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PREFACE

The Logic Colloquium '78 took place in Mons, Belgium, from August 24 through
September 1, and was the summer meeting of the European branch of the Association
for Symbolic Logic. The conference, which attracted over 150 participants, was
organized around three main themes: Constructive Mathematics, Model Theory and

Set Theory. There were 16 invited talks and 57 contributed papers; in addition,
three survey courses of 4 lectures each were given by G. Cherlin, S§. Feferman and
J.E. Fenstad. Informal evening sessions were organized by the participants; at
one of these the problem of financing Logic meetings was discussed and the consen-—

sus was to continue to work with civil sources of funds.

The conference was dedicated to the memories of Paul Bernays (1888-1977) and Kurt
Godel (1906-1978), two scholars who will be remembered forever for their decisive
role in the delicate process of establishing Logic as a modern scientific disci-

pline.

The Organizing Committee consisted on M. Boffa, D. van Dalen (co-chairmen),
H.P. Barendregt, P. Henrard and K. McAloon. Invaluable assistance was given by
Y. Vermeulen, the administrative secretary of the meeting, and L. Bouchez, the

secretary of the Mathematics Department of the Université de 1'Etat i Monms.

Thanks are due to Michelle Boffa, Hendrik Chaltin, Noelle Henrard, Frangoise

Point and Gilbert van den Bossche who generously volunteered their help during

the meeting. We are indebted to the Faculté@ des Sciences de 1'Université de 1'Etat
d Mons and the Faculté@ Polytechnique de Mons for their hospitality. The Mathe-
matics Department of the Universit@ Catholique de Louvain in Louvain-la-Neuve gave

administrative assistance during the preparation of the conference.

Finally, the conference would not have been possible but for the generous finan-
cial support by 1'Université de 1'Etat 3 Mons, le Fonds Natiomal de la Recherche
Scientifique, the North-Holland Publishing Company, the Netherlands Wiskundig
Genootschap, the International Union for History and Philosophy of Science and
les Accords Culturels Belgo—Néerlandais. We gladly express our gratitude towards

the sponsors of the conference and all those who contributed to its success.

MAURICE BOFFA
DIRK VAN DALEN
KENNETH MCALOON
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CONTINUITY IN INTUITIONISTIC
SET THEORIES
Michael Beeson
I dedicate this paper to the memory of Karel de Leeuw.
His real memorial lies in his influence on the lives

of his students and friends. Let us not mourn but carry
on his work.

The work presented here represents part of a continuing study of the connections

between the two basic concepts continuity and constructivity. Both concepts have

their roots deep in the soil of mathematical practice, and for as long a time as
they have been considered, it has been felt that there is some deep relationship
between the two. The histories of each of these concepts show striking parallels,
in that (i) tremendous energies were devoted to the task of making an intuitive
concept mathematically precise, and (ii) there was considerable controversy con-
cerning the meaning and value of the resulting new mathematics. (Specifically,

the e-8 definition of continuity, and the Brouwer-Bishop-Heyting development of
constructive mathematics.) Evidence that a connection between constructivity and
continuity has long been perceived may be found, for example, in Hadamard's criter-
ia for a "well-posed problem" in differential equations. One of these criteria

is that the solution should depend continuously on the parameters of the problem.
The rationale for this criterion was that if the problem corresponds to a physical
situation, one is supposed to be able to compute the solution from (measured)
approximations to the data. Further evidence lies in the central place accorded
to continuity principles in the work of Brouwer. We may even go so far as to say
that it was Brouwer's efforts to connect continuity and constructivity that led
him in his development of intuitionism (specifically, the theory of free choice

sequences) .

What we believe we have now accomplished is this: we have done for the connection
between continuity and constructivity what € and § did for continuity. More

precisely, one can formulate informally the "Principle of Continuity":

If a problem is constructively solved, then the solu-

tion depends continuously on its parameters.

Our claim is to have made this principle precise, in its most general form, by
specifying

(i) exactly which "problems" it applies to.

(ii) what "constructively solved” means.

(iii) exactly what "depends continuously on parameters" means.
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We consider first point (ii). We find ourselves in a unique historical position,
in that for the first time formal systems are available in which the bulk of con-
structive mathematics can be readily formalized. Thus one way of making the Prin-
ciple of Continuity precise is as a derived rule of inference: if the problem can
be proved in a constructive formal system T to have a solution, then the solution
depends continuously on the parameters of the problem. And, we may add, provably
so 1in the theory T. (For those unfamiliar with the present "historical position":
in 1967, Bishop published his book, demonstrating that the scope of constructive
mathematics is vastly wider than was previously suspected, and also demonstrating
vividly the clarity and power of the constructive approach. This work stimulated
the development of formal systems by Feferman, Friedman, Myhill, and Martin-L&f,

which are intended to be suitable for formalizing Bishop's work.)

Next we discuss (i). It seems that the "“correct" answer here is that the principle
applies to problems of the form, given a in X, find b in Y such that <a,b> is in
P, where X and Y are complete separable metric spaces, and P is any subset of

their Cartesian product such that for each a in X, {beY : <a,b>cP} is closed in
Y. (There are some variants on this form and much more discussion in [Bl]. It

may be that the condition on X may permit some generalization, so we should thus

qualify our claim to the "most general form".)

Finally, the answer to (iii) is a bit subtle. One cannot require that b be found
by a continuous function of a, defined on X, as the example \/aeliak>eN a<b
shows, where N is the integers. This example might seem to "sink the whole ship"
of the Principle of Continuity, until one sees that what should really be formula-
ted is a Principle of Local Continuity: We should require that for each a in X,
we can find a stable solution b in Y, where b is called stable if \fe>0?36>0

such that to any ¢ within 8§ of a, there corresponds a sclution d within € of b.

As a matter of fact, this definition of stability is a common one in mathematical
practice (for example, see [Tﬂ). To require that b should be given by a contin-
uous function defined on some neighborheood of a is too strong in the case of prob-
lems without a unique solution. For example, every complex number has a square
root, but there is no continuous square-root function defined in a neighborhood

of zero. (Thanks to M. Hyland for showing me this example.)

The proper formulation of the Principle of Local Continuity opens up twe distinct

lines of research:

(1) A mathematical program, in which one wants to systematize and clarify various

stability and continuity results in mathematics, and discover new ones, by the
light of the Principle of Continuity, and by making use of the bedy of already-

developed constructive mathematics.
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(2) A metamathematical program, in which one wants to clarify the nature of

constructive formal systems by considering their properties in the light of the

Principle of Continuity.

At the present time, the mathematical program has been carried forward mostly in
unpublished work. We may mention, as illustrative examples, the following known
theorems which come within the scope of the Principle of Continuity together with

constructively proved existence theorems:

(a) The continuous dependence on initial or boundary conditions of
the solutions of any differential equation which can be solved
by a method of successive approximation (contraction mappings);
for example the well-known equation y' = f(x,y), where f is

Lipschitz in y, and the initial value of y is the parameter.

(b) The continuous dependence on the domain D in the plane of the
eigenvalues of the vibrating-membrane equation A¢ + A = O

in D, ¢=0 on the boundary of D.

(c) The continuous dependence on the rectifiable Jordan curve C in

R3 of the infimum of areas of surfaces bounded by C.

In [BZ] a new theorem is proved, whose (ordinary mathematical) proof was first
discovered by means of the Principle of Continuity. See also [BS] for another

example of mathematical work inspired by the Principle of Continuity.

The metamathematical program, on the other hand, is at present nearly complete.
Our aim has been to show that various formal systems have various pleasing meta-
mathematical properties related to continuity. These properties fall roughly
into two categories: derived rules of inference, and consistency/independence
results. It has turned out that the Principle of Local Continuity has surprising
and sweeping power to systematize and organize the various continuity properties
which have been considered in the past. We may draw evidence for two conclusions

from the success of this program:

(1) We have in fact found the right connection between

constructivity and continuity.
(2) The formal systems in question are in fact good ones, in some
sense, for formalizing constructive mathematics.

(Of course some moderation is called for, especially in relation to (2), since

there may be objections to a given system having nothing to do with continuity.)
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The metamathematical program outlined above was begun in [Bl]. In that paper two
things are accomplished: (1) General conditions on a theory T are given, such
that if they hold then T is closed under the various derived rules related to
continuity, which we shall describe in more detail below. (2) These conditions
are verified, and a number of related consistency/independence results are ob-
tained, for the particular formal systems introduced by Feferman [Fe] for

constructive mathematics.

In this paper, our purpose is to treat the intuitionistic set theories developed
by Friedman and Myhill after the same fashion as we previously treated Feferman's
theories. After the work mentioned above, we do not need to consider the contin-
uity rules directly, but only to establish that the necessary metamathematical
closure properties (explicit definability etc.) are satisfied. In practice, what
this entails is the development of suitable realizability and forcing interpreta-
tions for these theories; these interpretations also enable us to establish the
related consistency and independence results. Before turning to a discussion of
these various theories, we first wish to summarize the metamathematical conclu-
sions of the work, by stating exactly some of the derived rules which are under
discussion. A more complete list and exhaustive discussion can be found in [Bl].
In this list, X and Y are complete separable metric spaces, and C(X,Y) is the

set of continuous functions from X to Y which are uniformly continuous on each

compact subset.

(1) (Principle of Continuity). Provably well-defined functions from

X to Y can be proved to be in C(X,Y).

(2) (Continuous Choice). If Yae X JibeY (<a,b>eP) is provable,
then so is Jfe c(x,¥)Vae x (<a,f(a)>eP).

(3) (Heine-Borel's rule). If a sequence of neighborhoods In can be
proved to cover a compact space, then for some k, the union of the

first k neighborhoods can be proved to cover the space.

(4) (Principle of Local Continuity). Suppose Va £ Xabe Y(<a,b>e P)
is provable, and the hypothesis on P mentioned above is also

provable. Then \/ae Xgabe Y(<a,b>e P & b is stable) is provable.

There is also a Principle of Local Uniform Continuity, of which we shall say more
in Section 7 below. In [BQ is is shown how the above rules all flow from the
Principle of Local Continuity, with Uniform Continuity being used for Heine-

Borel's rule.

We new turn to a discussion of the various formal systems to which these results

apply, namely, the systems of Feferman and those of Friedman. The systems of
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Feferman and Friedman are quite different. Feferman's systems are based on the
idea that every object is a construction, and constructions may apply to other
constructions, so we have a sort of A-calculus of constructions; in addition, we
have "classifications" (similar to sets) and an e-relation. We do not, however,
have extensionality, as there is no reason to assert it for Feferman's underlying
conception. Friedman's systems, on the other hand, are modifications of classical
set theory, which do contain extensionality, but are made "constructive" in some
sense by weakening the axiom of choice and using intuitionistic logic (for in-
stance, they are consistent with Church's thesis). There has been considerable
discussion (in fact "controversy" is not too strong a word) over the relative
merits of the two types of systems, and over the question whether they are in
accord with constructive mathematics from a foundational point of view. The
present contribution to this discussion is that all the systems (except perhaps
the weakest) share the same closure properties under rules related to continuity,
the corresponding principles of continuity are consistent with very strong

intuitionistic set theories.

In this paper, besides developing forcing and realizability for these set theories,
we spend considerable effortanalyzing the role of the axiom of extensionality.

We prove that this axiom can be eliminated from the proofs of theorems mentioning
only objects of low type, such as reals or natural numbers. This seems to be
necessary from a technical standpoint (or at least the most convenient way to
proceed) in order to obtain the explicit definability results we need. However,
it is also interesting in its own right, principally because nearly every theorem
of mathematical practice can be expressed at low types (since complete separable
metric spaces can be regarded as subsets of NN). Thus extensionality is essen-
tially irrelevant to mathematical practice. (This is not to say that it is
irrelevant from the philosophical, foundational viewpoint.) Another interesting

thing about this theorem is that it has applications; see [B31 and @4].

It is a pleasure to have this opportunity to thank those who have contributed to
this work, by their interest, by their criticisms, by encouraging me to prove
these theorems, and by inviting me tc speak at the Colloquium in Mons: H. Baren-
dregt, D. van Dalen, S. Feferman, H. Friedman, and D. Scott. I also would like
to mention that the dedication to Karel de Leeuw is especially appropriate, since

this paper was written in his house, while his companionship brightened my days.
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§1. Description of Some Intuitionistic Set Theories

In this section we describe the principal intuitionistic set theories, which
have been invented and studied by Friedman and Myhill. First we describe Friedman's

systems. (Precise statements of the axioms will be given below.)

Let ZF be Zermelo-Fraenkel set theory, with intuitionistic logic, and with the
foundation axiom expressed as (transfinite) induction on € , instead of the usual
way. (The usual foundation axiom implies the law of the excluded middle, see [Ml}d
We cannot add the axiom of choice AC without getting the law of the excluded
middle, but we can add (some forms of ) dependent choice. The strongest set theory

we consider is thus 2F + RDC (relativized dependent choice). (Introduced in

[Fr1].)

Friedman and Myhill have directed their attention to finding subsystems of

ZF  + RDC which are formally weak and practically strong: that is, which are
strong enough to formalize known constructive mathematics (e.g. Bishop's boock [Bij
and yet are proof-theoretically weak. There are two principal ideas here: one is
to replace the power set axiom by the axiom of exponentiation, which says that AB
exists if A and B are sets. (This was introduced by Myhill in [M1].) The other
is to restrict induction to sets instead of formulae, i.e. to consider

OE€EX& ¥Ynine X>n+tl € X) > ¥n(n € X) instead of

A(0) & Vx1(A(n) -+ A(n+1)) - \an(n) . (Note that classical second-order arithmetic
with restricted induction and arithmetic comprehension is a conservative extension
of arithmetic.) The use of restricted induction is the germinal idea of Friedman's
work. If we use exponentiation instead of power set, and restrict induction, and
restrict separation to Ao formulae (no unbounded guantifiers), and add a restric-

ted form of dependent choices, we get Friedman's theory T which he showed has

1’
the same strength as arithmetic.

Friedman also studied a variant of T1 called B which differs from T1 in
that B has no foundation axiom, and collection is replaced by Ao—abstraction,
which says {{u € x: A(y,u)} : yex} exists, where A 1is a A formula. The
point of this is that E has a model in sets of rank < w + w , and so is
easier to justify by some constructive philosophy (see [Fr2, PartI]).

E also has the same strength as arithmetic.

In between % and 2ZF + RDC , Friedman considers several intermediate theories,

which all have the full induction schema, and have additional axioms as follows:

T2 H T1 + induction + RDC Z : Zermelo set theory
T3 : T2 + transfinite induction
T4 H T3 + full separation.

Thus 2F + RDC is just T, + power set.
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Myhill's first published intuitionistic set theory CST [Ml] is closely related to

T as discussed in Er 2]. We do not consider CST explicitly.

27

One feature of all these set theories worth remarking is that they include
extensionality. This is one feature which distinguishes them from other formal
systems which have been shown adequate for formalizing Bishop's book, such as
Feferman's systems. We shall return to this point in §3. We find it necessary
(as well as interesting) to consider set theories without extensionality (even
if we want results only for extensional theories ). We adopt the notation T-ext
for the set theory T minus the axiom of extensionality; the proper formulation of
these theories requires a little care, and we give a more complete description
below. One difference between the extensiocnal and non-extensional theories is
that the syntax of the extensional theories is much simpler--we need only the
one binary relation of membership. We do not include equality in the extensional
theories. On the other hand, we must include equality in the intensional case,

as well as some constants and function symbols to be described below.

We use <x,y> for the ordered pair, defined in the usual way from unordered pairs.
The integers can be developed in set theory in the usual (von Neumann )} way. Each

formula of arithmetic has a natural translation into set theory.

We now list the axioms we will be considering; we give them first in the form
suitable when extensionality is present, i.e. in the form used by Friedman.
Afterwards we shall indicate the modifications which are necessary when exten-

sionality is dropped.
A. (extensionality) x=v <*Ya(xea < yea)
B. (pairing)BxVy(yex*—'y:aVy=b))

C. (infinity) 3x(0ex &aVylyex + yU{ylx) &
Vz0ezaVyivez »yUiyleaz) » xcz))
D. (union) 3IxVylyex— Jzlyez & zea))

E. Ao—separation) IxV yiyexr(yea & 9)) where @ is Ao

and x is not free in @
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F. (strong collection). Vx c aay gix,y) -V—:) z(¥x € aa y &z B(x,y)
&Vye z_jx € a P(x,y¥)) (Ordinary collection doesn't have the second

clause on z .)

G. (foundation). (Wa,b ((a& b & be x) > a€ x)
aVy(y ex & yCz) *ye z)) *x&z,
{in other words, transfinite induction on €& with respect to sets only,

not formulae.)
H. (exponentiation). axVy(y € x <> Fen(y) & Dom(y)=a & Rng(y) € b)

(bounded dependent choice). V x & aay ¢ a Q(x,y) >

—

VW x ¢ ad 2(Fon(z) & Dom(z) = w & z(O)=x &¥n € w Qz(n),z(n+1))
& Rng(z)&a), for Q a Ao formula.

This much constitutes T note that restricted induction follows from

1}
foundation together with our basic axioms.

J. (induction). A(O) &Vn(A(n) 4 A(n'))*VnA(n), for all formulae A.

K. (relativized dependent choice RDC). Like axiom I. except that the set
a 1is replaced by an arbitrary formula A , and @ 1is not required to

be Ao . This much constitutes T2 .

L. (transfinite induction) .Vx,y(y € x > P(y)) > P(x)) -*VxP(x) , where y
does not appear in P(x) . This much constitutes T3.
M. (separation).ax‘dy(y € x > (yE€ a & Q), where x 1is not free in Q

This much constitutes T4 . To obtain 2ZF + RDC, we add:

N. (power set).dxVy(ySa + yé€x).

The theory % consists of A-E, G, H and the axiom of "abstraction":

0. (abstraction). {{uex: Af(u,y}}: yex} exists.

Note that abstraction follows from collection. (If abstraction is formulated
as in [Fr2-_] , we need extensionality to deduce it from collection; we shall
discuss the non-extensional theories further below.) Thus B differs from
T1 in that collection is dropped, and a weaker consequence is added back in
It is worth noting that abstraction is restricted to Ao—formulae, while

collection is not.

Intuitionistic Zermelo set theory 2 consists of ,% with full separation
(so abstraction is unnecessary); dependent choice, induction, and power set.
That is, 2 differs from ZF + RDC in that it does not have foundation or
transfinite induction and does not have collection. To list its axioms:

A,B,C,D,J,K,M,N.
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Myhill has given still another theory in [M2]; this theory has variables for both
functions and sets. We do not deal with this theory here, but we expect that it can

be handled (as well as B can be) by using the interpretation in B given by Myhill.

Now we discuss carefully the formulation of our non-extensional set theories. If T
is one of the set theories including the axiom of extensionality, then T-ext is not
just T with axiom A deleted. We must alsc (i) include a system of terms such as

{x € a: P(x)} and (ii) modify the exponentiation axiom and abstraction axiom,
choosing a form which is equivalent to the above when extensionality is present,
but which is non-extensionally correct. Let Fcn(f) be Vx,y,z(<x,z>€fa<x,y>€f >
vu (u€y<ru€z) ) &Va€fib, c(a=<b,c>) . Let Dom(f)=a & Rng(f)§b abbreviate

Vx€a Jy€b(<x,y>Ef) & V<x,y>cf(x€a & y€b) . Then the exponentiation axiom says

3X YVg(Fcn(g) & Dom(g) = A & Rng(g)E B » 3IfEX VxEA(f(x) = g(x)). Similarly, in

the abstraction axiom, we assert 3IX(Vy€a IJwEX{xEw+>(x€a & $(x,y))) &

VWEX 3y€A (xEwe>(x€a & ¢ (x,¥)))) .

We now specify the exact system of terms to be included in our non-extensional set
theories; these terms are built up from the following constants and function sym-

bols. We also give the defining axioms for these symbols.
(L a constant symbol ®, and the axiom vx{x ¢ @) .
(i1) a function symbol { }, and the axiom z € {x,y}<«+>z = xVz = y.
(iii) a function symbol for union, and the axiom

y € LJ z <> 3z € aly € z)
z€a

Then all/b abbreviates LJ z
z€{a,b}

(iv) a constant symbol w and axiom
BEweVziz€Euw~zU {2z} €w &
YX(@ € X & Vz(z € X >z U {2z} €X) »wE&X

(v) for each formula P for which separation is allowed, a function

symbol {x € a: P(x,a)} and the obvious axiom.

(vi) Symbols for dependent choice: if P is a formula for which dependent
choice is allowed, we have a function symbol i with the axiom

s W s -
Vx € w3ly € wP(x,y) & xo € w > lp(xo) € w & 1p(xo)(0) = xg &

¥Yn € w P{(1 (x ) (n), i _(x ) (n+l1)).
p o p o©
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Note that we include choice symbols only for functions from w to w. Thus at
least we have terms for all the primitive recursive functions. so that our non-
extensional theories contain arithmetic in a natural sense. Note that there are

no terms corresponding to the collection axiom. Generally speaking, it seems that
we get several theories of different strength by including or not including con-
stants and functions symbols corresponding to the various axioms. We certainly
need to include separation terms in order to achieve the technical results we want;

the rest seem to be optional.

The above description requires a little elaboration, since the formula P 1in a
term {x€a: P(x)} may itself contain other terms. One way to make our definitions
completely precise is as follows: Start by adding a list fn of function symbols
to the language (for the separation terms) and similar lists for the other types
of terms required. Then Gddel number all the formulae of the language, and then
write {xga: P(x,y)} for fn(a,y), where P has GS3del number n. Of course,
we now have more terms than we want, since we only want such terms for certain
formulae P . One can either delete the extra terms from the language, or leave
them in, but add no axioms about them. To specify which formulae P are allowed,
for example in the case of Ao—separation, we add a clause to the definition of a
1 o~formula specifying that if terms {xeb: Q(x)} occur in the component for-
mulae, then @Q 1is already Ao , and similarly for abstraction and choice terms
occurring in the component formulae. Note that generally when we add more symbols

to the language, there are more Ao—formulae.

§2. Complete Metric Spaces and some Auxiliary Theories

Since the derived rules which we wish to establish mention metric spaces, we have
to discuss the formalization in intuitionistic sét theories of the mathematics

of complete separable spaces. This is quite straightforward and offers no diffi-
culties. (X,p) 1is a complete separable metric space if it is a metric space, and
is has a dense subset, which is the range of a function whose domain is w, and
every Cauchy sequence converges. Using the axioms of g only, we see that from
every Cauchy sequence we can extract a subsequence xn satisfying

o(xn,xm) < 1/n + 1/m . Letting ¢ be the metric on the integers induced by
"pulling back" p from the countable dense subset of § , we see that (X,p) is
isometric to the space of all functions ye’_NN satisfying c(yn,ym) <1/n + 1/m
(using the convention yn = y{n-1) to avoid the problem of subscripts beginning
at 1 and functions beginning at O ). Here we follow Bishop in not passing to
equivalence classes of such functions, but allowing instead a broader equality
relation in the space X ; equality of elements of X will not necessarily be

set-theoretic equality. It is worth noting that having the axiom of extensionality
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does not force us to use equivalence classes. Thus any complete separable space can
be brought to "standard form" as a set of sequences of integers. The metric on such

a space will be po(x,y) = limo (x_,y ).
o n n

The "standard form" considered above is not the most useful form for a compact
space. For instance, 2N is most naturally thought of as the space of all y in
NN with yrl =0 or 1 . A compact space is one such that for each n , we can
find a finite 1/n-approximation to the space, i.e. a finite set yl,...,yk such
that each point of the space is within 1/n of some Yy Using bounded dependent
choice, we can select a countable base consisting of such points yj for the
various zalues of n , and associate to each point of the space a sequence of the
yi‘s such that p(y,yi) < 1/1i . It follows that every compact space can be brought
to standard form as follows: for some non-decreasing sequence of integers Mi , X
consists of all y in NN with yrl < Mrl , and the metric has the same form as in

the standard form for complete spaces above.

Let T be any one of the theories considered in this paper, and let X be some
(provably) complete metric space, in standard form. (To be precise, this means
there is a formula Q such that T proves ! X Q(X) and Q(X) > X is a com-
plete separable space in standard form.) We shall use X both for the space de-
fined informally by the formula Q , and also to abbreviate formal expressions;
thus y ¢ X means WV X(Q(X)) - y € X). Let b be an (arbitrary but fixed) element
of X; we shall have occasion to consider the auxiliary theory Tb, which is for-
med from T by adding a constant symbol b , the axiom b & X , and axioms

Ejn) = ;> where m = b{n), and o is the numeral for n

In case X 1is a compact space in standard form, we shall have occasion to con-
sider another auxiliary theory, Ta. This theory is formed by adding a constant

symbol a to T, and the axiom a € X , but no other axioms.

It will sometimes be convenient to assume that the metric on the countable base
of a space in one of the two standard forms is actually a recursive function. In
case X 1is provably a complete separable space (or a compact space) this can be
done without loss of generality, since for the theories we shall consider, a func-

tion provably in NN is (provably) recursive. (See §5.)

If P 1is a subset of a metric space X in standard form, we say "P 1is exten-
siwonal” if o %x,y) = O & P(x) > P(y) . Nota that this concept has nothing to do
with whether the axiom of extensionality is assumed or not; for instance, as long
as we take the reals to be Jdefined by Cauchy sequences instead of equivalence

classes, there will be nun-extensional sets, in this sense.
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§3. The role of extensionality

The intuitionistic set theories propounded by Friedman and Myhill contain the axiom
of extensionality, while the theories of Feferman do not. The actual practice of
constructive mathematics can be done straightforwardly without any underlying no-
tion of extensionality. Of course, in the practice of mathematics we define various
notions of extensional equality; in fact, Bishop takes the view that each set
should come equipped with an equivalence relation to be used as an equality rela-
tion. These equivalence relations can be used quite straightforwardly without
assuming that equivalent objects are equal; for instance, many different Cauchy
sequences of rationals determine the same real number. In [FrZ], Friedman goes into
some detail as to exactly how to formalize Bishop's book in intuitionistic set
theory. Extensionality is hardly made use of; and where it is, it is easily elimi-
nated. Why then include extensionality at all? The answer to this is that Friedman
wished to make constructive mathematics formalized in his system look as much like
classical mathematics as possible, in order to make it easier for the classical

mathematicians to appreciate constructive mathematics.

Be that as it may, in this paper we are trying to obtain derived rules related to
continuity for intuitionistic set theories, both with and without extensionality.

These results rest on the following theorem.

Theorem 3.1

Let T be any of the theories (with extensionality) discussed in this paper

(so T = g , Tl'TZ'T3'T4 or ZF + RDC); or let T Dbe one of the auxiliary
theories T*a or T*b, where T* is one of the theories considered in this paper.

Then

(1) T can be interpreted in T-ext {(without extensicnality); that is, we can
assign to each formula A an interpretation A* such that T F A implies

T-ext ~ A*. Furthermore, we have T | (A <> A¥), for A a Ao—formula.

(ii) T 1is conservative over T-ext for arithmetical sentences, in fact for sen-

tences with quantifiers over a fixed (definable)subset of NN allowed.

(iii) Boeth (i) and (ii) are provable in arithmetic.

Proof: We interpret T 1in T-ext , assigning to each formula & a formula A¥*
in which € 1s replaced by a formula €, and sets are relativized to a formula
M{a) . We shall show that T F A implies T-ext | A¥. In other words, we shall
explain how to give a definable model of T in T-ext. In order to make the model
intelligible, we first give a false attempt. The most natural thing to do is to

define x v y 1if



CONTINUITY IN INTUITIONISTIC SET THEORIES 13

Vae xIbeylarb) aVae y3db € x(a v b); and then to set x ey Aif

az € y(x ~ z). The first problem with this is that ~ 1is inductively defined, in-
stead of being given by a formula. There are ways to overcome this, and we shall
explain them. The simplest way to think of what we are dqing is to think we are
defining a model of T (given by a class, not a set) assuming only that the axioms
of T-ext are true in the universe. This can be recase in official language as an

interpretation, as above.

First of all, let us discuss the case T = ZF  + RDC , where we have both power

set and collection. Then we can make the above inductive definition of "™ explicit
in the most straightforward manner, so that if X is any transitive set, then Nx
(v restricted to X) is a set. (It is the intersection of all binary relations R
in the power set of X2 which satisfy the appropriate inductive condition.) We
need collection in order to prove that every set has a transitive closure TC(x}.

Then we can define the model (interpretation), using for x ~ y the formula
YR € @ITCiix,y) (I(R,TC({x,y}) + <x,y> € R),

where I(R,z) says that R satisfies the inductive conditions for "~ on the
transitive set 2z . It is straightforward to verify that the axioms of ZF  + RDC

are valid on this interpretation, using the axioms of ZF  + RDC .

Several of the theories we have to consider, however, are not strong enough to
prove the existence of TC(x) for each x . Our model for such theories will
therefore have to be somewhat more complicated; we take the "sets" to be pairs
<x,y>, where y 1is the transitive closure of x. To be precise, we write Trans(y)
for Vac- bee a(b€ y) and we write y = TC{x) for

Trans(y) & x €y & Yb € y(b=x V In¢ w3 ajsay,...a (b €a,...,a €x).

Note that y = TC(x) 1is a Ao-formula (in predicates definable in %, although it

is not strictly Ao.)

To deal with the case T = Zermelo set theory, which lacks collection but has
power set, we can proceed with these sets as we did above for ZF  + RDC , using
power set to make an inductive definition explicit. However, to deal with weaker
set theories, which lack power set, more work is required. Let Q(R,r) express

that y is transitive and R 1is Wy; to be precise, Q(R,y) is
Trans(y) &Va,b € yi{<a,b> € R (Vpe a3q€b<p,q>éR &Vq (3 bgp € a<p,g> €R))

Note that @Q°®* is a Ao-formula. Note that with the aid of the foundation axiom, we
can prove that for each transitive y , if Q(R,y) and Q(S,y) , then R and S
are extensionally equal relations, i.e. <a,b> ¢ R +> <a,b> € S . (We don't need

transfinite induction to prove this.)



14 M. BEESON

Suppose W 1is a fixed transitive set; then for x &W , TC(x) exists. What axioms
does it take to prove Vxe‘ W3R Q(R,TC(x)) ?

It seems to require collection and transfinite induction, as well as union. If we
know this to be provable, we could go ahead and define the model; setting

x vy iff  R(Q(R,TC({x,y})) & <x,y> €R), or more precisely, <x,w>N <y,v> iff
the same condition holds, where the TC's occuring are to be extracted from u,v
This model allows us to handle T4 , which has collection, transfinite iqduction,
and full separation. In order to handle the weaker theories, we must refine the

model more.

The first thing that occurs to one is to restrict attention to those "sets"
(x,TC(x)) such that there is an R such that Q(R,TC(x)). This is not enough.
Let us call pairs <«x,y> such that y = TC(x) , Ml—sets. Consider an Ml—set
<x,y> such that for all Ml—sets <a,b> , there is an R such that Q(R,TC({x,a}).
Such sets <x,y> we call Mz—sets. These are the "sets" of our next model.

We define "~ as above, x vy iff (more precisely) <x,TC(x)> v <y,TC(y)> iff
ARQ(R, TC({x,y}) & <x,y>€ R) iff YR(Q(R,TC({x,v}) + <x,y> € R). This model will
work for Tl'T2'T3 , and incidentally for T4 as well. For simplicity we write

x instead of <x,TC(x)> for Ml—sets. Suppose x and y have the same e-mem-
bers, that is, every element of x 1is equivalent to a member of y and vice-
versa. We have to show that x and y are equivalent (hence are e-members of
the same set). Since x and y are Mé—sets, there is an R such that

Q(R, TC{{x,y})). If =z e TC({x,y}) , and Q(R¥,7C(z)) , then R¥ is a subset of
R; hence every member of x 1is equivalent to a member of y and vice-versa,

using R for the equivalence; hence <x,y> € R ; this verifies extensionality.

We now check Ao—separation. If a 1is a fixed Mz—set, and A 1is a Ao—formula,

we have to find an Mz—set X such that for all M2—sets z , z € x iff

z € a & A%(z). (Here A¥* is the interpretation of A .) Since € is not given by

a Ao—formula, and neither is M the range of the quantified variables, it is

27
not obvious how to produce x , using only Ao—separation. We proceed by induction
on the complexity of A . We first have to handle the case of atomic A ; here
there are two possibilities, either A is z€b or A is b € z. First sup-
pose A is z €b. Take x to be {z: z € a & ay € b(y ™~ 2)} . This set can be

formed using A -separation, since we have {<z,y>: z€ a & y&€b & z v y} avai-
(o]

lable to use as a parameter, since a and b are M2—sets.

Next suppose A is b € z . This time take x to be {z & a:3b' € z(b' v b)}.
This set can be formed, using as a parameter some relation R such that
Q(R,TC(a)). It is easy to check that these two sets x are actually Mz-sets.
This takes care of the case A atomic. Similar arguments take care of the induc-

tion steps in which A 1is of the form B& C , BV C , or B> C.
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Next, observe that an easy induction on the complexity of A shows that

X vy & A¥(x) > A¥(y) is provable, for each fixed A . Now consider the case in
which A is Vwﬂ &y B(z,w,y). Since every e-member of y 1is equivalent to some
e-member, the remark just made shows that it suffices to gquantify over e-members;
that is the key to the verification in this case, which we now give in more detail.
By the induction hypothesis, we have that \iw G y‘AP(P is an Mz—set &

(<w,z> ¢ P >z € a & B¥(z,w,y))). By strong collection, there is a set T such
that Vw ey3P e T(...) &VPeT3w6y(... y.As a matter of fact, T 1is not only

a set but an Mz-set, if y is an Mz-set. To check this, first note that the
transitive closure of T can be obtained by taking the union of the transitive
closures of the elements of T and {T} ; thus T 1is an MI—Set; if T' is some
Ml-set, we have to get {<a,b> : a v b & a €TC(T) & be TC(T')} to exist. This
relation R 1is just the union of the corresponding relations for the members of

T (which can be formed using collection), union the set {<T,b> : b € TC(T') & Tvb},
union {<a,T'> : a € TC(T) & a ~ T'} , both of which are easily defined. Hence T
is an M _-set. Now form the set S = {2 € a :\Jw € y3PeT <w,z> € P} , which can

2
be formed using Ao-separation. We have

zeS>zea& wEeyB¥(z,w,y)

This completes the verification of the case in which A is formed by bounded uni-
versal quantification. The case of bounded existential quantification is much
easier, and we leave it to the reader. This completes the verification of Ao—sepa-

ration.

We turn our attention to the axiom of infinity. Here the only difficult part of
the proof is to prove that <w,w> 1is an Mz-set; we first have to prove that if
n is an integer, then <n,n> 1is an Mz-set. (Each integer is its own transitive

closure). This is, we have to prove that

Y n ¢ oY transitive x IR(<p, > € R + peEn&gex & <p,p>n<a,TC(q)>)

The obvious way to prove this is by induction on n; however, in some of the weak
theories we do not have full induction available, and it seems to require at least
Al-induction. Fortunately, we can prove it without induction. Fix an integer n and
a transitive set x ; then R can be taken to be Rn , where

Ro=¢ and R 1={<p,q>:Dc—jn&qéx&Va(—.pabeq <a,b>€Rk&

k+

Vb egqlaep <a,b> € R }

Now the desired property of R can be proved by a bounded induction.
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We next undertake to verify the sound interpretation of the axiom of exponen-

tiation. In our non-extensional set theories, this axiom takes the following
form:
(*) \{a,B3 XV g(Fen(q) & Dom{q) = A & Rng{q) B~
Afex(Fen(f) & Dom{f) = A & Rng(f) C B &¥Yx € A(f(x) = q(x)))).

Note it is not necessary to out in that X is a set of functions from A to B,
because Ao—separation can alway be applied to get

{f € X : Fen(f) & Dom(f) = A & Rng(f) & B}.

Now we have to use this axiom to verify that the srdinary exponentiation axiom is

satisfied in the model. The first voint to make is that if A and B are sets of
. A . . S s

the model, then so is B {and indeed any X as in (¥} ). This is because any

descending ¢ -chain has one of the forms

x1Ex2...ea€[a}é<a,b>&f(—;X
xlexz...€ae[a,b?6<a,b>€féx
xlexz...éb&{a,b)é <a,b> € f € X

Hence the transitive closure TC(X) can be defined as the union over all members

of such sequences, using the fact that TC(A) and TC(B) are sets.

Now to verify (%) . Fix A and B. Let X be given by axiom (%) . {(This X is
not however the X* we choose to verify (%) - we give this X* later). Suppose

g satisfies the hypothesis of (%) in the model; that is

(i) Ya' e adr' e B <a\b'>eq
{ii) <a',b'>eg-a' e A& b' €B

(iii) <a',b'™> e g & <a',c'™» £ g+ b' ~v ¢!
Let f:{<a,b>:a£A&beB&3a'3b' <a',b'>egq & a~a'&brb'}

Now f «can be defined in ,%—ext , because : we can fix a transitive set W con-
taining both A,B,and g, and then as we have shown above, ¢ and " restricted

to W are sets and the quantifiers ga'a b' can be relativized to W

We claim- f 1is satisfied to be a function from A to B. Suppose <a',b'> e f ;
then a' v a & h' v“b for some <a,b> € f , so acA & beB , so a' € A& b' ¢ B.
Next suppcse <a,b>ef & <a,c> € £. Then a v a" , bnvb' , a~a', cnc' with
<a',b'> €gq & <a",c'> € q . Hence, by (iii) b' ~ c¢' ; hence b~ ¢ . Hence f is

satisfied to be a function from A to B.
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Moreover, f satisfies Vx €A (f(x) = g(x)), i.e.
Va e AVb,c € B(<a,b> ¢ f & <a,c> £ g > b v e¢) , since if <a,b> € f , then
a™~a'&bnb' where <a',b'> € f , so a™ a" & b'vb" where <a",b">€g, and by

(iii), ava"™ 1imvlies ¢ b" ; since we have bvb'vb"Vvc, we get b"c.

After these preliminaries we can give the set X¥ which is to work for X in (%)
in the model. Note that if f is satisfied to be a function from A to B , f
may not actually be a function; but it induces a function from A to the set
{[b]: b e B} , where tbj is the equivalence class of b 1in the equivalence re-

lation ~ on B

Note that H_b—’ : be Bl can be formed in ,}%—ext by the abstraction axiom; hence
by exponentiation we can form the set S of all functions from A to {[b]: b e B}

Now if H€&€ S , let BE¥ be defined by
<a,p>en «— [ple n (a)

Take X* = {H¥.H € S} . X* can be produced using the abstraction axiom of

%—ext. To see this explicitly, we write
x* = {i{<a,b>: 3z ¢ {[bl: beB} (<a,z> €eH & be z)} : H € 5}

Note also that TC(X¥) exists, so X¥ 1is a "set" of the model.

Now suppose the model satisfies
Fcn(g) & Dom(g) = A & Rng{(gq) & B

As above, we can produce f such that £ 1is satisfied to be a function from A
to B and \‘/x(f(x) = g(x)) holds in the model. It remains to show f € X¥. Let
f¥ = f<a,b>: a € A &b €&B & <a,b>e fl . We claim f¥ ¢ X¥ , and f ~ f*. To
see f N f¥ | note that f*¥*€ f , and if <a",b'™ €f , then a' e A& b' € B,
so a'va €A&b' VvbEBs&<Ka",b"™ e g for some a" and b" with a' v a" &
b' v b" . Hence <a,b> € f also; thus every member <a',b'> of f 1is equivalent

to amember <a,b> of f¥ . Hence f v f¥

Finally we prove f¥ ¢ X*¥ _ Define H by H(a) = [_f(a)] , the eguivalence class
of f(a) in B . Technically, f 1is not a function (though it is satisfied to be
a function) so we really must define H(a) = {b € B :db'€ B <a,b'> € f & b’ vb}.
Actually, looking at the definition of f it is enough to take

H{(a) = {p &€ B : <a,b> ¢ f} . In any case H 1is a function from A to

{[p]

put n¥ e X* by definition of X¥ ; hence f¥ ¢ X¥.

b € B} , and f¥ vH , in fact f* and H have exactly the same members.
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Since we have proved f£* ¢ x¥g f* ~ f , it follows that £ € X*. Hence the conclu-

sion of the exponentiation axiom is verified.

This leaves pairing, union, collection, foundation, inducticn, dependent choice and
transfinite induction still to check. Because of limitations of space, we omit the
details of these verifications. Thus we take it as proved that our interpretation

is sound for T ,T,,T, and T, . We have already done ZF_ + RDC and Z , which

1 3 4
leaves only % to consider.

The above model uses collection guite heavily; however, in the case of % , we
should be able to describe the model consisting of sets of rank less than w + w
quite explicitly (incidentally giving another interpretation that works for Zerme-
lo). Define a set x to be of rank less than w + n 1if every descending €& -chain
from x terminates in an integer in < n steps. (This is not exactly the usual
definition, but it is convenient). Write S{x) if for some n,x 1is of rank less

than w + n

Again we shall consider the "sets" of the model to be pairs (x,TC(x)) . Note that
S(x) 1s AO in x and TC(x) (we need TC(x) to be able to guantify over des-
cending € -chains). Let W bhe a fixed transitive set of rank < w + n . We prove

that Nw is a 'set, that is, 3R Q(R,W) , where Q 1is as above.

Namely, R is R where R = {<n,n>: n & w} and

Ry = {<x,y> « W2:¥a e x3b =« y <a,b>€ R, aVb e yJdae x <a,b>& Rj]

As we discussed near the beginning of this proof, this is all we need to make the

interoretation work. We interpret x € y as dz e y{z v x) , where =z ~v x is
JR(Q(R,TC({x,y}))) & <z,x> €R) .

We interpret sets, as mentioned, as pairs <x,y> with S(x) . We leave the reader

to verify that the interpretation is sound for E

Next we turn to the case of the auxiliary theories 7Ta and Tb, where T is
ZF + RDC , 2 , Tl R T2 B T3 or T4 . We use the same interpretation for Ta and
Tb as for T ; to finish the proof, we have to verify that the extra of Ta and

Tb are soundly interpreted.

We have to tell how the constant a (or b) is to be interpreted; of course it

is as <a,TC(a)> (in the case of the intervpretation that works for the Ti) and
just a in the case of the interpretation that works for 2ZF + RDC and Z . This
depends on the fact that TC({a) is definable from a . One easily verifies that

_ N N
every member of N (remember a is a member of a subset of N ) has a transitive
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closure definable from a ; note that each integer is its own transitive closure.
Next we have to verify that each member of NN is actually (with its transitive
closure) an M2-set; that is, if x 1is any transitive set, we can form

(<p,g>: pe TC(a) & g € x & p v q}. (More precisely, p and g should be paired with
their transitive closure). This is easy, once we know that each integer is an
M2—set, which we have alr=ady discussed. Finally, we have to verify that the axiom
a ¢ X and the axioms b(;} =m where m = f(n) , for some fixed f in X , are
soundly interpreted. Recall from §2 that membership in X 1is given by a purely
universal condition on the values of a. Below we give a proof that the interpre-
tation preserves arithmetic sentences; the same proof applies to show that it pre-

serves the axioms in question

We have now given the interpretation A¥ for each of the set theories discussed
in this paper, and proven the soundness of the interpretation. Next we prove that
TH A <> p¥ | for Ao-formulae A . This is established by induction on the comple-
xity of A ; to be quite precise, A <> A¥ is only for closed formulae ; for formu-

lae with free variables, say x , we should say
S(<x,y>) » (A¥(Kx,y>) < A(x)).

(Here we are considering the interoretation that works for Tl,T2,T3,T4). The basis
is S(<x,y>) & s(<a,b>) - (<x,y> £ <a,b> > x € a), which can be established using
the foundation axiom; extensionality is used here. The induction step proceeds
smoothly, using the fact that members of Mz-sets determine Mz—sets; we leave the
details te the reader. Note that we cannot seem to get A¥ «» A for all formulae

A but only for Ao-formulae. (For ZF + RDC we can get it for all formulae, be-
cause the interpretation does not require that transitive closures be t~cked on.)
The same argument works for the interpretation of % using sets of rank less

than w + w ; here the induction step over a bounded quantifier uses the fact that
the members of sets of rank less than w o+ ow are themselves sets of rank less
than w + w . A similar induction works for the interpretation used for Zermelo

set theory. This completes the proof of (i) of the theorem. .

We next consider the guestion of which sentences are preserved by the interpreta-
tions; it is for these sentences that we get a conservative extension result. First
arithmetic sentences are preserved. This is shown by induction on the complexity

of an arithmetic formula; actually, as above we have to prove

<m, x> € w & ne w & <m,x> v <n,TC(n)>

> (A (<m,x>) <> A(n)) (this time without extensionality)
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Note that every integer has a transitive closure, namely itself; in fact, every
integer is (part of) an M2—set.

Here A 1s a formula of set theory translating a formula of arithmetic, which we
also call A 5 the induction is on the complexity of the arithmetic formula. The
details are easy but cumbersome; we leave them to the reader. Next note that every
f in NN has a transitive clousure; this allows us to extend the above induction
to formulae involving quantifiers over such objects. Actually, we must verify that
each such f 1is (part of) an M2—set: to do this, we must be able to form for
each transitive set x , the set {<a,b>: a € TC(f) & b € x & a v b}l. This boils
down to the fact that we can form the corresponding set with an integer m in
place of f , in other words that each integer is an M_-set, a fact alluded to

2
above.

This completes the proof of part (ii) of the theorem. Part (iii) of the theo-
rem, which says that the first two parts are prcvabkle in arithmetic, is proved by
examining the above proof, and noticing that only arithmetic is needed. In other
words, we proved by induction on (Gddel numbers of) proofs in T that the inter-
pretation of the last formula of the proof is provable in T-ext . This completes

the proof of theorem 3.1.

§4. Pealizability for Set Theories

In this section, we give a variant of g-realizability adapted to set theories.
This type of realizability has been used before for arithmetic and the theory of
species to obtain explicit definability theorems {Tr]. Here we extend this program
to set theories. The extension to set theories without extensionality is relatively
straightforward, but there seems to be no simple way to handle set theories with
extensionality. (Myhill gave [Ml] a complicated realizability for his extensional
set theory; but it cannot be made to work for our purposes.) For this reason, even
if we want to obtain -erived rules only for extensional theories, we have to con-

sider the non-extensional ones and use the results of the previous secti .n.

The plan of the present is to give the realizability interpretation we need and
prove its soundness both for the basic set theories T-ext and for Ta-ext and
Tb-ext . Our definition of realizability will proceed by associating to each formu-
la A another formula e r A ("e realizes A"). We will then prove soundness
theorems of the form, if Tk A , then for some e , Tk & r a . Here e 1is an
integer; all our realizing objects are integers, not arbitrary sets. (We use

e, n , m ate. to indicate variables whose range is restricted to w .)
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We begin by assigning to each set variable x another variable x* , in the manner
discussed in [Bl]. The free variables of e r A are e,x and x* , where x are
the free variables of A

(Our convention is that a single letter can denote a finite list of variables.) We
now give the clauses defining e r A , for the notion of realizability that works

for theories without extensionality:

er x =y is x¥* = y#*
er x €y is <e,x,x*> € y*

e r(A&B) is (e)OrA& (el) r B

e r(AV B) is ((e)o=0~> (e)1 r A & A)

&((E)O*O—»(e)er&B)

e r(A > B) is arA&A->{e}la) r B; or more orecisely

YalarAgA->qL(T(e,a,k) & U(k) r B)
e er A is Vx,x* e r A

erdx A 15 ":]x,x* (A & e rAa)

In order to complete the definition, we have to define e r 3 for atomic A in-
volving terms t of the non-extensional set theories. This can be done by the same
clauses as above, as soon as we associate to each term t another term t¥*

which intuitively defines {-<e,x,x*>: e r x ¢ t}. These terms t¥ will be given
in the course of the soundness proof below; they could be listed here, but would
be unintellicible. For instance we define w¥= {<n, n,n>>:n€w} . As another cxam-

ple, if t = {y € a: B{(y)}, then t¥ = {-e,y,y¥>: ‘(e)o,y,y*>€a* & (e), r B(y)}.

1
We give this example in order to clarify the following point: There is no vicious
circle in the fact that (e)1 r B(y) appears in the definition of t¥*, which must
precede the definition of e r x € t ; for, as discussed above, the definitions
of Ao—formulae and terms proceed by simultaneous induction, so that B{(y) con-
tains only less-complicated terms than t . To make this completely precise, we
could assign a measure of complexity to both terms and formulae, say C(t), giving
atomic formulae without compound terms comolexity zero, and atomic formulae t=s
or te s the complexity max(C(t),C(s)); let vropositional connectives and quanti-
fiers increase the complexity by 1 , and let separation terms ‘xea: B(x)} have

complexity 1l4max(C(a},C(B)); similarly for union, pair, and choice terms. Then our

definition of e r A proceeds by induction on the complexity of A
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Remarks:

(1) If we were doing 1945-realizability (see [Tr] ). we would not need the extra
variables with stars, but could avoid them by defining e r x€ a to be <e,x>€ y.
Trying to do something similar for g-realizability is more trouble than it is

worth.

(2) One cannot define e r x€ y to be <e,x>e y¥ , though this may seem tempting.
In this case, all the axioms except dependent choice will be realized {including
extensionality ), but one will not be able to get anything realized to be a

function. Consider Fcn(f ) which says
\V'x,y,w (<x,y>€f & <x,w>€&f > y=w).

In order to get y=w realized, there will have to be some relation between y*
and w¥ , which we cannot get from having the antecedent realized, with this

definition of realizability. This is somewhat interesting because it points
up the absolute necessity of the axiom of choice in proving the existence of

functions.

(3) The motivation behind the definition of e r xe¢y is that y* is thought of
as the set of <e,x> such that e proves, or verifies, or realizes, that x€y .
Remember that Kleene's original motivation for realizability was that realizing
numbers were thought of as like proofs. It is no wonder that extensionality
gives trouble, because one can have x and y extensionally equal, without any
relationship at all between x¥* and y¥; yet if Va(xea > y&a)is to be

realized, there has to be some relationship between x* and y*.

Theorem 4.1. (soundness of g-realizability ).

Let T be any of the set theories considered in this paper, without extension-
ality. Then for the notion of realizability just given, if T |- A, then for

some number e, we have T F e r A.
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Proof: As usual for realizability soundness theorems, we proceed by induction on
the length of the proof of A , proving that the universal closures of all state-
ments in the proof are realized. Thus we have to verify that the universal closures
of all statements in the proof are realized. Thus we have to verify that the uni-
versal closures of all the axioms are realized, and the rules of inference preserve
realizability. The logical axioms and rules of inference are handled in the usual

way (see [Tr]). We have to check the non-logical axioms.
B. (Pairing). <po,q> r3xVyly € x > (y=a V y=b)
Take x* = {<e,y,y*> : ee w & y € {a,b} & y* € {a*,b*} & e r(y=a V y=b)]}.

This set can be formed in B without extensionality. Take x = {a,b}.

C. (Infinity).

pewsasVye w (yUlyle w) eVz(pezeVy eziy Ulyle z2) »uwcz)
Take w* = {<n,<n,n>>: new}

Then @ €w &gy e w (y U{yle w) is realized and true.

We have to show that

Vz(¢ G z &Vy czliyUi{ylte z) »uw < z) 1is realized and true. Suppose
z and 2z* are given, so that P €z & ¥y € z(y U {v} € z) is true and realized,
say by <a,b>
Then, “irst of all, W& z 1is true; in order to get w < z realized, we intro-

duce a recursive function {p} by the recursion theorem to satisfy the equation

{p} (0) = a
{p} (v + 1) = {p} ({p} (¥))

Then we prove by induction that {p»} (y) r y € z ; that is,
<{p}(y),y,y¥> € z* . (What we are proving by induction has a free variable y*.)

Note that only the restricted induction axiom is needed.

D. (Unicn). Y € U z er’:]z(y €zg&zé€a) . If t is the term U z , we
zZE€ a z& a

take t* to be {<e,y,y¥> : e rqz(y € z & z € a)}; this can be formed in B

E. (Separation). Let t be the function symbol such that the following is an
axiom: Y yly et(a) < (y € a & B(y)). To get this realized, we define a function
t* by

t¥(a) = {<e,y,y*> : <(e)_,v,y*> € a* & (e) 1 B(y)}

1

t* can be proved to exist in B-ext, since ur B is a Ao-formula if B is.
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Then t¥*(a) = {<e,y,y¥>: e r (y € a & B(y))}; this finishes the verification. Note
that Ao—separation suffices to interpret Ao—separation, and full separation for

full separation.

F. (strong collection).
VaWx ealy a>J2z0xcadve 2z a eVyezIxeaa).

Suppose a and a¥* are given, and suppose P er < aay A, and Vx 3 aay A,
Let Qx,x*: {c: cr x€&a} ={c: <c,x,x¥> € a¥}. Then

Vxe aVy¥x* €& Rng Rng(a*\Vc e Qx,x*a v(A & {p}(c) r B) ; applying collection, we
get the existence of some z such that

3 *e * = G -
Vxe aVx Rng Rng(a*) Vce Qx,x*ay [ z

Also, applying collection to Vx & aay A, we get some z1 such that
Vx c a3y G z, 1"
Vxe a3yé z A & Vy €z dxeahd, i.e. the conclusion of axiom F is true.

A&Vyezl—jxeaA.Take z=onz Then

Note that this works because we have strong collection, not just plain collection;
the extra conclusion indicated by ... in the choice of zo is needed. We need to
show that this conclusion is not only true but realized.

Define

z* = {<<e,c,x,x*¥>,y> : cr x €a & x€ ag&y &z & x¥ € Rng Rng(a*) & e r A(x,y)}
First we show that Vxe a_:‘ y € 2 A 1is realized (by a number depending recursively
on p ). Suppese ¢ r X € a and x& a . Then for some y in zo,A(x,y) and
{p}(c) £ B(x,y) . Hence <<{p}(c),c,x,x*>,y>e z¥ , so Yxe ajye zA is

realized.

Similarly, we have to show Vy [ qu € a A 1is realized. Suppose b r y € z ;
then b has the form <<e,c,x,x¥>,y> where e rA(x,y) and ¢ r x € a and

X & a . Hence Vy [ za Xx € a A 1is realized, by a simple combination of unpairing
functions.

G. (foundation). Wa,b(ae ba bex>ae& x) aVyex(yCzryez) »xCz .
Suppose z,z¥ are given, and p rVa,b(a e b&bex>aex) , and

q YVY ex [y z -~y e z), and the formulae realized by p and g are true.

Introduce a recursive function {fl} by the recursion theorem so that

{f£}(e) = {{p}(e) }(Aulf} ({p}(<u,e>)))
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(Here Auh is an index of A uh , so {A uh(u,v)} (u) =h(u,v) ; this is an
old and useful notation of Kleene.) We claim f r x( z , the conclusion of the
foundation axiom. (Which will finish the proof, since the conclusion of the axiom
is true, because we have assumed the hypothesis.) We must show f rVy(ye‘x > V€& 2);
that is, whenever y € x , and e r y&€ x , we have {f}l(e) r vy € z . We prove
this by transfinite induction on <y,y¥> (then later show how to get by with only
the foundation axiom). Our induction hypothesis is that for all a €y and

a* € Rng Rng (y¥) , (er a e€x) > {fl(e) r a €z . Suppose e r y € x ; we must
show {fl(e) ry € z . Note that if ur ae y , then {pl(<u,e>) r a € x by our
hypothesis on p . Applying our induction hypothesis (substituting {p}(<u,e>) for
e) , we see that if aey and ur ae vy, we have {fl({pl(<u,e>)) r ae z

That is, A u{f}({p}(<u,e>)) r y € z. Now, applying the hypothesis on q, and the
definition of f , we reach the desired conclusion, that {fl}l(e) r y € z . This
completes our proof by transfinite induction; now we have to show how to get by
with only foundation. The foundation axiom amounts to proof by transfinite induc-

tion, where what is proved is membership in some set. Here the set in question is
{<y,v*> e x x Rng Rng (x*) ; Ve ¢ & (<e,y,y*> & x* » <{fl(e),y,y*> € 2%)}

(Recasting the induction on the pair <y,y> as an induction on a single variable

is left to the reader.) This completes the verification of foundation.

H. (Exponentiation). FxVy(y &€ x «> Fcn(y) & Dom(y) = a & Rng(y) C b)

(Even the strong version of the exponentiation axiom is realized.) Suppose

a,b,a* , and b*¥ are given; we have to produce x and x¥ . Let x be b ;
the problem is to produce x¥* . Suppose for the moment that we had a set @ such
that if Fen(y) & Dom(y) = a & Rng(y) C b is realized, then y¥e& Q . (An

"a priori bound"” on the complexity of y*.) Then we would like to take x¥*¥ to be
{<e,y,a*¥> € wxx x 0: e r (Fen(y) & Dom(y) = a & Rng(y) € b).}

Since Fcn(y) involves an unbounded quantifier, it is not immediate that this

set can be formed using the axioms of E . However, we can instead take

x* = {<e,y,y*> wxx x Q:er (Wse th,t‘ € bi<s,t>e y & <s,t'>e y> t =t')

& Dom(y) = a & Rng(y) € b)} (here = is extensional equality).
From a member of this x¥* , we can recursively pass to a realizer of
Fen(y) & Dom(y) = a & Rng(y) € b and vice versa, so that the exponentiation axiom

will be realized. The difficult part, namely producing the set © , is still ahead
of us. At first, this seems to be a serious problem. A typical element of vy¥

will be <e,<s,t>,<s*,t¥>> with t=y(s): but t* is not uniquely determined
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(even extensionally) so we cannot seem to use the exponentiation axiom to get a set
in which y¥* must lie, and power set is not available. However, the following ar-
gument gets us around the difficulty. First, set x* ~ y¥ iffVz ¢ b(ze x+rzcy)
is realized. Thus [<x¥*,y¥*> ¢ Rnang(b*)Z: x* A y*} can be formed in B . Now,

we can form in ,% the equivalence classes [-_x*] under the relation ~ and the
set BO = {_r_x*—J: x* € RngRng(b*)} (using the abstraction axiom). Next, observe
that if <x,z*>&y and “X,W> &y are realized, and Fcn(y) 1s realized then

x¥ n, w¥* | Hence, although t* 1is not uniquely determined, the equivalence class

[t*] is uniquely determined (extensionally). Suppose

pPrse€a->qt<s,t>¢€ y; that is,

<e,s,s%*> € a* »>J,t*(<[plle),<s,t>,<s¥, t*>> € y¥)
Then if y* is such that Fcn(y) & Dom(y) = a & Rng{y) € b is realized, then
y¥ has the form

*

{<d,<s,y(s)>,<s* t¥>>: % ¢ f(s,s*) & d € p}

for some function f from a x RngRng(a¥*) to BO and some set P C w , where

P has the form {{gt({pl(e)): <e,s,s¥*> ¢ a*} , for some ¢ in w. We do not need
the power set axiom to form the set of all such P ; quantification over integers
g 1is enough. Using exponentiation, we can form the set of all such functions f;

thus the set Q of all such y* can be formed; this completes the verification

of the expcnentiation axiom.

