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INTRODUCTION 

In 1963 P. Cohen established various fundamental independence results 
in set theory using a new technique which he called forcing. Since then 
there has been a deluge of new results of various kinds in set theory, 
proved using forcing techniques. It is a powerful method. It is, however, 
a method which is not as easy to interpret intuitively as the corresponding 
method of Godel which establishes consistency results. Godel defines an 
intuitively meaningful transfinite sequence of (domains of) classical 
models M ", defines the class L to be the union of the M" over all ordinals 
0(, and shows L is a classical model for set theory [4 ; see also 3]. He 
then shows the axiom of constructability, the generalized continuum 
hypothesis, and the axiom of choice are true over L, establishing consist­
ency. 

In this book we define transfinite sequences of S. Kripke's intuitionistic 
models [13] in a manner exactly analogous to that of Godel in the classical 
case (in fact, the M" sequence is a particular example). In a reasonable 
way we define a "class" model for each sequence, which is to be a limit 
model over all ordinals. We show all the axioms of set theory are in­
tuitionistically valid in the class models. Finally we show there are 
particular such sequences which provide: a class model in which the 
negation of the axiom of choice is intuitionistically valid ; a class model in 
which the axiom of choice and the negation of the continuum hypothesis 
are intuitionistically valid; a class model in which the axiom of choice, the 
generalized continuum hypothesis, and the negation of the axiom of 
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constructability are intuitionistically valid. From this the classical inde­
pendence results are shown to follow. 

The definition of the sequences of intuitionistic models will be seen to 
be essentially the same as the definition of forcing in [3]. The difference 
is in the point of view. In Cohen's book one begins with a set M which 
is a countable model for set theory and, using forcing, one constructs a 
second countable model N "on top of" M. Forcing enables one to 
"discuss" N in M even though N is not a sub-model of M. Various such 
N are constructed for the different independence results. Cohen points out 
[3, pp. 147, 148] that actually the proofs can be carried out without the 
need for a countable model, and without constructing any classical 
models ; this is the point of view we take. It is the forcing relation itself 
that the center of attention (see 3, page 1471, though now it has an in­
tuitive interpretation. 

A similar program has been carried out by Vopenka and others. [See 
the series of papers 22, 23, 24, 27, 6, 25, 7, 8, 26, 28]. The primary differ­
ence is that these use topological intuitionistic model theory while we 
use Kripke's, which is much closer in form to forcing. Also the Vopenka 
series uses Godel-Bemays set theory and generalizes the F(% sequence, 
while we use Zermelo-Fraenkel set theory and generalize theM(% sequence. 
The Vopenka treatment involves substantial topological considerations 
which we replace by more "logical" ones. 

This book is divided into two parts. In part I we present a thorough 
treatment of the Kripke intuitionistic model theory. Part II consists of the 
set theory work discussed above. 

Most of the material in Part I is not original but it is collected together 
and unified for the first time. The treatment is self-contained. Kripke 
models are defined (in notation different from that of Kripke). Tableau 
proof systems are defined using signed formulas (due to R. Smullyan), a 
device which simplifies the treatment. Three completeness proofs are 
presented (one for an axiom system, two for tableau systems), one due to 
Kripke [13], one due independently to R. Thomason [21 ]  and the author, 
and one due to the author. We present proofs of compactness and 
Lowenheim-Skolem theorems. Adapting a method of Cohen, we establish 
a few connections between classical and intuitionistic logic. In the prop­
ositional case we give the relationship between Kripke models and 
algebraic ones [16] (which provides a fourth completeness proof in the 
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propositional case). Finally we present Schutte's proof of the intuitionistic 
Craig interpolation lemma [17], adapted to Kleene's tableau system G3 
as modified by the use of signed formulas. No attempt is made to use 
methods of proof acceptable to intuitionists. 

Chapter 7 begins part II. In it we define the notion of an intuitionistic 
Zermelo-Fraenkel (ZF) model, and the intuitionistic generalization of 
the Godel M" sequence. Most of the chapter is devoted to showing the 
class models resulting from the sequences of intuitionistic models are 
intuitionistic ZF models. This result is demonstrated in rather complete 
detail, especially sections 8 through 1 3, not because the work is particular­
ly difficult, but because such models are comparatively unfamiliar. 

In chapter 8 the independence of the axiom of choice is shown. 
In chapter 9 we show how ordinals and cardinals may be represented 

in the intuitionistic models, and establish when such representatives exist. 
Chapter 10  establishes the independence of the continuum hypothesis. 
In Chapter 1 1  we give a way to represent constructable sets in the 

intuitionistic models, and establish when such representatives exist. 
Chapter 12 establishes the independence of the axion of constructability. 
Chapter 13  is a collection of various results. We establish a connection 

between the sequences of intuitionistic models and the classical M" 
sequence. We give some conditions under which the axiom of choice and 
the generalized continuum hypothesis will be valid in the intuitionistic 
class models (thus completing chapters 10  and 1 2). Finally we present 
Vopenka's method for producing classical non-standard set theory models 
from the intuitionistic class models without countabiIity requirements 
(26]. 

The set theory work to this point is self-contained, given a knowledge 
of the GOdel consistency proof ([4], in more detail [3]). 

In chapter 14 we present Scott and Solovay's notion of boolean valued 
models for set theory [19]. We define an intuitionistic (or forcing) 
generalization of the R" sequence (sets with rank) analogous to the Cohen 
generalization of the M" sequence, and we establish some connections 
between intuitionistic and boolean valued models for set theory. 









C HAPTER 1 

PROPOSITIONAL INTUITIONISTIC LOGIC 

SEMANTICS 

§ 1. Formulas 

We begin with a denumberable set of propositional variables A, E, C, . . .  , 
three binary connectives 1\, V , :::> , and one unary connective "', together 
with left and right parentheses (, ). We shall informally use square and 
curly brackets [, ], {, } for parentheses, to make reading simpler. The 
notion of well formed formula, or simply formula, is given recursively by 
the following rules : 

FO. If A is a propositional variable, A is a formula. 
FI. If X is a formula, so is '" X. 

F2, 3, 4. If X and Y are formulas, so are (X 1\ Y), (Xv Y), (X:::> Y). 

Remark 1 . 1: A propositional variable will sometimes be called an atomic 
formula. 

It can be shown that the formation of a formula is unique. That is, for 
any given formula X, one and only one of the following can hold : 

(1). X is A for some propositional variable A. 
(2). There i s  a unique formula Y such that X i s  '" Y. 
(3). There is a unique pair of formulas Y and Z and a unique binary 

connective b (1\, V or :::» such that X is (Yb Z). 
We make use of this uniqueness of decomposition but do not prove it 
here. 

We shall omit writing outer parentheses in a formula when no con-
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fusion can result. Until otherwise stated, we shall use A, Band C for 
propositional variables, and X, Y and Z to represent any formula. 

The notion of immediate sub formula is given by the following rules : 
rD. A has no immediate subformula. 
11 .  ,.., X has exactly one immediate subformula : X. 

12,3,4. (X A Y ), (Xv Y ), (X::J Y )  each has exactly two immediate 
subformulas: X and Y. 

The notion of subformula is defined as follows : 
SO. X is a subformula of X. 
SI. If X is an immediate subformula of Y, then X is a subformula 

of Y. 
S2. If X is a subformula of Y and Y is a subformula of Z, then X is a 

subformula of Z. 
By the degree of a formula is meant the number of occurrences of logical 
connectives ( "' , A, V , ::J) in the formula. 

§ 2. Models and validity 

By a (propositional intuitionistic) model we mean an ordered triple 
('§, Bl, 1=), where '§ is a non-empty set, Bl is a transitive, reflexive 
relation on '§, and 1= (conveniently read "forces") is a relation between 
elements of '§ and formulas, satisfying the following conditions : 

For any rE'§ 
PO. i f  r 1= A and rBlA then A 1= A (recall A i s  atomic ). 
PI. r l= (XAY )  iff r l= X andr l= Y. 
P2. rl= (X v Y )  iff rl=x or rl= Y. 
P3. r l= ,..,x iff for all AE'§ such that rBlA, A YX. 
P4. FI=(X ::J Y )  iff for all AE'§ such that FBlA, if A 1= X, then A 1= Y. 

Remark 2.1: For rE'§, by F* we shall mean any AE'§ such that FBlA. 
Thus "for all F*, (,D(F* )" shall mean "for all AE'§ such that FBlA, 
(,D (A )"; and "there is a F* such that (,D (F* )" shall mean "there is a A E '§ 
such that r BlA and (,D (A )". Thus P3 and P4 can be written more simply as: 

P3. F 1= ,.., X iff for all F*, F* Y X 
P4. F 1= (X::> Y )  iff for all F*, if F* 1= X, then F* 1= Y. 

A particular formula X is called valid in the model ('§, Bl, 1=) if for all 
FE '§, F 1= X. X is called valid if X is valid in all models. We will show 
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later that the collection of all valid formulas coincides with the usual 
collection of propositional intuitionistic logic theorems. 

When it is necessary to distinguish between validity in this sense and 
the more usual notion, we shall refer to the validity defined above as 
intuitionistic validity, and the usual notion an classical validity. This 
notion of an intuitionistic model is due to Saul Kripke, and is presented, 
in different notation, in [13]. See also [18]. Examples of models will be 
found in section 5, chapter 2. 

§ 3. Motivation 

Let (C§, fJt, F) be a model. C§ is intended to be a collection of possible 
universes, or more properly, states of knowledge. Thus a particular r in 
C§ may be considered as a collection of (physical) facts known at a particu­
lar time. The relation fJl represents (possible) time succession. That is, 
given two states of knowledge r and LI of C§, to say r 9f!LI is to say : if we 
now know r, it is possible that later we will know LI. Finally, to say 
r F X is to say: knowing r, we know X, or : from the collection of facts r, 
we may deduce the truth of X. 

Under this interpretation condition P3 of the last section, for example, 
may be interpreted as follows : from the facts r we may conclude ,..., X if 
and only if from no possible additional facts can we conclude X. 

We might remark that under this interpretation it would seem reasonable 
that if rFX and r9f!LI then LI FX, that is, if from a certain amount of 
information we can deduce X, given additional information, we still can 
deduce X, or if at some time we know X is true, at any later time we still 
know Xis true. We have required that this holds only for the case that Xis 
atomic, but the other cases follow. 

For other interpretations of this modeling, see the original paper [ 13]. 
For a different but closely related model theory in terms of forcing see [5J. 

§ 4. Some properties of models 

Lemma 4.1: Let (C§, 9f!, t=) and (C§, fJt, F') be two models such that for 
any atomic formula A and any reC§, r F A  iff rF' A. Then 1= and /=' are 
identical. 
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Proof: We must show that for any formula X, 

r I: X <:> r 1:' X . 

CH. l § 4  

This is done by induction on the degree of X and is straightforward. 
We present one case as an example. 

Suppose X is '" Y and the result is known for all formulas of degree 
less than that of X (in particular for Y). We show it for X: 

r I: X <:> r I: '" Y (by definition) 
<:> (,vT*) (r* Y Y )  (by hypothesis) 
<:> (vT*) (r* Y' Y) (by definition) 
<:>rl:' "" Y 
<:> rl:' X. 

Lemma 4.2: Let f§ be a non-empty set and fJi be a transitive, reflexive 
relation on f§. Suppose I: is a relation between elements of C§ and atomic 
formulas. Then 1= can be extended to a relation 1=' between elements of C§ 
and all formulas in such a way that (f§, fJi, 1=') is a model. 

Proof: We define 1=' as follows : 
(0). if r 1= A then r* 1:' A, 
(1). rl:'(X t\ Y )  if rl:' X and rl:' Y, 
(2). rl='(X v Y) if rl=' X or rl=' Y, 
(3). r 1=' '" X if for all r*, r* Y' X, 
(4). r 1=' (X::l Y )  if for all r*, if r* 1:' X, then r* 1:' Y .  

This i s  an inductive definition, the induction being on the degree of the 
formula. It is straightforward to show that <�, fJi, 1=') is a model. 
From lemmas 4. 1 and 4.2 we immediately have 
Theorem 4.3 : Let C§ be a non-empty set and fJi be a transitive, reflexive 
relation on C§. Suppose I: is a relation between elements of f§ and atomic 
formulas. Then 1= can be extended in one and only one way to a relation, 
also denoted by 1=, between elements of f§ and formulas, such that 
(C§, fJi, 1=) is a model. 
Theorem 4.4: Let (C§, fJi, 1=) be a model, X a formula and r,..1ef§. If 
rFX and rfJi..1, then LtI=X. 

Proof' A straightforward induction on the degree of X (it is known 
already for X atomic). For example, suppose the result is known for X, 
and r 1= '" X. By definition, for all r*, r* Y X. But r fJiLt and fJi is 
transitive so any fJi-successor of ..1 is an fJi-successor of r. Hence for all 
Lt * , Lt * Y X, so ..11= '" X. The other cases are similar. 
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§ 5. Algebraic models 

23 

In addition to the Kripke intuitionistic semantics presented above, there 
is an older algebraic semantics: that of pseudo-boolean algebras. In this 
section we state the algebraic semantics, and in the next we prove its 
equivalence with Kripke's semantics. A thorough treatment of pseudo­
boolean algebras may be found in [16]. 

Definition 5. 1 :  A pseudo-boolean algebra (PBA) is a pair (!fI, � )  where 
!fI is a non-empty set and � is a partial ordering relation on !fI such that 
for any two elements a and b of !fI: 

(1). the least upper bound (aub) exists. 
(2). the greatest lower bound (a n b) exists. 
(3). the pseudo complement of a relative to b (a�b), defined to be 

the largest xe!fl such that anx�b, exists. 
(4). a least element A exists. 

Remark 5.2 : In the context � is a mathematical symbol, not a meta­
mathematical one. 

Let -a be a � A and v be - A . 

Definition 5.3: h is called a homomorphism (from the set W of formulas 
to the PBA (!fI, � »  if h: W-.!fI and 

(1). h(X" Y)=h(X)nh(Y) , 
(2). h(Xv Y)=h(X)uh(Y) , 
(3). h( "'X) = -heX) , 
(4 ). h(X� Y)=h(X)�h(Y) . 

If (!fI, � >  is a PBA and h is a homomorphism, the triple (!fI, � ,  h) is 
called an (d/ge/;/'tlic) m(Jdel for tlze set of formula.s Ir. If r is a. formu/a., 
X is called (algebraically) valid in the model <!fI, � , h) if h (X) = v. X is 
called (algebraically) valid if X is valid in every model. 

A proof may be found in [16] that the collection of all algebraically valid 
formulas coincides with the usual collection of intuitionistic theorems. 

§ 6. Equivalence of algebraic and Kripke validity 

First let us suppose we have a Kripke model <C§, [?it, 1=) (we will not use 
the name "Kripke model" beyond this section). We will define an algebraic 
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model ( PA ,:::;; , h) such that for any formula X 

h(X) = v iff for all re(1, rFX . 

Remark 6. 1 :  The following proof is based on exercise LXXXVI of [2]. 

If b£.(1, we call b tal-closed if whenever reb and rtalA, then Aeb. 
We take for PA the collection of all tal-closed subsets of (1. For the 

ordering relation :::;; we take set inclusion £.. Finally we define h by 

heX) = {re(1 I rFX} .. 

It is fairly straightforward to show that ( PA ,:::;;) is a PBA. Of the four 
required properties, the first two are left to the,reader. We now show: 

If a,b e PA ,  there is a largest xe PA such that anx:::;;b. 
We first note that the operations u and n are just the ordinary union 

and intersection. Now let p be the largest tal-closed subset of «(1 -!... a) u b 
(where by -!... we mean ordinary set complementation). We will show 
that for all xe PA 

x:::;;p iff anx:::;;b ,  
which suffices. 

Suppose x:::;;p. Then 
x £.  «(§ -!... a) u b ,  

a n x £. an [«(§ -!... a) u b] , 
anx£.anb , 
a n x £. b ,  
a n x:::;; b .  

Conversely suppose anx:::;; b. Then 

(a n x) u (x -!... a) £. b u (x -!... a) , 
x£. b u (x -!... a) , 
x£. b u «(§ -!... a) , 

but xe PA ,  so x is tal-closed. Hence 

x£.p , 
x:::;;p .  

The reader may verify that 0ePA  and is a least element. 
Next we remark that h is a homomorphism. We demonstrate only one 

of the four cases, case (4). Thus we must show that h(X� Y) is the largest 



CH. l § 6  

xePA such that 

First we show 

that is 

EQUIVALENCE OF ALGEBRAIC AND KRIPKE VALIDITY 

heX) n x � heY) . 

heX) n h(X:=J Y) � heY) , 

{r I r 1= X} n {r I r 1= X :=J Y} £; {r I r 1= Y} . 

But it is clear from the definition that 

if r 1= X and r 1= X :=J Y, then r 1= Y . 

2S 

Next suppose there is some bePA such that h(X) n b�h(Y) but 
heX-=:;, Y)<b. Then there must be some reW such that reb but 
rfh(X:=J Y), i.e. r}l X:=J Y. Since r}l X:=J Y, there must be some r* 
such that T* 1= X but r* y Y. Since b is Bl-closed, r*eh. But also r*eh (X), 
so r*eh(X) n b, and so by assumption r*eh(Y), that is r*1= Y, a 
contradiction. Thus h(X:=J Y) is largest. 

Thus (PA, �, h) is an algebraic model. We leave it to the reader to 
verify that the unit element v of PA is W itself. Hence 

h(X) = v iff for all reW, rl=x. 

Conversely, suppose we have an algebraic model (PA, �,h). We will 
define a Kripke model (W, Bl, 1= )  so that for any formula X 

h(X) = v iff for all reW, rl=x. 

Lemma 6.2: Let:F be a filter in PA and suppose (a:!;>b)f.§. Then the 
filter generated by § and a does not contain b. 

Proof" If the filter generated by :F and a contained b, then ([I6J p. 46, 
8.2) for some ce§, c n a�b. So c�(a:!;>b) and hence (a=>b)e§ by 
[16], p. 46, 8.2 again. 

Lemma 6.3: Let § be a proper filter in f!4 and suppose -at/:§. Then 
the filter generated by $ and a is also proper. 

Proof By lemma 6.2, since -a=(a:!;> A ). 

Lemma 6.4: Let § be a filter in PA and suppose at/:§. Then :F can be 
extended to a prime filter 9 such that at/:9. 

Proof' (This is a slight modification of [16], p. 49, 9.2, included for 
completeness.) Let 0 be the collection of all filters in PA not containing a. 
o is partially ordered by £;. 0 is non-empty since § eO. 
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Any chain in 0 has an upper bound since the union of any chain of 
filters is a filter. So by Zorn's lemma 0 contains a maximal element &. 
Of course a¢&. We need only show & is prime. 

Suppose & is not prime. Then for some al ,a2effl 

a1 ua2e&, atfl:&, a2¢&' 

Let !/l be the filter generated by & and al , and 9'2 be the filter generated 
by & and a2• 

Suppose aE!/1 and ae!/2' Then [16, p. 46, 8.2] for some Cl,C2E&, 
al()cl�a and a2()C2�a. So for C=C1()C2' al()c�a and a2()c�a, 
hence (al ua2)()C�a. But ce& and (al ua2)E&, so ae&. But a¢&, so 
either a¢.9' 1 or a¢!/2' 

Suppose a¢9'1' By definition 9'1 eO. But 9'1 is the filter generated by 
& and ai' hence &t;;:;, .9'1' So & is not maximal, a contradiction. Similarly 
if a¢!/ 2' Thus f!} is prime. 

Now we proceed with the main result. Recall that we have (ffI,�, h). 
Let ':1 be the collection of all proper prime filters in ffI. Let fJI be set 
inclusion t;;:;,. For any re':1 and any formula X, let r l=X if h(X)er. 

To show the resulting structure (':1, fJI, l=) is a model, we note property 
PO is immediate. To show PI : 

rl=(X 1\ Y) iff heX 1\ Y)Er 
iff heX) n h(Y)er 
iff h(X)er and h(Y)Er 
iff r 1= X and r 1= Y 

(using the facts that h is a homomorphism and r is a filter). Similarly we 
show P2 using the fact that r is prime. To show P3 : 

Suppose rl=-x. Then h( -X)Er, so 

(VLiE':1)(r t;;:;, Li implies h( -X)E.1) , 
(V Li E ':1)(r t;;:;, Li implies h (X) ¢ Li), 
(V Li E ':1)( r fJlA implies A )I X), 

i.e. for all r*, r*)I X (using the fact that h( -X)EA and heX) EA imply 
-h(X) nh(X)EA, so A Eli and A is not proper). 

Suppose r.v -X. Then h(-X)¢r, or -h(X)¢r. By lemma 6.3 the 
filter generated by r and heX) is proper. By lemma 6.4 this filter can be 
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extended to a proper prime filter ..1. Then r£..1 and h(X)E..1. So 
(3L1 E <;g)(r.?iLl and LI F X), i.e. for some r* , r* 1= X. 

P4 is shown in the same way, but using lemma 6.2 instead of lemma 6.3. 
Thus <<;g, .?i, 1=) is a model. 

Finally, to establish the desired equivalence, suppose first h(X)= v. 
Since v is an element of every filter, for all rE<;g, rl=x. Conversely 
suppose h (X);I= v. But {v} is a filter and h (X)¢ {v}. By lemma 6.4 
we can extend {v} to a proper prime filter r such that h(X)¢r. Thus 
rE<;g and r y X. 

Thus we have shown 

Theorem 6.S: X is Kripke valid if and only if X is algebraically valid. 



CHAPTER 2 

PROPOSITIONAL INTUITIONISTIC LOGIC 

PROOF THEORY 

§ 1. Beth tableaus 

In this section we present a modified version of a proof system due 
originally to Beth. It is based on [2, § 145], but at the suggestion of 
R. Smullyan, we have introduced signed formulas and single trees in 
place of the unsigned formulas and dual trees of Beth. 

By a signed formula we mean TX or FX where X is a formula. If S is a 
set of signed formulas and H is a single signed formula, we will write 
Sv {H} simply as {S, H} or sometimes S, H. 

First we state the reduction rules, then we describe their use ; S is any 
set (possibly empty) of signed formulas, and X and Y are any formulas : 

T/\ S, T(X /\ Y) F/\ S, F(X /\ Y) 

S, TX, TY S,FX I S,FY 

Tv S, T(X v Y )  Fv S,F(Xvy) 

S, TX I s, TY S,FX,FY 

T", S, T( '" X) F", S, F( '" X) 

S,FX ST, TX 

T::J s, T(X::J Y) F::J S, F(X ::J Y) 

S,FX I S, TY ST' TX,FY 

In rules F", and F'::J above, ST means {TX I TXeS}. 
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Remark 1 . 1 : S is a set, and hence { S, TX} is the same as {S, TX, TX}. 
Thus duplication and elimination rules are not necessary. 

If U is a set of signed formulas, we say one of the above rules, call it rule 
R, applies to U if by appropriate choice of S, X and Y the collection of 
signed formulas above the line in rule R becomes U. 

By an application of rule R to the set U we mean the replacement of 
U by U1 (or by U1 and U2 if R is F /\, Tv or T:::» where U is the set 
of formulas above the line in rule R (after suitable substitution for S, 
X and Y) and U1 (or U1, U2) is the set of formulas below. This assumes 
R applies to U. Otherwise the result is again U. For example, by applying 
rule F:::> to the set {TX, FY, F(Z:::> W)} we may get the set {TX, TZ, FW}. 
By applying rule Tv to the set {TX, FY, T(Zv W)} we may get the two 
sets {TX, FY, TZ} and {TX, FY, TW}. 

By a configuration we mean a finite collection {Sl> S2' . . .  , S,,} of sets 
of signed formulas. 

By an application of the rule R to the configuration {S1 ' S2, . . . , S,,} 
we mean the replacement of this configuration with a new one which is 
like the first except for containing instead of some S; the result (or results) 
of applying rule R to SI' 

By a tableau we mean a finite sequence of configurations �l> �2' .. . , �II 
in which each configuration except the first is the result of applying one 
of the above rules to the preceding configuration. 

A set S of signed formulas is closed if it contains both TX and FX for 
some formula X. A configuration { S1' S2, . . .  , SII} is closed if each SI in it 
is closed. A tableau �1' �2' ... , �II is closed if some �l in it is closed. 

By a tableau for a set S of signed formulas we mean a tableau �1' 
� 2 .... , �n in which �1 is { S} .  A finite set of signed formulas S is 
inconsistent if some tableau for S is closed. Otherwise S is consistent. 
X is a theorem if {FX} is inconsistent, and a closed tableau for {FX} is 
called a proof of X. If X is a theorem we write 1-1 X. 

We will show in the next few sections the correctness and completeness 
of the above system relative to the semantics of ch. 1. 

Examples of proofs in this system may be found in § 5. 
The corresponding classical tableau system is like the above, but in 

rules F- and F:::>, ST is replaced by S (see [20]). The interpretations of 
the classical and intuitionistic systems are different. 
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In the classical system TX and FX mean X is true and X is false 
respectively. The rules may be read: if the situation above the line is the 
case, the situation below the line is also (or one of them is, if the rule is 
disjunctive: F 1\ ,  Tv, T�). Thus TX means the same as X, and FX 
means '" X. Classically the signs T and F are dispensable. Proof is a 
refutation procedure. Suppose X is not true (begin a tableau with FX). 
Conclude that some formula must be both true and not true (a closed 
configuration is reached). Since this can not happen, X is true. 

In the intuitionistic case TX is to mean X is known to be true (X is 
proven). FX is to mean X is not known to be true (X has not been 
proved). The rules are to be read : if the situation above the line is the 
case, then the situation below the line is possible, i.e. compatible with 
our present knowledge (if the rule is disjunctive, one of the situations 
below the line must be possible). For example consider rule F� .  If we 
have not proved X=> Y, it is possible to prove X without proving Y, for 
if this were not possible, a proof of Y would be 'inherent' in a proof of X, 
and this fact would constitute a proof of X=> Y .  But we have ST below 
the line in this rule and not S because in proving X we might inadvertently 
verify some additional previously unproven formula (some FZeS might 
become TZ). Similarly for F", . The proof procedure is again by refuta­
tion. Suppose X is not proven (begin a tableau with FX). Conclude that 
it is possible that some formula is both proven and not proven. Since this 
is impossible, X is proven. 

We have presented this system in a very formal fashion because it 
makes talking about it easier. In practice there are many simplifications 
which will become obvious in any attempt to use the method. Also, 
proofs may be written in a tree form. We find the resulting simplified 
system the easiest to use of all the intuitionistic proof systems, except in 
some cases, the system resulting by the same simplifications from the 
closely related one presented in ch. 6 § 4. A full treatment of the corre­
sponding classical tableau system, with practical simplifications, may be 
found in [20]. 

§ 2. Correctness of Beth tableaus 

Definition 2.1 : We call a set of signed formulas 

{TXt, ... , TXII, FYi> . .. , FYm} 
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realizable if there is some model < t§, 91, F) and some r e t§ such that 
rFXt, ... , rFX", r Y Y1, ••• , r Y Ym• We say that r realizes the set. 

If {S1' S2, ... , S,,} is a configuration, we call it realizable if some S, 
in it is realizable. 

Theorem 2.2 : Let '6'1, '6'2, ... , '6'" be a tableau. If '6'£ is realizable, so is 
'6'1+1' 

Proof" We have eight cases, depending on the rule whose application 
produced '6'£ + 1 from '6';. 

Case (1) : '6', is { . . . , {S,T(Xv Y) }, .. . } and '6'1+1 is { ... , {S,TX}, 
{S,TY}, ... }. Since '6', is realizable, some element of it is realizable. If 
that element is not {S,T(Xv Y)}, the same element of '6'1+1 is realizable. 
If that element is {S,T(Xv Y)}, then for some model <t§, 91, F) and some 
ret§, r realizes {S,T(Xv Y)}. That is, r realizes S and rF(X v Y) . Then 
rFX or rF Y, so either r realizes {S,TX} or {S,TY}. In either case 
'6'£+1 is realizable. 

Case (2) : C. is { . .. , {S,F(-X)}, . .. } and '6'1+1 is {",,{ST,TX}, . . .  }. 
'6', is realizable, and it suffices to consider the case that {S,F( -X) } is the 
realizable element. Then there is a model <t§, 91, F) and a ret§ such 
that r realizes S and r y -X. Since r y -X, for some r* e t§, r* F X. 
But clearly, if r realizes S, r* realizes ST (by theorem 1 .4.4). Hence r* 
realizes {ST,TX} and '6',+1 is realizable. 

The other six cases are similar. 

Corollary 2.3: The system of Beth tableaus is correct, that is, if I-IX, 
X is valid. 

Proof' We show the contrapositive. Suppose X is not valid. Then there 
is a model <t§, 91, F) and a ret§ such that r y X. In other words {FX} 
is realizable. But a proof of X would be a closed tableau 1fl' 1f2' .. .  , 1f" 
in which 1f1 is {{FX}}. But '6'1 is realizable, hence each 1f, is realizable. 
But obviously a realizable configuration cannot be closed. Hence ¥ IX. 

§ 3. Hintikka collections 

In classical logic a set S of signed formulas is sometimes called down­
ward saturated, or a Hintikka set, if 

TX A YeS => TXeS and TYeS, 
FX v YeS => FXeS and FYeS, 
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TX V YeS => TXeS or TYeS , 
FX A YeS => FXeS or FYeS , 
T,..,XeS => FXeS , 
TX:::> YeS => FXeS or TYeS , 
F",XeS => TXeS , 
FX:::> YeS => TXeS and FYeS . 

Remark 3.1 : The names Hintikka set and downward saturated set were 
given by Smullyan [20]. Hintikka, their originator, called them model 
sets. 

Hintikka showed that any consistent downward saturated set could be 
included in a set for which the above properties hold with => replaced by 
<=>. From this follows the completeness of certain classical tableau 
systems. This approach is thoroughly developed by Smullyan in [20]. 

We now introduce a corresponding notion in intuitionistic logic, 
which we call a Hintikka collection. While its intuitive appeal may not 
be as immediate as in the classical case, its usefulness is as great. 

Definition 3.2 : Let � be a collection of consistent sets of signed formulas. 
We call � a Hintikka collection if for any re� 

TX A Yer => TXer and TYer, 
FX v Yer => FXer and FYer, 
TX v Yer => TXer or TYer, 
FX A Yer => FXer or FYer, 
T""Xer => FXer, 
TX:::> Yer => FXer or TYer, 
F,..,Xer => for some Ll E �, rT � LI and TX eLI, 
FX:::> Yer => for some LI e �, rT � LI, TXeLl, FYeLl. 

Definition 3.3 : Let � be a Hintikka collection. We call <�, 81, 1=) a 
model for � if 

(1). <�, 81, 1=) is a model, 
(2). r T�LI =>rBlLl, 
(3). TXer =>r 1= X, 

FXer=>ryx. 

Theorem 3.4 : There is a model for any Hintikka collection. 
Proof' Let � be a Hintikka collection. Define 81 by : rBlLl if r T�LI. 
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If A is atomic, let r F A  if TAer, and extend F to produce a model 
<C§, Be, F). To show property (3) is a straightforward induction on the 
degree of X. We give one case as illustration. Suppose X is ,.., Y and the 
result is known for Y. Then 

T ""Y er � ('ILl e C§) (r T £ LI � T ...., Y e Ll) 
� ('ILl e C§) (r T £ LI � FY e LI) 
� ('ILl e C§) ( rat' LI �LI Y Y) 
� r F '"  Y ,  

and 
F,..,Y er � (3L1 e C§) (rT £ LI and TY eLl) 

� (3L1 e C§) (rat'LI and LI F Y) 
� ry ,.., Y .  

It follows from this theorem that to show the completeness of Beth 
tableaus we need only show the following : If Y I X, then there is a 
Hintikka collection C§ such that for some reC§, FXer. 

§ 4. Completeness of Beth tableaus 

Let S be a set of signed formulas. By 9'(S) we mean the collection of 
all signed subformulas of formulas in S. If S is finite, 9' (S) is finite. 

Let S be a finite, consistent set of signed formulas. We define a 
reduced set for S (there may be many) as follows : 

Let So be S. Having defined S", a finite consistent set of signed formulas, 
suppose one of the following Beth reduction rules applies to S,,: T 1\ , 
F 1\ ,  Tv , Fv , T", or T�. Choose one which applies, say F 1\ .  

Then S" i s  { U, FX 1\ Y }. This i s  consistent, so clearly either { U, FX 1\ Y, 
FX} or {U, FX 1\ Y, FY} is consistent. Let S,,+1 be {U, FX 1\ Y, FX} if 
consistent, otherwise let S"+1 be { U, FX 1\ Y, FY}. Similarly if T 1\ 

applies and was chosen, then S" is { U, TX 1\ Y }. Since this is consistent, 
{ U, TX 1\ Y, TX, TY} is consistent. Let this be S,,+I' In this way we 
define a sequence So, SI> S2' . . . . This sequence has the property S,,£S,,+1' 
Further, each S" is finite and consistent. Since each S" £ 9' (S), there are 
only a finite number of different possible S". Consequently there must be 
a member of the sequence, say S", such that the application of any one 
of the rules (except F,.., or F�) produces S" again. Call such an S" a 
reduced set of S, and denote it by S'. Clearly any finite, consistent set of 
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signed formulas has a finite, consistent reduced set. Moreover, if S' is 
a reduced set, it has the following suggestive properties : 

TX /\ YeS' => TXeS' and TYeS', 
FX v YeS' => FXES' and FYeS', 
TX v YeS' => TXeS' or TYeS', 
FX /\ YeS' => FXeS' or FYeS', 
T ,..,XeS' => FXES', 
TX => YeS' => FXeS' or TYES', 
S' is consistent . 

Now, given any finite, consistent set of signed formulas S, we form the 
collection of associated sets as follows: 

If F,..,XeS, {ST,TX} is an associated set. 
If FX => YeS, {ST,TX,FY} is an associated set. 

Let deS) be the collection of all associated sets of S. deS) is finite, 
since Ued(S) implies US;Y(S) and YeS) is finite. deS) has the 
following properties :  if S is consistent, any associated set is consistent 
and 

F,..,XeS => for some Ued(S) ST£U, TXeU , 
FX=> YeS => for some Ued(S) ST£ U, TXeU, FYeU . 

Now we proceed with the proof of completeness. 
Suppose ¥ IX. Then {FX} is consistent. Extend it to its reduced set So. 

Form d(So). Let the elements of d(So) be U1, U2, ... , U", Let S1 be 
the reduced set of U1, ••. , S" be the reduced set of U", Thus, we have the 
sequence So, S1> S2,'''' S,.. 

Next form d(S1)' Call its elements U,.+1, U,.+2' ... , Um• Let S,.+1 be the 
reduced set of U,.+1 and so on. Thus, we have the sequence So, S1, ... , S", 
S,.+1, ... , Sm· Now we repeat the process with S2, and so on. 

In this way we form a sequence So, S1, S2' . . . . Since each Si£ yeS), 
there are only finitely many possible different St. Thus we must reach a 
point Sk of the sequence such that any continuation repeats on earlier 
member. 

Let C§ be the collection {So, S1> ... , Sk}' It is easy to see that C§ is a 
Hintikka collection. But FXeSoeC§. Thus we have shown : 

Theorem 4.1 : Beth tableaus are complete. 
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Remark 4.2; This proof also establishes that propositional intuitionistic 
logic is decidable. For, if we follow the above procedure beginning with 
FX, after a finite number of steps we will have either a closed tableau for 
{FX} or a counter-model for X. Moreover, the number of steps may be 
bounded in terms of the degree of X. 

The completeness proof presented here is in essence the original proof 
of Kripke [13]. For a different tableau completeness proof see ch. 5 § 6, 
where it is given for first order logic. For a completeness proof of an 
axiom system see ch. 5 § 10, where it also is given for a first order system. 
The work in ch. 1 § 6 provides an algebraic completeness proof, since 
the Lindenbaum algebra of intuitionistic logic is easily shown to be a 
pseudo-boolean algebra. See [16]. 

§ 5. Examples 

In this section, so that the reader may gain familiarity with the fore­
going, we present a few theorems and non-theorems of intuitionistic 
propositional logic, together with their proofs or counter-models. 

We show 
(1). Y IA v ",A, 
(2). rl'" '" (A v '" A), 
(3). YI"' ..... A�A, 
(4). rl(A v B)� ..... ( ..... A A ..... B), 
(5). YI"''''(AvB)�( .......... Av''''''''B). 

For the general principle connecting (1) and (2) see ch. 4 § 8. 
(1). Y [A v ..... A. 

A counter example for this is the following; 

� = {r, LI} 
r91r, r91Ll, Ll91Ll. 

AI= A is the 1= relation for atomic formulas, and 1= is extended to all for­
mulas as usual. We may schematically represent this model by 

r 

I 
LlI=A 
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We claim r Y A v '" A. Suppose not. If r 1= A v ,.., A, either r 1= A or 
rl=,..,A. But r YA. If rl=""A then since rfJiA, A YA. But AI=A, hence 
rYAv""A. 

(2). f-1"" -(A v ""A). 
A tableau proof for this is the following, where the reasons for the steps 
are obvious : 

{{F "",..,(A v ",A)}} ,  
{{T ",,(A v ""A)n, 
{ {T ,.., (A v '" A), F (A v '" A))} ,  
{ {T "" (A v "" A), FA, F '" An, 
{ {T ""(A v ,..,A), TAn, 
{{F(A v "" A), TAn, 
{ {FA, F "" A, T A}} . 

(3). Y I'" ""A� A. 
The model of example (1) has the property that r 1= -,.., A but r Y A. 

(4). f-I(AvB)�""("'AJ\-B). 
The following is a proof: 

{{F«A v B) � -("" A J\ "" B»n, 
{ {T(A v B), F "" ("" A J\ '" B)n, 
{{T(A v B), T(""A J\ ",B)n, 
{{T(A v B), T '" A, T '" Bn, 
{{T(A v B), FA, T "" Bn, 
{{T(A v B), FA, FBn, 
{{TA, FA, FB}, {TB, FA, FBn. 

(5). Y I'" ",(A v B)�( '" ""A v '" -B). 
A counter example is the following: 

� = {r, A, Q} , 
rB£r, AB£A, QB£Q , 
rB£A, rB£Q 

AI= A, Q 1= B is the 1= relation for atomic formulas, and 1= is extended as 
usual. We may schematically represent this model by 

r 
.....------

AI=A QI=B 



CH. 2 §  5 EXAMPLES 37 

Now AI= A, so AI= A v B. Likewise Q 1= A v B.1t follows that r 1= "" ..... (A v B) 
But if rl= .......... A v .......... B, either rl= .......... A or rl= .......... B. If rl= .......... A, it 
would follow that Q 1= A. If r /= '" ..... B, it would follow that A I=  B. Thus 
r)l ..... '" A v ..... "" B. 



CHAPTER 3 

RELATED S YS TEMS OF LOGIC 

§ 1. I-primitive intuitionistic logic, semantics 

This is an alternative formulation of intuitionistic logic in which a symbol 
/ is taken as primitive, instead of "', which is then re-introduced as a 
formal abbreviation, '" X for X::::J f For presentations of this type, see 
[ 15] or [17]. 

Specifically, we change the definition of formula by adding / to our 
list of propositional variables and removing'" from the set of connectives. 
'" is re-introduced as a metamathematical symbol as above. Our 
definition of subformula is also changed accordingly. The definition of 
model is changed as follows: replace P3 (ch. 1 § 2) by P3': r Y f. This 
leads to a new definition of validity, which we may call/-validity. 

Theorem 1.1 : Let X be a formula (in the usual sense) and let X' be the 
corresponding formula with"'" written in terms off. Then X is valid if 
and only if X' is f-valid. 

Proof.' We show that in any model (f#, fJt, 1=) 

rl=x iff rl=x' 

(where we use two different senses of 1=). The proof is by induction on the 
degree of X (which is the same as the degree of X'). Actually all cases 
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are easy except that of '"V itself. So suppose the result is known for all 
formulas of degree less than that of X, and X is '" Y. Then 

rl::x _rl::", Y 
-VT* r*,V Y 
-V r* r*)l Y' , 

but clearly this is equivalent to r I:: Y' :::> I since r* ,V f. Hence equivalently 
rl=x'. 

§ 2. I-primitive intuitionistic logic, proof theory 

In this section we still retain the altered definition of formula in the last 
section with f primitive. We give a tableau system for this. The new 
system is the same as that of ch. 2 § I in all but two respects. First the 
rules T", and F '" are removed. Second a set S of signed formulas is 
called closed if it contains TX and FX for some formula X, or if it con­
tains Tf. 

This leads to a new definition of theorem, which we may call 
I-theorem. 

