where u, v
€IBy, s and u € v. It is clear that condition (*) is satisfied. Now let 4 be
an arbitrary set from M, ¢ € ®(A4), t € A. For some #, v € MWy, & we have
t=4u,v) and uev. In view of 32, 34 and 47 we obtain ¢, 7|
= (g, ul, lp, oI, Ip, ul € lp, 0] and lp, ul, |p, v| €, &, Which proves
that |g, t] € A. Conversely, if |, 7] € 2, then for some u, v €W, ¢ we
have |p, t] = (u,v) and uev.

By 32, 33, 34 and 47 we conclude that ¢ = (o=, ul, |p~™*, o), [¢~*, 4]
elp™',v| and lp~, u|, |¢p7!, v] €Wy, ; hence 7 € A. Thus the formulas
t € A and |p, t| € AU are equivalent for ¢ € B(4) and t eW,,, 6. By 45 and
48 we have here 0 # A = Wy, ¢. Hence the domain is M, G-distinguished,
which was to be proved.

From 69, 51 and 54 we obtain the main theorem for Axiom 13.

70. If ® € % and M € R(®), then for each M, ®-distinguished domain U
there exists an M, ®-distiguished domain B with the following property:

(*) ift €Wy, s, thent € B holds if and only if there are elementsu, v e Wy, s
such that ue A and t = {u, v).

Proof If A = A,, we put B = A, and easily conclude from 26 that
the M, G-distinguished domain B satisfies condition (*). Now if A # A,,
then we denote by B the domain of pairs {u, v> where v € A and v € 1By, &-
By 43 and 48 we have

(l) % (= QBM,Q.
Since neither A nor B is empty, we have further
() 0#3.

By assumption there is a set 4 € M such that the conditions u € A and
(p, u) € A are equivalent for every u ey, 0 and every ¢ € ®(4). Now
let ¢ € ®(A4) and 1 € B; for some u € A and v e Wy, ¢ we have t = {u, v),
from which by 32 and 47 we obtain |p, t| = {|@, u|, |, v]) and |p, 9|
eWy.s. Since |p, u] € Y, it follows that |, t| € B. Quite analogously,
it can be shown in view of 32, 34 and 47 that |, ¢| € B implies the formula
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t € B. Therefore these formulas are equivalent, which proves by (1) and (2)
that B is an M, G-distinguished domain. Since it clearly satisfies condition
(*), we.have established the validity of 70.

From 70, 51 and 54 we obtain the main theorem for Axiom 14.

71. Let A be a domain. If 2 does not contain an ordered pair, we put
O(A) = Ay; otherwise we denote by O(Q) the domain of those x for
which there exists an p such that {x, y> € 2.

72. If ® €%, M e R(®) and if U is an M, ®-distinguished domain, then
D) is an M, ®-distinguished domain and:

(*) a t e Wy, & belongs to O(A) if and only if there is a uc Wy, & with
{t,u) e AU

Proof. If A does not contain an ordered pair, then by 26 and 71 we
have neither ¢, ¥) € U nor ¢t € O(A) for u, 1 € Wy, ¢. Condition () also
holds and, by 71 and 43, DO(Rl) is an M, G-distinguished domain.

Now we assume that A contains an ordered pair. Hence we have 4 # A,
i.e. by 43

M 0# Ac Wy s

If 1 € O(A) and ¢ € Wy, &, then by 71 there is a u such that (¢, u) € A.
In view of (1) we infer by a double application of 46 and 28 that u € Wy, &-
Conversely, if we have {t, u) € U where 7, u € Wy, s, then, by 71, t € O(A).
The domain O(Q) satisfies condition (*). It remains to show that this do-
main is M, ®-distinguished. To this aim let us observe that by assumption
there exists a set 4 € M such that the conditions x € A and |p, x| € A are
equivalent for x € Wy, ¢ and ¢ € B(A4). Let t € O(A) and ¢ € B(A). Then
we have for some u € Wy, ¢ ¢, ) € Y, from which in view of (1) and 46
we obtain ¢, {r,u)] € A. By an application of 32 we get from this
o, t, 1@, ul> € A, which proves by 71 that |p, t| € O(). Conversely, if
lp, 1] € O(A), then according to (*) we have {|g, 1|, u) € AU for a certain
u € Wy, ¢. Since p~! e G(4), by 32 and 33 it follows that [p~1, {|¢, t], D]
={t, |7 u> €Y, and consequently ¢e O(A). Hence the formulas
te O(A) and g, 1| € O(A) are equivalent for € MWy, ¢ and ¢ € G(4A),
which proves by (1) that O(l) is an M, G-distinguished domain. This
ends the proof of 72.

From 72 and 54 we obtain the assertion of the main theorem for Axiom 15.

73. If ® € 4 and M € R(®), then for each M, ®-distinguished domain U
there exists an M, ®-distinguished domain B with the following property:
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(*) if t e Wy, », then t € B holds if and only if there exists an element u, v
€ Wy o such that t = (u, v) and {u, u) € A.

Proof. If 2 does not contain an ordered pair, we put B = A,. This
domain is M, ®-distinguished and satisfies condition (*), since by assump-
tion (u, v) € A does not hold for any u, v and, in view of 26, B does not

.contain any element of IB,, s. Hence we may suppose that 2 contains at'
least one ordered pair, and thus by 43, we have

0 0# % < W, a

We denote by B the domain of pairs for which (u, v> € U. Hence we
have

2 B # 0.
In view of 26, 46 and 48 we conclude from (1) that
3 B < Wy.a.

From the assumption of our theorem we obtain the existence of a set
A € M such that the formulas x € U and |, x| € U are equivalent for
x €Wy, o and p € B(A4). Now let 1€ B and ¢ € G(4). For some u, v e U
we have ¢ = (u, v) and (v, ) € U; moreover by (1), 26 and 46 we have
u, v €W, g, which, by 32 implies <|o, v|, |p, u]) € A. Since, according
to 32, lg, t] = g, u), |, ©|), we obtain g, #] € B. Quite similarly we
can show that |p, t| € B implies the formula ¢ € B. Therefore the two for-
mulas are equivalent, which proves by (2) and (3) that the domain B is
M, ®-distinguished.

Now let t e, 6. If # € B, then there exist ¥ and v such that t = {u, v)
and <v, u) € A. Moreover, {u, v) € K, cannot hold, because the elements
of K, are infinite sets. Hence from 46 we obtain {u, v} € Wy, s, and anoth-
er application of the same conclusion shows that u,v eIB, . Conver-
sely, if we have 4, v € Wy, s and {v, u) € Y, then (v, u) € B holds, accord-
ing to the definition of B. This proves that B satisfies the condition (),
which was to be proved.

From 73, 51 and 54 we obtain the assertion of the main theorem for
Axiom 16.

74. If ® € 9 and M e R(®), then for each M, ®-distinguished domain U
there exists an M, ®-distinguished domain with the following property:

(*) if t €Wy, then t € B holds if and only if there exist elements u, v, w
€Wy, o such that 1 = ((u, vy, w) and {u, (v, wd) € U.
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Proof. We put B = A, if A does not contain any set of the form
{x,<y, z »>. Otherwise we denote by B the domain of triples ((x, », 2D
where (x, {y, z)) € Y. The remaining part of the proof proceeds exactly
as in the proof of 73.

From 74, 51 and 54 we obtain the assertion of the main theorem for
Axiom 17.

75. Let ® € 9, M € R(®) and x ¢ Wy, ¢ — K. Further, let U be an M, G-
distinguished domain with the following property: for any u, v, w €Wy, s
from u, vy, {u, wy € U follows the equation v = w. Under these assump-
tions there exists an y € My, ¢— K such that for an arbitrary z e Wy, o the
condition z € y holds if and only if there exists a t €Wy, ¢ such that te x
and {t,z) e AU.

Proof* If there is no t €Wy, e x or no zeMW,, ¢ such that {z, 2)
€ ¥, it suffices to put y = A,. By 45 y is an M, ®-distinguished element
which clearly satisfies all the requirements of 75.

Hence we assume that there is a 1o €Wy, ¢ x and a z, e Wy, s such
that {t,, zo) € AU. From this it follows by 26, 48 and 43 that

(1) 0 #* A < SlIBM.G’
@ x €Wy, 6—Ko.

We denote by x, the set of those ¢ € x for which there exists a z €Wy, o
such that <¢, z) € . This set is non-empty since #, € x, and, taking into
account the assumptions of our theorem, we conclude from (2), 46 and 48
that for ¢ € x, there exists exactly one z € W), ¢ such that {7, z> € A. We
denote this unique z by ¢* and put y = E[t e x,]. If z€y, then there is

-

a t € x, such that z = ¢* from which, in view of (2) and 46, we obtain
t ey, 6 and {1, z) € A. Conversely, if z, ¢ €My, s and ¢ € x with {¢, 2>
€ U, then we have £ €x, and * = z, and hence z € y. Thus the formula
z €y holds for z ey, 6 if and only if there exists a ¢ €Wy, ¢ such that
tex and {7, z) € A. It remains to show that y e W), 6—K.

For every t € x, we have 1* e Wy, 6 = WM. If & is an arbitrary ordinal
number which exceeds all t(f*) with ¢ € x,, then from 18 and 20 it follows
that y < K. Since z, € y, we have 0 # y, and on the basis of 22 we con-
clude that

3) yeM.
Since z, € y - M, we obtain from 26

(4) ynon € K,.
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Clearly we have x, c x- O(). Now if u e x-O(), then we have
{u,v) € AU for a certain v. By (1) it follows hence that {u, v) € Wy, »,
where by 26 {u, v> does not belong to K,, since in view of (2) and 48,
{u,v} eu,v) - Wy 6. By 46 we have {u,v) < W, s, Whence {u,v}
€Wy, s. We again have {u, v}non € K,, since u €Wy, ¢ by (2) and 46.
Consequently we have {u,v} c Wy, e, i.c. v Wy, 6. Since {u,v) e,
it follows that u € x,. Consequently we have x - O() = x, and thus

(5) x; = x- O(A).

From (5), (2), 66 and 72 it follows that x, € Wy, &, and since 7, € x, - W,
we have, according to 26,
(6) x; € Wy, 6—Ko.

In view of 46 and 32 we conclude from (6) that there exists a set 4, e M
such that the formulas
@) tex, and |p,t]ex, for te Wy, ¢ and ¢ € B(4,)
are equivalent. Further, since 2 is an M, G-distiguished domain and A# A4,
there exists a set 4, € M such that the formulas
®) teU and |p, 1| €U for teWy, s and ¢ € B(4,)

are equivalent.
Now we put 4 = A4, + 4, and according to 42 we have

©) Ae M.

Next let ¢ € B(4) = ®(4,)- ®(4;) and ze y. Then there is a r € x,
such that {z, z) € A. In view of (7), (8) and 32 it follows that |p, t| € x;
and (|g, t|, |p, z|> € A, and thus |p, z] € y. Conversely, if |p, z] € y, then
we have {1, |p, z[) € U for a t € x,, from which on the basis of (7), (8),
32 and 33 we conclude that {Jp~%, ¢},z) €A and |p~!, t] € x,. Conse-
quently we have z € y. Hence for every ¢ € G(4) this condition is equiva-
lent to the condition |g, z] € y. In view of (4), 32 and 40 we obtain hence
the formula

(10) y € Re(4).

Now let & be an ordinal number. We clearly have y = X,(4). By (1),
10 and 50 it follows that y-It < 2,(W,,. e)° T = Wy, s. Since, as
we have seen above, y < Wt holds, we infer hence by 50 and 44 that Z(y)

< Zy(Wu,s) = Wy,e = 2. Ke(B). On the basis of (3), (4), (9), (10)
BeM

and 43 this proves that y € W, ¢ - K,, which was to be shown.
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From 75, 51 and 54 we obtain the main theorem for Axiom 18. Thus
the main theorem has been completely proved.

The main theorem proved above puts us in a position to carry out some
independence proofs.

Let us imagine a set u of statements ‘which can be expressed in the lan-
guage of the system S, and let « be a statement of the same kind which
does not belong to the set u. To prove that « is independent of any of the
axioms of the system & and of the statements from g, it suffices in view of
the main theorem to produce a group ® € % and a ring M € R(®) which
have the following two properties: (1) if the basic notions of the system
@ are interpreted in the way described in the main theorem, all the state-
ments of u become true propositions; (2) under the same interpretation «
becomes a false statement. An example of this procedure will be provided
in the following sections.

§ 4. The independence of the well-ordering theorem
from the ordering principle

76. Letry,ry, ..., I'n, ... be a sequence arbitrarily chosen, but fixed for
the sequel, of all rational numbers.

71. If r is a rational number, we put f(r) = A,, where n is the con-
secutive number of r in the sequence of 76.

78. The function f maps in a one-to-one manner the set of all rational
numbers onto the set K.
The proof follows immediately from 77 and 16.

79. x < y holds if and only if x, y € Kand f-'(x) </~'(»).

80. The relation < is of type 1 in the set K.
The proof follows from 78 and 79.

81. ®* denotes the subgroup of ®, consisting of functions which pre-
serve the relation <.

82. M* denotes the system of finite subsets of K.

83. €% and M+ € R(G*).
This assertion follows from 81, 82, 83 and 42.

84. For every subset T of B, we denote by |T| the smallest subgroup
of ®, which contains I.
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85. If A,BeM*, A-B=0 and a,b e K, then there exists a function
@ €|®*(A)+G*(B)| such that ¢(a) = b.

Proof. We can clearly assume that a  b; hence, say, a < b. Let us
put ¢, =f"a), p, = f!(b); so, by 79, we have g, < p,. All elements
of A+ B are values of the function f for some rational numbers, which we
may denote by o,, g;, ..., 6,. The number of o,’s that satisfy the inequality
01 < 0; € p, will be denoted by p. We are going to use induction with
respect to p.

First let p = 0. Then we can determine a rational number & > 0 such
that the closed interval I = [p, —¢, p,+¢] does not contain any o;’s.
Clearly, there exists a one-to-one order-preserving map g of / onto itself
which satisfies the conditions g(o,+¢) = o, —¢, g(o,) = 02, 8(02+9)
= p,+e¢. Let us extend g by setting g(x) = x for the rational x’ s which
do not belong to /. We then obtain a one-to-one order-preserving map of
the set of all rational numbers onto itself which preserves all o;’s and maps
o, onto ¢,. Hence the function ¢ = fgf~! belongs to the system &*(A4)
and a fortiori to the system |®*(4)+®*(B;| and carries a onto b. Thus
our theorem is true for p = 0.

Now let us assume that ¢ > 0 and that the theorem holds for p < gq.
Let a, b € K be two elements for which the number p has the value ¢. If
a € A, then anon € B, from which it is easy to conclude that the group
®*(B) contains a function ¢ such that a < ¢(u) < b. The number of
x € A+ B for which we have ¢(a@) < x < b or ¢(a) = x, or x = b is clearly
less than ¢. By the induction assumption there exists a function y €]/®* (4) +
+®*(B)] such that y(g(a)) = b. We proceed quite similarly when a € B.
Now if anon € A+ B, then there is a c€ A+ B and a ¢'non € A+ B such
that a < ¢ < ¢’ < b, and no x € A+ B satisfies the conditions a < x < ¢,
¢ < x < c¢'. We may assume, say, that ¢ € 4. Then there exists a function
@ € ®*(B) such that ¢(a) = ¢’. According to the induction assumption
there exists a function y € |G*(4)+®*(B)] such that y(c’) = b. Hence
the function @y has all the required properties, which was to be proved.

8. If A, BeM*,A-B=0,n>1,a,,...,8,,b,,...,b,€ K and a,
<a; <..<a,,b <by<..<b,, then there exists a function ¢
€ |®*(4)+ & (B)] such that p(a;) = b; for i =1,2,...,n.

Proof. For n = 1 our theorem is true in view of 85. We assume that
p = 1 and the theorem holds for n < p. Leta;, ..., @545, by, ..., Bpyy be
2p+1 elements of K such that

a; <a; <..<apy;, by <b,<..<by,.
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By assumption there exists a function y € |G (4)+®*(B)]| for which
w@)=b; (i=1,2,..,p). We put p(a,,,) = by,,; since peB*, we
have clearly b, < bj,,. Now we consider the set I = K- E [b, < x]. From

X

80 it follows that there exists a function g that maps / in a one-to-one man-
ner onto the whole set K and preserves the relation <. Further, by 85 there
exists a function x e|®*(g(4- 1))+6*(g(B- N)| such that x(g(by+1))
= g(b,,)- Hence the function h = g~'xg maps / in a one-to-one manner
onto itself, preserves the relation < and satisfies the condition A(b},,)
=b,,,. We extend the function / onto the whole set X by setting b(x)
= x for x € K—1Iand we put ¢ = hy. It is evident that this function satisfies
the conditions ¢(a;)) =b; (i =1,2,...,p+1). It remains to show that
@ €16+ (4)+6*(B)|. Since y € |G*(4)+G*(B)], it suffices to prove that
hel®Bt(4)+6*(B)].

As an element of
|G+ (g(4- D)+G*(g(B- D)
the function y can be represented in the form y; x; ... xx, where the x’s
with even indices belong, say, to ®*(g(4-1)), and y;’s with odd indices
belong to G*(g(B- I)). We conclude from this that
h(x) = g7 xg(®) = (7' X:18)(8 " x28) --- (87" 1x&)(¥)

for xe L

The functions g~ yg (! = 1,2,..., k) map the set I onto itself and
preserve the order relation <. If ae 4 -1, then we have g(a) eg(4+1)
and consequently x(g(a)) = g(a) for even /< k. Hence we set wi(x)
=g lyg(x) for xel and wy(x) = x for xe K—I (I=1,2,..., k), and
we have I < k for even I < k. Similarly we can show that for odd I < k
we have w; € ®*(B). Therefore we have w,w, ... v, € |®* (4 + G+ (B)I.
Now we claim that

) A(x) = w, ... x(x) for xe K.
Namely if x € I, then
wi(x) = g ug(x) eI,  wpoywp(x) = (7 xx-18)(& " eB)X) €1,
and so on, so that finally, by induction, we arrive at the formula
Wy o0 (x) = (€71 118) - (7' u8)(x) = h(x) e 1.
Now if x € K~ 1, we find step by step that

(X)) = X, o1 ox(X) = o (x) = x, ..., 0. ox) = x = h(x).
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Accordingly, formula (1) has been proved and it follows that
he|®*(A)+6G*(B)I,
which was to be proved.
87. If A, Be M* and A- B =0, then * = |G+ (4A)+G*(B)].

Proof. If A =0 or B =0, then the assertion is trivial. Hence we
assume that neither 4 nor B is empty; these sets can thus be represented
in the form

A={a", ...,aP a®, ..., 4P, .., 4P, ..., 4P},
B ={",...,b0>, 6P, ..., 6P, ..., b, ..., b}:”},
where
a < ... <aP<bP < ... << ... <aP
<. <aP <P << B

(i, or j, may be equal to 0).
Now let ¢ € G+, we put of® = p(af®), d® = @) (k =1,2, ..., p,
I=1,2,..,04, m=1,2,..,j) and we then have

AV < <P <dP < .. <dP <. <P
<. <P <dP < .. < P,

By 86 there exists a function v €|G*(4)+G*(B)|, such that y(cf®)
= a;k)’ w(dlslk)) = b::) (k = 1, 2’ s P 1 = 1’ 2’ ey ik) m = 1, 29 ""jl)'

Hence we have po(aft’) = af* and pep(d®) = b® for k = 1,2, ..., p,
1=1,2,..,i,m=1,2, ..., ji, which implies yp e G* (4 + B) < |G+ (4) +
+6*(B)|. Since ¢ =y~ '(yp) and yp~' e |®*(4)+G*(B)|, and conse-
quently * = |®*(4)+ G+ (B)], which was to be proved.

88. If A,Be M*, then ®*(4- B) = |G*(4A)+6G*(B)|.

Proof. The inclusion
o)) G*(4- B) o |6G*(4)+6*(B)|
is evident. To prove the converse inclusion, we reason by induction with
respect to the number p of elements of 4+ B. If p = 0, then everything
follows from 87. Now we assume that p > 1 and our theorem holds for
those 4, B e M* whose intersection contains less than p elements.

Let 4, B be two sets from M* whose intersection contains exactly p

elements and let @ be that element of 4 - B which is the earliest (with res-
pect to the relation <). We put I, = K-E[x <da], I, = K-Ela < x].
X X

Now let ¢ be a function in ®*(4 - B). From ¢(a) = a it easily follows
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that ¢ maps the sets /; and 7, into themselves. We denote by ¢; (i = 1, 2)
the function, whose values on J; coincide with those of ¢ (and which is not
defined outside £).

By 80 there are two functions f; and f, which map the sets I, and 7,
onto K, respectively, and at the same time preserve the relation <. The
function f¢; fi"'(i = 1, 2) clearly belongs to the group ®*.

Ifxefi(A- L) fi(B- I), then we have fi"'(x) € A - B- I,. Hence ¢, f; '(x)
= @fi '(x) =fi'(x), ie figifi'(x) =x. Thus we have fig,fi!
eG(fi(4- 1) fy(B- I))for i = 1, 2. But since the set fi(4-I)-fi(B- L)
contains less than p elements, it follows from the induction assumption
that fipyfi~" €16*(fi(4- 1))+ ®*(f(B- I}))|. Hence fi:fi* has the form
of a composite function
2 fiofit =0l Lo (i=1,2),
where the of?’s with odd indices / belong, say, to the group G*(fi(4 - I,))
and the of?’s with even indices / belong to the group G*(fi(B- I)).

Weputfori=1,2and/=1,2..,%k
3 B = filwffilx)  if xel,

@ x1P(x) = x if xeK—1I,.
Further, we put for i=1,2
pi(x) = gi(x) ifxel,
pi(x) = x if xeK-1I,.
Then we clearly have {”, ;€ ®* for /=1,2,...,k; and i = 1,2, and
©) P =yy.

Now we claim that

®) wo= D (=1,

Indeed, if x € K—1I;, then we obtain successively x{’(x) = xe K—1I,
B (il 1(®) = f2 (x) = xe K—I;, and so on, y{¥ .. xP(x) =x
= pi(x).

On the other hand, if x € I;, then we have

W) =fitold i) el, () =S ol (ol (x) e I,

etc., so that we finally arrive at the formula x{ ... xf’(x) = fi'w{ ...
.. of? fi(x). By (2) it follows from this that x{” ... x(x) = gi(x) = yi(x)
as y € I;* Accordingly, (6) is established.



328 FOUNDATIONAL STUDIES 71

Now we show the following:
@) for odd 1 < ky we have 3V e B+(4),
8 Sor even I < k; we have y{ e B*(B).

It suffices to prove only one of these formulas, e.g. the first. Thus let
xe€A; if xeA- I, then fi(x) is defined and fi(x) €fi(4 - I). Since wf®
e &*(fi(4 1)), it follows that wffi(x) = fi(x), i.e. fi ', fi(x) = x = x{O(x).
On the other hand, if x € A—1;, then we have by (4) x{®(x) = x. Hence
the function x{" leaves all elements of 4 fixed, i.e. we have 3 ®*(4). The
proof of (8) is completely analogous.

Now from (6), (7) and (8) it follows that y; € |G+ (4)+G*(B)|; hence,
in view of (5), ¢ € |6*(4)+®*(B)|. Since ¢ is an arbitrary function from
®*(4- B), it follows that ®*(4- B) = |6+ (4)+&*(B)|, and in view of
(1) ®*(4- B) = |®*(4)+6G*(B)], which was to be proved.

89. If 0 # X <« M*, then we have G*(AI;[X A) = lAgx(5+(A)l.

Proof. If 4 eX and ¢ € *(A4), then we have ¢(x) = x for all x € 4,

and a fortiori forall x € [ 4. Hence we have ¢ e(ﬁ*( I1 A), and thus
AeX AeX

M iAgy(ﬁ“‘(A)! c ®+(AUX A).

Now we denote by A4, an arbitrary element of X and let S = E [4 - X].
Ao-A

The system S consists of finite subsets of 4, only, and since A, is itself
finite, S is also finite. From 88 it follows by simple induction that

v 6] 4) =¥ 6*(4).
AeS AeS
If A €S, then A = A, B for a certain Be X and consequently by 88
G (4) = 16*(4)+G*(B)] = >, G*(B). Hence we obtain the inclusion
BeX
©) |2 6 @) =X 6+ ().
AeS AeX

Now we claim that

©) [T4a=1]] 4.

First, the inclusion [ | 4 < [] 4 is obvious. Conversely, if x € [] A and
AeX AeS AeS

B e X, then B-A, € S; hence x e B- Aq = B. Since Bcan be chosen arbitrarily,



{71 ON THE INDEPENDENCE OF THE WELL-ORDERING THEOREM 329

we obtain x € [[ A4,ie. [ 4 =« [] 4. Hence (4) has been proved. From
AeS

AeX AcX
(2), (3) and (4) it follows that
GH{I] 4) = |3 G*(4)
AeX AeX

which shows, in view of (1), the validity of 89.

90. For A e M*, we denote by n(A) the number of elements of A4.

91. For A, Be M+, we write ApB if either n(4) < n(B) or n(4) = n(B)
and A precedes B in the lexicographical ordering of all n(4)-tuples of ele-
ments of K.

92. If A, Be M+, AgB and ¢ € &+, then p(A)op(B).

Proof. From91it follows that n(p(A)) = n(A) and n(e(B)) = n(B).
Hence if n(A) < n(B), then we also have n{(p(4)) < n(¢(B)), and con-
sequently, by 91, ¢(4) pp(B). On the other hand, if n(4) = n(B), then by
91 the earliest element of A~ B remains in the relation < to the earliest
element of B—A. The map ¢ leaves the relation < invariant, whence we
conclude that the earliest element of ¢(4)—@(B) is in the relation < to
the earliest element of ¢(B)—@(A4). By 91 this shows that ¢(4)ee(B), which
was to be proved.

93. The set of all 4 € M+ for which n(4) = n will be denoted by M}
(n=0,1,2,..).

94. Weput,forn=1,2,...:4, = 0,4, = {f(1),/(2), ..., f(n)} (cf. T7).

95, A,e M} forn=0,1,2...

The proof follows directly from 93, 94, 77.

96, Let oy, ..., 0, be rational numbers such that ¢, < 0, < ... < 7,.
We put for a rational x:

go,.na(¥) =x—0,+1 if x< o,

X—0;_ . .
gal,....a,‘(x):: Fo_i__ll"‘*'l-l if Oi_y <x<o’,,
£o, 0 (X) = X—0,+n if x > o,.

97. Let Ae M# and 4 = {x,, ..., X,} where x; < ... < x,. We put
o;=fx)({=1,2,...,n)and @, = f2a, ..o, f "' if n> 0;forn = 0 we
denote by ¢, the function satisfying the equation ¢4(x) = x for all x € K.

98. If Ae M}, then o, € ®F and @, (4) = A,.

The proof can be obtained without difficulty from 93, 94, 96, 97 and 77.
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99. For brevity we put Wy ¢+ = W+ and Ke+(4) = K+ (4).

100. For x e W+ we denote by A(x) the intersection of all 4 e M*
for which x € R*(4).

101. If x € W*, then x e K*(A(x)).

Pr o o f. We denote by X the system of all 4 € M* for which x € R *(A).
By 43 and 99 we have 0 # X < M*, which by 89 and 100 proves that
G+ (4(x)) = > G*(4)|. Hence every function ¢ € ®*(A(x)) can be rep-

AeX
resented as a composite function ¢ = ¢, ¢, ... ¢,, where ¢, eG*(4)
and 4;€X (i=1,2,...,n). In view of 40 we have |p;, x| = x for i
= 1,2, ..., n. But since by 36 |g, x| = |p,, l@s, ..., l@s, x| ... |, it follows
that |@, x| = x. In view of 40 we conclude that x'e R*(4(x)), which was
to be proved.

102. If x e W* and ¢ € ®*, then A(lp, x|) = p(A(x)).

Proof. By 41 and 101 we have |, x| e R*(p(A4(x))); hence, on the
basis of 100, A(lg, x|) € p(A(x)). Now if we have Be M* and
M lp, x| € R*(B),
then we have, by 41 and 33, x € R*(¢~*(B)); hence A(x) = ¢~*(B). Since
this holds for every B satisfying (1), it follows from 100 that @(A4(x))
< A(lp, x]), which was to be proved.

In connection with definitions V, VII from § 1, we also introduce the
following definition:

103. A set x orders a set y if the following conditions hold for arbitrary
U, v, wey:

1) {u,v> € x or (v, u) € x;

(2) if {u,v) ex and u # v, then (v, u) non € x;
3) if <u,v> € x and (v, w) € x, then {u, w) € x;
C)) {u,uy € x.

104. A set x well-orders a set y provided x orders y and the following
condition holds: if 0 # z < y, then there exists a u € z such that {u, v) € x
for every v ez

105. Let ® €%, Me R(®) and y e Wy, 6—K,. In order that an x
€ Wy, e — K satisfy conditions (1)-(4) in 103 for arbitrary u, v, w e Wy, & * »,
it is necessary and sufficient that x should order y and belong to the domain
Wy s
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Pro of. First we assume that x belongs to the domain MW, s — K and
satisfies conditions (1)-(4) in 103 for arbitrary u, v, w € Iy, & y. Since
by 46 y = I, &, these conditions hold for arbitrary u,v,wey, ie. x
orders y.

Now if x € I,,, ¢ and x orders y, formulas (1)-(4) in 103 hold for arbi-
trary u,v,wey and a fortiori for arbitrary u, v, wey Wy, . In view
of (4) we infer from 25, 48 and 26 that xnon € K, which was to be proved.

Theorem 105 has the following meaning: if one replaces in Definition
V, § 1, the words “individuum”, “class”, “e”, “A” by the words “M, G-
distinguished element”, “M, ®-distinguished domain”, “¢”, “A,”, respec-
tively, then this definition becomes a statement which defines the notion of
an ordered set belonging to the domain MWy, s-

106, Let ®e¥% MeR(®), x,zeWy,e—K,xcy and t=
=z <E )[u, vex]. If z orders the set y, then t orders x and we have
te %M, s— K.

Proof. It is evident that ¢ orders the set x. From 26 and 46 it follows
that x # A,, since otherwise z could not belong to the domain W, & — K.
Hence from 25, 26, 46 we obtain

¢)) 0#£xcWy,¢ and xnoneK,.
By 48 and 26 we conclude from this that
2 O#w= E [u,vex]c Wy.s,
v
(3) wnon € K,.
From (2) and (3) it follows by 32 that
4 lp, w| = E [u,vex] for pe®,.
o, ul, (@, 0]

By (1) and 32 there exists a set A € M such that the formulas v € x and
lp, u] € x are equivalent for u € MWy, & and @ € ®(A). Hence by (4) we
have

Q) lp, w] = w for @ e B(A).

On account of 32, formula (5) proves that the domain associated with
wis M, ®-distinguished. Since 7 = z-w, in view of 66 it follows that
t € My, &, which was to be proved.

107. For every ordinal number & there exists a set x € W+ — K which
orders the set K- 1B+,
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Proof. For AeM™ we denote by Y(A4) the set of y e K, - W+ for
which A(y) = A. Since A(y) is determined uniquely by y, the sets Y(4) are
mutually disjoint.

From the axiom of choice we infer the existence of the sets O,
(n=0,1,2,..) which order the sets Y(4,). With the aid of these sets we
establish a relation o between elements of K;- I+ in the following way:

(1) uav holds if and only if 1° u,v € KW+ and 2° either A(u)oA(v) or
A(ll) =A= A(v)! and <I¢A’ uly "pA) ‘Z)|> € On(A)-
Finally we denote by x the set of pairs <u, v) for which uov holds.

Next we wish to show that x orders the set X, - W*.
For u € K;- I+ we have by 47, 35, 98, 83 and 102

I‘PA(-:); ul e K- W Y(An(A(u)))-
Since On4wy orders the set Y(An4q), We obtain

"pA(u)’ ul’ "pA(u)v ul > € On(A(ll))a
i.e. by (1) uou or

) {u,uy ex for ue K- W*.

Now let (u, v) € x and u # v. If 4(u)pA(v), then by 91 we tannot have
either A(v)pA(u) or A(v) = A(u). Hence from (1) it follows that {u, v}
non € x. If A(y) = A = A(v), then according to (1) we have {|g,, 4|, |4, o>
€ Ouy. Here we have @4, 4| # lpa, v, since otherwise we would have
u = v. In view of the fact that O, orders the set Y(4,.,), we obtain
@4, o1, @4, l>non € O,4y. Now the equality A(x) = A(v) excludes the
formula A(v)oA(x). We infer from (1) that also in this case {v, ¥d>non € x.
Hence, in general, the following holds:

3) if u# v and {u,v) € x, then we have {v, uynon € x.

Now we assume that {u, v) € x and {u, w) € x. If A(v)pA(v), we must
have A(u)oA(w). Then in any case we have 4A(v)oA(w) or A(®) = A(W),
and the relation g is transitive. Hence in this case we have (u, w) € x. Sim-
ilarly we have {u, w) € x if A(v)pA(w). Now if A(u) = A(v) = A(w) = A4,
then we have by (l) <|¢A, ula "p.{: WD € On(A) and <I¢A’ 'U', I‘pd, Wl) € On(A)’
whence {|@4, 4/, |p4, W|) € Ony, i.e. on account of (1) uow, and hence
{u, w) € x. Thus we have proved the following:

@) from {u,vd> €ex and {v,w) € x it follows that {u, w) € x.

Ifu, v € K;- W+, then we have either A(u)pA4(v), or A(v)oA(u), or finally
A() = A = A(v). In the first case we have by (1) {(u, v} € x, in the second
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case {v,uy ex. In the third case either {Jo,, u|, |ps, v]> € Onyy or
(194> V)5 l@a, ul> € Opay, since by 102 and 93 @4, ul, Ipa, 0] € Y(Anw)-
Hence also in this case we have {u, v) € x or {v, u) € x. Accordingly, the
following formula has been proved:

') if u,v e K- IB*, then we have either {u,v) € x or {v, uy € x.

From (2)-(5) it follows by 103 that x orders the set K, - I3+,

If u,v € K; - I3+, then by 48 and83 {u, v> € IW*. Since x is composed
of pairs {u, v) for which u, v € K;- I+, we have x = I+, which by 10,
44, 50 and 83 implies

6 Z,(x)-McW < Z K*(B) for every ordinal number 1).
BeM+

Now let {u,v) € x and ¢ € ®*(0). By 32 we have

M lp, <u, 3| = o, ul, lp, v
and by 47 and 35
®) lp, ul, lp, o] € Ky - W+
According to (1) two cases are possible: either A(u)oA(v) or
® Aw) = A= Av) and  pa, ul, [, 21> € Onw.

In the first case we obtain from 102 and 92 A(lp, u))eA(l@, ©]), which
in view of (1) and (8) gives
(10) g, ul, lp, v € x.

Now we assume that the second case holds. We put B = ¢(4) and o
= @31'gsp. By (9) and 102 we have
(1 Allp, ul) = B = A(lp, v)).

Further, we clearly have y € ®*, since according to 98 ¢3!, ¢z € ®*.
If x € 4, then we have ¢(x) € B; further, by 98, @ap(x) € Apay = Anrs
whence by another application of 98 we obtain p(x) = ¢z'@pe(x) € 4.
The function y maps 4 onto a part of 4. Now we claim that

(12) px) = x for xeA.

Namely, if we had 9(x) # x for a cerain x € 4, and hence, say, x < p(x),
then we would obtain by iteration

x < p(x) < p(x) < ... <yr(x) < ...

By the above all ¥*(x) would belong to the set 4. But this is impossible,
because A as an element of M* is a finite set. Accordingly, (12) has been
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proved and it follows that y € ®*(4). By (9) and 101 this proves that }y, u|
= u and |y, 9| = v, i.e. on account of 33 and 36 (|gs, lo, ul| = |, ul,
ll@s, l@, olf = |pa, v]. Hence by 9 we obtain
(13) <|<PB, l‘P: ll”, I‘pB, I<P, 'Z)Il) € on(A) = OH(B)'
From (1), (8), (I1) and (13) we again obtain formula (10). Hence we
have proved the following:
(14) if (u,v) e x and ¢ € G*(0), then we have {|p, u], |p, v|) € x.
Putting in (14) ¢~* for ¢, |@, u} for u and |p, 9| for v, we obtain the
following
(15 ifle,ul,|p, o) €x and ¢ € *(0), then we have {u,v) € x.
Since we clearly have
(16) 0#xcii
on the basis of 32 it follows from (6), (16) and (17) that x € W+, and from
(2) we infer by 26 and 48 that xnon € K,, which was to be proved.
108. If y e B+ —K,, then there exists an x e W* which orders y.

Proof. By 18 and 21 we have y < K; for a certain ordinal number &,
which on account of 46 gives y = K; M*. By 107 there exists a set from MW+
which orders K;-98*. Hence from 106 we conclude that there exists an
x € W+ that orders y, which was to be proved.

109. In view of 105, 51, 52 and 54 Theorem 108 can be expressed as
follows: when in the ordering principle of § 1 we replace the words “indi-
viduum”, “ class”, “ £”,* A” by the words “ M *, G*-distinguished element”,
“M*, ®*-distinguished domain”, “€”,“ A,”, respectively, then the order-
ing principle becomes a true statement.

110. K e W*—K,.

Proof. From 0 # K = K, it follows that K = B(K,) = X, from
which we obtain

03 Kedt.
From 26 it follows further that
(3] Knone K,.
If ¢ € ®,, we obtain by (1), (2) 25, 32 and 30 b)
e, K| = vpgm[n =1,2,..]=K,
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from which we get

3 K e R+(0).
From 45 we obtain by 10, 44, 50 and 83
) ZyK)- M e Z(W*) - M= W+ =« > K*(B).
BeM+

From (1)-(4) it follows by 43 that K € I+ — K, which was to be proved.

111. There exists no x e W* ordering K and satisfying the following
condition:

(%) if ze W* — K, and the formula t € z implies the formula t € K for every
t € IB*, then there exists a ueIW* -z such that {u,v> e x for all
eIt -z

Proof. Let us suppose that there is an x € I8+ which orders k& and
satisfies (*). Hence there exists a set 4, € M* such that x e R*(4,). By
110 there exists a set 4, € M* such that Ke R*(4,). Weput 4 = A4, + 4,
and we clearly have

(1) AeM*, xef*(4), KeK*(4).

As a finite set, x can be represented in the form 4 = {x,, ..., x,}, where
X, <x3.. <X Weput I =E[x<x)- K, [, = E[x; < x < x,,1-K

forj=1,2,...,n—1and /I, = E [x, < x] - K. Clearly, one of the sets I;

must contain at least two elements, since X is infinite. Let [; = z be that
set. We claim that

2 ze W+ —-K,.

Indeed, we have
)] 0£z c M,
since z = K,. Hence we have according to 26
O] znon € K.

In view of (2) from z < K, it follows that z € P(K,) = K, < M and
(% zeM.

By (3), (5) and 32 we have [p,zl = E [xez] for ¢ € B*. Now let ¢
e®*({xj,, xj,+1})-(*") The formulas ;(: < x < xj,4; and x;; < @(x)

(*") For jo = 0°we put {x;} and for j, = n we put {x,} in place of {x5, Xjp41}e
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< Xj,+1 are clearly equivalent, which shows that |p, z] = z. Since {x,,
Xj+1) < A, we obtain
(6) ze K+ (4).

Finally, in view of z = K, = I+, we have by 10, 44, 50 and 83

D Ze@ MW+ < Y, K¥(B) for every ordinal number E.
Be M*

Now (2) follows from (4)-(7) and 43.

From 46 it follows by (2) that z <« IB+. Since z < X, it follows that
for every t e W3+ the formula ¢ € z implies the formula ¢ € X. By (%) there
exists a u, such that:

Q) Uy €2,
8) {up,vd>ex for all vez- W+ = 2.

Now let u, be an arbitrary element of z which is different from u,. Since
uy, u non € A and by 80 the set z is ordered into type 7, we easily infer
that there exists a function ¢ € G*(4) such that ¢(u;) = u,. Evidently
we have
® up # @(uo),
since otherwise in view of the uniqueness of ¢ we would have u, = u,.
Further, we have by (6) ¢(4,) € z, and hence by (8)

(10) o, p(uo)) € x.

On the other hand, form (8) by the use of (1) and 32 it follows that
{(p(uo), p(u1)) € x, ice.
an {@(uo), uo) € x.

But this is a contradiction, because in view of (9) the formulas (10) and
(11) are mutually exclusive. Accordingly, our assertion has been proved.

In view of 110, 105, 51, 52 and 54 it follows from 111 that under the
interpretation of basic notions given in 109 the well-ordering theorem of
§ 1 becomes a false statement. Consequently, on the basis of the main the-
orem we obtain the following theorem.

THEOREM I. The well-ordering theorem is independent of all axioms of
the system & and of the ordering principle.

As an easy application of this we obtain the following corollary.

COROLLARY II. Let us add to the axioms of the system & the following
Statement
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(*) for every system of mutually disjoint and finite sets there exists a choice
set.

Then the well-ordering theorem is not derivable from that system.(*?)

For the proof it suffices to observe that the statement (#) is derivable
from the ordering principle within the framework of the system &.(23)

As we mentjoned in the introduction, the two theorems just proved
only hold under the assumption that von Neumann’s set theory is con-
sistent. Finally, we would like to mention that this assumption can be re-
placed by some weaker ones, e.g. by the assumption that the system  is
without contradiction.

It follows directly from our considerations that the construction of the
model can be carried out not only within von Neumann’s system but also
within some other systems (as e.g. the system of Bernays). .Similarly, our
main theorem can easily be proved in other systems along the lines of § 3.
However, the situation with regard to the theorems of § 4 is quite different.
In proving 107 we made essential use of the axiom of choice, and according
to all evidence it is impossible to prove Theorem 107 without the use of
this axiom.(?*) Hence, probably, the proof of 107 cannot be carried out
within the framework of the system &, either. But if we extend the system &
by adding the axiom of choice, then within this new system &’ all the
derivations of the preceding sections can be exactly reconstructed. Hence
Theorem I and Corollary IT hold under the assumption that the system is
consistent. Now it was proved by Godel at the end of his previously men-
tioned lecture(**) that the consistency of &’ follows from the consistency
of S. Accordingly, the validity of Theorem I and Corollary II is ensured
already by the consistency of © (or Bernay’s system).

Instead of the system & one could also consider other systems of set
theory and obtain corresponding results. For example, one could take

(*?) Corollary IT (in a somewhat different formulation) was put forward by A. Fraen-
kel in his second and third paper cited in (!2). However, Fraenkel’s two proofs are
not convincing (cf. the communiqué by A. Lindenbaum and myself cited in (*?)).

(**) This remark is due to K. Kuratowski. See A. Tarski, Sur les ensembles
finis, Fund. Math. 6 (1934), pp. 46-95; cf. footnote(?) on the page 82.

(**) This question is loosely connected with the apparently very difficult problem
of whether the axiom of choice is also independent in systems that do not allow the exis-
tence of primitive elements (“Urelementen™).

(®*®) See K. Gddel, The consistency of the axiom of choice and the generalized
continuum hypothesis, Proc. Nat. Acad. Sci. 24 (1939), pp. 556-557.
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the system of Ouine(®®) or Skolem,(?*?) which have fewer basic notions
than & but are not based upon a finite number of axioms. Consequently,
the proof with respect to such systems is by no means an exact repetition
of the previous one. To carry out this proof one has to take under con-
sideration several other methods of modern mathematics.(3%)

(*¢) See W. V. Quine, Ser-theoretic foundation for logic, Journal of Symb. Logic
1 (1936), pp. 45-57.

(*") See T. Sk olem, Uber einige Grundlagenfragen der Mathematik, Skrifter utgitt
av Det Norske Videnskaps Akademi i Oslo. I. Mat.—~Nat. K1. (1929), No. 4.

(**) See my paper introduced in (*#) and also the communiqué cited in (*3).



On definable sets of positive integers *).
By

Andrzej Mostowski (Warszawa).

The celebrated paper of K. Gddel on undecidable statements!)
had (among others) the effect that several writers began to analyze
the notion of functions of natural argument taking on integer va-
lues a8 well as related with them sets of positive integers. The chief
purpose of these endeavours was to formulate an exact definition
of what may be called ,calculable functipn“, i. e. such function f(n)
that there exists 2 method permitting to calculate the value of f(n)
for any given n in a finite number of steps. For sets we have the
corresponding notion of ,calculable sets” for which there is a finite
method permitting to decide whether any given integer is in set or
not. The solution of this problem given by Herbrand, Gédel,
Church, Kleene and Turing?®) suggested still other types of sets
and of functions. So e. g. Rosser and Kleene found an interesting
class of sets which they called ,recursively enumerable”3).

The aim of this paper is to show that the two above mentioned
classes of sets (and of functions) form the beginning of an infinite
sequence of classes whose properties closely resemble those of pro-
jective sets*®). For convenience of readers not acquainted with
papers referred to in footnotes2) and 3) I shall develop the theory
without using the notion of general recursivity (the final section 6
is the only exception).

*) S8ee note on the page 112.

1) Godel [3]. Numbers in brackets refer to bibliography given at the end
of this paper.

?) Godel [4],[6], Church [2], Kleene [9]), Turing [21]. It is8 now custo-
mary to ecall calculable functions and sets ,general recursive“. An excellent
exposition of the theory of these functions is to be found in Hilbert-Ber-
nays [8], Supplement 1I, 392-421,

3) Kleene|8], Rosser[14]. Further development will be found in Post[12],

¢) I shall refer to the exposition of the theory of these sets given by Ku-
ratowski [10].
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It is difficult to predict at present whether the classes of sets
and of functions dealt with in this paper will gain the same ,right
of citizenship®“ in metamathematics as the class of general rccursive
sets or functions. I have therefore not so much developed the
theory of these classes themselves as tried rather to give some appli-
cations and to detect relations between the new classes and noticns
already known in this field. This explains why proofs of several
known theorems are given in this paper (see 4.21, 4.41, 4.43, 5.51,
5.61). 1 think that owing to the use of methods familiar in the
theory of projective sets I obtained not only considerable simplifi-
cations of the proofs but also some slight generalisations of the
results themselves.

It seems to be possible to develop very extensively the theory
of the new classes*on the pattern of the theory of projective sets.
From this kind of problems only one will be discussed here, to wit
the analogue of Souslin’s theorem®), i. e. the theorem that a re-
cursively enumerable set whose complement is also recursively
enumerable must be general recursive ). The utility resulting from
the analogy with projective sets is thus I think demonstrated.

8§ 1. Classes P, and Q..

1.1. Preliminary remarks. Terminology. Metamathe-
matical concepts occuring below (e. g. propositional function,- formal
proof etc.) refer to a fixed self-consistent logical system & in which
the theory of addition and of multiplication of positive integers
can be built up. Hence for § may be taken e.g. the system of
Principia Mathematica of course reformulated so as to render the
system more exact?). As the subsequent investigations are in high
degree independent from the particular choice of the system §
I shall give a mere sketch of its structure instead of a detailed de-
seription.

In the system § occur variables 2, ,y*,... of the type of po-
sitive integers®) as well as signs denoting the numbers 1,2,3,...

%) Kuratowski [10], p. 251, Corollaire 1,

¢) After having finished the first draft of this paper I became acquainted
with the paper Post [12] from which I see that this result has been obtained
by E. L. Post already in 1944, From letters I understand that A, Tarski has

also found the same theorem.
7) Such exact reformulations are given in Gédel [3] and Tarski [17].
$) 8 can contain also other types of variahles.
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Propositional functions with one, two,...,k variables of the type
of positive integers will be denoted by symbols such as .p(w),
@, y)“ ete. and general ,g(x)“, the German letter ,x“ standing
for the finite sequence x;,z,,...,x5 of k variables.

Among the propositional functions occur the arithmetical ones:

(1) . =y, <y, =Ytz a=Y-z T=Y*

with their usual meaning.

If we substitute in a propositional function, e.g. in ¢(z,y),
for ,,z“ the sign denoting the number % and for ,,y“ the sign denoting
the number ! we get a sentence which will be denoted by ,g(k,1)“.

The implication and the conjunction of two propositional
functions ¢ and ¢ will be written as g—y and ¢.y, the negation
of ¢ a8 ¢’. For quantifiers we use letters ,, /7" and ,,X“ with a variable
written below.

We admit that the ordinary rules of inference and the ordinary
arithmetical axioms are valid in 8. The formula —¢ means that ¢
is a valid sentence, i.e. that there exists a formal proof of ¢.

It will be admitted that it is possible to put variables, propo-
sitional functions and formal proofs of the system § in one-to-one
correspondence with positive integers®). These integers will be called
the Godel-numbers of variables or of propositional functions or
of proofs. The correspondence is supposed to be not arbitrary
but to fulfill some conditions which will be formulated in 3.119),

In the simplest case 8 contains no other variables than those
of the type of positive integers and no other propositional functions
than those which can be built up from the propositional functions (1)
with the help of quantifiers and logical connectives ,,—“, ,.-“ and ,,’“
In this case S will be spoken of as the system of elementary arith-
metic and denoted by U.

The logical symbols: negation ,'*, implication .—, equi-
valence .=, conjunction ,.“, alternative ,+* and quantifiers
occur also (and more frequently) as synonyma of words ,not“,
,if..., then...” ete. They are then used not as signs (primitive or
defined) of the formal system S but as words of our ordinary langnage
in which we are speaking about the system §. Using Carnap’s

%) Godel (3], p. 179.
19) They represent a generalization of the three conditions of recursivity
formulated in Hilbert-Bernays [8], p. 303-394.
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terminology we could say that we use the same symbols in object
language as in syntax-language ). I do not think that this double
meaning could cause any misunderstanding 2).

Positive integers will be denoted by letters m,n,h,k,... even-
tnally with subscripts. For any n we put

n=2%"[2g,(n)—1].

Ordered k-ads of positive integers will be called points of
k-dimensional space R, and denoted sometimes by a single German
letter m,n,... For ,¢(n;,n,,...,n,)° we write then shortly ,.p(m)“.

The set-theoretical notation and terminology is that of Kura-
towski [10].

1.2. Decidable functions. A propositional function ¢(x)
with % free variables will be called decidable, if for any ne R,
either —¢(n) or |-¢'(n). In symbols

Il (o) +—¢'(n)].
“GR.

e are

Here the logical symbols except the negation-sign ,,
taken meta-mathematically.

E. g. the propositional functions (1) are decidable.

1.21. The.negation of a decidable propositional function and the

logical product of two such functions is again a decidable pro-

positional function.

For negation the proposition is obvious. Suppose now that
¢(x) and y(y) ‘are decidable propositional functions with ¥ and !
free variables and let meR,, neR,. If -¢(m) and -y(n), then
-@(m)-p(n). If either non |-¢(m) or non —y(n), then |-¢’(m) or
[-#'(n) since ¢(x) and y(1) are both decidable and it follows by the
rules of propositional calculus [g(m)-y(n)])’. Hence ¢(x)-y(y) is
decidable.

1.22. If ¢(x,y) i8¢ a decidable propositional function with k-1

free variables, then the propositional functions

[l(y<z)—>¢(x,y)] and %,‘ [y<=z)- ¢(x,9)]
L4

are also decidable B3),

1) Carnap [1]. p. 4.

12) One could avoid this duality introducing other symbols in the formal
system 8§ and other in the meta-.system, Thie ie done e. g. in Godel [3].

13) Godel [3], Satz IV, p. 180,
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The proof is obvious.
According to 1.21 and 1.22 the connectives of propositional
calculus as well as the ,limited quantifiers“ [J[(y<a)—(...)] and
[

Dl{y<=)-(...)] if applied to decidable propositional functions yield
)

again decidable functions. It will he seen later (in 4.21) that the
unlimited quantifiers /T and 2 may give undecidable propositional

functions.
1.23. Let o(t,1) and p(x,1) be two decidable propositional functions
with m-4-k and 14k free variables. Let y(x,v) fulfill the conditions:

(2) QQ” {lv(z,9) -9(x,3)]>(n=3)} ¥);
]

(3) For any me R, there is n e B, such that }-y(m,n).
Under these assumptions the propositional function

(4) %‘ [#(t,9)-9(z,9)]

18 decidable.

Proof. Let us denote by #(t,x) the propositional function (4)
and suppose that me R, pe Bm. Assume that non |-9(p,m) and
denote by n a point of E, such that |-y(m,n). Hence it cannot
be |-¢(p,n), since we would then have |-9(p,nt) against our assump-
tion. Therefore —-¢'(p,n) and hence

(%) F[yp(m, 1) —>¢'(p,n)].
The formula |-y(m,n) yields together with (2)
I—Ip]'[(1)=n)'—>w'(m,n)]

and hence by the ordinary rules of propositional calculus
F 1T {( =n)"—>[p(m,9)—>¢'(p,v)1}.
»
Combining this with (5) we get -[][w(m,y)—¢'(p,n)], i.e.
D

}-9'(p,m). This proves that #(t,x) is decidable.

) If p=(yy,Yg.---Ys) and 3==(2;.£p....,%,), then yp=j means the conjunc-
vion (y;=2;)- (¥ =2,)... (4, =2,).
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1.24. Under the assumptions of 1.23
}—{%' [e(t,9) V(zal))]_’g [¥(x,3)—>e(t,3)1}

Proof. From (2) we obtain
H{e(t,9) -¥(z,9)-¥(x,3) > (0 =3)-9(t,n)}

and therefore

H{p(t,9) - ¥(2,9)-9(x,3) >¢(t,3)}
This yields

- {le(t,9)-9(x,9)]>[w(x,3)—>0(1,3)]}-

If we now add the general quantifier in the second term and
the particular one in the first, we obtain immediately the desired
result.

1.26. The propositional functions x(x,y,2), x(z,y) and 7z.z,z)

defined as

v =2%(22+1), 2 21®y,2), 3 x(w,y,2)
z v
are decidable and fulfill the formulae:

L, y,2) 2@y, 2" ) > (y =y") - (2 =2')],
Fxa(2, %) 12,y ) > (y =v")],
Hl22(2,2) 2o(2,2") > (2= 2")].

1.3. Belinition of classes Py and Q. A set ACRE,
will be said to belong to the class P if there is a decidable propo-
sitional funection ¢(x) with k free variables such that

neAde=l—gp(n)

for any neR,. We say that ¢{x) defines 4. For reasons of symmetry
we sghall denote the class P also by Q.

Let us now suppose that #2>>0 and that classes PY and QW
(k=1,2,3,...) have already been defined. We then say that a get
ACR, belongs to the class P, if there is a set Be Q¥ such
that for any ne E,

ned =3(n,p)eB.
P

A set ACR, belongs to Q¥ if R,—A4 ¢ P¥,.



[13], 87 ON DEFINABLE SETS OF POSITIVE INTEGERS 345

The analogy with the theory of projective sets needs not to
be emphasised.

The class PP =QF plays in our theory the same role as
the class of Borel-subgets of k-dimensional space plays in the theory
of projective sets.

We see from the definition that the rules of inference admitted
in the system S permit to deeide whether any given ,point® n
belongs to any given set A4 of the class PP or not. Hence PP is
the class of general recursive sets mentioned in the introduction.
This will be proved formally in 6.31.

From classes P and QP with n>>1 only one as far as I see
is known in the literature. It is the class P{’ which was called
by Kleene the class of recursively enumerable sets!?). It will be
shown later that 4 ¢ P{" if and enly if A is the set of values of
a general recursive function (gsee 5.61 and 6.23).

The whole sum §[P,(f)+Qf,*)] may be characterized as the

class of sets ACKR, ;v.}gich are definable within the elementary
arithmetic. The word ,definable” is here used in the following
gense 16): a get ACR, is definable within ¥ if there is in % a propo-
gitional function ¢(x) with % free variables such that ne A if and
only if n fulfills ¢(z). The proof of the above theorem presents no
difficulty for any one who knows the notion of fulfillness?!?). As
its exact definition is rather intricate, we shall omit this proof and
content ourselves with the remark that the definability of sets
belonging to PY results from theorem 6.31 given below.

The classes P® and Q® such as they were defined depend
a priori from the logical system S taken as basis and should pro-
perly be denoted by symbols P®(S) and QW(S). As a matter of
fact they are independent from the system § provided that this
system satisfies some very general conditions as will be shown in 6.3.

§ 2. Flementary properties of classes P” and QY.

2.1. Sums, eesmmon parts and cartesian products.
The most important theorems we iritend to establish in this section
may be stated as follows: the classes P and Q¥ are rings of sets
for any n (2.17); the property to belong to P, (or Q,) is invariant

18) Kleene [9], theorem X1, p.739.

18) Tarski [18] p. 312,

17) Tarski [18].
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under the cartesian multiplication by an axis (2.14); the sum (or
the common part) of an enumerable sequence of sets belonging
to PP (or to O®) belongs under certain assumptions to the same
class (2.16). The remaining theorems are lemmas.

211, If AePP® and Be PP, then A+ B, A-B and R,—A
belong to PP,

This proposition which follows immediately from 1.21 states
that P is a field of sets.

2.12. If A e PP, then R,—A ¢ Q¥ and conversely.

This follows direct from definition.

2.13. (Change of axes). If n(1),7(2),...,7(k) i8 any permutation

of 1,2,...,k and if we denote for any. ACR, by A, the set of

all  (Nayy Ba@yy ooey M)  fOr which  (ny, ng,y ..., nz) e A, then

AePP=A,c PP and A« QP=A4,¢ Q.

B The easy proof proceeding by induction on # will not be given
ere,

2.14. (Cartesian products). If AeP® (or A e QP), then

AXR e P (or Ae Q).

Proof. Suppose first that » =0 and. let ¢(x) be a decidable
propositional function which defines A. The propositional function
@(x) - (x=2z) is of course decidable and defines A4 xXR,. Hence
A X R,y e P,

Suppose now that 2.14 holds for n<<m and let 4 ¢ P®. By
definition there is a set Be Q%P such that

ned = >(n,q)eB.
4

The set B, = [ [(n,q) e B] arises from B X R, by interchanging
(n.p,q)

the two last axes and therefore B, e Q%1% by 2.13. Since we have

obviously
(n,p)e A X B, = 3 (n,p,9) ¢ B,
q

we infer from the definition that 4 xR, e P&+,
Suppose now that Ae QW, i.e. R,—A e P®. If we repeat
the above reasoning - taking R;—A instead of 4, we obtain

(Re—Ayx R, ¢ P* or passing to complements and. using 2.12
Ryp1—(Ry—A) X Ry e Q&

The left side is identical with A X R, what completes the
proof.
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Let us put for any ACR,,,
A*—_‘—( E)[(n’31(?’)782(1’)) ed].
n;p.

2.15. A e P¢P=g* e PEYY and A« Qe 4 ¢ QU+,

Proof by induction on n. Suppose first that =0 and that
A e P§P, Let ¢(t,u,v) be a -decidable propositional function with
k +2 free variables which defines A and consider the propositional
function
2 ot u,v) - 1y(2, u) - xa(2,0),
a v
where y(z,4) and g4(2,v) have the meaning defined in 1.25. It is
obvious that this function defines A*. It is in addition decidable
because it has the form considered 1.23 with ,,(u,v)“ instead of ,,p“
and with ,x,(2,u) xs(%,v)" instead of ,y(x,9)“. The-assumption (2)
of 1.23 is satisfied in virtue of 1.25 whereas (3) is obvious. This
proves that A* ¢ P{*Y.
Suppose now conversely that A*e PJtY and that “g(t,w) is
a decidable propogitional function which defines A*. By 1.23
and 1.25 the propositional function

Z‘P(tyw) - x(w, u,v)

is decidable and defines A. Therefore 4 ¢ P2,

The theorem is thus proved for n=0.

Suppose now that m >0 and that the theorem holds for n<<m.
Let A ¢ P&, Hence there is a set Be Q%Y such that

(n,P,Q) €A = %‘(n,p,q,h) eB.

The set
B, =(n%)[(n,sl(l),sz(l), h) e B]

arises from B* by interchanging the two last axes; consequently
t e Q%D by 2.13 and the inductive assumption. Now we see that

(nyl) €d*== (n731(l))32(l)) € A Zh: (11,81(1),82(1),7?) ¢ B= %1 (nylrlo e B}

which proves according to the definiticn 1.3 that A*e P%),
Hence A e PUP5 4% ¢ PEY.
Suppose now that. 4* e P**Y, i, e. that there is a set B ¢ Q&P

such that
(ml)e A* = 3 (n,l,k) ¢ B.
I
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Let B,, B, and B; be defined by the equivalences
(n,h, 1) e B, -'(n,'l,h) e B,
(n’hyP;q) € Ba = (1,h,2P(29+ 1)) € Bn
(1,2,4,k) € Byw= (11,},p,9) € B,.

Obvivusly By =B,. Since B, ¢ Q%' by 2.13, we obtain from
the inductive assumption B,e Q%') and again by 2.13 B; e Q4.
Now observe that
(P,9) € A = (n,27(2¢ + 1)) e A* = %‘ (n,2¢0(2q +1),k) e B

‘%1(“) h: 2pr(2¢+1))e Bl‘%:(nihyps Qe B,-%’(n,p,q,h) ek,

This equivalence proves that 4 ¢ P%¥*? and hence
Ae PO m 4% ¢ PUtY,
Pasging to complements and observing that
(RHZ_'A)- =Rk+1‘_A"’
we obtain immediately
Ae Q:+2) a= A* ¢ Q(m‘+l)-
The theorem 2.15 is thus proved completely.
We put for any ACR,y,
A,=E[2 (m,q) e A], Ap: E[” (“,Q) e Al
n g " q
2.16. (Infinite sums and produects). If n>1, then

4 e P,ﬁH'l)—»A <€ P},k) and Ae QS,H'”—»AP € Qs,k).

Proof. Suppose first that A ¢ P%Y For a suitable Be QutD
we have the equivalence

(mp)ed = Y(n,p,q) eB.
q

Remembering the definition of the set B* we obtain
Ned,=(np)ede=I¥(,p,q) e B=3(n,})e B,
P P4 h

for putting h=2°(2¢+1) we have (n,p,q)eB=(n,h)eB*. Since
B* ¢ QY the above equivalence proves that A4, ¢ P®. In order
to obtain the second result stated in the theorem it is now suf-
ficient to observe that

R,—A,=(R,—A),.
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2.17. (The ring property). If A and B belong to PP (or QP),

then A4 B and A-B belong to the same "class.

Proof. In view of 2.11 we may suppose that n>>1 and that
the theorem holds for lower values of n. From 4 ¢P® and BeP®
we infer that there are sets ¢ and D belonging both to Q¥
such that

ned=Y(np)eC, neB=Y(n,p)eD.
P P

From these equivalences we inmmediately obtain

ned+B=Y(mnp)eC+D
P

and hence A-+BeP® gince C-+De Q%P by the inductive
assumption

Congider now the cartesian products ¢ xR, and D xR, and
denote by D the set arising from D X R, by interchanging the
two last axes. Putting for symmetry C=0C X R,, we have

(M,p,q) € C= (n,p) e 0,
(n,2,9) eD= (n,q)eD

and C,De Q™Y in virtue of 2.13 and 2.14. By the inductive
assumption we infer that C-De Q%' and since

ned-B=[3(n,p)e U]-[%‘(n,q) € D)=
P
=3 Y[(n,p) ¢ C]-[ (n,9) e D]=3 3(n,p,q) « C- D,
L} P g

we infer from 2.16 that A.-Be P,

Passing to complements and applying 2.12 we obtain the
further result that if 4 and B are in Q®, then 4+ B and 4-B
are both in QY. The theorem 2.17 is thus proved.

It will be proved in 3.32 that neither P¥® nor Q¥ is a field
of sets for n>1, i. e., that the difference of two sets of the class P.®
(or QP) does not, in general, belong to this class. From 2.17
and 2.12 we obtain however

2.18. The common part PP. QW is a field of sets for any n>0.

The sense of this proposition is that the class P®.QW i
closed under the three operations 4 +B, A-B and A-—B.
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2.2. The Kuratowski-Tarski method. This well known
method permits to evaluate the Borel class or the projective class
of any set provided that its definition has heen written down in
logical symbols18). The method is based on propositions of exactly
the same form as our theorems 2.11-2.15 and 2.17 **). Hence imitating
this method we may from the mere form of the definition of any
given set ACR, evaluate a n for which 4eP® or 4 e QY-
This illustrateg the importance of theorems established in 2.1.

2.3. Inclusions. Between the classes PP, P®,, Q¥ and
O® | hold following inclusions:

2.31. PPCP®-Q®, and QP CPR,-Q¥,.

Proof. Suppose that 4 ¢ P¥ and put 4,=4 x R,. Evidently
Ne AE”(“;Z’) € A1="[Z m,p) € Bppy—4,]’; since Ry —A4, e [
by 2. 12 and 2.14, We infer direct from the definition 1.3 that
Ae Qf,*j.l Hence
(6) P(k) C Q(l')

Passing to complements, we obtain
(M QP C P

This gives for n=0 the inclusions QPCO® and PPCPP. Sup-
pose now that m >0 and that the inclusicns

®) PPCry,  ovcol (k=1,2,...)
are valid for n<m. Ii A ¢ P, then, for a suitable Be Q%Y, we
have ne A=Y (1,p) ¢ B which proves that 4 ¢ P} since Be Q&Y

by the induc%ive assumption. Hence the first inclusion (8) is true
for n=m and passing to complements we obtain the same result
for the seeond one. (8) is thus true for any n. The theorem results
now from (6), (7) and (8).

1%) Kuratowski-Tarski[11], p. 242, Kuratowski [10], p. 188 and 243.

