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PREFACE

My interest in infinitary logic dates back to a February day in
1956 when I remarked to my thesis supervisor, Professor Leon
Henkin, that a particularly vexing problem would be so simple if
only I could write a formula that would say x =0 orx =1 or
x = 2etc. To my surprise he replied, ‘“Well, go ahead”’. The problem
is now long-forgotten, but that reply has led to this monograph.

Techniques for proving completeness theorems in logic and repre-
sentation theorems for Boolean algebras combined to yield a com-
pleteness theorem: Valid formulas of denumerable length in which
only finitely many variables can be quantified at a time are prova-
ble in a system very much like the ordinary first-order predicate
calculus. It was clear that this system was not adequate for de-
ductions from assumptions and that no formal system with de-
numerable proofs could be. It was known from representation theory
that additional propositional axiom schemes were required to deal
with non-denumerable formulas and I suspected that new quanti-
ficational rules were needed as well. The more powerful systems
that I formulated in 1957 proved to be complete for many of the
infinitary languages; I did not, however, have independence proofs
for the new quantificational schemes till later.

The development of infinitary languages was encouraged by Pro-
fessor Alfred Tarski who, with Professor Henkin, organized a semi-
nar on this topic at Berkeley in the fall of 1956. It gave me an
invaluable opportunity to report on my work while it was still at
an early stage. Professor Tarski’s interest in the area led to a series
of new developments in set theory that grew out of William Hanf’s
work on models of infinitary languages, reported in 1960. Dana
Scott’s incompleteness theorem, appearing here in print for the
first time, was announced at about the same time.

My doctoral dissertation, submitted to the University of Southern
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California in 1958, contained most of the material of Chapters 2-11.
However, the results of Tarski, Hanf, and Scott in 1960 gave it a
focus that it did not have before. The central problem could now
be formulated as, “For which cardinals «, § do there exist definable
complete formal systems for formulas of length less than « in which
fewer than § variables can be quantified at a time?”’, a question
that is almost completely answered in this monograph.

The present version of the material also owes much to the referee
(not known to me) of an article submitted to the Journal of Symbolic
Logic in 1962. He suggested a way of using the Boolean algebraic
representation theorems to make the completeness proofs clearer; I
had only mentioned that such proofs could be given. As a result,
the completeness proofs are done syntactically only in the propo-
sitional case, the Boolean representation theorems are derived from
them as they were in the dissertation, and from that point on,
algebraic methods are used freely.

This monograph owes its very existence to Professor Leon Henkin
at whose suggestion work was begun on it in 1960. I am grateful to
Professor Beth for his cooperation during the unexpectedly long
preparation period. The work was partially supported by National
Science Foundation grant G-11294.

CaroL R. KArp

March 31, 1963
University of Maryland
College Park, Maryland



FOREWARD ON SET THEORY

The various infinitary languages and formal systems under dis-
cussion here, are developed informally within a standard set theory
with the axiom of choice, but without the continuum hypothesis.
For convenience, let it be assumed that the membership relation is
primitive, that the empty set @ is the only set having no elements,
and that the theory is developed along lines of Godel’s monograph
[6] or Suppes’ book {41]. The ordered pair (x,y) is {{x} {x, y}}. A
relation is a set of ordered pairs. If R is a relation, Dom(R) is its
domain, Rng(R) its range. A function is-a relation not containing
any pairs (x,9), (%, 2) with y 7 2. The value of function f at x is
f(x). If f is a one-one function, f~1 is its inverse, If f is a function,
S any set, f|S is the restriction of f to Dom(f) N S. If f, g are
functions, f O g is their composition, that function having values
f(g(x)) for x € Dom(g) with g(x) € Dom(f). If S, T are sets, S X T is
their Cartesian product, S7 is the set of all functions having do-
main T, range included in S. The power set of S is S = {x: x C S}.
The union of S is US = {x: there is y € S such that x € y}. The inter-
section of a non-empty set S is NS = {x: x € y whenever y € S}. The
union U{S;: 7 € I} of an indexed family of sets may be written

v S,
iel

Similarly for intersection. The cardinal product II{S;: 7 € I} is the
set of all functions on I such that f(z) e Sifor all s e I.

An ordinal is a set S with the property that x € S implies x C S
and x, y € S implies x €y or x = y or y € x. The ordinals are well-
ordered by the membership relation. If 8, ¢ are ordinals, we may
write “8 < & for § € . The successor of 8 is s(8) = 8 U {8}. Every
ordinal § is equal either to Ué or to s(Ué). In the first case we say
that § is a limit ordinal and write ““6 € Lim”. In the second case
is a non-limit ordinal. The natural numbers are identified with the
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finite ordinals. Zero is the empty set, n + 1 = {0, ..., n}. The set
of all finite ordinals is w, the first infinite ordinal. The operations
of addition and multiplication for ordinals are defined recursively
as follows:

0+0=29¢

3 + s(e) = s(6 + ¢)
d+e=U{0+ &: &< e} if eeLim.
4-:0=0

d-s(e) = (6-¢) + 8

0.6 =U{8-£:&<¢g}if ecLim.

A sequence is any function whose domain is an ordinal. The do-
main of a sequence may also be spoken of as its length. A sequence
of length 6 may be referred to as a d-tuple. Thus 57 is the set of all
8-tuples with terms in S. Special brackets ‘¢’ and ‘)"’ are reserved
for sequences. The sequence <(xg: & < &> is that function whose do-
main is ¢ and whose value for & < ¢ is x¢. A positional notation is
sometimes convenient for sequences. Thus (x> is that sequence
whose length is 1 and whose value at O is x; that is, <x> = {(0, x)}.
Similarly, <x ¥> = {(0, x) (1, y)} and so on.

A 4-place relation is a set of é-tuples, a d-place function is a
function whose domain is a set of d-tuples. Note that though the
two notions are closely connected, a function is not the same thing
as a one-place function. The one-place functions are used only
where it is convenient to treat finitary and infinitary functions
uniformly. A d-place function on a set S is a function whose do-
main is S% An s é-place function on S is a function whose domain
is U{S¢: & < 8}. Therefore a d-place function on S has as its domain
all é-tuples with terms in S, while an ~ d-place function has as its
domain all é&-tuples with terms in S and & < 4.

The catdinal number or power of a set S is the smallest ordinal
number cardinally equivalent to S. The smallest infinite cardinal
number is @ = wgq. If 6 is an ordinal number not zero, then wy is
the smallest cardinal number greater than all wg for & < 6. If « is
a cardinal number, ot is the first cardinal greater than «. Therefore
wet = wy+1. A limit cardinal is one of the form wy, 0 ¢ Lim. The
other cardinals are non-limit cardinals. Note that every infinite
cardinal is a non-limit ordinal. The operation of cardinal exponent-
iation will be written “exp”. Thus « exp § = card(«8). It can be
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shown for infinite sets S that if « < card(S), then (card(S)) exp « is
the cardinal of the set of subsets of S having power at most «. It is
also the cardinal of the set of subsets of S having power «. We as-
sume that the reader is familiar with Konig’s Theorem which says
that if card(Ss) < card(Ty) for all ¢€ I, then card U{S;:ie } <
< card II{T;: i e I}.

A cardinal number a is regular if card(/) < « and card(S;) < « for
all < € I implies card U{S;: 7 € I} < «. Any infinite non-limit cardi-
nal is regular. A regular limit cardinal is called inaccessible. A
regular cardinal « with the property that y < « implies 2expy < a
is called strongly inaccessible. Any strongly inaccessible cardinal is
inaccessible. The smallest strongly inaccessible cardinals are 0, w.
Familiar systems of set theory remain consistent when it is as-
sumed that these are the only ones. However there is no reason to
believe that assuming the existence of non-denumerable strongly
inaccessible cardinals renders them inconsistent. In order to avoid
having to make such an assumption, we will be careful to state
theorems on strong inaccessibles in such a way that they remain
valid when it is assumed that there are no such non-denumerable
cardinal numbers. A singular cardinal is one that is not regular.

A set S is hereditarily of power less than « if card(S) < « and
card(T) < « whenever T is a set linked to S by a finite membership
chain. Thus elements of S have power less than «, elements of ele-
ments of S have power less than « and so on. Note that if S is here-
ditarily of power less than «, then so is any element of S.

Suppose o regular, infinite. Let To = {¢}, and for & < « let
Te={S:SCU{T,:» < &} and card(S) < o}. Let Ty = U{T¢: & < a}.
An easy transfinite induction shows that every set in T is heredi-
tarily of power less than «. Moreover, by regularity, S C T and
card(S) < « implies S € T,. It follows that T, is the collection of
all sets hereditarily of power less than «, for the existence of such
a set not in T would lead to an infinite descending membership
chain. Note that card(T4) = 2 exp y.
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Throughout this book, an algebra will be a system <D O C) where
D is a non-empty set (the underlying set or domain), and O, C are
functions on indexing sets such that C(j) is an element of D for
each § € Dom(C) and O(¢) is an operation on D with a given number
of places for each 7 € Dom(O). The operations may be é-place or
~ 0-place operations for any ordinal 6. A relational system or
structure will be a system <D O CR> with an additional function
R such that R(%) is a relation on D with a given number of places
for each %2 € Dom(R). It is convenient also to allow R(Z) to be a
function on D to truth values 0, 1. The relation corresponding to
R() is, of course, the set of all sequences <xp...%x¢...> such that
R(k)((xo. . XE. . >) = 1.

Two relational systems <D O CR) and <D’ O’ C'R’> have the
same similarity type if Dom(O) = Dom(O’), Dom(C) = Dom(C’)
and Dom(R) = Dom(R’) and for each < € Dom(O), £ € Dom(R), O(?),
O’(z) have the same number of places, and so have R(%), R'(k). A
function 4 on D into D’ preserves operations O if L(O(2) ((xp. . . x¢. . D))
= O'(7)(<h(%0) . . . h(xg). . .>) for all 7 € Dom(O) and sequences with
the number of places of O(z). Similarly, A preserves relations R if
{xp...x¢...>€R(R) if and only if <A(x)...h(xg)...>€R'(k). A
function 4 is a homomorphism on <D O CR) to <D’ O’ C'R"> if
h maps D onto D', is relation and operation-preserving, and maps
each C(j) to C’(j). A one-one homomorphism is an isomorphism.
Other standard algebraic concepts can be adapted in a similar way.
When it is convenient to do so, the various individual constants,
operations and relations of a structure will simply be listed. Which
ones are constants, which are operations, which are relations, and
the associated numbers of places, will have to be determined from
context. Thus we will speak of the system ‘“{w 0s> of natural
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numbers under the successor operation” and of the system ‘(S e
where € is the membership relation restricted to S”.

We will deal at some length with Boolean algebras. For back-
ground, we refer the reader to Sikorski’s book [38]. Many equiva-
lent formulations have been given, but we use the one given there;
namely, a Boolean algebra is an algebra ®=<B -~ A v)> where - is a
one-place operation on B, A and v are two-place operations on B,
satisfying the following equations:

Commutative Laws: avb=bva,arb="bna,

Associative Laws: av (bvec)=(avd vc,an(bac)= (anb)ac.

Laws of Absorption: (aAb)vb=25b,av (aab)=a.

Distributive Laws: aa (bvec)=(aabd)v (@ac),av (bac)=
(@v b) A (av o).

Complementation Properties: (@A —a)v b =05, (av —a) A b = b.

The complement of a is —a, the join of a, b is a v b, the meet is
a A b. The unique element a A —a is the zero 0; the element a v —a
is the unit 1. The algebra is called degenerate if 0 = 1. The smallest
non-degenerate Boolean algebra is %o, the algebra of truth values,
with underlying set {0, 1}.

A field of sets is an algebra <S ~ N V) consisting of a family of
subsets of a set U closed under two-place union and intersection
and complementation with respect to U. Every field of sets is a
Boolean algebra. If a topology is given for U, the algebra of regular
open sets is the family of all subsets S of U such that S =incl S,
under operations =S =incl(~S),SAT =incl{(SNT),SvT =
incl (S U T). These are also Boolean algebras.

The relation a < b if and only if @ = a A b, partially orders the
elements of a Boolean algebra. The greatest lower bound of @ and
b is a A b, the least upper bound @ v b. More generally, if C is a
subset of B and the greatest lower bound of C exists in B, then that
element is called the meet of C and written “A C”. Similarly, the
least upper bound, if it exists in B, is called the josn and written
“V C”. If a is a cardinal number and A C exists in B for all subsets
C having power at most «, then B is an a-complete Boolean algebra.
The «-joins also exist in a-complete Boolean algebras since V C =
=~ A{=c:ceC}. If B is y-complete for all y < «, then B is an
A a-complete Boolean algebra. 1f B is y-complete for all y, then B
is a complete Boolean algebra. Algebras of regular open sets are
always complete. If @ =<S ~nNU) is a field of sets and T a
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subset of S such that N T €S, then N T = AT in the algebraic
sense; however, the algebraic meet of T can exist in S when
NT ¢S. Incase N T is in S for all subsets T having power at most
a, then & is an a-field of sets. Similarly if & is a y-field of sets for
all y < «, then & is an  a-field of sets, if & is a yp-field of sets for
all cardinals v, then @& is a complete field of sets.

A subalgebra of a Boolean algebra B is an algebra whose under-
lying set is a subset B’ C B and whose operations are the restrictions
of the operations of 8 to B’. Such an algebra is again a Boolean alge-
bra. A subalgebra B’ is an a-regular subalgebra of B if C C B’, card(C)
< «, and A C exists in B implies A C € B’. It is then also the meet
of C in B’. A subalgebra B’ is an  a-regular subalgebra of B if it
is a y-subalgebra for all y < «, a regular subalgebra if it is y-regular
for all cardinals y. The reader is assumed to be familiar with one
of the constructions for representing a given Boolean algebra as a
complete subalgebra of a complete Boolean algebra. A set C C B
a-generates B if the only a-complete a-subalgebra of 8 containing
C is B itself.

A homomorphism % from 8 onto B’ is an o-homomorphism if
k(A C) is the meet of {#(c): ¢ € C} in B’ whenever C C B, card(C) < «
and A C exists in 8. A homomorphism is an  a-homomorphism if
it is a y-homomorphism for all y < «, an oco-homomorphism if
it is a y-homomorphism for all cardinals y. There is the expected
correspondence between homomorphisms and ideals, subsets closed
under finite joins and containing with & all ¢ < b, and this corre-
spondence carries over to one between a-homomorphisms on «-
complete Boolean algebras and a«-complete ideals, ideals closed
under o-joins. Similarly between  a-complete homomorphisms on
 a-complete Boolean algebras and  a-complete ideals. Maximal
ideals correspond to homomorphisms to Bo. The reader is assumed
to be familiar with Stone’s Representation Theorem which says that
every Boolean algebra is isomorphic to a field of sets. The proof may
be split into two parts, the first being a proof that for any a 7~ 0
there is a maximal ideal of B containing —a. More generally, for
any subset C such that no finite join of its elements is 1, there is a
maximal ideal containing C. The second part is the proof that the
mapping taking a to the set of all maximal ideals containing —a is
an isomorphism on B to a field of subsets of maximal ideals. The
second part goes through unchanged for arbitrary infinite cardi-
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nals «. Therefore an  a-complete Boolean algebra is isomorphic to
an  «-field of sets if and only if for every a # 0 there is a maximal
 a-complete ideal containing —a. Equivalent, of course, is the con-
dition that for any a # 0 there is an » a-homomorphism of 8 to
Bo mapping a to 1. The first part of the proof fails for « > w.

Another condition on existence of homomorphisms to By is charac-
teristic of # a-complete Boolean algebras representable as ~ a-homo-
morphic images of 7 a-fields of sets, the so-called » a-representable
algebras. See Chang [1] and Scott [35]. We will only use the ne-
cessity of this condition; the sufficiency is an immediate conse-
quence of Theorem 6.4.4 of Chapter 6.

Theorem. If B is an # a-homomorphic image of an » «a-field of
sets, then given @ £ 0 and a collection of fewer than « meets of
subsets of B having power less than «, there exists a homomorphism
of B to Bo mapping a to 1 and preserving the given meets.

PrOOF: Suppose @ = (S ~ N U is an  a-field of subsets of U,
h an 7 o-homomorphism on & to B = (B = A v). Partition B into
two subsets B’, B” in such a way that B’ contains no comple-
mentary pairs and every element of B” is the complement of an
element of B’. This can be done by listing the elements of B in a
transfinite sequence <b;: & < card(B)>, putting by into B’ and there-
after putting b into B’ if and only if —&; has not already been placed
in B’. Let % be an arbitrary inverse of 4 on B’ and let £(b) = ~ k(—b)
for be B”. Then & is an inverse of % on all of B and % preserves
complements.

Suppose the given meets are A Cy, 7 € I, where card(/) < « and
card(Cy) < aforalliel. Let C = {a, -4, 0, 13U U; C; U{A Cy:iel}U
{mc:ce Ui Ci} U {= A Cy: i € I}. Note that we may assume « regu-
lar, for if « singular every s a-field of sets is an a-field of sets and
every s a-homomorphism is an a-homomorphism. The regular cardi-
nal ot might just as well have been under consideration in this case.
For regular «, card(C) < «. Let o be the following collection of
fewer than o« subsets of B: {4}, {0}, (-AC}UC; for 1el,
{=bo, ..., =bn, (bo v ... v by)} for each finite subset {by, ..., bp} of
C. Since every one of these sets has meet 0 except {-a},
VIAD:De X'} = —a. Let & be the collection of all sets
{k(0):beD}for De A" Then U{NE: E € ¥} +# U since the fa-
homomorphism # maps this set to —a % 1. By the distributive law
in &, there is T €S, T # ¢, such that for every D € X there is
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be D such that TC ~k(d). Let C'=C N {b: T C ~ k(b)}. Then
C’ contains an element from each D € X" and contains no comple-
mentary pairs since T C ~ &(b) and T C ~ k(-b) = k(b) would im-
ply T = ¢. These are the only properties of C’ that we need.

Note that -2 e C’, 0 e C’, and that C’ contains either - A C; or
an element of C; for each 7 € I. No finite join of elements of C’ is 1
since C’ contains an element of each set of the form {-by, ..., -by,
(bov ... v by)} and cannot contain 1. The homomorphism to By
given by a maximal ideal including C’ has the desired properties.

When « = w1 the representability condition on 8 and the re-
striction on the cardinals of the C; may be dropped. The resulting
theorem appears in work of Rasiowa and Sikorski as a lemma for
an algebraic proof of the strong completeness of the first-order
predicate calculus. See [30]. We will see in Chapter 11 that it also
implies the completeness of the infinitary calculus $a,0.

Theorem. Let B be any Boolean algebra. Then given a4 # 0 and
a denumerable collection of meets AC¢, 2 =1, 2, ..., in B, there
is a homomorphism of B to By mapping 4 to 1 and preserving the
given meets.

ProoF: Let Cg = {—a}. Suppose that Cj, is finite, V C; 7 1, and
contains —a and either = A C; or an element of C; for each 7 < »n. If
VChrvaACpr#1 let Cpy1 =ChU {_l A Cn+1}. On the other
hand, if VC; v = A Cyps1 = 1 there must be an element ¢ of Cp41
such that VCpv e # 1. For VCpv c =1 for all ¢ € Cuyy implies
VCivACuy =1 ButsinceVCsv - A Cpuyy = 1, it then follows
that V Cy = 1, a contradiction. In this case, let Cpy1 = Cp L {c}.
Then V C;4+1 # 1 and contains —a and either = A C; or an element
of C; for each 7 <#n + 1. Let C' = U {Cz: n < w}. Since no finite
join of elements of C’ is 1, there is a maximal ideal of B including
C’. The corresponding homomorphism to Bo has the desired
properties.

A Boolean algebra B is a-distributive if

AV byg=V A byy, where F = JI,
el  jeJ feF del
whenever I, J have power at most « and joins V by exist in B

jeJ
forall el and meets A V by and A by, exist in B forfe F.
el jeJ tel
For special background in distributivity see Smith-Tarski [40] and

Pierce’s papers [25] and [26] as well as Sikorski’s book [38].



CHAPTER 1

INTRODUCTION

Let « be a regular infinite cardinal, 8§ a cardinal either O or
w < f < o The first-order predicate languages Lug that we will
study have the same kinds of symbols that ordinary first-order
predicate languages have; the difference lies in the rules of for-
mation of formulas.

1.1 An Informal Look at Infinitary Predicate Languages

A language L, has a supply of « individual variables to be in-
terpreted as ranging over a non-empty domain D. It may also have
individual constants to be interpreted as fixed elements of D. It has
a supply of #-place predicate symbols, 0 < # <C w, to be interpreted
as fixed n-place relations over D; one of these is =, to be interpreted
as the two-place equality relation over D. The language may also
have #n-place operation symbols, O << # < w, to be interpreted as
fixed n-place operations over D. Other symbols are the brackets [
and ], symbols 4 and — for negation and material implication, the
symbol A of conjunction, and ¥ of universal quantification. Such
other symbols as e, A, v, of logical equivalence, ordinary con-
junction and disjunction, as well as the sign VY of infinitary dis-
junction and 3 of existential quantification, are introduced by
abbreviation. The atomic formulas of L,g are the same as the
atomic formulas of an ordinary first-order predicate language with
the same symbols. Formulas of L,g are built up from atomic formu-
las using the ordinary rules for 4, =, &, A, v, but extraordinary
rules for A, ¥, V¥, 3, as follows:

If 0<d <aand <4g: & < 8> is a sequence of formulas, then
[A Ap...Ag... ] and [V Ap...Ag. ..] are formulas.

If 0 <e< B, Ais aformula, and <x¢ : £ < & is a sequence of
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individual variables, then [Wxg...%¢...A] and [Axp...xs...A] are
formulas.

The regularity of « guarantees that each formula has length less
than «. When it is necessary to convey to the reader information
about the lengths of the sequences of formulas and variables, a
subscript “£ < 6" or "¢ < &” will be placed under the appropriate
symbol. It is to be understood, of course, that such subscripts, as
well as the dots, are not part of the language L,; itself; they are
in the informal metalanguage we use to describe Lgg.

A model M for a language L,g consists of a non-empty domain D
of individuals, together with fixed elements of D and relations and
operations over D, with the appropriate number of places, to serve
as denotations for the non-logical constants. The reader will have
no difficulty in extending Tarski’s definition of the truth value of
an ordinary formula for an assignment of variables to D, to apply
to these infinitely long formulas. The existence and uniqueness of
such a valuation function is a consequence of the recursion principle
in Chapter 8. If formula A4 is a sentence, that is, if it has no free
variables, then the truth value of 4 in IR does not depend on the
assignment to variables. A formula kolds ¢n I if its value is truth
for all assignments of its variables to D. We also say in this case
that M 7s @ model of A. A formula that holds in all models is valid.

1.1.1 Example. The system <N 0 s> of natural numbers under the
successor operation is characterized up to isomorphism by the
sentence A = [A; A Az A A3] of language Ly, with individual
constant 0 and one-place operation symbol §, where

Ay = [Vx[-0 = &)
Ay = [Wxy[dx = Sy = x = y]]
Az =[Vx[ ¥ [x=0]x =30]C;1...Cq...]],

0<n<w
where for 0 < 7 < w,
Cn=1[3y1... Y2 A y1 =380...y441 = &V1...x = 8ya]].
i<n
We mean, of course, that 4 holds in exactly those models iso-
morphic to <N 0 s).
1.1.2 Remark. We know that the system of natural numbers
cannot be characterized up to isomorphism by a set of ordinary
first-order sentences. Other examples of classes of algebraic systems
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that can be characterized by single (w1, w)-sentences but not by
sets of ordinary first-order sentences, are the class of non-Archime-
dean fields and the class of torsion-free groups.

1.1.3 Example. The sentence A = [A; A As] of language Ly 0,

with two-place predicate symbol < characterizes the class of well-
ordered systems, where

Ai=[Vryx<yvy<zvz=y]]
Ao=1[-~3 %9...%n...[ A 21 <%p...%p41 < %p...]]
n<w n<e
This class also cannot be characterized by a set of first-order
sentences, but it differs from the other examples in that an infinite
quantification is required for its definition. For no regular infinite
cardinal « is there a sentence of an (e, w)-language in predicates

=, < whose models are precisely the well-ordered systems. 1

The next example, taken from Hanf [7], is essentially the same
as Theorem 3 in Mostowski [24].

1.1.4 Example. The sentence [41 A A3] of an (wy, wi1)-language
with two-place predicate symbol € characterizes the class of all
systems isomorphic to a transitive family of sets under the member-
ship relation (A collection S of sets is transitive if x € S impliesxC S):

A1 = [Vny[[Vz[zEx & 2EY]] > 5 = ]
As =3 xg...%p...[ A ¥1EXp...%p41 EXp...].
n<w n<e
Hereafter A; will be referred to as the axiom of extensionality, As
as the axiom of well-foundedness.

Proor: It is clear that 4, and 45 hold in any transitive family
of sets. Suppose 41 and A4 hold in model <D €. It is required to
show that there is a transitive family S of sets such that <Se) is
isomorphic to <D €'>. The axiom of well-foundedness guarantees the
existence of an element do of D such that x €' dyp is false for all x
in D. The axiom of extensionality guarantees the uniqueness of this
element. Call it 0'.

An induction principle holds in <D €">: Suppose E C D satisfies
conditions (i) 0’ € E, (ii) x € D and y € E for all y € x implies x € E.
Then E = D.

1 Note added in proof, July 9, 1964: This result is in an article ‘Finite

Quantifier Equivalence’” to appear in the Proceedings of the Symposium on
Model Theory, Berkeley, California, 1963.



4 INTRODUCTION

Notice that if de D ~ E, then 4 = 0" by (i). By (ii), there is
dy €' d such that d; € D ~ E. Continuing by ordinary mathematical
induction, we obtain an infinite descending £"-sequence, thus contra-
dicting the axiom of well-foundedness.

Let T be the family of all sets hereditarily of power at most
card(D). Call a relation R C D X T acceptable if

(a) (0, ¢)eR.
(b) If x € D and for each y € x, pair (y, Sy) € R, then
(%, {Sy:y€e s}) eR.

Since D X T is an acceptable relation, we can form Ro = N {R:
R is acceptable} and Rp will also be an acceptable relation. Let
E = {x: there is a unique S € T such that (¥, S) € Ro}. Then E satis-
fies condition (i) of the induction principle since (0, ¢) € Ry and if
S # ¢, Ry ~{(0’, S)} is acceptable. Similarly E satisfies condition
(ii). Hence E = D and Ro is a function on D into T. Note that Ry
satisfies the condition Ro(x) = {Ro(y):y € x}. Hence the range of
Ry is a transitive field of sets Let E’ {x: x€ D and there is no
ye D, y # x, such that Ro(y) = Ro(x)}. If y 5 0’, then there is
z€ D such that z€'y, from which we infer Ro(z) € Ro(y). Hence
Ro(y) #d and O’ e E'. If x € D and y € E’ whenever y €' x, then we
can show x e E’. For if x ¢ E’, there is w 3 x such that Ry(x) =
Ry(x). By the axiom of extensionality, either there is y € x such
that not y € u, or there is y' € # such that not y' €' x. Either
alternative contradicts the assumption that the elements of x with
respect to € are in E’. Hence E’ satisfies both conditions (i) and
(ii) and therefore is equal to D. Hence Ry is one-one. Clearly also
x € y if Ro(x) € Ro(y). This completes the proof.

It can also be shown that an infinite quantification is required
to characterize transitive families of sets.

1.1.5 Example. (Hanf Scott) Consider a language L,.,. with

two-place predicates =, €, y any infinite cardinal. Let 4;, Aa be
the sentences of Example 1.1.4,

Az = Y xp...2¢.. . FYV2z2E€EYy & [ ¥V 7= Xg...2 = Xe. .. 1]
<y <y —_—
Ag = Vy[C— [Fxg...x:.. VzEy o [ ¥ 2= %0...2=2...]]]
f<y

where C = [JzzEy].

Then [A Ay A4 A3 A4] characterizes up to isomorphism the family
T,. of sets hereditarily of power at most y.
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Proor: Clearly sentences 41, 42, A3, A4 hold in <T,. &>. Con-
versely, if <S €> is a transitive family of sets in which A3 and 4,4
hold, then elements of S are subsets of S and have power at most y
by Aa4. They are therefore hereditarily of power at most y. An easy
induction on § << y* shows that the sets T'¢ described in the Foreward
on Set Theory are all subsets of S. Hence S = T,.. This completes
the proof.

At this point it should be mentioned that the theory of models
has had to be declared outside the scope of this book. Instead, we
shall focus our attention on formal systems for the infinitary
languages. Literature on models of infinitary languages is scarce.
An early contribution is M. Krasner’s article [19] of 1938. The first
appearance of a model theory for infinitary languages along the
lines of Tarski seems to be in P. Jordan’s article [14], 1949. The
underlying languages are, however, not explicitly formulated. See
also Frayne's review [4]. Infinite conjunctions and disjunctions
are treated in A. Robinson’s book [34], 1951. Infinitary predicate
languages are formulated in A. Tarski’s article [46], 1958, and his
model-theoretic concepts for ordinary predicate languages are ex-
tended to apply to the infinite case. W. Hanf’s important work in
this area is reported in a summary [7], 1960. Some of his results
are included here because they bear on the problem of the existence
of complete formal systems.

1.2 An Informal Look at Formal Systems Based on Infinitary
Predicate Languages

This brings us to the main topic of this book. For which of the
languages can we provide a notion of provability with the property
that exactly the valid formulas are provable? Further, for which
of the languages can we provide a notion of provability with the
property that exactly those formulas which hold in all models of a
set I' of sentences are the ones provable when I' is adjoined to the
set of axioms? But to make these questions reasonable, we have to
say what we are willing to admit as a notion of provability.

Only Hilbert-style systems will be considered here. A set of
formulas of L,g will be singled out to serve as axioms, closure con-
ditions will be specified to serve as rules of inference. A formal
proof will then consist of a sequence of fewer than « formulas, each
of which is either an axiom, or is the result of applying a rule of
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inference to formulas appearing earlier in the sequence. A formula
is provable (written “F A”) if it is the last formula of a formal
proof. Infinitary systems with tree-proofs are of considerable
interest. Such systems, complete for « strongly inaccessible, are
formulated and studied in a paper of S. Maehara and G. Takeuti,
[21], 1961. Related systems have been treated by E. Engeler, [3], 1961.

As a rule, ordinary formal systems are required to meet a con-
dition of effectiveness. There must be a procedure for deciding
whether or not a given sequence of formulas is a formal proof in
a finite number of steps. The only reason why a condition of a-
effectiveness, that is, of decidability in fewer than « steps, is not
imposed on («, §)-formal systems, is that a completely satisfactory
definition of a-effectiveness is not yet available. Work has been
done along this line by M. Machover, announced in [20], 1961. He
gives a definition of a-recursiveness of a-place functions and
predicates on the set «. However, in order to obtain the expected
properties in such a context, it is necessary to have a reversible
a-recursive one-one mapping on U {«%: < «} to «. To obtain such
a mapping. Machover assumes Godel’s axiom of constructibility. In
order to escape having to make such an assumption, it might very
well be necessary to consider functions and predicates on a set
already closed under formation of sequences of length less than «. 1)

The condition on («, 8)-formal systems imposed here is one of
definability, a condition apparently much less stringent than one
of a-effectiveness would be. As a matter of fact, the (y+, f)-formal
systems with Chang’s distributive laws of level y, 5.1.3, probably
would not meet a y*+-effectiveness requirement. The («, 8)-systems
with « strongly inaccessible probably would be admitted.

1.2.1 Criterion of Definability. In the text, we will deal with
(e, B)-predicate languages with infinite atomic formulas, but for the

1 Note added in proof, April 2, 1964: The axiom of constructibility has been shown to
be eliminable in Machover’s work. In his study of transfinite effectivity [The Theory of
Transfinite Effectivity, Technical Report No. 12, July, 1963, U.S. Office of Naval
Research, Information Systems Branch], Azriel Lévy develops an equivalent theory
using the notion of relative constructibility instead of constructibility. It should also be
mentioned that an independent treatment of transfinite recursiveness was given by Ta-
keuti and Kino in articles in the Journal of the Mathematical Society of Japan [Takeuti,
On the Recursive Functions of Ordinal Numbers, vol. 12 (1960), pp. 119-128, and Ta-
keuti-Kino, On Hierarchies of Predicates of Ordinal Numbers, vol. 14 (1962), pp. 199-
232]. Machover’s approach is through the Herbrand-G&del definition of computability,
Takeuti-Kino’s through primitive recursive functionals. Lévy develops a a theory of
transfinite computability by Turing machine and proves that the three notions are
equivalent.
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moment, consider only languages having predicate and operation
symbols with fixed finite numbers of places. Then the a-mefa-
language ML# is an ordinary predicate language, having only formu-
las of finite length, and the following non-logical constants:

Individual constants: é for each 6 < «, _ez, —l_b, ;7), %, 7, ¢, q.
One-place predicate symbols: IC, IV.
Two-place predicate symbols: =, & OP, PR.
Let Lyg be a given («, f)-predicate language. One-one functions on
the symbols of L,g into « are called Godel-numberings. If E is any
sequence of fewer than « symbols of Lug, the Gddel-sequence of E
is the sequence of Godel-numbers of its symbols. Relative to a
Godel-numbering g, consider the following model I (Lag, g) of ML:
Domain: T4, the family of sets hereditarily of power less than «.
Denotation for non-logical constants:

0|0 75 | g(l)
Py @ | g(n)
5§ |6 7 | gl-)
: E__ ¢ | g(A)
eq | g(=) g | g(v)
b | &

IC | {<g(a)>: a is an individual constant of Ly}

IV | {Kg(%)>: % is an individual variable of Lsg}

OP | {Kn g(p™)>: ¢ is an n-place operation symbol of Lag}
PR | {<n g(Q®)>: Qn is an n-place predicate symbol of Lg}
= The two-place membership relation.

In Chapter 13 we will show that there is a formula Form(x) of ML#
with one free variable such that for all G6del-numberings g, a set
S € Ty satisfies Form(x) in M (Lag, g) if and only if S is the Godel-
sequence (with respect to g) of a formula. The criterion of defina-
bility is this:
In order for P to qualify as a formal system for Lys there must
exist a formula PRV (x) of ML* with one free variable, such
that for all Gédel-numberings g, a set S € T4 satisfies PRV (x)
in M(Lag, g) if and only if S is the Godel-sequence (with
respect to g) of a formula provable in .
We will show that all the («, 8)-formal systems introduced in this

book satisfy this condition.
1.2.2 Summary. A formal system for kag is complete if exactly
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the valid formulas are provable, and is strongly complete if exactly
the formulas that hold in all models of a set I' of formulas are
provable when I' is adjoined to the set of axioms.

The study of infinitary formal systems will begin with the ex-
tension of ordinary first-order predicate logic to apply to the («, f)-
predicate languages. These are the basic formal systems. Only in
cases « = w or w1 and § < w are such systems necessarily com-
plete. Axioms and rules are added to provide complete formal
systems for all languages L,g with « strongly inaccessible, also for
a = y* such that y exp ¢ = y for all ¢ < § and for all other regular
« such that for y << a thereisk << a suchthaty < kxandkexpe =«
for all ¢ << 8. For cases « = f# = y*, y infinite, we are able to show
that a complete definable formal system does not exist, even if the
underlying language has only one two-place predicate symbol in
addition to =. The argument is due to Dana Scott who outlined it
informally at the International Congress for Logic, Methodology
and Philosophy of Science in 1960. Even if the metalanguages ML
were broadened to admit y-conjunctions and quantifications, a
definable complete (y+, ¥*)-formal system still would not exist. The
reader familiar with the undefinability-of-truth argument of Tarski
may already see the possibility of such a proof from Example 1.1.5.
In the remaining cases, the problem of the existence of complete
definable formal systems is open.

It is well-known that the basic formal systems are strongly com-
plete in case « = w. However, we are able to show that there do
not exist strongly complete formal systems for languages L, when-
ever « is an infinite non-limit cardinal, or one of a large class of
non-denumerable inaccessible cardinals. An easy argument shows
that if Las has a set I' of sentences such that every subset of
power less than « has a model, but I itself has no model, then
there is no strongly complete formal system for Lsg. This follows
from the assumption that formal proofs have length less than «. Of
course, there are no such sets I" when « = w. It is easy to con-
struct such sets for infinite non-limit «. The question of the ex-
istence of such sets for « non-denumerable and inaccessible, is a
highly non-trivial matter. Examples for certain such cardinals were
announced by W. Hanf in 1960 and the one for the first non-
denumerable strongly inaccessible number (assuming that there is
such a number) is given in Sect. 10.2. For discussion and appli-
cations to set theory, see Tarski [47].



CHAPTER 2

INFINITARY CONCATENATION

In our treatment of infinitary languages, terms and formulas are
certain sequences of symbols; that is to say, they are functions
on ordinal numbers to the set of symbols of the language. Since
their definition depends on the notion of concatenation, it might be
well to take the time to point out some of the properties of this
operation.

2.1 Properties of Infinitary Ordinal Addition

Among the familiar properties of ordinary ordinal addition, we
find the following:

Associative Law: y 4 (6 4+ &) = (y + 6) + =.

Law of Monotony: If y < dtheny + ¢ <d+ e.

Left Cancellation Laws: y +- 8 =y + e if and only if § = ¢,
y+o<y-+eifandonlyif d <e.

Finite Right Cancellation Law: If y finite, then 6 4+ y = ¢ + y
if and only if 6 = e.

Existence of Ordinal Difference: If y < 4, then there exists a
unique ordinal e such that d = y + &. This ordinal ¢ is referred
toas d — y.

The operation of infinitary ordinal addition assigns an ordinal

to a sequence of ordinals. A recursive definition is

iy £ <0y =0
Syg: & < 8 = (B<ys: & < 6 — 13) + yo1 if 6¢ Lim,
Zye £ < 0 = U Z(ys: & < &> if 6 € Lim.

e<d
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2.1.1 Theorem. If « is a regular cardinal and if d < « and y¢ < «
for all £ < 4, then 2Z{ys: § < & < «.

Proor: The statement is trivial for the finite regular cardinals
0, 1, 2. Assuming « infinite, y < « and ¥’ < « implies y + ¢’ < a.
The theorem then follows by transfinite induction on 6.

212 Xy § <0+ &> = Zye: § <O + Lyoes: E < o).

213 Xy E < Uy = U Zpe: & < o).

y<€ y<E
Hence also

2.1.4 2y E < Xy < &> =U Z{ye: & < Xy v < D
A<s
provided ¢ € Lim.

It is well-known that if § < y¢ + 91, then either 8 < y¢ or there
is a unique §' < y; such that § = yo + 6. More generally,

2,1.5 If 0 < Z{yg: & < &) then there are unique ordinals ¢’ < &
and 6’ < yps- such that 8 = ¢y & < 6> + 0.

ProoF: If Z(ys: & < 6" + 6’ = Zyg: & < 8"y + 0" for ordinals
& < 8" < 4,0 < ys, 8" < ysn, then after expressing Z(yg: § < 8"
in the form X{ys: & < 6> + yo + ¢, a form we know exists by
2.1.2, we can cancel on the left of the assumed equality to obtain
yor < 8’ < yo, a contradiction. Since we would arrive at a similar
contradiction by assuming 4" < §’, we must have 8’ = ¢”. Another
left cancellation yields 6’ = 6". Hence ordinals §' < 6, 8’ < y¢, if
they exist, are unique.

The existence of §’ and 6’ can be proved by transfinite induction
on 4. If 6 = 0, there are no numbers 6 to be concerned with, and if
6 = 1 the statement is trivial. If § << Z(ys: & < 8> and 6 ¢ Lim, then
either 6 < 2 <ys:é <d— 1) or Ghasform Xye:é < — 1> + 0
where 6’ < y¢—1. In the first case the 8’ and 6’ assumed to exist for
6 — 1 can be used, while in the second, the representation is given.
If 0 < XZ{ye:& < 6> and 6 € Lim, then there is ¢ < 8 such that
0 < Z¢ys: &£ < &. The ¢’ and 6’ for ¢ can be used.

2.2 Properties of Infinitary Concatenation of Sequences

If E; is a sequence for each & < 4, we define ™(Es: § < 8> to be
that sequence having domain 2{Dom(E¢): & < 8> whose value for 6
is Eg(0'), where ¢’ and 6 are the unique ordinals ¢’ < 4, 0’ <
Dom(Es) such that 8 = 2<Dom(E¢): & < 6’> + 6'. Furthermore,
welet EgCE1 = "(Ee & < 2.

221 Erpg=¢E =FE and XEg E< O = ¢.
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222 Egb<ly=FEoand XEs:E <o+ 1D = ("KEs: E <)
~E,.

Any sequence is the concatenation of the sequence of one-termed
sequences consisting of its symbols standing alone. That is,

2.2.3 E = "KE(&)>: &€ < Dom(E)>.

The infinitary concatenation operation satisfies associative laws
like those for ordinal addition:

224 TCEgE <o+ 01> = (TXEg: & < 00)) (TXEg et £ < OD).
The ordinary associative law follows.

2.2.5 (EqCE)Es = EoA(El’\Ez).
A sequence is a set of ordered pairs and is uniquely determined by
its domain and its values for elements of its domain. Hence

2.2.6 If 8¢ < 01, then "(Eg: & << dop C "(Eg: & < dp.

2.2.7 A(Eg: E<Udp =U A(Eg: & < 6.

y<sg y<8
As a corollary we have

2.2.8 If e € Lim, then
~Eg E<Zyv < &> =UEs: & < By v < M.

A<e
In view of 2.2.1, 2.2.2 and 2.2.7, we see that sequential concate-
nation satisfies recursion equations similar to those for ordinal
addition:

MEgE<OH =4
KEg & <O = XEg £ <d— 1)"Es if d¢ Lim,
NEg E <O =UT(Es £ < ey if deLim.

e<d

2.2.9 Generalized Associative Law. “(Eg: & < Z(0y: v < &) =
TKE,, 108 < 0ppiv < &), where yp = Z(0u: p < 9.

PrROOF: Let Ge = "(Fs: & < Xy v < &), and for v < ¢, let
H, = "XE, .,: & < d>. We show by transfinite induction that G, =
Hyiv < &)

If e=0, then G, =¢ and “<XH,:v» <& =¢. If ¢¢Lim and
Ge-1 = "XHy:v <e— 1), then Ge = (Eg: & < (Zop:v <& — 1))
+ 0e-1> = Ge-1"He1 = “<XHy:v < & by 2.2.2 and 2.2.4.

If eelim and G, = "(H,:v < A for all A <¢ then G, =

UG, =UXH,i v <A ="XHy:v <& by 2.2.7 and 2.2.8.

A<e A<e
We say that E’ is a consecutive part of E if there are sequences

Ey, E, such that E = E¢"E'"E;. In case E = E"E;, we say that
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E' is an initial part of E and write E' < E. If E = E¢"E’, then we
say that E’ is a terminal part of E.

2.2.10 The relation < is a partial ordering relation; that is,
EE E¢g<Eiand E; < Eg implies Eg = E1, and Eq < E1 and
E, < Egimplies Eg X Eos.

The anti-symmetry follows from the fact that Eq < E; implies
Eo C E,. The relation of being a terminal part is clearly not anti-
symmetric.

2.2.11 If 69 < 61, then "XEg: & < b < T(Eg: & < 6.

Using the definition of function restriction in the Foreward, if
6 < Dom(E), then E|d < E since E = TKE(£)>: & < Dom(E)) =
“KEE)N: E < H(TKE@ + £)>: & < Dom(E) — 6)) and E|6 =
~KE()>: & < 6 by 2.2.3 and 2.2.4. Conversely, if E' < E, then
E’ = E|Dom(E’). Therefore the initial parts of E are precisely the
restrictions of E to ordinals less than Dom(E).

2.2.12 If §p < 61 < Dom(E), then E|do < E|é1.

2.2.13 If U 65 Dom(E), then E| U d; = U E|d¢.

E<e E<e

2.2.14 If Eo < E and El E then Eo El or El < Eo. More-
over, if Dom(Eg) = Dom(E) then E¢g = E;.

If ' < E and E’' £ E, then we say E’ is a proper initial part
of E and write E' < E.

2.2.15 E’' < E if and only if there is a sequence E; # ¢ such
that E = EE;.

2.2.16 Left Cancellation Laws. (1) E¢"E1 = E¢"E3 if and only if
Ei=E,. (2) EyE, < E¢Esif and only if £, < Es.

The general right cancellation law does not hold, just as it does
not hold for ordinal addition. However,

2.2.17 Finste Right Cancellation Law. 1f Ey finite, then E1"Ey =
Ey"Ey if and only if £, =

Note that we must have either E; < Eg or Es < E; by 2.2.14.
The equality must hold by virtue of the finite right cancellation
property of ordinal addition.

2.2.18 Existence of Sequential Difference. 1f Eg < E; then there
is a unique sequence E such that £y = Eo"E.

The sequence E in 2.2.18 will be referred to as E; — Eg. Then
Ei = Eo"(El — Eg)if Ey < EL.

2219 If E < ~(E¢: & < 8, then there exist unique ordinals
¢’ < d and §' < Dom(Es) such that E = ~(Es: & < 6> Eg|6'.
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The ordinals ' and 6’ of 2.2.19 are easily seen to be the ordinals
of 2.1.5 for 6 = Dom(E) and y; = Dom(Ey).

When we deal with terms and formulas of a formal language, we
often encounter a situation where symbols standing alone must be
deleted and replaced by other sequences. The following lemma is
needed to tell us exactly how a sequence is decomposed by such a
deletion process.

2.2.20 Lemma. Let E be a sequence and {4:» < ¢> a strictly
increasing sequence of ordinals less than Dom(E). Let ¢ = Dom(E)
and

Ey, = E|iy; — (E|ty—1"<E(ww—1)>) if » ¢ Lim,
E,=FEl,y — E| Uy if ve Lim,
<y
for v < 0. Then E = “XE,KE(w)>: v < o> Eg.

Proor: We show by transfinite induction on ordinals 2 < ¢ that
Elig = “EXE(W)>: v < A E;. Clearly E|i, = Ey, so the equation
holds for A = 0. If A¢ Lim and Ei3—1 = “E/XE@Wm)D:v <1 — )"
E;_,, then using the definition of E; and the associative law, E|¢; =
(Elaa1rXE(ta—1)>)"Es = (TEKE(6)> 1 v<d— DY (Esm1™<XE(ta—1)>)"
E;. The equation holds for 4 by 2.2.2.

If 2e Lim and the equation holds for all § < 4, then E|y,; =
(E| Uw)Es= (U E|y)"E, by definition of E; and 2.2.13. The in-

<4 6<a
duction hypothesis tellsus that U E|ig = U (TCE,KE()> 1 v < 0> Ey),
0<i 0<d
but this sequence is the same as U (T(E,<E(w)>:v < 0)) since
o<
EKE()> v <O Eg X TXEy(E(w)>: v < 6 4 1>.One application
of 2.2.7 yields the equation for 4.

This completes the proof. Note that this particular sequence
<(Ey:v < 0> need not be the only solution to the equation E =
(TKECE(w)>: v < 0))"Eq. For example, if E is a constant sequence
of length @ and ¢ =1, ¢, = 1, the lemma yields the solution
Eg = <>, E1 = E. Any finite initial part of E could serve as Ej.

2.3 Lemma for Replacement of Non-overlapping Parts within
Sequences
This lemma is designed to deal with the replacement of terms
within terms, of formulas within formulas, of terms within formu-
las. In each of these cases we have classes T1, Tz of sequences
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satisfying the following condition:
(C) E¢gcEieTsand Eg # ¢ and ¢ < E; < A implies 4 ¢ T;.

That is, non-empty proper terminal parts of sequences in Tz are not
initial parts of sequences in Tj;. Suppose we are given sequences
Az e Ty for each & < 8, C, €Ty for each » < g, and are given the
decomposition

(*) "4 € < ="XE Gy < 7K,

We show that each A; is either a consecutive part of one of the E,,
or else A¢ has form E;"Ci~("XEa1145 Carrew: v < T — (A + 1)) ET
where E; is a terminal part of E,, E, is an initial part of E, and
A < 7. Thus each A¢ either misses a given C, entirely, or has C,
as a consecutive part.

2.3.1 Lemma. Suppose T and Ty are classes of sequences satis-
fying (C) and that lengths of sequences in Ty are non-limit ordinals.
Then there do not exist sequences 4g €Ty for & < 8, Eo, E; such
that E¢"E1€Tg, Eg A pand ¢ < E1 < g & < 8.

ProoF: The proof is by transfinite induction on ordinals §. The
statement is trivial for 6 = 0. Suppose é ¢ Lim and that 6 — 1 has
the desired property. Suppose there did exist sequences 4, € T; for
£ <8, Eg, Ersuchthat Eg"E1€ Ty, Eg £ 4), qs < E1 <74 E <.
Since we cannot then have E1  ™<(4¢: & < 8 — 1), E; must have
form ~Ag: & <8 — ID"E; and ¢ < E; X As-1. Since (E¢”
("¢Ag: & < 6 — D)"E; is in Ty, (C) would then imply As_1 €Ty, a
contradiction.

Suppose 6 € Lim and that ordinals smaller than § have the de-
sired property. Again suppose that there were sequences Az T;
for &£ < 6, Eg, E; such that E¢E1€ Ty, Eg # ¢, and ¢ < E; K
~(Ag: £ < 8. Then E; would be a proper initial part of
~(Ag: & < 8 since Dom(E;) ¢ Lim, while Dom™(4;: & < 6> € Lim.
It follows by 2.2.19 that there would be &’ < § such that E;
“Ag: £ < ¥ + 1. But then ¢’ + 1 would not have the desired
property.

