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INTRODUCTION

In 1963 P. Cohen established various fundamental independence results
in set theory using a new technique which he called forcing. Since then
there has been a deluge of new results of various kinds in set theory,
proved using forcing techniques. It is a powerful method. It is, however,
a method which is not as easy to interpret intuitively as the corresponding
method of Gddel which establishes consistency results. Gdel defines an
intuitively meaningful transfinite sequence of (domains of) classical
models M, defines the class L to be the union of the M, over all ordinals
o, and shows L is a classical model for set theory [4; see also 3]. He
then shows the axiom of constructability, the generalized continuum
hypothesis, and the axiom of choice are true over L, establishing consist-
ency.

In this book we define transfinite sequences of S. Kripke’s intuitionistic
models [13]in a manner exactly analogous to that of Gédel in the classical
case (in fact, the M, sequence is a particular example). In a reasonable
way we define a “class” model for each sequence, which is to be a limit
model over all ordinals. We show all the axioms of set theory are in-
tuitionistically valid in the class models. Finally we show there are
particular such sequences which provide: a class model in which the
negation of the axiom of choice is intuitionistically valid; a class model in
which the axiom of choice and the negation of the continuum hypothesis
are intuitionistically valid; a class model in which the axiom of choice, the
generalized continuum hypothesis, and the negation of the axiom of
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constructability are intuitionistically valid. From this the classical inde-
pendence results are shown to follow.

The definition of the sequences of intuitionistic models will be seen to
be essentially the same as the definition of forcing in [3]. The difference
is in the point of view. In Cohen’s book one begins with a set M which
is a countable model for set theory and, using forcing, one constructs a
second countable model N “on top of” M. Forcing enables one to
“discuss” N in M even though N is not a sub-model of M. Various such
N are constructed for the different independence results. Cohen points out
[3, pp. 147, 148] that actually the proofs can be carried out without the
need for a countable model, and without constructing any classical
models; this is the point of view we take. It is the forcing relation itself
that the center of attention [see 3, page 147], though now it has an in-
tuitive interpretation.

A similar program has been carried out by Vopénka and others. [See
the series of papers 22, 23, 24, 27, 6, 25, 7, 8, 26, 28]. The primary differ-
ence is that these use topological intuitionistic model theory while we
use Kripke’s, which is much closer in form to forcing. Also the Vopénka
series uses Godel-Bernays set theory and generalizes the F, sequence,
while we use Zermelo-Fraenkel set theory and generalize the M, sequence.
The Vopénka treatment involves substantial topological considerations
which we replace by more “logical” ones.

This book is divided into two parts. In part I we present a thorough
treatment of the Kripke intuitionistic model theory. Part II consists of the
set theory work discussed above.

Most of the material in Part I is not original but it is collected together
and unified for the first time. The treatment is self-contained. Kripke
models are defined (in notation different from that of Kripke). Tableau
proof systems are defined using signed formulas (due to R. Smullyan), a
device which simplifies the treatment. Three completeness proofs are
presented (one for an axiom system, two for tableau systems), one due to
Kripke [13], one due independently to R. Thomason [21] and the author,
and one due to the author. We present proofs of compactness and
Lowenheim-Skolem theorems. Adapting a method of Cohen, we establish
a few connections between classical and intuitionistic logic. In the prop-
ositional case we give the relationship between Kripke models and
algebraic ones [16] (which provides a fourth completeness proof in the
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propositional case). Finally we present Schiitte’s proof of the intuitionistic
Craig interpolation lemma [17], adapted to Kleene’s tableau system G3
as modified by the use of signed formulas. No attempt is made to use
methods of proof acceptable to intuitionists.

Chapter 7 begins part II. In it we define the notion of an intuitionistic
Zermelo-Fraenkel (ZF) model, and the intuitionistic generalization of
the Gédel M, sequence. Most of the chapter is devoted to showing the
class models resulting from the sequences of intuitionistic models are
intuitionistic ZF models. This result is demonstrated in rather complete
detail, especially sections 8 through 13, not because the work is particular-
ly difficult, but because such models are comparatively unfamiliar.

In chapter 8 the independence of the axiom of choice is shown.

In chapter 9 we show how ordinals and cardinals may be represented
in the intuitionistic models, and establish when such representatives exist.

Chapter 10 establishes the independence of the continuum hypothesis.

In Chapter 11 we give a way to represent constructable sets in the
intuitionistic models, and establish when such representatives exist.

Chapter 12 establishes theindependence of the axion of constructability.

Chapter 13 is a collection of various results. We establish a connection
between the sequences of intuitionistic models and the classical M,
sequence. We give some conditions under which the axiom of choice and
the generalized continuum hypothesis will be valid in the intuitionistic
class models (thus completing chapters 10 and 12). Finally we present
Vopénka’s method for producing classical non-standard set theory models
from the intuitionistic class models without countability requirements
[26].

The set theory work to this point is self-contained, given a knowledge
of the Gédel consistency proof ([4], in more detail [3]).

In chapter 14 we present Scott and Solovay’s notion of boolean valued
models for set theory [19]. We define an intuitionistic (or forcing)
generalization of the R, sequence (sets with rank) analogous to the Cohen
generalization of the M, sequence, and we establish some connections
between intuitionistic and boolean valued models for set theory.












CHAPTER 1

PROPOSITIONAL INTUITIONISTIC LOGIC

SEMANTICS

§ 1. Formulas

We begin with a denumberable set of propositional variables 4, B, C,...,
three binary connectives A, v, D, and one unary connective ~, together
with left and right parentheses (, ). We shall informally use square and
curly brackets [, ], {, } for parentheses, to make reading simpler. The
notion of well formed formula, or simply formula, is given recursively by
the following rules:

FO. If 4 is a propositional variable, 4 is a formula.

Fl1. If X is a formula, so is ~ X.

F2,3,4. If X and Y are formulas, so are (XAY), (XvY), (Xo7).

Remark 1.1: A propositional variable will sometimes be called an atomic
Sformula.

It can be shown that the formation of a formula is unique. That is, for
any given formula X, one and only one of the following can hold:

(1). X is A for some propositional variable 4.

(2). There is a unique formula Y such that X'is ~ Y.

(3). There is a unique pair of formulas ¥ and Z and a unique binary

connective b (A, v or o) such that Xis (YbZ).

We make use of this uniqueness of decomposition but do not prove it
here.

We shall omit writing outer parentheses in a formula when no con-
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fusion can result. Until otherwise stated, we shall use 4, B and C for
propositional variables, and X, Y and Z to represent any formula.
The notion of immediate subformula is given by the following rules:
10. A has no immediate subformula.
I1. ~X has exactly one immediate subformula: X.
12,3,4. (XAY), (XvY), (XoY) each has exactly two immediate
subformulas: X and Y.
The notion of subformula is defined as follows:
S0. X is a subformula of X.
S1. If X is an immediate subformula of Y, then X is a subformula
of Y.
S2. If X is a subformula of Y and Y is a subformula of Z,then X is a
subformula of Z.
By the degree of a formula is meant the number of occurrences of logical
connectives (~, A, Vv, D) in the formula.

§ 2. Models and validity

By a (propositional intuitionistic) model we mean an ordered triple
{9, #,F), where ¥ is a non-empty set, # is a transitive, reflexive
relation on ¢, and F (conveniently read “forces™) is a relation between
elements of ¥ and formulas, satisfying the following conditions:

For any I'e¥

PO. if T'FA and I'ZA4 then AF A (recall 4 is atomic).

Pl.TE(XAY) iff TEXand T'FY.

P2. TE(XvY) iff TEXorlkEY.

P3. TE~X iff for all Ae¥ such that I'24, AFX.

P4. F'r(X>Y) iff for all A€¥ such that I'%4, if Ak X, then AF Y.

Remark 2.1: For I'e9, by I'* we shall mean any 4€% such that ' Z24.
Thus “for all I'*, @(I'*)” shall mean “for all 4€¥ such that I'%4,
©(4)”;and “thereis a I'* such that ¢ (I'*)” shall mean “there is a 4%
such that ' 24 and ¢ (4)”. Thus P3 and P4 can be written more simply as:
P3. F'k~Xiff forall I'*, T'*fX
P4. F'E(X>Y) iff for all I'*, if I'*E X, then I'*F Y.

A particular formula X is called valid in the model (9, %, k) if for all
Ire¥9, 'EX. Xis called valid if X is valid in all models. We will show



cH.1§§3,4 MOTIVATION. SOME PROPERTIES OF MODELS 21

later that the collection of all valid formulas coincides with the usual
collection of propositional intuitionistic logic theorems.

When it is necessary to distinguish between validity in this sense and
the more usual notion, we shall refer to the validity defined above as
intuitionistic validity, and the usual notion an classical validity. This
notion of an intuitionistic model is due to Saul Kripke, and is presented,
in different notation, in [13]. See also [18]. Examples of models will be
found in section S, chapter 2.

§ 3. Motivation

Let (%, #, > be a model. ¢ is intended to be a collection of possible
universes, or more properly, states of knowledge. Thus a particular I' in
% may be considered as a collection of (physical) facts known at a particu-
lar time. The relation £ represents (possible) time succession. That is,
given two states of knowledge I" and 4 of ¥, to say ' 24 is to say: if we
now know I, it is possible that later we will know 4. Finally, to say
I'kE X is to say: knowing I', we know X, or: from the collection of facts I,
we may deduce the truth of X.

Under this interpretation condition P3 of the last section, for example,
may be interpreted as follows: from the facts I' we may conclude ~ X if
and only if from no possible additional facts can we conclude X.

We might remark that under thisinterpretationit would seem reasonable
that if F'EX and I'#ZA4 then 4k X, that is, if from a certain amount of
information we can deduce X, given additional information, we still can
deduce X, or if at some time we know X is true, at any later time we still
know X istrue. We haverequired that this holds only for the case that X is
atomic, but the other cases follow.

For other interpretations of this modeling, see the original paper [13].
For a different but closely related model theory in terms of forcing see [5].

§ 4. Some properties of models

Lemma4.1: Let (9, £, &> and (¥, &, k') be two models such that for
any atomic formula 4 and any 'e ¥, I'kEA iff 'k’ A. Then F and F’ are
identical.
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Proof: We must show that for any formula X,
TEX<TFX.

This is done by induction on the degree of X and is straightforward.
We present one case as an example.

Suppose X is ~ Y and the result is known for all formulas of degree
less than that of X (in particular for Y). We show it for X:

T'eEX <>TE~Y (by definition)

<> (VIr*)(Ir'*FY) (by hypothesis)

< (VI*)(I'*F Y) (by definition)

TE ~Y

<TEX.
Lemma4.2: Let 4 be a non-empty set and Z be a transitive, reflexive
relation on . Suppose F is a relation between elements of ¥ and atomic
formulas. Then F can be extended to a relation F’ between elements of ¥
and all formulas in such a way that (¥, #, k') is a model.

Proof: We define F’ as follows:

(0). if TEAthen IT'*F’' A,

(). TEF(XAY)ifTr¥Xand T'F'Y,

2). I'¥'(XvY)ifIrEXorT'kF'Y,

(). T'¥F~Xif forallT*, I'*} X,

(4). T'F'(XoY)iffor all I'*,if F'*E' X, then I'*F' Y.
This is an inductive definition, the induction being on the degree of the
formula. It is straightforward to show that (¥, £, E’) is a model.
From lemmas 4.1 and 4.2 we immediately have
Theorem 4.3: Let 4 be a non-empty set and £ be a transitive, reflexive
relation on 4. Suppose F is a relation between elements of ¢ and atomic
formulas. Then F can be extended in one and only one way to a relation,
also denoted by F, between elements of ¢ and formulas, such that
(%, &, F) is a model.
Theorem 4.4: Let (¥4, %, ) be a model, X a formula and I',de¥%. If
IF'rX and I' 24, then Ak X.

Proof: A straightforward induction on the degree of X (it is known
already for X atomic). For example, suppose the result is known for X,
and I'k~X. By definition, for all I'*, I'*f X. But '#4 and Z is
transitive so any Z-successor of 4 is an #Z-successor of I'. Hence for all
A*, A*F X, so AE~X. The other cases are similar.
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§ 5. Algebraic models

In addition to the Kripke intuitionistic semantics presented above, there
is an older algebraic semantics: that of pseudo-boolean algebras. In this
section we state the algebraic semantics, and in the next we prove its
equivalence with Kripke’s semantics. A thorough treatment of pseudo-
boolean algebras may be found in [16].

Definition 5.1: A pseudo-boolean algebra (PBA) is a pair (%, <) where
& is a non-empty set and < is a partial ordering relation on & such that
for any two elements a and b of #:

(1). the least upper bound (a@u b) exists.

(2). the greatest lower bound (@ b) exists.

(3). the pseudo complement of a relative to b (a=b), defined to be

the largest xe % such that a n x<b, exists.
(4). a least element A exists.

Remark 5.2: In the context = is a mathematical symbol, not a meta-
mathematical one.

Let —abea= A and v be — A.

Definition 5.3: h is called a homomorphism (from the set W of formulas
to the PBA (&, <)) if h: W->Z and

1). A(XAY)=h(X)nh(Y),

). h(XvY)=h(X)Uh(Y),

@). h(~X) =—h(X),

4. h(X>Y)=h(X)=h(Y).
If <#,<) is a PBA and 4 is a homomorphism, the triple (%, <, h) is
called an (apebraic) mode! for the set of formulas W, If X 1s a formula,
X is called (algebraically) valid in the model {#,<,h) if h(X)=v. Xis
called (algebraically) valid if X is valid in every model.

A proof may be found in [16] that the collection of all algebraically valid
formulas coincides with the usual collection of intuitionistic theorems.

§ 6. Equivalence of algebraic and Kripke validity

First let us suppose we have a Kripke model (¥, #, ) (we will not use
the name “Kripke model” beyond this section). We will define an algebraic
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model {%, <, k) such that for any formula X
h(X)= v iff forall I'e¥9, T'EX.
Remark 6.1: The following proof is based on exercise LXXXVI of [2].

Ifbc¥9, wecall b Z-closed if whenever 'eb and I'#4, then Aeb.
We take for & the collection of all #-closed subsets of 4. For the
ordering relation < we take set inclusion <. Finally we define h by

h(X)={le¥%|TkX}.

It is fairly straightforward to show that (4%, <) is a PBA. Of the four
required properties, the first two are left to the reader. We now show:

If a,be4, there is a largest xeZ such that a nx<b.

We first note that the operations U and N are just the ordinary union
and intersection. Now let p be the largest #-closed subset of (¥ ~a)ub
(where by — we mean ordinary set complementation). We will show
that for all xeZ

x<p iff anx<b,
which suffices.

Suppose x<p. Then

xc(9+a)ub,
anxcan[(¥9=-a)ub],
anxcanhb,
anxc<bh,
anx<b.

Conversely suppose a nx<b. Then

@nx)u(x+a)csbu(x=a)),
xebu(x+a)),
xcbu(¥%+-a),

but xe4, so x is #-closed. Hence

Xsp,
X< p.

The reader may verify that e and is a least element.
Next we remark that 4 is a homomorphism. We demonstrate only one
of the four cases, case (4). Thus we must show that h (X oY) is the largest
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xe4 such that
h(X) nx < h(Y).
First we show
h(X)nh(X >Y)<h(Y),
that is
{T|TEX}n{T'|TEX>Y}c{l'|TFY}.

But it is clear from the definition that
if TEX and ' kX >Y, then TkY.

Next suppose there is some be# such that A(X)nb<h(Y) but
h(XoY)<b. Then there must be some I'e¥ such that I'eb but
I'¢h(XoY), iie. TF XY, Since ' XoY, there must be some I'*
such that 'k X but I'* ¥ Y. Since b is #-closed, I'*€b. But also I'*eh (X),
so I'*eh(X)nb, and so by assumption I'*eh(Y), that is ['*FY, a
contradiction. Thus #(X> Y) is largest.

Thus (%, <, k) is an algebraic model. We leave it to the reader to
verify that the unit element v of # is ¥ itself. Hence

h(X)= v iff forall I'e¥9, T'FX.

Conversely, suppose we have an algebraic model {%, <, A). We will
define a Kripke model {¥, Z, E) so that for any formula X

h(X)=v iff forall I'e¥, I'kX.

Lemma 6.2: Let & be a filter in # and suppose (a=>b)¢#. Then the
filter generated by & and a does not contain b.

Proof: If the filter generated by & and a contained b, then ([16] p. 46,
8.2) for some ce#, cna<b. So c<(a=>b) and hence (a=>b)eF by
[16], p. 46, 8.2 again.

Lemma 6.3: Let # be a proper filter in & and suppose —a¢.#. Then
the filter generated by & and a is also proper.
Proof: By lemma 6.2, since —a=(a=> A).

Lemma 6.4: Let & be a filter in # and suppose a¢#. Then # can be
extended to a prime filter & such that a¢ Z.

Proof: (This is a slight modification of [16], p. 49, 9.2, included for
completeness.) Let O be the collection of all filters in Z not containing a.
O is partially ordered by =. O is non-empty since Z €O0.
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Any chain in O has an upper bound since the union of any chain of
filters is a filter. So by Zorn’s lemma O contains a maximal element Z.
Of course a¢ 2. We need only show 2 is prime.

Suppose Z is not prime. Then for some a,,a,e%#

a v a,e?, a ¢P, a,¢?.

Let &, be the filter generated by # and a,, and %, be the filter generated
by Z and a,.

Suppose ae ¥, and ae&,. Then [16, p. 46, 8.2] for some c¢,,c,€Z,
a;nc<a and a;nc;<a. So for c=c;ncy, a;nc<a and a,nc<a,
hence (@, Ua,)c<a. But ceZ and (a; va,)e?, so ae?. But a¢?, so
either a¢ &, or a¢ &,.

Suppose a¢ ;. By definition &, €0. But &, is the filter generated by
2 and ay, hence Z< #;. So Z is not maximal, a contradiction. Similarly
if a¢ & ,. Thus £ is prime.

Now we proceed with the main result. Recall that we have (%, <, k).
Let 4 be the collection of all proper prime filters in . Let £ be set
inclusion . For any I'e% and any formula X, let F'EX if h(X)eT.

To show the resulting structure (¥4, Z, k) is a model, we note property
PO is immediate. To show P1:

TE(XAY) iff W(XAY)el
iff h(X)nh(Y)el
if h(X)el and h(Y)erl
iff TEX and TEY

(using the facts that 4 is a homomorphism and I is a filter). Similarly we
show P2 using the fact that I" is prime. To show P3:
Suppose I'k~ X. Then h(~X)erl, so

(VAe%) (I = 4 implies h(~ X)e4),
(VAe ) (I' = 4 implies h(X)¢4),
(VAe%)(F'#4 implies 4} X),

i.e. forall I'*, I'* } X (using the fact that h(~X)ed and h(X)e4 imply
—h(X)nh(X)ed,so Aed and 4 is not proper).

Suppose I' ¥ ~X. Then h(~X)¢I, or —h(X)¢I. By lemma 6.3 the
filter generated by I" and h(X) is proper. By lemma 6.4 this filter can be
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extended to a proper prime filter 4. Then I'c4 and h(X)ed. So
(34€%) (%4 and Ak X), i.e. for some I'*, T*EX.

P4 is shown in the same way, but using lemma 6.2 instead of lemma 6.3.
Thus (%, #, E) is a model.

Finally, to establish the desired equivalence, suppose first h(X)= v.
Since v is an element of every filter, for all 'e¥, I'FX. Conversely
suppose h(X)# v. But {v} is a filter and h(X)¢{v}. By lemma 6.4

we can extend { v} to a proper prime filter I' such that h(X)¢I. Thus
I'eYand T} X.

Thus we have shown

Theorem 6.5: X is Kripke valid if and only if X is algebraically valid.



CHAPTER 2

PROPOSITIONAL INTUITIONISTIC LOGIC

PROOF THEORY

§ 1. Beth tableaus

In this section we present a modified version of a proof system due
originally to Beth. It is based on [2, § 145], but at the suggestion of
R. Smullyan, we have introduced signed formulas and single trees in
place of the unsigned formulas and dual trees of Beth.

By a signed formula we mean TX or FX where X is a formula. If Sis a
set of signed formulas and H is a single signed formula, we will write
Su {H} simply as {S, H} or sometimes S, H.

First we state the reduction rules, then we describe their use; S is any
set (possibly empty) of signed formulas, and X and Y are any formulas:

TAa S, T(XAY) F A S,F(X A Y)
S, TX,TY S,FX |S,FY

T v SSTXvY) Fv S,F(XvY)
S, TX|S, TY S, FX,FY

T~ S, T(~X) F~ S,F(~X)
S, FX Sr, TX

T o S, T(X>Y) F> S,F(X>Y)
S,FX|S,TY St TX,FY

In rules F~ and F> above, St means {TXI TXe S}.
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Remark 1.1: S'is a set, and hence {S, TX} is the same as {S, TX, TX}.
Thus duplication and elimination rules are not necessary.

If Uis a set of signed formulas, we say one of the above rules, call it rule
R, applies to U if by appropriate choice of §, X and Y the collection of
signed formulas above the line in rule R becomes U.

By an application of rule R to the set U we mean the replacement of
Uby U, (orby U; and U, if Ris FA, Tv or T>) where U is the set
of formulas above the line in rule R (after suitable substitution for S,
X and Y) and U (or U,,U,} is the set of formulas below. This assumes
R applies to U. Otherwise the result is again U. For example, by applying
rule Fo totheset {TX, FY, F(Z> W)} we may get the set { TX, TZ, FW}.
By applying rule T'v to the set {7X, FY, T(Zv W)} we may get the two
sets {TX, FY, TZ} and {TX, FY,TW}.

By a configuration we mean a finite collection {S}, S,,..., S,} of sets
of signed formulas.

By an application of the rule R to the configuration {S,, S,,..., S,}
we mean the replacement of this configuration with a new one which is
like the first except for containing instead of some S; the result (or results)
of applying rule R to S;.

By a tableau we mean a finite sequence of configurations €, €, ..., €,
in which each configuration except the first is the result of applying one
of the above rules to the preceding configuration.

A set S of signed formulas is closed if it contains both T7X and FX for
some formula X. A configuration {S;, S5,..., S,} is closed if each S, in it
is closed. A tableau %,, %,,..., €, is closed if some %; in it is closed.

By a tableau for a set S of signed formulas we mean a tableau %,
%3,..., €, in which %, is {S}. A finite set of signed formulas S is
inconsistent if some tableau for S is closed. Otherwise S is consistent.
X is a theorem if {FX} is inconsistent, and a Closed tableau for {FX} is
called a proof of X. If X is a theorem we write F{X.

We will show in the next few sections the correctness and completeness
of the above system relative to the semantics of ch. 1.

Examples of proofs in this system may be found in § 5.

The corresponding classical tableau system is like the above, but in
rules F~ and Fo, S;is replaced by S (see [20]). The interpretations of
the classical and intuitionistic systems are different.
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In the classical system 7X and FX mean X is true and X is false
respectively. The rules may be read: if the situation above the line is the
case, the situation below the line is also (or one of them is, if the rule is
disjunctive: FA, Tv, T>). Thus TX means the same as X, and FX
means ~ X. Classically the signs 7 and F are dispensable. Proof is a
refutation procedure. Suppose X is not true (begin a tableau with FX).
Conclude that some formula must be both true and not true (a closed
configuration is reached). Since this can not happen, X is true.

In the intuitionistic case TX is to mean X is known to be true (X is
proven). FX is to mean X is not known to be true (X has not been
proved). The rules are to be read: if the situation above the line is the
case, then the situation below the line is possible, i.e. compatible with
our present knowledge (if the rule is disjunctive, one of the situations
below the line must be possible). For example consider rule Fo. If we
have not proved X>oY, it is possible to prove X without proving Y, for
if this were not possible, a proof of Y would be ‘inherent’ in a proof of X,
and this fact would constitute a proof of XY,
the line in this rule and not § because in proving X we might inadvertently
verify some additional previously unproven formula (some FZe S might
become 7Z). Similarly for F~. The proof procedure is again by refuta-
tion. Suppose X is not proven (begin a tableau with FX). Conclude that
it is possible that some formula is both proven and not proven. Since this
is impossible, X is proven.

We have presented this system in a very formal fashion because it
makes talking about it easier. In practice there are many simplifications
which will become obvious in any attempt to use the method. Also,
proofs may be written in a tree form. We find the resulting simplified
system the easiest to use of all the intuitionistic proof systems, except in
some cases, the system resulting by the same simplifications from the
closely related one presented in ch. 6 § 4. A full treatment of the corre-
sponding classical tableau system, with practical simplifications, may be
found in [20].

§ 2. Correctness of Beth tableaus

Definition 2.1: We call a set of signed formulas
{TX,,..., TX,, FYy,..., FY,}
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realizable if there is some model (¥, %, k> and some I'e¥ such that
reX,,..,IreX,, I'¥yY,...,I'¥Y, Wesay that I realizes the set.

If {Si,S,,...,S,} is a configuration, we call it realizable if some S;
in it is realizable.

Theorem 2.2: Let €y, €,,..., €, be a tableau. If %, is realizable, so is
141

Proof: We have eight cases, depending on the rule whose application
produced %, from %,.

Case(1): ¢, is {...,{ST(XvY)},..} and %4, is {..., {STX},
{S,TY},...}. Since ¥, is realizable, some element of it is realizable. If
that element is not {S,7(X v Y)}, the same element of €, , is realizable.
If that element is {S,7(X v Y)}, then for some model (¥, &, k) and some
e, I realizes {S,T(X v Y)}. That s, I realizes S and I'F (X v Y). Then
T'EX or TFY, so either I realizes {S,7X} or {S,7Y}. In either case
%+, is realizable. ’

Case (2): C; is {..., {SF(~X)},...} and %4, is {...,{Sr,TX},...}.
%, is realizable, and it suffices to consider thecase that {S,F(~ X)} is the
realizable element. Then there is a model (¥, #, k) and a I'e¥ such
that I' realizes S and I' ¥ ~X. Since I' ¥ ~ X, for some I'*e¥, I'*EX.
But clearly, if I realizes S, I'* realizes Sy (by theorem 1.4.4). Hence I'*
realizes {S7,7X} and %,,, is realizable.

The other six cases are similar.

Corollary 2.3: The system of Beth tableaus is correct, that is, if F X,
X is valid.

Proof: Weshow the contrapositive. Suppose X is not valid. Then there
is a model (¥, #, k) and a I'e ¥ such that I' ¥ X. In other words {FX}
is realizable. But a proof of X would be a closed tableau %, ¥,,..., %,
in which %, is {{FX}}. But ¥, is realizable, hence each %, is realizable.
But obviously a realizable configuration cannot be closed. Hence FX.

§ 3. Hintikka collections
In classical logic a set S of signed formulas is sometimes called down-

ward saturated, or a Hintikka set, if

TXAYeS == TXeS and TYeS,
FXvYeS = FXeS and FYeS,
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TXvYeS = TXeS or TYeS,
FXAYeS = FXeS or FYeS,
T~XeS = FXeS,
TX>YeS = FXeS or TYeS,
F~XeS = TXeS,
FX>YeS = TXeS and FYeS.

Remark 3.1: The names Hintikka set and downward saturated set were
given by Smullyan [20]. Hintikka, their originator, called them model
sets.

Hintikka showed that any consistent downward saturated set could be
included in a set for which the above properties hold with = replaced by
<>. From this follows the completeness of certain classical tableau
systems. This approach is thoroughly developed by Smullyan in [20].

We now introduce a corresponding notion in intuitionistic logic,
which we call a Hintikka collection. While its intuitive appeal may not
be as immediate as in the classical case, its usefulness is as great.

Definition 3.2: Let ¢ be a collection of consistent sets of signed formulas.
We call 4 a Hintikka collection if for any 'e 9

TXAYel = TXell' and TYerl,

FXv Yel = FXel' and FYerl,

TXvYel = TXell' or TYel,

FXAYel = FXell' or FYel,

T~Xel' = FXel,

TX>Yel = FXell' or TYel,

F~Xell' = forsome 4e€¥% I'tr=A4 and TXeA,
FX>Yel = forsome Ae¥, ;< A, TXed FYeA.

Definition 3.3: Let ¥4 be a Hintikka collection. We call (¥, Z,E) a
model for 9 if
(D). <Y, Z, k) is a model,
). I'rcd4=>T24,
(3). TXel =Tk X,
FXel' =T F X.

Theorem 3.4: There is a model for any Hintikka collection.
Proof: Let ¢ be a Hintikka collection. Define # by: I'Z4 if 't < 4.
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If A is atomic, let 'FA if TAel', and extend F to produce a model
(%, &, E). To show property (3) is a straightforward induction on the
degree of X. We give one case as illustration. Suppose X is ~ Y and the
result is known for Y. Then

T~Yel > (VAe¥)(IrSA4=>T ~Yed)
= (Vde¥)(I'y < d=>FYe4)
= (VAe9)(IRA= A} Y)
= I'E~Y,

and
F~Yel = (34e9)(I'y=4and TYed)

= (de9)(C'#4 and 4FY)
= 'k ~Y.

It follows from this theorem that to show the completeness of Beth
tableaus we need only show the following: If F (X, then there is a
Hintikka collection ¢ such that for some I'e¥9, FXel.

§ 4. Completeness of Beth tableaus

Let S be a set of signed formulas. By % (S) we mean the collection of
all signed subformulas of formulas in S. If S is finite, & (S) is finite.

Let S be a finite, consistent set of signed formulas. We define a
reduced set for S (there may be many) as follows:

Let S, be 8. Having defined S,,, a finite consistent set of signed formulas,
suppose one of the following Beth reduction rules applies to S,: TA,
FA, Tv, Fv, T~ or T>. Choose one which applies, say FA.
Then S, is {U, FXA Y}. This is consistent, so clearly either {U, FXA Y,
FX} or {U,FXAY, FY} is consistent. Let S,,, be {U, FXA Y, FX} if
consistent, otherwise let S,4; be {U, FXAY, FY}. Similarly if TA
applies and was chosen, then S, is { U, TX A Y}. Since this is consistent,
{U,TXAY,TX,TY} is consistent. Let this be S, .. In this way we
define a sequence Sy, Sy, S, ... . This sequence has the property S,= S, ..
Further, each S, is finite and consistent. Since each S,< % (S), there are
only a finite number of different possible S,. Consequently there must be
a member of the sequence, say §,, such that the application of any one
of the rules (except F~ or Fo) produces S, again. Call such an S, a
reduced set of S, and denote it by S’. Clearly any finite, consistent set of
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signed formulas has a finite, consistent reduced set. Moreover, if S’ is
a reduced set, it has the following suggestive properties:

TX A YeS'’

= TXeS and TYeS’',
FXvYeS = FXeS' and FYeS’,
TXvYeS = TXeS o TYeS’',
FXAYeS = FXeS' or FYeS’,
T~XeS = FXeS§',
TX>YeS = FXeS or TYeS',

S’ is consistent.

Now, given any finite, consistent set of signed formulas S, we form the
collection of associated sets as follows:

If F~XeS, {S7,TX} is an associated set.

If FXoYeS, {S1.TX,FY}is an associated set.
Let &7 (S) be the collection of all associated sets of S. & (S) is finite,
since Ue & (S) implies US ¥ (S) and & (S) is finite. &/ (S) has the
following properties: if § is consistent, any associated set is consistent
and

F~XeS = forsome UeZ(S) SrcU, TXeU,
FX>YeS = forsome UesZ(S) Sy U, TXeU, FYeU.

Now we proceed with the proof of completeness.

Suppose F X. Then {FX} is consistent. Extend it to its reduced set S,.
Form &(S,). Let the elements of & (S,) be Uy, U,,..., U,. Let S, be
the reduced set of Uy,..., S, be the reduced set of U,. Thus, we have the
sequence Sy, S;, S5,..., S,

Next form & (S, ). Call its elements U, ,,, U,,,,..., U,. Let S, be the
reduced set of U, and so on. Thus, we have the sequence S, S;, ..., S,,
S,+1,---5 Sm- Now we repeat the process with §,, and so on.

In this way we form a sequence Sy, S, Ss,.... Since each S;= % (S),
there are only finitely many possible different ;. Thus we must reach a
point S, of the sequence such that any continuation repeats on earlier
member.

Let ¢ be the collection {S, Si,..., S;}. It is easy to see that ¥ is a
Hintikka collection. But FXeS,e¥. Thus we have shown:

Theorem 4.1: Beth tableaus are complete.
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Remark 4.2: This proof also establishes that propositional intuitionistic
logic is decidable. For, if we follow the above procedure beginning with
FX, after a finite number of steps we will have either a closed tableau for
{FX?} or a counter-model for X. Moreover, the number of steps may be
bounded in terms of the degree of X.

The completeness proof presented here is in essence the original proof
of Kripke [13]. For a different tableau completeness proof see ch. 5§ 6,
where it is given for first order logic. For a completeness proof of an
axiom system see ch. 5 § 10, where it also is given for a first order system.
The work in ch. 1§ 6 provides an algebraic completeness proof, since
the Lindenbaum algebra of intuitionistic logic is easily shown to be a
pseudo-boolean algebra. See [16].

§ 5. Examples

In this section, so that the reader may gain familiarity with the fore-
going, we present a few theorems and non-theorems of intuitionistic
propositional logic, together with their proofs or counter-models.

We show

(l) y IA Vv ~A’

). h~~(4v ~4),

(3). Fi~~ADA4,

(4). H(AvB)> ~(~AA ~B),

(5). Fi~~(AVB)>(~~Av ~~B).
For the general principle connecting (1) and (2) see ch. 4 § 8.

). FiAv~A.
A counter example for this is the following:

9 ={I, 4}
TR, TRA, AZA.

AFE A is the F relation for atomic formulas, and F is extended to all for-
mulas as usual. We may schematically represent this model by

r

AFA
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We claim I'¥ Av ~A. Suppose not. If 'FAv ~A, either 'kA or
TF'kE~A.But ' A. If FTE~ A then since T'#Z4, AF A. But Ak A, hence

TFAv ~A.

). Fi~~(Av ~A).
A tableau proof for this is the following, where the reasons for the steps

are obvious:

{{F ~~(dv~A)}},

{{T ~(4v ~4)}},

(T ~(Av ~A),F(4Av~A)},
{{T~(Av ~A),FA,F~A}},
{{T ~(4 v ~4), T4},

{{F(4 v ~4), TA}},

{{FA,F ~ A, TA}}.

(3). Fi~~ADA.

The model of example (1) has the property that 'k~ ~A4 but I' ¥ A.
4). H(AVvB)> ~(~AA ~B).

The following is a proof:

{{F((Av B)>~(~A4 A ~B)}},
{{T(4v B),F ~(~AA~B)}},
{{T(4v B), T(~ A A ~B)}},
{{T(Av B), T ~A, T ~B}},
{{T(A v B), FA, T ~ B}},

{{T(A v B), FA, FB}},

{{TA, FA, FB}, {TB, FA, FB}}.

(5). V1i~~(AvB)>(~~Av ~~B).
A counter example is the following:

9 =1I, 4,0,
TR, ARA, QAQ,
I'24, T2Q

AEA, QEB is the F relation for atomic formulas, and F is extended as
usual. We may schematically represent this model by

r

P
4FA QEB
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Now Ak A,s04FA v B. Likewise QF A v B. Itfollows that 'k~ ~ (A4 v B)
Butif 'k~ ~Av ~~B, either 'k~~A or TkE~~B. If FTE~~ A4, it
would follow that QFA. If 'k~ ~ B, it would follow that 4 FB. Thus
T ~~Av ~~B.