I. (Bounded dependent choice). ¥x & ad ye aP +Vx ¢ adrf (kn(f) & Kng{flca
& Dom(f) = w & £(0) = x &Vn € w P(f(n),f(n+1))), with P Ao

Suppose p rVX € a]ye aP and s r X & a, and these formulae are true, as

well as realized. Define a recursive function h by
h{0) = <s,0>
hi(n+1) = {D}((h(n))o)

and introduce e by
{e}(o) = <s,({p}(5))1>

{e}(n+1) = hin)

Now, we will prove the existence of a (set-theoretic) function f such that

{el(n) r (f(n) € a & P(f(n),f(n+1)). First note that the principle of countable
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independent choice Vx1eujay € a ... can be derived from dependent choice.
Then prove by induction on n  that
*) ¥ne wayo,...,yne a 3 yo*,...,yn* € RngRng(a®) j < n
({e}(y) (yj & a & P(yj,yj+1))) &y =x & P(yj'yjkl) & yo* = x*%)

This can be done in % since the formula being proved by induction is a
Ao—formula. Apply countable choice to get two functions f and h such that

f(n) = <yo,...,yn_1> and h(n) = <yo*,...,y:_1> as in (¥). Then the functions

f and h themselves can be defined. Let f* be defined by

f* = {<u,<n,y>,<n,y*> € w x (w x a) x (w X RngRng(a¥))

y = f(n) & y¥ = h(n)}

Then we will show that, with f and f* substituted in, the conclusion of the

dependent choices axiom is true and realized; that is,
(Fen(f) & Dom(f) = w & £{(O) = x & Ynew P(f(n),f(n+l) & Rng(f)Ca)
is true and realized.

First we show ¥n € w P(f(n),f(n+l)) is true and realized. The truth follows from
the last clause in the formula (¥) used to define f . For the realizability,
we have to use the definition of w¥ , which tells us that a realizer of né€ w

contains n , specifically, if s r n € w then (s)O =n

Now, P(f(n},f(n+1)) 1is actually an abbreviation for

(<n,y> € f & <n+l,w> « £ > P(y,w)). Take

q As Ap ({el( () Y), : then

1
gr ¥n &uw P(£(n),f(n+1))
Next we show Fcn{f) 1is true and realized; Fecn(f) is

<n,y>€f & n,w> & f > y = w . Suppose p realizes the left side of this; then

p is a pair <k,j> with <k,<n,y>,<n,y¥>> € f* and <j,<n,w>,<n,w¥>> € f¥ ;

hence y = w = £(n) and y*¥ = w¥ = h(n) ; here equality is extensional. But since
w=y and w¥ = y*¥ , we have y = w realized. Hence Fcn(f) is realized.
Dom(f) = w is realized since if s r n €& w , then n = (s)O and

<0,<n,f(n),“n,h(n)>> ¢ f*, so dyveay=£fn
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is realized. Finally, £(0) = x 1is realized, because h{0) = x¥ and £(0) = x.

This completes the verification of the axiom of bounded dependent choices.
J. (induction). The verification of this axiom is standard.

K. (relativized dependent choice RDC). Like bounded devendent choice, except that

we use full induction and separation ingtead of bounded induction and separation.

L. (transfinite induction). Like foundation, except that transfinite induction must

be used to make the verification, instead of foundatien.

M. (full separation). Like Ao-separation.

N. (power set). AxV y(yC a >y € x). Take x = pia) and
*

x = {<e,y,y¥> € “@la) x f(w x Rng(a¥*)

yCasgserycal

Suppose y and y* are given and vy ¢ a is realized, say by e , and y C a.
Then we have tocheck that y* 1is a subset of w XRng(a*). Suppose <p,z,z*> e y*
Since y ¢ a 1is realized, for some p, + Wwe have <p ,2,2%> € a¥*; hence

- e

<z,z*> & Rng(a*), This completes the verification of power set.

0. (abstraction). For A a Ao—formula,
Vx 3zVwiv e z<—>3y(ye x gVu(ue w <> A(u,y) & u € x))).

Take z = {{ue x: A(u,y)} : y € x }, formed by abstraction. We want to prove

the existence of z* such that

<e,w,w¥> & z* —>Jy,y*(er (ye x sVulu cw <> A(u,y) & u €& x))).

To prove that z* exists, we again need to use the equivalence relation, w* ~n y¥

iff w extensionally = v is realized iff

Apgae w¥e,u,u*((<e,u,u*> ¢ w* > <{pl(e),u,u*> € v¥* &

(<e,u,u*> € v* » <{gl(e),u,u*> € wH*)
Note that ™~ 1is given by a Ao—formula. Now, by abstraction, we can form the set

P = {{<q,u,u*>: g r{A(u,y) &8 u € x)} ; <c,y,y> € wx Rng(x*)}.



CONTINUITY IN INTUITIONISTIC SET THEORIES 29

Now define z¥* = {<e,w,w¥>; Juv¥ ¢ P{v¥ » w¥ g

J<y,y*>eRng(x*) (e r [y € x sVulue w~ Alu,y) ¢ ue x)))}

In order to show that the z¥ so defined is the z*¥ we are seeking, we have to
prove that if Jy,v*(e riy€ x eYulu € w <> A{u,y) & u € x))) , then for some
v¥ in P, v¥ U w¥ | Let v¥* = {<g,u,u¥> € w x Rng(x¥) : g r(A{u,y) & u € x)} ;
then w¥ v v¥ | Since <(e)o,y,y*> € x¥ , we have v¥ € P . This completes the

verification of abstraction, and with it, the proof of the soundness theorem 4.1.

We turn now to the auxiliary theories Ta and Tb, and discuss the notion of
realizability appropriate for them. These theories, as defined in §2 , depend on
a particular definable metric space X , which is a subset of NN with a metric
in "standard form" as discussed in §2 , th; new constant a or b stands for

an element of X , that is, an element of N satisfying an additional conditioen.

Instead of recursive functions, we use functions recursive in a {or b , as the
case may be) to realize the theory Ta (or Tb). The theory of functions recursive
in b can be formalized in Tb , and the verification that all the set-theoretical
axioms are realized proceeds exactly as in theorem 4.1, using {e}é* in place of

{e} throughout. This leads to

Theorem 4.2

If g-realizability is defined using functions recursive in b , then the inter-
pretation 1is sound for Tb ; similarly for Ta . (Here T is any non-extensional

set theory considered in this paper.)
Proof :

Actually, we first have to give a complete description of the interpretation. We
have to explain what e r b€ x and e r x € b are. We shall take er be x

to be <e,b,b*>e x*¥* and e r x € b to be <e,x,x¥>€ b* . Here b¥* 1is a particu-
lar set (more precisely, a particular term of our non-extensional set theory Tb);
to be explicit, b¥* = {<k,<n,m>,<n,m>>: b(n) = m}. Thus (e r b(n) = m)+> b(n) = m
All the logical and set-theoretical axioms can now be verified exactly as before.
It remains only to check the extra axioms involving a or b . First, consider
the axiom a & X . This has the form '

Fcn(a) & Vne o 3me wi<nm€ a) ¢V n,mE m(p(an,am) < ¥/m + 1/n} ; here o
may be taken to be some recursive function, as discussed in §2. The second of
these three clauses is realized essentially by a itself; of course a is exten-

R a
sionally equal to {e}= for a certain number e.
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Next, consider the axioms g(ﬁ):ﬁ for b(n)=m. (Remember that Tb is based on a par-
ticular function b, while Ta is not based on any particular a.) We have
(e r 9(5)=5) -+ 9(;)=5, so that these axioms also are realized in Tb. This com-

pletes the proof of Theorem 4.2.

§5., Explicit Definability

In this section we consider the old metamathematical property, if T Fian €w P(n),
then for some n, T|— P(;). We call this the "numerical explicit definability”
property. Our goal is to derive various formalized versions of this property for
set theories T and the auxiliary theories Ta and Tb, which will suffice to get the
desired continuity rules. A few general remarks are in order. The numerical ex-
plicit definability property should be compared and contrasted with the set expli-
cit definability property, if t | 3x P(x) then for some explicitly defined X,

T|— P(Q). (One might give different meanings to the words "explicitly defined"
here; but for example, any set given by a term of our non-extensional set theories
is explicitly defined.) These explicit definability properties are already known
for certain intuitionistic set theories (See [Fr ﬂ ,[Mﬂ . and &B].) These
theories have replacement instead of collection. (However, the double-negation
interpretation has not been made to work for ZF with replacement, but has been
made to work for ZF with collection; see [Frl].) Friedman and Myhill use a vari-
ant of Kleene's "slash", which becomes quite complicated because extensionality

is dealt with directly. This realizability is not enough for the needs of the

present paper, because it is not recursive, and it is not easily formalized.

Numerical explicit definability results for the auxiliary theories Ta and Tb pro-
vide information generalizing what is usually known as "Church's rule", which
says that if \/nanlA(n,m) is provable, then for some e, \/n A(n,{é}(n)) is pro-
vable. If we take the complete separable metric space X to be the integers N,
then to say v:;am A(n,m) is provable (the hypothesis of Church's rule) is to
say that Ta proves 3m A(a,m) (the hypothesis of explicit definability for Ta).
In the case X=NN or X=2N (not to mention the reals or certain function spaces)
we get other interesting information. The exact form of these results will be
given below. We begin with the most straightforward explicit definability

theorem.

Theorem 5.1 Let T be one of the non-extensional set theories considered in this

paper. If T |—3xEmP(x) then T }- P(n) for some numeral n.

Proof: Suppose T k 3 X €w P(x). Then, by the soundness of g-realizability for

T, ther= is some e such that T |— er axem P(x). That is, T proves

Eax,x*(éo r x€uw & él r P(x) & P(x)), where e = <eo,e1>. According to the defini-
tion of w*,T proves (s r x€y > x=(s)o). Hence T proves P((éo)o)' Now since
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T contains arithmetic, T proves (é)o=;, where n=(e)o. Hence T proves P(;), which

completes the proof.

Now consider explicit definability for extensional theories. Our methods yield
numerical explicit definability, not for all formulae P, but only for P of the
form x€ Q, where Q is a specific definable set. We take "definable set" to mean
"set given by one of the terms of the non-extensional set theory T". What we
would ideally want is a larger system of terms, adequate to prove the set explicit
definability theorem. In trying to get such a system of terms, there is a problem
in that the choice and collection axioms assert the existence of a set, without
there being any obvious definable one. This is why the set explicit definablity
property is known only for theories with replacement, and not for theories with
collection. Although this is an interesting phenomenon, we regard it as a side
issue, since our focus here is on continuity rules. We therefore restrict our
attention to sets defined by terms. Actually, we could include exponentiation
terms as well; if this is done, the definable sets seem to encompass most sets

needed for mathematical practice.

Lemma 5.1 Let T be one of the extensional set theories considered in this paper.
Let A* be the interpretation of A in the non-extensional set theory T-ext, given

in Theorem 3.1. Let Q be a definable set in T. Then T |—(x€Q)**—> X€Q.

Proof: First we must explain precisely what is meant by (x€Q)¥. Here Q is a
term, which belongs to T-ext, but not to T; so xeQ must be interpreted as the for-
mula of T obtained by writing out the definitions of the terms composing Q.
Secondly, if A has a free variable x, then A* has two free variables, x and y,
where y is supposed to "witness" that x is a set. (Technically x is interpreted

as the pair <x,y>.) Thus (xeQ)¥ > (xe Q) really means ((x€Q)¥(x,y) > x€Q)

& (xE&Q +3y(er)*(x,y)). Now, the proof proceeds by induction on the complexity
of the term Q. For instance, 1f Q is {x&a: P(x)}, where a is a term and P is Ao,
we have (X€Q)¥*(x,y) +> S(<x,y>) & (x€a,* & P¥(x,y), where S is the formula
defining the sets of the model of Section 3. According to Theorem 3.1(i), we

have S(<x,y>) + (P(x,y)+> P¥(x,y) ;: so (x€Q)*(x,y)«> S(<x,y>) & (x€a)¥&P(x,y).
By induction hypothesis (x€ a)* <> x€ a, since we can prove by induction on terms
that the transitive closure of a definable set is definable, so that S(<a,b>) for
some term b. Thus (x€Q)¥(x,y)«> S(<x,y>) & x€ a & P(x,y), i.e.

> S(<x,y>) & x€Q. But xe&Q implies Jy S(<x,¥y>), since TC(x) can be defined if
X 1s known to belong to some transive set, and as we have just mentioned, the
transitive closure of Q is definable. Thus x€Q ->3y(xe ) ¥(x,y) and

(x€ Q) ¥ (x,y) + x¢e Q. For reasons of space limitation we omit the other cases

in the induction on Q.
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Theorem 5.2 Let T be one of the set theories discussed in this paper, including
extensionality. Suppose T |-3xem(x €0Q), where Q is a definable set in T. Then

for some numeral n, T |— ne Q.

Proof: Suppose T |— ax € w(xeQ). Then, by Theorem 3.1, T-ext |-(ax€w(x€Q))*.
Hence T-ext ]-axeuj(xe Q0)*, since x¢w 1is equivalent to its *-interpretation, by
Theorem 3.1 (ii). By Theorem 5.1, T-ext |—(r_1 €Q)*, for some numeral n. Hence, by

Lemma 5.1, T |—r_1 €Q. This completes the proof.
Next we turn to explicit definability results for the auxiliary thecories Ta and Th.

Theorem 5.3 (i) Suppose Tb \-axewP(x), where T is without extensionality. Then
Tb I-P(r_l), for some numeral n. If T has extensionality, then the same result holds
for P of the form x€Q, where Q is a definable set in T.

(ii) Suppose Ta |—3xew P(x), where T is without extensionality. Then for some
numeral e, Ta |- {;}E(O)ew & P({Q}E(O)) . If T has extensionality, the same result

holds for P of the form x€Q, where Q is a definable set in T.

Proof: Exactly like Theorems 5.1 and 5.2, appealing to the realizability used in
Theorem 4.2 instead of 4.1. For (i), we also have to observe that in Tb, if
{;)R(O) € w is provable, then for some numeral ;, {E}E(O)=r_1 is provable. This
is proved just like the corresponding result for T; it consists in observing that
the axioms of Tb suffice to formalize the computations of a Turing machine; when
a value b(;x) is called for in the course of a computation, one of the axioms of Tb
is there to formalize the step in which the "oracle”" answers. Of course, this
cannot be carried out in Ta, which is why the theorem takes the form it does.

This completes the proof of the theorem.

Formalized Explicit Definability

We have to discuss the formalization of the preceding results on explicit defin-
ability. They cannot be formalized as they stand (see the general discussion in
[Bl]), but instead we have to show that there is a sequence of subsystems Tn of
each set theory T, such that the explicit definability theorems for Tn can be
proved in T, for each fixed integer n. This may not be possible for systems T
which have only restricted induction. Here we carry it out for the other theories

considered in this paper, which have full induction.

The complexity of a formula of set theory is an integer defined by induction so
that prime formulae have complexity zero, and the complexity increases by one at
each logical connective and gquantifier. We can, for each fixed n, introduce a
truth-definition ’I‘rn (a formula of two free variables; one of which is a number

variable, i.e. a varizble bound to « , and prove T [7 Trq('A’,x)HA(x) . To be
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technically precise, we have to worry about the fact that A can have more than one
free variable (x can be a list of variables), and code these variables into the

single variable on the left, so that we should actually say
T Tr_("A) )AL (X))
n 1 m

We neglect this distinction where it is safe to do so. The construction of Trn
is standard; Trn('A',x) is a disjunction, according to the finitely many possible

forms of A.

If T is one of our set theories, let Tn be T with all proofs restricted to contain
formulae of complexity <n; and the axioms of Tn are those axioms of T which are
of complexity <n and occur among the first n axioms of T in some natural enumera-
tion. Thus Tn has finitely many axioms. Note that Tn is not a formal system in
the usual sense, since a formula of complexity <n might be provable from axioms

of complexity <n, but only through intermediate steps of greater complexity.
Nevertheless, Tn is useful for our purposes (chiefly because it saves us from
having to use formalized cut-elimination theorems, which in some cases are not

even proved yet). By the reflection principle for S, we mean
Prs('A') + A , for all formulae A.

Lemma 5.2 Let T be one of the set theories considered in this paper with full

ot Tar T4, z, ZF  + RDC). Then T proves the reflection prin-
ciple for Tn, for each fixed n.

induction (i.e. T T
Proof: We have Trn('A‘) <+ A; and we prove Prf (j,'P') + Tr ('A') by induction
n n

on j. It seems that bounded induction will not suffice.

By the l-consistency of a theory S, (terminology due tc Kreisel and Levy) we mean,

for A recursive with one free variable,
Prs(anew A{(n)) -+ aném Prs('A(E)').

For such A, we have A(n) =+ Prs('A(E)'), if S contains a modicum of arithmetic,
and indeed this fact itself is provable in any theory which proves that S contains
a modicum of arithmetic. Hence l-consistency follows from the reflection princi-

ple for S, for all the S we have reason to consider.

Next we discuss the formalization of the soundness theorems for g-realizability.
Let us first discuss what goes wrong with a straightforward attempt to formalize
the theorem, Pr('a') *:3e Pr('é r A'). One would try to prove this by induction

on the length of the proof of A; the induction step involves proving

Pr{'a r (A +B)') & Pr('g ra') > Eam Pr{'m r B").
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Now from Pr('ar (A > B)') & Pr('b r A'), we easily get Pr(' dn(Tabn & U(n) r B)').
To pass from that to the desired conclusion of the induction step requires the
i-consistency of the theory. However, this is the only obstacle to the straight-
forward formalization of the proof. 1In other words, if we have the l-consistency
of a theory S, and we can prove the axioms of S are realized, then we can prove

the soundness theorem for S, using nothing more complicated than bounded induction.

Thus we obtain

Lemma 5.3 (Formalized realizability). Let T be one of the non-extensional set
theories discussed in this paper, and let T be as in Lemma 5.2. Then for each
n

fixed n, there is some n* such that
Tl (pr_('a*) » e Pr (‘e r a")),
n n

where Prn is the provability predicate of T .
n

Remark: By writing Pr('é r A'), to be perfectly explicit, we mean
Prn(Sub(Num(e),'x r A'), where Num is a primitive recursive function producing
from e a Godel number of the numeral ;, and Sub is a function producing a Go&del

number of P(t) from Gdédel numbers of a term t and a formula P.

Proof: As sketched above, we go by induction on the length of the proof of A,
using 1-consistency in the induction step for modus ponens; it is provided by
Lemma 5.2. The use of n¥ on the right in place of n is necessary because the
complexity of e r A is usually greater than that of A. We also have to check
that for each axiom A of Tn, T proves-ae Prn*(; r A). If n* is chosen large
enough, this will be a true Ef sentence, by Theorem 4.1; therefore provable in
arithmetic, hence in T. (Here we use that Tn has only finitely many axioms.)

This completes the proof of the lemma.

Lemma 5.4 (Formalized explicit definability). Let T be one of the (non-exten-
sional) set theories discussed in this paper. Let Tan and Tbn be as in Lemma 5.2.

For each fixed n, there is an n* such that

(1) T|— (Prn('A') 4.3 e Prn*(‘g r A')), where Prn is the provability predicate

£T .
ot Ty

(ii) T |- (Pr_('A") > F. Prn*('{é}i(o) r A')), where Pr_ is the provability

predicate of Tan.
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Proof: Like Lemma 5.3, appealing to Theorem 4.2 instead of Theorem 4.1.
Theorem 5.4 (Formalized explicit definability).

Let T pe any of the set theories discussed in this paper. Then T proves numerical
explicit definability for Tn, Tbn' and Tan, for each fixed n. To be precise, if
Theorems 5.1, 5.2, and 5.3 are altered by changing T, Tb, and Ta to Tn' Tbn,

and ’I‘an in the hypothesis and to Tn*’ Tbn*' and Tan* in the conclusion, then the

resulting statements are provable in T, for some n*¥ depending on n.

Proof: We first choose n* so large that Tn* will prove s r X€w > (s)o=x. Now
the proof of Theorem 5.1 can be formalized directly, appealing to Lemma 5.3 where
the soundness of g-realizability is used. Next, note that the proof of Lemma 5.1
can be formalized in T {(with T replaced by Tn in the conclusion), since the
statement proved by induction there is AO. The appeal to Theorem 3.1 is all
right because, as noted in Thecrem 3.1 (iii}, the relevant part of Theorem 3.1
can be proved in arithmetic; so if n* is chosen large enough, Theorem 3.1 will be

provable in T Now the procf of Theorem 5.2 can be directly formalized, appeal-

*
n
ing to Lemma 5.4 where the sounduess of g-realizability for Ta and Tb 1s needed.

This completes the proof of Theorem 5.4.
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§6. Uniform Continuity and Forcing.

The results of the previous sections are sufficient to establish the derived
rules concerning local continuity, but not those concerning local uniform conti-
nuity. It is worth reviewing the reasons why the preceding results are not suffi-
cient. What we need to establish is condition (iii) of [Bl], which says roughly
that each provably recursive function from a compact metric space X to the inte-
gers N is provably uniformly continuous (hence provably bounded). Now, as dis-
cussed in[Bﬂ ., we cannot hope to prove all functions from X to N are uniformly
continuous in any theory consistent with Church's thesis, because there is a re-
cursive functional defined on all recursive members of 2N, but not uniformly con-
tinuous there. (To compute this functional at an argument y, examine the values
y(0),y(1)...until you come to y(n) such that in n steps of computation, you can
verify that y cannot be a separation of two fixed recursively inseparable r.e.
sets; then set the output equal to y(n+l).} This is our first observation.

Our second observation is that any provably recursive functional can be proved to
be continuous, by the derived rules which follow from the results already proved;
hence, classically, it is uniformly continuous, since X is compact. However,

this is not enough; we want to know that it is provably uniformly continuocus.

Our solution to this problem lies in using forcing to add a generic real to the
universe; any function which is defined on all members of a compact space, inclu-
ding generic ones, will have to be uniformly continuous. We used forcing in [Bl]
to establish these rules for Feferman's theories; here we apply a similar tech-
nique to Friedman's theories. It turns out to be rather complicated to give a
suitable definition of forcing that works for the exponentiation axiom, although

for theories containing power set it is straightforward.

Suppose the compact space X, whose members are the members x of NN with x(n)jMn,
for some fixed recursive sequence Mn, is fixed once and for all. Let C be the
set of finite sequences of integers p=<po,p1,...pn> such that pijMi. We use the
usual notations (p)i for P, lh{p) for n+l; and we use the notation (borrowed
from forcing) p< q to mean that q is an initial segment of p (so p gives more in-
formation than q). No harm will result from using @ to denote the empty sequence.
We use p,q, and r for members of C; thus ¥ p means YpecC. We are going to as-
sign to each formula A of a set theory Ta (with an extra constant a for a member
of X), a formula pH-A of T (without a), which is read "p forces A". The free va-
riables of p|FA are p together with x', where X are the free variables of A.

(The use of x' here is purely for intelligibility; we may technically assume x'
is the same variable as x.) We write p.,n|A to abbreviate Wq<p(lh(q)<n+lh(p)~
q]FA). We are now ready to give the clauses defining the forcing interpretation

that works for theories containing the power set axiom (below we shall discuss
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the modifications needed to treat thecries with the exponentiation axiom).

plravE is plavp|-8
p|FA&B is pl-A & pl|l-B
p“—axA is gx'pH—A

pH—VxA is ¥x! an(p,nH—A)

pl-@»8) is Vasp(ala »Ania,nll-en
pll-xey  is <p,x'>ey’
plFx=y is VYwwex' <>wey"); p “-— lis 1

These last clauses will also serve to define what it means for p to force an ato-
mic formula containing terms of the non-extensional set theories, once we asso-
ciate to each such term t another term t' to use in these clauses. As in the
soundness proof for realizability, the choice of t' will be apparent in the course
of the soundness proof for forcing, and we postpone the definitions of the terms
t' until then. We do, however, now give the term a' which is necessary in order
that the above clauses should determine what it means to force an atomic formula
involving a. Namely, a' ={<p,<n,m>>: n<lh(p) & m=(p)n}. Note that a' does not

involve a, so that generally pH—A is a formula without a.

Remark: We have logic with no negation symbol, and instead a falsum symbol in
terms of which negation can be defined. The above definition shows that p“—1A
iff qup'lq“—l—\, which is the usual clause. Since V and + are classically super-
fluous, if we use classical logic our definition reduces to the usual notion of

forcing.

Our next goal is to give the modification of the above interpretation that will
suffice for theories with the exponentiation axiom. We introduce some
Notation: Cp = {gec: qg<p}

q< p means g<p & lh(g) = n+lh(p)

x'/p ={ <g,u'> ex': q<p} ; x'/p is read "x' restricted to p".
Qur forcing interpretaticn will be defined in the following way: we shall first
associate to every formula A with free variables x another formula RA(p,x'); we
then write p”—A to abbreviate RA(p,x'/p) . In what follows, We make the conven-
tion that the variables x' are restricted to so-called "goqgd sets"; that is,
Vx' means Vx‘(G(x') ~+ , and gx' means gx'(G(x') &, where G(x') 1is a Ao for-

mula defining the good sets, as follews. With ~ for extensional equality, G(y') is

VoVaspVwi<p,wey' »3v(<q,v>E€y' & v~ w/q)). It is not obvious that any good

sets exist; we shall encounter our first ones in Lemma 6.3 below. Now here are the
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clauses defining the formulae RA(p,x'):

is R_& ;i R i v : i '
Raen 5 Rp8Ry ave 1S BpY Rg i Ry s 3y'a

Rxey(p,X',y')- is <p,x'>€y'
Rx=y(p,x',y') is x'=y'; R_L (p) is 1

Ryy (Pex') is Vy'3nVa< p R (q.x'/q)

RMB(p,X') is qup(RA(q,X'/q)-’gnVrinq RB(r,x'/r))

Now, using the abbreviation p“—A for RA(p,x'/p), the clauses for
implication and universal quantification can be rewritten in exactly the
form we gave for the simpler version of forcing!
Lemma 6.1 If p|~A and q<p then qla.
Proof: A straightforward induction on the complexity of A, using crucially that
the primed variables are restricted to good sets, which in fact is built into
the definition just to make the atomic case of this lemma work.

Lemma 6.2 If p,jll~A and p,m||-(A>B), then for some k, we have p,k|-B.

Proof: Let n = max(k,j); by Lemma 6.1, p,nH—A and p,nH-(A*B). So for each q:np,
qH-(A*B). Hence, for each anp, 3 i(q,i”—B). Now there are only finitely many

q:ﬂp. Let ko be larger than any of the values of 1 which work for these finitely
pany q. Then qg<p > q,kOH—B. Set k = n+k . Then p.k|B.

Lemma 6.3 pH—ne w iff new; more precisely, there is for each n a term n' such
that p!}rléw implies new , and n€w implies p“—netu with n' substitituted for
the corresponding free variable of the formula pH-n.

Remark: This is the analogue of saying new is "self-realizing”. We might call

a formula with this property "self-forcing".

Proof: We first define a function n' of n for use in the lemma, by induction:

0' is @, and (n+1)' is {<p,u'/p>: u<n}.By restricted induction on n, one proves

that for all integers n, n'

is a good set. We now define w' (which we promised
to do in order to complete the definition of forcing) as {<p,n'/p>: new}. The
assertions of the lemma may now be proved by a straightforward induction on n.
Lemma 6.4 Let A be an arithmetical predicate. Then for xgu, pH-A(x) iff A{x).
Proof: By induction on the complexity of A. The basis case consists of the rela-
tions x=y+z, y=x-z, and successor. These relations have their set-theoretical
definitions, so matters are technically complicated. Consider how to prove
(p”—x=y+1 iff y=y+1). This is done by induction on x, first proving pH—O €z by
induction on z. Then we proceed to + and °, just as in the set-theoretical de-
velopment of arithmetic. (This can all be done in B).

Next we do the induction step of the lemma, in which A is, for instance,
VzeuwBix,z). Suppose pH—A(x); then for some n, we have p,n”—(zem -+ B(x,2z).

Let z€&w be given; using z' produced in Lemma 6.3, we have p”‘z €w; hence for
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some j, we have p,j||~~B(x,z) . Hence B(x,2), by the induction hypothesis. Since
2 was arbitrary, we have A(x). Conversely, suppose A{x}. We will show (2)”—-A(x);
that is, Q)H—Vzem B(x,2). We claim qH-z €w implies qH-B(x,z). Indeed, if q||—zew

then z€w, so B(x,z); hence, by induction hypothesis, Q)H—B(x,z) .
Lemma 6.5 If y' is substituted for x' in the formula p|l-A(x), the result is
logically equivalent to pH—A(y) . In other words RA(x) (p,x'/p) 1s equivalent to

RA(y) (p.y'/p).

Procf: By induction on the complexity of A.

We are now ready to state the soundness theorem for forcing. Let Ta be the
auxiliary theory described in 82, with a constant a for an element of the compact

space X.

Theorem 6.1 Let T be any of the non-extensional set theories discussed

in this paper, except B-ext. Thus T can be (non-extensional) Tl'T2'T3'

T4, %, or zF +RDC. Then TaFA implies T}—an((b,nH-A).

Proof: By induction on the length of the provof of A. We have to check the logical
axioms and rules, then the set-theoretical axioms. We begin with modus ponens.
Suppose @,nl||-A and @,mj|- (A>B); then by Lemma 6.2, @,k|-B for some k. (Note that
Lemma 6.2 was proved within B.) We leave the reader to check the other proposi-
ticnal axioms and rules (using e.g. the list on page 3 of [Tr]). We turn to the
quantifier axioms and rules. Consider the axiom (VxAx -+ At), for some term t.
Consider first the case when t is a variable. Suppose gl W¥xAx; that is,
Vx'E!anan RA(p,x'/p) . Substitute t' for x'; then for some n we have
q,n"—l-\(t), using Lemma 6.5. The case in which t 1S a term other than a variable
is handled the same way, provided we have at hand a corresponding term t' with
the property of Lemma 6.5. We shall give, in the course of verifying the set-
thecretical axioms, such a term t' for each term t. The other quantifier axicms

and rules can be treated similarly.

We now turn to the non-logical axioms, beginning with the axiom a€X, which has

the following form when written out:
Vnewdm € wi<n,m> €a & miMn) & Vxea In.me wix=<n,m>) &

Yn,m(<n,m>€a & <n,r>€a> m=r) & ¥n,m(p(a(n),a(m) < 1/(n+1)+1/(m+1))
.
where p is some recursive function and Mn is some recursive sequence (see §2).

First we show @|-Ynewdmeuw(<n,m€a & miMn). Let n and b be given; we claim
p||—ne w> Am ew(<n,m>¢ga & miMn). Suppose g<p has q”—n €w ; then new , by
Lemma 6.3; we must show q,jl-3Amew(<n,m> €a & m<M ) for some j. Take j=M +l4n.
Then r“—<n,m>€g. Also by Lemma 6.4, r“—miMn, since by definition of C,

miMn is true.
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Next consider the conjunct X€a > 3n,m ew(x=<n,m>). Suppose p”-x €a; then x=<n,m>
where n<lh(p) & m=(p)n. Thus pH—n €w & mMmew & {x=<n,m>) by Lemmas 6.3 and 6.4.
Hence ¢H—h(eg + dn,mew(x=<n,m>). The last two conjuncts can be verified simi-

larly; this completes the verification of the axiom a €X.

We now turn to the set-theoretical axioms. Consider an axiom of the form

3 xVy(y €x <> A(y)). Pairing, union, separation, exponentiation, and power set
are all of this form. If we can form x' = {<p,y'/p>: PH‘A(y)}, then this axiom
will be forced by #, as is easily checked. (If we had not been so careful in our

definition, we would have to form {<p,z'>: pH—A(y)} ; which cannot be done for the

exponentiation axiom.) We now check the axioms of this form one by one.

Separation: Here we have to form x' = {<p,y'/p>: pH—(B(y) & y€a)l; that is,
{<p,y'/p>€a' : p|-(B(y) & vea)}. This can be formed using separation and abstrac-
tion. To check Ao—separation, we have to prove that pH—B(y) is a Ao formula if

B is; this is a simple induction on the complexity of B.

The definition of x' just given also determines the term t' corresponding to the
term t associated with this separation axiom. It has to be checked that x' as
just defined is a good set. Generally if x' is defined as {<p,y'/p>: pH—C}

then x' is good, since if g<p and p is in x', then q also forces C, so <q,y'/q>
is in x*', by definition of x'; but <q,y'/g> is exactly <q,(y'/p)/q> , which is
what we must prove is in x' in order to show x' is good. All the terms t'which
we shall exhibit in verifying the set-theoretical axioms have this form, so we

need not repeat the argument in each case.

Union: Here we have to form x' = {<p,y'/p> : pH—Ez(y €z & z €a)l}; that is,

we want x' to consist of all <p,y'/p> such that for some z', we have

<p,y'/p>€z' and <p,z'/p>€&a'. Now <p,y'/p>éz’ is equivalent to <p,y'/p>ez'/p.
Hence we want x' to consist of all <p,y'/p> belonging to some u with <p,u> € a'.

This set can be formed in B, using the union axiom to take a union over Rng(a).

Pairing: Take x' = U {a'/q,b'/q}. Thus <q,y'/q>&x"' iff qH—(y=aVy=b).

qec
Exponentiation: This is the most difficult axiom to verify. Here we have to
show how to form x'={<p,y'/p>: pH—(Fcn(y) & Lom(y)=a & Rng(y)C b}. The problem
is to give in advance a set to which y'/p must belong, so that x' can be formed
by separation. Suppose ¢H—(Fcn(y) & Pom(y)=a & Rng(y)C b); then where must y'

lie? (Remember, we do not have power set available.)

Introduce an equivalence relation % on Rng(k') by defining z'=cw' iff
¢,n|Fz=w for some n., Then let [zﬂ be the equivalfnce class of 2' under this re-

lation; [zq can be formed using Ao—separation. Let S, be the set of all [zq

2
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for z' in Rng(b') (which exists by abstraction) and let So be the set of all fi-
nite subsets of S2 (using exponentiation, union, and abstraction). Let S1 be the
set of all functions from a' to SO. If £ is in Sl' let F(f) be

{<q,<w',2z'>/q>: <q,w'/q>€a’ & Vz'¥Yx'([z]e€flq,w'/q) s(x]e flq,w'/q) > z'=x")}.

(We can form this set by the Ao—separation axiom, since the equivalence relation

% 1is defined by a Ao formula.)

It is tempting to think that if @|}Fcn(y) & Dom(y)=a & Rng (y)Cb, as we have
assumed, then y' must be (extensionally) F(f) for some f in Sl' Now, we can
check that y' C F(f), where

f(<q,w'/q>) ={ Lz']: z'€ Rng(b') & ariq r|l-<w,z>ey}.

(This set is finite, because (b,nH—}!z(—b(<w,z>G y) for some n; and it can be
formed using abstraction and separation. We note that "finite" means to be the
range of some function defined on some integer, in the intuitionistic context;
i.e. to be of bounded size.) However, possibly some <q,<w',z'>/q>€ F(f) may
not have q“—<w,z>€y, although z is unique such that q,n||—<w,z>6y. To solve
iff

this problem, let us say y(‘) Nn wyi

¥V z'e Rng(b") qin¢(q|l—<w,z>€yo<—>q||-<W,Z>€ yl) .

Ve vy "~ ; ' '
So Vw € Rng(a )jn(y nw F(f)). Now, if yo~n.wy1' then

v, = {<q,<w',2'>/q>: q< @ & <q,<w',z'>/q>€y,V q&5}

o
for some finite subset S of C. Since the set of all finite suhsets of C exists,
we can form (by A -separation) {y': y' ~ y'} for each n,w',y!. Thus

o o o n,w "1 1

e artvie U fors ur .
Vweca(y'e new{y iy F(f)}), that is,

n,w

y' e m U {y': y°' ~ W F(f)} (using abstraction and union}.
w'e a' new '

Thus, if we form by the collection axiocm the set

sy = { ﬂ U ly':y oW F(B)}: £€5), then
w'ea ne w

(DH— (Fcn(y) & Dom(y)=a & Rng(y)Cb) implies y'e&sS Similarly, we can construct

3
a set Sg such that pH— (Fcn(y) & Dom(y)=a & Rng(y)Cb) implies y'/pess. Using
collection again, set S = U Sg, and set

pe C
x' = {<p,y'/p>€ CxS: pl-(Fcn(y) & Dom{y)=a & Rng(y)Cb}
This completes the verification of the exponentiation axiom. There seems to be
no hope of eliminating the need for collection in forming SB; abstraction is de-

signed for collecting sets formed by separation, but here we have to collect sets
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formed by union. It 1s worth remarking that replacement would suffice in place of

collection.

Infinity. We have already given the constant w its associated term w', and we have
defined a function n F* n', in the proof of Lemma 6.3., with whose aid the formula
n € w was proved to be "self-forcing”. Let P{z) be the property,

O €z & Vx(x € z » x+1 € z), where x+1 is the set-theoretic successor function.
Using n' and the definition of w', we easily see that @||- P(w). Moreover, P(z) >wcz
is also forced, for if Q‘F P(z) then one proves by induction that for every integer
n, some extension of g forces n € z. We note that only restricted induction is re-

quired.

Foundation. We first note some facts about well-founded relations. We say (R,4) is
well-founded if TI holds on (R,{) for sets (not formulae): thus the foundation
axiom says that (W,€) is well-founded, for each transitive set W. Suppose (W,Q) is
a well-founded relation, and (R,X) is a relation such that for some function F:R-W,
we have a € b » Q(F(a),F(b)). Then (R,{) is well-founded. Next, let (W,Q) be a

well-founded relation, and define R,=Q, R by a Rn b iff Ix € Wla Rn X & X RnbL

n+1 +1
Then each Rn (as well as their union) is a well-founded relation on W. A special

case of this is when Q is €; then, for example, if <x,y> € z y R3 z.

Now consider the relation R on any subset of C x A, defined by <r,v>R<g,u> iff
<r,v/r> € u/q. Define F(<r,v>) = v/r. Then <r,v>R<g,u> » <r,F{<r,v>)> € F{<q,u>).
Hence <r,v>R<qg,u> + F{<r,v>) R3 F(<g,u>). Hence, bv the general facts discussed

above, R is a well-founded relation.

We now prove that the foundation axiom is forced. Suppose pl|l~ Trans (W) &

Vyly €E W& yG z >y € z). We must prove p!FVu(u € W > u € z). Define for each set
z', the set zé = {<p,y>: 3n Vg np<q,y/q> € z'}. Then p!L y € z can be written
Yu vq £ pl(<p,u/g> € y' > <q,u/q> € zé), which is equivalent to

Yu vYq £ pl(<q,u/a> Eyé +> <q,u/q> € zé), which is eguivalent to
V<u,q>R<yé,p>(<u,q>R<zé,p>). Thus pH— Vyly EWeR y&€ z >y € z) is equivalent to
<y',p> € w(') & V<u,q> R <y('),p>(<u,q>R<z('),p>) > <y’ ,p>R<z('),p>. Since R is a well~
founded relation, and since R is defined by a AO formula, we conclude

vey',p> € W6(<y',p>R<zé,p>). That is equivalent to plF Vy(y € W-> y € z), which

was what we had to prove. This completes the verification of the foundation axiom.
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Strong Collection. Suppose p|[- Vxe 33y A(x,y). That is,

V <q,x>€a'/pg y' ,n(q,nH-A(x,y)). Applying collection, we get some W con-
taining a y’ such that an(q,n”-A(x,y)) for each <q,x’>e€ a'/p, and such that each
y' in W arises this way. Putz' ={<q,y'>: Y'€W & Ix'¢ Rng(y') (<q,x'>€ a &
q.n|~A(x,y))}. Then p“-(Vxe adyez A(x,y) & Vyez Ixea A(s,y)), so

@ forces the strong collection axiom.

Bounded Dependent Choice. Suppose p”- Vxeagyea Q(x,y) & x €a. We will pro-

duce z' such that pl[—(l-‘cn(y) & Dom(z)=w & z(O)=x & VY new Q(z(n),z(n+l))).

From the hypothesis about p, we get
W <a,x'>e a'-:ly'éRng(y')Hrinq(rll-yea & Q(x,y)): that is

V<q,x'>€a'—3<r,y'>£a' r|~o(x,y) . Applying dependent choice, we get a

sequence <qn'x;1> €a', with q,7p and xé =x', and qn+1||'Q(xn,x ). Now we define

n+l

2' = { <p,<n,xn>'/p>: piqn}' Here n' is as defined in Lemma 6.3, and <n,xn>'
is a term built from n' and x;l as discussed in the verification of the pairing

axiom. The rest of the argument is routine.

Now only four axioms remain to be checked: (numerical) induction, power set,
relativized dependent choices, and transfinite induction. We omit these verifi-
cations, since the proofs for RDC and TI are exactly like the proofs for DC

and foundation, and since the proof for numerical induction is completely straight-
forward. As regards power set: when considering theories with power set, there

is no need to use the complicated forcing interpretation given here; instead, one
should return to the simpler definition first given. With that definition, the
verification of power set is also completely straightforward. This completes the

proof of Theorem 6.1.

Lemma 6.6 Let A be arithmetic in a, but not containing + (in its formulation as a
formula of second order arithmetic). Then P]}'A(i) if and only if
VEex(E(lh(p))=p + A(f)). For each fixed A this is provable in B.

Proof: By induction on the complexity of A, like Lemma 6.4.

Theorem 6.2 Let T be any of the set theories discussed in this paper except B;
T may be either extensional or non-extensional. Suppose Ta |-{5]§(O)e w . Then,

for some m_ and k, Ta Fier® o< k & _5_(1?10) determines {e}?(0)).

Remark: The phrase in the last line of the theorem means that the Turing machine
computing {e}*a(o) halts using only the first mo values of a, and yields a value
< k. This can be expressed in arithmetic using the T-predicate, without mention-

ing the constant a, which seems to appear in the formula. Note that, in this case,
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m will be a modulus of uniform continuity for {é}a(o) regarded as a function of a.
Proof: Suppose Ta[—{;}i(o)é w. By the results of Section 3, if T is extensional
we can replace T by the non-extensional version, and still Ta will prove

{c12(0)¢ w. Hence, by Theorem 6.1, arguing in Ta, for some n, we have
¢,nH—E}iﬂnem(i={é}éﬂo) is determined by é}m)). Since this statement does not
involve a, as discussed above, it is provable in T, not just Ta. Now argue in T:

Let p5n¢. Then (using Lemma 6.3), for some i and m, we have for some J,

p,3ll-(1={e}2(0) is determined by a(m)). If we choose j large enough, the same

j will work for all pjn¢, so that by increasing n, we may assume that for pinw

we have some i and m, depending on p, such that pH—(i={é)§(O) is determined

by é(m)). Let mo be the largest of these values of m, over all p§n¢, and let k

be the largest of the values of i, Then if pin¢, we have

P,jlﬁ({;}éio) is determined by a(m) & {E}E(O)ikk), for some value of j depending
on p, since the formula in the last line is a consequence of the one forced by p.

Taking the maximum of these values of j, we have
#,n+3]- ({e}2(0) is determined by am) & {e}%0)< k).

By Lemma 6.6, this last formula is true, since it is forced by every condition

of length n+j. (Note that it can be expressed without using implication.
Remembering that we have been arguing in T, we have just proved that

T3 k;lmo({é)éio) is determined by é(mo) & {e}(0)<k). BApplying explicit defina-
bility for T, we get T |-({e}2(0) is determined by é(r—no) & {e}2(0)< k) for

some numerals ﬁo and k. This completes the proof of the theorem.
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§7. The Main Theorems about Continuity

In the introduction, we have discussed the various derived rules related to con-
tinuity and local continuity, which form the focus of our work. 1In this section,
we plan to establish results for intuitionistic set theories analogous to those
obtained for Feferman's theories in [Bl]. Those results are of two kinds: de-
rived rules, and consistency or independence results. In the preceding sections,
we have done all the necessary work to establish the general metamathematical
properties which were shown in [Bﬂ to be sufficient for the derived rules of
continuity to hold. For the consistency results, we have something yet to prove

in this section.

Before we give our main results, we shall fulfill the promise made in the intro-
duction to explain further the Principle of Local Uniform Continuity. In formu-
lating such a principle, we wish to state something like the Principle of local
Continuity, except that we want 8 to depend only on €. The most curious thing
about the Principle of Local Uniform Continuity is that we cannot express exactly

what we mean in the usual predicate calculus. What we really mean is
Vaexdbey
\JE > 0-36 >0

That is, b depends only on a, and 6 only on € . Of course, one can say some-

a within § of ala bO within € of a

thing in the uasual predicate calculus which is equivalent to this under some axiom
of choice, but that is beside the point. We have not pursued this matter further,
but instead have formulated a weaker version of local Uniform Continuity, which
nevertheless has all the interesting consequences mentioned in the introduction.
When we refer to Local Uniform Continuity in the rest of this paper, what we

mean is this version, called LUC(X,Y) in [Bl]. We now state our main theorem

on derived rules.

Theorem 7.1 Let T be TZ (similar to Myhill's CST), T3,T4, Z, or ZF  + RDC,

or the non-extensional version of any of these theories. Then T is closed under
the rules of local continuity, continuous choice, local uniform continuity,

Heine-Borel's rule, and all the rules discussed in [Bl].

Corollary 1If the hypothesis of one of these rules is provable in B , the con-
clusion is provable in TZ’ i.e. requires at most some instances of induction and
collection beyond B.

Proof: The necessary conditions laid out in [Bl] have been derived for these

set theories in Theorem 5.4, Lemma 5.2, and Theorem 6.2.
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Remark: In case T is a non-extensional theory, we can allow an arbitrary formula
in place of a definable set in the rule of local continuity, local uniform con-

tinuity, and continuous choice.

We now shall obtain some consistency results complementing these results on
derived rules. These results concern the principles corresponding to the derived
rules we have already studied; their statements are obtained from the rules

in the obvious way, namely: if a rule says, from A infer B, then the corresponding
principle 1s A + B. Foremost among the principles we study are the Principle of
Local Continuity, the Principle of Local Uniform Continuity, and the Principle of
Continuous Choice. Note that the Principle of Local Continuity implies the sim-
pler Principle of Continuity, that every function from a complete separable metric
space to a separable metric space is continuous; and the Principle of Local Uni-
form Continuity implies that every function from a compact metric space to a
separable metric space is uniformly continuous. Thus our results include the con-
jectures of &T 2] concerning functions from NN to N and from ZN to N. The

Principle of lLocal Uniform Continuity also implies Heine-Borel's theorem.

At the end of DWIJ, there is a "postscript" announcing certain theorems of Fried-
man, which include special cases of some of the consistency results in this sec-
tion; see also @3,53] for related results. The theorem announced for Friedman
in the last line of DWI], about the axiom of choice for the reals with the prefix
ngy A{x,y) instead of Vx aly A{x,y), is false; the axiom is refutable, as dis-
cussed in [Bl].

We are going to prove ocur consistency theorems using realizability. The key
to these proofs lies in the construction in [Bl] of a so-called "weak BRFT" in
which all operations on NN are continuous. To explain what this means: Let S be
a set, and suppose C is a class of partial functions from S to S, of several
variables, including a pairing function and a binary "universal function" @(e,x)
such that each unary function £ in C is Ax@(e,x) for some e. If (5,C) satisfies
some other, less important conditicons spelled out 1in [}l], then it is called a
"weak BRFT". The use of such structures is that the functions in C can be used
in place of recursive functions for realizability. As mentioned, in [Bl] a spe-
cific weak BRPT is constructed in which all operations from NN to N are contin-
uous. (Each weak BRFT contains a copy of the integers, calling some element O
and using p(x,0) for successor, where p is the pairing function. Thus it makes
sense to speak of operations from NN to N.) As a matter of fact, two specific
weak BRFT's are constructed with this property: in one of them, all operations
on 2N to N are uniformly continuous, and in the other, there is a continuous,

but not uniformly continuocus function on 2N to N. Call these weak BRFT's SO and
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S respectively.

1
Theorem 7.2 ZF + RDC is consistent with Church's thesis CT plus "All functions

from a complete separable space X to a separable space Y are continuous".

Remark: Continuity cannot be improved to uniform continuity without dropping

Church's thesis.

Theorem 7.3 ZF + RDC is consistent with the Principle of Local Continuity

. . . : . N
plus "There is a non-uniformly continuous, continuous function from 2 to N."

Theorem 7.4 ZF + RDC is consistent with the Principle of Local Uniform Con-

tinuity.

Corollary: ZF_ + RDC is consistent with "All functions from a compact metric

space to a separable metric space are uniformly continuous."

Proof: The idea of all the proofs is to use realizability to prove the theorem
for ZF + RDC - ext, and then use the ideas of Theorem 3.1 to prove it for
ZF + RDC. We first show how to use realizability to prove the theorems for

T-ext, where for simplicity we write T for ZF + RDC.

Generally speaking, realizability interpretations can be either formal or infor-
mal; that is, e r A can be either a formula of the formal system, or an informal
predicate. For instance, Kleene's original interpretation for arithmetic can
be taken either way. The g-realizability given earlier in this paper for set
theory is necessarily formal, however, since it is not clear how to interpret

x* informally. Of course we can also do (formal) "1945-realizability" for set
theory, which is analogous to Kleene's original "1945-realizability" (as it has

come to be called) for arithmetic. Here are the clauses defining this interpre-

tation:

er x€y is <e,x> Ey

er (A& B) is (e)O r A& (e)l rB

e r (AVB) is ((e)o=0_> (e)1 r A) &
(e)o#o > (e)1 r B)}

er (A>B) is \d atar A~ {e}(a) r B)

erExA isaxerA

eerA is VxerA

We then have the soundness theorem, T-ext FA implies T—ext,F er A for some
numeral e. The proof of the soundness theorem is so similar to the soundness

theorem for g-realizability that we do not write it out here.

Now Kreisel-Lacombe-Schoenfield's theorem asserts that every effective operation
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from NN to N is continucus; and the same theorem is true for complete separable
metric spaces in place of NN and separable spaces in place of N. (Kreisel-Lacombe-
Scheoenfield's theorem is proved, for instance, in Rogers ER, p. 365]: the reader
will have no difficulty making the extension mentioned.) Moreover, if X and Y are
complete separable and separable metric spaces, respectively, with X in standard
form, then KLS(X,Y) (in obviocus notation) is 1945-realized, as is proved in [BZ].
Now, it is easy to see that (1) Church's thesis is realized using 1945-realizabi-
lity, and (2) with Church's thesis, KLS(X,Y) is eguivalent to the assertion that
all functions from X to Y are continuous. It follows that "all functions from X
to Y are continuous" is realized, and hence consistent with T-ext, by the sound-
ness theorem for 1945-realizability. Thus Theorem 7.2 is proved with T-ext in

place of T.

Now we turn to the proofs of Theorems 7.3 and 7.4. In the definition of
realizability given above, there is nothing particularly sacred about the recur-
sive functions. If we have any weak BRFT which can be defined and proved to be
a weak BRFT in T-ext, we can use it for (formal) 1945-realizability. That is,
instead of using {e}(a)=y we use Ple,a)=y, where ¢ is the universal function of
the weak BRFT. To be precise, instead of using 3 n(T{e,a,n) & U(n)=y) we use
the formula defining @{e,a)=y in T-ext. & priori, it is possible that we might
have a weak BRFT which could be proved to be a weak BRFT without having a defin-
able universal function, but that possibility doesn't occur here. Also, one
should add to the definition of e r (AvB) a proviso that (e)O is an integer of

the BRFT (each weak BRFT contains a copy of the integers).

One can verify by reading the construction of SO and S in[Bl] that their univer-

1
sal functions are definable, and that they can be proved in a very weak non-exten-
sional set theory to be weak BRFT's. To verify that SO has the property that all
functions from 2N to N are uniformly continuous requires something like Kdnig's
lemma, which goes beyond intuitionistic systems, but that doesn't affect the
usefulness of SO for formal realizability, which only requires that we be able to

prove that it is a weak BRFT.

It follows from the above discussion, and from a soundness proof inessentially
different from the one give for g-realizability, that we can assign to each for-
mula & another formula e ri 3, for e realizes A in Si, and prove that

T-ext F A implies T—ext|—§3e esi(e T, a).
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If A is a sentence, then Wae(e r, A) is true" can be regarded as an informal
realizability interpretation of A. This interpretation can play the same role
that ')~LF= e{(e r A)" does for Feferman's theories in [Bf]. If one reads the argu-
ments of §3.2 of [Bl], making the substitution just mentioned, one finds that
Theorem 7.3 is proved, with T-ext in place of T. Similarly, if one reads the
arguments of §3.3 of B1 , substituting "aeﬂe rl A)" for " A/F=e(e r A)", one
finds that Theorem 7.4 is proved, with T-ext in place of T. That is, the proofs
that Local Continuity and related properties are or are not realized are not
dependent on the particular theory in detail, but only on the existence of a

sound realizability interpretation in some weak BRFT with the properties of So

cr Sl' respectively.

Thus Theorems 7.2, 7.3, and 7.4 are proved for T-ext. Now we discuss how to
improve this result to T instead of T-ext. We have to consider the interpretation
% from T to T-ext given in Theorem 3.1. Suppose for simplicity that we are
working with a two-sorted version of T, with variables for integers and variables

1 Recall that two sets are v if each member of one is " some member

for sets.
of the other, and aeb if a * some c&b. The interpretation for two-sorted T
leaves numbers alone. It is then easy to check that two functions from N to N

(as sets of ordered pairs) are "~ if and only if they have the same values.

Thus if X is any "extensional” subset of NN, i.e. whenever a €X and b has the

same values as a then b€ X, we have ae X iff aé€X. 1In particular, any complete
separable metric space in standard form (see §2) is+*such an extensional subset

of NN. Similarly, if X and Y are complete separable spaces and P is an extension-
al subset of XXY in the sense of §2, then xe P iff x€P. We shall now prove
the following: Let A be an instance of the Principle of Local Continuity. Then

T-extl- (A <> A*). We consider the conjuncts of the hypothesis of Local Continu-

ity one-by-one.

Making use of the "standard form" of X, we may suppose that all references to X
in the Principle of Local Continuity are implicit: that is, "a €X" actually 1s
'%1€NN & Conv{a)", where Conv is a formula expressing the convergence conditions
on a, i.e. Conv(a)«—»Vn,méN(U(an,am) < {1/m)+(1/n)), where ¢ 1is a certain
recursive function. Hence, the hypothesis "X is a complete separable metric
space” no longer needs to actually occur. Similarly for Y. Consider the hypo-
thesis "P is extensional", which says d(a,a')=0 & d'(b,b')=0.& P(a,b) - P{a',b'),
where d and d' are the metrics of X and Y respectively. We have seen already
that P is equivalent to P¥; by a similar argument it follows that (d{a,a')=0) is
equivalent to (d(a,a')=0)¥; hence, "P is extensional” is equivalent to its ¥

interpretation.
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Consider the hypothesis, "\fa €X {b: P(a,b) & be¥Y} is closed". We do not have
to check this one, since the special case Y=N implies the general case, provably
in a very weak theory plus a simple axiom of choice ACN which is realized, as 1is
shown in [Bl]. However, the reader who wishes can verify directly that this

hypothesis, too, is equivalent to its ¥ interpretation.

Finally, consider \daéxab €Y P(a,b). The interpretation of this is
V ate Xabe Y P*¥(a,b); which we have seen is just the original formula again.
The conclusion of Local Continuity can be dealt with similarly. Hence, each

instance A of the Principle of Local Continuity is provably equivalent to A¥.

Now we prove the consistency of T 4+ LC(X,Y). If it is not consistent, then some
conjunction of instances of LC(X,Y), say B, implies O=1 in T. Then, by Theorem
3.1, B* implies O=1 in T-ext. But B¥ is provably egquivalent to B, in T-ext.
Hence LC(X,Y) is inconsistent with T-ext, which possibility we have already ruled

out by realizability.

The proofs of Theorems 7.2, 7.3, and 7.4 can be completed by checking that the
other statements involved are also equivalent to their ¥ interpretations. The
basic reason why this works seems to be that none of these statements mention
objects of type higher than functions from NN to N. The use of standard form for
complete separable spaces reduces everything to low types. We check, for instance,
that "All functions from NN to N are continuous" 1is equivalent to its ¥ interpre-
tation. Now "F: NN -+ N" is Fcn(F) & \ja,b(a& NN & <a,b>€ F > b€ N). Now

Fcn(F)* says that if <a,b> € F and <a,c>€ F then bre. But <a,b> e F says

a vsome a' and b=F(a'). But then aelﬁland so b=F(a). Hence Fcn(F)¥* is equiva-
lent to Fcn(F). The argument shows also that <a,b> e¢F iff <a,b>€ F. Together
with what we have already proved, this suffices to complete the proof that

"F: NN » N" 1is equivalent to its interpretation. Next, "m is a modulus for F

at y" is VyeNN(Viim(z(i):y(i)) —+ F{z)=F(y), which is equivalent to its own
interpretation in view of the fact that <a,b>e¢ F iff <a,b>€F, as proved above.
Hence, "All functions from NN to N are continucus™ is equivalent toc its own
interpretation, as claimed. The rest of the statements in Theorems 7.2, 7.3, and

7.4 can be treated similarly. This completes the proof.

Footnote 1: We have formulated our set theories T with a constant w for the von
Neumann intcgers. Alternately one may use a two-sorted theory T2 with one sort of
variables for numbers and one sort for sets (or equivalently, one can use two un-
ary predicates.) At first glance it may seem that T and T2 are trivially equiva-
lent, but the problem is more subtle. T2 can be easily interpreted in T. But

the converse is more difficult, since T2 does not necessarily prove the existence

. . . . 2
of the von Neumann integers. However, if T contains collection, then T does
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prove the existence cf the von Neumann integers, and T can easily be interpreted
. 2 . , . 2 .
in T". In particular, the application we make of T" in the consistency proofs of

§7 fall under this remark.

Errata: (1) In Lemma 0.2 of [Bl], page 260, the hypothesis should state that for

i, j £ k, we have p(ai,aj) < (1/4i) + (1/43). When the lemma is applied on page 298,
we may assume that b satisfies this hypothesis, by replacing bn by b4n .
(2) Theorem 2.4 of [B1], p. 303, is correct, but something must be added to the
proof at line 26, for as it stands, the proof applies only if X' is provably com-
pact, which we could only assure in general if X is locally compact. (This is re-
lated to a defect of Bishop's definition of continuity pointed out by Hayashi:
continuity on compact sets does not guarantee pointwise continuity unless the space
is locally compact). To correct the proof, we appeal at line 26 to the rule of
local uniform continuity with a parameter X' for a compact subspace of X. Note that
a compact subset X' of X can be coded as a function from N to N, since it is given
by a function assigning to each rational € > O a finite E-approximation to X', and
since X is in standard form, each member of X is a sequence of integers. Thus, in
the notation of Section 2.8 of [Bl], Q(e) “++ e codes a compact subset of X is an
allowable choice of a set of parameters. In Section 2.8, the rule of local con-
tinuity with parameters is derived; the rule of local uniform continuity with para-

meter may be similarly treated.
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STABLE ALGEBRAIC THEORIES |
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Abstract: We survey the classification of stable
thecories of modules, rings, and groups.

I. Introduction

In § 1 we eive an elementary introduction to stability
theory.

§ 1. The stahility spectrum theoren.

1.1 Stable theories.
Let T be a first order theory, let A bhe a model of T , and

set:
Def(A) = the Boolean algehra of definable subsets of A

Here we take '‘definable" to mean: first order definable using para-
meters f{rom A

Stability theory starts with the question: how can we measure
the complexity of the Boolean algebra MNef(A) ? To study Def(A) it
is convenient to pass to its Stone space:

SA = the Stone space of Def(A)

Thus SA 1is a topological snace whose points are the maximal filters
in Def(A) , or to put the matter more explicitly: a point p of SA
is a collection of definable subsets of A possessing the finite
intersection property p and such that p is maximal with respect
to this property.

A coarse mecasurc of the complexity of DNef(A) 1is civen by the
cardinality of its Stonec space SA - and this suffices for stability
theory. Clearly card(SA) = card (A) (just assien to each a ¢ A the
corresponding principal filter

p, = all de finable sets which contain a .)