2.3.2 Lemma. Suppose Ty and Ty are classes of sequences satis-
fying condition (C) and that the lengths of sequences in Tz are non-
limit ordinals. Suppose A; € T1 for all £ << 6 and that C, € Ty for all
v <o and

(*) "KAg & <8 = (TKE«Cyv < o)) E,.
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Then for each ordinal 4 < 4 there is a unique ordinal g{4) and a
unique initial part Egma of Egu such that T(A4s é < i) =
(TE Gyt v < gAD) Eg(aya-

ProorF: The uniqueness is by 2.2.19. From decomposition (*) we
see that either (A1 & < A < XE,Coiv <o) or KA E< A
has form “(E,"Csiv < o)"E’, ¢ < E’ < E,. In the second case we
take g(A) = o, Egya = E’. In the first case, we know that 41 < 6
and there is an ordinal ¢’ < ¢ and sequence E” < E;"Cq- such that

(%) A & < 2> = ~(E,Cyiv < 6'>E".

Take g(A) = o', Eguys = E”. It remains only to show E” < E,. If
this were not the case, we would have E” = E;"E], ¢ < E'l' < Cq.
Using (*), (**) and the properties of concatenation listed in 2.2,
we could then cancel 7<(4s: & < A> on the left in equation (*) to
obtain ¢ < Cor — E] < ™A s4¢: & < 6 — Ay, thus contradicting
2.3.1. Therefore we must have Eg1 < Eg(y-

Under conditions of 2.3.2, ~<4s: § < ) < XE, " Coiv < g(d) + 1>
since Cg(2) # ¢. Therefore, if g(1) < g(1’), we have "~(Ag: & < > <
“{Ag: & < 2D, which in turn implies 4 << 2. It follows that the
function g is increasing. Clearly g(0) = 0, g(6) = o, Eg()o = ¢-
Ey66 = Es. Using the left cancellation and other properties of
concatenation listed in 2.2, the desired representation of the A,
is seen to be the following:

2.3.3 Corollary. Under conditions of 2.3.2, if g(d) = g4 + 1),
then A4,; = Eg(1)1+1 — Eg(;,);,. If g(l) < g(l + 1), then 4; =
(Egy — Ega)"Coy"E"Ega+1)2+1, Where

E = ~Eqan1+-Comnrr: v < glA + 1) — (g(A) + 1>

We are now in a position to see that the replacement of sequences
C, for the parts C, within ™<4¢: & < 8> can be accomplished by
replacing the C, for the C, within the A; and then forming the
concatenation.

2.3.4 Lemma for Replacement. Assume conditions of 2.3.2. Let C,
be a sequence for each » < 4, let 4] = A, when g(A) = g(A + 1),
let A; = (Eginy — Eqa)"Co"E""Egu+na+1 when g(2) < g(d + 1),
where E' = ~(Egy+14°Comy+100:» < g(A + 1) — (g(4) + 1) Then
A E< 8 = "EC,: v < o> E,.

PrOOF: We show by induction that ~<A4;: & < > = ~E,C,:
v < g(A>"Eyna for ordinals 2 < 8. The equation holds trivially for
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A == 0. Assume that holds it for ordinals less than A and consider
four cases:
Case 1. A € Lim and for each 60 < 4 there is 8 << 0’ << 4 such that
g(0) < g(0"). Then ~XA;: & < > =0U A E<O = U;YE,’*C,’:
<2 f<

y << g(6)>"E,,(g)g = U ﬁ(EyAC; < g(G')> = A<E1AC: < U g(6)>
0’ < 8<d
Similarly “(A4gs: § < A = XE G v < U g{0)>. Hence g(1) =

f<a

U g(0) and E g1y = ¢. Hence the desired equation holds for A.

6<i
Case 2. 1€ Lim and there is 6" << A such that g(0) = g(6") for
0 <6 <A Then KA; & < =U4;:& <8 =UNXEC,:
< <
v < g(@)}AEg(a)o = U A(E,."C:Z y < g(@')}"Eg(o)o. For the 6 such
0’ <0<
that §° << 6 << A, the E )9 are increasing initial parts of Eg4-). Hence

9) Eg(o)a < Eg(o') and A(A; E < ) = A(EVAC;I y < g(6')>"
0’ <f<i

U E,@e. The analogous equation holds for ~<4¢: & << 4> with-

0 <0<i
out the primes. By the uniqueness of g(1) and Eg(12 we see that

g(d) = g(6") and Egms = U Eyee. Hence the desired equation

0 <0<A
holds for 4.

Case 3. A ¢ Lim and g(A — 1) < g(4). In this case, ~(4;: &< D
= XE,C,:v < g(h — 1)>Egu-1i-1"4;_,. The desired equation
follows immediately from the associative law and the definition of
A,

Case 4. A¢ Limand g(A — 1) = g(4). Inthiscase 41 & < D =
Ey,C, v < g(A — )Y Ega—1a-1"4 1-1. The desired equation fol-
lows immediately from the associative law and expression for 4,1
in 2.3.3.

Note that the proof just given contains a proof of the following:

2.3.5 Corollary. 1f 1 € Lim, then g(1) = U g(0).

6<i



CHAPTER 3

ALGEBRAS OF TERMS OF INFINITE LENGTH

At this time, we consider only the underlying systems of terms
of infinitary predicate languages. However, the notion of term con-
sidered here is broader than that discussed informally in Chapter 1,
for these terms may be infinitely long.

Attached to an infinitary predicate language is a regular infi-
nite cardinal o to serve as a bound on the lengths of terms. The
language has a supply of primitive symbols among which are
brackets [, ], and symbols classified as follows:

Individual symbols

Special two-place operation symbols
{-place operation symbols, 0 < ¢ < o
Infinitary operation symbols.

The other kinds of symbols need not concern us now. It is as-
sumed that there is at least one individual symbol, that the symbols
are all distinct and are not themselves sequences. An o-expression
is a sequence of symbols having length less than o.

As a rule, the sequential brackets will be dropped when writing
expressions. Thus if ¢ is a symbol, the expression written merely
“@” is the sequence <g). Similarly, the signs for concatenation will
be dropped when writing expressions. If T¢ is an expression for
each & < ¢, the expression written “Ty...Te..."” is (T & < .
When there is danger of misinterpretation, the notation of Chapter 2
will be used in full.

3.1 The o-algebras of Terms

An atomic term of an infinitary predicate language is an ex-
pression consisting of an individual symbol standing alone. The set
of terms is the intersection of all sets T of expressions containing the
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atomic terms and closed under rules of o-term-formation:

(1) If Ty, T1 €T and v is a special two-place operation symbol,
then [Toyp7]eT.

(2) If <T¢: & < & is a l-tuple of expressions in T and ¢¢ is a
{-place operation symbol, then [¢*Ty...T¢...]€T.

(3) If <Te:& < &> is a L-tuple of expressions in T, 0 < { <o,
and ¢ is an infinitary operation symbol, then [¢To...T¢...]1€T.

Of course, “[pTy...T¢...]" is short-hand for ([¢>~("<(Te: &§ < )
~¢]>. The special two-place symbols do not add anything to the ex-
pressive power of the language. We have included them only be-
cause it seems more natural to write something like “[To + T1]”
than “[+ ToT4]".

By virtue of 2.1.1, every term has length less than o. The alge-
bra %, of terms has the set F, of terms as its underlying set, and
has one ¢-place operation for each (-place operation symbol, one
~o-place operation for each infinitary operation symbol, with
values given by (1), (2), (3). For example, the value of the operation
assigned to ¢ is [Ty T 1] for argument <ToT ).

3.1.1 Induction Principle for Terms. If T is a set of expressions
containing the atomic terms and closed under rules (1), (2), (3) of
o-term-formation, then T contains all terms.

3.2 Algebras for the Interpretation of Terms

Let <D Oy be an algebraic system with non-empty underlying
set D, having the same similarity type as &,. That is, O assigns a
{-place operation over D to each {-place operation symbol and an
~ o-place operation over D to each infinitary operation symbol.
Such an algebra will be called an algebra for the interpretation of terms.

3.2.1 Recursion Principle for Terms. Let <D O> be an algebra for
the interpretation of terms. Then if s is any function on the indi-
vidual symbols of the language to D, there is a unique homo-
morphism s* on the algebra of terms to <D O) such that s*(<x>) =
s{x) for all individual symbols x.

This means of course, that s* satisfies the following equations
for all terms T, special two-place operation symbols g, {-place
operation symbols ¢%, infinitary operation symbols ¢:

(1) s*([TopT1]) = O(y)(<s*(To)s*(T1)>)
(2) s*([¢fTo...T¢...]) = O(¢?)(Ks*(To)...s*(T¢)...>)
(3) s*([¢To...T¢...]) = O(p)(cs*(To)...s*(Tg)...>).
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The rather lengthy proof is deferred to the next section. For the
moment, let us look at some examples.

3.2.2 Example. Consider a language with regular infinite cardi-
nal « as bound on lengths of terms, having one-place operation
symbol —, special two-place operation symbols A, v, infinitary
operation symbols A, V. The intended algebra for the interpre-
tation of terms is an algebra <B O), where B is the underlying
set of an a-complete Boolean algebra, O(-) is the one-place
complementation operation, O(a), O(v) are the two-place meet
and join, O(A), O(V) are the » a-place meet and join, respectively.
Then s*(7T) is the result of substituting s(x) for individual symbols
x in T and calculating the value in B.

3.2.3 Example. Consider a language with regular infinite cardi-
nal « as bound on length of terms, having one-place operation
symbol o, special two-place operation symbol —», infinitary oper-
ation symbol A. The terms of the language can be thought of as
a-propositional formulas. The intended algebra for interpretation
is <Bg O), where By is the set of truth values 0, 1, O(=) is the
one-place complementation operation, O(A) is the infinitary meet,
O(—) has value —x v y for x, y € By. If s is any function assigning
truth values 0, 1 to the individual symbols (called propositional
symbols in this context), s*(T) is the calculated truth value of T.

3.2.4 Example. Let F, be the set of a-propositional formulas of
Example 3.2.3. Consider a second language with the symbols of F,
together with additional two-place operation symbols «, A, v, and
additional infinitary operation symbol V. This time, take <Fs O)
as algebra for interpretation of the second language, where for
To, ...,Tg, inF,,,

O(=)(KD>) = [T]
O(=)(ToT) = [To—> T1]
O(&)(KToT) = [A [To—> T1][T1 - To]]

O(A)(KToT1>) = [A ToT1]
O(v)(KToT1>) = [ [A [AT0)(=T1]]]
O(V)(KTo...Ts...>) =[[A [aT0]...[AT¢]. ...

Then if s is the function assigning <x> to propositional symbols x,
and T is a formula of the second language, s*(7) is the formula of
the first language that results from eliminating symbols «, A, v,
v, by the usual rules of abbreviation.
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3.3 Recursion Principle

As soon as we know that no proper initial part of a term is a
term, we shall be well on our way to a proof of the existence and
uniqueness of the functions s*.

3.3.1 Lemma. If T is a term that is not atomic, then exactly one
of conditions (i), (ii), (iii) holds for T':

(i) There exist terms Ty, 71 and a special two-place operation
symbol y such that T = [TopT,].

(i) There is a ¢-place operation symbol ¢¢ and a {-tuple of terms
such that T = [@¢ Typ...T¢. . .].

(iii) There is an ordinal ¢, 0 < { < o, and an infinitary operation
symbol ¢ such that T = [¢Tp...T¢...].

ProoF: The set T of terms containing the atomic terms and
satisfying at least one of the above conditions is obviously closed
under the rules of o-term-formation. By the induction principle,
it follows that T contains all terms. A comparison of symbols T'(1)
shows that two of the above conditions could not hold simultane-
ously. For the operation symbols are distinct from one another and
a trivial induction shows that no term begins with an operation
symbeol.

3.3.2 Lemma. If T is a term and E < T, then E is not a term.

Proor: It is customary to introduce a bracket-counter for proofs
like this. Though we could do that here as well, it seems to be faster
to proceed by induction.

Let T={T: T is a term and E < T implies E is not a term,
and T < E' implies E’ is not a term}. If T atomic and £ < T, then
E = ¢ and therefore is not a term. If T < E’, then E’ begins with
an individual symbol and has length greater than 1. A trivial in-
duction shows there is no such term. Hence atomic terms are in T.

Closure condition 3.1 (1): Suppose Ty, T1€T and y a special
two-place operation symbol. Let T = [ToypT1]. Use 2.2.19 to list
the proper initial parts of T that could possibly be terms, after
noting that terms are not ¢, and if a term begins with [, it ends
with ]. We obtain

Caser. E = [E0,¢< Ey < To
Casez. E = [TolpEl,qS < E1 T,

Such an expression E could not be an atomic term, nor could it
have one of the forms 3.3.1 (ii) or (iii) since T(0) not an oper-
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-ation symbol. It follows that there are terms T, 71 and a special
two-place operation symbol such that E = [Ty’ T1] if E is a term
at all. In Case 1, after cancellation of [, T9 < E¢ < To. This contra-
dicts Tg € T. In Case 2, after cancellation of [, we see that Ty < T
or Tog=Tp or Tog< To by 2.2.14. The equality must hold since
To e T. After left cancellation of [T, we see that y = ¢’'. Cancel-
ling that as well, we obtain 71 < E; < T, thus contradicting
T3 eT. Thus E is not a term.

Next, suppose [ToyT1] < E’, where E’ is a term. Again E’ has
form [Ty’ T'1] according to 3.3.1. The argument above shows T¢ =
Ty, w =19, T1 =T1. Hence E' = [ToypT1] = T. Therefore T eT.

Closure conditions 3.1 (2) and 3.1 (3): Suppose ¢ is a {-place or
infinitary operation symbol and <T¢: & < ) is a {-tuple of terms
inT. Let T = [pTy...T¢...]. We must show T eT. Use 2.2.19 to
list the proper initial parts of T that could possibly be terms,
remembering that terms are non-empty, and that a term beginning
in [ must end in ]. The cases reduce to

(@) E = [p>~(~(Te: & < &5)"E,, wheree <¢, ¢ < Ee < T

If E is a term, it is not atomic, nor does it have form 3.3.1 (i).
Clearly, there must be a {’-tuple of terms such that
(b) E = (T & <O
After left cancellation on (a) and (b), we obtain
(€) Te:&<eEs="XT: & <D
Let A = £ n {’. We show by transfinite induction that T, = Té for
all £ < A. Suppose § << A and Ty = T; for all £ < 0. Cancelling
~(T¢: & < 6> on the left in (c), we obtain ~(Tp4s: & < & — OO"E, =
~(Tope & < — 6>°X]>. By 2.2.14, either To < Ty or Tg = T, or
T, < Te. Since To €T, the equality must hold. This completes the
induction.
If ¢ < ¢’, we have after left cancellation on (c), E, = ~<T, el
& < ' — &7]). This implies T, < E. < T, contradicting T.eT.
If £’ < &, we have after left cancellation on (), <> = KT ¢4e: é <
¢ — (> E,, clearly impossible. If ¢ = ¢', E¢ = <]>, contradicting
(a) since no term begins with ]. Hence E is not a term.
Finally, suppose [¢Ty...T¢...] < E’, E’ a term. The argument
above with T and T, interchanged, yields T = [@Ty...T¢...] =
E’. Hence T €T. This completes the proof.
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Note that a proof of the following theorem was included in the
one just given.

3.3.3 Corollary. Suppose <T¢: & < 6> and (T;: & < ¢ are arbi-
trary sequences of terms and that o and ¢’ are arbitrary symbols.
Then

(1) If TooTo=T10'T1,then Tg=T¢, 0 =o', Ty = T1.
(2) If XTs:& < ="Ts:&< 8, thend =24 and T; =T,
for all £ < 6.

3.3.4 Recursion Principle. Let <D O) be an algebra for interpre-
tation of infinitary terms, sect. 3.2. Then given any function s on
individual symbols to D, there is a unique homomorphism s* of the
algebra &, of terms to <D O> such that s*(<x>) = s(x) for individual
symbols x.

Proor: The uniqueness of s* follows immediately from the in-
duction principle 3.1.1. We proceed to show the existence. Call a
relation R C F, X D acceptable if and only if it satisfies the follow-
ing conditions:

(0’) <x>Rs(x) whenever x is an individual symbol.

(1) ToRdg and T1Rd, implies [ToyT1] R O(y)(<dod1>) whenever
Ty, T, are terms, ¢ a special two-place operation symbol.

(2) TsRd; for all & < ¢ implies [psTy...T¢...]RO(p¢)(Kdo. . .
ds...>) whenever (T¢: & << (> is a {-tuple of terms, ¢¢ is a {-place
operation symbol.

(3") TeRde for all & < ¢ implies [¢Ty...T¢...]RO(g)(<dg. . .
dg...>) whenever 0 < ¢ < o, <T: & < {> is a {-tuple of terms, ¢
an infinitary operation symbol.

Then F, X D is an acceptable relation. Let Rg = N {R: R is ac-
ceptable}. Then Ry is itself acceptable. We claim that Rp is a
function with domain F,. The proof will then be complete since
this function obviously satisfies the conditions 3.2.1 (1), (2), (3).

Let T = {T: T is a term and there exists a unique ¢ € D such
that TRod}. If x is an individual symbol, then <x>Ros(x). If 4 #
s(x), then Ro ~ {(<x>, 4)} is still acceptable. Therefore (<x), d) ¢ Ro.
Hence (x> e T.

Suppose Tg, 71 € T and p a special two-place operation symbol.
Let dy, di be the unique elements of D such that ToRodo, T1Rod1-
Then [ToypT1]RoO(y)(<dod1>) by (1'). If d # O(y)(<dpdy>), then
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Ry ~{{({ToyT1], d)} still satisfies (0'), (2), (3') since [ToyTq] is
not an atomic term, and since To(0) is not an operation symbol.
This relation also satisfies (1), for suppose (To, o) and (71, 41) are
in Ro ~ {((ToyT1], d)}, but not the pair ([Toy'T1], O(y’)(Kdod1)).
Since this pair is in Ry, it must be the case that

((Toy' T1], O(w')(Kdod1>)) = ([(ToyT1), d).

By 3.3.3, To=To, vy = vy, T1 = T1. Since they are in T, dp = dp
and di = d). But then d = O(y)(<dod1)), contradicting the as-
sumption on d. Hence Ro ~ {([ToyT1], d)} is acceptable and
therefore, ((ToyT1], d) ¢ Ro. Therefore [ToypT1] € T.

The proof that T is closed under 3.1 (2) and (3) is entirely similar
to the proof of closure under 3.1 (1), using 3.3.3 once more.

3.4 Replacement of Equivalent Parts

This section deals with congruence relations on the algebra §, of
terms of an infinitary language. Using the ordinary algebraic defi-
nition, a congruence relation on F, is an equivalence relation on
terms such that for all terms Ty, T, two-place operation symbols
y, {-place operation symbols ¢#, infinitary operation symbols ¢,

(1) To =Toand T1 = T1 implies [TopT1] = [ToyT1]
(2) Ty = Ty for all & < ¢ implies
[¢¢To...Te...] = [¢¢*Tq...T,...]
(3) Te =T, forall ¢ < ¢ and 0 < ¢ < o implies
(¢To...Te...) = [9Tb...Th...].

The algebras of congruence classes of terms are homomorphic
images of %o, and are therefore also algebras for the interpretation
of terms.

3.4.1 Example. Let <D O> be a particular algebra for the in-
terpretation of terms, s an assignment of individual symbols to D.
Then the relation T = 7" if and only if s*(T) = s*(I") is a congru-
ence relation on the algebra of terms. The algebra of congruence
classes is isomorphic to the subalgebra of <D O) generated by
Rng(s). Similarly, if S is a set of functions on individual symbols
to D, the relation T = 7" if and only if s*(T) = s*{(T") for all
s € 5, is a congruence relation on terms. One could consider sets of
assignments to sets of interpretive algebras as well.

3.4.2 Example. Consider the a-propositional formulas of Example
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3.2.3. The relation T =T if and only if s*(T) = s*(T”) for all
functions s on individual symbols to truth values, is a congruence
relation on the algebra of formulas. The notions of provability for
these languages, to be introduced in Chapter 5, will have the
property that the relation 7' = T” if and only if FT — 7" and
FT' — T, will be a congruence relation on the algebra of formulas.

The Replacement Principle tells us that when consecutive parts
Ty of aterm T, the T, being themselves terms, are replaced by terms
T, congruent to T, the result is a term congruent to T'. This follows
easily from the result of Sect. 2.3 once we have established con-
dition (C) for terms.

. 3.4.3 Lemma. E¢"Eyaterm, Eg # ¢ and ¢ < E; < T implies T
is not a \term.

ProoF: Let T={T:Tisatermand T = Eg"E1and ¢ < E1 X
T’, where T is a term, implies Eg = ¢}. It suffices to show that all
terms are in T. Clearly atomic terms are in T.

Closure condition 3.1 (1): Suppose To, T1 €T and y is a special
two-place operation symbol. Suppose T = [ToyT1] = E¢"E1 and
¢ < E1 < T’, where T" is a term. Then E; cannot begin with y or ].
Therefore if Eg 5 ¢, one of the following four cases arises:

Case 1. Eg = ¢[>. Then after left cancellation, To < E1 < T"
contradicting 3.3.2.

Case 2. Eq = <[>"Tp, ¢ < To < To. Then after left cancellation
of Eg, Ey = (To — To)~<y>"T1~J>. Since T = To~(To — T9), and
¢ < (To — To) < E1 < T, this contradicts Toe T.

Case 3. Eg = (D" To<y>. After left cancellation, T1 < E1 < T,
contradicting 3.3.2.

Case 4. Eo = (D7 To~<yy"T1, ¢ < T1 < T1. Then after left
cancellation of Eg, E1 = (T'y — T1)X]>. Since Ty = T1~(T1 — T1)
and ¢ < (T1 — T1) < E; < T, this contradicts 73 € T.

Thus the only possibility is Eo = ¢.

Closure conditions 3.1 (2), (3): Suppose <T;: & < £> is a {-tuple
of terms in T and T = [¢Ty...T¢...], where ¢ is a {-place or infi-
nitary operation symbol. Again assume T = Ep"E), ¢ < E1 < T,
T' a term. Then E; cannot begin with ¢ or with ]. Therefore if the
initial part Eq of 7 is non-empty, it must have one of the following
forms:

Case 1. Eq = ([p). Cancelling Eq on the left, To < E1 < T,
contradicting 3.3.2.
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Case2. Eo = [ ("XTs: & < OV T, ¢ < T < Ty, U < L.
Cancelling Eg on the left, (Tyr — T;) < E1 < T". Since Ty =
T, (T — T}.), this contradicts T¢- € T.

Case 3. Eo = <[> ("<T¢: & < ), ' < ¢ Cancelling Eg on the
left, Ter < Ey < T, contradicting 3.3.2.

The only possibility is Eg = ¢. This completes the proof.

The lemmata of Sect. 2.3 are now available for terms.

3.4.4 Definstion. A subterm of a term T is a consecutive part of
T which is itself a term. A proper subterm of T is a subterm T
such that T has form Eq~T¢ E1, Eo #~ ¢, E1 #~ ¢.

Note that in the definition of proper subterm, it would have
been sufficient to insist that one of Ey, E1 be non-empty. For if
one is empty, the other must be also in view of 3.3.2 and 3.4.3.

3.4.5 Theorem. 1f term T has form [ToypT;], v a special two-
Place operation symbol, Ty, T1 terms, then a proper subterm of T
is a subterm of Ty or of T3. If T has form [¢Ty...T¢...], where
(Tg: & < O is a -tuple of terms and ¢ a ¢-place or infinitary oper-
ation symbol, then a proper subterm of T is a subterm of some T&.

Proor: If Cy is a proper subterm of [ToyT;], then there are
expressions Ep, E1 such that To<Xy)>~T1= (E¢"Co)"E;. Let T)
consist of the set of all terms together with the expression <(p),
let T2 be the set of all terms. Lemma 3.4.3 implies that con-
dition (C) of Sect. 2.3 is satisfied for Ty, Te. Since the additional
condition on Lemma 2.3.2 is also satisfied, it follows that there is
an increasing function g having domain 4, satisfying 2.3.2, 2.3.3
with 49 = Ty, 41 = <y), A2 = T1. Moreover, g(0) =0, g(3) =1,
and since <{y> cannot contain Cg as a part, g(1) = g(2). Therefore,
either g(0) < g(1) or g(2) < g(3). In the first case, Cp is a con-
secutive part of T, in the second, of T.

Similarly, if Co is a proper subterm of [pTy...Te...], then
there are expressions Ey, E; such that ~(T¢: & < (> = (E¢~Co)"E1.
This time take T; and Ty both to be the set of terms. Again there
is an increasing function g satisfying 2.3.2 and 2.3.3. This time,
dom(g) = ¢ + 1, g(0) = 0, g(¢) = 1. Since g(&) = U g(6) for & € Lim

<&

by 2.3.5, there must exist & such that g(&) < g(&€ + 1). This T¢ con-
tains Cy as a consecutive part.

3.4.6 Definition. The principal subterms of a term having form
[ToyT,) are To, T1. The principal subterms of a term [¢p T. .. T¢. . .]
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where ¢ is a {-place or infinitary operation symbol, are Ty, ...,
Te, ...

Note that 3.3.3 implies that principal subterms are unique. The
theorem just proved says that a proper subterm of a term T is a
subterm of a principal subterm of 7.

3.4.7 Replacement Principle. Let = be a congruence relation on
the algebra of terms. If term T = "XE,~Cy: v < 6)"E4, where the
Cy are terms, and if C, = C, for all » < o, then T' = ~XE,C,:
y< o Egisatermand T =T".

ProorF: If ¢ = 0, the result is trivial. If ¢ # 0 and Eq = ¢, then
T=Cy, o0=1, Eg=¢ by 332. If 0 20 and E; = ¢, then
o ¢ Lim since dom(7) ¢ Lim. Then T = Cy—1, 0 =1, Eog = ¢ by
3.4.3. The proof for the non-trivial cases depends on 2.3.3 and the
lemma for replacement, 2.3.4. We proceed by induction. For the
case T = [ToypT1] = XE,Coiv < 0)"Eqs with Eg £ ¢, Es #+ ¢,
Eohas form <[>"Ep, Eshas form E.~(]>. Let E, = E,for0 < » < o.
Then T~y T1 = “XE/"Cs:v < o) E.. Take T to be the set of
terms together with expression <y, T2 to be just the set of terms.
Then condition (C) and the additional hypothesis of 2.3.3 and
2.3.4 are satisfied. We know that there is an increasing function
g such that g(0) = 0, g(1) = g(2) since (> does not contain a term,
g(3) = o, and T, T have decompositions of 2.3.3. Replacing C, by
C, in these forms, the resulting terms T, Ti are equivalent to
Ty, T1 by the induction hypothesis. Since = is a congruence re-
lation, T = [TowT1i). But T’ = [ToyTi] by 2.3.4. Hence T' is a
term equivalent to 7.

The proof for the case T = [¢Tg...T¢...] is similar.

3.5 Substitution

If T is a term, X a set of individual symbols, f a function on X
to expressions of some language, then S7* T is the result of replacing
parts <x>, x € X, by f(x). In case f maps X to expressions of length 1,
S{T is that expression having the same length as T, and values
fT(6)(0) for those 8 such that T'(8) € X, T(f) otherwise. However it
will be necessary to talk about substitutions of more general ex-
pressions for x € X. By an occurrence of x in T we mean an ordinal
6 < Dom(T) such that T(6) = x. If we were to use the procedure
for ordinary predicate languages, we would form the sequence
{1 v < o) of all occurrences in T of symbols in X, in increasing
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order, then write T in the form

T = "ENT(w)>: v < o> Eg,

and let ST = ~XE,f(T(w)): v < 0>"Es. The only difficulty with
this is that in the infinitary case the expressions E, are not uniquely
determined by the above equation. This difficulty can be avoided
by adding the stipulation that the E, contain no occurrences of
x€ X. In fact, the correct E, have already been calculated in
Lemma 2.2.20.

3.5.1 Lemma. Let <&:v << 0> be the sequence of all occurrences
of x € X in T in increasing order. Let ¢ = Dom(T) and

Ey, =Tty — (Ttw—1"<T (n)>) if » ¢ Lim,
E, =Ty, — T| Uy if ve Lim.

<y
Then T = ~E T (4)>: v < 6>"E4 and whenever
T ="E,XT(y)>:v <o) E,

and the E, contain no occurrences of x € X, E, = E, for ally < 0.

Proor: Lemma 2.2.20 implies that T = "(E, T (1)) : v << 6)"E,.
If » ¢ Lim, an occurrence 6 of x € X in E, would satisfy 1 + 1 +
6 < 1, impossible since the sequence <i:» < ¢> contains all oc-
currences of x € X in 7. Therefore E, contains no occurrence of
any x € X. Similarly, if » € Lim it can be shown that E, contains
noxeX.

Conversely, if T = ~E,<T(1)>: v < 0>"E_ and the E, contain
no occurrence of x € X, then we can show E, = E, by transfinite
induction. Suppose E, = E, for all » < 4 and 4 < ¢. Cancelling on
the left in the two representations of T, ™XE T (tap)): v <0 — A
“Es = XE; ,XT(up):v<o— M E,. If 1=0 the equation
yields E; = E’ immediately. If 1 < o, then since neither E; nor
E; contain occurrences of x € X, Dom(E;) and Dom(E}) are both
the first occurrence of a symbol of X in the expression. Hence
Dom(E;) = Dom(E}). Since E; and E are initial parts of the same
expression, it follows that E; = E;. This completes the induction.

3.5.2 Definstion. Let (u: v << 0> be the sequence of all occurrences
of xe€ X in T in increasing order, let <E,:» < o> be the unique
sequence of expressions containing no occurrence of x € X such
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that
T ="}XE T (w)):v < o> Eq.

Then SFT = ~E, fT(w): v < 0> Eg.

3.5.3 Theorem. (i) S;F<y> =<y ify¢ X, ¥ ={(y) if ye X.

(il) SF(ToyT1] = [SFToyS;* T1] for special two-place operation
symbols .

(ili) SF[@To...Ts...] = [pSFTo...SFTe. . .} for {-place or infi-
nitary operation symbols g.

Proor: (i) is obvious. Since the proofs of (ii) and (iii) are similar,
we prove only (iii). Suppose

T =[pTo...T:...] = XEXT()>:v < o) Eq

where the E, contain no occurrences of x € X, (v < o) 15 the
sequence of all occurrences of x € X in 7. Since X was assumed to
be a set of individual symbols, it follows that if Eg = ¢ or E4 = ¢
then 0 = 0 and T = Eg = ¢, clearly impossible. If ¢ = O then T
contains no occurrences of x € X, a trivial case. We therefore as-
sume Eg # ¢, Eg #% ¢ and ¢ # 0. Let Eg = [pE(, Es = E.], E, =
E, for 0 < v < ¢. Then

Te & < = XE~XT()y:v < >E..

Condition (C) of Sect. 2.3 is trivially satisfied by T; the set of all
terms, Ta the set of atomic terms <x>, x € X. Therefore each T¢ has
the representation of 2.3.3:

T: = E‘;(’m+1 — IE;(E)G if T¢ has no oclcurrence of xe X,

o~ ~ 1~ ]
Te = (Eyy — Egiepe) <T(‘9(E>_)> E"Egeinet _1f T¢ has an oc-
currence of x € X, where E’ is the concatenation of

Eyeyi140 T (tgy+149)> for v < g(& 4+ 1) — (g(&) + 1).

These are the representations of Definition 3.5.2 for the T since
the E, contain no occurrence of x € X. Therefore by Lemma 2.3.4,

NSETe: & < O = ~E\fT(w): v < o> E..

Hence [pSFTo...SFT;...] = SFT.
It follows from Theorem 3.5.3 that if f maps X to terms of the
given language, then Sf is an endomorphism of the algebra of terms.
Let <D O} be an algebra for the interpretation of terms, and let
s be an assignment of individual symbols to D. Then the value of
s* at SFT is the same as the value at T for the assignment which
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is like s except that it assigns values s*f(x) to x € X. This sort of
replacement of values in assignments occurs so often when we deal
with formal languages, that we introduce a special notation for it.

3.5.4 Definition. If s is a function and ¢ a function whose do-
main includes X, then Repl¥s is that function whose domain is
X U Dom(s), assigning values ¢ on X, s on Dom(s) ~ X. In other
words, Repl¥s = (s|Dom(s) ~ X) U ¢ X. _

3.5.5 Theorem. For any assignment s to any algebra <D O) for
the interpretation of terms, and any term 7T,

(i) s*(T) = s'*¥(T) if s, s’ agree on individual symbols in T.

(ii) s*(SFT) = (Replio,9)*(T).

Proor: Both are trivial for atomic terms 7. Since all the oper-
ations s*, s'*, SX, (ReplX,s)*, are homomorphisms on the algebra
of terms, the extension to all terms by induction is trivial.



CHAPTER 4

INFINITARY PROPOSITIONAL LANGUAGES

4.1 The a-Propositional Languages

Let « be a regular infinite cardinal. The underlying system of
formulas of an a-propositional langunage L, is a system Fy of terms
having one-place operation symbol ~, special two-place operation
symbol —, infinitary operation symbol A. In this context, the
individual symbols are called propositional symbols, and the terms
are called propositional formulas. When the induction principle for
terms is rewritten to apply to formulas, we have the following:

4.1.1 Induction Principle for Propositional Formulas. Let 4 be
any set of formulas containing the atomic formulas <) and satisfying

(1) If A € 4, then [w4] € 4,

(2) If Ag, A1€ 4. then [Ag—> A1] € 4,

(B If 0 <déd <axand A;e 4 for all £ < §, then [A 4y...4s...]
eq.

Then A is the set of all propositional formulas.

To complete the passage from F, to language L, we must tell how
the formulas are to be interpreted. The intended algebra for the
interpretation of formulas is <By O’> where By is the set of truth
values 0, 1, where O’(—), O’(A) are the one-place complementation
and  «-place meet operations of By, respectively, and O’(—) is
the two-place operation whose value for <a b is —a v &. According
to the recursion principle for terms, given any assignment s of
truth values to the propositional symbols, there is a unique function
s* on the set of all formulas such that s*({p>) = s(p) for propo-
sitional symbols p and

(1) s*[24] = 1if and only if s*(4) = 0
(2) s*[4dp—> A1] = 1if and only if s*(4p) = 0 or s*¥*{41) =1
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(3) s*[A Aq...d4g...]1 = 1if and only if s*(Ag) = Lforall & < §
for all formulas A4, Ay, ..., 4¢, .

The additional special two-place operation symbols «3, A, v, and
the infinitary operation symbol y are introduced by the customary
abbreviations:

[4o & 41] for [A [Ag—> A1][41— Ao]]

[Ao A A1] for [A Aod1]

[Ao v A1] for [4[A [=4e][=41]]]

[V Ayp. . .A;. . ] for [—|[A [-1Ao]. . .[-lAg]. . ]]

A function s"* for eliminating these symbols was defined recursively
in Chapter 3, Example 3.2.4. When we speak of ‘“‘the formula
[Ag &> A1] of Ly, letit beunderstood that the formulas™*([Ap < 41))
is intended. If s is an assignment of truth values to the propo-
sitional symbols, the function s* extends over formulas with these
defined symbols as follows:

(4) s*[4o & A1] = 1if and only if s*(4¢) = s*(41)

(5) s*[4o A A1] = 1if and only if s*(4o) = s*(41) =1

(6) s*[4o v A1] = 1if and only if s*(4g) = 1 or s*(4,) = 1

(7) s*[v Ap...Ae...] = 1if and only if there is & < ¢ such that

s*¥(Ag) = 1.

In this context, s*4 is called the truth value of A for assignment s.
A formula A is valid (written “IF4") if and only if its truth value
is 1 for all assignments. A set I'" of formulas is satisfiable if and
only if there exists an assignment s to truth values such that
s*(A) = 1 for all A e I. A formula A4 is a semantic consequence of
4 (written “lF4A4”) if s*(4) = 1 for all assignments s satisfying 4.
A set I' is semantically consistent if and only if every subset of I’
having power less than « is satisfiable. The set I" has 4 as a strict
semantic consequence (written “I" F A”) if either IFA4 or there is a
subset {A¢: & < 8} of I' having power less than « such that
IF[A Ag...As...]— A. Clearly a strict semantic consequence of
I' is a semantic consequence of I

It is well-known that a set of ordinary finite propositional
formulas is satisfiable if and only if every finite subset of is satis-
fiable. That is to say, if « = w, a set of formulas is satisfiable if
and only if it is semantically consistent. It is not difficult to see
that this is false for infinite non-limit cardinals «.
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4.1.2 Example. Let y be an infinite cardinal. Consider a propo-
sitional language L,. with a doubly-indexed set pu», p < y*, v <y,
of propositional symbols. It is easy to see that the set

Ly ={(V¥ puo. . .pw-..J:p < yT}U
Y {(=[Pur A puv)pp 7 s g’ <yt v <y}

is semantically consistent but not satisfiable. This amounts to
saying that any set having power at most y can be mapped one-one
into y, while a set having power y* cannot be. Note that card
(Iy) = 7+

In the preceding example, an effort was made to keep the
cardinal of I" down to y*. If we allow card(l") to be 2 exp y, then we
need only y propositional symbols.

4.1.3 Example. Let y be an infinite cardinal. Consider a propo-
sitional language L,. with a doubly-indexed set pu, u <y, v < 2,
of propositional symbols. Then the set

I'={[A [poo v porl...[puo Vv pial... ]} U
uer {{-[A tor) - - -Purw .- -1): €27}

w<y
is semantically consistent but not satisfiable.

Examples of semantically consistent, not satisfiable, sets of
formulas of a full («, «)-predicate language have been given by
Hanf for a wide class of strongly inaccessible cardinals greater
than w. These sets can be reduced to sets of «-propositional formu-
las with this property, but they are much too complicated to de-
scribe here. Hanf’s example is given in Chapter 10, Sect. 10.2, for
the first strong inaccessible greater than w. The reduction is given
in Sect. 10.4. For those inaccessibles for which those methods fail,
the problem remains open.

The useful lemma that follows, is a generalization of the propo-
sitional form of a lemma in Henkin’s completeness paper [9].

4.1.4 Criterion for Satisfiability. Let L, be an «-propositional
language. Then a set I' of formulas is satisfiable if and only if
there is a set I' D I" such that if 4 is the set of all sub-formulas
of formulas in I,

() IfAed, AeTiff [~A]¢ T,

(2) If [Ag— A1]€ 4, then [Adg—> A ]e Tiff Ag¢ For A1eT,

(3) If [A Ao...Ae...7€ A, then [A Ag...Ag... 1€l iff AgeT
for all £ < 6.
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Proor: If assignment s to truth values satisfies I", then obvi-
ously the set I' = {4: s*(4) = 1} has properties (1), (2), (3) and
includes I'. Conversely, if I' 2 I'" has properties (1), (2), (3), let s
be the assignment giving p value 1 if <p> € I, 0 if not. Let 4’ =
{4: 1f AeA, then 4 eI iff s*(4) = 1}. Clearly A’ contains the
atomic formulas <{p> and is closed under the rules of formation of
a-propositional formulas. By the induction principle, 4.1.1, 4’ con-
tains all formulas. Since I' D T, s satisfies I'.

4.2 Algebras of Equivalence Classes of Formulas Modulo a
Semantically Consistent Set

Let I" be a semantically consistent set of formulas of an «-propo-
sitional language L,. Then the relation

A=4"iff It4A & A’

is easily seen to be a congruence relation on the algebra of formulas.
Therefore if we let |A|r ={4': 4 = A'}, and let B(L,; I') be the
set of all these equivalence classes, we obtain a homomorphic
image of the algebra of formulas having operations

=|4|r = |=d]r, |Aolr — |A1|r = |[4o— 441]Ir
A KJAolr. . |delr...>) = |[A Ao. .. 4e. . lp,

the latter being an i «-place operation. The defined propositional
operation symbols yield the additional operations |Ao|r A [A1]r =
4o A A1)ir, |4olr v |41lr = |[40 v 41)|r. Let B(L«; I') be the alge-
bra <B(Lx; I') = A v>. The semantic consistency of I" implies that
the algebra has at least two elements.

4.2.1 Theorem. (i) If I' semantically consistent, then 8(L; I')
is a non-degenerate ~ a-representable Boolean algebra.

(ii) If I" satisfiable and I' = {4: Fr A}, then B(L,; ) is iso-
morphic to a non-degenerate  a-field of sets.

ProoF: It is convenient to prove (ii) first. Suppose I' is satis-
fiable. Let S be the set of those assignments satisfying I, and for
each formula A4, let A(4) ={s: seS and s satisfies 4}. Then
k([~A]) = S ~ k(A), h([4o A A1]) = k(Ae) N 4(A1), H([Ao v 41]) =
h(Ao) U h(41), and A([A Ag...Ae...]) = N {A(de): & < 6}. Thus
(Rng(h) ~ N> is an 7 a-field of sets. The set I" was chosen so
that I'lFA « A’ iff A(A) = h(A’). Theretore the mapping g such
that g(|4|7) = A(4) is a one-one function on B(Ls; I') onto Rng(k).
It is obviously an isomorphism.
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To prove (i), take I = ¢ in (ii). Then the set I of (ii) is the set
of valid formulas. The mapping g(|4|7) = g(|41¢) = |4A|ris an 7 a-
homomorphism from B(L«; I') onto B(Ls; I).

The order in B(Ly; I') is |A|r < |A'|piff I'FH[A — A'], the zero is
[l A [=p]lir, the unit |[p v [=p]]|r, the » a-place meet and join are

A{|Aglr: £ < 8} = |[A Ao...As...]Ir, V {|A¢lr: € < 8} =
Ily 4o...A¢...]Ir.

If I' is a semantically consistent, non-satisfiable set of formulas
of Ly, then B(L,; I') is an example of an »# a-representable Boolean
algebra having no 7 a-homomorphism to Byp. For if it had such a
homomorphism 4, we could form the set I' = {4: h|4|r = 1}. This
set would contain I" since |A|r = 1 for A € I', and it would have
properties (1), (2), (3) of the criterion for satisfiability, 4.1.4. I"
would therefore be satisfiable. Thus we have

4.2.2 Theorem. If I' is a semantically consistent, non-satisfiable
set of formulas, then B(k; I') has no maximal 7 a-complete ideal.
(It is therefore not isomorphic to an  a-field of sets.)

In the next section, we show how to construct semantically
consistent non-satisfiable sets of formulas from  a-representable
Boolean algebras that are not isomorphic to  a-fields of sets. The
correspondence therefore is one-one. Thus we see clearly that the
theorem that says that every semantically consistent set of ordi-
nary w-propositional formulas is satisfiable, is equivalent to the
theorem that every homomorphic image of a field of sets is isomor-
phic to a field of sets. This theorem is, of course, weaker than
the Stone Representation Theorem that says that every Boolean
algebra is isomorphic to a field of sets. The w-propositional equiva-
lent to Stone’s Theorem does not enter the picture until the propo-
sitional calculi are introduced.

Let us look at the algebras of equivalence classes generated by
the semantically consistent, non-satisfiable sets of formulas in
Examples 4.1.2 and 4.1.3.

4.2.3 Example. Let byy = |puwlp, for u < y*,» <y, in the algebra
B(L,.; Iy) for the language and set I', of Example 4.1.2. Then

Vbyw=1forall gy <ytand by A byy =0for all u # p', u, p' <

y<y

v+, » < y. It is apparent that this y-representable Boolean algebra
cannot be isomorphic to a y-field of sets.
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In particular, consider the case y = w, and represent B(Ly, ; I's)
as a regular subalgebra of a complete algebra 8*. Then B* does not
satisfy the inequality

A V x”y < V V x,,, A xﬂ’v.
p<w r<w pE <o v<w

Since this inequality would have to hold in an w;-representable
Boolean algebra, it is clear that 8* is an example of a complete
Boolean algebra that is not w;-representable. This is the first such
example given without the aid of the continuum hypothesis. The
extension to arbitrary regular cardinals « is given in the author’s
note [16] and in Chapter 7.

4.24 Example. Let by = |pulr for p <y, v < 2, in the algebra
B(L,.; I') for the language and set I' of Example 4.1.3. Then
A (buov bu1) =1 and A bupy) = 0 for all fe2v. These algebras

B<y B<y
are therefore y-representable, but not (y, 2)-distributive. Such

examples are familiar from the literature. It is more difficult to
give such examples that are complete Boolean algebras. For regu-
lar y, such examples appear in Smith [39], Scott [36]. The algebras
in Chapter 7 are also examples. Whether or not there exists a com-
plete y-representable, not (y, 2)-distributive Boolean algebra seems
to be an open question for singular infinite cardinals y.

4.3 Interpreting a-Propositional Languages in ~a-complete
Boolean Algebras

The idea of interpreting ordinary propositional formulas in alge-
bras other than the algebra of truth values, goes back to the early
matrix methods for proving non-deducibility in formal systems. The
modal and intuitionistic propositional calculi are treated algebrai-
cally in McKinsey-Tarski [22], 1948, and Rieger [32], 1949.

Let 8 = (B =~ A v)> be an  a-complete Boolean algebra. When
formulas of an a-propositional language L, are interpreted in B
we understand that the interpretive algebra is <B O'>, where
O’(x), O'(A) are the one-place complementation and  a-place
meet operations of B, respectively, and O’(—) is the two-place
operation assigning —a v b to <a b>. According to the recursion
principle for terms, given any assignment s of propositional symbols
to B, there is a unique function s* on the set of all formulas to B
such that s*((p>) = s(p) for propositional symbols p, dnd the
following conditions hold for all formulas 4, Ay, ..., 4, ..
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(1) s*¥[~d] = —s*4
(2) s*[do—> A1) = —s*Agv s*4;
(3) S*[A Ao...Ag...]=A{s*ds: & < 8}

Making use of simple properties of Boolean algebras, it follows that
s* also satisfies

)
)
6) s¥[Aov A1] = s*4ov s*4,
7) s*(V do...4dg...] =V {s*4:: & < 8}

We say that s satisfies I'in B if s*4 = 1 for all 4 € I'. Formula 4
kolds in B if s*4 = 1 for all assignments s to B.

Note that the intended interpretation of L, is the same as the
interpretation (in the algebraic sense) in Bp. If s is an assignment
to B, then clearly <Rng(s*) = A v)> is the »a-complete  «-sub-
algebra of B generated by Rng(s).

A trivial induction on formulas yields

4.3.1 Lemma. 1If By and Be are  «-complete Boolean algebras
and 4 is an  a-homomorphism from B; onto B, then A(s*4) =
(7 O s)*4 for all assignments s to B, formulas 4.

4.3.2 Lemma. Let I' be a semantically consistent set of formulas
of L,. Then the assignment s(p) = |<p>|r to B(La; I') yields the
value s*4 = |A4|r for each formula A.

It follows that every semantically consistent set of formulas
is satisfiable in an 7 a-representable Boolean algebra. Therefore,
according to Examples 4.1.2 and 4.1.3, for every infinite non-
limit cardinal «, and for certain strongly inaccessible cardinals «
as well, there exist sets of formulas which are satisfiable in an
~ a-representable Boolean algebra, but not in the algebra of truth
values. It turns out that satisfiability in 7 a-representable Boolean
algebras is equivalent to the intended semantic satisfiability for
single formulas. For sets of formulas, semantic satisfiability is
equivalent to satisfiability in  o-fields of sets.

4.3.3 Theorem. Let I be a set of formulas of an «-propositional
language L4, let € be a non-degenerate s a-field of sets. Then the
following conditions are equivalent:

(i) I'is semantically satisfiable (i.e., in Bo)
(ii) I'is satisfiable in &
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(iii) There is an assignment s to & such that {s*4: 4 € I't has a
non-empty lower bound.

Proor: Taking implications in the order (ii) to (iii) to (i} to (ii),
we see that the only non-trivial one is (iii) implies (i). Suppose
¢ # b <s*A4 for all A eI Then we know that there is an 7 a-
homomorphism on & to Bo such that 4(b) = 1 (see Foreward on
Algebra). Then A{s*4) = (h O s)*A4 = 1 for all A € I'. Hence (i).

4.3.4 Theorem. Let A beaformulaof an a-propositional language
L., let B be a non-degenerate » a-representable Boolean algebra.
Then the following conditions are equivalent:

(i) 4 is semantically satisfiable.

(i) A is satisfiable in B.

(iii) There is an assignment s to B such that s*4 £ 0.

ProOF: Again, the only non-trivial implication is (iii) implies
(i). To each subformula of 4 of the form [A Ay...A¢...] associate
the meet A {s*A4s: & < 8} of B. Since 4 has fewer than « sub-
formulas, there are fewer than « such meets, each having fewer than
o terms. According to the theorem proved in the Foreward on
Algebra, there is a homomorphism % on 8 to B mapping s*4 to 1
and preserving all these meets. Then A(s*[A 4o...4s...]) =
(h O s)*[A Ag...Ag...] whenever [A Ap...As...] is a subformula
of A. Since 4 is a homomorphism, we also have A(s¥[A4]) =
(B O s)*[A] and A(s*[Ao—> A1]) = (A O s)*[Ao—> A1] for all
formulas 4, Ao, A1. Clearly I' = {C: h(s*C) = 1} contains 4 and
satisfies conditions (1), (2), (3} of the criterion for satisfiability,
4.1.4. Hence A is satisfiable.

As an application of the algebraic method, we show how to
construct semantically consistent, non-satisfiable sets of formulas
from  a-representable Boolean algebras not isomorphic to a-
fields of sets.

4.3.5 Theorem. Let « be a regular infinite cardinal, y an arbi-
trary infinite cardinal. Then the following conditions are equivalent:

(i) There is a semantically consistent, non-satisfiable set of formu-
las of an «-propositional language with y propositional symbols.

(i) Thereis an # a-representable Boolean algebra, » a-generated
by a subset of power y, not isomorphic to an  «-field of sets.

