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Editorial Note

The present selection of A. Mostowski's work comprises within one

edition the most important of his papers, written during nearly forty years
of scholarly activity and scattered so far over various publications. We
hope that it will gain the approval of all readers who concern themselves

with the foundations of mathematics.
In selecting the papers, the Editorial Committee aimed at including,

on the one hand, the most important of A. Mostowski's contributions to
mathematics and, on the other hand, those papers which have preserved
their topical interest and are the most frequently quoted ones.

In the five introductory articles (pp. xrx-xuv, vol. f) which discuss
the main trends in A. Mostowski's research, the numbers of bibliographical

reference marks refer to the full bibliography of A. Mostowski's works
included in volume one.

Most of A. Mostowski's papers, which were originally published in

English, have been reproduced photographically without any changes.
In those papers, a double pagination occurs: at the outer corners the
running pagination of the volume, and at the inner corner, in square
brackets, the reference to the complete bibliography and the pagination

of the original version. It is intended to facilitate the use of the inter-
national reference marks within each paper which refer to the original

page number.
Only a few of the papers included in this edition (namely those marked

in the Bibliography with the numbers [1], [2], [3], [5], [6], [7], [51], [79])
have been translated from Polish, French or German, so at the inner
corners in those papers the references to the complete bibliography are
given only.

We are grateful to all publishers of the original papers here included
for their consent to the reproduction of those papers, which has, enabled
us to prepare this edition of A. Mostowski's work and present it to the
readers. In particular the following permissions to reprint Mostowski's
papers were given: Thirty years of foundational studies, Lectures on the
development of mathematical logic and the study of the foundations of
mathematics in 1930-1964, Acta Philosophica Fennica xvrr (1965),
pp. 1-180; Models of set theory, Lectures delivered in Varenna, Septemher
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1968, C.I.M.E., Italy 1968, pp. 67-179; The classical and os-complete
arithmetic, Reprinted with permission of the publisher American Mathe-
matical Society from Journal of Symbolic Logic, copyright © 1958,
Volume 23, No.2, pp. 188-206; An exposition offorcing, in: Algebra and
logic, Lecture Notes in Mathematics 450, Springer-Verlag, Berlin-Heidel-
berg-New York, © by Springer-Verlag, Berlin-Heidelberg 1975, pp. 220-
282; Observations concerning elementary extensions of co-models I, re-
printed with permission of the publisher American Mathematical Society
from Proceedings of Symposia in Pure Mathematics, copyright © 1974,
Volume 25, pp. 349-355; On extenddbility of models of ZF set theory to
the models of Kelley-Morse theory of classes, in: Logic Conference, Kiel
1974, Lecture Notes in Mathematics 499, © by Springer-Verlag, Berlin-
Heidelberg 1975, pp. 460-542.



Andrzej Mostowski (1913 -1975)

Professor Andrzej Mostowski was born in LWDw on November l st,
1913. He studied mathematics in Warsaw in the years 1931-1936. On re-
ceiving his M.A. degree he went to Vienna, where he studied under Kurt
Godel, and then to Zurich. In 1938 Mostowski defended his doctoral disser-
tation, written under the supervision of Alfred Tarski and devoted to the
interrelationship of various definitions of the notion of infinite set. He then
took up a post at the Meteorological Institute in Warsaw. During the Nazi
occupation of Poland he worked as an accountant at a tile factory. In the
years 1942-1944 he taught at the Underground University of Warsaw,
where he was unofficially appointed a "docent". After the war Professor
Mostowski was for a short time on the staff of the JagiellonianUniversity
in Cracow, where-s-in 1945~he presented his "habilitation" thesis, devoted
to the axioms of choice for finite sets. In 1946 he returned to Warsaw and
was made assistant professor at the University of Warsaw. He became
associate professor in 1947 and full professor in 1951. For the next sixteen
years he occupied first the Chair of Algebra and then the Chair of the Foun-
dations of Mathematics at the University of Warsaw, and in 1952 he was
Dean of the Faculty of Mathematics and Physics. In the years 1948-1968
he worked also at the Institute of Mathematics of the Polish Academy of
Sciences, acting as head of the Division of the Foundations of Mathema-
tics.

In 1956 Professor Mostowski was elected an associate member and in
1963 a full member of the Polish Academy of Sciences. He received Po-
lish State Prizes in 1953 and 1966 and the Jurzykowski Foundation Prize
in 1972. In 1973 'he was elected a member of the Finnish Academy of
Sciences. He was on the editorial boards of several learned journals, inclu-
ding the Fundamenta Mathematicae, the Journal of Symbolic Logic, and
the Annals of Mathematical Logic; he was also a co-editor of the Series for
Mathematics, Physics and Astronomy of the Bulletin of the Polish Academy
of Sciences. His long association with the North-Holland Publishing Com-
pany helped to raise the "Studies in Logic and the Foundations of Mathe-
matics" series to its present-day importance.

The academic year 1948-1949 Mostowski spent at the Institute for
Advanced Study at Princeton, and in 1969-1970 he was a fellow of the
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All Souls College at Oxford. He took part in numerous congresses and
conferences all over the world.

In 1972 Professor Mostowski was elected President of the Section of
Logic, Methodology and Philosophy of Science of the International Union
for the History and Philosophy of Science. He died in Vancouver RC.
on August 22nd, 1975.
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[1] Abzdhlbare Boolesche Kiirper und ihre Anwendung auf die allgemeine
Metamathematik, Fund. Math. 29 (1937), pp. 34-53.

{2] 0 niezaleznoici definicji skonczonosci w systemie logiki (On the inde-
pendence of definitions of finiteness in a system of logic), Dodatek
do Rocznika Polskiego Towarzystwa Matematycznego, vol. 11 (1938),
pp.1-54.

[3] Uber gewisse universelle Relationen; Ann. Soc. Pol. Math. 17 (1938),
pp. 117-118.

[4] Uber den Begriff einer endlichen Menge, Sprawozdania Towarzystwa
Naukowego Warszawskiego (Cl. III) 31 (1938), pp. 13-20.

[5] (with A. Lindenbaum) llber Unabhdngigkeit des Auswahlaxioms und
einiger seiner Folgerungen, Sprawozdania Towarzystwa Naukowego
Warszawskiego (Cl. III) 31 (1938), pp. 27-32.

{6] (with A. Tarski) Boolesche Ringe mit geordneter Basis, Fund. Math.
32 (1939), pp. 69-86.

[7] Uber die Undbhangigkeit des Wohlordnungssatzes von Ordnungsprinzip,
Fund. Math. 32 (1939), pp. 201-252.

[8] Bemerkungen zum Begriff der inhaltlichen Widerspruchsfreiheit,
J. Symbolic Logic 4 (1939), pp. 113-114.

[9] Remarques sur fa note de M. Sierpinski "Un theoreme sur les familles
d'ensembles et ses applications", Fund. Math. 33 (1945), pp. 7-8.

[10] AXiom of choice for finite sets, Fund. Math. 33 (1945), pp. 137-168.
[11] 0 zdaniach nierozstrzygalnych w sformalizowanych systemach mate-

matyki (On sentences undecidable in formalized systems of mathe-
matics), Kwartalnik Filozoficzny 16 (1946), pp. 223-277.

[12]* Zarys teorii Galois (An outline of Galois theory), supplement to
Zasady algebry wyzszej (Foundations of higher algebra) by W. Sier-
piriski, Monografie Matematyczne 11, Warszawa 1946, pp. 371-428.

(*) Unfortunately, dealing with the bibliography of a scholar as prolific as A. Mos-
towski one cannot be sure that all the papers have been found and introduced. Still we
hope that all the major papers have been included.

We notice that the books are additionally marked with an asterisk.
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[13] On definable sets of positive integers, Fund. Math. 34 (1947), pp.
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[14] On absolute properties of relations, J. Symbolic Logic 12 (1947),
pp. 33-42.
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[21] Sur l'interpretation geometrique et topologique des notions logiques,
Actes du Xveme Congres International de Philosophie (Amsterdam,
11-18 aout 1948), Amsterdam 1949, pp. 610-617.

(22] (with A. Tarski) Arithmetical classes and types ofwell ordered systems,
Bull. Amer. Math. Soc. 55 (1949), p. 65.

[23] A general theorem concerning the decision problem, Bull. Amer.
Math. Soc. 55 (1949), pp. 65-66.

[24] (with A. Tarski) Undecidability in the arithmetic of integers and in
the theory of rings, 1. Symbolic Logic 14 (1949), p. 76.

[25] La vie et l'oeuvre de S. Dickstein, Prace Matematyczno-Fizyczne 47
(1949), pp. VII-XII.

[26] Kilka refleksji na temat zadafi logicznych z "Matematyki" (Some
remarks concerning problems on logic in "Maternatyka"), Mate-
matyka 3 (3) (1950), pp. 6-11.

[27] Some impredicative definitions In the axiomatic set-theory, Fund.
Math. 37 (1951), pp. 111-124. Correction: ibid. 38 (1952), p. 238.

[28] On the rules ofproof in the pure functional calculus of the first order,
J. Symbolic Logic 16 (1951), pp. 107-111.

[29] A classification of logical systems, Studia Philosophica 4 (1951),
pp. 237-274.

(30] (with K. Kuratowski) Sur un probleme de fa theorie des groupes et
son rapport a la topologie, Colloq. Math. 2 (1951), pp. 212-215.



A BIBLIOGRAPHY OF WORKS OF ANDRZEJ MOSTOWSKI XIII

[31] Groups connected with Boolean algebras (Partial solution of the Prob-
lem P92), Colloq. Math. 2 (1951), pp. 216-219.

[32] On models ofaxiomatic systems, Fund. Math. 39 (1952), pp. 133-158.
[33] On direct products of theories, J. Symbolic Logic 17 (1952),pp. 1-31.
[34]* (with K. Kuratowski) Teoria mnogosci (Set theory), Monografie

Maternatyczne 27, PWN-Polish Scientific Publishers, Warszawa-
Wroclaw 1952, pp. IX + 311.

(35]* Sentences undecidable In formalized arithmetic, An exposition of the
theory of Kurt Giidel, Studies in Logic and the Foundations of
Mathematics, North-Holland Publishing Co., Amsterdam 1952,
pp. VIII + 117.

(36] On a system ofaxioms which has no recursively enumerable arithmetic
model, Fund. Math. 40 (1953), pp. 56-61.

[37] A lemma concerning recursive functions and its applications, Bull.
Acad, Pol. Sci. (el. III) 1 (1953), pp. 277-280 (Russian version:
pp. 275-279).

[38] 0 tzw. konstruktywnych prawach IV matematyce (On constructive
principles in mathematics), Mysl Filozoficzna 1 (7) (1953), pp.
230-241.

[39]* (with M. Stark) Algebra wytsza, cz. I (Higher algebra, part I),
Biblioteka Matematyczna 1, PWN-Polish Scientific Publishers,
Warszawa 1953, pp. VI + 308.

[401 (with H. Rasiowa) 0 geometrycznej interpretacji wyraten logicznych
(A geometrical interpretation of logical formulae), Studia Logica
1 (1953), pp. 254-273.

[41J* (with R. M. Robinson and A. Tarski) Undecidability and essential
undecidability in arithmetic, part II of Undecidable theories, by
A. Tarski in collaboration with A. Mostowski and R. M. Ro-
binson, Studies in Logic and the Foundations of Mathematics,
North-Holland Publishing Co., Amsterdam 1953, pp. IX+98.

[421* (with M: Stark) Algebra wytsza, cz. II (Higher algebra, part 11),
Biblioteka Maternatyczna 3, PWN-Polish Scientific Publishers,
Warszawa 1954, pp. VII + 173.

[43]* (with M. Stark) Algebra wytsza, cz. III (Higher algebra, part III),
Biblioteka Matematyczna 4, PWN-Polish Scientific Publishers,
1st ed., Warszawa 1954, 3rd ed., Warszawa 1967, pp. VII+268.

[44] Podstawy matematyki na VIII Zjeidzie Matematykow Polskich (Foun-
dations of mathematics at the VIIlth Congress of Polish Mathema-
ticians), Mysl FiIozoficzna 2 (12) (1954), pp. 328-330.
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[45} Development and applications of the "projective" classification of
sets ofintegers, Proceedings of the International Congress of Mathe-
maticians, 1954, vol. Ill, E. P. Noordhoff N. V., Groningen and
North-Holland Publishing Co., Amsterdam 1956, pp. 280-288.

[46] (with A. Grzegorczyk, S. Jaskowski, J. Los, S. Mazur, H. Rasiowa
and R. Sikorski) The present state of investigations offoundations of
mathematics, Rozprawy Matematyczne (Dissertationes Mathema-
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1950 in Warschau, Berlin 1954, pp. 11-44; Russian translation: Co-
epeuenuoe cocmonuue uccneooeauuii no OCHoeaHURM uamesamusu,

Ycnexa MaT. Hayx 9 (1954), pp. 3-38.

[47] A formula with no recursively enumerable model, Fund. Math. 42
(1955), pp. 125-140.

[48] Examples of sets definable by means of two and three quantifiers
Fund. Math. 42 (1955), pp. 259-270.

[49} Contributions to the theory of-definable sets and functions, Fund.
Math. 42 (1955), pp. 271-275.

[50} (withJ. Los and H. Rasiowa) A proofofHerbrand's theorem, J. Math.
Pures et Appl. 34 (1955), pp. 19-24.

[51} Eine Verallgemeinerung eines Satzes von M. Deuring, Acta Sci. Math.
Szeged 16 (1955), pp. 197-203.

[52) Wspolczesny stan badafi nad podstawami matematyki (The present
state of investigations of foundations of mathematics), Prace Ma-
tematyczne 1 (1955), pp. 13-55.

[53} Wyznaczanie stopni niektorych liczb algebraicznych (Evaluating de-
grees of some algebraic numbers), Prace Matematyczne 1 (1955),
pp. 239-252.

[54} (with A. Ehrenfeucht) Models of axiomatic theories admitting auto-
morphisms, Fund. Math. 43 (1956), pp. 50-68.

[55) Concerning a problem of H. Scholz, Zeitschrift fur Mathematische
Logik und Grundlagen der Mathematik 2 (1956), pp. 210-214.

[56] On models of axiomatic set theory, Bull. Acad. Pol. Sci. (Cl. III)
4 (1956), pp. 663-667.

[57} Logika matematyczna na Miedzynarodowym Zjeidzie Matematykow
w Amsterdamie (Mathematical logic at the International Congress
of Mathematicians in Amsterdam), Studia Logica 4 (1956), pp.
245-253.
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tistic Methods, Proceedings of Symposium on Foundations of Math-
ematics, PWN-Polish Scientific Publishers, Warszawa and Perga-
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C. RAUSZER

Research work of A. Mostowski in logical calculi

(Translated into English by M. M. Wrglinska)

Problems concerning logical calculi were not in the sphere of A. Mos-
towski's main interests. Nevertheless, he always followed very closely the
developments of mathematical research not necessarily related to the field
he was occupied with at a particular moment and very often dealt with
those problems in his papers. Therefore, in summing up Mostowski's works,
one should not omit those in which he discussed questions arising, as it
were, on the peripheries of his basic research, the more so as they often
initiated new trends of investigation. Here belong papers [16], [19J, [46]
[59J, [74J, [85], [89J (according to the enclosed list of publications).

Algebraic approach plays an important role in the sernantical study of
non-classical calculi. It was Mostowski who, in paper [16], introduced
algebraic modelling for first order calculi.

The main purpose of the above mentioned paper is to outline a general
method which permits us to prove the intuitionistic non-deducibility of
many formulas. The method consists in utilizing the connections between
intuitionistic logic and the so-called Brouwerian lattices, which were intro-
duced and examined by McKinsey and Tarski in 1946. Mostowski proves
the following theorem:

If rx is intuitionistically deducible, then the corresponding functional
is equal to zero for every non-void set I and every complete Brouwerian
lattice L.

This theorem initiated the algebraic approach to non-classical logic,
which was later so successfully developed by Henkin, Rasiowa and others.

Some of Mostowski's papers are devoted to a generalization of logical
quantifiers. In paper [59] he deals with operators which represent a natural
generalization of logical quantifiers and formulates problems for those
generalized quantifiers which correspond to the classical problems of first
order logic.

Most of the discussion in paper [59]centres around the problem wheth-
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er it is possible to set up a formal calculus which would enable us to prove
all true propositions involving new quantifiers.

Dr. Pacholski's paper, enclosed in this book, gives a more detailed
explanation of these problems.

Another generalization of logical quantifiers applicable both in two-
valued and in many-valued cases has been proposed and discussed by
Rosser and Turquette in their book Many valued logics. According to their
conception a quantifier is a function correlating a truth value with a non-
void set of truth values. They examined the problem of' axiomatizability
of first order calculi with the arbitrary quantifiers under the assumption
that the set of truth values v is finite. Then, in 1959,Rosser discussed a sim-
ilar problem under the assumption that this set coincides with interval
[0, 1]. In paper [80) Mostowski takes up the problem ofaxiomatizability
under a more general assumption, namely that the set of truth values is an
ordered set which is bicompact in its order topology. The main feature of the
results set forth in that paper is their non-effective character. Mostowski
proves the existence of complete sets of axioms and rules of inference for
some many-valued predicate calculi without exhibiting them explicitly,

The purpose of paper [85] is to discuss the generalization oftwo funda-
mental theorems concerning two-valued predicate calculus to the many-
valued case. One of them is the compactness problem. It was examined
by Chang and Keisler in their paper Model theories with truth values in
uniform' space. Mostowski gives an alternative proof of their result.

Mostowski's solution of this problem consists in conceiving models
over a suitably chosen setJ as points of a compact space M and then con-
structing of the function Val(l1>, p) in such a way as to make it a continuous
function of p.

The construction of M is the key to the solution of the problem. It is
easy to construct a space where Val(11) , p) is continuous for all formulas
without quantifiers. In order to construct a space where Val(l1>, p) is con-
tinuous for arbitrary 11>, we have to pass from the initial language J to anoth-
er language Joo ' which is obtained from J by adding an infinite number
offunctors. (Thus functors by means ofwIlich the language Joo is obtained
play the same role as the epsilon operators of Hilbert). Formulas of J con-
taining quantifiers are reducible in a certain way to the symbols of the new
language J 00 which does not contain quantifiers.

The second problem discussed in paper [85] concerns axiomatizability
and its reduction. Mostowski considersthe following question:
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Is the set of satisfiable (valid) formulas the complement of a recursively
enumerable set?

First, in order to answer this question, Mostowski proves a theorem
which provides necessary and sufficient conditions for a closed formula of
J to be satisfiable. In order to establish the axiomatizability of predicate
calculi this theorem can be exploited in various ways. The simplest case is
where the set of truth values v is a separable space, but the theorem can
also be used for the axiornatizability problems in certain cases where v is
not separable. In such cases expressions of J00 can no longer be enumerated
by means of integers and we must take certain abstract entities of those
expressions as the "Godel numbers". This idea is elaborated in Section 6
of paper [79], where the case of the well-ordered set v is discussed. In paper
[84] Mostowski uses the above-mentioned theorem to prove conditions
which are needed for the set of satisfiable formulas to be a complement of
a recursively enumerable set.

Mostowski, who had a great deal of philosophical knowledge, used to
say that it would be wrong to deprive logic, however formal it might be,
of a certain, possibly subconscious, philosophical base. Conscious choice
is more difficult since at the present stage of discussions about the founda-
tions of mathematics one cannot be sure which of the conflicting.theories
is the best or even just good.

In paper [46] Mostowski deals with problems which, according to him,
are specific for mathematics and do not occur in other branches of science.
They are of a philosophical nature and, in the above-mentioned paper, he
tries to solve them within the limits of mathematics alone and by applying
mathematical methods only. These problems can be formulated as follows:

1. What is the nature of notions considered in mathematics? To what
extent are they formed by man and to what extent are they imposed from
outside, and whence do we gain knowledge of their properties?

2. What is the nature of mathematical proofs and what are the criteria
allowing us to distinguish correct from false proofs?

(Both problems are taken verbatim from paper [46].)
The paper in question does not pretend to be a lecture on mathematics

in the strict sense. Mostowski simply tried to show what, from the point
of view of mathematics alone, constitutes answers to these questions, who
has dealt with them and in what way.

The completeness problem is an interesting example of a question which
arose from philosophical investigations concerning the relations between
formal calculi and semantics. The problem has found many purely mathe-
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matical applications in spite of its philosophical origin. The aim of paper
[74] is to prove a generalization of the Godel incompleteness theorem:

Let us say that a formula (j> with one numerical free variable is free for
a system S if the formulas {/>(L11.)' (j>(L1 2) , ••• , (j>(L1 n) are completely inde-
pendent for every n (i.e. every conjunction formed of some of these formu-
las and of the negations of the remaining ones is consistent; (j>(L1j ) denotes
the formula obtained from (j> by substituting the j-th numeral for the va-
riable of (j». Mostowski proves that for every given family of extensions
of a formal system S satisfying certain very general assumptions there
exists a formula which is free for every extension of that family.

Paper [89] is a collection of 16 lectures delivered at ·the Summer School
in Vaasa, Finland, in 1964. In these lectures Mostowski sketched the de-
velopment of mathematical logic and the progress of research into the foun-
dations of mathematics in the years 1930-1964. It is obvious that one short
course did not permit Mostowski to present in detail all the theories that
had been formulated during the period in question. He concentrated in
these lectures on giving clear explanations of the main problems of math-
ematical logic, showed their applications and paid special attention to
many-valued calculi.

Mostowski's scholary achievements include a book on mathematical
logic [19], which was published over 30 years ago. It was the very first uni-
versity textbook and the very first monograph on the subject in Polish
scientific literature. Mostowski did not limit his presentation to the classical
problems of mathematical logic but discussed also the results obtained by
Godel and problems which arose in the field of logic after 1930. Although
the book has served many generations of Polish mathematicians, it has
never been translated into any foreign language. Modesty was charac-
teristic of Mostowski's personality and that is probably the reason why he
opposed any suggestions of a translation.



P. ZBIERSKI

The contribution of Mostowski to the foundations of second
order arithmetic

Second order arithmetic (called also analysis) is a theory of irrational
numbers. Systematic work on the foundations of this theory probably
began in mid-fifties, when Mostowski (with collaboration with Grzegor-
czyk and Ryll-Nardzewski) published paper [62]. Besides a precise descrip-
tion of the system of second order arithmetic and its syntactical rules the
paper contains a beautiful topological proof of Grey's theorem. Also some
connections with theory of recursive functions are considered and some
similarities between particular classes of effective hierarchy are emphasized.
The fundamental work on the subject is the Formal system ofanalysis based
on an infinitistic rule of proof [72] presented by Mostowski at the Warsaw
"Infinitistic Methods" Symposium in 1959. In this paper Mostowski intro-
duced the important notion of models absolute for well orderings of natural
numbers (so called ,B-models). It is shown that the set of sentences true
in all ,B-models is complete (in the sense of Post) for the family of II~ sets
of natural numbers and the existence of co-models, which are not ,B-models
follows as a corollary. The existence of a minimal ,B-model as well as finitely
axiomatizable extensions of the system of analysis is also stated and proved.
Another important result concerns the absoluteness of arithmetical for-
mulas with respect to the constructible universe. The absoluteness of for-
mulas of type II~ is proved, and this result, strengthened later by the ce-
lebrated result of Shoenfield to El-formulas, has many interesting conse-
quences and applications in the foundation of set theory.

The problem of the existence of co-models which are not ,B-models is
once again discussed in a joint paper by Mostowski and Suzuki [99]. They
find that each denumerable ,B-model of A 2 (with choice) has an elementary
extension which is an co-model but not a ,B-mode!. The method of proof
is here totally different. It is further generalized and improved in paper
[Ill] and is now called a "definable quantifier". Another kind of questions
arise when one considers the structure of the family of all co-models (or
,B-models) or models elementarily equivalent to the principal model. In
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paper [103]. Mostowski imposes a naturally defined partial ordering of
"encodable membership" on the family of eo-rnodels and proves the exis-
tence of a subfamily ordered in type 1]' wt- The paper contains also some
applications of the above mentioned theorem to hyperdegrees. Other partial
orderings, namely those of inclusion and of elementary inclusion (along
with encodable membership), are widely discussed in paper [106]. Problems
connected with standard systems are considered in paper [107]. Using
a definable ultraproduct construction, the author proves the existence of
a nonstandard model such that the corresponding standard system is not
a model. Finally, in paper [102], the problem of definability of Skolem
functions is discussed. By using the forcing method it is proved that an
arbitrary countable co-model satisfying the principle of dependent choices
can be expanded to an co-model with a definable well ordering of the uni-
verse and hence with definable Skolem functions.

The method works .for nonstandard models as well, which shows that
the addition of Skolern functions for all sets leads to a conservative exten-
sion over the scheme of depended choices.



ANDRZEJ GRZEGORCZYK

Andrzej Mostowski's studies of decidability, recursion
and hierarchy

(Translated into English by Z. Adamowicz)

Andrzej Mostowski belonged to those investigators of the foundations
of mathematics who found inspiration for logical research basically in math-
ematics. From the very start of his teaching activities at the University
of Warsaw almost until he died he gave lectures in various branches ofalge-
bra and arithmetic and-at one time-even in analysis.

He was particularly impressed by algebra and used to say-for some
time-that logic should be studied in conjunction with other branches of
mathematics, for instance with algebra itself.

In his own research in the foundations of mathematics, however, the
algebraical trend was not particularly significant. It is in evidence in Mos-
towski's investigations of products of models or of automorphisms, but
the essence of those investigations derives from problems in set theory
or metamathematics.

Mostowski belonged to that generation of mathematicians for whom
the foundations of mathematics, although strictly bound with other math-
ematical disciplines, already consisted a separate body of problems, de-
veloping on their own lines, independently of other branches of mathema-
tics, and of philosophy either. The separation of logical research from phi-
losophical studies, taking place gradually during the first half of the 20th
century, was effected in Poland mainly under the influence of Alfred Tarski,
who was Andrzej Mostowski's principal teacher.

Tarski himself still found in philosophy the inspiration for one of his
fundamental papers: "On the notion of truth in the languages of formalized
theories".

Philosophical problems, however, became at that moment nothing more
than a pretext or a secondary motive for formal investigations. Although
the main trend in the interests of logicians during the interwar period can
be satisfactorily described in philosophical terminology as an investigation
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of the "cognitive power" pertaining to logical means of proof and to set
theory as well, that cognitive power began to be expressed by means of
notions specific to logic or metamathematics such as: independence, com-
pleteness, undecidability or interpretability by matrices and models.

It is those problems, and particularly the cognitive power of arithmetic
and set theory, that soon became the main concern of Andrzej Mostowski
and continued to be so to the end.

In order to sum up, somewhat trivially perhaps, the whole of Mosto-
wski's work, it must be said that he-was involved all the time with the most
profound problems of the foundations of mathematics; he was fully au
courrant with all significant investigations and contributed to every branch
of metamathematics results of considerable importance for progress in our
knowledge.

Actually, from the very start Mostowski took up research in several
domains and his investigations in those domains alternated. In these reflec-
tions I would like to draw attention to the trend in his research relating
to the notion of recursiveness and effectiveness and the logical hierarchy
of notions.

Some of Mostowski's work goes back to pre-war days, namely his in-
vestigations made in collaboration with A. Tarski, of the types of well-
orderings [24], which, however, were only published in a short note in 1949
during Mostowski's first visit to California. They are investigations of the
limits of the effectiveness of our cognition from the point of view of deci-
dable problems. Mostowski's results in this field are interwoven with Tarski's
and give in effect an image of the decidability of the elementary theory of
well-orderings with addition but without multiplication.

The results in question were later supplemented by A. Ehrenfeucht.
As regards investigation of the power of the means of proof from the

point of view of undecidable problems, Mostowski was from the start
under the influence of Godel's achievements concerning the undecidability
of arithmetic; he had spent one year as a post-graduate student working
under Godel in Vienna. In the difficult years immediately after the war, not
wishing to lose touch with those results, he made his own hand-written
copy in a separate note-book of the whole of Godel's dissertation on undeci-
dable sentences in the Peano arithmetic, of which, as far as I remernb er
there had been in Poland only one copy in the Jagiellonian Library in
Cracow. That note-book served his pupils for several years as the only
means of getting acquainted with the original.

Other techniques of reproducing texts Were not available then; many
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of them were not even known yet (in this respect progress in the last thirty
years has been greater than in the preceding 300 years). Mostowski is pro-
bably the last mathematician to use that mediaeval method of duplicating
a text.

Mostowski's fascination with Godel's work on the undecidability of
arithmetic caused him to write two popular papers in the subject: one in
Polish [II] published in 1946 and one in English [35] published in 1952
in the North-Holland Publishing Company series of monographs in Am-
sterdam and enjoying considerable popularity, although at the time of its
publication Mostowski was already in possession of two stronger proofs
of his own, both published in 1949, one in Fundamenta Mathematicae riO}
and the other [24] in The Journal of Symbolic Logic.

Respect for the work of others compelling one to study their results
before constructing one's own version distinguished Mostowski from many
other scholars.

As a matter of fact, Mostowski in collaboration with Tarski and Ro-
binson took in 1949 a very important step forward, which, however, they
would not have been able to do without Godel's earlier results. Namely,
they reproduced Godel's reasoning on the basis of a finite system of axioms,
which made it possible to prove the undecidability of numerous mathe-
matical theories in the extensions of which a finite system of axioms of
arithmetic could be embedded. This method, expounded in another book
[41] of the same North-Holland Publishing Company series in 1953,
formed for ten years the basis for proofs of undecidability, until it became
eclipsed by the slightly different, extremely ingenious method of Rabin-
Scott.

Mostowski's keen interest in the existence of undecidable sentences in
arithmetic made him seek his own examples of sentences of this kind. Paper
[20] gives a proof of undecidability that is set-theoretical in nature and
stronger than Godel's, and although it is not effective, its content is dis-
tinctly mathematical and intuitive on the grounds of the arithmetic of real
numbers. But even while following the path traced out by Godel, Mostow-
ski finally observes that there exists a simple method of proving the unde-
cidability of arithmetic by means of proving the universality of the set of
theorems on recursively enumerable sets. If we prove in a purely arithme-
tical manner the existence of a non-recursive recursively enumerable sets,
then the undecidability of arithmetic is proved immediately, without the
necessity of assuming-as Godel did-the co-consistence of arithmetic.
Godel in 1931 could not of course foresee that the situation would be as
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simple as that. Those far-reaching simplifications were only published
in The Journal of Symbolic Logic in 1958 [62] in a paper written jointly
by Mostowski, Grzegorczyk and Ryll-Nardzewski and constituting in
those days a summing up of all the methodological investigations funda-
mental for arithmetic. The paper is mainly concerned with a comparison
of ordinary arithmetic with a second order arithmetic containing a non-
effective generalization rule, called the omega rule. The rule, not suitable
of course for practical use, simply describes a certain approximation to
the set of true sentences. Now, the set of theorems of second order arith-
metic closed with respect to the omega rule shows many similarities to the
set of theorems of elementary arithmetic. If we replace the notion of re-
cursive enumerability in the elementary case by the notion of III, we shall
obtain in the case of the omega rule analogies of the' theorems on complete-
ness, on non-decidability, on representability, etc. The paper in question
has become a basis for investigating omega models for arithmetic.

The line of research based on Godel's discovery ran close to another
line of research, namely that concerning the logical hierarchy of mathema-
tical notions. Mostowski's investigations in this respect were undoubtedly
rooted in the set-theoretical studies of the Warsaw set-theoretical and to-
pological school, whose main representatives were Sierpiriski and Kura-
towski. In those studies considerable space was devoted to the estimation
of the Borel class or projection class of given sets. The assessment Was of
logical nature, for it had early been noticed that to the operation of pro-
jection corresponds a strictly logical operation of the existential quantifier.
On the basis of this analogy Mostowski had constructed, during the war,
a hierarchy of arithmetical notions commonly known today as the Kleene-
Mostowski hierarchy and consisting in increasing the number of quanti-
fiers in a definition. Because of the circumstances due to the war, paper [13J
was only published in 1947 in F. M., later than Kleene's paper on the
same subject. It is regarded, however, as one of the most important of
Mcstowski's discoveries. His mathematical turn of mind made him seek
a place in his hierarchy for purely mathematical notions. Investigations of
this kind are to be found in papers [21] and [48]. Particularly the latter,
published in 1955 in F. M., is an interesting and, in a sense, a historical
event. Namely, it shows that the notion of the limit of a sequence in whose
definition there occur three quantifiers, the universal one, the existential
one and the universal one again, cannot be simplified..All three quantifiers
are indispensable; the notion is of class IIg. Both in the proofs of undeci-
dability and in the hierarchy Mostowski always searched for theorems and
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notions whose intuitive content was purely mathematical. He always asked =
what are the natural arithmetical notions having more than three numer-
ical quantifiers? or, what natural mathematical notion is further in logical
hierarchy than the notion of well-ordering?

Studies of the types of models were an application of notions from lo-
gical hierarchy. The strict concept of model having been made precise
thanks to the work of Tarski, the questionarose how simple the models
for given mathematical theories can be. Lindenbaum's method of com-
pleting a theory led to an easy conclusion that every theory has a model
of the type IIf n If. It was not certain, however, whether there existed
simpler models, particularly recursively enumerable ones. The solution
of this problem is the subject of papers [41] and [47], in which it is shown
that set theory suitably formulated (in the second of the two papers in the
form of one sentence, i.e. with a finite system of axioms) is a theory without
recursively enumerable models. The proof was later considerably simplified
by Rabin.

A little apart from Mostowski's other activities is his research in com-
putable analysis. Computable analysis attempts to reduce all notions of
classical analysis to computable notions. In such reduction, however, many
definitions that are equivalent on classical grounds turn out to be non-
equivalent in the computable sense. Thus, for instance, though for real
numbers different method of recursive approximations are equivalent to
one another, they cease to be equivalent for sequences of real numbers,
as Mostowski points out in [60]. Mostowski's interest in the above field
of study belongs to the early period of his activities; it gave way later to
other interests. However, the achievements in this field are fundamental;
they are, so to speak, classical, although nowadays sometimes obtained
in a simpler way.
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The investigations of Andrzej Mostowski in the foundations
of set theory

(Translated into English by Z. Adamowicz)

In investigating the foundations of set theory, it was on two out of the
many possible problems that Mostowski concentrated his attention. They
were the systems of axioms of set theory and the logical relations between
various sentences derivable from those systems. Within the range of systems
of set theory which are now more or less universally accepted Mostowski's
work concerned two essential types of theories: (a) the Zermelo-Fraenkel
theories (cumulative theories of types) with or without individuals, (b) se-
cond order theories of the Godel-Bernays type and of the Kelley-Morse
type.

It is a characteristic feature of Mostowski's work that he bases mathe-
matical constructions on a suitably chosen and strictly formulated set
theory. This form of "logicism" was obvious in his various papers, from
the earliest to the very last. Indeed, investigations into the foundations of
set theory Were conducted by Mostowski more or less continually. Traces
of his interest in those problems are discernible in papers written at various
stages of his scientific activity.

Mostowski's doctoral dissertation [2] was devoted to various forms
of the definition of infinity (of an infinite set). It is characteristic for the
period in which the dissertation was written that 'the independence of
various definitions of finiteness was proved by Mostowski with respect to
a system of the theory of types. Indeed, at that time-in the thirties-a ge-
nerally assumed or at least acceptable, system of set theory did not yet
exist. The Zermelo-Fraenkel system Was fully formed but not yet in gener-
al use and the Godel-Bemays system did not exist. The dissertation con-
tains also consideration regarding individuals.

The set theory with individuals known today as the Fraenkel-Mostowski
system was formulated by Mostowski in [6]; for although it was Fraenkel
who had given in 1922 the main ideas of the proof that the axiom of choice
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is independent of the axioms of set theory, the task of developing those
ideas into a form acceptable to mathematicians was completed later by
Mostowski.

In Mostowski's investigations a particular role is played by the problem
of the independence of the axiom of choice of other set-theoretical axioms
and the problem of the independence of various forms of the axiom of
choice.

Paper [6], published in 1939 (at the same time as Bemays's paper on
the predicative theory of classes) contains a system of axioms of set theory
with individuals and a definition of a permutational model.. The general
idea is that the axioms of set theory do not single out any atoms from among
other atoms. Consequently a permutation of the set of atoms (Mostowski
always assumed atoms to form a set) extends to an automorphism of the
whole universe. Mostowski then considered a certain group G of permuta-

-tions of the set of atoms A and a certain ideal I of subsets of A (in general
it Was the ideal of finite subsets of A, though in [15] it was the ideal of
countable subsets of an uncountable set of atoms). A set x was called
symmetric if there existed a set EEl such that the permutations- from G
that did not move the elements of E preserved x. The set E was then
called the support of the set x. Hereditarily symmetric sets formed an
internal model for set theory. In [6] Mostowski proved that the axiom
of choice is indeed stronger from the sentence stating that every set can
be linearly ordered. The model used for the proof had been obtained from
a model with a countable set of atoms ordered into type 'YJ with the use of
the group of permutations of A preserving the order and the ideal of finite
subsets of A. The most important step in the proof was the so-called
lemma on the minimal support: every set belonging to the model has
a minimal support. An analogous lemma proved for other models was
later repeatedly applied by Mostowski's followers to ·other results of inde-
pendence.

For a complete solution of the problem of independence of the axiom
of choice from the remaining axioms of set theory mathematicians had to
wait until 1963, i,e. until Cohen's results.

Immediately after the war Mostowski published paper [10], which was
his "habilitation" thesis. He inaugurated with it the study of the dependence
of various forms of the axiom of choice for finite sets. By [n] Mostowski
denoted the sentence "every family of n-element sets has a function of
choice". If Z was a finite set of natural numbers, then by [Z] Mostowski
denoted the conjunction of sentences [n] for n E Z. The question conside-
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red in the paper was as follows: when is it possible to prove in set theory
the implication [Z] -. en]? Mostowski formulated certain sufficient con-
ditions and certain necessary conditions, but he did not succeed itt proving
that the sufficient condition which he had formulated was also necessary.
The problem was ultimately solved in the late sixties by R. Gauntt and
J. Truss, i.e. after Cohen's discovery of the method of forcing. The most
important feature of Mostowski's work was the application of group theory
in the proof. Namely, Mostowski shows that certain group-theoretical
assumptions can serve for the proof of the implication [Z] -. en] and that
from this implication follow facts concerning the existence of certain groups.
The ultimate solution of the problem is as follows: in order that [Z] -. en]
it is necessary and sufficient that for every subgroup of G c: Sn without
fixed points there should exist a subgroup H c: G and a sequence HI' .... H k

k

of subgroups of H such that L [H:H i] E Z.
i=l

The idea of the proofarises from the fact that the non-existence of certain
groups of permutations permits the construction of a choice set while the
existence of such groups permits the construction of a permutational model.
It is worth stressing that the condition formulated by Mostowski is effec-
tive-for its verification it suffices to investigate the properties of the sub-
groups of a finite group, namely of Sn' Consequently the existential problem
"does there exist in set theory a proof of the implication [Z] -+ [n]?" is
decidable. Mostowski's paper did not solve the problem completely, but
aroused considerable interest in permutational models. It is interesting to
note that the discovery of forcing, which has stimulate the interest of math-
ematicians in set theory, has also contributed to a renewal of investigations
of permutational models. Generic models applied to the proofs of inde-
pendence have been found to be quite similar to Mostowski's permutatio-
nal models. The similarity has proved to be considerable, as has been shown
in papers by various authors on the embedding of permutational models
into generic models. It should thus be stated that, in addition to solving
certain specific problems in set theory, Mostowski created a new method,
which has since been apnlied by numerous followers; what is more, he
created a new field of interest for a large number of mathematicians.

Paper [6] was the last of Mostowski's results published before the war.
From his reminiscences (Reminiscences of logicians, in: Algebra and logic,
Springer Lecture Notes 4.'\0) We know that during the Nazi occupation
Mostowski obtained several results, in particular with regard to the effect
of the axiom of constructibility upon the properties of the projective hie-
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rarchy (the manuscripts were burnt during the Warsaw Uprising and Mos-
towski never published them). After the war Mostowski, having published
[10] and [15], apparently abandoned the foundations of set theory for re-
cursion theory. However, in the year 1949he published paper [20), in which
under stronger assumptions he gave a nondecidable arithmetical sentence
different from Godel's, The paper contains a proof of what is commonly
called the Mostowski contraction lernrna, It concerns the fact that every
well-founded and extensional relation is isomorphic with the membership
relation on a suitable transitive set. The importance of this fact cannot be
overestimated: it belongs to the basic results of the foundations of set theory
and is extremely useful in present-day research.

In .1951, Mostowski [27] investigated the relations between the Zerme-
lo-Fraenkel set theory and the Godel-Bernays theory of classes, disco-
vering interesting sentences unprovable on the grounds of the latter theory.
In particular, he showed the unprovability-within the Godel-Bernays
theory-of the so-called If-schema of existence of classes and the induction
schema for non-predicative formulas, and also discussed the properties
of the satisfaction class for the class of all sets. The paper demonstrated
the restrictions of the power of the Godel-Bernays theory and, in this
way, prepared the ground for the development of the rion-predicative theory
of classes.

The crisis which affected the foundations of set theory in the fifties is
also evident in the bibliography of Professor Mostowski's papers. Papers
which appeared at that time are remote from the problems of the founda-
tions of set theory, only a few short ones were connected with that field.

P. J. Cohen's results of 1963 caused an increased interest in the founda-
tions of set theory and at the same time accelerated the "mathernatization"
of the whole discipline. Almost simultaneously, Scott's results concerning
the incompatibility of the existence of measurable cardinals with the axiom
of constructibility increased the interest in combinatorial set theory and
in its connections with the foundations of set theory.

Investigations of forcing (i.e. Cohen's method) Mostowski pursued con-
tinually to the last days of his life. He devoted four publications to this
subject [91], [97], [100], [112]. The fullest presentation of the theory of
constructible sets (together with the whole theory of relative constructi-
bility) can be found in the monograph entitled Constructible sets with appli-
cations [100]. The monograph, which was preceded by the investigation
published in [88] and [91],contains an exposition of a unified theory com-
prising' Godel's theory of constructible sets with its subsequent modifica-
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tions. Moreover, it gives the fullest existing exposition of the theory of
forcing. An interesting feature of [IOO} is the adoption, as a metatheory,
of the non-predicative theory of classes (called the Kelley-Morse theory).
This theory has been known since the research of Hao-Wang, but for
unknown reasons has not been worked upon further (motives for investi-
gating it can be found in the introduction to [113]). The applications of
the non-predicative theory of classes in [100] drew attention to that interes-
ting domain. Also in Mostowski's work we can find results concerning
that theory [1131, [116]. He inaugurated investigations of the non-predica-
tive theory of classes, which were then continued by his students (e.g, [109]).
They were motivated by Mostowski's results of [27], which we have dis-
cussed above.

An important contribution to the study of forcing was made by Mos-
towski in paper [112]. It referred to his other investigations, in particular
to those concerning generalizations of the model theory and their applica-
tions to the investigations of models of second order arithmetic. This gene-
ralization, called the method of generalized quantifiers, has proved to be
close to the so-called "omitting types technique" and to forcing. In parti-
cular, models obtained by forcing have proved to be a particular case of
models obtained by a certain generalized quantifier.

A search for a deeply motivated system of axioms of set theory and
a desire to learn the power of such a system were the essential motives of
Mostowski's research in the foundations of set theory and the results which
he obtained were of enormous importance for the rise and development
of that domain.
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The work of Andrzej Mostowski in model theory

(Translated into English by Z. Adamowicz)

The main field of Andrzej Mostowski's research were the foundations
of mathematics. He regarded model theory basically as a tool for other
investigations in the foundations of mathematics and did not rate its own
cognitive value very highly. Nevertheless, his work had a considerable
influence on the development of model theory, and the notions and methods
which he introduced have gained a permanent place in textbooks and mon-
ographs. To begin with, we should mention the theory of indiscernible
elements, created jointly with Andrzej Ehrenfeucht, the theory of products,
and generalized quantifiers. The theory of indiscernible elements has pro-
vided one of the most attractive and most frequently used methods of
constructing models. It has found numerous applications in model theory
itself and also in other branches of the foundations of mathematics. With-
out the notion of indiscernible elements it would have been impossible
to obtain many important results. The paper on generalized quantifiers
contributed greatly to the formation of abstract model theory-the so-
called "soft model theory".

Mostowski published the results of his investigations in model theory
in seven papers. They will be discussed here in chronological order with
the exception of the paper on the generalization of Craig's interpolation
theorem, which is closely connected with the much earlier paper on gene-
ralized quantifiers and will be dealt with next to it.

The paper On direct products of theories [33], published in 1952, begins
with the statement that it concerns decidability questions. Nevertheless
the paper should be assigned to model theory, mainly because it was in
model theory that the methods worked out in it were later elaborated and
applied. Mostowski dealt in it with the operations of direct power and of
the finite product of relational structures. He was interested in the question
whether the elementary properties of the power 1.ll1 can be described in the
case where the elementary properties of the structure I.lland the cardinality
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of I are known; similarly, he inquired whether the elementary properties of
the direct product 1211 x 1212 X ••• x Q1n of relational structures can be ex-
pressed by means of elementary properties of the factors. The answer to
both questions is positive. Mostowski found an effective procedure for
reducing the question about the truth of a sentence in a direct product to
the question about the truth of certain sentences in the factors of that
product.

The existence of such a procedure has several important consequences.
First of all, it implies that the direct product and the direct power are ele-
mentary operations, which means that elementary properties of the product
depend only on elementary properties of the factors. In other words, po-
wers and products of elementarily equivalent structures are elementarily
equivalent, which is not necessarily true for other algebraical constructions.
Another consequence of the existence of the above-mentioned procedure
is the possibility of reducing the question about the decidability of the
theory of a product to the questions about the decidability of thp theories
of the factors. In particular, the theory of a direct product of structures
whose theories are decidable is decidable.

Mostowski's method of reducing the question about the truth of
a sentence in a product to a similar question for factors was soon
extended in a paper by R. L. Vaught [VI] and then in one by S. Feferman
and R. L. Vaught [FV]. They introduced the notion of a generalized pro-
duct, which comprised several operations known before, including the
direct product, not necessarily finite. For the operation of the generalized
product they defined the notion of "acceptable sequence". This notion
was a generalization of Mostowski's reduction procedure. Finally, in 1965,
F. Galvin, basing himself on the same reduction principle, defined autono-
mous systems. With their aid he obtained many interesting new results
concerning Horn sentences and invariant sentences with respect to the
operations of the direct product and the reduced product. The results of
S. Feferman, R. L. Vaught and F. Galvin Were further generalized. [W],
[WW], [CK] and repeatedly applied, e.g. in investigating the saturation of
reduced products and limit reduced powers [SI], [P].

At the time of the appearance of Ehrenfeucht's and Mostowski's paper
on automorphisms [54] investigations in model theory were concentrated
on the characterization of sentences invariant with respect to various ope-
rations. The paper in question was very remote from those problems and
probably no one guessed how great its future role would be.

The most important notion introduced in the paper is the notion of
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sets of indiscernible elements. Let '21 be an arbitrary relational structure
and let X be an arbitrary subset of the universe of the structure '21 linearly
ordered by the relation <. The set X is a set of elements indiscernible in
'21 if, for any formula Ij?(vo, ... , vn - 1) of the language of the structure '21
and for any two increasing sequences (x o, ... , xn- 1 ) , (Yo, ... , Yn-l) of
elements of the set X, '21F= 9? [xo, ... , xn-d iff '21F91[Yo, ... , Yn-d. In other
words, a linearly ordered set X included in the universe of the structure '21
is the set of elements indiscernible in '21 if all increasing sequences of ele-
ments of X having the same length have the same elementary properties.
The most frequently quoted result of Mostowski and Ehrenfeucht is the
theorem stating that every elementary theory which has at least one infinite
model has models with arbitrarily large sets of indiscernible elements. More
precisely, if a theory T has infinite models and <X, <) is an arbitrary line-
arly ordered set, then there exists a model '21 of T containing X in which
(X, <) is a set of indiscernible elements. Another important notion first
used in Ehrenfeucht's and Mostowski's paper is the notion of a model gener-
ated by indiscernible elements. A relational structure '21 is generated by a
set X if every element of the structure '21 is the value of a certain term with
parameters from X.

The main problem investigated by Ehrenfeucht and Mostowski was
that of the existence of models with a "large" group of automorphisms.
The authors succeeded in solving it completely. The full answer is con-
tained in Theorems 4.3 and 5.7 and in the example preceding the formu-
lation of Theorem 5.7. The example shows that the groups of automorph-
isms of complicated theories cannot be quite arbitrary. Namely, if the
theory is sufficiently rich, then the group of automorphisrns of any of its
models is isomorphic with the group ofaut omorphisms of a certain line-
arly ordered set. It follows hence that considerations should be restricted
to groups of automorphisms of linearly ordered sets. For such groups the
answer is positive, which means that for any linearly ordered set <X, <)
and for any theory having infinite models there is a model whose group of
automorphisms contains the group of autornorphisms of the set <X, <).
The structure in which <X, <> is a set of indiscernible elements is such
a model. It was found later that the restriction on the group of automorph-
isms is connected with the non-stability of the theory (M. Morley [M],
J. T. Baldwin, A. H. Lachlan [BL)).

The Ehrenfeucht-Mostowski theorem had a large number of applications.
Obviously it is impossible to mention all of them here even by name. We
shall restrict ourselves to a few of the most important and most typical ones.
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In Morley's proof of Los's hypothesis about categoricity [M] an impor-
tant step was the demonstration that there is a large model which realizes
a small number of elementary types. The construction of such a model con-
sisted in an application of sets of indiscernible elements. Incidentally, this
is the only known method of building large models realizing a small number
of elementary types.

Among the trends which have recently been developing in a particularly
dynamic way We find investigations of stability. Sets of indiscernible ele-
ments [S2] are the main tool of such investigations. At the European Sum-
mer Meeting of the Association for Symbolic Logic at Clermont-Ferrand
in 1975 S. Shelach gave an exhaustive lecture on the modem investigations
of stability and devoted a considerable part of his lecture to the generali-
zations and applications of the notion of sets of indiscernible elements,

It should be added that sets of indiscernible elements have been used
in model theory to construct models of large cardinality for infinitary lan-
guages [Kl]; it had been impossible to do that by the means used for this
purpose in classical model theory.

Sets of indiscernible elements have also played an important role outside
model theory, especially in problems connected with large cardinals. One
of the possible definitions of a Ramsey cardinal can be given in terms of
indiscernible elements; m is a Ramsey cardinal if every relational structure
of cardinality m and of a countable similarity type contains a set of car-
dinality m of indiscernible elements. This definition of a Ramsey cardinal
is particularly useful in cases where the apparatus of model theory is used;
it was applied in the beautiful proof of Silver's theorem [SJ stating that the
existence of a Ramsey cardinal implies the existence of 0#.

Mostowski's paper on generalized quantifiers was precursory. He was
the first to introduce an extension of the elementary logic weaker than
higher order logics. Subsequently, many such extensions were defined.
Their investigation is now one of the main topics in model theory.

It is a serious defect of the first order language that there are quite
a number of important mathematical notions and objects which cannot be
described with its aid. On the other hand, higher order logics are extre-
mely difficult to investigate. This is because in those logics we use the no-
tions of set and membership and thus get involved in all the difficulties
connected with their definition and axiomatization. Hence higher order
logics cannot be complete in any sense.

One of the most important suggestions for strengthening the first order
logic is contained in Mostowski's paper on generalized quantifiers. Let T
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be a function with values in the set {O, I} defined on pairs of cardinal
numbers. To every such function Mostowski adjoins the quantifier QT'
It rp is a formula (for simplicity let it have one free variable) and Q1 is a re-
lational structure, then the formula QTXrp is satisfied in Q1 (Q1t=QTXrp)
if e) T(lrp91l, lirp911) = 1. The above de.finition generalizes the classical
notion of quantifier. Namely, if T(m, n) = 1 exactly when m;?; 1, then
QT is the existential quantifier. Similarly the function T for which T(m, n)
= 1 if n = 0 describes the universal quantifier. Investigations of generalized
quantifiers have concentrated on quantifiers denoted by the symbols Qa
and Qe' If IX is an ordinal number, then the quantifier Qa is described by
a function T; such that Ta(m, rt) = 1 iff m ;?; ~a' The quantifier Qe, called
the Chang quantifier, is determined by the "function .T; which satisfies the
condition Te(m, rt) = 1 -- m +n = m. The symbol L o denotes the first
order language enriched by the quantifier Q.

The above definition of a generalized quantifier and of the quantifiers
Qa comes from the already mentioned paper by Mostowski. He examined
in it the basic properties of generalized quantifiers. Undoubtedly the most
interesting result is the theorem stating that the logic Loo cannot be axio-
matized by a recursively enumerable set of axioms. The idea of the proof
is based on the fact that in the logic L Qo it is possible to give a categorical
description of the standard model of the arithmetic. The theorem on non-
axiomatizability remains true even for the set of sentences true in all coun-
table structures.

It should be observed that Mostowski, in his comment on the theorem
on non-axiomatizability, expressed the -view that the non-existence of an
effective set of rules of inference and axioms for a logic is not a sufficient
argument for the rejection of that logic. In those days the tradition of the
Hilbert school was still very strong; consequently Mostowski's opinion
could give rise to a serious controversy. In accordance with the above meth-
odological standpoint, Mostowski later introduced the operation of (J-con-
sequence in second order arithmetic. Non-effective and infinitistic methods
are now commonly used in model theory and the traditional concepts of
a language and a deductive system have lost their former importance.

The paper on quantifiers contained another theorem worth mentioning,
namely the theorem stating that if the first order language is enriched by
a generalized quantifier which is not definable by means of classical quanti-
fiers, then the Lowenheim-Skolem-Tarski theorem no longer holds. Ten
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years later P. Lindstrom [L2]strengthened this theorem and obtained a very
interesting characterization of the first order logic. In spite of the fact that
the full version of the Lowenheim-Skolem-Tarski theorem is false for
logics with generalized quantifiers, Mostowski proved that every relational
structure contains-elementarily in the sense of L Q o-a countable structure.
He also showed that for countable structures there exists only one non-
trivial generalized quantifier.

The above paper by Mostowski left severa1 open problems, which were
subsequently studied by numerous logicians. Among them were G. Fuhrken
[F] and A. Slomson [Sl], who studied the compactness of languages with
additional quantifiers. G. Fuhrken connected this question with the inves-
tigations of two-cardinal models and m-liee models. It is well known now
that, in contradistinction to L Q o ' the languages L Q 1 and L Q c can be axio-
rnatized. This was proved by R. L. Vaught for L Q , [V2] and by H. J. Keisler
for LQc [K2]. H. J. Keisler gave also a finite system of axioms for La,.
For L Qc partial results of this type were obtained by Y. Yasuhara [Y] and
A. Slomson lSI].

To languages with additional quantifiers Mostowski returned in his last
paper in model theory [96]. He considered in it the question whether for cer-
tain extensions of the first order logic the Craig interpolation lemma and the
Beth definability theorem are true. He showed that for a logic with additional
quantifiers the interpolation lemma is false and that for Lao the definability
theorem is false. These results were later extended by M. Yasuhara [Y],
L. Lipner [L] and H. Friedman [F]. It should be emphasized that the
class of languages studied in the paper in question was very extensive.
Mostowski formulated the necessary conditions for the interpolation lem-
ma to be true in a logic from that class. Investigations, conducted by nu-
merous scholars, into the properties of various logics led at the beginning
of the present decade to the rise of a new field of research called "soft model
theory". Mostowski's paper on the Craig interpolation theorem can be
considered as the first paper in this field.

Two of Mostowski's papers are devoted to the study of the topological
space of all countable relational structures. In one of those papers, written
jointly with Ehrenfeucht [78], there was built a compact space of countable
models which is universal, in the sense that every countable model is iso-
morphic with a m-odel in that space. In the second paper [82] Mostowski
studied classes of countable models for which there exists a universal com-
pact space. He showed that if for a class K there exists a compact universal
space, then the class of infinite submodels of elements of K is a class of
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type UC, and if K E EC or K E PC, then K possesses a compact universal
space.

In addition to the papers discussed above, Mostowski wrote a few more
papers closely connected with model theory. Here belong the papers in
which he constructed a system of axioms [36] and then a single sentence
[47] without a recursively enumerable model. In another paper [22], Mos-
towski, in collaboration with Tarski, gave a description of elementary
types of well-orderings.

It is a characteristic feature of Mostowski's work in model theory that
his papers are not devoted to solving problems. None of those papers is
a direct continuation of investigations initiated by other mathematicians.
He himself inspired new investigations and laid out the main lines of their
development. He had a perfect sense of what was significant. His publica-
tions always left open a great many serious problems, which were sub-
sequently worked upon by numerous mathematicians. The knowledge of
some of Mostowski's results is now fundamental for the study of model
theory.

References

[BL] J. T. B aid win and A. H. Lac h 1a n, On strongly minimal sets, J. Symb.
Logic 36 (1971), pp. 79-96.

[CK] C. C. C han g and H. J. K e is I e r, Model theory, Amsterdam 1973.
[FV] S. Fe fer man and R. L. V aug h t, The first order properties ofproducts of

algebraic systems, Fund. Math. 47 (1959), pp. 57-103.
[Fr] H. F r i e d man, Beth's theorem in cardinality logics, Israel J. of Math. 14 (1973),

pp, 205-212.
[F] G. F u h r ken, Skolem-type normal forms for first order languages wIth a gene-

ralized quantifier, Fund. Math. 54 (1964), pp, 291-302.
[G] F. Gal v i n, Horn sentences, Ann. Math. Logic 1 (1970), pp, 389-422.
[Kl] H. J. K e i s 1e c, Model theory for infinitary logic, Amsterdam 1971.
[K2] H. J, K e i s I e r, Logic with the quantifier "there exist uncountably many", Ann.

Math. Logic 1 (1970), pp, 1-93.
[L] L. Lip n e r, Some aspects ofgeneralized quantifiers, Ph. D. Thesis, University of

California, Berkeley 1970.
[U] P. Lin d s t rom. First order predicate logic with generalized quantifiers, Theoria

32 (1966), pp. 186-195.
[L2] P. Lin d s t rom, On extensions of elementary logic,Theoria 35 (1969), pp. 1-11.
[M] M. M 0 r l e y, Categorlcity in power, Trans. Am. Math. Soc. 114- (1965), pp,

514-538.
[P] L. Pac hoi ski, On limit reduced powers, saturatedness and universality, Proc.

of II Conference on Set Theory and Hierarchy Theory, in Lecture Notes 537.



XL L. PACHOLSKI

lSI] S. Sh e I a h, For which filter is every reduced product saturated, Israel J. of Math.
12 (1972), pp. 23-31.

[S2] S. She I a h, Stability and the [.c.p.; model-theoretic properties offormulas in first
order theories, Ann. Math. Logic 3 (1971), pp. 271-362.

IS] 1. S i I ve r, Some applications of model theory in set theory, Ann. Math. LOgic
3 (1971), pp. 45-110.

lSI] A. S 10m son, The monadic fragment ofpredicate calculus with the Chang quanti-
fier and equality, Proc. of the Summer School in Logic, Leeds 1967.

[VI] R. L. Va ugh t, On sentences holding in direct products of relational systems,
Proc. Intern. Congr. of Math. Amsterdam 1954, vol. 2, p. 409.

IV2] R. L. Va ugh t, The completeness of logic with the added quantifier "there are
uncountably many", Fund. Math. S4 (1964), pp. 303-304.

[W] A. W 0 j c i e c how s k a, Generalized limit powers, Bull. Acad. Polon, Sci.
17 (1969), pp. 121-122:

[WW] 1. Was z k i e w i c z and B. W ~ g lor z; Some models of theories of reduced
powers, Bull. Acad. Pelon. Sci. 16 (1968), pp. 683-685.

[Y] M. Ya s u h a r a, An axiom system for the first order language with an equi-cardi-
nality quantifier, 1. Symb, Logic 31 (1966), pp, 635-640.



ANDRZEJ MOSTOWSKI

THIRTY YEARS OF

FOUNDATIONAL STUDIES

LECTURES ON THE DEVELOPMENT OF

MATHEMATICAL LOGIC AND THE STUDY OF

THE FOUND,\TIONS OF MATHEMATICS

IN 1930- 1964

Contents

Foreword , , ., . 5

Introduction 7
Lecture I. Formalization of the intuitionistic logic 10
Lecture II. The incompleteness of arithmetic 18

Lecture III. Semantics .... .'................................. 27
Lecture IV. Computable functions 34

Lecture V. Theorems of Herbrand and of Gentzen 43
Lecture VI. The completeness problem 51
Lecture VII. Further development of the recursive function theory 62
Lecture VIII. Hierarchies and functionals . . . . . . . . . . . . . . . . . . .. 71

Lecture IX. Consistency of the axiom of choice and of the continuum
hypothesis 81

Lecture X. Various interpretations of the intuitionistic logic 90

Lecture XI. Constructive foundations of mathematics 99
Lecture XII. Decision problems . . . . . . . . . . . . . . . . . . . . . . . . . . .. 107

Lecture XIII. The theory of models '.' .. 119
Lecture XIV. Theory of models for non-elementary languages . . .. 132
Lecture XV. Problems in the foundations of set theory 140
Lecture XVI. On direct and reduced products . . . . . . . . . . . . . . . . .. 150
Bibliography 151

Index of authors 172
Index of subjects 174



Foreword

In the summer of 1964 I delivered in the Summer School in Vaasa,
Finland, a series of lectures on the development of mathematical
logic and of the study of foundations of mathematics in the years
1930-196~. The subject was suggested to me by the Rector of the
School, Professor Oiva Ketonen.

When preparing these lectures I had to evaluate critically the
period to which my whole scientific activity belongs. As this retro-
spection turned out to be an exciting mental experiment I accepted
with gratitude the proposal of Professors Ketonen, Hintikka and
von Wright to work out my lectures and to publish them in the series
Acta Philosophica Fennica.

A review like the present one can be neither entirely impartial
nor entirely complete. The choice of the subjects which one wants
to take up thus presents considerable difficulties. Further difficulties
arise when one tries to give a concise characterisation of various
discoveries and of their mutual relations. The task becomes still
incomparably more difficult when one has to express oneself in a
foreign language. Only after the completion of the work does one
see how far it falls short of the image one had in mind when one
started it. If in spite of the difficulties I have decided to publish
the lectures, I did it in the hope that they may convey to the (rare)
reader some of the enthusiasm with which I witnessed the creation
of theories reported on in the following pages.



Introduction

Our aim in these lectures is to sketch the development of mathemat-
ical logic -and of the study of foundations of mathematics in the
years 1930 -1964. It will not be possible to enter into the details
of all the theories that have been created during this period; we
shall, rather, content ourselves with brief indications of their con-
tents and of their applications. Thus the presentation will of ne-
cessity be somewhat superficial. We believe, however, that it may
nevertheless have some interest as it covers a wide field and thus
enables one to see the work done in the last few decades in a wide
perspective.

It is customary to distinguish three major movements in the
philosophy of mathematics: the intuitionism of Brouwer, the logicism
of Frege and Russell and the formalism of Hilbert. The first of them
views mathematics in isolation from other branches of science and
insists on restricting the notions and methods used in mathematics
to the most elementary and intuitive ones. For these reasons, few
mathematicians have joined the intuitionistic school. The logicism
of Frege and Russell tries to reduce mathematics to logic. This
seemed to be an excellent program, but when it was put into effect,
it turned out that there is simply no logic strong enough to en-
compass the whole of mathematics. Thus what remained from this
program is a reduction of mathematics to set theory. This can hardly
be said to be a satisfactory solution of the problem of foundations
of mathematics since among all mathematical theories it is just the
theory of sets that requires clarification more than any other.
Finally, the formalism of Hilbert sets up a program which requires,
first that the whole of mathematics be axiomatised and, secondly,
that these axiomatic theories be then proved consistent by using
very simple combinatorial arguments. As it has turned out, this
program is not realizable; and even if it were, it would hardly satisfy
philosophically minded mathematicians because of the inevitable
arbitrariness of the axioms.
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The philosophical aims of the three schools have thus not been
achieved, and it seems to us that we are no nearer to a complete
understanding of mathematics than the founders of these schools.
In spite of this, it cannot be denied that the activity of these schools
has brought about a great number of important new insights and
discoveries which have deepened our knowledge of mathematics
and its relation to logic. As it often happens. these by-products
have turned out to be more important than the original aims
of the founders of the three schools. It will be our aim to study
these results so as to obtain a picture of how the philosophical prog-
rams of the three major schools have influenced the formal develop-
ment of logic and of the foundational study. We will see that the
contribution of each of them has been great and that none of them
could exist without the others.

The three schools underwent great changes during the years 1930
~ 1960. Especially striking has been the development of meta-
mathematics which originally aimed at a proof of consistency as
envisaged by Hilbert but which has later developed into a much
mo~e ambitious theory. The most important results of meta-mathe-
matics have their origin in certain studies started in the early thirties.
It is true that these results have discredited in part the philosophical
program of the formalist school, but it is also true that the meta-
mathematical discoveries have revolutionised our knowledge of
mathematics and of formal logic.

Intuitionism has not changed its basic philosophy but has begun
to change its formal side. Formulae, which were previously banned
altogether, have replaced in part the complicated and often incom-
prehensible verbal expressions used in older publications. In -this
way intuitionistic theories, which were previously known almost
exclusively in the narrow circle of the followers of Brouwer, became
intelligible to other philosophers and mathematicians, to a great
benefit of both sides. There also appeared other theories not directly
connected with intuitionism but sharing with it the tendency to
restrict mathematical notions to very simple ones. Collectively, these
theories are known as the constructivistic trend in the modern
philosophy of mathematics. Intuitionism in the proper sense of the
word is probably the most interesting of these constructivistic
theories.

Logicism, which dominated foundational studies in the years
prior to 1930, did not create essentially new conceptions after 1930.
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There were scholars, e.g. Lesniewski, who worked essentially along
the lines of the old program of the logicists, but their influence has
been small. The program of logicism nevertheless survived in the
guise of set-theoretical conceptions. This is only natural if we reflect
that type theory and other similar systems to which the logicists
tried to reduce mathematics were essentially axiomatic systems of
the abstract theory of sets.

Thus we shall have to account for the contributions of the follow-
ing three main schools of thought: the constructivistic, the meta-
mathematical and the set-theoretical. In the early thirties ap-
peared three publications which can be taken to be representative
of these three schools and which greatly influenced their further
development. These were the well-known works by Heyting [80).
Godel [54] and Tarski [222]. We shall begin our exposition by
discussing these papers arrd certain other works which immediately
depend on them.



Lecture I

Formalization of the intuitionistic logic

Intuitionism as invented by Brouwer rests on several general
principles, only some of which are relevant to intuitionistic logic.
Very important but not relevant to our immediate purpose is the
assumption that general set-theoretical notions are not to be admitted
into mathematics and that all mathematics is to be reduced to the
arithmetic' of integers and to a very special intuitionistic theory
of the continuum. Another no less important assumption which is
very relevant to intuitionistic logic is the intuitionistic contention
that logic does not precede mathematics but is a result of the mathe-
matical activity. A law of logic is, according to this thesis, a form
of deduction which has been accepted by mathematicians; before
mathematicians have used deductions of this form there was no
reason to accept it as a law of logic. Finally, a third thesis prescribes
certain forms of reasoning which according to i~tuitionists are the
only ones to be admitted into mathematics. Mathematicians, so says
the thesis, can only perform certain (mental) constructions; a mathe-
matical theorem is but a report on these constructions.

In order to make this point clearer let us consider the following
situation. Suppose that a mathematician tries to prove the existence
of an object with some prescribed properties. In order to do this he
performs certain constructions, and if he succeeds in obtaining in
this wayan object with the requisite properties, then he has proved
an intuitionistically admissible existential statement. Let us now
suppose that our mathematician has failed to construct directly an
object as required, but that he can derive a contradiction from the
assumption that there are no objects with the requisite properties.
A classical logician would still say that an existential statement
has been proved by our mathematician, but an intuitionist would
deny this. According to the intuitionistic conception, the proof of
impossibility which was carried out by our mathematician is a
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construction showing the impossibility of proving the general state-
ment: "Every x is deprived of the properties in question"; it is not
a construction of an object satisfying these properties. Hence the
negation of a general statement is not equivalent to an existential
statement. We see from this example that the identification of a
mathematical theorem with a construction leads us to reject certain
laws of classical logic. As it happens, the formulae which are accepted
by intuitionists are true under the classical interpretation; thus in-
tuitionistic logic is a proper part of classical logic.

Heyting [80] was the first to undertake a formalization of in-
tuitionislic logic. He divided his system into two parts, one dealing
with propositional logic and the other with the logic of quantifica-
tion. We shall present here the propositional logic of Heyting's in
a slightly modified form.

The primitive notions of this system are: alternation (denoted
by v), conjunction (denoted by A), implication (denoted by -+) and
the constant F denoting a false sentence. The axioms for alternation
and conjunction are the same as in classical logic:

(A) P -+ (p V q), q -+ (p V q), (p -+ r) -+{ (q -+ r) -+ [(p V q) -+rJ},

(K) (p A q) -+ p, (p 1\ q) -+ q, (r -+ p) -+{ (r -+.q) -+ [T -+(p A q)J).

The axioms for the connective -+ and for the constant F constitute
only a part of the corresponding classical axioms:

(I) [p -+ (q -+ r)] -+ [(p -+ q) -+ (p -+ r)], p -+ (q -+ p),

(F) F -+ p.

The only rule of inference is the classical modus ponens. The
equivalence p = q is defined as (p -+ q) A (q -s- p) and the negation
..., p as p -+ F.

The system characterized by the axioms (I) is known as positive
implicational logic; the axioms (A), (K), (I) characterize the full
positive logic. Not all classically true formulae which involve only
the connective -+ are derivable from (I); they are derivable from (I)
together with the axiom known as Peirce's law:

(P) [(p -+ q) -+ p] -+ p.
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The axioms (A), (K), (I), (F), (P) are sufficient for the derivation
of all classically true propositional formulae. Indeed, by substituting
F for q in (P) we obtain the formula

(i) ( --, p --* p) --* p.

From (I) we cap derive easily the formula p --* [(p --* q) _ q]
which upon substitution q = F gives us p _ ( --, p --* F), whence
according to (F)

(ii) p --* ( --, p - q).

Finally, the law of syllogism

(iii) (p _ q) --* [(q --* r) _ (p --* r)]

is easily derivable from (I). Thus all the axioms of the well known
system of Lukasiewicz are derivable from (I), (F), and (P). Since the
formulae (p V q) - ( --, p --* q), (p 1\ q) = --, (p _ --,q) are easily
derivable from (A), (K), and the classical laws for _ and --', we
see that (A), (K), (I), (F), (P) are indeed sufficient for the derivation
of all the laws of the classical propositional logic.

Peirce's law (P) is far from being intuitively obvious. The intui-
tionistic axioms (A), (K), (I), (F) are, on the contrary, very clear
and intuitive. We conclude that the intuitionistic logic is simpler
and more natural than the classical one.

In order to obtain the logic of quantifiers from the propositional
logic we proceed exactly as in the classical case: we add the axioms

(Q) 1\ Fx --* Fy,
x

Fy --* V Fx
x

and the following rules of proof:

A --* Fx

A -I\Fx
x

Fx --* A

V Fx_A
x

where A is a formula which does not contain x as a free variable.
The above method of formalizing intuitionistic logic does not

differ essentially from the one proposed by Heyting. There are other
ways, perhaps more elegant ones, of formalizing this logic, e.g. the
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very simple method of Gentzen [50]; we shall not, however, enter
into the details of these other methods.

Several important meta-mathematical theorems about the formal-
ized intuitionistic logic were discovered soon after Heyting published
his paper. The most interesting one was the discovery made by
Godel [56], based in part on some earlier results of Glivenko ~52l,

that the classical logic can be interpreted in the intuitionistic one.
Godel defined new connectives "-', +, . , :::> by means of the equations
"-' p = -, p, p' q = P 1\ q, P + q = "-' (,...,., p . ,...,., q), p:::> q =
r-..- (p . "-' q), and showed that if we replace in any formula the connec-
tives -', /\, v, ~ by .-; . , +, :::>, then all the classically true for-
mulae will go over into intuitionistically provable formulae, whereas
formulae which are not classically true go over into formulae which
are not intuitionistically provable. In order to obtain an analogous
result for the logic of quantifiers we may interpret the existential
quantifier as -, /\ -, and leave the general quantifier unchanged.

x

In this way Godel proved that the classical logic is faithfully repre-
sentable in the intuitionistic logic. Of course the intuitionistic logic
is identically interpretable in the classical logic, but this identical
interpretation is not a faithful one.

Gode] showed that the. same relationship exists between certain
axiomatic theories based on the classical and the intuitionistic logic.
Thus e.g. Peano's arithmetic based on the classical logic is inter-
pretable in Peano's arithmetic based on the intuitionistic logic.
This theorem gives us an intuitionistic consistency proof for Peano's
arithmetic based on the classical logic. It is remarkable that this
proof should turn out to be so easy while no strictly finitistic con-
sistency proof exists. Peano's arithmetic based on the intuitionistic
logic contains thus many non-Iinitistic elements.

Much effort was devoted by logicians and mathematicians to
attempts to obtain a classical interpretation of the intuitionistic
logic. Results in this direction evidently do not interest intuitionists
who do not have to interpret their own logic in the classical system,
which is unintelligible to them. For people who adhere to classical
logic an interpretation is the only method which allows them to
understand intuitionistic logic.

A very interesting interpretation was given by Kolmogorov, who
interpreted the intuitionistic logic as the logic of problems. The
connectives -', V, 1\, ~ are interpreted as operations of forming a.
new problem out of given ones. E.g. the implication p ~ q is the
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problem which consists of reducing the problem g to the problem p.
Intuitionistic identities built up by means of the connectives and the
variables p, g, T, ••• will then represent schemata of problems which
admit solutions independently of the particular choice of p, g, r, ...
This interpretation is well in keeping with the intuitionistic concep-
tion that a mathematical theorem is always identical with a (theoret-
ical) construction.

More influential than this interpretation was another one devised
by Tarski [225]. A very similar conception was also published about
the same time by Stone [218].

A close connection between the classical propositional calculus
and the calculus of classes had been known since the time of Boole.
The parallelism between these calculi is best seen when one uses
the same symbols for propositional connectives and for operations
on sets; we have then e.g. the equivalences [x E(X V Y)] = [(x EX)
V(z E Y)], (x E ...., X) = ...., (x EX), elc. To each propositional
formula we. can then associate a Boolean polynomial simply by
interpreting the propositional variables as set-variables ranging over
all the subsets of an arbitrary set V. The classical logical identities
are associated with those polynomials whose value is V independently
of the values given to the variables. This interpretation is no longer
valid for the intuitionistic logic since e.g. the intuitionistically un-
provable formula p V ...., P is associated with a polynomial whose
value is V for every p. The problem formulated by Tarski was to
find a class G of subsets of V and suitable operations performable
on these subsets such that the following be true: If we correlate with
a propositional formula a polynomial obtained by interpreting the
connectives as these operations on sets and the propositional vari-
ables as arbitrary sets in G we obtain a polynomial identically equal
to V if and only if the formula we started with is intuitionistically
provable. Tarski showed that we can take as V a suitable topological
space, e.g. a Euclidean plane, asG the class of open subsets of V,
and interpret F as the void set and the connectives v, A, ~ as
union, intersection and as the operation Inl [(V - X) U Y],
respectively. Open sets are of course those subsets of V which
together with any point p contain a sufficiently small neighbourhood
of p. Inl (A) is the interior of A, i.e. the largest open set contained
in A.

Let us discuss an example of a topological space. Let T be a finite

directed tree, i.e. a set of points called vertices some of which are
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connected by directed edges in such a way that there are no closed
cycles. (For examples of such trees, see diagrams 1 and 2.)

Diagram 1. Diagram 2.

Each tree T of the sort just described has one or more primitive
vertices, i.e. vertices in which no edge ends.!

A neighbourhood of a point p is the set of all points q which can
be connected with p by a path pp'p" ... pen) = q where the edges
pp', p'p", ..., pen-I) pen) belong to the tree. Thus an open set has the
property that with every point p it contains all points 't- which can
be connected with p by a path.

The following remark, due in principle to Weyl [244], shows the
intuitive origin of the topological interpretation. Let us consider
sentences of the form x I; X where X is a subset of V. Each such
sentence can be either true or false. Let us call it strongly true (or
strongly false) if it remains true (false) for all points.z lying suffici-
ently close to x. Thus the sentence x E: X is strongly true if x lies
in the interior of X and strongly false if it lies in the interior of

V -x. For an x lying on the boundary of X (i.e. in the set X n V - X
where the bar denotes closure) the sentence is neither strongly true
nor strongly false. All this is in accordance with the intuitionistic
conception of a set according to which a finite amount of information
concerning x should be sufficient to decide whether x belongs or
does not belong to the set. OJ course this remark, while indicating
the connection between topology and the intuitionistic logic, does
not by itself suffice to explain the success of Tarski's construction.

Formally speaking Tarski's result says that open subsets of a
topological space V form a matrix in which all intuitionistically
provable formulae are valid; for a suitable V (e.g. if V is a Euclidean

1 Formally speaking, a tree is the graph of a one-many relation R
such that the relation xR1Jx holds for no x and no integer n.
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plane) this matrix is adequate for the intuitionistic logic. Of course
the general notion of a matrix was known long before Tarski's work
on the intuitionistic logic; but never before his work had a matrix
with so many elements been actually used nor had anyone con-
sidered matrices having the structure of a topological space.

Several later studies of the intuilionistic logic and of other many-
valued systems drew their inspiration from Tarski's paper.

We add some further remarks on the proof of Tarski's result. In
one direction it is very easy: it is a routine matter to check that the
axioms (A), (K), (I), (F) are valid in matrices consisting of open
subsets of an arbitrary topological space V and that the rule of
modus ponens preserves validity in this matrix. Thus all intuitionistic
theorems are valid in these matrices. It is much more difficult to
show that exactly those formulae are valid in the matrix that are
intuitionistically provable (provided that V satisfies certain condi-
tions). In order to obtain this result Tarski used the following result
of .Iaskowski [85]: There exists a denumerable sequence of finite
matrices M n such that a propositional formula A is intuitionistically
provable if and only if it is valid in at least one of these matrices.

It is not difficult to describe .Iaskowski's matrices. Each of them
consists of open subsets of a finite space determined by a tree. The
first matrix corresponds to a tree with but one vertex, and the subse-
quent ones are obtained from the preceeding ones by two operations
which we call 0' and 0". The operation 0' is simply the operation of
joining trees together (without adding new edges to any of them);
q" consists of joining to each other two trees T l' T 2 so as to add to
them one vertex which is joined by edges to the primitive vertices
of T 1 and of T 2' This is illustrated by diagram 3.

This clear description of Jaskowski's matrices is due to Grze-
gorczyk [70]; proofs of Jaskowski's theorem are contained in Rose
[186] and Scott [197].

Subsequent development brought essential simplifications to

Diagram 3.
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Tarski's original proof; see McKinsey and Tarski [142]. Instead of
Jaskowski's matrices Tarski used certain other matrices whose ele-
ments are formulae. The idea of using such matrices goes back to
Lindenbaum.

The intuitionistic logic is but one of many non-classical logics.
Several other such "logics" were defined first by Lukasiewicz and
Post and later by other logicians. Some of them were invented for
purely formal reason, but several others, e.q. modal logic, possess
intrinsic philosophical value. It seems to us that the intuitionistic
logic occupies a privileged position among these systems: it is the
only logic, so far constructed which is actually being used by a
relatively large group of actively working scientists. It is also the
only one which has been extended beyond propositional logic and
the logic of quantifiers and used in the development of certain parts
of mathematics. Lukasiewicz, who was the first to conceive an idea
of a logic different from the usual one, hoped that one day several
logics will emerge which will actually be used, as are for instance
the non-Euclidean geometries. Most of the non-classical logics in-
vented so far are not being actually used although several of them
are being studied in the meta-mathematical fashion on the basis
of the two-valued logic. It looks as if the intuitionistic logic were the
only one in the case of which Lukasiewicz's plan has still some
chance of realization. At the same time this logic is based on an
original and internally coherent view of mathematics. These two
circumstances explain the vivid interest which the intuitionistic
logic has raised from the moment it was created.



Lecture II

The incompleteness of arithmetic

In this lecture we shall be concerned with another important
contribution of the early thirties to the study of the founda tions of
mathematics, especially with the so called first incompleteness- theo-
rem of Godel [54] which states that the usual axiomatic systems of
arithmetic of integers are incomplete. In order to explain the, im-
portance of this result we insert some brief historical comments.

Since the publication of the works of Frege and of Russell and
Whitehead logicians believed that each intuitively correct deduction
can be reconstructed in the classical logical calculus. It was also
believed that by adding suitable axioms to the logical calculus we
shall be able to construct axiomatic systems in which every intuitive-
ly correct mathematical statement will be provable. If there were
doubts as to how the axioms (e.g. the axioms for set theory) are to be
chosen, nobody (except the intuitionists) felt the slightest doubt that
the axioms of Peano fully describe the notion of an integer. Hence
it was generally believed that all intuitively correct statements of
arithmetic are formally derivable from these axioms. This belief
was the basis of the philosophical views of the Hilbert school. The
representatives of this school were convinced that the notion of
truth (the truth of an arithmetical statement) has been defined,
since true statements coincide with statements formally derivable
from the axioms of Peano. They shifted therefore the emphasis
from the problem of defining truth (which was always considered
the central problem of philosophy) to the more formal problem of
establishing the consistency of Peano's axioms by using very simple
combinatorial arguments. We remark parenthetically that such a
proof, if it existed, would be interesting independently of the question
whether intuitive arithmetic is reducible to Peano's axioms.

Godel's discovery showed, first, that the identification of true
formulae with formulae formally derivable from Peano's axioms is
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untenable. Secondly, he showed that a consistency proof as required
by Hilbert does not exist unless arithmetic is inconsistent. Thus the
whole program of the formalist school was dealt a blow from which
this school has never really recovered.

Godel's work became quickly famous. Since it is generally known
we can limit our exposition to brief indications.

The main tool invented by Godel and used by him in the proofs
of his theorems was the so-called arithmetization of meta-mathe-
matics. It consists simply of an enumeration of formulae and se-
quences of formulae with the help of integers. (We shall call the inte-
ger correlated with a formula, or a sequence of formulae, under this
enumeration the number of this formula or sequence.) The existence
of such an enumeration is secured by the fact that the set of all
formulae has the same power as the set of integers. Because of this
fact we can correlate with each set of formulae and each relation
between formulae a set or a relation between integers. In a system
in which arithmetical theorems can be proved we can also prove
theorems equivalent to certain theorems about formulae. In this
way it is theoretically possible to construct within arithmetic
statements referring to themselves. Self-referential statements ·used
carelessly can lead to inconsi tencies, known as semantic antinomies.
Well known examples of these antinomies are the paradox of the
liar and Richard's paradox. Godel's first theorem amounts to s~owing

that these paradoxes would indeed be present in the axiomatic
arithmetic if this system were complete. As shown by Wang [242],
each of the semantic antinomies known so far can be transformed
into an incompleteness proof.

In order to describe Godel's proof we need some meta-mathe-
matical definitions. Let us assume that T is a consistent system of
arithmetic among whose expressions there are the symbols 0, f, 2, ...,
called numerals. Let us assume that to each integer n there is associ-
ated a numeral Ii and that the formula 171 =1= Ii is provable in T when-
ever m and n are different integers.

We shall say that a formula F with one free variable is a weak
description of a set X of integers if for any integer n the formula
F(fi) is provable in T just in case n is an element of X. Sets which
possess at least one weak description in T are called weakly rep-
resentable in T. There are only denumerably many such sets because
the number of different formulae is denumerable. If F is a weak
description of X and s- F is a weak description of the complement -X
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of X, then we call F a strong description of X in T; sets X which
have at least one strong description in T are called strongly represent-
able in T.

Weak and strong representability are two of the many possible
ways of making precise the vague notion of expressibility of an
intuitively given property within a formal system. Consider e.q.
the set X = {O, 2, 4, ... } of even numbers; its elements are the
integers possessing the intuitively clear property of being divisible
by 2. We express this property in the axiomatic arithmetic T by
the formula F(y) = V [y = x + z]. Obviously F(n) is provable in

x

T if n E: X and ..., F(ii) is provable in X if it is not the case that n E: X;
assuming that T is consistent we can say that X is strongly repre-
sentable in T. It is much more difficult to give an example of a set
which is weakly but not strongly representable in a system T. In
fact, the existence of an example of this kind implies the incom-
pleteness of T: for if T is complete and F is a weak description of X
in T, then n ~ X holds just in case when F(n) is not provable in T,
i.e, when ..., F(n) is provable in T and hence ..., F is a weak descrip-
tion of -X.

In an analogous way we define the weak and strong representabil-
ity of a set consisting of pairs or triples or quadruples of integers.
Thus we can speak of the representability of binary, ternary, quatern-
ary elc, relations between integers. We can also define the represent-
ability of functions. E.g. if ( is a function of one argument ranging
over integers whose values are also integers, then we say that a
formula F(x, y) with two free variables represents { if (i) F weakly
represents the relation ((n) = m; (ii) the formula 1\V! F(x,y) is

x y

provable in T. There is no need to distinguish in this case between
weak and strong representability.

One can show that if certain formulae which we shall not specify
here are provable in T, then there is a set U strongly representable
in T which consists of triples of integers and which is "universal"
in the following sense: whenever a set X of integers is weakly repre-
sentable in T, there is an integer e such that

(1) n E: X = V [<e, p, n> E: U].
P

U is simply the set of triples <x, y, z> such that x is a number
of a formula F with one free variable, and y the number of a finite
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sequence of formulae whose last term is F(Z) and which represents
the formal proof of its last term in T. It is of course not obvious that
such a set V is strongly representable; at least half of Godel's paper
was devoted to a proof that this is really so.

Another important lemma is the following theorem on projections:
under suitable aseumptions concerning T it is the case that if X
is a set of pairs which is strongly representable in T, then the set
{x : V «x, u> e X) } is weakly representable.

y

The theorems on the existence of a universal set and on projections
allow us to prove very quickly that T is incomplete. The set X =
{n: 1\« n, g, n > ~ V)} is easily shown not to be weakly represent-

q

able; otherwise there would be an integer e for which (1) is true
and hence we would obtain

1\ [<n, g, n>"£ VI = V [<e, p, n » E: VI
q p

whence for n = e

1\ [<e, g, e>"€ V] = V [<e, p, e> € VI
q p

which is a contradiction.
On the other hand the complement of X is weakly representable

according to the theorem on projections. Hence there exist sets
which are weakly but not strongly representable, which implies (as
we remarked above) the incompleteness of T.

We will now discuss the assumptions which have to be made in
order to prove the theorem on projections.

Let X be a set of pairs of integers weakly represented by a for-
mula F. It is natural to expect that the set P = { x: V[<x, y> e xj]

y

will be represented by the formula V F (u, w). This is indeed the
w

case under certain conditions. Let us first assume that <x, y> e X,
i.e. that F (x, fj) is provable. Using a well-known law of logic we
obtain that the formula V F (x, w) is provable. The only assump-

w

tion needed in this step is that to every integer y there exists a cor-
responding numeral. If, as it is often admitted, numerals consist of
symbols "1" placed one after another, then our assumption states
that the length of each numeral is an integer and that for each integer
there exists a numeral of this length. Now let us assume that x is
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not in the set P, i.e. that Ior every y the pair <x, s> is not in X.
Hence - in view of the strong representability of X ~ we obtain
that for every y the formula ..., F(x, jj) is provable in T. In order
to infer that the formula V F(x, w) is not provable in T Godel

w

assumed that whenever all formulae of the infinite sequence ., A(O),
.. A(f), ... are provable in T then the existential statement V A(y)

u
is not provable in T. This assumption is called the co-consistency of T.

The theorem on the universal set requires that certain formulae
which we shall not enumerate here be provable in T.

Altogether we have 3 assumptions: (A) the one-one correspond-
ence between numerals and integers, (B) the co-consistency of T~

(C) the provability in T of certain formulae.
Assumptions (B) and (C) were discussed almost from the beginning

of the whole theory. Rosser showed in an important paper [187J
that one can replace the assumption of co-consistency by the rriuch
simpler assumption of consistency. The proof of the theorem on pro-
jections must then be modified in that a more sophisticated formula
must be used to show the weak representability of the set P. It
follows from his proof that each consistent extension of Peano's
arithmetic is incomplete provided that the set of the numbers of its
axioms is weakly representable. Consistent theories with this pro-
perty are called after Tarski [231J essentially incomplete. We shall
see later the importance of these theories for the problem known as
the decision problem. Especially important is the fact that there
exist essentially incomplete theories based on a finite number of
axioms. The simplest such theory (Vaught, unpublished) has one
primitive notion R which denotes a binary relation and is based on
the axioms

V /\ -, (yRx),
x u

/\ V /\ {tRz = [(l = x) V tRyJ}.
xu z t

The assumption (C) can be modified in various ways but of course
cannot be dropped altogether. The assumption (A) was noted not
long ago by Rieger. Let us discuss it a little more closely. The major-
ity of mathematicians believe that the notion of an integer is uniquely
determined and that the integers form a well determined set. If
one adheres to this view, then it is obvious that the lengths of for-
mulae are integers and that the assumption (A) is satisfied. It is
possible, however, to take a different standpoint and to insist that
each set of objects satisfying Peano's axioms can be taken as the
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set of integers. It is known that there exist many mutually non-
isomorphic models of Peano's axioms; hence one can assume that
one such set is used in intuitive mathematics and another is used to
count symbols in formulae. Then the assumption (A) need not be
satisfied. In Rieger's view this remark invalidates the philosophical
claims of Godel's discovery; it is more appropriate to say that it
merely discloses one of the assumptions on which Godel's theorem
rests.

Our discussion has so far been limited to one of the many results
contained in Godel's paper [54]. We shall now review briefly its
second main result. It is appropriate to remark that Godel's paper
was exceptionally rich in new ideas and that only now, after more
than 30 years, the wealth of problems stemming directly from it
begins to show signs of exhaustion.

Godel's second main result is his second undecidability theorem.
It was merely sketched in the published paper and was due to appear
with a detailed proof in the second part of his paper. This second
part was never written, however.

Let Z be the set of pairs <x, u> such that y is the number of a
formula of formalized arithmetic T and x the number of its formal
proof in T. It was shown by Godel that Z is strongly representable
in T; his proof indicated how to construct a formula F which strongly
represents Z in T. Let k be the number of the formula 0 =j:: 0 or of
any other formula which is refutable in T. The formula /\ [ -, F(x, k)]

. x
was denoted by Godel by Wid. Its intuitive content is: there is no
formal proof in T of the formula 0 =j:: O.

The second undecidability theorem asserts that the formula Wid
is not provable in T provided that T is consistent. If we assume
that every c~mbinatorialproofcan be formalized within arithmetic,
then Gbdel's second theorem shows that Hilbert's program of prov-
ing.in a purely combinatorial way the consistency of arithmetic is
not realizable. This assumption is open for discussion, however, as
we shall see later when we discuss Gentzen's theorem. Aiiother
objection which can be raised against such interpretation of Godel's
second undecidability theorem is this: There are many formulae F
strongly representing Z in T; Godel's theorem is valid only for some
such formulae. It is not immediately obvious why the theorem
proved for just this formula should have a philosophical importance
while a similar theorem obtained by a different choice of a formula
strongly representing the same set .z is simply false.
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Let us consider as an example the formula F'(x, y) : F(x, y) 1\

..., F(x, k). If T is consistent, then F' strongly represents Z in T
just as F does. Thus the formula Wid' = /\ ..., F'(x, k) can be con-

x
sidered as another formal expression of the consistency of T. How-
ever, Wid' is obviously provable in T.

The reason why the second undecidability theorem holds for some
formulae strongly representing Z but fails for others is this: the main
step in the proof of this theorem consists of a formalization of an
intuitively correct deduction in T. (We may add parenthetically
that this deduction happens to be the proof of Godel's first theorem
but that this is not essential for the explanation of the phenomenon
just described.) The intuitive deduction uses not only premisses of
the form <x, Y> E: Z and <x, y> € Z for some particular integers
x, y but also some properties of Z expressible as general statements.
When we formalize the deduction in T we can express the premisses
<x, ll> E: Z, <x, Il > € l- by the formulae F(i:, y), ..., F(i:, y) which
are provable in T for all formulae F strongly representing Z. This
is no more true for the general statements; for some formulae strongly
representing Z these general statements may turn out to be provable
in T and for the others not provable.

The first analysis of the second undecidability theorem from this
point of view was given by Bernays in [81]. The conditions he im-
posed on F pertained to the provability of certain general state-
ments in which F (and other related formulae) occur.

A deeper analysis was undertaken by Feferman [36] who in-
troduced the notions of a recursive formula and of a recursively
enumerable formula. In order to describe his construction let us
assume that ~ is a function taking on values 0 or 1 according as
<x, Y> E: Z or <x, u> € Z. Godel showed that Ccan be obtained
by consecutive substitutions from the function x + 1 and a finite
number of auxiliary functions ij which are defined recursively, i.e.
which satisfy equations of the form

(*) ij (0, x) = a (x), ij (n + 1, x) = (J (ij(n,x), n, x)

where {J and a involve only the functions io, ..., ij-l'
If we adjoin to T symbols "ij for the functions ij and add the

formulae (*) as new axioms, then we obtain a system which we
shall call a primitive recursive extension of T. Now a formula F
is called primitive recursive if there is a primitive recursive extension
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T' of T in which the equivalence F(x, y) = «((x, y) = 0) is provable
(C is the symbol for the combination of symbols 7:1 corresponding
to the function C). It is easy to show that such a formula F strongly
represents Z in T. It can also be shown (as was already done in
effect by Godel in [54]) that for every strongly representable set Y
there is a primitive recursive formula strongly representing it.

A formula obtained from a primitive recursive formula by prefix-
ing a string of existential quantifiers to it is called recursively enumer-
able. Feferman's main result states that if T is consistent and F is
a recursively enumerable formula strongly representing Z, then the
formula /\ -, F(x, k) is not provable in T. The theorem is valid not

x

only for the formal arithmetic based on Peano's axioms but for an
arbitrary extension of this system.

The general problem brought up by this analysis can be described
as follows: there is given, on the one hand, a set X of integers (or of
pairs, triples etc.) and, on the other hand, a formal language. We
are looking for the best possible definition of X in T, i.e. for a defini-
tion which makes, of all the intuitively true formulae involving X,
as many as possible provable in T. If we use as definitions formulae
strongly representing X, then we can prove in T every formula
corresponding to the statements n € X or n £ X. If we use primitive
recursive formulae as definitions of X we can prove more true state-
ments and still more such statements become provable if we use
recursively enumerable formulae. But it is easy to show that no
formal definition of the set Z used above will make all general arith-
metical statements provable in arithmetic. This follows simply from
the remark due to Rosser [187] that the set

{p: /\ [«x, p:» € Z)A «x, neg(p) > € Z)l}
r

is not recursively enumerable (neg is here a function such that when-
ever p is the number of a formula, neg(p) is the number of its nega-
tion).

Let us now return to Godel's second undecidability theorem. For
reasons which were set forth above we do not think that this theorem
overthrew Hilbert's program although it doubtless showed a weakness
in its original formulation. But quite apart from this philosophical
claim, Godel's theorem proved to be a very powerful tool in investig-
ating the relative strength of various axiomatic systems. Whenever
we have two systems, both of which contain arithmetic, so that we
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can prove in one of them the formula Wid expressing the consistency
of the other, then there is no possibility of interpreting t,he first
system in the second. Such applications were made e.g. by Kemeny
[93] who compared the relative strength of Russell's theory of types
and of Zermelo's axiomatic set theory. Further applications were
found by Feferman [37].

In addition to the two undecidability theorems Godel's paper
contained various other results which we shall discuss in the lecture
dealing with decision problems. It also contained some deep remarks
concerning the way in which the adjunction of variables of higher
types modifies the set of provable arithmetical formulae. These
remarks were understood only long after the publication of the paper.

As we saw above, Godel's paper was devoted mainly to problems
of consistency and completeness of formal systems. The method
invented by Godel was to compare intuitively true properties
of mathematical objects with properties expressible in the formal
system under consideration. The sharp division of reasoning into
intuitive meta-mathematics and formal mathematics was rejected
on principle by the intuitionists; in the hands of Godel this very
division turned out to be an extremely valuable tool for establishing
properties of formal systems. This brings once more to light the deep
differences between the approach to foundational problems of the
intuitionistic school and the approach of the more conservative meta-
mathematical school of Hilbert.



Lecture III

Semantics

We shall call the study of relations between mathematical objects
and formal expressions naming them "logical semantics". This descrip-
tion of logical semantics is not essentially different from the descrip-
tion of semantics given in linguistics although linguists would not
limit themselves to mathematical objects but would replace them
by any objects whatsoever and would also replace expressions of
a formal language by sentences of the everyday language. Tarski was
the first to realize that the basic ideas of semantics can be applied
to the study of formalized languages.

When developing semantics we must carefully distinguish
between the language in which we speak (the "syntax-language"
or the "meta-language") and the language about which we speak
(the "object-language"). The meaning of expressions of a language
cannot be described in the same language. Thus we have in semantics
the same pair of languages which we encountered in our discussion
of Godel's incompleteness theorem. There is a deep difference, how-
ever, between the way Tarski developed semantics and the way
Godel discussed certain relations between formulae and sets of
integers. Gddel was interested only in very special relations of this
kind and tried in every case to reduce these relations to ones which
could (via his-numbering) be expressed in arithmetic. Tarski on the
contrary aims at a general theory of semantic relations; he notes
that in some cases these relations are essentially reducible to arith-
metic but considers this as a secondary phenomenon. His meta-
languages are always very rich and contain sizable parts of set theory.

Tarski showed that all semantic notions can be reduced to one
fundamental notion, viz. that of a value of a formula. Taken by
itself a formula is just a string of symbols and is devoid of any
meaning. Thus in order to define the value of a formula we must
first fix the values of the simple symbols out of which it is con-
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structed. We shall limit ourselves to the case of first-order formulae,
i.e. formulae which are constructed from individual variables, predi-
cates, propositional connectives and quantifiers.

It is customary to assume that the propositional connectives denote
Boolean operations in a two-element algebra {m, ty }whose elements
may be called the truth-values. We need, furthermore, three things:
(a) an interpretation oj the variables; we assume that they denote
elements of a set A; (b) an interpretation of predicates; we assume
that a predicate with p arguments denotes a relation with p argu-
ments ranging over A, i.e. a function which correlates a truth-value
with every p-tuple of the elements of A; (c) an interpretation of
quantifiers; we assume that the general quantifier denotes a function
Q from subsets of A to the set {m, ty} such that Q(A) = m and
Q(X) = ~ for all the other values of X; the interpretation of the
existential quantifier is defined by duality.

These conventions determine the interpretation of the language.
Since the interpretation of the connectives is the same in all models
and the interpretation of quantifiers depends but on A, we see that
a model is completely determined by A and by the relations correl-
ated with the predicates.

Once a model M is fixed we can define by induction the value of
a formula in M for a given assignment of elements of A to the free
variables occurring in the formula. The definition proceeds by in-
duction. The value of an atomic formula P(x I , ••. , xp ) is equal
to the value of the relation associated with P for the arguments
ap ..•, ap correlated with the variables Xl' •••, xp. The value of
F V G is the Boolean sum of the values of F and of G; and similarly
for other connectives. The value of 1\ F for a given assignment n

Xi

of the elements of A to the free variables of 1\ F is equal to Q(X)
Xi

where X is the set of all a in A with the following property: the
value of F for an assignment which correlates a with Xi and is other-
wise identical with the assignment n is m.

In what follows we shall use the customary notationl=M F[a, b, ...]
for the relation defined by the following requirement: the value of
F in M for the assignment correlating the elements a, b, ... with
the consecutive free variables of F is m. This relation is also read:
a, b, ... satisfy F in M.

The inductive definition of the value of a formula was for the first
time formulated explicitly by Tarski, but the notion itself was well
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understood intuitively and used successfully long before Tarski's
paper. Hilbert and his students constantly usedthe notions of general
validity and of satisfiability of formulae which are essentially equi-
valent to the notion defined by Tarski,

We do not think it essential that Tarski formulated his definition
not for a first-order language but for other more comprehensive
languages. I am inclined to think that this was on the contrary a
somewhat unfortunate circumstance which clouded rather than
clarified the problem. From the point of view of syntax there is no
essential difference between languages of the first and (say) of the
second-order. The language of the second-order can be treated as the
language of the first-order with the stipulation that we use special
letters for certain variables and place them in a special way in the
formulae. What essentially counts is the interpretation (or a model)
of the language. Tarski in his first paper chose an interpretation
under which the values of second-order variables were arbitrary
subsets of A. This is not the only possible model, however, as was
shown later by Henkin [77) (ct. also Mostowski [149]).

These remarks should not be interpreted as an indication of any
doubts about the importance of the progress due to the introduction
of semantic notions. Semantics brought order into the various parts
of meta-mathematics and allowed one to define and discuss several
natural and important notions. While the notions of semantics are
extremely simple and natural, the problem of their formalization
turned out to be rather deep; it has lead to several new discoveries.
Let us discuss these two applications of semantics in turn.

The best known and at the same time the most important notion
of semantics is that of logical consequence. Let F, A!' . . ., An be
formulae of the language under consideration. We say then that F
is a logical consequence of A!' . . ., A n if, for every model and for
every assignment of values to the free variables of these for-
mulae, it is the case that whenever the value of A!' . . ., An is ~,

then so is the value of F. For'a first-order languagethis notion
coincides with that of deducibility by means of suitable formal rules
of proof. Its advantage as compared with the latter notion lies in
its wider range of application. For instance, there exist no adequate
rules of proof for higher order languages, and hence the semantic
notion of consequence is the only one which we can use in connection
with such languages.

Another important notion is that of definability in a given model M.
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We say that a is definable in M if there is a formula F with one free
variable such that a is the unique element x of A for which 1=M F[x).
A set X of elements of A is definable in M if there is a formula F
with one free variable such that for every a in A the equivalence
a € X = I=M F[a) holds. Similar definitions can be formulated for
relations with an arbitrary number of arguments.

An interesting and not yet completely solved problem is the
following: Is the set of elements definable in a model M itself defi-
nable in this model? The answer obviously depends on the model.
Tarski investigated this problem for the standard models of higher
order arithmetics and found that the set of definable families of sets
of integers is not definable. For the set of definable sets of integers,
however, the problem has recently been solved by J. W. Addison
with the use of the notion of forcing due to Cohen (cl. lecture
XV).

The notion of definability in a model should not be confused with
a completely different but similarly named notion of definability in
a theory. This latter notion is not semantic but syntactic in character.
Let us explain this for the case of definability of sets. -Consider an
axiomatic theory T with the primitive notions Rl' ..., Rk> Y and
based on certain axioms. We assume that Y has just one argument.
Tarski [223] says that Y is definable in T in terms of Rl' ..., Rk if
there is a formula F not involving Y which has one free variable and
is such that the equivalence Y(x) = F(x) is provable in T.

If Y is definable in T in terms of R I , ..., Rk and if all the axioms
of T are true in a model M, then the set X which interprets Y in M
is definable in M and the defining formula ca!l be .chosen so that Y
does not occur in it. The converse theorem is not true, however; one
can easily give trivia] examples of theories whose primitive notions
R, Y have the following properties: (i) Y is not definable in terms
of R in T; (ii) in every model M in which all the axioms of Tare
true the interpretation of Y is definable in M by a formula not in-
volving Y.

We shall now discuss the properties of the following function:
the value of F in M. For simplicity's sake we shall assume that no
free variables occur in F. We shall also assume that among the
relations of the model M there are the following arithmetical rela-
tions: x is an integer, x = y + z, x = yz. It is then possible (using
the Godelian machinery of numbering of formulae) to replace the
value-relation (the value of F in M is ~) by the arithmetical relation
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(*) f is the number of a formula without free variables which is
true in M.

Tarski asked the following questions:
(1) Is the relation (*) definable in M?
(2) If (*) is not definable in M, what new relations should we add

to M in order to ensure the definability of (*) in the extended
model?

The famous theorem due to Tarski and named after him states
that the answer to question (1) is indeed negative. The proof is
obtained by a simple application of the diagonal procedure.

Let us enumerate all formulae with one free variable x and denote
by Fn the n-th formula; let Dk(X) be a formula which defines k in M
(its existence follows easily from the assumption that M contains
the basic arithmetical relations). Put Zn = {k : 1=M V [Fn(x) 1\

x

Dk(x)]}; by a diagonal argument the set Z = {n :n £ Zn} is differ-
ent from all sets Zn. We shall now derive a contradiction from the
assumption that (*) is definable in M by showing that if (*) were
definable in M by a formula G, then Z would be equal to one of the
sets Zq.

The Godel number of V [Fn(x) 1\ Dn(x)] is a function of n; it
x

can be shown that this function is definable. Let S be a defining

.formula. Hence, for every n,

i=M V [Dn(x) 1\ S(x, y) 1\ .., G(y)] if and only if not
z, y

I=M V [Fn(x) 1\ Dn(x)],
x

i.e.

i== M V [Dn(x) 1\ F q(x)] if and only if not I=M V [Fn(x) 1\ Dn(x)]
x x

where q is the number of the formula V [S(x, y) 1\ .., G(y)]. Replacing
y

here n by q we obtain a contradiction.
Tarski's theorem applied to Peano's arithmetic yields at once the

incompleteness theorem. Indeed the set of (numbers of) formulae
derivable from Peano's axioms is easily shown to be definable in the
(standard) model of arithmetic whereas Tarski's theorem shows that
the set of formulae true in this model is not definable in it. Hence
the two sets are different which is - in essence - the contention
of the incompleteness theorem.

The solution of problem (2) is of course not uniquely determined.
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We can obviously add various relations to the model M in such a
way that the relation (*) be definable in the new model. The most
natural solution is to add to M the relations expressed by "a is a
finite sequence of elements of M" and "the elements of a sequence
a satisfy in M the formula with the number x (i.e. the value of this
formula is ~g)". We shall denote this extended model by M'.

The second of these relations can be defined by induction, but if
is an induction of a very peculiar form. The usual inductive defini-
tion of a function has the form

reo, a) = p(x), fen + 1, a) = q({(n, a), n, a)

where p and q' are given functions. The relation of satisfaction
can be defined only by a much more complicated scheme of induc-
tion in which the value of fen + 1, a) depends on the values res, b)
where s ::; nand b is arbitrary. Thus the second inductive equation
has the form

fen + 1, a) = ep «As)s::;n (Ab) res, b), n, a)

where (As)s::;n (Ab) res, b) is the function which is defined for s ::; n
and for an arbitrary b and whose value is res, b), and where f/J is
a functional whose values are integers, whose first argument is
a function and whose. remaining arguments are integers.

In this way Tarski's theory ties up with the theory of inductive
definitions and allows us to establish a theorem saying that there
exist types of inductive definitions which cannot be reduced to the
ordinary inductive definitions in a purely arithmetical way.

Let us finally discuss the problem whether it is possible to develop
an axiomatic theory of semantics.

Tarski showed that for any axiomatized theory T we can set up
an axiomatic theory T' embodying certain features of the semantics
of T. The primitive notions of T' are, in addition to those of T, the
following: the notions of arithmetic (which allow us to speak in T'
of numbers correlated with formulae of T); the set of all finite se-
quences of the elements of the universe of T; and the satisfaction
relation.

The axioms of T' include those of T; there are, furthermore
axioms corresponding to the inductive clauses of the definition of
the satisfaction relation, and axioms characterizing the notion of
a finite sequence.
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If M is a model of T in which all axioms of T are true and if M'
is the extension. of M defined above, then all the axioms of T' are
true in M'. If T is based on a finite number of axioms (or if a suitable
form of the rule of mathematical induction is valid in T'), then the
consistency of T is provable in T'. Thus T' is a theory which is
essentially stronger than T (ct. p. 26). The method of proving
the consistency of a given theory T in a stronger theory is often ac-
complished by interpreting T' in this stronger theory.

An interesting further relationship between T and T' is formul-
ated in a theorem going back to Godel [58] and developed further
by Kreisel and Wang [117]: There exist infinitely many formulae
of T which are provable in T (and hence in T') but whose shortest
proof in T is k times longer than its shortest proof in T'. Here k
can be any integer fixed in advance. Thus T' is stronger than T also
in the sense that many proofs already existing in T can be essenti-
ally shortened in T'. Proof of this theorem also uses ideas of semantics
but is too involved to be given here.

We thus see that the development of semantics not only allowed
one to make precise various intuitively clear meta-mathematical
notions but also threw new light on the problems of incompleteness.
Semantic ideas simplify Godel's argument and complement his
theorem by showing that axiomatic theories containing arithmetic
are not capable of defining their own satisfaction relation nor de-
fining certain other semantic notions. Thus semantics turned out to
be useful both in the "constructive" as in the "destructive" parts
of meta-mathematical study.



Lecture IV

Computable functions

The need of a systematic study of functions whose values can be
calculated by a finite process was felt already in the Hilbert school.
Hilbert and his students devoted much attention to the problem
known as the" decision problem for the first-order logic. i.e. to the
problem of finding a method which would allow one to decide in
a finite number of steps whether any given formula is or is not pro-
vable. Many similar problems can be formulated in logic as well as
in mathematics. To mention only a few. we have e.g. the problem
of deciding whether a given string of symbols is a correctly built
logical formula. whether a given arithmetical formula is decidable
in Peano's arithmetic, whether a given polynomial with integral
coefficients is irreducible, etc. In each of these examples we have
a denumerable class C of objects (formulae, strings of symbols.
polynomials) and a subclass C' of this class (the class of provable
formulae. of well formed formulae. of irreducible polynomials). We
may define a function f on C by putting f(x) = 0 Ior x £ C' and
f(x) = 1 for x £ C-C' (the characteristic function of C'). The
problem is then to find a method allowing us to calculate f in a finite
number of steps or to prove that such a method does not exist.

We can obviously solve various problems of this kind without
knowing the general definition of a finitistic method. Mathematicians
certainly did not feel the need of formulating such a definition when
they gave irreducibility criteria for polynomials with integral coeffici-
ents. The situation is of course different if we want to show that
a specific problem does not admit an algorithmic solution.

Since the class C dealt with in the decision problem is usually
denumerable, we can limit ourselves to the case when C is a set of
integers. The characteristic function f of C' is then an arithmetical
function (i.e. a function whose arguments and values are integers).
and our problem is to define a class of arithmetical functions whose
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values can be found in a finitistic way. We are discussing this problem
right after the general account of semantics and of the incompleteness
theorem partly for historical reasons and partly because there is a
far-reaching analogy between the notion of a computable function
and the notion of a function definable in a given model. However
much we would like to "mathematize" the definition of computabil-
ity, we can never get completely rid of the semantic aspect of this
concept. The process of computation is a linguistic notion (pre-
supposing that our notion of a language is sufficiently general); what
we have to do is to delimit a class of those functions (considered as
abstract mathematical objects) for which there exists a correspond-
ing linguistic object (a process of computation). In the case of the
notion of definability we also encountered the situation that we
tried to define a class of functions (or sets or relations) for which
there exist certain linguistic objects (formal definitions in the model).

Historically the first example of a class of computable functions
was furnished by the primitive recursive functions. They can be
defined as the functions that can be obtained from constants and
from the successor function x + 1 by means of substitutions, oJ the
identification of arguments, of adding superfluous arguments and of
applying the schema of primitive recursion (c]. p. 32)

(*) {(O, a) = p(a), {(n + 1, a) = q({(n, a), n, a).

This class became very famous after Godel showed that these
functions suffice for the purpose of numbering all formulae and all
sequences of formulae. It is obvious, however, that the class of
primitive recursive functions does not include all computable func-
tions. This follows from the existence of a computable function which
is universal for the class of the primitive recursive function. A uni-
versal function is a function of two variables U such that for every
n the function ((x) = U(n, x) is primitive recursive and that each
primitive recursive function can be so obtained. Obviously the
"diagonal" function U(n, n) + 1 Is not primitive recursive. It is
slightly more cumbersome to prove that U is a computable function.
Without going into details we can say that n is a code number which
indicates the order of the operations of substitutions and recursions
which are used to define a given function as well as the order ~f the
starting functions. Thus U(n, z) is the value at the point x of the
function obtained from the starting functions by the use of process
with the code number n.
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It can be shown similarly that various extensions of the class of
primitive recursive functions which are obtained by using a schema
of recursion more general than (*) do not exhaust the set of com-
putable functions. This latter class must obviously have the property
that no universal function for this class is itself contained in the class.

Several definitions of computable functions and sets were proposed
in the decade 1930-1940 and still others appeared later. It is signifi-
cant that all these definitions, though formally different, proved to
be equivalent. We shall not enter into details of these definitions
but nnly give general indications.

1. Definitions using the notion of representability. These definitions
were among the first to be proposed. The first author who proposed
to identify computable functions and sets with the ones which
are representable in a fotmal system was Church [16]. Further
definitions Za similar character were proposed by Herbrand and
Godel [57] and by Godel alone [58]. Church used a very special
system called the calculus of A-conversiOI~, Godel and Herbrand
a weak system' whose expressions are exclusively identities. More
general was the approach of Godel in [58]; he noted, there that the
class 'of functions which are representable in the formal system of
arithmetic of the k-th order is independent of k, This observation
was put in a general form by Bernays in [81]; it was shown there
that the class of functions representable in any formal system satisfy-
ing some very general conditions is one and the same. The main con-
dition to be satisfied is that the relation expressed by: vm is the
number of a proof of a formula number n" is primitive recursive.

2. Arithmetical definitions. For any relation between integers
R(x, y l' •• 0'Yn) let us denote by minz R(x, YI' ••., Yn) the least
x satisfying R(x, Yl' • 0 ., Yn) or 0 if such an x does not exist. A class
K of functions is closed under the effective min-operation if to-
gether witheach function f(x, YI' ..., Yn) satisfying the "effectivity-
condition" 1\ V [f(x, YI' ..•, Yn) = 0] it contains the function

111' • 'v« x

minz [f(x, YI' ..., Yn) = 0].
Kleene [97] developed the theory of computable functions assum-

ing (essentially) the following definition: a function is computable
if it belongs to each class which contains the primitive recursive
functions and which is closed with respect to the operations of
substitution and of the effective minimum. Kleene's original defini-
tion was simpler in that he started with an incomparably smaller
set of functions.
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This arithmetical definition was discussed by J. Robinson [177]
who showed how to simplify it still further. In particular she showed
that the min-operation may be replaced by the operation of taking
the inverse of a function under the assumption that it exists.

A set is computable if its characteristic function is computable.
An entirely different definition was proposed not long ago by
Kleene [106] in connection with his theory of functionals which will
be discussed in lecture VIII; see p. 78.

3. Canonical systems, Turing machines and algorithms. Post [160],
Turing [234], and Markov [1391 proposed still other definitions of
computability. A function is computable according to these defini-
tions if it is representable in suitable auxiliary systems. These systems
differ, however, from the logical systems dealt with in the definitions
given in section 1 in that it is not possible to give any semantic
interpretation of them. These auxiliary systems are called canonical
systems, Turing machines, and algorithms. Let us describe e.g. the
algorithms of Markov [139].

For this purpose we consider words in a given finite alphabet A,
i.e. finite (possibly void) strings of elements of A. If g, g' are ,two
words, then we denote by "g -+ g'" a rule of transformation which
carries a word of the form PgQ into Pg'Q; it is assumed that P does
not contain the word y. An algorithm is determined by a finite list
of such operations:

gi -+ g'I' g2 -+ g'2' ..., gk -+ Y'k·,

Some of these operations are singled out and called the "stop
operations". (Markov distinguishes them by placing a dot after
them.)

Let Po be a word; the algorithm operates in the following way:
we look for the least i such that Po contains gt; we represent Po in
the form PYtQ where P does not contain Yt. Now we transform Po
according to the i-th rule and obtain the word PI = Pg'tQ; we
repeat the same steps with PI and obtain the word P 2; etc. If after
n steps no operation is applicable or the last operation used was
a stop-operation, then P n is the word obtained from Po by the
algorithm. If the process never stops, then the algorithm is not
applicable to Po. We thus see that an algorithm determines a func-
tion whose domain consists of words (not necessarily of all words)
and whose values are words.
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Let us now assume that the alphabet contains the symbol 1, and
let it be the word 11 ... 1 (n times). A function {is called comput-
able if there is an algorithm such that all numerals it belong to its

domain and that for each n the algorithm transforms it into {(n).
As we see, this definition uses notions closely connected with the

theory of computers; this connection is still closer in the case of the
definition given by Turing, which we shall not reproduce here.

One of the early results of the theory of computable functions was
that all the definitions which we enumerated above are equivalent
to each other.

Before discussing the properties of computable functions we
shall compare the various definitions. None of the definitions is
strictly finitistic. In the first group of definitions we require that
the representing formulae Fbe decidable, i.e. that for every
n there be a proof of either F (Ii) or of ., F (Ii); in the second
group of definitions we require that the min-operation be applied
only to functions satisfying the condition: for every YI"'" Yn
there is an x such that {(x, YI' •.•, Yn) = 0; in the definition based
on the notion of algorithm we require that for each integer n the
word ii belong to the domain of the algorithm. These non-Iinitistic
requirements are needed to exclude the construction of the diagonal
function.

In order to eliminate these infinitistic conditions it is necessary
to replace computable functions by the more comprehensive class of
partial computable functions which differ from the total ones in
that they need not be everywhere defined. The simplest possible
definition is that given in terms of an algorithm. Every algorithm
determines a partial recursive function; its domain consists of inte-
gers n such that the algorithm yields a final value when applied
to it and that this value is a numeral.

For the set of all partial computable functions there exists a
universal partial computable function, i.e. a function u with two
arguments satisfying the following condition: For every partial
computable function { there is an integer e such that the functions {
and ;. x u (e, x) have the same domain and that ((x) = u(e, x) for
every x in the domain of (. We define u(n, x) as an integer Y such
that the n-th algorithm eventually stops when applied to x and
yields the value y. The algorithms are enumerated e.g. by the Godel
numbers of the defining sequences gj -+ g'j.

The diagonal function u(e, e) + 1 is still partial computable and
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hence representable as u(q, e). We are not led to an inconsistency
because we have no right to replacee by q here: since u is only a
partial function we don't know whether q is in its domain or not.

A set which is void or which is the set of values of a computable
(total or partial) function is called recursively enumerable. Other,
equivalent definitions of a recursively enumerable set are: the set
of values of a primitive recursive function; the domain of a partial
computable function; the set weakly representable in e.g. Peano's
arithmetic. While computable functions serve to make precise the
notion of decidability, recursively enumerable sets make precise
another notion, viz. that of a set generated from given initial ele-
ments by a systematic process. For instance, formulae provable in
an axiomatic theory based on a finite number of axioms are generated
from the axioms by the rules of proof. The domain of a partial re-
cursive function is recursively enumerable. The generating process
is in this case the following: we write down one after the other all
possible sequences of words and retain only those sequences each
term of which (with the exception of the first) is obtained from the
previous one by the use of the algorithm. We also reject those sequ-
ences whose last term although obtained by a non-stop operation
can still be transformed by the basic operations of the algorithm
and also those sequences whose first or last term is not a numeral.
The required set consists of integers' n such that ii is the first term
of one of the remaining sequences.

Post [160] formulated a method of developing the theory of re-
cursively enumerable sets independently of the theory of computable
functions. His ideas were very similar to those of Markov. Once the
theory of recursively enumerable sets is developed, we can introduce
the notions of computable sets and functions. This possibility is a
consequence of the following theorems:

(1) The characteristic function of a set X is computable if and
only if X and the complement of X are both recursively enumer-
able.

(2) A partial function f is computable if and only if the set of
pairs <x, f(x) > is recursively enumerable.

Theorem (1) can be proved as follows: Let us assume that there are
two systematic processes which generate X and -X. By looking
through the elements generated by them we must eventually come
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to any x given in advance. If x is generated by the first process we
put {(x) = 0, otherwise {(x) = 1. Thus we have a method of calculat-
ing the value of f in a finite number of steps.

The general theory of computable functions and of recursively
enumerable sets is an elegant and at the same time not very difficult
mathematical theory. We shall give below the most important
results. For the most part they were first established by Kleene [97].

At the beginning we have a series of elementary theorems stating
the closure properties of the class of (total and partial) computable
functions under such operations as suhstitution, recursion, inversion,
elc. Applied to' recursively enumerable sets these theorems yield
the result that the class of these sets is closed under cartesian multi-
plication and under the operations of forming finite unions and inter-
sections and of forming images and counter-images by means of
computable functions. All these theorems are obvious if one defines
computable functions by means of representahility in a sufficiently
strong formal system. Next few theorems deal with universal func-
tions. As indicated above, there exists a computable partial function
with two arguments which is universal for computable partial func-
tions with one argument. It follows immediately that there exists
a set-valued function F such that (a) each recursively enumerable
set X is representable as F(n) for a suitable n; (b) the set { <m, n ;» :

m € F(n)} is recursively enumerable. In the language of algorithms this
theorem says that there exists a universal algorithm U (or a universal
Turing machine), i.e. one which is able to generate any algorithmic-
ally generable set. Thus if an algorithm A is described by the opera-
tions gi -)0 g'i (i = 1', 2, ..., s) and if it transforms a word Wo con-
secutively into Wl' W 2" ., lVk, then U acts on pairs of the Iorrn
Pi = <Wj. < <gp gil>" .. , <Us, s'»> > > and transforms Pj
into P i+1 for j = 1,2, ..., k and finally P k into W"

The existence of a universal function allows us to construct by
the diagonal procedure effective examples of sets which are not
recursively enumerable and also of recursively enumerable sets whose
complements are not recursively enumerable. These examples serve
as a starting point for a study of various decision problems. As
examples of such problems we may quote the following problems:

Is there an algorithm to decide whether for any two given integers
n p n 2 the sets F(n 1) and F(n 2) are identical? Is there an algorithm
to decide whether two given algorithms define one and the same
function?
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The answer to both these questions is negative.
Computable functions (total and partial) are important for the

general philosophy of mathematics not only because they allow us
to express precisely the decision problem and to solve it in many
special cases. Their philosophical importance is due to the fact that
they can be accepted as a basis of a nominalistic mathematics. This
nominalistic trend rejects such abstract notions as sets, functions,
etc. and admits only those objects which can be named. Computable
partial functions are thus evidently acceptable to the nominalists.
It is another question whether it is possible to construct reasonable

-,

mathematical theories while not accepting any objects besides the
computable partial functions. The negative solution of the decision
problems formulated above shows that such a mathematical theory
would necessarily be non-extensional, which indicates the degree of
discrepancy between the nominalistic and the classical approach.
These problems will be dealt with in a more detailed way in lecture XI.

There are obviously nominalistic theories of mathematics which
admit more objects than just computable functions. Set-theoretically
minded mathematicians of the thirties, grouped around Lusin in
Moscow and around Sierpinski in Warsaw, developed the theory of
Borel sets and of analytical sets which was initiated by the French
semi-intuitionists of whom Borel, Baire, and Lebesgue were the best
known representatives. Instead of reducing all mathematical notions
to integers the semi-intuitionists started from the notion of a real num-
ber; sets of such numbers and functions defined on the set of all real
numbers were not taken for granted; semi-intuitionists insisted that
only nameable sets and functions are admissible. We do not have to
enter into the details of what was meant by "nameable" in this
context; all that we want to say here is that the theory of sets and
of functions acceptable to the semi-intuitionists shows striking
analogies to the theory of computable functions. The best explana-
tion of this analogy has been given by Addison [1J, (2). We can thus
see that the similarity between the philosophical programs which
underlie the theory of computable functions and what is known as
the descriptive theory of sets determined to a certain extent the
results of these theories.

More technical applications of the theory of computable functions
are furnished by various meta-mathematical theorems. We may
mention e.g. a result of Rosser [187] who strengthened Godel's incom-
pleteness theorem by showing that the set of (the numbers of) un-
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decidable arithmetical sentences is not recursively enumerable.
There have also been attempts to apply the notion of a computable
function to make precise the notion of a random sequence occurring
in some axiomatic formulations of probability theory (Church [20]).
Finally there have been several attempts to construct a computable
analogue to the usual set theory and in particular to the theory of
well-orderings. These attempts started with the early papers of
Church [18] and of Church and Kleene [22]; the subsequent develop-
ments will be reported on in lecture XI.

To conclude our account of the early phase of computability
theory let us compare once more this theory with semantics. In both
these theories we define a class of abstract objects by means of
linguistic concepts (we disregard for a moment the purely arithmet-
ical definitions of computable functions). In semantics the language
in question could not be purely formal but had to be interpreted.
In the theory of computability the situation is different: the language
need not be understood; it is sufficient to know how to manipulate
its expressions. We can thus say that the theory of computability
is purely syntactic. This explains the close ties between this theory
and the theory of mathematical machines. The interpretation' of a
language is defined by means of set-theoretical concepts, which
gives rise to the close relations between semantics and the set-
theoretical, infinitistic philosophy of mathematics; whereas the
theory of computability leans towards a more finitistic nominalistic
philosophy.



Lecture V

Theorems of Herbrand and of Gentzen

Herbrand and Gentzen, who worked independently of each other
along the lines of Hilbert's program, discovered important theorems
which deeply influenced later research in the field of logic. We shall
first deal with the work of Herbrand which was somewhat earlier
than that of Gentzen. Herbrand's main results are contained in his
dissertation [79]. We shall not describe all the results which it con-
tains but shall limit ourselves to what is known as his fundamental
theorem. It contains a reduction (in a certain sense) of predicate
logic to propositional logic. Of course this reduction cannot be C9m-
plete because the former theory is undecidable and the latter decid-
able.

Herband correlates with each formula F of the predicate calculus
an infinite sequence of propositional formulae having the form of
a disjunction:

these formulae are called the Herbrand disjunctions. The definition
of B n is effective, i.e. B n can be obtained from F and n by means
of a fixed algorithm. The relationship between F and its Herbrand
disjunctions is the following: F is provable in the predicate logic if
and only if there is an n such that B n is a theorem of the propositional
calculus.

Let.us give an example of how the disjunctions B n are to be formed.
Suppose that F is the formula /\ V /\ M(x, y, z) where Mis quan-

x y z
tifies-free. Let tp be an arithmetical function such that tp(i) > i
and tp(i) < tp(j) for all integers i,j satisfying the inequalities 1 :5 i < j;
we may take as tp e.g. the function (i + 1)2 + i, We form the dis-
junction

(*)
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and replace in it every atomic formula by a propositional variable
in such a way that different atomic formulae are replaced by differ-
ent propositional variables. The resulting formula is the n-th Her-
brand disjunction.

The formula (*) may be interpreted in the following way (cl.
Kreisel [1)2]): Suppose that we are trying to build a counter-example
to the formula F. We will then look for an element a and a function
f correlating with each p an element f(p) such that -, M(a, p, f(p»
is true. Let us substitute for p arbitrary values PI' ... , Pn; thus
the conjunction

is true. The formula (*) may thus be interpreted as a statement
that whatever our choice of a and of the function f will be, our
attempt to build a counter-example to F will fail in the field of at
most n elements.

It is very easy to show by induction on n that if (*) is provable
in the propositional calculus, then F is provable in the predicate
logic. We have only to note that the variable x<p(n) occurs exclusively
in the last term and that we can therefore use the rule of proof

(1)
A V B(x)

A V /\ B(z)
z

and obtain the formula V
i~n-l

(2)

(3)

Using the rule
A vB(x)

A vV B(y)
y

we obtain similarly V M(x1, Xi, Xq;(i» V V /\ M(xl' y, z).
i~n~ y z

Continuing in this way and using the rule

q V P V P

q V P

we obtain finally V /\ M(xl' y, z), whence by the rule
y z

(4)

we obtain F.
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It is slightly more difficult to prove, conversely, that if F is pro-
vable in the predicate logic, then there is an n such that (*) is provable
in the propositional logic. The simplest way of obtaining this result
is to use the completeness theorem which will be discussed in the
next lecture. Herbrand himself came very close to the discovery of
this theorem and probably did not make the decisive step only
because he was constrained by the finitistic attitude which he had
taken over from Hilbert's school. Instead of this simple and natural
way of proving his theorem he used another, more difficult one. It
was shown a year ago that his proof was fallacious [28]. A correct,
strictly finitistic proof was given by Bernays [81].

The proof sketched above has some remarkable consequences.The
only rules used in the derivation of F from (*) are (1)-(4); if (*) is
provable in the propositional calculus, then it can be obtained from
the axioms of the form p v -, P by the repeated use of the rule (3)
and suitable other rules of propositional logic, e.q.

(5)
p p, q

--, --,
p V q- P /\ q

p r. (q vr)

(p /\ q) V (p /\ r)

together with rules allowing us to change the order of formulae in
disjunctions and conjunctions. In order to obtain a complete set of
rules for the predicate calculus we must still add rules allowing us to
bring every formula to a prenex normal form. An example of such
rules is the following: If the formula -, /\ A(x) is a part of another

x

formula B, then it can be replaced throughout B by V -, A(x); and
x

conversely.
As we see, Herbrand's theorem allows us to get rid of the classical

rule of modus ponens altogether. Herbrand wrote: "A cause des
difficultes que l'on risque de rencontrer, dans certaines demonstra-
tions par recurrence sur les demonstrations, du fait de la r egle d'im-
plication, nous considerons ce resultat comme tres important". The
importance which Herbrand had in mind can be explained thus.
Let us first define by induction the notion of a subformula of a given
formula: For any formula A, A is a subformula of A itself; if 11 is
a subformulaof B, then it is a subformula of the formulae B;\ C,
B V C, B ~ C, .. B and also of C ;\ B, C V B, and C ~ B, and
finally of /\ B and of V B where x can be replaced by any variable;

x x
if A(x) is a subformula of B, then so IS A(y) (letters ~ and y may
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again be replaced by any variables). Now Herbrand's remark amounts
to the following: If F is provable, then there exists a proof of it
consisting exclusively of subformulae of -F. It is obvious that this
result greatly simplifies the study of formal proofs. Because of the
clause that A(y) is a subformula of B whenever A(x) is we cannot
expect to obtain a solution of the decision problem, but at any case
we see that we came very close to it.

Many of Herhrand's results were rediscovered and greatly im-
proved by Gentzen [50J who devised a new logical calculus essenti-
ally equivalent to the one used by Hilbert's school but much more
flexible.

Gentzen's calculus does not operate with single formulae but with
sequences of the form

where the Atand the B j are formulae in the usual sense. This sequence
is read: At least one of the formulae BI' ..., B, follows from the
assumptions A l' ••. , A k. A void string in antecedent means a true
assumption and a void string in the consequent means afalse con-
clusion. The only axioms of the Genzen calculus have the Iorm
A I- A. The rules of proof are more numerous than in the usual
systems of logic; for every propositional connective we have a pair
of rules allowing us to introduce this connective in the antecedent
or in the consequent. For instance, the rules for the connective ..,
have the form

AI' .. Ak X I- B I •.• B/

AI ... AkI-Bl ..• B/ ....,X
AI···AkI-BI··· B/ X

AI' .. Ak ...., X I- B I •.• B/

Gentzen admitted furthermore a number of rules (called structural
rules) which allow us to change the order of formulae in the an-
tecedent .and in the consequent and to avoid repetitions of formulae.
A final rule called "cut" corresponds to the classical "modus ponens"
and reads

AI'" Ak I- M B I ... B/; M C I .•• Cp I- D I ... Dq

AI' .. A k C I ..• Cp I- B I . . . B/ D I ••• D g

Now Gentzen's main result says that this last rule is superfluous;
every sequence provable by means of it is also provable without it.
(A generalization of this theorem was given by Kleene [101].)
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For the classical logic Gentzen's theorem yields probably nothing
more than Herbrand's fundamental theorem. The flexibility of the
Gentzen method is nevertheless obvious from the fact that it is
applicable to many non-classical systems and especially to the in-
tuitionistic system. Gentzen's intuitionistic calculus is not as sym-
metric as the classical calculus since the rule of introduction of the
symbol -, in the antecedent must be dropped and the other rules refor-
mulated in such a way that no sequence with more than one formula
occurs as a consequence in any proof. With these limitations Gentzen's
theorem on the elimination of cuts is still valid. It is the basis of
various meta-mathematical results concerning the intuitionistic
logic. E.g. it is obvious from this theorem that the intuitionistic
propositional calculus is decidable. It may also be shown easily
that certain formulae of the intuitionistic predicate logic are not
provable intuitionistically. Proofs of this kind proceed by checking
all the possible rules that could lead to the formula in question and
by showing that none of them is able to yield this result. This is
the case e.g. with the formula /\ [p v F(x)] -')- [p V /\ F(x»).

x x
The Gentzen method is applicable to many other non-classical

systems, e.g. to the minimal logic (cf. Ketonen [94]). It is also
possible to apply it to systems based on certain infinitistic
rules of proof. For instance, Schiitte [195] has given a Gentzen
style formalization of an arithmetic based on an infinitistic rule
which is known as the rule wand which allows us to obtain the
general statement /\ F(x) from the infinite set of premisses F (0),

, x

F (1), . . •. He has also used it in consistency proofs of certain
arithmetics.

We shal1 now describe some applications of the theorems of Her-
brand and of Gentzen.

The effectivity of existential statements. Let T be an axiomatic
theory of the first-order based on the usual logic and on an arbitrary
number of open axioms, i.e. of axioms in which no quantifiers occur.'
We assume that the primitive notions of T are relations, functions,
and constants. Any meaningful combination of constants, variables
and functions is called a term. Now let us assume that the formula
/\ V F(x, y) is provable in T. Applying the Herbrand-Gentzen
x u

theorem we can show that there are a finite number of terms
t l , •••, ta involving only the variable x such that the disjunction
V F(x, It(x)) is provable in T without using any quantifiers in the
i~s
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proof. We can thus say that all the existential statements provable
from open axioms are effective; in other words, that if all existential
assumptions in the axioms are made explicit, then all existential
theorems wiII also be explicit. We have a corresponding, although
slightly more complicated theorem for formulae with more than
two quantifiers, e.g. /\ V /\ V F(x, ..., u).

x yz Iz uv

The general consistency theorem (Bernays [81]). This theorem allows
us to eliminate in certain circumstances all set-theoretical notions
from consistency proofs obtained by means of models. Let us assume
that we are given an arithmetical model of an axiomatic system in
which all the axioms of the system are true. Thus the elements of
the model are integers and its relations are arithmetically defined.
An axiom, e.q. /\ V /\ V F(x, y, Z, t), will be called effectively

x y z t
true in .M if there are computable functions {, g satisfying the condi-
tion 1=M F(m, ((m), n, g(m, n) for all integers m, n. Now Bernays'
theorem says that if all the axioms are effectively true in a model
M, then so are all the consequences of these axioms. It is evident
that this theorem is closely related to the previous one dealing with
effectivity.

Let us consider as an example Peano's axioms for arithmetic with
the schema of induction

/\ {/\ [x < y ~ A(x)J ~ A(y)} ~ /\A(x)
y x x

limited to formulae A(x) in which no quantifiers occur. It is not
difficult to prove that these axioms are effectively true in the usual
arithmetical model; hence so are the theorems. Hence the formula
V A(x) is provable if and only if there is an integer n such that A(ii)
x
is provable; from this we may infer that the system in question is
consistent.

Let us dicuss this result more closely. Once a model of a system is
given and once the axioms are shown to be true in the model, it is
trivial from the point of view of semantics to infer that the system
is consistent. The point of Bernays' consistency theorem is that it
does not use semantics and that it dispenses with set-theoretical
constructions altogether. It is true that we used the semantic relation
I=M F(m, ((m) , n, g(m, n» in the formulation of Bernays' theorem.
Since F is quantifier-free it is clear, however, that this relation can
be defined directly without the whole elaborate semantic theory.
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This elimination of set-theoretical constructions from a consistency
proof is important not only from the methodological point of view.·
There are cases (admittedly rather rare ones) where this elimination
can yield genuinely new results. A case in point is the problem
whether a finitely axiomatizable fragment of Peano's arithmetic
can be proved consistent within the full arithmetic. There is no hope
of using the general semantic method here, for Peano's arithmetic
is far too weak to allow a reconstruction of even the very limited
part of semantics which is needed to prove the consistency of a
finitely axiomatizable subsystem of arithmetic. (For a profound
discussion of these rather intricate matters see Montague [144].)
Let us also remark that the possibility of formally proving the con-
sistency of finitely axiomatizable fragments of arithmetic within the
whole of arithmetic was the basis of the work of Kreisel and Wang
[117] dealing with the lengths of formal proofs.

We shall mention one more result of Gentzen which, although
less general, is certainly no less famous than his theorem discussed
above. This is his conception of a consistency proof of arithmetic
based on transfinite induction (Gentzen [51)).

An adequate formulation of the principle of transfinite induction
in its full generality is possible only in set theory. Gentzen, who
was working along the lines drawn by Hilbert, used a much more
restricted principle which can be expressed in purely arithmetical
terms. His principle has the form

(*) /\ {/\ [x -< y ~ A(x)] ~ A(y)} ~ A A(x)
y x x

where A is any arithmetical formula and -< an arithmetically defin-
able well-ordering of integers. As compared with the set-theoretical
transfinite induction this principle is limited in a twofold way:
First, we do not speak of sets and we use the principle only to show
that all integers satisfy an arithmetical formula A. Secondly, we
do not formulate the principle for any well-ordering (which would
require a certain amount of set theory) but only for the very-special
well-orderings that can be defined arithmetically for integers.

For many formulae defining well-orderings of integers the formula
(*) is provable in Peano's arithmetic; hence by Godel's second un-
decidability theorem such special cases of (*) cannot yield the con-
sistency proof. Gentzen's discovery was that there is a formula
x -< y which defines a well-ordering of integers of the type eo = w +
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W W + wwW + .. , and which has the property that the induction
principle (*) for this well-ordering allows us to prove the consistency
of arithmetic. It follows that for such a well-ordering c, the principle
(*) is not provable in arithmetic.

The details of Gentzen's proof are too complicated to be given
here. The general idea is that to each formal proof there is defined
a transfinite number a < co called the height of the proof; it is
shown that if this proof would have as its end formula 0 =1= 0, then
so would also a proof with a lesser height. Hence the existence of
a formal inconsistency would violate the induction principle.

A simpler though not essentially different proof was given by
Schiitte (195]. We shall return to Gentzen's theorem in lecture X
on the occasion of Godel's interpretation of intuitionistic arithmetic.

By way of conclusion, let us try to evaluate the work related to
Herbrand's and Gentzen's theorems from a more general point of
view. There are undoubtedly two opposing trends in the study of the
foundations of mathematics: the infinitistic or set-theoretical and
the finitistic or arithmetical. Herbrand's and Gentzen's original
discoveries belong of course to the second of these trends but the
subsequent work which has been based on these results has borrowed
many ideas from the first. This influence of the set-theoretical
approach is clearly visible in Bernays' consistency theorem in which
semantic notions are consciously imitated in finitistic terms. We
may say that Herbrand's and Gentzen's methods allow us to make
finitistic certain particular cases of set-theoretical constructions.
This intertwining of the two trends and the influence which they
have exerted on each other will also be seen clearly in almost all
subsequent lectures.