1%) There ate, however, no rules in our theory which would correspond
to theorems concoerning infinite sums or products of Borel (or projective)
sets.
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(131 J. B, Rosser, Gadel's theorems for non constructive logics, The Journal
of Symbolie Logic, vol. 2 (1937), pp. 129-137.

(14] J. B. Rosser, Exlensions of some theorems of Gédel and Church. 1b.,
vol. 1 (1936). pp. 87-91,

[15] J. B. Rosser, Review of [53]. Ih., vol. 1 (1936), p. 116.
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Fundamenta Mathematicae, vol. 1T (1931), pp. 210-239,

[20] Alfred Tarski, On undecidable statements in enlarged systems of logic
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(211 A. M, Turing, On compulable numbers, with an application lo the
Entscheidungsproblem. Proceedings of the .London Mathematical Society (2),
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Note. This paper was already under press, when an interesting paper of
S. C. Kleene, Recursive predicates and quantifiers (Transactions of the Ame-
rican Mathematical Society, vol.53 (1943), pp. 41-83) became available in Poland.

A considerable part of the theory developed above is to be found in the
Kleene's paper. It secems me, however, that some of my results are new (e.g.
remarks 4.3) and that my presentation of the theory based on analogies with
the theory of projective sets may be of some interest for a mathematical reader.

Professor A, Tarski informed me that he also found already in 1942
results very similar to mines,
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3.21. If S fulfills the condition C,, then there is a wniversal
function FP(h) for the class P such that the set

MY = =E[ne FO(h))

belongs to Q*%LY.
Proof. 22). An integer k is the Gddel-number of a decidable
propositional funetion with %k free variables if and only if

IJ%‘;%‘{(’Z:Z’") € -rlt'(ly'm') eH- [(q:l) € A+(q:'m) € A]}-

Hence denoting with &, the set of these numbers we infer
by the Kuratowski-Tarski method that

(9) O e Q)2 B).
We put now F(h)=0 for h non e 6, and

FiP(h) = gt;;(hm,n) e Iy (g,p) € 4]

for ke ®;. The set M((,”) belongs then to Qf,” 2" 8 we easily see from
g +
its definition

(1) € MP = (h 691)-,52[(’%1’,’1) € I (¢,p) e 4]
q

using (9), 2.31 and the Kuratowski-Tarski evaluation method.

It remains to prove that Fy°(k) is a universal function for
the class P,

Let us suppose that 4 e PY and that ¢(x) defines 4. If & is
the Godel-number of ¢(x), then he@;. Let ned and let p be the
Godel-number of ¢(n). Then (h,p,n)e . Since |-g(n), there is
a formal proof of ¢(n). Denoting with ¢ its Godel-number, we have
(¢,p)e 4. Now from heO, (h,p,n)el, and (g,p)e 4 we obtain
ne FO(R). If, conversely, ne FP(h), then there are p, ¢ such that
(h,p,n) e, and (g,p)e 4. Hence p is the Godel-number of ¢(n)
and ¢ is the Godel-number of a formal proof of ¢(n). Hence there
is at least one formal proof of g(n) which proves that |-g(n) i.e.
ned; therefore 4 =F{(h) which proves that

Ae PP > 3 A=FPn).
h

2) This proof is essentially due to Kleene [9], theorem 1V, p. 736.
23) More exactly: for §=0 6pe ()(') and for >0 6¢€ Q(l) . The for-
nmula (9) includes both cases.



[13], 95 ON DEFINABLE SETS OF POSITIVE INTEGERS 353

Suppose, conversely, that 4 =¥F§?(h). If hnon ¢8,, then A =0
and therefore A e P{". If he®,, let p(z) be the decidable propo-
sitional function whose Godel-mumber is k. We prove gimilar as
above that ne A=|-g(n) and therefore 4 ¢ P®. Hence

S A=FPHh)—AePP.
a
This completes the proof of 3.21.

3.22 If 8 fulfills the condition C,, then there are functions FP(h)
and G® (k) universal for classes PP and QP and such that the
sels

MP=FneFPMh)] and NP=F[neGPH)
(n,h) (n.1)

belong respectively to PEEY, or to QLR if n>0 and to QYLD

if n=0,

Proof. The theorem was proved in 3.21 for n=0. Suppose
that #>0 and the theorem is true for this value of n and for
k=1,2,... Put

F(h)=E 13 (np) e GFHO(R),
nop

G4 (h) =Ry—F 1 (h).

If & is any integer, then F%,(h) e PL),, since

ne F®i (k)= 3 [(1,p) e G5 (1))
P

and GY¥tY(h)e Q¥ by the inductive assumption. Suppose,
conversely, that 4 e P, i.e.

neA=3(mp)eB
p

for a suitable Be Q%'". The function G*tY(k) being universal
for QY. there is an h such that Be @%*P(h) and therefore
A =F"(h). Hence F¥,(h) is a universal function for P®,. Pas-
sing to complements we immediately see that &% (h) is universal
for Qf,‘l, '

It remains to consider the sets Mﬁ,’i, and Nﬁ,ﬂ_,. According to
their definitions we have

(mh) e MY, =ne F¥,(h)= 3 (n,p) e G¥T(h)= X (n,p,h) e N*D
P P
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and this proves that M%), ¢ PAN, since NUDe QRF2, by the
inductive assumption. Further we have

(Myh) e N9 =1 e G¥4(h)=nnon ¢ F¥) (k)= (n,}) € Rpys—ME,

and therefore N®; ¢ Q%Y. The theorem is thus proved completely.

8.3. Existence-theorems. They follow now easily by the
well-known Cantor’s diagonal-theorem 24),

3.31. If S fulfills the condition C,, then 1’,(,")=!=P,(,?, and
s 53-1 for any n20 and k>=1.

Proof. Let us suppose that S fulfills the condition €, and
that PP =P%, for some k and n. We shall show by induction
on m that then

(10) PP=pP=0Q® for m>n.

This holds for m=n since we have QPCP® =P® which
implies PPCQ® and therefore PP =Q¥. Now suppose that (10)
holds for an integer m>>n. Obviously PPCP®, 1 APP,,
then there is a set B e Q%™ such that

neA=\( n,p) e B.

Let us write (7y,M,,...,m;) instead of n and consider the set
(see 2.15)
B*= [ [(NgyeeeyMr1,3,(9);85(9)) € Bl

(ny,.... nk—1)9)

Since B*e Q¥, we have B*e PP in virtue of the inductive
assumption and the equivalence

Nede= %‘(31(4) =n)- [Ny Np1,q) € B¥]

proves that 4 ¢ PX, =P®. Hence P¥=P%. Passing to comple-
ments we obtain Qﬁ,’,')ﬂ =QW=p», The formula (10) is thus proved.
Consider now the universal function F®(h) defined in 3.22
and put
A= [(ng..,Ne_y,h) nON € FPO(R)].

(ry,cnp 1.1

#) Kuratowski [10], p. 175,
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This set does not belong to P® because otherwise there would
be an integer h, such that A=F,fk)(ho) which is impossible since
we would then have

(Roshoy ey ho) € A = (hgyhgy.... o) nOD € F (ho) m (hgyhg,... o) NON € A.
Observe now that
(g -eryMp_1,h) € A= (q=h)-[(g;...,Mp—1,¢) DON € 11”?')(};)]5
q

= 3 (g=h)-{(Ng, .- s Ma_1,q,}) € Rpy1—MP]
q

which proves according to 3.22 that A eP}ﬁZHa and consequently
AeP® according to (10). The assumption PP =P® leads thus
to a contradiction.

The inequality Q®==Q%; will now result if we pass to com-
plements on both sides of PP+PH,.

3.32. Ij 8 julfills the condition Cy and if n >0, then P non CQP
and fo) non C P,(,k).

Proof. From PPCQ® we obtain QPCP® and hence
(11) P(k) Q(k)

Let us first suppose that %>1 and A4 ¢ P¥3". For a suitable
Be Q¥ we have

ned=_>(n,p)eB.
p

B being in QP, it is also in P® in virtue of (11) and hence
A eP‘k—” by 2.16. We obtain thus PEVCP¥ against 3.31.

Suppose now that k=1. If A« P(l) or 4 eQY, then the set
A;= F[2°(29+1) e A] belongs to PP or Q(z) since A} =

(p,9)
(com{;q 2.15). It is obvious that every set of PP or QP may, for
a suitable AeP” or AeQP, be represented as A,. Hence
PP=0Q® would lead to the equality P®=0Q% Which we al-
ready know to be impossible.

We have thus proved that P® nonC Qf,") for any %k and n>0.

Passing to complements we obtain Q¥ non CPYP, q.e. d.
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We note at last the following result concerning the existence
of sets not definable within arithmetic i.e. belonging to no
class PX %),

3.33. The function F®, (sy(n)) is universal for the class 3 P®

=9
and the set

Ady=F  [(Myysmgyn) n0n € Fio(85(n))]

(yy.0sng_1.0)

does not belong to the sum ) P®.
1=0
Proof. The first part of the theorem results from the equi-
valence

Ac T PPm 3 Ac PP'm 33 A=F)m 34 =F5sn)

The seeond part is a particular case of the ,diagonal theo-
rem“ referred to in the foot-note 24).

§ 4. Applications to theorems of Gidel and Rosser.

4.1. o-consistency. Let us recall the following definition due
to Godel?8): A logical system S is called w-consistent if, for any
propositioual function ¢(x) with one free variable, the following
implication holds:

(12) [ = ¢(n) —non - 3'¢’(y).
n ¥
We could, of course, replace this implication by
-3 e) > 3 - o(n).
y n

It is important to observe that the quantifier , Y is taken

meta-mathematically whereas ,, Y'p(y)“ represents a sent';'ence of the

formal system S. !

4.2. Gddel’s theorem. It states
4.21. If the system S 18 w-consistent and fulfills the condiiton C,,
then there is8 a sentemce ¢ such that neither -9 nor —¥'.

#8) The existence of not definable sets has been stated by Tarski [19],
p- 221. See also Carnap [1], p. 89.
2y Godel [3], p. 187.
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Proof. According to 3.31 the class P{"—P{" is non-empty.

Let A by any set of this class and let B e P{® be a set such that

n e A=3'(n,p) e B. Denoting by ¢(r,y) any decidable propositional
p

funetion which defines B we have

(13) ne A=§ r~¢(n,p)-

Write y(z) instead of ¥¢(,y), The formula (13) gives then
]

ned — | yp(n)
since }——q>(n,p)—>}-—2¢(n,y) If nnoned, then []non @(n,p) and
therefore [] o (n,p) because of the decldablhty of ¢(x,y).
Using (12) we obtain non |- 3¢(n,y), i.e. non |-yp(n). Hence
7 non e A — non | yp(n) and we :ee that
(14) ned=|yhn)

This equivalence would prove that A4 « P if y(x) were deci-
dable. Since A none P}, y(x) cannot be decidable, i.e. there is
an integer n, such that neither |—y(ny) nor |—y'(n,). Denoting p(n,)
by ¢ we obtain the desired result.

4.3, Remarks. 4.31, Theorem 4.2]1 was first established by Godel for
a ooncrete formal system called P %7), Rosser %) generalised this result
showing that it holds for any system 8 in which the Godel-numbers of valid sen-
tences form a recursively enumerable set. This is essentially the same assump-
tion as our condition C,. Our proof of 4.21 shows that the theorem holds even
nnder the weaker condition C,. Hence the G&6del’s theorem is valid for all such
systems § in which the set of Godel-numbers of valid sentences is definable in
elementary arithmetic,

4,32, If S satisfies the stronger condition €, then as shown by Roa-
ser®) the assumption of w-consistency can by replaced by the (weaker)
assumption of ordinary self-counsistency of §. This is in general impossible for
systems satisfying the weaker condition Cs (5> 0) since there exists a logical
system § such that its valid sentences form a self-consistent and complete?3®)
class whereas the set of theirs Giédel-number is definable within ¥ (i.e. be-

27} Godel [3]. Satz VI,

%8) Rosser [14], Theorem I A, p. 89.

29) Rosser [14], Theorem 11, p. 89.

30} 1. e. for any & either & or 9’ is valid.
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longs to one of classes Psl)). Hence 8 fulfills the condition C, for an 8> 0
and there are no undecidable propositions in 8, In order to get such a system 1t
is sufficient to apply to system P the procedure with the help of whieh Lin-
denbaum has shown that there are complete and self-consistent enlargements
of any self-consistent class of sentences 3!).

4.33, It follows from 4.21 that any complete and self-consistent class ¢
of sentences (e. g. of the system P or, more general, of any system which fulfills
our condition C, for an s>>0) must be w-inconsistent if the set of Godel-num-

bers of sentences of this class is definable within the elementary arithmetic %
o d

(i. e. belongs to > Pg)). It has been stated already by Tarski?) that under
n=0

these conditions 0 must contain false statements, The w-inconsistency of C seems
to be a new result ¥s),

4.34. The proof of 4.21 remains still valid if we modify the definition 4.1
restricting (12) to decidable propositional functions. The question remains
open whether there is an @-inconsistent system § satisfying this modified defi-
nition of w-consistency,

4.35. Remark 4.31 makes desirable examples of formal systems satis-
fying Os for some >0 but not (,. One such example will be treated in 4.4
and 4.5 in oconnection with the so called rule of infinite induction. Another
example may be suggested here: Suppose that § contains variables X,Y,Z,... of
the type of classes of positive integers and, enlarge fhe system adding to its rules
the following one: if @(A) is valid in § for any set A definable within 8, then

@(X) is valid in the enlarged system. The enlarged system is probably self-

consistent and fulfills ¢y for some 8> 0 but not for s=0.

4.4. Rule of infinite induction ®). This rule states that
[] #(z) may be admitted as proved if [] |- ¢(p).
x 14

4.41. Under the assumptions of 4.21 the system 8 is not closed
under the rule of infintte. induction 34),

31) 3es Tarski[16], Satz [, 56, p.394. The same result is to be found
in Gédel [6], pp. 20-21. The theorem in question is also known in the theory
of Boolean algebras as the ,fundamental theorem of ideal-theory“. See e. g.
my paper in the previous volume of these Fundamenta, pp. 7-8, footnote5).

3% Tarski[I8], p. 378.

323) This result has been also found independently by A. Tarskiin 1942,

3) This rule has been introduced by Hilbert [7] which ascribed it a fini-
tary character. The rule was further studied by Tarski [18], pp. 383-387, Carnap
[1], p. 26 and Roaser [13], pp. 129-133. This last author ecalls it ,.Carnap rule.

3) Tarski says: § ia w-incomplete, See [17], p. 105. The theorem 4.41 has
been proved by Godel [3], p. 190 and generalised afterward by Rosser [14],
p. 89. Comp. remark 4,31,
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Proof. Glancing at the proof of 4.21 we see that the number n,
which has been defined there does not belong to 4 since otherwise
we would obtain |-y(n,) in virtue of (14). Hence (13) gives []—¢(no,p)

P

whereas non |- y'(n,) yields non |- [] p(n,,2).

We introduce now the concept of an n-valid sentence (in sym-
bols ,¢)%). For =0 we define |-o¢ as }-¢. Suppose now that
n >0 and that the class of n—1-valid sentences has already been
defined. We shall write |-,p (read: ¢ is an n-valid sentence) if ¢
belongs to every class C satisfyihg three following conditions:

If |-n1y, then y is in C;
C s closed under the rules of inferemce of S;
If [T+ n-19(p), then [[¥(a) ie in C.

P x

Speaking less formally, we could say that |—np holds if .and only if ¢
can be obtained from the axioms of § with the help of rules of inference admitted
in § and with the help of the rule of infinite induetion, this last rule being used
but n times,

A propositional function ¢(z) with % free variables will be said
to be n-decidable if for any ne R, either |—,p(n) or |—,p'(n).

4.42. If the class of m-valid seniences i3 self-consistent and if
A PP+ QP, then there is an n-decidable propositional func-
tion @(x) with k free variables such that

Ne Am|— gp(n)
for any ne R,.

Proof by induction on n. For n=0 the theorem is obvious.
Let us suppose that it holds for an integer n>>0 and for k=1,2,...
It AeP®,, then for a suitable Be Q" we have

ned=3(np)eB
P

for any ne E;. If n+1-valid sentences form a self-consistent class,
the same holds true for n-valid sentences and the inductive assumption
yields the existence of an n-decidable propositional function ¢(x,y)
with k41 free variables such that

(n,p) € B |- ¢(n,p).

%) Rosser [13], pp. 129 130.
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Let y(x) denote the propositional function Selx,y). From two

last equivalences we obtain immediately ned —+y|—,,1p(n) and hence
(15) med—,ypn).
If nnoned, then [] non ,¢(n,p) and hence [] a9’ (n,p)

which proves accordingly to the definition of n—{—l-vahd gentences
that -,y (n). Therefore

(16) nnoned — —,,y'(n).

Assuming that the n+1-valid sentences form a self-consistent
class, we obtain now nnone¢ A —non |- ,p(n) and finally in
virtue of (15)

TIGA = }—n+1w(n)-

It remains to prove that y(x) is =+ 1-decidable. We have in
fact for any ne R,

either ne4 or mnnonedA,

1. e. with regpect to (15) and (16)
either |-, pp()  OF  f-npp'(n).

The theorem is thus proved for A e P,(,ff.,. In order to prove
it for Ae Q% it is sufficient to observe that (15) and (16) yield the
equivalence

NeBy—A =|—,.19'(n)

and that the propositional function y'(x) is n-+1-decidable.

4.43. (Rosser’s theorems). If 8 fulfills the condition C, (for
an $>0) and if the n-valid sentences form an w-consistent class,
then: 1° this class is mot closed wunder the rule of infinite in-
duction; 2° there is a & such that neither —,% nor |- ,9'39%).

To obtain the proof of 20 we repeat the proof of 4.21 taking
as A any set from P%,—P® and replacing , - throughout by
wh-n". 19 follows then as in 4.41.

%) Rosser [14], theorem VI, p.132. Similar remarks as in 4.31 apply
here.
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§ 5. Functions of classes P!’ and

5.1. Definitions. We denote by Rf* the class of functions
mapping R, on a subset of E;%). A function fe RF* is said to be
of class P®” or Q%P if the ,curve“

I;=m§_) [m=f(n)]

belongs to P&tD or QU+D

Remark. In"order to maintain the analogy with the theory of Borel-
functions it would be perbaps better to define P(" b or Q(“) as the class of

functions f such that for any Ae P(’) the counter image j~!(4) is of class Pf.")

or QS.*) 38), It will be proved in 5.3 that classes Pf."’o and Qf,‘"’) defined above
possess this property. The converse theorem seems, bowever, to be falgse. The
analogy with the theory of Borel-sets is here breaking down.

5.2. Images. We put for fe Rf* and ACR,
fl4y= ElX(ned) (m=fn)]
and call f(4) the image ot 4. Obviously
Mmefld)=3(ned) (m=fn)
from what the following theorem immediately results by the Kura-
towski-Tarski evaluation method:

5.21. If Ae PP and fe Q¥ (n0), then f(A)e PO, and
if AeP® and fe PF" (n>1), then j(4)e PO.

5.8. Counter-images. Iff¢ Rfrand 4 CR,, then the connter-
image of 4 is defined as

FH4) = ETin) e 4],
Evidently

A7) nefT(A)=Im=f()-(me 4)] =[] [(m=F(n)—>tme 4)].
In virtue of 2.16 we obtain from these equivalences the follo-
wing theorems:
531. If Ae PP and fe P (n21), then f71(4) e PP.
5.32. If A e QP and fe P (n>1), then 171(4) e QP.

37y Kuratowski {10}, p. 199.
3t Kuratowski [10], p. 177.
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The evaluation in case n =0 i3 given in the following theorem:
5.33. It Ae PP and fe P, then f7'(4) e PP,

Proof. The assumptions A e P{® and fe P®? secure the
exigtence of two decidable propositional funetions ¢(y) and y(zx,1)
with 1 and %+ free variables such that
(18) med=—¢(m) and [m=fn)]=}r w(u,m).

Here y symbolizes a sequence of I variables ¥y,¥,,....y,. Let
us denote by y<p the following propositional function

(U<g)+ 6 =7) (¥2:<T)+ . + U =F1) - Y1 =F1) - (1< 7D)-
m<m says that m preceeds w in the lexicographical ordering of R,
Consider now the propositional fnnction y*(x,y) defined as

v(x,n) - [JIH<Y) —>y'(5,D)]

y*(n,m) says that m is the first point of R, (with respect to
lexicographical ordering) such that yp(n,m). If |-y*(n,m), then m =f(n)
in virtue of (18). If, conversely, m=f(n), then p=f(n) for any p
which preceeds m in the lexicographical ordering of B; and we obtain
easily y*(n,m). Hence

(19) [m=f(m)]= |- y*n,m).
Further it is plain that
- ggg[w*(x,t))-vf(x,a) —>(n=3)

Using 1.22 we see that the propositional funetion y*(x,p)
is deeidable. From |- p(n,f(1)) we infer at last that for any ne By
there is an me R; such that |-y*(n,m). Henee all assumptions of 1.23
are fulfilled and we obtain the result that the. propositional func-
tion ¥(x) defined as

2 9(0)-v*(x,m)
9

is decidable. Denoting by {(x) the propositionai function
1] [¥*(x,9) —¢(n)),

we infer from 1.24 that
(20) = B(x) = {(x).
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The first equivalence (17) yields now (with respect to (18)
and (19)) the implication:

nef(A) — Jtme.A)-(m=fw)) = 2 b= g(m)-y*(n,m)
- X o) - y*(n,p) > |- Hn)
whereas the second yields

nnonef '(4)— 3 (mnone 4)-(m=f(n) -

—>m2 = ¢'(m)-p*(n,m) = 3'o*(1,9)-9'(9) > [~ {'(n),

i.e. with respect to (20) nnonef"(A)—»]—ﬁ(n)—»non = &(n).
Hence nef'(Ad)= |- #n) and therefore f'(4)e P, q.e. d.

5.4. The function mln[( ,P) e A]. Let us suppose that 4
is a subset of F,,; such that HZ’(n,p)eA and denote by pu4(n)

the smallest integer p such that (n,p) A:
[p=pa()]={(n,p) € A-[[[(¢=Pp) +(n,q) non e A]}.
q

The Kuratowski-Tarski method leads immediately to the
following theorem:

5.41. If Aek IQE,"“:,] then u,e Q%Y and if A e P& (n>1),
then py e PYY-QFY.

For n=0 we have the gharper evaluation:
5.42. If A e P, then py e PO,

Proof. Denote by ¢(x,x) any decidable propositional function
which defines 4 and by y(x,#) the propositional funection

x)- 1”7 [y<x —¢'(%,9)].

w(x,r) is decidable by 1.22 and it is obvious that it defines
the set [ [p =wps(n)]. Hence pae PV q.e. d.
(™,p)
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5.5. Post’s theorem. This theorem is an exact analogue of
the well-known Souslin’s theorem concerning sets which are analy-
tical together with their complements. It can be stated as follows:

5.51. P{P. QP =p{»),

Proof. In virtue of 2.31 we have only to show that if A ¢ P{®
and R,—AeP{®, then 4 ¢ P{. Let B, and B, be two sets of P, “’+ 2
such that

ned =3 (np)e B, neR,—A == 3(n,p)eB,.
P P

Since [][neA +(nek,—A4)], we have HZ[(n,p)eBl-i-Bﬂ

which proves accordmgly to 5.42 that up 5 € P ” the sum B,+ B,
being of class P by 2.17. Now define a fanction feRM  putting
for any ne R,:

fn) =(n, g+, (M)

We have fe P{**1V, since
L, p) =f()] = [(m=1)-(p = up,+5,())].
Evidently
nef(B)= (%'p)[(m,p) =fm)]-[(m,p) ¢ B;} >

"’(...2,,,("1 =n)-[(m,p) € B,] —>p2 (n,p) e B, >ne A.

If, conversely, ned, then (n,us. g (n))e B, since otherwise
we would obtain (n,ug, (1)) e B, and therefore Y (n,p)e B, or

F )
neR,—A. Hence fm)eB, and mnef'(B,). This proves that
A=f"YB,) and the theorem 5.33 yields the desired result A4 ¢ PE.

From 5.51 we obtain two important corollaries:

5.52. If feP* and geP§™P then the compounded function
f(!](m)) 8 Of clagb I)ém.l).

Proof. We have

I=flgtm)] = 3 (n=g(m))-({=F(n)) = [] [(n =g(m)) > (L=f(n))].

») Post [12], p. 290. See footnote ¢) on page 82,
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The first equivalence shows that the set “E [T=Hg(m))] is of

class P{™*® and the second that.it is of class Q("””" Hence by 5.51
it is of class P{™t,

5.53. A set ACRy isin PP. QP if and only if its characieristic
function ¢, is in P&Y. Q%Y

Proof. From

[ea(n) =p]l={(ned) (p=1)+(neRy—A4)-(p=0)]

we infer easily that if AeP®-QP, then ¢, P®). Q%Y
Suppose now that ¢4 e P¥Y- Q%Y From

(ned)= .§ [(p =1} (ca(m) =p)] = g Up=1) —>(c4(n) =p)]

we see that if n>1, then A e PP-Q¥. Kor n=0 these equiva-
lences yield AeP® . QP and hence A4ePP.QF in virtue
of 5.51.

It is interesting to observe that if A e P and fe P "”’) then
the set f(A) does not necessarily belong to PP , even 1f f is
one-to-one. We see here another discrepance between our theory
and the theory of Borel-sets.

It can be shown, however, that if f is an increasing function,
i.e., if n<A—>f(n)< f(i1), then f(4)e P§® (< represents here the
lexicographical ordering of k-ads or l-ads of integers) 4°).

5.68. Sets of the class P{” as values of functions P{"”.
The theorem 5.51 enables us to give a simple proof of the following
theorem which discloses the relationship between the concept of
the class P{® and that of recursively enumerable sets:

5.61. If S fulfills the condition C,, then the necessary and sufficient
condition for a non-emply set A be in P{® is that there is a func-
tion fe P whose set of values is A.

40) This theorem has been proved by Kleene. See Kleene [9], theorem
VII, p. 737, Rosser [14], Corollary I, p. 88, Poast [12], p, 291.
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Proof%). Sufficiency results at once from 5.21. Suppose
now that 4 e P® and nye A. Let ¢(x,x) be a decidable propositional
function with k41 free variables such that

ned=Yg(np)
for any ne R,. i

We shall denote by s(n) the sequence of k integers s,(s,(n)),
(8,(84(8,(n))), +..y 83(81..-(8y(m))...). An easy induetion on % shows
that for any ne R; and p,qe R, there is an integer h such that
n=s(h), p=29(h) and g=sy(h).

Let 1, be the Godel-number of ¢(x,x).

Define now the function f(n) as follows: if s,(n) is the Godel-
number of a formal proof of g(s(n),s,(n)), then f(n)=s(n); if not,
then f(n)=mn,.

It is obvious that f(n)e A for any n. Conversely, if ne A, then,
for a suitable p, | ¢(n,p). Denoting by ¢ the Godel-number of
a formal proof of ¢(n,p) and by h the integer for which s(k)=n,
8,(k) =4, 8,(h)=p, we obtain f(h) =n. Hence 4 is the set of values
of f.

It remains to evaluate the class of f. Remembering the defi-
nitions of sets 4, F and [}, given in 3.1 we see that

[m=f(n)]={(m=5(n))-[(8,(n) « B) -g(sl(n),Q) €d-
- (loy@y5(n),85(n)) € L'yy1]+(m=11,)-[(s,(n) non ¢ B)+
*hq?](sl(n)ﬂ) e A+(ly,4,5(n),52(n)) non € I'yaq}.

This proves. the set [’ [m=f(n)] to be of class P, Remem-

mun

bering further that if s,(n)e E, then there is exactly one g such that
(8:(n),q) € 4, we can rewrite the above equivalence in the following
form:

[m=f(n)]=
= ([m=s(n)]-{(8(n) € B)-[][(81(n),q) € A—>(lp,q,5(n), 85(n)) € L'ns11} +

q

+(m=11o) - {(s,(n) non e B)4-[][(8:(n), 9) € 4—(lg, ¢y5(n), 55(n}) nON€ I’y 141}).
q

The set J [m=f(n)] is thus. of clasy Q¥ and hence by 5.51

w3

it is of class Pé"‘“’, q. e. d.

41y This proof is essentially due to Kleene [9], theorem III, p. 736.
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§ 6. Relations with the theory of general-
recursive functions .

6.1. Recursivity conditions. We shall suppose that the
system § fulfills the following two conditions:

(R,) Primitive recursive subsets of Ry belong to PP;

(Rg) If ¢ 18 any propositional function with & free variables,
then the relation gByn which holds between q and n if and
only if q is the Gidel-number of a formal proof of g(n) is
primitive recursive.

That these both conditions are fulfilled e. g. for the system P

has been proved by Gddel*®).

6.2. Funetions of class P{*" as general recursive
functions.

6.21. If 8 fulfills the condition R,, then any gemeral recursive

function f(n) s of class PS5V,

Proof. If f(n) is general recursive, then there are: a primitive
recursive function h ¢ B and a primitive recursive relation R(n,p)

such that []}' Rin,p) and
g fm)=h(min E(n,p)).

According to (R,) the set A E [R(n,p)] belongs to P+

and the function A to P{"". The functlon pa i8 of class P by
5.42 and hence the compounded function h(,u,.(n)) is of class P{*".
This compounded function is equal to f(n) since u,(n)= mm B(n,p)
and hence fe P§*".

6.22. If 8 fulfills the conditions (R,) and (R,) and if fch‘
i8 a function for which there is a propositional function ¢(x,)
with k41 free variables suchk that for any n e R, and neRy

(21) [p=fn)] = |- p(rt,n),
*0 ).

then f(n) is a general recursive function and hence f ¢ P,

42) In this section we suppose the reader to be acquainted with the theory
of general-recursive functions, See footnote?),

) Godel [3], p. 186.

44) This theorem has heen found hy Gddel [5], p. 24. See also Rosser [15],
final remark, Kleene [8], theorem VIII, p, 738,



368 FOUNDATIONAL STUDIES [13], 110

Proof. For any n there is an integer g such that s,(q)By(11,84(7)),
hence by (R,) the function

g(n) =38, {n;in.[sl(q)Btp (n,85(9))1}

is general recursive 43). Thus it is sufficient to prove that f{n)=g(n).
To show this put go=min [8,(g) By(n,35(¢))]- Then 8y(g,) is the Go-
q

del-number of a formal proof of ¢(n,%(q,)) Which implies the exis-
tence of at least one formal proof of ¢(m,85(g,)), i.e. |- @(1,84(q,))
and therefore f(n)=8s(¢,) by (21). On the other hand g(n)=8s(¢,)
in virtue of the definition of g(n) and hence f(n)=g(n), q.e. d.

In order to explain the significance of 6.22 it is well to point out that
in virtue of this theorem the existence of any propositional function ¢(%,z)
with the property (21) implies the existence of (possibly another) decidable pro-
positional funetion ¢(X,z) with the same property. A simple example will elu-
cidate this state of affairs, Let ¢ he any undecidable sentence, ¢(x,y) and ¢(x,y)
the propositional functions

(y=20)+ (y=22+1)-9 and y=2z.

Then (m=2n)==|- @¢(m,n)=| ¢(m,n), p(x,y) is undecidable and (z,y)
decidable.

It is remarkable that no theorem analogous to 6.22 holds for sets. We
have seen in the proof of 4.21 {(formula (14)) that the equivalence

ne A=|-¢(n)

may hold for any n though A does not belong to Pé“. It is to remark that 4
must then belong to P{” since

ne A EZ (gByn).
q
From 6.21 and 6.22 we obtain the following corollary:

6.23. If 8 fulfills the conditions (K,) and (R,), then P§*V is
the class of general recursive functions with k arguments,

6.3. Independence of classes P and QF trom S.
Subsets of B, whose characteristic functions are general recursive

may be called general recursive k-adic relations. from 6.23 and 5.53
we obtain therefore:

6.31. If 8 fulfills the conditions (R,) and (R,), then P is the
class of general recursive k-adic relations.

45) See e. g. Hilbert-Bernays [8], p. 402,
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This theorem is important because it shows that the class
P though defined in 1.3 with the help of notions dependent from
the logical system § taken as basis is in reality independent from 8§,
at least if we limit ourselves to consideration of systems which
fulfill the recursivity conditions (R;) and (R,). In fact, it is known
that the class of general recursive relations can be defined without
any reference to formalized logical systems48), The independence
of PP from § implies of course the independence of other classes
PP and Q¥ from §17).

We note at last the following* corollary from 6.31 and 5.61:

6.32. If 8 fulfills the conditions (C,), (R,) and (R,), then P
is the class of recursively enumerable sets.
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THE CLASSICAL AND THE w-COMPLETE ARITHMETIC!
A, GRZEGORCZYK, A. MOSTOWSKI and C. RYLL-NARDZEWSKI

1. The formal systems and auxillary notions. 1.1. Syntax. We
consider two formal systems for the theory of (natural) numbers, both of
which are applied second-order functional calculi with equality and the
description operator. The two systems have the same primitive symbols,
rules of formation, and axioms, differing only in the rules of inference.

The primitive logical symbols of the systems are the improper symbols
(, ), the propositional connectives V, &, D, =, ~, the quantifiers (), (E ),
the equality symbol ==, the description operator , infinitely many distinct
individual (or number) variables, and for each positive integer % infinitely
many distinct k-place function variables. Our systems have in addition
the following four primitive nonlogical (or arithmetical) constants:0, 1, 4, X.

The classes of “number formulas” (nfs) and ‘““propositional formulas”
(pfs) are defined inductively as the least classes of formal expressions (i.e. of
concatenations of primitive symbols) satisfying the following conditions:

(1) 0, 1, and the number variables are nfs.

(2) If m,p,0q, ..., 0, are nfs, ¢,  are pfs, x is a number variable, and
a* is a k-place function variable, then (x+-p), (xXp), (1X)p, a*(oy, ..., o))

Received July 3, 1957.

1 The present paper is an outgrowth of joint work of the authors carried out in the
Seminar on the Foundations of Mathematics in the Mathematical Institute of the
Polish Academy of Sciences in the academic year 1955-1956.

The work started with some observations of Mostowski concerning the so-called
models absolute for the natural numbers (see [15]). Ryll-Nardzewski then established
the connection between the validity of formulas in these models and their provability
in formal systems containing the rule w (his work was done independently of the work
of Orey [16], which has meanwhile appeared in print). We then became interested
(chiefly on the suggestion of Ryll-Nardzewski) in the problem of carrying over the
metamathematical theorems about the system of arithmetic with finitary rules of
inference to the system in which the rule w is also assumed. The way of attacking
this problemn was suggested by Grzegorczyk and the details were afterwards elaborated
and discussed by the three authors jointly.

For the sake of comparison of the finitary system and the system with the rule w,
we thought it useful to present here once again some results concerning the finitary
system. In this section our work is for the most part not original and we have sup-
pressed almost all proofs. Also in the final section, in which we are dealing with the
system containing the rule w, we have repeated a number of results due to other
authors which we quote in appropriate places.

It will be seen from our paper that the parallelism between the two systems dis-
cussed below goes indeed very far. However we leave open the question of the deeper
sources of these analogies.

We are much indebted to Dr. J. W. Addison for his helpful suggestions which have
enabled us to improve considerably our previous text.
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are nfs, and (p V{}, (@ & {), (¢ D ¢), (¢ = ¢), ~0, (X)o, (Ex)e, («*)o, (Ex¥)p,
(m = p) are pfs.

Together the nfs and pfs are called formulas.

We shall use as metamathematical variables x, y, z, x4, ... for number
variables, ¥, B*, v%, af, ... for A-placed function variables (with the super-
script sometimes omitted as an abbreviation), I, A, @, Iy, ... for formulas,
w, p, 6, 7, ... for nfs, and ¢, ¢, &, @,, ... for pfs. The result of substituting
= for x in T' is denoted by I'(F), or simply by I'(rx) where there is no danger
of misunderstanding.

Parentheses will frequently be omitted or replaced by brackets as an
abbreviation. We shall also abbreviate

~(m = p) as w#p,
(Ez)[r+2z = ¢] as © < p,
(x)[x < ®>9q] as (x),9,

Ex)[x < v & q] as (Ex).o,

(Ex)e & (x)(y)[e(x) & o(y) D x =y] as (Elx)e,
(x)[e(x) & (y)x[e(y) D x = y]] as (ux)e, and
x)[x <= & ¢] as ().

The nfs 141, 14 (1+1), ... are abbreviated as 2, 3, ... ; these formulas
as well as the nfs 0 and 1 are called numerals. If » is a natural number
(i.e. 2 nonnegative integer), then n is the corresponding numeral.

As usual a pf containing no free variables is called closed, and a formula
in which no quantifier binding a function variable occurs is called éle-
mentary. A polynomial is an nf containing no occurrences of propositional
connectives, quantifiers, or . If = and p are polynomials, then the pf = =
is a polynomial equation and a conjunction of such pfs is a system of equations.

The axioms of our systems are the following:

(3) the axiom schemata of the second-order functional calculus with
equality and the description operator,? which include:

(3a) the axiom schemata of the first-order predicate calculus;

(3b) axiom schemata for =:

T =T,
T =p Do(r) = o(p);

(3¢c) an axiom schema for t:

(Elx)p &p((x)9)) V (~(E!x)p & (ix)e = 0);

(3d) the Leéniewski schemata®

(Ex®)(xg, ..., Xp)[x®(xy, ..., Xp) = 7],
where «* does not occur free in =;

? By the second-order functional calculus we mean the variation of the second-order
predicate calculus in which there are function variables instead of predicate variables.
(Cf. Ackermann (1] p. 98 for similar terminology.)

3 (3d) is a form of the axiom of definability corresponding to Le$niewski’s rule of
ontological definability. (Cf. Le$niewski [13] p. 123.)
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(4) Peano’s axioms for 0, 1, 4, X, including the following formulation

of the axiom of induction
[«1(0) = 0 & (x)[o!(x) = «!{(x+1)] D (x)[o*(x) = 0O]].

We consider the following rules of inference:

(5) the rules for the second-order function calculus (the rule of modus
ponens and the quantifier rules);

(6) the (non-finitary) rule w:

from ¢(x) (for every numeral =) to infer (x)e(x).

Our first formal system, which we denote by (A), has the rules (5) as
its rules of inference; the second, which we denote by (A_), has one ad-
ditional rule of inference, the rule w.

For each set X of pfs, we denote by Cn(X) (by Cn, (X)) the least set of
pfs containing X and the logical axioms (3) and closed with respect to the
rules of inference (5) (with respect to the rules of inference (5)-(6)). Cn(X)
is the set of consequences of X; Cn (X) is the set of w-consequences of X.
The set of consequences of the nonlogical (or arithmetical) axioms (4) is
denoted by A and the set of their w-consequences by A,. The system (A)
being based on the second-order calculus is evidently much stronger than
e.g. the system Z of Hilbert and Bernays.

1.2, Semantics. Before we proceed to a description of the semantics
of (A) we make a (metametamathematical) observation that the notions and
axioms which we tacitly assume in metamathematics comprise all the ordi-
nary notions and axioms of set theory, so that we can use in our definitions
such non-elementary notions as classes and functions of arbitrarily high
types. A sequence p = (N, 0,, 1,,, +,, X, Fy, F3, ...> is called a frame
for our formal systems, if and only if

(7) N, is a set,
(8) 0, 1,eN,,
(9) +, X, are functions from N} into N,*

(10) Fy is a set of functions from N into N,.

An example of a frame for our formal systems is the “principal model”
RNo = Ny, 0, 1, +, X, FL, F?, ... in which N, is the set of natural num-
bers, F* is the set of all functions from Nﬁ into N,, and 0O, 1, 4, X have
their usual meanings.

A valuation (with respect to a frame p) is a mapping of the number
variables into N, and of the 4-place function variables into F}. For any
frame p and valuation f with respect to p, we can define by induction the
value Val, (I') of each formula I in the familiar fashion. Val,(T) is an
element of N, (if I is an nf), or it is one of the truth values ¥V or A (if T
is a pf). Val, (') depends, of course, only on the values of { on the free

4 If X is a set; we denote by X™ the Cartesian product of » copies of X,
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variables of I'. Thus we shall sometimes write

r (/al, cisy Oy Xy, ees, x,,)
P\flad), ooy Flom) F(2), oo fX0)

or simply Ty(f(ay), - .., f(atm)s /(Xy), - .., (X)) for Val, o (T), it being under-
stood that no variable other than those of the upper row is free in T,

A formula I containing free the distinct variables af, ..., af», Ky, vnns Xy
and no others is said to define relative to a frame p a function g from
Fpx...xFy»x Ny into N, (if T is an nf) or into {V, 4} (if T is a pf),
if and only if, for every valuation f,

gUf(adr), . ... flor), £(xa), ., f(x,)) = Val,y(T).
We identify the functions from a set X into {V, A} with the predicates on X.

It can be shown that the functions and predicates definable relative to
N, by elementary formulas (by arbitrary formulas) of our formal systems
are exactly the arithmetical functions and predicates (the analyticadl
functions and predicates) in the terminology of Kleene [11].5

A pf ¢ defining relative to a frame p the (completely defined) constant
predicate V is said to be vaitd tn p. (If ¢ is closed, we may sometimes say
true in p for valid tn p.) If every pf of a set X of pfs is valid in a frame p,
then p is called a (general) model of X. A model p of X in which for each
k (k=12 ...) F; is the set of all functions from N; into N, is called a
standard model of X ; for example, the principal model %, is a standard model
of A and of A, which implies that A and A, are consistent and even w-
consistent. The models of X which are not standard are called non-standard
models of X.

It is easily seen that any standard model of A is isomorphic to 3%, — this
is in effect just the theorem that the Peano axioms are ‘“categorical”.
Moreover, since A, D A, the same is true of standard models of 4. How-
ever, as we know from Godel's famous theorem [6], there is a large collection
of non-isomorphic non-standard models of A. And by an extension of Gédel’s
result by Rosser [19], the same is true even for A,

1.3. Hierarchies of sets. We denote by 20 and IT? the classes of sets
definable, respectively, in the forms

{x : (_ul)(+u2) o '(iun)R(x' Uy ooy “n)}:
{21 (Fu)(—4g). . .(Fu)R(x, 14y, ..., 44,)},

where R is a recursive relation, and (+u4) stands for the general quantifier
(%), and (—u) for the existential quantifier (Fu), with the range N,

8 For the case of the arithmetical predicates (when m = 0), a detailed proof is given
in (9] (cf. pp. 284-285), and indeed the use of “‘arithmetical” in [12] is vindicated by
this proof. The other cases can be handled using a generalization of this argument.
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Similarly, we denote by Z. and II} the classes of sets definable, re-
spectively, in the forms

{1 (—d)(+60). - - (L8N (FUR(x, §1(w), ..., $u(0))},

{1 (+6)(—d0)- - - (F) (L¥)R(x, $y(n), ..., $.(w))}, -
where R is a recursive relation, ¢, are variables with the range F!, and
Flu) = pfO*. . pgeri,

We assume familiarity with the papers [10], [11], [12] of Kleene con-
cerning these classes. The class 1N/} is denoted by HA, and sets of this
class are called Ayperarithmetical. The class ZInNIT? == GR coincides with
the class of general recursive sets.

We adopt the usual numbering of formulas and denote by N2 I' the
Gédel number of I'. A set X of formulas is said to delong to a class X of
numbers if the set N2 X of the Gidel numbers of the formulas in X is in X.

2. The ordinary system of arithmetic. 2.1. The semantical char-
acterization of the rules of proof.

2.1.A. (COMPLETENESS THEOREM [5].) ¢ e Cn(X) < {p is true in every
model of X}.6

CororLaRIES: 2.1.B. {Cn(X) is consistent} - {there exists a model of X}.

2.1.C. (DEDUCTION THEOREM.) ¢ € Cn(XU{{}) < ¢ D ¢ ¢ Cn(X).

21.D. ¢ €A < {pis true in every model of A}.

Let ¢ be a pf containing no function variables. We shall call it a demon-
strably recursively enmuwmerable pf (rec. en. pf), if therc are polynomials
Ty, Ty, cONntaining number variables x, y, z,, . . ., z, but no function variables,
such that ¢ = (Ex)(y)x(Ez,). .. (Ez,)(m, = n,) € A7

2.1.E. If pisa closed rec. en. pf, then ¢ € A — {5 is true in N}

2.1.F. (INCOMPLETENESS THEOREM [6].}) There is a closed rec. en. pf ¢
such that ~ is true in R, but does not belong to A.

2.2. Evaluation of the predicate n ¢ N° Cn(X). From the definition
of Cn(X) we easily obtain:

2.2. A. There is a relation R(X, n, m) recursive uniformly in X such that
for every set X of pfs

{n e N2 Cn(X)} & {(Em)R(N2 X, n, m)}.

¢ The completeness theorem for a calculus of second order seems to be more similar
to Henkin’s theorem (cf. Henkin [8] p. 85) than to the original version of Godel's
completeness theorem in [S]. However the second-order functional calculus may be
considered as a modification of the first-order predicate calculus and the earliest
Gbédel argument may be applied to it with little modification.

7 Qur definition of a rec.en. pf is motivated by results of Davis [4]. In view of the
effective character of Davis’ work, every predicate of which we possess a proof that
it is recursively enumerable¢ becomes a rec. en. pf after we write it down in symbols
of (A).
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An immediate corollary to 2:2.A is (cf. the correction at the end):®

22B. I XeZXlor XeZXlor Xell}, then Cn(X) belongs to the same
class; if X e I7%, then Cn(X) ¢ 22,,.

2.2.C. (AxioMaTizATION THEOREM.) If Cn(X) = X eZX%,,, then there
exists a Y e IT2 such that X = Cn(Y).

PROOF.? Since X ¢ 2%, there exists a set S in IT? such that!®

m e Xe->(EE)KN2m, k> € S.
We can define the set Y € /72 in such a manner that the equivalence
m&..&meYoN2m,keS
k times
is satisfied. Hence Cn(Y) = X.

22D. I Xe2?,, and X is a consistent set of pfs, then there exists
a set X, in /7%,, such that Cn(X,) is complete and consistent, Cn(X)
Cn(X,), and Cn(X,) € Z2.,nIT8,,.

ProoF. We represent Cn(X) in the form Cn(Y) where Y eI}, and
define a consistent and complete extension Z of Y using Lindenbaum’s
method [20]: It can be easily shown that Cn(Z) = Z e X ,nIT%., By
2.2.C we can represent Z in the form Cn(X,) where X, e IT%,,.

22E. If X,eZ%, then the set Cn(X,) is either e-inconsistent or in-
complete (cf. [14] p. 100).

2.3. Characterization of recursive functions by means of the
operation Cn, The following characterization of general recursive (GR)
functions is known from the work of Kleene [9]:

23.A. ¢€GR, if and only if there is a finite sequence of functions
é1, ..., 9, =¢ and a system of equations E with n function variables
&, - .., &, such that:

I. «, has the same number p, of arguments as ¢,.

2. ¢y ..., p, are the unique functions which satisfy in R, the pf
(x4, ..., x,,)E, where x,, ..., x, are all free number variables of E.

3. For every %, ..., kB, in N, there is an / in N, such that

Ry oo k) = LeCn({(xy, ..., X,)E).

Theorem 2.3.A can be formulated in syntactical terms (without use of
the notion of satisfaction):

23.B. ¢eGR, if and only if there is a system of equations E with
function variables «, ..., «, such that:

8 Sometimes we shall identify in the continuation the set X of formulas with the
set N2 X of their numbers.

® We have used here the idea of Craig [3].

10 We adopt here the logical notation of ordered pair for the arithmetical pairing
functions. E.g., (m, n) = (m + n)* + m.
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1’. ¢ and «, have the same number $ of arguments.
4, For every &, ..., k, Lin N,

l=lky ... k) o (X oo, X)EDay(y, ..., R,) = LeA.

2.3.C. Theorems 2.3.A and 2.3.B remain true if we replace E in them
by an arbitrary pf.

2.3.D. The function Cn used implicitly in 2.3.A and 2.3.B can be re-
placed by a more elementary one adapted to drawing consequences ex-
clusively from equations. Details of this can be found in Kleene [9].

2.4. Representability in A. A subset S of N, is representable by a
pf ¢ in a set X of pfs, if and only if ¢ has exactly one free number variable
x and
(1) neS oon)eX

(cf. [7]). S is strongly representable by ¢ in X, if it is representable and
its complement is representable by the pf ~g in X, i.e. if both (1) and the
following equivalence hold:

2 nd¢S e ~on)eX.

Similar definitions can be formulated for the notion of representability
of relations.

The following theorem is easily provable. (In the proof of <, we use
(1), (2), and 2.2.B.)

2.4.A. If X is a consistent set of pfs, ACX, and X eZ? then {Se GR}
+«{S is strongly representable in X}. (Cf. {71.)

2.4B. If X is an w-consistent set of pfs, ACX, and X e2?, then
{S € ZY} — {S is representable in Cn(X)}.

For the proof see [14]. As a corollary we obtain:

2.4.C. The set N2 A is universal (complete in the sense of Post) for the
class X0,

Indeed, if ¢ represents S in A, then according to (1),

neS —0(n)eNZA

where 0(n) = N2¢(n). Note that 2.4.B is applicable to A, since A is
w-consistent.

2.5. Undecidability of A. From 2.4.C it follows immediately that
A ¢GR, ie. that A is not decidable. The essential undecidability of A
can be proved in many different ways (cf. [18], {21], [9], [7]). We present
here a proof which we believe to be new. First we establish the following
lemma:

2.5.A. It X; e GR, then there exists a set X in GR such that, for every
primitive recursive function 6, X 3 6-(X,).
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ProoF. Let 0,(n) be a general recursive function universal for all prim-
itive recursive functions. The set X = {n : 6,(n) ¢ X} is recursive, and
has the required property, since from X = 6;%(X,) we would obtain a
contradiction 0,(%) € Xg« ke X 0,(k) ¢ X,

We shall denote by neg T the set {~¢ : T},

2.5.B. (InsepaRaBILITY THEOREM.) If T is a set of pfs such that each
GR set is strongly representable in T, then the sets N2 Tand N2neg T are
not separable by recursive sets.

Proor. Assume that N2 T and N2 neg T are separated by a set X,in GR:

(3) N2Tc X, and N2neg T ¢ —X,.

Choose X as in Lemma 2.5.A, and let ¢ strongly represent X in T. Putting
0(n) = N2 ¢(n), we obtain, by (1) and (3),

4 neX >0n) eN2T — 0(n) e X,.
Similarly (2) and (3) imply
(5) n¢X —>0(n) e Neneg T — 0(n) ¢ X,.

Thus from (4) and (5) we obtain X = 0-1(X,), which contradicts 2.5.A.

25.C. (UnpEciDABILITY THEOREM.) The set A is essentially unde-
cidable.

Proor. By 2.4.A and 2.5.B the sets N2 A and N2 neg A are not sepa-
rable by recursive sets. Hence there cannot exist a consistent and decidable
extension of A.

We shall still apply Theorem 2.5.B to determine the form of undecidable
pfs.

25.D. (INcoMPLETENESS THEOREM.) There exists a rec. en. pf Z with
two free variables such that for each consistent extension X in X? of A
there exist infinitely many integers # for, which the pf (Ex)Z(n, x) is false
in N, and undecidable in X.

Proor. Denoting by G, (%, m) a GR function universal for the primitive
recursive functions, we can represent each set S in GR in the form

(6) S = (k : 2{(um)[G,(k, m) = 0]) = 0}
where 7 is a fixed primitive recursive function and the effectivity condition
@) (R)(Em)[G o(k, m) = 0]

is satisfied. From (6) and (7) it follows easily that
(8)  keSe (Em){(G,(k, m) = 0] & [n(m) = 0] & ()[I<m — G o(k, 1) # O]}).
The ternary relation
(Galk, m) = 0] & [n(m) = 0] & (O} < m — GL(k,]) 5 O]
is recursive and hence strongly represented in A by the formula
E(z, y, x) = I'(z, y, X) & §(x) & (v)[~(x < v) D ~T(z, y, )]
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where I'(z, y, x) and ¢(x) are pfs strongly representing in A the relations
G,(k, m) = 0 and n(m) = 0, respectively. From (7), (8), and the definition
of representability ((1) and (2)), it follows that

©) keS - (EX)E(n, &, x) € A,
(10) k¢S > ~(Ex)E(n, R, x) € A.

From (9) and (10) we conclude that for each set S e GR there exists
n € Ny such that S is strongly represented by the formula (Ex)E(n, y, x)
in A and hence in every consistent extension of A.

Now let X €29 be a consistent extension of A, and let T be the set of
pfs of Cn(X) of the form (Ex)ZE(n, &, x). By (9) and (10) every GR set is
strongly represented in T and hence according to 2.5.B the sets N2 T and
N2neg T are not separable by recursive sets. If there were but a finite
number of sentences of the form (Ex)Z(n, k, x) undecidable in X, then the
sets N2 T and N2 neg T would be recursive and hence recursively separable.
Thus infinitely many pfs of this form are undecidable in X. Strictly speaking
the formulas of the considered form undecidable in X constitute a set of the
class 1923

In order to obtain a pf Z mentioned in the theorem we can join the first
two variables of & using the pairing functions.

An alternative proof of Theorem 2.5.D can be obtained by letting Z be
a pf strongly representing the primitive recursive predicate W, of Kleene [9]
p. 308.

3. The w-complete system of arithmetic. In this section we shall
deal with the system (A,) of arithmetic defined in Section 1.1. The so-
called models absolute for the natural numbers shall be called more briefly
“w-standard models”, or “w-models”. We emphasize that we impose no
limitation on the number of the applications of the w-rule; this number
may be an arbitrary transfinite ordinal.

A model M is an w-standard model if (under an arbitrary valuation) the
values of the numerals exhaust Ng,. Thus in order that M be an w-standard

model it is necessary and sufficient that the partial models M = (N, Ogp,
g +an X and Ng =<N,, 0, 1, +, x> be ismorphic.

3.1. The semantical characterization of the rule w. 3.1.A. (Com-
PLETENESS THEOREM [16].) If Ac X, then{peCn,(X)} < {p is truein every
w-standard model of X}.

For the proof it is sufficient to show that, if ¢ ¢ Cn,(X), then there is a
prime ideal in the Lindenbaum algebra L of the system (A,) which contains
X, ~4 and preserves unions corresponding to quantifiers as well as unions
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of the form

oo

[(Ex)e] = U [g(n)]

n=0

where [¢] is the element of L containing ¢. Using the method of [17], one
shows easily that the set of prime ideals satisfying these conditions is
residual in the Stone space for L. For a more detailed proof see [16].

Theorems 2.1.B — 2.1.D hold if we replace “Cn” by ‘“Cn,”, “model”
by “w-standard model”, “A” by “A,”. We denote these theorems by
3.1.B — 3.1.D.

3.1.LE. If ¢ is an elementary pf with » function variables «y, ..., «,,
then

{(ay, ..., 2 )peA} o {(x, - .., a,)p is true in N}

Proor. Let It be an w-standard model and x* — x = #(x*) an iso-
morphic mapping of Ng; onto N, With every ¢* e F}, we correlate
¢ = t(¢*) ¢ F* by putting

Sy, -2 = UP(EH(H), - 17 (HR))-

Finally we put V) =V, {4) = A.

If f is a valuation in the model M, then we denote by # the valuation
X — i(f(x)), o* — ¢(f(«*)). We can then prove by induction that, if = is an
nf or an elementary pf, then

t(Val, gu(r)) = Valy g (7).

It follows from these formulas that, if ¢ is not valid in 9, it is not valid
in R, Using this and 3.1.D we infer that, if the closure of ¢ is not provable
in A, it is false in 9R,.

The converse implication foliows a fortiori from 3.1.D.

3.1.F. (INCOMPLETENESS THEOREM [19].) There is an elementary pf ¢
with one free function variable a! such that (Ea!)e is true in %, but does not
belong to A,

3.2. Evaluation of the predicate x e N2 Cn,(X). 3.2.A. There is a
relation R(X, %, n) recursive uniformly in X such that for every set X of pfs

ke N2 Cny(X) o (SHEmR(NE X, , §(n)).

Proor. In [19] p. 134 it is shown that the predicate x « N2 Cn(X) is
representable in the form (¢)P(4, », N2 X), where P does not contain
function quantifiers. Using the reduction described in [11], we obtain the
desired form.

3.2B. If XelII}, then Cn,(X) e IT}; if X € X%, then Cn (X) e IT1,;.

This is an immediate corollary of 3.2.A (cf. the correction at the end).

3.2.C. It is an open question whether the axiomatization theorem 2.2.C
remains true if we replace in it Cn by Cn,, X3,, by I73,,, and II by Z%..
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3.2D. If XelII}l or X ¢ X}, and Cn,(X) is a consistent set of pfs, then
there is a consistent and complete set Y e T}, ,NZ%,, of pfs such that
X c Y = Cn,Y).

Proor. Let ¢4 ¢;, ... be a sequence without repetitions containing
all closed pfs. We put ¢, , = ¢, if ¢, does not have the form (Ex,)¥(x,),
and ¢, , = 9(n) otherwise. Let ¢, v, 6, & be functions satisfying the following
conditions:

(1a)  ~o40 ¢ Cn,(X),

(Ib)  § < $(0) > ~o, € Cn,(X),

(23)  ~s@.000 ¢ Cn(X),

(2b) 7 <6(0) > ~yw,00 € Cny(X),

B) o = bs0.00,

4 Pr0 = Pyion

(52)  [P¢tw D ~Ppasn ¢ Cny(X)] and ¢(n+4-1) > ¢(n).
(Sb)  $(n) <i < $(n+1) > [Peem D ~9, € Cn,(X)],
(62)  @g(m D ~Yh(nt).00n+1 ¢ Cny(X),

(6b) 7 <O(n+1) > 9pw D ~3(arn.s € Cnp(X),

(7)) Ppntn = Yo(ns0.00n41)s

B)  Petnin = Petw & Pytns)-

These formulas say that ¢, is the conjunction of @y, - - ., Py, $(n)
is the least integer satisfying (la) or (5a) according as #» = 0 or n #0,
0(n) is the least integer satisfying (2a) or (6a) according as # = QO or # # 0,
and Py 18 Ygim,otn)-

There exists exactly one set of four functions ¢, v, 6, £ satisfying the
above conditions. Denote by C(¢, ¢, 8, £) the conjunction of (la) — (8)
preceded by quantifiers (n)(f). Since @, € Cn(X) < (7)(Ep)Q%(k, 7(p)) with
QX recursive in X (by 3.2.A), we easily see that the predicate C(¢, v, &, 0)
can be reduced to the form
©)  (UEn)(x)RX(B(n), §(n), 6(n), E(n), 7i(x)) &

(O(Ex)SX((n), §(n), 6(n), £(), {(x))]
with RX and SX recursive in X. Let Y = {¢4(, P4 - - -}. Hence, in view
of the uniqueness of ¢, y, 6, &,

ereY = (Ed, v, 0, 8[C(4 v, 0,8 & (Ep)(k = $(p))] ~
(@ v, 0, §)(C(@, v, 6, &) — (Ep)(k = $(2))].

Formula (9) proves therefore that, if X ¢ IT: or X € X%, then Y € IT1 ,NZx,,.

We are going to prove that Y has the required properties. Let X, =
Cn,(X), and let X,,,, be the set of ¢, such that ¢z, > ¢, € X,. From (1), (5),
and the deduction theorem 3.1.C, it follows that X, = Cn,(X,) is con-
sistent for each ».

If $(n) <j<d(n4-1), or § < $(0), by (1b) and (5b), ~o,e X, and
hence ¢, ¢ X. This proves that X c Y. We prove similarly that, if there
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were a § such that ¢, ~gq,¢Y, then X, would be inconsistent from a
certain # on. Hence, for each §, ¢;e Y or ~g;eY, and we immediately
obtain Cn(Y) = Y. This together with consistency of the sets X, proves
that Y is consistent and complete. For each m, the pf gy is in Y, for
otherwise X, would be inconsistent for sufficiently large #. Finally Y is
closed with respect to the rule w. Indeed, if a pf (x)~#®(x) is not in Y,
then the pf (Ex)§(x) is in Y and hence is identical with g4, for an integer #.
Thus ¢y, belongs to Y, and therefore Y contains a pf of the form 9(s).

REMARK 1. The above proof is essentially identical with the proof
(due to Tarski) sketched by Feferman in the review quoted by Orey [16]
p. 247 for the existence of a prime ideal in the Lindenbaum algebra of
A preserving a given sequence of denumerable unions.

ReMARk 2. Using the axiom of constructibility and certain results of
Addison [2), we can improve our evaluation. If X e [T, or X e 1 and # > 1,
then a complete and consistent extension Y = Cn,(Y) of X can be found
already in the class IT;nZ,. We shall not, however, give this proof here.
For n = 1 the evaluation of the class of Y cannot be improved.

3.3. Characterization of hyperarithmetical functions by means of
the operation Cn,. A function ¢ is hyperarithmetical (HA) if its graph is
in HA = ZinI1}. The following characterization was obtained indepen-
dently by Addison, Grzegorczyk and Kuznecov.

3.3.A. A function ¢ is HA, if and only if there exists a finite sequence

of functions ¢,, ..., ¢, = ¢ and a system of equations E with only the
function variables ay, ..., a, such that:

1. @, has the same number of arguments as ¢,.

2. ¢4, ..., ¢, are the unique functions which satisfy in R, the pf
(x4 + .., Xn)E where x,, ..., x,, are all number variables of E.

ProoF. Let © be an nf with the free variables a;, ..., a,, X;, ..., X,

and ¢ an elementary pf with the same variables. Let f be a valuation such
that f(a;) = ¢,, f(x;) = k. By an easy induction we prove that the function.

oy, oo P By - By) = Val g 7
and the predicate

Rq;(‘ﬁlr vy ¢nr kl’ e km) A {Va'lf.ﬂ'l, P = V}
are arithmetical uniformly in ¢,, ..., ¢,.
Now assume that there exists an E with the properties stated in the
theorem. We have then

y = 9{)(211 LRI za) A {(E‘ibl’ LI ¢n)(k1’ MR km)RE(‘ibll MR ¢m
(10) Ry ooy k) & balzy, ... 20 =3}
y=0¢@n .. 2) o {(Br - SRy - ER)RE(Gy - s S
By, ..., KEp) > $alzr - -, zq) = y]}:
whence we see that the predicate y = ¢(zy, ..., z,) is HA.
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The proof of the converse implication uses Kleene’s theorem XXIV
of [12] p. 204. We assume for simplicity that ¢ has one argument.

Let the predicate y = ¢(x) be recursive in H, where a e 0. Letenm(x, a)
be a recursive function which enumerates integers <¢ 4. Denote by y,, the
characteristic function of the set {z: H ...} We can assume that
enm(l, @) = a. From the definitions we obtain that
(1) $(x) = U((uy)T1(e, %, %)) = U((m) Ti(®u(y), e %, )
for a fixed integer ¢ and a fixed primitive recursive function U.

The functions y,(x) and ¢(x) can be characterized as the unique functions
satisfying (11) and the conditions

()slfora.llncho,
va(x) =1 if enm(n, @) = 1,

rp,( %) = 1 o (E2)T1(a(2), %, %, 2) if enm(p, a) = enm(n, a)+olo,
( ) Vo, ((enm(p,a)ls. (z),,.)((x) lf 3 l enm(p, a):

where in the last formula @; is a partial recursive function universal for
partial recursive functions as defined in [12] p. 194.

Note that functions and relations occurring in these formulas (with the
exception of ¢ and y) are recursive and hence arithmetically definable.
Hence, if we denote by Ry(¢, y) the predicate obtained from the above
formulas by forming their conjunction and prefixing to it general quanti-
fiers binding all free number variables, we infer that R, is an elementary
definable predicate. Hence there is an elementary pf Q such that ¢ and y
are the unique functions which satisfy Q in %,

We shall now transform £2 so as to obtain a system of equations. First
we eliminate the p-operators and reduce the formula to prenex normal
form. Then we eliminate the existential quantifiers by introducing function
variables according to the following scheme: If ¢ has the form
(X4, - .-, X)(EY)[...y...], then we replace it by
(X oo X Ve oo X)) T &Y ] DXy, LX) S YD,
where o, is the new function variable. After a finite fumber of such steps,
we obtain a pf of the form (x,, ..., X,,)¢ where ¢ is a truth-functional
combination of inequalities and equations. We add two more function
variables B, B, denoting the predecessor and subtraction, and denote by
© their defining equations

B1(0) =0, Bi(x+1) = x,
Balx, 0) = x, Bo(x, y+1) = By(Ba(x, ¥)).

Now the closure (with regard to number variables) of the conjunction of
¢ and O can be easily transformed to a conjunction of equations accordingly
to the following familiar rules of arithmetic:

a=be (a—b)+(b—a) =0, a <be (a—b) =0,
a=0Vb=0w(axXb)=0, (a#0)~(l—a) =0

(12)
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ReEMARK 3. Using the pairing functions (which do not belong to the
primitives of our system), we can join all function variables in a unique
one and present each ¢ in HA in the following normal form

¢ = KW)[(x,, ..., x,)E],
where (18)[¢] denotes the unique function satisfying ¢ if it exist, E denotes
a conjunction of equations, and K is a constant GR function, e.g. K(x) =
x—[1/7]%

REMARK 4. Theorem 3.3;A (as well as 2.3.A) remains true if we replace
Condition 2 by the following one:

2'. ¢, is the unique function which satisfies in R, the pf (Ea,, ..., &,_,)
(%4, - .., Xo)E where x,, ..., x,, are all the number variables of E.