Proor: Assume (i). Then (ii) follows by Theorem 4.2.2 since
B(Ly; I') is 7 a-generated by elements [<p>|r. If the number of
classes |¢p>|r reduces to fewer than y, adjoin ¥ new symbols p,,
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v < y. For them we will have [<p,>| # |<p,>| for v # ». Hence (i)'

Suppose B = (B - A v) is g a-representable, not isomorphic to
an o~ o-field of sets, and has an  «-generating set C of power y.
Form the a-propositional language L, with one propositional symbol
pe for each ¢ € C. Interpret Ly in B by assignment #(p.) = c¢. Then
Rng(*) = B. Since B is not isomorphic to an  «-field of sets,
B has an element by 7 0 such that there is no homomorphism % on
B to Bo mapping bg to 1. Let I" = {4: 4 is a formula of L, and
t*4 > bg}. Then I' is semantically consistent by Theorem 4.3.4, for
ifAg, ..., As ...arein [, § < 6,0 < d < o, t*[A Ap...A:s...] =
bo # 0. Thus every subset having power less than « is satisfiable.
If, contrariwise, there were an assignment s to %o satisfying I,
then the mapping A(t*4) = s*4 would define an #«-homomor-
phism to By taking bo to 1. Note that » would be a function since
t*A = t*A’ implies [4 «» A'] € I, hence s*4 = s*4’.

4.3.6 Theorem. Let o« be a regular infinite cardinal. Then the
following conditions are equivalent:

(i) There is a semantically consistent, non-satisfiable set of «-
propositional formulas.

(ii) There is an  «-representable Boolean algebra having no
A a-complete maximal ideal.

(1) There is an  «-representable Boolean algebra not isomor-
phic to an r «-field of sets.

Proor: By 4.3.5 and 4.2.2.

Theorem 10.4.3 says that the existence of semantically con-
sistent, non-satisfiable sets of formulas of the full («, «)-predicate
languages is also equivalent to these conditions.



CHAPTER 5

INFINITARY PROPOSITIONAL LOGIC

It has already been explained (Chapter 1, Sect. 1.2) that we are
only going to consider Hilbert-style formal systems. Therefore, an
a-propositional formal system is to consist of an «-propositional
language, a set of its formulas singled out to serve as axioms, a
collection of closure conditions, each with fewer than « premisses,
to serve as rules of inference. A formula 4 is provable (written “F4")
if and only if there is a sequence of fewer than « formulas (called a
formal proof), the last of which is 4, such that each formula in the
sequence is either an axiom, or is the result of applying a rule of infer-
ence to formulas appearing earlier. A formula A is provable from A
(written “k44”’) if and only if there is a formal proof of 4 when
formulas of A are added to the set of axioms. A system is complete
if FA4 if and only if F4 for all formulas 4. A system is strongly
complete if F4A if and only if IF44 for all formulas 4 and sets of
formulas 4.

We have already encountered «-propositional languages for which
no strongly complete formal system exists. Let L, be any «-propo-
sitional language having a set 4 of formulas which is semantically
consistent but not satisfiable. Then IF4=[p — ] since the set of
assignments to By satisfying 4 is empty. If there were a strongly
complete formal system for La, Fa=[p — ] in this system. Since
fewer than « formulas would appear in the formal proof, 4 would
have a subset A’ of power less than « such that ks <[p — p]. But
then Ik4-=[p — $], contradicting the satisfiability of A". It follows
that there is no strongly complete formal system for languages
L,., y infinite, having ¥ or more propositional symbols. For y
propositional symbols could be doubly-indexed to yield the se-
mantically consistent, non-satisfiable set of Example 4.1.3. If, how-
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ever, L. has y" <y propositional symbols, and if 2Zexpy’ <y,
then there is a strongly complete formal system for L,.. See Theorem
5.5.4. Ordinary classical propositional systems are known to be
strongly complete for languages Lo, but no strongly complete
formal system exists for languages La, « strongly inaccessible and
greater than w, having « propositional symbols, for which examples
like Hanf’s in Chapter 10, Sect. 10.2, can be found.

5.1 Description of the Formal Systems for a-Propositional
Languages

Let « be a regular infinite cardinal. The systems will be described
in terms of a special a-propositional language called the a-propo-
sitional scheme language, which will be used again to describe the
propositional part of the full formal systems for («, §)-predicate
languages. The scheme language is an ordinary a«-propositional
language with propositional symbols d¢, § < o, Ay, p < o, v < a.
A formula of this language is called an a-propositional scheme. Note
that symbols “A4¢”, “A," are now used in two ways: First, they
are still being used informally to stand for arbitrary formulas of a
specific language; secondly, they are used as primitive symbols of
the scheme language. An ¢nstance of scheme &/ in L, is a substi-
tution S/, where V is a set containing all the propositional
symbols appearing in&/ and f maps V to formulas of L,. In view of
the substitution properties, “4 is an instance of scheme [Ag —
[41 — A¢]]” has the same meaning as “4 has form [4d¢ — [41 -
Ao]]”. In the first case, the A4y, A1 are used as symbols of the
scheme-language; in the second case, they are used informally to
stand for formulas of L,.

5.1.1 Basic a-propositional Calculus B«. The axiom schemes of Pu
are the following:

fl= [Ao—)[A1—>A()]]
Fo=[[Ado—=>[4A1 > As]] = [[do—=> A1] = [4do— A2]]]
N = [[[~40] = [~41]] = [41— 40]]
€1,6 = [[A [Ade—=> Ayg]...[As—=> As]...] > [As—=>[A Ap. .. 4e. . .]]]
where sequence (4g...A4s...> haslength §, 0 < § < a.
€2,6,y = [[A Ao...As...] > Ay}, where sequence <4g...d¢...>
has length 6, 0 < é < a, v < 4.
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The rules of inference are:
Modus Ponens: From Ao, [49 — 41] infer 4;.
Conjunction: From Ag for all £ << J infer [A Ao...4¢...],
where 0 < 6 < «.

If L, is an «-propositional language, the formal system Px(L«)
has as axioms all instances of axiom schemes of P4, and as rules
of inference, modus ponens and conjunction. If 2’ is any set of a-
propositional schemes, P4(Z)(La) is the system like Pu(Ls) except
that it has all instances of schemes in 2" added to the set of axioms.
The calculus B,(2) is called complete if all systems P,(Z)(La) are
complete.

5.1.2 Distributive Laws. For each cardinal y let there be given a
fixed ordering <ge: & < 2 exp y> of the set y? of all functions on y
to y. Moreover, to improve readability, let expressions [A Ep. ..
E¢...] be written

[ A Eg,

E<é
where & is the length of the sequence <Ey...E;...>. Similarly for
v. Then

Dy=[A[Y Ap)l=] v [A A4,
p<y v<y &<2expy u<y

Note that 9, is an a-propositional scheme only for « > (2 exp y)*.

The set of instances of 2, does not satisfy the criterion of de-
finability, 1.2.1, Chapter 1, as it stands, because we have no way
of defining an ordering of »». However, the set of all instances
of all schemes 2, for all possible orderings <(gs: § < 2exp p> of
yy is definable, and all these schemes are provable from 2,. We
have offered the single scheme for the fixed ordering only to empha-
size the point that only one scheme is needed on each level y. This
is in contrast with the distributive laws of Chang, where for most
y, it is an open question whether or not the set of schemes at level
y can be reduced to one.

5.1.3 Chang’s Distributive Laws. Let y be an infinite cardinal
number. Then 7, is the collection of all schemes

[V [ AAwl]
By v<y

where each &7, is either A¢ or [~4,] for some & < y, and for every
g €y, the set {&ugu: p < y} contains a complementary pair Ag,
[=4¢] for some & < y.
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Note that every scheme in IT, is a y*-propositional scheme, and
therefore is also an «-propositional scheme for every « = p+.

We will show that the set of all instances of I, satisfies the
criterion of definability for y+ = «, but it is doubtful that it would
satisfy a criterion of effectiveness.

As an example of a scheme in [T, let y = 2 exp 9, and let &y
be given by the following diagram for u <y, v <y, where
{ge: £ <y} = 9’7, the ordering of 5.1.2:

v <y Y <vr <y
<y Ay = [~Aw) A yy = [~ A4 u0]
§< 14 ‘2{7'+5,V = A’ﬂz(”) ; MV’-HE,V = AOU€(0>

Every set {9 : p < y} contains a formula [=4,, ] from each of
the first 9’ rows. It must also contain a formula 4, ,, from that
row such that gg(u) = v, for all u < 9’. Hence every such set con-
tains a complementary pair. It requires only a little development
of the basic systems to see that it follows that every instance of
2, in L, is provable in B, (I1,)(Ls) for « = y+.

The Chang distributive laws are a translation of the algebraic
conditions of Chang in [1] for Boolean a-representability. The

systems Pa( U I7,)(Ls) are nearly the same as the systems formu-
y<a

lated by Scott and Tarski in [37].

5.1.4 Lemma. Let B be an  a-complete Boolean algebra, s any
assignment of propositional symbols of Ly to 8. Then if 4 = S}
is an instance of a-propositional scheme &, s*4 = (Repl}.,s)*.

Proor: By 3.5.5.

5.1.5 Theorem. Let L, be any o«-propositional language. Then

(i) If &7 is a valid «-propositional scheme, any instance of &/ in
L, is valid. Hence if 2 is a set of valid «-propositional schemes,
and if 4 is any set of formulas of Ly, F4 4 in Px(Z} (L) implies k4 4.
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(i) The axiom schemes of PB,, the schemes 2,, all schemes in
IT,, are valid.

ProoF: If scheme & is valid, then 4 = S}.o¢ is valid by 5.1.4,
since validity is equivalent to validity in By. If s is any assignment
to truth values, then clearly s*(4¢) = s*[4do—> 41] = 1 implies
s*(A;) =1, and s*(4g) = 1 for all § < 4 implies s*[A Ayg...A4s...]
= 1, for all formulas Ay, ..., A, ... of L,. Therefore, if s satisfies
4, then s satisfies all formulas of a formal proof of 4 from 4 in
B«(2)(Ls). Hence s*(4) = 1.

Axiom schemes of P, are clearly valid, and, using the axiom of
choice, it is also clear that schemes &, are valid. Suppose

A=V [ AAw]]
sy <y
is a scheme of I7,. Let s be any assignment of the symbols of the
&y to By. I, contrariwise, s*«/" = 0, for each u < y there would
be v, < y such that s*e/,, = 0. But then the set {&Zug¢: # < 7}
with g(u) = v, could not contain a pair Ag, [~4¢].

5.2 Development of the Formal Systems for a-Propositional
Languages

If A is a valid formula of L, containing only propositional oper-
ation symbols -, —, then A has finite length, and is known to be
provable using only schemes i, f3, A7, and the rule of modus
ponens. See Church [2], page 149. Hence

5.2.1 Theorem. If A is a valid formula of L, in which only propo-
sitional operation symbols o, —, appear, then F4 in Px(Ly).

5.2.2 Theorem. 1f L,, L, are a-propositional languages and FA4
in Pa(Z)(Ls), then FSFA in Pu(Z)(L,), where f is any function on
the set X of propositional symbols in 4 to formulas of L.

ProOOF: An easy induction using the substitution property 3.5.3
shows that if 4 is any formula of L, whose propositional symbols
are all in X, and if f is any function on X to formulas of L., then
S A is a formula of L.

Let <Cy:v < o + 1> be a formal proof of 4 in Ba(Z)(L,), let X'
be the set of all propositional symbols appearing in the proof.
Extend f to X’ by mapping X’ ~ X to arbitrary formulas of L.
We claim that <SX'Cy:» < o+ 1> is a formal proof of S¥4 in
PBx(Z)(L,). Its length is, of course, less than «, and its last formula
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is SF'Cq = SFA. If C, is in the given proof of 4 because it is an
instance S}/ of an axiom scheme of P«(X), then S¥'C, = S} by
3.5.3, where for symbols Az e V, h(Ag) = S (g(4s)). As we have
just observed, & maps V to formulas of L and therefore, Sf'C, is
an instance of & in L. If C, follows from earlier formulas C,g,
..+, Cyg, ... by modus ponens or conjunction, then SX'C, follows
from earlier formulas S¥'Cy(g), ..., SF Cy), ... by the same rule,
since operator SF* distributes over — and A.

5.2.3 Definition. Let I' be a set of formulas of Ls. Then I't4A
iff F4A or there are formulas Cee I', £ < 6, 0 < § < «, such that
FalA Co...Ce...] > 4.

Note the parallel in the definitions of I't4 and I'lFA. Obviously
a formal system is complete if and only if these two notions are
equivalent for all sets I, formulas 4.

5.2.4 Theorem. In all systems P«(Z)(Ls),

(1) FI'AA() and F}‘A [Ao—) Aﬂ 1mp11es I']‘AA]_.

(i) I'kaA; for all & < & implies I'F4[A Ag. .. 4. ..].

Proor: If I'= ¢, then (i) and (ii) are rules of inference. If
I's##¢ and I't4A then there exists 0 < § < «, formulas Cze I
for £ < 4, such that F4[A Cp...Cs...]—> A. For if F4A4, we can
take d = 1, any Coe I and r4[A Co]—> A follows by #1 and
modus ponens.

Suppose I' # ¢ and that F4[Co—> Ao] and F4[C1 — [4o— 44]]
where Cp and C; are conjunctions of formulas in I'. Let C be the
conjunction whose terms are those of Cy together with whose of Cj.
Then FC — C’ whenever C’ is a principal subformula of Cp or C;
by €2, and FC — Cy, FC — C; after use of conjunction and #};.
We can then conclude b4C — A; by four uses of modus ponens on
a substitution of a finite valid scheme in — alone.

Suppose I' £ ¢ and that +sC¢— A for £ << 4, where each Cg
is a conjunction of formulas in I'. Since fewer than « formulas
appear in the totality of these conjunctions, we can form the
conjunction C of all the principal subformulas of all the Cs. Then
FC — C¢ for all £ < 8 using schemes € and the rules of inference.
It follows that F,C — A¢ for all £ < § using a finite valid scheme
in —» alone. Hence F4C — [A Ap...A4:...].

5.2.5 Deduction Theorem. In all systems P,(2)(Ls),

(i) I'kF44 if and only if k4 rA4.
(i) If I' = {Cs: & < 6} where 0 < 6 < «, then
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Fa[A Co...Cs...]—> 4

if and only if t4,rA.

Proor: The left-to-right implications are trivial and (ii) follows
easily from (i). If k4 r4, then there is a formal proof (Dy:v < o 1>
of A from assumptions 4 U I'. It can be shown that I't4 D, for all
v < o by transfinite induction. If D, is an axiom or a formula of 4,
then k4D, and therefore I't4D,. If D, e I', then F[A D,j - D, by
%5 and therefore I'k4D,. Theorem 5.2.4 tells us that if D, follows
from earlier formulas D, by modus ponens or conjunction, then
I't4 D, follows from I't4 Dy, for u << ». Since 4 = Dy, I't4A4.

5.2.6 Equivalence Theorem. In Pa(La),

(i) FH[4 & 4] and F[4o & 41] > [41 & Ao].
(ii) F[[4o & A1] A [41 & 45]] = [0 & A2].
(ii)) F[do & 41] = [[~40] & [~44]].
(iv) F[[4o & A4o] A [A1 & Ai]] = [[Ado— 41] & [4o— A41]].
(v) HA [do > A8]. ..[Ae <> A1...]—>
[TA do...As...] & [A dp... 4% ]

Proor: For example, (v). Let 4 = {[d¢ & Ag]: E <6}, let I' =
{As: £ < 8} Then k4 rA; for all & < 6 and by conjunction,
Faur[A Ap...A;...]. Thenta[A Ao... Ag...]>[AAdp...A,...]by
the deduction theorem. Similarly we can show the implication in
reverse order provable from 4. By conjunction, F4[A 4p...4s...] &
[A 4p...4;...]. Another use of the deduction theorem yields (v).

5.2.7 Replacement Principle. 1f A = EoCop...EyC,...Es where
(Cy: v < 0> is a sequence of formulas, and if F4[C, > C,] for all
v < g, then Fg4 & EoCo...E,C,...E; in Bu(Z)(La).

Proor: The equivalence theorem implies that the relation 4 = 4’
iff Fp[4 o A" in Bu(X)(Ls) is a congruence relation on the algebra
of formulas. Therefore this theorem is a corollary of the replacement
principle for terms, 3.4.7.

5.2.8 Theorem. If A is a valid formula of L, having finite length,
then F4 in Ba(Ls).

Proor: It is well-known that a finite conjunction [A Ag...44]
is semantically equivalent to a (=, —)-formula; namely, to C =
A[Ao—=[...[Ap-1—=>[44]]...]]. Using the deduction theorem
and the provability of substitutions of finite (=, —»)-formulas, it
is easy to see that [A Ap...A4s] & C is provable in P4(La).
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Let L, be the w-propositional language having the same symbols
as L,. The recursion principle for terms guarantees the existence
of a unique function f on formulas of L, to formulas of L, such
that f(<p>) = <p), for propositional symbols p, and for all formulas
Ao, ..., Ay, ... of Ly,

([=40]) = [~f(40)]
/([Ao—>A1]) = [f(4o) = f(41)]
f([A do. .. 44s]) = [~[f(do) = [...[[(An-1) = [2/(4a)]]. . .T]].

With the aid of the replacement theorem 5.2.7, we can prove by
induction on the set of formulas of L, that F4 & f(4) in Pu(le),
and that f(4) is always a finite formula in =, —. Therefore if 4 is
a finite valid formula of L4, then A is a valid formula of Ly, and
moreover, so is f(4). Since Ff(4) by 5.2.1, F4 in Pu(Le). Then
also F4 in Pu(Ls).

5.2.9 Conjunction Theorem. For all formulas 4, Ay, ..., 4g, ...
of L, the following are formal theorems of Pa(Ls):

(i) Laws of Absorption.

FAA...A..]eo>Adand F4 o [VA...4...]

(i) Generalized Associative Laws. If 6 = 2<6,: v < &, and y» =
20y p < v> for each » < ¢, then
il A Ae] oA [ AAd,,l

r<g < 3
and I-[ V Ad oYy 4,.l.
<2 <S5

(i) Generalized Commutatlve Laws. If

{de: & < 8} = {dye: £ <0},
then

FLA 4] © [ A Ayg] and *‘[ V Ae] o [ V Are)-

E<é

(iv) If = dg + 6y, then
"[ A Ao+e]—>[[ A Al o [ A Ag]]

E<bo

FL A [ﬂAo.,+e]]—>[[ V Ae] H[ V Ae]]

§<br

Proor: With the aid of the deduction theorem, the replacement
theorem, and the combination of 5.2.8 and 5.2.2, saying that every
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substitution of a valid finite formula is provable, these proofs are
routine. As an example, we give (ii).

Let '={ds: 8 <}, let Co=[ A A,,] for v <& Then krCy
£<dy

for each v < ¢ by conjunction. Again by conjunction, kr[ A C,].
r<e

Hence [ A A;] = [ A G;] by deduction theorem.

<8 v<e
Conversely, for each & < 4, there is unique »" < ¢, 6 < §, such
that & =y + 8 by 2.1.5, Chapter 2. Therefore +Cy — 4. If
= {Cyv:v < ¢}, Fr- 4 for each & < 6 by modus ponens. Hence

br-[ A Ag] by conjunction. The deduction theorem implies
£<o

FLAG]l—[ A Ag.
r<e §<d
The dual can be proved by beginning with a substitution in the

formula just proved. By 5.2.2,

I‘[ A [qu]] o [ALA[L4,,]]

v<e £<dy

Taking negations, 5.2 6 (iii) implies

*‘[ V Ae] o[~ ALA[-4, ]

v<e §&<b

After replacing parts [14] by A in the formula [ V [ V 4, ,]]
v<e ¢<6,
with V eliminated, one more use of the equivalence theorem gives

the result.

5.3 Completeness of the Basic Formal Systems when ¢ = w;

A set of formulas is called contradictory if it contains a formula
with its negation. A choice set for a doubly-indexed system

Aps: p < y,v < yp> of formulas is a set containing at least one
formuia from each TOW.

5.3.1 Completeness Lemma. Let X be a set of valid a-propo-
sitional schemes. Suppose that whenever (Au:p <y, v <yw isa
doubly-indexed system of formulas of Ly with y < «, yu <y for
u <y, such that every choice set is contradictory, we have

F ¥V Ay forall0 < u < yimplies F[=[ ¥V Aoy]]

v<¥u v<yo
in Pa(2)(La).
Then Pa(Z)(La) is complete.
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Proor: We have already seen that formulas provable in these
systems with valid axiom schemes are valid. Conversely, suppose A
is valid. If 4 is finite we already know A is provable. Suppose 4
infinite and let y be the smallest cardinal number that is an upper
bound of the cardinals of the lengths of the conjunctions in 4. Then
o <y < a. Associate sequences of formulas to the subformulas of
A as follows: To a subformula of the form [w4p], associate
{[~4¢)Ao}; to a subformula of the form [4A¢ — 41], associate the
three sequences

([Ao—> A1]4o>, <[Ado—> A1][41]D, ([=[4do—> A1]][~40]AD;
and, finally, to a subformula of the form [A Ag...4¢...], associate
a sequence with elements [A dg...4e...], [m4do), ..., [24e], ...
arranged in length at most y, and associate also the sequence
{[~[A A4g...4:...]]Ay for each A4,. There are y such sequences.
Index them by ordinals u, 0 << u <<y. Let <(Au:v < yu> be the
sequence with index u, let yo =1 and Ag¢p = [=4]. Consider the
resulting doubly-indexed system <(Au: p < 9, v < yu.

First, we notice that every choice set is contradictory. For
every choice set contains [44], and if, moreover, one such set I"
were not contradictory, I' would obviously satisfy conditions (1),
{2), (3) of the criterion for satisfiability 4.1.4. It would follow
that [~4] is satisfiable, contradicting the validity of 4.

Secondly, we notice that F[V Au...Ay...] for O < u <y, in
P.(Ls). In case the sequence with index x4 comes from a subformula
of A of the form [q4¢], or [A9— 41], then y, is finite and the
disjunction [V Age...4,,, ;] is a substitution of a valid formula
of finite length. We have seen such formulas to be provable, 5.2.8,
5.2.2. If the sequence comes from a subformula of form
[AAo...A4s...7, then A, = [V Ayo...Ap...] has form

(a) A; = [V [A Ao. . -AE- . .][ﬂAg(o)]. . .[ﬂAv(E)]. . ]
where {A¢: £ < 8} = {Ay: & < ¢}, or it has form

(b) A, = [V [[A do...4s...7145).

The provability of 4,; in case (a) is an immediate consequence of
the commutative and associative laws of 5.2.9. In case (b)
F[A 4g...4;...]—> A, by %2 Hence A4, by a substitution of
the finite valid scheme [4 = A'] & [V [24]4"].

Finally t[4[¥ [@4]]1in P(2)(La) by the hypothesis. Hence FA4.

The completeness of %, (L,) follows easily. The argument is
essentially the same as Rieger’s proof of the fact that free w-
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complete Boolean algebras are isomorphic to w-fields of sets. See
[33]. This completeness theorem appears also in Scott-Tarski [37].

5.3.2 Theorem. Systems B, (L,,) are complete.

ProoF: Suppose {4 ny: # << w, » < yp) is a doubly-indexed system
of formulas of L, such that 0 <y, < w for » < w, and every
choice set is contradictory. Suppose, moreover, F[V Ano...Apy...]
for every 0 << # < w. We must show F[[VY Ago... 4. ..]].

Call a formula A consistent if not F[44)]. Note that if
[A A[Y Ag...A4¢...]] is consistent, then there is & such that
{A A A¢] is consistent. For if, contrariwise, F[=[A4 A A4¢]] for all &,
then F[A — [~A¢]] for all & using a finite valid scheme. Then
F[A—>[A[a40]...[04c].. . ]by5.2.4,and F[A—>[x[Y 4p. . . 4. . .]]]
using the replacement theorem. This contradicts the consistency
of [A A[Y Ag...As. . 0]

Suppose, contrariwise, not F[=[¥ Agp...Agy...1}. Then [V Aogo. ..
Aoy...] is consistent, and there is v such that A4, is consistent.
Suppose that there are »; < y4 for all 7 < # such that [4,, A ...
A A,, ] consistent. Call this conjunction Aj. Since F47 > [A7 A
(Y Apt1,0---An+1,p---]], this tormula must also be consistent.
Therefore there is v44+1 < yu+1 such that [Az A 4, 4,,.,] is con-
sistent. Let I'= {4,, : » < w}. This is a choice set that cannot be
contradictory because finite conjunctions of its formulas are con-
sistent.

5.4 Completeness of the Basic Formal Systems with Chang’s
Distributive Laws

The denumerability of the formulas is essential to the proof of
the completeness theorem just given. In Chapter 7 we will show
that additional schemes are needed to guarantee completeness
when o > w;. A review of the definition of Chang’s distributive
laws, 5.1.3, tells us that

[V A 4wl

p<y v<y
is an instance of a scheme in II, if and only if every choice set
of the array <Adu: g < v, v < p> is contradictory.

5.4.1 Lemma. If 9" <y < «, then every instance in L, of a
scheme of 7, is provable in B (I1,)(La).

Proor: Suppose array <Au:u <y',v < y"> of formulas of L,
has the property that every choice set is contradictory. First,
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fill out the existing rows to length y by repeating a formula:
Auw = Ayo for p < 9', v <v < y. By 5.2.9 {iii),
(1) FLA Aw) & [ A Ap] for p <y
y<y vy’
The array is then filled out to length y by repeating row 0: 4, =
Agy for ' < u < p. By 5.2.9 (iii),
@ FLY LA 4pllol Y [ A ]
u<y v<y’ u<y’ vy’
The resulting array still has the property that every choice set is
contradictory. Hence
(3) FLV [ A Aw]] in BallT)(La).
<y v<y
Replacing parts in (3) by their formal equivalents according to (1),
yields the left-hand formula of (2). Hence
FLY [ A 4]l in Ballly)(Ls).
u<y v<y’

5.4.2 Lemma. If y < a, yu <y for every u <y, and if every

choice set of array (Au: p < 9, v < yp> is contradictory, then
FLY [ A Aw]]

. u<y v<vyu

in PBa(1L,)(La).

ProOF: Similar to the one just given. Fill out rows to length y
by repeating a formula already present.

5.4.3 Theorem. Let y be an infinite cardinal. Then systems
8,.(I1,)(L,.) are complete.

Proor: According to the completeness lemma, 5.3.1, it suffices
to show that given a doubly-indexed system <{Au: p < ', v < yw
of formulas of L,. with y’ <y*, yu <y’ for p <y, such that
every choice set is contradictory,

F'V Ay forall 0 < u <9 implies F[=[ ¥ Ag]]

y<Yu ry<yo
in 8,.(11,)(L,.).
The array <[=4w): u < y',v < pu» also has the property that
every choice set is contradictory. By 5.4.2 and 5.4.1,
(1) }'[ v Cu], Where Cu = [ A [ﬂAuv]].
By’ y<vu

By our assumption, F[~C,] for 0 << 4 < »’. Hence
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(2 F[ A [=C4]] by conjunction.

1<u<y
By 5.2.9 (iv),
@) FL A [HCGII=[[ ¥V Cu]—>Co).
1<pu<y’ n<y’
Two uses of modus ponens with (1), (2), yields FCo. Hence
F=[ V Ao]].
y<¥o

5.4.4 Theorem. Let « be an inaccessible cardinal. Then systems
Ba(U {I1,: y < a})(Ls) are complete.

ProoF: We already know Bu(Lke) is complete. If « > w, an easy
induction on formulas shows that every formula of L, is a formula
of a language Ly, y < «, with the same symbols. Hence this is a
corollary of Theorem 5.4.3.

Theorems 5.4.3 and 5.4.4 are based directly on work of Chang
on the representability of Boolean algebras, [1]. They appear in
Scott-Tarski [37] as well as my doctoral dissertation. See also
Sect. 6.4.

5.5 The Basic Formal Systems with Ordinary Distributive Laws
Let y be a cardinal number, let « be a regular infinite cardinal
such that « > (2 exp y)*. Since any instance of &, in L, is valid,
it is provable in P4 (I1;yp,)(Ls). It is easy to see that any instance
of a scheme in IT, is provable in P.(Z,)(Ls). For if every choice
set of CAuy: u < y, v < 9> is contradictory, then for & < 2 exp y,

FLY Ap0] in Ba(la),
By

{ge: &€ < 2expy> being the ordering of y¥ chosen in advance ac-
cording to 5.1.2. By conjunction,
(1) F[L A [ Y 4,1 in Ba(La).
v

E<2expy u<

Scheme 2, with 4" and modus ponens yields
2 -l Y AR ll=E0 A Y [R4p]]).
4

£<203xpy u< <y v<y

Hence F[ V [ A Ayl in B4(Dy)(La) using modus ponens on (1)
u<y v<y

and (2) after replacing parts {«=4] by 4.
Equally simple arguments yield the following lemma.
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5.5.1 Lemma. 1f « is a regular infinite cardinal such that « >
(2 exp »)*, then

(1) Instances of schemes of IT, are provable in R.(Z)(Ls).

(2) If cardinals yo, y1 are less than or equal to y, and if 9} =
= {fs: &£ < yo exp y1}, then

FLA [ Y Aull=( \{ [ A Aul;(u)]]
u<yo v<yi §<yoexpy1 k<o
in Pa(Dy)(La).

5.5.2 Theorem. If o is strongly inaccessible, then systems
B2({2y: v < «})(La) are complete.

Proor: By 5.4.4 and 5.5.1.

5.5.3 Remark. There is yet another case where we have been able
to obtain a complete a-propositional calculus using &, for y < a. If
y is a union of w smaller cardinals y,, # << w, such that 2expy, <y,
then B,.([ A 2,])(L,.) is always complete. The proof is being de-

n<w
layed so that we may use algebraic techniques to simplify the compu-

tations. It appears in Sect. 6.5. These cases are the only ones except
« = wand « = w; where we have been able to obtain a complete «-pro-
positional calculus by adjoining a single scheme to the basic calculus.

We do not know whether or not there are any cardinals except
these, the strong inaccessibles, and w1, such that ({2, :2expy < o})
is a complete a-propositional calculus. It is doubtful that calculi
Bsoxpyy+(Py) are complete, but we have not been able to give a
proof. See Sect. 7.1 for the algebraic version of this problem. It is
not difficult to see that these calculi are complete, in fact, strongly
complete, for languages with at most y propositional symbols. The
proof is essentially the same as Tarski’s proof that a completely
distributive Boolean algebra is isomorphic to a set-of-all-subsets
algebra. See [42].

5.5.4 Theorem. Let y be an infinite cardinal, « > (2 exp y)*, and
L, be an a-propositional language with at most y propositional
symbols. Then P4(D,)(Ls) is strongly complete.

ProoF: Let P = {p1: 4 < o} be the set of all propositional
symbols of the language, indexed by an ordinal ¢ < y. For each as-
signment s of P to truth values, let Cs = [A s'(po)...s"(P2)...],
where s'(pa) = pa if s(pa) = 1, s'(pa) = [=pa] if s(pa) = 0. Then
s satisfies Cy and is the only assignment that does. Since formal
theorems are valid, F[C; = A] implies that s satisfies 4.



BASIC FORMAL SYSTEMS WITH ORDINARY DISTRIBUTIVE LAWS 53

Let 4 = {A: A is a formula and s satisfies A implies FH[C; — 4]
and s satisfies [~4] implies F[Cs = [~A4]] in Pa(La)}. Then 4 obvi-
ously contains the atomic formulas and is closed under formation
of negations. The proof that 4 is also closed under formation of
implications and conjunctions, is an easy exercise in basic propo-
sitional calculus. Hence s satisfies 4 if and only if F[C;— A} in

Ba(Ls).

Suppose I' is a set of formulas, 4 is a formula, and IFr4. We
must show trA. Enumerate the set of all assignments: Bf =
{se: £ < 2 exp o}. Split this set into two subsets

S1 = {s: s satisfies I'}, Sy = {s: s does not satisfy I'}.
Then
(1) FCs—> 4 in Pu(L,), for all se Sy.
For s € Sp, there is C € I" such that FC, — [~C]. Hence
(2) Fr{=Cs] in Pa(Lks), for all s € Ss.

Clearly,
©) F[‘ﬁ [pa v [=pa]].

By £, and 5.5.1,
4 F[ VvV Gl

é<2expa

If S; = ¢, then by (1), 5.2.7 and finite valid schemes,
FL V. C,l—A4.

£<2expo
Hence A in this case by (4) and modus ponens.
If S; = ¢, then by (2) and finite valid schemes,

e[l ¥V C,l
é<2expo
Hence FrA in this case by (4), finite valid scheme [=A4o] —
[Ao— A] and modus ponens.
If Si#¢ and Sy # ¢, let S ={spe: &<y} Se2=
{sey: 6 <9"}. Then FH[ V C, 1->A] and I‘]‘[e Ay' [~C,. )] by
sy’ <

8p(&)
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(1) and (2). Then by (4) and 5.2.9, }-p[ V C

82

]. Hence FrA.

5.5.5 Theorem. If « is strongly 1nacce551ble and L, has fewer
than « propositional symbols, then B4({2y:y < «}) is strongly
complete for L,.

Proor: For if L, has y propositional symbols, 4(D,)(La) is al-
ready strongly complete.



CHAPTER 6

REPRESENTATION THEORY
FOR BOOLEAN ALGEBRAS

The idea of relating representation theorems for Boolean alge-
bras to completeness theorems for propositional calculi is not new.
Henkin proved in [11] that Stone’s representation theorem for
Boolean algebras follows from the completeness of the ordinary
classical propositional calculus. However, when this argument is
adapted to a-propositional calculi, « regular, infinite, a different
ingredient appears. For it is the strong completeness of an a-
propositional calculus that is equivalent to representability by » a-
fields of sets. Ordinary completeness is equivalent to the weaker
representability by # «-homomorphic images of  a-fields of sets.

6.1 Boolean Algebraic Equations Corresponding to ¢-Propositional
Schemes

It is convenient to introduce officially the two-place Boolean
algebraic operation — by the equation

a—>b=-avhb.

Then an a-propositional scheme becomes an  a-complete Boolean
algebraic term when symbols 4, —», A, are replaced by -, —, A.
The intended interpretation of an s a-complete Boolean algebraic
term is, naturally, in an ~a«-complete Boolean algebra 8 =
(B = A v) with — the operation just defined, A the a-place
meet. For an assignment s of the symbols of the scheme-language
to B, the value s*T of such a term is its computed value using
operations of B (Example 3.2.2). According to the rules of Sect. 4.3
for interpreting «-propositional formulas in 8B, the value of scheme
& in B for assignment s is exactly the same as the value of the
corresponding term 7T, in 8. Thus scheme.«Z holds in % if and only
if the equation T, = 1 holds in B.
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The reader can easily check for himself that all of the axiom
schemes of the basic calculus 8, hold in every  «-complete Boolean
algebra. If « > (2 exp y)*, the scheme 2, holds in B if and only if
B is (y, y)-distributive. Note that if L, is an arbitrary «-propo-
sitional language, the condition “every instance of &/ holds in 8"
may not be the same as “./ holds in 8”. These conditions are only
equivalent if L, has at least « propositional symbols. However, if
scheme .2 holds in B, so does every instance of & in L, by Lemma
5.1.4. Hence

6.1.1 Theorem. Let L, be an «-propositional language, 2 a set of
a-propositional schemes, 8 an «-complete Boolean algebra in
which equations T, = 1 hold for o/ € X. Then if FrA4 in B,(Z) (L)
and s is an assignment to B such that {s*C: C € I'} has lower bound
be B, then s*4 > b.

ProoF: Obvious since the axioms all hold in 8 and the property
s*(A) > b is preserved by modus ponens and conjunction.

Clearly, under the conditions of the theorem, if formulas of I’
hold in B, so does 4.

6.2 Formally Consistent Sets of Formulas

We say that a set I" of formulas is formally consistent with respect to
PBa(Z)(La) if and only if there is a formula 4 such that not tr4.
This is equivalent to the condition not Fr[p A [~p]], where p is
any propositional symbol. If F[p A [4p]] in P4(2)(Ls), then no set
is consistent with respect to the system. Such a system is sncon-
ststent. According to the deduction theorem, if Fr[p A [—p]], then
I has a subset I of power less than « such that kr[p A [—p]].
Hence I' is formally consistent with respect to Pa(Z)(Ls) if and
only if every subset of I" having power less than « is formally con-
sistent. A formula A is formally consistent with respect to B«(2)(L4)
if and only if {4} is formally consistent. Using finite valid formulas,
it is easy to see that A is consistent if and only if not F[=4].

Let 2 be a set of valid schemes. Then since every formal theorem
of Pa(2)(Ls) is valid, I" semantically consistent implies I" formally
consistent. Moreover, if I formally consistent, but not semantically
consistent, then I has a subset {A¢: & < 6}, 0 < 8 < «, such that
IF[A Ao...As...] = [p A [=p]], but not F[A do...4s...] >
[p A [=p]]. Hence B,(X)(La) is not complete. Thus we have shown
that if P.(Z)(Ls) is complete, then I' is semantically consistent if
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and only if it is formally consistent. The converse is equally easy
to prove. These and other properties of the notion of consistency
that follow easily from the theorems of Chapter S, Sect. 5.2, are
summarized in the following lemma.

6.2.1 Let L, be an «-propositional language, () an a-propo-
sitional calculus. Then with respect to Ra(Z)(L4),

(i) I'is formally consistent if and only if every subset of having
power less than « is formally consistent.

(i) If I' formally consistent and FrA4 foral A e IV, then "'V I
is formally consistent.

(iii) Pa(Z)(Ly) is complete if and only if for every formula 4, 4 is
formally consistent iff 4 is satisfiable.

(iv) Pa({Z)(La) is complete if and only if for every set I' of formu-
las, I' is formally consistent iff I" is semantically consistent.

(v) Ba(2)(ks) is strongly complete if and only if for every set I'
of formulas, I" is formally consistent iff I' is satisfiable.

(vi) "V {4} is formally consistent if and only if not Fr[=4].

(vii) If I'is formally consistent, then either I" U {4} or "' U {[~A4]}
is formally consistent.

(viii) If "'V {{V Ao...4¢...]} is formally consistent, then there
is» < 6 such that I"U {{Y 4o...4¢...], 4,} is formally consistent.

6.3 Algebras of Equivalence Classes of Formulas Modulo a
Formally Consistent Set

Let I" be a set of formulas formally consistent with respect to
PB(2)(La). According to the equivalence theorem, 5.2.6, the relation

A=4"ifandonlyif r4 & A4’

is a congruence relation on the algebra of formulas. The consistency
of I' guarantees that there are at least two classes |A|r =
{A': A = A'}. Moreover, the following equations define one-place,
two-place,  a-place operations on the set B(B4(2)(La); I') of all
these equivalence classes:
-l4|r = |{[~4]Ir
|[dolr — |A1|r = |[Ao—> 4ilIr
A|Ao|...|4gl...> = |[A Ao...A4g.. . ]Ir.
In addition, two-place operations are defined by the equations
|[dolr A |A1lr = |[Ao A Ai]Ir
|[dolr v |A1lr = [[4o v A4]Ir.
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From the provability of substitutions of finite valid schemes, it
follows that the defining equations for Boolean algebras in the
Foreward on Algebra all hold in

B(Ba(Z)(La); ) = <B®Ba(Z)(Ls); I') = A V).

Therefore these algebras are non-degenerate Boolean algebras. The
order is
|Alr < |4’|r if and only if Frd — A4’,

the zerois |[$ A [ap]|r, the unit |[p v [~p]ir. Since |[A 4. .. As...]|r
< |dy|lr for all v <4, and Fr[C— 4] for all &£ < § implies
br{C —[A Ag...As...]], the algebras are ~a-complete Boolean
algebras with |[A Ay...d4¢...]|r as the meet of |[Ao|r, ..., |d¢lr, ...
The join is |[V Ayp. . .Ag. . ][r

If Ps(Z)(Ly) is complete, then Frd & A’ if and only if
I'FA & A’. Therefore, in this case, the algebra B(Ra(Z)(La); I
is exactly the same as the algebra B(Ls; I'} of Sect. 4.2. Repeating
Theorem 4.2.1 we have

6.3.1 Theorem. Suppose Px(2)(L4) is complete. Then

(i) If I' formally consistent, then B(Pa(Z)(Ls); I') is a non-
degenerate » a-representable Boolean algebra.

(i) If I satisfiable, and I' = {4 : Irr A}, then B(Pa(Z)(Ls); ) is
isomorphic to a non-degenerate s a-field of sets.

It follows from the next two theorems that algebras B(P«(2) (L))
= B(Pa(2)(La); ¢) are the free + a-complete Boolean algebras in
which equations T, = 1 hold for all&/ € 2. By this we mean that
given any ~ a-complete Boolean algebra B such that these equations
hold, there is an «-propositional language L, and an s a-homo-
morphism from B(R.(Z)(Ls)) onto B. In particular, algebras
B(P«(Ls)) are the free # a-complete Boolean algebras. In fact, the
construction given here is the same as Rieger’s in [33] except for
terminology. Note first that if I'o C I} and I'; consistent, then the
mapping A(|4|p) = |A|p, defines an » a-homomorphism on

BBa(Z)(La); To) to B(Pa(Z)(La); ).

6.3.2 Theorem. 1f I" consistent with respect to P,(2)(La), then
equations T, = 1 hold in B(Pa(L)(ks); I') for allef € Z.

Proor: This is equivalent to saying that schemes./ € 2 hold in
B = BPs(2)(La); I'). Let s be any assignment of propositional
symbols of the scheme-language to 8. We must show s*&/ =1 for
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all./ € X. Since s assigns an equivalence class |4 |r to each symbol
Ag or Ay of the scheme-language, there exists a function g on the
set V of all such symbols such that s(4¢) = |g(4¢)|r. Then s*¢4;) =
[S;’ (A¢g>|r for all atomic schemes (A4 ¢>. Since s*, S;’ and the function
taking a formula 4 of L, to the element |4|r of B, are all 7 a-homo-
morphisms, an easy induction shows that s*o/ = |S}.o|r for all
schemes &7. In particular, if & € X, then S;’ &/ is an instance of &
in Ly, and is therefore an axiom of the system. Hence s*&/ =
IS; r = 1.

6.3.3 Theorem. Suppose B is a non-degenerate a-complete
Boolean algebra in which equations T, = 1 hold for all &/ € Z.
Suppose C C B a«-generates B. Let L, be the a-propositional
language having one propositional symbol p. for each ceC. In-
terpret L, in B by the assignment s(pe) = ¢ for each ceC. Let
I' = {4: A is a formula of L, and s*4 = 1}. Then I" is consistent
with respect to Pu(Z)(Ls) and B =~ BPa(Z)(La); I'). It then
follows that ¥ is an  a-homomorphic image of B(Pa(Z)(La)).

Proor: By Theorem 6.1.1, if trA, then s*4 = 1. Since 1 # 0
in B, I' is consistent. Since C 1 a-generates B, Rng s* = B, If
s*¥4 = s*A’ then [4 & A') eI, hence |A|r = |A'|r. Therefore the
mapping % assigning [A|r to s*4 is a function from B onto
B®Ba«(Z)(Ls); IN. If |A|r = |A’|r then Fr[4d & A'], from which it
follows by 6.1.1 that s*4 = s*4’. Therefore A is one-one. Since s*
and tne Tuncrton laXing lormuwa A 10 JA)r are pot 7 «-Nomo-

morphisms, it is clear that 4 is also an  a-homomorphism. There-
fore B and B(Pa(Z)(La); I') are isomorphic. Since the mapping
assigning |A|r to |4|¢ is also an # «-homomorphism, B is an 7 a-
homomorphic image of B{P(Z)(ka))-

6.4 Metamathematical Proofs of Some Boolean Representation
Theorems

When a language L, is interpreted in an algebra B(B4(2)(Ls); I')
the assignment s(p) = [<p>|r will give formulas 4 values s¥*4 = |4 |r.
Therefore if I' is consistent with respect to $4(Z)(La), I" is satis-
fiable in a non-degenerate s a-complete Boolean algebra in which
equations T, = 1 hold for all & € X by 6.3.2. Conversely, if I is
satisfiable in such an algebra, I' is consistent with respect to
Rx(2)(Ly) by 6.1.1. Hence

6.4.1 Theorem. Let L, be an a-propositional language, X a set
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of a-propositional schemes. Then the following conditions are
equivalent:

(i) I'is formally consistent with respect to $a(2)(La).

(i) I' is satisfiable in a non-degenerate  a-complete Boolean
algebra in which equations T, = 1 hold for all./ € 2.

(iii) There is a non-degenerate s a-complete Boolean algebra B
in which equations T,, = 1 hold for all &/ € 2, and an assignment s
to B such that {s*4: 4 € I'} has a non-zero lower bound.

6.4.2 Theorem. Let « be a regular infinite cardinal, y any infi-
nite cardinal. Then for sets & of valid «-propositional schemes, the
following conditions are equivalent:

(i) Ba(Z)(La) is complete whenever L, hasy propositional symbols.

(i) If L hasy propositional symbols, B(Pa(Z)(Ls)) is isomorphic
to an o a-field of sets.

(i) Every a-complete Boolean algebra with a set of y ~a-
generators, in which equations T, = 1 hold for alle/ €2, is 7 a-
representable.

Proor: (i) implies (ii) by 6.3.1 (ii) with I" = ¢. (ii) implies (iii)
by Theorem 6.3.3. We show (iii) implies (i). Suppose L, has y
propositional symbols. Then B($(Z)(Ls)) is  a-generated by
{i<p>|: p is a propositional symbol} and these elements are all
distinct. Since equations T, = 1 hold in this algebra for all.&/ € X,
BPa(2)(Ls)) is 7 a-representable by (iii). If FA4 then IF4 since
the schemes are all valid. If IF4, then 4 holds in all  «-repre-
sentable Boolean algebras by Theorem 4.3.4. In particular, for the
assignment s{p) = |[<p>|, s*4 = |A| = 1. Hence 4. Therefore the
system is complete.

Dropping references to y, Theorem 6.4.2 says that Pu(X) is a
complete a-propositional calculus if and only if every # «-complete
Boolean algebra in which equations T, = 1 hold for all &/ € 2 is
~ a-representable. The completeness theorems of Sect. 5.3, Sect. 5.4
and Sect. 5.5 are then seen to be equivalent to known Boolean alge-
braic representation theorems.

6.4.3 Loomis Representation Theorem. Every w-complete Boolean
algebra is w-representable.

Proor: By 5.3.2 and 6.4.2.

Similarly, Theorem 5.4.3 yields the criterion of Chang in [1] for
y-representability.

6.4.4 Theorem. Let y be an infinite cardinal. Then a y-complete
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Boolean algebra is y-representable if and only if it satisfies the
following conditions:
(Cy) If every choice set of a doubly-indexed system <{bup: p <y,
v < p> of elements of B contains a complementary pair, then
V A by=1

u<y w<yp

ProoF: If B satisfies (C,) then schemes of II,, obviously hold in
%B. Then B is y-representable by 5.4.3 and 6.4.2. Conversely, if 8
is y-representable and V A b, # 1, then according to the theo-

p<y »<y
rem in the Foreward on Algebra, there is a homomorphism % to B¢

sending VA by to 0 and preserving all meets A by for u <y
u<y v<y <y
and the join VA bg. Since AV —h(by) = 1 in B, there is a

n<y <y u<y v<

choice function f € 9¥ such that — (b:"f(ﬂ)) =1 for all u << y. Then
{buru): # < v} is a choice set for <bu: u < 7, v < p> containing no
complementary pair.

Theorems 5.4.4 and 5.5.2 yield

6.4.5 Theorem. If « is strongly inaccessible, an  a-complete
Boolean algebra is  a-representable if and only if it satisfies
conditions (C,) for all y < a.

6.4.6 Theorem. 1f « is strongly inaccessible, an »«-complete
Boolean algebra is  a-representable if and only if it is (y, y)-
distributive for all y << a.

The analogue to 6.4.2 for strong completeness is the following:

6.4.7 Theorem. Let « be a regular infinite cardinal, y any infi-
nite cardinal. Then for sets X of valid a-propositional schemes the
following conditions are equivalent:

(1) Px(2)(La) is strongly complete whenever L, has y propo-
sitional symbols.

(ii) Every ~a-complete Boolean algebra with a set of y fa-
generators in which equations T, = 1 hold for all &/ € X, is iso-
morphic to an  «-field of sets.

ProoF: Assume (i) and that % is an # a-complete Boolean alge-
bra with a set of y  a-generators, in which equations 7, = 1 hold
for all./ € X. Then B =~ B(Pa(Z)(Ls); I') for the language and set
I'of 6.3.3. By (i), if I' = {A: WrA}, trA iff FrA iff T'lFA. Hence
B(Pa(Z)(Ls); I') = B(Ls; I') which is isomorphic to an = a-field of
set by 4.2.1.

Conversely, if I' is a satisfiable set of formulas, then I' is con-
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sistent with respect to P.(2)(La) since the schemes of X are valid.
Assume (ii) and that I'is consistent. We must show I"satisfiable. But
I' is satisfiable in B(Pa(Z)(La); I'), 2 non-degenerate » a-complete
Boolean algebra in which equations T, = 1 hold for &« € X. It is
generated by elements |<p>|r, and if this set reduces to fewer than
y elements, y new propositional symbols can be adjoined. For them,
[Kp>|r # I<p">|r. Therefore the algebra has an  a-generating set of
power y. By (ii), it is isomorphic to an «-field of sets, and by
Theorem 4.3.4, it follows that I' is semantically satisfiable.

This theorem with Theorem 5.5.5 yields this version of Tarski’s
Representation Theorem minus the property of atomicity:

6.4.8 Theorem. Let « be strongly inaccessible. For » a-complete
Boolean algebras with an = a-generating set of power less than «
the following conditions are equivalent:

(i) B is isomorphic to an » «-field of sets.

(i) B is (y, y)-distributive for all y < a.