Lecture VI

The completeness problem

The completeness problem was formulated by Hilbert well before
the period which interests us here and solved by Godel in 1931. It
is concerned with the relations between the syntactic and the se-
mantic conceptions of logic. The problem can be formulated in two
different ways. We can either consider an uninterpreted formal
calculus, described in purely syntactic terms, and try to find a
semantic interpretation for it; or we can assume as given an inter-
preted language and look for a formal calculus with purely syntactic
rules of proof which would allow us to prove all the true sentences
of the language. Both formulations lead to interesting special results.
We shall deal first with the former formulation, which is the one
used by Godel.

Godel solved the problem for the predicate calculus. It is simpler,
however, to formulate it for a calculus in which there are no quanti-
fiers. In this case a solution can be obtained in a very natural way
by certain algebraic constructions; an extension of these construc-
tions leads to a solution also in the general case.

Let us 'Start with the very simple case in which we are given a
number of axioms each of which is an equation, i?g. x· (y . z) =
(z : y) . z, x . y = y . x eic.; the dot denotes here a binary operation
which we shall call "multiplication" in order to have a word for it.
The problem is to construct a model in which these axioms are true,
i.e. to define a set and a binary operation on the elements of the set
such that all the axioms are satisfied under this interpretation. In
this form the problem is very well known for algebraists, who call
it the problem of constructing a free system satisfying given
equations. The construction runs as follows: we consider "words"
in a (finite or infinite) alphabet A, i.e. finite sequences of symbols
correlated with the elements a of A. We call two words equivalent
if one of them can be obtained from the other by transforming it
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according to the axioms. For instance, in case of the two axioms
mentioned above and of an alphabet containing symbols a, b, the
words (ab) [(ba)b] and [(aa)b](bb) are equivalent.

The elements of the model we are looking for are the equivalence
classes of words under this relation. The operation X interpreting
the multiplication is defined at Is] X [i] = [(s) (i)] where [s] denotes
the equivalence class containing s.

Let us pass to a more complicated situation where the axioms
are not necessarily equations but still contain no quantifiers. The
axioms are thus propositional combinations of atomic formulae
R(t1' ..., it) where R 1• R 2, • •• are predicates and i 1, •.., ilc are
terms. We assume that the identity predicate occurs among the
Rj's and that the appropriate axioms for identity are among the
axioms of the theory. A model is now determined by a set (the
universe of the model), by the interpretations of the operations and
by the interpretations of the predicates. We construct it in the
following way: we add the symbols of some alphabet A to the theory
and consider only constant terms, i.e. terms which contain no vari-
ables. We can repeat our previous construction: two co-nstant terms
i1, i 2 are called equivalent if the formula i1 = i2 is provable in the
theory.

The set of all equivalence classes is taken as the universe of the
model; the predicate Rj is interpreted as the relation which holds
between the classes [i 1], ••• , [i1;] if and only iftheformula Rj(t!' . . ., it)
is provable. Finally, the primitive operations on these classes are
defined in the same way as in the case discussed previously.

It is not difficult to show that if the theory is complete with
respect to formulae containing neither variables nor quantifiers,
then all the axioms of the theory come out true under the inter-
pretation thus obtained. This is no more true if the theory is in-
complete, but it is obvious how to rearrange the proof so as to
obtain a solution. After adjunction of A we extend the theory to a
more comprehensive one which is complete with respect to the
formulae in question, and perform our construction for this extended
theory.

The extension of a theory to a complete one is a meta-logical
problem which possesses a very clear algebraic content. It is closely
connected with the theory of representations of Boolean algebras
developed by Stone [217]. Stone's representation theorem shows that
every Boolean algebra B is isomorphic with a field of sets. The main
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tool in his theory is the concept of a filter (or an ideal) of B, i.e.
the concept of a subset F of B such that x, y e F - X A Y € F and
x € F _ x V Y € F. A filter which is different from B but which
cannot be extended to a filter different from B is called maximal.
It follows from Stone's theory that every filter different from B can
be extended to a maximal filter. This theorem is in fact equivalent
to his representation theorem.

Formulae of a theory can be treated as elements of a Boolean
algebra if we identify mutually equivalent formulae. It turns out
that the filters and maximal filters of this algebra have a very simple
interpretation: a filter consists of formulae provable in an extension
of a given theory (obtained by an adjunction of new axioms), and
a maximal filter consists of formulae provable in a consistent COlIl-

plete extension of the theory. It is thus seen that the solution of the
completeness problem for a theory with quantifier-free axioms
follows from Stone's representation theorem for Boolean algebras.

There are several methods to extend the completeness theorem
to the case of the full first-order logic. One of them uses what is
known as the epsilon-theorem. This theorem shows that every con-
sistent set S of axioms can be replaced by a consistent set of quanti-
fier-free axioms which form a set at least as strong as S. One obtains
this new system by adjoining to the given theory certain new pri-
mitive operations (called Skolem or Herbrand functions). Each
model of the old system can be recovered from a model of the new
system simply by dropping the interpretations of the symbols not
present in the old theory. The consistency proof for the extended
system is not immediately obvious, however, and it is perhaps
easier to prove the completeness theorem first and derive from it the
s-theorem.

Another method which does not require any extension of the list
of primitive notions of a theory was invented by Henkin [76]. It
rests on a deeper analysis of the maximal filters and the relations
they bear to models.

Let us consider the Boolean algebra B of sentences (i.e. formulae
without free variables) of a first-order theory T to which we add
constants denoting elements of an infinite alphabet A and the axioms
stating that these constants denote different objects.

Every model whose universe I is the set of equivalence classes [I]
of terms (without variables) determines a maximal filter F in B.
This filter consists of all sentences true in the model. It is not



50 FOUNDATlONAL STUDIES [89),54

true, however, that every filter determines a model. For instance,
if a filter contains all the sentences of the form -, A(t) and in addi-
tion the sentence V A(x), then it is clear that it corresponds-to no

x
model. It turns out that this situation is the only one which can
prevent a filter t~ correspond to a model. If F is a maximal filter
in B with the property that

for every formula A with one free variable, if the, sentence
(*) V A(x) belongs to F, then so does at least one formula of the

x
form A(t),

then there is a model (with the universe I) which corresponds to the
filter. Hence the completeness problem will be sslved when we show
the existence of a maximal filter F with the property (*). In case
of a denumerable set A several such proofs are known: Rasiowa and
Sikorski [172] were the first to prove this theorem by means, of
topological methods; Tarski (quoted by Feferman in [33]) replaced
them by purely Boolean ones, and Rieger [175] used for the same
purpose the representation t.heory of Boolean algebras.

For a non-denumerable set A these methods are not applicable,
and we must either use the methods based on the s-theorems or
a (suitably adapted) method of Henkin [76]. We may note that the
first hint of a completeness theorem for a non-denumerable ,A was
given by Tarski in an appendix to [222] (c/. also Malcev (134]).

A fruitful method of proving the completeness theorem was de-
vised independently by Beth [7], Schutte [195 a], [195b], and
Hintikka [82]. The essence of their method (which was clearly influ-
enced by Gentzen-type formalizations of logic) is to look system-
atically for a possible counter-example to a given formula F. Let us
sketch this proof:

We shall call a conjunctive a finite sequence of formulae, each
provided with one of the symbols + and -, e.g. a = <F+, G-,
H-, K+ >. The meaning of such a conjunctive is the same as that
of the formula F /\ (-, G)/\ (-, H) A K. The void sequence A is
also counted as a conjunctive. We shall define certain operations
on conjunctives. For a given conjunctive a we first determine whether
it contains a pair of formulae F+, F-; if this is the case we put {(a, n) =

g(a, n) = A (the void sequence). Otherwise we determine the first
formula F in a (i.e. the one farthest to the left) which is not an
atomic formula. If there is no such formula F we put {(a, n) =

g(a, n) -= a. In the remaining cases we define {(a, n) and g(a, n)
as follows:
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{(a, n) = g(a, n) = < ..., Fi >
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(dots represent here formulae different from F present in a);

6. F = (VF I(X» +
x

{(a, n) = g(a, n) = < ..., Fi, Gi .>:

{(a, n) = g(a, n) = < ..., pt, G1 >;

{(a, n) = < , Fi >,
g(a, n) = < , Gi .>:

{(a, n) = < , F1 .>.

g(a, n) = < , G1>;

{(a, n) = g(a, n) = < ..., (F1(n» + >;

{(a, n) = g(a, n) = < ..., (F1(n»- .>:

{(a, n) = g(a, n) =

= < ..., (1'\(0»+, ..., (F l(n»+, (/\FI(X» + >;
x

9. F = (VF 1(x» - {(a, n) = g(a, n) =
x .'

= < ..., (F1(0»-, ..., (F l(n»-, (VF I(X»- >.
x

Now for any formula F without free variables we construct a
refutation tree T of F. To this end we consider the full binary tree
as drawn in diagram 4,

Diagram 4.

F-

g(a, n)

tea, n)
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and place <F-> in the vertex O. We further agree that whenever
a non-void conjunctive a is placed in a vertex V, then f(a, n) SInd
g(a, n) are placed in two vertices immediately following V. The value
of n (which matters only incases 6--9) is determined as follows:
in applying rules 6 and 7 we choose as n the smallest possible
integer not yet used in the tree; in the rules 8, 9, we take as n the
greatest of the integers already used.

Dropping from the tree all vertices not occupied by conjunctives
we obtain a refutation tree T of F. The branching points of Tare
all binary; hence by a well-known theorem due to Konig the tree
is either finite or contains an infinite branch. In the former case F
is provable and in the latter there is a model in which F is false.
This model is defined by taking as its universe the set of all inte-
gers and interpreting a predicate, say P, as the relation R which
holds between the integers nl' ..., nt, if and only if the formula
(P(n 1, 0 • 0' nk»+ eventually appears in the conjunctives lying on
the branch.

What is remarkable in proofs of this type is that they allow us to
construct immediately a formal proof of F provided that no counter-
example to it exists.

The construction sketched above differs but inessentially from
the one used by Beth.

The completeness theorem found numerous applications to purely
algebraic imbedding problems. It is important for such applications
that the theorem be proved for a set A of arbitrarily high power.
The possibility of applying the completeness theorem to such prob-
lems was first pointed out by Malcev [134] who also published the
first proof of the theorem independent of the cardinality of A (Mal-
cev's proof was not entirely correct but his mistake can easily be
corrected). A typical example of the applications in question is a
theorem which says that each partial ordering of a set can be ex-
tended to a complete ordering. More sophisticated applications were
given by Malcev [135] and by Henkin [78].

As the most important meta-mathematical application of the
completeness theorem we mention the result that an incomplete
theory based on the first-order logic always has at least two non-
isomorphic models. Indeed, if F is a formula which is neither prov-
able nor refutable in a theory T, then theories T' and T" obtained
from T by adding F and >, F to its axioms are consistent and thus
have models which of course are non-isomorphic. We can prove
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similarly that if T is an essentially incomplete theory, then it has
2 Ko non-isomorphic denumerable models. In particular, Peano's
arithmetic has 2 Ko non-isomorphic denumerable models. The
existence of such models was first proved by Skolem [209]; the
proof sketched above was indicated by Godel in a review of Sko-
Iem's paper.

The completeness theorem can also be used to establish the ex-
istence of non-isomorphic models of certain complete theories. Let us
take as an example a consistent extension T of Peano's arithmetic.
By adding Skolem functions we obtain a theory T' which is based on
axioms none of which contains quantifiers. We know already that
every model of T' determines a model of T. Now we add to T' a new
constant a, obtaining a theory T' ~). As was already pointed out
above, every complete extension T* of T'(a) determines a model
whose universe is the set I of all terms of T'(a). The question is now
how many such complete extensions T* of T'(a) there are. In order
to answer this question we look at the Boolean algebra B' of all
formulae of T with one free variable x. The set of formulae F(x)
such that F(a) belongs to T* is clearly a maximal filter in B', and
every such filter determines a complete extension of T'(a). Since,
in the case of arithmetic, there are 2 Ko maximal filters in B', we
obtain 2 l(, models. A model M* corresponding to a complete ex-
tension T* of T'(a) can be isomorphic to a model M** corresponding
to a different complete extension T** of T'(a), but the number of
such exceptional extensions T** is at most denumerable since in
the isomorphism between M* and M** the element a can be mapped
only on one of denumerably many terms, and the image of a deter-
mines already the image of the whole of M*. It follows that there
are 2 Ko non-isomorphic denumerable models.

We thus see that the existence of mutually non-isomorphic de-
numerable models of a complete theory depends not on the structure
of the Boolean algebra B of sentences but on the structure of the
algebra B' of formulae with free variables. The importance of this
algebra was first noted by Ryll-Nardzewski [188]; we shall say more
about it later when discussing the theory of models.

Several important problems arise when we consider the effectivity
of the methods used in the proof of the completeness theorem. We
have here really two problems: one concerning methods used to prove
the existence of at most denumerable models, and the other con-
cerning methods used to prove the existence of models of any car-
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dinality. Let us start with the second problem, which clearly belongs
to the abstract set theory.

After the discussion above it should be clear that the completeness
theorem is a consequence of the theorem known as the fundamental
theorem of Boolean filter theory, which states that every proper
filter in a Boolean algebra B can be extended to a maximal filter.
It is easy to show that this theorem is in fact equivalent to the
completeness theorem for systems of logic in which we allow an
arbitrary number of individual constants (cl. Los [125]). The funda-
mental theorem is known to follow from the axiom of choice; it
has also been proved that it is independent of the axioms of set
theory without the axiom of choice (cf. [123]). The more difficult
question whether the axiom of choice is equivalent to the fundamental
theorem has recently been answered negatively by Halpern [72].

Let us now consider the construction of denumerable models; we
can assume that the elements of our models are integers. The natural
question to ask here is whether the models one obtains by using the
completeness theorem are always recursive or at least recursively
enumerable. To make the question more explicit let us assume that
F is a formula with (say) one binary predicate. An interpretation
of F in the set N of integers is a binary relation, i.e. a set R of ordered
pairs. The problem is to find out whether there is a recursively
enumerable R such that F is true in the model <N, R>. The answer
to this problem is negative. An example of a formula for which there
exists no recursively enumerable model is provided e.q. by the con-
junction of all the axioms of set theory (in the formulation of Godel

[60]). This example is due to Rabin [165].
Kleene [104] and Hasenjaeger [75] showed that one can always

find a model in which R is defined in the form

m R n = /\ V S(m, n, z; y)
x 11

and in the dual form

m R n = V /\ S'(m, n, z, y)
x 11

with recursive Sand S'. Putnam [163] obtained an even simpler form

q

m R n = V [V Sp(m, n, x) 1\ /\ .., S'p (m, n, y))
p=o x 11

with recursive Sp and S' p'
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Putnam's result is the best possible one for formulae without the
predicate of identity; for formulae with this predicate we can impose
an additional requirement on the model to the effect that the pre-
dicate of identity be interpreted as identity. The exact form of the
simplest definition of a model is not known in this case.

Worth noting here are some strange features of the recursive
models of certain simple axioms, For instance, Peano's arithmetic
is known to possess just one (up to isomorphism, of course) recursive
model; among all the 2 Ko denumerable models non-isomorphic to
the usual (standard) one there is not a single one which would be
recursive or even recursively enumerable (ct. Feferman [35], Scott
[196]). It is not quite clear what causes this peculiar behaviour of
various axiomatic theories and what prevents some of them from
admitting recursive models at all and others from admitting more
than one such model.

Several attempts have been made in the literature to generalize
the completeness theorem to more comprehensive systems of logic.
Let us consider e.g. a language which differs from the usual system
of logic by containing one additional quantifier (Sx) (to be read
"for at most finitely many x"), additional axiom schemas

/\ ..., F(x) -+ (Sx) F(x);
x

/\ {F(x) = [(x = Yl) v ... V (x = Yn)J) -+ (Sx) F(x)
x

and one additional rule of proof which allows us to obtain the
formula >, (Sx) F(x) from the infinite list of formulae

V F(x),.., V ... V /\ {F(x) - [(x = Yl) v ... v (x = Yn)J),
x y, Un x

n -=- 1,2•...

The completeness theorem for this infinitistic logic can be ob-
tained by the algebraic or by the topological method and also by
the Beth - Hintikka - Schutte method. This was staed explicitly
by Schutte [195a j . It is significant that the methods based on the
s-theorems do not work in this case. We shall later say more about
the reasons why these methods cannot be used here.

If we pass to higher logical systems the situation becomes quite
different. Let us take as an example the second-order logic. As was
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remarked in lecture II, the syntactic structure of this logic does not
decide whether it is essentially different from the first-order logic.
All depends on what kinds of models of the sentences of this logic
we admit. If we do not impose any limitations, the completeness
theorem will continue to hold and we obtain a completeness theorem
which says that a formula which is not refutable has a model in
which the second-order variables are restricted to a certain subclass
of the full class of subsets of the universe. This result was first ob-
tained by Henkin [77] whose paper has essentially contributed to
a better understanding of what higher-order logic really is.

However, if we admit for our second-order logic only models in
which the range of the second-order variables is the full class of all
the subsets of the universe, then Godel's first undecidability theorem
shows that the completeness theorem is no more true and cannot
be saved unless we decide to strengthen so the axioms and rules of
proof that they will no longer be effective.

These considerations lead to a different approach to the com-
pleteness problem, which is the second approach mentioned in the
beginning of this lecture. We take as a starting point not the formal
calculus for which an interpretation is to be found but, conversely,
a language and a class of "admissible" interpretations of it. The
problem is to construct a formal calculus on the formulae of this
language such that precisely those formulae are provable which are
true in all the admissible models. If by a calculus one means a finite
set of recursive rules, then one can in some cases use results from
the recursive function theory to prove that no such calculus exists.

There are many results pertaining to the problem just indicated.
It is easy to show e.g. that for the logic with the quantifier S inter-
preted in the way indicated above the solution of the problem is
negative: the calculus with the infinitistic rule which we discussed
cannot be replaced by a calculus with a finite number of recursive
rules. This is the case simply because the set of formulae which are
true in all models is not recursively enumerable. We may note that
this set would be recursively enumerable if the s-theorem were true
for this logic.

If we now change the interpretation of S to read: "there are at
most denumerably many elements such that ...", then the problem
admits a positive solution: using results of Fuhrken [48], Vaught
[239] showed not long ago that there exist recursive rules allowing
one to prove exactly the formulae which are true in every model
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(with this interpretation of S). For many other special cases the
problem remains open.

As another example let us consider the following problem:
We leave the language of the predicate logic unchanged but

narrow down the class of admissible models. Vaught [238] has in-
vestigated the classes of formulae which are true in all recursive or
recursively enumerable models and found that none of these classes
can be axiomatized by recursive rules. A similar result was found
earlier by Trachtenbrot [233] who found that the set of formulae
true in all finite models is not recursively enumerable although it is
a complement of such a set.

The problem which we discussed in the last few paragraphs canbe
formulated for various non-classical logics provided we can give them
an interpretation. For instance, we may take the interval [0,1] as
the set of truth-values (in the case of ordinary logic there are exactly
two truth-values) and interpret the propositional connectives as
functions defined in this interval and taking their values from it.
Quantifiers are interpreted as functions from the subsets of [0,1]
to [0,1]. We can then define the basic semantical notions in the
same way as in the two-valued case and ask whether the set of
formulae true in every model is axiomatizable by a finite set of
recursive rules. Chang [15], Scarpellini [193] and others have achieved
some results in this direction; it is hard to say, however, whether
investigations of many-valued logics will eventually prove to be
more than a mere curiosity.

The completeness problem is an interesting example of a question
which arose from philosophical investigations concerning the relations
between formal calculi and semantics and which has found many
purely mathematical applications in spite of its philosophical origin.
One often speaks of the relevance of mathematical logic to algebra;
it is chiefly the completeness theorem that allows one to connect
these two disciplines in such a way that they can deeply influence
one another.



Lecture VII

Further development of the recursive function theory

Full and partial computable functions are very well suited to the
needs of constructively minded mathematicians. The development
of the theory of these functions lead to new notions and construc-
tions however, which do not any more conform completely to the
philosophy of constructivism. Most of these new notions were in-
troduced by Kleene. We sball here describe some of them. They are
important for purely mathematical reasons but also because they
allow us to study some semi-constructivistic theories.

Relative computability. This important notion due to Kleene is
best explained in terms of machines. Let ( be a function with one
argument defined in the set of all integers and taking on integral
values. We can view such a function as a device supplying us with
the information that reO) is the valued ( at 0, f(l) at 1, and so on.
Let us imagine a machine in which this infinite amount of informa-
tion is stored and which performs the same steps as an ordinary
machine. In the course of calculation the machine is from time to
time asked to take from the memory the value of { at a point which
has been calculated before. A function g calculated by such a machine
is called computable with respect to [. The number of times the
maclline must draw on the information about the values of (depends
in general on the particular argument n which :tppears in the input
of the machine but is always finite. Thus in order to calculate g for
a given value n of the argument we need only a finite number of
values reO), to), ..., fez), where z depends on n. Instead of this se-

quence we can use the single integer p~(O)+1 ••• p~(z)+1 = fez) which
synthetizes so to speak the finite sequence of the exponents (Pi
denotes the j-th prime).

Kleene [98] proved that a (partial) function computable relative
to ( has the form

(1) yen) = U min; (R({(z), n»
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where U is a fixed primitive recursive function and R a primitive
recursive relation. In order to make this resnIt plausible we may
remark that in the course of the computation of g(n) the machine
performs a process which can be described arithmetically by means
of an integer p. We are here invoking of course the whole machinery
of Godel numbers. The process depends on the integers {(O), ... , {(z),

i.e. p is a function of {(z) and of n. This function is a partial one not
only because 9 is not necessarily a full function but also because p
is undefined if the value of z is too small; the machine cannot com-
plete its work if a sufficient number of the values {(j) is not at hand.

A more detailed analysis shows that the dependence of p on ((z)
and n is given by a recursive relation, say S, whereas the value g(n)
is obtained from p by a recursive operation U1" Taking all these
observations together we come to the equivalence m = g(n) =
V [S(p, ((z), n)/\ (m = U 1(p))] from which we obtain (1) by easy

z, p

formal transformations.
A similar relativisation is possible for the notion of a recursively

enumerable set: a set A of integers is recursively enumerable with
respect to { if A is either void or is the set of values of a function
computable with respect to [.

Degrees. (Kleene and Post [l09}). If 9 is a partial function comput-
able with respect to {, then we say that its degree is smaller than
or equal to (: deg(g) :::;; rleg(f). The degree of ( is defined as the set
of all functions 9 satislying both inequalities deg(g) ::;; deg(f) and
deg(f) ::;; deg(g).

The degrees form a very interesting structure and much work has
been devoted to them. Let us mention a Iew faets found in the course
of this work.

Degrees form an "upper semilattice", i.e. for every two degrees
a, {3 there is a smallest degree y which satisfies a ::;; y and {3 ::;; y.

It 'is not true, however, that for any two a, /3 there is the greatest
degree y which satisfies a 2:: y and {3 2:: Y (c/. [109]). The first result
is almost obvious but the second requires a rather ingenious proof.

One shows easily that the cardinal number of degrees is that of
the continuum. Less obvious is the fact established first by Shoen-
field [205] that there exists a set of mutually incomparable degrees
whose cardinal number is that of the continuum.

The lowest degree 0 consists of course of computable functions.
Higher degrees can be found among the arithmetically definable
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functions which were first introduced by Kleene [98]. A function {
is arithmetically definable if there is an arithmetical formula A
which defines {, i.e. has the property that for every n the number
((n) is the only integer m such that A(n, iiz) is true in the standard
model of arithmetic. The number of quantifiers in A serves as a
measure' of the complexity of the definition. Functions which can
be defined by a formula with n quantifiers but not by a formula
with less than n quantifiers belong to the n-th class of the.arithmet-
ical hierarchy. In order to avoid misunderstanding we remark that
the atomic formulae of A have the form y = {(xl' ..., x n ) where {
is any computable function.

The simplest class after 0 consists of the characteristic functions
of recursively enumerable sets. From what was said in lecture IV
we infer easily that there exists a "universal" recursively enumerable
set K, i.e. a set K such that every recursively enumerable set X
is representable as {n: {(n) £ K} with a computable [. It follows
that the characteristic function Cx of X has a degree less than or
equal to that of the characteristic function of K. Denoting the latter,
degree by 0' we obtain deg(cx) :5 0'. Since there are X such that
cs: is not computable we obtain 0' =I=- O.

Most non-computable recursively enumerable sets one encounters
in mathematical logic are of degree 0'. It would be more accurate
to say that their characteristic functions have this degree; for simplic-
ity's sake we shall nevertheless identify sets with their characteristic
functions.

Thus e.g. the set of the Godel numbers of theorems provable in
any computable extension of Peano's arithmetic has the degree 0';
also the set of (the numbers of) refutable sentences has this degree.
Several sets which are not recursively enumerable also have this
degree, e.q. the set of the Godel numbers of undecidable sentences of
any such theory, and the set of the Godel numbers of first-order
formulae which are true in every finite model etc.

Sets recursively enumerable with respect to K have again a
"universal" set; "the degree of its characteristic function is denoted
by 0". Evidently 0" > 0'. We can define similarly the degrees
0"', 0"" etc.

We could start not with 0 but with any degree and form the
degrees a', a", ... In order to obtain (deg(f)' we take the degree of
a function which is universal for all the functions g whose degrees
are :5 deg(f). Evidently this construction requires a proof that such
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a function exists and that its degree is determined by deg(D. Thus
we see that the jump operation' allows us to show the existence of
arbitrarily high degrees. The iteration of the jump operation does
not exhaust all possible degrees. There are e.g. degrees greater than

(n)
each of the degrees 0 ,n = 1, 2, ....

The fine structure of the set of degrees is very complicated. The
most detailed account of this difficult subject is given in [190].

The computation of the degree of a given set or - in case this set
(or its characteristic function) is arithmetically definable - the
determination of its place in the arithmetical hierarchy presents in
general a very difficult problem. We saw examples of such problems
in the previous lecture where we discussed arithmetically definable
models for single formulae of the predicate calculus. Several more
mathematical examples can be found in [185]. An interesting example
was given by Specker [213] who considered complete extensions of
Peano's arithmetic. Such extensions can never be recursively enumer-
able but one can find them already among sets of degree ON; Specker
showed that no Boolean combination of recursively enumerable
sets (of formulae) can be a consistent complete extension of .arith-
metic.

The set of arithmetical formulae which are true in the standard

model of arithmetic has a higher degree than any O(n,; this set
therefore provides us with a simple example of a set which is not
arithmetically definable.

Properties of recursively enumerable sets. These sets were studied
very extensively, probably because of their relevance for mathemat-
ical logic and the theory of machines. The chief contributor to the
theory was Post whose paper [160] marks the beginning of a new
era in this field.

1. Post's theorem. It was known long ago that a set which is
recursively enumerable and which has a recursively enumerable
complement is computable, i.e. has a computable characteristic
function. We proved this theore-m on p. 39. Generalizing this
result Post showed that if a set X as well as its complement belongs
to the same class of the arithmetical hierarchy, say to the n-th one,
then X is recursive relative to a set belonging to a lower class of the

hierarchy, i·.e. the degree of X is :::; o'":".
The theorem reminds one of a similar result on analytical sets:

a set which is analytical and whose complement is analytical is a
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Borel set. The analogy is imperfect, however, as we can see from the
following theorem which is true for recursively enumerable sets but
false for analytical sets:

2. Theorem on non-separable sets (Kleene [100]). There are pairs
of disjoint sets X, Y which are recursively enumerable (relative
to a function f) but which cannot be separated by a set computable
with respect to f. In other words there is no set R computable (relative
to f) such that X c Rand Y c -R.

A simple example of such a pair is the set X of (the numbers of)
arithmetical formulae provable in Peano's arithmetic and the set Y
of (the numbers of) arithmetical formulae which are refutable in it.
Of course the essential undecidability of Peano's arithmetic is an
immediate consequence of the non-separability of X and Y. Several
theories much weaker than arithmetic also possess the property of
non-separability, i.e. the property that the set of theorems and the
set of their negations are non-separable.

In another example due to Trachtenbrot [233] we take as X the
set of (the numbers of) formulae of the predicate calculus which are
false in at least one finite model and as Y the set of (the numbers of)
provable formulae of this calculus.

Inseparable sets have found numerous applications. For instance,
they are used in constructing first-order formulae which have no
recursively enumerable models, in a proof that Peano's arithmetic
has exactly one recursive model (ct. lecture VI), and in several other
constructions.

3. Recursively enumerable sets of special kinds. Post asked in his
paper [160] whether there exist recursively enumerable sets of
different degrees. His paper contains an account of various unsuc-
cessful attempts to solve this problem. Post stated that the set K
of the degree 0' is in a certain sense small: For every recur-
sively enumerable set X disjoint of K it is possible to determine
effectively (from the definition of X) an integer not in X U K. Post
called such a set creative. All creative sets have the degree 0', and
thus are unsuitable as possible candidates for the solution of the
problem. Looking for a possible example of a recursively enumerable
set of a smaller degree, Post constructed "big" recursively enumer-
able sets. His simple sets 5 have the property that -5 does not contain
any infinite recursively enumerable sets. Still bigger are the hyper-
simple sets H whose characteristic property is that if F l' F 2' •••

is any recursively enumerable sequence of finite sets, then only
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finitely many F/ s have non-void intersections with -H. The sets
constructed by Post proved to have the degree 0' and thus did not
help him to settle the problem. They were nevertheless subjected to
further study partly of a purely mathematical and partly of a meta-
mathematical character. Thus e.g. Myhill [154J showed the recur-
sive isomorphism of any two creative sets, and Grzegorczyk [68]
showed how to obtain easy proofs of Godel's undecidability theorem
by using simple or hypersimple sets. The literature on various kinds
of recursively enumerable sets accumulated so rapidly between 1950
and 1960 that it is not possible to discuss it here in detail.

4. The Friedberq-s-Muinik method. Post's problem was solved
simultaneously by Friedberg [44] and Mucnik [153J in 1956, that is
full 12 years after the problem was stated. Their construction is
highly technical, and we find it impossible to describe it here. We
shall only say that the general plan is to obtain two recursively
enumerable sets A = VAi, B = l) B, where Ai and Bj are finite

I 1
sets and where neither of the sets A, B is recursive in the other. The
definition proceeds by stages: at even stages s = 2i we take care
of the set Ai and at odd stages s = 2j + 1 of the set Bj;

If the characteristic function cA of A were computable relative
to cn we would have a relation

(2) CA(X) = V (min T(cB(z), x, e»
z

where T(m, n, 0), T(m, n, 1), ... is a computable enumeration of all
primitive recursive binary relations. Now the choices of Ai at the
stages s = 2i are performed so as to obstruct relation (2) for a value
ei, where Ci ranges over all integers as i increases. Choices of the
sets Bj are similar but with the roles of A and B reversed. Of course
at no stage s are the sets A, B completed, and we are in fact not
obstructing relation (2) but a similar relation between the char-
acteristic functions of the approximating sets U Ai, U B j • Thus

i :5,sl. j :5,sl.

a special care must be taken to make sure that no further choices
make the relation obstructed at some stage of the approximation to
reappear in the limit.' The method which assures this is called the
priority method.

5. Various applications of the Friedberq-s-Muinik method. This
powerful method made it possible to solveseveral problems concern-
ing recursively enumerable sets and degrees as well as their relations
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to meta-mathematics. We may mention as an example the result
of Sacks [190J according to which every countable partially ordered
set can be embedded in the semilattice of degrees. A result due to
Friedberg [46Jsays that there exists a "maximal" recursively enumer-
able set M such that the complement -M is infinite but cannot be
divided in two infinite parts of the form R n (-M) and (-R) n (-M)
where R is recursively enumerable, i.e. that no recursively enumer-
able set is able to divide -M into two infinite parts.

An example of a meta-mathematical application is provided by
a result of Shoenfield [206J who showed the existence of an axiomatic
theory (based on an infinite set of axioms) which has the properjy
that the set of the Godel numbers of its theorems is a recursively
enumerable set of any preassigned degree a < 0'. For 0 < a < 0'
we obtain an example of a theory which is undecidable but such
that its undecidability cannot be proved by reduction to arithmetic.
As we noted above the set of the Godel numbers of theorems
provable in Peano's arithmetic have the degree 0'. Feferman [34J
gave some general criteria as to when this degree is 0' in case of
an arbitrary theory.

Recursive well-orderings. We have already remarked that the
theory of computable functions and its generalizations were created
for the purpose of reconstructing some fragments of classical mathe-
matics along constructivistic or nominalistic lines. We shall say more
about these attempts in lecture XI. Of course the attempts to re-
construct some parts of the classical set theory in computable terms
belong to this program. We include a brief discussion of computable
well-orderings already here since they will be needed in the next
lecture.

Let R be a primitive recursive relation whose domain and counter-
domain consist of integers. If R is a well-ordering of a recursively
enumerable subset of the set N of all integers. then we say that R
is a recursive well-ordering.

We know that all primitive recursive relations can be arranged
in a sequence Ro• R 1, ••• in such a way that the three-argument
relation Re(x, y) is computable. The set of indices e such that R e
is a recursive well-ordering is denoted by 0; it plays an important
role in the theory of recursive well-orderings.

The ordinal types of relations Re, e in 0, form an initial segment
of the Cantorian second number class. The smallest ordinal not
belonging to this segment is denoted by WI and called the first non-
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constructive ordinal. It is a denumerable ordinal, yet there is no
primitive recursive relation of this type. It is possible to show that
there is no arithmetically definable well-ordering which would have
the type WI'

Recursive well-orderings are important chiefly because they allow
us to express in purely arithmetical terms definitions which usually
are expressed in set theory. We have in mind some particular cases
of what are known as the definitions by transfinite induction.

A typical definition by transfinite induction consists of three
clauses

(i) Ao = A,

(ii)

(iii)

A~+t = F (A~),

A.it = U A~ (A is a limit number)
~<A

where A is a set and F a function whose arguments and values are
sets. This definition is expressed in set theory because we use in it
the notion of an ordinal. If we are interested only in values of A~
for ~ < a < wI' however, we can eliminate ordinals in favor of
integers ordered by a recursive relation R, with e chosen so that the
type of Re be a. What we define is a function A(n) from integers to
sets; the three clauses of the definition now become

(i') if no is the first integer with respect to the ordering relation
R e, then A(no) = A;

(ii') if n' is the immediate successor of n in the ordering R e, then
A(n') = F(A(n»;

(iii') if n does not have an immediate predecessor in the ordering
R e, then

/\ {x E A(n) =V [(y =1= n) 1\ Re(y, n) 1\ (x E A (y»)J }.
x y

(The formula in (iii') says that A(n) is the union of the sets A(y)
where y preceeds n in the ordering R e.)

As we see, the set-theoretical notions have disappeared from the
definition unless they are present in F.

We can also formulate an arithmetical counterpart to proofs by
transfinite induction. Corresponding to each e in 0 (such that the
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field of R, consists of all integers) and to each arithmetical formula G
strongly representing Re we have an arithmetical axiom

(*) A {A [(n -=1= m) A G (n, m) -+ A(n)] -+ A(m)} -+ A A(n)
m n n

which says that if the truth of A(m) follows from the assumption
that A(n) is true for all n preceeding m (in the ordering R e), then
A.(n) is true for all n.

For certa-in indices e in 0 transfinite definitions (i')-(iii') are no
more powerful t',an ordinary explicit definitions; for some e in 0
and some G the axiom schema (*) is also derivable from Peano's
axioms for arithmetic. However, this is not true for all e in O.

The transfinite definitions here described have been used several
times to obtain extensions of incomplete systems, especially of
systems of arithmetic. First steps in this direction were made by
Turing [235] who tried to remove the incompleteness of arithmetic
by adding to it an undecidable sentence (constructed, say, by the
method of Godel) and repeating this process indefinitely by trans-
finite induction. A precise formulation of this construction was given
recently by Feferman [37].

Another similar application of the transfinite induction to meta-
logical problems was made by Shoenfield [204] who investigated
what is known as the effective rule w.

The rule w is an infinitistic arithmetical rule of proof which says
that whenever all sentences A(O), A(f), ..., A(ii), ... are proved,
then the sentence A A(x) can also be considered as proved. The

x
effective rule w (first proposed by Novikov) strengthens the
assumption: instead of requiring that for every n there is a proof
of A(ii) we assume that there is an algorithm which produces a proof
of A(ii) whenever ii is fed into it. Of course every arithmetical state-
ment is "provable" by a finite number of applications of the rule w.
Shoenfield showed that transfinite iterations of the effective rule to

also yield a complete system of arithmetic.
Several authors have investigated the strength of the axiom (*)

and its dependence on the choice of the formula G as well as on the
choice of e. It turns out that there are indices e in 0 for which axiom
(*) is quite strong and allows one to prove e.g. the consistency of
arithmetic. We shall not discuss this subject but proceed rather to
an extension of the arithmetical hierarchy obtained by means of
transfinite induction of the kind just described.



Lecture VIII

Hierarchies and functionals

In lecture VII we discussed a hierarchy of sets of integers, known
as the arithmetical hierarchy. In mathematical practice we often
encounter sets which do not belong to this hierarchy, and it is there-
fore natural to extend it.

The hyper-arithmetical hierarchy. One obtains it by extending the
arithmetical hierarchy into the constructive transfinite.

Without going into technical details we can describe the process
as follows: We first fix two arithmetically definable functions n,
a such that whenever e is in 0, then so are e' = n (e) and en = a (e, n);

moreover, if the order type of Re is a + I, then the order type of
Rrr(e) is a; and if the order type of R; is a limit number A, then the
order types of Ra(e. n) form a sequence which converges to A.

We want to define, for each e in 0, a universal function Fe whose
values are sets and relations which jointly form the e-th level of
the hyper-arithmetical hierarchy. If the order type of R, is 0, then
we take as Fe a universal function for the family of recursively
enumerable sets and relations. If the order type of R, is a + 1,
then we take as Fe a universal function for the family of sets and
relations which can be formed from sets and relations of the e'-th
class (i.e., from sets and relations Fe,(n) where n = 1,2, ...) by
means of Boolean operations and quantifiers V, 1\, with x ranging

x x
over integers. Finally if the order type of R e is a limit number A,
then Fe is a universal function for the family of sets and relations
of the form'Un F en({(n», where f is a recursive function.

If X is a set (or a relation) such that there is an e in 0 and an
integer n such that X = F e(n}, then we call X a hyper-arithmetical
set (or relation).

The success of this construction is due to the circumstance that
the values of e' and en are given by computable functions :TE, a of e
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and n, These functions are fixed from the beginning and constantly
used in the construction of the levels.

A detailed exposition of the theory based on a definition very
similar to the one given above was given by Kleene [105J. It seems
to me that one obtains an easier exposition if one starts from another
definition based on the notion of representability (c], [71]).

We consider a formal system (8) of second-order arithmetic based
on Peano's axioms for integers with the axiom of induction in the
form

1\ {(O € X) 1\ /\ [x € X - X + 1 e X) _ /\ (x e X)}
X x x

and on the following set-theoretical axioms:

/\ [x € X = X € Y] - (X = Y)
x

V 1\ (x € X = A(x)]
x x

(extensionality),

(comprehension).

In the axiom of comprehension A(x) stands for an arbitrary for-
mula which mayor may not involve set variables but does not
involve X.

In addition to the usual rules of proof we admit into (8) the (strong)
rule w (c], lecture VII). We define hyper-arithmetical sets (relations)
as the ones which are strongly representable in (8).

A related definition was also proposed by Kreisel {114]; he used
certain model-theoretical notions, however, instead of the quasi-
syntactical notion of representability in (8).

Our definition reveals the source of the close analogy between
hyper-arithmetical and computable sets (relations). Indeed, both
these classes are defined as consisting 9f sets (relations) strongly
representable in a formal system; the only difference is that in order
to obtain computable sets we take as this system the usual second-
order arithmetic whereas the hyper-arithmetical sets are obtained
if we adjoin to the second-order arithmetic an additional infinitistic
rule of inference.

Of course we can introduce (total) hyper-arithmetical functions
exactly in the same way as computable functions.

Several definitions used in the theory of computable sets and
functions can now be repeated in the hyper-arithmetical case. We
can relativize the notion of a hyper-arithmetical function by in-
troducing sets (relations, functions) hyper-arithmetical with respect
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to a given set (relation, function) X. To obtain this notion we add
to the symbols of (S) a new symbol E denoting a set and axioms
ii £ B for those integers n which belong to X as well as axioms
-, (ii £ E) for those integers n which do not belong to X. Sets (rela-
tions, functions) which are strongly representable in the resulting
system (Sx) are called hyper-arithmetical relative to X.

Once we have the relative notion we can define degrees, called
here hyper-degrees. The hyper-degree of a set (relation, function)
X is the class of sets (relations, functions) Y which are hyper-arith-
metical with respect to X and have the property that X is hyper-
arithmetical with respect to them.

The notion which corresponds to that of a recursively enumerable
set is of course the notion of a set weakly representable in (Sx). One
can show that these sets coincide with sets definable in the form
{n : 1\ RX(n)} where RX(n) is a relation arithmetical with respect

x
to X. Another form in which these sets can always be represented is

{n : /\ V T (cx(x), n)} where ex is the characteristic function of X,
x :r __

T is a recursive relation, and f(x) is equal to II pf(iHl. Sets defi-
is:r

nable in this form are called II:-sets. An example is furnished by
the set 0 of integers which enumerate all primitive recursive well-
orderings of recursively enumerable subsets of N. The set 0 is
universal for the family II: exactly as the set K defined in the
previous lecture was universal for the family of recursively enumer-
able sets: Every II~-set is representable as {n : f(n) E U} where f is
a primitive recursive function. Thus 0 has the largest hyper-degree
among II:-sets; we shall say that the hyper-degree of 0 has been
obtained from the hyper-degree of hyper-arithmetical sets by the
operation of hyperjump.

The analogue of Post's problem which was so difficult for degrees
turns out very easy for hyper-degrees. Spector [2158

] has shown that
there are no hyper-degrees strictly lower than the hyper-degree of
o but not hyper-arithmetical. He also proved that there are con-
tinuum many incomparable hyper-degrees. His methods are based
on measure theory and category theory.

The analogue of Post's theorem is valid for n~-sets: A n:-set
whose complement is also a n:-set is hyper-arithmetical. The separa-
tion theorem holds for complements of n:-sets: If A and Bare
disjoint and both are complements of n:-sets, then they can be
separated by means of a hyper-arithmetical set. Students of set
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theory cannot fail to note that all these results are but for notational
variation identical with classical results in what is known as the
theory of analytic sets. This theory was initiated by Suslin and
developed further by Lusin and Sierpiriski. It deals with sets of real
numbers or more generally with subsets of certain spaces and in

particular with sets definable in the form V 1\ T (cx(n), a) where
x n

T is a closed set and X ranges over sets of integers. We see thus a
close analogy between these theories: computable relations corre-
spond to close~ subsets of the space, lI~-sets to analytic comple-
ments, and hyper-arithmetical sets to Borel subsets of the space.

As an example of a result obtained by pursuing these analogies
let us note the following development of a n:-set into "constituents :

For every lI~-set P = {n : A V T (cx(x), n)} there exists a prim-
x n '

itive recursive relation C such that

n E: P = V C(e, n) .
e co

This development is an analogue of a theorem of Lusin-s-Sierpinski
according to which an analytic complement is representable as a
union of Borel sets.

The analogies between the descriptive set-theory and the hyper-
arithmetical hierarchy were formulated satisfactorily for the first time
by Addison [2].

The analytic hierarchy. A further extension of the hyper-arith-
metical hierarchy is the analytic hierarchy of Kleene [105J. We
obtain it by dividing sets into classes according to their definitions
just as in the case of the arithmetical hierarchy; however, this time
we allow formulae containing not only the quantifiers A. V whose

x y

range consists of integers but also quantifiers A, V whose range
x y

consists of sets of integers. Thus an analytic class consists of sets
defined by a formula in which alternating set-quantifiers A or V are

x x
followed by a formula with no set-quantifiers. E.g. the fourth analytic
class consists of sets

(i) {k: V 1\ V 1\ VM (cx(p), cy(P), cz(p), cT(p), k)}
x y Z T p

and of sets



[89],75

(ii)
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{k: A V A V AM (cx(P), cy(p), cz(p), cT(P), k)}
x y Z T P

71

where M is a primitive recursive relation:
Sets of the form (i) we count to the class .E~ and those of the

form (ii) to the class ll~.

In the same way as in the arithmetical hierarchy the classes ll;+1
and .E;+t contain sets of a hyper-degree higher than those of all
the sets in ii; and E~. Certain questions which were easily disposed
of in case of the arithmetical hierarchy are very difficult in the
analytic case, however. It is not known, for instance, whether the
separation theorems hold for ll~ -sets when s > 2. It seems probable
that this question cannot be answered at all on the basis of the usual
axioms of set theory (ct. Addison [2]).

We have restricted our account to sets whose elements are integers.
In case of analytic hierarchy it is perhaps more natural to consider
sets whose elements are subsets of N since such sets are admitted
anyhow as values of bound variables. The theory thus generalized
is for all practical purposes identical with the theory of projective
sets developed in the twenties by Lusin and his school. It is known
that this theory abounds in very difficult problems which cannot
probably be solved on the basis of the existing set-theoretical axioms.
An excellent account of interrelations between the theory of hierar-
chies and the descriptive theory of sets is contained in Addison's
paper 12].

Meta-mathematical applications of higher analytical sets are
rather scarce; Scott (unpublished) found some applications showing
that sets representable in languages with infinitely long formulae
are analytic.

Primitive recursive [unctionals. The notions of primitive recur-
siveness and of computability have been extended to objects of
higher types; the first step in this direction was taken by Godel in
1958 [62]. We can look at his idea as a departure from strictly finit-
istic conceptions (which proved to be too weak to serve as a basis
for Hilbert's program) but in quite a different direction from the
one Which leads to the various hierarchies which we discussed above.
Godel's idea whose germ can be found in writings of Hilbert is to
define the notion of computability not only for sets of integers and
for functions from integers to integers but also for objects of higher
logical types. These objects are called functionals.
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Let us explain what functionals are. To this end we first define
by induction certain type-symbols: * is a type symbol; whenever
Tl' •.• , Tk, To are type-symbols, then so is (T l' .•., Tk : To); no other
symbols are type-symbols.

Functionals of type * are integers; if T = (T l' ••• , Tk : To) is a type-
symbol, then functionals of type T are functions with k arguments
ranging over functionals of type Tp ••• , Tk respectively and whose
values are functionals of type TO' Thus e.g. functionals of type (* : *)
are numerical functions, i.e. functions from integers to integers,
functionals of type «* : *) : (* : *» are functions whose arguments
and values are numerical functions etc.

Arbitrary functionals are of course highly infinitistic entities
accessible only to set-theoretists. Godel considered a very narrow
class of functionals called primitive recursive functionals which -
as he showed - are very useful in meta-mathematical investigations.
The definition of primitive recursive functionals is as follows (for
later use we correlate with each functional ( an index Ind(f) which
we give in parentheses):

1. A functional of type (T I, ••• , Tk : *) with a constant value 0
is primitive recursive. (Index: < 1, (T p •.• , Tk : *) >.

2. A functional S of type (* : *) defined by S(x) = x + 1 is prim-
itive recursive. (Index: 2.)

3. If {has the type T = (T I, •••, Tk: To) and is primitive recursive,
then the functional obtained from { by interchanging the p-th and
the g-th argument and the functional obtained from {by an identifica-
tion of the p-th and the g-th argument are primitive recursive.
(Indices < 3, p, g, Ind(f) > and < 4, p, g, Ind(f) >.)

4. If {has the type T = (T I, ••• , Tt : To) and is primitive recursive
then the functional 9 of type (T l' ..., T t, a l' •.. , ap : TO) defined by
the equation

9 (VI' ••• , Vk, WI"'" W p ) = {(V p •••, Vk)

is primitive recursive. (Index: < 5, aI' .•., ap, Ind(D >.)
The operation 4 allows us to add inessential variables to a func-

tional.
5. If (has the type T=(T1, ••• , Tk: TO) and 9 the type (0'1" • •,0'1': T1)

and both are primitive recursive then the functional h of type
(0'l' ••• , an T2' •.• , T k : TO) defined by the equation

h (VI"'" Vr, W 2, ••• , Wk) = {(g(v p •• •, vr), W2"'" Wk) is prim-
itive recursive. (Index: < 6, Ind(f), Ind(g) >.)
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6. If { is a primitive recursive functional of type (oi+l' .•., ok :

(01' ••• , 0i : 00» then the functional lJ of type (01"'" Tk : 00)

defined by the equation h (aI' ..., ak) = [{(a i+1' •••, ak)] (aI' . 0" a,)
is primitive recursive. (Index: < 7, Ind(D >.)

7. If { has the type (TI" •• , TA:: To), i ;::; k, and gl' ..., g, are
functionals of types T1, •• 0' Ti, and t. gl' ••• , gi are primitive recur-
sive then the functional h of type (Ti+l' ••• , Tk : To) defined by the
equation

is primitive recursive. (Index: <8, i, Ind(D, Ind(gI)"'" lnd(y,».)

8. The functional { of type «01' ••• , T k : 00)' T l' ••• , Tk : To) defined
by the equation

is primitive recursive. (Index: <9, (01' ..•, Tk : To) >.)
9. If { and g are primitive recursive functionals of types
(TI' ••• , Tk : To) and (TO *, T I, ••• , Tk: 00)'

then the functional h defined by recursion
h (0, VI' ••• , Vk) = {(v!, ..., Uk),
h (x + 1, v!' ..., Vk) = g (h (x, v!' ..., Uk), x, VI' •••, Uk)

is primitive recursive. (Index: < to, Ind(D, Ind(g) >.)
Godel gave in [62] an axiom system whose smallest model con-

sists of primitive recursive functionals and stated that this system
has the same strength as Peano's arithmetic with a strong schema
of induction

/\ {/\ [x ~ y -'? A (x)] :+ A(y)} -'? /\ A(x),
y x :r:

where x ~ y is a formula which defines a well-ordering of integers
into the type eo. No proof of this assertion has been hitherto pub-
lished. It is obvious from his remark, however, that the theory of
primitive recursive functionals while stronger than the ordinary
Peano arithmetic is nevertheless still an intuitively clear theory
which can serve as a basis for meta-mathematical investigations in
the sense of Hilbert. Godel himself showed such applications; we
shall say a few words about them in lecture X.

A very elegant definition of primitive recursive functionals has
been given by Grzegorczyk [69].

Computable [unciionals. Kleene [106] formulated a problem of
extending to functionals the notion of computable partial functions.
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The definition which he proposed used the machinery of indices
which we introduced together with schemata defining the primitive
recursive functionals. These indices represent a code in which the
process of calculation of primitive recursive functionals is noted. We
consider now a new schema: Let T = (rl' ••• , Tk : To) be a, type
symbol. F, is a functional of type (*, TI, ••• , Tk: TO) such that if Z

is the index of a functional ( of type T and al' ..., ak are functionals
of types Tl"'" x», then F,(z, al' ..., ak) = {(al' ... , ak). We
give to F, the index < 11, T >.

The class of functionals to which an index can be correlated ac-
cording to these definitions is just the class of (partial) computable
functionals in the sense of Kleene.

Kleene gave several definitions equivalent to his original one
(c]. e.g. [107]). The whole theory is still in its first stages and it is
not immediately obvious whether it will find applications to logic.

The actual computation of a Kleene's functional takes on the
form of a tree. If we want to compute the value of a functional
with the iudex z for the arguments aI' ... , ak (of the appriopriate
types) we investigate the form of z and reduce the computation to
the computation of certain other computable functionals. E.g., if
z = < 11, T > and al = q, then we reduce the problem to finding
the value of {(a z' ••. , ak) where {is the functional with the index q.
In more complicated situation we may reduce the problem to that of
finding, say, {(a z" •• , ak) where ( is a functional with the index
a}(h(a 2» where again h is a functional with a given index r. We
have then to compute first h(a 2 ) (which need not be a number but
a function or even a functional), then find the value of aI(h(a z»
which we consider as given once the functional a} is given and then
proceed to evaluate {(a 2 , ••• , an).

Thus we see that the computation tree of {(al' ... , ak) is in general
infinite and its cardinality is very big. Though there are only de-
uumerably many computable functionals, their class can be con-
sidered only by means or-a very strong set theory.

Computable functionals of type (* : *) are just the computable
functions which we discussed in lecture IV. Thus Kleene's general
'definition of computable functionals gives us still another definition
of computable functions. One can find in Kleene's (106] a detailed
proof that his new definition is equivalent to the usual one.

Bar-recursive {unclionals. Spector [216] defined a less infinitistic
extension of primitive recursive functionals. The new principle he
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used to define his functionals was called by him the "bar-recursion".
Its simplest example can be described as follows: Let s range over
finite sequences of integers: s =< so' ..., Sk_1 >; we call k the
length of s and denote it by lh(s). We can identify swith the integer

81+ 1
[[i<kPI . Let Y, OJ and H be functionals with types «*: *) : *),
(*: *) and «* : *), * : *). We assume that Y(D depends only on a
finite number of terms of f, i.e. that there is a P such that Y(fl) =

Y«(2) whenever (1 .and f2 coincide in their first P terms. We now
define the functional F of type (* : *) by the following rule in
which s' denotes the infinite sequence < so' •.., Sk-1' 0, 0, 0, ... >
and s{)a the sequence < So , ••• , sk_i, a >:

F(s) = 0(8)

F(s) = H(). a F(sroa), s)

if Y(s') < lh(s),

if Y(s') ~ lh(s).

The computation of F can be described thus: if Y(s') < lh(s) the
value of F(s) is explicitly given. Otherwise we reduce our problem
to that of finding the function rp(a) = F(sroa). If Y«sroa)') < lh(sroa) =
lh(s) + 1, then <p(a) = O(sroa) and our computation is accomplished.
Otherwise we look for the function '1fJ(a, b) zz- F(sroanb) etc. Because
of the assumption which we made the value of Y eventually ceases
to increase as we take larger and larger extensions of s. Hence after
finite numbers of steps we find the functions rp(a), '1fJ(a, b), ...
and hence the value of F(s).

Spector generalized this idea to arbitrary types and showed that
his bar-recursive functionals can be used to obtain consistency
proofs for second-order arithmetic.

Let us finish this review of the various notions of computability
by taking a look on the tendency which is apparent in the historical
development of the subject.

We started with certain very simple notions, close to the intuitive
idea of computability. The class of objects thus obtained proved to
be too narrow, however. The need of having a round off theory and
of finding objects which would lielp us to fulfil Hilbert's program
forced the logicians to depart more and more from the ideal simplicity
of computable functions and to introduce more and more infinitistic
objects. The tools thus created' have an intrinsic value and formal
applications (e.g. to proofs of consistency). Whether they fit to a
philosophical program of finitism or intuitionism is rather dubious.
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It looks as if extreme finitism were too barren to allow really fruitful
applications; we obtain however important results when we try to
approach it. We shall see in the next lecture how a seemingly very
modest limitation imposed on the unrestricted set-theoretical notions
has led Godel to solve important consistency questions in set theory.
It seems therefore that it is better not to adhere unrestrictedly to
the philosophical program of finitism which did not produce all too
important results; on the other hand some limitations going into the
direction shown by finitists brings extremely interesting and valuable
results.



Lecture IX

Consistency of the axiom of choice and of the
continuum hypothesis

In 1940 Godel published a monograph [60] devoted to the problem
of consistency of the basic set-theoretical hypotheses. His main
proof was widely commented on, and it has exerted a profound
influence on the meta-mathematical and philosophical work of the
last two decades. In view of the importance of the topics dealt with
by Godel we shall discuss them at some length.

The consistency proof devised by Godel is closely related to the
subject developed in last two lectures. Godel constructs a model
in which the axiom of choice and the continuum hypothesis are valid
by extending the arithmetical hierarchy into the transfinite. We
saw in the preceding lecture that the extension of the arithmetical
hierarchy into the constructive transfinite leads to the hyper-arith-
metical sets. If we drop the assumption that the transfinite levels
are to correspond, to recursive well-orderings and allow arbitrary
ordinals as labels of the successive levels, we obtain an incomparably
larger family of sets. These sets were called by Godel constructible
sets; they form a model for all set-theoretical axioms together with
the axiom of choice and the continuum hypothesis.

A constructively minded mathematician cannot understand
Godel's proof, if he is sincere, for he does not accept the notion of
an arbitrary ordinal. He can only interpret this proof in a purely
formal way; ordinals will then be certain objects described in the
axioms of set theory. We shall not take this stand, however, but
rather assume that the general notion of an ordinal is intuitively
clear to us.

The family of sets defined by Godel represents a realization of
what is known as the predicative foundation of mathematics. The'
notion of predicativity was introduced by Poincare at the beginning
of this century. It seemed to him that we shall be able to eliminate
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set-theoretical antinomies by considering only such sets (functions,
relations) as can be defined without referring in the definiens to
any totality involving the object which we want to define. Such
definitions are called predicative.

Godel made these intuitions precise in the following way. Let
A, B, ... be set-theoretical formulae with at least one free variable
x (by a set-theoretical formula we mean a first-order formula built
from the atomic formulae x = y and x E: y). A model for a for-
mula of tliis kind is furnished by an arbitrary family K of sets;
in such a model the symbol' E: is interpreted as the relation "being
an element of". Every formula A with exactly one free variable
determines a subset of K consisting of those elements X in K which
satisfy the condition 1= KA [X]. In case A has k + 1 free vari-
ables we can say that every choice of values Yl' ..., Yk in K for
any k of these variables determines together with A a subset of K:

{x E: K: 1= K A [X, Y1"'" Ykl}.

The family of all sets thus obtained is denoted by D(K) and called
the family of set-theoretically definable subsets of K.

Godel takes now as K o the void family and defines a transfinite
sequence of sets by induction as follows:

K~+1 = D(K~),

K). = U K~
~<).

(In the second formula ~ is a limit number.) Every set in K~+l - K~

is defined without reference to the totality K~+l to which it belongs
and only with reference to a smaller totality. In this sense we can
say that sets which belong to any K$ are admissible from the predic-
ative point of view.

The infinitistic element in this definition lies in the use of arbitrary
ordinals.

Sets which belong to K~+1 - K~ are called constructible at level
; + 1. Sets constructible at any level are called constructible.

Constructible sets form again a hierarchy. Unlike the hierarchies
discussed in the previous lectures this hierarchy extends into the
Cantorian transfinite; we refrain on purpose from imposing any
limitation on the ordinals ~ used for labelling the levels.
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The following hypothesis has been called by Godel the axiom of
ccnstructibility: Every set is constructible. One could object that
this axiom is evidently false since e.g. the set {a, b} consisting of
two objects a, b which are not sets is certainly not an element of
K~ for any ~. For Godel the word "set" has a special meaning,
however: A set is a collection ao of objects whose members are again
sets and which has the property that there are no infinite decreasing
sequences ... an E: an~l E: ••• E: at E: Go. The word "set" in the
axiom of constructibility has this narrow technical sense.

Even with this limitation the axiom of constructibility is a highly
dubious statement. An intuitionist would reject it outright not only
because it contains various infinitistic terms but also because it
states the existence of a law defining an arbitrary set while it seems
more probable that there exist sets which cannot be defined by any
law. Take e.g. a sequence of sets

0, {OJ, {O, {OJ}, ...

which we shall denote for short by iio' iit, ii 2, •••• An intuitionist
would say that we can form a set Z by casting dice and including
lip to Z if and only if in the p-th cast we obtained an even number.
Such a set Z is certainly non-constructible.

In spite of these doubts it must be admitted that the notion of an
arbitrary subset of a given infinite set is not sharply defined and
that different interpretations of this notion seem to exist which are
all compatible with our common intuition. The axiom of construct-
ibility represents a very definite limitation of this notion; thus
various problems whose solution seems hopeless for the unlimited
notion of a set can very well become solvable if we accept the new
axiom.

It is one of the most difficult tasks for a mathematician to decide
whether he has to accept or to reject a new axiom. If sets were real
objects existing in the world in the same sense as physical bodies we
could leave the decision to experiments of some kind: Since nothing
supports this Platonistic assumption, we are left without any cri-
terion of truth if we do not consider as such the formal criteria of
consistency and our very unclear "mathematical intuition"

At present we must resign ourselves to the possibility that there
exist two equally acceptable set theories: one which accepts the
axiom of constructibility and another which rejects it. However
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unpleasant this situation may be for those (rare) mathematicians
who maintain that mathematics discovers truth, we must say that
we see no way of deciding which of these two set theories is superior
1'0 the other.

Independently of what our attitude to these philosophical ques-
tions may be, we can state various formal consequences and pro-
perties of the axiom of constructibility.

The most important result is that the axiom is consistent relative'
to the other axioms of set theory. Godel proved this theorem by
showing that the axiom of constructibility is true in the domain of
constructible sets (which can be defined in the usual set theory),
and that all set-theoretical axioms are true in this domain. The
first fact is proved by an analysis of the notion of constructibility;
we have to show that the definition of constructibility is not affected
by a relativization of the fundamental notions of set theory to the
class of constructible sets. The second fact is proved' by showing
that there are arbitrarily great ordinals ssuch that all set-theoretical
axioms are true in K~. Thus the axioms are not able to distinguish
between the whole universe and certain sufficiently big sets. This
is in effect a well-known principle of set theory known as the reflec-
tion principle.

It is almost obvious that the axiom of constructibility implies the
well-ordering theorem. The set K o is obviously well-ordered, and
the well-ordering of any K~ extends in a natural way co a well-
ordering of K~+1' Thus every K~ can be well-ordered and hence -
by the axiom of constructibility - every set whatsoever can be
well-ordered.

Much less obvious is the fact that the axiom of constructibility
implies the generalized continuum hypothesis. In order to show e.g.
that there are only ~1 subsets of the continuum Godel shows that
every constructible set X of integers is constructible already at a
denumerable level ~. He thus obtains an enumeration of constructible
sets of integers by means of denumerable ordinals, which is precisely
the content of the continuum hypothesis.

The famous contraction lemma of Godel which he used to prove
this fact is in effect a form of the Skolem-i-Lowenheim theorem.
According to this theorem thereIs a denumerable f.amily of sets
containing X and forming a model for set theory (with the axiom
of constructibility). This family is then "contracted" in order to
obtain a transitive family, i.e. a family whose all elements are among
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its subset. The way in which this contraction is executed is best seen
on an example: If the given family is {A, {A, {A}}, {An, then the
contraction yields {O, [o, {On, {on. The minimal element A of the
given family is .contracted to 0 (which is the absolutely minimal
element), and other elements {A}, {A, {A}} are accordingly con-
tracted to {O} and {O, {O}}.

The general principle is that if ml' m 2, . . . are contracted to
m;, m~, ..., then the set {ml' m2, •••} is contracted to {m~, m~, .. .}.

The resulting denumerable transitive family is isomorphic with
the given one and is therefore a model for the set-theoretical axioms
including the axiom of constructibility. This implies (as we shall
see) that this family is one of the sets K~ with a denumerable ~'

Since X is not affected by contraction we obtain X e K;.
In order to show that the sets K; are the only possible transitive

families A which are models for the set-theoretical axioms including
the axiom of constructibility we analyze the axioms and look at the
statements concerning A which express the fact that the axioms
are true in A. It turns out that most set-theoretical properties do
not change their content when relativized to A. If e.q. P and Q
are elements of A which satisfy in A the property "P is a subset
of Q", then P is a subset of Q. The definitions of ordinals and of the
classes K~ have the same property of "absoluteness". Hence if the
axiom of constructibility /\ V (x € K;) is true in A, then for every

x ; <

x in A there is a ~ in A such that K~ € A and x € K;. It follows
easily that A is the union of all the sets K; which it contains, whence
the theorem easily follows.

The exact proof of Godel's theorem requires thus a meticulous
discussion of the question as to which definitions are absolute. After
this very tiresome discussion the proof goes through rather smoothly.

The existence of a definable well-ordering and the realization of
the generalized continuum hypothesis are two properties of con-
structible sets which cannot be established for arbitrary sets. Another
such property was found by Scott [198]. He showed that there is
no set X in which there exists a constructible denumerably additive
non-trivial two-valued measure which is 0 on finite subsets of X.
It is still an open and apparently very difficult question whether
one can assume without inconsistency that there is a set on which
such a non-constructible measure exists.

The axiom of constructibility was used by Godel already in 1939
to solve several outstanding questions in the theory of projective
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sets. Meanwhile similar questions arose in the theory of analytic
hierarchies, and their solutions have been derived from the axiom
of constructibility. Godel did not publish his results which he
merely announced in [59]; full proofs have been published by
Novikov (157] and Addison [3].

The basis of these applications is the following result: If the axiom
of constructibility is true, then there exists a definable well-ordering
of all the sets of integers. This well-ordering can be found already
in the second analytic class, i.e. it can be defined by either of the
two formulae

(*)

'{ Ii YR (X, Y, cz(n), cT(n».

I); ~ (; S (X, Y, cz(n), cT(n»

with recursive functionals R, S.
It is easy to prove that no simpler definition of a well-ordering of

sets of integers is possible.
The construction of these formulae is not difficult. We saw that

every constructible set of integer is an element of K[} and that there
exists a well-ordering of KQ. The elements of KQ are denumerable
and their elements as well as the elements of their elements etc. are
denumerable and it is possible to map constructible sets of integers
in a one-one way into the elements of KQ. The well-ordering of K[}
goes then over into a well-ordering of the constructible sets of in-
tegers. Analyzing the definition of this relation we find that it can
be reduced to either of the two forms (*) while the axiom of con-
structibility implies that we obtain in this way a well-ordering of
all the sets of integers.

We can say, in short, that the existence of a definable well-ordering
has been proved by expressing the theory of the set KQ in the lan-
guage of the second-order arithmetic. This arithmetization is pre-
sented in an especially clear way in [3].

The existence of a definable well-ordering allows us to solve many
problems concerning the analytic hierarchy. Addison [2] has discussed
the problem of separability for the analytic hierarchy and found
that any two disjoint sets which belong to the n-th class 1I~ of the
analytic hierarchy (n > 1) are separable by means of sets which
belong to the n-th class together with their complements. For sets
whose definitions begin with an existential quantifier the theorem is
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false. The situation is thus exactly the reverse to what we find in the
first analytic class.

Several other mathematical applications have been discovered by
Kuratowski [118]. Machover [133] used the axiom of constructibility
in discussing an extension of the notion of computability to the theory
of functions of ordinal variables. His computable functions were
defined by an infinite system of equations. In order to repeat the
diagonal construction he had to construct a computable correspon-
dence between ordinals and systems of equations. The existence of
such a correspondence follows from the axiom of constructibility.

All these applications suggest of course the question whether the
axiom of -constructibility is true. The problem would of course be
solved if it were possible to derive the axiom of constructibility from
the other axioms of set theory. It was shown quite recently that no
such derivation exists.

There exist therefore two mutually contradictory systems of set-
theoretical axioms: one accepts the axiom of constructibility, the
other rejects it. It is a highly pertinent question whether the choice
between thes~ two systems is just a matter of taste or whether there
are compelling reasons to accept one of them as a basis for mathe-
matics.

Godel declared himself very strongly in favour of the set theory
which rejects the axiom of constructibility, but his reasons are not
quite clear [61]. The need to answer the fundamental philosophical
question whether there are objective criteria of truth in mathematics
has never been felt as strongly as in connection with the axiom of
constructibility.

We mention still some formal results somewhat related to the
question whether the axiom of constructibility is true or false. If the
axiom is false, then there should exist formulae which are valid in
the domain of constructible sets but invalid in the whole domain of
sets. Shoenfield [207] discussed simple formulae of the form

(*) V /\ R (cx(n»
x n

/\ V R (cx(n»
x n

(R is computable)

and of similar form with two set-quantifiers. He found that in the
domain of these formulae there is no difference between construct-
ible sets and arbitrary sets. If any of the formulae (*) is true in the
domain of constructible sets of integers, it is also true in the domain
of all sets of integers, and conversely. Formulae with three or more
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set quantifiers do not behave in this way, however; there are for-
mulae true in the domain of constructible sets but false in the domain
of all sets, provided that non-constructible sets exist.

The notion of constructibility introduced by Godel has been
transformed in various ways, and these transformed notions can
be used for several purposes. An interesting modification has been
proposed by Cohen [23] who used it to obtain a minimal model for
the Zermelo - Fraenkel set theory.

Cohen takes as To the empty set and defines the sets T a by in-
duction; if Ca = Us-:« T /3' then he includes in T a all sets of the
following form:

(1) {x, y} where x, y E: Ca,

(2) U y where x E: Ca.
y<X

I

(3) {y: (g ex) 1\ (y E: Ca)} where x E: Ca.

(4) {z: (z E: Ca) 1\ V [(y E: x) 1\ 1= C« F[y, Z, Ill' ... , Uk]]}
y

where F is a first-order formula, x, u l ' ••. , Uk E: Ca and F satisfies
the condition that for every y in x there is exactly one z in Ca such

that 1= Ca F[y, Z, u l ' ••• , Uk]'

He shows that there is a denumerable ordinal a such that T a+ 1 = T a

and that Ta is a model for the Zermelo-Fraenkel set theory. This
model is minimal in the sense that it is contained in every transitive
family of sets in which all the axioms of set theory are satisfied.

From the existence of the minimal model Cohen drew the following
curious consequence which in the case of the Bernays _. Godel axioms
was noted already by Shepherdson [201]: There exists no formula R
such that one can prove in set theory that the elements x satisfying
R(x) form a model for a set theory with the negation of the axiom
of constructibility.

The situation is completely different in the case of models sa tis-
fying the axiom of constructibility. There exists a formula (obtained
by formalizing the definition of a constructible set) such that it is
provable in set theory that the totality of elements satisfying this
formula is a model for set theory with the axiom of constructibility.
Hence we can obtain using this formula a proof of relative con-
sistency of the axiom of constructibility. The result of Shepherdson
and Cohen shows that no such method is available if one wants to
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prove the independence of the axiom of constructibility. Hence the
independence problem is more difficult than the problem of con-
sistency.

Let us. still mention that Scott proposed other modifications of
the notion of constructibility by allowing higher-order definitions
in the construction of the set D(K). Scott obtained in this way a
very elegant new proof of the relative consistency of the axiom of
choice.

Let us summarize the essential steps of our discussion. The problem
of the consistency of set-theoretical hypotheses, such as the generalized
continuum hypothesis, is a formal problem. The solution which Godel
gave to it was obtained by extending and modifying the nominalistic
(predicative) approach to mathematics. There are close connections
between the theory of hierarchies and the theory of constructible
sets: the latter theory is an extension of the former into the Cantorian
transfinite. The actual proof of the generalized continuum hypothesis
from the axiom of constructibility uses also the Skolem- Lowenheim
theorem and thus ties the theory of constructible sets with the
theory of models.

The new axiom helps to solve various problems; yet it must be
considered as a very dubious hypothesis. The problem of its inde-
pendence proved to be very difficult.

Although the theory started with a formal problem, it touches
the deep and fundamental problem of truth of set-theoretical
hypotheses: We see no way of deciding the question whether the
axiom of constructibility is true or false; what is worse, even an
exact formulation of the problem does not seem to be possible.

All these facts are highly significant for everyone who is seriously
interested in the mutual relations of mathematics and philosophy.



Lecture X

Various interpretations of the intuitionistic Iogtc

We devote this lecture to a review of the interpretations proposed
for intuitionistic logic and arithmetic. These interpretations are
formulated in the language of classical logic; they were formulated
not by intuitionists but by representatives of classical mathematics
who wanted to make intuitionistic conceptions accessible to non-
intuitionists.

By intuitionistic logic we mean here a predicate calculus without
identity but with two quantifiers V. A. We assume that an infinite
number of constants cp c2• • • • are available in the calculus. The
logical axioms are those of the intuitionistic propositional logic plus
the following two schemata for quantifiers:

/\ Fx -+ Fa
x

Fa -+ V Fx.
x

The rules of proof are the following: the modus ponens and the
two rules

A -+Fx

A -+ 1\ F:L
x

Fx -+ A

V Fx -+ A
x

where A does not contain the free variable x.
.In the intuitionistic arithmetic we assume that all formulae

F, G, ... are built by means of propositional connectives and quanti-
fiers from equations between terms; terms in turn are built from
constants and variables by means of symbols for arithmetical func-
tions. Intuitionistic arithmetic is based on all the logical axioms
and the usual axioms of Peano,

Topological and algebraic interpretations. This interpretation is a
natural extension of the topological interpretation of the proposi-
tional calculus which we sketched in lecture I. The underlying idea
is to choose an appropriate algebraic structure S as the set of truth-
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values. In the case of classical logic we choose as 8 the two-
element Boolean algebra. In the case of intuitionistic logic we choose
as 8 a (partially) ordered set which is complete in the sense that every
non void subset 8 1 c 8 has the greatest lower bound (g.l.b.) and
and the least upper bound (l.u.b.) in 8. The g.I.b. of 8 1 is the greatest
element which stands in the relation s to every element of 8 1 and
the l.u.b, of 8 1 is the smallest element which stands in the relation ~

to every element of 8}' These elements are denoted by I\. x and
xeS,

V x, respectively, or in case 8 1 is a finite set {a, b, .••, m} simply
xeS,
by a II b II ••• II m and a v b v ... V m, respectively.

For arbitrary a, bin 8 we denote by a ~ b the l.u.b. of the elements
x such that a II x :5 b: a ~ b = V x where 8 1 = {x: all x s b}.

xes.
A model of intuitionistic logic over S is determined by a set I =1= 0

which we interpret as a range of individual variables. Predicates are
interpreted as functions with arguments in I and values in 8. A valua-
tion is a mapping 9 of the set of all variables and constants into I
and of the set of predicates with k arguments (k = 0, 1, 2, ...) into
the set of functions with k arguments such that the arguments range
over I and values over 8. We define in the same way as in the clas-
sical case the value of a formula A for the valuation 9 (in symbols:
Val(A, g». The definition proceeds by induction: If A is an atomic
formula F(xl' ..., Xt) where F is a k-place predicate and the Xi
are variables or constants, then Val(A, g) = {(g(x l ) , •••, g(xle»
where ( is the mapping of lie into 8 correlated with F. If A is one
of the formulae B v C, B II C, B ~ C, and >, B, then Val(A, g) is
Val(B, g) v Val(C, g), Val(B, g) II Val(C, g), Val(B, g) ~ Val(C, g),
Val(B, g) ~ 0, respectively. It should be noted here that the sym-
bols II, v, ~ between formulae denote propositional connectives and
the same symbols between expressions Val(B, g) and Val(C, g)
denote operations on elements of S; 0 denotes the minimal element
of 8, i.e. I\. z,

xeS
Finally we assume Val (I\.F, g) = I\. Val(F, gi), Val(V F, g) =

x hI x

V Val(F, gl)' where gl is a valuation which correlates the element
leI

i to the variable x and coincides on all other places with g.
This construction is an immediate generalization of the usual

definition of satisfaction for classical logic. It is applicable with
minor changes to other non-classical systems of logic, e.g. to the
modal logics of Lewis and Langford. The first to give an explicit



88 FOUNDATIONAL STUDIES [89], 92

definition of the function Val for intuitionistic logic was Chandra-
sekharan [13]; since then it has been widely used by various authors.
A most comprehensive account of the subject is given in the recent
book of Rasiowa and Sikorski [173].

It is easy to prove that for arbitrary S and I =1= 0 (satisfying the
conditions specified above) we have Val(F, g) = 1 (= 0 -+ 0) for
all intuitionistically provable formulae F. This result is a basis for
various independence proofs in the intuitionistic logic. We can show
for instance that for some S, I and g we have Val(F, g) =1= 1 where
F is the formula

.., /\ Hx -+ V .., Hx,
x x

Hence this formula is not provable intuitionistically. The structure
S used in this case as well as in many similar cases consists of open
subsets of a topological space.

These independence proofs suggest the problem of completeness:
Let X be a fixed topological space, let S be the family of its open
subsets and let I be a fixed infinite set. Does the set of formulae
which identically satisfy the equation Val(F, g) = 1 coincide with
the set of intuitionistically provable formulae?

Rasiowa {171] solved the completeness problem by showing that
there exists a space X satisfying these 'conditions. Sikorski [210]
strengthened her result by proving that there exists a closed subset
X of the Cantor discontinuous set which possesses the same property.
For many spaces the question is still open.

The intuitionistic models of Beth. Beth [8] proposed another
modification of the classical notion of a model and obtained in
this wayan adequate interpretation of intuitionistic logic. His
construction was discussed by Kreisel and Dyson [29] who supplied
various details omitted by Beth and corrected several minor inac-
curacies.

Let F be a formula containing only the predicates P l' ••• , P k •

Beth defines his models by considering trees, i.e. figures consisting
of points joined by oriented edges. It is assumed that there are only
finitely many edges starting in a given point and that there is
exactly one "initial" point which is reached by no edge. A branch
consists of a finite or infinite sequence of edges such that the end-
point of each edge is the beginning of the next. We assume that no
branch forms a closed curve. A sub-tree of a given tree consists of
points which can be reached from a given point p as well as from
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all points lying on the branch which connects the initial point with p.
This sub-tree is said to be determined by p. A tree T is decomposed
into sub-trees T P , ••• , T p if each infinite branch starting in the

I n
initial point passes through one of the points Pi'

Let now T be a tree and let us assume that with each point p
there is correlated a finite sequence of formulae each containing no
free variables and no predicate different from PI' ..., Pk. These
formulae are said to be connected with p.

The inductive definition of satisfaction is as follows: An atomic
formula A is true on the tree TifT can be decomposed in a finite
number of sub-trees T PI' ... , T Pn such that the formula A is con-

nected with each Pt.
, A is true on T if the formula A is true on T' for no sub-tree of T'.
A V B is true on TifT can be decomposed in a finite number of

trees such that on each of them either A or B is true.
A A B is true on T if A and B are true on T.
A -+ B is true on T if for every sub-tree T' of T it is the case

that if A is true on T', then B is true on T'.
1\ Fx is true on T if FCn is true on T for each n.
x
V Fx is true on T if T can be decomposed in a finite number
x

of sub-trees Tp l , ••• , T p k and if there exist k constants Cj~, ••• , Cjk

such that each FCji is true on T p;.
The completeness theorem proved by Beth says that intuitionistic-

ally provable formulae coincide with formulae which are true on
every tree.

Let us take as an example the formula p V , P with an atomic p.
The tree of diagram 5 (p. 94) shows that this formula is not an intui-
tionistic theorem. Indeed, it is easy to see that there is no decom-
position of this tree in a finite number of sub-trees such that on
each sub-tree either p or , p be valid.

A related interpretation of intuitionistic logic was given by Lo-
renzen f124] who used the notion of a "dialogue".

There exists a close connection between the topological inter-
pretation and Beth's construction. Each tree determines a topo-
logical space consisting of all its branches. In this space every point
p determines a neighbourhood consisting of all branches going
through p, We shall call this neighbourhood simply p.

Let us correlate with each predicate P t (with, say, k arguments)
the following function fi : /i(a l •••• , ak) is the union of those neigh-
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Diagram 5.

(89],94

pv-,p

{p, -, p}

-<:
p {p, -, p}

/'"-, p {p, -, p}

/~
p {p, -, p}

/ <,-.
-,p

bourhoods p for which Pt(Ca
l

, ..•, ca,) is true 011 T p. Take as I

the set of integers and as S the ordered set of all open subsets of
the space determined by the tree. To each Pt we have then correlated
a mapping of [k into S, and we have thus obtained a topological
model of the sort discussed above. Kreisel and Dyson [29] showed
that - under suitable assumptions - a formula is true on the tree
if and only if its value in the corresponding topological model is 1.
The assumption which we must make is that an atomic formula
true on a sub-tree T' of T must be true on every sub-tree of T'.

Trees and topological models are very convenient in discussing
pure logic.' Perhaps they could also be used for interpreting Brouwer's
theory of "free choice sequences" and their species but no such
applications have ever been made. It is less probable that inter-
pretations of this kind can be found for intuitionistic arithmetic.

Realizability. Kleene [99]2 proposed an interpretation of intui-
tionistic arithmetic. Before describing the details of his construction
we insert a few general remarks.

The purpose of an interpretation of a system is to give a precise
meaning to notions which are either incompletely explained ortaken as

1 Kripke's paper [117&), which appeared when this book was in the
press, contains further information about this subject.

! More recent exposition of this theory is given in (10gs), pp. 90-132.
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primitives in the system under consideration. In the case of predicate
logic the notions to be interpreted are the connectives and the quanti-
fiers. The intuitionists have given in their writings some explanations
as to how they understand the connectives. We saw in lecture I
that the fundamental notion to which all intuitionistic notions are
reducible is that of a construction. This fundamental notion is only
implicitly used by intuitionists. Kleene's proposal amounts to
making the reduction explicit and moreover to identify constructions
with partial computable functions. Since these functions can be enu-
merated we may formally identify a construction with an integer.

The interpretation of the universal quantifier proposed by Kleene
is as follows: a construction whose number is e establishes the truth
of the formula 1\ Ax if the partial computable function (whose

x

number is e has the property that for each n the integer (n) is the
number of a construction which establishes the truth of A (ii). The
meaning of an existential formula V Ax is similar. A construction

x

whose number is e establishes the truth of this formula if we can
read off from e an integer n and a number e' such that e' is the number
of a construction which establishes A(ii).

The details of Kleene's interpretation are as follows: let K(e) and
L(e) be two functions such that the mapping e t:. (Ke, Le) establishes
a one-one correspondence between integers and pairs of integers.
Let F be a partial computable function such that F(O, z), F(l, x), ...
is an enumeration of all partial computable functions. We shall
write Fe(x) instead of F(e, z), With these notations we are going
to define a relation "e realizes A", where A is an arithmetical for-
mula without free variables.

Case 1. A is an atomic formula; in this case e realizes A if and
only if A is true. We use of course the fact that primitive arithmetical
predicates are all decidable and that the truth and falsity of an
atomic formula is therefore a well-defined notion.

Case 2. A is the formula B t;. C. In this case e realizes A if and
only if K(e) realizes Band L(e) realizes C.

Case 3. A is the formula B V C. In this case e realizes A if and
only if either L(e) = 0 and K(e) realizes B or L(e) = 1 and K(e)
realizes C.

Case 4. A is the formula B -+ C. In this case e realizes A if and
only if for each neither n does not realize B or F e(n) exists and
realizes C.
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Case 5. A is the formula ..., B. This case is reducible to the pre-
vious one because v-, B is the same as B -+ 0 =1= O.

Case 6. A is the formula 1\ B(x). In this case e realizes A if and
x

only if for each n the number F e(n) exists and realizes B(ii).
Case 7. A is the formula V B(x). In this case e realizes A if and

x

only if K(e) realizes B(L(e».

The relation "e realizes A" is thus defined. Kleene has shown that
alI formulae which are provable in intuitionistic arithmetic are
realizable by an arbitrary e. The hypothesis that only such formulae
have this property has been disproved by Rose. [186].

Kleene's notion of realizability hence does not give us an adequate
interpretation. This shows that the identification of constructions
with computable partial functions is unjustified: There must exist
intuitionistically acceptable "constructions" which are not reducible
to such functions.

Giidei's interpretation by means o{ {unctionals. The principle of this
interpretation which was proposed by Godel in [62] is similar to that
of the realizability interpretation but the class of admissible con-
structions is much wider. These constructions are identified not with
functions but with functionals.

In order to see how the functionals appear in the interpretations of
formulae let us consider an example. Let A be the formula-s 1\V Bxy

x y

where x and yare numerical variables. Using the idea of the no-
counter-example interpretation «(t. lecture IV) we interpret this
formula in the folIowing way: Whichever function {we choose there
exists a counter-example to the formula 1\ B(x, {(x». In other words,

x

there exists a functional lP of type «* :*) : *) such that we have
..., F(lP(f), ((lP(D». The interpretation of the formula -, 1\ V Fxy

x y

is thus the formula V 1\ ..., F(lP(f), {(lP(D».
. ep I

Godel defines for every arithmetical formula F (with or without
free variables) its translation F*; the translation has always the
same free variables as F and has the form V 1\ F'(p, q) where p and

p q

q are finite sequences of variables whose values are functionals.
The exact definition of the translation is inductive:

If A is an atomic formula, then A * = A I = A;
If A is the formula B /\ C, then A * is the formula
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If A is the formula B V C, then A* is the formula

If A is the formula B -+ C, then A* is the formula I

(The case when A is --, B is reducible to the former ones since --,13.
is equivalent to B -+ (0 =1= 0»;

If A is the formula V B(x), then A * is the formula
x

V A B'(x, p, q);
x,p q

If A is the formula A B(x), then A * is the formula
x

V A B'(ifJ (x), q).
r[J x,q

The most complicated rule for implication is explained by Godel
as follows: We have to correlate with every example of a PI satis-
fying the condition /\ B'(pl' ql) an example P2 = ifJ(Pl) satis-

ql

fying /\ C'(ifJ(Pl)' q2) and with every counter-example q2 satisfying
q.

--, C'«(]J(Pl)' q2) a counter-example ql = 'P(pl' q2) satisfying --,B'(Pl,ql)'
The definition of F* thus completed, Godel limits the variability

of functionals to the class of primitive recursive functionals. Transla-
tions of all formulae provable in the intuitionistic arithmetic become
then intuitively true statements concerning these functionals.
Moreover, these statements are provable in the axiomatic theory T
of primitive recursive functionals which we mentioned in lecture
VIII. This shows the consistency of the intuitionistic (and hence
of the classical) arithmetic relative to T.

It is not known whether the property of having the translation
provable in T is characteristic for intuitionistically provable arith-
metical theorems.

1 In this formula r[J and lJf are finite sequences of variables. If e.g.
r[J consists of 'P, 'P, ... , then r[J(p) denotes the sequence 'P(p), 'P(p), ...
and similarly in other cases.
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An extension of Godel's ideas to second-order arithmetic has heen
carried out by Spector [216].

All the interpretations we have discussed in this lecture try to
explain intuitionistic notions in classical terms. An intuitionist
might ask: How can one explain these classical notions in intui-
tionistic terms? This problem, which is accessible only to intui-
tionists or people who can think in terms of the intuitionistic logic,
has been discussed by Kreisel [113].

It seems to me that the study of mutual interpretations of the
classical and intuitionistic systems is extremely useful. By develop-
ing them we can hope to reach at least a partial understanding
between these two schools.



Lecture XI

Constructive foundations of mathematics

After the discovery of set-theoretical antinomies several mathe-
maticians decided that the only radical solution of the problem
raised by these antinomies is to exclude all general set-theoretical
notions from mathematics and to limit oneself to the study of those
objects that can be effectively d.efined or constructed. We have
already discussed the ideas of the intuitionists and seen that the
limitation to constructible objects is an essential feature of their
pro~ram. There are several other constructive trends less extreme
than intuitionism; their program is to limit the domain of admissible
mathematical objects to a more or less arbitrarily chosen class
without challenging (as the intuitionists do) the classical rules of
proof. Since the class of admissible objects is not uniquely determined
we cannot speak of a unique constructive trend; there are, on the
contrary, many mutually conflicting constructive programs which
differ from each other in many details, sometimes important ones,
although their general tendencies are similar.

We shall first discuss works whose aim is to examine constructive
objects by quite arbitrary means. Since these means are not neces-
sarily admissible from the constructive point of view, it is clear that
the results obtained in this way cannot claim philosophical im-
portance. They are sometimes interesting from a purely mathemat-
ical point of view, however.

Computable analysis. This theory restricts all mathematical
notions and in particular those which occur in mathematical analysis
to computable functions. The notion of integer is taken over from
classical arithmetic and not analyzed any further. The notion of a
real number and all other mathematical notions undergo limitations
which aim at an elimination of all non-computable notions.

Specker [211] considered a very narrow class of real numbers
which he called primitive recursive. These numbers can be ap-
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proximated with the accuracy (l/2)n by fractions which have the form
[f'(n) - ("(n)] / g(n) where f', t'. g are primitive recursive functions:

(*) I a - [f'(n) - ("(n)] / g(n) I < (l/2)n.

He also considered various other types of approximations, e.q.
by partial sums of the series L' f(n) / gn where fis a primitive recursive
function which satisfies the condition f(n) < g for all n. Still other
approximations make use of the notion of a primitive recursive
cut. Specker discovered various singularities in the behaviour of
these numbers. He proved for instance that a number a may have
a primitive recursive decimal expansion whereas 3a fails to have
such an expansion. Specker's work was continued among others by
Petu [159].

A more comprehensive class consists of the numbers known as
computable real numbers. These numbers satisfy for each n the
inequality (*) in which f', [", g are computable functions. They were
defined by various authors (Rice [174], Robinson [178], Mazur [141])
who showed that the singularities discovered by Specker in case of pri-
mitive recursive numbers do not hold for computable numbers. They
proved e.q. that a real number a is computable if and only if the
sequence of digits in its decimal expansion is computable.

One proves easily that computable numbers form a real closed
field. Hence the usual algebraic operations can be performed on
computable numbers and yield computable results.

In order to develop further parts of analysis one introduces com-
putable sequences and computable functions of a real variable.

A sequence {am} of real numbers is computable if there exist com-
putable functions f, f', g of two variables such that the following
inequality holds for arbitrary m and n:

In other words, we require that for each nand m we can fix (in
a computable way) an interval of length (l/2)n which contains am'

There is of course a certain degree of arbitrariness in this definition.
Instead of using an approximation by rationals we could start from
any other means of appproximation, e.g. we could require that the
n-th decimal digit in the expansion of am be given by a computable
function of m and n. There are several rather difficult arithmetical
questions which arise in connection with these definitions, for instance:
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Is there a computable sequence {am} such that the sequence of the
digits of the expansion am = l: {(m, n, g) / gn is computable for no g?
Questions of this kind only quite recently have received answers
(ct. Lachlan [119]).

Computable sequences of reals do not have all the properties one
would like them to have. Mazur showed, for example, that there is
a computable sequence am with all terms different from 0 such that
the sequence Ijam is not computable.

The most important and at the same time the most difficult
notion is that of a computable function of a real variable. We shall
limit ourselves to functions of a non-negative variable with non-
negative real values.

To each such function rp we associate a functional if> as follows:
Let a be approximated by a fraction {(n) t z». Ia - ((n) /2 n I < e/Jn

•

We find a similar approximation of Pn = rp(f(n) /2n):

I Pn - g(n, m) / 2mI < (l/Jm

Thus g(n, m) is the value of a functional if>({, n, m) whose type is
«c :*), *, *): *); this functional allows us to find an approximation
of rp(a) for a given approximation of a. Most definitions of com-
putable real functions make use of this functional if>.

Banach and Mazur (141] called a function rp computable if it
carries any computable sequence an again into a computable sequ-
ence. The corresponding functional if> carries then each function
Ax {(n, x) (where ( is a computable function) into a computable
function.

Functionals with this property are called Banach-Mazur fUIlC-
tionals. Such a functional remains a Banach-Mazur functional after
arbitrary changes of its values at non-computable arguments. Hence
there is no point to consider the Banach - Mazur functionals for non-
computable values of arguments.

The Banach-Mazur real functions are continuous at every com-
putable point. Mazur established various other properties of these
functions, e.g. the so called property of Darboux which says that
if rp(a) < 0, rp(P) > 0 where a and fJ are computable and a < P,
then there is a computable y such that a < y < P and rp(y) = O.

The class of Banach-Mazur functions and functionals is rather
wide. Several narrower classes of functions were investigated by
various authors. Thus e.g. Myhill and Shepherdson [155] and lat\er
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Kreisel-Lacombe-Shoenfield [116] considered partial recursive
functionals. If F o, .f\, ... is a standard enumeration of partial com-
putable functions and f a fixed partial computable function then the
functional W(Fe) = f(e) is a partial recursive functional. Thus the
domain of ~uch a functional consists of partial recursive functions
and the computation of its value consists of a computation per-
formed on a number e which the argument has in the standard enu-
meration. We have to assume that f is chosen so that if Fe = Fe'
then f(e) = f(e'). Partial recursive functionals give rise to a class
of real functions, called partial recursive.

Another possibility is to admit partial computable functionals.
These functionals correlate with each function f a partial function
computable relative to f (cf. lecture VII). We shall call them the
Kleene functionals. The range of the arguments of a full Kleene func-
tional consists of al.l functions not only of computable ones. Hence
the corresponding real functions are insofar different from the
Banach-Mazur functions as they are defined everywhere and not
only for computable values of the arguments.

Still another class of functionals was proposed by Grzegorczyk
J

[66] who defined it as the smallest class closed under some operations
among whom the operation of effective minimum was the most
characteristic. Kleene [106] called these Iunctionals ,u-recursiv,e but
we prefer the name Grzegorczyk-functionals.

We have thus four notions of functionals and of real functions:
Banach-Mazur functionals, partial recursive functionals, Kleene
functionals and Grzegorczyk functionals. The mutual relations of
these various classes were discussed in several papers.

Friedberg [45] showed that Banach-Mazur functionals form an
essentially wider class than partial recursive functionals; this result
is very deep. Myhill and Shepherdson [155] proved a much easier
result that every partial recursive functional can be extended to a
Kleene functional. Kreisel-Lacombe - Shoenfield [116] sharpened
this result by showing that the same property is 'also possessed by
functionals defined only on total computable functions.

From standard results on computable functions and functionals
(ct. Kleene [104]) it follows that Grzegorczyk functionals coincide
with total Kleene functionals.

It follows from these results that positive theorems (i.e. theorems
stating that each functional has a property) valid for the Banach->
Mazur class are true for all other classes. Thus all real functions cor-
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responding to partial recursive, partial computable and ,a-recursive
functionals are continuous and possess the property of Darboux.

Grzegorczyk showed that his functionals and hence the corre-
sponding real functions are uniformly continuous. Lacombe [120]
(ct. also Specker, [212]) showed that real functions of Grzegorczyk
not always attain the maximum in a computable point. This negative
result severely restricts the possibility of repeating classical proofs
in the computable analysis. Such reconstructions- were attempted in
various papers, for instance in Klaua (96].

A very specific notion of a real function was proposed also by
Brouwer. His definition makes use of terms and notions accessible
only to intuitionists. Kleene [102] has shown that one obtains a
persuasive interpretation if one explains these notions in terms of
partial computable functionals. Under his interpretation free choice
sequences of Brouwer are simply arbitrary sequences; Brouwer's
"functions" are partial computable functionals. Assuming that this
interpretation represents faithfully the intuitionistic notions we
come to the conclusion that Brouwer's ideas on foundations of
analysis were pretty far from constructive ideas in the orthodox
constructivism which does not accept arbitrary sequences of integers.

Another branch of computable mathematics is the theory of
recursive equivalence of sets of integers created and developed by
Dekker and Myhill [27]. This theory examines notions obtained from
set-theoretical ones by replacing arbitrary sets by sets of integers
and arbitrary mappings of sets by partial recursive ones.

Extensions of computable mathematics. In computable mathe-
matics we reduce all notions to computable ones. Various authors
examined other possibilities. Thus e.g. Grzegorczyk [67] studied a
system which he called the "elementarily definable analysis". In
this system all notions are reduced to such as can be defined in
terms of integers and their first-order theory. It was Weyl who
already in the early twenties developed such a theory for the first
time, of course without using the much more modern notion of
definabiljty,

Another possibility is to use the class of hyper-arithmetic sets
and functions although it is a debatable question whether a theory
based on these notions can claim to be constructive.

Some results in hyper-arithmetic analysis were obtained by
Kreisel [115] who investigated the possibility of proving in it an
analogue of the classical Cantor-Bendixon theorem.
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Whatever the mathematical interest of such theories may be it is
certain that strictly finitistic theories are much more satisfactory
from the philosophical point of view.

Strictly [iniiistic theories. By strictly finitistic we mean theories
which limit not only the class of objects but also the class of ad-
missible methods of proof. According to this terminology even the
computable analysis as described above is not strictly finitistic since
it operates with classical mathematical notions without restriction
and takes no care which laws of logic are used. Even the notion of
computable function is not unobjectionable from the strictly finitistic
point of view because in all definitions of this notion occur some
clauses which cannot be verified in a finite number of steps.

Strictly finitistic attitude was represented since long by Skolem
who formulated the concept of recursive arithmetic. His idea was
taken up by Goodstein in two books [63], [64] published in 1957
and 1961. The main idea of recursive arithmetic is to develop mathe-
matics as a formal system which operates exclusively with equations.
The number of functional constants is not limited, new constants
being added either by explicit or inductive definitions. The rules of
proof are just the rule of substitution (of terms for variables through-
out a proven equation), the rule of "replacing equals by equals"

A(F) = A(G)

and a rule which says that F = G whenever both F and G satisfy
equations of a recursive definition.

There are no quantifiers in this theory nor are there propositional
connectives. \Ve do not assume, in recursive arithmetic the existence
of a set of all integers. Also it is irrelevant for this system which
kind of logic do we admit since no logical notions occur in it.

Several theorems of analysis can be proved in recursive arithmetic.
This is true for theorems expressible by means of approximations
of real numbers by rational numbers. For instance if {is a real func-
tion and if we can define a primitive recursive operation which from
an approximation of x by means of a rational number produces a
rational approximation of {(x), then this operation can be taken as
a definition of a sort of the function f. Goodstein succeeded to estab-
lish a series of theorems which are "analogues in recursive arithmetic
of the classical theorems of analysis.
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The idea of recursive arithmetic found a rather unexpected applica-
tion. Church [21] constructed a system very similar to this arithmetic
in which arithmetical operations are replaced by Boolean ones and
applied it to a description of electric circuits with retarding elements.

Another extremely consistent system of constructive mathematics
was created by Markov and his collaborators. The basic notion to
which all other notions are reduced by the representatives of this
school is the notion of an algorithm. In Markov's school all definitions
are expressed in everyday language and all references to actual in-
finity are strictly avoided. Although Markov and his followers con-
sciously refrain from formulating the logic which they admit, it is
clear that they accept the intuitionistic logic. Thus we see that there
are essential differences between Markov's conceptions and recursive
arithmetic: the former school accepts all algorithms, the latter only
those which correspond to primitive recursive functions; the former
uses (informally) the intuitionistic logic, the latter avoids using
logic altogether.

Real numbers and their sequences are defined in Markov's theory
as in computable analysis, the only difference being that numbers
are replaced everywhere by algorithms which define their successive
approximations. One consequence of this is that the relation of
identity (for real numbers) is DO more decidable, since there is no
algorithm which would allow us to decide whether any two given
algorithms define approximations of one and the same real number.

The notion of a real function is again defined by Markov with the
help of algorithms. He identifies a real function with an algorithm
which correlates with each algorithm A another algorithm A I in such
a way that if A and Al define two approximations to one and the
same real number then so do A' and A~. We thus see that Markov
chose for his real functions the notion equivalent to that of a partial
computable functional.

Markov's theory is exposed in [139J. His work was continued by
Sanin [192] who investigated analogues of various classical theories
in the constructive mathematics of Markov.

He was able to develop even as advanced parts of analysis as the
theories of Hilbert space and Lebesgue integral. Because of con-
structivistic limitations these theories do not behave as their classical
models and are usually much less elegant. Sanin [191J found for
instance that in the constructive theory of the Lebesgue integral it is
not permissible in general to interchange the operation of integration
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with that of a passage to a limit. Yet it was precisely to obtain
this theorem that Lebesgue formulated his definition of the integral!

Personally I do not believe that it is worth-while to reconstruct
classical theories in constructive terms. No particularly interesting
results have been obtained. and hardly anybody believes that the
cumbersome theories obtained in this way will really replace the
elegant classical theories. I am inclined to believe that there are
branches of mathematics which simply are not susceptible to finitistic
treatment.

There are of course branches of mathematics which can be treated
in a finitistic way. Abstract algebra is an excellent example of such
a domain. Methods and results of the recursive function theory can
lead and have in fact led to many important and interesting results
in this theory. We are often dealing in algebra with problems of
pronounced algorithmic character; for instance, all questions con-
cerning elementary transformations of polynomials taught in school
belong to this group. Van del' Waerden [240] and in a broader con-
text Shepherdson and Frohlich [47J discussed the problem which
questions of the elementary theory of fields can be answered by
using algorithms. To this end they considered fields whose operations
are defined by means of computable functions. Thus they used the
same device which is constantly used in computable arithmetic and
analysis though with a completely different aim in mind. Further
work along the same lines was also done by Rabin [168] and the
general setting of the problem was given by Malcev [136]. Malcev
did not limit himself to special systems like fields but considered
arbitrary abstract algebras and the numerations of their elements
such as to represent the basic operations of the algebra by means
of computable functions. Although the aims which these authors
pursue are incomparably more modest than the reconstruction of
mathematics in the finitistic theories it is probable that the results
of their works will last longer than the more ambitious but less
fruitful conceptions of the finitistic school. .



Lecture XII

Decision problems

The decision problem as formulated by Hilbert consists in finding
criteria which would allow us to check in a finite number of steps
whether any given formula of the first-order logic is or is not pro-
vable. In the period 1930-1964 this general problem was given an
essentially negative answer, i.e. it was shown that no such criteria
exist. Several partial problems nevertheless admit positive solutions;
these positive solutions have found various applications.

Positive results. Let us first discuss a type of problem which
was formulated already in Hilbert's school. We consider the seman-
tically defined property of satisfiability of first-order formulae in
some domain and ask whether there are criteria which allow us to
decide effectively when a formula has this property. It has been
shown that such criteria exist for certain classes of formulae.

Let F be a formula in which exactly one predicate P occur. Let
us assume that P is binary and that F has the form V /\ M(x, y),

x y

where M contains no quantifiers, and let H n be its n-th Herbrand
disjunction:

We know from lecture V that F is provable if and only if there
is an n such that H n is provable.

This is evidently the case when H 2 is provable in the propositional
calculus. We shall show that if H 2 is not provable in the propositional
calculus, then no H n can be provable in it. Indeed, there are the
following atomic formulae in M(xl' x 2) :

(i)

and hence the following formulae in M(xp , xP+l):
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According to our assumption we can assign truth-values Ill' 112,

121' 122 to the atomic formulae (i) in such a way that M becomes
false. Two cases are now possible:

(A) the truth-values Iii can be chosen so that 111 = 122 , In this
case '!'e can assign the truth-values 111' 112, '21' 122 to the atomic
formulae (ii) for p = 2. 3, . . .. These assignments are consistent
with each other and give the truth-value "false" to M(xp • xp +.)'
Hence H n is not a theorem.

(B) 111 =1= 122 for every assignment of truth-values Iii to the for-
mulae (i) which make M(xl' x 2) false. In this case we use the assump-
tion that H 2 is not a theorem and infer that there is an assignment
of truth-values Iii to the atomic formulae

(iii) P(x l , Xl)' P(X I • x 2) , P(xz, Xl)' P(x 2: X2) . P(x 2 , Xs).

P(xs• X 2). P(X s• X s)

which makes H 2 false. In this assignment 111 = Iss' Otherwise we
would haw '22 = IS3 (since III =1= 122 by the definition of Case B).
and by substituting Xl for x 2 and x2 for x 3 we would obtain an
assignment 122' 123, Is 2, IS3 of truth-values to the atomic formulae (i)
which makes M(xl' x 2) false and has the property that P(xl' Xl)

and P(x2 , x 2) are assigned the same truth-value. This would con-
tradict the definition of Case B. Hence 111 = 13 S' and we see that
we can assign to the atomic formulae

P(X 2P+l' x 2P+l)' P(X 2P+1' X 2p +2), P(x2P +2' x 2P+! )' P(x2P H ' x 2P+2)'

P(X 2P+2' X 2P+3). P(X 2P+3' X 2P H). P(X 2p +3' X2P+3)

the same truth-values as to the formulae (iii) and that these assign-
ments are consistent. Thus H n is provable for no n. In this way
we obtain a solution of the decision problem for the class of formulae
we are considering. This solution was first given by Bernays and
Schoenfinkel in 1928.

Similar combinatorial arguments can be applied to more com-
plicated classes of formulae. The strongest result in this direction
is due to Godel [55] who solved the decision problem for first-order
formulae of the form 1\ V 1\ M. where M has no quantifiers.

x.... Xk YZ 1", .11

Another rather general result is due to Herbrand [79] who solved
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the decision problem for formulae with an arbitrary arrangement
of initial quantifiers followed by a matrix in which the only con-
nectives are disjunction and negation.

Herbrand's theorem discussed in lecture V provides a unifying
principle for proofs of this sort.

A different type of a decision problem originated with Skolem
[208]; it was developed mainly by Tarski in a number of papers. of
which the most Importantds [220]. The general character of these
problems can be described as follows: Let us consider an axiomatic
theory T based on the first-order logic. We ask for criteria for a given
formula F to be provable in T. This is the decision problem for the
theory T. If the general decision problem were solvable, then so
would be the decision problem for every finitely axiomatizable
theory T. Indeed, if A l' ••• , An are all the axioms of T, then
F is provable in T if and only if the formula Al 1\ ••• 1\ An
-+ F is provable in (pure) logic. Hence the decision problem for T
is reduced to that for logic. This remark, interesting though it is,
does not help us very much since the decision problem for logic is
not solvable; moreover, the implication formulae just mentioned are
not usually reducible to any of the forms for which the decision prob-
lem has been solved.

The method devised by Skolem and developed by Tarski is called
the method of elimination. The scheme of this method is as follows:
Let T be a first-order theory and

(1) Pt, P;(x), Pi'(x, y), P;"(x, y, z), ... (i = 0, 1, ...)

a sequence of formulae with 0,1, 2, ... free variables. The number
of these formulae may be finite or infinite. Let us assume that (i)
each formula W of T is equivalent to a Boolean combination C of
formulae (1) and that C can be found effectively for any given W.
Let us assume, furthermore, that (ii) if W has at most n free vari-
ables, then C is built from those formulae (1) that have at most n
free variables. Under these assumptions each W without free vari-
ables is equivalent to a Boolean combination of the formulae PI'
P 2' •••• Hence if we can decide when a Boolean combination of
these formulae is provable in T we can decide when an arbitrary
formula W is provable.

Assumptions (i) and (ii) are satisfied if formulae (1) satisfy the
following conditions: (iii) each atomic formula of T occurs among
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the' formulae (1); (iv) if K is a conjunction of formulae (1) and of
their negations, then the formula W = V K is equivalent to a

x
Boolean combination of formulae (1) built from those formulae whose
free variables occur in W.

The reduction of conditions (i) and (ii) to (iii), (iv) is based on
a simple reduction of formulae to a standard form known as the
prenex normal form.

The essential property of formulae (1) is (iv). It can be expressed
by saying that a necessary and sufficient condition for the existence
of an x satisfying K is expressible as a Boolean combination of for-
mulae (1). The name "method of elimination" is borrowed from al-
gebra where we often eliminate an unknown and express by certain
equations and inequalities the necessary and sufficient condition
for the solvability of an equation.

Let us illustrate the method on a simple example. Let us take
as T the theory whose unique non-logical primitive notion is a binary
relation R (the identity relation is treated as a logical notion). The
axioms of the theory state that the universe is ordered by Rand
that every element has a predecessor and a successor:

Rxx, Rxy 1\ Ryx -+ x = y, Rxy 1\ Ryz -+ Rxz,

Rxy V x = y V Ryx,

A V (Rxy 1\ Rzx 1\ A {!Rxs 1\ x of- S -+ Rys] 1\ [Rsx 1\ s of- X -+ RszJ}.
X y. S

We take as Po the formula A (x = x) and as Pn(x, y) the formula
x

Rxy 1\ V A [(Xi of- Xj) 1\ Rxtxj 1\ (z = Xl) 1\ (xn +2 =y)]
x,. .. x n+20<i<j::S;n+2

(n = 0, 1,2, ...).

The formula Pn(x,y) says that x precedes y and that there
are at least n elements between x and y. It can be shown
without much trouble that conditions (iii) and (iv) are satisfied
in this example. Hence for each formula W without free variables
we can find an equivalent Boolean combination of Po alone, whence
it follows that the decision problem for T is solvable.

The elimination method was successfully used to solve the decision
problem for various theories. The strongest result is due to Tarski
[226] who established the decidability of the theory of real closed
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fields. Axioms of this theory consist of two groups. Axioms of the
first group state that the universe of the theory is an ordered field;
the number of these axioms is finite. Axioms of the second group
form an infinite sequence and state that each equation of degree
3,5, 7, ... has at least one root. (If we could define in the theory
the general notion of a polynomial of an odd degree, we could replace
this infinite sequence of axioms by a single sentence; however, this
general notion is not definable.)

Another important example of a decidable theory is the theory
of Abelian groups whose decidability has been proved by Szmielew
(220]. This theory is of course incomplete; one can even show that
it admits 2 No complete extensions. The elimination method is, as
we see, applicable to essentially different kinds of theories.

At the present. moment the applications of the elimination method
seem to be exhausted. With the exception of relatively simple cases
familiar in the existing literature, the method leads to forbidding
calculations which can hardly be undertaken by anybody. In the
last few years new methods have appeared which have made it
possible to solve the decision problem for several theories.

One of these new methods rests on the simple remark that complete
theories based on a recursively enumerable set of axioms are always
decidable. Since various methods of establishing the completeness of
theories are known at present, we can in this way obtain solutions of
the decision problem for complete theories. We shall say more about
such proofs in lecture XIII.

Biichi (10], [11] used the theory of finite automata to obtain a
solution of the decision problem of SOUle fragments of the second-
order arithmetic. The constants of this theory are 0 (zero) and
(successor); there are two types of variables: lower case variables
for integers and upper case variables for sets of integers." According
to whether we admit arbitrary sets or only finite sets as values of
the set variables we distinguish the strong and the weak second-
order arithmetic.

Both the weak and the strong second-order arithmetic are inter-
preted systems. The notions of truth, definability etc. in these systems
are thus understood in the semantical sense.

In what follows we shall give an account of the work of Biichi
concerned with the weak theory.

1 We shall often identify a set with its characteristic function..
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Buchi showed that each formula of the weak second-order arith-
metic (without free variables) is equivalent to a formula of the form

(2) V [K(Y}(O), ..., Yn(O» 1\ A B(Y}(t), ... , Yn(t),
Y ,..... Yn I

Y1(t'), .•., Yn(t'»]

where K and B contain but propositional connectives.
The truth of formula (2) can easily be checked. Let us assume

for instance that n = 1 and that B(fj, mis true (where tr is the truth-
value "false"). Since Y} has to be a finite set, formula (2) is true
if and only if there exists a finite sequence co' cl' ..., cp_1 = ~ of
truth-values such that K(co) and B(cj, CHI) are true for each j < p,
The terms of this sequence are simply the truth-values of YI(j), and
P is the least integer such that no q ~ P - 1 is an element of YI'

If there are two identical consecutive terms in the sequence co' ••.,
Cp-I we can drop one of them without altering the properties of the
sequence. Furthermore, the sequence trmtrm can be replaced by trm
and the sequence mtrmtr by ~tr. Thus we see that it is sufficient to
check whether the sequences tr, trmtr, mtr satisfy ~he conditions
imposed on co' .. 0' Cp-I and this can obviously be done in a finite
number of steps.

The reduction to the form (2) is far from obvious. Biichi obtained
it by using certain concepts from the theory of finite automata. Let
us define this notion:

A finite automaton is determined by (i) its initial configuration,
(ii) its transition functions, and (iii) its output function. The initial
configuration is a string E l' •. 0' Em of truth-values. The transition
functions are propositional formulae H j (p1" ' " Pm; ql"'" qn)
wherej = 1, 2, ... , m. The output function is a propositional formula
U(pl' ..., Pm). The functioning of an automaton can be described
as follows: We first fix arbitrarily the values of the parameters
qI' ••. , qn in the transition functions by giving them values
Xl' ..., X n , where each X s is a function of t ultimately equal tr.
At each moment t the automaton is in a "stage" described by a
string fI(t), .. "fm(t) of truth-values. These "stage functions" are
defined by induction:

f,,(O) = Ek' fk(t') = Hlc(f}(t),. 0" fm(t), XI(t), ••. , Xn(t».

The output of the automaton at the moment t is defined as u(t) =
U(f1( / ) , ° • Of fm(t».
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Thus an automaton presents us (for every choice of the parameters
Xl' ..., Xu) with an infinite sequence u(l) of truth-values. The set
of values of the parameters for which the terms of this sequence are
ultimately Q3 is called by Buehl the "behaviour" of the automaton.
The main result of Buehl obtained by analyzing the formulae of the
weak second-order arithmetic is that each set S of n-tuples Xl' ..., X n
(where each X s is a function of t ultimately equal mwhich is
definable in the weak second-order arithmetic is the behaviour of
a finite automaton, and conversely.

Since the behaviour of an automaton can be described by a formula
of form (2), the desired reduction of formulae to form (2) follows.

The principle of Buehl's result for the strong second-order arith-
metic is similar, but the reduction to form (2) is much more involved,
chiefly because we cannot assume that the functions XII are ulti-
mately equal ~.

Let us mention here that the recursive arithmetic of Church [21]
coincirles with the formal theory of finite automata in Buehl's sense.

Negative results. The basic method used in proofs of uadecid-
ability is the reduction of the decision problem for a class K to ·the
decision problem of another class Ko for which the solution of the
decision problem is known to be negative. It is obvious that if the
characteristic function of K o is computable relative to the character-
istic function of K and if the former function is not computable,
then the latter is not computable, either. Hence the set K is not
computable. Identifying the (intuitive) notion of decidability with
the (formal) notion of computability, we obtain in this way a
negative solution of the decision problem for the set K. In lectures
IV and VII we gave several examples of sets whose characteristic
functions are not computable.Tly means of the reduction procedure
it is possible to obtain various proofs of undecidability. We shall
mention a few of them.

The first result of this kind is due to Church [17] who proved the
undecidability of the full predicate logic, thus solving Hilbert's
original problem. Church's result showed at the same time the un-
decidability of various subclasses of the full predicate logic. It has
been shown in a number of works, which started appearing well
before 1930, that the decision problem for the set of all formulae of
the predicate logic is reducible to the decision problem for various
subclasses of this set, each consisting of formulae in the prenex
normal form with certain simple prefixes. The best known example
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of such a subclass consists of formulae with the Skolem prefix
V ... V /\ .. , /\ M, where M has no quantifiers. It may indeed
x, X n II, 11m

be shown quite easily that to each formula A of the predicate logic
there is a formula B of the form /\ ... /\ V ... V M such that B

x, ' X n II, 11m

is satisfiable if and only if A is satisfiable (c], Godel [53]). Many
other classes of formulae with the same property have been found;
they are sometimes called "reduction types". An account of them
can be found in Suranyi [219].

The reduction to the Skolem type of formulae as well as most of
the other reductions have been obtained by means of combinatorial
methods: one expresses the fact that a given formula A has a
model and tries to give to the resulting expression as simple a form
as possible.

A reduction ofa different kind was found recently by Biichi [12)
and somewhat later by Moore, Wang and Kahr [86]. Instead of
expressing in a simple form the satisfiability of a formula A they
used a reduction to problems connected with Turing machines (or,
equivalently, with Markov's algorithms). Buchi showed that with
each Turing machine one can correlate a formula F = /\ A(x) r;

'"/\ V/\ B(x, y, z) such that F is satisfiable if and only if the corre-
x II Z

sponding machine ultimately stops. It follows that the class of
provable formulae V P(x) V V 1\ V Q(x, y, z) (where P and Q do

x x II %

not contain quantifiers) is not computable. Moore, Wang and Kahr
improved this result by showing that the class of true formulae
V /\ V Q(x, y, z) is not computable. It is worth while to mention
x II %

that the problem whether a formula of this form (or of Buehl's form
above) is satisfiable is algorithmically decidable (cj.JectureV).

The prefix problem which we have so far considered is interesting
in itself but seems rather artificial. Deeper problems arise when we
consider axiomatic theories and ask the question whether the sets
of their theorems are computable or not.

The first result of this kind is due to Church who proved (in effect)
that the set of theorems provable in Peano's arithmetic is not compu-
table. Let us sketch a modern proof of this result.

Let T be a theory satisfying the following conditions:
10. There is an infinite sequence of symbols ..1 0' ..1 1' ••• such

that each formula of the form -, (L1 j = L1 J) is provable in T for i ¥= j.
2°. Each primitive recursiverelation is strongly representable in T.
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3°. There is a formula M(x, y) which strongly represents the
relation ~ in T and has the property that the formulae M(x, y) V

M(y, x) and M(x, LIn)= [(x = Llo) v ... V (x = LIn)] are provable in
T for each n.

Under these assumptions the set of provable formulae of T is not
computable.

Indeed, let A and B be two recursively enumerable sets' of in-
tegers which cannot be separated by computable sets (see p. 66).
Since they are recursively enumerable, they can be defined in the
form A = {n: V R(n, p)}, B = {m: V S(m, q)} where Rand S are

p q

primitive recursive relations. Let F and G be formulae which
strongly represent Rand S in T. Then the formulae

F' : V {F(x, y) /\ /\ [M(z, y) -+ -, G(x, z)l},
y z

G' : V ([G(x, y) /\ /\ [M(z, y) -+ -, F(x, z)l}
y z

weakly represent A and B and satisfy the condition that the formula
-, [F'(x) v G'(x)] is provable in T.

Let us now assume that the set of provable formulae of T is
computable and let C = {n : F'(Ll n) is provable inT}. Hence Cis
computable, Ace and C () B = 0, which contradicts the assump-
tion of the inseparability of A and B.

The idea of this proof is due to Rosser [187].
As we see we proved not only the undecidability of T but also the

undecidability of an arbitrary consistent extension of T. Theories
each consistent extension of which is undecidable are called essenti-
ally undecidable.! Many examples of such theories are known. An
example of a finitely axiomatizable and essentially undecidable
theory was given on p. 22. Other examples can be found in [231].

Putnam [162] has shown the essential undecidability of an
arbitrary theory T based on a recursively enumerable set of axioms
in which every computable set is strongly representable. In order to
obtain this result he uses the Godel substitution function and con-
structs a formula F such that F is provable in T if and only if its
Godel number n belongs to a preassigned set strongly representable
in T. It follows at once that this set cannot coincide with the set
of Godel numbers of the theorems of T; thus the latter set is not
computable.

1 The notion of essential undecidability coincides with that of essen-
tial incompleteness introduced on p. 22.
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For further discussion of the question which theories are essenti-
ally undecidable, see Shoenfield [206]. It is proved in his paper
that weak representability of all computable sets in T does not
entail the essential undecidability of T.

Theories which are essentially undecidable and finitely axiomatiz-
able can be used to establish undecidability of various theories. This
method was devised by Tarski [231] who formulated the following
test: If l" is an essentially undecidable and finitely axiomatizable
theory, if T is a consistent theory and if T and T have a common
consisten.t extension, then T is undecidable. Using this test Tarski
proved, among other things, the undecidability of the theory of
groups and of the theory of lattices. It is remarkable that surprisingly
weak theories prove to be undecidable; for instance, the theory
whose primitive terms are two binary relations and whose axioms
state that these relations are reflexive, symmetric, and transitive is
undecidable. (Hanly one equivalence relation is considered, the
theory is decidable.) This theory was discussed by Janiczak [84]
and H. Rogers [184].

Another highly interesting method was found not long ago by
Rabin [170] who showed that one can in many cases dispense with
the use of essentially undecidable theories in proofs of undecidability.

Let T and T 1 be two theories whose primitive terms are Rand R 1;

we assume that Rand R 1 denote binary relations. Let T 1 be undecid-
able. We require that T 1 be interpretable in T in the following sense:
There are formulae D(R, x) and A(R, z, y) of T such that (i) all
axioms of T 1 go over into theorems of T if the universe of T 1 is
interpreted as the set of elements satisfying D(R, x) and R1 as the
relation defined by A(R, x, y); (ii) every model M 1 of T 1 can be
obtained from a suitable model M of T by taking as the universe
of M 1 the set {a : 1= M D[RM , an and as th,e interpretation of R 1 the
relation {<a, b ;» : 1= M A[RM , a, bJ}. If these assumptions are satis-
fied, then T is undecidable.

In order to see this, let us denote, for any formula F 1(R1) of T 1,

by F(R) the formula of T obtained from F 1 by the process described
in (i). Since it can be decided, for each formula of T, whether it
does or does not correspond to a formula of Tl' it suffices to show
that F is provable inT if and only if F 1 is provable in T l' In one
direction this follows from (i). Now assume that F 1 is not provable
in T 1; by completeness theorem there is then a model M 1 of T 1 in
which F 1 is false. Using (ii), we infer that there is a model M of T
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in which F is false; whence Rabin's result follows. Obviously the
assumption that Rand R1 are binary is not essential in this proof.

The following example (due to Rabin) will illustrate his method.
Let T 1 be the theory whose unique primitive term is a k-ary

relation R l and T the theory whose only primitive term is a binary
relation R. No extra-logical axioms are assumed in either theory.
Take as D the formula ..., V (xRy) and as A(R, Xl' ..., x,t) the

11
formula V [(uRku) A (URIX~) A (UR2X2) A ••• A (uR,tx,t), where uRlx

u
means the same as uRx and where uRlIx is defined (by induetion)
as V [(uRo) A (oR,a-tx)J. E.g. if k = 3, the formula A(R, Xl' X2, X.)

u

is true just in case when the diagram of R looks as follows:

-=~---......----.. x2

~----.....-----. Xs

In this diagram points other than Xl' X 2' xa denote elements not
satisfying the formula D.

This simple method of Rabin's is in many cases surprisingly
efficient.

Slightly different from the problem of decidability of theories is
the problem of decidability of models. For every M we may con-
sider the set T(M) of those formulae which are true in M and
ask whether this set is computable. This problem is obviously
equivalen.t with the decision problem for a theory T whose
axioms are all the formulae of T(M); thus we do not know a priori
whether the axioms of T form a recursive set. For this reason
not all methods mentioned in connection with the decision problem
for theories can be applied to the decision problem of models.

In most cases we may establish the undecidability of a model M
by showing that integers and the usual arithmetical operations on
them are definable in M; cr. Robinson [179J and J. Robinson [176J.
These investigations often use rather deep results of purely mathe-
matical character.

An interesting open problem is the decision problem for the model
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consisting of all the subsets of the real line and of the Boolean
relations together with the additional relation: X is the closure
of Y. This problem was formulated by Grzegorczyk [65] who estab-
lished the undecidability of various models of similar character but
was not able to solve the seemingly simplest case of a one dimensional
space.

Many other decision problems are known in mathematics and
especially in algebra. Let us mention the problem known as the word
problem for semigroups: we consider a finite alphabet {a, b, .. 0' k}
and "words" in this alphabet, i.e. arbitrary finite (possibly void)
sequences of these letters. Let (S~, S~'), ..., (S~, S~') be a finite
list consisting of pairs of words. We call two words (5', SW) equivalent
if SW can be obtained from 5' by a finite number of transformations
each of which consists of a replacement in a given word w of a seg-
ment identical with Sf by the word Sf' or conversely (i = 1,2, ..., n).
Let E be the set of pairs (5', SII) such that S' is equivalent to SW.
Is E a computable set? This is the word problem for semigroups.
We can formulate a similar word problem for groups and other
decision problems of algebraical character.

Markov [138] and Post [161] reduced the word problem for semi-
groups to the problem whether any given Turing machine will
eventually stop. This yields a negative solution to the word problem.
The word problem for groups, which is much more difficult, was
solved by Novikov [158]; simpler solutions were found by Boone [9]
and other algebraists. We mention these results only briefly since
in spite of their importance for algebra they have been used neither
in logic nor in the study of foundations of mathematics. It should
be stressed, however, that the theory of computable functions
created by logicians in order to discuss philosophical and meta-
mathematical problems proved decisive during the early phases of
the study of algebraical decision problems. It can safely be said that
these algebraical problems would have remained unsettled had not
logicians developed the theory of decision problems for uninterpreted
and syntactically described logical calculi.



Lecture XIII

The theory of models

The modern form of semantics is the theory of models. Some of its
results are quite old. For instance, the Skolem-Lowenheim theorem
dating back to 1917 is of basic importance for this theory. The
systematic development of model theory was initiated by Tarski
in the early fifties [227]. His ideas proved so fruitful that model
theory is at present one of the most important parts of the founda-
tional study. The theory has also close ties with abstract algebra,
and it has found numerous applications.

The abstract scheme of model theory is as follows: We are given
a language L and a class C of objects called models (or realizations)
of sentences of L. There is also given a relation between sentences and
models which we shall call the satisfaction relation and express by
words as follows: "Model M satisfies the sentence F" (or "The sen-
tence F is true in M"). We do not assume that sentences are neces-
sarily finite-sequences of letters; they may be abstract objects of quite
arbitrary character. The language is determined not by the nature
of these objects but by the operations performable on them. Thus
in various applications we consider languages in which the class of
sentences is not denumerable or in which we are allowed to form
infinite conjunctions or disjunctions or in which each sentence is
an infinite (perhaps even transfinite) sequence of symbols. Also the
nature of models is quite arbitrary. In most cases they consist of
a set (which we call the universe of the model) and a sequence of
relations which correspond to the predicates of the language. This
case is by far not the only possible one, however. The great flexibility
of model theory is largely due to this freedom in the choice of the
language and of the class of models.

We shall write ME E(F) or 1== M F if the sentence F is true in the
model M. For a set X of sentences we write ME E(X) if each for-
mula F in X is true in M. M is then called a model of X. If X is
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the set of axioms of a theory, then we also say that M is a model
of this theory. We say that a sentence F is a consequence of X
if E(X) c E(F); the set of all the consequences of X is denoted
by Cn(X). The operation Cn has the well known properties of a
closure operation: X c Cn(X) and Cn(Cn(X» = Cn(X).

The theory of models is best knownin the case in which L is the
first-order predicate logic with identity. Sentences of L are then
first-order formulae without free variables. This case will be treated
in the present lecture. We shall impose no limitations on the number
of predicates in L, however, and we shall assume that there are
arbitrarily many individual constants in L.

A model is defined as a sequence consisting of a set A (the universe
of the model) and of a family of relations in A and of elements of A.
This family is indexed by the predicates and the individual constants
of L. In this way a relation between the elements of A is correlated
with each predicate P of L and an element of A is correlated with
each constant of L. We assume that the number of arguments of the
relation correlated with P is the same as the number of arguments
of P. The satisfaction relation is defined in the usual way explained
in lecture III.

In order to simplify our terminology we shall sometimes identify
a model with its universe. In this sense we speak of the cardinal
number of a model or of an object being an element of the model.

Three relations between models are of importance for us:
1. We say that a model M 1 is a submodel of M 2 or that M 2 is

an extension of M J (in symbols M 1 c MJ if (i) the universe Al
of M 1 is a subset of the universe A 2 of M 2; (ii) the relations of M 1

are obtained from those of M 2 by restricting them to AI; (iii) the
interpretations of individual constants are the same in both models.

2. A model M I is an elementary submodel of M 2 (or M 2 is an
elementary extension of M I , in symbols M1 < M 2) if M I c M 2

and the following condition is satisfied: whenever F is a formula
and a, b, ... are elements of M I then the conditions I=MI F[a, b, •..J
and I=M

2
F[a, b, ...J are equivalent.

3. Two models M I and M 2 are elementarily equivalent (in symbols
M I =M 2) if M 1 E E(F) =M 2 E E(F) for each sentence F.

Note that these three relations are meaningful not only in the
case when L is the first-order logic but in all cases when we have
defined the relation of satisfaction. In order for definitions 1 and 3
to be meaningful it is not even necessary to have defined the relation
of satisfaction for formulae with free variables.



189], 12\ THIRTY YEARS OF FOUNDA T10NAL STUDIES 117

The relation M 1 < M 2 evidently implies M 1 C M 2 but not con-
versely. A connection between the notions of elementary extension
and elementary equivalence has been established by Keisler [90];
see p. 130.

Relations 1 and 3 were introduced by Tarski [227], relation 2
by Tarski and Vaught [232].

We shall now discuss the Skolem - Lowenheim theorem.
Analyzing the original proof due to Skolem one obtains the follow-

ing result (Tarski-Vaught l232]): If m is an infinite cardinal not less
than the cardinal ma of the constants and predicates of L, and if M
is a model of a power k > m, then for every cardinal p such that
k ~ P ~ m there is a model M 1 of power p such that ltI1 < M.
This theorem is called the downward Skolem-s-Lowenheim theorem.

A completely different theorem called in the recent literature the
upward Skolem-i-Lowenheim theorem was proved for the first time
by Tarski in a note to [209] (cf. Tarski-Vaught [232]): If m is a
cardinal satisfying the conditions of the previous theorem and M
is a model of power m, then for every cardinal q ~ m there is a
model M 2 of cardinality q such that M 2 > M.

The upward Skolem c-Lowenheim theorem results easily from the
compactness theorem:

If E(X 1) =1= 0 for every finite subset of a set X, then E(X) =1= O.
For a language L with at most denumerably many constants and

predicates this theorem was first proved by Godel [53] (cr. lecture V).
The general result is due to Malcev (134] who also first applied this
theorem to algebra. A modern proof of the compactness theorem
will be sketched in lecture XVI.

The different Skolem - Lowenheim theorems belong to the most
important results in the theory of models. We shall show how they
can be applied in order to characterize what are known as the spectra
of sets of sentences.

Let X be a set of sentences of L. We shall call the spectrum of X
the class of cardinals m such that E(X) contains models of pow~r m.
It follows from the Skolem-i-Lowenheim theorems that if the spec-
trum of X contains at least one cardinal ~ 1110, then it contains all
cardinals ~ mo'

The part of the spectrum consisting of cardinals < 1110 is not very
well understood even in the simplest case when 1110 = Mo. Let us
call a set K of integers the finite part of the spectrum of X (or of
a single sentence F) if K is the intersection of the spectrum of X
(or of F) and of the set of all integers. Scholz (1941 asked whether
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all computable sets are finite parts of the spectra of single formulae.
This question has been answered in the negative by Asser [4]. The
finite parts· of spectra thus form a subclass of the class of ccmputable
sets, but the structure of this class is still unknown. For instance,
one does not know whether the intersection of two sets in this class
is also a member of the class. Some partial results on the finite parts
of spectra were given in [151].

Rabin [166] has shown that the upward Skolem-i-Lowenheim
theorem is in general not true if one drops the assumption that the
power of M is not less than mo' He gave a counter-example with
mo = 2 No. Rabin's paper illustrates the difficulties which we may
expect in studying the initial parts of spectra.

Another simple but very fruitful application of Skolem-s-Lowen-
heim theorems is provided by new methods of completeness proofs.
Since a complete theory with a recursively enumerable set of axioms
is decidable, these methods often enable us to establish the decidabil-
ity of a theory without the cumbersome calculations which are
unavoidable in the elimination method discussed .in lecture XII.

The first method to be discussed is based on the following lemma
which immediately results from the definitions of the notions in-
volved: A ·theory T is complete if and only if any two of its models
are elementarily equivalent.

Let now T be a theory with at most denumerably many constants
and predicates (mo = Ko) and assume that there are no finite models
M of T. We shall say that T is categorical in power m (Los [126],
Vaught [236]) if any two models of T with the cardinal number m
are isomorphic. Using the Skolern c-Lowenheim theorems and the
lemma given above we obtain the theorem: If a theory T satisfying
the assumptions given above is categorical in an infinite power m,
then it is complete (Vaught [236]). The following examples show the
efficacy of this theorem:

(1) According to a classical theorem due to Cantor any two linearly
ordered sets which are denumerable, dense and have no first or
last element are isomorphic. Let T 1 be a theory with one binary
predicate P based on axioms which state that the universe is densely
ordered by P and has no first or last element. By Vaught's
theorem T 1 is complete and hence decidable. We call T 1 the theory
of dense ordering. Its decidability can be proved by the elimination
method but this proof" while not very difficult, is incomparably
more involved than the above semantical proof.
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(2) In a similar way we show that the theory T 2 of atomless
Boolean algebras is complete.

(3) Let T a be a theory with two ternary predicates S, P and
axioms stating that for every two elements x, y of the universe there
is exactly one s = x + Y such that S(x, y, s) and exactly one p = xy
such that P(x, y, p) and further that the universe is an algebraically
closed field with characteristic zero.

Since one proves in algebra that any two algebraically closed fields
with the same characteristic and the same power m > Ko are iso-
morphic, we obtain the result that the theory Ta is complete and
hence decidable.

The same result is also true for the theory Ta(p) which we obtain
from Ta by dropping the axioms concerning the characteristic 0 and
assuming instead of them an axiom stating that the characteristic
of the field is p.

In order to avoid possible misunderstandings we add a few more
comments on the axioms of Ta and Ta(p). Both these theories are
based on an infinite number of axioms. Indeed, in order to express
in the language L that a field is algebraically closed we must admit
axioms which state that all quadratic equations, all equations of
degree 3, all equations of degree 4 etc. have roots. For each degree
we have thus a separate axiom. The fact that the field has char-
acteristic 0 is expressed by the axioms

(x + x = 0) -+ (x = 0), (x + x + x) -+ (x = 0), (x + x + x + x = 0) -+

(x = 0), ....

which again form an infinite sequence.
In the usual expositions of the field theory all these axioms would

be replaced by a finite number of sentences. These sentences would
however involve the notions of polynomial and integer and hence
would not belong to the first-order language on which theories T a
and Ts(p) are based. A theory based on this less elementary language,
while mathematically more convenient, is much less interesting for
a logician. No completeness result holds for this less elementary
theory.

t4) Kochen [110] has obtained by the method described above
Tarski's result that the theory of addition and multiplication of real
numbers is decidable.

In view of these applications it would be desirable to have criteria
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of the categoricity of theories in a given infinite power. No such
criteria are known in the general case. For m = ~ the following
beautiful result was found by Hyll e-Nardzewski [188] and (somewhat
later but independently) by Svenonius [2W&] and Engeler [32]: If
a theory T with at most denumerably many predicates and constants
is complete, then it is categorical in power ~ if and only if for each
integer n the Boolean algebra of its formulae with at most n free
variables is finite.

Partial results for the case m > No ca--,tr be found in Vaught [237]
and [239&]; the latter paper contains a survey of all results obtained
so far in the study of this problem as well as a complete biblio-
graphy.

Los asked in [126] whether a theory categorical in a power m > No
is categorical in every non-denumerable power. This very difficult
problem was solved (positively) by Morley [147].

The work on the notion of categoricity in a given power is still in
progress.

We shall now discuss another semantical method of establishing
completeness of theories.

Let M be a model with the universe A; for simplicity we assume
that there is just one relation R in M and that it is a binary one.
We adjoin to the language L constants for all the elements of A,
and denote by la the constant denoting a. The set consisting of all
formulae P(la, ib) where a and b are elements of A such that «Rb,
of all formulae i« =1= 11) such that a and b are different elements of A
and of all formulae ., P(la, i b) where a and b are elements of A
such that it is not the case that aRb is called the diagram of M
and is denoted by D(M).

Let now T be a theory and X its set of axioms. We call T a model-
complete theory if for every model M £ E(X) the set X UD(M) is
complete. This notion was introduced by A. Robinson [l80]. Before
we show how to use it in proofs of completeness we give a few ex-
amples which show that the notions of completeness and of model-
completeness are different from each other:

The theory T 1 is complete and model-complete.
The theory of linear order of type w· + co (ct. page 110) is com-

plete but not model-complete. Indeed, if M o is a model of this theory
consisting of integers (positive and negative) ordered by the rela-
tion :S, then the sentence s- V [P(/o' X)A P(x, 11) A (x =1= 10) A (x =1= 11)]

x
is neither provable nor disprovable in X UD(Mo)'
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The theory of algebraically closed fields obtained from the theory
T s by dropping all the axioms referring to the characteristic of
the field is incomplete but model-complete. Indeed, the sentence
1\ [S(x,x,y) ~ S(y,y,y)] which states that the characteristic of

:E.Y

the field is 2 is independent of the axioms. On the other hand if M
is a model of the theory then the set XU D(M) is complete. If the
characteristic of Mis 0, then the set XU D(M) is equivalent to the
axioms of T s; if the characteristic of M is p, then this set is equi-
valent to the set of axioms of Ts(p); hence the set is always complete.

Robinson [180] has established a necessary and sufficient condition
for model-completeness of a theory which can be tested rather
easily. The condition says that for every model M of T, for every
extension M' of M which is also a model of T, and for every sentence
B of the form V Y where Y is a conjunction of atomic

formulae or of their negations, the conditions M € E(B) and M' € E(B)
are equivalent. Using the expression of Robinson: existential senten-
ces B are persistent, i.e. their validity in Mis preserved by extensions
of M to any larger model M' (under the assumption that the axioms
X of T are true both in M and in M').

Let us sketch briefly a proof of Robinson's result.
We first assume that T is a model-complete theory. If an existential

formula B is true in M, then it is obviously true in an extension M'
of M. If B is false in M, then by the completeness of X U D(M), the
sentence -, B is a consequence of X U D(M), since the consequences
of X U D(M) are true in M. Since the diagram of M is contained in
the diagram of M', we obtain that -, B is a consequence of XU D(M')
and hence that -, B is true in M', i.e. B is false in M.

Now we assume that T is not model-complete. Let M be a model
such that M € E(X) and Z a sentence independent of X U D(M).
We can assume that Z is in the prenex normal form beginning with
an existential quantifier and that no sentence in such form with
fewer quantifiers is independent of XU ·D(M') for any model M'
of T. Put Z = V O(x).

:E

Since X U D(M) U{Z} is consistent there is an extension M' of
M such that .' f: E (X U {Z}). Hence M' contains an element a
such that Q(ta) is true in M', Since Q(ia) has less quantifiers than Z
we obtain Q(ta) e Cn(X U 9(M'» whence it results easily that Q(ta) €

Cn(X U {Y(ta1, ' , " tan)}) where Y is a conjunction of finitely many
sentences in D(M'),
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It follows easily that [Xl, ..~xn Y(x 1, ..., xn ) ~ Z] £ Cn(X) and

hence the sentence B = v Y(x 1, ••• , xn) is not provable

from X U D(M). It follows that B is false in D(M). On the other
hand B is true in M'. Thus the incompleteness of X U D(M) con-
tradicts the Robinson's condition.

We shall now show how Robinson uses his theorem in the study
of completeness. Let us call M a prime model for a theory T if every
model M' in which the axioms of T are true contains a sub-model

....
of T isomorphic with M. Robinson's main theorem states:

If a model-complete theory T admits a prime model M, then it is
complete.

Indeed, we shall show that theorems of T coincide with sentences
true in M. It is sufficient to show that if a sentence Z is true in M,
it is provable. Otherwise there would exist an extension M' of M
such that M' E E(X) and Z would be false in M'. Hence, by the
model-completeness --, Z would be a consequence of X U D(M').
But this is clearly impossible since Z is a consequence of X U D(M)
and D(M) is a subset of D(M').