Condition 2" means that the auxiliary functions ¢, ..., ¢,_; do not
need to be unique.

3.3.B. ¢ eHA, if and only if there is a system of equations E with
the function variables a,, ..., «, such that the following two conditions
are satisfied:

1. ¢ and a, have the same number ¢ of arguments.

3. For every Ry, ..., kg ¢ in N,

b=y, ..., k) @ (Xp -, X)E Do (Ry, ..., R) =1teA,

Proor. Let E be chosen as in 3.3.A. The pf
(13) (%3, - X )EDa,(Ry, ..., R) =1

is valid in R, if and only if £ = ¢(%,, .. ., &;). By 3.1.E we obtain thus the
equivalence 3.

Conversely, if 3 is satisfied, then by 3.1.E we obtain that (13) is valid in
M, if and only if £ = (%, ..., k). Hence, if ¢,, ..., ¢, satisfy in R, the
pf (%4, ..., x)E, then ¢ = ¢,. Since the pf (x,, ..., X,,)E is satisfiable
(otherwise (13) would be valid independently whether ornot £ = ¢(%, . . ., &),
we infer that ¢ satisfies Condition 2’ of Remark 4. From this we obtain
easily the formulas (10) and hence ¢ ¢ HA.

3.3.C. Theorems 3.3.A and 3.3.B remain valid if we replace in them E
by an arbitrary elementary pf.

3.3.D. The function Cn, used implicitly in 3.3.B can be replaced by
a more elementary one adapted to drawing consequences exclusively from
equations.

The rules of proof used in the definition of the restricted function Cn,,
comprise the rules R1, R2 of Kleene [9] p. 264 as well as the following
restricted rule o: If w,, m, are polynomials and =;(n) = m,(n) is provable
for each 7 € IV,, then so is the equation n; = ;.

Let us abbreviate

By o) 2o & By -, B2 - - . B
Day =8, & ... &a, =8, as (Elay, ..., «,)9.
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3.3.E. If pis an elementary pf with » function variables «,, ..., «,, then
{(Elay, ..., a,)9 is true in Mo} (Elay, ..., a,)p e A,

Proor. In order to simplify the notation we shall consider only the
case of # = 1. In Kleene [12] p. 208 there is a proof that, for each elementary
pf ¢ with one function variable a«, there exists an elementary pf ¢ with
one function variable § such that the following equivalence is true in R,:

(14) (Ex)(x e HA & ¢) = (B)Y.

Here « ¢ HA denotes a pf obtained by writing in (A) the definition of the
set HA. It can be verified that (14) is not only true in R, but actually
provable in (A).}! Thus from (14) and 3.1.E we infer

(15)  {(Ex)(a ¢ HA & ) is true in Ny} & (Ea)(x c HA & ) € A,

According to 3.3.A, (Ela)e is true in N, if and only if the following two
formulas are true in R,:

(16) (Ex)(xc HA & ),
(17) (= B)l(e(x) & 9(B)) D (X)(a(x) = B(x)).

According to (15) and 3.1.E, both pfs (16) and (17) are true in R, if
and only if they belong to A,

In view of the importance of Theorem 3.3.E, we shall sketch another
proof of it which is more elementary insofar as it rests on a direct analysis
of the proof of 3.3.A. It is of course sufficient to prove that, if (Ela)p(a) is
true in N, then it is provable in A,

Let us consider the formulas (12) above. These represent a definition by
transfinite induction on # of the function ¢, (x). The well-ordering of indices
n is given by the recursive relation »’ < »n” & enm(n’, a) <, enm(n”, a)
(cf. Kleene [10] p. 410). The usual scheme of inductive definitions can
easily be formalised in (A). In this way we obtain a pf A(«, B) such that
the unique functions satisfying this pf in R, are y,(x) and ,(x). The proot
of uniqueness and existence of these functions (both proceeding by trans-
finite induction on #) can be formalized in (A), and thus we obtain
(Ele, B)A(e, B) € A and therefore also (Elx, B)Q e A where Q is the pf. used
in the proof of 3.3.A. It follows that the equations E reached in the proof
of 3.3.A have the property

(18) (Elay, ..., 0)(Xy, ..., X)E € A.

Indeed E was obtained from Q by means of transformations which con-
serve the property (18).

Let us now assume that (Ela)p(x) is true in R,. It follows by 3.1.E that
(o, &' ){p(a) & p(a”) D (x)[a(x) = «’(x)]} € A,, and hence it remains to prove .

11 A verification of this proof in the formal system (A} is extremely laborious, as
is each formalization of a mathematical reasoning.
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that (Ex)e(x) e A,. Let ¢ satisfy () in 9M,. By 3.3.C we have ¢ ¢ HA.
By 3.3.A there exists a system E of equatiéns satisfying Conditions 1 and 2
of 3.3.A as well as the formula (18). Let & be the pf

(g, -« @ ){(Xps - - o» Xm)E D p(a,)}.

Since (x4, ..., x,,)E is satisfied in %, by exactly one system of functions
¢1, ---» ¢, = ¢, and since this set satisfies ¢(a,) in RN, as well, we infer
that § is true in %, and by 3.1.E belongs to A,. From this and (18) we
finally obtain (Ex)(x) € A,

3.4. Representabilityin A,. 3.4.A. If X is a consistent set of pfs,
A,cX,and X e II3, then S ¢ HA & {S is strongly representable in XJ}.

Proor. If S is strongly representable in X, then, using the conditions
(1) and (2) of the definition of representability (in 2.4) and 3.2.A, we infer
that S and S belong to I7;. Hence S ¢ HA.

Conversely, if S e HA, then denoting by ¢, its characteristic function,
we obtain from 3.3.A an elementary pf ¢ with the free variables «,, ..., «,
such that
(19)  (Elay, ..., a)p is true in %R,
and ¢, is the unique function which jointly with some functions ¢,, ..., ¢,_,
satisfies ¢ in N, Hence we have the equivalences
(20) meS e {(a, -.., 0)[¢ Dag(n) = 1] is true in N},

(21) n¢S e {Ely, ..., 0)[p &a(n) £ 1] is true in Ry}

According to 3.1.E and 3.3.E, both pfs on the right hand sides of (20)

and (21) are true in N, if and only if they are theorems of A,. Hence ac-

cording to the familar rules of quantifiers, S is strongly represented in A,
(and so in each consistent extension of ‘A,) by the pf

(otg, -+, o) [ D oy(x) = 1].
3.4B. If A,c X eII}, and if X consists exclusively of closed pfs which
are true in %, then
{S € II} - {S is representable in Cn(X)}.

ProoF, S e /1], if and only if there exists an elementary pf ¢ such that
(22) neSo{(@e(a n) is true in Ny}

By 3.1.E, the formula («)¢(«, n) is true in N, if and only if it belongs to A,
Hence S eI}, if and only if S is representable in A, Now let X be an
extension of A, consisting of true pfs. Thus, if the pf («)¢(«, n) belongs to X,
it is true and by 3.1.E belongs to A,. Hence each set represented by a pf
of this form in A, is represented by the same formula in X.

The converse implication is evident.
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3.4.C. The set N2 A, is universal (complete in the sense of Post) for
the class I73,
This follows from 3.4.B in the same way as 2.4.C follows from 2.4.B.

3.5. Hyperarithmetical undecidability of A,. From 3.4.C it follows
that the set N2 A, is not hyperarithmetical. We shall show that no con-
sistent extension of A, is hyperarithmetical. The argument is the same as
in the case of the classical arithmetic. We establish the lemma:

3.5.A. IfX, e HA, then there exists a set X in HA such that X # 6-3(X,)
for every primitive recursive function 6.

The proof is the same as for 2.5.A.

3.5.B. (INSEPARABILITY THEOREM.) If T is a set of pfs such that each
HA set is strongly representable in T, then the sets N2 T and N2neg T
are not separable by HA sets.

Proor, From 3.5.A similarly to 2.5.B.

3.5.C. (HYPERARITHMETICAL UNDECIDABILITY OF A,) No consistent
extension of A, is hyperarithmetical.

Proor. From 3.5.B and 3.4.A similarly to 2.5.C.

We can still apply 3.5.B to determine the form of pfs undecidable in A,,.

3.5.D. For each consistent set X in I7} of pfs such that A, c X, there
exists a set H, in Z} of pfs of the form

(23) (ot - -5 0)0,
where ¢ is elementary, such that all formulas of the set H, are false in 9,
and undecidable in X.

Proor. Let C be the class of closed pfs of the form

(24) TR (- T 5 T (- SRS ( }

with zero or more ~’s, where ¢ is an elementary pf, and let T = CnCn,,(X).
We put T* = {p : «~~¢ € T}, and write ¢ ~ ¢ if ¢ can be obtained from ¢
by dropping or inserting an even number of signs ~. For ¢ ¢C,

¢ e TUT* & {p e Cn(X) or ~g e Cn,(X)},
and hence H = C—(TUT*) is the set of pfs (24) undecidable in X.
Since

geT* e ~peT,

¢eT o (EY[(p ~ ~y) & (§ e TH)],
we obtain Teﬂi - T™ en}, T* 5211 ——>T£2%.

We shall now show that
(25) Tell} -2}, T* e 1121,

By 3.2.B, T eIl{. In view of the above implications we have only to
prove that T ¢ Z1. This we do as follows.
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For each set S € HA, there is by 3.4.A a pf $(x) = (ag, ..., 2%y, - -,
o, X) with an elementary ¢ spch that S is strongly represented by {¢(x)
in A, ie.,

a
neSedMeA, n¢Se ~dn)ecA,
Since A, c Cn,(X), we obtain
neS > eT, n¢S >~Y(n)eT;
and since Cn,(X) is consistent, we obtain
ndS>Yn)¢T, neS > ~Y(n)¢T.

By 3.5.B, T and neg T are not separable -by means of HA sets, and
hence T ¢ HA and T ¢ ZJ.

From (25) and the definition of H we obtain H ¢ X7

Since T = C—(HUT*), we infer that H ¢ I}, since otherwise we would
have T ¢ Z}. We thus finally obtain H ¢ 2}—IT;.

The set H contains a subset H, of pfs beginning with a general quantifier.
All other pfs of H are obtained from pfs in H, by inserting a number of
signs ~. Hence H, is an intersection of H and a recursive set and therefore
H, ¢ Z}. On the other hand, the equivalence

oeHeo (En §)[(y e H) & (¢ = ~...~})]

[ —
n times

shows that H, € IT} - H ¢ IT}. Hence H, ¢ £}—1II}. No pf in H, is true
in Ny in view of 3.1.E. Theorem 3.5.D is thus completely proved.
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Correction added tn proof May 14, 1958. Theorem 2.2.B, while true, is
not a direct corollary of 2.2.A. In order to prove 2.2.B, we note that the
relation R(X, n, m) of 2.2.A has the form (fhinmp[(m)1,5 € X] & S(m, n)
where S is recursive and (m)1, (m)¢ s, lh(m) are recursive functions defined
in [9] p. 230.

Similarly, 3.2.B is not a direct corollary of 3.2.A. In order to prove
3.2.B, we notice that by Rosser’s proof [19] pp. 133-134 the predicate
7 € Cii,(X) has the form (C)[(XCC) & Closed(C) o n « C], and hence can
be brought to the form (¢){(Em)[m ¢« X & ¢(m) = 0]V S(¢, m)} where S
is arithmetical.
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Formal system of analysis based on an infinitistic rule
of proof

A, MOSTOWSKI (Warszawa)

The present paper is a continuation of [5]. In section 3
of [5] we discussed models M of analysis (i. e. of second order
arithmetic) such that their ‘‘integers’” were isomorphic to the
ordinary integers; we oan express this by saying that ‘‘integers”
of the models M were absolute. In the present paper we in-
vestigate a still narrower class of models in which not only
integers but also well-orderings are absolute. We call these
models the g-models. In sections 4, 5, and 6 we discuss prop-
erties of a system A, of analysis whose theorems are just
those formulas which are true in all f-models. In section 7
we indicate two applications of our theory. What seems more
surprising to us than those applications is the fact that the
crucial properties of A; are entirely different from the cor-
responding properties of the systems 4 and A4, considered
in [5]. The difference between those systems is stressed par-
ticularly in theorems 6.9 and 8.20. Basically those differences
stem from the fact that the separation principles for the
family of (weakly) representable sets are true for the system
Ag but false for the systems 4 and 4,. The basic importance
which the geparation properties have for the meta-mathematical
properties of formal systems is thus once more demonstrated.

1. Auxiliary definitions

1.1. We put {m,n) = 2™(2n-+1) and call this integer (1)
the ordered pair of m and n. Furthermore we put 8,(<m, n)) = m
and 8,((m, n)) =mn.

(') Throughout this paper we mean by “integers” noun-negative
integers 0, 1, 2, ...
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1.2. Every integer m determines integers k, 1y, 1y, ..., fig—
such that

m+1 = 2"o+ 2no+n,+l+ et 2"o+"'1+'"+"‘k—1+"_1 .

We put k—1 = dl(m), n; =c(m,j) for j <k and c(m,j) =0
for § > k. Functions dl and ¢ are primitive recursive.

13. ¥ dli(m')=dl(m)+1 and ¢(m',j)=c(m,j) for
j < dl(m), then we say that m’ is an extension of m.

1.4. There is a primitive recursive function rst(m, j) such
that if j < dl(m), then di(rst(m,j))=7j and c(rst(m,j), 1}
= ¢(m, 1) for 7 < j. We call rst(m, j) the restriction of m to j.

1.5. There is a primitive recursive function r(p,n) such

k
that if p < 2", then p/2" = > 27" where k = dl{r(p, n)) and

f=0
ny=c(r(p,n),q) for j <k.

1.6. If ¢ is a funetion from integers to integers, then we
put ¢*(m) = 2¢(0)+2W(0)+¢(1)+1+m+2¢(0)+...+¢(m)+m (2).

2. Formal definitions, theorems and theorem schemata of A

We abbreviate “lemma’ as “L’’, “definition’ as “D”.
To simplify the formulas we use x, y, z, ..., of, §/, +7, ... instead
of x,, X,, X3, «..y a{, a;, ag,

L. 2.1. There is an arithmetic formula ¥(x,y) such that
—(x)(E!Y)F(x,y), +F(0,1), and F(x+1,2)&F(x,y)
D (z = 2y).

.2.2. 2% = (iy)F(x,Y).
.23 &,y =252y +1).
24. H((x, 70 =<2,t))D(x=12)&(y =1t).
2.5. H(Ex,y)lz =<x,y>] =(z #0).
26. H(z #0)D(E!x,y) (z = {X,¥)).
- 2.7, 8y(2) = (x)(By)(z = X, ¥)), 84(z) = () (Ex)
(z = <x,y0)

Remark. From the axioms for the description operator

([5]), p. 189) it follows that s,0) =0 for ¢ =1, 2.

grErSU

(*) Instead of the functions dl and ¢* we could use equally well the
functions lh and ¢ of [6]. The reason why we prefer the functions defined
above is that in sections 5 and 6 we shall rely on the theory of sieves in
the form developed jn [8), in which functions dl and ¢* and not Ik and
are used.
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D. 2.8, xa’y = a¥x,y) =0.

D. 2.9. Ord(e?) = (x,y, 2){{[(xa?2) v (2a?x)] &[(ya?z) v (za%y)]
D (xa’x) &[(xa?y)V(x = ¥)V(yetx)]} &[(xay) & (yax) D (x = y)]
&[(xa?y) & (ya'z) D (xaz))).

D. 2.10. Fund(e?) = (£')(Ex){~[f(x +1)a*f"(x)]V[F{(x +1)
= f{(x)]}.

D. 2.11. Bord(a?) = Ord (a?) & Fund (a?).

L. 2.12. For every recursive relation R(n,,...,n;) and for
every recursive function f(n,,..,n) there are an elementary
formula and an elementary term Eg(x,, ..., Xz) and 14X, ..., Xz)
such that

RB(n,, ..., ng) implies ~Eg(ny, ..., ng),
non-R(ny, ..., ng) implies |-~ Eg(ny, ..., mz),
m = f(N;, ..., ng) is equivalent to -m = 7y(ny, ..., 0g).
We say that Er and 7, define (or strongly represent)

R and f.

D. 2.13. We denote by Ext(y, x), di(x) and ¢(x,y) any
elementary formula and any elementary terms which define
the relation ‘“m is an extension of n”’ and the functions dl and c.

D. 2.14. (B is a**) = (x)[(d1(Bx)) = x) | &

& (y)se((x),y) = a(y)]-

L. 2.15. —(E!B) (B is a™*).

L. 2.16. For every elementary term t(ai, ..., ag, Xy, ooy X1—1)
and every elementary formula M(ay, ..., ap, Xy, ..., X;) with the
free variables indicated there are elementary formulas Pyz,, ..., Z,

Vis ey Yoy Xay s K1) and Qu(Zyy ooy Ziy Yuy voey Yoy Xuy ey K1),
t =1, 2, with the free variables indicated such that
T (@1y veey Ofy Xgygeeey Xpog) = Xp
= (Eﬂ}’ yﬂllc’ ?’iy' 9 '}’ar 61', :) (u) [(6} is 7?) &.. &
& (0 is v5) & (B is ai‘)& &(ﬂk is ap) &
& Pl(ﬂl(u)a ceey ﬂk(u)) 1(11) ye 3(11), pSERY xl)]
= (ﬂi’ ax 7ﬂllcy '}’i’ 7')’8! s) Eu)[(‘sl is '}’1 )& ... &
& (6} is y3') & (B} is o)) & &(ﬂk is ai')
D Ql(ﬂ}(u)a seey ﬂk(u ’ 6}(11), Il), X1y xl)]
~M(al, ..., a5, Xy, ...,X;)

= (Ef, ’ﬂllm Y1y o "}’:a (51, 6:)(“)[(6} is ?’}.) &. &
&8 is )& (Bl is ") &... & (B} is o}) &
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&Pa(ﬂi(u)y ey Br(u), 6}(11)7 ey 6:(“); 2 SERTIN Xl)]
= (ﬂi’ cery ﬂlia 71’ X 7:1!7 6}’ ey 6:)(E11) [(61 is 7}‘) &..&
&(0: is 75') & (B1 is al') & ... & (B is ai')
2 Qz(ﬂl(u ’5k u), 9 1(u ) P 6:(11)’ b SERTY) Xl)]-
The proof of this lemma is obtained by formalizing in 4

the proofs given in [6], p. 316-318.
Finally we note

L. 217, (a')Y(E!'B%) (Xq, ey Xe) [B(Xy, oovy Xa)
- al(le+2xl+xz+l+“.+2xl+.“+xk+k—-l)];

- (8%) (Eta!) (x)[aX(x) = p¥{c(x, 0), ..., e(x, k—1))].

3. Models absolute for well-orderings

3.1. As in [5] we call a frame an ordered sequence
P = (Np, Op, 1p, +p, Xp, Fp, Fy, ...>) where N, is a set, 0,,1,
are elements of N,, +,, X, are mappings of N, x ¥, into N,
and F] is a set of mappings of N} = N, x..xN, into Ny.
If f is a valuation with respect to the frame p and t(ajl, vy ™
Xy, ...y X,) i8 a term with the free variables indicated, then
we shall sometimes write 7™{f(a}), ..., Flaim), f(Xy)y very F(Xn)
instead of Val,,(r). A similar notation will be used also for
formulas, the symbol ‘|=," replacing the more formal = \/"".
If Val;(?) =V for any f and any axiom @ of 4, then we
call p a model. Frames which are models will be denoted
hereafter by capital German letters.

3.2. For every ¢ in Fi we denote by Rum, a binary relation
with the field contained in Ny such that aRm b = ¢(a, b) = On.

L. 3.3. If Ry, well-orders Ny, then |=qBord[p].

Proof: obvious.

Theorem converse to 3.3 is not true. This will be proved
formally in 5.12. The heuristic reason why the theorem con-
verse to 3.3 is false is this: it .nay happen that Fiy contains
so few functions that no ecounterexample for |=gBord[¢]
exists in Fi although it exists outside that set. In connection
with this observation we introduce the following definition:

D. 3.4. M is a model absolute for well-orderings (or shortly
a f-model) if for every ¢ in Fi the condition |=gnBord [¢]
implies that Rg, well-orders ity field.

L. 3.5. B-models are w-models.
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Proof. Write M(a?) for (x, y)[(xa?y) = (x < y)]. Obviously
(- (E!a?)M(a?) and —M(a?) D Bord(a?), whence it follows that
if p is an element of Fg; such that |=m M[g], then =g Bord [¢],
and hence, for f-models, that Req, well-orders Ngp. If 9 is
not an w-model, then Ng; contains an element different from
all elements n®™, n = 0,1, ... Let a be the first such element
(with respect to the well-ordering R ,). Since a 7 Oy, there
is a b in Ny such that @ = b+ 15z. Hence bRy a and b # a,
b has the form n™, and hence so has a: a contradiction.

L. 3.5 shows that dealing with f-models we can consider
only models whose ‘‘arithmetical part’’ (Ng, Om, 1o, +m, Xm)
coincides with the arithmetical part of the absolute model
My = <Ny, 0,1, +, %, Fg, Fa,...>. In view of this we shall
abbreviate the notation for g-models to (Fin, Fan, ...D.

Actually the whole model is already determined by Fi,
as we see from the following lemma:

L. 3.6. If ¢ € Fap and p(ng, ..., mg) = (24 2MtMH 4 4
+ 20 AR then w e Y if p e F and @(n) = p(e(n,0), ...,
c(n, k)), then ¢ € Fin.

Proof. By L. 2.17.

D. 3.7. If X is a set of formulas, then Cny(X) is the set

of the formulas @ which are valid in all f-models of X. The
set COng(A) is denoted by As.

L. 3.8. If M is an arithmetical exiension of M’ and WM i3
a B-model, then so is W',

Proof. If ¢eFg, then conditions |=g Bord[p] and
=oBord[p] are equivalent. Hence if 9 is a f-model, then
[=oBord[p] implies that Ry, is a well-ordering. Since
Ry, = Rar, this proves the lemma.

L. 3.9. For every f-model M there is a denumerable f-sub-
model M, of M such that I is an arithmetical extension of M.
(“Denumerable’” means that all sets Fi, are denumerable.)

Proof. By L. 3.8 and theorem 2.1 of [10].

4. Evaluation of the predicate N°®P e N°Crny(.X)

4.1. For every function ue No® we denote by ul the
following mapping of N} to N,:

‘ulfc(nl, vy nj) — [l(<k, 2ﬂl+2n1+ﬂ'+1+ . + 2nl+n,+...+n;+7'—1>) .
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The set of all functions uf, k =0, 1, ..., we denote by F/ and
the frame {(N,, 0,1, +, x,FL, Fa ..> by M,.

L.4.2. Let u,y,d e NO° and let fuwe be a valuation such
that fu,w?(xk) = y(k), fu,wyﬂ(ali) = /lvz;(kh k,j=1,2,.. The follow-
ing predicates R{u,vy,d, N°(t),r") and Q(u,y,d, N(D), r"’

(1) Valy, ,m(t)=1, Val,_ ,o(®) =r"

are hyperarithmetic. (We identify here the truth wvaluest A
and \/ with the integers 0 and 1.)

Proof. 7 is a term and @ a formula if and only if there
are sequences

(2) Ty Tay eny T =T, Dy, Pyy ey Dy =D

such that

(i) every 7; is either (i;) a number variable x, or has one
of the forms (i,)-(i;): 0,1, 7,475, 74X 7, Or the form (i)
ay(ty,, ...y 7t,) Where t,8,t;,...,t,<j or finally the form (i)
(1Xy) Dy

(ii) every @, has either the form (ii,) 7, = 7; or one of the
forms (iiy)-(iis): Pyv Py, ~Ds, (Ex,)D,, (Eat)P, where s,t < h.

We symbolize an arbitrary pair of sequences (2) by a single
letter P. Let z(P) be the least integer such that no variable
with an index greater than z(P) occurs in the formulas (2).
For arbitrary integers p,q let v,,p be a valuation such
that for &, h < 2(P)

Vpo.P(Xx) = ¢(p, k), ”p,q,P(a;;) = /‘Z(q,h) .

Finally we denote by ¢}, and ¢j, the following funections (%):

(p;.#(n) = Valvsl(,,),,z(,,)’P,ﬂny(Tj) ’ j =1 y 2, ceny l,

Piu(n) = Val @), h=1,2,..,m.

ey ), 2Tl
These functions are uniquely determined by the following
conditions (we assume that j =1,2, ...,land h =1,2,..,m):
(if) If (ir), then gju(n) = c(syn), u);
(i2)-(i3) of (in)-(is), then @j.(n) = 0,1, @hu(n)-+giun),
Pau() X @iu(n);
(i§) if (ig), then ‘77;'.#(77’) = /‘ng,v)(‘P;l,y(n); sevy ‘P;w,ﬂ(n));

() Strictly speaking ¢;  and ¢’ depend also on P. We supress
the index P to make the formulas more readable.
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(i7) ¥f (i), then ¢j.(n) i8 the unique integer r satisfying the
condition @i,(<(P, 8(n)>) =1 where P is defined by means of
the formulas
(+) o(p, i) =c(8y(n), i) for i £ u; (P, uw) =r.

If no such r ewists or if it 18 not unique, then ¢j,(n) = 0.

(iif) If (iiy), then ‘p;l'm(n) =1 =[gsun) = gru(n)];

(iif) if (ii), then ghu(n) = 1—(1—g5u(n)) (1—giun));

11,,) if (iig), then @p.(n) = 1—g;(n);

iiy) if (ii,), then @ (n) =1 = [there is an r such that
q;“((p, 8y(n)>) =1 where P is defined by (x)];

(ii3) ¢f (ii;), thenm @i (n) =1 = [there is an integer r such

that g, ((s,(n ,q)) = 1 where § is defined by the formulas

(%) ¢(q, 1) =c(3y(n), 9) for i £ u, (7, u)=r].

Formulas (1) are equivalent to the existence of integers
P, q such that

e(p, k) =vw(k) for k <z(P),
c(q, h) =3(h) for h <2(P).
(4) (pi,ll( <p’ q>) = 7", (p;,l,,u(<p’ q>) = ',

Since the functions ¢}, and ¢}, are determined uniquely,
formulas (1) are equivalent to either of the following conditions:

(3)

(B) There are sequences (2) with properties (i), (ii) and integers
P, q and functions @}, oha (§ <1, b < m) satisfying (if)-(iif),
(3) and (4);

(6) For arbitrary sequences (2) with properties (i), (ii) and for
arbitrary integers p, ¢ and functions @j,, g, (7 <1, b < m)
satisfying (if)-(iiy) and (3), equations (4) are true.
Quantifiers ‘“there are sequences (2)” and “‘for arbitrary

sequences (2) are arithmetic. So are also conditions (if)-(iif),

(3), and (4). The equivalence of (1), (5), and (6) shows therefore

that conditions (1) are hyperarithmetic.

COROLLARY 4.3. If @ (Xy, ..., Xz, afll, vy af;") 18 a formula
with the free variables indicated, then the predicate |= w, PNy ey i
,u’l . ,u.l"‘] 18 hyperarithmetic (its arguments are n,, ..., N,

vy b and ).

L. 4.4. The predicate “IN, is a model of A (abbreviated
Mod(un)) is hyperarithmetic.
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The proof follows at once from the equivalence

Mod(u) = (n) [n is the Godel number of a closure
of an axiom @ of AD |=m, P].

L. 4.5. The predicate “M, is a B-model” (abbreviated as
Mody(u)) is of class II;.
Proof. The predicate ‘R, well-orders its field” is obvi-

ously of class II;. The lemma follows therefore from the
equivalence:-
Modg(u) = Mod(u) & (v) [([=m”B0rd[,uf,])
D (B2 well-orders its ﬁeld] .

L. 4.6. For every f-model I there is a u such that Mods(u)
and M is an elementary extension of a model isomorphic with IM,.

Proof. Define M, as in 3.9 and take an arbitrary u such
that Ff, = Fip, for j =1, 2, ... A u of this sort exists in virtue
of the denumerability of. IN,.

THEOREM 4.7. Let X be a set of closed formulas. If N° X  IT;,,
then N° Cng(X) € ITnaxany -

Proof. By 4.2 the predicate “IN, is a model of X is
hyperarithmetic in X. Since, by 4.6,

D € Ong(X) = (u)[ Mods(p) & (M, is a model of X)D |=m PI,
the result follows by 4.5 and 4.2.
COROLLARY 4.8. N° Azell;.
5. Universality of the set N° A,

5.1. Let K be an arbitrary ternary relation between
integers and let

Con = {at 8(@) < 2° & (§)ar(rton(ar,sa(an)
K (¢*(j), rst(r(su(a), 3:()), 7), n)} -

Let Lgf.) be the binary relation defined by the equivalence
(1) aLib = (a, b e O%) & (8,(a)/2"@ > 8,(b)/22?) .

In the sequel we shall deal with one fixed relation K
and shall therefore drop the upper index K.
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L.5.2. L,y orders C,,.

L. 5.3. (Ey)(m)K (p*(m), y*(m), n) = {Lyn does not well-
order Cgp}.

The proof of 5.2 is obvious and the proof of 5.3 is exactly
the same as that given in [8], p. 10.

L. 5.4. Let p, be the following function:

() {c(m, j)  for j<dl(m),
S for  j> di(m).

If K is vecursive, then al, b is a recursive relation
with 4 arguments which we denote by P(a, b, m,n).

We put g(a, b) = r(si(a), s,(a)) +7(s,(b), s(b)).

L.5.5. If em(j) =¢(j) for j<g(a,d), then P(a,b, m,n)
= aL,,b.

Indeed in this case ze¢Cp n=2¢C,, for =a,b and
the result follows by 5.1 (1).

D. 5.6. Let &£ be a term representing the function g(a, b),
and A (X, X, X3, X,) a formula representing the relation P.
Further, let I'(y?% o', z) be the formula

(x, V) {x%y = (EBY (B is ) &A(x,y, E(x,Y)), 2)])
and @(z) the formula
(') (Ey*) [ (%, o, 2) & ~Bord (y%)].

L.53.7. H(EYWI(y? ol 2).
Proof. From the axiom 3d of [3].
L. 5.8. If Mit-is an o-model and ¢ € Py, v ¢ Fiy, then

IZSUIP[Wy @,;n] = (a,b)[y(a,d) =0 = aLfN!b] .
Proof. The left-hand side is equivalent to
t
(a, b)(w(a, b) =0 = EN|(Pe Fin) & l=m(? is ¢*) &
& |=mAla,b,8(g(a,b)),n])).
The expression on the right-hand side is equivalent to
l:SmA[a'y b, (p*(g(a,‘b)) ’ n]

(cf. L. 2.15). Since A represents P, this expression is in turn

equivalent to al b. Now p is a funection ¢ such

ep¥(g(a,b)y"t o *(g(a,b))
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that o(j) = ¢(j) for j < dl((p"'(g(a, b))) =g¢(a,b) and hence
by 5.5

——‘gmA[a, b, 4p“(g(a, b)), n] =al,,b.

This proves the lemma.

L. 5.9. There is a primitive recursive function f such that
No @(n) = f(n).

Proof: obvious.

L. 5.10. {(p)(Ey)(n) K (p*(n), y*(n), c}}| = {P(c) € 45}.

Proof. Assume first that @(c) ¢ A; and let M, be the
absolute model, i. e., one consisting of all funetions. Since
M, is a f-model, we obtain |=u,P(c), and hence for every
@ in Fi, there is a function y in Fi, such that |=g, Iy, ¢, ]
and |=mqm,~Bord[y]. Using L.5.8 we infer that L,. is not
a well-ordering, and hence by L.5.3 that (Ey)(n)K(¢*(n),
y*(n), ¢). Hence the right-hand side of 5.10 implies the left.

Assume now that the left-hand side of 5.10 is true and
let M be a f-model of A and ¢ an element of Fi. By 5.7 there
is a y in Fg such that = Iy, ¢, ¢], whence, by lemma 5.8,
y(a,b) =0 =al,.b. Using 53 we infer that the relation
y(a, b) = 0 does not well-order its field, and hence that Ra, is
not a well-ordering. YR being a f-model, we further obtain
l=m~Bord[y]. Thus the formula @(c) is true in M. L. 5.10 is
thus proved.

THEOREM 5.11. A, is universal (i.e. complete in the sense
of Post) for the class I,; in particular Az does not belong to Xj.

Proof. By 5.9 and 5.10.

COROLLARY 5.12. There are o - models which are not - models.

Proof. A, is universal for II; and A, for IT.

6. Incompleteness and related properties of 4;

6.1. The results of this section depend on a formalization
of some of the proofs given in section 5.

Let { be a term representing the function 7'(81((1), sz(a)),
and ¢ as before a term representing the function g(a, b).
Further let rst(x,y) be a term representing the function
rst(m, n). Finally let 7(x, y) be a term representing the func-
tion gu(j).
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For an arbitrary predicate M(x, y, z) with the free varia-
bles indicated define the predicates C, L, 0, £, and H as follows:

C(B,%,2):  [5y(x) < 2] & (War(emy M (B*(w), T8 (¢ (x) , 1), 2);
L(f,x,y,2):: C(F',x,2) &C(fH Y, 2) &[s,(x)- 27
> 8y(y)- 25
O, x,y,2):  (EM{(H)[y(t) = (B (¢1x, 7)), t)] &
&L(719X1Y7Z)};
E(dy v, 2):  (EBY{(x, y)[xyy = O, x,y,2)]&(B" is a'™)};
H(z): (a)(Ey*)[E(a, 9" z) &~Bord (y?)].
L. 6.2. |—(a')(EBY, »%, ) [(»' is a*) & (" is p*) &
& (u)M (y(u), 8(u), z)| = H(z).
This lemma represents a formalization of 5.10. It is proved
by observing that all the steps of the proof of 5.10 can be
carried out in the system A.

THEOREM 6.3. If M(x, v, z) is an elementary formula with

the free variables indicated and if the formula
(a')(EBY, v%, 01 |(»* is ot*) & (8 is B™*) & (u)M(y*(w), &'(u), n)]

is true in the absolute model M,, then it is B-provable.

Proof. In view of L. 6.2 it is sufficient to prove that
if |=q,H[n), then |~z;H(n). Let M be a f-model and let
¢ € Fi. Because of the axiom (3d) of [5] there is in Fi
a zero-one function y such that y(a, b)) =0=|=nOl¢* a, b, n].
Since M, 7, aud & are elementary, the right-hand side of this
equivalence is independent of 9N (provided of course that
¢ e Fi). Hence |—g Z[@, v, n] and v is a unique zero-one function
satisfying this condition for given ¢ and n. This result holds
for any MM and in particular for MM = M,. Since |=m, Hn],
it follows that |=m,~Bord[y], whence |=g~Bord[y] since
I is a f-model. Thus we have |=u{Z[p, y, n] &~Bord[y]},
whence [=x H[n], q. e. d.

A similar theorem holds for 9t depending on a larger
number of variables.

THEOREM 6.4. If M(al, ..., Gky iy eey Bly X1y ooy Xm) 98 OB
elementary formula with the free variables indicated and if the
formula

(a1y ey ak}(EB1y -ony B1) M (a1, ..., s Biy oeey By My ey D)
18 true in My, then it is provable in Ag.



[72]. 152 FORMAL SYSTEM BASED ON INFINITISTIC RULE OF PROOF 401

Proof. By L. 2.16 and theorem 6.3 generalized to a larger
number of variables.

THEOREM 6.5. IT; coincides with the family of sets weakly
representable in Ag.

Proof. Assume that X is -a set such that there is & for-
mula @(x) satisfying the equivalence

neX =, P(n).

Then n ¢ X = N° &(n) ¢ N° 4, whence, in view of 5.11, X ¢ IT;.
If X ie in IT;, then

n e X = (¢)(Eyp) (a)K(q"(“), v*(a), 'n)

where K is recursive. If M(x, y, z) is an elementary formula
which represents the relation K(a, b, ¢) in A and P(z) is the
formula (a')(EfY, 4, )[(»! is o'*) & (& is ) & (w)M((w),
o(u), z)], then neX = |=p P[n], and hence by 6.3 neX
= |- P(m).

CorOLLARY 6.6. If X s strongly representabls in A;, then
X eIT} ~ 2.

COROLLARY 6.7. There is an elementary formula M(x,y)
such that the formula

(Ea) (B, 7, )[(»* is o) & (& is 1) D (Ew)M(y'(n), s (u))]

is true in M, dbut not B-provable.

Proof. Let X ¢ II;—ZX; and let K be a recursive ternary
relation such that n € X = (p)(Ey)(m) K (p*(m), y*(m), n). If M
is an elementary formula which represents K in 4, then
obviously

neX = |=g,(a)(EF, 1, )| is ) &(& is 1) &
& (n)M (y*(n), 6%(u), )] .

Denoting by 9(m) the formula on the right-hand side
we have, by 6.3,
neX =z B(m).

The equivalence » non-¢ X = {—;~®(n) cannot be true for
all # since in that case X would be in X;. Hence there is an
n, such that n, non-¢ X and non |—;~%(m,). It is now sufficient
to take ~M(x,y,n,) a8 the formula M(x, y).

COROLLARY 6.8. A; is tncomplete.
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Thus far the properties of 4, are similar to the correspond-
ing properties of A4, (cf. [6], theorems 3.1. E, 3.1. F, 3.4. B).
We shall now present a theerem whose analogue is not valid
for A and A4, (cf. [5], 2.4. B and 3.4. A).

THEOREM 6.9. The family of sets strongly representable
in Ag i a proper subclass of II; ~ X;.

Proof. In [1] a proof was given to the effect that if
X,Yell;and X ~ Y = 0, then there is a set Z in IT;N Z} such
that XCZ and Y ~Z = 0. Take X =N° 4; and Y = {N° &:
~® e Az}. By 4.8 both the set X and the set Y belong to IT;;
it is also obvious that they are disjoint. Liet Z be a separating
set from the class II; ~ Z; and let Z, = {n: g(n,n) non-¢ Z}
where g(n,m) is a recursive function universal for primitive
recursive functions. Obviously Z, ¢ IT; ~ X;. If Z, were strongly
representable, there would be a fermula ¢ (x) such that

neZy=|-p,Pm »n pon-eZ,=|-z~P(n).

Since N°@(n) is a primitive recursive function of =,
it would follow that there is an integer k, such that

neZy=g(ky,m)eX nnon-eZ;=g(k,n)el,
whence we should obtain for # = k,
koe ZyD g(ky, ko) € Z D kynon-e Z,,
konon-e Z,D g(ko, ky) non-e Z D kye Z, .

7. Apglications to the theory of constructible sets

7.1. Investigations of this and the next section will be
based on the Goédel axioms of set theory [4] supplemented
by an axiom stating that there is at least one weakly thac-
cesgsible ordinal. The least weakly inaccessible ordinal will be
denoted by »,. We shall use the terminology and notation
of [4] with the exception that the nth element of the set

w ={0, {0}, {0, {03}, } will be denoted by Z,.

7.2. We ghall consider a formal system of set theory
which we shall call system STI. 8T is a theory with standard
formalization with the primitive terms M, Cls, and & (ef. [4]).
The set-theoretical terms and formulas (87 -terms and ST-for-
mulag) are defined by induction as follows:
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1. all variables are S7'-terms (we assume that all variables
of the system of analysis are variables of ST),

2. if 7, v, are 8T-terms, then 7, =7, and 7,er, are
ST -formulas,

3.if &, and P, are ST-formulas and x is a variable,
then ~®,, ®,v®P, and (Ex)®, are 87-formulas and (ix)P, is
an 8T -term.

Writing the formulas of 87 we shall use the convention
set forth in [4], p. 3, concerning the use of small and capital
letters (set variables and class variables).

Axioms of 87 are those of [4].

7.3. Frames of ST are ordered triplets © = (4, B, R)
where 4 and B are sets and E is a binary relation. If R = g is
the e-relation restricted to B, then & is called an e-frame,
If, in addition, « € y ¢ B implies x ¢ B, then © is called a transi-
tive frame.

The semantical notions of a value of an S7'-term or of
an ST -formula are defined in the usual way. Models of ST are
frames in which all axioms are true.

7.4. Let F be the function defined in [4], p. 37, and
let G; = F“¢ for every ordinal & Every ordinal & determines
a frame O, = (¢, He, eg,> where H, is the smallest set
containing @; as a subset, containing the set E, = {<z, y):
r,yeG: & rey} as an element and closed with respect to
the following operations: intersection, complementation with
respect to G, taking the domain, direct multiplication and the
operations Guo;, ¢ =1,2,3 (cf. [4], 4.4).

L. 7.5. The frame ,, is a model of ST.

Proof of this lemma is implicitly contained in [4],
Chapter VI.

7.6. We list below, for later use, some special 87 -terms
and ST-formulas. Instead of giving their explicit expressions
we merely refer to [4] and give the intuitive meaning of the
term or formula in question,

0 ([4], 2.1, the void set),
{x,y} ({4], 1.1, the unordered pair),
X,y ([4], 1.12, the ordered pair),

(Xjy .oy Xp>  ([4], 1.15, the ordered n-tuple),
O(x) ([4], 6.61, x is an ordinal number),
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w(x) ([4], 8.4, x is an integer),

Wex = W(x)Wex ([4], 4.44, 6.2, x is a well-ordering re-
lation),

o* ([4), 4.11, 4.12 and 8.4, the direct product of n
copies of w),

0@ (x) = (xFno”) & (W(x) Cw) ([4], 4.63, 4.44, x i8
a function of n integral variables with the range
contained in w),

X~y = (x O(n)) & (Rel(y)) & (Uny(f) & (D(F) = S(S(7)) &
& (B(f) = x} & (v, v)[uyv = flueflv] ([4], 6.62, 4.2,
4.6, 1.5, 4.44, 4.8, 4.211, 4.65, x is an ordinal, y
a relation and f establishes an isomorphism between
y and e restricted to x),

X+,y = (iz)[(z e 0) & (z2xXx {0} +y < {{0}})] ([4], 81, z
is a cardinal sum of integers x and y),

X X,y = (2)[(Zew)&(z~xXxYy)] ([4], 8.1, z is a cardinal
product of integers x and y).

Z, ([4), 7.44, 7.45 etc., the nth element of the set w).

F ([4], 9.3, function such that F‘f is the {th construe-
tible set).

L. 7.7. The following formulas are provable in ST':

Zot+eZm=Znimy ZLinXeZigy="2pm for n,m=20,1,2,...
D.7.8. An 8T-term <(X;,..,X,) or an QST-formula
D(Xy, ..., X,) i8 absolute with respect to a class K of models
of ST if for arbitrary models &; = (4,,B;, R, i1 =1, 2,
in K and for arbitrary elements a,, ..., a, in 4, ~ 4,

T[Gﬂ[a,_, ey a,;] = T{w[au ceny an] ’
e, Pl -y Gx] = =, Playy ..., Ba].

L.7.9. The terms and formulas enumerated in 7.6 are
absolute with respect to the transitive e-models.

We omit the details of the proof, which is straightforward
although laberious.

L.7.10. If & = <A, B, eg> i8 a firansitive ¢-model and
% € B, then | =g w[x] if and only if x i8 one of the seis Z, ; similarly
e w®™[z] if and only if ® i& a function with the domain o
and with the range contained in o.

Proof. It is obvious that |=gw[Z,] for n =10,1,2,..
Now assume that z ¢ B and |=go[o]. Since the ¢ relation is
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well founded and since |=grw(x) & (n,vex)I(nevvu=vVv
VYV eu), the set x is well-ordered by e. Hence assuming that
there are elements in # not of the form Z, and taking the first
of them we immediately arrive at a contradiction.

Proof for the formula «®" is similar.

7.11. Eyery transitive e¢-frame & = (A, B, ep) determines
a frame M (S) of the system of analysis. To define it we denote
for every mapping & of N; into N, by 8, the set of k+1-tuples
{Zn)s oy Znyy Zotny...npy a0d put M(S) = (Fg, Fg,..> where
FL is the set of & such that S, e A.

7.12. We shall now define a mapping r—7v’, #>P’ of
terms and formulas of analysis onto 87'- terms and ST - formulas:

(i) If ~ is one of the terms 0, 1, x;, then 1’ is Z,;,Z,, xy;
(1) (1 +7) =1i+a72; (1 XT5) =71 Xg T2;
(iii) if v i8 af(z,, ..., 7), then 7’ is '
(xX)[w(X) & {(tiy ...y T}, XD€ ai];
(iv) if @ i8 7, =14, then @’ iz 71 = 13;
(V) (PVD,) = DivPy; (~P) =~@';
(vi) [(Ex))P] = (Exj)[w (X)) & P];

(vii) [(Eal)®) = (Eaf)[w™)(a}) & P');

(vii) [(Xx)P) = (eXie)[o0(%i) & P] .

L. 7.13. Let f be a valuation of the system of analysis with
respect to M(S) and ' a valuation of the system ST with respect
to & such that the following conditions are satisfied: f'(X;) = Zyxp,
fi(ah) = S""i’; k,j=1,2,... Then for every term v and every

formula @ of the system of analysis the following equivalence
and equation are true:
n = Val,me)(v) = Valpg(t') = Z,,
Val; @) (P) = Valys(P).

Proof: by an obvious induction. In case (ii) we use L. 7.7,
and in cases (vi)-(viii) L. 7.10.

L. 7.14. If 7 i3 a term of the system of analysis with the
free variables x,, ..., X,, aﬂ:, vy al;, then the following formula
i8 provable in ST:

o(X;) &... & w(Xp) & 0@ (o)) & ... & @™ (afm) D w(7').

Proof. In case (i) the lemma is obvious; in case (ii) it
follows from the definitions of the terms x4,y and xX,¥;
in cases (iii) and (viii) it follows from the definitions of terms 7’.
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L. 7.15. If S is a model of 8T, then I(S) 18 a model of A,

Proof. If @ is one of the axioms (3a), (3b), (3¢), (4), then
obviously =g ®. Now let @ have the form

(Ea¥) (X1, oy Xp)[a¥(Xy, ooy Xg) = 7]

where 7 = 1t(Xy, ...y Xiy Y1y o-os Y1y a:;:l, ey af: ) is a term with
3 P

the free variables indicated and not containing the free varia-

ble o*. The following formula is provable in ST:

w(y) & ... & w(y1) &w(«»"n(aj;l) &..& w(ﬂ»"w(a;fp)
D (Eak) (0@ (ak) & (X, Xy, <., Xi) {0(X) & 0(X;) & ... & w(xk)

D[y Xy ey By eak =x =71 .

It follows that this formula is satisfied in &. Hence for
arbitrary integers p,, ..., p; and arbitrary functions g; in F’G‘
(¢=1,2,..,p) there is a function ¢ in F% such that for arbi-
trary integers ¢, q;, ..., ¢x

4=y s q0) = Zg =7 qy, .., @, P1y -y D1y Ss,s ---7S0p] .
Using L. 7.13 and L. 7.14 we infer that

?(q1y oy qr) = TN q,, .., Qky D1y ooy Pty Fry voey Op]

This proves that axiom (3d) is satisfied in IM(S).

L.7.16. If © is a transitive e-model for 8T, then IN(S)
i3 a p-model.

Proof. Let ¢ ¢ Fig and =g, Bord[p]. It is easy to show
that this condition is equivalent to |=gWe[S;] where S;
is the set of -pairs (Z,, Z,> for which (Z,, Z., Zy) € S,.
Obviously 8; belongs to the model &. Since the formula
We(y) D (Ex, £)[(x~¢ y)] is provable in 87 and hence trune
in S, we infer that there are z and f in the field of S such
that }=gO[r] and [=ec#~;8;. By L.7.9 the first of these
formulas implies that « is an ordinal and the second that
S5 is similar to x. Hence 8; is a well-ordering and hence the
relation ¢(m,n) = 0 well-orders a subset of N,.

We come now fo the applications of our theory to con-
structible sets. We denote by € the frame M(S,,) (cf. L. 7.4).
The elements of F§ will be called constructible functions.
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THEOREM 7.17. If K i8 a recursive binary relation such
that (p )(Elp) n) K ((p (n) *(n)), then for every constructible ¢

there is a constructible v such that (n)K (p*(n), v*(n)).

Proof. Let A be an elementary formula which repre-
sents K in the system of analysis. The formula (a!)(Ef', 9!, &) [(y1
is o'*) & (8" is f*) & (x) A (yX(x), 6(x))] is true in 9N,, whence
by 6.3 it is true in every f-model; and thus by 7.16 and 7.4
in G.

The next theorem gives a partial answer to a problem
proposed by *Addison:

THEOREM 7.18. Fg does not coincide with the family of
functions whose graphs are in II.

Proof. Let F* be this family and assume that Fg = F*.
Let K be a recursive relation such that every set in IT; is repre-
sentable in the form

Tn = {a: (¢)(Ev)(p) K (¢*(p), v*(p), @, n)} .

Let A be an elementary predicate which represents K in
the system of analysis and let &(x,y) be the formula

(@) (ER, 71, O)[(B 18 o) & (8 is 1) &
& (2)A(B(2), (2), x, ¥)] -
If a € T,, then by 6.3, 7.3 and 7.16 |=¢®(a, n). If anon-¢ T,

then there is a function ¢ such that (y)(Ep) non-K(qx*(p),

v*(p), a, n) It has been proved by Addison [3] that if such
a function exists there is also a function ¢ in F* satisfying
the same condition, According to our assumption we obtain
[=c~®(a,n) and hence

(1) ael,=|=cP(a,n).

Since the formula (Ea)(x)[a(x) = 0 = ~®P(x, x)] i prov-
able in 4 and € is a model of A, we infer that there is a ¢
in Fg such that

@(n) = 0 = non-|=¢@(n, n) .

Observe now that according to our assumption the graph
{{(m,n>: m = ¢(n)} is in II; and hence the set {n: p(n) = 0}
is in IT;, i. e. for some m, coincides with T,,. Hence

aeTy,=non-j=¢P(a,a),
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i.e. by (1) =¢P(a, Bo) = non |=¢P(a, a). If we put here s = n,,
we obtain a contradiction.

It is an open problem whether one obtains a contradiction
with the axioms of set theory when one assumes that Fg is
contained in the family of functions whose graphs are in IT;.

8. Finitely axiomatizable complete extensions of 4;

It has been proved in [5], 2.5. C and 3.5. C that if X is
a consistent set of formulas such that N° X is weakly represent-
able in 4 (or in 4,9, then Cn(X) (or Cn,(X)) is incomplete.
We shall show in the present section that A, does not possess
a similar property. To obtain this result we need some prepa-
ratory lemmas (L. 8.1 and L. 8.2) a8 well as a detailed discussion
of the way in which the theory of constructible functions can
be developed in the system of analysis. This discussion which
is primarily based on the work of Addison is presented in
L. 8.3-L. 8.12.

We say that a formula & is demonstrably hyperarithme-
tic (¢) if there are formulas &,,®P, which in addition to the
free variables of & have one new functional free variable g
and which satisfy the conditions

= (Ef))D,, O =("D,.

A formula & is called w-stable (4) if for every w-model M
and for arbitrary ¢, in F;'R(s=1,2,...,k) and n,,...,7, in N,

l=ﬁ¢[‘l’17 ey Py Myy eey Np] = '=!Ro¢[¢1’ vy Py My oery Nm]

L. 8.1. If &, and D, are w-stable, then so are O, vP,, ~P,
and (Ex;)d,.

Proof: obvious.

L. 8.2. Elementary and demonstrably hyperarithmetic for-
mulas are w-stable.

Proof. For elementary formulas the proof is obvious. Now
let @ be demonstrably hyperarithmetic. If ¢, is in Fg for
8=1,2,..,k and |=P[@;, ..., Py N1y ...y Nw], then there is
a y in F such that |=x®,[y, ¢y ..., gk, Ny, ..., m] and hence,
®, being elementary, |=g,Pi[y, @1y -es Py M1y -eey Wnl, Which
gives |=m @1y ey Prs Byy voey M) If non-|=g @@y, - Pr,

(*) This notion has been introduced by Kreisel [7].
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119 -y M), then there is a p in Fi; such that |=g~®yy, ¢,
ey Py My ooy By] 8D We obtain (=g, ~P[@y, ..., Pk, By, .y Nl

L. 8.3. There is a demonstrably hyperarithmetic formula
B(a?, f1) and an elementary formula A(ad, B!, 4', X) such that

9 e Fg = (Ep, v, %) |=m, Bord [¢] & |=m, By, ¥] &
& ‘=%A[‘Py v, 8,1].
Proof, An inspection of the proof given in [2], pp. 341-349
reveals that the predicate M (@, ») used there can be written
a8 |=m,Bord[¢] & |=m,Blp, ¥] where B iz demonstrably hy-

perarithmetic. Similarly we obtain formula A from lemma A
in [2).

Remark. Formula B is not elementary because of con-
ditions (C. 6) of {2], p. 343. We observe that the formulas given
in (C. B), (C. 8), (C.7) and (C. 8) are incorrect and should be
replaced by the following ones:

C. 5. Tr¥(a, f) = (m,m’, 6,a',b,b)((8(m, a, b) = 0)

DN m) & [S(m', a',b'ym,a,b)D (f(m',a’,b')=0}&
(pla(m’, a', 5, a(m, a, b)) = 0}]) & (v) (Em, a, ) [(B(m, 4, b) = 0)
& (a(m, a, b) = v];

C.6. J%m,a,b,u)=(Eq,B)|Tr(e, B)& (B(m,a,b) =0) &
& (a(m7 a,b) = u)] = (a, ﬁ)[T-r"(a, ) 2 (ﬁ(m: 8, d) = 0} &
& (a(m, a, b) = u)];

C.7. Jia,b,u) = (E)[( = ¢u) &JI*R,a, b, )];

C.8. Cilg, §) = (Ea, b)Ji(a, b, j).

A further direct corollary from Addison’s work is

L. 84. If =x,Bord(¢] & =, Blp, y] & |=m, Ale, v, #, i],
then S; = Fp; where ¢; 18 the ordinal corresponding to i tn the
well-ordering R, and hence less than the order type of Ragy,.

L. 8.5. }-;Bord(a?) & B(a?, ) D (E!y»')A(a?, B, 3, X).
Proof. We have to show that
Fg(x, a2, B, 9, 6')[Bord(a®) & B(a?, §') & A(a?, f*, ', X) &
& A(a?, B, 0, x) D (yt = )],
Fs(x, a?, f!)[Bord (a*) & B(a?, ') D (Ey')A(at, B1, 1, X)].

By L. 8.4 both formulas after the sign “—;” are true in M,,
whence they are f-provable by theorem 6.4.
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L. 8.6. 5 Bord (a® D (Ep')B (e, /).
The proof is similar to that of L. 8.3.
D. 8.7. We denote by & the axiom of construectivity:

(»)(Ea?, B, x)[Bord(a®) & B(a?, §') & A(a?, B, »*, X)].

L. 8.8. If & is an ordinal such that S: is a model of ST,
then ,=gm(52)¢.

Proof. Let & ¢ Fine,, Le., let S, belong to Gy (cf. p. 156).
Since ¢ is obviously a limit number, there is an ordinal 7 < ¢
such that S = Féy.

In [4], p. 54-61 there is a proof that if 2 C F*‘w, and x € L,
then z € F*“w,,,. Formalizing this proof for a = 0 in 87 we
obtain

570(x) & w(a) & (« = Fx) D (Ex, £, y)[O(x) &
& (a = F'x) &(Wey) & (7 C 02) & (x v (x}~1y)].

Since 7 € @; and |=¢,0[7], |=¢,w*[Ss) and |=¢ (S = Fy)
(ef. L. 7.9), we infer that S; contains an ordinal { <% such
that 8s = F*, and elements f and y C w?* sueh that |=¢ (+1)~¢¥
and |=¢,Wey. Let y’ be the set of triples (m,n’, i> where
2= 0 or 1 according as {m,n) is or is not in y. Obviously ¥’
belongs to the model ©,;. Hence ' has the form S,. The
formula |=¢,Wey proves that }zwge) Bordfg]. Using L. 8.5
and L. 8.6 we infer that Féme_t, contains functions y and §'
such that |=wzyBl¢,y] and |=wmeyAle, ¥, 9", 7] where we
choose i such that the ordinal corresponding to i in the well-
ordering determined by Ruwe,, is {. By L.8.4 we obtain
Sy = F'L, whence Sy = S, i. et, # =&, This proves that

=meyBord[¢] & [=weyBlg, v]1 & =uneyAly, v, ¢, 7]

and hence that |[=mey®.
We shall now show that models MM (S;) are unique f-models
in which @ is true. For that purpose we need

D. 8.9. An ordinal { is said to be representable in a f-mo-
del 9 if there is a ¢ in Fi such that |=a Bord[¢] and the order
type of Ry, is > (.

L. 8.10. If ¢ is representable in a f-model M and [ = o,
then there is a y in Fa such that the order type of Ru, is C.



[72]. 162 FORMAL SYSTEM BASED ON INFINITISTIC RULE OF PROOF 411

Proof. Let Ra, have the order type > { and let ¢ deter-
mine a segment of type {. Since

I~Bord(a?) & (y)[ya?x D (Ez)(za?’x & z > y)]
D (Ef2, y")[Bord (8% & (y)[ye*x D (E2) (v = v¥2))] &
& (2)(y(z) a*x) & (¥, 2)|(y822) D (¥{¥) 2¥(2))]] »
Fi contains a p for which Ry, is isomorphic with this segment.
L. 8.11. If peFmey and M, is a model, then there is an

ordinal representable in M(S;) dbut not in M,.
Proof. Let §? < y* be an abbreviation of

Bord (82) & Bord () & (Ed*, z)(x, ¥){xf’y &
& (x # y) D [6Y(x)7*6Y(y)] & [6Y(x) y*2]} & (8(x) # 6(y))
& (y)|yyz O (Ex)(xf*x) & (8(x) = ¥)] .
Obviously

I (a*)(EF?) {Bord (%) & (o2, z) {Bord (a?)&
& (x, y)[d'(x, y) = d'(<z, 254+ 271D (d® < )} .

Hence for every u in .Fglm(ge) there is a ¢ such that
|=m@eyBord[¢] and such that if u, is a well-ordering, then
the order type { of Rugy,, is greater than that of Rwep.u,-
Hence { is representable in I (S;) but not in M,.

L. 8.12. If M a f-model and satisfies D, then WM = WM (S;)
where & is the smallest ordinal not representable in IN.

Proof. Let #eFn. Since |=n®, there are ¢, y, i such
that ¢,y ¢ Fiy and

{=SL'RBOTd[¢] y =aBle, v], =oAlp, v, #,1].

Since M is a f-model, A is elementary and B demonstrably
hyperarithmetic, we obtain

I:szBOTd[¢] y ‘:WOB (o, ], (——‘SUZOA[‘FU v, ¥, 1].

L. 8.4 proves that S; = F‘¢ where { is.-an ordinal less than
the order type of Ry,. This shows that { < & and ¢ eF;"m(e,e).
lence Fip C Finey and by L. 3.6 we obtain F§ C Fiy, for
§ > 1. This proveé that M is a submodel of W (S,).

Now let ? € Fy,. Hence 8, is in the domain of G, i.e.,
Se = FC where { < ¢. Let @ be a function in Fi such that the
order type of Ry, is {+1. Using lemma 8.6 we infer that
there is a y in Fi such that |=qB[g, y]; by L. 8.5 there is for
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every ¢ exactly one & in Fiz such that |=nA[p,y, &, i]. Now
let ¢ be such that ¢ determines a segment of the order type !
in the well-ordering Ry,. Then by L.84 & =46, whence
® ¢ Fr. This proves that Famep C Fin. Using L. 3.6 we infer
that Fle, C Ff for j> 1.

L. 8.13. There are elementary formulas C', D’ such that

Mods(u) & l=m,,¢ = (Ey1, va) (n)(Evs, 90) (=, C'[ ¥1, ¥, 93, B]V
VI=mD'lu, v, v2, 905 7] & |=g, Bord[y,)) .

Proof. The predicate =z, ® is hyperarithmetical and
therefore there is an elementary formula C(a!, #') such that
[—_—mﬂeb = (By)|=w,C[u, ¥]. The predicate Mods(u) can be writ-
ten in the form Mod(u) & (n)|=m,(Bord[uz)) D }=m,Bord [za]]-
Let v(a', x) be an elementary term such that t™%[u, n] = u?
and let D,E be elementary formulas such that Mod(u)

= (Ey) |[=m,Dlu,y] and |=m Bord[us] = (y) =, E[u, v, nl.
Hence

Hody(u) & =, P = (Ey)|=x,Cly, v] & (Ey) |=m,D(s, y] &
& (n)|(y) =2, E[s, ¥, 7] D (Ey)(y = v, n] &
& [=m, Bord[y])] .

Regrouping the quantifiers, we reduce the right-hand side
to the form

(Ey;, Va)(n)(E'Pu Vh)(l‘—‘mc[/‘, UN| & ]=!R0D[l‘9 ] &
& (l=m, By, vs, n]1 2 |=m, F (4, 9, n] & |=m, Bord[yp,])) .

Putting C'(a*, £, »*, 8!, x) =C(a', f1) & D (!, y!)~E(a*, &, )
and D’(a, B, 2, x) = C(a', ') & D{(a, y!) & F(a', »%, x) we
obtain the form required in the lemma.

L. 8.14. If there i3 a set B such that (Gq, B, eg> is a model
of 8T and D, then S, i a model of ST.

Proof. Axioms of groups 4 and B are obviously satisfied
in &, (we have only to notice that operations ~, x, Gy,
+=1,2,3, taking the domain and the complement with
respect to G, are all performable in H, and that the set F =
{<a, b>: (a,beG) & (a €b)} belongs to H,). Axioms C4 and D
are satisfied in S, because H,C B and those axioms have
the form of general statements concerning classes and hold
in the model (G¢, B, ¢g). Finally we prove that the axiom E
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is satisfied. Since the class theorem (cf. [4], p. 8) is valid in &,
(that theorem is a consequence of axioms A and B alone),
H, contains the set W = {<a,b): (a,be @) & (Eu,v)(u,veG) &
& |=¢,0[4]& |=¢,0[v] & (a = F‘u) & (b= F's) & (u € v or u = v)}.
By L. 7.9, W = (F‘u, F‘v): (u,v eG¢n 0) & (u < v)}. Hence
W is a well-ordering and the field of W is G, indeed the
axiom of constructivity & being true in the model (G,
B, ¢p>, every a in G; can-be -Tepresented as F‘u where % is in
Gg () O.

L. 8.15. There is an ordinal & such that & < Q and the
frame Sy, 18 a model of ST.

Proof. It is known [10] that S, contains a denumerable
submodel 4 = (4, B, ¢g> such that &, is an arithmetical
extension of 4. We can assume that A is transitive because
every e-frame satisfying the axiom of extensionslity is iso-
morphie with a transitive e-frame (cf. [9], p. 147). Let &, be
the least ordinal not contained in 4 as an element. & < 2
since A is denumerable.

The formula (y)(Ex)[O(x) & (y = Fx)] is true in &,, and
hence in 4. Because of L. 7.9 we infer that if y ¢ 4, then there
is an ordinal £ in A such that y = F*£. This proves that 4 C G,.
Conversely if y € Gg, then y = F‘f where & < &,. Since the
formula (x)[O(x)D (Ey)(y == F‘x)] is true in 4 and since
=40[&] (cf. L. 7.9), the set A contains an element y’ such
that |=, 3" = F‘£. Applying again L. 7.9 we obtain ' = y, i. e.,
G, C A. Hence G;, = A and the lemma follows from L. 8.14
and the remark that @ is true in &,, and hence in 4.

D. 8.16. Let {, be the least ordinal such that S, be a model
of ST. By L. 8.15, £, < L.

D. 8.17. We denote by ¥ the formula

@ & (o', B, B)EX) (41, ¥D) [~ C'(a, Bi, B2y 12, X) &
& (D'(a', B, Bz, 72, X) D ~Bord ()] .

The intuitive meaning of this formula is that every set
is constructible but that for no u is the frame 9, a model
for all axioms and for .

L. 8.18. |=n(@c.) g’.

Proof. Assume that [=me, o~ . Since & is true in M(S;,)
(cf. L. 8.8), this assumption means that there are u,y,,y, in
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F}m(eco) such that for every = there are y; in F;}msco) and y, in
Fe,, satisfying the following formulas

IZ‘DHE,’Q}(}'[ﬂa Y1y Yoy Yy NIV l=im(€co)D’[.“7 Y1y Y2, Yy, W] &
& |=m,y Bord[y,] .

Sinee ‘M(S,,) is a f-model and formulas C' and D’ are

4

elementary, it follows that

(Eyr, v2) (1) (Eysy ) (|=m, C'Tity 91,5 2y w3y m]V
Vi=my DTy 1y v2, 94, 0] & |=m, Bord[y,]),

Le, by L.8.13. Mods(u) and |=x ®. Thus D, is a f-model
satisfying @. By l.. 8.12 we obtain M, = M(S,) where, by
L. 8.11, £ is an ordinal < {,. This is a contradiction.

L. 8.19. If M is a f-model such that |=m ¥, then M = M(S;,).

Proof. From L. 8.12 it follows that M = M(S;) where ¢
is the smallest number not representable in 9. Hence { = &,.
Assume that { < {,. Hence { is representable in IR(S;,). Let ¢
be a function in Fie,, such that the order type of Rume,.,
is {. Take y in Fie,) such that |=m,Blg, y] (cf. L.8.6) and
let » be a function in Fg:ws,o) such that for every ¢ the function
vin) = (i, n) satisfies the condition |=w,Alp,w, s, i]. The
existence of » is assured by L. 8.5 and the following theorem

— (x)(E!BY0 (8, x) D (E»?)(x, A){[(¥) (p¥(x, ¥)
= f(y)] D (8, x))}

in which &(f, x) denotes any formula with at least the two
free variables indicated.