Call a model A of T tame i{f card(SA) = card(A) . Then our
basic notion is the following:

Definition: For any cardinal A we say that the theory T 1is
A-stable 1f all models A of T which have cardinality i are tame.
We also say that X is a stability eardinal for T

1.2 Examples.
There are essentially only four relevant examples:

Example 1. Let T bhe simply the theory of infinite sets (equipped
with the equality relation and no further structure). Then for any

1 Preparation of this survey was supnorted hy

NSE Grant MCS76-06484 Aol

Bibliographical and historical notes will be found mingled at
the end of the article. Both sorts are thoroughly incomnlete.

to
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model X of T , Nef(X) contains just the finite sets and their
complements, the cofinite sets. The Stone space SX has in addition
to the principal filters just one more filter, the filter of all co-
finite sets. Thus T 1is A-stahle for all A .

Example 2. Let T he the theory of sets P which are equipped
with No independent suhsets Py frepresented in the language of T
by unary predicates). The independence condition means:
(ind) Given two disjoint finite sets of indices 1I,J , then

(\ Pi ~ (ﬂ\ (P—Pj) is nonempty.

iel jed
Then the definable sets in a model P of T will be generated (as a
Boolean algebra) by the sets P, and the finite sets. The indepen-
dence condition (ind) 1is just the finite intcrsection of the sets
P; and the complements of the rest of the sets Pj . This immediately
gives us 2No extra elements of the Stone space SP , regardless of
the cardinility of P . It is then casy ;o see that T 1is a-stahle

o o

for x> 2 , and A-unstable for x < 2

Example 3. Let T be the theory of sets E ecquipped with No
equivalence relations such that:

'. Ey has infinitely many equivalence classes.

2. Ep4q subdivides each equivalence class of [, into

infinitely many equivalence classes.

For E a model of T the Boolean algebra Def(L) 1is generated by
the equnivalence classes of the various E;, together with the finite
sets. The main way to construct clements of the Stone space SE 1is
to choose a sequence of sets €y 2 C; 2 C; ... so that ecach C; s
an E;-equivalence class, and then to extend {C;} to a maximal non-
principal filter. Now if [ has cardinality X then the cardinality
of SE will depend somewhat on the structure of E , bhut in the worst
case it will be possible to choose each of C],CZ,C%, ee. in X
different ways, producing A%°  different clements of SE . It is
then easy to show that the stahility cardinals for T are cxactly

those cardinals x satisfying:
Ao =y

Example 4. Let T be the theory of dense linear orderings A
Then for any model O of T the Boolean algehra Def(0) 1is pener-
ated by the rays:

(-=,a) and (a,=) where a e Q and -= < Q < =
The elements of SN are basically Dedekind cuts, and there are many
of them. In fact T 1is i-unstable for all i , which translates into



STABLE ALGEBRAIC THEORIES 55

a classical fact:
For all A there is a dense linear ordering Q of cardinality
A sitting as a dense suhset of a linear ordering of cardinality

greater than A

It remains to be seen in what respect these examples are typical.

1.3 The stability spectrum theorem.

For a first order theory T 1in a countable language the set of
stability cardinals for T must he as in one of the four examples
above:

1. all cardinals.
2Ro

2. all cardinals from on

3. just cardinals of the form A = Ao
4, no cardinals.

This is the content of the stahility spectrum theorem, which may be

reformulated to apply to uncountahle languages as follows. Call a

theory T stable if it is A-stahle for some X , and unstable other-

wise. For T stable, let 6(T) be the smallest stahility cardinal

for T

Theorem 1 (Stability Spectrum Theorem). If T 1is stahle then there

is a cardinal «{T) such that the stability cardinals A for T are
characterized bhy:
1. x =2 &8(T)

2. A<My

2card (M) g v (T ¢ card(m)?

This corresponds nicely to the situation in Examples 2,3 above.

Theorem 2 (Supplement). §(T) «

Terminology: «(T) 1is the stability exponent for T . T 1is said
to be superstable if T 1is stahle for all cardinals above §(T) ,
which is equivalent to the condition that T have countable stahility
exponent.

Tradition dictates that we write "w-stable'" for '"Ng-stahle"
It is a basic fact that w-stability implies stabhility in all cardi-
nals; this can be read off from Theorem 1

Unfortunately a sketch of the proof of this theorem would lead
us too far from our main topic. The bhasic idea of the proof may be
summarized as follows.

Nbviously the first step is to get a manageahle definition of the
invariant «(T) . Once this has heen done, one is ohliged to prove two

theorems:
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The Instability Cardinal Theorem. Given «x < «(T) and X such

that: P

then T is A-unstable.

The Stability Cardinal Theorem. Given X > &8(T) such that

PRLAS D B , then T 1is 2A-stable.

Roughly speakinp, «x(T)} 1is Jdefined as the largest cardinal for
which it is easy to prove the Instability Cardinal Theorem, after
which one discovers that with considerable cffort the Stability
Cardinal Theorem can be proved.

This concludes our introduction to stability theory. It would be
interesting to discuss annlications of stability theory to specific
problems, e.g. the structure of differentially closed fields, bhut we
will omit this topic, referring the recader to [2,20] . The work of

Garavaglia [16] is interesting in this connection.

§ 2. Stablec aleebraic theories.

We consider the following question:
Let A be a module, a ring, or a group. If the theory of A is
stable, then what can be said about the structure of A ?
In the present section we summarize many of the known results. The
following convention is useful: if a structure A has i-stable

theory. we say mnre briefly that A 1is Xi-stable.

2.1 Modules.

The basic fact is:

Theorem 1. All modules are stable.

This does not really trivialize the bhasic question, since one
also wants a characterization of superstable and w-stable modules.
Such characterizations have bheen found; they involve descending chain
conditions, and will be presented under that heading at the cnd of

the next section.

2.2 Rings.

—_—
Theorem 2. The Jacobson radical of a stable ring is nilpotent.
Theorem 3. A semisimple stable ring is a finite direct sum of

matrix rings Mu(D) over stahle division rings D .

Stable division rings have not been classified, so we must
settle for less:
Theorem 4. A superstable division ring is finite dimensional over
its center (which is a sunerstable field).

Theorem 5. An w-stable field is algebraically closed or finite.
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The day before this talk was delivered Shelah completed the
proof that Theorem 5 applies also to superstable fields, so we can
combine Theorems 3,4 , and the strengthened Theorem 5 to get:
Corollary. A semisimple superstable ring is the direct sum of a
finite ring and finitely many matrix rings Mp(F) over algebraically
closed fields F

We will prove Theorem 5 in § S using techniques developed in the
study of w-stable groups; this is the argument that gencralizes to the
superstable case.

The classification of stable fields and division rings is very
much an open problem. A few nontrivial stable fields are known, namely
the separably closed fields. It is certainly possihle that stability
alone implies separable closure.

The largest gap in the results ahove lie: in Theorem 2

Problem. What can be said ahout a nilnotent rine if it is known to
be stable (or superstable, or w-stahle)?
A simple construction shows that this nroblem is at least diffi-
cult. Let Aq,A;,Az be abelian groups and let
B i Ay x Ay > Ag
be a bilinear map. We associate to B a ring R defined hy:
R=Ap @Ay @ Ag
as an additive group, with the following multiplication:
(aq,a2,a3) + (bqy,bp,b3) = (7,0,8(aq,hy) + R(by,a2))
This ring is nilpotent: xyz = 0 for any x,y,z in R . R is even
commutative. Furthermore if the structure consisting of Ay,A>,Aq
equipped with the map B 1s a A-stable structure then R will inherit
this X-stability.
To apply this construction, take any i-stahle ring A and take
for the map B the multiplication map on R
R:AxXA->A, 8%r,s) = rs
Then the above construction produces a new ring R  whose underlying
set is A A A @ A, This sugeests that the classification of stable

nilpotent rings of expnonent 3 is alrcady very difficult.

2.3 Groups.

The methods available for the classification of stable groups
will be described in detail below. The following special results have
been obtained, amone others:

Theorem 6. If G is an Ry-categorical w-stahle group then G is

abelian-by-{finite.
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(A group is abelian-by-finite if it has an abelian subgroup of

finite index.)

Theorem 7. If G 1is an No—categorical stable group then it is
nilpotent-by-finite.

Thecorem 8. If G 1is a stable locally nilpotent group then G is
solvable.

The techniques discussed helow werc develoned in the course of
proving these three results.

Some further results on groups of “orley rank at most three will
be discussed in § 6 (we introduce ‘lorley rank in § 3.1).

What are the nrospects for ohtaining some general results about
stable (superstable, w-stable) groups? This discussion in § 6 will
indicate one direction in which such results might lic. On the negna-
tive side, just as in the case of rings, it is a fact of life that
there are many examnles of stable groups, and hence general recsults
cannot he trivial.

The main source of stable groups is the following. Let R be a
stable commutative ring with identity. Then any of the usual matrix
groups taken with coefficients in R will inherit the stability
properties of R . One ecxample, cxploited by “Mal'cev, is obtained by
using upper triangular unipotent 3 x 3 matrices, i.e.:

1 ac
N1 h
001

For this particular example it is not necessary to have R

G(R) = { a,b,c e R} .

commutative, or even associative.

IT. w-stable groups.

We will describe the specific model-theoretic machinery
applicabhle to the structural analysis of w-stable groups.

In III. applications of these techniques are discussed.

§ 3. Chain conditions for stahle qroups.

3.1 The w-stahle DCC,

Definition. The group G satisfies the w-stable DCC (= descending

chain condition) iff every descending chain of definable subgroups of

G 1is finite.

Theorem 1. If G 1is w-stable then G satisfies the w-stable DCC
The proof of this theorem rests on model-theoretic machinery:

Morley rank:

If A 1is any w-stable structurc then it 1s possible to assign
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to each definable subset S of A an ordinal:
a = rank(S)
called the (Morley) rank of S in such a way that the following

axioms are satisfied:

(mor) If S contains infinitely many mutually disjoint definable
subsets S]’SZ’ ... then for some i rank(Si) < rank(S)
(ee) If S is defined in A by the formula ¢(x) , if A' 1is an

elementary extension of A , and if S§' 1is the subset of
A' defined by the same formula, then rank(S) = rank(S')

Indeed, if we try to assign to S the least ordinal compatible
with (mor) and (ee) then an inductive definition of rank emerges.
(In particular the rank O sets will be just the finite sets.) The
only problem is to show that every set S eventually does get
assigned a rank, and this is proved using the w-stability of A and
the following 'splitting argument"

If we suppose that S < A remains unranked, then it is easy to
show that S splits as the disjoint union of two unranked definable
subsets 51,52 . If we split 51’52 in the same way and iterate this
construction indefinitely, we will obtain a binary branching tree of

unranked definable sets:

AN
s’ s
/X /:\2

where each set in the tree is the disjoint union of the pair below.

If Ag is a countable elementary substructure of A such that

every set in this tree is definable over AO , then just as in Example
3,§1 the paths through this tree will produce 2NO distinct elements

of the Stone space SAO , contradicting the w-stability of A .

Supplement: Morley degree.

if A is w-stable and S ¢ A 1is definable and of rank a ,
then it is easy to show that there is a largest integer d such
that in some elementary extension of A
(deg) S can be decomposed into the disjoint union of d defin-

able subsets of rank a .
This maximal integer d 1is called the Morley degfee of S . The
following is straightforward:
(sum) If S of rank a 1is the disjoint union of S1 and SZ ,
definable subsets of rank « , then
degree(S) = degree(51) + degree(sz) .
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Lemma 2. Let G1 € G, be definable subgrouns of the w-stable
structure \ . If G, £ G, then:
either rnnk(ﬂ1) < rank(ﬁz) or else the ranks arec cqual
and then deqrce(G1) < deuree(ﬁz)
Proof:
he right cosets of 01 in GZ all have the same rank and de-
arece (they can be identified by means of definable 1-1 correspon-
dences). The lemma therefore follows from (sum) ahove and the fact
that there are at least two such cosets.

’roof of Theorem 1

Immediate {rom lLemma 2

3.2 The superstable DCC

Definition. A group G satisfies the superstable DCC iff there is
no infinite -descending chain G1 > G, > ... of definabhle subgroups
of G such that the indices:

(6, Gi+1]
are 'all infinite.
Theorem 3. If ( is superstahle then G satisfies the sunerstable

aCC.
This depends on the following model-theoretic machinery:

Shelah degree:
If A 1is any superstable structurc then it is possible to

assign to cach definable subset S of A and ordinal:
a = Deg(S)
called the (Shelah) deqree of S in such a way that the following
axioms arc satisfied (jargon to he cxnlicatel below):
(she) If S contains very many n-mutually disjoint uni-
formly definable subsets 91,52,... then for some i
Deg(Si) < (Deg(S)
(ee) as for ‘lorley rank
Terminology:
1. n-mutually disjoint: the intersection of any n of them

is emnty.

2. uniformly definable: there is a single formula o(x,Yy)

such that each of the sets S; 1is definable hy a formula
of the form ¢(x,a) for a suitahle choice of thc elements
a in A
As in § 3.1 a splitting argument shows that cvery definahle set
can be assigned a Shelah degree. Then Theorem 3 follows directly

from the following fact, whose proof the recader should supply:
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Lemma 4. If 01 < GZ are definable subgrours of the superstable
structure A and [G] : GZJ i~ infinite then the Shelah degree of

G2 is smaller than that of G] .

3.3 The stable chain conditions.

Definition. 1. G satisfies the obvious stable CC iff any chain
of uniformly definahle subgroups of G is finite.

2. G satisfies the (full) stable CC iff any chain of
intersections of uniformly definable subgrouns of G 1is finite.
Example. The centralizers C(Cfaq) of singlc elerents ¢ in G are
uniformly definable, and their intersections are the centralizers of
arhitrary subsets of G . Thus thc stable CC includes a chain condi-
tion on centralizers.

Another examnle occurs in § 5 .

The following result is nontrivial even for sunerstable groups.

Theorem 5. If G is stahle then G satisfies the stahle CC .

We will sketch n nroof{ of this theorem.
Remark. let A be a stahle structure, n an intcger, and R a
Jdefinable binary relation bhetwecen n-tunles in A\ . Then @& cannot
linearly order any infinite subset of A" .
Proof: (sketch):

An elementary argument shows that AM dinherits the stability of
A, and hence we may take n = 1 withont loss of gencrality. Then if

R linecarly orders an infinite subset X of \ it is casy to find
an elementary extension \' of A\ in which " 1linecarly orders a
dense linear ordering of any desired form. Then the Dedekind cuts in
this ordering mny he usel to construct elements nf the Stone space
SA', contradicting the stability of A (cf. Example 4 , § 1).

At this noint we sce that the obvious stahle €C really is
obvious for stable groups. Indeed, an infinite collection of uniform-
ly definable srouns lincarly ordcred under inclusion induces a defin-
able lincar orderina of the narameters used to define the wvrouns,
contradicting the above remark.

The point in the proofl of the full stable CC is that it can be
reduced to the obhvious stahle CC , namely:

Lemma 6. et T bhe a farily of uniformly definable suborouns of a
stable group 6 . Then there is an intecger n such that any inter-
section of clerments of F  is in fact an interscction of n  c¢lemwents
of F.

Corollary 7. With F,6 as above let F' he the family of arbi-

trary intersections of groups belonging to F . Then the groups in
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F' are uniformly definable.
Clearly lLemma 6 gives the corollary, and the corollary reduces
the stable CC to the obvious CC. The point then is to nrove Lemma 6.
This depends on the following, which can be proveld directly on
the basis of 2} > x . (Proof omitted).
Remarh . If A 1is a stable structure and T is a family of inde-
pendent uniformly definable subscts of A then F 1is finite.
(Independence was defined in Example 2, § 1.2 .)
Proof of Lemma 6 (skectch):

If for each n we can {ind n independent groups in F , then

in an elementary extension of A we¢ can find an infinite set of in-
dependent uniformly definahle groups, contradicting the preceding
remark. Thus for some n we cannot find n+1 independent groups.

We claim cvery intersection of elements of F can he reduced
to an intersection of n elements of F . Assuming the contrary, we
obtain an intersection of n+1 grouns G1,...,Gn+1 in F which is
not an intersection of any n of them . Tt suffices to show that
this implies that the aroups Gi are independent. If one thinks of
this as a variant of the Chinesc Remainder Theorem with the Gi

playing the role of maximal idecals then the proof is evident.

3.4 Classification of modules.

We will give the classification of superstahle and w-stable
modules without proof. Consiler modules over a fixed ring R . For
any system LK of linear equations involving paramweters from R , an
unspecified parameter x from * , and unknowns X1yeeeaXy let
M(E)  denote the sct of parameters m in M  for which the system
E  becomes solvable in Y wupon setting x = m . Then M(E) 1is a
subgroup of * . let ¢ = Oy denote the family of all such subgroups
of M.

Theorem 8. The following are cquivalent:
1. M is w-stable.
2. Y satisfies the descending chain condition reclative to

grouns in % .

The analog of Theorem 8 for sunerstability is also correct.

§ 4. Connected grouns.

4. The identity comnonent.
Definition. The aroup G 1is connected iff it contains no definable

proper subgroun of finite index.
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Definition. If G contains a connected definahle suhgroup 1 of
finite index in G , then it is casy to see that ' 1is unique, so
we may set: o

=06 .

¥e emphasize that G° may not exist. When 6% exists we say that
G 1is connected-by-finite. Note that G° 1is normal in G when it
exists.

Theorem 1. If G is w-stahle then G 1is connected-by-finite.
Proof:

This is an application of the w-stahle NCC. If G is not itself
connected then it has a disconnecting subgroup H (i.c. a definabhle
proner subgroup of finite index). If H 1is not connected it has a
disconnecting subgroup ' . Continuing in this manner we construct a
chain of definahle suberoups of G . Where the chain stops we will
find the identity comnonent of G .

(In a similar vein the stable CC can be used to nrove:

Theorem 2. If G is stahle and Ro—cntcaorical then G 1is connec-
ted-by-finite.

This is a useful first step in the proof of Theorem 7 of § 2.3)

There is another variation on this theme which plays an impor-
tant role in § 5
Theorem 3. et F be an infinite stahle fiecld. Then the additive
aroun of I' 1is connected.

Uroof:

Supnonse A is a definable additive subaroun of finite index in
F . We will show that A\ = F .

For any nonzero clement a of [ the scalar multiple aA 1s
again an additive subgroup of finite index in F . Let A, be the
interscction of all groups in % . Ry the stahbhle (C Ao is a finite
interscction of such groups, and as such is of [inite index in F .
ilowever by construction the additive group ‘o is closed under
multiplication by elements of I , i.c. is an ideal of T . Thus Ay
is T or (0) , and since (0) 1is not of finite index in T we

have Ao = F , hence A = F , as desired.

4.2 Conscquences of connectedness.

We have seen that connected grouns arise in cases of interst.
We will now establish some of their pronerties.

Theorem 4 (Surjectivity Theorem). Let G he a connected super-

stable groun and let
h: G -+0G
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be a definable endomorphism of G with finite kernel. Then h is
surjective.
Proof:

Let G have Shelah degree <« and let H be the image of h
Viewed somewhat abstractly, H is the result of collapsing G by a
definable equivalence relation whose equivalence classes are of fixed
finite size. Such a collapse preserves Shelah degree, so 1l also has
Shelah degree o (details omitted). Looking at the way G breaks up
into cosets modulo H , we see that the index ([G:H} must be finite
(by (she), §3). But G 1is connected, so H = G , as claimed.

The following result illustrates a certain proof technique.
Theorem 5. Let G be a connected group and let N be a finite
normal subgroup of G ., Then N 1is contained in the center of G .
Proof:

Let the elements of G act on the elements of N via conju-
gation, so that each element g ¢ G induces a permutation oy of
N . In this way we get a homomorphism:

6 : G » Permutations of N
whose kernel K 1is the centralizer of N .

Since G/K 1is isomorphic with a group of permutations of N ,
the index ([G:X] 1is finite. Since K 1is definable and G 1is con-
nected we get X = G , so (G centralizes N , as claimed.

The main result on connected groups is the following:

Theorem 6 (Indecomposability Theorem). Let G be an w-stable

group. Then the following are equivalent:
1. G 1is connected.
2. G has Morley degree 1 .
The proof closely resembles the proof of Theorem 5 , except for
technical difficulties which will be glossed over.
Proof (so-called):
2 -1 : entirely trivial.
1+ 2
Let G have Morley rank o and Morley degree d .

We know that there is a decomposition:

(dec) G = 51 V) S2 v.,,. VU Sd

into d definable sets of rank o and degree 1 . Furthermore it is
not hard to show that this decomposition is essentially unique in the
sense that given a second such decomposition:

G=Ty UT, U ... VUTy

there will be a unique permutation ¢ of the indices such that
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rank(SiATic) < a (A= symmetric difference) .

It is convenient to abbreviate this condition hy:

qi = Tio

We can use the decompositinn  (dec) to define an action of &
as a group of permutations on 1,...,d as follows. Right trans-
lation by an element ¢ of & converts the decommosition (dec) in-
to a similar docomposition:

=5 guU U ... U«
G =5S,8US,8 S48

which must essentially coincide with (dec) as explained above after

a permutation Gg of the indices 1,...,d .

More explicitly: Sig = Siu . Thus we have a permutation repre-
sentation o of G , and we maf consider its kernel K . Arguing as
in the proof of Theorem 5 we conclude that K = G (however it is no
longer obvious that K is definable, and this nresents the main
technical comnlication in the argument). ‘Making this explicit, we
have that for all ¢ in G

(fix) S.a = S. for i = 1,...,4 .
i i

Now with a considerable amount of "hand-waving' we are in sight
of a contradiction if d > 1 . For fixed «a in S and for most
s, in S, the left-handed version of (fix) yields:

g5, € S, .

lHience if we can find an element s in S, which is in some sensc
"peneric'" relative to the clements of S, we conclude:

§1< cs

which contradicts (fix). This aenericity argument can casily be wade

o] »

rigorous by goina to an elementry extension 6' of 0,

IIT. Classification theorems.

Ne present the classification of w-stable ficlds in § 5 and
we describe results on w-stable eroups of low ‘forley rank in

§ 0 .

§ 5. w-stahle fields.

¥e will prove Theorem 5 of § 2,2 : an w-stahle ficld is either

algehraically closed or finite. The nroof involves the followiny
specific algebraic infarmation:

Fact A, Let K he a Nalois extension of prime deoree o over a
field T snch that xT-1 splits in F . Let [ have characteristic

p (possihle n = 1) . Then either:
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$+ p and K is a Kummer extansion, i.e. K = F(a) with

q
aq e F , or
q p and K 1is an Artin-Schreier extension, i.c.
K = F(a) where aol-a e F

This will be comhined with the following result:
Lemma 1. Let F be an infinite w-stable field. Let h be one of
the following maps:

1. h(a) = a"

2. h(a) = a”-a if F has characteristic p > 0

Then h 1is surjective.

Let us first see how to complete the proof of Theorem 5 of § 2.2
using Lemma 1
Proof of Theorem 2.2.5:

Suppose toward a contradiction that F 1is an infinite w-stable

field which is not algebraically closed. By Lemma 1 with n =p (if
F  has characteristic p > 0) F 1is perfect, hence has a Galois
extension K of finite degree. Among all pairs (F,K) of fields
satisfying:

i. F is infinite and w-stable.

ii. K is a Galois extension of F of finite degree q ,
choose a pair for which the degree q 1is minimal. It is then easy to
verify that we have arrived at the situation described by Fact A,
namely that q 1is prime and x%-1 splits in [ . llence we have a
Kummer extension or an Artin-Schrecier extension. However it is an
immediate consequence of Lemma 1 that T has no such extensions,

and we have the desired contradiction.

Proof of lLemma 1:

Let G1,Gz be respectively the multiplicative group of nonzero
elements of [F and the additive eroup of F . If thesec two groups
are connected, then the desired surjectivity results follow immedi-
ately from the Surjectivity Theorem (§ 4.2). Theorem 3 of § 4.1
tells us that Gz is connected. It re=7ins to be scen that G1 is
connected.

By the Indeccomposability Thecorem (Theorem 6 of § 4.2) the

following arc equivalent:

1. (F,+) 1is a connected aroup
2. F has Morley decprce 1
3. (F°,+) 1is a connected croup .

llence the connectivity of G, 1implies thc connectivity of 61

and we are finished.
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§ 6. Groups of small Morley rank.
6.1 Results.

Using the Indecomposability Theorem of § 4.2 it is possihle to
give a rather thoroush analysis of w-stahle groups of ranks one and
two, as well as - to a more limited extent - rank three. Since an
arhitrary w-stable groun is connected-by-finite (§ 4.1) we may con-

fine ourselves to the connected case.

Theorcem 1. Let G be a connected w-stahle group of Morley rank n.
1. If n=1 then G 1is ahelian.
2. If n=2 then (G 1is solvable.

3. If n
cither (G 1is solvahle or else G 1is isomorphic to a group

3 and if G contains a subgroup of rank 2 then

of the form SL(2,F) or PSL(2,F) for some algebraically
closed field F
(Notation: (L(2,F) 1is the group of invertihle 2 x 2 matrices
over F , SL(2,F) 1is the suhgroup of matrices of determinant 1 ,
and PSL(2,F) 1is the quotient of SL(2,F) hy its center. PSL(Z2,F)
is simple.)

6.2 Groups of ‘Morley rank one.

We begin with a simnle group-theoretic lemma:

Lemma 2. Let H he a group in which all elements different from 1
are conjugate and of finite order. Then Il has at most two elements,
Proof:

Assume Il is nontrivial and fix a in H of prime order p .

Then 11 is of exponent p , and if p = 2 a standard exercise
yields that 1 is commutative, hence equal to Z2 .

If p > 2 we obtain a contradiction as follows. Let g e G
conjugate a to a~! . Then since p 1is odd we get:

p -1\P -
= a( (DA a”l ,

a = af
contradicting p > 2 .
We can combine this lemma with the Indecomposability Theorem of
§ 4.2 to obtain:
Theorem 3. If G 1is an infinite w-stahle group then G contains

an infinite abelian definahle subgroup.

Proof:

Suppose that G 1is a counterexample. We may take G to have
least possible Morley rank and then least possible Morley degree.
All proper definahle suhgroups 11 of G are finite, since other-

wise the theorcm would anply to Il and hence to G . In particular
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G is connected, and hence by the Indecomposability Theorem has
Morley derree 1 .

Let the rank of G be o and let the center of G be Z . We
will show that in G/2Z all nonidentity elements are conjugate and
of finite order, which in conjunction with the above lemma yields a
contradiction.

For a in G-Z the centralizer C(a) of a in G 1is a pro-
rer definable subgroun nf ( , hence finite. In particular a 1is of
finite order, since a 1is in C(C(a) , and it remains to consider the
conjugacy class of a , which we denote aG .

There is a natural identification of A0 with cosets of G
modulo ((a) , and thus as in the proof of the Surjectivity Theorem
of § 4.2 it follows that a0 has rank a . Thus since G has Morley
degrece 1 it follows that there is room in G for only one such
equivalence class, i.e. all noncentral elements of G are conjugate,
and hence all nontrivial elements of G/Z are conjusate. Thus
Lemma 2 applies to comnlete the argument.

Part 1 of Theorem 1 is now an immediate consequencc of
Theorem 3.

6.3 Algebraic groups.

It is annropriate at this point to summarize somec basic facts
from the theory of algebraic groups which motivate the analysis used
to 2stablish the second and third »narts of Theorem 1 , even though I
will not eive any of that analysis in detail.

Consider an alaehraic matrix groun G over a field [T . G 1is
a subgroun of GL(n,F) Jdefincd as the set of matrices with cocffi-
cients in F whose entrics satis{y certain nolynomial equations:

n](aij) = W,...,nk(nij) =0,

Typical groups defined in this manner are:
SL{n,F) , defined hy dct(nij)-1 =9
T(n,") (the upner triangular groun), defined by the

cquations Ay =0 for j < i .

We take the base ficld T to he algebraically closed. Then all such
aroups are w-stable.

If a tonology is placed on G by taking the zcro-sets of arbi-
trary systems of npolynomials to he closcd then onc proves that the
connected comnonent of the identity in G is a subgroup, denoted
G° , and that the index nf G” in 6 1is finite.

The asncct of the theory that is of intecrest at this point is

the struncture of simple nleebraic matrix grouns, and specifically the
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Bruhat decomposition, which we will briefly describe. As a preliminary
we nced to discuss Borel subgroups and Weyl groups.

1. Rorel subgroups.

Let G he a connected algebraic matrix groun. A maximal solvable
connected subaroup B of G is called a Borel subgroup. In this con-
text a good deal of information is ohtainable without further hypo-

theses, such as:

Fact B . With the ahove aynotheses and notatio:n:
1. R is its own normalizer in 6 .
2. G is the union of the conjusates of B

We can consider Borel suhgrouns of w-stahle qroups using the
same definition: maximal solvable connected definable subgroups. 0Of
course the aeneral results concerning Borel subproups of algebraic
matrix grouns may not transfer to this extended context, and indeced
it is not known whether any of them remain valid.

The Bruhat decomposition of G is simnly its decomposition in-
to double cosets modulo B . In the context of algehraic groups this
is tied up with the Weyl eroup, which we bricfly describe next.

-

2. The Weyl group.

Example: Let G = GL(n,F) . The symmetric groun Sn on n letters
sits inside 6 as the set of nermutation matrices. Furthermore the
action of Sn as a group of permutations can he seen in G by
looking at the action of the permutation matrices on the group O of
diagonal matrices (conjunation hy a permutation matrix induces a
permutation of the diagonal cntrics).

Now if we take as a Rorel subcroup of G the group of upper
triangular matrices, 8 = T{(n,I’) , then the Jdouble coset decorposition
of 1 rvyelative to can he put in the form:

B
G = U B8 ; o varies over npermntation matrices,
o

or in other words the double cosets are naturally narametrized by the
group S, , which is the Weyl group of GL(n,I)

The notion of a Weyl wroup does not seem to generalize wmuch
beyond the class of matrix grouns. First one nceds the notion of a
torus, which may be Jefined as a connected diagonalizable subgroup D
of 6 . If one has this notion, then onc can take a maximal torus
within a Borel subaroup B , and let % (the Weyl group) bhe the
group of automorphisms of ' which are induccd by inner automor-
phisms of G , i.e. letting € he the _entralizer of D and N the
normalizer of D , set W = N/C .

Then one gets:
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Fact C . 1. W is a finite group.
2. If G is e.g. simple and W 1is a system of repre-
BWB

sentatives for W in G then G
(This is the Bruhat decomposition.)
A1l of this becomes rather trivial when we focus our attention
on PSL(2,F). Here the Weyl group is cyclic of order 2 (as in GL(2,F))
and the generator of W 1is represented by the matrix:

0 -1
w o= K } in SL(2,F)
1 0

3. Philosophy.

The relevance of this material to groups of small Morley rank
lies in the following. In the analysis of groups of rank 2 or 3 one
attempts first to get a "Bruhat decomposition' for G (a double co-
set decompostion for G relative to a Borel subgroup, made reason-
ably explicit). Depending on the assumptions made on G this can
lead either to a contradiction or to generators and relations for G.

The content of Theorem 3 is that any infinite w-stable group
has a nontrivial Borel subgroup. This is a weak result, and hence we
were forced in the third part of Theorem 1 to make an additional
assumption which simply amounts to the existence of a Borel subgroup
of rank 2 (taking into account the result of part 2 ).

6.4 Groups of rank 2

In proving part two of Theorem 1 , we consider a connected
w-stable group G of rank 2 which is not solvable, make a detailed
structural analysis of G , and eventually obtain a contradiction.
The final contradiction may be put in various forms. One such is as
follows.

By a preliminary reduction one may assume that G has no non-
trivial proper definable normal subgroup. Let I denote the set of
involutions in G (i.e. elements of order two). We can derive the
following information:

1. I is nonempty.
2. The elements of 1 commute with each other.
Thus I U {1} 1is a definable commutative normal subgroup of G ,
and we obtain a contradiction. Facts 1,2 are obtained on the basis
of the following:
1.1 G = B U BwB for some involution w (here B 1is a
Borel subgroup).
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2.1 N(B) = B for any Borel subgroup (N(B) is the normalizer
of B in G )

2.2 B, N B2 = 1 for distinct Borel subgroups B,,B, .

2.3 The centralizer of any nontrivial element of G 1is a
Borel subgroup.
Clearly 1.1 yields 1 . It remains to be seen that 2.1-3 together
yield 2 . This goes as follows.

Let 1i,j be distinct involutions in G and let b = ij . Let
B be the centralizer of b in G . If we conjugate b by i a
simple calculation shows that the result is b~ . It follows that
B and the conjugate of B by i have a nontrivial intersection,
s0 2.2 and 2.3 imply that i normalizes B . Then 2.1 implies that
i is in B , i.e. i «centralizes ij . It follows immediately that
i and j commute, as desired.

We need to bring out more clearly the role of the Bruhat decom-
position in all of this. We have seen it in a minor role, as the
context in which a nontrivial involution occurs. In fact the first
step in the group-theoretic analysis, on which the others depend
(except 2.2, which is almost trivial), is the following:

1.1.1 If x ¢ G does not normalize the Borel subgroup B ,

then G = N(B) V BxB
This is already a version of the Bruhat decomposition, and reduces
to the desired decomposition when we subsequently show that N(B) = B.

The proof of 1.1.1 is instructive. One shows that N(B) has
rank 1 and BxB has rank 2 for x outside N(B) . Since G Iis
connected, the Indecomposability Theorem tells us that G can have
only one double coset BxB of rank 2 . 1.1.1 follows.

Now from 1.1.1 we can already get our involution with the help
of 2.2 , Namely, 1.1.1 implies that there is an equation:

=1

X = b1 X b2 with b1,b2 in B .

Set w = xb, and b = b;‘ b, . An easy computation shows that
w2 =b

Hence:

b=b"eBNnBY=1 (by 2.2) ,

so w =1, as desired.
This ilfustrates the way in which even a partial Bruhat decompo-

sition facilitates an analysis of the structure of G .
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6.5 Open_questions.

Present techniques for analyzing simple w-stable groups will
probably not be able to handle the problem of proving that Borel sub-
groups are reasonably large. The theory of algebraic groups suggests
that it would be more reasonable to attempt an analysis of simple
linear w-stable groups, i.e. groups of linear transformations acting
on a vector space V in such a way that the group together with its
action on V constitutes an w-stable structure. We conjecture
accordingly:

Conjecture A. Any simple linear w-stable group of finite Morley
vank is an algebraic group.

A more specialized variant would be:

Conjezture B. Any locally finite simple w-stable group of finite
Morley rank is an algebraic group. A proof of this would use the
techniques of finite group theory blown up in the manner of [22] .

Notes.

§ 1. The stability spectrum theorem.

This section is based on [4] , primarily Chapter III .
w-Stability is found first in [1) , as a peripheral notion. Stability
becomes a central notion in Shelah's papers,e.g. [3] .

A calm introduction to the subject is found in (2] .
References:

1. M.Morley, '"Categoricity in power', Trans.AMS 114 (1965),
514-538,

2. G.Sacks, Saturated Model Theory , Benjamin, Reading, Mass.
1972 .

3. S.Shelah, '"Stability, the f.c.p., and superstability', Annals

Math. Logic 3 (1971), 217-362 .

4, S.Shelah, Classification Theory and the Number of Nonisomor-
phic Models , North-Holland, Amsterdam 1978 .

§ 2. Stahle algebraic theories.

For a survey of stability, including model-theoretic and
algebraic applications, see [18] .

2.1 Modules. )

A straightforward version of the stahility of modules is given
in (18] . Fisher announced an equivalent theorem in [14] , and Baur
found a proof independently [7] .

The characterizations of w-stable and superstable modules were
developed by Garavaglia and Macintyre, and Garavaglia alone, respec-
tively [16]. Garavaglia has shown that there is substantially more
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to the theory of w-stable modules than the classification problem,
i.e. they occur in profusion, and they have nontrivial properties
161 .

2.2 Rings.

The classification of stable semisimple rings modulo stable
division rings is in {5,121 . Superstable division rings are classi-
fied modulo superstable fields in {10l . The stimulus to this work
came from Macintyre's classification of the w-stable fields in (171 .

2.3 Groups.

The theorems on Rg-categorical stable groups are in (91 and (131.

The solvability of stable locally nilpotent groups is in (61 .
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to appear.
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Albeuve, Switzerland.

§ 3. Chain conditions.

The w-stable DCC is discussed in {191 . The ‘superstable DCC is

given in {181 . The stable CC is implicit in the argument on p. 274

of [61 . The study of chain conditions in group theory has been
going on for some time {201 .
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Morley rank is developed and exploited in [1]. Shelah degree is
one of various modification of this notion manufactured by Shelah;
see the first two chapters of [3].
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§ 4. Connected groups.

The use of a suitable notion of connectedness is suggested by
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The Indecomposability Theorem for w-stable groups is proved in

[21] . A weaker version is in [23] .
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§ 6. Groups of small Morley rank.

The details are in [21] . The rank 1 «case is in [25] (given
the Indecomposability Theorem). Background on algebraic groups is
in (241 .
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Un résultat de non contradiction relative au

sujet de la conjecture de SOLOVAY

René DAVID

Université Toulouse Le Mirail
109 rue Vauquelin

31081 Toulouse Cedex

FRANCE

SOLOVAY avait coniecturé : si a € On est un ensemble qui ne construit
# PP .

pas 0 , alors a est générique pour un ensemble de conditions de L.

JENSEN (cf. JE) a montré que ceci pouvait &tre faux. Nous montrons

ici, en utilisant la preuve de JENSEN, que la conjecture de SOLOVAY

- s z . . 1
peut etre niée par un réel a qui est singleton HZ dans L(a).

THEOREME
I1 existe une formule @(x) qui est H; telle que 1l'on puisse
démontrer dans ZF:
Cons (ZF) - Cons (ZFC + GCH + 10#7+ Alxp(x) + Yo (o cardinal dans
L » & cardinal) + v¥x(yp(x) » V = L(x) & x ¢ L & x n'est
pas générique sur L pour un ensemble de conditions.))
On obtient le mod2le cherché comme extension générique d'un moddle
obtenu par JENSEN (cf. JE) gui vérifie:
(*) 1) ZFC + GCH + 3JA(A < NQ + V = L(A) + A n'est pas générique
sur L pour un ensemble de conditions)
2) ¥z (x < Nl - x€L)
3) va (o cardinal dans L -» a cardinal 2 cf((x)L = cf(a))
(A n'est pas générique sur L parce que, dans L(A), pour tout
K2 X i1 existe B € P(K) - L tel que pour tout o <K, BN a € L,)

2

Notre preuve utilise alors les arbres de Souslin et les ensembles

75
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fon s 2 . . 1
presque disjoints pour coder A par un réel qui est singleton H2.

(voir (JE-J0); (JE-S0); (H))

Dans la suite nous adoptons la terminologie suivante. Pour un ordre
partiel P, "P a la condition de chaine X" signifie que toute X chaine
décroissante dans P a un minorant dans P; "P a la condition
d'antichaine < K" signifie que toute famille d'éléments de P deux 2
deux incompatibles est de cardinalité inférieure & K; si G est M
générique sur P, VG(x) est l'interprétation par G dans M(G) des
termes x € M du langage forcing pour P.
Soit donc Mo un meddle de (*); dans la suite L désignera "o m LnMO.
Dans Mo soit Q l'ensemble de conditions qui permet de coder
génériquement A par une partie de Nl:

Q = {(s,u) / s e Nl s uc A |s), |ul < NO}

avec l'ordre: (s,u) < (s',u') ® s D s' & u D u' &
& VYo € u! Sy nscs',
ol (Su)a<N2 est une famille, dans L, de parties presque disjointes
de Nl (MO et L ayant les mémes cardinaux, la notion est absolue).
Lemme 1
1) Q est inclus dans L et si q, q' € Q, @ < q'ssi LE q < q°'.
2) Q a la condition de chaine dénombrable et la condition

d'antichaine < 32.
Soit G un Mo générique sur Q et M1 = MO(G). On a : Mlt 3B < Nl
v a L(B).
Définition

Soit ((Tn)n ,f) la famille d'arbres construite, dans L,

€w
par (JE-JO0); soit P l'ensemble de conditions associé:
= T = 1 < .

P {p / dom p n & Vi np; €T, & flp,

avec l'ordre : p S q ® dom p @ dom q & Vi € dom q q, ¥ p,

Pn = {p € B/ dom p = n}.
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Lemme 2
Soit N un moddle de 2ZF et T un arbre de Souslin dans N. Si
C est un ensemble de conditions de forcing ayant la condition de

chaine dénombrable et si G est N générique sur C alors N(G)

satisfait : T est un arbre de Souslin.
preuve : voir (DE-JO)}.
Lemme 3

Dans M, P a la condition d'antichaine < Nl'

preuve: I - Pn; il suffit donc de montrer que chague Pn a la
n
conditicn d'antichaine < X, . Or P = P_ ¥ T(b_) ol * désigne
1 n+l n n

1'itération des forcings et T(bn) est l'image par f_l de la branche
bn ajoutée dans Tn par le forcing P T(bn) est un sous-arbre normal
de Tn+l; il suffit donc de montrer que

1) PO est un arbre de Souslin dans Ml.

2) ¥n T(bn) est un arbre de Souslin dans Ml(bn).
Dans (JE-JO) il est montré que : Vn T(bn) est un arbre de Souslin
dans L(b )}

n

* TO est Souslin dans L, donc par (* - 2) il 1'est aussi dans MO et

par les lemmes 1 et 2 il l'est aussi dans Ml.
* soit n le premier entier tel que T(bn) n'est pas Souslin dans
Ml(bn). P a donc la condition d'antichaine < Nl'
soit p € Pn et X € Ml tel que Ml satisfait Y(p,X) ol ¥(p,X) est
la formule : p § X est une antichaine non dénombrable de T(T)
(ol T est le nom cancnique pour le générique sur Pn)
soit q € Q et X € MO tel que M, satisfait : q W W(g,g)

soit H m H, x H_ un M_  générique sur Pn x Q tel que (p,q) € H et

1 2
M = q =
) PO(H) HMO(Hl)(HQ) MO(HQ)(Hl).
q € H2 donc MO(HQ) satisfait : p W Vi (¥) est une antichaine non
B 2
dénombrable de T(I*). p € H, donc M_ satisfait : X' = V_ (V, (X)) est
1 2 Hl HQ =

une antichaine non dénombrable dans T(b'n). (ol b'n est la branche
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dans T associée 3 Hl)

Montrons (ce qui donnera la contradiction cherchée) que I\‘I:2 satisfait:
T(b'n) es5t un arbre de Souslin.

On sait que T = T(b'n) est Souslin dans L(b'n); donc aussi dans
MO(Hl) = Mo(b'n) (car T < Nl ; si A est dans Mo(b'n) une antichaine
de T, A a dans Ho un nom A qui est dans L (par *-2) donc A est dans
L(b'n) donc dénombrable). Pour montrer que T est Souslin dans M2 il

suffit, d'aprds le lemme 2 de voir que N a, dans MO(H ), la condition

1
de chaine dénomhrable. Or si (ql)lEm est dans MO(Hl) une chaine

décroissante d'éléments de 0

5 fai S
s (ql)IEm est en fait dans MD donec

(lemme 1) a un mincrant.
Cela résulte immédiatement du lemme bien connu sulvant et d'une
induction triviale.
Lemme 4

Si T est un arbre de Souslin dans N, si G est N générique
sur T et si £ : w = N est danz J(3) alors f est en fait dans N.
Ceci achéve la preuve du lemme 3.
Définition

Si B < Rl soit C(B) l'ensemble ordonné dA4fini par
c € C(B) “# c@ (p,u) p €P & ucB fini
(pou) < (p',u') ©p <p' & u>u' & Vo € u' 5, N ol(p) < o(p")
(ol (Su)a<xl est, dans L, une famille de parties presque disjointes
de w et ol o(p) désigne l'ensemble des éléments de hauteur 0 sous
{pi / 1 € dom p} - pour les détails voir (H) - ).
Lemme 5

Soit B < Nl tel que M, = v A L(B). Alors dans M C(B) a
la conditicn dfantichaine < Nl'
preuve: si o(p) B o(n'), (p,u) et (p',u') sont compatibles si et

seulement si p et p' le sont; si (pq, u )Q<N est une antichaine de
: 1

3

C(B) on peut supposer (puisque o(p) est une partie finie de w) que:
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Vo, B U(pa) = 0(p8)donc (pa)a<N est une antichaine de P, ce qui est

impossible.

Fin de la preuve du théoréme

Soit G un Ml générique sur C(B). Dans Ml(ﬂ) soit
a = {n€w / 3(p,u) €EG n € o(p)}
alors Ml(G) satisfait : V = L(a) & a est singleton H;.
en effet C(B) réalise en méme temps les propriétes de codage de B
et rend le générique associé a définissable par une formule H;.
(pour les détails voir (H)). La définition de a est indépendante de

M, et cela achéve donc la preuve du théoréme.
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REMARKS ON CONSTRUCTIVE MATHEMATICAL ANALYSIS

O. DEMUTH and A. KUCERA

Charles University, Prague

The paper is devoted to some questions of constructive mathema-
tics (CM) in the sense of the Markov school. Its aim is first a
short outline of the fundamental principles of this trend in mathe-
matics, and secondly a survey of basic results concerning construc-

tive mathematical analysis, obtained within the Prague seminar.

§1. Introduction

CM, in the sense of the Russian school (headed by A.A. Markov
and N.A. Sanin), has been created on the basis of criticism of foun-
dations of mathematics, as formulated consistently by L.E.J. Brouwer
and H. Weyl. The aim was to find foundations for mathematics that
would be as simple and secure as possible and would be free from
too far reaching idealisations, foundations in which the concept of
effectivity would be the principal.

In this connection, the following facts are important:

1} intuitive natural numbers (NNs) are indispensable for mathema-
tics,

2) from the historical point of view, the development of mathema-
tics was substantially influenced by applications of mathematics
where solutions of problems consisted, de facto, in transformation
of particular information coded by words.

We should notice that words in an alphabet can be taken for ma-
terial representatives of intuitive NNs. Thus, the means necessary
for algorithmic processing of words are indispensable for any suffi-~
ciently rich mathematical theory. The constructive program and its
realization shows that these means necessary for processing of words
are also sufficient for the development of wide mathematical theo-
ries, comparable to classical mathematics as to richness of results
and methods.

Let us cﬁaractegize the basic features of constructive mathema-
tics:

1) in CM are studied so called constructive objects, i.e. the words
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in certain alphabets and the objects which can be coded in a finite
way by words,

2) the abstraction of potential realizability and theory of algo-

rithms are used,

3) a specific interpretation of mathematical propositions is used.

To put it shortly, the main subject of CM is the study of possi-
bilities of algorithmical transformation of coded information about
mathematical objects. This fact delimitates the space in which CM
can be developed and, at the same time, it distinguishes CM from the
intuitionistic program as well from other constructive trends as,
e.g. Bishop's one. In this context we would like to mention that the
use of theory of algorithms, mentioned above, results in some simi-
larity of constructive mathematical analysis and recursive analysis.

The use of theory of algorithms and the way how the system of
constructive concepts is built require the use of specific interpre-
tation of mathematical propositions. As for our opinion the classi-
cal Aristotle logic is not in harmony with the needs of theory of
algorithms. N.A. Sanin suggested successfully the constructive inter-
pretation of mathematical propositions congenial to ideas of A.N.
Kolmogorov and S.C. Kleene. It is based on the intuitionistic inter-
pretation of logical connectives and quantifiers, theory of algo-
rithms and Markov's principle. The substance of constructive inter-
pretation is the algorithmical, i.e. the effective interpretation
of the existential quantifier and the disjunction.

The basic concepts and results of constructive mathematical ana-
lysis can be acquainted with, for example, in [2], [13], [14], [16],
[17] . A summary exposition and detailed bibliography up to 1971 can
be found in [6].

The present paper deals with the structure of the real line in
CM, with the questions of aifferentiability and with the theory of
integral. Corresponding results of classical mathematics can be
found in [1] and [2]. Note, that a list of necessary concepts and

notations, used in the sequel, is introduced in short in §2.

§2. Basic concepts

The basic objects of constructive mathematical analysis studied

in this paper are words in the alphabet Z containing, among others,
»

the letters: 0,1, -, / , ¢ , 0, 4a ,V etc.. By 2* we denote the
set of all words in the alphabet Z. The signs A , £ , = denote empty
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word, graphical equality and conditional (graphical) equality, res-
pectively. The symbols U, V play the role of variables for the
elements of =°

Markov algorithms, which we deal with, are the algorithms over
the alphabet Z. The applicability of an algorithm &I to a word P is
denoted by ! OL(P).

The term "set" is understood in the same sense as in [13]. We
write ML UL, MNA , \M for the union, the intersection and
the difference of Mt and 2 , respectively.

By a system of words of a certain type we mean any list of words
of the type. Systems of words will be denoted by {Vi}?zo. By a fi-
nite set we mean a set for which a list of all its elements can be
given, and by an infinite set we mean a set different from any
finite set.

By NNs we mean the words O, O, Ol|,... . The set of all NNs
will be denoted by N. The symbols i,j,k,m,n,p,q,s,t play the role of
variables for NNs. The rational numbers (RtNs) are introduced as
certain words in Z. The set of all RtNs will be denoted by Q. The
symbols a,b,c,d play the role of variables for RtNs. As abbreviatio-
nal notation for NNs and RtNs we shall employ the standard notation
of the form 2, -3, % etc. . Let us note that the arithmetical opera-
tions over these numbers are, in line with the requirements of CM,
realized algorithmically.

We use the constructive interpretation of mathematical propo-
sitions ([13], [14]). The substance of it is the algorithmical in-
terpretation of 3 and v. For example, the formula vU3V A(U,V) holds
iff there exists a Markov algorithm & such that
vu( ! OL(u) & A(U, OL(U))) holds. A disjunctive formula holds iff it
is possible algorithmically determine the member of it which holds.
Let us recall the importance of so-called normal formulas (i.e. for-
mulas not containing 3 and v). E.g., any normal formula is equiva-
lent to its own double negation.

By a normal set we mean any set for which the relation of mem-
bership can be given by a normal formula. It should be noted that
we deal only with variables for which the domains of admissible
values are normal sets.

Let us fix Markov algorithms wd and en establishing one-to-one
correspondence between =" and N, where wd maps N onto =% and en is
algorithm inverse to wd. With the help of this numbering we carry

over concepts introduced initially for sets of NNs to the sets of
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words. Also, the well-known equivalence of Markov algorithms and
partial recursive functions (PRFs) can be expressed in this way. The
use of either Markov algorithms of PRFs depends on practical needs
of the context.

As for the relative computability we use the constructive re-
formulation of its characterization, given in [11]. The only differ-
ence is caused by the constructive interpretation of the existential
quantifier. In fact, if B is a set of NNs and m, k and n are NNs
then by (m>B we mean the B-PRF with the index m, by (m)B(k) ~ n we
& D, CB & D, CNB) and by XmP(x)

€
s Yo (m) = t
we denote =-3p({m)~ (k) =~ p), (for notation see [11], §9.2). For de-

denote =--3st({(k,n,s,t)

tails and for the employment of relative computability in CM see
[54] . We consider the relativized PRFs as predicatively defined
correspondences. Let us note, that these predicates are equivalent
to normal formulas.

@-PRFs are just the PFRs and therefore (w? is an indexing of
PRFs. We usually write (m instead of (m®.

It should be noted that we are interested, owing to the natural
connection between concepts of constructive mathematical analysis
and arithmetical predicates, only in the computability relative to
jumps of empty set. It is known from the results of E.M. Gold and

P. Putnam that the ¢(n)

-PRFs (1 < n) can be represented on the basis
of recursive functions by means of non-effective limits. Without
leaving constructive program concerning effective processes we im-
prove, by the use of relative computability, our ability to handle
effective procedures. The advantage of the improvement consists in
both substantial simplification and clearness of formulations.

Relativized algorithms can be introduced on the basis of relati-
vized PRFs. Let B be a set of NNs and let m be a NN. The correspon-
dence [¢m B] defined by B an =~ yg((m)B(gg(U))) is called a B-
algorithm with the index m. Let us note that @-algorithms are just
the correspondences realizable by Markov algorithms.

If B is a set of NNs and F is a B~algorithm then for any word P
we denote by FP a B~algorithm such that VV(FP(V) ~ F(PV}) .

In such a manner as the constructive interpretation of 3 and v
is expressed by means of Markov algorithms we can analogically de-
fine the relativized existential quantifier and the relativized
disjunction on the basis of relativized algorithms. Let B be a set
of NNs. We write BBUAI(U) ("B-exists a word U ... ") for

3m(3ﬂ<m)Bﬂ(O) & Al(ﬂ(m)Bﬂ(O)))' and we write A. © A, for

1 2
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By (v =ao A) & (V. A DAy, where A ,A, have no occurences
of variables m and V. In such a manner the interpretation of the
quantifier EB is reduced to the interpretation of the quantifier
3. Of course, 3 and 3¢ are equivalent. Further, 3 implies EB for
any set B, and EB implies ==3.

Let B be a set of NNs and let # be a normal set. A B-algorithm
F is said to be
1) a B-seguence of elements of # if vn(!F(n) & F(n) €M),
2) a B-sequence of B-algorithms of a certain type if for any NN n
Fm:| is a B-algorithm of this type. N

For any set ¢ and any word P we dencte by M, the set
{U : PU EWL}. By a sequences of sets of a certain type we mean a
set . such that VU(U €% D 3nv(U z noV)) holds and for any NN n
n

o 1S a set of this type.

In the sequel we present B-sequences (of words or B-~algorithms)

and sequences of sets by their "members" using notations {...}5
and {...}n, respectively. Of course, e.g. "{Pn}i is a B-sequence

of words" means that there exists a B-algorithm F such that
vn( !F(n) & F(n) & P ).

In what follows we deal with various ¢(n)—concepts. If n=20
we, as a rule, omit the sign ¢ in the corresponding notations.
E.g., we speak of sequences instead of g-sequences, continuity in-
stead of g-continuity etc..

The central concept of mathematical analysis is the concept of
real number. There exist more constructive formulas mutually non-
equivalent that characterize, from the classical point of view, the
fundamentality i.e. cauchyness. Indeed, a sequence F of RtNs is
said to be
i) fundamental if vnamvk(m < k D |F(k)-F(m)| < 2
ii) pseudo-fundamental if vn--3mvk(m < k D |F(k)-F(m)| < 2~

™,
ny

Let us note that in accordance with constructive interpretation
of propositions the fundamentally of F means the existence of an
algorithmical regulator of fundamentality of F, i.e. the existence
of an algorithm transforming every NN n to the corresponding m.
In the case of pseudo-fundamentality of F the formula is equivalent
to a normal formula and its interpretation does not differ from the
classical one, specifically the existence of algorithmical regula-
tor is not required. As known, in the case of Specker sequence such
algorithmical reguiator does not exist, indeed.

For sequences of RtNs we obtain the concept of ¢(n)—fundamen—
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tality so that we replace in i) 3 by 3¢(n)_

It should be noted that a sequence of RtNs is pseudo-fundamen-
tal iff it is ¢'~fundamental.

Let us mention that the similar situation, we have met in the
case of fundamentality, is also found in the case of constructive
formulations of other concepts such as convergence, continuity,
uniform continuity etc.. In quite analogical way we receive con-
cepts of ¢(n)-convergence and pseudo-continuity etc.. Let us agree
that the sign - is used for denoting the convergence, i.e. ¢-
convergence.

A constructive real number (CRN) is a RtN of a word of the form
mdn, where m,n are NNs, [{m)] is a sequence of RtNs, [{(nm)] is a
sequence of NNs being a regulator of fundamentality of [{(m)].

A pseudo-number (PN} is a RtN or a word of the form m¢, where
m is a NN and [{m)] is a pseudo-fundamental sequence of RtNs.

The set of all PNs is denoted by .

The symbols x,y,z,v,w play the role of variables for CRNs, the
symbols £,n play the role of variables for PNs.

For any RtN a we denote by _a, a sequence of RtNs such that
vn(,a (n) = a), for any NN m we denote by ,m¢ , the algorithm [{(m)].

¢(n)

Let us note that on the basis of -fundamental ¢(n)-sequen—
ces of RtNs we can obtain "arithmetical real numbers". In this
connection it is worthwhile to note that PNs are, de facto, real
numbers constructive relatively to ¢' (#'-CRNs).

On the set of all CRNs and PNs the relations of equality and
order are defined as predicates in the obvious way. Basic algebraic
operations over these numbers are realized algorithmically.

As for the arithmetical complexity, the set of CRNs is Hz-com-
plete and the set of PNs (i.e. m) is Ha-complete.

It is known that the set of CRNs (with euclidean metric) forms
a complete separable metric space (cf. [14]).

By a segment (resp. interval) we mean any word of the form
x Ay (resp. x Vy), where X,y are CRNs and x <y. If H is a seg-
ment (resp. interval) then EQ(H), Er(H) denote the left and right
endpoints, respectively, |H| denctes the length of H, i.e.

Er(H) - EQ(H), and (H)O denotes the interval EQ(H) v Er(H)' A seg-
ment (resp. interval) the endpoints of which are RtNs is called
rational segment (resp. rational interval). Relation of membership
for CRNs and PNs to a segment (resp. interval) is defined in a

natural way.
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It is known (Lacombe, Cejtin, Zaslavskij) that for any RtN
€ > 0 there exists a sequence of rational intervals which effec-
tively covers all CRNs and such that the sum of the lengths of an
arbitrary finite set of these intervals is less than €. In the
sequel we use the following type of coverings ([17]).

A sequence % of non-overlapping rational segments (resp. seg-
ments) contained in 0A 1 is said to be a covering (resp. a real
covering) if EQ(Q(O)) =0, Er(®(l)) = 1 and
vx(x € OAIZ)@qEJ®®H = Eg(o(q)) & Ep(¢(p)) <x

& x <E(29{(g)))) hold.

A covering ¢ is said to be

a) regular if the series Z|&(k)| converges to 1,
’ k
b) singular if -a-3wvp( I |®(k)| Sw < 1).
k<p

Let us note that there exists both regular and singular
coverings.

The following lemma {(cf. [17]) enables us to give a reasonable
definition of the constructive concept of almost everywhere for

CRNs.

Lemma 2.1. Let ¢ be a sequence of segments, x Ay a segment,
and let the series ZIQ(k)I converges to a CRN less than |x 4 y].
Then there exists a CRN w such that w € xVy & -3k(w € ¢(k)).

Corollary. For any covering ¢

a) if the series Z|®(k})| converges then ¢ is regular;
b) if the series X|®(k)| does not converge then ¢ is singular and
k

this series pseudo-converges to a PN not egqual to any CRN.

A sequence {Hn}n of non-overlapping segments is termed an S,
set and a CRN 2 is termed a measure of {Hn}n if the series ZnIHnI
converges to 2. If P is a CRN or a PN and {Hn}n is an s,-set
then we write P € {Hn}n for --3n(p € H ).

A property A of CRNs is said to hold for almost every {(a.e.)
CRN x (resp. for a.e. CRN x from a segment H) if there exists a
sequence of So—sets {dn}n such that for any NN n the measure of

¢"” is less than 2™ " and for any CRN x (resp. x € H),
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-(x Gd’n) D A(x) holds.

"A property A of PNs holds for a.e. PN" can be introduced
either by full relativization to @¢' of the definition just given
(recall, that PNs are, de facto, ¢'-CRNs), or without using rela-
tivized concepts (cf. [44]).

Let us consider constructive analogues of the concept of a
function of a real variable.

An algorithm f is called a constructive function of a real
variable (CFRV) if the following conditions are satisfied:

1) for any CRN x, if !f(x), then f(x) is a CRN,
2) wxy(!f(x) & x =y D !'fly) & £(x) = £(y)).