Because of its assumptions Robinson's theorem is applicable only
to a limited class of theories. One of the most important applications
was Robinson's result [181] showing the decidability of the set of
those first-order sentences involving the predicates x = y, x ~ y,
x = y + z, x = y.z and "x is an algebraic number" which are true
for the real numbers. This extension of Tarski's decidability result,
which we discussed in lecture XII, could hardly be obtained by the
method of elimination of quantifiers.

Further indications concerning completeness proofs using model-
theoretical notions can be found in Robinson's book [183].

Another important part of model theory depends on a theorem
known as Craig's interpolation lemma [25]. This result is a purely
syntactic theorem dealing with the provability of formulae in the
first-order logic without identity. It says that if F(P, QI' .••, Q",

xl' ... , xm) and G(P', Ql"'" Q", x!"," xm) are two formulae
with the free (predicate and individual) variables indicated and if
the implication F ~ G is provable in logic then there is a formula
H :-- H(Q l1 ..., Qk, xl' ... , xm) such that both implications F ~ II

and H ~ G are provable in logic. The essential point is of course



[89], 127 THIRTY YEARS OF FOUNDA T10NAL STUDIES 123

that the interpolation formula H contains freely only those variables
which are free in F and in G.

We shall reformulate Craig's lemma using semantic notions.
In order to simplify the notations we shall assume that m = 0 and
k = 1 and write Q instead of Ql' Furthermore we assume that P
and Q are both binary predicates.

Let A be a fixed infinite set and let M be the family of all models
of the form <A, R> where RcA X.A. If H is a formula with
the free variable Q, then we denote by UH the set of all models M
in M such that 1= M H[R], i,e. H is satisfied in M under the inter-
pretation of Q as R. If F has the free variables P, Q, then we denote
by VF the set of models M in M for which there exists a relation
5 c A X A such that F is satisfied in the model M* = <A, 5, R>
obtained from M by adjunction of the new relation 5.

Craigs lemma is equivalent to thefollowing separation principle: If
F = F(P, Q) and G = G(P, Q) are formulae such that VF n VG = 0,
then there are formulae H = H(Q), K = K(Q) such that V p c U H'

VG c UK and UH n UK = O.
This formulation of Craig's theorem was a starting point of an

extensive work undertaken by Addison in which he tried to establish
a common basis for set-theoretical and logical separation principles.
(See [3aJ.)

The equivalence of this statement with Craig's lemma is a simple
corollary to the completeness theorem.

Proofs of Craig's lemma were given, besides by Craig himself, by
Lyndon and other authors; see literature quoted in [131].

In order to illustrate the uses of Craig's lemma we shall give a proof
of a theorem due to Beth concerning the theory of definitions [6J.
This theorem was proved by Beth before Craig in a more complicated
way.

We mentioned already in lecture III a method (due in principle
to Padoa and stated precisely by Tarski) of proving independence of
a primitive notion P of a theory T from other primitive notions
Ql"'" Q" of T. The Padoa-Tarski theorem states that if there are
two models M = <-A, R, 51"'" S,,>, M' = <A, R', 51" .., 5,,>
of T such that.R =F R' then P is independent of Ql' ..., Q" in T.

Beth's theorem says now that this method is always applicable:
If there are no models M, M' with the properties mentioned above,
then P can be defined in T with the help of Ql' .. '1 Q" alone.

Proof: Using the completeness theorem we obtain, that if there are



124 FOUNDAT10NAL STUDIES [89]. 128

no models M, M' required in Padoa's method then there is a finite
conjunction K of axioms of T such that the formula

K(R, Q1"'" Qk) -+ {K(R', Q1"'" Qk) -+ [R(xl' ..., xp) -+

R'(xl' .•., xp)l}

is provable in logic. If L(Q1' •••, Qk> xl' ..., xp) is an interpolating
formula for the formulae

F: K(R, Q1' •••, Qk) A R(xl' ..., xp),

G: K(R', Q1' .••, Qk) -+ R'(x1, ••., xp),

then R(x 1, ..., xp) = L(Q1' .•. , Qk, Xl"'" xp) is provable in T
and hence R is definable in T by means of Ql' •.. , Qk alone.

Important extensions of Craig's lemma are due to Lyndon. We
shall discuss only one of his results; a full account is given in [131].

First we define by induction the phrase: "An atomic formula
M(il' ..., ik) (where i1, ..., i" are terms) occurs positively (nega-
tively) in a formula F". If F and M coincide, then M occurs positively
in F. If M occurs positively (negatively) in F, then it occurs positively
(negatively) in F V G, G V F, F II G, G V F, G -+ F V F, /\ F and

x x
negatively (positively) in -, F and in F -+ G.

If all the atomic formulae involving R occur positively in F, then
we say that R occurs positively in F.

Lyndon's generalization of Craig's lemma is now this: Let F and G
be formulae as in Craig's lemma and assume that Q1 occurs positively
(negatively) in F and in G; then there exists an interpolation formula
H in which Q1 also occurs positively (negatively). It follows from
Lyndon's theorem that if a formula F containing a predicate Q has
the property that its validity is preserved under extensions of Q,
then F is equivalent to a formula in which Qoccurs positively. More
precisely, the assumption means that the condition M £ E(F) implies
M' £ E(F) for each M' obtained from M by replacing the relation
S which interprets in M the predicate Q by a relation S' => S.

This result solved a problem proposed by Marczewski in [137].
It is one of the many results in model theory which relate the set-
theoretical properties of models with the syntactic properties of
sentences true in these models. We shall consider below some other
results of this sort.
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Let us consider a class F of models and assume that F contains
with each M every model isomorphic to M (we disregard at present
the set-theoretical difficulties involved in this definition). We call
F an elementary class if there is a set X of first-order sentences such
that F = E(X). This terminology is due to Tarski [227J. Our program
is to characterize the elementary classes among all possible classes
F and also to study relations between the form of sentences which
belong to X and the set-theoretical properties of F.

Lyndon's theorem fits in this program since it can be rephrased as
follows: If an elementary class F has the property that it contains
with each M any model M' obtained by replacing S by a relation
S' :=> S, then F . E(X) where each formula A in X contains the
predicate Q positively.

Historically the first (and simplest) result of this kind was obtained
by Tarski [228] and, independently, by Los [127]. It says that if
a class F contains with each M all the submodels of M and if F is
an elementary class, then there is a set X of sentences such that
F = E(X) and that all the elements of X are general sentences (i.e.
have the form 1\ H where H does not contain quantifiers).

:!:/J •••

Another result of this kind due to f,os-Suszko [130], and also
obtained by Chang [14], characterizes elementary classes closed with
respect to the operation of forming the union of anincreasing sequence
of models.

All these results have been essentially generalized by Keisler [88].
Many authors have given various set-theoretical characterizations

of elementary classes. Thus e.g. Tajmanov (221J obtained a simple
characterization in topological terms. He introduced a topology in
the class of all models by taking as neighbourhoods of a model M
the classes E(A) where A is any formula true in M. Elementary
classes are just closed subsets of this space. Many other characteriza-
tions have been shown by Tajmanov to follow from this simple result.

The deepest result in this direction is due to Keisler [89J who
proved (using the generalized continuum hypothesis) that a class F
is elementary if and only if it is closed with respect to the operation
of forming reduced Cartesian powers and its complement -F is
closed with respect to the operation of forming reduced Cartesian
products (these notions will be explained in lecture XVI). Less deep
but independent of the continuum hypothesis are characterizations
given by Kochen [110] who used other operations than those of
forming reduced products and powers.



126 FOUNDATIONAL STUDIES [89], 130

It is remarkable that in spite of their very abstract form these
characterizations can be effectively used. For instance, Rabin [169]
proved, using these criteria, that the class of groups G which are
(isomorphic to) groups of automorphism of models M in E(X) is
always an elementary class and thus has the form E(Y). Rabin's
theorem states the existence of a set Y for any given X but his proof
does not provide any means of actually constructing such a set, and
is thus of great interest for evaluating non-effective methods in logic
and set theory.

Another problem which has been studied extensively is that of
giving set-theoretical criteria for the elementary equivalence of two
models.

Keisler [90] proved that M I = M 2 if and only if some reduced
powers of M I and M 2 are isomorphic to each other. It follows that
M1 - M2 if and only if there are two isomorphic models M~ and M~
such that MI < M~ and M 2 < M~. Kochen [110] gave a similar
characterization of = in terms of other operations. Less sophisti-
cated but very useful was a characterization given by Ehrenfeucht
and Fraisse,

Fratsse's [41] definition uses a sequence of equivalence relations
"" n' Let Xl' X 2 be finite subsets of the universes of M 1 and M 2•

We write X, "" 0 X 2 if the relations of both models restricted to Xl
and X 2 are isomorphic. Now assume that an equivalence relation
,...., n between finite subsets of Ml' M 2 has already been defined.
We define the relatlon r-- n+l as follows: Xl ,...., n+l X 2 if for every Xl
in the universe of M I there is an x 2 in the universe of M 2 such that
X, U{Xl} ,...., n X 2U{x2} and conversely.

Fratsse's theorem says that M1 = M 2 if and only if 0 ,...., n 0 for
each n.

Let us consider as an example the set N of all integers ordered
by the :s; relation (its order type is w* +w) and an extension
N' of N ordered by an extension s ' of the -s-relation in type
w* +w + w* + w. We assume that N is an initial segment of N'. Let
M I = <N, -s >, M 2 = <N', ::5 ' > and let X, c N, X 2 C N'
be two finite sets with the same number of elements. We can decom-
pose X 2 into a disjoint union X 2 = X~ UX~' where X~ = X~ n N,
X~' = X 2 ~ N. Let X; and X;' have p' and pIt elements. It is then
easy to prove that X, ,....", n X 2 if and only if there are at least n
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elements between the first p' and the last pH elements of Xl" This
implies, in particular. that M} =M 2•

One could obtain the same result by using the elimination of
quantifiers but the method based on Frarsse's construction is much
more conspicuous.

Ehrenfeucht obtained (independently) the same characterization
as Fraisse and expressed it in a very suggestive language of games
[30]. He also showed how this characterization can be applied to
solve various problems concerning definability of elements in models
whose universes consist of ordinals.

We shall see, in the next lecture, that the Ehrenfeucht-s-Frarsse
method can be extended to certain languages different from the
first-order language considered here.

The results of model theory presented here do not exhaust all
which have been dealt with in the existing literature. The theory
is still in the stage of very rapid development and will certainly find
many new applications.



Lecture XIV

Theory of models for non-elementary languages

We mentioned already in lecture XIII that the scheme of the
model theory is very general and applicable to various kinds Of
languages. Several attempts were made to apply this scheme to
languages different from the language L of the first-order logic.

We shall report on results obtained for the following languages:
1. The language Qa' This language differs from L by containing

in addition to the symbols of L one new quantifier Q. The sentence
QxFx is true in a model M if and only if there are in M at least Ka

elements which satisfy F in M. We have thus one language with
many different interpretations of the constant Q. The notion of a
model is the same as in the case of the language L.

2. The language L~I. This language differs from L by containing
variables X, Y, . . . for sets. A sentence V F(X) is true in a model

x
M if there is a subset of M whose power is < Ka which satisfies F
in M. Again we see that there is one syntactic structure of the
language but a multitude of interpretations. The languages L~I are
said to be of weak second-order. Again models are defined in the
same way as in L.

3. The strong second-order language LII has the same syntactic
structure as L~I but a different interpretation of the set variables:
the formula V F(X) is true in a model M if there is a subset of M

x
of any cardinality which satisfies F(X) in M.

4. The sequential second-order language L~ contains variables not
for finite sets of elements but for finite sequences of them and also
symbols for concatenation of two sequences and for forming a one-
term sequence < a> out of a given element a.

5. Higher order languages L~n) ana L(n) are defined similarly as
the languages L~I and L II . It is possible to combine the methods of
construction of these languages and require for instance that arbi-
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a sentence

trary subsets of a model be values of the first-order set-variables
X, Y, ... but only finite sets be allowed as values for second-order
set-variables etc.

6. The infinitistic language L w l , WO' Let Xt. Ct for i = 0, 1, 2, ...

be individual variables and constants and let Rt be a predicate
with Pt arguments (i = 0,1,2, ...). Atomic formulae of Lw l , Wo are

expressions Rt(tl"'" tp .) where each' it is either a variable or a
I

constant. The rules of formation of more complicated formulae are
the same as in L with two additional infinitistic rules: if At is an
infinite sequence of formulae. then E Ai and II At are formulae.

i i

Models are just the ordinary models as in the case of L. A sentence
1.: At is true in M if and only if there is an i such that At is true in M;
I

a sentence II Ai is true in M if and only if each Ai is true in M.
i

Formulae of L W lt Wo are infinitistic objects; thus even the syntax

of this language can be studied only in strong systems of set theory.
In the symbol L W lt Wo the first index WI is the smallest cardinal

larger than the cardinal number of terms in any disjunction or con-
junction allowed in the language. The second index shows that only
a finite number (i.e. a number < wo) of variables can occur under
a quantifier: we can form a sentence V F (which is, in fact,

X1'···'Xn
an abbreviation for V V ... V F) but we are not allowed to form

Xl x. X n
V F with an infinite sequence of variables under

{ZI' x••••. }

the quantifier.
7. The infinitistic languages Lw ,ware defined similarly. For

p "
instance in L W 2' WI we can form disjunctions and conjunctions of

sequences of lengths < w 2 and also bind by a single quantifier strings
of variables whose length is any ordinal < WI'

These languages were introduced by Tarski and Scott [200]; the
symbolism is due to C. Karp [87] who uudertook an extensive study
of these languages. The usual first-order logic is contained as a
special case among the languages here considered: in fact L = L w o' WO'

There exist various relations between the languages we enumerated.
Thus e.q. Qa is translatable into L~I and L~I into L w , w •

a a

The notions of submodel, elementary extension (with respect
to a given language J), elementary equivalence (with respect to J),
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spectrum, elementary class (with respect to J) can easily be defined
in a similar way as in the previous lecture. The same applies to the
notion of (logical) consequence. However, not all results can be
carried over to the more general theory which we consider here.

The main difference between the model theory for the language L
and the model theories of the languages 1-7 above is the failure of
the compactness theorem in most of the latter. This theorem is false
for the languages Qo' L~I, L II

, L~ and most of the languages L w!-" WS"

For the languages QaH Fuhrken [48] proved a remarkable theorem

which implies that the compactness theorem is true in the model
theory of these languages. It is not yet known whether this is also
true for lauguages Qa with a limit index.

The downward Skolem-i-Lowenheim theorem is valid (with some
modifications concerning the minimal power of a model) for all
languages defined above. This is no more true for the upward Skolem
-Lowenheim theorem which fails for almost all of these languages
(notice that we used the compactness theorem in the proof of the
upward Skolem-e-Lowenheim theorem for the language L). Because
of the failure of this theorem the structure of spectra in these lan-
guages is incomparably more involved than in the case of language L.

In this connection Hanf {73] proved a simple but interesting
theorem valid for any language J in which the downward Skolem-
Lowenheim theorem is true: for any such language there exists a
cardinal f (the "Hanf number of J") with the property that if a
formula F has a model of power T, it also has a model of any power
> f. Hanf's proof is not constructive and the actual determination
of T even for very simple languages presents great difficulties. From
results of Morley [148] it follows e.g. that for Qo the Hanf number is
Tbw1 where the transfinite sequence Tb; is defined as follows: Tbo =

Ka, TbeH = 2"'e, Tb). = L'e<). Tbe for limit numbers ;..
Montague [146] investigated spectra in higher-order languages L(n)

and proved using essentially results of Hintikka [83] that with
each formula of L(n) one can correlate a formula of L(lI) 'with the
same spectrum. This illustrates the difficulty of the spectrum prob-
lem for the language L(lI).

The Fralsse-s-Ehrenfeucht formulation of the equivalence of models
can be carried over to several non-elementary languages. Let us
sketch (after Fratsse [42]) the relevant definitions for the language
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Let M be a model with the universe A and A n the set of all se-
quences <x!'" ., xn> with xi E: A for j = 1,2, ..., n. Let further
Sa (A) be the family of subsets of A of a power < Na and Sa (A)n

the set of all sequences <Xl"'" X n > with Xi E: Sa (A). We
define a sequence of equivalence relations ""' k whose fields are
triples <M, x, ,X> where M is a model, x E: An, X E: Sa (A)n and
n is an integer,

The relation < M l, Xl' Xl> ""' 0 < M z, x2• X 2 > holds if and only
if 10 the function correlating the consecutive terms xu' X l Z• • • •, x l n

of Xl to the corresponding terms X2l• x2Z' ..•, x2n of Xz is an iso-
morphism with respect to the relations of M I and M z; 2° Xil E: X l j

= x2i E.X 2j for all i, j s n.
If ""' lc is already defined, then we define ""' k+l as follows: the

relation <Ml, Xl' Xl> ""' k+1 <M2, X 2' X z> holds if .and only
if for arbitrary Zl E Al and Zl E: Sa (AI) there are Zz E All and
Zl E Sa (A z) such that

<Ml, Xl~<Zl>' Xl'"'<Zl»" ""' lc <M2• X2~<zZ>' X2~<Z2»

and conversely.
With these definitions it is easy to show that two models M l , M 2

are equivalent with respect to the language L~I if and only if M l ""'lcM2
for each k,

For infinitistic languages Lwp' Wo the sequence of relations ""' lc

can be extended into transfinite but even this transfinite sequence
does not yield the full characterization of equivalence with respect
to Lwl" woo These problems were investigated by Scott who found
applications for them in the descriptive set theory [199]. See also
[123 a].

Interesting and mostly not yet solved problems result when one
investigates analogues of the completeness theorem for various
generalizations of the language L. Let uS call a sentence F of a
language J true if it is true in all models. In case of the language L
the set of true sentences is as we know recursively enumerable. For
the language Qo one shows easily that this set. is a n:-set which is
not hyper-arithmetical and the same" is true for the languages L~I

and L~. For Ql Vaught [239] established the unexpected fact (based
on results of Fuhrken [48]) that the set of true sentences of this
language is recursively enumerable. The problem has not yet been
solved for all languages Qa' For languages L~I (a > 0) and L II only
negative' results are known; e.g. one knows that the set of true
sentences of these languages are not analytic. The problem whether
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they are constructible in Godel's sense is open. Still less is known
in case of infinitistic languages Lw ,w because we are lacking

i-' i-'

suitable hierarchies which would allow us to express the analogues
of the completeness theorem.

We shall devote the rest of this lecture to applications of model
theories of generalized languages. Whereas there are as we saw in
lecture XIII many applications of the usual model theory, the appli-
cations of the generalized one are rather scarce. Some of them are
worth noticing, however.

1. Axiomatic theories based on the language L~. Axiomatic
theories usually considered in meta-mathematics are based on the
first-order logic L and the notion of consequence used in them is the
(syntactically defined) notion of consequence of L. It follows from
the Skolem-i-Lowenheim theorem for L that such theories are never
categorical unless the cardinalities of all their models do not surpass
a fixed integer.

Tarski [229] was the first to realize that one often obtains in-
teresting theories, if one bases them on other languages and appro-
priately changes the notion of consequence. Suppose for instance
that we base a theory on the language L~ (the theory is then said
to be of a weak second-order). We admit then as axioms certain
sentences of L~ and call a sentence of L~ a theorem if it is a con-
sequence of axioms i.e. if it is true in every model of the axioms.
Such a theory is decidable only if all its models have just one element.
Unless this assumption is satisfied, the set of theorems is not recur-
sively enumerable. On the other hand many weak second order
theories are categorical and hence complete. Moreover they are often
more natural from the mathematical point of view, since we can
define in them various notions not definable in the ordinary theories.

Let us take as an example the weak second-order theory of al-
gebraically closed fields (Tarski [229]).

The notion of a polynomial is definable in such a theory (we can
identify a polynomial with the sequence of its coefficients). We can
also define the value of a polynomial for a given argument and thus
express in a single sentence that a field is algebraically closed. Also
the notion of' characteristic is definable in the theory.

We saw in lecture XIII that the first-order theory of algebraically
closed fields requires an infinite number of axioms; on the contrary
the weak second-order theory is finitely axiomatizable.

Tarski (l.c.) was able to classify all equivalence types (with respect
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to L~ of algebraically closed fields of a given characteristic. It turned
out that fields with a given finite degree of transcendence form such
a class; besides these classes there is still one equivalence class con-
taining all algebraically closed fields with infinite degrees of tran-
scendence. As an immediate corollary Tarski obtained the result
that if a sentence of L~ is valid in the field of complex numbers it is
valid in all algebraically closed fields with characteristic 0 and
infinite degree of transcendence.
. A similar "transfer principle" was obtained earlier by Tarski [226]

for sentences of L as a simple corollary to the decidability of the
elementary theory of addition and multiplication of complex num-
bers. Since the theory based on the language L~ is incomparably
richer than the elementary theory, the new principle represents a
much stronger result than the old one.

It follows from the result discussed above that the weak second-
order theory of algebraically closed fields becomes complete, upon
addition of axioms which determine the characteristic and the tran-
scendence-degree of the field. Other examples of complete weak
second-order theories are provided by the arithmetic of integers or
of rationals. These theories are even categorical and, in addition,
finitely axiomatizable of course with respect to the notion of con-
sequence in L~. The set of sentences of L~ which are valid in the field
of real numbers is not finitely (and even not hyper-arithmetically
axiomatizable (cf. (152). It seems to us that the study ofaxiomatiz-
ability of weak second-order theories deserves a further study.

2. Applications of infinitistic logics L w p ' Wp to abstract set theory.
We mentioned in lecture VI that the compactness theorem for the
first-order logic follows from the existence of a maximal filter in an
arbitrary Boolean algebra. A similar connection between the com-
pactness .theorem and the existence of certain filters subsists for
infinitistic logics Lw p ' Wp'

In order to state this result we must first explain some set-theoreti-
cal notions. An ordinal fl is called regular if wp cannot be repre-
sented as a limit of a transfinite sequence of a type < (J)p whose
terms are < w p ' An ordinal fl is called inaccessible if it is regular
and m < Np ~ 2m < Nil"

Tarski [230) calls an ordinal fl strongly compact, if every set X
of sentences of Lw p , Wp with cardinality Np has the property: if
every subset of X with a smaller cardinality is satisfiable, then so
is X. The connection with the theory of filters established by Tarski
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is now this: a regular ordinal J-L is strongly compact provided that
the Boolean algebra BI' of all subsets of a set of power 1(1' contains
a maximal non-principal NI'-multiplicative filter (i.e., a filter F
such that if ReF and R has a power < 1(1" then the intersection
of Rbelongs to F). This result reduces the question of existence of
filters with the properties just mentioned to a meta-mathematical
problem concerning the language Lwl" WI" Mathematicians interested
in abstract set theory once tried for a long time to settle the question
whether for the first inaccessible ordinal J-L > 0 the Boolean algebra
BI' contains a non principal, NI'-multiplicative maximal filter (for
all smaller numbers the problem was solved long ago by Tarski and
Ulam). The interest in this question is due to the fact that it is
closely connected with the abstract measure theory.

Solving this problem proposed by Tarski Hanf [73] showed that
the first inaccessible number J-L > 0 is strongly incompact whence
in particular it follows that there is no filter of the kind indicated
above. The measure-theoretic problem was thus solved by the use of
the model theory of the language LlJ.)lJ' WI" Hanf's construction showed,
moreover, that many other regular ordinals are strongly incompact.
The question whether one can assume without inconsistency that
there are strongly compact ordinals is open and seems to be very
difficult.

We shall outline Hanf's proof of incompactness of Lwl" WI' for the
first inaccessible ordinal > O. To obtain his result Hanf considered
a set X of sentences of Lwl" WI' which describes an axiomatic theory
of ordinals. All sentences of X contain but one predicate. viz. E. We
include in X the axiom of extensionality and the axiom of regularity
in the form

Next we add to X sentences which state the existence of all ordi-
nals ~ < WI" Since each ordinal is equal to the set of its predeces-
sors, it can be described by a formula S~ (x) of Lwl" WI" E.g. for
~ = WI' we have as the description of ~ the formula

where v stands for the sequence {va} of type WI + 1.
The sentences which we add to X have the form V S~ (z).

x
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Finally we add to X sentences which state (I) that all ordinals are
smaller than the first inaccessible ordinal > wand (II) that there
exists a largest ordinal. While it is clear how to express (II), the
sentence (I) is rather involved and cannot be given here. One obtains
it expressing in our formal language the definition of various set-
theoretical notions.

The cardinal number of X is Nw Each set Xl C X with a
cardinality < Np is satisfiable in a model of set-theoretical axioms
containing only ordinals smaller than a fixed ordinal < W/A' The
whole set X is not satisfiable since the largest ordinal Q of the
model (existing on account of (II» would be smaller than fl (by (I»
but also would be ~ ~ for every ~ < fl (since we have in X the axioms
stating the existence of ~ and ~ + 1 for each individually given ~).

We thus obtain Q ~ fl and [) < fl which is a contradiction.
Tarski and Keisler [92] have shown that the results concerning

filters in Bp can be obtained directly without a detour via the meta-
mathematics of the logic L w!", ww It remains a fact, however, that it
was the model theory of infinitistic languages which has led Tarski
and Hanf to discoveries in the abstract set theory.

Infinitistic languages are obviously not suitable as a basis for
mathematics since even their syntax requires a strong set theory.
The above examples show, however, that they are not just idle ge-
neralizations but valuable tools for obtaining new results.



Lecture XV

Problems in the foundations of set theory

The abstract set theory has contributed more than any- other
branch of mathematics to the development of foundational studies.
The reasons for this phenomenon are numerous.

One of the basic assumptions of set theory is the axiom of infinity
which says that there exist infinite sets. This assumption implies that
the scale of infinite cardinals is itself infinite. Thus the axiom of
infinity leads us out of the mathematical domains which are close
to everyday practice and even to scientific experience. We are thus
faced at the very beginning of set theory with the fundamental ques-
tion of the philosophy of mathematics: which mathematical objects
are admissible and why?

The same question arises in connection with sets of small powers,
e.q., with sets of integers. One could accept the "Platcnistic" attitude
and declare that sets (of integers) exist in the same sense as any
other objects and that there is thus no arbitrariness in this notion.
But even a Platonist must make it clear how he discovers properties
of these allegedly existing objects. The adversaries of Platonism seek
a solution by accepting one or another form of constructivism. This
attitude is often more satisfactory philosophically than Platonism
but unfortunately usually destructive for mathematics and even for
those parts of it which are well established by the scientific praxis.

Most mathematicians do not perceive the problem which is posed
by the abstractness of set theory. They prefer to take an aloof attitude
and pretend not to be interested in philosophical (as opposed to
purely mathematical) questions. In practice this simply means that
they limit themselves to deducing theorems from axioms which were
proposed by some authorities.

Interesting though the philosophical questions of foundations of
set theory undoubtedly are, we shall not deal with them any further
here since, for the reason just explained, the writings of contemporary
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set theorists and logicians do not offer very much which could help
us in solving these problems. The writings of the period 1930-1964
which we are analyzing do not contain much philosophical discus-
sion. These writings contain however great wealth of formal meta-
mathematical results which we will try to summarize.

The best known results of this kind are connected with the axiom
of choice and the continuum hypothesis. Many less famous but not
less important problems are connected with other axioms or hypo-
theses of set theory e.g. with Suslin's hypothesis.

In this lecture we shall report on some of these problems and their
solutions.

The Zermelo-Fraenkel and Bettuujs-s Gode! axioms or set theory.
The first axiomatic system of set theory was due to Zermelo. It was
perfected soon afterwards by FraenkeI. In the period between 1930-
1960 various new axiomatic systems of set theory were proposed.
The best known is the system formulated by Bernays [5] and used
by Godel in his famous book [59]. The Bernays-c-Godel system has
three primitive notions: set, class, and €, whereas Zermelo and
Fraenkel used but two: set and €. The distinction between sets and
classes goes back to the writings of Cantor who distinguished bet-
ween "consistent"- and "inconsistent" sets.

The introduction of the new primitive notion allowed Bernays and
Godel to present the system of set theory in the form of a finitely
axiomatizable system (the basic idea of this reduction was due to
von Neumann); the previous systems and in particular the system of
Zermelo required an infinite number of axioms.

The comparison of the Bernays-Godel and Zermelo-Fraenkel set
theories led to various discoveries.

Novak [156] showed that sentences provable in the Godel e-Bernays
system and not containing the predicate "class" coincide with sen-
tences provable in the Zermelo - Fraenkel system. We express this
by saying that the GOdel-Bernays system is an inessential extension
of the Zermelo - Fraenkel system. Also the consistency of the Godel->
Bernays system is reducible (in a Iinitistic way) to that of the Zermelo
-Fraenkel system (Novak [156], Shoenfield [202]). Kleene [103]
showed that each axiomatic system with a recursively enumerable
set of axioms can be extended in an inessential way to a finitely
axiomatizable system by adding one new primitive predicate (cr.
also Vaught-Craig [26]). All these results show that the difference
between both systems is not very great as far as their mathematical
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contents is concerned. The Zermelo-Fraenkel system was shown not
to be finitely axiomatizable by Montague [144], [145}. Earlier at-
tempts to obtain this result which were undertaken by Wang [241]
and Mostowski [150} contained mistakes. The impossibility of a finite
axiomatization of Peano's arithmetic and some other theories was
proved (by using non-standard models) by Ryll-Nardzewski [189};
cr. also Hauschild [74].

Various extensions of both the Bemays-i-Godel and the Zermelo-
Fraenkel set theories were proposed in order to secure the existence
of high cardinalities. The first step was made by Tarski [224] who
formulated an axiom which secures the existence of inaccessible car-
dinals. Levy [122] made the next step and formulated axiom schemata
which secure the existence of various kinds of inaccessible cardinals.
Levy's schemata have the form of reflexion-principles and state,
roughly speaking, that if the universe possesses a property expressed
by a set theoretical formula, then there is a set in which this for-
mula is also satisfied and which is closed with respect to opera-
tions described in the set-theoretical axioms.

These extensions of Zermelo-Fraenkel (or Bernays-GOdel) set
theory are essential; adding Levy's schemata we are able to prove
statements which were formerly not provable. Such statements can
even be found among statements concerning integers.

No relative consistency proof for the new axioms exists; its exist-
ence is excluded by Godel's second undecidability theorem. Never-
theless set theoreticians believe that these axioms are consistent and
this belief is strengthened by the fact that none of the known an-
tinomies have appeared in the extended systems.

A very strong form of the axiom of infinity states that there are
compact regular ordinals fL > O. This axiom is much stronger than
Levy's schemata. Nothing can be said as yet with regard to its con-
sistency.

Other axiomatic systems or set theory. The Zermelo - Fraenkel
(and Bernays-GOdel) set theory arose from attempts to formulate
in a consistent way the intuitive assumptions of the naive (Cantorian)
set theory. Cantor in the early phase of his work used implicitly the
following axiom (axiom schema) of set existence: Whenever F is a
formula (with one free variable x), there is a set S consisting of all ele-
ments a satisfying F. The same schema was explicitly used by Frege.
Since the schema is known to be inconsistent one tried to modify it.
The axioms of set theory represent an outcome of these endeavours.
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Three ways of modifying the inconsistent principle of set existence
were proposed:

(i) One does not accept the principle for all formulae F;
(ii) One restricts the variability of a;
(iii) One imposes simultaneously both limitations (i) and (ii).
The simple type theory as first formulated by Chwistek and

Ramsay accepts (iii). In this theory we admit only formulae which
conform to the rules of formation prescribed by the theory. Moreover
each variable has its prescribed domain (c{. Church [19] for an exact
presentation of the syntax of the simple type theory). The Zermelo-
Fraenkel and Bernays-vGcdel systems accept (ii) because the schema
of set existence accepted in these theories is the following: If S is a
set, then so is {a : (a € S) 1\ F(a)}. The restriction (i) is represented
by axiomatic systems due to Quine [164] in which the set existence
schema is assumed only for so-called stratified formulae whereas no
limitation for the domains of variables is assumed. Quine's theory
was extensively studied by a number of logicians (e.g. Wang [243])
but does not seem to have influenced the work of mathematicians,

It is more than probable that the axioms of set theory have not
yet reached their definitive form. In connection with this question
one should read the profound article of Godel [61].

Axiom o{ choice. This axiom was from the start treated with
distrust by many outstanding mathematicians. The philosophical
discussion concerning its acceptability was closed well before 1930.
In the period between 1930 and 1960 one obtained far-reaching
formal results concerning the (relative) consistency and independence
of the axiom. The first problem was dealt with in lecture IX. The
problem of independence was essentially solved already in 1920 by
Fraenkel though not in an entirely preclse way. His method, usually
called the permutation method, is applicable only to some systems
of axiomatic set theory, e.g. to the Zermelo - Fraenkel system with the
axiom of extensionality in the form

Z(x) 1\ Z(y) 1\ A[(8 € x) = (8 € V)] -+ (x = y),
s

(where Z(x) means: x is a set)

but is not applicable to the Zermelo-Fraenkel system with the addi-
tional axiom /\ Z(x) or any other axiom fixing the number of objects

x

which are not sets. This shows how limited is the field of applica-
tions of the permutation method.
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The general idea of the permutation method is this: we start from
an infinite set K o whose elements are not sets and form new sets by
repeating the operations of summation and of forming the power set.
In this way we construct sets K o, K 1 = Ko UP(Ko), K a= Ko UP(Ko)
U P(Ko U P(Ko)) etc. This sequence can be extended into the
transfinite. Each permutation n of Ko acts on sets in each K~ and
determines a permutation of this set. Let G be a group of permuta-
tions of Ko and L a lattice of subsets Ko containing all finite subsets
of Ko and consider only those elements x of K~ which' have the
following property (P): there is a set X £ L such that each permu-
tation n of Ko which belongs to G and is constant on X leaves x
invariant. The class of x which hereditarily have the property (P)
is a model for Zermelo-Fraenkel axioms, with the possible exception
of the axiom of choice.

Choosing a suitable group G and a suitable lattice L one obtains
models by means of which it is possible to obtain independence proofs
of various set-theoretical statements and in particular to prove the
independence of the axiom of choice.

The literature dealing with these proofs is rather extensive. We
refer to the synthetic paper of Levy [123] as well as the newest
additions to the theory obtained by Halpern [72] and Lauchli [121].

Specker [214], Mendelson [143] and Shoenfield [203] have modi-
fied the permutation method by considering instead of Ko a family
of sets x with the property x e x. Their method is again applicable
only to such set theories in which one can assume without inconsis-
tency that there is an infinite set of such sets.

Cohen's notion of forcing. In 1963 Cohen [24] found a new method
which allowed him to establish the independence of the axiom of
choice and of the generalized continuum hypothesis from practically
every system of set theory built along the Zermelo-Fraenkellines.
The success of his method is due to a new meta-mathematical notion
of forcing.

We shall describe briefly this notion.
Let J be a first-order language with finitely many predicates and

with infinitely many constants. We do not exclude the possibility
that the variables and constants are divided in mutually exclusive
types so that only such substitutions are admissible in which a
variable is replaced by a constant of the same type. For the present
we assume that J does not contain symbols for functions.

Forcing is a relation between a finite consistent sequence P of
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atomic sentences ti.e. atomic formulae without free variables) or
negations of such sentences and a sentence F. We call P an "informa-
tion". An information Q obtained from P by adding new terms to it
is called an extension of P. We write then P -< Q.

The definition proceeds by induction on the number of logical
constants of F. In order to abbreviate our formulae we shall write
P II- F instead of "P forces F"

1. If F is an atomic sentence, then P II- F if and only if F is
a term of P.

2. If F is the sentence F l /\ F 2 (or F I V F 2) then P II-F if and
only if P II- F 1 and (or) P II- F 2•

3. If F is the sentence F 1 -+ F 2' then P II-F if and only if every
extension Q of P which satisfies Q II- F l satisfies also Q II- F 2•

4. If F is the sentence s- F l' then P II- F if and only if no extension
Q of P satisfies Q II-r;

5. If F is the sentence V F l' then P II-F if and only if there
x

is a constant a (of the same type as x) such that P II- F(a).
6. If F is the sentence /\ F l' then P II-F if and only if no ex-

x

tension Q of P and no constant a (of the same type as x) satis-
fies the condition Q II- .., F 1(a).

Condition 6 can be rephrased thus: for every constant a (of the
appropriate type) and every extension Q of P an extension R of Q
can be found such that R II- FI(a).

Most characteristic are conditions 4 and 6. Condition 4 secures
that once we have the relation P II- .., F l' then no. matter how we
extend P to Q we shall never encounter the situation when we would
have to assume Q II-Fl' Similarly condition 6 secures that once we
have P 11-/\ Fl' we shall never have the relation Q II-.., F1(a) what-

x

ever a and whatever extension Q of P we choose. Thus if we imagine
the sequence P growing as time goes on, then the fact that a relation
P II- ..,F I (or P II- /\ F I (x)) holds at a given moment prevents rela-

x

tions of the form Q II- F I (or Q 11-.., FI(a)) to hold in the future (in-
dependently of the way we extended P).

The definition of forcing is interesting quite apart from its applica-
tions. Feferman [38] investigated it in the case of a formal system
of Peano arithmetic with an additional one place predicate and show-
ed that it is hyper-arithmetical. Grzegorczyk [70] showed that if one
considers only sentences without quantifiers, then the sentences F
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which are forced by every information P coincide with theorems of
the 'intuitionistic propositional calculus. No such simple characteriza-
tion is known for arbitrary sentences.

In the case considered by Cohen the language J contained not only
constants and variables but also symbols of functions. In order to
describe his construction we must go back to the construction of
GOdel [60]. Modifying inessentially our definitions from lecture IX
we define a transfinite sequen<;e KI' of sets such that Ko = OJ = set
of all integers, K). = U;<A K; for limit numbers it and Ka+l is the
family of all sets of the form {a : (a € K a) /\ 1= M a F[a ; bl ••.• , bkl}

where F is a formula with k + 1 free variables, bl , ••• , bk € K a

and M a = <Ka, €a> is the model with the universe K a and with
the c-relation limited to K a.

It follows from Godel's proof that there is a denumerable ordinal
ao such that Mao is a model of set theory (with the axiom of con-
structibility and hence with the axiom of choice and the generalized
continuum hypothesis). Cohen's plan was now to add to Mao a new
set C of integers and close Kao U {C} with respect to all operations
q; used in the construction of Kao. He hoped to achieve by a suitable
choice of C that C will not be a constructible set in the new model.
In order to obtain a model in which the continuum hypothesis does
not hold he adjoined to Mao a sequence C= {C6} of new sets of
integers such that no two terms of C are identical and 6 ranges over
the ordinal OJ2 (or OJ3 , or OJ4, •••) of the model Mao' Of course the
ordinal OJ 2 of the model Mao is denumerable (although this ordinal
satisfies in the model the formula "x is non-denumerable"). It is not
immediately obvious that a choice of C (or {C6} ) is possible: If we
add to Mao an arbitrary C and close it with respect to the operations
q; we will usually not obtain a model for set theory. Even if we are
lucky enough and obtain such a model it will usually not have the
property (needed in the proof of independence of the continuum
hypothesis) which says that if an element OJ 2 satisfies in Mao the
formula: "x is the second uncountable ordinal" then the same
element OJ 2 satisfies this formula in the new model. Thus the appro-
priate choice of C is the essential point of the whole proof. Cohen
achieved it by his theory of forcing. He considered a language in
which there are variables and constants of types T where T ranges
over ordinals < ao. To each element a in K ao there is a constant of
type T denoting a. In addition there is a constant c denoting a set of
integers (or constants Co denoting sets of integers and a constant c
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for the whole sequence {c,,}) and symbols for the operations fIJ.
Besides these symbols we admit unrestricted variables without any
limitations of range. Sentences in which no unrestricted variables
occur are called limited, other unlimited. A restricted sentence F
has a rank which is defined as the least ordinal ~ such that no con-
stant and no variable of type ~ ~ occurs in F. Informations P contain
only sentences of the form n E: c or n i c (and n E: c" or n E c"
respectively).

We first define the relation of forcing for limited sentences. Con-
ditions 2-6 remain unchanged but 1 is modified unless F is an
atomic formula of the form allowed in P. In other cases the atomic
formula a E: b possesses a structure which allows us to reduce the
relation P II- a E: b to simpler cases.

We shall illustrate the definition in two cases:

Let b be the constant {x: (x E: K a) II 1= M a F(x, bl' ..., bk )} and

a a constant for an element of K a• In this case the relation
P n- a E: b is defined as P II- Fa (a, b1, ••• , bk) where Fa is a limited
statement obtained from F by replacing all unrestricted variables
by variables of type a. If b is a constant for an element of K a and
a the constant {x: (x E: K a) II 1= M a F(x, b1, ••• , h)} then P II- a E:b

holds if and only if P II- /\ [(a = xa) II (xa E: b)] which in turn can
.x:i

be reduced by the use of rule 5 and by the definition of equation
to relations of the form P II- G where G has a rank less than a.

The remarks we made should be sufficient to illustrate how we can
define the relation of forcing for limited sentences by the use of
transfinite induction.

This definition being completed we define forcing f~r unlimited
sentences by the rules 1-6. No complication arises in case of atomic
sentences since they are all limited sentences and hence forcing is
defined for them.

Starting from the definition of forcing it is easy to prove (non-
constructively) that there is an infinite increasing sequence PI --{
P 2 --{ ••• of informations with the following properties:

(1) for each sentence F either F or -, F is eventually forced;
(2) for each neither n E: c or -, (n E: c) (and for each nand 0 either

n E: c" or -, (n E: c,,» eventually occurs in the sequence.
Each sequence with the properties (1) and (2) determines a set C

of integers (or a sequence {ell} of such sets). We define C as the set
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of such n that the formula n t; c eventually occurs in the sequence
PI' P 2, ••• (similarly C" is the set of integers n such that the formula
n t; c" eventually occurs in the sequence PI' P 2, •••).

Sets C (or C,,) defined in this way are called generic.
Cohen showed in his independence proofs that if one adjoins to

Mao any generic set C (or any sequence of such sets) and closes the
resulting set with respect to the operations q;, then one obtains a
model in which the axiom of constructibility (or the continuum hypo-
thesis) is not valid. The details of this proof are too involved to be
given here.

Similar construction allowed Cohen and other mathematicians
working with the method of forcing to obtain other proofs of inde-
pendence. E.g. Cohen showed that if the system of Zermelo-Fraenkel
without the axiom of choice is consistent, then it remains consistent
after adjunction of an axiom stating that there is a denumerable
set S of pairs each element of which is a set of real numbers and such
that there is no choice set for S.

The main advantage of Cohen's method as compared with the per-
mutation method is that it is applicable not only to the Zermelo-
Fraenkel (or GOdel-Bernays) set theory but also to most theories
obtained from them by the adjunction of axioms of infinity which we
discussed earlier and of axioms which determine the number of non-
sets. Thus only now, after this method was created, can we consider
the independence problems as solved.

Properties of generic sets. Besides solving the independence
problem, Cohen's method suggested many new problems. The most
interesting is the study of generic sets. These sets seem to satisfy
(with respect to a given model Mao) intuitions which underly Brouw-
er's intuitionistic conception of a set (of integers). There is no way
to define (in a given language) any such set individually; we can
only give information concerning any finite number of individual
members of such a set. The work on these sets is in full progress. We
shall quote only one result obtained by Cohen: he showed that the
family of generic sets is very big. In fact this family is of second
category in the Baire space of all sets of integers.

The notion of a generic set can be defined not only for set theory
but also for arithmetic and other theories. Ryll-Nardzewski (in an
unpublished paper) considered topological properties of generic sets.
He proved that if F is an arithmetical formula with a parameter Z
ranging over generic sets, then the truth-value of F is a continuous
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function of Z. This theorem allowed him to characterize the family of
generic sets and to prove that it is of second category without
recourse to the notion of forcing.

The same results can probably be obtained for set theory but no
definite proof exists as yet.

Final remarks. The philosophical importance of set theory is
obvious: the fundamental epistemological questions connected with
mathematics cap be best illustrated on set-theoretical problems.The
most fundamental question is, of course, how to decide between the
formalistic and "Platonistic" conceptions of the abstract parts of
mathematics. (In the case of the less abstract parts the problem is
not as acute, because we understand the way in which needs of
practical life and of science formed the mathematical theories.)

Cohen's work did not create these philosophical questions. They
existed long before meta-mathematics was created. Still the rigorous
proof that there are two consistent and mutually incompatible set
theories stirred the imagination of many mathematicians who were
formerly indifferent to these questions. It is at present hard to tell
whether mathematics will accept the existence of these two in-
compatible set theories or will try to find new axioms which will
eliminate one of them or finally will try to limit mathematics to more
finitistic domains. We see that the issue between Platonists, formalists
and intuitionists is as undecided to-day as it was fifty years ago.



Lecture XVI

On direct and reduced products

We devote this lecture to a rather special algebraic -construction
which proved of great value in solving various problems of mathe-
matical logic.

The direct product. Let I be a set 4: 0 and let M i = <.4 i • Rs;»
for i in I be a model in which Ai is a non-void set and Ri
a binary relation. The restriction to models of this special type
is not essential: the models M i could be any models as long as
they all are of the same type. i.e. the number of relations must be
the same in all the models M i and if Rip R i 2• • • • are relations of Mj
then the number of arguments in Rik must be equal to the number
of arguments of Rjk for arbitrary i, j in I.

The direct product of the models M i is the model P = Pi €I M i =
<A, R> where A = Pi(;r Ai is the set of all functions f with
domain I satisfying the condition f(i) € Ai for i e I and R is a
binary relation defined thus:

(1) rR g = /\ [f(i) Ri g(i»).
iEl

In the case when all Mj are equal to a model Mwe denote Pi€l Mj
by M 1 and call it the direct power of M.

This standard algebraic construction has been generalized by
Feferman and Vaught [40) and applied to several decision problems.
In the generalized notion which they introduced the relation R
depends not only of the relations Rj but of some auxiliary relations
defined in I.

The reduced direct product. This product is a special case of the
notion introduced by Feferman and Vaught but we shall define it
directly. Let F be a maximal filter in the Boolean algebra of the
family of all subsets of I. This filter determines an equivalence
relation e-- in the set A:
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I "-I g = {i € I : f(i) = g(i)} € F.

147

The relation "-I is compatible with R, i.e.

hence we can form the quotient system P]r-: = <A/"-I, R/,.....,>
whose universe is the set A ("-I of all equivalence classes f(""'" =
{g : g ,....., f} and whose relation R/,....., is defined by the equivalence

The model <Aj"-l, Rj-«;» is called the reduced product of the
Mi. It depends of course on the filter F.

The form of the definition given above is due to Tarski (c]. [431)
who obtained it by simplifying a much more involved definition
proposed by Los [128]. Los's construction, though no more in use at
present, is worth mentioning if only for its connections with many-
valued logics. Los considered the set {i e I : f(i) = g(i)} as a 'kind
of "distance" of two functions f and g and considered the direct
product PtMt as a special case of a "logical space" which insofar
differs from the usual models as the values of atomic formulae aRb

are not merely the truth values IT, Q3 but elements of an arbitrary
Boolean algebra. Identifying suitably elements of a "logical space"
r"os arrived at what we call now reduced products.

The essential property of reduced products (discovered already
by Los [128]) is expressed by the equivalence.

(2) 1= PI__ H[fl/-..;,···, fk/"""'J ={i € I: 1= M
i

H[fl(i), ..•, fk(i)J} e F

in which H is an arbitrary first-order formula with one binary pre-
dicate and possibly the identity symbol and with k free variables.

The proof of (2) is very easy and uses induction with respect to the
number of logical connectives in H.

It' follows from (2) that
(3) M1/"-I is elementarily equivalent with M.
The model M 1/"-I contains a sub-model isomorphic with M namely

the sub-model consisting of equivalence classes f("-I where f is a
constant function. Identifying M with this sub-model we obtain
from (2)

(4) M1/"-I is an elementary extension of M.
If F is a principal filter F = {X c I: io € X} where io is a fixed

element of I, then the reduced product Pi€I Md"-l is isomorphic
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with M io and the whole construction is trivial. Thus the only in-
teresting case is when the filter F is non-principal.

Compactness theorem. The first striking application of the
reduced direct products was the following simple proof of the com-
pactness theorem (see Frayne-Morel-Scott [43J):

Let X be a set of sentences such that each finite subset of X is
satisfiable. We want to prove that there is a model iri which all
sentences of X are true.

In order to obtain this result by the use of reduced products let I
be the family of all finite subsets of X and denote, for i ( I by ~
a model in which all sentences belonging to i are true. For arbitrary
sentences SI' ..., S,. in X we denote by J(Sl' ..., Sic) the family
of sets i I> I such that (SI E i) A ••• A (Sic I> i). It is obvious that
all the families J(SI' ••., Sic) (where SI' .•., Sic range over X and k
over arbitrary positive integers) form a filter F o in the Boolean
algebra of all subsets of I and 0 l Fo• We extend this filter to a
maximal filter F not containing O. The required model in which all
the sentences of X are valid is the reduced product P = Pil>! Mtl"'.

Indeed if S E X~ then the set {i ( I : S ( i} belongs to F0 and
hence to F whence, by (2), S is true in P.

Another theorem which can be proved in the same way is this: if
every finite subset j of a model M can be extended to a model
Mf which belongs to a given elementary class K, then the whole M
can be so extended.

Both these results can be obtained by an application of Godel's
completeness theorem. The proofs using reduced products are more
direct and hence give a better insight in the structure of the models
whose existence is stated in the theorems.

Other, deeper applications of the reduced products were mentioned
in lecture XIII.

Applications to the abstract set theory. Let us assume that for
each i in I the relation R, orders the universe A, of Mi. It follows
from (2) that the universe of the reduced pro duct P = PiE! Mi/_
is ordered by the relation RI_. If the R, are well-orderings, then, as
simple examples show, P need not be well-ordered. However, the
following theorem is true:

(5) If F is a a-multiplicative filter (i.e. if X n E F for n = 0, 1,2, ...
implies n X n E F), then the reduced product of well-ordered

n
models is itself well-ordered.

Theorem (5) is a basis of all results concerning denumerably
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additive filters in Boolean algebras of all subsets of a set, We shall
show this by sketching the proof (due to Keisler [91]) that the first
inaccessible non-denumerable cardinal Ha is not measurable, i.e.
that there is no non-trivial denumerably multiplicative maximal
filter F in the Boolean algebra of all subsets of a set X of power Ha•

Let us assume that such a filter F exists and that X is the set of
all ordinal < (Va ordered by the ~ relation. It can then be shown
that F is MI.-multiplicative for each ;, < a. According to (5) the
reduced power XXI""""' determined by F is well-ordered. The set
XXI""""' contains a subset similar to X consisting of equivalence
classes f/""""' where f is constant. This subset which we shall identify
with X can be shown to be a segment of XXI""""'. If F were a principal
filter then XXI""""' and X would be isomorphic. Otherwise the.order
type of XXI""""' is greater than X since e.g. the equivalence class of
the identity function (j(x) = x does not belong to X. Let rpl""'"' be
the first equivalence class in XXI""""' after X and consider the sets:

A = {x : rp(x) has an immediate predecessor rp*(x)},

B = {x : rp(x) has no predecessor and there is an ordinal

~ < rp(x) such that rp(x) :S 2~},

C = {x: (<p(x) has no predecessor) 1\ /\ (rp(x) > 2f)}
~<tp(%)

(we denote as usual by i the cardinal number of the set {n : 'YJ < ~}).
Since X = A U B U C one at least of the sets A, B, C is in F. If
A € F, then putting tp(x) = <p*(x) for x £ A and tp(x) = 0 otherwise
we obtain a function "P such that "PI""""' precedes <pI""""' in XXI """"'0
Hence "P is a constant and so is tp, This contradiction shows that
A i t:

If B c F, then we denote by tp(x) the smallest ~ < tp(x) such that

«p(x) :s 2f and Infer similarly that rp is a constant, which is im-
possible.

Finally if C £ F, then for each x in C there must exist an ordinal
A(x) < cp(x) such that tp(x) is co-final with A(X), since q;<x) is smaller
than the first Inaccessible cardinal. Again we show that Ais a constant
IUAction, l{x) = .4.0. Hence tp(x) = lim~<~ 'O(x, E) for all xc C.

For each fixed $ < Ao the function () considered as a function of
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x alone has values < rp(x), whence it is a constant, {}(x, ~) = y(e)
on a set Q~ which belongs to F. The intersection D = n~<Ao Qe n c
belongs to F and for x in D we have {}(x, ~) = y(~). It follows that
for x in D the equation rp(x) = lim/:< , {}(x,~) = lim/:<, y(~) is

~ AQ ~ no
true whence we infer that rp is equal to a constant on a set which
belongs to F. This however contradicts the definition of rp.

Hence we obtain a contradiction in all cases. This shows that the
filter F with the properties we enumerated cannot exist.

By using a similar argument Scott [198] proved that if there is
a non-trivial maximal denumerably multiplicative filter F in the
Boolean algebra of a set X, then F is non-constructible. The most
recent results (Gaifman 149j) show that under the same assumption
for any infinite ;. there are no more than ~ constructible subsets
of {~: ~ < ;'}. In particular there are only denumerably many
constructible sets of integers provided that measurable cardinals
exist! This result was obtained before Gaifman by Rawbotten.

Applications of reduced products to non-standard models of
arithmetic. Let M o be the model <ro, E,'ll> where w is the set of
integers and E, n are the relations x = y + z, x = y . z. We call
M o the standard model of arithmetic.

For every infinite set I and every non-trivial maximal filter F
the reduced power M~/"-' is by (2) elementarily equivalent to M o
but is not isomorphic to M o since the equivalence class of the
diagonal function is different from the values of all numerals in
M~/"-'. Using the downward Skolem-i-Lowenheim theorem we can
obtain from M~/'" a denumerable non-standard model elementarily
equivalent to Mo. In this way we have a simple method of con-
structing non-standard models.

Scott [196] modified this method by showing that one obtains
a non-standard denumerable model by limiting from the start the
family P Ai. He considered the set D of functions definable in Mo
and a maximal non-trivial filter F in the Boolean algebra of defin-
able subsets of Mo (the existence of this filter can be established
without the axiom of choice which is necessary when one wants to
prove the existence of a maximal non-trivial filter in the Boolean
algebra of all subsets of an infinite set). Repeating the construction
of the reduced power but including in it only equivalence classes of
definable functions, Scott obtained a non-standard denumerable
model elementarily equivalent to MQ• He also showed that this model
is isomorphic with a model constructed by Skolem [209]. The method
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used by Skolem, while formally different from the method of reduced
powers, is thus essentially equivalent to the latter.

Scott's analysis showed that one does not obtain a model if one
replaces D by a more restricted set, e.g. the set of polynomials or of
recursive functions. These negative results showed that it is not
easy to construct effective examples of non-standard models. We
should mention here resuJts (obtained, among others by Feferman
[35J, Scott [l96}, these authors jointly with Tennenbaum [39J, and
Rabin [167]) which show that there are no recursive non-standard
models satisfying the axioms of Peano. All these results explain why
it is so difficult to establish the independence of number-theoretical
sentences from the arithmetical axioms by the use of non-standard
models: In order to find such applications one should have a much
better knowledge of the structure of these models and more direct
methods of their constructions than we have at present.

Of other works on non-standard models we here mention an im-
portant paper by Specker-MacDowell [l~2J who used the method
of Skolem to establish the following theorem: every model M of
Peano's axioms can be extended to a model M' in such a ~ay that
M' is an elementary extension of M and all elements of M' -M are
greater than the elements of M. Another promising direction of the
studies of non-standard models seems to be one concerned with
automorphisms of such models (c]. Ehrenfeucht-Mostowski [31]).

Non-standard models {or analysis. The method of reduced pro-
ducts can be used to obtain non-standard models for an arbitrary
theory. A. Hobinson investigated such models in a series of papers
(see for instance [182J, [183]). The theory which he considered is
very rich and contains symbols for all functions and relations defined
in the set of real numbers. Axioms of the theory are all sentences
true for real numbers. Hobinson showed that this theory admits non-
standard models. He himself constructed' these models by the use of
the extended completeness theorem. Other writers prefer to con-
struct them by the use of reduced products.

Each non-standard model for Hobinson's theory is a non-archi-
medean field R* which is an elementary extension of the field R of
real numbers. Each function f defined on R has an extension f* which
is defined on R* and each first-order property of f is preserved by the
extension.

The field R* contains actually infinitely small and actually infin-
nitely great elements, i,e. elements a, A such that 0 < I a I < lIn
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and I A I > it for each integer n. It is thus possible to derive in R*
the basic theorems of analysis using the Leibnizian ideas of infi-
nitesimals, Thus e.g. we call a fuuction f continuous at the point x
if f(x + a) - f(x) is infinitely small for each infinitely small num-
ber a. A derivative of f at the point x is a number d such that the
difference {rf(x + a) - f(x)] fa} - d is infinitely small for each
infinitesimal a. Robinson showed that one obtains in this way a
completely rigourous theory which is formally identical with the
classical analysis. It is at present not clear, whether the non-standard
analysis will bring essentially new results. It is nevertheless remark-
able that we can give a clear and precise presentation of ideas which
were considered obscure for almost 300 years.

• • *

We stop here our presentation of what we consider as the most
important results in the recent development of logic and the founda-
tions of mathematics. The rate of development of these domains is
presently so rapid that many new excellent results will certainly
appear before these lectures will come to the hands of prospective
readers. Let us hope that these new results will not only bring new
interesting insights into the details but also allow us to form a sound
judgment about the outstanding problems in the philosophy of ma-
thematics which have been waiting so long for a final solution.
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MODELS OF SET THEORY

by

A. Mostowski

(University of Warszawa)

Lecture I.

Aim of the lectures: to outline various methods used recently

in construction of models for axioms of set theory. No completeness

in pursuing this aim is attempted.

In the introductory lecture I we describe three systems

of axioms for abstract set theory. In all these systems there are

two primitive notions: "class" and "membershIp". We define sets

as classes which are capable of being members of other classes:

x is a set if and only if the r-e is a class y such that x E y.

We also define atoms as objects which have no elements.

The distinction between sets and classes was noted already

by Cantor who distinguished between the "consistent sets" and

"inconsistent sets" I, e. sets and (pr-operi classes in the modern

terminology. As we shall see there are axiomatic systems in which

the existence of proper classes is assumed and other systems in

which their existence Is excluded.

Set - theoretic formulae: Let Xl' xz' . .. be a sequence of

different letters (the variables). We shall often replace "x" by any

other letter and omit subscripts.

(1) Expressions Cl(xil. Xi E xj' Xi = xj are formulae; the

variable Xi is the unique free variable in the first of them and the
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for which xi

variables xi' xj are the unique free variables of the remaining two.

(il) If F and G are formulae, then so is the expres-

sion (F) I (G); the variable xi is free in this formula if and only

if it is free in F or dn G.

(iii) If F is a formula, then so is (x.)F; the variable
J

xi is free in this formula if and only if ilj and xi is free in F.

(The symbol is the Sheffer's stroke and (xi) is the

general quantifier. We define the propositional connectives different

from in the usual way; also the existential quantifier is defined

as .., (xi) of.),

We denote by Fr(F) the set of those

is a free variable of F.

Predicative formulae are those formulae in which all

quantifiers are limited to sets or atomea, We obtain a precise definition

of this class of formulae by replacing the rule (iii) by the following:

(iii') If F is a formula, then so is (Xj)(xk) [lXj E xk) - FJ

where k is not in Fr(F) and k 'F j.

The above expression can also be written as

(Xj)(Xk) [(Xj E xk) I (F I F}

Definitions: x is a set (in symbols SIx»~: Cl(x)&(Ey)(xE y);

x is a proper class (Pcl(x»:Cl(x)& -,S(x);

x is an atom; (At(x»: (y)(y t x)

We now list axioms of the different systems which we shall

consider. The first 9 axioms are common to them all:

Axioms for classes:

Ext. Cl(x) & Cl(y)& (z) [ (z Ex) == (z E y)J -oJ> (x=y);

Cll, Pcl(x) - (Eyl(y EX);
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C12• (y ~ x)..,.>CI(x);

Fund. (y~ x) -> (Ez) i (z E x)&(t) [ (t ~ z) -- (t rf. x)]} •

Remarks. Ext is the familiar axiom of extensionality.

CI I says that proper classes have elements, I, e., are not atoms.

Cl 2 says that whatever has elements is a class. Fund is the axiom

of foundation and says that each class which has elements contains at

least one minimal element, I, e., one whose elements are not elements

of the given class; of course the minimal element may be an atom..

Axioms for sets.

Pair. [sex) V At(x)] & [Sly) V At(y)] - (Ez) (S(z) & (t) 1(t 6z)

=Ut = x) vet = y)]D ;

Sum. Sex) - (EU(S(u) & (z) { (zE u):: (Et) [(z E t)&(t EX)] D
Pot. Sex) -+ (Ep) [S(p)8«z) { (ze p)=( CI(z) 8< (t) [(t~ z)~(te XN)Y
Emp. (Ex) [S(x) &(y) (yf x)]

Inf, (Ex) {S(x) & (Eu)(uEx)&(v) [(vEx)~(EW) (wEx) &

(t) l(tew) == [(tEV)V(t = vilUJI

Remarks. These axioms state the extstenoe of the unordered

pair of any two objects (which may be sets or atoms), of a union of

sets which belong to a given set, of the power set of a given set, of tIE

empty set and of at least one infinite set. The notation for these sets

will be the usual one: I x, y } for the unordered pair, Ux for

the union, Plx) for the power set and 0 for the empty set. The

uniqueness of these sets follows from Ext.

Further axioms will fulfill a twofold role: first they will

determine the number of atoms; secondly they will express the idea

that an [mage of a set under an arbitrary mapping is again a set.

The first question does not seem to be very important for
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the abstract set theory and it is n~days customary to dismiss it

by simply assuming that with the exception of 0 there are no atoms

altogether. We shall follow this custom and adopt the following axiom:

Noatoms: (x Ey)&(x-F 0) ~ S(x).

The second aim is much more important. It is achieved

in many different ways according to the system of axioms which one

adopts.

The system of Zermelo-Fraenkel. In this system we first

of all assume that there are no proper classes:

Nopcl: Cl(x)~S(x).

This axiom together with Noatoms allows us to simplify

the axioms previously g)'ven by omitting everywhere the expressions

"S(x)".

The idea that an image of a set is again a set is expressed in

ZF by the following axiom schema:

SUbstZ F' (x)(E !y)F ""'" (a)(Eb)(y) (YE b) =: (Ex) [(x E a)&Fl1

in which F is an arbitrary formula such that b is not its free variable.

System of Gl:Idel-Bernays. In this system we assume that

every predicative formula determines a class and express the idea that

the image of a set is again a set not by means of a schema but by a

single axiom involving the notion of a class.

First we define the ordered pairs: <Xi' xj '> = 1Xi' Ixi , xj 51
A class whose elements are ordered pairs is called a relation; it is

called a function (in symbols Fn(x)) if it satisfies the condition:

(w)(u)(v) {[«u,v>€ x)&( <u,w:>' x)] - (v = wlJ •

We denote by x"a the class t such that (y) l (YE tl.::

(Ez) [(z E a)&( <:z , s» E x)J} provided that such a class exists.
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follows:
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The axioms which we admit in the system GB are now as

181

(ExHCl(x) & (ul [ stu) - [(u € x):: Fn)

Fn(x) & SIal ~ S(x"a).

Remarks. In Clex
GB

(class existence scheme) F is a

predicative formula in which the variable x is not free. The class

whose existence is stated in Cltlx
G B

is denoted by { u:F } ; e. g.

tu : u = u1is the universal class consisting of all sets.

Subst
G B

is called the axiom of substitution; note that the

class x"a exists by virtue of the class existence scheme.

System of Morse. In this system we leave the axiom of

subatitutdon unchanged and extend the class existence scheme by allowing

arbitrary formulae F. We denote these axioms by Clex
M

and SUbst
M•

Comparison of the systems ZF. GB and M.

The following theorems are easily establ1shed:

I. ZF is interpretable in GB.

Proof. We interpret classes of ZF as sets of GB.

II. GB is a subtheory of M (obvious).

III. GB is an inessential extension of ZF. By this we

mean that each preaicative formula provable in GB is also provable

in ZF.

Proof. If F is predicative and provable in ZF. then

by (and its proof), F is provable in GB. Let F be provable in

CB. In order to establish its provability Ir, ZF it will be sufficient

to show that every model of ZF can be extended to a model of GB

in such a way that sets of the new model be identical with sets of the

old model, Let therefore M be a model of ZF and let M' be
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All the sets of M' have

the family of sets I t Ii: M: «.a
1
•...• an) satisfies F in M}

here F is. a predicative formula with n+ 1 free variables and

a
l,

..•• an are elements of M. Interpret classes as elements

of M' and ·the membership relation as E The resulting model satisfies

all the axioms of GB and contains a submodel isomorphic with M

and consisting of sets [t t M: t EX}

this form which proves the theorem.

We shall show later that M is an essential extension of

GB.

Relativisation. Let A(x) be formula in which x is a free

variable; A may contain free variables other than x. From every

new formula by replacing each quantifier

The new formula is denoted by F(Al

formula F we may obtain a

(Xi) by (xi) [A(x
i
)~ •.. ]

and called the formula F relativised to A. We assume that for-mulae

F and

relation

(XilF(A)

i eFr(Fl.

A do not have any variable in common.

It is obvious that (F' G)(Al == (F(A) I c!Al>. ((Xi)F)(Al=

if i ¢ Fr(F) and ((xilF)(A) ~ (xi) IA(Xi)_F(Al] if

The symbol 5 denotes here the logical equivalence

(not the connectivel.

Functions whose values are classes. We insert here a note

about functions whose arguments are sets and values are classes.

or cour-se thi8 notion i8 important only for systems GB and M.

A function all of whose values are non void classes and

who8e arguments are sets can be defined as a relation. The value

of such a function f for the argument X i8 simply

f
x

• {y: < x, y)~fJ If we want to admit 0 as a possible value

of a function, then we define f as a pair •• r where r is
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a relation and a is a class which contains Dom{r) as a subclass.

The value of for the argument x is r x or ° according as

x is an element of Dom{r) or an element of a-Domlr-l.

We write "f:a --+y" instead of "f is a function with

domain a whose values are subclasses of s", The elementary operations

on functions such as superposition or restriction of the domain to a

subclass can easily be defined for such functions. A function with

domain a whose values for in a are explicity given will be denoted

restriction to a is f and whose value for the argument

by F il;; /i' If f:a-+z. ijE:a and uS; z , then we denote by

f+(i/u) the uniquely determined function with domain a vIi1whose

i is u,

Semantical notions defined in set theory. The bade semantical

notion Is that of satisfaction: a sequence of subclasses of a class

x satisfy a formula F in x, If we want to discuss this relation in

set theory, we have to replace formulae by certain sets. The following

theorems are provable in ZF:

IV. There is a smallest set Frm such that < 0, i>,

<1, < i, i>;> , < 2, <I, j» are elements of Frm for arbitrary

integers I, i and Is such that whenever a, b belong to Frm,

then so do <3, <a,b» and <4, <i,a-;.> for arbitrary i in W

(the set of Integer-a),

We write r x t: £' for < 1, < i,i >)> and similarlyi j
'Cl(x P for <O,i> and TX

i '0 for < 2, ~ i, J»> We also
i J

write r a 161 for <3, -< a, b» and
r; ,

for < 4, < i,a».{xi)a

We call Fnn the set of "Gl:ldel sets" of formulae.

By Frm we denote the subset of Frm consisting of
pr

Gl:\del sets of predicative formulae.
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V. There is a function Fr defined on Frm such that

Fr( rcl(Xi)') = {i ! . Fr( '\ ex] ) = Fr( 'xi = Xj =Li, ~and Fr('-alb'l) =

=Fr(a) V Fr( b). Fr( I(x
i
)i0 = Fr(a) - f i 1. We call Fr(a) the

set of free variables of a.

We call a formula S with 3 free variables a predicative

satisfaction formula for one of our three systems ZF. GB, M if

the following formulae are provable in these systems:
Fr(x)

(i) SIx. y, z ) -. (x€ Frm )&Cl(z)&(y E z l:
pr

(H) S( rCl(xir , l<. i. y>}. z) ~ (YE z l;

S( rxiE X j ' • f< i. s'» •< j, y
lI>l .z) ~ (y' '" y");

S( "'i = xf .J<i.Y'>,<j,J">}. z);:: (y! = y");

(iH) S( r-a Ib' • s, z)=={,S(a. y I Fr(a), z) V ""'S(b, YIFr(b), z) ]

(iv) S( r(xi)~ , Y. z) := S(a, Y. z) if i¢Fr(a); otherwise:

(v) S( I(xi)a"l • Y. z) = (u)[ (u E;z) .....S(a. YU[<i. u> ]. z)] •

A formula SIx, Y. z) with three free variables will be called

a satisfaction formula for ZF, GB or M if the following formulae are

provable in the corresponding system:

(i') SIx. y. z) --.. (x E Frm) & CI (z) & (y: Fr(x) -+ z),

r; ( ;-,(H') S( CI xi) • Y. z) == Yi ~ z ,

S( r"Xi €: xf • Y. z) is Yi E; Yj;

S( 'Xi = xj1 • Y. z) = Yi = Yj'

(iii') and (iv') as (iii) and (tv),

(v') S( '(xi)a'. y,z) == (u) [(u ~ z)~ S(a.y + (i/U).Z)]

In case of the system ZF there is no need to distinguish

between the satisfaction and predicative satisfaction formulae because

sequences of classes can he identified with sequences of sets.
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The following theorems exhibit essential differences between

systems .ZF, GB and M:

VI. There is a satisfaction formula for ZF.

VII. There is a predicative satisfaction formula for M

but - provided that M is consistent - no satisfaction formula for M,

VIII. If GB Is consistent, then there is no predicative

satisfaction formula for GB, and also no satisfaction formula for GB.

We shall sketch the proofs of these theorems,

In order to prove VI we define (in ZF) two operations on

sets of finite s e quenc e s:
S dl v d 2

Str(z,k
1

,k 2, d 1,d2 ) = 1 yEO z : (y I dl ¢ k 1) V (yld2¢ k2 )

Qu(z, k, I, d) = k If iot d; otherwise

= lyE zd -0} ; (u) [(uE z)-y v[<i.U>}€ k]l

then k j =U<P. u >} : u E Z 1;
then k l = {{<p, u> ,<q, v>]: (u EV) &

(u ~z) & (v €z) ;

• then ki =ff<p,u> .<q,u>J :uEz},

in Dom(f):

rCl(x )1
p

rx EX'"p q

f = r;... = x..,
j P q

If

We obtain a predlcatlve satisfaction formula for ZF by

expressing In the language of ZF the conjuction of the following
Fr(x)

relations: z is a set, x € Frm, y EO z ; there is a finite

sequence such that for each in Dom(f) either f
i

is

r"(;l(x)l or it is IX E Xl or It Is rx = x' for some
p p q p q

p, q or there exist j, k both smaller than i such that f
i

= r'fj I fk'

or finally there is a j < i and a p such that f
i

= f("p) r;: the

there is a finite sequence k with Dom(k) Dom(f)last term of f Is x·

such that for each

If f
i is

If fi is
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if f i
Y is an

of VII.

r"fjlft , then k i = Str(z.kj.kt. Fr{fj).Fr(f.e))'

r: .,
(x p) f

j
then k

i=
Qu{z. k j• P. Fr{fj));

element of the last term of k ;

We proceed similarly in order to prove the positive part

The negative part of theorem VII is proved by using the

well known technique of Gl:ldel. We assume that there exists a satisfaction

formula S for M and denote by s a function such that for every

n in Frm with F'r'{n] = ~ O} the set s{n) is the Gl::ldel set of the formula

resulting from the formula with the Gl::ldel set n by substituting n

for its unique free variable. Let n(' be the Gl::ldel set of the formula

-,S(s(xo), 0, V) where V is the universal class; we rely here of

course on the fact that the function s can be defined in M.

Then -,S{s(no), 0 ,V) has the Gl::ldel set s(no)' We prove by

induction on the length of G that if G is a formula with p

free variables xl •..•• x p and with the Gl::ldel set g, then the

following equivalence is provable in M:

G(xl •.••• xp) == S{g, F i ~pxi' V).

Using this equivalence for G= -'S{s(no\O, V) we obtain

the result that the equivalence ..., G ;::: G would be provable in M

and hence M would be incunsistent.

The detailed proof of theorem VIII will be given later.

The main idea is this: we assume the existence of a predicative

satisfaction formula for GB and prove in GB the existence of a

set which is a model for ZF. From this we derive (always in GB)

the existence of a set which is a model for GB and thus infer that
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GB is consistent.
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Thus the consistency of GB would be provable in

GB which as is well known entails the inconsistency of GB.

We conclude with a theorem which we shall need later and

which can be proved by using the same technique as the one used

in the proof of theorem VB.

IX. For each predicative formula T the conjuction of the

following formulae is refutable in ZF:

(t") (x)(y) [T(x, y) --4- (x <: Frm ) & (y is a sequence of
pr

sets) & (Dom(y) = Fr(x))J.
(ii") (i) c.> (u) [ T( 'Cl(x?, l < i, u::>}) == Cl(u~

(ill<) (j).c.J (u)(v) [T( 'Xi E xj , f < i, u>, c j, v »1)
== (uSV)

(iii!

(tv")

(v")

similarly as above with "e " replaced by "=";

(a)(b)(y) ((a EFrm )& (b e: Frm ) -- ! T('ii Iii. y) =:
pr pr .

[,T(a, y IFr(a»v ,T(b, y I Fr(b)~}J)

(a)(i)(,) (y) i ~ E Frmpr)&(i~ Fr(a))_ [T( 'Txi)a", YG T(a, yU

(a)(i) w (y) {(a E Frmpr)&(i E Fr(a» - [T( '(xi)a' , y) ~

(u) T(a,y v{ <. i,u>})H '

Proof. Let t be the GlkIel set of the formula -,T(s(xo)'O),

Hence the Glldel set of the formula ,T(s(t), 0) is sIt) = to' Using

(i") - (v") we infer by induction that if h is the Glldel set of

a predicative formula H whose free variables are Xij'lj = 0, 1"". k-d

and if f is a sequence with domain Fr(H). then T(h, f) =H(f
io

.... , f i k_ l),
It we take in particular H " -'T(to·'O). we obtain H '5 -,H,

Hence the conjuctton of (i") - (v") leads to a contradiction,
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Terminological remarks. If S is a satisfaction formula

(or a predicative satisfaction formula), then we shall write z I- x [yJ
instead of SIx. y. z}, If x is the GHdel sel of a formula F. then

we shall replace x by F (although it would be more exact to write

rF, and not simply F in these formulae).

be a predicative formula with the free variables

F(z) be its relatlvisation to the formula x E z;

Let F

xl' •••• xn and let

Then the formula

(YI C:z)&. ••• &. (Yn E z) - [ ZFF[{<:l'Yl> ••••• <n.yo>n
= F(Z)(yl· .... Y

n)}
is provable in each of the considered systems of set theory.

Let zl'z2 be classes. zl ~ z2' If (x)(y) [(xEFrmpr) &.

(y € zir(x)) &. (zd= x [y]~ (z2 1= x (yJ)] • then we say that zl

is an elementary subclass of z2 and write zl -<prz2' A similar

definition can be given for the notion of extension in case when x

ranges over arbitrary formulae not just the predicative ones. We

shall not use this notion however.
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LECTURE II

189

The backbone of the whole set theory is the stratification

of the universe into levels (simple theory of types). In discussing

this phenomenon we shall assume as known the notion of ordinals and

the theorem on definitions by transfinite induction. We denote by On

the class of all ordinals; in the case of the system ZF where there

are no classes we think .of On as of a formula so· that On{x) means

the same as "x is an ordinal". Sometimes we shall use the expression

x € On even in ZF treating it as equivalent with Ontx),

We define by transfinite induction sets R r :

Ro = 0, R1"+l = P{R-C). R.t=U{R1',:j"'e :r-}{T isa

limit number).

Note: What we define is in GB (or any stronger system) a

function which correlates with each ordinal t: a set R l' In the

case- of ZF we have a formula R(x, y) such that it is provable in ZF

that (x] [On{x)_{E!y)R{x,y)] This unique y is denoted by R
x;

it satisfies the equations given above.

I. For every set x there is an ordinal a such that x gao

This theorem is provable In each of our thre-e systems. The

proof is obtained easily from the axiom Fund.

The least ordinal a such that x So Ra Is called the rank of x,

We want to discuss the problem whether some of the Ra's

are models of ZF. In order to answer this question we shall formulate

and prove in M the followmg theorem:

II (Scott-Scarpellini). Let A= U {A -r : re: OnJ where for

each ordinal 't: 1 At is a set, Ar ~ A '1"+1 and Ar =U!Ax-":'t~1
for each limit ordinal '1: Under these assumptions:
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f: Frm X On -On such that for
pr

a - f(F. a) satisfies the conditionsthe mappingFrm
pr

(a),

inF

formulated in

(a), For each F in Frmpr there is an increasing and

continuous mapping f
F:

On ~ On such that if fF(a) = a and x E A:r(F).

then AaF=: F[x]: A F= F'[x] ,

(b), There is a function

each

(c) There is an increasing and continuous mapping t:On-On

such that If t(a) = a. then Aa-< prA,

Proof,- (a), We use induction on the number of connectives

which occur in F. If F has no connectives. then we take as f
F

the identity map: If F is '(G I H)7 then we take as f
F

the compo-

sition of f
G

and f
H,

If F is '(Xi)G' and i'i Fr(G). th,;n

we take f
F

= f
G,

The only case which requires a more elaborate

proof is one in which F has the form r(xi)H' and i E: Fr(H).
. Fr(F)

We first define auxiliary funchons a:A _ On. and

b:On _ On as follows:

atx) = min { r E On:(Eu) [(UEA
r)

& (AF'H [XU!<i.U>}]m

b(r) = sup 1a(x): x E A:r(F)1

It follows from these definitions that if x E AFr , then (l ~
r

(u)A [(AF H[x vt<i.u.>}]).= (U)Ab(r) (A/=.H[xv/<i.U>}])].

(l)The subscripts after quantifiers denote their relativisation to the

Cormula x E a. Thus (x) means the same as (x) [ (x E a)~ •• ~
a
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Now we define c(0) = 0, c(r+1) = maxtctr-), b(r+1)) and c(rl=

sup {c(r'):r' < r} for limit numbers r. Finally we put f
F

= fHo c.

This function is obviously increasing and continuous. If fF(xl = r,

then fH(r) = ctr-) = r and for every x in A;r(FI we have c(rl'i!:- b(r).

It follows

(Ar \= H [x'1~ i, u>]J) .. (~lA (At=H [ xv{d, u>}])
r

=A}=F [x]
and similarly

AI=F [x]S(u)A (AFH [XU{<i,U:>}]I~ (ul A (At:sH[ XU{<i,u>}]
r

=' (u)A (At=Hfxvf<.i,u>JJ)=.(ArF F [xJ).
r

(bl. We define f(F, x) = x if F is an atomic formula

(w ithout logical operators), n'F I I F~, xl = f(F l' f(F 2' xl) and f( f(x
i)Hl

xl=

= f(H, x) if i ,i Fr(H). If i ~ Fr(H), then we put f( '(xi)H', x) =

= f(H, c(x)) where c is defined similarly as in part (a). The proof

is identical as in the case (a),

(c). We define t(O) = 0, t(r+1) = max (t(r), sup { f(F, r+l):

F€ Frmprl) , t(rl = sup ~ t(r'):r'< r~ if r is a limit number.

If t(rl = r , then f(F, r)= r for each predicative formula F and

hence, in view of (b), Ar < prA.

Remarks on the Scott-ScarpelUni theorem. We want to

discuss the question whether theorem II can be so reformulated as to

become provable in ZF or in GB.
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The case of the system ZF. Since there are no proper

[97], 82

classes in ZF, we must replace the class

by formulae.

A and the relation x €A
r

If we do this, then we cannot use the satisfaction formula

since there is no formula describing the satisfaction of an arbitrary

x in Frm in the domain of all sets satisfying a given formula A.

We come around this difficulty by remarking that the satisfiability of

an explicitly given formula F

sed by the relativised formula

in the indicated domain can be expr-e s -
(A)

F. Thus we shall have not a single

theorem starting with the general quantifier "for each F in Frm" but a

theorem schema which can be proved separately for each explicitely

given formula F. A final change in the wording of the theorem con-

cerns the function f
F

: since there are no mappings of On into On in

the system ZF we must replace the mapping f
F

by a formula which

describes it

The Scott-Sc arpellini theorem takes thus in ZF the following

form:

Let A(x) and B(x, y) be two formulae with the free variables

x and x, y respectively; let C be the conjunction of the following

formulae:

(x) {A(x) = (Ey) [ Only) & B(x, y8 f '
(y) {On(y) __ (Ez)(x) [ (x E z) is B(x, y8 t .
(y)(y') lOn(y) & On(y') & (y':y+l)_(x) [B(x,y)_B(x,y'Dl,

(x)(y) (Lim(y)"_ f B(x, y) == (Ez) [ (z E y)& B(x, zilD
For any formula F with two free variables x, y let

D
F

be the conjunction of the formulae:

(x] [On(x) ---7' (E! y) F(x, y)]
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(x) (y) [ F(x. y)~On(x) & On(y)]

(x)(y)(zHt) [F(x, y) & F(z, t) & (x E z) ~ (y E t)]

(x)(y) (Lim(x) & F(x, y)......,)o. (u) {(u E y) == (Et) [ (t Ex)

&F(t, u)]]

With these notations the following holds: For arbitrary

formulae A(x). B(x.y) and H(x! ••.•• xn) there is a formula F(x.y)

such that the implications

C ~DF'

r (A(') (B( •• rll]
C&F(r. r)&B(x l• r) &••• &B(x n, r ) --. LF ;: F

are provable in ZF.

Notice that the formula C says that the domain of all

x's satisfying A is the union of sets f x:B(x. r)} with I' ranging

over ordinals and that these sets form an increasing and continuous

family while D
F

says that F defines an increasing and continuous

mapping of ordinals into ordinals.

A similar reformulation of the Scott - Scarpellini theorem

Is also possible in the case of the system GB. Again we must express

the theorem as a scheme because there is no satisfaction formula

for GB. However the assumptions of the theorem and the statement

concerning the existence of a mapping can be expressed as in system M.

Finally we notice that a theorem similar to the Scott-Scarpel-

lint theorem can be proved (in any of our three systems) for unions

of the form U I AI' : I' -c s J where s is an inaccessible cardinal.

Applications of the Scott-Scarpellini theorem. The following

theorem is proved in M; it can also be proved in any system obtained

from GB by adding to it new axioms which secure the existence of a
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R -< V; in particular, R isr pr r

a predicativE' satisfaction formula:

III. There is an increasing and continuous function f: On _On

such that whenever f'(r-) = r , then

a model of ZF'.

ProoC. The decomposition V = U 1Rr : r E' On1 satisfies

the assumptions of the Scott. Scarpellini theorem. Since all axiom of

ZF are equivalent to predicative sentences and are valid in V, we infe.r that

if R is an elementary subset of V, then R is a model of ZF
r r'

We can now supply proofs of two theorems which we announced

in Lecture I:

IV. There is no predicative satisfaction formula for GB

provided that GB is consistent.

Otherwise we could repeat in GB the proof of theorem III

and infer that there is a set a which is a model of ZF. Hence by

adding to a its definable subsets we would obtain a model for GB.

Since this proof would be formalizable in GB we would have a proof

in GB that GB is constatent which would entail the inconsistency of

GB.

V. M is essentially stronger than GB, provided that GB is

consistent.

Prooc' There is a predicative satisfaction formula for

M but none for GB.

VI. ZF is not finitely axiomatisable. provided that it is

consistent.

Proof. We denote by K the conjunction of any finite number

of axioms of ZF and show using the version of the Scott - Scarpellini

theorem which is provable in ZF that there is an ordinal r such that
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R
r

1= K. Hence the consistency of K is provable in ZF whilt' the

consistency of the whole ZF is not so provable.

VII. GB. is finitely axiomatisable.

We merely sketch the proof of this theorem. Call F" the

particular instance of the axiom (scheme) Subst
GB

which corresponds

to the for-mula F. It can then be shown that all the particular instances

of Subst
GB

can be derived from the axioms F;, ••. F; where F} ... F 9 are the

formulae: (Eu l )(Eu2l f(u =<:u I ' u2> l&(u l € u2'] , (Eu} )(u= < u}' u}> l,

l(u,"yl, (uEyl&(uEZ), (Et)«u,t>4iiy),(EU
I

)( Eu
2l[<u=

<u
l,u2>l &

(u
l

E yl ,(Eu)(u= < "i- u
2
> ) & ( .(u

2
' u} ";> E yl, ( Eu} )(Eu2)(E u

3l
Du = <"i- c u

2
' U3» l lIt( C::: u2 ' c "s- u l» IS- yl ,(Eu} )(Eu2)(Eu3l

f,u = <uI ' .<u2' "s > l &«u
2,<u}'

u
3»<=yl]

These axioms state the existence of the following classes:

E = [~u,v): u EVE V 1 ,I = {<u,u > : u EV1, V - Y, Y () Z,

Dom (Y), Y X V, Y, Cnvl(Y), Cnv
2(Yl

and our theorem reduces to

the statement that for every predicative formula H there is a class

Y constructed from E and by means of the operations ~numerated

above and consisting of all u for which Htu). Details of this proof

can be found in Gl:ldel's monograph.

Natural models. If r is an ordinal and R is a model
r

of ZF, GB, or M, then we "all it a natural model of the corresponding system

In theorem III we established (in M) the existence of a "tower" of natural

models for ZF which is ordered by the relation -< We now showpr
that the existence even of a single pair R • R such that R -< R

r 8 F prs
cannot be establ1sht'd in ZF provided that ZF is consistent. We do

thb by proving in ZF the following:
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VIII. (Montague - Vaught). If R -< R; then R isr pr s r
a model of ZF.

Prool. We first show that r is a limit number .::i: O.

Since the formula (Ex)(x=x) is true in

hence R
r"'"

0 and r.:;i=0. If t E r ,

there is an x in Rs such that R
t

E::

(Exl)(x
o

E xl) is satisfied by R
t

in R
s

be satisfied in R. Thus there is an x
r

Rs' it is true in R
r

and

then R
t

Eo R
r

and hence

x, Thus the formula

and hence it must also

in R
r

such that R
t

E x

and therefore t +l=lr.

Using the fact that r is a positive limit number we easily

check that all axioms of ZF are valid in R. The verification is
r

evident in all cases with the exception of the axiom scheme SUbst
Z F

which requires a separate treatement.

R
s

H

k+2 free variable and letwith

Rrl= (xi)E!x
j

F[il] For x

y in Rr such that RrF= F[iiv{d.x,>.

be variables which do not occur in Fx
q
R

r•
The set 1m(f, a) = b belongs to

Rs ~ H[pv~ <p, a>. < q, b>l] where

andLet x
p

and let a be an element of

and satisfies the condition

is the formula

Let F be a formula

P E RFr(F) - [L J] be such that
r

in R
r

let fIx) be the unique

<i.y>}]-

It follows that there is a set b l in R such that
r

R)= H [pv l<p. a> • < q, b:::rl] .and we easily prove that b' = 1mlf. a).

Thus axiom SUbst
Z F

is valid in R
r•

Theorem VIII can obviously

be also proved in M.
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In order to obtain more information about the relation ..(
pr

in the class of all Rr's we introduce the following definition:

We call an ordinal r extendable if for any ordinal s

there is a sequence f of order type s such that rto) = r

and R -< R for each pair t. t' suchfit) pr f(t')
that t <t'< s

From part (c) of the Scott-Scarpellini theorem it follows

that there are extendable ordinals. Moreover there are ordinals r such

M.

On consisting of Rx's which

and well ordered by the relation -< .
pr

are elementary extensions of R r

The next theorem is provable in

that there is a sequence of order type

IX. (Ryll Nardzewski). For each extendable ordinal r

there are arhitrarily high ordinals s > r

but for no t >s

Proof.

such that R -< Rr pr s
does the relation R < R hold.

s pr t
Let us assume that there is a (least) extendable r

such that there exists an ordinal so> r with the properties: whenever

s > sand R ~ R then R < R for some t> s We noticeor"""""pr s s pr t .
that because of the extendability of r there are arbitrarily high s

such that R ~ R and our assumption says that each such s
r-"""pr s

from a certain soon can further be extended to an R
t•

For arbitrary finite seouence f of sets we denote by

m(f) the least ordinal > So such that all terms of belong to

Rm(f) and R r ~prRm(fr Consider the formula T(x, f) defined as

follows:
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W e shall show that this formula has the charater-Iatfc pro-

perties (i")-(v") of the truth predicate (cf. Lecture I, theorem IX). Since

we know that we can refute the conjunction of (I"] - (v") we shall have

the proof that our assumption leads to a contradiction as soon ss we veri:

fy that or has the properties (t") - (v''), Of these, (I"), (It") and (tv") are obvious.

In order to verify the remaining two we prove a lemma:

If s c s <t and R..L R R..( R
t,

then R ~ R
t•o I' pI' S. I' pI' S pI'

Proof of the lemma. For each s>s such that R is an ele-o s
mentary extension of R

r
we denote by s' the least ordinal >s such that

Rs l is an elementary extension of R
s'

The existence of s' follows from

our as surnptfons .Now we start from given ordinals s , t and construct two

sequence rand g satisfying the inductive equations f(O)=s. f(n+1)=

" (f(n))'. f(u)= sup ff(n): n<u] • g(O) = t, g(n+l) = (g(n))'. g(u)=

sup {gIn): n <u}. We obviously have Rf(nl< prRf(m) and

Rg(n) '-<prRg(m) for n<:: m; moreover V = U I Rf(n) : n Eo on}

U! R
gIn) n 4i On} • Let x e Frm

pI'
and y ~ RFr(x).

s

Since Rs -< pr- V we infer that Rs 1= x [ y] e V F= x [y]

we prove simUary that R < V and therefore
t pe

Rtl=X [y] == V/=x [y] whence (Rst=x [y])=.(Rtl=x [yJ)

The lemma is thus proved.

Verification ot condition (iii"). Let us assume that
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This assumption is equivalent to the statement that either

Rm(f) 1== '.:;x? [f IFr(xl)] or Rm(f) 1= '=.x2' [rJ Fr(x2l] . Since by

the lemma Rm(f) -< pr Rm(f IFr(x
i)

for i= 1,2 we infer that the

previous statement is equivalent to the disjunction of the statements

Rm(f I Fr(x
i
»t=r;x;7 [f I Fr(X

i
)] for i = I, 2 and this disjunction

is precisely the right hand side of (iii").

Verification of condition (v''), We assume that x '6 Frm
pr

and i E F'r-Ix), Let us consider the statement T( r(x
i)

x'" , f):

this statement says that f is a sequence with domain F'r-Ix] and that

Rm(f) F= x [f V { < i, u>]] for every u in Rm(f)" We have to

prove that this statement is equivalent to the following:

for every u,Rm(f v!< i, . u >} ) 1& x [f V £<i, u>1]
Obviously the first statement is implied by the second

because m(f V{<i, u > 1 ) = m(f) whenever u i!' in R
m

(!) . Now we

assume the !irst statement and choose an arbitrary u. By the lemma

Rm(f) <prRm(fV( (1, u) J I and hence the first statement implies

Rm(fv {c 1, u)}} F(x,lx [ifwhence we infer that the second statement is

valid. Theorem IX is thus proved
A theorem similar to IX can also be proved for other

transfinite sequences of sets, for instance for sets L
r

which we

shall discuss later.
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In connection with theorem IX we discuss brieny the

ordinals which are not extendable. Let us call a function f whose do=

main is an ordinal r and which satisfies the condition

R -< R for arbitrary mEn Era chain of length r star=
f(n) pr f(ml

ting in flO). An ordinal s is not extendable if and only if there is

an ordinal r such that there is no chain of length r starting at s. The least

such r is called the height of s , The height of an extendable ordinal

could additionally be defined as On.

We don't have an exact characterisation of ordinals

which are heights of non extendable ordinals. However we can exhibit

a rather large number of examples of such ordinals.

We call an ordinal r > 0 an R - definable ordinal if there

is a predicative formula F with Fr(F) tOt such that whenever

s E: On and r E R
s'

then r is the unique element of R
s

such that

R
s

t= F [f <:0, x;:.1] while 0 is a unique such x if r ~ R
s

We call F a definition of r , We now prove in M:

X. (Wilmers). For every R -definable ordinal r there Is

an ordinal whose height is r-t-L,

Proof. Using part (c) of the Scott - Scarpellini theorem

we easily prove that there are ordinals x such that R
x

contains as

element a chain of length r + 1. Let a be a smallest such ordinal

and Ie f be a chain of length r + I which belongs to R a . We put

b = flO) and claim that the height of b is r + 1 •

Since f is a chain of length r + I starting at b. it Is

obvious that the height of b is ?::- r + 1. Now we assume that there

is a chain g of length r + 2 starting at b and derive from this assum=

pUon a contradiction.

There exists a predicative formula H with
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Fr(H) =
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{O, I}' such that for an arbitrary ordinal

201

< I, v>}]= (v € On)&(u

p and arbitrary u, v in R
p

(1) R
p

1= H [f <: 0, u>

is a chain of length v).

We shall indicate below how to construct such a formula.

As'summg that we carried out the construction we proceed as fo1=

lows.

We easily show that n E Rn+ 1) S; Rg(n+l) for arbitrary

n in r + 1; since gIn) G Rg(r+1) we see that g (r+l) E

R
1). g I( r+ 1 ) is a chain of lengthg(r + Now r + 1 and hence

by (1)

Rg(r + 1) F= H [{ <: 0, g( r + 1 ». < 1, r + I>}]

Denoting by F a definition of r we obtain from the last

formula

R + 1) J:= ( Ex
O

) (Ex 1) (Ex
2)

[F(x
2)

& (x
2

:f:. 0) ~
g(r

& (Xl x
2

+ 1) & HJ
Since Rg(O) is an elementary subset of R

g(r + 1)
we

can replace in this formula g(r + 1) by g(O), I, e. by b. We thus

infer that there are elements c , d of R
b

such that c ; 0, R
b

F=

F [f<2, c>J] and Rb loa H [{<O, d>, < I, c + I>}]'
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The first of these formulae proves that c r and the

second that d is a chain of length r+l. Since d Eo Rb and

b < a. we obtain a contradiction with the definition of a

It remains to construct the formula H Let

R I ( X • y I be a formula which defines the relation x =

R (cr. p 19 and let G ( 2. t I be the formula

(f) (~ [(x ft Frmprl & (f E 2
F r

(x l l & ( 2 F= xfr] I~

-+(t 1= x[f]l).

The required formula is

On( xl I & Fn ( Xo I & ( Dom ( Xo I = Xl ) & ( i ) ( j I ( 2 ) ( t I

6i E: j I & ( j Eo "o &

-+-G( 2. t il
Natural models of GB and of M. These models are si=

tuated much less densely than the natural models of ZF: we shall

prove the following result in the system ZF + AC resulting from

ZF by adjunction of the axiom of choice:

XI. (Shepherdsonl •

anly if r is of the form s +

R is a natural model of GB if and
r

and s is a strongly inaccessible

cardinal; this condition is also necessary and sufficient for

be a model of M

R
r

to

Proof. If R
r

hI a model of GB or of M • then

r is a successor. r = s + I because there exists a universal

class of the model. From the satisfiabUity of the axiom Subst it

follows that if t is an ordinal c:: s and a mapping of
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into s . then Im ( t, t ) € R and hence there is an ordinal
s

t' < s such that 1m r, t 1 E t I • This proves that s is

weakly inaccessible.

In order to show that s is strongly inaccessible we have

to show that if t < s, then the cardinal number of P ( t) is

less than s. By our- assumption t € R
s

and hence p( t) E R.
s

Since we assume that R
s

+ 1 is a model of GB and since there

is a well ordered set which belongs to Rs and has the same power

as P ( t ) , we infer that there exists an ordinal number in Rs

which has the same power as P ( t ) . Thua this cardinal number

is smaller than s

If s is strongly inaccessible, then we easily check that

all the axiom of M are true in

axiom Subst is satisfied because if

Rs + l' In particular the

f is ant mapping of Rs

into Rs and a belogs to R
s'

then Im(f, a) belogs to R
s'

A comparison with theorem VIII suggests the following

problem: how to characterize ordinals r

sfying the relation R r + 1 <, pr R s +

s ( r <: s) sati=

? It is easy to see

ifR
s

(withR
r

isomorphicallywhith maps

that this problem is wrongly expressed because the relation in

question never holds (R
r

is the largest element of R
r
+

l
but not of R

s
+l )'

Therefore we modify the problem and discuss not the relation of

elementary extension but a closely connected relation of elementary

embeddability.

Definition. R is elementarily embeddable in
r

there is a function
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respect to the relation E ) onto an elementary subset of R
s

XII. (Reinhardt). If r is a strongly inaccessible ordinal

and R
r

+ 1 is elementarily embeddable into

r ' > r , then r is measurable.

where

Proof. Let be a function which embeds R
r + 1

into R
r' + p

Since R
1

is a model of GB, the same is
r +

true of R
r'

and hence r' + p S + , where s is
+ p

strongly inaccessible. Since R is the largest element of Rr +lr

mapsit follow thatand R the largest element of R
1s s +

R onto R ( 1. e. f( R ) = R i.
r s r s

Similary f( r ) = s since r is the largest ordinal

of R
r

+ land s the largest ordinal of R s + 1 On the other

hand the range of f I ( r + l) is strictly contained in s +

for reason of cardinality. Hence there is an ordinal PEs

such that p I: Rg ( f I ( r + 1 )). Obvious.ly P f Rg ( f )

because an ordinal in Rg ( f) must be the value of f for an argu=

ment in r + 1

From the properties of f it easily follows that

f( x 1"'\ Y ) = f( x ) r'\ f( y ) ,f( x V y ) = f( x ) V f( Y )

and f( x - y ) = f( x ) - f ( Y ) for arbitrary x, y in

For instance the first equation is established by no"Rr + 1

tieing that x /"\ y is characterised as the unique element z which

same formula in

together with

(t) (t E "o )
together with

R s + 1 •

x and y satisfies in

== [( t E xl ) &

f ( x ) and f ( y )

Rr + 1

f: x
2

)]

satisfies the

the formula

Hence f ( z
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fIx 1"\ y)

Now we put F % f x S r : p E. f ( x ) 1 and

claim that F is a filter of subsets of r which is prime and

t-multiplicative for each <: r

If x, y E F. then p E f ( x ) () t ( Y )

and hence x () y c!: F

If x S. Y ~ r and x E F. then flx l ~ fIx) f'\ fly) ~ fly)

and hence p € f ( Y ) ,i.e.. y c F. From pEs = f ( r )

it follows that rEF and hence F is not void.

Hence F is a filter of subsets of r

If x S r, then r = x V ( r - x ) and we infer f ( r )

= s f (r x) V f ( x ). Since PEs it follows that

either p '" f ( x) or p t f (r x) both these formulae

cannot be true because f ( x ) n r - x) 0 • Hence either

x or r - x belongs to F and F is prime.

Now we show that if t c r ,then F is t-multip1i=

cative. Let g be a sequence of type consisting of elements

of F Since g 6 Rr + and g satisfies in R
r

+
a

formula which says that g is a function with domain we

infer that f ( g) satisfies in Rs + I the formula saying that

it is a function with domain f ( t )

The intersection n Rg ( g) can be characterised as the

unique element of R
r

+ I which together with g satisfies in

Rr + I the formula

( t E "o ) == (w ) ( v ) [(< w, v » E xl) -+ ( t E v )]

Hence the same formula is satisfied in R
s

+ 1 by

( () Rg ( g) and f ( g »
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Now we notice that the same formula is also sati=

sfted in R
S+ 1

by n Rg(f(g)) and f(g) and hence n Rg(f(g)) = Un Rg(g)).

Since Rg(g)S F, we see that pE fIx) for every x in Rg(g). Now no=

tice that x E Rg(g) is equivalent to

Rr+lt="(Ey)«y,XO>E XI)[{<O,x>, (I,g>}] and hence to

Rs+II= (Ey)( <Y'XO,>EX I) ({<o, fIx»~ ,<I, fIg»~}]; i.e•• to

fIx) E R (f(g)). Thus p is an element of every member of Rg(f(g)).
g

I, e., pE nRg(f(g)) = f( n Rg(gll. Hence n Rg(g) EO F.

This proves theorem XII. Notice that this proof like the

proof of theorem XI was carried out in the system ZF + AC.
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Lecture III

In this lecture we shall apply' the Scott - Scarpellini

theorem to obtain various famUies of Bets which form models of ZF.

We call a set A predicatlvely closed if for every a

In A. every Fe Frm with oe Fr (F and for every

aFr(FI-{olthe set
pr

f in

SF ( a, r ) = {x ~ a : a ~F[ f U {< 0, x>]J1
belongs to A. The set SF ( a, f I will be called the section

of a determined by F and f.

We shall show that all sections of eremenre a of A

can be obtained by iterating finitely many oper-attons Let us con"

sider the following operations:

AI ( x, Y ) = I x, y}
= x - y ,

A ( x, y ) = 1A
2

( u, v ): u, v <S x 1
5

f A 4( u, v I : u, v 6: x ~

A
B(

x, y ) = U x, u E- x }

A
I O(

x, y I = [f <: 0, u > < I, v>} : ( U E: v I &

( u, v E: x )}

A
ll

(x , y ) • {{ <0, u> , < I, U >1 : u f: x}

A12( x, y ) = f u: f< 0 . u > ~ U y EX}
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I. If 0 t: A and A is closed with respect to the ope>

is predicatively closed.AAl - A 12 , then

We shall only indicate the essential steps of the proof.

rations

First we notice that an arbitrary finite sequence whose

terms are integers belongsto A. Hence if a set s of finite sequens

ces with a common finite domain d ~W belongs to A, then so

F [x]J

a~ F' [x J1f x 1= a F r( F' )belongs to A, then so does the set Z

does the set of all sequences fox where x ranges over sand

f is a fixed one one mapping of a set d' onto d.

{ X L. a F r( F ) : a l=Hence if the set -=

where F' arises from F by a permutation of variables.

By iterating suitably the operations A 1 - A 12 we

prove that if d ~ CV is a finite set of integers and a 6i A, then

d
a IE A. From this we easily infer that if sEA and s is

a set of finite sequences with a common finite domain d and with

ranges contained in a where a is in A, then for every fini=

d' }te set d' such that d ~ dIe w the set ~ f € a : r I d G s

belongs to A.

Finally we show that if a E: A, d is a finite set of

integers and n rj d J s S- ad U {n I, then the set

EO ad: (Eu) [f U { -c n, u>JE-S]~ belongs to A along with

s . We show this by noticing that in order to obtain

this set from s it is sufficient to' subtract from every member
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of s the

[ f €

set of all sets of the form t<: n, t;>1 where

Let us now consider the set D
F

( a )

aFr(F) : a ~ F [ f 1} If a €: A and

E:

F is

a.

one of the formulae 'c 1(x
O
~ , then

D
F

( a ) belongs to A as we easily see inspecting the operations

Using the operation A
7

we extend this result to the

case when F has arbitrary variables. Using the operations A
2,.

well as the remarks established above we show that if

; I, 2, then the same result is true for the) € A for

A
3

as

D
F(

a
i

cases when F; r F I F i and F; r( \ ) F;' Finally

we use A
12

in order to construct SF( a, f) from D
F(

a ) .

The main result of the present lecture is as follows:

II. Let A
r

be a family of sets (indexed by ordinals)

which satisfies the assumptions of the Scott - Scarpellini theorem.

If in addition ArE: a = U { As: s € On} and A is transitive
r

and predicatively closed for every r in On, then A is a model of

ZF.

Proof. 'The verification of most of the axiom is immediate

We discuss only the axioms Inf, Pot and Subst which are slightly mo=

re difficult to verify.

Axiom of infinity We define by induction a sequence

r n of ordinals: r 0 = 0, r n+1 = min { s and put
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r sup r n' then A
r

satisfies the conditions stated in the axiom Inf,

let s ( x

Axiom of power set, For

min f s: x € As ~ , t

a E A and x in Pta) t'"\ A
r

max (r , sup f s ( x ) :

: x E P( a n A J Then x E A --'>- (x E P( a ) == (x ~ a) &

& ( x E: At)' Now take an ordinal u such that At € Au and

determine the section SF( At' I < 1. a > }) of

the formula ( v ) [ ( v E "o ) -+ (v E. x I) ]

A where
u

F is

This section is equal to p( a ) n A and since Au is predica=

tively closed, it belongs to Au and hence to A,

Axiom of substitution, Let a E A and let F be a
r

formula with Fr( F ) .2 { 0, I] Furthermore let p be

a sequence in AF r( F) - { 0, 1}
such that

A F= ( X o I ( E Xl I F (pJ For x in A let
r

f( x ) = min 1 s : ( Ey [ ( Y E-A ) & ( A 1= F [{ < 0, x>
B

< 1, s » I V pJ)J1 and put = max( r , sup f f( x ) : ( x E A )]),
r

Usin~ the Scott - Scarpellini theorem we determine an ordinal u

such that u> and for arbitrary x, y in A
u

the following

equivalence holds

(AIcF[{<O, x>.<.I. y>}up]) =(A)=F[{<O, x~,<:'I, y>}Vp]I,

Finally we choose an ordinal v such that A E: A
u v

and determine the section Sa( Au, ~ < i, a> U p I where is

an integer such that x. is not free in F and a is the formula
J

(Xl) i ( Xl € Xo - ( Ex
O

I [( Xo EO x. ) & F ] I
J
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This section which we denote by

condl.tion

b belongs to A
v and satisfies the

and of the following formulae:

r) & (y G x) ~ B(y, r)]

& B(y, rl~ ~2 (Ez) [B(Z,r)&(z=At(x,y)ll]

y =b == (Ex) [ (x € a) & ( A l= F [~ « 0, x > , «: I, Y>j U p])]

Remark. Theorem II was proved above on the basis of

the system M. There is a version of this theorem which can be

established in ZF. Similary as on p. 82 we consider a formula B

a formula A by

Let C"" be the conjunction of the

with two free variables and define

(Er) [on( r ) & B( x, r )J..
4 fQrmulae listed on p, 82

(x) (y) (r-) [On(r) & B ( x,

(x] (y) (r) {On(r) & B(x, r)

(The first of the above formulae expresses the fact that

the set I x : B(x, r-)1 is transitive and the second that this set

is closed with respect tQ the operations Al - A
l 2

; obviously the

second formula should be expressed in the language of ZF which

can easily be done by writing down the definitions 'lf Ai(x, y) as

set theoretic formulae).

Imitating the proof of theorem II we can derive from C*

in ZF all formulae obtained from the axiom of ZF by relativising

all quantifiers to the formula A. In other words the formula A defines

an interpretation of ZF in ZF + C'* •

ExampleI' of classes which determine models of ZF.

Example 1. V = U[ R
r

: r E On 1
Example 2: constructible sets. We define for an arbitrary

set a

a' = (sF(a, f): (FE Frm
pr)

& (0 ~ Fr(F) & tr s aFr(F) - JoJ)}
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a' is the family of all sections of a determined by an arbitrary

formula F in Frm
p r

and an arbitrary sequence

in a. We now. put

with terms

L
O

O· L
1

~ L' r: L U{ L
r

r E s1 (s is a limit number)
r + s

The union L e- U{ L
r

r E on} is called the class of con-

structible sets.

It is easy to construct a relation which well orders the

class L. We define it as the union UI Xl' : r E On} where

X o 0, X ~ u{ X r <:. s} if s is a limit number and where
s r

X is obtained from X r by the following construction. For
r +

every u in L L we denote by F the earliest element
r + r u

of Fr-m
pr

such that for some in LFr(F) - {O}
r

The term "earliest" refers to a fixed well ordering of the

denumerable set Frm which we think of as fixed in advance.
pr

If there are many sequences for which the above

equation is true then we denote by f
u

the earliest of them in the

lexicographical ordering C:::::<.: of finite sequences induced by the r e>

lation X
r

Now we define X as the union of X
r'

of the set
r + 1

~.( u, v> : (u E Lrl & (v E L
1

- L l} and of the set of
r + r

pairs < u, v> where u and v both belong to L
1

L
r + r
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or F
u
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and either F u precedes F v in the well ordering W

213

sup k, then

In order to prove that L is a model of ZF we esta=

bllsh four simple lemmas:

1. L E L
1

for each r in On
r r +

Proof. L = S x' (L
r'

0) and hence L is
r rx r

section. 0 0
its own

2. (i) Each L
r

is transitive; (il) If s E r , then

Ls.s;. L r·

We prove both parts simultaneously by induction on r-,

For r = 0 the lemma is trivial; if it holds for 'all r < rand r is ao 0
limit number, then it is obvious that the lemma is also true for

r O. Now assume that r 0 = r + 1. It will be sufficient to show

that L
r

C L
r

+ 1 and L
r

+ is transitive. Thus assume

aELr;hence a=af)Lr SrXo€X;' (Lr,~<I,a>l)~Lr+l.

Transitivity of L r + 1 follows now from the remark that if x is an

element of L r + I' then x is a section of L r and thus

x £ Lr.s L r + 1 •

3. If k is a set of ordinals and r

Lr=UtLs:SE k}

Proof. If r E k, then the lemma results from the mono=

tonicity of the sequence

inductive equation for the

L
r:

if r ¢ k, then it results from the last

L 's and the lemma 2(10.
x

4. If aE L
r,

then each section of a belongs to L r + l·

Proof. We use the following simple fact which can easily
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be established by induction on the number oC connectives in a Cormula:

Let F c Frm and let F
CIf

be obtained Crom F by
pr

relatlvising all quantifiers to the formula x E Xi where the variable

x , does not occur in F. If X is a transitive set, a c X and
1

f E aFr(F). then

We take now X = L
r,

and assume that 0 € Fr(F) and

r e aFr(F) -101

SF(a. f) = SF"'" &

where a E I. . We obtain then
r

(I. fvf"' i, ao> 1 ) which proves that the
(xo E Xi) r ,

) belongs to L r + 1

III. I. is a model of ZF.

Proof. In

the union U{I. Ci). r :

numbers. Lemmas 1

view of lemma 2(ii) we can represent I. as

r c On] where the indices range over limit

- 4 show that all assumptions of theorem

II are satisfied by the family L .... \ • in particular th'e pr-edic atfve
..... ·r

closure of I. (.J. r results from lemma 4 because each element

of L (.V. r belongs to some Lx with x <.:.> . r and hence its sections

are elements of I.x+ 1 which is contained in L c:..u •r

Example 3. Relatively constructible sets. We start with

a transitive set a and put Lo(a) = a. L
r
+

l
(a) = L~(a),

Ls(a) = Ui Lr(a) : r<:s} (s is a limit number). The union

U [I. (a) : r is On 1 = L(a) is called the class of sets constructible
r .

in a. We can show similary as in theorem III that L(a) is a model
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of ZF.
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More general notions of relative constructibility are pos s

sible. We shall sketch a definition due to Solovay.

We consider a wider class of formulae. We adjoin to the

x. which were used thus far
J

still one type of atomic formulae U(xil. We call the smallest class of

formulae which contain all atomic formulae (including the new ones)

and is closed with respect to the operations FIG and (xilF. the class

of generalised formulae. The notion of satisfaction can be defined in

a similar way as for the class of ordinary formulae. Whereas for:

merly we defined the notion of satisfaction of a formula F in a set,

we must now use a more general relational system. Let x, y be sets

such that x 2 y. The atomic formula U(x
i)

is satisfied in this system

by a sequence f if and only if f
i

€: y; other atomic formulae are sa:

tisfied in the system (x, y> just in case they are satisfied in x, The

inductive clauses of the definition of satisfaction r ema ln the same as

before. The notion of section in a relational system <x. s> is defined

as follows: SF« x, y>, f) is the set consisting of all a in x such

that the sequence fV{<O. a>! satisfies F in <x. Y> Let <x. y>'

be the set of all sections of <x. y). in the generalised sense thus

explained.

For an arbitrary transitive class A we put now LO(A) :

:0, L r +1 = <Lr, Lrr'l A>' and L s =U{Lr : r~s} if s is a

limit number.

It can be shown similary as in the proof of theorem III

that L(A) is a model of ZF.
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Example 4. Var-Ious generalis ations of cons tructible s ets ,

The clasa L can be defined in still another way which i s sometimes

technically more convenient and moreover sus ceptible to var-ious ge=

neralisations.

Let n be an integer~12. We define by trans finite induction

a mapping d
n

On- On in such a way that dn(O) = 0 and the order

type of the set Z (x): S rE 011 : d (x)<:,r<d (x+l)} be n, (d (x»3.
n 1. n n n

For limit numbers x we require that d (x) = sup r d (1') : I' < X }
n I n

Let In' K
n,

L
n,

M
n

be function....uch that the correspondence

x~(In(x), Kn(x), Ln(x), Mn(x)) determines a one - one mapping

of the ..et Zn(x) onto nxdn(x)Xdn(x)Xdn(x). For y = dn(x) we put

I(y) = K(y) = L(y) = M(y) = O.

We now define a trans finite sequence C : On -+V by induction:

('\ C
M

(x) provided that x doe s not have the form d
n

(t) and In (x) < 12;
n

if In(x)~12, thenC x = B I (x)+1(C 1x).
n

In the last part of the inductive definition B
13

' ••.• B
n

are operations on sequences of sets which satisfy the condition

B(f)S Rg(f) u U Rg(f) for each transfinite sequence f.
¥.

The sequence Cd (1') = C I' is increasing and satisfies the

conditionsC If-€ C1t" and C" ~ U 5C..... 1
I' 1'+1 s L r' r<::s where I' , s EOn and B

iB a limit number.

We eaBly s how by induction that each CriB a transitive Bet
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(the factors eM (x)
n
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were added in the third inductive equa=

217

tion for e just in order to achieve the transitivity of the sets e ),
r * r

Finally it can be shown that if s is a limit number, then e s is clo=

sed with respect to the operation" Al - A
1 2

and hence e~ is predi=

catively closed, From theorem II we thus obtain

IV. The class e =U{Cr: rEOn} is a model of ZF,

Remarks, It should be stressed that the class C is a moo

del of ZF independently of how we choose the operations B
13'

... B
n

in the last inductive e quatfon, This shows that we m3.Y construct

many different models of ZF using the above method.

In case when we do not have any additional operations

(I. e., when n : 12) the resulting class is identical with L; the proof

of this is rather complicated (see Linden, Sets models and recur=

for each s,,- r 0'

sion theory, North Holland 1967),

We shall use the symbol C
m in

for the x -th term of the se>
x

quence C in case when n : 12; the union of all e m in
will be denoted

x

by C
m i n;

by the result quoted above, e m i n
= L,

We now give an example where we use additional operations,

Let n = 15, and let a be a fixed transfinite sequence of type r 0 sao

tisfying the condition

a C {a : r< s}
s - r

We define the additional operations B
13,

B
14

and B 15 as follows:

if f is not a function or Dom(f) ~ On, then we take Bi(f) = 0 for

i : 13, 14, 15. Otherwise we denote Dom(f) by r and put

B
13(f)

= a
r

if r<r
O

and B
13(f)

: 0 if r~rO'
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ff
X

: (x<r) &: (IIS(X) = 14>}

(f I K1S(r») " fMlS(r)

(97]. 108

The class C obtained in this case depends on a and will be
Z

denoted by C (a), The effect of the operation B
13

is that all terms
Z

of a will eventually appear in the sequence C (a). They occupy pIa=

ces x for which IIS(x) = 13, In view of the definition of B
I 4

the

Z
ter-ms Cx(a) where IIS(x) = 14 are consecutive ordinals. Finally

Z . Z
terms Cx (a) with JIS(x) = IS are equal to the common part of CMIS(X)

Z
and a segment of the sequence <;;: (a) consisting of terms with

indices "K
1S(x).

The effect of the operation B IS is this:

Lemma, FO~ each ordinal r the sequence { <:: x, c;(a)>: x E r}

is an element of C (a).

Proof, Let s be a limit number> r and let t be an ordinal

such that 11S(t) = IS, KlS(t) = rand MlS(t) = dIS(S)' In view of the

inductive definition of the sequence CZ(a) we have.
x

c~a) =(C
Z\

r) ('\C~IS(S)(a) =t (x, c~(a)~: xE. r} (\ C~15(S)(a)

Z
All ordinals x(r are elements of CdlS(S)(a); this follows

from the remark that there is a sequence of type s of ordinal <:: dlS(S)

satisfying the equation 115(x) = 14 Since C~ (a) is an element of

Z Z
C d

I 5(s)(a)
for every x <r, we infer that the pairs (x. Cx(a» with
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universe. For x in C
m i n

Od(x) c Od(y) } is

Z Z
,,(r. belong to C

d 15(S)(a)
for each x <r , Hence C

t
(a) is equal to 'the

sequence [ <x. c~(a) > : XE r J.
As an application of the above remark we prove the fo11o=

wing theorem:

V. The axiom of choice is consistent with ZF.

Proof. Since C Z (0) is a model of ZF. it will be sufficient

to show that the axiom of choice is true in this class. Now it is easy

to show that If a transitive class is a model of ZF, then the axiom of

choice is true in this class if and only if this class contains with

every element x a function which maps ordinals onto a set y 2 x,
Z

In view of the lemma the model C (0) has this property which proves

-the theorem.

Definable well orderings of the

we define Od(x) = min [ r : x = c
m in 1.

min { ofin minThe relation R = <x.y;,EC )(C :
min

obviously a well ordering of C .

It can be shown that the relation R
m in

is defillable in C
m in•

Even a stronger theorem is true:

VI. There are finitely many sentences K
l
•.•. , K

n
which

belong to the set of axioms of ZF and formulae F, G in Frm with
pr

Fr(F) = Fr(G) = {O. l} such that whenever m is a transitive class in

which the axioms K
1,

•..• K
n

are valid, then
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(xEOn(hnl-+(m\=(E!xIlF[ {{O, x>l]),

(xEOnf\m1 & (yEm}_(mI=F[ t <0, x:>' (I, y>'}])=(y;c:;,inl,

(xEm) & (yEml~[(mI=G[ L{O, x>, {I, y>}] l:(x, Y)f RminiJ

The formula G is defined from F as follows:

(Ex
2)(Ex 3)

{on(x
21

& On(x
31

& (x
2E

x
3)

& F(x
2,

x
o)

& F(x
3,

Xl) &

(x
4)

[(x
4

€ x2)~' F(x
4,

xo}] & (x~) [(x5 E x31~ , F(x5; Xl)]}

The construction of F is much more complicated and cannot be

given here. However it does not require any new idea: we simply write down

in the formal language of ZF the inductive definition of the set C~in

A theorem similar to VI can also be proved for sets L
r.

We shall use this fact later. The formula F can be called and absolute

definition of C
m in

(or of L l.
r r

It follows from theorem VI that the class e m in
possesses a

well ordering which is definable in C
m in

Hence the existence of a de;

finable well ordering of the universe is consistent with ZF.

These ideas were further exploited by Godel , Kuratowski,

Addison and others who discussed the well ordering of e min" P(w)

induced by the relation R min and proved that it is project ive of the

class PCA f\ CPCA. This result has numerous applications in proofs

that various hypotheses of the descriptive set theory are consistent

with ZF.

Example5. Ordinal definable sets. This class was first di s

scovered by Codel who did not publish his results and then r-edts cove s

red by Scott and Myhill and some years afterwards, independently, by

Vopenka and Hajek.

We call a set x E R definable in R if there is a formula F
r r

in Frm
pr

with exactly one free variable X
o

such that for every t in R
r
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the conditions t f x and Rr 1= F[{ ( O. t ')}] are equivalent. A set x is

ordinal definable if there is an ordinal r such that x is definable in

R
r

. A set x is hereditarily ordinal definable if for every finite sequen=

ce s such that s E- s IE. .. s IE s = x all the set s s . are ordinal
n n- 0 J

definable.

put D = 0, D I = {x ER : x is hereditarily ordinal
o r+ r

Ds =U{ Dr: r( s} (s is a limit number).

is obvious that D C D for r <s , D is transitive and
r - s r

;U{ Or: r<s} for limit numbers s. Since the operations Al - A
I 2

We

definable}

It

°s

lead from ordinal definable sets again to such sets, we easily infer,

using theorem I that every set Dr is predicatively closed.

Le rnrna There are arbitrarily great ordinals such that

Proof. It is clear that each OrE R
r

+
1

and that each element

of Dr is hereditarily ordinal definable. Thus it remains to show that

there are arbitrarily great ordinals such that Dr" is definable in R r+ I'

To achieve this we first construct a formula which "says" that x is

definable in R •
Y

Let B B (x
o'

"z: x
3

, ) be the conjunction of the following

formulae:

Ord(x
o),

Fnc(x
2

) , Dom(x
2

) = X
o

+ I, (0, o>E x
2

' <::X
o

' X
3
"7 E- X

2
,

(t) [(tE: x
o

)-+ (u] {«t + I, u> E x
2
)= (v) ((vE u)~« v , t> Eo x

2
D1]

(t) [(tE X
o

+ 1) & Lim(t) - (u) l (<. t , u> E x
2)

== (Es)(Ev) 8s ~ t) &

( <. s , v » E: x
2

) & (u Evl]}]

Let C be the formula (with the free variables xI' "a: x
4)

(x
4
~ Frm

pr)
& (Fr(x

4)
={o})& (x

5)
[(X

5
Eo XI) =(x

3
1=x

4
H <. 0, x

5
>}j ) &

&(x5Ex".l]
It is not hard to show that if r E: On, r f 0 and r is a limit
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number, then for arbitrary x, y, Z, t, F in R
r

the following equi z

valence are true

Rrl= B H~ 0, x>" "<. 2, y), <. 3, Z >}] _ (x EOn) & (y is a function

with domain x + 1) & (s) (s ~ x) _(y(s) = R
s)

& (y(x) = z)

If s c r, then R r ~(E! x 2)(E! x3)B[ {<. 0, s > ~J '
R

r
l= C l t <. I, t>, (3, Z), (4, F> )] ;: (F E Frm

pr)
& (Fr(F) =

to}) & (t ={ uE:z: z\:=Flt c 0, u ~}1)

It follows that if we put A (Ex/Ex
3)(Ex 4

) lB & C1 ' then

for arbitrary positive limit number r and arbitrary x, t in R
r

the

equivalence

RrFA [{ <,0, X), (I, t>}] :: (x (;On) & (H R
x)

& (t is

definable in R ) •
x

For each ordinal r we denote by f(r) the supremum

sup (g(x) : x ERr} where g(x) is the least ordinal such that x is

definable in R or 0 if such an ordinal does not exist. It is obvious
x

that the function f is continuous and non decreasing. It is even strictly

increasing because each ordinal r is definable in R
r
+

1
but does not

even belong to R
r.

Hence there are arbitrarily great critical numbers of

f, I, e., ordinals r which satisfy the equation fIr) = r, We claim

that if r is such a number. then Dr is definable in R
r+1'

First of all, DrE R
r
+l because Dr ~ R

r:
this is proved by

remarking that D
X
+

1
~ Rx by the definition of D

X
+1 and then summing

over x ~ r-, We have still to exhibit a formula 0 such that. for every

x, (xE: Dr) :Rr +1 "'0 [t < 0, x>}]
To establish the existence of this formula we noUce that r and

R r are obviously definable in Rr+1' Ftlrthermore from the definition

of Dr we obtain the equivalences
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(xE Dr) -= (Es) [.(s ~r) &. (xE. DS+1']

(Es) [(s ~ r) &. (x E: RR) & (x is hereditarily ordinal definableTI

IEsl [IR ~ r' &. .I x ~ Rsl & (u)(ml (Fn(u\ & (rn e W ) &. (Dornfu) ,

m + 1) &. (u(O) , x) &. (I) l (i < m) ~ (uU+l) E u(i)]~

(ulm) is ordinal definable)} .

We now notice that the quantifier (u) in the part of the equi>

valence can obviously be limited to R r ' because a finite sequence whose

terms belong to R
r

is itself an element of Rr(the terms of u belong

to the "transitive closure" of x and hence to R since we assume that
r

utml ~ utrn-T) l: " • Eo ulO) = x), It follows that we can replace in the .
least part of the equivalence the expression (utm) i 9 ordinal definable)

by

(u(m)E R ) & (u(m) is ordinal definable).
r

As we know 'ordinal definable' means (Et) l (t E: On) &. (utm) is defina=

ble in R
t
)] , However, since u(m) E- R

r
and r is a critical number of

f we see that the expression 'u(m) is definable in R
r

' can be replaced

by '(t l: r) &. (ulm) is definable in Rt" and thus by

(Hr)&(Rr\=:ALt<..o. t:>, (l.u(m»}]).

Thus we finally obtain

(x € D ) ::: (Esl (s € r) & (x (, R ) & (ultm) [(u E R ) & (m € w) &
r - s r

Fn(u) &. (Domtu) = m+l) & «,0, x> Eo u) &. (1) t(i~ m)_

(v)(w) [(v ER ) &. (wE R ) & (<'i, v» E u) &. « 1+1, w:>E. u)
r r

_(wE: V)]}] & (y)(y€ R
r

) &. (<.m, s» ~ u) ~

(Et) L(t f R r )& On(t) & (R r,," AU<.0. t:>, O. y >}]J)1
This formula obviously entaUs the definabllity of Dr in R

r+l,
The lemma is thus proved,

As a corollary to the above lemma we obtain

VU. (Scott - Myhill). The class D =U tDr : rE-on} is a model of ZF.
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the condition D~ ED~+l' As we re=

hence the sets D~, are predicatively

Proof. In view of the lemma we can represent D as a union

of sets D~ = Dh(r) which satisfy

marked above, the sets D , and
x

closed, transitive and form an inc reasing sequence. The condition

D~ =U { ~ : r( s} is satisfied if s is a limit number since the su=

premum of an increasing sequence of critical numbers for the function

f is itself a critical number for f. Thus all assumption of theorem II

are satisfied in this case.

If x € D, then there is a smallest ordinal r = r such that x
x

is definable in R
r

, Among formulae which define x in R
r

there is one,

call it F , which occurs earliest in a standard enumeration of the
x

set F'rm which we must think of as fixed at the beginning of the
pr

whole proof, Thus we have a one-one mapping x ~ (r-x ' F xl of D into

On x F'r-m , It is not difficult to show that this mapping restricted to
pr

a set a E D is itself and element of D. From this we infer

VIII. Axiom of choice is valid in D,

It is obvious that L~' D c;, V; none of the equation L D,

D V can be proved or disproved in ZF,
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Lecture IV
-------~--

MODELS OF SET THEOR Y 225

This lecture will be based on axioms of M but will be devoted

to models of ZF. We shall introduce the notion of height and width of a model

and shall compare various models as to their height and width.

By a model of ZF we mean in this lecture a transitive set

of sets in which all axiom of ZF are true. It is obvious that the

class of models of ZF can be defined by a predicative formula.

Instead of transitive families of sets we could equally well

use arbitrary well founded relations. This results from the following

lemma provable in ZF.

I ("contraction lemma"). If R is a well founded relation which

satisfies the condition

(u = v) :=. (t}«tRu,):=(tRv))

for arbitrary u, v in. the field of R, then R is isomorphic with the

relation € in a transitive family of sets.

The proof of this lemma is easy and will not be given here.

The existence of models follows from the Scott - Scarpellini

theorem; this theorem shows for instance that there are ordinals r , s

such that L;< L, Ds-<D and R
t
-< R. Hence there are models of ZF

of the form L
r,

D
s'

R
t•

The question arises: are there models of ZF of any given car=

dinality? The answer results easily from the downwar-d Skolem - Lo=

wenheim theorem:

II. For every ordinal r?cu there is a model of power Ir}

elementarily equivalent with L.

Proof. We start with a set of power ) r I ' e. g., with r
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itself and consider an ordinal s (of any power) such that r C L s -< L.

For each F in Frm with 0 c: Fr(Fl. each infinite set a EL and each
pr s

Fr(F) - lo}
sequence f in a we denote by eF(f) the earliest element

x in L s such that L s Po F [I <:'0, x> }v r] or 0 if there is no "such

element. Furthermore we put a' : {eF(f) : (F€Frm ) & (OEFr(F)) &
pr

(f e aFr(F) - LOJ )}.

It is· obvious that a ~a' (consider the formula Xo : xl!) and

that a and a' have the same power (Frm is denumerable and fran:
pr

ges over the set of all finite sequences with terms in a ). Now we form

the union a : Ua
n

where a
O

= rand a
n
+

l
: a~; it is obvious that the

power of a is ,rI and that a-< L. Finally we apply the contraction lem=

ma 1 to obtain the desired transitive set.

A theorem simOar to II can be proved for the class D and

generally for every class which can be proved to be well orderable.

There are other proofs of the Skolem-LCSwenheim theorem which

allow us to prove the" existence of denumerable models which are ele=

mentarily equivalent wfth any given model whether well orderable or not.

In. For any model of ZF there exists an elementarily equtva>

lent denumerable model.

Proof. Let m be the given model. We shall say that a for=

mula FE Frm with exactly one free variable Xo describes an ordi=
pr

nal if the set SF(m,[<O,x>}) is an ordinal. For each F with this

property we consider a costant OF; moreover we consider denumerably

many constants c
j
' j = 0, I, 2, ••• These constants are added to the

language of ZF; the formulas of the extended language are obtained from

the formulae of the old language (i. e, , essentially from the elements

of Frm ) by substituting constants for some or all free variables ofpr
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the formulae.

Let T be the set fFEFrm : (Fr(F) 0 0) & (mFF)}; We may
pr

call T "the theory of m", Now we denote by T* the set of aentencea

of the extended language which can be derived from T and the following

sentences:

-,(c, 0 c
k)

where j t k, (x
o)

[(XO'"0F)~FJ where F is a formula
1

which describes an ordinal.

We claim that if F is a formula (of the extended language) with

Fr(F) 0 lo~, then (_): (XO)F(Xo)ET*:(j)w(F(C
j)

GT;lf.l.

(* *): (x
o)

[ On(Xo)_F(Xol] E T*:=(G)~(oG) ,,-T'''];

In the formula (lI' *) the letter 'G' ranges over formulae (of the primitive

language) which describe ordinals.

The implications from left to right in both (.,.:.) and ,*.,11.) are

obvious. The converse implication in the case (*) can be proved by not!-

cing that all the steps in a deduction of F(ci) from T can be repeated

when c
j

is replaced by a variable not occurring in the given deduction.

The implication fr-om right to left in l.>l*) can be proved as Iol>

lows. Write F(OG) as F'(OG, c
l'

.. , cn) where F' is a formula of the

primitive language. The constants Ox different from 0G can obviously

be eliminated by replacing then by terms 1x: XJ which in turn can be

eliminated because of their deflnability in the primitive language. For

simplicity we assume that the variables \. i = I, 2, ... , n do not appear

in F'. We denote by F" the formula F'(X
O

' x:" .. , x
n)

and ':>y K the

conjunction of formulae ,(x 0 x ) where l:!i p < q ~ n.
p q

Using the deduction theor-em we can show that from a proof

of the formula F'(OG' c 1'···, cn'
obtain a procr of

(i) (x )(x
I)

... (x ) ~x =
o n L' 0

from the assumption T we can

) & K . F oo
]°G -..,..
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describes an

qualities, (x = x ) where p f q and x and x range
p q p q

bles which were used to replace the constants Co,
J

It follows now that for each formula G which

from the same assumption. To see this it is sufficient to replace

in the given proof all the constants Co by new variables and prefix
J

each formula which appears in the proof with the conjunction of ine=

over the varia=

ordinal the formula (of

(xO)(x
l)·

•• (x
n)

is true in m and hence

the primitive language)

((t) r(t e xo)=:: Gltl] &

belongs to T.

We choose for G the formula GO which describes the follo=

wing ordinal r: if there is an ordinal s such that

ml-(Exl)•.• (Exn)K &"F"[{<o,s~l]. then r = sO+1 where So is the

least such ordinal; otherwise r = O. The formula GO can be written

expliciteIy:

(Ey) {(EXO)[ton(xo) & K & IF" & (v)I (VE: xo) -+ (xO)(x
I)

••• (x
n)

[<v=xol

& K-+-F"JD & (YExO+li] & (y = x
o)}.

(The formula Inside square brackets has the free variable 'y'; since we

must insist that the free variable should be 'x
O'

we had to add the

outer quantifier (Ey) and the equation (y = xo) at the end in order

to have the free variable xO).

The formula (i) with G replaced by GO is thus provable.

Since this formula implies the formula

(x
O)

[on(x
o)
~ (xl)' •• (xn)(K ...... F"il . we obtain the left hand side of

(-if* ).

In the further course of the proof we use ideas which under=

lie the proof of the completeness theorem. We consider the Boolean
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algebra of formulae of the extended language and denote by B the

quotient algebra obtained by the division by the filter T"'*. The for=
-It

mulae ("*) and (ll".) prove that the element (Exo)F IT is the Boolean

join of the element F(c.) IT*' and the element (Ex
O)

[on(x
o)

& F] is
J ~

the Boolean join of the element F(OG)/T

By the Rasiowa - Sikorski lemma there is a maximal filter

T*.j!o::> T"" which preserves these joins. We define a relational system

~c, R> where C is the set of all the constants c. and R is the rela=
J

tion which holds between c
j

and c
k

if and only if the formula cjE c
k

is an element of T"*"*. It is well known that all sentences of T*'"

and hence those of T are true in this relational system. We now

prove that the relation R is well founded.

Let us denote by H the formula which defines the relation

"r is the rank of x~ Formally we express H as follows:

(Ex
2)(Ex 3

) f B(x
O'

x
2

' x
3

) & (Xl S; x
3

) & (y)(z)(t) [(YE xo) & B(y, z , t)

- -; (Xl S t)]}

where B is the formula defined on p. 111 The formulae

H(v, x)-.+ On(v). (x)(E! v) Htv, x) ,

(x e-y) & H(v,x)& H(w,y)-+(v €ow)

ordinal and which has the properties that

the formula

G. which describes an
J

the formulae H(OG ,c.) and
j J

ZF. It follows that for every

(Ev) [Hlv,c
j
) & Only)]

and hence there is a formula

are provable in

belongs to T**"

belong to T-II-'!

Let r
j

be the ordinal described by G
j

and let j, k be such
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where

not in

that cjRck•
In order to prove that R is well founded it will be sufficient to pro·

ve that r j < r k' Assume the contrary. It follows that m ~x:ek~fx:el
oJ#.

and hence the formula 0e~ "c. ill in T • This however is impas=

sible because the formula f~44i") J clearly impl~es that ,lOe ~ 0e )
k j

belongs to T"**

The well foundedneSIl of the relation R being established we may

use theorem and obtain the desired model.

The above proof does not work in the non denumerable case

because no analogue of the Rasiowa - Sikorski lemma is then available.

Definition. We call a height of a model m the least ordinal

m; we say that a model m
l

is broader than m
2

at the level r

r is an ordinal if m
t
AR r ::> m 2 f'\ R

r
Example. The natural models have the largest possible breadth

The first remark is obvious and the second follows from the

existence of the formula F alluded to in theorem VI of lecture ilL

It follows from the properties of this formula that whenever m is a
....minmodel and r E.Onl) m, then (.,; € m, Hence if h is the height of m,

....min r min
then (.,;h ~ m; it can be shown that Ch • L

h•
IV (Cohen - Shepherdson). There is a minimal model (1. e .•

one which is contained in any model).

Thill follows from the example above. The minimal model is

equal to the first L r which is a model of ZF.

V. If m is a model, then so is m t'\L.

We omit the detailed proof of this theorem. Essentially it can

be established as follows: The proof that L is a model of ZF is based
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on the fact that all axiom of ZF are valid in the universe. Relativis

sing this proof to m we obtain that all these axioms are valid in the

domain of constructibfe elements of m, In view of the example above this

domain is m ()L.

Theorem V shows that the height of an arbitrary model is at

the sam" time the height of a constructible model. The converse is

not true. E. g.• the height of a natural model is always non - denume-

rable because every such model contains non denumerable well orde=

rings and each such ordering is similar to an ordinal which belongs

to the model. On the other hand there are denumerable constructible

models.

In lectureVII we shall construct examples of denumerable models

of equal heights but of different breadths. Such models are of paras

mount importance for various Independence proofs. Their existence can

best be established by means of the notion of forcing introduced by

Cohen. However we shall not deal with this notion here. Instead we shall

discuss another problem which is rrarch more special but interesting and,

" ...= LrAR w +l' It is obvious that L £L for
I' s ..

there is a smallest ordinal c such that L is
I'

as we shall see, far from trivial.

We put L'*
I'

I' E>s € On and hence

constant from c on. We want estimate the size of c.

We note in passing that the same problem can also be for s

mulated for the families L I''" R
k

where k >VJ+I. Smaller values of

k are not interesting because L
r

" R
n

is certainly constant from

I' =G) on if n ~"".

Estimates of c from below. Let us call a model m ecnstr-uctt>

ble if there is an ordinal I' such that L
r

= m; the ordinal I' is called
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of ZF (compare a similar notion of R - derma>

the index of m, It can be shown that the index of a constructible m o>

del is equal to its height.

VI. e is grea.ter than the index of the minimal model.

Proof. Let the index of the minimal model be i and the index

of the next model in the sequence Lx be j. Then the sentence

'there is a constructible model of ZF'

is true in L .• Since the Skolem-Lowenheim theorem is provable in
J

ZF (cr. the proof of theorem III above) we infer that the sentence

'there is a denumerable constructible model of ZF'

is true in L.. Hence there is a set x in L. which satisfies in L. the
J J J

formula 'x is a denumerable model of ZF'. Such a set must be a mo

del of ZF because the relation of satisfaction and the class of axioms

of ZF are absolutely definable. Since L
j

contain just one model of ZF,

x must be equal to this unique model 1. e., to L r Hence Lj contains

a function which maps L
i

onto eo> and is one-one. Since each ordinal

< i is an element of L. we infer that i is denumerable in L. and
1 J

hence there is a set X of integers such that X E L
j

and the relation

I <: m , n;> : 2
m(2n

- I) Eo X 1 is of the order type I. It follows that

X E L~ but X tf. L* because otherwise i would be an element of i,
J i

In order to obtain a stronger estimate for c we introduce

the

Definition. A positive ordinal r is called L-definable if there

is a predicative formula F with Fr(F) ; to} such that whenever r € L s

and L
s

is a model of ZF, then r is the unique element of L s such

that L
sI=F[{c:::.o.x>l]

while 0 is a unique such element if r ri L s

and L is a model
s

bility which we introduced in lecture II).
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VII. Uris L - definable and L
s

is the r-th term of the se=

quence of the constructible models, then c:7 a,

Proof. Let F be a formula which L - defines r and let L
i

and

L. be the r + 1st and r+2 nd terms of the transfinite sequence which
J

contains all constructible models. We consider the following sentence H:

(ExO)(Ez)(x
O

t- 0) & On(xo) & (XOE xl) &. (z Eoxl) & (XIF= F [{< 0, Xo">1J>
& Fn(z) & (Dom(z) = x

O)
&. (t)(u) l «t, u > E z) + (u is a constructi=

ble model of ZF) & (v)(w) [Jkv,w>€z) & (t e v) ~ (WE:ul}t) •

II "says" that xl contains a sequence of constructible mo=

dels of ZF ordered in type r by t he relation E. Of course the for=

ZF and hence valid in L.. We obtain the result that L.
J J

element y which is denumerable in L. (t, e; , a mapping
J

the property that theof y onto integers exists in L.l and which has
J

formula 'Xl is a constructible model of ZF' & H is satisfied in L
j

by

y (more exactly: by the sequence ~<1, y >}). It follows tha t y is a con=

structible model of ZF, Y = L
t

for some t, Hence j >t. Since L
t

sa=

tisfies H in L. we infer using the definition of L - definability that
J

L
t

contains as element a sequence of type r of constructible models

of ZF. Hence t~i.