Now let x be a function in Fén(gco) such that u(<k, 2"))
= v(k, n). The existence of such a function is ebvious. We claim
that M, = M(S;). This will be the desired contradiction
because the existence of a u of this sort shows by L. 8.13 that ¥
is false in M(S,,).

First of all we remark that ui(n) = »(k, n) = w(n) (cf. 4.1)
and so i satisfies the condition |=m, Alp, v, ui, k). Hence
S“],‘ = F'g, and so ,u},szlm(e;)- Conversely, if z?eF}mgc), then
for some k 8; = F'g, and hence [=g,Alp,y,?, k], which proves
that ¢ = u. This proves that Fin, = Fiue,)-

The identity of the models M, and M(S,,) follows now
from the remark made in L. 3.6 that the whole g-model TR
is determined by Fi.
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THEOREM 8:20. COng(¥) coincides with the set of formulas
true in M(S;,) and hence 8 complete.

Proof. If @ is in Cng(¥), then @ is true in M(S,,) by
L. 8.18. If @ is true in M(S,,), then it is true in the unique
(and hence every) f-model in which ¥ is true and hence
O € Cng(V).

In a similar way we can construct denumerably many
different complete and finitely axiomatizable extensions of 4,.
We do not know, however, whether the number of arbitrary
complete extensions of A4, is denumerable.

The rule § treated in this paper hag been defined by means
of semantical notions. It wounld be interesting to find an equi-
valent definition formulated in a syntactical (although infi-
nitistic) manner.
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AN EXPOSITION OF FORCING

A. Mostowski

P.J. Cohen invented, in 1963, a method of constructing models
for Zermelo-Fraenkel set theory, hereafter abbreviated ZF. In the
present lectures we shall describe this method with some modifications
(due mainly to Solovay) and apply it to a proof that the continuum
hypothesis is independent of 2ZF. The independence proof is taken over

from Cohen [66] without change.

I wish to thank Dr. W. Guzicki for his helpful discussions
on the topic of these lectures and for having shown me his notes of

similar lectures delivered in the University of Nijmegen.

. Logtcal preliminartiee

The language of ZF is the first order language with identity
and with one binary predicate €. We shall denote this language by L.
We write x ¢ y instead of e(x,y). The logical symbols we use are:
9, », £, £, v, ¥x, Ix. We abbreviate VUx[x ¢ a + F] by ¥xea F and
3x [x € a § F1 by 3xea F. Moreover we write x C y instead of
¥xez(z ¢ y) and xCy instead of xCy § x#y. The same

abbreviations are used for other variables also.
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If ¢ 1is a formula of L then Fr(¢) denotes the set of

the free variables of ¢.

The axioms of ZF are as folluws:
1. Axiom of extensionality: ¥x ¥y [x =y = ¥z (z e x 2 z ¢ y)],
2. Existence of pairs: ¥x ¥y 3z ¥t [tez=(tsxvts=yl,
3. Existence of unions: ¥x3y ¥z [z e y = Ftex (z ¢ t)],
4. Existence of power sets: ¥x 3y ¥z [z ey = z C x],
5. Existence of infinite sets: 3Ix Jyex ¥zex Jtex [z C t],
6. Axiom of foundation: ¥x V¥yex 3zex ¥tex [Wt e z)],
7‘. Axiom scheme of comprehension: ¥x 3y ¥z [z ¢ y = (¢ € 2z ¢ x)],

8 . Axiom scheme of replacement: ¥x 3y ¥zex ¥t [y + 3tey yl.

v

In 7 ¢ can be any formula of L in which the variable 2z but

¢’
not y is free; in 8*, ¥ can be any formula of L in which the

variables z, t are free but the variable y is not free.
The axiom of choice is the following sentence:

AC. ¥x Vyex ¥zex Isey ¥t [t e y 6§ t € 2) v z = y] » Iw ¥yex Fvey
Ytey (t ew st =y),

We shall denote by ZFC the system obtained by adjoining AC
to ZF.

Our meta-theory in which we shall study models of 2ZF will be
the set theory ZFC enriched by one additional axiom SM due to Cohen,
We shall formulate this axiom below after introducing sé;e definitions.
We shall freely use the current set-theoretical notation and shall
write set-theqretical formulae using the same logical symbols as in
the language L. The membership relation however will be denoted
by €.
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A family F of sets is called transttive if x € y € F

implies x € F.

We shall assume as known the concept of a relational system
and the notion of satisfaction of a formula in such systems. We use
the customary notation M F ¢[al for: ¢ is satisfied in M by the
asgsignment a of elements of M to the free variables of ¢. We
shall use the same notation also for languages arising from L “by

adjunction of constants and additional predicates.

Relatioral systems in which the universe is a transitive
family of sets and ¢ is interpreted as the membership relation will

be called models.

We shall denote by the same letter a relational system M
and its universe. The set of all assignments of elements of M to
the free variables of a formula ¢ can then be denoted by Hrr(¢).
LEMMA 1.1

If M {18 a transitive family of sets such that the set
w = {#,{8},{0,{F}},...} Dbelongs te M and M is closed with respect
to the formattion of pairs and unione then axioms 1,2,3,5 and 6

are valid in M.
Proof: routine.

The existence of a model M in which the remaining axioms of
ZF are valid cannot be proved on the basis of the usual axioms of
set theory even if we assume an additional axiom stating the

consistency of ZF.

The additional axiom SM which we mentioned above states:
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(SM) There is a denumerable model of ZF,

REMARKS
{i) In view of the Skolem-LSwenheim theorem (SM) follows from

a weaker axiom: there is a model of ZF.

(ii) From G8del [40] it follows that each model M of ZF

contains a submodel M' such that all the axioms of ZFC are valid in

M. Thus (SM) can aiso be replaced by the axiom: there is a model
of ZFC.
2. Algebraic preliminaries

Let P be a partially ordered set. We denote by < the
ordering relation. The elements of P are called "conditions" and

are denoted by letters p, g, ry ... . If p<gq then p is called
an extension of q; if moreover p # q then we write p < g and call
P a proper extension of q. If 3r [r <p § rx< gl then p and q

are called oompatible, otherwise incompatible.
Asgumptions voncerning P.

1. < 1is a partial ordering.
2. Each condition has a proper extension.
3. 1If P « q then there is an r such that r < p and r

is incompatible with q.
Partial orderings satisfying 3 are called separable.
Filters.

A gset Fc P is called a filter if

(i) F #9,
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(ii) p<q and p€F imply q€ F,
(iii) p€F and q € F imply 3reF [r < p § r < ql.
LEMMA 2.1
Each filter can be extended to a mazimal filter.
Proof. Use Zorn's lemma and the remark that the union of
a chain of filters is a filter.
LEMMA 2.2

If T i8 a filter and p 1i8 incompatible with an element
of T then there i8 a maximal filter F' suchthat p & F' and

F CF',

Proof. Use Zorn's lemma to obtain a maximal element F'
of the family of filters containing F as a subset and not containing

p as an element.
LEMMA 2.3
If qfp then there ie a mazimal filter containing

q but not p.

Proof. By separability there is an » in P such that
r<q and r 4is incompatible with p. By 2.2 the filter
{x € P: x>»r} can be extended to a maximal filter and this filter

satisfies 2.3.

LEMMA 2.4

If pp?pp > ..." then thers ie a mazimal filter contatning

all the p.

Proof. Extend the filter {x € P : 3In (x » pn)} to a
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maximal one.

We shall now define a topological space. Let ¥, or more
precisely X(P,<), be the set of all maximal filters of P and take

as an open sub-basis of X the family of all sets
[pl = (FeX : p € F}.
Sets of the form [p] will be called neighbourhoods.

THEOREM 2.5

¥ is a topological space which eatiefies the Baire category

theoren.

Proof. Open sets are defined as avbitrary unions of

neighbourhoods [pl. Hence arbitrary unions of open sets are open.

The intersection of two open sets %1, 72 is open. For
if F €% n%, then there are p;, p, such that F € [p1¢C H
and F € [p,1 € %;,. Hence p; € F and Py € I and therefore there
is an r in F such that » < P; and r < p,. It follows that
Felrl and [rlg [p;]1n [p,] G_Z_% n 72. Thus ?‘1 n % is either
void or is a union of neighbourhoods. Hence X is a topological

space.

We now prove that if % =3 ¥ and ?n is open and dense

in X for n = 1,2,3,... then g?n # B (Baire theorem).

Put G = {p€ P : [p] E%‘}. From the density of ?n it
follows that for each q in P <there is a p in Gn such that
p < g, i.e. that G, is dense in P. Let p, be arbitrary. From
the density of Gl we infer that P1 < Pg for some Py in Gl'
From the density of G, we infer that P, € p; for some p, in G,.
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Continuing in this way we obtain a decreasing sequence Py > Py Poee
By 2.4 there is a maximal filter T such that p, € F for each n

and it follows that F € (p ] E?n for each n, i.e. F € g%

3. Heuristic remarks about models in whiah the continuum hypotheeie

fails

We assume that we live in a world in whieh the continuum
hypothesis {abbreviated CH) is true and want to construct another
world in which CH is false, i.e, in which there is an injection f

w . s . . .
for some a > 1. No suc¢h injection exists in owur

of w into 2
o

world but we can say that if it exists anywhere, we have in our world

its finite approximations. These approximations are finite functions

p with domains ¢ w, X w and range C {0,1}. Indeed, if f is our

hypothetical injection and D is & finite subset of wy X w then

putting on D p(E,n) = £(E)(n) (the value of f(§) for the argument

n) we obtain a finite approximation of f which, because of the

finiteness of D, belongs to our world. Mappings of finite subsets
of w, x w into {0,1} form a set P which is partially ordered by
the relation of inverse inclusion : p < q means that p 2 q. Each

maximal filter of P determines a function defined on the whole set
Wy X w3 conversely each mapping f of w, X w into {0,1}
determines a maximal filter of P consisting of all the finite
approximations of f. Maximal filters which belong to our world

determine functions which are not one~to-one. It will be our. task

to find an extension of our world with new maximal filters of P.

Two. methods are known at present to construct such extensions.
One of them identifies sets with two-valued functions whose values

are arbitrary elements of suitable Boolean algebras. Another method
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identifies the "world" with a denumerable model M of ZF and extends
M by ,adding to it certain subsets of P not previously contained in

M.

Below we shall sketch this second method.

4. Constructible sets

Let M be a denumerable model of ZF and let Ony = gn N M
be the set of the ordinals of M. We denote by rk(x) the rank of

x defined by induction as follows
rk(x) = sup{rk(y) : y € x}.
The set {x € M : rk(x) € a} will be denoted by M.

Let X be a subset of M whose rank ag belongs to Orx‘M
and put Aa = # or 'Aa = {X} according as @& < ag or a > o.
We are going to define a family MI[X] such that M € M[X] and

X € M[X]. For suitable X this family will be the required model.

For each family B of sets, each formula ¢ of L such

Fr{¢)-{v}

that v € Fr(¢) and each assignment <y € B we define the

extension of ¢ in B with respect to y as

E = {x€ B : BF ¢lx,vy]}

$,Y,B

where X,y is an assignment which correlates x to v and is

otherwise identical with v.

The family of all sets where ¢ ranges over

Fr(¢)-{v}

E
$,v,B
formulae of L such that v € Fr(¢) and y ranges over B

is called the derived family and will be denoted by B’.
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We define now M[X] as the union U{Ba[x] :a€ Onn}
where Bo[X] z 8, BAEXJ z U{BGEX] 1o <A} if A is a limit number

and Ba+1["] = B&[X] UM u/\cl

Elements of M[X) will be called construotible in X.
The following properties of the families Ba[X] and M[X] are easy

to prove.

LEMMA 4,1
M c M[X].

Proof. If m€ M, then m € Ha where a = rk(m) and

hence m € B__..[X].

atl

LEMMA 4.2
X € M[X].

Proof. X €A, and hence X € B, ,,[x1.

0 o*l
LEMMA 4.3

B [X] ie transitive for each a € Ony.

Proof. We use induction. The lemma is true for a = 0.
If it is true for a < A where ) is a limit number then it is true
for A. If x€yé€ Bu+IEXJ then either y € B&[x] or y €M,
or y = X. In the first case y is the extension of a formula in
Ba[xJ and hence x € B [X]. In the second case rk(y) € a and

hence rk(x) < a and thus x € M, ..y C B [X]. The last case can

atl
occur only if a > ag- We have then x € X, rk(x) < a and x €M

because X C M. Hence x € M, and x € Ba+l[x1'

LEMMA 4.4
B,[X] ¢ ByIX) vwhenever o < 8.



[1121, 229 AN EXPOSITION OF FORCING 425

Proof. It is sufficient to prove the lemma for the case
B=a+1. Let ae€BIX] and consider the formula v € w and
the assignment <y such that vy(w) = a. The extension of v € w
in Ba[X] with respect to y is {x € B[IX] : x¢€ al = an B,[X] = a
because all elements of a belong to BuEXJ in view of the

transitivity of Bu[X]. Hence a € Ba+1[X].

LEMMA 4.5

MIX) <8 transitive.

Proof. The union of a chain of transitive sets is

transitive.

LEMMA 4.6

Ba[X] € B_,..[x].

a+l

Proof. BG[X] is the extension of the formula v = v in

B IX] with respect to the void valuation.

LEMMA 4.7

Ba[X] € M[X] for each o < Ony.

Proof. By u.6.
LEMMA 4.8

If x € B {X] then rk(x) < a,

Proof. For a = 0 the lemma is obvious. Assume that
a > 0 and the lemma holds for & < a. If o is a limit number

there is nothing to prove. If a=E+1 and x € BE+1[X] then x
is a set of elements whith belong to BE[X], hence their ranks are

< £ and the lemma follows.
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LEMMA 4.9

M{X] e closed under the formation of pairs and unioxs.

Proof. Let a, b € M(X] and let « be an ordinal such
that a, b € BG[X»]. The extension of the formula v = w v v = u in
BaEXJ with respect to the assjgrment y(w) = a, y(u) = b is {a,bl}.
The extension of the formula Ju (u€ w § v € u) in Ba[XJ with
respect to the assignment +y(w) = a is Va. Thus {a,b} and Uva

are elements of Bu+1[X].

LEMMA L.10

Aziome 1, 2, 3, 5, 6 of 2ZF are valid in M[X1.

Proof. This follows from Lemmas 1.1, 4.5, 4.9 and the remark
that the set w referred to in' Lemma 1.1 is an element of M and

hence of M[{X].

LEMMA 4.11

The ordinales of M[X] are the same as the ordinale of M.

Proof. x 1s an ordinal of M[X] if and only if it is a
transitive set which belongs to. M[X] and whose elements are
transitive sets. A transitive set all of whose elements are
transitive sets is equal to its rank. By 4.8 the rank of an element
of MIX] is < Ony. It follows that each ordinal of MI[X] is an

ordinal of M. The converse implication is obvious.

5. The ramified language RL
The important fegture of the technique invented by Cohen is
that it allows us to speak about the model M[X] remaining so to

speak in the model M (we speak in "our world" M about the
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tfictitious world" which extends M). This is due. to the fact that
each element of M[X] has a "name" in M. These "names" will be

expressions of an auxiliary language which we shall call the ramified
language or RL for short. The expressions of RL will be elements of

M.

The language RL has an infinite number of variables
Vps Viseoes two Qinary predicates €, ® called the membership and
identity predicates, propositional connectives 71, & and the universal
quantifier ¥. Besides these expressions the language RL will
have infinitely many constants and infinitely many one-place

predicates which will be described a little later.

The rules of formation will be the usual ones. Thus
constants and variables are terms of RL. If ty and t, are terms
and V 1is a one-place predicate then tl € tz, ty % t,, th are
atomic formulae. If ¢ and Y are formulae, then so are (¢) & (Y,
1(¢) and ¥v (¢) for each variable v. The distinction between
free and bound occurrences of a variable in a formula is assumed as
known; Fr(¢) denotes the set of all free variables of ¢. If v
is a sequence of constants and Dom(y) C Fr(¢) then ¢(y) denotes
the formula resulting from ¢ Dby substituting vy(v) for v through-

out ¢ for each v in Dom(y).

Writing formulae of RL we shall often use connectives
other than & and 71 and also the existential quantifier. These
symbols are then thought of as abbreviations. Also we shall often

use letters v, w, u, etc. instead of Vs Vs Vosers o

Since we want to treat expressions of RL as elements of M

we identify the primitive symbols of RL with certain elements of M
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and agree that if an expression is obtained by writing the symbols
A, B, Cy..., H one after another, then the whole expression is to be

identified with the sequence (A,B,C,...,H).

We identify vj with (0,j) and the symbols €, ~, §, 7,
€ , )3¥ with the pairs (1,5), j = 6,1,...,5,6. Elements of M which
will serve as constants and as one-place predicates will be defined

later.

We note that from now on L will be treated as a part of
RL.

We describe now the additional predicates and constants of
RL. For each ordinal o € Ony we have in RL a one-place predicate
Vo which we shall identify with the pair (2,a?. Intuitively Ve

denotes the set Ba[X].

We put m = (3,m) for each m in M and d = (4,0).

.

For o in Ony, for ¢ a formula of L such that v € Fr(¢) and

each sequence ¥y with domain Dom(y) = Fr(¢) - {v} we put

ca;¢,Y = {5,a,0,Y) .

Constants of RL can now be defined by transfinite induction:

€, =0,C = U(Cu : ¢ < A} for limit numbers A,

0
Cu+l =C Y {m : rk(m) < a} U Ty u C&

where T =@ or T = {o} according as a« < a; or o >0, and
C& is the set of all ¢ where ¢ is a formula of L, v € Fr(¢f

Gyd,Y
Fr(¢)-{v}

and ¥y € Cu

Let C = U(Cu ta € OnM}. Elements of C are called

constants of RL. For each ¢ 3in C we define its order p(c) as
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the least a such that c € C,. Thus- p{(ec) is always a successor

ordinal.

The intuitive meaning of the constants is as follows: m

denotes m, o0 denotes X and denotes the extension of ¢

c“,¢,Y
in B,[X] with respect to the assignment which correlates with each
variable w € Fr(¢) different from v the object denoted by the

constant v(w).

A formula of RL in which each quantifier ¥x (where x is

any variable) is followed by an expression of the form (V,x + y) is

called a limited formula. The index @ may differ from quantifier
to quantifier within the formula. We shall abbreviate ¥x[vax + 3]
by ¥ax ¥ and 3Ix [Vax £ 9] as 3ax P The order p(¢) of a

limited formula is defined as the larger of the following two ordinals:

max{p(ec) : ¢ occurs in ¢}, max{c : Vu occurs in ¢}.

Several times we shall have occasion to use an ordering <
of limited sentences defined as follows: ¢ ¢ ¢ if and only if one

of the following conditions is satisfied:

1. p(¢) < p(y);

2. p(¢) = p(y) and ¢ contains fawer occurrences of logical
operations (i.e. connectives and quantifiers) than ¥;

3. ¢ and y are atomic sentences, p(¢) = p(y) and ¢ has the
form ¢, ¢ c, with p(cl) < p(cz) whereas ¢ does not have this
form;

4, ¢ fnd y are atomic sentences, p(¢) = p(y), ¢ has the form
e, ™ ¢y and % has the form ey € ¢y with p(ca) > p(cu).

5. ¢ and y are atomic sentences, p{¢) = p(p), ¢ has the form

¢, ® ¢, where op(c;) > plec,) and ¢ has the form V;cl.
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If ¢ is a formula, a € Ony, x is a variable and ¢
arises from ¢ by replacing an occurrence of the quantifier ¥x by
¥x [V&x*—V&cll then ¢ is said to arise from ¢ by a relativization
of the considered occurrence of ¥x to V;. We shall denote by

(e) a formula which arises from ¢ by relativizing all occurrences

¢

of the quantifier to Va.

LEMMA 5.1

Ca € M for each a € OnM.

This follows from the remark that the operation which yields

C, from the sequence {CE}E<G is definable in M.

LEMMA 5.2
For each a € OnM the set of all formulae of order

belongs to M.

This is so because such formulae are finite sequences built
according to recursive rules from variables and symbols 71, §, =, VE,
¥, ¢, ¢ where £ < a and c € Ca. Since all these symbols form a
set which belongs to M, so do all their finite sequences. In view
of the recursive character of the formation rules, the formulae them-

selves also form a set in M.

In connection with these lemmas it is worth noting -that
neither € nor the set of all formulae of RL belong to M, although

of course they are definable subsets of M.

LEMMA 5.3
The relation < 18 a definable partial well ordering of
the limited eentences. Its reetriction to the set of sentences of

order < a 1i¢ a set in M for each a € OnM.
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Proof. The second part follows from the first and Lemma
5.2. The definability of <4 follows from the remark that the funct-
ion p and clauses 1-4% of the definition of < are definable in M.
The well-foundedness of ¢ 1is proved as follows: Let A be a non
void set of limited sentences and A0 its subset consisting of
sentences of a possibly small order. if Ay does not contain atomic
sentences of the form ¢y € ¢, or ci =~ cé then no element of A0
has a predecessor in A. If AU contains at least one sentence of
the form c¢; = ¢) but no sentence of the form c, €@, with
p(cl) < p(cz) then each sentence ci ~ cé which belongs to Ay is a
minimal element of A. Finally if AD contains at least one sentence
cq E ¢y with p(cl) < p(cz) then each such sentence is a minimal

element of AO'

Limited sentences ¢ which have no predecessors with

respect to 4 are 0 e 0, 0~ 0 and V,0.

Values of the constants. Let X be a subset of a set which
belongs to M and has rank og - For each constant c¢ we define by
induction the value of ¢ for the argument X; we denote this value

by c*(X].

Let us assume that a € Ony and that c*[X] is already
defined for ¢ in CB with B < a. let ¢ € Cy- If a is a
limit number there is nothing to define. If a =8 + 1 there are

three possibilities:

1) c¢c € ¢! 2) ¢ = m where rk(m) < 8, 3) ¢ = 0.

B’
In cases 2) and 3) we put c*[X] s m and c*[(X] = X respectively.

In case 1) c¢ = %4,y where ¢ 1is a formula of L, v € Fr(¢) and
3 ’
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Fr(pl-{v}
Yy € CB .

. . -
In this case we put c*[X] E¢,y*IXJ,BB[XJ where
y*[X]1 is a sequence with domain TFr{(¢) - {v} whose terms are values

of the terms of ¥y.

LEMMA 5.4
For each o € Ony, the set BuIXJ i identical with the set

of all c*[X] where c ranges over C_.

Proof by an obvious induction.
Lemma 5.4 says that each element of M[X] has a name in C. As a
matter of fact each element of M[X] has many names; given an element
x in M[X] the set of all its names is a subset of M but not an

element of M,

It can be shown that the function which correlates c*[X]
with ¢ 1is definable in M[X1. This will follow from theorems which
will be established in the next section and from the following weaker

result:

LEMMA 6.5

Let N be a model of Z¥ sguch that N 2 M and let f De
a funotion of two arguments the firet of whioh ranges over C and
the second over eubsets belonging to N of a fizxed set P € X of
rank o, and which is defined by the equation f(c,X) = c*IX]. Then

f 18 deftnable in N.

Proof. f 1is defined by transfinite induction on the order
of «c. Since the theorem on definitions by transfinite induction is

valid in N, we obtain the desired result.

We close our discussion with a remark on semantics of the

language RL. The relational structures which can serve as models
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for formulae of RL have an infinite type because there are infinitely
many constants in RL and also infinitely many one-place predicates

in addition to the two binary ones € and =, Apart from that the
model theory of the language RL does not differ from the model theory

of any first order language.

In most cases we shall deal with models whose universe is
M[X] and where the predicates ¢, =, v, are interpreted as €, =,
Ba[X] and the constants ¢ as c*[xJ. Such a model will be denoted

briefly by M[x].

6. Reduction of properties of MIX] to M

The following example shows that, in general, M[X] is not
a model of ZF : Let X be a subset of w X w such that the relation
mXn orders w similarly to Ony. The existence of X follows
from our assumption that M and hence also OnM are denumerable.
The family On n M[X] is equal to Ony because each element of
M[X] has a rank < Ony, (see Lemma 4.11). On the other hand
X € M[X] and X has the order type Ony and so the theorem: "for
each well ordering there is a similar ordinal" is not valid in M[XI].
Yet this theorem is provable in ZF. Hence not all axioms of ZF are

valid in M[X1].

There are no general criteria which would allow us to
decide for which sets X the family M[X] is a model of ZF., A
sufficient condition which we shall discuss below says that the

satisfaction relation

1) MIX]1 E ¢[y*[x1]
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be expressible in M. More exactly we require that (1) be equi-
valent to the fact that a formula depending on ¢ be satisfied in
M by y (i.e. the sequence of names of the terms of y*[X]) and

by an element of X.

To return to the intuitive picture given in Section 3
where X was a maximal filter in P we may say that we require (1)
to be equivalent to a relation definable in M holding between names
of terms of y*[X] and an approximation of an object determined by

X.
The exact definition is as follows:

DEFINITION
We say that X is reducible to M if for each formula ¢
of L there is a formula ¢ with one more free variable such that

¢
for each y € CFr(¢)

(2) MIX] k ¢[y*[X1] = 3xeX [M F 0¢[x,7]].

Instead of M E o¢[x,yl we shall say that the condition
X establishes ¢ at y in M[X]. (The term in general use is:
x forces ¢(y). We selected another term in order to reserve the

word "forcing" fa the case of a particular formula o¢.)

To derive properties of M[X] where X is reducible to M
we need the notion of a normal function. Such a function is a
strictly increasing and continuous mapping f : OnM + Ony. We call

a a critical number for f if f(a) = ca.

LEMMA 6.1
If £ 1ie a normal function which is definable in M then

for each o in OnM there i8 a eritical number o of f such
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that ay < @ € Ony.

Proof. Define a sequence {a_ } by induction on
no:oa,y F f(an). This sequence belongs to M since the theorem on
inductive definitions is valid in M. It follows that
sup{an} € M and we easily prove that this supremum is the required

critical number.
Another important auxiliary result is the following
THEOREM 6.2 (the reflection theorem)

Let X be reducible to M and let ¢ be a formula of L.

There exists a normal function f¢ definable in M such that

Fr(¢)
a

whenever o <8 a critical number of f¢ and vy € C then

MIX] E ¢[vy*[X1] = B,[X] F ¢[y*[X1].

REMARK
The reflection theorem is really a theorem scheme: for
each formula ¢ we construct separately a definition of a normal

function f¢.

Proof. If ¢ has no quantifiers then we take for f¢ the
identity function f¢(x) = X. If f¢, fw are already defined and
0 =9,k = ¢ &8 ¢y then we take fa = f¢, fC = f¢ o fw. Using the
fact that a superposition f o g of twd normal definable functions
is again such a function and each of its critical numbers is a
critical number of the functions f and g we convince ourselves
easily that if the reflection theorem is valid for the formulae

¢, ¢ then it is also valid for the formulae ¢ and ¢ € Y. The

theorem is also trivially valid for the formula 3Iv ¢ if v & Fr(d).
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We shall now prove the theorem for the formula 3v ¢ where

v € Fr(¢).

Fr(¢)-{v}

For each y € C we put

g(y) = sup{min {3cscn ME ¢o[p,(c,y)])).
PEP nGOnM
Thus g(y) is the least ordinal A with the property that for each
condition p if there is a constant ¢ such that p establishes
¢ at (c,y) in M[X] then there is a constant ¢ already in CA

such that the same p establishes ¢ at (c,y) din M.

Using g we define a function h by transfinite induction:
h(0) = 0, h(Ax) = sup{h(a) : a < A} if A is a limit number,

h(a+l) = max(h(a) + 1, sup{g(y) : y € CaFr(o) - {V}}).

h 1is of course definable in M since the theorem on inductive
definitions is valid in M. Moreover h is strictly increasing and

continuous i.e. h 1is normal.

It follows from the last clause of the definition that
h(a+l) is an upper bound of the values of g(y) for y ranging over
CaFr(é)'{v). Hence if A 1is a limit number and y € CxFr(o)'{V}
then g(y) < h(d) because there are only finitely many terms of «y

and each of them belongs to a C with @ < Aj hence there is an

a’
a < A such that all terms of y belong to Ca and so

g(y) < h(a+l) < h(A) because h is strictly incréasing.

Now let f be the normal function fO o h and let o be
one of its eritical numbers. We shall show that if y € CaFr<°)_{V}

then

(3) M[XJ k 3v ¢[y*[X1] = B, [X] F 3v ¢Ly*[x11.
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First assume the right-hand side of this equivalence.
Hence there is an element x of B [X] which together with y*[X]
satisfies ¢ in Ba[X]' Let ¢ € Ca be a name of x. Using the
inductive assumption and the remark that « is a critical number of

f¢ we obtain the left-hand side of (3).

Now we assume the left-hand side of (3). There is thus an
element of M[X] which, together with y*[X] satisfies ¢ ih MIX].
This element can be represented as c¢*[X] where ¢ is a constant.
Since we assume that X is reducible we obtain a condition p in X
which establishes ¢ at (ec,y) in MIX1. Using the definition of
in

g we infer that there is a constant ¢ such that p

1 cg(Y)
establishes ¢ at (cl,y) in MI[X]. Since o is a critical
number of f¢ we obtain M[X] E ¢[ci[X], Y*[X]] and since

Fr(¢)

g(y) < h(a) = a we obtain (c,y) € Ca In view of the

inductive assumption we obtain therefore the right-hand side of (3).
We can now verify the validity of Axioms 4, 7 and 8 in M[X].

THEOREM 6.3
If X 18 reducible to M then the axiom of comprehension

ig8 valid in M[X].

Proof. Let ¢ be a formula of L such that v € Fr(¢).
Let a € M[X] and g € M[X]Fr(¢)-{V}. We have to show that there

is a b in MI[X]) such that for each x in MIX]
(4) x €b =x € at MIX]E ¢l(x,g)].

We can represent a as c*[X] and g as y*[X] where

Fr(¢)—{v}.

c€C and y € C Let a be an ordinal such that ¢ and

all the terms of Yy be elements of Ca. Using the reflection
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theorem we find an ordinal B » a such that for each sequence

(eyv,) € CBFP(°)

MIX] F o[c§IX], v4IX11 = B,IX] k ¢[cdlX], y3LXII.

Let us consider the formula & = ¢ § (v ¢ w) where w is
a new variable and let Y be an assignment which coincides with y
on the free variables of ¢ the variable w excepted and correlates
¢ with w. We claim that the set b = ca’a,;[xl satisfies (u).
By definition b is the extension of § in BB[X] with respect to

y*[x] i.e.

X€E€Db=(xE€ BB[XJ)S (BB[X] E $lx,y*[X1D)

(x € BB[X]) § (BB[X] E olx,y*[X]1) & (x € c*[X])

(x € a) & (BB[X] E ¢[x,y*[X1]).

The last equivalence is obtained by remarking that c*{X] = a,

ae€ BB[X] and hence a C BB[X]. Theorem 6.2 is thus proved.

THEOREM 6.4
If X 1ie reducible to M then the axziom of replacement is

valid in M[X].

Proof. let ¢ be a formula of L such that v, w € Fr(y)
and let g € H[X]Fr(w)-{v’W}, a € M[X]. We have to find a set b
in M[X1 such that whenever x is in a and there isa t in
M[X]) satisfying MI[X1 F ylx,t,gl, there is a ty in b satisfying

the same formula.

Similarly as in the previous proof we determine a, c, Y
so that c € C , v € CGFP(O)'{V’"} and a = c*[X], g = y*[X] and put

b= BB[XJ, where
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B = su, sup min 3deCE {ME Ow[p,k,d,yl).
PEP k€C_ E€EO0n
- a M
Note: k and d correspond here to the variables v and w

respectively.

Obviously b € M[X]. If x is in a then x € BuEXJ
and hence x has a name k in Cye If there is a t in M[X] such
that MI[X] ¥ y[x,t,g] then t has the form d*[X] for a suitable
constant d and hence by the assumption of reducibility there is a
p € X which establishes y at (k,d,y) in M[X]. In view of the
definition of B there is a constant d1 in CB such that p
establishes ¢ at (k,dl,y) in M[X]. Thus we obtain
MLX] k y[k*[X], A#[X], y*[X1], i.e. MIX] E ¥[x,d%[X],g] and we have
proved that there is a t, = di[x] in b satisfying w[x,tl,g] in

M[X].

THEOREM 6.5

If X 48 reducible to M then the axiom of power-sets is

valid in MIX].

Proof. Let a € M[X], a = c*[X] where c € Cu' If xCa
and x € M[X] then x has a name in C. The essential step in the
proof is to show that there is an ordinal 8 such that each subset
* of a which has a name (i.e. belongs to M[X]) has a name already
in CB'

For any constant d we consider the set

S(d) = {{q,k) € P x C, t MF Ovcw[q,k,dl).

This set obviously belongs to M. More exactly S(d)
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belongs to the power-set of P x Ca, taken in the sense of M. We
shall denote this set PM(P x Ca)‘ Furthermore let [ be a family
consisting of all pairs (p,s) € P x M such that there is a d in

C satisfying the conditions:
(5) ME QVEF[p’d’CJ’
(6) s = S(d).

The family I belongs to M because it is a definable
subset of the set P x PM(P x Ca) which is an element of M. For
(p,s) € T 1let B(p,s) be the minimal ordinal £ such that (5) and
(6) hold for a d in CE and let B = sup{B(p,s) : (p,s) € L}. We
claim that each subset x of a which belongs to M[X] has a name
in CB'

Let us assume that d 1is a name of a set x € M[X] such
that x C a. Since X is reducible to M there is a p satisfy-

ing (5). Thus the pair (p,S(d)) belongs to E. It follows that

there is a a; in CB such that

(7) ME Ovsy[p,dl,cl,

(8) S(d) = S(d;).
We shall show

(9) di[XJ = d*[x].

First notice that from (7) we obtain di[x] C c*[X] because

P € X and thus di[X] C a.

Now assume that y € d*[X] = x. Since x C a C Ba[XJ we

obtain y € Bu[XJ and y has a name, say k, in Ca' From



[112], 245 AN EXPOSITION OF FORCING 441

k*[X] € d*[X] we infer that there is a q in X which establishes
k € d in MIX1. Hence (q,k? € S(d) and, in view of (8),

(q,k) € S(dl). Thus q establishes k € d in M[X] and, since

1
q € X, we obtain y € di[x].

Let us assume conversely that vy € di[x]. Since di[x] Ca
c Ba[XJ we can put similarly as above, y = k*[X] where k € C, and
we obtain a q inm X such that (q,k? € S(dl)' From this and from
(8) we infer (q,k) € S(d) and hence k*[X] € d*[X], i.e. y € d*[X].
The formula (9) is thus proved. To finish the proof we denote by b
the extension in BB[XJ of the formula v C w with respect to the
assignment y(w) = a. The set b is an element of M[X] and
consists of subsets of a. If xCa and x € M[X] then x has
a name in CB and thus belongs to b. Hence b satisfies the

formula ¥ [x € b = x € al in MIX].

Theorems 4.10 and 6.3 ~ 6.5 show that if M is a model of
ZF then so is M[X] provided that X is reducible to M. For

models of ZFC we have the following result:

THEOREM 6.6

If M ie a model of ZFC and X is reducible to M, then
M[X] <e a model of IFC.

Proof. Let a € M[XJ. We shall exhibit a relation which
well-orders a and is an element of MIXJ]. Since each element of
M[X] is a subset of a set of the form Bu[XJ it is sufficient to

exhibit a well-ordering of Bu[XJ.

Let < be a relation which well-orders Cu 3 the existence
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of < follows from our assumption that the axiom of choice is valid
in M. Let f be a function definable in M[X] such that

f(c,X) = c*[X] for each ¢ in C (see Lemma 5.5). Call ¢ the
earliest name of an element a of M[X] if £(c,X) = x but

f(ec',X) # x whenever ¢' < c. The following relation R is easily
seen to be the required well-ordering of' B [X] : xRy if and only if
the earliest name of x precedes (in the sense of the relation <)

the earliest name of y. The proof that R € M[X] is immediate.

7. Heuristic explanation of the construction of reducible filters

We shall construct a reducible filter X C P by considering
a theory % formulated in RL. The theory ¥ describes M[X] in
the sense that for each filter T of P the set M[F] is a model of
¥. A particular model of ¥ can be constructed by the well-known
method due to Henkin. When applying this method we consider a
sequence {¢n} of all sentences of RL and build a complete extension
¥' of ¥ by successive steps: F' =F U 71U 72 U ... In
the n-th step we decide of the n-th sentence ¢n of RL whether bn
or 1¢n will be included in #°'. Also several other sentences have
to be included in the n-th step. The inductive definition of ?n
is carried out along with an inductive definition of a decreasing
sequence p, > p; » ... of conditions, an being the set of sentences
which are true in models M[Y] for almost all Y in [pn]. The

words "almost all" mean here "all up to a set of first category".

As is always the case with models built by Henkin's method
the complete set Ft determines a model M[X] such that for each

sentence ¢ of RL the sentence ¢ is true in M[X] 1if and only if
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¢ € H. It follows easily that all the conditions p, belong to
X, because the sentence p, € o is true in all models M[Y] where
Y € [pn]. It turns out that the conditions P, generate a maximal
filter (see Lemma 9.5 below). Hence X 1is a maximal filter. We
show that it is reducible to M. The reason for this is the
following: the formula MIX] k ¢[y*[X]] is equivalent to ¢(y) € S%

for some n and this in turn is equivalent to

(1) MIY] E ¢(y) for almost all Y in [pn].

We shall show that this relation between ¢, y and p, is
definable in M, i.e. has the form M k ¢¢[pn,Y]. The proof of

definability of (1) is the most important step in the proof.

In this way we not only prove the reducibility of X to M
but establish the meaning of the formulae 0¢. The formula
ME 0¢[p,Y] says that the set of maximal filters Y in [p]l for
which MILY] F ¢[y*[¥]] is co-meager (in the space X of all maximal

filters of P). This relation is called the forcing relation.

We proceed now to the details of the proof.

8. The theory ¥

The following sentences of RL are called axioms of ¥ :

(1) mem' for m, m' €M such that me m’,

(2) Mm e m') for m, m' € ¥ such that m ¢ m',

(3) Vac for ¢ in C, p(e) € a,

(%) c' ¢ cu’¢’Y 5 ¢(u)(é',Y) if ¢ is a formula of L,

Fr(¢)- {v},

v € Fr(¢), vy € Ccl c' € Cu’
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(5) ¥vy ¥v; {(Bvylv, € vy = v, € vil = (v = v,

(6) Yy, ¥y By, {v0 vy [v0 evy v € VZJ}’

(7 ¥v v g V),

(8) ¥vg ¥v, {v0 vy [Vuv0 H Vavl]} for a € Ony,

(9) Vvo[v0 € 0+ vy £ Pl,

(10) ¥v, Vvl[(v0 Svy Evye o) + vy € ol,
{1 ¥vy ¥v{lvg € 0 8 vy e 0) »3vylv, Svy 8 v, Sv, § v, e 0oll,

(12) Ivylvy € ‘o).

In the axioms (10) and (11) we used the abbreviation
vg £V for a formula of RL which expresses the fact that the ordered
pair (vo,vl) is an element of the set <. We should remember here
that the ordering < of P is a set of ordered pairs of which we
assumed that it belongs to M. The explicit definition of Vg £ vy
is as follows: let H'(vm,vn,vp) be the formula "vm is the pair

v v." i.e.
n’ 'p

H'(vm,vn,vp) : Vvq[vq e v, = (vq s v vq ~ vp)]

where ¢ is any integer different from m, n, p, €.g. = mtn+p+l.

Let H(vm,vn,vp) be the formula: Vp is the ordered pair (vn,v )

P
i.e.
. 1 1
H(vm,vn,vp) : 3vq 3vr [n (vm,vq,vr) &N (Vq’vn’vr)
[3 H'(vr,vn,vp)]
where g =m+n+p+1l, r=m+n+7p+ 2. Finally vy SV, is the
formula

v, [n(vz,vo,vl) 8 (v, & <)1].
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LEMMA 8.1

If X 1i8 a filter in P then all the axioms (1) - (12)

are valid in M[X].
Proof: obvious.

It is not true that all the models of the axioms have the
form M[X]. This follows for instance from the upward Skolem-
Léwenheim theorem according to which there are non-denumerable models
of axioms (1) - (12) whereas models M[X] are denumerable for any

X C P,

Let us say that a pair F, G of sets of sentences of RL

satisfies the postulates if

(1) Fca,
(ii) 3vn ¢ € F where v € Fr(¢) implies ¢(c) € G for some
c €C,

(iii) 3vn [Vov, ¢ $]1 € F where v, € Fr(¢) implies ¢(c) € 6 for
some c € Cu’

(iv) V.o €F implies ¢ =~ c' € G for some <c¢' € Cyo

(v) cec' €F where c' € Ccl implies c = ¢'' € G for some
ctt € U{CB : B < a},

(vi) c' em€TF implies ¢' ~# n€ G for some n € m,

A set F of sentences of RL is closed if it is consistent,
complete, contains the axioms (1) - (12) and the pair F, F satisfies

the postulates.

LEMMA 8.2

The theory of M[X] (i.e. the set of sentences of RL which

are true in MI[X]) is closed.
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Proof: obvious.

We shall establish some properties of closed sets:
1. If ¢ is logically valid then ¢ € F.
Otherwise ¢ would be in F; but each set containing ¢ is

inconsistent.

2. If ¢, ¢ > ¢ are in F then so is .
Otherwise 7§ would be in F; but each set containing the

sentences ¢, ¢ + ¢, W is inconsistent.

3. If ¢ is logically equivalent to ¢ then ¢ € F if and only

if ¢ € F.
This follows from 1 and 2.

L. If v 1is the unique free variable of ¢ then ¥v ¢ € F is

equivalent to: ¢(c) € F for each ¢ in C.

Since ¥v ¢ + ¢(c) 1is logically true we obtain the implicat-
ion + from 1 and 2. If yv ¢ € F then 3v ¢ € F hence

14(c) € F for some ¢ and so it is not true that ¢(c) € F for each

C.

5. If v is the unique free variable of ¢ then 3Iv ¢ € F if

and amly ‘if there is a ¢ in C such that ¢(c) € F.
Proof: similar to &.

6., If ¢ is a formula, y € CFr(¢)'{V), then ¢, ~ c, € F implies

¢(c1,7) = ¢(c2,7) € F for each ¢.

Proof. If ¢(y) is the atomic formula v ec or cev

then 6. follows from axioms (5), (6) and the above remarks 1 - 4.
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If ¢ is the formula v € v, 6. follows from axiom (7)
‘l(cl € cl) € F hence ey € ¢y * VETFT for any ¢ and we obtain

¢ ecy rc,ecC, € F. Similarly €, €ECy +cy € € F.

If ¢(y) 4is the formula v ~c¢c or ¢ ™~ v we prove 6.
using axiom (6). If ¢ 1is the formula v ™~ v, we again use (6).

If ¢ 4is the formula Vav we use axiom (8).

Let us now assume 6. for two formulae ¢!, ¢''. Using
tautologous formulae of propositional logic we immediately obtain 6.
for the formulac ' and ¢' & ¢''. Also using 4. we obtain that
¢; ~c, € F implies ¥w [¢'(c1,7) H ¢'(c2,§)] € F where
Dom(Y) = Fr(¢') - {v,w}. Using the fact that the taulogous sentence
¥w (¢1 E ¢,) + [yw $y = ¥w ¢é] is in F we obtain that ey ™ e, € F

implies [vw ¢'(c1,§)] z [yw ¢'(cy )l € FL
7. If m,m, €M n= {m,n} then I'(m,m,n,) €F.

Proof. Using the definition of INI' and 4. above we see

that we have to prove for each ¢ in C the following two formulae:
(*) cem~+(c~m ve~n)EF,

() (c~m

mve~m)+cemn€F,

To prove the second formula we observe that m,em € F,
i= 1,2, by (1) and hence c¢ =~ m+cem €F for i=1, 2. From
this we obtain (**) by a propositional tautology. The formula (%)
is shown by contradiction. If (*) were false, then, by completeness,
the three sentences c¢ e m, e ~ m), e ~m,) would belong to F.
Using postulate (vi) we would obtain from c e m € F that c ~ m € F

or ¢c~my€F and F would be inconsistent.
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8. If my, m, € M, m = (ml,mz) then

Yv [H(V,gl,gz) = (v~m)] €T,
Proof is similar to 7.

LEMMA 8.3

If T 4s closed then the set X = {p€ P : p ¢ o € F}

i8 a filter in P.

Proof. X # § because by axiom (12) and 5. there is a
constant ¢ such that ¢ ¢ ¢ € F whence, by axiom (9) and properties
2, 4 above, c ¢ P €T whence by postulate (vi) c ~ p € F for some

p in P. Thus, by 6, pe c € F and so p € X.

Next, let p,.q € X. Hence pec€F and g e o € F.

From axiom (11) we infer that the existential sentence
vy v, SpEv,SqEv,€0q)

is in F. Hence there is a constant ¢ such that the sentences

belong to F. From c ¢ 0 € T and axiom (9) we infer ¢ ¢ PE€ F
and hence, by postulate (vi) ¢ ~p € F for some r in P. Now we
obtain r e d € F, hence r€X and r<p€F and r € g€F.
These formulae prove that if s = {(r,p), t =(r,q) then s e <€F

and t ¢ €T whence s, t€ <. Thus r<p and r < q.

Finally let p € X and p < q. We infer similarly as
above that p € q € F whence, in view of p € 0 € X and axiom (10)

qe g€F and so q € X.



{112], 253 AN EXPOSITION OF FORCING 449

LEMMA 8.4

If F {i8 a closea set of sentences and X = {p € P :

peo €F}l then MIX] is a model of F.

Proof. First we construct a relational system A in which
all sentences ¢ € F are true and then prove that after dividing A
by a congruence we obtain a relational system isomorphic with M[X].
We obtain A by a standard method, due to Henkin, of constructing

relational systems from constants.

The universe of A will be C; for each ¢ in C the
interpretation of ¢ will be ¢ itself. The binary predicates

~, € will be interpreted as the relations I, E defined as follows:
(1) ejle, = (e » c, €F) cyEe, 2 (¢; € ¢, € F).

Finally the unary predicates Vu will be interpreted as

sets
(ii) A,=f{c€C: Vecé€ F}.
It follows from remark 6 above that I is a congruence in
A.
We prove by induction that if’ ¢ is a formula of RL and
Y € CFP(¢) then
(iii) AE ¢[y] = ¢(y) € F.

For atomic formulae ¢ +this follows directly from the
definition. If the equivalence is true for ¢ and ¢, ‘then using
completeness of F and 4 we immediately infer that it is also-valid

for 4, ¢ € ¢, and Vv ¢ vhere v is any variable.
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Thus A and also A divided by the equvalence 1 which
we shall denote by A/I are relational systems in which all sen~

tences of F are true.

We prove the following statement: for each limited formula

¢ and each y € CFr(¢)

(iv) MIX] £ ¢L[y*[X1] = A F ¢lv].

Let us write (¢,8) < (¢,y) if ¢, ¢ are limited formulae,
Ys 6 sequences of constants and ¢(6) § ¢(y) where <{ is the
relation defined in Section 5. It will be sufficient to prove (iv)

under the assumption that it is valid for all pairs (y,8) < (¢,Y).

If ¢(y) is minimal with respect to the relation <{ then

¢(y) 1is one of the sentences 0 € 0, 0 ~ 0, V.0 and the truth of

0
(iv) is easy to verify.

Let us assume that ¢(y) is not minimal. If ¢ contains
logical connectives then either (case 1) ¢(y) = 1¢1(y) or
(case 2) ¢(y) = ¢1(Y | Fr(¢1)) £ 9,0y | Fr(¢2)) or (case 3)
o(y) = ij [Vavj *’¢1(Y)] and (iv) is true for formulae 415 by
and arbitrary sequences Yyr Yo of constants such that
(¢1, Yl) < (¢,y) and (¢2, 72) < (¢,Y). In case 1 (¢1,y) < (¢,Y)
hence (iv) is valid for the ﬁair (¢1,Y) and taking negations on both
sides we obtain (iv) for the pair (¢,Y). In case 2
(¢i, Y |Fr(¢i)) < (¢,y) for i =1,2 and so (iv) is valid for the
pairs (¢i, ¥ | Fr(¢i)), i=1,2. Taking conjunctions on both sides
of the resulting equivalences we obtain (iv) for the formula ¢. In

case 3 the left-hand side of (iv) is equivalent to the statement:

for each x in B [x]
MIX] F ¢;Ix,Yy*[X1].
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Since each element of Bu[XJ has a name in Ca and since
c*[X] € Ba[X] for ¢ € Ca we infer, using the inductive assumption,
that this statement is equivalent to: for each ¢ in Cu,
AF ¢y [c,yl. Now let c' be an arbitrary constant. If
A ¥ Vu[c'] then c¢' satisfies ‘Vuvj > ¢1(Y) in A. Otherwise by
postulate (iv) there is a constant ¢ 1in C, such that c I e¢' and
since, as we proved above, A F ¢1[c,y], we obtain A Ek ¢1[c',yl.
Hence' each ¢! satisfies in A the formula Vs > ¢1(Y) and we

J
obtain the right-hand side of (iv).

The converse implication is proved similarly.

It remains to prove (iv) in the case when ¢ 1is an atomic

formula. We have several cases to consider.

Case 1. ¢(y) is the sentence e € cy. Subcase (a) :
p(cl) > pleyd. In this case the left-hand side of (iv) is equivalent
to ci[X] € cE[X]. Let c, be a constant of a possibly smaller

order such that c{[X] = cgtxl. Thus p(c3) < p(cz) and it follows

that the sentences ey ™ ¢y and c3 € ¢y precede the sentence

¢, €¢y in the ordering 4.

1

From the inductive assumption we obtain therefore A k cy™cy

and A E €3 € Cy whence ¢, » ey € F, €3 € ¢y € F and therefore

1
¢y €c, €F i.e., AE ey € Cye The implrication can obviously be
reversed.
Subcase (b) : p(cl) < p(cz). We denote p(c2) by a+ 1 and

discuss separately the passible forms of eyt

Sub-subcase (bl) : ¢, =m where m €M and rk(m) <a. In

this case the left-hand side of (iv) is equivalent to ci[XJ = n
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where n € m, Putting €y = n wWe have € ™ ¢y 4 ?1 € ¢, and so,
by inductive assumption, A E ¢, ~n whence <y # n€F and so

cpem €r, i.e., AE c) € ¢,

Conversely, by postulate (vi), the formula A F e, € ¢,
implies ¢y ~nE€ F for some n in m and the implications above

can be reversed.

Sub-subcase (b2) : e, = o. Here the left-hand side of (iv) is
equivalent to ci[X] = p where p € X. Since p(p) < p(o) we can
repeat the previous proof. Similarly the right-hand side of (iv) is
equivalent to ¢, € ¢ € F from which we infer, using axiom (9) and
postulate (vi) that ¢, *p€F forsome p in X. Hence we

obtain ci[X] = p because e ®p 4 ¢, € 0.

Sub-subcase (b3) : ¢, = ¢ where ¢ is a formula of L,
2 s,y

v € Fr(¢) and vy € CqFr(¢)-{v). In this case the left-hand side of

. . . « X
(iv) is equivalent to cf[X] € E¢,y*[XJ,Ba[X] i.e. to

Ba[X] E ¢[ci[x], y*[X1]1. We can replace here ¢ by ¢(a) and

Ba[XJ by MI[X] because the satisfaction of a formula in BQ[X] is

equivalent to the satisfaction of the relativized formula ¢(a) in

MLX]. Now ¢(a)(c1,y) < ey € ¢y because orders of the constants
occurring in ¢(a)(c1,y) are < a and all the unary predicates which

(a)

occur in ¢ have indices a whereas p(c1 € c2) = p(cz) = a + 1.

(a)[c

Hence we can use the inductive assumption and obtain A k ¢ l,y],

i.e., ¢(a)(cl,y) € F. Using axiom (%) we obtain ¢; € ey ¢,YE F
b

which is the same as ey e ¢, € F.
All these steps can obviously be reversed.

Formula (iv) is thus proved in case 1.
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Case 2. ¢(y) is the formula cy = Cye We can assume that
ple;) € ple,) = a + 1. The left-hand side of (iv) is equivalent to
ci[X] = cg[X] i.e., to ¥x Bu[X] (x € ci[X] = x-€ ca[X]) which in
turn is equivalent to W¥c c (c*[X] € ci[X] = c*[X] € cg[X]). Now
we notice that if c € Cu :nd p(cl) < a then op(c ¢ cl) <o +1-=
p(cl ~ c2); if p(cl) = ¢ + 1 then the formulae c ¢ ey and
cy ™ cy have the ,same orders but c¢ e ey 4 €y ey according to the
definition of <. Thus in both cases ¢ € c < €, ~ cy. Similarly
cecy 4 € ™ ¢y It follows now by the inductive assumption that
the left-hand side of (iv) is equivalent to ¥c ca® F (c e e fce PO
From axiom (5) we see that A F €y ™oy implies the formula
AF (ce e Z e 02). Hence the right-hand side of (iv) implies

the left-hand side.

It remains to prove that if A} ¢, ™ c, then there is a

¢ in Ca such that A F c ¢ ¢ 2 ce cy.

Let us assume A }¥ ey ™ 2y i.e., T(Cl ~ c2) € F. Using
axiom (5) and property 5 of closed sets we obtain a constant c¢' such
that either c' ec; € F and e' e ¢,) €F or ' e cy) €F
and c¢! ¢ c, €F. We can limit ourselves to the first case only.

We use postulate (v) and infer from c' ¢ ¢; € F that c!' mc€F
and c € c, € F for some c € Ca. Hence c ¢ e, € F and

e € c2) € F and fherefore A ¥ (c ¢ ¢y Fce c2).

Case 3. ¢(y) is the formula Vac. The left-hand side of (iv)
is equivalent to c*[X] € Ba[X], i.e., to c*[X} = ci[X] for some
ey in Cyr Since ¢ » ey 4 V,es, according to the definition of <,

we obtain A F ¢ ® ey i.e., c= c, €F. By axiom (3) Vqey € F

whence Vuc € F and therefore A k Vac. Conversely, if A F Vac,
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then, by postulate (iv), c =~ ey € F for some < in Cu and the

previous steps can be reversed.
The proof of (iv) is thus complete.

In order to finish the proof of Lemma 8.4 we remark that

(iv) implies the equivalences

MI[X] E CE[XJ € cg[XJ 2 AFCc Ecy,

MI[X] E cf[X] = ca[XJ AFc Icy,

MIX] k c*[X] € B IX] = A K MO
These equivalences show that M[X] is isomorphic to A/I.

Lemma 8.4 shows that we can obtain filters by constructing
closed sets of sentences. In the next section we shall construct
such a set and then show that the resulting filter X 1is reducible to

M.

9. Construction of a closed set FTF.

We consider a partially ordered set P as described in

Section 2 and denote by X the space of its maximal filters.

Let K be a o-additive field of subsets of X and I

a o-additive ideal in K. For each sentence ¢ of RL we put

E, = {x € X : M[X] F ¢}.

We shall assume that K and I have the following

properties:

A) F¢ € X for each sentence ¢ of RL,
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(B) If p€ P then [pl €I,
(C) If H€ KX - 1 then there is a p in P such that
[p] - HETI,
(D) For each formula ¢ of RL the binary relation [p]-F¢(Y)EI,

Fr(¢)

where p € P, and y € C , is definable in M.

We shall show in Sections 10-~12 that (A) - (D) are satisfied
if K 1is the field of Borel sets in X and I the ideal of meager

sets.

The binary relation from condition (D) will be written as

p b ¢(y) and read "p forces ¢(y)".

We note some simple consequences of the definitions and

assumptions (A) - (D).

LEMMA 9.1

If p,q€ P and p <« q, then [pl - [ql ¢ I.

Proof. There is r in P such that r<p and r and gq
azre incompatible, hence [r] ¢ [p] - [q] and thus if [p] - [q] were

in I we would have a contradiction with (B).

LEMMA 9.2

F =F, nF

F_. = X-T v s v

16 ¢’

F F

v ¢ =l Fogte) 0 ¥x ¢ " cQCuF¢<c)'

Proof results immediately from the definition of F¢.

Let us arrange in an infinite sequence (¢n}n6m all

sentences of RL. Let (wn} be a sequence consisting of all axioms

n€w
(1) - (12). For any finite set S of sentences we denote by AS
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their conjunction and by {S,a,B,...,¥Y} the set S U {a,B,...,7v}-

In order to construct a closed set we try to define an increasing
sequence {Fn}nEm of finite sets of sentences such that the following
requirements be met for each n > 0

(Rl) Fn is consistent,

(R ] € F

2) n-1 n?

(R,) either ¢n-1 or 1¢n—l belongs to F

3 n?

(R,) the pair (F

" ) satisfies the postulates.

n~1’Fn

It is clear that if these requirements are met, the union

UFn will be closed.

LEMMA 9.3

There are infinite sequences {pn}nEm’{Fn}nEm consisgting
of conditions and finite sets of sentences respectively such that, for
each integer n, Py t AFn and F satiefies the requirements

(R)) = (R).

Proof. For n = 0 we take Fo = # and define py to be
any element of P. Let us assume that Pp and Fn are already
constructed. We construct Fn+1 by adjoining to F several

sentences. First of all we adjoin wn' Since wn is true in

M[X] for each X, the formula p_k A{In,¢n} continues to hold.

Next we try to adjoin ¢n or’ 7¢n to {Fn,wn}. For each
X in ¥ we either have M[X] F ¢  or MIX] F ¢ . Thus the set
[pn] decomposes into two parts consisting of maximal filters X for
which the former or the latter formula holds. Both of these parts

belong to X but it cannot be the case that both of them are in I
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since otherwise [pn] itself would belong to I. Hence one of these
parts, call it H, is in K - I and hence by (C) there is a

L - 1
pé < p, such that [an HeE I We denote by F! the set
(Fn,wn,¢n} if ¢n is true in the models M[X]l where X € H, and
the set (Fn,wn, 1¢n} if 1¢n is true in these models. Thus we

obtain

PI

1
n '-AFn

and F; satisfies the requirements (Rl) - (R3).

In order to satisfy the requirement (Rq) we have still to

add various sentences to FA and restrict, if necessary, the condition
Ppe

Let us first add new sentences to Fé 80 as to obtain a set
which together with Fo satisfies the postulate (ii). To achieve
this we enumerate the existential sentences (i.e. sentences beginning

with the symbols 1¥vj which belong to Fn. Let these sentences be

(*) 3we, Iw'et,..., 3wk6(k).

For each X in [PAJ the sentence 3w is true in M[X]
and so for each X there exists a constant cy such that MIX] F
8Ccy). The set [pé] is thus decomposed into a denumerable union of
sets S = {X € [Pé] : M[X1 F 6(c)}. By (A) these sets belong to
K but it cannot be the case that they are all elements of 1I. Hence
there is a constant ¢ such that S, € I and hence by (C) there is a
condition p}! < p| such that [pé'] - 5, € I. It follows that
p;' F6(c). Thus adjoining ©6(c) to F! we obtain a set EX
such that pé' Ly AF;'. Repeating this process again k times we

(x) (k)

finally obtain a set Fy and a condition Pn such that
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pn(k) r AFn(k) and Fn(k) contains sentences 6(c), 6'(c'),...,
B(k)(c(k)) for each of the formulae (*). Thus the pair (Fn,Fn(k))

.satisfies postulate (ii).

The procedure for the remaining postulates is very similar.
In case of postulate (iii) we consider limited existential sentences,
i.e. sentences of the form 3uw ; which belong to Fn and for each

such sentence find a constant ¢ in Cu and a condition

tey x
o' <p

consider sentences of the form Vuc which belong to Fn and find for

which forces Zz(c). In case of postulate (iv) we

each such sentence a constant ¢' in Ca such that ¢ ~ c¢' can be
adjoined to the sets previously constructed. In case of postulate (v)
we cohsider sentences ¢ € ¢' in Fn and find for each of them a
constant c'' of order < p(c') such that ¢ ~ c'' can be adjoined.
Finally in case of postulate (vi) we deal with sentences of the form

:c € m which belong to Fn and find for each such sentence an element

n' of m such that the sentence c ~ n' can be adjoined.
Lemma 9.3 is thus proved.

The sequences {p } . and (F } . =~ constructed in Lemma
9.3 determine two filters: one is the filter Xo generated by the
conditions P, and the other is the filter X = {p : p € o € F}
where F = UFn. We shall show that these filters are identical.

First we note the useful

LEMMA 9.4

If {Pn}nEw’ (Fn}new are gequences satisfying Lemma 9.3

and F = UFn them ¢ € F = 3n (pn F ¢) for each sentence ¢ of RL.

Proof. ¢ €F z3In (4 € F) + in (pn ¥ ¢) because the
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sentence AFn + ¢ 1is logically true whenever ¢ € Fn. Conversely,
if ¢ € F, then, ¢ € F and hence, by the above proof, Pn [l
for some n. Assuming P F ¢ and putting k = max(m,n) we would

obtain Py F ¢ and Py F ¢ which is impossible by (B).

LEMMA 9.5

If {pn}nEw and {Fn}nEw are as in Lemma 9.3 and F = UFn
then the filter X = {pD€ P : p € 0 € F} is identical with the filter

generated by the sequence {pn} 3 moreover X 1is maximal.

Proof. Let p € P. For each Y in [p] we have p € Y
and so M[Y] F pe o . Hence [p]~ Fpec =@ and ptpeo. For
p = p, we obtain p, €0 € F. We have thus shown that the filter

generated by the pn's is contained in X.

Next we show that if p € X then p belongs to the filter

generated by the conditions Py

Since p € 0 € F there is an integer n such that the
formula Afh + (p € o) is logically true and so Pn b peo. Ve
claim that Pn < p. Otherwise there would exist a q < P, such that
q and p are incompatible. Hence no filter Y in [q] would
satisfy p € Y, i.e., the difference [q] - {Y € X : M[Y] k p & o}
would be equal to [q). From P, P R &0 we obtain however
pl-{YeX:MYIFpeol €I andso [ql - {Y€X : MIY]E
P eol €1 because [q] € [Pn]' Thus we would obtain the result

that [q] € I which is impossible.

Finally we show that X is maximal. Let Y be a filter
in P such that X ¢ Y and assume that pe Y - X, Hence

(p e o) € F and therefore P, b (p € o) for an integer n. Since
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p € Y, the conditions p and P, are compatible; let r < Py and

r < p. Since [r] - F_I(Eeo y € lpd - Fﬂ(gso) we obtain

[r]ln FREO € I. On the other hand the relation r < p proves that
for each Y in [r] the formula p € Y and hence also the formula
MIY]1 F pe o is true. Thus [rl - FEeo = ¢, [r] c FEEG which
together with the previous relation shows that [r] € I. Since this

contradicts the assumption (B), Lemma 9.5 is proved.
Taking our lemmas together we obtain

THEOREM 9.6

There exists a sequence [pn} of conditions euch that

ncw
the get F = {¢ : 3n p, F ¢} ie closed. The filter
X={p€P:peoc€F} ig reducible to M and mazimal. It e

identical with the filter generated by the conditions Pp-

Proof. Let {Pn}new and {Fn}nem

constructed in Lemma 9.3 and put F = UF, . From 9.3 it follows that

be the sequences

F 1is closed and from 9.4 that it coincides with the set

{¢ : 3n (p, F $)}. From 8.4 it follows that

MIX] k ¢[y*[X1] = ¢(y) € F = dnp_ F ¢(y). Since each p, belongs
to X and each element p of X is » Pp for some n we can write
this condition as Jp € X p F ¢(y). In view of the assumption (D)
there is a formula @¢ such that p F ¢(y) = M E O¢Ip,y] and so X

is reducible to M. The remaining two statements follow from 9.5.

10. Verification of assumptions (A), (B) and (C)

Let K be the field of Borel subsets of ¥ and I the

ideal of meager sets. We are going to prove that the assumptions
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(A) - (D) of Section 9 are satisfied.

(B) follows from Baire category theorem (see 2.5). The
proof of (C) is as follows: Each non-meager Borel set H has the
form (G - N) U N' where N, N' are meager and G is open and not
empty (see Kuratowski [66], p.88). Hetce if [p] € G, then

f{pl - HS N and therefore [pl - H is meager.

Proof of (A). From Lemma 9.2 it follows that if F¢ is
Borel for each sentence ¢ containing less than n symbols for
logical operations then it is true for the case when ¢ contains n
such symbols. Thus it is sufficient to prove (A) for atomic sentences.
It is more convenient to prove it more generally for limited sentences.
We show that if ¢ is a limited sentence and for each ¢ < ¢ the set

F is Borel then so is F

v ¢
The case when ¢ has no predecessors with respect to < is
trivial because ¢ is then one of the sentences 0 € 0, 0 ~ 0, ng

and F, is either the void set or the whole space X.

¢

Now let us assume that ¢ has predecessors. The cases
when ¢ contains symbols for logical operations can be disposed of as
above. Let ¢ now be atomic. We have three cases to consider.

1) ¢ = €] € ¢y We distinguish two subcases:
la) p(cl) > p(cz),
1b) p(cl) < p(c2)

Subcase la)l. Put p(cz) = Q. By definition X € F¢ =
c *[X] € c,*(X]l = c € Colcy*IX] = c*(X]) & (c*[X] € c,*[X])] whence

F = v (F n F ).
a
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Since c¢ € ¢, and ¢~ €, bprecede c¢; e ¢y in the ordering

< the result follows by inductive assumption.