6.5 Algebraic Proof of a Completeness Theorem

We proceed to the proof of the completeness theorem mentioned
in Remark 5.5.3. Let y = U {ys: #n < w}, where 2expy, <y for
all » < w. We must show that the y+-propositional calculus
B,.(( A 2,,)) is complete. In view of Theorem 6.4.2, this is equiva-

n<w
lent to showing that every y-complete Boolean algebra that is y,-

distributive for all # < w is y-representable. It is convenient to use

a modification of the Chang distributive law (C,) of 6.4.4 for y-

representability.

6.5.1 Lemma. Let y be an arbitrary infinite cardinal. Then a 9-
complete Boolean algebra is y-representable if and only if it satis-
fies the following condition:

(C,) Given b 5 0 and doubly-indexed system <byy: u < y, v < p>
such that V <buy:iv < 9> = 1 for all u < 9, there is a choice
set C such that C U {b} does not contain a complementary pair.

Proor: We show (C,) equivalent to (C,). Assume (C,), let & # 0
and doubly-indexed system <bu: u < 9, v < y> be given such that
Vibur:v <p>=1 for all u < y. Make a new array with rows
{(=buy: v < p> for p < p, and a row <—=b...=b...> of length y. Call
the new array <b,,: u < y,» < p>. If for every choice set C of the
original array, C U {b} contained a complementary pair, then every
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choice set of the new array would contain a complementary pair.
But then we would have
V Ab,=1=-b
u<y v<y

by (Cy). This would imply b = 0, a contradiction.

Conversely, assume (C,) and let <bu: u < y, v < y> be a doubly-
indexed system such that every choice set contains a comple-
mentary pair. Suppose, contrariwise,

b= V Aby#1
n<y v<y
Then b # 0. Make a new array with the following rows, each of
length y:
(A A buy=b. o mbo D, KA buy —bug. . bl D
vy vy

for each u < y. Then each of the rows has join 1. By (C,), there is
a choice set C’ for the new array such that C’ U {4} does not contain
a complementary pair. But this would imply that the original array
had a choice set that did not contain a complementary pair.

6.5.2 Theorem. Let y = U {y,: n < w}, where the y, are infinite
cardinals less than ¢. Then every y-complete Boolean algebra that
is (yn, yn)-distributive for all # < w is y-representable.

ProoF: Let b 5= 0 and doubly-indexed system (s pp < 9, v < >
be given such that V by v < > = 1 for all x << y. We must show
that there is a choice set C for the array such that C U {4} does not
contain a complementary pair. We may as well assume that
yn <ynt1 for all n < ow. Let @p=yu~ Uy b =V by

un

i<n
veB@y for n <w, pu<y. If @Cy, we will call a set C a choice
set for @ if C contains at least one element from each row u of the

given array for u € 6.

We claim
(1) Given &' # 0, n < w, there is f on 6, to w such that
b A A<h . € BOgy # 0.

For 1 = V<byy:v < 9> = V<b,,:n < w) for all p < y. Therefore,
b =0b ANV, n < w):pe By The existence of f is a conse-
quence of the (yn, w)-distributive law.

Similarly, we claim
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(2) Givend' # 0,7 < w,m < wand O C Oy, if b’ <A<b,,:ueby,
there is a choice set C for @ such that

bAANC #0.

For 0 #£ b0 = b AAN yuy:ve Op: ue @), The existence of C is
a consequence of the (yn, y5)-distributive law.

By (1), there is fo on @ to w such that b A A <b,, ,,: u € B> # 0.
Although we cannot find a choice set for all of @9 whose meet with
b is not 0, we can do the following: Let @¢pn = {u: u € @¢ and
fo(u) = m}. Since b A A <b,y .y € Oo> <A by u € Opo), there is
a choice set Cq for @gq such that b A A<, €G> AACo#0
by (2). The choices for the other &g, will be picked up later.

Suppose that for 2 < # we have found functions f; on @ to o
and Cy such that
(Pk) ba A A<b,‘(ﬂ)ye(~)¢>/\ A AC;#0,

i<k i<k
and Cy is a choice set for U {@: 7 + j = &}, where Oy = {u: uec 0
and f;(u) = j}. We must find fn41, Cny1 satisfying (Pp+1).
Lettlng bp=ba A A iy BEOD A A A Cy, use (1) to find

i<n i<n

fnt1 0n Oy to w such that by A A <Dy 0: € Onyr> = bpy1 # 0.
We must still find choice function Cpyq for U{@y:i + 7 =n + 1}
=00, n+1VY OLa VU ... UOf 414U ... U BOgy, 0 Since bpyy <
Ay BEOW <ALb,, 1 e B, n+l> (2) implies that thereisa
choice set C9 +1 for @g yi1 such that bpip A A 04 +1 # 0. Given
i <n -+ 1 and choice sets Ci,; for @y ni1—¢ such that bjiq A
ACY A ...ANCE,, # 0, (2) again implies that choice set C5t4
for @411, 2 can be found so that b A A A cl +1 #0. Let
j<it1

Cp1=VU {C:L +1:t <n -+ 1}. Then Cpsa ha; the desired property
(P n+1)-

Having completed the definition of the C, by induction, let

= U{Cp: # < w}. Then C is a choice set for the entire array, and
C v {b} is non-contradictory since ba A A Cy 5 0 for all #n < w.

isn
6.5.3 Theorem. Lety = U {yn: n < w} where 2 exp y, < y. Then
B,.(L A 2,)) is complete:

n<w

Proor: By 6.5.2 and 6.4.2. The conditions 2expy, <y are
added only to insure that the distributive scheme is a y*-propo-
sitional scheme.



CHAPTER 7

NON-DEDUCIBILITY
IN INFINITARY PROPOSITIONAL LOGIC

We will not take time to give independence proofs for the schemes
and rules of basic propositional calculus, but turn instead to
questions of independence of the various distributive laws that
have been introduced.

7.1 Summary of Results and Open Problems

Let « be a regular infinite cardinal, X, 2" sets of a-propositional
schemes. Then we say

Ba(2) ~ Bal2)

if and only if for every a-propositional language Lx, B4(Z)(Ls) and
PBa(Z')(Ls) have the same formal theorems. Similarly,

Pa(2) < Bal2)

if and only if for every a-propositional language Ly, every formula
provable in P4 (2)(Ls) is provable in Pa(Z’){Ls). Finally,

Ba(Z) < Bal2)

if Pa(L) < Pa(2’) and not Pu(Z) ~ Pa(Z”).
7.1.1 Summary. Relative to the Chang distributive laws,

Ba(U Iy < o)

is complete and

(i) If y* < ais infinite, then Wx(I1y) < Pallly ) if y regular. If y
singular, Ba(I1,) < P«(IT),) but the question whether or not the
inequality is strict is open.

(i) If y < ais an infinite limit cardinal, then if y = w, Ba(lly) ~
PBu. If y is a2 union of w smaller cardinals y,, # < w, such that
2exp yn < o, then Pao(U {II5: B < y}) ~ Pau(ll,). For all other such
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v, Ba(U {{Ip: f < y}) < Pallly) but the question whether or not
the equality is strict seems to be open.

Relative to the ordinary distributive laws,

(i) If y < «isan infinite regular cardinal such that 2 exp y < «,
then Ba({Zs: 8 < v}) < Ba(Dy).

(iv) If y < ais an infinite singular cardinal such that 2exp y < «,
then Pu({Ds: f < v}) < Pa(Dy) but the question whether or not the
inequality is strict seems to be open.

(v) If y < « is an infinite cardinal such that 2 exp y < «, then
Ba(ll)) < Pa(Zy). The inequality is strict if y regular. Whether or
not it is strict if y singular is open.

(vi) If y < « is an infinite cardinal such that 2 exp y < «, then
Bx(Dy) < Ba(llyexp,). Whether or not the inequalityisstrictis open.

We have already remarked that the only cases « > w where we
have found complete a-propositional calculi by adding a single
scheme to $B,, are the cases « = y* where y is a union of w smaller
cardinals y, such that 2 exp y, < y. Once we have established (i)
it is clear that it is not possible to find such calculi for « inac-
cessible. For if &7 is an a-propositional scheme and « inaccessible,
then there is a regular infinite cardinal y < « such that & is a y-
propositional scheme. Hence if & is valid, Ba(e) < Bo(ll) <
Ba(I1,.). Thus Pu(#/) is not complete.

7.1.2 Algebraic Summary. The statements of 7.1.1 all follow from
the following:

(i) Every yt-representable Boolean algebra is y-representable. If
y regular, there is a complete y-representable Boolean algebra that
is not y*-representable. If y singular, the question of the existence
of such an algebra, even one that is only yt-complete, is open.

(ii) Every w-complete Boolean algebra is w-representable. If y is
a union of w smaller cardinals y,, # < w, such that 2exp y, <y,
then a y-complete Boolean algebra is y-representable if and only if
it is y,-representable for all # < w. For all other infinite limit
cardinals y, the question of the existence of a y-complete -
representable Boolean algebra which is not y-representable, is open.

(iii) If y regular, infinite, there exists a complete Boolean algebra
which is g-distributive for all 8 < ¢ but not y-distributive.

(iv) If y singular and infinite, the question of the existence of a
(2 exp p)-complete Boolean algebra which is g-distributive for all
B < v but not y-distributive, is open.
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(v) Every y-complete y-distributive Boolean algebra is y-repre-
sentable. There is a complete y-representable, not y-distributive
Boolean algebra for each regular infinite y. The existence of such
an algebra is an open question for infinite singular y, even if only
(2 exp y)-completeness is required,

(vi) Every (2 exp y)-representable Boolean algebra is y-distri-
butive. The question of the existence of a (2 exp y)-complete y-
distributive, not (2 exp y)-representable Boolean algebra, is open.

The various completeness assumptions are essential. The y-repre-
sentable, not y-distributive algebras of Example 4.2.4 do not suf-
fice for (v). The statements of 7.1.2 all follow from the theorems of
Chapter 6 and from the examples in the next section of complete
Boolean algebras By for each infinite regular cardinal y having the
following properties: By is y-representable but not (y+)-represent-
able, and g-distributive for all § <y but not y-distributive. In
fact, By is (B, x)-distributive for all # < y and all cardinals «.
These examples appear also in my note [16].

Examples of complete Boolean algebras that are y-representable,
(B, x)-distributive for all # < p and all «, not y-distributive, were
given for regular infinite ¥ by Smith in [39], Scott in [36]. These
algebras are also not (y*)-representable if we assume the continuum
hypothesis y+ = 2 exp y, for then the y-distributive law is a (yt)-
equation. However, the examples of Sect. 7.2 can be proved not
(y*)-representable making no use of the continuum hypothesis. The
algebras were suggested by the example of 4.1.2 of a non-satisfiable
set of (y*)-propositional formulas which is semantically consistent.
If the construction could be modified to show that the existence
of a non-satisfiable set of y-propositional formulas which is semantic-
ally consistent, implies the existence of a complete - y-represent-
able, not y-representable Boolean algebra, then the open questions
(i) would at least be settled for those infinite regular y for which
such sets exist; namely, for the incompact cardinals of Sect. 10.2.

Smith in [39] proves the existence of a complete, y-distributive
Boolean algebra not (2 exp y)-representable for infinite y, but only
under an assumption that is itself in question. For example, if
y = o it implies that the answer to Souslin’s Problem is negative.
This result serves to enforce the conjecture that examples for (vi)
can be found without making such an assumption. For more infor-
mation on distributivity see Pierce’s papers [25], [26], [27], [28],
and Smith-Tarski [40] as well as the papers already cited.
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7.2 Examples of Complete y-Representable, not yt-Representable
Boolean Algebras

Let y be a regular infinite cardinal. We construct complete y-
representable Boolean algebras 8B, not satisfying the inequality

(1)y A Va, < Vv V' (%ou A Zorp).

y<yt u<y vEY <y u<y
Since this inequality holds in yt-fields of sets, it follows that 9B,
is not yt-representable.

Considering the set X of all one-one functions on y into yt as
points, take as a basis for open subsets of X the empty set, to-
gether with sets S(g) = {f: f € X and f|Dom g = g}, where gis a one-
one function on a subset of y having power less than yp, into yt.

If {S(gi): €1} is a collection of fewer than y non-empty basic
sets, then we see that N {S(g;): 4 € I} # ¢ if and only if U {g;: i € I}
is a one-one function. Since the regularity of p guarantees
card U {Dom(gs): e I} <y, N{S(g):7 €I} is either empty or is
equal to S(g), where g = U {g;: ¢ € I'}. Thus the collection of basic
open sets is closed under intersections of fewer than y elements.
Moreover, since U {g;: €1} is a one-one function if and only if
gi\Y gy is a one-one function for each pair ¢, ¢’ € I, we have the
following compactness property:

7.2.1 Lemma. If C is a collection of fewer than y non-empty
basic open sets such that no pair has an empty intersection, then
N C is a non-empty basic open set.

Basic sets are open-closed, since

X ~S(g) =X ~0{S({(r,7)}): (m,7) €8} = U{X ~S({(w,7)}): (,%) €8},
while for any pair (g, ») €y X yt,

X ~ S({(m M) = U {S({(s )iy £ <y},

Let B, be the algebra of regular open sets of this space. This
algebra is described in the Foreward on Algebra. It is complete, as
are all algebras of regular open sets in any topological space. The
infinitary operations are

Ve 55 =incl Ug SE: /\5 55 = incl n; S,,e.

The zero is ¢, the unit X.
7.2.2 Lemma. (i) If < y and the See By, then N {Ss: & < f} =
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(it} If # <y, then a union of f nowhere dense sets is nowhere
dense.

The second statement follows by the classical Baire category
argument extended to § with the aid of compactness property
7.2.1. The first follows from the fact that S-intersections of open
sets are open.

7.2.3 Theorem. B, is neither y*-representable nor y-distributive.

Proor: If S(g) is any non-empty basic open set with » € Rng(g)
then S(g) C S({(u, »)}) where u = g-1(»). If S(g) is a non-empty
basic open set with » ¢ Rng(g) then we can choose u € y ~ Dom(g)
since Dom(g) has power less than y. For such a g, g {(s, »)} is a
one-one function and therefore S(g) N S({(x, »)}) # ¢. Since every
non-empty open set intersects U {S({(x, »)}): p < 7}, we see that

AV S{u »)}) =X in B,. On the other hand, S({(u, »)}) N

y<yt pu<
S(?(;, v}:)}) is empty for any » # %" < y* and u < y. Hence B, is
not yt-representable since (1), fails.

To show B, not y-distributive, it suffices to show that it is not
(v, y*)-distributive, for it is known that a (2 exp y)-complete y-
distributive Boolean algebra is (y, 2 exp y)-distributive. See Smith-
Tarski [40] or Pierce [26]. Let Sy = S({(g, #)}) for p <y, » < p*.
Then U {Suy:v» < y*} = X for all u < y. Hence all these joins are
X in B,. On the other hand, if 2 maps y to 9+, then N {Supw: 1 < 7}
is either empty or is a single point. In either case A {Sun: p < 7}
= ¢. Therefore the (y, y*)-distributive law fails in B,.

7.2.4 Theorem. By is y-representable and (B, «)-distributive for
all B < y, all cardinals «.

Proor: For the y-representability, we check condition (C,) of
6.5.1. Suppose S € B, and <{Spy: p << p, v < p> is a doubly-indexed
array of elements of By such that S £ ¢ and V{Su:v» <y} =X
for all # < y. We must show that that the array has a choice set C
such that C U {S} does not contain a complementary pair.

Choose a non-empty basic set S(g) C S. Suppose for u <y, we
have chosen »; << y and basic sets S(g,) for all 1 < u such that

¢ #S@E) NN{Se): & <BCS,,
We show that such a choice v, and S(g,) can be made for u. By the
compactness property, S(g) N N {S(gs): & < u}is a non-empty basic
open set. Since cl U {Sy,:» < y} = X, there is », < y such that
S NN{S(ge): ¢ <u}NS,,, # ¢. This set is open and therefore
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contains a non-empty basic open set S(gi). Then
¢ # S NN{Se): & <upCS,,

Let C ={S,,,:u <y} Clearly the sequence <w;:pu <y> was
chosen so that C U {S} cannot contain a complementary pair.
Finally, to show 8B,(8, x)-distributive, we use an argument like
that of Scott in [36]. It suffices to show that if (Tyw: p < 8, » < >
is a doubly-indexed array of elements of By such that all the joins
V{Tuw:v < «} =T # ¢ for u < B, then the array has a choice set C
such that A C £ ¢. If, contrariwise, all the meets A C = ¢ for
choice sets C, then since p-meets are S-intersections in B,, all
intersections N C = ¢. By the (B, «)-distributive law for sets,
U{nNC:Cisachoiceset}= N U Ty =¢.ButT ~ U Tyis
< v<K r<«
nowhere dense for each u < ﬁ’: sqnce the joins of the rows are all 7.
By 722 (ii), U (T ~UTu=T~n0N U T, is nowhere
<K p<pf r<u

u<p
dense. But this set is T # ¢, T € By. This contradicts T = in cl T.



CHAPTER 8

SYSTEMS OF FORMULAS OF INFINITE LENGTH

At this point, we turn our attention to the full systems of formu-
las of infinitary predicate languages. The notion of formula is
broader than that discussed informally in Chapter 1, for these
formulas may be built from infinitely long atomic formulas.

Attached to an infinitary predicate language are regular infinite
cardinals «, o, to serve as bounds on the lengths of conjunctions
and on the lengths of terms, respectively. Also attached to such a
language are infinite cardinals f, =, to serve as bounds on the
lengths of quantifications, and on the number of places of predicate
symbols, respectively. The language has a supply of primitive sym-
bols among which are the brackets [, ], and other symbols classified
as follows:

Individual variables

Individual constants

Special two-place operation symbols

{-place operation symbols, 0 << { < o.

Infinitary operation symbols

Special two-place predicate symbols

n-place predicate symbols, 0 < < &

Infinitary predicate symbols

Special two-place propositional operation symbols
d-place propositional operation symbols, 0 < 6 < «
Infinitary propositional operation symbols
Quantifiers

The individual variables together with the individual constants
will be referred to as individual symbols. It is assumed that the
symbols are all distinct and not themselves sequences. Expressions
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are sequences of symbols having length less than the smallest regu-
lar cardinal that is at least as large as « U f U 0 U @. As a rule,
sequential brackets and signs for concatenation will be dropped
when writing expressions. Thus “[@4y...A:...]" is one way of
writing the expression <[@>~{"(A4g: & < )P,

8.1 The (¢, 3, o, )-Systems of Formulas

The terms of an infinitary language have been described in
Chapter 3. Atomic formulas are those expressions having one of
the following forms:

(1) [ToPT1], where T, T1 are terms and P is a special two-
place predicate symbol.

(2) [OnTy...Te...], where <Ty: & <> is an %-tuple of terms
and @7 is an #-place predicate symbol.

(3) [QTo...T¢...], where 0 < n < m, <T¢: & < n is an 5-tuple
of terms and @ an infinitary predicate symbol.

The set of formulas is the intersection of all sets 4 of expressions
containing the atomic formulas and closed under rules of (e, §)-
formula-formation:

(1) If Ao, A1 € 4 and ¥ is a special two-place propositional oper-
ation symbol, then [4do¥A4,] € 4.

(2) If <4¢: & < 6 is a d-tuple of expressions in 4 and @% a -
place propositional operation symbol, then [@¢Ay...4:...]€ 4.

(3) If <Ae: & < &) is a d-tuple of expressions in 4, 0 < d < «,
and @ is an infinitary propositional operation symbol, then
[PAp...A:...]€4.

(4) If A € 4, g is a quantifier, v a sequence of individual variables
such that 0 < Dom(v) < 8, then [y v 4] € 4.

8.1.1 Induction Principle for Formulas. If A is any set of ex-
pressions containing the atomic formulas and closed under rules
(1), 2, (3), (4) of («, f)-formula-formation, then 4 contains all
formulas.

Let Fagon be the set of all formulas of an infinitary language.
The algebra of formulas has underlying set Fagon, has a J-place
operation for each d-place propositional operation symbol, an 7 a-
place operation for each infinitary propositional operation symbol,
with values given by (1), (2), (3). For example, the operation as-
signed to @ has value [@A4y...As...] for 6-tuple <4s: & < .

Note that the structure generated by the quantifiers is not re-
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flected in the algebra of formulas. One way of bringing the quanti-
fiers into the picture is to associate to each pair (y, v), v a sequence
of variables having length less than g, a one-place function whose
value for A is [yvA]. This is the approach that leads to the infi-
nitary analogue of the cylindric and polyadic algebras. The quanti-
fier structure is built into the systems for interpretation of formu-
las in such a way that this appears as a special case.

8.2 Systems for the Interpretation of Formulas

These systems are very broad. They comprehend not only the
intended semantic interpretations of the formulas, the ones used
informally in Chapter 1, but also interpretations where formulas
take values other than truth values. For example, values are ele-
ments of arbitrary complete Boolean algebras in Example 8.2.4,
formulas of other systems in Example 8.2.5, ordinals in Example
8.2.6. The general models of Chapter 12 are also examples.

8.2.1 Definition. A system for the interpretation of formulas is a
structure <D O CR B O’ Q S) where D, B are non-empty sets and

{i) <D O> is an algebra having the similarity type of the algebra
of terms.

(ii) <B O’ is an algebra having the similarity type of the algebra
of formulas.

(iii) C assigns an element of D to each individual constant.

(iv) R is a function on predicate symbols assigning an z-place
operation on D to B for each #-place predicate symbol, an i z-
place operation on D to B for each infinitary predicate symbol.

(v) S is a set of functions on individual variables to D (to be
called assignments).

(vi) Q assigns to pairs (i, v) consisting of quantifiers and sequences
v of variables having length less than f§, a function on non-empty
subsets of B having power at most card(S) to B.

8.2.2 Recursion Principle for Formulas. 1.et (D OCRB O’ QS>
be a system for the interpretation of formulas. Extend functions
s € S over all individual symbols by letting s be C on individual
constants. Let s* be the unique homomorphism on the algebra of
terms to <D O) such that s*(<x>) = s(x) for individual symbols x.

Then there exists a unique function V on S X Fagor to B satis-
fying the following conditions:
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(i) For all terms T, special two-place predicate symbols P, #-
place predicate symbols @7, infinitary predicate symbols Q,

V(s, [ToPT1]) = R(P)(<s*(To)s*(T1)>)
Vs, [Q1To. . .Ts...]) = R(Q7)(s*(To). ..s*(Te)...>)
Vs, [QTo...Te...]) = RQ)(s*(To). . .s*(Ts)...>).

{ii) For each se& S, the function %{4) = V{s, 4) is a homo-
morphism from the algebra of formulas to <B O’).

(i) For formulas 4, quantifiers y, sequences v of variables having
length less than g,

Vs, [xvA]) = Qx, v){V(sv,t, A): t € DR8® and s, ; € S}

where sy,; = Replf™®)s; ie., £ on Rng(v), s elsewhere.

The function V is called the valuation function, B the set of values.

The proof of the existence and uniqueness of V is deferred to
the next section in order that we may first see some examples.

8.2.3 Example. The underlying systems of formulas of the
languages Lsgoa that will be dealt with in the succeeding chapters,
are systems Fygon With certain restrictions on the cardinal bounds,
having special two-place propositional operation symbol —, one-
place propositional operation symbol 5, infinitary symbol A, quanti-
fier V. They are to be interpreted in systems <D O CR B O' Q 5>
where S is the set of all functions on individual variables to D, By
is the set of truth values 0, 1, O’(—) is that two-place operation
on By with values —x v y, O’(=) is the operation of complementation,
O’(A) is the 7 a-place meet, Q(V, v) is the meet. Such a system de-
pends only on the domain D and assignments O, C, R to constants,
and is called a model for the language.

The valuation function in this case is the obvious generalization
of the truth-valuation function for ordinary predicate languages.
It satisfies the following conditions for all formulas 4 and sequences
v of variables having length less than g:

(1) V(s, [Ao—> A1]) = 1if and only if
V(s, Aog) =0 or V(s, A1) = 1.
(2) V(s, [~40)) = 1if and only if Vs, 4¢g) = 0.
(3) Vs, (A Ag...A4¢...]) = 1if and only if V(s, A¢) = 1 for all
& <.
(4) V(s,[VvAp)) =1 if and only if V(Replf*#®s, 4¢) = 1 for
all ¢t € DRns®),
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8.2.4 Example. Consider the system of formulas of Example 8.2.3.
A closely related interpretation is in a system <D OCR B O’ Q S,
where S is the set of all functions on individual variables to D, B
the underlying set of a complete Boolean algebra, O’'(—), O'(),
O’(A), Q(V, v) the operations described in 8.2.3 on B instead of on
By. This method for extending the interpretation of propositional
formulas in Boolean algebras to apply to formulas with quantifiers,
is due to Mostowski, and has been studied in papers of Rasiowa,
Sikorski and Henkin for ordinary predicate languages. See Sect.
12.2 for discussion.

8.2.5 Example. The recursion principle can be used to eliminate
defined propositional operation symbols and quantifiers. Again con-
sider the system of formulas of Example 8.2.3, the formulas of the
languages Lagon. Consider also a second system of formulas with
additional special two-place propositional operation symbols, & A,
v, additional infinitary propositional operation symbol Y, ad-
ditional quantifier 3. Let F, be the set of terms common to the
two languages, Fsgon the set of formulas of the first language,
F4. the set of formulas of the second language. As a system for
interpretation of formulas of the second language, consider
(Fo OCR Fupon O' QS)>, where <(F, O> is the algebra of terms,
C(c) = <¢> for individual constants ¢, S = {s} where s(x) = <x) for
variables x, R assigns to each #-place or x #-place predicate symbol
that #n-place or s~ =-place operation on F, having as values the
atomic formulas [ToPT1] or [QnTg...Te...] or [QTy...Te...],
asthe case may be, for arguments<To T 1> or {T¢: & < n>. Finally, let

O'(7)(<40>) = [=40]
O'(—-))((AQA1>) = [Ao —> A]_]
O'(e)(K404p) = [A [Ao— 41][41— Ao]]
O'(A)(KAoA1>) = [A AoAi]
O'(v )(<A0A1>) = [=[A [~4o][=44]]]
O'(A)(<4o. . ) =[A 4p...4¢...]
O’(V)(c4o. . .>) = [q[A [14d0]...[04s]...]]
V v {Ao} = [V'()Ao]
Q(3. v){do} = [=[Vv[=40]]]
for all formulas A¢, e-tuples v of variables, 0 < e < 8.
In this case, whenever A’ is a formula in F_,,, V(s, A’) is that
formula in Fagon that results from eliminating symbols «, A, v,
¥, 3, by their usual definitions in terms of -,—, A, V.
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8.2.6 Example. Consider an arbitrary system with set F,g,, of
formulas. We sometimes encounter situations where an inductive
proof is called for, but a straight induction on formulas is not
possible. It may, however, be possible to carry out a transfinite
induction on ordinals that measure the number of steps required
to build a formula from atomic formulas. Such a measure is the
rank function p:

p(A4o) = O if Ay atomic.
pl[doWAq]) = (p(do) Y p(41)) + 1, if ¥ a special two-place
propositional operation symbol.
p((PAp... . Ae...]) = (U p(4e)) + 1 if @ is a d-place or infi-
<

nitary propositional operation symbol.
p{lxvAol) = p(do) + 1, if x is a quantifier.

The recursion principle can be used to prove the existence and
uniqueness of the rank function. Consider interpretive system
(FoOCRaO' QS), where O, C, S are the same as in Example
8.2.5, R assigns to predicate symbols functions identically 0, and

O'(PYpop) = {po VU p1) + 1, if ¥ is a special two-place
propositional operation symbol.
O'(D)(<po. . .pz.-.>) = U pg + 1, if @ is a d-place or infinitary
<o

propositional symbol.
Q{x, v){p} = p + 1if x is a quantifier.

An easy induction on formulas shows that p(4) = Vs, 4) is the
desired function. Every formula has a unique rank less than «.

8.3 Recursion Principle

As was the case with terms, we are well on our way to a proof of
the recursion principle once we have proved that no proper initial
part of a formula is a formula.

8.3.1 Lemma. If A is a formula that is not atomic, then exactly
one of conditions (i), (ii), (iii), (iv) holds for 4 :

(i) There exist formulas 4y, 41 and a special two-place propo-
sitional operation symbol such that 4 = [A¢ ¥ 44].

(ii) There is a d-place propositional operation symbol @¢ and a
d-tuple of formulas such that 4 = [@%A4,...4,...].

(i) There is an ordinal §, 0 < § < «, an infinitary propositional
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operation symbol @ and a d-tuple of formulas such that 4 =
[@Ag...4e...].

(iv) There is an ordinal ¢, 0 << ¢ < f, an e-tuple v of individual
variables, a quantifier 4, and a formula 4o such that 4 = [yvA4,].

Proor: The set of all formulas which are either atomic or have
one of the forms (i), (ii), (iii), (iv) is closed under the rules of («, §)-
formula-formation of Sect. 8.2. Hence every non-atomic formula
has one of these forms. Since every formula begins with [, a comparison
of A(!) shows that no formula could have two of the these forms.

8.3.2 Lemma. 1f A = E¢~C~E7 is an atomic formula, and if C
is a formula, then Eg = E; =¢dand 4 = C.

ProoF: Every non-atomic formula contains a symbol that could
not appear in an atomic formula. Therefore, C is atomic. Suppose
first that A has form [ToPT;]. Since each atomic formula has
exactly one occurrence of a predicate symbol, C must have form
[ToPT1] and <[)"To = E¢~¢[>"T%. Left cancellation yields T17¢]>
= T1~(]>"E; as well. Lemma 3.3.2 implies 71 = T since neither
can be a proper initial part of the other. Hence E1 = ¢. If Eg # ¢,
it must have form ([>-Ej. Cancelling [, To = E¢~{[>"To, contra-
dicting 3.4.3. Hence Eg = ¢ and 4 = C.

Suppose A has form [QTyg...T¢...], Q a n-place or infinitary
predicate symbol. Since C has exactly one occurrence of a predicate
symbol, C = [QT4...T;...] and E¢ = ¢. A left cancellation yields
T & <X = Ty & < n'» P E1. Since neither can be a
proper initial part of the other, T9 = T¢. Continuing by transfinite
induction after left cancellations of equal terms, we see that 7 = T;
for all £ <npnNy'. If n =7, then E; = ¢ after left cancellation.
Either 5 <7’ or ' <7 would imply the existence of a term
beginning with ]. Hence 4 = C.

8.3.3 Definition. A subformula of a formula A is a consecutive
part of A that isitself a formula. It is proper if it is different from 4.
The principal terms of atomic formula [ToPT,] are Ty, T1, and
of atomic formulas [QTy...T¢...] are Ty, ..., Tg, ....

8.3.4 Lemma. Every atomic formula has precisely one of the
forms 8.1 (1), (2'), (3'). Moreover, [ToPT:] = [ToP'T1) implies
To= Ty, P = P’, Ty = T1. Similarly,

[QTo...Ts...] =[QTb...Ti...]

implies that the lengths of the sequences of terms are the same,
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and all T¢ == T';. Hence the principal terms of atomic formulas are
unique.

ProoF: A comparison of A(1) shows no atomic formula 4 has
two of the forms 8.1 (1), (2), (3'). The uniqueness statements are
corollaries of 3.3.3.

8.3.5 Lemma. Every formula has an atomic subformula.

Proor: Trivial by induction.

8.3.6 Lemma. If A is a formula and £ < [...[4, where 1 <

k

%k < w, then E is not an atomic formula.
ProOF: Let 4 be the set of all formulas A such that no initial
part of expression [...[A4 is an atomic formula, where | <%k < o.

k
If A is atomic and has form [T PT,], then the only way an initial
part E < [...[4 could possibly be an atomic formula would be

k
for E to have form [T9PT1]. Since an atomic formula only contains
one occurrence of a predicate symbol, it would follow that <[>~Tp =

(...D"Ty. Left cancellation of one left bracket produces an
k+1

equation that contradicts Lemma 3.4.3. If 4 is an atomic formula
of form [QTy...T¢...], then clearly E < [...[4 is not an atomic
k

formula for E(1) would have to be Q. Hence atomic formulas 4
are in 4.
If Ao, ..., Ag ... is a d-tuple of formulas in 4 and 4 =
[@dg...Ag...], then no initial part of [...[4 could be an atomic
k

formula since no such formula contains an occurrence of @. Hence

A € A. Similarly,if Age Aand A = [yvAg)thenAd e A. If Ay, A1€ 4

and A =[49¥A;], then E < [...[4 and E an atomic formula
k

implies E < [...[d4q, since E contains no occurrence of ¥. But
k+1
then Ao ¢ 4. Hence in this case as well, 4 € 4. By the induction

principle for formulas, 8.1.1, A contains all formulas.

8.3.7 Corollary. If A is a formula and E < A4, then E is not an
atomic formula.

Proor: Trivial by 8.3.2 and 8.3.6.

8.3.8 Lemma. If A is a formula and E < A, then E is not a
formula.

ProoF: Let A = {4: A is a formula and E < 4 implies E is not
a formula, and 4 < E’ implies E’ is not a formula}. Atomic formu-
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las are in 4 by 8.3.2 and 8.3.7. For the closure of 4 under rules
8.1 (1), (2), (3) of formula-formation by propositional operation
symbols, we refer the reader to the proof of the corresponding
lemma for terms, 3.3.2. The proofs are nearly the same. Lemma
8.3.7 can be used to rule out the case £ atomic.

Finally, we show A closed under rule (4) of («, f)-formula for-
mation. Suppose Ao € 4, z a quantifier, v an e-tuple of variables,
O0<e< B, and 4 = [yvAp]. Using 2.2.19 to list the proper initial
parts of A that could possibly be formulas, noting that no formula
could end in y or in a variable, we obtain E = [yvEy), E¢ < 4o,
Ey #£¢. By 83.1, if E is a formula, it must have form F =
[xv' Ao, Ao a formula and v’ a sequence of variables. After cancel-
ling <[%> on the left on the two expressions for E, we see that one
of v, v’ is an initial part of the other. Since no formula begins with
a variable, v = v'. Another left cancellation yields Ap < E¢ < 4o,
contradicting 4g € 4.

If A = [yvAo] < E’ and E’ a formula, again E’ must have form
[xv' Ag). Again v = ¢/, and since one of Ag, A9 must then be an
initial part of the other, and since neither can be a proper initial
part of the other without contradicting condition 4¢ € 4, we must
have Ag = Aj. Hence A = E’ and 4 € A.

8.3.9 Defination. The principal subformulas of a formula [4o ¥ A4,]
are Ao, A1. The principal subformulas of a formula (@ Ag...A4s...],
are Ao, ..., Ag, ... The only principal subformula of [yv 4] is 4o.

A proof of the following theorem was included in the proof just
given and in the proof of 3.3.2 adapted to formulas.

8.3.10 Corollary. Suppose (A¢: € < 8> and (A;: & < &) are arbi-
trary sequences of formulas, o, o', are symbols, and v, v’ are
sequences of variables. Then

(1) Ag~<o>~ 41 = Ag~<o'>"A1implies Ay = Ao, 0 = o', 41 = Ai.

(2) (Agi & <8 = "XA;: & < &) implies 6 =6’ and A = 4,
for all & < 4.

(3) v°4¢ = v"~Ag implies v = v' and 4¢ = 4o.

It follows that principal subformulas are unique.

8.3.11 Proof of Recursion Principle 8.2.2. The uniqueness of V
follows by an easy induction making use of 3.3.3 and 8.3.10 to
infer the uniqueness of the principal terms of an atomic formula
and the principal subformulas of a non-atomic formula. We turn
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to a proof of the existence. We are to prove the existence of a
function on S X Fapon to B, satisfying conditions 8.2.2 (i), (ii),
(iii). Elements of V are to be pairs ((s, 4), b), where se S, 4 is a
formula, b€ B. Throughout this proof, we write “(s, 4, )" for
((s, 4), b).

Call a relation RC S X Fagon X B acceptable if for all terms T,
formulas A¢, sequences v of variables having length less than g,
se s,

(i') (s, (ToPT41), R(P)(<s*(To)s*(T1)>)) € R, all special two-place
predicate symbols P.

(@) (s, [Q7Tp...Te...], RIOMD(Ks*(To)...s*(Te)...>)) € R, for all
n-place predicate symbols @7, n-tuples of terms.

(i (s, [QTo-..Te...], RIQ)Ks*(To)...s*(T¢)...>)) € R, for all
infinitary predicate symbols Q, sequences of terms having length
less than 7.

(iv') (s, Ao, bo) € R and (s, 41, b)) € R implies (s, [Ao¥A41],
O'(¥)(<bobr)) € R, for all special two-place propositional operation
symbols V.

(V') (s, e, be) e R for all & <& implies (s, [@%A4o...4¢...],
O'(P%)(<bo. . .be...>)) € R, for all d-place propositional operation
symbols @9

(vi") (s, Ag, be) e R for all & <4 implies (s, [PAp...4e...],
O'(D)(<bg. . .bs...>)) € R, for all 0 << § < «, all infinitary propo-
sitional operation symbols @.

(vil') (sy,¢ Ao, b)) € R for all ¢t e DR"8® guch that sy, € S, im-
plies (s, [xvdo), Qly, v){b:: £ € DE™® and s, ;€ S}) e R, whenever
% is a quantifier.

The relation S X Fagon X B is itself acceptable. Therefore we can
form Ry, the intersection of all acceptable relations. From the form
of the conditions, it is clear that Ry is itself acceptable. The proof
will be complete once we have shown that Rp is a function with
domain S X Fagen. It obviously satisfies 8.2.2 (i), (ii}, (iii).

Let 4 = {A: A is a formula and for all s € S there is a unique
b e B such that (s, 4, b) € Ro}. If A4 is atomic, conditions (i'), (ii’),
(iii") insure that there is b€ B such that (s, 4, b)) e Re. If 4 has
form [QnTg...T¢...] and b = R(Q7)(<s*(To)...s*(T¢)...>), con-
sider Rg ~ {(s, 4, b)}. It is easy to see with the aid of 8.3.4 that
this relation is still acceptable. Hence (s, A, ) ¢ Ro. The other
cases with 4 atomic are similar. The proofs of the closure of 4
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under the rules of («, f)-formula-formation by propositional oper-
ation symbols, are so similar to the proofs in the analogous cases
for terms in 3.3.4, that we omit them here. Consider the case A =
[xvAq] with Ag e A. Given s and ¢ e DB8® guch that sy, € S, let
bs be the unique element of B such that (sq,¢, Ao, b)) € Ro. Let X =
{b;: t € DR®8® and s,,; € S}. Then by (vii'), (s, 4, Q(x, v)(X)) € Ro.
If & # Q(y, v){X), consider Ry = Rg ~{(s, 4, b}}. Obviously Ra
still satisfies conditions (i')-(vi) To see that Rp satisfies (vii’} as
well, let s'e S and suppose (s, ,, Ab, b}-) € Rp for all ' € DR&®
such that s,',,,t, €S. Since Ro C Ry, the triple (s',{x'v"Aal,
Q(y’, v')(X") is in Ry, where X’ = {bj-: #’ € DR"8®) and s,, , € S}.
If this triple were not in Ry, it would have to be equal to (s, 4, b).
But then s=3s", y=y', v="1v', Ag = Ao, and since Aped,
X = X'. Hence b = Q(y, v)(X), contradicting choice of b. There-
fore the triple is in Rg. Since then Ry is acceptable, (s, 4, b) ¢ Ry.
Hence 4 € 4.
This completes the proof of the recursion principle.

8.4 Replacement of Equivalent Parts

A relation = is a congruence relation on formulas if and only if
it is an equivalence relation that is a congruence relation on the
algebra of formulas and satisfies

A = A’ implies [yvd] = [yv4']
for all quantifiers ¥y and sequences v of variables having length less
than B. According to the ordinary algebraic definition of congru-
ence relation, such a relation also satisfies
Ao = Ao and 4, = A1 implies [do¥PA1] = [Ao P A1)

A = A, for all & < § implies [P Ao...As...] = [PAp...4;...]
for the propositional operation symbols ¥, ®.

8.4.1 Example. Given any interpretive system for a system of
formulas, the relation

A =A"ifand only if V(s, 4) = V(s, 4") forall seS
is a congruence relation.

In particular, if p is the rank function of Example 8.2.6, the
relation 4 = A’ if and only if p(4) = p(4’) is a congruence re-
lation on formulas.

8.4.2 Example. If K is any class of models for formulas of a
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predicate language Lapon described in Example 8.2.3, the relation
A = A’ if and only if V{s, A) = V (s, A"} for all assignments s

to all models in K
is a congruence relation on formulas.

The formal systems of Chapter 11 have the property that the
relation 4 = A’ iff FA < A’ is a congruence relation on the formu-
las of Lagex.

The Replacement Principle for formulas says that when consecu-
tive parts C, of a formula A, the C, being themsemes formulas,
are replaced by formulas C, congruent to C,, the result is a formula
congruent to 4. As was the case in Sect. 3.4 for terms, the result
follows easily from the theorems of Sect. 2.3 once we have es-
tablished condition (C) for formulas.

8.4.3 Lemma. 1f E¢CE, is a term and E; # ¢, then E; is not
an initial part of a formula.

ProoF: Let A be the set of all formulas 4 such that whenever
¢ < E; < 4, E; is not a terminal part of a term. If 4 is an atomic
formula of form [ToP7Ti], then the only possible candidates for
initial part E1 would have form E; = <[>"E{1, E{ < To. This case
is ruled out by Lemma 3.4.3. A non-empty initial part of an atomic
formula of form [QTy...T¢...] is clearly not a terminal part of
a term since @ never occurs in a term. Hence atomic formulas are
in 4.

If Aged, A1 4, and A = [49¥ 4,], then the only possible
candidates for E; would have form E; = ()"Ei, Ei < 4. The
induction hypothesis on Ag implies E; not a terminal part of a
term. That 4 is closed under the other rules of («, §)-formula-
formation is trivial.

8.4.4 Lemma. If EqCE, is a formula, Eg #¢ and ¢ < E1 < C
then C is not a formula. (Condition (C) of Sect. 2.3 for formulas.)

Proor: Let 4 = {4: A is a formula and A = E¢"E; and ¢ <
E; < C where C is a formula, implies Eg = ¢}. The only possible
candidates for terminal parts E; of atomic formulas 4 that could
be initial parts of formulas, either begin with a terminal part of a
term, or have E¢ = ¢. Lemmas 8.4.3 and 8.3.8 imply that atomic
formulas are therefore in 4. For the proof of the closure of 4 under
formation of formulas by propositional operation symbols, we refer
the reader to the proof of Lemma 3.4.3. It is almost identical.
References to Lemma 3.3.2 are made to Lemma 8.3.8 instead.
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Finally, suppose dge 4, A = [gyvAo] = E¢"E1, and ¢ < E1 L C
for a formula C. Since every formula begins with [, either Eq = ¢
or Eg = [yvEp and ¢ < Eg < Ay. After cancelling Eg on the left
in the equality 4 = E¢"E;, we obtain E; = (Ao — Eg¢)~<]> < C.
The induction hypothesis on 4¢ implies Eg = ¢. But then Ay <
E; < C, contradicting 8.3.8. Hence Eg = ¢, and 4 € 4.

8.4.5 Replacement Principle. Let = be a congruence relation on
formulas. If formula 4 = ~(E,"Cy: v < 0)"E4, where the C, are
formulas, and if C, = C, for ally < o, then A’ = ~(E,~C,: v < 6>"Eq4
is a formula and 4 = A'.

ProoF: If 0 = O, the result is trivial. If ¢ 3£ 0 and E¢ = ¢, then
Co=A, o=1, Es=¢, by 838. If 0 #0 and E; = ¢, then
o ¢ Lim since Dom(4) ¢ Lim. Then 4 = C4-1, 6 = 1, Eg = ¢, by
8.4.4. These cases are trivial, so only decompositions with E¢ # ¢
and E; # ¢ need be considered. If 4 atomic, 6 = 1, Eg = E; = ¢
by 8.3.2 and 8.3.5. Hence atomic formulas have the replacement
property. Proceeding by induction, suppose A9, 4; have the re-
placement property and A = [Ao¥A4,]. Then A can be shown to
have the replacement property by the argument that appears in
the proof of the replacement principle for terms, 3.4.7, for the
results of Sect.2.3 are also available for formulas. The cases
A = [@Ay...A;. . .] are similar.

Finally, suppose Ao has the replacement property and 4 =
[xvdo] = XE,Coiv < 0>"Es with Eg # ¢, Eg #¢. Since Cp
begins with [, Eo has form [yvEp, E; has form E_). Let E, = E, for
0 < » < 0. Then after admissible cancellations, Ag = ~<E,~Cy:v < 0
~E.. By induction hypothesis, 4o = Ay = ~E"C,: v < ¢>"E_.
Since = is a congruence relation, 4 = [yvAg]. But [yvAy) =
~Ey,C):v < o) Es Hence A’ is a formula and 4 = 4.

The proof just given includes a proof of the fundamental property
of principal subformulas.

8.4.6 Theorem. A proper subformula of a formula A4 is a sub-
formula of a principal subformula of 4.



CHAPTER 9

SUBSTITUTION

In this chapter we continue the study of the general («, B, o, n)-
systems of formulas introduced in Chapter 8, Sect. 8.1. The substi-
tutions SXT for terms were treated in Chapter 3, Sect. 3.5, as
special kinds of replacements, where atomic terms <x>, x € X, are
replaced by arbitrary expressions f(x). Clearly the definition of
3.5.2, when applied to formulas, does not yield a formula unless
measures are taken to provent the substitution of something other
than an individual variable in a quantifier-sequence. The two most
important such substitutions, the substitutions of terms for free
occurrences of variables, and of variables for bound occurrences of
variables, are the topics of this chapter.

9.1 Free and Bound Occurrences of Variables in Formulas

An occurrence of a symbol x in expression E is an ordinal
¢ < Dom(E) such that E(¢) = x. An ordinal ¢« < Dom(E) may be
referred to as a posttion in E. A position ¢ is bound by X in E if
and only if E has a representation E = E¢~A~E; with Dom(Eg) <
¢ < Dom(E¢) + Dom(4), where A is a formula of form [yvAo]
with X N Rng(v) # ¢é. An occurrence ¢ of individual symbol x in
E is bound in E if and only if it is bound by {x} in E. Otherwise
the occurrence ¢ of % is free in E.

Clearly, an occurrence of an individual constant in E is always
free in E. Similarly, if E contains no quantifiers, any occurrence
of an individual symbol is free in E. Hence all occurrences of
individual symbols in terms or atomic formulas are free.

9.1.1 Lewmma. For formulas Ao, ..., dg, ..., special two-place
propositional operation symbols ¥, d-place or infinitary propo-
sitional operation symbols @, quantifiers y, and sequences v of
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individual variables having length less than £, sets X of individual
symbols:

(i) If 4 = [Ao¥W A4], then position ¢ in A is bound by X in 4,
if and only if 1 + ¢ is bound by X in A. Also position ¢ in A4; is
bound by X in A4; if and only if 1 4+ Dom(d4e) + 1 + ¢ is bound
by X in 4.

(ii) If A = [P Ayp...Ag...], then for each A < 6, position ¢ in 4,
is bound by X in A; if and only if 2 + 2<Dom(A4¢): & < 4> + ¢ is
bound by X in 4.

(iii) If A = [yvAo], then position ¢ in 4 is bound by X in 4,
implies 2 + Dom(v) + ¢ is bound by X in A. Moreover, 2 +
Dom(v) 4+ ¢ is bound by X in A4 if and only if either ¢ is bound
by X in A or X N Rng(v) # ¢.

ProoOF: A trivial computation shows that if position ¢ is bound
by X in a principal subformula 4¢ of 4, then the corresponding
position in A4 is also bound by X. The converses require use of the
results of Chapter 8. Consider, for example, 4 of form (ii) above,
position ¢ in A;. Suppose ' = 2 + Z(Dom(A4,): &£ < 4> + ¢ bound
by X in A. Then A has a representation of the form 4 =
[@Ag... As...] = (Eo~A’)"E, where Dom(E¢) < ¢ < Dom(Eg) +
Dom(A4’), and 4’ has form [yvA4¢] with X N Rng(v) # ¢. We saw
in Lemma 8.4.4 that formulas satisfy condition (C) of Chapter 2,
Sect. 2.3. Applying 2.3.3 with ¢ = 1, it follows that there is a
unique A’ << ¢ such that ([P>~(TCA4e: & < 1)) = Egar <X Ep and
Ay = (Eo — Eo;,')AA'AEl;,'.;.]_ where E1p:41 < E;. Then A = X', for
if A < 4, then

¢ <2+ ZDom(dg):E<i+ 1) <24
2{Pom(d4¢): & < 1> < Dom(Ey),

contradicting condition on ¢'. Similarly, if ' < 4, then

Dom(Eg) + Dom(4’) <24 2Z{Dom(4e): E <A + 1> <2+
2Dom(dg): E< b <V

also contradicting condition on ¢’. Moreover, subtracting Dom(E¢a’)
= 2 4 2¢Dom(A¢): & < 2> on the left in the inequality Dom(Eo) <
' < Dom(Eg) + Dom(A4’), we obtain the required inequality for ¢;
namely, Dom(Eq — Eos’) <t <Dom(E¢— Eos’) + Dom(A4’). Hence
¢ is bound by X in A4,.

The converse in (i) is similar. As for the converse in (iii), obvi-
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ously every position in 4 = [yvAo] is bound by X if X N Rng(v) #
¢. If X N Rng(v) = ¢ and 2 4+ Dom(v) 4 ¢ is bound by X in 4,
then 4 has a decomposition 4 = E¢A4’'~E; with Dom(Ey) < 2 +
Dom(v) + ¢ < Dom(Ey) + Dom(A4’) and A’ has form [y v'A4p)
with Rng(v’) N X ## ¢. Moreover, Ey # ¢, E1 # ¢. Since A’ does
not begin with [, [yv < Eo. After admissible cancellations, Ay =
(Eo — [xv)~A'"E1, where E; = Ej]. Subtracting 2 4+ Dom(v) on
the left in the inequality for 2 + Dom(v) + ¢, we obtain the neces-
sary inequality for ¢; namely,
Dom(Egq — [gv) <t < Dom(Eg — [gv) + Dom(4’).