From the inequalities j >t~..i it obviously follows that

malization of H given above is not complete: expre ssions 'is a con=

struetible model', 'Fn(z)' etc. have to be written exclusively in terms

of the primitive notions of ZF. Such a complete formalization of H

is easily obtainable.

Since reL
i

E:-L
j

and the sequence~<x,L? : xE r} be-longs

to L
i

we easily see that L
j

1== (Ex
l)

[(xl is a model of ZF) & HJ

We now use the Skolem-Lowenheim theorem which as we know is

provable in

contains an
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<Lr, e>: (i)

Hence

t = i. Hence L
i

is denumerable in L
j

and therefore the same is

true of r , Now the proof can be brought to an end in the same way

as in VI.

The notion of L - definabUity is closely connected with the

notion of strong definability which was discussed in a paper by the

present writer. It follows from the result of this papej- that L - de=

finable or6inals are <: WI' Thus if r is the first ordinal which is

not strongly definable, then c~ r , Most probably still stronger evalua=

tions of c from below are possible,

Estimate of c from above. We shalt show that c ~ WI' The

proof is based on a device invented by Godel in his proof that the

continuum hypothesis is valid in the model L,

VIII. (Godel's lemma). If xs;.R~ and xE,L. then xE-L WI'

Proal. Let r be such that x E' L rand L r is a model of ZF.

We consider the relational system <L
r

, €>, By an application of

the Skolem-Lowenheim theorem we obtain a structure <m, 6> such

that m is denumerable, x and RGo) belong to m and <m,6>«L E>
r. •

From theorem VI of lecture III we know that there exists a formula

F e Frmpr with two free variables xo•Xl such that for an arbitrary

model N of ZF and every ordinal s in On('\N, and every u E N

N 1= (E!xI)F H<O, s>1] .
N!=F[i<O.s,>. <I.u>}ls(u = LJ.

The follOWing sentence which expresses the fact that every

set belongs to one of the sets L is evidently true in the structure
y

(x
2)(ExO)

[Ord(xo) & (Ex I ) F & (x
2

E: Xl)

this sentence is true in the structu re <ro. 6> whence we

infer that for every y in m there is an 5' and an x' such that s' and
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x ' belong to m and

mFOrd [{~o,sl.>l] ;mt= F n<o,sl> , -<l,x'>}], y E x',

The element s I is not necessarily an ordinal since m is not

necessarily transitive; similary x' need not be equal to an Lv'

Contracting m to a transitive set m II- we obtain a model of ZF;

the element s' and X' are contracted to elements s* and x ~which sa:

tisfy formulae similar to those above but with m replaced by m~ •

It follows that s is an ordinal and x It: L
s

-+ ' Hence YE:Ls* and the-

refore m"s;UlL
s
* : s·Ei m+r. On} = Lt' The ordinal t is denumerable

because m~ is denumerable. Since x is transformed into itself by the

contracting function we infer that x ~ L
t
£ L cq.

From Godel's lemma we immediately obtain

IX. c ~Ql'

Remark. If the formula (i) were true in V , we would ob=

*viously have L '"'1 c R co+1 and hence c would be equal to t.1..
Since the assumption that (i) is true in V is ccnatster.t with the

axioms of ZF we infer that 80 is the assumption c = CV l '

A construction of Rowbottom. Scott was the first to prove

that the existence of very large cardinals implies the existence of sets

which are not constructible. Gaifman improved his result by showing

that the existence of measurable cardinals implies the denumerabillty

of L f"lR cJ +1' 1. e.. the inequality c <" <:.c)l' An indtl~ndent proof of

this result was also obtained by Rowbottom and we shall reproduce it

below. Rowbottom'. result 18 even str-onger- than that of Gaifman because

he does not assume the existence of measurable cardinals but makes

a much weaker assumption.

We denote hy {A} n the family ~ Z SA : IZ/ : n1.
Definition. We say that a cardinal r satisfies the partition
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~4)
property r -(All).c..>t (or for. short the property (R))' if the following

is true: for every set U of power r and every denumerable family fn
of mappings:

f
n:

tUln-4)l (n = 1:2" ••• )

there is a set X~ U of power .0
1

and a function g: «>-+t:Ul such

that fn(a) = gIn) for every a in [x 1n and every integer n ~ 1.

We call X the set of indiscernibles for the family f
n•

Before we define a particular family which shall be used in

the proof we establish the

Lernrna l , If s EOn and a is a finite sequence whose elements

are constructible sets, then the set

t(a) = [FlfFrmpr:(Fr(F) = Dom(a) & (LsFF raJ)}

is constructible.

Proof. Since L is a model of ZF there exists in L a set of

all FI S which satisfy in L the formula obtained by expressing in the

language of ZF the condition (Fr(F) = Dom(a)) & (Lsp F [a1 l.

Because of the absoluteness of this formula we infer that this set

coincides with t(a).

We call t(a) the type of a. Lemma 1 implies that the type

of a sequence whose terms are constructible sets is itself constructi=

ble, We shall call types t(a) of sequences with constructible elements

c - type.

For each finite set a with constructible elements we denote

by t'(a) the index (in the transfinite sequence of all elements of L )

of the type t(a') where a' is the sequence with the range a and with

terms arranged in an increasing order; the ordering relation is that

of the natural ordering of L.
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of a cardinal r 0 with the property

in {L } ", Hence f mapsr O n

power r 0' we obtain a set X of

We assume the existence

(R) and put fn(a) = t'(a) for each a

f L } n into tJ
1

and since L hasI r o r o
power CUI and a function g: tu-+.01 which satisfy the equation

t'(a) = gIn) for every a in {xl n
.

Lemma 2. If a class K has a well ordering which is defi=

nable in K and if Y is a subclass of K, then elements definable in

the structure <K, €. .s:» form a class D which satisfies the
yE Y

r-eIation D-< K.

Proof, All we need to show is the following: if F tE: Frm ,
Fr(F) _ {oj I . pro EFr(F) and a ED, then from K\=(Ex

O
) F L.a] lt

follows that there is an element b in D such that KI= F [~< 0, »»] V aJ.
By assumption there is a b in K which satisfies this condition and

since a well ordering of K is definable in K, the first element of K

which satisfies the condition stated above is definable in K and hence

belongs to D.

We apply the lemma to the case where K = Land
r O

Y = X. The set D is a non - denumerable model of ZF since so is

L . By contraction we obtain a transitive set B which is a model
r O

of ZF,

Let u-s-u' be the contracting function, If a and a* are two

increasing sequences whose common domain is iI, 2, •• , ,nJ and whose

term have the form u' where uE X, then obviously trIa) = t'(a*)

whence L 1= F [aJeL f:= F [a"*] for each F in Frm with
r O "o pr

Fr(F) = p. 2,., .. n}.

We shall now prove that B has the form L s with s ~ 4)1'

To prove this we denote by F the absolute definition of L



238 FOUNDA T10NAL STUDIES (97), 128

(cf. theorem VI in lecture III) and notice that for every x in L
ro

same formula

is true in B which implies that for every x in B there is an ordinal

r in B satisfying the condition x E L • Hence B =LJlL : r 6 Onf'\B '} =r r S
where s is the height of B. Since B is not denumerable. weL

s
obtain s ~tq.

Now we notice that xELAR c:.J+I implies x~L c:.JI
, *(cr, VIII) and hence xE:L

s'
Thus if xEI.;.::ut • then x = u' for some

u in D. Since u is definable in the structure < L r • E. y> YE-X'

the element u' = x is definable in the structure <I!' IE, y' > yeX ••
Denoting by G the formula which defines x we infer that x is the

unique element of B which satisfies the condition

(mEx)=B~G[j<:.o.m>, < l,y!,> ,. ..• <n, y~'";>~J; here yi are all

elements of f u I : u ~X} which occur in the definition of x,

Thus an integer m belongs to x if and only if m together with the

yiU = 1.2..... n) satisfy Gin B.

We can write this result in a more conspicuous way if we

denote by C m (x
O)

a formula which says that the rn-th integer belongs

to xO(e. g. CO(x
O)

is the formula- OE xo. C I (x
o)

is the formula

{ olEO xoetc. l. We obtain then

mEx'!!B!=(ExO) G & Cm(xol[f<:l,y!;> , .... <n.y~'>l].
Since the elements yi are indiscernibles and since we can obviously

assume that they form an increasing sequence we in fer that the right

hand side of this equivalence does' not depend on the particular choice
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of these tndiacer-niblea but only on G and m, 'I'hua each x in L""to I

is determined by a formula and consequently there are only denume s

~

rably many element8 in L W I which proves that c < Cc1.
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Lecture V

FOUNDA T10NAL STUDIES
[97J, 130

In order to establish the independence of various set-theore=

tical hypotheses from the axioms of ZF Scott introduced a new kind

of models which are completely different from the ones considered

thus far. His construction is closely connected with ideas due to

Cohen who first established these independence result. Cohen used for

this purpose the notion of forcing. Scott's methods are much easier

to deal with. A construction equivalent to that of Scott was also de=

veloped by Vopenka, The present lecture as well as the three lectu=

res which follow are based on lectures given by Scott in the Summer

School on Set Theory in Los Angeles (1967).

The main idea of Scott land Vopenkal is the use of many

valued logic. Instead of the Boolean algebra {a, I} of truth values we

shall consider an arbitrary complete Boolean algebra B. Instead of

sets we shall consider functions with values in B; sets of sets will

be replaced by functions with values in B whose arguments are fun=

ctions of the same character. By induction we define. a class of these

functions which is stratified in a similar way as the universal class V.

Elements of this class are objects which will be used to interpret the

basic notion of "set". Under this interpretation each set-theoretic for=

mula has a value which is an element of B. We shall show that all

theorems of ZF have the value 1. Thus a formula whose value for

some algebra B is not 1 is independent from the axioms.

We denote the basic operation of B by +,., - with subsript

B if necessary. Infinite meets and joins are denoted byJ(and 2J possi=

bly with the index B. The elements 7T B x and 2: B x are denox «; XEc
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(x -:,y). (y~x).ted by 0 and 1. We also put x-""y = -x+y and x,* y

We always assume that B is complete.

The axiomatic basis for all what follows is the set theory

M together with the axiom of choice although most of the theorems can

be proved already in Z F provided that we add to it the axiom of

choice.
V

We denote by B the class of tunctions f in V whose range

is ~B. We call Dom(f) the support of f. We now define "partial uni=

verses" VB which correspond to our former R • The definition is
r B r

by induction: V is the class of all B-valued functions whose domains
r if B B

are subsets of Uz, Vs : s < r} For r = 1 the only element of VI

is the "void" function O. The union of all partial universes will be
B

denoted by V •

The basic semantical notions. We introduce, in analogy to

what we did in lecture r the notion of satisfaction. Since we are now

. dealing with many valued logic /elements of B playing the role of

truth values/ we shall have not the division of formulae in those which

are satisfied by a sequence and those which are not satisfied by this

sequence but a more complicated partition of formulae into sets of

formulae which are satisfied by a given sequence with a degree b

where bE B. In other words we shall define a B-valued function SB

whose arguments range over the class

{«F, a> : (F E Frm) & (a E (VB{r(F»]. Scott writes

[F(a)] for SB(F, a) . If Fr(Fl consists of one integer n, then we

shall often write SB(F, a) instead of SB(F,{ <n, a>}l.

The definitior. of SB proceeds by induction and consists of

two parts, one dealing with atomic formulae and another with formu=

lae involving logical operators.
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I(x, yuJ .
I(y, X)]}

Definition of SB (F, a) for the case where F contains logi=

cal operations. We put

SB(F t!F2,a)
= (-SB(F l, a/Fr(F t ))) + (-SB(F

2,
a IFr(F

2
» ),

SB«xr,a) = SB(F, a) if i ¢ Fr F,

SB«xi)F, a) =11 (SB(F, aV{<i, x>]) if ie Fr(F).

xCV
B

Definition of SB(F, a) for atomic formulae. We first defi=

ne two auxiliary functions E, I which map VB'><V
B

into B. Let us

assume that these functions are already defined on the set

(fUv~: s<.r])2 and let a, bea pair which belongs toe {v:: s~rl )2

but not to the former set. We put

I(a, b) =Trx EDom(a) { a(x)-EYEDom(b) [bey).

lfy€Dom(b) {b(y)-6x EDom(a) [a(x).

E(a, b) = ~y ~ Dom(b} [bey). I(a, y}J

This is clearly an inductive definition of the sort which can

be formalised on the basis of axioms of M. Hence we can assume

that ther-e exist functions E, I which satisfy the above equations.

We now put

5B(xi xj,i<i, a>,<L b>}} =I(a, b) for i I J.

SB(xi xi' f<i, a>}) = SB( Cl(xi),1<i,a;>}, = i.

SR(xi E xi' ~<i, a >, <j, b >J) = E(a, b) for i I J.

SB(xi EX i, t<i, a> 1) O.

Remark. If we formalise the construction in the system

ZF we obtain two formulae E'(a, b, x} and I'(a, b, x) such that
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it is provable in ZF that for arbitrary a, b in VB there is exactly

one x such that E'(a, b, x) and exactly one y such that I'(a, b , y).

Denoting these unique elements by E(a, b) and I(a, b} we can prove

inductive equations for E and I. In this case we cannot define ~ fun=

ction which could p lay the role of SB: we even cannot define a foro

mula S'B(F. a, x) for which it would be pr-ovabte that for arbitrary
B Fr(FI

F in Frm and an arbitrary a in (V I there is exactly one x in

B and which would have the property that if this unique x Is denoted by

SB(F, x), then the inductive equation given in the first part of the

definition will be provable. However WE< can define SB(F, x) for each

explicitly given formula F.

If we work in the system GB, then E and I can be defined

but again there is no possibility of defining the function SB generally.

Validity. A formula F will be called B-valid if SB(F, a) • 1
B Fr(F)

for every a In (V) •
B

Submodels. Any class W£V. is called a Boolean submodel.
W

The satisfaction function SB of a submodel is defined as follows. If F
W Fr(FI

is an atomic formula, then SB(F, a) = SB(F, a) for every a in W •
W

If F Is not an atomic formula, then the value of SB(F, a) is defined

oy induction in the same way as the function SB with the only change

that in the case of the formula (xi)F the domain of variabUity of "x"

is restricted to W.

Elementary submodels. We call W' an elementary submodel
W' W

of W if SB (F, a) = SB (F, a) for an arbitrary F in Frm and a in
W,Fr(F).

Tarski's test. If for every F with 0 EFr(F} and for an
Fr(F) - {OJ .

arbitrary sequence a in W' the followmg equation holds:
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then W' is an elementary submodel of W.

In particular. if W' ill a submodel of Wand for every F in
Fr(F) - {oj

Frm such that °EFr(F) and every a in W' there is an
W

x in W' satisfying the equation SB(F, av!<O, x>}) =

= 6
x

EWS:(F, a u{< 0, x>Jl. then W' is an elementary submodel of W.

Proof. is practically the same as in the two-valued case.

We shall later develop the sematincs of Boole an models but

must first eatllblish some obvious properties of the function SS'

Theorems 1 - 4 below are 80 obvious that no proof is needed.

1. IC FEFrm and F' results from F by a correct substitution,

then the validity of F implies that of F '.

2. 1C F. GEFrm and if the rormulae F, F_G are valid.

then so is G.

3. U F, GEoFrm. i~Fr(F) and the formula F_G is va=

lid; then ao is F~ (x
1)G.

4, Axfoms of the propositional logic and of quantifier logic

are valid.

5. I(a, a) = 1.

Pr-oof by induction. Let us assume that the theorem is true

for aEU{Y
S:

r..c.sJ and let BeYS - U~VB : r <s} • The element
r s r

I(a, a) is the Boolean product of two identical elements

)JDOm(a)[a(x)-~DOM(a) !2-(y). I(x, ,y)] J This latter element is

clearly~R a Dom(ala(x)-+[a(x). 1(1', x)]} whence by using the inducti=

ve aasumptfcn we obtain that this element is n D () falx) __
. x E am a C

a(xU = 1
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6, I(a, b) = Ifb, a), Proof obviOus,

7, I(a, b), I(b, c)~ I(a, c),

245

Proof, Obvious Boolean calculation re-duce the statement to

I(a, b), I(b, c), a(x) £.L;YEDom(clc(y), I(x, Y~ for xE Dom(a),

Write this formula for short H ~C, It is clear that

H~~ is Dom(blb(z), I(x, z)] whence by multiplying both sides by

I(b, c) and noticing that I(b, c). b(z)~~ EO Dom(c) G(y), I(y, z~ we

obtadn H ~ 2:; D (b) G D () lc(y). I(x, z), I(y, zU 'zE om Y<i:: om c

Now we use 6 and obtain H~ 2{ '" Domtb) L:y EDom(cJc(y), l(x, z},

I(z, yD

The rest of the proof. follows by induction: if the theorem is true

for <x, y, z>EU[V~: r< s l3 and <a, b, c>~~: r~ S 1)3,
then the above inequality implies

H~~EDom(b)2:jY€Dom(c)rC(Y),I(x, y)] c.
8. I(a, b). E(a, x)~ E(b, x),

Proof, The left-hand side is ~ L:z eDom(x)[x(z), I(z, a), I(a, b)]

whence by 7 the left-hand side is ~ r; D () rx(z). I(z, b)] = E(b, x),
zt:- om x r

9, I(a, b), E(x, a) ~ E(x, b).

Proof. The left-hand side is = I(a, b), L}u E-Dom(a) [a(u),

l(x,uD~BuE-DOm(a)(a(u), I(x, u), ~ a(u)~.0vEmom(b)Ib(v), I(u, vD})~

-Z;u EO Dom(a) LtvE-Dom(b) fatuI. btv}, I(x, u), I(u, vU ~

6v€Dom(b) tb(v). I(x, v)] = E(x, b).

10. E(a, a) = 0
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Proof by induction. We assume the theorem for elements in

U{yB : r<: s 2 and let a eyB. From the definition we obtain
r 5 s

E(a. a) = Lx €-Dom(ala(x). I(x, al] ~ Z;x i:Dom(a) ~(x, a). I(x. ail

because a(x) ~ F.(x. a) for each x €Dom(a). Hence E(a, a) ~

:!:t. E(x, x} and by the inductive assumption we obtain
x eDom(a)

E(a. a) = O.

II. Lemma on extensionality. If F€Frm, iEFr(F),

aE(yBtr(F) - {iI • then

I(x, y), SB(F, aV{ <i, x>}J~SB(F. a UfO. s>J) .
Proof. For atomic formulae the lemma follows from 5 - 10.

For compound formulae we obtain it immediately using induction on the

number of logical operators.

12. Lemma on bounded quanti!lers. If F~ Frm ,i~Fr(F),
pr

j,t'Fr(F), a E (yBtr(FI - {i1. then

SB«EXi)[tXif:Xj) & FJ ' avf<,j, x>~) =6u€-DOm(X)~B(F,

aV{<i. u>} ). x(ul]

Proof. The left-hand side is

and hence is ~ the

right-hand side. On the other hand. the left-hand side is tlqual to

2:uE-y B 6 z C= Dom (x ) [x (z l. I(u. z l, SB(F, aV{'::i, z>JIJ~

Z:;UEyB 4t:Dom(x,[x(zl. SB(F. aU{<i, Z>}l] • RHS

Embedding of Y into VB. If B' is a complete subalgebra
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of B then. clearly, VB' is a submodel of VB. In particular we can

select for B' a two-element algebra. We shall define a map of V

into VB : Let aE. R U R and assume that ~ is defined for x in
r s e r s

s~r R
s

' We denote by fl a function with domain

{l' : xEa} and with value 1.

We shall prove by induction the following

Theorem 12. The following implications hold for arbitrary

a. b in V:

v '"(I) (a ~ b)~I(a. b) 1.

(i i) (a E b) +E(t, 6) I,

(iii) (a f- b) _I(r, '6) ~ 0

[Iv) (a¢ b) -E(~ t') ~ O.

Assume that these formulas are valid for pairs in

(U{v~: r<s ])2 and let <a. b>be a pair in (U{V~: r~s})2

which does not belong to the previous set.
v v

Formula (i) is obvious in view of 5. If a E b. then a € Dornfb) and

~(~) ~ 1 whence we obtain (It). Assume that a t b and x E a-b.

Hence tE Dom(~) and ~(:tJ ~ 1 and for every y in Dom();) we have

y t x whence by inductive assumption I(y, ~) ~ O. Hence
v V. '" vn z ~ Domd~)b(z). Hz, x) ~ 0 whence l(a, b) ~ O, If a¢ b , then

a t x for every x in b whence by (iii) 1(:, ~) = 0 for every "X' in

Dom(b) and therefore E(t, b) = O.

Note: the mapping a~~ is not a mapping onto because fun=

ctions which are not constant do not belong to its range.

From (i) - (tv) and the lemma on bounded quantifiers we ob>

taln by induction the following
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Theorem13. If Fe Frm and aE;VFr(F), then
pr

SO(F, X) = I if V'FF faJ and SB(F. ~ = 0 if VI=,F [a] •

Note. The assumption that FE Frmpr is essential for the va=

lIdity of this theorem; it is not true, in general, for arbitrary for=

mulae F in F'r-m.

Complete homomorphism. Let h map H onto a Boolean

algehra 0' and preserve all finite and infinite meets and joins. We

call such a mapping a complete homomorphism.

A complete homomorphism h : R_B' determines a mapping

f : VB"-VB' which is defined by induction. Let us assume that

f is already defined on ufv~: r< s} and let a EV~ but

aiUlv~ : r < s). lienee s is a successor. s = t + I and

Dom(al.S: U{v r : r£; t 1. We define f(a) 8S a function whose domain

is I fIx) : x E Dom(a)} and whose value for the argument z E Dom(f(a))

is ~x € Dornf a I) & (f(x) = z )h(a(x».

We shall prove the following result:

14 (Lemma on complete homomorphism). If FE Frm and

a", (VH)Fr(F). then

h(SS(F. a» = SB' IF, fo a)

Proof. We first prove the lemma for the case where F is

an atomic formula and then for the case where F has logical ope=

r-ater-s,

Case 1. It will be sufficient to prove the equation:

h(ES(a, b l) = ES' (f(a), f(b))/ h(IB(a. b) = IB, (f(a), fIb»~.

We use transfinite induction and assume that <a, b)€(ufv~:

r!:-sI \2 _ (U{v~: r<s})2 and also that the lemma is true for

pairs in ( UiV~ : r <s} )2. From the definitions and the assumption

that h is complete we obtain
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h(IR(a, b)) • rrX~Dom(alh(a(x""""6YE Dom(bJhCb(y)).

hUB(x. yllH

(where the dots stand for an expression resulting from the one written

above by transposing a with b and x with y). We can replace the pro'

duct IT by TI 7Tx Ii: Dom(a) z ~ Dom(f(a)) (x f: Dom(a)) &. (f'(x) = z)

and similary the sum 2: by "J":
YE Dom(b) '-'t € Domtj'(b)]

L: (y E Dornfb) &. (f(y) • t)" In this way we obtain

hUB(a. b))' nz Ii: Dom(f(a)) {(f(a» (z)-+

2:t coDom(f(b)) [If(b))(t). IU' (f(a). f(b)ilJ IB, (ff a}, f'[b l},

The proof for E is similar;

h(B(a. b))' L,x E Dom(b)[h(b(X)), hUB(a. x))]

~z € Dom(f(b)) z:(x E-Dom(b)) &. (f(x) z )

tf(bl)(zHB,l,!t<l. ~ = BR,lf(a), f(b)l.

Case II . it will be sufficient to discuss only the case where

F e (Xi) G and i" Fr(G). By definition

h(SB(F,a)) ·ltc.vB h(SB (G. a(,.l{d. x>J))

TTx € VI: SB,(G. f 0 a (,.If <i. f{x» ~ ) S

TTZfO:VB,SB,(G. foaU{<i. z>l) SB,(F. foal.

In order to establish the inequality ~ we must show that f
B Bf B'

maps V onto V • This we do again by induction. Let a'E V r+!'

B
For every z' in Dom(a ') there is a z in V such that f(z) • z'.

B r }
Let a have the domain lz E V r : !(z)lf Dom(a') and let a(z) be an
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element of B such that h(a(z»)

f(a) = a',

a'(f(z), We easily prove that

Automorphisms. A special case of the lemma on complete

homomorphism is the following

Theorem 15. If h is an automorphism of B, FE:: F'rm,

aE(VB)Fr(F), then

h(SB(F, a)) = ~B(F, fo a)

where f is determined by h as above,

Corollary 16. If Fr(F) = 0, then SB(F) is invariant with

respect to all automorphisms of B.

If h is an automorphism, then f is one-to-one. Hence the

definition fix) can be si mplified: (f(x))(z) = h(x(f-
l
(z))).

Theorem 17 (The maximum principle), If FE Fr-m, °E Fr(F),

a E(VB)Fr(F); then there is an element x in VB such that

SB«Exo)F, a) = SH(F, a V!<.O, x:;;.I).

Proof, Put SH(F, auf <0, u> J) = f(u), From the lemma on

extensionality we infer that Hx, u), f(u)~ fix) for arbitrary u and x,

F'or- each a in the range of f we denote by rea) the least

ordinal r such that there are u in v~ for which flu) = a, Let Q
a

be

the set of these u, We can assume that for all a in Rg(f) and all u

in Q the domain Domlu) is one and the same. This follows from
a

the remark that if Dom(u) = c and cc c ", then the element u' defi=

ned by the equationsDom(u ') = c", u'{x) = u(x) for x e c and

u'(x) = ° for x Ec ' - c,satisfies the equation I'(u, u') 1.

Thus in all Boolean equations u can be replaced by u '. In the situation

which we are now considering we put d =U{ Dorntu):

(u~ Q) & (a E Rg(f)) and replace each u in Q
a

by u ' whose domain
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is d and whose values on Domlu) cofncide with those of l' and are 0

outside Domju}, The set of modified elements we call again Q
a

and

we put Q =U l Qa : a EoRg(f) }. The range of the function f restricted

to Q is equal to Rg(f).

Now we use axiom of choice and find a function g : Q.~ B

such that ~ Q gtu) = z::; Q flu) = z:: R (f) x such that
u'=: UE. xE g

g(u'). g(u") = 0 for u' f u" and g(u)~ f(u) for u EO Q. (E. g. we can well

order Q and put g(p) flu) - 2:: f(v) where v ranges over elements

which precede u.)

We define an element x of VB by

Dom(x) = d, x(t) =u~Q [g(u) u(t)J for t ~ d

and claim that thts is the required element.

In order to show this it is sufficient t o prove that

(*") g(u) ~I(x, u) for each a in Rg(f) and u in Qa'

Assume for a moment that (*) has been proved. On the one

hand it is immediate that f(x) ~ SB«Exo) F. a). On the other it follows

from (*) that

g(u) = g(u). flu) ~ Hx, u). flu) ~ f'(x)

and hence f(x) ~ L,uEQg(u) = .0 u EQf(u) =6 u € Rg(f)u

SB«El<o)F. a).

The inclusion ("*) is proved by the following calculatIons:

Let a ~ Rg(f) and u ~ Qa: from the definition of E it follows

Itx, u)~ ~ £ d [-x(t) + g(u)]

and from the definition of x

-x(t) + ult) =Tfr E Q ~g(vJ+-v(t)] + u(t) =nv EO Q [-v(t)+

u(t)+(-g(vJl] •
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Now we notice that -g(v)~g(u) whenever veQ and v 'I u,

Hence all the terms oC the product corresponding to values v f u

are ~g(u) and the product is ~g(u).[(-u(t)) + ( -g(u)~ = g(u) •

Elementary subsets oC VB. We shall now prove that there

exist ordinals I' such that y~.-<yB. Let us put S~(F. a) = Sij(F. a)

where W = V~. We first prove the following

Theorem 18 (Principle of reflection). There is a function

C FrmXOn--...Qn such that for each F in Frm

(i) the Cunction fF(r) = C(F, 1') is an increasing and conti=

nuous mapping of' On into On;
H.Fr(F) k

(ii) if k = fF(k) and aE(Yj{1 • then SB(F, a) = SB(F.a).

Proof. For atomic F we put f(F, 1'1 = r-, If F is the foro

mula""'lG or the Cormula (xn)G with n ~ Fr(G), we put f(F, 1') = f(G.r).

If F is the formula G & H, then we put f(F, 1') = f(G, f(H. 1'1).

Now let F be the formula (Ex )G and let nSFr(G).
n

For each a E:(yB)Fr(F) we denote by sea) the least ordinal

s such that V~ contains an element x satisfying the equation

Sn(( ~~xn)G, a) = SR(G. i <:n, x'l ual; if there is no x with this pro>

perty, then we put seal = O. Now we define by induction a function g:

g(O) =0. g(r + 1) = maxtg'(r-}, sup{ sea) ; aE: (V~ )FrCF) } ) + 1

get) = sup{g(r): r<t} if t is a limJ.t number.

Finally we put, C(F. 1') = g(f(G, 1')). The proof that f satisfies the re=

quired conditions is similar to the proof of the Scott-Scarpellini

theorem.

From the principle oC reflection we obtain

Theorem 19. There is an increasing continuous mapping

On_On such that (f(k) = k)~ (V~-< VB) •

Proof. The reqUired function is defined by induction:
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flO) O. fIr) = sup l fIt) : t < r ~ if r is a limit number,

fIr + 1) s sup/flF. r) : F~Frm} +1

It is easy to show that f(k) = k implies f(F. k) = k for each F
k BFrlF)

and hence that SB(F. a) = SB(F. a) for every a in (Vk' ,

This proves the theorem.

We shall now use the axiom of choice and obtain elementary subsets

of VB with an arbitrary infinite power. To obtain this result we

start with an ordinal k of power greater than a given power p and

consider the set v~, Using the axiom of choice we correlate with

an arbitrary F in Frm such that OC:Fr(F) and an arbitrary a in

(V~Fr(F)- {OJ an element x = H(F. a) of V: satisfying the condi=

tions set forth in the maximum principle. We can call H the universal

Skolem function. Closing an arbitrarily given infinite set W .f:V~

under the Skolem function H(F. a) we obtain a set W I of the same
B B

power all W such that WI« Vk and hence W·..(V . Thus we have pro=

ved

Theorem 20 (The theorem of Skolem-Lliwenhelm). There are

elementary submodels of VB of any infinite power.

Roolean models versus ordinary models. Let W be a subset

of VB, 1\ model M = <A. R> where A is a set and R is a binary r-e =

lation oS A XA will be said to be elementarily equivalent with W if

for any sentence F (I. e. a formula without free variables)

(S~(F) l):=(M ~ F).

The existence of such a model for an arbitrary W is doubtful

but we shall show that theHollowing condition secures its existence:

(A) There is a maximal Jilter 'J of B which preserves

all the sums ZXEWS~(F. aUf,n. x>}) where FeFrm, ne-Fr(F)
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and aeWFr(F) - fn} .

Remark. We say that a maximal filter ~ preserves a

sum b ~bbx if b E .I) implies that at least one bx is in ~ . A

lemma due to Rasiowa and Sikorski states that in every algebra B

there is a maximal filter which preserves a given denumerable num=

ber of sums.

For a set W £ VB and a filter ~ ~ B we put

a lb~W: 1(0, bIG ~ 1 to:- any a in W.

Thus a is an equivalence class of the re lation I(a, b)E. S. which is

easily seen to be reflexive, symmetric and transitive (d. lemmas

5,6,7). Let A e {a: aEW! and R = ~<.a, b> E AXA : £(a, b)G ~ J
The definition of R is correct because 1(a, a')'1(b, b ')' Efa , b)

6£(a ', b ') and hence £(a, b)e 1 implies E(a', b'le 1 for any

a I in a and b' in b. The model < A, R> depends on W, Band -1 and

can be denoted by M(W, B, ~ ). As long as one or more of the

parameters W, B, ~ is fixed we shall simplify the nota tion by omit=

ting symbols whose values are fixed.
. Fr(F)

Lemma 21. If -) satisfies (Al, FE-Frm and aEW ,

then

("*) S:(F, alE ~ a M(W, B, 1 )~F raJ
(in (-Ifo) the symbol a means the sequence {<'i, iiJ.>f : iEDom(a)} ).

Proof. If F is one of teh atomic formulae xi = xi or

Xj EXj' then both sides of (:/!-) have the same values, If F is the for=

mula xi = xj' then the left-hand side of ('*) is 1(ai, aj).IE: ~ and the

right-hand side is ai =iij. Thus (*) Is true in view of the definition

of i. If F is the formula xi I!: xj' then the left-hand side of (11-) is

£(ai' aj)E ., and the right-hand side is <.ai' ii j '> ~ R. Again both

sides are equivalent because of the definition of R.
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We omit the trivial discussion of the cases where F is one of the

formulae 0(;, G & H and discuss only the case where F is

the formula (xn)G and nE Fr(G). The left-hand side of Or) implies

in th is case

(¥*) S~(G, aUf <n, x:>l)E ~ for each x in W,

Using the inductive assumption we obtain immediately the

right-hand side od (*) . If the left-hand side of ("* ) is false, then

we use the maximality of 1 and obtain Ex~wsif (.G, av{<n,a>"t)

E ~ whence we infer by (A) that at least one term of this sum

belongs to 1 . Hence 6If ~) is false for at least one x in Wand

using the inductive assumption we obtain the negation of the right-

hand side of (-H l.
B

Taking in the lemma W = Vk where k is a critical number

od the function f defined on p. 143 we can prove the

Theorem 22, There are models elementarily equivalent

with VB,

Proof. The required model is M(V~, B, '}) where ~ is

any maximal filter of B The condition (A) is satisfied because in

view of the definition of each sum mentioned in (A) is equal to

one of its terms,

Using the elementary submodel of VB which is closed

with respect to the Skolem functions H(F, a) (see the proof of the

Skolem-Ldwenheim theorem) we obtain in the same way the

Theorem 23, For any infinite power there exist models of

this power elementarily equivalent with VB •

The well-founded case. The models constructed in the abo=

ve theorem need not be well-founded, We shall discuss the existence

of well-founded models elementarily equivalent to VB, First we notice
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the following

Lemma24. If <A, H / ~ N Is a model of ZF and the rela=

tlon R Is well-founded on the set OnN =1 aE A: Nt=Ord [a]~. then

N Is well-founded.

Proof. Formalizing the definition of sets Rr we obtain a

formula such that FrW) = fO. q and the formulae (xo)(E! xl)F I

F_Ord(xI), F(xo' xI) & F(x2. x3) & (xolE x 2) - (x I E x 3) are

provable In ZF,

HE-nee if there were an Infinite sequence an of elements of N which

would be decr-ea sf ng in the sense that ..(an+I, a n,>€ R for each n , there

would also exlst a decreasing sequence of elements of On
N

.

Next we e stabl lah the important

Theor-em 25 (Behaviour of ordinals ig yB), If u (; yB, then

there is an ordinal r such that SH(Ord, u) = L:
s

<:T I(u. t).
Proof. If s EOn, then It is easy to verify that SB(Ord, ~) ·1

and hence Ilu. ~)~SB(Ord, u) which proves the inclusion ~.

In order- to prove the conver-se Inclusion we notice that the formula

Ord(xo) & Ord(\)~(XoEXII y(x
o

= xt)V(XIEx
o

)

is pr-ovanle in Z'F and hence valid. It follows that for any u In VB

and r in On

SB(Ord, u) ~E(u, ;!) I I(u, ~) + E(~, u],

Since E(u, ;'1 = L,x k Dom(i) [1(u, x}, E(x, ~)] = L: s c r Uu,;)

and E(r u) = L: D () [u(v) • I(t, v)] we obtain
v€ om u

'" v 6 vSB(Ord, u) ~ L, ~ l(u, B) + D (I I(r, v),s::: r v G om u

Now we not lc e that if r 1 I' r 2 and r I' r 2 t: On, then •
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v y
I(r

l,
v), I(r

2,
v) 0 0 for each v , Since B is a set there cannot

exist arbitrarily long sequences of mutually disjoint elements of

I(~, v) 0 0 for

vG Dom(u)} we

Hence for each v there is an ordinal r such that
v

every ordinal r~ r • Choosing in (*) r ~ sup{r :
v v

obtain SB(Ord, u) sL; I(u, S'i.
S..::: r

With the help of this theorem we can now establish the

Theorem 26. there exist well-founded models elementarily

equivalent with Y B.

Proof. Let W be a denumerable elementary subset or'yB.

For each u in

(The elements

W let r(u) be the least ordinal such that

u) = 6 () I(u, ~).s c r u

t with s <rlu) do not, in general, belong to W but this

has no bearing on the proof).

According to the Rasiowa-Sikorskl theorem there is a

maximal filter F which preserves all the sums ("*) . We now

claim that the model M = M(W. B. :J) which according to previous

theorems Is elementarily equivalent with VB, is well founded.

Let X be the set {UEW: SnlOrd, u)dland notice that

On
M

= lu : u e X]. For each u G X. there is an ordinal s <: r-Iu) such

that I(u. ~) E ~ because 1 preserves the sum ("*) . Since

I(u. s 1)' L(u, s2) = 0 for s I I s2 we infer that there is just one

such ordinal s = stu). If u, v ~X, then E(u. v).,; , implies

s(u) E sty) because E(u, v).I(u. s'(u)). I(Y. s'(v))~ E(s'(u), s'(v))

and the right-hand side would be zero if s'(y) were smaller than or

equal to s'(u). Finally we notice that if yE ii. then s(y) = stu) because

I(u. v)·I(u. ~u))fI(y, slu)).

The function h(m = stu) is therefore well defined for
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ii"'in On
M

and has the properties: Rg(h)S On, <u. V>E:R - h(U) < h(V).

This proves that the set On
M

is well ordered by R. Hence the model

M is well founded.
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Lecture VI

MODELS OF SET THEOR Y
259

In this lecture we shall prove the

Theorem (a), All formulae provable in ZF are valid in an

arbitrary Boolean model: ibl The axiom of choice is valid in -an ar=

bitrary Boolean model,

Since the rules of proof preserve validity (d. theorems

1-3 of LectureVl it will be sufficient to consider only the axioms

Now ~he axioms of (propositional and predicat e) logic: have been dealt

with in theorem 4 of Lecture V and axioms of identity in theorems

7-10 of that Lecture. It remains to consider only the proper set theo=

retic axioms

(I), The case of the axiom Ext. Since the value of the

formula CI(x
i)

is always 1 (see the definition of SB on p, 132)

it is sufficient to show that the value of the formula

(X2) ~x2 EXo) -= (x 2 E xIl] --(xo = xl)

is 1 for an arbitrary sequence {<-0, a">, <.1, b;>}. Using the lemma

on bounded quantifiers (theorem 12 of LectureV) we prove that the.

value of the antecedent is

nt EDom(a) [ -a(tl +E(t, bi]· 71 E Domfb) [-bIt) + E(t, a)]

= Ila, bl

which proves the theorem.

(iil The case of the axiom NopcI, We have to show that

Tta z:; b E(a, b) = 1. Let ae:. VB and let b be a function with do=

main t~\ with the value 1. Obviously E(a, b) = 1 whence

2:
b

E(a. b) = 1 and. since a was arbitrary,
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na~ E(a, b) = 1.

(iii) The case of the axiom Cl
l,

Since the antecedent of this

axiom has value 0 according to (ii), its value is 1.

(Iv) The cases of the axiom Cl
2

and Noat. In these axioms

the formula Cltx) forms the postcedent and. since the value of the

formula CI(x) is I, we immediately obtain the result.
~

(v) The case of the axiom Emp, Since E(a. 0) = 0 we obtain

SS((XI)I(XIE"xol. {<D. 0'>1) = I and hence SB((Exo)(xl)-,(xlE:Xo),O)=1

This Is the desired result because the axiom Nopcl has value 1 and

hence the value of (Exl,)(XoE XI) Is I for any sequenceic::o. a>!
v'

(in the pre s ent case: for the sequence 1<0, 0>1),
(vi) The case of the axiom Pair, Let a. b eVB and let c

be a function with domain ~a, bl identically equal!. We easily verify

that

E(x. c) = I(x, a) + I(x , b)

which proves the theorem in view of the result (ii) above,

(vii) The case of the axiom Sum. Since we have verified the

axiom Nopcl we can reformulate Sum as follows:

(Es)((xl{(XIS s) -+(Ey) [lYE a) & (x Ey)]J & (Y){(Y Ea) -.

--. (x) [ex EY) ~(xE s)] 1),
In order to verify the validity of this formula we select an arbitrary

a in VB and seek an s in VB such that

(*) nx e-Dom(s){-S(xY + 6YEDOm(a)(a(Y).E(X. y)Jl = I,

(it-.jf-)TryEDom(a)} 7TX6Dom(y) E-a(y))+(-y(x)i- E(x, s)] = I

We select s in such a way that Domts I =U{Dom(y):y ~ Dom(a)}

and



[97], 151 MODELS OF SET THEOR Y
261

sfx) = L-
Y4i

Dom(aJE(x., y}-a(y}] for.x in Domla),

Equation ( .. ) is then evident Since E(x, Il} = L;t iii!. Dom(s) [S(t).

Itx, t) we further infer that for

(-a(z»+(-z(x» + E(x, s) = (-a(z»

z in' bom(a) and x in Domfz}

+ (-z(x» +6 L,
y€ Domta] tE Dom(y)

1 and equation

[a(y}- E(t. y}. Ilx, tll~
(-a(z}}+f,z(x» +(a(z}.E(x. zl·I(x. xl) =

=(-a(z»+(-z(x)} +. E(x. z),

Since z(x)~ E(x, z}, the r~ght-hand side is

(~~) ,is proved,

(viii) The case of the axiom Pot. This axiom can be taken

in the form (cf, (ii) above)

(*) (Ex
2)(xo)

Dx
o

e: x
2

) == F] where F is the formula

(x 2}[<x 2€ x
o)-

(x 2 E Xl)]

The meaning of F is. of course, X
o

c.= Xl' Leta be an element

of VB In order to abbreviate our formulae we put

vlx) = SB(F,{~O. X>. < I, a'?}),' thus v(x) is the truth-value of the

statement "x is a sub-set of a".
Dom(a) .

If feB and f(x)~ a(x) for x in Domta), then evtden«

tly .v(f} = 1. Let P be the set of all functions with domain Dom(a)

and values {(x) 6a(JI). We shall show that the function p defined by the

equations

Dom(p) = P, p(f) = 1 for all f in P

satisfies for each s in VB the equation

(*,lfo) E(s. p) = vts).

We first prove the tnclusfon ~. By definition E(s. p) =

6 C6 P P (s . f).p(C)] = L.fE: J:> Hs. C) because p(f} = 1. But v(f) = 1
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Dom{a),

for fin P and hence E(s, p) =ZfEP[r(s. f).V(f]ff.V(S) in view of the

lemma on extensionality.

Now we prove the inclusion ~. For an arbitrary s we define

sf( by means of the equatiOll5Dom(s~) = Domfa), s~(x) J= E(x, s)-a(x).

Hence sfr E P and v(s)~ 1=E(s"" .p). Thus in order to finish our

proof it is sufficient to show that v(s)':: I(s. s"") I, e. to prove the

two inclusions

v(s).s* (x) !E(x, s) for xt::'Dom(s~)

v(s)- sty)£: E(y, s .. ) for y E Dom(s).

The first inclusion results immediately from the definition

of s -II" The second ie established as follows: since sly) ~ E(y. s) and

v{s)-E(y. s)~E(y. a) we,infer

v(s)- s(y)" E(y, s)- E(y. a) = [; D (j[E(y. st· I(y, x). a(x)] ~
- xe om a

~x eDom(slt.p.<y, x)'E(x, B).a(x)]

,- D (II") [I(v, x).s* (xl] ~LJxla om s •

Z:x~Dom(solf' JI(y. 1·E (x , s* )]~E(y. s~).

Equation (**) is thus proved. It follows from this equation

that the Boolean value of the formula (*" I for the argument to::: I, a>!

is 1.

(Ix) The case of the axiom Inf. Since the axiom Nopel has

been verified we can write this axiom in the form (Ex IF where F is
o

the conjunction of

G (EX1)[(XtE x
o)

& (x
2),(x2

E:X
1)]

•

H (x1)["ixIEXo)-+(EX2)(X2EXo) & (x g) {(xgex2)'=:.

[(Xg€X1)V(X g = Xl>]})]
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In order to verify that the value of this axiom is I it will

be sufficient to show that SB(G, ~ ~O,~;;.J)= SB(H, {.(o,~>J)= I
The value of G is equal to 6xEDom(c::)l~(X).~-E(t, x~

v v TT v
This sum is I since (A)(O) = t - E(t, 0) = 1.

The value of H is [cf, the lemma on bounded. quantifiers)

71 x EDom(t.5)(- ~(x) + I:YE Dom(w,{tJ(y)·7Tz lW Domly) [(-Y(Zl) ...

+(E(x, z) ... Ilx, zlU' 71z € Dom(x) f,x(;z)+-E(z, yl}

n: [-Hz, x) + E(z, YIJ 1) .
z v
Since Dom(c.» consists of functions Kwhere n E: v.l and

v v
t-> (ri) = 1 we can simplify this expression to

nmE-w'l:n"" ...}Tp..:::n[E(th. p) + I(~, 'j;)}/(q~m E(q, ~)

IT [-Hz, ~) + E(z, ~)] .
z

Using formulae !i)·(iv) established in Theorem 12 (Lecture V)

we simplify this to

IT .. Lt IT [-I(Z, ~l + E(z, ~)J
mEo..... n>m z

In order to show that this element is = 1 it will be sufficient to

show that for any m in U) ~[-I(z, ~) + E(z, zri,)J where m' = m + I.

This results easily from the observation that E(z, ~')

")' l-Y v. YJ 11 V v 11L.- , m'(p).I(z, p) ~ m'(rn)'I(z, m) = Hz , rn),
p<m

(xl The case of the axiom Fund. Similary as in the pore -

vious cases we can simplify this axiom by omitting everywhere the

clauses that elements to be considered are sets. Thus. we can take

Fund in the form

(Xo) [(Exg)(x3e xol-(Exl) f (Xl co xo) & (x 2) [<X2E: xl)~-'(x2 E.X
o)]}]
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or equivalently

(XO)(X3}-'t((XI)fIXICXo) _IEx2)f!x2€X 1) & (x2~Xo)]1 & (x 3 Exo»'
we write this formula briefly as (x )(x

3)
of . Let x, y be arbitrary

BOO
elements of V and assume that the element b0 = SB(f.!.< O. X>, <3. y61)
is to. We shall show that this assumption results in a contradicti.on.

Obviously (*1 E(yo' x)~bo

and

SB((x j ) l(x l b xo1-(EX2'[(x2E xI) & (x 2E;xo)1} ,{<O, x";>1)~bo

Performing the calculation of SB we obtain by the use of the l e mrna-

on bounded quantifiers

(>fJfl 7Tz f- E (z , x) + 6 t c' Dom (z )E (t , xl]? boo

Using (*) we obtain

.6t EDom(y Jbo·E(t, x1.E(yo' xl = bo> 0, i. e.
o

6 t EO Domf y 1 bo· E(t, x) > o.
'0 '

Hence we infer that there is a y 1 in' Dom(y~1 such- that

b o· E(y I.' x) = b
1
.> O. Let us select a y I of this kind. Applying

(* "* 1 again we obtain

E(y x) +L, Elt, xl~ b
i: t EDom(y

j
) 0

whence there exists a Y2 in Dom(Yl' such that b
1'

E(Y2' x) = b
2

::;>- O.

Continuing this process we construct (using the axiom of choice) an

infinite sequence y , Yl y2' ••• such that y je Dom(y l, Thiso , n+ n
implies the existence of an infinite descending sequence of ordinals

which is impossible,

(xi) The case of the axiom Subst
ZF'

We formulate this

axiom as follows:
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(1) x 0.-(x. HEx )(x1)[(x, ex).::.p'J m n . n -

(Ex ) r(x "X ) & F]/o L' 0 m J

where F is a formula, l<p<m<n, x
m'

x
n.

x
p

do not occur in F

n Fr(F) -fo, II • D
and 0, 1 E Fr(Fl. Whenever a e(V ) J , x, Y fEV • we

shall denote the element SB(F. ~<o, x>. <'1 ,y>ll.1a) by falx, y),

Moreover we shall denote by a .. b the element a. b + (-a}(-b) of B;
B Fr(G) vFr(H)

thus if G, H are formulae and g e (V ) , then

SB(G:!H, g) t SB(G, g I Fr(G» * Sn(II, g I Fr(H)).

BFr(F)- {o. 11
Let a E (V ) ! . The value of the formula (I) is

-h(a) + k(a) where hta) : n L, rr [f (x , y) If I(y, z)l and
x Y z a ~

k(a) =nL; 7T {E(y, z)"* E rE(x, u)·f (x , y)J~ . We have to proveu v y xL: a )
that h(a)~k(a).

First we notice that according to the maximum principle

(and the axiom of choice) we can correlate with each x in vB an yf x)

in VB such that

(2) L, TI z [falx, z)>f I(y, z)] = 7\z rfa(x, z ) "l"I(y(xl, z)]

From this we easily obtain the following two lemmas:

(3) h(a)'fa(x, y').f'a<x, y").f,I(y', y").

Proof. According to (2) h(a)'f (x,Y')':[f (x, y')"" I(y(x), yl)la a 'J.
falx, y').I(y(x), y') and similary h(a)'f/x, y"l£I(y(xl, y")'fa(x.y")

whence h(a)' fa (x , y') 'f
a

(x, y")!:I(y(x), y')·I(y(xl, y"):!:-I(y'. y").

(4) hta) Gfa(x, y(x)).

Proof. From (2) we see that h(a)';;fa(x, z)*I(y(x), z}; now we put

z = y(x) and use the formula a -/I' 1 = a.

From (3) and (4) we ohtain
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(5) h(a).fa(x. y) ~I(y. y(x».

Let now u be an arbitrary element of vB and let v be de=

termined by the conditions:

(6) Dom(v) = I y(x) : x€Dom(u)J. v(y) =L- D ()ru(xl.f (x.yn1 x..:omuL: a
We shall consider the value of E(y. v) for an arbitrary y

(for y in Dom(v) it is given in (6». First we notice that

(7) -E(y. v) + z: D () [u(x). f (x, y)1 = 1.
xE om u a

I, e,. E(y, v) ~Lx €Dom(u) ru(x).fa(x. y)J

Proof. By definition E(y, v) =L; D ()v(z)' I(z, y)
z€ om v

whence by (6)

E(y. v) = L: D () L D () fu(x).f (x, z) -rte, y)lx € om u z €- om v I: a ~

e:Z D () "" D () [u(x).f (x, y)l = L: D (u) ru(x). f (x, y)\- x Eo om u LJ z E om v a 'J x e am u L' a 'J

The inclusion converse to that given in (7) cannot be pro=

ved; but we shall show

(8) hta) £: - L: D () [u(x) , f (x, yil + E(y. v)
XG am u a

Proof. Let xE Domtu), By (5), h(a).u(x).fa(x, y) ~

I(y. y(x». u(x). fa (x, y) ~I(y. y(x)). u(x) 'f
a

(x, y(x) == I(y, y{x».

6
t

D ()[u(t)<f (t, y(x»l= v(v(x».I(y. y(x» (here we use the factc ucmtu a :l.
that y(x)e Domtvl), From this inclusion we infer

6 [\I(x)'xE-Dom(u)

(9)

h(a).u(x)-f (x, y)~L: D ()[v(z).I(Y. z»)= E(y, v)
a ZE om v
Summing over x we obtain (8).

(7) and (8) jointly give

h(a)!: E(y, v) -<t r: [E(X. u). f (x, y)lx a IJ
(see the lemma on bounded quantifiers)because
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falx. y>J = ~x[E{X. u)'fa(x, y)J • Now we take the product Tty
on the right-hand side of (9), then the sum E and finally the pro=

v
duct IT

u
' In this way we obtain the desired formula h(a)£ k(a).

Theorems which we have proved show that all the theorems

of ZF are valid in an arbitrary Boolean model. We shall now show

that the axiom of choice is valid in these models.

(xii) The case of the axiom of choice. This axiom written

in full takes the following shape:

(x
o)

['-"1)(Xt(x3) {[(xI~ xo) & (x 2f:-Xo) & (X3 6xl) & (x3€X2ij~(xl = x2)J-+
(ExI)(x2XX31(x4){[(x2EXo) & (x 3 EO x2) & (x 4€X 2) & (X3ExI) & (X4Ex l 5] -

(x 3 ~ X4 )} & (x2)(X3)(Ex4dFxzE xd & (x 3€ X2~-l>[(x4€X2) & (X4EX l )J1~

This formula can be written in the form

x is a
o

at most

(x
o)

{H(Xo)...,lo(Ex
1

) [K(X
o'

xl) & L(x
o'

x;ij} where H "says" that

family of mutually disjoint sets, K(x
o'

Xl) "says" that xl has

one element in common with each set which belongs to X
o

and

L(x
o'

xl} "says" that xl has at least one element in common with

each non void set which belongs to x
o'

In order to prove that the value of this formula is 1 in

each Boolean model we select an arbitrary a in VB and denote by

we shall exhibit a b in VBh(a) the element SB(H(x
o)'

{<:.O, a-:>});

such that h(a)~ kf a, b) and hta) ~ I (a. b) where k and 1 are values of

K(x o' xl) and L(xd xl)'

It is intuitively obvious that the domain of b should be

D(a) =11 { Dom(y) : y E Dom(al} because each choice set for a set consists of

elements of the elements of this set. We shall define b(x) for x in D(a) in

such a way that for any u, x , y the Boolean product
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E(u, a). E(x. b) ·E(y.bl·F.(x. u} .E(y. u) be 0 whenever I<x. yl = () This

corresponds to the requirement that the choice set for a set should

contain at most one element common with any element of this set.

Moreover we shall formulate· the definition so as to secure the

inclusions b(x) == L:u[E(u. al·E(x. ul] and

E(u. a)·E(z. u)~L7x~Dom(bl[E:(x. u)- b(x)] which correspond to the

requirements that the choice set for a set s consl sts of the elements of the ele=

ments of s and has at least one element in common with each nou-votd element of s

Let us ar-r-ange the elements of Dfa] in a transfinite se=

que nee d
r

with r< a , s ~ On. The following definition meets. all the

r equir-emcnta:

w he r-r-

Hefore calculating kf a , b) we notice that from the definition

of h it directly follows that

(1) hfa}, C(u, a). E(v, a}, E(d
r,

u), E(e1
r,

v).::::- I(u. v)

Next we prove for arbitrary 1', 1" <:.. s

In order to prove this we merely replace bCdrl. bCdr,1 by

their values and represent the left-hand side as the union of terms

h(a). [E(u, a). E(d
r,

u). E(v, a). E* (dr' vI] [E(u. a}, E(e1
r"

u).

E(v'. a). E It (d
r,.

v'l)
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, [E(u, a). E(x. u}, E(y, u), I(x, d J. btd ). [(y, d
r

, ). b(d
r,)]r z.s r r

extended over arbitrary v , v '. According to (t) the expression inclu=

ded in the first square bracket is ~ I(u, v) and the expression inclu=

ded in the second square brackets is .:f Ilu, v '). Hence accor-ding to

the lemma on f'xtenslonaltty the left-hand side of (2) is

~ *'E (dr' u). E (dr" u)

This product is 0 if r r 1"; thus (2) is evident in this case. If r l r '

then (2) is also true because its right-hand side is then 1.

We shall now prove

(3) hfa). E(u. a). E(x. u). E(x , b). E(y, u}, E(y, b) ~ Itx , yl

Xot ice that this inclusion is very similar to (2) ;tbe only

difference in that dr' dr' are replaced by x , y and that instead of

b(d
r),

b(d
r,)

we now have E(x. b}, Ely, b).

In order to prove (3) we denote its left-hand side by L

and expand E(x, b), E(y, b ) according to the definition of E. We then

obtain

hla l. i:
r,

which by extensionality is

h(a).I: r rE(u, a). E(d , u).E(d " u),b(d i. bid .). Hx, d ). I(y, d ,)1.
r , r <: s L

J

r r r r r r ~

The expression in the square brackets is ~ I(d
r,

d
r

,Hcf(2»), whence

L~ L:: ,[I(d, d ,). Itx, d l. I(y. d ,i]c. I(x, yl.
r,r r r r r-';

If now we represent (3) as hta), P ~ Itx, y) and transform (3) to

h(a)~7T [-p + I(x. y)J
x.y.u

we obtain h(a)~k(a, b).

We now pass to the proof of the Inclusion h(a) '" I (a, h) and
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first establish the inclusion

(4) E(u, al E(d, u) ~Z: rEId , u). bed )1
t r< s L r r~

This is shown as follows: it is obvious that E(d , u)~ Z; E(d u) =
it" t r<s r 'L:' E (d, u). The last step is based on a werl known Boolean

r<.s r
law D x =~ [x. n

t
< (-xt)l which allows us to represent eachrxs r rxs r r j

Boolean sum as sum of mutually disjoint elements. Since

E -tf- (d , u) ~E(d , u) we can also write E(d
t

, u);f7.; rE(d, u),
r r r<sL.! r

E"f-(d
r.

uU. Now we multiply both sides by E(u, a) and notice that

E(u, a). E"t (d , u)~z: rE(v, a). E* (d , vjl = bed ). In this way we
r vI! r ~ r

obtain (4).

We want now to replace in (4) the element d
t

by an arbi=

trary z, To ach ieve t his we use the definition of E and the lemma on

extensionality obtaining

E(u, al.E(z, u) = L; D () l~(u, v). a(v). E(z, ui] ~
v~ om a L:

Lv t: Domfa) LI(u, v), a(v). E(z, v)].

Applying again the definition of E we obtain

E(u, a). E(z, u)~z D ()}' D ()[Uu, vlatv). Hz. w}, v(wYv Eo om a ~ E om v !.I

Now we notice that if v E Dornta}, then Domtv) f D(a) = Domfb)

and hence the sum '[; D () is ..c;E.t . Thus we obtain
WE-om v - '" s

E(u, a). E(z, u)~ L. v E-Dom(a;6t < s [J(u, v). a(v). Hz, dt)· V(dt~

Since UU' v). v(d
t)
~ I(u, v), E(d

t,
v) ~ E(d

t,
u] we further obtain

l:t<:JE(dt, u}, 2::v E Dom(a)(I(u, v), a(v»] =L, t <.JElu, a),

E(d , u)1 which according to (4) is =6 rE(d, u). bld )] . Since
t :.!J r< s~ r r

the last sum is obviously ~Lx ~(x, u), E(x, bD we finally infer that
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E(u, a). E(z, U)~ Lx[E(X, u), Elx, bU'
Performing obvtoua Boolean transformations we obtain from

this inclusion the identity

Ti
u

7lz L,x{- fE(u, a), E(z, uy + [E(X, u), E(x, biJJ • 1

which is the same as ) (a, b) : 1. Thus heal ~ ) (a, b) and the

theorem is proved.
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Lecture VII

FOUNDA T10NAL STUDIES
/97). 162

In .this lecture we shall construct (after Scott) a model In

which the axiom of constructibillty Is not valid. In connection with

this result we shall construct two transitive families of sets which are

models of ZF and have equal heights but are not elementarily equiva-

lent.
Go}

We consider the Cantor set 2 i.e. the set of'functions

with domain (,.) and with values in the set to, l} . We Introduce In 2(.)

the usual product topology and denote by B the Boolean algebra of

regular closed domains. I. e. of sets which can be represented as

closures of open sets. The Boolean operations In B have the follo=

wlni' meaning: the sum is the closure of the set theoretical union X x b x =V:-b x'

the product is the dosure of the Interior of the Intersection

n b lnt
x x

The sets C i
n

to B.

n band -h is the closure of the complement of b.
x x

" {f : f(n) = i} form a sub-base of the space and belong

Another- property of B which we shall need is concerned

with its automorphisms. Let p be a permutation ofuJ and let F be a

function defined on 2'" by the equation F(f) = fop. It can be shown

that F Is an autohomeomorphlsm of i"'and hence the function

H : b - ImlF, b) Is an automorphism of B.

Lemma1. If 0 f b f I, then there Is an automorphism of

B such that H(b) f b.

Proof. Since band -b contain non-void open sets, there are

two neighbourhoods U, V the first of which Is contained in b and the

other in -b. We can assume that U =Qkc~IH. We now determine k
J-

Integers m(jl, j ~ k, such that the intersection V I = V" Qc~lH
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be non-void. Such integers exist because the r-equir-ement C~V imposes

only finitely many conditions on a fixed number, say 1, oC initial coor=

dinates of C. Thus we can select k coordinates m(l),." ,m(k» J and

impose on them the condition f(mU» =C (j). The resulting neighbourood

W has points in common with V because W contains points with ar=

bitrary initial 1 coordinates.

Let p be a permutation ofCJwhich maps n(j) onto m(j).

If f e (-b)I"l W,", v then F(f) ~ U because the value of F(C) '" fop

for the argument nU) is equal to e(j). This proves that

H(-b)~b f 0 and hence _b,-,H-l(b) t 0 whe nc e H-I(b) t b.
v

Definition. Let d be a function with domain [,,) such that

d(~l cg.
Remark. We can look upon elements of VB as a kind of

"multivalued sets" such that logical value of a formula 'x is in the

set" is an element of B not necessarily 0 or 1. Thus we can visua=

lize d as a "multivalued set" such that the truth value of a sentence "n

is an element of d" is a union of n + 1 intervals of the Cantor set C

consisting of those rea1s in C which in the ternary scale have the n-th

digit O. It is obvious from this picture and it will be proved formally

in lemma 3 below that d is different from all ordl nary two-valued sets,

Lemma 2. If F is the formUla", (x 2l [(x2e xo)-'" (X2 E Xl lJ

(i,e. x sxll. then SB(F,{<O. d S, <l,W>}) = 1.
o y

Proof. The value in question is nx E Domtd) Gd(xl + (V(xl]

Since Domtd) = ~ ={X' : nECJ~ and J<Xl = 1 for aetu we see that the

element -dlx) + i5(x) is 1 for each x in Domld),

Lemma 3. If a ~"', then I(d, ~) = O.

Proof. From the definition of I we obtain
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Int [£:.1 = o·

I{d, };:) = TC eDom(d) -d{x) + L:YE Domllll [lily). I{x, yi])

n D {"I (-l(YI + Z; D (dl[d(xl• I{x, yl] I.y E om a Xc om .

In both factors "x" can be replaced by "~" with n ranging over61 and

"y" by "ci:" with m ranging over a. Since d(ri'l = CO ,
n

-d(XI = C 1 i~ = I and I{ri. ~I is 0 or 1 according as n f m or
n'

n = m , we can simplify the above expression and obtain

TT [c 1 +£(n, a)1.71 CO •
I \n~w n ~ m e a m

where £. (n, a) = I if n~a and 0 otherwise. Thus Itd, ;;.') =
7T C I n CO =1T CO C 1 =T1 c a(pl

n¢a n " mea m ntia, m€a m' n PeW p

where S(p) is 0 for PEa' and 1 otherwise.

In view of the definition of B we further obtain

I{d, ~) = Int (l c e (p)
PEw p

and the lemma is proved.

We shall now discuss the problem of an effective choice

for the set P(P(CUll. Thus we shall Investigate the question whether

there exists an effectively defined function which correlates with each

non-void subset of P(CV) an element of this set. In order to make

precise the notion of an effectively defined function we reformulate

the problem as follows: does there exist a formula F with Fr{F) =

[0, tJ such that the sentence

(*) ([(EXt)(XtEXol] & (x 1)(x2)1[(xtEXol & (X2EXt)]-(X2 E WI})

-4>-(E! xt'[(XIEXo)&F]

be true. In this sentence the antecedent means that x is a non-void
o

set of subsets of (i) and the conclusion says that there is just one

element of X
o

which stands to X
o

in the relation defined by F.
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If we wish to have the sentence written out exclusively by means of
(f' "the primitive notions of set theory, we can eliminate the constant Q

by replacing the expression "x
2

€' c.J" by

(1l" *) Ord(x
2)

&..,Lim(x 2) & (x3) [(x3eX2)-"'Lim(x3~

where Ord(x
i)

is the conjunction of the formulae

(u)(v) {rUE- v) & (VE-x
i)]
~ (uexi) ~ [xiiS tranSitive,]

(u)(v) l[uexi) & (VExi~-;{(UEV)Y(U = V)~(V€u)J1

[the C -relation is connected in xi1'
and Ltmlx.) is the formula

Ord(x
i)

& [(Eu)(u E xi)] & (v) [ (v E xi) .... (Fw) [(w E xi) & (v E-wl]f

[xiiS a limit ordinal > 0] .
The formulation of the problem is still imperfect because

the word "true" is unclear. We ther-efor-e replace the problem by a

relative one. Let M be a (Boolean or ordinary) model for ZF. We say

that F determines a choice funct.Ion for P(P(c.J» in M if (~ ) is va=

lid in M.

From Remarks contained in Lecture III it follows:

Theorem 1, If M is a transitive family of sets which is a

model for ZF and if the axiom of constructibility is valid in M, then

there is a formula which determines a choice function for P(p(CcJ») in M.

We shal now prove

Theorem 2. If B is the Boolean algebra of regular closed

sets in iO. l}4.1, then there is no formula which determines a choice

function for PIP ("'» in VB.

Proof. Let us assume that (*) is valid in VB. The main

idea is to consider the "multivalued set" s such that sId) 1 but

s(~) = 0 for each a!Z c;..). Formula F correlates with s one of its
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elements. The contradiction arises by showing that this set is inva=

riant with respect to all automorphisms of B and thus is a two-vulued

set.

We define s by equation

Dom(s) (" x~ VB . Dom(x) = o~? stx) = JT [ I (x ~)J
~ w+l . ) as't.J '

In view of the Lemma 3 std) = 1. Consider now the formu=

la (x
4)(x S

) {ftx 4 e x
o)

& (xSE" x4U- (xs E U)) 1 whose exact meaning is

explained in (*".,If.) • We claim that the value of this formula for the

element s is I . This can be verified as follows • In view of the

lemma on bounded quantifiers this value is = n
x E: Dom(s)

the value

a 0 which-intuitively speaking-describes

in the antecedent of (-l'") have

<3, d>l and it follows that

, s) = 1.

1 for the argument f-I:O, s>,

(i) SB «(E! xl) [(Xlt£ xo) & F]

We define a function

Tr
YE

Dom(x) [ - [sIx). x(y)] + A(y») where A(y)is the v

value of formula (* iI-) for the argument y. Since YeW it can be repre=

sented as ~ with aECV and we verify immediately that (-Jt1f) has the

value for the argument ~ .

Thus both the formulae

the element .selected from s:

Domta ) =t:J. a (ri') = ~ D ()[s(x). X(~l. fIx)' where
o 0 x e om s ~

fIx) = SB(F, {<o, s>. (I, x >1 ) and want to prove that E(a
o'

s)

The following implication is of course provable in ZF:

(ii) «E! xl) (xl ( x
o

) & F] & (x
2

) t(x
2

E: x
3)=(Exl)

L(Xl E: x o) & (x 2 E: xl) &

FJ})~(x3EXo)'
This formula results from an obvious theorem of ZF which says that

if there is just one xl satisfying a condition and x3 consists of exactly
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tnoae elements which belong to a set satisfying this condition. then

x
3

too satisfies the condition in question.

The first term of the antecedent of (ii) has the value I for

the argument ~<o. s>}. see (I). We shall show that the value of the

second term in the antecedent of (ii) has also the value 1 for the

argument f{O, s:>, <: 3 lao">1. This term is logically equivalent to

the conjunction of

(Ui) (X2)I(X2EX3)~(EXI) [(XICXo) & F & (X2 € X1)]}

(tv) (xi)(x1) fFX1 E::X
o

) & (x2€ xl) & F] .... (x 2 E x3)}·
The value of (iii) can be calculated using the lemma on

bounded quantifiers. The result is

lTnE"" { -a/fl) + 2:x EDom(s) ~(x). x(~). f(x)J~

and' this product is 1 according to the definition of a
o'

The value of

(tv) is

) L [I-S(X)) + (-x(y)) + (-f(x)) + E(y a)l
'-xEDom(s) y.sDom(x) • o'J •

We can replace y by ~ since Domfx) = 6:>. After obvious Boolean

calculations we see th at the value of (tv) is

IT ( L 0 () [sex). I(x}, x(ri)] + a (K))
n~w - xc: om s 0

because E(n, a ) = a (X). Thus in view- of the definition of a this
000

product is 1. Thus the whole antecedent of (ii) has the value 1 and

we obtain E(a
o'

s) = 1, 1. e.

(v) L:x 6: Dom(s) [s(x). I(ao' xf} = 1

We shall deduce a contradiction from this formula. As re=

marked above we shall obtain it by showing that a0 is an ordinary

two-valued set.

First we show that s is symmetric in the following sense:
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If h is an automorphism of Band f : f h the mapping of VB onto

VB determined by h (see p. 138 ), then f(s) : s, To see this we no=

tice that if x': Dom(s), then Dom(x) : cJ and hence Domlftx) :

{f(U) : u EO Dom(x)1= c0 because elements of ciS are invariant under f.

Further we calculate the value of f(s) {or the argument

s = f(x) where x E Dom(s):

f(sl(z) = h(s(x» = h( TT - I(x, ~»: T\_ h(I(x, al)
• a<:'£i) a~lJ

TJ I(f(x), f(~)) =- n - I(z, ~) = stz).
a_lJ a.s.w

(In the last but one equation we used the obvious equation

f(t) : ~). The symmetry of s is thus established.

Using the symmetry of s we obtain by theorem on p. 140

x)] : L.x E Dom(s) [1(at1, x),

lJ", (- I(~, x»]

and the equation I(a
o'

1 = L: 0 () rs(x).xE om s r

hence a (il) is invariant with respect to all automorphisms and hence
o

v v
ao(n) is either 0 or 1 (see lemma 1). Thus l(a

o'
al' = 1 where

a 1 = {n : a 0 (~ = '1} . Thus - intuitively speaking - 'the element se>

lected from s is a two-valued set. Using (v). the definition of sfx)

ll: ): we derive
1
v

I(a 1'

and the right-hand aide is obviously O. Thus we obtained the desired

contradiction and theorem 2 is proved.

From theorems 1 and 2 we infer

Theorem 3. No transitive model for ZF in which the axiom

of constructlbiUty is valid can be elementarily equivalent with VB.
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In particular we see that the axiom of constructibility is not prova=

ble in ZF even if we adjoin to it the axiom of choice. We shall now

prove

Theorem 4. There are two (two-valued) transitive models

for ZF whose heights are equal but which are not elementarily equivalent.

Proof. Let M be a transitive model elementarily equivalent

with VB and M' the family of constructible elements of M. Then M'

has the same height as M and is transitive but M' is not elementa=

rily equivalent with M because there is a formula which determines a

choice function for P(P( Ct)) in M' whereas no such formula esists for

M.

It would be interesting to know whether there exists a for:

mula which determines the choice functions for P(P( Q» in a natural

model.

The answer to this question cannot be given, however, because it es=

sentially depends on the axioms for set theory accepted in metamathe=

matics.
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Lecture VIII

FOUNDATIONAL STUDIES (971. 170

In this lecture we shall construct a model in which the continuum hy-

pothesis is false. Our first task will be to express this hypothesis as

a sentence of our formalised language. In order to achieve some economy

in our notation we shall introduce some abbreviations .

We shall write x.Y. z for x
o'

Xl' x
2

; furthermore we shall use

other small Roman letters instead of the variables x .• and shall assume
1

that their choice has been made in such a way that no collision of variables

occurs. We shall also make extensive use of limited quantifiers: the for-

mulae (EY)x[-J.(EY)x[-].(Ey)k[-] will mean : (Ey)t(y~ X)&-[-J].

(Ez) (Ey) [- J. (Es) (Ey). [ -] where z. s are now variables not be-
X z X s

fore present in the formulae. The quanttCiers (y)x' (Y).l{ • (Y)jt are defined

in a dual way. Prefixing a for-mula F which belongs to Frm by a li-
pr

mited quantifier of whatever sort we obtain again a formula which belongs

to Frm • As a final abbreviation we shall use the symbol (Eu. v.".)pr
instead of (Eu) (Ev). .• and similarly for the general quantifiers and limited

existential and general quantifiers.

We now shall list several auxiliary formulae; we add (in square

brackets) the intuitive meaning of each formula,

x ~ y : (u) (IIEy) [inclusion];
x

p' [x, Y. z): (YE:x)&(z EX) &t(u)x [(u '" y)V'(u '" z ij

[x is an unordered pair whose elements are y and z)

P(x, ) • z j : (Eu. V)x[P'(x. u, v) K.cP' (u, y. 2:)& P"(v. s, y)]

[X is an ordered pair with the first member y and the

second member zJ ;
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[x , y, z) : (Eu) P(u, x , z)
y

[the ordered pair with members x, z

belongs to yJ ;
Rei (x) : (S)i (Eu, V)s pes. u, v) [x is a relation1
Dom [x, y): (u)y (EV)j(u. x, v) &r (u, v] x [cu. x, V)4 (Ut y)]

[y is the domain of x]

Rg (x, y): similarly as above but with (u, x , v) replaced by

(v. x , u ) [y is the range of xJ ;

Fn(x): ReI (x)&.qu, v , w, t) x [[cu, x, v] £«w, x, tJ __[<u=W}i<:(V=t)]}

[x is a one-one functi0r0

[x, s, z]: Fn(y)&nom (y, x )& Rg(y, z) fj maps x onto z in a one-one

way] ;

Ord (x): see P, 165 [x is an ordinal]

Lim(x): see p, i es [x is a limit ordinal > oj ;

om (xj : Ord (x) & Lirn(x) &- (y) .., Lim(y) [x is the ordinal w] .
o x

Lemma 1. The following formulae are provable in ZF

(i)

(ii)

[x, y, Z]S,(UE;z)-(Ev) (v, y, u)
x

([x, y, z]&(v,y. UI)~(V. y. U" »~(Ul = u "] .

This lemma is evident and needs no proof.

Since the formulas listed above are all predicative, we can apply

to them theorem 13 from lecture V. In this way we can immediately

obtain the value of each of the above formulae for the argument of the form
v v v v v t

{<o. a>. <1, b>, <2, c>}. For instance Sa (x £ y.1 <0. a> • <1, D>j) is 1 if a~b

and 0 otherwise, SimUary Sa(omo(xl.{ <0, a>}) is 1 if a = Wand 0 otherwise.

We notice the result explicitly for the formula [x; y. zJ
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is

Lemma 2.

a one-one

v
SB ([x s. zJ ,[<O,a> ,

mapping of a onto b;

<l,h, <2,b>}) is

otherwise this value is

if

O.

In order to express the continuum hypothesis we need still one for-

mula which, however, is not an element of Frmpr

om (x): Ord (x)~ (Ey) 10m (y)&',(Ez) [y, z, ~&(z) [(YEZ»-
I xl 0 x

(Et) [Y' t, :0]} ec is the first

uncountable ordinal].

The continuum hypothesis abbreviated CH can now be expressed

as follows:

we

CH: [x, s. z) (lomo(x)&oml(y)& (t) [ (tEz) set ~ xil]_(EU) [Y,u, zJ).

Before exhibiting a model VB in which CH has the val ue 0

want to explain the underlying idea. The model VB will contain 3

elements a, b, C for which the value of the antecedent in CH will

be and the value of the consequent will be O. There is little doubt

how to choose a: the only natural choice is
v

a = W • The natural choice

for c is the element which we constructed in lecture VI when we

verified the validity of axiom Pot: this element together with
v
w gives

the value

take as

tically

b

for the last formula in the antecedent of CH. Hence we

the function with domain BDom(~) whose value is iden-

vCan we take for b the element WI? The answer depends of

course on whether the value of the formula amI (Xl) for the argument
v
WI is 1. Looking at the formula om

i
we can easily convince ourselves

that this is the case provided that the value of the formula [y, z, x] for

the arguments <I(f): 1<1, W>, <2,f>, <0, ~I>} is 0 for each f in

VB If this condition is satisfied, then we shall say that WI is a

cardinal in VB. It can be shown that there are algebras B such

that ~l is not a cardinal of VB
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It is instructive to discuss this phenomenon. In the ordinary mo-

del V the ordinals wand wI are of different powers and thus

for each g in V the truth value of the formula [y, z, xJ for

the argument l <I, w> <2, g> , < 0, WI>} = q(g) is O. It follows

from lemma 2 that SB( [y, z, xJ, <'i(t» = O. However the model VB

contains many elements not of the form g, e. g. all functions whose va-

the whole formulahasand soo

The problem whether the

depends now on the values of

<2, c>}) = v(f) • If there is no

consequent in CH has the value

lues are not only 1. Hence it may very well happen that there will be in

VB an element f not of the form ~ for which SB([Y' z, x1, ~(f)'1.

In next theorem we shall formulate a sufficient condition for B

which enaures that VB does not contain elements f with this pro-

perty. Hence if B satisfies this condition we can take b = ~
1

continuum hypothesis is not valid in VB

SB( [x2' xo' xl]' I <0, f> , <1, t,l>'

f such that v(f) f 0 , then the

CH. Again the problem what is the value of v(f) cannot be ana-

wered in a straightforward way. In the ordinary model V the sets WI

and BDom(W) have different powers provided that the cardinal number

existence of an in

of B is sufficiently big. However this by itself does not preclude the

VB for which v(f) would be 1.

In next theorem we shall formulate a condition on B which suffices

for the equation v(f) = 0 to be true throughout VB. Afterwards we

shall construct an algebra B for which this sufficient condition is

satisfied. In this way the independence of CH will be proved.

In order to have shorter formulae we introduce the following definitions:

Definition 1. [a, C, b] B = SB( [xj' Xi' xJ' f <i, C>, <J. a>, <k, b>}) ,

(X, r, y) B = SB«Xj' Xi' xk), 1<i, f>, <i. x>, <k, y>1)
We shall usually omit the index B •
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Definition 2. We say that a Boolean algebr~ satisfies the countable chain

cortdition (abbreviated ccc) if every set X£. B consisting of mutually

disjoint elements is at most countable.

Remark: elements b ", b" of Bare

Theorem 3. Let B satisfy CClO let

disjoint jf b", b " = 0 •

b , c be elements of VB and

(1)

A a subset of Dom(c) and let the following assumptions hold :

max(r<, ~<A

ley, y'l = 0 for any two (different) e le ruerita of A.

Under these assumptions [b, t, cJ = 0 for each f in VB

Proof. We put for z in Dom(b)

(2)

(3)

c(y) = 1 for each y in Dom (c) ;

Z(z) = JY <s A : [b. t, cJ. (z , f, y)} > 0

If y, y' belong to Z(z), then by Iernma 1 (ii)

rb, r, cJ • (z, t, y). (z, t, y') ~ I(y, y')

and hence, if y I s', the product rb, r, cJ. [z, r, y) . [b, f. c] .

[z, f, y') = 0 according to (3) • Thus

cause otherwise B would not satisfy

Z(zl has at most

c cc , The union

X elements be-

~ Z(z)
zEDom(b)

has power at most max (I( J~) whence. by (1), there is a y in
o

A which does not belong to any Z(z). Since yE. Dam (c) we obtain.

by (2) , ely) = E(y, c) = 1 . Now we use lemma l(i) and infer that

[b. f. cJ. E(y, c) ~r;JE(V,b) • tv. f, yU' The left-hand side of this for-

mula is simply [b, t, cJ: the right -hand side can be trans£ormed accor-

ding to the lemma on bounded quantifiers. Thus we obtai»

[b, r, cJ~~ E:Dom(b) [b(Z). (z, f. y)J. But [b. f. cJ. (z. f. y) = 0
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because y is not in Z(z) for any z

[b, r, c] = 0
in Dom(b). Hence we obtain

We note two corollaries from the theorem proved above :

Corollary 4. If B satisfies ccc and roE wI then [1. f. ~Il = 0

for each in VB
v y y

Proof. Put b = r , A =Dom (WI)' c =W in the previous theorem.
I v

Corollary 5. If B satisfies ccc, then SB(omI(x). WI) = 1 .

Remark. Strictly speaking we shouid have taken ~<o. 'tJi>} and not
vwI as the argument in 5

B
; we shall however use the simpler though

less accurate notation in order to abbreviate our formulae.

K

Proof. We can write om
i

(x) in the form

is the conjunction of 4 formulae

Ord(x)& (Ey) K where

We shall now calculate the values of these formulae for the argument

f<0, c:l'l>' <1, ~>1 (notice that x is the same as xo' and y the same

as xl according to our convention) • Obviously the values of-

Ord(x)&:om (Y)&(YEx) is 1, the value of the third formula mentioned
o

in (*) is 1 according to Corollary 4 . In or-d e r to establish this

result for the last formula (t-) it is sufficient to consider an arbi-

we obtain [,r, g, r-J = 1 which proves our

that W< r < W'I and show that there is an

1 = [~, f. ~] . Now wand r have both the

trary ordinal r such

in VB such that

same power Ho
and

onto r , By lemma 2

thus there is a one-onto mapping g of W

CH to

corollary.

Our next theorem reduces the problem of independence of

a construction of a suitable algebra:

Theorem 6. Let B be a complete algebra satisfying ccc , Let
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of power > )(1 and a function

I, j€ J

IT [a(i, n).... a(j, nJ]
nE-W
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a:7XW-B such

Then CH has the value 0 in VB .

Remark. If at, a" are elements of B, then a 'Ho a" is the

element at. a" +(-a l ) . (-a"). v

Proof. Put P = BDom(w) and let c be a function such that

Dom(c) =P and c(x) =1 for all x in P. As we have explained on

pp.172 the formulae omo(x) and (t) [(t e Z)E(t£ X)] which appear

in the antecedent of CH have the value 1 for the argument f<0, ~>,

<2, c> } (remember that "z" is the same as "x
2"

and "x" the

same as "x
o")

• The last factor in the antecedent of CH is amI (y);

according to Coronary 5 this formula has value for the argument

t<I, ~l>}' Thus the whole antecedent of CH has the value 1 . The

theorem will be proved if we show that the value of the consequent

is 0 i , e. that [;r1' r, ~ = 0 for each f in VB . Let us put
v Dom(l~)

hi(n) = ali, nJ for i e J, nE W • Thus hi~B =Dam (c) Denote

by A the family of all the functions hi' iE J . We shall show that

with this notation and with b = ~l all the assumptions of theorem

3 are satisfied Assumption (1) is true because A =j':;:.J\ and Dom(b)

hall. power Xl' Assumption (2) holds in view of the definition of c.

Finally let y = hi l' h
j

= y' • Then I(y, y') is the product of the element

IT {-hilt) + r: [i(ri, xX). h.(~)]l
n~w mEw . J

and a similar element obtained by interchanging i and j. The first

element is =TT T:h.(t) + h.(X)' =1T. r_a(i, n) + a(j,:I)1 and thusnl!wL" 1 J:.J lIEw/.: 'J
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I(y, y') =~ew ([-a(i, n) + a(j, niJ. [-a(j, n) + ali, n)J) = TL,w[a(i, n)~

o("a(j, ni] = 0 . Thus assumption (3) is satisfied and [tr
l

, f, cJ = 0

Theorem 6 is thus proved.

In order to settle the independence of CH we prove finally

Theorem 7. There exists an a I gebra satisfying all assumptions of

theorem 6 •

Proof. Let J be a set of power > X I and B the

Boolean algebra of regular closed domains in the space prJ) with the

usual product topology. It is well known that this ali<ebra is complete.

A basis of neighbourhoods in P(J) is furnished by the family of sets

U(X, Y) ={ Z S; J : (X f;; Z)oqz n Y =0 )1 where X and Yare disjoint

finite subsets of J. These neighbourhoods are open and closed m prJ) and

hence belong to B;

First we, construct the mapping a: J>< w - J with properties requi-

red in theorem 6. Since Jxw

a one-one mapping g of JXw

={zS; J: g(i, n)~ Z} ; obviously

= ali, n)* alj, n) . Since a(i, n)

and J have equal powers there is

onto J. We put a(i, n) = U(fg(i,n)!,O)=

a(i, n) EB. Let if i and b(i', j, n) =

is open and closed, its complement in

the sense of the algebra B coincides with the set-theoretical complement.

Thus we obtain a(i, n) . a (i, n) =1X,S J : (g(i, n)E X) &(g(i, n)E'X) and

-ali, n) • - a(j, n) =~X£J: (g(i, n); X) 21 (g(j, n) 1X)} and hence b(i, j, n) =

X\; J : (g(i, n)€ X)&(jh n) e X)J. It follows now that 71nb(i, J. n) is

the closure of the interior of the set Z = n b( i l J. n) . In order to show
n

o it will be sufficient to prove that the interior ofthat the product is

Z is void.

Let us assume that Z contains a non-void open set. Hence Z

because this intersectfon is

contains a neighbourhood U(X, Y) • Take

and g(j, n)f. XU Y • Since g(i, n] f g(j, n)

n U(X, Y) is non void. This is impossible

n so that

the intersection

g(i,n)¢X U Y

ali, n) n-a(j, n)n



288 FOUNDATIONAL STUDIES [97), 178

disjoint from Z and U(X, Y) ~ Z.

In order to show that B satisfies ccc it is sufficient to show

that there is no uncountable family of mutually disjoint sets of the form

U(X, y) . This results immediately from a well-known theorem of

Marczewski [Fundame.nta Mathematicae 34) for completeness' sake we

give here a proof (due to Cohen) of the special case of Marczewski's theo-

rem.

We notice first that (U(X, Y) n U(X', Y') = 0)::::: [lX n Y')U(X'nY) f oj
For if the left-hand side is true, then any set Z contained in J and

containing X U X' cannot be disjoint from Y U Y! and in particular

(X U XI) n (YUY') f 0 which is equivalent to the righ-hand side because

X n Y = X' n Y' = O. Conversely, if iE(X n Y') u(X'nY) t.g. iE"X nY'-,

then each set in U(X, Y) contains but none set in U(X', Y') does so.

Now let us assume that there is an uncountable family U(X
r'

Yr)

where reR of mutually disjoint neighbourhoods. Since X
r

U Y
r

is finite,

we can at once assume that all these sets X U Y have the same num-
r r

ber, say n, of elements. This follows by the observation that for at least

n the set R' =lr€R: X
r

UY
r

has n elements} must be uncountable

and hence we can replace R by the set R'.

We shall obtain a contradiction by showing that for each k there

is an uncountable set R
k

<;. R and a set P k with exactly k elements

such that P k.£ X
r

U Y r for each r in R
k.

For k = 0 we set

Po = 0, R
k

E R • Reasoning by induction we assume that k ~ 0 and that

sets PoE ... ~ P
k•

Ro~ ...2 R
k

have already been defined in such a

way that P k has k elements, R
k

is uncountable and

for arbitrary r , s in R
k

•
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such thati = i(s)

neighbourhoods U(X
r,

Yr ) and
o 0

s in R
k

- ir 05 there is an element

Since < X • Y > f < X • Y > whenever r f s and since there
r r s s

are only finitely many pairs of subsets of Pk' it is clear that there

exists an r
o

in R
k

such that (X
r

U Y
r

) - P
k

f O. For sf r
o

the
o 0

U(X s ' Ys) are disjoint; hence for each

ic(X
r

fI Y
s)

U (xsn Y
r

)
o 0

Each such . i belongs to X
r

U Yr but
o 0

would either belong to pknX
r

ny
s

or to
o

according to (*) either to P kn X
s

n Y s or to

none to P k" Otherwise

PknXsnY
r

and hence
o

P
k
" n X n Y which

r r
o 0

is impossible because these intersections are void.

Now notice that (X U Y ) - P is a finite set and hence there
r r k

is an i in this set such °that 0 i(s) = i for uncountably many s ,
o 0

Let P k+ l =P k UjioJ and let Rk+1 = ~ s€R k : i(s) = ior., We have to

But

which is impossible.X
r

The
o

verification of the

sforvalidalsois i = i
o

if we replace

ioE XI' because otherwise i
o

would belong to

We show similarly that if ioE X
r'

then ioE X
s'

last condition (* ) is analogous ,

verify ("*") for the sets P k+l and R
k+ 1

, First condition is satisfied

i E X U Y for an arbitrary s in R . In order to verify
o s s k+l

the second condition we have to prove that (ioe Xr"=(ioE: X
s)

for arbi-

trary r , s in Rk+
1

• Thus assume ioE X
s

; by If*) i
o

E. Yr
o

by 1" hence

because

Letting

elements which

k = n + 1 we obtain that X U Y has more than n
r I'

is a contradiction, Theorem 7 is thus proved,



On the independence of the well-ordering theorem from the
ordering principle

by

A. M 0 S tow ski (Warszawa)

(Translated from German original Uber die Unabhiingigkeit des Wohlordnungssatzes
on Ordnungsprinzlp by M. J. Maczyriski]

In the present paper we consider the problem (formulated by Fraenkel)
of the independence of the axiom of choice from the so-called ordering
principle. e)

We precede the formal proof by some introductory remarks in order
to facilitate the understanding of the subsequent considerations.

It is known that among the axiomatic systems which represent a for-
malization and extension of Zerrnelo's set theory two kinds of systems may
be distinguished. To the first kind belong systems which exclude the exis-
tence of so-called primitive elements (Urelemente), i.e. things that are
not sets. The second kind comprises systems in which the existence of infi-
nitely many such primitive elements is provable or at least can be shown
to be non-contradictory.P) Both groups contain systems which permit
a formal development of various parts of set theory: for example in Zer-
melo's system(3) the theory of sets of power < ~O+2N·+22N.+ ... can
be evolved, the framework of Fraenkel'st") or von Neumann'st") system
allows one to develop the theory of power below the first inaccessible aleph,
and recently some even richer systems have been considered.I")

From the metamathematical point of view, the systems of the first kind
are undoubtedly the most interesting ones. But those systems will not be
considered here: the method of proof to be used in this paper openly de-

(') See A. F rae n k e I, Ein/eitung in die Mengen/ehre, 3rd ed., Berlin 1298, p. 320.
(') See E. Z e r mel 0, Uber Grenzzah/en und Mengenbereiche, Fund. Math. 16

(1929), pp. 29-47.
(') See E. Z e r mel 0, Untersuchungen iiber die Grund/agen der Mengenlehre, Math.

Ann. 65 (1908), pp. 261-281.
(4) See the book of A. Fraenkel cited in (I), § 16.
(') See J. v. N e u man n, Die Axiomatisierung der Mengenlehre, Math. Zeitsehrift

27 (1928), p. 669 f.
(6) See A. Tar ski, Uber unerreichbare Kardtnalzahlen, Fund. Math. 30 (1938),

pp, 68-89. In particular see § 2.
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pends on the existence of primitive elements. On the other hand, our con-
siderations can be applied to all systems of the second kind. However, we
will carry out the proof only for a certain fixed system 6, which will be
described in § 1. This system was actually introduced by Bemays(') we only
give another formulation for the axiom of definiteness. This slight' modifi-
cation aims at ensuring the possibility of introducing primitive elements.

In the system 6 a considerable part of the "naive" set theory can be
reconstructed, namely that part in which only sets of power below the first
unattainable aleph are considered. In particular, the whole theory of order
for such sets can be developed and in connection with this the well-ordering
theorem and the ordering principle (i.e. the assertion that every set can be
ordered) can be formulated. It should only be shown that the well-ordering
theorem is independent of all the axioms of 6 and of the ordering principle.

This is carried out by an application of the classical method of inter-
pretation.t") namely we take from general methodology the fact that to
obtain the proof it suffices to give an interpretation of the basic notions of
the system 6 in some consistent system 6' such that all axioms of 6 and
the ordering principle change into provable theorems but the well-orde-
ring theorem changes into the negation of a provable theorem. Hence in the
sequel we shall restrict ourselves to the derivation of the model and to
the proof that in this model the axioms of 6 and the ordering principle
are satisfied but the well-ordering theorem is not. The question ofconsistency
of the system 6, since it does not belong to these problems, will be left
outside our considerations.P) It will be a (tacit) assumption in all our
theorems that 6' is a consistent system.

Now how should the system 6' be selected? It turns out that this choice
can be made to a great degree arbitrarily: as 6' we can take every system
of set theory which permits forming powers as large as in 6 and contains
the axiom of choice among provable statements; whether 6' belongs to
the first or to the second kind considered above is immaterial. For definite-
ness we select as 6' the axiomatic system of von Neumann.r'") which
clearly satisfies both requirements. Since it would be very cumbersome to
express the proof in the formalism of von Neumann's system, we hold to

C) See P. Be rna y s, A system 0/ ax.omatic set theory, Part 1. Journal of Syrn-

bolic Logic 2 (1937), pp. 65-77.
(8) See th.e book of Fraenkel cited in (');. pp. 340-343.
(9) For this question see A. Tar ski, Der Wahrheitsbegriff in formalisierten

Sprachen, Studia Philosophica 1 (1936), pp. 261-405. In particular, see "Nachwort",
p. 393 fT.

(' 0) See footnote (5).
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the language of naive set theory, familiar to all set theoreticians. The com-
plete translation of the proof into the framework of von Neumann's system
presents no essential difficulties.

This explains the fact why in our exposition we can afford to use several
notions which are of imprecise or even contradictory character in naive
set theory but are admissible in. von Neurnanu's system. To such notions
belongs, for example, the notion of the domain of all sets or of all ordinal
numbers. The notion of ordinal number, which is often not sufficiently
precise in naive set theory, should be understood in the sense given by von
Neumann. Also we can make unlimited use of inductive definitions, which
are perfectly admissible in the system of von Neumann.Cll)

At the end of this paper we will return to the question of constructing
the model in other axiomatic systems.

The basic idea of the proof is closely related to ideas that have been
developed in several of Fraenkel's papers. (I2) Also the investigations of
Lindenbaum and myself concerning the independence of the axiom of
choicer'j') have been conducive to the writing of this paper. In particular,
the construction of the sets An (see 15 and footnote eO)), basic for the
whole proof has been taken from the joint work of Lindenbaum and myself,
soon to be published, where the results of this investigation will be pre-
sented in detail.

Concerning the outward form of the proof, I would like to remark that
I proved the theorem discussed here earlier, by a formally quite different
method: the construction of the model was replaced by certain operations
with formulas in some forrnal language.I!") From the logical point of view

(' I) Besides the paper cited in (.) see also the followingworks of von N e u man n:
Zur Elnfilhrung der transfiniten Zahlen, Acta Litt. ac sclentiarum univ. Hung. Franc.
Joseph. Sectio sc. math. 1 (1923), PP. 199-208; Uber Definittonen durch transfinite Induk-
tion und verwandte Fragen der a/lgemeinen Mengenlehre, Math. Ann. 99 (1928), pp.
373..,391.

(12) See Uber den Begrijf "defintt" und die Unabhiingigkeii des Auswahlaxioms,
Sitzungsb. d. Preuss. Akad. d. Wiss. Phys. Math. Klasse (1922), pp. 253-267; Sur
l'axiome du choix, L'Enseignement Math. 34 (1935),pp. 32-51; Ilber eine abgeschwiichte
Fassung des Auswahlaxioms, The Journal of Symbolic Logic 2 (1937), pp. 1-25.

(,3) See the communique of A. Lindenbaum and mine: Uber die Unabhiingigkeit
des Auswahlaxioms und einiger seiner Folgerungen, C. R. de la Soc. des Sci. et des Lettres
de Varsovie 31 (1938), pp. 27-32.

(14) This so-called method of'relativization is due to Tarski and has been presented in
my paper entitled: 0 niezaleinosci definicfi skonczonosci w systemie logiki (On the inde-
pendence of the definition of finitness in the system of logic). This paper appeared as an
appendix to the 16th volume of the annual report of the Polish Mathematical Society.
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this method has perhaps certain advantages, but it is 'much more compli-
cated than the one used here. The knowledge of the present method, con-
sisting in constructing the model, lowe to Godel's lectures on the system
of axioms of set theory.I'") where Godel used this method to prove the
consistence of the axiom of choice. At the end of this paper, I will have
another opportunity to return to this important and interesting result of
GodeI.

§ 1. The axiom system 6

BASIC NOTIONS: Individuum, Class, e; A.
The logical character of these basic notions is the following: "indivi-

duum" and "class" are predicate names with one free variable; e is the name
of a relation which can hold between two individua or between an indi-
viduum and a class; .11 is an individual constant. As a logical basis for the
subsequent system of axioms it is quite sufficient to take the narrower func-
tional calculus (without identity).

DEFINITION I. An individuum x is identical with an individuum y (in
symbols x Idy) if and only if for every class A the formulas x e A and yeA
are equivalent.

AxIOM 1. A is an individuum.

DEFINITION II. x is a set if and only if x is an individuum and either
xIdA holds or there exists an individuum y such that y e x.

AXIOM 2 (the axiom of definiteness). If x, yare sets such that for every
individuum z the formulas z e x and z e yare equivalent, then xIdy holds.

AxIOM 3. If x is a set and y an individuum such that ynon e x, then there
exists a set z such that for every individuum t the formula t i z is equivalent
to the disjunction t E X or tIdy.

AXIOM 4 (the axiom of union). For every set x there exists a set y such
that for every individuum z the formula Z E Y holds if and only if there exists
an individuum t for which z e t and t E X.

AxIOM 5 (the axiom of power set). For every set x there exists a set y
such that for every individuum z the formula z E y holds if and only if z is
a set and for every individuum t the formula t e z implies the formula t E X.

(15) At the University of Vienna in the summer semester 1936/37.
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DEFINITION HI. For arbitrary individua u, v we denote by (u, v) that set
x which satisfies the condition: for every individuum t we have t e x if and
only if tldu or tIdv.

DEFINITION IV. For arbitrary individua u, v we denote by [u, v] that
set x which satisfies the condition: for every individuum t we have t s x
if and only if tld(u, u) or tId(u, v).

AXIOM 6 (the axiom of infinity). There exists a set x such that ./1 e x and
for every individuum y the formula y e x implies the formula (y, y) e x.

AXIOM 7 (the axiom of empty set). We do not have x e A for any indi-
viduum.

AXIOM 8 (the axiom of foundation). If A is a class and there exists an
individuum x such that x e A, then there exists an individuum y such that
yeA and the formulas t e yond teA do not simultaneously hold for any
individuum.

AXIOM 9. If x is an individuum, there exists a class A such that for every
individuum t the formulas teA and tId x are equivalent.

AxiOM 10. If A is a class, there exists a class B such that for every indivi-
duum t the formulas t e B and t non e A are equivalent.

AXIOM 11. If A, B are classes, there exists a class C such that for every
individuum t the formula tee is equivalent to the conjunction: t e A and
t e B.

AXIOM 12. There exists a class A which satisfies the following condition:
for every individuum t we have t e A if and only if t is a set, t ¥ A, and from
x e t, yet for any individua x, y it always follows that x Idy.

AXIOM 13. There exists a class A which satisfies the following condition:
for any individuum t we have teA if and only if there exist individua u, v
such that u e v and tld[u, v].

AXIOM 14. For every class A there exists a class B with the following prop-
erty: for any individuum t we have t e B if and only if there exist individua
u, v such that u e A and tId[u, v].

AXIOM 15. For every class A there exists a class B such that for any indi-
viduum the formula t e B holds ifand only if there exists an individuum u such
that [t, u] e A.

AxiOM 16. For every class A there exists a class B such that for any indi-
viduum t the formula t e B holds 1f and only if there exist individua u, v for
which [v, u] e A and tld[u, v].
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AxIOM 17. For every class A there exists a class B such that for any indi-
viduum t the formula t EB holds if and only if there are individua u, ti, w
for which [u, [v, w]] EA and tId [[u, v], w].

AXIOM 18 (the axiom of replacement). Ifx is a set and A a class with the
following property:

for any individua u, 'V, w,jrom [u, v] EA and [u, w] EA it follows that '1iIdw

then there exists a set y such that for any individuum z the formula z Ey holds
ifand only if there exists an individuum t for which t EX and [t, z] EA.

From the above axioms the whole "classical" set theory can be derived.
Here we do not need to develop the complete theory and we limit ourselves
to two definitions concerning the notions of ordering and well-ordering.

DEFINITIOW V. A set y orders a set x whenever x =1= A and for any indi-
vidua u, v, W E x the following conditions are satisfied:

[u, v] Ey or [v, u] Ey;

if [u, v] E y andunonIdv, then [v, u]non E y;

if [u, v] Eyand [v, w] Ey, then [u, w] Ey;

[u,u]ey.

DEFINITION VI. A set y well-orders a set x if it orders x and the following
condition holds: if z is a set such that z non Id A and for every individuum
t the formula t E Z implies the formula t E x, then there exists an individuum
us z such that for every individuum v e z holds.

With the aid of these definitions, the ordering principle and the well-
ordering theorem can be expressed as follows:

ORDERING PRINCIPLE. For every set x=l= A there exists a set y that or-
ders x.

WELL-ORDERING TTHEOREM. For every set x =1= A there exists a set y that
well orders x.

As we have already mentioned, the system 6 represents a modification
of the system of Bernays. The difference between the two systems con-
sists in: lOa different formulation of the axiom of definiteness and 20 a differ-
ent choice of the basic notions. In the system of Bernays there appear
four basic notions: "Set", "Class", "n" (the relation of membership of
a set to a class), "e" (the relation of membership of a set to a set). The first
two notions can in fact be defined with the help of e and 1). We have chosen
different basic notions in order to be able to come out with the relation of
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inclusion, which in our opinion is more in agreement with mathematical
usage. The constant A has been included in order to construct an axiomatic
system which does not exclude the existence of individua that are sets.

In our opinion the "natural" systems of set theory are those which in-
clude only two basic notions: "set" and "s", The several formal systems
of this kind which have been published are unsatisfactory in that, in addition
to proper axioms, they contain "axiom schemes" which are based in fact
upon infinitely many axioms. As Mr. Tarski and I have jointly observed,
one can give thoroughly finite systems of axioms of this kind which are at
least as rich as the system of Bemays. We intend to present such a system
of axioms in another paper.

§ 2. The construction of the model

Starting with this section we will work within the framework of von
Neumann's system of set theory. We use Latin letters to denote sets, and
Gothic letters to denote domains(*) of sets, which in general need not be
encompassable by any set. The letters ~, fJ, 1;, 1: denote ordinal numbers
and the letters cp, "P, ~-certain functions. Moreover, the usual notation
of set theory will be used.

1. For every set x we denote by I,p(x) the system of all non-empty subsets
of x.

2 (Inductive definition for Ee(x». For every set x we put: a) Eo(x) = x;
b) Ee(x) for ~ > 0 is the set of those t for which either t E X or there are
z and fJ < ~ such that t E Z E Eq(x).

3 (Inductive definition for E.('2l». For every domain '2l we put: a)
Eo('2l) = '2l; b) Ee('2l) for ~ > 0 is the domain of all t for which either
t E '2l or there are fJ < ~ and y E E~(~) such that x E y.

4. If x , yare sets and y E x, we have Ee(y) C EH 1(x)for every ordinal
number ~.

Proof. If ~ = 0 and t E EoCY) = y, then there is a Z E x (and clear-
ly we have z = y) for which t E Z E X = Eo(x). Thus we have t E E 1(x),
i.e, EoCY) c E 1 (x). Let us assume that the theorem holds for all numbers

(*) In the German original, the author uses the term "Bereich". In contemporary
English mathematical text, the words "class" or "aggregate" would be probably employed.
Since the author uses the word "Klasse" in another meaning, we have decided to trans-
late ."Bereich" literally by "domain". (Translator's remark)
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'YJ < ~. If t E L'0(Y), then we have either t E Y or t E Z E L'~(y) for some Z
and some 'Yj < ~. In the first case we clearly have t E L'o+ 1 (x) as t EyE X
= L'o(x); in the second case we infer from the induction hypothesis that
tEZ EL'~+I(X) and, since 'Yj+l -::: ~+I, we obtain tEL'O+I(X). Hence
we have L'o(y) c L'H 1(x), which was to be proved.

5. If ~, 'Yj are ordinal numbers and ~ < n, we have L'o(x) c L'~(x) for
every set x and L'0('.21) c L'~('2f) for ever)' domain '21.

Proof. If t E L'o(x), we have t E X or t E z, where Z E L'o(x), C< ~

< 'Yj. In both cases in view of 2 we have t E L'~(x). The proof for domains
is quite analogous.

6. For every ordinal number ~ we denote by ~ -I the number which
immediately precedes ~, if such a number exists. If ~ is a limit number or
0, we put ~ - I = ~.

7. If u, v are sets, we have

L'o({u,v}) = {u,v}

and

L'o({u, v}) = {u, V}+L'o_l (u)+L'O-I (v) for all ~ > 0.

Proof. For L'o( {u, v}) the formula is evident. Further t E L't( {u, v})
if and only if t 'E {u, v} or there is a Z E {u, v} such that t E Z. But this
is equivalent to t E {u, v}+u+v = {u, v} +L'o(u) +L'o(v). Hence the
theorem holds for ~ = I. Let us suppose that it holds for at! 'Yj < ~ where
~ > 1. By 2 we have tEL'o({U, v}) if and only if t e {u,v}, or if tEZ
E L'~( {u, v}) for some z and 'YJ < ~; here one can assume 'YJ-1 < tt- By
the induction hypothesis the second of these conditions yields either t E Z

E {u, v} or tEzEE~_I(u), or finally tEZEE~_I(v). From 'YJ < ~ we
obtain 'YJ -I < ~ - I, and from 5 it follows that u c L'0-1(u) and v
c L'0-1(v). Hence we have either f E U+v C L'O-I (u)+L';_I (v) or tE1:';_1(u),
or t E L'0-1(v) that is t E {u, v} +L'0-1(u)+L'o-I (v). Conseqnently, we obtain

(I)

If t E L'O-I (u)+Eo- 1(v) and ~ =I- 0 is not a limit number, then by 5 we have
t E L'o(u)+L'o(v). On the other hand, if ~ is a limit number or 0, then by
6 the formulas t E Eo- l(u)+L'o-I(V) and t E L'o(u)+L'o(v) are equivalent.
Hence the inclusion L'o_I(U)+L'O_I(V) c Eo({u, 'v}) is proved. Since also
{u,v} c L'o({u,v}) clearly holds for ~ > 0, We have {u,v}+EO_ 1(u)+
+ L't -1 (v) c L'o({u, v}), which by (I) yields the desired equality.
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8. For every set x and every ordinalnumber ~ we have

E~(El(X» = E~+I(x) = El(E~(x».

Proof. The formula is evident for E= O. We suppose that it holds
for all 'YJ <~. If t E Ee(E~(x», we have either t E E1(x) or t E Z

EE'1(E1(x», where 'YJ < E. In the first case we have by S tEEe+l(X).
In the second case the induction hypothesis gives t E Z E E'1+ 1(x), which
in view of 2, Sand 'YJ + I < E+ I implies the formula t E Ee+ 1(x). Thus
we have proved that

(I) E~(El(X» c Ee+l(X).

Now if t E Ee+ 1(x), we have either t E X or t E Z E E'1(x) for some Z and
'YJ < ~+1. In the first case in view of 2, Sand 1] < ~ we have t E Z E E~(x),

i.e. t E El(E~(x». Hence We have

(2) Ee+l(X) c (El(E~(x».

Finally, if t EEl (E~(x» we have either t E E~(x) or t E Z E .E~(x) for
some z. In the first case we have either t EX C E 1 (x) C E.(E(x», or
t E U E E'1(x), where 1] <~. If the latter holds, we obtain t E E'1(E1(x»;

hence by induction t E E'1(E1 (x) and consequently by S t E L'~(EI (x»,
as we have 'YJ ~ ~. Thus in the first case t E E~(EI (x) always holds. Simi-
larly we consider the second case; namely we have either t E Z E x or t E Z

EVE Eix), where 'YJ < e. In the first case we obtain t EEl (x;)
C L'~(EI (x», and in the second case t E Z E E1(E(x» = E'1(E1(x», i.e,
t E E'1+ I(EI (x»; since we have 'YJ+ I ~ ~, it follows by 5that t E L'~(El(X».

Hence we obtain the inclusion

(3) El(E~(x» C E~(El(X».

Now our theorem follows immediately from (1), (2) and (3).

9. Ifu, v are sets and~, !B domains, wehave

E~(u+v) = L'~(u)+E~(v)

and
E~(~+!B) = E~(~)+E~(!B)

for every ordinal number r
Proof. It suffices to consider only the first formula; the proof of the

second is quite analogous.
For ~ = 0 the formula clearly holds. Now we assume its validity for

all 1] < ~. If t E E~(u+v), we have either t E (u+v) or t E Z E E'1(u+v)
where 1] < ~. In the first case we obtain by 5 t E Eo(u)+L'o(v) c E~(u)+
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+E,(v); in the second case according to the induction assumption we have
IE Z E E~(u)+E~(v); hence IE Ee(u)+E,(v). Conversely, if we have
leE,(u)+E,(v) then either leu or t e o or texEE~(u) or t e y
e E,(v), where 'T}; C< ~. In the first two cases we have t e U+V E I,(u+v);
in the third case, by the induction assumption, we have lEy E I'1(u) +
+I'1(v) C I'1(u+v); hence in view of 2 t E I,(u+v). Similarly we show
in the fourth case that t e I,(u+v). This formula generally holds for I

e E,(u)+E,(v). Hence we have proved the equivalence of the formulas
IE E,(u+v) and IE I,(u)+E,(v).

10. If u, v are sets, <21,58 domains, and u c v, <21 c 58, then we have
E,(u) c: E,(v) and E,(<21) c E,(58) for every ordinal number ~.

This follows directly from .9.

11. For every ordinal number ~ and every set ofsets x we have

Ill:: y) c I,+ I (x).
yex

l' roo f. By 2 we clearly have LY c II (x). By applying 10 and 8 we
yex

conclude that
I,(L y) c E,(I1(x» = Ie+ I (x),

yex

which was to be proved.

12. If x is a set, <21 a domain, and ~ an ordinal number, then I we have
I,(~(x)· <21)-~(x)' <21 c I,(x).

Proof. The formula is evident for ~ = O. We assume its validity for
all 'TJ < ~. If t E Ie(~(x) . <21) - ~(x) . <21, then there are '1 < ~ and z such
that I e z e E~(~(x) . <21). If z E ~(x) . <21, we have I E Z C X = Io(x)
c I,(x). If z non E ~(x)~, then by the induction assumption we have
IE Z e E'1(x); thus we have IE I,(x). Hence the formula t E LE(x) holds
in all the cases, which was to be proved.

13 (Inductive definition for an). a) ao = 0; b) an+l = {an}.

14. z= E[n=0,1,2, ... ].
a.

15. An = Z- {an} for n = 0, 1,2, ...

16. K = E[n = 1,2, ... ].
A.

17 (Inductive definition for K,).
a) Ko = K+ {Ao};
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b) K. = L K~+~(L K~) for ~ > 0.
~<. ~<.

18. If l;, 'Yj are ordinal numbers and ~ < 'Yj, we have K. c K'1.

The proof by induction presents no difficulties.

19. For arbitrary ordinal numbers ~, 1] we have E.(K'1) c K'1+Z.

Proof. The theorem holds for l; = 0, since Eo(K'1) = K'1' We
assume that the theorem holds for all !; < l;. If t E E.(K'1)' then either
we have t E K'1 or there are Z and!; « ~ such that t E Z E E. (K'1). In the
first case we have t E K'1 +Z. In the second case we conclude from the induc-
tion assumption that t E Z E K'1+Z. Now if we have Z E Z, then by 14
we have z = an for some n, and consequently by 13 t = an-I E Z. But if
we have Z E K'1' there is a smallest number i:::;; 1] for which Z E Kr- If
r = 0, then by 17 we have z = Am for some m, and by 15 t E /l mC Z, i.e.

tEZ. If i > 0, then by 17 we have K, = L+i.J3(LK.) and since t
v-et 11<1

non E K. for jJ < or, we have Z E ~(L K.), i.e. by 1 0 # Z eLK•. From
J'<T JI<T

this we obtain tEL K., hence by 18 t E KIj" In any case we have t E K'I +Z,
v<i

which was to be proved.
20. By 9)1 we denote the domain of all x for which there is a l; such

that x E K., If x E IDl, we denote by -rex) the smallest ordinal number l;
such that x E Ks-

21. If x E IDI and rex) > 0, then we have 0 =1= x c 2: K'1 and iCY)
II «(x)

< rex) for el'ery J' E x.

The proof follows immediately from 17 and 20.

22. Ifx is a set and 0 # x c K., then x E K.+ 1 and consequently x E 9)(.

Proof. From 0# x c K. it follows that 0# x c L K'1' i.e. x
,/<.+1

23. If U E IDl-Ko, then '-P(u) E IDl.

Proof. By 21 we have 0# i.J3(u) c ~( L K'1) c K,(u), from which
'1«(u)

in view of 22 it follows that ~(u) E IDl.

24. Ifu is a set and 0# U c IDl c Ko, then LXEIDl.
xeu

Proof. For x E U we have -rex) > 0; hence by 21 0 # x c L K'1.
'1«(x)

If!; is an ordinal number which exceeds all -rex) with x E u, then it follows
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that x c L K~ for all x EU, and in view of 18 0# LX C K. By 22 this
f]<~ XEU

yields L x E ffi1, which was to be proved.
xeu

25. 0, {a} non E ffi1.

Proof. It is obvious that 0, {O}non E Ko . If ~ > °and Onon E K;

holds for all n < ~, then °non E L: KTJ and by 1 we have Onon E ~ (L K~).
TJ<e ~«

By 17 this implies that anon E Ko;hence by induction anon E ffi1.
If we had {a} E ffi1, then by 21 we would have {O} C L K~ for ~

~<e

= r( {O}). But this is impossible, since °non E L: KTJ' This ends the
'1<0

proof.

26. If x E Ko and y E x, then ynon E ffi1.

Proof. If the theorem were false, then by 14, 15, 17 and 2.0 we would
have an E Ko for some n and ~. By 13 and 21, this would imply {a} E Ko'
which contradicts 25.

27. If~ is an ordinal number and x E ffi1, then we have a) L'o(x)- ffi1 C Z;
b) L'e(ffi1) C ffi1 +Z.

Proof. a) If rex) = 0, then x = Am for a certain m and our asser-
tion is evident. If rex) > 0, then by 18 and 21 we have xc KT(x); thus
in view of 10 and 19 L'e c KT(x) -HZ and consequently L'e(x) - KT(x) c Z.
Since Kf(x) c ffi1, it follows that L'e-ffi1 c Z, which was to be proved.

b) The formula dearly holds for ~ = 0. Now if ~ > ° and L,/(ffi1)
c ffi1 +Z for all 'fJ <~, (hen every x E L'e(M) satisfies either the formula
x E ffi1 or the formula x EyE L'TJ(ffi1), where 'fJ < ~. In the second case
we infer from the induction assumption that y E ffi1 +Z. If y E Z, then
by 13 and 14 we have x E Z. If Y E ffi1 and r(y) = 0, then by 15, 16,17
we have x E Z. Finally, if r(y) > 0, then by 18 and 21 we have x E y
C Kr(y) c ffi1. Hence in all these cases we obtain x E ffi1 +Z, which was
to be proved.

28. By (fio we denote the system of all one-to-one maps of K onto itself.
The map arising by the composition of two maps cp, tp E (fio is denoted
by cptp (16); by cp-I we denote the map inverse to cp.

29. For x E K and ep E <Do we denote by cp(x) that element of K which
arises from x under the map cp.

(16) Le., the map 'P is performed first, and then cp.
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30 (Inductive definition for lip, xl). We put for x E 9Jl and Ip E (!)o:

a) IIp,Aol = A o; b) lip, x] = Ip(x) for xEK; c) lip, xl = E [yEXJ if
19',YI

'rex) > 0.

31. If x Em and lp E (!)o, then lip, x] Em.

Proof. If 'rex) = 0, then the assertion results directly from 30 a), b).
We assume the validity of the assertion for all x with 'rex) < ~ and consid-
er an x for which 'rex) = ~. From 25,30 c) and the induction assumption
it follows that °#: lip, x] c 9.11, and in view of 22 we obtain 19', xl E 9.11,
which was to be proved.

32. If x is a set and 0 #: x c 9.11, then IIp, x] = E [y EX].
19',YI

Proof. From 22 we easily obtain the existence of an ordinal number
~ for which x E K.. Consequently we have x E 9.11. By 26 we must have
-rex) > 0, a'l1.d now our assertion follows directly from 30 c).

33. If x Em and rp E (!)o, then IIp-i, lip, xii = x.
Proof. We proceed by induction with respect to 'rex). If 'rex) = 0,

our assertion is evident. Now we assume that it holds for all x with 'rex) < ~,

and let x be an element of mwith 'rex) = ~. Since ~ > 0, we conclude by
21 that 0 #: x c 9.11, and next, in view of 32 and 31, we get °#: lip, x]
= E [y E x] C 9.11. By another application of 32 we obtain !rp-I, lip, xii

19',yj

E [y E x]. Since by 21 we have 'r(y) < ~ for y E x, we conclude
19'-I,I9',yj!

from the induction assumption that IIp-i, lip, xii = x,which ends the proof.

34. If Ip E (!)o and x, y E m, then the.formulas x E y and lip, x] E lip, yl
are equivalent.

Proof. Let x E y. From 26 it follows that y non E Ko , and hence
'r(Y) > 0; thus, by 21,°#: y C mand further, in view of 32,19', yl = E [t

19",11
E y]. Hence from x E y it follows that Irp, x] E Irp, yi. Conversely, let lip, yl
E lip:YI. By 31 we have lip, yl Em; hence by 32 we obtain ["P, Irp, {'Ii
= E [t E lip, ylJ for "P E (!)o. If we put here "P = Ip- " by 33 We obtain

1",,11
x E y, which was to be proved.

35. If x E 9.11 and IpE (!)o, then 'rex) = 'r(IIp, xl).

Proof. We proceed by induction with respect to 'rex). For .(x) the
assertion is evident in view of 30 a), b). Now let ~ > 0, .(x) = ~ and let
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us assume that the assertion holds for all y with r(y) < ~. By 21 we have

o oF x c 2: K~, from which in view of the induction hypothesis and 32
'1<.

we obtain 0 =1= l<p, x] c 2: K~, i.e. l<p, x] E K.. We also have r(I<p, xl)
'1<.

~ ~. If we had r(/<p, xiI) < ~, then by the induction assumption We would
obtain r(I<p- 1, l<p, xII) < ~, i.e., by 33, rex) < ~. Since this contradicts
our assumption, we have r(lcp, xl) = ~ = reX), which was to be proved.

36. Ifx E 9n and <P, tp E <»0' then we have l<p, Itp, xii = l<p, tp, x].

Proof. We again use induction with respect to rex). If rex) = 0,
then the theorem holds. We assume that ~ > 0 and the theorem holds for
all y E 9n with rey) < ~. Let rex) = ~. By 32 We have Itp, x] = E [y E x],

i.... y!
where, in view of 21 and 35, r(ltp, yl) < ~ for y EX. Consequently we have
o oF Itp, x] c 9n, from which by 32 we obtain the formula l<p, Itp, xii
= E [t E /tp, xl] = E [y E x]. Now the induction assumption yields

Icp.11 1'1'.1'1'.111
l<p, Itp, xii = E [y E x] = l<ptp, x], which was to be proved.

I'I''P,YI

37. If x E 9n, <P E <»0' and ~ is an ordinal number and L.(X)9n E 9n,
then we have l<p, L'.(x) . 9n1 = ..r.(I<P, x)l' 9J?

Proof. The assertion holds for ~ = O. In fact, we have L'o(x) = x
and L'0(1<p, ",I) = l<p, x], Further we have x non E Ko, since otherwise in
view of 26 we would have x . 9n = 0, and by 25 it is evident that the assump-
tion L'.(x) . 9JI E 9n could not then be satisfied. Hence we have rex) > 0,
from which by 21 we obtain 0 "# x c 9n. Now from 32 it follows that

(I) l<p, x· 9n1 = E [y EX' 9n].
I'I',Y!

Hence we have Z E Icp, x· 9n1, and so z = l<p, YI, where y EX' 9n.
Thus according to 34 we have l<p, y) E l<p, x], and according to 31 we have
l<p, yl E 9n. Consequently, we have Z E l<p, x] . 9n, and thus

(2) l<p, x· 9n1 c l<p, x]: 9n.

Now if Z E l<p, xl' 9n, then by 33, 34 and 31 we have l<p-t, zl EX' 9JI,
from which by (I) it follows that 1<p,1 <p-l, zll E l<p, x· 9n1, i.e., in view of
33, z E l<p, x· 9Jl1. Hence we obtain the inclusion l<p, xl' 9Jl c l<p, x· 9Jl1,
which together with (2) shows that our theorem holds for ~ = O. Now we
assume the validity of this assertion for all 'YJ <~. Let <P E <Do, x E 9n,
.r.(x) . 9Jl E 9J1. Then we have L'.(x)· 9Jl non E Ko, since otherwise, in
view of 25 and 26, we would have L'.(x)· 9n = °non E 9Jl. Hence the
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(3)

number T(L~(x)·W1) is > 0, from which by 21 we obtain 0 # E.(x)· W1
c W1, and consequently, in view of 32,

Ip, L'.(x)· ml = E [y E E.(x)· m].
!'I',y!

Hence if Z E Ip, l.~(x) . W11 then there is an y E Ee(x) . W1 for which
Z = Ip, yl. Now there are two cases to be considered: either y E X or there
is a 1 and a number 'YJ < ~ such that y E 1 E E~(x). In the first case we infer
from 31 and 34 that Z E Ip, x] . m, and a fortiori Z E Ee(lp, xi)· m. In
the second case we reason in the following manner: if we had 1 non E W1,
then by 27 we would have 1 E Z, from which y E Z and y e u E Ko for
a certain u. From 26 it would then follow that ynon E W1, which contradicts
our assumption. Hence we have y E 1 E E~(x) . m. By 34 this implies
z = Ip, yl E Ip, 1/ E IpE~(x)' W11, from which by an application of the
induction assumption it follows that Z E L'~(Ip, xi)· W1. Hence we have
proved

(4)

Now, conversely, let y E Ee(lp, xi) . m. We again have to distinguish
two cases: either YElp, xl . m, or there is a t and a number 'YJ < ~ such
that y e t E E~(lp, xi). I~ the first case, from 31, 33, 34 we 'obtain Ip-l, yl
EX' W1, which in view of 33 and 34 implies YElp, 4.(X)· mi. In
the second case we conclude, as above, that 1 Em. From y E 1 E Ip,
4~(\p, xi)· m it follows by using the induction assumption that y e t

E Ip, Eix)' ml, which by 33 and 34 gives Ip-l, yl E Ip-l, 11 E E.(x)· m.
Consequently We have Ip-l, yl E 4e(X) . m, hence by another application
of 32 and 34 we obtain YElp, 4e(X)' mi. Hence we have proved that

(5)

and formulas (4) and (5) show the validity of the theorem for the number
~, which was to be proved.

38. A set (f) c (f)o is called a group if tp , "p E (fjo always implies p'!jJ-l E (f).
The system of all groups will be denoted by ~.

39. If A c K, (f) E ~, then we denote by (f)(A) the subgroup of (f) con-
sisting of all functions p E (f) which satisfy the conditionp(x) = x for
XEA.

40. For A c K and G E~ we denote by ~1I(A) the domain of all sets
x Em such that Ip, xl·= ~ for all p E (f)(A).
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41. If A c K, (f) E rI, x E ~6)(A) and Ip E (f)o, then we have 111', x]
E ~6)(tp(A». (I7)

Proof. First, by 31 we have 111', xl E IDl. From the assumption it
follows further that

(I) IV', x] = x for V' E (f)(A).

Now if we have X E (f)(Ip(A», then by 39 the function 1p-1Xfl belongs
to the group (fj(A). By (1) we also have 11p-1xlpxl = x, and, in view of 33
and 36, lz. tip, xII = lip, x]. Since this holds for every XE (f)(Ip(A»), by 40
we obtain lip, x] E~6)(Ip(A», which was to be shown.

42. A set M c I.l3(K) will be called a (f)-ring whenever (f) Erland the
following conditions hold:

(I) from X, Y EMit follows that X +Y EM;

(2) L: X = K;
XEM

(3) from X EM, Ip E (f) it follows that Ip(X) EM.

The system of all (f)-rings will be denoted by R«f).

43 (Definition of the model). Let (f) Erland ME R«f). An element
X E IDl will be called an M, (f)-distinguished element provided it has the
following two properties:

(I) there is an A EM such that x E~6i (A);

(2) for every ordinal number; we have .E~(x)IDl c L ~(B). (IS)
BEM

The domain of all M, (f)-distinguished elements will be denoted byW M • 6i.

A domain '2[ is called M, (f)-distinguished if it equals Ao or satisfies the
following condition:

(3) 0 # '21 c W M ,6) ;

(4) there is a set A EM such that the formulas x E '21 and lip, x] E'21 are
equivalent for every function Ip E (f)(A).

44. If (f) Erland ME R«f), then WM , tIi c 2:: ~\Il(A).
AEM

The proof follows directly from 43.

(") cp(A) denotes as usual E [x E AI. We have Icp, AI = cp(A).
,~x)

(' 8) This formula is to be read as follows: for every t E 1.) (x}: 9R there exists
a set BE M such that t E ReIi(B).
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45. If (f) E t§ and ME R«f), then we have Ko c W M • s.

Proof. If x E Ko then x E 9Jl. From 42 it follows further that there
is a set A EM such that x EA. Moreover, by 39, 40 and 30 b), we have
x E .R(!j(A). Finally, if ~ is an ordinal number and y E E;(x), then
y non E9Jl, because it is easy to see that the elements of E;(x) are always
identical with a certain an, and thus by 26 they cannot belong to 9Jl. Hence,
we have E;(x) . 9Jl = O. From this it follows by 43 that x is an M, (f)-dis-
tinguished element, which was to be proved.

46. 11(f) E t§, ME R«f) and XEWM.(!j-Ko, then x c WM.(!j.

Proof. From x EWM.(!j-Ko it follows that x E M-Ko, and thus
T(X) > O. Hence if y Ex then, by 21, y E9Jl. Since x is an M, (f)-distin-
guished element, for every t E Eo(x) and in particular for t = Y there is
a set A EM such that y E .R.(A). Further, by 4 for every ordinal number

~ we have E;(y) . 9Jl c E;+1(x) . 9Jl, which implies E;(y) . 9Jl c L: .Rs(B).
HeM

Hence by 43 we conclude that y EWM• II , which Was to be proved.

47. If (f) E t§, ME R«f), x EWM • IIJ and rp E (f), then Irp, x] EWM • S '

Proof. According to 31 we have Irp, x] E9Jl. Since there is a set
A E M such that x E ~(A), by 41 we obtain Irp, x] E ~(rp(A»), and by
42 rp(A) E.M. Thus there is aBE M such that

(I)

(2)

Irp, x] E~(B).

Now let ~ be an ordinal number. According to the assumption

EE(X)' 9Jl c L: ~(B).
HeM

If E;(lrp, xl) . WI = 0, we obviously have

(3) E;(/rp, xl)· 9Jl c L: ~(B).
HeM

If L;(lrp, xl) . 9Jl -# 0, then we have

(4) E;(lrp, x)I' 9Jl e 9Jl.

Namely, if we denote by Can arbitrary ordinal number that exceeds
all T(y) with y EE;(Irp, xl)· 9Jl,(l9) then we obtain from 20 0 -# E;(x)' 9Jl
eKe, which by 22 implies formula (4).

('9) The existence of such a number Cis ensured by the following theorem, which
is provable in v, Neumann's set theory: for, every set of ordinal numbers, there exists an
ordinal number which does not belong to this set.
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Now let y e 17.(!cp, xl) . IDl. In view of (4) and 37 we obtain y

e Icp, 17.(x) . IDlI; hence, by 33 and 34, Icp-l,yl e 17.(x). IDl. From (2)
we conclude further that there is a set C e M such that Icp-l, yl e.Res(C),

from which by 33 and 41 we obtain y e ~(cp(C». Since by 42 we-have

cp(C) e M, it follows that y e ~ .QfIl(B), and since this holds for every
BeM

y e 17.(Jcp, xl) . IDl, we see that (3) is satisfied also in this case. From (I)
and (3) it follows by 43 that Icp, x] e WM , Ill, which was to be proved.

48. IfCfJe<§,MeR(CfJ) and u,v eWM , fIl ' then {u,v}, <u,v)eWM , fIl '

Proof. If u e K. and v E KTJ , then by 18 we have 0 =/: {u, v} e K,
where , = max(~, 1]); hence by 22

(I) {u,v}eIDl.

Since u,veIDl, we have o =/:{u,v} c:IDl; thus, by 32, Icp,{u,v}1
= {Icp, ul, Icp, vI} for cp e CfJo. Now by assumption there exist two sets
A, B e M such that Icp, ul = U for cp E CfJ(A) and 1lJ" vi = v for lJ' e CfJ(B).
Let us put C = A+B; then by 42 we have

(2) C e M.

If cp e CfJ(C), then by 39 we have cp e CfJ(A)· CfJ(R); hence Icp, ul = u
and Icp, vi = v, i.e. {Icp, ul, Icp, vi} = {u, e}, or

(3) Icp,{u,v}I={u,v} forcpE~(C).

Now let ~ be an ordinal number and y e 17.( {u, v}) . j)J1. If ~ = 0, then
y = u or y = v; hence there exists a set Be M such that

(4) Icp, YI = Y for cp e CfJ(R).

If ~ > 0 then in view of 7 we have y = u or y = v or y e 17'_1 (u) . IDl
or y E 17'_1 (v) . IDl. The first two cases have been considered above, in the
third and fourth the assumptions u, v e WM , II imply that there exists
a set Be M for which (4) holds. Hence formula (4) holds in general. and
by 40 it follows that

(5) 17.({u,v})· mc: L ~(R).
BeM

From (I), (2), (3) and (5) by 43 it follows that {u, v} EWM , II . By
a double application of this formula we obtain <u, v) e W M , llh since

<u,v) = ({u,v},{u,v}J.

49. If CfJ e <§and M e R(CfJ), thenevery element of W M , II - K is a distin-
guished domain.
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The proof can immediately be obtained from 32 and from the definition
of a distinguished domain.

50. If ~ e I'§ and M e R(~), then we have L'.(WM , Ill)• IDl = WM , .

for every ordinal number ~.

Proof. The formula clearly holds for ~ = O. We assume its validity
for all TJ < ~. By 5 we have

(I) WM , IIl c L'.(WM ••)· IDl.

Now if x e L'.(WM • lI) • IDl, then either x e WM • lIl or, for a certain
TJ < ~ and y, x eye L'F/(WM• lI) . Hence by 27 b) and 26 we must have
y e IDl-Ko, since x e IDl cannot hold. In view of the induction assump-
tion it follows that x ey eWM • lI - Ko; thus, by 46, x eWM . CIl . We thus
have L'.(WM , . ) • IDl c WM •• , which together with (I) yields the desired
equality.

§ 3. The main theorem

The main theorem states:

If ~ e I'§ and M e R(~) and if in the axioms of the system 6 we replace
the words "Individuum", "Class", "e", "A" by the words "M, ~-distin­

guished element", "M, ~-distinguished domain", "s", "Ao", respectively,
then all the axioms of the system 6 become true statements.

Before we give the proof of this theorem, we have to find out what sense
the defined notions of the system 6 acquire when we interpret the basic
notions of the main theorem in the way described above.

51. If ~ e I'§, M e R(~) and x, Y eWM • lIl then x = y if and only if
the formulas x E 21 and y e 21 are equivalent for every M, ~-distinguished

domain.

Proof. If x = y, then the formulas x E 21 and y E 21 are clearly
equivalent for every domain. Now let the formulas x E 21 and y e 21 be
equivalent for every M, ~-distinguished domain. Let us consider the do-
main 21 = {x}, which is also a set. From 26, 46 and 49 it follows that 21
is a distinguished domain. Now we have x e 21, and so we also must have
y e 21, i.e. x = y, which was to be proved.

From 51 it can be seen that this is the relation of identity which in our
model corresponds to the relation Id of the system 6.

52. Let ~ e I'§, M e R(~) and x eWM , lIl ' The necessary and sufficient
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condition in order that x = .11 o, or that there exist an y E W M • a with y E x, is

x EWM.a-K.

The proof can immediately be obtained from 25, 26, 45, 46, 17 a) and
the formula Aonon E K.

Hence to the notion of "set", which has been introduced in Definition
II, corresponds in our model the notion "element ofWM.a-K".eO)

53. If <» E f§, ME R(<») and u, v EWM• a, then {u, v} is the unique
element of W M • a - K which satisfies the following condition:

(*) for any t EWM. 5 , t E X if and only If t = u or t = v.

Proof. From 48 we conclude that {u, v} belongs to the domain W M •a.
Further, by 26 we have {u, v}non E K, since for example u E {u, v} . IDL
Finally, an arbitrary t belongs to {u, v} if and only if t = u or t = v, and
so we conclude that the pair x = {u, v} satisfies the condition (*) and
belongs to the domain W M • 5 - K. Now let

(I) y E URM.a-K

be an element satisfying condition («), Thus we have

(2) u,vEy,

from which in view of 26 and (I) we obtain the formula y EWM.a-Ko.
Now from 46 it follows that every t E Y belongs to the domain W M • 5 ;

hence by (*) y c {u, v}. In view of (2) obtain y = {u, v}, which was to
be proved.

54. If <» E f§, ME R(<») and u, v EWM. Gh then <u, v) = /{u, v}},

/{u}} is the only element x of W M • 5 - K which satisfies the following con-

dition:

for an arbitrary t E WM • lli we have t E X if and only if t = {u, e} or
t = {u}.

For the proof we put in 53 {u, e} instead of u, and {u} instead of v
and apply 48.

·eO) From S2 and 4S one can easily conclude that in our model some theorems hold
which are not provable either in 6 or in the system of von Neumann. To such theorems
belongs e.g. the statement: "there exist infinite many primitive elements ti,«. individua
that are not sets)". From this it follows, among other things, that including this statement
into the axiom system 6 cannot lead to a contradiction provided that von Neumann's
set theory is consistent. The basic idea of this proof, which consists in the proper choice
of the set A•• is due to A. Lindenbaum and was used for the first time for the proof
of the independence of the axiom of choice in the paper cited in footnote (13).
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As can be seen from 51, 53 and 54, to the notions (u, e) and [u, v], which
have been introduced in Definitions III and IV of the system 6, correspond
In our model the notions of ordered and unordered pairs, respectively.

Now we pass to the proof of the rnam theorem for the system 6.

55. If(jj e'§ andsM e R«(jj), then we have A o eWM , 41.

Theorem 55, which follows directly from 45 and 17 a) represents the
main theorem for Axiom I.

56. Let (jj e '§, ME R«(jj) and x, y EWM , 41- K. If the formula Z EX

and Z ey are equivalent for every Z EWM • 41, then x = y.

Proof. There are four possible cases:

(I) x, y e WM . tlI- Ko,

(2) x = Ao = y,

(3) x E W M • 41-Ko,

(4) x=Ao and YEWM,41-KO'

In the first case we have, by 46, x, y e WM• 41 . It follows from the assump-
tion that x and y have the same elements, and hence x = y. In the second
case there is nothing to prove. Case (3) is impossible, because, by 46 and
25, x contains an M, (jj-distinguished element whereas y does not. Simi-
larly, (4) cannot hold either. This ends the proof. In view of 51, 56 repre-
sents the main theorem for Axiom 2.

57. If (jj E '§, ME R«(jj),x E W M •41-K, y e W M •• and y non EX,

then there exists a Z E WM.tlI-K satisfying the following condition:

(*) for an arbitrary t e WM• tll , t E z holds if and only if t e x or t = y.

Proof. We distinguish two cases:

(I) x = A o,

(2) x E WM.tlI-Ko'

In the first case we put Z = {y} and according to 48 we have z e W M ,••

Hence y e z . Wl, which, by 26, proves that

(3)

If t E z, then we have t = y. Now if t is an element of W M , tlI and either
t e .11 0 or t = y, then, by 26, the first condition can be omitted and there
remains t = y, i.e. t e z. Hence z satisfies condition (*), which, in view of
57, proves the validity of case (I).
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In case (2) we put z = x+ {y}.Since x E m-Ko and y e 9Jl, we have
by 21 and 22

(4) x+{y}e9Jl.

Fromy e (x+ {y}).9Jl it follows by 26 that

(5) x+{y}noneKo.

From the assumption we infer further that there exist sets A, B e 9Jl
such that

(6) IqJ, x] = x and Ilf', yl = y for qJ e (I)(A) and If' e (I)(B).

We put C = A+B and we have by 39 and 42

(1) C eM and (I)(C) c (I) (A)' (I)(B).

Now we have 0 oF z c 9Jl, because, by 46, x c WM • iii c 9Jl and y e 9Jl.
In view of 32 we conclude that

(8) IqJ, zl = E [t e z] = E [t e x]+ {lqJ, yl} = IqJ, x]+ {lqJ, YI}
'<P.t! 1'I',tl

for qJ e (I)o. From (6), (7) and (8) it follows that IqJ, z] = z for qJ e (I)(C);
hence

(9)

Now let ~ be an ordinal number. By 7 and 9 we have

According to the assumption, E~(x)' 9Jl and I:~_l (y). 9Jl are both con-
tained in E~~(B). Hence we have

(10) E~(z)· 9Jl c L ~(B).
BEM

From (4), (5), (9) and (10) it follows by 43 that z e WM,IIi-Ko• Since
for any t the formula t e z holds if and only if t e x or t = y, we can see
that z satisfies condition (*). Hence 57 holds also in case (2).

From 57, 51, 52 we obtain the main theorem for Axiom 3.

58. !f(I)e"§, MeR«(I» and xeWM.IIi-K, then there exists an
y e W M. II-K such that at eWM. 1Ii belongs to y if and only if there exists
a z E W M. II for which t e z e y.

Proof. We distinguish three cases:

(I)
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(2) Xc: Koi

(3) x :F £1 0 and x non c: Ko.

In the first two cases we put y = £1 0 and, by 45 and 17 a), we have
y E WM.• -K. Since by 26 not only the formula t E Y but also the formula
t E Z E y' WM.•-K does not hold for any t E WM .e , we infer that these
formulas are equivalent for every t EWM ••• Hence the assertion of 58
is true in both these cases.