Subcase 1b). If c, = m then we show similarly that
F¢ = U{Fc wp ¢ DE m} whence the result follows because
1R
€ ™ n < cy € ey,
If = o then X € F, is equivalent to 3p e P [X e [p]

e, 0
8 (ci[X] = p)]. Hence F¢ = ng ([pln Fc1~2) and F¢ is Borel

because 3 ¥ p < cy € 0.

€y = cu,¢,y then X € F¢ is equivalent to

and again the inductive assumption is applicable

If

XE€TF
m(a)(cl,y)

(a)

because ¢ (cl,Y) < €] € Cye

Case 2. ¢ = €y ™ Cy We can assume that

D(cl) < p(cz) = a. The relation X € F¢ is equivalent to

X €

3 n Fcec2] v o[eE- Feee

0 )n (¥~ F )]
cECG cecy 1 cee

2

whence we reduce the theorem to the case 1.

Case 3. ¢ = V;c. Put plc) = a. In this case X € F¢
is equivalent to c*[x] = ci[X] for some e, € Cu and hence
F, = whence the theorem is reduced to Case 2. Assumption

&c Fon
® €, evey
(A) is thus verified.

Before verifying assumption (D) we must establish some

properties of the foreing relation.

i1, Properties of the foreing relation

We denote by ¢, ¥ sentences of RL and by p, q, r elements
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of P. By ¢(v,w,...) we denote formulae of RL all of whose free
variables are among vV, W, ... .
LEMMA 11.1

If p<q and qt ¢ then p F ¢.

Proof. {p} -F, clql -F hence if the right-hand side

¢ '
belongs to I then so does the left.

LEMMA 11.2

If ¢ + ¥ <ig logically valid them p }V ¢ <implies p F V.
= - -
Proof. Fy, C Fy, and hence [pl Fy, & [pl Fye

LEMMA 11.3

If ¢ and V are logically equivalent then p t ¢ isg

equivalent to p F ¥.
This follows from 11.2.
LEMMA 11.4
pt o &V is equivalent to (p F ¢) & (p F ¥).

- = - v - H i i
Proof. [pl F¢$W [(Lpl F¢) ([pl FW)]’ it is now
sufficient to note that the union of two sets belongs to I if and
only if each of these sets does.
LEMMA 11.5
p F ¢ is equivalant to ¥q <p (q F ¢).

Proof. The left-hand side is equivalent to [pl N F¢ € I;

hence if the left-hand side is true and gq < p then [gl N Fy €1
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and so [ql - F, ¢ I by (B). If the left-hand side is false then

¢

by (C) there is q such that [q] - ([pl n F¢) € I and we obtain

([q] ~ [pl v ([q]l - F,) € I. Since by (C) [ql - [p] € I if and

$
only if q €« p we finally obtain q<p and q } ¢, i.e., the right-

hand side is false.

LEMMA 11.6

pt¥v, ¢ (v) dis equivalent to ¥c €C(p F ¢(c)).

- = U - i
Proof. [pl - Fy, o () getlp] F¢(c)) by 9.2. Using
the o-additivity of I we infer that this union belongs to I if

and only if each of its members does.

LEMMA 11.7

pltcem s equivalent to ¥q <p Ir<q Inenm

(r bt c~n).

Proof. The left-hand side is equivalent to ¥q < p

- U
(q Fc em) and hence to ¥q < p ([ql mem Femn € I) because

v ; .
Fccg ® em Fc~§' It follows that there exists an element n of m
such that [q]l n Fonn € I and hence, by (C), there is a condition r
such that [r] - ([qI n F__ ) € I. This proves that [r] C {[q] and

€ I, i.e., the left-hand side implies the right.

[r] - ch“__1

If the left-hand side is False then ([p] - Foen ¢ I and

hence, by (C), there is a q such that [ql - ([pl - F_ ) € I.

It follows that q < p and [g]l N Foem € I- Since Fc~g c FcEE

this proves that (gl n Fomn is in I for each n in m and the

same is true for each r < q.
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LEMMA 11.8

pY¥Yceo is equivalent to ¥q < pIr<q3s>r

(r Fcw3s).

Proof. We argue as in the previous proof using the equation
’
= 9]
Fieo s€p ([s1 n FC"E)'
LEMMA 11.9

If ¢ 18 a formula of L, v € Fr(¢), a € OnM, et € Ca
Fr(¢)-{v}

R . .
and ¥y € Cu then p F c' ¢ cm"t),Y is equivalent to
p ¥ 6%y,
Proof. Putting c¢ = cmm’Y we easily show that Fc'ec =
F .
ety
LEMMA 11.10

p ¥ Vac i¢ equivalent to ¥q < p 3r < q Ic' € Ca

(r b c~c').

Proof uses the same technique as 11.7 and the observation

that Pv = F

U »
c c'€C “cme!
a a

LEMMA 11.11

If ¢ € Cyyq them P b oy = c, is equivalent to

1> ©2
¥c € C {¥q < p [(gtceecy) »Idr<qlr Feecyle

Vg<pllgltececy »Ar<q(rtececdll

Proof. It is immediate that Fcl~02= CQC F¢(c) where ¢

is the formula v ¢ €] = Ve Cye From the g-additivity of I it
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follows that p } ey ¢, is equivalent to V¥c € Ca(p F ¢(e)). In
order to bring the result to the desired form we express ¢(c) by

means of the connectives & and 71 alone and obtain the sentence
¢'(c) = 1[¢1<c) £ 1¢2<c)] [3 1[¢2(c) £ 1¢l<c)]

where ¢i(c) =cecy for i =1,2. Since ¢(¢) and ¢'(ec) are
logically equivalent (or more exactly: since ¢(c) is just an

abbreviation of ¢'(e)), the relations p F ¢(c) and p F ¢'(c) are
equivalent. We now use Lemmas 11.4 and 11.5 and after easy trans-

formations obtain the desired result.

LEMMA 11.12

If ¢ € Ca+l and d € C then p FdE€ c 18 equivalent

to ¥q Ar < q 3c' € C[(r Fd=<¢c') € (rFc'e )],
<p a

Proof. Similar to that of 11.7 and uses the decomposition
= n '
Fdsc U[Fd~c' Fc’scj where ¢ ranges over Ca'
l2. Definability of the foreing relation.

We shall base our proof on the following theorem scheme on
definability by transfinite induction. Let U be a subset of M
and R a well founded relation which partially orders U. Let us
assume that U and R are definable in M and that for each u in
U the set of its R-predecessors R(u) = {ve&€ U : v # u § vRu}
belongs to M. Finally let H be a function definable in M which
correlates an element of U with each pair a, A where a€ U,
A€M and A is a function with domain R(u). Under these

assumptions there is-a unique function G with domain U such that
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6(u) = H(u,6 |} R(u)) for each u in U and this function is definable
in M. (Note: G | R(u) is the restriction of the function & to

R(u)).

This theorem is but an inessential extension of the theorem
on definitions by transfinite induction whose proof can be found in
many textbooks of set theory. We shall not enter into details of

this proof here.

We shall now prove the definability of the foreing relation.
If ¢ is a formula of L which contains logical operators then
either ¢ = Wpor ¢ = ¢ &€ 6 or ¢ = ¥ ¢y where v is a variable.
If the relations p F ¢(y) and p F 8(8§) are definable in M then
so is the relation p F ¢(y) in view of Lemmas 11.4 - 11.6. Thus
in order to verify assumption (D) it is sufficient to prove it for
the case of atomic formulae. We shall establish a slightly stronger

result:
LEMMA 12.1
The binary relation p F ¢ where pE€ P and ¢ i8 a

limited sentence of RL is definable in M.

Proof. Let us consider pairs (p,¢) where pe P and ¢
is a limited sentence of RL. The set U of these pairs is definable

in M. We order it partially by the following well founded relation

R:
(p,¢IR(qsy) = ¢ SV
Let us put G(p,$) = 0 or 1 according as pF ¢ oOr
pFo. In order to prove that the forcing relation is definable in

M it is sufficient to show that the function G is definable in M
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and we achieve this by showing that G satisfies a recursive equation
6(p,¢) = H(p,$,6 } R(p,$)) where H is a definable function. The
proper choice of H becomes clear when we examine Lemmas 12.4 -~
12,12, These lemmas show that the forcing relation p ¥ ¢ can be
reduced to some forcing relations between elements of P and limited
sentences which precede ¢ with respect to the ordering < ; thus
these conditions can be expressed by means of the values of G

limited to the set R(p,d). E.g., if ¢ = T then G(p,¢) = 0 if
and only if ¥q < p [G(q,y) = 1]. Accordingly we put H(p, T,A) = 0
if and only if ¥q < p (A(q,y) = 1), For other forms of ¢ the

procedure is similar.

We can now give the exact definition of H. Let

a = (p,$); then H(a,A) is defined for a € U and A € {O,I}R(a)ﬁM.

If a has no R-predecessors then ¢ 1is one of the senten-

ces 0 e 0, V0,

o

0 ~ 0 and we put H(a,A) = 1 in the first two
cases and = 0 in the third.

If ¢ = W then H(a,A) = 0 = ¥q < p (A(q,¥) = 1);

If ¢ = ¢ &€ & then H(a,A) = 0 = A(p,y) = A(p,8) = 0;

If ¢ = ¥av ¢ then H(a,A)

[l
o
[t

¥c € Cu(A(p, w(e)) = O
If ¢ = e £ ey and p(cl) > p(c2) = a then H(a,A) =0 =

¥g € p 3r € q 3c¢' € Cu[A(r,cl & c') = Alr,e' ¢ c2)

If ¢ = c) € ¢y and p(cl) < p(cz) and €, = m then
H(a,A) =0 = ¥% <p3Ir<qgin€m (Alr,eq » n) = 0)3

If ¢ = ¢) € ¢, and p(cl) < p(cz) and ¢, =@ then

H(a,A) = 0 2 ¥g< pir<qgi3s>r (A(r,cl ~ 5) 0);
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If ¢ = €; £ ¢, and p(cl) < 9(02) and ¢, = Cy,0,Y then
¥y
H(a,A) = 0 = A(p,w(u)(cly)) =03

If ¢ = ~ c, and max(p(cl), p(cz)) = g + 1 then

€1

H(a,A) 0

¥c € Ca{vq < p [A(q,c € cl) =
1lv 3r < qA(lr,c ¢ cy) = 01 &6 ¥q < p [Algq,c € c,) =

1 v 3r < q Alp,c e c;) = 01}

t

If ¢ = V,c then H(a,A) = 0 = ¥g K p3r € q 3c' € Ca

(Alr,c = c ) = 0).

The function H is of course definable in M, Using
Lemmas 12.4 - 12.12 we prove that G(a) = H(a, G E R(a)) for each a
in U. Hence G is definable in M and so is the forcing relation
because p F ¢ = G(p,94) = 0 whenever ¢ is a limited sentence.

Thus condition (D) is verified.

13. Additional remarks

Let D C P be a set dense in P i.e., such that for every
p in P there is a q in D such that q < p. We shall say that

D is dense in P under p if ¥q<p3dIr€D r < q.

In theorem 9.9 we established the existence of a sequence
{pn} of conditions which has the property that the set
F={¢ :3n Pn F ¢} is closed. We want to characterize sequences

with this property.
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THEOREM 13.1

If {pn}nem i8 a sequence such that the set

F=1{¢ :3n P b ¢} s closed then the filter X generated by {pn}
has common elements with every set D which belongs to M and is

dense in P,

Proof. Let D €M be a dense set. If the sentence
3v [(v ¢ D) & (v ¢ 0)] belongs to F then there is an element p

of M such that pe DE€F 'and pe g € F. It follows that for

some integer n, p  FpeD and p Fpeo: The first relation
implies p € D and the second P,<P (see 11.8). Hence
p €DnNX.

We shall now show that the assumption Iv [(v € D) & (v e 0)]
¢ F leads to a contradiction. This assumption implies that the
sentence ¥v [(v ¢ D) & (v € 0)] belongs to F and thus is forced
by a condition P, {from the initially given sequence. Thus for
each constant ¢ the condition Py forces the sentence
ql(c e D) & (c € 0)). We choose for c the constant g where g
is an element of D such that q < Pp- Using Lemma 11.5 we obtain
qF (geD &§(qeog), ice., either g¥F gqeD or g Fgc=o. Both

these alternatives are clearly false.

A filter X 1is called generic if X N D # @ for each set
D which is dense in P and belongs to M (more exactly X is called
generic in P over M). Theorem 13.1 can thus be expressed as

follows: If {pn} is a sequence such that the set {¢ : In Py F ¢}

n€w
is closed then the filter generated by the pn's is generic. We
shall prove that also the converse of this theorem is true. First we

need a lemma:
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LEMMA 13.2

A generic filter intersects every set D C P which belongs

to M and is dense under p where D 18 any element of the filter.

Proof. Put D' =DV {g € P : q is incompatible with p}.
In view of the separability of P the set D' is dense in P and
hence if X 1is generic then X N D' # & Since no element of X is

incompatible with p, we obtain X N D ¥ &

THEOREM 13.3

If X 1is generic then the set F = {¢ : 3p € X p ¥t ¢}

ig8 closed.

Proof. (1) F 1is consistent. Otherwise there would be a
finite set L ERREEL N of sentences in F such that the conjunction
¢ of these sentences is inconsistent, i.e., ‘has no model. By
assumption each ¢j is forced by a condition pj in X. Since X

is a filter we obtain a condition p in X such that p < Py for
each 3 €n and so p t ¢. Thus ([p] - F¢ € I, therefore
[p] n F, # # and we obtain a contradiction because for each Y in

¢

F¢ the family M[Y] is a model of ¢.

(2) I 1is complete. Let ¢ be a sentence and
D={pe P :pltk¢or pt T} In view of the definability of the
forcing relation we have D € M. We shall show that D 1is dense in
P. For let g be any condition. By 11.5 if q F ¢ then there is
a condition p € q such that p F ¢. Hence either gq € D or some

extension p of q is in D.

Since X 1is generic we obtain now X N.D # #; if p

belongs to this intersection, then either p forces ¢ or p forces
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74 whence either ¢ or ¢ belongs to F.

(3) The axioms 1 - 12 given in Section 8 belong to F.
This is so because these axioms are true in all models M[Y] where

Y is any filter; hence they are forced by any conditions.

(4) F satisfies the postulates (ii) - (vi). Since the
verification is practically the same for all the postulates we shall
give the proof only for the postulate (ii). Thus let us assume that
Svn ¢€F, i.e., p} 3vn ¢ for some p in X. Since 3vn is an
abbreviation of TUvnT we can apply Lemmas 11.5 and 11.6 and obtain
Vg<pir<qic€Cr ke This means that the set
D={r€P :3c€Crt (c)} is dense under p and so, since this
set belongs to M, we obtain that there is a condition r in D N X,
Hence there is a constant ¢ such that r F ¢(c) which proves that

$(c) € F. The postulate (ii) is thus verified.

Theorems 13.1 and 13.3 suggest an alternative method of
constructing models. We start with the definition of forcing and
establish first of all Lemmas 11.1 ~ 11.12. Then we define generic
filters and prove their existence essentially as in the proof of the
Baire theorem. Next we establish Theorem 13.2 obtaining a closed
set. Finally we prove that each closed set determines a reducible

filter X as we did in Section 8.

This alternative method is essentially the one which was
used by Cohen. Most authors follow Cohen by defining forcing from
the start by transfinite induction (in the model M). This allows
then to avoid the cumbersome verification of condition (D). The
only defect of this method is that it is not easy for the beginner

to grasp the intuitive meaning of the forcing relation.
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The connection between forcing and the concept of meager
sets was discovered by Takeuti and Ryll-Nardzewski and we exploited

their ideas in the proofs given above.

4. Pregervation of ocardinals

If o« € M is an ordinal then we say that a is a cardinal
of M if there is no element f of M which is a mapping of a
smaller ordinal onto a. One can show by examples that a cardinal

of M need not be a cardinal of M[X].

We shall derive a sufficient condition for a cardinal of M

to remain a cardinal of M[X].

DEFINITION

We denote by GH(P) the least ordinal a of M such that
for each set Q< P consisting of mutually incompatible conditions
and such that Q€ M there is in M a one-one mapping of Q into

a,
LEMMA 1.1
If MV ZFC then SM(P) exista.

Proof. We can formalize in ZFC the proof that for each
partially ordered set there is a 1least cardinal larger than or equal

to the cardinal of any set of mutually incompatible elements of P,

LEMMA 14.2

If X 1is a generic filter and o {3 a cardinal of M,

M¥ ZFC and o > 84(P) then o is a cardinal of MIX].
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Proof. Let us assume that there is in M[X] a function
f and an ordinal B8 < a such that f maps B onto a. Expressing
these facts in RL we obtain a formula ¢(f,a,8) : Funct(f) & (Dom(f) =
B) & (Rg(f).= a) which is true in M[XIJ. Denoting by ¢ a
constant such that c¢*[X] = f we infer from the assumption that X

is generic that there is a condition Py in X satisfying

Py Ly ¢(C:9_:§)-
Consider now the set

S = U{ZE : £ < B} where ZE = {n :3p < Py

pF3vInv,g,n) € veellnoao.
From the definability of F we see that Z6 € M.

The cardinal number of ZE (calculated in M) 1is < eM(P).
To see this we correlate (using the axiom of choice) a condition

p < Po to each n in Z6 so that p F (£,n) € c. Since

Py F Funct(e) 1t cannot be the case that two compatible P1: Py

be correlated to two different ordinals URTEL Hence the set of
conditions correlated with elements of Z6 consists of mutually
incompatible conditions and hence its cardinal number (in M) is e

< eM(P). Since B < a and eM(P) < a it follows that the cardinal
number of S is < a. On the other hand a € S because Rg(f) = a
and thus for each n in o there isa § in B and a p in X

such that p kF (£,n) € c. Lemma 14.2 is thus proved.

L5, The independence of CH

Let M F ZFC, a » w, x € M, We take as P the set of

finite functions p such that Dom(p) € a x w, Rg(p) € {0,1}.
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P is obviously an element of M. We order P by convention:
p <q if and only if p 2 q. All the assumptions which we made in
Section 1 are satisfied by P. In particular p, q are compatible

if and only if they coincide on the intersection of their domains.
LEMMA 15.1
SM(P) = w.

The proof is due to Cohen but the theorem was already proved
in 1941 by Marczewski. In order to prove the lemma we formalize the

following reasoning in ZFC.

We consider finite functions with values in {0,1} and
with domains C A where A is infinite (in our case A = a x w).
Let us assume that there is a non-denumerable set R1 of mutually
incompatible such functions. Rl can be decomposed into a
denumerable‘union of sets, two functions being included in the same
set if their domains have the same number of elements. One of these
sets is non-denumerable; to save notation we assume that all the
functions in Rl have domains of power exactly k. Let Py € Rl.
If q € R, and py # q, then p; and q are incompatible and this
can happen only if there is an element t = tq in the domain of Py
such that t € dom(q) and pl(t) £ q(t). Now there are only
finitely many elements t in dom(pl) and non-denumerably many q's.
Hence there is anon-denumerable family R2 = Rl and an element
t, € dom(pl) such that for each q € Ry the element t is in
dom(q) and pl(tl) # q(tl). Let p, € R,. Hence dom(pz)
contains tl. Again we see that there are non-denumerably many

elements q € R, such that for some fixed t,, t, € dom(p,),

q(t2) # p2(t2). It cannot be the case that t, = ty because we would
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then have q(t2) =1 - pz(tz) =1 - p2(tl) =1 - (1 - pl(tl)) since
P2(t1) = 1- pl(tl). But this is impossible because q(t,), i.e.

q(t;), is different from p;(t;). Thus we see that dom(pz) has at
least 2 elements t; and t,. Continuing this reasoning we obtain
a Py and a non-denumerable subset R3 of R2 such that Pj has

at least 3 elements in its domain. After k + 1 steps we arrive at
a Py in R € Ry with k+l elements in its domain which contra-

diets our assumption.

THEQREM 15.2

There are models in which CH {8 false.

Proof. Let M F ZFC be denumerable; take any cardinal
a of M which is greater than the first uncountable cardinal of M.
Define P as in the lemma above and let X be generic in P. We
are going to prove that M[X] F TCH. Since M[X] and M have the
same cardinals it is sufficient to show that M[X] has an element £
which is a function with domain «, with range ¢ 2% n M[X] and

which is an injection.

We obtain f by taking the union ¢ = UX which is a
mapping of a X w into {0,1} and putting f£(&) = ¢E where

. (n) = ¢(&,n). Obviously ¢ € M[X] and so f € M[X]. It remains

£
to prove that f is an injection, i.e. £(£) # f(n) for & # n.

Let us assume that this is not the case, i.e. that there are £, n < a
such that £ # n and @&(&,n) = ${n,n) for each n. The following

formula of RL expresses this fact (i.e. is true in MI{XI):
Vvo Vvl {v0 [ I [(g,vl,g) € vy S (Q,vl,g € vo]}

(as before we assumed hLere that ordered pairs and triplets can be
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defined by formulae of RL). It will be more convenient to write

this formula as

(*) Vv, ¥vy 1{(v0 € o) & W}

0

where ¢ is the formula (i,vl,g) € Vg = (ﬂ’vl’g) € vy
Since (*) is assumed to be true in M[X] there is a p in X which
forces this formula. Using Lemmas 11.4 and 11.5 we infer that for

each ¢ in P and each n in w
(k) p ¥ 1{(g € 0) & W(g,n)}.

We now notice that the domain of p 1is finite and thus
there is n such that neither <(E,n) nor {(n,n) are in dom(p.
Adding (&,n,1> and {(n,n,0) to Pp we obtain a condition q < p.

Apply now to (**) the Lemma 11l.4. We obtain
q F[q eo & Wig,n)l

i.e. q F (g e o) or q k W(q,n) which is equivalent to q F (gqe0)
or Ir < g r F y(g,n). The first part of this disjunction is
obviously false. The second is false too because for each r < q
and each Y in [r] the truth value of (g,n,0) € g in M[Y] is

"false" and that of (n,n,0) e q is "true" and so r F y(g,n).
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Some Impredicative Definitions in the Axiomatic
Set-Theory.

By

Andrzej Mostowski (Warszawa).

Let (8) denote the Zermelo-Fraenkel set-theory based on
the following axioms

(4,)  (24,,) [(%5) (@ € T, =y € 23) D, = 5],

(Ay) (24,%y) (Hy) (24) [2 € Tym(Ty= 2,V 3, = T5)],

(4;) (@) (Hzy) (5) (205 € Tyma(y) (24 € 23074 € 2,)],

(4,) () (Hzy) (z3) [05 € Bymm(Har,) (5 € T, 24 € 7;)],

(4g) (Hzxy) (Hery) (5 € @, - (25) {25 € 2, D (Hay) [0y =25 @5 € 7,

(%) (@4 € g D0y € 73)]}),

(Ae) () (wlp ""wlp) {(971) [wl € ?‘D(ﬂ{tm) (zx) (¢ -10,,=$,,,)]3
I(Hxy) () [Tn € Toom (Hay) (T € 22 P)]},

(4;) (@ayyeeny@a) {(H2)PO(E2) [P+ (=) (T1€ 2 D~D')]}2).

(4,) and (A,) are axiom schemata. The letter @ in (4,) replaces
any expression (with free variables ;, z,, 2, cony Ty and ,%)
built up according to the following rules: If ¢ and j are integers,
then z,¢2; and z,=; are formulas; if  is a formula and j an integer,
then (dx)0 is a formula; if & and Z are formulas, then so is 6|Z 3).
We assume that ¢, is not free in .

The letter & in (4,) replaces a formula with free variables
ZyyTpgy -y Ty, a0d P’ replaces the formula resulting from @ by sub-
stitution of” the letter a; for z, on every place where z, is free in @.
It is supposed that #; is not bound in ®.

1) (4,) is the axiom of extensionality, (4,) — the pair-axiom, (4,) — the
powerset axiom, (4,) —the sum-.set axiom, (4,) —the axjom of infinity, (4;) —
the axiom of replacement, and (4,) — the restrictive axiom (the ,Axiom der
Fundierung” of Zermelo).

$) zp must not necessarily be a free variable of @.

%) Other logical connectives can be defined by the’ stroke | in the well-
-kpown manner.
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We assume in (S) the well-known rules of proof, namely the
modus ponens, the rule of substitution and the rules of omission
and of introduction of quantifiers. Furthermore we assume special
rules which enable us to prove every tautological formula including
the identity-symbol:

R,. If &, ¥, and & are formulas, then the formulas

(POY¥)D[(¥DO)D(¥DIO)], PI(~PD¥), (~DDD)DD

are provable.

R,. The formula x,=x, 18 provable.

R,. If ® is a formula, x, is not a bound variable of & and @'
differs from @ only by containing free occurrences of @, on one or several
places where @ contains free occurrences of x,, then the formula

$‘=$13(¢ L ¢')
18 provabdle.

Let (8’) be the Bernays-Godel system of set-theory. We
shall not describe the details of this system because it is sufficiently
well known from the literature ¢). We remark only that every ex-
pression meaningful in (8) is also meaningful in (8’) and every
axiom of (8) is provable in (§8°).

It has been proved by Novak 5) that if (8) is consistent, then
{8") is also consistent ®). Since this proof is formalizable in (8’),
it follows that the consistency of () cannot be proved in (§’). On
the other hand (8’) arises from (8) by addition of variables of the
next higher type and therefore the so-called definition of truth
for (8) is formalizable in (8’)7). Since the ,,whole theory of truth“
makes it possible to prove the consistency of a system for which
the notion of satisfaction has been defined 8), we infer that certain
properties of the notion of truth for (S) cannot be established in (S’).

4) See, 6. g., Bernays [1]) or Godel [2).

§) See Novak [3] and Rosser-Wang [5].

¢) I can even be shown that every formula provable in (§‘) and expres-
sible in (§) must be provable already in (8). We give here a simple proof based
on results established by Novak [3). Suppose that @ is expresaible in (§), pro-
vable in (8’) but not provable in (8). Let (8,) be the system got from (8) by
addition of ~@® a8 a new axiom. Then (8,) is consistent and the corresponding
system (8{) obtained from (8,) by the method described by Novak must be
consistent too. On the other hand (8}) is at least as strong as (§’) and therefore @is
provable in (8;) which is & contradiction because ~ @ is evidently provablein (8).

A more elaborate proof is given in Rosser-Wang [5).

7) See section 1 below. ®) Bee Tarski [6], pp. 369, 382.
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An exact analysis of this situation leads to the following three
theorems the proofs of which will be sketched in this paper:

Theorem I. There is an expression V(x,) of (S') with exactly
one free variable x, such that if @ is an arbitrary expression of (8S)
without free variables and n the Gidel number of @, then the equivalence

P =V(n)

is provable in (8')®). The formula V(x,) has the form (HX) A(X,x,)
where A(X,z;,) 18 a formula without bound class variables. If & is
a theorem of (S), then V(n) is provable in (8’), but the general theorem

()[4, is the Godel number of a theorem of (8)DV(x,)]
18 not provable in (8') provided that (8’) is consistent.

Theorem II1. There i3 an expression O(xz,) of the form
(4.X) B(X,x,) where B(X,x,) does not contain bound class variables
such that the formulas

O(1) and (n){O(n)D6(n+ 1)

are both provable in (8) but (n) O(n) 1°) is not provable in (8’) provided
that (8’) is consistent.

Theorem III. There is an expression @(x,) of the form
(AX) C(X,x,) where C(X,z,) does not contain bound class variables
such that the formula

(AX) (@) (2, € X = P(xy)]

is not provable in (8') provided that (8’) is consgistent M),

1. We begin with the proof of theorem i. In order to construet
the formula V() with the properties required in the theorem we
shall formalize in (S’) the definition of satisfaction and of truth
for (8). Let us therefore reecall briefly these definitions.

%) ¥(n) is the expression resulting from V(z;) by substitution of the n-th
numeral (suitably defined in (S8‘)) for the variable z,.

10) The variable n ranges over the set of integers defined in (S').

1) This theorem shows that the system NQ considered by Wang {7] is
essentially stronger than the system of Bernays-Gddel. This follows also
from the fact that the consistency of the Bernays-Gdédel system is provable
in NQ,
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For every formula & of (8) there exists a sequence of formulds
1) Dy, Pyy -y Pa=P

such that for every t<n @, is either a formula of the form xz,=2;
or of the form z,ez; or one of the following two cases is satisfied:

(2) there are integers j, h less than 1 such that O,=®;|P,,
(3) there are integers j and m such that j<i and O,=("z,)P;.

A sequence (1) satisfying these conditions will be called
a construction-sequence or briefly a C-gequence for &.

We denote by 8, the set of integers g such that z, is free in @,.

A finite sequence of sets is defined as a finite set f of ordered
pairs {u,v) such that if {u,v>ef and <u,v,> ef, then v=v,. The
w’s of the pairs {u,v)> belonging to f form the domain D(f) of f. It
{u,v) € f, we write v={f(u). If 8 CD(f), then f|s is the set of pairs {u,v)
such that % es and {u,v>¢f.

A finite sequence of classes is defined as a class F of finite
sequences of sets with a common domain D which is at the same
time called the domain of F 1*). If zeD, then the class of all y’s such
that there is a sequence f with the properties {x,y> ¢ f ¢ F is called
the z-th term of F and denoted by F,. Note that elements of F,
can be arbitrary sets, in particular arbitrary finite sequences of sets,

To each C-sequence (1) we let correspond a finite sequence
of classes F with the domain D consisting of all integers <n. If
i<n and &, is the formula z,=x; or z,ex;, then F, is the class
of all sequences f such that D(f)={k,j} and f(k)=f(j) or f(k) e f(j).

If &, satisfies the condition (2), then F, is the class of all
sequences f such that D(f)=s, and either fis;noneF; or fjsynon ¢ F).

Finally if @, satisfies the condition (3) and z, is free in &,
then F, is the class of all sequences f such that D(f)=#; and there
exist an integer m and a set a for which f4{{(m,a)} ¢ F,. If z, is
not free in ®;, then we put F,;=F,.

A sequence of classes F which satisfies the above conditions
is called an 8-gsequence for & corresponding to the C-sequence (1).

This definition says of course nothing about the existence
of S-sequences.

We say that a sequence f satisfies @ if there is an S-sequence F
for @ such that f e F,.

11) S8ee Robinson [4].
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If @ has no free variables, then the only sequence which can
possibly satisfy & is the void sequence 0. If 0 ¢ F,, we say that &
is true, otherwise that @ is false 13).

It is clear that these definitions can be expressed in (8’). The
only difficulty lies in the presence of the meta-mathematical notions
Hformula®, ,quantifier” etc. It is however possible to eliminate
all these notions in favour of the purely arithmetical ones, using
the well-known technique of the Gdédel numbers and identifying
the ,linguistic* concepts with their arithmetical counterparts.

The definition of satisfaction thus formalized in (8’) takes
on the form of a formula Sisf (2,,,)=(UX)M(X,2,2,) where =,
runs over the set of the Gédel numbers of formulas and «, over the
class of finite sequences of sets. The definition of truth takes on the
form of a formula V(«,) of the form (AX)A(X,,):

Viz,) == (Hz,) (z5) [~ (2, € x,) - St8f (2,2,)]
m (T X) {(Hx,) (5) [~ (25 € 5) ‘M(X,2,,2,)]

We shall now prove a series of lemmas which will lead to the
proof of theorem I. All these lemmas are concerned with pro-
perties of formulas of (8) and since we wish to state and to prove
them in (§’) we must explain in a few words in w.at way such
theorems can be expressed in (8’).

There are two different ways to express in (S’) meta-mathe-
matical theorems about (S). One of them uses the method of Godel
and identifies expressions with their Gédel numbers Instead to say
that every expression @ of this or other class K possesses a property P
we say that every integer which is the Godel number of an expression
from the class K possesses the property P’ obtained from P by
substitution of the arithmetical notions for the corresponding meta-
mathematical ones.

Whether this method is applicable or not depends on the
nature of the class K and of the property P and notably on the
possibility to define K and P by means formalizable in (S°).

A theorem about formulas expressed in this way in the sym-
bolism of (S’) becomes a single theorem of (§').

Another possible method is to express theorems about for-
mulas of (§) as theorem schemata of (8’). The general theorem
every @ has the property P is then expressed in the form of an in-

1) Bee Tarski {6], pp. 313-314.
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finite sequence of theorems of (8’) each formula @ contributing
one theorem to the sequence. This method is sometimes advantageous
because the arithmetical counterpart P’ of P is not always definable
in (8’) and even if it is definable in (8’), the general theorem described
in the precceding paragraph does not need to bhe provable in (8')
although each formula of the sequence representing the theorem
schema is provable in (8’). We shall see later that both situations
can actually oceur (cf. lemmas &, and 2Zj).

In order to facilitate our exposition we shall always identify
formulas of (8) with their Godel numbers and shall avoid as far
as possible the use of logical symbols. These simplifications, con-
venient though they are, obliterate sometimes completely the dif-
ference between single theorems and theorem schemata of (8).
We shall therefore denote theorems by the letter ,,7“ and theorem
schemata by the letter , 2. We remark that proofs of all theorems
and of all particular instances of the schemata are based exclusively
on the axioms of (§').

T,. For every formula of the form zy=2x; or ©,ex; there exisis
an §-gsequence

Proof. 1t is sufficient to take for this sequence a one term
sequence F such that F, iz the class of all sequences -{<k,a)>, <j,b>)}
where a=b or a €b.

Ty. If @ and ¥ are two formulas for which there exist S-sequences,
then there exists an S-sequence for the formula ®|¥.

Proof. Let F and @ be the S-sequences for the formulas @
and ¥ and let F, and @, be the last terms of these sequences.
Finally let 8, be the set of integers i for which 2, is free in @ and &,
the set of integers ¢ for which «, is free in ¥. From the axioms of (8')
follows easily the existence of the class Z of all sequences f such
that D(f)=s,+ 8; and cither f|s, does not belong to F,, or fis, does
not belong to G,. We obtain now an §-sequence H for the formula
Q¥ putting Hy=F; for i<m, Hppy=G for j<n, and Hpipp1=2.

Ts. If there exists an S-sequence for an expression @, then there
exists also an S-sequence for the ewpression (Hwzy,)d.

Proof is similar to that of 7,

Let now n be one of the integers 1,2,3,... Applying T,, T,
and Ty n times we obtain the following theorem schema:

Zy. If @ is a formula of (8), then for every C-sequence (1) ending
with @ there exisis a corresponding S-sequence.
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As indicated, X, is a theorem schema; the existence of the
J-sequences stated in the schema is provable for each formula &
separately. The general theorem

(D) (HF) [F is an S-sequence for @)
i8 expressible in (8’) but we see no way to prove it from the axioms
of (8').
Zy. If @ is an expression of (8) with free variables Ly ooy Ty
(1) a C-sequence for @, and F a corresponding S-sequence, then
(4) f={<ky @ap>y - Kkps T, 0} D (f € Fp mm D).

Proof. We proceed by induction with respect to n, the length
of the C-sequence (1). If n=1, then @ has either the form x, =g,
or the form w, ez, and F is a one termed sequence such that F,
is the class of all sequences {(k; a>, (k;,b>}, where a=b or aeb.
Hence (4) becomes in this case one of the tautological formulas

f={kyyZa),s <k21wb,>} I(feF,m Ty, =T,),
f={<kyyny gy Za >} D(f € Fy mm Ty, € Tn,).

Suppose that (4) is provable for formulas with C-sequences
shorter than n and let @ be a formula with a C-sequence (1) of the
length n. We have to consider the two cases (2) and (3).

In case (2) we have ®=@,|P, with j<n and h<n. Let s; be
the common domain of sequences from F; and s; the common domain
of sequences from F,. By definition of S-sequences we obtain

(5) f € F, = (flg;non e F;V f|s, non e Fy).

The inductive assumption gives the equivalences

flaye Fym®y,  flape Fpmm Dy
and we obtain from them and from (b)
f €F,. - (~¢IV ~¢h) -¢Il¢" m P,

In case (3) we have @=(Hdz,)®; with j <n. We can suppose
that &, is free in @, since otherwise the theorem is trivial. From
the inductive assumption we obtain the equivalence

f4 {<my @)} ¢ Fym &
and the definition of satisfaction gives another equivalence

feFym(Hzn) [f+ {<m7w->} e Fyl.
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Both equivalences together entail the equivalence
feFpm(Uz,)P; =P,

Theorem 2y is thus proved.

The difference between the schemata 2, and 2y lies in the
fact that 2 is not expressible in (8’) as a single theorem. If we try
to express 2 as a single statement of (§’), we must replace the @
on the right side of the equivalence by its Godel number and the
theorem evidently looses sense because on both sides of an equi-
valence must stay formulas and not numbers.

2. Theorem X, shows that the definition of truth which we
adopted for the system (S) satisfies the conditions imposed on that
notion by Tarski [6], p. 305. Furthermore this fact can be proved
in (') for each particular formula of (8) We shall now analyse the
question why the consistency of (8) cannot be proved in (8’) although
& ,good” definition of truth is formalizable in (S’). We shall show
that the real source of this illusionary paradox lies in the fact that
although every particular instance of the schema

(2) i} @ is provable in (8), then P is true

can be proved in (8§'),yet the general theorem

(T) if @ i3 provable in (8), then @ is true

cannot be deduced from the axioms of (8’).

Ty The axioms (A,)—(4;) are true.

This is merely a restutement of the fact that the axioms
(4,)—(Ay) are at the same time axioms of (§’). For the sake of com-
pleteness we indicate the method of proof for the axiom (4,).

The void Sequence satisfies the formula (4,) if and only if
every two termed sequence f={{1,a), (2,b)>} satisfies the formula
(6) (@3) (i € &, == Ty € ry) D 2, = .

Applying the definition of safisfaction we infer that f satisfies
the formula (6) if and only if it either does not satisfy the formula
(%) (X3 e 7, m g€ T,) or does satisfy the formula z,=z, Applying
again the definition of satisfaction we transform this condition
into an equivalent one as follows: ecither there is a set ¢ such that
the conditions

the sequence {{l,a), {3,¢>} satisfies the formula x, e z,,

the sequence {{2,b>, {3,c)} satisfies the formula x ¢ x,
are not equivalent or f satisfies the formula x,=a,.
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Applying still onece more the definition of satisfaction we
reduce the above conditions to the following: either there exists
a set ¢ such that ~(ceamcebd) or a=b.

It follows now directly from the axiom (A,) which is valid
in (8’) that these conditions are satisfied.

Zy. For every formula @ of (8) the formulas {Ag) and (A,) cor-
responding to the formula @ are true.

It will be sufficient to indicate the method of proof for the
axiom schema (4,). Let @ be a formula of (S) with the free variables
Ly &y Tyy -3 T,y Tt Applying the definition of satisfaction we prove
easjly that the assertion of X, is equivalent to the following state-
ment: If

(7) a8 a 3¢t and for every z; in x, there exists exactly one set x,
such that @,

then there exwists a set x, such that x, ez, if and only if there is an
x; in x, such that .

In order to prove this statement let us assume (7). By theo-
rem X there exists a class X such that

{<kamh>; <o,y <n,Zap, <k1’mk1>;--'y<kmmhp>} €eX md.

Let U be the class of pairs {x;,o,) such that

{<kyzap, L, <nyzn), <k1a“‘t1>v"'7<kp,mtp>} eX.

The existence of U (which depends of course on ,parameters”
m,,m,l,...,a:,p) follows from the class theorem which is valid in (§').
It follows from (7) that for every z,in z, there exists exactly one @,
such that <{z;,z,) ¢ U. We apply now to U and z, the axiom of
replacement and obtain a set x, with the desired yproperties.

The above argument would remain valid with the letter , @
replaced everywhere by ,the sequence f= {{k,x)), {l,xp), {N,Tn),
Ky Tagdy ey k,,,a:.p)} satisfies @“ if we only knew that there exists
a class X of sequences which satisfy @. Hence applying theorems
T, and T, we obtain the following theorem:

Ty If @ and ¥ are formulas of (8) such that the instances of the
awiom schemata (A,) and (A,) corresponding to these formulas are
true, then the formulas ¥ and (Hx,)P have the same property.
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As is well known the rules of proof lead from true formulas
again to true formulas. To express conveniently this theorem we
introduce the notion of valid formulas.

A formula @ with free variables Ly ey i, 18 called valid if
every sequence f with the domain {k,,...,k,} satisfies @.

T, If @ and ¥ are two valid formulas, then all formulas resulting
Jrom them by the rules of proof are also valid.

This theorem follows immediately from the fact that the rules
of proof admitted in (8) are also valid in (8’). The method of proving
this will be exemplified sufficiently well on the following example.

One of the rules states that if the formula @DV is already
proved and the variable z, is not free in ¥, then the formula
(Hz,) POV can also be considered as proved. Now let us assume
that the formula @DV is valid but the formula (Hz,)®D¥ is not.

Les &; be the set of integers ¢ such that x; is free in @ and s,
the set of integers j such that a; is free in ¥. From the definition
of satisfaction follows the existence of a sequence f such that f|s,
satisfies (Hx,)®@ but f]s; does not satisfy ¥. If z,, is not free in @
we have already a contradiction since f|s, satisfies @ but f|s, does
not satisfy ¥, hence f does not satisfy the formula ®D¥ against
our assumption that this formula is valid. If z, is free in @ then
there exists an a such that the sequence f|s,4 {(m,a)} satisfies @
and hence the sequence f4-{(m,a)} does not satisfy the implica-
tion @OV contrary to the assumption that this implication is valid.

We arrange now all the formulas falling under the schemata
(4,) and (4,) into an infinite sequence

(8) By, By, By, ...

in such a way that the formulas corresponding to the composite
expressions P|¥ and (Hz,)P occur later in the sequence than the
formulas corresponding to the simple expressions @ and W.

We shall say that @ is a theorem of at most n-th order of (8)
if @ is provable from the axioms (4,)—(A4;) and at most = first terms
of the sequence (8) by at most n applications of the rules of proof.

From theorems 7', and T, we obtain

Tyo. If every theorem of the n-th order is true, then every theorem
of the n4-1-st order is true.
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Using Ty and applying successively the theorem 7', we see
that the following schema contains exclusively formulas provable
in (8'):

Xy Every theorem of the n-th order (n=1,2,...) is true.

It follows from this schema that if m is the Gédel number
of an arbitrary theorem of (§), then V(m) is provable in (8‘). The
general theorem however

(n) (P) (P 18 a theorem of the n-th order) D (P is true)]

though expressible in (8’) is not provable in (8’) provided that (8’)
is consistent. If this theorem were provable in (§’), then the theorem

(@) (P is a theorem of (8)) D(P is true)]
would also he provable in (S8’) and since the theorem
(D is true) D~(~D 18 true)

js provable in (8’), we would infer that the consisteney of (8) is
provable in (8’). This however entails the inconsistency of (8) and
hence the inconsistency of (8').

In view of X2, and I, the last remarks complete the proof
of the theorem I. At the same time we have explained why the
congistency of (§) is unprovable in (8‘) in spite of the fact that
a satisfactory definition of ,,truth” for the system (S) is formalizable
in (8).

3. Weshall now deduce from the previous results the theorems I1
and III mentioned in the introduction.

Let ©(z) be the formula which we obtain writing in the symbols
of (§’) the following statement:

x 18 an integer and every theorem of the z-th order is true.

1t follows from T4 and T, that the formulas
O(1) and (n)[O(n)DO(n-+1)]

are provable in (8’) whereas the discussion given at the end of
section 2 shows that if (S’) is consistent, then the general state-
ment (n) ©&(n) is not provable in (§’).
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As to the form of the formula &(z) it is immediate that it can-
be written as
(9 (m) [m<g(z) D(HX) A(X,m)]1)

where ¢(r) is a number-theoretic function such that ¢(r) exceeds
the Godel numbers of all theorems of the order # at- most. Indeed
O(x) says that for every theorem of an order <z there exists an
S-sequence such that the Vvoid sequence belongs to its last term.

We can now transform the expression (9) into an equivalent
one which says that there is a finite sequence Y with the domain
consisting of integers less than ¢(x) and such that if m<¢(z), then
the m-th term Y, of Y satisfies the condition A(Y n,m).

In this way we give to O(r) the form (HX) B(X.x) required
in theorem II.

Finally we prove theorem II1. Let us tuke as @(z) the for-
mula

z 1% an inleger and ~6(z).

Suppose that the formula
(AX) (7) [z e X wu D))

is provable in (8’) and consider the class X such that z ¢ X m®(z).
Using the restrictive axiom 18) we infer that

(10) X=0V(dx)[(z € X)) (no element of z iz in X))

Since 6(1) is provable in (S’), we obtain 2 ¢ X Da4 1. Hence (10)
entails 1¢) that

X=0V(Uz)[(re X -(z—1 non ¢ X))
and therefore we obtain
X=0V(dz)[O(x—1)-~6(z)].

Since G(x—1)D6(x) is provable in (§') we can simplify this
formula to X=0. But if this formula were provable in (8’), then
the formula (n) ©&(n) would also be provable in (8’) and hence (8°)
would be inconsistent. Theorem III is thus proved.

1) The variable m ranges over the set of Gédel numbers of theorems of (8).

18) See Bernays {1], axiom VII or Gddel {2), axiom D.

16) We recall that in the Bernays theory of integers the less-than re-
lation is identical with €. Cf, Bernays {1}, pp. 8-9.
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4. We conclude with the following general remark which
should clarify the intention of the paper.

People working with Tarski’s theory of truth generally believe
that if a satisfactory definition of truth for a system (or  language®)
(8) can be set up in another system (,meta-language”) (S’), then
the consistency of (8) is provable in (8’). By a satisfactory defi-
nition of truth is meant a definition which satisfies the ,conven-
tion 9B“ given on p. 305 of Tarski [6].

It follows from theorem 1 proved above that one should he
careful making such general statements. If the meta-language of
(8) is very weak (though stronger than (8) itself), then as our
theorem 1 shows the statement in question can even be false.

In order to be sure that the consistency of (J) is provable
in (§8’) by the methods used in the theory of ,truth“, one has to
require that the general theorem

T. Each formula provable in (8) is true,

be provable in (8’). This is certainly the case if the following two
theorems

T'. Each axiom of (8) is true,

T". If @ arises from true formulas by means of a rule of proof
admitled in (8), then @ 18 true

are provable in (§') and if the indueotion principle

if 0(1) and (n)[O(n)DO(n+1)] are provable in (8'), then so
18 (n) @(n)
holds in (8’) for arbitrary formulas.

1t is entirely conceivable (although 1 did not succeed to find
a suitable example) that for certain systems (8) and (S‘) both T”
and 7' are provable in (§') and yet the consistency of (8) is not
provable in (8’) because of the lack of u sufficiently strong induction
principle in (S’).

On the other hand the consistency of (8) is evidently provable
in each w-complete system (8') in which a satisfactory definition
of truth for (8) is formalizable. This remark is however of little
practical value, since according to the well-known fundamental
theorem of Goédel no finitary system containing arithmetic of
integers is w-complete.
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Correction to the paper ,,Some Impredicative Defi-
nitions in the Axiomatic Set-Theory” by Andrzej
Mostowski.

Dr Hao Wang from the University of Harvard has called
my attention to the fact that a statement made on p. 118 of my
cited paper i8 incorrect.

Contrary to what is said in the quotea place the scheme

(2) tf & iz provable tn (S), then & is true
contains formulas which are certainly unprovable in (8’) provided
that the system (§) is consistent. Indeed, if &, is an arbitrary
formula of (§) such that the negation of &, is provable in (8),
then the sentence

if &, is provable in (S), then D, is irue
could be provable in (8’) only if (§) we e inconsistent.

The correct wording of the scheme (X) is as fallows:

(Z*) For every ® — if ® can be proved in (S) in at most u
sleps from at most n axioms, then @ is true (n=1,2,3,...).

1t is exactly this scheme which is actually proved in the pa-
per (cf. scheme (X,;) on p. 121). The scheme (ZX) although stated
in the introductory remarks to the section 2 was neither proved
nor used anywhere in the paper.

For symmetry one could still reformulate the theorem (T)
on p. 118 as follows:

(T) For every @ and every n — if @ can be proved in (S) in
alt most n steps from at most n axioms, then © is true.

Note that in the incorreet scheme (X) it is the letter ,,®”
which has to be replaced by an arbitrary formula of (8) in order
to obtain a sentence of (S’) whereas in the correct scheme (X*) the
variable ,,&” is bound and a sentence of (S’) can be obtained upon
substituting an arbitrary numeral 1,2, ... for the variable ,n".



Models of axiomatic theories admitting automorphisms
by
A, Ehrenfeucht and A, Mostowski (Warszawa)

The present paper is concerned with models of axiomatic theories
based on the first order logic with identity and more gspecifically with
automorphisms of sueh models. The main results of the paper are con-
tained in section 5 and in particular in theorem 5.7 which says that if
a theory possesses at least one infinite model, it also possesses a model
with a “very large” automorphism group. It is a corollary to this theo-
rem that axiomatic systems of arithmetic possess models which admit
non-trivial automorphisms. Thig corollary solves a problem formulated
by G. Hasenjaeger.

From the point of view of methods it may be interesting to note
that the proofs of our fundamental results are not constructive and that
for two reasons: First we use a theorem which states that if a theory
is consistent, then the set of its axioms can be extended to & consistent
and complete set. Secondly we use the so called ordering principle, <. e.
an axiom stating that every set can be ordered. Since in the whole paper
we are dealing with theories containing an arbitrary’ (not necessarily
denumerable) number of constants, we see that the first non-constructive
theorem mentioned above is equivalent to the so called fundamental
theorem of the ideal theory in Boolean algebras (Henkin [2], especially
P. 89 and Lo$ [4]). Since the ordering principle is known to follow from
that theorem (ELo¢ and Ryll-Naidzewski [6]), we conclude that the non-
-constructive tools used in the proofs of our principal theorems are all
reducible to the fundamental theorem of the ideal theory in Boolean
algebras.

It shouid also be mentioned that our proofs provide another instance
of what has been called by Tarski [10] “the principle of condensation
of singularities”: The existence of a model admitting a large group of
automorphisms is equivalent to the simultaneous satisfiability of an
infinite number of sentences. We secure the satisfiability of these sen-
tences by showing that the adjunction of an arbitrary finite number
of them to the axioms does not render the theory. inconsistent.
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In order to make the paper self-contained we have collected in the
introductory sections 1-3 all the notions and lemmas which are necessary
to an exact formulation of the main theorems and to their proofs. None
of these sections contain new results: in sections 1 and 2 we lay down
the terminology and recall some well-known facts concerning models. In
section 3 we expound the general method (due to Henkin [1], Novak [7],
and Rasiowa [9]) of constructing models for arbitrary theories. In sec-
tion 4 we recall some properties of automorphisms and prove a theorem
stating that for each group G there iz a theory some models of which
possess an automorphism-group isomorphic with G (this is the only theo-
rem in our paper in whose proof the full axiom of choice is used).

It seems to us that the automorphism-groups discussed in the pre-
sent paper deserve a closer study. We intend publishing some of ther
applications in subsegnent: papers.

1. Axiomatic theories and their syntax. We consider axio-
matic theories based on the functional calculus of the first order. Every
such theory § is determined by three sets: 1° F(8), the set of functors
(symbols for funetions), 2° P(8), the set of preuicates (symbols for rela-
tions (2. e., for propositional functions)), 3° A(S8), the set of axioms. We
make no assumptions ag to the cardinal numbers of these sets, which
may be finite or denumerable or even non-denumerable. We assume
however that P(S) contains at least one symbol, viz. the identity pre-
dicate ¢. If ¢ is a functor or a predicate, then we denote by a(g) the
number of arguments of . We do not exclude the case where a(p)-=0;
in this case ¢. i8 called a constant. Of course we assume that a(u)=2.
Finally we assume that all the theories which will be considered below
contain the same individual variables and we (enote these variables 1)
by 517527537"- :

By W(8) we denote the class of terms of §. Thus W(8) is the smal-
lest class that contains all the variables and contains the expression
@(®yy...; Way) (Where ¢ e F(S)) whenever it containg w;,w;,..., .-

By Z(S) we denote the class of (sentential) matrices of S. Thus
Z(8) is the smallest class satisfying the followmg conditions: 1° If e P(S)
and @y, W € W(S), then a(wy,...,wum)eZ(S): 20 if {,0e Z(8),
then ~¢, &L, e Z(8); if (e Z(8), then (HE)eZ(S) for n=1,2,... 2.

1) The letters & are not variables but names for them. In a similar way we con-
strue the symbols “~"’, “7** ete. which we shall use below as names for symbols actually
occurring in 8.

) Other logical aperations can be defined in an obvious way in terms of negation,
conjunctiou, and existential quantifier.
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An expression which results from an expression «e W(S)uwZ(S)
by a substitution of a term w; for a variable &; (j=1,2,...) will be de-
noted by

substa (El’ b )

Wy W3y ...

or, in cases where no misunderstanding is possible, more simply by
substa(w;,w,,...). We omit the explicit formulation®of the well-known
conditions which must be satisfied in order that the operation subst be
performable.

A matriz { €« Z(8) is open or closed according as it contains no bound
or no free ‘variables. A term o ¢ W(S) is called constant if it contains no
variables. The set of constant terms will be denoted by W*(S).

The class of theorems of § will be denoted by T(8). The following
matrices are assumed to be contained in 7'(S) for each S:

Exebey, EtEDEE,  (ExtE)(EEL) D(Extn)
&185D wisubstw (?‘) & fID[C — substt (Ek)] :
1

&
(weW(S8), teZ(8), k,1,m=1,2,...).

A theory 8’ is called an extension of 8 if F(S)CF(8'), P(S)CP(S8'),
and T(S)CT(8’). The extension is called wnessential it P(S')=P(8)
and T(8')~Z(8)=T(8).

A theory S is called open if all matrices that belong to A4 (S) are open.

From the so called sccond e-theorem (Hilbert and Bernays [3],
p. 18-33) follows

THEOREM 1.1. For every theory S there exists an open theory 8’ which
i8 an inessential extension of S.

2. Models of axiomatic theories. Let § be a theory and X
a set. We consider a function M with the following properties:
1° M assigns a fnnetion M, (with a(p) argaments) defined in X and taking
on values which are elements of X to each ¢ € F'(8); 2° M assigns a relation
M, (with a(n) arguments) defined in X to each n ¢ P(S); 3° M assigns
the relation of identity in X to the predicate «. Every snch function M
we call a pseudo-model of S over X.

Let M be a pseudo-model of § over X. A funection

f=(fl,eg,---)

By, gy

which assigns an element of X to each variable we call a valuation. We
put valpé;=a; and extend this definition over the whole class W(S)

by assuming
valp (o, . o) =M, (Valp o, ., Valpoug) -
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Instead of valpo we shall usually write

valy o (E“ E”"')

Dy 3 Lyy e
or simpler valyw(®y,r,...).
Let weP(S), oy wme W(S), and C=n(w,...,0um). Weo de-
fine 3)
stofopl = Mo (valpwy,y ..., Valpr0m)
and extend this definition over the whole get Z(S) by assuming ¢)

stsfar(~C)=r~ostsfiyl,  stsfpg(ly- $o) s=stsfmly - stsfma G,
StSffM(HEr’): = (Hf’)[(j"\’nf) ‘ StSff’MC] y

where the formula f'~,f means that f(£,)=f(&;) for jsn.
Iustead of stsf¢ we shall usually write

stsfMC(El’ Sy )

TyyLyyeen
or simpler stsfal (i0y,7g,...).

We denote by Ve the set of matrices { which are valid in M, 1. e.
are such that stsime holds for ull f. If A(S)CVy,, then we say that M is
a model of 8.

Let 8 be an extension of § and let M’ and M be pseudo-models
of 8 and S over the same set X. We call M’ an extension ) of M if
M,=M, for pe F(S)w P(8).

The following theorem is an immediate consequence of the above
definitions:

THEOREM 2.1. If &' is an extension of S and M’ an extension of M,
then stsf ael =stsfnl for each valuation f and each ¢ e Z(S).

3. The construction of models. Let S be an open theory which
possesses a model over an infinite set and let X be an arbitrary set. We
assume that there is a one-to-one correspondence between the elements
of X and certain symbols which do not eccur in §. For simplicity we
shall identify the elements of X with the corresponding symbols.

We extend the theory § to a theory S*(X) by adding the elements
of X to the set F(S) and the matiices ~ (2" ¢x”’) where 2',0"" ¢ X, o’ £
to the set A(S). We assume that a(x)=0 for x¢ X, ¢. e. that each x iy
a constant term of the theory §*(X).

3) Here, ag in many places below, we use the logical symbols as abbreviations
of certain expressions of the informal language.

¢) Note that in these formulas logical symbols have double meanings: they oceur
as names of symbols of & and as abbreviations of expressions in the informal language.

*) This meaning of the word “extension’ is'narrower than the meanlng attributed
to this word by f.os. Cf. J. Los (5]
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LEMMA 3.1. The theory S*(X) is consistent.

Proof. Let M be a model of § over -an infinite set ¥. Let us first
assume that X is a finite set consisting of the elements ,...,2,. Let
¥1,..3¥a be different elements of Y. We extend the model M of § over Y
to a pseudo-model M* of S*(X) over ¥ by putting

M;=M, for @eF(S), Mi=y, for j=1,2,.,n,
Mi=M, for =#xneP(N).

From theorem 2.1 it immediately follows that if e A(S), then
L e Vys. Since the formula ~(x'12"”) ¢ Vpp is evident, we conclude that
M* is a model of 8*(X) over ¥. Hence S*(X) is consistent.

The general case can be reduced to the case of a finite X by the
observation that an inconsistency of 8*(X) would entail the inconsis-
tency of 8*(X;) where X, is a finite subset of X.

Now let I be an arbitrary consistent and complete subset of Z (8*(.X))
containing A(8*(X)). The existence of I is secured by lemma 3.1. We
denote by 8(X,I) a theory §’ such that F{8')=F(8*(X)), Z(8')=Z(8* X))
and 4(S’)=I. Two constant terms o,,w, of the theory S(X,I) will be
called equivalent if w,tw;¢I. We write then w; ~w,. The following pro-
perties of the relation a are obvious:

LEMMA 3.2. ~ i8 an equivalence rclation and xynon~u, for x,,z,e X,
Ty F Ty

" LEMMA 3.3. If (peF(S(X,I)), neP(S(X,I)), W), W), Try Tk are constant
terms of the theory S(X,I) (j<a(p), k<a(n)), and if o;~w), T
for i<alp), k<a(n), then

PO ey Outy) X @01y ooy Wiy T (Tyyeeny Tagn) =7 (Thy ey Tagm) € L .

We denote by &y the set of equivalence classes of W*{S(X,1))
under the relation ~. The equivalence class containing a constant term o
will be denoted by [w].

We assign to a functor ¢ ¢ F(8) a function M, such that

Ml[w1]s - s [0ap]) =L@ (@150 s Da@)] s
and to a predicate n ¢ P(S) a relation M, such that
HM[01]y o s [wam]) =@y 0y Oam) € 1

It follows from 3.3 that the values of M, and of M, do not depend
on terms w; but on the equivalence classes {w,;]. Since

M. ([o]),[w:)) =0 t0, ¢ [ =y~ o={o]=[w],

we obtain
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LeMmA 3.4. The function M is .o pseudo-model of 8 over he set Fx.

The pseudo-model M -depends -on the sets X .and J and will there-
fore be denoted by TM(X,I) if its dependence on X and I will have to
be emphasized.

From the definitions we obtain by an easy induction

LeMmA 3.5. If w e W(8) and 7,,%,,... are constant terms of 8(X,1),
then valgeo{[11],[.],...)=[substw (7, 75,...}].

LrMMA 3.6. If  is an open matriz of 8 and 1,,7,,... wre consiant
terms of S(X,I), then stsfal([r,]y[1e],-..)=substl(z;,vq,...) € 1.

Since I contains the axioms of § and these axioms are open ma-
trices, we obtain from lemma 3.6

THEOREM 3.7. M(X,I) is a model of S over Fx.

Again let 8 be an arbitrary theory and X an arbitrary set. Let M
be a pseudo-model of 8 over a set ¥ and let M’ be its extension to
a pseudo-model of $*(X) over Y. The following theorem will be needed
in section 5:

THEOREM 3.8. If we W(S), L Z(8), L is open, .and if x,,2,,... e X,
then w'=rsubstw (z,,%,,..+) i g constant term of S X) and {'=substl(z,2,,...)
is a closed matriz of S*(X); moreover

(3.8.1) valy o' =valyo (M, , M,,...),
(3.8.2) stsfarl = stsfaul (M, M5, .-}~

Proof. If o= £;, then both the left and the right hand sides of (3.8.1)
are equal to My. If o=g¢(w,...,04p), then o'=g¢(wi,..,0) where
the accents denote the operation subst(z,a,,..). If {3.8.1) holds for
the terms w; (j<a(p)), then

valy (w') =My (valyrwi, ..., valyr wie)

=M;, (valel(M;l, M;’,...),..., Valuw,,(w)(M;l, M_",a,...)) .

Since M,=M,, we obtain (3.8.1) for the term w.

Proof of (3.8.2) is similar.

4. Automorphisms of models. Let M be a model of S over X.
A one-one mapping f of X onto itself is -called an aulomorphism of M
if the following equations are satisfied for arbitrary ¢ € F(S), n<€ P(S)
and @,,%,,...6 X:

f(M?’(‘z“l 3eee r’va(w))) =M¢'(f("”1) yese ,]‘(.’Da(w))) ’
My ,iba(,,))EM,,(f(.’Dl), -"y]‘(w«a(n))) .
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The group of automorphisms of M is denoted by Gu.

In the following two lemmas we note some well-known properties
of automorphisms:

LEMMA 4.1, If fe @y, 0 e W(B), L eZ(8), and v,15,,... € X, then

f(va‘le(xumu'")) =V3'1Mw(f(ml)7f(wz)1"~) ’
stafarl (@, @3, ...) =8tsial (f(21),f(2a),...) -

LeMma 4.2, If 8 is an extension of S, M is a model of 8 over X
and M' a model of 8 which is an extension of M, then GaCGay.

We ghall now show that each group can be represented as G for
a suitably chosen model M of a suitable theory S§.

THEOREM 4.3. For each group G there is a theory S and a model M
of S such that the groups Gy and G are isomorphic,

Proof. We call, 48 usual, a left translation of @ a mapping I of G
onto itself defined by means of the formula I(g)=g,g, where g runs over ¢
and ¢, is a fixed element of @,

We take as F(S) the empty set a4nd as P(S) the vet consisting of ¢
and of binary predicates s, where f runs over one-cne mappings of G
onto itself that are not left translations of @. The set 4(8) is to consixst
exclusively of the axioms of identity enumerated on p. 52.

If f is a one-one mapping of G onto itself that is not a left trans-
lution of @, then there are two elements g,,g, of G ~uch that f(g,)- g1’
#1(g:)- g2 . We select for each f a pair gir,gss of elements of G satisfying
this condition and denote by M, the binary relation defined in G such
that

(4.3.1) Malg',9")=(Ag)[(g.e G)- (' =gg1s)- (9" =992/)] «

Denoting by M, the relation of identity in @, we obtain a model
of 8 pver G.

Let I be a left translation of G, 1{g)=g,g9 where g, € G. From (1.3.1)
we immediately obtain

(1.3.2) M, (g9 ) =M (Ug),Ug")  for e P(8)

and hence le @y

If 1 is not a left translation of @, then (4.3.2) does not hold for all
7 € P(R). Indeed, suppose that.(4.3.2) is true for f=1. Sinece M, (g1:,92),
we obtain M,.,(l(g”),l(gz,)) and hence we infer that there is a g ¢ G such
that Ug)=g-gu and Ugu)=g gu, i 6. Ugu) gii'=Tiga) gui’, which
contradicts the choice of the elements gy, go;. Hence I is not an auto-
morphism of M.
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It follows that Gy is identical with the group of all left translations
of G and hence isomorphic with G.

5. Models with non-trivial automorphism groups. The fol-
lowing theorem due to Ramsey ([8), theorem A on p. 384) is basic for
all theorems given in this section:

THEOREM 5.1. Let Y be an infinite set and Y" the set of subsets of ¥
having exactly n elements. If Y"=C;u..u 0, 18 a partition of Y" into
mutually disjoint sets, then there i3 a j <<k and an infinite set Y, CY such
that Y:CC’.

In the sequel we consider an open theory § and a model M(X,I)
of § (cf. section 3).

LEMMA 5.2. A one-one mapping h of X ondo itself determines al most
one automorphism f of M(X,I) salisfying the condition f([x])=[h(x)]
for ze X.

Proof. A constant term v of 8% X) has the form r=subst w(x,,2,,...)
where o ¢ W(S) and ;¢ X for j=1,2,... Honce by 3.5 and 4.1 we obtain
the formula f([r]):valww(f(ta:,]),f([:v,]),...), which shows that the value
of f([r]) is determined by thé values of f([«]) for # ¢ X. This proves the
lemimna.

If h is & one-one mapping of X onto itself for which there exists
an automorphism f with the properties described in lemma 5.2, then
we shall say that h induces an automorphism. The automorphism induced
by h will be denoted by fx.

LEMMA 5.8, If hys£hy and the automorphisms.fy,,fs, evist, then fu 5 fu,.

Proof follows immediately from lemma 3.2.

LEMMA 5.4. A one-one mapping b of X onto itself tnduces an auto-
morphism of M(X,I) if and only if the following condition is satisfied

by each open matriz [ and each assignment (E“ E”""):
DyyTyyn

. 51,52,----) ( &1y Easen )

5.4.1 subst == subst I.