Hence ¢ is bound by X in A,.

9.1.2 Corollary. (i) If A = [AoWAi], then ¢ is a free occurrence
of x in Ag if and only if 1 + ¢ is a free occurrence of x in A. Simi-
larly, ¢ is a free occurrence of x in A, if and only if I 4+ Dom(d4o) 4-
1 4 ¢ is a free occurrence of x in A.

(i) If 4 = [PAg...As...], then ¢is a free occurrence of ¥ in 4,
if and only if 2 4 2<Dom(d4¢): & < 4> + ¢ is a free occurrence of x
in 4.

(1) If 4 = [gvAo), then 2 4 Dom(v) 4+ ¢ is a free occurrence of
% in A if and only if ¢ is a free occurrence of x in A¢ and x ¢ Rng(v).

If A is a formula, FV(A) is the set of all individual variables
having free occurrence in A. Another corollary of 9.1.1 is the
following:

9.1.3 Corollary. (i) FV([AoWA1]) = FV(4o) U FV(4,).

(i) FV([®A4p...4¢...]) =5Uo FV(4,)

<

(iif) FV([xvAo)) = FV(4o) ~ Rng(v).

A sentence of a system Fagon of formulas is a formula having no
free occurrences of variables.

9.1.4 Corollary. Any subformula of a sentence has fewer than g8
free variables.

Proor: Let 4 = {4: 4 is a formula and if 4 has fewer than g
free variables, then so does every subformula of 4}. Atomic formu-
las have no proper subformulas, hence are in 4. If 4, ..., 4, .
are in 4 and A = [@Ay...A¢...] has fewer than § free variables,
then by the theorem, every principal subformula 4; has fewer than
g free variables. Since every subformula of 4 that is different from
4 is a subformula of some A¢, clearly A € 4. Similarly 4o € 4 and
Ape 4 implies 4 = [Ao¥A;] € A. Finally, suppose Ape 4 and
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A = [yvAg]. If A has fewer than § free variables, then since
FV(Ao) C FV(4) V Rng(v), both sets have fewer than § variables
and B infinite, 4¢ has fewer than g free variables. Since every
proper subformula of 4 is a subformula of 4y, 4 € 4.

As we would expect, the value V(s, 4) of a formula A4 of an
(, B, 0, m)-predicate language Lagon (Example 8.2.3) in a model
(D O CR) does not depend on the values s assigns to variables
not free in A. This extends to arbitrary interpretive systems as
follows:

9.1.5 Theorem. Let <D O CR B O’ Q S) be a system for the in-
terpretation of an arbitrary system of formulas. Suppose, more-
over, S satisfies

(*) If s, s’ S and X is a set of individual variables having

power less than 8, then Repl¥s € S implies RepL¥s’ € S.

Then if 5, s’ € S and s, s’ agree on variables with free occurrence in
formula 4, V(s, 4) = V(s’, 4).

ProoF: Let 4 = {4: A is a formula and V(s, 4) = V(s', 4)
whenever s, s’ agree on variables free in 4}. If 4 atomic, every
variable in 4 is free in 4. Hence

V(s, [ToPT1]) = R(P)(<s*(To)s*(T1)>) =
R(P)(<s™(To)s™*(T1)>) = V(s', [ToPT1])

by Theorem 3.5.5 (i). A similar computation holds for the other
types of atomic formulas. Hence atomic formulas are in A. Suppose
A =[A¢gWA,), Ape A, A1 e A. I s, s’ agree on variables free in 4,
then they agree on variables free in 4y, 4; by 9.1.3. Hence
Vis, Ao} = V(s’, Ao) and the same for 4;. Then V{(s, 4) =
O'(P)(<V (s, Ao)V (s, 41)>) = V(s', A). Hence 4 € 4. Thecase 4 =
[@Ap...As...] with @ a d-place or infinitary propositional oper-
ation symbol is similar. Finally, suppose Aoed, 4 = [yvd4o].
For seS, te DB"8®  let s, ;= Replf™®®s  Then V(s, 4) =
Q(x, v){V (sv,2,40): sv,:€ Stand V(s', 4) = Q(x, v){V (s,,- 40) : 5, ,€ S}.
For t e DR™® s, ; and s, , agree on FV(4o) since this set of vari-
ables is included in F¥(4) U Rng(v). By induction hypothesis and
condition (*), V(s, A) = V(s’, A). Hence 4 € A.

Note that condition (*) holds in all the systems of Examples
8.2.3-8.2.6.
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9.2 Substitution for Free Variables

Let X be a set of individual symbols, f a function on X to terms,
E an expression. Then SFE is to be the result of replacing all
occurrences of x € X by occurrences of f(x), while SFXE is to be
the result of replacing only the free occurrences of x € X in E by
occurrences of f(x).

9.2.1 Definition. Let {: v < 6> be the sequence of all occurrences
of symbols of X in E, in strictly increasing order. Represent E in
the form of 2.2.20:

E = ~EAXEWD: vy < o) Eqg
where for 1 = Dom(E) and for » < o,

E, = E|ty — (E|ty—1"<E(ty—1)>) if » ¢ Lim
E,=Ely—E| U if » € Lim.
6<y
Then SFE = ~XE, {(E(w)): v < 0)"E,.

In Theorem 3.5.3 we proved that the operator SF distributes
over the operation symbols in terms to yield equations 3.5.1 (i),
(i), (iii). A slight modification of that proof yields the following:

9.2.2 Theorem. 1f the T are terms, P a special two-place predi-
cate symbol, Q an #-place or infinitary predicate symbol,

(@) SX[ToPTi] = [SXToPSET)]
() SX[QTo...Te...] = [QS¥To...SXT;...].

Clearly the SF-operator need not send formulas into formulas.
The corresponding operator for formulas is SFF¥ which replaces
f(x) only at free occurrences of x € X.

9.2.3 Definition. Let <{:v << 6> be the sequence of all free oc-
currences of symbols of X in E in strictly increasing order. Repre-
sent E in the form of 2.2.20:

E = XE EW)): v < o Eg.

Then SFFE = ~XE, fE(y): v < o) E,.

The above decomposition of E will be referred to as the decom-
position for the free substitution of X. This decomposition is more
difficult to deal with than the decomposition of 9.2.1 for substi-
tution at all occurrences of X. We know that E="}XE,~C,:v < o'>"E,
is the correct decomposition for substitution at all occurrences if
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and only if each C, has form <x), x € X, and no E, contains any
occurrence of x € X. However for SFFE we have the following:

9.2.4 Lemma. The decomposition of E for the free substitution
of X is E = ~E,~Cy:v < ¢'>"E_ if and only if each C, has length
one and <Z<Dom(E;) + 1:0 <> + Dom(E,):v» < o’> is the
sequence of all free occurrences of x € X in E.

PROOF: Let E = "XE,XE(w)>:» < 0)"Es be the decomposition
of E for the free substitution of X. Then for each » < g, E|ty =
“(E¢(E(tg)>: 0 < »>"E, by Lemma 2.2.20. Hence

ty = Z{Dom(Es) + 1:0 < »> + Dom(Es).

Therefore the condition is satisfied by this decomposition.

Since the condition given completely determines the lengths of
parts E,, it is a simple exercise in ordinal arithemic to show that
if decomposition E = ~E,~C,: » < ¢'>"E, satisfies the condition,
then E, = E, forally < ¢, and ¢ = ¢'.

9.2.5 Lemma. Let (Ag: & < 8 be any sequence of formulas. Then
SF;’IA<A§Z <) = A(SF,XAEZ & < 6.

PROOF: Let {i4:v < o> be the sequence of all free occurrences of
xeXin A = <A E <. Let A = Ey<A(w)>:v < 0>"Es be
the decomposition for the free substitution of X in A. Then each
formula 4 ; has the decomposition of 2.3.3 with Ty = {Kx>: x € X}:

Azr=Egnrr1 — Egma if g) =g(A + 1)

Ar= (Egy — Ega)<Algw)>"A"Ega+1a+1 Where

A" = XEgmy+1+ <A gty < gA + 1) — (g(d) + 1D
if g&) <g(A+1).

In view of 2.3.4, it suffices to show that this decomposition of 4,
is the decomposition for the free substitution of X in 4,.

Recall that ordinals g{1) and initial parts Egma < Egy were
defined uniquely by

(1) ~Xde: & < B = (XENXAW):v < gAP) Egma-
Hence

(2) Z(Dom(4): & < A = ZDom(E,) + 1:v < g(A)> +
Dom(Egm;).

We know that g(6) = o and Egge = Es. But if 4 <4, then
Eyms < Egwy since Egna= Eg(a,) would imply that A4, begins
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with an individual symbol. By 9.2.4, if sequence <{u:v < a) is
extended by letting (s = Dom(A4),

(3) tgn = 2<Dom(E,) + 1:v < g(4)> + Dom(Eg), all 4 < 4.
It follows from (2) and (3) that
(4) If A <8, ZDom(A4g): & < A < 1g9n)-

Moreover, ifv < g(4), then, = Z(Dom(Es) + 1:0 <> + Dom(E,) <
Z<Dom(Eg) + 1:6 < g(A)>, using 9.2.4. Hence,

(6) If » < g(A), w < Z{Dom(4g): & < >

by (2). Combining (4) and (5) we see that if there are any free oc-
currences of x€ X in A4 past Z{Dom(d4¢): &§ < 4>, then the first
such is ¢g).

Suppose first, g(1) = g(4 + 1). Then the decomposition of 2.3.3
for A; is the correct one if and only if 4, contains no free oc-
currences of x € X. Actually, this is the case. For if there were a
free occurrence of x € X in A4;, 9.1.2 (ii) would imply the existence
of a free occurrence ¢, of x € X in 4 such that Z(Dom(4¢): & < 2> <
ty < XDom(d¢): £ <A+ 1>. Then » < ¢ and by the minimal
property of g(4), ¢y < . By (5), g(4) %~ 0. Hence 4 + 1 # 4. By
(4), 2Z<Dom(de¢): & < A+ 1> < 491 < w, a contradiction.

Finally, suppose g(1) < g(2 + 1). The decomposition for 4 ; is the
decomposition for the free substitution of X in A4, if and only if
the sequence of free occurrences of x€ X in A, is < :v < 1 +
(8(A 4+ 1) — (g(4) 4+ 1))> where 1y = Dom(E 41 — Egna) and 114y =
tw+ 1 + Z¢Dom(Egmy+146) + 1: 0 < »> + Dom{E4@)+1+4s), for v <
g(A 4+ 1) — (g() + 1). Moreover, by 9.1.2, the above sequence is the
sequence of free occurrences of x € X in 4, if and only if the sequence
with terms Z<Dom(4¢): & < 4> + ¢, is the sequence of free oc-
currences of x€ X in A lying within 4, In this case, uy <
2{Dom(4¢): &€ < 24 1> by (2) and (3). So tg(z) lies within 4; and
is the first free occurrence of x € X in A that does. Moreover, if
v < glA+ 1) — (g(d) + 1), then ¢yuy+149» < tga+1). These occur-
rences also lie within 4; by (5). By (4), tg@a+1) does not lie within
A;. Hence the sequence of free occurrences of x € X in A4 lying
within 43 1s (g, - - -, Ly +1tys - .o Withy < g{d 4 1) — (g(A) + 1).
Since 2<Dom(d¢): & < 4> 4+ o =t g(z) by (3), 9.2.3 implies that the
sequence with terms X<(Dom(d¢): & <> + ¢ is exactly the
sequence of free occurrences of x € X in A lying within 4.
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9.2.6 Theorem. If A is an atomic formula, SFX4 = SFA. For
all formulas A¢, special two-place propositional operation symbols
Y, é-place or infinitary propositional operation symbols @, quanti-
fiers y,

(i) SFX[40WA1] = [SFXAgWSFX 4]
(i) SFX[®Ay...Ag...] = [PSFXAq.. . SFX4;...]
(i) SFX[yvdo] = [yvSFX—Rus® 4]

ProoF: The definitions of S¥E and SF;*E agree on atomic
formulas since all occurrences are free. (ii) follows from the lemma
just given. (1) can be proved by the same method, though in a
case where only two formulas are involved, it is easier to begin with
the decompositions for the free substitution of X in 4y, 41. For-
mation of the concatenation with ([>, <¥>, {]>, and a reassociation
yields the decomposition for the free substitution of X in [4o¥ 4,].
We can illustrate this method with (iii). Let <,:v < 0> be the
sequence of all free occurrences of symbols of X ~ Rng(v) in Ay,
and let the decomposition of 4¢ for the free substitution of X ~
Rng(v) be Ag = T(E;(Ao(t)>:» < 0>~ Eq. By 9.1.2, the sequence
of all free occurrences of x € X in [yv Ag] is¢2 + Dom(v) + t»: v < o).
If 6 = 0, the formula (iii) obviously holds. Suppose ¢ 7 0. Then by
the associative law, [yvAo] = ~<E,~<(4o(b)>:v < o>"E,. where
Ey =<[pp~v"Eo, E, = E¢c™]>, E] = E, for 0 < v < ¢. Moreover,
for v < 0, Z(Dom(Ey) + 1: 6 < > 4+ Dom(E]) = 2 + Dom(v)
Z{Dom(Eg) + 1:8 < »> 4 Dom{E,) = 2 + Dom(v) + 1 by 9.2.4.
Hence this decomposition of [yvdy] is the one for the free substi-
tution of X in [gvde]. By Definition 9.2.3, SFf[yvd4o] =
E,~fAo(w) v < o)E, = [yvSFFFue® 4,).

9.2.7 Corollary. If A is a formula, then SFf 4 is a formula.

Proor: The set 4 = {A: A is a formula and SF¥ 4 is a formula
for all sets X of individual symbols and functions f on X to terms}
contains the atomic formulas and, with the aid of the theorem, is
easily shown to be closed under the rules of («, §)-formula-formation.

Note that it is equally easy to show that SFF is the unique
operation satisfying conditions SF¥A = SF A for A atomic, and
(i), (i), (iii) of 9.2.6 for all formulas As. The conditions constitute
a recursive definition of the operator SFF on formulas.

9.2.8 Corollary. If A is a formula, p(4) = p(SFF A).

Proor: The rank p of a formula was defined in Example 8.2.6.
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Let A4 be the set of all formulas 4 such that for ail sets X of indi-
vidual symbols and functions f on X to terms, p(4) = p(SFF 4).
Clearly 4 contains atomic formulas, and with the aid of the theorem,
is seen to be closed under rules of («, f)-formula-formation.

For ordinary first-order predicate languages, it is well-known
that the value of SF{ 4 for assignment s to model <D O C R is the
same as the value of 4 for the assignment like s except that it as-
signs s*f(x) to x € X, provided that the replacement of f(x) for x at
free occurrences in 4 does not make the variables of f(x) bound.
For example, the value of A = [Vy[Qyx] for assignment d to x is
the same as the value of the substitution [Vy[Qvz]] for the as-
signment 4 to z. However, the value of the substitution [Vy[Qyy]]
for the assignment d to y is, in general, different. Theorem 9.2.9 is
the extension of this valuation theorem to systems of formulas
F 450n interpreted in the more general systems <D O CR B O’ Q S>.

The condition required to avoid conflicts of variables in the
substitution SFF A is this: 4 must have no free occurrence of
bound by FV(f(x)) for any x € X. (Recall that FV(E) is the set of
all individual variables having free occurrence in E. When applied
to terms, FV(E) is simply the set of all variables appearing in E.)
Lemma 9.2.9 is a corollary of Lemma 9.1.1.

9.2.9 Lemma. Suppose that f is a function on set X of individual
symbols to terms and that 4 is a formula having no free occurrence
of x bound by FV(f(x)) in A for any x € X. Then

(i) If A has form [4o¥ 41], then A4; has no free occurrence of
% bound by FV{f{x}) in 4;forxe X, =0, 1.

(ii) If A has form [@Ap...A...] and & < 4, then A has no
free occurrence of x bound by FV(f(x)) in A; for x e X.

(i) If 4 has form [yvAy], then Ao has no free occurrence of x
bound by FV(f(x)) in Ag for x € X ~ Rng(v).

9.2.10 Theorem. Let <KDOCRBO'QS) be a system for the
interpretation of formulas of Fag,.n satisfying

(*) If s, s’ € S and Y is a set of variables having power less than
B, then Replf s € S implies Repl¥ s’ € S.

Then for any s€ S, set X of individual symbols, function f on
X to terms, and s’ € S agreeing with ReplX,,s on FV(4), we have
V(s, SF{*4) = V(s', ), provided A has no free occurrence of »
bound by FV(f(x)) for x € X.

Proor: Let 4 = {4: A is a formula and for all s, X, f chosen as
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above, V(s, SFfA) = V(s’, A) whenever s’ €S agrees with
Repl¥ ;s on FV(A4) and A4 has no free occurrence of x bound by
FV(f(x)) for xe X}. Since SFfA = S¥A when 4 is an atomic
formula, it is an immediate consequence of Theorems 9.2.2 and
3.5.5 that such formulas are in 4. Suppose 4 has form [Ao¥ A4]
or [@Ayp.. Ag...] and that the A¢e A. Then if X, f are chosen so
that 4 has no free occurrence of x bound by FV({f(x)) for x e X,
the A¢ also have this property by 9.2.9. Moreover, if s" € S agrees
with Repli ;s on FV(A4), then it agrees also on FV(4¢). Hence for
all & V(s, SFf As) = V(s', Ag). Since the operation SF¥X and the
valuations V for s and s’ are all homomorphisms on the algebra
of formulas, it follows that A € 4.

Suppose 4 = [yvAq] and Ag € 4. Having chosen X, f such that
A has no free occurrence of x bound by FV(f(x)) for x € X, 9.1.2
implies that

(1) For x € X ~ Rng(v), if x free in Ao, FV(f(x)) N Rng(v) = ¢.
Suppose s'€S agrees with ReplX,;s on FV(4). Let sy, =
Replf"8®s for all ¢ e D®28®, Then using formula 9.2.6 (iii) for
distribution of SF¥ over quantifiers,

(2) V(s, SFXA4) = Q(y, v}{V(sp,, SFX"RE® 44): 5, . € S},
(3) V(s', 4) = Q(x, v){V(s,,0 40): S50 € S}

The induction hypothesis on A applies to the elements of the set
in equation (2). The formula A has no free occurrence of x bound
by FV(f(x)) for x € X ~ Rng(v) by 9.2.9. By (1), ReplX;f=e®s, ,
and ReplX B8®s, ; agree on FV(4o). Moreover, s,, and

ReplX 5@ s, ; agree on FV(Ao) since FV(4o) C FV(4) U Rng(v).
By (*), s»,¢€ S if and only if s, ,€ S. Hence

(4) V(so,s, SFE~R28® 40) — V(5. ,, Aq) for all sy, € S.

By (2), (3), (4), V(s, SFfX4) = V(s’, A). Therefore 4 € A. This com-
pletes the induction.

The theorem that follows is a corollary of the one just given for
interpretive systems with ReplX,;s € S whenever se S. However
there are useful interpretive systems where this condition does not
hold; for example, systems where S has only one element as in
Examples 8.2.5 and 8.2.6. For them we have a weak version of
9.2.10.

9.2.11 Theorem. Let <D OCRBO'QS) be a system for the
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interpretation of formulas of F,gon. Then for any s € S, set X of
individual symbols, functions f, " on X to terms such that s* O f
and s* O agree on FV(A)nX, V(s, SFfA) = V(s, SF¥4)
provided that 4 has no free occurrence of x bound by FV(f(x))
or by FV(f'(x)) for x € X.

ProoF: Let A be the set of all formulas A such that for all X,
f, I’ such that s* O f and s* O f' agree on FV(4) N X, V(s, SFF 4)
= V(s, SF¥ A) provided that 4 has no free occurrence of x bound
by FV(f(x)) or by FV(f'(x)) for x € X. If A atomic, V(s, SFfA4) =
V(s, S¥A) and the same for f. That V(s, S¥A4) = V(s, SFA4)
follows by Theorems 9.2.2 and 3.5.5. Suppose A4 has form [4o ¥ 4]
or [@Ag...A;...] and that the A e A. Choose s, X, [, f' so that
s* O f and s* O " agree on FV(A4) and 4 has no free occurrence
of x bound by FV(f(x)) or by FV(f'(x)). Then the principal sub-
formulas also satisfy these conditions. Hence V(s, SFf4g) =
V(s, SFf¥ As) for all & Since the operations SFf and SFF and
the valuation V for s are all homomorphisms on the algebra of
formulas, it is clear that 4 € 4.

Suppose 4 = [yvAo] and Age 4. Choose s, X, f, f' such that
s* O fand s* O f agree on FV(4) N X and 4 has no free occurrence
of x bound by FV(f(x)) or by FV(f'(x)) for x € X. Again letting
Sv,¢ be ReplPi8®s for ¢ ¢ DRr&®)

(1) V(s, SFFA) = Q(x, v){V(sv,1, SFFB28® 4¢): 54,4 € S}

(2) V(s, SF¥A) = Q(x, v){V(sv,s, SFF 8™ 40): 55, € S}.

We apply the induction hypothesis for Ag to the elements of the
sets in (1) and (2). The restriction on free occurrences of x in 4
implies sy,¢* O f agrees with s* Of on X N FV(A4). Similarly
Sp,t* O f' agrees with s* O /' and hence with s* O fon X N FV(4).
But X n FV(4) = (X ~ Rng(v)) N FV(Ap). Hence sy, :* O f and
sp,t* O f agree on FV(4o) N (X ~ Rng(v)). By 9.2.8 A9 has no
free occurrence of x bound by FV(f(x)) or by FV(f'(x)) forx e X ~
Rng(v). Hence the sets appearing in (1) and (2) have exactly the
same elements. Therefore V(s, SFA) = V(s, SF¥A) and 4 € 4.
This completes the induction.

9.3 Substitution for Bound Variables

Let Y be a set of variables, let g be a function on Y to variables,
Then if f(y) = <g(y)> for all y € Y, Definition 9.2.3 implies that
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SF ,Y E is a variable-for-variable replacement; namely, SF, ,Y E is
that expression E’ having the same length as E such that E'(s) =
E(:) if ¢ is not a free occurrence of ye Y and E'(1) = gE(t) if ¢ is a
free occurrence of y € Y. It is convenient to call this expression
SF} E so that the passage to f need not be made.

9.3.1 Definition. If Y is a set of variables, g a function on Y to
variables, SFY E = SF} E where f(y) = <g(y)> for all ye Y. The
length of SFY E is the same as the length of E and

(SFYE)() = gE(4) if ¢« is a free occurrence of ye Y in E
(SFFE)(1) = E(v) if not.

An easy induction on formulas shows that whenever variables are
substituted for variables in a formula, the resulting expression is
again a formula. The particular such substitution we deal with now
is the substitution of variables at bound occurrences of variables.

9.3.2 Definition. Let Y be a set of variables, g a function on Y
to variables. Then SBY E is that expression having the same length
as E satisfying

(SBY E)(1) = gE(y) if ¢ is a bound occurrence of ye Y in E
(SBY E)(x) = E(v) if not.

The following is a corollary of Lemma 9.1.1.

9.3.3 Theorem. 1f T is a term, SBg’T =T. If A is an atomic
formula, SBy A = A. For all formulas 4, special two-place propo-
sitional operation symbols ¥, é-place or infinitary propositional
operation symbols @,

(i) SBY [Ao¥ A1) = [SBY Ao ¥ SBY 4,].

(i) SBf [®Ao...As...] = [PSBY Ag...SBf 4;...].

Thus the operator SB) as well as SF;, is a homomorphism on
the algebra of formulas. The rule for distributing SB} over quanti-
fiers is not simple. We only need a rule for a special case.

9.3.4 Theorem. If g is one-one on Y to variables not in [yvAg),
then SBY [yvAo] = [xg QvSFY" Ro6® SBY A,], where g'isgon Y,
identity elsewhere. Moreover variables of Rng(g) have no free oc-
currence in SBY Ao and no occurrence of y € Y in SBY A4 is bound
by {g(»)}-

PROOF: Any occurrence ¢ of g(y) in SB) Ao must be a bound oc-
currence of y in Ag. Therefore ¢ is a position in A4 within a sub-
formula ['v'C’], y € Rng(v’). Then ¢ is a position in SBY Ag within
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a subformula of form [y'9v"C"], g(y) € Rng(v”). The position is
therefore bound.

Suppose ¢ is any occurrence of y € Y in SBY Aq. If it were bound
by {g(y)} it would follow that position ¢ is bound by {y} in 4¢ since
g(y) does not occur in 4¢. Moreover « would have to be an occurrence
of y in 4y since otherwise y would be a variable of Rng(g) with oc-
currence in A¢. Hence ¢ would be a bound occurrence of y in A4,.
But then ¢ is an occurrence of g(y) in SBy Ao and g(y) # y. This is
a contradiction. Hence ¢ not bound by {g(y)} in SBY 4.

Let C = SFYN"Rm®SBY 4, We must show SBF [yvAg] =
[xg' OvC]. It is clear that the two formulas have the same length
and that their symbols are the same at all positions less than
2 4+ Dom(v). We have to check symbols at positions ¢ =2 +
Dom(v) + 8, § << Dom(A4yp). Since the formulas obviously agree at
occurrences of symbols other than y € Y it suffices to consider the
following cases:

Case 1. 0 is a free occurrence of y € Y in Ao. Then SB; [yvAo]
at ¢ is g(y) or y according as y is or is not in Rng(v). Then 0 is still
an occurrence of y in SBf Ao and is still free since y ¢ Rng(g).
Therefore C(6) = [xg’' OvC]{) is also g(y) or vy according as y is or
is not in Rng(v).

Case 2. § is a bound occurrence of y € Y in Ag. Then SBY [yvAo]
at ¢ is g{y) and SBY Ao at 6 is g(y). Since g(y) ¢ Rng(v), C(d) =
[xg' OvCl() = gWy).

The theorem that follows is a general principle for changing
bound variables. It implies V(s, A) = V(s, SBf A) in ordinary
models for («, B, o, n)-predicate languages. It implies the same
equation for the general models of Chapter 12. It even implies
F4 & SBJ A in the basic formal systems for these languages.

9.3.5 Theorem. Let <D OCRB O’ QS)> be any system for the
interpretation of formulas of F4g,5 satisfying

(***) For all formulas 4, se S, sets Y of variables, one-one
functions g on Y to variables not free in 4, V(s, [xvd]) =

Vs, [xg OvSFY "Bn8® 4]) provided that 4 has no free oc-

currence of y € Y N Rng(v) bound by {g(y)}. (Again g’isgon Y,

identity elsewhere.)

Then V(s, A) = V(s, SBY A) for all s € S, one-one functions g on Y
to variables not in 4.
Proor: Fix Y, gand let 4 = {4: V(s, 4) = V(s, SB] A) for all
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s€ S, provided that variables of Rng(g) do not appear in A4}.
Atomic formulas are in 4 since SBf A = A4 in that case. If 4 has
form [Ao¥Ai] or [@Ap...As...] with the Age A, then 4 isin 4
since the operation SBY and the valuation function at s are both
homomorphisms on the algebra of formulas.

Suppose A = [gyvAo], Ao€ 4, and that no variable of Rng(g)
appears in 4. Then SBY A = [yg' OvSF} "R"8®)SBY 4] by 9.3.4
and (***) applies to SBY Agtoyield V(s, SB} A) = V(s,{xvSBY 4q)).
Let sp,; = Repl®8@s for t e DB2®) Since Age 4, V(sy,s, Ao) =
V(so,t, SBY Ao) for all sy,;€S. Hence Vs, [xvSBY A¢]) = V(s, A)
and A4 € 4. This completes the induction.

For interpretetive systems like the one of Sect. 11.2, condition
(***) can be checked directly. But (***) also holds in a broad class
of interpretive systems where the condition is not easily checked. This
classis the class of interpretive systems with the substitution proper-
ty, which contains the ordinary semantic models of Example 8.2.3, the
algebraic models of Example 8.2.4, the general models of Chapter 12.

9.3.6 Definition. A system <D O CR B O’ Q S> for the interpre-
tation of formulas of Fagox is said to have the substitution property
if Q(x, v) = Q(y, v') for all sequences v, v" of variables having length
less than f, and if S satisfies the following two conditions:

(*) If s, s"e S and Y is a set of variables having power less

than 8, then Repl} s € S implies Replf s’ € S.

(**) If se S, Y is a set of variables having power less than g

and ¢ € Rng(s*)¥, then Replfse S.

If S is the set of all functions on individual variables to D, then
S satisfies (*¥) and (**). The set S of all functions on individual
variables to D such that Rng(s*) is finite, is another example. So
is the set of all functions on individual variables to D such that
Rng(s*) has power less than p, where y is any infinite cardinal, If
D is partially ordered by a relation <, then the set S of all functions
on variables to D such that Rng(s*) contains no infinite chain with
respect to < satisfies (*) and (**).

Theorem 9.3.7 is a corollary of Theorem 9.2.10.

9.3.7 Theorem. Suppose <D O CR B O’ Q S} is a system for the
interpretation of formulas of Fug,, having the substitution property.
Then for all s € S and sets X of variables having power less than 8,

V(s, SFXA) = V(ReplZ,,s, 4)
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provided formula A4 has no free occurrence of x bound by FV(f(x))
for x € X.

9.3.8 Lemma. Suppose S satisfies conditions (*), (**) of 9.3.6.
Let Y be a set of variables having power less than g, let g be a
one-one function on Y to variables not in Y. Then s€ S and
Replf s € S implies ReplJ¥@¥se S.

PROOF: By (**), Replp2$¢P)s e S. Hence by (*),

Replf Replir$@i¥se S,

Call this assignment s’. Let ¢ be s on Y, #g-1 on Rng(g|Y). By (**),
Replf VRm8@¥) " — Repl3e@¥se S.

9.3.9 Lemma. Suppose S satisfies condition (*) of 9.3.6. Let X,
Y be pairwise disjoint sets of variables having power less than g.
Then

(i) seS and ReplX“¥se S implies Replf s € S.

(ii) se S, Repl¥se S and Replf s € S implies ReplX7¥s€e S.

ProoF: In (i), s = Repl¥s e S. Then Replf s = ReplX ReplX¥¥s
is in S by (*). (ii) is an immediate consequence of (*) since

ReplX ¥ s = ReplX Repl/ s.

9.3.10 Theorem. Suppose <D O CR B O’ Q S) is a system for the
interpretation of formulas of Fagen having the substitution property.
Then V(s, A) = V(s, SBY A) for all one-one functions g to variables
that do not appear in 4.

Proor: It suffices to prove condition (***) of Theorem 9.3.5.
Suppose s€ S, g is one-one on Y to variables not free in formula
B, and that B has no free occurrence of y bound by {g(y)} for
y € Y N Rng(v). We must show

V(s, [xvB]) = V(s, [xg' OvSF} "R BY),

Let B’ = SFYNEBme®pB, s, ; = Replp™¥®@s for te DB"® and
Syov e = Repli™8@ O for ' € DRMWO?) Since Q depends only
on y in the interpretive system, the definition of ¥ yields

(1) V(s, [xvB]) = Q(x){V(so,, B): sv,e € S}

(2) Vis, [1g' OvB") = Q{V (500,61 B): Syomer € S}

Let Xo = Rng(v) n FV(B) N Y, X; = Rng(v) N FV(B) ~ Y.
Let us say that ¢, ¢’ are paired if '(x) = t(x) for x € Xy, t'g(x) =
t(x) for x € Xo. We first show that if sy, ;€ S, 5o, €S, and ¢, ¢’
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are paired, then V(sy,s B) = V(s; gy ¢ B'). Theorem 9.3.7 says
that V(s, ¢ B') = V{s’, B) where s’ is s,.,,0Og on YN
Rng(v), S, oo elsewhere. On Xy, s'(x) = $,0,,¢ (g(x)) = t'glx) =
Hx) = s9,1(x). On X1, 8'(%) = Spop,e(®) = /(%) = () = sp,¢(x). On
FV(B) ~ Xg ~ X1 = FV(B) ~ Rng(v), s'(¥) = spqy,¢(x) = s(x)
= Sp,¢(x). Therefore s’ and s, ¢ agree on FV(B). So V(s', B) =
V(sy,t, B) by Theorem 9.1.5.

Comparing (1) and (2) we see that paired ¢, ¢ contribute the
same values to the sets on the right-hand sides. Therefore the proof
will be complete once we have shown that for any s,,; € S there is
¢’ such that ¢, ¢’ paired and s,.o, ¢ €S, and conversely. If sy,; €S
let ¢ be tOg1 on Rng(g|Xoe), £t on X3, s on Rng(g' Ov) ~
Rng(glXo) ~ X1. Then ¢, ¢ are paired. By 9.3.9 (i), Repl ¥'s€ S,
Repl ¥°s e S. Since Xo, Rng(g|Xo) are disjoint, Replf8¢'¥dse S.
Since also X1, Rng(g|Xo) disjoint, s;.o,, , € S by 9.3.9 (ii). A similar
computation yields the converse. Lemma 9.3.8 can be applied with
g1, Rng(g|Xo) for g, Y.

9.4 Function Notation for Substitution

The convenient function notation will be used for formulas in the
chapters that follow, but only in a special way. First a sequence »
of variables must be attached to formula A. We then write 4 as
“A(v)” or sometimes “A(v(0)...v(£)...)”. It is understood that the
sequence need not contain all variables free in A and may contain
variables not in A. Let f be a function mapping Rng(v) to terms.
Then, roughly speaking, A(f O v) = A(fv(0)...fv(&)...) arises by
first changing bound variables to avoid conflicts, then substituting
fu(€) for free occurrences of v(£). It has to be assumed that there
are sufficiently many variables available for the change, variables
not in A4 nor in any of the fv(§).

In order to give a procedure for the change of bound variables
we further assume that the variables of the system are indexed by
an ordinal. Let Y be the set of all variables in terms of Rng(f)
which appear bound in A. Order the variables of Y in order of oc-
currence in 4: Y = {y»: » < o}. Let Z be the set of all variables of
the system which do not appear in 4 nor in terms of Rng(f). Let
g(yo) be the variable of least index in Z, and for v < g, let g(y») be
the variable of least index in Z ~ {g(ys): 6 < »}. Then g is one-one
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on Y, and variables of Rng(g) are not in 4. Let A(f O v) =
SF}ne™SBY A. Since SBY A contains no variable of fv(£) in any
of its quantifier-sequences, a free occurrence of v(¢) in SB A is not
bound by FV(fv(£)). A simple argument shows that FV(4) =
FV(SBF 4). Consequently the substitution theorems can now be
restated without the provisos.

9.4.1 Theorem. Suppose A is a formula of a system for which
A(f Ov) is defined. Let <DOCRBO'QS) be a system for
interpretation of these formulas satisfying conditions (*) of 9.2.10
and (***) of 9.3.5. Then V(s, A(f O v)) = V(s’, A(v)) for all s’ S
agreeing with Repl¥&(™s on FV(4).

9.4.2 Theorem. Suppose A is a formula of a system for which
A(f O v) is defined, interpreted in a system having the substitution
property. Then V(s, A(f O v)) = V(s’, A(v)) for all s’ € S agreeing
with Repl%¥{”s on FV(A). Moreover, if Dom(v) < 8, V(s, A(fOv))
= V(Repl¥®s, A(v)) since in this case we know that the re-
placement itself is in S.

Proofs are by 9.2.10, 9.3.5, 9.3.10.



CHAPTER 10

INFINITARY PREDICATE LANGUAGES

10.1 The (a, B3, o, 7r)-Predicate Languages

Let « be a regular infinite cardinal, § a cardinal which is either O
or satisfies w << § < a. Let o be a regular infinite cardinal which
is less than g if g singular, at most « if 8 regular. Let = be an infinite
cardinal at most a. Then an («, 8, 0, #)-language Lagor has as its
formulas a system Fugon with at least « individual variables, with
equality symbol = among its special two-place predicate symbols,
having one-place propositional operation symbol =, special two-
place propositional operation symbol —, infinitary symbol A,
quantifier V. A language L,g is an («, 8, , w)-predicate language.
Such a language has finite atomic formulas. Rewriting 8.1.1 we
have the following:

10.1.1 Induction Principle for Formulas. If A is any set of ex-
pressions containing the atomic formulas and closed under con-
ditions

(1) If 4 € A, then [4] € 4,

(2) If Ao, A1 € 4, then [Adg— A1) € 4,

(3) IfO<d<aanddgedforallé < 4, then[A Ap...As...]€4,

(4) If A €A and v is a sequence of individual variables having

length less than B, then [VvA] e 4,
then 4 contains all formulas.

To complete passage from Fagon t0 Lygon we must tell how the
formulas are to be interpreted. The intended interpretations are in
models <D O C R) described in Example 8.2.3, such that R assigns
the equality relation over D to =. According to the recursion
principle for terms, given any function s on individnal variables
to D, there is a unique function s* mapping the terms to D such
that s*(x) = s(x) for individual variables x, s*(c) = C(c) for indi-
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vidual constants ¢, and such that the following conditions hold for
allterms Ty, ..., Te, ...:

(1) s*[ToypT1] = O(yp)(Ks*Tos*T 1) for special two-place oper-
ation symbols v,

(2) s*loTo...Te...] = O(p)(Ks*Ty...s*Ts. . D) for 0 < ¢ < o,
{-place or infinitary operation symbols g, {-tuples of terms.

Furthermore, according to the recursion principle for formulas,
there is a unique function ¥V on S X Fsg. such that for all terms
Ty, ..., Tg, ... and assignments s € S,

(3) Vi(s, [ToPT1]) = R(P)(<s*Tos*T1>) for special two-place
predicate symbols P,

(4) V(s,[QTo...T¢...]) = R(Q)(Ks*Ty. ..s*Tg...>) for O<n <,
n-place or infinitary predicate symbols Q,
and for all formulas Ag, ..., 4g ... and sequences v of variables
having length less than 8,

(8) Vi(s,[~A40)) = 1if and only if V(s, Ao) = 0

(6) V(s,[Ao—> A1]) = lifand onlyif V(s,4dg) =00rV(s, A1) =1

(7) Vs, [A dg...As...]) = 1if and only if V(s, A¢) = 1 for all
& <,

(8) V(s,[W¥vdo}) =1 if and only if V(ReplF*®®s, 4g) = 1 for
all ¢ e DEne®@),

The additional special two-place propositional operation symbols
&, A, v, infinitary symbol V, quantifier 3, are introduced by
their customary abbreviations. They are given in Chapter 8,
Example 8.2.5, where also a function V’ is defined for the elimi-
nation of these additional symbols from formulas. When we speak
of “the formula [49 & A1] of Lygon’’, let it be understood that the
formula V'([A¢ <> A1]) is meant. The valuation function extends to
the defined symbols as follows:

(9) Vi(s,[4o © A1]) = 1if and only if Vs, o) = ( y: | )
(10) V(s, [Ao A A1]) = 1if and only if V(s, 4o) = Vs, 41) =
(11) V(s,[dov 41]) = 1if and only if

V(s,Ao) =1 o0r V(s,41) =1
(12) V(s, [V Ao...As...]) = 11if and only if there is & < § such
that V(s, 4¢) =1
(13) V{(s, [AvAo]) = 1 if and only if there is £ € DR&® gych that
V(Replfne®s, Ag) = 1.



THE (a, 8,0, 7)-PREDICATE LANGUAGES 103

10.1.2 Remark. Note the several restrictions on the relative
magnitudes of «, f§, o, z. The assumption of regularity on « and o
is an inessential simplifying assumption. If, for example, « were
allowed to be singular, say « = U {yy: » < «} with « < «, ¥y < « for
y < k, then

[A Ag...As...]

f<a

could be regarded as an abbreviation for

[ALA Ao...4¢...]...[ A Ap...4s...]...].

r<x E<yg E<yr
The bound might as well have been the regular cardinal «* in the
first place.

The assumptions n < « and o < g if g singular, o < « if § regu-
lar, are essential restrictions. The completeness theorems of Chapter
11 were originally obtained only for languages with finite atomic
formulas. However, the proofs have to be only slightly modified
to apply to these more general languages. When the restrictions
on o and n are relaxed, exceptions occur with alarming frequency,
and even when theorems are capable of extension (and some are),
complicating features have to be introduced into the proofs. A
comprehensive study of such languages has never been undertaken;
however, languages with infinitary predicate symbols but finite
conjunctions and quantifications, have been dealt with by Henkin
in connection with his work on cylindric algebras. See [13]. H.
Keisler in [17] announced the strong completeness of basic predi-
cate calculus for languages without equality, having infinitely long
atomic formulas and quantifications, but finitely long conjunctions.
The absence of equality is essential.

As long as atomic formulas are restricted in length to less than e,
it is no further restriction to assume § < «. Corollary 9.1.3 implies
that a formula could never have « or more free variables anyway.
Ruling out B finite and not zero is clearly an innessential simpli-
fying assumption. These cases are covered by letting § be w.

Note that every term of Lager has length less than o, every
formula has length less than «. A formula kolds in a model M =
(D O CR) if its value is 1 for all assignments to M. We say that
M is a model of I' if all formulas of I" hold in M. If formula 4
holds in all models, then A is valid (written “FA47). A set I' of
formulas is satisfiable if there is a model and assignment s to that
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model such that V(s, A) = 1 for all A € I'. Formula 4 is a semantic
consequence of A (written “lk4A”’) if 4 holds in all models of 4.
Formula A is a strict semantic consequence of I' (written “I'lFA”)
if either IFA4 or there is a subset {4¢: & < 6} of I" having power less
than « such that IF[A Ay...4s...]— A. Clearly a strict semantic
consequence of I" is a semantic consequence of I'. Set I' is semantic-
ally consistent if every subset of I' having power less than « is
satisfiable. Satisfiability implies semantic consistency and the two
notions coincide for sets of power less than «.

The intended interpretation in models has the substitution proper-
ty 9.3.6. As corollaries of Theorems 9.1.5, 9.2.10, 9.3.10, 9.4.2, we
have the following:

10.1.3 Theorem. If s, s’ are assignments agreeing on variables free
in 4, then V{(s, 4) = V(s’, A).

10.1.4 Theorem. If A has no free occurrence of x bound by
FV(f(x)) for x € X, then V(s, SF;* 4) = V(ReplX s, 4).

10.1.5 Theorem. V(s, A) = V(s, SBY A) for all one-one functions
g to variables that do not appear in 4.

10.1.6 Theorem. V (s, A(f O v)) = V(Repli¥®s, A(v)).

The function notation for substitution can be used because we
have assumed that there are « variables in the language, while
fewer than « variables appear in 4 and in the fv(£) for v(£) free in 4.
Therefore conflicting bound variables can be changed.

By 10.1.3, to say that a sentence holds in model 9 is equivalent
to saying that it is satisfiable in .

10.2 Semantic Consistency, Hanf’s Example

It is a fundamental theorem for ordinary (w, w)-predicate
languages that every semantically consistent set of formulas is
satisfiable. It is clear from the examples of Chapter 4 that this
compactness property fails for infinite non-limit cardinals «.

10.2.1 Examgple. Let y be an infinite cardinal, L any (y+, 8, o, 7)-
predicate language. Then the following set of y+ formulas is seman-
tically consistent but not satisfiable:

F={Vlu=yl...u=mp..1p<y}u

<y

(Al = w)ip £ p, po @ <yt
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For a wide class of strongly inaccessible cardinals «, W. Hanf
has given examples of semantically consistent, non-satisfiable sets
of « sentences of an («, «)-predicate language. See his abstract [7].
These examples are discussed in Tarski’s article [47], where far-
reaching applications to set theory are given.

Let us look at Hanf’s example for 8, the first strongly inaccessi-
ble cardinal greater than w. A cardinal is accessible if it is not
strongly inaccessible. Referring to the definition in the Foreward,
an accessible cardinal is one that is either singular, or for which
there is a cardinal y such that y < « <{ 2expy. Consider the
(61, 01)-predicate language with special two-place predicate symbol
€, individual variables xp, ..., xg, ..., & < 81

10.2.2 Example. Let Ap be the conjunction of the axiom of ex-
tensionality and the axiom of well-foundedness in Example 1.1.4 of
Chapter 1. Then any model of 4¢ is isomorphic to a transitive family
of sets under the membership relation. For each cardinal 0 <y < 6,
let

Cy =1V %0...%...[A%[Vapi1[tps1 Exy © [ V xps1 = 2¢]]]].
<y E<y
Then any model of C, is closed under formation of sets of power at
most y. Next write the usual defining formulas for the following
fundamental notions of set theory:

Ord Pr(xo, x1, ¥2) expressing x2 is the ordered pair of x¢, x4,
One-one Fen(xp) expressing xp is a one-one function,

Union(xq, #1) expressing 1 is the union of xg,
C (%0, #1) expressing xg is a subset of x4,
Ord(xo) expressing % is an ordinal.

The reader can easily write these formulas for himself using the
definitions in the Foreward on Set Theory. The last three formulas
have their intended meanings in any transitive field of sets; that is,
for them, <Sp...Sy> satisfies A(xo, ..., ¥4) in a transitive family of
sets if and only if (Sy...Sy) satisfies the intended condition. The
first two formulas have their intended meanings in those transitive
families of sets in which Cj3 holds. Then in any transitive family
of sets,
A]_ = [ng[Ord(xo) A -|3x1[0rd(x1) A X9 € xﬂ]

says that there is a largest ordinal in the family. Finally, we have to
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write a sentence that says that every ordinal is either denumerable
or accessible; that is, is denumerable, or is a union of a smaller
number of smaller ordinals, or is less than or equal to the cardinal
of the power set of an element. The first alternative is easy to
write:

Bo(xo) = [-ﬂxl[xl € xo]] v [ | X1eoeXpeo .[an,[xa, € Xp >
n<w

[V %o = x4]]]]-

n<w
In any transitive family of sets, So satisfies Bo(%o) if and only if So
is denumerable. To express the second alternative, we can write a
formula Bi(xo, #1) such that <S¢S1) satisfies Bi(%o, x1) in a transi-
tive family <S €) of sets satisfying Cg if and only if So =U S,
and S; C So and there is a one-one function in S mapping S; into
an element of Sy:

Bl(xo, xl) = [Union(xl, xo) A E (xl, xo) A [ExzxaB'(xo, X1, X2, xa)]],
where

B’(x0, #1, %2, x3) = [One-one Fcn(xa) A [x3 € x0] A [Vx4[x4 E 21 —>
[3x5xe[x5 Exg A Xg Exg A Ord Pr(x4, X5, xs)]]]]]

Similarly we can write a formula Ba(xg, x1) such that (S¢S;)> satis-
fies Ba(xo, 1) in a transitive family <S €> of sets satisfying Cq if
and only if there is a one-one function in S mapping Sp into #5;:

Bs(xg, 1) = Jx2[One-one Fen(xg) A [Vxg[x3 € xo —>
Jx4x5[Ord Pr(xs, x4, x5) A x5 € %2 A C (x4, 21)17]1-

Let A2 = [Vxo[Ord(x0) = [Bo(xo) v [x1B1(x0, x1)] v [Ax1[x1 E %0 A
Ba(xo, #1)]11]]. Finally, let I' = {Ao, A1, A2} U {Cy: y is a cardinal
less than 04}.

Note first that I' is not satisfiable. For if it were, it would have
a transitive family of sets as model by 4. All ordinals less than 6;
would be in the family by the C,. Hence the largest ordinal that 4,
says is in the family would have to be at least as large as 8;. Since
the family is transitive, 6; is an element. But 6; does not satisfy
any of the alternatives of 4s.

Consider any subset I'g of I" having power less than 6;. We must
show I'p satisfiable. Let « be an infinite cardinal less than 6; such
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that C, € I'o implies y < «. Let Tg = {¢, «*, f} where { is a one-one
function mapping «* into subsets of k. For & <«* let T, =
{S:SCU{T,:v < & and card(S) < «}. Let T" = U {T;: & < «t}.
Then T’ includes the family T,. of all sets hereditarily of power
at most « since it includes all the sets T¢, & << «*, described in the
Foreward on Set Theory. The C, in Iy obviously hold in <T” &).
Elements of «+ and of f are in T,., hence also in 7”. Elements of
T, 0 < & < «t, are obviously subsets of T'. Therefore <T” € is a
transitive family of sets. The only elements of 7' having power «*
or more are «+ and f. Therefore «+ is the largest ordinal in T’ and
A is satisfied. To see that this is also a model of Ag, consider first
an ordinal & < «* that is not a cardinal. Then there is » < & such
that » and £ are cardinally equivalent. There is a one-one function
in T,. mapping & to one-element subsets of ». Hence the third
alternative of A3 holds in this case. If y < «* is a cardinal then it
is either denumerable or accessible. If it is denumerable then it
satisfies Bo(xo). If it is singular, having form y = U {y,:v < 4}
with 1€y and the y, €y, then y < «t, {yy:v < 4} € T,., and there
is a one-one function in T,. mapping {y,: » < A} into 1. Hence the
second alternative of 43 holds in this case. Finally if y < 2 exp y’,
y' €y, then if y < «* there is a one-one function in 7. mapping y
to subsets of y'. If y = «*, such a function was placed in 7". There-
fore in this case y satisfies the third alternative of As. This com-
pletes the example for 6;.