Theorem 2.1 : Let X be a formula (in the usual sense) and let X' be the 
corresponding formula with '" written in terms off. Then Xis a theorem 
if and only if X' is ani-theorem. 

This follows immediately from the following: 

Lemma 2.2: Let S be a set of signed formulas (in the usual sense) and 
let S' be the corresponding set of signed formulas with""' replaced in 
terms off. Then S is inconsistent if and only if S' is f-inconsistent. 

Proof: We show this in two halves. First suppose S is inconsistent. 
We show the result by induction on the length of the closed tableau for S. 
There are only two significant cases. Suppose first that the tableau for 
S is �1o �2' • . .  , �n; �1 is { {  U, F"'X}} and �2 is { {  Un TX}} .  Then by 
the induction hypothesis { U�, TX'} is f-inconsistent. Hence so is 
{ U', FX' :::>/}, i.e. S'. The other case is if �1 is { {  U, T",X}} and CC2 is 
{ {  U, FX}}. Then by the induction hypothesis { U', FX'} isf-inconsistent. 
Hence so is { U', TX':::>/}, i.e. S'. 

The converse is shown by induction on the length of the closed 
I-tableau for S'. If this I-tableau is of length I, either S' contains TX and 
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FX for some formula X, and we are done, or S '  contains TJ, which is not 
possible since we supposed S' arose from standard set S .  

The induction steps are similar to those above. 

The results of this and the last sections, together with our earlier results 
give: X' isf-valid if and only if X' is anf-theorem. This is not the complete 
generality one would like since it holds only for those formulas X' which 
correspond to standard formulas X. The more complete result is however 
true, as the reader may show by methods similar to those of the last 
chapter. 

§ 3. Minimal logic 

Minimal logic is a sublogic of intuitionistic logic in which a false state­
ment need not imply everything. The original paper on minimal logic is 
Johannson's [9]. Prawitz establishes several results concerning it in [15], 
and it is treated algebraically by Rasiowa and Sikorski [16]. 

Semantically, we use the f-models defined in § 1, with the change that 
we no longer require P3', that is, that r r f Proof theoretically, we use 
the f-tableaus defined in § 2, with the change that we no longer have 
closure of a set because it contains Tf. We leave it to the reader to show 
that X is provable in this tableau system if and only if X is valid in this 
model sense, using the methods of ch. 2. 

Certainly every minimal logic theorem is an intuitionistic logic theorem, 
but the converse is not true. For example (A J\ -A)::::lB is a theorem of 
intuitionistic logic, but the following is a minimal counter-model for 
it, or rather for (A J\ (A ::::lf» ::::lB: 

� = {r} , 
rfJlr, 
r l= A, r l= j , 

and 1= is extended as usual. It is easily seen that r 1= A J\ (A ::::l f ), but 
r r B. 

§ 4. Classical logic 

Beginning with this section, we return to the usual notions of formula, 
tableau and model, that is, with I'V and not f as primitive. 
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Some authors call a set !F of unsigned formulas a (classical) truth set 
if X E !F  and 

X E Y  
� X ¢ Y ,  
� X ¢ Y  

or 

or 

It is a standard result of classical logic that X is a classical theorem if and 
only if X is in every truth set. There is a proof of this in [20]. 

Theo,em 4.1 : Any intuitionistic theorem is a classical theorem. 
Proof· Suppose X is not a classical theorem. Then there is a truth set 

Y such that X¢Y. We define a very simple intuitionistic counter-model 
for X, (q), fJ,f, 1=), as follows : 

q} = {Y} , 
!FfJ,fY , 

Y I= A � A E !F ,  

for A atomic, and 1= is extended as usual. It is easily shown by induction 
on the degree of Y that 

Hence .9 )l X, and X is not an intuitionistic theorem. 

That the converse is not true follows since we showed in ch. 2 § 5 that 
Y }A v - A. Thus we have : minimal logic is a proper sub-logic of 
intuitionistic logic which is a proper sub-logic of classical logic. 

§ 5. Modal logic, 84; semantics 

In this section we define the set of (propositional) S4 theorems semantic­
ally using a model due to Kripke [12] (see also [18]). S4 was originated 
by Lewis [14], and an algebraic treatment may be found in [16]. A natural 
deduction treatment is in [15]. 

The definition of formula is changed by adding 0 to the set of unary 
connectives. Thus for example --0-- (A v 0 --A) is a formula. 0 is 
read "necessarily". 0 is sometimes taken as an abbreviation for -- 0 -­
and is read "possibly". (In [14] 0 was primitive.) 

The S4 model is defined as follows : It is an ordered triple (q), fJ,f, 1=) 
where q} is a non-empty set, fJ,f is a transitive, reflexive relation on q}, 
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and 1= is a relation between elements of � and formulas, satisfying the 
following conditions : 

Ml.  r l= X" Y iff r l= x  and r l=  Y, 
M2. r l= Xv Y iff r l= x  or r l=  Y, 
M3. r l= -x iff F' ;  X, 
M4. r l= x::> Y iff r ,li  X or r l=  Y, 
M5. r l= O x  iff for all r*, r* l= x. 

X is S4 valid in <�, fA, 1=) if for all re�, r I=X. X is S4 valid if X is S4 
valid in all S4 models. 

The intuitive idea behind this modeling is the following : � is the 
collection of all possible worlds. r fAA means A is a world possible 
relative to r. r 1= X means X is true in the world r. Thus M5 may be 
interpreted :  X is necessarily true in r if and only if X is true in any world 
possible relative to r. This interpretation is given in [12]. 

§ 6. Modal logic, 84; prooftheory 

We define a tableau system for S4 as follows : Everything in the definition 
of Beth tableaus in ch. 2 § 1 remains the same except the reduction rules 
themselves. These are replaced by 

MT " S, TX " Y MF " S, FX " Y 
S, TX, TY S, FX I S, FY 

MTv S, TX v Y MFv S, FX v Y 
S, TX I s, TY S, FX, FY 

MT- S, T-X MF - S, F-X 
S, FX S, TX 

MT::> S, TX ::> Y MF ::> S, FX ::> Y 
----

S, FX I S, TY S, TX, FY 

MTO S, TDX MF O S, FOX 
S, TX So, FX 

where in rule MFO So is {TO X  I TO XeS}. Again the methods of 
ch. 2 can be adapted to S4 to establish the identity of the set of S4 theorems 
and the set of S4 valid formulas. This is left to the reader. The original 
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proof is in [ 12). We are more interested in the relation between S4 and 
intuitionistic logic. 

§ 7. S4 and intoitionistic logic 

A map from the set of intuitionistic formulas to the set of S4 formulas is 
defined by (see [1 8]) 

We wish to show 

M (A) = OA for A atomic , 
M (X v Y) = M (X) v M (Y) , 
M (X " Y) = M (X) " M(Y) ,  
M (  "'" X) = 0 '" M (X) , 
M (X ::J Y) = O (M (X) ::J M (Y» . 

Theorem 7.1 : If X is an intuitionistic formula, X is intuitionistically valid 
if and only if M(X) is S4-valid. 

This follows from the next three lemmas. 

Lemma 7.2 :  Let ('lJ, !fI, FI) be an intuitionistic model and ('lJ, !}t, FS4) 
be an S4 model, such that for any re'lJ and any atomic A 

r FI A  - r FS4M (A) . 
Then for any formula X 

r FI X  - r FS4M (X) . 

Proof' A straightforward induction on the degree of X. 

Lemma 7.3: Given an intuitionistic counter-model for X, there is an S4 
counter-model for M(X). 

Proof' We have ('lJ, !fI, FI), an intuitionistic model such that for some 
re'lJ r ¥ IX. We take for our S4 model ('lJ, gp, FS4) where F54 is 
defined by 

for A atomic and any ..d in 'lJ, and FS4 is extended to all formulas. If A 
is atomic A FS4M (A) - ..1 1=54 0 A 

- (VA*) ..1* FS4 A 
_ (VA*) ..1* FIA 
- A 1=1  A 

and the result follows by lemma 7.2. 



44 RELATED SYSTEMS OF LOGIC CH. 3 § 7 

Lemma 7.4 : Given an S4 counter-model for M( X), there is an intui­
tionistic counter-model for X. 

Proof: We have <(g, P£, I=S4), an S4 model such that for some re(g 
r Y S4 M(X). We take for our intuitionistic model «(g, P£, 1=1) where FI 
is defined by 

for A atomic and any L1 in (g, and 1=1 is extended to all formulas. Now 
the result follows by lemma 7.2. 



CHAPTER 4 

FIRST ORDER INTUITIONISTIC LOGIC 

SEMANTICS 

§ 1. Formulas 

We begin with the following: 
(1). denumerably many individual variables x, y, z, w, . . . 
(2). denumerably many individual parameters a, b, c, d, . . . 
(3). for each positive integer n, a denumerable list of n-ary predicates 

A", B", C", D", . . .  
(4). connectives, quantifiers, parentheses, " ,  v , :=! ,  "' ,  3 ,  V, (, ). 

An atomicformula is an n-ary predicate symbol An followed by an n-tuple 
of individual symbols (variables or parameters), thus A" (al' . . .  , all)' A 
formula is anything resulting from the following recursive rules : 

FO. Any atomic formula is a formula. 
FI. If X is a formula, so is '" X. 

F2, 3, 4. If X and Y are formulas, so are (X 1\ Y), (Xv Y), (X:=! Y). 
F5, 6. If X is a formula and x is a variable, (Vx)X and (3x)X are 

formulas. 
Subformulas and the degree of a formula are defined as usual. The 
property of uniqueness of composition of a formula still holds. We note 
the usual properties of substitution, and we use the following notation : 
If X is a formula and a and fJ are individual symbols, by X(�) we mean 
the result of substituting fJ for every occurrence of a in X (every free 
occurrence in case a is a variable). We usually denote this informally as 
follows : we write X as X(a) and XG) as X(P). It will be clear from the 
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context what is meant. We again use parentheses in an informal manner 
and we omit superscripts on predicates. 

Although the definition of formula as stated allows unbound occurren­
ces of variables in formulas, we shall assume, unless otherwise stated, 
that all variables in a formula are bound. Notation like X(x) however, 
indicates that x may have free occurrences in X. 

§ 2. Models and validity 

In this section we define the notion of a first order intuitionistic model, 
and first order intuitionistic validity, referred to respectively as model and 
validity. This modeling structure is due to Kripke and may be found, in 
different notation, in [1 3] (see also [1 8]). The notions of ch. I ,  if needed, 
will be referred to as propositional notions to distinguish them. 

If fJ' is a map from � to sets of parameters, by :j (r) we mean the set of 
all formulas which may be constructed using only parameters of fJ'(r). 
By a (first order intuitionistic) model we mean an ordered quadruple 
<�, fJi, F ,  fJ'), where � is a non-empty set, fJi is a transitive, reflexive 
relation on �, F is a relation between elements of � and formulas, and 
fJ' is a map from � to non-empty sets of parameters, satisfying the 
following conditions: 

for any rE� 
QO. fJ'(r) � fJ' (r*), 
Q1.  r F A  � AE� (r) for A atomic, 
Q2. r F A  � r* F A for A atomic, 
Q3. r F (X" Y) <:>r F Xand r F Y, 
Q4. r F (XV Y) <:> (Xv Y)E &J (r) and r F X  or r F  Y, 
Q5. r F '" X <:> '" X E &J (r) and for all r* r* .Ii X, 
Q6. r F (X=> Y) <:>(X=> Y)E &J (r) and for all r*, if r* F X, r* F Y, 
Q7. r F (3x) X(x) <:>for some aEfJ' (r) r F X(a), 
Q8. r F (V'x) X (x) <:>for every r* and for every aEfJ' (r*) r* F X(a). 

We call a particular formula X valid in the model <�, fJi, F,  fJ') if for all 
rE�  such that XE� (r) r F X. Xis called valid if Xis valid in all models. 

§ 3. Motivation 

The intuitive interpretation given in ch. 1 § 3 for the propositional case 
may be extended to this first order situation. 
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In one's usual mathematical work, parameters may be introduced as 
one proceeds, but having introduced a parameter, of course it remains 
introduced. This is what the map !!P is intended to represent. That is, for 
reC§ r is a state of knowledge, and !!p (r) is the set of all parameters 
introduced to reach r. (Or in a stricter intuitive sense, !!p er) is the set of 
all mathematical entities constructed by time r.) Since parameters, once 
introduced, do not disappear, we have QO. Q2-6 are as in the proposi­
tional case. Q7 should be obvious. Q8 may be explained : to know 
('Ix) X(x) at r, it is not enough merely to know X(a) for every para­
meter a introduced So far (i.e. for all ae!!P (r)). Rather one must know 
X (a) for all parameters which can ever be introduced (i.e. for all ae!!P (r*) 
r*I=X(a)). 

The restrictions Q1 ,  and in Q4, Q5 and Q6 are simply to the effect 
that it makes no sense to say we know the truth of a formula X if X uses 
parameters we have not yet introduced. It would of course make sense to 
add corresponding restrictions to Q3, Q7 and Q8, but it is not necessary. 
The original explanation of Kripke may be found in [13]. For a different 
but related model theory in terms of forcing see [5]. 

§ 4. Some properties of models 

Theorem 4.1 : In any model (C§, !Ji, 1=, !!P), for any reC§, if r l= X, 
Xe� (r). 

Proof' A straightforward induction on the degree of X. 

Theorem 4.2: In any model (C§, !Ji, 1=, !!P), for any formula X, if 
r l= X, r* l= x.  

Proof' Also a straightforward induction on the degree of X. 

Theorem 4.3: Let C§ be a non-empty set, !Ji be a transitive reflexive 
relation on C§, and f!J' be a map from C§ to non-empty sets of parameters 
such that !!p (r)s;;!!p (r*) for all re C§. Suppose f:: is a relation between 
elements of C§ and atomic formulas such that r f:: A=> Ae &J (r). Then 1= 
can be extended in one and only one way to a relation, also denoted by 1=, 
between C§ and formulas, such that (C§, f!A, 1=, !!P) is a model. 

Proof' A straightforward extension of the corresponding propositional 
proof. 

Definition 4.4: Let (C§, f!A, I=, !!P) be a model and suppose a is some 
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parameter such that a¢ Ure'6&(r). By <�, [lA, 1=, &) (:) we mean the 
model ('§, [lA, F/, &/) defined as follows : 

&' (r) is the same as [!1! (r) except for containing a in place of b if 
& (r) contains b. 

For A atomic r l= A => r l=' A (:), and F' is extended to all formulas. 

Lemma 4.5: Let (�, PA, F, [!1!) be a model, a¢ Ure'6& (r), <�, [lA, F', &') 
be <�, [lA, F, &) (:). Then for any formula X not containing a 

r l= X�r F' X(!). 

Proof: By an easy induction on the degree of X. 

Definition 4.6 : Let <�, [lA, 1= ,  &) be a model and suppose a is some para­
meter such that a¢ Ure'6&(r). By <�, [lA, F ,  &)b=II  we mean the model 
<'§, [lA, F', !!l" )  defined as follows : 

&' (r) is the same as [!1! (r) except for containing a as well as b whenever 
& (r) contains b. 

For A atomic r F A => r l=' A', where A' is like A except for containing 
a at zero or more places where A contains b, and F' is extended to all 
formulas. 

Lemma 4.7: Let <�, [lA, F, &) be a model a¢ Ure'6!!l'(r), and let 
<�, [lA, F' , &') be <�, [lA, F, &)b=a' Then if X is any formula not 
containing a, and if X' is like X except for containing a at zero or more 
places where X contains b 

r l= x � r l=' x' . 

Proof' Again an easy induction on the degree of X. 

§ 5. Examples 

We show that two theorems of classical logic are not intuitionistically 
valid:  

(1). f- c '" '" (\Ix) (A (x) v '" A (x)), 
but the following is an intuitionistic counter-model for it. We take the 
natural numbers as parameters. 

Let 
� = {rj I i = 0, 1, 2, . . .  } , 
rj[lAr j iff i � j 
& (ri) = {l, 2, . .. , i, i + l} 
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r" F A (i) iff i::;'n and F is extended to all formulas. We may give this 
model schematically by 

etc. 

F A (I) 

F A {I), A (2) 

F A (I), A (2), A (3) 

We claim no rI F "' - (VX) (A (x) v -A (x» . Suppose instead that 

rl F - - (Vx) (A (x) v - A (x» . 
Then for some j � i  

rj F (Vx) (A (x) v - A (x» . 

rj F A (j + 1) v - A (j + 1) . 

But rJ )i A (j+ 1) sincej+ 1 > j, and if rj F ", A (j+ 1), then since r/JtrJ+1,  
rj+1 ¥ A (j+ l), a contradiction. 

(2). r. (Vx) (A v B (x» ;:) (A v (Vx)B {x» , 
but an intuitionistic counter-model is the following, where parameters 
are again integers : 

f4 = {rlo r2} , 
r 1 Bir 2' r 1 Bir 10 r 2Bir 2 , 
&l (rl) = {I}, &l{r2) = {I, 1} , 
rl F B (I), r2 F B (I), r2 F A ,  

and F is extended to all formulas. Schematically, this is 

r1 0 F B (I) 

r2 1m F B (I), A 

To show this is a counter-model, first we claim 

rl F (Vx) (A v B (x» . 
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This follows because r1 F B(l). Hence 

and rz F A ,  so 
r z F A v B (1) and r z F A v B (2) . 

CH. 4 §§ 6, 7 

But r1 }i A and moreover r1 }i ('<Ix) B(x) since r z }i  B(2). Thus 
r1 ¥ A v ('<Ix) B(x). 

§ 6. Truth and almost-truth sets 

In classical first order logic, a set Y of formulas is sometimes called a 
truth set if 

(1). X 1\ YeY ¢> Xe Y and YeY, 
(2). Xv Ye Y ¢> XeY or YeY, 
(3). -Xe Y  ¢> Xr#Y, 
(4). X;:, Ye Y ¢> Xr# Y or YeY, 
(5). (3x) X(x)eY ¢> X(a)eY for some parameter a, 
(6). ('<Ix) X(x)e9" ¢> X(a)e 9" for every parameter a, 

where there is some fixed set of parameters, X and Y are formulas 
involving only these parameters, and (5) and (6) refer to this set of 
parameters. 

We now call 9" an almost-truth set if it satisfies (1)-(5) above and 
(6a). ('<Ix) X(x)e 9" => X(a)e Y for every parameter a. 

It is one form of the classical completeness theorem that for any pure 
(i.e. with no parameters) formula X, X is a classical theorem if and only 
if X is in every truth set. 

We leave the reader to show 

Theorem 6.1 :  If X is pure and contains no occurrence of the universal 
quantifier, X is in every truth set if and only if X is in every almost-truth 
set. 

§ 7. Complete sequences 

The method used in this section was adapted from forcing techniques, and 
is due to Cohen [3]. 
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Definition 7. 1 :  In the model <(1, 91, 1=, &), we call � � rI an ffl-chain if 

r, A e �  => r9lA or Afflr .  

If C(j is an Bf!-chain, by C(j' we mean {X I for some re�, r t= X}. 
If C(j is an 91-chain, � is called complete if for every formula X with 

parameters used in �' X v '" X e C(j'. 

Lemma 7.2: Let r/ be a complete ffl-chain in the model (rI, fR, 1=, &). 
Then r/' is an almost-truth set. 

Proof' This is a straightforward verification of the cases. We give 
case (4) as an illustration. 

Suppose (X:::> Y)E�'. Then for some reC(j r l= x:::> Y. Now either 
X ¢ r/' or X E r/'. If X E r/', then for some A E r/ A 1= X. Let Q be the 91-last 
of r and A .  Then Q I= Xand Q I= X:::> Y, so Q I=  Y and YE�'. Thus X¢�' or 
YE�'. 

Conversely suppose (X:::> Y)¢C(j'. Then "'X¢�', since C(j' is closed 
under modus ponens and contains ",X:::> (X:::> Y) as is easily shown. But 
X v '" X E r/', hence X E C(j'. Further Y ¢ C(j', since again Y:::> (X:::> Y) E C(j' • 

Lemma 7.3 : Let (rI, 91, 1=, &) be a model, rerl and Xe#(r). There is 
some r* E rI such that r* 1= X v '" X. 

Proof: Either some r* t= X and we are done, or no r* 1= X in which 
case r 1= '" X and we are done. 

Theorem 7.4: Let <rI, 91, 1=,  &) be a model and rEt§. Then r can be 
included in some complete 91-chain r/ such that CC '  is an almost-truth set. 

Proof' There are only countably many formulas, Xl > X2, X3, . . . . We 
define a countable 91-chain {ro, rl• r2, . . .  } as follows : 

Let ro be r. 
Having defined rll' if x,,+ z ¢# (r:) for any r:, let rll+1 be r". If 

XII+1 E# (r:) for some r:, then r:, by lemma 7. 3, has an fR-successor 
r:* such that r:* I= X"+1 v - X,,+1 ' Let r,,+l be this r:*. 

Let � be {ro, rl , r2" "} '  Clearly CC is complete, and by lemma 7.2 
C(j' is an almost-truth set. 

§ 8. A connection with classical logic 

The first theorem of this section is essentially theorem 59(b) of [10 p. 4921, 
but there it is proved prooftheoretically and here semantically. 
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Theorem 8.1 : Let X be a pure formula. If X is in every classical almost­
truth set, ,.., ...., X is intuitionistically valid. 

Proof: Suppose ...., '" X is not valid. Then there is a model ('§, [JIl, 1=, fJJ) 
and a re'§ such that r y '" -X. Then for some r* e '§  r* l= ",x. Now 
r* can, by theorem 7.4, be included in an [JIl-chain � such that �' is an 
almost-truth set. But ""Xe�", so that Xrt�l. 

Theorem 8.2: If X is intuitionistically valid, then X is classically valid 
(for X pure). 

Proof' As before, if X is not classically valid, there is a truth set !/' not 
containing X. But it is easily shown that if '§ = { !/'} , !/' [JIl!/', !/' 1= Y iff 
Y E !/', and fJJ ( !/') is the set of all parameters occurring in !/', the resulting 
('§, [JIl, 1= ,  fJJ) is a model in which X is not valid. 

Theorem 8.3: If X is a pure formula with no occurrence of the universal 
quantifier, then X is classically valid if and only if '" -X is intuitionistic­
ally valid. 

Proof: 
,.., ,.., X intuitionistically valid => - ,..., X classically valid 

=> X classically valid. 
Conversely 

X classically valid => X is in every truth set 
=> X is in every almost-truth set 
=> '" ,.., X is intuitionistically valid. 

Remark 8.4: This result will be of fundamental importance in part II. 

Corollary 8.5: First order intuitionist logic is undecidable. 
Proof' Classical first order logic is undecidable, and every classical 

formula is classically equivalent to a formula with no universal quantifiers. 

Remark 8.6 : That theorem 8.3 cannot be extended to all formulas is 
shown by example (l) in § 5. 



CHAPTER 5 

FIRST ORDER INTUITIONISTIC LOGIC 

PROOF THEORY 

§ 1. Beth tableaus 

The following is an extension of the system of ch. 2 § 1 to the first order 
case (see [2]). Everything is as it was there, except that four reduction 
rules are added to the list. These are 

T3 S, T(3x) X (x) 
S, TX (a) provided a is new 

F3 S, F(3x) X (x) 
S, FX (a) 

TV S, T (Vx) X (x) 
S, TX (a) 

FV S, F(Vx) X (x) 
ST, FX (a) provided a is new 

(Note the Sr in rule FV.) In rules F3 and TV, a may be any parameter 
whatsoever. In rules T3 and FV, the parameter a introduced must not 
occur in any formula of S, or in the formula X(x). 

The corresponding classical tableau system is like the above, but in 
rule FV Sr is replaced by S. As in ch. 2 § 1 interpretations differ. 
Classically the interpretation is as it was in the propositional case. The 
restrictions on parameters in T3 and FV are for obvious reasons. In the 
intuitionistic system the difference between T3 and FV may be explained 
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as follows. Suppose we have proved (3x) X(x). Since (intuitionistically) 
the only existence proofs are constructive, there must already be an 
instance X(a) which we have proved. Thus rule T3. But suppose we have 
not proved ('Vx) X(x). We might have proved all instances so far en­
countered, but it must be possible (i.e. compatible with our present 
knowledge) that we will at some time encounter an instance for which we 
will have no proof. However, this might happen at some time in the 
future, by which time we may have proved some things we do not now 
(some FZE S might become TZ). Hence the restriction to ST in rule F'V. 

As in the propositional case, we proceed to show correctness and 
completeness (in two ways) of this system. 

The following two examples illustrate proofs in the system : 
(1). h('Vx) X(x):::> - (3x)-X(x). 

The proof is 
{{F('Vx) X (x) :::> '" (3x) - X (x)} }  , 
{{T('Vx) X (x), F '" (3x) - X (x)}} , 
{{T('Vx) X (x), T (3x) '" X (x)}}  , 
{{T('Vx) X (x), T ...., X (a)}} , 
{{TX(a), T '" X (a)}}  , 
{{TX (a), FX (a)}} . 

(2). 1-1,,", (3x)""' [X(x):::> Y(x)] :::> (T/x) [ '" Y(x) :::> ""' X(x)]. 
The proof is 

{{F - (3x) - [X (x) :::> Y(x)] :::> ('Vx) ['" Y(x) :::> '" X (x)]}} , 
{{T - (3x) - [X (x) :::> Y (x)], F(T/x) [ '"  Y(x) :::> '" X (x)])} , 
{{T - (3x) - [X (x) :::> Y (x)], F [  '" Y (a) :::> - X (a)]}} , 
{{T - (3x) ""' [X (x) :::> Y (x)], T - Y (a), F '" X (a)}} , 
{{T - (3x) - [X (x) :::> Y (x)], T - y ea), TX (a)}} , 
{{F(3x) - [X (x) :::> Y (x)], T ",  yea), TX (a)}} , 
{{F ""' [X (a) :::> y ea)], T - Y Ca), TX (a)}} , 
{{T [X(a) :::> Y (a)], T ",  y ea), TX(a)}} , 
{{FX (a), T ",  Y (a), TX (a)}, {TY (a), T ",  y ea), TX (a)}} , 
{{FX (a), T - Yea), TX (a)}, {TY(a), FY (a), TX (a)}} . 

§ 2. Correctness of Beth tableaus 

Definition 2. 1 :  Let S= { TX1o . . .  , TXII, FYi, . . .  , FYm} be a set of signed 
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formulas, <C/}, fJl, F, &) a model, and reC/}. We say r realizes S if 
XIE� (r), Yje!fo (r), and r l= x/, r )i  Yj (i= l . . . n,j= 1 . . .  m). 

A set S is realizable if something realizes it. 
A configuration «f is realizable if one of its elements is realizable. 

Lemma 2.2: Let Q stand for either the sign T or the sign F. If S,QX(b) 
is realizable and if a is a parameter which does not occur in S or in X 
(so a-:fob) then S,QX(a) is realizable. 

Proof: Suppose in the model <'D, fJl, 1=, &) r realizes S,QX(b). 
Choose a new parameter c¢ UrsS'&(r) ( we can always construct a new 
parameter). Let <C/}, fJl, F', &') be <'D, fJl, F, &> (�) (see ch. 4 § 4). Since 
a does not occur in S or X, by lemma 4.4.5, in this new model r realizes 
S,QX(b). But now a¢Urd&'(r), so we may define a third model 
<C§, &I, F", &") as <'D, Bi, 1=',  &')b=a' By lemma 4.4.7 in this third model 
r realizes S,QX(a). 

Lemma 2.3: If S,T(3x) X(x) is realizable, and if a does not occur in S 
or X(x), then S,TX(a) is realizable. 

Proof: Suppose in the model <'D, 9f, 1=, &) r realizes S,T(3x) X(x). 
Then T I= (3x) X(x), so for some be& (r) r I= X(b). Thus r realizes 
S,TX(b). If a=b  we are done. If not, by lemma 2.2 we are done. 

Lemma 2.4 : If S,F(3x) X(x) is realizable and if a is any parameter, 
S,FX(a) is realizable. 

Proof' Suppose in the model ('D, Bi, 1=, fI') r realizes S,F(3x) X(x). 
Then r )i  (3x) X(x). If aefl'(r), r )i X(a) and we are done. If a¢9'(r), a 
cannot occur in S or X by the definition of realizability. But 9' (r)-:fo0 
so there i s  a be& (r) with b=Fa  and r)i X(b). Thus S,FX(b) is realizable 
Now use lemma 2.2. 

Lemma 2.5 : If S,T('Vx) X(x) is realizable and if a is any parameter, 
S,TX(a) is realizable. 

Proof' Similar to that of lemma 2.4. 

Lemma 2.6: If S,F('Vx) X(x) is realizable and if a is any parameter 
which does not occur in S or X(x), then ST,FX(a) is realizable. 

Proof: Suppose in the model (C/}, fJl, 1=, &) r realizes S,F('Vx) X(x). 
Then r )i  ('Vx) X(x). But X(x)e� (r), so there is a r* such that r* )i X(b) 
for some be&(r*). Of course r* realizes ST' If b =a we are done. If not, 
since SnX(b) is realizable, by lemma 2.2 we are done. 
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Theorem 2.7: Let �h � 2, . . . , �" be a tableau. If �i is realizable, so is 
�f+l ' 

Proof' We pass from �i to �i+l by the application of some reduction 
rule. All the propositional rules were dealt with in ch. 2. The four new 
(first order) rules are handled by lemmas 2.3-2.6. 

Corollary 2.8: If X is provable, X is valid. 
Proof' Exactly as in the propositional situation. 

§ 3. Hintikka collections 

This section generalizes the definitions of ch. 2 § 3 to the first order 
setting. Recall that a finite set of signed formulas is consistent if no 
tableau for it is closed. We say an infinite set is consistent if every finite 
subset is. 

Let C§ be a collection of sets of signed formulas. If reC§, by flJ (T) we 
mean the collection of all parameters occurring in formulas in r. If 
r,LJ eC§, by rBlLJ we mean flJ(r)� flJ (LJ) and r T�LJ .  

Definition 3.1 : We call C§ a (first order) Hintikka collection if, for any 
reC§, r is consistent and 

TX A Y e r  
FX v Y e r  
TX v Y e r  
FX A Y e r  

=> TXer and TY e r ,  
=> FX e r  and F Y e r ,  
=> TX e r  or T Y e r ,  
=> FX e r  or F Y e r ,  

T ", X e r  => FX e r ,  
TX => Y e r  => FX er or T Y e r ,  
F '" X e r  => for some LJ e W r&tLJ and TX e LJ , 
FX => Y e r  => for some LJ e W, rBlLJ and TXe LJ, FYe LJ ,  
T (V'x) X (x) e r  => TX (a)e r  for all a e flJ (T) , 
F (3x) X (x) e r  => FX (a) e r  for all a e flJ (T) , 
T (3x) X (x) e r  => TX(a)e r  for some a e flJ (r) , 
F(V'x) X (x) e r => for some LJ e � rBlLJ and 

for some a e flJ (LJ) TX(a) e LJ . 

Definition 3.2:  If C§ is a Hintikka collection, we call (�, 91, 1= ,  flJ) a 
model for W if 

(1). (W, &t, 1=, flJ) is a model, 
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(2). &J and 9l are as above, 
(3). for all rEr# TXer�r F X  and FXEr �r y X. 

Theorem 3.3: There is a model for any Hintikka collection. 
Proof: Suppose we have a Hintikka collection r#. &J and [Jt are as 

defined above. If A is atomic, let r F A if T A E r, and extend F to all 
formulas. The result (r#, Bl, F, &J) is a model. We claim it is a model for 
r#. We show property (3) by induction on the degree of X. 

The propositional cases were done in ch. 2 § 3. Of the four new cases 
We only do two as an illustration. 

Suppose the result known for all subformulas of the formula in question. 
Then 

T(Vx) X (X) Er � (V.d E r#) (rBl.d � T(Vx) X (X)E .d) 

Conversely 

(since r T � .d if r9l.d) 
� (V.d E r#) (rBl.d � ({Va E&J(.d» TX (a) E.d» 
� (V.d E r#) (rBl.d � {(Va E&J(.d» .d F X (a» ) 
� r F {VX) X (x) 

F (Vx) X (x) er  � (3.d e r#) (rSl.d and (3a e&J(.d») (FX(a)E .d» 
� (3.d e r#) (rBl.d and (3a e&J(.d» (.d y X (a» ) 
� r y ('Ix) X {x) . 

Thus, as in the propositional case, to establish the completeness of Beth 
tableaus we need only show that if X is not provable, there is a Hintikka 
collection r# and a rEr# such that FXEr. 

§ 4. Hintikka elements 

Definition 4. 1 :  Let r be a set of signed formulas and P a set of para­
meters. We call r a Hintikka element with respect to P if r is consistent 
and 

TX " YEr � TXEr and TYEr , 
FX v YEr  � FX Er and FYE r ,  
TX v Y E r  � TX E r  or TYEr ,  
FX " YEr  � FXE r  or FYEr ,  
T - XE r  � FX E r , 
TX :;, YEr � FXEr or TYe r ,  
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T(Vx) X (x)e r => TX (a) e r  for each a e P ,  
F(3x) X {x) er => FX (a) e r  for each a e P ,  
T{3x) X (x) e r  => TX {a) er for some a e P .  

CH. 5§ 4 

Theorem 4.2: Let r be an at most countable, consistent set of signed 
formulas. Let S be the set of all parameters occurring in formulas in r. 
Let a1 , a2, a3, . . . be a countable list of parameters not in S. Let 
P=Su {a1, a2, a3 , • • •  }. Then r can be extended to a Hintikka element 
with respect to P. 

Proof: Order the (countable) set of all subformulas of formulas in r, 
using only parameters of P:  Xl '  X2, X3, . . . . We define a (double) 
sequence of sets of signed formulas : 

Let r 0 =r. Suppose we have defined rll which is a consistent extension 
of r 0, using only finitely many of a1, a2, a3 ' . . . . Let Lf! = rll• We define 
Lf�, . . . , Lf:+ l and let rn+1 = Lf:+ 1. We do this as follows: 

Suppose we have defined Lf� for some k (I �k�n). Consider the formula 
X ... _ At. TnOS"t. one of TXJc.� FXk can be in L1'!". (since it. is consi.st.ent.). 1£ 
neither is, let Ll�+ 1. = 47.. 1.f one is in ..d�, we have several cases. 

Case ( la). Xk is Yv Z and TXkeLf:. Then one of Lf:,TY or Lf!,TZ is 
consistent. Let Lf:+ 1 be Lf�,TY if consistent, and Lf�,TZ otherwise. 

Case ( lb). Xk is Yv Z and FXke.:1=. Then ..1!,FY,FZ is consistent. Let 
this be ..1! + 1 . 

The cases 
(2a). TX A Y, 
(2b). FX A Y, 
(3). T-X, 
(4). TX� Y, 

are all treated in a similar manner. 
Case (Sa). Xk is (3x) X(x) and TXke..1=. Since Lf! uses only finitely 

many of a10 a2, a3, " " let aj be the first one unused. Let .:1:+ 1 be ..1:,TX{aj). 
Since aj is new, this must also be consistent. 

Case (Sb). Xk is (3x) X{x) and FXkE..1:. Let Lf:+ 1 be ..1: together with 
EX(C() for each C(eS, and each C(=aj which has been used so far. Then 
..1�+ 1 is again consistent. 

Case (6). T(Vx) X(x), is treated as we did case (Sb). 
Case (7). If the signed formula does not come under one of the above 

cases let ..1:+ I = Lf!. 
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Thus we have defined a sequence rO, r1, r2, • • • • Let II = u r". We 
claim II is a Hintikka collection with respect to P. The verification of the 
properties is straightforward. 

§ 5. Completeness of Beth tableaus 

Supposing X to be not provable, we give a procedure for constructing a 
sequence of Hintikka elements. 

First we order our countable collection of parameters as follows : 

S1 : aL aL aL 
S2 : ai , aL aL 
S3 : aL aL aL 

where we have placed all the parameters of X in S10 and let P" = 
= S1 u S2 u  . . .  u S". 

For this section only, by an F-formula we mean a signed formula of 
the form F,...,X, FX::::J Y or F(T/x) X. We many assume once and for all 
an ordering of all formulas. Now we proceed : 

Step (0). X is not provable, so {FX} is consistent. Extend it to a 
Hintikka element with respect to Pl' Call the result rl .  

Step (1). Take the first F-formula of rl • If this is F,...,X, consider 
rlToTX. This is consistent. Extend is to a Hintikka element with respect 
to P2, call it r2• If the first F-formula is FX::::J Y, extend rlT,TX,FY to a 
Hintikka element with respect to P2,r2• If the first F-formula is 
F(T/x) X(x), extend rmFX(ai) to a Hintikka element with respect to 
P 2,r 2 ' In any event r 2 is a consistent Hintikka element with respect to 
P2• Now call the first F-element of r1 "used". The result of step (1) is 
{rl, r2} . 

Suppose at the end of step (n) we have the sequence {rl, r2, r3, • • •  , r2n} 
where each rl is a Hintikka element with respect to PI' 

Step (n + 1). Take the first "unused" F-formula of rl , proceed as in 
step (1)  depending on whether the formula is F,...,X, FX::::J Y or F(T/x) X. 
Produce from rmTX or rmTX,FY or rmFX (ar+ l) a Hintikka 
element with respect to P2n+ l , call it r2n+ l ' and call the formula in 
question "used". Repeat the same procedure with the first "unused" 
F-formula of r2, producing a Hintikka element with respect to P2n+2, 
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call it T 2"+2 '  Continue to T 2n, producing a Hintikka element with respect 
to P2n + 1, call it T2n+ 1 .  The result of the n+ l st step is thus 

Let r§ be the collection of all Tn generated in the above process. We 
claim r§ is a Hintikka collection. 

Each TnEr§ is a Hintikka element with respect to Pn' so @l (Tn) is Pn' 
Since Tn is a Hintikka element with respect to @l (Tn), to show r§ is a 
Hintikka collection we have only three properties to show. 

Suppose for some T"Er§, F(Vx) X(x)eT". By the above construction 
there must be some Tker§  such that TnTr;;Tk, @l (TII)r;;@l (Tk) and 
FX(a)ETk for some parameter a. Thus (3Tker§)T"f!lTk and FX(a)eTk 
for some ae@l (Tk). 

The cases F,.., and F:::::> are similar. 
Thus r§ is a Hintikka collection and FX e TI E r§, so our completeness 

theorem is established. We note that in the Hintikka collection r§ result­
ing, every formula is a subformula of X. We remark also that the con­
struction of § 4 and of this section could be combined into a single 
sequence of steps. 

This proof is a modification of the original proof of Kripke [13]. 

§ 6. Second completeness proof for Beth tableaus 

The following is a Henkin type proof and serves as a transition to the 
completeness of the axiom system presented in the next few sections. 
A proof along the same lines but using unsigned formulas was discovered 
independently by Thomason [21 ]  and by Aczel [1] .  The similarity to the 
algebraic work of ch. 1 § 6 is also noted. 

Recall that a finite set of signed formulas T is consistent if no tableau 
for it is closed. An infinite set is consistent if every finite subset is. 

Definition 6. 1 . :  LetPbe a set of parameters and T a set of signed formulas. 
We call T maximal consistent with respect to P if 

(1). every signed formula in T uses only parameters of P, 
(2). T is consistent, 
(3). for every formula X with all its parameters from P, either TXET 

or FXET or both T,TX and T,FX are inconsistent. 
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Lemma 6.2: Let r be a consistent set of signed formulas, and P be a 
non-empty set of parameters containing at least every parameter used 
in r. Then r can be extended to a set A which is maximal consistent with 
respect to P. 

Proof: P is countable, so we may enumerate all formulas with para­
meters from P: Xl' Xz, X3, . .  • 

Let AD =r. Having defined .:1", consider X,,+ l ' If .:1n,TXn-tl is consistent, 
let it be .£1,,+ 1' If not, but if .:1",FX,,+ l is consistent, let it be .1,,+1 '  If 
neither holds, let .:1n+l be An. 

Let .:1 = U A". The conclusion of the lemma is now obvious. 

Definition 6.3 : Let r be a set of signed formulas and P a set of parameters. 
We call r good with respect to P if 

(1). r is maximal consistent with respect to P, 
(2). T(3x) X(x)Er = TX(a)Er for some aEP. 

Lemma 6.4: Let r be a consistent set of signed formulas, and S be the 
set of parameters occurring in r. Let tal ' az, a3" "} be a countable set 
of distinct parameters not in S, and let P=Su tal '  az, a3, . . .  } .  Then r 
can be extended to a set A which is good with respect to P. 