An algorithm f is called a m-operator if the following condi-
tion is satisfied En(!f(&) & f(&) € 7w & (£ =n D £(&) = £(n))).

One of the well-known results concerning CFRVs is the theorem
stating the continuity of any CRFV at every CRN in its domain
(proved by Kreisel, Lacombe, Shoenfield, Moschovakis, Cejtin). On
the other hand, everywhere defined CFRVs (though continuous) need
not be either uniformly continuous or bounded on 04 1. As for do-
mains of CFRVs let us only note that they are the sets of the type
GG (in the effective sense) (cf. Cernov [ 4], independently in [ 46]),
but they need not be open (Friedberg). For further results on do-
mains see [ 46].

As for the arithmetical complexity, the set of (indices of)
CFRVs is Il -complete ([64]).

For brevity, everywhere defined CFRVs, constant on both
{x : x <0} and {x : 1 < x}, are called simply functions.

Let F,G be functions. By F*G we denote a superposition of F and
G, i.e. a function such that vx(F*G(x) = F(G(x))). If F is an in-
creasing on 0 A1 function, F(0) = 0 & F(1) = 1, then we denote by
F_l the inverse function of F.

Let {Hn}n be a sequence of segments, x, 4 x, a segment, and F
a function. Then,

1) i({Hn}n) means: {Hn}n is a segquence of non-overlapping segments,
|H, | =20, and -3n(0 € )% v 1€ @)%,
2) if f({Hn}n) holds, then [F,{Hn}n] denotes a function, linear

on any H_, satisfying vx(-3n(x € (Hn)o) > [F,{Hn}n](x) = F(x)),

3) F[XOAXJ ] [ %o A%, ]

(z) =

denotes a function such that Vz(F

F(max(min(z,xl),xo))).
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Let us note that for any covering ¢ we have i(@).

Further, for any function F pseudo-uniformly continuous on
0 A 1 a n-operator denoted by Op[F] can be constructed such that
vxE(x = £ D F(x) = OplF] (§)). Let us note that a function is
pseudo-uniformly continuous iff it is ¢'-uniformly continuous.

Let F be a function, x4y a segment, P (resp. R) a word being
a CRN or a PN. Then

1) A(F, xAy ) denotes (F(y) - F(x)),
2) by D(R,F,P) we denote
Vk3mvab (a<p<b & b-a<2™™ > %l’b_) - r| < 27K (1)

("R is a derivative of F at P"),
3) by Dcl(R,F,P) we denote (1) where 3 is replaced by --3

("R is a pseudo-derivative of F at P"),
m

4) by Dcl(F,P) we denote Vk--3Imvabcd(a<P<b & c<P<d & b-a<2 " &
-m A(F,a b) A(F,c d) -k

- ) : - '

d-c<2 | aAb| | cAd]| <27

("F is finitely pseudo-differentiable at P"),
5) we define DCQ(+w,F,P), Do (-=,F,P), and ECQ(+w,F,P),
QCQ(—w,F,P) (upper and lower pseudo-derivate, respectively), in a

natural way.

Let us note that if a function is finitely pseudo-differentiable
at a PN then the value of the corresponding "pseudo-derivative"
need not be a PN but, in general, a real number constructive rela-
tively to ¢(2). The questions of upper and lower pseudo-derivatives
are still more complicated. For details see [ 51].

By Theorem 5.4 of [16] we can construct for any uniformly con-

tinuous function F

1) algorithms (S, and (I,F) transforming any segment H to a CRN
being a l.u.b. and g.l.b., respectively, of values assumed by F on
H,

2) algorithms (w,F) and (0,F) such that for any segment H

(w,F (H) (s, (H) - (I,P (H) and

(0,F (H) (I,P (H) A (S,P (H).

R

R

Lemma 2.2. Let F be a uniformly continuous function. Then there
exists a sequence of CRNs {zk}k such that vabey(0 S b <c €1 &
(F(a) =y v{(S,M(aab) =y vI{(I,P(xAay) =y) Dak(y = zk)),

and, consequently, for any rational segment aA b € 041 and for
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any CRN y such that -3n(y = zn) we have

1) (3x(x € aAb & F(x) = y) v -3x(x € aab & F(x) = y)),
2) if y € {(0,FP) (aab), then CRNs X, ,X, can be constructed such that
a<x, < X, <b & F(xl) = F(xz) =y & ¥Vx(x € aAb & F(x) =y 2

Let F be a function, H C 0Al a segment, and z a CRN. By
BVS(z,F,H) we mean that variation sums of F on H are bounded by z.
By var(z,F,H) we denote BVS(z,F,H) & v¥n —BVS(z-Z-n,F,H). Further,
F is called to be

1) a function of bounded variation on H if 3v Var(v,F,H),

2) a function of weakly (resp. quasi-weakly) bounded variation on
H if there exists (resp. cannot fail to exist) a NN m such that
BVS(m,F,H) .

If F is a function of bounded variation on 0Al then by |16] it
is uniformly continuous and there exists a function VIF] such that
vw(0 <w < 1 D var(V[F] (w),F,0Aw)) . Further, any function of quasi-
weakly bounded variation on a segment is pseudo-~uniformly continu-
ous on the segment.

Obviously, the class of functions of weakly bounded variation
is closed under the basic arithmetical operations but this impor-
tant property does not hold in the case of functions of bounded
variation.

For any CRN z we denote by hz a function such that
Vx(hz(x) = z.max min(x,1),0)).

We introduce the condition o important in the sequel.

A function F is said to fulfil the condition o (in symbols,
a(F)) if va3iz var(z,f - ha,OAl).

Example 2.1. There exist non-decreasing functions Fl,F2 ful-
filling the condition a such that the function Fl-F2 is not a
function of bounded variation on any segment contained in 0Al.

Lemma 2.3. If F is a function increasing on 0Al such that
F(0) = 0 & F(1) = 1 then a(F) iff o(F ).

A function F is said to fulfil the condition @ (resp. acQ)-
in symbols, (F) (resp. acQ(F))- if for any NN m there exists

(resp. there cannot fail to exist) a NN n such that for any system
of non-overlapping rational segmenté {aiAbi}i=0
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S S
2 lajab,| <275 % (F,a;8b )| <2
i=0 i=0

-n m

holds.

Remark 2.1. Let F be a function.

1) If OJF) then F is a uniformly continuous function of weakly
bounded variation on 0Al (but, in general, not being a function of
bounded variation on 0A1l).

2) QUF) iff for any So—set {Hn}n such that i({Hn}n), the series

Z|a(F,H )| converges.
a n

3) If OCQ(F) then F is a function of quasi-weakly bounded varia-
tion on 0Al.

A function F is said to be absolutely continuous on a segment
H, H C 0Al, if there exists a seguence of polygonal functions {Gn}
such that Vvn BVS(Z—n,F—Gn,H) holds; AC(F) means that F is abso-

lutely continuous on 0Al.

n

Let us note that any absolutely continuous function (on 0Al) is
a function of bounded variation on 0Al fulfilling the condition Q.

But a stronger result, being of interest in the sequel, holds.

Theorem 2.1. For any function F, AC(F) iff (F) & o(F) iff
G, (F) & o(F). (Cf. [33], [34]).

Let K be a class of functions. K is called

1) A-closed if for any functions F_.,F_ from K, any CRNs v,w, any

_ 1772

Sc-set {Hn}n such that ﬂ({Hn}n), any segment H contained in 0Al

and any function ¢ increasing on 0Al such that ®(0) = 0 & ©(1) =1

& AC(¢) & AC(p ™t
€ €

|F | < K, (F|+F,) € K, (v.F,+w) € K, (F,.F,) €K, [F,,{H} ] €K,

(Fl) € K, Fl* € K and

1 1
(3m(|Fl| >y 2 ﬁl € K),

) the following conditions are satisfied:

2) A-closed if it is A-closed and for any function F and any in-
creasing sequence {x_} of CRNs from 0V1l, such that x —— 1,
n'n n n-eo
the following holds
foax ]

n

vn(F € K) DF € K;

3) vV-closed if for any sequence of functions {Fn}n and any func-
n,Fn—F,OAl)) D F € K.
It turns out that the class of functions absclutely continuous

on 0Al is both A-closed and V-closed.

tion F we have vn Fn € K & BVS(2
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§3. Some results concerning CRNs and PNs

There is a close connection between coverings and properties
of r.e. sets. Cejtin ([ 3]) studied pseudocuts, i.e. r.e. sets A of
of RtNs such that A = {a : 3b(b € A & a <B)}, and proved: a
pseudocut A(A+® & A#Q) is strongly undecidable iff there exists a
strong lowering algorithm for A, i.e. an algorithm transforming any
CRN x to a rational interval H containing x and such that for the
set B, B={a : a €H}, -»(BCA v BNA=¢g) holds. Note that from
[3]1, [7] it follows: if A is a pseudocut for which 0 € A & 1 &€ A
then A is strongly undecidable iff there exists a covering ¢ such
that vb(b > 0 2 (b € A = 3In(0ab C igné(i)))). Further, a pseudo-
cut A is wtt-complete (A+@ & A%Q) iff there exists an algorithm
transforming any index of a r.e. set W of RtNs contained in O\A to
a RtN € > 0 less than the "distance" between W and A ([ 5], indepen-
dently [63]1).

These facts have further applications in constructive topology.
We can construct a topological linear space of pairs of CRNs with
an effectively separable topology which is not euclidean. It turns
out that spaces of this type are complete iff the convergence in
them is the euclidean one. Note that both complete and non-complete
spaces of this type were constructed ([61], [62]).

It is possible by means of coverings to give examples of func-
tions having peculiar properties. In this connection, the sorting
of coverings is of interest. For example, let us take functions in-
creasing on 0Al and mapping 0Al onto 0Al. Any such function trans-
forms, in a natural way, any real covering to a real covering. Two
coverings are called equivalent if they can be transformed to each

other in this way.

Lemma 3.1.

1) Any equivalence class of real coverings contains a regular
covering.
2) There exists an equivalence class of real coverings containing

only regular real coverings.

Example 3.1. There exist a function g increasing on 0Al,
g(0) = 0 & g(1) = 1, and a singular covering ¢ and a regular
covering ¥ such that g = [g,¥] and g transforms any ¥(n) onto ¢(n).

From Theorem 2.1 and Lemma 2.3 it follows that AC(g—l), a(g),
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ﬂq:g(g) and, hence, -AC(g).

Definition. A real covering ¢ is called hereditarily regular
if any equivalent real covering is regular.

Let us note that hereditarily regular coverings are used in
constructive theory of non-absolutely convergent integrals (see
[48]).

Studying the pseudo-differentiability it is useful to divide
PNs into two classes according to existence of a certain weak al-

gorithmical regulator of fundamentality (see [43]).

Definition. A PN £ is said to be

a) a PN of the first class (lPN) if there exists a sequence of
non-infinite recursive sets of NNs {Cm}m such that for any NNs

m,q the Lebesque measure of the set

{x : mIn(0 <K n<gané€E Cm & min(g(n),&(n+1)) < x < max(g(n),
£(n+1})}} is less than 27T,

b) a PN of the second class (2PN) if £ is not a 1PN;

c) the set of all 1PNs (resp. 2PNs) is denoted by ln (resp. 2

m) .
As for the arithmetical complexity we have the following.
Theorem 3.1. ([ 64]) The set of all 1PNs is H3—complete (and,

hence, recursively isomorphic to the set of all PNs).

The existence of "weak algorithmical regulator of fundamen-
tality" for lPNs causes the existence of coverings which, moreover,

. 1
"weakly cover", i.e. pseudo-cover, “m.

Theorem 3.2. For any NN t there exists a sequence of rational

segments {K:}s such that

-t

L
1) vp( Z |KZ| <277,

s=0 °

t t
2) vx3Is(Ep(K]) < x < Er(KS)) '

1PN £ there exists a non-infinite r.e. set of NN s C

3) for any
such that the segments K:, s € C, are non-overlapping and
a~3s(s € C & £ € K:);

4) if {Dm}m is a sequence of r.e. sets (resp. non-infinite r.e.

sets) of rational segments such that for any NN m the sum of the



94 0. DEMUTH and A. KUCERA

lengths of an arbitrary finite set of segments from Dn is less than
2—m, then there exist a NN mg and a r.e. set {(resp. non-infinite
r.e. set) of NNs C such that for any NN p, p € C, there exists a
segment H from Dm0 for which K; C 8 holds, and iny segment H from
Dmo is covered by a finite number of segments Kp’ p € cC.

Corollary 1. If £ is a PN then £ € lﬂ iff Vt--3s(f € K:).

Corollary 2. Almost every PN is a 2PN.

Definition. A covering ¢ is called a 1n—coverinq if

VE(E € Yy & £ € 0A1 D —=3k (£ € 3(k))).

From Theorem 3.2 we obtain the following.

Theorem 3.3. For any NN t there exists a 1n-—coverinq ¢t such
oot -t t kot
that vm( 2 [ (k)| <27 7) & Vvsik(K- N 0Al C U ¢
k=0 s ~ p=0

(p)).

Lemma 3.2.

1) There is no regqular 1ﬂ—coverinq.
2) For any 1ﬂ—coverinq ¢ the series Z|d(k) |
k

pseudo-converges to a 2PN and, consequently, there exists a 2PN EO

such that EO is a non-decreasing sequence of RtNs.
[}

Remark 3.1. There exist singular coverings which are not lv-
coverings.

It turns out that any equality class of PNs containing a 1PN—
consists entirely of 1PNs. On the other hand, 1PNs are not closed

under the basic arithmetical operations.

Theorem 3.4.

1) For any PN £, £ € Y1 iff ~=3n(n € ‘v a n = €).

2) For any PN n there exist 1PNs 51,52 such that n = El + 52.

Theorem 3.5. Let £ be a PN, {Qk}k a sequence of segments such

P
that ==vmip{ I [Qk| <m) & Vp--3g(p < q & £ E Qq).
k=0

Then § € wl.
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Corollary. Let {Ik}k be & sequence of Sc—sets, £ a 2PN, and
for any NN k let the measure of L% be less than 2 K. Then
—-3k(g & £5).

Obviously, no (real) covering can pseudo-cover all PNs from
0Al. Nevertheless, PNs can be "covered" in a more general way (see
[8] and Theorem 3 from [43]).

Theorem 3 from [43] implies the existence of a sequence {7tn}n
of non-infinite r.e. sets of non-overlapping rational segments,
contained in 0 1, such that

uyJg c uvyg , 2z |J| = % , Vx3p(x € U J ) and, for any
JE JEM JE 9N JEN
ptl P P P

PN §, --3p(§ & U J ).
JEN

Remark 3.2. The behaviour of functions is "reasonable" in a

neighbourhood of any 2PN (see §6). Therefore, the 1ﬂ—coverings are

of a special interest in constructive function theory.

§4. Lebesgue measurable and integrable objects.

We introduce the sets S and L, as constructive analogues of

the classes of Lebesgue measurablé a.e. finite on [0,1] functions
and Lebesgue integrable on [0,1] functions. The members of these
sets are indices (codes) of sequences of "step functions" having
the corresponding properties. On this basis we introduce also the
concept of Lebesgue measurability of sets of CRNs.

The detailed study of the subject, including the n-dimensional
case, can be found in [20] (see also [18], [21] - [23], [27), [29],
[30], [32], [36] and [40]).

By rational step frames (s-frames) we mean the words of the

= i <i < D €
type aoyal...yandblybz... bn, where n 1, vi(0 i n a; Q)

= = i €£i<npD
& 0 ag < IR < a 1l & Vi(l i<n bi € Q).

There exists an algorithm & such that for any s-frame R the
algorithm ER is a polygonal function which is an "indefinite in-

tegral of R on 0A1". For any CRNs XpeX | oX < x by

0 1’

X1 ~ ~
OIXOR we denote (& (x;) = & (x4)).

The operations absolute value, addition, subtraction and multi-
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plication (denoted by ||o’ %, 5+ o) over s-frames can be defined

o
in a natural way. Further, operation over s~frames corresponding to
X

the CFRV T+ =l we denote by wo. - N
Let us note that for any s-frame R we have V[&R] = &g -

o

By T we denote the set of all words of the form Bm, where m is
a NN and [{m)] is a sequence of s—frames.

- c

Let R be an s-frame, R = aoyal...yandblybz...ybn, let Rm T
and x,y CRNs, and let U (resp. V) be a word being a CRN or a PN.
Then
1) by PO(V,R,U) we denote (=3i(0 < i <n & U = a;) & (U < 0v1<u)

D v=20) &Vi(l <i<na&a, <u<a, DV =m>b,));
i-1 i i

2) by P(y,Bm,x) we mean that there exists a sequence of CRNs {yn}n

such that vnP _(y ,[{m)I(n),x) and y —5vi

3) by PCQ(V,Sm,U) we mean that there exists a sequence of PNs
{En}n such that VnPO(En,H(m)H(n),U) and {En}n pseudo-converges to V.

By S and Ll we denote the sets of elements of T such that for

any fm € T

1
m € 5 = va( °f w (I{m)1(n) 5 K@ I(n+1)) <277 and

-ny

1
gm € L = Vn(of0|ﬂ(m)ﬂ(n) 5 Km)ln+1) | <2

Let us note that L1 C S. There exists an algorithm U such that
vw(1Wv) & U(v) € L) & vx(x € 0V1 2 P(V,01v),x))) .

Algorithmical operations absolute value, addition, subtraction
and multiplication, denoted by ||, +, -, ., and w over elements of
T are introduced as natural extensions of the corresponding
operations over s-frames to seguences of s-frames (cf. [27]).

Let us note that

1) for any fm € S, Bp € S

|8m|, 8m+Bp, Bm-Bp (2)
and Bm.Bp are elements of S and w(Bm) € Lll
2) for any Bm € Ll’ Bp € L1 and any CRN v, (2) and {v).Bm are

elements of Ll‘

Let fm € T, Bp € T and let v be a CRN. Then

1) fm = 0 (resp. 0 < Bm) means that Pc 0,Bm,x) (resp.

(
'
Ey!PCQ(y,Bm,x) & 0 <y)) holds for a.e. CRN x (from 0Al};
2) we write fm = Bp (resp. Bm < fp) for Bp-Bm = 0 (resp.

0 < Bp-Bm);
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3) we write fm - v (resp. vVv.Bm ) for Bfm - (V) (resp.
(v) .Bm ).
Theorem 4.1.Let Bm € S. Then there exist a sequence of So -sets
{Jn}n and a sequence of uniformly continuous functions {wn}n
such that for any NN n the measure of 6n is less than 2—n,
8"l c 4™ ana vx(-(x €™ D P (e, (%), Bm,X)&

VE (2(£€4") DP_, (Oplo 1 (£) ,Bm,E)).

Definitions. 1) A function F is said to be Lebesgue measurable
(resp. Lebesgue integrable) on 0Al, if there exists a BmES
(resp. a BmELl) such that P(F(x),Bm,x) holds for a.e. CRN x from
0Al.
2) An object BmES is called summable if there exists a BpELl such
that Bm = Bp.

Theorem 4.2. Let PmES and BpELl. Then
1) if |Bm|<Bp , then fm is summable and, consequently,

2) Bm is summable iff |8m| is summable.

Lemma 4.1. Any function of weakly bounded variation on 0Al is

Lebesgue integrable on 0Al.

There exist algorithms [, | |~ and pg such that for any
1
<
NNs m0 and m1 and any CRNs x0 and xl, xO\xl,
1)if BmOELl, then

a)[ is applicable to the word xoCklﬂ m, and transforms it into

a CRN being the limit of the fundamental sequence of CRNs

0,%1 . X1
[ i< m0>ﬂ(n) n (we write | m
XO XO
1
b) HsmOIIL1 ~ jolsmol ;

o for f(xOCklEBmo) ) i

2) if BmOES and Bm1€S, then

1
pg(BmyBEm, ) = Iow(smo - Bm).
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Theorem4.3. 1) A function F is absolutely continuous on 0Al

iff there exists a BmEL1 such that

vx (0 < x <1 DF(x) - F(0) = jo gm ). (3)

2) Let F be a function and let Bm&€L; such that (3) holds, then

Y
vxy (0 < x <y <1 D3var(J |gm|,F,xay) ).
X

Theorem 4.4. ([ 36]) Let BMEL;. Then there exist a sequence of
Sg-sets [ n}n,a sequence of uniformly continuous functions {¢}
and an increasing sequence of NNs {pk}k such that for any NN

n

n the measure of " is less than 2 " and

PHLT g vk (a(x€ ")OP(o (x), Bm,x) & vkab (n <k &

“py_ b -k
a<x<bs&s0<b-ac<x<?2 Dfa|6m - o (x) < 2 ".laabl) );

consequently, a.e. CRN from 0Al is a Lebesgue point.

Corollary 1. Let F be a function and BmEL1 such that (3).
Then 3y (P(y,fm,x) & D(y,F,x)) holds for a.e. CRN x.

Corollary 2. Let F be a function and let BmEL1 such that (3.)
Let H be a segment. Then
1) F is constant on H iff for a.e. CRN x from H holds P(0,fm,x) ;
2) F is non-decreasing on H iff for a.e. CRN x from H
3y (P(y,Bm,x) & 0 < vy) holds.

The following theorem can be proved on the basis of preceding

results,
Theorem 4.5. ([27]) 1) | "L is a norm for the set L,.
1
(L, I “L ) is a complete separable normed linear space.
1
2) Pg is a metric for the set 5. (S,ps) is a complete separable

linear metric space.

Definition. Let {Fn}n be a sequence of CIRVs, {an}n a
sequence of elements of the set T, and let BmET.
1) {Fn}n (resp.{an}n) is said to be almost uniformly fundamental
if for any NN k there exist an Sc—set dk with measure less than

2—k and a sequence of NNs {pt}t such that for any CRN
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X, x€0Al1 & A (xedk), vn (!Fn(x)) holds (resp. there exists a

sequence of CRNs {zn}n such that vn P(z an, x) holds) and

nl
{pt}t is a reqgulator of fundamentality of the sequence of CRNs
F (x)}, (resp. {z }.).

2y " {Fn}n (resp.{an}n ) almost uniformly converges to Bm" can

be defined in an analogical way.

Theorem 4.6. ([40}) Let mmn}n be a sequence of elements of the
set S. Then

1) if the series X pS(anEan+l) converges, then the sequence
n

{an}n is almost uniformly fundamental,
2) if the sequence{an}n is almost uniformly fundamental, then

a) it is fundamental in the space (S,ps) and

b) for any BrES, {an}n almost uniformly converges to Am

iff pS(anEBm) 6:;70.

Corollary. Let {Fn}n be an almnost uniformly fundamental sequence
of uniformly continuous functions. Then there exists a BmES such

that {Fn}n almost uniformly converges to gm.

The following analogue of Levi's theorem can be proved with
help of Theorems 4.5 and 4.6.

Theorem 4.7. Let {an}n be a sequence of elements of the set L;
1

such that the series Z I0| an] converges. Then the sequence
a n

{2 Am_} is both fundamental in (L., I | ) and almost

P=0 SIS 1 Ll

uniformly fundamental and, consequently, there exists a BmELl

1 a
such that [ | ¥ gm_ - gm| —0 and the sequence
0 = P 00
p=0 q
a
{Zz Bmp}q almost uniformly converges to Rfm.
p=0

Example 4.l1. There are a function F and a w-operator oL such
that VXE(E = x3 CK(E) = F(x) &|F(x)| < 1) and F is not Lebesgue
measurable. Consequently, we can construct a seguence of polygonal
functions {F_}_  such that vn (|Fn| < 1) and for any CRN x and
any PN ¢ the sequence of CRNs {Fn(x)}n converges to F(x) and the
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sequence of PNs {Op[Fn](g)}n ¢ “—converges to CX(E). Thus, this
type of convergence is weaker than both almost uniform convergence

in (S,ps).

Definitions. 1) A set of CRNs M will be called regular if
vxy (x€0L D x€0al1 & (x =y D yEN )).
2) A regular set of CRNs % will be termed Lebesgue measurable and
a CRN z will be called the measure of this set (in symbols,
M (z,9L ) ) if there exists a BmELl such that
(P(0,pm,x) v P(1,pm,x)) & (x€EN = P(l,8m,x)) holds for a.e. CRN x
and z = j; gm.

Remark 4.1. 1) For any Lebesgue measurable regular sets of CRNs

?7tl and ?722 and for any segment H the following sets
ml Um2 ’ ml an ’ ml \%, and mln H, where

‘ann H = {x : x€ ?711 & X€H} , are Lebesgue measurable regular
sets of CRNs.
2) For any Lebesgue measurable regular set of CRNs M there exists
an absolutely continuous on 0Al function F such that
vxy (x <y D0 < A(F,xAy) < |xayl &MU ( A(F,xAy), n xAy))
holds and (D(0,F,x) v D(1,F,x)) & (D(1,F,x) = x€E® ) & (D(0,F,x) =
+(x€ )) holds for a.e. CRN X.
Any CRN x such that D(1.F.x) (resp.D(0,F,x)) is said to be a point

of density (resp. dispersion) for the set 7.

3) For any So—setoo, (’fg 0al, and any CRN z, which is the measure of
g (in the sense of the definition from §2), the set {x : x€d }

is a Lebesgue measurable regular set of CRNs and M1 (z,{x : x€d 3]
holds.

As a corollary of Levi's theorem we have

Theorem 4.8. ([29]) Let {?ln}n be a sequence of Lebesgue
measurable regular sets of CRNs and let {zn}n be a sequence of
CRNs such that vn m(zn,( Zln\ nn%l) U 2?,n+l\ an)) holds and
the series E z, converges. Then the set
{Xx 19 4 3nvk(n < k D x€ ?Zk)} is a Lebesgue measurable regular set
of CRNs.

The following statement reflects peculiar properties of singular

coverings.
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Theorem 4.9. ([49]) Let & be a covering, let L be a Lebesgue
measurable regular set of CRNs, let 2z be the measure of N and
k
let vk ( Z |®(1)I< 1 - 2z) hold. Then vp3gqy (p <gq &
i=0

My, Nno@) &y <27P. |o(q)l) holds.

Example 4.2. Let ® be a singular covering. Then
a) the regular set of CRNs 32, = {x : 3an ( EQ (d(n))< x <%,
( EQ (®(n)) + Er(Q(n))))}, is (in the effective sense) an open
set which is not Lebesgue measurable ;
b) there exists a uniformly continuous function F such that
vXx (0 < F(x) = x€EN ) holds (cf. Theorem 4.11).

Nevertheless, we can prove the following statement.

Theorem 4.10. ([29]) Let L be a Lebesgue measurable regular set
of CRNs and let z be the measure of this set. Then for any NN m
there exists a Lebesgue measurable open regular set of CRNs 7
with measure less than z + 2 ™ such that L N 0v1 C n
(thus, the set Il is "equivalent" to a Lebesdue measurable set of
the type Gé)'

A relation between Lebesgue measurability of objects (or functi-
ons) and that of regular sets of CRNs is described in the following

statements (cf. [40]).

Theorem 4.11. Let EGmES. Then there exist a sequence of CRNs
{yk}k and an increasing sequence of NNs {pq}q such that for any
CRN y ,= 3k (y = y,),

a) the set

{x : x€0Al & 3z (P(z,8m,x) & zxy)}, (4)
where
x TSV x TSV 4 T=V T2V 4T, (5)

is a Lebesgue measurable regular set of CRNs,
b) 1if we denote by whY (for =* satisfying (5)) the measure of

= > <
the set (4), then w 1Y = g g w>’y =w 'Y =1 - yr¥ = - w<’y

“
& vg ((pq <y D WY < 27 s (y < Py SwrY > - 279 )y,
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Theorem 4.12. Let BmET and let * be one of the signs > and
2 such that
1) 3z P(z,fm,x) holds for a.e. CRN x from 0Al.
2) there exist an everywhere dense sequence of CRNs {vk}k and

a sequence of CRNs {w such that

k}k
a) for any NN k the set {x : x€0Al & 3z (P(z,Bm,x) & z*v,)}

is a Lebesgue measurable regular set of CRNs and Wi is the

measure of this set,

b) vpagvk ((g < v, 2w < 27Py & (v, <-q W > 1 - 27P))
holds.
Then there exists a BtES such that Rt = Rm.

Theorem 4.11 allows us to define for S the comcepts of both

k

"convergence in measure" and "fundamentality in measure" in the

way quite analogical to the classical one.

Theorem 4.13. Let {an}n be a sequence of elements of the
set S and let BmES. Then
1) {an}n is fundamental in measure iff it is fundamental in
(S,pg) i
2) {an}n is convergent in measure to Bm iff

pg(pm &8 gm) ~5>0 holds.

We can prove the following analogue of Lebesgue's theorem.

Theorem 4.14. Let BqEL1 and let{an}n be a sequence of
elements of the set §, fundamental in (S,ps), such that
Vn (|Bm_[ < Bq). Then there exist a sequence of elements of the
set L, {Bpn}n and a Bp€L; for which

1

vn (Bm_ = Bp_) & (jo|gpn - pl 75<*0 ) holds.

Example 4.3. There exists a sequence of polygonal functions

< < < =

{Fn}n such that vn (0 Foil F 1) & V¥x3n (Fn(x) 0) holds
and for any NN n the Lebesgue integral of F  over 0Al1 is greater
than %.

Let us note that the theorem on integration by parts and the
first mean value theorem follow from preceding results. Let us

consider the second mean value theorem ([ 30]).



REMARKS ON CONSTRUCTIVE MATHEMATICAL ANALYSIS 103

Definition. A Bm€T will be termed non-decreasing, if for
any NN n there exists an Sc-setcfn with measure less than 27
such that for any CRNs x and y
0<x<y<1ls-(xd" &«-(y¢ d™ D23 vw (P(v,Bm,x) &

P (w,Bm,y) & v < w) holds.

Lemma 4.2. Let Bm be a non-decreasing element of the set T.

Then there exists a BkE€S such that pAm = Rk.

Theorem 4.15. Let BP€L; , let Bm be a non-decreasing element
of the set T, and let y, and y, be CRNs such that Yo < Bm < Y-
Then there exists a BqGLl such that Bgq = Am.Bp and

1 1 1
- -3 0Sx <1 & = . + . . 6
x (0<x oy Ba =y S 8P +y,- [ P (6)

Let us note that the double negation in (6) cannot be omitted.

§5. Differentiability of functions at CRNs

Example 5.1. There exist functions Fl and F2 such that
1) F, is an increasing on 0Al function which fulfils the Lipschitz
condition on 0Al but which is not differentiable at any CRN from
0al (cf. [286]) ;

2) (2(F2) holds but F2 is not pseudo-differentiable at any CRN
(resp. at any 1PN) from 0Al (cf. [44]).

The example above shows that the direct analogues of classical
results concerning the differentiability of functions of bounded
variation does not hold in constructive mathematical analysis.

In classical mathematics we have : any finite function
differentiable almost everywhere on a segment is necessarily
almost uniformly differentiable on it and the corresponding
derivative is Lebesgue measurable. This fact leads us to the

following definition.

Definition. Let F be a function and RpE€S.
1) By Jl (F) we denote the following : there exist a sequence
of S -sets {dn}n and a sequence of NNs {km}m such that for any

NN n the measure of dlj is less than 2~ " and
vmxabed (n < m & x€0AL & = (x€J™) s a<x<bac<x<da

-Km o|A(F,ab) _ A(F,cAd) ‘< ,-m

)eo.

max (| aabl ,| cad| )< 2 YY) fcadl
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2) By A (F,Bp) we denote the following : there exist a sequence
of Sc—sets {Jn}n and a sequence of NNs {km}m such that for any

NN n the measure of &" is less than 2 " and

vmxab (n <m & x€0al & - (x€ ™) s a <x <b & |aabl] <27¥m >

A(F,aab)

-m
2201 - v <2 7)) holds.

Iv (P(v,BRp,x) &

Theorems 4.3 and 4.4 lead immediately to the following theorem.

Theorem 5.1. Let F be an absolutely continuous on 0Al function.
Then A(F) holds and for any BmELl such that (3) we have
A(F,gm).

Lemma 5.1. Let F be a function such that A(F). Then
1) F is Lebesgue measurable and there exists a BpE€S such that
A (F,8p),

2) for any NN n there exist an Sc—set {Hp}p with measure less than
-n

2 7, a uniformly continuous function ¢ and a sequence of NNs
{km}m such that
a) {Hp}p is a sequence of mutually disjoint segments,
vp (Hp co 1) & EQ(HO) =0 & Er(Hl) =1& vVa(0 <a<122
3p (a€(H))),
b) for any PN g , for which £€ 0vl & = 3p (gE(Hp)°) holds,
we have Vmab (a € £ <b & 0 <b-a < Z—km o
éf%ﬁ%%gl - 0op leltg) |< Z—m) , and, consequently,
D (Op [w]l (&), F,E).
In particular, vx (x€0V1 & -3p (xE(Hp)O) D (p(x), F,x)) holds,

|F, {Hp}p] is an absolutely continuous function (on 0Al) which
fulfils the Lipschitz condition on 0Al, and if further the function
F is uniformly continuous, the series Z (m,F)(Hp) converges.

P

Corollary. Let F be a function such that J(F) and let & be

azPN. Then = = inD(n,F,&) holds.
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Theorem 5.2. ({48]) For every uniformly continuous function
F we have : J(F) iff for any NN n there exists an § -set {Hp}p

with measure less than 27n

such that H ( {Hp}p ) holds, [F,{Hp}p]
is a function absolutely continuous on 0Al, and the series
2 {(w,M (H_ ) converges.
p p
Let us note that the class of all functions F such that J(F)

holds is A- and V-closed.

Theorem 5.3. (|l 36]) Let F be a function of bounded variation
on 0al1. Then J(F) = o(F) holas.

Corollary. Let F, and F2 be functions, G(Fl) & G(FZ) . Then
0L(Fl + F2) holds iff (Fl + F2) is a function of bounded variation
on 0A1l.

Theorem 5.4. Let F be a function of bounded variation on 0Al.
a(V[F]) and Q(F) = Q(V[F]) and, consequently,

[l

Then &) we have o(F)
AC(F) = ac(vlFl) ,
b) for any BmE€S such that J(F,fm) we have J(V[FI],|Bm|).

The following theorem gives information concerning the
connection between almost uniform differentiability and pseudo-

differentiability almost everywhere.

Theorem 5.5. Let F be a uniformly continuous function. Then
J(F) holds iff for any NN n there exist an 8 -set {Hp}p with

-n . . .
measure less than 2 and a uniformly continuous function ¢

such that {Hp}p C 04Aal, vx (x€0V1 & =3p (xGHp) 2

Dct(w(x)'[F'{Hp}p]'x)) and the series g (w,F)(Hp) converges.

On the basis of this theorem and theorem 2.1 we have the

following.

Theorem 5.6. (132]) A function F is absolutely continuous on
0A1 iff @Q(F) holds and there exists a PRmES such that for
a.e. CRN x from 0Al1 3y (P(y,Bm,x) & DcZ(Y'F'X)) holds.
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Example 5.2. There exist a uniformly continuous function F,

a Lebesgue measurable function G and a mw-operator Ol  such that
vx D(G(x),F,x) & vED_o( OUE) ,F,8) & ~ L(F).

Theorem 5.7. ([58]) For every BRmES there exists a uniformly

continuous function F such that JA(F,gm).

Definition. A function F will be termed singular (on 0Al) ,

if o(F) and for a.e. CRN x from 0Al D 0,F,x) holds.

cQ(

Theorem 5.8. ([35]) Let F be a function and let v be a CRN
such that Var(v,F,0Al1). Then F is singular iff the following holds
vz Var(v + lzl ,F - h,, 0a1).

Theorem 5.9. ([ 35]) Each of the following two conditions (a)
and (b} 1is necessary and sufficient for a function F to be
expressible as the sum of an absolutely continuous function and a
singular function.

(a) F is a function of bounded variation on 0Al and there exists

a BmEL1 such that ,ﬂ(F,Bm) holds.

(b) a(F) holds and the seguence of CRNs

{A(V+[F - hn] + V[F + hn], OAl)}n converges. (V+ and V_

denote positive and negative variation, respectively).

Remark 5.1. 1) The function g from Example 3.1 is an
increasing on (0Al function which fulfils the condition o but
which is not the sum of an absolutely continuous function and
a singular function.

2) Every uniformly continuous function F is expressible as ¢ % ¢
where ¢ is an increasing on 0Al singular function and for
function ¢ 3m (BmES & Bm = 0 & J(y,pm)) holds.

We introduce the following concept as a constructive analogue
of the concept of aproximate differentiability almost everywhere

which 1is important for the Denjoy integral.

Definition. ([50]) Let F be a function and let BmES. Then
ﬂap(F) (resp. ,aap(F,Bm)) means : for any NN n there exists

an So—set {H with measure less than 2~ 7 R ﬁ’({Hk}k), and such

k}k
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that F,[{Hk}k]) (resp. JAUF, {H,},1) and

(-3k (x€H,) 2 3y (P(y,Bm,x) & D o (y,[F, {Hk}k],X))) holds for
a.e. CRN x from 0al).

Theorem 5.10. 1) For any function F and for any BmES we have
a)  QF,em) > A% (F,pm) ;
b) HA%P(F) holds iff there exists a gq€S such that %P (F,gq)
holds.

2) If F is a function of bounded variation on 04l then

Oy = 0% (r) holds.
3) The class of all functions F such that jlap(F) holds is A- and
V-closed. ’

Example 5.3. There exist a uniformly continuous function F and
an Sc—set {Hn}n with measure less than % such that ¥ ( {Hn}n ) &

QupF) & A°P(F) & AC(IF, (H } 1) & -3x (x€0Al & -3n (x€H ) &

DCQ(F,x)) holds.

Example 5.4. There exist a uniformly continuous function F,

a Lebesque measurable function f and a covering & such that

[®(n)])

vn AC(F & Vx D(£(x),F,x) & VED o (F,&) & ~ J%P(r).

§6. Pseudo-differentiability of functions

By Example 5.1 there exist monotone functions satisfying the
Lipschitz condition which are not differentiable at any CRN from
0Al. At the same time, the importance of the concept of pseudo-

differentiability is indicated by Theorems 5.6 and 5.5.

Example 6.1. ([49]) There exists a non-decreasing function F
such that for any Lebesgue measurable regular set of CRNs #¢ with
measure less than 1 there exists a CRN x such that x€0V1l &

- (x€R ) & Do (+>,F,x) holds.

On the other hand, the following propositions hold.

Lemma:6.1. ([ 44]) For any function F and for any 2PN £

we have = (D_p (= °,F,£) v D o (+*=,F,&)).
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Lemma 6.2. For any non-decreasing function F and for any
Lebesgue measurable regular set of CRNs 0 of positive measure we can
realize a CRN x such that x€0Al & x€% & - DCQ(+W,F,X) holds.

Thus, for any non-decreasing function F we have
a) The inner measure of the set {x : DCQ(+“=,F,x)} is always
equal to 0, but the outer measure of this set can be equal to 1 ;
b) = D (+%,F,£) holds for any 2pN £ (and, consequently, for

a.e. PN £ ).

The described situation led to the following concept.

Definition. A property A of CRNs is said to hold for w-almost
every CRN x from 0Al, if there exists a non-decreasing function G
such that vx (xX€0V1 & = DCQ(+“’,G,x) O A(x)) holds.

The following constructive analogue of Vitali's covering theorem
holds.

Theorem 6.1. ([ 43] , [49]) Let V be a property of rational
segments such that for any rational segment aAb C 0Al and for any
RtN r, 0 < r < |aabl , we have (3cd (a < c <d <b & r <lcadl s

V(icad)) v =3cd (a<c<d<be&r <|cadl & V(cad))). Then there
exist a sequence of rational segments {Hn}n and a non-decreasing
function G such that  ({H_ } ) & vn (H C 0a1 D H C 0Vl &

V(H)) & vab (0 <a<b<1g& V(asb) D 3n (%.lasbl<IH | &

adbMH_ #0)) & VE(EE0VL & - D (+*,G,E) & Vm = - 3ab (a <E<Db &
0<b-a<2™& V(aab)) D~ -~ 3n (E€(H ).

It turned out, that many properties of rational segments,
important for pseudo-differentiability of uniformly continuous
functions, fulfil the presumption of this theorem. This fact and
the following lemma enable us to prove Theorems 6.2, 6.4 and 6.5.

Lemma 6.3. ([44]) Let F be a function and let w and z be CRNs
such that w <2z & Vabx (0 S a<b<18§ (x=2zv Xx=w) D

A(F ,aAb)

o (xo= aAb

}) & F(1) - F(0) < z holds. Then there exists a

sequence of rational segments {Hn}n such that
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KO} ) & vn (H C0al Dw.lH | <OF,H) ) &
vxy (0 S x <y €1 D A([F,{Hn}n] , xAy) < z.lxayl). Consequently,

the function ([F, {Hn}n] - hz ) is decreasing on 0al and, thus

ir, {Hn}n] is a uniformly continuous function of weakly bounded

variation on 0Al.

Theorem 6.2. ([ 49]) Let F be a uniformly continuous function.
Then there exists a non-decreasing function G such that for any PN
£E,£€0V1 & - DcQ(+ ~,G,f), we have

~ 2 (D= = Fyg) & Do+ =, F,g) v Dy(F,g) ). (7)

Consequently, (7) holds for any 2PN, and for w-almost every

CRN x from 041 we have = = (Do (- ,F,x) & BCQ(+«=,F,X) v

b (M,F,x) )

Corollary. Let F be a function of bounded variation on 04l.

Then for w-almost every CTN x from 0 1 we have HnDCQ(n,F,x).

Theorem 6.3. ([45)) Let F be a uniformly continuous function
and let £ be a PN. Then we have
(€'n & OplF1 (£)€%m D = = (D g (== ,F,£) & Dy (+%,F,E) v

DCQ (=,F,8) v DCQ (+ =, F,8) ))

and

((£€%r & OplF1(£)€%1) & - ~amvn(n€m & | n-£ | < 2™ &

OplF]1 (g) = Op[F1(n) 2 ¢ =mn) 2 = (Do (- =,FsE) & Dp(+,F,E) )).

Corollary. Let F be a uniformly continuous function. Then for
any PN &, Op[F](E)Gzn , we have

a1 (Do (- ,F,E) & D g(+,F,&) v Do (== ,F, &) v Do (F,E) v
DcQ(+ =, F,8) ).

The assumption of uniform continuity in Theorem 6.2 cannot be

omitted.

Example 6.2. There exists a function F of weakly bounded
variation on 041 such that

1) GﬁZ(F) & VX (2 D p (= =,F,%) & BCQ(+M,F,X,)) holds,



110 0. DEMUTH and A. KUEERA

2) for any non-decreasing function G there cannot fail to exist
a CRN x such that x€0V1 & - DCQ(+-W,G,X) & DCQ(F,x).

On the other hand, we can prove the following statements.
Theorem 6.4. (f44]) For any function F of quasi-weakly
bounded variation on 0Al and for any 2PN £ we have DCQ(F,E).

It is useful to confront this result with Example 5.1.

Theorem 6.5. ([45]) Let F be a function. Then for a.e. PN ¢
we have (7) and (DCQ(F,E) o) anDCQ(n,F,E) ) .

Example 6.3. 1) We can realize an increasing on 0Al function

F and a %PN €, such that @,,(F) & vx3y D (y,F,x) &

VEDCQ (F,&) & —‘anDCQ(n’F’EO) (cf. [44]).

2) There exist a pseudo-uniformly continuous function F and 2PNs
€, and &, such that Dog (= /F,E;) & - Deg{==,F,&;) &

-' ECQ (_ mIFIEZ) & = BCQ (+°° IFIEZ) & = DCQ (FIEZ) (Cf.[45])-

Let us note, that for any pseudo-uniformly continuous functions
F and G and for any 2PN we have
DCQ(F,E) ) (Op[F](E)el T = DCQ(O,F,E)) and, consequently,
1
Do (FrE) & Do (G,E) & (oplF]l (£) - oP[G] (g))e 7 D
DCQ (OIF = Glg) .

We conclude this § by giving two sufficient conditions for a

function to be non-decreasing.

Notation. For any function F and any CRN x we denote

A(F,aAb)
aabl

vm ~ -3nvab (a < x < b &laabl < 27" D> > -2

by ECQ[F](X) = 0.

Theorem 6.6. ([51]) ©Let F be a function and let {xn}n
be a sequence of CRNs such that
1) for any CRN x such that =-3n (x = xn) we have

- ECQ(_ ™, F,x) (resp. = A (DCQ(+“>,F,x) v DCQ(—“=,F,x) v

Do (Frx)) ),
2) D olFI(x) > 0 holds for a.e. CRN x from 0OAL.

Then F is non-decreasing.
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§7. Constructive analogues of the conditions (N) and (T;)

The condition (N) , introduced by N. Lusin, is very important
in the theory of the integral. As it is shown in [55] and in [ 56]
the following condition (N)* 1s an appropriate constructive ana-

logue of this condition.

Definition. Part I : A function F, 0 <F < 1, is said to fulfil
the condition (N)*, if it satisfies the following condition :
(a) for any Lebesgue measurable regular set of CRNs M the set
{y ¢ 2 ~3x (xR & F(x) = y) } is Lebesgue measurable.

With the help of Cejtin's theorem ([ 2]) we can prove the

following statement.

Theorem 7.1. A function F, 0 < F < 1, fulfils the condition
(N)* iff F is uniformly continuous and there exists a sequence

of NNs {kp}p such that for any NN p and any system of rational

s
s -kp
segments {aiAbi}i=0 'iio IaiAbiI < 2 , the measure of

s

U (0,F ) (a,ab,) 1is less than 27P |
i=0 ol

By this theorem the definition just given can be extended as
follows.

Definition. Part II : We say that a function G fulfils the

condition (N)* iff G is uniformly continuous and the function F

such that F = % . (G - min{({1,G ) (0Al), 0)), where

¢ = max({s,G ) (0al), {w,G ) (0Al), 1), fulfils the condition (a)
from the part I of the definition.

Let us give several results.

Lemma 7.l. Every function F, for which aJF), fulfils the

condition (N)*.
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Example 7.1. ([55]). We can realize a function F such that
@Q(F) &« 0 <F <1 and for any CRN y, 0 Sy <1, there exists a se-
quence of mutually non-equal CRNs {xn}n such that
vn( 0 < x <1 & F(xn) = y).

Lemma 7.2. Let F and G be functions fulfilling the condition
(N)*. Then 1) F G fulfils the conditions (N)*,
2) vete €' w > oplF] () €' m) & (32 var(z,F,0a1) 3 Q(F) &
(--3m BVS (m,F,04a1) = acQ(F)) holds,
3) iff ﬂﬂan(ch(nF,x) & 0 < n) holds for a.e. CRN x from 0al,

then F is non-decreasing.

Theorem 7.2. A function F is absolutely continuous on 0Al
iff F fulfils the condition (N)* and there exists a pm € Ll such
that 3y(P(y,Bm,x) & ch(y,F,x)) holds for a.e. CRN x from 0Al.

On the basis of facts, mentioned in [55] and [42], the
following conditions turned out to be proper constructive analogues

of the Banach condition (Tl)'

Definition. We say that a function F fulfils the condition
(Tl)* (resp. (Tl)A) if there exist functions ¢ and ¥ such that V¥ is
a function of bounded variation on 0Al (resp. a(¢) holds) and
AC(@) & F = p*y holds.

Remark 7.1. 1) The condition (Tl)A implies the condition
(Tl)*. 2) Any function of bounded variation on 0Al fulfils the con-
dition (Tl)*.

Theorem 7.3. Let a function F fulfil the condition (Tl)*.
Then
1) F is uniformly continuous,
2) if 0 € F < 1 holds, then there exists a Bm € S such that
a) for a.e. CRN y from 0Al there exists a NN k and an increasing
1 for which P(k,pm,y) &
vx(F(x) =y = 3j(1 € j <k & x = xj)) holds,

b) F is a function of bounded variation on 0al iff Am is sum~-

system of CRNs {xj}];z

mable.

Theorem 7.4. A function F fulfils the condition o iff F is a

function of bounded variation on 0Al fulfilling the condition (Tlf.
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From Theorem 7.4 and Theorem 5.3 it follows that the
function F| from Example 5.1 fulfils the conditions (Tl)* and @,
but it does not fulfil the condition (Tl)A.

Theorem 7.5. Let F be a uniformly continuous function such
that J(F). Then 1) F fulfils the condition (T )* then it fulfils
the condition (Tl)A, too;

2) F fulfils both the conditions (N)* and (Tl)A iff
ve(g € 1 2 oplFl (£) € 1) holds.

Lemma 7.3. Let F be a function fulfilling both the conditions
(Tl)* (resp. (Tl)n) and (N)* and let G be a function fulfilling the
condition (Tl)* (resp. (Tl)A).

Let us note that any uniformly continuous function is the

sum of two functions fulfilling the condition (Tl)“.

As for differentiability of functions fulfilling the con-
dition (N)* (resp. (Tl)*), in CRNs, let us remember Example 5.1. On
the other hand, for any function F which fulfils the condition (N) *
(resp. (Tl)*) and for any 2PN n there cannot fail to exist a NN p
and an increasing system of PNs {Ej}§=l such that
VE(OPIF] () = n = =~-33(1 < 3j <p & £ =£.)) holds. By this fact,
Theorems 6.2 and 6.3 and by Lemma 7.2 the following statement holds.

Theorem 7.6. For any uniformly continuous function F and for
any PN £, Op[F] (&) e? m, we have:
1) if F fulfils the condition (T,)*, then
D g (~=,F,£) v D_p(F,E) v Dy (+,F,E)) holds;
2) if F fulfils the condition (N)* then DCQ(F,E) holds.

§8. Superpositions of absolutely continuous functions

Theorem 8.1. ([42]). In order that a function be a super-
position of two (resp. of n, 2 < n) absolutely continuous on 0Al
functions, it is necessary and sufficient that the function fulfils

both the conditions (Tl)* and (N)*.



114 0. DEMUTH and A. KUCERA

Corollary. A superposition of two absolutely continuous on 0Al
functions is absolutely continuous on 0al1 iff it is a function

of bounded variation on 0al.

Theorem 8.2. ([38]) Let F be a uniformly continuous function
such that for any rational segment aAb, aab 0C1, there exist
an So-set d whose measure is less than |aAb| and a uniformly
continuous function G for which Vx(x€aab & = (x€ ¢ ) D D(G(x),F,x))
holds. Then F is the sum of two superpositions of absolutely

continuous on 0Al functions.

Theorem 8.3. ([39]) kvery uniformly continuous function is the
sum of three superpositions of absolutely continuous on 0Al

functions.

Example 8.1. There exists an increasing on 0Al function F which
fulfils the Lipschitz condition on 04l and which, consequently,
fulfils both the conditions (N)* and (Tl)*’ and such that
a) vx3iy D(y,F,x) holds,

b) the function F cannot be expressed as the sum

+ 3 .
) * wz + w3 * w4 @5 where @ is absolutely continuous on

0al for 1 € i <5,

On the other hand, we can prove the following theorem.

Theorem 8.4. ([41]) A function F fulfils both the conditions
(N)* and (Tl)* iff there exist an absolutely continuous on 0Al
function ¢ and a function ¥ of bounded variation on 0Al such that
aA(¥) & F = ¢ * V¥ holds.

Example 8.2. There exists a function F such that
a) F fulfils the condition (N)* ,
b) for a.e. CRN y there exist a NN k and an increasing system of

CRNs {xj}§=l such that Vx(F(x) =y = 3j (1 €j €k & x = xj) ),

c) F is not expressible as a superposition of a finite number of

functions fulfilling the condition ad (cf. [41]).
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§9. Generalized absolutely continuous functions and

functions of generalized bounded variation ([ 50])

The importance of these concepts in the theory of the Denjoy
integral is well-known. As it is shown by Example 3.1, to deal with
constructive analogues of these concepts it is necessary to con-

sider not only CRNs but also PNs.

Definition. Let F be a function. Then

a) Wa(F) means: F is a uniformly continuous function of quasi-
weakly bounded variation on 0Al and,ﬂ(F) holds;
b) we write WAC(F) for Wa(F) & aCZ(F).

From results of §§2, 5 and 7 it follows:

Lemma 9.1.

a) For any function F we have AC(F) (resp. a(F)) iff WAC(F) (resp.

Wo (F)) holds and F is a function of bounded variation on 0Al.

b) For any function F we have WAC(F) (resp. AC(F)) iff Wa(F) (resp.

a(F)) and
g(e €

c) The class of all functions F for which Wa(F) (resp. WAC(F))
holds is both A-closed and V-closed.

1 1

T D OplFl(£) € “m). (8)

Notation. For any segquence {{Hﬁ}n}m of sequences of segments by
m = m m
J({{Hn}n}m) we denote VmJC({Hn}n) & VE(E € 0Al D ~=3m -3n(f € H ).

Lemma 9.2. Let vAw be a segment, {kayk}k a sequence of inter-
vals and {{Hﬁ}n}m a sequence of sequences of segments such that
vow C 0A1 & -~-36(& € vAw & =3k(§ € X, Ty, )) & J({{Hﬂ}n}m) holds. Then
there cannot fail to exist a rational segment alAb, a NN m and a PN
n such that v<a<n<b<w & ~3k(n € kayk) & vin(§ € aAb &
£ € (11)° 2 a~3k(€ € x,Ty,)) holds.

Notations. Let F be a uniformly continuous function, {{Hm} }

n'n'm
a sequence of sequences of segments and let Y be a word, for which
Y TACv Y 3aovyY 3 WAC VY 3 Wa. (9)
Then
1) YG(F,{{#"} '} ) means: J({{H"} } ) & vm¥( F,{H"} );
’ n‘n'm ° n'n'm *““"n‘n ’’

2)  Y¥G,(F,{{H]} }) (resp. YG,(F,{{H]} })) means:
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YG(F,{{H:}n}m), and for every NN m the series %(w,F)(H:) converges

(resp. pseudo-converges).

Definition. Let Y and Z be words such that (9) and

Z8GVZEG)vVZiG,. (10)

A function F is said to fulfil the condition YZ (in symbols,
YZ(F)), if F is a uniformly continuous function and if there exists
m m
a sequence of §,-sets {{Hn}n} such that YZ(F,{{Hn}n}m).

m
From lemmas 9.1 and 9.2 and results of §§2 and 5 it follows:

Theorem 9.1. Let Y be a word, F a function, x0
- C Tt
{Kn}n an S0 set such that (9)Oand YG(F) & xOAy0 C 041 & M({Kn}n) &
~--3E(0 < g <1 & =3n( ¢ €(K) )) hold. Then there cannot fail to
exist rational segments aOAb0 and alAbl and a PN n such that
xg <a; <by<yj&0<a <n<b <1g-3nln€ (K)° holds and

0 0 0
the functions F[aoAbol la;ab;]

Ayo a segment and

and [F,{Kn}n] fulfil the condition Y.
Theorem 9.2. Let F be a function and Y a word such that (9)

holds. Then we have:

1) (Y(F) 2 YG4(F)) & (YG,(F) 2 (F) & YG (F)) & (YG_(F) 2 YG(F)) &
(ve(r) 2 A% m);

2) if aG,(F) holds, then F fulfils the condition (T )";

3) if WACG(F) holds then (8) and (AC(F) = 3z Var(z,F,0Al1)) hold;

4) if WACG(F) & (F) holds then F is a superposition of two abso-
lutely continuous on 0A1 functions;

5) 1if WaG(F) holds then F is the sum of two superpositions of abso-

lutely continuous on 0A1l functions.

Let us note, that for each of the following conditions ACG,,
WACGO, WaGO, WACG and WaG the class of all functions which fulfil
the condition is A-closed, but is not V-closed. The class of all
functions F such that WACG_(F) & J(F) holds is both A-closed and
V-closed.

Theorem 9.3. Let F be a uniformly continuous functions such that
J(F). Then we have:

1) a) if -38(D_y(-=,F,£) & BC +oo,F,£)) (11)

¢
then aGO(F);
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*
b) if (11) and F fulfils the condition (T.) then aG,(F);

1
2) if =38(D ) (-=,F,E) v D, (+=,F,E) (12)

then ACG, (F).

Theorem 9.4. Let F be a uniformly continuous functions such that
rﬂap(F) holds. Then we have:

1) if (11) then oG (F);
2) if (12) the ACG(F).

Example 9.1. There exists a function F such that ACG(F), (12)
and HWACGO(F) hold.

Theorem 9.5. Let F be a function such that aG, (F). Then there
exists an increasing on 0Al function ¢ such that

1

al(p) & ©(0) = 0 & @(1) = 1 & AC(p ) (13)

and

1

~3E(D_, (-, F*e L, 8) v D_. (+o,FXe 1, E)) . (14)
cl

cl(
Theorem 9.6. In order that a function F fulfil the condition

ACG, it is necessary and sufficient that F is a uniformly continuous

function for which J{F) holds and there exists an increasing on 0Al

function ¢ such that (13), AC(y) and (14) hold.

Theorem 9.7. Let F be a uniformly continuous function such that
J(F) holds and let ¢ be an increasing on 0Al function such that (13)
and ﬂai(gcl(-m,F*w'l,s) & 5c1(+®,F*w_l,E)) hold. Then we have
WaG _(F).

o

Theorem 9.8. Let Bm € S and let F be a uniformly continuous
function such that 0 < fm &,ﬂap(F,Bm) and (8) hold. Then F is a non-
decreasing absolutely continuous on 0Al function and, consequently,

I(F,Bm) holds and Bm is summable.

§10. Constructive Denjoy integrals ([ 52])

We base the study of the Denjoy integrals on their descriptive

definition (using results of §9).

Definition. Let Rm € S.
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Definitions. Let Bm € S.

1) A function F is called

a) indefinite Denjoy integral in the restricted sense hﬁ*-
integral) of Bm on 041 if ACG, (F) & H(F,gm) holds;

b) indefinite & '~integral of Bm on 0Al if WACG_(F) & [(F,Bm)
holds;

c) indefinite Denjoy integral in the wide sense (g)-integral)
of Bm on 0Al if WACG(F) & J°P(F,sm) holds.
2) Bm is called :D*-integrable (resp. D '-integrable, resp. 50—
integrable) on 0Al if there exists a function being an indefinite

integral of the type of Bm on 0Al.

Let us note that

1) for any function F and any fm € S if F is an indefinite Lebes-
gue integral (resp. éD*-integral, resp. ®'-integral) of Bm on 0Al
then F is an indefinite g)*-integral (resp. & '-integral, resp.
gb—integral) of Bm on 0A1l;
2) any summable object (from S) is &)*—integrable and any éb*-
integrable (resp. o) '-integrable) object is &'-integrable (resp.
& -integrable) .

Examples 5.4 and 9.1 show that there exist a measurable function
integrable in the sense of Newton, which is not éD—integrable, and

a -integrable object not being &'-integrable.

Remark 10.1. Results of §9 give us immediately for any integral,
introduced above, the following statements: theorems of monotonicity
and of distributivity of the integral and theorem on integration by

parts.
Theorem 10.1. A Bm € S is summable iff |gm| is JPd-integrable.

Theorem 10.2. Let ¢ be an increasing on 0Al function such that
AC(¢) & ©(0) = 0 & ©(1) = 1 & AC(¢~ ) and let gm € s.
Then there exists a Bp € S such that

1) 3vw(p(v,Bm,p(x)) & D(w,p,x) & P(v.w,Bp,x)) holds for a.e. CRN
x from 0Al;
2) a function F is an indefinite Lebesgue integral (resp. J)*-

integral, resp. gb'—integral, resp. i)-integral) of Am on 04l iff
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the function F*¢ is an indefinite integral of the type of Bp on 04l
iff the type of Rp on 0A1l;

3) Bm is summable (resp.;% «—integrable, resp. éb'—integrable,
resp. g)-integrable) on 0Al1 iff so is RBp.