10.2.3 Remarks. Note that one can find similar examples for any
regular cardinal « > w such that it is possible to write a sentence
like A5 in L4s describing the property of being an ordinal less than
o. Such examples are available not only for many higher strong
inaccessibles, but for many classes of regular accessibles as well.
See Tarski’s article [47] for more information on this point. He calls
an infinite cardinal « incompact if it is singular, or it is regular and
there is a semantically consistent, non-satisfiable set of sentences
of an (a, a)-predicate language with no individual constants. He
calls such a cardinal strongly imcompact if there is such a set of
sentences having power «. Then any cardinal for which an example
like Hanf’s can be found is strongly incompact. For non-limit « the
simpler examples of 4.1.2 are available to show strong incompact-
ness. The cardinal w is, of course, compact. The problem of the
existence of a compact cardinal « > @ remains open, but Tarski
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points out that we do not know any example of a cardinal & > w
which would have a ““constructive characterization” and for which
we could not prove strong incompactness.

As an application of our basic lemma on satisfiability, we will
show that the incompactness of a regular cardinal « is equivalent
to the existence of an  a-representable Boolean algebra not iso-
morphic to an 7 a-field of sets. This and other set-theoretic and
Boolean algebraic properties of incompact cardinals are discussed
in Tarski’s paper [47].

10.3 A Criterion for Satisfiability

This criterion is a straightforward generalization of Henkin’s
method for constructing models in [9]. The suggestion of Hasen-
jaeger in [8] is also used. It is, however, considerably complicated
by the necessity for keeping track of cardinalities when « > w. The
set 4 of 10.3.4 must have power less than « in order for the com-
pleteness theorems to go through.

10.3.1 Defsnition.

Let y be an infinite cardinal, f§ a cardinal at most y+. Then
k(yt, f) is the smallest cardinal « such that

(1) » <«

{2) x expe = « for all cardinals ¢ < 8.

10.3.2 Properties of «(y+, B).

(i) ¥ <wly*, B) <yexpf.
(i) B < x(+ B).
(iii) If B regular, x(y*, B) = U {yexpe:e < ).
(iv) If card{l) < «(p*, ) and card(S;) < 8 for 7 € I, then
card U {S;: 7€ I} < x(y™, B).

Proor: (i) and (ii) are immediate consequences of the definition.
Turn to (iii) and let « = U {y expe: e < 8}. Then « = card(K),
where K is the set of all sequences of ordinals < y having length
less than g8, and « is also card(K’), where K’ is the set of all sequences
of ordinals less than y having length less than §. It suffices to
show that if 0 < § < §, then there is a one-one mapping from K¢
into K. Such a mapping is g, where for f = {(fp...fe...> € K9,
g(f) = ~Xy>~fe: & < 6>. The sequence g(f) is in K by regularity of
p, and g can be seen to be one-one by using the properties of
concatenation in Chapter 2.
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The proof of (iv) splits into two cases. Case 1. § < card(/}). Then
card U {S;: 7 € I} < card(I x I) = card(l) < «(y*, p). Case 2.
card(I) < B. Using Konig’s Theorem, card U {S;: ¢ € I} < card(g).
By (ii), card(p!) < «(y*, ).

The cardinal «(y*, 8) now entering the picture is the smallest
cardinal « such that every satisfiable (y+, f)-sentence has a model
of power at most x. For the satisfiability lemma, 10.3.5, implies
that every satisfiable (y+, f)-sentence has a model of power at
most «(y*, B), while the examples below show that no smaller
cardinal has that property.

10.3.3 Example. If B = o then «(y*, f) = y. Consider a (y*, w)-
language having individual constants ug, § < y, and the equality
symbol as the only constants. Let 4 be the conjunction of formulas

['IME; uy) for &, v <y, & # », and the formula
[Vxo[ ¥ [x0 = uq]. . .[%0 = tg]...]).
&<y

There is up to isomorphism only one model of 4 and it has power
x(yt, ) =y.

If # = y* then x(y*, B) = 2 exp y. Consider the (y*, y*)-language
having predicate symbols ‘=, €, as the only constants. We saw in
Example 1.1.5 of Chapter 1 that the family T,. of sets hereditarily
of power at most y can be characterized up to isomorphism by a
sentence of this language. This family has power «(y*, y*).

If o <pB <yt consider a (pt, §)-language having individual
constants #g, £ < y, and predicate constants ‘=, §, as only constants.

Let A be the conjunction of sentences [~ue = uy) for & v <y,
& £ », with the following:

C1 = Vxom([[ A [+ = ug]] A [A [n = ug]]] >

[Vxal[%2 € %o > %2 € %1] = %0 = x1]]].

Co==3 x9...%5...[ A Xps1E x4)

n<w n<e
Cs = A [Vxp[—xp € ug]).

E<y

Cy= [ A [V X0.. X8 .[ngng+IC’]] where

D<e<B E<e _

C'=[xpri€x & [V 211 = xe]].
E<e

Cs = ng[[ A ~xpg=ug] > v [3 Xg...%Xe. . .VZB+1C'H].

E<y O<e<B &<t
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This formula A characterizes up to isomorphism model
¢S,cp...¢...€/S>, where the c; are any given sets all different and
not connected by a e-chain, and S is the intersection of all families
of sets containing the ¢; and closed under formation of non-empty
sets of power less than f. The proof is so similar to the one in
Example 1.1.4, that it will not be repeated here. This family has
power «(y™, B).

The first step in the satisfiability lemma is to obtain the set 4
like the one in the analogous lemma for propositional formulas,
4.1.4. If A is a (y*)-propositional formula, then we can take 4 to
be the set of all subformulas of A and the criterion for satisfiability
is this: A4 is satisfiable if and only if there is a set I" of formulas con-
taining A4 such that Age 4 implies Age I'iff (4o} ¢ I, [do—> A1]e4
implies [Ag— A,]eI'iff Ag¢ F'or A1 eI, [A Ap...As...]€eAim-
plies [A Ag...Ag...] e I'iff all A¢e I'. The fact that 4 has power
at most y figured in several of the theorems for (y*)-propositional
languages, notably, Theorems 4.3.4 and 5.3.1.

If 4 is a (yt, B, o, m)-sentence containing no variables, then the
set of subformulas of 4 may again serve as 4 ; however, if 4 has varia-
bles, then it isnecessary to putinto 4 all substitutions of subformulas
of A toasuitableset T of terms. This set Tmust have properties:

(1) Principal terms of atomic formulas in 4 are in T and subterms
of terms in T are in T.

(2) Every formula of 4 and term of T has fewer than g free
variables.

(3) Card(T) = x(y*, B).

10.3.4 Lemma. Let A be a sentence of a language L,.5,, and X be
a set of «(yt, B) individual variables not in 4. Then there exists a
set T of terms such that if 4 = {SFfV“C: C is a subformula of 4
and fe TFVO} U {[T =T1:T,T¢ T} then conditions (1), (2), (3)
hold. Moreover 4 and T have properties

(4) The free variables of formulas of A and all variables in terms
of T are in X.

(5) Card(4) = (v, B).

ProoF: Let k = «(yt, B) and let Tq be the set of all atomic terms
x> with ¥ € X and <{¢) with ¢ an individual constant of A. In case 4
contains no operation symbols Ty already satisfies the required con-
ditions. Corollary 9.1.4 is used to verify (2) and property x exp ¢ = «
for all ¢ < B is used to verify (5).
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In case 4 contains operation symbols we distinguish two cases.
Suppose first 0 << 8. Then let T be the closure of To under formation
of terms by operation symbols in 4. From the regularity of o it
follows that this set is T = U {T,: » < o} where for » > 0, T, is the
set of all terms of the form [ToyT1] or [¢Ty...T¢...] with yp,
@ operation symbols in A4 and the T e U {T;1: 1 <+}. Note that
card(To) = « and that if » > 0 and card(T;) = « for 1 < v, then
card(Ty} = « since xexpo = «. Hence card(T) =« and T has
property (3). Property (5) follows and (1) and (4) are obvious. As
for (2), terms have length less than o and in this case o << 8. Since
subformulas of 4 have fewer than g8 free variables, if fe TFV(©O,
card(FV(SFf7©C)) < card(FV(C))+o < B. Hence (2).

Finally suppose o > 8. Then 8 is regular and o < y*. Let 4¢ =
{SF{¥©)C: C is a subformula of 4 and f e TS V(©}. Given Ty, 4, for
A <, let T, be the set of terms in atomic formulas of U {4;: & < #}
and let 4, = {SF{V©C: C is a subformula of 4 and f € TFV©)}. Let
T=U{T,:» < 8}. If C is a subformula of 4 then C has fewer than
p free variables. Therefore since g is regular, for any fe TFV(O
there is » < f such that fe TFV©. Hence 4 =U{4,:» < f} U
{[T: T": T, T eT}. (1) follows. Properties (2), (3), (4) can be
proved by induction on » < 8. For Ty and 4 have these properties.
Moreover if T, and 4, have properties (2), (3), (4) for all 1 < », and
if » < B8, consider T;, 4,. A term of T, is a subterm of a formula of
some A, and therefore has fewer than g variables, all in X. If C is
a subformula of 4 and fe TF¥?, then all variables of SF} V) C
are in U {FV(f(y)): y e FV(C)}, a subset of X having power less
than 8 by regularity. Therefore T,, 4, have properties (2) and (4).
From card(T:) = « for A <, it follows card(4,) = « for 1 <.

Hence card( U 4;) = « and since each formula of this set contributes
A<y

at most y terms to T,, card(T,) = «. Hence (3).

10.3.5 Criterion for Satisfiability. Let A be a sentence of a
language L,.4,, having a set X of x(y*, f) individual variables not
in A. Form sets T, 4, of 10.3.4. Then the following conditions are
equivalent:

(i) A is satisfiable.
(ii) A has a model of power at most «(yt, §).
(iii) There is a set I" of formulas containing 4 and all formulas

[T = T] with TeT, and satisfying the following conditions:
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( l) If terms [ToyT1], [(Toy Tl] are in T, then [Ty = T}] € I'and
[T1 = Ti] € I" implies [[Tmp T1] = [Tow Tl]] el

(2) If terms [@Ty.. ..1, [¢To.. ..] are in T, then
[Te =T, elforalé < : imph'es

([¢To...Te...] = (@To...T;...]] €.
(3 ) If atomic formulas [ToPT1], [ToPTi] are in A, then
(To= T¢), [T1 = T1] and [ToP Tl] € I" implies [ToP Ti)eT.
(4) If atomic formulas [QTy. . ..], [QTo. . ..]are in 4,
then (T¢ = TileT for all £ <1y and [0Ts.. .Tg...] e I'" implies
QTs...T...[]el

(5) If Age 4, then Age I'iff [~A4o] ¢ 1.

(6) If [Ao—> A1) € A, then [Adg—> A ]e'iff Ag¢ I"or Ay e

(7) If [A Ayg...A¢...]€4, then [A Ap...As...] €T iff all the
A;EF.

(8) If [VvAo] € 4, then [Vvdo] € I iff all substitutions
SFjms® 4q e I for fe TRRE®),

Proor: It suffices to show that (i) implies (iii) and (iii) implies
(i1). Assume (i). Suppose 4 holds in model M = <D O CR>. We
wish to find an assignment s to M such that {C: V(s, C) = 1}
satisfies conditions (1)—(8) for I'. Clearly the only problem is satis-
fying condition (8); the other conditions will be satisfied no matter
what s is. We use the familiar procedure for selecting witnesses.
Make a list having length « of all the quantifications in 4:

[(VvoCo(vo)]...[VuyCo(vs)]. .. vy < k.
By a sequence of witnessing formulas we mean a sequence
CO(gOOUO)...Cy(gyovp)... y < K

such that each g, is a one-one function on Rng(v,) to X and vari-
ables in its range are not in Rng(ge) for & # », nor do they appear
in [VveCe(ve)] for & < ». Such a sequence of functions can be found.
For suppose we are given gg for £ < ». Then 10.3.2 (iv) implies that
there are x variables not in Rng(ge) for £ < » and not appearing in
[VveCe(ve)] for & < v, since there are fewer than f variables of X
in each such set and each such formula. Thus a one-one function g,
on Rng(v,) to such variables can be found.
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Let W, = [Cy(gy O ») = [Vv,Cy(y)]]. Given an arbitrary as-
signment s, we define by transfinite induction functions #, on
Rng(gy) to D such that if s, is that assignment which is # on
Rng(ge) for & <», and s elsewhere, V(s,, W,) = 1. Suppose we
have such # for & < ». Let s, be £; on Rng(ge) for & < », s elsewhere.
If V(s,, [Vv,Cs(vy)]) = 1, let £, be s on Rng(g,). Then V(s,, W,) = 1
in this case. If V{(s,, [Vv,Cy(vy)]) = 0, pick ¢ on Rng(w,) to D such
that V(Replfr&®s,, Cy(vy)) = 0. Choose ¢, so that # O g, agrees
with ¢on Rng(v,). Then Vs, Co(gy O v5)) = V(Repl28®)s, C,(vy)) =0
by 10.1.6 and 10.1.3 since s, and s, agree on FV(C,). Hence
V(sy, W) = 1 in this case as well. Having completed the induction,
let '={C:V(s,, C)=1}. Since s, and s, agree on FV(W,),
V(s., Ws) = 1 for all » < «. Therefore if V(s,, [Vo,Cy(vy)]) = 0,
then V{(s,, Cy(gy O vs)) = 0. But since no variable of X is bound in
a formula of 4, Cy(gy O vy) = SFE"8®C,. It follows that I' has
property (8). The others are immediate.

Assume (iii). We must construct a model of 4 having power at
most x(y*, f). Given I' satisfying (1)—(8) and containing 4 and

formulas [T = T for T € T, note that the relation
T =T ifandonlyif [T =T"]el

is an equivalence relation on terms of T. Conditions (3) for = can
be used to demonstrate symmetry and transitivity. As the domain
of the model we take the set of all these equivalence classes. Then
card(D) < «(y*, B). As assignments O, C, R to constants we take
the following, where xg is a fixed variable in X :

For individual constants ¢, Cc) = KKe>| if <cp> e T, Kap)!| if not.

For special two-place operation symbols p,

O(y)(Kdod1>) = |[ToyT1]|

if there are Ty e dg, T1€d; such that [TopT1] €T, |<xo>| if there
are none.

For -place or infinitary operation symbols ¢,

Olp)Kdo. . .d¢...>) = |[[¢To...Te. . .]]

if there are Tgeds such that [pTy...T¢...] €T, [<xo>| if there
are none.

Properties (1) and (2) of I" guarantee that these conditions define
functions. Finally for special two-place predicate symbols P, 7-
place or infinitary predicate symbols Q,
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R(P)(<dopd1>) = 1 iff there are T¢ € dy, T € d; such that
[ToPT1]JedNnT.
R(Q){(<dq. ..ds...>) = 1 iff there are Ty € dg for & < 5 such that
Q@Ty...Te...]JedN .
Note that R(=) is the equality relation on D.

Let s be any assignment to this model such that s(x) = [<x}|
for x € X. Then s*<{u> = |<u)| for all atomic terms in T. Continuing
by induction on terms, if term [ToyT1] €T, then Ty and T, are
in T, and from s*Ty= |Ty| and s*T; = |T1|, we conclude
s¥[TopT1) = O(w)(|To||T1|) = |[ToyT1]|- The cases

[(pTo. . .T;. . ] eT

are similar. Thus we see that s*T = |T|forall T e T.

Finally we show that V{(s, C) = 1iff C e I" for all C € A. Since
A eI, this will complete the proof. This induction is done on the
ranks of formulas. A formula of rank O is atomic. Consider an
atomic formula [QTy...T¢...] = C € A. Since the terms are in T,
Vs, C) = R(Q)(|To|...|T¢|...). The definition of R(Q) together
with property (4) of I' implies V(s,C) =1 iff C eI The case
C = [ToPT,] is similar. Property (3) of I'is used.

Suppose formulas having rank less than that of C have the
desired property. Cases where C is a negation, implication or con-
junction are similar. Suppose C €4, C = [A Cp...Cs...]. Then
C = SF{V€)C’ for a subformula C’ of A and function f to T.
Then C’ has form [A Cp...C;...] and 9.2.6 implies that C =
[A SFfP€ICh. . .SFFP©)C;...]. The uniqueness theorem for
principal subformulas tells us that Cs = SFf7C, for all £ and
that the two sequences of formulas have the same length. There-
fore the C¢ € 4, and since their rank is smaller, C¢ € I'iff V (s, C¢) = 1.
With property (7) of I, it follows C € I'iff V(s, C) = 1.

Finally suppose C = [VvCo]e4. Then C = SFEV’C’ for a
subformula C’ of A and function ' to T. By 9.2.6, C’ has form
[VvCo] and C = [VuSF[V)Cp). Therefore, whenever / maps
Rng(v) to T, SF/8®Cy = SFFV(®Che A. Since these substi-
tutions have rank less than C by 9.2.8, V(s, SFF™®(Cq) =1 if
and only if SFR"®Cq e I' by induction hypothesis. Property (8)
then implies

(@) Ce T iff V(s, SFR"8® (o) = 1 for all fe TRE®),



A CRITERION FOR SATISFIABILITY 115

Since variables of X are not bound in C, V (s, C) = 1 implies all
V(s, SFF8®(Cg) = 1 by 10.1.4. Conversely, if V(s, C) = 0, there
is ¢ on Rng(v) to D such that V(Repl8®s, Cg) = 0. Choosing f to
T such that f(y) € ¢(y) for y € Rng(v), we see that s* O f = ¢ because
s*T = |T| on T. Therefore V(s, SFf8®)Cg) = V(Repl"¥®s, Cy)
= 0 by 10.1.4. Hence

(b) V(s, C) = 1 iff V(s, SFF=8®Cq) =1 for all fe TH®),
Combining (a) and (b) we have our result.

The proof that (i) implies (iii) contained a proof of the following:

10.3.6 Lemma. Consider any ordered set I" of formulas [Cy(gy O vy)
— [V,C,(vy)]] such that functions g, are one-one on Rng(v,) and
variables of Rng(g,) are not in Rng(ge) for & 3£ », and do not appear
in [WvgCg(ve)] for & < ». Then given any assignment s to model IR,
there is an assignment s’ satisfying I" that agrees with s except on
U {Rng(gy):» < a}.

Another form of the same lemma is this:

10.3.7 Lemma. Consider any ordered set I' of formulas Ao(vo),
..., As(vg. . .v), ... such that the Rng(vy) are pairwise disjoint and
no variable of Rng(v,) appears free in Ad¢ for £ <v. Let Y =
U {Rng(vy): » < o}. Then if s is an assignment to model M such
that formulas [Jv,Ay(ve. . .vy)] all take value 1 for all assignments
ReplY s, then there exists such an assignment satisfying I.

10.3.8 (Skolem-Liwenheim Theorem for Sets of Infinitary Sentences).
Let I' be a set of (yt, B, o, m)-sentences with y+ < card(I") and
card(Il") exp ¢ = card(I') for all ¢ < B. Then I is satisfiable if and
only if I' is satisfiable in a model of power at most card(I").

ProoF: Let A be the conjunction of all the sentences in I". Then
4 is a (card(I')*, B, o, m)-sentence and «x(card(l")*, f) = card(I).
Hence this follows from 10.3.5.

The following theorem was formulated by Hanf.

10.3.9 Suppose I'is a set of («, B, o, n)-sentences having a model
with domain D. Then if y is any cardinal such that y exp ¢ = y for
all ¢ < B and « U card(I") < y < card(D), then I' has a model of
power y.

ProoF: Introduce new constants c;, § << y. Let A be the con-
junction of all the formulas in I" together with formulas [~cs = ¢
for & = &'. Then A is a (y*, B, o, m)-sentence and «(y*, ) = y. By
10.3.5, 4 has a model of power at most y. Since every model has
power at least ¥, we have our result.
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Note that the restriction to sentences in 10.3.5 and the two
preceding theorems is not really serious. Free individual variables
and individual constants are practically indistinguishable from the
point of view of satisfiability.

10.4 Algebras of Equivalence Classes of Formulas Modulo 2
Semantically Consistent Set

Let I' be a semantically consistent set of formulas of an
(, B, o, m)-predicate language L. Then the relation

A=4"iff I't4d & A’

is a congruence relation on the algebra of formulas. Recall that
the algebra of formulas has only the operations of negation, impli-
cation and conjunction. This relation is not a congruence relation
with respect to the cylindric operations taking 4 to [VvA] unless
I' is a set of sentences. Let B(L; I') be the set of all equivalence
classes [4|r ={A': 4 = A'}. The following are operations on
B(L; I):

=|A|r = |[=A4]lr, |4olr — [A1lr = |[Ao = AalIr
A ((JAolr-. . |Aer-..>) = |[A Ao...As. . ln,

the latter being ~a«-place. The defined propositional operation
symbols yield additional operations

|Aolr A |A1lr = |[Ao A A1]|r, |Aolr v [A1lr = |[4o v 44]|r.

Let B(L; I") be the algebra <B(L; I') = A v)>. The semantic con-
sistency of I tells us that the algebra has at least two elements.

10.4.1 Theorem. (i) If I' is semantically consistent, then B(L; I')
is a non-degenerate  a-representable Boolean algebra.

(i) If I"satisfiable and I = {C: for all models M, s satisfies I" in
M implies s satisfies C in M}. Then B(L; I') is isomorphic to a
non-degenerate  «-field of sets.

ProoF: We only have to make minor changes in the proof of the
analogous theorem for propositional languages 4.2.1. We prove (ii)
first. Let K = {(IM, s): s satisfies I"in model M} and for formulas A
let A(A) = {(M, s): s satisfies I'U {4} in M}. Then A([~4]) = K ~
h(A), h([Ao A A1]) = h(do) N A(A1), A([Ao v A1]) = h(Ao) U A(44),
and A([A Ao...4...]) = N {h(d¢): & < 6}. Thus <Rng(h) ~ N U>
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isan s a-field of sets. I was defined in such a way that I'lFA «> 4’
iff A(A) = h(A’). Therefore the mapping g(|4|r) = #(4) is an iso-
morphism on B(L; I') onto <Rng(k) ~ N U>.

To prove (i), take I' = ¢ in (ii). Then the set I" of (ii) is the set
of valid formulas. The mapping g(|4|f) = |4|r clearly is an 1 «-
homomorphism on B(L; I') = B(L; ¢) onto B(L; I'). Hence (i).

The order in B(L; I') is |A|r < |A'|r iff I'lF[A — A7), the zero
is |[<% = «]|p, unit |[x = «]|r, the ~a-meet and join are
/\{]Ag]pt & < 5} = |[A Ao...A4s...]lr and V{|A§|r2 £ < (S} =
Y Ao...Ae...]lr

We are now in a position to show how to construct an -
representable Boolean algebra having no #«-homomorphism to
Bo, from a semantically consistent non-satisfiable set of («, a)-
sentences.

10.4.2 Theorem. Let « be a regular infinite cardinal, L any
(o, «, 0, m)-predicate language. Then if L has a set I" of sentences
that is semantically consistent but not satisfiable, there is an
(«, «, 0, m)-language L’ with the same constants, and semantically
consistent set I”2 I' such that B(L’; I") has no a«-complete
maximal ideal. (It is therefore not isomorphic to an » a-field of
sets. It is » a-representable by 10.4.1.)

Proor: Let y = U {card(I") expe: e < o}. Since « is regular,
k(yt,a) = U{yexpe:e <o} =7y by 10.3.2 (iii). As L’ take the
(¢, o, 0, m)-language with the symbols of L plus a set X of y new
variables. Let L” be a (y1, «, o, n)-language with all the symbols of
L'. Then 4, the conjunction of all the sentences in I, is a sentence
of L”. Form sets T, 4 of 10.3.4 for A, X with respect to L". It is
important to note that all the terms of T are terms of L’ and all
the formulas of 4 except A itself, are formulas of L. Make a list
{[YuyCy(vy)]: » < p> of all the quantifications in 4 and choose for
them a sequence of witnessing formulas <Cy(gy O vy): v < o) satis-
fying conditions of 10.3.6. Then if W, = [Cy(gy O vy) = [V, Cy(vy)]]
for » < y, {W,:» < y} is satisfiable in any model of L'. Let I'" =
I'v {(W,:v» < y}. Then I" is also consistent.

Suppose, contrariwise, B(L’, I"”) had an » «-complete maximal
ideal, or, in other words, had an  a-homomorphism % to 8Bo. Then
let I' = {C: C is a formula of L' and 4|C|r- = 1} U {4}. We claim
that I would then satisfy condition (iii) of 10.3.5 relative to L”
and A. This would contradict the non-satisfiability of A. I" obvi-
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ously contains 4 and formulas [T = T] for T € T. Checking con-
ditions (1)-(8) is a routine matter. As examples, look at (2), (7),
(8). If [Tg = Ti T for all & < ¢, then h|[Tg = T}][r = 1 for all
E< Sincel <o <a,

C = EI: (Te = T;)] = (@To...Te...] = [@Th...Ts...]
<

is a valid formula of L’. Hence |C|r» = 1. Passing to operations of
B(L’, I'"), it then follows that A|{@To. .. T¢...] = (@Tb...T;...]|r
= 1. Hence (2). In (7), the conjunction 4 must be considered sepa-
rately from the other conjunctions. 4 € I' and the principal sub-
formulas of A are in I'. They therefore also belong to I'. Then (7)
follows by a computation much like the one just given. As for (8},
Vv Aolir < |SF;8® Ag|p- for all f € TR26®), Therefore [Vv o] € I'
implies that the substitutions to T are also in I'. If [VvAq] ¢ I, then
h|[YvAg]ir- = 0. But there is a witnessing formula Aq(gy O v) such
that W, = [Ao(gy O v) = [VvAo]] € I". Passing to operations of
B(L'; I'"), k|W,| = —h|Ao(gy O v)|r» = 1. Hence Ag(gy O v) ¢ I'. Thus
we have (8).

Combining this theorem with 4.3.6 we obtain

10.4.3 Theorem. Let « be a regular infinite cardinal. Then the
following conditions are equivalent:

(i) «1is incompact.

(ii) There is a semantically consistent, non-satisfiable set of «-
propositional formulas.

(i) There is an s a-representable Boolean algebra having no
A a~-complete maximal ideal.

(iv) Thereisan » a-representable Boolean algebra not isomorphic
to an  a-field of sets.

The completeness of the propositional calculus $«(17 ,«) together
with Theorems 6.4.2 and 6.4.7 yields a fifth equivalent condition:

(v) Ba(I1,4) is not strongly complete.



CHAPTER 11

INFINITARY PREDICATE LOGIC

11.1 Description of the Formal Systems for («a, 3, 0, 71)-Predicate
Languages

The restrictions on «, 8, o, = are assumed to be in force: « regular
infinite, 8 = 0 or v < B < &, @ < «, o regular infinite and o << f
if B singular, o < « if g regular.

For an (e, 8, o, m)-language L, the basic formal system Pas(L) has
as axioms all substitutions to L of the axiom schemes of B4, 5.1.1,
together with all formulas of L of the form

21. [Vv[dg—> 41]] = [4o — [VvA.]], provided that no variable
of Rng(v) is free in A4y.

922. [[VvAq] — SF}"® 4], provided that Aq has no free oc-
currence of ¥ € Rng(v) bound by FV (f(x))

The function f in 22 may be any function on Rng(v) to terms of L.
In addition, Pas(L) has as axioms all formulas of the following
forms where the T, T'; are terms, y is a special two-place operation
symbol, ¢ a -place or infinitary operation symbol, P a special
two-place predicate symbol, Q an z-place or infinitary predicate
symbol:

£21. [T_T_l
&32. [[To = To] AT = T1]] — [ToyT:] = [TopTi]].
[[¢To. Te...]=[@Th...T;. .. 0.
¢24. [[To _Tb] A [T1= Ti]] > [[ToPT1] - [THPT1]].
£95. [A[To=Th...[Te=T3...]=
([QTo...Te...] = [QTo...T;. ...
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The rules of inference are modus ponens, conjunction, and
Generalization: From Ay infer [VvAg)].

If 2 is any set of a-propositional schemes, B,p(Z)(L) is that
system like Pag(L) except that instances of X in L are added to the
set of axioms.

11.1.1 Laws of Independent and Dependent Choices. Let y be an
infinite cardinal. Then a formula A4 of L is an instance of the law
of v independent choices if and only if 4 has form

%.}f.‘,_ [A [3‘00/10]. . .[3‘2)5145]. . ]—->
<y
[ 3 V6...V¢.. [ A Ao. . .A;...]],

<y i<y

provided sequences v have pairwise disjoint ranges and no variable
of Rng(ve) is free in 4, for » # &,

Similarly, a formula 4 of L is an instance of the law of y dependent
choices if and only if 4 has form

DEHy. [ A [Fvodol...[V vo...v...[Fved]...] >
<y v<§
[3 vo...Vg. . [ A Ao. . .Ae. . ]],

i<y E<y

provided sequences vz have pairwise disjoint ranges and no variable
of Rng(ve) is free in A, for v < &.

Note that L only has instances of €3¢, or 25, if y < « and
y < B. It must be possible to quantify sequence ~<vg: & < > of
variables. If 2 is any set of a-propositional schemes or schemes
ECHy or DEH, with y < an B, Bas(X)(L) is that system like
PBas(L) except that formulas of L having forms of X are added to
the set of axioms.

11.1.2 Rules of Independent and Dependent Choices. Let y be an
infinite cardinal. When 8 is small relative to «, the laws €5, and
D€Hy are not very useful because of the restriction y < . They
can however be changed in form to rules of inference which will
apply to all the languages with y < a.

Rule of y Independent Choices: From [V Ag...Adg...] infer

<y

[V [VuoAq]...[VveAs]...] under proviso of €57,.
g<y
Rule of y Dependent Choices: From [V Ag...dg...] infer

f<y
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[V [Vvodo)...[TweVvsd:]]...] under proviso of 2¥¢,, pro-
<
\fidyed also that A; has fewer than 8 free variables in
U {Rng(v):» < &
and that
Rng(we) 2 FV(Ag) N U {Rng(v): » < &}

If 2 is any set of a-propositional schemes or of schemes €5, or
DEH , with y < « N g and if £ is any set of rules of y independent
or dependent choices with y < «, then Bas(2'; 2)(L) is that system
like PBap(L) except that formulas of L having forms of X are added
to the set of axioms and rules of £ are added to the rules of
inference.

11.1.3 Theorem. Let L be an («, §, o, z)-predicate language. Then
instances in L of valid «-propositional schemes and of schemes 2,
82, €Hy, DEHy are all valid. The rules of modus ponens, con-
junction, generalization, and of y independent and y dependent
choices not only preserve validity, but preserve the property of
holding in a given model.

ProoF: Suppose formula A is an instance of valid «-propositional
scheme 7. Then if W is the set of all propositional symbols in 27,
A has form S}”o/ where f maps W to formulas of L. Let s be any
assignment to any model M of L. For symbols A; € W let s'(4) =
V{s, f(Ae)). Then s’ is an assignment of W to truth values 0, 1.
Therefore s'*2/ = 1. Since V at s is a homomorphism on the alge-
bra of formulas of L and s'* and S}’ are homomorphisms on the
algebra of schemes, it follows that V(s, 4) = s"*(&/) = 1. Hence 4
is valid.

Formulas of forms 21, 22 are valid by 10.1.3, 10.1.4. Formulas
of forms 2%’y and €, are valid by 10.3.7 and 10.1.3.

If 9 is a model and s an assignment making a formula of the
form of the conclusion of the rule of y dependent choices false,
then formulas [vg[~4¢]] all take value 1 for assignments Replf s,
Y = U {Rng(vg): & <y}, by 10.1.3. By 10.3.7, [V A4¢...A4¢...] does
not hold in k. Hence this rule preserves the property of holding
in M. A similar argument shows that the rules of y independent
choices also preserve this property. This is obvious for the other
rules.

A formal proof in one of the systems Pag(2; 2)(L) is a sequence
of formulas having length less than «, where every formula is



122 INFINITARY PREDICATE LOGIC

either an axiom or follows from formulas earlier in the list by a
rule of inference. If 4 is the last formula of such a sequence, 4 is
provable and we write “F4”. If 4 is provable when formulas of
A are added to the axioms, we write “F44”. A formal system
Bas(Z; Q)(L) is complete if exactly the valid formulas are provable.
A calculus Bag(Z; 2) consists of the basic schemes and rules plus
those of 2" and Q. It is complete if and only if Pas(X; 2)(L) is com-
plete for all («, 8, 0, #)-languages L. There is no point in discussing
strong completeness for these systems, since the situation is the
same as for the propositional systems. The argument in the intro-
duction to Chapter 5 shows that no formal system for L can be
strongly complete if L has a semantically consistent, non-satisfiable
set of formulas. Thus no strongly complete calculus exists for
non-limit or for any of the incompact cardinals of 10.2.3. As a
corollary to 11.1.3 we have

11.1.4 Corollary. Let X be any set of valid e~-propositional schemes
or schemes €5y, or D€, for y < «a N B. Let 2 be any collection
of rules of independent or dependent choices with y << «. Then
provable formulas of an («, §, 0, n)-language L are valid. Moreover,
if 4 A then A holds in all models of 4.

11.2 Development of the Formal Systems for (e, 3, o, 7r)-
Predicate Languages

When we treated the a-propositional formal systems, we proved
the completeness theorems syntactically and then deduced the
Boolean algebraic representation theorems from them. However,
the completeness theorems for predicate logic will be proved alge-
braically, making full use of the representation theorems for - a-
complete Boolean algebras. Such basic theorems as the substi-
tution rule for equality and the rule of change of bound variables
will also be proved algebraically, making use of the model-theoretic
theorems of Chapter 9.

11.2.1 Theorem. If L, is an a-propositional language, L an
(«, B, o, m)-predicate language, and X a set of a-propositional
schemes, then FA4 in Ps(Z)(Ls) implies FSF A4 in Pap(Z)(L), where
{ is any function on the set X of propositional symbols in 4 to
formulas of L.

PrOOF: An easy induction using substitution properties 3.5.3



DEVELOPMENT OF THE FORMAL SYSTEMS 123

shows that if 4 is any formula of L, whose propositional symbols
are all in X, and if f is any function on X to formulas of L, then
SF¥ A is a formula of L. The theorem follows by the argument of
Theorem 5.2.2.

11.2.2 Definstion. Let I' be a set of formulas of L. Then I't4 A4
iff F4A or there are formulas C;e I', £ < 6§, 0 << § < « such that
Fa[A Co...Ce...] > 4.

Note the parallel in the definitions of I't 4 and I'lF4. Obviously
a formal system for L is complete if and only if the two notions
are equivalent for all formulas 4, sets I.

11.2.3 Theorem. Let I be a set of formulas of L. Then in any of
the systems Pas(Z; (L) of Sect. 11.1,

(l) F}‘AA() and PI"A [Ao—) Al] 1mp11es I'I"AAL

(1) I'kgAg for all £ < d implies I'F4[A Ao...de...].

(iii) I't4A and variables of Rng(v) not free in I' implies
I'ky [V'I)A]

(iv) If the rule of y independent choices is in £2, then under
proviso of that rule, I't4[ V Ap...As...] implies

<y

FF‘A[ Yy [Vvvo]. . [V'l)gAg] .. ]
<y

if variables of U {Rng(v¢): & < 9} are not free in I
(v) If the rule of y dependent choices is in £, then under the
proviso of that rule, I'F4[ V¥ Ay...4s...] implies

i<y

TRA[ Y [Voodo). . . [Twe[Voedel]. . .]

<y
if variables of U {Rng(vg): & < y} are not free in I.

Proor: The proof of (i) and (ii) is like the proof of 5.2.4. In case
I’ = ¢, all of (i)—(v) are ordinary rules of inference. In case I'" 5 ¢,
the argument in the proof of Theorem 5.2.4 shows that if I'k4A4
then there is a conjunction C of formulas in I" such that F,C — 4.
Therefore, if I't4A and variables of Rng(v) are not free in I,
F4C — A for a conjunction C of formulas of I" and variables of
Rng(v) are not free in C. Hence F4C — [VvA] by 21 and modus
ponens. Hence (iii).

Suppose €, is a rule of 2 and I't4[ V Ap...As...], where

f<y
attached sequences vy, ..., vg, ... of variables satisfy the proviso of

the rule and are not free in I'. Then FyC = [V Ap...4e...] for a

§<y
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conjunction of formulas in I'. Then k4 V¥ Ag[=C]...4;...] using
i<y
a substitution of an «-propositional formula provable in R, 11.2.1

and modus ponens. To the principal subformulas of the new dis-
junction attach sequences v, <%, 1, ..., ¥, ... of variables where
% is a variable not in C or in any of the A¢ or ve. This sequence
again has length y since y was an infinite cardinal, and this sequence
again satisfies the proviso of €5,. Hence

I'A[ \J [VvoA(,][Vx[-,C]] ‘e [V'I)gAg] . ]

§<y
Again using an a-propositional scheme provable in B,
Fa[3xCl > [ Y [Vvodo)...[Vvede). ...
<y

Since F[Vx[~C]] = [~C] by 22, +C — [3xC] by ordinary propo-
sitional calculus. Using a valid scheme in — alone and modus
ponens,

FaC — [ A [V'U()Ao]. . .[V‘l)gAg]. . ]

E<y
Hence (iv). (v) is similar.

11.2.4 Deduction Theorem. In any of the systems B,s(2; £2)(L) of
Sect. 11.1, I'4 4 if and only if k4 rA for sets I" of sentences of L.

ProoF: Immediate from 11.2.3 by induction on the length of any
given proof of A from assumptions 4 U I

11.2.5 Properties of Quantification. In Pug(L),

(i) FVo[do— A1]] = [[Vvdo) = [VvA1]].

(i) F{VYou[do A A1]] & [[VYvAo] A A4] if variables of Rng(v) not
free in 4.

(i) F[Vv4] & [Vvo[Vv14]] if Rng(v) = Rng(ve) U Rng(v1).

(iv) H{VvA4] o [Vg O vSF;™8™ 4] if g one-one to variables not
free in 4, and 4 has no free occurrence of v(£) bound by g{v(¢)) for
¢ < Dom(v).

Proor: These proofs are the same as proofs in ordinary predicate
calculus. Perhaps, however, for (iv) we should point out that
[[Vg O vSF;*#™ 4] — A] is an instance of 22. For this, it suffices
toshow that 4 = SF;R8@O SFRnE®) 4 and that no free occurrence
of g(v(£)) in SFE"8™ 4 is bound by v(£) for £ € Dom(v). Let A" =
SFRms™ 4, A" = SFRBW@OM 4’ 1f ¢ is an occurrence of a vatiable
y ¢ Rng(v) in A4, then ¢ is still an occurrence of y in 4’ and since
the SF-operator does not affect quantifications, ¢ is free in 4 if
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and only if it is free in A’. Since ¢ is then not a free occurrence of
a variable of Rng(g O v) in 4, A"() =y = A(¢). If ¢ is a free oc-
currence of v(§) in A4, then ¢ is an occurrence of g(v(£)) in 4’, free
by proviso. Hence A”(t) = A} = v(£). Finally, if ¢ is a bound oc-
currence of v(£) in 4, it is still a bound occurrence of v(£) in A4’.
Again A"(t) = A1) = v(&). Hence 4 = A". A free occurrence of
g(v(&)) in A’ must have been a free occurrence of v(¢) in 4. If ¢
had been bound by »(£) in A’, it would also have been bound by
v(£) in 4, making the occurrence ¢ bound. Hence proviso on 22 is
satisfied.
Consider the relation

A =A4"iff Fa[A o A'] in Pap(Z; 2)(L)
on formulas of an {«, §, o, #)-predicate language L. By the Equiva-
lence Theorem 5.2.6 and 11.2.1, = is an equivalence relation which
is also a congruence relation with respect to negation, implication,

and conjunction. By 11.2.5 (i), it is also a congruence relation with
respect to the cylindric operations taking 4 into [VvA]; that is,
A = A’ implies [Vv4] = [VvA'].
It is therefore a congruence relation in the sense of Sect. 8.4. As a
corollary to 8.4.5, we have
11.2.6 Replacement Principle. 1f A = E¢Cy...EyCy...Eq, where
<Cy:v < o) is a sequence of formulas of L, and if F4[C, & C,] for
all v < o in Pas(Z; 2)(L), then b4 A4 o [EoCh...E,C, .. .Eq].
Consider also the relation

T =T iff Fo[T = T'] in Pas(Z; Q)(L)
on terms of L. It is reflexive by £21, symmetric and transitive
by £24 with P — —. It is a congruence telation on the algebra of
terms by £22 and £.23. Moreover, £24 and £25 tell us that this

congruence relation on the algebra of terms and the above congru-
ence relation on formulas are linked as follows:

To=T¢and Ty = T1 implies [ToPTy] = [ToPTi]
T¢ =T, for all £ < 7 implies [QTo...T¢...] =[QTs...T;...]

for all special two-place predicate symbols P, all infinitary or #-
place predicate symbols Q. Therefore the following describes a
system <D O CR B O’ Q S for the interpretation of formulas of L,
a system we will call §($B,z(2; 2)(L), 4):
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For terms T, let |T| ={T": T = T'}, for formulas 4, let |4| =
{A’: A =A4"}. Let

D = {|T|: T is a term of L}.

B = {|4|: A is a formula of L}.

S = {s} where s(x) = |<x>| for all variables x.

C(c) == IKey| if ¢ is an individual constant.

OW)K|To|IT1]>) = |[ToyT]| if v is a special two-place operation
symbol.

O(@)K|To]...|Tel...>) = |[¢To...T¢...]| if ¢ is a {-place or
infinitary operation symbol, 0 < { < o, and { is the length of the
sequence <Tg...T¢. ...

R(P)K|To||T1|>) = |[ToPT1]|if P is a special two-place predicate
symbol.

RO (KITol...|Tgl...>) = |[QTo...Te...]| if Q is an #z-place or
infinitary predicate symbol, 0 < n < =, and 7 is the length of the
sequence <Tq...T¢. . .>.

O'(x)(14]) = [-4]

O'(—)(<|40||41]>) = [[Ao—> 44]]

O (M)l ol - . el . .>) = I[A Ao. .. As...]|
Q(V, v)({l41}) = |[Vv4]l.

An induction on terms shows that the unique homomorphism s* on
terms such that s*({<x>|) = s(x) for variables x is the following:

s*T = |T| for all terms 7.

An equally easy induction on formulas shows that the valuation
function V is the following:

V(s, A) = |A}| for all formulas A.

11.2.7 Substitution Rule for Equality. In any of the systems
Bas(Z; Q)(L) of Sect. 11.1, if Faf(x) = f'(x) for all xe X then
FaSFFA > SF; A, where f, {' map variables X to terms, provided
that 4 has no free occurrence of x € X bound by FV(f(x)) or by
FV(f'(%))-

Proor: Form &(Pas(Z; 2)(L), 4) and let s be the unique as-
signment in S. Then s* O f and s* O /' agree on X since the values
are |f(x)| = |f'(x)|. By Theorem 9.2.11, V(s, SF¥ 4) = V (s, SE} A).
This is exactly what we wished to prove.
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11.2.8 Rule for Change of Bound Variable. + A «» SBY A inPas(L)
where g is a one-one function on Y to variables not in 4.

ProoF: Form S(PB,s(L), ¢). According to Theorem 9.3.5, the re-
sult will follow once we know

Vo A] e [Vg' O vSFX nEee) 4]

for all one-one functions g to variables not free in 4 such that 4
has no free occurrence of y € Y N Rng(v) bound by g(y), where g’ is
g on Y, identity elsewhere. This follows by 11.2.5. Let vo, v1 be
chosen so that Rng(vp) = Y N Rng(v), Rng(v;) = Rng(v) ~Y.
Apply 11.2.5 (iv) for v, then use (i), (iii) and replacement.

11.2.9 Corollary. F[VvA] = A(f O v) in Pas(L).

11.3 Completeness of the Basic Formal Systems with Chang’s
Distributive Laws and the Rule of Dependent Choices for
Certain ¢, 8

The completeness theorems make use of the criterion for satis-
fiability, 10.3.5. Since that theorem was formulated only for
sentences, we must first verify that our systems are complete if
only the valid sentences are provable. In case f = « there is no
problem about this for if 4 is a valid formula and sequence v
contains all variables free in 4, then [VvA] is a valid sentence.
From F[VvA] we conclude FA4. In case § < « it may not be possi-
ble to form the closure [VvA4], but the following lemma says that
the familiar device of replacing the variables by individual constants
still applies.

11.3.1 Lemma. Let A(xo, ..., %, .. .) be a formula of an («, 8,0, 7)-
language L and suppose sequence {xp...%s...> contains all vari-
ables free in 4. Let L’ be the language like L except that it has one
new constant cg for each x¢. Then

(i) W+ A(xo, ..., xe, ...) if and only if FA(co, ..., cs .. .).

(i) For any of the formal systems of Sect. 11.1, F4(co, .. .,ce, . . .)
in Pua(L; Q)(L') implies FA(xo, ..., xg, ...) in Pap(Z; 2)(L).

ProoF: Since no bound variables are changed in passage from
A(xo, ..., % ... ) to A(co, ..., Ce . ..), A(co, ..., Cg, ...) is there-
sult of changing free occurrences of x; to ¢g. Therefore in any model
WM of L', Vs, A(co, ---,Ce -..)) = V(s, Alxo, ..., xg, ...)) for as-
signment s(xg) = C(c;), by Theorem 9.2.10. Thus A(co, ..., ce, .. .)
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is valid if and only if A(xo, ..., %¢ ...) holds in all models M’ of
L’. But clearly this is the same as saying A(xo, ..., %, ...) is valid.
Hence ().

Suppose that <C,: v < ¢ + 1> isaformal proofof A(cop, ....ce .. .)
in Wap(2'; 2)(L'). Let Y be the set of all variables appearlng in the
proof and let g be a one-one function on Y to variables of L not
in A(xo, ..., %, ...). Let C, arise from C, by changing all oc-
currences of variables y by g(y). Since we have only relabeled the
variables, <C,:v < ¢ ++ 1) is still a formal proof. Let C, arise from
C, by changing all occurrences of the cg by x¢. Since no variable x;
appears in C,, all occurrences of x; in C, are free. It is therefore
not difficult to see that <C.:v < o + 1> is still a formal proof,
and since its formulas are all in L, it is a formal proof in
Bas(Z; Q)(L). We claim that C, = SBY A(xo, ..., %, ...). For if
¢t is a free occurrence of a variable in A, it is a free occurrence of
some xg. Hence ¢ is an occurrence of cg in A(co, ..., ¢¢ ...) = Cq
and also in C.. Then ¢ is an occurrence of x¢ in C. In this case
Co() = (SBY A)(y). If ¢« is a bound occurrence of a variable y in
4, then it is a bound occurrence of ¥ in Cs. Hence y € Y and ¢ is
an occurrence of g(y) in C, and in C. In this case as well, C,(;) =
(SBY A)(x). Hence FSBY A(xo, ..., % ...) in PBap(Z; 2)(L). Then
FA{xg, ..., %z, ...) by the rule for changing bound variables.

Let Pas(2; 2)(L) be any one of the systems of Sect. 11.1. We
have already seen that

A=4"ifandonlyif t4 & 4’

is a congruence relation on the algebra of formulas. Let
B(®Bas(X; £2)(L)) be the set of all these equivalence classes. Oper-
ations on these classes induced by the propositional operations are

—l4] = [[=4]], |40l — [41] = {[4o—> 41]],
AL|dol. . \Ael...> = {[A Ao...Ae. . ]l
The defined propositional operations yield additional operations on
B(Bas(2; 2)(L)):
1ol A 141] = |[do A A1]|, |4ol v |41 = [[Ao v 41]l,
V(|A4o|...|Agl...> = [V Ap...As...]|. Let 1 = [[4 v [R4]]].

Then the defining equations for Boolean algebras all hold, for
Theorem 11.2.1 implies this and more:
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11.3.2 Lemma. Let L, be the a-propositional scheme language
and 2" the set of a-propositional schemes in 2. Interpret L, in
B = B(Pas(Z; 2)(L)) letting O'(m) = =, O'(—) = —, O'(A) = A.
Then if ke in P4(2’), then s*of = 1 for all assignments s to B.

ProoF: Let W be the set of all propositional symbols in.o/. For
Age W let f(Ag) be a formula of L in the equivalence class s(4¢).
Then s*<As> = s(A¢s) = |f(4¢)|. An easy induction on formulas of
L, shows that s*# = |S}" 4| for all schemes # with symbols in W.
Hence if b/ in Pa(2), s*/ = SV | = 1 by 11.2.1.

It is a consequence of the lemma that B8 = B(Pas(2'; 2)(L)) =
(B -~ A v)>isan g a-complete Boolean algebra. Moreover if a-propo-
sitional scheme & € X' then & holds in B and, what is the same
thing, the equation 7T, = 1 holds in B. Therefore it is a conse-
quence of the completeness of P (II ,») and 6.4.2 that if the Chang
distributive laws (5.1.3) of levels less than « are in X then % is
~ a-representable. We use this fact in the completeness theorems.

The order in B(Pap(2'; 2)(L)) is

|Ao| < |A1] if and only if F[d¢—> 41].

It follows by the rule of change of bound variable and 22 that
[VvA(v)]| < |A(f O v)| for all substitutions of Rng{v) to terms. It
is not difficult to see that |[WVvA(v)]| is in fact the greatest lower
bound of all the substitutions |A(f O v)|.

11.3.3 Theorem. 1f v expe = y for all ¢ << B, the calculus
B,.5(Il,; 2y) where £, contains only the rule of y dependent
choices, is comp’ete.

Proor: We have seen that provable formulas are valid (11.1.4).
We have seen also (11.3.1) that to show this calculus complete it
suffices to show that every valid sentence 4 of a (y*, B, 0, @)-
language L is provable in $,.,(I1; 2,)(L). To do this, form the
algebra B = B(Pas(ITy; 24)(L)) and choose a set X of «(y+, §) =y
variables not in A and form sets T of terms, 4 of formulas in
accordance with 10.3.4. Both have power y. If, contrariwise, not
FA then this algebra has a homomorphism to By sending |[44]|
to 1 and preserving any given collection of ¥ meets and joins, each
with at most y terms. This follows from the y-representability of 8
and the theorem in the Foreward on Algebra. We intend to choose
this collection in such a way that for such a homomorphism #,
I' = {C: h|C| = 1} satisfies 10.3.5 (1)—(8). Since [~A4] will be in I'
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it will follow that [<A4] is satisfiable, contradicting the validity of 4.