(5.4.1) s C(;t,,xz,... By, h(@) ) ©

Proof. From the completencss of I it follows that cxactly one of
the closed matrices subst{(@y,oy,...), ~substl(z,»,;,...) belongs to I.
We can assume that it is the first.

By 3.6 we obtain the formula stsfgl([y],[2,]),...), whence we infer by
lemma 4.1 that if & induces an autcmorphism of M(X,I); then
stsfacl ((h(@)], [h(22)],...), . e, Dy 3.6 substl(h(x;),h(z,),..} ¢ I. This
proves the formula (3.4.1).

Let us now assume that (5.4.1) holds for each open matrix { and
let T be a constant term of the theory 8*(X). We assign variables of §
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to the elements of the set X occurring in v in such a way that different
variables are correlated with different elements. Let Z denote the va-
riable assigned to » and let 7 be a term of § obtained from v by replaeing
each © by the eorresponding variable Zz.

Now let 7,,7, be two econstant terms of the theory S*X) and let
&y4...,8, be all the clements of X whick occur in 7, or i 7, or in both
of them. We shall show that

5.4.2) If vy~ T, then subst?( Ty geeey T )msubsti( i s T )
(3 ) fHf i~ Whiwyg), .., h(wa) B (@y)y ooy B ()

Indeed, 7,27, means that =, ¢ 7,¢1, whence
= [Ty ey T,
substrlrr,< Ereens ")’e[.
TigoeeyTp
Now we use (5.4.1), in which we take (=17,¢7, and replace the
variables &,&,... by %;,%,...,%7,. In this way we obtain

= = B, Fy ey E
| DS o ) T
which proves (3.4.2).

From (5.4.2) it follows that defining f, by means of the formula

o Ty yees I, s
)= .substt( koo o )]
R L i
{where x,...,s, are all the elements of X that occur in 1), we obtain
a function defined on &y.
Each element [7] of &y is the value of fg for a suitable argument.
Indeed, if

r’—subsﬁ( g I )
RN @)y BN )
then

-, _ Ty yeey T
T = Sﬂbst‘t’(*:r—' T‘) s
@)y e s BT (@)
and hence

B2 e W) )]
h(R™H @), k(B (@)

= [subst? (:1’ “"i")]=[‘r] .

1v syl

W(r')= [subst 7’ (

In a similar way we show that the mapping f, is onc-one. Indeed,
if fa(fril})=/s[7:]) and o,...,s, have the same meaning as in (5.4.2),
then

o Fy g, Ey o F gy Ty
subst7y (h(wl) - ,h(w,)) ~ subste, (h(w:),...,hw,)) ’
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and hence

thet T 1 & Fy ey g
substT, ¢ T’(h(wl),...,ﬁ(m,)) el.

Using (5.4.1) we obtain
subst7,¢ ?,(z“ o x") el

Tygeeey Tn

whence 7yi7, ¢ I, 1, &1, and {r]=[7].
Finally we shall show that f, is an automorphism of M(X,I). ¥or
¢ € F(8) we have

ML) s [Ta@D) = Fall@( 71y ey Tu))]) -

By putting o=¢(1y,..,Tx,») and observing that o=¢(7},...,Txm) we
obtain further

P o)) = Fllo) | substia, 7 2 )]
A By ey F o By ey Ea
- [" (s (o gl et ol 7 h(m.)))]

| M| RO R B i ||
=M (fllri])s s Il Zuim])) -

This is the required automorphism-property for ¢ ¢ F(8).
If meP(8), then

Ma[71]y ooy [Tam)) = (Try ey Tam) € 1

— — Tyyueey T,
Esnbstn(r,,...,-r,(,.,)( rrres ")eI,
Tyyewes Ty

where &y,...,z, are all the elements of X that occur in 7(7yy..r,Tam)-
Using (5.4.1) for {==(7y,...,Tsun) We obtain therefore

FATT, e [Tatry]) = SUDSET (s vy Fu) (h (f;l) " (Ew)) 1.

The right-hand side of this equivalence means precisely the same as
Ma(fs[7d;r s Iul[Tam))). Lemma 5.4 is thus proved.

In order to express conveniently the content of lemmas 5.2, 5.3,
and 5.4 we shall adopt the following

Definition. A group @G; of transformations of a set X, sirongly
contains & group & of transformations of a set X if X,DX and each fe@
can be extended to at least one function f, ¢ &,.
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If G is a cyclic group gencrated by a transformation h, then instead
of saying that G, strongly contains ¢ we shall say that @, strongly con-
tains h.

From lemmas 5.2, 5.3, and 5.4 we ¢btain

THEOREM 5.5. Let S be an open theory and X a set. In order that
there exist a model M of 8 over a set X,0X such that Gy strongly contains
a group @ of transformations of X it is necessary and sufficient that the
theory 8*(X) remain consistent after the adjunction of all equivalences
(5.4.1) to its axioms where h is an arbitrary element of G and ¢ an arbitrary
open matriz of S.

Proof. If the condition is satisfied, we can extend the set T'(S*(X))
to a complete set I satisfying (5.4.1). On using lemma 5.4 we obtain
a model M(X,I) whose automorphism group strongly contains the
group of transformations [x]->[k(x)] of the set [X]=E [# € X]. Since

]

there is a one-one correspondence between the elements of X and those
of [X], we can exchange the classes [z} for the elements x and obtain
thus from SM(X,I) (which is a model of 8 over ) a model M of &
over a set X,DX such that G, strongly contains the group @G.

Conversely, if there is a model M of § over a set X,0X such that
Gy strongly contains @, then we use 4.1 and find that formulas (5.4.1)
belong to V,, for each open matrix ¢ e Z(8) and each ke @. Since the
axioms of §*(X) are cvidently clements of Vy, we obtain the desired
consistency.

THEOREM 5.6 ). Each theory S (not necessarily open), which possesses
at least one model over an infinite set, possesses a wmodel My .such that the
group Gy, strongly contains an infinite cyclic group.

Proof. Let us first assune that 8 is open and eonsider an infinite set

X o= oy By ey X1y By Dy g ee y By e}

where a;#»; for ¢#j. Let b be the transformation h(z)=x;.4
(j:(’a Z!:'la igv--)-

In order to prove our theorem we have to show that the adjunction
of equivalences (5.4.1) (where e Z(8) and x,,...,2, are to be replaced
by arbitrary elements of X) does 1ot render theory §*X) inconsistent.
It will of course be sufficient to show that no inconsistency oceurs if we
adjoin an arbitrary finite number of equivalences (3.4.1) to the axioms
of §*(Y).

) Theoren: 5.6 is contained as a special case in the theorem 5.7 which follows.
Since however the proot of theorem 5.6 is much simpler than the proof of theorem 5.7
we thought it useful to give an independent proof of theorem 5.86.
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Let us therefore consider s open matrices £,,...,; € Z(8) and assume
that no variable different from §&,,£,,...,&, occurs in any of these matrices.
We consider further s sequences of integers cach containing exactly t (not
necegsarily different) terms:

Brsfryees ™y Gayfoyeneyla}  wend  BgyfsyecnyMy .

We may assume that the terms of these s sequences lie in the interval
—n<r< N,

We extend S to a theory S* such that P(8*)=P(S), F(8%
=F(8)v{z_n,..., %041} (Where a(x;)=0 for —a<j<n-+1) and A(S*) is
obtained from A(S) by adjunction of the matrices

(5.6.1) substC,(E”&z’""&’)asubst[,( by &2 ey & )

Ty eens Dy h(wy), h(x)) sy h (@)
1=1,2,..,8),
(5.6.2) ~(@pay  —n<i<<j<n-+1.

Note that the only symbols of S* that do not occur in 8§ are
LmpyeseyTnyTnt1.

In order to prove the consistency of S* we shall construet a model
for this theory. To this effect we first assign 2a+4-1. different vanables
of 8 to the elements x_,,...,x,;1 and denote by 7, the variable correspond-
ing to z,. We consider further 2° matrices

_517_'527'",51

i17"[h7"' ] Iml

(5.6.3)  w,,...==substly (

)...substg'fn (_51,_52 sy & )

Ligy Tjyyeeey Tm,

where g,=+1 for p=1,2,...,8 and {° stands for { or ~{ according as
g=+41 or e=—1. These matrices evidently belong to Z(8); their free
variables are T_,,...,7, or some of these variables. It is also evident that
the matrices (5.6.3) possess the following properties:

{5.6.4) ~(Weyn,” Wrnoum,) € T(8) for (81 85 Z (7100 %s)
(5 6.5) the alternation of 2° matrices (5.6.3) belongs to T'(S).

Now let M be a model of 8§ over an infinite set ¥.. The existence
of M is secured by the assumptions of the theorem. We assume Y to
be ordered by au arbitrary rvelation < which, in general, lias nothing

in common with relations definable in 8. Tet ¥Y** be the set consisting
of subsets of Y with exactly 2r41 elements and let €, . be the

set containing as elements all those sets {y_,,...,¥,)CY for which
Yn<... <y, and

(5.6'6) StSfM 'ch...t.(;_"’”-’;").
Y nyrerYn
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From (5.6.4} and (5.6.5) it is eclear that the sets (.. determine

a partition of Y™ Applying theorem 5.1 we infer that there is
a fixed system of indices &,...,5 and an infinite set Y,CY such that

111CO0,,..,. We choose from Y, 2n+2 elements ¥_py...,¥n;¥nt1 Such
that ¥.,<... €¥; < ¥ny1. Hence we have the formula (5.6.6) and also
the formula

T 7,
5.6.7 Stf gy, ( AT e )
( ) Ve Y—nt1yeeesYnia

We now define- a psendo-model AM* of §* over Y by assuming

My=M, for ¢@eF(8), Mi=y, for j=-—n,.,n,n+1,
Mi=M, for =meP(8).

¥ [ e A(S), then [ ¢V and hence { e ¥y« (ef. theorem 2.1). Axioms
(5.6.2) of 8* are evidently contained in V. because ME=y;7#y;=M3
for i 4. Formulas (5.6.6) and (5.6.7) prove that

TiyeeryTm Ti yerey Ty
stsfMC?(y" ’ ’). and stsfMZ,'?(y" ! ')

fyvery Ymy i1y eee s Ymyt

for 1=1,2,...,s and hence, in accordance with theorem 3.8,

o [Eryeeny & af &1 9y &
stsfas [sUbstCH ) and  stsfu.f{subst ‘( T ) A
M (s ¢ (a:;,,...,m,,,,) ‘ M ( ¢ h(zi)y .. yh(Tm)

From these two formulas it follows that axioms (5.6.1) are valid in M*,
i. e. belong to Vy». This proves the consisteney of 8*.

Theorem 5.6 is thus proved for the case of an open theory. The
general ease can be reduced to the case of an open theory by means of
theorems 1.1 and 4.2.

The following cxample shows that theorem 5.6 ceases to he true
if we replace in it the words “infinite cyclic group” by the words “an
arbitrary transformation group’.

Assume that 8 is a consistent theory and that P(S8) contains a bi-
nary predicate z such that the matrices

(1) (& &) D(Eméy), ~(&m&y), (&m&) V(& e &) Vg nEy)

belong to T'(S).

If M is an arbitrary model of S over an arbitrary set X, then Gy
does not contain functions whieh, limited to a subset X of X,, are trans-
formations of finite order different from identity. For assume that fe Gy,
Ha)#x, and f, limited to a set XCX, containing #, is a transformation
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of order ». Since X is ordered. by the relation M,, we have: either
M, f(z)) or M,f(z),z}. It will be sufficient to eonsider only the first
case. We have evidently M,(f(z),f'*Y(2)) for j=0,1,2,...,n—1 because
f is an automorphism of M. By the transitivify of M, we obtain there-
fore M,(z,f"(x)), i. e. M(x,z), which is a contradiction.

In connection with these remarks we shall introduce the following

Definition. For each set X ordered@ by a relation < we denote
by @{X, <<) the group of all transformations of X onto itself leaving
invariant the relation << (s. e. satisfying the condition z, <=z, =f () <f(x,)
for o,z ¢ X).

THEOREM 5.7. If a theory S has at least one model over an infinite
set, then for each ordered set X there is a model M, of S such that Gy, strongly
contains G(X, <<).

Proof. As in the proof of theorem 5.6 we can limit ourselves to the
case of an open theory 8. According to theorem 5.5 we have only to show
that the theory S*(X) remains consistent after the adjunction to its
axioms of all matrices (5.4.1) where { is an open matrix of 8§ and
h e G(X,<]). This again can be reduced to the proof that the theory S
remains consistent after the adjunction of an arbitrary finite number
of axioms of the form (5.4.1) and of a finite number of axioms of S*(X)
which are not already contained in A(S).

Accordingly we consider a finite number of open matrices. {;,{z, ... 4,
of § and assume that no variable different from &,é,,...,4 occurs in
any of these matrices. We further consider s sequences each containing ¢
elements of X

(5.7.1) L(i—1)t+1y 2+ 9 Lity 7:2“—-1,2,...,3

(we do not assume that x; %z, for j=k). Finally we consider ¢ functions
G1yeey g€ G(X, <) and denote by X* the set containing all the elements
(6.7.1) and all the elements gi(x;) where 1=1,2,...,8 and §=1,2,...,st.
We extend S to a theory S* agsuming that F(S*)=F(8) v X*, P(8*)=P(8)
and letting: A(S*) to consist of A(S) and of matrices

(5.7.2) ~{x' ez’ za'' e X*, ' H#£z,

(5.7.3) Substé}( & ""’E')Esubstii( NN E')

LG—1)t41y 03 Tir Tl =1e41) y or s G @it} !

1=1,2,..,8.

In order to prove the theorem it will be sufficient to define a model
of S*,
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We hegin hy assigning a variable Z to each element £ of X* in such

a way that & £¥" for 2’#2”. We further put p=sf and introduce the
following matricex:

; —hubqtl,( & ’E')

=1
1(l—l)l+l; Ty,

i/_’i=ﬁllbf‘tizt(q b ey )’ i=1,2,..,4.
(La—1yr+1) g vee 5 Gil Tir)

Since the assignment z—Z is one-one, we eagily see that axioms
(5.7.3) can be written in the form

(3.7.4) subst ( 1o ").r_-'snbut ( v T ) i=1,2,..,8.

) Vi T19.009Tp v Il("l)y !./(rp) ’ T

We have noted above that the elementr (5.7.1) need not he distinet;
let us assume that they form a set with » clements

(5.7.5) Xo= {1y, @} = {T15 e, 0}
where o} #£a) for i, Each of the sets
Xi={g(aD), .., 070}  1=1,2,...,%

has exactly » elements and is ordered similarly to X,. The ret X* is the
union of the sets X, X,,...,X,:

- 0 0
A= ,‘Duﬂlu X {.’L‘,, ,;r,,,...,z‘,,,}.

Let M be a model of § over an infinite set ¥. We can assume that
the set Y is ordered and denote by < the ordering relation.

Let U be an element of Y", 4. e. a subset of ¥ with exactly = ele-
ments. A sequence (u;,...,%,) with p (not necessarily distinet) terms u;e U
will be called a distinguished ordering of U if u,.<u,__:t,,<.r, for &,j <p.
Tt is evident that for ecach U ¢ Y”" there exists exactly one distinguished
ordering.

We now define a partition of ¥Y" into 2 sets C,.. where =41
for ¢=1,2,...,8 by including a set U e Y" to O, if the distinguished
ordering (uy,...,%,) of U satisfies the condition

Tyyeeey Ty
Uyyeeny Uy

(5.7.6) sthMwi‘( ) for i=1,2,..,s.

It is evident that the union of all sets C,.. is Y" and that two
different sets C,,.., are digjoint. By theorem 5.1 there is a fixed system
£5...3€, Of indices 4-1 and an infinite set ¥,CY such that (5.7.6) holds
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for each U e Y;. We select from Y, a set {y;,...,¥n} With m elements
ordered (by the relation <) similarly to X*:

(3.7.7) n<y=a<<r;  i,j<m.
We can now define a model M* of §* over Y by taking
U=, for @eF(S), Mh=y; for j=1,2,..,m,
Mr=2, for ' aeP(8).

- rd

1t is evident that axioms of 8 and axioms (5.7.2) are valid in A/*.
It remains therefore to prove that axioms (3.7.4) are valid in J/*. We
first prove the following anxiliary statements:
(3.7.8) The sequence (M%,..., M) is a distinguished ordering of the
set {3,y ML},
(3.7.9) The sequence (MZiy..., M3ry) is a distingnished ordering of
the set {.J[;l(xl),..., J[g*,-(xp)}-
(Note that both sets, {J3,..., WX} and {Muy,..., My}, have exactly
i elements).
Proof of (3.7.8). Each x; (B <p) is identical with ) where <
(ef. (3.7.3)). Assume that k,j<p and a,==z), r;=a). Hence we have
the equivalence
M3, < MZ=MhH< W=y, <y,
which together with (3.7.7) yields
s, < My =ay<ay=xx <2, q.e.d.

Proof of (5.7.9). Each g¢{xs) (h<p) is an element of X; and hence
identical with an element of the form g(z)) where u<n. Assume that
hyj<p and giaw) =gizl), ¢i(x;) =giwy). Since gixy) and gyz;) belong
to X*, they are identical with elements &%, where w,s <m. Hence,
on account of (5.7.7), we obtain

J[;i(;h) e J[;i(x{) EM;‘(xg) < ‘DI;f(Is) =]} *3 <.JI’;‘Z'

=Y <Y =0 < Tr=gi{rl) < gi(@a) = gi(wn) < gily) -
Since g « ((X, <), it preserves the ordering relation << and hence
the last part of the above formula is equivalent to w3z, q.e. d.
We can now prove that axioms (5.7.4) are valid in M*. From (5.7.6),
(3.7.8), and the remark that M3 ,..., M are elements of Y, we obtain
the formulas

stsfppii| ,, 2 77 P i=1,2,...,8
MYi .Z‘[;”...,J‘I;P ’ 9= 9



510 FOUNDATIONAL STUDIES [54], 66

whence, on account of theorem 3.8, we further obtain

= PO R ,
(5.7.10) stefpesubsty i [T17TTR) 0 i=1,2,...,8.
TyyeeesTp

From {5.7.9) we obtain in the same manner

Ty gey B
*

stsfmu?‘(,l ), i=1,2,..,8.

e
w0 e Mg
Since y; enntains only the variables Zg_1y41,...,%, the last formula
can be written in the form

3 i1—1)x+1 IRA2E] Ty .
stsfas ( ¢ ] i=1,2,..,s.
i "‘I;i(x(lol)l‘fl)""’gl;i(xu) ’ T
We now remark that y; results from y; by a substitution of variables
gl®i-e41)y .- gi{wi) for the variables Zg_n41,...,%. Hence we ecan
write the last formmla in the form

I T*
ELCTOR (SRR Mzix

staf il »(gi(m(i—l)t+1) gerey ~gi(@'ix)) . i=1,2,..,8.

We simplify this formula by inserting the ‘fietitious” wariables
gi{Tierx) (FF1, k=1,2,...,1) in the upper row. The validity of the for-
mula is unaffected since these variables do not oveur in y;. We thus obtain

by ,5—’;(‘17157--"1 ;(1‘1,) . o
stsfary; (M;,.(xl),--.,ﬂ[;(x,) , 1=1,2,..,8

or, what amounts to the same,

Ty yeey X
*

stsfapf ]
MY (M,‘(,l), ooy Mian

), t=1,2,...,8.

Using orem 3.8 we finally obtain the formula

stsfM"subst.yﬁt< fl yoery ,f" ), i=1,2,..,8,
g0 M)
which together with (5.7.10) proves that the matrix (5.7.4) is valid
in M*.
Theorem 5.7 is thus proved.

6. We shall conclude by proving one more theorem, which is not
directly conneected with the subject-matter of the present paper but
which will be needed in :one of the subsequent papers mentioned at the
end of the introduction. It seems appropriate to include the proof here
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becanse the method of proof is very close to that used in the proof of
theorem 35.7.

THEOREM 6.1. Let X be a sel ordered by a relation < and S an open
theory which possesses a model M over .an infinite set Y ordered by a rela-
tion <. Further let 'Y* be an infinite set contained in ¥ and 5 an open
matriz of 8 with the free variables %,,...,&, such that

El?‘“?fq)
Y1219
for each sequence (y,,...,y,) of elements of Y* satisfying the conditions
<Yy <€...€Y,. Under these assumplions there exists a model M, of 8
over a set X,DX such that
(6.1.1) Gy, strongly contains the group G(X,<),
'517--'7‘541
1 5 -
{6.1.2) StSfM""(arl,...,xq
oL, <LL,.
Proof. We first show that 8*(X) remains consistent if we add to
its axioms 1° all formulas {5.4.1) where h e G{X,<]), { is an -open matrix
of 8§ and x;,x,,... are arbitrary elements of X, 2° all matrices

Stsfun(

) holds for each sequence (xy,...,2,) such that

(6.1.3) substa;('s”""‘f")

Tynoeny &g
where z,,...,1,¢ X and 2, <z,<...3x,. As before it is sufficient to -ex-
hibit for each finite -subset X* of X a model of a theory §* such that
F(8*)=F(8) v X* P(8*)=P(S), aud A(8*) consists of A(S) and of
those matrices (5.7.2), {3.7.3), and (6.1.3) which contain no z from
the outside of X™*,

To achieve this result we repeat word for word the construction
carried out in the proof of theorem 5.7 with the only change that we
construct the partition not of the whole set ¥" but of its part ¥™. In
this way we obtain a pseudo-model M* of S* over Y in which M}« ¥*
for x ¢ X* and in which axioms belonging A4(8) as well as the axioms
(5.7.2) -and (5.7.3) are valid. If zy,..,2,« X* and «,<.. <z, then
My <Mi,<..< M (ef (5.7.7)) and, since M%,...,M% belong to ¥*
the assumptions of the theorem wvield

El gy &
stsfye subst (1’ ’ ").
M 1 Lygaees Ty
The consistency of S*(X) extended as indicated above is thus proved.
We mow select a complete set I which contains A(S*(X)} as well
as matrices (3.4.1), and (8.1.3), and consider the model M{(X,I) of 8
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over &x. Each function ke G(X,<) determines an automorphism f,
of M(X,I) (cf. lemma 5.4), and the formula

yeees &g )
Yoy [mq]

holds for each sequence (a,,...,7,) such that » <z, <<..<<x, (cf. lemma
3.6). Owing to the fact that [#']#[x"] for ¥’ x’', we can identify the
classes [«#] where ¢ X with the elements x, and obtain thus a model M,
satisfying (6.1.1) and (6.1.2).

Stsfg{(x’l) n ([i‘h
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On o-models which are not g-models

by
A. Mostowski and Y. Suzuki* (Warszawa)

In this paper we shall prove a theorem which, ronghly speaking, says
that g-modéls for the second-order arithmetic (see [1]) cannot be distin-
guished from w-models By elementary sentences. Although this result
is by no means surprising, the proof of it is not immediately obvious. In
section 6 we state a similar result for models of the Zermelo—Fraenkel
set theory and give a solution of a problem concerning the existence of
modecls which are x;-standard but are not x,.,-standard. This problem
was formulated in [3].

1. Syntax. In our formal language we shall use v, &, —, —, =
as propositional connectives, (E ), ( ) as quantifiers. Variables will be
denoted by Roman letters and the predicate of identity by “a". We
shall use the abbreviation (E!=x)F for (Ez)(X)[(x ~ 2z) = F]. (1)

We shall consider a first order theory T which has the primitive
predicates N, S, E, A, P and possibly still other predicates. N, 8 will
have one argument, E two and A, P three. We read N(x) as “x is an
integer”, 8(x) as “x is a set of integers”, E(x,y) as “x is an element
of ¥, A(X, ¥, 2z) as “x is the sum of y and' z”” and P(x, y, z) as “x is the
product of y and z”.

In order to make our formulae niore readable we introduce a number
of simplifications.

We shall abbreviate (x)[N(x)-»...] a8 (X)n... and (Ex)[N(x)&...]
as (Ex)x...; we also use similar symbols for quantifiers limited to S.
Sometimes even the index N or S can be omitted, because we sh.ll use
lower case Roman letters a, b, ..., n as variables “ranging over elements
of N7 and upper case Roman letters X, Y, ..., F, ... as ““variables ranging
over elements of S8”. (Letters x, y, ... will be nused whenever the domain

* The work of the second author (who is on leave of absence from the Tokyo
Metropolitain University) was supported financially by the Sakkd-kai Foundation
(Japan) and also by the Ministry of Eduecation (Poland).

(1) We use in the meta-language the abbreviations (dx), (Vz), and = for “{here
is an ", “for every x”, and “if,.,, then...”. The symbol “&” will also he used as an
abbreviation of “and” and the symbol “‘¢”* as an abbreviation of “is an element of”
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of variability is unrestrieted). Also a formula F in which the variable a
occurs will be thought of as an abbreviation of N'(a) —F and similarly for
formulae with other variables b, ¢, ... Similar remarks apply to formu-
lae with the free variables X, Y, ... Finally we write “x e y”’ for E(x, y).

The axioms will be interspersed with definitions (numbered D1,
D2, ...). At each point when axioms formulated up to this place allow
one to derive a theorem of the form (E!x) F'(xz, ...) we shall allow a definition
of the form f(...) = («x) F(x, ...); the symbol £ will be allowed to oecur
in subsequent axioms.

Of course, all these abbreviations and simplifications are really not
necessary: with some patience it would be possible to write all axioms
in the ‘official” }mpguage of the first order logie.

I. ARIT}METIEAL AXIOMS.

1. [A(x,y,2)VP(x,y,2)]>N(x) & N(y) & N(z).
2. (Ela)A(a, b, e) & (E!a)P(a, b, c).
D1. b4-c= (¢:a)A(a, b, c), b-c= (¢a)P(a, b, c).
3. (Ela)A(a, a, a).
D2. 0 = (ta)A(a, a, a).
4. (Ela)[ 7(a ~ 0) & P(a, a, a)].
D3. 1= («a){—(a ~ 0) & P(a, a, a)).
. 1{a+1~0).
. (a4+1~b+1)->(a ~ b).
.a40=~a.
. a4+ (b+1) ~ (a+Db)+1.
. a-0 0.
10. a-(b+1) =~ (a-b)+a.
JI. SET-THEORETIC AXIOMS,
1. —18(a).
2. (x ey)>N(x) & 8(y).
J. (2MaeX)=(ae Y)]>(X~ Y).
IIT. AXIOM OF INDUCTION,

0eX)& (a)[(a e X)>(a+1l e X)]>(n e X).

© W =3 > Ot

IV. AXIOM SCHEME OF COMPREHENSION.
(EX)(2)[(a ¢ X) = P];

in this axiom @ may be any formula in which the variable X does not
occur freely.
D4. {a: @} = ((X}a)[(2 ¢ X) = @]
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In D4 we assume that @ does not contain X as a free variable; of
course, D4 is not a single definition but a scheme.
From the above axioms one can deduce the thecrem

(Ble){(e+¢) ~ (a+Db)-[(a+Db)+1]),

and hence we can formulate the definitions

D5. (a, b) = (te){(e+10) ~ (a+D)-[(a+Db)+1]}

D6. X¥ = {b: (a, b) e X}.

V. AXIOM SCHEME OF CHOICE.

(a)(EX)S~>(EY)(a) EX)[(X ~ Y*) & O].

In this scheme @ is any formula in which the variable Y is not free.

It is known that axiom seheme V implies IV but we shall not use
this fact in our considerations.

2. Auxiliary formal theorems and delinitions. In this section
we collect some further abbreviations and definitions and formulate a few
theorems which ean be proved in the basis of axioms I-V,

D7. aXb=(a,b)eX.

D8. Ord(X) = (a)(aXa) & (a) (b)(e)[(aXDb) & (bXc)—~>

—~(aXec)] & (a)(b)[(aXDb)v(a ~ b)v(bXa)] &
(a)(M[(2XDb) & (bXa)—>(a ~ b)).
D9. Bord(X) = Ord(X) & (Y)(a){(a €« Y)~>(Eb){(b e Y) &
(e)[(c e Y)>(bXc)}).

Ohviously Ord defines “orderings of N” and Bord ‘“well-orderings
of N»,

D10. Fn(X) = (a)(E!b)(aXb) &

(a)(a’)(b)[(aXDb) & (a'Xb)>(a ~ a')].
This formula defines ‘‘one-one mappings of N into N”,
D11, Imb(F, X, Y) = Fn(F) & (a)(a’) (b)(b"){aFb & a'Fb’'—
—[(aXa') =(bY b")]}.

This formula defines the notion: F is an isomorphic imbedding of
the relation aXa’' in the relation bYb'.

D12. X < Y = (EF)Imb(F, X, Y).

It is very easy to show that the transitivity of << is provable in T

E<DN&(YIHX<T).

We mention still that for each integer # > 1 it is possible to define
a formula Qs with n-+1 free variables a, a,, ..., a, such that the following
theorems are provable:
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(») (E!a)@n(a,ay, ..., an);
(%%} (E'a;, ..., 22)@n(2,8y, ...y 8n).
Thus @, allows us to define a “one-one mapping of X" onto N”.
The definition of ¢, proceeds by induction:

G(a, a)) = (a ~ a,);
Qnt1(2y 8y vevy Bny Bnga) = (ED)[Qufb, 8y, ooy 20) & (2 & (by 8n41))]

In view of () and (**) we can admit for each » and each ¢ < » the
definition
D13. pri(a) = (12e) (Bay, cvey Bim1, Aggay ooey n)Qn (2, a1, oovy 20).

3. Relational systems. We shall denote by L the first order
language in whichi formulae of 7 are written. Since we shall also deal
with various extensions of L, we shall recall here some definitions from
model theory in case of an arbitrary first order language I* whose ex-
pressions contain not only predicates but individual constants as well.

A relational system Mt of type L* is an ordered pair {4, u) where A
is a set and g a function; the domain of x is the set of all primitive predi-
cates and of individual constants of L* and p(c) € 4 if ¢ is an individual
constant, u(9) C A™ if o is an m-ary predicate other than =~ and u(~)
= {{x,x,: veAd}, We use capital German letters to denote relational
systems. Instead of w(N) we shall write Nq and similarly for other
(primitive or defined) predicates other than ~. The wvalues of various
terms in Nt will be denoted by a suffix M added to the term; e.g. (a, b)m
denotes the value of the term (a, b) for the assignment of a to the variable a
and of b to the variable b,

The semantical notions of satisfaction, model, elementary extension,
reduct, diagram, ete. are defined as usual. The notion of definability
will be used in the following sense. A relation R C A” is definable in MM
if there are an integer k, a sequence b, ..., by of elements of A and a for-
mula F of L* with n+k free variables such that <a,, ..., ax> ¢ R if and
only if | m F[a,, ...y an; by, ..., bx] for arbitrary a,, ..., a, in 4.

If L* contains the predicates N, A; P of T, then the relational system
{Nwmyp'; where u'(A)= Aqm and p'(P)= Pg is called "the arithmetical
part of IN.

A model M of T is called an w-model if its arithmetical part is
isomorphic to the standard model U, of arithmetic. Tn this case we shall
usually identify the arithmetical part of M with U, and each X in Sp
with the set of integers n whick together with X satisfy the formula
neX in Y.

A model M of T is called a B-model if for each X in S;m the condition
| o Bord[X]implies that the relation {¢m, n) ¢ Nip: |=mm X n} well orders



[99]. 87 ON w-MODELS WHICH ARE NOT f-MODELS 517

the set Nu. (Strictly speaking, we should have written = Bord(X)[X]
and =m{(mXn)[m, X, n] instead of =i Bord[X] and |=mmXn but we
shall use the simplified way of writing whenever possible.) It is known
{and easy to prove) that S-models are w-models but not conversely.

4. The pigeon-hole principle. As is well known this principle
says that if many object are put into a small number of drawers, then
at leagt one drawer contains many objects. In.our case the objects will
be well orderings of integers and the number of drawers will be denumerable

Let @ be a formula of L in which U is a free variable and ¥ a formula
of L in which U and a are free variables. W¢é shall write thesé formulae
ar @(U) and ¥(U, a) although we do not exclude the possibility that
one or both of these formulae contain free variables other that U and a.

Let A be the conjunction of the following formulae:

(1) (X) {Bord (X) ~(BU)[2(T) & (X < T)]};
(2) (U)(Ea)[2(U)>¥(T, a)].

THEOREM 1. The following formula is provable in T:

A~ (Ba)(X){Bor(X) > (EU)[#(U,2) & (X S U)]}.

Instead of carrying out s formal proof using axioms of T and rules
of proof formulated in logic we shall sketch it in the everyday’s language
of the ‘“working mathematician”. We shall supply enough details to
convince the reader that the proof ean be transformed into a formal
proof in T.

We assume A and the negation of the formula after the first arrow,
i.e. the formula

(3) (a)(EX) {Bord(X) & (T)[¥(U, a) >— (X < T)]}.

Our aim is to derive a contradiction from these assumptions.
First we use the axiom of choice and derive from (3)

(4) (EY)(a) {Bord (Y™) & (U)[¥(U, a) »— (YV QL U)J}.

Let Y satisfy the condition stated ubove. From axiom IV we easily
derive that there is a Z such that the following equivalence holds for
arbitrary a,a’,n,n’:

(3) (a,n)Z(a’,n") = {(a < ahv[(a ~a’) & (n YY)},

We want to show that Y® can be imbedded into Z. The imbedding
function is obviously the map n—<a, n,. Formally speaking, we define F
as {b: (En){b ~ (n, (a. n))” and prove using D10 that Fn(F®). Since

nY® n’ -. (a,n)Z{a,n’),
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we infer using D11 that Ineb(F®, Y™, Z). Henee by D12
(6) Yz,

On the other hand, we can derive from (5) that Bord(Z) and henes,
according to (1) and (2) that there is an a and a U such that ¥(IJ, a)
and Z < U. Using. (6) we obtain Y™ < U since the transitivity of < is
provable in 7. But now we have a contradietion since, aecording to (4)
for no U such that ¥(U, a) does the formula Y*® < U hold. Our theorem
is thus proved.

‘We do net know whether this theorem remains valid when the axiom
seheme V of choice is removed from the axioms of T.

We shall formulate theorem 1 in a semantical way. Let I be a model
of T and let K = {X ¢ S;: {=; Bord[ X]}. We shall say that a set C C Sg
is unbownded i for every X in K there is a U in C such that X < mU.

We say that a relation D C Ngq x Sg covers C if for every element X
in C there is an a in Ng such that {a, X> ¢ D. This ecan be expressed as
CC\{Das aeNn} where D, is the set {X ¢ Sm: <a, X)> ¢ D}.

The pigeon hole principle in its semantical form is the following
resulf:

THEOREM 2. If M is a model of T and D is & definable relation
C Ny x S; whick covers an unbounded definable set C C Sm, then at least
one D, is unbounded.

Proof. It is sufficient te take in theorem 1 for & a formula which
defines C and for ¥ a formula which defines the relation .

5. A theorem on f-models. In this section we shall use the
pigeon hole principle in order to establish our main result.

THEOREM 3. For any denumerable - model IR, there exisis an o -model
which is an. elementary exiension of Mt and is not a f-model.

Proof. We introduce, as.auxiliary symbols, the constant symbols 4,,
for every element m of B and the constant symbol R. The langunage L
augmentéd by those symbols is denoted by L,.

The interpretation of the symbols of the language is determined by
the structure M.

The value of R will in most cases be an element of Sy which satisfies
the formula Bord(X) in M.

In the relational systems of type L,, which we shall consider, the
constant 4, will always be interpreted as m. Hence the relational systems
are determined by the value R of the constant R and can be denoted
by (M, R).

‘We shall assume that the arithmetical part of 9 has been identified
with %, (ef. p. 86) and elements of Sy with sets of integers. We can and
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will interpret each element X of S as a binary relation {(m, nd: =Emm X n};
in case this relation is many-one we can speak of X as being a funection,

As in section 4 we denote by K the set of all X in Sy for which
& Bord[X).

Let A be the set of all sentences of L, which do not contain symbol R
and are troe in the straucture M. We can represent the set 4 as the union
of an increasing sequence <A.>n¢. Of finite sets of sentenees for which the
following condition (A) holds:

(BVv)(N(v) & ¥(V)) € An = (Hi)(¥(As) € 4n) -

Let us fix an enumeration {®:) ¢ of all the sentences of the language L,.

‘Let us say that R is in-tho class Dgli,, ..., 4,) if the following con-
ditions are satisfied:

I. ReK and S K.
II. i Rigy...5, Ri, and iy £ fu_y # ...1, # io.

III. There is a function in M which maps the field of S order-iso-
morphically into the R-predecessors of iy.

It is obvious that Dy is extensional in the following sense: whenever §
and S8’ are in M and there is in MM a function which establishes an iso-
morphismr between § and 8, then Ds(iy, ..., in) = Dgfty, ..., in). More
generally, this equnation holds for arbitrary S, 8’ in Sg such that § <m &
and & <m 8.

We define by induction a monotonically inereasing sequence {B,dnew
of finite sets of sentences of the language L, and a sequence of natural
numbers <ixdneo. These sequences are required to satisfy the following
conditions (Cpyew

(i) Bord(R) i3 in B,

(it) An C Ba,

(iii) ¢f m > 0, then the sentences A, RA,,_, and — (4, ~ 4,.) are
in B,

(iv) for j < m, either ®; or — Py is in B,,

(v) if j<m, ®; is in B, and D, has the form (Ev)(N(v) & ¥(v)),
then Y (Ay) i8 in By, for some i in o,

(vi) for every 8 in the class K, there is an R such that R € Ds(iy, ..., in)

and {:(m,mBn.

Construction of the sequences.

Step 0.

Determination of the number i,. i, can be any natural number, say 0.
Determination of the set B,. We take A4, {Bord(R)} as B,.
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Verification of the conditions C,. Conditions (i) and (ii) are evident.
Conditions (iii), (iv) and (v} are true vacuously. Finally, (vi) is satisfied,
because for every § in K there is an R in K such that the last element
of the field of R is i, and there is a function ¥ in 9% which maps the field
of 8 order-isomorphically into the set of E?predecessors of 7,. If e.g. 7, = 0,
then it is sufficient to take F'(»n) = n+1 and define R as the set consisting
of all pairs (%, 0);m and of pairs (F(n), F(m), with 2 8m.

Step n-41. We assume that we have already defined the sequences
{Bocion and {i; ecjcn Which satisfy eonditions (€ ocj<n. Let I, be the
class of all § sueh that 8 ¢ K and

(E{R) (R € Ds(’l:“,... s ,11;) & ‘:(SR,R)Bn & [‘:(m,R)qj‘;‘) s

where ¢ € {0, 1} and @) = &, and P, = P, Since the set B, is finite,
the set I, is definable in the structure (Dt;R), We shall show that either I,
or I, coincides with the class K of all well-orderings of o in the structure
M. Let us assume S ¢ I, for some S in the class K. Hence

(VR)qn (B € D(igy ., in) & |~y B = |=angy — Pu) -

By our inductive assumption (vi), there is an R such that R ¢ Dg(i,, ..., is)
and | anmBn. 8 is therefore in f,. Thus we proved that I, v I, = K.
The sct® . is monotone in the sense that if 8 €I, and S <w §’, then
Sel,. Simce Ipw I, = K, either I, or I, is cofinal with K. The set which
is cofinal with K and is monotone must coincide with K. Hence either I,
or I, coincides with K. Let ¢ De the smallest ¢ such that I, = K.
Determination of the number i,+. Let' S be in the set K, if and only if

8 e K & (AR)(R € Dsliy, .., 0n, 1) &
Favm Ba v @, JiR A, —1 (A & A)]}) .

Let § be in the set i and §* be an element in /i whose order type is the
successor of that of S. By our choice of 7, there is an R € Dgs(i, -.., in)
such that =gz Bn v {@5}. Let i* be the greatest element in the ordering S*
and let ¢ be the image of ¢* by an order-preserving map in 9 of the field
of 8" into the R-predecessors of ¢,. The conditions R e Dg(iyy ..., in, 1)
and =@ {AiBdy} v {1 (di~ Ay,)} are satisfied. We have proved,
therefore, (VS) (S ¢ K = (&i)(8 € Ky)). Since the relation S e Ky is definable
in M, we can apply the pigeon hole principle to prove

(A)(VS)(Se K = (HI)NS <m 8" & 8 € Ky)) .

Since the sets K; are monotone, (Hi)(VS)(Se K > Se Ai). We take
as 7,41 the least such 7.
Determination of the set B,y,.
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Case 1. @, iz already 1n Bn. We take Bpu A, v {4y, R4 w
v {1(dip ~ 41,)} a8 Bpyg.

Case 2. @; is not in B,

Subease 2.1..¢ = {, or &= 0 and Dy is not of the form (Ev)(N(v) &
¥(v)). We take By © A1 v (D, A1, RAs,, 21 (Ai,,, ~ A1)} as Boar.

Subcase 2.2, e =0 and Py, is of the form

(Bx) (N (%) & .. & (Exa) (N (%) & P55, ..., X)) )

where ‘P({l, vy Xg) 18 not of such a form.

Let ¥(a) be the formula

¥(pri(a), ..., pri(a))
and let fi(e) be the value of the term pri(4,) in M. Then we have the
equivalence
Fanm P (4e) <> e ¥ (Anas - Arie) -
Let 8 in the set C, if and only if
SeK & (HAR)(R e Dg(lyy cony iny1) &
FamBa v A v {P(40), A4y By, = (Ai ~ Ain)}

We apply, once again, the pigeon hole principle to the sequence <C.>.cn

which is definable in M. By our choice of the numbers i,,; and &,
(V8)(8 €« K = (He)(8 € C.)). By applying the pigeon hole principle,

(Le) (V) (S e K > (AI)NS 2w 8 &S € 0y .

Since the sets ¢, are monotone, (He)(VS)(S e K = 8 e (,). We take as ¢
the least such e. We take as B,i,, in this subease,

Byaou 4w {T(A/,(e), ey A!.(e)); (Ex,) (N(?(a) &

.
P(Apers -es Apssters Xo)) g woey Pu} v {di B} © {1 (A4, & A1)}

Verification of the conditions Cnpiyi. In all cases conditions (i)-(iv)
are clearly satisfied. Conditions (v) and (vi) are satisfied in subcase 2.1
beeause of our choice of the numbers i, ., and z and because of property (A)
of the sequence | J An = 4. Conditions (v) and (vi) are satisfied in the

subcase 2.2 because of property (A) of the sequence | jA4,— A and

because of the choice of the numbers 4,4, ¢, é.
Let us consider the set B = | J B,. This set is consistent since every
n

finite subset of B has a model by condition (vi). The set B is -closed
by condition (v). By the Henkin—Orey completeness theorem for w-closed
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consistent theories (¢f. [2], p. 231) there is an w-standard model K, for the
theory B. The structure R, is an «-model since M, is w-standard. The
structure W, is an elementary extension of M sinee the set 4 is ineluded
in the set B. Consider the value B, of the constant symbol R in ;. By
condition (i), |=m, Bord[R,}. By condition (iii), the sequence {i.>,e, forms
a descending chain with respeet to the ordering R,. The w-model M,
is not, therefore, a g-model. Thus the L-redunet of IR, is the required
model of 7 and our theorem is proved.

COoROLLARY 1. For any f-model W of T, there is an elementarily
equivalent w-model MM, whick iz not a B-model.

Proof. Every f-model M is an elementary extension of a denu-
merable #-model IR, [1].

COROLLARY 2. If there is an w-model M for a set of sentences A, then
there is an w-model MM, for the set 4 which is not a f-model.

6. An application to set theery. Using the construction carried
out in section 5, we can construct a new family of non-standard models
for set theory.

Let 8 be a consistent extension of ZF. A formula ¢ with one free varia-
ble is said to define a cardinal in S if the sentence (E!'v){p(v)&
(v)[p(v)—Card(v)]} is provable in 8. We denete by ¢t the formula

Card (vy) & (vy)[p(v) =7y < Vo} &
("1)("2)(("2 < vy) Card(vy) & @{v,) > (Ve < Vl)) .

A model M for § is called ¢-standard if there is no infinite descending
chain ag 2gp.0; > ... of ordinals smaller than the cardinal % (M, ¢) where
% (M, @) is the unique element of WM which satisfies the formula ¢ 1 M.

The existence of a ¢-standard, ¢+-non-standard model is known in
the case when ¢ is a formula defining the first infinite cardinal x,
(cf. [3]-

We shall prove the following

THEOREM 4. For any denumerable ¢-standard model M for 8 there is
an elementary extension M, or M which is p-standard but is not ¢ -standard.

Proof. We introduce, as auxiliary symbols, the constant symbols 4.,
for every element m of 9, the constant symbol R and an unary predicate
symbol N. The interpretation of the symbols A, of the extended language
is the same as in the proof of theorem 3. The symbol N is interpreted as
the set of ordinals smaller than x (IR, ¢). We can define the sequences
{Bpnew and {inyne, in almost the same way as above. The pigeon hole
principle which played a crucial role in the previous construction can be
used in the present situation. To see this we merely notice that = (IR, ¢)
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and k(M, ¢*) are different cardinals of M and, since M is a model ZF,
the pigeon hole principle holds in 3 for these cardinals.
We can also prove the following corollaries:

COROLLARY 3. For any ¢-standard model I of S there i3 an elemen-
tarily equivalent structure M, which is ¢-standard but not ¢+ -standard.

COROLLARY 4. For any set of sentences A, if there is a ¢-standard
model Wt of A, then there is a ¢-standard, ¢t -non-stendard model of A.

Note added on June 20, 1988. Several weeks after the present paper was
accepted for publication we saw a paper: H. J. Keisler and M. Morley, Elementary
Bxtensions of Models of Set Theory (Israel Jour, Math. 6 (1968), pp. 49-65) which appeared
in March 1968. From the strictly logical point of view the results contained in Sectionsl-5
of our paper are independent from results established by Keisler and Morley. However,
the methods used by these authors are the same as those which were used by us. The
results of our Section 6 are weaker than those established by Keisler and Morley.

After some deliberations we decided not to withdraw our paper because we believe
that the readers who will compare both papers will get useful insights into the close
relationship which exists between the meta-mathematics of set theory and that of the
second order arithmetic.

Note added on March 19, 1969. Results of our section 6 were also obtained
by K. Hrbatek who used a completely different method.
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OBSERVATIONS CONCERNING ELEMENTARY
EXTENSIONS OF v -MODELS!

ANDRZEJ MOSTOWSKI

Y. Suzuki and the author proved in [3] the following:

THEOREM 1. Every denumerable w-model of second order arithmetic admits an
elementary extension which is also a denumerable w-model but is not a §-model.

Here w-models are relational systems of the form (N U S, N, +, X, €) where
N are the integers, S © P(N) and +, X, € have their usual meanings. A f-model
is an w-model M with the following property: Whenever F is a formula with all
quantifiers restricted to N and ay, as, . . . are elements of M which satisfy in M
the formula (Y)gf, then these elements satisfy this formula in the principal model
(NVUPN), N, +, x, €.

By the second order arithmetic (4, for short) we mean the system described in
[3]. We denote by 45 the system obtained from A, by dropping the axiom-scheme
of choice.

The present paper aroge from unsuccessful attempts to generalize Theorem 1
to the case of w-models of 4;. These attempts have led the author to formulate
the concept of a quantifier definable in a given system. This concept together with
an application to an alternative proof of Theorem 1 will be presented below. The

! In the lecture given at the Symposium I spoke about Tarski’s work on metamathematics of
set-theory. In particular I stressed the importance of his basic paper devoted to the concept of
truth for the formulation of axioms of infinity and on his work on the measurability of the first
inaccessible aleph. I also mentioned his paper Einige Betrachtungen iiber die Begriffe der w~
Widerspruchsfreiheit und w-Vollstindigkeit, Monatsh. Math. und Phys. 40 (1933), 97-112, where
we find the first application of the now widely used method of proving the consistency of a (not
finitely axiomatisable) theory T by finding models for every finitely axiomatisable fragment of T.
Results contained in the present paper were mentioned in my lecture as recent applications of this
method.
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author hopes that a further discussion of definable quantifiers will eventually lead
to a solution of the problem of whether Theorem 1 is valid for models of 43, and
perhaps of other problems.

1. Although w-models of 4, will be our main interest we prefer to formulate
definitions in a more general setting. Thus we consider a denumerable first order
language L and single out in L a one-place predicate N. We also assume that L
contains denumerably many individual constants, called numerals, 0, 1,2,...
and possibly other constants.

If A" is a denumerable set then a model of L will be called an w-.#"-model if it is
isomorphic with a model in which the denotations of the numerals belong to ¥~
and each element of .4” is a denotation of a numeral.

Let F be a letter not occurring in L. We add to the atomic formulae of L
expressions of the form F(x) where x is a term of L. We call these expressions
“auxiliary atomic formulae” and denote by L* the new language.

Each sentence of L* containing the letter F will be called a definable quantifier.

If A is a formula of L, v a-variable and Q a definable quantifier, then we.denote
by (Qv)A a formula of L obtained by means of the following operations:

(1) All bound variables of Q are replaced by variables occurring neither in A4
nor in Q.

(2) For every variable w each occurrence of an auxiliary atomic formula F(w)
in Q is replaced by Sb(v/w)4.

ExameLes. (1) Let L be the language of 4, where N is the predicate “to be
an integer” and the numerals 0, 1, 2,.. .. are defined as usual. Then, the following
sentence of L*,

QIXNEVAY) & 9(EX)(O)ye Y= J(x, p)e X]},

is a definable quantifier (see [3] for the definition of symbols used in this definition).
The sentence ()4 (1Y) means that the family of sets satisfying 4 is nondenumerable.
(2) With L the same as above the sentence of L*,

E: (X){Bord(X) — (EY)[F(Y) & Bord(Y) & (X < )]},

is a definable quantifier. Here Bord(X) is a formula which says that X is a well-
ordering of w and X < Y is a formula which says that the relation

{&x, ) (x, y) € X}

is embeddable in {(x, yj:J(x, y) € Y}; see [3].

The sentence (ZX)A(X) “says” that there are arbitrarily large well-orderings of
o which satisfy A.

(3) Let L be the language of the Zermelo-Frankel set theory with additional
individual constants a, 0, 1, 2, . . . . We define ¥ as the predicate x € a.

The sentence of L*,

0:(x){On(x) — (EY)[F(y) & (tk(y) > )]},
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is a definable quantifier and the sentence (@x)A4(x) means that there are elements
y of arbitrary high ranks which satisfy 4.

All these quantifiers are similar to the ordinary general quantifier insofar as
they state the existence of “many” elements satisfying a given condition.

We shall now discuss some properties of quantifiers pertaining to deducibility
of sentences involving them. Thus we fix a set Ax of sentences of L and call them
axioms.

DErFINITION. A definable quantifier Q is said to be (a) nontrivial, (b) additive,
(c) o-additive, (d) monotone with respect to Ax if for each formulae 4, 4,, A4, of
L, with exactly one free variable x, and each formula B of L, with exactly two
free variables x, y, the following formulae are provable in Ax:

(@ (@x)4(x) > (Ex)(EP)[1(x = y) & A(x) & A(p)),
() (@x}[4:(x) v 4,(x)} = [(Q@x)4:(x) V (@x)4x(x)),
© (QX)(EY)N(y) & B(x, y)] = (Ey)IN(y) & (@x)B(x, y))
@ () [Ax(x) = A42(x)] > (@) [4:(x) — (@x)45(x)].

ExaMpLes. The quantifiers  and Z have the properties (a), (b), (c), (d) with
respect to A,; the quantifier © has these properties with respect to ZF.

Proofs of (a), (b) are immediate.

Proof of (c) for the quantifier Z is contained in [3, Theorem 1, p. 87). In the
case of quantifier { we obtain this proof by formalizing in 4, the usual proof that
if a denumerable union of sets is not denumerable, then at least one member of
the union is not denumerable (cf. also [1, p. 156]). In the case of the quantifier ® we
formalize in ZF the proof that if a class |J,., K(x) contains elements of an arbitrary
high rank then so does at least one class K(x).

The following two lemmas are valid for an arbitrary nontrivial additive mono-
tone quantifier.

Lemma 1. Whenever F and G are two formulae each with at most one free
variable, if M E (Qx)F(x) and M F —1(Qx) =1 G(x), then M E (Qx)[F(x) & G(x)].

(Hint. Use the equivalence F(x) = [F(x) & G(x)] V [F(x) & —G(x)])

LemMa 2. If M E (Qx)F(x), then M F (@x)[F(x) & —1(x = a@)] for each individual
constant of L.

This £ollows from Lemma 1 applied to the formula G(x): -1x = a.

We shall need in the sequel a more special property of a definable quantifier:
Let U be a formula of L with just one free variable x and let R be a formula of L
with just two free variables. A definable quantifier Q will be called normal with
respect to a set Ax of axioms and to formulae U, R if the formulae

() ¢ (@9)[U(x) & =IN(X)],
) U(x) = =1(Qy) =1 R(x, ),

are provable from axioms Ax.
ExaMPLES. Q is normal with respect to 4, and formulae S(x) and x # y;
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Z is normal with respect to 4, and formulae Bord(x) and Bord(y) — x < y; © is
normal with respect to ZF and formulae x = x and x # y.

THeoreM 2. If Q is a normal, nontrivial, additive, monotone and o-additive
quantifier with respect to a set Ax of axioms and to formulae U, R and if M is a
denumerable w-A"-model of Ax, then there is an elementary extension M* of M
which is an w-A"-model of Ax and which contains an element ¢ such that ¢ ¢ M,
M* E Ulc] and M* k Rix, c] for each element x of M satisfying M £ U[x].

Before proving Theorem 2 we shall derive from it some corollaries by applying
it to the quantifiers Q, =, ©.

COROLLARY 1. Each denumerable w-model of A, has a proper elementary
extension which is also an w-model.

(See [1, Chapter 28] where this result was proved by a very similar method.)

COROLLARY 2. 'Each denumerable w-model M of A, has a proper elementary
extension which either is not a f-model or is higher than M (the height of a f-model
is the least ordinal not representable in M).

CoROLLARY 3. If M is a denumerable model M of ZF and a € M, then there is
a proper elementary extension M’ of M such that a "M’ = a, i.e., a has in M’
exactly those elements which it has in M.

This corollary is weaker than a theorem of Keisler-Morley [2].

From Corollary 2 we obtain an alternative proof of Theorem 1. Let M be a
denumerable 8-model of 4, and assume that every w-model M” which is an elemen-
tary extension of M is a f-model. From Corollary 2 we derive the existence of an
increasing chain M = M, <M, <--- <M, <..., § < w,;, of denumerable
B-models with increasing heights. Hence, for each relation R € @ X w which well-
orders o, there is an elementary extension M * of M which is an w-model and which
contains an element X satisfying the condition M* F Bord(X) such that X and R
define similar orderings. Conversely if there exists an w-model M* > M con-
taining X such that M* F Bord(X) and X and R define similar orderings, then R
is a well-ordering. To see this we merely notice that, by our assumption, M* is a
f-model. By replacing denumerable w-models by their codes we easily see that
the predicate

(Ef, X, M*)[(M < M*) & (M* is a denumerable w-model) & (X € M*)
& (M* k Bord(X)) & (f maps w onto w and establishes a
similarity between the order types of R and X)}

is a Zj-predicate. This is impossible because by the classical results of descriptive
set theory the predicate “R is a well-ordering of w” is not Zj. Thus M must have at
least one elementary extension which is an w-model but not a f-model.

ProoF oF THEOREM 2. An occurrence of the general quantifier “(x)” is called
restricted if it is followed by the formula N(x) and the symbol for implication or
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by the formula —1N(x) and the symbol of implication. We define similarly restricted
occurrences of an existential quantifier. A formula of L.in which all the quantifiers
have only restricted occurrences is called restricted. For each formula 4 of L
there exists a restricted formula A" such that 4 = A’ is provable in the first order
logic.

We form from L a new language L, by adding to L constants y,,, where a(n),
n=0,1,2,...,isasequence consisting of all the elements of the given model M.
Constants y, with 2 in .+ can be identified with the constants 0, 1, . .. , in some
appropriate manner. We also‘arrange in a sequence d,, dy, . . . , those y, for which
M F Ula). From L, we form a language L, adding to L, a new constant y.

Let Ay, A,, ... be a sequence whose terms are all the restricted sentences of L,
which are true in # under the interpretation of y, as @ and let B, B;,... be a
sequence consisting of all the restricted sentences of L,.

We shall construct a sequence &y, &, . . . of finite sets of restricted sentences
of L, such that the following properties are satisfied for each integer n.

(1) U(y), IN() € F;

(2) if n > 0then 4,_, € F#,;

(3) if n > O then R(6,_,, ¥) € F,;

(4) ifn > 0 then —1()’ = Ya(n— 1)) € ‘/n’

(5) if n > 0 then either B,,_1 eF, or(1B,,)E J'ﬂ,

6) ifn>0then#,, = F,

(7) if n > 0 and a sentence of the form (Ex)[N(x) & C(x)] belongs to & ,_,,
then C(p) € &, for a suitable p;

@) ME (Qx) A F,(x).

The symbol A F,(x) in (8) denotes a formula obtained by taking the con-
junction of all sentences which belong to #, and replacing y by a variable x which
does not occur in any sentence of & .

Let us assume for a moment that the sequence %, is constructed. In order to
achieve the proof of Theorem 2 we notice that the union (J &, has the property
(7), is complete by (5) and consistent. The consistency follows from the observa-
tion that, by (8), M contains an element ¢, such that M k A & [c,] aiid hence
Z ; has a model: By a theorem of Orey (see [1, p. 54]), U &, has a model M* in
which N is interpreted as the set of all denotations of the constants 0, I, .. .. Let
¢ be the denotation of y in M™*.

By (2), M can be embedded in M*. Thus we can assume that M = M* and that
the denotation of y, in M* is a. In particular the set of denotations of the constants
p in M* is the same as in M and thus coincides with #". Hence M* is an -4~
model. From (2) it follows that M < M*, from (4) that ce M* — M and from
(1) that M* F U[c). Finally if x € M and M F U[x], then there is a k such that x
is the denotation of 6, (in M and in M*)-and hence, by (3), M* ¥ R[x, c]. Thus M*
is the required model.

We now indicate how to construct the sequence & . For n = 0, we take as 5"'
the set censisting of just two sentences U(y) and -1N(y) Conditions (2)-(7) are
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satisfied vacuously and condition (8) is satisfied because Q is a normal quantifier
(see (e)). Let us now assume that n = 0 and %, satisfies (2)-(8). We shall con-
struct % ;. Let #, be the set obtained from %, by adding the sentences: 4,,,
R(0,, ) and =1(y = y4(n)- Thus (2), (3), (4) will be satisfied whatever still may be
added to #,. From Lemmas 1 and 2 and the property (f) of Q we infer that
ME(@x) A F(x). Now we use the additivity of Q and obtain

Mk (Q0IA F(x) & B ()1 V (@A F(x) & =1 B,(x)].

Weput £, =F,u {B,,} if the first member of the above disjunction is valid in
M and &, = %, U { 1B,} if the second but not the first member is valid in M.
Hence (5) is true for &, and will remain true if we add to &, any number of
sentences. Also (8) is valid for &. In order to get a set satisfying all conditions
(1)~(8) we have still to satisfy (7). To achieve this we select those sentences in %,
which have the form (Ex)[N(x) & C(x)}.

_ Let these sentences be (Ex,)[N(x;) & C,(x,)], i=0,1, , k,. We shall find
integers p, such that the set #,,, = F, U {Cy(py), - - C,t (p,‘ )} satisfies (8).
Such a set satisfies then condition (7) and therefore all the condmons 2)-(8).

We shall define by induction integers p,, ..., p, in such a way that the sets
Fni=Fn U {C(y), - .., Ci(p,))} satisfy (8). So let us assume tHat Pos- -5 Pie
are already defined. We shall indicate how to select p,.

By assumption, the set &, , satisfies (8). Since the existential formula
(Ex;)[N(x;) & C(x;)} belongs to #, ,_, we can transform theconjunction A &, ;-1
into a logically equivalent formula

(Ex)IA F7,..0) & N(xp) & C(x)).
We can now use the o-additivity of Q to obtain

M E(Ex Q0N F.ia(x) & C{x;, %) & N(x);

here A Fniy (x) = Sb(y/x) A Fr.iq and Cy(x,;, x) = Sb(y/x)C(x,;). Remem-
bering that M is an w-4#"-model we find an element a of .4~ which satisfies the
formula

ME@)A F7 ,_1(x) & C(y,, ¥)].

Since a is a denotation of a constant p; we obtain the desired integer p;.

Proof of Theorem 2 is thus complete.

We finish by formulating some problems suggested by our discussion: We assume
that L and N have the same meaning as in Example 1.

(1) Are there nontrivial, o-additive definable quantifiers in the system A4z ?

(2) Does Corollary 1 hold for 45?

REMARK ADDED IN PROOF. Professor Keisler has kindly drawn the attention of
the author to a close similarity of Theorem 2 proved above and Corollary 2.13 of
Professor Keisler’s paper in Ann. Math. Logic 1 (1970), p. 19. However, these
results are not identical.
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An undecidable arithmetical statement.
By

Andrzej Mostowski (Warszawa).

The purpose of this paper is to give an alternative proof of
the existence of formally undecidable sentences. Instead of the
arithmetization of syntax and the diagonal process which were
uvsed by Godel in his famous paper of 19311), I shall make use of
some simple set-theoretic lemmas and of the Skolem-Léwenheim
theorem.

My result is in some respect stronger than that of Godel.
The sentence constructed by his method ceases to be undecidable
if one enlarges the underlying logic by a new rule of proof, in the
simplest case by the rule of infinite induction 2). The undecidability
of the sentence to be constructed here is, on the contrary, inde-
perdent of whether we accept the absolute notion of integers or
the relative (axiomatic) one 2*).

On the other hand the proof of undecidability to be given
belaw is unlike that of Godel non-finitary. It rests on the axioms
of the Zermelo-Fraenkel set-theory including the axiom of
choice and an additional axiom ensurirg the existence of at least
one inaccessible aleph ®). Finally the method of Giédel gives un-
decidable sentences expressed in terms of the arithmetic of natural
numbers whereas we shall obtain here a sentence from the arith-
metic of reals.

1) Godel (4]. Numbers in brackets refer to the bibliography on p. 1683.

t) Tarski [12].

2+) Other such sentences have been constructed by Rosser [10] and
Tarski [15]. My method is different from theirs.

%) Tarski[14]. Using Tarski's terminology we would have to say that N, is .
weakly inaccessible.
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1. Axioms of set-theory. V. Neumann ¢), Bernays ), and
Godel®) have shown how to build up an axiomatic system of set
theory, presupposing only the restricted functional calculus (with
identity) as logical basis, in such a way that it contains only a finite
number of axioms. A slight modification of the systems of Bernays
and Gddel allows us to reduce the number of primitive notions
to one, viz. a binary relation ¢7).

We shall state here explicitly the axioms of the resulting
system (8).

Elements of the field of ¢ are called classes and elements of
the domain of ¢ are called sets. Thus every set is a class but not
conversely. The lower case Latin letters will be used as variables
for sets and the upper case Latin letters as variables for classres.

The axioms fall into several groups 8):

Group A.

Al Jlulu e Xmue Y)>X=Y,

A2, Jeflultt e 2z mm (=04 u=1y)].

The set z whose existence is stated in A2 is called the non-
ordered pair of 2 and y and denoted by {z,y}. The ordered pair
of v and y is defined as

<z,y>={{=,y}, {,0}}.
Group B.
B1. Z'Anxy(<m7y> €d =2 ey),
B2.‘ Jellulu e Cm(ued)(ueB),
B3, Yp[]u[u e Bwm(ued)],
B4, Yp[].(x e Bm= 3. y,z) e A),
Bb. Jp[]a({y,a> e Bmgc A),
Bé6. Zﬂnrﬂ(<x1y> e Bmy,a) e 4),
B1. Z'Bnryz(<w;<y1z>> € Bm={y,{z,3D) e A),
B8. Z'Bnl’nz(<$r<y,z>> €« Bm={2,{2,y)) € A).

Y} v. Neumann [8].

%) Bernays [1].

%) Godel [5].

?) The possibility of this reduction has been realised by A. Tarrki. Sce
a remark made on p. 208 of [7].

%) The logical symbols to be used in this paper are as follows: - (if, then),
+ (or), - (and), == (if and onlyif), ’ (not), IT (for every), J (there is). The axioms
should have been preceded by general quantifiers co as to bind all the variables.
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From these axioms it follows that there is a uniquely deter-
mined class 0 (called the null-class) such that [].(z ¢0)’.
We shall use the following abbreviations:

XCY for [lu(ueX—>ucel),
J(X) for [Low({o,ud e X -w,u)> ¢ X > 1v=1w).

Group C.

01, x((wa=0) JI,{(y ex) > 3.:[(2 e ) (2 ¥)- (yC2)I}),
C2. Zypllav((t ev)- (v ex) > (u e y)],

03. y[lul(uCa)—(u e y)],

C4, J(A)-> ) []u{ln e y) = 3,[(r e x)-(<u,v> € A)]}.

Group D.
D1, A=x0-> 3, {(ved)[].l{t en)—>(ved)l})

Group E.
E1. ZA(J(A)”\'{("":’:O) _’Zy[(<yym> €ed)-(ye m)]})

2. Preliminary lemmas. We shall assumme as known the
derivation of set-theoretical theorems from the above axioms and
we shall make free use of them stating them in the current notations
and terminology ?). This applies in particular to theorems concerning
transfinite ordinals and to definitions by transfinite induction 1°).

We define by transfinite induction the sets t; as follows:

1o=0, tpa=F:laClg], ta=Ji<aily

(A — limit number).