CHAPTER 3

RELATED SYSTEMS OF LOGIC

§ 1. f-primitive intuitionistic logic, semantics

This is an alternative formulation of intuitionistic logic in which a symbol
f is taken as primitive, instead of ~, which is then re-introduced as a
formal abbreviation, ~X for Xof. For presentations of this type, see
[15] or [17].

Specifically, we change the definition of formula by adding f to our
list of propositional variables and removing ~ from the set of connectives.
~ is re-introduced as a metamathematical symbol as above. Our
definition of subformula is also changed accordingly. The definition of
model is changed as follows: replace P3 (ch. 1§2) by P3': I' F f. This
leads to a new definition of validity, which we may call f~validity.

Theorem1.1: Let X be a formula (in the usual sense) and let X’ be the
corresponding formula with ~ written in terms of f. Then X is valid if
and only if X’ is f~valid.

Proof: We show that in any model {¥4, %, k)

TeX iff TEX'

(where we use two different senses of k). The proof is by induction on the
degree of X (which is the same as the degree of X”). Actually all cases
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are easy except that of ~ itself. So suppose the result is known for all
formulas of degree less than that of X,

TEX < TE~Y
< VI* T*FY
< VI* T*FY',
but clearly this is equivalent to I'E Y’ o f'since I'* f f. Hence equivalently
X’

§ 2. f-primitive intuitionistic logic, proof theory

In this section we still retain the altered definition of formula in the last
section with f primitive. We give a tableau system for this. The new
system is the same as that of ch. 2 § 1 in all but two respects. First the
rules T~ and F~ are removed. Second a set S of signed formulas is
called closed if it contains TX and FX for some formula X,
tains Tf.

This leads to a new definition of theorem, which we may call
f-theorem.

Theorem 2.1: Let X be a formula (in the usual sense) and let X’ be the
corresponding formula with ~ written in terms of /. Then X is a theorem
if and only if X’ is an f~theorem.

This follows immediately from the following:

Lemma2.2: Let S be a set of signed formulas (in the usual sense) and
let S’ be the corresponding set of signed formulas with ~ replaced in
terms of f. Then S is inconsistent if and only if §” is f~inconsistent.

Proof: We show this in two halves. First suppose S is inconsistent.
We show the result by induction on the length of the closed tableau for S.
There are only two significant cases. Suppose first that the tableau for
Sis €y, €32,..., €ys €y is {{U, F~X}} and €, is {{Uy, TX}}. Then by
the induction hypothesis {Uy, TX'} is f-inconsistent. Hence so is
{U',FX'>f},i.e. S'. The other caseis if €; is {{U, T~X}} and %, is
{{U, FX}}. Then by the induction hypothesis { U’, FX'} is f~inconsistent.
Hence sois {U’, TX'>f},ie. S".

The converse is shown by induction on the length of the closed
J-tableau for S’. If this f~tableau is of length I, either S’ contains TX and
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F X for some formula X, and we are done, or S’ contains Tf, which is not
possible since we supposed S’ arose from standard set S.
The induction steps are similar to those above.

The results of this and the last sections, together with our earlier results
give: X' is f-valid if and only if X" is an f~theorem. This is not the complete
generality one would like since it holds only for those formulas X’ which
correspond to standard formulas X. The more complete result is however
true, as the reader may show by methods similar to those of the last
chapter.

§ 3. Minimal logic

Minimal logic is a sublogic of intuitionistic logic in which a false state-
ment need not imply everything. The original paper on minimal logic is
Johannson’s [9]. Prawitz establishes several results concerning it in [15],
and it is treated algebraically by Rasiowa and Sikorski [16].

Semantically, we use the f-models defined in § 1, with the change that
we no longer require P3’, that is, that I ¥ f. Proof theoretically, we use
the f-tableaus defined in § 2, with the change that we no longer have
closure of a set because it contains Tf. We leave it to the reader to show
that X is provable in this tableau system if and only if X is valid in this
model sense, using the methods of ch. 2.

Certainly every minimal logic theorem is an intuitionistic logic theorem,
but the converse is not true. For example (4 A ~A4)> B is a theorem of
intuitionistic logic, but the following is a minimal counter-model for
it, or rather for (A A (A>f))>B:

g ={r},
rar,
TkA4, TEf,

and F is extended as usual. It is easily seen that T4 A(4>f), but
Tk B.
§ 4. Classical logic

Beginning with this section, we return to the usual notions of formula,
tableau and model, that is, with ~ and not f as primitive.
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Some authors call a set % of unsigned formulas a (classical) truth set

. XAYeSs o Xe¥ and Ye¥,
XvYe¥ « Xe¥ or Ye,
~XeF o X¢F,
XoYe¥ < X¢&F or YeZ.

It is a standard result of classical logicthat X is a classical theorem if and
only if X is in every truth set. There is a proof of this in [20].

Theorem 4.1: Any intuitionistic theorem is a classical theorem.

Proof: Suppose X is not a classical theorem. Then there is a truth set
& such that X¢.%. We define a very simple intuitionistic counter-model
for X, <%, &, k), as follows:

g = {y} 3
SRS,
FEA<w Ae S,

for A atomic, and F is extended as usual. It is easily shown by induction
on the degree of Y that
LEY <> Ye.

Hence &} X, and X is not an intuitionistic theorem.

That the converse is not true follows since we showed in ch. 2 § 5 that
FiAv ~A. Thus we have: minimal logic is a proper sub-logic of
intuitionistic logic which is a proper sub-logic of classical logic.

§ 5. Modal logic, S4; semantics

In this section we define the set of (propositional) S4 theorems semantic-
ally using a model due to Kripke [12] (see also [18]). S4 was originated
by Lewis [14], and an algebraic treatment may be found in [16]. A natural
deduction treatment is in [15].

The definition of formula is changed by adding [ to the set of unary
connectives. Thus for example ~[J~(4vO~4) is a formula. [J is
read “necessarily’’. { is sometimes taken as an abbreviation for ~ [~
and is read “possibly”. (In [14] O was primitive.)

The S4 model is defined as follows: It is an ordered triple <%, &, E)
where ¢ is a non-empty set, & is a transitive, reflexive relation on ¥,
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and F is a relation between elements of ¢ and formulas, satisfying the
following conditions:

M1. TEXAY iff TEX and TFY,

M2. F'eEXvY iff TEX or TFY,

M3. 'e~X iff TFX,

M4, TEXoY iff TEXor TEFY,

MS. re(dX iff forallI'*, I'*EX.

Xis S4 valid in (9, %, F) if forall T'e¥, 'EX. X is S4 valid if X is S4
valid in all S4 models.

The intuitive idea behind this modeling is the following: ¥ is the
collection of all possible worlds. '#4 means 4 is a world possible
relative to I'. 'EX means X is true in the world I'. Thus M5 may be
interpreted: X is necessarily truein I' if and only if X is true in any world
possible relative to I'. This interpretation is given in [12].

§ 6. Modal logic, S4; proof theory

We define a tableau system for S4 as follows: Everything in the definition
of Beth tableaus in ch. 2 § 1 remains the same except the reduction rules
themselves. These are replaced by

MTA S, TXAY MF A S,FXAY
S, TX, TY S,FX|S,FY
MT v S, TXvY MFv S, FXvY
S, TX|S, TY S, FX,FY
MT~ S,T~X MF~ S, F~X
S,FX S, TX
MT > S, TX>Y MF>  S,FXoY
S,FX|S,TY S, TX,FY
MTO S, TOX MFO S, FOX
S, TX Sa, FX

where in rule MF(Q Sgis {TDX] TOXeS}. Again the methods of
ch. 2 can be adapted to S4 to establish theidentity of theset of S4 theorems
and the set of S4 valid formulas. This is left to the reader. The original
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proof is in [12]. We are more interested in the relation between S4 and
intuitionistic logic.

§ 7. S4 and intuitionistic logic

A map from the set of intuitionistic formulas to the set of S4 formulas is
defined by (see [18])
M (A) = [A for A atomic,
M(XvY)=M(X)vM(),
M(X AY)=M(X)AM(Y),
M(~X) =0O~M(X),
M(X>Y)=0OM(X)>M(Y)).
We wish to show

Theorem 7.1: If X is an intuitionistic formula, X isintuitionistically valid
if and only if M(X) is S4-valid.
This follows from the next three lemmas.
Lemma7.2: Let (¥, &, F;) be an intuitionistic model and (¥, %, ks>
be an S4 model, such that for any I'e¥ and any atomic A
T'E,A<>T ks, M(A).
Then for any formula X
T'E X <> Tksa M (X).

Proof: A straightforward induction on the degree of X.

Lemma 7.3: Given an intuitionistic counter-model for X, there is an S4
counter-model for M(X).

Proof: Wehave (¥, #, k), an intuitionistic model such that for some
I'e¥ TI'FX. We take for our S4 model (¥, &, ks,> where kg, is
defined by Ak A if Ak A
for A atomic and any 4 in ¢, and kg is extended to all formulas. If A
Is atomic Ak, M(A) < Akg, (1A

<« (V4*) 4* kg, A
<> (V4*) 4*F A
< Ak A

and the result follows by lemma 7.2.
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Lemma.4: Given an S4 counter-model for M(X), there is an intui-
tionistic counter-model for X.

Proof: We have <9, %, Fg4), an S4 model such that for some I'e¥
I' ¥ ss M(X). We take for our intuitionistic model (¥, £, ¥,;> where F,
is defined by

Ak A if Ak, M(A)

for A atomic and any 4 in ¢, and k,; is extended to all formulas. Now
the result follows by lemma 7.2.



CHAPTER 4

FIRST ORDER INTUITIONISTIC LOGIC

SEMANTICS

§ 1. Formulas

We begin with the following:

(1). denumerably many individual variables x, y, z, w, ...

(2). denumerably many individual parameters a, b, c, d, ...

(3). for each positive integer n, a denumerable list of n-ary predicates

A", B", C", D", ...

(4). connectives, quantifiers, parentheses, A, v, 2, ~, 3, V, (, ).
An atomic formula is an n-ary predicate symbol A" followed by an n-tuple
of individual symbols (variables or parameters), thus 4" (ay,...,,). A
formula is anything resulting from the following recursive rules:

FO. Any atomic formula is a formula.

Fl1. If X is a formula, so is ~X.
F2,3,4. If X and Y are formulas, so are (XA Y), (XVvY), (X=Y).
FS,6. If X is a formula and x is a variable, (Vx)X and (3x)X are
formulas.

Subformulas and the degree of a formula are defined as usual. The
property of uniqueness of composition of a formula still holds. We note
the usual properties of substitution, and we use the following notation:
If X is a formula and o and f are individual symbols, by X(5) we mean
the result of substituting § for every occurrence of o in X (every free
occurrence in case a is a variable). We usually denote this informally as
follows: we write X as X («) and X (3) as X (B). It will be clear from the
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context what is meant. We again use parentheses in an informal manner
and we omit superscripts on predicates.

Although the definition of formula as stated allows unbound occurren-
ces of variables in formulas, we shall assume, unless otherwise stated,
that all variables in a formula are bound. Notation like X (x) however,
indicates that x may have free occurrences in X.

§ 2. Models and validity

In this section we define the notion of a first order intuitionistic model,
and first order intuitionistic validity, referred to respectively as model and
validity. This modeling structure is due to Kripke and may be found, in
different notation, in [13] (see also [18]). The notions of ch. 1, if needed,
will be referred to as propositional notions to distinguish them.

If 2 is a map from ¥ to sets of parameters, by £ (I') we mean the set of
all formulas which may be constructed using only parameters of #(I').
By a (first order intuitionistic) model we mean an ordered quadruple
{9, A, E, P), where ¢ is a non-empty set, Z£ is a transitive, reflexive
relation on 9, F is a relation between elements of ¢ and formulas, and
P is a map from ¢ to non-empty sets of parameters, satisfying the
following conditions:

for any I'e¥%

Q0. Z(I') = 2(I'™),

QL. re4 = AeP(I) for A atomic,
Q2. Ir'krA =T*E A for A atomic,

Q3. T'E(XAY) <TkXand kY,

Q4. TE(XvY) «(XvY)eP(I)and TEX or T'kY,

Q5. Ie~X <> ~XeP(I') and for all I'* T'*§ X,

Q6. TE(X>Y) <>(X>Y)eP(I) and for all I'*, if T*E X, T'*FY,

Q7. I'k(3x) X (x)<>for some aec?(I') I'kX (a),

Q8. I'k(Vx)X(x)<>for every I'* and for every ae? (I'*) I'*E X (a).
We call a particular formula X valid in the model {%, %, k£, Z) if for all
T'e% such that Xe# (') I'kX. X is called valid if X is valid in all models.

§ 3. Motivation

The intuitive interpretation given in ch. 1 § 3 for the propositional case
may be extended to this first order situation.
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In one’s usual mathematical work, parameters may be introduced as
one proceeds, but having introduced a parameter, of course it remains
introduced. This is what the map £ is intended to represent. That is, for
T'e% T is a state of knowledge, and #(T) is the set of all parameters
introduced to reach I'. (Or in a stricter intuitive sense, 2 (I') is the set of
all mathematical entities constructed by time I'.) Since parameters, once
introduced, do not disappear, we have Q0. Q2-6 are as in the proposi-
tional case. Q7 should be obvious. Q8 may be explained: to know
(Vx) X(x) at I, it is not enough merely to know X(a) for every para-
meter a introduced so far (i.e. for all ae#(I')). Rather one must know
X (a) for all parameters which can ever be introduced (i.e. for allae # (I'*)
r*ex(a)).

The restrictions Q1, and in Q4, QS5 and Q6 are simply to the effect
that it makes no sense to say we know the truth of a formula X if X uses
parameters we have not yet introduced. It would of course make sense to
add corresponding restrictions to Q3, Q7and Q8, butitis not necessary.
The original explanation of Kripke may be found in [13]. For a different
but related model theory in terms of forcing see [5].

§ 4. Some properties of models

Theorem4.1: In any model (9, %, k, ), for any I'e¥9, if IkX,
Xed ().

Proof: A straightforward induction on the degree of X.
Theorem4.2: In any model (¥, #,E,#), for any formula X, if
T'EX, T*EX.

Proof: Also a straightforward induction on the degree of X.

Theorem4.3: Let ¥ be a non-empty set, # be a transitive reflexive
relation on ¢4, and £ be a map from ¢ to non-empty sets of parameters
such that ()= (I'*) for all 'e¥. Suppose F is a relation between
elements of ¢ and atomic formulas such that I'k A= A€ #(T). Then F
can be extended in one and only one way to a relation, also denoted by F,
between ¢ and formulas, such that (¢, £, k, #)> is a model.

Proof: A straightforward extension of the corresponding propositional
proof.

Definition 4.4 Let (9, Z, F, #) be a model and suppose a is some



48 FIRST ORDER INTUITIONISTIC LOGIC, SEMANTICS CH.4§5

parameter such that a¢ Ur.gZ(I). By (9, %, k, #) (%) we mean the
model (¥, Z, k', ) defined as follows:

Z'(I) is the same as Z(I') except for containing a in place of b if
2 (I') contains b.

For A atomic TFA=TF A(}), and F is extended to all formulas.

Lemma 4.5: Let (¥, %, k, ?)beamodel, a¢ Ur.9Z(I), {9, &,F', 2"
be (¥, &, k, Z) (). Then for any formula X not containing a

rex<rex(}).
Proof: By an easy induction on the degree of X.

Definition 4.6: Let (¢, %, k, Z) be a model and suppose a is some para-
meter such that a¢ | ;.92 (I'). By {9, £, k, #),_, we mean the model
{9, R, ', P> defined as follows:

' (I')is the same as & (I') except for containing a as well as b whenever
2 () contains b.

For A atomic 'FA=>T¥'A’, where A’ is like 4 except for containing
a at zero or more places where 4 contains b, and F is extended to all
formulas.

Lemma 4.7: Let (9, Z,F, #) be a model a¢Ur g2 ('), and let
(9, R FE,P) be (¥, R, kE, P)p—, Then if X is any formula not
containing a, and if X’ is like X except for containing a at zero or more
places where X contains b

TEX<TFX'.

Proof: Again an easy induction on the degree of X.

§ 5. Examples

We show that two theorems of classical logic are not intuitionistically
valid:

(). Fom ~(¥2) (A(R) v ~A (),
but the following is an intuitionistic counter-model for it. We take the
natural numbers as parameters.

Let ¢={I]i=012.1},
[ar, if i<j
P(L)={1,2,.ii+1)
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I,k A(i) iff i<n and F is extended to all formulas. We may give this
model schematically by

-
ri [12] k4@
B
r, [1,23] £41), 4
ry [1,2,3,4] F4(1), 42), 403)
b tiid

etc.

We claim no I';k~ ~ (Vx) (A (x) v ~ A4 (x)). Suppose instead that

FiE~~(Vx)(A(x) v ~ A(X)).

Then for some j>i
;E(¥x)(A(x) v ~ A(x)).
But j+1€2(I;), so
FiEAG+1)v~A(+1).
But I'; ¥ A(j+1)sincej+1>j, and if I';k~ A (j+1), then since I'; ATy, 4,
I, ¥ A(j+1), a contradiction.
(2). F.(Vx)(4VvB(x))=(4v (Vx)B(x)),

but an intuitionistic counter-model is the following, where parameters
are again integers:

9= {Fl’ FZ} s

I &T,, TR, T,&T,,

#(ry) =1{1}, 2(I,)=1{1,2},

I EB(Q), I'ykB(1), I';FA,

and F is extended to all formulas. Schematically, this is
r, [1] ¥BQ)
r, [1,2] EB(1), 4

To show this is a counter-model, first we claim

I'yE(Vx)(4 v B(x)).
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This follows because I'y k B(1). Hence

' kAv B(1)
and I',FA,so
I;kAv B(1) and I',FAv B(2).

But I'' ¥4 and moreover Iy (Vx)B(x) since I',F B(2). Thus
Iy ¥ Av (Vx) B(x).
§ 6. Truth and almost-truth sets

In classical first order logic, a set &% of formulas is sometimes called a
truth set if

(1). XAYe¥ < XeZ and Ye¥,
2). XvYe¥ < XeS or YeZ,
3). ~Xe& < X¢F,

4). XoYe¥ <« X¢S or Ye?,

(5). (Ix) X(x)e& <> X(a)e¥ for some parameter a,

6). (Vx) X(x)e& <> X(a)eZ for every parameter a,
where there is some fixed set of parameters, X and Y are formulas
involving only these parameters, and (5) and (6) refer to this set of
parameters.

We now call & an almost-truth set if it satisfies (1)-(5) above and

(6a). (Vx) X(x)e ¥ = X(a)e¥ for every parameter a.
It is one form of the classical completeness theorem that for any pure
(i.e. with no parameters) formula X, Xis a classical theorem if and only
if X is in every truth set.

We leave the reader to show

Theorem 6.1: If X is pure and contains no occurrence of the universal
quantifier, X is in every truth set if and only if X is in every almost-truth
set.

§ 7. Complete sequences

The method used in this section was adapted from forcing techniques, and
is due to Cohen [3].
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Definrtion 7.1: In the model (¥, %, k, #), we call €= ¥ an R-chain if
I'de€ = I'RA or AZrl.

If € is an #-chain, by €’ we mean {X[ for some I'e¥, I'eX}.
If € is an #-chain, € is called complete if for every formula X with
parameters used in €' Xv ~Xe%’.

Lemma1.2: Let ¥ be a complete Z-chain in the model {9, %, F, #).
Then %’ is an almost-truth set.

Proof: This is a straightforward verification of the cases. We give
case (4) as an illustration.

Suppose (X>Y)e%’'. Then for some I'e¥ I'EX>Y. Now either
X¢® or Xe¥€'.If Xe¥’, then for some A€ AEX. Let Q be the Z-last
of I'and 4. Then QFEX and QEX>Y,s0 QFY and Ye¥’. Thus X¢%"' or
Ye¥'.

Conversely suppose (X>Y)¢%'. Then ~X¢%’, since € is closed
under modus ponens and contains ~X>(X>Y) as is easily shown. But
Xv ~Xe®', hence Xe¥'. Further Y¢ %', since again Y>(X>Y)e¥'.

Lemma1.3: Let {9, %, F, #) be a model, 'e¥ and Xe#(I'). There is
some I'*€ ¥ such that T'*FXv ~ X,

Proof: Either some I'*FX and we are done, or no I'*F X in which
case I'F~ X and we are done.

Theorem 7.4: Let {9, %, F, #) be a model and I'e¥. Then I' can be
included in some complete #-chain € such that €’ is an almost-truth set.

Proof: There are only countably many formulas, X;, X,, X3,.... We
define a countable #-chain {I'y, I'y, I, ...} as follows:

Let 'y beT.

Having defined I',, if X,,,¢#(I}) for any I'y, let I',,; be I',. If
X,,,€P(I'}) for some I'y, then I'}, by lemma 7.3, has an %#-successor
r¥* such that I'**EX,,, v ~X,,,. Let I, be this I''*.

Let € be {I'y, 'y, I'y,...}. Clearly € is complete, and by lemma 7.2
%’ is an almost-truth set.

§ 8. A connection with classical logic

The first theorem of this section is essentially theorem 59(b) of [10 p. 492],
but there it is proved prooftheoretically and here semantically.
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Theorem8.1: Let X be a pure formula. If X is in every classical almost-
truth set, ~ ~ X is intuitionistically valid.

Proof: Suppose ~ ~ X is not valid. Then thereis a model (¥, %, k, #)
and a I'e¥ such that I' ¥ ~ ~X. Then for some [*e¥ I'*E~X. Now
I'* can, by theorem 7.4, be included in an %-chain € such that €’ is an
almost-truth set. But ~ Xe®%”, so that X¢%".

Theorem 8.2: If X is intuitionistically valid, then X is classically valid
(for X pure).

Proof: Asbefore, if X is not classically valid, there is a truth set % not
containing X. But it is easily shown that if ¥={%}, SR, L*FY iff
Ye %, and (&) is the set of all parameters occurring in &, the resulting
(%, R, k, P) is a model in which X is not valid.

Theorem 8.3: If X is a pure formula with no occurrence of the universal
quantifier, then X is classically valid if and only if ~ ~ X is intuitionistic-
ally valid.
Proof:
~ ~ X intuitionistically valid = ~ ~ X classically valid
= X classically valid.
Conversely
X classically valid = X is in every truth set
= X is in every almost-truth set
= ~ ~ X is intuitionistically valid.

Remark 8.4: This result will be of fundamental importance in part II.

Corollary 8.5: First order intuitionist logic is undecidable.
Proof: Classical first order logic is undecidable, and every classical
formula is classically equivalent to a formula with no universal quantifiers.

Remark 8.6: That theorem 8.3 cannot be extended to all formulas is
shown by example (1) in § 5.



CHAPTER 5

FIRST ORDER INTUITIONISTIC LOGIC

PROOF THEORY

§ 1. Beth tableaus

The following is an extension of the system of ch. 2 § 1 to the first order
case (see [2]). Everything is as it was there, except that four reduction
rules are added to the list. These are
T3 S, T(3Ex)X(x)
S,TX(a)  provided a is new
F3 S,F(3x) X(x)
S, FX (a)
TV S, T(Vx) X (x)
S, TX (a)
FY S8, F(Vx) X (x)
St, FX(a) provided a is new

(Note the S in rule FV.) In rules F3 and TV, a may be any parameter
whatsoever. In rules 73 and FV, the parameter a introduced must not
occur in any formula of S, or in the formula X (x).

The corresponding classical tableau system is like the above, but in
rule FV S is replaced by S. As in ch.2§1 interpretations differ.
Classically the interpretation is as it was in the propositional case. The
restrictions on parameters in 73 and FV are for obvious reasons. In the
intuitionistic system the difference between T3 and FV may be explained
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as follows. Suppose we have proved (3x) X(x). Since (intuitionistically)
the only existence proofs are constructive, there must already be an
instance X(a) which we have proved. Thus rule T3. But suppose we have
not proved (Vx) X(x). We might have proved all instances so far en-
countered, but it must be possible (i.e. compatible with our present
knowledge) that we will at some time encounter an instance for which we
will have no proof. However, this might happen at some time in the
future, by which time we may have proved some things we do not now
(some FZe S might become TZ). Hence the restriction to Sy in rule FV.
As in the propositional case, we proceed to show correctness and
completeness (in two ways) of this system.
The following two examples illustrate proofs in the system:
). F(Vx) X(x)> ~(3x)~X(x).
The proof is
{(F(¥) X (x) > ~ (3x) ~ X (1))},
{(T(¥) X (x), F ~ (3x) ~ X ()},
{T(¥x) X (x), T (@) ~ X ()}
{T(vx) X (x), T ~ X (a)}},
{(TX(a). T ~ X (a)}},
{(TX (a). FX (a)}}.

). b~@x)~[X(x)=2 Y (x)]= (Vx)[~ Y (x)> ~X(x)].
The proof is

{{F ~(@x) ~[X(x) > Y(x)] = (¥x) [~ Y (x) = ~ X (x)]}},
{T ~(@) ~[X ()2 Y (x)], F(¥x) [~ Y (x) = ~ X ()]},
{T~@x)~[X(x)> Y(x)]. F[~ Y(a) = ~ X (a)]},

{T ~@) ~[X(x)2 Y(x)], T ~Y(a), F ~ X (a)}},
{T~@) ~[X(x)> Y(*)], T ~ Y(a), TX(a)},

{FE@) ~[X(x)> Y(x)], T ~ Y(a), TX (a)},
{F~[X(a)>Y(a)], T ~Y(a), TX(a)}},
{T[X(@)>Y(@)], T ~Y(a), TX(a)}},

{{FX(a), T ~ Y(a), TX(a)}, {TY (a), T ~ Y (a), TX (a)}},
{{FX(a), T ~ Y(a), TX (a)}, {TY (a), FY (a), TX (a)}}.

§ 2. Correctness of Beth tableaus

Definition 2.1: Let S={TX,,...,TX,, FY,,..., FY,} be a set of signed
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formulas, <9, &, F, #> a model, and I'e¥. We say I realizes S if
X,e#(I), Y;,eP([),and kX, TFY,(i=1...nj=1...m).

A set S is realizable if something realizes it.

A configuration % is realizable if one of its elements is realizable.

Lemma2.2: Let Q stand for either the sign T or the sign F. If S,0X(b)
is realizable and if g is a parameter which does not occur in S or in X
(so a#b) then S,0X (a) is realizable.

Proof: Suppose in the model (¥, %, F, #) I realizes S,0X(b).
Choose a new parameter c¢ .92 (I') ( we can always construct a new
parameter). Let (¥, 2, k', ') be (%, &, k, Z)(%) (see ch. 4 § 4). Since
a does not occur in S or X, by lemma 4.4.5, in this new model I' realizes
S,0X(b). But now a¢Ur.¢2?' ('), so we may define a third model
Y, R, E", Py as (G, R, F'y P'Dp_,. By lemma 4.4.7 in this third model
T realizes S,0X(a).

Lemma 2.3: If S,T(3x) X(x) is realizable, and if @ does not occur in §
or X (x), then S,TX(a) is realizable.

Proof: Suppose in the model (¥, &, k, #) T realizes S,T(Ix) X (x).
Then I'F(3x) X(x), so for some beP(I') F'EX(b). Thus I' realizes
S,TX(b). If a=b we are done. If not, by lemma 2.2 we are done.

Lemma2.4: If S,F(3x) X (x) is realizable and if a is any parameter,
S,FX(a) is realizable.

Proof: Suppose in the model <%, &, F, ) T realizes S,F(3x) X(x).
Then I' ¥ (Ix) X (x). If aeP(I'), I ¥ X (a) and we are done. If a¢ Z(I'), a
cannot occur in S or X by the definition of realizability. But & (I')#0
so thereisa beZ (I')with b#a and I' ¥ X(b). Thus S,FX(b)is realizable
Now use lemma 2.2.

Lemma 2.5: If S,T(Vx) X(x) is realizable and if a is any parameter,
S,TX (a) is realizable.
Proof: Similar to that of lemma 2.4.

Lemma 2.6: If S,F(Vx)X(x) is realizable and if a is any parameter
which does not occur in S or X (x), then S7,FX(a) is realizable.

Proof:: Suppose in the model <9, %, F, #) T realizes S,F(Vx) X (x).
Then I' ¥ (Vx) X (x). But X (x)e & (I'), so there is a I'* such that I'* ¥ X (b)
for some be 2 (I'*). Of course I'* realizes St. If b=a we are done. If not,
since S1,X(b) is realizable, by lemma 2.2 we are done.
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Theorem 2.7: Let €., ¥,,..., €, be a tableau. If €, is realizable, so is
Cre1-

Proof: We pass from €; to €, by the application of some reduction
rule. All the propositional rules were dealt with in ch. 2. The four new
(first order) rules are handled by lemmas 2.3-2.6.

Corollary 2.8: If X is provable, X is valid.
Proof: Exactly as in the propositional situation.

§ 3. Hintikka collections

This section generalizes the definitions of ch.2§3 to the first order
setting. Recall that a finite set of signed formulas is consistent if no
tableau for it is closed. We say an infinite set is consistent if every finite
subset is.

Let ¢ be a collection of sets of signed formulas. If 'e¥, by 2 (I') we
mean the collection of all parameters occurring in formulas in I'. If
I Ae¥, by '%4 we mean Z(I')=?(4) and 't 4.

Definition 3.1: We call ¢ a (first order) Hintikka collection if, for any
I'e9, I is consistent and

TXAYel =TXell' and TYerl,
FXvYell' = FXel and FYerl,
TX v Yel =TXell or TYerl,
FXAYerl = FXell' or FYerl,
T~Xell = FXerl,
TX>Yel = FXell' or TYerl,
F~Xell = forsome A4e€¥ I'Z4 and TXed,
FX>Yerl = forsome A4e€¥, I'#4 and TXed, FYed,
T(Vx) X(x)eI' = TX (a)eI' forall ae? (I,
F(3x) X(x)el' = FX(a)el' forall ae? (),
T(3x) X(x)el' = TX(a)eI’ forsome ae?(I),
F(Vx) X (x)eI' = forsome A4€% I'ZA4 and

forsome ae?(4) TX(a)ed.

Definition 3.2: If ¥ is a Hintikka collection, we call (¥, %, F,
model for % if

(1. <%, &, k, #) is a model,
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(2). Z and 2 are as above,
(3). forallT'e¥9 TXel'=>T'kX and FXe'=T} X.

Theorem 3.3: There is a model for any Hintikka collection.

Proof: Suppose we have a Hintikka collection ¥. 2 and £ are as
defined above. If A is atomic, let 'FA if TAel', and extend F to all
formulas. The result <%, Z, k, ) is a model. We claim it is a model for
9. We show property (3) by induction on the degree of X.

The propositional cases were done in ch. 2§ 3. Of the four new cases
we only do two as an illustration.

Supposethe result known for allsubformulas ofthe formula in question.
Then

T(Vx) X (x)el’ = (V4e ¥) (F#4 = T (Vx) X (x)€ 4)
(since I'r = 4if I'#4)
= (V4e¥) (FR4 = (Vae?(4)) TX (a)e4))
= (V4e¥)(TR4 = (Vae P (4)) 4+ X (a)))
= T'F(Vx) X (x)
Conversely

F(Vx) X (x)el = (34€ %) (r#4 and (Jae 2 (4)) (FX (a)e 4))
= (34€%)(I'#4 and (Fae?(4))(4F X (a))
=T} (Vx) X (x).

Thus, as in the propositional case, to establish the completeness of Beth
tableaus we need only show that if X is not provable, there is a Hintikka
collection ¢ and a I'e¥ such that FXel.

§ 4. Hintikka elements

Definition 4.1: Let I' be a set of signed formulas and P a set of para-
meters. We call I" a Hintikka element with respect to P if I' is consistent
and

TXAYell =TXel and TYel,

FXvYel = FXel' and FYerl,

TXvYel' =TXel or TYerl,

FXAYel' = FXel or FYerl,

T~Xerl = FXel,

TX>Yerl = FXell' or TYel,
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T(Vx) X(x)el' = TX (a)eI’ foreach aeP,
F(3x) X(x)el' = FX (a)eI' foreach a€P,
T(Ix) X(x)el' = TX (a)eI’ forsome aeP.

Theorem 4.2: Let I be an at most countable, consistent set of signed
formulas. Let S be the set of all parameters occurring in formulas in I,
Let ay, a,, a;,... be a countable list of parameters not in S. Let
P=Su{ay, a,, as,...}. Then I' can be extended to a Hintikka element
with respect to P.

Proof: Order the (countable) set of ali subformulas of formulas in I',
using only parameters of P: X, X,, X;,.... We define a (double)
sequence of sets of signed formulas:

Let I'y=T". Suppose we have defined I', which is a consistent extension
of I'y, using only finitely many of a,, a,, as,.... Let 4} =T,. We define
4%,..., A" Vand let T, =A"*. We do this as follows:

Suppose we have defined 4*for some k (1 <k<n). Consider the formula

X,. At most one of TX,, FX, can be in 4% (since it is consistent). If
neither is, let 4%* * = A%, If one is in 4%, we have several cases.

Case (la). X, is YvZ and TX,e4%. Then one of 4%,TY or 4%TZ is
consistent. Let 4X*! be 4% TY if consistent, and 4%,TZ otherwise.

Case (1b). X, is Yv Z and FX,e4". Then 4% FY,FZ is consistent. Let
this be 4%*1,

The cases

(2a). TXA Y,

(2b). FXA Y,

(3). T~X,

4. TxovY,
are all treated in a similar manner.

Case (5a). X, is (3x) X(x) and TX,ed. Since 4* uses only finitely
many of a;, a,, a;,..., let a; be the first one unused. Let 4%** be 4%, TX (a)).
Since a, is new, this must also be consistent.

Case (5b). X, is (3x) X(x) and FX,e Ak Let A4*! be 4 together with
FX (o) for each a€sS, and each a=a; which has been used so far. Then
4%*1 is again consistent.

Case (6). T(Vx) X(x), is treated as we did case (5b).

Case(7). If the signed formula does not come under one of the above
cases let 4¥* 1 =4F.
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Thus we have defined a sequence Iy, I'y, I',.... Let I=\JTI,. We
claim IT is a Hintikka collection with respect to P. The verification of the
properties is straightforward.

§ 5. Completeness of Beth tableaus

Supposing X to be not provable, we give a procedure for constructing a
sequence of Hintikka elements.
First we order our countable collection of parameters as follows:

S R B
S,: ai, a3, az, ...
.2 2 2
S,: ai, a3, az, ...
. 3 3 3
S3. ay, az, 4z, ...

where we have placed all the parameters of X in ), and let P,=
=S5, USu...US,.

For this section only, by an F-formula we mean a signed formula of
the form F~X, FX>Y or F(Vx) X. We many assume once and for all
an ordering of all formulas. Now we proceed:

Step (0). X is not provable, so {FX} is consistent. Extend it to a
Hintikka element with respect to P;. Call the result I';.