Proof' P is countable, order the set of formulas with parameters from 
P: Xl' Xl, X3, . . • •  We proceed as follows : 

(1). Let A o = r. 
(2). Extend AD to a set .11 maximal consistent with respect to S. 
(3). Take the first XI (in the above ordering) of the form T(3x) X(x) 

such that T(3x) X(x) EAl but for no (xE Sis TX(IX) E.:11 .  LetAz  = Al,TX(al). 
Since al is "new", .:12 is consistent. 

(4). Extend Az  to a set .13 maximal consistent with respect to Su {al l. 
(5). Take the first Xj of the form T(3x) X(x) such that T(3x) X(x)EA3 

but for no (xESU {ad is TX(a) EA3•  Let A4 = .:1 3,TX(az). Again .:14 is 
consistent. 

(6), Extend .:14 to a set A s  maximal consistent with respect to Su tal' az} 
And so on. 

Let A = U Lln. We claim LI is good with respect to P. 

First A is consistent since each An is consistent. 
If X has all its parameters in P, then for some n all the parameters of 

X are in Su tal' az, . . .  , an}. But in step (2n) we extend Az" to .:12n+1>  a 
set maximal consistent with respect to Su {al, az, . . .  , an}. Thus TX or 
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FX is in Ll2n+1  and hence in LI, or neither can be added consistently. 
Thus LI is maximal consistent with respect to P. 

Finally suppose T(3x) X(x) EA.  We note that the formula dealt with in 
step (5) is different from the one dealt with in step (3), and the one dealt 
with in step (7) is different again. Thus we must eventually reach 
T(3x) X(x), and so for some rxEP TX(rx) ELI .  Hence LI is good with 
respect to P. 

Now let us order our countably many parameters as follows : 

S1 :  aL aL aL 
S2 :  ai , aL aL 
S3 : aL aL aL 

and let Pn = S1 U S2 U . . . u Sn. Let r§ be the collection of all sets of signed 
formulas which are good with respect to some Pn• We claim r§ is a Hin­
tikka collection. 

Suppose rEr§. Then r is good with respect to some Pi> say Pn• Then 
per) (the collection of all parameters of r) is Pn• 

Suppose TX 1\ YEr but TX¢r. If r,TX 1\ Y is consistent, so is 
r,TX 1\ Y,TX, and so r is not maximal. Thus TXEr. Similarly TYEr. 
Hence 

TX 1\ YEr:::. TXEr and TYEr . 

Similarly we may show 

FX v YEr 
TX v Y E r  
FX 1\ Y Er 
T ""' X E r  
TX => Y E r  
T(Vx) X (X) E r  
F (3x) X (X) E r  

Moreover 

:::. 
:::. 

:::. 

:::. 

:::. 

:::. 

:::. 

FX E r  and FY E r ,  
T X E r or T Y E r , 
FXE r  or FYE r ,  
FX E r ,  
FX Er or T Y E r ,  
TX(a) E r  for every a E P (r) , 
FX (a) E r  for every a E P (r) . 

T (3x) X (X) E r  :::. TX (a) E r  for some a EP(r) , 

since r is good with respect to P". 
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Suppose F"",Xer. Since r is consistent, r T,TX is consistent. Extend 
it to a set Li which is good with respect to P,,+l ' Then f31J(r)s;;f31J(Li) and 
r T£Li, so r81Li and TXeLi. 

Similarly, if FX:::J Yer, there is a Lie� such that r81Li, TXeLf and 
FYeLi. 

Finally, if F('Vx) X(x)er, since a�+ l does not occur in r, r nFX(�+ l) 
is consistent. Extend it to a set Li which is good with respect to P,,+l '  
Again r81Lf and FX (a'!. + 1) eLi for a'!. + 1 ef31J(Li). 

Thus � is a Hintikka collection. 
To complete the proof, suppose X is not provable. Then {FX} is 

consistent. Since it has only finitely many parameters, they must all lie in 
some P". Extend {FX} to a set r good with respect to P". Then re� 
and FXer. This establishes completeness. 

Remark 6.5 : The model resulting from this Hintikka collection is a 
"universal" model in that it is a counter-model for every non-theorem. 
This is not the case for the model of § 5. 

We will show later that, in a sense, this Hintikka collection is the analog 
of a classical truth set. 

§ 7. An axiom system, .911 

The following system was chosen to give a fairly quick completeness 
proof. It is very close to the system of [10] p. 82. 
Axiom schemas: 

1 .  X:::J (Y:::J X), 
2. (X:::J Y) :::J « X=> (Y=> Z» => (X:::J Z» , 
3. « X=> Z) 1\ (Y=> Z» => « Xv Y) => Z) ,  
4. (X 1\ Y) => X, 
5. (X 1\ Y) => Y, 
6. X:::J (Y=> (X 1\ Y» , 
7. X=> (Xv Y) , 
8. Y=> (Xv Y), 
9. (X 1\ "'" X) => Y, 

10. (X=> ,.., X) ::> ,.., X, 
1 1 . X(a) => (3x) X (x) , 
12. ("Ix) X(x) => X(a) . 
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Rules: 

1 3. 

14. 

X(a) => Y 
(3x) X(X) => Y , 

Y=>  X(a) 
Y=> (\fX) X(X) , 

1 5. 
X, X =>  Y 

Y 

ca. 5 § 7  

In rules 1 3  and 14  the parameter a must not occur in Y. In a deduction 
from premises the parameter a must not occur in the premises either. 
We use the usual notation, if X can be deduced from a finite subset of S, 
we write S f- X. We use f- X for 0 1- X. 

In the next three sections we establish the correctness and completeness 
of .xI1• We introduce a second system .xI2, equivalent to .xI1, to aid in 
showing correctness. For use in showing completeness we need the 
following three lemmas : 

Lemma 7.1 : The deduction theorem holds for .xI1 • 
Proof: The standard one (e.g. [10] §§ 21 , 22). 

Lemma 7.2: I- ( W  1\ Y) => X, r ( W  1\ Z) => X, I- W =>  (Y Y Z) 
I- W=> X  

Proof: 
(1), ( W 1\ Y) => X 
(2). (W 1\ Z) => X 
(3). W =>  (YY Z) 
(4). W 
(5). Y Y  Z 
(6). W =>  ( Y =>  ( W  1\ Y)) 
(7). Y=> ( W  1\ Y) 
(8). W =>  (Z => ( W  1\ Z)) 
(9). Z => (W 1\ Z) 

(10). Y =>  X 
(1 1). Z => X 
(12). ( Y Y  Z) => X 
(13) .  X 
(14). W =>  X 

by hypothesis, theorem, 
by hypothesis, theorem, 
by hypothesis, theorem, 
premise, 
by (3), (4), rule 1 5 ,  
axiom 6 ,  
by (4), (6), rule 1 5 ,  
axiom 6 ,  
by (4), (8), rule 1 5 ,  
via (1), (7) , 
via (2), (9) , 
via (10, (1 1), axiom 3 ,  
by (5), (12), rule 1 5 ,  
deduction theorem cancelling prem­
ise (4) . 
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Lem1lUl 7.3: If a does not occur in W, Y(x) or X, 

� (W /\ Y (a» :::> X ,  � W :::> (3x) Y(x) 
� W :::> X 

Proof' 
(1). ( W  /\ Y(a» :::> X 
(2). W :::> (3x) Y(x) 
(3). W 
(4). (3x) Y(x) 
(5). W:::> ( Y(a) :::> ( W  /\ Yea»�) 
(6). Y(a) :::> (W /\ yea»� 
(7). Y(a) :::> X 
(8). (3x) Y(x) :::> X 
(9). X 

� by hypothesis, theorems , 

premise , 
by (2), (3), rule 1 5 ,  
axiom 6 ,  
by (3), (5), rule 1 5 ,  
via (1), (6) , 
by (7), rule 1 3 ,  
by (4), (8), rule 1 5 ,  
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(10). W :::> X deduction theorem cancelling prem­
ise (3) . 

§ 8. A second axiom system, .s4 2 

We introduce a second, very similar, axiom system, and prove equiva­
lence . 

.s42 has the same axioms as .s41 , as well as rules 13  and 14. It does not 
have rule 1 5. Instead it has rules 

14a. X(a) 
(Yx) X(x) 

1 5a. (Yx1) . . .  (Yxn) X, (3x1) . .  · (3xn) X:::> Y 
Y 

provided all parameters of (YX1) ' "  (Yx,,) X are also in Y (n may be 0). 
To show the two systems are equivalent, it suffices to show 14a and 

1 5a are derived rules of .s41 , and 1 5  is a derived rule of .s4 2' 
To show 14a is a derived rule of .s41, suppose in .s41 we have X(a). 

Let T be any theorem of .s41 with no parameters. By axiom 1 ,  
X(a) :::> (T:::> X(a» , so  by rule 1 5, T:::> X(a). Since a i s  not in  T, by rule 
14, T:::> (Yx) X(x). But also T, so by rule 1 5, (Yx) X(x). 

To show 1 5a is a derived rule of .s4l>  suppose in .s41 we have 
(Yx1) . .  , (Yxn) X(Xl > '  . . , xn) and (3x1) . . •  (3x,,) X(Xl> . . .  , x,,):::> Y, and all 
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parameters of (V'Xl) . . .  (V'Xn) X(Xl' " . ,xn) are in Y. From (V'xl) . . .  (V'xn) 
X(x!> . . .  , XII)' by axiom 1 2, X(al" ' "  an). From axiom 1 1 , X(al > ' "  an) 
=> (3xl) . . .  (3x,,) X(Xl " " ' Xn), so by rule 1 5, (3xl) . • •  (3xn) X(xl, . . .  , x,,) 
and by rule 1 5  again, Y. 

Finally to show rule 1 5  is a derived rule of d2, suppose we have X 
and X=> Y in .5#2' Let al, a2 . • •  , an be those parameters of X not in Y. 
Since we have X (al' . . .  , an), by rule 14a, (V' Xl) . . .  (V' xn) X (Xl ' . . .  , X,,). 
Similarly, since X(al, . . .  , an) => Y and al" ' "  an do not occur in Y, by rule 
1 3, (3Xl) ' "  (3xn) X (Xl ' . . .  , X,,) => Y. Now by rule 16a, Y. 

Thus .5#1 and .5#2 are equivalent. For use in the next section we state 
the straightforward 

Lemma 8.1 : If in .5#2 we can prove X(a), there is a proof of the same 
length of X(b) for any parameter b. (note : a does not occur in X(b)= 
X (a)(m. 

§ 9. Correctness of the system .5#2 

Theorem 9.1 : If X is provable in .5#2, X is valid. 
Proof" By induction on the length of the proof for X. If the proof is of 

length 1, X is an axiom and we leave the reader to show validity of the 
axioms. 

Suppose the result is known for all formulas with proofs of length less 
than n steps, and X is provable in n steps. We investigate the steps involved 
in the proof of X. Axioms have been treated. 

Suppose X(a) => Y in rule 1 3  is provable in less than n steps where a is 
not in Y. Then X(a) => Y is valid. Then (3x) X(x) => Y is provable. We 
wish to show it is valid. Take any model (C§, gt, 1= ,  f!IJ) and any reC§ and 
suppose « 3x) X(x)=> Y)e# (F). Suppose r* 1= (3x) X(x). Then r* 1= X(b) 
for some b. But X(a) => Y is provable, so by lemma 8. 1 (X(a) => Y)(:) is 
provable with a proof of the same length, hence by hypothesis, valid. 
Since a is not in Y, this is X(b) => Y. By validity, r * I= X(b) => Y, hence 
r * 1= Y. Thus r 1= (3x) X(x) => Y. 

Rules 1 4  and 14a are similar. 
Rule 1 5a :  Suppose (V'xl) . . .  (V'xn) X and (3Xl) ' "  (3x,,) X:;, Y are both 

provable and valid. Then Y is provable. We wish to show Y is valid. 
Let (C§, gt, 1=, f!IJ) be any model and r e @. Suppose Ye # (r). Then 
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(VXt) . . .  ('Ix,,) X and (3Xl) ' "  (3x,,) X:::::> Y are both in # (r), and since they 
are valid, r 1= (V Xl) ' "  ('Ix,,) X and r 1= (3x1) • • •  (3x,,) X:::::> Y. By the latter, 
either r .v  (3x1) • •  , (3x,,) X or r 1= Y. If r .v  (3Xl) ' "  (3x,,) X, for any 
a1, • • •  , allePJl(r), r Y X(a1 , • • •  , a,,), contradicting r l=  (Vx1) • • •  (Vx,,) X. 
Hence rl=  Y. 

§ 10. Completeness. of the system d 1 

The following Henkin type proof was discovered independently by 
Thomason [21 ], Aczel [I], and the author. 

We work in the system .flit. Let r be a set of unsigned formulas and P 

a collection of parameters. Suppose all the parameters of r are among 
those in P. 

Definition 10. 1 :  By the deductive completion of r with respect to P we 
mean the smallest set of formulas Ll involving only parameters of P, 

such that for any X over P 

r r X ::. X e Ll . 

We call r deductively complete with respect to P if it is its own deductive 
completion with respect to P. 

We say r has the Or-property if 

X v Ye r ::. X e r or Y e r . 
We say r has the 3-property if, for some parameter a, 

(3x) X (x) er ::. X (a) e r .  

We call r nice with respect to P if 
(I). r is deductively complete with respect to P, 

(2). r has the Or-property, 
(3). r has the 3-property, 
(4). r is consistent. 

Remark 10.2 : Consistency here has its usual meaning. 

Lemma 10.3 : Let r be a set of formulas and X a single formula. Let P 
be the set of all parameters of r or X. Let {al' a2, a3, . . . } be a countable 
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collection of distinct parameters not in P, and let Q = P u  {a1 ' a2' a3 . . .  } .  
If r ¥ X, then r can be extended to a set ..1 which is  nice with respect to 
Q such that X4;Ll .  

Proof' Let Z1 ' Z2' Z3 ' "  be an enumeration of all formulas with 
parameters from Q of the form Y v  Z or (3x) Y(x). 

Since r ¥ X, r is consistent. We define a sequence {rn} as follows : 
Let ro be the deductive completio"n of r with respect to P. Then r 0 

is consistent and r 0 .v x. Suppose we have defined r" so that r n is 
deductively complete with respect to Pu {at , a2' . . .  , an} and rn ¥ X. 
Let Ll�=rn' 

Suppose we have defined Ll� (j < n) so that it is consistent and Ll� .v X. 
Let Ll�+ 1 =Ll� if (1) ZiLl�, or (2a) ZjELl�, Zj = Yv Z and YELl� or ZELl�, 
or (2b) ZjELl�, Zj = (3x)Y(x) and Y(a)ELl�for some a. 

This leaves the two key cases : 
(3). Suppose ZjELl� and Zj is Y v  Z but Y4;Ll�, Z4;Ll�. We claim we 

can add one of Y or Z to Ll� so that the result still does not yield X. For 
otherwise Ll�, Y f- X 

Ll�,Z f- X 
Ll� f- Y v Z 

(since Y v  ZELl�). But then by lemma 7.2 Ll�f-X, a contradiction. So add 
to Ll� one of Yor Z so that the result does not yield X. Call the result Ll�+ 1 . 

(4). Suppose ZjELl� and Zj is (3x) Y(x), but Y(a)4;..1� for any a. 
Take the first unused a; of {a1 , a2, . . .  }. We claim we can add yea;) to 
Ll� and the result will not yield X. This is as above but by lemma 7.3. 

j ( )  j+ 1 j ) Thus ..1", Y al .v X. Let Lln be ..1", Yea; . 
Thus in any case Ll�+ l is consistent and X4;Ll�+ l . Let r,,+l  be the 

deductive completion of ..1: with respect to P u  {at , a2' . . .  , ak} where 
ak is the last parameter used in ..1:. Let ..1 = U r", then ..1 has the following 
properties : 

..1 uses exactly the parameters of Q. 
X4;..1 since x4;rn for any n . 
..1 is deductively complete with respect to Q . 
..1 has the Or-property. For if Yv ZELl, say Yv Z=Z", then Y v  ZELlm 

for some m. We can take m >n. Then Yv Z=Z"ELl�, so either Y or Z 
is in ..1:.+ 1 £..1.  

Similarly, ..1 has the 3-property. 
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Lemma 10.4 : If r is nice with respect to P: 

(1). X /\ YE r ¢!> X e r  and YE r,  
(2). Xv YEr ¢!> X e r  or  YE r,  
(3). '" X E r � X ¢ r ,  
(4). X =>  YE r � x¢ r or Y E r ,  
(5). (3x) X(x) e r ¢!> X(a) e r for some a E P ,  
(6). (V'x) X(x) e r � X(a) e r for every a E P. 
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Proof: (1). By axioms 4, 5 and 6, since r is deductively complete with 
respect to P. 

(2). Xv YEr� XEr or Yer, since r has the Or-property. The 
converse holds by axioms 7 and 8. 

(3). If "'Xer, x¢r since r is consistent (using axiom 9). 
(4). If X=> YEr, either xl/:r or YEr since r is deductively complete 

with respect to P. 
(5). If (3x) X(x)er, X(a)er for some aEP since r has the 3-

property. The converse is by axiom 1 1 .  
(6). By axiom 12. 

Lemma 10.5 : Suppose r is nice ,with respect to P, and {a1 , a2, a3 . . .  } is 
a set of distinct parameters not in P. Let Q = P u {a1, a2, a3 . . .  }. Then 

(1). If X has all its parameters in P but ",x¢r, r can be extended to 
a set A nice with respect to Q such that X eA.  

(2). If  X=> Yhas all its parameters in  P but X=> Y¢r, r can be extended 
to a set A nice with respect to Q such that XeA and Y¢A. 

(3). If X(x) has all its parameters in P but (V'x) X(xHr, r can be 
extended to a set A nice with respect to Q such that for some aeQ, 
X(a) ¢A.  

Proof' 
(1). Since ", x¢r, {r, X} is consistent, for otherwise r,XI- ..... x. So 

by the deduction theorem r r X=> .-X, and by axiom' 10  n - ,.., X, so 
..... XEr. Since {r,X} is consistent, there is some Y such that r,xy Y. 
Now use lemma 10.3. 

(2), r,x Y Y for otherwise, by the deduction theorem rI-X=> Y, so 
X=> YEr. Since r,xy Y, use lemma 10.3. 

(3). a1 ¢ P. We claim r y X(a1). Suppose r r X(a1). For the conjunc­
tion, call it W, of some finite subset of r, I- W=>X(a1). But a1 does not 
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occur in W. By rule 14 f- W� ('Ix) X(x), so rf- ('Ix) X(x), ('Ix) X(x)er. 
Since r .v X(a1)' use lemma 10.3. 

Now we proceed to show completeness. We arrange the parameters as 
follows : 

Sl : aL aL aL 
S2 : aL aL ai , 
S3 : aL aL aL 

and let Pn = Sl U S2 u . . · u Sn' Let f§ be the collection of all nice sets 
with respect to any Pi' If ref§, r is nice with respect to, say, PR• Let 
gJ(r) = Pn• Let r8iA if gJ(r)s;;;gJ(A) and rs;;; A .  For any X, let r l= x  iff 
Xer. By lemmas 10.4 and 10.5 <f§, 81, 1=, gJ) is a model. 

Finally, suppose .v x. All the parameters are in, say, Pn• Since 0 .v  X, 
by lemma 10.3 we can extend 0 to a set r, nice with respect to Pn such that 
x¢r. Thus ref§, Xe&J (r) and r y x. 

Remark 10.6 : This is a "universal" model in the sense of § 6. 

In ch. 6 § 4 we will show that the set of all theorems using only parameters 
of Pn is itself a nice set with respect to Pn• This would make the final use 
of lemma 10.3 above unnecessary. 



CHAPTER 6 

ADDITIONAL FIRST ORDER RES ULTS 

§ 1. Compactness 

We call an infinite set S of signed formulas realizable if there is a model 
<�, �, 1=, f!JJ) and a rE� such that for any formula X 

TX eS � X et) (r) and r J:: x ,  
FXeS � Xe�(r) and r }i x .  

There is a similar concept for sets of unsigned formulas U. We say U is 
satisfiable if there is a model <�, �, 1=, f!JJ) and a re� such that for 
any formula X 

X e U  � X e � (r) and r J:: x .  

Lemma 1.1 : Let U be a set of unsigned formulas and define a set S of 
signed formulas to be { TX I Xe U}. Then 

(1). U is satisfiable if and only if S is realizable 
(2). U is consistent if and only if S is consistent. 
Proof: Part (1) is obvious. 
To show part (2), suppose U is not consistent. Then some finite 

subset {Ul> . . .  , un} is not consistent, so from it we can deduce any formula. 
Let A be an atomic formula having no predicate symbols or parameters 
in common with {Ul' . . . , un} . Then 
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Hence there is a closed tableau for 

so there is a closed tableau for 

By the way we have chosen A, there must be a closed tableau for 
{ T(ul /\ • • •  /\ un)} and hence for { TU1' . . .  , TUn}. Thus S is not consistent. 

The converse is trivial. 

Because we have this lemma, we will only discuss realizability and con­
sistency of sets of signed formulas. 

Lemma 1.2: Let S be a set of signed formulas. If S is realizable, S is 
consistent. 

Proof: If S is not consistent, some finite subset Q is not consistent. 
That is, there is a closed tableau '6'1' '6'2, . . .  , '6'n in which '6'1 is {Q}. If Q 
were realizable, by theorem 5.2.7 every '6'j would be, but a closed con­
figuration is not realizable. 

Lemma 1.3: Let S be a finite set of signed formulas. If S is consistent, 
S is realizable. 

Proof' Let S be { TX1, · • .  , TXn> FY1,  • • • , FYm}. 
S is consistent if and only if 

is consistent. If this is consistent, (Xl /\ . . . /\ Xn):::> (11 v . . .  v Ym) is a ·  
non-theorem, so by the completeness theorem, there is a model 
<f'#, 9i, 1=, (!JJ) and a ref'# such that Xje# (r), Y.ie# (r) and 

r Y (Xl /\ . , . /\ Xn) :::> (Yl v . .  , v Ym) ,  

But then for some r* 

so r* realizes S. 

This method does not work if S is infinite, but the lemma remains true, 
at least for sets with no parameters. The result can be extended to sets 
with some parameters, but we will not do so. 
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Lemma 1.4: Let S be an infinite set of signed formulas with no para­
meters. If S is consistent, S is realizable. 

Proof" The proof can be based on either of the two tableau com­
pleteness proofs. 

If we use the first proof, that of ch. 5 § 5, change step 0 to : "S is con­
sistent. Extend it to a Hintikka element with respect to Pl ' Call the 
result T1". Continue the proof as written. The lemma is then obvious. 

If we use the proof of ch. 5 § 6 the result is even easier. S is consistent, 
so by lemma 5.6.4, we can extend S to a set T which is good with respect 
to Pl ' The result follows immediately. 

Theorem 1.5: If S is any set of signed formulas with no parameters, S is 
consistent if and only if S is realizable. 

Corollary 1.6: If every finite subset of S is realizable, so is S. 

Corollary 1.7: If U is any set of unsigned formulas with no parameters, 
U is consistent if and only if U is satisfiable. 

Remark 1 . 8 :  The last corollary could have been established directly by 
adapting the completeness proof of ch. 5 § 10. 

Definition 1 .9 :  For a set of formulas U, by T F U we mean T F X for all 
X e U. 

Corollary 1.10 (strong completeness) : Let U be any set of unsigned 
formulas with no parameters. Then UrI X if and only if in any model 
(C§, fll, P, �>, for any T e C§, if T F  U, T F X. 

Proof' UrI X if and only if { TY l Ye U} u {FX} is inconsistent. 

Corollary 1.11 : (cut elimination, Gentzen's Hauptsatz) : If S is a set of 
signed formulas with no constants and {S, TX} and {S, FX} are in­
consistent, so is {S}. 

Remark 1 . 12 :  This may be extended to sets S with some parameters. To 
be precise, to any set S which leaves unused a countable collection of 
parameters. It follows that in the completeness proof of ch. 5 § 6 a set Lf 
maximal consistent with respect to P actually contains TX or FX for 
each X with parameters from P. 
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§ 2. Concerning the excluded middle law 

If S is a set of unsigned formulas, by Sf-eX and Sf-IX we mean classical 
and intuitionistic derivability respectively. 

Let X(CXl> . . .  , cx,,) be a formula having exactly the parameters CXl> . . . , a". 
By the closure of X we mean the formula 

(VxiJ · · · (Vxd X (XI1' . . .  , XI,.) 
(where XI) does not occur in X(CXl , . . .  , cxn» ' 

Let M be the collection of the closures of all formulas of the form 
X v  -X. We wish to show : 

Theorem 2.1 : If X has no parameters, 

f-e X - M f-I X ,  
We first show: 

Lemma 2.2: Let «(§, f!J, ." fJl) be a model, rE (§, and suppose YEM=> 
r 1= Y. Then r can be included in a complete �-chain ft' such that ft" 
is a truth set (see ch. 4 § 6). 

Proo/" Enumerate all formulas beginning with a universal quantifier : 
Xl' X2, X3, · · · ·  

Let ro=r. Having defined rn, consider X,,+l '  If Xn+d# (r:) for any 
r:, let r,,+1 = r". Otherwise there is some r: such that XII+ !  E#(r:). 
Say X,,+ l  is ('Ix) X(x). We have two cases : (1). If r: 1= ('Ix) X(x), let 
r,,+ l  = r:. (2). If r: " ('Ix) X(x), there is a r:* and an cxEfJl(r:*) such 
that r:* " X(cx). Let rn + l be this r:*. 

Let the .'3l-chain � be {r 0, rl> r 2' . . . }. Since YEM=> r l=  Y and r = r  0, 

"6' is a complete .'3l-chain by the definition of M, and so re' is an almost­
truth set. Thus we have only one more fact to show: 

Y (OC) E �' for every parameter cx of re' => ('Ix) Y (X) E re' .  

Suppose ('Ix) Y(x, CXl, . . . , oc,,)rj:"6" (where CXl > " " CX" are all the parameters 
of Y). If some (XI is not a parameter of "6" ,  we are done. So suppose each 
CXI occurs in re'. Then for some rllEre, all cxlefJl(r,,) and r" " ('Ix) Y(x, (X1 o 
. . . , cxn). But by the construction of re, there is a rm (m�n) such that 
r m "  Y(b, CXl> . . . , cx,,) for some bEfJl(r m). But 

r ., (Vx1) . . .  (VXII) (VX) [Y (x, Xl' . . .  , XII) v - Y (X, Xl> . , ., X,,)] 



CH. 6 § 3 SKOLEM-L(JWENHEIM 75 

and rfJlr m' SO 
rm F Y (b, /Xl> . . . , IX,,) v ,...., Y (b, lXI' . . . , IX,,) , 

thus r m F """ Y (b, ocl, . . . , IX,,). ,...., Y(b, IXI, . . . , C(,,)e!C', so Y (b, IX, . . .  , oc,,)¢!C' 
for a parameter b of !C'. 
Now to prove the theorem itself: 

If MI-1X then for some finite subset {ml' "'' m,,} of M 

I-I(ml A "' A m,,) ::::> X .  

By theorem 4.8.2 (and the completeness theorems) 
I-c Cml A ' ' ' A m,,) ::::> X.  

But I-cml A ' " A mn> hence I-cX. 
Conversely, if MY IX, let S be the set of signed formulas 

{FX} u {TY I YeM}. 

Since MY I X, S is consistent. Then by the results of the last section, 
S is realizable. Thus there is a model < C§, fJl, F, f!l') and a re C§ such that 
YeM =:- r F Y, X eP}(r) and r y x. But X has no parameters, so 
X v  ,...., X eM. Thus r F X V  ,....,X, so r F ",x. Now by lemma 2.2 there is 
a truth set containing ,...., X. Hence Y eX. 

§ 3. Skolem-Lowenheim 

By the domain of a model (C§, fJl, F, f!l') we mean Ure Sff!l' (r). So far 
we have only considered models in which the domain was at most 
countable. Suppose now we have an uncountable number of parameters 
and we change the definitions of formula, model and validity accordingly, 
but not the definition of proof. 

Theorem 3.1 : X is valid in all models if and only if X is valid in all 
models with countable domains. 

Proof' One half is trivial. 
Suppose there is a model (C§, fJl, 1=, f!l') with an uncountable domain 

in which X is not valid. The correctness proof of eh. 5 §§ 2 or 9 is still 
applicable. Thus X is not provable. Since X is not provable, if we reduce 
the collection of parameters to a countable number (induding those 
of X), X still will not be provable. Then any of the completeness proofs 
will furnish a counter-model for X with a countable domain. 
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This method may be combined with that of § I to show 

Theorem 3.2: If S is any countable set of signed formulas with no para­
meters, S is consistent if and only if S is realizable in a model with a 
countable domain. 

Theorem 3.3: If U is any countable set of unsigned formulas with no 
parameters, U is consistent if and only if U is satisfiable in a model with 
a countable domain. 

Remark 3.4 : In part II, we will be using models with domains of arbi­
trarily high cardinality. 

§ 4. Kleene tableaus 

The system of this section is based on the intuitionistic system G3 of [10]. 
The modifications are due to Smullyan. The resulting system is like that 
of Beth except that sets of signed formulas never contain more than one 
F-signed formula. Explicitely, everything is as it was in ch. 2 § I and 
ch. 5 § 1 except that the reduction rules are replaced by the following, 
where S is a set of signed formulas with at most one F-signed formula. 

KT v S, TX v Y KF V ST, FX v Y 

KT A 

KT -

KT � 

KT3 

KTV 

S, TX I s, TY . ST' FX 
Sn FX v Y 

ST, FY 
S, TX A Y KF A ST, FX A Y 
S, TX, TY Sn FX I ST, FY 
S, T '" X KF - ST, F "" X 
ST, FX ST, TX 
S, TX � Y KF � ST, FX � Y 

Sn FX I S, TY ST, TX, FY 
S, T (3x) X (x) KF 3 ST, F(3x) X (x) 

S, TX(a) ST, FX(a) 
S, T (Vx) X (x) KFV ST, F(Vx) X (x) 

S, TX(a) ST, FX (a) 

where in KT3 and KFV the parameter a does not occur in S or X(x). 
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There are several ways of showing this is actually a proof system for 
intuitionistic logic. We choose to show it is directly equivalent to the 
Beth tableau system, that is, we give a proof translation procedure. 

We leave it to the reader to show the almost obvious fact that anything 
provable by Kleene tableaus is provable by Beth tableaus. To show the 
converse, we need 

Lemma 4.1 : If a Beth tableau for { TXt, . . .  , TXn, FY1, . . .  , FYm} closes, 
then there is a closed Kleene tableau for 

Proof: The proof is by induction on the length of the closed Beth 
tableau. If the tableau is of length 1 ,  the result is obvious. Now suppose 
we know the result for all closed Beth tableaus of length less than n, and 
a closed tableau for the set in question is of length n. We have several 
cases depending on the first step of the tableau. 

If the first step is an application of rule FA , the Beth tableau begins 

{{Sn FXI, . . .  , FXn> FY A Z}} , 
{{ST' FX!> . . .  , FXn> FY} , {ST, FX!> . . . , FXn, FZ}} , 

and proceeds to closure. Now by the induction hypothesis there are closed 
Kleene tableaus for {ST, F(XI v · · ·  v Xn V Y)} and {Sn F(XI v ·  . . V 
Xn V Z)} . We have two possibilities : 

(1). If Y is not "used" in the first tableau, or if Z is not "used" in the 
second tableau, a Kleene tableau beginning 

must close. 

{ {Sn F (XI v . .  · v Xn V (Y A Z) }} , 
{{ST' F (XI v . .  · V Xn)} }  , 

(2). If both Y and Z are "used", a Kleene tableau beginning 

must close. 

{{ST' F (Y A Z)}} , 
{{Sn FY}, {Sn FZ}} . 

The other cases are similar and are left to the reader. 
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Thus the two tableau systems are equivalent. Now we verify a remark 
made at the end of ch. 5 § 10. 

Lemma 4.2 : (G6del, McKinsey and Tarski) : 1-, X v Y iff 1-] X or 1-] Y. 
Proof' Immediate from the Kleene tableau formulation. 

Lemma 4.3 : (Rasiowa and Sikorski) : If I-I (3x) X(x, al , " " an) where 
aI ' . . .  , an are all the parameters of X, then I-IX(b, aI' . . .  , an) where b is 
one of the ai' If X has no parameters, b is arbitrary and 1-] ('Ix) X(x). 

Proof' A Kleene tableau proof of (3x) X (x, aI ' . . .  , an) begins 

{ {F(3x) X (x, aI'  . . .  , an))} , 
{ {FX(b, a1' . . .  , an)}} , 

and proceeds to closure. If b is some ai> we are done. If not, we actually 
have a proof, except for a different first line, of 

§ 5. Craig interpolation lemma 

Theorem 5.1 : If I-IX � Y and X and Y have a predicate symbol in com­
mon, then there is a formula Z involving only predicates and parameters 
common to X and Y such that 1-, X � Z and 1-] Z � Y; if X and Y have no 
common predicates, either 1-,""' X or 1-, Y. 

The classical version of this theorem was first proved by Craig, hence the 
name. The intuitionistic version is due to Schutte [17]. Essentially the 
same proof was given for a natural deduction system by Prawitz [ 15]. 
We give basically the same proof in the Kleene tableau system. For 
another proof in this system see [ 1 1 ] .  

We find it  convenient to temporarily introduce two symbols t and f 
into our collection of logical symbols, letting them be atomic formulas, 
and letting them combine according to the following rules. 

X v t = t v X = t , 
X v / = / v X = X , 
X /\ t = t /\ X = X , 

X /\ ! = ! /\ X = ! , 
- t = / ,  ""' / = t , 



CH. 6 § 5 CRAIG INTERPOLATION LEMMA 

X => t = j => X = t , 
t => X = X  X -::;, j = "' X , 
(3x) t = (VX) t = t ,  

(3x)j = (VX)j = j .  
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By a block we mean a finite set of signed formulas containing at most one 
F-signed formula. When we call a block inconsistent, we mean there is a 
closed Kleene tableau for it. By an initial part of a block we mean any 
subset of the T-signed formulas. We make the convention that if S is the 
finite set of unsigned formulas {Xl' . . .  , Xn} then T S is the set 
{TXI' . . .  , TXn}. We further make the convention that for a set S of 
formulas, Sl and S2 represent subsets such that Sl n S2 =0 and 
Sl u S2 = S. By [S] we mean the set of predicates and parameters of 
formulas of S, together with t and f 

Now we define an interpolation formula X for the block { T  s, FY} 
(where S is a set of unsigned formulas and Y is a formula) with respect 
to tbe initial part TS., which we denote by { TS, FY}/{ TS1}, as follows 
eX may be t or j, but we assume t and j are not part of S or Y) : 
X is an { TS, FY}/{ TS1} if 

(1). [X] £ [Sl] n [S2' Y], 
(2). { T  S., FX} is inconsistent, 
(3). { TX, TS2, FY} is inconsistent 

(we have temporarily added to the closure rules : closure of a set of signed 
formulas if it contains Tf or Ft). 
Lemma 5.2: An inconsistent block has an interpolation formula with 
respect to every initial part. 

Proof' We show this by induction on the length of the closed tableau 
for the block. If this is of length 1 ,  the block must be of the form 

{TS, TX, FX} . 
We have two cases : 

Case (1). The initial part is { TS1, TK}. Then K is an interpolation 
formula. 

Case (2). The initial part is {T Sl}'  Then { T  S2, TK, FK} is inconsistent 
and t is an interpolation formula. 

Now suppose we have an inconsistent block, and the result is known 
for all inconsistent blocks with shorter closed tableaus. We have several 
cases depending on the first reduction rule used. 
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KT v : The block is { TS, TX v Y, FZ}, and { TS, TX, FZ} and 
{ T  S, TY, FZ} are both inconsistent. 

Case (1). The initial part is { TS1, TX v Y}. Then by the induction 
hypothesis there are formulas U1 and Uz such that 

U1 is an {TS, TX, FZ}/{TS1' TX} , 
U2 is an {TS, TY, FZ}/{TS1, TY} . 

Then U1 v U2 is an { TS, TX v Y, FZ}/{ TS1, TX v Y}. 
Case (2). The initial part is { T  Sd. Again, by hypothesis, there are 

U1, U2 such that 
U1 is an {TS, TX, FZ}/{TS1} ' 
U2 is an {TS, TY, FZ}/{TSd . 

Then U1 1\ Uz is an {TS, TX v Y, FZ}/{ TS1} .  
KF v :  The block is { TS, FX v Y}, and { TS, FX} or { TS, FY} is  

inconsistent. Suppose the first. Let the initial part be {T S1} '  By hypothe­
sis there is a U such that 

U is an {TS, FX}/{TSr} . 

Then U is an { TS, FX v  Y}/{ TSd. 
KT 1\ :  The block is { TS, TX 1\ Y, FZ}, and { TS, TX, TY, FZ} is 

inconsistent. 
Case (1). The initial part is { TSi> TX 1\ Y}. By hypothesis there is a 

U such that 
U is an {TS, TX, TY, FZ}/{TS1,  TX, TY} . 

Then U is an { TS, TX 1\ Y, FZ}/{ TS1, TX 1\ Y}. 
Case (2). The initial part is { T  Sl}'  By hypothesis there is a U such that 

U is an {TS, TX, TY, FZ}/{TSr} . 

Then U is an { T  S, TX 1\ Y, FZ}/{ T Sd. 
KF 1\ : The block is { T  S, FX 1\ Y}, and { T  S, FX} and { T  S, FY} are 

both inconsistent. Suppose the initial part is { T  Sr} .  By hypothesis there 
are U1, U2 such that 

U1 is an {TS, FX}/{TS1} ' 
U2 is an {TS, FY}/{TS1} . 

Then U1 1\ U2 is an { TS, FX 1\ Y}/{ TS1} .  
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KF "' : The block is {TS, F '" X}, and {TS, TX} is inconsistent. Sup­
pose the initial part is {TS1} .  By hypothesis there is a U such that 

U is an {TS, TX}/{TS1} .  

Then U is an { TS, F ", X}/{ TS1} .  
KT", : The block i s  {TS, T ", X, FY}, and { TS, FX} i s  inconsistent. 
Case (1). The initial part is { TS1} .  By hypothesis there is a U such that 

U is an {TS, FX}/{TS1} . 

Then U is an {TS, T '" X, FY}/{ TS1}. 
Case (2). The initial part is { TS1, T", X}. By hypothesis there is a U 

such that 
U is an {TS, FX}/{TS2} . 

We claim that 
'" U is an {TS, T '" X, FY}/{TSd . 

First we verify its predicates and parameters are correct. By hypothesis 
[U] £; [S2] n [S1 ' X], so immediately ['" U]!;;; [S1' "'X] n  [Sz, Y]. We 
have the following two bJocks are inconsistent: 

{TSz, FU} , 
{TS1, TU, FX} . 

It follows that the following two blocks are also inconsistent: 

and we are done. 

{TS1, T '" X, F ,..., U} , 
{TSz, T ,..., U, FY} , 

K.F � :  The block is { TS, FX � Y}, and { TS, TX, FY} is inconsistent. 
Suppose the initial part is { TS1}. By hypothesis there is a U such that 

U is an {TS, TX, FY}/{TS1} . 

Then U is an { TS, FX � Y}/{TS1} .  
KT� : The block i s  { TS, TX � Y, FZ}, and {TS, FX} and { TS, TY, 

FZ} are both inconsistent. 
Case (1). The initial part is { TS1} .  By hypothesis there are U1> U2 

such that 
U1 is an {TS, FX}/{TS1} ,  
U2 is an {TS, TY, FZ}/{TSd , 
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Then Ul " U2 is an {TS, TX => Y, FZ}/{ TS1} .  
Case (2). The initial part is  { TSt> TX=> Y}.  By hypothesis there are 

Ul, U2 such that 
Ul is an {TS, FX}/{TS2} , 
U2 is an {TS, TY, FZ}/{TS1, TY} . 

We claim Ul => U2 is an { TS, TX => Y, FZ}/{ TS1, TX :::J Y}. 
By hypothesis 

so 

[Ul] � [S2] (\ [S t, X] , 
[U2] � [Sl' Y] (\ [S2' Z] , 

We have that the following four blocks are inconsistent : 
(1). {TS2, FU1} ,  
(2). { TUt, TSt, FX}, 
(3). { TSt, TY, FU2}, 
(4). {TU2, TSz, FZ}, 

and we must show the following two blocks are inconsistent : 

{TSt, TX :::J Y, FUl :::J U2} , 
{TUl ::> U2, TS2, FZ} . 

The first follows from (2) and (3), and the second from (1) and (4). 
KF3 : The block is { TS, F(3x) X(x)}, and { TS, FX(a)} is inconsistent. 

Suppose the initial part is {TS1}. By hypothesis there is a U such that 

U is an {TS, FX (a)}/{TSd . 