It is eagy to see that t,C¢; for n< &

If & €111 —1;, then z is said to be of the type &: It follows from
the axiom D1 that for every set x there is an ordinal £ such that z
is of the type &

Indeed, the axioms of group B entail the existence of the
¢lags A of those sets which are of no type. If A were non void, there

?) It will thercfore not always be pussible to usc small and capital letters
in the manner explained on p. 144,

10) For the treatment of ordinals on the baxis of axioms A1—F1 cf. [1],
(51, (8], and [9].
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would exist by D1 an element % such that 4 ¢ 4 but no element
of 4 is in A. Hence every element v of 4 would be of a type, say
é(v), and all the ordinals £(v) would form a set (according ,to the
axiom C4). Now there exists for every set of ordinals &(v) an ordinal ¢
surpassing all of them; hence we would obtain uCt; i. e. u efgyy,
which proves that u is of a type not greater than &+1 and hence
% non € A. This contradiction shows that 4=0.
The sets

0, {0}, {o,{0}}, ({0, {0} {0,{0}}},...
will be identified with the intepgers
i, 2, 3, 4,..

and their set will be denoted by N. It is known how to define the
arithmetical operations, e. g.

z+y, -y, v, 2=1(2y—1),..

on elements of N.
Every clasg of ordered pairs is called (binary) relation. If R
is a relation, then Ry means the same as {x,y> ¢ R. The classes

E:ZyxRy, E;3:2Ry, F:3,(xRy+yRa)

are called domain, converse domain, and field of R and denoted by
Dy(R), D_(R), and C(R).

If BCO(R), weB and no ye B satisfies the condition yRaz,
then @ is called a minimum of R in B. If R has at least one minimum
in every non void class BCO(R), then R is called well-founded ).

R is internal if for every two elements z,,2, of its field the
folowing equivalence holds:

[1y(yRe, = yRa,) = (z,= x,).

An internal relation R has at most one minimum in C(R).
For any set # we denote by e, the erelation limited to =,
i. e. such that

UexVmm(Uew) (Uev)({ver)

1) Zermelo [17].
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Lheorem 1. e i3 an internal rvelation if and only if » satisfies
the following condition E(z):

[Tuo((w € @)+ (4 =) - (v € 2) > {[(w—0) + (v —u)]- 25 0}).
The proof is obvious. «

Theorem 2. ¢, i well-founded: for every non-void set w.

Proof. Evidently there is an ordinal £ such that #C#;. Suppose
that ¢ is a non-void subset of the field of .. Since ¢Cw, there are
ordinals <& such that ¢-#,%0. 1f { is the smallest ordinal of this
kind, then every.element of c¢-i is a minimum of e, in 6. The existence
of these minima shows that e, is well-founded, q. e. d.

A set s ig called complete 12) if every element of s is a part of s:
Hyly es—yCs).

We assume as known the nofion of isomorphism of two re-
lations.

Theorem 3. For every well-founded and internal relation R
whose field is a set there 18 a set 8 such that E(s), R is tsomorphic with
&, and the field of ¢, is complete.

Proof. R being internal and well-founded, there is exactly
one minimum 2, of R in C(R). Put

{zo}=mq, [(z)=0

and suppose that sets m, are already defined for a< ¢ and that
a function f is defined on the sum .o im..

Let mg be the set of all x e C(R)—}ycgm. for which the fol-
lowing condition is satisfied

[TylyRz —y € Yacgmal
and let f(x) be defined on mg by the equation
(1) H@)= EyplyRa].

This definition of f(x) is correct since yRx implies (for x e my)
that y € Yacsme and therefore f(y) is defined according to the in-
ductive assumption.

1) Gédel [5], p. 23.
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It is evident that m;-m,=0 for &=y and that m;CC(R)
for every &. Since C(R) is a set, there must be a (smallest) ordinal
such that m;=0.

We shall show that the difference D= C(R)—Jscima is void.
Otherwise there would be a minimum 2 of K in D and z would satisfy
the condition

yRz-—>ynon e D —y € Jac; Ma,
i, e. z would be an element of m; contrary to the definition of {.
Hence D=0 and consequently

C(R) =2a<§7n’,,.

‘We now show by induction on & that f is a one-one mapping
of the sum J..;m, on a subset of t; and satisfies the equivalence.

(2) wRy = f(x)  {(y)

for every pair @,y of the elements of Y, :m..

This is evident for §=1; it is also easy to see, that if 8 is a limit
number and the theorem holds for &< g, it holds also for &=38.

It remains to consider the case f=p+1 under the agsumption
that the proposition holds for &=y.

If x em,, then by (1) f(w) i3 o set of elements each of which is of a
type <y. Hence f(z) is at most of the type y and therefore f(x) ety (==ts.
The function f maps thus the sum JSocpma on a subset of #.

In order to prove that this is a one-one mapping let us
suppose that # and y are two different elements of the sum Y cpma.
Since R is internal, there is an elernent « such that either (v Rx)- (uRy)’
or (uRx)'-(uRy). It will be sufficient to consider the first case. From
uRz it follows that # =42, and hence by (1) f(u) € f(x). Furthermore
%€ JacyMe since @ is an element of at most m,. If flu) were an
element of f(y), there would be an element y, € Yuc,mq such that
f(w)=f(y,) and y,Ry. Since f is a one-one mapping on .c, Mg,
it would follow u=y,, and consequently wRy what contradicts the
assumption. Hence f(#) nonef(y) which shows that f(@)+f(y). Hence

z %y — f(w) 1),
i. e. f is a one-one mapping.

If # and y are elements of Jacema and zRy, then f(x)ef(y)
according to (1). If f(x) € f(y), then by (1) there is a z such that
2By and f{z}={(z). f being o one-one mapping, we obtain =2z and
«Ry. The equivalence (2) is thus proved.
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Putting £é=¢{ we infer that f maps C(R) on a set s and satisfies
the equivalence (2) for every pair z,y of the elements of C(R).
/ being a one-one mapping, it follows that the relations R and e,
are isomorphic. Since R is internal, ¢, is internal teo and theorem 1
gives K(s).

In. order to prove that C{e,) is complete let us suppose that
y € O(e,). It follows that yes and hence f'(y)e C(R) and con-
sequently there is an a<( such that f'(y)em,. If a=0, then
T @)=2, y=0 and yCC(e,). If a0, then y=ff""(y) is by (1)
identical with the set of all f(2) for which 2Rf™\(y). Since f(2) ¢, ¥,
it follows that all these f(2) belong vo the field of ¢, and therefore
y CC((e), which completes the proof of theorem 3.

For every set ACN we put

J{A = E<m,n> [2"'—‘(2"—1) € .A].

In this way a one-one correspondence is established betweeu
subsets of N and binary relations whose fields are contained in N,
The following theorem is evident:

Theorem 4. For every rvelalion R with at most denwmerable
field there is a set ACXN such that the relations R and R4 are isomorphie.

3. Set-theoretical and arithmetical formulae. \ sct-
theoretical formula iz an expression built up from clementary ex-
pressions of the form

a=b, ael

with the help of the logical connectives aud quantifiers [], and 3.
The letters a, b may be replaced by any other letters.

The formulae included in a given formnla are called its eon-
stituents.

If one wishes to make general statements about formulae
one has to distinguish between the objeet- and syntax languages
and recur to intuitively clear but sometimes clumsy semantical
notions. For the readers benefit we may dispense with these com-
plications since we shall never make general statements abont
formulae: we shall limit ourselves to the consideration of a finite
number of formulae. Symbols like @, ¥, ... or D(e,a,...,n), (e, a,...,m)}
are not names of formulae but abbreviations of ther and specifically
of those of them in which variables @,...,m are free. We postpoue
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till § 5 the enumeration of formulae to be used in our proof, we
remark only that their class contains with every formula its con-
stituents.

Saying that all formulae have a property we wish to say that
all formulae of the considered finite class have thiz property. It
will be easily seen that we eliminate in this way all the meta-mathe-
matical notions and that all lemmas to be proved below belong
entirely to the object-language.

Suppose that the letter x does not occur in @. Replace in this
formula the unrestricted quantifiers [J5, 3» (where h is any letter)
by the restricted ones

Halthex —..., Sallhex)..]

{which we will sometimes write, more conveniently, a8 [Jnex and pex)-
The resulting formula will be abbreviated as @, and called
the formula @ relativized to z.
The symbol @(R,a,...,m) will be used a8 an abbreviation of
the formula resulting from @(e,a,...,m) by substituting in it the
letter K for the letter e,

Theorem &, (Py)y =D,

Proof. The theorem is evident for guantifier-free formulas.
Since its validity for the formulae @ and ¥ entails its validity for
the formulae ¢’ and @+ ¥ it will be sufficient to prove that if it
ig true for a formula @, it is true also for the formula }»®. Let ¥
be an abbreviation of the latter formula. Then

Txﬁzj’h[(hfw)'(b]y (WX)H’Z’ley[(h‘w)'(¢-‘)U]

and therefore
(Y’x)y = th[(h €x) (b e y)’((b.t)y] = st:-y(¢x)y-

On the other hand ¥,., = §}.,.,P,., and since @,., = (P,),
by the inductive assumption, we obtain (¥,), = ¥,, which proves
the theorem.

Theorem 6, If s=C(c,) and a €8,...,m €8, then
(3) Dy(e,a,y...,m) = Dyeg,a,...,m).

Proof. If @ is an elementary formula a==»5, then (3) reduces
to the tautological equivalence a=15 == g=».
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If @ is an elementary formula a € b, then (3) is equivalent to
aebm=i(aex)(aeb) (bex)

whiich is true since a¢3 and bes by the hypothesis and s is evidently
a subset of z.
From (2) it follows

Dy(e,a,...,m) = D,(€x,a,...,1)

which proves that the validity of (3) for a formula @ implies its
validity for the formula @'.
If hesides (2) the following equivalence holds

Yele,a,..., 1, n,...,q) = e, a,... b, n,..,q),
then

Dyle,a,...,m)- V(e a,...hyn,. . )= e a,...,m)- W e a,.. . hn,..,¢),

which shows that if the theorem is true for two formulae, it ix true
for their conjunction.

Suppose now that (3) holds for a formula @ and let W(e,b,...,m)
be the abbreviation of },®P(e,a,b,...,mn). Let b,...,m be elements
of 8. If ¥,(e,b,...,m), then there is an a es such that @,(e,a,...,m)
which yields according to (3) Ps(e,, q,...,m) and hence 3¢, (e, ay...,m).

Thus
Weleyb,..oym) —> W€, b,..cym).

If ¥,(ex,d,...,m), then there is an a ¢ s such tiat @,(e,,a,...,m)
and therefore by (3) ®Ps(e,a,...,1m) which gives 3.P,(¢a,...,m).
Henve

Welex,byooeymt) — Wele by ... om).

Thecrem 6 is thus proved for the formula ¥, q. e. d.
Theorem 7%), If the relations R, and K, are isomorphic,

5 =CO(R,), 8,=C(R,), 6,....,m e O(R)) and ag,...,mg correspond 1o
ayy..., M, in the igomorphism between Ry and R,, then

by (By,ya5,...,m,) = D (Ly, dyy...,my).

13) Theorem 7 is a special case of a theorem proved by A. Tarski and
A. Lindenbaum [186].
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Proof. The theorem is evident if @ has the form ¢=>b or a e b.
We show similarly as in the proof of theorem 6 that if the theorem
holds for two formulae, it holds also for their negations and their
econjunction.

It remains to consider the formula J},P(e,q,...,m) which we
shall abhreviate as ¥(e,b,...,m).

If ¥, (R,b,...,m), then there is an a,es, such that
D, (B, a1,b,,...,my). If ap is the element of ¢, corresponding to a,
in the isomorphism between R, and R,, then the inductive assumption
gives @, (R,,a,,b,,...,my) from which we infer that

2a,el,¢a,(R2) @y by .eeymy).
Hence

Vo (s, byy ooy iy) = Wy, (Byy byy ...y my).

The converse implication is proved in the same manner.

Besides the set-theoreticar formulae we shall consider the
arithmetical formulae. In order to define them we first explain what
is meant by a term: the gymbols 1,2,3,... and the small Latin letters
in italics are terms; if m and n are terms, then m+n, m—n, m-n,
mn" are terms.

The simplest arithmetical formulae are equalities m=n and
expressions m ¢ A where m and n are terms and A any upper case
Latin letter.

Other arithmetical formulae are built up from the simplest
ones with the help of the logical connectives and, or, not, etc. and
the quantifiers of the following four forms

Holpe N1, Sol{peN)-..]
(*) [JALACN—..3, Si[(ACN)-..]

These quantifiers will be written afterwards as
”peNa EpeNa nACN; .ZACN'

The letters p and 4 may be replaced here by any other letters.

An arithmetical formula is called elementary if it does not
contain quantifiers of the form (*).

The following theorem is an immediate consequence of the
admitted definitions and of the equivalence pR,q==2r—1(2¢—1) ¢ 4:
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Theorem 8. If ®ea,..;m) is a set-theoretical formula and
ACN, then DPogyy(R4,8,...,m) as well as Dy(Ra,a,...,m) are equi-
valent to clementary arithmetical formulae.

It is evident that every proposition concerning only natural
or real numbers i3 expressible as an arithmetical formula. Further-
more those arithmetical formulae which correspond to usual axioms
of real number arithmetics are derivable from the axioms A1—FE1
of the system (8). It follows that the whole elassical mathematics
may be expressed and proved in the system (8).

4. Reduction of certain set-theoretical formulae to
the arithmetical formulae. The theorem to be proved in this
section is the main result of the whole paper. It is a simple corollary
to the well-known theorem of Skolem-Léwenheim which for
our purpose may be stated in the following form:

Theorem 9. If acx,....mex and Dyea,...,m), then there
18 an at most denumerable subset y of x such that

(1) aey,....,MmeyY, (5) E(y),
(6) Cley) =y, (N Dy(e,a,...,m).
Proof4). We may evidently assume that ¢ has the normal
form
Hzg- 1z, 2y1~~2ynnzl'--Hszhmth"- Y,
where

Ve W€, @1y ey Bmy Yuy ooy Yy By evey py Biyoney gy one)
is quantifier-free. )
Owing to the axiom of choice the coidition @.(¢,a,...,m) is
equivalent to the existence of a set of functions
fl@yy ey @)y Gy Byy sy Ty ZyyeenyZp)yene
(where i=1,2,...,n, j=1,2,...,q,...) with the following properties:
10 they are defined for all the values of their arguments running
through x;
2% if &yy..es®my 41y 00y 2py ... GTE clements of x, then
(8)  We,®yyeeiyTm, [i(@1yee s @m)y ooey [ @yy ooy @)y 2150920y
@y Ty By ey Zp)y ey Gg(@Bry ooy Ty 21y oeey Zp)y one)-

1) For this proof compare Skolem [11].
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Let h(z,t) be a function defined for 2z,{ex and such that
h(2,t) e (z—1)+(t—2) for 2=+t The existence of such a function
follows again from the axiom of choice.

Now define y as a smallest set such that
@y...,M €Y,

U Byyeees@my Ry oeeyZpy e €Y, theN fil@y, .., @m)y Dy, )Py 2y eesp)y. e €Y
(for 1=1,2,...,m, §=1,2,...,¢,...),

if 2,t ey and z==t, then h(z,t) € y.

It is evident. that ¥ is’an at most denumerable set and satisfies
the condition (4). If u,v € y and w=v, then h(u,v) € [(u—v)+ (v—u)]-¥,
whence [(v—v)-+(v—u)]-y$0 which proves that y satisfies the
condition (3). Since 0¢.C(e,) and h(z,0) e z for 240 we sec easily
that C(ey)=y and hence y satisfies the condition (6). Finally y
satisfies the condition (7) since (8) holds for every @, ...,@my 23y ..., 2pye.. €Y
and the values of the functions f,,g;,... occurring in (8) belong to y.

Theorem 9 is thus proved.

It will be convenient to use the abbreviation [z] for C(e,.
It is evident that

Wels) =(yex)-J{(tex)-[(y et)-+(tey)]}

from which it follows that

(9) Prale) = Yo{@ule)- [1y[(y e 5) = (y ew) Je{(t em)[{y e )+ L e )]}
for any formula ®(e). This equivalence will be used in section 5.

We shall now prove the following theorem:

Theorem 10. For every sct-theoretical formula ®(e) there is an
elementary arithmetical formula G(A,B) with two free variables
such that

De{Prgle) [I;[w € [8) > (yCLeD 1} = Sacw]]scx G(4,B).

Proof. By theorem 8 there is an elementary arithmetical
formula SH(A) such that

Por »(Ra) = H(A).
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Let &(A) be the elementary arithmetical formula equivalent to

[mnecir p[m4En — 3 recin o (r Ram = r Ran)’].

XK(A) says of course that R4 is internal.
Let .L(4,B) be the elementary arithmetical formula equi-
valent to

2men(m € B)-[1pen{(p € B) > Snenl(nRap)+ (pEan)]} —
— 3 men{(m € B) - [Jnenl(n ¢ B)—>(nR4m)'}}.
L(A,B) says that if B is a non void subset of ((R4), then

R, has a minimum in B.
Now take as §(A,B) the conjunction

H(A) - K(4)-L(A4,B).

We shall show that this formula has the desired property.

Suppose first that there is a set & such that @yy(e) and [x]
is complete.

By theorem 9 there is an at most dennmerable set y such that

E(y), Cleg)=y, and D,(€).

The second and third conditions give in virtue of theorem 6
Dyley). Sinee the field of ¢, is at most denumerable, there is by’
theorem 4 a set ACN such that the relations ¢, and R, are iso-
morphic. Applying theorem 7 we obtain from @,(e,)

Doy (Ra),
whieh proves that F((A4).

We show further that K(4). For this purpose we assume
that m=n and m,n ¢ ((R,). Let f be a function which establishes
an isomorphism between R, and ¢,. Thus f(m) and f(n) are different
elements of y. Since E(y), there is a zey such that [zef(m)=zef(n)]".
Putting r=71"(2) we get r ¢ C(R,) and (rRym=rR,n) which proves
that K(4).

We shall finally show that if BCN, then £(4,B). This is evident
if B=0. Assume now that B30 and that B is a non void subset
of the field of R4. Since R, is isomorphic with ¢, and ¢, iz well-
founded (by theorem 2), R,.is.well-founded too. If m is a minimum
of R, in B, then m ¢ B and

[Tnenl(n €« B) > (n Ram)’].
This proves that .L(4,B).
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We have thus proved, that if @py(e), then there is a set ACN
such that H(4), K(4), and.(for every BCN) L(A,B). Hence

2xPp(€) >YacwlscnG (4, B).

Suppose now that there is a set ACN such that
G(4,B)
for every set BCN. It follows that
H(4), K(4), and L(A,B)

for every BCN. From K{A) we sec immediately that kK, is internal
and from [[pcnL(A,B) that R, is well founded. By theorem 3
there is a set x such that e, is isomorphic with R, and the field {x]
of e is complete. From H(A) we obtain ®¢x,(R4) and applyving
theorem 7 we obtain @4(e,). This gives in virtne of theorem 6
Pr(e), whence, [x] being complete

DacnllscxG(A,B) >3 {Pra(e) - [[y[(y € []) > (y C[x])]}

The proof of theorem 10 is thus complete.

5. Construction of an undecidable sentence. A limit
ordinal £ is called inaccessible if it satisfies the following condition:

if *Ct; and x is not of the same power asg iz, then x et;.

We shall add to the axioms of the system (8) the following
axioni

F1. There is at least one tnaccessible ordinal &> o
and shall call (8,) the resulting system of axioms.

Tn this section we shall prove in (8,) theorems about the
system (S).

Let @(¢) be the conjunction of all the axioms of the system (8)
preceded by universal guantifiers so as to render all the variables
apparent,

We shall apply the theorems dstablished in sections 3 and 4
taking all constituents of @P(e) as well as their normal forms as
elements of the finite class of formulae which were till now left
anspecified.
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Theorem 11, If & i3 an inaccessible ordinal, then q’tﬁ.;(‘)-

We omit the proof of this theorem since it i3 very easy and
essentially known 13),

Let A(e) be the following formula

2 2s{Ps(e) - [];[(y €8) = (y e®)- Je{(t €@)-[(y et)+ (L € y)I}]-
Al 1y € 8)-(t e y) > (t € 8)].

Acecording to (9) (see p. 154) this formula could have been
written as

(10%) D x{Ple) 'ny[(y e [2]) - (yC[2])]},

we prefer however the more complicated expression (10) since it
i3 important for what follows to have the formula A(¢) written
without abbreviations such as ,[#}’ and ,,C".

(10)

Theorem 12. There is a set a such that @g(e)- Ag(e).

Proof. Let & be the first inaccessible ordinal greater than w
and put a=1t:,. Since [a]=a, we obtain from theorem 11

(11) Dia) (€)-

It follows from theorem 9 that there is an at most denumerable
subset y of a such that

(12)  E(y), (13)  [yl=Cle)=y, and  (14) Pyle).

The relation ¢, is well-founded and internal (see (12) and
theorems 1 and 2) and therefore (see theorem 3) there is a set s
such that

(15) e, and e, are jsomorphic,
(16) the set [8]= C(e,) 7s complete.

It is easy to see that (13) and (15) entail the equality
an [8]= Cles)=s.

8 is evidently an at most denumerable subset of a i. e. of #41.
Hence if m es, then m etgyy, i. e. mCtly. Since m €8 implies mCs
because of (16) and (17), it follows that every element m of s is at

13) Cf. Kuratowski {6).
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most denumerable and hence m ety according to the definition of
inaccessible ordinals. This proves that

(18) sC lf
and we obtain 8 ef; and finally
(19) gea.

Applying theorem 7 to the formula @{e) and using (13), (15),
and (17), we obtain the equivalence @ye,) = P,(¢,). Theorem 6 shows
that we may omt the subscripts s and y staying by the letter ¢. In
view of (14) we 2btain from the modified equivalence @,(e) and

further (since s==st;=sa according to (18)) P,..(e). This gives in
virtue of theorem 3

(20) [P (e)]a-
It follows further from (17) that
Yyes=yels]
=(yes) Ye{(tes)[(y et)+Ct ey}

Since (t e ¢)— (t € a) we may replace the quantifier Y by s
and obtain the equivalence

(yes)=(ycs) Sa{(tes)-[(yet)+(tey)]}.
This equivalence being valid for every vy, we infer that
(21) Hyeol(y € 8) = (y € 8)- Sea{(t € 8) [(y € )+ (¢ e y)]}).

From (16) and (17) we gee that (y €38)-(t € y)—(t e 8) which
proves that

(22) Deall1eally € 8)-(t € y) = (t € 8)].

Consider now the conjunction of (19), (20), (21), and (22) and
put the quantifier ), before it. We obtain thus

Zsea{[q)s(f)]a’nyea[(y €)= (y €8) Jaatlt €8) [(y et)+(t ey)l}]-
“[yeallnal(y € 8)-(t e y) — (t € 8)1}

from which follows the validity of the weaker formula

Dxea Zsea{[ @) [Tgeal(y € 8) = (y € @) - Tiea{(t € 2)-[(y € 1)+ (2 € )}
[lgeallteal(y € 8)-(t € y) — (¢ € 8)1}.
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This formula is identical with the formula A(e) relativized
to a, i. e, with 4,(e). Sinece [a]=a, we obtain Ap)(e) which together
with (11) yields Py(e)- digy(€). Theorem 12 is thus preved.

Theorem 13. There is o set b sich that @uyle)-[Apy(e)] .

Proof. Locking at the proof of tieorem 12 we see that there
are sety 0 e teps such that
(23) Diwi(e),

(24) o yelwl, thew wC[wl

E. g. 341 is such a set. Let % be the set 5f all these sets w.
By axicm D1 there is a set & such that b e & but no eclement of b
is i k.

From b e k it {ollows in virtue of (23)

(25) Bigp(e).

Suppose now that dyp(e). It follows according to (10) that
ttere are sets « and s sach that

(26) zelo] and ¢eld],

(27) @5 ()0,

(28) Hoenilly €)= (y e ) Zaw it e 2)-[{y e )+ (t € 9)1}),
(29) [l feenl(y € 8)-(t € y) — (L € 8)].

(28} and (29) cau be rewritten thus
[1y((y e e [6]) = (y e 2-[b1) - 2Ne{(t € 2-[0])-[(y € 1)+ (¢ € 1)1}],
[Tolll(y € 8-[51)(t € y-[8]) — (1 € 8)].

According to (24} and (26) we have # C[b], sCrb], and (for
y e [b]) yC[b]; we may therefore omit the letter & in square brackets
thorought these formulae and obtain thus

Iy es) ={y ex) 3 {(t ex)-[(y 1)+ (t e 9)]}],
Iy € 8)-(tey)— (tes)].
The first formula shows that

(30) 8= [w}
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and therefore the second is equivalent to
(31) y e [@2] >y Cla].

Apply now theorem 5 to the formula (27). We obtain @, {e)
what gives @,(¢) since 8C[b]. Replace here s by [#] according to (30);
it comes

(32) DPrg(e).

Comparing (31) and (32) with (23) and (24), we see that, w ¢ k.
On the other hand (26) proves that e b. We urrive thus at a con-
tradiction gince no element of & is in .

This contradiction shows that it cannot be Ap(e¢) and the
theorem 13 follows from (25).

From theorems 12 and 13 we infer easgily the following

Theorem 14, The formula A(e) i3 neither demonsirable nor
refutable in (8).

Proot), If A(e) were demonstrable in (S), then every relation
satisfying the formula ®{e) would satisfy the formula A(e). Now
there is by theorem 13 a set b such that all the axioms of the system
(8) remain true if sets and classes are interpreted as elements of [b]
and ¢ as ¢; by the same interprefation A(e) is carried over into
a false statement. A(e) is therefore non-demonstrable in (S).

Using theorem 12 we show in the same manner that A'(e) is
non demonstrable in (8) i. e. that A(e) is not refutable, q. e. d.

The formula A(e) yields thus an instance of an undecidable
formula. Observe now that according to (9) the formulae (10) and
(10*) are equivalent. Applying theorem 10 to the formula (10%)
we infer that the formula A{e) is equivalent to an arithmetical for-
mula of the form Y ,cn[]zcnG(4,B), where G(A,B) is an elemen-
tary arithmetical formula. This equivalence being provable in (8),
we obtain

Theorem 15. There is an arithmetical formula & of the form
Dacn[lscnG(A,B) where G(A,B) is an elemeniary arithmetical
formula such that & is undecidable in (8).

14) In this proof use is made of some notions from the general methodology
of deductive systems.
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€. Remarks. (1) We compare here the undecidability of the
formula & (cf. Theorem 15) with the undecidability of formulae
constructed by the method of Gédel, Rosser, and Tarski??),
The latter formulae assert their own undecidability, their intuitive
truth is therefore evident. They become decidable after the intro-
duction of suitable axioms or of a suitable rule of proof.

In the case of the Godel’s formula it is sufficient to adjoin
the rule of infinite induction, i. e. to replace the axiomatic (relative)
notion of integers by the absolute one.

To decide formulae constructed by Rosser and Tarski we
have to adjoin to the system a number of intuitively obvious
axioms stating certain properties of the notion of truth for sen-
tences containing exclusively variables whose types do not surpass
8 fixed type n (in Rosser’s case n=2).

The intuitive truth or falsity of the formula & from the
theorem 15 is not evident unless one assumes the existence of in-
accessible limit numbers. No ,reasonable” rule of proof seems to
exist which would be sufficient to decide within (§) whether & is
true of false.

We see thus that the undecidability of & is caused by other
circumstances than the undecidability of formulae constructed by
the method of Godel.

On the other hand, if we define the ,absolute” undecidability
a8 the undecidability irrespective of any assumption concerning
the existence of sufficiently high cardinals or ordinals %), we see
immediately that & is not abselutely undeeidable since it follows
from the axiom F1. A mathematical Platonist who believes in the
existence of ,any” cardinal and ,any” ordinal would therefore
consider & as incontestably true.

The surprising property of & is that its truth cannot be
established without presupposing the existence of inaccessible
ordinals. Also it can be decided neither within arithmetic nor within
the theory of function nor within any theory translatable into a sub-
gystem of (8). Yet & expresses a fact concerning real numbers:
it states that a CA-set is non void.

1) Godel [4], Rosser [10], Tarski [15].

1) I owe the acquaintance with this notion to conversations with Tarski.

The explanation given in the text is of course very vague and it is doubtful whether
an exact definition of the notion of absolute undecidability will ever be found.

Cf. Tarski [14], p. 87.
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We note still one (though unimportant) difference hetween
the undecidable formulae of Gédel and the undecidable formula &.
The formulae defined by Godel are so long that it is practically
impossible to write them down explicitly. The formula & is very
long too, but it oecupies not more than one or two pages.

(2) The unprovability of 4(¢) within (S) could have been proved
as follows. The arithmetization of meta-mathematics enables us to
express a8 an elementary arithmetical formula the following meta-
mathematical statement: (8) i3 a self-consistent system. Let W be
the arithmetical formula obtained in this ‘way. It is easy to sec
that A(e)—W is provable in (8). Indeed A(¢) says that there is a model
satisfying all the axioms of (S) and therefore A{¢) implies that (8)
ir gelf-consistent,

Now 9@ has been shown by Giédell®) to be unprovablé within
(S) and hence A4(¢) is also unprovable.

We remark however that W is decidable if one adjoins the
rule of infinite induction. The above proof gives therefore less than
the former proof since it leaves open the poseibility that 4(e) may
bhecome provable after assuming the rule of infinite induction.

{3) I the existence of inaccessible numbers were provable
in (8), then A4(¢) would be provable too (cf. theorem 11). Henece
it is impossible to prove within (8§) the existence of these numbers®).

{4) The following remark concerns the theorem ¢ of Skolem-
Lowenheim. It might seem that the hypothesis of theorem %
is unnecessarily strong. Indeed one can prove®} the following
theorem 9* which we propose to call ,theorem of 8kolem-Gédel”:
if W(e) 18 a non-contradictory B) formula, then there is a relation R with
at most denumeradle field C such that ¥e(R).

Theorem 9* however is neither stronger nor weaker than
theorem 9. Its hypothesis js indeed considerably weaker than that
of theorem 9 but its conclusion is weaker too since it cannot be
ascertained that B is well founded. As a matter of fact it can be
proved that for several formalae ¥(e¢) the R of the theorem ©6*
cannot be well founded,

T ) Godel (4], Theorem X1, p. 196.

*) Thiz has heen proved by Kuratowski [€). Cf. also Firestone and
Rosser [2].

st) Godel [2).

) L. o. such that takiug {F(e) as an aviom and applying all the rules of
functional calonlus one obtains never a contradiction.
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In theorem 10 we used theorem 3 which could be proved only
for well-founded R. This shows that theorem 9* would be useless
for our purpose.

() We shall show here that the axiom of choice could have
been eliminated from the above proof. We have used this axiom
only in the proot of theorem 9. The following theorem is however
provable without this axiom:

Theorem 9%*. If x iz a well ordered set, aex,...,mex and
D,(¢,a,...,m), then there is an at most denumerable set y such that
Gey,..,mey, Ey), Clg)=y, and $y(e,a,...,m).

Let @(e) be again the conjunction of the axioms 41—E1.

Godel %) has defined a transfinite sequence of well ordered
sets mgq,m,,...,my,... such that if ¢ is a suitable ordinal), then
d’"’t +1{€). Now the proofs of theorems 10-15 can be repeated using
theorem 9** instead of 9.

(6) The finiteness of the axiom-system A1—E1 has enabled
us to carry out the proof of undecidability without using any
semauntical notion. To extend our-construction to systems based
on an infinite number of axioms, one has to take the semantical
notion of satisfaction 2%) into consideration and the proof bhecomes
muech more complicated.
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On extendability of models of ZF set theory to the models of Kelley-Morse

theory of classes

By W.Marek and A.Mostowski (Warszawa)

§-1. Introduotion

The standard axiomatisation of set theory due to
Zermelo, Fraenkel and others was extended by von Neumann,
Bernays and G8del to an axiomatisation in which there appears,
apart from the basic notion of a "set", the notion of a "class".
Intuitively, classes are properties of sets, it belng understood
that we identify properties with the same extensions. This
intuition derives from Cantor, who spoke of consistent and

inconsistent classes.

The introduction of classes also extends the notion of
"function®: some classes which are not necessarily sets are
funotions. But the basic intuition of set theory that the
image of a set is again a set is preserved.

If we restriot the soheme of olass existence:

@) (x)xex e O ()

(where "X®" does not appear in 4? ) to formula¢ in whioh
no quantifier binds class variables, Wwe obtain the so—oalled
npredicative class theory" of Bernays and G8del (or ®GB").

If, however, no restriction of this sort is imposed, i.e.if d?
may contain quantifiers with variables ranging over all olasses,
the theory which results is oalled the Kelley-Morse theory of
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clagses (or ®"EM"), In both cases, GB and KM, we accept the

clags form of the replaocement axiom.

The system GB corresponds to the intuition that classes
do not form an acceptable totality, although some operations
on olasses are aoceptable, by the composition of appropriate
operations we get classes { x @ (x) } for predicative d—g's.
The system KM corresponds to the conviction that the aggregate
of all classes does form an aoceptable totality and is a

legitimate mathematical object.

The authors’®standpoint 1s the following. They agree with
the opinion that there is no reason to assume the properties of
sets form an aggregate which is a legitimate mathematical
objecty but they think that the extemsions of properties do
form such an acceptable totality, and therefore that the system
KM has as strong an intultive tasis as the system ZF. We cleim,
in fact, that XM is a formalisation of "seoond order ZF set
theory®, aad that, in partioular, the furm of the replacement
axiom which is accepted in KM is in accordance with this claim.
Thus we belleve that KM is a very good system for the formalisgs—
tion and development of mathematics.

This conviction leads to a comparison ¢f the relationships
between Peazno arithmetio and second order arithmetic on the one
hand and between ZF and KM on the other.

The intermediate systems (i.e. systems lying between GE
and K¥, for instance Kmh y in which the scheme of oclass
exlstence 1s restricted to Z:j; formlas) are not oomsidersed

here, alihough a substantial number of results (in particular §3)
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may be oxtended to that case. An interesting interpretation of
1 5
the ‘} 9 class existence scheme 1s given in [T1tj .

It is well~known that the theory XM is stronger than ZF,
and that there are statements in the language of ZF set theory
provable in EM but not (under assuaption of the consistency
of 2ZF) in ZF. Sentences which assert the existence of transitive
models of ZF set theory may serve as examples; another example
15 a sentsnce asserting the existence of a model of GB and the

Zi—class existence scheme. et ZF'M be the set of formulas

d? of the language of ZF set theory such that the relativisa-~

%
tion ¢) of 45 to the universe of sets is provable in K.

The system 2P 15 an extension of ZF, and is axiomatisable,
but no axiomatisation (in the language of set theory) is known.

gur feeling is that ZPKM consgists of sentences zas true as

those of ZF set thoory. (Clearly the consistency of ZFKM is

formally equivalent to that of EM).

Consider a model { 4,B ) of ZFKM . For general model—
thooretic reasons (¥, B ) is elementarily equivalent to a
model < N,E* > obtained from a model ¢ R,E"} of KM by
restrioting it to sets of the model (with restricted membership
relation). Thus it seems that 1t is most natural to begin
studies of models of ZPK¥ by considering models which are
restrictions (in the above sense) of the models of XKM. Such
models are called "extendable®.

In the present paper we study extendable models.
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The paper is organized as follows: §0 deals with
preliminaries. In Part One we give a numbier of exteandable and
non-extendable models. We introduce the 1lmportant notion of
f’»‘ - extendability (corresponding to P — models of second
order arithmetic), which is a restriotion of the notion of
extendability. We show that every elementary olass consisting
of models of signature < 1, 2 > oontains an element not
extendable to a model of KM. For the O - models we have
a sgtronger result, which, in view of recent work of Krajewski,
is optimal. We show that extendability is a PC and 91 -
extendability is PCPC property. We establish the 21 -

reflection for the theory KM, We disouss the connections

between the extendability phenomenon and the height of the model.

In Part Two we deal mainly with F, - extendability. For
a given transitive model (M, €) of 2ZF set theory,

we define a class R.A¥ ¢ ¥ (M) and show that (M, €> is
a P - extendable model iff < R.AY y M, €5 1is a model
of KM. Since the class H.A! is defined by a oonstruotive
(although transfinite) prooess, this result may be considered
as a criterion of g - extendability : +to see whether ( M ,€)

is a @, -~ extendable model, we have only to oheck whether
the images of sets in M by functions from R.A¥ belong to M
or not. In the former case K 1s F - extendable, in the

latter not. The class E.A‘.{ is oalled ramified analysis over X;

its construction closely follows work of Gandy and Putnam, who
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proved similar results in the case of second order arithmetic.
(Gandy’s results were unfortunately never published. ).
Pransposing other unpublished ideas of Gandy to set theory, we
prove that (‘R.Al.ﬂ » M, €) 1is the smallest f - extension

of the model M. Consideratlons used on this proof allow us to
get inner interpretations of KM in itself satisfying in
addition various forms of choice. In the course of this argument,
we discover an interesting differenoe between second order
arithmetic and the theory KM, namely that the latter has minimal
transitive models; the former has not, as was shown by Friedman
in [3). This solves a problem in [ 3],

The results of Part Three were proved by W.Marek. The most
important result is a proof that the notions of extendability
and of @ - extendability of transitive models of ZF are
different. (This is not surprising, on analogy with secend
order arithmetic, but it has to be proved). Using methods of
Barwise and Wilmers, we show that the least ordinal o« far
which (L_, €> is extendable is smaller than the least
ordinal o' for which (L, €7 is (@ - extendable.

Under reasonable assumptions (namely that o’ existe), both
and o« are denumerable. Moreover, o 18 denumerable in

{ Ly, &) , and { L., €> is extendable in
L iy €

We give suffioient conditions of extendability and F -
extendability. They are entlvely constructive; they appeal to
the next admissible set, in the case of extendability, and to
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[a]
the next :Z:Do - admisaslble set, in the case of f3 ~ extonda=
bility.

The subject of this paper has been sgtudied by both of us
for quite a long tlme. We started smystematic research on it
in 1970 and discuased it over many hoursj hence our ¢ammon
authorship of the pzper. Our earlier rolated results sppeared
separately iz  [12], [6] s [9_], [8] s [10] , (11;] (exranged

in order of appedranoce).

In our opinion, the notion of extendability merita further
regearch. The most importont problem seems to us to be the
azicmatization of the ZFKM set theory. In' partiouvlar, we are
interested in mathematically -interesting consequences of PA

which are not oonmssquences of ZF.

We are grateful o our colleagues from Warsaw: W.Guzicki,
St .Erajewski, M.Srebrny and P.Zbierski for many valuable
discussions and remarks. We owe a lot to R.0. Gandy whose

ideas are so clearly seen in the part two.
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§ 0. Preliminaries

Four basic theories we deal with in the paper are ZFC, ZFL,

KM and KMC. They all are formulated in the same language LST
ZPC is the usual set theory of Zermelo and Fraenksl (with choice).
ZFKM was defined in the introduotion. In order to introduce KM we
prooeed as follows: We change the language LST into two-sorted
language defining a predicate } X)e> BY)(X € ¥) and using
small Latin letters for varlables ranging over sets i.e. classes
with the property } (.)» EM is the theory based on the following
axioms:
1) Extensicnality
2) Pairing for sets
3) Sum for sets
4) Powersst axiom
5) Infinity axiom
6) Poundation axiom
7) Choice axiom
8) Class existence scheme: (EX)(x)(x € X <= dé(x))

X not free in C}g(.)
9) Replacement axiom (class form)

If in addition we add the scheme 10)
10) Choioce scheme

@ @) § @) = @@ P &, 1)
where Y(x) = { ¥ Xy D> €Y] ’

the resulting theory is called EKNME.
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Models of KM (KME) may always be represented in the form

{T UM, M, E> where F < §(M): namely it follows from the
axlom of extensionalilty and the definition of ; (+) that proper
olasses may be uniquely represented by subsets of M where ¥ is the
set of all sets of the model.

The height of a model { M,E > 1is the supremum of ordinals
represented in { M, E > . In ocase when {M, E > is a transitive
model of ZF, the height h(M) 4s equal to M~ On. But when < K, ED
is a model of KM +then the height of it is usually much larger

since there are wellorderings in M of length bigger than On.

1t {NE)> 4s a struoture and x € ¥ +then we put x* = {y: i
Yy €x} . In case when N is transitive and B = €PN then x* = x.

Throughout the paper we use standard model theoretio and set—
theoretic terminology. If X 1s a class then X'X)
is called the x*2 section of X. We write x:—)Y instead of
Ex)X = Y(x)). In this way — intuitively - Y oodes a collection
{Y(x) : x €DIom Y} « In part two we use the following property of
the theory EM: wellorderings are comparable il.e. If X and Y are
wellorderings then either X 1s similar to a (unigque) initial
segment of ¥ or conversly. This in turn implies that any two non—
standard wellorderings which are wellorderings in the sense of a
glven model have the same initial wellordered type (it is in faot
the height of the model). In part three we use-standard by now—facts
from the theory of so called admissible sets. In particular we
assume the working lmowledge of classiocal results of Barwise on
21 - oompactness of denumerable admissible sets. We assume also

some knowledge of constructible hierarohy.
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§ 1. EBxtendability

Definltion: Let <M,E) be a model of ZFC set theory
and T a theory, { M,E > is called T - extendable iff there 1is
F € ®(u) ouoch that {F UM, K,E’ D=T where B’= By [(N=F)nE]
We shall consider models which are KNW- or KMC ~ extendable,
When from the context it 1s clear what is T we call < M,EB >
Just extendable.

In case when ¥ 1s a transltive set and E = €nH2 then -
if (M, € » 1s extendable — We may find ‘F such that McF < P(M)
and {F ,¥, €Y E KM. In fact we shall be mainly interested in
such structures.

The simplest property of the theory KM is that for every
formula of Lgn , if ZFC H % then KM |- (‘f)v. It follows in
partioular that 12 < M, V¥, B> & DM then <VM, BTVE>  zre.
Let 2P = {¢: xu (¢¥ 1 . Then 2P 15 a recursively
enumerable set of sentences and therefore it has a reoursive
axiomatization Moreover it 1s easy to see that the theory ENM is

iff the theory ZF is consistent
consistentk Unfortunately we do not know any axiomatization of Z?
The theory ZFm is much richer than ZFC. In particular
zrm I~ "There exists a transitive model of ZFC"., A muoh
stronger statement provable in ZPm is the following
(*)  ®For every ordinal ox there exists a sequence f, defined
on [«'8 and such that £ is an elementary tower of natural
models of ZFC".

Indeed, using the classical reasoning of Montague Vaught
(which we present below under the name "over-and-over-and-over-

again®) one can prove that V is the union of an elementary

tower { El‘.}a& On
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The last statement is not expressible in I’ST as a statement
about sets sinoce 1t has the form: "There exists an inoreasing

funotion ¥ On = On such that o < e implies <Bs_“, e>
< {R ¥, € >". The quantifier "there exists i " binds
[

a olass variable and not a set variable. 4 (very umsatisfactory)
interpretation of this statement 1s the formula (*). It should be
noted that the above statement is provable already in quite weak
subsystems of KM, Although not provable in GB theory of
olasses it is derivable already from the Z,'} olass existenoce
scheme. Another type of statement provable in KM is the following
"There exists an ilncreasing function P : On —> On such
that o ¢ g implies | <Bf>°“ , é><<H€r" € > and such that

Il
(«)on ®B)xc RP‘*H & "¢x, Rf’* y € > satisfies GB +Z, -
comprehension® )" .

A typilcal reasoning whioh we call "over-and-over-and-over-
again" and use at least four times in thils paper is the following
one:

Theorem: There. are arbitrarily large oK suoh that

(Ryr€¥ <V, €.
Proof: Using the scheme 8 we are able to prove full scheme

of induction and so we are able to prove that for every olass X
and in particular for the class V there exists the class
is-l:sfx consisting of pairs (¥ , ¥ > such that all terms of

T vbelong to X ana < X, €7F ¥[X] . Applying the class form of
the Skolem Lwenheim theorem (it is provable in KM, cf [ 14])
we get a set s, suoh that (s, €7 <V, e>
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We mey assume that ug 8,4 (where u is a fixed set).

Notice that there exists &« o suoh that 8, ¢ R = *
o}

Now we define inductively two sequences {o(n} new? 1805 nee,

such that: I <sy 9 €y <LV, €5
I Sng Rotng Bhed

It is clear that | _J s 6 = K/no( = R

new 2 new n U eX n
new
Put oA = \J o{, « Since ( Uan, €)<4{V, &> therefore
nee: nec,

we have

B ,e> <V, €

By the construction u¢ R‘,k 50 o{ may be chosen arbitrarily
big. The proof as we presented it needs global form of choice, the
G8del’s axiom E. Considering sn’s of least possible rank we are

able to use only the looal form of cholce.

The sequence { B'Eu(}a( ¢ On of the consecutive natural

elementary submodels of V may be characterized as follows: f ¢ is
the least ordinal majorizing all ordinals definable in V (1.e.
definable by formulas of the form L{’v(.)). Similarly ¥ o¢ +1
15 the least ordinal bigger than all ordinals definable in\/ by
formulas with the parameter HE .
ol
In the language I‘ST we are able to express the notion of

wellordering, namely :
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Detinition: W.0.(X) & ICVZ& (xy7)(x&Dom X& y € Dom X4 (x,y >¢X
X x> €X=> y=x)&(z)(2<Dom X&Z # g > (R2)(z€ 2&k(W)(We 2 =>

< zyw> €X))).

Similarly as in case of models of the second order arithmetic

we introuduce the notion of P - models.

Definition: The struoture <F , M, € > (where F ¢ ¥(M)) is
oglled Fs - model {or - equivalently - is said to possess p -
property) iff for all X€F, < F, N,eyEW,0.[X] implies
that X is a wellordering.

This leads to the following natural definition:
Dofinition: The model £ M, €> is oalled G- KM ~ extendable
@ p- Te - extendable) 1ff there is F < ® (M) such that
{F,»¥ €> 1sa (@ - model of KM ( @ - model of EME).

Transitive models of ZF set theory are necessarily g -
models. ') This follows from the faot that
2P X)) (W.0.,(XT) = (Bt)(0ra(x) kX% (<, €> )) and

additionally from the faet that the formula "(.) is an ordinal®
is an absolute formula with respeot to transitive struotures.
In case of the theory KM the situation is aifferent (we show this
in § 3, although earlier it was proved in [9] ). A ouriosity

with respect to this is the following: lemma:

*) Indeed much weaker theories have this property; it is

sufficient to assume [\ _ - collection and 21 - comprehension.

Y
The fact that powerset axiom is not used we employ later.
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Lemma: Pormula W.0.(.) is equivalent (in EM) to a predicative
one .

Proof: Consider the following formula w.o.(X): (x,y) (x€Dom X &

TEDom X ALx,y) eX Ay x> eX= ¥y a x)&(z)(ccDomXfz § f =>

Bu)(ue s &(v)(vez= uyv>€X). Clearly W.0., (X) = w.o0.(X).

Assume now — W.0.(X); Consider x, of least rank such that the

Class X n{t t (ty X, € 1}2 is not wellfounded. Now inductively

define x as an element of {t HERG xn>ex3- )xn} of least

n+1
possible rank such that Xn |t : <%, xn+1>€X§2 is not wellfounded.
{.xn} nec is a set not wellfounded in I. Again we oan eliminate

global choloe from the proof,

The notions of extendability and @ - extendability coincide
on some olasses of modelsj as shown in (9] , 1if (M, €> 1is

a transitive model of ZFC and cf(M ~ On) > ¢, then every
extension of ( M, €> is necessarily & & - extension.

Indeed 12 T 1s an extension and <7 , M, €> p W.0.[X] then,
ir {xn} nees is an X - descending sequence then by our
assumption on the cofinality character of On A M, {xn}n“,;n.o(
for some o{ ¢ Onn M., But then, X [‘REC is not a wellordering;
since I S\E:{El therefore < M,&> ¥ W.0.[X I‘Hﬂ]oontradicting
LF 4, M, EYEWL0.(X].

We investigate now the extendability of some models of ZFC.
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Proposition: If = 1is a strongly inaccessible cardinal then
<R‘x , € > is @ -~ KM€ extendable.

Proof: < B g s R(>< s € > 1is a desired extension.

Notice that by Skolem-Lbwenhein theorem, (R, , € > has
also other extensions. It has even more than o of them. Under
agsumption of regularity of 2™ 1t has even at least 2" of them.
Proposition: If o< 1is a weakly inaccessible cardinal then <{L_ ,é>
is (3 - KN¢ ~ extendable.
Proof: If o is weakly inaccessible then <L, €V F " o is

a strongly inaocessible cardinal". Moreover (L,&> F "L_ =R
thus < L,ey ® "L, is @ - EMC — extendable". However the

latter statement is absolute because L 1s a transitive model of ZF
and therefore it is a @ ~ models. Note that one of (3 - extensions
of L ,6> 1is L_+n®(ly)-

Proposition: The least transitive model of ZFC 1s not extendadble.
Proof: The formula *(.) is a transitive model of ZFC" 1is A%F

t
and thus absolute with respect(transitive models of ZF. If the
rnode
least transitive/were extendable then it would satisfy the sta-
tement "there exists a transitive model of ZFC", But it does

not sinde it is the smallest one.*)

1
*) Once again we do not use the full power of KNM; 21 class

existence scheme is enough.
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Let { @ ? be the consecutive enumeration of heights of
Flyeo.

transitive models of ZFC.
Proposition: let Y be a formula such that ZPC b— (Elx)¢

and Y is absolute with respect to transitive models of ZFC.

let <, be the unique objeet satisfying ¥ . Then {L €>

Q/ ]

@
1s not extendable.

Proo?f: i M, e is extendable then, since =, € M

therefore also ©&_, € ¥ and 1L & M. Thus M# L .
e 64‘, a"v

The above proposition can be generalized to the ordinal

numbers definable in theories stronger than ZFC. Indeed it is

enough that T is a recursive theory such that EM p— " {V,ed>E T"

KM
For instance ZF * = {%s: CGB+ Z:l' class existence scheme 0—‘(}

Definition: If 5 1s a strongly inaccessible cardinal then <o¢
=)
1s the least @ such that (R, ,€7?<<R_ ,€>
e =

Proposition: It 5 is & strongly inaccessible cardinal then
(R _ ; € > is a non extendable transitive model of ZFI.KM
ot

Proof: Since { BRo, € 1is extendable therefore it
[t
satisties ZFLl. Thus { B, , € > also satisfies ZPO ,

By absoluteness of the notion of rank with respect to transitive

<, ,€>
models of ZFC we get, for N<s e (l’{7 D™ B7 nB_ = R7 .
= -

—

1 (R, _, €)>  were extendable then there would exist 77 < ol
S us}
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such tkat in the extension ¢ ,_.?l" » B s € we would have
.

(™)

<7, R-«,:,,é>1="<R,).e><<V. e

€>
y €< e ,€> i.e.
L G

<R,))é> '< <R°(r!,€>

=2

But then < R

C

contradicting minimality of o« .
o

The analysis of the proof shows that < R, , € D is in

(=4

1
fact not extendable +to a model of GB + 21 class existence

scheme .

Theorem (Krajewski): If { M, B> is a model of ZFC
then there is (N, B'> such that { M, E) = { N, B’ > and such
that ({ N, B’ » is not extendable.

Proof: Bythe main result of [17 ] there is a model < N, B’ D
such that (N, B?>={(M, ED and such that all ordinals of

(N, B> are definable in { N, B’ ). We claim that { §, B’>
is the desired model.

Indeed, if it were extendable then, in the extension

{F » ¥, E"> we would have {‘F ,N,E" Dk "Ry €<V, €0
for some ordinal < of < N, B’ > .« Consider the replica,

’ ’
® iN’E ”)® of the object nf(N'E ?. Then in particular
3 N
<(R°<<N’E’> )y, &2 (R‘S‘N’E ’ ) > s a proper elementary
subsystem of < Ky B> . Under this oondition all definable

E 3
elements of (N, E’ D> must be 1n (& <™E'> ), But o is
%
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not there, which gives the desired contradiction.
Corollary: 1If g 1s the class of all extendable models and 3{
an arbitrary elementary class in the language of LS:‘ then X-£ #/d
In the ocase of CO =~ models i.e. models with natural numbers
ordered in the type <o , vwe get a slightly stronger result: *)
Theorem: If {M,E) i1s an (o — model of ZFC +then either <{ M,R)
is not extendable or there is an ordinal o( of the model <{M,E )
= E 4
such that < (& SMEV Y, xf‘(n_f"'b )y $<€<¥u,E> and
< (R_f""E> %, = (Re(c"3> ¥ >  1s not extendable.
Proof: The key faot is the following tedious lemma:
Lemma: It x,y are two elements of M such that ( MED>E *
x 1s a pair { x E'> and y is a pair ¥y B*> and
)~ 2 ” 2 "
B'Z X, and BV < yo
[
< x5 (B <ok @05 ).

Proof of the lemma: We show that the satisfaction class for x

then ( { M,B DF "x < y" iff

inside of the model M,E > and the satisfaction olass for
4 x§ ’ E° > in V are isomorphic. Indeed consider the object z
whioh is the satisfaction olass for x .in the model < M,E >
Then 2z* consists of objects being pairs (¥ , 8 > (in the

sense of M) where ( MyJE> k& " ¥ 4is a formula® and

o e et e

x) We first define: .
Definition: If x€M then x° = { (z , t> ¢ (MBDE" (2, to€x" |
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{ M, E) " s is a finite sequence of elements of x, " and
{ ¥, EYp "xk P[E]". Now we use the fact that <M, B
is an ¢y - model and thus the notion of a formula is absolute
with respect to (M, B)>. Also the notion of finiteness is
absolute i.e, ( MyE ) " s 1is finite ¥ implies that (s)i is
actually finite. Now we show by induotion (which is allowed since
{M, E> i an ¢) - model) that { ¥, ED> b " x | Y[E]" iff
4 x: ’ E°> b ‘Pl_((s)*)oj . Thus we had shown the isomorphism.
. o
Finally let us notice that ( x§ » B > < (yt , (87)° > is
equivalent to the fact Stsf<(x°)!,30> = Stsf( (yo>i’(x,>o>

~ (Pormx_) n(xi)) .
Nne&eoQ o}

Making the calculations inside and outside of the model and
taking into aocount that (x A ¥)* = x*~ y*. (Where the symboln
on the left hand side denotes an operatiom in the model and on
the vight hand side a set theordtic operation) an finally using

once more absolutness of a finite sequence, we get the result.

With the lemma proved we prove the theorem as follows.

Let o be the least ordinal - in the sense of 4 M, E> -~
such that in the extension (T , U,E’) k “<Rtx 1 OV e
(Clearly under the assumption of extendability there must

be o with this property).
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1

We claim that ( (Rém"E> )=, EF(HS(M’E> )* > 1is not extendable.
Suppose it were. Then there must be an ordinal f3 - in the sense
of ( (RQfM’E> )=, E,\(RéM’F‘,) )E >- such that in the extension
¢ 4 @SME>yE . (g @ SEED yEY S the zormula

y = o
" <B€’ y €0 < VY, €79 holds.

CML,EB> =

. (MyEY\E
Thus ¢ (Ré(RofM’E PP EP@LEDE f(Ré(Hu )l (Be s

=
is an elementary subsystem of < (E.cim’]g> )%, E (‘(Rof ¥,E> ) >

But { ¥,E > 1is an rank extension of ¢ (R SVE))¥F g (LE )%

{M,B) \® < M,ED\=
(o2 [4 ?] ) and therefore (R (G((E"‘ )B (\(Ro( ) >)i .

- (RffM,E > )’.
Thus < (BE<M,E> )f B(\(Rém,m )!>< ¢ (Bj M,B> yx EP(RJ<'M»E> ) N

and so, using the lemma we have < M,E ) F waz(&,eN(ﬂm, epn

oontradicting the ohoioce of < . ")

The extendable models always satisfy ZFKM « The compactness
theorem implies the following theorem:

*) As shown by St.Erajewski the assumption that < M,E > 1s an
¢o — model cannot be omitted. Indeed he shows the following
theorem
Theorem: If 7l = ( M,E > 1s an extendable model then there
exists & cardinal N and an ultra filter D on A such that the
ultrapower ¥ =<U71)/D is extendable and for every ordinal ok of Y ,
1f in the extension (T , L PF"{B_, € ><{Vy€>" holds then

4 (ROEZ >, E’r(ﬁo'} )* >  is extendable.
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Theorem: ¢ M,E > 15 a model of ZFX¥ 1£¢ there is model {N,B"D
such that (M,B > 2 (E,k’> and {N,E’> 1is extendable model.
Proof: Impliocation from the right hand side to the left hand

side 15 obvious. Assume < M,BS f= zrRY,

It 15 enough to show that KM + (Th( (M,E> )Y 1s consistent.

Otherwise KM |- (¢ )Y for some ¢e¢ Th((M,B>) thus -~ wezpFY,

But zF™ . Th(<M,B> ), contradiotion.

The ultrapower m>/n of an extendable maodel is again
extendable. Thus applying the theorem of Prayne we get the following

result:

Proposition (St.Krajewski): If < M,E > is a model of 2ZPEM
then there is an elementary extension of it { N,B’> whioch is an
extendable model.

We oome back now to the discussion of the ordimal <X~
(]

Proposition: o -, 18 a cardinal.

()

Proof: Sinoe {V, € is a rank extension of < By  » €>

[

therefore the notion of a cardinal is absolute with respect to
l R, €) . Sinoe <L B, » €) 1is a model of ZFC therefore
[} i}

it is a limit of its own cardinals. Thus o(. is a limit of

()
oardinals and so is itself a cardinal.

Notioe that the cofinality charaoter of K~ 1s always ¢ .
[}
As is well known, if VYL is a natural model of the theory XM
(and even of the theory GB) i.e. a model of the form < B 41 ’Ru'€>

then o is a strongly inaccessible oardinal, If however we
consider models of the form (T ’ RoL y € > without stipulation
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that F = R_( +1? then, under the assumption that inacoessible

oardinals exist We may find extendable models of the form { R, ,€)
Indeed we have the following theorem:

Theorem: Iz S 1s an inaccessible ocardinal then there are
arbitrarity large 1) < =, such that < n,) s €D is extendable,
{R,, e)-{(R.:. s €Dy cf n=ow.

1 o

Proof: We use the Yover-and-—-over -—and-over-again®" method.

let u€R,, . Consider the system { B — y B— 4 €) and 1ts
= + o)

—
[

subsystem < ‘A°, A?, €> such that us A? + The objeocts in Ag

are elements of B, s oObjeots in A% - A? are elements of

o

{-) n} nees such that:

< Ajt A';’: €< <H.~:-+1 » Bmy €D
[} o

n n
RE +4 ~ B—e We define as before sequences {A }n €w? {A1} neco

3 J_ .4 -
As before A1 [= RS y A A1 < R:.+1 BE
-
Now set A=\l 4 =\, r)-u oy
Jew J € Jeow
Then {ay 8,€YSCB= 4y By €

let us note firstly that A, is transitive (though 4 is not)

and A, =B This follows from the faot that A%’_C_- R, 1g A?“.

1 7°
Thus < &y Bn y€<CR= 49 B—, €7+ For each X€4 put
J| =+’ e
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a2 Xn Rp. et F = {X":X€a}. Clearly F arises
simply from A by the contraction procedure and so

(A, R ,e>;<3r,R,),e>. Thus <3‘,R,7, € >k K.

]

By our comstruction ¢ R,) »© <X{ Bay &> and of 7 = (.
j)

Notice that the system < F ,R,7 sy €> is a g- modol.
Indeed let < F., R,.), € > e W.0.[X]. Then for soms
Z €4, X = Z¥. By our construction < 4, R,) y €0k W.0.{27.
The analysis of the form of Z shows that X is a restriction of Z
to 3,7 . Now { a, B,) » €D <<B,:.+1, Bn,€). Thus

) ()

(B 4s B=, &€ D>k W.0.[2] and s0 Z is a wellordering.

o o

Since Z is a wellordering, therefore sll its restrictions are

and so X is a wellordering.

When we look closely to the proof we find that we did’nt
use all power of inaccesability. This leads to the following
definition.
Definition: A model ¢ M, € > is called 2-extendable iff there
exist two extensions ’}'1 and ?2 of (M, €> such that:

i
(’;‘1, ¥, €Y E KM ;1= 1,2 and (E;)(Xe?‘zﬁ(r)(Yéﬁ-'1é9!7x))
AN

i.e the extension ¥ , is codable within ¥, ; in particular

By virtually the same reasoning as above we have the

following theorem:
Theorem: If <M, € > is 2 -extendable then there exists

o € OnnH such that { BY ,€) < (i, €> ana (Ri,&)
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1s extendable., If in particular the smaller extension 31 is
a (3 ~extension, then <Hﬂ s € > may be chosen @ —extendable.

Analogous hierarchies of n-extendability and o =—extenda=-
bility may be introduced, with analogous results. However, we

shall not pursue the matter here.,

Since we had shown that extendability is not an elementary
property of models, it seems reasonable to investigate whether

this property is’ connected with the height of model of ZPF.

Theorem: If there exists a strongly inaccessible cardinal

and 0# exists then there are transitive models M, and M2 of ZJ.i‘KM

1

such that OnaM, = OnnM,, M, is extendable (even g -

1
extendable) and MQ is not, M1 and M, can be chosen denumerable.

Proof: We first produoce uncountable models M1 and M2 with
the desired property as follows. If X 1is an inaccessible

cardinal then consider <, . As we proved before <R°‘x’ €>

is not extendable, But ’<K is a oardinal and since 0# exists

it is strongly inaccessible in L. Thus { L, &> | " (L,(K, e >

is @, —extendable®., Since (I, € > is transitive therefore
<L“x’ &> is actually { -extendable. Set i, =(L_(k y &N

M, =(R_LK,67. Clearly both of them satisfy z¥%¥ | We construct

denumerable models M1 and M2 with the above propertieé as

follows, Let Y be the least ordinal (3 such that é@

and < RP ’é><(BK » € . Consider the structure ¢ R}, €, <.

Clearly < RI’ €,<, Y satisfies T <H°()<, € > has no elementary

submodel of the form ¢ R7, £ 4 <L_<K, €> 1is (3 -extendablen.

wn
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Pick denumerable transitive model ¢ M, € , » Y elementarily

equivalent to < R}, €, > We claim that (R;M’,E)& > is

not extendable, If (RSME€>) € vwerevextendable then for

A
some g <A
(M, € .
B 0 €> (M, €D
<=y Yo eke T T, e
2 X6 e u,€>
By a reasoning we used twice, R,) = R)\
{M,€> (M, e>
Thus <R7’ ,é>~<<n)\' , €5 and so

<M! E>ER " <Rr),c.> <<R)"€>&76)‘"

This however contradiects the fact that { M, € ,%)E(Bl,é,%K by
Since { M,& > 1is transitive and ¢ M,€> F "L 5 1s
G- extendable” therefore ( L§M’6>, € 1is indeed

(3- extendable i.e (L/\, €> 1is @ ~extendable.

Thus the height of the model does not determine the
extendability property.

There is positive resuli concerning Cchen extensions of

extendable models.

Theorem: If £ M, & D 1is a denumerable transitive extendable
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model, < B, <) €M is a notion of foroing, G any M—generic
ultrafilter in < P, € > then ( M([G], € > 4is again extendalle.

Proof: Pollowing [2] we find that i (N, V', €> isa
denumerable transitive model of KM, (P, {>'EV'W then

<N[G], V‘N':G], & > 1is a model of KM (Actually, Chusqui proves
this for a larger clads of notions of forcing , some of them
being proper olasses of ¥). Thus we only need to show that, if
M= v then (6] = v (%), This follows from the fact that if G
is M-generic then (under assumption eNIX3 M) it is nece~
ssarily N-generic, and the fact that if K (X) € VW then for

some set x, KG(X) = KG(x).

We show now a strong form of the reflexion principle for
the theory EM.

let X be a class.We define a relation Sat(X, ', f) between
formulas of LST and finite sequences of elements of Dom X

which satisfies the following conditions

N (z,) (z,)
Sat(x,rviev;, ) @=>x ex d

> (x4) (x,)
Sat()(,"vi = va',x.) P ¢ ER QE
sat(X,0f) X) (=) - Sat(X, & , X)

Sat (X, e¥x) &> sat(X, ¥ ,X)&sat(X, v , I)

sat(x, “(Bv;)¢”, ¥) = (Bx)p,y Set(X, ¢ , T( 1))

where x( i Ya (T = 41)x¥) o {(i,x)}
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We define Sat{.,.,.) a5 the smallest relation satisfying the
above. In case when X is a set, Sat(x,r‘{91, {Xyeeey 3> ) is

_ 11) (ij
equivalent to the following: {({y : m IHLEYELIX 'yeeerX

We have the follewing lemma:

Lemma: If ¥ i1s a predicative formula and X a class such that

@Eev » xnx) em X =x(x1),...,xk=x(xk)

1 then

W (Xyyarey X)) (=> Sat(x, f, x)

Proof: By induction on the complexity of formulas. For atomic
formulas and boolean connectives the proof is obvious. In the case

of the existential quantifier we use the fact that (x)(xr) I).

lemma: If Y is a 21 formula then (11)...(xn)(kr (6 PP 4

(=)

= (8X)(Bx, ). . (Bx,) [x1 =X & ...&xn=x(xn)d\ sat(X, ¢ ,x)

& @@qn])
r.o1 r 1
Proof: et Y = (B vi) Y where W& is a predicative formula.
Iet Xyy..ey X, Z be given such that W(z,x1,..., X,). We

n
form the class X as follows: X ={o}xZu U{{x}}x x ol {1mjex,.
xXEeV i=1

1
Then by the preceding lemma Sat(X, Y, {0,200y, n+ 1) )
thus  Sat(x, "¢, {2,005 n+ 1) ). Since x(2) = 111-..,X(n+1)=xn

()

therefore (Ex1)... (Exn)(x1= X & ...&Xn= X(xn)& Sat(l,"‘(’ﬂ,x).
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(x,) X
i S(.‘.%axn=x(“!