Step (1). Take the first F-formula of I'y. If this is F~JX, consider
'y, TX. This is consistent. Extend is to a Hintikka element with respect
to P,, call it I',. If the first F-formula is FX>Y, extend I'11,TX,FY to a
Hintikka element with respect to P,I',. If the first F-formula is
F(V¥x) X (x), extend I'y1,FX(a?) to a Hintikka element with respect to
P,,I',. In any event I', is a consistent Hintikka element with respect to
P,. Now call the first F-element of I'; “used”. The result of step (1) is
{F 15 r 2}'

Suppose at the end of step () we have the sequence {I'y, I'p, I's, ..., I';n}
where each I'; is a Hintikka element with respect to P,

Step (n+1). Take the first “unused” F-formula of I'y, proceed as in
step (1) depending on whether the formula is F~ X, FX>Y or F(Vx) X.
Produce from I'y7,TX or I'y7,TX,FY or I'i7,FX (a3"*') a Hintikka
element with respect to Pjn,,, call it I';n,,, and call the formula in
question “used”. Repeat the same procedure with the first “unused”
F-formula of I',, producing a Hintikka element with respect to P,n, ,,
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callit I';.,,. Continue to I',., producing a Hintikka element with respect
to Pjas+1, call it I'ya+s. The result of the n+1st step is thus

(T4, Tgsvey Tynsi).

Let ¢ be the collection of all I', generated in the above process. We
claim ¢ is a Hintikka collection.

Each I',e¥ is a Hintikka element with respect to P,, so #(I,) is P,.
Since I', is a Hintikka element with respect to Z(I’,), to show ¥ is a
Hintikka collection we have only three properties to show.

Suppose for some I',e¥, F(Vx) X(x)el,. By the above construction
there must be some I't€¥ such that I'yy<I, #(I',)=%(I}) and
FX(a)er, for some parameter a. Thus (3, e¥)I, %I, and FX (a)el’,
for some aeZ(I)).

The cases F~ and Fo are similar.

Thus ¢ is a Hintikka collection and FXeI'| €%, so our completeness
theorem is established. We note that in the Hintikka collection ¥ result-
ing, every formula is a subformula of X. We remark also that the con-
struction of §4 and of this section could be combined into a single
sequence of steps.

This proof is a modification of the original proof of Kripke [13].

§ 6. Second completeness proof for Beth tableaus

The following is a Henkin type proof and serves as a transition to the
completeness of the axiom system presented in the next few sections.
A proof alongthe same lines but using unsigned formulas was discovered
independently by Thomason [21] and by Aczel [1]. The similarity to the
algebraic work of ch. 1 § 6 is also noted.

Recall that a finite set of signed formulas I' is consistent if no tableau
for it is closed. An infinite set is consistent if every finite subset is.

Definition 6.1.: Let Pbe asetofparametersand I' aset of signed formulas.
We call I’ maximal consistent with respect to P if
(1). every signed formula in I" uses only parameters of P,
(2). I is consistent,
(3). for every formula X with all its parameters from P, either 7XelI'
or FXer or both I''TX and I' ,FX are inconsistent.
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Lemma 6.2: Let I be a consistent set of signed formulas, and P be a
non-empty set of parameters containing at least every parameter used
in I'. Then I can be extended to a set 4 which is maximal consistent with
respect to P.

Proof: P is countable, so we may enumerate all formulas with para-
meters from P: Xi, X,, Xj,...

Let 4, =T. Having defined 4,, consider X, . If 4,,TX, ., is consistent,
let it be 4,+4. If not, but if 4,,FX,,, is consistent, let it be 4,,,. If
neither holds, let 4, be 4,.

Let 4= | 4,. The conclusion of the lemma is now obvious.

Definition 6.3: Let I' be a set of signed formulas and P a set of parameters.
We call I good with respect to P if

(1). I' is maximal consistent with respect to P,

(2). T(3x) X(x)eI' =TX(a)er for some acP.

Lemma 6.4: Let I" be a consistent set of signed formulas, and S be the
set of parameters occurring in I'. Let {a;, a,, as,...} be a countable set
of distinct parameters not in S, and let P=SuU {4y, @, as,...}. Then I
can be extended to a set 4 which is good with respect to P.

Proof: P is countable, order the set of formulas with parameters from
P: X, X, X3,:--. We proceed as follows:

(1). Let 4,=T.

(2). Extend 4; to a set 4, maximal consistent with respect to S.

(3). Take the first X; (in the above ordering) of the form T'(3x) X(x)
suchthat T'(3x) X(x) e4, butfornoae Sis TX (¢) e4,. Let 4,=4,,TX (a,).
Since ay is “new”, 4, is consistent.

(4). Extend 4, to a set 4, maximal consistent with respect to Su {a,}.

(5). Take the first X; of the form T'(3x) X (x) such that T(3x) X(x)ed;
but for no aeSu {a,} is TX(¢)ed;. Let 4,=4,,TX(a,). Again 4, is
consistent.

(6). Extend 4,toaset 45 maximal consistent withrespectto SuU {a;, a,}

And so on.

Let 4= d,. We claim 4 is good with respect to P.

First 4 is consistent since each 4, is consistent.

If X has all its parameters in P, then for some n all the parameters of
X are in Su {ay, ay, ..., a,}. But in step (27) we extend 4, to A4,,.4, 2
set maximal consistent with respect to Su {a, a,,..., a,}. Thus TX or
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FX is in 4,,., and hence in 4, or neither can be added consistently.
Thus 4 is maximal consistent with respect to P,

Finally suppose T'(3x) X(x) e 4. We note that the formula dealt with in
step (5) is different from the one dealt with in step (3), and the one dealt
with in step (7) is different again. Thus we must eventually reach
T(3x) X(x), and so for some aeP TX(x)ed. Hence 4 is good with
respect to P.

Now let us order our countably many parameters as follows:

RS S |
S.: aj, a;, as, ...
.2 2 2
S,: aj, a3, asz, ...

. 3 3 3
S3: aj, a3, az, ...

andlet P,=8S,US,u...uUS,. Let ¢ be the collection of all sets of signed
formulas which are good with respect to some P,. We claim ¢ is a Hin-
tikka collection.

Suppose I'e¥. Then I is good with respect to some P;, say P,. Then
#(T) (the collection of all parameters of I') is P,

Suppose TXA YeI' but TX¢r. If I''TXAY is consistent, so is
I''TX A Y,TX, and so I' is not maximal. Thus TXeI'. Similarly TYer.
Hence

TXAYel'=>TXel' and TYer.

Similarly we may show

FXv Yer = FXel and FYerl,
TX v Yerl = TXel or TYerl,
FXAYel = FXel or FYerl,
T~Xel = FXel,

TX>oYel = FXeIl or TYerl,

T(Vx) X(x)eI' = TX(a)eI' forevery aeZ?(I),
F(3x) X (x)eI' = FX(a)el' forevery ae?(I).

Moreover
T(3x)X (x)el' = TX(a)eI' forsome ae?(I),

since I' is good with respect to P,.
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Suppose F~Xer. Since I' is consistent, I';,7X is consistent. Extend
it to a set 4 which is good with respect to P,;. Then Z(I')=#(4) and
I'yc4,s0 I'Z4 and TXeA.

Similarly, if FX> Yerl, there is a A€ % such that T'#4, TXe4 and
FYeA.

Finally, if F(Vx) X (x) €I, since a}*! does not occurin I', I'r,FX(a7*")
is consistent. Extend it to a set A which is good with respect to P,,;.
Again I'%4 and FX (a}*')e 4 for a*' e 2(4).

Thus ¢ is a Hintikka collection.

To complete the proof, suppose X is not provable. Then {FX} is
consistent. Since it has only finitely many parameters, they must all lie in
some P,. Extend {FX} to a set I' good with respect to P,. Then I'e¥
and FXerl. This establishes completeness.

Remark 6.5: The model resulting from this Hintikka collection is a
“universal” model in that it is a counter-model for every non-theorem.
This is not the case for the model of § 5.

We will show later that, in a sense, this Hintikka collection is the analog
of a classical truth set.

§ 7. An axiom system, 2/,

The following system was chosen to give a fairly quick completeness
proof. It is very close to the system of [10] p. 82.
Axiom schemas:
l. Xo(Y>X),
2. XoY)s(X2(Y=2Z))o(X>2)),
. (X2Z)A(Y22Z)>((XvY)>2Z),
4. (XAY)> X,
5.(XAY)oY,
6. Xo(Y>(XAY)),
7. Xo (Xv Y),
8. Yo(Xv7Y),
9. (XA~X)DY,
10. (X>~X)>~JX,
11. X(a)> (3x) X(x),
12. (Vx) X(x)> X(a).
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Rules:

X@>Y
@) X(x)>Y,
Yo X(a)

T Yo (V) X(x),

X, XoY
Y
In rules 13 and 14 the parameter @ must not occur in Y. In a deduction
from premises the parameter @ must not occur in the premises either.
We use the usual notation, if X can be deduced from a finite subset of S,
we write S+ X. We use F X for 0F X,

In the next three sections we establish the correctness and completeness
of &/;. We introduce a second system .«/,, equivalent to .&,, to aid in
showing correctness. For use in showing completeness we need the
following three lemmas:

15

Lemma.1: The deduction theorem holds for &;.
Proof: The standard one (e.g. [10] §§ 21, 22).

Lemma12: F(WAY)2X, FH(WAZ)>X, FW>o(YVZ)

FWo X
Proof:
M. (WAY)oX by hypothesis, theorem,
Q. WAZ)oX by hypothesis, theorem,
(3). Wo(Yv 2) by hypothesis, theorem,
4. w premise,
5. YvZ by (3), (4), rule 15,
6). Wo (Yo (WAY)) axiom 6,
(7). Yo(WAY) by (4), (6), rule 15,
(8). Wo (Z>(WA2Z) axiom 6,
9). Zo(WAZ) by (4), (8), rule 15,
(10). Yo X via (1), (7),
(1). Zo X via (2), (9),
(12. (YvZ)o X via (10, (11), axiom 3,
(13). X by (5), (12), rule 15,
(14). Wo X deduction theorem cancelling prem-

ise (4).
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Lemma 1.3: If a does not occur in W, Y(x) or X,
FWAY(@)oX, FWo(3x)Y(x)
FWoX

Proof:
1). (WAY(@@)>X

Q). W > (3x) ¥(x) by hypothesis, theorems,

3). w premise,
4). (3x) Y(x) by (2), (3), rule 15,
(5). W= (Y(a)=> (WA Y(a))) axiom 6,
6). Y(a)> (W A Y(a)) by (3), (5), rule 15,
™. Y@ o X via (1), (6),
B). (Ix) Y(x)o X by (7), rule 13,
9). X by (4), (8), rule 15,
(10). Wo X deduction theorem cancelling prem-
ise (3).

§ 8. A second axiom system, .7,

We introduce a second, very similar, axiom system, and prove equiva-
lence.
&, has the same axioms as &/;, as well as rules 13 and 14. It does not
have rule 15. Instead it has rules
4a. X(a)
(Vx) X(x)

15a. (Vx,)...(Vx,) X, (3x,)...(3x,) X2V
Y

provided all parameters of (Vx,)...(Vx,) X are also in Y (» may be 0).

To show the two systems are equivalent, it suffices to show 14a and
15a are derived rules of .«7;, and 15 is a derived rule of «,.

To show 14a is a derived rule of .&;, suppose in ., we have X(a).
Let T be any theorem of &, with no parameters. By axiom 1,
X(a)=(T>X(a)), so by rule 15, T>X(a). Since a is not in 7, by rule
14, T>(Vx) X(x). But also T, so by rule 15, (Vx) X(x).

To show 15a is a derived rule of &/, suppose in &/; we have
(Vxy)... (Vx,) X(xy,..., x,) and (3x;)...(3x,) X(xy15..., X,)> Y, and all
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parameters of (Vx,)...(Vx,) X(xy,...,x,) are in ¥. From (Vx,)...(Vx,)
X(x1,..., X,), by axiom 12, X(ay,..., a,). From axiom 11, X(ay,...a,)
5 (3xy)...(3x,) X (x4, X,), s0 by rule 15, (3x,)...(Ax,) X (x5 -.., X,)
and by rule 15 again, Y.

Finally to show rule 15 is a derived rule of «7,, suppose we have X
and XoY in &,. Letay,a,..., a, be those parameters of X not in Y.
Since we have X(ay,...,a,), by rule 14a, (Vx,)...(Vx,) X(xy,..., X,).
Similarly, since X(ay,...,a,)>Y and a, ..., a, do not occur in ¥, by rule
13, 3x4)...(3x,) X (x45..., X,)= Y. Now by rule 16a, Y.

Thus &/, and &/, are equivalent. For use in the next section we state
the straightforward

Lemma 8.1: If in &/, we can prove X(a), there is a proof of the same
length of X(b) for any parameter b. (note: a does not occur in X(b)=

X (a)(s)-

§ 9. Correctness of the system <7,

Theorem 9.1: If X is provable in &7,, X is valid.

Proof: By induction on the length of the proof for X. If the proof is of
length 1, X is an axiom and we leave the reader to show validity of the
axioms.

Suppose the result is known for all formulas with proofs of length less
than n steps, and X is provablein # steps. We investigate the steps involved
in the proof of X. Axioms have been treated.

Suppose X (@)= Y in rule 13 is provable in less than » steps where a is
not in Y. Then X(@)> Y is valid. Then (3x) X(x)>Y is provable. We
wish to show it is valid. Take any model <%, &, k, ) and any I'e ¥ and
suppose ((Ix) X(x)> Y)e# (I"). Suppose I'* F(3x) X(x). Then I'* £ X (b)
for some b. But X(a)> Y is provable, so by lemma 8.1 (X(a)> Y)(3) is
provable with a proof of the same length, hence by hypothesis, valid.
Since aq is not in Y, this is X(b)> Y. By validity, I' *E X(b)> Y, hence
IT'*kY. Thus F'E(3x) X(x)>Y.

Rules 14 and 14a are similar.

Rule 15a: Suppose (Vx,)...(Vx,) X and (3x;)...(3x,) X> Y are both
provable and valid. Then Y is provable. We wish to show Y is valid.
Let (%, ®, k, Z) be any model and I'e %. Suppose Ye#(I'). Then
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(¥xy)... (¥x,) X and (3x,)...(3x,) X> Y are both in #(I'), and since they
are valid, I'F (Vx,)...(Vx,) X and I'k(3x,)...(3x,) X> Y. By the latter,
either I' ¥ (3x,)...(Ax,) X or T'kY. If T} (3xy)...(Ax,) X, for any
ai,..., a,e?('), T'¥X(ay,..., a,), contradicting I'E(Vx,)...(Vx,)X.
Hence I't Y.

§ 10. Completeness. of the system .7,

The following Henkin type proof was discovered independently by
Thomason [21], Aczel [1], and the author.

We work in the system . Let I" be a set of unsigned formulas and P
a collection of parameters. Suppose all the parameters of I are among
those in P.

Definition 10.1: By the deductive completion of I' with respect to P we
mean the smallest set of formulas 4 involving only parameters of P,
such that for any X over P

I'rX = Xed.

We call I' deductively complete with respect to P if it is its own deductive
completion with respect to P.
We say I' has the Or-property if

XvYel=Xell' or Yel.
We say I has the 3-property if, for some parameter a,
(3x) X (x)el’ = X (a)er.

We call I nice with respect to P if

(1). T is deductively complete with respect to P,
(2). I has the Or-property,

(3). I has the 3-property,

(4). I is consistent.

Remark 10.2: Consistency here has its usual meaning.

Lemma10.3: Let I' be a set of formulas and X a single formula. Let P
be the set of all parametersof I or X. Let {a;, a,, as,...} be a countable
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collection of distinct parameters not in P, and let Q=Pu {a;,a,,a;...}.
If I' ¥ X, then I' can be extended to a set 4 which is nice with respect to
0O such that X¢A.

Proof: Let Z,,Z,,Z,... be an enumeration of all formulas with
parameters from Q of the form ¥ v Z or (Ix) Y(x).

Since I' ¥ X, I is consistent. We define a sequence {I',} as follows:

Let I'y be the deductive completion of I" with respect to P. Then I'y
is consistent and I'y f X. Suppose we have defined I', so that I, is
deductively complete with respect to Pu {ay,a,,...,a,} and I',}FX.
Let A?=T,.

Suppose we have defined 47 (j<n) so that it is consistent and 4]} X.
Let 45" ' =4} if (1) Z;¢4}, or (2a) Z,€4},Z;=YvZand Yedjor Ze 4},
or (2b) Z,e 43, Z;=(3x)Y(x) and Y(a)e4}forsomea.

This leaves the two key cases:

(3). Suppose Z;e43 and Z; is Y vZ but Y¢4), Z¢Aj. We claim we
can add one of Y or Z to 4/ so that the result still does not yield X. For
otherwise A;’,,Y FX

VEVAD ¢

ArYVvZ
(since Y v Ze43). But then by lemma 7.2 4/} X, a contradiction. So add
to 4/ one of Y or Z so that the result does not yield X. Call the result 47 **.

(4). Suppose Z;e4j and Z; is (3x) Y(x), but Y(a)¢4;] for any a.
Take the first unused a; of {a,, a,,...}. We claim we can add Y(a;) to
A and the result will not yield X. This is as above but by lemma 7.3.
Thus 45, Y(a;) ¥ X. Let 4)*" be 4},Y(a,).

Thus in any case 4;*! is consistent and X¢4/*'. Let I',., be the
deductive completion of 4 with respect to Pu {a,, a,, ..., @} Where
a, is the last parameter used in 4;. Let A= |\ JTI',, then 4 has the following
properties:

4 uses exactly the parameters of Q.

X ¢4 since X¢I', for any n.

4 is deductively complete with respect to Q.

4 has the Or-property. Forif Yv Zed, say YvZ=Z,then Y v Zed,,
for some m. We can take m>n. Then YvZ=Z,e4,, so either Y or Z
is in A%t ' = 4.

Similarly, 4 has the 3-property.
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Lemma10.4: If I is nice with respect to P:

(1). XAYel' <XelandYerl,

2. XvYeIl' <Xelor Yel,

(). ~Xerl = X¢T,

4. XoYel' =X¢Ior Yerl,

(5). (3x) X(x)eI' <> X(a)e I for some ae P,
(6). (Vx) X(x)eIl = X(a)eTr for every ae P.

Proof: (1). By axioms 4, 5 and 6, since I' is deductively complete with
respect to P.

(2. XvYel'=>Xel' or Yel', since I' has the Or-property. The
converse holds by axioms 7 and 8.

(3). If ~XeI', X¢I since I is consistent (using axiom 9).

(4). If Xo Yerl, either X¢I' or Yer since I' is deductively complete
with respect to P.

(5). If (3x) X(x)el', X(a)eI' for some aeP since I' has the 3-
property. The converse is by axiom 11.

(6). By axiom 12.

Lemma 10.5: Suppose I is nice with respect to P, and {a,,a;,as...} is
a set of distinct parameters not in P. Let Q=Pu {a,, a;, a;...}. Then

(1). If X has all its parameters in P but ~X¢I', I can be extended to
a set 4 nice with respect to Q such that Xe4.

(2). If Xo Yhasallits parametersin P but X > Y ¢TI, I can be extended
to a set 4 nice with respect to Q such that Xed and Y¢4.

(3). If X(x) has all its parameters in P but (Vx) X(x)¢I, I' can be
extended to a set 4 nice with respect to Q@ such that for some aeQ,
X(a)¢4.

Proof:

(1). Since ~X¢I', {I', X} is consistent, for otherwise I, X+~ X. So
by the deduction theorem I'FX> ~X, and by axiom 10 I'F~X, so
~Xer. Since {I',X}is consistent, there is some Y such that I''X} Y.
Now use lemma 10.3.

(2). I, X} Y for otherwise, by the deduction theorem I'X>Y, so
X> Yerl. Since I' X} Y, use lemma 10.3.

(3). a;¢P. We claim I' ¥ X(a,). Suppose I' + X(a,). For the conjunc-
tion, call it W, of some finite subset of I', F W>X(a,). But a; does not
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occur in W. By rule 14 F W> (¥x) X(x), so I't (Vx) X(x), (Vx) X(x)erl.
Since I' ¥ X(a,), use lemma 10.3.

Now we proceed to show completeness. We arrange the parameters as
follows:

S,: ai, a3, ai, ...

S,: a, a, a§,

. 3 3 .3
S3: ay, a3, ai, ...

and let P,=S,uUS,uU--US,. Let ¥ be the collection of all nice sets
with respect to any P;. If I'e%, I is nice with respect to, say, P,. Let
P()=P,. Let TR if P(I')=?(4) and I'c A. For any X, let 'k X iff
Xer. By lemmas 10.4 and 10.5 {9, £, k, #) is a model.

Finally, suppose F X. All the parameters are in, say, P,. Since Q f X,
by lemma 10.3 we can extend 9 to a set I, nice with respect to P, such that
X¢r. Thus 'e¥, XeP(I')and T} X.

Remark 10.6: This is a “universal’’ model in the sense of § 6.

Inch. 6 § 4 we will show that theset of all theorems using only parameters
of P, is itself a nice set with respect to P,. This would make the final use
of lemma 10.3 above unnecessary.



CHAPTER 6

ADDITIONAL FIRST ORDER RESULTS

§ 1. Compactness

We call an infinite set S of signed formulas realizable if there is a model
{9, R, E, #) and a I'e¥ such that for any formula X

TXeS=Xe?(I) and TkX,
FXeS=XeP () and TFX.

There is a similar concept for sets of unsigned formulas U. We say U is
satisfiable if there is a model (¥, %, k, #) and a I'e¥ such that for
any formula X

XeU=XeP () and TFX.

Lemma1.1: Let U be a set of unsigned formulas and define a set S of
signed formulas to be {TX | Xe U}. Then

(1). Uis satisfiable if and only if S is realizable

(2). Uis consistent if and only if S is consistent.

Proof: Part (1) is obvious.

To show part (2), suppose U is not consistent. Then some finite
subset {uy,..., #,} is not consistent, so from it we can deduce any formula.
Let A be an atomic formula having no predicate symbols or parameters
in common with {u;, ..., #,}. Then

Fi(ug A Au)D A
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Hence there is a closed tableau for

{F(uy A--Au,)> A},
so there is a closed tableau for

{T(uy A+~ Au,), FA}.

By the way we have chosen A, there must be a closed tableau for
{T(uy A+ Au,)} and hence for {Tuy,..., Tu,}. Thus S is not consistent.
The converse is trivial.

Because we have this lemma, we will only discuss realizability and con-
sistency of sets of signed formulas.

Lemma 1.2: Let S be a set of signed formulas. If § is realizable, § is
consistent.

Proof: If S is not consistent, some finite subset @ is not consistent.
That is, there is a closed tableau €,, ,,..., €, in which €, is {Q}. If O
were realizable, by theorem 5.2.7 every €; would be, but a closed con-
figuration is not realizable.

Lemma 1.3: Let S be a finite set of signed formulas. If S is consistent,
S is realizable.

Proof: Let S be {TX,,...,TX,, FY,,..., FY,}.
S is consistent if and only if

{F(Xl At A )(n)D (YI VeV Ym)}

is consistent. If this is consistent, (X, A--AX)2(Y;v:-vY,) is a-

non-theorem, so by the completeness theorem, there is a model

(9, R, F, Py and a I'e¥ such that X;e ('), Y;eZ?(I') and
TEXiAAX)2 (Y, vV Y,).

But then for some I'*

I X, nnX, T*¥Y,v--vy,,
so I'* realizes S.

This method does not work if S is infinite, but the lemma remains true,
at least for sets with no parameters. The result can be extended to sets
with some parameters, but we will not do so.
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Lemma 1.4: Let S be an infinite set of signed formulas with no para-
meters. If S is consistent, S is realizable.

Proof: The proof can be based on either of the two tableau com-
pleteness proofs.

If we use the first proof, that of ch. 5§ 5, change step 0 to: S is con-
sistent. Extend it to a Hintikka element with respect to P;. Call the
result I'y’’. Continue the proof as written. The lemma is then obvious.

If we use the proof of ch. 5 § 6 the result is even easier. S is consistent,
so by lemma 5.6.4, we can extend S to a set I' which is good with respect
to P,. The result follows immediately.

Theorem 1.5: If S is any set of signed formulas with no parameters, S is
consistent if and only if S is realizable.

Corollary 1.6: If every finite subset of S is realizable, so is S.

Corollary 1.7: If U is any set of unsigned formulas with no parameters,
U is consistent if and only if U is satisfiable.

Remark 1.8: The last corollary could have been established directly by
adapting the completeness proof of ch. 5§ 10.

Definition 1.9: For a set of formulas U, by I'F U we mean I'F X for all
Xel.

Corollary 1.10 (strong completeness): Let U be any set of unsigned
formulas with no parameters. Then Ut X if and only if in any model
{9, %,k P, forany I'e¥Y,if TEU, TEX.

Proof: Uk X if and only if {TY| Ye U} u {FX} is inconsistent.

Corollary 1.11: (cut elimination, Gentzen’s Hauptsatz): If S is a set of
signed formulas with no constants and {S,TX} and {S, FX} are in-
consistent, so is {S}.

Remark 1.12: This may be extended to sets S with some parameters. To
be precise, to any set S which leaves unused a countable collection of
parameters. It follows that in the completeness proof of ch. 5§ 6 a set 4
maximal consistent with respect to P actually contains TX or FX for
each X with parameters from P.
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§ 2. Concerning the excluded middle law

If S is a set of unsigned formulas, by S+, X and S+, X we mean classical
and intuitionistic derivability respectively.

Let X(ay,..., a,) be a formula having exactly the parameters «;, ..., &,
By the closure of X we mean the formula

(Vx;,) - (V%) X (%4500 X1,)

(where x;, does not occur in X (ot15-205 @)
Let M be the collection of the closures of all formulas of the form
X v ~X. We wish to show:

Theorem 2.1: If X has no parameters,

FX<MHX.
We first show:

Lemma 2.2: Let (%, %, F, ?) be a model, 'e¥, and suppose Ye M=
T'EY. Then I' can be included in a complete %£-chain € such that €’
is a truth set (see ch. 4§ 6).

Proof: Enumerate all formulas beginning with a universal quantifier:
X1, X5, Xs, ...

Let I'y=T". Having defined I',, consider X, . If X,,,¢# (I'}) for any
ry, let I,,,=r,. Otherwise there is some I'y such that X,.,e?(I'}).
Say X,.; is (Vx) X(x). We have two cases: (1). If I'y F (Vx) X(x), let
[ =Ty (2. If T} ¥ (Vx) X(x), there is a I'y* and an e (I'y*) such
that I'y* ¥ X («). Let I, ,, be this I'y*.

Let the #-chain € be {I'y, I'y, I'3,...}. Since YeM =Tk Y and '=T,,
€ is a complete #Z-chain by the definition of M, and so %" is an almost-
truth set. Thus we have only one more fact to show:

Y(x)e®’ for every parameter a of %' = (Vx) Y(x)e¥".

Suppose (Vx) Y(x, ay,..., ¢,)¢ €' (where ay,..., o, are all the parameters
of Y). If some ¢ is not a parameter of &', we are done. So suppose each
a; occurs in €’. Then for some I',€¥%, all a,e 2 (I,) and I, F (Vx) Y (x, oy,
..., a,). But by the construction of ¥, there is a I',, (m>n) such that
I, ¥ Y(b,a,..., a,) for some be #(I',,). But

TEVxX,) ... (V) (V) [Y (x, X1y .00y %) V ~ Y (X, X1, 00p X))



CH.6§3 SKOLEM~LOWENHEIM 75

and Ir'#r,,, so
FEY(byay,...,0,) v ~Y(boy,...,a,),

thus I,E~Y(b, 0y,...,2t,). ~Y(b,0y,...,2)e¥’, so Y(b,a,...,,)¢%
for a parameter b of €.
Now to prove the theorem itself:

If M} X then for some finite subset {m,,..., m,} of M

Fe(my AceAm)D X
By theorem 4.8.2 (and the completeness theorems)
Fe(my ArAam)oX.

But }-_m; A .-~ Am,, hence F X.
Conversely, if M} X, let S be the set of signed formulas

{FX} u{TY | YeM}.

Since M} X, S is consistent. Then by the results of the last section,
S is realizable. Thus there is a model (¥, %, F, > and a I'e ¥ such that
YeM=TkY, Xe?(I') and T} X. But X has no parameters, so
Xv~XeM Thus TEXv ~X, so T'E~X. Now by lemma 2.2 there is
a truth set containing ~ X. Hence }  X.

§ 3. Skolem-Ldwenheim

By the domain of a model (¥, #, F, ) we mean \Jr.gZ(I). So far
we have only considered models in which the domain was at most
countable. Suppose now we have an uncountable number of parameters
and we change the definitions of formula, model and validity accordingly,
but not the definition of proof.

Theorem 3.1: X is valid in all models if and only if X is valid in all
models with countable domains.

Proof: One half is trivial.

Suppose there is a model {9, Z, k, #) with an uncountable domain
in which X is not valid. The correctness proof of ch. 5§§2 or 9 is still
applicable. Thus X is not provable. Since X is not provable, if we reduce
the collection of parameters to a countable number (including those
of X)), X still will not be provable. Then any of the completeness proofs
will furnish a counter-model for X with a countable domain.



76 ADDITIONAL FIRST ORDER RESULTS CH.6§4

This method may be combined with that of § 1 to show

Theorem 3.2: If S is any countable set of signed formulas with no para-
meters, S is consistent if and only if § is realizable in a model with a
countable domain.

Theorem 3.3: If U is any countable set of unsigned formulas with no
parameters, U is consistent if and only if U is satisfiable in a model with
a countable domain.

Remark 3.4: In part 11, we will be using models with domains of arbi-
trarily high cardinality.

§ 4. Kleene tableaus

The system of this section is based on the intuitionistic system G3 of [10].
The modifications are due to Smullyan. The resulting system is like that
of Beth except that sets of signed formulas never contain more than one
F-signed formula. Explicitely, everything is as it was in ch.2§1 and
ch. 5§ 1 except that the reduction rules are replaced by the following,
where S is a set of signed formulas with at most one F-signed formula.

KT v S, TXvY KF v Sr, FXvY
S,TX|S, TY. Sr, FX
SL,FXVvY
S, FY
KT A S, TXAY KF A Sr, FXAY
S, TX,TY S, FX|S;, FY
KT~ S, T~X KF~ Sp,F~X
Sr, FX S;. TX
KT o S, TX>oY KF o Sr,FXoY
SnFX[S, TY Sy, TX, FY
KT3 S, T (3x) X (x) KF3 St, F(Ix) X (x)
S, TX (a) S, FX (a)
KTV S, T (Vx) X (x) KFV Sz, F(Vx) X (x)
S, TX (a) Sz, FX (a)

where in KT3 and KFYV the parameter a does not occur in .S or X (x).
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There are several ways of showing this is actually a proof system for
intuitionistic logic. We choose to show it is directly equivalent to the
Beth tableau system, that is, we give a proof translation procedure.

We leave it to the reader to show the almost obvious fact that anything
provable by Kleene tableaus is provable by Beth tableaus. To show the
converse, we need

Lemma 4.1: If a Beth tableau for {TX,,..., TX,, FY,,..., FY,} closes,
then there is a closed Kleene tableau for

{TXy, ..., TX,, F(Y; v---v Y,)}.

Proof: The proof is by induction on the length of the closed Beth
tableau. If the tableau is of length 1, the result is obvious. Now suppose
we know the result for all closed Beth tableaus of length less than #, and
a closed tableau for the set in question is of length ». We have several
cases depending on the first step of the tableau.

If the first step is an application of rule FA , the Beth tableau begins

{Sq, FXy, ..., FX,, FY A Z}},
{{St, FXy, ..., FX,, FY}, {Sr, FX,,..., FX,, FZ}},

and proceeds to closure. Now by the induction hypothesis there are closed
Kleene tableaus for {Sy, F(X;v---vX, v Y)} and {Sg, F(X,v v
X, v Z)}. We have two possibilities:

(1). If Y is not ‘““used” in the first tableau, or if Z is not ““used” in the
second tableau, a Kleene tableau beginning

{{S, F(X; v-v X, v (Y A 2Z))}},
{{Sn. F(Xy v v X,)}},
must close.
(2). If both Y and Z are “used’, a Kleene tableau beginning

{{S, F(Xy v---v X, v (Y A Z))}},

{{St. F(Y A 2)}},
{{S1, FY}, {Sy, FZ}},
must close.
The other cases are similar and are left to the reader.
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Thus the two tableau systems are equivalent. Now we verify a remark
made at the end of ch. 5§ 10.

Lemma 4.2: (Godel, McKinsey and Tarski): H X v Yiff ;X or F, Y.
Proof: Immediate from the Kleene tableau formulation.

Lemma 4.3: (Rasiowa and Sikorski): If +{(3x) X(x, a,..., a,) where

a,,..., a, are all the parameters of X, then +;X(b, a,,..., a,) where b is

one of the a; If X has no parameters, b is arbitrary and H (¥x) X(x).
Proof: A Kleene tableau proof of (Ix) X (x, a;, ..., a,) begins

{{F(3x) X(x, ay, ..., a,)}},
{{FX (b, ay, ..., a,)}},

and proceeds to closure. If b is some a;, we are done. If not, we actually
have a proof, except for a different first line, of

(Vx) X (x, ay, ..., a,).
§ 5. Craig interpolation lemma

Theorem S.1: If F{X> Y and X and Y have a predicate symbol in com-
mon, then there is a formula Z involving only predicates and parameters
common to X and Y such that X 5Z and F,Z>Y; if X and Y have no
common predicates, either +;~ X or F, Y.

The classical version of this theorem was first proved by Craig, hence the
name. The intuitionistic version is due to Schiitte [17]. Essentially the
same proof was given for a natural deduction system by Prawitz [15].
We give basically the same proof in the Kleene tableau system. For
another proof in this system see [11].

We find it convenient to temporarily introduce two symbols ¢ and f
into our collection of logical symbols, letting them be atomic formulas,
and letting them combine according to the following rules.

Xvit=tvX=t,
Xvf=fvX=X,
XAt=tAX=X,
XAf=frX=Ff,

~t=f, ~f =1,



CH.6§5 CRAIG INTERPOLATION LEMMA 79

Xot=foX=t,

to X=X Xof=~X,

@x)t=(vx)t=t,

@) =(x)f=T1.
By a block we mean a finite set of signed formulas containing at most one
F-signed formula. When we call a block inconsistent, we mean there is a
closed Kleene tableau for it. By an initial part of a block we mean any
subset of the T-signed formulas. We make the convention that if S is the
finite set of unsigned formulas {X,..., X,} then TS is the set
{TXy,..., TX,}. We further make the convention that for a set S of
formulas, S, and S, represent subsets such that S;nS,=0 and
S,uUS,=S. By [S] we mean the set of predicates and parameters of
formulas of S, together with ¢ and f.

Now we define an interpolation formula X for the block {T'S, FY}
(where S is a set of unsigned formulas and Y is a formula) with respect
to the initial part T'S,, which we denote by {T'S, FY}/{TS;}, as follows
(X may be ¢ or f, but we assume ¢ and f are not part of S or Y):
Xisan {TS, FY}/{TS,} if

(). [xI<[Sn[S, Y],

(2). {TS,, FX} is inconsistent,

(3). {TX, TS,, FY} is inconsistent

(we have temporarily added to the closure rules: closure of a set of signed
formulas if it contains Tf or Ft).
Lemma 5.2: An inconsistent block has an interpolation formula with
respect to every initial part.