Definition. Let Zz be a Lebesgue measurable regular set of CRNs
and let Bp € L1 such that (P(0,B8p,x) v P(1,B8p,x)) & (P(1,Bp,x) =
x €M ) holds for a.e. CRN x from 0Al. Then the object fm € S is
said to be integrable in a given sense on the set 72 is Bm.Bp is
integrable in the sense on 0Al. Further, any indefinite integral of
the type of Bm.Rp on 0Al is said to be an indefinite integral of
the type of Bm on the set .

Theorem 10.3. Let Bm € S, let F be a function and let {xn}n be
an increasing sequences of CRNs from 0Vl which converges to 1. If

[ 08xp] is an indefinite 1)*-integral

for any NN n the function F
(resp. & '-integral, resp. o) —integral) of Bm on OAxn, then F is

an indefinite integral of the type of Bm on 0Al.

Theorem 10.4. Let Bm € S and let {Hn}n be an So—set such that
i({Hn}n) holds. Let F be an indefinite & ,~integral of Bm on the
set {x : x € 0Al & -(x € {Hn}n)} and let {Fn}n be a sequence of
functions such that

1) for any NN n

a) if ~(H_ C 041) then F_ = 0,

b) if Hn € 0a1 then Fn is an indefinite J)*-integral of Rm on
Hn and Fn(O) = 0 holds;

2) the series X w,F ) (H ) converges.
n n ''n

Then the object BAm is 3)*-integrable on 0Al and the function

)

(F + nz Fn) is an indefinite & ,-integral of 8m on 0Al.

0

Let us note that quite analogical theorem holds for & '-integral
(resp. & -integral), too. Further, in the case of & -integral, if

we replace the assumption 2) by
,
2') the series §|A(Fn,Hn)| converges and (w,Fn)(Hn)-7T:;: 0,

then the theorem remains valid.
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§11. The constructive Perron integral ([53])

In classical mathematics the Perron integral is equivalent to
the Denjoy integral in the restricted sense (&)*-integral). As we
shall see, in constructive mathematics &)*-integration includes the
Perron integral and Perron's process of integration includes D-
integral, but the Perron integral is not equivalent either to éb*—
D -integral or to @'-integral. Let us note that this fact is
connected with the existence of a function which fulfils the
condition @ but is not expressible as the sum of an absolutely

continuous function and a singular function (cf. Remark 5.1).

Definition. Let fm € S. A function G is termed

1) major function of Bm on 0Al if G is uniformly continuous,

G(0) = 0 & qaggcl(—m,c,g) holds and there exists a Bp € S such that
A(G,Bp) & Bm < Bp;

2) minor function of Bgm on 0Al if the function -G is a major

function of -8m on 0Al.

Remark 11.1.

1) By Theorem 9.3 any major function fulfils the condition aGO.
On the other hand, there exists a major function F such that

~aG, (F).

2) By results of §§85 and 6 if G1 and G2 are major functions of a
8m € S and G3 is a minor function of Am on 0Al then the function
min(Gl,G2) is a major function of fm on 0Al and the function
(Gl_G ) is non-decreasing.

3
Definition. A Bm € S is said to be integrable in the sense of
Perron ( f£-integrable) on 0Al if for any NN t there exist a major
function G of Bm on 0Al and a minor function G of Bm on 0Al such
that A(G-G,0a1) < 2” % holds.
Let Bm € S be ¢ -integrable on 0Al. Then, by Remark 11.1 and
§5, there exists a uniformly continuous function FO being both the
l.u.b. of all major functions of Bm on 0Al and the g.l.b. of all
minor functions of gm on 0Al and, consequently, FO(O) =0 & LRFO,Bm)
holds; a function F is said to be an indefinite Perron integral
® -integral) of Bm on 0Al, if the function (F-FO) is constant ©n
0Al.
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Theorem 11.1. A function F is an indefinite Perron integral of
Bm € S on 0Al1 iff F is uniformly continuous, I(F,fm) holds and
there exists an increasing on 0Al1 function ¢ such that a(p) &
©(0) = 0 & ©(1) = 1 & YE(=D_ (F,&) 2 D_,(0,F * v ', oplwl (£))).

By Theorem 11.1 and by §9 we have:
1) Any indefinite ®-integral is an indefinite &'-integral; any
indefinite ﬁ*—integral is an indefinite #-integral. Thus, any
indefinite #€-integral is the superposition of two absolutely con-
tinuous functions.
2) The class of all indefinite ¢-integrals is A-closed, but it is

not V-closed.

Remark 11.2. For the Perron integral (the analogues of) Remark
10.1 and Theorems 10.1 - 10.4 hold.

Theorem 11.2. Let fm € S and let F be a uniformly continuous
function such that A%P(F,8m) & VYE&(E € i o oplF] (g) € 1
Then

1) F is an indefinite Perron integral of Bm on 0Al

.

iff there exists a major function of Bm on 0A1l;

2) F is an indefinite & ,~integral of Bm on 0Al

iff there exists a major function of 8m on 0Al1 fulfilling the con-
dition (N)*.

Example 11.1. There exists a fm € §, &'-integrable on 0al,

such that Bm has no major function on 0Al.

- Example 11.2. There exists a Bm € S which is #-integrable on
041, but which is not ) ,-integrable on 0al.

Remark 11.3. Let g be function from Example 3.1. Then g is an
increasing on 0Al function and there exists a Bm € S such that
Ad(g,Rm) . Thus, g is a major function of Bm on 0Al and h0 is a minor
function of Bm on 0Al. On the other hand, Bm is not ) -integrable
on 0Al and, consequently, it is not €&-integrable on 0Al, too.
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§12. A;-—integral (1 48]1)

A generalization of the Lebesgue integral possessing many of the
properties of the Perron integral can be introduced by specifically

constructive means.

Definition.

1) A function F is said to fulfil the condition 7; (in symbols,
A?(F)), if F is uniformly continuous and for any increasing abso-—
lutely continuous on 0Al function ¢, @(0) = 0 & (1) = 1, we have
Jl(F*e) .
2} Let Am € S. Then

a) a function F is said to be an indefinite :#—integral of Am

on 0Al, if ”?(F) & JII(F,Bm) holds;
b} 8m is said to be '?—integrable on 0Al if there exists an

indefinite '?-integral of Am on 0aAl.

Remark 12.1.

1) The class of all functions fulfilling the condition ?ﬁ is both
A-closed and V-closed.
2} For f?-integral (the analogues of) Remark 10.1 and Theorems

10.1 - 10.3 hold and a certain analogue of Theorem 10.4 is valid.

Theorem 12.1. Let fm € S and let F be an indefinite h#-integral
of Am on 0Al. Then
1) if 0 < Bm then F is absolutely continuous on 041;
2) if Bm is o‘D-integrable on 0Al then F is an indefinite i)*—
integral of Bm on 0Al;
3) if BAm haé on 0Al a major function then F is an indefinite iL -

integral of Bm on 0aAl.

On the other hand, there exists a function F, ”#(F), which does
not fulfil the condition (N)* and, consequently, F is not an in-
definite i)-integral. Indeed, for any uniformly continuous function
G and for any hereditarily regular covering ¢ we have n?([G,®])-

We can also realize a function F, ACG*(E) & ﬂh4(§).
Let us note that the theory of Q;-integral is also useful for

the study of other non-absolutely convergent integrals, dealt by us.

Example 12.1. There exist a function F and a Bm € S such that
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1) A?(F) & WAC(F) & J](F,8m) holds, and, consequently, 8m is both
#—integrable and &'—integrable on 0al,
2) there is no major function of 8fm on 0Al and thus Bm is not

f -integrable on 0Al.

§13. A constructive analogue of functions of the first

Baire's class ([47])

Definition.

1) An algorithm F is said to be an A¢—operator if

vxy(!F(x) & F(x) €7 & (x =y DF(x) = F(y)) & F(x) =
F(min(max(x,0)},1))) holds.

2) We say that an A¢—operator F belongs to the first Baire's class
(in symbols, F € Bl)’ if there exists a sequence of uniformly con-
tinuous functions {Gn}n such that for any CRN x (from 041l) the

sequence of CRNs {Gn(x)}n pseudo-converges to F(x).

Remark 13.1.
¢

1) For any function G there exists an A" -operator F such that

F € B, & vx(F(x) = G(x)).

2) If a function G is finitely pseudo-differentiable at any CRN
from 0V1 then there exists an A¢—operator F such that F € B1 &

vx(x € 0Vl D Dcl(F(X),G,X))-

Theorem 13.1. Let F be an A¢—operator, F € Bl’ let p be a NN
and aAb a rational segment, aAb C 0Al. Then there ¢'-exists a
rational segment cAd such that cAd C aab & Vxylc < x<y <4 2
[F(x) - F(y)| < 27P) nolas.

Example 13.1.

1) We can realize a function G which fulfils the Lipschitz
condition on 0Al1 and an A¢—operator F such that F € B1 &
Vchl(F(x),G,x) holds but F is not pseudo-continuous at any CRN
from QV1.

2) There exists an A¢—operator F such that Vx~-~3m(F(xX) = m) &
vxy(0 S x <y <1 D -(F(x) = F(y))) and, consequently, —{(F € Bl)'

Remark 13.2. Let F and G be A¢—operators from Bl' Then A¢—
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operators |F|, (F+G), (F.-G) belong to B, and, further, if
-3x(G(x) = 0) holds then (F/G) € Bl'

We can prove the following analogue of Lebesgue's theorem.

1
too.

Theorem 13.2. An A¢—operator F belongs to the first Baire's
class iff for any RtN a the sets {x : F(x) = a} and {x : F(x) < a}
are sets of the type Gd (in the effective sense).

Theorem 13.3. An A¢

-operator F belongs to the first Baire's
class iff there exists an A¢—operator G such that
VX(F(X) = G(x)) & Yxm--3kvpy(k <p & y = x D |G(x)(p) - G(y) (p)]
< 2™ holds.

Corollary. Let F be an A¢—0perator. If there exists a sequence
of functions {Gn}n such that for any CRN x (from 0Al) the sequence

of CRNs {Gn(X)}n pseudo-converges to F(X), then F € Bl'

Let us consider the gquestion of sufficient conditions for be-

longing an A¢

-operator to the first Baire's class.
Definition. An A¢—operator F is termed strictly ¢'-continuous
if for any NN k there exists a ¢'-sequence of rational intervals
such that vx--3p(x € QU(p)) & vpxy x € OUp) & y € OlLlp) 2

|F(x) - F(y)| < 27X holgs.

Theorem 13.4. Each of the following five conditions is suffi-
¢

cient for belonging an A"-operator F to the first Baire's class:
(a) F is ¢'-uniformly continuous.

(b) F is strictly ¢'-continuous.

(c) F is non-decreasing and pseudo-continuous at any CRN from 0Al.
(d) F is convex on 0V1.

(e) There exists a ¢'-sequence of CRNs & such that for any CRN x,

-im{x = ®{(m)), F is continuous at x.

1’ F2 and F3 not be-
longing to the first Baire's class and such that

Example 13.2. There exist A¢—operators F

Fl is ¢"-uniformly continuous,
F, is ¢'-continuous at any CRN and

F3 is non-decreasing.
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Example 13.3. There exist a CFRV F and an A¢—operator G, which
does not belong to the first Baire's class, such that
vx((!F(x) D20 <x<1) & -~(G(x) =0 v G(x) = 1) & (G(x) =1 =
'F(x))) & vxagvy( [y-x| < 279 D G(y) < G(x)) and, consequently, G is

upper semi-continuous at any CRN.

On the other hand, we can prove the following statement.

Theorem 13.5. We can realize a sequence of A¢—operators {¢_} ,
belonging to the first Baire's class, such that for any CFRV F there
exists a NN p for which vx{(0 < x <1 & !F(x) D Gp(x) = F(x)) holds.
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1. Introductionl. The main results of the present paper are Theorem A and

Theorem B below.

THEOREM A. Let R be any integral domain. Let p be the characteristic of
R. Andlet R[T] be the ring of polynomials over R in one variable T. Then
the diophantine problem for R[T], with coefficients in pﬁz [T], is unsolvable
(this terminology is defined in [8, §1]), i.e. there is no algorithm to decide

whether or not a polynomial equation (in several variables) with coefficients in

p% [T] has a solution in R[T].

We proved this in [8, §2] for p = 0, by using an idea of M. Davis and
H. Putnam [4]. However the method of [8] does not work for p > 0. In the
present paper we prove Theorem A in Section 2 for p > 2 and in Section 3 for
p = 2. R. M. Robinson [14] proved that the elementary theory of R[T] is
undecidable.

The present paper is part of a series of papers: In [6], [10] (in collabo-
ration with Lipshitz) and [9] we proved that the diophantine problem is unsolvable
for the ring of algebraic integers in a totally real number field or in a quadratic
extension of a totally real number field, and we showed that every recursively
enumerable relation is diophantine over such a ring of algebraic integers. (For
the definition of ''diophantine relation' and related terminology, see [8, §lj).

In [8, § 3] we proved that the diophantine problem for the field of rational functions
over a formally real field is unsolvable. And in [7] we proved that every recur-
sively enumerable relation in Z[T] is diophantine over Z[T]. Of course, all

these results are based on the fact that the diophantine problem for Z is

*Supported in part by the Belgian "Nationaal Fonds voor Wetenschappelijk
Onderzoek. "

1We denote the set of natural numbers by IN, and the ring of integers by Z.
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unsolvable (see e.g. [3], [5]). The outstanding open problem is whether the
diophantine problem for the field of rationals is unsolvable.

L.et me now sketch the idea involved in the proof of Theorem A. When
R has positive characteristic, it makes no sense to prove that Z is diophan-
tine over R[T]. So we only can hope to define 2@ model of Z in R[T]. Using
Pell sequences we can define a model of Z in R[T], which is diophantine
over R[T], and for which addition and divisibility are also diophantine over
R[T] (see Section 2). However this does.not prove that the diophantine problem
for R[T] is unsolvable, since A. Bel'tyukov [1] and L. Lipshitz [11] proved that
the existential theory of (Z;+, |) is decidable. (The divisibility relation is
denoted by |, thus alb -——_:_| ¢ :b=ac.) Onthe other hand, Lipshitz [12],
[13] proved that the positive existential theory of (&:+, |) is undecidable if
is a ring of algebraic integers (of finite degree) whose group of units is infinite
and whose diophantine problem is unsolvable. (If the group of units of & is
finite, then the existential theory of (4, |) is decidable, see [l1].) In Section
4 of the present paper we prove the following theorem, by using the ideas of

Lipshitz [13]:

THEOREM B. Let n be a fixed integer, and n >1. Denote divisibility in
1
Z[_-] by |n, thus for all x,ye Z

- -f
xlny‘——zlq,fk Z:y=xqn .

Then the positive existential theory of (Z;+, [n) is undecidable, i.e. there is

no algorithm to decide formulas of the form

s
:[xl,...,xme Z 1/:\ Fi(xl’""Xm)lnGi()ﬁ""'xm)’

where Fi and Gi are polynomials over Z of degree one or less, and where

]
A

A denotes a finite conjunction.

COROLLARY. Let p be a fixed prime number, p > 1. Define the relation
I by
’P

X y‘—Elfi]N:y=ixpf.
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Then the positive existential theory of (Z;+, |, Ip) is undecidable.

Indeed Theorem B implies the corollary since
- p
x|py-»:|zeZ:x|z/\ y|* z.

Thus to prove Theorem A, it is sufficient to show for some p that the
interpretation of [p in our model of Z, is diophantine over R[T]. It turns
out that this can be done if p is the characteristic of R. The underlying idea
is that for all £,s ¢ IN

(T+1)S=T‘+1-—-§|fe1N:s=1=pf,

when p is the characteristic of R.

2. Polynomial rings of characteristic p $ 0, 2.

Let R be any integral domain of characteristic p § 2.

LetaeR[T] and af R. Set a = ﬁ Then o is not in the field of
fractions of R[T]. Indeed it is sufficient to prove this when R is a field, and
hence it suffices to show that « f R[T]. Suppose that « € R[T]. Then a- a
and o +a are in R, since (a-a)(a+a) = -1. Hence 2a ¢ R, which contradicts

at R. This enables us to make the following definition:

DEFINITION. Let R be an integral domain of characteristic p 4 2. Let
2

ae¢e R[T] and a i R. Let a(a) =Ja -1. We define two sequences Xm(a),

Ym(a) e R[T], me Z by

) X (a) + afa)Y (a) = (a+e(a))™ = (a-ala))” ™.
m T m

LEMMA 2.1. Let R be an integral domain of characteristic p 4 0,2. Let
ae¢R[T], af R. Forall m,ne¢Z we have:
1) Xm(a) (resp. Ym(a)) is equal to the polynomisal obtained by substi-
tuting a for T in Xm(T) (resp. Ym(T)).

The degree of the polynomial Xm(T) is m, if m>0.
The degree of the polynomial Ym(T) is m-1, if m>0.
X (a) =X (a) and Y (a) = -Y (a).

-m m -m m
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2) All solutions X,Y € R[T] of the Pell equation
(2) x? - @iyt -1
are given by
Xm(a),Ym(a) and -Xm(a), —Ym(a), with m ¢« Z.

3 X_ (a) = X_(aX (a) + @°-DY_(@)Y_(a),
Y_ @) =X ()Y (a) + Y ()X (a),

4) n|m <= Yn(a)|Ym(a) (At the left side | denotes divisibility in Z,

but at the right side divisibility in R[T].)
n n
- p _.p .
5) X n(a) = (Xm(a)) and X n(a) =a , if n>0
mp p

6) X (atl) = X (a)+1¢=>m=+pn for some ne IN.
m m —_

7) Xm(a) = 1 mod(a-1). (Congruence in R[T].)

PROOF. 1) From (1) follows for m > 0 that

m
(3) X (a)= =
m N
1 even

(r.n)am-i(aZ_l)i/Z

m
¢ = (Mpa™+ terms of lower degree in a
i even

=2 a +(...)am'1+...

Thesame can be done for Ym(a). This proves the assertion about the degree.

Applying the automorphism o(a) = -a(a) to (1), we get

Xm(a) - a(a)Ym(a) = (@a-afa)™

n

(ata(a))™ ™

X (a) +e(@y_ (a)

Hence X_m(a) = Xm(a) and Y m(a) = —Ym(a).

2) We may suppose that R is an algebraically closed field. To simplify

the notation we write o« instead of «(a). Let
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G={X+aY:X, Ye€R[T] satisfy (2)}.

Notice that G is a group with respect to multiplication. We consider the field
K = R(T)(a), it is a field of algebraic functions in one variable. We use the
terminology of [2, Chapter I]. Fix X +aY €G, with X, Ye R[T]. Let S be
the set of places of K which are poles of T. Since K has degree two over
R(T), S consists of at most two places (see e.g. {2, Chapter IV thm. 1 p. 52]).
Let P be a place of K not in 8. Obviously P is not a pole of X, Y Or g.
Thus P isnotapoleof X +aY Or X - Y. Since (X+a¥)(X-aY) =1, we see
that P is not a zeroof X + oY. Thus all the zeroes and poles of X + oY are
contained in S. Now every element of K which is not in R has at least one
zero and one pole. Thus S consists of at least two places, since a+a ¢ G
and 2 +o f R. Hence S-= {Ll' LZ}, where Ll and L_ are two different

places of K. Thus the divisor of X + ¢Y equals qu -Z qLZ, for some

q ¢ Z. This gives us a group homomorphism G— Z : X + oY + q. Its kernel
is {il} Indeed if X + oY is in the kernel, then X+ oY ¢ R, hence Y =20
and X = +1. Thus G/{j-_l} is an infinite cyclic group.

Let X +aY¥, with X,Y ¢ R[T], be a generator for G/{+1}. We have
atas=+ (X+aY)e, for some e e Z. For a good choice of the generator, we
can suppose that e ¢ IN. Hence a +a = + (X+aY)e =+ i)zlo(ie)Xe- iaiYi =
(...)+(...)Ya. Thus Y divides 1 in the ring R[T], hence Y ¢ R. From

(2) follows

(X-a¥)(X+aY) =1 - YZ ¢ R.

IfY#il, then X - aYe¢R and X +aYeR., Hence 2aYe¢R, and Y =20
since a} R. But this is in contradiction with Y|l. Hence Y = +1 and
X = +a, This means that +a + ¢ is a generator for G/ {il}. Thus a+a is

also a generator for G/{il}. This proves 2).

3) From (1) follows

Xm+n(a) + a(a)Ym+n(a) = (Xm(a)+a(a)Ym(a))(Xn(a)+a(a)Yn(a)),

which proves 3).

4) It is sufficient to prove this for n, m > 0. First, suppose that

m = nq, with 9 « N. From (1) follows
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X (@) te@y (a) = (Xn(a)+a(a)Yn(a))q.

Hence

i-1
q . - .
~ q q-i, 2 2 i
Yog® = 2 IEITED T @)
Thus Y (a)|Y_ (a).
n nq

Conversely, suppose Yn(a)lYm(a). If n=0, then m =0, thus
suppose n> 0. Write m=nq+r, with g,reIN and 0 <r<n. From 3)

follows

Ym(a) = an(a)Yr(a) + an(a)Xr(a)

Since Y (a)|Y (a) and Y (a)|Y (a), we obtain

n m n nq
Yn(a)anq(a)YF(a)
Y (a)](x__(a)®
na m:1a Yr(a)
Y (a)](Lea’-1 )2 by (2
L@ [(1+(a”- )(an(a) )Y (2) (by (2))
Y (a)[Y (a)
n r

Suppose r * 0, then Yr(a) { 0. Hence the degree of Yn(a) is less or equal
than the degree of Yr(a). From 1) follows then that n<r, which contradicts

r<n. Thus r = 0, which proves 4).

5) From (l) follows

n
X @ +e@y  (a)= (X_(a)tala)y_(a)®
mp mp
n

n p -1

n
x_@)° +a@(y_@)P @D
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This proves 5).
6) It is sufficient to prove this for m > 0. First, suppose m = pn.
Then 5) implies the left side of 6).
Conversely suppose Xm(a+1) =Xm(a) +1. Hence m 4 0. Write m = qpn,
with q,ne N and q % 0 mod p. From 5) follows
pn pn pn
X (a+l))” = (X (a +1= (X _(a)+l)" .
( q( ( q )) ( q(
Hence

Xq(a+1) = Xq(a) +1

From 1) follows

Xq(a) =va®+ paq_l + terms of lower degree in a

X (atD) = a1 pa® L.

-1
= yaq + ((3+yq)acl + ...

where y,Be¢ R and Y # 0. Thus if q>2, then g +vyq=p, which contradicts
g3 0modp. Thus q=1 and m=p".

7) From (3) (in the proof of 1)) follows
m
Xm(a) = a =1 mod(a-1), for m > 0.
Moreover X m(a) = Xm(a). Q. E.D.

From L.emma 2.1 2) and 7) follows for all X, Y,a¢ R[T] with a { R that

(4) (fmezZ:X=X (AY=Y_(a))~—
(5) x% - (a2 )Y% = 1A X = 1 mod(a-1).

Thus the relation (4) in the variables X, Y,a is diophantine over R[T]. Notice
that the relation (4) is only defined for a L R, but we can extend it for a ¢ R by
taking (5) as its definition (e.g. if a = 1 then the relation (4) is defined to hold
iff X =1).
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From IL.emma 2.1 1) follows

Xm(T) = Xn(T) A Ym(T) = Yn(T) =>m = n,

thus we can consider the set
{(Xm(T), Ym(T)) me Z}

as a model of Z in R[T]. This model is diophantine over R|[T] with coeffi-

. . Z
cients in PZ [T].

Moreover, by Lemma 2.1 3) and 4), addition and divisibility in that model
are diophantine over R[T] With coefficients in p% [T].

Thus by the corollary to Theorem B, we see that Theorem A, in the case
of characteristic p # 0,2, follows from LLemma 2.2 below. Indeed the existential

quantifier E|l , Se¢ Z in Lemma 2.2 can be replaced using (4)+— (5).

LEMMA 2.2, Let R be an integral domain of characteristic p # 0,2. For all

m,qe¢ Z we have

m|Pq — (x_(T)=X (M)=DV Ja « RITI |1, s Z :

(6) a=X_(T) N

(7) X (T) = X (a) N
o] 2

(8) X (a+]) = X (a) + 1.

PROOF. It is sufficient to prove the LLemma for m,q, £, s ¢ N. First suppose
m[pq, thus q = mp" for some n¢N. If m=0, then 9= 0 and Xm(T) =
Xq(T) = 1. Thus suppose m 4 0. Set a-= Xm(T) # R. Set s=t =pfl. ILemma
2.1 6) implies (8). From Lemma 2.1 5) follows

n
P . Xl(a).

n
_ P .
X (D = (X (M) = a
Thus also (7) is satisfied.
Conversely, suppose (6), (7) and (8), If m =0, then a =1. Hence
Xl(a) =1, by (5), and Xq(T) =1 by (7). Thus gq=0. So, suppose m > 0,

then a{R. From LLemma 2.11) follows s = 2, since Xs(a+1) and Xf(a)
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have the same degree by (8). Hence (8) and Lemma 2.1 6) imply { = pn, for
some ne¢ IN. Thus by Lemma 2.1 5) and (6) we have
n

n
N po_
X!(a) = at = (Xm(T)) = X n(T)-
mp

So, (7) gives X (T) =X (T). Hence q = mpn. Q. E.D.
q mpn

3. Polynomial rings of characteristic p = 2.

Let R be an integral domain of characteristic p= 2. Let ae¢ R[T] and

a { R. We have \/az-l = a+1e¢R[T], andthe formulas of Section 2 are no
more valid. However the method of Section 2 can be adapted by defining other
sequences Xm(a), Ym(a). Notice that the equation x2 +ax+1 =0 has noroot
in the fraction field of R[T]. Indeed if x ¢ R[T) satisfies this equation, then

x divides 1 in R[T], hence x¢ R and ae¢ R, which contradicts a f R. This

enables us to make the following definition:

DEFINITION. Let R be an integral domain of characteristic p = 2. Let
ae¢ R[T) and a k R. Let a(a) be a root of the equation x2 +ax+1=0. We

define two sequences Xm(a), Ym(a) ¢ R[T], me¢Z by

(1) X_(a) + a(@)Y_(a) = @)™ - (ata(a)) .

LEMMA 3.1. Let R be an integral domain of characteristic p = 2. Let

aeR[T], a} R. Forall m,ne Z we have:
1) Xm(a) (resp. Ym(a)) is equal to the polynomial obtained by substi-

tuting a for T in Xm(T) (resp. Ym(T)).
The degree of the polynomial Xm(T) is m-2, if m> 2.

The degree of the polynomial Ym(T) is m-1, if m > 2.

X_m(a) = Xm(a) + aYm(a)

Y m(a) = Ym(a)

2) All solutions X, Y ¢ R[T] of the equation

2 2
(2) X +aXy+Y =1

are given by
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X (a), Y (a), with m « Z.
m m

3) Xm+n(a) = Xm(a)Xn(a) + Ym(a)Yn(a),
Ym+n(a) = Xm(a)Yn(a) + Ym(a)Xn(a) + aYm(a)Yn(a).

4) nlm<=>Y (a)|Y (a).
n m
az“ 20 az“
5) Y (a) = — (Y _(a)) and Y (a)==—, if n>0.
n a m n a -
m2 2

6) (a+1)Ym(a+l) = aYm(a) tl<=>m=+ 2" for some n ¢ IN.

REMARK. Many of the above formulas remain true for characteristic p # 2, if
one replaces + by - at some places. But 5) and 6) do not generalise to
characteristic p # 2. Thus the method of this section only works in character-

istic two.

PROOF. Notice that «(a) and (a/(a))-l are the roots of the equation x2 +ax +1
= 0, and that (a/(a))_l = a + a(a). Taking this into account, the proof of Lemma
3.1 is almost the same as the proof of Lemma 2.1; except for 5) and the
assertion about the degree in 1) which are proved by induction on n and m

respectively. Q. E.D.
From Lemma 3.1 2), 3) and 4) follows that

{(xm(T), Y _(T):meZ}

can be used as a model for Z in R[T], which is diophantine over R[T], and
for which addition and divisibility is also diophantine over R[T]. Thus as in
Section 2 we see that Theorem A, in the case of characteristic p = 2, follows

from the corollary to Theorem B and Lemma 3. 2 below.

LEMMA 3.2. Let R be an integral domain of characteristic p = 2. For all

m,qe Z we have:
2 — —
m|"q ——(Y_(T) = Y (T) = 0V —|a « R[T]-|¢, s« Z:

a=TY (T) A
m
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TYq(T) = aYl(a) N

(a+1)Ys(a+1) = aY!(a) + 1.
PROOF. The proof is almost the same as the proof of Lemma 2.2, now using
Lemma 3.1 instead of Lemma 2.1. Q. E.D.

4. The diophantine problem for addition and localised divisibility.

In this section we prove Theorem B. From now on, all variables run
over the integers. We use the method of L. Lipshitz [13]. It is sufficient to

show that the relation u = z2 can be defined by

2

1) u=z '-——Elxl,...,x € Z :

k

r
Ki(u, Z, X e, xk) ln Li(u, Z, %), . .,xk) ,

i=
where Ki and Li are polynomials of degree one or less. Indeed, this implies

that also the relation w = xy can be defined in this way, since

W = Xy +— 4w = (x+y)2 - (X-y)2
(2)
c=a+b-—0] (atb-c).
n

2
LEMMA 4.1. Let n>1, and suppose x lnl and y lnl. Then y = x if and
only if the following conditions (3), (4) and (5) hold:

(3) 2nx + 1 ln 4n2y— 1
(4) 2nx - 1 | 4n2y -1
n
(5) ny - kx ln nx - k, for all k satisfying |[k| < n.

PROOF. Obviously, if y = x2 then (3), (4) and (5) hold.

Conversely, suppose (3), (4) and (5) are satisfied. Since n, 2nx +1 and 2nx -1

are relatively prime to one another, (3) and (4) imply

(2nx+1)(2nx-1) | 4n2y - 1.
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2
Moreover 4n y -1 Jf 0, hence the above divisibility yields
2
|(an+1)(2nx-l)|§ [4n"y-1], whence

2 1
<yl +—=— .

2n

But x and y are integers, thus

(6) xzz ly].

Now we shall use (5) to obtain an inequality in the other direction. For every

prime number p, we define h(p) (depending on p,n,x and y) by

h{p) = 0 if ny and x are divisible by the same powers of p,

h(p) = 1 otherwise.

If h= h(p) modp, then

(7) pllny - hx — pllx, for all positive i.

By the Chinese Remainder Theorem there exists an h (mod n) such that
for every prime p dividing n we have h = h(p) mod p. Moreover, we can

choose h such that |h| < n and hx > 0. Thus from (7) and (5) follows
(8) ny - hx|x(nx-h).

From |h|<n and x4 0 follows x(nx-h)> 0, hence (8) yields

nly| - |hx| < nx® - hx.

Since hx > 0, we obtain lv] < xz; and in view of (6) we conclude y = + xZ.

Suppose y = - xz, then (3) yields

2
2nx + 1|-4n2x - 1.

. . s 2
Hence 2nx +1|-2, and one easily derives a contradiction. Thus y = x .

Q.E.D.

LEMMA 4.2. Let n>1. Suppose the following conditions (9), (10), (l1), and
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(12) hold:
(9) nz + nx - l|nn2u- (nx-l)2
(10) 2nz +1 |nnx-l
(11) 2nz - 1| nx-1
n

2
(12) 2n u+l|nnx-l.
Then u = zz.

PROOF. Since n and nz + nx - 1 are relatively prime we can replace |n in

(9) by |. and we easily obtain

2 2 2
nz+nx-1|n"u-n"z".

2 .
Suppose u 4 z", then the above divisibility implies

(13) [nx-1| -n|z|§n2|u| +nzzz.

Since n, 2nz +1 and 2nz - 1 are relatively prime to one another, (10) and (11)

imply
(2nz+1)(2nz-1) | nx - 1.

But nx-14 0, hence

(14) an’z? . 1< |nx-1].
Analogously (12) yields

2
(15) 2n”|u] - 1< |nx-1].

From (13), (14) and (15) we obtain

(n]z)? - nlz| -1<o.

2
If z40, then nl|z| > 2 and the above unequality cannot hold. Thus u=1z or

z = 0. But when z = 0 one easily deduces from (13) and (15) that u = 0. Q.E.D.
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LEMMA 4.3. For any nonzero integer d there exists an integer x satisfying

x| 1 and d | nx- 1.
n n

PROOF. Write d as d = dOdl where d0 ]n 1 and dl is relatively prime to
n, Set x = n(p(dl)_l, where ¢ denotes the Euler Function, then by the Fermat-
Euler Theorem dl | nx - 1. Hence d ln nx - 1. Q.E.D.

PROOF OF THEOREM B. We claim that u = 22 if and only if there exist
integers x and y satisfying x [n 1, y [n 1, (3), (4), (5), (10), (11), (12) and

2 2
(16) nz+nx-l|nnu-ny+2nx-l.

Indeed suppose u = 22. By Lemma 4.3 (with d =(2nz+l)(2nz-l)(2n2u+l)) there
is an integer x satisfying (10), (11), (12) and x 'n 1. Set y-= xz, then all the
conditions hold.

Conversely, suppose there are x and y satisfying the above conditions.
From Lemma 4.1 follows y = xz. Substituting this in (16) yields (9). Hence
u = 22, by Lemma 4.2, and the claim is proved. Thus we have shown that the
relation u = z2 can be defined by a formula of the form (1). This completes

the proof of Theorem B. Q.E.D.
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§0. Introduction

Let in the following X be a sequence of variables (Xl""xn)'
Consider polynomials f’fl""fk € K[X], all of degree <d, where K
is a field. If £ €V(f,,..,£f), i.e. £5 = Ih f, for some e EN and

certain hi € K[ X], then we can choose the exponent e and the de-
grees of the hi's all below a number H = H(n,d) €IN, which depends
only on n,d (not on the polynomials or the field).

Let me recall A. Robinson's compactness trick to prove this:
Let c be the vector of coefficients of the polynomials, the number
of coordinates of c being determined by (n,d,k). Then we have:

KE ¢(c) iff K E V{¢r(c)|r €N},

where ¢{(c) expresses that f vanishes on all common zeros of
fl""fk
and ¢r(c) expresses that £€ = Ehifi for some e < r and certain

in the algebraic closure K of K,

hi € K[X] of degree <r. (Note that such an open formula ¢(y) exists
by the quantifier elimination for algebraically closed fields, and
that the equivalence above simply reformulates Hilbert's Null-
stellensatz.)

So, with FL the elementary theory of fields, we have:

FL E ¢(y) = V{¢r(y)[r EIN}.
By the compactness theorem there is H = H(n,d,k) €IN such that:
FL } ¢(y) = V{¢r(y)]r < H}.

We can eliminate the dependence of H on k, because we need only
consider k < (d:“) = dim {g € K[X] |deg(g) < d}.
Note that by Godel's Completeness Theorem we can even compute such
an H fromd(n,d).-

It may be interesting that we can apply the same trick to a

weak version of Hilbert's Nullstellensatz

147
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- if fl""fk have a common zero in some extension field of
K, they have a common zero in an algebraic extension -

to give the following:
if fl""fk

they have a common zero in a finite extension L with [L:K] < H',

have a common zero in some extension field of K,

where H' can be computed from (n,d).

In fact, some older proofs of Hilbert's Nullstellensatz, cf. [ 20,
§74-75], provide such bounds H and H', but in the (very elegant)
approach which is fashionable today, cf. [9, p. 255-256], there is
not the least indication for theilr existence. Therefore it seems
to me that we may welcome such compactness arguments, which enable
us to recover very easily a lot of information we seem to lose by
an inconstructive approach. A few new results were actually proved
in this way, related to Hilbert's 17th problem, [13, p. 223], and
desingularization, [6], respectively.

Now there remained a lot of effective bounds in the theory
of polynomial rings over fields obtained by very complicated con-
structive arguments, cf. [7], [19], [17], which A. Robinson was al-
ways interested in to "explain” by modeltheory, as is clear from
[13], [14, p. 503], [16]. But he made only a beginning with this
in [15].

One reason for such an approach is of course the very easy
proofs it usually provides, another motive is that it might help in
solving open problems in this area, for instance Ritt's problem in
differential algebra mentioned in [14, p. 504].

In [5, Chapter 4] I proved by model theory the existence of
effective bounds in a number of cases where Robinson's trick doesn't
work. (At the moment I can handle in this way all the positive re-
sults in Seidenberg's [17].)

To be precise I used the following compactness result:

Basic Lemma
Let T be an L-theory and (¢ families of L-sentences

such that

Dierr Wy e

T E Ao, [1€1} » vy |i€al.

Then there are finite subsets I, of I, J, of J with

0 0

T F /\{¢i11610} - V{wj[jEJO}.
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Moreover, for such IO and J0 one has:

T E A{¢i|i€I} - A{¢i|iEIO} and
T F Viyy[363} = vip,[3€34).

If, in addition, L is recursive, T is r.e., I = J = w, and
the sequences (¢.)

D iew 95) 56,
computed effectively from given indices for T,I,J.

are r.e., then such sets IO,J0 can be

(Robinson's compactness argument corresponds to the case that the

set I is a singleton, i.e. there is only one ¢1J

Proof
By hypothesis T U {¢;} U {n¢j} is inconsistent.
Pick finite sets I, € J, J; € J such that T U {o;1i€1,} U {ﬁ¢j|j€JO}
is inconsistent. Then T FE

0
A v

ie10¢i > jEJOwj'

The converse implication is obvious. The computability of IO,JO

follows from GOdel's completeness theorem.

In section 1 I will indicate how this lemma nicely combines
with the wellknown techniques and results of commutative algebra:
local-global principles ([8, p. 14-15]), Krull's intersection
theorem, the primitive element theorem, etc., to obtain many of the
bounds we are looking for. Also I mention some problems which seem

to be open and should be investigated from this new point of view.

In section 2 we will follow a quite different path, namely a
non-standard approach, again initiated by A. Robinson, cf. [15].
It often favourably compares with the methods of 81, for instance
in treating associated primes and primary decomposition. Its main
attraction however is that the results on bounds in their non-
standard formulation express very simple relations between two
rings, a polynomial ring K[X] and a certain extension K[ X]*, for
instance: K[X]* is a faithfully flat K[X]-algebra, an ideal I of
K[ X] is prime, primary, radical, respectively, iff I.K[X]* has the
same property as an ideal of K[X]*.

Section 3 concludes with remarks on still other aspects to
this whole subject.

My intention with this paper is not to give full and precise proofs,
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but to show the underlying ideas and some (hopefully) suggestive

examples.

§1. Compactness arguments

We will keep the notations and conventions of the introduction.

Let us also write (fl,..,fk) for the ideal generated by fl,..,'fk in
K{x].

Then clearly:

(1.1) f € (fl""fk) @K E v{¢r(c)|r EIN},

where wr(c) expresses in K that f = Zhifi for certain hi € K[{X] of

degree at most r.

Krull's intersection theorem, cf. [9, p. 155], combined with a local-
global principle, implies:

(fl,..,fk) =N {mm + (fl,..,fk)[m €N, m a maximal ideal of K[X]}.
But K[X]/(Ln_m + (fl,..,fk)) is a finite-dimensicnal K-algebra K[ x],

x = X mod(mm + (fl,..,fk)), so we get:

(1.2) £ € (£,,..,£) ® Kk Ay _(c)|r EN],

¢r(c) expressing in K that f(x) = 0 for each ring K[x] = K[xl,..,xJ
= = = i <

such that fl(x) - fk(x) 0 and dlmKK[x] r.

Combining (1.1) and (1.2) we see, that
FL E A{o () [r EN  v{y (y)|r EN}.

(1.3) By the Basic Lemma of §0 this implies that one can compute
a number A from (n,d) such that, if f € (fl,..,fk), then f = Zhifi
for certain hi € K[ X] of degree at most A.

If we apply this compactness argument to submodules of the free
module K[X]p (instead of to ideals of K[X]) we obtain the follo-

wing generalization:

(1.4) Given n,d,p €N, we can compute A = A(n,d,p) €IN, such that
for each field K and each system of linear equations

£, Y+ ... flq Yy =9

(all fij’gi € K[X] of degree
at most 4d)

f Y, + ... + £ Y =

pl "1 pq ‘g p

l,..,hq) € x{x]9 with all hj of degree at

most A, if there is a solution in K[X]q at all, cf. [17, p. 277].

there is a solution (h
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Note that this result implies that the decision whether such a
system has a solution can be reduced to the decision whether a cer-
tain systems of linear equations with coefficients in K has a

solution.

(1.5) In differential algebra a similar problem is still open, as
fas as I know (cf. [12, p. 177]): Let f,g € K{T} = K[T,dT,d*T,...]
be differential polynomials in one variable T over the differential
field K. How to decide whether g € [f]dgf(f,df,dzf,...)?

(1.2) suggests to consider first the following type of question:
Does g € [ f] hold, if g(t) = 0 for each differential ring extension
S of K and each t € S, such that f(t) = 0 and S is (an an ordinary

ring) a localization of a finitely generated K-algebra?

(1.6) Problem

Can we find a formula Max(y) (independent of K and the vector of
coefficients ¢ of fl""fk) such that:
K E Max(c) < (fl,..,fk) is a maximal ideal?

By (1.3) we construct for each r €N a formula ¢r(y) s.t.

(1.7) Kk ¢ (c) =1 & (£,..,£
g € K[X]\(fl,..,fk) of degree at most r.

), and 1 € (g,fl,..,fk) for each

Suppose now that (f ,..,f ) is maximal (so K[X]/(fl,..,fk) is a

k
field extension of finite degree over K) and assume for simplicity

that char(K) = 0. Then by [9, p. 185, Th. 14]:

(1.8) K[X]/(fl,..,f ) *x K[T] /p(T), for some irreducible p € K[T].

k

(1.9} Hence K E V{wr(c)|r €N}, where wr(c) expresses that for
some irreducible p(T) of degree at most r an isomorphism as in in
(1.8) holds under which the residue class of T corresponds to the
residue class of a polynomial in K[X] of degree at most r.

(1.7) and (1.9) imply:

FL F A{g (y) |r €m} < vip (y) [r €N},

Hence the basic lemma provides a formula Max(y) as required, and

moreover we can compute a bound M = M(n,d} such that

(1.10) (fl,..,fk) is maximal iff 1 & (fl,..,fk) and 1 € (g,fl,..,qg
for each g € K[X]\(fl,..,fr) of degree at most M.
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Along these lines I showed in [5, Ch. 4, §3].

(1.11) Given n,d €IN one can compute P = P(n,d) €IN, such that
for each field K and each ideal I of K[X| generated by polynomials
of degree at most d one has:
I is prime # for all f,9€K[ X] of degree at most P,
if fg € I, then £ € I or g € I.

(1.12) Moreover, the proof also shows that, if the perfect field
K is computable (in Rabin's sense, cf. [10]) and there is an al-
gorithm for factoring polynomials in one variable over K, then

there is an algorithm such that, given fl""f € K[ X], the algo-

k
rithm determines the number of minimal primes of (fl""fk)’ and

a finite set of generators for each of them.

(1.13) Modeltheoretically, Ritt's problem, cf. [12, p. 178], which
has origins in work of Lagrange and Laplace, can be formulated as
follows:
Is there an elementary, i.e. lSt order, condition on the coeffi-
cients of an irreducible differential polynomial £(T) € K{T} with
£(0) = 0 and K a differential field of characteristic 0 (and where
a bound on the order and degree of f is given), which expresses
that g{0) = 0 for each g € XK{T} vanishing on the generic zero of f
over K? (These g form the unique prime differential ideal con-
taining f but not its separant.)

It is not difficult to express this by an infinite conjunc-
tion of formulas in the language of differential fields.
So we have ‘only' to find an equivalent infinite disjunction. Use-
ful hints might be provided by [ 3], where a necessary and suffi-
cient condition is given in terms of the existence of rank 1 valu-
ations with certain properties.
Can this "existential" test be transformed in an infinite dis-

junction?

(1.14) If n > 2, d > 1, k > 2 it does not seem to be known whether

there are formulas oL a k(y) and T ) (independent of ¢ and K)

n,d, kY
s.t.:

K E cn’d,k(c) @ (fl""fk) = (gl""gk—l) for certain

9yr--s9 -, € KIX],
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K E Tn’d’k(c) ° vlfl,..,fk) = ngl""gk-l) for certain

S
gyre19y_; € KIX].

In both cases there are of course infinite disjunctions available.
The existence of such formulas T3,d,k would have as a conseqguence
the positive solution of the long standing problem whether every
algebraic curve in C3 is the intersection of 2 algebraic surfaces,
cf. [8, p. 214]. (This follows by modeltheory, because Cowsik &
Nori, [4], have positively answered the analogue of the above set-
theoretic complete intersection problem for each prime characteris-

tic.)

(1.15) If n>m>1, d > 1 it does not seem to be known whether

there are formulas 7 such that:

n,m,d, kY Pn m,a, k)

{c) « RIXI/(£,,..,f = K[Yl,..,yj

Kk TTn,rn,d,k k) m

as K-algebras,

(c) = (fl,..,f is prime and the fraction

KFEPymd,x K

field of K[X]/(fl,..,f ) is K-isomorphic with K(Yl,..,Ym).

k

For m = 1 and algebraically closed K, the right hand side of the
second equivalence expresses that (fl""fk) is the ideal defined
by a curve of genus 0 in affine n-space. So, with K restricted to

be algebraically closed, formulas Phl.d.k exist.

§2. A non-standard approach.

We keep the convention that X = (Xl,..,Xn)

(2.1) Given n,d,k €EIN there is a bound B = B{(n,d,k) €N such that

for each field K and each homogeneous linear equation

() £,¥Y, + .. + £.Y =0 (f € K[X], all of degree

171 k“k £

17" k

at most 4d)

the solution subset of K[X]k is generated as K[ X]-module by solu-
tions g = (gl,..,gk) with deg(g) < B (i.e. deg(gi) < B for
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k).

"
]
—
~

(2.2) Proof

Let n,d,k be given and suppose such a bound B doesn't exist. So for
each m €IN there is a field Km and a system of type (a) over Km with
a solution in (Km[X])k which is not generated by solutions of degree
<m. Consider a structure containing all fields Km’ polynomial rings
Km[X],IN, etc., and take an enlargement of this structure. By the
saturatedness properties of enlargements there is an internal field
K in this enlargement and an equation flyl + ..+ kak = 0 with
fl""fk € R x]* dgf the ring of internal polynomials in X over K,
each f; of degree <d, such that at least one solution (91""gk) €
(K[X]*)K of the equation is not generated by solutions in K[ X1k,
where K[ X] is naturally identified with the ring of finite degree
polynomials in K{Xx]*.

Note that fl""fk € K[X]. But this implies that K{X]* is not a flat
K[ X] -module [8, p.5].

Hence (2.1) follows by contradiction from:

(2.3) K[X]* is a faithfully flat K[X]-module (where K{X]* is the
ring of internal polynomials in X over any internal field K in an

enlargement) .

An easy proof of (2.3) by induction on n is given in 5, p. 128
It is fairly obvious that (2.3) is in fact equivalent with the con-
junction of (2.1) (flatness) and (1.3) ("faithfully").

(2.4) In most cases (and certainly in the more difficult ones),
where bounds can be extracted from the proofs in [17], they can be
obtained much easier using the above approach. Of course we lose
some information, even in comparison with §1, namely the effective-
ness of the bounds. Another difference with §1 is that the non-~
trivial proofs use induction on n.

Let me mention some typical results, using the notation of (2.3).
Given an ideal I of K[X] the following hold:

(2.5 ®(x)* ( 9&f
sion of K(X).

the fraction field of K[X]*) is a regular exten-

(2.6) I is prime iff I.K[X]* is prime in K[ X]*.
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(2.7) VI.K[X]* = {f € K[X]*|£f* € 1.K[X] for some w €* N} =
VI.R[X]*.
(2.8) If M is a K[ X]-module, then
* = . * .
AssKi X]*(M®K[ X} K[ X]*) {(p-KIX]1*|p € ASSK[ X]M}
(2.9) I1If1I = I1 n..nN I is a reduced primary decomposition of I,
Ik being pk—primary (k = 1,..,m), then

I.K[X]* = Il.K[X]* n

decomposition of

I.K[X]*,Ik.K[X]* being pk.K[X]*—primary (k

(2.10) Comment

(2.5)
easily that (2.6) is the non-standard version of (1.1
an easy consequence of {(2.3) and (2.6), and it implie

.. N Im.K[X]* is a reduced primary

is an important lemma in proving (2.6). The reader will check

. (2.7)

s for example

is

that the exponent e mentioned in the first lines of the introduc-

tion can be bounded by a function of n and the degree
only {and does not depend on the degree of f). (2.8)
diate consequence of (2.3), (2.6) and [2, Th. 2, p.

If one takes M K[ X] /I it means that the associated
ideal I of K[X] which is generated by polynomials of

1

d, are themselves generated by polynomials of degree
C ¢(n,d), D(n,d) of
field).

(2.9) (2.3), (2.6), (2.7) and (2.
dard interpretation is that an ideal I of K[X] which

and that there are at most D

follows easily from

e
is an imme-
54] .

primes of an

s of fl"' Kk

degree at most
at most
them (K any

8).

is generated

Its stan-

by polynomials of degree at most d has a primary decomposition

I

al
Il

polynomials of

N Im with m < E(n,d) and where each I

k

degree at most F(n,d) (K any field).

(2.11) Perhaps one should consider the open problems
§1 also in the
blem of (1.14)

ments, is then

context of this section. For instance,

I also generated by m elements?

is generated by

mentioned in

the first pro-

simply becomes: if I.K[X]* is generated by m ele-
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§3. Concluding Remarks

(3.1) In the preceding sections not any attempt was made to obtain
concrete, say exponential, expressions for the bounds. This is not
possible with model theory alone. Still it seems interesting to
give a model theoretic explanation why the bounds given in [17]

tend to be (super) exponential in n and polynomial in d.

(3.2) Except that the results of [17] are more precise - and less
easy to obtain - than in this paper, another contrast is the point
of view of [17] and [19] which is thoroughly constructivistic. This
is also the case in [11}, [ 18], where some basic construction pro-

blems are solved for more general polynomial rings.

(3.3) Still another approach to some of the material treated here,
is discussed in [1], where algorithms for reducing words to canoni-

cal forms are the leading theme.

References

[ 1] G.M. Bergman, The Diamond Lemma for Ring Theory, Advances
in Math. 29 (1978), 178-218.

[ 2] N. Bourbaki, Algébre Commutative, Chapitres 3 et 4, Hermann,
Paris (1961).

[ 3] R.M. Cohn, Solutions in the general solution, in:

Contributions to Algebra, A collection of Papers Dedicated

to Ellis Kolchin, Ed. H. Bass, P.J. Cassidy, J. Kovacic,
Academic Press, New York (1977), 117-128.
[ 4] R. Cowsik & M. Nori, Affine curves in characteristic p are

set-theoretic complete intersections, Inventiones 45 (1978),

111-114.

[ 5] L. van den Dries, Model Theory of Fields, Thesis, Utrecht,
June 1978.

[ 6] P.C. Eklof, Resolutions of singularities in prime charac-

teristics for almost all primes, Trans. AMS 146 (1969),
429-438.
[7] G. Hermann, Die Frage der endlich vielen Schritte in der
Theorie der Polynomideale, Math. Annalen 95 (1926), 736-788.
[ 8] T.Y. Lam, Serre's Conjecture, Lecture Notes in Math. 635,

Springer-Verlag, Berlin (1978).
[9] S. Lang, Algebra, Addison-Wesley, Reading, Mass., (1965).



[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

ALGORITHMS AND BOUNDS FOR POLYNOMIAL RINGS 157

M. Rabin, Computable algebra: general theory and theory of
computable fields, Trans. AMS 95 (1960), 341-360.

F. Richman, Constructive aspects of noetherian rings, Proc.
AMS 44 (1974), 436-441.

J.F. Ritt, Differential Algebra, American Math. Soc. Coll.
Publications, Vol. XXXIII, New York, (1950).

A. Robinson, Introduction to Model Theory and to the

Metamathematics of Algebra, North-Holland Publ. Comp.,
Amsterdam (1965).

A. Robinson, Metamathematical problems, J.S.L. 38 (1973)
500-516.

A. Robinson, On bounds in the theory of polynomial ideals,
in: Selected Questions of Algebra and Logic: Mal'cev
Memorial Volume (Novosibirsk 1973), 245-252.

A. Robinson, Algorithms in Algebra, in: Model Theory and

Algebra, a Memorial Tribute to Abraham Robinson, ed:

E. Saracino and V. Weispfenning, Lecture Notes nr. 498,
Springer, Berlin, (1977}.

A. Seidenberg, Constructions in Algebra, Trans. AMS 197
(1974), 273-313.

A. Seidenberg, What is Noetherian?, Rend. del Sem. Mat.

e Fis. di Milano XLIV (1974), 55-61.

G. Stolzenberg, Constructive normalization of an algebraic
variety, Bull. AMS 74 (1968), 595-599.

B.L. van der Waerden, Moderne Algebra II, Verlag von Julius

Springer, Berlin (1931}).



LOGIC COLLOQUIUM 78
M. Boffa, D. van Dalen, K. McAloon (eds.)
© North-Holland Publishing Company, 1979

CONSTRUCTIVE THEORIES OF FUNCTIONS AND CLASSESl)

SOLOMON FEFERMAN

Dedicated to the memory of my friend and colleague, Karel de Leeuw

Introduction and contents. These lectures were designed to acquaint a general

logical audience with basic features of Bishop's approach to constructive math-
ematics (BCM) and with work on a certain formal system To in which that can be
represented. Several competing and rather different systems have been proposed
for the same purpose. Thus, in addition to the intrinsic interest of the subject
BCM provides an excellent case study for the process of formalization.

The contents are divided into five parts, only the last of which assumes

some prior background; in ocutline they are as follows.

I. Background~§5d aims. Part I gives an informal introduction to BCM which con-

trasts it both with everyday non-constructive mathematics as well as with the
schools of constructivity previously established by Brouwer and Markov. Towards
the end of this part we discuss general criteria of formalization, involving ques-—

tions of adequacy and accord with the informal body of mathematics being repre-

sented.
II. The theory To . In part II we present the language and axioms of T, and
some natural subsystems and extensions. The adequacy of T to BCM is sketched

o]
and the question of its accord is discussed. Alternative formal systems proposed

by Martin-LYf and Myhill are briefly compared in this connection.

III. Models. A variety of models (in the classical sense of the word) are pre-
sented for T, and related theories. One main purpose which these serve is to

show how developments in BCM, when formalized in T generalize corresponding

(el
parts of classical mathematics and certain recursion-theoretic analogues. They
are also used to obtain consistency and independence results for some statements

of mathematical interest.

IV. Realizability interpretations. In contrast to models, the method of realiz-

ability (originating with Kleene) is distinctively associated with interpretations

D Text of lectures presented at Logic Colloquium 78 (University of Mons, Belgium,
August 24-September 1, 1978)., I am indebted to the organizers of this conference
for proposing the lectures and for their helpful assistance in many ways. Re-
search for and preparation of the text were supported in part by National Science
Foundation grant MCS76-07163-A01.
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of constructive theories. It is here adapted to the formalism of To so as to
obtain more delicate consistency (and conservation) results, in particular as con-

cern axloms of choice and continuity principles.

V. Relations with subsvstems of analysis. In this part one combines both proof-

theoretical and model-theoretical methods to obtain equivalence (in strength) of
various subsystems of the classical system § = (Z;-AC) + (BI) with subsysFems of
To . For the full system TO one has an interpretation in § , but it is an open
question whether S is equivalent to TO .

We concentrate throughout on explanation and statement of results. Proofs
are not given but some proof-ideas are indicated. The basic source is Feferman
1975; this has been enriched considerably by the work of Beeson 1977. The latter
gives both models and realizability interpretations which are used particularly
for continuity principles; his work is described within Parts III and IV. Im-
portant contributions to Part V have been made by Aczel, Buchholz, Friedman,
Pohlers, and Sileg; detailed references are given in the text. Otherwise we draw
principally on the unpublished notes Feferman 1976a, 1976b, and 1976c, which are
now largely incorporated in the following.

For the reader seeking a general introduction to the subject of construct-
ivity and its formalizations (especially stemming from the schools of Brouwer and
Markov) I would suggest the excellent survey article Troelstra 1977a; this contains

an extensive bibliography.

I. Background and aims

1. Ad hoc (local) vs, systematic (global) constructive mathematics. At the local

lgzgl_one deals with particular questions of construction without regard to gen-
eral principles or methods. Frequently one knows an existential result guaran-
teeing the existence of a solution to a specific mathematical problem without
knowing how it may be calculated, represented, or constructed. One then seeks to
produce an explicit solution to the problem, For examples familiar to logicians
we have: (i) decidability of p-adic fields (first existence by Ax and Kochen, fol-
lowed by a concrete decision procedure by Cohen) and (ii) representability of pos-
itive definite real polynomials as sums of squares of rational functions (exist-
ence by Artin, followed by recursive representations by Robinson and primitive
recursive representations by Kreisel).

At the global, systematic level one reconstructs whole portions of mathe-

matics using entirely constructive notions and methods. One of the main reasons
advanced for doing this is philosophical; it is based on a conception of mathe-
matics which is opposed to the current underlying platonistic conception and has

its source in human thought and constructions. Such systematic redevelopment
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according to constructive principles was initiated by Brouwer and carried on by
Heyting and his students. Subsequently another school of constructivity was de-—
veloped in Russia by Markov and Shanin (cf. Troelstra 1977a for references on
these two schools). Finally the approach (here labeled BCM) was initiated in
Bishop 1967 and continued by him and his students, The main features of the first
two schools will be described briefly below and those of BCM will be described at
length.

2, Constructivity in principle and constructivity in practice (feasibility). No

matter how a constructive result is obtained (locally or globally) there is a
question of its actual computation or execution. In this respect, even con-
structive existence results have a non-concrete character, A classical example
is provided by Gauss' characterization of the regular polygons which are con-
structible by ruler and compass; the general theory had to be refined in order to
give a feasible construction even of the l7-sided regular polygon. For a (neg-
ative) example familiar to logicians, we may mention Tarski's primitive recursive
decision procedure for the theory of reals. It has been shown by Fischer and
Rabin that any decision procedure for the reals requires exponential time and so

is unfeasible by present computational methods,

3. General features of the platonistic conception., We describe these for a

point-by-point comparison with the constructivist conception in §4.

3.1, Mathematical entities. These are conceived to be external to us and

independent of our thoughts and constructions. In its modern form, the most gen-
eral mathematical entities are sets and functions (which are interchangeable, cf.
3.3 below), Thus the platonist conception is also called the Cantorian set-

theoretical conception of mathematics.

3,2, Mathematical statements are true or false. Hence the logic employed

is the classical predicate calculus based on 2-valued semantics, The law of
excluded middle ¢V = ¢ leads us to conclude Ix Y(x) V ¥x - P(x) . Thus to
prove ¥ x Y(x) 1t is sufficient to prove - ¥ x - Y(x) . This is the basis of the
use of the indirect method to obtain existential results: assume Vx = Y(x)

and draw a contradiction. Evidently there is no explicit solution provided by

such arguments,

3.3. Interchangeabilitv of sets and functions. Of course the former are

reduced to the latter via characteristic functions, Conversely, functions are

regarded ag many-one relations, which in turn are certaln sets of ordered pairs.