In case (3) we put y = L z. Since x EWM••-Ko, by 46 every
ZEx-Ko

Z E x belongs to the domain W M .e- Hence if we have t E y, then there
exists a Z E WM • 1I such that t E Z EX. Conversely, let t be an element of
W M •• such that t E Z E x holds for a certain Z EWM • II • By 26 we have
z non E Ko, and hence t E Z E x-Ko, i.e. t E y. Therefore for every
t E W M •• the condition t E Y is equivalent to the existence of a Z for which
t E Z EX. Hence to prove 58 it suffices to show that y EWM•• -K. This
can be shown as follows: since i(X) > 0, by (3) and (21) there exists a
Z EX' m. By 25 we have z :F 0, and hence

YEm.

From (4) and (5) we obtain y' m :F 0, which by 26 proves that

(4) Y:F 0.

From x EW M • II-K it follows by 46 that x EWM • 4II i hence x-Ko
c: WM.•-Ko, and we conclude by another application of 46 that

(5) y c: W M • • c: m.
Let us denote by Can arbitrary ordinal number which exceeds all i(Z)

with Z E y. Then by 18, 21 and (4) we have 0 :F y c: K; and consequently
by 22

(6)

(7) ynon E Ko .

Since x E W M •• , there exists a set A such that 191, x] = x for all
91 E <D(A). Since, as is easy to show. 191, Ko I = Ko for every function 91 E <Do,
we infer with the aid of 32 that

(8) 191, x-Kol = x-Ko for 91 E <D(A).

Now let 91 E <D(A) and t e y, Hence there exists a z such that t E Z

E .x; - Ko . Applying 34 and (8), we obtain Irp, tiE Irp, zl E x - Ko; hence
lrp, 1/ E y. Conversely, if we have /rp, II E y, then for a certain z we
have Irp, tl E Z E x-Ko, from which we conclude by 33, 34 and (8) that
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t E 1<p-1, z] E x-Ko, and hence t E y. Thus jhe formulas t E Y and l<p, r] E Y

are equivalent, which proves by 32 that /<p, yl = y for <p E <D(A), or

(9) y E ~(A)

Now let; be an ordinal number. From 11 and 10 it follows that L'~(y) . m
c L'e+1(x-Ko)·m c L'e+l(X)·9Jl. Since according to our assumption

Ee+1(x) . 9Jl c 2: ~(B), we obtain
HeM

(10)

From (6), (7), (9) and (10) it follows that y EWM.II-Ko, which was
to be proved.

In view of 52, Theorem 58 represents the main theorem for Axiom 4.

59. If <D E f'§, ME R(<D) and x E WM.II-K, then there exists an y
E W M•11- K such that the following condition holds:

(.) an arbitrary Z E WM•II belongs to the set y if and only if Z E WM•II - K
and the formula t E Z for every t implies the formula t EX.

Proof. We put

(I)

First, we wish to show that (.) holds. Thus let Z E WM.II, and Z E y.
By (I) this is equivalent to the disjunction: either Z = A o or 0 #: Z c x

and Z E WM,II' In the first case-we have Z E WM.II-K by 45 and z· W M, II

= 0 C x by 26. Thus the formulas t E Z and t E WM •5 imply the formula
t EX. In the second case we reason as follows: if -r(x) > 0, then by 21
o#: z eye m and consequently. we have z· m = Z E WM, G1 em,
from which by 26 it follows that z cannot belong to Ko. Hence we have
Z E WM • G1 - K and -r(z) > O. Next, by 46, we have z· WM • lIl = Z C x
and the formulas t c z and t E W M , lIl imply t E x, Thus if -rex) = 0, then
we must have x = Ao, because xnon E K. We want to show the following:

(2) if 0 #: Z c Ao and z Em, then z = Ao.

Namely, if we had z E m- {A o} , then as can be seen from 15, 16 and
17 a), we would have -r(z) > 0, and by 21 z c 9Jl, which, in view of 26
is clearly impossible. From (2) it follows that if -rex) = 0 then we must
have z = Ao, and thus this case has been reduced to the one considered
previously.

Now let us assume that z belongs to the domain WM,II-K and sat-
isfies the following condition: t E WM,II and t E Z imply that t EX. Hence
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we have Z·WM.IiCX. If z#Ao, then ZEWM.Qi-Ko; hence, by 46
and 25, 0 # z = z· WM • II C x, i.e. Z E 'l3(x) . WM • G'!. Thus the assertion
of (.) has been proved.

It remains to show that y E WM • llI - K. This we show as follows: if
x = Ao, then by (I) and (2) we have y = {A o } ; hence by 45,48,26

(3) {Ao } = y E WM,II-K.

Thus we can assume that x # A o, i.e. l'(x) > O. By 23 we have 'l3(x)
E W1, and hence by 26 ~ = l'('l3(x») > O. From 21 and 18 it follows that
every element of y belongs to the set K~. Hence, by 22, we have

(4) y E W1.

Since Ao E y, we have by 26

(5) ynon E Ko.

From x E WM•1i it follows that there exists a set A E M such that
Icp, x] = x for cp E (!j(A). If Z E Y then we have either Z = A o, and hence
by 30 a) Icp, z] = z for all cp E (!jo, or 0# Z C x, Z E W M • 1i and Z # Ao.
In the latter case we obtain, in virtue of 32, 47 and (*), 0 # Icp, zl C x
and Icp, zl E W M•• for cp E (!j(A), i.e. Icp, z] E y. Similarly one shows with
the aid of 33 that, conversely, Icp, zi E y always implies that Z E Y for cp
E (!j(A). In view of 32, (4), (5) and 21 this proves that (cp, y) = y for cp
E (!j(A),

(6) YE.fts(A).

Now let ~ be an ordinal number and let z E I~(y)' IDl- y. Since, as
can easily be seen, L'~( {Ao }) ' IDl = {Ao }, on the basis of (I), 9, 12 and
the formula x E W M• II we obtain

z E • IDl{L'~('l3(x) . W M • Ii) - 'l3(x) . WM ••) C L'~(x) C L .fts(B).
beM

Further we have

(7)

If Z E y, then by (I), (3) and 44 we have z E L ~1i(B), which, by (7),
BeM

yields L'~(y). W1 C L ~1i(B). Now in view of (4), (5) and (6) it follows
BeM

that YEWM.Ii-K, which was to be proved.
From 59 and 52 we obtain the main theorem for Axiom 5.

60. ll(!j El'§ and M ER«!j), then there exists an xeWM.Ii-K such
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that .110 e x and the formula y e x for every yeIIDM •• implies the formula
{y} ex.

Proof. We put Xo = .110 , Xft+l = {Xft} and denote by x the set of
all Xft. It is evident that .110 e x and the formula y e x implies y e x. On the
basis of 22 one proves by induction that Xft e Kft for n = 0, 1,2 ... , from
which. by 18 and 21, we obtain x c Km , x E Km+ 1 , and consequently

(I) x e 9R.

Further, we have by (26)

(2) X non e Ko.

From 30 a) we obtain Itp, .110 I = .110 for tp E (fjo, from which it is easy
to conclude, by a simple induction, that Itp, xftl = Xft for n = 0, 1,2, ...
Hence, by 32, we obtain for an arbitrary set A e M.

(3) X E st.(A).

On the basis of 26 we can easily see that Ee(x) .9R = x for all ~' Since
•every element Xft of x satisfies the condition Itp, X n I = X n for tp e (fjo, we

conclude that Ee(x)' 9R c st.(A) for an arbitrary set A eM. Hence we
have

(4) Ee(x) · 9Jl c 2: ~(B).
BeM

From (I)-(4) it follows that x eWM,Ill-K, which was to be proved.
In view of 53 and 52 we obtain from 60 the main theorem for Axiom 6.

61. If (fj e ~ and M e R«fj), then .110 • IIDM . Ill = O.

This theorem, which results directly from 26, represents the main theo-
rem for Axiom 7.

62. If (fj e ~ and Me R«fj) and if ~ is an M, fij-distinguished domain
and there is an x elIDM , 1ll belonging to the domain ~, then there exists an
y e lIDM ,Ill such that y E ~ and the formulas t E ~ and t E Y do not hold si-
multaneously for any t E lIDM .e-

Proof. Since ~ :j. .110 , we have 0 :j. ~ C IIDM,Ill C 9R. Further, there
are numbers ~ for which ~' IIDM • Ill • K :j. O. Now if y is any element of
~' IIDM, t1iKeo' then we have y e ~' W M , Ill . If ~o = 0, then, by 26, we have
IIDM,Ill'~' y= 0; if;o > 0, then we obviously have .(y) =;0 and conse-
quently, by 21, .(z) < ;0 for Z E y. Thus no element of y can belong to the
domain ~ ·WM • Ill , i.e. also in this case we have ~' W M , Ill ' y = 0, which
was to be proved.
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62 represents the assertion of the main theorem for Axiom 8.

63. IfCfJ E C§, ME R(CfJ) and x E2DM . II , then III = x is an M, CfJ-distin-
guished domain which satisfies the following condition:

(*) for every t EWM • II we have t E III if and only if t = x.

Proof. By 48 and 26 we have {x} EWM•• -Ko, from which by 49
it follows that III is an M, CfJ-distinguished domain. It is evident that con-
dition (*) is satisfied.

From 63, SI and 52 we obtain the theorem for Axiom 9.

64. If CfJ E t"§ and M E R(CfJ), and if III is an M, CfJ-distinguished domain
then there is an M, CfJ-distinguished domain ~ such that the conditions t E ~

and t non E III are equivalent for every t E ID3M. II.

Proof. If III = ID3M • II, then we put ~ = ..10 and easily conclude from
26 that ~ has all the properties required in 64. If III =F ID3M • lIi , then we put
~ = ID3M • 1Ii-21. We then have 0 =F ~ C ID3M • Gh and the conditions t E ~

and tnon E III are clearly equivalent for every t E ID3M • GI and every P E CfJ(A).
We conclude therefore that the conditions x E ~ and Ip, x] E ~ are equiva-
lent for every x E 2DM • lIi and every P E CfJ(A). Hence the domain ~ is
M, CfJ-distinguished, which was to be proved.

64 represents the assertion of the main theorem for Axiom 10.

65. IfCfJ E t"§, ME R(CfJ) and ifill, ~ are two M, CfJ-distinguished domains
such that Ill· ~ . ID3M • 5 =F 0, then Ill' ~ is also an M, CfJ-distinguisheddomain.

Proof. By 26 we have III =F ..10 =F B; hence, by 43, we conclude that
o =F III C ID3M • lIi and 0 =F ~ C WM • lIi , which implies

(1) 0 :F 2[' ~ C 2DM • 5 •

By -assumption there are sets A, B E M such that for an arbitrary
x E 2DM • 5 the conditions

(2) XEIll and Ip, x] E III for p E CfJ(A)

resp. the conditions

(3) XE~ and Ip,xIE~ for p E CfJ(B)

are equivalent. We put C = A +B and we have C E M by 42. From (2),
(3) and the inclusion CfJ(C) c CfJ(A)' CfJ(B) it follows that the conditions
x E III .~ and Ip, xl E Ill· ~ are equivalent for every x E ID3M • II and every
p E CfJ(C). In view of (1) we conclude that Ill· ~ is an M, <b-distinguished
domain, which was to be proved.
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66. If(f) E t'§, Me R«(f) and x e W M • II - Ko and if'lJ. is an M, (f)-distin-
guished domain such that 'lJ.. x #- 0, then we have 'lJ.. x e W M • 1II- K.

Proof. By 46 we have x c W M • Cll. Further we have 0 #- x· 'lJ. c 9R
and by 22, since x . 'lJ. is a set, x . 'lJ. e 9R. From the assumption 'lJ.. x#-O
we infer by 26 that x· 'lJ. non e Ko. If we now assume x to be a domain,
we conclude by 65 that there exists a set A E M such that the conditions
t e 'lJ. . x and Ip, tie 'lJ. •x are equivalent. Hence, by 32 we obtain Ip, 'lJ.. xl
= 'lJ.. x for tp e (f)(A), i.e.

(I) 'lJ.. X E st-.(A).

Now if eis an ordinal number, then in view of the assumption and 10
we have

(2) L'~('lJ.' x) .9R c L'~(x) .9R c L 5le(A).
AeM

From (I) and (2) it follows that 'lJ.. x E W M • lII ; hence we have 'lJ.·X
e W M • II - K, which was to be proved.

67. If (f) E t'§ and Me R«(f), and if 'lJ., lB are two M, (f)-distinguished
domains, then there exists an M, (f)-distinguished domain <r such that for
an arbitrary t E W M • III the formula t E <r holds ifand only if t E 'lJ. and t e lB.

Proof. We put C = Ao if W M • Ill' 'lJ. ·lB = 0 and <r = 'lJ.·lB if
WM • lII • 'lJ.·lB #- O. By'65, in both cases <r is M, G)-distinguished, and one
easily concludes from 26 that this domain satisfies all the conditions of 67.

67 represents the main theorem for Axiom II.

68. Let (f) E t'§ and M e R«(f). There exists an M, (f)-distinguished do-
main 'lJ. with the following property:

(*) for an arbitrary t eWM •• we have t E 'lJ. if and only if t EWM • II - Ko,
andfrom XE t andy e t for any x, y EWM • 1I it alwaysfollows that x = y.

Proof. We denote by 'lJ. the domain of sets {x} where x EWM• II •

From 46 we easily conclude that 'lJ. satisfies condition (*). To prove that
'lJ. is an M, (f)-distinguished domain, we denote by A an arbitrary set be-
longing to the ring M. For P e (!)(4) and x EWM • lII we have, by 32 and
47, Ip, {xli = {Ip, xl} and /p, xl EWM • lII • Hence if y E 'lJ. and p E (!)(A),
then !p, yl also belongs to the domain 'lJ.. We put Ip, yl for y and p-t for
tp, and we conclude in view of 33 that Ip, yl E 'lJ. implies the formula y E 'lJ..
Hence the formulas y E 'lJ. and p E (f)(A) are equivalent. Since according
to 45 and 48 we have 0 #- 'lJ. C W M • II , we conclude that 'lJ. is an M, (f)-
distinguished domain.
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From 68,51 and 52 we obtain the main theorem for Axiom 12.

69. If OJ E t§ and ME R(OJ), then there exists an M, OJ-distinguished
domain '21 satisfying the following condition:

(*) ift E W M •til, then t E '21 holds ifand only ifthere are elements u, v E W M •IJ

such that u E v and t = (u, v).

Proof. We denote by '21 the domain of all pairs (u, v) where u, v
E W M •• and u e v. It is clear that condition (*) is satisfied. Now let A be
an arbitrary set from M, fI! e OJ(A), t e '21. For some u, v eWM • IJ we have
t = (u, v) and u e e. In view of 32, 34 and 47 we obtain IfI!, r]
= <lfI!, ul, IfI!, vi), IfI!, ul e IfI!, vi and IfI!, ul, IfI!, vi eWM • IJ, which proves
that IfI!, tl E '21. Conversely, if Itp, r] E '21, then for some u, v EWM •• we
have Itp, r] = (u, v) and u EV.

By 32, 33, 34 and 47 we conclude that t = (Itp-1, ul, Itp- 1, vi), Itp-l, ul
E Itp-t, vi and Itp-t, ul, Itp-l, vi EWM• IJ; hence t E '21. Thus the formulas
t e '21 and Itp, r] E '21 are equivalent for tp E OJ(A) and t EWM• IJ. By 45 and
48 we have here 0 "# A C WM • IJ• Hence the domain is M, OJ-distinguished,
which was to be proved.

From 69, 51 and 54 we obtain the main theorem for Axiom 13.

70. If OJ E t§ and M E R(OJ), then for each M, OJ-distinguished domain '21
there exists an M, OJ-distiguished domain ~ with the following property:

(*) if t EWM• IJ, then t E ~ holds ifand only ifthere are elements u, v EWM• IJ

such that u E '21 and t = (u, e).

Proof. If '21 = .11 0 , we put ~ = .11 0 and easily conclude from 26 that
the M, OJ-distinguished domain ~ satisfies condition (*). Now if '21 "# .110 ,

then we denote by ~ the domain of pairs (u, v) where u E '21 and v EWM.IJ.

By 43 and 48 we have

(I)

(2)

Since neither '21 nor ~ is empty, we have further

o "#~.

By assumption there is a set A E M such that the conditions U E '21 and
(tp, u) E '21 are equivalent for every U EWM •• and every tp E OJ(A). Now
let tp E OJ(A) and t E~; for some U E '21 and v EWM• IJ we have t = (u, e);
from which by 32 and 47 we obtain Itp, r] = </tp, ul, Itp, vi) and Itp, vi
EWM , II . Since Itp, u/ E '21, it follows that Itp, r] E~. Quite analogously,
it can be shown in view of 32, 34 and 47 that Itp, r] s ~ implies the formula
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t e 58. Therefore these formulas are equivalent, which proves by (I) and (2)
that 58 is an M, m-distinguished domain. Since it clearly satisfies condition
(*), we have established the validity of 70.

From 70,51 and 54 we obtain the main theorem for Axiom 14.

71. Let 2l be a domain. If 2l does not contain an ordered pair, we put
D(2l) = Ao; otherwise we denote by D(2l) the domain of those x for
which there exists an y such that (x, y) e 2l.

72. If me rI, Me R(m) and if 2l is an M, m-distinguished domain, then
D(2l) is an M, m-distinguished domain and:

(*) ate W M • CIi belongs to D(2l) if and only if there is a u e W M, II with
(t,u)e2l.

Proof. If 2l does not contain an ordered pair, then by 26 and 71 we
have neither (t, u) e 2l nor t eD(2l) for u, t eWM, II ' Condition (*) also
holds and, by 71 and 43, D(2l) is an M, m-distinguished domain.

Now we assume that 2l contains an ordered pair. Hence we have A '# Ao,
i.e. by 43

(I)

If t e D(2l) and t e W M , 5, then by 71 there is a u such that (t, u) e 2l.
In view of (I) we infer by a double application of 46 and 28 that u e W M. III .

Conversely, if we have (t, u) e 2l where t, u e W M , II, then, by 71, t e D(2l).
The domain D(2l) satisfies .condition («). It remains to show that this do-
main is M, m-distinguished. To this aim let us observe that by assumption
there exists a set A eM such that the conditions x e 2l and 191, x] e 2l are
equivalent for x e W M, II and 91 e meA). Let t e D(2l) and 91 e m(2l). Then
we have for some u eWM,Gi (t, u) e 2l, from which in view of (I) and 46
we obtain lIP, (t, u)/ e 2l. By an application of 32 we get from this
<191, t/, 191', ul) e 2l, which proves by 71 that 191, tie D(~). ·Conversely, if
191, tilt: D(2l), then according to (lie) we have (191, r], u) e 2l for a certain
u e W M, III . Since IP- 1 e meA), by 32 and 33 it follows that 191- 1

, (191, r], u)1
= (t, lIP-I, ul) e 2l, and consequently t eD(~). Hence the formulas
teD(2l) and IIp,tleD(~) are equivalent for.leWM, 1I and lpem(A),
which proves by (I) that D(2l) is an M, m-distinguished domain, This
ends the proof of 72.

From 72 and 54 we obtain the assertion of the main theorem for Axiom 15.

73. Ifm e rI and M e R(m), then for each M, m-distinguished domain ~
there exists an M, m-distinguished domain ~ with the following property:
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(.) if t Em3M, lIh then t E mholds if and only if there exists an element u, v
em3M , lII such that t = <u, v) and <u, u) E '2l.

Proof. If '2l does not contain an ordered pair, we put m = Ao. This
domain is M, (f)-distinguished and satisfies condition (.), since by assump-
tion <u, v) e '2l does not hold for any u, v and, in view of 26, m does not

.contain any element of m3M • lII • Hence we may suppose that '2l contains at'
least one ordered pair, and thus by 43, we have

(1)

We denote by m the domain of pairs for which <u, v) E '2l. Hence we
have

(2)

In view of 26, 46 and 48 we conclude from (1) that

(3)

From the assumption of our theorem we obtain the existence of a set
A eM such that the formulas x e '2l and Icp, xl E'2l are equivalent for
x em3M , CI and cp E (f)(A). Now let t e m and cp E (f)(A). For some u, v e '2l
we have t = <u, v) and <v, u) E '2l; moreover by (1), 26 and 46 we have
u , v em3M , llh which, by 32 implies <Icp, vi, Icp, ul) e '2l. Since, according
to 32, Icp, tl = <Icp, ul, Icp, vi), we obtain Icp, 11 e 58. Quite similarly we
can show that Icp, z] Em implies the formula t Em. Therefore the two for-
mulas are equivalent, which proves by (2) and (3) that the domain mis
M, (f)-distinguished.

Now let 1 Em3M , lII ' If 1 Em, then there exist u and v such that t = (u, v)
and (v, u) E '2l. Moreover, <u, v) e Ko cannot hold, because the elements
of Ko are infinite sets. Hence from 46 we obtain {u, e} em3M, lII , and anoth-
er application of the same conclusion shows that u, v em3M,•. Conver-
sely, if we have u , v em3M.lII and (v, u) e '2l, then (v, u) em holds, accord-
ing to the definition of is. This proves that msatisfies the condition (.),
which was to be proved.

From 73, 51 and 54 we obtain the assertion of the main theorem for
Axiom 16.

74, If(f) E f§ and M e R«f», then for each M, (f)-distinguished domain '2l
there exists an M, (f)-distinguished domain with the following property:

(.) if t em3M.lII, then 1 e m holds if and only if there exist elements u, e, w
eWM , lII such that 1 = «u, v), w) and <u, <v, w» e '2l.
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Proof. We put ~ = Ao if'll does not contain any set of the form
<x, (y, z ». Otherwise we denote by ~ the domain of triples «x, y), z)
where (x, (y, z» e 'll. The remaining part of the proof proceeds exactly
as in the proof of 73.

From 74, 51 and 54 we obtain the assertion of the main theorem for
Axiom 17.

75. Let (I) e rs, Me R«I») and x eWM.Cll-K. Further, let 'll be an M, (I)-
distinguished domain with the following property: for any u, v, weWM,s
from (u, v), (u, w) e 'll follows the equation v = w. Under these assump-
tions there exists an y e 9RM ,s - K such that for an arbitrary z eWM,s the
condition z e y holds if and only if there exists ate WM • S such that t EX

and (t, z) e 'll.

Proof.' If there is no t eWM,Cll' x or no z eWM,Cll such that (t, z)
e 'll, it suffices to put y = Ao . By 45 y is an M, (I)-distinguished element
which clearly satisfies all the requirements of 75.

Hence we assume that there is a to eWM,Cll' x and a Zo eWM,Cll such
that (to, zo) e 'll. From this it follows by 26,48 and 43 that

(1) 0 =F 'll c: WM, t1h

(2) x eWM,lJ-KO'

We denote by Xl the set of those t e x for which there exists a z e W M , Cll
such that (t, z) e'll. This set is non-empty since to e Xl and, taking into
account the assumptions of our theorem, we conclude from (2), 46 and 48
that for t eXt there exists exactly one z eWM,Cll such that (t, z) e'll. We
denote this unique z by t* and put y = E[t e xd. If z e y, then there is,.
ate Xl such that z = t*, from which, in view of (2) and 46, we obtain
t eWM,Cll and (t, z) e 'll. Conversely, if z, t eWM,lJ and t e x with «, z)
e 'll, then we have t exI and t* = z, and hence z e y. Thus the formula
z ey holds for z eWM. Cll if and only if there exists a t eWM,Cll such that
t e x and (t, z) e 'll. It remains to show that y e W M , 81-K.

For every t e Xl we have t* e W M , Cll c: 9R. If ~ is an arbitrary ordinal
number which exceeds all T(t*) with t e XL> then from 18 and 20 it follows
that y c: Ke. Since Zo e y, we have 0 =F y, and on the basis of 22 we con-
clude that

(3) y e 9R.

Since Zo e y . Wl, we obtain from 26

(4) ynon e Ko-
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Clearly we have x I ex' .o(~). Now if u EX' .0('21), then we have
(u ; v) E '21 for a certain v. By (I) it follows hence that <u, v) e W M •• ,

where by 26 <u, v) does not belong to Ko, since in view of (2) and 48,
{u,v} e<u,v)·WM,•. By 46 we have <u,v) C WM • llh whence {u,v}
EWM .e- We again have {u,v}nonEKo, since ue,WM • lIi by (2) and 46.
Consequently we have {u, e} c WM . II , i.e. v EWM ••• Since <u, v) E~.
it follows that u E XI' Consequently we have x· .o(~) c Xl and thus

(5) Xl = X· .o(~).

From (5), (2),66 and 72 it follows that Xl EW M , lIi , and since to E Xl .9)1,

we have, according to 26,

(6) XI E W M , .-Ko .

In view of 46 and 32 we conclude from (6) that there exists a set A I E M
such that the formulas

(7) t e Xl and Ip, r] E Xl for t EW M •• and P E ~(AI)

are equivalent. Further, since ~ is an M, ~-distiguished domain and ~ t= .10

there exists a set A 2 EM such that the formulas

(8) tE~ and Ip,tle~ for tEWM,lli and pE~(A2)

are equivalent.
Now we put A = AI +A 2 and according to 42 we have

(9) AeM.

Next let P E meA) c m(Ad' m(A 2) and Z Ey. Then there is atE Xl

such that <t, z) E~. In view of (7), (8) and 32 it follows that Ip, r] e X I

and <Ip, t I, Ip, zl) e '21, and thus Ip, z/ E y. Conversely, if Ip, zl E y, then
we have <t, Ip, zl) e Ql for atE Xl' from which on the basis of (7), (8),
32 and 33 we conclude that <Ip- l , t I, z) e Ql and Ip-I, tiE X I' Conse-
quently We have z E y. Hence for every p e meA) this condition is equiva-
lent to the condition lip, z] e y. In view of (4), 32 and 40 we obtain hence
the formula

(10) Y Est.(A).

Now let ~ be an ordinal number. We clearly have y c E 2(A). By (1),
10 and 50 it follows that y' ID1 c E2(WM • III) · ID1 c W M • III • Since, as
we have seen above, y c 9R holds, we infer hence by 50 and 44 that E.(y)

c E.(WM • III) C W M • III c 2: ~(B). On the basis of (3), (4), (9), (10)
ReM

and 43 this proves that y EWM • III - Ko, which was to be shown.
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From 75. 51 and 54 we obtain the main theorem for Axiom 18. Thus
the main theorem has been completely proved.

The main theorem proved above puts us in a position to carry out some
independence proofs.

Let us imagine a set p. of statements which can be expressed in the lan-
guage of the system 6. and let ex be a statement of the same kind which
does not belong to the set p.. To prove that ex is independent of any of the
axioms of the system 6 and of the statements from u, it suffices in view of
the main theorem to produce a group (fj E f§ and a ring ME R«fj) which
have the following two properties: (I) if the basic notions of the system
6 art: interpreted in the way described in the main theorem, all the state-
ments of p. become true propositions; (2) under the same interpretation ex
becomes a false statement. An example of this procedure will be provided
in the following sections.

§ 4. The independence of the well-ordering theorem
from tbe ordering principle

76. Let r l , rs, ..•• r«, ... be a sequence arbitrarily chosen. but fixed for
the sequel, of all rational numbers.

77. If r is a rational number, we put f(r) = An. where n is the con-
secutive number of r in the sequence of 76.

78. The function f maps in a one-to-one manner the set of all rational
numbers onto the set K.

The proof follows immediately from 77 and 16.

79. x -< y holds if and only if x,y E K andf-I(x) <f-I(y).

SO. The relation -< is of type TJ in the set K.
The proof follows from 78 and 79.

81. (fj+ denotes the subgroup of (fjo consisting of functions which pre-
serve the relation -<.

82. M+ denotes the system of finite subsets of K.

83. (fj+ E f§ and M+ E R«fj+).

This assertion follows from 81. 82. 83 and 42.

84. For every subset X of (fjo we denote by IXI the smallest subgroup
of (fjo which contains X.
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85. If A. BE M+. A . B = 0 and a. b E K, then there exists a function
((I E l(fj+ (A) +(fj+ (B) I such that ((I(a) = b.

Proof. We can clearly assume that a =1= b; hence. say. a -< b. Let us
put (21 =j-l(a). (!2 =j-l(b); so, by 79. we have (21 < (h. All elements
of A +B are values of the function j for some rational numbers, which we
may denote by a1 • a2 • • • • • an' The number of ai's that satisfy the inequality
(}I ~ a, ~ (}2 will be denoted by p. We are going to use induction with
respect to p.

First let p = O. Then we can determine a rational number e > 0 such
that the closed interval 1= [(}I - e. (}2 +e) does not contain any a;'s.
Clearly, there exists a one-to-one order-preserving map g of I onto itself
which satisfies the conditions g«(}l+e) = (}l-e,g(eJ = (,J2.g(e2+e)
= e2+e. Let us extend g by setting g(x) = x for the rational x' s which
do not belong to I. We then obtain a one-to-one order-preserving map of
the set of all rational numbers onto itself which preserves all ai's and maps
(}1 onto e2' Hence the function ((I =jgf-l belongs to the system (fj+(A)
and a fortiori to the system l(fj+ (A) +(fj+ (Bj I and carries a onto b. Thus
our theorem is true for p = O.

Now let us assume that q > 0 and that the theorem holds for p < q.
Let a. b E K be two elements for which the number p has the value q. If
a e A, then a non E B, from which it is easy to conclude that the group
(fj+(B) contains a function ((I such that a < ((I(u) -< b. The number of
x e A +B for which we have ((I(a) -< x -< b or ((I(a) = x, or x = b is clearly
less than q. By the induction assumption there exists a function VJ el(fj+ (A) +
+(fj+ (B) I such that VJ(((I(a») = b. We proceed quite similarly when a EB.
Now if anon E A +B, then there is aCE A +B and a c'non e A +B such
that a -< c < c' -< b, and no x E A +B satisfies the conditions a -< x -< c.
c -< x -< c', We may assume. say, that c e A. Then there exists a function
((I E (fj+(B) such that q;(a) = c', According to the induction assumption
there exists a function VJ E l(fj+ (A) + (fj+ (B) I such that VJ(e') = b. Hence
the function q;VJ has all the required properties, which was to be proved.

86. If A. BeM+,A'B = O,n ~ l,a1 , ••• ,an. b1 ..... bneK and a1

-< a2 -< ... -< an, b, -< b2 -< ... -< bn , then there exists a junction ((I
E l(fj+ (A) + (fj+ (B) I such that ((I(al) = b, for i = 1,2•... , n.

Proof. For n = lour theorem is true in view of 85. We assume that
p ~ 1 and the theorem holds for n ~ p. Let aI' ... , ap+ 1, b1, ... , bp+ 1 be
2p +1 elements of K such that

a1 -< a2 -< ... -< ap +1 . bi -< b2 < ... -< bp +l'
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By assumption there exists a function "P E IG>+(A)+G>+(B)I for which
"P(a,) = b, (i = 1,2, ... ,p). We put 'P(ap+ 1 ) = b;+l; since "P eG>+, We
have clearly bp < b;u' Now we consider the set I = K· E[bp -< x]. From

x

80 it follows that there exists a function g that maps I in a one-to-one man-
ner onto the whole set K and preserves the relation -<. Further, by 85 there

exists a function XE 1G>+(g(A . /)+G>+(g(B' 1»1 such that X(g(bp+ 1»

= g(bp+ 1)' Hence the function h = g-l Xg maps I in a one-to-one manner
onto itself, preserves the relation -< and satisfies the condition h(b;+l)
= bp+ 1 ' We extend the function h onto the whole set K by setting b(x)
= x for x e K - I and we put rp = hip. It is evident that this function satisfies
the conditions rp(a,) = b, (i = 1,2, ... ,p+I). It remains to show that
rp e IG>+(A)+G>+(B) I· Since 'P e IG>+(A)+G>+(B)I, it suffices to prove that
he I<D+(A)+<D+(B)I.

As an element of

1<D+(g(A' I)+<D+(g(B' /)1
the function X can be represented in the form XlXl'" Xk, where the X's
with even indices belong, say, to G>+(g(A . I)), and XI'S with odd indices
belong to <D+(g(B' I». We conclude from this that

hex) = g-l Xg(X) = (g-lXlg)(g-lXlg) ... (g-l Xkg)(X)

for x e I.
The functions g-l X,g (I = 1,2,.... , k) map the set I onto itself and

preserve the order relation -<. If a eA' I, then we have g(a) e g(A . I)
and consequently Xl(g(a» = g(a) for even 1~ k. Hence we set W,(X)
=g-l Xlg(X) for x e I and WI(X) = x for x E K-I (I = 1,2, ... , k), and
we have 1~ k for even 1~ k. Similarly we can show that for odd 1~ k
we have wleG>+(B). Therefore we have WIW2 ,,,wkelG>+(A)+G>+(B)I.
Now we claim that

(I) hex) = WI ... (O,t(x) for x e K.

Namely if x E I, then

Wk(X) = g-l X,tg(X) E I, W,t-l w,t(x) = (g-lXk_lg)(g-lX,tg)(X) E I,

... ~

and so on, so that finally, by induction, we arrive at the formula

WI ... w,t(x) = (g-l XI g) ... (g-l X,tg)(x) = hex) e I.

Now if x E K - I, we find step by step that

Wk(X) = x, Wk_IW,t(X) = w,t(x) = x,
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Accordingly, formula (I) has been proved and it follows that

hE Iffi+ (A) + ffi+ (B) I,

which was to be proved.

87. If A, BE M+ and A· B = 0, then ffi+ = Iffi+(A)+ffi+(B)/.

Proof. If A = °or B = 0, then the assertion is trivial. Hence we
assume that neither A nor B is empty; these sets can thus be represented
in the form

A - { (1) (1) (2) (2) (P) lP)}- a1 , ••• , all ' a l , ••• , a/
2

' ••• , a1 , ••• , a/# ,

B - {b(l) 0 b(1) b( 2 ) b(2) blP) b(P)}- 1,···, j J' 1 , ... , i 2 ' · · · ' 1 , ... , i, ,

Where
a~1) -< ... -< af~) -< W) -< ... -< bJ~) -< ... -< a~P)

-< -< lP) -< blP) -< -< b(P)... a/# 1 .,. J#

(il or i, may be equal to 0).
Now let p E ffi+, we put cIl) = p(al l»), d~l) = p(b~») (k = 1,2, ... ,p,

I = I, 2, ... , it> m = 1, 2, ... ,A) and we then have

cP) -< ... -< cf~) -< dF) -< ... -< d}.I) -< ... -< c\P)

-< ... -< cl:) -< diP) -< ... -< d}:).

By 86 there exists a function 1jJ E Iffi+(A)+ffi+(B)/, such that 1jJ(cll»)

= all), 1jJ(d~l») = bc,:) (k = 1,2, ... ,p,l= 1,2, ... ,il,m = 1,2, ... ,jl)'
Hence we have 1jJp(all») = all) and 1jJp(b~») = b~l) for k = 1,2, ... , p,

I = 1,2, ... , il , m = 1,2, ... ,A, which implies 1jJP E ffi+(A + B) c Iffi+(A)+
+ffi+(B)/. Since p = 1jJ-l(1jJp) and 1jJ-l e Iffi+ (A) +ffi+ (B) I, and conse-
quently ffi+ = Iffi+(A)+ffi+(B)I, which was to be proved.

88. If A,BeM+, then ffi+(A'B) = Iffi+(A)+ffi+(B)I.

Proof. The inclusion

(I)

is evident. To prove the converse inclusion, we reason by induction with
respect to the number p of elements of A . B. If P = 0, then everything
follows from 87. Now we assume that p ~ 1 and our theorem holds for
those A, B e M+ whose intersection contains less than p elements.

Let A, B be two sets from M+ whose intersection contains exactly p
elements and let a be that element of A . B which is the earliest (with res-
pect to the relation -<). We put /1 = K· E[x -< a], /2 = K' E [a -< x].

x x

Now let p be a function in ffi+(A . B). From pea) = a it easily follows
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that qJ maps the sets II and 12 into themselves. We denote by rpi (i = 1,2)
the function, whose values on Ii coincide with those of rp (and which is not
defined outside 1/).

By 80 there are two functions It and 12 which map the sets II and 12
onto K, respectively, and at the same time preserve the relation -<. The
functionjjqJl./;-I(i = 1,2) clearly belongs to the group (f;+.

If x ejj(A . II): jj(B' II), then we havejj-l(x) eA· B· II' Hence qJ;j;-I(X)
= qJjj-l(X) =jj-l(X), i.e. jjqJljj-l(X) = X. Thus we have jjqJd.- 1

e (f;+(jj(A '11) ' jj(B' II» for i = 1,2. But since the set /;(A . I;)' jj(B' II)
contains less than p elements, it follows from the induction assumption
that jjrp;ji-l el(f;+(jj(A' II»+(f;+(/;(B·Ii»I. Hence.tirpljj-l has the form
of a composite function

(2) jjrpdi- 1 = W~11 ... Wk~l (i = 1,2),

where the wl;l's with odd indices I belong, say, to the group (f;+(jj(A '1;»
and the will's with even indices I belong to the group (f;+(jj(B' I;».

We put for i = 1,2 and I = 1,2 ... , k

(3) XI;I(X)=jj-lwIIIJJ(x) ifxEII,

(4) xl;l(x) = x if x E K-li •

Further, we put for i = I, 2

tpl(X) = qJ;(x) if x eli,

tpl(X) = x if x E K-I;.

Then we clearly have XliI, tpi E (f;+ for I = 1,2, ... , k, and i = 1,2, and

(5)

Now we claim that

(6) '1'1 = X\I> ... Xk~ (i = 1,2).

Indeed, if x e K-I;, then we obtain successively Xk~>(X) = x E K-Ilt

Xk~~I(x1:~I(X» = X1:~I(X) = x e K-II, and so on, X~I> ... x1;>(x) = x
= ViI(X).

On the other hand, if x E II, then we have

x1~>(x) = jj-lWk;> jj(x) E I;, X1~~J..Xk:>(X) = jj-lwk~~l wk~I(X) E lit

etc., so that we finally arrive at the formula X~I) ... x1:)(x) = jj-l W\i> .. ,
... w1:>jj(x). By (2) it follows from this that X~i) ... x1:)(x) = rpi(X) = tpi(X)
as X Eli' Accordingly, (6) is established.



328 FOUNDATIONAL STUDIES 17]

Now we show the following:

(7) for odd I ~ k, we have xli) E (fj+(A),

(8) for even I ~ k, we have XliI E (fj+(B).

It suffices to prove only one of these formulas, e.g. the first. Thus let
x E A; if x EA' II> then jj(x) is defined and jj(x) Ejj(A . II)' Since wl l)

E (fj+ (jj (A .II»), it follows that wil1jj(x) = jj(x), i.e·fi-1wljj(X) = x = xl/lex).
On the other hand, if x E A-II, then we have by (4) xll)(x) = x. Hence
the function xlI> leaves all elements of A fixed, i.e. We have xl/lE(fj+(A). The
proof of (8) is completely analogous.

Now from (6), (7) and (8) it follows that VJI E 1(fj+(A)+(fj+(B)I; hence,
in view of (5), ~ E l(fj+ (A) + (fj+ (B) I· Since ~ is an arbitrary function from
(fj+(A' B), it follows that (fj+(A . B) c: l(fj+ (A) + (fj+ (B) I, and in view of
(I) (fj+(A' B) = 1(fj+(A)+(fj+(B)I, which was to be proved.

89. If 0 ~ Xc: M+, then we have (fj+ (Il A) = I2: (fj+(A)I·
AeX AeX

Proof. If A E X and ~ E (fj+(A), then we have ~(x) = x for all x E A,

and a fortiori for all x E n A. Hence We have ~ E (fj+( n A), and thus
AeX AeX

(I) 12: (fj+(A)/ c: (fj+( Il A).
AeX AeX

Now we denote by Ao an arbitrary element of X and let S = E [A' X].
Ao·A

The system S consists of finite subsets of Ao only, and since Ao is itself
finite, S is also finite. From 88 it follows by simple induction that

(2) (fj+( Il A) = 12: (fj+(A)I·
AeS AeS

If A E S, then A = Ao . B for a certain BE X and consequently by 88

(fj+(A) = l(fj+ (A 0) +(fj+ (B) I c: 2: (fj+(B). Hence we obtain the inclusion
BeX

(3)

(4)

Now we claim that

Il A = Il A.
AeS -4eX

First, the inclusion fl A c: Il A is obvious. Conversely, if x E nA and
AeX AeS AeS

BE X, then B ·A o E S; hence x EB· Ao c: B. Since Bean be chosen arbitrarily,
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we obtain x E fI A, i.e, n A c fI A. Hence (4) has been proved. From
AeX AeX AeS

(2), (3) and (4) it follows that

(fj+( Il A) elL (fj+(A)I,
AeX AeX

which shows, in view of (I), the validity of 89.

90. For A E M+ , we denote by n(A) the number of elements of A.

91. For A, B E M+ , we write A eB if either n(A) < n(B) or n(A) = nCB)
and A precedes B in the lexicographical ordering of all n(A)-tuples of ele-
ments of K.

92. If A, BE M+ , AeB and rp E (fj+, then Ip(A)erp(B).

Proof. From 91 it follows that n(Ip(A» = n(A) and n(Ip(B» = n(B).

Hence if n(A) < nCB), then we also have n(q:J(A» < n(Ip(B», and con-
sequently, by 91, Ip(A)elp(B). On the other hand, if n(A) = nCB), then by
91 the earliest element of A - B remains in the relation -< to the earliest
element of B-A. The map Ip leaves the relation -< invariant, whence we
conclude that the earliest element of Ip(A) - Ip(B) is in the relation -< to
the earliest element of Ip(B)-Ip(A). By 91 this shows that Ip(A)elp(B), which
was to be proved.

93. The set of all A E M+ for which n(A) = n will be denoted by M:
(n = 0, I, 2, ... ).

94. Weput,forn = 1,2, ... :Ao = O,Aft = {/(l),f(2), ... ,f(n)}(cf. 77).

95. Aft E M: for n = 0, I, 2 ...
The proof follows directly from 93, 94, 77.

'96. Let 0'1' ... , O'ft be rational numbers such that 0'1 < 0'2 < ... < O'n.
We put for a rational x:

gal' ....a.(X) = X-O'I + I if x ~ 0'1'

g"l' .... a.(X) = X-O'n+n if x > an'

97. Let A eM; and A = {Xl' ... ,Xft} where Xl < ... -< xft. We put
ai =j-I(X;) (i = 1,2, ... , n) and IpA = jga , . ...•"./-1 if n> 0; for n = Owe
denote by IpA the function satisfying the equation IpA(X) = X for all X E K.

98. If A EM:, then IpA E (fj+ and 1p,4(A) = Aft.
The proof can be obtained without difficulty from 93, 94, 96, 97 and 77.
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99. For brevity we put lIDM +,e- = lID+ and .Rs+(A) = .R+(A).

100. For x elID+ we denote by A(x) the intersection of all A e M+
for which x e.R+(A).

101. If xe lID+, then. x e.R+(A(x»).

Proof. We denote by X the system of all A e M+ for which x e .R+(A).
By 43 and 99 we have 0 :f: X c: M+, which by 89 and 100 proves that

(fj+(A(x») = IL (fj+(A)I. Hence every function cp e (fj+(A(x») can be rep-
AeX

resented as a composite function cp = CPl CP2 ••• CPo, where CPI e (fj+ (AJ)

and AI eX (i = 1, 2, ... , n). In view of 40 we have ICPI, x] = x for i

= I, 2, ... , n. But since by 36 /cp, xl = !CPl, ICP2' ... , Icp., x I ... I, it follows
that Icp, x] = x. In view of 40 we conclude that x'e.R+(A(x»), which was
to be proved.

102. If xelID+ and cpe(fj+, then A(lcp,xl) = cp(A(x»).

Proof. By 41 and 101 we have Icp,xl e.R+(q{A(x»)); hence, on the
basis of 100, A(lcp, xl) e cp(A(x». Now if we have Be M+ and

(I) Icp,xle.R+(B),

then we have, by 41 and 33, x e.R+(cp-l(B»); hence A(x) c cp-l(B). Since
this holds for every B satisfying (I), it follows from 100 that cp(A(x»)
c A(lcp, xl), which was to be proved.

In connection with definitions V, VII from § 1, we also introduce the
following definition:

103. A set x orders a set y if the following conditions hold for arbitrary
u,v,wey:

(I) <u,v)ex or <v,u)ex;

(2) if (u , v) e x and u :f: v, then <v, u) non ex;

(3) if <u, v) e x and <v, w) e x, then <u, w) ex;

(4) <u,u)ex.

104. A set x well-orders a set y provided x orders y and the following
condition holds: if 0 :f: z c y, then there exists a u e z such that <u, v) ex
for every v E z,

105. Let (fjE~, MeR«fj) and YElIDM.S-Ko. In order that an x
e lIDM • s-Ksatisfy conditions (1)-(4) in 103for arbitrary u, v, WE lIDM , II' y,
it is necessary and sufficient that x should order y and belong to the domain

lIDM,II.
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Proof. First we assume that x belongs to the domain W M, 41- K and
satisfies conditions (1)-(4) in 103 for arbitrary u, v, W EW M • tI' y. Since
by 46 y C WM' , tI, these conditions hold for arbitrary u, v, WEy, i.e. x
orders y.

Now if x EW M , tI and x orders y, formulas (1)-(4) in 103 hold for arbi-
trary U,V, wEyand a fortiori for arbitrary U,V, WEy·WM,tI. In view
of (4) we infer from 25,48 and 26 that xnon E Ko, which was to be proved.

Theorem 105 has the following meaning; if one replaces in Definition
Y, § 1, the words "individuum", "class", "s", "A" by the words "M, G3-
distinguished element", "M, G3.distinguished domain", "e", "A o" , respec-
tively, then this definition becomes a statement which defines the notion of
an ordered set belonging to the domain W M , 4I '

106. Let G3E~, MER«(fj), x,zE'IDM,tI-K,xcy and t=
= z- E [u, V E x]. If Z orders the set y, then t orders x and we have

<U,v)

fE'IDM , llI - K.

Proof. It is evident that t orders the set x. From 26 and 46 it follows
that x i= A o, since otherwise Z could not belong to the domain 'IDM , llI - K.

Hence from 25, 26, 46 we obtain

(1)

(2)

(3)

(4)

o i= x C 'IDM, tI and xnon E Ko.

By 48 and 26 we conclude from this that

o i= W = E [u, V EX] C 'IDM, tI,
<u,v)

wnon EKo.

From (2) and (3) it follows by 32 that

IfP,wl = E [U,VEX] for fPEG3 o .
<III', ut, 1'1', vi)

By (1) and 32 there exists a set A EM such that the formulas U E x and
IfP' ul E x are equivalent for U E'IDM , llI and fP E G3(A). Hence by (4) we
have

(5) IfP' wi = W for fP E <D(A).

On account of 32, formula (5) proves that the domain associated with
W is M, <D-distinguished. Since t = z· w, in view of 66 it follows that
t E 'IDM , llI , which was to be proved.

107. For every ordinal number ~ there exists a set x E'ID+ - K which
'Orders the set K~' 'ID+.
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Proof. For A E M+ we denote by YeA) the set of y E KI;. W+ for
which A(y) = A. Since A(y) is determined uniquely by y, the sets YeA) are
mutually disjoint.

From the axiom of choice we infer the existence of the sets On
(n = 0, 1,2, ... ) which order the sets yeAn)' With the aid of these sets we
establish a relation (J between elements of KI;' W+ in the following way:

(1) ucro holds if and only if 10 u, V E KI;'W+ and 20 either A(u)eA(v) or
A(u) = A = A(v), and <1<pA, rz], I<PA, vi) E OnCA)'

Finally we denote by x the set of pairs (u, v) for which uau holds.
Next we wish to show that x orders the set KI; . W+.
For u E KI;. W+ we have by 47, 35, 98, 83 and 102

l<PACu), ul E KI;' w+· Y(An(A(U))'

Since On(A(u» orders the set Y(An(A(U»), we obtain

I<pACu), ul, I<PACU» ul > E On(A(U»'

i.e. by (1) uou or

(2) <U.U)EX foruEKI;·W+.

Now let (u, v) E x and u #: v. If A(u)eA(v), then by 91 we cannot have
either A(v)eA(u) or A(v) = A(u). Hence from (1) it follows that (u, v)
non EX. IfA(u) = A = A(v), then according to (1) we have <I<PA , ul, I<PA, vi)
E O.CA)' Here we have I<PA, ul #: I<PA, vi, since otherwise we would have
u = v. In view of the fact that O.CA) orders the set Y(A. CA» , we obtain
<1<pA, vi, I<PA, ul)non E OnCA)' Now the equality A(u) = A(v) excludes the
formula A(v)eA(u). We infer from (1) that also in this case <v, u)non EX.

Hence, in general, the following holds:

(3) if u #: v and (u, v) E x, then we have <v, u)non EX.

Now we assume that <u, v> E x and <u, w) EX. If A(u)eA(v), we must
have A(u)eA(w). Then in any case we have A(v)eA(w) or A(v) = A(w),
and the relation e is transitive. Hence in this case we have <u, w) EX. Sim-
ilarly we have <u, w) E x if A(v)eA(w). Now if A(u) = A(v) = A(w) = A,

then we have by (1) </<PA, ul, I<PA' wi> E O.CA) and <1<pA, vI. I<PA, wi) E O.CA),
whence </<PA, ul, I<PA, wi> E O.CAl> i.e. on account of (1) uaw, and hence
(u, w) EX. Thus we have proved the following:

(4) from <u, v) E x and <v, w) E X it follows that <u, w) EX.

If u, v E KI;' W+, then we have either A(u)eA(v), or A(v)eA (u), or finally
A(u) = A = A(v). In the first case we have by (1) <u, v) EX. in the second
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case (v, U) EX. In the third case either (I<PA, ul, I<PA, vi) E OneAl or
(/<PA, vi, I<PA, ul) E OneAl' since by 102 and 93 I<PA, ul, I<PA, vi E Y(An(Al)'
Hence also in this case we have (u, v) E x or (v, u) EX. Accordingly, the
following formula has been proved:

(5) if u, V E Ke · W+,then we have either (u, v) E x or (v, u) EX.

From (2)-(5) it follows by 103 that x orders the set Ke' W+.
Ifu, v E K;' W+, then by 48 and83 (u, v) E W+. Since x is composed

of pairs (u, v> for which u, v EKe' W+, we have x c W+, which by 10,
44, 50 and 83 implies

(6) L'~(x) . IDl c W+ c L K+ (B) for every ordinal number 'Y).
BeM+

Now let (u, v) E x and <P E (J)+(O). By 32 we have

(7) l<p, (u , v>1 = (I<p, ul.l<p, vi)
and by 47 and 35

(8) l<p" ul, l<p, vi E K;' W+.

According to (I) two cases are possible: either A(u)eA(v) or

(9) A(u) = A = A(v) and (I<PA, ul, I<PA, vi> E OneAl'

In the first case we obtain from 102 and 92 A(I<p, ul)eA(/<p, vI), which
in view of (I) and (8) gives

(10) <1<p,ul.[<p,vl)EX.

Now we assume that the second case holds. We put B = <peA) and 'If
= <PAI<PB<P' By (9) and 102 we have

(II) A(I<p, ul) = B = A(I<p, vI).

Further, we clearly have 'If E (D+, since according to 98 <PAl, <PB E (D+.

If x E A, then we have <p(x) E B; further, by 98, <PB<P(X) E An(Bl = An(Al>
whence by another application of 98 we obtain 1J!(x) = <PAI<pB<P(X) EA.
The function 1J! maps A onto a part of A. Now we claim that

(12) 1J!(x)=x for x e x ,

Namely, if we had 1J!(x) #: x for a certain x E A, and hence, say, x -< 1J!(x),
then we would obtain by iteration

x -< 1J!(x) -< 1J!2(X) -< ... -< 1J!k(X) -< ...
By the above all 1J!k(X) would belong to the set A. But this is impossible,
because A as an element of M+ is a finite set. Accordingly, (12) has been
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proved and it follows that tp e (fj+(A). By (9) and 101 this proves that Itp, ul
= u and Itp, vi = v, i.e, on account of 33 and 36 <Ips, Ip, ull = IPA, ul,
IlpB, Ip,vll = IpA, e]. Hence by 9 we obtain

(13) <lpB, lti>, ull, Ips, Ip, vii) e On(A) = On(B)'

From (I), (8), (II) and (13) we again obtain formula (10). Hence we
have proved the following:

(14) if <u, v) E x and P e (fj+(0), then we have <Ip, ul, Ip, vi) EX.

Putting in (14) f{!-I for f{!, If{!, ul for u and If{!, vi for v, we obtain the
following

(15) if <Ip, ul, If{!, vi) E x and P E (fj+(0), then we have (u, v) ex.

Since we clearly have

(16) 0# x c m,
on the basis of 32 it follows from (6), (I6) and (17) that x E ID3+, and from
(2) we infer by 26 and 48 that xnon E Ko, which was to be proved.

108. Ify e ID3+ - Ko, then there exists an x e ID3+ which orders y.

Proof. By 18 and 21 we have y c K. for a certain ordinal number ~,

which on account of 46 gives y c K. ID3+ . By 107 there exists a set from ID3+
which orders K.· ID3+. Hence from 106 we conclude that there exists an
x E ID3+ that orders y, which was to be proved.

109. In view of 105, 51, 52 and 54 Theorem 108 can be expressed as
follows: when in the ordering principle of § 1 we replace the words" indi-
viduum", "class", "e";" A" by the words" M+, (fj+-distinguished element",
"M+, (fj+-distinguished domain", "e"," .110 " , respectively, then the order-
ing principle becomes a true statement.

110. K E ID3+ -KQ •

Proof. From 0 # K c Ko it follows that K c I.ll(Ko) C K 1 from
which we obtain

(1)

(2)

Kem.

From 26 it follows further that

KnonE KQ •

If f{! E (fjo, we obtain by (1), (2) 25, 32 and 30 b)

Ip, KI = E [n = 1,2, ... ] = K,
9'(.1.)
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from which we get

(3) K E.ft+ (0).

From 45 we obtain by 10, 44, 50 and 83

(4) L.(K)· m c: L~W+)' m c: W+ c: L .ft+(B).
BeM+

From (1)-(4) it follows by 43 that K e W+ -Ko• which was to beproved.

Ill. There exists no x e W+ ordering K and satisfying the following
condition:

(ole) if Z E W+ - Ko and the formula t E Z implies the formula t e K for every
t E W+, then there exists a u E W+ . z such that <u, v) E x for all
veW+· z.

Proof. Let us suppose that there is an x E W+ which orders k and
satisfies (»). Hence there exists a set Al E m+ such that x E .ft+(A l ) . By
IlO there exists a set A 2 E M+ such that K E ft+ (A 2)' We put A = Al +A 2

and we clearly have

(I)

As a finite set, x can be represented in the form A = {Xl' ... , xn } , where
XI -< X2'" -< Xn • We put 10 = E [x -< xtl· K, Ij = E [Xj -< x -< xJ+tl·K

x x

for j = 1,2, ... , n-I and In = E [xn -< x]· K. Clearly, one of the sets I)
x

must contain at least two elements, since K is infinite. Let 110 = z be that
set. We claim that

(2)

(3)

Indeed, we have

O#z c:m,

since z c: Ko. Hence we have according to 26

(4) znoneKo.

In view of (2) from z c: Ko it follows that z e ~(Ko) c: K I c: m and

(5) z Em.

By (3), (5) and 32 we have 11f' zl = E [x e z] for If E <V+. Now let If
Ip(x)

Effi+({xjo,xlo+d)·e l
) The formulas Xjo-<X-<Xlo+1 and Xjo-<If(X)

(,I) For jo = O'we put {XI} and for jo = n we put {x.} in place of {xJo' XJO+I}'
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-< Xio+l are clearly equivalent, which shows that lip, zI = z. Since {xio'

Xjo+d c A, we obtain

(6)

Finally, in view of z c Ko em+, we have by 10, 44, 50 and 83

(7) Ee(z) . IDl c m+ c ~ jt+ (B) for every ordinal number t.
BeM+

Now (2) follows from (4)-(7) and 43.
From 46 it follows by (2) that z c ID3+. Since z c K, it follows that

for every t eID3+ the formula t e z implies the formula t e K. By (.) there
exists a Uo such that:

(7) Uo e z ;

(8) (uo, v) ex for all v ez·m+ = z.

Now let U1 be an arbitrary element of z which is different from uo. Since
Uo, ulnon e A and by 80 the set z is ordered into type n, we easily infer
that there exists a function Ip e (Ij+(A) such that lp(u1) = uo. Evidently
we have

(9)

since otherwise in view of the uniqueness of Ip we would have Uo = u1.
Further, we have by (6) Ip(uo) e z, and hence by (8)

(10) (uo, Ip(uo» EX.

On the other hand, form (8) by the use of (1) and 32 it follows that
(Ip(uo), rp(u1» E x, i.e.

(11) (lp(uo),Uo) EX.

But this is a contradiction, because in view of (9) the formulas (10) and
(II) are mutually exclusive. Accordingly, our assertion has been proved.

In view of 110, lOS, 51, 52 and 54 it follows from 111 that under the
interpretation of basic notions given in 109 the well-ordering theorem of
§ 1 becomes a false statement. Consequently, on the basis of the main the-
orem we obtain the following theorem.

THEOREM I. The well-ordering theorem is independent of all axioms of
the system <5 and ofthe orderingprinciple.

As an easy application of this we obtain the following corollary.

COROLLARY II. Let us add to the axioms of the system <5 the following
statement
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(*) for every system of mutually disjoint and finite sets there exists a choice
set.

Then the well-ordering theorem is not derivable from that system.(22)

For the proof it suffices to observe that the statement (*) is derivable
from the ordering principle within the framework of the system 6.(23)

As we mentioned in the introduction, the two theorems just proved
only hold under the assumption that von Neumann's set theory is con-
sistent. Finally, we would like to mention that this assumption can be re-
placed by Some weaker ones, e.g. by the, assumption that the system 6 is
without contradiction.

It follows directly from our considerations that the construction of the
model can be carried out not only within von Neumann's system but also
within some other systems (as e.g. the system of Bemaysj.sSimilarly, our
main theorem can easily be proved in other systems along the lines of § 3.
However, the situation with regard to the theorems of § 4 is quite different.
In proving 107.w~ made essential use of the axiom of choice, and according
to all evidence it is impossible to prove Theorem 107 without the use of
this axiom.F") Hence, probably, the proof of 107 cannot be carried out
within the framework of the system 6, either. But if we extend the system 6
by adding the axiom of choice, then within this new system 6' all the
derivations of the preceding sections can be exactly reconstructed. Hence
Theorem I and Corollary II hold under the assumption that the system is
consistent. Now it was proved by Godel at the end of his previously men-
tioned Iecturef") that the consistency of 6' follows from the consistency
of 6. Accordingly, the validity of Theorem I and Corollary II is ensured
already by the consistency of 6 (or Bernay's system).

Instead of the system 6 one could also consider other systems of set
theory and obtain corresponding results. For example, one could take

(22) Corollary II (in a somewhat different formulation) was put forward by A. Fraen-
kel in his second and third paper cited in (12). However, Fraenkel's two proofs are
not convincing (cf. the communique by A. Lindenbaum and myself cited in (13».

(,3) This remark is due to K. Kuratowski. See A. Tar ski, Sur les ensembles
finis, Fund. Math. 6 (1934), pp. 46--95; cf. footnotetj) on the page 82.

C'4) This question is loosely connected with the apparently very difficult problem
of whether the axiom of choice is also independent in systems that do not allow the exis-
tence of primitive elements (" Urelementen").

(25) See K. G 6 del, The consistency of the axiom of choice and the generalized
continuum hypothesis, Proc. Nat. Acad. Sci. 24 (1939), pp. 556--557.
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the system of Ouinet?") or Skolem.F") which have fewer basic notions
than 6 but are not based upon a finite number of axioms. Consequently,
the proof with respect to such systems is by no means an exact repetition
of the previous one. To carry out this proof one has to take under con-
sideration several other methods of modem mathematics.P")

e6 ) See W. v. Qui n e, Set-theoretic foundation for logic, Journal of Syrnb. Logic
1 (1936), pp. 45-57.

e7
) See T. S k 0 I e m, Uber einige Grundlagenfragen der Mathematik, Skrifter utgitt

av Det Norske Videnskaps Akademi i Oslo. I. Mat.-Nat. KI. (1929), No.4.
eO) See my paper introduced in (14) and also the communique cited in (13).



On definable sets of positive integers *).

By

Andrzej Mostowski (Warszawa).

The celebrated paper of K. Godel on undecidable statements 1)
had (among others) the effect that several writers began to analyze
the notion of functions of natural argument taking on integer va-
lues as well as related with them sets of positive integers. The chief
purpose of these endeavours was to formulate an exact definition
of what may be called "calculable function", i. e. such function f(n)
that there exists a method permitting to calculate the value of f(n)
for any given n in a finite number of steps. For sets we have the
corresponding notion of "calculable sets" for which there is a finite
method permitting to decide whether any given integerIs in set or
not. The solution of this problem given by Herbrand, Godel,
Church, Kleene and Turing I) suggested still other types of sets
and of functions. So e. g. Rosser and Kleene found an interesting
class of sets which they called "recursively enumerable" 3}.

The aim of this paper is to show that tbe two above mentioned
classes of sets (and of functions) form the beginning of an infinite
sequence of classes whose properties closely resemble those of pro-
jective sets ~). For convenience of readers not acquainted with
papers referred to in footnotes Il) and 3) I shall develop the theory
without using the notion of general recursivity (the final section 6
is the only exception).

*) See note on the page 112.
I) Godel [3]. Numbers in brackets refer to bibliography given at the end

of this paper.
S) Gadel [4], [5], Church [2], Kleene [9], Turing [21]. It is now eusto-

mary to eall calculable functions and sets "general recursive". An excellent
exposition of the theory of these functions is to be found in Hilbert-Ber-
n ay s [8], Snpplement II, 392-421.

3) Kleen e L9], ROBBer [14]. Further development will be found in Post[l2).
4) I shall refer to the exposition of the theory of these sets given by Ku-

ratowski [10].
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It is difficult to predict at present whether the classes of sets
and of functions dealt with in this paper will gain the same "right
of citizenship" in metamathematics as the class of general recursive
sets or functions. I have therefore not so much developed the
theory of these classes themselves as tried rather to give some appli-
cations and to detect relations between the new classes and notions
already known in this field. This explains why proofs of several
known theorems are given in this paper (see 4.21, 4.41, 4.43, 5.51,
5.61). I think that owing to the use of methods familiar in the
theory of projective sets I obtained not only considerable simplifi-
cations of the proofs but also some slight generalisations of the
results themselves.

It seems to be possible to develop very extensively the theory
of the new classes "'on the pattern of the theory of projective sets.
From this kind of problems only one will be discussed here, to wit
the analogue of So'uslin's theorem Ii), i. e. the theorem that a re-
cursively enumerable set whose complement is also recursively
enumerable must be general 'recursive 8). The utility resultdng from
the analogy with projective sets is thus I think demonstrated.

I 1. Classes r, and a:
t.t. PreUminary remarks. Terminology. Metamathe-

matical concepts occuring below (e. g. propositional function,. formal
proof etc.) refer to a fixed self-consistent logical system S in which
the theory of addition and of multiplication of positive integers
can be built up. Hence for S may betaken e. g. the system of
Principia Matllemalica of course reformulated so as to render the
system more exact 7). As. the subsequent investigations are in high
degree independent from the particular choice of the system S
I shall give a mere sketch of its structure instead of a detailed de-
scription.

In the system S occur variables "x", "y", ... of the type of po-
sitive integers S) as well as signs denoting the, numbers 1,2,3, ...

I) Kurat o w s k i [1oJ. p. 251, Corollr.ir.. 1.
I) After having finished the first draft of this paper I became acquainted

with the paper Post [12] from which I see that this result has been obtained
by E. L. Post already in 1944. From letters I understand that A. T'a r s k i has
also found the same theorem.

7) Such exact reformulations are given in Gildcl [3] and Tarski [17].
I) S can contain also other types of variables.



[13], 83 ON DEFINABLE SETS OF POSITIVE INTEGERS 341

Propositional functions with one, two, ... ,k variables of the type
of positive Integers will be denoted by symbols such as ..,/,(Il1)",
.,1p{x,y)" etc. and general ",/,(x)", the German letter "x" 8tandiBg
for the finite sequence XllXt , ••. ,x; of k variables.

Among the propositional functions occur the arithmetical ones:

{I) x=y, x<y, x=y+z, x=y·z, x=yz

with their usual meaning.
If we substitute in a propositional function, e. g. in ,/,(x,y),

for "fC" the sign denoting the number k and for "y" the sign denoting
the number l we get a sentence which will be denoted by ,,Ip(k,l)".

The implication and the conjunction of two propositional
functions '/' and 1jJ will be written as '/'~ and,/, '1jJ, the negatfon
of '/' as ,/,'. For quantifiers WE' use letters "II" and "I" with a variable
written below.

We admit that the ordinary rules of inference and the ordinary
arithmetical axioms are valid in S. The formula -'/' means that '/'
is a valid sentence, i. e. that there exists a formal proof of '/'.

It will be admitted that it is possible to put variables, propo-
sitional functions and formal proofs of the system S in one-to-one
correspondence with positive integers t). These integers will be called
the Godel-numbers of variables or of propositional functions or
of proofs. The correspondence is supposed to be not arbitrary
but to fulfill some conditions which will be formulated in 3.1 10) .

In the simplest case S contains no other variables than those
of the type of positive integers and no other propositional functions
than those which can be built up from the propositional functions (1)
with the help of quantifiers and logical connectives ,,_", -:" and ,,"'.
In this case S will be spoken of as the system of elementary arith-
metic and denoted by ~"

The logical symbols: negation .,"', implication ,.-", e9,ui.
valence ".-", conjunction ".", alternative ,,+" and quantifiers
occur also (and more frequently) as synonyma of words "not",
,oiL., then .. .'" etc. They are then used not as signs (primitive or
defined) of the formal system S but as words of our ordinary language
in which we are speaking about the system S. Using Carnap's

t) G.odel [3]. p. 179.
10) They represent a generalization of the three eonditions of recursivity

formulated in Hilbert-Bernays [8], p. 393-39'.
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terminology we could say that we use the same symbols in object
language as in syntax-language 11). I do not think that this double
meaning could cause any misunderstanding D).

Positive integers will be denoted by letters m,n,h,k, ..• even-
tually with subscripts. For any n we put

n =2",Cn)[2s.(n)-1].

Ordered k-ads of positive integers will be called points of
k-dimensional space RJt and denoted sometimes by a single German
letter m,n, ... For ,,/f(~,nll,.••,n.)" we write then shortly "tp(m)".

The set-theoretical notation and terminology is that of Kura-
towski [10].

1.2. Deeldable tunetioDs. A propositional function /f(I)
with k free variables will be called decidable, if for any n E RII.
either f-/f(n) or f-/f'(n). In symbols

n [f-lp(n)+f-lp'(n)].
flER.

Here the logical symbols except the negation-sign ,,'" are
taken meta-mathematically.

E. g. the propositional functions (1) are decidable.
1.21. The_negation of a decidable propositional function and the
logical product of two such functions is again a decidable pro-
positional function.
For negation the proposition is obvious. Suppose now that

lp(I) and "'(1)) 'are decidable propositional functions with k and l
free variables and let mE"R", n E R I • If f-/f(m) and I-tp(n), then
f-lp(m) ·",(n). If either non f-lp(m) or non r",(n), then f-lp'(m) or
I-V"(n) since lp(I) and tp(t) are both decidable and it follows by the
rules of propositional calculus f-[/f(m) ·tp(n)]'. Hence lp(I) '11'(1) is
decidable.

1.22. If /f(I,y) is a decidable propositional function with k+l
free variables, then the propositwnal functions

n[(y<X)-+lp(I,y)] and 2[(Y<X)'/f(I,y)]
9 9

are also decidGble 13).

11) Carnap [I]. p. 4.
It) One could avoid this duality introducing other symbola in tbe formal

system 8 and other in the meta-system. Thill ill done e. g. in Gtidel [3].
13) Gudel [3], Satz IV, p. ISO.
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(2)

The proof is obvious.
According to 1.21 and 1.22 the connectives of propositional

calculus as well as the "limited quantifiers" n[(y< x)_( ... )] and
g

2'[(y<x)·( ... )] if applied to decidable propositional functions yield
y

again decidable functions. It will be seen later (in 4.21) that the
unlimited quantifiers II and 1: may give undecidable propositional

¥ :JC

functions.

1.23. Let p(t,1)) and V'(x, 1)) be two decidable propositionoJ, functions
with m+k and l+k free oariobte«, Let V'(x, 1)) fulfiU the conditions:

Il Il Il ([V'(x,1)) 'V'(x,3)]-(1) = 3)} U);
X 1) 3

(3) For any m fi R[ there is n € R~ such that rV'(m, n).
Under these assumptions the propositional function

(4) 2' [p( t,1)) 'V'(x,1))]
p

(5)

is decidable.

Proof. Let us denote by O(t, r) the propositional function (4)
and suppose that m fi R" pERm. Assume that non I-O(p, m) and
denote by n a point of R/t such that I-'P<m,n). Hence it cannot
be I-p(p, n), since we would then have rO(p, m) against our assump-
tion. Therefore f-rp'(p, n) and hence

I-[V'(m,n) -rp'(p, n)].

The formula f--- 'P<m, n) yields together with (2)

I-n[(1) =n)' -V"(m,1))]
p

and hence by the ordinary rules of propositional calculus

I-n{(t) =n)'-[V'(m,1))-P'(p, tj)]}.
p

Combining this with (5) we get I-n[V'(m,t»)-P'(p,1))), 1. e.
p

I-0'(p, m). This proves that D( t,;t) is decidable.

il) If P=(Yl.Yll Y.) and 3=(Zl.t:1I.... ,z/t). then 1)=3 means the eonjune-
1iion (Yl=zlHYt=zll) (Y/t~e/t).
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1.24. Ufkler the UBumptwns of 1.23

~ {2 [q:>( t,l)) ·.,(x,1))]-ll [tp(I, 3)-q:>(t, 3)]}·
~ ~

Proof. From (2) we obtain

f-{q:>( t, 1)) '.,(1,1))' .,(1,3)-(1) = 3) 'q:>( t, 1)}

[13J, 86

and therefore
f-{ q:>( t, 1)) . Y'< I, 1)) . tp(I, 3)-q:>(t, 3)}.

This yields

~ {(q:>( t, 1))' ,,(1, 1))]-[VJ{I, 3)-q:>(t;3)]}·

If we now add the general quantifier in the second term and
the particular one in the fiJ'llt, we obtain immediately the desired
result.

1.25. The propositional functions x(x,y,z), Xl(X,y) and XI(X,Z)
defined as

x =2Y(2z+ 1), .E X(X,Y,z), 2 x(x,y,z)'
z Y

are dec-idable and. fulfill the [ormulae:

~[X(X,y,z)·X(x,y',z')-(y =y') ·(z =z')],

~[Xl(X,y)·Xl(X,y')-(y =y')],

~[X2(X,Z)'X2(X,Z')-(z=z')].

1.S. BeUnltlon of classes P<:) and Q<:). A. set ACR.
will be said to belong to the class ~.) if there is a decidable propo-
sitional function q:>(I) with k free variables such that

n € A ....~q:>(n)

for any rt eR k» We say that <P(I) define sA. For reasons of symmetry
we shall denote the class Prlk ) also by Q~k).

Let us now suppose that n~ 0 and that classes p~k) and Q~.)

(k=1,2,3, ... ) have already been defined. We then say that a set
ACR. belongs to the class P~~l if there is a set B € Q~Hl) such
that for any n € R.

n e A ....l'(l1,P) € B.
p
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The analogy with the theory of projective sets needs not to
be emphasised.

The class Pok)= Q~k) plays in our theory the same role as
the class of Borel-subsets of k-dimensional space plays in the theory
of projective sets.

We see from the definition that the rules of inference admitted
in the system S permit to deeide whether any given I,point" n
belongs to any given set .A of the class p~Jr) or not. Hence Pok

) is
the class of general recursive sets mentioned in the introduction.
This will be proved fonnally in 6.31.

From classes .P';,k) and Q<;) with n~1 only one as far as I see
is known in the literature. It is the class p~t) which was called
by Kleene the class of recursively enumerable sets 15). It will be
shown later that A., pP) if and only if A is the set of values of
a general recursih function (see 5.61 and 6.23).

The whole sum i' [P~~)+Q~k)] may be characterized as the
n=O

class of sets A CR k which are definable within the elementary
arithmetic. The word "definable" is here used in the following
sense HI): a set ACRJr is definable within III if there is in III a propo-
sitional function 11'(1) with k free variables such that n € A if and
only if n fulfills 11'(1). The proof of the above theorem presents no
difficulty for anyone who knows the notion of fulfillness !"). As
its exact definition is rather intricate, we shall omit this proof and
content ourselves with the remark that the definability of sets
belonging to p~k) results from theorem 6.31 given below.

The classes p~k) and Q~~) such as they were defined depend
a priori from the logical system S taken as basis and should pro-
perly pe de.noted by symbols p~~)(S) and Q~)(S). As a matter of
fact they are independent from the system S provided that this
system satisfies some very general conditions as will be shown in 6.3.

I 2. ElelJleBtary properties of classes P~k) and Q;).
2.1. Sums, oeounon parts and cartesian products.

The most important theorems we intend to establish in this section
may be stated as follows: the classes p~;) and Q~~) are rings of sets
for any n (2.17); the property to belong to P n (or Qn) is invariant

16) Kleen .. [9], theorem XI, p.73-9.
11) Tarski [IS] p. 312.
17) Tarski [is].
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under the cartesian multiplication by an axis (2.14); the sum (or
the common part) of an enumerable sequence of sets belonging
to pl;.k) (or to Q~k» belongs under certain assumptions to the same
class (2.16). The remaining theorems are lemmas.

2.11. If A e p~k) and B e p~k), then A +B, A·Band Rk-A
belong to p~kJ.

This proposition which follows immediately from 1.21 states
that p~k) is a field of sets.

2.12. If .A £ p<;), then Rk-A £ Q~k) and conversely.

This follows direct from definition.

2.13. (Change of axes). If :n:(1),:n:(2), •••,:n:(k) is any permutation
of 1,2, ... ,k and if we denote for any. ACRk by An; the set of
all (nn;(lJ' nn;(2h ... , n,,(kJ) for which (nIl n 21 ••• , nk) eA, then
A e p~kJ_An; £ p~k) and A f: Q<;J __An; f: Q~kJ.

The easy proof proceeding by induction on n will not be given
here.

2.14. (Cartesian products). If A E p~k) (or A E Q<;»), then
A X u, Ep~k+l) (or A f: Q<;+l»).

Pro of. Suppose first that n = 0 and, let <p(l) be it decidable
propositional function which defines A. The propositional function
!p(l) . (x =x) is of course decidable and defines A X R1• Hence
A x RJ f: p~k+1).

Suppose now that 2.14 holds for n<m and let A E p~~). By
definition there is a set, B E Q~~:) such that

nf:A ....L;'(n,q)f:B.
q

The set B1 = E C(n, q) £ B] arises from B X R1 by interchanging
(a.p,q)

the two last axes and therefore B1 f: Q~:!::i) by 2.13. Since we have
obviously

(n,p)EA xR1-L;'(n,p,q)f:BIl
q

we infer from the definition that A XR1 E p~+l).

Suppose now that A f: Q~>' i. e. Rk-A E p~:). If we repeat
the above reasoning· taking Rk-A. instead of A, we obtain
(Rk-A, X R1 E p~k+i) or passing to complements and, using 2.12

Rk+J -(Rj-A) X R1E Q~l).

The left side is identical with A X R1 what completes the
proof.
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Let us put for any ACRk+2

A*= E[(n,Sl(p),Sa(P» EA.].
(n,p)

2.15. A E P:+2)_A* E p~k+ll and A E Q~+2l ....A * E Q~A+ll.

Proof by induction on n. Suppose first that n=O and that
A,. pJk+2,. Let tp(t,u,v) be a 'decidable propositional function with
k +2 free variables which defines A and consider the propositional
function

" v

where Xl(Z,U) and Xa(z,v) have the meaning defined in 1.25. It is
obvious that this function defines A *. It is in addition decidable
because it has the form considered 1.23 with "(u,v),, instead of "t)"
and with "Xl(Z,U)'X2(Z,t'l" instead of "",,(x,t)". The·assumption (2)
of 1.23 is satisfied in virtue of 1.25 whereas (3) is obvious. This
proves that A * ,.pJk+I).

Suppose now conversely that A*E pJA+I) and that' tp(t,w) is
a decidable propositional function which defines A *. By 1.23
and 1.2G the propositional function

2,'tp(t,w). X(w,u,v)

is decidable and defines A. Therefore A E pJA+2l•

The theorem is thus proved for n =0.
Suppose now that 1n > 0 and that the theorem holds for n< m.

Let A E p~2). Hence there is a set B E O~~~l such that

(n,p,g),. A EI ~ (n,p,g,h) E B.
h

The set
B1 = E [(n,sl(l),S2(l),h),. B]

(n,/,h)

arises from B* by interchanging the two last axes; consequently
Br ,. Q,~:~i) by 2.13 and the inductive assumption. Now we see that

(n,l),. A *.... (n,81(l),s2(l» E A_~ (n,sl(l),82(l),h) ,.B~ ~ (n,l,hj ,.Br
h h

which proves according to the definition 1.3 that A * £ p~kf-ll.

Hence A E P!:+2)-.A* e P,~:+I).

Suppose now that. A * E P,~:+I), i. e. that there is a set B,. Q!:±il
such that

(n,l) E A* _ 2(n,l,h) E B.
11
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Let B17 B. and Ba be defined by the equivalences

(n,_,l) E B1 - (n,l,h) E B,•
(n,h,p,q) C! B 2 .... (n,h,2p (2g+1» E B17

(n,p,g,h) E Ba.• (n,h,p,q) E B 2 •

Obviously B; =B1, Since B] E Q~=i) by 2.13, we obtain from
the inductive assumption B 2 E Q~~:) and again by 2.13 Ba E Q!:~:).

Now observe that

(n,p,g) E.A- (n,2 p(2g +1» E.A* ...2,'(n,2p(2g+ l),h) E.B
h

-.2,'(rt,h,2p(2q+ 1» E B]r&2,'(n,h,p, q) E B.- };(n,p,q,h) E E 3 •
h h h

This equivalence proves that A E p~+2) and hence

.A E p}:+2) .. A * E p~+l).

Passing to complements and observing that

(RH-2-A)* =Rj,+t-A*,
'We obtain immediately

A E Q~+2) ... A * E Q~+I).

The theorem 2.15 is thus proved completely.

We put for any ACRH-l

A. = E[.l' (n,q) E A], A p = Eti] (n,q) E A].
" q " q

2.16. (Infinite sums and products)'. If n~l, then

A E p(k+l)_A E p\k) and A E Q(k+l)_A E Q(k)
n s n n p n-

Proof. Suppose first that A E p~k+]'. For a suitable B E Q~j,!r

we have the equivalence

(n,p) E A!!5 2:(n,p,q) E B.
q

Remembering the definition of the set B* we obtain

n E A. - 2,'(n,p) E A"", l:2,'(n,p,q) E B!IE };(n,h) E B*,
p p q h

for putting h=2P(2q+1) we have (n,p,q)EB-(n,h)EB*. Since
B* E Q~.t.!il), the above equivalence proves that A. E p~j,). In order
to obtain the second result stated in the theorem it is now suf-
ficient to observe that
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2.17. (The ring property). If A and B belong to p~lt) (or q:>A
then .A+B and A· B belong to the same ·class.

Proof. In view of :J.n we may suppose that n;;;d and that
the theoI'('m holds for lower values of n. From A ep~lt) and B £ ~It)
we infer that there are sets C and D belonging both to Q<:!l)·
such that

n£B-2;'(n,p)£D.
p

From these equivalences we immediately obtain

n e A +B l!iE l' (n,p) e C+D
p

and hence A +B £ p~k) since C+D £ Q~!11) by the inductive
assumption

Consider now the cartesian products 0 xRJ and D xR1 and
denote by 15 the set arising from D X R1 by intercha.nging the
two last axes. Putting for symmetry C= C XRll we have

(n,p,q) € C"'" (n,p) e 0,

(n,p,q) £ 15 .... (n,q) £ D

and c,15 e Q~~2) in virtue of 2.]3 and 2.14. By the inductive
assumption we infer that C· 15 € ~!~~2) and since

n € A ·B""" [1' (n,p) £ OJ '[2 (n,q) eDJ=
p q

- 2 2;'[(n,p) e C]·[ (n,q) £ DJ-1'2;'(n,p,q) £ 0·15,
p q p q

we infer from 2.16 that A.BEP~k).

Passing to complements and applying 2.12 we obtain the
further result that if A and B are in Q~~>' then A +B and A·B
are both in Q~). The theorem 2.17 is thus proved,

It will be proved in 3.32 that neither p~lt) nor Q~k) is a field
of sets for n;;::d, i. e., that the difference of two sets of the class p~k)

(or Q~k» dot'S not, in general, belong to this class. From 2.17
and 2.12 we obtain however

2.18. The common part p~k). Q~) is a field of sets for any n~O.

The sense of this proposition is that the class p~k). Q<;:) is
closed under the three operations A +B, A· B and A -B.
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2.2. The Kuratowskl-Tarskl method. This well known
method permits to evaluate the Borel class or the projective class
of any set provided that its definition has been written down in
logical symbols 18). The method is' based on propositions of exactly
the same form as our theorems 2.11-2.15 and 2.17 19) . Hence imitating
this method we may from the mere form of the definition of any
given set ACRk evaluate a n for which A E p~kl or A E Q<;).
This illustrates the importance of theorems established in 2.1.

2.8. Inclusions. Between the classes p~k), P::l-h Q~k) and
Q~k.tl hold following inclusions:

2.31. p~kl C r~~1 . Q~~l and Q~~l C P~~l . Q~k.k

Proof. Suppose that A E p~kl and put Al =A xR1• Evidently

n E A--n (n,p) E A 1 - Ll'(n,p) E Rk+l-Ad'; since Rk+1-A1 E Q~k+l)
P P

by 2.12 and 2.14, we infer direct from the definition 1.8 that
A' E Q~k.tl' Hence

(6)

(7)

P (k) C n,(k)
1/ ~I/+l'

Passing to complements, we obtain

Q (k)C p (k)
1/ "+1'

This gives for n=O the inclusions Q&k)CQlk) and p~k)CP</). Sup-
pose now that m >() and that the inclusions

(8) P (kl C p (kl
1/ 1/+1, Q(kl C n,(k)

11 ~1I+1 (k=1,2, ... )

are valid for n<m. If A E p~), then, for a suitable B E Q~P, we
have n E A ..2: (n,p) E B which proves that A E P~+l since B E Q~+I)

P
by the inductive assumption. Hence the first inclusion (8) is true
for n =m and passing to complements we obtain the same result
for the seeond one. (8) is thus true for any n. The theorem results
now from (6), (7) and (8).

18) Ku r a t ows k i v'I'a rak i [11]. p. 242, Ku r a t ow s k i [10], p. 168 and 243.
10) There ate, however. no rules in our theory which would correspond

to theorems concerning infinite sums or products of Borel (or projective)
sets,
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Note. This paper was already under press, when an interesting paper of
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ri'Can Mathematical Society, vol.53 (1943), pp. 41-83) became available in Poland.

A considerable part of the theory developed above is to be found in the
Kleene's paper. It seems me, however, that some of my results are new (e.g.
remarks 4.3) and that my presentation of the theory based on analogies with
the theory of projective sets may be of some interest for a mathematical reader.

Professor A. T a I' ski informed me that he also found already in 1942
results very similar to mines.
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M~Il) = E[n E .1'~Il){h)J
(... h)

3.21. If S fulfills the condition C., then there i8 a universal
function ~"){h) for the Clas8 pJ") 8uch that the 8et

belongs to Q~".tz1) •

Proof. 22). An integer 11, is the Godel-number of a decidable
propositional function with k free variables if and only if

nS S S {(h, t,n) E r,,·(l,m) EH· [(q,l) E.d +(q,m) E .d]}•
.. q I m

Hence denoting with ell the set of these numbers we infer
by the Kuratowski-Tarski method that

(9) ell E Q~~2 23).

We put now F~Il)(h) =0 for 11" non e ell and

Fcik)(h) = InS S (h,p,n) e r.-(q,p) E ,1]
" P q

for 11, E ell' The set ~k) belongs then to Q~":2t) as we easily see from
its definition

(n,h) E J!'o") ""'" (11, Ee,,)· S S[(h,p, n) E r,,· (q,p) E ,1]
P q

using (9), 2.31 and the Kuratowski-Tarski evaluation method.
It remains to prove that Ff,k)(h) is a universal function for

the class p~k;.

Let us suppose that A E pJIl) and that p(l) defines A. If 11, is
the Godel-number of p(I), then 11, E ek' Let n E A and let p be the
GOdel-number of lj!(n). Then (h,p, n) E Fk • Since I-p{n), there is
a formal proof of pen). Denoting with q its Oodel-number, we have
(q,p)e,1. Now from hEel" {h,p,n)di. and (q,p)E,1 we obtain
n E .mk)(h). If, conversely, n E ~"){h), 'then there are p, q such that
(h,p,n) E F k and (q,p) E ,1. Hence p is the Gddel-number of !pen)
and q is the Gedel-nnmber of a formal proof of pen). Hence there
is at least one formal proof of !pen) which proves that I-!p(n) i. e.
n E A; therefore A =F~k)(h) which proves that

A E pJIl) -+ J; A =.1'~k)(h).
h

U) This proof is essentially due to Kl e e n e [9], theorem IV,"p. 736.
23) More exactly: for 8=0 8kE Q~I) and for 8>0 8kE Q~~t. The for.

mula (9) includes both cases.
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Suppose, conversely, that A =F3")(h). If h non (e", then A =0
and therefore A e p~k). If h (e", let q:>(l) be the decidable propo-
sitional function whose Godel-number is h. We prove similar as
above that n (A- f-q:>(n) and therefore A £ pa"). Hence

2: A =.m")(h).-A £ pJ").
h

Thill completes the proof of 3.21.

N~j) = E [n ( G~)(h)]
(lI,h)

Qa;;~2 if n > 0 a1td to

and

3.22 If S fulfills the condition 0., then there are functions F~k)(h)

and G~)(h) universal tor classes p~k) and Qtt) and such that the
sets

Mr;) = E [n £ Ii'~")(h)]
(n.h)

belong respectively to P~~t~2 or to
1:f n =0.

Proof. The theorem was proved in 3.21 for n=O. Suppose
that n~O and the theorem is true for this value of n and for
k=1,2, ... Put

FJ.l (h) = ELr (n,p) £ G~A+l)(h)],
II p

G~"+I(1t) =Rk-F~itJ-l(1t).

If h is any integer, then F~':l-I(h)£P::J-lI since

n £ F~~I(h) -2;'[(n,p) £ G~lr-f-l)(h)]
p

and Gr;+ll(h) £ Qr;+l) by the inductive assumption. Suppose,
conversely, that A E P~"1-h i. e.

n£A;;el'(n,p)£B
p

for a suitable B £ Q<;+I). The function G~A+l)(h) being universal
for Q~A+l), there is an h such that B e G<;+l)(h) and therefore
A =.Fi.Jr+ll (h). Hence Jj~"1-1(h) is a universal function for Pt!-l' Pas-
sing to complements we immediately see that G~~l(h) is universal
for Qtt+I' .

It remains to consider the sets M~~l and N~+l' According to
their definitions we have

(n,h) e ~k+l=n e Ft!-l (h)SliJ J}(n,p) ( G~k+l)(h) _ 2(n,p,h) (N~Jr+l)
P p
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and this proves that M~~l € P~~~3' since N~+l) € Q~~~2 by the
inductive assumption. Further we have

(n,h) e N~k+t """ n e G~+l(h}aa n non E F~~l(h) - (n,h) E Rk+l-M~~l

and therefore N~k+l € Q~~';+3' The theorem is thus proved completely.

3.3. Existence-theorems. They follow now easily by the
well-known Cantor's diagonal-theorem 24).

3.31. If S fulfills the condition C., then p~k)=f: P~~l and
Q~k)=I=Q~+l for any n~O and k~1.

Proof. Let us suppose that S fulfills the condition O, and
that p~k) -P~~l for some k and n. We shall show by induction
on m that then

(10) for m~n.

This holds for 1n =n since we have Q~k)CP~~l=p~k) which
implies p~)CQ~~) and therefore p~k) =Q~). Now suppose that (10)
holds for an integer m~n. Obviously p~k)CP!:~l' If .A E P~~lI

then there is a set B E Q~l) such that

n E.A E5 2(n,p} E B.
p

Let us write (nUn 2 , ... ,nk) instead of n and consider the set
(see 2.15)

B* = E [(nU... ,nk-h sl(q),S2(Q» E B].
(nl"."nk-l.q)

Since B* € Q?:.), we have B* E p~k) in virtue of the inductive
assumption and the equivalence

n € AE! 2(St(q) =nk)' [(~, ... ,nk-hq) E B*]
q

proves that A E P~~l =p~k). Renee P};!t-l =p~k). Passing to comple-
ments we obtain Q?:.~l=Q~) =p~k). The formula (10) is thus proved.

Consider now the universal function :Et~k)(h) defined in 3.22
and put

.A = E [(n1,... ,nk-hh) non e F~k)(h}].
(nj....,nk-l.h)

H) Kuratowski [10], p. 175.
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This set does not belong to p~k) because otherwise there would
be an integer Ito such that A =F}.k)(ho) which is impossible since
we would then have

Observe now that

(nll ... ,nk-hh) e A.,., S(q =h) ·[(nll ... ,nn-hq) non e .li~k)(h)]".,.
q

"'"})(q =h) ·{(nI , •.. ,nk-hq,h) € Rk+l-M~)]
q

which proves according to 3.22 that A € P;~n+3 and consequently
A € p;,") according to (10). The assumption p~k) =P~~I leads thus
to a contradiction.

The inequality Q~)=I=Qnl will now result if we pass to com-
plements on both sides of p~k)=t=P~~l'

3.32. If S futfills the condition G. and if n > 0, then p~k) non CQij:)
and Q~) non Cp~k}.

Proof. From p~k)CQ?:) we obtain Q~}Cp~k) and hence

(11)

Let us first suppose that k > 1 and A € p?::;l). For a suitable
B € Q~k) we .have

n e A = })(It,p) e B.
p

B being in Q~~>' it is also in p~k) in virtue of (11) and hence
A € p~k-l) by 2.16. We obtain thus P~,+/)Cp~k-l) against 3.31.

Suppose now that k =1. If A € p~) or A e Q~), then the set
Al = E [2P(2q + 1) € A] belongs to p~2) or Q~} since Ar = A

(p,q)

(comp. 2.15). It is obvious that every set of p~2) or Q~2) may, for
a suitable A E p~l) or .A. E Q~), be represented as AI' Hence
p~l)=Q~) would lead to the equality p~)=Q~) which we al-
ready 'know to be impossible.

We have thus proved that p~) non CQ~~) for any k and n >0.
Passing to complements we obtain Q~) non CP?:), q. e. d.
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We note at last the following result concerning the existence
of sets not definable within arithmetic i, e. belonging to no
class p~lr) 25).

00

3.33. The function F~~{n)(s2(n» is universal for the class L;pjk)
1=0

and the set

Au = E [(nl!" .. ,nk-lIn ) non I! F~~~)(s2(n»J
(n" ....nk_l.n)

00

does not bekJ'ng to the sum 1: pjlr).
1=0

Proof. The first part of the theorem results from the equi-
valence

00

.A E l: P~/t);;E5};A E p;k).. L;}; A -Ff-/t)(h)_L; A =F~ln)(82(n».
1=0 I I h ~

The second part is a particular case of the "diagonal theo-
rem" referred to in the foot-note 2').

§ 4. Applications to theorems of Gfidel and Rosser.
4.1. w-conslstency_ Let us recall the following definition due

to Gode12l1) : A logical system Sis called w-consistent if, for any
propoaitioual function q:>(x) with one free variable, the following
implication holds:

(12) 11 f- q:>(n) -+ non f-L;q:>'(y).
n g

We could, of course, replace this implication by

f- };q:>(y) -+L; f- q:>(n).
y n

It is important to observe that the quantifier ",2" is taken
n

meta-mathematically whereas "L;q:>(y)" represents a sentence of the
y

formal system S.

4.2. Godel's theorem. It states

4.21. If the system S is w-consistent and fulfills the condiiton (J.,

then there is a sentence {} such. that neither I- {} nor f-- {}'.
SI) The existenee of not definable sets has been stated by Tarski [19),

p.221. See also Carn ap [1], p.89.
•t) Godel [3], p. 187.
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Proof. According to 3.31 the class p}I)_p~l) is non-empty.
Let A by any set of this class and let B (p~2) be a set such that
nEA. ...2<n,p)"B. Denoting by If(x,y) any decidable propositional

p

function which defines B we have

(13) n" A ""'2 r-Ip(n,p).
p

Write tp(x) instead of };If(X,y), The formula (13) .gives then
9

n" A. __ ~ tp(n)

since r-lf(n,p)--f- };If(n,y). If nnon"A, then nnon I-lf(n,p) and
9 P

therefore n f-lf'(n,p) because of the decidability of If(X,y).
p

Using (12) we obtain non I- };If(n,y), i.e. non l-1p{n). Hence
9

n non" A. -- non I- tp(n) and we see that

(14) n " A == r- tp(n).

This equivalence would prove that A.(F~) if tp(x) were deci-
dable. Since A non £ p~l), tp(x) cannot be decidable, i. e. there is
an integer no such that neither I-tp(no) nor f-tp'(no). Denoting ,,(no)
by 0 we obtain the desired result.

4.3. Rentarks. 4.31. Theorem 4.21 was first established by Godel for
fi concrete fonnal system called P .,). Rosser tl) generalised this result
showing that it holds for any system S in which the Godel·numbers of valid sen-
tences form a recursively enumerable set. This is essentially the same assump-
tion as our condition 0 e- Our proof of 4.21 showa that the theorem holds even
under the weaker condition 0•. Hence the Godel's theorem is valid for all such
systems S in which the set of Godcl-numbers of valid sentences is definable in
elementary arithmetic.

4.32. If S satisfies the stronger condition 0 •• then as shown by ROI-
ser 2t ) the assumption of ....-consisteney can by replaced by the (weaker)
assumpfion of ordinary self-eonsiateney of S. This is in general impossible for
systems satisfying the weaker condition O. (8> 0) since there exists a logical
system S such that its valid sentences form a selt-coneistent and eomplete to)
class whereas the set of theirs Godel-number is definable within ~ (i. e. be-

21) Godel [3]. Satz VI.
28) Rosser [14]. Theorem I A, p.89.
IS) Rosser [14], Theorem II, p.89.
to) I. e. for any ~ either ~ or ~' is valid.
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longs to one of el88llE6 p~l». Hence B fulfills the condition O. for an .> ()
and there are no undecidable propositions in B. In order to get such a system It
is suffi(lient to apply to system P the procedure with the help of which Lin-
denbaum has shown that there are complete and self-consistent enlargements
of any self-consistent class of sentences 81).

4.33. It follows from 4.21 that any complete and self-consistent class 0
of sentences (e. g. of the system P or, more general, of any system which fulJtlls
our condition O. for an .~O) must be &I-inconsistent if the set of Godel-num-
bers of sentences of this olses iii definable within the elementary arithmetic ~

00

(i, e. belongs to ~ pl.i». It has been stated already by Tarski 32) that under
n=O

these conditions 0 must contain false statements. The &I-inconl!illtency of 0 seems
to be a new result n,,).

4.34. The proof of 4.21 remains still valid if we modify the definition 4.1
restricting (12) to decidable propositional functions. The question remains
open whether there is an &I-inconsistent system S satisfying this modified defi-
nition of w-consistency.

4.35. Remark 4.31 makes desirable examples of formal system!! satis·
fying O. for some ,> 0 but not 0,. One such example will be treated in M
and" in connection with the so called rule of infinite induction. Another
example may be suggested here: Suppose that S contains variables X,Y,Z, ... of
the type of classes of positive integers and. enlarge the 8y8tem adding to its rules
the following one: if 'P(A) is valid in S for any set .A definable within S, then
f) lp(X) is valid in the enlarged system. The enlarged system is probably self-

consistent and fulfills O. for some 8> 0 but not for 11=0.

4.4.RuIe of Inf1DJ.te induction 33). This rule states that
ntp(x) may be admitted as proved if Il t- tp(p).
x p

4.41. Under the assumptions of 4.21 the system S is not closed
under the rule of infinite. induction ai).

81) See Tarski [16], Sats 1. 56, p.394. The same result is to be found
ill Go del [6]. pp •.20-21. The theorem in question is a11lO known in the theory
of Boolean algebras as the "fundamental theorem of ideal-theory". See e. g.
my paper in the previous volume of these Fundamenta, pp. 7-8, footnote I).

II) Tarski [181 p. 378.
82&) This result has been also found independently by A.. Tarski in 1942.
83) This rule has been introduced by Hilbert [7] which ascribed it a Iini-

tary character. The rule was further studied lly Tarski [18], pp. 383-387, Carnap
[1], p.26 and Rosser [13], pp. 129-133. This last author ealla it "Carnap rule".

8&) Tarski says:,9 is OI-incomplete. See [17],p. 105. The theorem 4.41 has
been proved by Gode l [3], p. 190 and generalised afterward by Rosser [14],
p. 89. Compo remark 4.31.
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Proof. Glancing at the proof of 4.21 we see that the number no
which has been defined there does not belong to A since otherwise
we would obtain !-'I'(no) in virtue of (14). Hence (13) gives ll'rq>(ne,P)

• p
whereas non 'r'l"(no) yields non 'r nIp(no,x).

x

We introduce now the concept of an n-valid sentence (in sym-
bols I-nlp)3li). For n =0 we define t--oq> as !-Ip. Suppose now that
n >0 and that the class of n-I-valid sentences has already been
defined. We shall write 'rnlp (read: Ip is an n-valid sentence) if Ip
belongs to every class 0 satisfyihg three following conditions:

If 'rn-1 '1', then 'I' is in 0;
o is elosed. under the rules of inference of S;
It llt--n-1'1'(P), then ntp(x) i8 in O.

p x

Speaking less formally, we could say that f-n9" holds if .and only if 9'
can be obtained from the axioms of 8 with the help of rules of inference admitted
in S and with the help of the rule of infinite induction, this last rule being Ul!OO.
but 1/, times.

A propositional function q>(I) with k free variables will be said
to be n-decidable if for any n E R. either t--nq>(n) or 'rnlp'(n).

4.42. If the class oj n-valid 8entence8 is 8elj-consistent and ij
A E p~.) + Q~>' then there is an n-decidable propositional junc-
tion Ip(I) with k free variable8 8uch th4t

n l! A-t--nlp(n)
for any nER•.

Proof by induction on n. For n =0 the theorem is obvious.
Let us suppose that it holds for an integer n~O and for k=1,2, ...
If A E P<:th then for a suitable B E Q~k+l) we have

nEA""'2(n,p)EB
p

for any n E R•. If n + I-valid sentences form a self-consistent class,
the same holds true for n-valid sentences and the inductive assumption
yields the existence of an n-decidable propositional function q>(l,y)
with k +1 free variables such that

(n,p) E B - 'rnq>(n,p).

-) Rosser [13], pp. 129 130.
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Let 'P(x} denote the propositional function l;cp(x,y}. From two

last equivalences we obtain immediately n e A -//-Il'P(n) and hence

(15) n e A -+ t-n+lV'(n).

hence Il I-n,/,'(n,p)
p

the definition of n+1-valid sentences

If n non e A, then nnon I- n'/'(n, p} and,.
which proves accordingly to
that 1-n+1'P (n). Therefore

(16) n non € A -+ rn+l'P'(n}.

Assuming that the n+l-valid sentences form a self-consistent
class, we obtain now n non e A -+ non /- ,,-+-1 'P(n) and finally in
virtue of (15)

n e A .... I-n+1'P(n).

It remains to prove that '1'(1:) is n+l-deci(lable. We have in
fact for any n € R k

either n€A or n non s zl ,

i. e. with respect to (15) and (16)

The theorem is thus proved for A € P~~l' In order to prove
it for A€ Q~k+l it is sufficient to observe that (1.5) and (16) yield the
equivalence

and that the propositional function V"(x) is n+ .l-decidahle.

4.43. (Rosser's theorems). If S lulfills the condition 0. (for
an s;;::O) and if the n-valid sentences form an w-con8'istent dase,
then: 1° this class is not closed under the rule of infinite in-
duction; 2° there is a I} such that neither rnl} nor t-nl}'al).

To obtain the proof of 2° we repeat the proof of 4.:31 taking
as A any set from ~k+1-;-P~) and replacing "f-" throughout by
,,1-- n". 10 follows then as in 4.41.

M) Rosse r [14], theorem VI, p.132. Similar remarks as in 4.31 aPII]Y
here.
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§ 5. Functions of classes p:,l and Q~,l.

5.t. Definitions. We denote by Rfk the class of functions
mapping RIt on a subset of R , 3?). A function 1E RfA is said to be
of class p::,l) or Q?:,l) if the "curve"

1,= E [m=j(n)]
(tt,tR)

belongs to p~A+l) or Q~k+l)

Remark. In' order to maintain the analogy with the theory of Borel-
functions it would be perhaps better to define p~k,l) or Q~k,l) as the class of

functions 1 SUC}1 that for any A EP~l) the counter image t:' (A) is of class P<;>
or Q?:) 38). It will be proved in 5.3 that classes p<"k,f) and Q?:,l) defined above
POSBeSS this property. The converse theorem seems, however, to be false. The
analogy with the theory of Borel-sets is here breaking down.

5.2. Images. We put for 1E R~1t and ACRk

j(A) = E [2'{n E A)· (m =j(n»]
1ft n

and call 1(4-) the image 01 A. Obviously

m e I(A) "'" 2(n e A)·(m=f(n))
11

from what the following theorem immediately results by the Kura-
towski-Tarski evaluation method:

5.21. If A £ p?) and 1E Q?:,l) (n~O), then f(A) e P~'tl and
if A e p~k) and f € P~k,l) (n~ 1), then j(A) E p~l).

5.S. Counter-images. If f E Rfk and A CR;, then the counte r-
image of A is defined as

r 1(A ) = E [f(n) e A].
n

Evidently

(17) n € r' (A) "'" 2'[(m =f(n»· (m € A)] ....ll[(m = f(n»-l>(m e A)].
m RI

In virtue of 2.16 we obtain from these equivalences the follo-
wing theorems:

5.31. If A € p~l) and f € p~k,l) (n~l), then rl(A) e p~k).

5.32. If A € Q~l) and j € p~k,l) (n~l), then rl(A) € Q?:).

87) Kurutowski [10], p. 199.
3~~ Kuratowski [10], p, 177.
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(19)

The evaluation in case n = 0 is given in the following theorem:

5.33. If A € pfl and f € p~k,l), then r1(A) € p~k).

Proof. The assumptions A E P6!) and j E p6k
, l) secure the

existence of two decidable propositional functions q>(t)) and 1p(x, l))
with land k T l free variables such that

(18) mEA"", r q>(m) and [m =j(n)] """ f- 'P(n, m).

Here 1) symbolizes a sequence of l variables YllYz,""YI' Let
us denote by t)<9 the following propositional function

(Yi<iiI)+(Yl=lh,)'{Yz< 112)+· ..+ (Yl =fj.) .. · (Y/-1=fit-l)' (YI<fit)·

rn-c m says that m preceeds m in the lexicographical ordering of RI•

Consider now the propositional function VJ*{x,t)) defined as

1p(x,t)) . U[(ij<t)) -1p'{x,ij)].
11

VJ*{n,m) says that m is the first point of R[ (with respect to
lexicographical ordering) such that 1p{n, m). If f-VJ*{n, m), then m = f{n)
in virtue of (18). If, conversely, m=/{n), then :p=t=/(n) for any p
which preceeds m in the lexicographical ordering of R; and we obtain
easily f-1p*{n,m). Hence

[m =/(n)] = f- VJ*~n, m),

Further it is plain that

f- nnn[1p*(x,t))'!J'*(I,3)-(t) =3)]·
X !) 3

Using 1.22 we see that the propositional function VJ*{x,l)
is decidable. From f- 'P(n,j(n)) we infer at last that for any n e Rk

there is an m € R[ such that f-VJ*{n, m). Hence all assumptions of 1.23
are fulfilled and we obtain the result that the- propositional func-
tion 6{x) defined as

is decidable. Denoting by ,(x) the propositional function

n[!J'*{I,l)) -'P{l))],
1)

we infer from 1.24 that

(20) f- 6{x) -,(x).
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The first equivalence (17) yields now (with respect to (18)
and (19» the implication:

n E r 1
(A ) - 2 (m E A) -Im=/(n» - 21- cp(m)'1jJ*{n,m)

m m

-I- L;'cp(t)'1jJ*(n,t)-l-il(n)
1/

whereas the second yields

n non E r 1 (A ) - 2 (m non € A) ·(m =/(n»-
m

- 21- lp'(m) '1jJ*(n, m) -I- L;'1jJ*(n,t)'lp'(l) -/-nn),
m 1/

i. e. with respect to (20) n non E r 1(A ) - f- iI'(n) - non f- iI(n).
Hence n € r 1(A) == I- iI(n) and therefore rl(A) € pJk) , q. e. d.

5.4. The function min [(n,p) e A]. Let us suppose that A
p

is a subset of Rk +1 such that n2(n,p) € A and denote by ,uA(n)
n p

the smallest integer p such that (n,p) € A:

[p =,uA(n)] = {(n,p) EA·n[(q~p) +(n,q) non E A]}.
q

The Kuratowski-Tarski method leads immediately to the
following theorem:

5.41. 11 A € Q)~+l), then !J.A E Q~-1!f and if A E p~k+l) (n~ 1),
then itA € p~~l· Q)~f.

For n=O we have the sharper evaluation:

Proof. Denote by cp(x,x) any decidable propositional function
which defines A and by 1jJ(x,x) the propositional function

cp(x,x),n[y<x -qi'(x,y)].
1/

1jJ(I,~) is decidable by 1.22 and it is obvious that it defines
the set E [p = itA (n)]. Hence f'A € p~k.l), q. e. d.

(n,p)
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6.6. Post's theorem. This theorem is an exact analogue of
the well-known Souslin's theorem concerning sets which are analy-
tical together with their complements. It can be stated as follows:

5.51. PI")· Q1") =_p~k) 3').

Proof. In virtue of 2.31 we have only to show that if A E p1k
)

and R,,-A E,pf"), then A E p~"). Let B) and B2be two sets of p~k-tl)

such that

n E A EE 2 (n,p) E B I ,
p

n E R,,--4 .. 2 (n,p) E Ba•
P

Since n[nEA)+(ndlk-A)], we have n2[(n,p)EBI+B2]
ft ft p

which proves accordingly to 5.42 that flB,+B,EP~k+t,l), the sum BI +B2

being of class pJk+1
) by 2.17. Now define a function j E R:tl putting

for any n E R,,:
j(n) = (n, flB,+B,(n».

We have j E p~",k+I), since

[(m,p) =/(n)] """ [(m =n)· (p = flB,+B.(n»].

Evidently

n E r 1(B 1) """ 2 [(m,p) =j(n)]·[(m,p) E B I]-+
(m,p)

'-+ 2 (m =n)·[(m,p) E Bil -+2 (n,p) E BI -+n E A.
(m,p) p

If, conversely, rt e A, then (n,,uB,+B,(n» E Bll since otherwise
we would obtain (n,,uB,+B.(n»EB2 and therefore 2(n,p)EBa or

p

n E Rk-A. Hence f (n) E B1 and n E r: (B1) . This proves that
A = r' (B I ) and the theorem 5.33 yields the desired result A E p~k).

From 5.51 we obtain two important corollaries:

5.52. Ij j E pJV) and 9 E p£m,k), then the compounded function
f(g(m» is of class pJm./).

Proof. 'We have

[I =j(g(m»] """ 2 (n =g(m»· (l = f(n» """n[(n =g(m») -+ (l =f(n)].
n ft

89) Post 112], p.290. See footnote") 011 page82.
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The first equivalence shows that the set 11 U=j(g(m))] is of
~)

class p}m+k) and the second that. it is of class Q~m+k). Hence by 5.51
it is of class pJm+k).

5.53. A set A eRk is in p~k). Q~k) if and only if its characteristic
function CA is in p~k,l). Q~k,I).

Proof. From

we infer easily that if A IE p,\k). Q:~), then CA IE p~k,I). Q~k,l)

Suppose now that CA IE p~k,I). Q~k,t2. From

(n IE A) "'" 1:[(p =1)· (cA(n) =p)] "'" n[(p =1) -+(cA(n) =p)]
p p

we see that if n;;;:: 1, then A e p~k) . Q<;:). For n = 0 these equiva-
Iences yield A e p}k) . Q~k) and hence A £ pJk) • Q~k) in virtue
of 5.51.

It is interesting to observe that if A IEpJk) and f f. p~It,I), then
the set f(A) does not necessarily belong to pJl), even if f is
one-to-one. We see here another discrepance between our theory
and the theory of Borel-sets.

It can be shown, however, that if f is an increasing function,
i. e., if n<n-+!(n)< !(n), then f(A) € pJk) « represents here the
lexicographical ordering of k-ads or loads of integers) 40).

5.6. Sets of the class p}k) as values of functions pJI,k).
The theorem 5.51 enables us to give a simple proof of the following
theorem which discloses the relationship between the concept of
the class pt) and that of recursively enumerable sets:

5.61. If S fulfills the condition Co, then the necessary and sufficient
condition for a non-empty set A be in p}k) is that there is a func-
tion f £ pJl.k) whose set of values is A.

40) This theorem has been proved by Kleene. See Klcene [9], theorem
VII, p. 737, Rosser [14], Corollary I, p. 88, Post [12], p. 291.
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n f: A ....2".,(n,p)
p

Pr 0 0 f n). Sufficiency results at once from 5.21. Suppose
now that A f: p?l and no f: A. Let ""(1,X) be a decidable propositional
function with k+1 free variables such that

for any n e Rk •

We shall denote by s(n) the sequence of k integers 81(sl(n»,
(sl(sl(sl(n»), ... , sl(SI",(sl(n)) ... ). An easy induction on k shows
that for any n € Rk and p, q € R I there is an integer h such that
n =s(h), p =sl(h) and q =s2(h).

Let lo be the Godel-number of ""(1,X).
Define now the function j(n) as follows: if 81(n ) is the Godel-

number of a formal proof of gJ(s(n), s2(n)), then j(n) = s(n); if not,
then j(n) =no'

It is obvious that j(n)€A for any n. Conversely, if nf:A, then,
for a suitable p, I- gJ(n,p). Denoting by q the Godel-number of
a formal proof of gJ(n,p) and by h the integer for which s(h) =n,
sl(h) =q, 82(h) =p, We obtain j(h) =n. Hence A is the set of values
of j.

It remains to evaluate the class of j. Remembering the defi-
nitions of sets ,1, E and r k given in 3.1 we see that

[m =j(n)] ....{(m = s(n») ·[(sl(n) € E)· L (sl(n),q) € ,1.
q

. (lo,q,s(n),s2(n)) d k+1] +(m =llo)' [(sl(n) non € E) +
+2(sl(n),q) € ,1.(lo,q,s(n),s2(n)) non € lk'f-tJ}.

q

This proves the set E [m = j(n.)] to be of class pjk+1). Remem-
m,n

bering further that if Sl(n) € E, then there is exactly one q such that
(sl(n),q) € ,1, we can rewrite the above equivalence in the following
form:

[m=j(n)]==

.... ([m = S (n)]· {(sl(n) € E) .n[(81('n), q) € ,1_ (lo' q, s (n), 82(n}) e I k+1] } +
q

+(m=no)' ((NI(n) non e E)+n[(81(n),q)f:tJ_(lo, q,s(n),82(n» non.e I k+1] } ) .
q

The set E [m =j(n)] is thus. of class Q1k+1) and hence by 5.51
m.n

it is of class pJk+1l , q. e. d.

U) This proof is esseutially due to Kleene [9]. theorem III, p.736.
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§ 6. Relations with the theory of general-
recursive functions (2).

6.1. Recurslvlty conditions. We shall suppose that the
system S fulfills the following two conditions:

(~) Primitive recursive subsets of R It belong to pJIt);
(R.) If qJ is any propositional function with k free variables,

then the relation qB'1'n which holds between q and n if and
only if q is the (Jijdel-number of a formal proof of qJ(n) is
primit'ive recurRive.

That these both conditions are fulfilled e. g. for the system P
has been proved by Godel (3

) .

6.2. Functions of class pJk,l) as general recursive
functions.

6.21. If S fulfiUs the condition RlI then any general recurstve
function fen) is of class pJk.I).

Proof. If fen) is general recursive, then there are: a primitive
recursive' function h € Rf' and a primitive recursive relation R(n,p)

such that ilL: Rfn,p) and
Il p

f(n)=h(min R(n,p».
p

According to (Rt ) the set .A= E [R(n,p)] belongs to pJk+ll
('rI,p)

and the function 11, to pJl.l). The function /-,A is of class pJk,l) by
5.42 and hence the compounded function h(/-'A(n» is of class pJIt,l).
This compounded function is equal to fen) since /-'A(n)= minR(n,p)
and hence j € pJk,l). p

6.22. If S fulfills the oonditions (R t ) and (Rs) and if f € R:'
is a function for which there is a propositional function qJ (I,X)
with k +1 free variables such that for any n € R, and n € R k

(21) [n=f(n)] -!-Ip(rr,n),

then fen) is a generaZ recursive junction and hence f € pJIt,l) ").

'I) In this section we suppose. the reader to be acquainted with the theory
of general-recnreive funetions. See footnote I).

4~)Godel [3], p. 186.
U) This theorem hall been found by Godel [51, p. 24. See also ROMer [15],

final remark, Kleene [9], theorem VIII, p. 738.
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Proof. For any n there is an integer q such that 81(q)B.,,(n,8,(q)),
hence by (Bt) the function

g(n) = st{mint81(q)B'1'(n,ss(q))]}
q

is general recursive '5). Thus it is sufficient to prove that f(n)=g(nJ.

To show this put qo=min [stCq)B'1'(n,ss(q))]. Then 81(QO) is the GO·
q

del-number of a formal proof of f/J(n,ss(qo)) which implies the exis-
tence of at least one formal proof of f/J(n,8s(Qo)), i. e. I- f/J(n,ss(qo))
and therefore f(n) = ss(qo) by (21). OD, the other hand g(n)=ss(qo)
in virtue of the definition of g(n) and hence f(n)=g(n), q. e. d.

In order to explain the significanee of 6.22 it is well to point out that
in virtue of this theorem the existence of any propositional function '}'(1:,x)
with the property (21) implies the existence of (possibly another) decidable pro-
positional function '/1(1:,x) with the same property. A simple example will elu-
cidate this state of affairs. Let I} be any undecidable sentence, tp(x,y) and '/1(x,y)
the propositional functions

(y= 2x) + (y = 2x+ 1)·1) and y = 2:1:,

Then (m=2n)==f-,,(m,n)==f-'/1(m,n), '}'(x,y) is undecidable and '/1(x,y)
decidable.

It is remarkable that no theorem analogous to 6.22 holds for sets. We
have seen in the proof of 4.21 (formula (14» that the equivalence

'n€A==f-'/1(n)

may hold for any n thongh A does not belong to p~1). It is to remark that A

must then belong to .Pi1) since

n E A == 1:(qB."n).
q

From 6.21 and 6.22 we obtain the following corollary:

6.23. If S fulfills the oonditions (R1 ) and (R s), then pJk.1) is
the clase of general recursive functions with k arguments.

6.3. Independence of classes P1!') and Q~k) from S.
Subsets of Bit whose characteristic functions are general recursive
may be called general recursive k-adic relations. Jj'rom 6.23 and 5.53
we obtain therefore:

6.31. If S fulfiUs the conditions (B1) and (~), then pJk) is the
elae« of general recursive k-adic relations.

46) See e. g. II ilbert -Bern ay s [8], p.402.
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This theorem is important because it shows that the class
pJk) though defined in 1.3 with the help of notions dependent from
the logical system S taken as basis is in reality independent from S,
at least if we limit ourselves to consideration of systems which
fulfill the recursivity conditions (R1) and (R2 ) . In fact, it is known
that the class of general recursive relations can be defined without
any reference to formalized logical systems (8). The independence
of pri") from S implies of course the independence of other classes
p~/) and Q~/) from S (7).

We note at last the following- corollary from 6.31 and 5.61:

6.32. If S fulfills the oonditWns (Co), (Rd and (R t ) , then pft)
is the class of recursively enumerable sets.
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A. GRZEGORCZYK, A. MOSTOWSKI and c. RYLL-NARDZEWSKI

1. The formal systems and auxiliary notions. 1.1. Syntax. We
consider two formal systems for the theory of (natural) numbers, both of
which are applied second-order functional calculi with equality and the
description operator. The two systems have the same primitive symbols,
rules of formation, and axioms, differing only in the rules of inference.

The primitive logical symbols of the systems are the improper symbols
(, ), the propositional connectives V, &, :::>, =, "-I, the quantifiers ( ), (E ),
the equality symbol =, the description operator t, infinitely many distinct
individual (or number) variables, and for each positive integer k infinitely
many distinct k-place function variables. Our systems have in addition
the followingfour primitive nonlogical (orarithmetical) constants: 0, I, +. X.

The classes of "number formulas" (nfs) and "propositional formulas"
(pfs) are defined inductively as the least classes of formal expressions (Le. of
concatenations of primitive symbols) satisfying the following conditions:

(1) 0, 1, and the number variables are nfs.
(2) If rr, p, 0"1' ••• , O"k are nfs, Ijl, ~ are pfs, x is a number variable, and

(1,11: is a k-place function variable, then (7t'+p), (7t' Xp), (tx)ljl. (l,k(O'1> ••• , O'k)

Received July 3, 1957.
1 The present paper is an outgrowth of joint work of the authors carried out in the

Seminar on the Foundations of Mathematics in the Mathematical Institute of the
Polish Academy of Sciences in the academic year 1955-1956.

The work started with some observations of Mostowski concerning the so-called
models absolute for the natural numbers (see [15]). Ryll-Nardzewski then established
the connection between the validity of formulas in these models and their provability
in formal systems containing the rule w (his work was done independently of the work
of Orey [16], which has meanwhile appeared in print). We then became interested
(chiefly on the suggestion of Ryll-Nardzewski) in the problem of carrying over the
metamathematical theorems about the system of arithmetic with finitary rules of
inference to the system in which the rule w is also assumed. The way of attacking
this problem was suggested by Grzegorczyk and the details were afterwards elaborated
and discussed by the three authors jointly.

For the sake of comparison of the finitary system and the system with the rule os,
we thought it useful to present here once again some results concerning the finitary
system. In this section our work is for the most part not original and we have sup-
pressed almost all proofs. Also in the final section, in which we are dealing with the
system containing the rule w, we have repeated a number of results due to other
authors which we quote in appropriate places.

It will be seen from our paper that the parallelism between the two systems dis-
cussed below goes indeed very far. However we leave open the question of the deeper
sources of these analogies.

We are much indebted to Dr. J. W. Addison for his helpful suggestions which have
enabled us to improve considerably our previous text.
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are nfs, and (cp V 1jI), (q> & 1jI), (ep ::::> 1jI), (/fl == 1jI), "'/fI, (x)cp, (Ex)ep, (tXk)/fI' (EtXk)/fI,
(1t = p) are pfs,

Together the nfs and pfs are called formulas.
We shall use as metamathematical variables x, y, Z, Xl' ••• for number

variables, tXt, ~t, rl:, tXt O' • for k-placed function variables (with the super-
script sometimes omitted as an abbreviation), I', il, 0, rl> 0 •• for formulas,
re, p, a, 1tl , ••• for nfs, and /fI, 1jI, &, CPl, ••• for pfs. The result of substituting
1t for X in r is denoted by r(~), or simply by I'(ee) where there is no danger
of misunderstanding.

Parentheses will frequently be omitted or replaced by brackets as an
abbreviation. We shall also abbreviate

"'(1t = p) as 1t =1= p,
(E'Z)[1t+z = pJ as 1t ::;;; p,
(x)[x ::;;; 1t ::::> epJ as (x),,(jl,
(Ex)[x::;;; 1t&(jlJ as (Ex),,(jl,
(Ex)rp & (x)(y)[ep(x) & ep(y) ::::> x = yJ as (E !x)rp,
(r.x)[cp(x) & (y)x[rp(y) ::::> x = yJJ as (/Lx)/fI, and
(/Lx)[x ::;;; 1t& rpJ as (/LX),,/fl.

The nfs 1+1, 1+(1+1), ... are abbreviated as 2, 3, ... ; these formulas
as well as the nfs 0 and 1 are called numerals. If n is a natural number
(i.e. a nonnegative integer), then n is the corresponding numeral.

As usual a pf containing no free variables is called closed, and a formula
in which no quantifier binding a function variable occurs is called ele-
mentary. A polynomial is an nf containing no occurrences of propositional
connectives, quantifiers, or ~. If 1t and p are polynomials, then the pf rr = P
is a polynomial equation and a conjunction of such pfs is a system of equations.

The axioms of our systems are the following:
(3) the axiom schemata of the second-order functional calculus with

equality and the description cperator,s which include:
(3a) the axiom schemata of the first-order predicate calculus;
(3b) axiom schemata for =:

1t = Tt,

1t = P ::::> /fI(1t) == rp(p);
(3c) an axiom schema for ~:

((E!x)rp &'/fI((~X)/fI)) V (",(Elx)/fl & (~x)(jl = 0);
(3d) the Lesniewski schemata"

(EtXk)(Xl , ••• , XA;)[tXk(Xl> "0, XI:) = 1tJ,
where tXt does not occur free in 1t;

8 By the second-order functional calculus we mean the variation of the second-order
predicate calculus in which there are function variables instead of predicate variables.
(Cf. Ackermann [1] p. 98 for similar terminology.)

8 (3d) is a form of the axiom of definability corresponding to Lesniewski's rule of
ontological definability. (Cf. Lesniewski (13] p. 123.)
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(4) Peano's axioms for 0, 1, +, X, including the following formulation
of the axiom of induction

[oc1(0) = 0 & (x)[oc1(x) = oc1(x+l)] :::> (x)[oc1(x) = 0]).
We consider the following rules of inference:
(5) the rules for the second-order function calculus (the rule of modus

ponens and the quantifier rules);
(6) the (non-finitary) rule w:

from o:p('It) (for every numeral 'It) to infer (x)o:p{x).
Our first formal system, which we denote by (A), has the rules (S) as

its rules of inference; the second, which we denote by (Aw) ' has one ad-
ditional rule of inference, the rule w.

For each set X of pfs, we denote by Cn(X) (by Cn",(X» the least set of
pfs containing X and the logical axioms (3) and closed with respect to the
rules of inference (5) (with respect to the rules of inference (5)-(6». Cn(X)
is the set of consequences of X; Cn",(X) is the set of w-consequences of X.
The set of consequences of the nonlogical (or arithmetical) axioms (4) is
denoted by A and the set of their w-consequences by A",. The system (A)
being based on the second-order calculus is evidently much stronger than
e.g. the system Z of Hilbert and Bernays.

1.2. Semantics. Before we proceed to a description of the semantics
of (A) we make a (metametamathematical) observation that the notions and
axioms which we tacitly assume in metamathematics comprise all the ordi-
nary notions and axioms of set theory, so that we can use in our definitions
such non-elementary notions as classes and functions of arbitrarily high
types. A sequence ~ = <N-p, O-p, 14>' +-p, X-p, F~,~, ... ) is called a frame
for our formal systems, if and only if

(7) N'I> is a set.
(8) 0'1>' III E »;
(9) +-p. x , are functions from ~ into Nll.'

(10) F~ is a set of functions from N~ into Nll.
An example of a frame for our formal systems is the "principal model"

9lo = <No, 0, I, +, X, PI, F2, ... ) in which No is the set of natural num-
bers, F" is the set of all functions from N: into No, and 0, 1, +. X have
their usual meanings.

A valuation (with respect to a frame 1') is a mapping of the number
variables into Nll and of the k-place function variables into F~. For any
frame ~ and valuation f with respect to ~. we can define by induction the
value Val,.-p(r) of each formula I' in the familiar fashion. Val',ll(r) is an
element of Nv (if I' is an nf), or it is one of the truth values V or A (if r
is a pf). Val,,-p(r) depends, of course, only on the values of f on the free

• If X is a set, we denote by X" the Cartesian product of n copies of X.
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variables of r. Thus we shall sometimes write

r ( (Xl' ... , (Xm' Xl.···' X,,)
"V(~), ...• !(IXm). !(Xl), ... , !(X,,)

or simply r"U(IX1) . " •• !(IXm).!(Xl), ... , !(x,,)) for Val,.,,(r). it being under-
stood that no variable other than those of the upper row is free in r.

A formula r containing free the distinct variables IX:', ...• IX:,... Xl' ...• X"
and no others is said to define relative to a frame p a function g from
F:IX ... xF:"'xN; into N" (if I' is an nf) or into {V, A} (if r is a pf),
if and only if, for every valuation t,

gU(rJ.:1) , ... ,!(IX':;-),!(Xl ) .... ,!(x,,)) = Val,.,,(r).

We identify the functions from a set X into {V. A} with the predicates on X.
It can be shown that the functions and predicates definable relative to

~o by elementary formulas (by arbitrary formulas) of our formal systems
are exactly the arithmetical functions and predicates (the analytical
functions and predicates) in the terminology of Kleene [11].5

A pf ql defining relative to a frame ~ the (completely defined) constant
predicate V is said to be valid in p. (If tp is closed. we may sometimes say
true in p for valid in p.) If every pf of a set X of pfs is valid in a frame p,
then p is called a (general) model of X. A model p of X in which for each
k (k = 1. 2, ... ) F: is the set of all functions from N: into N" is called a
standard model 01X; for example, the principal model ~o is a standard model
of A and of Aw which implies that A and AU) are consistent and even w-
consistent. The models of X which are not standard are called non-standard
models 01 X.

It is easily seen that any standard model of A is isomorphic to ~o - this
is in effect just the theorem that the Peano axioms are "categorical".
Moreover, since AU) :::l A. the same is true of standard models of AU). How-
ever, as we know from Godel's famous theorem [6J, there is a large collection
of non-isomorphic non-standard models of A. And by an extension of Godel's
result by Rosser [19J, the same is true even for AU).

1.3. Hierarchies of sets. We denote by ~ and II? the classes of sets
definable, respectively, in the forms

{x : (-ul )(+us)' .. (±u,,)R(x, ul ' , u,,)},
{x : (+ul )(-Us), .. (+u,,)R(x, Ul u,,)},

where R is a recursive relation, and (+u) stands for the general quantifier
(u). and (-u) for the existential quantifier (Eu), with the range No.

• For the case of the arithmetical predicates (when m = 0), a detailed proof is given
in [9] (cf. pp. 284-285). and indeed the use of "arithmetical" in [12] is vindicated by
this proof. The other cases can be handled using a generalization of this argument.
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Similarly, we denote by E* and II~ the classes of sets definable, re-
spectively, in the forms

{x: (-cPI}(+P2)" . (±c/>..H=tu)R(x, ~1(U), 00 0' ~..(u»},
{x : (+cPI)(-c/>2)' . 0 (+c/>"H±u)R(x, ~1(U), o •• , ~"(u))},

where R is a recursive relation, cP/ are variables with the range FI, and
~(u) = pt(O) +1•..• ·pt~ll)+l.

We assume familiarity with the papers [10], [II], [12] of Kleene con-
cerning these classes. The class E~nII~ is denoted by RA, and sets of this
class are called hyperarithmetical. The class L1.nm = GR coincides with
the class of general recursive sets.

We adopt the usual numbering of formulas and denote by N~ r the
GOdel number of r. A set X of formulas is said to belong to a class X of
numbers if the set N~ X of the Godel.numbers of the formulas in X is in X.

2. The ordinary system of arithmetic. 2.1. The semantical char-
acterization of the rules of proof.

2.I.A. (COMPLETENESS THEOREM [5].) rp e Cn(X) +-> {rp is true in every
model of X}.6

COROLLARIES: 2.1.B. {Cn(X) is consistent} H {there exists a model of X}.
2.I.C. (DEDUCTION THEOREM.) rp ~ Cn(XU{I/I}) ..... 1/1:::> rp e Cn(X).
2.I.D. rp e A ..... {rp is true in every model of A}.
Let cp be a pf containing no function variables. We shall call it a demon-

strably recursively enumerable PI (rec. en. pf), if there are polynomials
Tel' Te2' containing number variables x, y, Zl' .. 0' z..but no function variables,
such that <p == (ExHy)x(EZt) ... (EZ,,}(TeI = Te2) EA.7

2.I.E. If cp is a closed rec. en. pf, then cp " A H {cp is true in 9lo}.
2.l.F. (INCOMPLETENESS THEOREM [6].) There is a closed rec. en. pf cp

such that ""4l is true in 9lo but does not belong to A.
2.2. Evaluation of the predicate n e N!' Cn(X). From the definition

of Cn(X) we easily obtain:
2.2. A. There is a relation R(X, n, m) recursive uniformly in X such that

for every set X of pfs
{n E N!! Cn(X)} ..... {(Em)R(N!! X, n, m)}.

6 The completeness theorem for a calculus of second order seems to be more similar
to Henkin's theorem (cf. Henkin [8] p. 85) than to the original version of GOdel's
completeness theorem in [5]. However the second-order functional calculus may be
considered as a modification of the first-order predicate calculus and the earliest
Godel argument may be applied to it with little modification.

7 Our definition of a rec.en, pf is motivated by results of Davis [4]. In view of the
effective character of Davis' work. every predicate of which we possess a proof that
it is recursively enumerable becomes a rec. en. pf after we write it down in symbols
of (A).
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An immediate corollary to 2:2.A is (d. the correction at the end) :8
2.2.B. If X e L'~ or X f: L'~ or X f: Il~, then Cn(X) belongs to the same

class; if X E1I~, then Cn(X) f: ~+l'

2.2.C. (AXIOMATIZATION THEOREM.) If Cn(X) = X E£01>+1' then there
exists aYE tt; such that X = Cn(Y).

PROOF.9 Since X f: L'~+l' there exists a set S in 1I~ such that-?

m f: X ....(Ek)(N!! m, k> E S.

We can define the set Y E1I~ in such a manner that the equivalence

m & ... & m E Y ....(N~ m, k> f: S

k times

is satisfied. Hence Cn(Y) = X.
2.2.D. If X EL'~+l and X is a consistent set of pfs, then there exists

a set Xo in 1I~+1 such that Cn(Xo) is complete and consistent, Cn(X) c
Cn(Xo), and Cn(Xo) E L'~+2nIl~+2'

PROOF. We represent Cn(X) in the form Cn(Y) where Y Err;" and
define a consistent and complete extension Z of Y using Lindenbaum's
method [20J: It can be easily shown that Cn(Z) = Z E L'~+2n~+2' By
2.2.C we can represent Z in the form Cn(Xo) where Xo E ~+l'

2.2.E. If Xo f: L'~, then the set Cn(Xo) is either w-inconsistent or in-
complete (d. [14J p. 100).

2.3. Characterization of recursive functions by means of the
operation Cn, The following characterization of general recursive (GR)
functions is known from the work of Kleene [9J:

2.3.A. cP EGR, if and only if there is a finite sequence of functions
cPI' , cPn = cP and a system of equations E with n function variables
Cltl , , Clt n such that:

I. Cltj has the same number pj of arguments as cPi'
2. cPI' ... , cPn are the unique functions which satisfy in iJlo the pf

(Xl' ... , xm)E, where Xl' ... 'Xn are all free number variables. of E.
3. For every kl> ... , k,» in No, there is an l in No such that

Cltn(kl , ••• , k,») = IE Cn({(Xl> .•. , xm)E}).

Theorem 2.3.A can be formulated in syntactical terms (without use of
the notion of satisfaction):

2.3.B. cP EGR, if and only if there is a system of equations E with
function variables Cltl , ., ., Clt n such that:

8 Sometimes we shall identify in the continuation the set X of formulas with the
set N~ X of their numbers.

• We have used here the idea of Craig [3].
10 We adopt here the logical notation of ordered pair for the arithmetical pairing

functions. E.g., <m, n) = (m + n)" + m.
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I'. 4J and IX" have the same number p of arguments.
4. For every kl , ..• , k l, in No,

l = 4J(kv ... , k..) (Xl' .... xm)E :> 1X,,(kl, .... k ..) = If: A.

2.3.C. Theorems 2.3.A and 2.3.B remain true if we replace E in them
by an arbitrary pf.

2.3.D. The function Cn used implicitly in 2.3.A and 2.3.B can be re-
placed by a more elementary one adapted to drawing consequences ex-
clusively from equations. Details of this can be found in Kleene [9].

2.4. Representability in A. A subset S of No is representable by a
pf <p in a set X of pfs, if and only if cp has exactly one free number variable
X and

(I) n e S ...... cp(n) f: X

(cf. [7]). S is strongly representable by <p in X. if it is representable and
its complement is representable by the pf """'<p in X, i.e. if both (I) and the
following equivalence hold:

(2) n ¢ S ...... """'<p(n) f: X.

Similar definitions can be formulated for the notion of representability
of relations.

The following theorem is easily provable. (In the proof of +-, we use
(I), (2), and 2.2.B.)

2.4.A. If X is a consistent set of pfs, A ex. and X f:~ then {S f: GR}
..... {S is strongly representable in X}. (Cf. [7].)

2.4.B. If X is an a-consistent set of pfs, A c X. and X" 1:1. then
{S€~} ..... {Sis representable in Cn(X)}.

For the proof see [14]. As a corollary we obtain:
2.4.C. The set N~ A is universal (complete in the sense of Post) for the

class ~.

Indeed, if <p represents S in A, then according to (I).

'lIE S ..... 8(n) E N~ A

where 8(n) = N~ <p(n}. Note that 2.4.B is applicable to A, since A is
w-consistent.

2.5. Undecidability of A. From 2.4.C it follows immediately that
A ¢ GR, i.e. that A is not decidable. The essential undecidability of A
can be proved in many different ways (cf. [18]. [21], [9], [7]). We present
here a proof which we believe to be new. First we establish the following
lemma:

2.5.A. It Xo € GR, then there exists a set X in GR such that, for every
primitive recursive function 8, X :;6iO-I(Xo).
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PROOF. Let OJ(n) be a general recursive function universal for all prim-
itive recursive functions. The set X = {n : O..(n) ¢ Xo} is recursive, and
has the required property, since from X = O;l(Xo) we would obtain a
contradiction OJ:(k) EXo <-+k EX ..... OJ:(k) ¢ Xo·

We shall denote by neg T the set {"'qI : qI E T}.
2.S.B. (INSEPARABILITY THEOREM.) If T is a set of pfs such that each

GR set is strongly representable in T. then the sets N£ T and N2 neg Tare
not separable by recursive sets.

PROOF. Assume that N!! T and N£ neg T are separated by a set Xoin GR:

(3) N!! T c Xu and N!! neg T c -Xo'

Choose X as in Lemma 2.S.A. and let qI strongly represent X in T. Putting
O(n) = N~ qI(n). we obtain. by (1) and (3).

(4) n EX _ O(n) EN2 T _ O(n) EXo'

Similarly (2) and (3) imply

(S) n ¢ X _ O(n) EN!! neg T - O(n) ¢ Xo'

Thus from (4) and (S) we obtain X = 0-1(Xo). which contradicts 2.S.A.
2.S.C. (UNDECIDABILITY THEOREM.) The set A is essentially unde-

cidable.
PROOF. By 2.4.A and 2.S.B the sets N~ A and N~ neg A are not sepa-

rable by recursive sets. Hence there cannot exist a consistent and decidable
extension of A.

We shall still apply Theorem 2.S.B to determine the form of undecidable
pfs.

2.S.D. (INCOMPLETENESS THEOREM.) There exists a rec. en. pf Z with
two free variables such that for each consistent extension X in I1' of A
there exist infinitely many integers n for. which the pf (Ex)Z(n, x) is false
in ino and undecidable in X.

PROOF. Denoting by G..(k. m) a GR function universal for the primitive
recursive functions, we can represent each set S in GR in the form

(6) S = {k : n((pm)[G..(k, m) = 0]) = O}

where n is a fixed primitive recursive function and the effectivity condition

(7) (k)(Em)[G..(k. m) = 0]

is satisfied. From (6) and (7) it follows easily that.

(8) k eS <-+((Em){[G..(k. m) = 0] & [n(m) = 0] & (l)[l<m _G..(k.1) =t6 OJ}).

The ternary relation

[G..(k. m) = 0] & [n(m) = 0] & (l)[1 < m - G,.(k.1) =t6 0]

is recursive and hence strongly represented in A by the formula

8(z. s. x) = r(z. y. x) & Iji(x) & (v)[,...,(x~ v) ;:) ,...,r(z. s. v)]
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where I'(z, y, x) and ~(x) are pfs strongly representing in A the relations
G,,(k, m) = °and .n(m) = 0, respectively. From (7), (8), and the definition
of representability « 1) and (2)), it follows that

(9)

(10)

k £ 5 -+ (Ex)3(n, k, x) e A,

k ¢ 5 -+ --(Ex)3(n, k, x) £ A.

From (9) and (10) we conclude that for each set 5 £ GR there exists
n £ No such that 5 is strongly represented by the formula (Ex)3(n, y, x)
in A and hence in every consistent extension of A.

Now let X £ ~ be a consistent extension of A, and let T be the set of
pfs of Cn(X) of the form (Ex)3(n, k, x). By (9) and (10) every GR set is
strongly represented in T and hence according to 2.S.B the sets N~ T and
N~ neg T are not separable by recursive sets. If there were but a finite
number of sentences of the form (Ex)3(n, k, x) undecidable in X, then the
sets N~ T and N~ neg T would be recursive and hence recursively separable.
Thus infinitely many pfs of this form are undecidable in X. Strictly speaking
the formulas of the considered form undecidable in X constitute a set of the
class II'l-Et.

In order to obtain a pf Z mentioned in the theorem we can join the first
two variables of 3 using the pairing functions.

An alternative proof of Theorem 2.S.D can be obtained by letting Z be
a pf strongly representing the primitive recursive predicate Wo of Kleene [9]
p.308.

3. The co-complete system of arithmetic. In this section we shall
deal with the s:ystem (Aw ) of arithmetic defined in Section 1.1. The so-
called models absolute for the natural numbers shall be called more briefly
"co-standard models", or "co-models". \Ve emphasize that we impose no
limitation on the number of the applications of the co-rule; this number
may be an arbitrary transfinite ordinal.

A model m is an co-standard model if (under an arbitrary valuation) the
values of the numerals exhaust N W!' Thus in order that m be an co-standard

model it is necessary and sufficient that the partial models Wi = <Nm, Om,

1m, +m' Xm> and Wo = -<No, 0, I, +, X> be ismorphic.