Proof: We show this by induction on the length of the closed tableau
for the block. If this is of length 1, the block must be of the form

{TS,TX, FX}.

We have two cases:

Case (1). The initial part is {7'S,, TX}. Then X is an interpolation
formula.

Case (2). Theinitial partis {T'S,}. Then { TS, TX, FX} is inconsistent
and ¢ is an interpolation formula.

Now suppose we have an inconsistent block, and the result is known
for all inconsistent blocks with shorter closed tableaus. We have several
cases depending on the first reduction rule used.
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KT v : The block is {TS, TXvY,FZ}, and {TS,TX,FZ} and
{TS, TY, FZ} are both inconsistent.

Case (1). The initial part is {T'S;, TX v Y}. Then by the induction
hypothesis there are formulas U, and U, such that

U, isan {TS, TX, FZ}/{TS,, TX},
Uyisan {TS,TY,FZ}{TS, TY}.

Then U, vU, is an {TS, TX v Y, FZ}/{TS,, TX v Y}.
Case (2). The initial part is {T'S;}. Again, by hypothesis, there are
U;, U, such that
U, isan {TS, TX, FZ}{TS,},
U,isan {TS, TY, FZ}/{TS,}.

Then U, AU, is an {TS, TX vY,FZ}/{TS,}.

KFv: The block is {TS,FX v Y}, and {TS, FX} or {TS, FY} is
inconsistent. Suppose the first. Let the initial part be {T'S,}. By hypothe-
sis there is a U such that

Uisan {TS, FX}/{TS,}.

Then Uis an {TS, FX v Y}/{TS,}.
KT A: The block is {TS,TXAY, FZ}, and {TS,TX,TY,FZ} is
inconsistent.
Case (1). The initial part is {TS;, TX A Y}. By hypothesis there is a
U such that
Uisan{TS, TX, TY, FZ}/{TS,, TX, TY}.

Then Uis an {TS,TXAY,FZ}/{TS,, TX AY}.
Case (2). Theinitial partis { TS, }. By hypothesis there is a U such that

Uisan (TS, TX, TY, FZ}/{TS,}.

Then Uis an {TS,TX AY, FZ}/{TS,}.

KF A : The blockis {TS, FXA Y}, and {TS, FX} and {T'S, FY} are
both inconsistent. Suppose the initial part is { TS, }. By hypothesis there
are U;, U, such that

U,isan {TS, FX}/{TS,},
U,isan (TS, FY}/{TS,}.

Then Uy AU, is an {TS, FX AY}/{TS,}.
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KF ~: The block is {TS, F~X}, and {TS, TX} is inconsistent. Sup-
pose the initial part is { TS, }. By hypothesis there is a U such that

Uisan {TS, TX}/{TS,}.

Then U is an {TS, F~X}/{TS,}.
KT ~: The block is {TS, T~ X, FY}, and {TS, FX} is inconsistent.
Case (1). Theinitial partis { TS, }. By hypothesis there is a U such that

Uisan {TS, FX}/{TS,}.

Then Uis an {TS, T~ X, FY}/{TS,}.
Case (2). The initial part is { TS}, T ~ X }. By hypothesis there is a U
such that
Uisan (TS, FX}/{TS,}.
We claim that
~Uisan{TS, T ~ X, FY}/{TS,}.

First we verify its predicates and parameters are correct. By hypothesis
[U]=[S.]n[S;, X], so immediately [~U]e [S;, ~X]N[S,, Y] We
have the following two blocks are inconsistent:

(TS,, FU},
(TS,, TU, FX}.

It follows that the following two blocks are also inconsistent:

{TS,,T ~X,F ~U},
{TS,, T ~U, FY},
and we are done.
KF>: The block is {TS, FX> Y}, and {TS, TX, FY} is inconsistent.
Suppose the initial part is {7'S;}. By hypothesis there is a U such that

Uisan{TS,TX, FY}/{TS,}.

Then U is an {TS, FX o Y}/{TS,}.
KT >: The blockis {TS, TX o Y, FZ}, and {TS, FX} and {TS, TY,
FZ} are both inconsistent.
Case (1). The initial part is {TS,}. By hypothesis there are U;, U,
such that
U, is an {TS, FX}/{TS,},
U,isan {TS, TY, FZ}/{TS,},
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Then Uy AU, is an {TS, TX oY, FZ}/{TS,}.
Case (2). The initial part is {TS;, TX > Y}. By hypothesis there are
U,, U, such that
U,isan{TS, FX}/{TS,},
U,isan{TS, TY,FZ}/{TS,,TY}.

We claim U,oU, is an {TS,TX> Y, FZ}/{TS;, TX>Y}.
By hypothesis
(U = [S.]n[Sy X],
[(V.] =[S0, Y] n [S2 2],
$O
[UioU]s[S, X2 Y] [S, Z].

We have that the following four blocks are inconsistent:
(1). {TS,, FU,},
(). {TU,, TS,, FX},
(3). {TS,, TY, FU,},
4). {TU,,TS,, FZ},
and we must show the following two blocks are inconsistent:

{Tsl, TX o Y, FUI jun ] Uz},
(TU, > U,, TS,, FZ}.

The first follows from (2) and (3), and the second from (1) and (4).
KF3: The blockis { TS, F(3x) X(x)}, and { TS, FX (a)} is inconsistent.
Suppose the initial part is {TS,}. By hypothesis there is a U such that

Uisan {TS, FX (a)}/{TS,}.

Then [U]<[S,]N[S,, X(a)].

Case (1). a¢[U].
Then U is an {TS, F(Ix) X (x)}/{TS,}

Case (2). ae[U], ae[sS,)
Again U is an { TS, F(3x) X (x)}/{TS,}

Case (3). ac[U), a¢[S.].
Then (Ix) U (%) is an

(TS, F@x) X (}ATS,).

KT3: The block is {TS, T(3x) X(x), FZ}, and {TS, TX(a), FZ} is
inconsistent, where a¢[S, X(x), Z].
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Case (1). The initial part is { T'S;, T(3x) X (x)}. By hypothesis there is
a U such that
Uisan {TS, TX(a), FZ}/{TS, TX (a)}.

Then U is an {TS, T(Ix) X(x), FZ}/{TS;, T(Ix) X(x)}.
Case (2). The initial part is { 7S, }. By hypothesis there is a U such that

Uisan {TS, TX (a), FZ}/{TS,}.

Then U is an {TS, T(3x) X(x), FZ}/{ TS,}.

KFV: The block is { TS, F(Vx) X(x)}, and {TS, FX(a)} is inconsistent,
where a¢[S, X(x)]. Suppose the initial part is {TS,}. By hypothesis
there is a U such that

Uisan {TS, FX(a)}/{TS,}.

Then U is an {TS, F(Vx) X(x)}/{TS,}.
KTV: The block is {TS, T(Vx) X (x), FZ}, and {TS, TX(a), FZ} is
inconsistent.
Case (1). The initial part is {TS;, T(Vx) X(x)}. By hypothesis there
is a U such that
Uisan (TS, TX(a), FZ}/{TS,, TX (a)}.

Case (la). a¢[U].
Then Uis an
{TS, T (Vx) X (x), FZ}/{TS,, T (Vx) X (x)}.

Case (1b). ae[U], ae[S;, X(x)].
Again
Uisan (TS, T (Vx) X (x), FZ}/{TS,, T (¥x) X (x)}.

Case (Ic). ae[U], a¢[S;, X(x)]
Then (Vx) U(%) is an {TS, T(Vx) X(x), FZ}/{TS,, T(Vx) X (x)}.
Case (2). The initial partis { TS, }. By hypothesis there is a U such that

U is an {TS, TX (a), FZ}/{TS,}.

Case (2a). a¢[U].
Then Uis an {TS, T(Vx) X(x), FZ}/{TS,}.
Case (2b). ae[U], ael[S,, X(x), Z].
Again U is an {TS, T(Vx) X (x), FZ}/{TS,}.
Case (2c). ae[U], a¢[S,, X(x), Z].
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Then (Ix) U (%) is an { TS, T(Vx) X (x), FZ}/{TS,}.

Now to prove the original theorem 5.1:

Suppose kX o Y. Then {TX, FY} is inconsistent. By the lemma, there
is a U such that U is an {TX, FY}/{TX}. We have three cases:

(D). U=t
Then since {T¢, FY} is inconsistent, +; Y.

2). U=f.
Then since {TX, Ff} is inconsistent, {F~ X} is also inconsistent (f is
not in X). Thus +;~X.

3). U#t, U#S.
Then U is a formula not involving ¢ or £, all the parameters and predicates
of U are in X and Y, and since {TX, FU} and {TU, FY} are both in-
consistent, X >U and +;U> Y.

§ 6. Models with constant & function

In part I we will be concerned with finding countermodels for formulas
with no universal quantifiers, and we will confine ourselves to models
with a constant & function. To justify this restriction, we show in this
section

Theorem 6.1: If X is a formula with no universal quantifiers and F X,
then thereis a counter-model (¥, £, F, ) for X in which £ is a constant
function.

Definition 6.2: For this section only, let a, a,, a;,... be an enumeration
of all parameters. We call a set I" of signed formulas a Hintikka element
if I is a Hintikka element with respect to some initial segment of a,,
a,, as, ... (see ch. 5§ 4).

Lemma 6.3: If S is a finite, consistent set of signed formulas with no
universal quantifiers, S can be extended to a finite Hintikka element.

Proof: Suppose S is the set {X;, X,,..., X,} where each X; is a signed
formula. We define the two sequences {P,}, {Q,} as follows:

Let

P0=0, Q°=X1,..-,Xn-
Suppose we have defined P, and Q, where
Pk=Yl""’ Yra Qk=W1’-~-’ VVs’
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and P,uQ, (considered as a set) is consistent. To define P, ., and Q;,,
we have several cases depending on W;:
Case atomic: If W, is a signed atomic formula, let

Pooy=Y,.. Y, W, Ori1=Wo, ..., W,.

Case Tv : If W, is TX v Y, either TX or TY is consistent with P,u Q,,
say TX. Let

Pk+1=Y1,..., Y'r, TXV Y, Qk+1=W2!"" st, TX-
Case F v : If W, is FX v Y then FX, FY is consistent with P, U Q,. Let
Pk+1=Y1,...,K,FXVY, Qk+1=W2,...,st,FX,FY.

CasesTA, FA, T~, T> are similar.
Case T3: If W, is T(3x) X(x), let a be the first in the sequence ay, a,, ...
not occurring in P, or Q,. Then TX (a) is consistent with P, L Q,. Let

Pk+l = Yla"'s Y;-a T(ax) X(x)y Qk+1 = W25--'s u/ss TX(a)

Case F3: If W, is F(3x) X(x), let {a;,, ..., a,} be the set of parameters
occurring in P U@, such that no FX(q; J) occurs in P,uQ,. Then
{FX(a;,), ..., FX(a,)} is consistent with P, U Q,. Let

Py, = P, Oisy=W,,..., W, FX(a;,), ..., FX (a;,), F(3x) X (x),

After finitely many steps there will be no T-signed formulas left in the
Q-sequence because each rule Tv, TA, T~, T>, T3 reduces de-
gree, and no rule Fv, FA, F3 introduces new T-signed formulas.
When no T-signed formulas are left in the Q-sequence, no new para-
meters can be introduced since rule 73 no longer applies. After finitely
many more steps we must reach an unusable Q-sequence. The corre-
sponding PuU Q-sequence is finite, consistent, and clearly a Hintikka
element.

Remark 6.4: The above proof also shows the following which we will
need later:

Let R be a finite Hintikka element. Suppose we add (consistently) a
finite set of F-signed formulas to R and extend the result to a finite
Hintikka element S by the above method. Then

RT =ST'
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Since R<S, certainly Rr<Sy. That S7< R also holds follows by an
inspection of the above proof; no new T-signed formulas will be added.

Now we turn to the proof of the theorem itself. We have no universal
quantifiers to consider, so we may use the definition of associated sets in
ch.2§4.

Suppose X is a formula with no universal quantifiers, and }f{X. Then
{FX} is consistent. Extend it to a finite Hintikka element S§. Let
Ty, ..., T, be the associated sets of S9. Extend each to a finite Hintikka
element, S, ..., S? respectively. Thus we have

S5, 89,...,89.

For each parameter a of some S? and each formula of the form
F(3x) X(x) in S¢, adjoin FX (a) to S§ and extend the result to a Hintikka
element S}. Do the same for SY,.... S°, producing S}, ..., S.! respectively.
Thus we have now SL St .. St

Let T,.,,..., T, be the associated sets of S5, S1,..., Sy. Extend each to
a Hintikka element, SC, , ..., S0 respectively. Thus we have now

Sy, S,y 8n, 8% 1,..., 8.

For each parameter a used so far, and for each formula of the form
F(3x) X(x) in S5, adjoin FX (a) to S and extend the result to a finite
Hintikka element S2. Do the same for each. Thus we have now

82, 82,...,82, 8 1,...,SL.

Again take the associated sets, and extend to finite Hintikka elements,
producing now
82, 8%,...,82,8,,,...,SL, 8%, .,....8°.

14

Continue in this manner. Let
-] -]
So=U S, S§,=U S, etc.
k=0 k=0

By the remark above, for each n,
Sar = SST = S:T =cc.

Thus if Sﬁ has as an associated set S,f., S.rSS,.
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It now follows that {S,, S;,...} is a Hintikka collection. For example,
suppose F~ YeS;. Let k be the least integer such that F~ YeS'j-. By the
above construction, there is some set S such that S° is an associated
set of S% and TYeS,;. But then Sjr=S?, so by the above S;r<S,, and
TYEeS,. The other properties are shown similarly.

Moreover, #(S,)=2(S,,) for all m and n, as is easily seen. (Recall
that #(S) is the collection of all parameters used in S.) Now as in
ch. 5§ 3 there is a model for this Hintikka collection, and this model
will have a constant & map, so the theorem is shown.












CHAPTER 7

INTUITIONISTIC M, GENERALIZATIONS

§ 1. Introduction

Here and in the rest of part II we restrict our considerations to the follow-
ing language: a countable collection of bound variables x,y,z,...,
a collection of parameters (or constants) of arbitrarily high cardinality
£, 8, h, ..., one two-place predicate symbol € (we write €(x, y) as (xey)),
and the usual connectives, quantifiers and parentheses.

In all the models {¥, Z, E, ) which we will consider in part II, the
map £ will be constant, and so we will simply write the range & of &
instead of 2, thus (¥, %, k, &), where #(I')=¢ for all I'e¥%.

We call a model (%, &, k, &) an intuitionistic ZF model if classical
equivalents of all the axioms of Zermelo-Fraenkel set theory, expressed
without the use of the universal quantifier, are valid in it. As a special case,
suppose {9, Z, F, &) is an intuitionistic ZF model and % has only one
element I'. Then this is (isomorphically) a classical model for ZF. If we
define a truth function on all formulas over & by

o(X)=T if T'kX,
v(X)=F if T}X,

v will be a classical truth function, and all the axioms of ZF map to T.
Thus the notion of intuitionistic ZF model is a generalization of the
classical notion.

Suppose {¥%, #, k, &) were an intuitionistic ZF model such that
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~AC was valid in it, where AC is some classically equivalent form of
the axiom of choice expressed without use of the universal quantifier. It
follows that the axiom of choice is classically unprovable from the
axioms of ZF. For otherwise

ZFF AC,

so for some finite subset A4, ..., 4, of ZF
Ay, ..., A, F AC.
We may suppose 4, ..., 4, stated without the universal quantifier.
Fo(4; A A 4,) > AC.
So by the results of ch. 4§ 8

by~~~ ((41 A A 4,) 2 AC),
equivalently,
Fi(4; A-A 4,) D ~~AC.

But (¥4, #,k, ¥ is an intuitionistic model in which 4,,..., 4,, ~AC
are valid, a contradiction. Thus to showthe classical independence of the
axiom of choice it suffices to construct an intuitionistic ZF model in which
~ AC is valid. Similar results hold for the independence of the continuum
hypothesis and of the axiom of constructability.

In this chapter we will define intuitionistic generalizations of the classic-
al M, sequence of Godel [4], which provide intuitionistic generalizations
of L, the class of constructable sets. We will show these generalizations
are intuitionistic ZF models. In later chapters we will give specific
intuitionistic generalizations of L establishing the independence of the
axiom of choice, the continuum hypothesis and the axiom of construct-
ability. The specific models constructed, and most of the general methods
will be those of forcing, due to Cohen [3]. It is the point of view that is
different. No classical models are constructed, complete sequences and
countable ZF models are not used.

In [S], Gregorzyk noted the foundations of a connection between
forcing and intuitionistic logic. In [13] Kripke discussed the relationship
between forcing and his models.

Remark 1.1: For the rest of part II we shall distinguish informally
between constants, bound variables, and free variables. We shall use
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X, ¥, Z,... for both bound and free variables. This is an informal distinc-
tion. Formally, free variables and constants are both parameters in the
sense of part I since free variables are simply place holders for arbitrary
constants.

§ 2. The classical M, sequence

Let V be a classical ZF model. In [4] Godel defined over ¥ the sequence
M, of sets as follows.

My=0.

M, 1 is the collection of all (first order) definable subsets of M,.

M, =J, <M, for limit ordinals, A.

Let the class L be \J,.y M,. Gédel showed that L was a classical ZF
model. As an introduction to the intuitionistic generalization, we re-state
the Godel construction using characteristic functions instead of sets.
Now of course “€’” is to be considered as a formal predicate symbol,
not as set membership.

Let M be some collection and let v be a truth function on the set of
formulas with constants from M. We say a (characteristic) function f is
definable over {(M,v) if domain (f)=M, range (f)<{T, F}, and for
some formula X(x) with one free variable and all constants from M, for
all ae M

f(a) = v(X(a)).

Let M’ be the elements of M together with all functions definable over
{M, v).

We define a truth function v’ on the set of formulas with constants
from M’ by defining it for atomic formulas. If f, ge M’ we have three
cases:

(). f,geM; let v’ (feg)=v(feg).

Q). feM, geM’'—-M;letv'(feg)=g(f).

(3). feM’—M; let X(x) be the formula which defines f over (M, v).
If there is an he M such that

v((Vx) (xeh=X(x)))=T,
and
vV (heg)=T,
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let

v (feg)=T.
Otherwise let

vV(feg)=F.

(Case (3) reduces the situation to case (1) or case (2).) We call the pair
{M', v") the derived model of { M, v).

Now let My=9 and let v, be the obvious truth function. Thus we have
(M, vo). Let {M, 1, v,+1) be the derived model of {(M,, v,). If 1 is a
limit ordinal, let M;=\J,<:M,. Let v;(feg)=T if for some a<A,
v,(feg)=T. Otherwise let v;(feg)=F. Thus we have {(M;, v;). Let

L=UM,.
aeV
Let v(feg)=T if for some aeV, v,(feg)=T. Otherwise letv(feg)=F.
Thus we have the ““class’ model (L, v).

The reader may convince himself that this construction is essentially
equivalent to Godel’s, so that if A is any axiom of ZF, v(4)=T. Thus
{L, v) is a classical ZF model, though not a standard one.

For a boolean generalization of this type of sequence see ch. 14 § 7.

§ 3. The intuitionistic M, sequence

Suppose we have a model (¥, Z, k, &) (recall that & is a set, the range
of the Z map, and that there is only one predicate symbol €). For
convenience, let P be the collection of all #Z-closed subsets of %.

We say a function f'is definable over {9, &, F, &) if domain (f)=,
range (f)<=P, and for some formula X(x) with one free variable, all
constants from %, and no universal quantifiers, for any ae %

f@)={r|rex)}.

Let .’ be the elements of & together with all functions definable over
(9,2, k, ¥). We define a F relation by giving it for atomic formulas
over &'. If f, ge %’ we have three cases:

(1). f,ge¥; thenlet 'k (feg) if TF(feg).

Q). fe&, geF' —F:letI'F (feg)if Feg(f)-

(3). feS" —F; let X(x) be the formula which defines f over
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(%, R, k, ). Let ['F'(feg) if there is an he S such that

T'e~@3x) ~(xeh=X(x)
and
r't'(heg).

(This reduces the situation to case (1) or case (2).) We call the model
(%, R, F', S the derived model of {9, X, F, &>.

Now let V be a classical (first order) model for ZF. We define a sequence
of intuitionistic models in ¥ as follows:

Let{¥%, &, ky, %) be any intuitionistic model satisfying the following
five conditions:

(1). <&, &, kg, LoyEV

(2). Spisacollection of functionssuchthat,iffe ¥, domain (f)= %,
and range (f)<P.

). for f, ge &, T'ko(feg)iff Teg(f).

(4) (extensionality). for f, g, he #,, if ko~ (3x)~(xef=xeg) and
T'Eo~(feh) then I'Ey~(geh).

(5) (regularity). &, is well-founded with respect to the relation
xedomain(y).

Remark 3.1: If we consider thesymbols v, A, ~, 2, V, 3, (, ), &
Xy, X3, X3, ... to be suitable “code” sets, formulas are sequences of sets,
and hence sets. It is in this sense that (1) is meant. See also § 14.

Next let ¥, %, k,.1, ¥.+1) be the derived model of (¥, Z, E,, L.
If 4 is a limit ordinal, let &,=J,;%,. Let I'k,(feg) if for some
a<Ad, I'k,(feg). Thus we have (¥, &, F,, & .

Finally, let =,y ¥.. Let T'E(feg)if for some aeV, Tk, (feg).
Thus we have the “class’” model (¥, %, E, &).

We will spend the rest of this chapter showing

Theorem 3.2: (¥, X, F, &) is an intuitionistic ZF model.

Remark 3.3: If as a special case we let %, be empty and ¥={I'}, and
we identify 7 with {I'} and F with @, the result is the characteristic
function version of the M, sequence in § 2. (The truth functions become
v (X)={Tl l 'k, X}.) Thus as a special case of the above theorem, L is a
classical ZF model.
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Notation: Sometimes we will write gye %, ., — <, Where by the subscript
X we mean g is the function defined over the model (¥4, %, k,, &,> by
the formula X (x). Then part (2) of the definition of F' for the derived
model may be restated as:

If fe¥, gxe¥ -, then T'F'(fegy) if TEX(f).

§ 4. Dominance

Definition 4.1: Let X(xy,..., X,) be a formula with no constants and with
all its free variables among x,, ..., x,. We call X dominant if forany 'e %,
any « and any c,..., c,€ %,

e, X(cpyeesc) <> TEX (cy, ..., 6).

Definition 4.2: Let
(1). (f<g) stand for ~(IAx)~(xe f ox€g),
(2). (f=g) stand for (f=g)A(g<f).

Theorem 4.3: (xey), (x<y) and (x=y) are dominant.
Proof: That (xey) is dominant is obvious. If (x<y) is dominant, so is
(x=y). That (x<y) is dominant follows from the next three lemmas:

Lemma 4.4: If f, ge ¥, and TE(f<g), then I F, (f < g).

Proof: Suppose for some I'* and some he¥,, I'*F,(hef). By the
dominance of (xey), I'*k(hef). But I'*F~(3x)~(xef>xeg), so by
intuitionistic logic I'*F ~ ~ (h€g). By dominance again I'*F,~ ~(heg).
Thus I'k,(Vx) (xef> ~ ~xeg), which is equivalent to I'k,~(Ix)~
(xefoxeg).

Remark 4.5: The reader may show the two simple facts used above, and
often later: X is dominant implies ~X is dominant and

F(¥%) (X (%) 3 ~ ~ Y (%)) = ~ (3x) ~ (X (x) Y (x)).

Lemma 4.6: If f, ge %, and I'k,(f<=g)then I'k,,,(f<g).

Proof: 'k, (f<g). Suppose for some I'* and some he¥,,,
T'*E,.y(hef). If he&,, by dominance I'*F (he f). But I'*k,(f<g) so
as above I'*k,~ ~(heg), and by dominance I'*F, ,, ~ ~ (heg).

Ifhe S, 1 —F,, since feSF and I'*F, . (he f), it must be the case that
h is hy for some formula X over %,, and there is some ke ¥, such that
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I*k,.,(kef) and I'*E,~(Ix)~(xek=X(x)). Since both k, fe &#,, by
dominance I'*E,(kef). Thus I'*k,~~(keg), and by dominance
I'*k, .1~ ~ (keg). That is for any I'** there is some I'*** such that
I***k ., (keg). But also I'***E, ~(Ix)~(xek=X(x)), ke, so by
definition I'***E, . (hy€g). Thus I'*k, .y ~ ~(hx€Eg).

Hence I'k, 4 (Vx) (xef> ~ ~xeg), so 'k, 4y ~(Ax)~(xef>x€Qg).

Lemma 4.7: If f, ge ¥, and I'k,( f<g), then T'E(f<g).

Proof: First, by transfinite induction, for any f>a, I'kg(f<g). The
successor ordinal step is given by lemma 4.6. Suppose 4 is a limit ordinal,
A>a, and the result is known for all f such that a<f<A. If I'*E; (hef),
then for some f<4 I'*kg(hef). But I'*E4(f<g), so I'*Ez~~(heg).
By dominance I'*F;~ ~(heg). So 'k, (f<g).

Finally, that I'k (f =g) follows just as in the limit ordinal case.

§ 5. A little about equality

Theorem 5.1: If fe #,and gy€ &, 11 — &, then 'k~ (Ix) ~(x€ f= X (x))

if and only if 'k, 4, (f=gx)-

This follows from the next two lemmas:

Lemma 5.2: If fe%,, gx€ Fyr1—F and T'F, .y (f=gx), then
TE,~(Ax)~(xef=X(x)).

Proof: Suppose for some I'* and some he¥,, I'*k,(hef). Then
T*E,y,(hef), so T*E, 4~ ~(hegy). Thus for any I'** there is a I'***
such that I'*** k., (hegy). But he F,, gx€Fqr1—F 4 50 I***egy (h),
that is I'***k X (h). Thus I'™*F,~ ~ X(h), so T'k,(Vx) (xef> ~ ~X(x))
or I'k,~(3x)~(xef>X(x)). Similarly I'k,~(3x)~ (X (x)>x€f)). The
result follows since ~(3x)~X;(x)A ~(Ax)~X,(x)F~(Fx)~(X1(x)A
X, (x))-

Lemma 5.3: If fe Sy gx€ FL a1 —F, and Tk ~(3Ix)~(xef=X(x)),
then F':a+l (f=gx).

Proof: T'k,~(3x)~(x€f=X(x)). Suppose for some I'* and some
h€F sy, T*E 1 (hef).

If he #,, trivially I'*E, ., ~ ~(hegy).

If he £ 1 — &, then since fe ¥, h must be hy for some formula Y
over &, and there is some ke%, such that I'*k,.,(kef) and
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I'*k,~(3x)~(xek= Y(x)). By dominance I'*k (ke f),so I'*k,~ ~ X (k).
So for every I'** there is a I'*** such that I'***F, X(k). Thus
r***k_ . (kegyx)-Butalso I'***k, ~ (Ix)~ (xek= Y(x)), so by definition
r***k_, (hyegx). Thus I'*k,,  ~ ~ (hegy). Hence T'F .y (fSgx).

In a similar manner it can be shown that 'k, ,,(9x<f).

For later use we show the following most useful corollary:

Theorem 5.4: If T'k,(feg), then there is an he domain(g) such that
Tk, (f=h)A(heg).

Proof: By induction on «:

If «=0, and I'ky(feg), by definition f must be in the domain of g.

Suppose the result is known for «, and I'k,.,(f€g). We have three
cases:

(1). If £, ge &,, the result is by induction hypothesis.

). If feF,, geF 441 —F, the result is trivial since fe domain(g).

Q). If fe& 41— F, by definition and theorem 5.1 for some ke,
Tk, (keg)a (k=f). Since I'k,,, (keg), by case (1) or case (2) there is
some he domain(g) such that I'k,.,(heg)A (h=k). But trivially if
Tkypy(h=k)A(k=f), then I'Fyq (A=)

The limit ordinal step is simple.

Remark 5.6: By dominance of (xeg) and (x=g), the result follows also
for the class model.

§ 6. Weak substitutivity of equality

Theorem 6.1: Let X(x) be a formula with one free variable and no uni-
versal quantifiers. If I'k,(f=g) and I'F,~X(f), then T'k,~X(g).
Similarly if 'k (f=g) and T'E~X(f), then 'k~ X (g).

Proof: Suppose the result is known in the model <%, %, k,, &>
(or in <%, &, k, &)) for all atomic formulas X(x). It then follows for
all formulas X(x) by the following intuitionistic theorems:

~X=~YHh~(XAZ)=~(Y A Z),
~(XvZ)=~(YV 2),
~(~X) =~(~T),
~(Xo2)=~(Y>22),
~(Z>5X)=~(Z>Y),

(V) [~X(x)=~Y(x)]H ~(3x) X(x) =~ (3x) Y (x).
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Thus we must show the result for atomic formulas. Over (¥, &, kg, Fo>
an atomic formula must be either (aex), (xea) or (aeb) for a, be F,.
The case (aeb) is trivial. For the case (aex), we are given: I' ko~ (Ix)~
(xef=xeg) and I'ko~(aef). The result I'kg~(aeg) follows by
intuitionistic logic. For the case (x€a) the result is condition (4) on
(G, B, by, P in §3.

Suppose the result is known for all formulas over &,. We show it for
atomic formulas of (¥, &, F, 41, &.+1)- Again an atomic formula must
be either (aex), (xea) or (aeb) for a,be S, ,. As above (xea) is the
only difficult case. Thus we are given 'k, ., (f=g) and 'k, ., ~(f€a).
We have eight subcases:

(1) a,f,9e Sy

Q) a, /€Ly 9€L0i1~FL 0

(3)- a, geym feya+l - ya’

(4)- aeyaa .f: geya+1 - ym

(5) aeyn+l_ya’ f’ geyw

(6) a, geyn+1 -ya’ feya’

(7) a’feya+l_yw geya,

(8)' a, f’ geyz+l - ya'

We treat these cases separately.

Case (1). The result follows by dominance of (xey) and (x=y), and
the induction hypothesis.

Case (2). Suppose I' ¥ ;.1 ~(g€a). Then for some I'* I'*F,,,(gea).
By theorem 5.4 there is an he &, such that I'*k_ ., (g=h) A (hea). But
I'*k,.1(f=g), henceI'*F,,, (f=h). BydominanceI'*k,(f=h) A (hea).
By induction hypothesis I'* k,~ ~ (fea). Bydominance ['*k, ., ~ ~(f€a),
so I'¥ 441~(fea).

Case (3). Suppose I' ¥ ,+1~(g€a). Then for some I'* I'*k,,,(gea).
But I'*k,;;(f=g). Now by theorem 5.1 and the definitions
I'*k, ., (fea),soTF ,+1~(fea).

Case (4). This is an elaboration of (2) and (3).

Case (5). a is ax€F 11— S, Suppose I'F ,.1~(geay). Then for
some I'* I'*F,.;(geay), so I'*F,X(g). But I'*k,,;(f=g), so by
dominance I'*k,(f=g). By hypothesis I'*k,~~X(f), so it follows
that I'*F, ., ~ ~(feay). Hence I' ¥ ,.,(feay).

Case (6). Suppose I' ¥ ,+1~(g€ea). For some I'* I'*F,,,(gea). By
theorem 5.4 for some he &, I'*F,.,(g=h)A (h€a). But I'*k,,,(f=9)
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so I'*k,.,(f=h). By dominance I'*k,(f=h). Moreover a must be
ax€F yy1—F .. Since I'*E, , (hea), I'*E, X (h). By hypothesis '*F,~ ~
X(f),and so I'*F,,,~ ~(feay). Thus I'¥ ., ~(feay).

Case (7). Suppose I' F .+, ~(g€a). Then for some I'* I'*F,,, (g€a).
But I'*k, ., (f =g), so by theorem 5.1 and the definitions I'*F, ., (f€a).
Thus I' ¥ 41 ~(fea).

Case (8). This is an elaboration of (6) and (7).

Thus, we have the result for successor models. The result for atomic
formulas in limit models and in the class model is straightforward.

§ 7. More on dominance

Definition 7.1: A formula X is called stable if Fj X=~ ~X.

Definition 7.2: A formula X (with no universal quantifiers) is said to
have its quantifiers bounded if every subformula beginning with a quanti-
fier is of the form

(3x) ((xev) A Y (%)),

where v is a variable or a constant. Moreover, if Y is stable we say X has
strongly bounded quantifiers.

Theorem 7.3: Let X be any formula with no constants, no universal
quantifiers and all its quantifiers strongly bounded. Then X is dominant.

Proof: By induction on the degree of X. If X is atomic the result is
just the dominance of (xey).

Suppose X is not atomic and the result is known for all formulas of
lesser degree. The four cases Xis (YVZ), (YAZ), ~Yor(Y>Z)are
simple. Suppose X(y,z,...) is (Ix)[(xey)AY(x,y, z,...)] where Y is
stable and by hypothesis dominant. Suppose a, b, ...€ %,.

If 'k, X(a,b,...) then I'k,(3x)(x€a)A Y(x,a,b,...)] For some
fe¥, T'k,(fea)AY(f, a,b,...). By hypothesis both of these are domi-
nant,so 'k (fea)A Y(f,a,b,...). TE(Ix)[(xea)A Y (x, a, b,...)]. Hence
rtX(a,b,...).

Conversely suppose I'EX(a,b,...). T'k(3x)[(xea)A Y(x, a, b,...)]}
Then for some fe &, I'k(fea)AY(f, a,b,...). ae&,, so by theorem
5.4 there is a ge &, such that 'k (f=g) A (g €a). By weak substitutivity
of equality 'k~ ~ Y(g, a, b, ...). But Yisstableso I' Y(g, a, b,...). Now
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by dominance
Ik,(9gea)nY(g,a,b,...),
Ie,(3x)[(xea) A Y(x,a, b,...)].

Hence I'k, X(a, b, ...).
We define the following formula abbreviations:

y=0 for ~(3x)(xey),

Pey for (Ix)(xey Ax=0),

y=x' for ~(@Gw) ~[wey=(wexvw=x)],
xX'ey for (Iw)(wey A w=x'),

wcSy for ~~(@ey)A~(3Ix)~[xeyox'ey],

x={y,z} for ~@Aw)~[wex=(w=yvw=2)],
x=Uy for ~(Hz)~[zex5(3w)(W€y/\ZGW)]'

Theorem 7.4: The above formulas are dominant.
Proof: y=0 and Qey are directly by theorem 7.3.
y=x'1s equivalent to the conjunction of the following two formulas:

~(3w) [wey A ~(wex v w=1x)],
~(@w) ~[(wex vw=x)owey].