But the latter are’'deflinable as sets, so functions are reduced to sets.
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3.4. Extensionality. The principle Vx (x €A ® x €B) > A =3B for sets
A,B is justified by the consideration that sets exist independently of us and of

any means of definition. Sets, then, may only be distinguished by their members.

3.5. Power set. Since arbitrary subsets of a set are supposed to exist
independently and permanently, we may speak of their totality £ (A) . This op-

eration may be iterated, leading to the finite~type hierarchy. For transfinite

iteration the operation A A U £(A) gives a more convenient theory (the cumu-

lative hierarchy).

3.6. Subset formation. Any property ¢(x) of elements of A determines

a subset B = {x € A|¢(x)} (separation or comprehension principle). ¢ may con-

tain quantified variables ranging over other sets, in particular over £(A) .
Such comprehension principles are impredicative: B is defined in terms of the

totality $(A) , which contains B as an element.

3.7. The axiom of choice is usually agreed to be correct on the Cantorian

view, since there is no question as to how the choices are to be effected. Then
one has the well-ordering theorem and the theory of finite and transfinite car-

dinals., In consequence, such statements as the continuum hypothesis are taken to

have a definite truth-value, though undecided by all set-theoretical principles

so far recognized to be correct (or even having some plausibility).

- . 2
L. General features of the constructivist conception.

4.1. Mathematical entities are only those which are understood directly

by humans or obtained from such by successive human constructions (e.g., by com-

bination into pairs or sequences). The natural numbers 0,1,2,... (denoted as a

whole by N ) form basic entities which are generated by repeated adjunction of
a single unit. Both the processes of construction of mathematical entities and

of recognition of their properties are mental activities. Such recognition is

the result either of direct intuition or of proofs based on principles inherent

in the specific nature of the constructions used. For example, the principle of

induction for N directly follows the manner of its generation.

4.2, Mathematical statements do not communicate questions of truth or

falsity; they can only be assertions which communicate results of completed
proofs. The use of the logical particles is explained in terms of constructions
and proofs, roughly as follows:

(i) a proof of (¢ A Y) 4is given by a pair (p,q) of proofs of ¢ and VY ,
resp.; (ii) a proof of (¢ v Y) .consists of a proof of ¢ or a proof of ¥

(together with the information as to which of these is proved); (iii) a proof of

2) For further information and references on §4-§8, cf. Troelstra 1977a.
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of (@ _>¢) is a constructive operation for which we recognize that it will convert
any proof g of 0 into a proof (pa) of §. (iv) a proof of x y(x) con-
sists of a pair (p,c) where p is a proof of y(c); (v) a proof p of ¥x §(x)
is & constructive operation for which we recognize that it will convert any ob-

ject ¢ (in the intended range of the variable 'x') into a proof (pe) of y(c).

Taking L to be an identically false statement (e.g. 0=1) which has no
proof, negation is defined by (- 0)=(0 — L); thus proof of a negation of a
statement (or of its absurdity) amounts to constructive recognition of the im-
possibility of proof of that statement. A proof of V= ¢ is only given when

one has a proof of @ or a proof of its absurdity.

There is a system of intuitionistic logic which is recognized to be

correct for this interpretation of the logical operations, but which does not
yield such (apparently) unacceptable principles as the law of excluded middle
(LEM) or its conseguence — ¥x — §(x) - x 0(x). Heyting has formulated this
legic in such a way that classical logic is obtainable from it simply by ad-
Junction of LEM. No further general logical principles have been recognized
as constructively evident. (However, there is no generally recognized complete-

ness result for intuitionistic logic.)

4.3, Functions are supposed to be constructive operations, the idea of

which was already contained in 4.2 (iii),(v). These are supposed to be given by

algorithmic rules of construction which can be effected by finite mechanical

steps of computation. For relations with the recursion-theoretic concept of

computable function cf. 4.8 below.

L.k, Sets are only given by defining properties , for which we are

supposed to know and understand their condition for membership. For example,

the condition for x eIl is that x is generated from O by a finite number

of applications of the successor operation. If A,B are sets then A X B, Which
consists of all ordered pairs (x,y) with X eA A y ¢B, is a set. 5o also is

BA , Where x eBA iff x:A — B, which means that x 1is a constructive operation
such that for each ye A, x(y) (is defined and) belongs to B. Finally, if A
is any set and O(x)is a well-understood property of members of A then

B={xeaA'0(x)} ic a set, with xe B & xe¢ AAO(X).

L.5. DMNon-extensionality. Two rules may have the same values at all

arguments (even provably so), but they are not identified unless the rules are
recognized to be the same, as rules. (This allows for minor syntactic variations
in the presentation of rules.) Two sets may have the same members, but they are
not identified unless they are seen to be given by the same propertiss. (For

the notion of intensional identity implicit here, cf. L4.11 below.)
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h.6. Non-interchangeability of sets and functions. If B 1s a subset of

A and f:A 5 (0,1} is such that VYxe A[xeB « f(x)=0] then we say that f

is a characteristic function of B (rel. to A). Not every (sub)set (of a given

set) has a characteristic function. Those which do are called decidable, other-
wise undecidable. E.g. the set of exponents n for which Fermat's last theorem
is true is (presently) undecidable. If every constructive function on W is
recursive then every subset of IN which is recursively undecidable is unde-
cidable in the constructive sense. In any case, sets are not reducible to

functions.

If £:A-B then the graph of f is a set, namely R=((x,y) eAXB|f(x)=y]}.
R has the property VxeAd!y (x,y) ¢ R. The question whether conversely, any
such R S AXB determines a function f:A-B is a special case of the following.

The conclusion is that functions are not reducible to sets.

L.7. The axiom of choice is considered here in the schematic form

(AC) Yxe Ay O(x,y) —» 3F ¥x A O(x,F(x)).

This looks like it ought to be admitted using the interpretation of the connec-
tives in 4.2. However we have to be careful : a proof p of the hypothesis,

written out as Vx[xehd — Jy O(x,y)] gives for each x and each proof g that
x belongs to A (i.e. that x has the property which defines A) a proof p*
of ¥y 0(x,y) which is a pair p*;(pi, y) where p; proves O(x,y). But p* de-
pends on both x and q, i.e. p =p(g,x), so that y also is a function of x
and q, not of x only as would be reguired for (AC). Writing x qu for

'q is a proof that x has the property determining A', this informal argument

does justify accepting the following modified principle:

(Ac)! ¥xe Ay ¢ (x,y) - If ¥q Vx qu O(x,f(x,q)).

We can derive (AC) only for those sets A for which we have a canonical
cholice of g, i.e. a function ¢ such that Vx[xedA X ec(x>A]. W is an
example of such a set; for nelN, the build-up of I gives itself the verifi-

cation that we have a natural number. It may be noted that the principle
(AC!) Yxe A Ty Olx,y) - IF Ve AQ(x,f(x))
is,for the same reasons, no more assured in general than AC . (These principles

are dealt with formally in the framework of TO in Part IV below.)

4.8. Church's thesis. Let e,n,m,... range over W, and take the usual
notation f(e}(n) for partial recursive function application. The thesis that

every (total) constructive function on W is recursive is referred to as
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Church's Thesis in the literature on intuitionism (though it is open to argument
whether Church himself had this in mind). Formally we can express it (in a 2nd

order language) by
(c1) vf eI Fe ¥nf (e (n)d A T(n) = (e)(n)].

Note that the converse to Church's thesis is that

fnim{e)(n)= m - 3F e]N]NVn[f(n) ={e)l(n)].

This fellows from (AC)IN - which is acceptable by L4.7. There are some schemes re-
lated to (CT) which are expressible in lst order form and follow from (CT) and

(aC) in pearticular:

m°

(CTO) ¥n @m &(n,m) —%e ¥n[{e)(n)t A d(n, e} (n))].

It is of logical interest that almost every known theory T which is in-
formally constructively acceptable is consistent with (CTO). However, the
acceptability of this or of (CT) itself is a matter of dispute. As an example
of the kind of argument which can be made against it, consider the following.
Let J De a mathematician who works on deep problems of set theory and whose

mental behavior is not duplicable by a machine. Then the function f defined by

1 if on the noth day from now, J proves the nlth theorem of ZF
0 otherwise

is constructive but not recursive. Perhaps a more convincing argument against
(CT) is that under the constructive interpretation of the logical operations if
it held we would have to be able to pass constructively from any (proof of)

by g]ﬁN to a Turing machine e which calculates f. Thus even if human mental
behavior is believed to be mechanical in principle, there is no constructive
method of duplicating it by Turing machines. An argument for (CT) on the other
hand, goes back to what is meant by constructive operation; at least in the form
explained in 4.3, this would seem to be justified by Church's thesis in the usual

sense that every finite algorithmic procedure can be carried out by a Turing

machine.

k.9. Function sets and power sets. If Church's fhesis 1s accepted, the

meaning of EﬂN is perfectly clear: it consists simply of the total recursive
functions. An argument can be made without CT that we understand BA for any
sets A,B (whose condition for membership was given in b.4) because our con-
ception of constructive operation is supposed to be basic; this does not mean that

"we know the totality of all constructive operations from A to B'". The question
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of whether for each set A we have a set P(A) of all subsets of A seems to
be different: even if we accept CT it is not clear that we have an under-
standing of what constitutes an arbitrary property of elements of 1IN, let alone
of any A. The constructive status of @(A) is not settled; it is of mathe-

matical and logical interest to investigate the effect of assuming its existence.

4.10. Comprehension principles. If a set A is given (understood and

accepted) then quantification over A, i.e. the logical operations Vx eA(...)
and Zx ¢A(...), are understood. Hence any property built using such operations
determines a subset of any given set. If the existence of power sets is assumed

then this leads us to impredicative comprehension principles, i.e. existence of

(x ¢A]d(x)} where in 0 we can quantify over @(A). Again, the constructive
character of such principles is not settled, while their role and effect is of

interest.

4.11. Literal, intensional and extensional identity. In L.6 we spoke of

functions given by the same rule or sets given by the same property. If we con-
centrate on syntactic representation of rules, properties, etc., then the most
obvious notion of sameness to consider is that of literal identity, i.e. identity
of syntactic configurations, symbol by symbol. A less definite but common idea
is that rules, properties, etc. are mental objects which may have a variety of
syntactic representations. For example, and most trivially, this may be by a
renaming of bound variables or other symbols. More generally, we may have re-
presentations in different, but intertranslatable languages (so that the struc-
ture of the formal configurations may actually change). When two syntactic ob-
Jects represent the same mental object they are said to be in the relation of

intensional identity.

Most frequently in mathematics we are concerned with various kinds of de-
fined relations of "eguality" =5 on a set A, which are simply equivalence
relations. For example, when defining the integers 2z as W X W, we take

(nl,ml) :Z(nz,mg) © nmptm, =n +m . When defining Zp we take
x=, ¥ o p|(x-y) for x,ye Z. The set F =B has defined on it the re-

lation T =p8 © Vxe A Yye Alx =,y - £(x) :Bf(y)]. All such equality relations

are sometimes lumped together(perhaps misleadingly) under the heading of ex-

tensional identity relations. In Cantorian mathematics it ie common to pass from

(4, :A) to (a/ :A) so as to replace all equality relations by literal identity
using the axiom of extensionality for sets. This practice is neither possible
(without extensionality) nor necessary constructively; one simply makes clear for
each set A considered what equality relation is being used in a given context.
Note. It is common practice to drop the subscript 'A' from =, once that is

A
fixed in any given discussion.
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5. Constructive theory of real numbers. We sketch here how the preceding

principles are used to set up a theory of real numbers. First of all, recursion
on I is justified directly by its manner of generation, so we can define
successively +, - and all further primitive recursive operations. 2 and =2
are defined as explained in 4.11, and +, ., < are extended in the standard
way to Z. Then § is taken to consist of all (x,y) with x,ye 2 and y,l.o
and +, .,< are extended to it. Next Q]N consists of all sequences <rn>n
of rational numbers. Cauchy sequences of rationals are those for which the
Cauchy condition is constructively satisfied, i.e. for which we have a rate-of-

convergence function u: I - IN such that

(©) Tk >0 ¥n,m> u(s)lr, -r | <%].

By the set TR of real numbers is meant the set of all pairs x=((rn), W) with
(rn> € Q]N satisfying (C). Then we put x=py for y:((sn>,v) if

(rn- sn) — 0. Real functions (of k arguments) are of course those operations

f: ]Rk — IR which preserve R In particular + and * may be defined as

real functions. For example, we may take ((rn>,p,l) + ((sn), p,,g) = ((rn“r Sn)’ v)
with wv(k) :ma.x(p,l(ek), p.z(zk)).

The first essential difference is met with inverse and order. Given
1

X = ((rn>, L) we seek x = ((rn-l>, v) but there is no obvious choice of v
unless we know a bound of x away from O. Define x> O(m, k) if

n> m (rn > %), and x> 0 if Hm,k(x > O(m,k)). Then define x>y

(or y <x) if (x-y) >0 and firally x#y if (x>y) v (x <y). We
cannot establish constructively that x # y V x=y . Inverse is defined for
all (x, (m, k)) such that |x| > 0 (m,k). This is not strictly speaking a

subset of IR, but only a subset by imbedding; such sets are dealt with

systematically in BCM as will be described in § 1L below.

We could of course define x> 0 by x>0V x=0, but it is more useful
to take x> 0 tobe Vk>O0&EmVn>m ( T, > - %) ; these are not constructively
equivalent definitions, nor is x > 0 V x < 0 constructively justified.
Classically, the expression

1 if x>0

f(x) =
0 if x<0

defines a function on IR which is discontinuous, but this does not make
constructive sense as a definition. Indeed there is no evident way to obtain

a discontinuous function; theoretical reasons for this will be produced later.
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z
6. Brouwer's intuitionism. 5) Brouwer both explored general constructive concepts

(e.g. constructive operations, sets or "species", ordinals, etc.) and carried
out particular mathematical developments, especially in analysis. He thought it

should be possible to prove constructively that every (total) real function is

continuous and that every real function on a closed bounded interval F:[a,b] IR
is uniformly continuous. For this purpose he introduced a new concept of free
choice sequence (f.c.s.) (rn) of which we know only a finite amount of in-
formaticn (ro,...,rk) at any given time, though we can proceed as far out as
needed to make a calculation. The sequence may be produced randomly, e.g. by
rolls of a die or observations of some random physical phenomena, rather than by
some mechanical law. h> It makes sense to operate constructively on such
sequences to obtain values in IN or @ or new f.c.s. themselves. For example,
the operations + and . are easily defined for f.c.s. Now if f((rn)) :(sn)

and a value S has been established, it can only have used a finite amount of
information about (rn); from this principle follows the statement of continuity
of real functions where the reals are understood in the extended sense to in-
clude all those given by f.c.s. By some further (less immediately evident)

principles Brouwer also derived the statement concerning uniform continuity.

Choice seguences need not be completely 'free'. They can be considered
with or without restrictions on their values. For example, we can consider
sequences (rn) restricted by lrn[ <M, waere (Mn> is given in advance, or
is itself produced by some rule depending on earlier values of (rn). Lawless
sequences are those which are given without any restriction whatever. At the

opposite end, lawlike sequences are those which are completely determined in

advance by rules. The theory of reals sketched in §5 may be interpreted as
applying to the latter kinds of Cauchy sequences; for this reason it is some-

times called lawlike analysis.

Brouwer's analysis based on f.c.s. has been studied in various logical
formalisms by Kleene, Vesley, Kreisel, Troelstra, van Dalen and others
(cf. Troelstra 1977a 1977b for references). Various parts of this have taken
settled and coherent form (and have, incidentally, been shown consistent).
But efforts to treat the most general concept of f.c.s. have not yet had a

convincing outcome. For mathematicians, Brouwer's theory has remained a curiosity;

3) A perusal of Brouwer 1975 (collected works, vol.I) is rewarding here.

L) Following a remark of Troelstra, H. Jervell has traced back the idea of
f.c.s. to papers of E. Borel in 1912 which grew out of earlier discussions
by the French mathematicians on the axiom of choice. At first Brouwer
rejected the idea but later (1917) accepted it and expanded it into a
theory.



CONSTRUCTIVE THEORIES OF FUNCTIONS AND CLASSES 169

it has largely been of interest to logicians. Moreover, the concepts are rather
special to analysis and topology and seem to have little to do with other parts
of mathematics. Historically, the actual development of intuitionistic mathe-
matics got hung up around analysis because of the need to clarify Brouwer's ideas

there.

It should be remarked that the intuitionistic theory of f.c.s. is in-

consistent with classical mathematics, for we can prove — V(rn)[ﬂm(rm=O)VVm(rm¢b)L

as is intuitively evident from the 'finite-information' principle. Relatedly, one
can disprove Vx elR(x > OV x <0), etc. This is in contrast to lawlike analysis,

which is a part of classical mathematics (if one does not assume (CTO)L

7. The (Russian) school of Markov and Shanin. Here one accepts the scheme (CTO)

and the laws of intuitionistic logic, but also the following non-intuitionistic

law, called Markov's principle:

(MP) Yo[0(n) Vv 2 0(n)] A = ¥n - 0(n) - dnd(n)

(where 'n' ranges over 1IN ). The intuitive idea for (MP) is that under the
hypothesis we can constructively find a solution n of the conclusion simply by
performing a search through W . It may be shown that (CTO) +(MP) is con-
sistent over number theory though (CTO) is inconsistent with full classical
logic there. (The consistency proof can be given by Kleene's recursive
realizability, which will be described in IV.) Various parts of analysis can
be carried out under these assumptions, continuing the line sketched in § 5.

For example, if f is continuous on [a,b] then inf f(x) and sup f(x)
a<x<b a<x<h

exist. However, it cannot be proved that f takes on its minimum (resp. maxi-
mum) in [a,b]. The reason is provided by a well-known example due to Specker of

a recursively continuous function on [0,1] which has no recursive point at which f
takes on its minimum. Variocus other basic results of classical analysis may

also be contradicted by suitable recursion-theoretic examples, e.g. that if £

is continuous on [a,b] and f(a) <0 then Hx(a < x <b A f(x)=0). (In the
Russian school it is admitted that there are scme 'peculiarities' to their

approach. )

8. Recursive analogues to classical mathematics. We have in mind here a series

of studies concerning analogues to classical notions where one uses recursive
functions (or functionals or sets) in place of arbitrary objects of the same type.
To be mentioned in particular is the work of Dekker and Myhill for set theory,
Crossley for order theory, Malcev and Rabin for algebra, and Specker and Lacombe

for analysis and topology (cf. Feferman 1975 for references). These have been
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carried out informally, with no restriction on the logic or methods employed.

In effect, though, at least (CT) i1s assumed (though not (CTO), which is classi~
cally inconsistent), and indeed a corresponding stronger principle identifying
partial functions on W to TN with partial recursive functions. For example,

in the Dekker-Myhill theory of recursive equivalence types one defines

(A~B) < 4f, g[f,g partial recursive A f~AA 5B A gfB:B S A

A (gfMA=1, A (fg)hB=1_1,

A B

where A,B may be arbitrary subsets of IN. One positive result which is

proved for this is a form of the Cantor-Bernstein Theorem:
A~ (B+C)AB~ (A+D) A ~ B.

In analysis one considers recursive real numbers (i.e. x::((rn),p) with both

(rn),p recursive) and recursive functions of reals(defined in an appropriate
N
).

way via recursive functionals on W As with the Russian school, a number of

‘peculiarities' are met in this version of analysis.

While these pursuits are not constructive they can be relevant to con-
structive approaches in the following ways. Where a recursion-thecretic analogue
gives a positive result, i.e. where a classical theorem carries over, one can
often prove the same theorem constructively. On the other hand, when a negative
result is obtained by suitable counter example, it is usually possible to use
such to get underivability of the classical theorem in a constructive system.

However, neither of these is automatic. For example, the least number principle

n O(n) - [O(n) A¥m < n — O(m)]

which is frequently applied in recursion-theoretic arguments is not constructively

derivable except for decidable ¢ .

9. Bishop's approach. In 1997 Bishop published his Foundations of constructive

analysis in which he carried out an informal development of constructive analysis
which looked much more like modern analysis than anything done previously by
constructivists and which went substantially further mathematically. Bishop
works with general notions of function and set regarded in informal constructive
terms. He rejects the notion of f.c.s. as being obscure and unnecessary. In-
stead of trying to prove that all functions of reals are continuous, his view

is: there is not much of interest we can say about arbitrary functions from

R to R or from[a,b] to IZR. Define C([a,b], R) to be the uniformly
continmuous functions on [a,b] to 1] and C(IRR, R) to be the functions which
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are uniformly continuous on each compact interval. (These definitions will be ex-
plained in more Jetail below.) These are classes of central mathematical interest.
In a sense, Bishop is working in lawlike analysis and the notions and principles

he uses are contained either directly or implicitly in Brouwer's intuitionism,

but simply without f.c.s. What is novel about Bishop's work is its spirit and
execution, which is much more like everyday modern mathematics than anything
previously done in a systematic constructive way. Indeed, a (philosophically
unprepared) mathematician could pick up Bishop 1967 and read it as a straight piece
of classical Cantorian mathematics. What would be puzzling to him is the more in-
volved choice of certain notions and proofs, unless he also saw in what sense these
were dictated by constructive requirements. It is this which is least success-
fully explained by Bishop. One of the main aims of the logical study of BCM is

to elicit its underlying principles and to show how they may be interpreted con-

structively, as well as classically. One is led to consider constructive theories

Fraenkel relate to Cantorian mathematics. Such systems could have been developed
years ago, before Bishop, but it must be acknowledged that the work itself pro-

vided both the stimulus and a test for the adequacy of proposed theories. 5)

10. Note on personal viewpoints. Bishop is a confirmed constructivist, as was

Brouwer. Just as with Brouwer, he places the doing of constructive mathematics
ahead of its logical study, regarding the latter as inessential. I am not a
constructivist (nor a Platonist - it is harder to say what I am.) My main in-
terests are logical and as a logician I am particularly interested in various

forms of explicit mathematics (constructive, recursive, predicative, hyper-

arithmetic, inductive, Borelian, etc.) Of course this kind of position lends
itself to greater objectivity, but there is also the possibility of insensitivity

to, or neglect of, what are considered by a given school to be essential points.

11. Criteria of formalization. How well does a formal theory T represent an

informal body of mathematics M? We judge this in terms of its adeguacy and

accordance.

(i) T is an adeguate formalization of M if every concept, argument and

result of M may be represented by a (basic or defined) concept, proof and

theorem, resp. of T.

(i1) T dis in accordance with (or faithful to) M if every basic concept of
T corresponds to a basic concept of M and every axiom and rule of T corre-
sponds to or is implicit in the assumptions and reasoning followed in M (i.e.

T does not go beyond M conceptually or in principle).

5) Actually an informal constructive theory of functions and sets was outlined
about the same time as Bishop's work in Tait 1968.
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Remark. Formalisms always go syntactically beyond what is of ordinary interest,
e.g. in practice we never assert QA O A O or O - ¢ where 0, § are unre-
lated.

We may refine (i),(ii) by considering whether the representation is direct

or indirect. The idea of being (1)'directly adequate, resp. (ii)'directly in

accordance with M seems clear. We would say that

*
(1) T 4is indirectly adequate to M if there is & theory T  directly

adequate to M which can be translated into T (or otherwise reduced to T in

an elementary way).

(i1)" T 4is indirectly in accordance with M if T can be translated or

reduced to a theory T+ which is directly in accordance with M.

A good formalization of M 1s one which is both directly adeguate to and in

accordance with M.

12. TIllustrations of these criteria.

12.1. M = elementary number theory (non-analytic and non-algebraic).

Z = Zl = Peano's arithmetic with all primitive recursive function symbols.
zt (+,+)= Peano's arithmetic with just +,.
Z2 = 2nd order arithmetic with full comprehension.

Zl is directly adequate to and directly in accordance with M.
Zl( +,-) is directly in accordance with M but only indirectly adequate
to it (by translation of Zl).
Z2 is directly adeguate to M but not in accordance with M since the
concept of P(EJ) as a completed totality is implicitly assumed in the
el

comprehension scheme of Z7 .

12.2. M = clagsical analysis.

z¥ = arithmetic in all finite types.

70 is directly adequate to M.

22 is indirectly adequate to M by reduction of the concepts that actually
occur in practice to second order terms.

ZuJ is not in accordance with M; for in classical analysis we assume the
totality IR, but not IIR]Ia as a totality. [C(R, R) is assumed as a
totality in the calculus of variations. Functionals in C(R, R) » IR
are treated in modern analysis, but not higher type objects in any

sssential way. ]

12.3. M = Cantorian set theory.

ZF = Zermelo - Fraenkel set theory.

ZF is directly adequate to M; is it in accordance with M? The gquestion 1is
gaisﬁd since the idea of the cumulative hierarchy does not seem essential
o .
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It is evident from these examples that the application of the criteria of

formalization are rcasonably objective, though there are cases of uncertainty.

13. Formal systems which have been proposed for BCM.

13.1. Bishop 1970, Goodman-Myhill 1972, both considered formalization in

HAw + AC where HAw is intuitionistic arithmetic extended to finite types
(HA =Heyting's intuitionistic arithmetic). a”  is directly in accordance with
BCM. The question of Bishop's views on, and use of, AC 1is more delicate and

will be taken up below. HA®+AC is inadequate to Bishop's theory of sets.

13.2. Martin-IBf 1975 (transfinite type theory). This is directly in

accordance with BCM and adequate to everything but Bishop's theory of inductively
defined classes (ordinals, Borel sets, etc.); it may also be naturally supple-
mented for the latter. It thus constitutes a good formalization of BRBCM. However,
it is syntactically complicated, and not as flexible to work with as other theories
to be discussed. This will be explained in more detail later. It should be added
that Scott 1970 anticipated Martin-I®f 1975 in various ways.

13.3. Myhill 1975 CST (Constructive set theory), Friedman 1977. CST is a sub-
theory of IZFC/ZFC, intuitionistic ZFC,which like ZFC assumes extensionality and

identifies functions with many one relations. Thus it is not directly in accord

with constructive views, let alone BCM. It is indirectly adequate to BCM, as
will be explained later. Friedman 1977 has considered a number of such theories
and characterized their strength; he has also sketched interpretation into con-

structively justified theories, thus indirectly in accord with BCM.

13.4. TFeferman 1975(TO). This will be described in detail in Part II below.
It is directly adequate to all of BCM. Accordance however is a matter of dispute;
I shall argue that it is in accord, at least indirectly. To is a type-free

theory which is very amenable to metamathematical study and applications.

14. Some general features of BCM. As already said these incorporate the general

features of constructivist mathematics outlined in §4, §5: the logic is in-
tuitionistic, functions are given by rules, sets by defining properties; these
are not interchangeable, and extensionality is not assumed. We detail in the
following slight variants from §4-§5 above; novel points come with the treatment

of subsets in 1k.6.

14.1. Mathematical entities. The only objects which appear to be considered

by Bishop are natural numbers, operations and sets, and such as are generated

from these by pairing. Each such is considered to be presented by a finite

symbolic expression.

4.2, Tdentity and equality. Two symbolic expressions are identical if they
are presented in the same way - as in 4.11. We may take this to be literal identity
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or intensional identity. Bach set considered has attached to it one or more re-

lations of 'eguality'. Notation: Bishop writes = for literal or intensiocnal
identity, = for an equality relation on a set. We shall write instead = for the
first and =2 for the second (but when there is no ambiguity we drop the sub-
script).

14.3. Operations and functions: Given sets (A, :A) , (B, :E), f 1is an opera-

tion from A to B if it is a rule which assigns to each a 1in A an element

f(a) in B. f is a function from A to B if a.l:Aazﬁf(al) :Bf(a.?)'

14.4. Function sets. Bishop says that for each A,B there is the set of all
functions F(A,B). Of course, if we consider A,B as sets endowed with the
literal identity relation this implies that there is the set O0(A,B) of all
operations from A to B. BSince we can form these sets we can consider operations

applied to operations, etc. Iterating F (or 0) starting with N allows us to

obtain the finite type hierarchy over N. We write BA for O(A,B).

14.5. Integers, Rationals, Reals. This follows §5 for N, 2 and §. However,

Bishop defines IR to consist of the following special class of Cauchy sequences:

those (x ) such that |x -x | < 1.1 porann n, m, (so the limit x satis-
n'n>1 n'm —n m

+
fies |xn-x| f%) IR consists of pairs (x,k) where x = (xn> is a real and

xk>% ; for e:(x.k-%) this means x > ¢> 0. (x,k) :IR+(y,E) is defined to

mean X =py.
14.6. Subsets. ]R+ is not a subset of IR in the usual sense, but is one in
the following sense of Bishop. By a subset (A,1) of B is meant a set A and
8=, 8 l) :Bl(ad) (i.e. i 1is an in-
jection of A into B). For x in B we say xeA if x=i(y) with ye A.

operation i :A - B such that o i(a
+ . - .

Thus if we take i(x,k)=x we have (IR ,i) a subset of R. Similarly, inter-

vals (a,b), {a,b] etc. in R are given as subsets in this generalized sense.

But we can also consider subsets in the usual sense where 1 =identity operation

on A.

1h.7. Separation. Bishop recognizes that each property P applicable to
elements of a set S determines the subset A ={x|xe SAP(x)). (Implicitly, this

ig a subset in the usual sense; equality is defined to be =p restricted to A.)

14.8. Operations on subsets of a set. Using the more general concept of

subset from 1k.6, the operations of union and intersection take on more general

(categorical) forms. Suppose given subsets (AO, io) and (Al,il) of B:

AO
>
Al
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(AOUAl , 1) is defined by Bishop to consist of all pairs (k,a) where k=0 and

aeA or k=1 and ae A ; further, i(k,a) = ik(a) for k=0,1. Note this is

essentially a form of disjoint union. (Aoﬂ Al , ) 1is further defined to consist

of all (ao,al) with a e A and a cA and io(ao) = il(al); then one takes

1 1

(j(ao,al) = io(a.o). Note that A MA ~ In this sense is contained in AjX A

1 1

14.9. Pamilies of subsets of a set. By a family of subsets of a set B, in-

dexed by T, is meant an operation f which associates with each te¢ T a sub-
set £(t) = (A it) of B, in such a way that equal sets are associated with

egual indices. The family is indicated by <(At’ it)>teT or <At>te‘I’ or Jjust <At>'

For simplicity, we shall only consider in the following the cases that the index

set T 1is simply supplied with literal identity as its equality relation.

14.10. oOperations on families. As an extension of the operations in 14.8

one defines ( U At’i) and ( NA_,Jj) as subsets of B by:
t
teT tel

U At:{(x,t)lx eAt} and i(x,t) =i (x);
teT

. N A =(gl7t eT(a(t)eh)n Vet eT(E, (e(t)) =1, (e(t,)))] and
eT - 1 2

i(e) =4, (g(t]))) for t_eT.

The union is again a form of disjoint sum that we call the join of <At) ; it will

be denoted below by z At . In effect, the intersection is formed by separation

teT
from the cartesian product n A = (g ¥t eT(g(t) eAt)], on which equality
te®
g, =g, is defined by ¥Vt eT(gl(t) :Atgg(t)) , i.e. ¥t eT(lt(gl(t)) =3 1t(g2(t))).

14.11. pre-joined families. An alternative definition of family which

Bishop says could be cecnsidered is a subset A of BX T. Certainly, given

any such A we can define f£(t) :At={x)(x,t) gA}. Then A = U A
teT
(extensionally). Thus we call such a family pre-joined, i.e. its prescription

already guarantees existence of its join. In general though we need a Join
axiom which tells us that if f is a family (At>t€T then the join J(T,f)
exists. )

14.12. Borel sets. These are inductively generated jn a topological space
from certain basic sets by the operations of union and intersection applied to
countable families. ‘

Abstractly this has the form:

(1) B, S B
(ii) (f:W - B) implies (J(W, f)e BAI(WN,f) e B).

(iii) if a property holds of all elements of B_ and holds of J(W, f) and
I{m,f) whenever it holds of f(n) for each n, then it holds of all
elements of B.
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14.13 Principles in the general theory of integration. The Borel sets in

a measure space are used in the development of integration theory in Bishop 1967,
Ch.7. The theory of measure and integration was redeveloped by Bishop-Cheng
1972 without the use of Borel sets. This is an abstract theory, i.e. one starts
with an arbitrary 'integration space' X and associates with it a certain
completion L(X). It was pointed out by Friedman that the basic definitions in

the latter approach make prima-facie use of the power-set operation which, as we

have seen, is constructively problematic. However, this is only necessary if
cne wants L(X) again to be a set. The notion of being a member of L(X) does
not require the power-set axiom and in that sense one can carry out abstract inte-

gration theory without this principle or the generalized inductive principles be-

hind Borel sets. For more detailed examination of the issue here cf. Feferman
1978 §k. 1In any case, the potential (albeit marginal) mathematical utility of
both generalized inductive and power-set principles in BCM makes them of interest
for logical study. The former are incorporated directly in To’ since they have

constructive character.

15. General features of BCM, contd: Existential definitions and witnessing in-

formation. Notions which are defined classically using existential information
are frequently replaced in BCM (as well as in other schools of constructive
mathematics) by corresponding notions in which witnessing information is ex-
plicitly shown. This is required to carry out constructive operations on the

objects satisfying the given notion.

15.1. Examples.
+
(i) ] . We have already explained its definition in §5 (as needed to

make the operation of inverse constructive).

(i1) Limits of sequences of reals. By a convergent sequence of reals is

n> 1) belongs to R

meant a triple ((xn), X, m ) where x_ and each xn(

and m 1is & function of positive integers such that (for all k > l)[xn—xolf %

for all n > m(k); m is called a modulus-of-convergence function for the

sequence.

(i1i) Continuous functions. By a (uniformly) continuous function f on a

compact interval I =[a,b] is meant a pair (f,0) with feF(I,R)(i.e. f:I - R

+ +
preserving =_) and w:R — R such that |[f(x)-f(y)| € ¢ whenever |x-y| <w(e);

=
w is called a modulus-of-uniform-continuity function for f. The set of all

continuous functions from I to R is denoted by C(I, R); it is a subset of
F(I,IR)by i{f,w)=f. (This function @ is needed for example when performing
the operation of integration of f over I.)

15.2. The logical pattern. In each case we are spelling out a property

P(x) involving existential quantifiers. In the above examples (i)-(iii) P(x) is,
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respectively:

(i) Ekzl(xk>%)

‘s 1
> - 1
(ii) E{xOVkZl@nVn~m(|xnxo|§k)

(iii) VYe > 0 36 > O Vx¥y(|x-y| < & = |£(x)-£(y)] < €).

With each such property is associated ancther P*(x,w) where w is some wit-
nessing information that realizes or verifies P(x). These properties are re-
lated by

(1) TP (x,w) —P(x) and

(2) if (AC) 1is assumed, P(x) —)EWP*(X)W) .

*
We shall also call P a spelled-out form of P. For example, in case (ii), w

consists of xo together with m as a function of k.

15.3., Having your cake and eating it too. Often Bishop defines a set A

in what appears to be the form {x|P(x)) (the unofficial definition) but then
says that he is really defining the set A =((x,w)|P(x,w)) (the official defi-
nition). He speaks of x being a member of A* when it is really only x
coupled with some side information w which can be considered to be a member.
Then cne treats operations on A* as if they were operations on A. For example,
the set A of (uniformly) continucus functions on I to IR 1is officially de-
fined as the set A* of all (f,w) satisfying the condition of 15.1(iii). But w
is not explicitly revealed in the operation [:C(I,R) -» IR when written in the
form fbf(x)d_x.

aThere is a certain casualness in Bishop 1967 about mentioning the wit-
nessing information as one goes along. Constructivity in theory requires that
it be mentioned, but one is looser in practice in order to keep that from getting
too heavy. Practice then looks very much like everyday analysis and it is hard
to see what the difference is unless one takes the official definitions seriously.

15.4. A concrete illustration. The preceding is illustrated by a rela-

tively simple example of a proof from Bishop 1967, but in which several spelling-
out steps are already implicitly involved. This is for the theorem that every

continuous function on a compact interval has a l.u.b. The reader should compare

the following with the original as indicated by the page references.

Definition (p.54). ¢ is called a 1.u.b. of A (for AS TR and ceR) if
(i) x<c for all xinA and (ii) for each ¢ > O there exists x in A

with c-x< ¢.

3pelled out, (ii) reguires that we provide a function g such that Ve>0
(gle) in A and c-gle) < g).

$) With reference to 15.1(i)-(iii) the reader should compare Bishop 1967
pp. 18, 19, pp.26, 27 and p.34, resp.
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Theorem (p.34). Suppose A is a subset of IR such that for each ¢ > O there
exist ML ...,yn in A such that for each x in A at least one of the
numbers \x-yll, ces, \x—yn] is < e. (Such a set is called totally bounded). Then

l.u.b. A exists.

Spelled out, the definition of being totally bounded (contained in the statement
of this thecorem) requires that we have twoc functions h and Jj such that for
each ¢ > 0, h(e) is a finite sequence (n,(yl,...,yn>) with each y, in A

(so n= £h(h(e))) and for each x in A and ¢ > O,

j(x < fZh(h{e and | x-y. < e.

J( :5)_ (h{ )) ’ YJ(X’€)|_

With this understanding, the proocf of the abcve theorem proceeds as follows.
Given any k > 1, choose MEERRRFR N in A such that for each x in A, scme
\x—yj! < €. The choice of (yl,...,yn) is given by h(l/k) and of J by
j(x, 1/k ). Next it is shown that

(1) for some m with 1< m < n we have v, > max[yl, .. .,yn] Skt
. X . i .
For, each y.l is given as a Cauchy seguence of rationals vy = <yp>pzl ,1.e.

each y. is in @ and |y1-yl[ <i.i (from p.15). Take p=UL4k and find m
P . p 7d =P q
such that y; > y; for i=l1,...,n. Then for g > p
1 m m i i i 1 m m 1 i 1
- += = ) + -y + )= > - + - += > 0
Vg =v) + 5 = g ) = W=y )+ v ) v 2 g =y )+ o -v) + ¢ 2

i i 2 1 m i 1
si - <= ==. It follows that > -= for > and then
nce !yq yp‘—p = a2 g -%) a>p
that Yo, > yi-% as required for (1). Note that m in(l) is found as a function

of k, say m=m(k). Let Xy =Y (y) * It is easily shown that (xk) is a Cauchy
sequence of reals. Using a result from p.27, it is shown that (xk) converges
and we can find its limit X, - We claim that
(2) x is a l.u.b. for A.

o
Forz, given any x in A, choose Yyseres¥, 28 above; then x-x) = (x—yj) +(yj-ym(k))
< 5 when J=J(x, 1/k). Hence (x-xo) =1lim (x—xk)f lim (2/k) =0; thus x<x  for

kosm ko-®

all x in A. The function g required by the definiticn of l.u.b. is provided

by g(e) =%, where k 1s chesen so that < ¢, such k being calculable

2
k
a

from the information which presents ¢ as a member of R.

Corollary (p.35). If f:[e,b]->R is continuous then (f(x)|xe[a,b]} has
a l.u.b.
Proof. f is implicitly provided with a modulus-of-continuity function w. Given

any ¢ > O choose a:ao<a < ...< a.n:b such that (a,

- <
: irl ai) w (e) for each
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i=0,...,n-1. Let a <x<b. It is claimed that we can find j such that
|x—aj| < w(e). To do this we consider x :(xp) and  a; =(a;) each presented as
a Cauchy sequence of ratiocnals. Every x_ can be compared with each of
a;,-..,a;,...,ag . For p sufficiently large (determined by w(e)), the required
j is found from this comparison. This shows that A= {f(x)| xela,b]} is totally
bounded (as required by the official definition), and we can apply the preceding

theorem.
The reader may wish to reconstitute one or two other proofs from Bishop

1967 in the same manner. (Another instructive example is provided by the proof of

the Baire category thecrem, p.87).

15.5 A theoretical setting for 15.3. In Part IV we shall present a theory T:
extending TO in which the basic membership relation is refined to a 3-placed
relation xe A and in which xe A is defj_nid as  Fw(x eWA). With reference
to the logical pattern of 15.2, 15.35 one has A ::[(x,w)[x ewfk}, so that the
'unofficially' defined A actually determines the 'officially' defined A* .

T* can be reduced to To so that in this theory we can have our (constructive)

o
cake and eat it too.

15.6 Remark on witnessing data in classical mathematics. The practice of

suppressing official parts of the defining data is also frequent in classical
mathematics, e.g. algebraic or topological structures are simply referred to by

their underlying sets. However the practice is more wholesale in BCM.

II. The theory T, -
As presented here this theory is a minor modification of that introduced
in Feferman 1975; the differences are explained below. For the reader's con-
venience a good deal of the material from secs. 2-3 loc. cit. is incorporated

in the following. There are also some novel peints.

1. The language of TO ; syntactical notions.

1.1 Variables and constants. The language £(T,) is two-sorted.
Individual (or general) variables a,b,c,...,%,Yy,2

Class variables A,B,C,...,X,Y,2

Individual constants k’S’P’Pl’Pg’d’O’SIq’an’Cn’i’j
Class constants iy

We use t’tl’tz"" to range over variables or constants of either sort.

1.2 Atomic formulas are all those of the form tl:t2 s App(tl,t2,t5) and
tlet2. It addition there is an atomic formula : with no free variables,

interpreted as falsity.

1.3 Logical operations: A,V, -, ¥,3
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1.4 Formulas are generated from atomic formulas by applying A, VvV, -,

ax, Vx , 30X, VX .

Notation: ¢,y,8 range over arbitrary formulas. (— ¢):=def (0 o1). (O« §),
A xh, (VxeA)P, (Ixe A)d are defined as usual. x, X, t represent sequences
of variables or terms, ¢(§,£) is written for a formula all of whose free
variables are among X, X. In such expressions as E{y\y(z,y, E) it is assumed

that y is not in the list x and similarly for 3Y ¢(x,X,Y).

2. Informal interpretation of the language. The individual variables range over

the full universe of discourse of To’ hence are also called general variables.

These are to be thought of as mental objects (including rules and properties) or

as symbolic representations of such objects. Then = is interpreted as intensional

identity or, in the latter view as literal identity of syntactic objects. The

relation App( tg’tE) is understood to hold when t. is a (rule or) operation

tl’ 1
which has value t5 at the argument t2 . Since it is not assumed that every
operation is total we shall write tlt2 = t5 for App(tl,te,ts).
tlt2 I\ for 4z App(tl,tg,z). (This notation is expanded below.)

We write

The class variables range over one-placed properties. t ¢ X is interpreted
as: t has the property (given by) X. (We may also think of 'class' as short for
'classification' ; classes are not conceived extensionally.) Class variables
only range over a part of the universe of discourse. To express that an indi-
vidual t happens to be a class we simply use the formula

CL(t) =jef W (t=X).
The constants k,s are certain basic combinatory operations which permit

one to form the constant operations and carry out the process of substitution,

resp.; P;P15Ps are operations of pairing and projection. d 1is an operation

which gives definition-by-cases on I, where NN denotes the class of natural

numbers, with least element O and operators of successor EDJ and predecessor
Py The constants c s i,J represent certain class-formation operations,

corresponding respectively to comprehension, inductive generation and join.

3. Application terms. The language S(TO) is formally extended by a binary
operator @G-, -) which is interpreted as the operation of application. We use
T,Tl,TE,... to range over the terms of this extended language, which are called

application terms (a.t.'s). We write T, T, for ofr Thus the a.t.'s

lTE).
are generated from the variables and constants of £(TO) by closure under .

Since a.t.'s may not have defined values, relations between these are explained

as formulas in S(TO) in the following way:
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(t=x) when T is a term t of S.(TO)

. . 5 . .
Hyl—.‘/g(‘rl Y AN T, I, AV, x) when T 1is L

(Tl = 72) :derx[Tl Zx o T,z x]
(t1t) —defE{x(‘r:x)
We write (Tl‘:TE) for (Tl jd 72) when (Tll) A (Tgl) is known or assumed.

O(T) = op BT 2 % A B(x)).

In particular, (TeX) is Ix(7 = x A x¢e X ).

Parentheses in T To e T, are supposed to be associated to the left as
3 -

(...(-rl-r2 ...)Tn . We write (1) for T, (Tl’Tg) for T, and (Tl’Tg""’Tn>

for (Tl’(TE""’Tn>>' This explains the notation Z(Tl,...,'rn) or z(1) for

> 1. i ' =
any n>1 Finally, T ar S]NT

L. Further syntactical notions .

4.1 Stratified formulas are those (in S.(TO)) which contain class variables

or constants only on the right-hand side of ¢ atomic formulas, i.e. only in
contexts of the form t eX or te N, where t 1s an individual variable or
constant. Thus all the other atomic formulas of a stratified formula are re-
lations of equality and applications between individual terms. Formally, strati-
fied formulas may be thought of as 2nd order formulas with the sort of individuals

specifying the lst order level.

4.2 Elementary formulas are those stratified formulas which contain no

bound class variables. These are also sometimes called predicative formulas,

the others being impredicative. In an elementary formula 4)(1, X) classes are
not referred to in any general way;: we only reguire understanding membership in
the given Xi . Elementary formulas may also be considered as the lst order

(stratified) formulas.

4.3 Comprehension notation. Let n be the GBdel number rd)(x, ¥, Z)-1 of

¢ with a specified inclusive list of variables x, ¥y, Z. We put

2 2)

[x[d}(x,z,g)] =ger ©
This shows the process of class formation by comprehension as a uniform function
of the parameters y,7Z of the defining formula d) The instances of compre-
hension are not all equally evident: the mc ' evident are those corresponding to

elementary ¢), and only those are immediately accepted in TO .
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5. Axioms and logic of TO .

5.1 The logic of TO is that of the intuitionistic two-sorted predicate

calculus with equality. There is in addition a basic ontological axiom relating

the sorts, namely VX Hdx(X=x). Note that this justifies the formalism in 4.3

above where one applies operations to classes.

5.2 Non-logical axioms. These fall into several groups.

APP(Applicative axioms)

(
(o) (unicity) xy = zAXy =wz =vw
(i) (constants) kxy A kxy

i

(i1)

(
(substitution) sxy ¢ A sxyz= xz(yz)
(iii) (pairing, projections) pxy! A plzl/\pgzl/\pl(pxy) =xA pB(pxy) =y
(
(

(iv) (3efinition by cases on I ) x,ye N —(x=y —~dxyab=a)A (x Ay »dxyab=b).

(v) (zero, successor, predecessor) X,y el — x'IA Py v /\p]N(x‘ J=xAx'£0 A
(x' =y' >x=y).

The remaining axioms are class existence axioms. Note from I(iii) that

cn(yl,..., m,Zl,...,Zp)l for all y, Z .

ECA (Elementary comprehension). For each elementary (D(XJX:_Z_) we take:

L x[P(x,y, 2) 1 =X A Vx[xe ¥ o O(x,y, 2)])

N (Natural npumbers)
(1) (closure) OeWNAVx(xeXl — x'eN)
(i1) (induction) &(0) A Vx(P(x) - O(x")) - ¥x e NO(x)

where 0(x)=0(x,...) is an arbitrary formula of S,(TO).

J (Join)

Vx e ARY(fx ~ ¥Y) - DX{J(A,f) =XAVz[z eX © TxTy(z = (X,¥)AX ANy eTx)])

IG (Inductive generation)
(1) (closure) EI[i(A,R) =IAVy((y,x)eR »yeI) —xel])
(i1) (induction) V¥x eAlVy(y,x) eR — §(y)) - §(x)) — (Vx ei(4,R))0(x)

where O(x) =0(x,...) is an arbitrary formula of T, - This completes the list

of axioms: TO:APP+ECA+1N +J+1G.

6. Relation of TO as given here with that of Feferman 1975.

(a) Previously we took a one-sorted language with an additional predicate C£(x);

the variables A,B,C,...,X,Y,Z were introduced by convention to range over C4.

(b) We defined x' =(x,0) and Py = by 2and took the axiom (x,y) £ 0 then the

axiom AFP( V) as given here was derived.
(¢) The constant N was defined as i(A,R) for
A= {x]x=0Vx=x (pmx)'] and

R={z|,y(z=(y,x) A x=y")) (predecessor relation).
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The reason for listing IN as a special axiom here is so as to consider the

strength of TO—IG while still including IN.

(d) Previously we used definition by cases on the universe instead of just on

N, as will be explained next.

7. Some variants of the axioms which will be considered.

D, (Definition by cases on the universe). This is the following in place of

v

APP(v):

(x=yVx£y)A dxyabl A (x=y>dxyab=a)A (x £y - dxyab=")).
Then TO+DV is equivalent to the system To of Feferman 1975.

Note. The clause (x,y eN —»x=yV x£y) was not needed in APP(v) since it is

derivable from the other axioms.

CAl (First order comprehension). This is another denotation of ECA.

CA2 (8econd order comprehension). The same scheme as for CAl except that ¢

may now be any stratified formula in (x[0(x,y,Z}}.

SEPl (First order separation). This is CAl restricted to formulas of the form

x ¢AA §(x,y,2) (with parameters y,Z,A). (xeAly(x,y,2)} is written for
{x|x eAn y(x,y,2)]).
SEP,. (Second order separation). The same as SEP) with any stratified .

Nr (Restricted induction on W). Here one replaces the induction schema N(ii)

by the specific instance
OeXA Vx(xeX 5x'eX) sWEX
(where (X € Y) =jer Vx(xeX 5xe Y)). Note that INM can be used to derive
any instance ’
B(0) A Wx(B(x) —»b(x')) — ¥x e 0(x)
for which (x|{(x,...)} is known to exist as a class.

16 (Restricted induction for 1IG). Analogously replaces IG(ii) by

Vxe A{Vy((y,x) eR 5yeX) -xeX)} 5i(A,R) S X.

Remark. We could formulate a generalized inductive definition axiom GID ex-

pressing for any elementary (x,X)(=y¢(x,X,...)) in which X occurs only
positively, the existence of a class I which is the least predicate satisfying
vx[ y{x,X) - x €X]. This stronger axiom is not evidently constructive (GIDM can
be derived if one accepts the impredicative comprehension principle CAE)

Note. IG itself becomes still more evident if one writes y<R x for (y,x)eR.

Then i(A,R) is the class of <R accessible elements of A, which may be
pictured as the elements of A sitting atop well-founded trees branching by

the <R relation.

MIGPM (Restricted monotone inductive definition)
- c
VXIY[fX = Y]A VX17X2[X1 < X2 —>f'Xl < fX,C,] -
FL{fIS I A WX[fX S X - I CSX])
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By adjunction of a suitable constant, we could also express I uniformly as a

function of f. Here £ represents a monotone operation cn classes to classes.

This is stronger than GIDI (in the presence of ECA), since positivity is

weaker than monotonicity.

8. Product and power class exioms.
P (Product axiom) Vx ¢ ABY(fx ~Y) - EXVz[zeX © Vx e A(zxefx) ] .

We shall prove (11.2) that P follows from T ; however, it does rot if 'CAl is
replaced by SEPy . °

POW" (Strong power class axiom). VAABVYx[x eB & (X © AAx = X)].
POW (Weak power class axicm).
VAABYx[xeB - W(XS A A x=X) A XX CAEY(X=YAYeB)) ]

where X =Y 1s the relation of extensional equality between classes,

x=7Y) (X<cy)A (YEX).

“der
As remarked previously, the constructive status of P0w+ (or even POW) is unclear.
Note. Each of these can be expressed uniformly by adjunction of suitable con-

stants.

9. Theories related to T0 which are to be considered here.
9.1 EM, = APP + ECA + IN
EMOr APP + ECA + INP

n

Remark. The notation 'EM' comes from 'Explicit mathematics' . EMOr is a minimal
constructive theory in the present framework. We shall consider the effect of

adding, variously, DV

9.2 A theory of sets S0
SozAPP+SEPl+]N+J+P+IG-
The class variables here can be interpreted as sets ("small" classes). (The

,J, IGr and IG to these theories.

product axiom P is added here according to the remark made in §8.)

9.5 A theory of sets and classes TO(S). This may be obtained from T

by adjoining a constant S for the class of all sets, for which suitable closure
conditions are expressed by additional axioms. A theory of this character was
presented in Feferman 1978, but of greater generality, since sets there are

teken to be pairs (A,E) where E is an equality relation on A.

10. Consequences of EMO]‘ . Throughout the following all statements are to be

considered semi-formally. They are all provable in EMO[\ .

Notation. We shall often use letters like 'f', 'g', 'h' for individual variables
being treated in operator situations. The letters 'k','n','m','p' are now re-
served to range over IN.

10.1 Abstraction. For each application term r and variable Xx Wwe can

¥
find a term T with variables < wvar (r)- (x} such that
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* *
TIAX[Tx=T].

* *

T is denoted Ax(7) or Ax(T[x]). (Intuitively, T | because it always denotes

a rule, whether or not [x]! at any X.) The proof is carried out by induction

on T {just as in total combinatory theories):

(i) If T is x, we take skk for Ax(x) since skkx ~ kx(kx) = x.
(i1) If T 1is an individual term t #x, we take kt for Ax(t) since ktx=t.

1T, we want T*x: Tl[x]'rQ[x]. But Tl[x]'re{x] = (T;x)('r;ex) -

E *
ST T,X , S0 We can take T = ST T, in this case. (Only APP(i),(ii) are

applied here).

(i1i) If 7=7
* x

10.2 The recursion theorem. We can find a fixed r such that for all f:

rf!{ and for g=rf, Vx(gx ~ fgx).
For the proof take h=Ay Axf(yy)x, so hy! for all y. In particular hh! and
hh = Ax(f(hh)x). Thus g=hh serves as rf. We can take

r = A (axE (yy )x) Ot (yy )x))

10.3 Recursion on IN. For any a,f we can find g satisfying:

a if x =0
.l

‘f(x:g(PINX)) if xelN and x £0
-

Nemely, g is found by the recursion theorem so as to make
gx ~ dx Oa(f(x,g(pmx))).
It follows that
(i) g0=12
(ii) gn' = f(n,gn) for any n.
Then for any a&,A,f we have:
(iii) acA A VnVy(y eA » £f(n,y) e A] > ¥n(gneA),

with the conclusion being proved from the hypothesis by restricted induction,

since {x/gxe A} 1is a class.

10.4 Arithmetic in EMOF . It follows from the preceding that all primitive
recursive functions can be defined in EMOI‘ . Furthermore, every arithmetical
formule is equivalent in this theory to an elementary formula, hence defines

a class. Thus the scheme of induction for arithmetical formulas holds in EMbI‘ .
Hence the intuionistic system HA of (Heyting's) arithhetic is contained in

EM_I -

[e]

10.5 Bounded and unbounded minima. Using recursion on W we can define

I fm sothat Vm<n(fmeN) & N fmeN and NI fm=0 & Im < n(fm < 0).
m<n m<n m<n

Then further we can obtain (um < n) (fm = 0) which is defined under the same
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conditions. By the recursion theorem one finds g such that

' (pm <n) (fm= 0) if @n < n(fm = 0)

g(f;n) = \"
o og(f,n") otherwise.

Let puf=g(f,0). It is seen that uf is defined and equal to un(fn ~ 0) Just
in case Tn(fn=0A ¥m < n(fme N)) .

10.6 Partial recursive functions; forms of Church's Thesis. The enumeration

of partial recursive functions (k} for keIl can now be defined as usual in
EM P with {k}(n) = U(pn Tl(k,n,m)). We now introduce the function-mapping no-
tation:

(f:A 5B) =4.p Vxe A(fxe B).

The three forms of Church's thesis described in I.L.8 can be formulated in EM_ T

as follows.

CT, is the scheme V¥n@mO(n,m) — @k Vn[{k}(n) A {(n, {k)(n)))
cr, is V[ (£:IN >IN ) - % Yn(fn={k}(n))]
cT, is V[¥n(fn ! - fneWN) - Kk ¥n(fn = (k)(n))I.

(c ’I‘2 was suggested by Beeson; it expresses that every partial function on WN

coincides with a partial recursive function there.) Obviously CT2 - CT and

l J
as we remarked in 4.8, CTy +ACp —CT . The consistency of these with T = will

be taken up in Parts III and IV.

10.7 Elementary operations on classes. We now turn to uses of ECA. The

following give operations having class values as functions of the individual

and class parameters shown.

Vv o= {x|x=x)

A o= {x]1)

{a,b) = {x]x =avx=b)

-A = [x|x £ A}

AUB = {x|x ¢eAVxeB)}, ANB =(x|xe¢ AAxeB)}
AxB={(z|IxcAdyeB z=(xy))

B = (£|f:A - B) (also denoted A — B)

Df = (x|[fx i)

flAl ={y|Ix eA(fx = y))-

Evidently all these have the form (x|{(x,...)) with & elementary.

10.8 The finite type hierarchy and EAY . The finite type symbols (f.t.s.)
are generated by the following elementary inductive definition: O is a f.t.s.
and if p,oc are f.t.s. then so also are pxc and p 5o, where 0O = (0,0),

uxv = (1,u,v) and (u 5 v) = (2,u,v). The f.t.s. are enumerated by a function on
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IN whose range thus forms a class that we denote by FTS. Using recursion on I

we can define a function g satisfying:
g6 =, glukv)=guxgv and glu H>v) = (gu - gv)
where x, — are the operations defined in 10.7. For each o e FTS we denote by

Nc the value go. Thus

N
N. =N, N. =N _XN_ and N (N »>N)=nF
g P c [«

o pXa ~ Tp ~o TV
For each particular ¢ 1in FTS we can prove in EMOP that
E(N_).
CL(N_)

However, the statement
VYo ¢ FTS[CE (Nc)]

requires a proof by induction using the impredicative property #®(gg ~ X). This

can be carried out in EMO but not EMOr .

GBdel's notion of primitive recursive functional of finite type (Gbdel 1958)

can be interpreted in EMO;" simply by using recursion on WIN . The baslc scheme is

to pass from fO e N and fl e:N( to a g satisfying

p Lo px0kg 5 o)

g(x,0) = £ (x) and glx,n') = £ (x,n,8(x,n)),

which i1s obtained using 10.3 uniformly in x. Now we can prove by restricted in-

duction on I that x el - g(x,n) eN_ , hence geN 5, o @ required.

pX%0
The theory AY of intuitionistic arithmetic in all finite types has
variables of each type ¢ ¢ FTS and constants for the primitive recursive
:E‘unctionals.'() The axioms are those of HA together with the defining schemata
for all these functionals and, finally, the induction scheme for all formulae of
the language. Interpreting the variables of type ¢ to range over No , each
formula of HAw is equivalent to an elementary formula with finitely many con-

stants Nc N . Hence it defines a class under ECA. It follows that
IEARRT I

HAY © BM !
-
Remark. An intensional form of HAm , denoted I-HAw is obtained by adjoining a

functional at each type level which decides equality between objects of that type.

It is easily seen that
w
I-HA® € EM ( + D,
- o \

10.9 The extensional finite type hierarchy. The system E—I{Aw obtained

from HAw by adjoining extensionality axioms in all finite types can also be
interpreted in EMO" . However, here we interpret the variables of type o +to

7Yy Cf. Troelstra 1973,Part I §6 for a precise description of HAY and the systems
I-HAY , E-HAY below.



188 S. FEFERMAN

range over Mc’ defined together with an equality relation =5 by induction as

follows:
M. = IN and n=m & nh=mn
¢] o
Mp).cc = Mp X M0 and X :pioy © Dy =p ply/\ pex = pey
. = = = d
Mg [f\feMp —;MG/\Vx,yeMp (x oV = Tx ¥l an
f =

(e _._)U)g o Vx e Mp(fx:ch) .

Equality between objects of type ¢ is interpreted as = so as to obtain
E-HA” © M P

10.10 Classes with equality relations. These are simply pairs (A,E) where

ES AXA and E 1is an equivalence relation on A . Then we write X<,y for
(x,y) ¢ E (though this notation is ambiguous, since E is not uniquely associated
with A). While we can operate on classes-with-equality in TO (or its subtheories)

we proceed more generally than in Bishop 1967 and work with classes per se.