It is necessary to first go through the procedure of 10.3.5 for
selecting witnesses. This step can be omitted if 4 contains no
quantifications. Make a list of length y of all quantifications in 4:

Voo Colve)), ..., [VuuColvy)], .
Select witnessing formulas

Co(go O vo), ..., Co(gr O vy), .

so that each g, is one-one on Rng(v,) to X and variables of Rng(g,)
are not in Rng(gs) for & 3¢ v and do not appear in [V Ce{vg)] for
& <v. Let Wy = [Co(gy O v») = [VuyCy(ry)]]. We claim that
[[RA] A [A Wo.. . W,...ll #0 in B. To see this, suppose that
this element were 0. Then

Fal[~4] A [A Wo. . . W,...].

Since the underlying propositional logic is complete, substitutions
of valid y+-schemes are all provable. Using such a scheme,

A [aWq]. . .[AW5]. . .]

To each W, attach sequence g, O v, for an application of the rule of
dependent choices. They have pairwise disjoint ranges and vari-
ables of Rng(gs) are not free in Wy for & < v. Moreover each formula
of 4 has fewer than f free variables. It is therefore possible to
associate to each W, a sequence wy of length less than § containing
all variables of U {Rng(ge): & < v} free in W,. Then

(a) —AF[Y [Vgo O vo[~Wo]]... [Fwy[Ygy O vs[aW5]1]. .. ]

Since F[4W,] © [Cy(g» O vs) A [V, Cy(vy)]], and variables of Rng(gy)
do not appear in v, or Gy,

F(Vgy O v[-W5]] & [[Vgr O vColgy O vy)] A [V, Cy{vy)]]

for each » <y by 11.2.5 (ii). By 11.2.5 (iv) and ordinary propo-
sitional calculus and generalization, it is apparent that the negation
of each of the principal subformulas of the disjunction (a) is prova-
ble. By the deduction theorem, 4. But we were assuming not F4.
Therefore we must have {[4] A [A Wy... W,...]| #0.

We choose the collection of meets and joins to be preserved by
a homomorphism % to Bo taking |[24] A [A Wq... W,... ]l to 1 as
follows:
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The joins
V{AITe=T: 6 <&}v |leTo...Te...] = [¢Tp...T,...]|

for all terms of form [¢pTy...T¢...], [9To...T;...] in T. These
joins are 1 by £23.

The joins

V{-IIT: = T3l 6 < nyv (lQTo. .. Te. .. 1) v [[QTé... Th...]
for all atomic formulas of the form [QTy...T;...], [QT%...T;...]
in A. These joins are 1 by £45.

The meets A {|4¢|: & < 8} = |[A Ag...4;...]|forall conjunctions
in 4.

There are at most y such joins and meets each with at most y
terms. Let I'= {C: A|C| = 1}, h being be the preserving homo-
morphism. Then [w4] € I" and I satisfies 10.3.5 (1)—(8). Formulas
[T =T]el'by £21. If Ag = [To = T}] and A; = [T = T{] are
in I, then Ay = [[TopT1] = [(ToyT1l] € I' because (4ol A |41 <
|A2| by €22 and because % preserves finite operations and order.
Hence 10.3.5 (1). The verification of the other conditions is similar.
The preservation of the special joins and meets is needed for (2},
(4), (7). Checking (8) for the quantifiers, note that |[[VvA,]| <
|SFF28® 4| for all f on Rng(v) to T by 22. The proviso is satisfied
because terms in T have variables in X and such variables are never
in quantifier-sequences of formulas of 4. Since % preserves order,
[VvAg] € I' implies that all substitutions SF}"®4oeI. Con-
versely, if [VvAg) ¢, then since there is » such that W, =
[Aolgy O v) = [Wvdo]] and since A|W,| = 1 and %|[Vvdo]| = 0, it
follows that 2|do(gy O v)] = 0. Hence Ao(gy O v) ¢ I'. But in this
case Ao(gy O v) = SFE"8™ 4,. Therefore condition (8) holds. We
then conclude [~4] satisfiable, thus contradicting the validity of 4.
Therefore 4 must be provable.

11.3.4 Theorem. 1f a is strongly inaccessible then Bas(2, s,
DEH ,u) is complete. (D 4 is the set of all y-distributive laws for
y < a, DE€H , 4 the set of laws of dependent choices for all y < «.)

Proor: Let L be any («, «, 0, #)-language, 4 any valid fromula
of L. Let y be the least cardinal upper bound of the length of 4
and of {o, 7} ~{«}. Then y <aand o <y if o < a and n <y if
7w << o. Let L’ be the ((2 exp y)*, y1, o/, #')-language with the con-
stants of A where o’ is o if 0 < a, o' = y* if 0 = «, and =" is x if
n<a o =yt if x =a Then A is a formula of L’ and every
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formula of L’ is a formula of L. By 11.3.3 A is provable in
Boxpnty+{l2expy: £2) where 2 consists of the rule of 2expy de-
pendent choices. But 2expy < « and instances of schemes of
11, ., are provable from the distributive law of level 2 exp y and
the rule of 2 exp ¥ dependent choices is provable from 2% #
It follows that 4 is provable in the given system.

11.3.5 Theorem. 1f o is inaccessible and x(yT, f) < aforally < «
then Pas(ll , «; 2) is complete, where £ consists of all rules of y
dependent choices for y <C a. Moreover if § is regular the assumption
yexpe < a for all y < « and & << 8 suffices. If o strongly inac-
cessible Bug(I1 , »; Q) is complete for all f < a.

Proor: If § = « the hypothesis on «, 8, reduces to the strong
inaccessibility of «. In this case the completeness follows by 11.3.4.
For B less than o and regular, «(y+, §) = U {y expe: e < f} < a for
all y < « if and only if yexpe < « for all y < «, ¢ << . Hence
the reduction in this case. Moreover, if « strongly inaccessible and
B < o then «(p*, f) < vexpp < « for all y < « by 10.3.2. There-
fore it remains only to show that Pss(Il,«; 2) is complete for
B < «, provided that «(yt, f) < a for all y < «.

Suppose 4 a valid formula of an («, §, o, #)-language L. Let y
be the least cardinal upper bound of the length of 4 and of {o, n} ~
{o}. Then y <aand o <y ifo<oaand n <y if # <a Let L’
be the (x*, 8, o', n’)-language with the constants of 4 where « =
kfyt,p), o0 =oifo<a, o' =ytifo=q, and a’' =xif 7 <o,
a' = y* if ®# = a. Then A4 is a formula of L’ and every formula of
L’ is a formula of L. Since « exp ¢ = « for all ¢ < §, 4 is provable
in B+ 4(I1,; L)L) by 11.3.3. This proof will also be a proof in
Bus(IT,.; Q)(L).

11.3.6 Theorem. If « is inaccessible, xo(I1 ,4) is complete. For
any infinite cardinal y, B,.,(II;) is complete. Also B, , is complete.

ProoF: Quantificational schemes were not needed to carry out
the steps of the proof of 11.3.3 for quantifier-free formulas. Schemes
of IT, are known to be provable in basic propositional calculus B, .
Therefore instances of such schemes are provable in basic predicate
calculus B, , by 11.2.1. Hence %, , is complete.

2expy’
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11.4 Completeness of the Basic Formal Systems when o = «w;,

p=w

For a = w1, the completeness theorem 11.3.3 applies only for
=0 and g = w. We have seen that the completeness of P, ,
is a corollary. Moreover since instances of schemes of 1, are prova-
ble in basic calculus, 11.3.3 tells us that B, ,(¢; Q) is complete,
where £, is the rule of w dependent choices. But we can say more;
B, itself is complete.

We will give a proof that depends only on the existence of a
homomorphism on a given Boolean algebra to 8y carrying a given
non-zero element to 1 and preserving a given denumerable col-
lection of joins and meets. See the Foreward on Algebra for a proof
of this theorem. The collection of joins and meets can be chosen so
that each has denumerably many terms as well. This suggests that
%8,. ,(II;) may also be complete for y > w, for the algebras of
equivalence classes have the analogous property for collections of
y joins and meets. However the argument we now give does not
generalize, for the homomorphisms are taken not on the algebras
of equivalence classes B(B,,,(L)) but on subalgebras of them. The
question of the completeness of calculi B,. ,(Iy) for y > o remains
open.

11.4.1 Theorem. B,,,,, is complete.

Proor: Let L be any (wi, w, o, m)-predicate language, 4 any
valid sentence of L. We must show FA. Choose a set X of
k(w1, ®) = w variables not in 4 and form sets T of terms, 4 of
formulas, in accordance with 10.3.4. Both have power w.

Form the algebra B(®,,,(L)) and let B’ be the subalgebra with
underlying set B’ = {|C|: FV(C) C a finite subset of X}. Since formu-
las of A have only finitely many free variables, and all are in X,
|C| € B' if C € A. The algebra B’ is clearly not w-complete, nor is it
an w-regular subalgebra of B(%,,,(L)). For in ', if [Vv(] e 4,

(@) [[VvC]| = A {|C(f O v)|: f € XBne®}, with respect to B'.

We have [[VvC]| < [C(f O v)| for all f € XRne®) in B(P,, (L)), but
in that algebra, the meet on the right side of (a) is a conjunction,
not a quantification. To see that (a) holds in %', note that if
|[C’'le B’ and |C'| < |C(f Q)| for all f € X®ne) then such an f
can be chosen one-one to variables not in C’. Then from FC’' —»
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C(fOv) it follows FC'— [VfOvC(fOv)]. By 11.25 (iv) and
replacement, +C' — [WVv(C]. Hence (a).

Suppose, contrariwise, not F4. Then |4| £ 1 and |=4] % 0. Let
% be a homomorphism on B’ to Bo taking |[~4| to 1 and preserving
the following collection of meets and joins in B':

The meets of form (a) for quantifications in 4.

The meets A {|d¢g|: &§ < 8} = |[A Ap...4s...]| for conjunctions
in A. These meets are the same is B’ as in B.

The joins arising from infinitary terms in T, infinitary atomic
formulas in 4, as in the proof of Theorem 11.3.3. These joins are
still 1 in B'.

Let I'={C:|C|eB’and #|C| = 1}. Then [~4]e [l and I' has
properties (1)—(8) of 10.3.5. Hence [=4] is satisfiable, contra-
dicting the validity of 4. Therefore A must be provable.

11.5 The Reduction to the Rule of Independent Choices when
f=w

The question of the completeness of Baw(I1 , 4) is open for « > w1,
but we can show that there are cases where the rules of dependent
choices in the completeness theorems can be replaced by rules of
independent choices when f = w. It is a theorem of Chapter 12
that such reductions are not possible when g > w.

To simplify notation, let

821,, contain only the rule of y independent choices
Qr.y=VU {21,k <y}

£p,y contain only the rule of y dependent choices
.QD,/,y =U {QD,KZ K < ‘y}.

Then we can prove

11.5.1 Theorem. If « is strongly inaccessible, then Psu(l7,4;
Q1, ,«) is complete.

The proof combines techniques of the completeness theorems
already given and needs only to be outlined at this point. Con-
sider a valid sentence A4 in a formal system

g(xm(L) == %dw(HZexpy; QI, 7)(")’

A itself being a (y*, w)-sentence, where 2 exp y << a. Passage from
y* to « needs to be made so that the y-distributive law will be
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available. Choose a set X of x(y*, w) = y variables not in 4 and
form sets T of terms, 4 of formulas in accordance with 10.3.4. Split
X into o pairwise disjoint sets Xy, ..., Xy, ..., each of power y.
Form the algebra 8 = B(Baw(L)) of equivalence classes and let
B, be the the subalgebra with underlying set B; = {|C|: FV(C) C
U{X;:7 <n}} Let ' = U{B;:n < w}. Remember that formu-
las C in A have finitely many free variables, so such elements |C|
are in B'.

B is 7 a-complete and y-distributive as are the 8. If 6 < « and
FV([A Cp...Ce...]) C U {Xi: ¢ < n} then [[A Cy...Cs...]| =
A {|C¢: & < 8} in By, in B’ and in B. The By are therefore » «-
subalgebras of B’ and of 8. However B’ is not even w-complete
and not even an w-regular subalgebra of B. It is easy to see
that for [[VvC(v)]|e B’

(a) I[VoC()]| = A {|C(f O v)|: f € XRn6®)} in @',

The meet on the right is a conjunction in B.

The rule £2;,, imposes additional structure on the meets (a}.
Given any formula D with free variables in U {X;:¢ < n}, |D| #0,
and collection |[[Vu,Cs(s)]|, » < y, of elements of By, the rule of y
independent choices tells us that for one-one functions gy on Rng(v,)
to X p+1 with pairwise disjoint ranges we have

ID| A A |Cy(gy O ) = [V0y Cy(vs) ]| # 0
y<y
in Bs+1, hence also in B’ and in B. The argument is similar to the
one given in the proof of 11.3.3.

Suppose, contrariwise, the formula A not provable in sn(L).
Then {[—4]] # 0. We wish to show that there is a homomorphism 4
on B’ to the two-element Boolean algebra By sending [[24]] to 1
and preserving the following collection of y joins and meets in 8’:

a) The meets (a) arising from quantifiers in A.

b) The joins 1 = [[A Ag...As...]| v V {|~4s|: & < 6} for con-
junctions in 4.

c) The joins arising from infinitary terms and atomic formulas
of T and 4 as in the proof of 11.3.3. They are all 1 in B'.

Note that each one of these joins and meets has at most y terms.
With such a homomorphism we can let I' = {C: 4|C| = 1} as before,

and I" will be seen to contain [4], formulas [T = T for T € T and
to satisfy conditions 10.3.5 (1)-(8). We can then conclude that
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[=4] is satisfiable, contradicting the validity of 4. Therefore A
must have been provable.

To see that there is such a homomorphism, begin by listing all
joins of type b) and c) arising from formulas with free variables
in Xy. By the y-distributive law there is a formula C¢ with free
variables in X¢ such that 0 # |C¢| < |=A4| and for each join V, |D,| =1
in the collection there is » such that |Cg| < |D,|. Then list meets of
type a) arising from quantifier-formulas [Vv,Cy(vy)] with free vari-
ables in X and attach to them one-one functions g, on Rng(v,) to X3
with pairwise-disjoint ranges. Let Cy = [Co A [ A [C,(g,. O w) —>

[Vv,Cy(5)]1]]. Then |Cy| # 0. Then list all joins of type b) and ¢)
arising from formulas with free variables in X¢ U X;. Use the y-
distributive law to find a formula Ci with free variables in Xo U X3
such that |Ci| # 0 and for each join V, |Dy| = 1 in the collection
there is » such that |Ci| < |Dy| A |Cg|. Then form Cj for quanti-
fications with free variables in X U X choosing witnessing formu-
las by substitutions to Xs. Continue by ordinary induction. We
will have a sequence |Cg| = |C{| = ... |C,] = ... of non-zero ele-
ments of B’ such that for each join V,|D,| =1 of type b) or ¢)
there are #, v such that |C,| < |D,| and for each meet of type a)
there is » and there is g on Rng(v) to X such that |C,| <
= [C(g O v)| v {[VvC(v)]|. The homomorphism % determined by a
maximal ideal containing {- |C,|: # < w} preserves all joins and
meets a), b), c).



CHAPTER 12

NON-DEDUCIBILITY
IN INFINITARY PREDICATE LOGIC

The restrictions on «, g, o, z for formation of infinitary languages
are assumed to be still in force: « regular, infinite, § = 0 or
o <f <ea, n <a o regular, infinite and o < § if § singular,
o < o if § regular. The problem of the independence of the various
a-propositional schemes was the topic of Chapter 7. We have
nothing to add to the discussion at this point and consider only
(«, B)-systems with the Chang distributive laws, so that the under-
lying propositional calculi are complete. We take up the problem
of the independence of the various choice schemes and rules that
had to be adjoined to carry out the completeness theorems. It is
not hard to see that $s(11 , ) is incomplete if § > w. Let L be an
(e, B, 0, m)-language with one-place predicate symbols Q,, # < w,
and let

CHo=1[ A [3xQpx]] = [ 2 xp...%5...[ A Qunxa]l.
n<w n<w n<w
Then CH, is an example of a valid formula not provable in
Bas(ll ,4)(L). More generally,
Theorem A. Suppose w <y < B, y regular. Let L be the («, 8)-
language having one-place predicate symbols Q¢, & < y. Let
CHy = [ A ['Engx]] —> [3 X0« XE. . .[ A ngﬂ].
<y <y <y
Then CH,, is valid and not provable in Bas(I1 ,4)(L) and CH, is
valid and not provable in Bug(ll ,» U DEH ,4)(L).
A language with a single two-place predicate symbol Q' would
serve just as well for Theorem A. Replace parts [Qgx;] by [Q' xeye].
Note that CH, is an instance of €5#,.



138 NON-DEDUCIBILITY IN INFINITARY PREDICATE LOGIC

It is more difficult to see that Pas(Il ,4; Q1, .a) is incomplete if
B > w. Let L be an («, §, o, n)-language with two-place predicate
symbol Q and let

DCHy = [Vx3yQxy] = (Fxo. . . %p...[ A Qxpxa1]l.
n<w
This is an example of a valid unprovable formula. More generally,
Theorem B. Let L be an («, f)-predicate language with § > o
having two-place predicate symbol Q. Then DCH, is valid and
not provable in Pas(/1,4; £1, ,4)(L). For o <y < B, y regular, let
DCH-y = [onElxloxoxl] A [ A [V X0 e Xy. . 3x¢C5]] ->

1<é<y »v<§

[3 xo...x,g...[ A A Qx,xg]],
E<y 0<E<y v
where for & > 2,

Cei=[ A AQxx]—[ A A Qx]l
<<t v<0O 0<0<E v<
Then DCH, is valid and not provable in Bus(ll o U DEH ,y;
21,,2)(L).

Note that DCH, follows from scheme 2%, by basic calculus.
Let vz = x>, Ao = [x0 = xp), 41 = [onxl], Ag = Cg for & = 2.
It is necessary to check

FLA dg...de...]—=[ A A Qg in Pag(Ll).
&<y O<t<y »<&
Let A =[A Ayp...4s...] and note that if there are 0 < & < y,
v < & such that not +4 — Qxyx¢, then there must be a least ordinal
&9 for which such a »g exists, vg << &. Then & % 0, £ 1, and
FA—-[ A A Quxxe]. UsingCe, FA—>[ A A Qxyxg]. There-

0<E<éo v<é 0<E<<hdo v<f
fore 4 — Qx, x,,, contradicting choice of &, vo.

Theorems A and B appear in my paper {15] for the case a« = w1.

12.1 Summary of Results and Open Problems

Using the symbols & and < for comparing calculi as in Chapter 7,
we have the following:

(i) Cases f = w.%B,,, is complete. For « > w; the question of the
completeness of Pxa(l7 ,4) is open. It goes without saying that the
question of the independence of the quantificational rules is also
open.
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(i) If w < B, Bas(ll,a) < Pas(ll .o U {€# w}). More generally,
if o <y <fandyregular,Bus(ll ,a Y ECH ) < Bas(ll oV {EHy)}).
If y singular, Bup(EH .y) ~ Basg(€Hy).

(iii) Same as (ii) with “€#" replaced by “2%#".

(iv) If o <y < B and y regular,

%aﬂ(ﬂ/a |V g%t#/,y) < %aﬂ(H},a |V} %#ﬂy v {(5.9?7}).

(V) o <8 Bas(ll,a; 21, ,a) < Basg(l .o U {DEH o}, L1, ,4)-
More generally, if w <y < § and y regular,

%aﬂ(ﬂjex |V 9%.#,7; .QI,/u) < %zxﬁ(n)ya v {%-#7}; QI,,a)-

The proofs of the equivalences in (ii) and (iii) are entirely routine,
depending only on the grouping of terms in the relevant con-
junctions and disjunctions. They are omitted. The other statements
follow from Theorems A and B.

For 8 = « inaccessible it follows that calculi

Boaalll 0V DEH ', U ECH ,5)

are incomplete whenever y < «. The calculus Bxu(I1 .o U DEH ,«)
is complete when « strongly inaccessible, but the question of the
completeness is open for « inaccessible but not strongly inaccessible.
For « an infinite non-limit cardinal not only is the calculus
Baalll o U DEH ,s) incomplete but we will see in Chapter 14
that there is no definable calculus in this case.

12.2 Boolean Algebraic Methods

We have obtained our non-deducibility results by means of a
semantic interpretation of the languages with a restricted set S of
assignments. It may very well be that this method will become
obsolete as we learn more about the independence of Boolean
algebraic equations in complete Boolean algebras. As an example
we show that the unprovability of CHy in basic calculus follows
from the independence of the w-distributive law in complete Boolean
algebras. If we knew an example of a complete  a-Tepresentable,
not (w, «)-distributive Boolean algebra for « > w;, then we could
show CH, not provable in Bas(I7 , «)(Lag) in exactly the same way.
As it is, we must use the method of general models to prove this.

12.2.1 Interpreting («, B, o, w)-predicate Languages in Complete
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Boolean Algebras. When an («, 8, o, #)-predicate language in in-
terpreted in a complete Boolean algebra 8 = <B = A v), we under-
stand that the system for interpretation is one of form
(DOCRBO'QS> where B is the underlying set of the algebra,
S is the set of all functions on variables to D, O'(=) = —,
O'(—=) = —, O’(A) = A, the operations being taken in 8. More-
over, operations Q(V, v) are all meets in 8 and it is assumed that
the assignments O, C, R are made in such a way that instances of
schemes €4 in L take value 1 for all assignments of variables to D.

One way to guarantee the equality property is to let R(=)(do, 41) = 1

if dg = di, 0 if not. But there are other possible assignments to =
as well. The valuation rules are given in 8.2.2. The interpretive
system depends only on the algebra 8B, domain D and the as-
signments O, C, R to constants. We will refer to the resulting
system as an algebraic model <D O CR %B>. Formula A holds in
such a model if V(s, 4) = 1 for all assignments s. A set I" is satis-
fiable in such a model if there is an assignment s such that
V(s, C) = 1 for all C € I'. According to 9.1.5 and 9.2.10,

V(s,A) = V(s’, A) if s, s’ agree on FV(4).
V(s, SFFA) = V(ReplX,;s, A) provided 4 has no free oc-
currence of x bound by FV(f(x)) for x € X.

The following theorem is immediate.

12.2.2 Theorem. Let M = <D O CR B> be an algebraic model
for («, B, o, m}-language L. Then

(i) If A is an instance of an axiom scheme of B,s then A holds
in M.

(ii) Modus ponens, conjunction and generalization preserve the
property of holding in 9.

(iii) If X is a set of a-propositional schemes and if equations
T, = 1hold in B for all/ € 2, then any instance of a scheme of X~
in L holds in M.

12.2.3 Theorem. Let « be a regular infinite cardinal, suppose
o < f <o Let Ly be the («, §)-predicate language with one-
place predicate symbols @y, # << w. Then CH,, is not provable in
Bas(Las)-

ProorF: Let B be a complete Boolean algebra that is not (w, w1)-
distributive. The examples of Sect. 7.2 will suffice. It has elements
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by, " <<w, v <<wi, such that ¢ d, where ¢c=A V by
n<w v<wy

and d = V { A busm): f € 0}}. As model for Lys take <w; O CR B>

n<o
where R(Qg)}(») = bny. Computing the value of CH,, we obtain for
any assignment s to variables,

Vis,[ A 3xQux]]) = A V {V(RepLs, Qux): v < w1} = ¢, while

n<ow n<w

if X ={xp:n <w} then V(s, [Axo...%n...[ A Quxs]]) =

n<w
V{V(ReplEs, [ A Qnxn)):tewi}=d.
n<w
Hence the value of CHyis¢c -d = —cv d # 1.

According to 12.2.2, all formal theorems of Ras(lss) hold in
every algebraic model. Hence CH,, is not provable.

The idea of interpreting the quantifiers algebraically is due to
Mostowski who used it to prove non-deducibility in non-classical
predicate logics in [23]. These interpretations have been explored
further in work of Rasiowa, Sikorski, Henkin. See [29], [31], [10].
Their methods apply also to infinitary predicate logic. We can, for
example, prove that a set of formulas is consistent with respect
to Pas(Las) if and only if it is satisfiable in a Boolean algebraic
model, but only if we extend the interpretation to apply to «-
complete Boolean algebras that are not necessarily complete. A
system <D O C R B> must be admitted as an algebraic model when-
ever B is an 7 a-complete Boolean algebra and a valuation function
exists. That is to say that all the meets

V(s, [VvA]) = A {V(Repl}"#®s, 4): t € DR}

must exist in B. The theorem is a routine extension of the corre-
sponding theorem for ordinary predicate languages that appears in
Rasiowa-Sikorski [31], Henkin [10], and its proof is not included
here.

12.3 General Models

Let L be an («, B, o, m)-predicate language. A general model for L
is a system <D O CR Bg O’ Q S> for interpretation of formulas of
L where By is the set of truth values 0, 1, O'(5) = -, O'(—) = —,
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O'(A) = A, the Q(V, v) are meets, just as for ordinary models, but
where S is allowed to be any set of functions on variables to D
having substitution properties:
(*) If s, s’eS and Y is a set of variables having power less
than g, then Replf s e S implies Replfs’ € S.
(**) If se S and Y is a set of variables having power less than
B, and if ¢ € (Rng s*)¥, then Replfse S.
The set S is called the set of assignments. We assume moreover that

R(=) is the equality relation.

Since general models depend only on D, O, C, R, S, they will be
referred to as systems I = <D O CR S>. The valuation function
for M is described in 8.2.2. Its behavior is the same as that of the
valuation function for an ordinary model except that for quanti-
fiers we now have the following:

V(s, [VvA4]) = 1 if and only if V(Replf"¥®s, 4) =1 for all
t € DB&® guch that Replf®®se S.

A formula A is satisfiable in IM if there exists s €S such that
Vis, Ay = 1. 1t holds in M if V(s,4) = 1 forallseS.
12.3.1 Example. Formula

CHy=1[ A FxQux]]—=>[ 3 x0...%p...[ A Quxy]]
n<w n<o n<a
holds in all ordinary models, but not in all general models. For
example, consider M = (w R S> where R(Qx)(?) =1 if n =1, 0 if
not, and S is the set of all functions on variables to w having finite
range. Then V (s, [AxQpnx]) = 1 for all # < w, but

V(s,[ 3 x0...%n...[ A Qnpxpg]]) =0

n<o n<o
since no assignment in S gives value # to each x,, # << w. Hence
CH,, is false in IR for all assignments s.
Since general models have the substitution property of 9.3.6, the
basic valuation theorems of Chapter 9 hold for them.
12.3.2 Lemma. If s, s’ € S agree on FV(A4), then

Vs, A) = V(s', A).

12.3.3 Lemma. If s€ S and card(X) < B, then V(s, SFf4) =
V(Repl:,s, A) provided that 4 has no free occurrence of x bound
by FV(f(x)), x € X. Moreover, if X is any set of individual symbols
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and s’ € S agrees with ReplX,,s on FV(A4), then V(s, SFf4) =
V{(s’, A) under the same proviso.

12.3.4 Lemma. If se S and sequence v has length less than g,
then V(s, A(f O v)) = V(ReplR%™s, A). Moreover, if v is any
sequence of individual symbols and s’ € S agrees with ReplR%{"s
on FV(A), then V(s, A(f O v)) = V(s, 4).

12.3.5 Theorem. Let L be an («, §, 0, n)-predicate language. Then
instances in L of valid «-propositional schemes and formulas of
forms 2, €2, all hold in all general models. The rules of modus
ponens, conjunction, generalization preserve the property of holding
in a given general model.

Proor: If &/ is an a-propositional scheme, M a general model,
s€ S, then for any instance S« of & in L, s'(dg) = Vs, f(4e))
is an assignment of truth values to the symbols A¢ of &. An easy
induction shows s'*o = Vs, S}V /). Hence if o is valid, S?’ -4
holds in M.

Formulas of form 21 hold in M by 12.3.2, formulas of form 22
hold in I by 12.3.3 and condition (**) for S. There is no problem
in showing formulas of form &2 hold in 9 and that the basic rules
of inference preserve the property of holding in IR.

We now have the first part of Theorem A.

12.3.6 Corollary. Let L,g be the («, §)-predicate language with one-
placesymbols @n, n < w. Then CHy is not provable inBag(17 , ») (Lag)-

Proor: By 12.3.5, 12.3.1.

The more general statement of Theorem A is almost as easy to
prove.

12.3.7 Lemma. Let I be a general model for («, 8, o, x)-predicate
language L satisfying

(*)y If s € S, and Repl¥s € S for all £ < y, where the

X are pairwise disjoint and have power less than B, then

Replfse S, where X = U{Xz: & <y}and t = U {tg: &£ < 9}
Then instances of 2€, in L hold in 9.

Proor: The proof is nearly the same as that of Lemma 10.3.7.
Let

A = [EA [EIvvo]. . .[Vevo. e Up.s .[3'1)5/15]]. . ] ->
[31)0...1)5...[A Ao...Ae...]]

<y <y

where the Rng(vg) have pairwise disjoint ranges and no variable of
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Rng(vg) is free in A, for v < &. Suppose s € S satisfies the ante-
cedent. We define by transfinite induction functions ¢z on Rng(ve)
to D such that Replf*¥®)se S, and if s¢ is that assignment, in S
by (*)y, that is f, on Rng(»,) for v <& and s elsewhere, then
V(se, A¢) = 1. Supposing that we already have such 4, for all v < &,
let s; be ¢ on Rng(vy) for » < & and s elsewhere. Then s; e S by
(*)y- If V(s As) = 1let £; be s on Rng(vg). Then V(sg, 4g) = 1. If
V(s:, A¢) = 0, then since V(s, [Vvo...vy...[FvsAs]])) = 1, Vs,
[AveAs]) = 1. We can choose 7 on Rng(ve) to D such that
V(se, As) = 1, where sz = Replfe®s,

We also have Repli"6®9s e S by substitution property (*).

Finally, consider s,, that assignment, in S by (*),, which is
on Rng(vg) for & < y and s elsewhere. Since sy and sg agree on
FV(Ae) whenever & <y, V(sy, 4g) = 1 by 12.3.2.

12.3.8 Theorem A. Suppose » regular, w <y < f, and that
language L.s has one-place predicate symbols Qg & <<y. Then
CH, is not provable in Bug(ll .4 Y {DEH ,)(Lag)-

Proor: Consider general model M = <y R S> where R(Qe¢)(v) = 1
if £ = », 0 if not, and S is the set of all functions on variables to y
whose range has power less than y. The regularity of ¢ implies that
this is a general model satisfying condition (*}, of 12.3.7 for all
x < y. By 12.3.7 and 12.3.5, all formal theorems of

Bos(Il 0V {DEH ,»)(Lap)
hold in M. But CH, is obviously false in IN.

12.4 Non-deducibility of the Axiom of Dependent Choicesin Systems
with Distributive Laws and Rules of Independent Choices

It is convenient to prove the non-deducibility of DCH, in
Bas(Il ,5; 21, ,4) first. The construction can be generalized to
prove Theorem B for regular y < §.

For a subset O Ca let £(0) = U {O": n < w}, the set of all
finite sequences of elements of &. Let < be the partial ordering
discussed in Chapter 2: E' < E if and only if E’ is an initial part
of E. For E € &(«) let I(E) = {E': E’ < E}. Then I(E) is finite and
totally ordered by <. For 2 C &(«) let I(2) = U{I{E): Ee Z}.
Then I(U‘g 95) = Ug I(@g)

Let Lsg be any («, f)-language with 8 >  having only two-place
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predicate symbol @ as non-logical constant. As a general model for
Las consider M = (&(«) < S> where the ordering < is assigned to
Q and S is the set of all functions s on variables to &(«) such that
I{Rng(s)) contains no infinite chains 1. If s, s’€ S and Replfse S
then I(Rng(Replf's’)) C I(Rng(#|Y) U Rng(s")) = I(Rng(t|Y)) v
I(Rng(s’)) contains no infinite chains since I(Rng(#|Y)) and
I(Rng(s’)) do not. Hence condition (*) holds for S. If s S and
t € Rng(s)¥ then I(Rng(Replys)) C I(Rng(s)) contains no infinite
chains. Hence also (**) holds for S and I is a general model.

12.4.1 Lemma. The formula

DCHy = [¥x3yQxy] > [ x0...2%4...[ A Qxpxn1]]
n<ow n<w

is false in M = <&(x) < S>.

Proor: Forse S and Replis € S, Repl%. (Replgs) € S and makes
[Qxy] true, where E’ = E~(0>. Therefore the antecedent is true.

But no assignment in S makes [ A Qxy%p 1] true. So DCH,y is false.
n<w

The basic axioms and instances of schemes in I7 iy all hold in
I by 12.3.5 and the rules of basic calculus preserve this property.
It remains only to show that rules of é independent choices also
preserve the property of holding in I whenever é < «. The proof
goes as follows: We call an isomorphism % on a subsystem of &(«)
to &(«) distance-preserving if Dom(E) = Dom(A(E)) for all
E ¢ Dom(k). We show that the value of a formula 4 for assignment
s is invariant under distance-preserving isomorphisms on &{a).
Then if a formula of form

[ \/ [V'Uvo]. . .[V‘UEAEJ. . .],
<o

with Rng(ve) N FV(4y) = Rng(ve) N Rng(vy) = ¢ for & £,

takes value 0 for seS, functions # on Rng(ve such that
Replf*&®9s are in S and give A¢ value 0 can be transformed by
distance-preserving isomorphisms to functions #; in such a way that
necessary elements of Rng(s) remain fixed and I(U {Rng(t;): £ < 6})
contains no infinite chains. Then Replf*®se S and gives

[V Ag...As...] value 0, where v =" <v;: & <> and ¢ =
<8

U{t,: & <o}

1 In my paper [15] it was only stipulated that Rng{s) contain no infinite chains. This
was an error. The proof of Lemma 12.4.6 was incorrect.
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12.4.2 Lemma. If h is a distance-preserving isomorphism on a
subsystem of (&(«x) <> such that I(E) C Dom(k), then h(E|m) =
h(E)|/m for all m < Dom(E). Therefore if Dom(h) = &(«), E €
Rng(h) implies I(E) C Rng(k). Also I(2) C Dom(k) implies

I(Rng(hD)) = Rng(h|1(2)).

Proor: Since A(E) has only one initial part of length s and
hEim) < ME) and m = Dom(k(E|m)), it follows that A(E|m) =
h(E)|m.

12.4.3 Lemma. If h is a distance-preserving isomorphism on
(&(x) <), then s& S implies O se S.

Proor: By 12.4.2,

I(Rng(h O s)) = I(Rng(h|Rng(s))) = Rng(hlI(Rng(s)))

contains no infinite chains because I(Rng(s)) does not.

12.4.4 Lemma. Suppose 2 C &(x) and that 4 is a distance-pre-
serving isomorphism on a subsystem of <&(x) <> such that I(2) C
Dom(#) and there is a set ® C « of power « containing no coordi-
nates of elements of Rng(h|2). For each Ee &(x) let #(E) =
U (I(E) N I(2)) (that is, the largest initial part of E in I(2)).
Then for any one-one function f on « to & the function Ay with
values

h(E) = ()} O (E — 7(E))

is a distance-preserving isomorphism on &(«) such that 4;I(9) =
h1(2). Moreover, any sequence in Rng(k;) has a unique repre-
sentation in the form H~F where H € Rng(#|I(2)) and F € &(O).
For two such sequences H~F and H~F’ in Rng(ks), H°F < H'"F’
implies H< H' and F =¢or H=H and F < F".

Proor: If H, H' € Rng(h|I(P)) and F, F' € £(®) and H°F
H'~F’ then if H = H', F < F’ after left-cancellation. If H < H’
then F # ¢ is excluded since F(0) would be a coordinate of H'.
Hence H < H' implies F = ¢. If H' < H then F'(0) would be a
coordinate of H, also excluded. Since one of H, A’ is an initial part
of the other, these cases are the only possible ones. It follows that
representations of elements of Rng(#y) in form H~F are unique.

Dom(hy(E)) = Dom(h(r(E))) + Dom(j O (E — (E))) = Dom(r(E))
+ Dom(E — 7(E)) = Dom(E) and therefore A4y is distance-pre-
serving. Suppose Eg < E1. Then if Ege (D), Eo < #(E1), so
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hi(Eo) = MEo) < m(E1) < he(Er). If Eo¢I(2), then r(Eo) =
r(E1) and Eq — 7(Eo) < E1 — 7(E1) by left cancellation. Therefore
hi(Eo) = hr(Eo)f O (Eo — r(Eo)) < m(Exy} O (E1 — #(Ex)) =
hs(E1). Conversely, suppose As(Eg) < ks(E1). Then as we have just
seen, it follows that hr(Eo) = Ar(E1) and fO (Eo — r(Eo)) <
1O (El — T(E])) or hr(Eo) < ]’W(El) and f O (Eo — r(Eo)) = tﬁ In
the first case, 7(Eo) = 7(E1) and E9 — 7(Eo) < E1 — r(E1), so that
Eo < E1. In the second case, 7(Eq) < 7(E1) and Eg = 7(E¢). In
this case too, E¢ < E1. Therefore %y is an isomorphism.

12.4.5 Lemma. 1f h is a distance-preserving isomorphism on &(«)
then V(s, A) = V(A Os, A) for all se S, formulas A of Lug.

ProOF: Let A ={4:V(s,4) = V(hOs,4) for all seS and
distance-preserving isomorphisms 4}. Atomic formulas have form
x =y or Qxy and are obviously in 4. It is clear that 4 is closed
under formation of negations, implications and conjunctions. Sup-
pose A = [Vvdy), Age A. If V(s, A) = 0 there is a function ¢ on
Rng(v) to &(«) such that s, ;= Replf®®®s is in S and
V(so,t, Ao) = 0. Then V(k O sp,¢, Ao) = 0 by induction hypothe-
sis. Since 2 O sy,: = ReplF2¥® A O's, V(R O s, [Vv4o)) = 0.

Conversely, suppose V(k O's, [WvAg)) = 0. Then there is ¢ on
Rng(v) to &(«) such that Repl™#® (2 O s) € S and V (Replf28®) (A Os),
Ag) = 0.Let 2 = Rng((h O s)|FV(A)). By 12.4.2, I(2) C Rng(h) =
Dom(#-1). Since Rng(h~1|2) = Rng(s|FV(A4)) has power less than
«, there is a subset of « having power « containing no coordinates
of elements of Rng(k1|2). Therefore we can apply 12.4.4 with A-1
as the given isomorphism. There is then a distance-preserving iso-
morphism % on &(«) agreeing with 21 on I(2). By induction hypothe-
sis, V(k O Replf™#® (h O s), Ag) = 0. But Replf2¥®s is in S and
agrees with this assignment on FV(4¢). By 12.3.2,

V(ReplF2E®s 40) = 0

and therefore V (s, [WVvA4p)) = 0. This completes the proof.

12.4.6 Lemma. The rules of 6 independent choices, § < «, pre-
serve the property of holding in Ik = <&(x) < S>.

Proor: Suppose se€S and V{(s, A) =0, where 4 has form
LY [Vvodo]...[Wvgde]...], where Rng(ve) N Rng(»y) = ¢ and

£<d

Rng(vg) N FV(4,) = ¢ for £ £». We must show that there is
s"eSsuchthat V(s', [V Ag...A:...]) = 0. For each & < dlet e be
£<o
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a function on Rng(ve) to &(«) such that s, ;,, = Repl"®®s isin S
and V(s,, ., As) = 0. Let 2 = Rng(s|FV(4)). Let O be a subset of
« having power « not containing any coordinates of elements of
I(2). Partition O into sets O, & <, each of power «, pairwise
disjoint. Use 12.4.4 with the identity isomorphism as the given
isomorphism to find distance-preserving isomorphisms kg, & << 8,
such that %|1(2) is identity on I(2) and every element of Rng(k)
has a unique representation of the form Hg Fe, Hee I(2), Fse
&(Og). Let s" = Replf™8®s, where v =" <vg: £ < 6> and ¢ =
U {hs O te: & < 6}. We claim that s" € S. For

I(Rng(s")) C U {I(Rng(hs O te): & < 8} U I(Rng(s)).

Since se€ S, I(Rng(s)) contains no infinite chain and since the
Spete € S, the I(Rng(he O #)) contain no infinite chains. Therefore
if I(Rng(s)) did contain an infinite chain there would be distinct
o, ..., &n, ... and sequences H, ~F, such that

HrF, < ...<HF, < ...

with the H, € I(2), F,, € £(0,,). But the &, are pairwise disjoint
and contain no coordinates of elements of I(%). The argument in
12.4.4 shows that all the F, = ¢. But then I(2) would contain an
infinite chain, contradicting condition s e S. Hence s’ € S. Since
V(ke O sy, 10 A) = V(Sp,4» A) = 0 by 12.4.5 and 4 O s,,,, agrees
with s’ on FV(Ag), V(s', Ag) = 0 for all £ < é. Hence
V(s',[Y 4g...As...7) = 0.
§<8

12.4.7 Theorem. The formula DCH, is not provable in systems
Bas(l ,&; 21, ,a)(Lap) With 8 > w and two-place predicate symbol Q.

Proor: By 12.4.1, 12.3.5, 12.4.6.

To prove the more general statement of Theorem B, we must
show that if ¥ regular, v < y < §, then DCH, is not provable in
Bas(ll 0 O DEH ,y; 821, ,4)(Lag) Where

DCH, = [Vxo3x1Qx0x1] A[ A [V xp...%...3x:Ce]] >

1<é<y v<é
[3 xo...xg...[ A A Qx,x;]],
<y O<i<y v<&

and
Ce=[[ A AQux)—[ A A Qxx6]l.

0<o<é v<B 0<0<E v<0
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This can be done by modifying the construction just given.

For @ Ca let &,(0) = U {07:y < y}. Then for E € &y(o), I(E)
has power less than y and is well-ordered by <. If 2 C &(«) is
totally ordered by =<{ and has power less than y, then U 2 is an
element of &y(x). Its domain is U {Dom(E): E € 9}, less than y by
regularity. As a general model for Lag consider M, = <&y(a) < Sp>
where S, is the set of all functions s on variables to &(«) such
that I(Rng(s)) contains no chains of length y. An argument similar
to the case where y = w shows that this is a general model.

12.4.8 Lemma. Instances of schemes 295, hold in M, when-
ever k < y. The formula DCH,, is false in I,.

Proor: We may use 12.3.7 to show D% ¢, holds in M,. Suppose
s€Sy, and Repl¥seS, for all & < «, the X; being pairwise
disjoint. Then for each & I(Rng(ReplX¢s)) C I(Rng(t|Xs)) U
I(Rng(s)) contains no chain of length y. The regularity of y im-
plies that I(Rng(Repl¥s)) C U {I(Rng(ts|Xe)): & < «} U I(Rng(s))
contains no chain of length y. Therefore condition (*), holds for M,.

[Vxodx1Qxox1] obviously holds in M,. If 1 < & <y andseS,,
Xe = {x:v < & and Repl¥se S,, then if ReplX¢s satisfies the
antecedent of Cg¢, #(%y) < #(xe) for every » <0, 0 <0 < & Let
E =U{txe): 0 < &. Then E € &y(x) and ReplZ ReplXise S,,
where E’ = E~<0>. This assignment satisfies [ A A Qxx5]].

0<0<é v<b
Therefore the C; hold in M,. But [ A A Qx,x¢] is not satisfied
O<i<y v<§
by any assignment in S, since the elements assigned to the x

would form a chain of length y. Hence DCH),, is false in M,.
In view of 12.3.5 to show DCH, unprovable in

Bas(ll ,a Y DEH ,v; 21, ,0)(Lap)

it suffices to show that the rules of é independent choices preserve
the property of holding in $R,. We proceed as before.

12.4.9 Lemma. Lemma 12.4.2 and Lemma 12.4.3 hold for ,.

Proor: The proofs go through unchanged.

Lemma 12.4.4 must be changed in passage from y = w to arbi-
trary regular y < §. The difficulty is that U (I(E) N I(2)) need no
longer be an element of I(2). The role of I(2) is now played by
the set of unions of chains of fewer than y elements of 1(9).

For 2 C €y(«) let Un,(2) be the set of all unions of chains of
fewer than y elements of 2. We have already observed that the
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regularity of y implies Uny(2) C &y(«). Since Dom(U {E¢: § < p'}) =
U {Dom(E¢): £ < 9}, it follows that E < U {Es: & < 9’} implies
E < Eg for some & < y'. Hence I(Uny(2)) C Uny(1(2)). Note that
every coordinate of U {E¢: § < 9} is a coordinate of some Eg.

12.4.16 Lemma. If h is a distance-preserving isomorphism on a
subsystem of &y(«) and 2 is a chain in Dom(A) of length less than
y such that U2 eDom(k), then A(U2D) = U {h(E):EcP}
Therefore if Dom(h) = &y(x) then & C Rng(kh) implies Uny(2)
C Rng(h).

ProoF: Since % preserves order, #(E) < h(U @) for all E€ 2.
Therefore U {#(E): E € 2} < MU 2) and since Dom(#(V 2)) =
Dom(U 2) = U {Dom(E): E € 9} = U {Dom A(E): E € 2} =
Dom U {i(E): E € &}, the two sequences must be equal.

12.4.11 Lemma. Suppose 4 is a distance-preserving isomorphism
on a subsystem of (&y(«) <> such that Un,I(2)C Dom(k) and
there is a set © C « of power « containing no coordinates of elements
of Rng(%|2). For each E € &y(a) let ry(E) = U (I(E) N I(2)). Then
for any one-one function f on « to @ the function 4, ; with values

hy, f(E) = h(ry(E))f O (E — ry(E))
is a distance-preserving isomorphism on &y(x) such that
by, f\Uny 1(2) = hiUny (D).

Moreover any sequence in Rng(hy, r) has a unique representation in
the form H~F where H € Rng(h|UnyI{2)) and F € £,(6). For such
sequences, H~F < H'"F' implies H< H' and F =¢ or H =H'
and F  F'.

ProoF: Every coordinate of an element of Rng(h|U#n,I(2)) is a
coordinate of an element of Rng(4|2) by 12.4.10. Therefore the
first part of the proof of 12.4.4 goes through unchanged. For the
second part it is necessary to check that if Eg < Ep then
Eoe Un,I(2) implies Eg < ry(E1) and Eo¢ UnyI(P) implies
7y(Eo) = ry(E1). In the first case Eq is a union of a subset of
I(Ey) N I(2) which implies E¢ < 74(E1). In the second case we
still have 7,(E¢) < 7y(E1), while 7y(Eo) < ry(E1) would imply
ry(Eo) < E’ for some E' € I(E1) N I(Z). Then one of Ey, E’ is an
initial part of the other, but Eg < E’ would put Ey into Un,I(2)
while E' < Eg¢ would make E’ < 7y(Ey). Therefore we must have
ry(Eo) = ry(E1). The rest of the proof of 12.4.4 applies.
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12.4.12 Lemma. 1f kb is a distance-preserving isomorphism on
&y(x) then V(s, A) = V(h O s, A) for all se S,, formulas 4 of L,g.

Proor: The proof of 12.4.5 still applies using 12.4.11 instead of
12.4.4. Lemma 12.4.10 is used to guarantee Un,I(2) C Rng(h) =
Dom(A1).

12.4.13 Lemma. The rules of é independent choices, § < «, pre-
serve the property of holding in IR,

Proor: The proof of Lemma 12.4.6 will apply once we have shown
that Un,1(2) contains no chain of length y if 7(2) does not.

Suppose there were a chain <Hg: & < p)> of length y, H, < H, for
» < v <y, the Hg e UnyI(2). Then each H; has a representation
He = U2, as a union of a non-empty totally-ordered subset of
fewer than y elements of 1(2). We wish to show that there is then
a totally-ordered subset of I(2) having power y. This can be done
by using transfinite induction to attach to each non-limit ordinal
¢ < y an element E, of Z¢ in such a way that E, < E,, for v <
¥ < & Let E;1 be any element of 2. Having selected E £ ,for
all non-limit ¢ < & in such a way that E, < E,, for » < v < g,
consider Hg, & non-limit. If £ — 1 is also a non-limit ordinal, then
E, ,<Hz1 < He = U, implies that there is an element of 2,
having E,_, as a proper initial part. Such an element can be chosen
for E,. If £ — 1 is a limit ordinal, then H 4 < Hey for all non-
limit u < & So E, < Hg— for all non-limit u < & Then H =
U{E,.: p < & < Hg-1 < Hg. Therefore Z¢ has an element with H
as a proper initial part. Such an element can be chosen for E,.
This complete the induction.

12.4.14 Theorem B. Let L be an («, f)-predicate language with
B > o having two-place predicate symbol Q. Then DCH, is valid
and not provable in Bas(II ,«; 21, ,a)(L). For o < y < B, y regular,
DCH, is valid and not provable in Ras(Il ,» U DE€H ,5; 21, ,4)(L).

Proor: By 12.4.7, 12.3.5, 12.4.8, 12.4.13.