The dominance of the first is by the above theorem. That of the second
is simple to show.
In a similar fashion the remaining formulas follow, making use of

b~ (3%) ~[X(x) 2 Y(x)] =~ (3x) [X (x) A ~ Y (¥)]
and

Fi~(@x) ~[X(x)=Y(x)]=~(3x) ~[X(x) 2 Y(x)] A
~ (@) ~ [Y(3)> X ()]

§ 8. Axiom of extensionality

Theorem 8.1: The following is valid in ¥, £, F, &):
~@@x)(3y) ~{~ (Ow) ~[wex =wey] >~ (3z) ~[xez = yez]}

In addition it is valid in every model (%, &, k,, ¥).
Proof: For any I'e¥ and any f, ge ¥, if 'k (f=g), by weak substi-
tutivity of equality, I'F ~ (fed)= ~ (ged). But this holds forevery de &,
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so T'E(Vz)[~ (fez)=~(gez)], and by intuitionistic logic I'F~ (32)
~[fez=gez]. Thus the result follows. (The same proof also works for
every o.)

§ 9. Null set axiom
Theorem 9.1: The following is valid in <%, %, F, ¥

(@x) ~(Fy) (vex).

In addition it is valid in any model <%, %, k,, <,> for a>0,

Proof: Suppose we show the formula is valid in (%, Z, ¥, &,). If
re% rk,(3x)~(3y) (yex), so for some fe S, I'k;~@3y) (yef),ie.
I'Ey f=0. The result then follows by dominance of x=9.

Let X (x) be the formula ~ (x=x). There is an fye %, — %,. We claim
forany 'e¥ I'E,~(3y) (yefx). Suppose otherwise I' ¥ ; ~ (y) (ye fx)-
Then for some I'* I'*F,(3y) (yefy). For some de ¥, I'*F, (defy). By
theorem 5.4 there is an ee, such that I'*F, (d=e)A (e€fy). Since
I'*k, (eefy), by definition I'*FoX(e), i.e. I*Fo~ ~(Ix)~(xce=xee)
which is not possible by intuitionistic logic.

§ 10. Unordered pairs axiom

Theorem 10.1: The following is valid in the class model and in any limit
model:
~@x)3FY) ~3F2) ~@Aw) ~[wez=(w=x vw=y)].

Proof: If we show that for any f, ge ¥, there is an he ¥, —F,
such that A= {f, g} is valid in (¥, #, k.1, F+1)> the result will follow
by dominance of x={y, z}.

Let f,ge<,. Let X(x) be the formula (x=f)Vv (x=g). There is an
hx€F i1 —F 4 We show hy={f, g} is valid in (¥, &, F, 41, La+1)- Let
re%.

Suppose I'*Fk,.,(achy). Then there is some be, such that
I'*k,.(a=b)A(behy). SinceI'*F, 1 (behy), I*F,X(b). I'*k,(b=f)V
(b=g). By dominance I'*k,.,(b=f)Vv(b=g). But I'*F,.,(a=b), so
by intuitionistic logic I'*F,, (@=f)V (a=g). Thus 'k, ., (Vx) (xehy>
(x=fvx=g)).

Conversely suppose I'*F, ., (a=f) v (a=g). Theneither'*k,,, (a=f")
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or I'*k, ., (a=g). Say I'*F, ., (a=f). It is trivial to show I'*k,,,(fehy)
so by weak substitutivity of equality I'*F,,,~ ~(a€hy). Thus
T'E,1(Vx) ((x=f vx=g)> ~ ~xehy). The result follows easily.

§ 11. Union axiom

Theorem 11.1: The following is valid in the class model and in any limit
model:

~(Ax)~Ay) ~(32) ~[zey =(3w) (zew A wex)].

Proof: If we show that for any fe &, there is a ge ¥, — <, such
that g= fis valid in ¥, &, F,,,, Lz+1), the result will follow by
dominance of x= y.

Let fe¥,. Let X(x) be the formula (Iw) (xewAwef). There is a
Ix€EFLu+1— L We claim gx=\J fis valid in (¥, &, F,+1, Fur1). Let
re¥.

Suppose I'*F,,,(3w) (hewawef). Then for some ke¥,,,
T*E, ., (hek)Aa(kef). Since I'*F,.,(kef), there is some t€%,
such that I'*k,.,(k=t)A(tef). By weak substitutivity of equality
I'*E,,,~~(het). Thus for every I'** there is a I'*** such that
r***k . (het).Butte &, so thereisan se ¥, suchthat F***E, . (s=h) A
(set). But I'***k_ . (hek)A(kef) and T'***E,,(s=h)A(k=t), so
r***g . ~~[(set)a(tef)]. Now s,t,fes,, so by dominance
r***g ~~[(set)A(tef)]. I'***E,(Iw)~ ~[(sew) A (wef)]. By intui-
tionistic logic, I'***k,~ ~(3w) [sew A we f], that is T'***F, ~ ~X(s),
80 I'***E .~ ~(segy). But I'***E_ . (s=h), so T'***k,,,~ ~(hegy).
Thus for every I'** there is a I'*** such that I'***k,,; ~ ~(hegy). Then
I'*E,,,~ ~(hegy). So we have shown

Tk, (VX)[(Aw) (xew A wef) o ~~ xegy].

Conversely suppose I'*k, ., (hegy). There is some k€&, such that
I*k, i (h=k)A(kegy). So I'*E,X(k) or I'*F,(3w) (kew Awef). For
some te¥, I'*k,(ket)A(tef). By dominance I'*F, ., (ket)A(tef).
I*k, .1 (3w) (kewAwef), hence T'*F iy~ ~(3w) (hewAwef).

So we have shown

Tkpey (V) [x€gyx > ~ ~ (3W) (xew A wef)]

The result follows easily.
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§ 12. Axiom of infinity

Theorem 12.1: The following is valid in (%, %k, &%) and in
{9, R, E, L fora>w:
3Ax)[0ex A ~(Fy) ~(yex > y'ex)].

Proof: If we show thereis an fe %, ., — %, such that w < fis valid in
{9, R, E,+1, L0w+1y, the result will follow by dominance of w S x.
Let X(x) be the formula

~ (@)~ {{~@2) ~(zey = Z'ey) ADey] = xe}.

There is an fy€ ¥ 4+1— L We claim w S fy is valid in
{9, R, FEy+1, Lw+1)- This follows from the next four lemmas:

Lemma 12.2: If T'F, f=0Ag=0then 'k, f=g.
Proof: Tk,~(3x) (xef)A ~(3x)(xeg) so by intuitionistic logic
TE,~(Ax)~(xef=xeg), 'k, f=4g.

Lemma 12.3: Tk ., 0€ fx.
Proof: By the results of § 9 for some ge ¥, I'k,g=0. Suppose for
some I'*
I*k, ~Az) ~(zek> 2'ek) A Dek.
Then I'*F,Qek, that is I'*F,(3w) (w=0Awek), so for some se¥,
I'*E,s=0Asek. Bylemma 12.2 I'*F_ s=g, so I'*F,~ ~(gek). We have

shown
Te,(Vx) {{~(3z) ~(zex>z'ex) APex] o> ~~(gex)}
or equivalently
Ik, ~@x)~{{~@z) ~(zex>z'ex) A Pex] o gex},
Ir'k,X(9),
r ':m+1 g EfX'
But I'k,,,9=0, so by definition I'k,, ,, 0€ fx.
Lemma 12.4: If ge &, there is an he &, ., — &, such that h=g’ is valid
iIl <g1 ‘%a '=a+l’ ‘Sp¢+1>'
Proof: Let Y(x) be the formula (xeg)v(x=g). There is an hye
Fae1— F We will show

TEypy ~(@w) ~[wehy =(weg v w=yg)].
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Suppose for some I'* I'*F, ., (s€hy). Then for some te &,

T*E,pi(s=1) A (tehy),
IT'*E, Y (1),

I*k, (teg) v(t=9),
I*k i (teg) v (t=9),

[y ~~((s€g) v (s=9)),
SO

Tkpry ~@w) ~[wehy > (weg v w=g)].

Conversely suppose I'*k,,(s€g) v (s=g). We have two cases:
(1). T*E,,,(seg). Since ge &, there is some t€ ¥, such that

I'*k, . (s=1) n(teg),
I'*k,(teg),
r*r,(teg) v (t=9),
I'*E, Y (1),
F*l:a+l(tEhY)’
IT*E,yq ~~(sehy).

(2). I'*k, (s =g). Since trivially I'*F,,,(g€hy),

r* F¢+1 (9 ~(S€hy).
Thus we have
FFeyy ~@w) ~[(wegv w=g)>wehy].
Lemma 12.5: If T'k,, ., (g€ fx), then 'k, .1 (9" €fx)-
Proof: Tk, (g€ fx), so there is an he &, such that 'k, ., (g=h) A
(he fx). Since he¥,, for some a<w heS, By lemma 12.4 there is

some k€& 41— F,suchthat 'k, k=H, so by dominance 'k k=H'.
But also 'k, ., (hefy), TE, X (h), so

Fe,~@y)~{{~@z) ~(zey>z'ey) A Dey] > hey}.
By intuitionistic logic it follows that
Fk~@y) ~{[~@2) ~(zey> 7 €3) ADey] > key},

that is Tk, X(k), T'Fy4q(kefy). But 'k, k=h, so by definition
F’:w+1hlefx'
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§ 13. Axiom of regularity

Theorem 13.1: The following is valid in all models:
~@@Ax) ~{(3y) (yex) >(3y) [yex A ~(3z) (zex A zey)]}.

Proof: All the elements of the class & are functions. We have assumed
&, is well-founded by the relation xedomain (y). It then follows that & is
also well-founded by xedomain (y).

The formula

~~{Ay)(yex)2@Fy) [yex A ~(Fz) (zex A zey)]} *)

is equivalent to

~{@y) (vex) A~@@y) [yex A ~(3z) (zex A zey)]}

which is obviously dominant.
Suppose fe ¥, and I'k,(Iy) (yeSf). Then for some ge #,, ['E,(ge f).
We claim

Ik, ~~@Qy) [yef A~Q@2) (zef A zey)].

Suppose otherwise. Then there is some I'* such that

Ir*t,~@y)[vef A~@2)(zef A zey)].
We define a set W to be
{x|xe#, andfor some I'** I'**k, (xef)}.

W is not empty since ge W. The relation xedomain(y) well-founds W.
Let s be a “smallest’ element of W. That is, se W, but for no te W is
tedomain(s). Since se W, for some I'** I'**k (se f). We claim

r**k, ~3z)(zef A zes).
Suppose not. Then for some I'***

Ir'***E,(3z) (zef A zes).
Thus for some re %,

r***g (ref) a(res).

Since I'***E, (res), there is some tedomain(s) such that I'***k_ (r=t)A
A(tes). But then I'***k ~ ~(tef), so for some I'****

I"**** I:u(tef),
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so te W, a contradiction. Thus I'**k ,~(3z) (ze f A z€s). But I'** k,(sef)
s0

r**e,(3y) [vef A ~(32) (zef A zey)],

and this contradicts

r*k, ~@y) lyef A ~Q2) (zef A zey)].
Thus

e, ~~@y)vef A ~@3z2)(zef A zey)].

But I' was arbitrary. We have shown that for each fe.&, the following
is valid in <9, &, k,, &)

@A) yef)o~~@y)[yvef A ~@@2)(zef A zey)].

The theorem now follows by the dominance of (x).

§ 14. Definability of the models

One of our initial assumptions was that (¥, #, ko, Foy€V. The defi-
nition of the sequence was an inductive definition. It should be clear that
the definition can be carried out in V itself. That is, not only is
9,2k, .oV for each aeV, but moreover

Theorem 14.1: There is a formula F(x, y) over V which defines the
sequence of <%, &, F,, #,>. That is, for x, yeV F(x, y) is true over V
if and only if x is some ordinal & and y is {9, %, F,, ¥,). (In fact
F(x, y) can be absolute, as should be obvious.)

Of course (%9, %, F, &) is not in V, since, in particular, & is not a set.
But we do have

Theorem 14.2: Let X (x,,..., x,) be any formula with no constants and
no universal quantifiers. There is a (classical) formula Ry (z, xy, ..., X,)
with constants from ¥V such that for any I'e¥ and cy,..., c,e¥,
T'EX(cy ..., ¢,) if and only if Ry (T, ¢y, ..., ¢,) is true over V.

Proof: By induction on the degree of X. Suppose X is atomic, (xey).
Let Ry (z, x, y) be the formula

ze9 A (o) (ordinal (a) A x€ Py A Y€, A 2F,(x€Y))
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(where we have used the obvious abbreviations allowed by the above
theorem).

Suppose X is not atomic but the result is known for all formulas
of lesser degree. If X (xy,..., x,) is Y(xy,.-., x,) v Z(x,,..., X,), by hypo-
thesis there are formulas Ry(w, xy,...,x,) and Rjz(w, x4,..., x,). Let
Rx(w, xy,..., x,) be the formula Ry (W, x,,..., X,)V Rz (W, X, ..., X,).

The case X is Y A Z is similar.

Suppose X(xy,..., X,) is ~Y(x,..., x,). By hypothesis there is a
formula Ry(z, xy,..., x,). Let Rx(z, xi,..., x,) be the formula

~@Aw)(We % A zRW A Ry(W, Xy, ..., X,)).

The case X is Yo Z is similar.
Suppose X (x,, ..., x,) is (3y) Y(», Xy, ..., X,). By hypothesis there is a
formula Ry(w, y, X4, ..., X,). Let Rx(w, x4,..., X,) be the formula

3y) Ax) [ordinal () A ye L, A Ry (W, y, Xq, ..., X,)]-

§ 15. Power set axiom

We wish to show in this section that the power set axiom is valid in
{9, R, k, .

Let ¢, be a fixed element of &. Then for some smallest ordinal «,
co€ L, Thus aq is also fixed. We first want to show that for a fixed
T'e¥ there is a B, such that for any ce.%, if I'k(c<c,), there is some
de &4, such that I'k (c=d). After showing this we will show that in fact
there is one B, which will do for all 'e¥%.

For the above fixed ¢y, oy and I', for ¢;, ¢, €% suchthat I'k (¢; Sco) A
(c,=co), if for all I'* and for all te &,

r*e((tec,) = (tecy)),

then I'k (c; =c¢,). The proof is as follows:

Suppose for some I'* and some he S TI'*k(hec,). Since I'k(c, Sc¢p)
I'*E~ ~(hecy). Then for any I'** there is a I'*** such that I'*** £ (hec,).
But co€.F,, so there is some t€.%,, such that I***E(h=t)A (tec,).
Since TI'***k(hec,), I'***E~ ~(tec,). Now by hypothesis, since
teLy, I'*™**E~~(tec,); so I'**E~ ~(hec,). Thus T*E~~(hec,).
We have shown I'kF(Vx)(xec, >~ ~x€c,) or T'k(c;Sc,). Similarly
TE(c,sc)).
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Thus (speaking intuitively) to decide if two subsets of ¢ are equal at
I' we can confine ourselves to elements of &, provided we look at all I'*.

Now let P be the collection of all elements ce & such that I'F (c S¢,).
We define (intuitively) a function U on P by

U(c)={KI'*, 1) |te#,, and I*k(tec)}.

By the above result, for ¢, c,€P, if U(c,)= U(c,), then 'k (c;=cy).

Let B be therange of Uon P. U:P- Bisa function but not one-to-one.
So we cut down its domain to a new domain P’ on which U is one-to-one.
Thus for ueB, for U ~!(u) choose some single element x from the class
of all yeP such that U(y)=u. Let P'={U"'(u)| ueB}. Let U’ be U
restricted to P’. Then U’ is an isomorphism between P’ and B.

Suppose we could show for some f,e V' P’ ¥y, Then if ce# and
FE(cscy), ceP, so there is some deP’ such that U(c)=U(d), so
T'k(c=d) and de #;,. Thus we would have the desired result. We now
show P'c &  for some foeV.

Lemma 15.1: There is a formula F(x) over V such that xeP iff F(x) is
true over V.

Proof: Let R (z, x, y) be the formula defining zF(x<y) as given in
the last section. Let F(x) be R (T, x, ¢o).

Lemma 15.2: There is a formula G(x, y) over V such that yeU(x) iff
G (x, ) is true over V.
Proof: Let R.(Z, x, y) be the formula defining Z F (xey). Let G(x, y) be

Fx)a@r,s)[y=<, s> Areb AnseF,, ATRr AR(r, 5, X)].

Lemma 15.3: For any ce& U(c)eP(9x &, )eV. (P(x) is the power
set of x in V)
Proof: U(c) is a subset of ¥ x &, €V (and is defined by G(c, x)).

Lemma 15.4: BeV.
Proof: By lemma 15.4 {U(x)| xe &} is a subset of P(¥x &, )eV.
(Itis a definable subset, defined by

(3%) (ordinal (@) A (3c) (ce LA G (c, X)) ).

Lemma 15.5: There is a formula H(x, y) such that xey, for y a subset
of &, if and only if H(x, y) is true over V (that is, a choice function).
Proof: That & can be well ordered in 'V is straightforward.
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Theorem 15.6: P’'< &, for some B,eV.

Proof: The function U~ (u) can be defined by: U ™! (u) is that x such
that H(x, y) where y={zeP | U(z)=U(u)}, which can be formalized.
Now P’ is the range of U~ !(u) on B. By the axiom of substitution in ¥
P’eV. Hence P’ = &, for some BV, since P'c & and & is a class.

Thus we have our first assertion. We have written it out fairly completely
as illustration. From now we will only indicate the steps.

Above, for fixed I' we produced an appropriate f,. But the procedure
can itself be defined over V. Since ¥eV, by the axiom of substitution
again, there is a maximum f,e ¥ which works for all 'e%. Thus we have
shown:

There is a Boe V such that for any ce & and any I'e ¥, if I'E(cScy),
then for some de ¥y, I'k(c=d).

Now we can show the following, from which the power set axiom
follows, since ¢, was arbitrary:

Theorem 15.7: The following is valid in (¥, &, F, &>

() ~(3F2) ~[(zey) = (z = )]

Proof: Let X(x) be the formula (x=c,), with coe&,,. Let B, be as
above, and let y=max (o, fo). Then ye V. Consider fye %, —<,. We
claim ~(3z)~[(zefy)=(z<=¢c,)] is valid.

LetI'e % and suppose I'* f ~ (he fx). Thenforsome I'** I'**k (hefy),
so there is some te&, such that I'**k (t=h)A (tefx). By dominance
I**E, .1 (tefy), I'**E,X(1), so I'**F,(t=c,), by permanence I'**F
(t=co). Thus I'** E~ ~(hSc,), so I'*W ~ (h=c,). We have shown

TE(Yx) [~ (h € ¢o) 2~ (hefyx)]

'k~ (3x) ~[(hefx) > (h < )]

Conversely suppose I'* ¥ ~(h<c,). Then for some I'** I'*E(hsc,).
There is some te ¥, such that I'**E(h=t). So I'**F ((t=c,) (x<y is
stable.) By dominance

or equivalently,

I*E. (t < c),

**E X(1),
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r**k,. (tefx),
Ir**k(tefy),
I**k~~(hefy).
Thus I'* f ~ (he fy).
We have shown
TEX) [~ (hefn) = ~(h S c)],
or equivalently
Tk~@3h) ~[(h=co) = (hef)],

and the theorem follows.

Remark 15.8: Above we obtained f, by two applications of the axiom
of substitution. These could have been combined into one step as in
Cohen [3]. This proof was based on that one, which followed a suggestion
of Solovay. We find this two step approach more intuitive, but the treat-
ment in Cohen is more elegant.

§ 16. X-equivalence

Definition 16.1: Let X be a formula with no universal quantifiers and
allconstantsin .¥,. Wecall{¥%, £, k,, &,> X-equivalentto{¥9, &, F, &>
if for every Y which is an instance of a subformula of X with all constants
in &#,, for any I'e¥

e, Y« TEY,

Theorem 16.2: Let X be as above, with all its constants in #,. There is
an ordinal BeV, a<p, such that (¥, &, k;, &) is X-equivalent to
(9, R,F, &).

We spend the rest of the section proving this.

Definition 16.3: Let fe ¥V and X be a formula with all its constants in
&5. We call X (for this section only) B-dominant if for any I'e 9

Fe; X< TEX.

Lemma 16.4: Any atomic formula over & is p-dominant. If X and Y
are f-dominant, so are ~X, (XvY), (XAY)and (X27).
Proof: Straightforward.
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Lemma 16.5: Suppose for every ac¥,; X(a) is p-dominant. Then if
T'Eg(3x) X(x), T'k(E3x) X(x).

Proof: T'kg(3x) X(x) implies I' FpX (a) for somg a€#;. By hypothesis
Ik X(a), so 'k (3x) X(x).

Now for the proof of the theorem. Recall X is a formula over .#,. There
are only a finite number of formulas V), ¥,,..., Y, with free variables but
no constants, such that every subformula of X is an instance of some Y,.
By theorem 14.2 there are formulas Ry,, Ry,,..., Ry, over V such that

TEY(cy,...,c) <> Ry, (T, €45 .. €1)
is true over V.

We define informally a sequence in V. Using the above Ry, the
sequence can be formally defined over V. We note again that there is a
formula over ¥ which well-orders the class %.

Let Do =¥ ,. Suppose we have defined D,,, which is some &, for feV.
D,, can be well-ordered in V, so all subformulas of X with constants from
D,, and of the form (3x) Z(x) can be well-ordered (isomorphically) in V.
If (3x) Z(x) is a subformula of X and has all its constants from D,,, and
if there is a I'e¥ such that I'k (3x) Z(x), for some ce¥ TkFZ(c).
Choose the smallest ¢ in the well-ordering of & such that I'k Z(c). Let
K, ., be D, together with all such ¢. K, ., can be defined as the range
of a function, definable over V', whose domain is the collection of ordered
pairs {x, y)» where xe¥ and y is a formula of the form (3Ix) Z(x), a
subformula of X over D,,. This domain is a set, hence K, .., is a set. But
K, .1 =% Thus thereis aleastye Vsuchthat K, ,, =< ,. Let D, =&,.

In this way, we define the sequence Do, D,, D,, ... But this sequence
can be defined formally over V. Thus | D, is an element of V. But by
the definition | D, must be some &, for fe ¥V (since D, =D, . ,).

We have produced an #4eV, a<f. We claim (¥, &, kg, &) is X-
equivalent to {9, %, E, &¥). That is, for Y any subformula of X with
constants from &,

Tk Y<>TEY.

The proof is by induction on the degree of Y. All the cases but one are
immediate by the above lemmas. The only non-trivial case is the follow-
ing. Suppose (3x) Z(x) is a subformula of X, has all its constants in &,
and I'F(3x) Z(x). All the constants of (3x) Z(x) lie in |J D,, but there
are only finitely many, so for some integer k, all the constants of
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(3x) Z(x) lie in D,. By definition there is a ceDy,; S ¥, such that
'k Z(c). By induction hypothesis I' k; Z (c), so I'k 5(3x) Z(x).

§ 17. Axiom of substitution

As we did for the power set axiom, we wish to show the axiom of sub-
stitution is valid over (¥, Z, k, ¥). The proof is essentially that of [3].

Let X(x, y) be a formula with no universal quantifiers, and constants
from %, which defines a function at I', that is, such that

Fe~Q@Ex)~@1y) X(x,),
where (3!y) Z(y) abbreviates
@A ZG) A ~E)(ZW) A ~(w=)].

Let ¢, be a fixed element of %. Let o, be the smallest ordinal such
that cpe £, .. We want to show there is some fe% such that

Fe~@x) ~[xef =@@w)(weco A X(w, x))].

That is, roughly, f is the range of X on ¢, at I'.

By § 14 there is a formula Ry (z, x, ¥) over V such that 4k~ ~ X (x, y)
iff Rx(4, x, y) is true over V.

Let g(4,c) be the smallest ordinal f such that for some c'e %,
4k~ ~X(c, ¢) if there is such, and O otherwise; g is definable over ¥V
(using Ry).

Since apeV, ¥ x &, €V. By the axiom of substitution in V, the range
of g on ¥x&,, is a set in V. Thus also |J(range g on ¥ x &, )eV.
Let B, be this union. Then B, is an ordinal, B,eV.

Lemma 17.1: Suppose I'*E(3x) (xeco A X(x, d)). Then there is some
c’'e ¥y, such that I'*E (¢’ =d).
Proof: I'*E(3x) (xeco A X(x,d)) so for some ceS
I'*E(cecy) A X(c, d).

Co€F,, SO there is some te&,, such that I'*F(fecy)A (t=c). Hence
I'*E~ ~X(t, d). Now {I'*, t )edomain(g), so by definition g (I'*, t)< .
Thus there is some ¢'€ ¥, such that I'*F~ ~X (¢, ¢’). But

M*k~~X(t,d) and T*F~@)~@D)X(xY),
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so by intuitionistic logic
I'*E(c' =4d)
((x=y) is stable).

Let ¢ (x) be the formula (Iw) [wec, A X(w, x)]. There are only a finite
number of constants in ¢ (x) (recall that X may have constants), hence
all lie in some &, (take y>f,). By theorem 16.2 there is some deV,
<0, such that {¥, £, k;, &¥;> is p-equivalent to {¥, &, k, &¥).

Since ¢ is a formula over &,, ¢ is also a formula over ;. Thus it
defines a function f,€ &5, — &5 We claim

TE~@x) ~[xef, =(@w) (weco A X (w, x))],

which is what we wanted. We now proceed with the proof.

Suppose I'*f ~(cef,). Then for some I'** I'**k(cef,). Since
Jo€L 51— s, there is some de ¥ ;5 such that I'**F (c=d) A (def,). By
dominance I'**k;y,(def,). I'**F;o(d), But (%, R,k;, L) is o¢-
equivalent to {¥9, &, k, &) hence

I'**k¢(d),

I'*E~~9(c),

r*¢ ~o(c,

I'*fF ~(3w)(weco A X (W, €)).

Thus we have shown
TE(Vx)[~(Aw) (weeo A X (W, x)) 2 ~(x€f,)]-
Conversely suppose I'* f ~(Iw) (wecoh X(w, c)). Then for some I'**
I**E(3w) (weeo A X (W, 0)).

By the above lemma, there is some c¢'€%,, such that I'**E(c’'=c).
Hence I'**F~ ~(3w)(wecoA X(w,c’)), that is, I'**E~~¢(c’). But
CeFp, =S, E S5 and{¥9, &, k,, S is p-equivalent to (¥, £, F, &),
hence

I E; ~~o(c),

¥k ~~(Cefy),

'™k~~~ (cefy,).
But

I'"™g(d=c),
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SO
[**E~~(cefy)s
I*f ~(cef,).
We have shown
FE(Vx)[~(xefy) > ~@Aw)(weco A X(w, x))].

The assertion now follows.



CHAPTER 8

INDEPENDENCE OF THE
AXIOM OF CHOICE

§ 1. The specific model

The model given here is adapted from the one of Cohen [3]. We have
changed it from showing directly that there is an infinite set with no
countable subset to showing directly that there is a set with no choice
function. The change was made because the notion of countability
requires much more machinery in these models. See [3, p. 136] for a
brief introduction to the model.

Following ch.7§ 3, a sequence of models and a class model are
defined if the Oth model is fixed. We now define a specific (¥, £, kg, Fo).
All the work is relative to a classical.model V.

Let e be some formal symbol. By a forcing condition we mean a finite
consistent set I' of statements of the form (nem) and ~ (nem)
(n=0,m>1). ((nem) can be some ordered triple in V, say {n, 0, m).
Anything convenient. Similarly ~ (nem) can be some other triple, say
{(n, 1, m). We have written it like this for reading ease.) Let ¥ be the
collection of all forcing conditions, and let £ be set inclusion <.

Before defining %, we define the following partition of the integers:

I,={1,3,5,7,...},
I,=1{2,6,10,14,...},
I, ={4,12,20,28,...},
etc.

in general
L={2"Qk+1)|k=0,1,2,...}.
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This partition has the properties that each I, is infinite, and if ne I, n>m.
Now we define &,. It consists of the functions

0,1,2,..., 5(, 82,830y Loy bystayenes T,

whose definitions are the following: o~
For each integer » the function # has domain {ﬁ, 1,...,n— 1}, and for
k<n,

ak)y=9.
Each s, has as domain {0, 1, 2,...} and
s,(m)={re% | (men)erl}.
Each ¢, has as domain {s,, s, 53,...} and

(o= {

T has as domain {to, t, t,,...} and

g if mel,,
@ otherwise.

T (tn) =9.
From this technical definition F, for atomic formulas becomes

T'Eq(men) if m<n,
I'ky(rhes,) iff (men)el,
T'Ey(sq€t,) iff mel,
TEo(t,eT).

We now examine the five properties of ch. 7§ 3. (1), (2), (3) and (5)
are trivial. (4) is satisfied in the very strong sense that for any I'e ¥ and
any a, be %, if

ey ~(3x) ~[xea =xeb],

then a and b are the same function. This is proved by examining the
various possible choices for @ and b. We show only the most difficult case
and leave the rest to the reader.

Theorem 1.1: If m#n, ~(s,=s,) is valid in {¥, &, ko, L o).

Proof: We show foranyI'e ¥ T} ,(s,,=s,). Suppose I kg (sn=s,) for
some I'e¥. Since I' is a forcing condition, it is finite, so we may choose
an integer k such that neither (kem), ~(kem), (ken), ~ (ken) belong
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toI. Let A be I'u {(kem), ~ (ken)}. Then 4€¥ and I' 24. By definition
4% (kes,). Since AFy~(Ix)~(xes,=xes,), by intuitionistic logic
Ak~ ~(kes,). Then for some 4* A*F,(kes,), which means (ken)e 4*.
But ~ (ken)ed*, a contradiction.

Thus allfive conditions are met so the resulting class model (¢, £, F, &)
is an intuitionistic ZF model.

§ 2. Symmetries

Let G be the collection of all permutations #n of integers such that =
permutes the elements of one I, and is the identity on all I, for msn.
We may extend any ne G to & as follows:

n(R) = A,
7 (5,) = Sxm>
ﬂ(t") = tn’
a(T)=T.

Let X be the formula X(x,c,,...,c,) Where n has been defined for
Cp--s Gy Let m(X) be X(x,7m(cy),...,n(c,) If fx€Lpi1—F 0 let
7(fx) be fexy. Thus = is extended to &. We also extend = to ¢ by

(nem)er <> (nen(m))en(l),
~(nem)el <> ~(nen(m))en(l).

We note that I'e¥ implies (e ¥.

Theorem 2.1: For any formula X with all constants in &, with no
universal quantifiers, any I'e ¥, and any neG

e, X <> n(I)k,n(X),
and
reX < a(lkn(X).

Proof: A straightforward induction on a and the degree of X.

Definition 2.2: Let N be some collection of integers. By Gy we mean the
subset of G leaving N invariant.

Lemma 2.3: Let fe%. There is a finite set N of integers such that if
nEGNs n(f)=f:
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Proof: If fe %y, we have two cases. If f is not some s,, let N=0. If
fis s, let N={n}.

Suppose the result is known for all ge &,. Let f€ F 41 — F,. Then f is
fx for some X(x, ¢y, ..., €,), where ¢y, ..., c,€ %,. By hypothesis there are
finite sets Nj,..., N, of integers such that if neGy, n(c,)=c. Let
N=N,uU--UN,. Then if n€Gy, n(fx)=/fox)=rx

§ 3. Functions

We introduce the following formula abbreviations:

x=(y,z) for ~~ (3w)[wexaw={y, z} Ax={y,wil,
{x,yyez for (Aw)[wezAaw={x,p>],
ordpr(x) for ~ (3y)~[yex>3z) (Aw) (y=<z, w))],
relation(x) for ~ (3y)~ [yex>ordpr(y)],
function(x) for relation(x) A ~(3y) (3z) (3u) Q)
~ [y, 2)ex Alu,vdexAy=u)>z=1v],
domain(x)=y for ~ (3z) (Aw)~ [{z, wyex>zey] A

~(3z) ~ [zey = (3w) Kz, whex)].

Theorem 3.1: All the above formulas are dominant.

§ 4. Axiom of choice

Let AC(T) be the formula
(3x) { function(x) A domain(x)=T A
~(3y)~ [yeT > (3z) (zey A <y, 2)ex)]}.

That is, AC(T) says that T has a choice function. In this section we show
that ~AC(T)isvalidin{¥, &, F, &).Infact,itisvalidin<{¥, &, k,, &>
for every «; the same proof holds for each case.

We first show a preliminary

Lemma 4.1: If fe ¥ and T'k(fet,) then for some mel,
TE,(f =58p)-
Proof: I'k(fet,) so there is some bedomain(t,) such that
TE(f =b) A (bet,).
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Now suppose there is some I'e¥ such that 'k AC(T). Then for some
Fe2Z,

Tk function(F) A domain(F)=T A
~@3y)~[yeT=(3z) (zey A {y, 2)eF)].

There is a finite set N of integers such that if neGy, n(F)=F. Let
n=1+maxAN.

Fre~@3y)~[yeT >3z)(zey Ay, z)eF)]
and I'k(t,€T) hence
F'E~~(32)(zet, A {t,, 2)€EF).
Then for some I'*
'I*k(3z) (zet, A L, 2)EF).
For some ae %
I*k(aet,) A (t,,a)€eF.

By the above lemma, for some mel,, I'*F(x=s,). Hence
I*e~ ~(<tm sm>EF);

so for some I'**, I'**E(t,, S,y€eF.

Now mel,, so m>n=1+maxN, hence m¢N. Choose an integer k>n
such that k#m and neither (pek) nor ~(pek) belongs to I'** for any
integer p, but kel,. (I'** is finite but I, is infinite, so this is possible.)
Let n be the permutation n(m)=k, n(k)=m, on all other integers = is
the identity. Since m, k¢ N, ne Gy. Now

n(T**)E n({ty, Smy€F),

n(M**)k (n(ty), n(sn)>en(F),
n(C**)E e, sy €eF.

But A=I**y n(I'**) is itself a forcing condition. It is finite, and since
I'** and = (I'**) must be the same except for statements involving m and
k, and m is not (a second element of any statement) in n(I'**) and k is
not in I'**, n(I'**) and I'** are compatible. Thus A€ % and I'**%4
and n(I'**)%4. So

A kfunction F,
(since I'F functionF)

Ak, s, 0€EF,

AE L, s, )EF.
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It then follows by intuitionistic logic that

Ab~~ (5, =5),
or since (x=y) is stable,

AE(Sp=50)-
But m#k, contradicting theorem 1.1. Thus for all 'e ¥
T AC(T),
)
'k ~AC(T).

As we showed in ch. 7§ 1 the axiom of choice is now classically inde-
pendent.



CHAPTER 9

ORDINALS AND CARDINALS

§ 1. Definitions

Continuing ch. 8 § 3 we introduce the following formula abbreviations:
range(x)=y for ~ (3z) Aw)~ [{z, wDex D> wey] A
~ 3w) ~ [wey > (32) {z, w)ex],
1-1(x) for ~(3y) (3z) (u) (Iv)
~ [y, z)ex Alu,v)ex Az=v)Dy=u]
trans(x) for ~(3y) (32)~[(yex A zey) > zex],
ordered(x) for ~ (3y)(Az)~[(yex A zex)>(y=zvyezvzey)l,
welord(x) for ordered(x) A ~(3y)~{[y<=x A (32)(zey)]>
(Aw) [wey A ~ (Fu) ~ (uey > (weu v w=1u))]},
ordinal(x) for trans(x) A welord(x).

Theorem 1.1: All of the above formulas are dominant.