Then [U] � [St] (\ [S2' X(a)] . 
Case (1). aHU]. 

Then U is an {TS, F(3x) X(x)}/{ TSt} 
Case (2). aE [U], aE [S2) 

Again U is an { TS, F(3x) X(x)}/{TStJ 
Case (3). aE [ U], a¢ [S2). 

Then (3x) U(�) is an 
{TS, F(3x) X (x)}/{TSt} .  

K T3 :  The block is {TS, T(3x) X(x), FZ}, and { TS, TX(a), FZ} is 
inconsistent, where aHS, X(x), Z] . 
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Case (1). The initial part is { TSl> T(3x) X(x)}. By hypothesis there is 
a U such that 

U is an {TS, TX(a), FZ}/{TS1, TX (a)} . 

Then U is an { TS, T(3x) X(x), FZ}/{ TSl> T(3x) X(x)}. 
Case (2). The initial part is { TS1} .  By hypothesis there is a U such that 

U is an {TS, TX (a), FZ}/{TStJ .  

Then U is an { TS, T(3x) X(x), FZ}/{ TSd. 
KFV : The block is { TS, F(Vx) X(x)}, and {TS, FX(a)} is inconsistent, 
where # [S, X(x)]. Suppose the initial part is {TS1}.  By hypothesis 
there is a U such that 

U is an {TS, FX(a)}/{TSd . 

Then U is an { TS, F(Vx) X(x)}/{ TS1}. 
KTV :  The block is { TS, T(Vx) X(x), FZ}, and { TS, TX(a), FZ} is 

inconsistent. 
Case (1). The initial part is { TS1, T(Vx) X(x)}. By hypothesis there 

is a U such that 
U is an {TS, TX (a), FZ}/{TSt> TX (a)} . 

Case (Ia). a¢ [U].  
Then U i s  an 

{TS, T (Vx) X (x), FZ}/{TSl> T (Vx) X (x)} . 

Case (Ib). aE [U], aE [Sl' X(X)]. 
Again 

U is an {TS, T (Vx) X (x), FZ}/{TS1, T (Vx) X (x)} . 

Case (Ie). aE[U] ,  a¢ [Sl, X(x)]. 
Then (Vx) U(�) is an { TS, T(Vx) X(x), FZ}/{ TS1, T(Vx) X(x)}. 

Case (2). The initial part is { TS1}. By hypothesis there is a U such that 

U is an {TS, TX (a), FZ}/{TS1} . 

Case (2a). a¢ [U] .  
Then U i s  an { TS, T(Vx) X(x), FZ}/{ TS1}. 

Case (2b). aE [U], aE [S2' X(x), Z]. 
Again U is an { TS, T(Vx) X(x), FZ}/{TS1}. 

Case (2c). aE [U] ,  a¢ (S2' X(x), Z]. 
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Then (3x) U(�) is an { TS, T(Vx) X(x), FZ}/{ TS1} .  

Now to prove the original theorem 5. 1 :  
Suppose f-IX=> Y. Then { TX, FY} is inconsistent. By the lemma, there 

is a U such that U is an { TX, FY}/{ TX}. We have three cases : 
( 1). U = t. 

Then since { Tt, FY} is inconsistent, f-I Y. 
(2). U =f 

Then since {TX, Ff} is inconsistent, {F '" X} is also inconsistent (f is 
not in X). Thus f-I '" X. 

(3). U i= t, U i=f 
Then U is a formula not involving t orf, all the parameters and predicates 
of U are in X and Y, and since { TX, FU} and { TU, FY} are both in­
consistent, f-IX => U and f-. U => Y. 

§ 6. Models with constant f!lJ fUDction 

In part II we will be concerned with finding countermodels for formulas 
with no universal quantifiers, and we will confine ourselves to models 
with a constant f!lJ function. To justify this restriction, we show in this 
section 

Theorem 6.1 :  If X is a formula with no universal quantifiers and V IX, 
then there is a counter-model (C§, [lA, 1=, f!lJ) for Xin which f!lJ is a constant 
function. 

Definition 6.2 :  For this section only, let a1' a2, a3 . . . . be an enumeration 
of all parameters. We call a set r of signed formulas a Hintikka element 
if r is a Hintikka element with respect to some initial segment of a1 > 
a2' a3' ' "  (see ch. 5 § 4). 

Lemma 6.3 : If S is a finite, consistent set of signed formulas with no 
universal quantifiers, S can be extended to a finite Hintikka element. 

Proof: Suppose S is the set {Xl>  X2, . . .  , Xn} where each Xi is a signed 
formula. We define the two sequences {Pk}, {Qk} as follows : 

Let Po = 0 , 

Suppose we have defined Pk and Qk where 
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and Pk U Qk (considered as a set) is consistent. To define PH! and QU! 
we have several cases depending on WI : 

Case atomic: If W! is a signed atomic formula, let 

Case T v : If WI is TX v Y, either TX or TY is consistent with Pk U Qk, 
say TX. Let 

PH I = Yl, . . .  , Y,., TX v Y ,  QH l = W2, . . . , �, TX , 

Case F v :  If Wl is FX v Y then FX, FY is consistent with Pk U Qk' Let 

PH 1 = YI, . .  " Y,., FX v Y ,  Qk+ 1  = W2, . .  " �, FX, FY . 

Cases T A ,  F A ,  T ,... , T::> are similar. 
Case T3 : If WI is T(3x) X(x), let a be the first in the sequence aI' a2' ' "  

not occurring in Pk or Qt. Then TX(a) is consistent with Pk U Qk' Let 

PH 1 = Yl, , . .  , Y,., T (3x) X (x) , QH 1 = W2, , . . , �, TX (a) . 

Case F3 : If WI is F(3x) X(x), let {alt' . . " ai.} be the set of parameters 
occurring in Pk U Qk such that no FX(ai) occurs in Pk U Qk' Then 
{FX(a/j), . .  , '  FX(ai.)} is consistent with Pk U Qk' Let 

PH I  = Pk , Qk+ l  = W2, . , " �, FX (aiJ, . . " FX(ai.), F (3x) X (x) , 

After finitely many steps there will be no T-signed formulas left in the 
Q-sequence because each rule T v ,  T A ,  T,..." T ::> ,  T3 reduces de­
gree, and no rule F v ,  F /\ , F3 introduces new T-signed formulas. 
When no T-signed formulas are left in the Q-sequence, no new para­
meters can be introduced since rule T3 no longer applies, Mter finitely 
many more steps we must reach an unusable Q-sequence, The corre­
sponding P U Q-sequence is finite, consistent, and clearly a Hintikka 
element. 

Remark 6.4 : The above proof also shows the following which we will 
need later : 

Let R be a finite Hintikka element. Suppose we add (consistently) a 
finite set of F-signed formulas to R and extend the result to a finite 
Hintikka element S by the above method, Then 

RT = ST '  
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Since R s;; S, certainly RT S;; ST' That ST s;; RT also holds follows by an 
inspection of the above proof; no new T-signed formulas will be added. 

Now we turn to the proof of the theorem itself. We have no universal 
quantifiers to consider, so we may use the definition of associated sets in 
ch. 2 § 4. 

Suppose X is a formula with no universal quantifiers, and V IX. Then 
{FX} is consistent. Extend it to a finite Hintikka element sg. Let 
T1, • •  · , Til be the associated sets of sg. Extend each to a finite Hintikka 
element, S�, .. .  , S� respectively. Thus we have 

sg, S�, . . .  , S� . 

For each parameter a of some S? and each formula of the form 
F(3x) X(x) in sg, adjoin FX(a) to sg and extend the result to a Hintikka 
element S�. Do the same for S�, . . .. SilO, producing sl, . .. , S; respectively. 
Thus we have now 

S�, sL . . .  , S! . 

Let Tn+l' . . .  , Tm be the associated sets of S�, si, . . .  , Sill . Extend each to 
a Hintikka element, S�+ 1> ' • •  , S� respectively. Thus we have now 

s�, sf, . . .  , S!, S�+1> . . .  , S� .  

For each parameter a used so far, and for each formula of the form 
F(3x) X(x) in S�, adjoin FX(a) to S� and extend the result to a finite 
Hintikka element S&. Do the same for each. Thus we have now 

S&, S�, . . .  , S;, s!+ 1, . . • , s� .  

Again take the associated sets, and extend to finite Hintikka elements, 
producing now 

S&, S�, . . .  , S;, S!+ l' . . . , S�, S�+ l '  . . .  , S� . 

Continue in this manner. Let 
co co 

So = U S� ,  S 1 = U S� ,  etc . 
k = O  k = O  

By the remark above, for each n, 

SliT = S�T = S!T = . . . . 

Thus if S: has as an associated set S�, SliTS;; Sm. 
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It now follows that {So, Sl , . . . } is a Hintikka collection. For example, 
suppose F", Y ESp Let k be the least integer such that F,.., Y ES�. By the 
above construction, there is some set S� such that S� is an associated 
set of S� and TYESro. But then SJT£ Sro, so by the above SjT £ Sr, and 
TYESr. The other properties are shown similarly. 

Moreover, rP (Sn)=rP(Sm) for all m and n, as is easily seen. (Recall 
that rP(S) is the collection of all parameters used in S.) Now as in 
ch. 5 § 3 there is a model for this Hintikka collection, and this model 
will have a constant rP map, so the theorem is shown. 









CHAPTER 7 

INTUITIONISTIC Ma GENERALIZATIONS 

§ 1. Introduction 

Here and in the rest of part II we restrict our considerations to the follow­
ing language : a countable collection of bound variables x, y, z, . " ,  
a collection of  parameters (or constants) of arbitrarily high cardinality 
J, g, h, . . . , one two-place predicate symbol e (we write e (x, y) as (xey» , 
and the usual connectives, quantifiers and parentheses. 

In all the models (C§, Pi, 1=, !Y) which we will consider in part II, the 
map !Y will be constant, and so we will simply write the range Y' of !Y 
instead of !Y, thus <C§, Pi, 1=, Y'), where gp(r) = Y'  for all reC§. 

We call a model <C§, Pi, 1=, Y') an intuitionistic ZF model if classical 
equivalents of all the axioms of Zermelo-Fraenkel set theory, expressed 
without the use of the universal quantifier, are valid in it. As a special case, 
suppose (C§, Pi, 1= ,  Y') is an intuitionistic ZF model and C§ has only one 
element r. Then this is (isomorphically) a classical model for ZF. If we 
define a truth function on all formulas over Y' by 

veX) = T if r 1= X ,  
v eX) = F if r )i  X ,  

v will be a classical truth function, and all the axioms of ZF map to T. 
Thus the notion of intuitionistic ZF model is a generalization of the 
classical notion. 

Suppose (C§, Pi, 1=, Y') were an intuitionistic ZF model such that 
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,..., AC was valid in it, where AC is some classically equivalent form of 
the axiom of choice expressed without use of the universal quantifier. It 
follows that the axiom of choice is classically unprovable from the 
axioms of ZF. For otherwise 

so for some finite subset Al, . . .  , An of ZF 

Al ,  . . .  , An l-c AC . 

We may suppose Al, . . .  , An stated without the universal quantifier. 

I-c CAl  A ' " A An) => AC . 

So by the results of ch. 4 § 8 

1-1 "", ,,,,, « Al A ' " A An) => AC) , 
equivalently, 

I-, (Al  A ' " A An} => ,..., ,..., AC .  

But <'!J, Pl,  F ,  :7 )  is an intuitionistic model in which Al, . . .  , An, "" AC 
are valid, a contradiction. Thus to show the classical independence of the 
axiom of choice it suffices to construct an intuitionistic ZF model in which 
'" AC is valid. Similar results hold for the independence of the continuum 
hypothesis and of the axiom of constructability. 

In this chapter we will define intuitionistic generalizations of the classic­
al Mil sequence of Godel [4], which provide intuitionistic generalizations 
of L,  the class of constructable sets. We will show these generalizations 
are intuitionistic ZF models. In later chapters we will give specific 
intuitionistic generalizations of L establishing the independence of the 
axiom of choice, the continuum hypothesis and the axiom of construct­
ability. The specific models constructed, and most of the general methods 
will be those of forcing, due to Cohen [3]. It is the point of view that is 
different. No classical models are constructed, complete sequences and 
countable ZF models are not used. 

In [5], Gregorzyk noted the foundations of a connection between 
forcing and intuitionistic logic. In [1 3] Kripke discussed the relationship 
between forcing and his models. 

Remark 1 . 1 : For the rest of part II we shall distinguish informally 
between constants, bound variables, and free variables. We shall use 
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x, y, Z, . . . for both bound and free variables. This is an informal distinc­
tion. Formally, free variables and constants are both parameters in the 
sense of part I since free variables are simply place holders for arbitrary 
constants. 

§ 2. The classical Mil. sequence 

Let V be a classical ZF model. In [4] G6del defined over V the sequence 
M,. of sets as follows. 

Mo = 0 .  
M"+l  is the collection of all (first order) definable subsets of M,.. 
M). = U,.<).M,. for limit ordinals, A.. 

Let the class L be Uersv Mer. G6del showed that L was a classical ZF 
model. As an introduction to the intuitionistic generalization, we fe-state 
the G6del construction using characteristic functions instead of sets. 
Now of course "e" is to be considered as a formal predicate symbol, 
not as set membership. 

Let M be some collection and let v be a truth function on the set of 
formulas with constants from M. We say a (characteristic) function f is 
definable over (M, v) if domain (f) = M, range (f)£; { T, F}, and for 
some formula X(x) with one free variable and all constants from M, for 
all aEM 

f(a) = v (X (a) . 

Let M' be the elements of M together with all functions definable over 
(M, v). 

We define a truth function v' on the set of formulas with constants 
from M' by defining it for atomic formulas. If J, g eM' we have three 
cases : 

(1). J, g EM; let v' (Jeg) = v (JEg). 
(2). fEM, g EM' - M; let v' (JEg) =g (f). 
(3). fEM' - M; let X(x) be the formula which defines f over <M, v). 

If there is an hEM such that 

V« Vx) (xE h == X (x) ) = T ,  
and 

V' (h E g) = T ,  
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let 
V' (f E g) = T .  

Otherwise let 
V' (f E g) = F .  

(Case (3) reduces the situation to case (1) or case (2).) We call the pair 
(M', v') the derived model of (M, v). 

Now let Mo =0 and let Vo be the obvious truth function. Thus we have 
(Mo, vo). Let (M",+l ,  V<Z+l) be the derived model of (M"" v",). If A. is a 
limit ordinal, let M;.= U",<;.M",. Let v;. (JEg) = T  if for some (% <A., 
v", (fEg) = T. Otherwise let v;. (fEg) = F. Thus we have (M;., v;.). Let 

L =  U M", . 
", e Y  

Let v (fEg)= T if for some (lE V, v",(fEg)= T. Otherwise let v (fEg) =F. 
Thus we have the "class" model (L, v). 

The reader may convince himself that this construction is essentially 
equivalent to Godel's, so that if A is any axiom of ZF, v(A)= T. Thus 
(L, v) is a classical ZF model, though not a standard one. 

For a boolean generalization of this type of sequence see ch. 14 § 7. 

§ 3. The intuitionisticM", sequence 

Suppose we have a model «(;, fJl, 1=, [/') (recall that [/' is a set, the range 
of the fl' map, and that there is only one predicate symbol E). For 
convenience, let P be the collection of all fJl-closed subsets of (;. 

We say a function/is definable over «(;, fJl, 1=, [/') if domain (/) = [/', 
range (f)r;;;,P, and for some formula X(x) with one free variable, all 
constants from [/', and no universal quantifiers, for any aE[/' 

f(a) = {r I r 1= X (a)} . 

Let [/" be the elements of [/' together with all functions definable over 
«(;, fJl, 1= ,  [/'). We define a 1=' relation by giving it for atomic formulas 
over [/" .  Iff, g E [/" we have three cases : 

(1). j, g E [/'; then let r l=' (fEg) if r l=  (fEg). 
(2). fE [/', g E [/" - [/' :  let r 1=' (fEg) if rEg (f). 
(3). JE[/" - [/'; let X(x) be the formula which defines J over 
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<C§, fA, 1=, Y). Let r l=' (JEg) if there is an hEY such that 

and 
r 1= - (3x) - (x E h  == X (x» 

r l=' (h E g) .  

95 

(This reduces the situation to case (1) or case (2).) We call the model 
<C§, fA, 1=',  Y') the derived model of (f§, fA, 1=, Y). 

Now let Vbe a classical (first order) model for ZF. We define a sequence 
of intuitionistic models in V as follows : 

Let <C§, fA, 1=0, Yo) be any intuitionistic model satisfying the following 
five conditions : 

(1). (C§, fA, 1=0' Yo)E V  
(2). Yo is a collection offunctions such that, iff E Yo, domain (J) s;;; Yo 

and range (J)s;;; P. 
(3). for f, gEYo, r l=o (JEg) iff rEg (J). 
(4) (extensionality). for f, g, hEYo, if rI=0",, (3x)- (xEfE xEg) and 

r l=o- (JEh) then r l=o - (g Eh). 
(5) (regularity). Yo is well-founded with respect to the relation 

XE domain (y). 

Remark 3 . 1 : Ifwe consider the symbols v ,  1\ ,  "' ,  => ,  '<I, 3, (, ), E, 
Xl' X2' X3, . . . to be suitable "code" sets, formulas are sequences of sets, 
and hence sets. It is in this sense that (1) is meant. See also § 14. 

Next let (Cd, fA, 1=1Z+1 ,  Yl%+l)  be the derived model of (C§, fA, FIZ, Ya,>. 
If A. is a limit ordinal, let Y;.= Ucz < ;'Ycz' Let r l=;,(JEg) if for some 
IX <A., r l=lZefEg). Thus we have (f§, fA, F;., Y;). 

Finally, let Y= UczeYY IZ' Let rl= (JEg) if for some IXE V, r Fa, (JEg). 
Thus we have the "class" model (C§, fA, F, Y). 

We will spend the rest of this chapter showing 

Theorem 3.2: <f§, fA, F, Y) is an intuitionistic ZF model. 

Remark 3.3 : If as a special case we let Yo be empty and C§= {T}, and 
we identify T with {r} and F with 0, the result is the characteristic 
function version of the Ma, sequence in § 2. (The truth functions become 
va,(X)= {r I rFIZX},) Thus as a special case of the above theorem, L is a 
classical ZF model. 
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Notation: Sometimes we will write gxE Y',,+l  - Y'" where by the subscript 
X we mean 9 is the function defined over the model «(§, &t, 1=", Y',,> by 
the formula X(x). Then part (2) of the definition of 1=' for the derived 
model may be restated as : 

If f E Y', gxe Y"  - Y', then r l=' (j egx) if r l= x(j) . 

§ 4. Dominance 

Definition 4. 1 :  Let X(Xl' . . . , xn) be a formula with no constants and with 
all its free variables among Xl" ' "  XII' We call X dominant if for any re(§, 
any (X and any C1 ' . . .  , CnE Y'" 

r 1= .. X (c1, . . .  , cn) o¢> r t= X (Cl >  . . . , ell) ' 

Definition 4.2 : Let 
(1). (fr;;,g) stand for - (3x)- (xef ::Jxeg), 
(2). (f=g) stand for (fr;;, g) A (g r;;,f). 

Theorem 4.3: (x EY), (x�y) and (x= y) are dominant. 
Proof: That (xey) is dominant is obvious. If (xr;;,y) is dominant, so is 

(x=y). That (xr;;,y) is dominant follows from the next three lemmas : 

Lemma 4.4: Iff, gEY'" and r l= (fr;;, g), then r 1=" (fr;;, g). 
Proof: Suppose for some r* and some heY'", r* I=,, (hef). By the 

dominance of (xey), r* 1= (hef). But r* 1= - (3x)-(xef::Jxeg), so by 
intuitionistic logic r* 1= ...... - (heg). By dominance again r* 1=" ...... -(heg). 
Thus r l=,,(V'x) (xef::J - ",",xeg), which is equivalent to r l=" ...... (3x) ...... 
(xef�xeg). 

Remark 4.5 :  The reader may show the two simple facts used above, and 
often later : X is dominant implies ...... X is dominant and 

h(V'x) (X (x) � - ,..., Y (x» == - (3x) ,..., (X (x) ::J Y (x» . 

Lemma 4.6: Iff, geY' .. and r l=,,(fr;;, g) then r l= .. + l (fr;;, g). 
Proof' r l=  .. (fr;;, g). Suppose for some r* and some heY',,+l 

r* 1=,,+1 (hef). If heY' .. , by dominance r* I=,,(hef). But r* I="Cfr;;,g) so 
as above r* 1=,,"'" ,..., (heg), and by dominance r* 1= .. +1 - - (heg). 

If heY' .. +l - .:7'", since fe Y'" and r* 1=,,+1  (hef), it must be the case that 
h is hx for some formula X over Y' '" and there is some ke Y' .. such that 
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r* F«+l (kef) and F* F,,-(3x)-(xek:=X(x» . Since both k, fe!/«. by 
dominance r* Fa. (kef). Thus r* F,,- - (keg). and by dominance 
r* F«+ l - - (keg). That is for any r** there is some r*** such that 
r*** F,,+l (keg). But also F*** F,,- (3x)- (xek:=X(x» . ke!/", so by 
definition r*** F«+ l  (hxeg). Thus r* Fa.+l - -(hxeg). 

Hence r Fa.+ l (V'X) (xef=> - -xeg), so r F«+l -(3x)-(xef=>xeg). 

Lemma 4.7: Iff. ge!/" and r Fa.(fsg), then r F (f£g). 
Proof: First. by transfinite induction, for any P � ex, r 1= p (f £ g). The 

successor ordinal step is given by lemma 4.6. Suppose l is a limit ordinal, 
l>ex, and the result is known for all P such that ex ::;;,P<l. If r* 1=;, (hef), 
then for some P<l r* Fp (hef). But r* Fp (f£g), so r* I={J- - (heg). 
By dominance r* I=;,- - (heg). So r F;, (fc;;;g). 

Finally, that r F  (fc;;;g) follows just as in the limit ordinal case. 

§ 5. A little about equality 

Theorem 5.1 : Iffe!/« and gxe !/",+l  - !/« then n =  .. -(3x)-(xef:= X(x» 
if and only if r Fa.+l (j=gx). 

This follows from the next two lemmas : 

Lemma 5.2 : If fe!/"" gXE !/"+ l - !/,, and r F,,+ l  (f=gx), then 

r io  ",- (3x)- (xef:= X(x» . 

Proof' Suppose for some r* and some he!/"" r* F,, (hef). Then 
r* 10,,+1  (hef), so r* Fa.+ l  - - (hegx). Thus for any r** there is a r*** 
such that r*** 10,,+1 (hegx). But he!/". gxe!/,,+ l  - !/"', so r***egx (h), 
that is F*** F "X(h). Thus r* F",- - X(h), so r F,, (V'X) (xef=> - -X(x» 
or r l=",- (3x)-(xef=>X(x» . Similarly r F",- (3x)- (X(x)=>xef» . The 
result follows since - (3x)-Xl (x) J\ -(3x)-X2 (x) 1-1 -(3x)-(Xl (x) J\ 
X2 (X» . 

Lemma 5.3: If fe!/"" gXE !/a:+l -!/", and n=",- (3x)-(xej:=X(x» , 
then r Fa.+l  (f =gx). 

Proof' r F",- (3x) - (xej:=X(x» . Suppose for some F* and some 
he!/a.+l '  r* F a.+ l (hef). 

If he!/a., trivially r* 10«+1 - -(hegx). 
If he!/",+I - !/«' then since je !/" h must be hy for some formula Y 

over !/"" and there is some ke!/", such that r* F«+I (kef) and 
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r* F .. "",(3x) ",(xek:= Y(x» . By dominancer* Fa.(kej), so r* Fa.- -X(k). 
So for every r** there is a r*** such that r*** F .. X(k). Thus 
r*** F",+1 (kegx). But also r*** F ", - (3x)- (xek:= Y(x» , so by definition 
r*** F",+ 1 (hyegx). Thus r* F",+ 1  - "'" (hegx)' Hence r Fa+1 (f�gx). 

In a similar manner it can be shown that r F"'+ 1 (gx�f). 

For later use we show the following most useful corollary : 

Theorem 5.4: If r Fa; (feg), then there is an he domain (g) such that 
r F",(f =h) 1\ (heg). 

Proof' By induction on 0( :  
I f  0(=0, and r Fo (feg), by definition f must be in the domain of g. 
Suppose the result is known for 0(, and r Fa+1  (feg). We have three 

cases : 
(1). Iff, geg"" the result is by induction hypothesis. 
(2). Iffe f/'"" g e ga+1  - g"" the result is trivial since fe domain (g). 
(3). If fega+ 1 - '9""" by definition and theorem 5.1 for some keg", 

r F",+1 (keg) 1\ (k = f). Since r Fa.+1 (keg), by case (1) or case (2) there is 
some he domain (g) such that r F",+1 (heg) 1\ (h=k). But trivially if 
r F",+ 1 (h = k) l\ (k =f), then r Fa;+ 1 (h =f). 

The limit ordinal step is simple. 

Remark 5.6 : By dominance of (xeg) and (x==g), the result follows also 
for the class model. 

§ 6. Weak substitutivity of equality 

Theorem 6.1 : Let X(x) be a formula with one free variable and no uni­
versal quantifiers. If rr=", (j=g) and r 'F  .. ", X(f), then r 'F  .. -X(g). 
Similarly if r F (j == g) and r F -X (f), then r F -X (g). 

Proof' Suppose the result is known in the model ('§, &t, FIX' gIX) 
(or in ('§, &t, 'F, g») for all atomic formulas X(x). It then follows for 
all formulas X(x) by the following intuitionistic theorems : 

'" X := - Y I-1 '" (X 1\ Z) := '" (Y 1\ Z) , 
- (X v Z) := '" (Y V Z) , 
'" ( - X) := - ( '" Y) ,  
'" (X ::l Z) == '" ( Y  ::l Z) , 
,.., (Z ::l X) == - (Z ::l Y) , 

(Vx) [ - X (x) == '" Y (x)] I-} - (3x) X (x) == '" (3x) Y (x) . 
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Thus we must show the result for atomic formulas. Over (f§, &t, Fo, [f 0> 
an atomic formula must be either (aEx), (xEa) or (aEb) for a, bE[fo. 
The case (aEb) is trivial. For the case (aEx), we are given : r Fo -- (3x)-­
(xE/==XEg) and r l=o -- (aE/). The result r Fo - (aEg) follows by 
intuitionistic logic. For the case (xEa) the result is condition (4) on 
(r1, &t, Fo, Yo> in § 3. 

Suppose the result is known for all formulas over [fa' We show it for 
atomic formulas of (f§, f7l, Fa+1 '  [f a+1>' Again an atomic formula must 
be either (aEx), (xEa) or (aEb) for a, bEYa+1 ' As above (xEa) is the 
only difficult case. Thus we are given r Fa+1 (I =g) and r Fa+1 -- (lEa). 
We have eight subcases : 

(1) aJ, g E[fa, 
(2) a, /eYa, g E[fa+1 - Ya, 
(3). a, g E[fa, IEYa+1 - [fa, 
(4). ae[fa, I, g e[fa+l - [fa, 
(5). aE [fa+ 1  - [fa, f, ge[fa, 
(6). a, gE[fa+1 - [f,., IEYa, 
(7). a, /e[fa+1 - [fI1.' ge[fl1., 
(8). aJ, gE[fa+1 - YI1.' 

We treat these cases separately. 
Case (1). The result follows by dominance of (XEY) and (x=y), and 

the induction hypothesis. 
Case (2). Suppose r ji a+1  -- (gEa). Then for some r* r* Fa+1 (gEa). 

By theorem 5.4 there is an hE[f11. such that r* FI1.+ 1 (g =h) /\ (hEa). But 
r* Fa+1 (1= g), hencer* F,,+1 (f =h). By dominance r* F ,. (I =h) /\  (hEa). 
By induction hypothesisr* F,,-- -- (fEa). By dominancer* F,.+1 -- --(lEa), 
so r ¥ ,.+ 1  "" (jea). 

Case (3). Suppose r ¥ ,.+ 1  -- (gEa). Then for some r* r* Fa+ 1  (gEa). 
But r* Fa+ 1 (I=g). Now by theorem 5. 1  and the definitions 
r* Fa+1 (fEa), so r ji  a+1 -- (fEa). 

Case (4). This is an elaboration of (2) and (3). 
Case (5). a is axe[f a+1 - [fa' Suppose r ji a+ l  '" (gEax). Then for 

some r* r* Fa+l (gEax), so r* FaX(g). But r* Fa+1 (f=g), so by 
dominance r* F a (I = g). By hypothesis r* F a  -- --XU), so it follows 
that r* Fa+ l  -- "" (lEax)' Hence r ¥ a+ l (fEaX)' 

Case (6). Suppose r Y a+l  -- (gea). For some r* r* 1=,,+1 (gEa). By 
theorem 5.4 for some hE[fa r* F«+1 (g =h) /\  (hEa). But r* F a+ 1  (I=g) 
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so r* Fd1 (f=h). By dominance r* F« (j=h). Moreover a must be 
aXe9'd1 - 9'«. Since r* F«+ 1  (hea), r* F"X(h). By hypothesis r* Fa� � 
X(j), and so r* F«+1 � "", (jeax). Thus r ¥ d1 � (jeax)' 

Case (7). Suppose r ¥ ,,+ 1  � (gea). Then for some r* r* F,,+1 (gea). 
But r* F,,+1 (f =g), so by theorem 5.1  and the definitions r* F,,+ 1 (jea). 
Thus r ¥ d1 "", (jea). 

Case (8). This is an elaboration of (6) and (7). 
Thus, we have the result for successor models. The result for atomic 

formulas in limit models and in the class model is straightforward. 

§ 7. More on dominance 

Definition 7.1 :  A formula X is called stable if I-IX= '" � x.  

Definition 7.2 : A formula X (with no universal quantifiers) is said to 
have its quantifiers bounded if every subformula beginning with a quanti­
fier is of the form 

(3x) « xev) /\ Y (x» , 

where v is a variable or a constant. Moreover, if Y is stable we say X has 
strongly bounded quantifiers. 

Theorem 7.3: Let X be any formula with no constants, no universal 
quantifiers and all its quantifiers strongly bounded. Then X is dominant. 

Proof: By induction on the degree of X. If X is atomic the result is 
just the dominance of (xey). 

Suppose X is not atomic and the result is known for all formulas of 
lesser degree. The four cases X is (Yv Z), (Y/\ Z), ", Y or (Y=>Z) are 
simple. Suppose X(y, z, . . .  ) is (3x)[(xey) /\ Y(x, y, z, . . .  )] where Y is 
stable and by hypothesis dominant. Suppose a, b, . . .  e 9' a' 

If r F",X(a, b, . . .  ) then r F,,(3x)[(xea) /\ Y(x, a, b, . . .  )]. For some 
fe9'", r Fa(jea) /\ Y(f, a, b, . . . ). By hypothesis both of these are domi-
nant, so r F  (jea) /\ Y(j, a, b, . . .  ). r F (3x)[(xea) /\ Y(x, a, b, . . .  )]' Hence 
r FX(a, b, . . . ) . 

Conversely suppose r F X(a, b, . . .  ). r F (3x)[(xea) /\ Y(x, a, b, . . .  )]. 
Then for some fe 9', r'r (jea) /\ Y(j, a, b, . . .  ). ae9'", so by theorem 
5.4 there is a ge 9'" such that r F (j = g) /\ (g ea). By weak substitutivity 
of equality r 'r '" � Y(g, a, b, . . . ). But Yis stable so r 'r  Y(g, a, b, . . .  ). Now 
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by dominance 
r F,, (g e a) /\ Y(g, a, b, . . .  ) , 
r F,, (3x) [(xea) /\ Y (x, a, b, . . .  )] . 

Hence r F"X(a, b, . . .  ). 

We define the following formula abbreviations : 

y = 0  for '" (3x) (x ey) ,  
0 ey  for (3x) (x ey /\ x = 0) , 
Y = X' for '" (3w) ..... [w e  y == (w ex v w = x)] , 
x/ ey for (3w) (we y  /\ w = x') ,  
eo £; y for "" '" (0 e y) /\ '" (3x) '" [x e y =:l x' e y] , 
x = {y, z} for '" (3w) '" [w ex == (w = y v w = z)] , 
X = Uy for '" (3z) '" [z ex == (3w) (wey  /\ z e w)] . 

Theorem 7.4: The above formulas are dominant. 
Proof' y=0  and 0ey are directly by theorem 7.3. 
Y= x' is equivalent to the conjunction of the following two formulas : 

'" (3w) [WE y /\ '" (wex  v w = x)] , 
'" (3w) '" [(wex v w = x) =:l wey] .  

The dominance of the first is by the above theorem. That of the second 
is simple to show. 

In a similar fashion the remaining formulas follow, making use of 

1-1 ", (3x) '" [X (x) =:l Y (x)] == '" (3x) [X (x) /\ '" Y(x)] 
and 

1-. '" (3x) '" [X (x) == Y (x)] = '" (3x) '" [X (x) =:l Y(x)] /\ 
'" (3x) '" [Y (x) =:l X (x)] 

§ 8. Axiom of extensionality 

Theorem 8.1 :  The following is valid in ('§, ()f, 1=, sP) : 

'" (3x) (3y) '" { '"  (3w) '" [wex = wey] =:l '" (3z) '" [xe z  = yez]} 

In addition it is valid in every model (r§, ()f, F", sPa). 
Proof: For any re'§ and any f, gesP, if  rF (f =g), by weak substi­

tutivity of equality, r l= '" (fed)= "" (ged). But this holds for every desP, 



102 INTUmONlSTIC Me< GENERALIZATIONS CH. 7 §§ 9, 10 

so r 1= ('v'z) [ ...., (fez) = ,..,(g ez)], and by intuitionistic logic r 1= ...., (3z) 
""'[fez5gez]. Thus the result follows. (The same proof also works for 
every ex.) 

§ 9. Null set axiom 

Theorem 9.1 : The following is valid in (C§, fJl, 1=, Y) : 

(3x) ...., (3y) (y ex) .  

In addition it is valid in any model (C§, fJl, 1=", Y,,) for ex>O. 
Proof· Suppose we show the formula is valid in (C§, fJl, 1=1 '  Y1). If 

reC§ r l=l (3x)", (3y) (yex), so for some /eYI r l=l ", (3y) (ye/), i.e. 
rl=l /=0. The result then follows by dominance of x=0. 

Let X(x) be the formula ", (x=x). There is an/XeYI - YO. We claim 
for any reC§ r 1=1 '" (3y) (ye/x). Suppose otherwise r )i l  '" (3y) (ye/x). 
Then for some r* r* 1= 1  (3 y) (ye/x). For some deYI r* 1=1 (de/x). By 
theorem 5.4 there is an eeYo such that r* 1=1 (d=e) " (ee/x). Since 
r* l=l (ee/X)' by definition r* l=oX(e), i.e. r* l=o", ,.., (3x),,, (xee5xee) 
which is not possible by intuitionistic logic. 

§ 10. Unordered pairs axiom 

Theorem 10.1 : The following is valid in the class model and in any limit 
model : 

'" (3x) (3y) ...., (3z) '" (3w) '" [we z  5 (w = x v w = y)] . 

Proof· If we show that for any J, geY" there is an heY,,+1 - YIl. 
such that h=  {J, g} is valid in (C§, fJl, 1= .. + 1 '  Y .. +1) ,  the result will follow 
by dominance of x= {y, z}. 

Let /, geY". Let X(x) be the formula (x=/) v (x=g). There is an 
hxeY"+1 - Y,,. We show hx= {J, g} is valid in (C§, fJl, 1=,,+ 10 Y"+1) .  Let 
reC§. 

Suppose r* I="+1 (aehx). Then there is some beY" such that 
r* 1=,,+ I (a= b) ,, (behx). Sincer* I="+I (behx), r* I="X(b). r* l=l1.(b =/) v  
(b= g). By dominance r* I="+1 (b=/) v (b=g). But r* I=,,+I (a=b), so 
by intuitionistic logic r* 1=,,+1 (a= J) v (a=g). Thus r 1=,,+1  (Vx) (xehx::J 
(x=/v x=g» . 

Conversely suppose r* 1="+ 1  (a=J) v (a=g). Then either r* 1=11+1 (a= /)  
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or r* 1=«+ 1  (a=g). Say r* 1=11+1 (a= f). It is trivial to show r* 1=«+1 (fehx) 
so by weak substitutivity of equality r* 1= a+ 1  '" '" (aehx). Thus 
r l=  .. + 1 (VX) « x =f v X=B) � '" ",xehx). The result follows easily. 

� 11. \lnion axiom 

Theorem 11.1 : The following is valid in the class model and in any limit 
model : 

'" (3x) '" (3y) '" (3z) '" [z ey == (3w) (z e w  1\ wex)] . 

Proof' If we show that for any feY .. there is a geY .. + 1 - Ya such 
that 9 = U f is valid in <�, gil, 1= .. +1 '  Y 11+1), the result will follow by 
dominance of x = U y. 

Let feY ... Let X(x) be the formula (3w) (xew  1\ we!). There is a 
gXeYa+1 - Ya' We claim gx = U f is valid in <�, gil, 1= .. +1 '  YII+ 1)' Let 
re�. 

Suppose r* I=II+1 (3w) (hewl\ wef). Then for some keYII+1  
r* 1=1I+1 (hek) l\ (k ef). Since r* l=a+1 (kef), there is some f eY .. 
such that r* I=II+ 1 (k=t )l\ (te!). By wea� substitutivity of equality 
r* I= .. + 1 '"  ", (het). Thus for every r** there is a r***  such that 
r*** 1= .. + 1  (he t). But te Y .. so there is an se Y .. such thatr*** 1= .. + 1  (s=h) 1\ 
(set). But r*** 'F .. + 1 (hek) l\ (kef) and r*** I=lI+t Cs=h) 1\ (k=t), so 
r*** I= .. + 1 ", ,..,, [(set) l\ (te!)] .  Now s, t,jeYa, so by dominance 
r*** 1= .. '" '" [(set) 1\ (tef )]. r*** 1= .. (3w)", '" [(sew) 1\ (we f)] .  By intui­
tionistic logic, r*** 'F .. ", ,,, (3w) [sew l\ wef], that is r*** I= .. ", "'X(s), 
so r*** 1= .. + 1 '"  '" (segx)' But r*** 1= .. + 1  (s = h), so r*** 'F .. + 1'"  '" (hegx). 
Thus for every r** there is a r*** such that r*** 1= a+1  ,.." '" (hegx). Then 
r* 1=11+ 1 - ",(heBx). So we have shown 

r 1= .. + 1  (Vx) [(3w) (x e w  1\ we!) � '" ,.." x egx] . 

Conversely suppose r* 1=11+1 (heBx). There is some keY .. such that 
r* 1=11+1 (h=k) 1\ (kegx). So r* I= .. X(k) or r* 1= .. (3 w) (kew 1\ wef). For 
some teY .. r* l= a (kEt) 1\ (tef). By dominance r* 1=«+1 (ket) 1\ (tef). 
r* 1= .. +1 (3w) (kew A WE!), hence r* 1=11+1 '" - (3w) (hew 1\ WE!). 

SO we have shown 

r l=a+ 1 ('Ix) [XE gx � "' ,.." (3w) (X E W  1\ w e!)] 
The result follows easily. 
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§ 12. Axiom of infinity 

Theorem 12.1 : The following is valid in (CfJ, Bl, F, Y) and in 
(CfJ, Bl, Fa' [/,,) for O( > w :  

(3x) [0ex /\ -- (3y) -- (yex � y' ex)] . 

Proof· If we show there is an f E [/00 + 1 -Y 00 such that w r;;;;.f is valid in 
(CfJ, Bl, Foo+1 ' Y 00+1),  the result will follow by dominance of w r;;;;. x. 

Let X(x) be the formula 

-- (3 y) -- {[ -- (3 z) ....., (z E Y � Z' E Y) /\ 0 E y] � X E y} . 

There is anfxE Yoo+1 - [/oo. We claim w r;;;;.fx is valid in 
(CfJ, Bl, FOO+1 '  Y 00+1). This follows from the next four lemmas : 

Lemma 12.2: If r F«f= 0 /\ g = 0  then r FrJ=g. 
Proof· r F",--(3x) (xef)/\  --(3x) (xeg) so by intuitionistic logic 

r F",-(3x) --(xef==xeg), rFa/=g. 

Lemma 12.3: r FOO+1 0efx. 
Proof· By the results of § 9 for some gEYoo r Foog=0. Suppose for 

some r* 
r* Fro - (3z) '" (z e k � z' e k) /\ 0 e k . 