3.1. The semantical characterization of the rule cu. 3.I.A. (COM-
PLETENESS THEOREM [16].) If A c X, then {cp eCnw(X)} ...... {cp is true in every
co-standard model of X}.

For the proof it is sufficient to show that, if cp ¢ Cnw(X), then there is a
prime ideal in the Lindenbaum algebra L of the system (Aw) which contains
X, --cp and preserves unions corresponding to quantifiers as well as unions
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where [<pJ is the element of L containing <po Using the method of [17], one
shows easily that the set of prime ideals satisfying these conditions is
residual in the Stone space for L. For a more detailed proof see [16J.

Theorems 2.I.B - 2.I.D hold if we replace "Cn" by "Cn.,", "model"
by "co-standard model", "A" by "A",". We denote these theorems by
3.l.B - 3.I.D.

3.I.E. If <p is an elementary pf with n function variables lXI' ... , «",
then

{(IXI' ...• 1X,,)<p E A",} ..... {(<<I' ... , «,,)<p is true in 9lo}.

PROOF. Let IDl be an co-standard model and x* -* x = t(x*) an iso-
morphic mapping of N<JJl onto No. With every 4>* E F~ we correlate
4> = t(4)*) E F~ by putting

4>(Xl' ... , xk) = t(4)*(t-l(XI), ... , t-l(Xk)))·

Finally we put t(V) = V, t(A) = A.
If f is a valuation in the model m, then we denote by tf the valuation

x -* t(f(x)), «k -+ t(f(lXk)). We can then prove by induction that, if 7t is an
nf or an elementary pf, then

t(Val,.<JJl(7t)) = Valtt•lllo(7t).

It follows from these formulas that, if <p is not valid in IDl, it is not valid
in 9l0• Using this and 3.I.D we infer that, if the closure of <p is not provable
in AW' it is false in 9lo.

The converse implication follows a fortiori from 3.I.D.
3.I.F. (INCOMPLETENESS THEOREM [19].) There is an elementary pf <p

with one free function variable 1X1 such that (ElXl)1fl is true in 9lo but does not
belong to A",.

3.2. Evaluation of the p redicate x E N!! Cn",(X). 3.2.A. There is a
relation R(X, k, n) recursive uniformly in X such that for every set X of pfs

~ EN!! Cn",(X) ..... (4))(En)R(N!! X, k, ¢(n)).

PROOF. In [I9J p. 134 it is shown that the predicate x., N!l Cn",(X) is
representable in the form (4))P(4>, x, N!! X), where P does not contain
function quantifiers. Using the reduction described in [IIJ, we obtain the
desired form.

3.2.B. If X., ll;', then Cn",(X) Ell;'; if X E' E~, then Cn,..,(X) .nu;
This is an immediate corollary of 3.2.A (d. the correction at the end).
3.2.C. It is an open question whether the axiomatization theorem 2.2.C

remains true if we replace in it Cn by Cn,.." E~+1 by ll;'-u, and n~ by I;'.
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3.2.D. If X e n~ or X Ii .E~, and Cnw(X) is a consistent set of pfs, then
there is a consistent and complete set Y e n~+2n.E~+2 of pfs such that
Xc Y = Cnw(Y)'

PROOF. Let CPo, CPt> •.• be a sequence without repetitions containing
all closed pfs. We put h.n = 'PI: if 'PI: does not have the form (Exi)&(Xi),
and h.n = &(n) otherwise. Let 4>, v, e, $ be functions satisfying the following
conditions:

(Ia) """'Pq,<o) ¢ Cnw(X),
(Ib) i < 4>(0) -+ """'Pi Ii Cnw(X),
(2a) ~q,<o).8<O) ¢ Cnw(X),
(2b) i < e(O) -+ ~q,<O).o<o) Ii Cnw(X),
(3) 'P.p<o) = t./Jq,<O).O!O)'
(4) CP,<o) = 'P';<o),
(Sa) (CP,<n) ::l """CPq,<n+1) ¢ Cnw(X)] and 4>(n+ I) > 4>(n).
(Sb) 4>(n) < i < 4>(n+ I) -+ [cp,<,,) ::l """CPi Ii Cnw(X)] ,
(6a) cP,<,,)::l .....,\jJq,<n+1).8<n+1) ¢ Cnw(X),
(6b) i < e(n+ I) -+ CP,<,,) ::::> ....,t./Jq,<n+1).J Ii Cnw(X) ,
(7) CP.p<n+1) = \jJq,<n+1).O<n+1),
(8) CP,<n+1) = CP,<n) & CP.p<n+1)·

These formulas say that CP,<n) is the conjunction of 'P.p<o), ... , 'P.p<n), 4>(n)
is the least integer satisfying (Ia) or (Sa) according as n = °or n :;60,
e(n) is the least integer satisfying (2a) or (6a) according as n = °or n :;6 0,
and CP.p<n) is \jJq,<n).8<n)·

There exists exactly one set of four functions 4>, v. e, $ satisfying the
above conditions. Denote by c(4), '!jJ, e, $) the conjunction of (Ia) - (8)
preceded by quantifiers (n)(i). Since 'PI: eCnw(X) +-+ (1])(EP)QX(k, Tj(P)) with
QX recursive in X (by 3.2.A), we easily see that the predicate C(4), ip, $, 0)
can be reduced to the form

(9) (n)[(E1])(x)RX(rP"(n), VJ(n), O(n), g(n), Tj(x)) &
(C)(Ex)5X(rP"(n), VJ(n), O(n), g(n), ~(x))]

with RX and 5 x recursive in X. Let Y = {'Pq,<O)' CPq,<l)' ... }. Hence, in view
of the uniqueness of 4>, '!jJ, e, $,

CPI: Ii Y +-+ (E4>, '!jJ, e, $)[c(4), '!jJ, e, $) & (EP)(k = 4>(P))] +-+ •

(,p, '!jJ, 0, .;)[C(,p, v. 0, .;) -+ (EP)(k = 4>(P))].

Formula (9) proves therefore that, if X E tt; or X Ii .E~, then Y E n~+2n.E~+2'

We are going to prove that Y has the required properties. Let Xo =
Cnw(~), and let X n+1 be the set of <Pi such that 1Il,<n) ::l <Pi E XO' From (I), (5),
and the deduction theorem 3.I.C, it follows that X" = Cnw(X,,) is con-
sistent for each n,

If 4>(n) < i < 4>(n+ I), or i < 4>(0), by (Ib) and (Sb), """'Pi Ii X; and
hence lIli ¢ X. This proves that Xc Y. We prove similarly that, if there
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were a i such that tpj, ""tpj ~ Y, then X.. would be inconsistent from a
certain n on. Hence, for each i, tpj E Y or "'tpj E Y, and we immediately
obtain Cn(Y) = Y. This together with consistency of the sets X.. proves
that Y is consistent and complete. For each m, the pf tpy,<m) is in Y, for
otherwise X.. would be inconsistent for sufficiently large n. Finally Y is
closed with respect to the rule to. Indeed, if a pf (x)",,&(x) is not in Y,
then the pf (Ex)&(x) is in Y and hence is identical with tp</><..) for an integer n.
Thus tp",<..) belongs to Y, and therefore Y contains a pf of the form 3(s).

REMARK 1. The above proof is essentially identical with the proof
(due to Tarski) sketched by Feferman in the review quoted by Orey [16]
p. 247 for the existence of a prime ideal in the Lindenbaum algebra of
A preserving a given sequence of denumerable unions.

REMARK 2. Using the axiom of constructibility and certain results of
Addison [2J, we can improve our evaluation. If X E tt; or X E L'~ and n > 1,
then a complete and consistent extension Y = Cnw(Y) of X can be found
already in the class Il~nE~. We shall not, however, give this proof here.
For n = 1 the evaluation of the class of Y cannot be improved.

3.3. Characterization of hyperarithmetical functions by means of
the operation Cnw ' A function ,p is hyperarithmetical (HA) if its graph is
in HA = E:nIl:. The following characterization was obtained indepen-
dently by Addison, Grzegorczyk and Kuznecov.

3.3.A. A function ,p is HA, if and only if there exists a finite sequence
of functions ,pv ... , ,pn = ,p and a system of equations E with only the
function variables OCI, ••• , oc.. such that:

1. (1.j has the same number of arguments as ,pj'

2. ,pI' .. .,,p.. are the unique functions which satisfy in 'Ro the pf
(Xl' .•. , xm)E where Xl' •.. , Xm are all number variables of E.

PROOF. Let 1t be an nf with the free variables (1.1' ••• , (1... , Xv •.. , x m

and tp an elementary pf with the same variables. Let 1be a valuation such
that I(ocj) = ,p;, I(x j ) = k j • By an easy induction we prove that the function.

X",(,pl' ... , ,pn, kl, .. " km) = Val,.9lo 7t

and the predicate

Rrp(,pl' ..• , ,pn' kv .•. , km) ..... {Val,.9l, tp = V}
are arithmetical uniformly in ,pI' ... , ,p...

Now assume that there exists an E with the properties stated in the
theorem. We have then

y = ,p(zv ... , z.) ..... {(E,pl' ... , ,pn)(kl, ... , km)RE(,pI' ... , ,pn'
(10) kl , .. . , km) & ,p..(ZI' ..•• z.) = Y},

Y = ,p(ZI' ... , z.) ..... {(,pI' ...• ,pn)[(kl• . . . , km)RE(,pI' ...• ,p..,
kv ... , Jlm) -+ ,pn(ZV ... , Z.) = yJ},

whence we see that the predicate y = ,p(ZI' ••.• z.) is HA.
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The proof of the converse implication uses Kleene's theorem XXIV
of [12] p. 204. We assume for simplicity that ,</> has one argument.

Let the predicate y = </>(x) be recursive in H a where a E O. Letenm(n, a)
be a recursive function which enumerates integers :::;:0 a. Denote by lJ'n the
characteristic function of the set {z: Henm(n.al(z)}. We can assume that
enm(l, a) = a. From the definitions we obtain that
(11) </>(x) = U«,uy)Tfo(e, x, y» = U«(,uy)T~(~t(Y), e,x, y»
for a fixed integer e and a fixed primitive recursive function U.

The functions lJ'n(x) and </>(x) can be characterized as the unique functions
satisfying (11) and the conditions

V'n(x) :::;: 1 for all n, x E No,
lJ'n(x) = '1 if enm(n, a) = 1,

(12) 1 -lJ',,(x) = I - (Ez)Tl(lJ'n(z) , x, x, z) if enm(p, a) = enm(n, a)+010,
lJ',,(x) = lJ'cz,,«enm(p.alll.(o:l,•.>«X)o) if 31 enm(p, a),

where in the last formula <1>1 is a partial recursive function universal for
partial recursive functions as defined in [12] p. 194.

Note that functions and relations occurring in these formulas (with the
exception of </> and lJ') are recursive and hence arithmetically definable.
Hence, if we denote by Ro(</>, lJ') the predicate obtained from the above
formulas by forming their conjunction and prefixing to it general quanti-
fiers binding all free number variables, we infer that Ro is an elementary
definable predicate. Hence there is an elementary pf n such that </> and V'
are the unique functions which satisfy n in ~o'

We shall now transform n so as to obtain a system of equations. First
we eliminate the fl.-operators and reduce the formula to prenex normal
form. Then we eliminate the existential quantifiers by introducing function
variables according to the following scheme: If ep has the form
(xt , •.. , xt)(Ey)[. 0.y. 0']' then we replace it by
(xt, ... , Xt> y)([ ... tXt(Xt•.. 0' xt). 0'] & {[ ...y ... ] :> tXt(xl, ... , xt) :::;: y}),
where tXt is the new function variable. After a finite number of such steps,
we obtain a pf of the form (Xl' ... , xm)1jJ where IjJ is a truth-functional
combination of inequalities and equations. We add two more function
variables ~1> ~2 denoting the predecessor and subtraction, and denote by
e their defining equations

~1(0) = 0, ~l(X+ 1) = x,
~2(X, 0) = x, ~2(X, y+ 1) = ~1(~2(X, y)).

Now the closure (with regard to number variables) of the conjunction of
IjJ and (3 can be easily transformed to a conjunction of equations accordingly
to the following familiar rules of arithmetic:

a = b - (a-b)+(b-a) = O. a s; b - (a-b) = 0,
a=OVb=O-(axb) =0. (a :pO)-(l-a) =0.
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REMARK 3. Using the pairing functions (which do not belong to the
primitives of our system), we can join all function variables in a unique
one and present each <p in HA in the following normal form

<p = K(dJ)[(xl , ••• , xm)E],

where (to)[(fI] denotes the unique function satisfying (fI if it exist, E denotes
a conjunction of equations, and K is a constant GR function, e.g. K(x) =
x-[YX]2.

REMARK 4. Theorem 3.3;A (as well as 2.3.A) remains true if we replace
Condition 2 by the following one:

2'. t/>" is the unique function which satisfies in lJlo the pf (Eotl, ... , ot"_l)
(Xl' .. " xm)E where Xl' .•. , x., are all the number variables of E.

Condition 2' means that the auxiliary functions ¢>I, ... , t/>"-l do not
need to be unique.

3.3.B. t/> € HA. if and only if there is a system of equations E with
the function variables otl , ••• , at.. such that the following two conditions
are satisfied:

1'. <p and at.. have the same number q of arguments.
3. For every kl •..•• ka, t in No.

t = t/>(kl , ••• , kll ) ..... (Xl' ••• , xm)E ::::> ot"(kl , ••• , k ll ) = t eAt»'

PROOF. Let E be chosen as in 3.3.A. The pf

(13) (Xl> ...• xm)E ::::> at ll(kl> ...• k a) = t

is valid in lJlo if and only if t = <p(kl , ••. , ka)' By 3.I.E we obtain .thus the
equivalence 3.

Conversely. if 3 is satisfied, then by 3.1.E we obtain that (13) is valid in
lJlo if and only if t = t/>(kl> ... , ka). Renee, if t/>l' ... , t/>1l satisfy in lJlo the
pf (Xl' ••• ,xm)E, then t/> = <p". Since the pf (Xl' •..• xm)E is satisfiable
(otherwise (13) would be valid independently whether ornott = t/>(kv ...• ka)).
we infer that t/> satisfies Condition 2' of Remark 4. From this we obtain
easily the formulas (10) and hence t/> € RA.

3.3.C. Theorems 3.3.A and 3.3.B remain valid if we replace in them E
by an arbitrary elementary pf.

3.3.D. The function Cn., used implicitly in 3.3.B can be replaced by
a more elementary one adapted to drawing consequences exclusively from
equations.

The rules of proof used in the definition of the restricted function Cn.,
comprise the rules RI, R2 of Kleene [9] p. 264 as well as the following
restricted rule w: If 7t'1' 7t'2 are polynomials and 7t'l(n) = 7t'2(n) is provable
for each n € No, then so is the equation 7t'l = 7t'2'

Let us abbreviate

(Eotl> ...• ot lI}{cP & (~l' "', ~1l)[<p(~l> ... , ~1l)

::::> otl = ~l & ... & ot.. = ~J} as (E!atl> ... , otlI)(fI.
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3.3.E. If Ip is an elementary pf with n function variables oct, ••• , oc", then

{{E !OCt, ... , oc,,)1p is true in 9lo} ..... (E!OCt, ••• , oc,,)1p E A",.

PROOF. In order to simplify the notation we shall consider only the
case of n = I. In Kleene [I2J p. 208 there is a proof that, for each elementary
pf <p with one function variable oc, there exists an elementary pf IjJ with
one function variable ~ such that the following equivalence is true in ~o:

(I4) (Eoc}{oc E HA & <p) == (~)~.

Here oc E HA denotes a pf obtained by writing in (A) the definition of the
set HA. It can be verified that (I4) is not only true in ~o but actually
provable in (A).ll Thus from (14) and 3.I.E we infer

(15) {(Eoc}{oc E HA & Ip) is true in 9lo} <-> (Eoc}{oc E HA & <p) E A",.

According to 3.3.A, (E !oc)<p is true in 9lo if and only if the following two
formulas are true in 9lo:

(16) (Eoc}{oc E HA & Ip),
(17) (oc, ~)[(Ip(oc) & Ip(~)) ;:) (x)(oc(x) = ~(x)).

According to (15) and 3.1.E, both pfs (16) and (17) are true in 9lo if
and only if they belong to A",.

In view of the importance of Theorem 3.3.E, we shall sketch another
proof of it which is more elementary insofar as it rests on a direct analysis
of the proof of 3.3.A. It is of course sufficient to prove that, if (E !oc)~(ot) is
true in 9lo, then it is provable in Aw •

Let us consider the formulas (12) above. These represent a definition by
transfinite induction on n of the function 1JI,,(x). The well-ordering of indices
n is given by the recursive relation n' -< n" <->enm(n', a) <0 enmts", a)
(d. Kleene [IOJ p. 410). The usual scheme of inductive definitions can
easily be formalised in (A). In this way we obtain a pf a(lX, ~) such that
the unique functions satisfying this pf in 9lo are 1JI,,(x) and ip,,(x). The proot
of uniqueness and existence of these functions (both proceeding by trans-
finite induction on n) can be formalized in (A), and thus we obtain
(E!IX, ~)a(oc, ~) E A and therefore also (E11X, [3)0 E A where 0 is the pf. used
in the proof of 3.3.A. It follows that the equations E reached in the proof
of 3.3.A have the property

(18) (E loct, ... , 1X,,)(Xt, ... , xm)E E A.

Indeed E was obtained from 0 by means of transformations which con-
serve the property (I8).

Let us now assume that (E !oc)lp(oc) is true in 9lo' It follows by 3.1.£ that
(IX, 1X'){Ip(ot) & <p(ot') ;:) (x)[ot(x) = ot'(x)J} E A",. and hence it remains to prove

11 A verification of this proof in the formal system (A) is extremely laborious, as
is each formalization of a mathematical reasoning.
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that (Eoc)ep(oc) EAw• Let .p satisfy ep(oc) in 9'0' By 3.3.C we have .p EHA.
By 3.3.A there exists a system E of equations satisfying Conditions 1 and 2
of 3.3.A as well as the formula (18). Let -It be the pf

(ocl' ... , oc,,){(xl, ... , xm)E ::Hp(OC,,)}.

Since (Xl' ... , xm)E is satisfied in 9'0 by exactly one system of functions
.pI> ... , .p" =.p, and since this set satisfies qJ(oc,,) in 9'0- as well, we infer
that & is true in 910 and by 3. I.E belongs to Aw' From this and (18) we
finally obtain (Eoc)ep(oc) E Aw '

3.4. Representability in Aw • 3.4.A. If X is a consistent set of pfs,
Aw c X, and X E ni, then 5 E HA <-+ {5 is strongly representable in X}.

PROOF. If 5 'is strongly representable in X, then, using the conditions
(I) and (2) of the definition of representability (in 2.4) and 3.2.A, we infer
that 5 and -5 belong to ni. Hence 5 € HA.

Conversely, if 5 E HA, then denoting by .p" its characteristic function,
we obtain from 3.3.A an elementary pf ep with the free variables ocl' ... , oc"
such that

(19) (E!OCl' ... , OCk)<P is true in 9'0'

and.pk is the unique function which jointly with some functions e., ... , .p"--1
satisfies <P in 910' Hence we have the equivalences

(20) n € S <-+ {(OCI> , oc,,)[<p ;:) ock(n) = I] is true in 910} ,

(21) n¢S<-+{(E!OCl' , OCk)[<p & oc,,(n) =1= IJ is true in 9'0}.

According to 3.1.E and 3.3.E, both pfs on the right hand sides of (20)
and (21) are true in 910 if and only if they are theorems of Aw . Hence ac-
cording to the familar rules of quantifiers, 5 is strongly represented in A",
(and so in each consistent extension of Aw) by the pf

(lXI' ••. , oc,,)[rp ;:) IX,,(X) = IJ.

3.4.B. If Aw c X € In, and if X consists exclusively of closed pfs which
are true in 9'0' then

{5 € nn <-+ {S is representable in Cn(X)}.

PROOF. S Ii ni, if and only if there exists an elementary pf <P such that

(22) n e S <-+ {(oc)<p(oc, n) is true in I)lo}'

By 3. I.E, the formula (OC)<p(IX, n) is true in 910 if and only if it belongs to Aw'

Hence S € IIi, if and only if S is representable in Aw • Now let X be an
extension of Aw consisting of true pfs. Thus, if the pf (oc)rp(oc, n) belongs to X,
it is true and by 3.I.E belongs to Aw • Hence each set represented by a pf
of this form in Aw is represented by the same formula in X.

The converse implication is evident.
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3.4.C. The set N!? A", is universal (complete in the sense of Post) for
the class II:.

This follows from 3.4.B in the same way as 2.4.C follows from 2.4.B.

3.5. Hyperarithmetical undecidability of A",. From 3.4.C it follows
that the set N~ Aw is not hyperarithmetical, We shall show that no con-
sistent extension of Aw is hyperarithmetical. The argument is the same as
in the case of the classical arithmetic. We establish the lemma:

3.5.A. If Xo (; HA, then there exists a set X in HA such that X =I- O-l(XO)

for every primitive recursive function O.
The proof is the same as for 2.S.A.
3.5.B. (INSEPARABILITY THEOREM.) If T is a set of pfs such that each

HA set is strongly representable in T, then the sets N!? T and N2 neg T
are not separable by HA sets.

PROOF. From 3.5.A similarly to 2.5.B.
3.5.C. (HYPERARITHMETICAL UNDECIDABILITY OF A,.,.) No consistent

extension of Aw is hyperarithmetical.
PROOF. From 3.5.B and 3.4.A similarly to 2.5.C.
We can still apply 3.5.B to determine the form of pis undecidable in Aw'

3.5.D. For each consistent set X in II: of pfs such that Aw c X, there
exists a set H+ in E~ of pfs of the form

(23) (lXl, ... , IXk)~'

where cp is elementary, such that all formulas of the set H+ are false in Wo
and undecidable in X.

PROOF. Let C be the class of closed pfs of the form

(24)

with zero or more ",'s, where cp is an elementary pf, and let T = CnCnw(X).
We put T* = {cp :""'cp (; T}, and write <p ~ ljJ if ljJ can be obtained ftom ep
by dropping or inserting an even number of signs r-«. For cp (; C,

cp (; TUT* ....{cp (; Cnw(X) or "'cp (; Cnw(X)},

and hence H = C- (TUT*) is the set of pis (24) undecidable in X.

Since

cp (; T* "'CP (;T,
cp (; T (EljJ}[(cp ~ "'ljJ) & (ljJ € T*)],

we obtain T (; II~ -+ T* (; IIi, T* (; EI -+ T (; E~.

We shall now show that

(25) T (; II~-E~, T* € II~-Ei.

By 3.2.B, T e IIi. In view of the above implications we have only to
prove that T ¢ Ei. This we do as follows.
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For each set S E HA, there is by 3.4.A a pf I/J(x) = (ott, ••• , oti:)cp(ott, ••. ,
oti:, x) with an elementary cp such that S is strongly represented by I/J(x)
in A"" i.e.,

n E S .... Iji(n) E AIJ), n , S .... ~(n) E AIJ)'

Since AIJ) C Cnw(X), we obtain

n E S -+ lj/(n) E T, n, S -+ .-.Iji(n) E T;

and since CnlJ)(X) is consistent, we obtain

n , S -+ I/I(n)f T, n E S -+ ~(n) ,T.

By 3.5.B, T and neg T are not separable 'by means of HA sets, and
hence T, HA and T, E~.

From (25) and the definition of H we obtain H E E~.

Since T = C-(HUT*), we infer that H, n~, since otherwise we would
have T E E~. We thus finally obtain H E E~-nI.

The set H contains a subset H+ of pfs beginning with a general quantifier.
All other pfs of H are obtained from pfs in H+ by inserting a number of
signs f"oo'. Hence H+ is an intersection of H and a recursive set and therefore
H+ E E~. On the other hand, the equivalence

ql E H .... (En, 1/I)[(1ji E H+) & ('1' = f"oo.I •• • ~)]

" times

shows that H+ E n~ -+ H E n~. Hence H+ E E~-n~. No pf in H+ is true
in 9'0 in view of 3.t.E. Theorem 3.5.D is thus completely proved.
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Correction added in proof May I4, I958. Theorem 2.2.B. while true, is
not a direct corollary of 2.2.A. In order to prove 2.2.B, we note that the
relation R(X, n, m) of 2.2.A has the form (nlh((m),)[(mh,i" X] & S(m, n)
where 5 is recursive and (mh, (mki' lh(m) are recursive functions defined
in [9J p. 230.

Similarly, 3.2.B is not a direct corollary of 3.2.A. In order to prove
3.2.B, we notice that by Rosser's proof [19J pp. 133-134 the predicate
n "Cn..,(X) has the form (C)[(xcC) & Closed(C) ::> n "CJ, and hence can
be brought to the form (4)){(Em)[m f X & 4>(m) = OJ V S(eP, m)} where 5
is arithmetical.

WARSAW



Formal system of analysis based on an infinitistic rule
of proof

A. :M:OSTOWSKI (Warszawa)

The present paper is a continuation of [5]. In section 3
of [5] we discussed models 9J1 of analysis (i. e. of second order
arithmetic) such that their "integers" were isomorphic to the
ordinary integers; we oan express this by saying that "integers"
of the models 9J1 were absolute. In the present paper we in-
vestigate a still narrower class of models in which not only
integers but also well-orderings are absolute. We call these
models the p-models. In sections 4, 5, and 6 we discuss prop-
erties of a system A p of analysis whose theorems are just
those formulas which are true in all P-models. In section 7
we indicate two applications of our theory. 'What seems more
surprising to us than those applications is the fact that the
crucial properties of Ap are entirely different from the cor-
responding properties of the systems A and A w considered
in [5J. The difference between those systems is stressed par-
tdcularly in theorems 6.9 and 8.20. Basically those differences
stem from the fact that the separation principles for the
family of (weakly) representable sets are true for the system
A p but false for the systems A and A w • The basic importance
which the separation properties have for the meta-mathematical
properties of formal systems is thus once more demonstrated.

1. Auxiliary definitions

1.1. We put <m, n) = 2m(2n+l) and call this integer (1)
the ordered pair of m and n. Furthermore we put 81( (m, n») = m
and 82( (m, n») = n,

(1) Throughout this paper we mean by "integers" non-negative
integers 0, 1, 2, ...
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1.2. Every integer m determines integers k, no, n l , ... , nk-l

such that

We put k-1 = dl(m), nf = c(m, j) for j < k and c(m, j) = 0
for j ~ k, Functions dl and c are primitive recursive.

1.3. If dl(m') = dl(m) +1 and c(m', j) = c(m, j) for
j ~ dl(m), then we say that m' is an extension of m,

1.4. There is a primitive recursive function rst(m, 1) such
that if i ~ dl(m), then dl(rst(m, j)) = j and c(rst(m, j), i)
= c(m, i) for i ~ [, We call rst(m, j) the restriction of m to j.

1.5. There is a primitive recursive function r(p, n) such
k

that if p < 2n
, then p/2 n = }; 2-ni where k = dl(r(p, n)) and

f=O
nf=c(r(p,n),j) for j ~k.

1.6. If q; is a function from integers to integers, then we
put cp*(m) = 2'1'(0) + 2'1'(0)+'1'(1)+1 +... + 2'P(0)+ ... H(mHm (2).

2. Formal definitions, theorems and theorem schemata of A

We abbreviate "lemma" as "L", "definition" as "D".
To simplify the formulas we use x, y, z, ... , af , {3i, yi, ... instead

iffof Xu x 2, x a, ... , ai, a2, as, ...

L. 2.1. There is an arithmetic formula l!~ (x, y) such that
l-(x)(Ely)F(x, y), I-F(O,l), and I-F(x +1, z) & F(x, y)
:l (z = 2y).

D.2.2. 2x = (ty)F(x, y).

D.2.3. (x, y) = 2X(2y+1).

r, 2.4. 1--(x,y)=(z,t»).J(x=z)&(y=t).

L. 2.5. I-(Ex, y)[z = (x, y)] == (z =1= 0).

L.2.6. I-(z =F O):l (Elx, y) (z = (x, y»).

D.2.7. Sl(Z) = (tx)(E-y)(z = (x, v». siz) = (ty)/Ex)
(z = (x, y»).

Remark. From the axioms for the description operator
([5], p. 189) it follows that I-Si(O) = 0 for i = 1, 2.

(I) Instead of the functions dl and rp* we could use equally well the
functions lh and ;p of [6]. The reason why we prefer the functions defined
above is that in sections 5 and 6 we shall rely on the theory of sieves in
the form developed,in [8], in which functions dl and rp* and not lh and tp
are used.
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D.2.8. xa"'y == all(x, y) = O.

D. 2.9. Ord(all):::: (x , y, z) ({[(xallzlV (zallx)]&[(ya2z) V(zally)J
:) (xallx) & [(xally) V(x = y) V(ya2x)]} & [(xally) & (yallx) :) (x = y)]
&[(xally) & (yallz) :) (xa2z)]).

D. 2.10. Fund (all) :::: (fJ1) (Ex){,...., [fJ1(x +l)allfJI(x)] V[fJI(X +1)
= fJ1(x)]}.

D.2.11. Bord(all) == Ord(a2)&Fund(a2 ) .

L. 2.12. For every recursive relation R (n l , •.• , nk) and for
every recursive function j(nu ' '' ' nk) there are an elementary
formula and an elementary term ER(xn ... , Xk) and Tf(x17 ... , Xk)
such that

R (nl , , nk) implies I- ER(on ... , Ok) ,

non-R(n17 , nk) implies I-,....,ER(0 17 ... , Ok),

m = f{nn ... , nk) is equivalent to I-m = T,(Ou ... , Ok) .

We say that E R and Tf define (or strongly represent)
Rand [.

D.2.13. We denote by Ext(y, x), dl(x) and c(x, y) any
elementary formula and any elementary terms which define
the relation "m is an extension of n" and the functions dl and c.

D.2.14. (fJI is al*) :::: (x)[(dl(fJl(x») = x)] &

&(Yh:[C(fJI(X),y) = al(y)].
L. 2.15. I- (E! fJI)(fJI is a l *).

L. 2.16. For every elementary term T(aL ... , aL x1 , ... , Xl-I)
and every elementary jormula M (a~, ... , ak, XU"" X,) with the
free variables indicated there are elementary formulas Pi(zu , Zk,
yu ... , Y8' Xl' ... ~ Xl) and Qi(Zu ... , Zk, Yu ... , Ys, Xu , Xl),
i = 1, 2, with the free variables indicated such that

I-T(al' ... , a1, Xu ... , Xl-I) = x,
==(EfJ~,···,fJL y~, ... ,y;, b~, ,b~)(u)[(b~ is r~*)& ... &

& (b; is y;*) & (fJ~ is at) & & (13k is ak*) &

&Pl(fJ~(U), ... , fJk(U) , 15~(u), , <5;(U) , Xu ... , Xl))
:::: (fJL ... , fJi, y~, ... , 1';, hL , 15;)( Eu>[< 15~ is y~*) & ... &

& (<5; is 1';*) & (fJ~ is a~*) & & (fJk is at)

:) QI(fJ~(U), ... , fJl(u) , <5~(u), , <5;(U) , Xl' ... , Xl)] ;

I- M (a~, ..,, ak, Xu ... , Xl)

:::: (EfJ~, ... , fJL yL ... , y;, <5L ••• , <5;)(u) [(b~ is yt) & ... &
& (<5; is y~*) & (fJ~ is a~*) & ... & (Pk is ar) &



[72J, 144 FORMAL SYSTEM HASED ON INFINITISTIC RULE OF PROOF 393

& P2(,8~(U), ... , ,8l(u), b~(u), , b~(u), Xu ... , XI))

= (,8~, ... , ,81, rL ..., r~, bL , b~)(Eu)[( b~ is y~*) & ... &

& (d~ is r~*) & (,8~ is a~*) & & (Pl is ak*)

:> Q2(,8~(U), ... , pl(u) , b~(u), , b~(u), Xu ... , XI)].

The proof of this lemma is obtained by formalizing in A
the proofs given in [6], p. 316-318.

Finally we note

L.2.17. l-(a1)(E!{i')(x
u ... , Xk)[,8k(xu ... , Xk)

= a1(2X1 +2xl+~+l +... +2Xl+.··+Xk+k-t)];

3. Models absolute for well-orderings

3.1. As in [5] we call a frame an ordered sequence
V = <Np , Op, 1p, +p, x , F~, F~, ... ) where N p is a set, Op,lp
are elements of N p , +p, xl' are mappings of Np x N p into Np
and F~ is a set of mappings of N~ = N p x ... x Np into N p •

If I is a valuation with respect to the frame V and r(a~l, ... , a;:,
Xl' ... , x n ) is a term with the free variables indicated, then
we shall sometimes write .-rPV(a~l), ... , f(a;:) , I(xt), ... , lexn))
instead of Val/,p(r). A similar notation will be used also for
formulas, the symbol "I=p" replacing the more formal "= V".
If Val/;v(tP) = V for any I and any axiom tP of A, then we
call V a model. Frames which are models will be denoted
hereafter by capital German letters.

3.2. For every cp in F~ we denote by Rrol''P a binary relation
with the field contained in NID! such that aRm''Pb == cp(a, b) = Om.

L.3.3. II Rm,'P uiell-ordere N m, then 1=~IJtBord[9']'

Proof: obvious.
Theorem converse to 3.3 is not true. This will be proved

formally in 5.12. The heuristic reason why the theorem con-
verse to 3.3 is false is this: it illay happen that Fk contains
so few functions that no counterexample for 1=!IJlBord[cp]
exists in F~ although it exists outside that set. In connection
with this observation we introduce the following definition:

D.3.4. 9R is a model absolute for well-orderings (or shortly
a ,8-model) if for every cp in F~ the condition 1=!IJlBord[cp]
implies that RIDl,'P well-orders it~ field.

L.3.5. ,8-models are w-models.
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Proof. Write M(a2 ) for (x, y)[(xa2y) =(x ::s;; y)]. Obviously
f- (E! a2 ) M (a2 ) and f- M (a2 ) J Bard (a 2 ) , whence it follows that
if rp is an element of P~ such that ]=!lJlM[rp], then l=!lJlBord[rp],
and hence, for p-models, that Rim,rp well-orders N'J1l' If m is
not an t» - model, then N!lJl contains an element different from
all elements n['J1l] , n = 0, 1, ... Let a be the first such elementr .
(with respect to the well-ordering ~,rp). Since a oF 0!lJl, there
is a b in N!lJl such that a = b+!lJl1!lJl' Hence b~,rpa and b oF a,
b has the form n[!lJl] , and hence so has a: a contradiction.

L.3.5 shows that dealing with p-models we can consider
only models whose "arithmetical part" (N!lJl, 0!Ill, 1!lJl, + !Ill , X!lJl)
coincides with the arithmetical part of the absolute model
9Ro = <No, 0, 1, +, x, P~, P~, ... ). In view of this we shall
abbreviate the notation for p-models to (PAn, Pin, ...).

Actually the whole model is already determined by P~,

as we see from the following lemma:

L.3.6. If rp €plm and "P(no, ... , nk) = rp(2no+2no+nl+l+ ... +

+2nO+...+nk+k) th pk+1'f pk+l d () ( 0), en "P e !Ill ; t "P € !Ill an rp n = "P c n, , ... ,

c(n, k)), then rp e Plm.
Proof. By L.2.17.

D.3.7. If X is a set of formulas, then Onp(X) is the set
of the formulas (/> which are valid in all p-models of X. The
set Onp(A) is denoted by A,B'

L. 3.8. If m is an arithmetical extension of m' and m is
a p-model, then so is 9)1'.

Proof. If rp e P~" then conditions ]=!Ill' Bord[rp] and
l=im,Bord[rp] are equivalent. Hence if m is a p-model, then
1=!lJl,Bord[rp] implies that R!lJl,rp is a well-ordering. Since
R!Ill,rp = R!Ill',rp this proves the lemma.

L.3.9. For every p-model m there is a denumerable p-sub-
model m1of 9)1 such that 9)1 is an arithmetical extension of mI'
("Denumerable" means that all sets P~l are denumerable.)

Proof. By L. 3.8 and theorem 2.1 of [10].

4. Evaluation of the predicate N°(/> E N°Onp(X)

4.1. For every function f..t € Nfo we denote by f..tt the
following mapping of N~ to No:

i(n n ) - (·<k 2n1 + 2n1+n.+1+ +2n1+n.+...+flj+i-1»)f..tk ll'" , i - f..t , ... •
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The set of all functions P,k, k = 0, 1, ... , we denote by Ft and
1 "the frame <No,O,I,+,x,F",F~,...>by 9Jlw

L. 4.2. Let p" v, {} € N~o and let fl',,/,6 be a valuation such
that f",'I',6(xk) = 1p(k), f",'I',6(ak) = P,~(k), k , j = 1,2, ... The follow-
ing predicates R(p" 1p1 {}, NO(i), r') and Q(p" v, {}, N°(cP) , r")

(1) Val, a!lJl (i) = r', Val, a,!IJl (cP) = r"
",'I',v' " ",'I',v P

are hyperarithmetic. (We identify here the truth values: A
and V with the integers 0 and 1.)

Proof. T is a term and cP a formula if and only if there
are sequences

(2)

such that

(i) every ij is either (i1 ) a number variable Xu or has one
of the forms (i2)-(io) : 0, 1, it + is, it X is or the form (i6 )

a::'(Tt., ... , itW> where t, 8, tll ... , tw < j or finally the form (i7)

(tXu)cPt;
(ii) every cPh has either the form (iii) is = it or one of the

forms (ii2)-(ii o) : cPs V cPt , "'cPs, (Exu)cPs, (E~)cPs where 8, t < h.

We symbolize an arbitrary pair of sequences (2) by a single
letter P. Let z(P) be the least integer such that no variable
with an index greater than z(P) occurs in the formulas (2).
For arbitrary integers p, q letvp,q,p be a valuation such
that for k, h ~ z(P)

Vp,q,P(Xk) = c(p, k), Vp,q,p(ah) = P,~(q,h)'

Finally we denote by cri,,, and crZ" the following functions (3):

cri,,,(n) = Yal"'1(fl),82(fl),p,!IJlirj) , j = 1,2, , 1,

crZ,,(n) = Val"'1(n),82(fl),p,9Jl)cPh) , h = 1, 2, , m.

These functions are uniquely determined by the following
conditions (we assume that j = 1, 2, ... , land h = 1,2, ... , m):

(m If (i l ) , then cri.p(n) = c(81(n ) , u);

(i~)-(it) if (i2)-(i5 ) , then cri.,,(n) = 0, 1, cr~.p(n) +crt.,,(n) ,
cr;,,,(n) X cri,,,(n);

(it) if (i6 ) , then cri,,,(n) = p,:;(q,'V)(crtl',,(n) , ... , crtW',,(n»);

(3) Strictly speaking cpj." and gf" depend also on P. We supress
the index P to make the formulas more readable.
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(m if (i1), then 9'f,/I(n) is the unique integer r satisfying the
condition 9":/I(p, sln,») = 1 where 15 is defined by means of
the jormula«

(*) c(p, i) = c(sl(n) , i) for i ::j:. u; c(p, u) = r .

If no such r exists or if it is not unique, then 9?f./I(n) = O.

(iit) If (iiI)' then 9?h./I(n) = 1 = [9'~'/I(n) = 9?t:/I(n)];
(iin if (ii2 ) , then 9?h./I(n) = l-(l-9?~/I(n»)(l-9?':/I(n»);

(iin if (iis), then 9?h./I(n) = 1-9?~:/I(n);

(iit) if (ii 4 ) , then 9?h./I(n) = 1 = [there is an r such that
9?~:/I(p, s2(n») = 1 where p is defined by (*)Ji

(iiZ) if (ii s), then 9?h,/I(n) = 1 ~ [there is an integer r such
that 9?~:/I((Sl(n), q» = 1 where q is defined by the formulas

(**) c(q, i) = c(s2(n) , i) for i ::j:. u, c(q, u) = r].

Formulas (1) are equivalent to the existence of integers
p, q such that

(3)

(4)

cip , k) = 1p(k) for k ~ z(P) ,

c(q, h) = {)(h) for h ~z(P).

CPI./I( (p, q» = r', cP~,/I«p, q» = r",

Since the functions CPf'/I and ({ih./I are determined uniquely,
formulas (1) are equivalent to either of the following conditions:

(5) There are sequences (2) with properties (i), (ii) and integers
p, q and functions 9?f'/I1 CPh,/I (j ~ i, h ~ m) satisfying (if)-(lit),
(3) and (4);

(6) For arbitrary sequences (2) with properties (i), (ii) and for
arbitrary integers p, q and functions9?f,p, CPh,/I (j ~ t, h ~ m)
satisfying (m-(iit) and (3), equations (4) are true.

Quantifiers "there are sequences (2)" and "for arbitrary
sequences (2)" are arithmetic. So are also conditions (it)-(lit),
(3), and (4). The equivalence of (1), (5), and (6) shows therefore
that conditions (1) are hyperarithmetic.

CoROLLARY 4.3. If (j)(x11 ... , Xk, at\ ... , aim) is a formula
1 m

with the freevariables indicated, then the predicate 1=!IIl/l (j)[n1 , ••• , nk,
fl{l, ... , flim] is hyperarithmetic (its arguments are 11,11'''' nk,

1 m

111 ••• , lm and fl)·
L. 4.4. The predicate "9R/I' is a mode; of A" (abbreviated

Mod(fl» is hyperarithmetic.
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The proof follows at once from the equivalence

Mod(p) = (n) [n is the Godel number of a closure
of an axiom cP of A,) 1=!Dl/.P].

L. 4.5. The predicate "9Jlp is a fJ-model" (abbreviated as
Modp(p,» is of class II~.

Proof. The predicate "R!Dlwp: well-orders its field" is obvi-
ously of class II~ . The lemma follows therefore from the
equivalence: .

Modp(p,) = Mod(p) & (v) [(I=!DlpBordLu;])

:J (R!Dlw~ well-orders its field] •

L.4.6. For every fJ-model 9Jl there is a p, such that Modp(p,)
and 9Jl is an elementary extension of a model isomorphic with 9Jlw

Proof. Define 9Jl1 as in 3.9 and take an arbitrary p, such
that F~ = F~l for i = 1, 2, ... A P, of this sort exists in virtue
of the denumerability of. 9Jl1 •

THEOREM 4.7. Let X be a set of closed formulas. If N° X e II;,
then N° Onp(X) € II:nax(2,n)'

Proof. By 4.2 the predicate "9Jlp is a model ot X" is
hyperarithmetic in X. Since, by 4.6,

ifJ E Cnp(X) - (,u)[Modp(p,) & (9J1,u is a model of X):J 1=!Dll'ifJ],

the result follows by 4.5 and 4.2.

CoROLLARY 4.8. N° All E IIi.

5. Universality of the set N° A p

5.1. Let K be an arbitrary ternary relation between
integers and let

C~~ = {a: sl(a) < 28s
(a) & (j)dl(r(8I(a).8s(a»)

K(qJ*(j) , rst(r(sl(a) , s2(a») , i), -ll
Let L~~ be the binary relation defined by the equivalence

(1) aL~~b = (a, b E C~~) & (sl(a)/282
(a) ~ sl(b)/2B2(b») •

In the sequel we shall deal with one fixed relation K
and shall therefore drop the upper index K.
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L.5.2. L'P,n orders 0'P,n'
L.5.3. (E'ljJ)(m)K(p*(m) , 'ljJ*(m) , n) == {L'P,n does not well-

order 0'l'.n}.
The proof of 5.2 is obvious and the proof of 5.3 is exactly

the same as that given in [8J, p. 10.

L. 5.4. Let em be the following function:

for j ~ dl(m) ,

for j> dl(m).

If K is recursive, then aLem,nb is a recursive relation
with 4 arguments which we denote by P (a, b, m, n).

We put g(a, b) = r(sl(a), s2(a)) +r(sl(b), s2(b)).

L.5.5. It emU) = cpU) tor j ~ g(a, b), then P(a, b, m , n)
=aL'P,n b.

Indeed in this case x € 0em.n 0== X € O,/"n for a: = a, band
the result follows by 5.1 (1).

D.5.6. Let ebe a term representing the function g(a, b),
and A(xl1 X 2, X a, x4 ) a formula representing the relation P.
Further, let F(y2, aI, z) be the formula

(x,y){xy2y ,=, (Epl)[U/1 is al>fc)&A(x,y,PI(~(x,y)),zm

and (j)(z) the formula

(a1 ) (Ey2)[F (y2, aI, z) & ,-..,Bord(y2)] .

L.5.7. f-(E y2)F(y2, at, z),

Proof. From the axiom 3d of [5].

L..5.8. It 9Jl·is an or-model and~cp€Flm, 'ljJ€Fin, then

l=mF['ljJ, cp, 0] == (a, b)['ljJ(a, b) = 0 == aL'I',nb].

Proof. The left-hand side is equivalent to

(a, b)l'ljJ(a , b) = 0 c== (ElJ){(D€ Flm) & l=m(O is cp*) &

&1=mA[a, b, lJ(g(a, b»), n]}).

The expression on the right-hand side is equivalent to

1= ~iJl A [a, b , cp* (g(a '.b») , nI
(cf. L. 2.15). Since A represents P, this expression is in .turn
equivalent to aLetp>fc(u(a,o»,,,b. Now eq>fc(y(a,b» is a function 12 such
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that e(j) = cp(j) for j ~ dl(cp*(g(a, b))) = g(a, b) and hence
by 5.5

1=!DlA[a, b, cp*(g(a, b)), n] == aLtp,nb,

This proves the lemma.
L. 5.9. There is a primitive recursioe function f such that

N° tP(n) = I(n).

Proof: obvious.
L.5.10, {(cp)(E1p)(n)K(cp*(n) , 1p*(n) , c)l == {tP(c) € A p}.

Proof. Assume first that tP(c) € Ap and let 9Ro be the
absolute model, i. e., one consisting of all functions. Since
9Ro is a p-model, we obtain 1=!DlotP(c), and hence for every
cp in Fko there is a function "1' in Fino such that l=lIJlor['lP, cp, cJ
and !=!Dlo,...""Bord[1p]. Using L.5.8 we infer that Ltp,c is not
a well-ordering, and 'hence by L.5.3 that (E1p)(n)K(cp*(n) ,

1p*(-n), c). Hence the right-hand side of 5.10 implies the left.
Assume now that the left-hand side of 5.10 is true and

let 9R be a p-model of A and cp an element of Fk. By 5.7 there
is a 1p in Fill such that 1=!lJlr[1p, cp, cJ, whence, by lemma 5.8,
1p(a, b) = 0 == aL'l,cb. Using 5.3 we infer that the relation
1p(a, b) = 0 does not well-order its field, and hence that R'1J/,'P is
not a well-ordering. 9R being a p-model, we further obtain
!='1J/,,-,Bord[1p]. Thus the formula tP(c) is true in 9.R. L.5,10 is
thus proved.

THEOREM u.ll. Ail is universal {i,e. complete iai the sense
of Post) tor the class n~; in particular Ail does not belong tv E~.

Proof. By 5.9 and 5.10.

COROLLARY 5.12. There are oi -model« which are not p-rnodels.

Proof. A w is universal for n: and Ail for n~.

6. Incompleteness and related properties of Ap

6.1. The results of this section depend on a formalization
of some of the proofs given in section 5.

Let 1: be a term representing the function T(sl(a), s2(a)),
and ~ as before a term representing the function g(a, b).
Further let rst(x, y) be a term representing the function
rst(rn, n). Finally let r'(x., y) be a term representing the Iunc-
tion em(j).
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For an arbitrary predicate M(x, y, z) with the free varia-
bles indicated define the predicates C, L, (9,E, and H as follows:

C(pt, x, z): [SI(X) < 281
(X)] & (U)dl(C(x») M(pl(U), rat (C(x), u), z);

L(Pt, x, y, z): C(pt, x, z) & C(pI, y, z) & [SI(X)' 282
(Y)

~ S2(y), 2SI (X)] ;

(9({Jl,x,y,z): (EyI){(t)[yI(t) =r(pI(~tx,y»),t)J&

& L(yI, x, y, z)};

E(aI, y2, z ): (Epl){(X,y)[Xy2y= (9(PI,x,y,Z)]&(PI is al*)};

H(z): (al)(Ey2)[E(al, y2', z) &.--.Bord(y2)].

L.6.2. l-(aI)(Epl,yl,61)[(yl is al.) &(61 is pl*) &

& (u)M(yI(U), 6I(u), z)] == H(z).

This lemma represents a formalization of 5.10. It is proved
by observing that all the steps of the proof of 5.10 can be
carried out in the system A.

THEOREl\I 6.3. If M(x, y, z) is an elementary formula 1vith
the tree variables indicated and if the formula

(al)(Epl, yI, (lI)[(yl is a1>l') & W is pl.) & (U)M(yl(U), (lI(U) , 0)1

is true in the absolute model 9110, then it is p-provable.

Proof. In view ofL. 6.2 it is sufficient to prove that
if l=lDloH[n], then I-pH (o). Let m be a p-model and let
<p E Fk. Because of the axiom (3d) of [5] there is in FiR
a zero-one function "P such that "P(a, b) = 0 == l=lDl 8 [<p*, a, b, n].
Since M, r, and ~ are elementary, the right-hand side of this
equivalence is independent of 9)1 (provided of course that
<p EF~). Hence l=lDl E [<p , "P, n] and e is a unique zero-one function
satisfying this condition for given rp and n. This result holds
for any 9J1 and in particular for 9J1 = mo. Since l=lDloH[n],
it follows that !=!lJlo.--.Bord["P], whence l=lDl.--.Bord["P] since
m is a p-model. Thus we have 1=!IJl{E[<p, tp, n] &--..Bord["P]},
whence 1=!IJl H[n], q. e. d.

A similar theorem holds for 9J1 depending on a larger
number of variables.

THEOREl\I 6.4. If M(aL ... , ak, pL ... , pI, Xu ... , xm ) is an
elementary formula with the free variables indicated and if the
formula

(a~, ... , a1)(Ep~, ... , p:):~I(a~, ... , ak, p~, ..., pL Olf ... , 11m)

is true in mo, then it is p,rovable in A p•
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Proof. By L. 2.16 and theorem 6.3 generalized to a larger
number of variables.

THEOBEll 6.5. I1~ coincides with the family of eeu weakly
repreaentable in A,.

Proof. .Assume that X is·a set such that there is a for-
mula <1J(x) satisfying the equivalence

nEX==~,<1J(n).

Then n EX 5$:N0<1J(n) E:N° A, whence, in view of 5.i1, X Em.
If X if! in I1~, then

n EX == (tp)(E1p)(a)K(tp·(a) , ,,*(a) , n)

where K is recursive. If M(x, y, z) is an elementary formula.
which represents the relation X(a, b, 0) in A and <1J(z) is the
formula (a1)(Ep , ,,x, ()1>[("x is at·) & «()1 is P*) & (u)M("x(u),
~(u), z)), then n EX = 1=1Ilo<1J [n], and hence by 6.3 n EX
== ~_<1J(n).

CoROLLARY 6.6. If X is Btrongly repreaentable in A" tken
X f: tti-; .E~.

CoROLLARY 6.7. There is an e'lemtmary formula M(x, y)
8uch that tM formula

(Eal)(pt,,,x, ()1)("x is a1. ) & (~ is pt-) J (Eu)M("x(u), ()1(u»)l

" tnul in rot. hut not fJ -pro'Oable.
Proof. Let X EI1~-.E~ and let K be a recursive tel'IllU'y

relation such that n E X == (fP)(E,,)(m)K(tp*(m) , ¥,*(m) , n). If M
is an elementary formula which represents K in A, then
obviously

n EX =1=..(a1)(Ept, ,,x, ~>[("x is a1*) & {()1 is pt.) &

& (u)M("x(u), ()1(u) , n)J .
Denoting by <1>(8) the formula on the right-hand side

we have, by 6.3,

n (X == f-p <1J (II) .

The equivalence n non-E X == ~,,--.(.) cannot be true for
all .. since in that case X would be in .E~. Hence there is an
.. such that fte nona. X and non ~,--~..). It is now sufficient
to take --:H(x, y, Be) as the formula }I(x , y).

CoBOLLARY 6.8. A, is i'nCOmpZele.
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Thus far the properties of A p are similar to the correspond-
ing properties of A", (cf. [5], theorems 3.1. E, 3.1. F, 3.4. B).
We shall now present a thoorem whose analogue is not valid
for A and A", (cf. [5], 2.4. Band 3.4. A).

THEOREM 6.9. The family of sets strongly representable
in .Ap is a prope-r subclass of II~ rv .:r~.

Proof. In [1] a proof was given to the effect that if
X, Y e IIi and X rv y = ,0, then there is a set Z in II~ (J .:r~ such
that X ~ Z and Y r'I Z = 0. Take X = N° .Ap and Y = {Nll q>:
",q> e Ap} . By 4.8 both the set X and the set Y belong to II~1

it is also obvious that they are disjoint. Let Z be a separating
set from the class II~ (\ .:r~ and let Zo = {n: g(n, n) non-e Z}
where g(n, m) is a recursive function universal for primitive
recursive functions. Obviously Zo e II~ (\ .:ri. If Zo were strongly
representable, there would be a formula q>(x) such that

n e Zo = f-pq>(o) n non-e Zo == f-1I'"-4>(0).

Since N° q>(o) is a primitive recursive function of n,
it would follow that there is an integer ko such that

whence we should obtain for It = ko

ko E Zo:J g(ko, ko) e Z:J konon-e Zo,

ko non-e Zo:J g(ko, ko) non-e Z:J ko e z.,

7. Applications to the theory of coostructible sets

7.1. Investigations of this and the next section will be
based on the Godel axioms of set theory [4] supplemented
by an axiom stating that there is at least one weakly mac-
eessible ordinal. 'The least, weakly inaccessible ordinal will be
denoted by "0' We shall use the terminology and notation
of [4] with the exception that the nth element of the set

w = to, {O}, to, {On, ... } will be denoted by z.;
7.2. We shall consider a formal system of set theory

which we shall call system ST. 8T is a theory wit h standard
formalization with the primitive terms M, CIs, and E.. ,d. [4]).
The set-theoretical terms and formulas '(ST-terms and ST-for-
mulas) are defined by induction as follows:
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1. all variables are Sl'-terms (we assume that all variables
of the system of analysis are variables of ST),

2. if TIl 'r2 arc ST-terms, then TI = T2 and TI OE"T2 are
ST -formulas,

3. if t:P I and rp2 are ST-formulas and x is a variable,
then r-.;tPu rpl vt:P2 and (Ex)t:P1 are Sl'-formulas and (tx)t:P1 is
an ST-term.

Writing the formulas of ST we shall use the convention
set forth in [4], p. 3, concerning the use of small and capital
letters (set variables and class variables).

Axioms of ST are those of [4].

7.3. Frames of Sl' are ordered triplets 6 = (A, B, R)
where A and B are sets and R is a binary relation. If R = EB is
the E-relation restricted to B, then 6 is called an E-frame.
If, in addition, x Ey e B implies x e B, then 6 is called a transi-
tive frame.

The semantical notions of a value of an Sl' - term or of
an ST-formula are defined in the usual way, Models of ST. are
frames in which all axioms are true.

7.4. Let F be the function defined in [4], p. 37, and
let G~ = F"~ for every ordinal ~. Every ordinal ~ determines
a frame 6~ = <G~, H~, EH~> where H~ is the smallest set
containing G~ as a subset, containing the set E~ = {(x, y):
x, y e G~ & x E y} as an element and closed with respect to
the following operations: intersection, complementation with
respect to G~, taking the domain, direct multiplica.tion and the
operations <rUVi' i = 1,2,3 (cf. [4], 4.4).

L. 7.5. The frame 6'0 is a model of ST.

Proof of this lemma is implicitly contained in [4],
Chapter VI.

7.6. vYe list below, for later use, Home special ST-terms
and ST-formulas. Instead of giving their explicit expressions
we merely refer to [4] and give the intuitive meaning of the
term or formula in question.

o
{x, y}

(x, s:
(Xl' ... , xn>
O(x)

([4], 2.1, the void set),

([4], 1.1, the unordered pair),

([4), 1.12, the ordered pair),
([4], 1.1[;, the ordered n-tuple),

([4], 6.61, x is an ordinal number),
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w(x) ([4], 8.4, x is an integer),
iBex =iB(x)!8tx ([4], 4.44, 6.2, x is a well-ordering re-

lation),
w" ([4], 4.11, 4.12 and 8.4, the direct product of n

copies of w),

w(""'>(x) == (xiJnwn) & (m(x) ~ w) ([4], 4.63, 4.44, x is
a function of n integral variables with the range
contained in w),

x ~fY=(xe O(n») & (~d(y») & (Unll(f») & (1) (f) = 6 (6(y»)) &

& (ID3(f) = x) & (u, v)[uyv =f'ud'v] ([4], 6.62, 4.2,
4.6, 1.5, 4.44, 4.8, 4.211, 4.65, x is an ordinal, y
a relation and f establishes an isomorphism between
y and € restricted to x),

x+,y=(,z>[(Z€co)&(z~xx{O}+yx{{O}})] ([4],8.1, z
is a cardinal sum of integers x and y),

x x, y = (z)[(tZ e co) & (z~ x x y)] ([4], 8.1, z is a cardinal
product of integers x and y).

Z" ([4], 7.44, 7.45 etc., the nth element of the set co).

F ([4], 9.3, function such that F'~ is the Eth construc-
tible set).

L.7.7. The following formulas are prOfJabk in ST:

~+,Zm= Zn+., Z" x,Zm = Z- for n, m = 0, 1, 2, ...

D.7.8. An ST-term T(Xl1 ••• , xn ) or an ST-formula
4'>(xl1 ••• ,~) is absolute with respect to a class K of models
of ST if for arbitrary models 6i = <Ai' B t , R i) , i = 1, 2,
in K and for arbitrary elements aI' ... , an in At ('\ All

T[6t1[ au ... , a,,] = -r!a.J[al1 ••• , an] ,

l=~l({>[llt, ..• , a.] = l=~s({>[~, .•. , a.).

L. 7.9. The terms and formulas lmumerated in 7.6 are
ab80lute witlt respect to tM transiti'De .-mooel8.

We omit the details of the proof, which is straightforward
although laborious.

L. 7.10. 11 6 = <A, B, EB) i8 a transitive .-model and
a; e B, tMn I=~w[a:] il antl omr il a: i8 0'1W 01 tAeBets Z,,; similarl,!!
FlOco(")[a:] if aM onl, if fD i8 a junction toitl tM domain (JjIl

and with tlte range comai'lUd i,. w.

Proof. It is obvious that I=li5w[Z.] for n = 0,1,2, ...
Now assume that x e B and l=~CO[0]. Since the « relation is
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well founded and since l=src.o(X) & (U, v ~ X):) (U ~ VVU = VV
VV E u), the set x is well-ordered. by E. Hence assuming that
there are elements in x not of the form Z" and taking the first
of them we immediately arrive at a contradiction.

Proof for the formula. c.o(.-) is similar.

7.11. Eyery transitive e-frame e = <A, B, £B) determines
a frame IDl(6) of the system of analysis. To define it we denote
for every mapping D of N: into No by B" the set of k+l-tuples
(Z"t' ... , Z"I:' ZI'{"t,....,flk» and put IDl(6) = <F~,F~, ... ) where
F~ is the set of D such that B" EA.

7.12. We shall now define a mapping 1'-+1", <P-+<P' of
terms and formulas of analysis onto BT-terms and BT-formulas:

(i) If l' is one of the terms 0,1, Xj, then 1" is Zo,ZuXj;
(ii) (1'1 +1'z)' = T~ +.T~; (1'1 X 1'2)' = T~ », T~;
(iii) if l' is aL(Tu ... , Tj), then 1" is

(tx)[c.o(x) & <T~, ... , Ti, X)E ak];
(iv) if <P is 1'1 = 1'1' then <P' is T~ = T~;

(v) (<PIV<PZ)'=rJ>~V<P2; (--<P)'=",4>';
(vi) [(Exj)<P)' = (EXj)[c.o(xf) & <P'];

(vii) [(EaL)rJ>)' = (EaLHc.o1oJ) (at) & rJ>'];
(viii) [(tXk)<P]' = (tX,,;) [c.o (Xk) & <P'].

L. 7.13. Let f be a valuation of the sy8tem of analysis with.
respect to IDl(6) and f' a 1)aluation of the sy8tem BT with respect
to 6 8uch that the following conditions are satisfied: /'(Xj) = Zf(~lJ

j'(ak) = Bf(t}); k , j = 1,2, ... Then for every term l' and every
k

formula rJ> of the system of analysis the following equivalence
and equation are true:

n = Valf,!Jl(e)(1') = Vall',e(T') = Z",

Valf,!Jl(e)(<P) = Vall',e(rJ>') .

Proof: by an obvious induction. In case (ii) we use L. 7.7,
and in cases (vi)-(viii) L. 7.10.

L. 7.14. If r is a term of the system of analysis with the

jree variables Xu ... , x"' at~, ... , at:, then the following formula
is provable in ST:

c.o(x1 ) & ... & c.o(x,,) & c.o(aJ1) (atl ) & ... & w(aJ,") (ak'") :) c.o(T') .
1 '"

Proof. In case (i) the lemma is obvious; in case (ii) it
follows from the definitions of the terms X+. y and X x, y;
in cases (ni) and (viii) it follows from the definitions of terms 1".
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L. 7.15. If 6 is a model of ST, then 9Jl(6) is a model of A.
Proof. If </J is one of the axioms (3a), (3b), (3c), (4), then

obviously '1=jJ]l(6)<P, Now let </J have the form

where -r = -r(xu ... , Xk, Yu ... , Yz, a t l , ... , a i p ) is a term with
mi. mp

the free variables indicated and not containing the free varia-
ble ak • The following formula is provable in ST:

W(Yl) & .., & w(yz) & w<a/l)(a i l ) & ... & w<ah)(a i p )m l mp

:) (Eak)(w1a>k)(ak) & (x, Xu ... , Xk){W(X) & w(x1 ) & ... & W(Xk)

:) [(x, Xu ... , Xk) € ak = x = .']}).

It follows that this formula is satisfied in 6. Hence for
arbitrary Integers Pu"" pz and arbitrary functions rpi in F~
(i = 1, 2, ... , p) there is a function rp in F~ such that for arbi-
trary integers q, qll ... , qk

q = q;(Ql' ... , qk) ~ Zq = -r'ISl[qu ... , qk, PIl ... , PI, S{)I' ... , Slip] .

Using L. 7.13 and L. 7.14 we infer that

This proves that axiom (3d) is satisfied in 9Jl(6).

L.7.1G. If 6 is a transitive e-model for ST, then 9]1(6)
is a fJ-rnodel.

Proof. Let q; E F~ and 1=!JJl(6)Bordje], It is easy to show
that this condition is equivalent to 1=6 We[S;] where S;
is the set of .pairs <Zm, Zn) for which <Zm, Zn, Zo> € Stp.
Obviously S: belongs to the m.odel 6. Since the formula
We(y) :) (Ex, f)[(x -t y)] is provable in ST and hence true
in 6, we infer that there are x and f in the field of 6 such
that 1=6 o [x] and 1=6 x "'I S;. By L.7.9 the first of these
formulas implies that x is an ordinal and the second that
S; is similar to x. Hence S; is a well-ordering and hence the
relation rp(m, n) = 0 well-orders a subset of No.

We come now to the applications of our theory to con-
structible sets. We denote by (!; the frame 9R(6Pl1 ) (cf. L. 7.4).
The elements of F~ will be called constructible functions.
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THEOREM 7.17. If K is a recursive binaf'yrela$ion such
that (rp)(E'P)(n)K(rp"'('II).lp"'(n»), then for every constructible q>

there is a constructible 11' such that (n)K(rp*(n) , 'P*(n»).

Proof. Let A be an elementary formula which repre-
sents K in the system of analysis. The formula (a1)( EtJI, yl, 151)((y1

is a1*) & (151 is (P*) & (X)A(yl(X), b1(x »)) is true in 9Jlo, whence
by 6.3 it is true in every ,8-model; and thus by 7.16 and 7.4
in (1;.

The next theorem gives a partial answer to a problem
proposed by ' Addison:

THEOREM 7.18. F& does 'not coincide with the family of
tuncti01'M whose graphs are in II:.

Proof. Let F* be this family and assume that F& = F*.
Let K be a recursive relation such that every set in II~ is repre-
sentable in the form

Tn = (a: (rp)(Ew)(p)K(rp*(p), lp*(p) , a, n)} .

Let A be an elementary predicate which represents K in
the system of analysis and let t/>(x, y) be the formula

(al)(£,8~, yl, 151)((,81 is a1*) & (151 is yl*) &

& (Z)A(,81(Z), b1(z) , x, y)) .

If a € T ,q then by 6.3, 7.5 and 7.161=<tt/>(a, D).If a non-e Tn,
then there is a function rp such that ('P)(Ep) non-K(rp*(p),

lp*(p), a, n). It has been proved by Addison [3] that if such
a function exists there is also a function rp in F* satisfying
the same condition. According to our assumption we obtain
!=lr"",t/>(a,n) and hence

(1) a € Tn =1=<tcP(a, n) .

Since the formula (E~)(x)[a(x) = 0 = ,...AP(x, x)] is prov-
able in .A. and <r is a model of A, we infer that there is a p
in F& such that

rp(n) = 0 =non· I=l£t/>(U , n) .

Observe now that according to our assumption the graph
{(m, n>: m = rp(n)} is in II; and hence the set {n: pen) = O}
is in II~, i. e. for some no coincides with Tno' Hence

a E T",. =non-/=l£t/> (a , a) ,
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i.e. by (1) 1=1ll1>(a, 110) =non!=(l1>(a, a). H we put here a = U-,
we obtain a contradiction.

It is an open problem whether one obtains a contradiction
with the axioms of set theory when one assumes that F~ is
contained in the family of functions whose graphs are in n:.

8. Finitely axiomatizable complete extensions of A"

It has been proved in [5], 2.5. C and 3.5. C that if X is
a consistent set of formulas such that N° X is weakly represent-
able in A (or in A.,ri, then On(X) (or OnQl(X» is incomplete.
We shall show in the present section that A/I does not possess
a similar property. To obtain this result we need some prepa-
ratory lemmas (L. 8.1 and L. 8.2) as well as a detailed discussion
of the way in which the theory of constructible functions can
be developed in the system of analysis. This discussion which
is primarily based on the work of Addison is presented in
L. 8.3-L. 8.12.

We say that a formula l1> is demonstrably hyperarithme-
tie (4) if there are formulas tP)., tP. which in addition to the
free variables of tP have one new functional free variable {JP
and which satisfy the conditions

A formula tP is called ox-stable (4) if for every w-model ffil
and for arbitrary f(J. in .Ft (s = 1,2, ... , k) and nlf ... , nm in N e

l=lDl tP[f(J1I ... , f(Jlq nu ... , nm] == l=llRo tP[¢1I ... , f(Jk, nIl ... , nm] •

L.8.1. If rp). and rp. are w-stable, then so are e,vrp., ro.;rpl
and (EXj)rpl'

Proof: obvious.
L. 8.2. Elementary and demonstrably hyperarithmetic for-

mulas are w-stable.

Proof. For elementary formulas the proof is obvious. Now
let rp be demonstrably hyperarithmetie. If f(J. is in F~ for
s = 1,2, ... , k and l=lDlrp[f(Jlf"" f(Jlo nlf ... , nm], then there is
a tp in F~ such that l=lDlrpl[tp, f(Jl' ... , f(Jk, nIl ... , nm] and hence,
rpl being elementary, 1=!Dlerpl[tp, f(J1I ... , f(Jk, nu ,.. , nm], which
gives 1=!Dlo rp[f(J1I ... , f(Jk, no ... , n m]. If non-l=lDl rp[f(Ju ... , f(Jl"

(I) This notion has been introduced by Kreisel [7].
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~, ... , n.".], then there is a 1J' in .FL such that !=!Dl",ej)lfJ1, rpu
... , rpA:, "'1' ... , tim] and we obtain 1= !DIe ",ej) [rp17 ... , lpl:, n1l ... , fl.,.].

L. 8.3. There i8 a dMrwnBtrably hyp61'arithmetic f01'mula
:B(a!, PI) and an elementary 1000mula A(all,pI, ,,1, x) suck that

{J EF~ == (Elp,1/', i) 1=!Re Bord[rp] & 1=!RoB[lp, 1/'] &

& 1=lIReA [rp,11', {J, i] .

Proof. An inspection of the proof given in [2], pp. 341-349
reveals that the predicate M(rp,lJ') used there can be written
as 1=!IloBord[rp] & 1=!lloB [!p , 11'] where B is demonstrably hy-
perarithmetic. Similarly we obtain formula A from lemma A
in [2].

Remark. Formula B is not elementary because of con-
ditions (C. 6) of [2], p. 343. We observe that the formulas given
in (C. 5), (C. 6), (C. 7) and (C. 8) are incorrect and should be
replaced by the following ones:

C. 5. T'f'I'(a, P) == (m, m", a, a', b , b') ((p(m, a, b) = 0)

:> N9'(m) & [8(m', a', v, m, a, h):> (p(m', a', b') = 0) &

(rp(a(m', a', b'), a(m, a, h») = o}]) & (v) (Em, a, b)((p(m, a, b) = 0)
& (a(m, a, b) = v));

C.6. J"'(m, a, b, u) == (Ea, p)[Tr"'(a, P) & (p(m, a, b) = 0) &

& (a(m, a, b) = u)] = (a, ,8)[Tr"'(a, P) :> (,8(m, a, h) = 0) &

& (a(m, a, h) = u)];
C.7. J1:(a, b, u) == (El)[(l = !Pu) &J"'(h, a, b, l)];
C.8. O.".(lp, j) =(Ea, b)J1:(a, h, j).
A further direct corollary from Addison's work is

L.8.4. II 1=!DloBord[!p] & 1=!lRoB[cp, 1/'] & l=lllloA[!p, 1/', {J, i),
then 86 = F'!Pl where !p, is the ordinal corresponding to i in the
well-ordering R'JRo,9' and hence less than the order type of ~9"

L.8.5. I-pBord(a2) & B(a2 , ,8I):J (E!"I)A(all, ,81, ,,1, x),

Proof. We have "to show that

I-p(x, all, (:J1, ,,1, ~I)[Bord(all) & B(all, PI) & A(all, (lI, ,,1, x) &

& A(all, pI, l5I, x):J (,,1= ~I)] ,

I-,,(x, all, pI)[Bord(d~) & B(all, PI):J (Eyl).A.(all, pi, ,,1, x)].

By L. 8.4 both formulas after the sign "1-/' are true in IDlo,
whence they are p-provable by theorem 6.4.
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r.. 8.6. ~(lBord(u2):.) (E,81)B(u2 , fJl).

The proof is similar to that of L. 8.;,.

D.8.7. We denote by rp the axiom of constructivity:

L. 8.8. If $ is an ordinal such that 6!is a model of S'I',
then 1=~I(G;l rp.

Proof. Let {) £. Ffur(Gel' i.e., let SIJ belong to Ge (cf. p. 156).
Since $ is obviously a limit number, there is an ordinal 1} < $
such that SIJ = F'1}.

In [4], p. 54·61 there is a proof that if »<F"w" and x e L,
then x I: F"Wa+l' Formalizing this proof for a = 0 in ST we
obtain

I-STO(X) & ww(u) & (u = F'x):.) (Ex, f , y)[O(x) ~II.J

& (u = F'x) &'pmey)'& (y(;w2),& (x v {X}~fY)]'

Since 1) e Ge and I=GeO [1}) , t=G;WW[SIJ] and I=G;(So = Ji"1})
(cf. L. 7.9), we infer that 6$ contains an ordinal C".( r/ such
that SIJ = F'C and elements t and y (;;'w 2 such that I=G. (C +1) "'f Y
and I=G;m3ey. Let !/ be the set of triples (m, n', i) where
i = 0 or 1 according as <m, n) is or, is not in !/. Obviously y'
belongs to the model 6;. Hence y' has the form Sq. The
formula 1=6e '!Be!/ proves that i=!IJl(Ge>Bord]e]. Using 1.1.8.5

and L. 8.tj we infer that pJJl(~;) contains functions lfJ and{}'
such that !=~l(3=lB[q" vl and !=!IJl(G.lA[cp, lfJ, {)', i] where we
choose i such that the ordinal corresponding to i in the well-
ordering determined by R!IJl(Gel.<r is C. By L. 8.4 we obtain
So' =l!"C, whence So' = S/h i. e.,{}' = {). This proves that

and hence that != !IJl(G.> rp.
We shall-now sho;', that models 9R(6e) are unique fJ-models

in which l/J is true. For that purpose we need

D. 8.9. An ordinal 1; is said to be r'epresentable in a fJ-rno-
del 9R if there is a cp ill Ffut such that 1=9JlBord[cp] and the order
type of Rm,'P is ~ C.

L. 8.10. If C is representoble in a fJ-model 9)1 and C~ w,
then there is a l1 in P~l such that the order type of R9Jl,., is C.
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Proof. Let R<J1I,'I' have the order type> I; and let i deter-
mine a segment of type 1;. Since

I-Bord(a2) & (y)[ya2x J (Ez)(za2x & z > y)]

:> (EP2, 1'1) [Bord (P2) & (y)[ya2x J (Ez)(y = y1(Z.»J &

& (Z){y1(Z) a2x) & (y, z)((ypz) J (y1(y) a2 yl(z»)J] ,
Fin contains a 'If' for which RID/,,!, is isomorphic with this segment.

L. 8.11. It ft € Fin(6,) and mlp is a model, then there is an
ordinal representable in IDl(G;) but not in IDlII'

Proof. Let p < 1'2 be an abbreviation of

Bord(P2) & Bord(y2) & (E01, z)(x, y){x{J2y &

& (x =F y) ~ [d1(x)y2d1(y )] & [d1(x )y2Z]} & (b1(x) =1= b1(y»)

& (y)[yy2Z:J (Ex)(xP2x) & (dt(x) = y)} .

Obviously

l-(a1}(Ep){Bord(p2) & (a2 , z) {Bord(a2)&

&(x, y)[a2(x, y) = a1«z, 2x+2x+Y+!»)) :J (a2< p2)}.

Hence for every fl in F!m(6e) there is a rp such that
1=!D'l(6,)Bord[rp] and such that if ftn is a well-ordering, then
the order type l; of RID/(6e),'I' is greater than that of R!D'l(s,),,,.,..
Hence I; is representable in ml(6,) but not in mil'

L. 8.12. If map-model and satisfies tP, then IDl = ml(G,)
where ~ is the smallest ordinal not representable in ml.

Proof. Let f) € Fin. Since 1=!lJl tP, there are rp, 'If', i such
that rp, 'If' e F!m and

:=!D'lBord[rp], 1=!lJlB[rp, 'If'], 1=<J1IA [qi , 'If', 0, i].

Since ml is a p-model, A is elementary and B demonstrably
hyperarithmetic, we obtain

l=mloBord[rp], 1=!lJloB[rp, "PJ, 1=<J1IoA[rp, "P, f), i].

L. 8.4 proves that So = F'C where C ifl· an ordinal less than
th« order type of R IDl,'!' . This shows that l; < e and f) € FfuJ(6e)'
lll'lJce F~ll ~ Fk(6,) and by L. 3.6 we obtain Ffm ~ Ffm(!25e) for
j> 1. This proves that WI is a submodel of ml(6,).

Now let f) e FfuJ(6e)' Hence S8 is in the domain of 6" i.e.,

S. = P'I; where I; < ~. Let rp be a function in F~ such that the
order type of R'JJl,'I' is I;+1. Using lemma 8.6 we infer that
there is a 'P in Fin such that 1=!IJlB[q;, "P]; by L. 8.5 there is for
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every i exactly one {}( in F~ such that l=aA[q>, ", {}(, 11. Now
let i be such that i determines a segment of the order type C
in the well-ordering RsR.". Then by L. 8.4 {}( = {}, whence
{} £ F~. This proves that F~(e,) ~ F~. Using L.3.6 we infer

that Fb<e,)~ Fb for j > 1.
L. 8.13. There are eumentary formulas C', D' 8ucll that

ModlJ{", ) & 1=1Jl/~ =(EVIl' 1p1)(n)(E1pa, 1p,){i=~C,("" "11 'P1,1pa, n] V

V1=!Ilo D'(",, 1plt 1p2, 1p" n] & I=!llo Bord[1p,]) .

Proof. The predicate l=lDlp<l> is hyperarithmetical and
therefore there is an elementary formula C(aI, PI) such that
/=!Jl <I> =(E1p) !=!IloC[",, 1J']. The predicate Modp(", ) can be writ-

p

ten in the form Mod(",) & (n)[i=lDlp{Bord[~]) J I=!DleBordLu:]J.
Let 1'(aI, x) be an elementary term such that 1'19ol[ ", , n] = ~
and let D, E be elementary formulas such that Mod(",)

== (E1p) I=lDlODI", , 1J'] and J=!Jl Bord[~] = (tp) /=!Ilo E["" 1J', n].
I'

Hence

]Iodp(", ) & :=3Jlp<I> == (E1J') l=lDll' CLu, 1J'] & (Etp) 1=!Ilo D ["" 1J'] &

& (n) [(1J') I=!llloE["" 'P, n] J (E1J'){1J' = T(!Ilo][p, n] &

& 1=!Dlt Bord[1J'])! .

Regrouping the quantifiers, we reduce the right-hand side
to the form

{E1J'l , tpl)(n)(Etpa, tp,)(I=!llloC[p, 1J'I] & 1=3JloD[p, 1J'1] &

& (I=!Ilo E["" 1J'a, n]:> 1=!IloF[p, 1p" n] & 1=!Dlt Bord[tpt]») .

Putting C'( aI, (J1, :vI, ~I, x) == C(aI, PI)& D (aI, :vI)-E (aI, ~1, x)
and D'(aI, (J1, :vI, x) == C(aI, (J1) & D(at , :vI) & F(aI, :v2 , x) we
obtain the form required in the lemma.

L.8.14. If there is a 8et B Buch that (G" B, EB> is a model
of ST and <1>, then 6, is a model of ST.

Proof. Axioms of groups A and B are obviously satisfied
in 6, (we have only to notice that operations ,...." x, (tnu(,
i = 1, 2, 3, taking the domain and the complement with
respect to G, are all performable in H, and that the set E =
{(a, b»: (a, bEG,) & (a E b)} belongs to H,). Axioms 04 and D
are satisfied in 6, because H, ~ B and those axioms have
the form of general statements concerning classes and hold
in the model (G" B, EB)' Finally we prove that the axiom E
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(cf.

is satisfied. Since the class theorem (cf. [4], p. 8) is valid in 6 e
(that theorem is a consequence of axioms .A and B alone),
He contains the set W = {(a, b): (a, b E Ge) & (Eu, v)(u, v E G~) &
&1=eeO[u]& l=eeO[v]&(a=F'u)& (b=F'_) &(u E'" or U= v)}.
By L. 7.9, W = {(F'u, F'v>: (u, v E Ge,", 0) & (u ~ v)}. Hence
W is a well-ordering and the field of W is Oe; indeed the
axiom of constructivity f/J being true in the model <Oe,
B, EB), every a in Oe can- be 'represented as F'u where u is in
Oe r"\ O.

L. 8.15. There is an ordinal eo 8uch that ~o < {) and the
frame 6 e• is a model of ST.

Proof. It is known [10] that 6,. contains a denumerable
submodel LI = (.A, B, EB) such that 6,. is an arithmetical
extension of .1. We can assume that .1 is transitive because
every e-frame satisfying the axiom of extensionality is iso-
morphia with a transitive e-frame (cf. [9], p. 147). Let eo be
the least ordinal not contained in A as an element. Eo < !J
since A is denumerable.

The formula (y)(Ex)[O(x) & (y = F'x)] is true in 6'0 and
hence in .1. Because of L. 7.9 we infer that if YEA, then there
is an ordinal ~ in A such that y = F'E. This proves that A ~ Gee.
Conversely if y E 0eo, then y = F'~ where ~ < ~o. Since the
formula (x)[O(x):> (Ey)(y = F'x)] is true in .1 and since
!=",O[e] (cf. L. 7.9), the set A contains an element y' such
that 1=", y' = F'E. Applying again L. 7.9 we obtain y' = y, i. e.,
Ge• ~ A. Hence GeG= A and the lemma follows from L.8.14
and the remark that q, is true in 6rg and hence in .1.

D. 8.16. Let Co be the least ordinal such that 6'0 be a model
of ST. By L.8.15, CO < D.

D.8.17. We denote by P the formula

(/) & (ai, p~, P~)(Ex)(y~, y~)(-..C'(al, fJL pi, y~, x) &

& (D'( aI, fJ~, pL y;, x) :>",Bord (y;»)) .

The intuitive meaning of this formula is that every set
is constructible but that for no I' is the frame roll' a model
f.or all axioms and for q,.

L. 8.18. 1=,;Jl(aiwP.

Proof. .Assume that 1=!lR(!3,al"'P' Since t/J is true in rol(6'e)
L. 8.8), this assumption means that there are 1', 'PI' ". in
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Fk(G.) suchthat for every 11, there are "Pa in Fk(s» and "P4 in
-0 .0

Pin(S~nl satisfying the following formulas

I=~l(.z. )C'[fl, "PH "P2' "Pa, 11,] V 1=!Ul(S>ol D'[fl, "PI, "P2, "P4' n] &
·0 ."

& 1=!Ul(Sco> Bord["P4] •

Since'rol(3co) is' a ,8-model and formulas 0' and D' are
elementary, it follows that

(E1('l1 1('2) (n) (ElVa, 1('4) (I=IDloO'[;U, 1('17 1('2' 1('a, n] V

V1= IDloD'[,u, 1('1, "P2, "P4' n] & j=9JloBard [1('4]) ,

i.e., by L. 8.13. .11 Odfi(,u) and 1=3:11
1
, tP. Thus roll' is a ,8-model

satisfying tP. By 1s, 8.12 we obtain 9R1' = 9R(6;) where, by
L. 8.11, ~ is an ordinal < Co' This is a contradiction.

L.8.19. It rol is a (3·rnodel8?whthat l=roiP", then rol= rol(6co)'
Proof. From L. 8.12 it follows that 9R = 9R(6c) where Z;

is the smallest number not representable in 9R. Hence C~ Co'
Assume that C< Co' Henct~ ~ is representable in 9'R(6co)' Let rp
be a function in F~(sco) such that the order type of R!Ul(sco)''P
is C. Take "P in Fin(sco) such that 1=!UloB[rp, vI) (cf. L.8.6) and
let v be a function in Fin(s,.. >such that for every i the function

.0

vl(n) = v(i, 11,) satisfies the condition 1=!Ulo.A.[rp, "P, 'JIi, i]. The
existence of l' is assured by 1•. 8.:> and the following theorem

~ (X)(E!,81)8(,81, x) J (Er)(x, ,81){[(y) (y2(X, y)

= ,81(y)] J 8(P, x»)}
in which 8(,81, x) denotes any formula withat least the two
free variables indicated.

Now let fl be a function in Fin(sCo> such that ,u«k, 2n»
= l1(k, 11,). The existence of such a function is obvious. We claim
that IDlI' = 9R(6c). This will be the desired contradiction
because the existence of a ,u of this sort shows by L. 8.13 that 'P
is false .in 9Jl(6co)'

First of all we remark that ,ukn) = 'JI(k, 'n) = "k(n) (cf. 4.1)
and so ,uk satisfies the condition [=9JloA [rp , ?p,,uk, k). Hence
S 1-'1 = F'rpk and so ,u1E Fin(sc> • Conversely, if f} E F~Jl(s,) , then
for some k S{}=F'Pk and hence 1=3:lloA[rp,tp,f},k], which proves
that f} = ,u~. This proves that Fin = Fks. ).I' .0

The identity of the models 9311' and W1(6,0) follows now
from the remark made in L.3.6 that the whole ,8-model 9R
is determined by Fin.
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THEOREM 8,20. Cnp('P) coincides with the set of formulas
true in 9R(6~o) and hence is complete.

Proof. If e is in Cnp(lJI), then e is true in mH6~o) by
L. 8.18. If e is true in 9R (6~o)' then it is true in the unique
(and hence every) ,B-model in which lJf is true and hence
e € Cnp( lJI).

In a similar way we can construct donumerably many
different complete and finitely axiomatizable extensions of A p•

We do not know, however, whether the number of arbitrary
complete extensions of A~ is denumerable.

The rule ,B treated in t his paper has been defined by means
of semantioal notions. It would be interesting to find an equi-
valent definition formulated in a syntactical (although infi-
nitistic) manner.
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AN EXPOSITION OF FORCING

A. Mostowski

P.J. Cohen invented, in 1963, a method of constructing models

for Zermelo-Fraenkel set theory, hereafter abbreviated ZF. In the

present lectures we shall describe this method with some modifications

(due mainly to Solovay) and apply it to a proof that the continuum

hypothesis is independent of ZF. The independence proof is taken over

from Cohen [66] without change.

I wish to thank Dr. W. Guzicki for his helpful discussions

on the topic of these lectures and for having shown me his notes of

similar lectures delivered in the University of Nijmegen.

The language of ZF is the first order language with identity

and with one binary predicate &. We shall denote this language by L.

We write x & y instead of &(x,y). The logical symbols we use are:

' •• , E. ~, v, Yx, 3x. We abbreviate Vx(x ea. FJ by Vx£a F and

3x [x & a S FJ by 3x&a F. Moreover we write x S y instead of

VX&z(z & y) and x C y instead of x S Y S x ~ y. The same

abbreviations are used for other variables also.
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IIx 3 Y '#z [z e Y ;: (. , Z e x) J •

IIx 3y lIux lit rt .. 3tty .J.

If • is a formula of L then Fr(t) denotes the set of

the free variables of t.

The axioms of ZF are as foll,,"s:

1. Axiom of extensionality: \Ix '#y [x ., y ;: '#z (z £: X ;: Z £ y)J.

2. Existence of pail'S: IIx lIy 3z lit [t £: Z - (t = x v t = y)] •

3. Existence of unions: ¥x.3y '#z [z £: Y - 3t;£:x (z £: t)J.

4. Existence of power sets: IIx 3y liz [z e Y i Z ~ x L,

S. Existence of infinite sets: :ax 3y£:x \lz£:x 3ttX [z c t].

6. Axiom of foundation: IIx lIy£:x 3ztx IIttX ['(t t z)].

7.. Axiom scheme of comprehension:

8•• Axiom scheme of replac_ent:

In 7.. • can be any fonnul. of L in which the variable z but

not y is free; in 8.. • can be any fonnula of L in which the

variables z. t are free but the variable y is not free.

The axiom of choice is the following sentence:

AC. IIx lIytx \lZtX 3sty lit ['(t t y • t £: z) v Z = yJ + 3w '#ytX 3vty

'#t£y (t t w = t ., v).

We shall denote by ZFC the system obtained by adjoining AC

to ZF.

Our meta-theory in which we shall study models of ZF will be

the set theory ZFC enriched by one additional axiom 8M due to Cohen.

We shall formulate this axiom below after introducing sOlIe definitions.

We shall freely use the current set-theoretical notation and shall

write set-theoretical formulae using the saae logical SymbOlS as in

the lansuage L. The membership relation however will be denotad

by E.



418 FOUNDATIONAL STUDIES [1121.222

A family F of sets is called t~ansitive if x EyE F

implies x E F.

We shall assume as known the concept of a relational system

and the notion of satisfaction of a formula in such systems. \ole use

the customary notation M F ~[a] for: ~ is satisfied in M by the

assignment a of elements of M to the free variables of~. we

shall use the same notation also for languages arising from L 'by

adjunction of constants and additional predicates.

Relatior~l systems in which the universe is a transitive

family of sets and E is interpreted as the membership relation will

be called models.

We shall denote by the same letter a relation.l system M

and its universe. The eet of all assignments of elements of M to

the free variables of a formula ~ can then be denoted by MFr C. >.

LEMMA 1.1

If M is a transitive family of sets such that the set

w = {S,{e},{S,{e}}, •.• } belongs to M and M is closed with respect

to the formation of pai~s and unions then a~ioms 1,2,3,5

ape valid in M.

Proof: routine.

and 6

The existence of a model M in which the remaining axioms of

ZF are valid cannot be proved on the basis of the usual axioms of

set theory even if we assume an additional axiom stating the

consistency of ZF.

The additional axiom SM which we mentioned above states:
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(8M) There is a denumerable model of ZF.

REMARKS

(i) In view of the Skolem-LBwenheim theorem (SM) follows from

a weaker axiom: there is a model of ZF.

(ii) From Gadel [40] it follows that each model M of ZF

contains a submodel M' such that all the axioms of ZFC are valid in

M'. Thus (8M) can also be replaced by the axiom~ there is a model

of ZFC.

2. Algebraic preliminaries

Let P be a partially ordered set. We denote by < the

ordering relation. The elements of P are called "conditions" and

are denoted by letters p, q, r, If p < q then p is called

an extension of q; if moreover p # q then we write p < q and call

p a proper extension of q. If 3r [r < p & r < qJ then p and q

are called compatible, otherwise incompatible.

Assumptions concerning P.

1. < is a partial ordering.

2. Each condition has a proper extension.

3. If P "q then there is an r such that r < p and r

is incompatible with q.

Partial orderings satisfying 3 are called separable.

Fitters.

A set F £ P is called a filter if

(i) F ~ e,
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(ii)

(iii)

LEMMA 2.1

P <; q and

P E F and

p e F

q E F

imply q E F.

imply 3r£F [r '" P S r'" q L.

Each filter can be e:tended to a ma:imal filter.

Proof. Use Zorn's lemma and the remark that the union of

a chain of filters is a filter.

LEMMA 2.2

of F

F ~ F'.

If F is a filter and p is incompatible with an eZement

then there is a ma:imal filter F I such that p I/. F I and

Proof. Use Zorn's lemma to obtain a maximal element F'

of the family of filters containing F as a subset and not containing

P as an element.

LEMMA 2.3

If q " p

q but not p.

then there is a mazimaZ fiZter containing

Proof. By separability ~here is an r in P such that

r '" q and r is incompatible with p. By 2.2 the filter

ex e p : X ~ r} can be extended to a maximal filter and this filter

satisfies 2.3.

LEMMA 2...

If Po ~ Pl ~

an the Pn'

then there ie a mazimaZ fiZter containing

Proof. Extend the filter {x e p 3n (x ~ Pn)} to a
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We shall now define a topological space. Let X, or more

precisely X(P,<), be the set of all maximal filters of P and take

as an open sub-basis of X the family of all sets

[pJ = {F E.x : p E F}.

sets of the form [pJ will be called n.ighbou~hoodB.

THEOREM 2.5

th.o~e",.

Proof. Open sets are defined as arbitrary unions of

neighbourhoods [pl. Hence arbitrary unions of open sets are open.

The intersection of two open sets 0/l'tt2 is open. For

if F e '1 n 72 then there are Pl' P2 such that F E [PI] ~ ffJ.
and F e [P2] ~ f:1. Hence PI E F and Pz e F and therefore there

is an r in F such that r < PI and r < P2' It follows that

F E [r] and [r] ~ [PI] n [P2J So IJh n ?'2' Thus Ojl n 0/2 is either

void or is a union of neighbourhoods. Hence X is a topological

space.

in .x
We now prove that if

for n = 1,2,3, ••• then

~ c Z and 8Y is open and dense7n - 1n
~ tn ~ fl (Baire theorem).

Put G = {p e p : [p] So "In}' From the density of C7fn itn
follows that for each q in P there is a p in Gn such that

p < q, i.e. that Gn is dense in P. Let PO be arbitrary. From

the density of GI we infer that Pl < Po for some Pl in Gl•
From the density of G2 we infer that P2 < Pl for some P2 in G2•
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Continuing in this way we obtain a decreasing sequence Po ;> PI ;>

By 2.4 there is a maximal filtel' F such that p E F fol' each nn
and it follows that Fe (PnJ =-t/fn for each n, Le. FE () ~n n'

3. Heuristic remarks about modeZs in which the continuum hypothesis

fails

We assume that we live in a world in which the continuum

hypothesis (abbreviated Ca) is true and want to construct another

world in which CH is false, i.e. in which there is an injection f

of into for some a > 1. No such injection exists in our

world but we can say that if it exists anywhere, we have in our world

These approximations are finite functions

D is a finite subset of wa x W

its finite approXimations.

p with domains =- wa x W

hypothetical injection and

and range =. {O,l}. Indeed, if f is our

then

putting on D p(t,n) = fCt)Cn) (the value of f(~) for the argument

n) we obtain a finite approximation of f which, because of the

finiteness of D, belongs to our world. Mappings of finite subsets

of W x Wa into {O,l} form a set P which is partially ordered by

the relation of inverse inclusion: p < q means that p ~ q. Each

maximal filter of P determines a function defined on the whole set

Wa x W; conversely each mapping f of wa x W into {O,l}

determines a maximal filter of P consisting of all the finite

approximations of f. Maximal filters which belong to our world

determine functions which are not one-to-one. It will be ou~ task

to find an extension of our world with new maximal filters of P.

Two methods are known at present to construct such extensions.

One of them identifies sets with two-valued functions whose values

are arbitrary elements of suitable Boolean algebras. Another method
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identifies the "world" with a denumerable model M of ZF and extends

M by ,adding to it certain subsets of P not previously contained in

M.

Below we shall sketch this second method.

4. Const~uetible sets

Let M be a denumerable model of ZF and let o~ = Qn n M

be the set of the ordinals of M.

x defined by induction as follows

We denote by rk(x) the rank of

rk(x) = sup{rk(y) : y Ex},

The set {x E M rk(x) < a} will be denoted by Ma·

Let X be a subset of M whose rank aD belongs to O~

and put II. e or 1\ = {)O according as a < aD or a '> aD·a a
We are going to define a family H(X] such that H ~ M(X] and

X E H(X]. For suitable X this family will be the required model.

For each family B of sets, each formula ~ of L such

that v E Fr(~) and each assignment y E BFr(~)-{v} we define the

extension of ~ in B with respect to y as

E~,y,B = {x E B : B F <Hx,y]}

where x,y is an assignment which correlates x to v and is

where ~ ranges over

otherwise identical with y.

The family of all sets E~,y,B

formulae of L such that v E Fr(~) and y ranges over

is called the derived famiLy and will be denoted by B'.
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We define now M[X] as the union

where BotX] = I. BA[X] = U(Ba[X] : a < A}

and Ba+1[X] = B~[X] U Ma U Aa

U{Ba[X] : a e O~}

if A is a limit number

Elements of M[X] will be callecl constJOuctibZ. i71 X.

The following properties of the families

to prove.

LEMMA 1+.1

H So H[X).

B [xl
a

and H[X] are easy

Proof.

LEMMA 1+.2

If m e H. then m e Ha where a = rk(m) and

X e H[X].

LEMMA 1+.3

Proof. X e 1\ and hence X e Ba +1[X].
a O 0

Proof. We use induction. The lemma is true for a = O.

If it is true for a < A where A is a limit number then it is true

for A- If xE Y E Ba+l[X] then either y E B~[X] or y E Ha
or y X. In the first case y is the extension of a formula in

Ba[X] and hence x E Ba[X]. In the second case rk(y) < a and

hence rk(x) < a and thus x e Mrk(x) So Ba+l rxr. The last case can

occur only if a > ao' We have then x e X. rk(x) < a and x E M

because X So H. Hence. x e Ma and x e Ba+l[Xl.

LEMMA 1+.1+
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Proof. It is sufficient to prove the lemma for the case

B = G + 1. Let a e Ba[X] and consider the formula v e wand

the assignment y such that y(w) = a. The extension of v e w

in Ba[X] with respect to y is {x e Ba[X] : x e a} = a n Ba[X] • a

because all elements of a belong to Ba[X] in view of the

transitivity of Ba[X]. Hence a e Ba+l[X].

LEMMA II.S

H[X] i. t~aft.itive.

Proof. The union of a chain of transitive sets is

transitive.

LEMMA 11.6

Proof. Ba[X] is the extension of the formula v = v in

Ba[X] with respect to the void valuation.

LEMMA 11.7

LEMMA 4.8

Proof. By 4.6.

Proof. For a = 0 the lemma is obvious. Assume that

a > 0 and the lemma holds for C < a. If a is a limit number

is a set of elements whi~h belong to

< C and the lemma follows.

there is nothing to prove. If a = c + 1 and x E BC+l[X] then x

BC[X], hence their ranks are
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LEMMA 4.9

FOUNDATIONAL STUDIES 1112],230

M[X] is cZosed under the fopmation of pairs and unio~.

Proof. Let a, b e M[X] and let a be an ordinal such

that a, b e Ba[XJ. The extension of the formula v = w v V = u in

Ba[XJ with respect to the assignment yew) a, y{u) b is {a,b}.

The extension of the formula 3u (u E W & v E u) in Ba[X) with

respect to the assignment y(w): a is Va. Thus {a,b} and Ua

are elements of Ba +1[Xl.

LEMMA 4.10

Azioms 1, 2, 3, 5, 6 of ZF are vaZid in M[X}.

ProOf. This follows from Lemmas 1.1, 4.5, 4.9 a~d the remark

that the set w referred to in' Lemma 1.1 is an element af M and

hence of M[}G.

LEMMA 4.11

The ordinals of M[X) are the same as the ordinals of M.

Proof. x is an ordinal of M(X) if and only if it is a

transitive set which belongs to M[X) and whose elements are

transitive sets. A transitive set all of whose elements are

transitive sets is equal to its rank. By 4.8 the rank of an element

of M[X) is < OnM. It follows that each ordinal of M[Xl is an

ordinal of M. The converse implication is obvious.

5. The ramified language RL

The important feqtur€ of the technique invented by Cohen is

that it allows us to speak about the model M[X] remaining &0 to

speak in the model M {we speak in "our world" M about the
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"fictitious world" which extends M). This is due to the fact that

each element of MOO has a "name" in M. These "names" will be

expressions of an auxiliary language which we shall call the ramified

language or RL for short. The expressions of RL will be elements of

M.

The language RL has an infinite number of variables

vO' VI" •• , two ~inary predicates EO,"' called the membership and

identity predicates, propositional connectives I, & and the universal

quantifier l,!. Besides these expressions the language RL will

have infinitely many constants and infinitely many one-place

predicates which will be described a little later.

The rules of formation will be the usual ones. Thus

constants and variables are terms of RL. If t l and t 2 are terms

and V is a one-sp Le ce predicate then t l EO t
2,

t l ... t z , Vt l are

atomic formulae. If ~ and ware formUlae, then so are (~) & (~),

I(~) and l,!v (~) for each variable v. The distinction between

free and bound occurrences of a variable in a formula is assumed as

known; Fr(~) denotes the set of all free variables of~. If Y

is a sequence of constants and Dom(y) ~ Fr(~) then ~(y) denotes

the formula resulting from ~ by substituting y(v) for v through-

out ~ for each v in Dom(y).

Writing formulae of RL we shall often use connectives

other than & and I and also the existential quantifier. These

symbols are then thought of as abbreviations. Also we shall often

use letters v, w, u, etc. instead of v o' VI' v2' •..

Since we want to treat expressions of RL as elements of M

we identify the primitive symbols of RL with certain elements of M



428 FOUNDATIONAL STUDIES 1112],232

and agree that if an expression is obtained by writing the symbols

A. B. C, •••• H one after another. then the whole expression is to be

identified with the sequence (A.B.C ••••• H>.

We identify vj with (O.j > and the symbols E, "'. &. '.

( • ).\1 with the pairs (l.j > • j = 0.1, ••• ,5,6. Elements of M which

will serve as constants and as one-place predicates will be defined

later.

We note that from now on L will be treated as a part of

RL.

We describe now the additional predicates and constants of

RL. For each ordinal a E OnM we have in RL a one-place predicate

Va which we shall identify with the pair (2,a>. Intuitively Va.

denotes the set Ba[X).

We put !!!. = ( 3,m > for each iii in M and a = (11,0 >.

For a. in O~, for , a formula of L such that v e Fr(,) and

each sequence y with domain Dom(y) = Fr(~) - {v} we put

c =(S,a,~,y>.
a,~,y

Constants of RL can now be defined by transfinite induction:

Co = m. CA = U{Ca : a. < A} for limit numbers A.

Ca +l = Ca U {!!!. : rk(m) < a} U fa U C~

where fa = m or fa = {a} according as

C' is the set of all ca."y where fa
and y E C Fr(,)-{v}

a •

a < a O or a > aO and

is a formula of L. v E Fr(fi

Elements of C are called

constants of RL. For each c in C we define its order p(c) as
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the least a such that cECa'

ordinal.

Thus- p(c) is always a successor

The intuitive meaning of the constants is as follows: ~

denotes m, 0 denotes X and Ca,~,y denotes the extension of ~

in Ba[X] with respect to the assignment which correlates with each

variable w E Fr(~) different from v the object denoted by the

constant y(w).

A formula of RL in which each quantifier ¥x (where x is

any variable) is followed by an expression of the form (Vax + W) is

called a limited formula. The index a may differ from quantifier

to quantifier within th~ formula. We shall abbreviate

The order

¥x[Vax + W]

p(~) of a

limited formula is defined as the larger of the following two ordinals:

max{p(c) : c occurs in ~}, max{a : Va occurs in ~}.

Several times we shall have occasion to use an ordering ~

of limited sentences defined as follows: ~ <W if and only if one

of the following conditions is satisfied:

1. p(~) < peW);

2. p(~) = p(~) and ~ contains fewer occurrences of logical

operations (i.e. connectives and quantifiers) than ~;

3. ~ and Ware atomic sentences, p(~) = peW) and ~ has the

form cl E c 2 with p(c1) < p(c2) whereas ~ does not have this

form;

4. ~ fnd ~ are atomic sentences, p(~) = p(W), ~ has the form

c1 ... c 2 and W has the form c 3 E c 4 with p(c3) ;> p(c4)·
5. ~ and W are atomic sentences, p(~) = p(~), ~ has the form

cl ... c2 where p(cl) ;> p(c2) and W has the form Vac l ·



430 FOUNDATIONAL STUDIES [112J.234

If $ is a formula, a E OnM, x is a variable and ~

arises from $ by replacing an occurrence of the quantifier ¥x by

¥x [Vax+\(acl] then ~ is said to arise from $ by a relativization

of the considered occurrence of ¥x to Ira' We shall denote by

$(a) a formula wmch arises from $ by relativizing all occurrences

of the quantifier to

LEMMA 5.1

V.
a

Ca E M for each a E OnM•

This follows from the remark that the operation which yields

Ca from the sequence {C~}~<a is definable in M.

LEMMA 5.2

For each a E OnM the set of aLL formuLae of order a

be longs to M.

This is so because such formulae are finite sequences built

according to recursive rules from variables and symbols I, &, ~, \(~,

¥, E, c where ~ < a and c E Ca Since all these symbols form a

set which belongs to M, so do all their finite sequences. In view

of the recursive character of the formation rules, the formulae them-

selves also form a set in M.

In connection with these lemmas it is worth noting that

neither C nor the set of all formulae of RL belong to M, although

of course they are definable subsets of M.

LEMMA 5.3

The relation < is a definabLe partiaL well ordering of

the limited sentences. Its restriction to the set of sentences of

order < a is a set in M for each a E OnM.
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Proof. The second part follows from the first and Lemma

5.2. The definability of « follows from the remark that the funct-

ion p and clauses 1-4 of the definition of < are definable in M.

The well-foundedness of ~ is proved as follows: Let A be a non

void set of limited sentences and AO its subset consisting of

sentences of a possibly small order. If AO does not contain atomic

sentences of the form c l ~ c 2 or ci ~ c 2 then no element of AO
has a predecessor in A. If h O contains at least one sentence of

the form c' '" c' but no sentence of the form c l e c 2 with1 2

p(c
l) < p(c

2
) then each sentence c' c r which belongs to AO is a1 2

minimal element of A. Finally if AO contains at least one sentence

c l ~ c 2 with p(cl) < p(c 2) then each such sentence is a minim?-l

element of AO'

Limited sentences ~ which have no predecessors with

respect to < are ~ ~ ~, ~ ~ and Vo~.

Values of the constants.

belongs to M and has rank aO'

Let X be a subset of a set which

For each constant c we define by

induction the value of c for the argument X; we denote this value

by c*(XJ.

Let us ass'~e that a E OnM and that c*[XJ is already

Let cECa'defined for c in Ce with e < a.

limit nuw~er there is nothing to define.

three possibilities:

If a is a

If a = e + 1 there are

1) c E C' e' 2) c = m where rk(m) ~ e, 3) c = a.

In cases 2) and 3) we put c*(XJ; m and c*[xJ = X respectively.

In case 1) where is a formula of L, v E Fr(41) and
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y e c.Fr(,.)-{v}. In this case we put c*[X] - E where
v - ,.,y*IX].Be[X]

y*(X] is a sequence with domain Fr(~) - {v} whose terms are values

of the terms of y.

LEMMA 5.11

For eaoh a E OnH the set BaIX] is identioal with the set

of all c*(X] ~here c ranges over Ca'

Proof by an obvious induction.

Lemma 5.11 says that each element of M(X] has a name in C. As a

matter of fact each element of M(X] has many names; given an element

x in H(X] the set of all its names is a subset of M but not an

element of H.

It can be shown that the function which correlates c*IX]

with c is definable in H(X]. This will follow from theorems which

will be established in the next section and from the following weaker

result:

LEMMA 5.5

Let N be a model of ZF suoh that N ~ M and let f be

a function of two argument, the first of whioh ranges ov.r C and

the .eoond over eubsets belonging to N of a fi=ed sst P E Y. of

rank a O and whioh is defined b~ the equation f(c,X) = cAIX]. Then

f is definable in N.

Proof. f is defined by transfinite induction on the order

of c. Since the theorem on definitions by transfinite induction is

valid in N. we obtain the desired result.

We close our discussion with a remark on semantics of the

language RL. The relational structures which can serve as models
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for formulae of RL have an infinite type because there are infinitely

many constants in RL and also infinitely many one-place predicates

in addition to the two binary ones E and -. Apart from that the

model theory of the language RL does not differ from the model theory

of any first order language.

In most cases we shall deal with models whose universe is

M[X] and where the predicates

Ba[X] and the constants c as

briefly by M[X].

E:, $\::I, "«
c*tX].

are interpreted as E, =,

Such a model will be denoted

6. Reduction of properties of MIX] to M

The following example shows that, in general, MiX] is not

a model of ZF Let X be a subset of w x w such that the relation

mXn orders w similarly to OnM. The existence of X follows

from our assumption that M and hence also OnM are denumerable.

The family On n M[X] is equal to OnM because each element of

M(X] has a rank < O~ (see Lemma 4.11). On the other hand

X E M(X] and X has the order type O~ and so the theorem: "for

each well ordering there is a similar ordinal" is not valid in M[X].

Yet this theorem is provable in ZF.

valid in M[X].

Hence not all axioms of ZF are

There are no general criteria which would allow us to

decide for which sets X the family M[X] is a model of ZF. A

sufficient condition which we shall discuss below says that the

satisfaction relation

(1) M[X] 1= .p[y*[X]]
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be expressible in M. More exactly we require that (1) be equi-

valent to the fact that a formula depending on , be satisfied in

M by Y (i.e. the sequence of names of the terms of y*[X]) and

by an element of X.

To return to the intuitive picture given in Section 3

where X was a maximal filter in P we may say that we require (1)

to be equivalent to a relation definable in M holding between names

of terms of y*[X] and an approximation of an object determined by

X.

The exact definition is as follows:

DEFINITION

We say that X is reducible to M if for each formula ,

of L there is a formula

for each y E CFr(~)

with one more free variable such that

(2) M[X] I: Hy*[X]] " 3XEX [M F ~,[x,y]].

Instead of M I: ~,[x,y] we shall say that the condition

x establishes , at y in M[X]. (The term in general use is:

x forces ,(y). We selected another term in order to reserve the

word "forcing" fer the case of a particular formula ~,,)

To derive properties of M[X] where X is reducible to M

we need the notion of a normal function. Such a function is a

strictly increasing and continuous mapping f: OnM + O~.

a a critical number for f if f(a) = a.

LEMMA 6.1

We call

If f is a normal function ~hich is definable in M then

for each a O in OnM there is a critical number a of f such
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Proof.
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Define a sequence {an} by induction on

435

n : an+l = f(an)· This sequence belongs to M since the theorem on

inductive definitions is valid in M. It follows that

sup{an} e M and we easily prove that this supremum is the required

critical number.

Another important auxiliary result is the following

THEOREM 6.2 (the reflection theorem)

Let X be reducibZe to M and Zet <I> be a formuZa of L.

There ellJists a normaZ function f<l> definabZe in M such that

whenever a is a criticaZ number of f<l> and y E CFr(<I» thena

REMARK

The reflection theorem is really a theorem scheme: for

each formula <I> we construct separately a definition of a normal

function f<l>'

Proof. If <I> has no quantifiers then we take for f<l> the

identity function f<l>(x) x. If f<l>' f1jJ are already defined and

a = '<1>" 1; <I> & 1jJ then we take fa = f<l>' fe; = f<l> 0 f1jJ' Using the

fact that a superposition f 0 g of twb normal definable functions

is again such a function and each of its critical numbers is a

critical number of the functions f and g we convince ourselves

easily that if the reflection theorem is valid for the formulae

<1>, 1jJ then it is also valid for the formulae '<I> and <I> & 1jJ. The

theorem is also trivially valid for the formula 3v <I> if v ~ Fr(<I».
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We shall now prove the theorem for the formula 3v ~ where

v E Fr(~).

For each y E CFr(~)-{v} we put

g(y) = sup{min {3CEC MF t,[P.(c,y)]}}.
peP nEOn

M
n

Thus g(y) is the least ordinal A with the property that for each

condition p if there is a constant c such that p establishes

~ at (c,y) in M[X] then there is a constant c already in CA

such that the same p establishes ~ at (c,y) in M.

Using g we define a function h by transfinite induction:

h(O) = 0, h(A) = sup{h(a) a < A} if A is a limit number,

h(a+l) max Oit c) + 1, sup{g(y) : y E c/r ( , ) - {v}}).

h is of course definable in M since the theorem on inductive

definitions is valid in M. Moreover h is strictly increasing and

continuous i.e. h is normal.

I~ follows from the last clause of the definition that

h(a+l) is an upper bound of the values of g(y) for y ranging over

C Fr(~)-{v} Hence if A is a limit number and y E C Fr(~)-{v}
a • A

then g(y) < h(A) because there are only finitely many terms of y

and each of them belongs to a Ca' with a < A; hence there is an

a < A such that all terms of y belong to Ca and so

g(y) < h(a+l) < heAl because h is strictly incr~asing.

Now let f be the normal function f~ 0 h

one of its critical numbers. We shall show that if

then

and let a be

y E C Fr(~)-{v}
a
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First assume the right-hand side of this equivalence.

437

which together with y*[X]Hence there is an element

satisfies ~ in Ba[X].

x of Ba[X]

Let CECa be a name of x. Using the

inductive assumption and the remark that a is a critical number of

we obtain the left-hand side of (3),

Now we assume the left-hand side of (3). There is thus an

element of M[X] which, together with y*[X] satisfies ~ ih M[X].

This element can be represented as c*[X] where c is a constant.

Since we assume that X is reducible we obtain a condition p in X

which establishes ~ at (c,y) in M[X]. Using the definition of

g we infer that there is a constant c l in Cg(y) such that p

establishes ~ at (cl'y) in M[X]. Since a is a critical

number of f~ we obtain

g(y) < heal = a we obtain

M[X] F ~[cf[X], y*[X]] and since

(c,y) E C Fr(~). In view of the
a

inductive assumption we obtain therefore the right-hand side of (3).

We can now verify the validity of Axioms 4, 7 and 8 in M[X].

THEOREM 6.3

If X is reduaibZe to M then the axiom of aomprehension

is vaZid in M[X].

Proof. Let ~ be a formula of L such that v E Fr(~).

Let a E M[X] and g E M[X]Fr(~)-{v}. We have to show that there

is a b in M[X] such that for each x in M[X]

(4) x E b _ x E a & M[X] ~ ~[(x,g)].

We can represent a as c*[X] and g as y*[X] where

c E C and y E CFr(~)-{v}, Let a be an ordinal such that c and

all the terms of y be elements of Ca' Using the reflection
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theorem we find an ordinal a ~ a such that for each sequence

(cl'Yl) e CaFr(~)

Let us consider the formula i = ~ • (v £ w) where w is

a new variable and let Y be an assignment which coincides with Y

on the free variables of i the variable w excepted and correlates

c with w. We claim that the set b = Ca,i,y[X] satisfies (~).

By definition b is the extension of i in Ba[X] with respect to

:y*[X] Le.

The last equivalence is obtained bv remarking that c*[X] = a,

a e B
a

[X] and hence a ~ B
a

[X].

THEOREM 6.~

Theorem 6.2 is thus proved.

If X is reducibZs to M then the a=iOM of repZaceMent is

lJa lid in M[X].

Proof. Let ~ be a formula of L such that v, w e Fr(~)

and let g E H[X]Fr(~)-{v,w}, a E M(X]. We have to find a set b

in M[X] such that whenever x is in a and there is a t in

H[X] satisfying H[X] ~ ~[x,t,g], there is a t l in b satisfying

the same formula.

Similarly as in the previous proof we determine a, c, Y

so that CECa' y.e CaFr(~)-{v,w} and a = c*[X], g = y*[X] and put

b = BS[X] where
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in M[X]. In view of the

in Ca such that p

Thus we obtain

l= 1/IIx,dl[X],g] and we have

satisfying 1/IIx,tl'g] in

Note: k and d co~~espond he~e to the va~iables v and w

~espectively.

Obviously b E MIX]. If x is in a then x E BaIX]

and hence x has a name k in C • If the~e is a t in MIX] sucha

that MIX] F 1/IIx,t,g] then t has the fo~m d"[X] fo~ a suitable

constant d and hence by the assumption of ~educibility the~e is a

p E X which establishes 1/1 at (k,d,y)

definition of a the~e is a constant d l

establishes 1/1 at (k,dl,y) in MIX].

M[X] F 1/I[k"[X], dlIX], y"[X]], i.e. MIX]

p~oved that the~e is a t l = dlIX] in b

M[X].

THEOREM 6.5

If X is reducibZe to M then the aziom of power-ssts is

valid in M[X].

P~oof. Let a E MIX], a = c"[X] whe~e CECa' If x c a

and x E M[X] then x has a name in C. The essential step in the

p~oof is to show that the~e is an o~dinal a such that each subset

x of a which has a name (i.e. belongs to MIX]) has a name al~eady

in Ca'

For any constant d we consider the set

This set obviously belongs to M. More exactly Sed)
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belongs to the power-set of P x Ca, taken in the sense of M. We

shall denote this set PM(P x Ca ) . Furthermore let E be a family

consisting of all pairs (p ,s ) e P x M such that there is a d in

C satisfying the conditions:

(5)

(6)

M F <l>vCw[p,d,c],

s = Sed).

The family E belongs to M because it is a definable

subset of the set P x PM(P x C
a

) which is an element of M. For

(p,s) E E let a(p,s) be the minimal ordinal ~ such that (5) and

(6) hold for a d in C~ and let a = sup{a(p,s) : (p,s) E E}. We

claim that each subset x of a which belongs to M[X] has a name

in Ca'

Let us assume that d is a name of a set x E M[X] such

that x C a. Since X is reducible to M there is a p satisfy-

ing (5). Thus the pair (p,S(d» belongs to E. It fo.llows that

there is a dl in Ca such that

(7)

(8)

(9 )

Sed) = S(dl).

We shall show

First notice that from (7) we obtain dl[X] ~ cALX] because

p E X and thus dl[X] C a.

obtain

Now assume that Y E dA[X] = x.

has a name, say

Since

k , in

x ~ a ~ Ba[X]

C. From
a

we
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k*[XJ E d*[X] we infer that there is a q in X which establishes

kEd in M[X]. Hence (q,k> E Sed) and, in view of (8),

(q,k> E S(dl). Thus q establishes k E d
l

in M[X] and, since

q E X, we obtain y E dt[X].

Let us assume conversely that y E dt[X].

we can put similarly as above, y = k*[X]

Since dt[X] ~ a

where k E Ca and

in X such that (q,k> E S(dl). From this and from

(q,k> E Sed) and hence k*[X] E d*[X], Le. y E d*[X].

q

we infer

C B [XJ
- a

we obtain a

(8)

The formula (9) is thus proved. To finish the proof we denote by b

the extension in Ba[X] of the formula v C w with respect to the

assignment yew) = a. The set b is an element of M[XJ and

consists of subsets of a. If x C a and x E M[X] then x has

a name in C
a

and thus belongs to b.

formula ¥x [x E b = x ~ aJ in M[XJ.

Hence b satisfies the

Theorems 4.10 and 6.3 - 6.5 show that if M is a model of

ZF then so is M[X] provided that X is reducible to M. For

models of ZFC we have the following result:

THEOREM 6.6

If M is a modeL of ZFC and X is reduoibLe to M, then

M[XJ is a modeL of ZFC.

Proof. Let a E M[X]. We shall exhibit a relation which

well-orders a and is an element of M[XJ. Since each element of

M[XJ is a subset of a set of the form Ba[X] it is sufficient to

exhibit a well-ordering of Ba[XJ.

Let < be a relation which well-orders C
a

the existence
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of < follows from our assumption that the axiom of choice is valid

in H. Let f be a function definable in H[X] such that

fCc_X) = c*[XJ for each c in C (see Lemma 5.5). Call c the

earliest name of an element a of H[X] if fCc_X) = x but

f(c'_X) ~ x whenever c' < c. The following relation R is easily

seen to be the required well-ordering of' Ba[X] : xRy if and only if

the earliest name of x precedes (in the sense of the relation <)

the earliest name of y. The proof that R E H[X] is immediate.

7. Heuristic ezplanation of the construction of reducible filters

We shall construct a reducible filter Xs.P by considering

a theory 7 formulated in RL. The theory ~ describes H[X] in

the sense that for each filter F of P the set H[F] is a modei of

<;. A particular model of ':7 can be constructed by the well-known

method due to Henkin. When applying this method we consider a

sequence i4>n} of all sentences of RL and build a complete extension

~, of :1 by successive steps: ";1, = '1 u 7
1

u :;t 2 u In

the n-th step we decide of the n-th sentence cl>n of RL whe,ther cl>n

or 1c1>n will be included in ~'. Also several other sentences have

to be included in the n-th step. The inductive definition of 7n
is carried out along with an inductive definition of a decreasing

sequence PO .. Pl .. ... of conditions_ ?'n being the set of sentences

which are true in models H[Y] for almost all Y in [Pn]' The

words "almost all" mean here "all up to a set of first category" •

As is always the case with models built by Henkin's method

the complete set 9' determines a model H[X] such that for each

sentence cI> of RL the sentence cI> is true in H[X] if and only if
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• e ~'. It follows easily that all the conditions Pn belong to

X, because the sentence En E a is true in ~ models M[Y] where

It turns out that the conditions generate a maximal

filter (see Lemma 9.5 below). Hence X is a maximal filter. We

show that it is reducible to M. The reason for this is the

fo~lowing: the formula M[X] I: ,[y*[X]] is equivalent to ,<y) e ~n

for some n and this in turn is equivalent to

M[Y] 1= Hy) for almost all Y in [Pn].

We shall show that this relation between ., y and Pn is

definable in M, i.e. has the form M I: t.[Pn'y]. The proof of

de finability of (1) is the most important step in the proof.

In this way we not only prove the reducibility of X to M

but establish the meaning of the formulae t.. The formula

M 1= t.[p,y] says that the set of maximal filters Y in [p] for

which M[Y] 1= +[y*[Y]] is co-meager (in the space X of all maximal

fil tel'S of P) • This relation is called the forcing relation.

We proceed now to the details of the proof.

8. The theory :t

The following sentences of RL are called axioms of ~

(1) ~ E ~' for m, m' e M such that me m',

(2) -,(~ E !!!.') for m, m' e M such that ·m ~ m',

(3) Vac for c in C, p(c) < a,

(II) c' E c ".(a)(c') if + is a formula of L,a,',y ,y

v e Fr(,), y e C Fr(+)- {v} c' e Ca'a. ,
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(5) VV a VVI {(Vv2[v2 E Vo =v 2 E vI] = (vo ~ vI)}'

(6) VVo VVI VV 2 {vo ~ vI ~ (vo E v 2 =vI E v 2J },

(7) Vv ,(v E v),

(8) VV o VV I {va ~ vI ~ [VaVa - Vavl]} for a E OnM,

(9) Vva[va £ 0 ~ "o E !:J,

(la) VVo Vvl[(va ~ vI & va E 0) ~ vI EO],

(ll) VVo VVl{(Va E 0 & "i E (1) ~ 3v2[V 2 ~ "o & v 2 ~ "i & v2 E <1]},

(l2) 3Va (va E '(1).

In the axioms (10) and (11) we used the abbreviation

Vo ~ vI for a formula of RL whioh expresses the fact that the ordered

pair (va,vl) is an element of the set~. We should remember here

that the ordering ~ of P is a set of ordered pairs of which we

assumed that it belongs to M. The explioit definition of va ~ vI

is as follows: let IT' (vm,vn,vp) be the formula " vm is the pair

vn' vp " i.e.

where q is any integer different from m, n, p, e.g. ; m+n+p+l.

Let IT(Vm,vn,vp) be the formula: vm is the ordered pair (Vn,Vp)

:L.e.

where q m + n + p + 1, r m + n + p + 2.

formula

Finally Vo ~ vI is the
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LEMMA 8.1
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If X is a fitter in P then all' the axioms (L) - (12)

are vaZid in M[X].

Proof: obvious.

It is not true that all the models of the axioms have the

form M[X]. This follows for instance from the upward Skolem-

Lowenheim theorem according to which there are non-denumerable models

of axioms (1) - (12) whereas models M[X] are denumerable for any

X ~ P.

Let us say that a pair F, G of sets of sentences of RL

satisfies the postulates if

(i) F s G,

(ii) 3vn </> E F where vn E Fr(</» implies </>(c) E G for some

c E C,

(iii) 3v [Vav n s </>] E F where "n E Fr(</» implies </>(c) E G forn

some c E Ca ,

(iv) Vac E F implies c ... c' E G for some c' E Ca'
(v) c E C' E F where c' E C implies c '-' c' t E G for somea

c' , E U{C~ : ~ < a},

(vi) c' E mE F implies c' ... nEG for some n E m.

A set F of sentences of RL is closed if it is consistent,

complete, contains the axioms (1) - (12) and the pair F, F satisfies

the postulates.

LEMMA 8.2

The theory of H[X] (i.e. the set of sentenoes of RL whioh

are true in H[X]) is oZosed.
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Proof: obvious.

We shall establish some properties of closed sets:

[112], 250

1. If ~ is logically valid then ~ E F.

Otherwise .,~

inconsistent.

would be in F', but each set containing is

2. ware in F then so is w.

Otherwise "W would be in F; but each set containing the

sentences ~,~ + W,"W is inconsistent.

3. If ~ is logically equivalent to W then ~ E F if and only

if W E F.

This follows from 1 and 2.

4. If v is the unique free variable of ~ then \Iv ~ E F is

equivalent to: ~(c) E F for each c in C.

Since lIv ~ + ~(c) is logically true we obtain the implicat-

ion + from 1 and 2. If \Iv ~ ~ F then 3v .,~ E F hence

.,~ (0) E F for some c and so it is not true that ~(c) E F for each

c.

5. If v is the unique free variable of ~ then :3 v ~ E F if

and ally' if there is a c in C such that ~ (c) E F.

Proof: similar to 4.

6. If ~ is a formula, y E CFr(~)-{v}, then cl - c 2 E F implies

~(cl'Y) - ~(c2'Y) E F for each ~.

Proof. If ~(Y) is the atomic formula v E c or c £ v

then 6. follOWS from axioms (5), (6) and the above remarks 1 - 4.
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If • is the formula v £ V, 6 • follows from axiom (7)

'(cl £ Cl)
E F hence cl £ c l + 1jI E F for any 1jI and we obtain

cl £ c l + c 2 £ c2e F. Similarly c 2 £ c 2 + cl £ cl E F.

If 'Hy) is the formula v Of c or c Of v we prove 6.

using axiom (6). If • is the formula v Of v, we again use (6).

If • is the formula Vav we use axiom (8).

Let us now assume 6. for two formulae .{, .". Using

tautologous formulae of propositional logic we immediately obtain 6 •

for the formula.. '.' and .' S." . Also using 4. we obtain that

cl Of c 2 E F implies Vw [+' (c1'y) - +' (c2,y)] e F where

DomCy) = FrC.') - {v,w}. Using the fact that the taulogous sentence

lJw C+l - .2) + [Vw .1 =vw +2] is in F we obtain that cl Of c 2 E F

implies [VW +' CC1'y)] = [VW +' Cc2,y)] E Yo

Proof. Using the definition of n' and 4. above we see

that we have to prove for each c in C the following two formulae:

C*) C £ m + (c Of ~l v c Of ~2) E F,

C**) (c Of ~l v c Of ~2) + c £ ~ E F.

To prove the second formula we observe that m. e ~ E F,
-J.

i = 1,2, by (1) and hence c Of ~i + c e ~ e F fOl- i = 1, 2. From

this we obtain CU) by a propositional tautology. The formula C*)

is shown by contradiction. If C*) were false, then, by completeness,

the three sentences c £ ~, 'Cc Of ~l)' 'Cc Of ~2) would belong to F.

Using postulate Cvi) we would obtain from c £ m E F that c Of ~l E F

or c Of ~2 E F and F would be inconsistent.
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8. then

LEMMA 8.3

Proof is similar to 7.

If F is oZosed then the set X = {p E ~ ~ £ 0 E F}

is a fiZtep in P.

Proof. X f. e because by axiom (12) and 5. there is a

constant c such that c £ o E F whence, by axiom (9 ) and properties

2, 1+ above, c £ P E F whence by postulate (vi) c ... ~ E F for some

p in P. Thus, by 6, r £ o E F and so p E X.

Next, let p"q E X. Hence ~ £ 0 E F and 9. £ 0 E F.

From axiom (11) we infer that the existential sentence

is in F. Hence there is a constant c such that the sentences

C £ 0

belong to F. From c £ 0 E F and axiom (9) we infer c £ f E F

and hence, by postulate (vi) C'" £ E F for some r in P. Now we

obtain £ £ 0 E F, hence rEX and £ ~ 12. E F and £ ~ 9. E F.

These formulae prove that if s = (r,p>, t = (r,q> then s £ <; E F

and ! £ <; E F whence s, t E <;. Thus r <; p and r <; q ,

Finally let p E X and p <; q. We infer similarly as

above that ~ ~ 9. E F whence, in view of ~ £ 0 E X and axiom (10)

9. £ C1 E F and so q EX.
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LEMMA 8.1f
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If F is a closea set of sentencBS and X = {p E P

~ £ 0 E F} then M[X] is a modeZ of F.

Proof. First we construct a relational system A in which

all sentences +E F are true and then prove that after dividing A

by a congruence we obtain a relational system isomorphic with M[X].

We obtain A by a standard method, due to Henkin, of constructing

relational systems from constants.

The universe of A will be C; for each c in C the

interpretation of c wiil be c itself. The binary predicates

-, £ will be interpreted as the relations I, E defined as follows:

(i)

sets

(ii)

Finally the unary predicates Va will be interpreted as

A.

It follows from remark 6 above that I is a congruence in

We prove by induction that if' + is a formula of RL and

y E CFr ( +) then

<iii) A ~ try] = +(y) e F.

For atomic formulae + this follows directly from the

definition. If the equivalence is true for + and +1 then using

completeness of F and If we immediately infer that it is also-valid

for '+•• ' +1 and Vv. where v is any variable.
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Thus A and also A divided by the eqtiYalence I which

we shall denote by All are relational systems in which all sen-

tences of F are true.

We prove the following statement: for each limited formula

~ and each y E CFr(~)

(iv) M[X] ~ ~[y*[X]] = A ~ ~[y].

Let us write (W,o) < (~,y) if ~, ~ are limited formulae,

y, 0 sequences of constants and W(o) < ~(y) where ~ is the

relation defined in Section 5. It will be sufficient to prove (iv)

under the assumption that it is valid for all pairs (~,o) < (~,y).

If ~(y) is minimal with respect to the relation ~ then

~(y) is one of the sentences ~ E ~, ~ - ~, VO~ and the truth of

(iv) is easy to verify.

Let us assume that ~(y) is not minimal. If ~ contains

logical connectives then either (case 1) ~(y) = "~ley) or

(case 2) ~(y) = ~l(Y I Fr(~l» & ~2(Y I Fr(~2» or (case 3)

,(y) = VV j [VaVj ~'~l(Y)] and (iv) is true for formulae ~l' ~2

and arbitrary sequences Yl' Y2 of constants such that

<~l' Yl) < (~,Y) and <~2' Y2) < <"y). In case 1 <~l'Y) < (~,Y)

hence (iv) is valid for the pair (~l'Y) and taking negations on both

sides we obtain (iv) for the pair (~,Y). In case 2

('i' Y IFr(~i» < (~,Y) for i = 1,2 and so (iv) is valid for the

pairs (~i' Y I Fr(~i»' i = 1,2. Taking conjunc~ions on both sides

of the resulting equivalences we obtain (iv) for the formula~. In

case 3 the left-hand side of (iv) is equivalent to the statement:

for each x in Ba[x]

M[X] F ~l[x,y*[X]].
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Since each element of Ba(X] has a name in Ca and since

c I c' and

Otherwise by

A 1= ~l [c,y]. Now let c' be an arbitrary constant.

A l' Va[c') then c' satisfies Vavj -+- ~l(Y) in A.

postulate (iv) there is a constant c in C such thata

c.[X) E Ba[X) for cECa we infer, using the inductive assumption,

that this statement is equivalent to: for each c in Ca,
lf

since, as we proved above, A F ~l[c,y), we obtain A 1= ~l[c' ,y).

Hence' each c' satisfies in A the formula vav j -+- ~l(Y) and we

obtain the right-hand side of (iv).

The converse implication is proved similarly.

It remains to prove (iv) in the case when ~ is an atomic

formula. We have several cases to consider.

Case 1. ~(y) is the sentence c l ~ c 2 . Subcase (a) :

p(c l) ~ p(c 2 ) . In this case the left-hand side of (iv) is equivalent

to c~(X) E c~[X). Let c
3

be a constant of a possibly smaller

order such that c~[X) c~[X). Thus p(c
3

) < p(c 2 ) and it follows

that the sentences cl
c l ~ c 2 in the ordering

and precede the sentence

From the inductive assumption we obtain therefore A 1= c l .. c 3

and A 1= c 3 ~ c 2 whence c l .. c3 E F, c 3 ~ c 2 E F and therefore

cl ~ c
2

E F i.e., A F c l ~ c
2

• The impl~cation can obviously be

reversed.

We denote p(c
2

) by a + 1 and

discuss separately the possible forms of c 2 :

Sub-subcase (bl) : where mE M and rldm) <; a. In

this case the left-hand side of (iv) is equivalent to c~(X] = n
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where n E m. Putting c 3
by inductive assumption, A ~ c l
c l £ mE F, i.e., A F c l £ c 2.

!!. whence c l '" !!. E F and so

Conversely, by postulate (vi), the formula A F c l £ c 2

implies cl '" !!. E F for some n in m and the implications above

can be reversed.

Sub-subcase (b2) : c2 = o. Here the left-hand side of (iv) is

equivalent to ct[X] = p where p E X. Since p(£) < p(o) we can

is

repeat the previous proof. Similarly the right-hand side of (iv) is

equivalent to c 1 £ o E F from which we infer, using axiom (9) and

postulate (vi) that c l E. E F for some p in X. Hence we

obtain ct[X] = p because c l ... E. <c l £ o.

Sub-subcase (b3) : c 2 = Ca,~,y where ~ is a formula of L,

v E Fr(~) and y E CaFr(~)-{v}. In this case the left-hand side of

(iv) is equivalent to ct[X] E E~,y*[X],Ba[X] i.e. to

Ba[X] F ~[ct[X], y*[X]]. We can replace here ~ by ,(a) and

Ba[X] by M[X] because the satisfaction of a formula in

equivalent to the satisfaction of the relativized formula in

M[X]. Now ~(a)(cl'Y) <c l £ c 2 because orders of the constants

occurring in ~(a)(cl'Y) are < a and all the unary predicates which

occur in ~(a) have indices a whereas P(cl £ c2) = p(c2) = a + 1.

(a) [ ]Hence we can use the inductive assumption and obtain A F ~ cl'Y'

Using axiom (4) we obtain ci £ Ca,~,yE F

which is the same as c l £ c 2 E F.

All these steps can obviously be reversed.

Formula (iv) is thus proved in case 1.



[1121. 257 AN EXPOSITION OF FORCING 453

is the formula c l ~ c 2' We can assume that

1. The left-hand side of (iv) is equivalent to= a +

Case 2,

P(cl) .. p(c 2)

c1 IX] .= c~IX] i.e., to Vx B IX] (x E ct[X] _ x·E c~[X]) which in
a

turn is equivalent to Vc C (c*[X] E c1[X] _ c*[X] E c~[X]). Now
a

we notice that if CECa and p(cl) .. a then p(c € c l) < a + 1

P(cl - c 2); if P(cl) = a + 1 then the formulae c € c l and

cl - c 2 have the .same orders but c € c l ~ c l ~ c 2 according to the

definition of ~. Thus in both cases c € c l ~ c l - c 2' Similarly

C € c 2 <c l - c 2• It follows now by the inductive assumption that

the left-hand side of (iv) is equivalent to Vc CaA F (c € c l = c € c 2),

From axiom (5) we see that A ~ c 1 ~ c 2 implies the formula

A ~ (c € c l = c € c 2).

the left-hand side.

Hence the right-hand side of (iv) implies

It remains to prove that if A ~ c l - c 2 then there is a

c in Ca such that A ¥ c £ c l = c £ c 2'

Let us assume A ~ c l - c 2' i.e., i(cl - c 2) E F. Using

axiom (5) and property 5 of closed sets we obtain a constant c' such

that either c' € c l E F and i(c' £ c
2)

E F or i(c' £ c l) E F

and c' € c 2 E·F. We can limit ourselves to the first case only.

We use postulate (v) and infer from c' € c l E F that c' - c E F

and c € c l E F for some CECa' Hence c £ c l E F and

Case 3. <P(y) is the formula Vac. The left-hand side of (iv)

is equivalent to c*[X] E Ba[X], i.e. , to c*[X] = ct[X] for some

c l in Ca, Since c ~ c l < Vac, according to the definition of <,
we obtain A ~ c ~ cl' i.e., C ~ c l E F. By axiom (3) Vacl E F

whence Vac E F and therefore A F Vac. Conversely, if A F Vac,
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then, by postulate (iv), c· - cl e F for some cl in Ca and the

previous steps can be reversed.

The proof of (iv) is thus complete.

In order to finish the proof of Lemma 8.4 we remark that

(iv) implies the equivalences

M[X] F ct[X] e c~[X] - A F c l E c 2 '

M[X] F c1[X] c~[XJ - A F c l I c 2 '

M[X] F c*[X] e Ba[X] - A F Aa(c) •

These equivalences show that M[XJ is isomorphic to All.

Lemma 8.4 shows that we can obtain filters by constructing

closed sets of sentences. In the next section we shall construct

such a set and then show that the resulting filter X is reducible to

M.

9. Construction of a cZosed set F.

We consider a partially ordered set P as de~cribed in

Section 2 and denote by X the space of its maximal filters.

Let K be a a-additive field of subsets of X and I

a a-additive ideal in K. For each sentence ~ of RL we put

F~ {xeJ(; M[X]F~}.

We shall assume that K and I have the following

properties:

(A) F~ e K for each sentence of RL,
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(B) If pEP then [p] ~ I ,

(C) If H E K - I then there is a p in P such that

[p] - H E I,

(D) For each formula ~ of RL the binary relation

where pEP, and y E cFr(~), is definable in

We shall show in Sections 10-12 that (A) - (D) are satisfied

if K is the field of Borel sets in Jr and I the ideal of meager

sets.

The binary relation from condition (D) will be written as

p • ~(y) and read "p forces $Cy)".

We note some simple consequences of the definitions and

assumptions (A) - (D).

LEMMA 9.1

If p,qEP and p'lCq, then [pJ-[q]flI.

Proof. There is r in P such that r ~ p and rand q

ere incompatible, hence [r] S [p] - [q] and thus if [p] - [q] were

in I we would have a contradiction with (B).

LEMMA 9.2

a::-F'~ ,

c& F 4>(c)

Proof results immediately from the definition of F4>'

Let us arrange in an infinite sequence {~n}nEw all

sentences of RL. Let {$n}nEw be a sequence consisting of all axioms

(1) - (12). For any finite set S of sentences we denote by AS
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their conjunction and by {S,~,a, ... ,y} the set S U {~,a, ... ,y}.

In order to construct a closed set we try to define an increasing

sequence {Fn}nEW of finite sets of sentences such that the following

requirements be met for each n > 0 :

(R4) the pair (Fn_I,Fn) satisfies the postulates.

It is clear that if these requirements are met, the union

UFn will be closed.

LEMMA 9.3

There are infinite sequences {Pn}nEw,{Fn}nEW consisting

of conditions and finite sets of sentences respectively such that, for

each integer n, Pn• AFn and Fn satisfies the requirements

Proof. For n = 0 we take Fa = 0 and define PO to be

any element of P. Let us assume that Pn and Fn are already

constructed. We construct Fn+l by adjoining to Fn several

sentences. First of all we adjoin ~n' Since Wn is true in

M[X] for each X, the formula Pn ~ A{Yn,wn} continues to hold.

Next we try to adjoin ~n or i~n to {Fn,wn}. For each

X in 3C we either have M[X] F 4>n or M[X] ~ i4>n' Thus the set

[Pn] decomposes into two parts consisting of maximal filters X for

which the former or the latter formula holds. Both of these parts

belong to K but it cannot be the case that both of them are in I
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since otherwise [Pn] itself would b~long to I. Hence one of these

parts, call it H, is in K - I and hence by CC) there is a

P~ .. Pn such that [p~J - H E r. We denote by F' the set
n

{Fn''''n'~n} if ~n is true in the models M(X] where X E H, and

the set {Fn''''n' -'4>n} if -'4>n is true in these models. Thus we

obtain

and F'n satisfies the requirements

In order to satisfy the requirement CR4) we have still to

add various sentences to F~ and restrict, if necessary, the condition

p~.

Let us first add new sentences to F'n so as to obtain a set

which together with Fn satisfies the postulate (ii). To achieve

this we enumerate the existential sentences Ci.e. sentences beginning

(*)

with the symbols -'¥Vj which belong to Fn•

:aw8, 3w'8' '3w e Ck)
,_ .. , k

Let these sentences be

For each X in [p~] the sentence 3we is true in M[X]

and so for each X there exists a constant Cx such that M[X] F

8CcX)' The set [p~] is thus decomposed into a denumerable union of

sets Sc = {X E (p~J : M(X] ~ BCc)}. By CA) these sets belong to

K but it cannot be the case that they are all elements of r. Hence

there is a constant c such that Sc ~ I and hence by CC) there is a

P~' .. BCc).

condition P~~ .. p~ such that

Thus adjoining

(p~'] - Sc E I. It follows that

BCc) to F~ we obtain a set F~'

such that p~' .. AF~" Repeating this process again k times we

finally obtain a set F Ck) and a condition p(k) such that
n n
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Thus the pair

Pn(k) ~ AFn(k) and Fn(k) contains sentences

e(k)(c(k» for each of the formulae (*).