The proof is again primarily an application of ch. 7 § 7.

§ 2. Some properties of ordinals

In this section we establish some useful analogues of classical theorems.
We use a method of proof which we call a classical-intuitionistic argu-
ment. Rather than stating it generally, we illustrate its use by writing out
in full the first proof below.
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Theorem 2.1: ~ (3x)~ (ordered(x)=welord(x))is valid over<{¥, %, k, &)
(and by dominance, over any (¥, &, k,, ).
Proof: 1t is a standard classical result that

ZF, axiom of regularity \ ~ (3x) ~ (ordered(x) = welord(x)).
So for some finite subset of ZF with no universal quantifiers

Fo(Ay A+ A A, A axiom of regularity)
S ~ (Ix) ~ (ordered(x) = welord(x)).

By the results of ch. 4 § 8 together with

H~~r(X2Y)=(XD~~Y)
and
bi~v~saX=~X
we have

Fi(A; A+ A A, A axiom of regularity) >
~ (3x) ~ (ordered(x) = welord(x)).

Since (¥, #, F, &) is an intuitionistic ZF model, ~ (3x)~ (ordered(x)
=welord(x)) is valid.

Theorem 2.2: If I'Fordinal(f) and I'kge f then Ik ordinal (g).
Proof: By a classical-intuitionistic argument we have:

~ (3x) (3y) ~ [(ordinal(x) A yex) > ordinal(y)]
is valid in <%, £, F, &). Theresult now follows by stability of ordinal (y).
Theorem 2.3: If I'k ordinal ( f) A ordinal (g) then
F'e~~(fegv f=gvgef).

§ 3. General ordinal representatives

We define inductively representatives for the classical ordinals. Later we
discuss their existence and uniqueness.

Definition 3.1: Suppose we have defined general representatives in & for
all ordinals g <a. We call f€ % a general representative of the ordinal « if
(1). if g represents an ordinal <, (gef) is valid in (¥, &, F, &),
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(2). if I'E(hef), there is some I'*, some f<a, and some g€& which
represents f8, such that I'*k (g=h).

Theorem 3.2: If fe% is a general representative of some ordinal,
ordinal(f)is valid in (¥, &, k, &).

Proof: Suppose f represents the ordinal o and the result is known for
all representatives of ordinals f <a. We have three facts to show.

L trans(f)is valid in <9, £, k, &)
Suppose I'k(aef)A(bea). Then for any I'* I'*F (aef)A (bea). By
property (2) there is some a’'€.% which represents f<a and some I'**
such that I'**¥ (a=a’). Thus I'**F ~ ~ (bea’). There is some I'*** such
that I'***E(bea’). Again by property (2) there is some b €% which
represents y<f8 and some I'**** such that I'****k (b=5). By property
(1) T****E(b'e f), hence I'****E~ ~(bef). Thus for any I'* there is
some 4 (=I****)suchthat [*Z4and Ak ~ ~ (be f). Thus 'k~ ~ (be f).
Since I' was arbitrary, trans( f) is valid.

IL. ordered(f)is valid in (9, &, k, &>
Suppose 'k (aef) A (bef).Forany I'*, I'*k(aef)A (bef). By proper-
ty (2), there is some I'** and some d’, b'e€ % such that a’ represents
and b’ represents y where f<a, y<a, and I'**k(a=a’)A (b=b"). By
hypothesis I'**Fordinal(a’) A ordinal(b’). By theorem 2.3

I**k~~(deb va =bvbea).
So
I'*E~~(aebva=>bv bea).
Thus as above
T'te~~(aebva=>bv bea).

Again T is arbitrary, so ordered( f) is valid.

IIL. ordinal(f)is valid in <9, %, k, &)
By the above trans(f)Aordered(f) is valid. Then welord(f) is also
valid by theorem 2.1 (welord(x) is stable). Thus ordinal( f) is valid.

Theorem 3.3: If f,ge ¥ are both general representatives of the same
ordinal, (f=g) is valid in (¥, &, k, &).

Proof: Suppose f and g both represent a. If I'k(hef), for any I'*
I'*E(he f). By property (2), there is some I'**, some f<a, and some k
representing B, such that I'**F (h=k). Since g represents « and k re-
presents 8, and f<a, by property (1) I'**k (keg). Thus I'**F ~ ~ (heg),
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so 'k~ ~(heg). Similarly if I'k(heg), 'k~ ~(hef). But I' is arbi-
trary, so the result follows.

§ 4. Canonical ordinal representatives

Again we postpone a discussion of existence.

Definition 4.1: We call fe % a canonical representative of the ordinal o if
(1). fis a general representative of o,
(2). for no gedomain(f) and for no 'e¥ T'kF(f=g),
3). if TE~~(gef), I'k(gef)for gedomain( f).

Theorem 4.2: Suppose fe%,,1—F, is a canonical representative of
some ordinal. Then f'is fx where X(x) is the formula ordinal (x).
Proof: We must show for any ae ¥,

Tk, (aef) iff Ik,ordinal(a).
Suppose I' .14 (a€f). By theorem 3.2 I'kordinal (f), so by theorem 2.2
(and dominance) I k,ordinal(a).

Suppose I'k,ordinal(a). By theorem 32 I'Fordinal(f). So by theo-
rem 2.3 (and dominance)

TeE~~(aef va=fv fea).
Thus, for every I'* there is some I'** such that

I'**k(@ef)v(a=f)v(fea).

If I'**E (f€a), since ae#,, there is some g€, such that I'**F(f=g)
contradicting part (2) of the above definition. Similarly I'** f f=a. Thus
I'**k(aef). So 'k~ ~(aef), and by part (3) above 'k (aef). Now
by dominance I'k ., (a€f).

§ 5. Ordinalized models

We give a condition on our model (actually on (¥, £, ko, &,») which
will insure existence and uniqueness of canonical representatives for the
ordinals.

We call (9, &, k, &) ordinalized if

(1). no ordinal has more than one canonical representative in &,
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(). if fe# and I'Fordinal(f) for some I'e¥, then there is some I'*

and some he %, which is a canonical representative of an ordinal,
such that I'*k (f=h).

Remark 5.1: By dominance, whether (¥, %, k, &) is ordinalized can
be decided by considering only <%, £, ko, %0).

Theorem 5.2: If (¥, Z,k, &) is ordinalized and f,ge¥ are both
canonical representatives for the same ordinal, f and g are identical.
Proof: Suppose first that ge &, and fe ¥, — %, By theorem 3.3
(f=g) is valid, contradicting part (2) of definition 4.1. There is a similar
contradiction if fe ¥, and ge %, — %, Thus, either f, ge ¥, or for
some a, f, € Fyy1— F If f, ge Lo, by part (1) of the above definition
they are identical. If f, g€ ¥+, — %, they are identical by theorem 4.2

Thus if an ordinal has any canonical representatives, it has only one.
From now on, by representative we will mean canonical representative,
and we will denote the representative of a, if it exists, by &.

We give the following temporary definition. We say eV has the
representative property provided: if o is the smallest ordinal not repre-
sentable by an element of &, « is representable by an element of ., ;.
In other words, B has the representative property provided: if for all
7<0, 9€F;, but 8¢S, then ke L5, — F.

Lemma 5.3: If {9, Z, k, &) is ordinalized and if all ordinals <f have
the representative property, so does f.

Proof: Let a be the smallest ordinal not representable in & ;. We must
show e L, —F.

Let X(x) be the formula ordinal(x), and let fye ¥, — 5. We claim
fxis G.

Suppose I' k(he fx). Then there is some ge &, such that I'k(g=h)A
(g€ fx)- But then I'kz X (g), I'Egordinal(g). We now have three cases.

Suppose f=0. Since {9, %, E, &) is ordinalized, there is some I' * and
some ke, which is an ordinal representative (and by hypothesis, of an
ordinal <a) such that I'*k (k=g). Thus I'*k(k=h).

Suppose B is a successor ordinal. By hypothesis f—1 has the repre-
sentative property. Let y be the smallest ordinal not representable in
&g—y. Then Y€ #5. Now (theorem 3.2)

T'kordinal (9) A ordinal(g),
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so by theorem 2.3
FE~~(gepvg=9vioeg).
Then for some I'*

r*e(ged) v(g=9) v (Peg).

If I'*k (ge9), by definition of 9 there is some I'** and some §<7 such
that I'**E (5=g) and so I'™**F (§=h).

If I'*E(g=9) then I'*E (h=9).

Finally, we can not have I'*k(9eg) for, since ge.#; there is some
ke¥Fs_y such that I'*k(§=k) A (keg). But peFy—F5_; and this
contradicts part (2) of definition 4.1.

Suppose Bis alimit ordinal. Since g€ ¥4, forsomen<f, g€, 11—y
Let y be the smallest ordinal not representablein &,. Then f€ &, 1 — &,
Now proceed as above.

Thus in any case there is an ordinal <a, a representative ¢ of it, and a
4 such that I'#24 and 4k (h=1). Thus fy is a general representative of a.

Next suppose for some ge%, I'k(g=fx). Since fx is a general
representative of «, by theorem 3.2 I'kordinal( fx). Thus I'k ordinal (g),
so by dominance I'k,ordinal(g), I'k,X(g). Thus 'k, ., (g9€fx). Hence
T'k,i1~~(geg), I'k~ ~(geg), contradicting the validity of the axiom
of regularity.

Finally if 'k~ ~(g€ fy) for some g€%,, then I'k, 1~ ~(g€efy). For
every I'* there is some I'** such that I'**F,,, (g€ fx). Or I'**k, X(g).
I'**k,ordinal(g), thus I'k,~ ~ordinal(g). But ordinal(x) is stable so
I'k,ordinal(g), Tk, X(9), T'k,yi(gef).

Thus fy is a canonical representative of a.

Theorem 5.4: Suppose {9, &, kF, &) is ordinalized. Then every ordinal
in V is uniquely representable by an element of %.
Proof: Immediate by lemma 5.3.

Remark 5.5: Although it seems unlikely, it is conceivable that some
ordinal not in ¥ might be representable by an element of %. In fact this
can not happen. Suppose for some y¢V 9e&. For some acV HeL,.
The class of elements of . which are ordinal representatives is definable
over V. The intersection of this class with .#, is a set, i.e. an element of V.
But the relation Ik, (xey) well-orders this set, the relation is in ¥, and
the order type must be y (or greater). Hence ye V.
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Thus exactly the ordinals of V are representable in ordinalized
(G, R, E, .

§ 6. Properties of ordinal representatives

Theorem 6.1: If (¥4, &, F, &) is ordinalized and «, BeV, then if for
some I'e% I'k(&=p), a=p; and if x=p, (&=p) is valid.

Proof: If a< B, by part (1) of definition 3.1, I'E&ep, but if I'k(&=p)
'k~ ~(&€8), contradicting the axiom of regularity. Similarly if f<a.
Thus if 'k(&=p), «=p. The second half is by uniqueness of repre-
sentatives.

Theorem 6.2: If (%, %, k, &> is ordinalized and «, feV, then if for
some I'e¥ I'k(8ep), aef; and if aef, (Qep) is valid.

Proof: If I'k (&ef), by part (2) of definition 3.1 for some I'* and some
y<pB, I'*E(&=4). By theorem 6.1 =y, and yep. If aep, by part (1) of
definition 3.1 (Rep) is valid.

Theorem 6.3: Suppose {9, &, k, &> 1is ordinalized, and for some
I'e¥, I'kordinal(f). Then there is some I'* and some ordinal aeV
such that I'*Fk f=A4.

Proof: fe& so for some B feS,. Let p be the smallest ordinal not
representable in &5 (¥5€V so there must be one). Then 9€ 55, —
(see § S). But 'k ordinal(9). Hence 'k~ ~(fefv f=9v9ef). For some
Ir* Ir*e(feP)v (=9 v @ef).If I'*k fe9, we are done by part (2) of
definition 3.1. I'* f (f=9) by part 2 of definition 4.1. Finally, I'*Ffe fis
not possible, for otherwise, since fe &, there is some ge &, such that
I'*E(9=g). But §€ &4,y — & pand this contradicts part (2) of definition 4.1

§ 7. Types of ordinals

We introduce the following formula abbreviations:
successor ordinal (x) for ordinal(x) A (3y) (yex A x=Y'),
limit ordinal(x) for ordinal(x) A ~(3y)~ (yex >y ex),
integer(x) for ordinal(x) A ~ limit ordinal(x) A
~ (3y) (yex A limit ordinal(y)),
xisw for limit ordinal(x) A
~ (3y) (vex A limit ordinal(y)).
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Theorem 7.1: The above formulas are dominant.

Theorem 1.2: If (%4, Z, k, &) isordinalized, a+\l=&' is valid.
Proof: We must show for all 'e¥

FE~@x)~[xea+1=(xe@ v x=4)].
Suppose I'k f e;}-\l. Then forevery I'* I'*Ef e:-ﬁ . There is some I'**

and some f<a+1, I'**Ef=pB But f<a, so I'**k(Bed)v(B=4),
I'*E~~(fe@vf=8). Thus I"I=~~(fedvf &). Similarly, if

T'E(felv f=8), then FF~~(feoz+1) The result follows.

Corollary 1.3: If <9, R, ¥, &) is ordinalized, successor ordinal (« +\l) is
valid.

Theorem 1.4: If {4, %, k, &) is ordinalized, and for some fe.% and
some I'e? I Esuccessor ordinal f, then for some I'* and some a+1
[*E(f=a+1).

Proof: T Esuccessor ordinal f, so for some ge & I'kordinalg Age f A
f=g'. Since I'kordinalg, there is a I'* and an ordinal a such that
[*Eg=G. ThenI*t f=&, I'*kf=a+l.

In a similar manner we may show

Theorem 1.5: Suppose (¥, Z, k, &) is ordinalized. Then
(1). If Ais a limit ordinal, limit ordinal(2) is valid.
(2). If I'klimit ordinal(f), then for some I'* and some limit ordinall
r*k(f=2).
(3). If n 1s an integer, integer(A) is valid.
(4). IfI'kinteger(f),thenforsome I'* andsomeintegern I'*F(f=AH).
(5). @ is o is valid.
(6). If 'k f is w, then for some I'* I'*E(f=0).

§ 8. Cardinalized models

Let cardinal (x) be an abbreviation for

ordinal (x) A
~ (3y) 32) [yex A function (z) A 1-1(z) A domain(z)=y A range(z)=x]

We remark that cardinal(x) is not dominant (probably) but it is stable.



130 ORDINALS AND CARDINALS CH.9§9

Suppose <9, Z, k, &) is ordinalized. We call it cardinalized if for
every aeV, if a is a cardinal of V, cardinal(®) is valid in (¥, £, k, ).
By the classical-intuitionistic technique of § 2

~ (3x) ~ [integer (x) o cardinal (x)]
and
~ (3x) ~ [x is @ > cardinal(x)]

are both valid in (%, £, k, ). But then by § 7 for any integer n
cardinal (f) is valid. Also cardinal(®) is valid.

Thus the troublesome cardinals of V are the uncountable ones. In the
next section we give a condition due to Cohen which will take care of
such cardinals.

Remark 8.1: Tosay {9, %, F, &) is cardinalized is to say the cardinals
of V are among those of <%, £, k, ). In fact, we will show in ch. 13
that the cardinals of {9, %, F, &) are the same as the cardinals of L,
the class of constructable sets of V.

§ 9. Countably incompatible ¥

The following argument is from [3]:

Definition 9.1: Two elements I', Ae ¥ are called compatible if they have
a common Z-extension, that is, if some I'* is some 4*. Otherwise I and
A are incompatible.

Y eV is called countably incompatible if any subset of ¢ of mutually
incompatible I' is at most countable in V.

Lemma 9.2: Suppose {9, %, F, &) is ordinalized, ¢ is countably in-
compatible, &, e, card(x)<card(B) and R, <card(f) in V. Then

~ (Af) [function(f) A 1-1(f) A domain(f) =& A range(f) = f]

isvalid in {9, %, E, &>.

Proof: Let fbe some fixed element of . We remarked earlier that the
class of ordinal representatives was definable over V. Let F(x) be the
formula defining it. Let A (x, y, z) be the formula

[xeZ A ye S AF(y) A zeF Az (function(f)
A 1-1(f) A domain(f) =& A range(f) =B A {x,y)ef)].
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Suppose for 9, 8, 4, 4’, c that A(c,9, 4) and A(c,$, 4’) are both
true over V. If 4 and 4’ are compatible, some

A*E{c,9>ef A e, 8)ef.

Hence 4*E9=§ so y=4. Thus if y#8, 4 and 4 are incompatible. Thus
for any fixed ce & and any 4€¥ there are only countably many ordinals
y such that 4(c,9, 4) is true over V, by the countable incompatibility
hypothesis.

Let B(x, y) be the formula

(34) (4eg A A(x, y, 4)).

Then for fixed ce &, the set defined by B(c, y) is at most countable. For
any ordinal a, let a® be {§ | y<a}; a®eV for aeV. Finally let C(x) be
the formula

(3c) (cea® A B(c, x)).

Let C’ be the class in V defined by C (x), and let C be {y | 9eC’}. Since
C’ is a definable subset of °, CeV. For a bound on the cardinality of C
we note that for any cea®, there are at most ¥, x such that B(c, x).
Thus card C <Ny; card(a)<card(B) so card(C)<card(p).

Next we show that, if for some 4e 9

AF(function(f) A 1-1f A domain(f)=8 A range(f) =B A {c, dYef),

then there is some 4* and some §€C such that 4*k (d=§). For since
4k{c, dy€f, there must be some 4* such that 4*F (def) and hence a
A** and a §€p such that 4**F (d=4). Thus

A**E (function(f) A 1-1(f) A domain(f)=8&
Arange(f) =B A<c, 8)ef).

So
A(c, 5, 4**) istrueover V,
B(c, d) is true over V,
C(%) is true over V',
éeC.

Now suppose there were some I'e¥ such that

Tk (function(f) A 1-1(f) A domain(f) =& A range(f) = p).
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Since card(C)< card(B), but C< B, there is some yeB, y¢C. Since yep,
Tk (9ep). Then since I'E (range (1) =B), for some I'*

I'*k(3c) (cet A e, 9ef),
so for some ce ¥,
I'*elc,pef.
That is

I'*E (function(f) A 1-1(f) A domain(f) =8 A range(f) =B A <c,9)ef)

By the above there is some I'** and some §eC such that I'**F (§=9),
but then y=4, so yeC, a contradiction.
Since f is arbitrary, the result follows.

Theorem 9.3: Suppose (¥, %, k, &) is ordinalized, ¢ is countably in-
compatible, and B is a cardinal of V. Then cardinal(B) is valid in
Y, &, k, ).

Proof: By the last section we need only consider >, =w. Suppose
I ¥ cardinal (B). Then for some o, f, I'*,

I*E(8€p A function(f) A domain(f) =8 a range(f)=p).

Since I'*F (8ep), a€p, so card(x)<card(f) (B is a cardinal). Now, by
lemma 9.2 we are done.

Remark 9.4: A simple corollary of this theorem (which should be obvi-
ous anyway) is the following. If L is the class of constructable sets of V,
not only is L a classical ZF model, but, if o is a cardinal of V, « is a
cardinal of L. This follows by noting that in the intuitionistic formulation
of the classical M, sequence (remark 7.3.3) ¢ is trivially countably
incompatible, since ¢ is finite, and since My =0, the model is ordinalized.



CHAPTER 10

INDEPENDENCE OF THE
CONTINUUM HYPOTHESIS

§ 1. The specific model

Again the model is adapted from Cohen [3], with practically no change.
We define a particular <%, %, ko, %o).

Recall V was some classical ZF model. Let de V' be that ordinal which
isN, in V. d remains fixed for the rest of this chapter.

As in ch. 8, let e be some formal symbol. By a forcing condition we
mean a finite, consistent set of statements of the form (rnea) or ~ (nea)
where n is any integer and « is any ordinal <§.

Let % be the collection of all forcing conditions, and let # be set
inclusion <.

&, consists of functions which we write as &, a,, {8}, {&, a,} and
{&, a,) for each a<d, and W. The definitions are the following:

For each a <6 the domain of & is {B | f<«} and for <,

epB)=9.

a, has domain {0, 1, 2,...} and
a,(f) ={re%|(men)er}.
{8} has only & in its domain, and

{@@)=9.
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{&, a,} has only & and q, in its domain, and
{&a}(@=9,
{8 a,}(a)=9.
{8, a,) has only {&} and {&, a,} in its domain and
&, a (&) =9,
b.a) ({8 a})=9.
Finally W has as domain all <&, a,) for a<é, and
W&, a,))=9.
From this F for atomic formulas becomes

Tky(2ep), if aep,
Tky(hea,), if (nea)erl,
I'ko(Gef{8)),

F*’o(&e{&s aa})’

FFO (aae{a’ au})’

ko ({8}ed8, a),
FFO({&’ aa}e<&9 aa>)9

T'Eo ({8, a,yeW).

Thus {9, £, ky, &) is determined. We examine the five properties of
ch.7§3. (1), (2), (3)and (5) are trivial; (4) is satisfied in the same sense
as in the model of ch. 8, that is, if I'ky(e=>), a and b are identical. The
proof is the same as in ch. 8. Thus <%, #, F, &) is an intuitionistic ZF
model.

That {9, &, ¥, &) is ordinalized is straightforward. For a <d &€%,
is the representative of a, and if for some ae &, I Fyordinal a, a must
be & for some a<4.

Finally, in the next section we show (¥, Z, k, &) is cardinalized.

§ 2. Countable incompatibility of ¥

Theorem 2.1 (Cohen): ¢ is countably incompatible. (and hence
{9, &, kE, &) is cardinalized).
Proof: We give the argument informally, but ¥eV and Ze€V so the
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argument can be formalized. We note that for this model to say I', e 4
are compatible is to say 'u4e .

Let # <% (#eV), and suppose any two elements of S are in-
compatible. We show # is countable.

Suppose # is not countable. For each n>0, let 5, be {I'e.# ] r
contains <n statements}. Since #=|J).#,, some ¥, must be un-
countable. Thus let 5#, be uncountable.

Let k be the largest integer such that for some I'e#, I has k state-
ments and uncountably many 4e€4#, are such that I' = 4. (k must exist
since Pes#’, and there are uncountably many Aes#, such that <4,
and every I'e#, has <n statements, so there is a largest k.)

Pick some particular I'e3#, such that I" has k statements and I' is a
subset of uncountably many elements of 5#,. Let X" be {de#, | [ < 4}.
We have the following facts:

(D). Any two elements of X" are incompatible.

(2). A is uncountable.

(3). de2t implies I' = 4.

(4). T has k elements.

(5). For any Qe X" with more than k elements, there are only countably

many A€ such that Q< 4.
Now choose some 4eX’, A#I. Then A—TI'={X,..., X,}. Since 4 is
incompatible with all other elements of 2", by (3) there must be un-
countably many elements of X  containing X; for some X, (X,
is ~(nea) if X;is (nea), and X, is (nea) if X; is ~(nea).)

Let Q=I'u{X,}. Then Qes#, since X;¢I. But there are uncountably
many Ae3?, such that Q< 4 and Q has k + 1 statements, a contradiction.

§ 3. Cardinals and W

We now have that <%, Z, F, &) is a cardinalized model. We introduce
the following abbreviations:

: xisatleastN, for cardinal x A (3y) (yex Ay is w)
" xisatleast N, for cardinal x A (Ay) (yex Ay is at least X,)

Recall that in ¥, & was N,. We wish to show (8 is at least X,) is valid in
(9,2,E, &). Weshowed inch. 9, that (® isw)is validin (¥, &, k, &).
Let y be the ordinal of ¥ which is ¥,. Since y is a cardinal, (cardinal 9)
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is valid, and since wey, (®e9)is valid. Thus (§ is at least ¥, ) is valid in
(Y9, R,k, #>. Finally é is a cardinal of V, so (cardinal §) is valid, and
€8, so (9€d) is valid. Thus (8 is at least ¥,) is valid in (¥, &, F, &).

Now we list a few properties of W. The proofs are straightforward.

Lemma 3.1: {8, a,)={4&, a,) is valid in <9, #, F, ¥) (where the first
of these expressions is the function in &, and the second is the expression
of ch. 8 § 3).

Theorem3.2: (functionW A 1-1W A domainW =8)isvalidin{¥, Z,E,%).

Theorem 3.3: ~(3x)~[xerange(W)> ~(3y)~(yex> integer y)] is va-
lid in <9, %, E, ¥).

§ 4. Continuum hypothesis

Let (card? (w)=N,) be an abbreviation for

(3x) {x is at least N, A
Aw) [ function(W) A 1-1 (W) A domain(W) =x A
~ (3y) ~ (verange(W) o ~ (3z) ~ (zey > integer(2)))]}.

By the results of § 3 (card?(w)=N,) is valid in (¥, %, F, ). Hence
~ (continuum hypothesis) is valid in {9, &, F, &).

Now, as we showed in ch. 7 § 1 the continuum hypothesis is classically
independent of the axioms of ZF. Of course we would also like that it
is independent of ZF together with the axiom of choice. That the axiom
of choice is valid in this model will be shown in ch. 13.



CHAPTER 11

DEFINABILITY AND CONSTRUCTABILITY

§ 1. Definitions
We introduce the following formula abbreviations:

partfun(f) for
Sunction( f) A (3n) [integer (n) A domain(f) < n],

partrel(R) for
~ (3x) @y) ~ [(xeR A yeR) > (partfun(x) A partfun(y) A
Aorrazie () = dormazin (7)),

neDomain(R) for
~ (3x) ~ [(partfun(x) A xeR) > nedomain(x)],

R is atomic(1) over X for
(3m) (3n) {integer (m) A integer (n) A
~/3/) ~j/gj’_=[/wz-ﬁw[/')n dazfzd/'/z//’) =///{, flf/i
f(m)eX A f(meX A f(mef ()]},

R is atomic(2) over X for
(3n) (3a) {integer(n) A ~ ~acX A
~@3S)~[feR= (partfun(f) A domain(f)= {n} A
f(meX Af(nea)l},

R is atomic(3) over X for
(3n) (3a) {integer (M) A ~ ~aeX A
~@f)~[feR= (partfun(f) A domain(f)= {n} A
£ ()X A acf ()]},

R is atomic(4) over X for
(Ja) (Ab) {~ ~aeX A ~~beX A
~@/)~[feR = (partfun(f) A
domain(f)=0 A aeb)]},
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R is atomic over X for
(R is atomic(1) over X) v (R is atomic(2) over X)v
(R is atomic(3) over X) v (R is atomic(4) over X),
R is not-S for
partrel(S) A ~ (3x) ~ [xe Domain(R) = xe Domain(S)] A
~@Af)~[feR=~feS],
(f I Domain(S))eS for
(39) [geS A ~ (3x) ~ [xe Domain(S) = f (x) = g (x)]],
Ris S-and-T for
partrel(S) Apartrel(T) A
~ (Ix) ~ [xe Domain(R) = (x€ Domain (S) v xe Domain(T)] A
~@Af)~[feR=((fDomain(S))eS A ( f} Domain(T))eT)],
Ris S-or-T for
partrel(S) A partrel(T) A
~ (3x) ~ [xe Domain(R) = (xe Domain(S) v xe Domain(T))] A
~@f)~[feR=((f|Domain(S))eS v (f | Domain(T))e T)],
R is S-implies-T for
partrel (S) A partrel(T) A
~ (Ix) ~ [xe Domain (R) = (xe Domain(S) v xe Domain(T))] A
~@f)~[feR=((f}Domain(S))eS > (f Domain(T))e T)],
f=gl Domain(R) for
domain( f) = Domain(R) A
~ (3x) ~ [xeDomain(R) > f (x) =g )1,
Ris (3n)S over X for
partrel(S) A integer(n) A
~ (3x) ~ [xe Domain(R) = (xe Domain(S) A ~x=n)] A
~(3f)~[feR=(3g) (9eS A f= g Domain(R) A g (n)eX)],
R is a definable relation over X for
(3F) (3n) { function(F) A integer (n) A domain(F)=n A
~ (Ix) ~ [xen o F(x) is atomic over X v
3y) (yex A F(x) is not-F(y)) v
(3y) (32) (vex A zex A F(x) is F(y)-and-F(z)) v
(Ay) 32) (vex A zex A F(x) is F(y)-or-F(2)) v
(3y) (32) (vex A zex A F(x) is F(y)-implies-F(z)) v
(Ay) (3k) (vex A integer (k) A F(x)is (3k)F(y) over X)] A
(3m) (men A F(m)=R)},
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X is definable over Y for
(3R) (3n) { partrel(R) A integer (n) A Ris a definable relation over Y A
~ (3x) ~ [xe Domain(R) = x = n] A

~@x)~[xeX=(xeY A (ASf)(feRAS(n)=x))]}.

Remark 1.1: In the above we have used a few additional minor but
obvious abbreviations.

This approach to first order definability using partial relaitons is due
to Smullyan. Intuitively, if we have the formula X(x,, x,, x5) which is
true over the set Y for an instance x, =a, x,=b, xs5=c, we can consider
instead of the instance the partial function /" with domain {2, 4, 5} such
that f (2)=a, f(4)=b, f(5)=c. Instead of the formula X itself, we can
consider the collection of all partial functions with domain {2, 4, 5} which
represent true instances of X as above. This collection is called a partial
relation.

We leave to the reader the verification of the fact that classically
(X is definable over Y) does indeed represent first order definability. In
the next sections we consider to what extent it represents it in our intu-
itionistic models. We also leave to the reader such elementary facts as

ZF kR is atomic over X o partrel(R)

ZF+, partrel (S) A R is not-S>partrel (R)

ZF t partrel (S) Apartrel (T) A R is S-and-T> partrel (R)
etc.

§ 2. Adequacy of the definability formula

In this section we state two theorems of considerable use, whose classical
analogues are reasonably intuitive. For the intuitionistic case the theo-
rems are less obvious. The proofs are tedious and we relegate them to

an appendix.

Theorem 2.1: Let {9, Z, F, ¥) be ordinalized and suppose for some
I'e9 and some g, fe ¥ Tk fis definable over g. Then there is some I'*
and some dominant formula X (x) with no universal quantifiers such that
(1). every quantifier of X is bound to g,
(2). if a is a constant of X other than a quantifier bound, I'*F (aeg),

(3). I*E~(Ax)~[xef =(xeg A X (x))].
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Theorem 2.2: Let (¥, &, F, ¥) be ordinalized and f, ge¥. Suppose

X (x) is a formula with no universal quantifiers such that for some I'e ¥
(1). every quantifier of X' is bound to g,
(2). if ais a constant of X other than a quantifier bound I' F ~ ~ (aeg),
(3). I'~@Ax)~[xef =(xegAX(x))])

Then I'E~ ~ (f is definable over g).

Corollary 2.3 (to theorem 2.1): Let <9, &, F, &) be ordinalized, ge .%,,
and Ik f is definable over g. Then for some ke ¥, ., — <, and some I'*
I'*e(f=k).

Proof: Tk f is definable over g, so there is a dominant formula X (x)
and a I'* as in theorem 2.1 above.

Suppose the constants of X(x) other than g are a,a,,...,a,
I'*E(a,€g) so there is an h,e &, such that I'*F(a; =h,). Similarly we
find h,,..., h,e ¥, fora,,...,a, Let X' be

aq...0a,
X(hl...h,,)'

By weak substitutivity of equality
I*E~@3x) ~[X(x) = X' (x)].

Let Y(x) be X'(x)Axeg. Then all constants of Y are in %, Let
kye #yi1—F,. We claim I'*E (ky=f). We leave the verification of this
to the reader, after noting that by a classical-intuitionistic argument we
have 'k f=g and ge¥,.

§ 3. w-dominance

This definition of w-dominance is not to be confused with that of ch. 7§ 16
which was used only that section.

We consider only ordinalized models. We call a formula X (xy,..., x,)
with no constants w-dominant, if for any ae V such that de#,, and for
any constants ¢y,..., ¢,€ %,

Tk, X(cqy.n¢y) iff TEX(cy,..nc,).

We wish to show all the formulas of § 1 are w-dominant.
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Lemma 3.1: If (%, &, k, &) is ordinalized, ~(Ix)~ [xed=integer(x)]
is valid.

Proof: Suppose I'E(ae®). Then for any I'* I'*F (ae®). But I'*k ordi-
nal a so there is some I'** and some ordinal a such that I'**F(a=4).
Then I'**k ~ ~(8€®). Then it must be that xew, hence « is some integer
n. Thus I'**E(a=A). But I'**kinteger (), so I'**F ~ ~integer(a). Thus
Tk~ ~integer(a).

Conversely, if I'Finteger (a), for any I'* I'*Finteger(a). Then there is
some I'** and some integer n such that I'**k(a=A). But new so
I'**E (Ae®). Thus I'**F~ ~ (aed), T'k~ ~(aed). Since I is arbitrary,
the result follows.

Now replace in all the formulas of § 1 integer (x) by xe®. By the above
lemma, the resulting formulas are weakly equivalent to the originals
(i.e. their negations are equivalent) which is sufficient for our purposes.
We call a formula with constants dominant if the corresponding
formula with free variables replacing the constants is dominant.
We leave it to the reader to show the formulas produced above are
dominant. For example, partfun(f) is

Sunction(f) A (In) (integer (n) A domain( f) < n).

This becomes
Sunction(f) A (3n) (ned A domain( f) < n),

and the corresponding formula with no constants is
Sunction(y) A (3n) (nex A domain(y) < n),

which is dominant.
It then follows that the formulas of § 1 are w-dominant.

§ 4. The M, sequence

Let (fis M («)) be an abbreviation for
ordinal(a) A ~ ~ (3F) { function(F) A domain(F) =do A
~(3x)~ [xea' 2 [(x=0AF(x)=0) v (@) (x=)"A
~ (3z) ~ [2ze F(x) = z is definable over F(y)])v
(limit ordinal (x) A ~ (32) ~ [ze F(x) = (Iw) (wex A
zeFwW)DIl A F(o) =/}
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Remark 4.1: By a classical-intuitionistic argument we have

ZFr,~ (3x) @) G2) ~ ([x is M(2) A
~ (Aw) ~ (wey = w is definable over x)] >y is M (2)}.

Lemma 4.2: Suppose <9, %, k, ¥) is ordinalized, &, 8&,fe ¥, and
(f is M(&)) is valid. Then there is some ge%p,;—Fp4+1 such that
(g is M(a+1))is valid.

Proof: Let X(x) be the formula (x is definable over f), and let

9x€EFps2~Fp+1. We claim (gx is M(a+l)) is valid. Since (x is M (¥))

is stable, we may show ~~(gy is M (a+ 1)) is valid. Using the above
remark, it suffices to show ~ (3w)~ [weg xy=w is definable over f] is valid.
Suppose I'F(cegy). Since gx€ Fp2— Fp41, T'E(c=d) A (degy) for

some de £, 4. SO

I'kgi2(degy),

I'Fpri X(d),

Ik, (d is definable over f).
So by w-dominance

Tk (d is definable over f),

T'E~ ~(c is definable over f).

Conversely, if I'E(c is definable over f), by corollary 2.3 for some
deFpi1—Fp [E(c=d). So

T'E~ ~ (d is definable over f),
and by w-dominance

T'Egyy ~ ~(d is definable over f),

Tkgyy ~~X(d),

TEgyp~~ (degx),

Ik~ ~(degy),

F'E~~(cegy).