Then r* Foo0ek, that is r* I''c,, (3w) (w= 0 /\ wek), so for some se[/w 
r* Foos=0 /\sek. By lemma 12.2 r* Foos=g, so r* Fro'" - (gek). We have 
shown 

r Fro ('v'x) {[ '" (3z) '" (z ex � z' EX) /\ 0 ex] � - -- (g ex)} 

or equivalently 

r Fro '" (3x) -- {[ '" (3z) '" (z ex � z' ex) /\ 0ex] � g ex} , 
r FroX (g) , 
r Fro+ 1 g e!X ·  

But r Fro+1g =0, so by definition r Fro+1 0efx. 

Lemma 12.4: If ge [/"" there is an he[/",+1 - [/« such that h =g' is valid 
in <CfJ, Bl, F",+1, Y«+ 1). 

Proof: Let Y(x) be the formula (xeg) v (x=g). There is an hye 
[/",+1 - [/a. We will show 

r FI%+ 1  -- (3w) '" [w e hy == (weg  v w = g)] . 
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so 

Suppose for some r* r* F .. +1 (sehr). Then for some teY,. 

r* F«+ 1  (8 = t) " (te hy) ,  
r* F,. Y (t) , 
r* F,.(teg) v (t = g) , 
r* F,.+ 1 (t eg) v (t = g) , 
r* 1=«+ 1  ,.., ,.., « 8eg) v (8 = g» , 

r l=«+ 1 ,.., (3w) ,.., [we hr :::J (weg  v w = g)] . 

Conversely suppose r* F«+ 1  (seg) v (s= g). We have two cases : 
(1). r* I=,.+1 (8eg). Since geY,. there is some teY,. such that 

r* 1=,,+ 1 (s = t) ,, (te g) ,  
r* F,. (teg) ,  
r *  F ... (t eg) v (t = g) , 
r* F,. yet) , 
r* 1=,,+ 1  (t e hr) ,  
r* l=«+ l ,.., - {s e hy) .  

(2). r* 1=«+ 1 (s = g). Since trivially r* F,.+ 1 (g e hy) , 

r* I=,.+ l ,.., ,,, (se hy) . 
Thus we have 

r F«+ 1 ,.., (3w) '" [(w eg  v w = g) :::J w e hy] . 

Lemma 12.5 : If r l=ro+l (g E/x), then r F",+l  (g'e/x). 
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Proof" r l=",+ 1 (ge/X), so there is an heY", such that rl=",+ 1 (g=h) " 
(he/x). Since heY"" for some (X < (J)  heY,.. By lemma 12.4 there is 
some keYrz+1 - ffa. such that r l=,.+lk=h', so by dominance rl=",k=h'. 
But also r F",+1  (he/x), r l=wX(h), so 

r F", ,.., (3y) ,.., {[ '" (3z) ,.., (z e y :::J z' e y) " 0e y] :::J hey} . 

By intuitionistic logic it follows that 

r 1= w ,.., (3 y) ,.., {[ ,.., (3 z) ,.., (z e y :::J z' e y) " 0 e y] :::J key} , 

that is r l=roX(k), r Fw+1 (ke/x). But rt="'+l k=h', so by definition 
r l=w+ l h'e/x· 
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§ 13. Axiom of regularity 

Theorem 13.1 : The following is valid in all models : 

'" (3x) '" {(3y) (y ex) ::l (3y) [yex /\ '" (3z) (z e x /\ z e y)J} . 

Proof' All the elements of the class f/ are functions. We have assumed 
f/ 0 is well-founded by the relation xedomain (y). It then follows that f/ is 
also well-founded by xedomain (y). 

The formula 

'" '" {(3y) (y ex) ::l (3y) [y ex /\ '" (3z) { z e x /\ z e y)]} (*) 

is equivalent to 

'" {(3y) (y ex) /\ ..... (3y) [y ex /\ '" (3z) (z ex /\ z e y)]} 

which is obviously dominant. 
Suppose!e f/" and r l=,, (3y) (yef). Then for some gef/", r l=,, (ge!). 

We claim 
r F" '" '" (3y) [y e! /\ '" (3z) (z e! /\ z e y)] . 

Suppose otherwise. Then there is some r* such that 

We define a set W to be 

{x I X E f/" and for some r** r** I=,,(x ef)} . 

W is not empty since ge  W. The relation xedomain (y) well-founds W. 
Let s be a "smallest" element of W. That is, SE W, but for no tE W is 
tEdomain (s). Since SE W, for some r** r** I=,, (se!). We claim 

r** 1= .. � (3z) (z ej /\ z es) .  
Suppose not. Then for some r*** 

r*** F", (3z) (z ej /\ Z ES) . 
Thus for some ref/IX 

r*** I=", (r ef) /\ (res) . 
Since r*** I=", (res), there is some tEdomain (s) such that r*** I=", (r= t )/\  
1\ (tES). But then r*** i:", '" '" (te!), s o  for some r***· 

r**** I=", (tej) . 
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SO te W, a contradiction. Thus r** �a",(3z) (zef " zes). But r** �a(seJ) 
so 

p* Fa (3y) [yef  " '" (3z) (z ef  " z ey)] . 

and this contradicts 

r* �a '" (3y) [y e f " '" (3z) (z ef " z e y)] .  
Thus 

r Fa ", ,,, (3y) [yef "  ", (3z) (z ef "  z ey)] .  

But r was arbitrary. We have shown that for each fe 9'a the following 
is valid in (W, (ft, Fa. 9',,) : 

(3y) (y ef) � ,.., ,.., (3y) [ye/ " '" (3z) (z e/ " z e y)] . 

The theorem now follows by the dominance of (*). 

§ 14. Definability of the models 

One of our initial assumptions was that (W, (ft, Fa, 9'o)e  V. The defi­
nition of the sequence was an inductive definition. It should be clear that 
the definition can be carried out in V itself. That is, not only is 
(W, (ft, Fa' 9',.) e V for each a.e V, but moreover 

Theorem 14.1 :  There is a formula F(x, y) over V which defines the 
sequence of (W, !3f, �'" 9',,>. That is, for x, ye V F(x, y) is true over V 
if and only if x is some ordinal a. and y is <W, 91, �,., 9',.>. (In fact 
F(x, y) can be absolute, as should be obvious.) 

Of course <W, 91, F ,  9') is not in V, since, in particular, 9' is not a set. 
But we do have 

Theorem 14.2 : Let X (Xl , . . .  , x,,) be any formula with no constants and 
no universal quantifiers. There is a (classical) formula Rx(z, Xl' . . .  , X") 
with constants from V such that for any reW and Cl' . . .  , c"e9', 
r F X( Cl' . . .  , cn) if and only if Rx (r, Cl' . . .  , cn) is true over V. 

Proo!' By induction on the degree of X. Suppose X is atomic, (xey). 
Let Rx{z, x, y) be the formula 

z e W " (3a.) (ordinal (a.) " x e 9'a. " ye 9',. "  z Fa. (xey» 
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(where we have used the obvious abbreviations allowed by the above 
theorem). 

Suppose X is not atomic but the result is known for all formulas 
of lesser degree. If X(Xl' . . .  , XII) is Y(Xl' . . .  , xn) v Z(xt > . . .  , XII)' by hypo-
thesis there are formulas Ry (w, Xt> . . .  , XII) and Rz(w, Xt > . . .  , XII)' Let 
Rx (w, Xl " ' " XII) be the formula Ry (w, Xl " ' "  XII) v Rz (w, xt > . . . , XII)' 

The case X is Y 1\ Z is similar. 
Suppose X(Xl'  . . .  , XII) is '" Y(XI '  . . .  , XII)' By hypothesis there is a 

formula Ry (z, Xl> . . . , xn)' Let Rx (Z, Xl ' . . .  , XII) be the formula 

'" (3w) (w e � 1\ z91w 1\ Ry (W, Xl' . . . , XII») ' 

The case X is Y=> Z is similar. 
Suppose X(Xl'  . . . , XII) is (3y) Y(y, Xl' . . .  , XII)' By hypothesis there is a 

formula Ry (w, y, Xl' . . . , XII)' Let Rx (w, Xl' . . . , XII) be the formula 

(3y) (3a) [ordinal (a) l\ ye .9'" 1\ Ry (w, y, Xl" ' " XII)] '  

§ 15. Power set axiom 

We wish to show in this section that the power set axiom is valid in 
<�, 9l, F, .9'). 

Let Co be a fixed element of .9'. Then for some smallest ordinal ClCo 
coe .9'ao' Thus ClCo is also fixed. We first want to show that for a fixed 
re� there is a Po such that for any ce .9', if r F (CS;;; Co), there is some 
de .9' Po such that r !=  (c = d). After showing this we will show that in fact 
there is one Po which will do for all re�. 

For the above fixed Co, ClCo and r, for Cl > C2 e .9' such that r 1= (ci s;;; co) 1\ 
(c2 £ co), if for all r* and for all te .9',.o 

r* I= « t e c1) = (t e cl» ' 

then r F (ci = C2)' The proof is as foJIows ; 
Suppose for some r* and some he.9' r* F (hecl). Since r l= (cl £ CO) 

r* I= ;ow  - (heco). Then for any r** there is a r*** such that r*** != (hECo). 
But coe .9'"o' so there is some tE .9'"o such that r*** 1= (h= t) 1\  (tECo). 
Since r*** F (hecl), r***  1= '" '" (te cl). Now by hypothesis, since 
te .9'"o' r*** F '"  ", (tec2) ; so r*** F '"  ", (hec2). Thus r* F "' - Chec2)' 
We have shown r l= (\f'x) (xec1 => "' ,,",XEC2) or r F (C1 £ C2)' Similarly 
r != (C2 S;;; CI)· 
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Thus (speaking intuitively) to decide if two subsets of Co are equal at 
r we can confine ourselves to elements of Y'''o provided we look at all r*. 

Now let P be the collection of all elements cEf/ such that r F (C £ Co)' 
We define (intuitively) a function U on P by 

U(c) = {(r*, t) I t E Y'"o and r* l= (t E C)} . 

By the above result, for Ct , czeP, if U(ct) = U(C2)' then r F (el = c2). 
Let B be the range of U on P. U: P-+ B is a function but not one-to-one. 

So we cut down its domain to a new domain P' on which U is one-to-one. 
Thus for ueB, for U-l (u) choose some single element x from the class 
of all yeP such that U(y)= u. Let P'= {U-l (u) l ueB}. Let U' be U 
restricted to P'. Then U' is an isomorphism between P' and B. 

Suppose we could show for some f30E V  P' � Y'Po' Then if cef/ and 
r l=  (c£co), CEP, so there is some deP' such that U(C) = U(d), so 
r F (c=d) and dEY'po' Thus we would have the desired result. We now 
show P' S;;; Y'Po for some f30e V. 

Lemma 15.1 : There is a formula F(x) over V such that xeP iff F(x) is 
true over V. 

Proof" Let R,= (z, x, y) be the formula defining z 1= (xs;;y) as given in 
the last section. Let F(x) be Rs (r, x, co). 

Lemma 15.2: There is a formula G(x, y) over V such that ye U(x) iff 
G(x, y) is true over V. 

Proof" Let Re (Z, x, y) be the formula defining 2 1=  (XEY). Let G(x, y) be 

F(x) 1\ (3r, s) [y = (r, s) 1\ re  c§ 1\ SE  f/ao 1\ rrJtr 1\ Re (r, S, x)] . 

Lemma 15.3 : For any ceY' U(c)eP(C§ x Y'ao)e V. (P(x) is the power 
set of x in V.) 

Proof" U(c) is a subset of C§ x Y'aoE V (and is defined by G(c, x» . 

Lemma 15.4: BE V. 
Proof: By lemma 1 5.4 {U(x) I XEY'} is a subset of P (C§ x f/ao)e V. 

(It is a definable subset, defined by 

(3IX) (ordinal (IX) 1\ (3c) (CE Y' IZ 1\ G (c, x» ) ) . 

Lemma 15.5: There is a formula H(x, y) such that XEY, for y a subset 
of Y', if and only if H(x, y) is true over V (that is, a choice function), 

Proof' That Y' can be well ordered in · V is straightforward. 
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Theorem 15.6: P' £ Ypo for some Po E V. 
Proof' The function U- 1 (u) can be defined by : U-1 (u) is that x such 

that H(x, y) where y=  {ZEP I U(Z) = U(u)}, which can be formalized. 
Now P' is the range of U- 1 (u) on B. By the axiom of substitution in V 
P'E V. Hence P' £ Ypo for some POE V, since P' £ Y  and Y is a class. 

Thus we have our first assertion. We have written it out fairly completely 
as illustration. From now we will only indicate the steps. 

Above, for fixed r we produced an appropriate Po. But the procedure 
can itself be defined over V. Since ?J E V, by the axiom of substitution 
again, there is a maximum PoE V which works for all rE?J. Thus we have 
shown : 

There is a Po E V such that for any CE Y and any r E?J, if r t= (c £ co), 
then for some dEYpo r t= (c=d). 

Now we can show the following, from which the power set axiom 
follows, since Co was arbitrary : 

Theorem IS.7: The following is valid in (?J, at, t=, Y) : 

(3y) - (3z) - [(Z E Y) == (z £ co)] . 

Proof' Let X(x) be the formula (x£co), with coEYao• Let Po be as 
above, and let y=max (lXo, Po). Then yE V. Consider /XEYy+l - Y y' We 
claim ", (3Z)-[(ZE/x)== (Z£co)] is valid. 

Let rE?J and suppose r* Y - (hE/x). Then for some r** r** t= (hE/x), 
so there is some tEY y such that r** t= (t=h) /\ (tE/x). By dominance 
r** t=y+l (tE/x), r** t=yX(t), so r** t= y (t£co), by permanence r** t= 
(t£co). Thus r** t= '" '" (h£ co), so r*w", (h£co). We have shown 

or equivalently, 
r t= '" (3x) ,..., [(h Ejx) � (h £ co)] . 

Conversely suppose r* y -(h £ co). Then for some r** r** t= (h £ co). 
There is some tEYpo such that r** t= (h= t). So r** t= « t£co) (x£y is 
stable.) By dominance 
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r ... • Fy+ 1 (te/x) . 

r ...... F (t e/x) . 

r*· t= ", -- (h efx) · 
Thus r* )! -- (hEfx). 

We have shown 
r 1= ('v'x) [ -- (h E/x) ::> -- (h s; co)] , 

or equivalently 
r 1= '" (3h) -- [(h S; co) ::J (h e/x)] . 

and the theorem follows. 

Remark 1 5.8 : Above we obtained {3o by two applications of the axiom 
of substitution. These could have been combined into one step as in 
Cohen [3]. This proof was based on that one, which followed a suggestion 
of Solovay. We find this two step approach more intuitive, but the treat­
ment in Cohen is more elegant. 

§ 16. X -equivalence 

Definition 1 6. 1 : Let X be a formula with no universal quantifiers and 
all constants in .9'". We call <�, !7t, 1= ", .9',,) X-equivalent to <�, �, 1= , .9') 
if for every Y which is an instance of a subformula of X with all constants 
in .9'", for any re� 

r 1= .. Y <:> r 1= Y .  

Theorem 16.2 : Let X be as above, with all its constants in .9' ... There is 
an ordinal {3E V, (X�{3, such that <�, !7t, I=�, .9'�> is X-equivalent to 
<�, !7t, 1=, .9'). 

We spend the rest of the section proving this. 

Definition 16.3 : Let {3E V and X be a formula with all its constants in 
.9'fJ. We call X (for this section only) {3-dominant if for any rE� 

r l=fJ x <:> r l= x .  

Lemma 16.4: Any atomic formula over .9'fJ is {3-dominant. If X and Y 
are {3-dominant, so are --X, (Xv Y), (X A Y) and (X::> Y). 

Proof: Straightforward. 
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Lemma 16.5: Suppose for every aef/'p X(a) is f3-dominant. Then if 
r Fp (3x) X(x), r F  (3x) X(x). 

Proof: r Fp (3x) X(x) implies r FpX(a) for som� aef/'p. By hypothesis 
r F X(a), so r F (3x) X(x). 

Now for the proof of the theorem. Recall X is a formula over f/' "" There 
are only a finite number of formulas Yi, Y2, • • •  , Y,. with free variables but 
no constants, such that every subformula of X is an instance of some Yj • 

By theorem 14.2 there are formulas Ry" Ry2, " ' , RYn over V such that 

r F li (Cl' . . .  , Ck) - Ry, (r, C1 ,  . . . , Ck) 
is true over V. 

We define informally a sequence in V. Using the above Ry" the 
sequence can be formally defined over V. We note again that there is a 
formula over V which well-orders the class f/'. 

Let Do = f/' ct' Suppose we have defined Dm, which is some f/' p for f3 E V. 
Dm can be well-ordered in V, so all subformulas of X with constants from 
Dm and of the form (3x) Z (x) can be well-ordered (isomorphically) in V. 
If (3x) Z{x) is a subformula of X and has all its constants from Dm, and 
if there is a rE� such that r F  (3x) Z(x), for some CEf/' rFZ (C). 
Choose the smallest C in the well-ordering of f/' such that r F Z ( c). Let 
Km+ 1  be Dm together with all such c. Km+ 1  can be defined as the range 
of a function, definable over V, whose domain is the collection of ordered 
pairs <x, y) where XE� and y is a formula of the form (3x) Z(x), a 
subformula of X over Dm. This domain is a set, hence Km+ 1  is a set. But 
Km+1 � f/'. Thus there is a least yE  V such that Km+l � f/' y' Let Dm+1  = f/'y. 

In this way, we define the sequence Do, D1, D2, . . .  But this sequence 
can be defined formally over V. Thus U D" is an element of V. But by 
the definition U D" must be some f/'p for f3E V (since Dk�Dk+ 1)' 

We have produced an f/'pE V, 1X � {3. We claim <�, 9l, Fp, f/'p) is X­
equivalent to <�, 9l, F, f/'). That is, for Y any subformula of X with 
constants from f/' p, 

r Fp y - r F Y . 

The proof is by induction on the degree of Y. All the cases but one are 
immediate by the above lemmas. The only non-trivial case is the follow­
ing. Suppose (3x) Z(x) is a subformula of X, has all its constants in f/'p, 
and r F  (3x) Z(x). All the constants of (3x) Z(x) lie in UDII' but there 
are only finitely many, so for some integer k, all the constants of 
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(3x) Z(x) lie in Dk• By definition there i s  a CEDk+1 � .9'1l such that 
r t= Z(c). By induction hypothesis r t=pZ(c), so r t= Il (3x) Z(x). 

§ 17. Axiom of substitution 

As we did for the power set axiom, we wish to show the axiom of sub­
stitution is valid over (C§, 31, t=, .9'). The proof is essentially that of [3]. 

Let X(x, y) be a formula with no universal quantifiers, and constants 
from .9', which defines a function at r, that is, such that 

r t= - (3x) - (3 ! y) X (x, y) , 

where (3 !y) Z(y) abbreviates 

(3y) [Z (y) 1\ - (3w) (Z(w) 1\ - (w = y» ] .  

Let Co be a fixed element of .9'. Let ao be the smallest ordinal such 
that coE .9'lto' We want to show there is somefe .9' such that 

r t= - (3x) - [xEf == (3w) (W E Co 1\ X (w, x» ] .  

That is, rougbly,f is the range of X on Co at r. 
By § 14 there is a formula Rx (z, x, y) over V such that .d t= - -X(x, y) 

iff Rx (A , x, y) is true over V. 
Let 9 (A , c) be the smallest ordinal fJ such that for some c' E .9' p 

A t= - '" X (c, c') if there is such, and 0 otherwise ; 9 is definable over V 
(using Rx). 

Since IXo E  V, C§ X .9'",oE V. By the axiom of substitution in V, the range 
of 9 on C§ x .9'a.o is a set in V. Thus also U (range 9 on C§ x .9'",o)E V. 
Let fJo be this union. Then 130 is an ordinal, f30E V. 

Lemma 17.1 : Suppose r* t= (3x) (XECo 1\ X(x, d» . Then there is some 
C' E .9'  Ilo such that r* to (c' = d). 

Proof' r* to (3x) (XECo 1\ X(x, d» so for some CE .9' 

r* t= (c e co) 1\ X (c, d) . 

coE .9'",o so there is some tE .9'a.o such that r* to (tECo) 1\ (t=c). Hence 
r* F '" "" X(t, d). Now <r*, t ) edomain (g), so by definition 9 (r*, t )�f3o. 
Thus there is some c' E .9'po such that r* to '" -X(t, c'). But 

• 

r* t= - - X (t, d) and r* t= - (3x) - (3 ! y) X (x, y) , 
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so  by intuitionistic logic 
r* l= (c' = d) 

« x=y) is stable). 

Let tp (x) be the formula (3w) [weco /\ X(w, x)]. There are only a finite 
number of constants in tp (x) (recall that X may have constants), hence 
all lie in some Y'y (take Y�Po). By theorem 16.2 there is some Je V, 
y � <5, such that <�, fIl, 1=", Y',,) is tp-equivalent to <�, fIl, 1=, Y'). 

Since tp is a formula over [I' y' tp is also a formula over Y' ". Thus it 
defines a function/<peY'6+1 - Y'". We claim 

r 1= '" (3x) '" [x e/<p == (3w) (we co /\ X (w, x» ] , 

which is what we wanted. We now proceed with the proof. 
Suppose r* y: '" (ee/tp) . Then for some r** r** 'F (celtp). Since 

/tpe Y'6+ 1 - [I'I" there is some de Y'" such that r** 'F (c=d) /\ (de/<p). By 
dominance r** 1=6+ 1 (de/<p). r** 'F"tp (d), But <�, fIl, 1=", Y',,) is tp­
equivalent to <�, fIl, 'F, Y') hence 

r** 1= tp (d) , 
r** 'F '" '" tp (c) , 
r* p! '" tp (e) , 
r* y: '" (3w) (we co /\ X (w, e» . 

Thus we have shown 

r 'F (Vx) [ '" (3w) (weco /\ X (w, x» ::> ....... (x e/tp)] . 

Conversely suppose r* p! ", (3w) (weeoo'\ X(w, c» . Then for some F** 

r** 1= (3w) (we eo /\ X (w, e» . 

By the above lemma, there is some e'e[l'po such that r** 1= (c' =e). 
Hence r** 'F '" '" (3 w) (we Co /\ X (w, e'» , that is, r** 'F '" '" tp (e'). But 
e' eY'po r;;;, [I'y r;;;, Y'", and <�, fIl, 1= ", [1',,) is tp-equivalent to <�, fIl, 'F, [1'), 
hence 

But 

r** 'F" '" '" tp (e') , 
r** I=H 1 '" '" (e' e/tp) , 
r** 1= "' ....... (c' e/<p) . 

r** I= (c' = e) , 
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so 

We have shown 

AXIOM OF SUBSTITUI10N 

r** 'F "' ''''' (c ef",) ,  
r* ¥ "", (c ef",) .  

r 'F (V'x) [ "'" (xef",) ::> "'" (3w) (w e co 1\ X (w, x» ] . 

The assertion now follows. 

1 1 5  



CHAPTER 8 

INDEPENDENCE OF THE 

AXIOM OF CHOICE 

§ 1. The specific model 

The model given here is adapted from the one of Cohen [3]. We have 
changed it from showing directly that there is an infinite set with no 
countable subset to showing directly that there is a set with no choice 
function. The change was made because the notion of countability 
requires much more machinery in these models. See [3, p. 136] for a 
brief introduction to the model. 

Following ch. 7 § 3, a sequence of models and a class model are 
defined if the Oth model is fixed. We now define a specific (�, flA, Fo, [/'0)' 
All the work is relative to a classical.model V. 

Let e be some formal symbol. By a/orcing condition we mean a finite 
consistent set r of statements of the form (nem) and -- (nem) 
(n;?;O, m;?; 1). ((nem) can be some ordered triple in V, say (n, 0, m). 
Anything convenient. Similarly -- (nem) can be some other triple, say 
(n, 1 ,  m). We have written it like this for reading ease.) Let � be the 
collection of all forcing conditions, and let flA be set inclusion £. 

Before defining [/'0, we define the following partition of the integers : 

10 = {1, 3, 5, 7, . . .  } ,  
11 = {2, 6, 10, 14, . . .  } ,  
12 = {4, 12, 20, 28, . . .  } ,  
etc . 

in general 
I,. = {2" (2k + 1) I k = 0, 1 , 2, . . .  } .  
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This partition has the properties that each I" is infinite, and if n e 1", n > m. 
Now we define !/ o. It consists of the functions 

whose definitions are the following ; ,.............. 
For each integer n the function fI has domain {I), 1, . . .  , n - 1}, and for 

k <n, 
fI (") = � .  

Each s" has as domain {I), 1, �, . . .  } and 

s,, (m) = {re �  I (m en)er} . 

Each tIt has as domain {Sl' S2' S3, " '} and 

( ) {� if mel" ,  t" Sm = 0 otherwise . 

T has as domain {to. tl o  t2 • • • •  } and 

T(t,,) = � .  

From this technical definition Fo for atomic formulas becomes 

r Fo (mefl) iff m < n , 
r Fo (mes,,) iff (m e n) er • 

r Fo (s",e t,,) iff m el" ,  
r Fo (t"e T) .  

We now examine the five properties of ch. 7 § 3. (1). (2). (3) and (5) 
are trivial. (4) is satisfied in the very strong sense that for any re � and 
any a, beYo• if 

r Fo -- (3x) ,.., [x ea E x e b] .  

then a and b are the same function. This is proved by examining the 
various possible choices for a and b. We show only the most difficult case 
and leave the rest to the reader. 

Theorem 1.1 : If m =l=n. -- (s",=s,,) is valid in <�. fJt, Fo. Yo>. 
Proof: We show for any re� r Ji 0 (8",=8,,). Suppose r Fo (sm=s,,) for 

some re�. Since r is a forcing condition, it is finite, so we may choose 
an integer k such that neither (kem). -- (kem). (ken), -- (ken) belong 
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to r. Let J be ru {(kem), ", (ken)} .  Then J E<§ and r.?lJ. By definition 
J 1=0 (kESm). Since J 1=0 '" (3x)", (XESm=XESn), by intuitionistic logic 
J 1=0"'" "", (keSn). Then for some J* J* 1=0 (keSn), which means (ken)EJ*. 
But ,..., (ken)EJ*, a contradiction. 

Thus all five conditions are met so the resulting class model <�, .?l, 1=, [/') 
is an intuitionistic ZF model. 

§ 2. Symmetries 

Let G be the collection of all permutations n of integers such that n 
permutes the elements of one In and is the identity on all 1m for m'#n. 
We may extend any nE G to [/' as follows : 

n (ft) = ft , 
n (sn) = Sn (n) , 
n (tn) = tn ' 
n (T) = T . 

Let X be the formula X(x, Cl" ' "  cn) where n has been defined for 
Cl, . . .  , Cn• Let n(X) be X(x, n (cl), . . .  , n (cn» . If fxE[/',.+l - [/'''' let 
n(Jx) befn(x), Thus n is extended to [/'. We also extend n to � by 

(n e m)er � (n en (m» e n (r) , 

""' (n e m) er � ,..., (n en (m» E n (r) . 

We note that rE<§ implies n (r)E�. 

Theorem 2.1 : For any formula X with all constants in [/',., with no 
universal quantifiers, any reC#, and any nEG 

and 
r I="X � n (r) l=,. n (X) , 

r l=  X � n cr) 1= n (X) . 

Proof" A straightforward induction on ex and the degree of X. 

Definition 2.2 : Let N be some collection of integers. By GN we mean the 
subset of G leaving N invariant. 

Lemma 2.3: Let fe[/'. There is a finite set N of integers such that if 
neGN, n (J)=f. 
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Proof' If/ e [/0' we have two cases. If / is not some S,,' let N = 0. If 
l is S,,' let N= {n}. 

Suppose the result is known for all ge [/I1.' Let/e [/I1.+1 - [/,,' Then/is 
/x for some X(x, C1, . . . , cn), where C1' . . .  , cne [/I1.' By hypothesis there are 
finite sets Nt> . . .  , Nn of integers such that if neGN" 7t (c/)= c/. Let 
N=Nt u . . · u Nn• Then if neGN, n (/x) =/71(X) =/x, 

§ 3. Functions 

We introduce the following formula abbreviations : 
• 

x = (y, z) for '" '" (3w) [wex A w = {y, z} A X = {y, w}] , 
(x, y)ez for (3w) [wez ll. w = (x, y)] , 
ordpr(x) for '" (3y) '" [yex � (3z) (3w) (y = (z, w» ] ,  

relation (x) for '" (3y) '" [yex � ordpr(y)] , 
/unction (x) for relation(x) A '" (3y) (3z) (3u) (3v) 

'" [{(y, z)ex A (u, v) ex A y = u) � z = v] , 
domain (x) = y for '" (3z) (3w) '" [(z, w) ex � zey] A 

...., (3z) ...., [zey :::> (3w) « z, w)ex)] . 

Theorem 3.1 :  All the above formulas are dominant. 

§ 4. Axiom of cboice 

Let AC(T) be the formula 

(3x) {/unction(x) A domain (x) = T A 
-- (3y) "" [yeT� (3z) (zey A (y, z)ex)]} .  

That is, AC (T) says that T has a choice function. In this section we show 
that -AC(T) is valid in (�, 91, F, [/). Infact, it is valid in (�, 91, FI1.' [/,,> 
for every 0( ;  the same proof holds for each case. 
We first show a preliminary 

Lemma 4.1 : If/e[/ and r F (/e tn) then for some m eln 

r FI1.(/ = sm) ' 

Proof: r F (/et,,) so there is some bedomain (tn) such that 

r F (f = b) A (be t,,) . 
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Now suppose there is some rEt§ such that r F AC (T). Then for some 
Fe 51', 

r F function (F) /\ domain (F) = T /\ 
'" (3y) � [yet::l (3z) (ZEY /\ (y, z) e F)] .  

There is a finite set N of integers such that if neGN, n (F) = F. Let 
n = l + maxN. 

r F ""  (3y) ,.., rY E T ::l (3z) (z ey  /\ (y, z) e F)] 

and r F (tneT) hence 

r F ""  ,.., (3z) (ze tn /\ (tn' z> eF) .  
Then for some r* 

. r* I= (3z) (z e tn /\ (tn, z) e F) . 
For some rJ.E5I' 

r* F (rJ. e tn) /\ (tno rJ.) e F .  

By the above lemma, for some meln, r* F (rJ.=sm)' Hence 

r* F ,.., ,.., « tn, Sm> e F) , 

so for some r**, r** F (t  .. , sm>eF. 
Now meln, so m>n= I + maxN, hence m¢N. Choose an integer k>n  

such that k=l:m and neither (pek) nor "' (pek) belongs to r** for any 
integer p, but keln• (r** is finite but In is infinite, so this is possible.) 
Let n be the permutation n (m)=k, n (k)= m, on all other integers n is 
the identity. Since m, k¢N, nE GN• Now 

n (r**) F n « tn' Sm> EF) ,  
n (r**) F (n (t .. ), n (Sm» E n (F) ,  
n (r**) F (tn. Sk) E F . 

But A = r** u n  (r**) is itself a forcing condition. It is finite, and since 
r** and n (r**) must be the same except for statements involving m and 
k, and m is not (a second element of any statement) in n (r**) and k is 
not in r**, n (r**) and r** are compatible. Thus A e t§  and r**91A 
and n (r**)91A. So 

(since r F function F) 
A F function F , 

A F (t,., sm) eF ,  
A F (tn' sk) e F .  
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It then follows by intuitionistic logic that 

j F """ ....., (sm = Sk) , 

or since (x =y) is stable, 
L1 F (sm = Sk) . 

But m � k, contradicting theorem 1 . 1 .  Thus for all r E f§ 

so 
r )i  AC (T) , 

r F '" AC (T) . 
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As we showed in ch. 7 § 1 the axiom of choice is now classically inde­
pendent. 



CHAPTER 9 

ORDINALS AND CARDINALS 

§ 1. Definitions 

Continuing ch. 8 § 3 we introduce the following formula abbreviations : 
range (x) = y for '" (3z) (3w) '" [(z, W) EX => WEY] 1\ 

I-I  (x) for '" (3y) (3z) (3u) (3v) 
'" (3w) ", [WEY => (3z) (z, W)EX] ,  

'" [( (y, Z)EX 1\ (u, v)ex 1\ Z = v) => y = u] 
trans (x) for ,.., (3y) (3z) '" [(yex 1\ ZEY) => zex] , 
ordered (x) for '" (3y) (3z) '" [(YEX 1\ ZEX) => (y = Z V yEz v ZEY)] , 
welord(x) for ordered(x) 1\ '" (3y) '" { [y £::: x 1\ (3z) (ZEY)] => 

(3w) [WEY 1\ '" (3u) '" (UEY => (WEU V W = U) ]} , 
ordinal (x) for trans (x) 1\ welord(x) . 

Theorem 1.1 : All of the above formulas are dominant. 

The proof is again primarily an application of ch. 7 § 7. 

§ Z. Some properties of ordinals 

In this section we establish some useful analogues of classical theorems. 
We use a method of proof which we call a classical-intuitionistic argu­
ment. Rather than stating it generally, we illustrate its use by writing out 
in full the first proof below. 
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Theorem 2.1 : ,..., (3x),..., (ordered(x)== welord(x» is valid over (W, fJl, 1=, Y) 
(and by dominance, over any (W, fJl, 1=", Y,,» , 

Proof: It is a standard classical result that 

ZF, axiom of regularity I-c"'" (3x) - (ordered(x) == welord(x» . 

So for some finite subset of ZF with no universal quantifiers 

I-c (Al A • . •  A An A axiom of regularity) 
� '" (3x) - (ordered(x) == welord(x» . 

By the results of ch. 4 § 8 together with 

1-1 ,..., - (X � Y) == (X � - '" Y) 
and 

1-1 - - - X == '" X 
we have 

I-} (Al A ' " A An A axiom of regularity) � 

- (3x) - (ordered(x) == welord(x» . 

Since (W, fJl, 1= ,  Y) is an intuitionistic ZF model, - (3x)- (ordered(x) 
== welord(x» is valid. 

Theorem 2.2: If r 1= ordinal (I) and r 1= 9 e f then r 1= ordinal (g). 
Proof: By a classical-intuitionistic argument we have : 

- (3x) (3y) - [(ordinal(x) A yex) � ordinal(y)] 

is valid in (W, fJl, 1=, Y). The result now follows by stability of ordinal (y). 

Theorem 2.3: If r 1= ordinal (I) A ordinal (g) then 

r l= - - (J eg v f = g  V g el) . 

§ 3. General ordinal representatives 

We define inductively representatives for the classical ordinals. Later we 
discuss their existence and uniqueness. 

Definition 3 . l : Suppose we have defined general representatives in Y for 
all ordinals p < ct. We caUfeY a general representative of the ordinal ct if 

(1). if 9 represents an ordinal < ct, (gef) is valid in (W, fJl, 1=, Y), 
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(2). if r l= (hef), there is some r*, some /3<  IX, and some geY which 
represents /3, such that r* l= (g =h). 

Theorem 3.2: If fe Y is a general representative of some ordinal, 
ordinal (f) is valid in < '§, Bf, F ,  Y). 

Proof· Suppose f represents the ordinal rx and the result is known for 
all representatives of ordinals /3 < rx. We have three facts to show. 

I. trans (f) is valid in ('§, Bf, 1= , Y) 
Suppose r l= (aef) /\ (bea). Then for any r* r* l= (aef) /\ (bea). By 
property (2) there is some a' e Y which represents /3 < rx and some r* * 
such that r** l= (a=a'). Thus r** l= - - (bea'). There is some r*** such 
that r*** l= (bea'). Again by property (2) there is some b' e Y which 
represents '1</3  and some r**** such that r**** F (b=b'). By property 
(1) r**** l= (b' ef), hence r**** l= "" "" (bef). Thus for any r* there is 
some L! (=r****) such thatr*BfL! and Ll l= "" ,.. (bef). Thus r l= '" ,.. (bef). 
Since r was arbitrary, trans (f) is valid. 

II. ordered (f) is valid in ('§, Bf, F, Y) 
Suppose r l= (aef) /\ (bef). For any r*, r* F (aef) /\ (bef). By proper­
ty (2), there is some r** and some a', b' e Y such that a' represents fJ 
and b' represents 'I where /3 < rx, '1 < oc, and r** l= (a=a') /\ (b=b'). By 
hypothesis F** l= ordinal (a') /\ ordinal (b'). By theorem 2.3 

r** l= ,.. ",, (a' e b' v a' = b' v b' ea') . 
So 

F** l= "" "" (a e b  v a = b v bea) .  
Thus as above 

r l= "" "" Caeb  v a = b v bea) .  

Again r is arbitrary, so ordered(f) is valid. 
III. ordinal(f) is valid in ('§, Bl, l=, Y) 

By the above trans (f) /\ ordered(f) is valid. Then welord(f) is also 
valid by theorem 2. 1 (welord(x) is stable). Thus ordinal(f) is valid. 

Theorem 3.3 : If J, g e Y are both general representatives of the same 
ordinal, (f=g) is valid in ('§, Bf, l=, Y). 

Proof" Suppose f and g both represent rx. If r F (hef), for any r* 
F* l= (hef). By property (2), there is some r**, some /3 < rx, and some k 
representing /3, such that r** l= (h=k). Since g represents rx and k re­
presents /3, and /3 < IX, by property (1) r** l= (keg). Thus r** F "' ,.. (heg), 
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SO r 'F ",  "' (heg). Similarly if r 'F  (heg), r 'F ",  "' (hef). But r is arbi­
trary, so the result follows. 

§ 4. Canonical ordinal representatives 

Again we postpone a discussion of existence. 

Definition 4. 1 :  We call f e!/' a canonical representative of the ordinal rJ. if 
(1). f is a general representative of rJ., 
(2). for no g edomain (f) and for no re� r 'F (f=g) , 
(3). if r 'F ", ,.., (gef ), r 'F (gef) for gedomain (f). 

Theorem 4.2: Suppose f e!/' a + 1 - !/' a is a canonical representative of 
some ordinal. Thenf isfx where X(x) is the formula ordinal(x). 

Proof' We must show for any ae!/'a 

r 'Fa + 1  (aef) iff r 'Fa ordinal (a). 

Suppose r 'F",+l (aef). By theorem 3 .2 r 'F ordinal(f), so by theorem 2.2 
(and dominance) r 'Fa ordinal (a). 

Suppose r 'F",ordinal(a). By theorem 3.2 r 'F ordinal(f). So by theo­
rem 2.3 (and dominance) 

r 'F "' ''' (a ef v a = f v fea) .  

Thus, for every r* there is some T** such that 

r** 'F (a ef) v (a = f) v (f ea) .  

If r** 'F (fea), since ae!/'"" there is some ge!/'", such that r** 'F (f=g) 
contradicting part (2) of the above definition. Similarly r** Y f = a. Thus 
r** 'F (aef). So r 'F  '" '" (aef), and by part (3) above r 'F  (aef). Now 
by dominance r 'Fa+1 (aef). 

§ 5. Ordinalized models 

We give a condition on our model (actually on <�, fJi, 'Fo, !/' 0» which 
will insure existence and uniqueness of canonical representatives for the 
ordinals. 

We call < �, fJi, 'F ,  !/') ordinalized if 
(1). no ordinal has more than one canonical representative in !7 0' 
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(2). if/e !7'Q and r 'F ordinal(f) for some ret:§, then there is some r'" 
and some heY 0 which is a canonical representative of an ordinal, 
such that r* 'F (f =h). 

Remark 5.1 : By dominance, whether (t:§, fJt, 'F, !7') is ordinalized can 
be decided by considering only (t:§, fJt, 'Fo, !7' 0)' 

Theorem 5.2: If (t:§, fJt, 'F, !7') is ordinalized and f, ge!7' are both 
canonical representatives for the same ordinal, I and 9 are identical. 

Proof' Suppose first that 9 e !7'  a. and le !7' a.+ 1 - !7' fl' By theorem 3.3 
(f = g) is valid, contradicting part (2) of definition 4.1 .  There is a similar 
contradiction if le !7' cz and 9 e !7'  cz + 1 - !7' cz' Thus, either f, 9 e!7' 0, or for 
some rx,J, g e !7'a.+l - Sf',.. Iff, gESf' 0, by part (1) of the above definition 
they are identical. Iff, 9 e Sf' cz+ 1 - Sf',., they are identical by theorem 4.2 

Thus if an ordinal has any canonical representatives, it has only one. 
From now on, by representative we will mean canonical representative, 
and we will denote the representative of rx, if it exists, by �. 

We give the following temporary definition. We say pe V has the 
representative property provided: if rx is the smallest ordinal not repre­
sentable by an element of !7'p, rx is representable by an element of !7'P+1 ' 
In other words, p has the representative property provided : if for all 
), < IX, pe!7'p, but &f!7'p, then &e9'p+l - 9'P' 
Lemma 5.3 : If (t:§, fJt, 'F, !7') is ordinalized and if all ordinals < P  have 
the representative property, so does p. 