S(c), S'(c'), ... ,

(F F (k»
n" n .

• satisfies postulate (ii).

The procedure for the remaining postulates is very similar.

In case of postulate (iii) we consider limited existential sentences,

i.e. sentences of the form 3aw ~ which belong to Fn and for each

such sentence find a constant c in Ca and a condition

" I (k)
Pn '" Pn which forces ~(c). In case of postulate (iv) we

consider sentences of the form Vac which belong to Fn and find for

each such sentence a constant c' in C such that c ... c' can beex

adjoined to the sets previously constructed. In case of postulate (v)

we consider sentences c £ c ' in Fn and find for each of them a

constant c" of order < p(c') such that C'" c ', can be adjoined.

Finally in case of postulate (vi) we deal with sentences of the form

'c £ ~ which belong to Fn and find for each such sentence an element

n' of m such that the sentence C'" n' can be adjoined.

Lemma 9.3 is thus proved.

The sequences {Pn}nEW and {Fn}nEw constructed in Lemma

one is the filter9.3 determine two filters:

conditions and the other is the filter

Xo generated by the

X = {p : ~ £ a E F}

where F We shall show that these filters are identical.

First we note the useful

LEMMA 9.1f

and F

If {Pn}nEw' {Fn}nEw arB BI!lquBncBB satisfying LBmma 9.3

UFn then ~ E F ; 3n (Pn .~) for each Bsntencs ~ of RL.

Proof. ~ E F _ 3n (~ E Fn) + 3n (Pn .~) because the
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sentence II Fn + 4l is logically true whenever 4l E Fn' Conversely,

·if 4l ~ F, then, '4l E F and hence, by the above proof, Pn ~ '4l

for some n. Assuming Pm t 4l and putting k = max(m,n) we would

obtain ~ t '4l and Pk ~ 4l which is impossible by (B).

LEMMA 9.5

If {Pn}nEW and {Fn}nEw a:re as in Lemma 9.3 and F = UFn
then the fiZte:r X = {p E P : E. E 0 En is identicaZ with the fiZte:r

genel'ated by the sequence {Pn} mOl'eove:r X is ma:r:imaZ.

Proof. Let pEP. For each Y in [pJ we have p E Y

and so M[Y] ., E. E 0 Hence [pJ - F e and p t E. E o. ForpEO

p = Pn we obtain Pn E o E F. We have thus shown that the filter

generated by the p 's is contained in X.n

Next we show that if p E X then p belongs to the filter

generated by the conditions Pn•

Since £ E 0 E F there is an integer n such that the

formula I\F + (£ E 0) is logically true and so Pn t £ EO. Wen
claim that Pn <: p. Otherwise there would exist a q " Pn such that

q and p are incompatible. Hence no filter Y in [qJ would

satisfy p E Y, i.e., the difference [qJ - {y E J; : M[YJ ~ £ E o}

would be equal to [qJ. we obtain however

[Pn] - {Y E :£ : M[Y] ,. £ E o I E I

E. E o} E I because [q] ~ [PnJ·

that [q] E I which is impossible.

and so [q] - {y EX: M[Y] ,.

Thus we would obtain the result

Finally we show that X is maximal. Let Y be a filter

in P such that X c Y and assume that p E Y - X. Hence

1(E. E 0) E F and therefore Pn ~ ,(£ E 0) for an integer n. Since
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P E Y, the conditions

Since this

p and Pn are compatible; let r" Pn and

F'(~€(1 ) ~ [Pn] - F'(~E(1) we obtain

the other hand the relation r" p proves that

the formula p E Y and hence also the formula

whichis true.

Since [r]-r" p.•

Thus [r] - F = il, [r] c F
~€(1 - ~€a

together with the previous relation shows that [r] E I.

[rJ f'l FEr. On
~E(1

for each Y in [r]

M[Y] ~ ~ e 0

contradicts the assumption (B), Lemma 9.5 is proved.

Taking our lemmas together we obtain

of conditions such that

THEOREM 9.6

There exists a sequence {Pn}nEw

the se t F {+ : 3n Pn .. ~} is closed .

X = {p E P ~ € (1 E F} is reducible to M

The filter

and maximal. It is

identical ~ith the filter generated by the conditions Pn.

Proof. Let {Pn}nEw and {Fn}nEW be the sequences

constructed in Lemma 9.3 and put F = UFn. From 9.3 it follows that

F is closed and from 9.~ that it coincides with the set

{~ : :3 n (P n .. ~)}. From 8.~ it follows that

M[X] 1= <t>[y*[X]] " ~(y) E F " 3n Pn .. ~(y). Since each Pn belongs

to X and each element P of X is ;> Pn for some n we can write

this condition as 3p E X P .. ~(y). In view of the assumption (D)

there is a formula t~ such that p" ~(y) " M F t~tp,yJ and so X

is reducible to M. The remaining two statements follow from 9.5.

lO. Verification of assumptions (A), (B) and (C)

Let K be the field of Borel subsets of X and I the

ideal of meager sets. We are going to prove that the assumptions
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(A) - (D) of Section 9 are satisfied.

(B) follows from Baire category theorem (see 2.5). The

proof of (C) is as follows: Each non-meager Borel set H has the

form (G N) U N' where N, N' are meager and G is open and not

empty (see Kuratowski [66], p.88). Hefice if [p] C G, then

[p] - HeN and therefore (p] - H is meager.

Proof of (A). From Lemma 9.2 it follows that if F~ is

Borel for each sentence ~ containing less than n symbols for

logical operations then it is true for the case when ~ contains n

such symbols. Thus it is sufficient to prove (A) for atomic sentences.

It is more convenient to prove it more generally for limited sentences.

We show that if ~ is a limited sentence and for each W~ ~ the set

Fw is Borel then so is F~.

The case when ~ has no predecessors with respect to < is

trivial because ~ is then one of the sentences £ E £' 0 - £' 1{O£
and is either the void set or the whole space X.

Now let us assume that ~ has predecessors. The cases

when ~ contains symbols for logical operations can be disposed of as

above. Let ~ now be atomic. We have three cases to consider.

1) We distinguish two subcases:

la) p(cl) > p(c 2) ,

lb) p(c
l)

< p(c 2)

Subcase la). Put p(c 2 ) = a. By definition X e F~ =
cl*[X) E c 2*[X] = 3c e Ca[(cl*[X] = c*[X) & (c*[X) e c 2*[X])] whence

F~ U (F ~ F
c

_
c

).
y cECa CEC 2 1
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Since c e c 2 and c ~ c l precede c l e c 2 in the ordering

< the result follows by inductive assumption.

Subcase Ib). If c 2 = ~ then we show similarly that

F~ = U{F ~ : n E m} whence the result follows because
" c l !l

c l !l <c l e c 2 ·

equivalent to 3 p E P [X E [pJIf c 2 = (] then X E F4> is

& (ct[X] = p)J. Hence Fq, = ~P ([pJ

because c1
~ 1:. < c l e c ,

and is Borel

If c 2 = c then XE F4> is equivalent tocr.,4> ,y
X E F

'" (cr.)(cPy)
and again the inductive assumption is applicable

because
(cr. ) <4> (cpY) c l e c 2 •

Case 2.

o ,

4> = c
l
~ c 2 •

The relation

We can assume that

is equivalent to

X E ~c}Fcecl () F ] U [(:£- F ) () (X - F~c )J
~ ~ cec 2 cec l - 2

whence we reduce the theorem to the case 1.

Put p(c) = a ,Case 3.

is equivalent to

4> = Vcr.c•

c*[xJ = ct[X]

In this case

for some c l E Ccr. and hence

F = U F whence the theorem is reduced to Case 2.
4> CIECcr. c~cl

(A) is thus verified.

Assumption

Before verifying assumption (D) we must establish some

properties of the forcing relation.

ZZ. Ppopepties of the fopcing peZation

We denote by 4>, W sentences of RL and by p, q, r elements
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of P. By $(v,~, ..• ) we denote formulae of RL all of whose free

variables are among v, w, ..••

LEMMA 11.1

If P ~ q and q $ then p'" $.

Proof. [p] - FIj) ::. [q] - FIj)" hence if the right-hand side

belongs to I then so does the left.

LEMMA 11.2

If Ij) ~ $ is logically valid then p Ij) implies p. $.

LEMMA 11.3

Proof.

If Ij) and ware logically equivalent then p. ~ is

equivalent to p'" W.

This follows from 11.2.

LEMMA 11.4

p • Ij) & W is equivalent to (p'" Ij) & (p ... w).

Proof. [p] - F$&$ = [([p] - FIj) U ([p] - F$)]; it is now

sufficient to note that the union of two sets belongs to I if and

only if each of these sets does.

LEMMA 11.5

p • I Ij) is equivalent to ¥q <p (q' Ij).

hence if the left-hand side is true and q < P then

Proof. The left-hand side is equivalent to [p] n FIj) E I;

[q] n FIj) E I



464 FOUNDA T10NAL STUDIES [112], 268

and so [ql - F$ ~ I by (B). If the left-hand side is false then

by (C) there is q such that [q] ([p] n F.) E I and we obtain

([q] - [p] U ([q] - F$) E 1. Since by (C) [q] - [pJ E I if and

only if q < p we finally obtain q < P and q $, i.e., the right-

hand side is false.

LEMMA 11.6

P t l,lv $ (v ) is equivalent to l,lc EC(p .. $(c».

Proof. [pJ - Fl,lv $(v) : c~C([p] - F$(c» by 9.2. Using

the a-additivity of I we infer that this union belongs to I if

and only if each of its members does.

LEMMA 11. 7

p .. C £ m is equivalent to l,lq < P :3 r < q 3n E m

(r .. c ... ~).

Proof. The left-hand side is equivalent to l,lq < P

(q .. C £~) and hence to l,lq < p ([qJ - n¥m Fc_n E I) because

F • U F It follows that there exists an element 'n of m
c£~ nEm c"'~

such that [q] n F ~ I and hence, by (C), there is a condition r
c~

such that [r] - ([q] n Fc"'~) E I. This proves that [r] ~ [q] and

[rJ - Fc_n E I, i.e., the left-hand side implies the right.

If the left-hand side is false then [p] - Fc£~ ~ I and

hence, by (C), there is a q such that [q] ([p] - Fc£~) E I.

It follows that q < p and [q] n F E 1. Since F c F
c£~ c--!!. - c£m

this proves that [q] n F is in I for each n in m and the
c~

same is true for each r < q.
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p ~ C € a i8 equivalent to ¥q ~ P 3r ~ q 3s > r

(r ~ c '" 2.).

Proof. We argue as in the previous proof using the equation

Fc€a s~P ([s] n FC"'2.)~

LEMMA 11.9

and

P t

If ~ i8 a formula of L, v E Fr(~), a E o~, c' E Ca
E C Fr($)-{v} h I- I •• •y a t en p c e ca,$,y '1-8 e qu i va l ent: to

~(a)(c' ,y).

Proof. Putting c = Ca,~,y we easily show that FC'€C

F
<l>(a)(c',y)

LEMMA 11.10

p ~ Vac i8 equivalent to Vq ~ P 3r ~ q 3c' E Ca

(r ~ c '" c').

Proof uses the same technique as 11.7 and the observation

that FV c
a

LEMMA 11.11

If c1' Cz E Ca +1 then p t c1 '" Cz i8 equivaZent to

¥c E Ca{Vq ~ p [(q l- e € c l)
.. 3r ~ q (r c € c Z)] &

Vq ~ P [ (q I- C € c Z) .. 3r ~ q (r ~ C E cl)]}.

Proof. It is immediate that F - n F where $Cl"'c Z- CEC ~(c)

is the formula v E c1 '= v E CZ. From the a-additivity of I it
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follows that p ~ c l ~ c 2 is equivalent to Vc E Ca(p ~ ~(c». In

order to bring the result to the desireti form we express $(c) by

means of the connectives & and 1 alone and obtain the sentence

~ I (c) = I[~l(c) & 1~2(c)] & 1[~2(c) & I$l(c)]

where ~i(c) = c E: c i for i = 1,2. Since ~(c) and ¢' (c) are

logically equivalent (or more exactly: since Hc) is just an

abbreviation of ~. (c ) , the relations p .. ~(c) and p If- ~'(c) are

equivalent. We now use Lemmas 11.4 and 11.5 and after easy trans-

formations obtain the desired result.

LEMMA 11.12

If c E Ca +l and dEC then p" dEc is equivaZent

to Vq <p :3l' < q 3c' E Ca [ (r .. d ~ c ") & (1' If- c I E: c)].

Proof. Similar to that of 11.7 and uses the decomposition

Z2. DefinabiZity of the foraing reZation.

We shall base our proof on the following theorem scheme on

definability by transfinite induction. Let U be a subset of M

and R a well founded relation which partially orders U. Let us

assume that U and R are definable in M and that for each u in

U the set of its R-predecessors R(u) = {v E U : v # u s vRu}

belongs to M. Finally let H be a function definable in M which

correlates an element of U with each pair a, A where a E U,

A E M and A is a function with domain R(u). Under these

assumptions there is·a unique function G with domain U such that
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G(u) = H(u,G t R(u» for each u in U and this function is definable

in M. (Note: G t R(u) is the restriction of the function G to

R(u».

This theorem is but an inessential extension of the theorem

on definitions by transfinite induction whose proof can be found in

many textbooks of set theory. We shall not enter into details of

this proof here.

We shall now prove the definability of the forcing relation.

If $ is a formula of L which contains logical operators then

either $ I~ or $ = W & 6 or $ = Vv W where v is a variable.

If the relations p t W(y) and p t 6(0) are definable in M then

so is the relation p t $(y) in view of Lemmas 11.4 - 11.6. Thus

in order to verify aasumption (D) it is sufficient to prove it for

the case of atomic formulae. We shall establish a slightly stronger

result:

LEMMA 12.1

The binary reZation p t $ where pEP and $ is a

Zimited sentence of RL is definabZe in M.

Proof. Let us consider pairs (p,$) where PEP and $

is a limited sentence of RL. The set U of these pairs is definable

in M. We order it partially by the following well founded relation

R:

Let us put G(p,$) = a or 1 according as P t $ or

p f $. In order to prove that the forcing relation is definable in

M it is sufficient to show that the function G is definable in M
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and we achieve this by showing that ~ satisfies a recursive equation

G(p,~) :: H(p,~,G ~ R(p,~» where H is a definable function. The

proper choice of H becomes clear when we examine Lemmas 12.4 -

12.12. These lemmas show that the forcing relation p ~ ~ can be

reduced to some forcing relations between elements of P and limited

sentences which precede ~ with respect to the ordering < thus

these conditions can be expressed by means of the values of G

limited to the set R(p,~). E.g., if ~:: 1$ then G(p,~) o if

and only if Vq < p [G(q,$) :: IJ.

if ana only if Vq < p (A(q,$) :: 1),

procedure is similar.

Accordingly we put H(p, I$,A)

For other forms of ~ the

o

We can now give the exact definition of H. Let

a :: (p,~); then H(a,A) is defined for a E U and A E {O,l}R(a) ('1M.

If a has no R-predecessors then ~ is one of the senten-

ces £ E £' VO£' 0 ~ £ and we put H(a,A):: 1 in the first two

cases and :: 0 in the third.

If ~ 1$ then H(a,A) :: 0 " Vq < P (A(q,$) :: 1) ;

If ~ $ & e then H(a,A) 0 - A(p,$) :: A(p,e) :: 0;

If ~ Vo,v tjI then H(a,A) 0 - !,tc E Co,(A(p, tjI(c» :: 0);

If ~ cl E c 2 and p(cl) .. p(c 2)
:: 0, then H(a,A) :: 0 -

Vq < P 3r < q 3c' E Co,[A(r,cl
~ c ' ) :: A(r,c' E c 2)

OJ;

If ~ :: c l E c 2 and P(cl) < p(c2) and c 2
:: m then

H(a,A) :: 0 - Vq < P 3r < q :In E III (A(r,c1 ... :::.) 0);

If ~ c1 E c 2 and P(cl) < p(c2) and c 2 :: a then

H(a,A) :: 0 - !,tq < P or < q 3s .. r (A(r,cl .. ~) 0) ;
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If 4J c l e: c 2 and p(cl) < p(c2) and c 2 c ex,4J,Y then

H(a,A) = o :; A(P,1/J(ex)(c
l
y» = 0;

If 4J c l .. c 2 and max(p(cl), p(c 2» = ex + 1 then

H(a,A) 0 - Vc E Cex{Vq ..; p [A(q,c E c l)

1 v 3r ..; q A(r,c E c 2 ) = 0] s Vq ..; p [A(q,c E c 2 )

1 v 3r ..; q A(r,c E cl) OJ};

If 4J Vexc then H(a ,A) = o :; Vq ..; p 3 r ..; q :l c' E Cex

(A(r,c .. c ) = 0).

The function H is of course definable in M. Using

Lemmas 12.4 - 12.12 we prove that G(a) = H(a, G t R(a» for each a

in U. Hence G is definable in M and so is the forcing relation

because p ~ 4J :; G(p,4J) = 0 whenever ~ is a limited sentence.

Thus condition (D) is verified.

l3. Additional remarks

Let Dc P be a set dense in P i.e., such that for every

p in P there is a q in D such that q < p. We shall say that

D is dense in P under p if Vq..; P #rED r"; q ,

In theorem 9.9 we established the existence of a sequence

{Pn} of conditions which has the property that the set

F = {¢ : #n Pn ~ ¢} is closed. We want to characterize sequences

with this property.
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If {Pn}nEw is a 8equenae suah that the set

F = {¢ : 3 n Pn ~ ¢} is ol.os ed then the filter X generated by {Pn}

has aommon elements with every set D whiah belongs to M and is

dense in P.

Proof. Let D E M be a dense set. If the sentence

3v [(v E: !!) s (v E: a)] belongs to F then there is an element P

of M such that 12. E: !2. E F and 12. E: cr E F. l'l: follows that for

some integer n,
Pn • 12. E: !2. and Pn

~ 12. E: a; The first relation

implies P E D and the second Pn .; P (see 11. 8). Hence

P E D n X.

We shall now show that the assumption 3 v [(v E: !2.) & (v E: a)]

~ F leads to a contradiction. This assumption implies that the

sentence Vv ,[(v E: D) & (v E: a)] belongs to F and thus is forced

by a condition Pn from the initially given sequence. Thus for

each constant c the condition P
n

forces the sentence

,[(c E: !2.) & (c E: cr)]. We choose for c the constant ~ where q

is an element of D such that q'; Pn'
Using Lemma 11.5 we obtain

q ~ (~E: !2.) & (~ E: a), i.e., either q f ~ E:!2. or q f ~ E: o. Both

these alternatives are clearly false.

A filter X is called generic if X n D ~ 0 for each set

D which is dense in P and belongs to M (more exactly X is called

generic in P over M). Theorem 13.1 can thus be expressed as

follows: If {Pn}nEw is a sequence such that the set {¢ : 3n Pn • ¢}

is closed then the filter generated by the P 'sn
is generic. We

shall prove that also the converse of this theorem is true.

need a lemma:

First we



[112],275

LEMMA 13.2
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A generic fiZter intersects every set D C P which beZongs

to M and is dense under p where p is any eZement of the fiZter.

Proof. Put D' D U {q E P : q is incompatible with pl.

In view of the separability of P the set D' is dense in P and

hence if X is generic then X n D I # 0-

incompatible with p, we obtain X n D # ~

THEOREM 13.3

Since no element of X is

If X is generic then the set F

is ol oe ed .

{<P 3p E X P .. 4>}

Proof. (1) F is consistent. Otherwise there would be a

finite set ¢l"" '<Pn of sentences in F such that the conjunction

4> of these sentences is inconsistent, i.e. ,has no model. By

assumption each 4>j is forced by a condition Pj in X. Since X

is a filter we obtain a condition p in X such that for

each j .. n and so p ~ <p. Thus [p] - Fcp E I, therefore

[pJ n F¢ # 0 and we obtain a contradiction because for each Y in

Fq, the family M[Y] is a model of cp.

(2) F is complete. Let 4> be a sentence and

D = {p E P : p If- cp or p I- ICP}.

forcing relation we have D E M.

In view of the definability of the

We shall show that D is dense in

P. For let q be any condition. By 11.5 if q f I¢ then there is

a condition p" q such that p ~ cp.

extension p of q is in D.

Hence either qED or some

Since X is generic we obtain now X n D # 0; if p

belongs to this intersection, then either p forces ¢ or p forces



472 FOUNDA T10NAL STUDIES (112], 276

,~ whence either ~ or ,~ belongs to F.

(3) The axioms 1 - 12 given in Section 8 belong to F.

This is so because these axioms are true in all models H[Y] where

Y is any filter; hence they are forced by any conditions.

(~) r satisfies the postulates (ii) - (vi). Since the

verification is practically the same for all the postulates we shall

give the proof only for the postulate (ii). Thus let us assume that

:Jvn ~ E r , Le., p I- 3vn ~ for some p in X. Since :lvn is an

abbreviation of 'Vvn, we can apply Lemmas 11.5 and 11.6 and obtain

Vq ~ P Jr ~ q :lc E C r ~ ~(c). This means that the set

D = {r E P : 3c E C r I- .~(c)} is dense under p and so, since this

set belongs to H, we obtain that there is a condition r in D n X.

Hence there is a constant c such that r I- ¢(c) which proves that

~(c) E F. The postulate (ii) is thus verified.

Theorems 13.1 and 13.3 suggest an alternative method of

constructing models. We start with the definition of forcing and

establish first of all Lemmas 11.1 - 11.12. Then we define generic

filters and prove their existence essentially as in the proof of the

Baire theorem. Next we establish Theorem 13.2 obtaining a closed

set. Finally we prove that each closed set determines a reducible

filter X as we did in Section 8.

This alternative method is esseatially the one which was

used by Cohen. Most authors follow Cohen by defining forcing from

the start by transfinite induction (in the model M). This allows

then to avoid the cuw~ersome verification of condition CD). The

only defect of this method is that it is not easy for the beginner

to grasp the intuitive meaning of the forcing relation.
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The connection between forcing and the concept of meager

sets was discovered by Takeuti and Ryll-Nardzewski and we exploited

their ideas in the proofs given above.

t4. Ppesepvation of oapdinats

If a E M is an ordinal then we say that a is a cardinal

of M if there is no element f of M which is a mapping of a

smaller ordinal onto a. One can show by examples that a cardinal

of M need not be .a cardinal of M[X].

We shall derive a sufficient condition for a cardinal of M

to remain a cardinal of M[X].

DEFINITION

We denote by 8M<P) the least ordinal a of M such that

for each set Q~ P consisting of mutually incompatible conditions

and such that Q E M there is in M a one-one mapping of Q into

a.

LEM11A 14.1

If M" ZFC then 811<P) exists.

Proof. We can formalize in ZFC the proof that for each

partially ordered set there is a least cardinal larger than or equal

to th~ cardinal of any set of mutually incompatible elements of P.

LEMMA 14.2

If X is a eeneria fitter arid a is a c ax-d i.na l: of 11,

M I- zrc and C1 > eM<P) then a is a ca"dinaZ of I1[X].
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Proof. Let us aSsume that there is in M[X] a function

f and an ordinal e < ~ such that f maps e onto ex. Expressing

these facts in RL we obtain a formula ¢(f,£,~) : Funct(f) & (Dom(f)

~) & (Rg(f) =~) which is true in M[X]. Denoting by c a

constant such that c*[X] = f we infer from the assumption that X

is generic that there is a condition Pa in X satisfying

Pa .. ¢ (c ,£,~),

Consider now the set

S = U{Zi; i; < S} where Zi; = {n : 3p ~ Pa

V E cJ} n ex.

From the definability of ~ we see that Zi; E M.

The cardinal number of Zi; (calculated in M) is < 8
M

( P ) .

To see this we correlate (using the axiom of choice) a condition

P ~ Pa to each n in Zi; so that p"~ E c. Since

Pa .. Funct(c) it cannot be the case that two compatible PI' P2

be correlated to two different ordinals nl,nn' Hence the set of

conditions correlated with elements of Zi; consists of mutually

incompatible conditions and hence its cardinal number (in M) is •

Since S < ex and 8M( P ) < ex it follows that the cardinal

number of S is < ex. On the other hand ex C S because Rg(f) = ~

and thus for each n in ex there is a i; in and a p in X

such that P"~ £ C •

• 5. The independence of CH

Lemma 14.2 is thus proved.

Let M" ZFC, ex > w, x E M. We take as P the set of

finite functions p such that Dom(p) C ex x w, Rg(p) C {a,l}.
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P is obviously an element of M. We order P by convention:

p < q if and only if p ~ q.

Section 1 are satisfied by P.

All the assumptions which we made in

In particular p, q are compatible

if and only if they coincide on the intersection of their domains.

LEMMA 15.1

The proof is due to Cohen but the theorem was already proved

in 1941 by Marczewski. In order to prove the lemma we formalize the

following reasoning in ZFC.

We consider finite functions with values in {O,l} and

with domains C A where A is infinite (in our case A = a x w).

Let us assume that there is a non-denumerable set R
l

of mutually

incompatible such functions. Rl can be decomposed into a

denumerable union of sets, two functions being included in the same

set if their domains have the same number of elements. One of these

sets is non-denumerable; to save notation we assume that all the

functions in Rl
have domains of power exactly k. Let PI E Rl·

If q E R
l and PI # q, then Pl and q are incompatible and this

can happen only if there is an element t t q in the domain of PI

such that t E dom(q) and PI (t) ;& q(t). Now there are only

finitely many element& t in dom(Pl) and non-denumerably many q's.

Hence there is a non-denumerable family R
2
~ Rl and an element

t l E dom(Pl) such that for each q E Rl the element t l is in

dom(q) and Pl(tl) # q(tl). Let P2 E R2. Hence dom(P2)

contains t l· Again we see that there are non-denumerablY many

elements q E ~ such that for some fixed t 2, t 2 E dom(P2),

q(t
2) # P2(t2)· It cannot be the case that t 2 = t l

because we would
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then have q(t 2) = 1 P2(t2) = 1 - P2(tl) = 1 - (1 - Pl(tl » since

P2(tl) = 1 - Pl(tl). But this is impossible because q(t 2), i.e.

q(tl), is different from Pl(tl). Thus We see that dom(P2) has at

least 2 elements t l and t 2. Continuing this ~easoning we obtain

a Pa and a non-denumerable subset Ra of R2 such that Pa has

at least a elements in its domain. After k + 1 steps we arrive at

a in with k+l elements in its domain which contra-

diets our assumption.

THEOREM 15.2

There are modeZs in ~hich CH is false.

Proof. Let M. ZFC be denumerable; take any cardinal

a of M which is greater than the first uncountable cardinal of M.

Define P as in the lemma above and let X be generic in P. We

are going to prove that M(X]. 'CH. Since M(X] and M have the

same cardinals it is sufficient to show that M(X] has an element f

which is a function with domain a, with range C 2w n M[X] and

which is an injection.

We obtain f by taking the union ~ = UX which is a

mapping of a x w into {O,ll and patting f<E;) = ~E; where

~E;(n) = ~(E;,n). Obviously ~ E M(X] and so f E M(X]. It remains

to prove that f is an injection, Le. ~( E;) 'I f Cn ) for E; 'I n·

Let us assume that this is not the case, i.e. that there are E;, n < a

such that E; t n and ~(E;,n) = ~(n,n) for each n. The following

formula of RL expresses this fact (i.e. is true in M(X]):

(as before we adsun.ed here that ordered pairs and triplets can be
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defined by formulae of RL).

this formula as

It will be more convenient to write

(*)

where ~ is the formula (&,V1'~) £ vo = (~,v1'~) £ vO'

Since (*) is assumed to be true in M[X] there is a p in X which

forces this formula. Using Lemmas 11.4 and 11.5 we infer th~t for

each G. in P and each n in w

(""')

We nOW notice that the domain of p is finite and thus

there is n such that neither (~,n) nor (n,n) are in dom(p~

Adding (~,n,l) and (n,n,D) to p we obtain a condition q < p.

Apply now to (**) the Lemma 11.4. We obtain

i.e. q" (!l e 0) or q" "'~(!l'!),) which is equivalent to q" .(!l £0)

or 3r < q r ~ ~(S'!).). The first part of this disjunction is

obviously false. The second is false too because for each r < q

and each Y in [r] the truth value of (~,!).,~) £!l in M[Y] is

"false" and that of (~,!).,~) £!l is "true" and so r' ~(!l'!),)'



478

COHEN, P. J.

FOUNDATIONAL STUDIES

BIBLIOGRAPHY

[112],282

[66] Set theory and the continuum hypothesis, Benjamin, 1966.

GODEL, K.

[40] The consistency of the continuum hypothesis, Princeton
University Press, 1940.

KURATOWSKI, K.

[66] Topology, Vol. 1. Academic Press and PWN, 1966.

it it it

Department of Mathematics, University of Warsaw, Warsaw, Poland.



Some Impredicative Definitions in the Axiomatic
Set-Theory.

By

Andrzej Mostowski (Warszawa).

Let (8) denote the Zermelo-Fraenkel set-theory based on
the following axioms

(AI) (xux.) [(xa) (xa E Xl-It:! EXg).::>x1= x.] ,
(A.) (xlIXs) (:!lxa) (x,) [x4 Exa-(X4=x1 VX4= x.»,
(Aa) (Xl) (:![xl) (Xa) [xa Ex.-(x4) (X, EXg.::>x, EXl»'
(A4) (~) (:!lx.) (Xa) [Xa EXI-(:!lX,) (Xa EX. ·X. EXl»'
(A,) (:!lx1 ) (:![xl) (x. EXl. (Xs) {x. EXl'::> (ava) [X. =Fit:!. Xa EXl

. (X.) (X4 E X.'::>W. E Xa)]}),
(A.) (x.) (xit' ... ,x.p) {(x,) [x, E ~• .::> (ax..) (XII) (<1J -XII= x..».::>

'::>(:!lxq) (XII) [XII E Xq-(:!lx,) (x, E x.·<1J)]),
(A,) (x.l ' ...,x.) {(:!lx.)<1J.::>(:!lx.) [<1J. (x,) (x, EX. ::>""",t1>')]} J).

(A.) and (A,) are axiom schemata. The letter <1J in (A.) replaces
any expression (with free variables x,~ XII' XII' ... , x., and It. I )

built up according to the following rules: If i and j Pare integers,
then XIE x, and XI= x, are formulas; if 9 is a formula and j an integer,
then (ax,)8 is a formula; if 8 and Z are formulas, then so is 9/Z ').
We assume that g)q is not free in t1>.

The letter fP in (A7) replaces a formula with free variables
g).,x.1, ••• ,g).p and tP' replaces the formula resulting from tP by sub-
stitution of the letter trr for ttl on every place where x. is free in t1>.
It is supposed that (c, is not bound in t1>.

I) (AI) ill the axiom of extensionality, (AI) - the pair.axiom, (.A,) - the
poweraet axiom, (AI) -the lum-aet axiom, (.A.) -the axiom of infinity, (.A~­
the axiom of replacement, and (A,) - the restrictive axiom (the "Axiom der
Fundierung" of Zermelo).

I) rz. must not neceseariJy be a free variable of ~.

I) Other logical connectives can be defined by the' stroke I in the well-
-knoWD manner.
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We assume in (8) the well-known rules of proof, namely the
modu8 ponens, the rule of substitution and the rules of omission
and of introduction of quantifiers. Furthermore we assume special
rules which enable us to prove every tautological formula including
the identity-symbol:

R1• If t/J, 'JI, and 8 are formulas, then t"M formulas

(4) :> 'JI) ':::>(IJI':::> 8) :> (1JI.:::>8)], 4>.:::> (",t/J':::> 'JI), (",4> .:::>t/J).:::>cP

are provable.
RI . The formula Xk= Xk is provable.
Ra. If t/J is a formula, x, is not a bound Mriable of t/J and t/J'

differs from (/J only by containing free oeourrenee« of x, on one or several
places where (/J contains tree OCCU1Tences of Xk, then the formula

Xk= x,.:::> (t/J -t/J')
is provable.

Let (8') be the Bernay s-Godel system of set-theory. We
shall not describe the details of this system because it is sufficiently
well known from the literature '). We remark only that every ex-
pression meaningful in (8) is also meaningful in (8') and every
axiom of (8) is provable in (8').

It has been proved by Novak 6) that if (8) is consistent, then
(8') is also consistent '). Since this proof is formalizable in (8'),
it follows that the consistency of (8) cannot be proved in (8'). On
the other hand (8') arises from (8) by addition of variables of the
next higher type and therefore the so-called definition of truth
for (8) is formalizable in (8')7). Since the "whole theory of truth"
makes it possible to prove the consistency of a system for which
the notion of satisfaction has been defined S), we infer that certain
properties of the notion of truth for (8) cannot be established in (8').

') See. e. g., Bernays [1) or Gadel (2].
I) See Novak [3J and Roner·Wang [5].
') It can even be shown that every formula provable in (8') and expres-

sible in (8) must be provable already in (8). We give here a simple proof based
on results established by Novak [3J. Suppose that I) is expressible in (8), pro-
vable in (8') but not provable in (8). Let (81 ) be the system got from (8) by
addition of -I) as a new axiom. Then (81) is consistent and the corresponding
system (81) obtained from (81 ) by the method described by Novak must be
consistent too. On the other hand (8~) is at least as strong as (8') and therefore I) is
provable in (8~) which is a contradiction because -I) is evidently provable in (8~).

A more elaborate proof is ginn in Roaser-Wan g (5).
7) See section 1 below. 8) See Tarski [6J, pp. 359. 392.
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An exact analysis of this situation leads to the following three
theorems the proofs of which will be sketched in this paper:

Theorem I. There is an expression V(xl ) oj (,s') with exactly
one j~ee 'Variable Xl such that ij f]J is an arbitrary expression oj (8)
without [ree variables and n the Godel number oj f]J, then the equivalence

1> OlE V(n)

is provable in (8') 9). The formula V(x l ) has the jorm (aX) A(X,xl )

where A(X,xl ) is a [ormula without bound class 'Variables. Ij f]J it
a theorem of (8), then Yen) is provable in (8'), but the general theorem

(Xl) [Xl is the GOdel number of a theorem of (8PV(xl )]

it not provable in (8') provided that (8') is consistent.

Theorem II. There is an expression B(x1 ) oj the jorm
(ax) B(X,x1 ) where B{X,~) does not contain bound class variables
8uch that the formulas

e(l) and (n)[8(n)=>8(n+ 1)1

are both provable in (8') but (n) 8(n) 10) is not provable in (8') provided
that (8') is consistent.

Theorem III. There is an eepressum f]J(x1 ) of the form
(ax) O(X,xl ) where O(X,x1 ) does not contain bound class 'Variables
BUch that the formula

it not provable in (8') provided that (8') ie consistent 11).

,1. We begin with the proof of theorem 1. In order to constrnct
the formula V(w1 ) with the properties required in the theorem we
shall formalize in (8') the definition of satisfaction and of truth
for (8). Let us therefore recall briefly thPIW def'init.iona.

9) V(n) is the expression resulting {rom V(x1) by substitutfon of thp n·th
numeral (suitably defined in (8'» for the variable ~.

10) The variable n ranges OlVer the set of integers defined in (8').
11) This theorem shows that the system NQ considered by Wang [7] is

euentially stronger than the system of Bernays-GodeI. This follows also
from the fact that the consistency of the Bernays-Godel system is provable
in NQ,
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For every formula tP of (8) there exists a sequence of formulas

(1) tPutP., ••• ,tP.=tP

such that for every i~n tPl is either 80 formula of the form $It=rer

or of the form relt E $1 or one of the following two cases is satisfied:

(2) there are integer8 t. '!.le88 than i BUch that <1>,=tPJI<1>lll

(3) there are integer8 ; and m BUch that j < i ana <1>,= ({[remltPJ.

A sequence (I) satisfying these conditions will be called
a construction-aequence or briefly a a-8equence for tP.

We denote by al the set of integers q such that $q is free in <1>,.
A finiU aequence 01 8eta is defined as a finite set I of ordered

pairs <u,v) such that if (u,v) E I and <<<''VI) E I, then V="I' The
u's of the pairs <u,v) belonging to I form the domain D(f) of f. If
<u,v) € I, we write v= I(u). If aCD(f), then Iia is the set of pairs <u,v)
such that u € a and <u,v) € I.

A finite aequence 01 clasaeB is defined as a class F of finite
sequences of sets with a common domain D which is at the same
time called the domain 01 F 11). If e eD; then the class of ally's such
that there is a sequence I with the properties <re,y) e I € F is called
the fe-th term of Ii' and denoted by F z • Note that elements of F..
can be arbitrary sets, in particular arbitrary finite sequences of sets.

To each a-sequence (1) we let correspond a finite sequence
of classes F with the domain D consisting of all integers ~n. If
i~n and tPl is the formula fej=IXJ or IXIt f feh then F , is the class
of all sequences f such that D(f)={k,;} and f(k)= 1(;) or f(k) € 1(1).

If <1>, satisfies the condition (2), then F, is the class of all
sequences I such that D(f)=81 and either fl8Jnon€FJ or 118hnon€Fh'

Fin~lly if <1>, satisfies the condition (3) and re.. is free in <1>t,
then F I is the class of all sequences f such that D(f) = 8, and there
exist an integer m and a set a for which I+{<m,a)} € FJ• If re.. is
not free in <1>}1 then we put F,=FJ•

A sequence of classes F which satisfies the above conditions
is called an 8-,eq1loefl,ce for tP corresponding to the a-sequence (1).

This definition says of course nothing about the existence
of 8-sequences.

We say that a sequence I ,alis/ie, tP if there is an 8-sequence F
for tP such that / e Ii'".

11) See Robinson [4].
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If fP has no free variables, then the only sequenee which can
possibly satisfy fP is the void sequence o. If 0 E F", we say that fP
is true, otherwise that rp is ta'18e 13).

It is clear that these definitions can be expressed iu (8'). The
only difficulty lies in the presence of the meta-mathematical notions
,.formula", "quantifier" etc. It is however possible to eliminate
all these notions in favour of the purely arithmetical ones, using
the well-known technique of the Godel numbers and identifying
the "linguistic" concepts with their arithmetical counterparts.

The definition of satiafaction thus formalized in (8') takes
on the form of a formula 8tat (xux.)-({[X)M(X,xux.) where Xl

runs over the set of the GOdel numbers of formulas and xa over the
class of finite sequences of sets. The definition of truth takes on the
form of a formula V(xl ) of the form (([X)A(X,x1) :

V(x1) - ({[x.) (xs) ['" (xa EX.) .8t,,/ (xuX.)]
- ({[X) {({[x.) (xs) ['" (xa EX.)' M(X,xull:t)].

We shall now prow It series of lemmas which will lead to the
proof of theorem 1. All these lemmas are concerned with pro-
perties of formulas of (8) and since we wish to state .ind to prove
them in (8') we must explain in a few words in w.iat way such
theorems can be expressed in (8').

There are two different ways to express in (8') meta-mathe-
matical theorems about (8). One of them uses the method of Godel
and identifies expressions with their GOdel numbers Instead to say
that every expression rp of this or other class K poasesses a property P
we say that every integer which is the GOdel number of an expression
from the class K possesses the property P' obtained from P by
substitution of the arithmetical notions for the corresponding meta-
mathematical ones.

Whether this method is applicable 01' not depends on the
nature of the class K and of the property P and notably on the
possibility to define K and P by means formalizable in (8').

A theorem about formulas expressed in this way in the sym-
bolism of (8') becomes a single theorem of (8').

Another possible method is to express theorems about for-
mulas of (8) as theorem schemata of (8'). The general theorem
every rp has the property P is then expressed in the form of an in-

la) See Tllrski [6]. pp.313·314.
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finite sequence of theorems of (8') each formula tP contributing
one theorem to the sequence. This method is sometimes advantageous
because the arithmetical counterpart P' of P is not always definable
in (8') and even if it is definable in (8'), the general theorem described
in the preceeding paragraph does not need to he provable in (8')
although each formula of the sequence representing the theorem
schema is provable in (8'). We shall see later that hoth situations
can actually occur (cf. lemmas 2,', and I 5 ) .

In order to facilitate our exposition we shall always identify
formulas of (8) with their Godel numbers and shall avoid as far
as possible the use of logical symbols. These simplifications, con-
venient, though they are, obliterate sometimes completely the dif-
ference between single theorems and theorem schemata of (8').
We shall therefore denote theorems by the letter "TH and theorem
schemata hr the letter "IH

• We remark that proofs of all theorems
and of all particular instances of the schemata are based exclusively
Oil the axioms of (8').

1'1' For every lor'lmtla of the form x,,= XJ or :v" E xJ there exists
/l'n 8-sequence

Proof. It ill sufficient to take for this sequence a une term
sequence F such that F t is the class of all sequences '{(k,a>, (j,b)J
where a=b or a f: b.

T2. If (/J ani! 'P are two formula» for which there e:villt S-seq'uenc.es,
then there exists a1! 8-sequence for the formula tPl'P.

Proof. Let F and G be the S-spC}lIenceR for the formulas tP
and 'P and let F m and Gn bo th« last terms of these sequences.
Finally let s] be the set of integers i for which X, is free in tP and B1
the set of integers i fur which ;'£, is free in 'P. From the axioms of (8')
follows easily the existence of the class Z of all sequences f such
that D(f) = SI+B2 and (lither flBt does not belong to F m or flSI does
not; belong to G". We obtain now an S-sequence H for the formula
tPlV' putting H,= P, for i ~ 'I'll, 11111+J= GJ for ;~ n, and H m+n+1=Z.

1'3' If there exists an 8-sequence for an e:vpressum tP, then there
exists also an 8-sequence for the expression (~iIxm)l1>.

Proof is similar to that of T 2 •

Let now 'l't be one of the integers 1,2,3, ... Applying Tll T
"and Ts n times we obtain the following theorem schema:

I,. If tP is a lormula of (8), then lor every O-sequence (1) ending
with tP there exists a· corresponding 8-sequence.
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As indicated, I. is a theorem schema; the existence of the
8-sequences stated in the schema is provable for each formula f/J
separately. The general theorem

(<I» (~F) [F is an S-seq'l/.-ence 101' f/J]

is expressible in (8') but we see no way to prove it from the axioms
of (8').

I,.. II f/J is an expression 01 (8) with tree variabZes x.1' •.. ,Xltp '

(1) a O-sequence lor f/J, and F a correspondlng 8-sequence, then

(4) 1={<kllXltl)' ...,<kp,x.p)}.:J (f e F n - f/J).

Proof. 'Ve proceed by induction with respect ton, the length
of the O-sequence (1). If '11,= 1, then f/J has either the form XIt,=fl:1lt
or the form x•• £ x., and F is a one termed sequence such that PI
is the class of all sequences {(kl,a), (kz,b)}, where a=b or a £ b.
Hence (4) becomes in this case one of the tautological formulas

!={(kllxlt,), (k2,1C1lt)}.:J(f £ F I - x.,=3'It,),

1={(kllxlt,), <kz,xlIt)}.:J (f e F I - x., £ xlIt)·

Suppose th:at (4) is provable for formulas with C-sequences
shorter than '11, and let f/J be a formula with a O-sequence (1) of the
length n. We have to consider the two cases (2) and (3).

In case (2) we have 11>=(I)JIf/J1I with j<n and h<n. Let s/ be
the common domain of sequences from FJ and Sit the common domain
of sequences from F 1I . By definition of 8-sequences we obtain

(5)

The inductive assumption gives the equivalences

l!sJ£FJ-cf>/I II Sh EF1I - f/Jh

and we obtain from them and from (5)

1£ F n - (--f/JJ V ""f/J1I) - f/JJI f/J1I - cf>.

In case (3) we have cf>=(~xm)(/>J with j<n, We can suppose
that fI:.. is free in cf>J since otherwise the theorem is trivial. From
the inductive assumption we obtain the equivalence

1+ {(m,fI:",)} E PJ-cf>J

and the definition of satisfaction gives another equivalence

f E F" - (~x.) [f+ {(m,0.)} £ FJ] .
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Both equivalences together entail the equivalenee

f € Fit - (axm)<1>, - <1>,

Theorem II is thus proved.
ThE\ difference between the schemata 1.'. and l.'l lies in the

fact. that l.'a is not expressible in (8') as a single theorem. If we try
to express l.'" as a single statement of (8'), we must replace the <1>
on the right side of the equivalence by its Godel number and the
theorem evidently looses sense because on both sides of an equi-
valence must stay formulas and not numbers,

2. Theorem l.'. shows that the definition of truth which we
adopted for the system (8) satisfies the conditions imposed on that
notion by T'a.rs k! [6J, p. 305, Furthermore this fact can be proved
in (8') for each particular formula of (8) We shall now analyse the
question why the consistency of (8) cannot be proved in (8') although
a "good" definition of truth is formalizable in (8'). We shall show
that the real source of this illusionary paradox lies in the flU·t that
although every particular iustance of the schema

(1.') if <1> is provable in (8), then tP i8 true
can be proved in (8'),~'et the general theorem
(T) if <1> is provable in (8), then f/} is true
cannot be deduced from the axioms of (8'),
T., The aeiom« (A 1)-(AI ) are true.

This is merely a restatement of the fact that the axioms
(A 1)-(A.) are at the same time axioms of (8'). For the sake of com-
pleteness we indicate the method of proof for the axiom (AI)'

The void sequence satisfies the formula (AI) if and only if
every two termed sequence f={(l,a), (2,b)} satisfies the formula

(6) (xa) (xa f Xl - Xa e ;:(;.) ':>X1= x.'

Applying the definition of Ilatisfaction we infer that f satisfies
the formula (6) if and only if it either does not satisfy the formula
(a:a) (xa € Xl - Xa e x.) or does sat,illfy the formula Xl = XI' Applying
again the definition of satisfaction we. transform this condition
into an equivalent one as follows: either there is a set c such that
the conditions

the seq·uence {(',a), (3,c)} lJa.tisfie~ the jormura x. € Xli

the sequence {<2,b), (3,c)} satisfies tke fo'rmula Xa e X.

are not equivalent or j satisfies the formula. Xl =a:'.,
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Applying still once more the definition of satisfaction we
reduce the above conditions to the following: either there exists
a set c such that ,...,(c e a-a f! b) or a=b.

It follows now directly from the axiom (At) which is valid
in (8') that these conditions are satisfied.

£'1" For every formula (/) of (8) the formulas (As) and (A 7 ) cor-
responding to the formula (/) are true,

It will be sufficient to indicate the method of proof for the
axiom schema (As). Let tP bea formula of (8) with the free variables
1t"It",Xil' ""Xip,Xi' Applying the definition of satisfaction we prove
easily that the assertion of £7 is equivalent to the following state-
ment: If

( 7) Xi is a set and tor every x/in Xi there exists eltactly one set It"

suah that $ ,

then thcre exists a set x q sUf'h that x" f! Xq if and only it there is an
x, in It" such that rJ>,

In order to prove this statement let us assume (7). By theo-
rem £5 there exists a class X such that

{(k~x..>, (l,x/), (n,x,,>, (kt,xltt), ... ,<kp,Xip>} £ X -(/J.

Let U be the class of pairs (x"x,,> such that

The existence of U (which depends of course OIl "parameters"
aJi,Xi1, ... ,Xi) Iollows from the class theorem which is valid in (8').
It follows f:om (7) that for every x, in Xi then' exists exactly one It..

such that (x"x,,) £ U. We apply now to U and x .. the axiom of
replacement and obtain a set x9 with the desired properties.

The above argument would remain valid with the letter .,$"
replaced everywhere by "the sequefl.ce f = {(k,lti)' (l,x,), (n,ltll) ,

(klllti1)' ... ,(kp,x,,;;} satisfies $" if we only kIWW that there exists
a class X of sequences which satisfy tP. Hence applying theorems
TI and Ta we obtain the following theorem:

T •. If (jJ and lJ' m'e formulas of un Buch that the instanat!8 of the
a31Wm Bchemata (A.) and (A 7 ) corresponding to thue formulas are
true, then the formulas cflPl' and (altlll)cfl have the same property.
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As is well known the rules of proof lead from true formulas
again to true formulas. To express conveniently this theorem we
introduce the notion of valid formulas.

A formula 4'> with free variables x"t' ... ,aJlt
p

is called valid if
every sequence f with the domain {kw ..,kp } satisfies 4'>.

Tt . If 4'> and 'P are two valid formulas, then all [ormulae re8ulting
Irom them by the rules of proof are also valid.

This theorem follows immediately from the fact that the rules
of proof admitted in (S) are also valid in (S'). The method of.proving
this will be exemplified sufficiently well on the following example.

One of the rules states that if the formula 4'>:J'P is already
proved and the variable X m is not free in ':P, then the formula
(gxm )4'> :J'I' can also be considered as proved. Now let us assume
tbat the formula 4'>:J'P is valid but the formula (:1Ixm )4'>:J':P is not.

Les s. be the set of integers i such that Xi is free in 4'> and 81
the set of integers j such that Xl is free in ':P. From the definition
of satisfaction follows the existence of a sequence I such that 1181

satisfies ({[xm )4'> but flss does not satisfy '1'. If Xm is not free in 4'>
we have already a contradiction 'since flsl satisfies 4'> but fls2 does
not satisfy '1', hence f does not satisfy the formula 4'>.:J'I' against
our assumption that this formula is valid. If X m is free in 4'> then
there exists an a such that the sequence fl81+{<m, a>} satisfies 4'>
and hence the sequence f+{(m,a)} does not satisfy the implica-
tion (/O'P contrary to the assumption that this implication is valid.

We arrange now all the formulas falling under the schemata
(A 6) and (A7) into an infinite sequence

(8)

in such a way that the formulas corresponding to the composite
expressions 4'>1'1' and ({[itm )4'> occur later in the sequence than the
formulas corresponding to the simple expressions rp and '1'.

We shall say that 4'> is a theorem of at most n-th order of (S)
if 4'> is provable from the axioms (A1)-(A.,) and at most 11 fir.st terms
of the sequence (8) by at most n applications of the rules of proof.

From theorems Ts and Tt we obtain

TID' II tWe1'1/ theorem of the n-th order is true, then every theorem
of the n+ 1-8t order is true.



[27], 121 IMPR EDICATIVE DEFINITIONS IN THE AXIOMATIC SET·TEOR Y 489

Using T. and applying successively the theorem T10, we see
that the following schema contains exclusively formulas provable
in (8'):

En. Every theorem oj the n-th order (n= 1,2, ... ) is true.

It follows from this schema that if m is the GOdel number
of an aI:bitrary theorem of (8), then V(m) is provable in (8'). The
general theorem however

(n)(4'>)[(4'> is a theorem of the n-th order) :>(4'> is true)]

though expressible in (8') is not provable in (8') provided that (8')
is consistent. If this theorem were provable in (8'), then the theorem

(fP)[(4'> is a theorem oj (8»':::> (fP is true)]

would also he provable in (S') and since the theorem

(4'> is true).:::> __ ( ....... 4'> is true)

is provable in (S'), we would infer that the consistency of (8) is
provable in (S'). This however entails the inconsistency of (S) and
hence the inconsistency of (S').

In view of 2:" and 2:11 the last remarks complete the proof
of the theorem 1. At the same time we have explained why the
consistency of (S) is unprovable in (S') in spite of the fact that
a satisfactory definition of "truth" for the system (S) is formalizable
in (S').

3. We shall now deduce from the previous results the theorems II
and III mentioned in the introduction.

Let e(a:) be the formula which we obtain writing in the symbols
of (8') the following statement:

a: is an integer and every theorem of the moth order is true.

It follows from T 6 and T10 that the formulas

e(1) and (n)fe(n).:::>e(n-t-l)]

are provable in (S') whereas the discussion given at the end of
section 2 shows that if (S') is consistent, then the general state-
ment (n) e(n) is not provable in (S').
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.As to the form of the formula 8(x) it is immediate that it can,
be written as
(9) (m) [m<<p(x).J(3.X) A(X,m)] It)

where lp(x) is a number-theoretic function such that lp(x) exceeds
the Godel numbers of all theorems of the order x atrnost. Indeed
9(x) says that for every theorem of an order ~x there exists an
S-sequence such that the void sequence belongs to its last term.

We can now transform the expression (9) into an equivalent
one which says that there is H finite sequence Y with the domain
consisting of integers less than cp(x) and such that if m~<p(x), then
the m-th term Ym of Y satisfies the condition A( Ym,m).

In this way we give to e(x) the form (aX) B(X.x) required
in 1heorern 1I,

Finally we prove theorem III. Let us take as <P(X) the for-
mula

X i« an integer and .-e(x).

Suppose that the formula

(ax) (x) [x E X - tP(w)]

is provable ill (S') and consider the class X such that x EX _tP(x).
Using the restrictive axiom 16) we infer, that

(10) X=OV(;[X)[(xEX)'(no element of x i8 in X)].

Since 8(1) is provable in (S'), we obtain x E X :>X=f= 1. Hence (10)
entails 11) that

and therefore we obtain

X=o V(Hx) [8(x-l) ·.-8(x)].

Since 8(x-l):>8(x) is provable in (8') we can simplity this
formula to X = O. But if this formula were provable in (8'), then
the formula (n) 8(tl) would also be provable in (8') and hence (8')
would be Inconsistent. Theorem III i8 thus proved.

It) The variable m rangets over the set of GoOdel numbers of theorems of (8).
16) See Berna,.. {Il. axiom VII or Godel (2], axiom D.
18) We recall that in the Bernays theory of integers the Je"·'M,,, re-

lation is identical with E. Cf. Bernay. [I], pp,8.9.
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4. We conclude with the following general remark which
should clarify the intention of the paper.

People working with Tarski's theory of truth generally believe
that if a satisfactory definition of truth for a system (or "language")
(E) can be set up in another system ("meta-language") (E'), then
the consistency of (E) is provable in (E'). By a satisfactory defi-
nition of truth is meant a definition which satisfies the "conven-
tion m" given on p. 305 of Tarski [6].

It follows from theorem I proved above that one should be
careful making such gener-al statements. If the meta-language of
(E) is very weak (though stronger than (E) itself), then as our
theorem I shows the statement in question can even be false.

In order to be sure that the consistency of (E) is provable
in (8') by the methods used in the theory of "truth", one has to
require that the general theorem

T. EMh formula provable in (8)i8 true,

be provable in (8'). This is certainly the case if the following two
theorems

T'. EMk aa:iom of (8) is true,

T". If tP arises from true formulas b~1f means of a rule of prOOf
admitted in (8), then tP is true

are provable in (8') and if the induction principle

if e(1) and (n)[e(n):>8(n+ 1)] M6 pr011able in (8'), then 80

is (n) e(n)

holds in (8') for urbitrary formulas.
It is entirely conceivable (although I did not sueeeed to find

II suitable example) that for certain systems (8) and (8') both T'
and T" are provable in (8') and yet the consistency of (8) is not
provable in (8') because of the lack of a suffieiently strong induction
principle in (8').

On the other hand the consistency of (8) is evidently provable
in each w-complete syst-em (8') in which a autistaetory definition
of truth for (8) is formalizable, This remark is however of little
practical value, since according to the well-known fundamental
theorem of Go d e l no finitary system containing arithmetic of
integers is cu-complete.
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Correction to the paper "Some Impredicative Defi-
nitions in the Axiomatic Set-Theory" by Andrzej

Mostowski.

Dr Hao Wan g from the University of Harvard has called
my attention to the fact that a statement made on p. 118 of my
cited paper is incorrect.

Contrary to what is said in the quoteu place the scheme
(,E) if tP is provable in (8), then tP is true

contains formulas which are certainly unprovable in (8') provided
that the system (8) is consistent. Indeed, if tPo is an arbitrary
formula of (8) such that the negation of tPo is provable in (8),
then the sentence

if tPo is provable in (8), then tPo is true

could be provable in (8') only if (8) we e inconsistent.
The correct wording of the scheme (E) is as fallows:
(2'*) For every tP - if f;/J can be proved in (8) in at most n

8(epll from at most 91. aeiom», then f;/J is true (91.=1,2,3, ... ).

It is exactly this scheme which is actually proved in the pa-
per (cf. scheme (Eu) on p. ]21). The scheme (E) although stated
in the introductory remarks to the section 2 was neither proved
nor used anywhere in the paper.

For symmetry one could still reformulate the theorem (T)
on p. 1I8 as follows:

(T) For every f;/J and every 91. - if tP can be proved in (8) in
at most 91. steps from at most n axioms, then tP is true.

Note that in the incorrect scheme (E) it is the Jetter "tP"
which has to be replaced by an arbitrary formula of (8) in order
to obtain a sentence of (8') whereas in the correct scheme (,E*) the
variable "tP" is bound and a sentence of (8') can be obtained upon
substituting an arbitrary numeral 1,2, ... for the variable "fl.".



Models of axiomatic theories admitting automorphisms

by

A. Ehrenfeu ch t and A. M 0 sto wski (Warszawa)

The present paper is concerned with models of axiomatic theories
based on the first order logic with identity and more specifically with
automorphlsms of such models. The main results of the paper are con-
tained in section 5 and in particular in theorem 5.7 which says that if
llr theory possesses at least one infinite model, it also possesses a model
with a "very large" automorphism group. It is a corollary to this theo-
rem that axiomatic systems of arithmetic possess models which admit
non-trivial automorphisms, This corollary solves a problem formulated
by' G. Hasenjaeger.

From the point of view of methods it may be interesting to note
that the proofs of our fundamental results are not constructive and that
for two reasons: First we use a theorem which states that if a theory
is consistent, then the set of its axioms can be extended to a consistent,
and complete set. Secondly we use the so called ordering principle, i. e.
an axiom stating that every set can be ordered, Since in the whole paper
we are dealing with theories containing an arbitrary' (not necessarily
denumerable) number of constants, we see that the first non-constructive
theorem mentioned above is equivalent to the so called fundamental
theorem of the ideal theory in Boolean algebras (Henkin [2), especially
p. 89 and Los [4]). Since the ordering principle is known to follow from
that theorem (Los and Byll-Nardzewski [6]), we conclude that the non-
-constructive tools used in the proofs of, our principal theorems are all
reducible to the fundamental theorem of the ideal theory in Boolean
algebras.

It should also be mentioned that our proofs provide another instance
of what has been called by Tarski (10) "the principle of condensation
of singularities": The existence (If a model admitting a large group of
automorphisms is equivalent to the simultaneous satisfiability (If an
infinite number of sentences. We secure the satisfiability of these sen-
tences by showing that the adjunction of an arbitrary finite number
of them to the axioms does not render the theory inconsistent.
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In order to make the paper self-contained we have collected in the
introductory sections 1-3 all the notions and lemmas which are necessary
to an exact formulation of the main theorems and to their proofs. None
of these sections contain new results: in sections 1 and 2 we lay down
the terminology and recall some well-known facts concerning models, In
section 3 we expound the general method (due to Henkin [1], Novak [7],
and Rasiowa [9]) of constructing models for arbitrary theories. In sec-
tion 4 we recall some properties of automorphisma and prove a theorem
stating that for each group G there is a theory some models of which
possess an automorphism-group isomorphic with G (this is the only theo-
rem in our paper in whose proof the full axiom of choice is used).

It seems to us that the automorphism-groups discussed in the pre-
sent paper deserve a closer study. 'VI' intend publishing some of their
applications in subsequent pap('rs.

1. Axiomatic theories and their syntax. We consider axio-
matic theories based on the functional calculus of the first order. Every
such theory S is determined by three sets: l OP (S), the set of functors
(symbols for functions), 2° P(S), the set of preuicates (symbols for rela-
tions (i. e., for propositional functions)), 3° A(S), the set of axioms. We
make no assumptions as to the cardinal numbers of these sets, which
may be finite or denumerable or even non-denumerable. We assume
however that P(S) contains at least one symbol, viz. the identity. pre-
dicate c. If p is a functor or a predicate, then we denote by a(p) the
number of arguments of p. We do not exclude the ease where a(p)=Oj
in this case p. is called a constant. Of course we assume that a (z)= 2 .
Finally we assume that all the theories which will be considered below
contain the same individual variables and we denote these variables 1)

by ~U~2'~3''''
By W(S) we denote the class of terms of S. Thus W(S) is the smal-

lest class that contains all the variables and contains the expression
p(wu ... ,wa(p») (where pEP(S)) whenever it contains W lIW2, ... ,Wa(q') '

By Z(S) we denote the class of (sentential) matrices of S. 'I'hus
Z (8) is the smallest class satisfying the following conditions: 1° If n E P (S)
and wlI""wa(n) E W(Sl, then n(wlI""wa(n») E Z(S): 2° if CUC2 E Z(S),
then "'Cu C1 , C2 EZ (S )i if CEZ(S), then ([i{~n)tE,Z(S) for n=1,2, ... 21.

1) The letters ~I are not variables but names for them, In a similar way we con-
strue the symbols "-", "a" etc. which we shall use below as names for symbols actually
occurring in S,

0) Other logical operations can be defined in an obvious way in terms of negation,
conjunction, and existential quantifier.
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An expression wbich results from an expression (1 E W(B) vZ(B)
by a substitution of a term Wj for a variable ~j (j=1,2, ... ) willlH' rle-
noted by

b t ( ~ll ~2'''')SU S ,a
W llW2,'"

or, in cases where no misunderstanding is possible, more simply by
substa(wllw2 , ,, , ) , We omit the explicit formulation" of the well-known
conditions which must be satisfied in order that the operation subst he
performable.

A matrix l; E Z (S) is open or closed according as it contains no bound
or no free 'variablee. A term W E W (/:3) is called constant if it contains no
variables. The set of constant terms will be denoted by W*(/:3).

The class of theorems of S will be denoted by T(S). The following
matrices are assumed to be contained in T(/:3) for each /:3:

~kt~k, ~kt~l:>~lt~k' (~kt~l)(~lt~m):>(~kt~m),

~kl~l:> wtsubstw (t) , ~k I s,: [, == sUbst'(~:)],
(w E W(S), l; E Z(B), k,l,m=1,2,·... ).

A theory S' is called an extension of S if l'(S)CF(S'), P(/:3)CP(S'),
and T(S)CT(S'). The extension is called inessential if P(/:3')=P(S)
and T(S') r-Z(S)=T(S).

A theory S is called open if all matriees that belong to' A (8) are open.
From the so called second s-thcorem (Hilbert anrl Bemuys [3],

p. 18-33) follows

THEOREM .1.1. For every theory S there eeist« an open theory 8' whidl
is an inessential extension of S.

2. Models of axiomatic theories. Let S be a theory and X
a set. We consider a function JfI with the following properties:
1° J-I assigns a function Jff<p (with a(If') arguments) defined in X and taking
on values which are elements of X to each cp E F(S); 2° M assigns a relation
.jW" (with a(n) arguments) defined in X to each n" P(S); 3° J-I assigns
the relation of identity in X to the predicate t, Every such function M
we call a pseudo-model of /:3 over X.

Let Jff be a pseudo-model of 8 over X. A function

f=(~J'~2"")
X llX2, ...

which assigns an element of X to each variable we call a t'aluation. We
put valfM~j=Xj and extend this definition over the whole class W (/:3)
byassnming

ValjMcp(w1 , .. " (1)a(,)) = ]f,(valjMwll ... , valjM(I)(I(q) .
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Instead of valfMw we shall usually w-rite

or simpler vaIMw(xu:'a,":)'
Let it £ P(S), wu .."wa(n) £ W(S), and C=n(wu""wu(n»' We de-

fine 3)
stsf/Me ==.lln(val/MWt, ... , val/Mwa<n»

and extend this definition over the whole set Z (S) by assuming s)

stsf/M(""~) "'"""stsfjMC, ~tsf/M(Cl' Ca)== stsf/MC1' stsf/M C2'

stsf/M(H';,,)C~ (Hf')[(f' """f)' stsfl'MCJ ,

where the formula f'''''"f means that !'(';j)=f(';j) for j:;i:n.
Instead iof stsf/Me we shall usually write

stSfMC('U ;2' )
Xux., .

01' simpler stsfMC(xu .1'2 " " ) '

We denote by VM the set of matrices C which are valid in .ill, i. e.
are such that stsf/MC holds for all f. If A(S)CVM, then we say that JlI is
a model of 8, .

Let S' be an extension of S and let ~+[' and M be pseudo-models
of S' and ,8 over the same set X. We call 11[' an extension G) of ~l[ if
M~=21I'P for l' cP(S)vP(S).

The following theorem is an immediate consequence of the above
definitions:

THEOREM 2.1. If S' is an extension of 8 and M' an extension of JII,
then stsf/M,e =stsi/Me for each valuation f and each C£ Z (8).

3. The construction of models. Let 8 be an open theory which
possesses a model over an infinite set and let X be an arbitrary set. We
assume that there is a one-to-one correspondence between the elements
of X and certain symbols which do not occur in S. For simplicity we
shall identify the elements of X with the corresponding symbols.

We extend the theory 8 to a theory S*(X) byadding the elements
of X to the set F(8) and the mati ices ",,(x' IX") where x',x" £ X, x':;i:x"
to the set A(8). We assume that a(x)=O for x£X, i. e. that each x is
a constant term of the theory 8*(.1").

3) Here, as in many places below, we use the logical symbols as abbreviat.ions
of certain expreasions of the informal language.

•) Note that in these formulas logical symbols have double meanings: they occur
a., names of symbols of '" and as abbrevintions of expressions in the Informal language.

') This meaning of the word "extension" is narrower than the meaning attributed
to this word by Los. Cf. J. Los [5].
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LEMMA 3.1. The theory S*(X) is consistent.

Proof. Let M be a model of S over -an infinite set Y. Let us first
assume that X is a finite set consisting of the elements ,vu... ,x". Let
'!Ix, ••.,1/. be different elements of Y. We extend the model J[ of S over Y
to a pseudo-model M· of S*(X) over Y by putting

M;=M<p for CjI£F(S), M;/=Yi for j=1,2, ... ,n,

M:=M" for ~H P(8) .

From theorem 2.1 it immediately follows that if ,,, A(S), then
CE VM"' Since the formula ",,(x' t x") "VM* is evident, we conclude that
M· is a model 9f S·(X) over Y. Hence S·(X) is consistent.

The general case can be reduced to the case of a finite X by the
observation that an inconsistency of S*(X) would entail the inconsis-
tency of S*(Xl) where Xl is a finite subset of X.

Now let I be an arbitrary consistent and complete subset of Z{S"'(X))

containing A (S*(X») . The existence of I is secured by lemma 3.1. We
denote by S(X,I) a theory S' such that F{S')=F(S·(X)), Z(S')=Z{S*(X))

and A(S')=I. Two constant terms WUW2 of the theory S(X,I) will be
called equivalent if Wl£W2" I. We write then Wl~W2' The following pro-
perties of the relation Rj are obvious:

LEMMA 3.2. Rj is an equivalence relation and Xl non Rj X2 for Xu X2E X,

Xl=!=X2•

. LEMMA 3.3. If CjI" F{S(X ,I)), :HP{S(X,I»), W/lwj,'k, ,Ie are constant
terms of (he theory S(X,I) (j<.a(r), k<a(n)), and if w)Rjwj, 'kRj,,,
for j <a(ep), k<.a(n), then

cp(wu ... , wa(<p») Rj Cp~wl'"''W~('P»)' n('I'"'' 'a(,,») ~n('l, ... , ,~(,,») " I .

We denote by fEx the set of equivalence classes of W·(S(X, 1))
under the relation Rj. The equivalence class containing a constant term tn

will be denoted by [w].
We assign to a functor sp e F(S) a function .~ such that

&K.,,([wd, ..· ,(Wa(<p)]) = (CP(Wl'"''Wa(9l»)] '

and to a predicate n" P(S) a relation fM,. such that

£w"([wd, ... ,[wa(,,)]) ~n(wu ... , wa(,,») E I .

It follows frtlm 3.3 that the values of ~ and of £K" do not depend
on terms Wi but on the equivalence classes [w)]. Since

£K. ([WI],[W2]) ~WI' W2E I ~WIRj W2~ [0>1]= [W2] ,

we obtain
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LBMMA 3.4. 'l'ke !un(!tion .9t ieo peeudo-modelo] S 'Over :the set £Ix.
The pseudo-model £K-depends -on 'the sets X .and 1 .and will there-

fore be denoted by tM(X,I) if its dependence on X and I will have to
be emphasized.

From the definitions we obtain by an easy induction

LEMMA 3.5. If W ~ W(S) and TuT2, are constant terms of S(X,I),
then valmw{[ 1'1], [1'2]' ... )= [sUbStW(Tl1 Ta , )].

LEMMA 3 .:6. If t is an open matrix (Jf S and Tu 1':,... are constant
terms of S(X,I), then stSftfCC{[TI],[1'2], ... )=substl;(xllTz, ... )·€I.

Since I 'contains the axioms of S and these axioms are -open ma-
trices, We obtain from lemma 3.6

THEOREM 3. 7. ~(X,I) is {), model of S over ,!Ex.
Again let S be an arbitrary theory and Xan arbitrary set. Let j[

be a pseudo-modelof Sover a set Y and let M' be its extension to
a pseudo-model of S*(X) over Y. 'The 'following theorem will be needed
in section 5:

THEOREMS.8. If w ~ W(S), l; ~ Z(S), /; is open, ,and if XllXa, ... e X,
then w'=substw(xllxz, ... ) is aconstan: term of S*(X) and l;'='Substl;(xl,x:, ...)
ie a closed matrix of S*(X)j moreover

(3.8.1)

(3.:8.2)

vaIM,w'=vaIMw(j[~" M~., ...),
stflfM , /; ' =stSfMl;(M~" M~.,. .. )_

Proof. If w= ~j, then both the left and the right hand sides of (3.8.1)
are equal to M~/ If w=lp(wll ... ,Wa(<p»), then w'='9'(wi, ... ,w~<p») where
the accents denote the operationsubst(x1,xa, ... ). If (S.B.l) holds for
the terms Wj (j<a(lp)), then

vaIM,(w')=.M~(vaIM,wi,... , vaIM'w~(<p»

=M~(vaIMwl(M~I' M~, ... ), ... , vaIMwa('P)(~ll~l' M~, ...»).

Since ~ll~=l11"" we obtain (3.8.1) for the term w.
Proof of (3.8.2) is similar.

-I. AUlomol'phisms of models. LetM be amodei 'Of Sover X.
A one-one mapping f of X onto itself is called an automorphism of .!II
if the following equations are satisfied for arbitraey '9'E F(S), n'€ peS)

and ,x"xz , " ' " X:

f (M",(xl , ,Xa(<p))) =M",(f(3\), ... ,f(Xa(<p»)) ,

~l["(x,, ,Xa(,,» =M,,(t(x1) , ••• ,!(Xp (,,) } ) •
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The group of automorphlsms of M is denoted by GM •

In the following two lemmas we note some well-known properties
of automorphisms:

LEMMA 4.1. If fEGM, coEW(B), CEZ(8), and Xl,X2 , ... £X, the»

f(vaIMco(xllx2 , ..·)l =YalMco(t(~),f(xa), ..·l ,
stsfMC(xll x2' '' ' ) =stsfMC(f (xl ) ,f (X2) , ..·).

LEMMA 4.2. If S' is an extension of 8, M is a 1tWdel of 8 orer X
and M' a model of 8' which is an extension of 1W, then GM,CGM.

We shall now show that each group can be -represented as GM for
a suitably chosen model M of a suitable theory 8.

THEOREM 4.3. Eor each group G there i8 a theory B and a model .I[
of B 8uch that the group8 GM and G are isomorphic.

Proof. We call, ...s usual, a left translation of G a mapping I of G
onto itself defined by means of the formula l(g)=goU, where U runs over (}
and go ill a fixed element of G.

We take as 1'(8) the empty set and all P(S) the ~l't consisting of L

and of binary predicates 'Jrf where f rUDR. over one-one mappings uf G
onto itself that are not left translations of G. The set A(8) is to consist
exclusively of the axioms of identity enumerated on p. 52.

If f is a one-one mapping of G onto itself that is not a left trans-
lation of G, then there are two elements gl,U2 of G ..uch that f(gd· gil
*f(u2)' g;:l. We select for each f a pair glf,gV of elements of G satisfying
this condition and denote by M"f the binary relation defined in G such
that
(4.3.1) ~lf"f(g',g")=:=«([g)[(g£ G)· (g' = gUlf)' (g" = gg2f)J •

Denoting by JI, the relation of irlentitv in G, W(' obtain a mod-I
of B pver G.

Let I be a left translation of G, l(g)-= gog wU('rt'go £ G. From (l.:J.l)
we immediately obtain

(1.3.2)

and henr-e 1£ GM •

If 1 ill not a left translation of G, then (1.3.2) tlOt'~ not hold for all
:r, E P(S). Indeed, suppose that .(4.3.2) is true for f= l. Since }["I(gl1,g2/),

we obtain .1[",(I(g1/),I(g2/») and hence we infer that there is agE G such
that l(gl1)=g·gl1 and l(g2/)=g g2/, i. e. Z(gl/)·gl/=lig2/)·g'2/, which
contradicts til.. choice of the elements U1/, g2/. Hence I is not an auto-
morphism of .J!.
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(5.4.1)

It follows that GM is identical with the group of all left translations
of G and hence isomorphic with G.

5. Models with non-trivial automorphism groups. The. ~ol­

lowing theorem due to Ramsey ([8], theorem A on p.384) is basic for
all theorems given in this section:

THEOREM 5.1. Let Y be an infinite set and yn the set of subsets of Y
having exactly n elements. If yn=OI v ... V Ok is a partition of yn into
mut'ually disjoint sets, then there is a j..: k and an infinite set Y1CY such
that Y~CO"

In the sequel we consider an open theory S and a model fM(X ,I)
of S (cf. section 3).

LEMMA 5.2. A one·one mapping h of X onto itself determines at most
one antomorphism f of fM(X,I) satisfying the condition f([x])=[h(x)]
for x (X.

Proof. A constant term -r of S*(X) has the form -r=substw(xllx2 , ... )

where W (W(S) and Xl (X for i= 1,2, ... Honce by 3.5 and 4.1 we obtain
the formula f([-r]) = val;l( W (t(~XI]) ,f([x2) , ...), which shows that the value
of f([r]) is determined by the values of f([x]) for x (X. This proves the
lemma.

If h is a one-one mapping of X onto itself for which there exists
an automorphism f with the properties described in lemma 5.2, then
we shall say that h induces an automorphism. The automorphism induced
hy h will be denoted by t«.

I~E~IA 5.3. If ht =1= h2 and the atttomorphislnsfh,,fi., exist, then !h,=I=fh.'
Proof follows immediately from lemma 3.2.

LEMMA 5.4. A one-one mapping hof X onto itself 'illJduces an auto-
morphistn of fM(X, I) if and only if the following condition ill satisfied

by each open matrix C and each assignment (~ll ~2' ...) :
Xu xa,· ..

, bs I" (~" ~2' ...)--. 1 . (~ll ~2"") I811 )Kt~.. =Sll)st h(' ) h() e L ,
X" Xa, ... Xl' Xa , ...

Proof. From the completeness of I it follows that exactly one of
the closed matrices snhstC(xll X2 , ... ), ",-,suhstC(xllxa, ... j belongs to I.
We can assume that it is the first,

By 3.6 we obtain the formula 8tsf;l(C([xtl,[x~],... ), whence we infer by
lemma 4.1 that if h induces an automorphism of fM(X,I); then
st;sf~C([h(xt)], [h(x2 )] , ... ), i. e., by 3.6 sUbstC(h(xl),h(x2) , ... ) d. 'l'his
proves the formula (5.4.1).

Let us now assume that (5.4.1) holds for each open matrix C and
let r be a constant term of the theory S*(X). We assign variables of S
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to the elements of the- set X occurring in l' in such a way that different
variables. are correlated with different elements. Let x denote the va-
riable assigned to [1J and let 1; be a. term of S obtained from l' by replacing
each [JJ by the corresponding variable x.

Now let '1:'111'2, be two constant terms of the theory S*(X) and let
;,(;u ••• , Xn be- all the clements of X which occur in '1:'1 or in T~ or in both
of them. We shan show that

(.: 4 If he· b - ( Xl , •••, Xn ) b - ( XI , ..., xn )
o•• 2) 'l'1~'I:'2' t n su stTl h.() h() ~ su st'l'a h(} h()'

XI'"'' X n XI , ... , X"

Indeed, '1:'1~ Ta means that '1 ( '1'2 E 1, whence

SUbstT1fTa(Xll ""X,,)e I.
Xl,,,,,Xn

Now we use (5.4.1h in which we take ,= Tl tTa and replace the
variables ~1l'2'''' by xllxa' ...'x n • In this way we obtain

SUbstTl t i a {1.(x1
} , h(xB

) , ••• , h(xn ») E I ,
~/. Xl' X2, ••• , X n

which proves (5.4.2).
From (5.4.2) it follows that defining t, by means of the formula

fh([T])= [SUbsti(h(~:): :::: h~;J}
(where XU'" ,x" are all the elements of X that occur in r}, we obtain
a; function defined on trx .

Each element (T] of trx is the value of fR for a suitable argument.
Indeed, if

_( XI , ..., xn )
T' = subst f h-1() h-1( ) '

Xl"'" ai;
then

and hence

fh(["]) = [SUbstT' (h-\X1) , , h:-
1
(;;n) )}

h(h-1(X1»), ,h (h-1(xn»)

= [SUbstT (xu ... ,Xn)]=[T].
Xl .. •· ,Xn

In a similar 'way we show that the mapping fh is one-one. Indeed,
if fh([T1]}= !h([T2]) and x1"",xn have the same meaning as in (5.4.2),
then
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and hence
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b - - ( Xl , .;., Xn ) I
Sit RtTl tTz h(.) h'() € •

Xl'"'' Xn

Using (5.4.1) we obtain

SUbStTll "Tz(a\, , Xn) € I
xlI , Xn

whence TltTz€I, Tl~Tz, and [T1)=[T2) .

Finally we shall show that Ih is an automorphism of ;M(X,I). :1<'01'
(I-' € F(S) we have

'h/£l(,,([Tl), ... , [Tn(.>] )}= Ih([rp (Til"" Tn(9'»]) .

By putting W=rp(T1 , ... ,Tn(9'» and observing that W=rp(Tn ... ,Tn<9'» we
obtain further

'h/£l(,,([T1) , · .. .rTU('I'l)) = 'h([w]) =[SUhstW(h~l);::::h~J]

= [9' (SUbStTI (h~;l):.:h~J,· .. ,SUbstTa('I')(h~I); ::::h~J)]

=~ ([SUbStTl (h~l);.:h~)]'''' ~[SUbStTa('I'l(h~;l): ::::h~;J])
=~Uh([Tl]), ... ,fh([to(,,)]») •

This is the required automorphism-property for rp € F(S).
If tt € P(S), then

;M,,([Ttl, ...,[Ta(n1) == n(t'l"'" Tn<n» e I

b - - (Xu ... ,Xu) I"",sn stn(t'H ... ,Tn<n» € •
Xl,···,X"

where X II ... ,Xn are all the elements of X that occur in n(t'II''''t'o(,.)'
Using (5.4.1) for C=;'l;Crl, ... ,Ta(n» we obtain therefore

;M,,([t'1],... ,[t'011l)])=8ubstn(Tl, ... ,Tn<1I» (1 (3\ )""'h(Xu») €J .
'I Xl , ... , Xu

The right-hand side of this equivalence means precisely the same as

£It..(jh([ t'1]' ... ,fh([t'a(1I»))' Lemma 5.4 is thus proved.
In order to express conveniently the content of lemmas 5.2, 5.3,

and 5.4 we shall adopt the following

Definition. A group Gl of transformations of a set Xl strongly
contains a group G of transformations of a set X if XIJX and each !€G
can be extended to at least one function 11 € G1 •
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If G is a cyclic group generated by a transformation 11" then instead
of saying that G1 strongly contains G we shall say that G1 strongly con-
tains h.

From lemmas 5.2, 5.3, and 5.4 we cbtain

THEORE~I 5.5. Let S be an open theory and X a set. In order that
there ex·i8t a model ~11 of S over a set Xt:JX such that GM strongly contains
a group G of transjormouone of X it is necessary and sufficient that the
theory S*(X) remain oonsisteut after the adjunction of all equivalences
(5.4.1) to its axi&ms where 11, is an arb'itrary element of G and Ca~ arbitrary
open matrix of S.

Proof. If the condition is satisfied, we can extend the set T(S*(X))
to a complete set I satisfying (5.4.1). On using lemma 5.4 we obtain
a model ;M(X, I) whose automorphism group strongly contains the
group of transformations [x]-+[h(x)] of the set [X]=E[x ~ X]. Sincc

[x)

there is a one-one correspondence between the elements of X and those
of [X], we can exchange the classes [x] for the elements x and obtain
thus from ;M(X, I) (which is a model of S over ffx) a model M of S
over a set Xt:JX such that GM strongly contains the group G.

Conversely, if there is a model J[ of S over a set X1:JX such that
GM strongly contains G, then We use 4.1 and find that formulas (5.4.1)
belong to V M for each open matrix C€ Z(S) and each 11, ~ G. Since the
axioms of S*(Xl are evidently elements of VM, we obtain the desired
consistency.

TUEORE",I 5.6 6). Each them'!1 S (not necel5l1arily open), which possesse«
at least one model. over an infinite set, possesses a 'IIwdelMo .such. that the
group GM o strongly contains an infillite ('yolic group.

Proof. Let us first assume that S is open and consider an infinite set

wher« :1'; 1= ,l'j for 'i 1= [, Let h be the transformation h(xj) = Xj+l

(j=O, ±l, ±2, ...).
In order to provo our theorem we havi- to show t.hat thC'adjunetion

of equivalences (5.4.1) (where C~ Z(S) and Xu ... ,Xn are to be replaced
hy arbitrary elements of X) does not render theory S*(X) inconsistent,
It, will of course be sufficient to show that no inconsistency occurs if we
adjoin an arbitrary finite number of equivalences (il .. 4.1) to the axioms
of S*(X).

6) Theorem 5.6 is eontniued as a special ease in the theorem 5.7 which follows,
Since however the proot of theorem 5.6 is much simpler than the proof of theorem 5.7
we thought it useful to give an independeut proof of theorem 5.6.
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Let ustherefore consider II open matrices Cll .•• , C, € Z (8) and assume
that no variable different from ~I' ~2' ••• , ~t occurs in any of these matrices.
We consider further II sequences of integers each containing exactly t (not
necessarily different) terms:

... , i"i" ...,rn, .
We may assume that the terms of these .~ sequences lie in the interval
-l1<x<n.

We extend S to a theory FI* such that P(S·)=P(S), F(SO)
=F(S)v{x_n, ... ,xn+d (where a(xj)=O for -n<i<II+1) and A(SO) is
obtained from A(S) by adjunction of the matrices

(5.6.1)

(5.6.2)

b t ' (~I' ~2 , ••. , ~,). I t - ( ~ll ~2 , ••• , ~t )Sll S "~I ~. ~II )~ .(,/
XI"~ xh,"" xm, 11. (Xi,)' 11. (X],), ... , 11. (Xm,)

(l=1,2, ... ,1I) ,

""'(X/IXj)' -n<i< i <11,-+ 1.

Note that the only symbols of S* that do not occur in S are
x_ n , ... ,Xn,Xn+l'

In order to prove the consistency of S· we shall construct a model
for this theory. To this effect we first assign 2n+1· different variables
of S to the elements x-n , ... ,Xn+! and denote by xp the variable correspond-
ing to Xpo We consider further 2' matrices

(5.6.3) _' 1 t Jo'l (~I , ~2 , ... , ;') . b t "'. ( ;1, ;2 ,... , ~, )"P'I""'-su lS "I _,- _ ... ~\1 S ". ,.. _ _
Xi1,xh"",xm1 Xi",Xj" ••. , xm,

where ep = ±1 for p = ] ,2 , ... , II and C' stands for C or ---C according as
e= +1 or e= -1. 'I'hese matrices evidently belong to Z(S); their free
variables are x_n, ... ,:tn or some of these variables. It is also evident that
the matrices (5.6.3) possess the following properties:

(5.6.4) ,...,("P.,..... ·"P~I ...~.l € T(S) for (81 .. ·e,) #(111... 1),) ,

(il6.!l) the alternation of 2' matrices (5.6.3) belongs toT(S).

Now let 111 be a model of S over an infinite set Y.- The existence
of M is secured by the assumptions of the theorem, We aHSUllW Y to
be ordered by an arbitrary relation < which, in general, has nothing
in common with relations definable in S. Let y2n-l-1 be the 8('t consisting
of subsets of Y with exactly 2n·+ 1 elements and let 0., ...,. be the
set containing as elements a'll those sots {Y-n,'" ,Yn} CY for which
Y-n < ... -eYn and

(5.6.6)
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From (5.6.4} and (5.6.5) it is clear that the sets 0 determine
a partition of y lln

+1. Applying theorem 5.1 we infer that there is
a fixed system of indices 8u ... ,8s and an infinite set Y1CY such that
Y~It+lCG'l'''''' We choose from Y1 2n+2 elements Y-n"",Yn,Yn+l such
that Y-n~'"~Yn~ Yn+!' Hence we have the formula (5.6.fi,) and also
the formula

(iJ. 6. 7) t f (
X_It , ... , xn )

SS MV',.... . •
. • Y-n+l, ... ,Yn+l

We. now define a pseudo-model M* of S* over Y by assuming

j1f:=J~f'P for f/lEF(S), 1ff~j=YJ for j=-n, ... ,n,1I+1,

lJg=M" for n € peS) .

If C€ A(S), then l; € V M and hence z: € VMO (cf. theorem 2.1). Axioms
(0.6.2) of S* are evidently contained in V MO because ltf;,=Yi=!=Yj=M;j
for i;;6j. Formulas (0.6.6) and (5.6.7) prove that

for 1=1,2, ... ,8 and hence, in aeeordaneo with theorem 3.8,

f (
;-" (~u.'" ~t ))sts MO subshi .x", ...,xm,

and t f ( b t ;-" ( ~1 , ••• , e, ))
S S MO su R vt 1 () h()'

II X" , •• , X m,

From these two formulas it follows that axioms (5.6.1) are valid in M*,
i. e. belong to V MO. This prows the conslsteney of S*.

Theorem 5.6 is thus proved for the case of an open theory. The
general case can be reduced to the case of an open theory by means of
theoreme. Lf and 4.2.

q'he following example shows that theorem 5.6 ceases to be true
if we replace in it the words "infinite eyolic group" by the words "an
arbitrary transformation group".

Assume that S iR a eonsistent theory and that peS) contains a bi-
nary predicate 7l such that the matrices

belong to T (S).
If M is an arbitrary model of S over an arbitrary RPt X l1 then GM

does not contain functions which, limited to a subset X of Xl' are trans-
formations of finite order different from identity. For assume that I € GM ,

!(x);;6m, and I, limited to It set XCX1 containing x, is a transformation
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of order n. Since X is ordered by the relation M", we have either
M,.(X,f(aJ») or M,,(f(x),x). It will be sufficient to consider only the first
case. We have evidently M,.(f(x),fJ+l(aJ») for j=O,1,2, ... ,n-l because
f is an automorphism of M. By the transitivity of M" we obtain there-
fore M,,(x,f"(x»), i. e. M,,(x,x), which is a contradiction.

In connection with these remarks we shall introduce the following

Definition. For each set X ordered by a relation ~ we denote
by G(X,~) the group of all tr~nsformations of X onto itself leaving
invariant the relation ~ (i. e. satisfying the condition Xl~x2sf(xl)-oSf(x2)
for xuxa€ X).

THEOREM 5.7. If a theory S has at least one model over an infinite
set, then for- each ordered set X there is a model M o of S 8uch that GM.strongly
contains G(X, -oS).

Proof. As_ in the proof of theorem 5.6 we can limit ourselves to the
case of an open theory S. According to theorem 5.5 we-have only to show
that the theory S*(X) remains consistent after the adjunction to its
axioms of all matrices (5.4.1) where C is an open matrix of Sand
h € G(X, ~). This again can be reduced to the proof that the theory S
remains consistent after the adjunction of an arbitrary finite number
of axioms of the form (5.4.1) and of a finite number of axioms of S*(X)
which are not already contained in A(S).

Accordingly we consider-a finite number of open matrices CU e2 , .~.,C.

of S and assume that no variable different from $1' ~2' ... , ~t occurs in
any of these matrices. We further consider II sequences each containing t
elements of X

(5.7.1) X(I_l)t+l, ... ,Xit, i=1,2, ... ,11

(we do not assume that xr=l=xk for j =1= k). Finally we consider II functions
Yl1 ... ,gs€ G(X,~) and denote by X* the set containing all the elements
(5.7.1) and all the elements Yi(Xj) where i=1,2, ... ,11 and j=1,2, ... ,IIt.

We extend Sto a theory S* assuming that F(S*)=F(S) v X*, P(S*)=P(S)
and letting A(S*) to consist of A(S) and of matrices

(5.7.2)

(1}.7.3)

-(X'IX") x',X" € X*, x' =1= X",

bt " ( ~l , ••• ,~t)_ bt"( ~1 , ... , ~t)SB S ":fi -= SU S ~i ,
X(I_l)I+!, ... , Xit g/(X(I_l)l+l), ••• ,Y/(Xit)

i=1,2, ... ,II.

In order to prove the theorem it will be sufficient to define a model
of S*.
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We begin hy assigning a variable x to each element x of X· in such
a way that x'i=J:" fur x'i=x". \Vc further put p=.~1 and introduce the
following rna triel's:

V'i=SlIbstC;(_ ~1 '''''~I), i=l,~, ... ,R,.
:1'(/_1)1+1, ... ,:1'"

.- h t" ~ ~1 , ... ,~,)"I't=su S .. , __ ,

,(XU-1lt+d I ... , f]i(Xi,)
i=1,2, ... ,R.

Rinre tho assignment x--+x is one-one, we easily sl.'p that axioms
(:i. j. 3) can ht· written in the form

i=·1,2, ... ,,~.·

WI.' hnvo noted above that the elements (ii. j. 1) need not he distinct j

h·t Ull assume that they form a set with /I elements

(ii. 7. :i)

whore x~ i=x~ for i i= j. Each of the sets

X,= {g,(X~), ... ,gi(X:)} i= 1,2, ... ,R

has exactly 1/ elements nnd iii orrlerorl similarly to X o' The set X· is the
union of the Rets X 0, Xu ... , X,:

Let ],{ be a model of ~ Over an infinite set Y. We can assume that
the set Y is ordered and denote by <: the ordering relation.

Let U be an element of Y·, i, e. a subset of Y with exactly n ele-
meuts, A sequence (,141 , ,, , , 11p ) with p (not necessarily distinct) terms 1tj ~ U
will be called a distinguished ordering of U if Ui <. U/,;;= Xi <?,:ij forn,; <po
H is evident that for each U ~ yo there exists exactly one distinguished
ordering.

We now define a partition of Y· into 2' sets 0.1..... where E,=± 1

for i = 1,2, ... ,II by including a set U e Y· to 0.
1

••••• if the distinguished
ordering (1111 , ,, , lip) of U satisfies the condition

(11.7,0) 't f " (Xl' ... ,Xp )1\ 8 MV'I .
1/ 1,,,,, Up

for i = 1,2, ... ,".

It is evident that the union of all sets 0. 1.. .. . is Y· and that two
different sets 0., ..... are disjoint, By theorem 5.1 there is a fixed system
Eu ... ,E. of indices ±1 anti an infinite set Y1CY such that (5.7.6) holds
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for each U € Y~. 'Ve select from Y, a set {Yu ... ,Ym} with m elements
ordered (by the relation -c) similarly to X*:

(5.7.7) .I/I<Yj==Xr<,xJ i,j<m.

We can now define a model J1* of S* over Y by taking

for rp € F (S),

JI~=Jl"

J[*O=yj forX,
for :L€P(S).

j=l,:!, ... ,m,

It is evident that axioms of Sand axioms (5.7.2) are valid in M*.
It remains therefore to prove that axioms (i'i. 7.4) are valid in J[". 'Ve
first prove the following auxiliary statements:

(;3.7.8) The sequence (J1I~" ... , 111;.) is a distinguished ordering of the
set pI;",,,, JI;.},

(5.7.9) The sequence (J1;,(Xl), ... , J1Ii,(x"l) is a distinguished ordering of
the set {JI;,(xl)"'" J1I;,(x.)}.

(Sote that both sets, pI;" ... , JI;.} and {JI;,(xl)'"'' JI;,(Xpl}' have exactly
n elements).

Proof of (5.7.8). Each Xh (h<p) is identical with x~ where 11 «;«
(d. (5.7.5». Assume that h,j <,p and Xh=X~, Xj=x~. Hence we have
the equivalence

which together with (5.7.7) yields

JI;. < ~v1;, ~xZ<,X~~Xh~Xj, q. e. d.

Proof of (5.7.9). Each gt(Xh) (h<,p) is an element of X; and hence
identical with an element of the form gi(XZ) where It <no Assume that

h ,j < p and gj(Xh)= glx~), glxj) = g;(x~). Since gt(x~) and g;(x~) belong
to X", they are identical with elements x~,x~ where '1O,Z <, m . Hence,
on account of (5.7.7), we obtain

..:11;,(:,;> < JI;,(x/) ~ .2I'1;j(X' < 111;,(x~) ""JI *~< ~11~~

==Yw <zy ==x~<, x~~g;(x~)<, gl(x~) -="gi(Xh) <, gt(Xj)'

Since g € G(X, <,), it preserves the ordering relation <, and hence
the last part of the above formula is equivalent to Xh<, Xj, q. e. d.

We can now prove that axioms (5.7.4) are valid in 111*. From (5.7.6),
(;3 ..7.8), and the remark that JI~" ... , J1;. are dements of Y, we obtain
the formulas

f £j ( x, ,..., xp )
sta M1J!1 111"* 1II*'

'..lXI' .... , X p

i= I,:!, ... ,s
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whence, on ~LCCOlll1t of theorem 3.8, 'we further obtain

(5.7.10) t f b t ,.,{Xu ... ,J3p,)s -s M'SU s1j!t ' ,
x" ... ,xp

i=1,2, ... ,8.

From (5.1.9) we obtain in the 'same manner

i=1,2, ... ,8·.

Since 1j!i contains only the variables X(i_l)/+l, ... , Xit, the last formula
can be 'written in the form

i =1,2, ... ,8.

i=1,2, ... ,8.

We now remark that fpi results from 'lpi by a substitution of variables
g-/-;-(x-(-/_-l-)/~+~),... ,gi(X/t) for the variables X(I-l)t+1, ... ,x/t. Hence we can
write the last formula in the form

t f -'1 (gt,(X(i_I)/+l)' ... , .ji,,(x/t))s s M1J!/, ~'* u*'
.1U g i(X(i_l)Hl), ... , J''1.'Ki(Xil)

We simplify this formula by inserting the "fictitious" variables
Yi(Xjt+k) (j7'=-i, k=.1,2, ... ,t) in the upper row. The validity {)f the for-
mula is unaffected since these variables do not occur in 1p/. We thus obtain

or, what amounts to the same,

t f " ( Xl , •••, Xl')
S S M'lp/ * ,*,hISI,(X,) , ... , .MSlI(X,,>

i=1,2, ... ,8

i=1,2, ... ,8.

i=1,2, ... ,8,

Using orem 3.8 we finally obtain the formula

f b t " ( Xl , ... , Xl')sts M.SU s 'lft M* M*'
g,(x,h ... , g,(Xp)

which together with (5.7.10) proves that the matrix (5.7.4) is valid
in 1It*.

Theorem 5.7 is thus proved.

6. We shall conclude by proving one more theorem, which is not
directly connected with the subject-matter of the present paper but
which will be needed in one of the subsequent papers mentioned at the
end of the introduction. It seems appropriate to include the proof here
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(6.1.3)

because the method of proof is very close to that used in the proof -of
theorem 5.7.

THEOREM 6. 1. Let X be a Eel ordered by a relation ...; and S .an open
theory which possesses a model M over an infinite set Y ordered by a rela-
tion -e. Further let 'Y* be an infinite set contained in Y and 1] an open
matrix of S with the free variables ~u.··,~'l such that

StSfM1]{~l,...,~q)
Yu .. ·,Yq

for eaeh sequence (Yu .. ·,Yq)of .elementS of y* satisfying the conditions
s-<s,« ... <,Y'l. Under these assumptions there exists a Jnodel M o of S
over a set X1.JX sud that

(6.1.1) GM o ,strongly contains tlte group G(X..,...;),

'6 1 '») stsfMorJ (gu''',gq) hold 6 t h ( ) h th t\ • • _ '/ " . 01' eae: sequence xu ... , xq sue a
xu ... , xq

X 1"';X2"'; ... ...;xq •

Proof. We first show that S*(X) remains consistent if we add to
its axioms 1° all formulas {5.4.1) where 11 ,,-G{X,"';), t; is an open matrix
of Sand XU.T2, ... are arbitrary -elements of X, 2° all matrices

subst 11 (gl' ... ,~q)
x1, ..·,Xq

where Xll ... ,Xq " X and X1...;X2...; ... ...;xq • All before it is sufficient to ex-
hibit for each finite subset X* of X a model of a theory S" such that
F(S*)=F(S) v X*, P(S*)=P{S), and A(S*) consists of A.(S) and of
those matrices (f), 7.2), (5.7.3), and (6.1.3) which contain no » from
the outside of X".

To achieve this result we repeat word for word the construction
carried out in the proof Df theorem 5." with the only change that we
construct the partition not of the whole 'Set yn but of its part y*n. In
this way we obtain a pseudo-model 111* of S" over Y in which M~ E y*
for a: E X* and in which axioms belonging A (8) as well as the .axioms
(;"i.7.2) .and (5.7.3) are valid. Ifx1, ... ,xq£X* and x1-S ... ...;xq, then
11I~1<,M;2<,... <~j}[i. (cf, (5.7.7)) and, since j}Ii1, ... ,Mi,belong to Y*,
the assumptions of the theorem yield

stsfM*subst1] (~l , , ~q) .
xu ; x q

The consistency of S*(X) extended as indicated above is thus proved.
We 'now select a complete set I which contains A(S"(X)1 as well

:IS matrices (:i.4.1), and (0.1.3), and consider the model ~{X,I)of 8
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over trx . Each function h € G(X ,.<S) determines an automorphism ih
of ili(X,I) (cf. lemma 5.4), and the formula

t f (
~l ,.", ~q )

S S :M(X,!) 1) [J []x , ... , xq

holds for each sequence (XU'" ,xq ) such that Xl -<S Xz-<S ••• -<S X q (cf. lemma
3.6). Owing to the fact that [x'] * [x"] for x'*x", we can identify the
classes [x] where x € X with the elements x, and obtain thus a model :Alo
satisfying (6.1.1) and (6.1.2).
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On w-models which are not p-models

by

•A. Mostowski and Y. Suzuki* (Warszawa)

In 'this paper we shall prove a theorem which, roughly speaking, says
that p-models for the second-order arithmetic (see [lJ) cannot be distin-
guishcd from or- models Iiy elementary sentences. Although this result
is hy no means surprising, the proof of it is not immediately obvious. In
section 6 we state a similar result for models of the Zermelo-Fraenke1
set theory and give a solution of a problem concerning the existence of
models which are K r - standard but are not Kr+l- standard. This problem
was formulated in [3].

1. Syntax. In our formal language we shall use v, &, ~, --', =-
as propositional connectives, (E ), ( ) as quantifiers. Variables will be
denoted by Roman letters and the predicate of identity by "",=,". We
shall use the abbreviation (E! x}F for (Ez)(x)[(x",=, z) ~ F]. (1)

We shall consider a first order theory T which has the primitive
predicates N, S, E, A, P and possibly still other predicates. N, S· will
have one argument, E two and A,. P three. We read N (x) as' "x is an
integer", S (x) as "x is a set- of integers", E (x, y) as "x' is an element
of y", A(x, y, z) as "x is the S11m of y and' z" and P(x, y, z) as "x is the
product of y and z".

In order to make our formulae more readable we introduce a number
of simplifications.

We shall abbreviate (x)[N(x)~... ] as (X)N•.• and (Ex)[N(x)& ... ]
as (Ex)1'1 ... ; we also use similar symbols for quantifiers limited to S.
Sometimes even the index N or S can be omitted, because we sh.dl use
lower case Roman letters a, b, ... , n as variables "ranging over elements
of N" and upper case Roman letters X, Y, ... , F, ... as "vo1riables ranging
over elements of S". (Letters x, y, ... will be used whenever the domain

• The work of the second author (who is on leave of absence from the Tokyo
Metropolitain University) was supported financially by the Sakko-kai Foundation
(Japan) and also by the l\o1inistty of Education (Poland).

(1) We use in the meta-language the abbreviations (ax), (Vx), and = for "there
is an x':, "for every x", and "if" .. .then ... ". The symbol "&" will also be used as an
abbreviation of "and" and the symbol "i' as an abbreviation of "is an element of"
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of variability is unrestrteted). .Also a formula F in which the variable a
occurs will be thought of as an abbreviation of N (a) .......F and similarly for
formulae with other variables b, c, ... Similar remarks apply to formu-
lae with the free variables X, Y, ... Finally we write "x e: s" for E (x, y).

The axioms will be interspersed with definitions (numbered D1,
D2, ... ). At each point when axioms formulated up to this place allow
one to derive a theorem of the form (E!x) F(x, ...) we shall allow a definition
of the form f( ... ) = (tx) F(x, ... ); the symbol f will be allowed to occur
in subsequent axioms.

Of course, all these abbreviations and simplifications are really not
necessary: with some patience it would be possible to write all axioms
in the "official" ~guage of the first order logic.

,-'

I. ARITHMETIQAL AXIOMS.

1. [A(x, s, z)vP(x, s, z)]_N(x) & N(y) & N(z).
2. (E!a)A(a, b, c) & (E!a)P(a, b, c).

Dl. b+c = (ta)A(a, b , c), b-e = (ta)P(a, b , c).
3. (E!a)A(a, a, a).

'02. 0 = (ta)A(a, a, It).

4. (E!a)[ ,(a ~ 0) & pea, a, a)].

D3. 1 = (ta)(, (a ~ 0) & pea, a, aj].
5. ,(a+1 ~ 0).

6. (a+1 ~ b+1l-(a ~ b).
7. a+O i">! a.

8. a+(b+1) i">! (a+b)+l.
9. a·O I'I:S O.

10. a·(b+l) ~ (a. b)+a.

II. SET-THEORETIC AXIOMS.

1. ,S(a).
2. (x e:y)_N(x) & S(y).
3. (a)[(a E X) ~ (a E Y)]_(X i">! Y).

III. AXIOM OF INDUCTION~

(0 e:X) & (a)[(a Ii X)_(a+1 E X;)]_(a E X) .

IV. AXIOM SCHEME OF COMPREHENSION.

(EX)(a)[(a E X) == fP];

in this axiom fP may be any formula in which the variable X does not
occur freely.

D4. {a: fP} = (tX){a)(a E X) '=:0 fP].
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In D4 we assume that rp does not contain X as a free variable; of
course, D4 is not a, smgle definition but a scheme.

From the above aJcioms one can deduce the theorem

(E!c)(c+c) l'I::I (a+b)-[(a+b)+l]),

and hence we can formulate the definitions

D5. (a, b) = (w}{(e+c) ~ (a+b)·[(a+ b)+l]).
D6. X(&) = {b: (a, b) EX}.

V. .AxIOM SCHEME OF CHOICE.

(a)(EX)45-+(EY)(a)(EX)[(X F>j y(R» & ctJ].

In this scheme rp is any formula in which the variable Y is not free.
It is known that axiom scheme V implies IV but we shall not use

this fact in our considerations.

2. Auxiliary formal theorems and definitions. In this section
we collect some further abbreviations and definitions and formulate a few
theorems which can be proved in the basis of axioms I-V.

D7. aXb == (a, b) E X.

D8. Ord(X) == (a)(aXa) & (a)(b)(c)[(aXb) & (b Xcj-s-
-+(aXc)] & (a)(b)[(aXb) v(a F>j b) v(bXa)] &

(a)(b)[(aXb) & (bXa)-+(a F>j b)].

D9. Bord(X) == Ord(X) & (YHa)((a € Y)-+(Eb){(b € Y) &

(c)[(c € Y)-+(bXc)]}).

Obviously Ord defines "orderings of N" and Bord "well-orderings
of N".

DIO. Fn(X) ~ (a)(E!b)(aXb) &

(a)(a')(b)[(aXb) & (a'Xb)-+(a F>j a')].

This formula defines "one-one mappings of N into N".

Dll. Imb(F, X, Y) == Fn(F) & (a)(a')(b)(b'){aFb & a'Fb'-+

-+(aXa') == (b Y b')]).

This formula defines the notion: F is an isomorphic imbedding of
the relation aXa' in the relation b Yb'.

D12. X ~ Y == (EF) Imb (F, X, Y).
It is very easy to show that the transitivity or ~ is provable in T:

(X ~ Y) & (Y~ Z)-+(X~Z).

We mention still that for each integer n ~ 1 it is possible to define
a formula Q. with n +1 free variables a, all ... , an such that the following
theorems are provable:
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(*) (B!a)Qn(a, ai, ... , an);

(**) (E!au ... , an)Qn(a"a l , ... , an).
Thus Qn allows us to define a "one-one mapping of N" onto N".

The definition of Qn proceeds by induction:

Qda, al) =-:= (a ~ all;

Q"+l(a, ai, ... , an, an+I! ~ (Eb) [Qn(b , al, ... , an) & (a ~ (h, an+1))I .

In view of (*) and (**) we can admit for each '11, and each i ~ '11, the
definition

DI3. prj(a) = (m,)(Eau ... , ai-l, aHl, ... , an)Q,,(a, au ... , a,,).

3. Relational systems. We shall denote by L the first order
language in which formulae of T are written. Since we shall also deal
with various extensions of L, we shall recall here some definitions from
model theory in case of an arbitrary first order language L* whose ex-
pressions eontain not only predicates but individual constants as well.

A relational system 9Jl of type L* is an ordered pair <A, /1) where A
is a set and ft a function; the domain of ft is the set of all primitivepredl-
cates and of individual conatants of L* and ft(o) € A if 0 is an individual
constant, ft (Q)~ A n if fJ is an '11, - ary predicate other than ~ and fl (""')
= {<x, xi: x € A}. We use capital German letters to denote relational
systems. Instead of fl (N) we shall write N m and similarly for other
(primitive or defined) predicates other than ""'. The values of various
terms in 9Jl will be denoted by a suffix m added to the term; e.g. (a, b)fIIl
denotes the value of the term (a, h) for the assignment of a to the variable a
and of b to the variable b.

The semantical notions of satisfaction, model, elementary extension,
reduct, diagram, etc. are defined as usual. The notion of definahility
will be used ip the following sense. A relation R ~ A." is definable in 931
if there are an integer k, a sequence bJ , ... , bk of elements of A and a for-
mula F of L* with n+k free variables such that (au ... , an' € R if and
only if : mF[al, ... , an; bll ... , bk} for arbitrary all ... , an in A.

If L* contains the predicates K, A; P of T, then the relational system
(N'1J/,fI'> where' ,u'(A) = Am and fl'(P) = P:m is called "the arithmetical
part of 9Jl.

A model 931 of T is called an (I.) - model if its arithmetical part is
isomorphic to the standard. model 2(Q of arithmetic. In this case we shall
usually identify the arithmetical part of m with 2(0 and each X in 8m
with the set of integers n whicl, together with X satisfy the formula
n € X in WI.

A.model 9Jl of T is called a {J-modet if for each X in S:m the condition
I m Bord[X] implies that the relation {(m, '11,) € NiH: l=mmXn} well orders
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the set K Wl. (Strictly speaking, we should have written :=WlBord(X)[X]
and FWl(mXn)[m, X, n] instead of I=WlBord[X] and I~WlmXn but we
shall use the simplified way of writing whenever possible.) It is known
(and easy to prove) that i~-rnollels are w-models but not conversely.

4. The pigeon-bole principle. As is well known this principle
says that if many object are put into a small number of drawers, then
at least one drawer contains many objects. In.our case the objects will
be well orderings, of integers and the. number of drawers will be denumerable

Let IPbe a formula of L in which U is a free variable and Pa formula
of L in which U and a are free variables. We shall write these formulae
as tJl(U) and P(U, a) although we do not exclude the possibility that
one or both of these formulae contain free variables other that l:" and a.

Let A be the eonjunction of the following formulae:

(1)

(2)

(X){Bord(X) --+(El~)[(/J(l:)& (X --S "C')]);

(U)(Ea)[IP(U) --+ lfI(r, a)] .

THEOHE"M 1. The following formula is proeable in T:

A--+(Ea)(X){Borll(X)--+(EU)[P(l'", a) & (X ~ U)]} •

Instead of carrying out l.l formal proof using axioms of T and rules
of proof formulated in logic we shall sketch it in the everyday's language
of the "working mathematician". 'We shall supply enough details to
convince the reader that the proof can he transformed into it formal
proof in T.

'We assume A and the negation of the formula after the first arrow,
i.e. the formula

(3) (a)(EX){Bord(X) & (U)[P(U, a) --+, (X ~ F)]} .

Our aim is to derive a contradiction from these assumptions.
First we use the axiom of choice and derive from (3)

(1) (EYj(a){Rord(y1a» & (r)[lf'(U, a) --+- (y(n) ~ U)J}.

Let Y satisfy the condition stated above, From axiom IV we easily
derive that there is a Z such that the following equivalence holds for
arbitrary a, a', n, n':

(5) (a, n)Z(a', n') ~ {(a < a') v [(a"" a') & (n y<a)n')]).

We want to show that y(a) can be imbedded into Z. The imbedding
function is obviously the map n--+<a, n,; Formally speaking, we define F(n)

as {b: (Enltb R! (n , (a. nl))} and prove using DiG that Fn(F(a»). Since

ny(a) n ' ~o (a, n)Z(a, n) ,
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we infer using Dll that Imb(Fa,, y(a" Z). Henee by D12

(6) y(")~ Z.

On the other hand, we can derive from (5) that Bord(Z) and hence,
according to (1) and (2) that there is an a and a U such that Y'(U, a)
and Z -<; U. Using. (6) we obtain y(a'~ U since the transitivity of -<; is
provable in T. But now we have a contradiction since, according to (4)
for no U such that Y'(U, a) does the formula y(a) ~ U hold. Our theorem
is thus proved.

We do n~ know whether this theorem remaine valid when the axiom
seheme V of choice is removed from the axioms of T.

We shall formulate theorem 1 in a semanttcal way. Let 9Jlbe a model
of T and let K = {X E: Sg: 1=9 Bord[X]}. We shall say ·that a set G <: Sg
is ~mbotmded if for every X in K there is a U in a such that X ~ !Ill U.

'Ve say that a relation .D<: N in x S11I covers a if for every element X
in a there is an a in NfA such that <a, X) € D. This can be expressed as
a<: U {Da : aEN!Ill} where D,. is the set {X E S'fJ(: <a, X) E: D}.

The pigeon hole principle in its semantical form is the following
result:

THEoREM 2. If 9Jl is If, model of T and D is a definable relatiQt~

<: N'J)l x S!IIl whick eoeer« an unbounded definable set a~ Sm, then at lelJ$t
one Da is 'l'nboundea.

Proof. It is sufficient to take in theorem 1 for I/> a formula which
defines a and for Y' a formula which defines the relation D.

5. A theorem 00 p-models. In this section we shall use the
pigeon hole principle in order to establish our main result.

THEOREM: 3. For any denumerable fJ -model ~, there exists an ta ·1OOdel
which is an elementary e:ctemion of m and is not a fJ -moikl.

Proof. We introduce, as.auxiliary symbols, the constant symbols Am
for every element m of 9Jl and the constant symbol R. The language L
augmented by those symbols is denoted by L I •

The interpretation of the symbols of the language is determined by
the structure 9Jl.

The value of R will in most cases be an element of Sm which satisfies
the formula Bord(X) in 9R.

In the relational systems of type L II which we shall consider, the
constant Am will always be interpreted as m. Hence the relational systems
are determined by the value R of the constant R and can be denoted
by (9Jl, R).

We shall assume that the arithmetical part of 9Jl has been identified
with ~ (cf. p. 86) and elements of Sm with sets of integers. We can and
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will interpret each element X of S~ as a binary relation {(m, ~~): P,lllmXn};
in case this relation is many-one we can speak of X as being a function.

As in section 4 we denote by X the set of all X in Sill for which
F!1Il Bord(X).

Let A be the set of all sentences of L; which do not contain symbol R
and are true in the structure IDl. "'e can represent the set A as the union
of an increasing sequence <A..>..... of finite sets of sentences for which the
following condition (A) holds:

(Ev) (N(v) & 'l'(v») "A.. => (Hi)('l'(A;) " A ..).

Let us fix an enumeration (4)i);.,,, of all the sentences of the language L l •

'Let us say that R is in -the class Ds(ie , •••, i,,) if the following con-
ditions are satisfied:

1. R .. X and S" K.

II. i"Ri..-1 ... ilRi.. and i .. =F i"-l '1= •.•i l =F io•

III. There is a f'U~ction in 9Jl which maps the field of S order-teo-
morphicall) into the R·predecessOrs of i•.

It is obvious that Ds is extensional in the following sense: whenever S
and S' are in IDl and there is in IDl a function which establishes an iso-
morphism between Sand S', then Ds(io, ... , i.) = Ds,(io, ... , i,.). More
generally, this equation holds for arbitrary S, S' in Sill such that S~!Ill S'
and S'~iIlS.

We define by induction a monotonically increasing sequence (Bn) ...",

of finite sets of sentences of the language L l and a. sequence of natural
numbers (in>n .... These sequences are required to satisfy the following
cond~ions (On) ••",

(i) Bord(R) is in B.,
(ii) A. ~ Bn ,

(iii) if n> 0, then the sentences A;nRA;n_l and ,(LI;. I"::! .1._.) are
in B«,

(iv) for j < n, either <Pi or ,<Pi is in B n ,

(v) if j < n, <Pi is in B« and rJ>j has the form (Ev)(N(v) & 'l'(v») ,
then 'l'(.d;) is in B n for some i in w,

(vi) for every S in the class X, there is an R 81wh that R" Ds(io, ... , ill)
and [""(m,m B...

Construction of the sequences.

Step O.
Determination of the number i o• io can be any natural number, say O.
Determination of the set Bo• We take Ao v {Bord(R)} as Bo.
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Verification of the conditions Co' Conditions (i) and (ii) are. evident.
Conditions (iii), (iv) and (v) are true vacuously. Ftnally, (vi) is satisfied,
because for every S in K there is an RinK such that the last element
of the field of R is i o and there is a function F in Wl which maps the field
of 8 order-isomorphically into the set of R!predecessors of i o• If e.g. i o = 0,
then it is sufficient to take F (1~) = 11 +1 and define R as the set consisting
of all pairs (n,O)lDl and of pairs (P(n), F(m»)lDl with nSm.

Step n+1. We assume that we have already defined the sequences
<Bj)ockn and <ii:o.,;;icn which satisfy conditions (Cj\o.,;;i.,;;n. Let I. be the
class of all S such that S f K and

(aR) (R f Ds(io," " in) & h3Jl,R)Bn & 1=(3Jl,R)lP~),

where e f {O, I} and tP~ = lPro and lP~ = ,lPn • Since the set Bn is finite,
the set I. is definable in the structure (Wl,.•.8), We shall show that either 10

or II coincides with the class K of all well-orderings of OJ in the structure
Wl. Let us assume S ~ 10 for some S in the class K. Hence

(V R)lDl (R f D s(i o' ... , in) & 1~(lDl,R) B n ~ 1=(lDl,R) ~ tPn) .

By our inductive assumption (vi), there is an R such that R f Ds(io, ... , in)
and: (".ll.mU". 13 is therefore iu I r- Thus we proved that 10 -..) II == K.
The'!-! ~I is monotone in the sense that if S' f I. and S ~lDl S', then
Sf I •. ~I]il'e 10 v II = I(, either 10 01' II is cofinal with K. The set which
is cofinal with K and is monotone must coincide with K. Hence either 10

or I. coincides with K. Let s be the smallest e such that I. = K.
Determination of the numbed,,+!. 11e1'S be in the set E j if and only if

13 e Ie & (3"R)(R E Ds(io, ... , in, i) &

hlDl,lI) Bn v {lP;', .I, lLli n " (Ll i """ Lli n )} ) •

Let 8 be in the set K and 13* be an element in '" whose order type is the
successor of that of 8. By our choice of E, there is an R f Ds.(io, ... , in)

such that h:m,lI) E" v {rp~}. Let i* be the greatest element in the ordering 8*
and let i be the image of i* by an order-preserving map in 91l of the field
of 8' into the R-predeeessors of in. The conditions R f Ds(io, ... , in, i)

and hlDl,m{!1jJ{,;J i n } v {-l(dj "" ili n )} are satisfied. We have proved,
therefore, (V 8) (S f K e;, (a i) (8 f Kil). Since the relation S f K, is definable
in 911, we can apply the pigeon hole principle to prove

(C>/.i) (V 8)(8 EK =: (as')(8 ~lDl SO & S' f ](1»).

Sinee the sets K I are monotone, (C>Ii) (V S) (13 E K '? S f K i ). We take
as i n +1 the least suchi.

Determination of the set E n +!.
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Case 1. <f>:. is already m B«. We take B« U A n + 1 v {ilinHIL1In} v
v {--, (LlinH I'O:! LI:n )} as Bn +1 '

Case 2. I/>~ is not in B«.

Su b ca.s e 2.1., Ii =1, or Ii = 0 and 1/>" is nut of the [orm. (EY)(K(Y) &

lJf(v)). \Ve take s; ~ A n+1 v {I/>:" Ll lnHR Llln, --, (Lllntl I'O:! Llln)} as B,,+1-

Sub case 2.2, Ii = 0 and I/>n is of the form

(Ex1l(N(x1) & ... & (Ex.)(N(x.) & lJf(x]t ... , x.)) ... )

where lJf(x]t ... , x.) is not of such a form.
Let Pea) be the formula

lJf(prr(a), ... , pr;(a))

and let fl(e) be the value of the term pr~(Lle) in 9R. Then we have the
equivalence

1=(IDI,R) q; (LIe) <=-? I=OUl,R> lJf(LI"(e), ... , Lli,(e») .

Let S in the set C, if and only if

S € K & (aR)(R € Ds(io, ... , i n +1 ) &

hm,R)Bn v A n+1 v {q;(Ll e) , Lllnl,RLl in,..., (Lll n•• ~ Llin )} .

We apply, once again, the pigeon hole principle to the sequence <Ce) ..,.

which is definable in 9R. By our choice of the numbers in+1 and E",

(V 8)(S € K "'" (ae)(8 € Cell. By applying the pigeon hole principle,

(3:e)(V 8)(8 € K c> (3:8')(8 ~m 8' & 8' € Cell .

Since the sets Ce are monotone, (3:e) (V8)(8 € K "'"S € Ce). We take as e
the least such e. \Ve take as B n +1 , in this subcase,

B n v A n +1 U IlJf(Ll t•ce) , ... , Llf,<e») , (Ex.) (N (x 8 ) &
•

lJf(LI,,(e), ... , LI"_,k), x.)), ... , I/>n I v {LllnHR LlI,,} v {--, (Llln+' i'::J.LI I,,)} .

Verification of the c01H~ition8 Cn+1 ' In all cases conditions (i)-(iv)
are clearly satisfied. Conditions (v) and (vi) are satisfied in subcase 2.1
because of our choice of the numbers in+1 and Ii and because of property (A)
of the sequence U An = A. Conditions (v) and (vi) are satisfied in the

"subcase 2.2 because of property (A) of the sequence U A n = A and
n

because of the choice of the numbers in+1 ' Ii, e.
Let us consider the set B = U B«. This set is consistent since every

n

finite subset of B has a model by condition (vi). The set B is (oJ - closed
by condition (v). By the Henkin-Orey completeness theorem for w-closed
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consistent theories (cf. [2], p. 231) there is an w-standard model rollfor the
theory B. The structure ~l is an w-model since ~l is w-standard. The
structure roll is an elementary extenaion of ~ since the set .A is included
in the set B. Consider the value R1 of the constant symbol R in ~l' By
condition [i), 1=ll1h Bord[R1J. By condition (iii), the sequence <i..),..w forms
a descending chain with respect to the orderi»g R I • The w-model roll
is not, therefore, a p-model. .Thus the L-reduet of ~l is the required
model of T and our theorem is proved.

COROLLARY 1. For any fl-'rMilel ~ of T, there is an elemMltaril!/
equivalent w-mOlkl IDll whieh is not a p·model.

Proof. Every p-model ID1 is an elementary extension of a denu-
merable p-model rolr [1].

COROLLARY 2. If there is an w-moo.el IDl for a set of sentences A, then
there is an w-model fill for the set A whieh is net a p-model.

6. An applleation to set theery. Using the construction carried
out in section 5, we can construct a new family of non-standard models
for set theory.

Let S be a consistent extension of ZF. A formula ff with one free varia-
ble is said to define a cardinal in S if the sentence (E!v){lp(v) &
(v)[lp(v)-+Card(v}J} is provable in S. We denote by rp+ the formula

Card(vo) & (VI) (11' (YI)-H1 < yo) &

(v1)(v2)I(V2 < Yo) Card (V2) & lp(v 1) ..... (v2 ,,;; VI») .

A model IDt for S is called 'P - standard if there is no infinite descending
chain Clg3!J.Jl.al 3!J.Jl ... of ordinals smaller than the cardinal x (IDl 1 1p ) where
x (9)1' 111') is the unique element of IDt' which satisfies the formula 11' III m.

The existence of a 11'- standard, 11'+ -non-standard model is known in
the case when lp is a formula defining the first infinite cardinal Xo
(ef., [3]).

We shall prove the following

THEOREM 4. For any denumerable Ip-standard model IDt for S there is
an elementary extension IDt1 or IDt which is qJ- standard but is not 11'+ - standard.

Proof. We introduce, as auxiliary symbols, the constant symbols LIm
for every element m of IDl, the constant symbol R and an unary predicate
symbol N. The interpretation of the symbols LIm of the extended language
is the same as in the proof of theorem 3. The symbol N is interpreted as
the set of ordinals smaller than x (9Jl1 rp). We can define the sequences
<B,.),..", and <in)n.w in almost the same way as above. The pigeon hole
principle which played a crucial role in the previous construction can be
used in the present situation. To see this we merely notice that 1I.(m, I'p)
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and I( (rol, lp+) are different cardinals of IDl and, since rol is a model ZF,
the pigeon hole principle holds in ffil fn .. these cardinals.

,Ye can also prove the following corollaries:

COROLLARY 3. For any lp-standard model rol of S there is <Ln elemen-
tarily equisxden: stmcture roll which is lp -standard but not lp+ - standard.

COROLLARY 4. For any set of sentences .A, if there is a q;- standard
model IDl of .A, then there is II q;-sfandard, 'rp+-non-standard model of A.

Note added on June 20, 1968. Several weeks after the present paper was
accepted for publication we saw a paper: H. J. Keisler and M. Morley, Elementary
b'xte'lls·iol/s of .1Iodels of Set Theory (Israel Jour. Math. 6 (1968), pp. 49.65) which appeared
in March 1968. From the strictly logical point of view the resnlts contained in Sectionsl-5
of our paper are independent from results established by Keisler and Morley. However,
the methods used by these authors arb the same as those which were used by us. The
results of our Section 6 are weaker than those established by Keisler and Morley.

After some deliberations we decided not to withdraw our' paper because we believe
that the readers who will compare both papers will get useful insights into the close
relationship which exists between the meta-mathematics of set theory and that of the
second order arithmetic.

Note added on March 19, 1969. Results of our section 6 were also obtained
by K. Hrbaeek who used a completely different method.
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OBSERVATIONS CONCERNING ELEMENTARY
EXTENSIONS OF w -MODELS!

ANDRZEJ MOSTOWSKI

Y. Suzuki and the author proved in [3] the following:

THEOREM I. Every denumerable or-model of second order arithmetic admits an
elementary extension which is also a denumerable co-modelbut is not a p-mode/.

Here w-models are relational systems of the form (N U S, N, +, X, E) where
N are the integers, S S P(N) and +, X, E have their usual meanings. A p-model
is an w-model M with the following property: Whenever F is a formula with all
quantifiers restricted to Nand ab a2, ... are elements of M which satisfy in M
the formula (Y)sF, then these elements satisfy this formula in the principal model
(N U P(N), N, +, x , E).

By the second order arithmetic (A 2 for short) we mean the system described in
[3]. We denote by Ai the system obtained from A 2 by dropping the axiom-scheme
of choice.

The present paper arose from unsuccessful attempts to generalize Theorem 1
to the case of co-rnodels of Ai. These attempts have led the author to formulate
the concept of a quantifier definable in a given system. This concept together with
an application to an alternative proof of Theorem I will be presented below. The

1 In the lecture given at the Symposium I spoke about Tarski's work on metamathematics of
set-theory. In particular I stressed the importance of his basic paper devoted to the concept of
truth for the formulation of axioms of infinity and on his work on the measurability of the first
inaccessible aleph. I also mentioned his paper Eillige Betrachtungen iiber die BegrifJe der w-
Widerspruchsfreiheit lind w- Vollstdndigk eit, Monatsh. Math. und Phys. 40 (1933), 97-112, where
we find the first application of the now widely used method of proving the consistency of a (not
finitely axiomatisable) theory T by finding models for every finitely axiornatisable fragment of T.
Results contained in the present paper were mentioned in my lecture as recent applications of this
method.
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author hopes that a further discussion of definable quantifiers will eventually lead
to a solution of the problem of whether Theorem I is valid for models of A;, and
perhaps of other problems.

1. Although «i-models of A 2 will be our main interest we prefer to formulate
definitions in a more general setting. Thus we consider a denumerable first order
language L and single out in L a one-place predicate N. We also assume that L
contains denumerably many individual constants, called numerals, 0,1,2, ...
and possibly other constants.

IfJ1I is a denumerable set then a model of L will be called an w-.A'-·model if it is
isomorphic with a model in which the denotations of the numerals belong to A'
and each element of A' is a denotation of a numeral.

Let F be a letter not occurring in L. We add to the atomic formulae of L
expressions of the form F(x) where x is a term of L. We call these expressions
"auxiliary atomic formulae" and denote by L * the new language.

Each sentence of L* containing the letter F wiII be called a definable quantifier.
If A is a formula of L, v a,variable and Q a definable quantifier, then we, denote

by (Qv)A a formula of L obtained by means of the following operations:
(1) All bound variables of Q are replaced by variables occurring neither in A

nor in Q.
(2) For every variable w each occurrence of an auxiliary atomic formula F(w)

in Q is replaced by Sb(v{w)A.
EXAMPLES. (I) Let L be the language of .11 2 where N is the predicate "to be

an integer" and the numerals 0,1,2, ... are defined as usual. Then, the following
sentence of L *,

Q: (X)(EY){F( Y) & ..,(Ex)(y)[y E Y == lex, y) E Xj},

is a definable quantifier (see [3]for the definition of symbols used in this definition).
The sentence (Qv)A (/.) means that the family ofsets satisfying A is nondenumerable.

(2) With L the same as above the sentence of L *,

3:(X){Bord(X)---+ (EY)[F(Y) & Bord(Y) & (X < Y)j},

is a definable quantifier. Here Bord(X) is a formula which says that X is a well-
ordering of wand X -< Y is a formula which says that the relation

{(x,y):l(x,y) EX}

is embeddable in {(x,y):J(x.y) to Y}; see [3].
The sentence (3X)A (X) "says" that there are arbitrarily large well-orderings of

w which satisfy A.
(3) Let L be the language of the Zerrnelo-Frankel set theory with additional

individual constants a, 0, 1,2, .... We define N as the predicate x E a.
The sentence of L *,

(-1: (x){On(x) -> (Ey)[F(y) & (rk(y) > x)]),
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is a definable quantifier and the sentence (0x)A(x) means that there are elements
y of arbitrary high ranks which satisfy A.

All these quantifiers are similar to the ordinary general quantifier insofar as
they state the existence of "many". elements satisfying a given condition.

We shall now discuss some properties of quantifiers pertaining to deducibility
of sentences involving them. Thus We fix a set Ax of sentences of L and call them
axioms.

DEFINITION. A definable quantifier Q is said to be (a) nontrivial, (b) additive,
(c) a-additive, (d) monotone with respect to Ax if for each formulae A, AI' A 2 of
L, with exactly one free variable x, and each formula B of L, with exactly two
free variables x, y, the following formulae are provable in Ax:

(a) (Qx)A(x) ->- (Ex) (Ey)[ ..,(x = y) & A(x) & A(y)],
(b) (Qx}{A1(x) V A2(x)] == [(Qx)A1(x) V (Qx)A 2(x)],

(c) (Qx)(Ey)[N(y) & B(x,y)] == (Ey)[N(y) & (Qx)B(x,y)],
(d) (x)[A1(x) ->- A2(x)] ->- (Qx)[A1(x) ->- (Qx)A2(x)].

EXAMPLES. The quantifiers nand E have the properties (a), (b), (c), (d) with
respect to Az; the quantifier 0 has these properties with respect to ZF.

Proofs of (a), (b) are immediate.
Proof of (c) for the quantifier E is contained in [3, Theorem I, p. 87]. In the

case of quantifier n we obtain this proof by formalizing in Az the usual proof that
if a denumerable union of sets is not denumerable, then at least one member of
the union is not denumerable (cf. also [1, p. 156]). In the case of the quantifier 0 we
formalize in ZF the proof that if a class Uxea K(x) contains elements of an arbitrary
high rank then so does at least one class K(x).

The following two lemmas are valid for an arbitrary nontrivial additive mono-
tone quantifier.

LEMMA 1. Whenever F and G are two formulae each with at most one free
variable, if M 1= (Qx)F(x) and M 1= .., (Qx) .., G(x), then M 1= (Qx)[F(x) & G(x)].

(Hint. Use the equivalence F(x) == [F(x) & G(x)] V [F(x) & ..,G(x)].)

LEMMA 2. IfM 1= (Qx)F(x), then M 1= (Qx)(F(x) & ..,(x = a)]for each individual
constant ofL.

Thisiollows from Lemma 1 applied to the formula G(x): ..,x = a.
We shall need in the sequel a more special property of a definable quantifier:

Let U be a formula of L with just one free variable x and let R be a formula of L
with just two free variables. A definable quantifier Q will be called normal with
respect to a set Ax of axioms and to formulae U, R if the formulae

(e)
(f)

(Qx)[U(x) & "'N(x)],
U(x) ->- ..,(Qy) .., R(x,y),

are provable from axioms Ax.
EXAMPLES. n is normal with respect to A2 and formulae Sex) and x ¥: y;
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E is normal with respect to A 2 and formulae Bord(x) and Bord(y) ->- x -< y; 0 is
normal with respect to ZF and formulae x = x and x ¢ y.

'THEOREM 2. If Q is a normal, nontrivial, additive, monotone and a-additiue
q1J(lntifier with respect to a set Ax of axioms and to formulae U, R and if M is a
denumerable w-.Al-model of Ax, then there is an elementary extension M* of M
which is an w-.A/-model ofAx and which contains an element c such that c ¢: M,
M* 1= U{c] and M* 1= R[x, c]for each element x of M satisfying M J= U[x].

Before proving Theorem 2 we shall derive from it some corollaries by applying
it to the quantifiers n, E, 0.

COROLLARY 1. Each denumerable to-model of A2 has a proper elementary
extension which is also an co-model.

(See [1, Chapter 28) where this result was proved by a very similar method.)

COROLLARY 2. "Each denumerable m-modelM of A2 has a proper elementary
extension which either is not a {J-model or is higher than M (the height ofa (J-model
is the least ordinal not representable in M).

COROLLARY 3. If M is a denumerable model M of ZF and a E M, then there is
a proper elementary extension M' of M such that a (l M' = a, i.e., a has in M'
exactly those elements which it has in M.

This corollary is weaker than a theorem of Keisler-Morley [2).
From Corollary 2 we obtain an alternative proof of Theorem 1. Let M be a

denumerable {J-mode!of A2 and assume that every co-model M' which is an elemen-
tary extension of M is a {J-mqde!. From Corollary 2 we derive the existence of an
increasing chain M = M o -< M 1 -< •.. -< M~ -< ... , ~ < WI> of denumerable
(J-models with increasing heights. Hence, for each relation R S w X oswhich well-
orders w, there is an elementary extension M* of M which is an co-model and which
contains an element X satisfying the condition M* 1= Bord(X) such that X and R
define similar orderings. Conversely if there exists an ce-model M* >- M con-
taining X such that M* 1= Bord(X) and X and R define similar orderings, then R
is a well-ordering. To see this we merely notice that, by our assumption, M* is a
{J-mode!. By replacing denumerable oi-models by their codes we easily see that
the predicate

(Ef, X, M*)[(M -< M*) & (M* is a denumerable oi-model) & (X E M*)
& (M* 1= Bord(X)) & (fmaps w onto wand establishes a

similarity between the order types of R and X))

is a Li-predicate. This is impossible because by the classical results of descriptive
set theory the predicate"R is a well-ordering of w" is not Li. Thus M must have at
least one elementary extension which is an co-model but not a (J-mode!.

PROOF OF 'THEOREM 2. An occurrence of the general quantifier "(x)" is called
restricted if it is followed by the formula N(x) and the symbol for implication or
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by the formula ,N(x) and the symbol of implication. We define similarly restricted
occurrences of an existential quantifier. A formula of L. in which all the quantifiers
have only restricted occurrences is called restricted. For each formula A of L
there exists a restricted formula A' such that A == A' is provable in the first order
logic,

We form from L a new language L I by adding to L constants Ya!n) where a(n),
n = 0, 1,2, ... , is a sequence consisting of all the elements of the given model M.
Constants Ya with a in vV' can be identified with the constants 0, 1, ... , in some
appropriate manner. We also'arrange in a sequence 00,01 , ••• , those Ya for which
M F Ural. From L 1 we form a language L 2 adding to L I a new constant y.

Let Ao,A Le ',' • be a sequence whose terms are all the restricted sentencesof L1

which are true in M under the interpretation of Ya as a and let Bn, B" ... be a
sequence consisting of all the restricted sentences of L 2 •

We shall construct a sequenceffO', ff" ... of finite sets of restricted sentences
of L 2 such that the following properties are satisfied for each integer n,

(I) U(y), ,N(y) E ffo;

(2) if n > 0 then An_I E ffn;
(3) if n > 0 then R(On_I' y) E ffn;
(4) Ifn > 0 then ,(y = Ya(n-I) E §,,;
(5) if n > 0 then either B,,_I E ffn or (,B n_ , ) E ff n ;

(6) if n > 0 thenffn_ 1 s ff n ; ,

(7) if n > 0 and a sentence of the form (Ex)[N(x) & C(x)] belongs to ffn_ ..

then C(p) E ffn for a suitable p;
(8) M 1= (Qx) A ffn(x).
The symbol A ffn(x) in (8) denotes a formula obtained by taking the con-

junction of all sentences which belong to ffn and replacing Y by a variable x which
does not occur in any sentence of ffn •

Let us assume for a moment that the sequence ff" is constructed. In order to
achieve the proof of Theorem 2 we notice that the union U ff" has the property
(7), is complete by (5) and consistent. The consistency follows from the observa-
tion that, by (8), M contains an element Cn such that M 1= A ffn[c n] and hence
ff,; has a model. By a theorem of Grey (see [1, p. 54]), U ffn has a model M* in
which N is interpreted as the set of all denotations of the constants 0, 1·, .. , . Let
C be the denotation of Y in M*.

By (2), M can be embedded in M*. Thus we can assume that M s;: M* and that
the denotation of r'a in M* is a. In particular the set of denotations of the constants
pin M* is the same as in M and thus coincides with %. Hence M* is an £0-%-
model. From (2) it follows that M -< M*, from (4) that C E M* - M and from
(I) that M* F U[c]. Finally if x ~ M and M F U[x], then there is a k such that x
is thedenotation of Ok (in M and in M*)and hence, by (3), M* 1= R[x, c]. Thus M*
is the required model.

We now indicate how to construct the sequence ffn • For n = 0, we take .as ffo
the set consisting of just two sentences V(y) and 'N(y). Conditions (2)-(7) are
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satisfied vacuously and condition (8) is satisfied because Q is a normal quantifier
(see (ej), Let us now assume that n ~ °and 9"" satisfies (2)-(8). We shall con-
struct 9"n+1' Let 9"~ be the set obtained from 9"" by adding the sentences A",
R(b", y) and ...,(y = YaCn)' Thus (2), (3), (4) will be satisfied whatever still may be
added to 9"~. From Lemmas 1 and 2 and the property (f) of Q we infer that
M 1= (Qx) A 9"~(x). Now we use the additivity of Q and obtain

M 1= (Qx)[A ~~(x) & B,,(x)] v (Qx)[A 9"~(x) & ..., Bn(x)].

We put 9": = 9"~ u {B n } if the first member of the above disjunction is valid in
M. and 9": = 9"~ u { ...,B,,} if the second but not the first member is valid in M.
Hence (5) is true for 9": and will remain true if we add to 9": any number of
sentences. Also (8) is valid for 9":. In order to get a set satisfying all conditions
(1)-(8) we have still to satisfy (7). To achieve this we select those sentences in 9":
which have the form (Ex)[N(x) & C(x)].
. Let these sentences be (ExiHN(xi) & C;(x i»), i = 0, 1, ... ,k". We shall find
integers Pi such that the set 9""+1 = 9": u {Co(Po), ... , Ck (Pk)} satisfies (8).
Such a set satisfies then condition (7) and therefore all the conditions (2)-(8).

We shall define by induction integers Po, ... -P» in such a way that the -sets
9":,i = 9": u {Co(Po), ... , Ci(Pi)} satisfy (8). So let us assume that Po, ... ,Pi-1
are already defined. We shall indicate how to select Pi' .

By assumption, the set 9":.i_1 satisfies (8). Since the existential formula
(Exi)[N(xi) & C(x i)] belongs to 9":.J-1 we can transform the conjunction A 9":.;-1
into a logically equivalent formula

(Ex;)[(A 9"~.i-l) & N(xi) & C(xi)].
We can now use the a-additivity of Q to obtain

M 1= (Ex;)(Qx)[A JF~.i_b) & C,{x i, x) & N(xt ) ] ;

here A 9":.i_1 (x) = Sb(y{x) A 9":.i_1 and C;(x i, x) = Sb(y{x) C(x i). Remem-
bering that M is an w-,Al-model we find an element a of,AI which satisfies the
formula

M 1= (Qx)[A g:~.i-b) & C(Ya' x)].