Since I is arbitrary, the result follows.

Lemma 4.3: Suppose (¥, &, k, &) is ordinalized. Let a€V, and let 6
be the largest non-successor ordinal <a«. Then a=4+n for some integer
n>0. There is an f€% 5 +20+41 Such that (f is M(&)) is valid in
(%, R,E, P>
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Proof: By induction on a.

If a=0, the result becomes: there is an f€ &, such that (fis M (0))
is valid. But by a classical-intuitionistic argument

~@x)~[~@y)(yex) o x is M(x)]

is valid, and since Oe &, we have ~ ~ (0 is M (0)) is valid, or by stability
(0 is M (D)).

Next suppose the result is known for a. The result for a+1 follows by
lemma 4.2. Finally suppose « is a limit ordinal and the result is known
for all ordinals <« (here a=45). We must show for some f€ %, 041

fis M (&)is valid. But it follows from the methods of ch. 9 that &€ %, ,,,
$0 8€ ¥, 40 Let X(x) be the formula

@) (et a (32) (z is M) A xe2))

and let €Sy s0+1—Luto- We claim (fx is M(&)) is valid.
Since (limit ordinal (8)) is valid, we must show

~(Ax)~[xefx=@y) (vet A (32)(z is M(y) A xe2))]

is valid. But this is w-dominant, so we must show it is valid in
Y, R, Forws1> Lato+1y, but this follows from the validity of

~@Ax) ~[Xx)=3y) (e A T2)(z is M(y) A xe2))]
in {9, X, Friws La+ey (thisis valid trivially because it is an identity).

Theorem 4.4: Suppose (¥, %, k, &) is ordinalized and ae V. There is
some f'€ & such that ( fis M (8)) is valid in {9, %, k, .

§ 5. Representatives of constructable sets

Somewhat as we did with ordinals in ch. 9 § 3 we associate with con-
structable sets elements of ¥ which will represent them. We find it
sufficient to work with general representatives, and do not single out
canonical ones.

We make the following preliminary definitions. We call a formula
with no universal quantifiers E-stable if every subformula beginning with
a quantifier is of the form (3x) Y (x) where Y(x) is stable. Classically any
formula is equivalent to many E-stable formulas. For a formula X by X”
we mean the formula X with all quantifiers bound to y. That is, if a
subformula of X is of the form (3x) ¥(x), the corresponding subformula
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of X? has the form (3x) [xey A Y?(x)]. Clearly if X is E-stable, X” has
strongly bounded quantifiers and so by ch. 7§ 7 X” is dominant.

Now suppose (¥, %, k, &) is ordinalized. Suppose we have defined
representatives in & for all the elements of M,. Let Ce M, ,; —M,. Then
C is a classically definable subset of M,. Let X(x) be any E-stable formula
which defines C over M,. Suppose the constants of X are Cy, ..., C,. These
are all in M,. Let C,,..., C, be any representatives in &% of Ci,..., C,

respectively, and let X be
C,..C,
X (el c,,)-

By theorem 4.4 there is an fe$ such that (f is M(&)) is valid in
(¥, R, k, ). Choose one suchf. Le Y (x) be the formula [xe f A X/(x)].
There are only finitely many constants in Y(x). Let & contain them all.
Consider gye ¥, — 5. We call gy a representative of the construct-
able set C. In this way we may associate representatives in & to every
element of L, the class of constructable sets in V.

Representatives as defined are of course non-unique. They depend on
the particular formula X chosen, on which f, on which representatives
for the constants of X, and on which . However, we will show later that
if f and g both represent the same constructable set, (f=g) is valid in
{9, B, E, &>.

We shall use the ambiguous notation that € is any one of the repre-
sentatives of the constructable set C. Since an ordinal « is also a con-
structable set, & is doubly ambiguous, but it will be clear from context
whether we mean the ordinal or the constructable set representative.
Moreover, as we show later, these two notions are closely connected.

§ 6. Properties of constructable set representatives

Let (x is constructable) be an abbreviation for the formula
(32) (3y) (ordinal(z) A y is M (2) A x€Y).
In this section we show:

Theorem 6.1: Let {9, %, F, &¥> be ordinalized and suppose for some
Ir'e% T'e(3y) (y is M(&) A fey). Then there is some I'*, some CeM,,
and some C representing C such that I'*k (f = C).
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Corollary 6.2: 1f (¥, X, F, &) is ordinalized and I'F (fis constructable),
then for some I'*, some constructable set C, and some representative C
of C I'*k(f=C).

Theorem 6.3: If (¥4, &, F, &) is ordinalized, CeM,, and C is any
representative of C, then ~~(3y) (y is M(&)A Cey) is valid in
{9, &, F, .

Corollary 6.4: If (9, X, F, ) is ordinalized, C is a constructable set,
and C is any representative of C, ~ ~(C is constructable) is valid in
{9, R, E, ).

Proof of theorem 6.1: By induction on a.

If =0, since M,=9, it follows that ~(3y) (y is M (0) A fey) is valid,
so the result is trivial.

Suppose the result is known for « and I'k (3y) (y is M (a+1) A fe€y).
By a classical-intuitionistic argument

ZFt ~ (3 1) (B«) (3y) ~ [(successor ordinal (a) A y is M () A fEy)
> (3z) (3B) (ordinal (B) A . =B’ A zis M () A f is definable over z)].

Moreover, (successor ordinal («+ 1)) is valid, so

T'k~~ (3z) 3B) (ordinal(B) A a+l= B A
zis M(B) A f is definable over z).

It then follows that for some ge.% and some I'* that I'*kg is M (&) A f is
definable over g. But we have shown there is an he & such that (A is M (€))
is valid. Thus I'*Fhis M (&) and by a classical-intuitionistic argument
I'*k(g=h). Thus I'*E ~ ~( fis definable over h). There is some I'** such
that I'**k (f is definable over h). Now by theorem 2.1 there is some
dominant formula X (x) with only existential quantifiers, with all quanti-
fiers bound to A, and some I'*** such that if @ is a constant of X(x)
other than a quantifier bound, then I'***E(geh) and I'***F~(3Ix)
~[xef=(xehn X(x))].

There are only a finite number of constants a,,..., a, in X. Consider a,.
I'***k (g, eh) A (his M(8)). By induction hypothesis there is some I'****
and a Ce M, such that I'****k (g, =C,). Consider a, similarly, starting
with I'**** and so on to a,. Thus we get some I'***...*=4 and some
Cy, ..., Coe M, such that 4k (@, =C)A - A (a,=C,,).
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a...a,
X (C‘l Cﬁ,) :
Then by weak substitutivity of equality
Ak~ 3x) ~[xef =(xeh A X' (x))]-

Let Y(x) be the formula xeh A X’ (x). Let .#; contain all the constants
of Y(x) and f, and consider gye ¥y —.%4. By definition, for some
CeM,,, gy represents C. We claim 4F (f=gy).

By dominance, we must show 44, (f=gy), or equivalently

dkg ~(3x) ~[xef =Y (x)]

Now let X’ be

or
Aks ~(3Ix) ~[xef =(xeh A X' (x))].

But this is dominant so we must show
Ak ~(3x) ~[xef =(xeh A X' (x))]
which we have. If « is a limit ordinal, the result is trivial.

Lemma 6.5 (for theorem 6.3): Suppose (¥, %, k, &) is ordinalized.
Suppose that for any CeM, and for any representative C of C
~~(@3y) (y is M(@)A Cey) is valid in (¥, &, k, &). Then for any
CeM,,, and for any representative C of C ~~(3y) (yis M (oﬁ-\l)/\
Cey) is valid.

Proof: Let CeM,,,, and let C represent C. Since C represents C,
CisfyeS#, 1 —F,, where Y(x)is (xeh X*(x)), where X(x) is E-stable,
X (x)defines Cclassically over M,,and (his M (&))is valid in (¥, &, k, ).

But ~(3x)~[xe C=(xeh X" (x))] is valid (remember that X*(x) is
dominant, and he.¥,). Moreover, suppose a is some constant of X*(x)
other than a quantifier bound. By definition a must represent some ele-
ment of M,, so by hypothesis ~ ~(3y) (y is M (&) Aaey) is valid. But
again (h is M(®)) is valid, so by a classical-intuitionistic argument
~ ~(aeh) is valid. Now by theorem 2.2 ~ ~(C is definable over h) is
valid and a/-l-\1= o is valid, so by another classical-intuitionistic argu-

ment ~ ~ (3y) (y is M (a+1) A Cey) is valid.

Now theorem 6.3 follows by a straightforward induction on «.
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§ 7. The principal result

This section is devoted to showing the following:

Theorem 7.1: Let (9, Z, k, ) be ordinalized. Then
(1). If C,DeL,and C, D arerepresentatives of C, D respectively, then
CeD iff ~~(CeD)is valid, and C¢D iff ~(CeD) is valid.
(2). If fand g both represent the same constructable set, ( f =g) is valid.
(3). If frepresents the ordinal « in an ordinal sense and g represents «
in a constructable set sense, ( f=g) is valid.

We first show

Lemma 7.2: Let (9, #, k, ) be ordinalized. Let X be an E-stable
formula with no universal quantifiers, with all quantifiers bound to M,,
and with all constants other than quantifier bound elements of M,. By X’
we mean (in this lemma) any formula which is like X except for having
some representative C in place of C, for every non-quantifier-bounding
constant of X, and having all its quantifiers bound to 4 instead of M,,
where he ¥ is such that (his M (®)) is valid. Then for the following to
hold for all such formulas X, it is sufficient that they hold for atomic X:

Xistrueover M, = ~~ X'isvalidin (9, &, k, &>,
X is false over M, = ~ X'is validin (¥4, &, k, &¥>.

Proof: By induction on the degree of X. Suppose the result is known
for all formulas of degree less than that of X. We have five cases:
(1)-(4). Since
Y ANZY=Y AZ,
YvzZy=vYvZ,
(~Yy =~Y,
(Y=oZ)y=Y>2Z,

the four propositional cases follow easily.
(5). Suppose X is (3x) (xe M, A Y(x)) (where Y(x) is stable) and the
result is known for Y. X" is (3x) (xeh A Y’ (x)).

X is true over M, = for some CeM, Y (C)is true.

But then by induction hypothesis ~~ Y’(C) is valid (for any repre-
sentative C). Since Ce M,, by theorem 6.3 ~ ~(3y) (yis M(8) A Cey)is
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valid. It follows that ~ ~(Ceh) is valid. Thus ~~(Ceh)A ~~Y'(C)
is valid, which implies ~ ~(3x) (xeh A Y’ (x)) is valid, i.e. ~~X".
Conversely '

X is false over M, = forevery Ce M, Y (C) is false over M,.
Suppose for some I' I' ¥ ~ X'. Then for some I'* I'*F X' and
I*E(3x)(xeh A Y'(x)).

For some ae ¥ I'*E(aehA Y'(a)). But I'*khis M (&), so by theorem 6.1
for some Ce M, and some I'**

r*(a=0~0),
r*g~~Y'(0).

But by hypothesis ~ Y’ (C) is valid. Thus ~ X" is valid.

Now we show part (1) of theorem 7.1. The proof is by induction on the
order of D (D is of order o if De M., —M,).

Suppose D is of order « and the result is known for all constructable
sets of lower order. DeM, ., —M, so D is a definable subset of M,. Let
D be some corresponding element fy€% p+1—F 5 where Y(x) is the
formula (xeh A X"(x)), where (h is M (8))is valid and X defines D over M,.

CeD iff X(C) is true over M,. By induction hypothesis, the conclusion
of the above lemma is known for all atomic formulas over M,, and hence
for all formulas. Thus

CeD = X (C)is true over M,
= ~~X'(C)is valid.

But CeM, and (his M(R)) is valid so ~~(Ceh) is valid. Thus
~ ~[Ceh A X*(C)] is valid. By dominance ~ ~[Ceh A X"(C)] is valid
in <%, R, by, F4>, that is ~~Y(C). Then ~~(CeD) is valid in
Y, R, kg1, Lp+1) and hence in (Y, &, E, .

The second half is similar, and the result follows.

Next we show part (2). Suppose f and g both represent the same
constructable set De M, ., —M,. Suppose 'k (aef). Since DeM,.,, by

theorem 6.3 'k~ ~(3y) (yisM (o;-T) A fe€y). By aclassical-intuitionistic
argument 'k~ ~(3y) (yis M (&) Aaey). Then for any I'* T'*F~ ~(3y)
(v is M (&) Aaey). Now by theorem 6.1 there is some CeM, and some
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I'** such that I'**F (@=C). But then I'**k~ ~(Cef), so by part (1)
of the theorem, CeD is true (since f represents D). But since g also re-
presents D, I'**k~ ~(Ceg). So I'**k~ ~(aeg), 'k~ ~(aeg). Since
I is arbitrary and the argument with f and g is symmetric, part (2) holds.

Finally, to show part (3) we proceed by induction on the ordinal a.
Suppose the result is known for all f<a. Let O(x) be some ordinal
representative of o, and C(a) be some constructable set representative.

If F'EaeO(x), for any I'* I'*kaeO(a). But I'*Fordinal O(x), so
I'* Fordinal a. Now by the results of ch. 9, there is an ordinal § and a I'**
such that I'**Fa=0(g). Thus I'**F O(B)e O(a) so it must be the case
that fea. But then by part 1 above I'** k C(8)eC(«), and by induction
hypothesis I'**FO(B)=C(B). Thus I'**E~~(0(B)eC(x)), I'**k~
~(aeC(a)), so 'k~ ~(aeC(a)). Since I is arbitrary, O (x)=C(«) is
valid. The converse inclusion is similar.



CHAPTER 12

INDEPENDENCE OF THE
AXIOM OF CONSTRUCTABILITY

§ 1. The specific model

Once again the model presented is adapted from Cohen [3]. Let e and a
be formal symbols. By a forcing condition we mean any finite consistent
set of statements of the form (nea) or ~(nea)for any integer n.

Let ¢ be the collection of all forcing conditions, and let # be set
inclusion €. %, consists of the functions 0, 1, 2, ..., and a. The defi-
nitions are as follows:

For each integer n, f has as domain {0, 1,..., n—1}, and if m<n,

A(R)=9.

a has as domain {0, 1, 2,...}, and

a(f)={I'|(nea)el}.

Then F, for atomic formulas is simply

Tko(men) if men,
T'kyg(fica) if (nea)erl.

We leave to the reader the verification that (¥, &, k,, ¥,) satisfies
the five properties of ch. 7 § 3. Property (4) is shown just as in chs. 8 or 10.
Thus (¥, %, k, &) is an intuitionistic ZF model. We also leave to the
reader the straightforward verification that (¥, £, F, .¥) is ordinalized.
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§ 2. Axiom of constructability

Theorem 2.1: (3x)~ [x is constructable] is valid in (¥, &, F, &).
Proof: We show in particular that ~(ais constructable) is valid.
Suppose for some 'e% T'k(ais constructable). By corollary 11.6.2 for

some constructable set Ce ¥ and some I'* I'*F(a=C). We will show

this is not possible.

Let I'** be {n| (nea)el'*}. We have two cases:

Case (1): every integer of C is in I'**. Choose some integer n such
that (nea) is not in I'* (recall that I'* is finite). Let I'** be I'*U{(nea)}.
Then I'**e % and I'*#I'**. But n¢ C,so I'**k ~(fie ). Since (nea) e '**,
I'**k (fiea), which is not possible.

Case (2): some integer of C is not in I'**. Let n be such an integer.
Let I'** be I'*u {~(nea)}. Again I'**e€% and I'*ZI'**. But neC, so
I**k~ ~ (e (). Since ~(nea)e'**, it follows easily that I'** k ~ (fica),
which is again impossible.

Hence I' § (ais constructable), and since I is arbitrary, the theorem
follows.

Now we have classical independence by the results of ch. 7 § 1. In ch. 13
we will show that the axiom of choice and the generalized continuum
hypothesis are both valid in this model, so the full independence is
established.

Remark 2.2: This proof actually shows the stronger fact that every set
of integers is constructable is independent, since a<Sw is valid in the
above model.



CHAPTER 13

ADDITIONAL RESULTS

§ 1. &, representatives

Definition 1.1: We say se & represents &, if
(1). ge &, implies ~ ~(ges)isvalidin (¥, &, k, &,
(2). if I'k(ges), then for some I'* and some he ¥, T'*E(g=h).

Lemma 1.2: Suppose X(x,,...,x,) is a formula with no universal
quantifiers, and with all constants from .#,. Then for any ¢y, ..., c,€ &, and
any I'e9

Tk, ~X(cq,...,co) iff TE~X(cq,..., Cp)

(X* is X relativized to s).
Proof: A straightforward induction on the degree of X.

Lemma 1.3: Suppose s represents #,. Then for any fe & :
(D). If feFo+1, ~ ~(fis definable over s)is valid.
(2). If T'k(f is definable over s) then for some I'* and some he ¥,
I'*E(f=h).

Proof: Supposefe L, . If fe F,, theresultissimple. If f€ £, 1 — L,
then f is fx for some formula X over #,. We claim ~(3x)~[xefy=
(xes A X5(x))] is valid in (¥, &, k, &). We leave this to the reader,
using the above lemma. It then follows by theorem 11.2.2 that ~ ~(fis
definable over s) is valid.

Suppose conversely that I'E (f is definable over s). By theorem 11.2.1
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there is some I'* and a dominant formula X(x) with no universal
quantifiers, bound to s, with every non-quantifier-bounding constant
a such that I'*k (aes), such that

r*k~Q@Qx) ~[xef =(xes A X(x))].

Now for any a of X(x) I'*F(aes), so for some a'e ¥, and some I'**
I'**E(a=a’). Similarly with all constants of X(x) (other than s). Thus
we have A=I**"* such that if b is any constant of X(x) other than s,
there is some b’'e ¥, such that 4F(b=>5"). Now let X’ be like X except
for containing a’'€ %, for each a of X. Then it follows that

Ak~ @3x) ~[xef =(xes A X'(x))].

Let X" be like X’ except for having unbounded quantifiers. Then X"
is a formula over &,. Let hy.€ ¥, 1—F,. We claim 4k (f=hy.). This
follows immediately by lemma 1.2.

Lemma 1.4: If s represents ¥, and ¢ represents #,+4, then
~ (Ix) ~ [xe t = x is definable over s]

is valid in (9, %, k, ¥).
Proof: By lemma 1.3 and definition 1.1.

Lemma 1.5: 1If s represents &, and ~ (3x)~ [xet=x is definable over s]
is valid in (¥, %, k, &), then t represents %, .
Proof: Again straightforward.

Remark 1.6: Every &, is, of course, representable. Let X(x) be the
formula x=x, and let fye ¥, —%,. Then fx represents &,.

§ 2. Definition functions

Let (Fis a B length s function) be an abbreviation for

Sunction (F) A ordinal (B) A domain (F)=f A
~@)~{reB=a2[(r=0AF@x)=s)v
(F)[beyany=0'A~Ax)~(xeF(y) =
x is definable over F(6))] v
[timit ordinal (y) A ~ (3x) ~ (xe F(y) = (38) (6 ey A x€ F(5)))]]}.
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The following is left to the reader.
Lemma 2.1: If

T'E[(Bey) A Fis a B length s functionA G is a y length s function)
then I'k (FEG).

For the rest of this section we assume our models are ordinalized.

Lemma2.2: Let se ¥, — &%, represent &, Then for any >0 there is

an Fe&p,3—Fp,, such that [Fisa /3/+\l length s function] is valid in
(G, R, k, &), and for any y<8B, if I'E(h=F(9)), then h represents &,.
Proof: By induction on S.

If =0, let X(x) be the formula x=(0, s) and consider Fye &3 —%,.
Suppose the result is known for f. Then there is an Fe ¥y, 3—Fp,,
satisfying the lemma. Let fe ¥, ,— %4, represent Fp, . Let X(x)
be the formula xeva=(/§:ﬁ,f) and let GyeFpya— Fpi3. If fis a
limit ordinal and the result is known for all lesser ordinals, let X(x) be
the formula

(3y)BF)(ye B A Fis a y length s function A x € F)

and let Gye £y, 3~ Fp4a.
We leave verifications to the reader.

Theorem 2.3: Let se ¥, — &, represent %,. Then
~ (3x)~ [3B)(AF)[Fis a B length s function A xe F(B)]
is valid in (%, %, k, &).

§ 3. Restriction on ordinals representable
We devote this section to a brief sketch of the proof of

Theorem 3.1: Suppose ¥, X, kg, £,y is itself an ordinalized intui-
tionistic ZF model, where Q>0. Then exactly the ordinals < are
representable in &,

Proof: Trivially Q must be a limit ordinal, so by the work of ch. 9 at
least the ordinals < are representable in ¥, We show now that

Q¢S
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Since 2>0 there is an se¥;— %, (and hence seFy) such that s
represents %, (see §1). By the work in § 2 the following is valid in
<g9 ‘%’ ’:n, y!)):

~ (3x) ~ (3B) 3F) [F is a B’ length s function A x e F(B)].
Suppose € &, It then follows that

~ (3x) ~ (3B eR)(3F)[Fis a B’ length s function A xeF(B)] )
is valid in (%4, &, Fq, L.

Moreover f length s functions form a chain, that is the following is

validin <9, &, kg, Lo):

~ (Bae)(3BeN)3F)(3G)
~ [(x€B A Fis an o length s function A G is a B length s function)>
FcG]
(see § 2). g
It then follows that the following is valid in (¥, £, kg, o) (using
obvious abbreviations)

~ ~ @) (y=\U {F| Fisa B’ length s function, for p e 2}). ?)

From (1) and (2) the validity of ~ ~(3z)~(3x)~(xez) follows,
which is not possible.

§ 4. A classical connection

The result of ch. 11 § 7 may be extended to

Theorem 4.1: Suppose {9, %, F, &) is ordinalized. Let X be any
formula with no universal quantifiers, no free variables, and all constants
from L. Let X’ be like X except for having constants C where X has C,
and having all its quantifiers bound to the formula (x is constructable).
Then

Xistrueover L if ~~X'isvalidin<{¥%, £, k, &).

X is false over L iff ~ X'isvalidin<(¥9, Z, k, &).

Proof: By induction on the degree of X. If X is atomic, the result is
theorem 11.7.1.

Suppose the resultis known for all formulas of degree less than that of
X. The four cases X'is YoZ, ~Y, YvZor YAZ are simple.
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Suppose X is (3x) Y (x). Then X" is (3x) (x is constructable A Y'(x)).
If X is true over L, for some CeL Y(C) is true over L. By induction
hypothesis ~ ~ Y’ (C) is valid. But by corollary 11.6.4 ~~ (C is con-
structable) is also valid. Hence (3x)(~ ~x is constructable A ~ ~Y'(x))
is valid. But this implies ~ ~ (3x) (x is constructable A Y’ (x))is valid, i.e.
~~X.

Conversely suppose X is false over L. Then Y(C) is false over L for
every CeL. By induction hypothesis ~ Y’ (C€) is valid for every CeL.
Now suppose for some I'eG I'¥ ~X’, Then for some I'* I'*EX' or
Ir*E@3x)(xis constructable AY'(x)). For some ac¥ I'*E(a is con-
structable A Y'(a)). By corollary 11.6.2 for some I'* and some CeL
r*k(a=C), so I'*k~~Y'(C), a contradiction.

Remark 4.2: Suppose {9, &, kg, o) were itself an ordinalized in-
tuitionistic ZF model. We showed in § 3 that exactly the ordinals <@
are representable in #,. It then follows that for any Ce M, Ce %y,
and conversely. This may be shown by adapting the methods of ch. 11.
Now the above theorem may be restricted to

Theorem 4.3: Suppose {9, %, kFq, £q) is an ordinalized intuitionistic
ZF model. Let X and X’ be as above, save that X has constants only
from M. Then

X is true over M, iff ~~ X'isvalid in<¥%, &, Fq La),
X is false over M, iff ~ X'isvalidin<{¥9, &, kg, La).

Proof: This may be shown exactly as theorem 4.1 was shown. It is
simple to establish that the theorem 7.1 relativizes to {G, %, Fq, ¥q) in
the obvious manner.

§ 5. Sets which are models

Classically certain of the M, themselves may be ZF models. For example
Mg, where Q is the first inaccessible cardinal, is such a model. We now
examine the intuitionistic counterpart.

Theorem 5.1: Suppose M, is a classical ZF model, and <%, %, Fo» 0>
€M,. Then {9, &, k,, &, is an intuitionistic ZF model.
Proof: In the proofs of ch. 7 V was any arbitrary classical ZF model.
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If we take V to be M,, all the results still hold. But now the class model
(G, Z, k, &) with respect to M, is actually (¥, %, F,, L.

Theorem 5.2: Suppose (¥, %, F,, ¥,y is an ordinalized intuitionistic
ZF model. Then M, is a classical ZF model.

Proof: Let X be any ZF axiom stated with no universal quantifiers.
Since X has no constants, X’ as in theorem 4.3 is simply X relativized to
the constructable sets. It is shown in the course of the Gddel consistency
proofs that ZF+_X' (for example see [3]). Hence as usual ZFF~ ~X".
Thus ~ ~ X’ is valid in (¥, £, F,, &,»>. Now if X were not true over M,,
by theorem 4.3 ~X' would be valid in {9, £, F,, <,). Hence X is true
over M,.

§ 6. Restriction on cardinals representable

In ch. 9 § 8 we called (¥, Z, F, &) cardinalized if all the cardinals of V
were cardinals of . We now want to verify the remark made there that
the cardinals of % were the same as the cardinals of L. More precisely:

Theorem 6.1: Suppose (¥, %, F, &) is ordinalized, and for some ae V'
and some I'e¥ Tk (cardinal (). Then « is a cardinal of L, the class of
constructable sets of V.

Proof: Suppose « is not a cardinal of L. Then for some fea and some
FeL the following formula is true over L:

[ function (F) A 1-1(F) A domain(F)= B A range(F)=a].
But f€a, s0 ~ ~ (Bek) is valid in (¥, &, F, &). By theorem 4.1
~ ~ [ function(F) A 1-1(F) A domain(F)=p A range(F)=o]
is valid in (¥, £, F, &). But this is
~ ~ [ function™(F) A 1-1X(F) A domain™(F)=p A range*(F)=4]

where the superscript L means the formula has been relativized to
(x is constructable). But classically

ZF+, ~ (3x) ~ [(x is constructable A function™(x))> function(x)]
and similarly for 1-1, domain and range. By corollary 11.6.4

~ ~ (F is constructable) A
~ ~ (& is constructable) A ~ ~ (B is constructable)
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is valid. Hence
~ ~ [ function(F) A 1-1(F) A domain(F)= B A range(F) = &)
is valid. This contradicts I' F (cardinal (&)).

Remark 6.2: In the above it does not matter whether & and j are ordinal
or constructable set representatives. See theorem 11.7.1.

§ 7. Axiom of choice

By # (X) we mean the collection of all classically definable subsets of
theset X. Suppose we can define classically a sequence of sets as follows:

SFo =X,
P = F (L),
&, =U &, (for limit ordinals 1),
a<i
and let the class & = | &,. If X can be well ordered by some relation R,
then it is easy to show there is a class which well orders S, or, any set in S
can be well ordered. Formally we have

ZFt ~ ~ (3X)~(3x)~ 3B)(3F)[(F is a B’ length X function A
x€ F(B)) A 3R) (R well orders X)]>
~ (3y) ~ (3t)(t well orders y).

Now by a classical-intuitionistic argument we have

Theorem1.1: Let (¥, #, F, &) be ordinalized. Suppose se&;—F,
represents . The if I'k (3R) (R well orders s) then I E axiom of choice.

Now we consider the specific models constructed earlier.

In the model of ch. 12, if X(x) is the formula x=x and sye ¥, — Fo, Sx
represents &, We wish to show (IR)(R well orders sy) is valid in
(%, R, k, .

Let Y(x) be the formula

(3y)Bz){[integer (¥) A integer Z)Ayez Ax={p, 2)] Vv
[integer (y) Az=a A x=<y, 2)]},

and let RyeF, .3~ Fw+2. Then (Ry well orders sy) is valid. Thus the
axiom of choice is valid in the model of ch. 12.
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In the model of ch. 10, as above s represents &,. A reasonable well-
ordering of %, would be (schematically) O0,1,2,..., aq,a, a,...,
O3, (1}, 2%..., (0, ao), {1, @}, (3 az}s..., €0,a0), 1,4, 2,ay),
vy WL

We leave it to the reader to show that this well-ordering can be
expressed in the model. The only nontrivial part of the well-ordering is
ao, 4y, 4,, ..., since the subscripis are nos part of the moade). But W iteelf
provides this ordering.

Thus the axiom of choice is valid in the model of ch. 10.

§ 8. Continuum hypothesis

In this section we show that the generalized continuum hypothesis is valid
in the model of ch. 12. More generally we show the following:

Theorem 8.1: Suppose (¥, &, k, &) is ordinalized, ¥, £, ky, Lo)€EL,
and ¥ and &, are countable in L. Then the generalized continuum
hypothesis is valid in (%, Z, k, &).

We devote the rest of this section to the proof.

We remarked in ch.7§ 14 that the definition of the sequence of
intuitionistic models is absolute. If L is the class of constructable sets of
V, since (¥, &, ky, £o>€L, the construction of the sequence is the
same over V¥ or over L. Thus in this case we may assume in all the pre-
ceding work ¥ was L. (We use the continuum hypothesis in L.)

Trivially card(¥,.1)=No-card(¥,) in L. Since (¥, %, F, &) is
ordinalized and &, is countable in L, it follows by the work of ch. 9
that for any ordinal o of L, if > w and if § is the least ordinal such that
@e S, then card («)=card(¥s) in L.

We use P(x) to denote the power set operation both in L and in
(%, Z, k, &) in an obvious way.

Lemma 8.2: Under the conditions of the theorem, if a,feL and
card() =N, in L, and if for some I'e ¥

'k (card(P (8)) = card(B)),

then card(P(«))=>card($) in L.
Proof: As we showed in ch. 7 § 15, for fixed « there is some ye L such



160 ADDITIONAL RESULTS CH. 13§8

that if I'k( f<4), there is some ge#, such that I'k (f=g). Assume I'
is fixed.

&,eL. We have the axiom of choice in L so we can define a set
PeL such that P<.%, and if I'E(f<@), there is some geP such that
Fe(f=g), and if f,geP and f#g, T} (f=9).

Now as in ch. 7§ 15 the following is definable (as a class) over L: the
function U such that for ueP

U ()= {<T% 1y | te 0y A T (teu)},

where «, is the least ordinal such that &e &, . In this case since PeL,
Uisasetin L, i.e. UeL.

Aswe showed in ch. 7, for u,veP, if U(u)=U(v), then 'k (u=v)and
hence u=v here. Thus u=v if and only if U(u)= U(v) for u,veP. Thus if
R is the range of U on P, since U is 1-1, card(P)=card(R) in L. But
RS P(9x %,,) so card (R)<card(P(9 x & ,,)).

Since
card(% x #,,) = card(9) - card(¥,,)
=N, - card(x)
= card(),
then
card(R) < card(P(x)),
card(P) < card(P(x)).

We have T'k (card (P (&))=card(B)), so for some Fe ¥,
T E [ function(F) A 1-1(F) A domain(F) = A range(F)= P(&)].

We can thus define a function GeL to satisfy domain (G)=p and for
5<B G(0) is that element e of P such that I'k(F(§)=e) (there is only
one such element e for each 8). G is a function in L, range GSP, and
it is easy to see G is 1-1. Thus card(f)<card(P) in L. So card(B)<
card(P(«)) in L.

Now we show the theorem itself.
Suppose for some I'e¥, I} generalized continuum hypothesis. Then
for some a, B, yeL and some I'*

I'* k cardinal(8) A cardinal(B) A cardinal () A
GeBABepn(deb v d=8) Acard(P(Q)) = card($).



CH.13§9 CLASSICAL COUNTER MODELS 161

Then by § 3 @, B and p are cardinals of L. Moreover aef, fey, wea
or w=a, so card(x) =N, in L.
By the above lemma

card(P(a)) = card(y) in L.

Thus B is a cardinal in L between « and P (a) contradicting the continuum
hypothesis in L.

§ 9. Classical counter models

In the foregoing we have obtained independence result in set theory
without constructing any classical models. In more traditional treatments
of forcing, classical models are constructed by a method due to Cohen;
for example see [3], but countable classical ZF models are used.
Essentially this method was used in ch. 4 § 7 to prove the theorem there.
It is possible, using an ultralimit construction, to construct suitable non-
standard classical models without countability requirements. The
following method is from Vopé&nka [22] and is simply translated from
the topological intuitionistic models used there to the Kripke semantic
models we use. It can be applied in more general settings but we only
give it in a form which applies directly to intuitionistic ZF models.

Let <9, %, kE, &) be a class model over the classical model ¥ and
suppose the axiom of choice is true over V. As we showed in ch. 1 § 6, if
2 is the collection Z-closed subsets of ¢, (£, =) is a pseudo-boolean
algebra. Let F be any maximal filter in £. See [16] pp. 44, 66.

Define the class S to be the collection of all functions f such that
domain(f)e F, range(f)< <. Define ecS x§ by:

feg is true if and only if

{Fre ¥ |redom(f), Fedom(g), F'k(f(Neg(l))}eF.

We claim that for any formula X (x;, ..., x,) with no universal quan-
tifiers X(fy,..., f,) is true over § if and only if

{re 9| redom(f;)n--ndom(f,), Ik X(fy(T),....[(T)}eF.

The proof is by induction on the degree of X. We have the result for
atomic formulas by definition. The propositional cases are straight-
forward, using the various properties of maximal filters. We show the
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existential quantifier case. Suppose X is (3x) Y(x, f;,....f,) and the
result is known for formulas of lesser degree.

Suppose (3Ix) Y(x, f1,...,f,) is true over S. Then for some ge §
Y(9, fi5---»fy) is true over S. By inductive hypothesis

{I'| I e dom(g) N dom(f,) N+~ dom(f;),
rey(g@),f,(T).... fu(N))} F.

But this set is contained in

{I"II"edom(ﬁ)nu-n dom(f,), T E(Ix) Y(x, £, (D),.... f (D)}

so this is an element of F.
Conversely suppose

{r | T edom(fy) n---ndom(f,), T kE@x) Y(x,£,(T),.... f,(T))} eF.
Let this set be 4. We define a function g on A€ F as follows. Suppose
I'eA, then

TE@x) Y(x, fi(T),.... fo(D)).

So for some ae ¥

I-": Y(a, fl(r)i '“5fn(r))'
choose one such a, and let g (I')=a. Thus, by definition, for I'e 4

Fe@x) Y(x, f1(T), ..., [, () iff Fl=Y(g(I‘),fl(I“),...,f,,(I")).
Thus

A={r| T edom(f,) - dom(f,) " dom(g),
FeY(g(D),fi(0)... fn(D)} eF.

So by hypothesis Y (g, fi,...,f,) is true over 8, so (Ix) Y(x, f;,..., /)
is true over §.

As a special case we have: If X has no universal quantifiers and no
constants, X is true over S iff {I' | TEX}eF.

Since the unit element of (&, =) is ¢, we have ¥eF. Thus if X has
no universal quantifiers and no constants, and X is valid in (9, %, k, &),
X is true over .