Conversely, assume Sat(X, ¥, %) & X, = X
Then  Sat(X,(Bv,)W), £). So for some
z € DomX, Sat(X, ¥} x( i )). consider X(¥), By the preceding

lemma again kp(x("), Zy5000y X)) and thus (BZ)W(X 500y X))

1 1
Theorem (2:'1 reflection principle): If e J 4 then for

every 11,..., xn there are arbitrarily large o ‘s such that:

(@) ¢ (EyyeeesX) KR 49 B 1€ b [T AR yeeasXnR ]

(v) <B°‘;€><(V’ €>.,
Proof: let X,jeee; X, Do given. If -+ @ (x1,..., xn) then
let of be appropriately large such that ¢ R, ,€> <<y, >,
Suppose now (11,...,Xn). By the preceding lemma there
i1s a olass X and a sequence X such that sat(X, ¢ , ) where,
for eaoh i, 1¢i¢n, X(xi) = X,;. Moreover, (x)(x7 X). Now
we use the "over-and-over-and-over-again" method once more

(using Skolem-L8wenheim, class version). We define four sequences
n n
z { 22§ X , 1t inductively as

Jl }nEc..;) o] neo’ { n}new n}new

follows: Let u be a given set., There is w £ Dom X such that
(s)
u= {X t BEVW } .
n
z° is any subset of Dom X such that, for all ftu (z°),
new

for all ¥ ’'s sat(X,, ¥, X) &= Sat(X, ¢, X)

where X°=1n(z°x-v), zg-{zez°:£2)€v}i
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to 1s any set containing zg suoh that for some 7

{X(z) tzety} = Bn (Since zJ is a set, t, can be found)

Now assume zn, zg ) In y tn are known.

—

™! 15 a subset of Dom X suoh that ta< zn”, z . ;;1
k
and such that for all Te U/ (22*1), a11 ¢ € Lr
kK€
sat(X,,, »7¢% X) (= sat(x,"¥", X)
n+1
where X . =Xn (277 x V).

z!;'” = {v( zn*i: x(")e V}

1

t is a set containing zg*'

n+1 such that for some 7 ,

- = .n
Now forwm 2z -l} -

-R L)
7 neéw

{X(Z) Pzety, ]

=X n(2¥x V), z;“a / 7.2 snd t_=l_J %

X
@ n € w néw

We find that 23’ = {vez®: ¢ v}
By our construction there is r) such that { X(V):ve tw} = R,)

The following holds:

(1) @(Fe %Zj(“(z“))-a-) (sat(x,,, "¢, Z)e=psat(x, 7, 2))

w
(11) 2=t .,

Since z"" is a set we mag assume thet for 24125 € Dom xu,

z, 25
z1;‘22==9 T, ¥ X,
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Define now on Don X, 8 relation E as follows

(x, 7y € B <= 1) € x()

The relation E is wellfounded and extensional (for the last

(z,) (2,)
fact we need, for z, # z;, X, #X_° ) Thus { DomX,,E>
~ (N, &> for some transitive N.

We find that
(1) (x)(sat(x,, vyeV, (< 4,20])) &> 1&g R

VN=R

Thus N¢ RI,}H ’

]

The analysis of the isomorphism 1 : { DomX, ,ED> —> {n, &>

gives the following : i(x) = Xg)n R,) = x(x) n R,)

~ (x
Since Sat(X_ , @, %) therefore <N,W, E)W[x(x1 ),\R,',..,x 2)n7j
Pinally for ¥ € Z: 4 N,E,) y€> Kk 9 2z,,.00y z,] implies

<R,) o ? R.) ' é)i:‘(’[z1,..., z,] - Thus sat(X, ¥, ;) implies
<Rr}+1’ E.) y EVEY [x(x12\ R,} yeess x(xn)ﬁ R,)] (whenever
¥eZ; ) Clearly <B.),e><(v,e> .

1
Considering 2@ sy, and t, ’s of least possible rank

we may eliminate the usage of the global form of the axiom of

choice,
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Definition: (a) A class J{ of models is a PC olass with
respeot to the class of iff N & L and there is a set of
sentences S in the language LST(A) (arising from Lyg by

adding unary predicate A) such that

(o) (med =o(weH e (BX)(Xcniib(@)(¢e ST, I>E P ))))

(b) A olass W< L  is CPC with respect to L 1ff L-X is
PC ola_ss_./XElogously we define PCPC, CPCPC classes etc.

Theorem: The class of extendable models is a PC olass with

respect to the class of all models of 2ZFC.

Proof: If ¥ ig extendable then - by virtue of Skolem-
L8wenheim theorem thereis C ¢ P (|#)) which extends ¥ and

such that 0= Ol .
Let % be an enumeration of C with elements of | Y| .
m
Pinally let X = {(x,y> : ye2(x)].

We have the following lemma:
Lenma: For every formula Y of I‘ST there 1s a formula W‘f of
LST(A) such that

{Cy My B'> @ [ xymeesTyo £y )seens 2(yy) ]

<M1 E’ x> " \I'/.e EI1 "xk’ y1"° yk]

Moreover the mapping @ H> Yo 1s effeotive.

We leave the proof to the willingful reader.
Yow: YT is extendable <&=>
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@Ee)(ce B (Mm)om & (W)(eexM ¢ ¢, ¥ B> FE P ))

E BX)@ < IM& (e M=> (B B, X)) =Wy )

thus the class of extendable models is a PC class.

One shows (Just by appropriate modification of the above
definition) that the class of fz- extendable models is a PCPC
class. By the existence of the least (@ - extension (e § 2) 1t
is also a CPCPC class. We do not know whether it is a CPC class

(with respect to the olass of all models of ZFC).

§ 2. Ramified analysis and F —extendability

We present here a construction of the least F -oxtension
of a model < M,E > (provided < M,E> is g -extendable).
The construction follows closely the one of Gandy used in his
proof of existence of the least P ~model of analysis. However
we have to change some details since not every model has a
definable wellordering.

We use instead another interesting property of transitive
models of ZF; Every transitive model of ZF has a definabls
prewellordering (according to the rank of elements) such that
every equivalence class of this prewellordering is a set. This
fact will be used te show that ramified analysis has a prewell-
ordering such that every equivalence class of it is codable as
a olass with the domain being a set.

Iet M be a transitive set, U C G’(M) family of subsets

of M, we consider a structure v, 4, €> .
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Definition: 9 ( {u,M, €% ) 1is the family of subsets of M,
parametrioally definable over (U,l(, €Y 1.e. of the form

{ = €n: <um,ed p ?Ex,?J}

where ¥ 1s a formula and '; a sequence of parameters.

Let us note that < UM, € % k 5 [a] is equivalent
with AEM.
Iet X CH.

We define R.Az[’x = Nu {x}

.,m =Q)(<R.A. , M €>)

M,X
A - %Z{\R.Af

and tinally %X o/ R.A.;’x

E(On

since R.AMY o RaMT  inpldes that RAMX = R.¥ZX
« X +1

therefore by cardinality argument there must be f) such that

R.An.ﬂ? RoalrX |

Definition: let K< M. K 1s called M-amenable 1ff either
K is not function or K 1s a funotion and (x)(x€M == K»x € M).

Theorem 2,1, (Ramified analysis theorem). If (M, €)> 1is
a transitive model of ZFC and if every element of R.Al.(’x is
¥-amenable then < RaA¥X M, 6> 164 (o —model of K.
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Proof. The family BR. A]?’X is =~ by virtue of comstrvection -

olosed under the soheme of olass existence (Indeed, if

R.AMC R.A'.‘7" then R.Ari o CEa¥e R, A‘,‘)X i.e.
@((R.A‘f,')x, M, € )QR.A..) )e

The axiom of substitution holds by the amenability
property of R.A¥%since VE2*"a ¥ (by our previous remark)
therefore the axiom of power set holds tpo.

The proof of the fact that R.A.' xis a € - model we

defer until we get appropriate technique.

Lemma 2.1: Iz <R.a¥X, M, € > xM then R.AME R.Al.dg'x .

E

Proof: If <R.A’.“ X, M, €> b EM therefore

@((R.A.'X, M, ed)¢ R.A‘.”x . By induction R.A.i) = R. A‘.‘}X
for all r) > } .

Our task = in fact for all the rest of this chapter - will

M,X

be to prove that R.AL’ is definable in every {e = model

<{F ,M¥ €> of KM such that X &€ T,

Before we go into the proof we need certain extension of
the language. We add to the language of Lg, predicates JUE)
and X (.) and assume the following axioms:

1) @@ — }(X))
2) rrans (J( (.))
3) (2 ¥c)JUe)
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4) a(E @) =2 J1 @)

Since there is no reason to assume that any of objeots M,X
is definable in KM we have to start at the language level.
The t +
o theory KMy . is the theory KN 1) 4) where in

the oclass existence scheme we allow ﬂ and X to appear.
It is clear that KMJ‘L x is a conservative extension

of XM. Let us notice that i2 < T, ¥, € > k KM, XET
then the structure {F, ¥ €,4X> is a model of
m . L]

i There are models of Kmﬂ"}oi‘ different form. For
instance (T , M, € , 1%, x> where X €F ana xc<il,
: AN

In the sequel proofs will be done in KMJT.,.I .

For a moment we are going to study prewellorderings
Definition: A prewellordering (p.w.o) is any relation
reflexive, transitive and satisfying the wellfoundz‘g)ss condition

()(zdg &z Coom(<) = Bz)(zez &(t)(tez => z< 1)

If £ 1is a p.weo we define ~, a8 followsa:

X~y G x<y&y < x) ~ 15 an equivalencej let

Cl_<(x) be an equivalence class of x in ~v

Definition: A p.w.o « 1s a good pwo, (gpwo) iff

(x)(x € Dom < => Cl_< (x) €V) ~

If < is a gpwo then <« determines a wellordering <
on the class Dom < /~_< as follows: Cl(x)’zc‘l(y)é—) X <Y
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Conversly if < is a wellordering and F : Dom(< ) —> ¥
satisfies oonditions: a) xAdy = Fx)APF(y)=4§

b) E(x) ¥ 8
(x)

then < and F determine natural p.¥v.0 <X on r
x & Do ()

namely X< 3, &> (By)@E¥,)(x) €F(y) & x,eP(v,) & 7.<7,)

~/
Operations < and < commute (up to isomorphism).
O

In the sequel we will need one more operation:
Let Y be a class such that Dom Y is set and
a) (¥)(y e Dom ¥ => w.o.(Y(Y))) and

p) (3 )(5)(v457, € Dom Y am> Y(y1)’£’ I(yz)

)
We call Y mixable iff it satisfles a) and b).
The ordering Y mix is defined as follows:

Dom Y2 & {2z ¢ (Dom ¥) ¢ , (2,)(x,) (z;5x, € Dom Y = I(x%f(ﬁ)
=~ r(x1)f‘z(x2)}

£, <quix 2, &med(Ex)(x enomx&f1(x) <) 2,(x))

Leyma 2.2, If Y is mixable then for all xeDom Y, ij_*;_f Y(x)

Definition: (a) If Y, and Y, are classes then

{ 0}»Y1 v it fx 1, is called ordered pair of I,, ¥,

and is denoted by <Y,, Y,>



588 FOUNDATIONAL STUDIES [113], 495

(b) If Y is a class, YL VxV. < isagpwo of Dom Y then
the pair ¥, <> is called =a gpwo family.

(¢) Iz < happens to be a wellordering of Dom Y then (¥,<)
is called a wellordered family.

Definition: A proper formula 1s a formula c_-E such that

(a) 0efrd (v) 1€Prd =>1>1errd

(¥r dS is the set of indices of free variables in é )

Since we identify formmlas with their G8del numbers, the
set of proper formulas 1s a set of numbersj we demote it by
Pform. Usage of proper formulas allows us not to bother
about which are the free variables of the formula, thus

simplyfying the formalization of the operation @ (o)

n
If < is a pwo then / Dom( <) has a natural pwo.
neo

<
N alex

1n@Z) < 1) v(1a@) = 1E) & BK)(F) <k = 2@)~F(@) &

We denote 1t by « It is the following ordering:

(k)< $() & = F(&) < )WV (B @)= U@ & (e Dom x> 2(Pvy(p)

Lemma 2.3. If < 1s a gpwo then < is a gpwo.

alex

LN Py Py
Proof: Assume 8 ~ alex B2 < alex B4 °¢ Then it is
obvious that 1h(8;) = n(s,). ILet 5‘1 = L2000z
[

=

8, = £ t1,..., tk > . We show by inductiqg that
z, ~ 1:1 ses %y ™~ tk . This however shows howr the

classes of X look like:

alex
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Clgrex (Bpeeegyd) = { (Hpectyd> & zi~vt dee Bzpmty =

cl (21) X eee X C1 (zk). The  latter class is & set.
If < 18 a pwo then in the oclass U/ 1¥4§x ((Fr”)‘{%)omk))
Y¢ Pform
there 1s a speclal pwo oalled the derived ordering of X and
dencted by X’ namely

9y T KW F> (> (e Y E F (g V)

One proves that: If  is a gpwe then <' 18 a gpwo and
in partioylar that 1 < 1s a wellordering them ' is
also & wellordering.

¥e recall that the formuls 3 (.) served as formalization
of the predicate "xeV"

Definition: Jet Y be & class such that

(1) @U@=z 1)

(1) satlr, 3(), 0) = JLE))

then we define .‘Dﬂ(y) = ¥, 2>, x> & Yerrora &

S (PI' - {0‘)

(z € Dom Y) & (Bt)(t € DomY & 1) .«

Xsat(r, v, 2( %)) .

Ist Y be a2 set, then we say that the family of sets
{x: X T} te. {7®) it edmv ] 1s coaable by ¥
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(or - equivalently - that Y is a code for {Y(t): t ¢ Dom Y} .
In order to explain the meaning of the operation DJZ (.))
let us remark that 1f Y,M are sets !(t) ¢ M Zfor all
t eDom ¥, S (x) (=) x €M, then ﬂﬂ(x) 18 nothing
else but a certain code for the family ol) (<{Z s 2 9 Y} ,M, €))
as 1t was defined on page 491

Lat us note that the operation :OJ‘L (.) makes sense
also in oase when Y 1s a proper class and J (x)(—)x EN
where M 1s a proper class; In this oase however
@( dz sz 71} y M, € ) was not defined.
Lemma 2.4.: If < I, <> 1s a gpwo family (l.e. < is a

gpwo) then <-DJ1(Y), <’ > is also a gpwo family,

Lemma 2.5.: If <Y, , <, > 18 a gpwo fanily then thers
is a unique gpwo family { Y, < 5 > (oalled the ooncentration

of (!1, <42 ) satisfying the following oonditions

a) COILIGIR ARE w7 1,)
b) (x)(x € Dom Y, => 11(!) - Ygx) )

c) <y = < ,IDomy,

a) (x)(y)(x €Dom Y,4 yeDom T, & x<y&ny< 1_)11(1)”1@))

e) ))& 7 & st) a xﬁ’)g(x €DonY, 4> ¥ € Don¥,))
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Proof: Iet us desoribe how < I?_, < 2 > arises from

<Y1) <1>o

let ZnY, ,7 = 11("). We pick < ,-least z, with this

1
property. Since < 1 is a gpwo 2, needs not to be unique.

We leave in the Dom( < ,) all these < 4 = least z,’s but
erase all other z’s whioh have the property that Ysz) = Z.
This procedure determines both Y2 and < 2° The oonditions

a) - e) were determined to give this procedure.

The unique pair oonstructed in the concentration procedure

is called concentration of ( Y,< > and demoted { ¥, <~ >
Now let M be the olass { x: _J{(x)} , < the class
{<xy> :xembyeudpix)cp)}, X= {x: X ()},
= ’
define Bn-{<{yf y X :xey}, B}, 'EMU[<°’I> tx €X}
In the case when M 1is a set then {EVM is a oode for
M. and By 1s a code for M ulx}.

Notice that Dom B;ﬂ has a special gpwo -<+deﬁned as follows
x <ty & (xeo)vBt)Eu)(x=it] & y={ui & t<u)

Lemma 2,6, If T 18 a wellordering then there are unique

classes U'.l‘ and O p satisfying the following conditions:
1) Dom Up = Dom T == Dom IST

2) (x)(x €Dom T => (U(;), U é‘) > 15 a gpwo family)
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3) If x, is the first element of T then

U1(|x°) = BM UéxO) B < +

L) If y is a successor of x in the wellordering T then
(Y (x) ( x
v ). 3JL(UT ) UTY) = ( ﬂT( )y

5) If y 15 limit in T then

o - N <x,=>;x<ugx>><”’

Ty ztDomU

(¥)
?} = 3((x2> 5 (X 2>V x <y kx4

T
] (x,)
% 2z € Dom Uéx)& 7, € Dom Uy 1

&

(x <7y &15111)v(x-x1 & e <19(,)z1)}
T

Proof: We make use of the theorem on induotive definitions
by transfinite induction on elements of wellorderings. We pick
induotive clauses to correspond to the construction described

on the lemma. One point which needs some explanation is that

(v)
I}T is & gpwo when y is limit. Notice however that this

18 obvious by the method we produce 23 éy) « It is & direct

union (sccordinz to T) of disjoint copies of ) éx) for

X <p V-
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The reader who had enough patience to opme to this point

deserves an expliocation.

(x) H,X
Intuitively UT is a code for R.A o where

o =« Tlx (2fx 1s aninitial gegment of T determined by )
and IIT is a code for the sequence f(o( ,R.Ai’cx i X< ‘G}

where (3 = T Zjéx) 1s & code for oertain uniformly

M.X
of, .
"thin® in the following sense: each of its equivalenoce

definable prewellordering of H.A This prewellordering is

olasses is codable as a subolase Z of M suoh that Dom 2 €N.
The main point of this construction is that UT and 7}1,

depend very loosely on T. If T1 and Ta are similar wellorderings
then the unique similarity function P of T1 and T, generates
a sort of similarity between UT and IIT2 ¢+ Similarly for

1

?jT1 and 13T2 . UT is oalled a diagram of construction
of the ramified analysis along the wellordering or simply a
diagram, 2/QT is oalled the diagram of prewellordering of
the ramified analysis along the wellordering T or simply pwo
dilagram, Notioe that the complications we came into the

olause 5 of the preoceding lema arose from the faot that in
order to avoid use of choice scheme we had to pass the limit

points in a uniform vay.

Definition: Iet 2¢ M, 03 (2, ?) 1is an abbreviaton of
the following formula: W.0.(7)& (E+t) ("t is the last element

oz T L2 7u£t) & (u)(u € (Dom(T) = {t.} )=z 7 Ug“) )
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Intuitively 0d (2, T) means that Z belongs to

Roa% - .M
fT

lemma 2.7, If T,,”3 are wellorderings, T, i3 T, and F

and oK = TPt where t is last element of T.

establishes their isomorphism then: (z)(ze Dom 7, =% (V)

(x) (Fx)
(x 7UT1 o) Y7UT2 e

Proof: By induction on the length of the wellordering T1 .

For the first elements of T1 and T2 the equivalence is obvious.
All the rest follows from the following: (z)(z7x1@z7x2) =
(z)(z 7 @ﬂ(x,) & z,) i)ﬂ(xz)) . Similar fact may be
proved for 1& P

Using the lemma 2,7. we show the lemma 2.8., formalising

the remark preceding lemma 2.7.

Lemma 2.8. 0d (Z, ?)& 04 (2, T1) = I¥ 0,

Definition: let {Y¥y, <> be a gpwo family and 2 71
We define (Y, < >(z) = {_s : Y8 .z &6 1s < - minimal

with this property } .
Notice that Y, <> (@) <1,< > (2)
Definition: (a) reae (T,2) 15 an abbreviation of the formula:

(Bt)(t €Dom T & 3z r}Ugt) )

(v) Tea. (Z) 18 an abbreviation of the formula:
(Br)(We0. (2) & reas (T42))
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(e) z, *'r.a. Z, 1is an abbreviation of the formula:

(2,)(1,) [ 04 (2,5 7,) & 04 (3, T,) => (Bz)(z € Dou(T,) ¢
1, ¥, 0z)] v (E'.v){ 0d (z,, 1) &oa (25, 1) &

(t)(t € pom(1) & z, 1 Uq(.t) %z, g Uét) -
w6y € <uft), V> @)

Bowy € <U§t), TE D> ) = <(ué’c) ) *2))

M, X
Intuitively re.a. (T,7) means Z&€ R.A_. , Tea.(Z) means
T

M, X

Z€R.AM and ?Z {r.a.z means , Z is constructed in the

process of construction of R.AM’Xearlier than Y i.e. either

the order of construction of Z is smaller than that of Y or

(1f their order is the same then eilther Z was defined by a
formula whose GBdel number was smaller than that used to define
Y or alternatively if it is the same formula then the parameters
used to define Zare lexicographically earlier than that used
to define Y),

Let us note that we oould use U, and ’Lﬂ p 88 terms
since indeed they were unique by the lemma 2.2. Formally we
should use formulas U(.,.) and l}(.,.) such that:

(a) o(r, 1) (=> W.0.(T) &Y = U,
(v) Wer,1) &=y W.0(T) Ay =2,Qr .

595
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Thus while speaking on absoluteness of UT and ‘}T we
mean the absoluteness of the formulas U and \9‘ .

Lemma 2.8, < defines a gpwo of T.a.

Tela

Proof: The precise meaning of the lemma is that:

Bz2)(ree (2)R P 2)) = (& 2)ea.€ 2) &P(z) & (1)(FD&r.a(Y)
2 2 <,.,,1))

Piok firstly least T such that (EY)(0d (T,Y) £ g}(y)). Consider
now any 7_9»(;) minimal 2 € Dom UC([‘t) suoh that
@‘(Uét))(z)) (where t is the last element of T). As (?}1(.1:))_

is an initial segment of < r.a, Ve are done.

Now let M be a P - extendable transitive model of 2FC.

et F € P(¥) bea § - extension of M, X € F is
fixod subset of M. Then the structure F ,M, €,M, X > 1is
a P - model of Kﬂﬂ,x.

Recall that h(F ) 1s a supremum of the types of well-
orderings in F .

The construotion of the relativized ramified analysis was

oonduoted above two times.,

In the first definition we oonstruoted a family of subsets
of a transitive set, in the second we defined a predlocate in

the theory KM. « The next lemma oonnects <these two

detinitions and allows us - while interpreting ./ as M = to
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M,X

use interchangingly R.A . and the family defined by the

predicate r.a.(T,.) (where T= X ). F , My X are fixed for
the tims being.

lemma 2.9, If T€F, Ta=.ok and <F, M € ) is

a ? - model, X € F then, for all Z e F&
a) {F M€ KXY frea [1,2] <= ZGR.A.:EX
and so, for all Z2 € F

CF oM €, ) kra.[2] @ zen.a‘f;x where

n = h(F).
M,X
b) R.A c F
'7)4-1 =
M,X
c) R.Aq does not contain a wellordering of type Y)
+1

Proof: Clearly a) implies b) and b) implies o).
To prove a) we have to show the absoluteness - with
respect to {(F , M, € , M, X ) of Uy whioh follows from

the fact that F 1is a @ - model.

lemna 2,10, If o <1) then the structure (ra®X, u, €5
has the (3 - property L.e. (Y)(T¢ B.A&%({R.A&X, o, > R¥.0[X]

> Y 4is a wellordering)).
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Proof: By lemme 2.9. Y & F and 50,1f Y is not a well-

ordering then <% , M, € >k 5 ¥.0. Y] (here we use [
property of <F , M, €> ). Thus there 18 x € ¥ such

that <{F, M €> k"x ¢Dom ¥ & x # ¢ %"z has no Y~first
element". The formula in " " s 1s prediocative and all

M,X

LX . mows (RAMK w, €D

the parameters are in R.A )

"x ¢ Dom Y & x P & "x has no Y-first element". So

<R.A?’L’QX , M, €>F 19.0. [Y].
Definition: Yo is the first ordinal ? such that
R.aMX

K” does not contain a wellordering of type 3 ] .
Prom the lemma 2.9. (¢) 41t follows that Te {7 .
We are golng to prove that < R.Alf’? » ¥, € >  has

a definable prewellordering; one such ordering is < r.g.

restricted te this set (which 1s absolute with resgpect to
M,X
(R.AIO , M, €).

Lemma 2.11. T o 18 a limit ordinal.

Proof: from a wellordering of type 7 one can-putting the
first element to the end - produce a wellordering of type r°+ 1e

M,X
This construction does not lead outside of R.A.’;o .

Lemma 2.12. Ifo((]o, {3(70 then o(+fi,c><~p<7°

Proof: If ?,, I, are wellorderings of types oX and {Qs
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X

respectively and if they belong to some R.AN? then
) M,X
orderings of type ok + F 5 ol o (3 belong to R4 f”

M,X

(as they are definable over R.A Since I o 1s limit

we get the result.

Lemma 2. 4 3. Each of the structures <I‘x.AM;3I M, 67,(“({0)

iz a model of GBdel Bervays theory of classes.

Proof: for' o = 1 the statement is well known. The union
of an ordered family of models of GB8del Bernays theory of
classes (with fixed V) is a model of GB8del Bernays theory of
classes. This fixes the 1imit case. So what we need to prove

1s the successor case.

This is shown as usual by proving the closure under
operations corresponding to the axioms of group B. Note that

the faot that R.A.M§§ € (T implies the validity of the

axiom of replacement.

Generally, in the theory GB we are not able to prove

1
the comparability of wellorderings (this needs 2:1 class
existence scheme). But the structure < R.AM;};, M, € > does

have the comparability property.

lemma 2.14. It 1,, T, are wellorderings, T, 2, €RADE oo,

=
Then the simjlarity function may be found in R.Ag £

H
oG + T1+1'

Proof: We show that the similarity function is definable over
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(B.A o, M, €), Ve prove it inductively. Let F be a

similarity function for T, and T,. Then IlﬂroT (x) isa

1
1
similarity function of T [‘x and TZPP(x) By inductive

assumption F[‘O (x) belongs to R.a¥» +T (for all xeDomT1).
By their uniqueness 1t follows that G = _ . poom (7 1oy (z))
1 1

belongs to R.aMsX If T, has no last element then this

o+ T1+1'

union is the desired similarity function. If T1 has last

element-say t -then T2 has also last element-say u,- and

1

U {(t,ru,¥} € R.A. +11-. 41 ©Since the latter is a model of

G8del-Bernays theory of olasses. Sinog F = G U Kto’ uo)f

we are done.

Lemma 2.15., Relations of similarity and of %“less then" for
the wellorderings are absolute with respect to ¢ R.aMX, u, €

Ts

Proof: By 2.12« and 2.14.
M,X N,X
Lemma 2.,16. a) If T ¢ R.A' e then ’(sz(!) € n.Aw "
¥,X ) ¢

b) I TeRAMY then T'ERAM

Proof: Sinoe ( R.Au;f , M, € > is a model of G8del~

Bernays theory of classes therefore for each ¢ and t

[<<¥s £ 3> ¢ @) ax £ sat(r, ¢, 77t)) } belongs

K, X

to Rea Y Sinoce { R.Aﬁ y My € > is an ) - model,

the notion of the formula is absolute and thus @ (1) 1is

JT



{113], 508 ON EXTENDABILITY OF MODELS 601

definable over ¢ R.Aﬁx, M, €> . fThus :DJ‘L (Y)

M,X

belongs to R.A.‘M_1 .

v) T’ 43 definable from T by predioative formula.

AH,I

Lemma 2.17. (a) B. .

is closed with respect to the
operation :D (e)

JL
(v) The formula defining the operation ZDJI(.) is
absolute with respect to R.Alfx ) My, €

°

Proof: a) Follows from 2.16.a and 2.11.
(b) We establish firstly that the formula Sat(e,.,.) is
absolute with respect to (R.A!T'.x, M, €. This in turn

implies absoluteness of ®J'l (o) '

¥,
lemna 2,48, If T €R.A_, , T 1s & wellordering then U,

X _
ana U, belong to Behells Fp

Proofs Analogous to the proof of the lemma 2.4 using the
lemma 2,164 P

M,X
Lemma 2,49, (a) BR.a ’ is closed with respect to the

operations U, and ‘I}T. (b) (Formlas defining) The

operations UT and 1} q are absolute with respeot to

X

M
{B.A T. X, €

Proof: (a) Prom lemma 2.18 and 2.11.
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(b) As before by the analysis of defining formulas.

Lemma 2,20, (a) The concentration operation (O)7 )T

is absolute with respeot to < R.AM’}x , M, €.

°

(v) The value operation (., . > (¥) 1s sbsolute with

respect to R.A?’%D s M, €

Lemma 2,21. (#nalogue of G8delk {L,e> kL V=01
M,X
{ R.A.(D y My € k(X)) r.a. (X)
N,X

Proof: We need to prove that in < R.A o1 ¥ € > the
following formula is satisfied :

(Y)(ET)(W.0.(7) k(3t)(t eDomr & Y.}Uét) ). let Y be given,

T e Ra™Y . thus for soms ot < T, veRrATE

?
o / =
definition of 7° there must be a wellordering T in B‘.Al!io’(xﬂ

« By the

such that the type of T, T 1s bigger than or equal to

M,X
oA+ o + 2

by 212 TUp eB.A”ff . 48 order of construction of Y i

Thus Up € R.a (by the lemma 2.18). Once again

at mogt o 4 We are done.*)

*} It is clear from the Treasoning that the consideration of 7,
(This tirick is due to Gandy) is basic to the success of our
construction Because it may well happen that 7. (r) and then
wo would have insicde of R.A.’ too few wellorderings to reach
( n 1is h(F ))c In case when { T, M, €5 m EM{ we can
show directly =- in (T, ¥, € > =~ that ¢ BaAME ,u, €>
satisfies KM, But this reasoning does not lead to basic
lemmag 2.21 and 2,22,
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Lemma 2.22. The formula < S is absolute with respeot to

<R.A].£:{:( V¥, €D

Proof: Using previous lemmas it is enough to prove absolute-

ness of the formula 0d (.,.) which we leave to the reader.

To prove the reflection principle {and thus that

14 B.AM’x s My €5 is a model of EM) we follow the classical
IS
proof of levy of the reflection principle ZF.

Theorem 24243 Reflection Principle for { R.A?’x , M, €2
?D

For every formula Qﬁ of Lgp there are arbiirarily
M,X
large o < 7° suoh that for all X ... X & R.A°)

<R.Al.(’i v My €7 = B [XypeennXy ] =D

M,X -
(=> { Rp o2 B €2k @ [Zyreeer X, ]

To show this we need three faots:

The possibility of bounding the places where examples for

existential formulas appear.

2°  Rvery definsble funotional on (R.A‘.“/YX, M, €> which
takes as values wellorderings, is invariant under simila-
rity of wellorderings and is continuous is majorized by a

functional of the same sort which is in addition increasing.

3° Every definable, inoreasing, invariant and continuous

functional has arbitrarily large critioal points.
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We show 1° leaving 2° and 3° to the reader. In both cases
the idea of proof is similar to that of 1°. Namely in showing
that appropriigte supremum of wellorderings exist.

Proof of 1° Iet uéx) be given (1.6, a oode for B.A’Eg ).
7

s X

Assume that for every 2 r-l Uéx) there is WéR.Al;, such

(=}

that  (R.A™E , M, €> (= $[2, W]. We show that there

[e
is pcy. sSuoh that for every 2 eug") there 1s

weR.A“t;x suoh that (R.AM’?’E y M €) b Q2 %]

For every Z?Uéx) t.e. for every =z &Dom U,gx) we may
find <« rug. ~ ninimal wellordering Tz such that appropriate
W may be found in R.A,—%‘-x + Unfortunately Tz is not unique.

z

Consider the shortest Tz/s. 5till we are not able to claim Tz

unigue. However we shall find a new wellordering similar to T,

and is uniquely determined by z.

which
Definition: S € V2 1s called small class ordinal (8e0.0)
irr

a) Dom S €V

b) (y )(Ir) S w W.0.(7Y))
o) (11)(12)(2175& !273 2 v, 2 1)

Definition: Classes 2, , 2, & V2 are almost equal (a.e)

e (v ) ¥y 2, &= YN 2,)
”)1" 72
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Lemma: There is & predicate Sel(.,.) such that:

a) 9el(Z,Y ) = W.0.(Y ) & sece0.(Z)

b) Z, aee. 2y, = (Sel(Z1, Y )& 8el(2,, Y )

¢) Bece0s(Z) > (B!Y ) Sel(z, Y )

a) (@) ¥)(x €Domz & Sel(z, ¥ ) = v = (X))

The most natural idea would be, to consider instead of elements
on the same level see the picture just set of those
functions on Dom Z +taking as values elementsA.Unfertunately
sets of elements on different levels may be identical. let us
notice however that elements f£ of Dom Z™X guch that for

glven g, IR f = 2, form necessarily an element of V.

So preceeding formally call a level of Z an (X £ for

some £ € Dom Zntx

Elements on the

same level

Z(xo)‘.‘.. z(xi)

‘e

Let us consider an order type of these £ €& Dom zmix such

that ® £= 2z (2 fixed). This type 1s an ordinal and does not
depend at all on Z in the sense that if Z1 and 22 are a.e. then
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the appropriate types in Z;“ix and Zgix are the same.

Define now, for 2z being the set of all elements on the
same level %X, to be the type of the set of all f’s

such that K £ = z.

Form now the class H, = U{o(z x{z]: z 1s the set of

all elements on some level of Z} .

Notice again that if Z, a«e. Z then H, =H .
1 2 Z1 22
Order now HZ as follows: (ot 3y 8 -<'((:s’,t > 1£f

"The initial segment of 2%  determined by the P th

function #£(in 2"™*) such that & £ = t contains a subset

i 74
ordered by z™* 4n type,/\of functions g such that &g = s",

The predicate Sel(.,.) is a description of <* from Z as

construoted above. 1

Lemmas < R.AMT'X , My €2 1is closed with respect to the
(-]
operation determined by Sel, moreover Sel(.,.) 1s absolute

X

with respect to < B.Ah.d’h , My, &> .,

Using the above lemms we are able to prove certain
uniformization principle for R.AM’X

Lemmas: et J{ (.,.) be a predicate such that:
<R.AMI'.X y 4, €Y b (H (2,1) $W.0.(7)) &
(Hen& y=y,» H (2 1,)
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/
Then there is a predicate J—( (.,.) such that

M,X ' )
(R.A. fo o e > k(K Y) = H (2,0))8 [EY) F (2,) »
/
@1 ) H(z,Y)
/

Proofs We describe a coastruction of ]‘{ « Given Z consider
8ll < _ . minimal and shortest Y’s such that Jo (2,Y).
This collection may be coded as an 8.C.0., Any two s.C.0 ’s
coding it are almost equal. Using Sel we get the appropriate
wellordering.

Now, to firish the proof of 1°;

Let Tz be the wellordering obtained when the uniformization

principle was applied tc the predicate:

(2)

7))

T (215) = (8 M)(Ey)(y € Don 5 &w g 0{& P (W)

Form the class K as follows:

K= v (x) iz} x]JOl!lTZ

z € Dom LLT
Define a relation ~ on K as follows:
{2402y ~ (239 > <=>Tz1]\ x> 7 Iy

Prom every equivalence class of ~ pick elements of the

smallest rank; let L be a class of these sets. Define now

(o] <*[Kzypy>] 122 (BE) (¢ To, A\Tz1[‘x ~ Tzzf‘t )

607
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S 3

< is & wellordering majorizing all 2, ’%s. < is

definable over (B.A.M’x s, ¥, € > and so,belongs to

Te
Rea® . Thus the type of < ° must be less than 7, and

80 we have shown that the appropriate supremum exists below 7,, .

The functional which we adjoin now to the formula @ is
the following (we use -~ as before - the symbols H.Al.”.x{ to

make it more readable)
Bl (27) @ (2)(z € B.A’.liqf & (®1) P (x,1) -)(BY)(YGB.A%;X & (z,0)

& » P, is a shortest wellordering with this properiy")).
2

The functiomal R’ 1is definable, oontinuous and invariant
with respect to the similarity of wellorderings. In order to
get critioal point used to reflect § we have to majorize it
by a definable functional with the same properties and in
addition increasing.

This is the reason why we prove 2° ana 3°.
We leave the details to the experienced reader.

Sinoe < R.Al.d’rx s My € > has the reflection property
o

therefore it is a model of KM, From the existence of a definable

gpwo we derivesd

Theorem 2.3, ¢ R.a%X | M, € ) satisfies the following

{e

oollection scheme:

@) EY) & (x,¥) » E)E)E)G etont & & (%, ¥ )
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Proof: We pick < r.a = minimal Y% good for X and glve

them together.

let Coll ) and @5 be collection scheme and choice
scheme instance for § respeotively

Theorem 2.4. KM + Coll § + Global Choice +~ Cg

Proof: Assume Coll§ and global choice i.e. let < be a
wellordering of the whole class V. Assume (x)(BY) @(x, Y).

Then by Coll , (8T)(x)(By)(y €Dom Y & & (x, %)y,

Let Rx be a subset of Dom Y consisting of y’s such that

@ (=, Y(y)). let z, bea < =~ first element of Dom Y.

(2)

Form Y, = xLE'\% yxy xx T, makes Cé true.

M,X
Thus we sae that, if ( R.A. o 2 M €> satisties the
global choice then it automatica 1ly satisfies the oholoe
scheme. This happens for instance when M has a wellordering

dofinable in ( RuMT , M, €

We have a much nicer situation when (M, €> has a

definable wellordering, say < « Applying the whole construc-
tlon to < (tee. lotting LS p(*o) w <) we get a
definable wellordering of the whole ¢ R.A”:I: , My, €>

Since the existence of definable wellordering in the

presence of choioe scheme implies the soheme of dependent

choices we sum up the situation as follows:
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Theorem 2.5. (a) Iz < M, € 7 is a transitive g -

extendable model of ZPC then there is the smallest ,6 -
extension of (M, €>. This extension has a definable
without parameters good prewellordering and, apart of the
axioms of KM satisfies additionally the oollection scheme.

() 12 { ¥, €> is a transitive @ - extendable model of
ZFC, F 1is any e - extension of (¥, €> , X< N,

X € F then there is the smallest (3 = extension of
(¥, € containing X. 48 before this extension has
a good prewellordering definable with the parameter X and
satisfies additionally the collection Soheme.

(¢) It (M, €> 1is a transitive {3 - extendable model
of ZFC and has a definable wellordering then the smallest
@ - extension of (M, €rhas a wellordering definable
without parameters, satisfies the choice scheme and the scheme
of dependent choices.
() 1 < M,€> 1is a transitive @ - extendable model of
ZFC and-has a definabls wellordering, and 12 & is a
@ - extension of (4, € , € T  then the smallest
@ — extension of {M, € containing X hgs a definabdble
wellordering (with a parameter X) and satisfies the choice

scheme and the scheme of dependent choices.
Careful inspection shows that < is &: and r.a.

Tr.a.
is Z:.

The reasoning used in the proof of the theorem 2,5. may be
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applied to a proof that V = L 1s relatively consistent with
KM Indeed when M is 1nterpreted’ as L the formula r.a. defines
an inmer model.of EM + V= L 1in KM. More precisely let
r.a.b(.) be this formula (i.e. J1(x)cewx €L, X = §.)

Definition: If T is a wellordering , T + 1 is the class arising
from T by putting the first alement of T to the end.

let r.as be r.a“ 1if there is no wellordering X such
that - (BY) Y= X & r.ab(x + 1, Y) and let r.ac';(.) be

T.a. (Z,.) 1f 7 1is the shorlest wellordering with this
property (Intuitively we consider B.A.L if there is no g such

that R.A ;+1 does not contain a wellordering of type ; or
R.d.5  for the least 7, such that R. A" does not contain
'(‘, ° L,+1

a wellordering of type fo )e By similar reasoning as in the

proof of the theorem 2.5. we show that the formula ::-.a."n is
an inner interpretation of KM + V = L in KM (the trick

with O 1is again due to Gandy).

There is an important modiflcation. We need to show that
the classes satisfying r.a;' are L - amenable 1.e.
that if X is an r.a; - class which 1s a function, x & L
*hen X xx € L. This needs a form of the condensation lLemma
of GBA3el proved as in the 2ZF case (In fact this was the
baginning of investigations of %the second author on the

problems of this paper). Note that when we knew that ¥ was
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p -~ g¢xtendabls then the property of M -~ amenability of E.Al.l

classes was automatio.

The syntactic contents of the reasoning leading to the

theorem 2,5 may be summed up in the following

Metatheorem: @) There is a formula @ (.) such that

1)
2)
3)

b)
4)
5)

6)

7):

o - $(v)
- (x)xeV = $&))

For every ? being an axiom of KM or an instance of

the oollection scheme

M- ($) @

There is a formula &) (.) such that
KM - (v=1L) ®

- @)

- (x)x €L = & (x))

For every \P being an axiom of KM or an instance of

the soheme of choice XM b (Y¥) &

Proof: In case &) take as @ the formuls r.aD(.) with
M(x) L= }(x).

L
Incase b) take as (2) the formula Te8ay,

Now we are finally able to0 complete

The prcof of theorem 2.14.
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Assume that ¢ R.AMX M, € ) is not a @ - model

(though it is a model). By the comparability of wellorderings
all false (or as we say below nonstandard) wellorderings are
longer than all standard (i.e.true) wellorderings in R.a¥’X

and so all these nonstandard wellorderings have the same type
0f the maximal wellordered initial segment. Call the type of

this segment ol , Clearly R.A‘.ﬁ’x does not contain a well-

ordering of type o{ . Since Ra¥X < R.A™  therefore aleo
o+
R.Ai’f" does not contain a wellordering of type < . Let
M.X

T"- as before = be least T such that R.A does not

I+
contain a wellordering of type T .

Cese A: Y, < < . We olatn that < R.AMT’:[ , M, € has

the property @ .
First we remark that if B.A";: y My € |n W,0,[T]

then ¢ BRua™ M, €> k ¥.0.0T] . Otherwise, since

(R.An.“, M, € i8 a model of KM, there would be a set
(1i.e¢. an element of M) not wellfounded in T , Since
¥c R.A”r:x therefore < R. H?,ax sy My €> B2 W0[7]
contrary to the assumption. Now assume again (R.An;f M, €D
= W.0. {T] but T is not a wellordering. By the above

(RAYX [y e)> @ ¥.0.[7 ] and so the initial well-

ordered segment of T has a type o{ whioch is bigger than 7,

But then there is a initlal segment of T of type 7 ]° in



614 FOUNDATIONAL STUDIES [113], 521

R.AM’X and thus also in R.AM’X centradicting the choice
Te To+1
of o *
Moreover every element of R.Aur‘x is M - amenable
(=3
(sinoe E. Mr'x ¢ ra¥X),

Now we know that <{ R.AM;X » M, € > has the @ -
property and as before ~ by the property of 7° we prove the

reflection property of <{ R. M{{X y My €> . Thus it happens

3

that ¢ B.AM’TXQ , N, €)F K.
" By the lemma 2.1. R.a¥ X

o

is a ((3 -~ model of KM contradicting our assumption.

« R.A%E ana so < R.AM’],(M,€>

Case B: Y" = of . A8 before we show that ¢( R.Am’i M, €D
is a model of GB theory of classes.

We prove now that:

1) YPor standard wellorderings T eR.AMc:cx » Up € R.A

M,X
o

2) Por nonstandard wellorderings T € R.AM;CX , UT¢E.A{2X
(The point 2) has to be understood ag follows: If T i8 not
a standard wellordering then < R.4'X,M, € > b= (82)U(x,1))

Point 1) is proved by the same reasoning as the proof

of theorem 2.5.
Point 2) we prove as follows: Since ( R.Aﬁx,lﬂ, €>

is a model of GB therefore togethar with UT for nonstandard 7T

we get Uéx) for some x such that TMx is nonstandard.
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By 1) Uéx) contains all the classes belonging to

R.Amég o Kow we construct the diagonal class for U,gx)

) (z)
(L.e. the class { z € Dom Uéx) : oz ¢(Uéx)) ] . OThis
M,X
,
different from all the (Uéx))(z) which contradicts the fact

class being predicative in UT belongs to R.A but is

that Uéx) contains all classes of R.A{ix .

The points 1) and 2) allow us to discern the well-

M,X

orderings among the objects satisfying in ( R.A o

, M, €>

the formula W.0. (We still do not know that ¢ R.™X , m, e>
o,

is a 9 - structure!) namely these are the objects for which

U, exists. As before we check the absoluteness of Od(.,.),

T
U(ess) and 1}(.,.) and < r.at (ess)e Now as before we

show the reflection principle using instead of all objects

satisfying in < B..AM(:(x s My € >  the formla W.0. only

those for which UT exists.

soe < R.AM;Z{ s My € 1s a model, and since

B b (T)(W.0.(T) = (BX)(U(X,T)) we get the desired contradic—
tion with the presence of nonstandard wellorderings in R.AMO"’x .

Indeed we proved that for the nonstandard 1T ’s +there is no

M,X )

in R.Au’x « Thus also in thie case R.A‘E’x (1.00 R.Au

UT o

is a (3 - model.
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Lemma 2,22,: Ir {(F )M EY isa p - model for KM
and 5¢ F is a family of subsets of M such that
(4 s M ES> XM then <5, €)> 1581303(6-

model.

Proof: It x€64 is not a wellordering therefore, since

Gecg , (F oMy €> R aW0.[x] (F isag -model),

Thus there 1a xéM such that x 1is not wellfounded in X.

Thus {5 , ¥ €> R WO.[X]

Corollary: If there exists a F — model of KM then there is
a @ - model {F , M, €> of KM suoh that, for all S ¢ 7F

12 <5 , ¥, €> 1s amodel then § = T
Proof: et (F ,¥,€> bea g - model; oonsider
(Ra¥ , B, €> . It is the least g - model for KM (with

M as the universe of sets). This together with the lemma 2,22,

oompletes the proof, '

The corollary shows an important difference between (J) -
models of second order arithmetio and transitive models of KNM.
In the case of the former sis:ls‘ll:;gg! there 1s no minimal w -
model as shown by H.Priedman. In the case of models of KM there
are — under suitable assumptlions - minimal transitive models.
This answers the gquestion of H.Priedman from the introduction

of the aforenamed paper.
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If the construmoted family R.A! is not a model (thus not
a @ ~ model) then in the process of comstruotion there must
appear a class which 1s not M - amenable. Thus there must bde a

M,X
pr

Clearly R.A%’p does not contain such an animal. Similarly

least o sBuoch that R.A contains non - X - amenable class.

R.A.l:’ﬂ -~ gince this olass is the least model for GB which has

M as the universe of sets.

Theorem 2.7.: Let N be the least transitive model c¢f ZF.

Then R.A.g oontains a olass which is not A - amenable.

Proof: As shown in [13], N = L where o 18 the

least @  such that (L,, €> models zF. In[7] it is

shown that (LoL+2 - 1‘.4) ~ (o) £ #. It is easy to show
I's

that L, ., n ®(w ) € Behey « Thus there is a subolass of

¢) vwhich is not a set and so non N - amenable class.

One can however prove the following

Theorenm 5¢ It M is @ transitive model of ZFC, and M is
extendable, then all classes in R.A!’S(M)-J- are M = amenable

(vhere nh(M)'ls the least admissible ordinal bigger than h(M)'
Sketch of the proof: All the ordinals less than (h(M))* are

representable in every extension of the model M (it follows
from the fact that the standard part of any possibly nonstan-
dard admissible set containing ¥ has to contain KX + y 88 &
subset, for every standard o ). Thus also classes Up for
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T < &' are in evary extension and so the classes constructed

before «*t' are M - amenable.

Finally let us nctice that in case when < M, €> is not
e - extendable but is a model of ZFC set theory we can show
by slightly modified reasening that <(R.Al, M, € > isa
least F& - model of XM = freplacement a.xiom} « This gives
the fcllowing theorem:

Theorem 2,1°, 1z (M, €> is a transitive model of ZFC
then { B.1, M, €> is the least (3 - model of(EM -

i replacement axiom})with the class of sets equal M (i.,e. 1t
can process semisets in sense of Vopenka g( Hajek). It is a
model of KM just in case when lu, é> is F - extendable.

§ 3. Extendability vs. - extendability
g

We shall deal now with models of EMC. Indeed we
remember that every transitive model {7 , M, € > of KM
has a transitive submodel (& , LM, € > which satisfies

KM 4 scheme of choica.

Thus while considering the heighte of transitive extendable
models we msy restrict ocurselves to the models extendable to

the models of KNC. (Notice that h(i) = n(i¥) ana 1¥ Iy ()

Iet T denote the following sentence of LST :
Ex)(wex &(2)(zex > P(z)ex)b()(y)yexdrunc(s) &
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£ x=) Py €x))

Thus the sentence T means that "There is an inaccessible

family of sets", We notice that T 1s = 2 formula and the

formula %(.) is an inaocessible family of sets" is TT1.

In (6] the following fact is proved:

Proposition 3.4.: The theory 2ZF€ ~ + T 1is interpretable in

KM¢ by means of wellfounded trees.

Let us look more carefully at this interpretation. The
inaccessible family is representable by a tree coding V. Trees
of rank less than 0On represent elements of+ the maximal

inaccessible family.

The trees of the rank less than or equal to On have
realizations; in case of trees of rank less than On the
reallzation is a set. In case of irees of rank On the realiza-

tion 18 a proper class,

The proposition 3.1. leads to the following: 1If

(5N, €

{(F s ¥ €7 k KNC then ( Trees y Epsy Bq) F ZFC + T

(where Eps and Bq are appropriate relations interpreting €
and:i_zjfi;g;} tree has a rank which 1s a wellordering. Assume

<;=, My €>F "T is a tree" & vU is a rank of T".

Then T is a tree 1ff U is wellordering. This immediately
implies that the notlon of a tree is absolute exactly for

F - models.

619



620 FOUNDATIONAL STUDIES [113], 527

Putting all these together we get a semantic version of

the results from f6] :

Proposition 3.2, <F,M > is a [ - model of KMC iff

There is a transitive model <N, € 0of ZFC” + T such
that

1) ¥ EN

2) {N,€> | "M is an inaccessible family of sets"

3) T = M AN

The procf => is roughly the following. We take all well-
founded trees (without nontrivial automorphisms) and take as Eq
and Eps isomorphism and membership of trees relations. Then

(5,1,
?

{ Trees Bq, Bps >  4is a model (without absolute

equality) of 2ZFC” + T. Thus the structure (Treeé?’m’ézBp%qln

ZFC” + T. We take now realizations of irees from Treeso 'Mr€> .

Since {F, ¥, €> was a @ - model they are really trees and
s0 they indeed have realizations. (The process of realization is
similer to contraotion procedure). We get an isomorphioc model
(¥, €> . The equivalence class of a tree coding M is a
desired inaccessible family. By olass existence in {F ,M, €>
the subsets of M being in F and only them are in N~ P (M).
The proof of &= 1s cbvious.

Corollary: (M€Y 1is p - KMT - extendabls 1ff tpere is
transitive model <{ N,€> of ZFC + T such that
1) MEN
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2) {¥,€) |k "M is an inacoessible family of sets".

If (¥,E> 1is a relational structure, B ¢ MxM thean Sp M

is ths set of those m €M which are wellfounded i.e. those

fcr which there is no lafinite E - descending sequence beginning
with m., If < M;E) satisfies extensicnality then

{Sp M, BTSp X > 1is isomorphic to a transitive structure
{Ay€> . Thus ve may simply assume that Sp M is transitive
{when ¢ M,B > satisfies extensionality).

Purther analysis of the notion of the tree allows us to
give an analogue o0f the proposition 3.2. for extendable but not

necessarily ‘3 - exrtendable transitive models.

Proposition 3.3, { T ,M, €> is e transitive model
of EMC 1ff thers is & model (H,E> of 2P + T such
that
1) MESP K

2) {N,E> R "M is an inaccessible family of sets"

3) F=5@AN

Proof: Again & 13 obvicus (we tacitly assume tha+t the
objects in N - Sp N are not subsets of M)

=3 Once more consider (wellfounded trees) <7 ,M, €5 1.0.
objeots which satisfy in (T , M, € > +the formula "(.)
i a tree”. All real trees which are in F  are there but

there may be also some "nonstandard trees".
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When we make the model YY( = <(Trees) <1’M’e7,Eps<F’M’G)>/
Bq THYrE>

then: The standard part of the model Y)Y will oconsist of
equivalence classes of welliounded trees. Nonstandard trees

71f there are any) give nonstandard elemeats of ¥/ . But
the tree representing M has rank On and so is standard; thus
its realization exists and is in Sp ¥WL . By c.ass existence
in (¥ , M, &7 the subsets of M being in ¥ , and only them
are the subsets of M in 97T .

Corollary: (¥, &> is KM€ —extendable iff there is (N,E).
& model of ZFC + T such that:

1) M ESpN
2) ( N,B > E "M is 2n inacoessible family of sets".

As we noted, if (Y, €> 1is extendable then < I.M, €>
is extendable.In case when (X, & > is e - sxtendable =2nd
we take constrnctibility interpretation & (et §2) within
the (3 ~ extension <F , #, €> we get a structure
14 LM, € > whilh is a @ - model, Therefore, if (M, €>
is @ - sx%endable then (1Y, €> is also {2 - extendable.
This leads us to the following definition:

Mefinition: &) ¢ 1s extendable ordinal iff (L _ , €D
1s an extendable model
b} o 15 (3 - extendable ordimal if? <L &>
is a {s ~ extendable model.
Let a8 notice that = by our resulis in the §2 - EM and EMS -
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extendability of ch, coinoide (since it posesses a definable
wellordering).
The same fact holds for @ - extendability.

Our criterions of extendability and p - extendability
were highly ineffective in the sense that it was not clear
where to lock for the extenmsions. For the models of the form
L iy and p = gxtendability we have quite nice criterionjFor
other models and weaker form of extendability we show later

some criterions.

Definition: If o¢ is an ordinal then o * is the least
ordinal @ such that: 1) =¢ g
2) (LF,e)i-ZF_.

Theorem 3.1. o 18 ~ extendable 122 (L _, &k "L .
N g2 2R T

is an iraccessible family".

Proof.: = By the corollary after the proposition 3.1.there
is (N, €> such that (N, € > |= "L 18 an inaccessible
family of sets", (N, € k ZFC .

mhen <INV, €> b Z2PC” and since "(.) iz an inaccessible
family" is aT], formula therefore (T, ey kL « 15 an
inaccessible family of sets". Since L”- I’h(N) we have

h(X¥) 2 < * and so using again the fact that "(.) is an
inaccessible family of sets"™ is T, we get <Lo(“ €k "L o

is an inaccessible family of sets".
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<& Immediate by the same corollary and the fact that
{L.y €) bk 27" impliesdy €)= zFC” .

¢ e *)
orollary: If « 1is {3 - extendable than R.A. = I;,@"HI‘tx)

L
Proof: Both CR.A y L, &> and L _pnl(Ty )sly 1€

ere the smallest G- extensions of {(L_, €D

For the rest of this paper we assume that there are (G -
extendable ordinalse.

Definition: a) ol ® 1s the least extendable ordinal
b) A 4 is the least (3 - extendable ordinal.

lemma 3.1. Both «° and o' are denumerable,

Proof: Obvious by Skolem~L8wenheim.

Theorem 3.,2. (On difference) a) ol® < o¢?
b)) {1l € D F " ° 1is denumerable”

c) {L _a € > p * K° is extendadble".

Barwise 2, compactness theorem. The basic fact is that
We will prove our theorem 'usin}{arwise theorem is provable

in ZFC and thus valid in every model of ZFC. This fact was
?irst noted by Barwise [1 ] and then by Wilmers [48] . We
agsume that the reader is familiar with the theorem of Barwise

and some of its standard applications.

*) As pointed to us by M.Srebrny, BR.B.Jensen in his
Habilitationschrift (unpublished) proves this equality
for all K ’s.
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We need the following lemma :

Lemma 3.2.: o¢ ¥ , the least admissible ordinal greater
than o 18 smaller than oK™,

Proof: It is kmown that there 1s a sing'le sentenoe § such
that <§ +"scheme of foundation”is equivalent to KP (we were
informed about this by G.Kreisel and C.Smorynski). By the .
retleotion prinoiple in <{L_. , €> there 18 £ < <™=
suoh that @ holds in (L g, €> (stnce ¢ holds in
{1 o €0 )o Tus L I is admissible and sinoe < *g 8

we are done.

Proof of the theorem 3.2. ("on difference")
Consider the system < L(d‘), , €> and the theory T

in the infinitary language °£'L based on 3 groups of
(ot2)?

axioms:

a) M\ ZFC

b) & - diaegrem of L(d,)a-
c) "L _ ¢ 1s an inaccessible family of sets*

The theory 4J 1s definable over < L €, i=']>

(x4)*
by a Z:L formula € and is consistent since it has a model

(for instance < L( € > is a model of T ). Therefore

o(‘)-‘ ’

the structure < I.( ‘)+ s € yit*l > satisfies the formula
of

Consis@ y Wwhere Consis @ is a finitary sentence of I‘ST

expressing consistency of T .
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Since L € L therefore since L €S>
)" () ey ?
satisfies the full scheme of choice and has a definable well-

L(ou), a denumerable (within L(u‘)~ )

elementary substructure (4, € M4, {<*]) of (L , € M‘]}
CORGINN

ordering we have inside

The struoture ( 4, €l'4, {«}} is isomorphic ag(yin within

L(w)’ to a structure (B, € , } §] > where B is transitive,

By standard reasoning B a L 7 for some r . 7 is denume -

rable within { L y € > and so it is denumerable within
(«")”

{L_,» €> since ¢ L(o(‘)- »€> k"L, 1s an inacces-

sible family of sets®™, Consider now { L_, €, 1§]). First of

y

all ¥e notice that y = st

Moreover (L

S, € ,lS})}-Consis@

Now let us look what the formula () defines over

{Lyyresi8l)
It is olear that it defines the following theory:

a’) R zFeT
v) € diagram of LT

”
e L § is an inaccessible family of sets

AS this theory 1s J , definable and ( I.? s € ,(“)kConsis@

1
we apply now Barwise compactness theorem within <L <t € ) .
Since | 1is denumerable in <L°(‘,e) , <L], €18

is Z'i- complete in <Ld1 ’y €D
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Thus we get within <L oLt € a denumerable model of
the theory definable over (I.T y €3187) by ® , 1.6. of the
axiom groups a’), b?), c’).

Let {F, E> be a model of this theory. By the oondiotion
v’) (§,E ) 1is an end extension of ¢( L? s €5 (within
{L,,; €> but this is an absolute statement).Sinoe

§ ¢ I therefore & Dbelongs to the standard part of < N,B >

We apply now the corollary of the proposition 3.3.

S0 <I‘$’ € > 1is an extendable model. Clearly « ° ¢ §
and so both

a) and b) of the theorem hold.

To show o) we apply within (L g €> Skolem L8wenheim

result of Nadel [16] y since o« © is denumerable in (I, €D

Lo €

and thus between <« © and ¢, there are recursi-

vely inaccessible ordinals.
Definition: We call an admissible set Agi' complete 1ff
for every Z_",’i definable theory J ,

{a,€> [ Consis o Mt T has a model

where @ is a gi formula defining T

By the Barwise compactness theorem together with
oompleteness theorem for languages °CM (M denumerable) we
2ind that all denumerable admissible sets are gi -oomplete.
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Analyring the proof of the theorem 3.2. we get

Theorem 3+.3. There is a formula @ guch that whenever

Cut, €5 s gi complete then :
{M,€> 1is EMG - extendable 12z <M*' € ,M) =

Proot: & is a ”1 sentence stating the consistency of
the following theory T

a) /AN\ZFC

b) " £ = diagram of the world (1t 1s called BE in
{s})

o) "M is inaccessible family of sets"

let us notice that b) uniformly defines an & diagram
set
of admissiblehover itself.

We use the following faot :

I (§,E) kL EP then M€&SpN iff M csSp N

To prove the theorem assume firstly that M, € > is KUS
extendable.By the oorollary to the proposition 3.3. we find
that there is a model ( N,B> of a} and c) and such that
M €SpN. Thus M "¢ SpF and so <N,ED> satisfies an €~
diagram of M*, Thus <{N,E > 1is a model of T (more
precisely of the theory defined over ¢ MY, &> by ® ).

Conversly, if < ¥", ¢ , M) | Consis ® then, by

5" oompleteness of < M", € > and by the fact that T is 2
4 ~1
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definable we get a model < N,E > of T.

wt < Sp N and so M €Sp N. Using onoce more the corollary to
the proposition 33. we are done.
Corollary: If M is denumerable then

(M, € > ia extendadle itz (¥, € , M)k

We come back to the proof of the theorem 3.2. It was
definitely not economiec for the following twe reasons.

1) Remark that < 1_,€> need not be (3 =~ extendable in
order to make our reasoning work. What we need is that there
is an extension F of (LO( s €> such that h( F ) > ot

2) We did not use the following fact: Every ¢> - model
of ZFC whioh 1s extendable contains its own theory.

We define: ok(o) 2 of o((fﬂ) = (o((?))'*

A ) - U O<( ?) if this ordinal is

f<)«

admissible or ( L_/o(( E))#- otherwige.,
T
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Definition: An extendable model <(L_,€ > 1s * ¥ - good"

122 1t bas an extension (¥ , L_ s € > such that o((fkh(;\)

Using the reasoning of the proof of the theorem 3.2. we get
Theorem 3.4, a) Every 1 = good model contains a8 an element
0=good (i.e. transitive extendable) model.

b) If k & ¢ then every (k + 1)-good model contains as
an element k = good model.

The theorem 3.4 may be extended to all recursive ordinals.

Pollowing the line of 2) we f£ind that in the proof of
following
the theorem 3,2. we could add theAclause d) to the a),b),e):

[
(Th(L s € )) as the latter is L , - finite. Therefore we

have the following.

Theorem 3,5, If (M, €> i8 g - KMC - extendable then
there 18 N€M such thet (N, €) =M, €> and

(M, €Y p N u N, & (¥, &> 1s extendable®.
(thus (N, € > 1s indeed extendable). .
The proof of 3.5. needs a subtler considerations of ﬁ -
extendable models.

Namely in the proposition 3.2. one may add 4) "Every set
is equipollent to an ordinal®. The model produced from trees

satisfies Skolem~LBwenheim theorem and so we work as in 3.2.



[113], 538 ON EXTENDABILITY OF MODELS 631

Additionally we must prove that L ,(MJer c,‘,[x]

whioh is again obvious.)We close the paper with the informations

on the number of extensicns of M, E) .

In [9] the following 1s proved:
Propositien 3.4. Iz {F , M, € > 1s a denumerable model

of KM then there is a proper extension & of F such

that
1) {TF , ¥ €7<<5 ¥4, €>
2) <S,M,E> is not a @3 - model

Moreover there is 2 % 478 of power ,\)0 and 2 s of
power 8.

We do not know any neoessary and sufficient condition
under which a e. - model ( T M, €> has a proper elementary
extension {4 , K, € > also being a g - model.

There are however some necessary and some sufficient
oonditions:

Some of them are due to Guzicki fh_]

1) If we want to get a model of the same height as 4§ then
{F » M, ¢) mnust satisfy the negation of the class form of
relative oonstruotibility.

2) Sufficient: The ones given im [4 ]. They give stronger
results than those of our proposition 3.5. (although they go in
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different direotion)
Gugicki’s models are forocing models—quite exeptional fact

sinoe they are also elementary extensions.

Under assumption of Martin’s axiom Guzicki’s construction

®o

22 “'\o

gives fi— models of power 2

Definition: 4 model {F , M, €) of KM satisfies condition
(B) 1ff there is a model (K,E > of 2FC + T suoh that:
1) F esp N

2) (NEY = F = ¥ (M)

3) (K,B> |= "M is an inaog?ssible family of sets®

8)  (MBY kB % ) DE

5) {F,E> is M - standard

(here M* denotes next cardinal in (¢ N,B) )

Proposition 3.5. ( {10] ) 1t <9, ¥,6> is a denumerable
model of EKMC satisfying condition (3 ) then there are 2N°
proper elementary denumerable extensions < & , M, € D>

satisfying-oonditions (B) and 2 ¥y of such extensions of

power Ni , a1l these extensions can be chosen to have the

same height as T,

Proof: Using the quantifier "there is more than M' " in
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We have the following lemma:

Iemma 3.2, If <{F, M, €> has a property ([R3) then it 1s
a (3 - model.

By this lemma, a countable model satisfying (B) has 2~°
proper elementary denumerable extensions each of which is a

p— model.

For the non~denumerable models almost nothing 1s kmown.
If o is a strongly inmocessible oardinal then < R_ , €>
has 2°‘ extensions of power o/ .+ There are even 2 =<

extensions being elementary subsystem of < Rc’< 1? Ry s € >
If V= L then the elementary subsystems of (R°<+1 B .E>

are linearly ordered by inclusion. In the same time it is

relatively consistent to assume that they are not linearly

ordered by inclusion; even under the assumption that

B_,ES pVaL

Mathematioal Institute of the Polish Academy of Solences
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