10.11 Integers, rationals and reals in EMOP . Our definitions here

follow I, 14.5(i.e. essentially Bishop 1967 Ch.2)

Z=NxW; (nm =,(p,q) © n+tq=m+p.
+ is defined on 2 by (n,m) ty (p,q) = (n+p,m+g), and so on for ., <
on Z. N 1is embedded in 2, and subscripts are dropped.

0={(,y)xe2ny eny 03 (4,y) =g(u,v) o x-v=y-u
(x,¥) +Q(u,v) = (xv+yu,uv), and soon for ., < on Q.
2 1is embedded in @ , and subscripts are dropped.

+
%2 ={n|ne %A n>0). Wewrite x_ for xn when xeZ —A

n
+ + 1 1
R={x|xeZ -QA Vnme?2 (]xn—xm] < ;+5)]
o+ + 1
x=py oVkez Emed vn >m(lx -y | < §)

Xty o= Mg, o)

X oy = )\u(xe,K_Ll . yek'u) where k:ma.x(kx,ky) and for each x,
kx is the least integer greabter than |xl] + 2.
+ + + 1
R = {(x,n)[erR/\xn> %] and B =(x|xeRAVnez (e, 2 -3070

® 1is embedded in IR, and the subscripts are dropped.

The elementary properties of these number systems can be devaloped in EMO[‘
directly following Bishop 1967. Then the complex numbers € can be introduced

as usual and their properties derived in the same way.
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10.12 Continuous functions and classical analysis. Given any two classes

A, B with equality relations =p’ =B respectively, tne function class F(A,B)

is defined by

F(A,B)=[f]f:A B A Vx,y cA(x =Ay—>f(x) =Bf(y))).

This is a subclass of (A—B). In particular in analysis one is interested in
F(R, R) and F([a,b], R) where a,be¢ R end [a,b]={xeR|a <x <b). Next

for the (uniformly) continuous functions on [a,b], following I.15.1, one takes

c([a,b],R) = ((£,w)|f eF([a,b], R) A weF(R", B) A
Ve e R ¥x,y e[a,b)(|x-y| < w(e) - |£(x)- £(y)| <€)},

and one takes

C(R, R) = [{f,u)|f eF(R,R)A Va, b e R(a<b - (f,u(a,b)) ec{{a,b], R)}

i.e. the functions continuous on each compact interval [a,b]. Starting with this
as basis, classical real analysis is pursued in EMor just as in Bishop 1967,

Ch. 2. The only point which requires careful checking is that only restricted
induction on W is applied throughout. We shall return to this observation in
§14 below.

11. Consequences of the join axiom. Here, unless otherwise specified, we work

within EM + J.

11.1 Families and joins. By a family of classes (13x>x ca 1s meant an

operation f such that Vxe A TY(fx =Y) and where we write Bx for fx. The

Join axiom guarantees the existence of a class E Bx with the defining pro-
Xe A
perty

ze gA B, ¢ Tx e Ady[z = (x,y) /\yeBx].
Xe

From this we can define the union operation on classes-with-equality as explained
by Bishop (I.1%.10) above. By a pre-joined family on A is meant a class
B C AXx V. Associated with such is a family in the preceding sense by fx(= Bx) =

. . . N
{yl(x,y)eB}; extensionally this makes B = >_ B, -

Xe A
11.2 Products. Suppose given a family f=(Bx>xeA' Let J = E Bx .
. Xel

Then we can define

I B = {g|vx eA((x,ex)ed) }
XeA

since (x,gX) e J « gX¢ Bx for xe A. From this we can treat intersection

of a family of classes-with-equality (I.1k.10).

Remark. There is no evident way to derive the product axiom P from the remaining

axioms in the theory SO of sets in 9.2.

11.3 The passage to transfinite types. Using the operations of 10.7 we know

that
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Ci(a) A CL(b) »CE(axb)ACLl(asb).
Then by enumerability of FTS in 10.8 we can carry out an induction to prove
Vo ¢ FTS [CL(N )] -
However this requires unrestricted induction on N in the theory EMO . Using J

we can then form > N_and I N0 , Which is the first move to transfinite
gerts ° o €FTS

types, at type level w. Then by successively applying the operations x and —
again we can move up to level w:2, then w-3,. ..,u)2 , etec. A general pursuit of
this would be based on a theory of ordinals, which are treated in terms of well-
founded trees ("tree ordinals") in constructive mathematics and based on IG in
the framework of TO . This is taken up next. 1In any case we see that the
passage to lower transfinite types can be effected in EMO +J . Precise limits

for this are provided by the proof theory of EM, + J (Part V).

12. Consequences of the inductive generation axiom. Here we move to full TO .

12.1 Tree ordinals. Define 0 = (0,0), x = (1,x), sup,f = (2,a,f). These
are distinct. Note supINf = (g,N,f). 6, 1is inductively generated as the least

class such that

"
Qe6,, xeb; -x €6, and (f:]1\1—>®l) ssuppfeby -

Then @l =i(A,R) for suitable A, R. Classically the members of @l represent
countable ordinals with
+
IOI:O, |X l=|xi+lJ |Sup fl = sup |f(n)l + 1.
- N
neXlN
(Note that x' can be dropped in favor of sup An(x).) We can picture members

of @l as well-founded trees:

+
P X
X

sup_ T
1 7.

X % N
A NN
Definition by recursion on @l is a consequence of the recursion theorem. 6, is

2
inductively generated as the least class such that

+
96@2,xe®2—>x e®2, (f:l\l—,®2)—,supmfe®2

: f .
and (f 6, —a@e) —>sw.1}_)®l €6,
The last is pictured by
f
) SuPGl
branching -
over &, 7 A T

Then we can obtain analogously the existence of a class @n for each ne N.
Using joln we can carry this on to define transfinite tree classes: @a for
ae @l , and more generally for ae®, with any given b. (For more details

on this material cf. Feferman 1975 pp.99-100, also Feferman 1978 §5.)
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12.2 IG and Borel sets. For simplicity we indicate the treatment in Baire

space Efm . Let s (nelN) be an enumeration of all finite sequences in W and

X

™ -

GnA:[g e N \g(lh(sn)) :sn]; these are the basic clcpen sets. We take B to be

the smallest class such that each Gneﬂi and if f: N -8B then (}N fn ¢ B and
ne

L%an e B. In more general spaces we can follow Bishop's treatment via comple-

ne

mented sets. In any case IG suffices for this.

It would be appropriate at this point to take up the questions of adequacy
and accord of TO and its subtheories with BCM. However we first complete our
discussion of the consequences of various axioms with a loock at D,, and POW

v
(which are only marginally related to actual BCM).

15. DNon-extensionality as a consequence of DV .

15.1 DNon-extensionality of operations. The following is proved in Feferman

1975 §5.4 as a consequence of APP‘fDV:
- Vf,g[Vx(fx = gx) - f=g].

*
The idea of the proof is first (using D to associate with each f an ¢ such

)
* * v .
that Df =Df and f x ~ O whenever x ¢ Df. Then, if extensionality is assumed

* *
we have f total (i.e. Vx[fx l]) iff £ =Xx(0)=0 . Again using full definition
*
by cases DV we obtain a total operation e such that Tot (f) —ef =0

Diagonalization produces a contradiction.

15.2 Consistency of extensionality of operations in TO . Denote by EXTOP

the statement Vf,g[Vx(fx = gx) » f=g]. Using extensional term models for APP
(due to Barendregt) it will be shown in Part III that T +EXTq, is consistent.

Hence the use of DV in 13.1 is essential. (It will also be shown that

N . . ]
T +D, 1is consistent. )

15.3 DNon-extensionality of classes. Dencte by EXTCZ the statement VA ,B
[Vx (xeA - xe B) -A=B]. It is also proved in Feferman 1975 §3.4 that
_‘EXTCZ holds under the assumptions APP**ECA‘fDV . The idea is tc associate
with each f +the class cf ={x|fx}}; c itself is total. Then if EXT,, held
we would have Tot(f) <« cf =V, from which one can proceed as in 15.1. Vith

reference to 13.2 we have the folleowing.

Question: 1Is ToirEXT consistent?

cé
We can of course ask similar questions for the addition of EXTcZ to sub-theories

like EMO B SO etc., for all of which the answer is not known.

13.4 Discussion. DV is a perfectly reascnable axiom if we regard the
entities of our universe as being syntactic objects and = as literal identity.
It is less evident if the entities are viewed as mental objects and = is inter-
preted as intensional identity; however, it appears from writings of Kreisel and

of Troelstra (cf. Troelstra 1975) that here also DV is to be accepted. Then,
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far from being disturbing, the results of 13.1 and 13.3 add support to the basic

non-extensional viewpoint of comstructive mathematics as presented in I.k.5, 4.11.

14. Status of the power-class axioms.

14.1 Inconsistency of POW with Join. To be more precise it is shown that

APP+ECA+J proves—POW, the weak power-class axiom of §8 above. Indeed, suppose

that there is a weak power-class C of V, so Vx[xe C = Cl(x)]AVXIY(YeC AXSY).

Let B= > x and A={x|xeCA(x,x)§B}. Then A = a for some a in. C,
Xe

and aca ©ach e@acCA(a,a)fBewacC A(afa) © agda, which gives a

contradiction.

14.2 Consistency of POW with EMo . This will be proved in Part III.

It may also be shown that SO+VPOW is consistent where So is the theory of
sets described in 9.2. Even though So contains J we cannot derive a
contradiction as in 14.1, since we don't have a universal class V in S

o °

The consistency of further axioms introduced in §7 above (such as 2nd order

comprehension ) will also be taken up in Part III.

15. Adequacy of (subtheories of) T  to BCM.

15.1 Adequacy of To . The development outlined in §§10-12 provides a basis
for the formalization of BCM in To . Moreover, this is accomplished by
following the informal mathematics as explained in I.1k% and I.15. The official
intended definitions come to the forefront in the process of formalization and
must always be kept in mind. When informal concepts and proofs are spelled out
accordingly, one is in a position from which formalization in 'I‘O can proceed
directly. (This was illustrated in I1.15.4). One may thus conclude that T, is
directly adequate to BCM (EE exemplified in Bishop 1967). It is of logical in-

terest to see next how much of BCM can be carried out in theories weaker than To'

15.2 The role of IG. Obviocusly IG is used only for the theory of Borel
sets in Bishop 1967, which in turn figured in the theory of measure and inte-
gration. As was explained in I.1k.1%, this was superseded by a treatment with-
out Borel sets in Bishop-Cheng 1972. The latter makes prima facie use of the
axiom POW, but just to form (a complete integration space) L(X) as a class
from any integration space X; however integration theory only requires the
notion of f Dbeing a member of L(X), which is definable without the assumption
of POW. The conclusion is that IG is unnecessary for the development of

abstract integration theory in this sense.

8% The role of axioms éike POW in abstract constructive integration theory is
studied in Feferman 1978 §4.3 A modified form of POW for this purpose can be

derived in the thegry of sets and classes T (S) (cf.9.3 above); this yields the
class of subsets of any given class. o
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15.3 Dispensability of the Jjoin axiom. We have seen in 11.3 that the axiom

J is needed to effect the passage to transfinite types(e.z.to 2 Nc and I No)-
ge FTS ceFT3
However in actual analysis one never considers families of varying type but only

families of subsets of a given set. 1In these cases one can try to eliminate J by
replacing the notion of family by that of pre-joined family (11.1). It may be
verified that, except for the theory of Borel sets, this replacement does indeed

leave the treatment of analysis in BCM unaffected.

15.4 Adequacy of restricted induction on N. An example where unrestricted

induction on W was used in an essential way was given in 11.3, namely to prove
that for all ¢ eFTS, Nc is a class. Similarly, the principle of unrestricted
inducticon in IG is used only to show that the objects in the Borel hierarchy
actually are classes. But for BCM without transfinite types and without Borel
theory it appears that only restricted induction ou I 1is needed. This has been

verified in detail by Friedman (unpublished, but cf. 13.2 below).

15.5 Adequacy of EMOr . Putting 15.1 - 15.4 together we conclude that EMOF
is adequate to all of Bishop 1967 except for that part inveolving the theory of

Borel sets, and to all of Bishop-Cheng 1972 except for treating L(-) as an

operation from classes to classes. This is of logical (and epistemological) in-

terest because, as will be shown in Part V, EMOP is conservative over HA.

16. The question of accordance of TO (or its subtheories) with BCM.

16.1 Sets vs. classes. Bishop does not speak of classes and it is questionable
whether he would countenance a universal class V. In this respect, TO is not
explicitly in accordance with BCM. The theory of sets SO (9.2) is here in
greater direct accord. Incidentally, SO is adequate to the same part of practice

as .
TO

16.2 The question of operations with unbounded domains. There is no explicit

discussion by Bishop of operations with unbounded domains like k,s and the re-
sulting d=Ax(x), e=AxMy(xy), etc. However, the idea of such does seem to be
implicit in his view of operations simply as rules; it is further implicit in his
use of operations such as Cartesian product and power on sets, since no class of
all sets is assumed as an object. It is my conclusion from these arguments that

the use of operations with unbounded domains is implicitly in accordance with BCM.

However, this is clearly subject to debate, especially since it leads us to talk

about combinations like (xx) which appear foreign to practice.

Remark. There is a simple formal device which permits us to replace unbounded

combinatory operations by corresponding bounded ones and still achieve much the

same mathematical effects. Namely, one introduces formal "external" operation

symbols on (variable) classes (A,B,...) e.g. k ,id , e ete. (writing
_ A,B 4’ °A,B

the arguments as subscripts) with axioms like:
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Mﬁeﬂeﬁhﬂﬂ, heAWeB(ﬁjw:x%

id, e (& - A), VxeA(id (x)-x),

e\ p € (& - ((A - B) -B)), etc.

What is lost here is the possibility of reducing recursion (on N, or any i(A,R))
to the combinators, since those reductions make essential use of the possibility
of self-application (xx). Thus in such a step one must supplement the XN, resp.

IG axioms, by suitable axioms for recursion operators.

16.3 The other principles. These are comprehension, natural numbers, join and

inductive generation. If we are to judge the axioms for these separately from the
issues in 16.1, 16.2, we must naturally consider them in weaker forms that apply as
well to sets and are given by extermal rather than internal operations. 1In
particular CAl is to be replaced by SEPl . With such mecdifications in mind, it
should be clear from I.1h, 15 and 10-12 above that these principles are called

for in BCM.

Remark. Beeson has also raised a question (in conversation) about the construc-
tivity of the join axoim, as formulated uniformly using j. His point 1s that the re-

sult should depend not only on A and f but also on a proof of V¥x e A[CA(fx)].

16.4 Conclusion. The issues in dispute are those in 16.1 and 16.2. I be-
lieve a case can be made - based on Bishop's views of operations given by rules

and sets by properties - that the use of both operations with unbounded domains

and of classes (as well as sets) makes T, implicitly in accordance with BCM.

However, there is little support for explicit, direct accordance.

Remark. Since EMOr is conservative over HA and the latter is certainly in
direct accordance with BCM, the former is consequently in indirect accordance

with it.

17. Compariscon with Martin-IBEf 1975.

17.1 Character of Martin-IBf's system. This is a kind of logic-free trans-

finite type theory which is denoted TT. 9) There are terms for objects a,b,c,...,

and terms for types A4,B,C,... . The informal idea is that each object ig of
a unique type. The basic propositions are of the form
ae¢hA and a=">b,

where ae A 1s read: a 1is of type A. TT is based on a natural Jeduction

system (ef. Prawitz 1971) for deriving such propositions from hypotheses of the

10
form xieAi . TFor example, -uppose one has inferred b[x] e B[x] from xeA. )

9) As stated by Martin-LBf, a significant earlier attempt to formulate such a
theory was made in Scott 1970.

10) We simplify here the form of assumptions actually given by Martin-IBf for TT.
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Then we have terms for application, abstraction and Cartesian product related by
the rules

M b[x]e (Ixe A) B[x], (}\xb[i(]e)(Aa) a7 ana 2 6‘2’(:) Se(g)[(as]A)B[X]

Similarly there are rules for pairing, projection and join (ZxeA) B[x]. Special
cases of product and join are (A — B) and A XB. There are rules for the natural
rmumbers N using O, s (successor) and recursion on N. (Finite initial segments

Nk of N are provided for too.) Further, with each A is associated the identity
relation I on A as a function of (x,y) e AXA. Finally, there is a Vo which
rules for types; moreover, there is for each Vn a corresponding Vn+l . To prove
that A 1is a type in the system one proves A e Vn for some n. The syntax of
the predicate calculus is represented in TT via the (Curry-Howard) correspondence
between formulas and types. When a type A 1is thought of as a propesition then
(aeA) 1is thought of as 'a is a proof of the proposition A'. From this, the

intuitionistic predicate calculus is derived using the (Brouwer-Heyting) ex-

planation of the logical operators in terms of proofs (I.4.. above)
Remark. Logic i1s assumed informally in the explanation of the rules.

17.2 Comparison of the system with TO . TT does not provide for inductively

generated types in general, put rules for them can be adjoined along the same lines,
following Martin-ILBf 1971. With or without such rules, the system can be inter-
preted in TO (each Vn is inductively generated by certain closure conditions

involving VO,...,Vn Furthermore, the system with no universes contains

11)
B

S

17.3 Adequacy of TT to BCM. By the preceding, TT (as given by Martin-

duetively generated types as suggested in 17.2 it is also adequate to the same

portion of BCM as all of TO actually serves to formalize.

17.4 Accordance with BCM. The types of TT can be interpreted as sets in

Bishop's sense. Following I.1h -T1.15 above it should be granted that TT is in

direct accordance with BCM, at least insofar as concerns basic concepts and

principles. The one reservation has to do with its heavily syntactic formulation
for the conditions to introduce and use the various kinds of terms. This is in
turn necessitated by the requirement that each object is assigned a type. Thus

we cannot have an 'internal' function f of which it is proved Vxe A[fx 1is a type]
(as done in T, by ¥x eAlCZ (fx)]) but must use 'external' objects B[x] of
which B[x]e v, is proved (for some n) under the hypothesis x eA. There are
no indications in Bishop's writings that would lead one necessarily to take such

a formal approach. 1In this respect, the looseness which TO enjoys owing to its

type-free churacter ceemc more in accord with BCM.

11) The exact relationships are not known to me.
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Remark. The syntax of TT 1is evidently somewhat more complicated than that of
To . Some simplification could presumably be made by assuming all of intuitionistic
logic at the outset. In any case, it is much easier to form a variety of models

and interpretations of To’ as we shall see in Parts III, IV.

18. Comparison with Myhill's and Friedman's extensional systems.

18.1 The character of these systems. The system CST introduced in Myhill

1975 is a subsystem of IZF(N)+DC Dby which is meant Zermelo-Fraenkel set theory
over the natural mumbers (as urelements) with the logic restricted to be intuitio-

nistic and with the axiom scheme of dependent choices added. The notions of pair

and of funection are both defined here just as usual in ZF : in other words
functions are identified with graphs of many-one relations. One takes (over the
usual axioms of N) the axioms of extensionality, unordered pair, union,Ao—sepa—
ration, domain and ranges of functions, the set (A - B) of all functions f:ASB
for given sets A,B (which is taken in place of the power set axiom) and the re-

placement scheme
(Fx eA)2y O (x,y) - Fz[Fun(z)ADom (z) =A A ¥x e AO(x, z(x)) J.

Firnally, the principle DC
(Vx e ATy e AD(X,y) - VxeATz{z:N - AAz(0) =x A Yn eN{z(n), z(n'))]
is taken, but not AC, since that is shown to contradict Church's thesis in the
system. 12)
Friedman 1977 considers a number of subsystems and extensions of (ST (all
contained in IZF/N). The weakest of these is denoted B. In B, induction on
N is restricted, replacement is taken only to form ({xe A| O(x,y)}|yec A} for
Ao formulas ¢, and DC i5 also taken only for such ¢. The other systems
considered are denoted Tl’TE’T5 and Th . We shall not describe them here ;15)

however (ST 1s eguivalent to T

Remarks. (1) Axioms of inductive generation are not taken in CST. They are de-
rivable in Th'

(ii) Friedman 1977 shows that g itself is reducible to HA and is con-
servative for Tl © sentences. (Beeson 1979 shows that it is conservative for all

2
sentences.) By contrast, B+ classical logic is equivalent to Zermelo set theory.

18.2 Adequacy of these systems to BCM. The system B is adequate to the

same portion of BCM as the system EMOF (cf. the discussion in Friedman 1977 p.7).
Though formally stronger, the system CST Joes not seem to have any further power

for the actual mathematics involved. The adequacy in both cases is indirect.

The definitions of concepts do not follow Bishop's official spelled-out Jdefinitions,

but rather thc corresponding classical ones which use extensionality. For example,

12) The reason why AC but not DC is problematic in the framework of T will be
.. explained in Part IV below. o
13) The reader may find it useful to read my review of Friedman 1977 which appeared
in Math. Reviews 55(1978) No.77L8.
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the real numbers R are taken to be equivalence classes of Cauchy sequences
oy +

The positive real numbers R are those x eR such that (dn eﬂv+)(x> % ).

Thus all the distinctions and use of witnessing data required by Bishop in order

to carry out constructive operations are essentially ignored.

18.3 The question of accordance. These systems differ in two essential re-

spects from the constructive point of view which is basic to BCM, at least as
described in I.4. Nemely, extensionality is accepted, in violation of I.L4.5, and
functions are defined in terms of sets (of ordered pairs), in violation of
I.4.6. It is plain then that any set theory which contains the extensionality
axiom and defines the notion of function in this way - and in particular CST and

B - is not in direct accordance with BCM.

By the reduction of B to HA due to Friedman (and Beeson) referred to
) As to (ST,

Myhill 1975 gives a constructive reduction via a realizability interpretation.

above, B 1s certainly indirectly in accordance with BCM.

More sharply, Friedman 1977 obtains reduction of the equivalent T2 to intuitio-
nistic ramified analysis in levels < €, (which in turn is interpretable in our
TO minus IG, cf.Part V below). The system T5 is also reduced loc. cit.

to an intuitionistic theory of one inductively defined set, which is certainly
Justified by BCM and is contained in our TO . Finally, the theory Th is re-
ducible to the full 2nd order theory of species which is contained in EMO-FCAE;

but the accordance of the latter with BCM is open to dispute.

It should be mentioned that in Beeson's contribution to this volume he
shows for a number of intuitionistic extensional theories of sets how to inter-
pret them in their subtheories without extensionality. This is followed in
Beeson 1979 by certain realizability interpretations to reduce the latter theories

to sub-theories of TO , in particular of B to HA (conservatively).

III. Models
Throughout this part models will be underctood in the usual set-theoreticzl
sense and thus will satisfy classical logic. This does not hold for the inter-

pretations to be dealt with in Part IV.

1. A model of T_ over any model of APP (presented in Feferman 1975 sec. 4.l.)

Let
a = <V; APP) k)s)d)P) lePEJO) SN’PN)

.
be any model of the axioms APP of T, (in TI.5). Here xe N is interpreted as
X ew where w 1s the least subset of V containing © and closed under

x —x' = Sy X - (The identification of W as a member of V will be explained

in a moment.) Abbreviations for application terms, pairing, comprehension are

14) Friedman also gives an informal argument for the constructive justification
of B (and stronger theories) by interpretation in a theory of species of finite
type.
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taken just as in II.3,L. Now we take codes in V for the class constants and

cperations, e.g. as follows:
N = (O;O)’ an = (l,n,z), j(a,f) = (Eia}f) and i(a;r) = (5,&,1‘).

Next Cza and €, are defined by transfinite recursion on «; at stage o one

has a structure (¥, Cly s ea) in which the formulas of £(TO) are interpreted
by taking €y for '¢' and letting the class variables range over Cia . In this

definition we shall alsc use 'e' in its ordinary set-theoretic extensional sense;

the context serves to avoid ambiguity. 15)
(1) CJZO:[]N] and xe M — xew.
(&) (1) ClaSCla+l and Xey 8B sXeya, for ace Cia H
(ii) for each elementary 4)(x,yl,...,ym, 25 ...,ZP) and n = rd)(x’X;QF )
and for any yl,...,ym e V and al,...,ap € Cza we have
¢ = cn(yl,...,ym 5 al,...,ap) € CL, , and
xe 0o (U, 0, e)k ¢)(x,yl,...,ym, a, ...,ap) ;
(iii) for each a eCEa and f eV such that ¥x(xeja - fxe Cia), we have
c=j{a,f) e Clyyp and ze, g c = ax, y(x e 8 Ay ey fx )3
(iv) for each aeCf, and reClf, we have c =i(a,r) ¢ Cl,,p and
Xey c-VIC v{Vulu e, A VW((w,u)er ~wel)suellosxell s
(v) CZOCH_ has only those elements obtained by (i)-(iv).
(3) For limit A, cz)\: U ¢4 and g = U ey -
A< a<i

For the final model of To we take

(4 c2 =Uct and e= Ue so that for ae CZ and any x
- (03 2 $l
a < o o

Xea @Xe,a

The axioms for TO are verified to hold in B=(¥,Cf, ¢) in a straightforward
way. In particular, by (1) we have full induction on W (with respect to any
properties) and by (2)(iv) we have full induction on i(A,R) for any A,R. It

is further to be noted that in checking elementary comprehension for

e = [xl¢)(x,yl, S S .,ap)} we need only know the meaning of x e ai(lfi <p).
This is where the predicative character of ¢ is used in an essential way. A new
idea is needed if one wishes to satisfy strounger comprehension schemes; that is
explained in the next section.

Remarks. (i) V, defined by (x|x=x), is interpreted as a certain code ¢, in the

domain V of 9; then xe¢V has the same meaning in the model as extensionally.

15) In Feferman 1975 we used the symbol 'n' in place of 'e' in £(TO) in order to
distinguish the two uses.
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(ii) If the constant 4 of o satisfies Vx,y,a,b[dxyab{ ]
and (x=y — dxyab=a)A(x£y — dxyab =b) then the full definition - by - cases

axiom DV is of course satisfied so we have a model of To + DV in this case.

(iii) There is an obvious modification of the construction asbove to get a model
of To starting with any CZO and € such that WMWe Czo and er]N HXew,
as long as card (CZO) < card (V) (so that there is room for all the codes).

2. Modification to obtain a model of To+CA2 . (Feferman 1975, Addendum).

The argument here will be much less constructive. Starting with any model 9

of APP as in §1, let M= (¥, P(V), ¢) where P(V) is the set of all subsets
of V and ¢ 1is the standard membership relation. To each stratified formula

r

y(%,y,Z,X) is assigned a Skolem function Fw(x, y ,Z2) = X which has the property:
™ =EX 0y, 2, %) oy, 2, F 0y, 2)))

Given any stratified O(x, y, Z) take §(x,y,2,X)=V[xeX © o(x, ¥, Z )], and
G¢:F‘¥ , SO Gd)(y, z) =(xev|m |- O(x,y , 2)}). We choose codes £, for the F‘l‘
for each stratified ¢ and in place of (2)(ii) in §1 take, for n-= 'Ty(x,y,g,)()j

(2)(ii)' for each x, Yooy eV and a

l""’ap € Cla we have
c :fn(x,yl,...,ym, al,...,ap) € cgoﬁl and
XEp 1 C o X er(x,yl,...,ym, Al,...,Ap), where Ai:{x|xeaai]for each

i=1,...,p.

With the resulting (9,CZ,¢) then defined as in §1(4), let 2" be the extension
{x|xea)C VvV for each a in C# , and let CZ*:[a*[a eCZ). Then C£¥ is closed
under the F and so Sﬁ*z (QJ,CE*,e) is an elementary substructure of M. It
follows that for each stratified ¢ and any sets Al,...,A we have
[xl‘m* |= d)(x,yl, NPT P S .,Ap] (= GCD(X ,A)) in c£¥. Finally it is proved by
induction on stratified ¢ that

(@, 02,¢) | Oy, 2) oo

*
= ¢(X’X > 2 ).

From this it follows that (9, Cé,e¢) is a model of T+ CA, -
Remarks. The axioms for I and IG could be subsumed under CA2 since their 2nd

*
order definitions in M are absolute.

3. The recursion-theoretic model. Take V=w and App(x,¥,2z) & (x}{(y) = z

in the sense of ordinary recursion theory. Taking O and X &X' to be standard,

we can easily choose constants k,s,d,p,pl,p2,s P so as to obtain ¥ satisfying

P
the axioms APP. Note that DV is automaticall§ sﬁtisfied. In addition then to
TO (or TO+CA2 if we follow §2) we also have Church's T:hesis for partial
functions

(cty) ¥f e Vn{fn = (e}(n))

true in (¥, C£, ¢) simply by taking e=f. ol g Just the class of recursive

functions. Hence CTl is also true. On the other hand CTO , being classically
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false, is not satisfied.

With reference to II lO.8-lO.9, it may be seen that <Nc>ceFTS is inter-

preted in this model as the hierarchy HRO of hereditarily recursive operations

and (Mc)ceFTS as the hierarchy HEO of hereditarily effective operations (cf.

Troelstra 1973, 124-127). Going on to 10.11 - 10.12 one sees that the reals TR

are interpreted as in recursive analysis, and so on for C([a,b], R), etc.

Finally, with reference to 12.1, it is seen that @l, 2""’®a’ are inter-

preted as forms of the Church-Kleene constructive ordinal notation classes.

Remark. Any "enumerative" generalization of recursion theory gives rise to a
model of APP which, when extended to a model of TO as in §1 yields other
interesting interpretations of its concepts. For further examples of such and
§§5-6 below cf. Feferman 1978, 3.2 - 3.h4.

4., Independence results from BCM. Since all of BCM can be safely formalized

in To’ any model B =(¥,Cs, e) of TO automatically provides independence
results for ¢ which are classically true but for which qa),_é . For example, if
we take the recursion-thecretic model ¥ of §3 to begin with then the example
due to Specker of a recursively (uniformly) continuous function on [0,1] which
does not take on a recursive minimum shows that the theorem of the minimum is

underivable in BCM. Indeed, to be more precise and even stronger, by §2 it is

not derivable in TO+DV+CAE with classical logic. Similarly for the other
examples giving 'peculiarities' of recursive analysis and of the Russian school

of constructive analysis (cf. I.7-8).

Remark. The obverse of the point here is that if ¢ is a mathematical statement
for which (classical) TO+DV+CAQ b then ® has a recursion-theoretic inter-

pretation or 'analogue' .

5. Generating models of APP+DV . Given any infinite set V, we can generate a

model 9 of APP from the following information: (i) a pairing operation

P:ve 1-1 v and projections P;: V -V for which Pi(P(xl,xz)) =%,
(i1) an embedding of (w,0,') in V, and (iii) any collection & of partial
F:V >V for which card (F) < card (V). Then we can define constants for 9
so tnat APP+Dy is satisfied and pxy = P(x,y), pix = Pi(x), an:n' ,(pNn')=n
and such that for each Fe & there exists f eV which represents F, i.e.

fx ~ F(x) for all x. (By non-extensionality, each F will have many represen-
tations.) To obtain 9 we simply use pairing to build codes for the constants
k,s,... of U as well as for each F ¢ &. Then we regard the axioms of APP as
inductive closure conditions on the relation App(x,y,z). In particular (seeing

to it that sx and sxy are always defined in a simple way) one wants

X2~ UAYZZWAU =2V — (Sxy)z ~ V.
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6. TFull set-theoretic models of APP+DV . In particular, let V :R)\ (the set of

sets in the cumulative hierarchy of rank < A ) for some limit A > w. Define
0,' and predecessor on w and pairing and projections as usual. Let & be the
class of all functions which (as sets) are members of RX' By §5 we obtain a
model 9 of APP+0D in which every set-theoretic function is represented.

Proceed to build a mgdel B=(%,CL,e) of To-'rDVi'CA2 over Y. In B, N
has the same elements as ® and (I — IN) consists of representatives of all
functions from w to w. For the type symbols 1=(0 35 0), 2=(1 50), etc.

we have (Ml/ = )z (0w -sw) and (MQ/ :2) = ((w > w) »w), ete. Further

(IR/ :]Q) is isomorphic to the reals in the set-theoretical sense, and the class
of all functions from IR to IR which preserve R is isomorphic (modulo the
defined equality between such functions) with the set of all real functions in
the set-theoretic sense. Now C{[a,b], R) consists of representatives of all

uniformly continuous functions.

Suppose A is inaccessible. Each element a of Gl has a naturally

associated ordinal |a| < w, and w = {la] : a €6,). More generally for any

1
@a, we have w,a‘ = {lb’ b eSa } . The Borel hierarchy in Iilq as explained
in IT.12.2 consists of representatives of the full Borel hierarchy in Baire space

in the set-theoretic sense.

7. Generalizing classical, recursive and constructive mathematics.

7.1 It follows from §3 and §6 that any mathematical theorem ¢ of
TO+DV
cursive mathematics and of eclassical set-theoretic mathematics.

+ CA2 with classical logic automatically generalizes a theorem of re-

7.2 It also follows that for any sub-theory T of TO+DV + CA2 which is
recognized as being constructively valid (so, the logic may be restricted) any
mathematical theorem ¢ of T generalizes one from classical, recursive and
constructive mathematics. In particular, this applies to T =To(if I1.15.% is

accepted).

Remarks. (i) In a certain sense Martin-IBf's TT can also be considered to have
both set-theoretic and recursion-theoretic models, so 7.2 would also apply to it.
(i1) Myhill's CST (and related theories) has immediate set-theoretic models,
but no direct recursion-theoretic model and, as we have seen in II.17, its

constructive interpretation is in dispute.

8. Term models. In the framework of TO these have been given by Beeson 1977
(1.3) which is followed here; however, the ideas are familiar from combinatory
calculi (cf. Barendregt 1371, 1977). As will be explained in 8.2, the method

works to give a model U of APP but not of APP+Dv

%.1 Reduction of terms. Let TyTys3Toy -+« TaDge over application terms as ex-

1

plained in II.1.3. A reduction relation E-Ta is defined inductively by the
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following clauses, where we write n for ON—ml /:

ba)
1y v>-r
(i1) T12T2/\T22T5—»T12T5
(i) TS AT > T ST >
1 1 2—- 2 12— 1¢2
>
(iv) leT2 >

(v) ST T,Ts > TlTﬁ(TETE>

(vi) py(emyry) 2 1, b (o) 2 T
. s >
(vii) pN(SNT) > T
(viii) dnnT T, 2T, nfm »dnmTT, > T,
(ix) T, 2 T only as required by (i) - (viii).
We shall use T > ‘r2 for literal identity of terms. T is said to be in normal
form (_0_1: irreducible) if whenever - > T, We have T, =T, . The set of terms

1 2 1 2
in normal form is denoted by NF. Note every term reduces to a term in NF. The

Church-Rosser theorem (or ¢ property) for > 1s proved by standard methods:

Z'r*. Nt

2 X e

CR. If 7> and T > T then for some 'r*, T ZT* and T

1 2 1

As a corollary one has unicity of normal form in the sense that

¥ > =
’Tl,TESI\JF/\TZTl/\ TZ2T, T =T,

8.2 The model of normal terms. The domain V of the model U taken by

Beeson 1977 is NF (which is alsoc used here to denote %U). The application re-
lation is:

APP<T:L’T2’T5) =TT, Tz e NF A (‘rl‘r2 > ™ ).
The constants, all of which are in NF, denote themselves in this model. NF is
a model of APP because all n are in NF and n #m for n £ m. The following
easy lemmas are proved by Beeson, where APP denotes APP plus the IN-closure

N
axiom Oe WA Vx (x el »x" e I ).

(a) If TeNF then APP - (Ti).
(o) If 7,7, are closed terms and T, > T_ then APP - (14—
(e) If 7 is closed and APPj b (i) -then I e WE(T > 7).

211 /\Tl:T;})'

(d) If T is any sub-theory of T *tCA, with APPR, © T and if Th(Tel)

N
then for some new, T p (7= n).

When coupled with realizability methods in Part IV the lemma (d) allows one to

obtain the numerical instantiaticn property and the disjunction property for such T.

Remark. An essential difference of DV from the other applicative axioms appears

here. In the proof of Lemma (a) we use that if nfm then APP]N}— nfm. To
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try to obtain a corresponding result for DV we would want that if

and Tl#TE then APP]N+DVI_(T17!T‘)

2

12Tp & NF
But that isn't so- for example, k,0 ¢NF
and k £ 0 but (k#0) is not provable (since we can construct an applicative
model G in which k:g))- For the same reason we can't prove the disjunction

1

property for TO + DV .

8.3 An extensional term model (Barendregt 1971). Instead of taking V as in

8.2, one takes V to be the set of all equivalence classes [T] of terms for the

least equivalence relation = such that T2 T, » Ty = T,. Then we take
APP([Tl],[TE];[T3]) © Tlﬂ'2 E'r3 . By the CR property if an equivalence class
contains some T e¢NF, that T is unique. Then one sees that [n] # [m] whenever
n #m 50 that we cbtain a model of APP. Since every application term T denoctes
[7] in the model, it satisfies (7i), i. e. every operation here is total. 1In
addition the model may be shown to satisfy the axiom of extensionality for terms.
This shows DV to be essentially required for the non-extensionality result of
1I1.13.1.

9. Continuous function models. There are again models due to Beeson 1977 (1.2),

once more without DV .

9.1 Continuous partial function application. The idea here is to form a model

of APP which is a kind of untyped version of the class of countable functionals

of finite type (which are hereditarily continuous in a certain sense) due to Kleene

1959 (and Kreisel, same volume). One takes V to be the class of all partial
functions f from w to w. A relation App(f,g,h)(or fg~ h) is defined for
members of V as follows. For each n, the value of h at n 1is supposed to
depend on only a finite amount of information zbout g. Let (f)nr)\x.f(x,n)
with (x,y) a primitive recursive pairing function. More precisely, h(n) is ob-
tained, when defined,v by (f)n acting continuously on (g)n so that if

(f)n((g—n )J(m)) =0 no information is given by the initial segment (E)_n(m), and if
(f‘)n((—g;)(m)) = k+1 then k is unique and we put h(n)=k. It is shown by
Beeson that the natural numbers can be embedded in V and the constants inter-
preted in such a way as to form a model G of APP. (We can't do the same for
APP+DV because definition by cases on V is not continuous.) Now form a model

B of (classical) T *CA, from APP by §2.

9.2 Consistency of continuity properties. It can be shown that the model |

satisfies the following statements of interest:
(i) Any operation f: N - IN is continuous {in the product topology).
(1ii) Any function from a complete separable metric space X 1o a separable

tetric space Y is continuous.

16) Another explanation of the difficulty is due to Klop 1977, who has shown that
there is no Church-Rosser theorem for the calculus with the > relation azugmented

as follows to correspond to the DV axiom: dﬂ"rij’h > 73 and Tl’ 1'2 eNF/\Tl,l. T2—>

d'rl'rg'r T, 2 Th

34
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It follows that these continuity properties are consistent with T+ CA,, even
allowing classical logic. Moreover, by modifying the model so as to take V to
be the class of all partial recursive functions we can also satisfy Church's

thesis CT2 for partial functions. Hence, to the extent that constructive mathe-

matics is contained in TO+CA2 + CT2 , we cannot prove constructively the

existence of discontinuous functions on the spaces of interest to us in ordinary

analysis. The main results of Beeson 1977 are in certain respects stronger

positive results for a variety of intuitionistic theories T, to the effect lhat

it can proved to be continuous. This will be explained more precisely in PartIV
(cf. also Beeson's corresponding results for intuitionistic theories of sets in

this volume).

10. Topological models. (The material of this section and its application in 11.4

was developed in collaboration with my student Jan Stone.) Let S be a topological
space and & a family of partial continuocus functions from S to S with
card (&) < card (8). w is assumed disjoint from S and is considered with its
discrete topology. We use +, ¥ for the operations of disjoint sum of topo-
logical spaces. Let J= [O}* be the closure of (0} under pairing. Then de-
fine Sa for aed by

SO:uH-S and S( =Saxs

a,b) b’

Finally, take V = _- Sa' Thus pairing and projection make sense on V and we
agd

have @ € V. A model 9 = (V, =, k,s,p,pl,pa,d,o,s ) of APP is generated as

w Py
indicated in §5, only now defining dxyuv Jjust for x,y e w. The choice of

codes can be arranged in such a way that
for each f, the partial function X {(fx) is continuous on V.

We illustrate the argument for %k,s where we take k=1, kx=(1,x), kxy=x, s=2,
sx=(2,%), sxy=(2,x,y) and sxyz ~ xz(yz). It is proved by induction on the
generation of the relation App that if f o f and X —x then T %< _ x.
For example, if f 1is (2,x,y) = (&,(x,y)) and f* L f and z¥ Lz then in a
suitable neighborhood of f, we have £¥ = (2, x*, v ) where x¥ 5 X, vy
Hence by induction it follows that x*z*(y*z*) - xz{yz). Again the model does

not work to give the axiom V Dbecause full definition by cases is not continuocus.

11l. Applications to independence of Cantor-Bernstein statements.

11.1 Cardinality relations. These relations between classes are defined in

the language of TO as follows:

(1) (X~¥) S &F,g[f:X >YAg:Y - XAVx eX(g(fx) =x) A¥y eY(Fflay) =¥)]
(i1) (Xle) S IF[f:X 5Y A \'lxl,x2 l:fx2 —»xl:xg)]

(iii) (x 2Y)—»’3g[g:Y SX A VxeX Ty e¥(gy =x)]
(iv) (X<5Y) Tz (Y~ X+2).

e X (fx



CONSTRUCTIVE THEORIES OF FUNCTIONS AND CLASSES 205

(The operation )(o+)(l is E Xi . ) The statement of Cantor-Bernstein
i¢f{0,1)

can be given in one of three forms corresponding to (ii)-(iv):

(CB)i XK, YAY S, XX ~Y.

The converse in each case is trivial. It will be shown that each of these state-
ments is constructively unprovable, by sultable independence arguments. The first
such results were obtained by van Dalen 1968 in the informal framework of Brouwer's
theory of free choice sequences where maps between suitable topological spaces are

necessarily continuous. We give different arguments here for the framework of TO .

11.2 Independence of CBl from T0+DV+CA2 . This is by failure of the re-
cursion-theoretic analogue of CBl . Let B = (%,CZ, ¢) be a model of
TO+DV + CA2 built from the Structure U of ordinary recursion theory in §3.
Let X=IN and Y & IN any member of C£ with I <l Y but Y not recursively
ermumerable (e.g. such Y can be chosen co-r.e.). There is no mep in the model

from I onto Y, otherwise Y would be r.e.; thus ]1\17(' Y.

11.5 Independence of CB& from TO+ CA, . Here we use an example from van
Dalen 1968 but apply §10 instead to get the independence result. Let X be 2]N
considered as a topological space, and Y=X+E where E consists of a single

point, thus isolated in Y. There are continuous maps F:X — Y and G:Y - X.
onto onto
Let S=X+Y and 3J = (F,G). By §11 we form & model @= (YU, CL, ¢) of T tCA, with
F,G represented in 9, and every Mx(fx) in o being partial continuous on
V:Zasa. Thus if X~Y 1in this model we would have X homeomorphic to X+E,

which is false.

Question: TIs CB2 independent from TO+D +CA 7 That would of course follow if

v
the recursion-theoretic analogue of (B, 1is false.

11.% Independence of CBj from TO+ CA2 . Here we use an example due to
Hanf (cf. Halmos 1963) of a pair of topological spaces X, Z with X~X+Z+2Z
but X7CX+Z , where ~ 1is the relation of being homeomorphic. It follows for
Y=X+7Z that X~Y+Z so CB5 fails for this topological interpretation. Now
we form a model B of TO+CA2 over S=X+Z+Z by §10, in which the maps
giving the homeomorphism X~X+2Z+7Z are included and every map is continuous
on V. By Hanf's result, X 7‘4 Y in the sense of cardinal eguivalence in this

model. (Another example of van Dalen 1968 can also be adapted to this purpose. )

Remark. The recursion-theoretic analogue cof CB5 is true by Dekker-Myhill 1960.
In their argument the fact that the universe V is I is used in an essential
way. This is an example of a positive recursive analogue of a classical set-

theoretic result which is not subsumed under a theorem of To or even TO+ CAE'

Question. Is CE5 independent from TO+DV + CAE ?
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12. A mcdel of the weak power-class axiom. In the preceding we mostly chose

different models of APP to get various consistency and independence results; the

only excepbion was in §2. Here We modify the construction of ¢ and ¢ so as to

get a model of POW. This will also satisfy EMO+DV+ 1G but not the join axiom

J. (Recall inconsistency of POW with J from IT.1k.1l).

Let 9 be the recursion-theoretic model of APP+DV - We introduce a new
code € for the "class of all classes" . Now instead of defining Cf/a, €y
simultaneously we first define C£ and then e. (This procedure would not be

possible if closure under join were required.) Take CEO: {W,e¢) and

r .
Clm_l = CZnU[ck(X,g.)[k = 0(x,y,2) with @ elementary and a

Z l,...,ameCZn]

U {i(a,r)|a,r eCEn].

Put C£ = U CZ . For aceCt we define xe_a as follows:
n<y P n n

xeolN < Xew, xeo C —xeCl

£
For ceCn,Xe+

[y A .
1 ¢ e Xe c. For c=c (y,2), k= O(x,y,2) , with the

2;eCL , and ¢ ¢ cz,  we put

X en+lc <« (MJ ce, en)‘: @(Xyl; E) ;

and for a,reCl and c=i(a,r) with c ¢ Cf,  we put

X e c oVIC w[[Vu(uena/\Vw((w,u) €T >wel) suell 5xell.

n+l

It may be seen that the resulting model satisfies EMO+D + IG (plus CT, as in
(=

A
§3 ). Furthermore it satisfies

Vx[xe € o (x=X)].

Given any A we can form a weak power class P(A) of A by taking

P(A) = [fAb|be €} where fAB = AN B.
Remark. One can also arrange to satisfy CAE by using the method of §2.
CA, can't be derived from CA, ¥ POW without join.

IV Realizability interpretations

1. Background. The distinctive effect of restriction of the logic to be in-
tuitionistic is of course not shown by standard models of the kind considered in
the previous part ITII. The following are some special properties which are
typically enjoyed to some extent or other by various intuitionistic theories T:
(1) The disjunction property (DP), i.e. if T H(OVY) then TF O or Tl ¢;
(ii) the existential definability property (ED), i.e. if T | Ex¢(x) then for

some term T, we have T I- d(1); and for T containing arithmetic: (iii) the

property (ED) holds, i.e. if T} Wn®(n) then for some (specific) n, T F¢(n);

m™
(iv) T is consistent with the schematic form of Church's thesis CT_ 3 (v) T 1is

closed under Church's Rule CR,;1.e. if T F ¥ndmd(n,m) then for some (specific)
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e, TFVnd(n,{8)(n)); and finally for T containing function variables: (vi) T
is consistent with various forms of the axiom of choice AC, and is closed under
corresponding choice rules. While, as remarked by Kreisel and Troelstra, these
properties are neither necessary nor sufficient for T to be constructive, much

of the metamathematics of constructive theories revolves around their verification.

The basic methods to obtain such results are by realizability interpre-

17)

tations. These were introduced by Kleene in 1945 with his notion of recursive
realizability. Many extensions and variants have since been applied, due to
Kreisel, Troelstra, de Jongh, J.R. Moschovakis , Friedman, Beeson and others. A
rather complete survey can be found in Troelstra 1973 Ch.III or Troelstra 1977a
§4; it may be helpful for the reader to lock at these references in connection

with this part.

It is useful to distinguish formal or internal realizability from informal

or external realizability interpretations, though very often these are coupled.

In the former one associates with each formula ¢ of &(T) a new formula d)r with
one additional free variable f, written fr¢. In the latter one defines a
relation between mathematical objects f of some sort and formulas . (Kleene's
recursive realizability was of this type: he defined a relation between numbers
f ew and formulas of arithmetic.) External realizability interpretations can
often be regarded as the reading of a formal frd) in a specific model M; that
is the approach we shall take here. In any case the idea of frd) is that f
packages the constructive information (witnesses, proofs) which verifies d); the
definitions are thus closely related to the informal interpretation of the logical

connectives in I.k.2.

By a realizability interpretation of &£(T) in £(T') is meant an association

0 ppfrd with each formula ¢ (of the language of T) of a formula fr (of

the language of T') having at most one additional free variable f. (Thus every
sort of variable of &£(T) must also be included among those of £(T').) This
interpretation is said to be sound for T in T' if for each theorem d) of T we

have & term T such that T'F(tr9).

2. Formal realizability of £(TO) in itself. This was introduced in Feferman
- 18

19755 )

when ¢ is written 0(x,X) we write fr(x,X) for fr®; when concentrating on

variants from Feferman 1976b and Beeson 1977 will be explained below.

a distinguished variable as in #x { we may write fr(@x{(x)). The interpre-

tation is defined in:iuctively as follows:

17) Another “method to obtain some of these properties is due to Kripke; cf.
Smorynski's chaﬁter on Kripke models in Troelstra 1975. These models will
be applied at one point in Part V below.

18) It was pointed out by Beeson that the clause there for disjunction needed
correction, as given in (iii) below.
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(1) [frd] = ¢ rfor O atomic

(11) [£z(0Ay) ] = [(pf)r 0 A (pyf)ry]

(111) [£x(PVvy) ] = [pf eNA(p;f=0- (p,f)r ) A (p£40 ~(p,E)r ¢)]
(iv) [£r(d > 4) = v2[z10 > (£2)r ¢]

(v) [fx(¥x9)] = ¥x[(fx)r 0]

(vi) [£r(@x0(x))] = [(pf)r §(p,F) ]

(vii) [fx(¥x9d) ] = X[ (£X)r ]

(viis) [£r@ ()] [Co(py?) A () 0 (pye)]. 19)

il

1

When it is necessary to distinguish this from other realizability interpretations
to be defined later, we shall subscript this r as Ty Note that fr(— (b) is
equivalent to Vz — (zr ).

3. Essentially (V,¥)-free formulas. This class of formulas are such as can be

realized in a canonical way (if at all) and for that reason play a distinguished
role. We call ¢ essentially (V,d)-free if it is built up from formulas of the
form (ti), CL(T), (TeX) and (Tl:TE) by A, - and V applied to either sort of
variable. Note that the existential information in the first three formulas,
written as Ix(7Tzx), WA(T=X) and Fx (T~X A xeX) can be represented by the
application term T itself. The following lemmas are easily established for r =T,.
(1) For each b, the formula (frd) is essentially (V,d)-free.

(2) With each essentially (V,¥)-free { is associated a term T with free variables

contained in those of ¢ such that APP I > (tard)]

(3) 1If 0 is essentially (v,d)-free then APPo I (frd) - b].

Here (2) and (3) are proved by a simultaneous induction in order to take care of
the case of implication, where we put T o = k(1 ). Because of (2) we call

'r¢ the canonical realizer of { for ess. (V,T)-free §.

Remark. Formulas of the kind that we call essentially (V,d)-free are often called

almost negative in the intuitionistic literature.

4. The scheme 'To assert is to realize' . This scheme consists of all formulas of

the following form:

(A-r) ¢ < (&) (fr o)

which expresses equivalence of the assertion of © with its realizability. By (2),
(3) of §3 each instance of (A-r) in which ¢ is ess.(V,3)-free is derivable in

APP]N . The scheme as a whole is itself realizable:
(1) for any formula { we can find & * &uch that

APPp T [ § © E{fr ) ]

19) The clause for (§—{) does not completely mirror the requirements for a con-
structive proof as expressed in IT.4.2, which caJJ.s for constructlve re-
cognition of Vz[zr{ -(fz)r ¢] when zrd) is read 'z is a proof of similar
remarks apply to the universal generalization cases.
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For the proof one defines Tl,TE which realize each implication. Thus T is to be
chosen so that Vz[zr¢ — (v;z)r (Af (frd))]. This makes use of the fact from §3
that (zr § ) is ess. (v,d)-free and so has a canonical realizer. The converse

construction T, is equally easy, and uses the fact (3) from §3.

Remark. (A-r) is suggested by the basic tenet of constructive reasoning I.4k.2,

that a statement is to be asserted only if it is proved.

Note. It may be necessary to distinguish (A-r) for different realizability inter-
pretations. For example we write (A-rl) for that of §2.

5. Axioms of choice. The most general scheme considered here for the axiom of

choice takes the form:
(AC) Vx eX &y O(x,y) - B Vx e X §(x, £x)

for variable X. Special cases of this can be formulated for each term A which
denotes a class, e.g. W, I —» IV, etc. We write (AC)A for the restriction of
the scheme to X= & . There is a close connection between the schemes (AC) and

(A-r); we have:
(1) (A—rl) implies (AC).

For suppose Vx[x eX — Iy §(x,y)]. By (A-r) for r=r. we can find g such that

¥x,z{zr(x ¢X) — (gxz)r AyQ(x,y)]. But by clause (i) o:fL‘ the definition of r,,
(xeX) o or (xeX), so pl(ng yr O(x, pe(gx 0)). But then O§(x, P, {gx 0)) holds,
so f= )\x(_p2 (gx0)) is a choice function. (Note that the proof just uses the

APP axioms.) It may be of interest to the reader to see which instances of (A-rl)

are implied by (AC); they form a wide class.

While full (AC) will thus be realized in the r. -interpretation, this will

1
not hold for other ro to be considered. A special consequence of (AC) which

will be realized even when (AC) is not, is the axiom scheme of dependent choices:

(oc) VX eX Ty € XO(x,¥) - ¥x_ X IF exT (o =x A Vn¢(fn,fn')1.

Using the axioms APP+IN we can derive (DC) from (AC) in essentially the
standard way. Namely, given g such that Vxe X[&x eX A O(x,gx)] we define f
by primitive recursion to satisfy f0 = X, fn' ~ g(fn). Then it is proved by
full induction on W that Vn[fn!A ¢ (fn, fn')].

6. The theory We do not have a soundness theorem for ry- realizability
of T0 in itself. The problem arises with the elementary comprehension scheme
CAl(i.e. ECA). To realize Ex{cn(l,g) =X AVx[xeX o b(x,y,2)]} for

n= 0(x, ¥, ES\ we have to show how to convert any u with ur§(x,y,z) into a

Té-)

w such that wr(xe X) where x=cn(y,§) and conversely. But for r=r we

have wr{xeX) « Xe X. Thus we would have to obtain ¢ « Zu(ur¢ ), which is

only generally true for essentially (V,d)-free formulas. However, this difficulty
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suggests an obvious modification of CAl to a scheme CA.‘(L_) , Where CAl is taken
only for essentially (v,d)-free ¢) By EM(()_) we mean the axiom system

APP+CA£_) + IN, and by EMo I, the same theory with induction on W restricted.

(-)

We claim that EMJ ‘I serves to obtain the same mathematical consequences in BCM

as EM_p (II.10), and similarly for EME'_)r + J, EM(()_) +J in place of EM f + J,
EMO + J, resp. (II.11). The reason is very simple: in the formalization of BCM
by following Bishop's official definitions, we never make essential use of V or
d in defining properties of sets - since the witnessing information is always
required to accompany the presentation of the elements of those sets (recall I.15).

Hence CAi_ always suffices in place of CA The only difference appears

when we enter the theory of ordinals and Borei sets (II.12). Here one must make
a slight modification in the IG axiom to achieve the same results. For example,
previocusly we took 6 = i(A,R) where A ={x|x=0 Vx:(pgx)Jer = sup]N(pg x)}, and
R={(y,x)] (x:(pgx)* Ay = pgx) vV X= sup]N(p: x) Adn(y =p§ xn)}. Thus R is defined
using I in an essential way. We now modify IG to IG(_) by taking i(A,8)-=1I

to satisfy instead
¥xe Af{Vy,z[ (2,y,X) €S sy el]l mxeI)

as the closure axiom and then taking a corresponding induction principle. This
has the same effect as the previous IG with (y,x) ¢ R « 3z[(z,y,x) ¢ S]. Let
T(_) = EM(_) +J+IG(_) . It is thus seen that T(_ serves to obtain the same
o] o] O —_— e .__(__.)__.._
mathematical conseguences in BCM as T, (I1.10-11.12). (The theory T was

introduced in Feferman 1975, where the soundness result of the next section was

outlined.)

7. Soundness theorem for ry= realizability of Tc(’_) in itself. It is usually

a routine matter to verify soundness of the axioms and rules of intuitionistic
logic for any reasonable realizability interpretation (cf. Troelstra 1973 Ch.III).
For the present ry interpretation, soundness of the logical part of TL()_) is
easily verified using the APP axioms to provide the requisite constructions.
Going on to the non-logical axioms, it is straightforward in each case to verify
soundness of each axiom or scheme on the basis of the corresponding principles
themselves. The reason in the case of CAl_ has already been explained in §6,
by use of the properties of essentially (V,d)-free formulas from §3. In the
case of the induction scheme on I We are required to give a T which realizes
$(0) AVX(P(x) 5 O(x")) S ¥x(xe N - P(x)). This must show how to convert any =z
z, with zr 0(0) and Yx,w[wrd(x) - (zlxw)rfb(x') 1 into some u=tz z; Wwith
¥x{x eN - (ux)r$(x)}; u is defined by recursion (uniformly from Zo’Zl) to
satisfy u0=z and ux' ~ zlx(ux) and the required conclusion is proved by
induction on I . One proceeds similarly for the realization of IG(_) . In

o’

this way we conclude that the following holds for r :rl:

(1) with each theorem § of Tc()_) can be associated a term T such that Tg')F(Trﬁb).
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Corresponding results can be obtained for the various subtheories EME)_)P,
EM((; s EM((;) +J which have been considered. In addition, if we take CAé-) to
be the restriction of CA2 to essentially (V,d)-free stratified formulas, we
get:

(2) r - realizability is also sound for Té-) +CAé-) in itself.
Now as we have seen in § L4, the scheme (A-r) 1is itself r -realized in a
trivial way; moreover (A-r) implies (AC) by §5. Finally, it is impossible

to realize 1 1in a consistent theory, since (fI‘lL) & L. We may thus conclude
that:

(3) rl-realizabilm is sound for Tg-)+ (A-r) in T(()-) and the same holds for

T(()-) +CAé-) +(A-r) in T((;) + CAé-) 5 hence T((j-) +CAé-) + (A-r) and (there-

fore also) Té-) + CAé-) +AC are consistent.

Coupled with the following we see nov the metamathematical power of realizability

interpretations applied to theories dealt with in this paper emerging.

8. Consistency of Church's Thesis (CT-O). Let T :T(()_) +cAé_) +(A-r) for r =1,
Then T 1s consistent with CTO ; by the following argument. We read r,-reali-

zability in a model of T whose applicative part is the ordinary recursi:oLn—theo—
retic model of III.3. It is to be shown for any ¢ that Vn@mO(n,m)-Te¥n(n,{e}(n))
is realized in this model by suitable f. This is to convert any g realizing
VndmO(n,m) into (fg) realizing FeVnO(n,{e}(n)). Now from the hypothesis

we have Vn[ (pl(gn))r ¢)(n,p2(gn)) ]. We take (e}(n) = pg(gn) for all n, from

which description f is obtained very simply.