CHAPTER 14

ADDITIONAL CLASSICAL MODEL
GENERALIZATIONS

§ 1. Introduction

All of the preceding work in part II has been with intuitionistic M,
generalizations, but other kinds of generalizations are possible. In this
chapter we briefly examine some of them.

Classically two particular models have proved of great use: the model
of constructable sets, and the model of sets with rank. We have discussed
an intuitionistic generalization of the first. In a similar fashion an in-
tuitionistic generalization of the R, sequence is possible.

Scott and Solovay have developed what they call boolean valued
models for set theory [19]. These are really boolean valued generalizations
of the classical R, sequence, in a sense to be given later. A similar boolean
valued generalization of the M, sequence is possible.

§ 2. Boolean valued logics

This section is intended as a preliminary to boolean valued models
for set theory. The subject is treated completely in [16). Also seech. 1§ 5.

In a pseudo boolean algebra, if —a, the pseudo-compliment of a, has
the property au—a= v, then —a is called the compliment of a. A
pseudo boolean algebra in which every element has a complement is
called a boolean algebra.

Let # be a boolean algebra and let v be a map from W, the set of
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formulas, to 4. v is called a (propositional) homomorphism if

v(XAY) = v(X)nv(Y),

v(XvY) = v(X)uov(Y),
v(~X) = —v(X),
v(X2Y) = v(X)=v(Y)=
= —v(X)vv(Y).
In addition v is called a (Q)-homomorphism if
v((@x) X (x)) = ..LE)T v(X (a),
o(WXE) = () o(X@).

where T is the collection of all parameters. The infinite sups and infs
corresponding to quantifiers are assumed to exist.

It can be shown that for X a formula with no parameters, X is a
theorem of classical logic if and only if v(X)=v for any Q-homo-
morphism into any boolean algebra.

One way of generating a theory (a collection of formulas called true,
closed under modus ponens, and containing all valid formulas) is to
give a boolean algebra # and a Q-homomorphism v, and to call a
formula X true in the theory being described if v(X)=v.

§ 3. Boolean valued R, generalizations

This generalization is from [19], though the particular formulation of it is
different.

As usual ¥V is a classical ZF model. Let % be a complete boolean
algebra such that FeV. (£ is complete if all sups and infs exist. Any
boolean algebra can be imbedded in a complete one. See [16].) We
define a transfinite sequence R?, and simultaneously a sequence of
homomorphisms v, from W2 to & where W2 is the collection of all
formulas with constants from R?. (Note that to define a homomorphism
it is sufficient to define it for atomic formulas.) Let RS =0; v, is trivially
defined. Having defined RZ, if f is a function from R? to &, call f ex-
tensional if for each g, he R?

(@) n v, (Vx)(xeg = xeh)) < fh)).
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Let R?, , be the elements of R? together with all extensional functions
from R? to #. Suppose f,geR?, ;:

(1). if f,9eR? let
ve+1(f€g)=v.(feg)
(2). if feR?® and ge R® , ~R? let
ve+1(f€g)=9g(f)
). if feR®, ,—R2 let
ve+1(feg)= U ){g(h) N N (f(x)<>v,(xeh)}.

hedom (g xeR,2
Remark 3.1: If an equality symbol is defined in the usual way, condition
(3) is the same as

v+1(feg)= U {g(h)nva+1(f=g)}'

hedom(g)

If 2is alimit ordinal, let R? =, < ,R®.If f, ge R, forsomea < A, f,ge R?;
let v;(feg)=v,(f€g). Finally, let R®* = (J,.,R2.
If f,geR?, for some aeV, f,geR?, let

v(feg)=v.(feg).

Thus we have a class R® and a Q-homomorphism v from W% to %#. As
we remarked in the last section, all the classically valid formulas map to
v. In [19] moreover, it is shown that all the axioms of ZF (as well as
the axiom of choice, if true in ¥) map to v. Thus R? is called a boolean
valued model for ZF.

Finally in [19] a specific model of this kind is produced in which the
continuum hypothesis doesnotmapto v, which establishes independence.
Similarly for the axiom of constructability.

§ 4. Intuitionistic R, generalizations

Let V be a classical ZF model. We define a (class of ) transfinite sequence
of intuitionistic models (¥, %, k,, R?) and a class model {9, &, F, 2%
as follows:

Let ¢ be some non-empty element of V, and let # be some arbitrary



166 ADDITIONAL CLASSICAL MODEL GENERALIZATIONS CH. 14 §4

reflexive, transitive relation on ¢, also a member of V. Let & be the
collection of all #-closed subsets of ¥. As we showed in ch.1§6 £
under the ordering < is a pseudo-boolean algebra. An element aeZ is
called regular if — —a=a. We call a function with range £ regular if
every member of the range is regular. We define a sequence of intui-
tionisticmodels (¥, #,k,, R?) asfollows. Let

R3 =90,

s0 (¥, R,Eq, RY> is trivial. Suppose (¥, &, F,, R?) has been defined. If
fis a regular function from Rf to 2, call f extensionalif ,foreach g,heRf

f@)n{r|rk(g=h}<cf(h).

Let R?., be the elements of R? together with all extensional functions
from R? to 2. If Te¥ and f,geRY, , let Tk, ((feg)if

(1). f:geR; and I'k,(feg),
(2). feR;, geR;,,—R; and T'eg(f),
(3). feR?,,—R? and for some hedomain(g)

Feg(h) and Te(f(x)<>{d|4k, ~~(xeh)})
for every xe R?

Remark 4.2: The expression in part (3) is an element of the pseudo-
boolean algebra &, <> is the operation of #. The definition could have
been stated without such a use of 2, but less concisely.

Thus we have (%, &,k,,,, RY,,>. If 2isa limit ordinal let

R7=U R?.
a<i
For f,geRj let T'k,( feg) if for some <A I'k,(feg). Thus we have
(Y, R,E,, RY). Finally let
R*= Ry
aeV
and for f, ge R® let 'k (feg) if for some aeV Tk, (feg).

Thus we have a sequence of models (¥, &, k,, R?> and a class model
(%, R, k, R?), determined by specifying ¢ and #. In the next section
we show, by translation to a boolean valued #%, sequence, that (¥, %,
E, R%) is an intuitionistic ZF model.
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§5. (%, 4, E, R?) is an intuitionistic ZF model

As we remarked in the last section, &, the collection of all %-closed
subsets of ¥, is a pseudo boolean algebra. Moreover it is complete, i.e.
all sups and infs exist. This follows since in this case a sup is an infinite
union, and the union of %-closed subsets is an Z%-closed subset, and
similarly for infs.

The results of ch.1§6 concerning the relationship of & and
<%, R, k,, Ry may be stated as: for any formulas X and ¥ {I'| 'k, X}e?
and

{r|re, X} u{r|reY}={r|re,Xx vy},

{T|Te, X} n{[|TEY}={T|TEX A Y},

{r|re,x}={r|rey}={r|reXx-yy,
- {I"|I"¥=,,X}= {r|Ire, ~X}.

In this case the relationship extends to
U P TRX () = (| Tr@) X ()

N, TITEX() = (T Tr () X ().

Similar results hold between the class models.

Now we construct a boolean valued R, sequence as in § 2.

An element ae Zis called dense if —a= A orequivalently,if — —a=v.
Let F be the collection of all dense elements of 2. F is a filter and (see
[16] p. 132-5.8) #|F=2 is a boolean algebra. Moreover ZeV. (Z|F is
the collection of all equivalence classes of # where a and b are equivalent
if (a=b)eF and (b=>a)eF.) In fact, denoting the equivalence class of
ae? by |ale B, we have

la| v |b] = la U bl,

lal 6] =la n b,

lal = [b] = |a = bl,
—|a|=|_'ah

and the unit of #Z is | v|=|%|. Furthermore % is complete and for any

index set T <
U lal =I'U adl.

xeT xeT
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Remark 5.1: This relation does not extend generally to (), but since in
a boolean algebra (") is equivalent to — | —, the above is sufficient for
completeness.

We include the proof of this last statement as it is so useful.

Lemma5.2: For a,be?
——(a=b)=(a=>—--0D).

Proof: By [16] p. 62, -37] !

——(a=b)<(a=—--0D).
Conversely
——(==—c=>c)=v
[16] p. 132, -5.7, and
an——b<-—-b.
SO
——[(an—-=b)=>b]l=v,
([16] p. 60-14)
~—~[@n(a=>-=-0b)=>b]l=v,
([16] p. 60-18)
~—[a=-—b)=(@=b]=v,
([16] p. 60-37)
(a=——b)=——(@=b)=v,
(a=—=b)< ——(a=0Db).

Lemma5.3: In & for any index set T

N ——(@=b)=—= ) (a:=b).

xeT xeT
Proof:
—— N (a,=b) = ([16] p.136, -7)
xeT
=——(U a,=b)= (lemma 5.2)
xeT
=Ua=>—--b = ([16] p- 136, -7)
xeT
=N (a,=——b)= (lemma 5.2)
xeT
= n —-“(ax=>b).

xeT
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Theorem 5.4: Uxcrlax|=|Uxeraxl:
Proof: In 2 for any xeT

a:c< U ay,

xeT

So
\ ——(a,=> U a)=v,

xeT

(ay=> U a,)eF.

xeT

So for all xeT

fad<iU ad.

xeT

Conversely suppose for some beZ, for all xeT

la,| < 1b|.
Then for all XeT
——(a,=>b)=v.
and since £ is complete,

ﬂ —'—(ax:’b)= Vv,
xeT
-—-N(a,=b)=v,
xeT
([16] p. 136-7)
__'(U ax=>b)=v’
xeT
SO
| U a. <[b].
xeT

Thus #=2|F is a complete boolean algebra. As shown in §2, this
determines the sequence R?, the homomorphisms v,, and the class model
R? and ». We now wish to investigate the relationship between this and
the intuitionistic model from which it arose.

First we claim there is an isomorphism between R? and R? (and
between R? and R®) of a rather substantial kind. We show this by
induction on &. R and RS are identical.

Suppose we have a mapping between R and R? (pairing feR? with
f'eR?). If gePR?, let g'eBR«"be the function whose valueat f'eR? is

g'(f)=1g(f).
It follows from the proof of theorem 5.5 below that g is extensional if
and only if g’ is extensional. We will assume this now.
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This map from R?,, to R?,, is one to one. For suppose g,heR?, , —R?
are distinct functions. If g and h are different, there must be some fe R?
such that g (f)#h(f). If |g (f)l=Ih(f)| then by definition

9(f) = h(f)eF,

or

—=@(f)=h(N)=v,
Gf)==--h(f)=v.

But 4 is a regular function, so

@) =r(f)=v,

or by lemma 5.2

9(f) < h(f).
Similarly

h(f) <g(f),
SO

9(f) = h(f).

Secondly, this map from RY,, to R%,, is onto. For let heR? , — R,

Let s be any function from RY to & defined by:

for f e R?, s(f) is some particular element of & (f’).

Let g be the function defined by g (x)= — —s(x). Then g is regular, with
domain R?, so geR?,, — R?. Moreover, for feR?
g =gl =1==s(NHl ==~Is(NHl =Is(H =h(f"),

and so his g’ forgeR?,,—R?.
Next we establish the essential identity of the two models.

Theorem 5.5: Let X be a formula over R? with no universal quantifiers.
Then X=X (fy,....fy)forfy, ..., fu€R:. Let X' = X (f{, ..., ;) where f; e R?
is the image of f; as above. Then

va(X’)= |{F'F':1X}'

(Similarly for the class models)

Corollary 5.6 I X 1s any formula with no universal quantifiers and no

constants, X is valid in the boolean model RZ (that is v,(X)= v) if and
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only if ~~X is valid in <%, &, k,, R?). (And similarly for the class
models.)
Proof: The unit element of & is |¥| so

~ p(X)=v iff v(X)=1|9
iff {I'|Te.X} =19
iff ——{r|IrkE,X}=--¢
iff {r|re,~~X}=9.

Corollary 5.7: (%, &, F, R?) is an intuitionistic ZF model (and the
axiom of choice is valid if it is true over V).

Proof: By corollary 5.6 and the results reported in § 2,
We now turn to the proof of theorem 5.5.

Suppose the result is known for atomic formulas over R?. It then
follows for all formulas over R? by induction on the degree. For example
suppose X is ~ Y and the result is known for Y. Then

2,(X) = v,(~Y)
=—1,(Y")
=-[{r|re i
=|-{r|Tk, Y}l
=|r|re~Y}
=|{r|rexj.

Also suppose the result is known for all formulas Y(f), and X is
(3x) Y(x). Then
0 (X) = 0, ((3x) Y"(x))
= U 0(Y'(f))
f’ERag

= U_Kr|rry(n)

J'eRe

= ungrnyum

S €Rs
=1 U Ar|TeY ()
=|{I'| [k, (3x) Y ()}
=Nr|TrkX}.
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The other cases are similar. Thus we must show the result holds for
atomic formulas. Suppose the result holds for all formulas over R?.
Letf,geR?, ;. We have three cases:

Case (1): f,geR?
The result is then trivial.

Case (2): feR?, geR?, ,—R?
Then

vae1(f'€9) =g ()
=lg(f)l
=|{F|Fka+1ng}|-
Case (3): feR?,,—R?

We first note that the following holds in any complete pseudo boolean
algebra:

N (-ay<s—b)=— U —(a, < b,).

xeT xeT

Now for any hedomain(g) let

={I'|Feg(h)}
and
(f(x)Q{AIAF ~~xeh})}.

xeR.

Then
U Z.= {I"ll"ka.,.lfeg}

hedom(g)

But also

=g N (f&)=——{4]|dk.xeh)),

an

so, since f'is regular,

P=gh)n- U —(f(x)@{AlAi: xeh}).

x € Ra¥

Thus
|23l = 1g (B)] N ~ ng = (If ()l = 1{4 | F.xeh})

X € Ky

=g'(W)n N (f')=0(x'eh)).

xEu
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And so
i1 (feg)= U |2

h' e dom (g’)

=] U P ={T'|Tk.,feg)l.

hedom(g)

The case of limit ordinals, and of the class models, is straightforward.

§ 6. Equivalence of the R, generalizations

In the last section we showed that for any intuitionistic R, generalization
there is a corresponding equivalent boolean valued R, generalization.
In this section we show, under restricted conditions, a converse.

Let # be a complete boolean algebra. A maximal (=prime) filter F is
called a Q-filter if, whenever | Jy.rax€eF, a,eF for some t€T, for any
index set T. We say # has property (1) if every non-zero element of &
belongs to some Q-filter ([16] pp. 86-88).

Suppose we have a boolean valued R, sequence as in § 3, and suppose
the algebra & has property (1). Let ¢ be the collection of all Q-filters of
%, and let Z be = (which is actually equality, since all Q-filters are
maximal). As we showed in § 3, this determines an intuitionistic R,
sequence. We now proceed to show these two models are equivalent.

Let s be the function from & to (%-closed) subsets of ¥ defined by:
s(a) is the collection of all Q-filters with a as an element. Since # has
property (1), s is an isomorphism between # and the power set of ¢
(any subset is Z-closed), where the boolean operations in ¥ are the
ordinary set-theoretic ones ([16] p. 87).

We define a reasonable isomorphism between R? and R? as follows:

R% and R} are identical.

Suppose an isomorphism has been defined between R? and R?
(pairing f e R? with f'eR?). If geBR«® let g’ be that element of PR«
defined by

g'(f") =s(g(f).

It follows from the proof of theorem 6.1 below that g is extensional if and
only if g’ is extensional, so we have an isomorphism between R?, , and
Ri:s.

Now we give the key theorem.
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Theorem 6.1: Let X be a formula over R?. Then X=X(f,...,f,) for
fisees LER2. Let X' =X (f{...,,[]) where f/eR? is the image of f; as
above. Then

{I|TE, X"} =5(v,(x)).

(Similarly for the class models.)
Proof: Suppose the result is known for all atomic formulas over RZ,
It then follows for all formulas X by induction on the degree of X.

Suppose the result is known for all formulas of degree less than that of X.
¥ Xis ~Y,

I\, X'} ={r|Fe,~Y'}=—{I'| 'k Y}

(where this is the complement in the boolean algebra of all subsets of %.
Since I'24 implies I'=4, it follows that either 'k, Y’ or I'k,~Y’, so
this follows.)

=- s(va(Y)) = S(— va(Y)) = S(va("' Y)) = s(v,(X)).
Similarly, if X is (3x) Y (x),

(I|TrX) = (T TR G0 Y ()
= U r|rey ()

S €Ra

= U_s@u(Y ()

€ Ra

=s( U ()

= 5(v,((3x) Y (x)))
=S (va (X)) :

The other cases are similar.
Thus, we must show the result for atomic formulas. Suppose the result
holds for all formulas over RZ?. Let f,ge R?, . We have three cases:
Case (1): f,geR®
Then the result is trivial.
Case (2): feR® geR®  —R?



CH.14§7 BOOLEAN VALUED M GENERALIZATIONS 175

Then
{T'|Tkif'eg’}y=9'(f)
=s(g(f)
= 5(v.41(f €9)).
Case(3): feR? ,—R2.
Then
s@en (e =s( U @hn N 06)=nxen)
= U (@®)n 0,600 =seaxeh)
- h’egmg’ (gl (hl) n x’Q g(f' (x') g {r [ r ':"x,Eh'}))

={I|Tkees f'€g’}.

The limit ordinal and class cases are straight-forward.

From this theorem, the essential equivalence of the two models follows.
As a special case, suppose V, the underlying classical ZF model, is
countable. Then ([16] p. 87-9.3) if ZeV is a complete boolean algebra,
Z# also has property (1). Thus if we assume there is a countable ZF
model, the two R, generalizations are equal in power.
The following results would be interesting, but are as yet undone:
(1). A direct proof that (%, %, £, R¥) is an intuitionistic ZF model.
(2). A more general set of circumstances under which a boolean valued
R, sequence has a corresponding equivalent intuitionistic R, sequence.
(3). A direct proof that there are intuitionistic R, generalizations pro-
viding counter models for the continuum hypothesis, or the axiom of
constructability (preferably not using countability of V).

§ 7. Boolean valued M, generalizations

Let V be a classical ZF model, and let Ze€ V'be acomplete boolean algebra.
We define simultaneously a sequence M2 of boolean valued functions,
and a sequence v, of homomorphisms from M2? to &. This is a direct
generalization of the sequence of ch. 7 § 2.

Let M2 be some arbitrary collection of functions with domains
subsets of M& and ranges subsets of . We assume Mg is well-founded



176 ADDITIONAL CLASSICAL MODEL GENERALIZATIONS CH. 14§ 7

with respect to the relation xedomainy. We assume Mg e V. v, is defined
by the condition: for f,ge MZ?

v (feg) =g(f).
We require that M and v, satisfy the equality condition
v ((Vx) (xef =x€g)) nvy(feh) <vy(geh),

for any f, g, he M2.

Suppose we have defined M? and v,. If X (x) is any formula over M2
with one free variable, by fy we mean the function whose domain is M2,
whose range is 4, and which is defined by

fx(x) =0, (X (x)),
for all xe M2,
Let M®_ , be M2 together with all fy for all formulas X (x)over M2,
We define v, 4, for atomic formulas as follows. If f,ge M2, ,,
Q). if f,ge M2, let
va+1(f69) = vz(ng);

Q). if feM2®, geM2 , — M2 let
var1(feg) =g (f);
Q). if fre Ms, ~ M2, let

v (feg)= U {v”l(heg)anQw(f(x)éva(XEh))}

he M B

(where v, (heg) has been defined in case (1) or case (2)).
If A is a limit ordinal, let

MZ= M2,
If f,ge M2, then for some e <A f,ge M2, Let
v,(feg)=v.(feg).

M2 =) M2.

aeV

If f,ge M®, for some aeV f,geM,. Let
v(feg)=v,(feg).

Finally let
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Thus we have a boolean valued generalization of the M, sequence, and
of L.

§ 8. Equivalence of the M, generalizations

Let (%, &, k,, &, be any intuitionistic M, generalization, satisfying the
conditions of ch. 1. We proceed almost as we did in § 5.

If f,geFLpi1—F, call f and g equivalent if (f=g) is valid in
(G, R, Frs1, Lys1y. Let &, be some subset of &, containing only one
from each collection of equivalent elements.

2 is the collection of all Z-closed subsets of ¥. £ under < is a pseudo
boolean algebra. If F is the filter of all dense elements of 2, Z=%|F is
a boolean algebra. Define MZ from %, by induction on the well-founded
relation xedomain (y), so that for f,ge &, the corresponding elements
.9’ € M2 satisfy

g(f)=1g(f).

Under this definition My and %} are isomorphic by induction on the
well founded relation xedomain (y). For if g’ =4’, then for all f' edom (g’)
=dom(’), g’ (f)=h(f'), so |g()=|~(f)\. It follows that for al F'e¥
Tkg~~(feg)=~~(feh), and so TI'ko~(3x)~(xeg=xeh), so
T'tog=h.Then if g,k are in &}, g is h. Next we may show &, and M2?
are isomorphic, and the mapping still satisfies g’ (f')=|g(f)l. Then
following the procedure of § 5, we may show

Theorem 8.1: If X is any formula with no universal quantifiers and no
constants, X is valid in the boolean valued model M? if and only if ~ ~X
is valid in <%, £, F, &).

Similarly, following the procedure of § 6, we may show

Theorem 8.2: Let # be a complete boolean algebra satisfying property
(1), and let MZ and v, satisfy the conditions in § 6. Then there is an
intuitionistic sequence such that if X is any formula with no constants,
X is valid in M?® if and only if X is valid in (¥, &, k, &).

Again the following results would be interesting:

(1). A direct proof that M? is a boolean valued ZF model.

(2). A more general set of circumstances under which a boolean
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valued M, sequence has a corresponding equivalent intuitionistic M,

sequence.
(3). A direct proof that there are boolean valued M, sequences which

establish the various set theory independence results.



APPENDIX
(toch. 11§2)

§ 1. Corresponding formulas

Definition 1.1: Suppose I Epartrel(R). We say R corresponds to the
formula X over g with respect to I' if there is a I'’* and a finite set of
integers {iy, ... 4,} such that X is X (x,,,..., x;) and

(1). X is dominant,

(2). all the quantifiers (existential only) are bound to g,

(3). for any constant a of X not a quantifier bound, I'*F (aeg),

(4). I*F~@x)~ [xeDomain(R)=(x=1i, Vv -+ v x=1,)],

(5). T*E~(3x)...(3x;) ~ [X (xip5 005 X)) =

Af)(SfeRAf()=x, A ASf(L)=x;,)].

Lemma 1.2: Suppose <9, &, k, &) is ordinalized. If 'k (R is atomic
over g) then R corresponds to an atomic formula over g, with respect to I

Proof: There are four cases, all treated similarly. We show only one.

Thus suppose I' E(R is atomic(2) over g). Then for some a,be S

Ik [integer (b) A ~ ~ (aeg) A

~@Af)~ (fe R=(partfun(f) Adomain(f) = {b} A f(b) € a))].
Since I'kinteger(b), there is some I'* and some integer n such that
I*k (b=n). Since I'’* F ~ ~(aeg), there is some I'** such that I'** k (aeg).
Let 4=TI**. Then
Ak [integer(A) Aae g A

~(3f) ~ (fe R= (partfun(f) A domain(f) = {A} n f(R)€ a))]-
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Now we claim R corresponds to the formula (x,ea) over g. If we take
the set of integers to be {n}, properties (1)-(4) are immediate. Property
(5) becomes

4k~ (3x,) ~ [xaea = (3) (feR A f(R) = x,)].

We show this in two parts:

Suppose 4* E(3 f)(feRA f(f)=b). Then for some fe & A*E(feR
A f (#)=b). Since 4*F (f€eR), by the above 4*F~ ~ f(f)ea. But also
A*E f (R)=b A function(f), so 4*F ~ ~ (bea). Thus

Ak ~@x) ~[@f) (feR Af(A) = x) > xea].

Conversely suppose 4*F (bea). Let Z(x) be the formula x=(#, b),
and let w, be in some suitable &, ., —%,. The reader may verify

A4* k [ partfun(w,) A domain(w,) = A A w,(8)=b].
But A*kbea, so 4*F ~~(w,eR). Thus

A*k(Af)(~~feRAf(R) =),
E~~@3f)(feRAf(R)=10),
AE~@3x)~[xea>3f)(feR A f(R) =x)].

Lemma 1.3: Suppose {%, Z, kF, &) is ordinalized. If S corresponds to
a formula X over g with respect to I', and I' k(R is not-S) then R corre-
sponds to the formula ~X over g with respect to I

Proof: Suppose without loss of generality that the finite set of integers
for Sis {1,2,...,n}. We keep the same set for R. By hypothesis X is
dominant, hence so is ~ X, thus property (1). Properties (2), (3) and (4)
are immediate.

Property (5) becomes

M*e~(3xy) .. (x,) ~ [~ X (x4, 000, %) =
@) (FeRASD) =x; A nf(B) = x,)].
But we are given
I*e~(3x,)...(3x,) ~[X (X1, .00, X,) =
AN (feSAfD)=x naf(R)=x)],
and 'k (R is not-S). We show property (5) in two parts. Suppose I'*2A.
If
A-Af)(feRAf(D)=c, n--Af(R)=c,),
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then for some f€S
Ak(feRAf(D)=c A-Af(A)=0¢c,).

But
re~@3f)~[feR=~feS],

s0 4F~ (feS). We claim that from this follows
A '= (o) X(Cl, ey C”).
For otherwise for some 4* 4*FX(cy,..., ¢,). Then

A*I=~~(3f)(feS/\f(T)=c1 AAf(R)=c,),

so for some geS§

A*E~~(geS) Ag(D)=c,AAgB)=c,.
But
4*E~~(geS) A (feR)
and
4* k ~ (3x) ~ [x € Domain(R) = x € Domain(S)],

so it follows that
4* E domain( f) = domain(g),
4* E domain(f) = {i,..., a}.
And
a*kf(@)=g@) A A f(A)=g(),
thus
4*Ff =g¢g.

But 4*F~ (feS)A ~ ~ (g€S), a contradiction. Hence 4 £~ X(c;,
Thus

r*k~(3x,)...3x) ~[G) (feR A S (D)

=X A Af(R)=x,)D ~X(Xg,...

Suppose conversely 4k ~ X (cy, ..., ¢,). Then
AE~@f)(feSAf(D)=c; A-Af(A)=c,).
Let Y(x) be the formula

X = <T’ c1> VeV X = (ﬁ, C,.>,

181

cees Cp).

» Xn)].
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and consider gy in some suitable &, — %,. The reader may verify that

Ak [ partfun(gy) A domain (gy) = {1,....A} Agy (D) =c A -+ A gy (R) =c,].
It follows that 4k~ (gye &). Hence 4F~ ~ (gyeR). That is
Ak~~(gyeR) A gy(D) =c; A~ A gy(R) =c,-
Ak~~@Af)[feRAfD) =c; A Af(R)=0c,],

FE~@3xy)...03x,) ~ [~ X (%15 -0 Xp) 2 R
. @3f)(feR Af(1)=.xl A A f(R) = X))

We may in a similar fashion show

SO

Lemma 1.4: Suppose {9, %, k, &) is ordinalized. Suppose S corre-
sponds to a formula X over g and T corresponds to a formula Y over g
with respect to I'. Then

(1). if FTER is S-and-T, R correspondsto X' A Y over g,

(2). if T'ERis S-or-T, R corresponds to Xv Y over g,

(3). if 'k R is S-implies-T, R corresponds to X> Y over g.

Finally we show

Lemma 1.5: Suppose (9, %, F, &) is ordinalized. Suppose S corre-
sponds to a formula X (x,,..., x,) over g with respect to I', and I'F R is
(37) S over g. Then R corresponds to the formula

(axj) [(ijg) A~ X(xl’ ) xn)]

over g with respect to I'.

Proof: The finite set of integers for S is {1,..., n}. We may take j to
be 1. Then let the set of integers for R be {2,..., n}. Now property (1)
follows by theorem 7.7.3. Properties (2) and (3) are immediate, and (4)
is straightforward.

Property (5) becomes

I*E~(3x;) ... (Ix,) ~ [Axy) (x1€9 A ~ ~ X (Xq, ... X))
=) (feRAF(2)=x, A=A f(R)=x,)].
We are given
r*e~@3x,)...0x,) ~ [X (X450, X)) =
AN(feSAf@) =x A Af(A)=x,)].
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We show property (5) in two parts: Let I'*Z#A.
Suppose
AE@AN)(feRAf(Q)=coAAf(R)=c,).
Then for some fe &%
AEfeRAf(Q) =c, A--Af(R) =c,.
But
AER is (31)S over g,

$0
AE~~@h)(he # Af=h| Domain(R) A h(1) e g).

Then for any 4* there is a 4** such that
4** £ he S A f=h| Domain(R) A h(1) e g).

For some ae &
A**kh(l)=an aeg.
It now follows that
A eh(D=anrh@=cyAn-Ah(R)=c,.
So
A**E~~ X (a, 35 .. Cn)s
A**E(3x,) [~ ~ X (x1, €55 -.0r €) A X, €G],
A¥* E~ ~ (3x) [X (X1, €25 100 Ca) A X1 E9],
Ak ~~3x,) [X (%15 €25 -os €n) A X1€9],

This establishes one half.
Conversely suppose

AE@x) [x1€9 A ~~ X (Xg, €35, C)],
then for some ae ¥

AdFaeg A ~~X(a,cz...rCp)-
Thus

de~~Af)(feSAf(D=anf@)=c,n--naf(A)=c,).
So for any 4* there is a 4** such that

A**EAN)(feSAfD)=anf@Q)=c,An-Af(R)=c,)
#*EefeSAf(D=anf@ =c, AAf(R)=c,.
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Let Y(x) be the formula

x=C2,¢c;) veev x =R, ¢,
and let Ay be in some %, —<,. The reader may show

A** E partfun(hy) A hy = f| DomainR Af(Deg.
So

A**E hyeR,

A**E(hyeR A hy(2) =c; A+ A hy(R) =c,),

A**E@3h) (heRAh(Q)=c, A Ah(R)=c,),

Ak~~@h)(heRAh(Q)=c, AAh(R)=c,).

This establishes the second half. '
Theorem 1.6: Suppose (¥, £, E, &) is ordinalized and
I k (R is a definable relation over g).
Then R corresponds to a dominant formula X over g with respect to I'.

Proof: T'k(R is a definable relation over g) so, for some Fe.#, some
integer n and some I'*

IT'* k function (F) A integer(R) A domain(F) = A
~ (3x) ~ [x € A © F(x) is atomic over g v
3y)(yex A F(x) isnot-F(y)) v «++ v
(3»)(3k)(y € x A integer (k) A F(x) is
(3k) F(y) over X)] A
(3m)(me i A F(m)=R).

Now n is some particular integer. We examine O, 1,...,n—1. That is
r*k0es, so

Ir'*k ~ ~[F(0) is atomic over g v (3y)(y€0 A F(0) is not F(y)) v ---].

So for some I'**
r** & F(0) is atomic over g v -+

In fact, since I'**E ~(3y)(ye0),

r**  F(0) is atomic over g.
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'Next I'**eief, so similarly there is a I'*** such that
r*x* i F(1) is atomic over g v (Ay)(ye 1 A F(1) is not-F(y)) v -
and also
r*** g F(0) is atomic over g.

We proceed similarly for each m <n. Thus we have some A4=I**"*
such that for each m<n

A k F(1) is atomic over g v (3y)(y € i A F(r) is not-F(y)) v -+

Now by the above lemmas F (6) corresponds to a dominant formula
over g with respect to 4 (hence to I'). So F(1) corrcsponds to a dominant

formula over g with respect to 4(I’), and so on to F (n— 1) Finally
4E(Am)(mef A F(m)=R),
so in some 4*
A*Ermen A F(m)=R).

§ 2. Completeness of the definability formula

Theorem 2.1: Suppose (¥, %, F, ) is ordinalized and for some
I'e% f,ge% and
Ik (fis definable over g).

Then there is some I'* and some dominant formula X(x) with one free
variable, no universal quantifier, all quantifiers bound to g, such that if
a is a constant of X(x) not a quantifier bound, I'*k (aeg) and

Ir*e~3x) ~[xef =(xeg A X(x))].
Proof: Tk(f is definable over g) so for some I'* Re, integer (n),
I'* E partrel (R) A integer (R) A R is a definable relation over g A
~ (3x) ~ [x€ Domain(R) = x = A] A
~@x)~[xef=(xeg n (3h)(he R A h(A) =x))].
By theorem 1.6, R corresponds to a permanent formula X over g
with respect to I'. X must be one-placed, X=X(x,). Moreover, X is

dominant, has no universal quantifiers, and has all quantifiers bound to g.
There is some I'** such that for any @ of X not a quantifier bound
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I'**kqgeg, and

F**F"'(axn) ~ [X(xn) E(af) (fER /\f(ﬁ) = xn)]'
Now if I'**Z%A and AF cef, then
Ak~ ~(ceg A (3h) (heR A h(R) = ),

s0
AE~~(ceg A X (c)).

Conversely, if Akceg A X(c), then
Akcegn~~@Af)(feRAf(R)=c).
dk~~[ceg A () (feR AS(A)=0)],
so Ak~ ~cef. Thus
I**E~(3x) ~[xef =(xeg A X (x))].
Thus we have established theorem 11.2.1.

§ 3. Adequacy of the definability formula

The proof of theorem 11.2.2 is rather like that of theorem 11.2.1, so we
only sketch the general steps.

Definition 3.1: Suppose X(x;,...,x;) is a formula with no universal
quantifiers, with all quantifiers bound to g€, and such that if a is a
constant of X other than a quantifier bound, I'F~ ~(aeg). We say X
corresponds to the partial relation R with respect to I if

(1). T'E~(3x)~ [xe Domain(R)= (x =1, v -+ v x=1,)],

(). TE~(@3x;)...Q3x) ~ [X(xi,..., ) =

AN feRAS ) =x A Af(L)=x,)],
(3). T E ~ ~ (R is a definable relation over g).

We wish to show

Theorem 3.2: Suppose (¥, %, kF, &) is ordinalized and X is a formula
with no universal quantifiers, with all quantifiers bound to ge&, and
such that for I'e &, for any constant a of X other than a quantifier bound
T'E~ ~(aeg). Then X corresponds to some partial relation R with
respect to I'.
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To show this we must show a sequence of lemmas similar to those of § 1.
For example:

Lemma3.3: If (¥, &, k, &) is ordinalized, g,ae ¥, and 'k~ ~ (aeg).
Then the formula x,ea corresponds to a partial relation R with respect
to I' such that

I' F R is atomic (2) over g.

Proof: Let Y(x) be the formula
partfun(x) A domain(x) = {f} A x(R)€ a.
Let Rye ¥, 1 —F, (Where a,ie #,). Then
I E Ry is atomic (2) over g,
and x,ea corresponds to Ry.

Similarly we may show the analogues of the other lemmas of § 1.
Finally, to show theorem 3.2, in a sense we reverse the procedure of
the proofin § 1. We proceed through subformulas of X, using the lemmas
referred to above, concluding with X.
Given theorem 3.2, theorem 11.2.2 is straightforward.
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