Since a is a denotation of a constant Pi we obtain the desired integer Pi'
Proof of Theorem 2 is thus complete.
We finish by formulating some problems suggested by our discussion: We assume

that Land N have the same meaning as in Example l ,
(I) Are there nontrivial, a-additive definable quantifiers in the system A2'?
(2) Does Corollary I hold for A2'?
REMARK ADDED IN PROOF. Professor Keisler has kindly drawn the attention of

the author to a close similarity of Theorem 2 proved above and Corollary 2.13 of
Professor Keisler's paper in Ann. Math..Logic 1 (1970), p. 19. However, these
results are not identical.
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An undecidable arithmetical statement.

By

Andrzej Mostowski (Warszawa).

The purpose of this paper is to give an alternative proof of
the existence of formally undecidable sentences. Instead of the
arithmetization of syntax and the diagonal process which were
used by Go d el in his famous paper of 19311), I shall make use of
some simple set-theoretic lemmas and of the Skolem-Lowenheim
theorem.

:My result is in some respect stronger than that of Go del.
The sentence constructed by his method ceases to be undecidable
if one enlarges the underlying logic by a new 1'111e of proof, in the
simplest case by the rule of infinite induction I). The undecidability
of the sentence to be constructed here is, on the contrary, inde-
pendent of whether we accept the absolute notion of integers 01'

the relative (axiomatic) one sa).
On the other hand the proof of undecidability to be given

belo.w is unlike that of Go del non-finitary. It rests on the axioms
of the Zermelo-Fraenkel set-theory including the axiom of
choice and an additional axiom ensurirg the existence of at least
one inaccessible aleph 3). Finally the method of Go del gives un-
decidable sentences expressed in terms of the arithmetic of natural
numbers whereas we shall obtain here a sentence from the arith-
metic of reals,

1) Gildel (4]. Numbers iu brll.oketll refer to the bibliography on p. 163.
•) Tarski [12].
h) Other auoh sentences have been constructed by Rosser [10] and

'1'!l. r ski [15J. My method is different from theirs.
•) Tarski [l4]. Using Tarski'stermiuology we would have to say thatM,is

weakly inaccessible.
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1. Asloms 01 set-theorye V. Neumann t), Bernaysl), and
GOdel') have shown how to build up an axiomatic sylltem of set
theory, presupposing only the restricted functional calculus (with
identity) as logieal basis, in such a way tha.t it contains only a finite
number of aDoms, A slight modification of the systems of Bernays
and GOdel allows us to reduce the number of primitive notions
to one, viz. a binary relation f 7).

We shall state here explicitly tbe axioms of the resulting
system (8).

Elements of the field of f are called classes and elements of
the domain of f are called sets. Thus every set is a class but not
conversely. The lower case Latin letters will be used as variables
for sets and the upper case Latin letters as variables for classes.

The axioms fall into several groups 8):

Group A.
AI. ll.(tHX-tH Y)--+X=Y,
A2. 2.ll.[u f Z - (u=w+u=y)].
The set z whose existence is stated in A 2 is called the non-

ordered pair of wand y and denoted by {w,y}. The ordered pair
of wand y is defined as

<w,y)= {{w,y}, {w,w}}.
Group B.

B), 2.<tllzg«:JJ,y) f..4. -:JJ f y),
B2. 2cllu[u e C - (u E A)·(u t B)],
B3. 2Bllu[u f B - (u fA)'],
B4. 2Bllz(w f B - 2g<Y,x) e ..4.),
B5·2Bllzg(Y,X)fB-:JJf..4.),
B6. 2Bnzg{<:JJ,y) f B - (y,x) e ..4.),
B7. 2Bllzgz«w,<y,z» f B - (y,<z,:JJ» f ..4.),
B8. 2Bllzgz«:JJ,<y,z» E B - <w,<z,y» f ..4.).

•) v. Neumann [8].
') Bernays [1].
I) Godel [5].
7) The possibility of this reduction has boon realised by A. Tanki. Soe

a remark made on p. 208 of [7].
') The logical symbols to be used in this paper are as follows: .. Iii, then),

+ (or), . (and), == (if and only if), I (not), H (for every), 2 (there is). The axiomll
sheuld have been preceded by general quantifiers 80 118 to bind all the variables.
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From these axioms it follows that there is a uniquely deter-
mined class 0 (called the null-class) such that ll..(ilI € 0)'.

We shall use the following abbreviations:

XCY for ll,,(u € X ~u € Y),

J(X) for nuuw«'l',u) € X'<W,l1) € X ~t.'= w).

Group O.

01. Z,,((x =t= 0)· ny{(y e x) ~ l'z[(z fa)}· (z =py). (yCz)]}),

02·2glluu[(u €v ) · (V l> X} -- (1t € y )] ,

03. 2gnu[(uCx)~(u € y)],

04. J(A)-2ynu{('11 E y) lEE 2,,[(v e x) .«1£,v) E A)]}.

G:l'OUp D.

D1. A=t=O - ..2u{(11 E A). llu[(v E u) - (v E An}.

Group E.

ss. LA(J(A). ll..{(x =t= 0) -l't,[«Y,:l';) E A)· (y E ill)]}).

2. Preliminary lemmas. We shall assume us known the
derivation of set-theoretical theorems from the above axioms and
we shall make free use of them stating them in the current notations
and terminology 9). Thi& applies in particular to theorems concerning
transfinite ordinals and to definitions by transfinite induction 10).

We define by transfinite induction Ole sets ti all follows:

fo=O, tHl=ExfxCt,], f;,= 2},;<;,II']

(l - limit number).

It is easy to see that t'i Ct s for rj < ~.

If ill E t,-tI-I" then ill is said to be of the type ~: It follows from
the axiom Dl that for every set ill there is an ordinal ~ such that ill

is of the type ~.

Indeed, the axioms of group .B entail the existence of the
elass A of those sets which are of no type. If A were non void, there

.) It will therefore not always be possible to use small and capital letters
in the manner explained on p, 144.

10) For the treatment of ordinals on the ha"j, of axiom- A I -1~1 d. [1],
[5], [8], and [9].
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would exist by DIan element u such that u t:,A but no element
of u is in A. Hence every element v of u would be of a type, say
E(v), and all the ordinals E(v) would form a set (according .to the
axiom 04). Now there exists for every set of ordinals E(v) an ordinal E
surpassing all of them; hence we would obtain uCil i. e. u ds+lr
which proves that u is of a type not greater than e+1 and hence
u non t: A. This contradiction shows that A = O.

The setR
0, {Oh {O, {On, {O, {O}, {O,{Om, ...

will be identified with the integrr~

1, 2, 3, 4, ...

and their set will be denoted by N. It is known how to define the
arithmetical operations, e. g.

x+y, x·y, xu, 2x- 1(2Y- l ), ...

on elements of N.
Every class of ordered pairs is called (binary) relation. If R

is a relation, then xRy means the same as (x,y> "R. The classes

are called domain, converse domain, and field of R and denoted by
D+(R), D_(R), and O(R).

If BCO(R), e e B and no y € B satisfies the condition yR:c,
then ::v is called a minimum of R in B. If R has at least one minimum
in every non void class BC O(R), then R is called weU-foundeil.ll ) .

R is internal if for every two elements XII x2 of its field the
following equivalence holds:

nu(yRx1 .... yRx2) - (Xl = x2) ·

An internal relation R has at most one rmmmum in O(R).
For any set x we denote by t:.. the e-relation limited to x,

i. e. such that

U e.. V - (u t: x) ·(u € v) ·(t1 e x).

U) Zermelo [17J.
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~'/1eoretn 1. €x i8 an internal relation if and only if x satisfies
the foUowing condition E(x):

nuu«u e x) ·(u =f;v)·(v € x) -([(u-v)+ (V-u)]. X=f;O}).

The proof is obvious.•

Theorem, 2. €x is weU-founded' for every non-void set »,

Proof. Evidently there is an ordinal ~ such that xCt" Suppose
that e is a non-void subset of the field of €x. Since cCm, there are
ordinals 11~~ such that e- t'l=Fo. If C is the smallest ordinal of this
kind, then every. element of c- t~ is a minimum of €x in 0. The existence
of these minima shows that €x is well-founded, q. e. d.

.A. set s is called complete 12) if every element of s is a part of 8:
flg(Y € s-~ yCs).

We assume as known the notion of isomorphism of two re-
lations.

Them'em 3. Eor every weU-jounded and inter~al relatUnt R
whose field is a set there is a set s such that E(s), R is isomorphic with
€., and the field of f:. is complete.

Proof. R being internal and well-founded, there is exactly
one minimum Zo of R in O(R). Put

{zo}=mo, f(zo)=O

and suppose that sets rn.. are already defined for a< ~ and tha.t
a function f is defined on the sum 2a<sm...

Let ml be the set of all x e O(R)-2"<lm.. for which the fol-
lowing condition is satisfied

llg[yRx -+ y e 2..<lm.)

and let f(x) be defined on ml by the equation

(1) j(x) = EJ(g)[yRiIi).

This definition of t(x) is correct since yR:1J implies (for x f! m,)
that y € 2 ..<; nt a and therefore f(y) is defined according to the in-
ductive assumption.

11) Godel [5], p. 23.
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It is evident that m~·mtl=O for ,::j=l'J and that mgCC(R)
for every ~. Since C(R) is a set, there must be a (smallest) ordinal C
such that m; = O.

We shall show that the difference D= C(R)-2~<~m" is void.
Otherwise there would be a minimum z of R in D and z would satisfy
the condition

yRz-'-+y non e D_y £ 2"<~m,,,

i. e. z would be an element of m; contrary to the definition of C.
Hence D= 0 and consequently

C(R)=2"<~m,,.

We now show by induction on ~ that f is a one-one mapping
of the sum 2"<6m" on a subset of t6 and satisfies the equivalence.

(2) xRy !iii!! f(x) £ f(Y)

for every pair x,y of the elements of J),,<sm a •

This is evident for ~= 1; it is also easy to see, that if Pis a limit
number and the theorem holds for ~<P, it holds also for ~=p.

It remains 1jQ consider the case P= r+1 under the assumption
that the proposition holds for ~= y.

If x £m", then by (1) f(x) is a set of elements each of-which is of a
type <1" Hence f(x) is at most of the type r and therefore f(x)dY+ l = tlI'

The function I maps thus the sum J)a<pm" on a subset of tJl.
In order to prove that this is a one-one mapping let us

suppose that x and yare two different elements of the sum Laqma.
Since R is internal, there is an element u such that either (uRx) ,(uRy)'
or (uRx)' . (uRy). It will be sufficient to consider the first case. From
uRx it follows that x::j=zo and hence by (1) j(11) £ j(x). Furthermore
u £ J)"<1'm" since x is an element of at most' m'i" If /('u) were an
element of j(y), there would be an element !h £ La<'i'm" such that
l(u)=j(Yt) and lltRy. Since j is a one-one mapping on L;a<'i'm",
it would follow U=Yl, and consequently uRy what contradicts the
assumption. Hence !(u)non£/(y) which shows that j(x)=to!(y). Hence

x =toy - I(x) -:tf(Y),

i. e. I is a one-one mapping.
If x and yare elements of L;«<lIm" and xRy, then j(x) £ j<y)

according to (1). If I(x) e I(y), tben by (1) there is a z such that
zRy and f{x)=j(z). f being a one-one mapping, we obtain x=z and
[CRy. The equivalence (2) is thus proved.
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Putting ~=C we infer that f maps C{R) on a set 8 and satisfies
the equivalence (2) for every pair re,Y of the- elements of C{R).
f being a one-one mapping, it follows that the relations Rand €,

are isomorphic. Since R is internal, £. is internal too and theorem 1
gives E(s).

In- order to prove that C{£.) is complete let us suppose that
y e 0(£.). It follows that y e 8 and hence r1{y) £ C{R) and eon-
sequently there is an a< C such that ,I (y) e nl". If a = 0, then
,l(y)=zo, y'F"O and yeC(£.). If u=t=O, then Y=frl(y) is hy (1)
identical 'with the set of all j(z) for which zRr1(y ). Since f(z) £. Y,
it follows that all these j(z) belong to the field of £. and therefore
II e C((8), which completes the proof of theorem 3.

For every set A ex we put

In this WjlY a one-one correspondence is established between
subsets of Nand binary relations whose fields an' contained in K.

The following theorem is evident:

Theorem 4. POI' every relation R with at 1I/lJ1j/ dCII iunerable
fifld O/{,I'(, ill a «et A ex S11Ch that the relations Rand R A arc ismnorphic.

3. Set-theoretical and arithmetical formulae. A «ct-

theoreticai [ormula is an expression built up from clementury ex-
pressions of the form

with the help of the logical connectives and quantifiers nil and 1\.
The letters a, b may be replaced hy any other letters.

The formulae included in a given formula arc called its con-
stituents.

If one wishes to make general statements about formulae
one has to distinguish between the object- and syntax languages
and recur to Intuitively clear hut sometimes clumsy semantical
notions. For the readers benefit we may dispense with these com-
plications since we shall never make general statements about.
formulae: we shall limit ourselves to the consideration of a finite
number of formulae. Symbols like 1>, IF, ... or 1>{ e, a, ... ,11/), 0/( E, a, "., III)

are not names of formulae but abbreviations of them and specifically
of those of them in which varfables 'a, ... ,111 are free. 'Ye postpone
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till § 5 the enumeration of formulae to be used in our proof, we
remark only that their class contains with every formula its con-
stituents.

Saying that all formulae have a property we wish to say that
all formulae of the considered finite class have this property. It
will be easily seen that we eliminate in this way all the meta-mathe-
matical notions and that all lemmas to be proved below belong
entirely to the Object-language.

Suppose that the letter :II does not occur ill W. Replace in this
formula the unrestricted quantifiers nh, 2h (where h is any letter)
by the restricted ones

nh[h ":II~ ••. ], 2h[(h "x) ... ]

(which we will sometimes write, more conveniently, as nhU and 2hU)'
The resulting formula will be abbreviated as Wx and called

the formula w relativizeil to e.
The symbol w(R,a, ... ,m) will be used as an abbreviation of

the formula resulting from w(",a, ... ,m) by substituting in it the
letter R for the letter ".

Theorem D. (Wx)y - W".y.

Proof. The theorem is evident for quantifier-free formulas.
Since its validity for the formulae tP and lJ' entails its validity for
the formulae f/)' and tP+lJ'it will be sufficient to prove that if it
is true for a formula tP, it is true also for the formula 2 h tJ>. Let lJ'
be an abbreviation of the latter formula. Then

v, .. 2h[(h "x)· <1>], (If'x)y ... 2hey[(h "x)· (Wx)y]

and therefore

On the other hand P x•y '" 2hex'YWx •y and since wx•y - (tPx)y
by the inductive assumption, we obtain (lJf,,)y - If',,.g which proves
the theorem.

Theore'm 6. If 8= C("x) and a" 8, ... ,1n" 8, then

(3)

Proof. If tP is an elementary formula a= b, then (3) reduces
to the tautological equivalence (1= b - a= b.
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If c;P is an elementary formula a E b, then (3) is equivalent to

a E b - ((a E x)·(a E b)·(b EX)]

which is true since a E8 and b «8 by the hypothesis and 8 is evidently
a subset of a,

From (2) it follows

c;P~(E,a, ... ,m) .... c;P~(Ex,a, ... ,IIl)

which proves that the validity of (3) for a formula c;P implies its
validity for the formula c;P'.

If besides (2) the following equivalence holds

1fJ.(E,a, ... , h, n, ... ,q) 51 1fJ.J.. E.~,a, ... , h, n, ... ,q),
then

q). (E:, a, ... , Ill) ·lJI.( E:, a, ... , h, n, ... ,q)-,rj).(e." a, ... , m) ·1fJ.,( E:, a, ... , h. 11, ... , q),

which shows that if the theorem is true for two formulae, it iH true
for their conjunction.

Suppose now that (3) holds for a formula c;P and let P'(c,b, ... ,m)
be the abbreviation of l,'ac;P(c,a,b,... ,m). Let b, ... ,m be elements
of 8. If ':P.(E,b, ... ,m), then there is an a e 8 such that c;P.(c,a, ,m)
which yields according to (3) c;P.(Ex,a, ... ,m~ and hence 'soe.(/J(cx,a, ,m).
Thus

lJI.(E:, b, ... , 111) --+ lJI.• (E:x , b, ... , m).

If lJ'.(cx,b, ... ,m), then there is an a E 8 such tlfat (/J.(E:x,a, ... ,m)
and therefore by (3) c;P.(E:,a, ... ,1n) which gives 2tu1.1/).(E:,a, •.. ,m).
Hence

lJf.(cx,b, ..• ,m) --+ lJ'.(e,b, ... ,lIl).

Theorem 6 is thus proved for the formula P, q. e. d.

TheQ'l'em 7 13) . II the relation8 R1 and R 2 are isomorphic,
81= O(Rt ), 82= O(R2), Ut, ... ,m1E:O(R1) and az, ... ,lni eorresponii to
Ut,... , m1 in the i8omorphism betwf1en R 1 and R 2 , then

13) Theorem 7 is a special case of a theorem proved by A. Tarski and
A. Lindenbaum [16].
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Proof. The theorem is evident if tP has the form a= b or a Eb.
We show similarly as in the proof of theorem 6 that if the theorem
holds for two formulae, it holds also for their negations and their
conjunction.

It remains to consider the formula 2atP(E,a, ... ,m) which we
shall abbreviate as lJl(E,b, ... ,1n).

If IJ's,(Rl1bl , .•. ,ml), then there is an alEsI such that
tPS,(RI,al1bl1 ... ,ml)' 1f a2 is the element of 82 corresponding to a.
in the isomorphism between R I and R2, then the inductive assumption
gives tP",(R2,a2,b2,•..,1Us} from which we infer that

Hence

The converse implication is proved in the same manner.
Besides the set-theoretical formulae we shall consider the

arithmetical formulae. In order to define them we first explain what
is meant by a term: the symbols 1,2,3, ... and the small Latin letters
in italics are terms; if m and n are terms, then m+n, m-n, m·n,
mn are terms.

The simplest arithmetical formulae are equalities m=n and
expressions mEA where m and n are terms and A any upper case
Latin letter.

Other arithmetical formulae are built up from the simplest
ones with the help of the logical connectives and, or, not, etc. and
the quantifiers of the following four forms

(*)
IJp[p EN-+ ], 2p[(p EN)· ]

nA[ACN-+ ], 2A[(ACN) ].

These quantifiers will be written afterwards as

The letters p and A may be replaced here by any other letters.
An arithmetical formula is called elementary if it does not

contain quantifiers of the form (*).
The following theorem is an immediate consequence of the

admitted definitions and of the equivalence pRA q - ZP- l (2q- 1) EA:
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:.L1lteot'em 8. If (]>(~,a""lm) is a set-theoreticalfomwla and
ACN, then $C(RA)(RA,a, ... ,m) as well as (]>N(RA,a, ... ,m) are equi-
ralent to elementary arithmetical formulae.

It is evident that every proposition concerning only natural
or real numbers is expressible as an arithmetical formula. Further-
more those arithmetical formulae which correspond to usual axioms
of real number arithmetics are derivable from the axioms AI-El
of the system (S). It follows that the whole classical mathematics
may be expressed and proved in the system (S).

4. Reduction of certain set-theoretical formulae to
the arithmetical formulae. The theorem to be provedJn this
seotion is the main result of the whole paper. It is a simple corollary
to the well-known theorem of Skolem-Lowenheim which for
our purpose may be stated in the following' form:

Tlteo,.ell~ 9. If a E », ... ,m ~ il'J and (]>A~,a, ... ,lII), then there
is an at most denumerable subset Y of JJ such that

(4)

(6)

aEy, ...,m~y,
C(~g)=y,

(5)

(7)

E(y),

(]>g(E,a, ... ,m).

Proof H). We may evidently assume that (]> hall the normal
form

where
1fI= 'P(~,XlI""Xm,Yl, "',Yn, Zll''''Zp, t1, ... ,1q , ... )

is quantifier-free.
Owing to the axiom of' choice the condition (]>x(~,a, ... ,lI~) is

equivalent to the existence of a set of functions

ft(xlI .. ·,xm ) , gj(xll,,,,xm , ZlI''''Zp)""

(where i=1,2, ... ,n, j=1,2, ... ,q, ... ) with the following properties:
10 they are defined for all the values of their arguments nmning

through X;
2° if Xl' ... ,xm , .01, ... ,zp, ... are elements of x, then

(8) tp(E,~"",xm, fl(xl, ... ,wm), ... , fn(x1I''''wm), ZI''''''Zp,

gl(WlI,,,, xm , ~l' ... ,zp), ... , gq(x ll ... , Xm , Zl' ... , zp), ... ).

U) For this proof compare Skolem [ll].
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Let h(z,t) be a. function defined for z,t fi (t and such that
h(z,t) e (z-t)+ (t-z) for z=l=t. The existence of such a function
follows again from the axiom of choice.

Now define y as a smallest set such that

a, ... ,?n €y.

if (tll""Xm,Zll''''Zj" foY, then fl(x1, ... ,(tnt), gj{xll ... ,Xm,Zll''''Zp),... €'!I
(for i=1,2, ... ,n, j=1,2, ,g, ... ),

if z,t € y and z=l=t, then h(z,t) fi y.
It is evident. that y isan at most denumerable set and satisfies

the condition (4). If u,v fi y and 7t=l=V, then h(u,v) € [(u-v)+(v-u)]·y.
whence [(u-v)+(v-u)]·Y=I=0 which proves that y satisfies the
condition (5). Since 0 e -C( €g) and h(z, 0) fi Z for z=l= 0 we sec easily
that C(€y)=y and hence y satisfies the condition (6). Finally y
satisfies the condition (7) since (8) holds for every (tll""Xm,Zt, ... ,Zp, ... €y
and the values of the functions It,gh'" occurring in (8) belong to y.

Theorem \) is thus proved.

It will be convenient to use the abbreviation [x] for C(€xl.
It is evident that

(y € [x]) 55 (y € x)· ~'t{(t € .1])' [(y € t) + (t e y)]}

from which it follows that

for any formula r/J(€). This equivalence will be used in section 5.

We shall now prove the following theorem:

Theorem 10. Eor fVe1'Y set-theoretical fo-rm ula r/J( €) there is an
elementary arithmetical [ormula g(A,B) with two free variables
such that

Proof. By theorem 8 there is an elementary arithmetical
formula setA) such that

(/JC(lfA)(R,A) 55 9(A).
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Let 8«.04.) be the elementary arithmetical formula equivalent to

nm,n&C(R,A) [m=t=n ---+2)reC(R,A)(rRio 111 "'" r Rio 11)'J.

8«..4.) says of course that R A is internal.
Let .t:(.o4.,B) be the elementary arithmetical formula equi-

valent to

2)m&N(m € B)· nP&N{(p E B) ---+2)n,N[(nRAP) + (pRAn )]} ---+

---+2)m,N{(m € B)· nnlN[(n € B) ---+(nR,A til )']} .

.t:(.o4.,B) says that if B is a non void subset of O(RIo), then
Rio has a minimum in B.

Now take as f}(.o4.,B) the conjunction

9l(.o4.). 9'('(.04.) •.t:(A,B).

We shall show that this formula has the desired property.
Suppose first that there is a set .r; such that (,/ilxj(€) and [x]

is complete.
By theorem 9 there is an at most denumerable set y such that

E(y), O(€Y)=!h and (,/iy(E).

The second and third conditions give ill virtue of theorem 6
Wg(fy ) . Since the field of f g is at most denumerable, there is by'
theorem 4 a set ACN such that the relations €y and Rio nre iso-
morphic. Applying theorem 7 we obtain from fPY(€!I)

fPC(RA) (R A ) ,

which proves that 9l(A).
We show further that 8«A). For thia purpose we assume

that ?I!=t=n and m,n e O(RA ). Let I be a function which establishes
an isomorphism between Rio and Eg • Thus I(m) and j(7I) are different
elements of y. Since E(y), there is a Z€y such that [Zfj(m) ",,"z€j(n)]'.
Putting r=r1(z) we get r € O(RA) and (rRAm-rRAn)' which proves
that 8«.04.).

We shall finally show that if BCN, then .t:(A,.8)..,This is evident
if B= O. Assume now that B*,O and that B is a non void subset
of the field of R,A. Since RA is isomorphic with €/I and €y is well-
founded (by theorem 2), RA-is.well-Iounded too. If In is a minimum
of RA in B, then m € Band

nn€N[(n. B) ---+ (1IRA/II)'].

This proves that .£(.o4.,B).



544 FOUNDATIONAL STUDIES [20), 156

'Ve han thus proved, that if $[xj(€), then there is it set ACN
such that 5{(A), 5«A), and. (for every BeN) £(A,B). Hence

2xqJrxj(€) -+l;ACNlJBCNg(A, B).

Suppose now that there is a set A CN such that

g(A,B)

for eWIT set BCN. It follows that

5{(A), 5«A), and £(A,B)

for every BCN. From 5('(A) we see immediately that RA is internal
and from nBcN£(A,B) that B A is well founded. By theorem 3
there is a set .<; such that €x is isomorphic with RA and the field [x]
of €x is complete. From 5{(A) we obtain rJ>C(RA)(RA) and applying
theorem 7 we obtain rJ>[x)(f:x ) . This gives in virtue of theorem 6
rJ>rxj( €), whence, [,r] being complete

The proof of theorem 10 is thus complete.

5. Construction 01 an undecidable sentence. A limit
ordinal ~ is called 1'naccessible if it satisfies the following condition:

1"/ xCt; and x is not of the same power as ts, then x € is.
We shall add to the axioms of the system (8) the following

axiom
F 1. There is at least one inaccessible ordinal ~ > (/J

and shall call (81) the resulting system of axioms.
In this section we shall prove in (81 ) theorems about the

system (8).
Let $(€) he the conjunction of all the axioms of the system (8)

preceded by universal quantifiers so as to render all the variables
apparent.

We shall apply the theorems l:!stablished in sections 3 and 4
taking all constituents of $(€) as well as their normal forms as
elements of the finite class of formulae which were till now left
unspecified,
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Theorem 11. If ~ is an inaC()eS81~ble ordinal, tken ~tl+l (E).

We omit the proof of this theorem since it is ve-ry easy and
essentially known 15).

Let £1(E) .be the following formula

(10) ~x~.{<p.(E)·nu[(Y €B) 5iIII (y Ex)·2t{(t EX)'[(Y d)+(t E y)])]'

,nunt[(Y Es} ·(t Ey) -+(t E8m.
According to (9) (see p. 154) this formula, could have been

written as

(10*)

we prefer however the more complicated expression (10) since it
is important for what follows to have the formula Ll(E) written
without abbreviations such as "[x] " and "C".

Theorem 12. There is a set a such that ~[a)(E) • £1[o)(E).

Proof. Let ~ be the first inaccessible ordinal greater than Q)

and put a = tH1. Since [a] = a, we obtain from theorem 11

(1] )

It follows from theorem 9 that there is an at most denumerable
subset y of a such that

(12) E(y), (13) [y]= O( Eg ) =!I, and

The relation £y is well-founded and internal (see (12) and
theorems 1 and 2) and therefore (see theorem 3) there is a aet s
such that

(15)

(16)

(17)

Eg an(Z £. are ·~sornorphic,

the set [8] = O(E.) is complete.

It is easy to see that (13) and (15) entail the equality

8 is evidently an at most denumerable subset of a 1. e. of tH1.
Hence if 11l E s, then m dHl' i. e. m Ct•. Since m E 8 implies mC 8

because of (16) and (17), it follows that every element m of 8 is at

15) cr. Kur a t owsk i (6).
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most denumerable and hence m E tl according to the definition of
inaccessible ordinals. This proves that

(18) sCt,

and we obtain 8 IE tt and finally

(19) 8 IE a.

(20)

Applying theorem 7 to the formula <1>(E) and using (13), (15),
and (17), we obtain the equivalence <1>.(IE,)-<J>-I/(IE!I)' Theorem 6 shows
that we may omit the subscripts 8 and y staying by the letter E. In
view of (14) we obtain from the modified equivalence <1>.(E) and
further (since 8=81,=8a according to (18» ,¢,.,,(E). This gives in
virtue of theorem ;)

[4),( E)la.

1t follows further from (17) that

y IE 8 .... Y E[8]

.. (y E 8)' 2t{(t E 8) .[(g E t)+ (t E y)]) .

Since (t IE 8)-+ (t E a) we may replace the quantifier 2t by 2tea
and obtain the equivalence

(y IE 8) 5iii (y E8)·2t€a{(t IE 8)·[(Y d)+(t Ey)J}.

This equivalence being valid for every y, we infer that

(21) nu.aWI E 8) ,.. (y E 8)' 2t.a{(t E 8) [(g E t)+ (t E y)])].

From (16) and (17) we see that (y ES)·(t Ey)-+(tES) which
proves that,

(22)

Consider now the conjunction of (19), (20), (21), and (22) and
put the quantifier 2. before it. We obtain thus

2s-a{[¢s(E)]a' ny€a[(Y E 8) .... (y E 8)' 2teat(t E 8) .[(y E t)+ (t E y)])] •

•TJl/eantl,,[(Y E 8) ·(t E y) -+ {t E 8)]}

from which follows the validity of the weaker formula

2'xea2,ea{[t1>,(E)],,· nl/enr(y ES) - (y EX) ·2tea{(t EX) .[(y d)+(t E y)])] •

. ngeantea[(Y E 8) ·(t £1/) -+ (t €S»}.
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'l'his formula is identical with the formula ,1(E) relativized
to a, i. e. with .1o (€). Since [a]=a, we obtain ,1[01(1:) which together
with (11) yields 'P[a] (f) . d[tl](e). Theorem l~ is thus proved,

Theorem. 13. There ie a set b sitch that q>[/,j(e)·(L![b](E)].

Proof. Looking at the proof of tlle;lrem 12 we see that there
art' f;(·tS 1(' e t€+2 such that

(23) 1J,wl(E),

(2i)ij Y E (w], the?l !I C [:vl

E. g. 15+1 is such a set. Let 7c be the set .:If all these sets w.
By axiom Dl there is a set b such fhat b e k but no element of b
is ::i k

From bE k it follows ill virt.ue of ;:!3)

(25)

;:)UPPol'l' HOW that Jlbl(E). it follows He-cording to (10) tha,t
tllt'l'e are /'let;, iC nnd S sueh that

(26) o1H:[o] and 8e[b],

(27) lq).( En[bh

(28) f! lIellJ.l[(Y £ 8) "'" (y E ;1;). 2te[bI{(t ev)· [(y E t) + (t E ym],

(2!l) f!yf[bllltE[bj((Y E 8) ·(t E y) -+ (t e s»).

(28) <lUG (29) can be rewritten thus

[j1l[(Y e B·[b)) .... (y ~ x·[b])·L;'t{{t E x·[b)H(y f' t)+(t E y)1)],

nufM(y £ 8'[&])-(/ E y·[b]) -- (t e 8)].

According to (21) and (26) we have xC [b], 8 C [b], and. (for
y € [b]) yC[b]; we may therefore omit the letter b in square brackets
thorought these formulae and obtain thus

l1u((Y € 8)" (y Ex)·2t{(t l'x)·[(y t: t)+(t Ey)]}],

IT.'lnt[(Y E 8)' (t E y) -;. (t f' 8)].

'l'he first formula shows that

(30) 8=[X]
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and therefore the second is equivalent to

(31) y e: [x.]- yC(x].

Apply now theorem 5 to the formula (27). We obtain lP..{b) (e:)
what gives lP,(e:) since sC[b]. Replace here 8 by [x.] according to (30);
it comes

(32)

Comparing (31) and (32) with (23) and (24), we see that, x. e k,
On the other hand (26) proves that x e b. WI' urrive thus at a con-
tradiction since no element of b is in k,

This contradiction shows that it cannot be ,1(b)(e:) and the
theorem 13 follows from (25).

From theorems 12 and 13 we infer easily the following

Them'em 14. The formula ,1(40) is neitber (lemonstmble nor
refutable in (8).

Proof 16). If L1(E) were demonstrable in (8), then every relation
satisfying the formula lP(e:) would satisfy the formula ,1(t-}. Now
there is by theorem 13 a set b such that all the axioms of the system
(8) remain true if sets and classes are interpreted as elements of [b]
and e as £b; by the same interpretation ,1(t-} is carried over into
a false statement. ,1(£) is therefore non-demonstrable ill (8).

Using theorem 12 we show in the same manner that ,1'(£) is
Don demonstrable in (8) i. e. that ,1(£) is not refutable, q. e. d.

The formula ,1( e) yields thus an instance of an undecidable
formula. Observe now that according to (9) the formulae (10) and
(10*) are equivalent. Applying theorem 10 to the formula (10*)
we infer that the formula L1(e:) is equivalent to an arithmetical for-
mula of the form LACNnBCN{}(A,B), where {}(A,B) is an elemen-
tary arithmetical formula. This equivalence being provable in (8),
we obtain

The01'C1n 10. Ther~ is an arithmet'ical [ormula $I of the form
LACNnBCN{}(A,B) whe1'e {}(A,B)is an ele-mentary arithmetical
jormuta such that $I is '1t11decidable in (8).

11) In this proof use is made of some notions from the general methodology
of deductive systema.
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6. Remarks. (1) We compare here the uudecidability of the
formula g: (cf. Theorem 15) with the undecidability of formulae
constructed by the method of Go d el, Rosser, and TarskP7}.
The latter formulae assert their own undecidability, their intuitive
truth is therefore evident. They become decidable after the intro-
duction of suitable axioms or of a suitable rule of proof.

In the case of the God e I's formula it is sufficient to adjoin
the rule of infinite induction, i, e. to replace the axiomatic (relative)
notion of integers by the absolute one.

To decide formulae constructed by Rosser and Tarski we
have to adjoin to the system a number of intuitively obvious
axioms stating certain properties of the notion of truth fol' sen-
tences containing exclusively variables whose types do not surpass
a fixed type n (in Rosser's case n=2).

The intuitive truth or falhity of the formula g: from the
theorem] 5 is not evident unless one assumes the existence of in-
accessible limit numbers. No "reasonable" rule of proof seems to
exist which would be sufficient to decide within (8) whether g: is
true of false.

We see thus that the undecidability of fl is caused by other
circumstances than the undecidability of formulae constructed by
the method of Go del.

On the other hand, if we define the "absolute" undecidability
as the undecidability irrespective of any assumption concerning
the existence of sufficiently high cardinals or ordinals 18), we see
immediately that fl is not absolutely undecidable since it follows
from the axiom PI. A mathematical Platonist who believes in the
existence of "any" cardinal and "any" ordinal would therefore
consider fl as incontestably true.

The surprising property of fl is that its truth cannot be
established without presupposing the existence of Inaccessible
ordinals. Also it can be decided neither within arithmetic nor within
the theory of function nor within any theory translatable into a sub-
system of (8). Yet fi expresses a fact concerning real numbers:
it states that a OA·set is non 'Void.

11) Gadel [4], Rouer [10], Tarski [15].
U) I owe the acquaintance with this notion to conversations with Tarski.

The explanation given in the text is of course very vague and it is doubtful whether
an exact definition of the notion of absolute undecidability will ever be found.
Ct. Tarski [14], p. 87.



550 FOUNDA T10NAL STUDIES [201, 162

We note still one (though unimportant) difference between
the undecidable formulae of Go del and the undecidable formula g.
The formulae defined by Go dal are so long that it is prsctieally
Impossible to write them down explicitly. The formula !1 is ve~'
long too, but it oecuples not more than one or two pages.

(2) Theunpl'ovability of A(E) within (I~) could have been proved
ns follows. The arithmettzation of meta-mathematics enables us til
express Ul'l an elementary arithmetical formula the following meta-
mathematical statement: (8) is a 8elf·con8istiN~t 8Jfstem. Let crt' btl
the arithmetical formula obtained in thiR 'Way. It is easy to 8~'

that ..1(E)-W is provable in (S). Indeed A(,) !lays that there is a. model
satisfying all the nxtoms of un and therefore ..1(,) implies that (8)
;11 self-consistent.

Now 'W has been shown by Godel!D) to be unprovable within
(8) and hence A(E) is also unprovable.

We remark however that 'W is decidable if one adjoins the
rule of infinite Induction, The above proof gives therefore less than
the former proof since it leaves open the possibility that ..1(,) mar
become provable after assuming the rule of infinite induction.

(3) If the exlstenee of inaccessible numbers were provable
in (8), then A(€) would be provable too (of. theorem 11). Hence
it iR impossible to prove within (8) the existence of these numbersw).

(4) The following remark concerns the theorem 9 of Skolem-
JJ6wenheim.It might seem that the hypothesis of theorem ,.
is unnecessarily strong. Indeed one can prove!l) the following
theorem 9$ which we propose to call "theorem of Skolem-GOdel":
-if 'P(e) is a non-contradictory ft) fM'mula~ then tlltre is II relaticm R 1Citlt
tit m08t ilemm"erable-lie'ld 0 such that ~c(R).

Theorem 0* however is neither stronger nor weaker than
theorem 9. Its hypothesis is indeed considerably weaker than that
of theorem 9 but its conclusion is weaker too since it cannot be
ascertained that R is well founded. .As a. matter of fact it can be
proved that tor several formulae V'(f) the R of the theo~m 9·
(~annot be well founded.

It) Godt'l [4), Theorem XI; p. 196.
Ie) Thil!o hall been proved by Kur at owsk! [6). Cf. ulso Fireatollc antI

Rouer [2).
It) Godel (%J.
tI) I. e. linch that takiug '(el WI all Q7.iom and applying CoU the rulee of

fuuetional (,·lllcuIUll one obtains never a eontradil'iion.
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In theorem 10 we used theorem 3 which could be proved only
for well-founded R. This shows that theorem 9* would be useless
for our purpose.

(5) We shall show here that the axiom of choice could have
been eliminated from the above proof. We have used this axiom
only in the proof of theorem 9. The following theorem is however
provable without this axiom:

Theorem 9**. II x is a weU ordered set, a€x, ••• ,tn€X and
(f>...(€,a, .•. ,m), then there is an at most denumerable sct !/ such that
til € y, ... ,m e '!I, E(y), C(€,)=y, and (f>g(€,a, ••.,m).

Let (f>(€) be again the conjunction of the axioms AI-EI.
Godel 23) has defined a transfinite sequence of well ordered

sets mo, mu ... ,m" ... such that if e is a suitable ordinal K), then
1>"'1+1(4:). Now the proofs of theorems 10-]5 can be repeated using
theorem 9"'* instead of 9.

(6) The finiteness of the axiom-system AI-El has enabled
us to carry out the proof of undecidability without using any
semautieal notion. To extend our-construction to systems based
on an infinite number of axioms, one has to take the somantical
notion of eatfsfaction 21i) into eonsideration and the proof becomes
much more complicated.
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On extendability of models of ZF set theory to the models of Kelley-Morse

theory of classes

By W.Marek and A.Mostowski (Warszawa)

§-1. Introduotion

The standard a:domatisation of set theory due to

Zermelo, Fraenkel and others was extended by von Neumann,

Bernays and Glldel to an axiomatisation in which there appears,

apart fr9m the basio notion of a "set", the notion of a "olass".

Intuitively, olasses are properties of sets, it being understood

that we identify properties with the same extensions. This

intuition derives from Cantor, who spoke of oonsistent and

inoonsistent olasses.

The introduotion of olasses also extends the notion of

"funotion": some olasses whioh are not neoessarily sets are

funotions. But the basio intuition of set theory that the

image of a set is again a set is preserved.

If we restriot the soheme of olass existenoe:-

(n)(x)(x fX ~ P(x»

(where "X" does not appear in p) to formula~ in whioh

no quantifier binds olass variables, we obtain the so-called

"pred1cative olass theory" of Bernays and Glldel (or "GB").

1£, however, no restriotion of this sort is imposed, i.e.if <p
may oontain quantifiers with variables ranging over all olasses,

the theory which results is called the Kelley-Morse theory of
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classes (or ftKMft). In both cases, GB and EM, we accept the

class form of the replaoement axiom.

The system GB corresponds to the intuition that classes

do not form an acoeptable totality, although some operations

on classes are aooeptable, by the oom~ositlon of appropriate

operations we get olasses {x : <£ (x ) J for predioatlve ~'s.

The system KM oorresponds to the oonviction that the aggregate

of all olasses does form an aoceptable totality and is a

legitimate mathematical object.

The authors'standpoint is the following. They agree with

the opinion that there 1s no reason to assume the properties of

sets form an aggregate whioh 1s a legitimate mathematical

objeotJ but they think that the extensions of properties do

form such an aooeptable totality, and therefore that the system

1M has as strong an intuitive basis as the system ZF. We olaim,

in fact, that EM is a formalisation of ~eoond order ZF set

theory·, ~nd that, in particular, the form of the replaoement

axiom whioh is aooepted in EM is in aooordanoe With this claim.

Thus we believe that EM is a very good system for the formalisa-

tion and development of mathematics.

This conviction leads to a oompari~on of the relationships

between Peeno arithmetio and second order arithmetie on the one

hand and between ZF and EM on the other.

The intermediate syatems (i.e. systems lying between GE

and KM, for instance ~, in which the scheme of olass
1

existenoe is restricted to ~ formulas) are not oonsidered
n

hore, although a substantial number of results (in partioular §3)
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may be extended to that case. An interesting interpretation of

the A ~ class existence scheme is given in [11].

It 1s well-known that the theory EM 1s stronger than ZF,

and that thsIe are s"~atements in the languaKO of ZF sst theory

provable in E}! but not (under assumption of the consistency

ot ZF) in ZF. Sentences which assert the existence of transitive

models ot ZF set theory may serve as examples; another example

1s a sentence asserting the existence of a model of GB and the

Z:~-class existence scheme. Let ZF,KM be the set of formulas

1? of the language of ZF set theory such that the relativisa-
-v 1:tion ep of ~ to the universe of acts is provablo in EM.

~he system zpKM is an extensicn of ZF, and is axiomatisable,

but no axiomatisation (in the language of set theory) is known.

Our feeling is that ziKM consists of sentences as true as

those ot ZF set theory. (Clearly the consistenoy of ZFKM is

formally equivalent to that of KM).

Consider a mOdel <M,E > of ZFKM• For general model-

theoretio reasons <111, B > is elementarily equivalent to a

model <N,E' > obtained trom a model <R,E II> of:KM by

restrioting it to sets of the model (with restricted membership

relation). Thus it Beems that it is most natural to begin

studies of models of ZFKM by considering models which are

restriotions (in the above sense) of the models ot KM. Such

models are oalled "extendable".

In the present paper we study extendable models.
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The paper is organized as follows: §O deals with

prelim~e6.In Part One we give a number of extendable and

non-extendable models. We introduce the important notion of

~ - extendability (corresponding to ~ - models of second

order arithmetic), which is a restriction of the notion of

extendability. We show that every elementary olass consisting

of models of signature < 1, 2 > contains an element not

extendable to a model of!M. For the c: - models we have

a stronger result, which, in view of recent work of Krajewski,

is optimal. We show that extendability is a PC and

extendability is PCPC property. We establish the

reflection for the theory KM. We discuss the oonnections

between the extendability phenomenon and the height of the model.

In Part Two we deal mainly with p - extendability. For

a given transitive model <1II, € > of ZF set theory,

we define a olass R.A~ ~ ~ (M) and show that <M, E: > is

a f' - extendable model itf <R.A~ , JiI, E) is a model

of KM. Since the class ReAl! is defined by a oonstruotive

(although transfinite) prooess, this result may be considered

as a criterion of r - extendability: to see whether <M,e)

is a ~. - extendable model, we have only to oheck whether

the images of sets in Mby functions from R.A¥ belong to M

or not. In the former case JiI is r - extendable, in the

latter not. The class R.A~ is oalled ramified analysis over M;

its construction closely follows work of Gandy and Putnam, who
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proved similar results in the case of seoond order arithmetic.

(Gandy's results were unfortunately never published.).

~anspos1ng ot~· unpublished ideas of Gandy to set theory, we

/ 11 "prove that ,R.A.,:I4, f / is the smallest f - extension

of the model M. Considerations used on this proof allow us to

get inner interpretations of XM in itself satisfying in

addition various forms of oho i cc , In the course of this argument,

we disoover an interesting differenoe between seoond orde~

arithmetio and the theory XM, namely that the latter has minimal

transitive models; the former has not, as was shown by Friedman

in [3J. This solves a problem in [ 3J.

The results of Part Three were proved by W.l4arek. The most

important result is a proof that the notions of extendability

and of ~ - extendability of transitive models of ZF are

different. (This is not surprising, on analogy with seoond

order arithmetio, but it has to be proved). Using methods of

Barwise and Wilmers, we show that the least ordinal 0<. for

is extendable is smaller than the leastwhioh (L... , ~)

ordinal cI.. I for whioh <L.(, E: '; is f - extendable.

Under reasonable assumptions (namely that 0< I exists), both 0<

and 0<. I are denumerable. Moreover, 0(, is denumerable in

< Lo<" c '> ,
<: L ""," €) •

and is extendable in

We give suffioient oonditions of extendabllity and f -
extendability. They are entiTely construotive; they appeal to

the next admi.sible set, in the oase of extendability, and to
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the next s.: -admissible set, in the eaae of {3 - extenda-

bllity.

The sUbjeot of this paper haa been studied by both of us

tor qUite a long time. We started systematio r~sea.rch Oil it

in 1970 and discusaed it over IIIB.DY hours; hence our ccaaon

authorship of the paper. Our earlier related results appeared

separately in [12J, [6J , [9J, [8J, [10J, [14] (arr&l:l8ed

in order of appearanoe).

In our opinion, the notion of extendabi11ty merits further

researoh. The most important problem aeems to us to be the

a.xiomatisatioll of the Z~ set theory. :tn" partioular, we are

interested in mathematioallY:1nteresting oonsequenoes ot zpKM

which are not oonsequences ot ZF.

We are grateful to our colleagues from 'iJarsalY: W.Guzloki,

St.KraJewak1, M.6rebrny and P.Zbierski tor many valuable

disoussions and remarks. We OWe a lot to R.O. Gandy whoae

ideas are so olearly seen in the part two.



[113),466 ON EXTENDABILITY OF MODELS

~ O. Preliminaries

559

Four basic theories we deal with in the paper are ZFC, ZFKM,

KM and KM~. They all are formulated in the same language LST
ZFC is the usual set theory of Zermelo and Fraenkel (with choice).

ZFKM was defined in the introduotion. In order to introduce KM we

prooeed as follows: We change the language LST into two-sorted

language defining a predicate J(X)~ (EY)(X E Y) and using

small Latin letters for variables ranging over sets i.e. classes

with the property J(.). EM is the theory based on the following

axioms:

1) Extensionality

2) Pairing for sets

:3 ) Sum for sets

4) Powerset axiom

5) Infinity axiom

6) Foundation axiom

7) Choice axiom

8) Class existenoe scheme: (EX)(x)(x E X~ rp (x ) )

X not free in ~ (. )

9) Replacement axiom (class· form)

If in addition we add the Bcheme 10)

10) Choice soheme

(x)(EY) ;p (x,y) -> (EY)(x) f? (x , y(x»

where y(x) '" { y : <x,y >E Y] •

the resulting theory is called EMf.
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Models of KM (KM¢) may always be represented in the torm

(r vM, M, E> where S ~(5'(IoI): namely it follows tram the

axiom ot extensionality and the detinition at J (.) that prope~

olasses may be uniquely represented by subsets of Mwhere • is the

set of all sets of the model.

The height of a model (M,E > is the supremum of ordinals

represented in « M, E ). In case when (14, E > is a transitive

model of ZF, the height heM) is equal to 1011'\ On. But When < ., E)

is a model of KM then the height at it is usually much larger

since there are wellorderings in Mof length bigger than On.

If <N,E > is a struoture and x E N then we put x1i
.. {y: IiI:

y E x I . In case when N is transitive and E = El'l then x" .. z ,

Throughout the paper we use standard model theoretio and set-

theoretio terminology. It X is a olass then X(x)

is called the :z;th section of X. We write X'7 Y instead of

(Ex)(X .. Y(X)). In this way - intUitively - Y oodes a colleotion

{y(x) : x fDom y J. In paril two we use the following property of

the theory KM: wellorderings are comparable i.e. If X and Y are

wellorderings then either X is similar to a (unique) initial

segment of Y or oonversly. This in turn implies that any two non-

standard wellorderings which are wellorderings in the sense of a

given mOdel have the same initial wellordered type (it is in fact

the height of the model). In part three we use-standard by now-faots

trom the theory at so called admissible sets. In partioular we

assume the working knowledge of classioal results of Barwise on

l:1 - oompactness of denumerable admissible sets. We assume also

some knowledge of oonstructible hierarohy.
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§ 1. Extendability
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Definition: Let <IIr,E) be a model of ZFC set theory

and T a theory. <M,B > is called T - extendable iff there is

1= ~ (?(M) suoh that <3' vM, M,E' >I-T where B'= E... ~M",g:-)I"\E'J

We shall oonsider models whioh are KM- or KM~ - extendable.

When from the oontext it is olear what is T we oall <M,B >
just extendable.

In case when M is a transitive set and E,. En';' then-

if (M, E > is extendable - we may find ~ suoh that 115.T ~ ~(!II)

and (:"f ,M, e) to- KM. In fact we shall be mainly interested in

such structures.

The simplest property of the theory KM is that for every

formula of LST ' if ZFC t- "f1 then KMI- ( If )V. It follows in

partioular that if <M, \P, :E~;: Xl( then (VJj, BrvM> 1= ZFC.

Let Z~" t 'f : KM I- ( If)V } Then ZFKM is a recursively

enumerable set of sentenoes and therefore it has a reoursive

axiomatization Moreover:l.t is easy to see that the theory KM is
if! the theory ZFKM is consistent KM

oonsistent~Unfor~te1y we do not know any axiomatization of ZF •

The theory zFKM is much richer than ZFC. In particular

zron l- "There exists a transitive model of UC·. A much

stronger statement provable in ziKM is the following

(*) "For every ordinal 0<,. there exists a sequence f, defined

on and suoh that f is an elementary tower of natural

models of ZFC".

Indeed, using the olassioal reasoning of Montague Vaught

(whioh we present below under the name ·over-and-over-and-over-

again") one oan prove that V is the union of an elementary

tower 5 R ~1 Ie< ",to.
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The last statement is not expressible in LST as a statement

about sets sinoe it has the form: "There exists an inoreasing

funotion S : On -? On suoh that 0/.. < p implies

-< <R r fl ' E>". The quantifier "there exists f "binds

a olass variable and not a set variable. A (very unsatisfaotory)

interpretation of this statement is the formula (*). It should be

noted that the above statement is provable already in quite weak

subsystems of EM. Although not provable in GB theory of

01as3es it is derivable already from the ~~ olass existenoe

scheme. Another type of statement provable in XlI is the following

"There exists an increasing function ~ : On --7 On such

that"" < p implies <lifo.' 6'-/-<;(R f !" , E> and such that

(o<.)On (U)(X.f R p... +1 &. "<r, R~ ... , Eo> satisfies GB +ZJ~­

oomprehension")".

A typical reasoning whioh we call "over-and-over-and-over-

again" and use at least four times in this paper is the following

one:

Theorem: There. are arbitrarily large 0< suoh that

Proof: Using the soheme 8 we are able to prove full scheme

of induction and so we are able to prove that for every olass X
~ in particular for the class V there exists the class
~Stsfr consisting of pairs (~ ,~> such that all terms of

x belong to X and <X, E? 10 '1'[~J. Applying the class form of

the Skolem Mwenheim theorem (it is provable in EM, cf [14])
we get a set So suoh that <so' e> -«V, E>
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We lIl2y assume that uf'So (where u is a fixed set).

Notice that there exists <>c 0

Now we define inductively two

suoh that so' R 0{ •
o

sequences {O{nJ n~w' l sn5 n € <:.>

such that: I

It is olear that LIs
nl:-'-i n

:Put 0<.. '" l.J 0<n' Sinoe
n~c.~

<: USn' E>-< <V, €:- > therefore
n~",

we have

< Rol..l EO) -< <V, E>

By the oonstruction u f R", so.,.( may be ohosen arbitrarily

big. The proof as we presented it needs global form ofohoioe, the

Gedel's axiom E. Considering s 'sn of leas~ possible rank we are

able to use only the looal form of choice.

The sequenoe {It~o(l0( ~ On of the oonseoutive natural

elementary submodels of V may be charaoterized as follows: r 0 is

the least ordinal majorizing all ord1na~definable in V (i.e.

definable by formulas of the form 'f V( .) ). Similarly S 0< +1

is the least ordinal bigger than all ordinals definable in\! by

formulas With the parameter ll!ol. •

In the language LST we are able to express the notion of

wellordering, namely
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&. (y,X) € :r. -'> y " x) &(Z)(Z E:Dom X J<.Z I jJ ~ (Ez)(z G Z&(w )(WE Z -9

< z,w) €:r.»).

Similarly as in case of models of the second order arithmetic

we intruduce the notion of ~ - models.

Definition: The struoture <go , M, E > (where T' (r'(M» is

called r - model (or - equivalently - is said to possess p -
property) iff for all :r. E 'r, <, '7f , M, E:) "" W.O. [X J implies

that X is a wellordering.

This leads to the following natural definition:

Definition: The model <: 111, E") is oalled (3 - KM - extendable

" ~ - YJilC - extendable) i.f:f there is 'J" ~ 6J (M) such that

<'1 , M, €) is a r - model of KM ( f - model of KMC).

Transitive models of Zl!' set theory are neoessarily (3 -

mOdels.") This follows from the faot that

Zp I- (x)(W. O. (r) ==;> (E 01.)(Ord(0<) 8<. 1: 'Oi'" <,(" ~ > )) and

additionally from the faot that the formula "(.) is an ordinal"

is an absolute formula with respeot to transitive struotures.

In case of the theory KM the situation is different (we show this

in § J, although earlier i'lt was proved in [9]). A ouriosity

With respect to this is the following'lemma:

..) Indeed much weaker theories have this propertYJ it 1s

suffioient to assume ~ ~ - oolleotion and 2: 1 - comprehension.

The faot that powerset axiom is not used we employ later.



[113],472

Lemma:

one.

ON EXTENDABILITY OF MODELS

Formula W.O.(.) is equivalent (in KM) to a predicative

565

Proof: Consider the following formula w.o.(X): (x,y) (x € Dom :I &..

(Eu)(u~ Z~(V)(VE.'Z""'l'> <,"u,v>l::X). Clearly W.O. (X)~ w.o.(X).

Assume now ~ W.O.(X); Consider :xo ot least rank such that the

Class 1: r» tt : (t, xo > c:I J 2 is not welltounded. Now inductively

detine xn+ 1 as an element ot tt: <t, Xn)EXJ-lxnl of least

possible rank suoh that xn tt : <t, xn+1E x j 2 is not welltounded.

t· xn} n f(.) is a set not wel1tounded in :I. Again we can eliminate

global choice from the prcot.

The notions ot extendabil1ty and f' - extendabllity coincide

on some classes ot models; as shown in [9], if <Ill, E> is

a. tranaitive model of ZFC and cf(M" On) ~ "'1. then every

extension of <M, E> is neoeasarily a ~ - extension.

Indeed it :f 1a an extenaion and <or , M, E:) I- W.O. [XJ then,

is an X - descending sequenoe then by our

assumption on the ootinality character at On" M, fXn J" "'.., ~ RMo(

tor aome 0<.' On" M. But then, :I I'R~ is not a wellorderingj

sinoe 1: ~ R~E. therefore <11,6.> 1=., W.O. [x ~ R~] oontradicting

("1' , Ill, n~ W.O. [X].

We investigate now the extendability ot some models of ZlC.
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Proposition: If 0( is a strongly inaccessible cardinal then

<Rex' E:> is t3 - KMI: extendable.

Proof: <Ro<. +1 ' Rex: ,E > is a desired extension.

Notice that by Skolem-Ltlwenhein theorem, <: Roo( , € > has

also other extensions. It has even more than 0( of them. Under

assumption of regularity of 2<><- it has even at least 20( of them.

Proposition: If 0<. is a weakly inaocessible cardinal then <Lo< ,cD

is ~ - KMI: - extendable.

Proof: If 0<. is weakly inaccessible then <L , C '11= "0<. is

a strongly inaocessible cardinal". Moreover <. L, e: > 1= "L 0<.. so R,.t

thus <: L, E) l= "L d- is P - KMI: - extendable". However the

latter statement is absolute because L is a transitive model of ZF

and therefore it is a ~ - model. Note that one of ~ - extensions

of <L... ,G> is 1o<.+r-.(5' (10<. ).

Proposition: The least transitive model of ZFC is not extendable.

Proof: The formula "(.) is a transitive model of ZFC" is

and thus absolute with respeci~ransitivemodels of ZF. If the
m~

least transitivefWere extendable then it would satisfy the sta-

tement "there exists a transitive model of ZFC". But it does

not sinOe it is the smallest one.*)

*) Once again we do not use the full power of KMj 21 class

existence scheme is enough.

~ ZF
1
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Let ~ BI1 be the consecutive enumeration of heights of:r I: 00

transitive models of ZFC.

Proposition: Let ~ be a formula such that ZFC ~ (E! 0<) 'f

and ~ is absolute with respect to transitive models of ZFC.

Let cX'f be the unique object satisfying If • Then (. 1 ~ J €)
'f

is not extendable.

Proof: It < M, E) is extendable then, since '" 'f E III

therefore also Q", E 111 and
f

Thus

The above proposition can be generalized to the ordinal

numbers definable in theories stronger than ZFC. Indeed it is

enough that T is a recursive theory such that KM r- "(V,E) /: T"
XM

For instance ZF n = { If: GB + 2. ~ class existence scheme f- 'of }

DefinitIon: If .3 is a strongly inaccessible cardinal then ~,_
.:.

is the least ~ such that

Proposition: It c is a strongly inaccessible cardinal then

(.R.J..~ ) E> is a non extendable transitive model of ZFJ.?'l
w

Proof: Since < R.-., (E > is extendable therefore it
..:.

satisfies ZFKM• Thus <R..<~, ~) also satisfies ZFKM•

""
By absolutene ss of the nction of rank with respect to transitive

( flo,"- ,Ii)
:Ii. = lil.models of ZFC we get, for 7<.,(" R 7 " ... R 7

n .
G 0<._ 7w

If (R",-~, E> were extendable then there would exist t] < <><,-.
~ D
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such tkat in the extension <'"f' , R.... , E- > we would have
/:,.
u

<T , R~8'€ >1= n<:R 1 ' e>«v, Eo) n

(R.oJc-)
But then <n'l ' E> -< (Ro(G' E> i.e.

<R 'l' E: > -< <a g( ..... ' E '>
u

oontradioting minimality of 0( .....

Ci

The analysis of the proof showa that <
1

faot not extendable to a mode~ of GB + ~1

acheme ,

R.,( .:,' E) is in
....

olass existenoe

Theorem (Krajewski): If <M, :I) is a model of ZPC

then there is <N, :s' > such that <: M, E> .. <H, E' ') and such

that <H, E' > is not extendable.

Proof: By the main result of [17] there is a model <N, E' >
suoh that <N, E ,>:<14, E) and such that all ordinals of

(N, :I' > are definable in <N, E' >. We olaim that <H, :8'>
is the desired model.

Indeed, if it were extendable then, in the extension

<-r, N, En> we would have <'l' ,N,En)/::. "(R..<" E)«v,f.>n

for some ordinal co( of (N, E') • Consider the replioa,

(R S.H,E'»~ of the objeot R~N,E'). Then in partioular

«R;,N,E') )~, E'f'(R~H,E'»~> is a proper elementary

subsystem of <H, E'). Under this oondition all definable

elements of <H, E') must be in (li <: 1l',E'> t. But 0(.. is
<><.,
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not there, which gives the desired contradiotion.

Corollary: If [ is the olass of all extendable models and X
an arbitrary elementary class in the language of Lsr then]( -£ I:;zr

In the case of ~ - models i.e. models With natural numbers

ordered in the type CV we get a slightly stronger result: .. )

Theorem: I:f (M,E> is an w - model of ZFC then either (II,E>

is not extendable or there is an ordinal c:>(. of the model <: IiI,E >
auch that «(R,}M,E) t, E~(R}IrI,E> )~'f<'<M,E > and

<(R~M,E >)-, E t (B.~JI,E) r ') is not extendable.

Proof:

Lemma:

The key fact is the following tedious lemma:

It x,y are two elements of M suoh that (M,E >F •

x is a pair < xo' B'> and y is a pair <Yo' E" '> and

and 2 "E" ~ y o then ( ( M,E >F "x < y" 1:!'f

Proof of the lemma: We shoW that the satisfaotion class for x

inside of the model <M,E > and the satisfaction class for

( x~ , EO > in V are isomorphio. Indeed consider the object z

whioh is the satisfaction class for x .in the model (M,E > •

Then z· consists of objects being pairs <~ , s> (in the

sense of M) where ( M,E) 1= 'fl is a formula" and

,,) We first define:

Definition: If xE M then xo• ~ (z ,t) <M,E )!"" <:z, t)cX" ]
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( M, E) F

< Jil, E) F

" s is a finite sequence of elements of xo" and

" x F 'f [aJ ". Now we use the fact that <M, E>
is an CJ - model and thus the notion of a formula is absolute

with respect to <M, E>. Also the notion of finiteness is

absolute i.e. f. M,E ') I- "s ia :finite" implies that (S)30 is

actually finite. Now we show by induction (which is allowed since

<. M, E> is an W - model) that <M, E> p • x p If [s]· iff

<x~ , EO> 1-1f(((s)~)oJ. Thus we had shown the isomorphism.

Finally let us notice that .( x~, EO7 < (y~ , (E')o > is

equivalent to the :fact

n (Form~ U n( ;1:» •
n c {J X o

Making the calculations inside and outside of the model and

taking into account that (x (\ 1)30 .. x;l:r-, y'*-. (Where the symbolr-,

on the left hand side denotes an operatio~ in the model and on

the Tight hand side a set theor~tic operation) an finally using

once more absolutness of a finite sequence, we get the result.

With the lemma proved we prove the theorem as follows.

Let 0<. be the least ordinal - in the sense of <. M, E > -
such that in the extension

(Clearly under the assumption of extendability there must

be e><j with this property).
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But

(of [H] )

We olaim that <(n~ M,E) )5, E f (n~M,E> )'1') is not extendable.

Suppose it were. Then there mus"t be an ordinal (3 - ill the sense

ot < (n ~M,E > )5, E ~ (Ri M,E) )5 >_suoh that in the extension

< :', (li~M,E) )"', (E l' (li ~M,E ') )5), > the formula

n(R
f

, E» -« V, C/ 9 holds.

(M E > <M E> <:(R<,M,E»'I' I' «M,E) 'IE
Thus <(R~(R"", )5 ,E (' (R"" ' »5 )5,E t(R f3 ce ,E CRo( »')

is an elementary subsystem ot <(R~ LI,E) )'1', E ~ (R~ M,E > )5 >
<: M,E > is an rank extension of <(RiM,E»~ E~(R<'M,E»5)

«(R (M,E»'lE E ('(R <M,E»5> 5
and therefore (R f 0( , 0< ) ..

• (R~M,E) t.
Thus <(R~<:M,E»~ E~(R~M,E> t>-< <(R$M,E> )'1', E~CR./M,E> t>

and so, using the lemma we have <M,E IF n(Rf,c:.><<'R"", ",,)n

oontradicting the cho Loe of 0<. • ,.)

The extendable models alWays satisfy ZFKM• The compactness

theorem implies the following theorem:

As shown by St.Krajewaki the assumption that <: M,E > is an
W - model cannot be omitted. Indeed he shows the following

theorem

Theorem: If ffl. • <. M,E > is an extendable model then there
exists a cardinal 1- and an ultra filter D on 1- suoh that the

ultrapower Ol :m.t'/D is extendable and for every ordinal 0<.. of dL ,
if in the extension <1, IT)I:" "(Ro/,' E ><..<..V, f::) n holds then

<(R;;' l', E'f(R:)~) is extendable.
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Theorem: (M,E > is a model ot ZpDl itt there is model <N,E' >
suoh that <M,E ) :: <: N,E' ) and <N,E"') is extendable model.

Proot: Implication trom the right hand side to the lett hand

side is obvious. Assume .(1r!,E) pZli'KM.

It is enough to show that Dl + (Th( (.,E»)V is oonsistent.

Otherwise KM I- (,'(l)V for some '(' t Th(M,E») thus .... If'EZpDl.

But ZFDl f Th( <M,lD), oontradiotion.

The ultrapower mAID of an extendable model is again

extendable. Thus applying the theorem of Frayne we get the tollowing

result:

Proposition (St.Krajewski): If (M,B> is a model of ZFDl

then there is an elementary extension of it <. N,E' > whioh is an

extendable mOdel.

We oome baok now to the disoussion of the ordinal .,( r-.
C

Proposition: ol..~ is a cardinal.
e,

Proof: Sinoe (V, E'> is a rank extension of <R <0( , E >
::;

therefore the notion of a oardinal is absolute with res:PeQt to

<. R "'.... ' € >. Sinoe
c

<: R 0<.... ' f:. > is a mOdel of ZFC therefore
.=0

it is a limit of its own cardinals. Thus <>< ,...., is a limit of
G

oardinals and so is itself a cardinal.

Notioe that the oofinal1ty oharaoter of 0(~ is always cJ
Q

As is well known, if m. 1s a natural model of the theory Dl

(and even of the theory GB) i.e. a model of the form <RO<+1 ,R""",c)

then oIv is a strongly inaooessible oardinal. If however we

oonsider models of the form <1'., Ro(.' C > without stipulation
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that :r a R~ +1' then, under the assumption that inaooessible

oardinals exist we may find extendable models of the form « ll.... , e)

Indeed we have the following theorem:

Theorem: If 3 is an inaooessible cardinal then there are

arbitrar1ty large ') < G such that < R'] , E > is extendable,

<:Ii" ~) -<(.a 2 ' 0, of Y) a w.

Proof: We use the "over-and-over -and-ove~gain" method.

let uER..... Consider the system ( R,=" +1 ' R.... , E:> and its
w ~ 0

I 0 0 0 0subsystem ,,}, Ai' E) such that u s Ai • The ob~eots in Ai

are elements of R~ I objeots in AO
- A~ are elements of

.:.

R,:", +1 - R,:" • '/I'e define as before sequenoes {An} n E...,' { A~Jn e Q

l.J .....

t'1 n] nfw suoh that:

As before

Now set.

<A
j

, A~, E) ~ (ll;-+1 I R,..." E')
c. ..::.

Aje. R C A3+1
1- '13- 1 '

13 c S , A:l+1 _
.J.?3

A~ S R.--r , A3 _ A3 c R - R .....,;:, 1 - '::' +1 ..::.'-'
•

A. U A3, Ai -U A{ ,
,- ~w~33E:(,) j(iw

let us note firstly that Ai is transitive (though A is not)

and Ai. R
7

• This follows :from the faot that A~ G R '1 ~~ A;+i.

Thus <A, R i ,E>«RS +i' R,:=:' lEt. For eaoh :lEA put
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x" = X,... Rt'). Let Y = [ x" : Xec) , Clearly 'l arises

simply from A by the contraction procedure and so

(A, R
7
,E>~<:r,R?,E'>. Thus c r , R'),

By our oonstruotion <R 7 ' e) <( Rc;' Eo >
E >'" KM.

and of 7 = c

Notice that the system <'T ,R'), E> is a r - modol.

Indeed let <1'" , R') , E >\& W.O. [X] • Then for soma

Z EA, X = +. By our construction <A, R? ' E >~ W.O. [Z].Z •

The analysis of the form of Z shows that I is a restriction of Z

to R
/•

(R':'+1 '
I..J

Now <A, RI'),f/«R':"+1' R,:"E). Thus
I '-J I..J

R~,6 >1= W.O. [ZJ and so Z is a wellordering.
W

Since Z is a wellordering, therefore all its restrictions are

and so X is a wellordering.

When we look closely to the proof we find that we did'nt

use all power of inaccesability. This leads to the following

definition.

(E;)(X€ 'f"2 B. (y)(y C ~1 ~ Y7 X»
"-

is codable within 1 2; in particular

Definition: A model < M, E > is called 2-extendable iff there

exist two extensions T 1 and ;r 2 of <. M, Eo > such that:
j

('T i , M, E > I= KM , i = 1, 2 and

i.e the extension 'r 1

By virtually the same reasoning as above we have the

following theorem:

Theorem: If <M, ~ > is 2 -extendable then there exists

d.., E 0" n M such that
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is extendable. If in particular the smaller extension ~ 1 is

a E3 -extension, then <R~, € > may be chosen ~ -extendable.

Analogous hierarchies of n-extendability and <><. -extenda-

bility may be introduced, with analogous results. However, we

shall not pursue the matter here.

Since we had shown that extendability is not an elementary

property of models, it seems reasonable to investigate whether

this property is· connected with the height of model of ZF.

Theorem: If there exists a strongly inacoessible cardinal

and 0# exists then there are transitive models M1 and M2 of ZFKM

suoh that Onn M1 = OnnM2, M1 is extendable (even ~

extendable) and V~ is not. M1 and M2 oan be chosen denumerable.

Proof: We first produoe unoountable models M1 and M2 with

the desired property as follows. If K is an inaocessible

cardinal then consider .,z)(

is not extendable. But ~~

As we proved before <Ro( , E>
"-

is a oardinal and since 0* exists

it is strongly inaccessible in 1. Thus <1, E: > F • <10( , E )
K

is f3' -extendable". Since <1, E:» is transitive therefore

<,1.1 , €:- > is actually ~ -extendable. Set M1 =(1... , E ~
)(, ~

M2 =(,RJ.""c). Clearly both cf them satisfy ZFKM • We construct

denumerable models M1 and M2 With the abcve properties as

follows. Let 1 be the least ordinal f' such that O(/< Ep
and <, Rf' ,E>«R)(, '=> • Consider the structure <: R I , E, -</<).

Clearly < R!, E , ~l:) satisfies "<Ro(/ ~ > has no elementary

submodel of the form <~, E)& <-. E> is (3 -extendable".
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Pick denumerable transitive model <: M, E: , x > elementarily

equivalent to <R
l
, E, "'I( s . We claim that <R).<'lIl,;> e > is

not extendable. If <.. ~ ~ 'lIl, IE >, E. > were' extendable then for

some '7 <. A

(R ~M, E-) , €: > '-('lIl,'>
<' R'/ ' £) -<(R , f >

<"J}../M,O ,~>
By a reasoning we used twice, R 7

(M,E) ('M, e>
Thus < R 7 ' f ') ~ <R >- ' E > and so

<M, E >1= "< R1 ' E-) -< <R)\ , E> &? E- A "

This however contradiots the fact that <II, E ,>.>=<'R
1
, €:, -<j(, ::>

Since <M, Eo > is transitive and < 'lIl, IS) F"L >. is

(3 - extendable n therefore <.. L ~M, E- >, E) is indee d

r- extendable i.e <.. L »:» ~) is (2) -extendable.

Thus the height of the model does not determine the

extendability property.

There is positive result concerning Cohen extensions of

extendable models.

Theorem: If <M, E) is a denumerable transitive extendable
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model, <P,~> EM is a notion of forcing, G any M-generio

ultrafilter in <P, E > then <M[G], E '> is again extemable.

Proof: Following [2] we find that if <N, yN, ~ > is a

denumerable transitive model of KId, (P, c>'e yN then

(NeG], yN[G], E:) is a model of KId (Actually, Chua,qui proves

this for a larger olalls of notions of forcing J some of them

being proper olasses of N). Thus we only need to show that, if

M .. yN then M[G] .. yN[GJ. This follows from the faot that if G

is M-generic then (under assumption (P,E) E III) 110 1s nece-

ssarily N-generic, and the fact that if ~(:I) E yNlG] then for

some set x , ~(x) .. ~(x).

We show now a strong form of the reflex10n principle for

the theory Dl.

let X be a class.We define a relation Sat(X, 'P, t) between

formulas of 1ST and finite sequences of elements of Dom X

which satisfies the following oonditions

(
r; , ... ) (Xi) (Xj )

Sat X, viE v j' x (=> X E X

.> (xi) (x j )
Sat(X, rVi .. Vj,L) ~ X .. X

Sat(X,r.,'f~ 'i) t.=-=) ., Sat(X, If , ~)

sat(x,r'f&.IfJ~x)4 > sat(X, 'f ;i)&'sat(x, 'i' , x)

Where x( ~) .. (t- iij"V) v {<i,X>}
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We define Sat(.,.,.) as the smallest relation satisfying the
r ~

above. In oase when X is a set, Sat(X, 'P , <x1••• , xk > ) is

- (x1 ) (xJJ
equivalent to the following: .( t Y : YT) x j, E ) j..lf LI , ••••1 J

We have the following lemma:

Lemma: If i is a predioative formula and X a olass suoh that

(x)(x ~ V '* x 71:) and then

Proof: By induction on the complexity of formulas. For atomio

formulas and boolean conne ct ive s the proof is obvious. In the oase

of the existential quantifier we use the faot that (x)(X? I) •

..... 1
Lemma: If 4' is a L; 1 formula then (11 ) ••• (:In)(lf (.11, ••• ,.In)

[
(x1 ) & (xn) i r: "

to=?> (EX) (Ex1 ) ••• (Exn ) X1 = I IX ••• Xn=X <A Sat(X, 'e ,x)

&. (x)(x') X)J)

Proof:
r 1 r Ul'

Let ljl = (E Vi) T where '+' is a predicative formula.

Let 1:1 , •••• .In' Z be given suoh that lfJ (Z ,X1•••• , In). We

form -the class X as follows: X =lO}JtZu UHxl1~ xuU ii+11"xi•xl:.Y i=1

Then by the preceding lemma
r 1

Sat (X, 't', (0,2, ••• , n + 1'/ )

th St(x r \01 <2 1» Since X(2)=X
1
•••• ,...(n+1 L...

nus a , \, •••• , n + • • =A

therefore
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r '"' ... (xl l (X I
Conversely, as sun,e Sat (X, If' , xl ~ Xl = X ~ ••. ~ X

n
X n.

Then sat(X,r(EviH?, x).

zf DomX. sat(X/IiI: ~( ~ ». Consider

( (x ) )lemma a.gain y.; X , X1, ••• ,:In and

1
Theorem (z:: 1 refleotion prinoiple);

So tor some

By the preoeding

thus

1
It 'fE: L: 1 then tor

every X1.... , Xn there are arbitrarily large 0< 's suoh that:

Proof: Let X1.... , Xn be given. If .. <.p (X1•••• , Xn) then

let 0<. be appropriately large such that <. He( , €-> -«V, e »,

Suppose now I.p (X1•••••Xn ) . By the pre oeding lemma there

is a olass :I and a sequenoe ~ suoh that Sat (X, ~ .~) where,

tor eaoh i, 14i ~n, Moreover, (x)(X? X). Now

we use the "over-and-over-and-over-againn method onoe more

(using Skolem-Lewenheim. olass version). We define four sequenoes

{t } induotively as
n nE:w

tollows: Let u be a given set. There is w f Dom X suoh that

(a)
u={x :SEW}.

..:. Uno
ZO is any subset of Dom X suoh that, for all x I: (z ).

nEW

for all 'f' s Sat(xo' If , x) <-> sat (X, If , x)

where Xo = X rv (zo X .v), z~ • { z U O
: J!zl € V ]
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to is any set oontaining z~ suoh that tor some 7
t x(z) : Z Eto J .. R 7 (Since z~ is a eet, to can be found)

Now aesume nz , t n are known.

is a subset of Dom X such that t ~ zn+1n"" ,
k

;n+1 .. t
n

and such that for all -t- Eo U (zn+1 ), all If Eo Lsr
k€""

where Xn+1 .. X " (zn+1 x v),

is a set containing such that for some ? J

lX(Z). zEt
~ • n-i-1 Now torIlt z..,. U .~.n

nt:(.J

xLv .. X f"\ (z<.>)< V), and t" '" U t""" no::w 11

We find that z~ '" tV Ez cv : x(v) ~ V 1

By our oonstruotion there is ~ such that { X(v):VE t..,j= R?

The following holds:

(I) (t)(tEu(n(zw))=+ (sat(xw,r\f', z)4===*Sat(X, r",l, r»
nH..

(II)
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Define now on Dom X"-I a relation E as follows

<x, r> Eo E

fact we need, for z1 1 z2'

The relation E is wellfounded and extensional (for the last

(z1) (z2)
X co 1 X w ). Thus <DomX",E)

for some transitive N.

We find that

(III) (x)(Sat(X/.,J' viEV,{(i,x)I))~ X~)E11.?

Thus N s 11. 1+1 '

The analysis of the isomorphism i: <DOmXc.> ,E> -) (N, E>

gives the following: i(x)" X~) (\ 11.
7

.. x(x) (\ 11.
7

~ < _-11 - (X1) (xn) 1
Since Sat(x/.,J' 4', x) therefore N, r, ~ )~'fLX n ~,-,x "R1J

Finally for If ~ L.~ <, N,11.1 ' (;: >1= C(l CZ1' •• " znl implies

<11.
9

+1 ' 11.,' f)FlfCz1, ... , ZnJ • Thus Sat (x, 'I' ,~) implies

- (x 1 ) (x )
(11.?+1' 11.1' €.) 1:4' Lx rv 11. 7,..., X n" R7] (whenever

If E :2: ~) Clearly <11. 1 ' ~) -< <,v, c) •

Considering zn B, and
,

t n S of least possible rank

we may eliminate the usage of the global form of the axiom of

choice.
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Definition: (a) A class ]{ of models is a PC olass with

re spe ct to the class .£ iff J{~ J:.. and there is a se t of

sentences S in the language LST(A) (arising from 1sT by

adding unary predicate A) such that

(b) A class 1( 0;; .t: is CPC with respect to .t- iff ..t-J( is

PC Class/AnalogoUsly we define PCPC, CPCPC classes etc.

Theorem: The class of extendable models is a PC class with

respect to the class of all models of ZFO.

Proof: If ~ is extendable then - by virtue of Skolem-

Lewenheim theorem there is 0 ~ 0' (1an.1 ) which extends m and

such that c = Ifn..I °

Let f be an enumeration of C with elements of I mi.
Finally let X = \. ( X,y)M: y Eo f(X)] •

We have the following lemma:

Lemma: For every formula "I' of LsT there is a formula 1.j.I't of

LST(A) suoh that

<0, M, E'> 1= ~ [x1,o.o,xk,f(Y1)'o." f(Yk)]

Moreover the mapping 'f f-"'> 't''f is effeotive.

We leave the proof to the willingful reader.

Now: m is extendable <: :>



[113],490 ON EXTENDABIUTY OF MODElS 583

(EC)(C s '6' (Jrnl) v M &- (\.1)(1(' Ec lOa"< C, M, E') I: <..p »

thus the class of extendable models is a PC class.

One shows (just by appropriate modification of the above

definition) that the olass of f - extendable models is a POPC

class. By the existence of the least ~ - extension (cf § 2) it

is also a CPCPC class. We do not know whether it is a CPC class

(with respect to the class of all models of ZFC).

§ 2. Ramified analysis and f3 -extendability

We present here a construction of the least F -extension

of a model <M,E) (provided <M,E) is f3 -extendable).

The construction follows closely the one of Gandy used in his

proof of existence of the least f -model of analysis. However

we have to change some details since not every model has a

definable wellordering.

We use instead another interesting property of transitive

models of ZF; Every transitive model of ZF has a definable

prewellordering (according to the rank of elements) such that

every equivalence olass of this prewellordering is a set. This

fact will be used to show that ramified analysis has a prewell-

ordering such that every equivalence class of it is codable as

a class with the domain being a set.

Let M be a transitive set, U ~ lj' (M) family of subsets

of M, we consider a structure (U, M, E) •
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Definition: £) ( <U,M, € '> ) is the family of subsets of M,

parametrioally definable over ( U,X, E.) i.e 0 of the form

{x EM: (U,X,€) p 'f[x,"tj J
where If is a formula and t a sequenoe of parameters.

Let us note that <U,M, E ) 1= d[A] is equivalent

with A EM.

Let X {; II.

We define R.A~'X .. M u [z ]

M,X
= .2) «RoA~~ E >)R oAo( fo1 M,

R.AM,x .. U R.AM,X
A 1<>' S

and finally R.A~IX .. U R.A.M,X

Se. On r
~plies that R.AM,X •

~

Sinoe R.A~ .. R.AM,X
..... 0( +1

therefore by cardinality argument there must be suoh that

Definition: Let K ~ M. X is oalled M-amenable iff either

I. is not fUnction or X is a function and (x)(xf M .... X>t x E )4).

Theorem 2.1. (Ramified analysis theorem). If <Il, E> is

a transitive model of ZPC and if every element of R.A~'X is

M-amenable then (R oA!4,~ )4, e "> is a r- -model of D.
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Proof. The family R.A~,lC is - by virtue of constru,ction _

olosed under the scheme of olass existenoe (Indeed, if

R AM,X R AM,X then R AM,X C R Ar.!,){ R AM,X i
• • I: ..7 . ,., +1 _ ••• .? .e.

'D «R.A~r, M, E >)s R.Al!1
X

).

The axiom of substitution holds by the amenability
M ~ Jl AM,X

property of R.A.'·Since y- •• a M (by our previous remark)

therefore the axiom of power set holds too.

The proof of the fact that R.A~IXiS a f - model we

defer until we get appropriate technique.

~ M X E: >L R M.X R M,XLemma 2.1: If ,R.A.!, lI, r 1M then .A. a .A.S .

Proof: If <R.A~t, 14, € > '" nt therefore

2) ( <R.A~tIM, E: >)£ Ii .A~t. By induotion R.A~)X. R.A'!,!

for all 1? 'f .

Our task - in fact for all the rest of this chapter - will

be to prove that R.A~'X ia definable in every f3 - model

<'1' , JI, E:> of EM suoh that X ~ 'T .

Before we go into the proof we need oertain extension of

the language. We add to the language of LST predioates J[ (.)

and X (.) and assume the following axioms:

1) (X){ Jt(X) ~ J (X»

2) Trans (J1 (.»
3) (Z ., c) J1(.)
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4) (Y)(3: (r) ~ J1 (y))

Since there is no reason to assume that any of objeots M,X

is definable in XM we have to start at the language level.

The theory ~,.x is the theory D! + 1) ••• 4) where in

the class existence scheme we allow fi and .x to appear.

It is clear that EM.it ,3: is a conservative extension

of XM. Let us notice that it <. 'J , JIl, e > ~ XM, X € q-

then the structure <g: , M, €, M, .I > is a model of

EMJ(,l' There are models of D!J1 J..J;. of different form. For

instanoe (7 , M, E , LM, X > where X e ~ and X~ LM•
'\.

In the sequel proofs will be done in XMJ1,~'

For a moment we are gomg to study prewellorderings

Definition: A prewellordering (P.w.o) is any relation

reflexive, transitive and satisfying the wellfoun~ss oondition

(z)(z # ~ Ix Z f Dom(-<) =-) (Ez)(z «z & (t)(t E"Z -> z -< t)

If -< is a p.w.o we define "'-< as followa:

x "'-<y <-> (x -<; y &. y -< x) ~, is an equivalence; let

on the class Dam -< / as follows:
"'-<

Cl,(X) be an equivalence class of x in rv ..

Definition: A p.w.o -< is a good ~w~. (gpwo) iff

(x ) (x ti: Dom -< -> Cl-<, (x) E V)

'"If -< is a gpwo then -< determines a wellordering -<
Cl(x) 'Z Cl(y)~) x -< s »



[1l31,494 ON EXTENDABIUTY OF MODElS 587

Conversly it < is a wellordering and F: Dom(<) -->;> V

satisfies oonditions: a) x'; y -> :rex) r\ F(y) .. ~

b) :rex) .; ~

< and F de termine natural p. 'If. 0then on '-...-/ :rex)
x E Dom()

namely x1 ,s x2~ (EY1)(EY2)(x1 t:F(Y1) & x2E-F(Y2)&' Y1<Y2)

Operations '::<: and < commute (up to isomorphism).
r--

In the sequel we will need one more operation:

Let Y be a class suoh that Dom Y is set and

a)

b)

(y)(y E': Dom Y -> w.o.(y(y») and

(Y1),...." (Y2)
(y 1)(y2 )(y1 ' Y2 E Dom Y -> Y = Y

We call Ymixable itf it satisfies a) and b).

The ordering Y mix is defined as follows:

(x ) 1\'= Y 1 I f(x2) 1
f 1 <ylnix f 2 ~(Ex)(x E Dom Y 8-f1 (X) ~y(x) f 2(X»

Lemma 2.2. If Y is mixable then for all x ~Dom y) ym~ y(x)

Definition: (a) If Y1 and Y2 are olasses then

is oalled ordered pair of Y1, Y2

and fs denoted by <Yl' Y2">
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(b) If Y is a class. Y~ V x v. -<. is a gP!"o of Dom Y then

the pair <Y, <) is called a gpwo family.

(c) If -< happens to be a wellordering of Dam Y then (Y.<)

is called a wellordered family.

Definition: A proper formula. is a formula i such that

(a) oEFr~ (b)

(Fr iI? is the set of indioes of free variables in f
Since we identify formulas with their Gedel numbers, the

set of proper formulas is a set of numbers; we denote it by

Pform. Usage of proper formulas allows us not to bother

about which are the free variables of the formula, thus

simplyfying the formalization at the operation SZ) (.).

If -< is a pwo then U n Dom(~) has a natural pwo.
nl' CO

We denote it by « alex' It is the following ordering:

lh(i) < 1h(Y) V(1h(~) '" 1h(Y) & (Ek)(;l)(;l(k -) i(j)Ny(j) ~

i(k) -< y(k) J.. ~ Y(k) -< x(k»V ( ~(~) <: th (~) &. (d)(itDo... JC~ ,x;(j>"'~liJ)J

Lemma 2.3. If -< i6 a gpwo then -<. alex is a gpwo.

--'" ..:>. -:..
Then it isProof: Assume s1 -< alex 6 2 -< alex 6

1

Ih(li1 ) '" 1h(ii"2)· Let
....

.(z1····· zk)obvious that 61 • •j

S2. <t 1••••• t k > · We show by induoti~ that

Zk /'oJ t k• This however shows how the

classes of ""'~ alex look like:
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01 (Z1) x ••• x Cl (~). The-latter olass 1s a set.

If -< 1s a p1fo then 1n the olass U 1'P h {(FrC'f)-{oBom '-< )
'ff:;Pform

there is a special pwo oalled the derived ordering of X and

denoted by X' namely

One proves that: If <, is a gpwo then -<' is a gpwo and

in partio~ar that if -< 1s a 1i'ellordering then -<' is

also a wellordering.

We reoall that the formula ~ (.) served as formalization

0/ the predioate ·x E V·

Definition: Let Y be a olass suoh that

(1) (x)(jt (x) => x 7 Y)

(11) Bat(Y, ~ (.), t) ) J1.(y(t»

then we define :D (y) :0 i«"P, ~) ,x) 'if. Pforlll &
.Jl

(t E
(lr - ~ol) Dom Y)&,(Et)(HDomY,t yet) • x

o ..:>. 0
O(Sat(Y, ~ , z( t »)

Let Y be a ae+-, then we SfJ:3 that the family of sets

{X : X 7Y} i.e. l yet) : t e Dom Y I is oodable by Y
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(or - equivalently - tbat Y is a oode for t y(t): t ~Dom r ] •

In order to explain the meaning of the operation .DJl (.»)

let us remark tbat if Y,M are sets y(t) £ II for all

t e Dom Y, Jt (x) <-> x f Ill, then £)Jt (Y) is nothing

else but a oertain oode tor the tamily J) «{z : Z '] Y} ,M, E»
as it was defined on page 491.

Let us note that the operation :DJ1 (.) makes sense

also in oase when Y is a proper class and Jl (x) <.->x E •

where M is a proper olass; In this oase however

Si)( <t z : z 7YJ, II, E» was not defined.

Lemma 2.4.: It <Y, -< > is a gpwo family (i.e. < 1s a

gpwo) then <.2)Jl (Y), -< I > 1s also a gpwo family.

Lemma 2.5.: It <Y1 ' -< 1 '> 1s a gpwo family then there

is a unique gpwo family <. Y2, -< 2 > (oalled the oonoentration

of ~ Y1 , -< 1 > ) satisfying the following oond1t10ns

a)

b)

0)

d)

e)

(w)(w "I Y1 <-) w7Y2)

(x) (x E Dom Y2 _) y~x) .. y~x) )

-< 2 .. -< 1 ~ Dom Y2

(x) (y)(x ~Dom y1t y EDom Y2 & x< y&'., s« X~y~x)"y~y»
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Proof: Let us desoribe how <. Y2' -< 2 '> arises from

<Y1' -< 1 ) •

Let z ~ Y1 ' Z - yfZ). We piok -< 1-least z1 with this

property. Since ~ 1 is a gpwo z1 needs not to be unique.

We leave in the Dom( -< 2) all these -<. 1 - least z1 's but

erase all other z's which have the property that yfZ) - Z.

This procedure determines both Y2 and < 2. The oonditions

a) - e) were determined to give this prooedure.
I

The unique pair oonstructed in the concentration procedure

is called concentration of <Y, <> and denoted <r", < - >
Now let !II be the class t x: JL (x) J, -< the class

{<x,n :xE!IIbEM8.p~x)~p(yn, X .. t x : J[(x)1,

define Ert-{(\Y! ,x) :XEYj, EM -E",'-'{(O,x> :XEXJ
('J

In the case when !II is a set then EM is a oode for

~L and EM is a oode for Nul XJ •
Notioe that Dom EM has a special gpwo ~+defined as follows

x -< + Y ~) (x - o)v (Et )(Eu)(x - It! &. Y - { u I &- t, u)

Lemma 2.6.: If T 1s a wellordering then there are unique

classes UT and ~ T satisfying the following conditions:

1) Dom UT .. Dom T - Dom ~ T

2) (x) (x E Dom T .) <U(~), 1J ~X) > is a gpwo family)



592 FOUNDATIONAL STUDIES

3) If x 0 is the first element of T then

(xo) 1'(XO ) +
UT == EM v T .. -<

(113],499

4) If y is a suocessor of x in the well ordering T then

u(y).. ']) (U(x»
T Jt T

5) If y is limit in T then

Ix c ; :T:~ &. x ;l x1 ) v (x • Xi & z -< 19(') Z1) }
i

Proof: We make use of the theorem on induotive definitions

by transfinite induction on elements of wellorderings. We piok

induotive olauses to oorrespond to the construotion desoribed

on the lemma. One point whioh needs some explanation is that

1J (y)
T is a gpwo when y is limit. Notice h~ver that this

is obvious by the method we produoe L9 ~y). It is a direct

union (according to T) of disjoint oopies of ~ ~x) for

x -< T s-
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~he reader who had enough patience to opme to this point

deserves an explication.

Intuitively u~x) is a oode for
JI,I:

R.Aoe where

c< • i'T; (Ttx is an initi ai segment of ~ determined by x )

and U~ is a oode for the sequenoe 1<c< ,R.A~ >: 0( < f}
where 13ix ) is a code for oertain uniformly

definable prewellordering of R.A~~ ~his prewellordering is

"thin" in the following sense: each. of its equivalenoe

olasses 1s codable as a subclass Z of .. suoh that Dom Z EK.

~he main point of this oonstruotion is that U~ and "'~

depend very loosely on ~. It T1 and T2 are similar wellorderings

then the unique similarity function' of T1 and ~2 generates

a sort of similarity between UT and U~ • Similarly ~r
1 2

lJ T and ~ T • UT is oalled a diagram of construction
1 2

of the ramified analysis along the wellordering or simply a

diagram. ~ T is oalled the diagram of prewellordering of

the ramified analysis along thevvellordering T or simply pwo

diagram. Notioe that the complications we oame into the

olause 5 of the preoeding lema arose from the faot that in

order to avoid use of choice Bcheme we had to pass the limit

points in a uniform vay.

Definition: let Z~ II, O~ (Z, T) is an abbreviaton of

the following formula: W.0. (e) & (Et) ("t is the last element

of ~" 9.. z 7u~t) &(u)(u E (Dom(T) - i tJ ) -), z ?u~u) )
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Intuitively Od (Z, T) means that Z belongs to

R .A~~ - U R .AM~)< and ~ .. TIt whe r e t is last element of T.
~<~

Lemma 2.7. If 201 '-"!2 are l1ellorderings, T1 ';O' 202 and 11'

establishes their isomorphism then:
(x) (Fx)

(r I U
T1

(;-) Y 7UT2 ).

(X)(XE Dom T1 =oiJ (Y )

Proof: By induotion on the length of the wellordering Ti •

For the first elements of T1 and T2 the equivalence 1s obvious.

All the rest follows from the following: (Z) (z 7Xi~ Z 7X2) a)

(z)(z 7 nJt(Xi) <-=) z 7:D.It (x2» • Similar faot may be

proved for J}. T ••

Using the lemma 2.7. we show the lemma 2.8., formallsing

the remark preoeding lemma 2.7.

Definition:

We define

Let (,Y, -< > be a gpwo family and Z 7Y

yes) os z It. 6 Ls -< - minimal

lltth this property} •

Notioe that

Definition: (a) r.a. (2O,Z) 1s an abbreviation of the formula:

(Et)(t E Dom T &. Z '7 U~t) )

(b) r.a. (Z) 1s an abbreviation of the formula:

(ET)(W.O. (T) &. r.a. (T,Z»
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(0) Z1 ~ r.a. Z2 is an abbr~viation of the formula:

M,X
IntUitively r.a. (T,Z) means zE R.A_, r.a.(z) means

T

Z E R.AM,X an d z -< Y aeans . z is oonstruoted in ther.a.
?IX

proc~ss of construotion of R.A ' earlier than Y i.e. either

the order of oonstruction of Z is smaller than that of Y or

(if their order is the same then either Z was defined by a

formula whose G~del number was smaller than that used to define

Y or alternatively if it is the same formula then the parameters

used to define Zare lexicographioally earlier than that used

to define Y).

Let us note that we oould use UT and V T as terms

since indeed they were unique by the lemma 2.2. Formally we

should use formulas U(.,.) and 13(.,.) such that:

(a) U(T, Y) <-> W.O.(T) J.y = UT

(b) VCT,y) (;..) W.O(T) ~ Y=~ •
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Thus while speaking on absoluteness of UT and "T we

mean the absoluteness of the formulas U and ~ •

Lemma 2.8. : -< r.a. defines a gpwo of r.a.

Proof: The precise meaning of the lemma is that:

(E Z )Cr.a (z ) ~ ~ ( z) _) (E Z)(r.a. t Z) ~(Z).( (Y)(~Y)&r.a(Y)

-> Z -<r.a Y»

Piok firstly least T such that (EY)(Od (T,Y) ~ P(Y)). Consider

now any 1.J,(~) minimal z EDom u~t) suoh that

P'(U~t»)(z.») (where t is the last element of T). As (1.9~t)-

is an initial segment of ..( r.a. we are done.

Now let M be a p - extendable transitive model of ZFC.

Let T f ~ (M) be a (> - extension of 14, :I f 'F is

fixoa subset ot M. Then the structure <:q: ,14, E ,M, .I > is

a f3 - model of DI J1 '.AS •

Recall that h(;r:) is a supremum of the types of well-

orderings in ~ •

The construotion of the re1ativized ramified analysis was

oonduoted above two times.

In the first definition we oonstruoted a family of subsets

of a transitive set, in the seoond we defined a predioate in

the theory XM. The next lemma oonnects these two

definitions and allows us - while interpreting J1 as • - to
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use interchangingly R.A~X and the family defined by the

predicate r.a.(T,.) (where T = 0(,). 'J' , M, X are fixed for

the t:hne being.

Lemma 2.9. If T f 'J, T=.ol:,. and <IJ, Ill, E> is

a f3 - model, X E 3= then, for all Z e, ct==

a) <g: ,M, E, II,X> 1= r.a. [T,ZJ <=> H R.A.~X

and so, for all Z € 'T

<'J" ,M, E ,M,X >I- r.a. [ZJ <=> Z€R.AMrjX where

1",h(f).

b)
M,X

'JR.A ~
~ +1

c)
M,X

R.A does not contain a wellordering of type ?1 +1

Proof: Clearly a) implies b) and b) implies c).

To prove a) we have to show the absoluteness - with

respect to <y , lrl, (7 , II, X) of UT whioh follows from

the fact that r;;: is a p - model.

Lemma 2.10. If c< < I then the structure <R.A~)(, 14, E '>

has the ~ - property i.e. (Y)(YE R.A~4(R.A~, JIl,f),..W.O[Yj

~ Y is a wellordering».
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Proo!: By lemma 2.9. Y E: jF and sO)i! Y is not a well-

ordering then <g , M, E >1= I W.O. [IJ (hel:e we use I" -
property of <'J , M, l;;) ). Thus there is x r: M such

that <7, M, E) 100 liZ ~Dom I & z ~ ¢ ~IIX has no I_first

elementft• The formula in ft ft's is predioative and all

the parameters are in R.AM~X. Thus <R.A~::, M, E)~

"x <;; Dom Y &x ., ¥l & "x has no Y-first element". So

<R.A~X , M, E >~ -, W.O. [IJ.

Definition: is the first ordinal suoh that

R.At':1 does not oontain a wellordering of type ~ J.
Prom the lemma 2.9. (0) it follows that Io {7
We are going to prove that <R.A~'~c ' M, E > has

a definable prewellordering; one suoh ordering is ~ r.a.

restrioted to this set (whioh is absolute With respeot to

M,X
(R.A fo ' M, € ».

Lemma 2.11. J 0
is a limit ordinal.

Proof: from a wellordering of type J one can-putting the

first element to the end - pr-oduce a wellordering of type (.+ 1.

M,X
This construotion does not lead outside of R.A. ~o •

•
Lemma 2.11. then d.+~, o{-P' <70

Proof: If Tl' T2 are wellorderings of types oZ and f>
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orderings of type oi. + f' ' d. . r belong to

(as they are definable over R.A M,X). Since
J

respectively and if they belong to some R.AM,X then
S

R.AM,X
f+1

J 0 is limit

we get the reSUlt.

Lemma 2. 1. 3. Each of the structureo (R.AM:: ,M,f~,(O<'[J

is a model of G~del Bervays theory of classes.

Proof: the statement is well known. The union

of an ordered family of models of G~del Bernays theory of

classes (With fixed v) is a model of G~del Bernays theory of

classes. This fixes the limit case. So what we need to prove

is the successor case.

This is shown as usual by proving the closure under

operattons corresponding to the axioms of group B. Note that

the faot that R.A.Mj~ ~ r:F implies the validity of the

axiom of replacement.

Generally, in the theory GR we are not able to prove
1

the comparability of wellorderings (this needs 2=1 class

eXistence scheme). But the structure <R.AM;~1 M, f: > does

have the comparability property.

Then the similarity function may be found in

Lemma 2.14. If Ti , T2 are wellorderings,

Proof: We shOW that the similarity function is definable over
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<R.A~\'1 ' JrI, €:). We prove it indllctively. Let F be a

similarity ftlnction for T1 and T2 • Then FtOT (x) is a
1

similarity ftlnction of Tlx and Tlp(x). By inductive

assumption ptOT (x) belongs to R .A~'X ¥ (for all x ~ DomT1).1 0(.+ 1

By their unfquene as it follows that G .. xeDomT (FI'0T (x)
1 1

belongs to R.A~'~! +1' If T1 has no last element then this
1

tlnion is the desired similarity ftlnction. If T1 has last

element-say to-then T2 has also last element-say uo- and

Gu {<to' Uo)l E R.A~'X+l +1 since the latter is a model of
0<. 1

Gedel-Bernays theory of olasses. Since p .. G u l<to' uo) f
we are done.

Lemma 2.15. Relations of similarity and of "less then" for

the wellorderings are absolute with respect to <B. .A~i:' JrI, (; )

Proof: By 2.12. and 2.14.

Lemma 2.16. a) If Y f R.AMf then :D..tz(Y) E R.A~X+1

b) If H R.AJrI~X then T'E R.A~X

Proof: Sinoe <R.AI1,X , iii, Eo) is a model of Gedel-
~

Bernays theory of classes therefore for eaoh ~ and t

t«If, t), x) : (EY)(Y(y) • x i Sat(Y. 'f , s" t» 1 belongs

to R.AM,X • Sinoe <R.AlI! • 1Il, E> is an W - model,
<>¢ "'"

the notion of the formula is absolute and thus 2)J( (Y) is
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definable over <R.A~, 111, E>. !rhus

belongs to R.A'~~1 •

1) (r)
.n:

b) !r' is de:Unab1e :trom !r by predioat1ve formula.

is olosed with respeot to the(a) R.AM{~

1)11. (.)

Lemma 2.17.

operation

(b) The formula def1n1llg the operat1on ~ (.) 18

absQ1ute with respeot to (R.Allli:' II, E> •
Proof: a) Follows :trom 2.16.a and 2.11.

(b) We establish firstly that the formula Sat(.,.,.) 1s

absolute with respeot to <R.A\:, Jrl, e>. This in turn

implies absoluteness of 1)J1 (.). I

JI,X
Lemma 2.18. If!r E: R.AO\. , f is a wellordering then UT

and 19T belong to R.A.~·: T+1

Proof& Analogous to the proof of the lemma 2.14 us1llg the

lemma 2.16 • •
(a)

JI,X
Lemma 2.19. R.A T. 1s olosed w1th respeot to the

operations U!r and ,) !r' (b) (Formulas def1n1llg) The

operations U!r and VT are absolute with respeot to
M,X

E~(R.A 1.. ' .,
Proof: (a) From lemma 2.18 and ,2.11.
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(b) As before by the analysis of defining for~~las.

[113], 509

Lemma 2.20. (a) The concentration operation

is absolute with respeot to <R.AMj~ ,II, f>.
(b) The value operation <•. . >(Y) is absolute with

respect to <R .A~'~ 0 ' Ill, E >
Lemma 2.21. (knalogue of Gedel~ <. L, E: > j.. V '" L)

M,X
<R.A. To ' M, E '; "" (x) r.a. (x)

Proof: We need to prove that in < M,X
R.A To' Ii!, E '> the

following formula is satisfied:

(Y)(ET)(W.O.(T) ~ (Et)(t E:DomT &. Y7u~t». Let Y be given,

Y E R.AM!: . Thus fer some 01; < \0 I Y(:R.A~'~' By the

definition of i" there must be a wellordering T in R.A~~X+1

suoh that the type of T, T is bigger than or equal to ~

Thus UT ~ R.AM~I+ ~ + 2 (by the lemma 2.18). Once again

by 2.12 UT (; R.AMy: • As order of oonstruotion of Y is

at most 0( t we are done.~)

,,) It is olear from the reasoning that the oonsideration of j"
(This triok is due to Gandy) is basic to the suooess of our

construction.Because it may well happen that jo <~ and then
we would have inside of R.A~'X too fewwellorderings to reach
1 ( ~ is h(1»). In case when (7, II, E) I- DIe we can
show direotly - in (q:, X, €:) - that < R.AM,~ ,X, E '>
satisfies DI. But this reasoning does not lead to basio
lemmas 2.21 and 2.22.
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The formula ~ r.a. is absolute with respeot to

603

Proof: Using previous lemmas it is enough to prove absolute-

ness of the formula Od (.,.) whioh we leave to the reader.

To prove the reflection prinoiple (and thus that

c.. R.AMi.X , 14, f:) is a model of Kld) we folloY the olassioal

proof of Levy of the refleotion prinoiple ZF.

Theorem 2.2.: (Refleotion Prinoiple for <. R.A~';D ' M, E;>

For every formula ~ of LST there are arbitrarily

large 01.. c '7 0 suoh that for all 1 1••• In f: R.AM~I

14,1 -<R.A. ol.. ' !II, E:) 1= 4? [xi'·· "In] (-)

To show this we need three faots:

10 The possibility of bounding the plaoes where examples for

existential formulas appear.

2° Every definable funotional on (R.A~{, 111, Eo. > whioh

takes as values wellorderings, is invariant under simila-

rityOf wellorderings and is oontinuous is majorized by a

funotional of the same sort whioh is in addition inoreasing.

3 0 Every definable, inoreasing, invariant and continuous

funotional has arbitrarily large oritioal points.
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We show 10 leaving 20 and 30 to the reader. In both cases

the idea of proof is similar to that of fOe Namely in showing

that appropriate supremum of wellorderings exist.

Proof of 10 Let u~x) be given (i.e. a oode for R.AM,X ).
Tl'i

Assume that for every Z '7 u~x) there is wen.Ai: such

If X ~- Jthat (R.A'r»' M, E) I- '±'Lz, w • We show that there

is f c Jc suoh that tor every Z € u~x) there is

Wn.Af X
suoh that <RoAM?: ' M, E;> .. <Ifz, wJ •

Por every Z7u~x) i.e. for every .z~Dom u~x) we l118y

find -< r .a. - minimal wellordering Tz such that appropriate

.. may be found in R.A~X. Unfortunately Tz is not unique.

Consider the shortest Tz'so Still we are not able to claim Tz

unique. However we shall find a new wellordering similar to Tz
and is uniquely determined by z.

wh'l'ch

Definition: S ~ V2 is called small olass ordinal (s.c.o)

ift

a) DomS~V

b) (Y)(Y I S ~ W.O.( Y »

0) ( Y1)( Y2)( y 1 7 S &. ! 2 7s ~ y 1 ~ y 2)

Definition: Classes Z1' Z2 f v2 are almost equal (a.e)

iff
(Y )(
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Lemma:
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There is a predicate Se1(.,.) such that:

605

a) Se1(Z, y ) => W.O.(y) & s.c.o.(Z)

b) Z1 a.e. Z2 =P (se1(Z1' y )<~ Se1(Z2' y »

c) s.o.o.(Z) ~ (EI y ) Se1(Z, y )

d) (x)( Y )(x ~ DomZ b. 5e1(Z, Y ) -'> y ~ z(x»

The most natural idea would be, to consider instead of elements
on the same level see the pioture just set of those

funotions on Dom Z taking ss values e1ementsA.unfortunately
sets of elements on different levels may be identioal. Let us

notice however that elements f of Dom Zmix such that for

given z, ~ f • z, form necessarily an element of V.

So preceeding formally call a level of Z an ~ f for

some f E. Dam Zmlx

Elements on the

same level

Let us consider an order type of these f EDam zmix suoh

that lR f • z (z fued). This type is an ordinal and does not

depend at allan Z in the sense that if Z1 and Z2 are a.e. then
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the appropriate types in Z~ix and z~ix are the same.

Define now, for z being the set of all elements on the

same level 0<- z to be the type of the set of all f's

suoh that 1£ f .. z ,

Form now the class HZ .. U t 0<. z x IzJ z is the set of

all elements on some level of Z} •

Notice again that if Z1 a.e. Z2 then HZ .. HZ •
1 2

Order now HZ as ~ollows: <0/.. , s) <"<p )t :> iff

"The initial segment of Zmix determined by the ~ 1a

function f(in Zmix) such that IQ. f .. t contains a subset
. q..{

ordered by Z nnx in type"of functions g such that ~ g .. s·.

The predicate Sel(.,.) is a description of -<'" from Z as

constructed above.

Lemma: < R.AM;: ' M, E> is closed with respect to the

operation determined by Sel, moreover Sel(.,.) is absolute

with respect to <R.A~'~ ,li, Eo >

Using the above lemma we are able to prove certain

uniformization principle for R.AM•X

Lemma: Let }-{ (.,.) be a predicate such that:

<B..A)A(.X , a, £) to (J-{ (Z,Y) ~ w.O.(y» &

(}( (Z,y) g, y ~ Y1 ~ }-{ (Z, Y1»
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I
Then there is a predicate J-( (.,.) such that

M,X
(B.A. It> ' M1 f) F (J-('(z, Y) de; J-( (Z,Y»)& [(EYj}( (Z,Y) '")

(El Y) }-('(Z,Y)

1 r I •Proof: We describe a construction of ~ Given Z consider

all r.a minimal and shortest Y's such that ]-( (Z,Y).

This collection may be coded as an s.c.o. Any two 3.C.O 's

coding it are almost equal. Using Sel we get the appropriate

wellordering.

Now, to finish the proof of 10 :

Let Tz be the wellordering obtained when the uniformlzatlon

principle was applied to the predicate:

Form the class K as follows:

K'" "--.-/ (x ) i z 1 x Dom Tz
z E:Dom U T

Define a relation ~ on K as follows:

From every equivalence class of ~ pick elements of the

smallest rank; Let 1 be a class of these sets. Define new
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< S is a wellordering ma~orizing all Tz's. -< S is

de:tinable over ZR.A.M;: ' ii, l: > and so, beloI18s to

R.A~'T:+I. Thus the type of -< S must be less than TD and

so we have shown that the appropriate supremum exists below 70 •

The funotional which we ad~oin now to the formula <p is

the followiI18 (we use - as before - the symbols R.A.~'~ to

make it more readable)

R~ (Tl'T2)~ (z){Z ~ R.A~;X &. (BY) P(X,I) ->(EY)(IfR .4,:I J..f(Z,Y)
~ 1 2

&" T2 is a shortest wellorderiI18 with this property"».

The functional R' is definable." oontinuous and invariant

with respeot to the similarity of wellorderings. In order to

get critioal point used to reflect ~ we have to ma~orize it

by a definable functional with the same properties and in

addition increasiI18.

This is the reason why we prove 20 and 30
•

We leave the details to the experienoed reader.

Sinoe <R.A~'X , M, E> has the refleotion propertyTo
therefore it is a model of XX. Prom the eXistence of a definable

gpwo we derive:

Theorem 2.3. < R.A'::'r: ' M, E / satisfies the followiI18

oollecti~n scheme:

(x)(BY) ~ (x,I) =1 (n){x){Ey){y l: Dom I & ~ (.x.. , y(y»)
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Proof: We piok -< r.a - minimal Y\I good for X and give

them together.

Let ceri ~ and

soheme instanoe for ~

([.~ be collection Bcheme and ohoice

respeotively

Theorem 2.4. KM + ceri f + Global Choice I- (~

Proof: Assume Coll p and global ch01ce 1.e. let ~ be a

wellorder1ng of the whole 018S5 Y. Assume (x)(EY) p (x, Y).

Then by ceri ~ , (U)(x)(By)(y E Dom Y J, st> (x,y(x».

Let Rx be a subset of Dom Y oons1sting of y's suoh that

c£ (.:r., y(Y». Let Zx be a -< - first element of Dom Y.

"--.J (zx) c
Form Y1· x€ V ~ x J )( Y • Y1 makes q; true.

M,X
Thus we see that, 11 <R.A. 1. , x, E: ') sat1sfies the

global choice then it automat1ca lly satisf1es the ohoioe

soheme. This happens for instance when Mhas a wellordering

definable in (R.AM
1: ,M, ~ >

We have a much n10er situation when (,14, E > has a

definable wellorder1ng, say -< • Apply1ng the whole oonstruc-

tion to -< (1.e. letting 1J T(t o ) . -<) we get a

definable wellorder1ng of the whole < R.AM1~' X, ~ >

Since the ex1stence of definable wellorder1ng in the

presence of choice scheme imp11es the scheme of dependent

chOices we sum up the situat10n as follows:
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Theorem 2.5. (a)

extendable model of

FOUNDATIONAL STUDIES

I:r <M, E ) is a transitive

ZPC then there is the smallest

[113), 517

extension of <Jol, f). This extension has a definable

without parameters good prewellordering and, apart of the

axioms of XM satisfies additionally the oollection scheme.

(b) If <lol, E > is a transitive ~ - extendable model of

ZFC, 'T is any f3 - extension of <. lol, E > , X';.,

then there is the smallest f3 - extension of

containing X. As before this extension has

a good prewellordering definable wHh the parameter X and

satisfies additionally the collection soheme.

(c) If <., e> is a transitive (3 - sx'tendable model

of ZFC and has a definable wellorder1IJg then the smallest

(3 - extension of ('!'t, e> has a wellordering definable

without parameters, lIatisfies the choioe soheme and the scheme

of dependent ohoices.

(d) If <lol, t: > is a transitive f3 - extendable model of

ZFC and"has a definable wellordering, and if g- is a

f3' - extension of <M, E) 1 .I E 'J then the smallest

f3 - extension of <. M, E > oontaining X has a definable

wellordering (With a parameter X) and satisfies the ohoice

soheme and the soheme of dependent ohoioes.

Careful inspection shows that -< r.a. is 6 ~ and r.a.

is 6 ~ .

The reasoning used in the proof of the theorem 2.5. may be
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applied to a proof that V = L is relatively oonsistent with

KM Indeed when M is interpreted as L the formula r.a. defines

an inDer model of KM + V '" L in KM. More preoisely let

r.a.L ( . ) be this formula (i.e. J1(x) (~X E L, :x '" ~.)

Defini tion: If T is a wellordering 1 T + 1 is the olass arising

from T by putting the first element ot T to the end.

LLet r.a D be r.a '- if ·there is no wellordering X such

that -, (sr) Y =':x: & r.a L(X + 1, Y) and let r.a ~ (, ) be

or

such

does not oontain a wellordering of type

r.a. (Z,.) if Z is the shorlest wellordering with this

property (Intuitively we oonsider R.A.
L

it there is no 5

S
t,To such that R. .A.J. +1 does not oontain

a wellordering of type Ie ). By similar reasoning aa in the
L.

proof of the theorem 2.5. we show that the formula r.a. o is

L
that R.A. [+1

L
R.A. I", for the least

an inner interpretation ot KJI + V '" L in KM (the trick

wi th C is again due to Gandy).

There is an important modification. We nesd to show that

the olasses satisfying r.a L are L - amenable i.e.
o

that it X is an Lr.a o - olass which is a funotion, x E L

J;hen X ll-X E 1. This needs a form ot the oondensation Lemma

ot Glldel proved as in the ZF case (In tact this was the

beginning of investigations ot the seoond author on the

problems of this paper). Note that when we !mew that :M was
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p. - extendable then the property of 14 - amenabllity of R.A~

olasses was automatio.

The syntaotio oontents of the reason1ng leading to the

theorem 2.5 may be summed up in the follow1ng

Metatheorem: a) There 1s a formula 1? (.) suoh that

1) KM I- 4i (V)

2) Drll- (x)(xeV -yp(x»
3) For every 'f' being an axiom of XM or an instanoe of

the oolleotion soheme

D11-

b) There is a formula e (.) suoh that

4) KM ~ (V .. L) B

5) XI! ~ @(L)

6) KId l- (x)(x e L -t' @ (x)

7) , For every q; being an axiom of KId or an instanoe of

the soheme of choioe KId I- (0/) @

Proof: In case a) take as q; the formula r.a
o(.)

With

M(x) L.-) ~ (x).

Inoase b) take as @ the formula r.a~

Now we are finally able to oomplete

!l'he proof of theorem 2.1.
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Assume that (R.A~'X, 14, E :>. is not a f3 - model

(though it is a model). By the oomparability of wellorderings

all false (or as we say below nonstandard) wellorderlngs are

longer than all standard (i.e.true) wellorderinge in R.A~'X

and so all these nonstandard wellorderings have the same type

of the maximal wellordered initial segment. Call the type of

this segment ot • Clearly R.A~'X does not contain a well-

ordering of type ~ • Since R.AM,X c R.A~ therefore also
0\.+1 -

R.A~:1 does not oontain a wellordering of type ~ • Let

1
0

- as before - be least ! suoh that R.Ar·:1 does not

oontain a wellordering of type T
Case A: {Q < .,(,. We ola1.'ll that <. R.AM

; :

the property (3

, 111, E> has

F1.rst we remark that if <. R.AM;: ,M, E.:> f. w,O. CTJ

then <R.AJI,~ 14, Eo > ~"'.O. [TJ • Otherwise, sinoe

is a model of 1M, there would be a set

(i.e. an element of 14) not we11founded in T • Sinoe

M{; R.A.·;: therefore c R.A";: ' M, Eo) I- , w.o [r J
oontrary to the assumption. Now assume again <. R.AJd;: ,M, li)

I- W.O. (r] but r is not a "e11ordering. By the above

<R.A.~'X , 14, E") I- ....0. (T J and so the initial "e11-

ordered segment of T has a type 0<. whioh is bigger than "To

But then there is a initial segment of T of type ') 70 in
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R.A
M; : and thus also in R.AMf~+1 oontradicting the ohoioe

ot Tb'
Moreover every element of R.AMj: is M - amenable

(amoe R.AMibX f ReAMtX).

Now we know tlUlt .( R.AM;: ' M, E > has the (3-

property and as before - by the property of (c we prove the

refleotion property of <R.AM,yX
o

' M, E>. Thus it happens

that <R.AM'_t: ' X, ~ 11= D.

By the lemma 2.1. R.AMj~. R.AJ4tX and so cR.AM'~M,€>

is a f3 - model of 1M contradicting our assumption.

Case B: 70 = 01. • As before we show that <R.AM,,; ,M. E '>

is a model of GB theory of olasses.

We prove now that:

1 ) For standard wellorderings

(The point 2) has to be understood as follows: If T is not

a standard wellordering then <R.AM~,M, E) 1=-. (EX)U(X,T»

Point 1) is proved by the same reasoning as the proof

of theorem 2.5.

Point 2) we prove as follows: Sinoe c R.A~X,M, E>

is a model of GB therefore together With UT for nonstandard T

we get u(x) foT. some x suoh that 1'('x is nonstandard.T
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By 1)

ON EXTENDABIUTY OF MODElS

U~X) contains all the classes belonging to

615

R.AM~. Now we

(i.e. the class

construct the diagonal class for

{ z € Dom u~x) z 4:. (U~x» (z)l This

class being predicative in UT belongs to R.A~X but is

different from all the (U~x»(z) which contradicts the fact

that contains all classes of R.A-M,X •
«.

The points 1) and 2) allow us to discern the well-

orderings among the objects satisfying in <R.AM~X, N, E~

the formula W.O. (We still do not know that <R.A~'X , M, f)
~

is a r - structure I ) namely these are the objects for which

UT exists. As before we check the absoluteness of Od(.,.),

U(.,.) and lJ(.,.) and < r.a. JL (.,.). Now as before we

show the reflection principle using instead of all objects

satisfying in <R .AM
:: ' lol, E) the formula W.O. only

those for which UT eXists.

So <:. R.AM
:: ' M, t') is a model, and since

KM I- (T)(W.O.(T) ~(EX)(U(X,T» we get the desired contradic-

tion with the presence of nonstandard wellorderings in R.AM,X •
oc

Indeed we proved that for the nonstanaard T's there is no

UT in R.A~X. Thus also in this case R.A~'X (i.e. R.A~X

is a r - model.
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is not a wellordering therefore, sinoe

<'J , X, E> is- a f3 - model for II

family of subsets of ),I suoh that

Lelllllla 2.22.: If

and S ~ If is a

<b , K, E> I-KM

model.

Proof: If XES

thel;l <s. lIl, E> is also a (3 -

(7 ,M, E > I- ""7 w.o. [x J ( t;f is a (3 -model).

~hus there is x £- X suoh that x is not wellfounded in X.

~hus <S , lIl, E>

Proof:

K(R.A., M, E)

Corollary: If there exists a ~ - model of XII then there is

a ~ - model <'J , 14, E > of KM suoh that, for all S ~ q:.

if <6 ,),I, E > is a model then 5.. g:

Let <J' , M, E) be a (3 - modelf oonsider

It is the least F - model for KM (with

X as the universe of sets). ~his together with the lelllllla 2.22,

oompletes the proof••

The oorollary shows an important differenoe between CJ -

models of seoond order arithmetio and transitive models of II.

In the case of the former sys1;.em there is no minimal W-
in l3J

model as shown by H.Frie~. In the oase of mOdels of KM there

are - under suitable assumptions - minimal transitive models.

This answers the question of H.:Priedman from the introduotion

of the aforenamed paper.
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It the oonstruoted family R.A~ is not a model (thus not

a ~ - model) then in the prooess of oonstruotion there must

appear a olass whioh is not M- amenable. Thus there must be a

least ~ suoh that R.AM~ oontains non - • - amenable class.

Clearly R.A~'~ does not contain such an animal. Similarly
o

R.~'P - since this olass is the least model for GB whioh has

Mas the universe of sets.

Theorem 2.7.: Let}r be the least transitive model of ZF.
IV"Then R.A. 2 oontains a olass whioh is not N - amenable.

:Proof: As shown in (131, IV. L 01. where c( is the

least f3 such that <L(pi:) models ZF. In [7 J it is

shown that (L ol +2 - (40) ~ (S) (eo ) I ~. It is easy to show

JI
that Lol.+2 (\ (lp (w ) 5 R.A. 2 • Thus there is a subolass of

cs which is not a set and so non N - amenable class.

One can however prove the following

Theorem 5: It M is a transitive model of ZPC, and Mis

extendable, then all olasses in R.A~'~{M)+ are M- amenable

(Where h(M)+iS the least admissible ordinal bigger than heM)'

Sketch ot the proof: All the ordinals less than (h{M»+ are

representable in every extension of the model M (it follows

from the faot that the standard part ot any possibly nonstan-

dard admissible set oontaining Mhas to contain o(..f, as a

subset, for every standard 0(" ). Thus also classes UT tor
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'T < 0{ t are in every extension and so the classes constructed

before 0< t are 111 - aIIl8nable.

Finally let us notice that in case when (M, E> is not

~ - extendable but is a model of ZFC set theory we can show

by slightly modified reasoning that <R.A:', M, E) is a

least f3 - model of KM - f replacement axiom 1. This gives

the following theorem:

Theorem 2.1'. If is a transitive model of ZFC

then <R.J!! , M, ~ ') is the least (3 - model Of(KM -

i replacement axiomJ~ith the class of sets equal 111 (i.e. it

can process semisets in sense of Vopenka ~ Hajek). It is a

model of EM just in case when <M, Eo> is [3 - extendable.

§ 3. Extendabllity vs . r - extendabllity

We shall deal now with models of KMt. Indeed we

remember that every transitive model <'T ,M, E > of KM

has a transitive submodel (5, I,M, E > which satisfies

KM + scheme of choice.

Thus while considering the height~ of transitive extendable

models we may restrict ourselves to the models extendable to

the models of KMt. (Notice that heM) = h(LM) and 1M= 1h(M»

Let T denote the following sentence of 1ST :

(Ex)( W Ex & (z)(z eX => Z9 (z) (: x ) &(f)(y)(YEX&Func(f) &.
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Thus the sentence T means that "There is an inaccessible

family of sets". We notice that T is ~ 2 formula and the

fo:;-mula "C.) is an inaocessible family of sets" is rr l'

In (6] the following fact is proved:

Proposition 3.1.: The theory ZF~ - + T is interpretable in

KMC by means of wellfounded trees.

Let us look more carefully at this interpretation. The

inaccessible family is representable by a tree coding V. Trees

of rank less than On represent elements of' the maximal

inacoessible family.

The trees of the rank less than or equal to On have

realizations; in case of trees of rank less than On the

realization is a set. In case of trees of rank On the realiza-

tion is a proper olass.

The proposition 3.1. Leads to the following: If

<1 , M, f:7 l= EMir then <Trees <'",M,I:'> , Eps, Eq) 1= ZF«: + T

(where Eps and Eq are appropriate relations interpreting E

and = ) .jEvery tree has a rank Which is a wellordering. Assume

(i, M, E> F "T is a tree" & flU is a rank of Tn.

Then T is a tree iff U is wellordering. This ~ediately

Unplies that the notion of a tree is absolute exactly for

f3 - models.
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Putting all these together we get a semantio version of

the results from [6J:

Proposition 3.2. <1- , lrl, E ') is a f> - model of Dl~ iff

There is a transitive model

that

1) II c tv

<!'f,E) of ZPC- + T such

2) I... N, G') ,." M is an inaooessible family of sets"

The proof ~ is roughly the following. We take all well-

founded trees (Without nontrivial automorphisms) and take as Eq

anc Eps isomorphism and membership of trees relations. Then

<...... a,M,€)..... ees , Eq, Eps > is a model (Without absolute

equality) of ZFC- + T. Thus the structure <,Tree~r,M,l;~EP~qI"

ZFe- + T. We take now realizations of tree s from Trees&,M, E'>•

Since <. '"f , M, ,,') was a f' - model they are really trees and

so they indeed have realizations. (The process of realization is

similar to contraotion procedure). We get an isomorphio model

<lr, e') • The equivalence class of a tree coding M is a

desired inaooessible family. By olass existenoe in <7 ,M, E::>

the subsets of M being in 'f and only them are in N 1"'1 (P (a),

The proof of ~ is obvious.

Corollary: <M, € ) is

transitive model <N, E ')

1) M CO N

(!> - 104 I[ - extendable iff t~ere is

of ZFe- + T suoh that
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2) <N, E I I-"!II is an inaccessible family of sets".

If (M,E > is a relational struoture, IS f M x 111 then Sp M

is the set ot those m EM which are wellfounded i.e. those

fel' Which there is no infinite E - descending sequence beginning

with m. If < MpE> satisfies extensiC'nal1ty then

<. Sp M, E t Sp M > is isomorphic to a transitive structure

( A, E'> Thus I"e may simply assume that Sp 14 is transitive

(when ( M,E ) satisfies extensionality).

Further analysis of the notion of the tree allows us to

give an analogue of the proposition 3.2. for extendable but not

neoessarily f - e:::tendable transitive I!lodela.

Proposition 3.3. (g- ,M, E.> is a transitive model

of KMC iff there is a model <N,E > of ZF~- + T such

that

1) M E Sp N

2) <N, E),. "M Is an inaccessible family of sets"

3) '1 .. 19 (M) f"\ N

Proof: Again ~ is obvious (we taoitly assume tha~ the

objecte in N - Sp N are not subsetE of M)

-, Once more conBider (wellfounded trees) <'1' ,M, E > i.e.

objeots which satisfy in <7 ,M, E > the formula. "(.)

is a tree". All real trees which are in g: are there but

there may be also some "nonstandard trees".
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When we make the model m. <(Trees) <"f,M, £-7,EPs<1:,M,f'>V
Eq 6,rt.,f:)

then: The standard part of the mOdel ort will oonsist of

equivalenoe classes of wellfounded trees. Nonstandard trees

(if thare are any) give nonstandard elements of III . But

the tree representing M has rank On a.'ld so is standard; thus

its realization exists and is in sport. By C':"l.5S e::::istence

in <:1' D il, E '/ the subsets of M being in 'F and only them"

are the subsets of M in m.

Corollary: (M, E.? is DIe -extendable iff there is (N,E)

a model of ZFC-? T suoh that:

1) M f Sp tV

2) ( N,E> 1= "M is '3.D. inaooessible family of sets".

~s we noted,:I.£ (Ll, E-) is extendable then <LM, € ")

is extendable. In case when <: M, e > is (3 - extendable and

we take construotibility interpxetation EV (cf §2) within

the (3 - extension <:'1', il, e> we get a struoture

(~ , LM, (; >whh.h is a f - model. Therefore, if (14, E)

is (3 - ex-;endablethen (L
M, € > is also f - extendable.

:rhis leads us to the foll"ll'ing definition:

'Jefinition: a) 0<, i.S a;lttendal:lle ~rdina.l iff <L <>< , E>

15 an extendable model

b) 0<, Ls f3 - '3xtendable ordinal iff <L '" • G >
is a e- - extendable model.

Let as noUoe that - by our resuHs in the §2 - KM and KMc; -
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extllndability of LO(,00inOide (sfnce it posesses a definable

wellordering) •

The same faot holds for ~ - extendability.

Our criterions of extendability and {3 - extendability

were highly ineffeotive in the sense that it was not olear

where to look for the extensions. For the models of the form

L ~ and ~ - lIxtendability we have quite nioe eriterionfPor

other models and weaker form of extendability we show later

some criterions.

Definition: If 0(. is an ordinal then 0<. *" is the least

ordinal f3 suoh that: 1) 0< E f
2) (L (3' 6 ') ~ ZP-.

Theorem 3.1. 0<, is (3 - extendable 1ff <. L0<"" , €) ~ "L 01.,'

is an inaooessible family".

Proof. : => By the oorollary after the proposition 3.1.there

is (N, E) such that (N, E> l= "L o¢iS an inaocessible

family of sets", <N, E '7 ~ ZFC-.

Then <. LN, f) P ZFC- and since n (.) is an inaooessible

family" is a n1 formula therefore <. LN, E) r "L Q( is an

IIinacoessible family of sets". Sinoe 1: '"' ~(N) we have

heN) ".'l 0'.... and so using again the fact t~t n(.) is an

inaooessible family of SlitS" is TI1 we get <. L0<'" E >J. "L <:X-

is an inaccessible family of sets".
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4i? Immediate by the same corollary and the fact that

<Lo(., <::; t- ZP- imPl1es<L...,t)f- ZFC-.

L... *)Corollary: If 0(, is f3 - extendable than R.A... Jo<an ~L,>()
Lo<

Proof: Both (R.A ,L"",e) and (Lol,n<f(Lo/.),Lo(,EJ

are the smallest f' - extensions of <1",-, E:>

For the rest of this paper we assume that there are f3-
extendable ordinals.

Definition:

b)

a) 0{ 0 is the least extendable ordinal

is the least (3 - extendable ordinal.

Lemma :3.1. Both .,( 0 and 0( ~ are denumerable.

Proof: Obvious by Skolem-L!wenheim.

~heorem 3.2. (On difference) a)

b)\ <' L o(U E ) ;. • 0(0 1s denumerable-

c) <' L <xt , G ') I- - 0(0 is extendable·.

Barwise Ll compactness theorem. The basic fact is that
We will prove our theoremus~arwise theorem is provable

in ZPC and thus valid in every model of ZPC. ~his fact was

first noted by Barwise [1J and then by W1lmers Gt B] • We

assume that the reader is familiar with the theorem of Barwise

and some of its standard applioations.

*) As pointed to us by K.Srebrny, R.B.Jensen in his

Habil1tationschrift (unpublished) proves this equality

for all 0(,' e,
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Ie need the follOWing lemma:

Lemma 3.2.: 0< + , the least admissible ordinal greater

than 0< is smaller than 0(. If-.

Proof: It is known that there is a s~le sentenoe ~ suoh

that <Ii +"soheme of foundation"is eqUivalent to KP (we were

informed about thia by G.Xreisel and C.Smorynski). By the

refleotion prinoiple in <. L",. , € > there 1s f < ~ "-

suoh that ~ holds 1n <L f3 ' € > (Sinoe ~ holds in

<,L 0(" E> ). Thus L (3) 18 admiss1ble and sinoe 0('" ~ t-
we are done.

Proof of the theorem 3.2.

Cons1der the system

1n the 1nf1n1tary language

axiorls:

( L(o(A)1" IE> and the theory IJ"

.J:... based on 3 groups of
L(.,( <) ..

a ) t?<\ zFC. -

b) E - diagram of L(o<~)+

c) "1 0( L is an inacoess~ble family of sets·

The theory 'J is def1nable over <L( 0( 4)+ ' E , 1..t.1] >
by a L; 1. formula 8 and is oonsistent since it has a model

(for instance <L(0< L) "', E > is a model of T ). Therefore

the structure < L +, E ,1 ol {I > satisf1es the formula
(",~)

Cons1s e ' where Cons1s e is a finttary sentenoe of 1sT

expressing cons1stenoy of T
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Since L + E L
(<<£) (c(~)"

therefore since

satisfies the full soheme of ohoice and has a definable we11-

ordering we have inside

elementary substructure

T is denume-

<L , E ) '" "L ~, is an inacces-
(oU)- '-"

Consider now < L i' E , 1£J>. First ofsible family of sets".

rable w,ithin ( \01(
1
)"

(Lo(" ~) sinoe

The strll.oture <. A, ErA, {oi.U is isomorphic ag(.Lin wi thin

L to a structure <B, E , I [;J "> where B is transitive •
(0{')"

By standard reasoning B '" L r for some r
, E > and so it is denumerable within

all we notice that J" S t.

Moreover <L S ' E: ,l 61) "" Consis @

Now let us look what the formula ~ defines over

(L
l,E,/61)
It is olear that it defines the following theory:

s')

b')

0')

IfI\

E

• L b

zpe-
diagram of L J
is an inaccessible family of sets

,.

As this theory is L 1 definable and (, L 7 ' E , f~I)Fconsis<9

we apply now Barwise compactness theorem within <L 0(' ,E> .
Sinoe r is denumerable in <L 0<' , E), .( LJ' ~ , I b) )

is Z::1 - oomplQtein .( L 01.,' E >
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Thus we get within <L O{, IE> a denumerable model of

the theory definable over (L r , E , I!J '> by G , i.e. of the

axiom groups a'), b'), 0').

Let (N, E > be a model of th1s theory. By the oond1ot10n

b') <N,E > is an end extension of <L r , f: > (within

but this is an absolute atatement).Sinoe

therefore 0 belongs to the standard part of <N,E >.
We apply now the oorollary of the proposition 3.3.

So <L ~, E) is an extendable model. Clearly 0( 0 ~ ~

and so both

a) and b) of the theorem hold.

To show 0) we apply within (. Lott, E> Skolem Ulwenheim

result of Nadel [16], sinoe 0( 0 is denumerable in (Lo(uE:)

<L.(.~. E-)
and thus between 0<. 0 and "'j there are reoursi-

vely inaooessible ordinals.

Definition:

for every

We oall an admiss1ble set A?;J.. - oomplete itt

";'"'1 definable theory r,
~1

~ A, E » 1= Consis G itf 'T has a model

Where hoi is a c;-,
~ ~ i formula defining

By the B~ise compaotness theorem together with

oompleteness theorem for languages .,('11. (M denumerable) we

find that all denumerable admissible sets are .?1i -oomplete.
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AIIa~z1ng the proof of the theorem 3.2. we get

Theorem 3.3. There is a formula 4i quch that whenever

(M+, E:> is l; 1 complete then:

<!I,e) is KM~ - extendable iff <H~. E , H) F 1>

Proof: ~ is a n 1 sentenoe stating the oonsistency of

the following theory :r

b) " f - diagram of the world

[5] )

(it is called :BE in

0) "14 is inaccessible family of sets"

Let us notice that b)
set

of admisSibl~~over itself.

uniformly defines an E diagram

We use the follOWing fact:

If <N,E) loa KP then 14 E Sp N iff M+ s Sp N

To prove the theorem assume firstly that <M, E > i6 KM~

extendable. By the oorollary to the proposition 3.3. we find

that there is a model <N,E"7 of a) and 0) and suoh that

M E Sp N. Thus M+ f: Sp N and so (N,E> satisfies an €-

diagram of Mi". Thus <N,E > is a model of 'T (more

precisely of the theory defined over <14+, 6./ bye).

Conversly, if <)4+, ~ ,M) j.. Conds @ then, ,by

2 oompleteness of <M+, E :> and by the faot that 'J is ?;i
_t
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definable we get a model (N,E> of j.

14+ 5; Sp N and so 14 € Sp N. Using onoe more the oorollary to

the proposition 13. we are done.

Corollary: If 14 is denumerable then

<14, E > ia extendabl'e itf <14+, <::- , • ~ lot ~.

We come baok to the proof of the theorem 3.2. It was

definitely not economic for the following twe reasons.

1) Remark that «Loe.' E> need not be f3 - extend<:lble in

order to make our reasoning work. What we need is that there

is an extension g: of ( Lo(, E > such that h( ~ ) > ol ~

2) We did not use the follOWing fact: Every ~ - model

of ZFC whioh is extendable oontains its own theory.

We define: 0/., (0)
• 0<..

admissible or

U eX ( ~ ) if this ordinal is
t<.)o.

( LJ '"" (~ ))+
'"" otherwise.

}<)\.
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Definition: An extendable model (Lo'.' E) is "I - good"

iff it has an extension <. '; , L oe. ' E > such that ot. (r~(f)

Using the reasoning of the proof of the theorem 3.2. we get

~heorem 3.4. a) Every 1 - good model contains as an element

O-good (i.e. transitive extendable) model.

b) If k E; W then every (k + 1)-goOd model contains as

an element k - good model.

The theorem 3.4. may be extended to all recursive ordinals.

lollowing the line of 2) we find that in the proof of
follo>ling

the theorem 3.2. we could add the"clause d) to the a),b),c):

(
,)lolt

!rh(L 0(,'1.' E )J as the latter is L o(~ - finite. fherefore we

have the following:

Theorem 3.5. If (14, ~ > is P - DlC - extendable then

there is NE 14 such that <. N, E) == (14, E. '7 and

<14, c) I- N. No & (N, c) is extendable".

(~hl1s (N, E') is indeed extendable).

~he proof of 3.5. needs a subtler considerations of f3-
extendable models.

Namely in the proposition 3.2. one may add 4) "Every set

is eqUipollent to an ordinal". ~he model produced from trees

satisfies Skolem-L8wenheim theorem and so we work as in 3.2.
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Additionally we must prove that L "" t eM ] E L 0<..c.]
whioh is again ObViOUsF close the paper with the informations

on the number of extensions of <H, E >•

In [9J the following is proved:

Proposition 3.4. If <'J' , M, € '/ is a denumerable model

of KM

that

2)

then there is a proper extension '5' of 1- such

<S ,M, E '/ is not a f3 - model

cVoMoreover there is 2 S 's of power

power ~ i'

We do not know any necessary and sUfficient condition

under which a ~ - model .( T ,M, f> has a proper elementary

extension <S ,r.:, E:) also being a f - model.

There are however some necessary and some sufficient

oonditions:

Some of them are due to Guzicki [4J

1) If we want to get a model of the S!ime height as 1" then

<... r , )4, (: > must satisfy the negation of the class form of

relative oonstruotibi1ity.

2) Sufficient: The ones given in [4]. They give stronger

results than those of our proposition 3.5. (although they go in
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different direotion)

[113],539

Guzioki's models are foroing models-quite exeptional faot

sinoe they are also elementary extensions.

Under assumption of Martin's axiom Guzioki's oonstruotion

gives 22~o t: models of power 2No

Definition: A model <1 , 1.1, E.) of KM satisfies oondition

( L3) iff there is a model <N,E > of ZpC + T suoh that:

1 ) ~ E: Sp tv

2) <N,E> t- J - ?9 (14)

3) <N,E :> /- "M is an inaoo~sible family of sets"
"

4) <N,E) ~ " l5" (M) >M+ "

5) <N,E ') is M+ - standard

(here M+ denotes next cardinal in (N,E) )

Proposition 3.5. ( (10J ) If .( q , 14,E) is a denumerable

model of DC satisfying oondition (8) then there are 2~"

proper elementary denumerable extensions <S , M, E >
satisfying"oonditions (13) and 2 <'i'j. of such extensions of

power ('(1. I all the se extensions can be chosen to have the

same height as if.

Proof: Using the quantifier "there is more than M+ " in

(N, R) •
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We have the following lemma:

If <1'. _, E> has a property (8) then it is

a (3 - model.

By this lelllllla, a oountable model satisfying (B) has 2 ~o

proper elementary denumerable extensions each of which is a

(3- model.

For the non-denumerable models almost nothing is known.

If 0( is a strongly inaooessible oardinal then <R... , E>
has 2 Ql. extensions of pQVer 0.(, • There are even 2 0(,

extensions being elementary subsystem of <: Ro( +1' R oJ. , E >
If V. L then the elementary subsystems of (R0<+1,Ro< ,€>

are linearly ordered by inolusion. In the same time it is

relatively oonsistent to assume that they are not linearly

ordered by inclusion; even under the assumption that

(R 0( , E) '" V • L.
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Institute of Mathematics, University of Warsaw.
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