CHAPTER 13

THE DEFINABILITY
OF THE INFINITARY FORMAL SYSTEMS

13.1 The Metalanguage for (¢, 3, 0, 7r)-Formal Systems

The usual restrictions on «, §, 0, & are assumed to be in force: «
regular, infinite, § = 0 or w < § < «, o regular, infinite, and less
than g if B singular, at most « if 8 regular, w < n < «. The infi-
nitary languages Lagor and their calculi can be described by formu-
las of an ordinary (w, w)-predicate language interpreted in a set-
theoretic model. The individual variables of the meta-language
ML= for («, f, o, »)-predicate languages are xg, ..., %p, ..., # < .
The individual constants are /b, 7, 4, , ¢, g, eq, along with a constant
d for each & < a. One-place predicate symbols are IV, IC, BOP,
IOP, BPR, IPR, special two-place predicate symbols are =, €,
two-place predicate symbols are OP, PR. The intended models are
M(L, g) = T4 C, R, one for each («, B, 0, n)-language L and one-
one function g (called a Gédel-numbering) on the symbols of L into
«, where T, is the family of sets hereditarily of power less than «
and C and R take values as follows:

0lo B ]e
76 1 g(])
- Al g)
PR 7 | g(—)
¢ | glA)
7 | gl¥)
e ¢ | g=)
v {<g(x)>: x is an individual variable of L}
IC {<g(a)>: a is an individual constant of L}
BOP | {Kg(y)>: y is a special two-place operation symbol of L}
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IOP | {<g(¢)>: @ is an infinitary operation symbol of L}

BPR | {<g(P)>: P is a special two-place predicate symbol of L}
IPR | {<g(Q)>: Q is an infinitary predicate symbol of L}

€ The membership relation on T

OP {CCg(ps)>: @< is a L-place operation symbol of L}

PR | {<ng(Q7)>: Q7 is an g-place predicate symbol of L}.

Note that the formula [BPReg] holds in any model R(L, g). If L
is an («, f, 0, m)-language with o < « then [on[ﬂOPE x0]] holds in
M(L, g) for all 0 < ¢ < a. Also if 7 < «, [on[qPR;y—xo]] holds in
ML, g) foralln <5 < @

A Gbdel-numbering g of symbols of L is extended over expressions
of L in the natural way: The Godel-sequence of an expression is the
sequence of Gdédel-numbers of its symbols. In symbols, g(E) =
g O E. Similarly we can speak of the Gddel-sequence of a sequence
of expressions, of a sequence of such sequences and so on. Since «
is regular the Gddel-sequence of an expression is an element of T,
and the Goédel-sequence of a sequence of fewer than « expressions is
again an element of T,. In this chapter we show that for any one
of the systems Bap(Z; £2)(L) of Sect. 11.1 there is a formula PRV (xo)
such that S satisfies PRV (xp) in IM(L, g) if and only if S is the
Godel sequence (with respect to g) of a formula provable in Bup(Z';
2)(L).

In order to describe these formulas PRV(xo) is is necessary to
introduce new constants into ML# by definition. Since we are
dealing with ordinary predicate languages an elimination procedure
for defined constants is already available. See e.g., Kleene’s book
[18]. The elimination procedure of Chapter 14 for a particular infi-
nitary language can be modified to apply to all («, 8, o, #)-languages,
but would be unnecessarily complicated in the finitary case, for in
this case it is enough to know how to eliminate a single occurrence
of a single defined symbol at a time. This by no means suffices in
the infinitary case.

13.1.1 Defined constants. Let Lyy be an (w, w)-language, M =
(D OCR)> a model of Lyy. Then the elimination procedure for
defined constants has the following properties:

(i) A new n-place predicate symbol Q% can be introduced by a
definition of the form

Y. . An-1[Q%%0. . . Xn-1 © C(xo, e Zp-1)]]
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where C(xo, ..., #s—1) is a formula of Ly and %o, ..., x4—1 are its
only free variables. If L, is the language like L, except that it has
the additional constant Q#, if R, = {<do. . .dn-1)>: {do. . .dp—1> satis-
fies C(xo, ..., ¥p—1) in M} and if M’ = <D, O, C,R U {KQ*R D,
then Vg, (s, 4) = Vi(s, 4¢) for all assignments s to D, and formulas
A of L, where 4, is the result of eliminating Q#. The formula
C(xo, ..., Xn-1) Is said to define R, relative to M.

(i) A new individual constant ¢ can be introduced by a defi-
nition of the form

[Vxo[%o = ¢ & C(%0)]]

provided that [3xC(xp)] and [Vxe¥x1[[C(x0) A C(x1)] = %o = x4]
hold in MM and only xo is free in C(xo). If L, is that language
like Loo except that it has the additional constant ¢, if ¢ is the
unique element of D satisfying C(xe) in I, and if M =
<D, O, C U {ed}, Ry then Vi (s, 4) = Viy(s, 4¢) for all formulas
A of L, and assignments s to D, where 4, is the result of eliminating
¢ from A. The formula C(xo) is said to define ¢ relative to IR.

(i) A new n-place operation symbol ¢® can be introduced by a
definition of the form

(Vxo...20—1y0y = [¢"%5...20-1] & Clxo, ..., Xn-1, ¥}]]
provided that [Vxo...xx—1[3yC(xo, - .., ¥4—1, ¥)]] and
[Vxo...2q-1v2[{C(%0, ..., n—1, %) A C(x0, ..., %p-1, 2)] > ¥ = 2]]
hold in %t and only xo, ..., xp—1, ¥ are free in C{xo, ..., p—1, ¥). If
L., is that language like Lo, except that it has the additional
constant @#, if O, assigns to #n-tuple <dy...dp-1> of elements of D
the unique e such that <dp. . .d,_1€)> satisfies C(x, ..., ¥p—1, ¥), and
if W' = <D, O U (gm0}, C, R), then Vip.(s, 4) = Viy(s, 4¢) for
all formulas A of L., assignments s to D, where 4, is the result
of eliminating ¢ from A. The formula C(xg, ..., x4-1, ¥) is said to
define the operation O¢ relative to M.

13.2 The Definability of Fundamental Notions of Set Theory

In this section Ly is an (w, w)-predicate language having only
the equality and membership symbols =, §, « is a regular infinite
cardinal, T, = (T, € the model with domain the set T, of all sets
hereditarily of power less than «, assigning the membership relation
on T, toE.
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Defining formulas for such notions as set-theoretic inclusion,
ordered pair, relation, function, and others, are so easily obtained
from their definitions in the Foreward on Set Theory that they are
omitted. We will be content merely to introduce the symbols for
these notions with their informal definitions using the variables
both formally and informally. Note that we must be careful. The
power-set function, for example, may not be definable in T for if
o = p*, then y € T but &y ¢ T». The provisos of 13.1.1 must be
carefully checked.

13.2.1 Definition. y = Pr xox; if and only if y = (xo, %1).

13.2.2 Definition. y = [xo X 1] if and only if y = x¢ X #;.

13.2.3 Definition. y = [xo|%1] if and only if y is the set of all
ordered pairs in xg with first coordinates in x;.

13.2.4 Definition. If n is a non-zero natural number, y =
[@n %o...%p—1] if and only if y = {xq, ..., ¥n—1}.

13.2.5 Definition. y = Dom xp if and only if y is the set of all
first coordinates of ordered pairs in xp.

13.2.6 Definition. y = 0 if and only if y = ¢.

13.2.7 Definition. v = Rng % if and only if y is the set of all
second coordinates of ordered pairs in xp.

13.2.8 Definstion. Rel %9 if and only if x¢ is a relation.

13.2.9 Definition. Fen % if and only if x5 is a function.

13.2.10 Definition. One-one Fen %o if and only if xg is a one-one
function.

13.2.11 Definition. vy = [xo0fx1] if and only if y = xg(x;) in case
%9 is a function and x; € Dom(xo), ¢ if not.

13.2.12 Definition. xg C x; if and only if %o C x;.

13.2.13 Definition. Ord xo if and only if xg is an ordinal.

13.2.14 Definition. Seq xo if and only if xp is a sequence.
13.2.15 Definition. For 1 < #n < » individual constants # are
defined recursively by

%0 = % & %o = [Set, 0...n — 1].
13.2.16 Definition. For 0 < n < w the n-place operation symbols
Sequ are defined by

y = [Seqn %o. . . #n-1] & y = Sety [PrOxo)...[Pra — I 2p-1]
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Note that [Ord #] and Dom([Seqy %o. . .%5-1] = % hold in T.

13.2.17 Definition. v = U xg if and only if y = U x,.

The regularity of « is required for the definability of the union
operation.

13.2.18 Definition. y = x%g U %1 «» ¥ = U [Setz x9x1].

13.2.19 Definition. vy =N % if and only if y =N xp in case
%0 # ¢, ¢ otherwise.

13.2.20 Definition. vy — %o N %1 > v = N [Sets xox1].

Note that the formula [Ord xo — [[%0 = U xg] v [0 =Ux U
Sety U x¢]]] holds in T.

13.2.21 Definition. y = § %0 &> ¥ = %9 U Set; .

Recursive definitions are not difficult to deal with. Consider
ordinal addition defined recursively by conditions:

64+0=296
O+ s(e) =s(6 4 ¢
0+e=U{d+ & &<¢}if eeLim.

Then y = 8 + ¢ if and only if there is a sequence z such that
e € Dom(2), z(e) = y, 2(0) = d and
(i) For all & such that s(¢) € Dom(z), z(s(§)) = s(z(&))

(ii) For all £ # 0 such that & = U £ € Dom(z), 2(§) = U Rng(z|$).
This condition is clearly definable by a formula of Lyw.

13.2.22 Definstion. y = xp + % if and only if y = xp + #; in
case xp, 1 are ordinals, ¢ if not.

The formal definition of —T— isy = Xg ? 21 [ [O_rd X0 A Ord x1]—>
y = 0] A [[Ord %o A Ord x,] - [32[Seq z A x1 € Dom 2z A[z0fx1]
= y A [20f0] = xg A A1(2) A Ao(2)]]] where A;(z) and As(z) express
conditions (i), (ii) above.

The operations of ordinal multiplication and infinitary ordinal
addition can be shown definable by a formula of Ly in exactly the
same way. The formal definitions are omitted.

13.2.23 Definition. y — xg-%1 if and only if ¥ = xg-x) in case %y,
x1 ordinals, ¢ if not.

13.2.24 Definition. y — X if and only if y = X'xg in case xp is
a sequence of ordinals, ¢ if not.

The regularity of « is required to show the definability of infi-
nitary ordinal addition. The recursive definition of infinitary con-
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catenation following 2.2.8 is easier to handle than the explicit
definition.

13.2.25 Definition. y = xq~%1 > [~C(%o,41)—>y = 0] A [C{%p,%1) >
Seqy A [Dom y = Dom x¢ + Dom 1] A [ViA(t, y, %o, x1)]] where
C(xo, x1) = [Seq xo A Seq x;] and A, y, %o, x1) = [t E Dom %o —»
[yoft] = [x00f£]] A [t € Dom x1 — [yof[Dom %o + £]] = [x10f#]).

If x¢ is a sequence of sequences then y = "xq if and only if there
is a sequence 2z such that Dom(xg) € Dom(z), y = z(Dom(xq)), 2(0) = ¢
and

(i) For all ¢ such that s(f) € Dom(z), z(s(t)) = z(t)"%o(?).

(ii) For all £ such that ¢t = U ¢ € Dom(2), 2(¢) = U Rng(z]f). Con-
ditions (i) and (ii) can be directly translated to formulas of Ly to
yield a formal definition of infinitary concatenation.

13.2.26 Definition. y = ~xg if and only if y = "% in case xp is
a sequence of sequences, ¢ if not.

13.3 The Definability of the Formal Systems

In this section ML# is the metalanguage for («, §, 0, 7z)-languages,
L is a particular such language and g a Godel-numbering for the
symbols of L. When we say that a set A of expressions of L is
definable let it be understood that we mean that the set of Gddel-
sequences of expressions in 4 is definable by a formula of ML#
with respect to M(L, g).

Atomic terms have form (x> or <c) where x is an individual
variable, ¢ an individual constant. Hence the following formula
defines the set of atomic terms.

13.3.1 Definition. AtTerm xg > [Ax1[[ICx1 v IVx1] A

X9 = Seql xﬂ]

13.3.2 Theorem. The set of terms of L is definable.

Proor: Going back to the definition of terms in Chapter 3, Sect.
3.1, it is clear that an expression E is a term of L if and only if
there is a sequence x; such that £ € Rng(x;) and for all x3 € Dom(x,)
either x1(xg) is an atomic term or one of the following conditions
holds:

(1) x1(x2) = D xa(xg) < yp>~%1(x4)~<]> where p is a special two-
place operation symbol and x3, x4 € x2.

(ii) x1(x2) = <[@>~("xs)~<]> where g is a {-place operation symbol,
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0 < { <o, x3 15 a sequence of length ¢ with range included in
Rng(x1|%2).

(iii) x1(x2) = <[@>"(Tx3)"<]> where ¢ is an infinitary operation
symbol, x3 a non-empty sequence of length less than o with range
included in Rng(x1|x2).

Conditions (i), (ii), (iii) are translated by formulas
Al(xl, xz) = [3x3x4x5[xgé X2 A X3 € X2 A BOsz A [xlﬁxz] =

Seqq 15~[x10f x3)~Seq1 x5™[x10] ¥4]"Seqy 7b]].
Az(xl, xg) = [3)63964[5?] X3 A .RTg X3 C m[xﬂ_xz] A [OP[DOHI x3]x4]
A [x10fx5] = [Seqz Ibxa]~[" %3]~ [Seq; 7b]1].
As(x1, x2) = [Avsxa[Seq x3 A Rng 23 C R—ng‘[xlszj A IOPx4 A
~x3 = 0 A [Dom x3] €5 A [x10fx2] = [Seqz bxa)~["x3)[Seq: #b]]],
where clause [Dom x3] € 0 is omitted in case 0 = a.
Note that if 0 = « sequence x3 will automatically have length

less than o since no sequence of length « can be in T4.
Therefore the following formula defines the set of terms:

A(xo) = 3x1[S_eax1 A X9 € ﬁ;g X1 A [sz[xz € Do_m X1 —>
[AtTerm[x10fx2] v A1(x1, x2) v Aa(x1, %2) v As(x1, x2)]]1].

Since the set of terms is definable we may introduce the new
predicate symbol Term by definition.

13.3.3 Definition. Term %9 if and only if xg is the Godel-sequence
of a term of L.

The classes of atomic formulas and formulas may be shown
definable by a method so similar to that used for terms that the
proofs are omitted. Their predicate symbols are introduced in-
formally.

13.3.4 Definition. AtForm xo if and only if xp is the Godel-
sequence of an atomic formula.

13.3.5 Definition. Form xo if and only if x¢ is the Godel-sequence
of a formula.

13.3.6 Theorem. The sets of instances in L of the basic propo-
sitional axiom schemes £, A", €, are definable.

Proor: Consider, for example, the set of formulas of L having form

(gl,d = [[A [Aa—-)Ao][Ao—)Ag]]—)
[Ag—=>[A Ag... 4:...]1], O<d <o
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Then A4 has form % if and only if there is a non-empty sequence x;

of formulas and a formula %z such that 4 = <[[ A>"(Tx3)~J = [~

29~ = [A>™("x1)~(]]]>, where x3 is that sequence having the same

length as x; such that for x4 € Dom(xg), x3(xa) = <P™xa~ {7

%1(x4)"<]>. Translating this into ML* we have

Inst (51(x0) o 3x1x2[§<-1 21 A [Ax1 = 0] A Wn X2 A

[Vx4[%4 € Dom x, — Form[x;0f%4]]] A [Vx3[Dom x3 = Dom x; A

A(xl, Xa, x3)] —» X9 = §3(_]3 ﬁ)l_béz[:xsjzﬁ:; rzi'lz"xg"

g}g z'l_l;c"‘[’_\xl]zﬁg 1‘_121_77;5]], where A(xl, X2, x3) =

Vx4[x4 € m xX1—> [xat;f—xﬂ = §€{11 szzxs—ézll z”—‘[xlﬁxd"sr&il 1%]

Hence the set of instances of schemes 1,5 for 0 << § << « is defina-

ble. The sets for £, 47, €2 can be shown definable in the same way.
13.3.7 Theorem. a) For any cardinal 0 <y < « the set of all

instances in L of the Chang distributive laws I7, is definable. b)

The set of all formulas of L of the form [ V [ A Ayll, 0 <6 < «,

n<é v<é
such that every choice set of (Au: p < 8, v << 8> contains a formula

and its negation, is definable. That is, the set of instances of /7 ,4
is definable.

ProoF: Let y be a cardinal, 0 < y <C «. Then the set of instances
of IT, in L is the set of all formulas of the form

[YI[AALl=[-[A...[0[A .. . Ap...]]...0]
u<y v<y

where every choice set of (Au: pu < p,v < 9> contains a formula
with its negation. A formula A4 has this form if and only if there is
a sequence x; of length y such that x;{xs) is a sequence of formulas
having length y for every %2 € y and

(1) If for every xs € y there is x3 € y such that x;(x2)(¥3) € x4, then
x4 contains a formula and its negation.

(i) 4 =< A"("x3)~]]> where Dom(x3) = Dom(x;) =y
and for every xa2 €y, x3(x2) = <[ = [ A" (Tx1(x2))~ID.
This condition can readily be translated into MLs.

Part b) is similar. Begin by asserting the existence of a non-
empty sequence %y and thereafter replace y by Dom(x;).

13.3.8 Theorem. For every cardinal y 5 O such that 2expy < «
the set of all formulas of the form

(ALY Apll=>[ ¥V [Ad,ul
u<y y<y t<2expy u<y

where y? = {gg: & << 2 exp 9}, is definable.
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ProorF: Eliminating abbreviated symbols and restoring missing
brackets, the formulas in question have form

[(A ...[=[A ...[4w]...]]... ]~
[A[A oo [a[A o A - ]- 100

Then A has this form if and only if there is a sequence x of length ¢
such that xi1(xg) is a sequence of formulas having length y for
every xg €y, and a one-one sequence x3 of functions on y into y
such that

(i) Every function on y into y is in Rng(xs).

(i) Let x4 be that sequence of length y such that for xsey.
xa{xe) = <[ ~ [ AD~("x5)7<]]>, where x5 is that sequence of length y
such that xs5(xg) = <[ >~ x1(¥2)(ve)"(]>, xg €y. Further let x7 be
that sequence of length Domf(xs) such that for xge Dom(xg),
x7(x8) = <[ = [ A>"(Txp)"(]]>, where xg is that sequence of length
y such that xg(xg) = (x1(x2))(xs(xs)(x2)) for xaeyp. Then A4 =
LA (Cxe)~J=>[a[ A (Tx7)<11]>. This condition can be
translated into MLo,

13.3.9 Theorem. The set of equality axioms of L is definable.

Proor: Consider, for example, the set of formulas of L of form
£95:

[A[To=T4)...[Te=Ty...]—
[[QTo...Te...]>[QTh...Tt...]]

where Q is an %-place or infinitary predicate symbol, 0 < n < =,
and<Ty...Ts...>and <Tp. .. T;. ..> are sequences of terms having
length 7.

Suppose first # < «. Then a formula 4 has this form if and
only if there are non-empty sequences %3, x2 of terms such that
Dom(x;) = Dom(xg) e and 4 = <[ [ AX~(Tx3) <> [ [ @~ ("x1)”
J =[O (Tx2)~1]>, where Q is a Dom(x;)-place or infinitary
predicate symbol and x3 is that sequence of length Dom(x;) such
that for all x4 € Dom(x1), x3(¥a) = <{[>~%1(¥a)"(=>"%2(x4)~<]>. This
can easily be translated into ML#. In case n = o references to =
are simply dropped.

The quantificational schemes 2, €#°,, 2€5#, all involve the
notion of free and bound occurrences of variables.

13.3.10 Lemma. Let three-place predicate symbol Bound be de-
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fined as follows:

Bound x9x1 %2 <> Ax3x4%5 xg[x0 = x5~ SEig b §T x4 %5

Seq1 76™%6] A Seq x4 A x4 = O A Dom x4 € f A Vx[x7 € Dom x4—

IV[x40f%7]] A =[x1 N Rng x4 = 0] A Form x5 A Seq x3 A Seq xg A

[%2 = Dom x3 v [Dom %3 € %2 A %2 € Dom %3 + 2 + Dom x4 +
ﬁO—IHxﬂ]

Then if xo is the Gidel-sequence of a formula A, if x; is the set
of Godel-numbers of a set X of variables and if x3 € Dom(4), then
{xox1x2) satisfies Bound xox1x5 if and only if x3 is bound by X in
A. If B = « the clause [Dom x4 € f] is dropped.

Proor: The formal definition will be recognized as a translation
into ML# of the definition of bound position in Chapter 9, Sect. 9.1.

13.3.11 Lemma. Let the two-place operation symbol FreeOcc be
defined as follows:

%2 = FreeOcc %91 <> [=C (%0, x1) = x2 = 0] A [C(x0, x1) =
sz[xs E X2 ¢ X3€ m X0 A [xoo_fxa] €EX1 A

~[Bound xo Sety [x00f x3)x3)]]
where C(xq, %1) = [m x0 A Vx3[x3 € x1 — IV x3]).

Then <{xox1x2)> satisfies xo = FreeOcc xox) if and only if x» =
{¢: ¢ is a free occurrence of a variable with G6del-number in x; in
the formula with Goédel-sequence xo} if xo is the Godel-sequence
of a formula and x; a set of G6del-numbers of variables, ¢ otherwise.

13.3.12 Definition. x, = FV xp « [= Form xg— x; = 0] A

[Form xg — Vxa[x3 € %1 «» =[FreeOcc xo[Set; x2] = 0]]].

Note that if xp is the Godel-sequence of a formula 4 then <(xpx;>
satisfies x; = FV g if and only if #; is the set of Gédel-numbers
of FV(A).

We are now in a position to prove the definability of all the
quantificational schemes except 22, the substitution scheme. Recall
that SFFfA = ~(E,"fA(w):v < 0)"E; where {4:v» <> is the
strictly increasing sequence of all free occurrences of variables of
X in A and

Espp) = Altspy — (Alu™<A(6)>) if s(») <o,
E,= Al — A|U g if v =Un,» <o.

o<v
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It is convenient to introduce special notation for the sequence
KEpy:v <o+ DD

13.3.13 Definition. x3 = %9 — %1 & [AC (%o, %1) = 22 = 0] A
[C(xo, %1} = %o = %1"%2] where C(xg, %1) = S?lxlAng[glstxo;
xl’_‘xa].

13.3.14 Lemma. If xp is a sequence, x4 a strictly increasing
sequence of ordinals in Dom(xo), let Rem Seq(xo, x4) be that
sequence x5 of length Dom(x4) 4 1 such that

x5(s(v)) = xo|xa(s(v)) — (xo|xa(¥)~<{xo(xa(»))>) if s(») € Dom(x4) 4 1,
x5(v) = x0|xa(») — %0|U Rng(xqlv) if v = U v € Dom(xg) + 1.

Otherwise, let Rem Seq(xo, x4) = ¢. Then Rem Seq is definable.

ProoF: The definability is obvious from the form of the informal
definition. The operations involved are all definable.

13.3.15 Definition. x5 = Rem Seq xox4 if and only if x5 =
Rem Seq(xo, x4).

13.3.16 Lemma. If xg is the Gddel-sequence of a formula 4, x; a
set of Godel-numbers of variables, x3 a function on x; to GoGdel
sequences of terms, let SF(xo, x1, x2) be the Goédel-sequence of
SFF A, where X = {x: g(x) e xy} and f = g1 O x2 O g on X. Other-
wise let SF(xg, x1, %2} be ¢. Then SF is definable.

Proor: Using the new terminology,

g O SFFA = ~x5(v) %2(xo(xa(»))) : v < 0>"w5(0)

where x4 is the increasing sequence with range Free Occ(xo, x1),
¢ = Dom(x4), and x5 = Rem Seq(xo, x4). The definability is obvious.

13.3.17 Definition. x3 = SF x¢%1 %5 if and only if
%3 = SF(x0, %1, %2).

13.3.18 Theorem. The sets of instances in L of each of the quanti-
ficational schemes 21, 22, €5#,, D€ ¥y, © <y < a, are definable.
The sets of formulas of form 9% , 4 and of form €5 ,, are de-
finable.

ProoF: As examples consider 22, 2€#, and P€H ,. An
instance of 22 has form 4 = [[VvA] = SFF™8® 4], where Ao
has no free occurrence of a variable x € Rng(v) bound by FV{(x).
If T is a term, x € FV(T) if and only if x is a variable and has an
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occurrence in T. The set of Godel-numbers of FV(T) is defined by
%1 = FVT x0 & [ATerm xg—> %1 = 0] A [Term xo—> Vx3[x2 € %1

IV x5 A 3x3[x3 € Dom xp A [%00fx3] = %s]]].
Therefore a defining formula for the set of Godel-numbers of
instances of 22 is

Inst 22(x0) & dx1x3x3[x0 = §q3ﬁ)ﬁ q""xfxg"‘Squ b i~
[STxg[R_ngxl]xg]’:Se_qlEA Squl A X1 =0a ﬁgr—r_lxléﬂ A
Vx4[xs € Dom x;— IV[x10fx4]] A Form %2 A Fcn x5 A R_ng %1 C
m X3 A Vx4[x4 € m xX3—> m[xggx‘;]] A
Vx5[x5 € FreeOcc xo[Rng 21]— ~Bound %o FV T [x30f [x20f 5]]%5]].

In case § = a the clause Dom x; € § is dropped.
An instance of 2% 3¢y has form

A= [5A [3'1)0/10]. . .[Ve'i)o. Uy .[31)5145]]. . ] -

[3 V... .Ve. . [ A Ay.. .Ag. . ]],
<y &<y
provided Rng(vs) N Rng{vs} = ¢ for £ #~ » and Rng(vs) N FV(4,)
= ¢ for » < §.

Dropping abbreviated symbols and restoring brackets,

A = [[A [=[Yvo[a4o]]]. . .[Vvo. . . V. . . [~[Voe[~4e]]]]- . .] =
[~[V2o. . .v. ..[=[A do...4¢. .. T

Therefore a formula is an instance of 245, if and only if there is
a sequence x; of formulas having length y and a sequence xa of
sequences of variables having length y, each sequence x3(£) having
length less than g, such that Rng x2(¢) N Rng xs(y) = ¢ for & # v,
Rngx2(§) N FV x1(v) = dforv < §,and 4 = [[AD(Tx3)" = [ [V>
~(Tx2) X[ 2 [ A7 ("x1)~<]]]]]> where x3 is that sequence of length »
such that x3(0) = <[ = [ V> %2(0)~¢[ =>"%1{0)~<]]]> and for & > O,
x3(§) = <[ YO (Tx2l§) X[~ [ V> x2(§) <[ > #1(6)~J1)]>. This can
readily be translated into MLs. If § = « the condition on the
lengths of the x(&) is dropped.

The case PE5# ,  is similar. Assert the existence of a non-empty
sequence x; of formulas and thereafter replace y by Dom(x1).

13.3.19 Theorem. Let 2 be any one of the collections 2p,, or
Lp,y for @ <y < o, or 21, .4 or 2p, .y for @ <y < a. Then there
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is a formula Infer Q(xq, x1) such that <xgx:> satisfies Infer Q(xo, x;)
if and only if xp, x1 are Godel-sequences of formulas Cy, C; such
that C; follows from Cy by a rule in Q.

Proor: Consider for example, 2 = 2p, . Then C; follows from
Co by a rule of 2 if and only if Cp has form [ V Ao ..] and

C1 has form [V [(Vvodo). .. [Fwe[VveAds]]. . ] where Rng(ve)

Rng(w) = ¢ for E #v, Rng(ve) N FV(4,) = ¢ for v < & and
Rng(we) 2 FV(4¢) N U Rng(vs). Dropping abbreviated symbols

r<&

and restoring brackets, Co = [=[A [14q]-..[q4¢]...]] and C1 =
[=[A [A[Vvodoll. . .[w[=[Vwe[~[Vv: A:]1]]]. - .]]. Therefore C; fol-
lows from Cy by £ if and only if there is a sequence xz of formulas
having length ¥ and sequences x3, x4 of sequences of variables
having length y, each sequence x3(£), x4(§) having length less than
p, such that Rng x3(§) N Rng x3(») = ¢ for & £», Rngx3(&) N
FVx3(v) = ¢ for v < &, Rng x4(§) 2 FV(x2(¢)) N U Rng(xs|§) and
Co = <[ [ A ("x5)<]]> where x5 is that sequence of length y
such that x5(&) = <[ ~)"x3(6)~<]>, while C1 = ([~ [ AD~("xe)~ D
where xg is that sequence of length y such that x4(0) = ([ 4 [ V)™
%3(0)"x2(0)~<]]>and for & > 0, x4(§) = <[ A [~ [ V> xa(§) X[ = [V>"
%3(&)"%2(£)~<]11]1]>- This can readily be translated into ML, In case
f = o conditions on the lengths of sequences x2(£), xg(&), x4(é),
are dropped.

The other cases are similar.

13.3.20 Theorem. Let Bap(Z: 2)(L) be any of the systems of
Sect. 11.1 for L. Then there is a formula PRV (xp) of ML* such
that xo satisfies PRV (xo) in M(L, g) if and only if xp is the Godel-
sequence of a provable formula.

ProoF: From Theorems 13.3.6, 13.3.7, 13.3.8, 13.3.9, 13.3.18,
13.3.19 it follows that there is a formula AX (xp) such that x; satis-
fies AX (%) if and only if x¢ is the Godel-sequence of an axiom of
the system, and there is a formula Infer 2(xo, x;) such that <xox1>
satisfies Infer 2(xo, x1) if and only if xo, x; are Godel-sequences
of formulas Cp, C; such that C; follows from Cy by a rule in Q.
Therefore, the following formula has the desired property:

PRV (%) = Ax1[Seq %1 A Vxs[x2 € Rng %1 — Form %3] A % € Rng
A Yx3[x3 € Dom %1 — [A X ([%10f x3)) v Fx4[x4 E %3 A Infer® ([x10fx4],
[x10f%3])] v A1(%1, x3) v As(x1, x3) v As(x1, x3)]]], where
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Al(xl, xs) = 3x4x5[x4 € X3 A X5 € x3 A [xlo—fxsj = S?]l i?)x
[%10f%4]~Seqy £~[x10f x3]~Seqy 7b]. (Modus ponens)

As(x1, x3) = Bxa[Seq x4 A Rog 4 C Ruglx1|xs) A

[%10f %3] = Seqg Ib &~ %4]~Seq 75]. (Conjunction)

As{xy, xg) = Axaxs[xs Ex3 A §a %5 A Dom x5 €f A
Yxg[xg € R—ng x5—>1Vxg] A [xlgj-‘xa] = Se—qz_l_I; 7 x5~

[%10f x4]~Seqy 7). (Generalization)

Clause Dom x5 € f§ is dropped in case § = «.



CHAPTER 14

INCOMPLETENESS IN INFINITARY
PREDICATE LOGIC

At the International Congress of Logic, Methodology and the
Philosophy of Science at Stanford University in 1960, Dana Scott
circulated an outline of a proof of the impossibility of a definable
complete formal system for (y+, y*)-languages with a single two-
place predicate symbol in addition to the equality symbol. This
proof, an adaptation of the classical arguments of Gédel in [5] and
Tarski [44], is based on his ideas.

Throughout the chapter « is a regular infinite cardinal, L9 is
the (a, «)-language with special two-place predicate symbol €, L
is the («, «, @, w)-language with additional individual constants §,
one for each ordinal § < «, and the  a-place operation symbol Sq.
It is convenient to assume that both languages have as individual
variables xg, § < «. The G&del-numbering g of the symbols of L9
and L# is fixed throughout the chapter as follows:

;’ é’ q’ [’ ]r = _’: A: V)
e

0 3 6 9121518 21 24
0,1,2, ...oovien. ... s..
Lol |

1 4 7 0-3+41
X0, X1, X2, ceeeeeinnnrons xe
I I

2 5 8 £-34+2

Both languages are interpreted set-theoretically. For L0 the in-
tended set-theoretic model is the model T4 = (T € of sets he-
reditarily of power less than «, for L* the intended model is My =
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(T«,Sq,0, ...,8,...,8) where Sq is the _ra-place identity
function. Note that Sq(<Sp...Se...>) =<So...S:...>, so that
assignment s satisfies [xs = [S_q %p...%¢...]] if and only if s(xs) =
{s(xo). . .s(xg). . .>.

Finite formulas of L# serve equally well as a metalanguage for
both L% and L#. Individual symbols of ML#, the meta-language of
Chapter 13, are translated to individual symbols of L* by the
mapping e with values e(xy) = x5 for # < , €(§) = for § < «,
elb) =9, e(rd) = 12, e(f) = 51, e(f) = 81, e(¢) = 21, e(g) = 24,
e(eq) = 0. Then if y is any individual symbol of ML* and s any
assignment of variables to T4, s*y> in M(LY, g) is s*<y> in
M(L=, g) and is s*¢e(y)> in M, Atomic formulas A4 of ML= are
translated to finite formulas Eg¢(A4), E4(4), one for interpretation
in M (LY, g), the other for interpretation in M(L*, g):

A Eax(A) Eo(4)
o = 1] le(vo) = e(y1)] Same
[yo € ¥1] [e(yo) € e(y1)] Same
UVy] [Axo[Ord xp A [e(y) = %p-3 + 2] Same
[ZCy] [Fx0[Ord %o A [e(y) = %0-3 + 1] ~[e(y) = e(y)]
[BOPy] ale(y) = e(y)] Same
[[OPy] le(y) = 6] a[e(y) = ely)]
[BPRYy] [e(y) =0 v e(y) = 3] Same
[IPRy] sle(y) = e(¥)] Same
[OPyoy1] —[e(yo) = e(vo) A e(y1) = e(y1)] Same
[PRyoy1] ale(yo) = e(yo) A e(y1) = e(y1)] Same

Symbols Ord, -, +, are to be eliminated using definitions of Sect.
13.2. Then if s is any assignment of variables to T4, 4 any atomic
formula of MLa, V(s, 4) in M(LY, g) is V (s, Eo(4)) in M4 and
V(s, 4) in M(L>, g) is V (s, Ex(4)) in M4 Functions Eo, E, are
extended to all formulas of ML# by recursion:

Ei[=4]) = [~E«4)]

Ey([Ao— A1]) = [Ei(do) = Ei(41)]

Ei([A Ao...An)) = [A Ey(Ao).. . E(An)]

Ei([VvA)) = [VvE{A)), i =0, e
The recursion principle guarantees the existence and uniqueness of
functions Eg, E,. Note that the free variables of 4 are the same as
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the free variables of E¢(A4) and E.(4). Moreover an easy induction
on formulas shows that for all formulas of ML#, V (s, 4) in M(LO, g)
is V(s, Eo(4)) in M, and V(s, A) in M(Le, g) is V(s, Ea(4)) in
M.

To say that there is a definable complete formal system for LO
is to say that there is a formula PRV (xp) of ML* such that for all
SeTs S satisfies PRV (xp) in IM(LO, g) if and only if S is the
Godelsequence of a valid formula of L. But if there is such a
formula PRV (xo), then Eo(PRV(%¢)) is a formula of L* satisfied
in M by precisely the Godel-sequences of valid formulas of LO.
Therefore if there is a definable complete formal system for LO
then the set of valid formulas of L% is definable in M, by a formula
of L*. We go on to show that thisis not possible for infinite non-limit
cardinals c.

14.1 The Basic Undefinability Argument

Let A4 be the set of formulas of L* that hold in M,. The classical
undefinability-of-truth argument of Tarski can be used to show
that 4 is not definable by a formula of L relative to IMM,. The
elegant formulation in [45] is especially useful.

Let m be that function on T, such that m(S) is the Godel-
sequence of the term [Sq S(0).. .S—(E). ..] if S is a non-empty
sequence of ordinals, ¢ if not. Note that the desired Gddel-sequence
is <96 (S(0)-3)+1...(S(§)-3)+1...12>. Using definitions of
Sect. 13.2 to eliminate defined symbols, we see that m is definable
relative to M, by a finite formula in =, € alone:

M (0, x2) = [=C(x0) = %2 = 0] A [C(x0) — Seq x2 A Dom x5 =
2+ Domzxg+ 1 A[%20f0) =9 [x20f1] =8

[%20f [2 + Dom xg]] = 12 A Yx3[x3 € Dom xo—> [%20f 2 + 3]
[%0 0of x3)-3 + 1]] where C(xp) =SeqxoA %o =0A

Y x3[x3 € Dom x¢—> Ord[x 0f %3]].

Let SF be the function described in Lemma 13.3.16. It is definable
relative to M(L*, g) by a formula of ML#. Applying the operator
E,4 to the defining formula, we obtain a finite formula of L* with
free variables xg, x1, x2, 3 which is satisfied in IR, by exactly those
four-tuples <S¢S1S52S53> such that Sg = SF(Sp, S1, S2). Call this
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formula Sub(xg, x1, x2, ¥3). Then if Sy is the Gédel-sequence of a
formula, S a set of Gddel-numbers of variables, Sg a function on
S1 to Gddel-sequences of terms of L%, then <S¢S1S2S3) satisfies
Sub(xo, 21, %2, x3) if and only if S3 = g O SF¥ 4 where 4 = g1 0 So,
X={x:gx)eSi}and f=g10S:0gonX.

14.1.1 Theorem. The set A is not definable by a formula of L&
relative to M.

Proor: Let
N(xo, x1) = [Exz[M(xo, x2) A Sub(xo, [Set; 2], [Sety[Pr 2 x3]], x1)]].
This is again a finite formula of L#. If Sy is the Godel-sequence of
a formula C of L*, then <S¢S1) satisfies N(xo, 1) in M4 if and only
if S3 = g O SF{™C, where f(xo) = [Sq gC(0). . .gC(§). - .].

Suppose, contrariwise, there is a formula D(x;) of L defining 4
relative to My. Then let 4 = [Vx1[N(xo, x1) = =D(x1)]]. Let B =
SF{} A where f(%0) = [Sq g4(0)...g4(£)...]. Then B holds in M«
if and only if g O 4 satisfies 4. But then B holds in M, if and only
if SF{™ 4 is not in A. That is to say, B holds in M, if and only if
B does not hold in M,. We can only conclude that there was no
such formula D(x;).

14.2 The Incompleteness of Definable Formal Systems when o Non-
limit, 3 =

Let A4 be the set of formulas of L* that hold in 9, as before,
let I" be the set of formulas of LO that hold in $,. We first show
that if I' is definable relative to M by a formula of L* then 4
is also so definable. The proof rests on the fact that ordinals é < «
and the «-place function Sq can be defined by formulas of L9.

Therefore the additional symbols § and Sq of L= are really super-
fluous. They were only introduced because it seems to be very
difficult to write a Tarski-sentence without constant terms to stand
for the Godel-sequences.

Let EQo(x0) = [Vx1[—x1 E x0]] and for 0 < 6 < « let EQqs(xs) =

C| X0« Xpou. [[an+1[—|xa+1 € xo]] A [ A [an+1[xo+1 € Xy &
y<d 1<r<d+1

[V 2er1 = xq]1]0]-

n<y

It is easy to see that S satisfies EQs{xs) in T4 if and only if S = 4.
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Similarly for each 6 < «, 6 #0, let SEQs(x0, ..., %s, ..., x5) =

Yasi1[%0+1€ %6 & [ V [Vrasroxo+3[[Vrora[%o+4Exova © EQe(xs+4)]] A
f<8

[Vxs14[%0+4E %543 > EQe(%6+4) ¥ %514 = x¢]]] = Yora[%014€E X611
X644 == Xo42 ¥ Xopa = %0+3]]]). Then <Sop...S¢. . .Sy satisfies SEQa(xo,
v, X8 ..., %) in Ty if and only if elements of Sy are {{£}, {&, S¢}}
for & < 6, which is to say, if and only if Se =<Sp...Ss...>. Let I'™
be the set of all formulas [Vxs[xs = 6 & EQs(xs)]] or

[on. Y. 7 T .xd[xd == S_qxq. o Xgeo o O SEQa(xo, ceey, XE o, xo)]]

for some 8 < «. Formulas of I hold in .

14.2.1 Lemma. A formula A of L* holds in M, if and only if
Fror A in Baa(L2).

Proor: Terms of L are built from atomic terms <x¢> and <§) by
means of the  a-place operation symbol Sq. The recursion principle
for terms guarantees the existence of a unique function F on terms
of L# to formulas of L9 such that

F(cxp)(xo) = [vo=x¢), §<a
_ F(<8)(%0) = EQo(%0), 6 <a
F(SQ To - Teoo Do) = [V 5o 5y (LA F(T(5,)] >

SEQs(x,,- - -%,,- - -%x0)]], for all é-tuples of terms <(T¢: & < 6
where <x,:& < is the sequence of variables of least index
not in any of the T and different from xp.

LetT= {T: T is a term of L* and tr- Yxo[F(T)(x0) & %o = T] in
PBaa(L*)}. We wish to show that all terms of L# are in T. In case T
is a variable standing alone, F(T)(xp) = [#o = T. Such T are obvi-
ously in T. In case T = <8, [F(T)(x0) «» %o = T] is a substitution
of a quantification in I". Such a term is in T by 11.2.9 and gener-

alization. Suppose T = [Sq To...T:.. .Jwhere Tge Tforall £ < 4.
Since this formula is a substitution of a quantification in I",

(1) brrxo =T & SEQo(To, ..., T¢, ..., x9).
By another substitution

(2) FF(T)(xo) b 4 [[5A,, F(Tg)(Tg)] - SEQ@(T(), ey T,g, ooy xo)]

By induction hypothesis,
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(B) FrF(Te)(Te) & T =Tg forallé < 6.
Since Fr'[ A F(T¢)(T¢)] by (3) and the equality axioms,
§<o

(4) trF(T)(x0) > 20 =T

by propositional calculus and replacement of (1) in (2).
Conversely, the equality axioms yield

(5) Fro=T—>[[A %, =Te]l—>x= §axm...xm. ..
&<o

By the induction hypothesis, 11.2.9, and the Equivalence Theorem,
(6) Frr[ A F(Tg)(x,) & [A x,, = T¢].
[ 23] &<a

Another substitution of a quantification in I yields

(7) Fro2o =Sq%,,. . %y oo © SEQo(ypy s %y + -+, %0).

After replacement of (6), (7) in (5) and generalization on %,,, ...,

Ty + o

(8) Fr %o = T ~» F(T)(x0).

Hence with (4) we have T € T.

Suppose formula 4 of L* holds in M, Write 4 in the form
EoCo...E,Cy...E; where <Cy:» < 0> is a list containing all the
atomic subformulas with symbols 8, 8 < «, and Sq. Then each C,
has form [Ty = Ti] or [To€T4]. Let C, = [Axox1[F(To)(x0) A
F(T1)(x1) A %0 = x1] in the first case and [Ixox1[F(To)(x0) A
F(T1)(x1) A %0 € x1) in the second. From Fp Vxo[F(T3)(%0) &
%0 =Ty), 7 =0, 1, it follows that FrCy & C, for all » < o. Ac-
cording to the Replacement Principle, Fr'4 «» A’ where A’ =
E¢Cy...E,C....E; But A’ is a formula of L9 since it contains no
occurrences of constants & or Sq and since formulas provable from
I"" hold in M4, A’ holds in M,. But for formulas of LY, this is the
same as saying that the formula holds in ¥,. Hence A’ € I'. There-
fore bp 4.

14.2.2 Lemsma. The set I of definitions of constants §, S_q is
definable relative to M, by a formula of L=.

Proor: Though we make no use of this, I is in fact definable
by a finite formula of L9. Since the bound variables of EQs(xs) are
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{xy: v < 0} U {¥6+1}, EQs(x,) is the result of substituting all oc-
currences of x4 by %, in EQg(xs) whenever « = dand « £ 4 + 1. No
bound variables need to be changed. Eliminating defined quanti-
fiers and propositional symbols and restoring missing brackets,

EQo(x,) = [Vxi[a[x1Ex,]]], « # 1.
EQa(xK) = [-|[Vaxo. e Xyoo ['[[A [an+1[-|[xo+1 € xo]]]Cl. . .Cy. . .]]]]

ford 40,k =6, k 46 + 1, where

Cy = [Yas11[A [Ksr1 E %] = C)[C, > (61 Ew]]]], 0 <wv <9,
Cr = [Vxs11[A [[Ho+1E 2] = C)[C; = 1 ExJ])], » =34,

and
C,=[x[A ...[Ax41 = xy]]...], O<» <.

n<v

Let p(S) be the Godel-sequence of the expression <(xy: v < S>if S is
an ordinal, ¢ if not. Then $(S) = <»-3 4 2:» < S) or ¢, obviously
a definable function. Let P(xo, x1) be its defining formula. Let
¢'(So, S1) be the Godel-sequence of Cg, for & = Sg if So, Sy are
ordinals and O e S; € So + 1, ¢ if not. This function is defined by
the following formula:

Q' (%o, %1, %2) = [~D—> x5 = 0] A [D— Vx3[Seq #3 A [Dom x3] = x1 A
Vx4[x4 E %1 — [x35fx4] =
Seqs 9159 [0 + 1173 + 210 [xa-3 + 2)1212] —
%2 = [Seqa 9 159 211" xa)[Seqq 12 12]]],
where
D =[Ordxo A Ordx A DEx1 A x, Exg + 1].

The defined symbols are to be eliminated using their definitions in
Sect. 13.2. Let ¢(So, S1, S2) be the Godel-sequence of Cg, for § = S,
x = Sgif Sg, S1, Seareordinalsand 0 e S1e S + 1, Soe Sz + 1,
Sg # So + 1, ¢ if not. Then ¢ is defined by

Q(xo, x1, %2, ¥3) = [~D — 23 = 0] A [D - Yx4[Q' (%0, %1, x4) =

[[x1E xo—>x3 = [Seq129 24 [[xo + 1]-3 + 2192199 [[x0 + 1]-3 F 2]
3[x1-3 + 2] 12 18]~x4Seqq 12 9% ~[Seqq 18 9 [[x0 + 11-3 + 2]
3[x1-3 F 2] 12121212]] A [x1 = x> 23 = T1]1],
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where T is the term like the one written out except that x1 is
replaced by xs, and

= [Ord xo A Ord %, A Ord x5 A OEx1 A x1E%9 + 1 A
X0Ex2+ 1 A ax2 = %9 + 1].

Finally, let #(So, S2) be the Godel-sequence of EQg (xg,) if So, Sz are
ordinals and Sgp € Sz + 1 and Ss 7% So + 1, ¢ otherwise. A defining
formula for 7 is

(xo, X2, x3) = [ﬂD—>x3 = 0] A [D—)[[xo =0 A x;;E Szhz 95‘159
15 $53 [xz 3 —? 2] l_é TQ Té] [ﬁxo =0a Vx4x5[[P(xo, x4) A
Seq x5 A Dom x5 = [vo+ 1] A [x50f/0] =0 A Vx[0€x1 A
%1 € [%0 T 11— Q(x0, %1, %2, [xs of x1))]]—=>x3 = [Seq4 9159 Zl]" x4
Seqle9 15921 924[[x0+ 11-3F 219159 [[wo F 1135+ 2
3212 12 (217~ xs"Seqq 12 12 12 12]1]],

where
=[Ordx A Ord %2 A x0€x3 + 1 A %2 = %0 + 1].

By now it should be clear that the function assigning the Gédel-
sequence of SEQs(xo, ..., %, - .., %5) to ordinals 8 is also definable.
The function » was defined as a function of two variables so that
there would be no difficulty bringing the formulas EQg(xs+4) into
this definition. With formulas to provide passage from ordinals 4
to formulas EQq(xs) and SEQs(xo, ..., %z, ..., %), there is no diffi-
culty in writing a defining formula for I™.

14.2.3 Lemma. The set I' of formulas of L0 holding in 4 is not
definable relative to M« be a formula of L2

Proor: If I' were definable, then it would follow by 14.2.2 that
I’ U I'is also definable. It is easy to see that then the set of formu-
las of L= provable from I' U I'" in P4s(L*) would also be definable.

To see this, adjoin to the metalanguage ML* a new one-place
predicate symbol @ to be interpreted in M(L*, g) as the set G of
Godel-sequences of formulas in I"U I”. Replace the clause
AX([x10fx3]) in the formula PRV {(xg) of Theorem 13.3.20 by
B([xlgf-xa]) v G[x10fx3) where B(xp) is a formula defining the
logical axioms of Pxa(L*) relative to M(L*, g). Then in the en-
larged model PRV (x) is satisfied by exactly the Godel-sequences
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of formulas provable from I'U I" in Bax(L*). Extending the
mapping E, of the introduction to this chapter so that E4([Gy]) =
C(e(y)), C(xo) being the defining formula for G assumed to exist,
the formula E4(PRV (xg)) will be satisfied in M by exactly the
Godel-sequences of formulas provable from I' U I in P,,(L*). But
Lemma 14.2.1 tells us that this set of formulas is 4, the set of
formulas of L* that hold in M., while Theorem 14.1.1 says that
this very set is not definable. We can only conclude that there was
no such formula C(xp) and that therefore I" was not definable.

14.2.4 Lemma. If there is a single sentence of L9 characterizing
the model ¥4 up to isomorphism, then there is no definable com-
plete formal system for LO.

Proor: If sentence B characterizes £, and PRV (xg) is a formula
of ML defining the set of valid formulas of LO relative to (L9, g),
then Val(xp) = Eo(PRV (%)) is a defining formula for the set of
valid formulas of L0 relative to M,. But since a formula A of L?
holds in ¥4 if and only if IF[B — 4], I can now be defined relative
to M, as follows:

After eliminating the concatenation symbol~ with theaid of 13.2.25,
we are left with a formula of L* defining I'. Since we have just seen that
I' is not so definable, either there is no such formula B or no
such formula PRV ().

The main conclusion is that since we have already exhibited a
sentence characterizing T, up to isomorphism when « is a non-
limit cardinal (Example 1.1.5, Chapter 1), there can be no definable
complete formal system for LO in this case.

14.2.5 Theorem. (Scott). For infinite non-limit cardinals «, there
is no definable complete formal system for the («, «)-language L.
More generally, there is no complete formal system for LY definable
relative to M, by a formula of L&,

Proor: By 14.2.4, Example 1.1.5.

It follows incidentally that for no regular infinite « can there
exist a definable (relative to IM,) set I of sentences of LY and a
definable formal system for LO such that for all formulas 4 of L9,
br-A if and only if 4 holds in .
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