Prool: Let IX be the smallest ordinal not representable in 9'p. We must 
show &e9'p+ 1  - !7'p. 

Let X(x) be the formula ordinal(x), and letlxe!7'p + t - 9'p. We claim 
Ix is &. 

Suppose r 'F (hE/x)' Then there is some gE9'p such that r 'F (g =h) 1\ 
(gE/x). But then r 'FpX(g), r 'FpordinaJ(g). We now have three cases. 

Suppose p = O. Since (t:§, fJt, 'F ,  9') is ordinalized, there is some r'" and 
some ke!7' 0 which is an ordinal representative (and by hypothesis, of an 
ordinal < IX) such that r* 'F (k=g). Thus r* 'F (k=h). 

Suppose p is a successor ordinal. By hypothesis p - 1 has the repre­
sentative property. Let ')I be the smallest ordinal not representable in 
!7'P- l ' Then pe !7'p. Now (theorem 3.2) 

r 'F ordinal(p) 1\ ordinal(g) , 
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so by theorem 2.3 
r 1= '" '" (g e � v 9 = P v peg) .  

Then for some r* 
r* 1= (g e�) v (g = �) v (P e g) . 

If r* 1= (gep), by definition of p there is some r** and some fJ < "I  such 
that r** 1= (3=g) and so r** 1= (3=h). 

If r* 1= (g =P) then r* 1= (h=1). 
Finally, we can not have r* l= (peg) for, since g e!l'p there is some 

ke.9p-1 such that r* I= (�=k) l\ (keg). But 1e .9p - .9p_1 and this 
contradicts part (2) of definition 4. 1 .  

Suppose P is a limit ordinal. Since ge!l'p, for some t/ <p, ge!l',,+1 - .9". 
Let "I be the smallest ordinal not representable in !I'". Then �eY' ,,+1 - Y' II' 

Now proceed as above. 
Thus in any case there is an ordinal < IX, a representative t of it, and a 

LI such that r 8l'Ll and Ll I=  (h = t). Thus/x is a general representative of IX. 
Next suppose for some ge!l',. r l= (g =/x). Since /x is a general 

representative of IX, by theorem 3.2 r F ordinal (Ix). Thus r 1= ordinal (g), 
so by dominance r F,.ordinal(g), r l=,.X(g). Thus r l=,.+1  (g e/x). Hence 
r 1=,.+ 1  - - (geg), r l= '" - (geg), contradicting the validity of the axiom 
of regularity. 

Finally if r l= ", -(ue/x) for some g e!l',., then rI=,.+l - "' Cge/x) . For 
every r* there is some r** such that r** F,,+1  (ge/x). Or r** F,.X(g). 
r** I="ordinal(g), thus r l=,,'" -ordinal(g). But ordinal(x) is stable so 
r I="ordinal(g), r l="X(g), r 1=,,+ 1 Cge/x). 

Thus /x is a canonical representative of CI.. 

Theorem 5.4: Suppose (t§, {}t, 1=, Y') is ordinalized. Then every ordinal 
in V is . uniquely representable by an element of .9. 

Proof' Immediate by lemma 5.3. 

Remark 5.5 : Although it seems unlikely, it is conceivable that some 
ordinal not in V might be representable by an element of !I'. In fact this 
can not happen. Suppose for some "If/.:  V 1e .9. For some IXe V pe!l'". 
The class of elements of .9 which are ordinal representatives is definable 
over V. The intersection of this class with .9'" is a set, i.e. an element of V. 
But the relation rl=,. (xey) well-orders this set, the relation is in V, and 
the order type must be y (or greater). Hence ye  V. 
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Thus exactly the ordinals of V are representable m ordinalized 
(<§, f!4, F ,  ff). 

§ 6. Properties of ordinal represeutatiYes 
Theorem 6.1 :  If (<§, �, F, f/) is ordinalized and rx, jJE V, then if for 
some rE <§ r F (�= P), ri= {3;  and if rx= {3, (&= p) is valid. 

Proof' If rx<jJ, by part (1) of definition 3. 1 ,  r F &EP, but if r t=  (&= p) 
r F - ""' (&E�), contradicting the axiom of regularity. Similarly if {3 < ri. 
Thus if r t= (& = P), ri = jJ. The second half is by uniqueness of repre­
sentatives. 

Theorem 6.2: If (C§, !!I, I=, !/) is ordinalized and ri, {3E V, then if for 
some rE<§ r F  (&EP), riEjJ; and if riEjJ, (&EP) is valid. 

Proof: If r F (&e p), by part (2) of definition 3 . 1  for some r* and some 
y<jJ, r* t= (&=n By theorem 6. 1 ri=y, and YE{3. If riEjJ, by part (1) of 
definition 3.1  (&EP) is valid. 

Theorem 6.3: Suppose (<§, fA, 1=, [/') is ordinalized, and for some 
rE<§, r l= ordinal(f). Then there is some r* and some ordinal rx e V  
such that r* F f = 0.. 

Proof" fE[/' so for some P fe[/',. Let 'l be tlle smallest ordinal not 
representable in f/p (f/pE V so there must be one). Then geffp+1 - [/'p 
(see § 5). But r F ordinal(9). Hence r F '"  '" (fe9 v f=9 v 9Ej). For some 
r*, r* F (fe9) v (f=9) v  (gef). If r* t= je9, we are done by part (2) of 
definition 3 . 1 .  r* ¥ (f =9) by part 2 of definition 4.1 .  Finally, r* F 9Ejis 
not possible, for otherwise, since f e [/' p, there is some g E f/ p such that 
r* t= (9=g). But ge  [/' p+l - [/'pand this contradicts part (2) of definition 4.1 

§ 7. Types of ordinals 

We introduce the following formula abbreviations : 
successor ordinal(x) for ordinal(x) 1\ (3 y) (yex 1\ x = y') , 

limit ordinal(x) for ordinal(x) 1\ '" (3y) '" (YEX ::> y' EX) ,  
integer (x) for ordinal(x) 1\ '" limit ordinal(x) 1\ 

'" (3y) (yex 1\ limit ordinal(y» , 
x is (j) for limit ordinal(x) 1\ 

'" (3y) (YEX 1\ limit ordinal(y» . 



CH. 9 § 8 CARDINALIZED MODELS 129 

Theorem 7.1 : The above formulas are dominant. 
--

Theorem 7.2 : If (W, f14, 1= ,  [1') is ordinalized, oc+ 1 =fJ! is valid. 
Proof We must show for all reW 

--
r 1= ,.., (3x) ,.., [xe oc  + 1 == (xe &  v x = &)J . 
----- ----.. 

Suppose r 1= jeoc+ l .  Then for every r* r* 1= jeoc+  1 .  There is some r** 
and some p<a+ I,  r** 1= j=p. But p � a, so r** 1= (pe&) v (P=&), 
r** I= ,.., ,.., (Je& vj=&). Thus r l= ", ,.., (Je& vj=&). Similarly, if 

--
rl=  (JE& v j=&), then r l= ",  - (JEOC+ 1). The result follows. 

--
Corollary 7.3: If (W, fJl, 1=, [1') is ordinalized, successor ordinal(oc+ 1) is 
valid. 

Theorem 7.4: If (W, f14, 1=, [1') is ordinalized, and for some je[l' and 
some re<# r l=successor ordinal!, then for some r* and some oc+  1 

--
r* 1= (J =OC+ 1). 

Proof' r l= successor ordinalj, so for some g e [l'  r l= ordinalg A gEj A 
j=g'. Since r l= ordinalg, there is a r* and an ordinal oc such that 

--
r* 1= g =�. Then r* 1= j = �', r* 1= j =oc+  1 .  

In  a similar manner we may show 

Theorem 7.S: Suppose (W, f14, 1=, [1') is ordinalized. Then 
(1). If A is a limit ordinal, limit ordinal(J.) is valid. 
(2). If r 1= limit ordinal (J), then for some r* and some limit ordinaU 

r* 1= (J=J.). 
(3). If n is an integer, integer(ft) is valid. 
(4). If r l=  integer (J), then for some r* and some integer n r* 1= (J=fl). 
(5). Q) is OJ is valid. 
(6). If r l=  j is (0, then for some r* r* 1= (J=Q) . 

§ 8. Cardinalized models 

Let cardinal(x) be an abbreviation for 

ordinal (x) A 
,.., (3y) (3z) [yex Ajunction (z) A 1 - 1  (z) A domain (z) = y A range(z) = x] 

We remark that cardinal(x) is not dominant (probably) but it is stable. 
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Suppose (<§, Bl, 1=, Y) is ordinalized. We call it cardinalized if for 
every IXE V, if IX is a cardinal of V, cardinal(&.) is valid in (<§, Bl, 1=, Y). 

By the classical-intuitionistic technique of § 2 

'" (3x) '" [integer (x) ::l cardinal (x)] 
and 

'" (3x) ,.., [x is (i} ::l  cardinal(x)] 

are both valid in (<§, Bl, 1=, Y). But then by § 7 for any integer n 
cardinal (ft) is valid. Also cardinal (Qj) is valid. 

Thus the troublesome cardinals of V are the uncountable ones. In the 
next section we give a condition due to Cohen which will take care of 
such cardinals. 

Remark 8 . 1 : To say (<§, Bl, 1=, Y) is cardinalized is to say the cardinals 
of V are among those of (<§, Bl, 1=, Y). In fact, we will show in ch. 1 3  
that the cardinals of (<§, Bl, 1= ,  Y)  are the same as the cardinals of L, 
the class of constructable sets of V. 

§ 9. Countably incompatible <§ 

The following argument is from [3] : 

Definition 9. 1 :  Two elements r, ..1 E <§ are called compatible if they have 
a common Bl-extension, that is, if some r* is some ..1*. Otherwise r and 
..1 are incompatible. 

<§ E V is called countably incompatible if any subset of <§ of mutually 
incompatible r is at most countable in V. 

Lemma 9.2: Suppose (<§, Bl, 1=, Y) is ordinalized, <§ is countably in­
compatible, &., peY, card(rt)< card(p) and �o < card(p) in V. Then 

'" (3f) [function (f)  1\ 1-1 (J) 1\ domain (J) = &. 1\ range (J) = P] 

is valid in (<§, Bl, 1=, Y). 
Proof' Letfbe some fixed element of Y. We remarked earlier that the 

class of ordinal representatives was definable over V. Let F(x) be the 
formula defining it. Let A (x, y, z) be the formula 

[xe Y 1\ yE Y 1\ F(y) 1\ ZE <§ 1\ Z 1= (Junction (J) 
1\ 1-1 (I) 1\ domain (I) = &. 1\ range (f) = p 1\ (x, y)ef)] . 
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Suppose for 9, b, L1 ,  L1', e that A (e, 9, L1) and A (e, b, L1 ') are both 
true over V. If L1 and L1' are compatible, some 

L1*  1= (e, 9) ef A (e, b) ef . 

Hence L1* 1= 9 =3 so y = c5. Thus if y 1= c5, L1 and L1' are incompatible. Thus 
for any fixed ee Y and any L1 e iC§ there are only countably many ordinals 
y such that A (e, 9, L1) is true over V, by the countable incompatibility 
hypothesis. 

Let B(x, y) be the formula 

(3L1) (J e iC§ A A (x, y, L1» . 

Then for fixed eeY, the set defined by B(e, y) is at most countable. For 
any ordinal oc, let ocO be {9 I y< oc} ;  ocoe V for oce V. Finally let C(x) be 
the formula 

(3e) (e eocO A B (e, x» . 

Let C' be the class in V defined by C(x), and let C be {y 1 geC'}. Since 
C' is a definable subset of [30, C e V. For a bound on the cardinality of C 
we note that for any eeoco, there are at most �o x such that B(e, x). 
Thus card C ��o ; eard(oc) < card ([3) so eard(C)< eard([3). 

Next we show that, if for some L1 e iC§ 

L1 1=  (function (f) A I - If A domain (f) = & A range (f) = P A (e, d)ej), 

then there is  some L1*  and some [)eC such that J*  1= (d=3). For since 
L1 1= (e, d)ej, there must be some J*  such that L1 * I= (dep) and hence a 
L1** and a c5e[3 such that L1** I= (d=3). Thus 

L1** 1= (function (f) A 1 - 1  (f) A domain (f) = & 

So 
A (e, 3, L1**) 
B (e, b) 
c(3) 
[) e C .  

A range (f) = P A (e, 3)ef) .  

i s  true over V , 
is true over V , 
is true over V , 

Now suppose there were some reiC§ such that 

rl=  (function (f) A 1 - 1  (f) A domain (f) = & A range (f) = p) . 
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Since card(C) < card (P), but C�P, there is some yep, y¢C. Since yep, 
r to (1 e P). Then since r to (range (J) = P), for some r* 

r* 1= (3c) (c e<2  1\ (c, 1) eJ) , 
so for some ceY', 

r* to (c, 1> ef . 

That is 

r* to (Junction (J) 1\ 1-1 (J) 1\ domain (J) = <21\  range (I) = P 1\ (c, 1> ef) 

By the above there is some r** and some �eC such that r** to (1=$), 
but then y = �, so yeC, a contradiction. 

Since f is arbitrary, the result follows. 

Theorem 9.3 : Suppose (C§, fJi, to, Y') is ordinalized, C§ is countably in­
compatible, and P is a cardinal of V. Then cardinal(p) is valid in 
(C§, fJi, to, Y'). 

Proof" By the last section we need only consider P > �o = co. Suppose 
r ¥ cardinal (P). Then for some ex, J, r*, 

r* to (<2ep I\function (J) 1\ domain (J) = <2 1\ range(J) = P) .  

Since r* to (<2ep), exep, s o  card(ex)< card(p) (f3 is a cardinal). Now, by 
lemma 9.2 we are done. 

Remark 9.4: A simple corollary of this theorem (which should be obvi­
ous anyway) is the following. If L is the class of constructable sets of V, 
not only is L a classical ZF model, but, if ex is a cardinal of V, ex is a 
cardinal of L. This follows by noting that in the intuitionistic formulation 
of the classical M" sequence (remark 7.3.3) C§ is trivially countably 
incompatible, since C§ is finite, and since Mo = 0, the model is ordinalized. 
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INDEPENDENCE OF THE 

CONTINUUM HYPOTHESIS 

§ 1. The specific model 

Again the model is adapted from Cohen [3], with practically no change. 
We define a particular (<'§, Pl, Fo, [/0)' 

Recall V was some classical ZF model. Let (j E V be that ordinal which 
is �2 in V. (j remains fixed for the rest of this chapter. 

As in ch. 8, let e be some formal symbol. By a forcing condition we 
mean a finite, consistent set of statements of the form (neIX) or ", (neIX) 
where n is any integer and IX is any ordinal < b. 

Let <'§ be the collection of all forcing conditions, and let Bl be set 
inclusion � .  

[/0 consists of functions which we write as �, aI/.' {12}, {�, aa} and 
(12, a".> for each IX < b, and W. The definitions are the following : 

For each IX<(j  the domain of 12 is {p i /J<IX} and for /J<IX, 

al/. has domain {5, 1, 2, . . . } and 

al/. ( Ii) == {r E C§ I (m e n) E r} . 

{12} has only � in its domain, and 
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{&, all} has only & and all in its domain, and 

{&, all} (&) = <§ , 

{&, a,,} (all) = <§ • 

(&, aa.) has only {&} and {&, aa} in its domain and 

(&, a,.) ({&}) = <§ ,  

(&. aa) ({&, all}) = <§ .  

Finally W has as domain all (&, a,.) for a < D, and 

From this 1=0  for atomic formulas becomes 

T l=o {&ep) ,  if rxep ,  
T l=o (Aea,.) , if (n e rx)eT .  
T I=o {& e {&}) , 
T l=o {& e {&, all}) , 
T l=o {aa e {&, all}) , 
T Fo {{&} e (&, a,.» , 
T Fo ({&, a,.} e (&, a,.» , 
T Fo {(&, a,.) e W). 

CH. 1O § 2  

Thus (<§, 9l, Fo, Yo) is determined. We examine the five properties of 
ch. 7 § 3. (1), (2), (3) and (5) are trivial ; (4) is satisfied in the same sense 
as in the model of ch. 8, that is, if T F 0 (a = b), a and b are identical. The 
proof is the same as in ch. 8. Thus (<§, 9l, F, Y) is an intuitionistic ZF 
model. 

That (<§, 9l, F, Y) is ordinalized is straightforward. For rx<D  &eYo 
is the representative of rx, and if for some ae Yo T 1=0 ordinal a, a must 
be & for some rx<D. 

Finally, in the next section we show (<§, 9l, F, Y) is cardinalized. 

§ 2. Countable incompatibility of <§ 

Theorem 2.1 (Cohen) : <§ is countably incompatible. (and hence 
(<§, 9l, F, Y) is cardinalized). 

Proof' We give the argument informally, but <§e V and 9le V so the 
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argument can be formalized. We note that for this model to say r,A Et§  
are compatible is to say ruAEt§. 

Let .?It' £. t§ (.?It' E V), and suppose any two elements of .?It' are in­
compatible. We show .?It' is countable. 

Suppose .?It' is not countable. For each n>O, let .?It'" be {rE.?It' 1 r 
contains < n statements}. Since .?It' = U .?It'", some .?It'" must be un­
countable. Thus let JIf'" be uncountable. 

Let k be the largest integer such that for some rE.?It'" r has k state­
ments and uncountably many A E.?It'" are such that r£.A. (k must exist 
since 0E.?It'n and there are uncountably many A E.?It'n such that 0£.A, 
and every rE.?It'" has <n statements, so there is a largest k.) 

Pick some particular rEJIf'" such that r has k statements and r is a 
subset of un count ably many elements of .?It'". Let f be {A E.?It'" I r£.A}. 
We have the following facts : 

(1). Any two elements of f are incompatible. 
(2). f is uncountable. 
(3). A Ef implies r£.A. 
(4). r has k elements. 
(5). For any QEf with more than k elements, there are only countably 

many A E f such that Q £. A .  
Now choose some A Ef, A #r. Then A -r= {X1, . . .  , X",}. Since A is 
incompatible with all other elements of f, by (3) there must be un­
countably many elements of f containing Xi for some XI' (X, 
is "" (nect) if Xi is (nect), and XI is (neoc) if XI is "" (neoc).) 

Let Q=ru{xJ Then QEJIf'n since xirtr. But there are uncountably 
many A E.?It'n such that Q£.A  and Q has k+ 1 statements, a contradiction. 

§ 3. Cardinals and W 

We now have that (t§, fIt, F, 9') is a cardinalized model. We introduce 
the following abbreviations : 

x is at least �1 for cardinal x 1\ (3y) (YEX 1\ Y is ro) 
x is at least �2 for cardinal x 1\ (3y) (YEX 1\ Y is at least �1) 

Recall that in V, () was �2' We wish to show (3 is at least �2) is valid in 
(t§, fIt, F, 9'). We showed in ch. 9, that (0 is ro) is valid in (t§, fIt, F, 9'). 

Let y be the ordinal of V which is �1' Since y is a cardinal, (cardinal 9) 
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is valid, and since WE,)" (6)E?) is valid. Thus (1 is at least �1) is valid in 
(t§, Bl, 1=, f/). Finally () is a cardinal of V, so (cardinal 8) is valid, and 
')I E {), so (?E8) is valid. Thus (8 is at least �2) is valid in (t§, Bl, 1=, f/). 

Now we list a few properties of W. The proofs are straightforward. 

Lemma 3.1 : (&, aa.) = (&, aa.) is valid in (t§, Bl, 1= ,  f/) (where the first 
of these expressions is the function in f/ 0' and the second is the expression 
of ch. 8 § 3). 

Theorem 3.2: (function W 1\ 1-1 W 1\ domain W = 8) is valid in (t§, Bl, 1= ,f/). 

Theorem 3.3: - (3x)- [xErange(W)::::) - (3y)", (YEX::::) integer y)] is va­
lid in (t§, Bl, 1=, f/). 

§ 4. Continuum hypothesis 

Let (card.9'(w)��2) be an abbreviation for 

(3x) {x is at least �2 1\ 
(3 W) [function (W) 1\ 1-1  (W) 1\ domain (W) = x 1\ 
- (3y) - (YErange(W) ::::) '" (3z) '" (ZEY ::::) integer (z» )]} . 

By the results of § 3 (card.9'(w)��2) is valid in (t§, Bl, 1=, f/). Hence 
- (continuum hypothesis) is valid in (t§, Bl, 1=, f/). 

Now, as we showed in ch. 7 § 1 the continuum hypothesis is classically 
independent of the axioms of ZF. Of course we would also like that it 
is independent of ZF together with the axiom of choice. That the axiom 
of choice is valid in this model will be shown in ch. 13 .  
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D EFINABILITY AND CONSTRUCTABILITY 

§ 1. Definitions 

We introduce the following formula abbreviations : 
partJun (f) for 

function (f) /\ (3n) [integer (n) /\ domain (f) r;; n] , 
partrel (R) for 

'" (3x) (3y) '" [(xER /\ YER) ::::> (partJun (x) /\ partJun (y) /\ 
dOH2om(-» = dO?nom(.?)}, 

nEDomain(R) for 
'" (3x) '" [(partJun (x) /\ xER) ::::> nEdomain (x)) , 

R is atomic (1) over X for 
(3m) (3n) {integer(m) /\ integer(n) A 

�f3/) �f/EJl�l/d.rj/un(./)/I dp/J'/dh(./) = Ih"l �/1 
f(m)EX /\ f(n)eX /\f(m)Ef (n» ]} , 

R is atomic (2) over X for 
(3n) (3a) {integer(n) /\ '" '" aeX /\ 

- (3f) '" [feR == (partJun (f) A domain (f) = {n} /\ 
f (n)eX /\f(n)Ea)]} , 

R is atomic (3) over X for 
(3n) (3a) {integer (n) /\ '" '" aEX /\ 

- (3 f) ,..., [feR == (partJun (f) /\ domain (f) = {n} /\ 
f (n)eX A aEf(n» ]} , 

R is atomic (4) over X for 
(3a) (3b) { '" '" aeX /\ '" '" beX /\ 

'" (3f) - [feR E  (partJun (f) /\ 
domain (f) = 0 /\ aeb )]} ,  
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R is atomic over X for 
(R is atomic (1) over X) v (R is atomic (2) over X) v 

(R is atomic (3) over X) v (R is atomic (4) over X) , 
R is not-S for 

partrel(S) A '" (3x) '" [xEDomain (R) == xEDomain (S)] A 
'" (3f) '" [fER  == '" fES] , 

(I t  Domain (S» ES for 
(3g) [gES  A '"  (3x) '" [xEDomain (S) -::;f(x) = g (x)]] , 

R is S-and-T for 
partrel (S) A partrel (T) A 

'" (3x) '" [xEDomain (R) == (xEDomain (S) v xEDomain (T)] A 
'" (3f) '" [fER == «(I r Domain (S» ES A (lr  Domain (T» E T)] , 

R is S-or-T for 
partrel (S) A partrel (T) A 

'" (3x) '" [xEDomain(R) == (xEDomain (S) v xEDomain (T» ] 1\ 
'" (3f) '" [fER == «(f t Domain (S» ES  v (I r Domain (T» E T)] , 

R is S-implies-T for 
partrel (S) A partrel (T) A 

'" (3x) '" [xEDomain (R) == (xEDomain (S) v xEDomain (T» ] A 
'" (31) '" [fER == «(I I Domain (S» ES -::; (f t Domain (T» E T)] , 

f= g r  Domain (R) for 
domain (f) = Domain(R) A 

R is (3n)S over X for 
partrel(S) A integer (n) A 

,..., (3x) '" [X E Domain (R) -::; f (x) = g (x)] , 

'" (3x) '" [xEDomain(R) == (xEDomain(S) A '" x = n)] A 
'" (3f) '" [fER == (3g) (gES Af = g t Domain (R) A g (n) E X)] , 

R is a definable relation over X for 
(3F) (3n) {function (F) A integer (n) A domain (F) = n A 
'" (3x) '" [xEn -::; F(x) is atomic over X v 

(3y) (YEX A F(x) is not-Fey»� v 
(3y) (3z) (YEX A ZEX 1\ F(x) is F(y)-and-F(z» v 

(3y) (3z) (YEX A ZEX A F(x) is F(y)-or-F(z» v 
(3y) (3z) (YEX A ZEX A F(x) is F(Y)-implies-F(z» v 
(3y) (3k) (YEX A integer (k) A F(x) is (3k)F(y) over X)] A 

(3m) (mEn A F(m) = R)} , 
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X is dtifinable over Y for 
(3R) (3n) {partrel(R) A integer(n) A R is a definable relation over Y II 

- (3x) - [xEDomain (R) == x = n] A 
- (3x) - [XEX== (XE Y A (3f) (fER Af(n) = x))]} .  

Remark 1 . 1 : In the above we have used a few additional minor but 
obvious abbreviations. 

This approach to first order definability using partial relaitons is due 
to Smullyan. Intuitively, if we have the formula X(X2' X4, xs) which is 
true over the set Y for an instance x2 =a, x4= b, Xs = C, we can consider 
instead of the instance the partial function j' with domain {2, 4, 51 such 
thatJ(2)=a, J(4)=b, J(5)=c. Instead of the formula X itself, we can 
consider the collection of all partial functions with domain {2, 4, 5} which 
represent true instances of X as above. This collection is called a partial 
relation. 

We leave to the reader the verification of the fact that classically 
(X is definable over Y) does indeed represent first order definability. In 
the next sections we consider to what extent it represents it in our intu­
itionistic models. We also leave to the reader such elementary facts as 

ZF f-J R is atomic over X::J partrel (R) 
ZF f-J partrel (S) 1\ R is not-S::J partrel (R) 
ZF f-J partrel (S) 1\ partrel (T) 1\ R is S-and-T::J partrel (R) 
etc. 

§ 2. Adequacy of the definabiJity formula 

In this section we state two theorems of considerable use, whose classical 
analogues are reasonably intuitive. For the intuitionistic case the theo­
rems are less obvious. The proofs are tedious and we relegate them to 
an appendix. 

Theorem 2.1 : Let (t§, Bl, 1= ,  :7) be ordinalized and suppose for some 
r E t§ and some g,J  E:7 r 1= f is definable over g. Then there is some r* 
and some dominant formula X(x) with no universal quantifiers such that 

(1). every quantifier of X is bound to g, 
(2). if a is a constant of X other than a quantifier bound, r* F (aeg), 
(3). r* 1= - (3x)- [XEJ == (XEg I\ X(x))]. 
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Theorem 2.2 : Let ('§, Bi, 1=, [1') be ordinalized and J, ge[l'. Suppose 
X(x) is a formula with no universal quantifiers such that for some re'§ 

0). every quantifier of  X i s  bound to g, 
(2). if a is a constant of X other than a quantifier bound r 1= "" "" (aeg), 
(3). r"" (3x)"" [xef == (xeg A X(x»)]. 

Then r 1= "" "" (f is definable over g). 

Corollary 2.3 (to theorem 2. 1) : Let ('§, 81, 1=, [1') be ordinalized, ge[l',., 
and r l=  f is definable over g. Then for some ke[l'f%+1 - [I'f% and some r* 
r* 1= (f=k). 

Proof: rl= f is definable over g, so there is a dominant formula X(x) 
and a r* as in theorem 2.1  above. 

Suppose the constants of X(x) other than 9 are al' a2, . . .  , an' 
r* 1= (al eg) so there is an hi e [l'f% such that r* 1= (al =hl). Similarly we 
find h2' . ' " hne[l'f% for a2, . , , ' an' Let X' be 

By "Weak substitutivity DE equality 

r* 1= I'oJ (3x) '" [X (X) == X' (X)] . 

Let Y(x) be X' (x) A xeg. Then all constants of Y are in [1'17.' Let 
kye [l'd l - [I'f%' We claim r* l= (ky=f). We leave the verification of this 
to the reader, after noting that by a classical-intuitionistic argument we 
have r l=  f£g and ge[l'f%' 

§ 3. co-dominance 

This definition of co-dominance is not to be confused with that of ch. 7 § 16 
which was used only that section. 

We consider only ordinalized models. We call a formula X(Xt ' . ' "  XII) 
with no constants co-dominant, if for any oce V such that (;)e[l'f%' and for 
any constants Ct , " . , cne[l'f% 

We wish to show all the formulas of § 1 are w-dominant. 
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Lemtnll 3.1 : If (t§, ge, 1=, Y') is ordinalized, ...... (3x) ...... [xe&>:: integer(x)] 
is valid. 

Proof" Suppose r 1= (ae&» . Then for any r* r* 1= (ae&» . But r* 1= ordi­
nal a so there is some r** and some ordinal IX such that r** 1= (a=I2). 
Then r** 1= ...... ...... (l2e&» . Then it must be that lXero, hence IX is some integer 
n. Thus r** 1= (a= ii). But r** 1= integer (ii), so r** I= ,.., ...... integer (a). Thus 
r l=  ...... ...... integer (a). 

Conversely, if r 1= integer (a), for any r* r* F integer (a). Then there is 
some r** and some integer n such that r** F (a= ii). But nero so 
r** 1= (iie&» . Thus r** F ...... ...... (ae&» , r F  ...... ...... (ae&» . Since r is arbitrary, 
the result follows. 

Now replace in all the formulas of § 1 integer (x) by xe&>. By the above 
lemma, the resulting formulas are weakly equivalent to the originals 
(i.e. their negations are equivalent) which is sufficient for our purposes. 

We call a formula with constants dominant if the corresponding 
formula with free variables replacing the constants is dominant. 

We leave it to the reader to show the formulas produced above are 
dominant. For example, partfun (I) is 

function (I) 1\ (3n) (integer (n) 1\ domain (I) s; n) . 

This becomes 
function (I) 1\ (3n) (ne&> 1\ domain (I) S; n) , 

and the corresponding formula with no constants is 

function (y) 1\ (3n) (nex 1\ domain (y) S; n), 

which is dominant. 
It then follows that the formulas of § 1 are ro-dominant. 

§ 4. The Mil sequence 

Let (lis M(IX)) be an abbreviation for 
ordinal(lX) 1\ ...... ...... (3F) {function (F) 1\ domain (F) = IX' 1\ 

,.., (3x) ...... [xelX' ::> [(x = 0 1\  F(x) = 0) v (3y) (x = y' 1\ 
'" (3z) ,.., [zeF(x) :: z is definable over F(y)]) v 

(limit ordinal(x) 1\ ...... (3z) ...... [zeF(x) :: (3w) (wex 1\ 
zeF(w))])]] 1\ F(IX) = f} . 
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Remark 4.1 : By a c1assica1-intuitionistic argument we have 

ZF �I '" (3x) (3y) (3z) - {[x is M(z) 1\ 
'" (3w) '" (WEY == W is definable over x)J ::::> y is M(z')} . 

Lemma 4.2: Suppose ('§, fll, 1= , .<7) is ordinalized, 6>, &,fE .<7p, and 
(J is M(&» is valid. Then there is some gE .<7P+2  - .<7P+ l  such that 

--
(g is M(IX +  1» is valid. 

Proof" Let X(x) be the formula (x is definable over f), and let 
--

UxE .<7P+2 - .<7P+ l .  We claim (gx is M (ct + l» is valid. Since (x is M (y» 
--

is stable, we may show ", ", (gx is M(IX +  1» is valid. Using the above 
remark, it suffices to show ", (3w)- [WEgx==W is definable over fJ is valid. 

Suppose r l= (CEgx). Since gxE .<7P+ 2 - .<7P+l '  r l= (c=d) l\ (dEgx) for 
some dE.<7p+1 .  So 

So by OJ-dominance 

r l=p+2  (dEgx), 
r l=p+ 1 X(d) , 
f I=P+ l  (d is definable over f) .  

r 1= (d is definable over f), 
r 1= ,..., '" (c is definable over f). 

Conversely, if r l=  (c is definable over f), by corollary 2.3 for some 
dE.<7p+1 - .<7P' r l=  (c=d). So 

and by OJ-dominance 
r 1= '" '" (d is definable over f) ,  

r 1= p + 1 '" '" (d is definable over f), 
r I=p+ 1 '" '" X(d) , 
r l=p+ 2 '" '" (dEgx), 
r l=  '" '" (dEUx), 
f l= '" '" (CEgx) . 

Since r is arbitrary, the result follows. 

Lemma 4.3: Suppose ('§, fll, 1= , .<7) is ordinalized. Let IXE V, and let () 
be the largest non-sUCCessor ordinal �IX. Then 1X={)+n  for some integer 
n � O. There is an fE .<7HW+ 211+1  such that (J is M(&» is valid in 
('§, fll, 1=, .<7). 
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Proof' By induction on IX. 
If IX = 0, the result becomes : there is an / e [/01+ 1 such that (I is M (0» 

is valid. But by a c1assical-intuitionistic argument 

'" (3x) '" [ '"  (3y) (y e x) :=l x is M (x)] 

is valid, and since Oe [/ l' we have ....., '" (0 is M (0» is valid, or by stability 
(0 is M (O» . 

Next suppose the result is known for a. The result for a + 1 follows by 
lemma 4.2. Finally suppose a is a limit ordinal and the result is known 
for all ordinals <IX (here a = b). We must show for some /e [/"+01+ 1  
lis M(&) i s  valid. But i t  follows from the methods of ch. 9 that &e[/"+1 '  
so &e[/..+01' Let X(x) be the formula 

(3y) (y e &  A (3z) (z is M (Y) A x e z» 

and let/xe[/"+01+1  - [/rz+01' We claim (Ix is M(&» is valid. 
Since (limit ordinal (&» is valid, we must show 

"'" (3x) '" [x e/x == (3y) (y e &  A (3z) (z is M (y) A x e z» ] 

is valid. But this is OJ-dominant, so we must show it is valid In 
<'§, Bl, Frz+w+ 1 , [/a+w+1), but this follows from the validity of 

,.., (3x) '" [X (x) == (3y) (y e &  A (3z) (z is M (y) A x e z))] 

in <'§, fA, F..+w, [/ .. +w) (this is valid trivially because it is an identity). 

Theorem 4.4 : Suppose ('§, Bl, 10 ,  [/) is ordinalized and ae V. There is 
some/e [/ such that (l is M (&» is valid in ('§, fA, 10, [1'). 

§ 5. Representatives of constructable sets 

Somewhat as we did with ordinals in ch. 9 § 3 we associate with con­
structable sets elements of [I' which will represent them. We find it 
sufficient to work with general representatives, and do not single out 
canonical ones. 

We make the following preliminary definitions. We call a formula 
with no universal quantifiers E-stable if every subformula beginning with 
a quantifier is of the form (3x) Y(x) where Y(x) is stable. Classically any 
formula is equivalent to many E-stable formulas. For a formula X by X' 
we mean the formula X with all quantifiers bound to y. That is, if a 
subformula of X is of the form (3x) Y(x), the corresponding subformula 
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of XY has the form (3x) [XEY A yY (x)]. Clearly if X is E-stable, XY has 
strongly bounded quantifiers and so by ch. 7 § 7 XY is dominant. 

Now suppose (CfJ, 81, 1=, !/) is ordinalized. Suppose we have defined 
representatives in !/ for all the elements of M". Let CEM<>+1 -M". Then 
C is a classically definable subset of M". Let X(x) be any E-stable formula 
which defines C over M". Suppose the constants of X are C1, • • •  , Cn. These 
are all in M". Let C1, . . .  , Cn be any representatives in !/ of C1, . . .  , Cn 
respectively, and let f( be 

X (C1 . . .  Cn) . C1 . .  · Cn 

By theorem 4.4 there is an fE!/ such that (J is M(<2» is valid in 
(CfJ, 81, 1=, !/). Choose one suchf. Le Y(x) be the formula [xEf A f(f(x)]. 
There are only finitely many constants in Y(x). Let !/(J contain them all. 
Consider g y E!/ p + 1 - !/ p. We call g y a representative of the construct­
able set C. In this way we may associate representatives in !/ to every 
element of L, the class of constructable sets in V. 

Representatives as defined are of course non-unique. They depend on 
the particular formula X chosen, on which J, on which representatives 
for the constants of X, and on which p. However, we will show later that 
if f and g both represent the same constructable set, (J = g) is valid in 
(t§, [lA, F, Y'). 

We shall use the ambiguous notation that C is any one of the repre­
sentatives of the constructable set C. Since an ordinal ex is also a con­
structable set, Ii is doubly ambiguous, but it will be clear from context 
whether we mean the ordinal or the constructable set representative. 
Moreover, as we show later, these two notions are closely connected. 

§ 6. Properties of constructable set representatives 

Let (x is constructable) be an abbreviation for the formula 

(3z) (3y) (ordinal(z) A y is M(z) A XEY) . 

In this section we show : 

Theorem 6.1 : Let <t§, [lA, F, !/) be ordinalized and suppose for some 
rECfJ r t= (3y) (y is M(<2) AfEY). Then there is some r*, some CeM", 
and some C representing C such that r* F (J = C). 
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Corollary 6.2: If «(g, Pll, F, .'7) is ordinalized and r F (f is eonstruetable), 
then for some r*, some constructable set C, and some representative C 
of C r* F (f= C). 

Theorem 6.3 : If «(g, Pll, F, .'7) is ordinalized, CEMf1.' and C is any 
representative of C, then '" ", (3y) (y is M(&) A CEY) is valid in 
(�, Pll, F, .'7). 

Corollary 6.4 : If «(g, Pll, F, .'7) is ordinalized, C is a constructable set, 
and C is any representative of C, '" '" (C is constructable) is valid in 
«(g, Pll, F, .'7). 

Proolol theorem 6.1 : By induction on IX. 
If IX=O, since Mo=0, it follows that ", (3y) (y is M(O) A lEY) is valid, 

so the result is trivial. 
--

Suppose the result is known for IX and r F (3y) (y is M(IX+ 1) A lEY). 
By a c1assical-intuitionistic argument 

ZF f-I ", (3 1) (31X) (3y) '" [(successor ordinal(lX) A y is M(IX) A/EY) 
=> (3z) (3P) (ordinal(p) A IX = pi A Z is M(P) Alis definable over z)] . 

--
Moreover, (successor ordinal (IX + 1» is valid, so 

--
r F '" '" (3z) (3 PH ordinal (P) A IX + 1 = pi A 

Z is M (P) A I is definable over z) .  

I t  then follows that for some 9 E .'7 and some r* that r* F 9 is M (&) A I is 
definable over g. But we have shown there is an hE .'7 such that (h is M(&» 
is valid. Thus r* F h  is M(&) and by a c1assical-intuitionistic argument 
r* F (g = h). Thus r* F '" '" (f is definable over h). There is some r** such 
that r** F (f is definable over h). Now by theorem 2.1  there is some 
dominant formula X(x) with only existential quantifiers, with all quanti­
fiers bound to h, and some r*** such that if a is a constant of X(x) 
other than a quantifier bound, then r*** F (aEh) and r*** F ", (3x) 
"'" [xE/= (xEh A X(X) J . 

There are only a finite number of constants al '  . . . , an in X. Consider al ' 
r*** F (al Eh) A (h is M( &» .  By induction hypothesis there is some r**** 
and a CE M" such that r**** F (al = Cl). Consider a2 similarly, starting 
with r****, and so on to an' Thus we get some r*** . .  · *=J  and some 
Cl, . . . , CnE  Mf1. such that J F (al = Cl) A ' " A (an = Cn). 
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Now let X' be 
x ( a1 • • .  a�) . 

C1 • • • Cn 

Then by weak substitutivity of equality 

L1 F - (3x) - [x ef == (x e h  A X' (x» ] .  
Let Y(x) be the formula xeh A X' (x). Let .9p contain all the constants 
of Y(x) and J, and consider gye.9p+1  - .9p• By definition, for some 
Ce Ma;+1 gy represents C. We claim J I= (f=gy). 

By dominance, we must show L1 Fp+ 1  (f=gy), or equivalently 

L1 l=p - (3x) - [x ej == Y (x)] 
or 

A Fp - (3x) - [x ef == (x e h  A X' (x» ] . 
But this is dominant so we must show 

A 1= - (3x) - [x ef == (x eh  A X' (x))] 
which we have. If IX is a limit ordinal, the result is trivial. 

Lemma 6.5 (for theorem 6.3) : Suppose <t'§, fJi, 1=, Y) is ordinalized. 
Suppose that for any Ce Ma; and for any representative C of C 
- - (3y) (y is M(&) A Cey) is valid in <t'§, fJi, 1=, .9). Then for any 
CeMa;+1 and for any representative C of C - - (3y) (y is M (;t..l) A 
Cey) is valid. 

Proo!' Let Ce Ma;+ l '  and let C represent C. Since C represents C, 
C isjyeYy + 1 - Yy, where Y(x) is (xehA g-h (x» , where X(x) is E-stable, 
X(x) defines Cclassically over Ma;, and (h is M (�» is valid in (t'§, el, 1=, .9). 

But - (3x)- [xe C:a: (xeh A g-h (x» ] is valid (remember that g-h (X) is 
dominant, and h e Yy)' Moreover, suppose a is some constant of Xh (X) 
other than a quantifier bound. By definition a must represent some ele­
ment of Ma;, so by hypothesis '" - (3y) (y is M (�) A aey) is valid. But 
again (h is M(�» is valid, so by a cIassical-intuitionistic argument 
'" ,.., (a E h) is valid. Now by theorem 2.2 ,.., '" (C is definable over h) is 

--
valid and IX + 1 = IX' is valid, so by another classical-intuitionistic argu-
ment - ,.., (3y) (y is M(;+i) A Cey) is valid. 

N ow theorem 6.3 follows by a straightforward induction on IX. 
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§ 7. The principal result 

This section is devoted to showing the following : 

Theorem 7.1 : Let ('§, 24, F, [/) be ordinalized. Then 
(1). If C,DEL, and C, D are representatives of C, D respectively, then 

CED iff - ",, (CED) is valid, and C¢D iff - (CED) is valid. 
(2). If/ and g both represent the same constructable set, (J = g) is valid. 
(3). If/represents the ordinal IX in an ordinal sense and g represents IX 

in a constructable set sense, (/ = g) is valid. 

We first show 

Lemma 7.2: Let ('§, 24, F, [/) be ordinalized. Let X be an E-stable 
formula with no universal quantifiers, with all quantifiers bound to Ma., 
and with all constants other than quantifier bound elements of Ma.. By X' 
we mean (in this lemma) any formula which is like X except for having 
some representative C in place of C, for every non-quantifier-bounding 
constant of X, and having all its quantifiers bound to h instead of Ma.' 
where hE[/ is such that (h is M(&)) is valid. Then for the following to 
hold for all such formulas X, it is sufficient that they hold for atomic X: 

X is true over Ma. => "" - X' is valid in ('§, 24, F, .9") , 
X is false over MIX. => '" X' is valid in ('§, 24, F, .9") . 

Proof' By induction on the degree of X. Suppose the result is known 
for all formulas of degree less than that of X. We have five cases : 

(1)-(4). Since 
(Y 1\ Z)' = Y' /\ Z' , 

(Y v Z)' = Y' V Z' , 

( ""  Y)' = "" Y' , 
(Y  => Z)' = y' => Z' , 

the four propositional cases follow easily. 
(5). Suppose X is (3x) (xE Ma. /\  Y(x)) (where Y(x) is stable) and the 

result is known for Y. X' is (3x) (xEh /\ Y' (x)). 

X is true over Ma. => for some C E M,. Y ( C) is true . 

But then by induction hypothesis - "" Y' (C) is valid (for any repre­
sentative (7). Since CEM,., by theorem 6.3 "" -(3y) (y is M(&) /\ CEY) is 
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valid. It follows that '" '" (CEh) is valid. Thus '" '" (CEh) A '" ,..., Y' (C) 
is valid, which implies ,.., ,.., (3x) (XEh A Y' (x)) is valid, i.e. ,.., ,.., X'. 

Conversely 

X is false over M" => for every C E M" Y (C) is false over M" . 
Suppose for some T T )l  ,.., X'. Then for some T* T* 1= X' and 

r* I= (3X) (X E h  A Y' (x)) . 

For some aE!/ r* 1= (aEh A Y' (a)). But T* I= h  is M(&), so by theorem 6.1 
for some CEM" and some T** 

r** 1= (a = C) , 
T** 1= ,..., ,.., y' (C) . 

But by hypothesis ,.., Y' ( C) is valid. Thus ,..., X' is valid. 

Now we show part (1) of theorem 7.1 .  The proof is by induction on the 
order of D (D is of order oc if DE Ma:+ 1 -M,,). 

Suppose D is of order oc and the result is known for all constructable 
sets of lower order. DEMa:+l -M" so D is a definable subset of M". Let 
jj be some corresponding element fy E!/ p + 1 - !/ p, where Y (x) is the 
formula (xEh A Xh (x)), where (h is M(&)) is valid and X defines D over M". 

CED iff X(C) is true over M". By induction hypothesis, the conclusion 
of the above lemma is known for all atomic formulas over M", and hence 
for all formulas. Thus 

CED => X (C) is true over M" 
=> ,.., ,..., X' (C) is valid . 

But CE M" and (h is M(&)) is valid so "" ",, (CEh) is valid. Thus 
'" ,.., [CEh A Xh ( C)] is valid. By dominance ,..., ,.., [CEh A Xh (C)] is valid 
in ('§, &I, I=p, !/p), that is ,.., ,..., Y(C). Then ,.., "", (CED) is valid in 
('§, f1Il, I=P+ l o  !/P+l) and hence in ('§, &1, 1=, !/). 

The second half is similar, and the result follows. 
Next we show part (2). Suppose f and g both represent the same 

constructable set DE M"+l -M". Suppose TI=  (aEf). Since DEMa:+l '  by 
theorem 6.3 r 1= '" ,..., (3y) (y is M (� AfEY). By a classical-intuitionistic 
argument T 1= ,.., ,.., (3y) (y is M (&) A aEY). Then for any T* T* 1= ,.., '" (3y) 
(y is M (&) l\ aEY). Now by theorem 6.1 there is some CEM" and some 
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r** such that r** f= (a = C). But then r** 'F ",  "' (Cej), so by part (1) 
of the theorem, CED is true (since / represents D). But since g also re­
presents D, r** 'F '"  ",(CEg). So r** I= ",  ", (aEg), r l= ",  - (aEg). Since 
r is arbitrary and the argument with/and g is symmetric, part (2) holds. 

Finally, to show part (3) we proceed by induction on the ordinal IX. 
Suppose the result is known for all p <a. Let O (a) be some ordinal 
representative of a, and C (IY.. ) be some constructable set representative. 

If rl=aE O (a), for any r* r* f:aE O(a). But r* f= ordinal o (tX), so 
r* 1= ordinal a. Now by the results of ch. 9, there is an ordinal P and a r** 
such that r** l=a=O(p). Thus r** 'F O(fJ)E O (a.) so it must be the case 
that PEIY... But then by part 1 above r** 1= C(fJ)eC(tX), and by induction 
hypothesis r** 1= 0 (P) = C(fJ). Thus r** 1= '" '" (0 (fJ)E C(a» , r** 1= '" 

"' (aEC(tX» , so r l= ",  - (aEC(tX» . Since r is arbitrary, O (tX) s C(tX) is 
valid. The converse inclusion is similar. 



CHAPTER 1 2  

INDEPENDENCE OF THE 

AXIOM OF CONS TRUCTABILITY 

§ 1. The specific model 

Once again the model presented is adapted from Cohen [3]. Let e and a 

be formal symbols. By a forcing condition we mean any finite consistent 
set of statements of the form (nea) or ...., (nea) for an)' inte<&er n. 

Let rJ be the collection of all forcing conditions, and let &t be set 
inclusion £ .  :70 consists of the functions 0, 1, �, . . .  , and a. The defi­
nitions are as follows : 

For each integer n, ft has as domain {a, 1, . . . , ;:"1}, and if m<n, 

ft (m) = ri . 

a has as domain {a, T, �, . . . }, and 

a ( ft) = {r I (n e a) E r} . 

Then Fo for atomic formulas is simply 

r Fo (m E ft) if m E n ,  
r Fo (ft Ea) if (n ea) E r .  

We leave to the reader the verification that (ri, rH, Fo, :70) satisfies 
the five properties of ch. 7 § 3. Property (4) is shown just as in chs. 8 or 10. 
Thus (ri, &t, F, :7) is an intuitionistic ZF model. We also leave to the 
reader the straightforward verification that (ri, &t, F ,  :7) is ordinalized. 
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§ 2. Axiom of constructability 

Theorem 2.1 : (3x)� [x is constructableJ is valid in ('§, !Jf, 1=, Y). 
Proof: We show in particular that � (a is constructable) is valid. 
Suppose for some r E "# r 1= (a is constructable). By corollary 1 1 .6.2 for 

some constructable set CE V and some r* r* 1= (a= C). We will show 
this is not possible. 

Let r*+ be {n I (nea)Er*} . We have two cases : 
Case (1 ) :  every integer of C is in r* + .  Choose some integer n such 

that (nea) is not in r* (recall that F* is finite). Let r** be r*u {(nea)}. 
Then r**E "#  and r*!Jfr**. But n�C, so r** 1= ,..., (flE C). Since (nea)Er**, 
r** 1= (flEa), which is not possible. 

Case (2) : some integer of C is not in r* +. Let n be such an integer. 
Let r** be r* u {,..., (nea)}. Again r**E"#  and r*!Jfr**. But nEC, so 
r** 1= '" ....., (fl E C). Since ,..., (nea)Er**, it follows easily that r** 1= � (ilEa), 
which is again impossible. 

Hence r .li  (a is constructable), and since r is arbitrary, the theorem 
follows. 

Now we have classical independence by the results of ch. 7 § 1 .  In ch. 13 
we will show that the axiom of choice and the generalized continuum 
hypothesis are both valid in this model, so the full independence is 
established. 

Remark 2.2 : This proof actually shows the stronger fact that every set 
of integers is constructable is independent, since a£w is valid in the 
above model. 



CHAPTER 13  

ADDITIONAL RESULTS 

§ 1. [/ cz representatives 

Definition 1 . 1 : We say se [/ represents [/" if 
(1). g e [/cz implies ..... "' (ges) is valid in ('§, fA, 1=, [/), 
(2). if r l= (g es), then for some r* and some hE [/cz r* 1= (g =h). 

Lemma 1.2 :  Suppose X(Xl ' . . .  ' xn) is a formula with no universal 
quantifiers, and with all constants from [/". Then for any Ct, . . .  , CnE[/,. and 
any rE'§ 

r l=cz ", X(C1, · · · '  cn) iff r l= ", x' (c1 ,  . . .  , cn) 

(X' is X relativized to s). 
Proof A straightforward induction on the degree of X. 

Lemma 1.3 : Suppose s represents [/cz. Then for any IE [/:  
(1). If IE [/,.+! ,  '" "' (l is definable over s) i s  valid. 
(2). If r l= (/ is definable over s) then for some r* and some he [/cz+1 

r* 1= (1= h). 
Proof· Suppose/E [/cz+ 1 ·  If le [/,., the result is simple. Ifje [/a+ 1  - [/,., 

then / is lx for some formula X over [/,.. We claim - (3x)- [xE/x= 
(XES I\ XS (X» ] i s  valid i n  ('§, fA, 1=, [/). We leave this t o  the reader, 
using the above lemma. It then follows by theorem 1 1 .2.2 that - '" (I is 
definable over s) is valid. 

Suppose conversely that r 1= (I is definable over s). By theorem 1 1 .2 . 1  



CH. 13  § 2 DEFINmON FUNCTIONS 1 53 

there is some r* and a dominant formula X(x) with no universal 
quantifiers, bound to s, with every non-quantifier-bounding constant 
a such that r* F (aEs), such that 

r* F "'" (3x) ,..., [X EJ  == (XE S  A X (X))] . 

Now for any a of X(x) r* t= (aEs), so for some a' E sPa, and some r** 
r** F (a=a'). Similarly with all constants of X(x) (other than s). Thus 
we have A =r**' ' '* such that if b is any constant of X(x) other than s, 
there is some b' E sPa. such that Li F (b = b'). Now let X' be like X except 
for containing a' E sPa. for each a of X. Then it follows that 

A F ,..., (3x) ,..., [X EJ  == (XE S  A X' (x» ] . 

Let X" be like X' except for having unbounded quantifiers. Then X" 
is a formula over sPa.. Let hX"E sPa.+ l - sPa.. We claim Li F (f=hX "). This 
follows immediately by lemma 1 .2. 

Lemnuz 1.4: If S represents sPa. and t represents sPa,+l ,  then 

,..., (3x) ,..., [x E t == x is definable over s] 

is valid in ("§, [lA, 1=, sP). 
Proof' By lemma 1 .3 and definition 1 . 1 .  

Lemma 1.5: If s represents sPa. and ,..., (3x),..., [XE t==X  is definable over s] 
is valid in ("§, [lA, 1= ,  sP), then t represents sPIX+ 1' 

Proof' Again straightforward. 

Remark 1 .6 :  Every sPa. is, of course, representable. Let X(x) be the 
formula X =X, and letfxEsPa,+l - sPa.. Thenfx represents sPa,. 

§ 2. Definition functions 

Let (F is a P length s function) be an abbreviation for 

function (F) A ordinal (P) A domain (F) = P A 
,..., (3y) ,..., {y E p ::J  [(y = 0 A F(y) = s) v 

(3.5) [.5 E y  A Y = .5' A ,..., (3x) ,..., (X E  F(y) == 
x is definable over F(.5» ]  v 

[limit ordinal (y) A ,..., (3x) ,..., (x EF(y) == (3.5) (.5 E y  A X E F(.5» )]]} . 
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The following is left to the reader. 

Lemma 2.1 : If 

r f= [(p e y) /\ F is a p length sfunction /\ G is a y length sfunction] 
then r f= (F£ G). 

For the rest of this section we assume our models are ordinalized. 

Lemma 2.2: Let s e :/l - :/0 represent :/0' Then for any p � O  there is 
--

an Fe :/ p + 3 - :/ p + 2 such that [F is a p + 1 length s function] is valid in 
«(1, fII, f=, :/), and for any y<p, if r f= (h=F(1)), then h represents :/y. 

Proof" By induction on p. 
If p=O, let X(x) be the formula x = (<>, s) and consider Fx e :/3 - :/2 '  
Suppose the result is  known for p. Then there is an Fe:/ p + 3 - :/ p + 2 
satisfying the lemma. Let f e :/  p + 2 - :/ p + 1  represent :/ p + l' Let X (x) 

--
be the formula xeFv x = (P+ 1 ,[) and let Gx e :/p + 4 - :/P + 3 '  If P is a 
limit ordinal and the result is known for all lesser ordinals, let X(x) be 
the formula 

(3y) (3F) (y e p  /\ F is a y length s function /\ x e F) 

and let GX e :/fJ + 3 - :/fJ + 2' 
We leave verifications to the reader. 

Theorem 2.3: Let se :/1 - :/0 represent :/0' Then 

'" (3x) '" (3P) (3F) [F is a P' length s function /\ x e F(P)] 

is valid in «(1, fII, f=, :/). 

§ 3. Restriction on ordinals representable 

We devote this section to a brief sketch of the proof of 

Theorem 3.1 : Suppose «(1, fII, f=.o, :/.0) is itself an ordinalized intui­
tionistic ZF model, where Q > O. Then exactly the ordinals < Q are 
representable in :/.0' 

Proof" Trivially Q must be a limit ordinal, so by the work of ch. 9 at 
least the ordinals < Q are representable in Y.o. We show now that 
tJ rt:/.o. 
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Since .0 > 0  there is an SE!/l - !/O (and hence SE!/n) such that S 
represents Yo (see § 1 ). By the work in § 2 the following is valid in 
(td, [fl, I=n, !/ n> : 

- (3x) - (3P) (3F) [F is a fJ '  length S function A x E F(fJ)]. 

Suppose nE!/ n. It then follows that 

- (3x) - (3fJ En) (3F) [ F is a fJ '  length S function A x E F(fJ)]] (1) is valid in «(g, [fl, I=n, !/ n>. 
Moreover fJ length S functions form a chain, that is the following is 
valid in «(g, [fl, I=n, !/n> : 

'" (31X E n) (3fJ En) (3F) (3G) 
,..., [(IX E fJ A F is an IX length s function A G is a fJ length s function):::> 

F s;  G] 
(see § 2). 

It then follows that the following is valid in «(g, [fl, I=n, !/ n> (using 
obvious abbreviations) 

- ,..., (3 y) (y = U {F I F is a fJ '  length s funetion,for fJ E n}). (2) 

From (1) and (2) the validity of - ,..., (3z)- (3x)-(XEZ) follows, 
which is not possible. 

§ 4. A classical connection 

The result of ch. 1 1  § 7 may be extended to 

Theorem 4.1 : Suppose «(g, [fl, I= , !/> is ordinalized. Let X be any 
formula with no universal quantifiers, no free variables, and all constants 
from L. Let X' be like X except for having constants C where X has C, 
and having all its quantifiers bound to the formula (x is eonstruetable). 
Then 

X is true over L iff - - X' is valid in «(g, [fl, 1=, !/> . 
X is false over L iff - X' is valid in «(g, [fl, 1=, !/> . 

Proof" By induction on the degree of X. If X is atomic, the result is 
theorem 1 1 .7. 1 .  

Suppose the result i s  known for all formulas of  degree less than that of 
X. The four cases X is Y:::> Z, - Y, Yv Z or Y A Z are simple. 
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Suppose X is (3x) Y(x). Then X' is (3x) (x is eonstruetable A Y' (x» . 
If X is true over L, for some CeL y(c) is true over L. By induction 
hypothesis � � Y' (C) is valid. But by corollary 1 1 .6.4 ,...., � (C is eon­
struetable) is also valid. Hence (3x) ('" '" x is eonstruetable A "' ,...., Y' (x» 
is valid. But this implies ", '" (3x) (x is eonstruetable A Y' (x» is valid, i.e. 

Conversely suppose X is false over L. Then Y(C) is false over L for 
every CeL. By induction hypothesis ", Y' (C) is valid for every CeL. 
Now suppose for some reG r ,li  - X'. Then for some r* r* l= x' or 
r* F (3x) (x is eonstruetable A Y' (x» . For some ae Y' r* F (a is eon­
struetable A Y' (a» . By corollary 1 1 .6.2 for some r** and some CeL 
r** F (a= C), so r** F '" '" Y' (C), a contradiction. 

Remark 4.2 : Suppose ('§, P.i, FD, Y'D> were itself an ordinalized in­
tuitionistic ZF model. We showed in § 3 that exactly the ordinals < 0  
are representable in Y'D' It then follows that for any Ce MD Ce Y' g, 
and conversely. This may be shown by adapting the methods of ch. 1 1 . 
Now the above theorem may be restricted to 

Theorem 4.3: Suppose ('§, P.i, Fg, Y' g> is an ordinalized intuitionistic 
ZF model. Let X and X' be as above, save that X has constants only 
from MD' Then 

X is true over Mg iff '" '" X' is valid in ('§, P.i, Pg, Y' g> , 
X is false over Mg iff '" X' is valid in ('§, P.i, Fg, Y' g> . 

Proof' This may be shown exactly as theorem 4. 1 was shown. It is 
simple to establish that the theorem 7. 1 relativizes to < G, P.i, Fg, Y' g> in 
the obvious manner. 

§ 5. Sets which are models 

Classically certain of the Ma themselves may be ZF models. For example 
Mo, where 0 is the first inaccessible cardinal, is such a model. We now 
examine the intuitionistic counterpart. 

Theorem 5.1 : Suppose Ma is a classical ZF model, and ('§, P.i, Fo, Y' 0) 
eMa• Then ('§, P.i, I=a, Y'a) is an intuitionistic ZF model. 

Proof' In the proofs of ch. 7 V was any arbitrary classical ZF model. 
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If we take V to be Ma., all the results still hold. But now the class model 
(G, f!i, F, [f) with respect to Mer. is actually <r§, f!i, F«, [fa.). 

Theorem 5.2 : Suppose <r§, f!i, Fez, [fez) is an ordinalized intuitionistic 
ZF model. Then M« is a classical ZF model. 

Proof' Let X be any ZF axiom stated with no universal quantifiers. 
Since X has no constants, X' as in theorem 4.3 is simply X relativized to 
the constructable sets. It is shown in the course of the G6del consistency 
proofs that ZF f-cX' (for example see [3]). Hence as usual ZF f-I", ,,,X'. 
Thus ", - X' is valid in (r§, f!i, Fez, [fez). Now if X were not true over Ma.' 
by theorem 4.3 ",X' would be valid in <r§, f!i, Fa., [fez). Hence X is true 
over Moc. 

§ 6. Restriction on cardinals representable 

In ch. 9 § 8 we called <r§, f!i, F, [f) cardinalized if all the cardinals of V 
were cardinals of g. We now want to verify the remark made there that 
the cardinals of g were the same as the cardinals of L. More precisely : 

Theorem 6.1 :  Suppose <r§, f!i, F, [f) is ordinalized, and for some aE V 
and some rE r§ r l= (cardinal (12» . Then a is a cardinal of L, the class of 
constructable sets of V. 

Proof' Suppose a is not a cardinal of L. Then for some pEa and some 
FEL the following formula is true over L :  

[Junction (F) A 1- 1 (F) A domain (F) = p A range (F) = a]. 

But pea, so '" ", (pe&) is valid in (r§, f!i, 1=, [f). By theorem 4. 1 

'" ,...., [function (F) A 1 - 1  (F) A domain (F) = P A range (F) = a]' 

is valid in <r§, f!i, 1=, [f). But this is 

- ,...., [functionL (F) A 1 - 1  L (F) A domainL (F) = P A rangeL (F) = 12] 
where the superscript L means the formula has been relativized to 
(x is constructable). But classically 

ZF f-c ,...., (3x) ,...., [(x is constructable A functionL (x» ::::> function (x)] 

and similarly for 1 - 1 ,  domain and range. By corollary 1 1 .6.4 

,...., - (F is constructable) A 
- ,...., (12 is constructable) A ,..., ,..., (p is constructable) 
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is valid. Hence 

'" '" [Junction (f) A 1-1 (f) A domain (f) = P A range (f) = I2J 

is valid. This contradicts r F (cardinal (12» . 

Remark 6.2 : In the above it does not matter whether 12 and P are ordinal 
or constructable set representatives. See theorem 1 1 .7. 1 .  

§ 7. Axiom of choice 

By ofF (X) we mean the collection of all classically definable subsets of 
the set X. Suppose we can define classically a sequence of sets as follows : 

Yo = X , 

Y .. + 1  = ofF (Y .. ) ,  
Y). = U Y.. (for limit ordinald) , 

.. < ).  

and let the class Y = U Y .. .  If  X can be well ordered by some relation R, 
then it is easy to show there is a class which well orders S, or, any set in S 
can be well ordered. Formally we have 

ZF � c '" '" (3X) '" (3x) '" (3P) (3F) [(F is a p i  length X Junction A 
x E F(P» A (3R) (R well orders X)] => 

'" (3y) '" (3t)(t well orders y). 

Now by a classical-intuitionistic argument we have 

Theorem 7.1 :  Let (C§, Bl, 1=, Y) be ordinalized. Suppose sEY1 - YO 
represents Yo. The if r F (3R) (R well orders s) then r 1= axiom oj choice. 

Now we consider the specific models constructed earlier. 

In the model ofch. 1 2, if X (x) is the formula x =x and sx EY1 - Yo, Sx 
represents Yo. We wish to show (3R)(R well orders sx) is valid in 
(C§, Bl, F, Y). 

Let Y(x) be the formula 

(3y) (3z) { [integer (y) A integer (z) A y E Z  A X = (y, z)J v 
[integer (y) A Z = a A x = (y, z) J}, 

and let RyEYC1>+3 - Yw+2 ' Then (Ry well orders sx) is valid. Thus the 
axiom of choice is valid in the model of ch. 1 2. 
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In the model of ch. 10, as above Sx represents !/ o. A reasonable well­
ordering of !/o would be (schematically) o, I, �, . . . , aO, al , a2, • • •  , 
{O}, {I}, {�}, . . .  , {O, ao}, {1, al l, {�, a2}' " ' ' (0, ao), (1, al), (�, a2), 
. . .  , W. 

We leave it to the reader to show that this well-ordering can be 
expressed in the model. The only nontrivial part of the well-ordering is 
ao, aj ,  a2' . . .  , since the subscripts are not pall of thc mooel. lll1l If it§elf 
provides this ordering. 

Thus the axiom of choice is valid in the model of ch. 10. 

§ 8. Continuum hypothesis 

In this section we show that the generalized continuum hypothesis is valid 
in the model of ch. 12. More generally we show the following : 

Theorem 8.1 :  Suppose (t§, &t, F, !/) is ordinalized, (t§, &t, Fo, !/o)eL, 
and cg and !/ 0 are countable in L. Then the generalized continuum 
hypothesis is valid in (t§, :7l, F, !/). 

We devote the rest of this section to the proof. 
We remarked in ch. 7 § 14 that the definition of the sequence of 

intuitionistic models is absolute. If L is the class of constructable sets of 
V, since (t§, :7l, Fa, !/o>eL, the construction of the sequence is the 
same over V or over L. Thus in this case we may assume in all the pre­
ceding work V was L. (We use the continuum hypothesis in L.) 

Trivially card(!/a.+ l) = �o · card(!/a.) in L. Since (t§, :7l, F , !/) is 
ordinalized and !/ 0 is countable in L, it follows by the work of ch. 9 
that for any ordinal a of L, if a � w  and if f3 is the least ordinal such that 
fie!/p, then card (rx)= card(!/p) in L. 

We use P {x) to denote the power set operation both in L and in 
(t§, &t, F, !/) in an obvious way. 

Lemma 8.2: Under the conditions of the theorem, if rx,f3eL and 
card(rx)� �o in L, and if for some ret§ 

r F  (card{P (fi» = card(p» ,  

then card(P (a» � card(1) in L. 
Proof' As we showed in ch. 7 § 1 5, for fixed rx there is some yeL such 
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that if r t= (f  5; �), there is some g E 9' y such that r t= (f = g). Assume r 
is fixed. 

9' yEL. We have the axiom of choice in L so we can define a set 
PEL such that P5; 9'y and if r t= (f5;fl), there is some g EP such that 
r t= (f = g), and if j,g EP and f #- g, r Y (f = g). 

Now as in ch. 7 § 1 5  the following is definable (as a class) over L: the 
function U such that for UEP 

U(U) = {<r*, t) I t E 9'ao A r* t= (t EU)} , 

where Cto is the least ordinal such that &. E 9' ao' In this case since PEL, 
U is a set in L, i.e. UEL. 

As we showed in ch. 7, for U,VEP, if U(u)= U(v), then r t= (u= v) and 
hence U=V  here. Thus U=V if and only if U(U) = U(v) for U,VEP. Thus if 
R is the range of U on P, since U is 1 - 1 ,  card(P)=card(R) in L. But 
R5; P«(1 x 9'ao) so card (R)�card(PW x 9'ao» ' 
Since 

then 

card «(1 x 9' ao) = card «(1) . card (9'1%0) 
= �o . card(Ct) 
= card(Ct) , 

card(R) � card(P(Ct» , 
card(P) � card(P(Ct» . 

We have r l= (card(P(fl») =card(p», so for some FE 9', 

r t= [function (F) A 1 - 1  (F) A domain (F) = P A range (F) = P(fl)] . 

We can thus define a function GEL to satisfy domain (G)=f3 and for 
b<f3  G(t5) is that element e of P such that r t= (F(8)=e) (there is only 
one such element e for each b). G is a function in L, range G5;P, and 
it is easy to see G is 1 - 1 .  Thus card(f3)�card(P) in L. So card({J)� 
card(P(Ct» in L. 

Now we show the theorem itself. 
Suppose for some rE(1, r Y generalized continuum hypothesis. Then 

for some Ct, {J, YEL and some r* 

r* 1= cardinal(&.) A cardinal(p) A cardinal(?) A 
&. E P A  P E ?  A (6:1 E fl v 6:1 = &.) A card(P(fl) = card(?) . 
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Then by § 3 a, P and I' are cardinals of L. Moreover rxEP, PEl', mEa 
or m=rx, so card(rx)��o in L. 

By the above lemma 

card(P(a» � card(l') in L .  

Thus P is a cardinal in L between a and Pea) contradicting the continuum 
hypothesis in L. 

§ 9. Classical counter models 

In the foregoing we have obtained independence result in set theory 
without constructing any classical models. In more traditional treatments 
of forcing, classical models are constructed by a method due to Cohen ; 
for example see [3], but countable classical ZF models are used. 
Essentially this method was used in ch. 4 § 7 to prove the theorem there. 
It is possible, using an ultralimit construction, to construct suitable non­
standard classical models without countability requirements. The 
following method is from Vopenka [22] and is simply translated from 
the topological intuitionistic models used there to the Kripke semantic 
models we use. It can be applied in more general settings but we only 
give it in a form which applies directly to intuitionistic ZF models. 

Let ('§, &i, 1=, .:7) be a class model over the classical model V and 
suppose the axiom of choice is true over V. As we showed in ch. 1 § 6, if 
f!J is the collection &i-closed subsets of '§, (f!J, s;;; ) is a pseudo-boolean 
algebra. Let F be any maximal filter in f!J. See [16] pp. 44, 66. 

Define the class "S to be the collection of all functions f such that 
domain (J)E F, range (J)s;;; .:7. Define ES;;;"S X S  by: 

fEg is true if and only if 

{r E '§ I r E dom (J), r E dom (g) ,  r 1= (J (r) E g (r» } E F. 

We claim that for any formula X(xlo • • •  , x,,) with no universal quan­
tifiers X(jt, . . .  ,f,,) is true over S if and only if 

{r E '§ I r E dom(jt) n . . . n dom(J,,) , r 1= X(ii (r), . . .  ,f,, (r» } E F. 

The proof is by induction on the degree of X. We have the result for 
atomic formulas by definition. The propositional cases are straight­
forward, using the various properties of maximal filters. We show the 
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existential quantifier case. Suppose X is (3x) Y(xJl> . . . ,f,.) and the 
result is known for formulas of lesser degree. 

Suppose (3x) Y(xJl> . . .  ' f,.) is true over S. Then for some g E  S 
Y(gJ1, . . . J,,) is true over S. By inductive hypothesis 

{r I r E dom (g) n dom(f1) n · · ·  n dom (f,,) ,  
r F Y(g (r)J1 (r), . . .  J,, (r»)} EF. 

But this set is contained in 

{r I r E dom (ft) n · · · n dom (f,.) ,  r F (3x) Y(XJl (r), . . . ,f,. (r» } 

so this is an element of F. 
Conversely suppose 

{r I r e  dom(f1) n . . . n dom (f,,) , r F (3x) Y(XJ1 (r), . . .  ,f,. (r» }  EF. 
Let this set be A. We define a function 9 on AEF as follows. Suppose 
reA, then 

So for some aE!f 
r F (3x) Y (x, 11 (r), . . . J" (r) .  

r F yea, 11 (r), . . . , fll (r» .  

choose one such a, and let 9 (r)=a. Thus, by definition, for rEA 

r F (3x) Y (XJ1 (r), . . .  J,, (r» iff r F Y (g (r)Jl (r), . . .  , I,, (r» . 

Thus 

A = {r I r E dom(ft) n · · ·  n dom(f,,) n dom(g), 
r F Y(g (r),J,. (r), . . .  J,, (r»} EF. 

So by hypothesis Y(g,ft, . . . ,f,.) is true over S, so (3x) Y(x,ft, . . . ,f,.) 
is true over S. 

As a special case we have : If X has no universal quantifiers and no 
constants, X is true over S iff {r I r F X} E F. 

Since the unit element of (f!J', � )  is t:§, we have t:§EF. Thus if X has 
no universal quantifiers and no constants, and X is valid in (f§, Pi, F, !f). 
X is true over S. 



CHAPTER 1 4  

ADDITIONAL CLASSICAL MODEL 

GENERALIZ ATIONS 

§ 1. Introduction 

All of the preceding work in part II has been with intuitionistic Mil. 
generalizations, but other kinds of generalizations are possible. In this 
chapter we briefly examine some of them. 

Classically two particular models have proved of great use : the model 
of constructable sets, and the model of sets with rank. We have discussed 
an intuitionistic generalization of the first. In a similar fashion an in­
tuitionistic generalization of the Ra. sequence is possible. 

Scott and Solovay have developed what they call boolean valued 
models for set theory [19]. These are really boolean valued generalizations 
of the classical Ra. sequence, in a sense to be given later. A similar boolean 
valued generalization of the Mil. sequence is possible. 

§ 2. Boolean valued logics 

This section is intended as a preliminary to boolean valued models 
for set theory. The subject is treated completely in [ 16]. Also see ch. 1 § 5. 

In a pseudo boolean algebra, if -a, the pseudo-compliment of a, has 
the property a u  -a= v ,  then - a  is called the compliment of a. A 
pseudo boolean algebra in which every element has a complement is 
called a boolean algebra. 

Let pjJ be a boolean algebra and let v be a map from W, the set of 
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formulas, to f!l. v is called a (propositional) homomorphism if 
v eX /\ Y) 
v ex V Y) 
v (  '" X) 
v (X ::>  Y) 

v eX) � v (Y) , 
v (X) u v (Y) ,  
- v (X) , 
v (X) � v (Y) = 
- v (X) u v (Y) . 

In addition v is called a (Q)-homomorphism if 

v « 3x) X (x» = U v (X (a» , 
a e  T 

v « Yx) X (x» = n v (X (a» , 
a e  T 

CH. 14 § 3 

where T is the collection of all parameters. The infinite sups and infs 
corresponding to quantifiers are assumed to exist. 

It can be shown that for X a formula with no parameters, X is a 
theorem of classical logic if and only if v (X)= v for any Q-homo­
morphism into any boolean algebra. 

One way of generating a theory (a collection of formulas called true, 
closed under modus ponens, and containing all valid formulas) is to 
give a boolean algebra f!l and a Q-homomorphism v, and to call a 
formula X true in the theory being described if v (X) = v .  

§ 3. Boolean valued Ra generalizations 

This generalization is from [19], though the particular formulation of it is 
different. 

As usual V is a classical ZF model. Let f!l be a complete boolean 
algebra such that f!le V. (f!l is complete if all sups and infs exist. Any 
boolean algebra can be imbedded in a complete one. See [16].) We 
define a transfinite sequence R�, and simultaneously a sequence of 
homomorphisms va from W;' to f!l where W;' is the collection of all 
formulas with constants from R�. (Note that to define a homomorphism 
it is sufficient to define it for atomic formulas.) Let R:=0;  Vo is trivially 
defined. Having defined R�, if f is a function from � to f!l, call f ex­
tensional if for each g,heR� 

f(g) � va « Y x)(xeg  == x e h» � fh») . 
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Let R::+ 1 be the elements of R:: together with an extensional functions 
from R: to !!I. Suppose f, 9 e R:+ 1 : 

(1). iff,geR� let 

V,,+ l (feg) = v,,(feg) 

(2). if feR:: and 9 eR::+ 1 -R:: let 

V-.+ l (!eg)=g(f) 

(3). if !eR::+ 1 -R:: let 

Va+ 1  (f eg) = U {g (h) n n (f(x)�va (x e h))} . 
h e dom (9) " e  R�BI 

Remark 3. 1 : If an equality symbol is defined in the usual way, condition 
(3) is the same as 

va+ 1 (f eg) = U {g (h) n va+ l (f = g)} . 
h e dom (9) 

If A is a limit ordinal, let �= Ua< .. R::. Iff, g eR�, for some cx < )., f,ge�; 
let v .. (!eg)=v,,(Jeg). Finally, let RBI = UH yR:: . 

If f,g eRBI, for some IXe V, f,geR::, let 

v (f eg) = v,, (feg) . 

Thus we have a class RBI and a Q-homomorphism v from WBI to f!A. As 
we remarked in the last section, all the classically valid formulas map to 
v .  In (19) moreover, it is shown that all the axioms of ZF (as well as 
the axiom of choice, if true in V) map to v .  Thus RBI is called a boolean 
valued model for ZF. 

Finally in [19] a specific model of this kind is produced in which the 
continuum hypothesis does not map to v ,  which establishes independence. 
Similarly for the axiom of constructability. 

§ 4. Intuitionistic R,. generalizations 

Let V be a classical ZF model. We define a (class of) transfinite sequence 
of intuitionistic models (f§, Bt, 1=", R�) and a class model (f§, Bt, 1=, Bt") 
as follows : 

Let f§ be some non-empty element of V, and let Bt be some arbitrary 
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reflexive, transitive relation on "§, also a member of V. Let fJJ be the 
collection of all 9l'-closed subsets of "§. As we showed in ch. 1 § 6 fJJ 
under the ordering £ is a pseudo-boolean algebra. An element aEfJJ is 
called regular if - -a=a. We call a function with range fJJ regular if 
every member of the range is regular. We define a sequence of intui­
tionistic models ("§, 9l', != ,., R�) as follows. Let 

R� = 0 , 

so ("§, 9l', !=o, Rg) is trivial. Suppose ("§, 9l', !=IZ' R�) has been defined. If 
fis a regular function from R� to fJJ, callf extensional if, for each g,hER� 

f(g) ("'\ {r I r !=1Z (g = h)} £ f(h) . 

Let R�+ 1 be the elements of R: together with all extensional functions 
from R: to fJJ. If rE"§ andj,geR:+ l '  let r!=a+ 1 (fEg) if 

(1). j,gER: and r !=lZ(feg), 
(2). fER:, geR:+ 1  - R: and reg (f), 
(3). feR:+ 1  - R: and for some hedomain (g) 

reg  (h) and r E (f (x) - {LI I LI 1= IZ '" '" (x e h )}) 

for every xeR: 

Remark 4.2 :  The expression in part (3) is an element of the pseudo­
boolean algebra fJJ, - is the operation of &. The definition could have 
been stated without such a use of fJJ, but less concisely. 

Thus we have ("§, 9l', !=IZ+ 1 ,  R:+ 1)' If A. is a limit ordinal let 

R!= U R: . 
IZ <). 

For j, gER� let r !=).(feg) if for some <x<A.  r FIZ(feg). Thus we have 
("§, 9l', !=)., R!). Finally let 

R!4 = U R� 
lZ e V  

and for j, geR'# let r!= (fEg) if for some tX eV  r!=lZ(feg). 
Thus we have a sequence of models ("§, 9l', !=IZ' R:) and a class model 

("§, 9l', !=, R!4), determined by specifying "§ and 9l'. In the next section 
we show, by translation to a boolean valued 9l1Z sequence, that ("§, 9l', 
1=, R'*) is an intuitionistic ZF model. 
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§ 5. <t§, !!it, F, R'I) is an intuitionistic ZF model 

As we remarked in the last section, fIJ, the collection of all !!it-closed 
subsets of '§, is a pseudo boolean algebra. Moreover it is complete, i.e. 
all sups and infs exist. This follows since in this case a sup is an infinite 
union, and the union of !!it-closed subsets is an !!it-closed subset, and 
similarly for infs. 

The results of ch. I § 6 concerning the relationship of fIJ and 
('§, !!it, F." R:) may be stated as : for any formulas X and Y {r I r F.,X} efIJ 
and 

{r I r F« X} U {r I r F« Y} = {r I r F« X v Y} , 
{r I r F« X} n {r I r F« Y} = {r I r F« X /\ Y} , 
{r I r F« X} => {r I r F« Y} = {r I r 1=« X � Y} , 

- {r I r 1=« X} = {r I r 1=« '" X} . 

In this case the relationship extends to 

U {r I r F«X (j)} = {r I r l=« (3x) X (x)} , 
f e R�'1 

n {r I r F« X(j)} = {r I r l=« (Vx) X (x)} . 
f eR�'1 

Similar results hold between the class models. 
Now we construct a boolean valued R« sequence as in § 2. 
An element a E fIJ is called dense if - a = /\ or equivalently, if - - a = v . 

Let F be the collection of all dense elements of !!J'. F is a ruter and (see 
[ 16] p. 1 32-5.8) fIJ/F=[!J is a boolean algebra. Moreover [!Je V. (fIJ/F is 
the collection of all equivalence classes of fIJ where a and b are equivalent 
if (a => b) e F  and (b =>a)eF.) In fact, denoting the equivalence class of 
a efIJ by lal e[!J, we have 

la l  U Ib l  = la U b l , 
la l  n I b l = la n b l , 
lal => I b l  = la => b l , 

- Ial = 1 - ai , 

and the unit of [!J is I v I = l'§l. Furthermore [!J is complete and for any 
index set T 

U laxl = l'U axl . 
x e T  x e T  
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Remark 5. 1 :  This relation does not extend generally to n, but since in 
a boolean algebra n is equivalent to - U - ,  the above is sufficient for 
completeness. 

We include the proof of this last statement as it is so useful. 

Lemma S.2: For a,be&! 
- - (a => b) = (a => - - b) . 

Proof" By [16J p. 62, -37] I 

- - (a => b) � (a => - - b) . 
Conversely 

- - ( - - c => c) = v 

[16J p. 1 32, -5.7, and 

so 

( [1 6] p. 60-14) 

([16] p. 60- 1 8) 

([16J p. 60-37) 

a n - - b � - - b . 

- - [(a n - - b) => b] = v , 

- - [(a n (a => - - b» => b] = v ,  

- - [(a => - - b) => (a => b)] = v ,  

(a => - - b) => - - (a => b) = v , 
(a :::> - - b) � - - (a => b) . 

Lemma 5.3 : In &! for any index set T 

n - - (ax => b) = - - n (ax =>  b) . 
x e T  x e T  

Proof' 
- - n (ax =>  b) = 

" e T  
= - - ( U ax => b) = 

" e T  
= U a,, :::> - - b = 

x E T  
= n (a,, => - - b) = 

" e T  
= n - - (a,, => b) .  

" e T  

([16] p .  136, -7) 

(lemma 5.2) 

([1 6] p. 136, -7) 

(lemma 5.2) 
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Theorem 5.4 : UXeT /aX/ = / UXeTaX/ '  
Proof: In fJ' for any xeT 

So 

x e T  

So for all xeT 

x e T  
Conversely suppose for some befJ', for all xeT 

Then for all XeT 
- - (ax � b) = v .  

and since fJ' is complete, 
n - - (ax � b) = v ,  

x e T  
- - n (ax � b) = v ,  

Je e T  
([16] p. 1 36-7) 

- - ( U ax � b) =  v ,  
x e T  

so 

x e T  

169 

Thus fA=fJ'/F is a complete boolean algebra. As shown in § 2, this 
determines the sequence R�, the homomorphisms Va' and the class model 
RiJI and v. We now wish to investigate the relationship between this and 
the intuitionistic model from which it arose. 

First we claim there is an isomorphism between R: and R� (and 
between R'lJ and RiJI) of a rather substantial kind. We show this by 
induction on ct. R� and R� are identical. 

Suppose we have a mapping between R: and R� (pairingfeR: with 
f'  e R�). If g EfJ'R,,'lJ, let g' efAR"iJlbe the function whose value at f '  e R� is 

g' (1') = /g (1)/ .  
It follows from the proof of theorem 5.5 below that g is extensional if 
and only if g' is extensional. We will assume this now. 
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This map from R�+ 1 to R�+ 1 is one to one. For suppose g,heR:+ 1 -R: 
are distinct functions. If g and h are different, there must be some Ie R: 
such that g (I) =I h (I). If Ig (I)f-; Ih (1)1 then by definition 

g (f) => h (f) e F , 
or 

or by lemma 5.2 
- - (g (f) => h e!)� = v , 

(g (f) => - - h (f» = v . 

But h is a regular function, so 

(g (f) => h (f» = v ,  

g (f) � h (f) .  
Similarly 

h (f) � g (f) ,  
50 

g (f) = h (f) .  

Secondly, this map from R:+ 1 to R�+ l is onto. For let heR�+ l - R�. 
Let s be any function from R� to 9 defined by : 

for f eR�, s (f) is some particular element of h (f') . 

Let g be the function defined by g (x)= - - s ex). Then g is regular, with 
domain R:, so geR:+ 1 - R:. Moreover, for/eR: 

g' (f') = Ig (f)1 = 1 - - s(f)1 = - - ls(f)1 = Is(f)1 = h (f') , 
and so h is g' for g eR:+ 1 -R:. 

Next we establish the essential identity of the two models. 

Theorem 5.5: Let X be a formula over R: with no universal quantifiers. 
Then X=X(lt> . . . ,f .. ) for/1, . . .  ,f .. eR�. Let X' = X(I;, . . .  ,f:) where!/ ER� 
is the image of Ii as above. Then 

v,, (X') = I {r I r F"X}I · 

(Similarly for the class models) 

Coroll<lt'� 5.6� l� X \.� au')' formula with no u�iver5al
. 
<\uantifi�r5 a� �: 

constants, X is valid in the boolean model R" (that IS v" (X) - v) 
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only if ,.., ,.., X is valid in (C§, 91, != .. , R:>. (And similarly for the class 
models.) 

Proof: The unit element of f!4 is I C§I so 

'- v .. (X) = v iff v,, (X) = I C§I 
iff I {r I r !="X}/ = IC§/ 
iff - - {r l r != .. X} = - - C§  
iff {r I r !=" ,.., ,.., X} = C§ .  

Corollary 5.7: (C§, 91, !=, R"> is an intuitionistic ZF model (and the 
axiom of choice is valid if it is true over V). 

Proof: By corollary 5.6 and the results reported in § 2. 
We now turn to the proof of theorem 5.5. 

Suppose the result is known for atomic formulas over R:. It then 
follows for all formulas over R: by induction on the degree. For example 
suppose X is ,..., Y and the result is known for Y. Then 

v", (X') = v", ( ""  Y') 
= - v", (Y') 
= - I{r I r l=", Y} I 
= 1 - {r l r !=", Y}1 
= I {r I r !=" ,.., Y} I  
= I {r ! r !="X}I . 

Also suppose the result is known for all formulas Y(f), and X is 
(3x) Y{x). Then 

v", (X') = v", « 3x) Y' (x» 
= U v" (Y' (I'» 

f' e R.SI 
= U / {r I r !=" Y(I)} I  

f '  e R.SI 
= U I {r I r !=", Y(I)}I 

I e  R." 
= I U {r I r !=" Y (I)} I 

I e R." 

= I {r I r !=,, (3x) Y (x)}1 
= I {r I r != .. X}I . 
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The other cases are similar. Thus we must show the result holds for 
atomic formulas. Suppose the result holds for all formulas over R:. 
Letj,g ER:+ 1 • We have three cases : 

Case (1) : j,g ER: 
The result is then trivial. 

Case (2) : !ER:, gER:+ 1 - R: 
Then 

v,,+ 1 (f' E g') = g' (J') 
= \g (J)\ 
= I {T ! T I=,,+ l !Eg} \ . 

Case (3) : !ER:+ 1 - R: 
We first note that the following holds in any complete pseudo boolean 
algebra :  

n (- ax <=> - b.) = - U - (ax <=> bx) · 
x e T  x e T  

Now for any hEdomain (g) let 

f!l'h = {T ! rEg (h)} 
and 

TE n (J(x) <=> {LI ! Ll I=,, "' ''''' X E h})} . 
x e R,,'§ 

Then 

U f!l'h = {r ! r l="+ 1 f E g} . 
h e dom (g) 

But also 

f!l'h = g (h) n n (f(x) <:> - - {LI ! Ll I="X E h}) , 
x e  R,,'§ 

so, since! is regular, 

Thus 

f!l'h = g (h) n - U - (J(x) <:> {Ll I Ll I="X E h}) . 
x e R,,'!1 

\f!I'h\ = \g (h)\ n  - U - (\f(x)\ <:> \ {Ll I I="x E h} 1) 
x e R,,'§ 

= g' (h') n n (f' (x') <=> v" (x' E h')) . 
x' e R",fiI 
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Va+ 1 (I' e gt) = U 19'Jhl h' e dam (g') 
= I U g'Jhl = I {r I r Fa+ l f eg} l . h e dom(g) 
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The case of limit ordinals, and of the class models, is straightforward. 

§ 6. Equivalence of the Ra generalizations 

In the last section we showed that for any intuitionistic Ra generalization 
there is a corresponding equivalent boolean valued Ra generalization. 
In this section we show, under restricted conditions, a converse. 

Let !11 be a complete boolean algebra. A maximal ( = prime) filter F is 
called a Q-filter if, whenever UXeTaxEF, at EF for some teT, for any 
index set T. We say !11 has property (1) if every non-zero element of !11 
belongs to some Q-filter ([16] pp. 86-88). 

Suppose we have a boolean valued Ra sequence as in § 3, and suppose 
the algebra !11 has property (1). Let C§ be the collection of all Q-filters of 
!11, and let fll be s;;; (which is actually equality, since all Q-filters are 
maximal). As we showed in § 3, this determines an intuitionistic Ra 
sequence. We now proceed to show these two models are equivalent. 

Let s be the function from !11 to (fll-closed) subsets of C§ defined by : 
s ea) is the collection of all Q-filters with a as an element. Since !11 has 
property (1), s is an isomorphism between !11 and the power set of C§ 
(any subset is fll-closed), where the boolean operations in C§ are the 
ordinary set-theoretic ones ([16] p. 87). 

We define a reasonable isomorphism between R� and R: as follows : 
R� and R� are identical. 
Suppose an isomorphism has been defined between R� and R: 

(pairing fER: with f'  eR:). If g e!1lR�9I let gt be that element of f/JR",* 
defined by 

gt (I') = s (g (I» . 

It follows from the proof of theorem 6. 1 below that g is extensional if and 
only if g' is extensional, so we have an isomorphism between R�+ 1 and 
R:+ 1 • 

Now we give the key theorem. 
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Theorem 6.1 : Let X be a formula over R�. Then X=X{ft, . . . ,f,.) for 
11> · · · ,flleR�. Let X' =XU; . . . , J;) where /;' eR� is the image of Ii as 
above. Then 

{r I r l=aX'} = s (v .. (x» . 

(Similarly for the class models.) 
Proof: Suppose the result is known for all atomic formulas over R:. 

It then follows for all formulas X by induction on the degree of X. 
Suppose the result is known for all formulas of degree less than that of X. 

If X is '" Y, 

(where this is the complement in the boolean algebra of all subsets of '#. 
Since rf?tJ implies r=J ,  it follows that either r l=  .. Y' or r l=  .. ", Y', so 
this follows.) 

= - s (v", (Y» = s (  - v .. (Y» = s (va ( '" Y» = s (v",(X» . 

Similarly, if X is (3x) Y(x), 

{r I r F"X'} = {r I r l=", (3x) Y' (x)} 

= U {r I r l=" Y' (f')} 
f' e Rm'll 

The other cases are similar. 

= U S (va (Y (f» ) 
f E Rm91 

= s (  U Va (Y (f» ) 
f e Rm91 

= S (V .. « 3x) Y {x» ) 

= s (va (x» . 

Thus, we must show the result for atomic formulas. Suppose the result 
holds for all formulas over R�. Letf,g eR�+ 1. We have three cases : 

Case (1) : /,geR: 
Then the result is trivial. 

Case (2) : leR:, g eR:+ 1 - R: 
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Then 

BOOLEAN VALUED MiX GENERALIZATIONS 

{r I r Fa+ l  f' eg'} = g' (j') 
= S (g (j» 
= S(Va+ l (j eg» . 

Case (3) : fe�+ l -R�. 
Then 

S (V"+ l (j e g» = s (  U (g (h) n n (j(x) _ v,,(xe h» » 
k e dom y " " R�9B 

U (s(g (h» n n (s(j(x» _ s(v,,(xe h» » 
h e dom g x e R�91 
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= U (g' (h') n n (j ' (x') - {r l r F  .. x' e h')» 
h' e dom g' x' e R,/I 

The limit ordinal and class cases are straight-forward. 

From this theorem, the essential equivalence of the two models follows. 
As a special case, suppose V, the underlying classical ZF model, is 

countable. Then ([16] p. 87-9.3) if flJe V is a complete boolean algebra, 
fll also has property (1). Thus if we assume there is a countable ZF 
model, the two R .. generalizations are equal in power. 

The following results would be interesting, but are as yet undone : 
(1). A direct proof that «(1, Bl, F, R'*) is an intuitionistic ZF model. 
(2). A more general set of circumstances under which a boolean valued 

R .. sequence has a corresponding equivalent intuitionistic R" sequence. 
(3). A direct proof that there are intuitionistic R .. generalizations pro­

viding counter models for the continuum hypothesis, or the axiom of 
constructability (preferably not using countability of V). 

§ 7. Boolean valued M .. generalizations 

Let V be a classical ZF model, and let fIJ e Vbe a complete boolean algebra. 
We define simultaneously a sequence M: of boolean valued functions, 
and a sequence v" of homomorphisms from M: to fll. This is a direct 
generalization of the sequence of ch. 7 § 2. 

Let M: be some arbitrary collection of functions with domains 
subsets of M: and ranges subsets of fll. We assume M: is well-founded 
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with respect to the relation xedomainy. We assume Mte V. Vo is defined 
by the condition : forJ,ge Mt 

vo (J e g) = g (J) . 

We require that Mt and Vo satisfy the equality condition 

vo « 'v'x) (x ef == x e g» () vo (J e h) � vo (g e h) , 

for any J, g, heMt. 
Suppose we have defined M: and Va:' If X(x) is any formula over M: 

with one free variable, by!x we mean the function whose domain is M:, 
whose range is [Ji, and which is defined by 

fx (x) = v., (X (x» , 
for all xeM:. 

Let M:+ 1 be M: together with all !x for all formulas X(x) over M:. 
We define V« + 1  for atomic formulas as follows. IfJ,g e M:+ b 

(1). ifJ,g eM:, let 
vcz+ l (f e g) = vcz (J e g) ; 

(2). if!e M:, g e M:+ 1 - M: let 

v«+ l (f eg) = g (f) ; 
(3). if!xeM� l -M:, let 

vcz+ l (J e g) = U {v" + 1 (h e g) () n (f(x) <=> v,, (x e h» } 
h e M"iJI x e M"iJI 

(where V.,+ l  (heg) has been defined in case (1) or case (2) . 
If A is a limit ordinal, let 

a < .,  

IfJ,ge Mf, then for some OC<A  J,g eM:. Let 

v., (J eg) = v« (J e g) .  
Finally let 

cz e V  

IfJ,g eMf4, for some oce V J,g e Mrz. Let 

v (f e g) = vrz (J e g) .  
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Thus we have a boolean valued generalization of the MIZ sequence, and 
of L. 

§ 8. Equivalence of the M IZ generalizations 

Let (<§, !!A, I=IZ' Y'IZ) be any intuitionistic MIZ generalization, satisfying the 
conditions of ch. 1 .  We proceed almost as we did in § 5. 

If f,g e Y' «+ 1 - Y' IZ call f and g equivalent if (f = g) is valid in 
(<§, Bt, 1=1Z+1,  Y'«+1)' Let Y'; be some subset of Y'IZ containing only one 
from each collection of equivalent elements. 

f!J is the collection of all !!A-closed subsets of <§. f!J under £ is a pseudo 
boolean algebra. If F is the filter of all dense elements of f!J, gj=f!J/F is 
a boolean algebra. Define M� from Y' 0 by induction on the well-founded 
relation xe domain (y), so that for f,ge Y'o the corresponding elements 
f',g' e M� satisfy 

g' (I') = Ig (1)1 .  

Under this definition Mt and Y' � are isomorphic by induction on the 
well founded relation xedomain (y). For if g' =h', then for allf'  edom (g') 
= dom(h'), g' (f') =h' (f'), so Ig (f)I = lh(f)I. It follows that for al Te<§ 
T l=o """ ,.., (feg) = """ """ (feh), and so T 1=0'" (3x)""" (xeg =xeh), so 
T l=og =h. Then if g,h are in Y'�, g is h. Next we may show Y'; and M;' 
are isomorphic, and the mapping still satisfies g' (f')= Ig (f)I . Then 
following the procedure of § 5, we may show 

Theorem 8.1 : If X is any formula with no universal quantifiers and no 
constants, X is valid in the boolean valued model MfJI if and only if '" '" X 
is valid in (<§, !!A, 1=, Y'). 

Similarly, following the procedure of § 6, we may show 

Theorem 8.2: Let gj be a complete boolean algebra satisfying property 
(1), and let M� and Vo satisfy the conditions in § 6. Then there is an 
intuitionistic sequence such that if X is any formula with no constants, 
X is valid in MfJI if and only if X is valid in (<§, !!A, 1=, Y'). 

Again the following results would be interesting : 
(1). A direct proof that MiJI is a boolean valued ZF model. 
(2). A more general set of circumstances under which a boolean 
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valued Mrz. sequence has a corresponding equivalent intuitionistic Mrz. 
sequence. 

(3). A direct proof that there are boolean valued Mrz. sequences which 
establish the various set theory independence results. 



APPENDIX 

(to ch. 1 1  § 2) 

§ 1. Corresponding formulas 

Definition 1 . 1 : Suppose r'Fpartrel (R). We say R corresponds to the 
formula X over g with respect to r if there is a r* and a finite set of 
integers {it, . . . in} such that X is X(XI1, • • •  , XIJ and 

(1). X is dominant, 
(2). all the quantifiers (existential only) are bound to g, 
(3). for any constant a of X not a quantifier bound, r* F (aeg), 
(4). r* \= - (3x) -- [xEDomain (R)== (x= i1 v · · · V X= 1,,)]. 
(5). r* F - (3 xi,) . . . (3x1J - [X(Xi" . . .  , XiJ== 

(3f) (fER Af(i1) = Xi, A ' " Af(l .. ) = xdJ . 
Lemma 1.2: Suppose <�. Et. I= , !/) is ordinalized. If r 1= (R is atomic 
over g) then R corresponds to an atomic formula over g. with respect to r. 

Proof' There are four cases, all treated similarly. We show only one. 
Thus suppose r l= (R is atomic(2) over g). Then for some a.bE!/ 

r 1= [integer (b) A '" - (a e g )  A 
'" (3f) - (fe R :::: (partfun (f) A domain (f) = {b} Af(b) e a» ] .  

Since r F integer (b). there is some r* and some integer n such that 
r* 1= (b = ft). Since r* 1= - -- (aEg), there is some r** such that r** F (aEg). 
Let .1 =r**. Then 
A \= [integer (ft) A a E  g A 

'" (3f) '" (fe R == (partfun (f) A domain (f) = {ft} Af(Pi) e a))] . 
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Now we claim R corresponds to the formula (xnea) over g. If we take 
the set of integers to be {n}, properties (1)-(4) are immediate. Property 
(5) becomes 

.1 1= ,.., (3xn) ,.., [xne a  =. (3/) (f eR A /(ft) = xn)] . 

We show this in two parts : 
Suppose .1* 1= (3f)(feRAf(ft)=b). Then for some /e 9" .1 * I= (feR 

Af(fi)=b). Since .1 * 1=  (feR), by the above .1* t= "" "  .. f(fi)ea. But also 
.1* 1= f (fi)=b "function (f), so .1* t= ,.., ,.., (bea). Thus 

A t= ,.., (3x) ,.., [(3/) (/ eR " /(fi) = x) :::J xea] . 

Conversely suppose .1* 1= (bea). Let Z(x) be the formula X=  (ft, b), 
and let W z be in some suitable 9" d I - 9"(%. The reader may verify 

.£1*  1= [parifun (wz) " domain (wz) = fi " wz (fi) = b] . 

But .£1 * l= bea, so .£1* I= ", - (wzeR). Thus 

.1* 1= (3/) ( "' ,.., / eR A /(ft) = b) , 
A* 1= - "" (31) (f eR ,, /(ft) = b) , 
.1 1= ,.., (3x) ,.., [xEa :::J (31) (f ER A /(ft) = X)] . 

Lemma 1.3: Suppose «(1, Bl, 1=, 9") is ordinalized. If S corresponds to 
a formula X over 9 with respect to r, and r 1= (R is not-S) then R corre­
sponds to the formula ,..,X over 9 with respect to r. 

Proof; Suppose without loss of generality that the finite set of integers 
for S is {I ,  2, . . . , n}. We keep the same set for R. By hypothesis X is 
dominant, hence so is -X, thus property (1). Properties (2), (3) and (4) 
are immediate. 

Property (5) becomes 

r* 1= ,.., (3XI) . . . (3xn) ,.., [ - X (Xl' . . .  , Xn) =. 

(31) (feR "f(T) = xI A · · · ,, /(ft) = xn)] . 
But we are given 

r* t= ,.., (3Xl) . . .  (3xn) - [X (Xl '  . . .  , Xn) =. 

(31) (f eS  ,, /(1) = Xl " . . .  " /(ft) = xn)] ,  
and r t=  (R is not-S). We show property (5) in two parts. Suppose r*Bl.1. 

If 
.1 1= (3f) (f eR A /(T) = Cl " . • . " left) = Cn) , 
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then for somefeS 

A l= (f e R  A 1(1) = C1 A ' "  A /(fI) = Cn) . 
But 

r 1= ,.., (3f) ,.., [J e R == ,.., I e  S] , 

so A 1= -- (l6S). We claim that from this follows 

A 1= ,.., X ( C l ' . . .  , CII) . 

For otherwise for some A*  A*  I=X(cp . • •  , cn). Then 

A* 1= ,.., -- (3f) (f e S  A /(l) = Cl A ' " A /(fI) = CII) ' 

so for some geS 

A * 1= -- ,.., (g e S) A g (1) = C 1 A ' " A g (ft) = CII . 
But 

A*  1= ,.., ,.., (g eS) A (f eR) 
and 

J* 1= ,.., (3x) '" [x e Domain (R) == x e  Domain (S)] , 

so it follows that 

And 

thus 

A* 1= domain (I) = domain (g), 
A* 1= domain (I) = {l, . . . , Il} . 

A* 1= 1(1) = g (l) A ' " A /(fI) = g (fI) , 

A* I=/ = g · 
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But A* 1= -- (l6S) A "' '''' (geS), a contradiction. Hence A I= ""X(Cl > . . .  , CII). 
Thus 

r* 1= ,.., (3xl) ' " (3xn) ,.., [(3f) (f e R A 1(1) 
= Xl A ' " A I(ft) = XII) :=l ,.., X (Xl >  . .  " XII)] . 

Suppose conversely A 1= ,.., X (Cl , " "  en)' Then 

A 1= ,.., (3f) (f e S A 1(1) = Cl A " · A l(fI) = cn) . 

Let Y(x) be the formula 

X = (I, Cl) v . .  , v X = (Il, clI) , 
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and consider 9 y in some suitable 9' <X + 1 - 9' <x. The reader may verify that 

A F [parifun (gy) /\ domain (gy) = {l, . . . , ft} /\ gy (1) = CI /\  • • • /\ gy (ft) = cn]. 

It follows that A F '"  (gyE9'). Hence A F '" '" (gyER). That is 

so 

A F '" '" (gy E R) /\ gy (l) = Cl /\ • • •  /\ gy (ft) = Cn ' 

A F '" '" (3J) [J E R  /\ J(I) = Cl /\ • . • /\ J(ft) = cn] , 

r F '" (3xl) . . .  (3xn) '" [ '" X (Xl ' . . .  , xn) ::> 
, (31) (J ER /\ J(I) = Xl /\ . . .  /\ J(ft) = xn)J . 

• 
We may in a similar fashion show 

Lemma 1.4 : Suppose <<§, fJl, F, 9') is ordinalized. Suppose S corre­
sponds to a formula X over 9 and T corresponds to a formula Y over 9 
with respect to r. Then 

(1). if r F R  is S-and-T, R corresponds to X /\ Y over g, 
(2). if r F R  is S-or-T, R corresponds to Xv Y over g, 
(3). if r F R  is S-implies-T, R corresponds to X::> Y over g. 

Finally we show 

Lemma 1.5: Suppose <<§, fJl, F , 9') is ordinalized. Suppose S corre­
sponds to a formula X (Xl , . • .  , x,,) over 9 with respect to r, and r F R is 
(3j) S over g. Then R corresponds to the formula 

(3xj) [(XJ Eg) /\ '" '" X(Xl >  " ' , xn)] 

over 9 with respect to r. 
Proof: The finite set of integers for S is { l ,  . . .  , n}. We may take j to 

be 1 .  Then let the set of integers for R be {2, . . .  , n}. Now property (1) 
follows by theorem 7.7.3. Properties (2) and (3) are immediate, and (4) 
is straightforward. 

Property (5) becomes 

r* F '" (3X2) ' "  (3x,,) '" [(3xd (Xl E 9 /\ '" '" X (Xl ' . . . , XII» 
== (31) (J ER /\ J(l) = X2 /\ • . .  /\ J(ft) = XII)] '  

We are given 

r* F '" (3Xl) . . .  (3xn) '" [X (Xl ' . . .  , X,,) == 

(31) (J E S  /\ J (I) = Xi /\ . . .  /\ J(ft) = X,,)] . 
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We show property (5) in two parts : Let r*91L1. 
Suppose 

..1 1= (31) (f e R A I (�) = Cz A ' " A I (A) = cn) · 

Then for somefe � 

..1 1=  l e R  A /(�) = Cz A ' " A /(ft) = Cn ' 

But 
..1 1=  R is (3 1)S over g ,  

so 
..1 1= '" '" (3h) (h e � AI = h t Domain (R) A h (l) e g). 

Then for any ..1* there is a ..1** such that 

..1** 1= h e  S AI = h t Domain (R) A h (l) e g) . 

For some ae� 
..1** 1= h (1) = a A a e g . 

It now follows that 

So 
..1** 1= h (l) = a A h (�) = Cz A ' " A h eft) = CII • 

..1** 1= '" '" X (a, cz, . . . , cn) , 

..1**  1= (3Xl) [ '"  '" X (Xl' Cz, . .  " CII) A Xl eg] ,  
..1 ** 1= '" - (3XI) [X (X 1 0  CZ, . . .  , Cn) A Xl eg] , 
..1 1=  '" '" (3Xl) [X (Xl' Cz, . . .  , CII) A Xl eg] , 

This establishes one half. 
Conversely suppose 

..1 1=  (3XI) [Xl eg A '"  '" X (Xl > Cz, . . .  , cII)] , 

then for some ae� 

L1 l= a eg A - - X (a, Cz, . . .  , cII) . 

Thus 
..1 1= - '" (31) (f e S A 1(1) = a A 1(1) = Cz A ' " A I (ft) = cII) . 

So for any ..1*  there is a ..1** such that 

..1** 1= (31) (f eS A I(i) = a A I ('i.) = Cz A ' "  A I(ft) = CII) 
..1** 1= leS A 1(1) = a A /(�) = Cz A ' " A /(A) = CII • 
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Let Y(x) be the formula 

x = <�, C2) v . .  · v x = (fI, c,,) , 

and let hy be in some .9" (Z+ 1 - .9" a.' The reader may show 

So 
Lf** 1= partJun (hy) A hy = /t DomainR A/ (1) e g .  

Lt** 1= hye R , 

Lf** 1= (hy eR  A hy(�) = C2 A ' "  A hy (fI) = Cn) , 

Lt** 1= (3h) (h eR  A h (�) = C2 A . . .  A h (fI) = Cn) , 

Lt 1= '" '" (3h) (h eR A h (�) = C2 A . . . A h (fI) = Cn) . 

This establishes the second half. 

Theorem 1.6: Suppose «(§, !3l, 1=, .9") is ordinalized and 

r 1= (R is a definable relation over g) .  

§ l  

Then R corresponds to a dominant formula X over g with respect to r . 

Proof' r l=  (R is a definable relation over g) so, for some Fe .9", some 
integer n and some r* 

• 

r* 1= /unction (F) A integer(fI) A domain (F) = fI A 
'" (3x) '" [x E fI ::::> F(x) is atomic over g v 

(3y) (y e x A F(x) is not-Fey»� v . . · v 

(3y)(3k) (y E x A integer (k) A F(x) is 
(3k) F(y) over X)] A 

(3m) (m e Ii A F(rn) = R) . 

Now n is some particular integer. We examine 0, 1, . . .  , n - l . That is 
r* I=aell, so 

r* 1= ,.., '" [F(a) is atomic over g v (3y) (y E a A F(a) is not F(y» v . . . J .  

So for some r** 
r** 1= F(O) is atomic over g v . . , 

In fact, since r** I= ", (3y) (yea), 

r** 1= F(O) is atomic over g . 
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Next r** 1= ! e fI, so similarly there is a r*** such that 

r*** 1= F(!) is atomic over 9 v (3y) (y e  ! /\ F(!) is not-Fey»� v · · ·  

and also 
r*** 1= F(O) is atomic over g .  

185 

We proceed similarly for each m <n. Thus we have some .11 =r**···* 
such that for each m < n 

.11 1= F(rn) is atomic over 9 v (3y) (y e  rn /\ F(rn) is not-Fey»� v · · · . 

Now by the above lemmas F(O) corresponds to a dominant formula 
over 9 with respect to .11 (hence to r). So F(!) corresponds to a dominant 

-----

formula over 9 with respect to .11 (r), and so on to F(n- I). Finally 

.11 1= (3m) (m e fl  /\ F(m) = R) , 
so in some .11 * 

.11* 1= rn e n /\ F(rn) = R) . 

§ 2. Completeness of the definability formula 

Theorem 2.1 : Suppose (t§, f!lt, I=, !/') is ordinalized and for some 
reC§ j,g e[/' and 

r 1= (f is definable over g) . 

Then there is some r* and some dominant formula X(x) with one free 
variable, no universal quantifier, all quantifiers bound to g, such that if 
a is a constant of X(x) not a quantifier bound, r* 1= (aeg) and 

r* I= - (3x) - [xej == (X Eg /\ X(x» ] .  

Proof: r 1= (f is definable over g) so for some r* Re!/', integer (n), 

r* 1= partrel(R) /\ integer (fI) /\ R is a definable relation over 9 /\ 
'" (3x) '" [XE Domain(R) == x = flJ /\ 
- (3x) '" [x Ef== (x e 9 /\ (3h) (h e R /\ h en) = x»)] . 

By theorem 1 .6, R corresponds to a permanent formula X over 9 
with respect to r. X must be one-placed, X=X(xn). Moreover, X is 
dominant, has no universal quantifiers, and has all quantifiers bound to g.  
There is some r** such that for any a of X not a quantifier bound 



186 APPENDIX 

r** I= aeg, and 

Now if r**8tLJ and LJ I= ee/, then 

LJ 1= '" '" (e eg /\ (3h) (h eR /\ h eft) = e» , 
so 

LJ 1= '" '" (e e g /\ X (e» . 

Conversely, if .Ii I= eeg /\ X(e), then 

LJ 1= e e g /\ '" '" (3 f) (f e R /\ f ( ft) = e) . 

LJ 1= '" '" [e eg  /\ (3f) (f eR /\ f(ft) = e)] , 

so LJ 1= '" '" eef Thus 

r** 1= '" (3x) '" [xef == (x eg  /\ X (x» ] .  

Thus we have established theorem 1 1 .2. 1 .  

§ 3. Adequacy of the definability formula 

§ 3  

The proof of theorem 1 1 .2.2 is rather like that of theorem 1 1 .2. 1 ,  so we 
only sketch the general steps. 

Definition 3.1 : Suppose X(xh, . . .  , XiJ is a formula with no universal 
quantifiers, with all quantifiers bound to ge[l', and such that if a is a 
constant of X other than a quantifier bound, r l= ",  "' (aeg). We say X 
corresponds to the partial relation R with respect to r if 

(1). r 1= ...... (3x) ...... [x e Domain (R) == (x = 11 v · · ·  V X =1n)] , 
(2). r 1= '" (3XiJ . . .  (3XiJ '" [X(Xil ' . . .  , XiJ == 

(3f) (je R /\1(11) = Xi /\ . . .  /\1(1n) = xiJ] , 
(3). r 1= '" '" (R is a definable relation over g) . 

We wish to show 

Theorem 3.2 : Suppose ('D, 8t, 1=, [1') is ordinalized and X is a formula 
with no universal quantifiers, with all quantifiers bound to g e [1', and 
such that for re'D, for any constant a of X other than a quantifier bound 
r 1= '" '" (aeg). Then X corresponds to some partial relation R with 
respect to r. 
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To show this we must show a sequence of lemmas similar to those of § 1 .  
For example : 

Lemma 3.3 : If ('§, &1, 1=, [/') is ordinalized, g,aE[/', and r l= ",  "' (aEg). 
Then the formula xnEa corresponds to a partial relation R with respect 
to r such that 

r l= R is atomic (2) over g .  

Proof: Let Y(x) be the formula 

partfun (x) A. domain (x) = {t1} A. x (t1) E a . 

Let RyE.9a+1 - [/'a (where a,IlE.9a). Then 

r 1= Ry is atomic (2) over g ,  

and xnEa corresponds to Ry. 

Similarly we may show the analogues of the other lemmas of § 1 .  
Finally, to  show theorem 3.2, in  a sense we reverse the procedure of 

the proof in § 1 .  We proceed through subformulas of X, using the lemmas 
referred to above, concluding with X. 

Given theorem 3.2, theorem 1 1 .2.2 is straightforward. 



BIBLIOGRAPHY 

[1] Aczel, P. H. G., Some results on intuitionistic predicate logic, abstract in J. Symb. 
Logic., 32 (1967) 556. 

[2] Beth, E. W., The foundations of mathematics, North Holland, Amsterdam (1959); 
also, Harper and Row, New York (1966). 

(3) Cohen, P.,  Set theory and the continuum hypothesis, W. A. Benjamin, New York 
(1966). 

[4] GOdel, K., Consistency proof for the generalized continuum hypothesis, Proc. 
Nation. Acad. Sci. U.S.A. 25 (1939) 220-224. 

[5] Gregorzyk, A., A philosophically plausible formal interpretation of intuitionistic 
logic, Indag. Math. 26 (1964) 596-601. 

[6] Hajek, P. and P. Vopenk:a, Some permutation submodels of the model V, Bull. 
Acad. Polon. Sci. 14 (1966) 1-7. 

[7] Jech, T. and A. Sochor, On e model of the set theory, Bull. Acad. Polon. Sci. 14 
(1966) 297-303. 

[8] Jech, T. and A. Sochor, Applications of the e model, Bull. Acad. Polon. Sci. 14 
(1966) 351-355. 

[9) Johansson, I., Der Minimalkalktil, ein reduzierter intuitionistischer Formalismus, 
Compo Math. 4, (1937) 1 19-136. 

[10] Kleene, S. c., Introduction to metamathematics, Van Nostrand, New York (1952). 
[1 1 ]  Kleene, S. C., Mathematical logic, Wiley, New York (1967). 
[12] Kripke, S., Semantical analysis of modal logic I, Z. math. Logik u. Grundl. Math. 

9 (1963) 67-96. 
[1 3] Kripke, S., Semantical analysis of intuitionistic logic I, in Formal systems and 

recursive functions, North Holland, Amsterdam (1965), 92-130. 
[14] Lewis, C. I., and C. H. Cooper Langford, Symbolic logic, 2nd ed., Dover, New 

York (1959). 
[15] Prawitz, D., Natural deduction, a proof-theoretical study, Acta Universitatis 

Stockholmiensis, Stockholm Studies in Philosophy No. 3, Almqvist and Wiksell, 
Stockholm (1965). 

[16] Rasiowa, H. and R. Sikorski, The mathematics of metamathematics, Panstwowe 
Wydawnictwo Naukowe. Warszawa (1963). 



BmUOGRAPHY 189 

[1 71 SchUtte, K. Der Interpolationssatz der intuitionistischen Priidikatenlogik, Math. 
Ann. 148 (1962) 192-200. 

[18] Schutte, K., Vollstiindige Systeme modaler und intuitionistischer Logik, Springer, 
Berlin (1968). 

[19] Scott, D. and R. Solovay, Boolean-valued models for set theory, Summer lnst. 
Axiomatic set theory, Univ. of Cal., Los Angeles, 1967; to appear in Proc. Am. 
Math. Soc. 

[20] Smullyan, R. First order logic, Springer, New York (1968). 
[21] Thomason, R. H., On the strong semantical completeness of the intuitionistic 

predicate calculus, J. Symb. Logic 33 (1968) 1-7. 
[22] Vopenka, P., The limits of sheaves and applications on constructions of models, 

Bull. Acad. Polan. Sci. 13 (1965) 1 89-192. 
[23] Vopenka, P., On V model of set theory, Bull. Acad. Polan. Sci. 13 (1965) 267-272. 
[24] Vopenka, P., Properties of V model, Bull. Acad. Polan. Sci. 13 (1965) 441-444. 
[25] Vopenka, P., V models in which the generalized continuum hypothesis does not 

hold, Bull. Acad. Polan. Sci. 14 (1966) 95-99. 
[26] Vopenka, P., The limits of sheaves over extremally disconnected compact haus­

dorff spaces, Bull. Acad. Polon. Sci. 15 (1967) 1-4. 
[27] Vopenka, P. and P. Hajek, Permutation submodels of the model V, Bull. Acad. 

Polan. Sci. 13 (1965) 61 1-614. 
[28] Vopenka, P. and P. Hajek, Concerning the V models of set theory, Bull. Acad. 

Polon. Sci. 15 (1967) 1 1 3-1 1 7. 



SUBJECT INDEX 

almost-truth set 50 
atomic formula 19, 45 

boolean valued logic 163 
boolean valued ZF model 165 
bounded quantifier 100 

cardinalized model 1 30 
complete sequence 51  
configuration 29 
consistent 29 
constructable set representative 143 
countably incompatible 130 
Craig interpolation lemma 78 

deductively complete 67 
degree of a formula 20, 45 
dominant 96 
downward saturated 3 1  

E-stable 143 

forces 20 
forcing condition 1 16, 1 33, 150 
formula 19, 45 

good 61 

Hintikka collection 32, 56 
Hintikka element 57 
Hintikka set 31 
homomorphism (algebraic) 23, 164 

inconsistent 29 
intuitionistic ZF model 91 

maximal consistent 60 
minimal logic 40 
modal logic 41 
model (algebraic) 23, 163 
model (first order intuitionistic) 46 
model (propositional intuitionistic) 20 

nice 67 

ordinalized model 125 
ordinal representatives, canonical 125 
ordinal representatives, general 123 

pure 50 
pseudo-boolean algebra 23 

Q-homomorphism 1 64  

realizable 31 ,  55, 71  
reduction rules 28 

S4 41 
satisfiable 71 
signed formula 28 
stable 100 
strongly bounded quantifiers 100 
subformula 20, 45 



tableau 29, 42, 53, 76 
truth set (first order) SO 
truth set (propositional) 41 

universal model 70 

valid (first order intuitionistic) 46 

SUBJECf INDEX 191 

valid (propositional intuitionistic) 20 

well-formed formula 19 

X -equivalent 1 1 1  

w-dominance 140 



 
 
    
   HistoryItem_V1
   ReversePageOrder
        
      

        
     1
     0
            
       CurrentAVDoc
          

      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.1b
     Quite Imposing Plus 2
     1
      

   1
  

    
   HistoryItem_V1
   InsertBlanks
        
     Where: after current page
     Number of pages: 1
     same as current
      

        
     1
     1
            
       D:20090119173158
       841.8898
       a4
       Blank
       595.2756
          

     1
     Tall
     602
     323
            
       CurrentAVDoc
          

     SameAsCur
     AfterCur
      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.1b
     Quite Imposing Plus 2
     1
      

   1
  

    
   HistoryItem_V1
   InsertBlanks
        
     Where: after current page
     Number of pages: 1
     same as current
      

        
     1
     1
            
       D:20090119173158
       841.8898
       a4
       Blank
       595.2756
          

     1
     Tall
     602
     323
            
       CurrentAVDoc
          

     SameAsCur
     AfterCur
      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.1b
     Quite Imposing Plus 2
     1
      

   1
  

    
   HistoryItem_V1
   InsertBlanks
        
     Where: after current page
     Number of pages: 1
     same as current
      

        
     1
     1
            
       D:20090119173158
       841.8898
       a4
       Blank
       595.2756
          

     1
     Tall
     602
     323
            
       CurrentAVDoc
          

     SameAsCur
     AfterCur
      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.1b
     Quite Imposing Plus 2
     1
      

   1
  

    
   HistoryItem_V1
   InsertBlanks
        
     Where: after current page
     Number of pages: 1
     same as current
      

        
     1
     1
            
       D:20090119173158
       841.8898
       a4
       Blank
       595.2756
          

     1
     Tall
     602
     323
            
       CurrentAVDoc
          

     SameAsCur
     AfterCur
      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.1b
     Quite Imposing Plus 2
     1
      

   1
  

    
   HistoryItem_V1
   InsertBlanks
        
     Where: after current page
     Number of pages: 1
     same as current
      

        
     1
     1
            
       D:20090119173158
       841.8898
       a4
       Blank
       595.2756
          

     1
     Tall
     602
     323
            
       CurrentAVDoc
          

     SameAsCur
     AfterCur
      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.1b
     Quite Imposing Plus 2
     1
      

   1
  

    
   HistoryItem_V1
   InsertBlanks
        
     Where: after current page
     Number of pages: 1
     same as current
      

        
     1
     1
            
       D:20090119173158
       841.8898
       a4
       Blank
       595.2756
          

     1
     Tall
     602
     323
            
       CurrentAVDoc
          

     SameAsCur
     AfterCur
      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.1b
     Quite Imposing Plus 2
     1
      

   1
  

    
   HistoryItem_V1
   InsertBlanks
        
     Where: after current page
     Number of pages: 1
     same as current
      

        
     1
     1
            
       D:20090119173158
       841.8898
       a4
       Blank
       595.2756
          

     1
     Tall
     602
     323
    
            
       CurrentAVDoc
          

     SameAsCur
     AfterCur
      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.1b
     Quite Imposing Plus 2
     1
      

   1
  

 HistoryList_V1
 qi2base