9. Closure properties of Tc()_) and related theories.

9.1 I‘2 -realizability. In order to obtain the disjunction and existence
properties for TO_ we modify Ty in 2 manner due to Kleene, (called g-reali-

zability, cf. Troelstra 1973 p. 189); this is here denoted by r Only the

5
following clauses are varied:

(i11)" [£r(OV )] =[pfe NA(p1f=0-9A(p0)r0)] A [pf £ 0 5y A (pf)ry]
(iv)' [fr(d - )] = V2{0 A (2r¢) - (fz)ry]

(vi)'[er Beo()] =[0(p,) A (py0)x D(py0) ]

(viii)' [frax¢(x)'] = Co(p,f) A O(pf) A (pf)r O(p,T) -

It is easily checked that the soundness theorem for r2 -realizability holds for

each of the sub-theories of T(g—) +C§) considered. In addition, (A-r) is r,-

realized Jjust as before.
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9.2 The ED property. Suppose T 1s any theory for which we have soundness
of 1, - realizability e.g. any of the theories just indicated. Then if T } Fx ¢(x)

there is a term T such that T | tr(@x ¢(x)). Hence by clause (vi)' for r, we

have T }— d)(pz‘r). Thus T enjoys the existential definability property.

9.3 The DP and ED]N properties. For these we need a special argument
due to Beeson 1977. 20) Let T Dbe a subtheory of Tc(>_) +CAé-) for which we have
soundness of r, - realizability of T in T. Assume also that APP]N €& T. It was
stated in IIT.8.2 that if T} (T eN) then for some n, T} (T =n). (The proof
made use of the model NF of normal terms.) Now if T F#@n@(n) it follows that for

some T, T} (_p2‘r) e]N/\d)(pz'r). Hence T has the ED property; it is a corol-

i)
lary that T has the DP property.)

Remark. It is a little more work to obtain closure under Church's rule. One way
is to formalize the properties of r_ - realizability of any finite subtheory of

2
T within T.

10. Inconsistency of T0 with AC. We next turn to the question of obtaining
corresponding properties for T0 . This section shows that rl-(or r2 -) realiza-
bility is not sound for To , since To is inconsistent with AC. This will lead
us to consider a new realizability interpretation (which does not verify full AC).
The proof of contradiction of T0+AC is by an argument due to Friedman (originally
given for T°+DV+AC)- Let X={x| @n(xx ¢ N - xx #n)}. Recall here that we are
using the conventions In(n) o Tx(xe W A 0(x)) and (xxeN) ©dy(xx ~ yAy eNN),
i.e.Wn(xx ~ n). Trivially by definition VxeXIn[xx eI - xx # n}. Hence if AC

is assumed we can find an f such that Vx eX[fxeN A(xx el > xx £ fx)]. 1In
particular, f¢ X > ff e N Aff # ff so - (fe X). Note that Vx[xxeN - xe¢ X]
holds since we can always find n ;!xx using definition-by-cases on IN. Hence
a(xeX) - (xx e N). It follows that —(ff ¢ N). But then by logic ff eI —ff #0
so f e X which is a contradiction to our original assumption, namely that ACX
holds. It is of course essential for this argument that X 1is existentially

defined, which is not possible in Tc(;)

*
11. Realizability for To via_a refinement To .

11.1 The theory TZ . The language S* of T: is obtained by refining the
languege & of To as follows: instead of the two-placed relation (x e A) of £

we now have a 3-placed relation (xe¢ z A). In this language we take
XehA o4, %2 (erA),

*
which gives a translation of & into £ . If ¢ 1is any formula of & we denote
* *
its translation by 43 . If T 1is any theory in the language £ of To , by T

*
We mean the theory whose axioms are exactly the ¢ for all axioms § of T.

20) It should be noted for comparison with Beeson 1977 that Tg-) is there de-
noted EM and EMC(;) +J is dencted EMN.
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11.2 Translation of S* into &£. This is accomplished in the following
simple way. With each formula ¢ of S* is associated a formula ]I: of &,
which is obtained by replacing each atomic formula (x €, A) by [(x,z)eA] and
which, except for some changes of constants, is otherwise unaffected. Each of the
combinatory constants k,s,d,p,pl,pQ,O, S Py is unchanged, but the class for-
mation constants ck,j,i are replaced by new constants ck 5y Jd,1 as will be ex-
plained in the next section.

11.3 ;l- realizability. This is an interpretation of .&'.* (and thence of £)
which will make all of CA realizable. The idea to realize M[xe X < O(x)] as
expressed in £° and then translated back into £ i.e. as [ Fz((x,2)eX) <—>$(x)]
is to produce an X such that from any 2z with (x,2) e X we can find a w with
wr$ (x) and conversely. The simplest way to achieve this is to take z=w and
thus to take X={(x,w)|wr $(x)}. It is here where the change of constants enters;

. ! ~ n X .l
if ¢ = '¢(x,¥,§)-' we'll have c = (pex)r ¢)(plx, ¥,%)

For this purpose ?l- realizability i1s defined as follows; the translations
of cn,j,i are given by a simultaneous inductive definition. First we write down
the clauses defining fr¢ for ¢ in & exactly like those for r, in § 2.
The only difference appears in the fact that we now have atomic formulas (x eZA)
in place of the old (x ¢ A), so we read [fr(x eZA)] = (x eZA). Then we take

;l to be T where
~ T~
(fr(b) = (fr¢);

*
i.e. we translate the realizability interpretation of &£ Jjust described. Now

En’ J, i are chosen to satisfy the following:

(i) if n= Bx,y,2), E(y,2) = ((x2)]278(x,y, 2))
(ii) if V¥xeA[cs(fx)] then J(A,f)={((x,y),(z,w))|(x,2)cAA(y,¥) efx]), and
(1ii) I(A,R) =i(A},R)) where A = {(x,(z,£))[(x,2)cAAYy,w[((y,x),¥) e RE(y,w)}]]

and Ry = (((y,fyw), (x,(2,£)))[ ({y,x),¥) e R} .

The choice of the constants is made in such a way that for each of the axioms ¢
from CAl (or CAE)’ J and IG as expressed in S* we can find a T such that
7;4) is provable from the corresponding axiom (or axiom schema) as expressed in &£.
It follows that for any theory T over APP which is based on some combination
of these axioms and schemata plus the axioms N or Nt , We have a soundness
theorem for ;l-realizabilitx of T* in T. Once more the scheme (A-r), as

written out in S‘,*, is trivially ;l- realized. It is a corollary that

(1) T: + (CAE)* + (A-r) 4is consistent.

Hence any consequence of (A-r) in £ 1is consistent with To+ (ca regarded as

* 2)
translated intoe &£ . It is simpler to study such consequences in the latter
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language than to pass through T. Note: To get further consistency with Church's
thesis CTO we simply ccuple this with the recursion-theoretic model as described

in §8.

*
12. (Conseguences of "to assert is to realize" in &£ . We assume at least

* *
EMO+ (A-r) where r is ry for &£ throughout this section.

12.1 Dependent choices. DC 1is derived from these assumptions in the follow-
ing way. Suppose Vxe¢ A Ty eA y(x,y) holds, i.e. V¥x,z[x e, b - E{y,w(yewA/\w(x,y):

Then there exists g which realizes this statement, so for each x,z with x eZA,

g(x,z) provides us with a triple (y,w,u) such that ye,AAur Y(x,y). Given

X, € A fix some zO with xo ¢. A. Then using g we define a sequence (xn, Zn’un)

by recursion such that g(xn,zn) = (xn+l v Zrel s un) and x| eZnA and
wry (xn’xn+l) for each n. Let f-= )m.xn. Then passing from the right to the

left side of (A-r) we have fO=x_ A ¥n[fne AAY(fn,fn')].
As a corollary of this and 11.3 we have that
(1) TO + CA2 + DC is consistent.
Remark. The argument here brings out the reascn why DC can be dealt with con-
structively even where AC can't in the presence of full comprehension. From
% .
Vx ¢A Ty O(x,y) written in & as V¥x,z[x €, A o Ty O(x,y)] we can merely con-

clude &f ¥x,z[x €, A - @(x,f(x,2z))] from (A-r). This is the result which was

referred to in I.4.7.

12.2 Canonically realizable classes (choice bases). We write C(A) for the

following formula:

BlF(xe ) 5xe, Al

g
A is called canonically (or self-) realizable if C(A) holds. C(A) is equiva-

lent to AC i.e. the scheme of choice with base A. For suppose C(A) holds

A 2

using g and that Vxe¢A Iy ¢J(x,y). Then as just remarked we find f such that

¥x,2{x e, A - ¢(x,f(x,2))]. It follows that ¥x cAd(x, f(x,gx)). Conversely if
*

AC, holds then from Vx eA Sz(xeZ A) (which is trivial by definiticn in £ ) we

A
conclude Hg Vx eA(x ¢ xA), i.e. C(Aa).

g
Now C(IN) holds because ACIN is a consequence of DC. Also C(V) holds
because Vx Ty O(x,y) - If ¥ xP(x,fx) by (A-r). Furthermore, the property C is
closed under class constructions which can be defined by essentially (V,3)-free
formulas, for which we have found cancnical realizers by §3 . 1In particular, if
C(A) and C(B) then C(AxB) and C(A -»B) hold and if ¢(x) 1is ess. (V,3)-free
then also C({x eA|{(x))). This gives consistency of T, + CA, with an extensive
collection of instances of AC. (The consistency of T, with (AC)FT , i.e.

ACN for all o ¢FTS was noted by Beeson 1977.)
c
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*
12.3 The presentation axiom (Aczel). Call (A,h) a presentation of A if
*
« -
heA ko
tuitively, in a presentation each element x of A 1is represented (in possibly

A this is called a full presentation of A if C(A*) holds. 1In-

* % * *
more than one way) by x ¢ A such that h(x )=x; x contains "additional in-
formation" that "verifies" x ¢ A. When we have a full presentation, no further

information need be added. The presentation axiom PA is the statement that for

*
every A there exists a full presentation (A ,h) of A. This was introduced

(in a slightly different form) by Aczel in unpublished notes; he observed that it

serves to derive the various mathematical consequences of (A-r). In the present
*

framework, PA 1is a trivial consequence of (A-r); we simply take A :[(x,z)|xezA]

and h(x,z) =x.

12.4 Having your cake and eating it too with (A-r) as an implement. In the

informal discussion of I.15.3 the attempt to have one's constructive cake and eat
it too was taken to be a matter of being casual about showing the witnessing in-
formation required by the official definitions. Here we can provide a theoretical
framework to justify such practices simply by assuming (A-r) for r=ry in S*
In effect, the informel definition of a class A in the form A ={x|{(x)} gives
rise to A*= {(x,2)}|2zr 0(x}}, which corresponds to the official definition. By
$(x) e Tz{zrd(x)) we nave xe A & Tz[(x,2) ¢ A* }. A realizable refinement
of CA in S* allows us to take Vx[x €, Ao 2zr §(x)], so that this A* is
exactly the same as the full presentation of A described in 12.3. For example,

if we define

*
IE{+:[x|erR/\E{.n>O(xn> %)]we than have (TR’ ) ={(x,n)|xe RAn >O/\(xn>%) 3,

Jjust as required by the official definition. Using AC in its weakened form
*

¥x e ATy O(x,y) - 3F ¥x,z{ (x,2) eA - O(x,f(x,2))] we can conclude that an in-
4+ %

verse function is defined on (IR ) knowing that Vxe R 3y eR(x'y=1).

Remark. ’I‘ZJr (A-r) provides an alternative way of reading Bishop which is in some
respects simpler than by Ty » since one can formalize the informal mathematical
arguments more directly. (Note: The same ends can be achieved by the presentation
axiom instead of (A-r).) It is not meant by this that TZ+ (A-r) 1is in direct
accordance with Bishop's views; (that is open to discussion).

13. Closure properties of T, - In order to obtain the ED and ED]N (and hence DP)

properties for ’I‘o , Beeson 1977 introduced a kind of combination of T -and g-

realizability. His definition (loc.cit.pp.281-282) is complicated by the re-
quirement to have a doubling (X,X*) of class variables, where the new variable
X* is to correspond to the class of all (x,z) such that zr(xeX). In addition,
Beeson also doubled individual variables. This does not seem to be necessary, and
the following simpler definition is proposed for the same purpose. With each

formula  O(xq, ..., %, ,¥ ;- Y ) of £=&(T,) is associated a formula
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*
frd)(xl,...,x R SPRERS S, ,Yl,...,Ym) of £ as follows:

(1) [fr{xeY)] = [(xe¥) A (,E) e Y ] and [fr (x = ¥)] = [x = (Y, Y*)]
[frd] =0 for the other atomic formulas

(11)  [£x(@Av)] = [(pyf)r &A (p f)ry]

(111) [rr(0vy)] = [(p,f eJN)A(plf:o - O A (B E)r 9) AP 40 5 YA (1T y)]

(iv)  [fr(0 - )] = ¥2[0A(2r §) - (fz2)ry]

(v) [fr 3 0(x)]

I

[0(p, ) A (pyf)r 0(p,f) ]
(vi)  [ErEO00T = (3, 1 ((8,8) = 06X) A 000 A ey £)x 00X7) ]
(vii) [fryx®(x)] = ¥Vx[ (£x)r O(x)]

(viii) [£rvx9(0)] = v,X 20X 6(x, X5 1.

Remark (added in proof): Beeson has pointed out real difficulties with the pro-
posed realizability of To which are met when looking for suitable reinterpretations
of the constants. It is thus not known whether his definition can be simplified

in any essential way to serve the same purposes.

1h. Applications to continuity properties. Beeson 1977 has used the consequences

of realizability such as AC and ED for the theories T considered in the
preceding sections 1) e.g. for T :Tc()'aN and T :TO , to prove local continuity

rules cf the following form, where A, IB are any closed terms for classes:

ICR( A, B). If T proves A 1is a complete separable metric space and 1B
is a separable metric space and ¢> is an extensional property
and VxeAdy eBO(x,y) then T proves that
VxeAly e B (x,y) A"y is stable for x"].

Here "y 1is stable for x" stands for Ve > O &8 > 0 Vu eNA(x) HVeNIf(y)[d)(u,v)],

8

where N: (x) ={uea ]dA(x,u)< ¢} and :1”\ is the metric of A . Eguality in

a metric space is defined by Xx X, © dA (xl,xq) =0; extensional properties

17 A
are understood to be those §(x,y) for which
( - _
00, yy) Axp =y X, Ay =y, - 0(x,, ¥,).
As a corollary of LCR(A, B) one has: if T proves that F 1is a function
from A to IB under the same hypotheses on A, B then T proves that F 1is

continuous. (Note that the hypothesis means F: A 1B and x X, —F F(x

1% ~FO) =pF (%
Beeson's method of proof of LCR{A, IB) wuses the representation of complete metric

spaces with countable dense subset D in the form of the Cauchy sequences from D.

21) The matter is actually more complicated: one must formalize within the T
considered the corresponding results for all finite subtheories of T.
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This allows one to push the problem back to verification of LCR(IN - N, IN).
Roughly, the idea is that if ¥x e (W - N) &m §(x,m) is proved, where ¢ is
extensional, then for each specific ge (N — W) we can prove Imd (g,m) from
TUDiag(g)- This requires only a finite part (g(0),...,g(n-1)) of g. Further
by ED]N we can find an m s.t. O(g,m) 1is proved from the same. By formalizing
this argument one gets the desired result. Beeson also has results on local
uniform contimiity rules for compact spaces and a number of consistency and inde-
pendence results concerning continuity statements. He has further extended these
to other formalisms such as those of Myhill and Friedman, as presented in his

contribution to this volume.

Discussion. In a sense, Beeson's results confirm Brouwer's ideas that we should

be able to prove that every real function on IR (resp. [0,1]) is continuous
(uniformly continuous). But the present results have the advantage that the
systems to which they apply alsc have a set-theoretic interpretation. So cne can
be sure that if an existence proof Vx ¢ A3y e BO(x,y) can be formalized in BCM
then it yields stability or continuity of solutions which are true in the classical
sense. Often such results can be obtained directly by ad hoc arguments. But the
continuity results described considered as a part of global (or systematic) con-
structivity may first point the way to what can be obtained for special problems.
In other words, the global results can serve as the stimulus and point of Jeparture
for mathematically interesting local results. (Indeed this has been the case with
Beeson's studies of stability phenomena in the Plateau problem.)

But one

Question. The property ED depends essentially on not having D

i) v’
doesn't see why the continuity results should be disturbed by its presence. Do

Beeson's results on LCR extend to TO+DV by some other arguments?

V. Relations with subsystems of analysis.

1. Introduction and summary of results. In this part (except for the special §2)

we describe results which establish the equivalence of certain subsystems of TO

with subsystems of classical 2nd order analysis. It is assumed here that the

reader is familiar with the designations of various of the latter such as
(HZ-—CA), (Ai-CA), (Ei-AC), (A;-CA), (Zé-AC), as well as with the principle
(BI) of bar induction. 22) When ' is used following designation of a theory
we mean that the principle of full induction on I is replaced by the axiom of
induction. We write T

to T, (i.e. if Con(T

f T2 to mean that Tl is proof-theoretically reducible

implies Con(T

1

2) l) by a finitary argument) and T, ® T2

22) For descriptions of these and some information about their interrelationships
cf. Feferman 1977.
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if Tl 5 'I‘2 and 'I‘2 < 'I‘l . In connection with the following results one also has
much information about which sentences are conserved in one direction or the other;
however, for simplicity we do not mention such for the most part. PA denotes

classical Peano's arithmetic, HA =Heyting's arithmetic.

(1) EMOr = HA, in fact EMO[‘ is a conservative extension of HA.

1

(2) EM 2+ J = (Zl—Ac)F = PA

(3) EM + J 8 (I -AC)

() EMs I+ I6r = (- ACH = (M- CAR
(5) ®M, +J+IGr = (Z;-AC)

(6) T, = EMO+J+IG5(Z;—AC) + (BI).

In all of these except the conservation result of (1), we can also include classical

logic and the axiom DV on the 1.h.s. The exact relationship in (6) is unsettled.

Conjecture. T, & (Z;-AC) + (BI).

Credits. The conservation result in (1) is due to Beeson 1979, by a Kripke-model
argument outlined in the next section. The = in (1) comes simply from (2) and
the fact that PA = HA. Conservation of (Zi -AC)> over PA has been established
by Barwise-Schlipf 1975 using recursively saturated models; it is also stated by
Friedman 1975 where conservation of (Zl—AC)P over (IIl

2 1
class of sentences) is announced as well. (The method of recursively saturated

- CA) (for a certain

models has also been extended to prove the latter in unpublished notes by myself.)
The proof-theoretical equivalences (% -AC)M = PA and (Z;- AC) = (Hi - CA)M have
been established by Sieg. The result (3) is due to Aczel (unpublished); a new
method of proof was found by myself (Feferman 1976 c). This method was also used
there to establish < in (2) and (4)-(6). The relations > in (4) and (5) are
due to Sieg 1977. Only outlines of the various ideas involved are given in the
following. Detailed presentations of the proofs of these and related results will
be found in the chapter by Feferman and Sieg in the projected volume "Iterated
inductive definitions and subsystems of analysis: recent proof-theoretical studies"
(for the Lecture Notes in Mathematics Series) which i1s to consist of contributions

by Buchholz, Feferman, Pohlers and Sieg.

2. EMOP is conservative over HA. We first describe the proof of an easier re-

sult from Feferman 1976 a : EMO[\ in classical logic is conservative over PA.

To begin with, the axioms APP (even with Dv) are formally modelled in PA Dby
taking App(x,y,z) < (x}(y) ~ z. Any model M of PA thus determines an
applicative structure . This is used to build a model (9, C4, ¢) of EMO/‘
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by the method of III.l, but leaving off the clauses for 1 and Jj; now the

process closes off at w. Namely, C4 = U Cl, e= U € where Clo ={m}
n<uw n<w ‘l

and xe¢ N © X=x,Cl . = Can[ck(X )| k= (D x,u,2 ) and ¢ 1is ele-

mentary and &;,...,8 ¢ CZn] , with xe .. 1((y ,8) O (9,[ ce, € V= 0(x,y,8

Note that T may be non-standard and 1IN 1is coextensive with the domain of M.
It may be seen that for each A ¢C# there exists a formula {(x,u) of arithmetic
such that for some choice of parameters y in M, Vx[xe A © M= y(x,y) .
Hence the induction axiom (WN) is verified, and we do indeed have (U, CL, ¢)

a model of EMOP . To conclude, conservation holds by the completeness theorem
for the classical predicate calculus: if © 1is a sentence of arithmetic such

that (EMOP Y © but PAKO we can choose M| = 8 and get a contradiction.

Now Beeson 1979 has shown EMOr conservative over HA Dby an adaptation
of this argument to Kripke models, using the completeness theorem for intuitio-

<)

nistic logic in terms of the latter. Given any Kripke model M = (( P pep’ S
of HA one modifies the construction of (Ql,CZn, sn) as just described to a
construction of ((le, CZn,P, en;P)P’ < ) for each n and thence of a Kripke
model <(9JP,CZP, Sp)peP’ <) of EM P

Discussion. The significance of this result is given by I.15.5, according to
which EMor is adequate to essentially all of BCM except for the theory of
ordinals and Borel sets. A corresponding result had previously been obtained by
Friedman 1977 (conservation of g over HA for U02 sentences, strengthened

to full conservation by Beeson 1979). Thus this portion of BCM does not really
take advantage of the strong constructive principles implicitly accepted by Bishop;
on the other hand it is of foundational interest that it is justified by the most

elementary of these.

3, EMor +J < ( zi_Ac)f* ; EMg* J < Zi-AC . The proofs of these results from

Feferman 1976c are given by formal models which verify classical logic and DV

We start again with the recursion-theoretic interpretation App(x,y,z) « (x}(y)= z.
Now, instead of defining C£ 1in transfinite stages, one defines it simply to be
the set of A indices That is, let Pi(e,x) (e=0,1,2,... ) be a standard Hi-
enumeration of all H sets (predicates of one argument x); then

Si(e,x) < Pi(e,x) induces a Zi—enumeration of all Zjl' sets. e put e

1
in C£ if the pair of indices (e)0 s (e)l determines a A] set, i.e.

C(e) —yp VxIEI((e),, %) <o 53 ((e)),x)].

[e]

Put X ea <ogoe P:i ((a.)0 ,x) for Cf(a). To prove closure under CA, in this

1
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model reduces to showing that if d)(x,l, z) is elementary and we substitute Ai

definable sets D.l for the Zi’ the result is also Ai (with index e uni-

formly recursive in given indices di for the Di )5 this is by the Ai- sub-
stitution theorem of Addison-Kleene-Schoenfield . Formalization of the latter

makes use of (Zi—AC). So far, the argument serves to give a model of EM in
(le-AC) ; next it is seen that only restricted (Zi—AC)I\ suffices if one starts
with EMO[\ .To complete the proof, J is verified as follows. Suppose Cf(a)
and Vx eaCLf({f} (x)), i.e. that

1

W ((a) 5 %) - WIBL(((£}(%)) ,¥) <o STC(LE}(x)),3)]]

]

Then We easily obtain a A]]: index for j(A ,f) where a is the index of A.

Remark. By (Z]]:-AC)F < HA , this shows that J is really of no use without
unrestricted induction. That was already noted informally in II. 11.3, where

transfinite types were shown to exist in EMO + J - but not in EMO[\ +J.

L. EM P+ J + IGr < (Z;-Ac)r ; EM_ + T+ IGP < (Z;—AC) and T < (Z’;‘—AC)*-(BI).

The proofs (again from Feferman 1976c) all use the same idea, which simply follows
that of §3 one level up. Let P;(x,e), sz“(x,e) enumerate the H;“ , resp. 2]2“

sets. Take Ci(a) (—)VX[PJE_(X,(E)O) Fan S]2' (%, (e)l)] and X e a < Pi'(x,(a)o).

Now one applies the A-K-3 substitution theorem for A; predicates, which is
proved using Z;-AC. This serves to show EMO+J modelled in (Z;“-AC) and
EMOF +J in (Z‘]a‘ -AC);— . To verify IGPM in this model welsimply apply A-K-S
again: if A,R are A2 then the set 1i(A,R) which is Hl in A,R 1is also
A:JE“ (with index e wuniformly recursive in the indices a,r of A, R resp.).
The induction axiom of IGM follows immediately by definition of 1(A,R) as
the least set satisfying the given closure conditions. To obtain the full prin-
ciple of induction for IG one must apply full (BI), which gives the final
result: T = EM_+J + IG < (Z’;-AC) + (BI).

1 1

5. (Zl—AC)F < PA, (ZE-AC)F < (Hi-CA)f‘ ; consequent reductions into T,

As was remarked in the survey of credits in §1, one has proof-theoretical argu-
ments due to Sieg for these first two reductions, corresponding to earlier con-
servation results of Barwise-Schlipf and Friedman. Now PA < HA by the negative
(=) translation as is well known, and HA < EMOI‘ so this completes the re-
lations in §1(2). Next (Hi—CA')‘ can be interpreted in the corresponding in-
tuitionistic system (Hi— CAY (1) by the negative translation, and the latter

is directly contained in EMOi‘ + IG~ . This completes the chain in § 1 (4).
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6. (zi- AC) < EM_+ J. To begin with, ():l-Ac) < (u° - cA) by Friedman
- o 1 - 1 < €,

1970. (That used a model-theoretic argument; a proof-theoretical one is out-

lined in Feferman 1977.) As is familiar, (Hi-CA) ce = RAL, (ramified analysis
o o

in levels < € }, and RA<€ < RA(<12: by the negative translation. Finally,
[e) [¢]

RA%Z is contained in EMo + J, using Join to transfinitely iterate the ramified
hiera.gchy up to each ordinal o < €, (full induction up to « follows from full
induction on M ). This completes the = in §1(3).

7. (Zé -AC) < EM_ + J + IGD . By Friedman 1970, (Z;-AC) < (HJJ:-CA) < and
o
by Feferman 1970, (HiL -CA) . . < ID._ where the latter is a classical theory
o o
of iterated first-order inductive definitions up to any o < € - The main next

step is to show ID<€ f ID(<12: (6), i.e. to the intuitionistic theory of the

e} e}
classes (Qa for a < €, - This has been established by Sieg 1977. TFinally,
ID(<12: (6) is contained directly in EMO + J + IGM . In this way the = in §1(5)

]
is completed.

Remark. Results closely related to those of Sieg 1977 have been obtained inde-
pendently by Pohlers and Buchholz, by more complicated methods, but which also
give more detailed information. Presentation and comparison of all this work will

be found in the forthcoming joint volume referred to in §1.

8. Questions and conjectures.

(i) The conjecture (Z;'-AC) + (BI) < T, has already been stated in §1.

What is missing up to now is the proof-theory analogous to that indicated in §7.

(ii) We have shown EMO + IG + POW consistent in III.1lz2. What is the
strength of this system and various of its subsystems? It appears that POW
cannot be used very effectively with these axioms. I conjecture that EMor +
POW = HA.

(iii) The set-theoretical model of T, in III.6 can be modified to give a
model of S+ POW by essentially using [O,J_]A as a representative of a power
set of A for any set A. Now presence of J makes the axiom POW much more
effective. What is the strength of SO+POW? Further, is SO+POW+ cTy

consistent (i1=0,1)°?

(iv) What are the strengths of the various theories considered when CA2
is added?

Stanford University
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Introduction.

Let PA be Peano arithmetic. Following Guaspari [2 ] we call a
sentence ¢ Hz-conservative (over PA) if each HE-sentence Y provable
in (PA + ¢v) (i.e. in PA with the additional axiom ¢v) is provable in
PA. Similarly for HE being replaced by Zi or any reasonable class
I' of sentences. We write I'-con for "l-conservative" and T-non for
"T-nonconservative". Obviously, if ¢ is a sentence provable in PA

then ¢ is TI'-con for each T; but if ¢ is unprovable and, say, Hi-con

then ¢ is not a Hi-formula.
The existence of partially conservative formulas was first
noted by Kreisel; the prototypical example is TCon(PA) which is
an independent Zi-sentence which is Hi-con, see [7 ] for a "modal
proof™ and see [6 ] for a "model theoretic" one. The two principal
techniques used to construct further partially conservative formu-
las are Gddel diagonal technique and (usually "together with™)
partial truth definitions, see [4 ], [ 5] : for each k 2 1, there is
a HE-formula trk(x) such that for each HE-sentence ¥ , we have
PAl— ¢ **trk(a) and similarly for ZE

example can be generalized and the sentence Hx(trk(x)A TCon(PA + x))

in place of HE. Kreisel's

is n°-con for k 2 1. On the other hand, if ¢ says '"beneath each

k
proof of me there is a proof of a false ZE-sentence”, then ¢ is a
true ZE—formula which is unprovable and Hi-con. Similarly, if ¢

says "beneath each proof of me there is a proof from me of a false
o . o . o
Zk—sentence" then ¢ is a true, unprovable and Zk-conservatlve Hk—
sentence. We shall omit the proof of this fact, even if it is not
difficult; various proofs of similar and stronger facts are contai-

ned in this paper.

The paper is organized as follows : In section 1, we investi-
gate the set I, @ { v; ¢ is HE-con } and show that it is H;-complete.

This partially answers a problem of Guaspari; very little is known
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for HE being replaced by Ei.
results concerning Ai sentences : we find a Ak+l sentence which is

I'-con for I being the set of Boolean combinations of EE (and HE)

. . , o
sentences. In section 3 we classify independent 22 sentences. Each

such sentence in classified according to (1) its tvuth/falsity,

In section 2 we strengthen Guaspari's

(2) how much it is conservative and (3) how much its negation is
conservative. We exhibit 21 natural non-empty disjoint classes of
independent E; sentences.

Main results of this paper were communicated at the Logic
Colloquium 78. Thanks are due to K. McAloon for an illuminating

discussion that helped to complete the results.

. [} R
Section 1. Hk—conservatlve sentences.

. . o . A .
It is easy to see that a sentence ¥ is Hl-con iff it is relati-

vely interpretable, i.e. i1f (PA + ¢) has a relative interpretation

in PA in the sense of [10] . Guaspari characterized Hi—conserva—
tive sentences in terms of interpretability. Before we formulate
his result let us fix some notation. Each formula is identified
with its G3del number as usual. (1) PA is PA r n, i.e. the set of
all axioms of PA less than n. (2) Tr(nk) is the set of all true

HE sentences; PAE is PAn V] Tr(ni)- (3) trk(x) is the ni formula

formally defining Tr(Hi) and mentioned in the introduction, i.e.

s

for each ni sentence ¢ we have PAl vy = trk(;). Note that this
schema 1s a particular case of a more general schema concerning all

H; formulas, not only sentences; namely, for each n°-formula

k
w(xl, e xn) we have
(%) PAL- ¢(xqy --0y x ) = tpk<5(§l, ceo En))
(cf. [ 5] schema 1.5). Similarly for E; formulas. (The E; truth
definition for EE sentences will be denoted by tr%(x).)

We shall call the schema (*) the "it's snowing"-it's snowing
schema remembering Tarski's definition saying that the sentence
"it's snowing" is true iff it's snowing.

(4) m(x) is the natural binumeration of PA in PA; 7 _(x) is
m(x) & x < y; Ty (x) is Ty (x) v tr (x) m (x) is m(x) Vv tr (x) etc.
(vi + 9) abbrev1ates the formula = (x) V x = ¢. We write Con(ﬂ)
instead of Con" for the formal con31stency statement; thus e.g.
Con(1rl + ¢) says : there is no proof of a contradiction from the
theory wheose axioms are (1) sentences x such that T (x) and (2)

the sentence g.
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A relative interpretation I of PA in PA is provably Hi—faithful
if for each HE sentence Yy we have PAl wI -+ Y. Note that each inter-
o

1

pretation of PA in PA is prcvably N falthful.

Lemma 1. [2 ] The following are equivalent (for each k 2 1)

(i) ¢ is Hi—con,

(ii) (PA + ¢) has a provably HE faithful relative interpretation
in PA,

(iiil) For each n, PA}—-Con(ﬂE_l + @),

Solovay proved [ 9 ] that the set
{¢ ;(PA + ¢) has a relative interpretation in PA}

is H;—complete. Put

o
k
Then Solovay's set is Il. Each Ik and each Jk is easily seen to be
a H; set. Guaspari asked in [ 2 ] whether each I

I, = {¢; ¢ is Hi—con} and J ={¢; ¢ is L -con}

k k

Kk and each Jk is

H;—complete. In this section we prove the following
Theorem 1. Each Ik (k 2 1) is n;—complete.

This gives a partial answer to Guaspari's question. Some
remarks concerning J are placed at the end of this section. We
utilize one of Solovay's proofs of H;—completeness of I, which
will be probably distinct from the proof to be given in [ 9 ]; the
author is indebted to Professor Solovay for his permission to use
his proof. Let Tot be the index set of all total recursive func-
tions. We show that a function Solovay uses to reduce Tot to Il
in fact reduces Tot to Ik for all k = 1.

Definition (Solovay). Let T(e,n,y) be the usual Kleene predicate.

Set

Ty o ° {¢:; v an axiom of PA and (Vy < ¢) ™ T(e,n,y)},

3

let Te Z(x) be the corresponding formula such that Te n(x) binu-
3 3

merates T , 1.e.
e,n

T, (%) = m(x) & (Vy < x) T1(e,z,y)

(where 17(-,~,-) binumerates T) and set

k

b = (VZ)(COD(’IT];) - Con('re,z)).
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Remark (Solovay) e € Tot iff (Y n)(PA F—Con(Te o))
3
Claim 1 ¢Z € Ik+l iff e € Tot. The following sums up a relativi-

zed version of the Second Incompleteness Theorem and will be used
to prove Claim 1, generelizing Solovay's proof of the Hz-completeness
of Il

Fact 1 There exists o such that for all n = ngs
(1) trk(x) binumerates Tr(HE) in PAE.

(2) HE(X) binumerates PAE in PAk

(3) If PAf=v = (3 x) Prf  (V,x), then PA },L

(4) PAk}—-Con('n ) > v, n

Proof of Claim 1 : Assume @k € Ik+l' For each n, PA | Con(ﬂ )
so for olven n there is m such that PA F— Con(m ) and so

PA_+ @ F»Con(T n). Since ¢f € Ik+l we have PAI— Con(ﬂ + EZ)

by Lemma 1 and thus PA I—-Con(nrn + Con(te n)). This 1mplles

PA Con(T n), since PA}— TcCon(r, ) = Pr X ('1Con(T L)

For the other dlrectlon, by Fact (1) asmformallzed in PA, we
have PA ]v---Con('nn + WCon(wn))‘ Assume e € Tot. Then for each m,
PAp- Con(t, ). Fix ann > n_. We prove PAj- cOn(w):1 + E};)
Put Sn = (PA + WCon(nE)); we prove SnF- ¢:. Indeed, for each
i<n, S F— Con(‘re i)‘ since Con(re‘i) is a true Hi sentence; this
together w1th S }— TCon(ﬂ ), gives S }— ®k. This proof of § F— ¢k
formalizes in PA, since we have PA F—tr TEBHT?_*_T) for each 1 and
PA proves the consistency of Sn by Fact (1). Thus PA F—Con(ﬂ + ¢ Y
This concludes the proof of our claim, thus I is Hz-complete.

k+1

We have proved that each Ty is H;—complete‘ Concerning the

"dual" sets J, = {¢; ¢ is L -con}, the following proposition is

k k
everything we know

Proposition 1. J, is neither a Ei set nor a Hi set.

Proof : (1) Let T be the Kleene predicate and let K ={n;(3p)T(n,n,pk
be the usual Zi—complete set. We reduce K (the complement of K)

to J;. Let v binumerate T in PA. Indeed, n € K 1ff11F(Vz)1T(n n,z)
iff . € J, where 0 is the formula (¥z)— 1(n,n,z

se a true sentence is Ei-con; a false HT sentence is Ei—non by [2 1.

). This is becau-

. )
Thus Jl is not Zl. s
(2) We reduce K to J;. Indeed, n € K iff PAF(3z)t(n,n,z); so

n € K iff (3z)t(n,n,z) € J,- —4
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Section 2. A: sentences.

A sentence ¥ is Ai (over PA) iff there is a Z: sentence ¥,
and a HE sentence ¢2 such that PAl(y = wl) & (¢ = ¢2).
v is essentially Ak if ¢ is Ai but is neither a Zi_l formula (over

o
PA) nor a Hk—l

Guaspari shows [ 2 ] that for each k 2 1 there is a ¢ which is

o . o o o
Kl and is A, -con (and both Zk non and Hk non).

We are going to prove

formula (over PA).

essentially A

Theorem 2. For each k 2 1, there is a Ai+l sentence Y such that ¥y

is true, B(z%)-con (where B(I°) denotes the set of all Boolean

k k
combinations of L. sentences) and 1y is Hi-con (but Zi—non).

k

o
k+1
sentence (over PA) not equivalent in PA to any element of B(Zi).

Note that this implies the (known) fact that there is a A

Proof of Theorem 2. Inside PA, saying '"proof" we mean a proof
from m, i.e. "y is a proof of x" is Prf"(x,y) in the notation of
[1]. Saying "y is a proof of x from z'" we mean Prf(ﬂ+z)(x,y),
i.e. "y is a procf of x from 7 with the additional axiom z".

Roughly, our y will be such that =y says : there is a proof vy

of a false 1° sentence from 1y such that for each proof t € y of

k
a E(Z;) sentence from y, the sentence proved by t is true. More
)
= _ i 3
formally, PAp Ty (BOX’Y)(PPf(%+ 1y)(x,y) & x is I 1trk(x)
§ (Vp,q,t <y) (p is N,_ & g is I, & Prf (pwVv a,t) =

k k (m+ ¥)

-t tr! B
rk(p) v rk(qD)
(In this formal version, we restrict ourselves to disjunctions of
o . o
a Zk sentence and a Hi sentence observing that each B(Zk) sentence
is equivalent to a conjunction of sentences of the former form).

Obviously, y exists by the self-reference lemma.

(1) vy 1is A§+l i as written, |y is seen to be a Z;+l sentence.
But Ty is equivalent to the following sentence
(3 y) (y is a proof of a false Hi sentence from 7jy) &
(Y y) (y is the least proof of a false HE sentence from (*)
9y > (¥psa,t < y) (... as above ...)).
This is a conjunction whose first conjunct is ZE (since "y is
a proof of a false HE sentence from 7jy" is Zi). The formula

"y is the least proof of a false H; sentence from Ty" ic a conjunc-
tion of a £ formula and a no formula, thus A§+l; and the part

k k
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o
k+1°
and so is the whole sentence (*). Thus y is

(Vp,g,t < y)(...) is also A
o
k+1

Thus the second conjunct of the

formula (*) is T
o
Byerr
(2) vy is true. Suppose that =}y is true. Then it is true that
o

there is a proof of a false Hk sentence v from ~}y. But all axioms
of PA are true and T}y is true so that ¢ must also be true, a contra-
diction.

(3) 1y is ]'[)c()—con : Suppose (PA + 7y)p v, v is n)‘(’. Let d
be the proof of v in (PA + Jv). We show (PA + y)}— ¢ . Let us
proceed in (PA + y). If trk(a), we are done. Thus assume “]trk(;).

Then by y, there is a t < d such that t is a proof of a false dis-
o o
k k*
thematically, let P1V 05 e Py V'oh be all disjunctions of the

junction pV q from <y, p being N and q being I Arguing metama-
required syntactic form having a proof in (PA + y) of the length

v 1ep, (pi\’oi) but ig}fﬂtrk(pi) &
‘]trk(oi)), i.e. i<h(']pj &10i), a contradiction. We have proved

< d. Then, in (PA + v), we have

v in (PA + y).

(4) Obviously, <9y is Ei—non : the first conjunctof (%) is
a Ei consequence of Ty which is false by (3), hence unprovable in
PA.

(5) vy 1is B(Zi)—con. Let (PA + Y)} pV 0, p being Hi and o
being ZE , let d be the corresponding proof. We prove p ¥V ¢ in
(PA + -1y). The sentence =1y says that there is a proof y of a
false Hi sentence from -}y such that something holds for all t < y.
First ohserve that this y must be bigger than d (in fact, y must
be non-standard). Indeed, if ¢ is a numeral and if ¢ is a proof
of ¥ from ;7 then we have ¥ (since we are assuming 7JY), thus trk(F).
Hence there is a y bigger than d such that, for each proof t <y
of a disjunction p Vv q from Y where p is HE and q is Ei we have
tr, (p) Vv tri(q). In particular, take d for t : we obtain
trk(o) v trk(o), thus p V o. We have proved pWV o in (PA + qv),

. o .
thus PA F- pV o and vy is B(Ek)—con. This comncludes the proof. —4

This proof is analogous to the proof of Theorem 2.7 in [2 ],
due to Solovay. We presented a detailed proof since various fur-
ther proofs will be quite analogous; then we shall proceed more
quickly.

Observe that Theorem 2 cannot be improved by requiring that

both y and 7}y should be B(EE)—con. We have the following evident
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Proposition 2. A false n° sentence is 1% non.
nt+l n

Proof : Let (Vx)v(x) be a false H:+ sentence; thus (Ix)Te(x) is

1
true and therefore there is a natural number a such that Te¢(a) is
true. Thus v(a) is a false Zs consequence of (¥x)v(x); being false,

¢(a) is not provable in PA. —4

- . o
Section 3. 22 sentences.

. . . . . o
In this section, we shall investigate independent 22 sentences
(or independent H; sentences, i.e. negations of the former ones).
Obviously, "independent" means here "neither provable nor refutable'.

There are at least two reasons for this investigation : first, inde-

o . .
pendent 22 sentences are the simplest sentences ¢ such that knowing
merely that ¢ is independent we do not know whether ¢ is true or

. o .
false : there are true independent 22 sentences and false indepen-
o . o .

dent 22 sentences, whereas each independent I, sentence is false.
o
2
natorial) content, not constructed using self-reference and not

Second, there are independent [, sentences of mathematical (combi-
referring to formal proofs. Such a sentence was exhibited by Paris
and simplified by Harrington, see [8 ]. Notably, their sentence is
equivalent in PA to a consistency statement, namely, in the nota-

1 .
tion of Sectionm 1, to Con(m”~ ) (where wl(x) is ml{x) V trl(x)); thus

the negation is a false independent Z; sentence. Solovay's H;—con-
servative Zg sentence (whose negation is Zg-con) is also false.

] . . o
This suggests the following question: Can there be a true 22 senten-

ce which is independent and H;—con ? (Such a sentence is essential-
ly ZO, i.e. not equivalent to a H;
o o . .

5 sentence can be classified according to (1) its

sentence). More generally, each
independent I
truth or falsity, (2) for what T it is T-conservative, (3) for

what I its negation is T-conservative. Here e.g. the Paris-Harring-
ton I sentence obtains another classification than Solovay's sen-

2
tence. We have the following

AN 1, .
Proposition 3. The Z; sentence “1Con(n~) is false and H;—con;

. . . o
its negation 1s Zl—con but Ho—non.

1
. . . 1 .
Procf. Concerning the negation, i.e. the sentence Con{n ), it
. 1y . .
is true and comnsequently Zi—con. But Con(wm ) is not interpretable

. N - 1 -
in PA (since Con(w) is not, see [1 1), and hence Con(m~) is Hi—non.
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To prove that '1Con(wl) is Hg—con it suffices to note that each
countable model of PA has a Hi—elementary end-extension to a model
of (PA + _]Con(ﬂl)), see {2 ], Notes to 6.5 and 6.5 and/or [5 ],
Theorem 1.7. —*

B . o . . o
Theorem 3. There is a true 22 sentence which is H2—con and whose
. . <}
negation is Hl—con.
Proof. Our formula is a modification of the formula from the proof

of Theorem 2. Let y be such that, in PA,
Jy = (Fy) (y is a proof of a false Hi sentence from “y)
& (Yy) (y is the least proof of a false Hi sentence from -y
> (Yt< y)(t is not a proof of a false Hg sentence from y))
This can be written concisely as follows : Let Fls [Hi, Ty ] stand
for (3y) (y is a proof of a false Hi sentence from 7]y) and

similarly for Fls [Hg, vyl . Then

- ¢ o
Ty = Fls [, 9y 1 £ Fls (n,,y1
in the notation of [2].
. o
Now, Jy is H2, : e
Theorem 2 we prove that y is true, Jy is Hl-con but Zl-non;the proof

i.e. vy is Zg. Similarly as in the proof of

of Hg—conservativity of y is fully analogous to part (5) of the

prcof of Theorem 2 but is simpler. —4

c e . o .
We can now turn to the classification of 22 sentences mentloned

. . . o
above. To answer the question for which I' a given 22 or Hg sentence

is conservative and for which it is not, we must chocse some candi-

dates. Let us choose simply the first levels of the arithmetical
hierarchy, i.e. I' = Zi, Hi, Zg, Hg . This gives five possibilities
for an independent Zg sentence

(-) it is n°-non and Zi—non,

O

(1) it is E.-con but I

o
1 1

s - o [

(n1) it is Zl—non but N -con,

-non,

-

(B) 41t is both Zi-con and Hi—con but Zg—non and Hg—non,

(n2) it is Hg—con.

If the sentence in question 1s true then it is Zo—con, thus (-) and
(1) are impossible. Similarly, for an independent Hg sentence we
have five possibilities, namely (-), (Z1), (NM1), (B) and (%2); if
such a sentence is true then (-) and (II1) are impossible and if it

is false then, by Proposition 2, (1), (B) and (I2) are impossible.
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Thus, with each independent Zz sentence ¢ we can assoclate
its characteristic c(¢) =< cl(w), cz(w), cs(w)> where

cl(w) € {true,false} = Xl’ czkw) € {(-),(zx1),(m1),(B), N2)} = X

2
and cs(w) € ((-),(z1),(n1),(B),(E2)} = X3. For example, the cha-
R 1, . c o
racteristic of T Con(n ) is < false,(ll2),(z1)> A characteristic
is simply any triple from Xl % X2 % XS' A characteristic is

admissible if it is not impossible by the remarks above (e.g.
<true,(-),(-)> is inadmissible). There are 21 admissible charac-

teristics visualized by the following two tables

v TRUE ¢ FALSE
14 (4
rl B n2 - rl m1 B nz
Iy vy
- ’ X X X L1l X X X X X
mi \ X X X B X X x X x
L2 x x x x x
Theorem 4. There is an independent Z; sentence of each admissible

characteristic.
The proof is windy and we shall omit it.
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Abstract

In this paper we give (consistent) solutions to two problems of M.G. Tka¥enko (61,
namely we produce under CH or by adding lots of Cohen reals a regular space X

with R(X)=w < nw(x) = ZM, and using MA(m])+Om (), where E={o€uw,:cf(a)=uw}, a

2
Hausdorff space X such that nw(X) > w but n%(Y}=w whenever ¥CX, |Y|=m1.
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Introduction

In [61, Problem 3,M.G. Tka¥enko raised the problem whether there exists a T,
space X with R(X) < nw(X). In this paper we are going to show that a) under
CH there is a O-dimensional T2 space X with R(X)=w and nw(X)=m1, and
b) in a model of set theory obtained by adding « Cohen-reals there is a O-di-
mensional T, space X with R(X)=w and nw(X)=k, consequently the obvious

2 R(X)

inequality nw(x) < 2 for 7T spaces cannot be improved. We shall show that

3
for Hausdorff spaces the consistency of the existence of a much stronger example
is also provable, namely of a Hausdorff space X such that nw(X) > w but

nw(¥)=w whenever YCX and |Y|=w1. This answers Problem 2 of (6J.

We recall that (cf. [61) a space Y 1is called weakly separated if there is a
map Yy -~ Uy associéting a neighbourhood Uy with every point y€Y in such a

way that if y1¢y2 then either y1¢Uy2 or g2¢Uy1. Moreover

R(x) = sup{ly|: ¥CX is weakly separated}.
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Since a right or left separated space 1s clearly weakly separated R(X)=x
implies that X 1is both hereditary k-Lindeldf and hereditarily «-separable.

Finally nw(X) 1is the smallest cardinal of a network for X.

Our set theoretical notation and terminology are standard, as e.g. in [47.

The "graph" topology

Let X be a set and f : Ex]2 - 2 be amap (i.e. a graph on X, where {x,y}EEx]2
is considered an edge iff f({x,y})=0). We shall put

Uo = {y&x : f({x,y})=0}u{x}

and
Ul = {y€x : £({x,y})=1}.

(In accordance with this we shall write f£({x})=0 for each x€X.) We are going to

study the topology T, on X generated by the family

{u; : XX, i€2}.

Then every Ui is Tf—clopen, hence Te is O-dimensional.

If €e€H(X) (=all finite functions from X to 2), then we put
v =nwt™ : xepcen.
€ x

Clearly, {UE : €€H(X)} 1is a basis for T

Theorem 1.

Assume CH. Then there is a "graph" f : [w,]” = 2 such that X< ml,rf) is T

1 2’

R(X)=w and nw(x)=w1 .

Proof.

Let us fix some notation first. L, denotes the set of all limit ordinals in W,

Using CH, we can put

2 .
[u)1:| = {{a)‘, B)‘} ' )\ELI}

and

E = {(E )\ELI},

A

where FE denotes the set of all maps of wXw 1into H(u:l). We can assume that
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(uk, BA}CA and Ek(n,m)eH(A) holds for each AELI and {n,m Ewxw.

We let Xk’ denote the set of all disjoint members of [[wllk]w and X={X, :

: k€ {0}3}. Using CH again we can write
= = .
X {Zu ;o wz}

Next we put

(a) _ i
Xk = (zgexk :B<a & Uzecu}.

. . . 2
Before we can start the transfinite construction of f : [w]” = 2 we need a

technical lemma.

Lenma

Let & be a countably infinite ordinal, h€H(%), Z=U{Zk : k€M0}}, where each Zk
is a countable family of disjoint countably infinite subcollections of [a]k, and
let S be a countable subfamily of [H(E!)]Sw such that for every SE€S and

gEH(0) some member of S is compatible with g. Then there is a map F : o =~ 2

such that

1) hCF;

2) every SES has a member compatible with F;

3) if k€ {0}, zEZk and €2 then |v(z, e)l=w, where v¥(z, )
denotes the set of &€z such that F(ni)=s(i) holds for each i < k, with n

denoting the ith member of a (we shall abbreviate this by writing Flaze).

Proof of the lemma.
We put

U(kazk KEN (0 = Kz,e) : IS},

where every member of the left-hand side appears for infinitely many £€w, more-
over let S={SJL : f€w}. Then we define a sequence (hn : n€w of members of H(a)
by induction as follows. We put ho=h. Now if hn has been defined and n=2%,
then consider (ZIL’ EE); since hn is finite and 2z is disjoint and infinite,

2
there is aezl, a=(ni : 1 <k}, with aﬂD(hn)=¢. Thus we can put

hn+1 = hnu((ni, 51(1)) : i <k}

2
compatible with hn' Consequently we can define hn+1€H(a.) by

If, on the other hand, n=28+1, we consider S§,. By our assumption there is oesl
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It is obvious then that if F is any extension of U[hn : n€w} to a, then F

is as required.

2
Now we return to the construction of the graph f£. Suppose that )\ELl and ff‘[ Al
has already been defined. We then first put f£( {a)‘, A})=0 and f£({ B)‘, A})=1.
i 1 €, i = =i =
Accordingly we define h)‘ H(A) with D(hx) {ax, B)‘}, h)\(a)‘) 0 and h/\(B)‘) l.
Next we put for each n€w

S = {E (n,m) : nEuw},
n A

and

S)‘ = [Sn : VgGH()\)EGGSn s5.t. o 1is compatible with g}.

Finally we put for KkEuw\ {0}

() _ .
Zk = {v(z; o_,...,0

o PN e )=y :lyl =u &

r-1 o r-1

)
.. € reeean €AY,
& =X &0 ,...,0 €2 & n N SN

where Y(Z; O3 n) = {a€z : ¥i < r ¥j <k f([Ej, ni}) = Gi(j)},

with Ej being the jth member of a. Note that if r=0 then Y(Z;-;-)=2Z.

Then we can apply our lemma for a=A with h=h z ()

R S:S)‘ and obtain

F : A+ 2 described there. With this we put
f({a,A}) = F(a)

for each o€\X. We remark that this will imply XEU[Uo : GGSn} whenever SHGS)\.

Next we consider those n€w for which Sn¢3)‘. For each such n there is gneH()\)

incompatible with every member of S,

Now if m=n+1 > O, we apply our lemma again for the ordinal a=A+m with h=

=gnu[()\, Ny, if anfs)‘ (h=¢ otherwise), S=¢, and

T, { — k .
Zk = Z]((o") = {y(2; g3 n) =Y : |y| = & ZGX;(OL) & o€(2 )r & ﬂEar}.

With the thus obtained function F : A+m -~ 2 we put again f£({B, \+m})=F(R) for

each REA+m. Let us note that this will yield us )\*mGUi and )\+n¢U[U0 : cESn)

whenever Sn¢S)‘. This completes the construction of £ : [w1]2 -2,

Now we have to check that the topology T, oon W, is as required. First of all

. . . 2 o 1
= €| 1= &
T, is T2, since 1f {a,R} {tx)‘,ﬂ)\] [w1] , then we have o U)‘ and B U)‘ and

nyl=
clearly NN @.

Next we show that R(X)=w. Suppose, on the contrary, that {na : oteu)l} - with

na < nB if o < B -~ is a weakly separated subspace with Uea a basic T
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neighbourhood of n, for each a€m1 showing this. We can assume that naeD(e )
o

for each a&f€w._, moreover that the D(Ea) are pairwise disjoint, in fact

2
D(Ea) < D(ES) for o < B, they have the same number of elements, say k, and
finally that €y Zg for a fixed E€2k and for all ueml. Thus Eu(niu))=e(i) is
the same for each «€w,, where n(_a) denotes the ith member of D(Ea). It can

also be as;fsumed that na=n;a) for a fixed j < k for each uEu)l.

With all these assumptions Z:{D(cn) : n€uw} belongs to Xk’ hence Z=ZB for
a .
some Séwl. Therefore we have ueml\w such that ZEZ;no ). Now consider for

each I < k the function ci€2k defined as follows:

o,(n) = e(d) for n <k, 1f  i#j
Uj(n) = e(n) for n <k.
(n(a))

Since ZEZk ° , we have by our construction of £ infinitely many n€w such

that f¢( {nr{'n), néa)})=co(m) for each m < k, consequently we have
(a) (nga))
Y(z; %" Mo )EZk so infinitely many of these n also satisfy

f({nn(,n), n;a)}) = o, (m) for every m<k,

(n), n(a)])=u
.. . (n) m (a)

every m, % < k. But this implies then that n =n. €U and n =n; ‘€U,

n 5 €y o j €

contradicting that these neighbourhoods yield a weak separation of the set

{ng : Eeml].

etc. Finally we get (infinitely many) n€w such that f£({n l(m) for

Since R(X)=w, we get that the topology Te is T,

Lindeldf. Now if we want to show that nw(X) > w, by the regularity of X it
suffices to show that no countable family of closed sets forms a network in X.
Moreover every open set in X 1is the union of countably many basic open sets of

the form UE .

Consider a family {Fn : n€w} of closed sets in X, where for each n€w we have

X\an{U n ¢ mw} , E:IEH((AI). Let us define £E€E by E(n,m):E;; for n,nEuw.
€ .
Then E=E, for some >\€L1. Considcr the neighbourhood Uy

claim that for no n€Ew do we have XEFHCUE\J, hence {Fn : €w} 1s indeed not a

of this point A. We

network for X.

Suppose that AEFH, i.e. XEFH, i.e. MuUfU 0’ mEw} . As was remarked in our
€
m
construction this implies Sne {e:’ : HEUJ}QSX with the notation used there, and
then by our construction again we have (>\+n+l)€Ui and (An+1)8U{U 0’ mw},

€
m

O-dimensional and hereditarily
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consequently Fn¢U;. This completes the proof.

Now we turn to our next result.

Theorem 2.

Suppose that M 1is a countable standard model of ZFC, €M 1is a cardinal in ¥
and f : [K]2 - 2 1is Cohen-generic over M, i.e. f=UG, where GCH([ K]2) is
Cohen-generic over M. Then for the space X={«k, Tf) in N=M f] we have R(X)=w

and nw(X)=«k.

Proof.

Let us first show R(X)=w. Assume, on the contrary, that there is, in M f], an

w
e[ x] 1 and a map ¢ : Y - H(x) such that if x,y€y and x#y then XGU(P(X)

v .
ye o(yl’ but either x¢l,l<9(9)’ c;r lfliU

forces all this about Y and ¢

. Let p€u([ K]2) be a condition which
o(x)

, aname for Y and ¢, respectively.

Now, by an easy transfinite induction, we can define in M three sequences
{ 1 E€w)
ug g Wy (EE

EgeH(K) and ngH([K]2) with pgDp such that for each ¢&€uw

Eewl) and (pE : E,EwI) such that oLgEK, ugaﬁan if  £#n,

1

"eu Lig _ ~ .
pgli»— ag Y & cp(ag) Eg

By suitably extending the p! s if necessary, we can assume that for each £€uw

£ 1
we have D(p5)=[ag]2 for some age[ «] <w, moreover that ugeag and D(EE)CEE'
Then by a suitable "thinning out" of our sequences we can achieve that the ag's
form a A-system, i.e. each a€=anE’ where the family ({b_ : Eewl] is disjoint.

We can also assume that EEI‘ a = Ent‘ a and pg[‘[a]2 = pn“[a]2 whenever E,newl.

Note that since the ug's are distinct we must have agebg for all but finitely
many ngI. Thus let &#n be such that O'gEbg and txnebn. Now we define an
extension g of p€Upn as follows: for every \)EbnﬁD(an) we put q([ug,\)])=
=€n(\)) and for uebgﬁD(sg) we put g({u, un] )=EE(u). Note that since Egra=
=enba these equalities will actually hold for all V€D(£E) and uED(en),
respectively. That this is a valid definition follows from the fact that

pg“—_ agEU; , hence if ugED(Eg) we must have Eg(ug)=0, and similarly if
dneD(en) then sn(un)=0 as well. It is clear from all our assumptions that

g~ agEUE & anEUE , hence obviously ¢ forces that ¢ is not a weak separation
n

of ¥, which is a contradiction, as p forces its negation.

Using that R(X)=w and X 1is regular we show nw(X)=¢< hy proving that whenever

F={Fg : £EA} with A < x , is a family of closed subsets of X then F is not a

network in X. Every F_ can be written as

£
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F_=x\vuly -
£ { £ mew}
€
m
with EEIEH(K). Consider the map E : Axw - H(x) defined by E(E, m)=€; . It is
<
well-known (cf e.g. [5]) that there is an AE[K]_A such that we have already
EEM[f’[A]2]=N'. Since H([K]2)=H([A]2)XH([K]2\[A]2), we can use the product

theorem to force with }{[Klz\[Alz) over N'.

First we will show the following statement: whenever (em : EWEN' 1is a sequence

from H(k) and F=x \ U{UE : m€w}, then for every ofk \ 2 the set of condi-
~ ~ ~ m
tions forcing "oér V F¢U§ " is dense in H([K]z\ [A]z).

2 2 . ~ T
Let pEH([k]“N [A]1°). If p has an extension that forces o&F then we are done.

If not then we have p b eF, i.e. pl~ &¢5E for all nfw. But clearly this is
m

only possible if for each nfw there is a v €D(e¢ ) with p({a, v })=1-€ (v ).
m m m m m
Let us note that since p 1is finite, there are only finitely many distinct v
Now take any nEk\A which is not "mentioned" in p, i.e. ndUD(p) (in particular,
n#a), and put g({n, vm})=1-em(vm) for each mfw, furthermore g({a,n})=1.
. 2 o 3 -
Obviously, then pugEH([k]” \ [A]z) and pugl— €M Uz, consequently pknh—FQUS ,

and our statement is proven.

As a consequence of this we see that, in N, if oEk\A then for each E£EX we
have either a¢FE or F5¢UZ, hence as UZ is a Tf—neighbourhood of o the

family F is not a network for Xx. This completes the proof of theorem 2.

Now we turn to a stronger form of Tka¥enko's problem (cf [6], Problem 2). To show
how it connects to the previous one let us recall that the property R(X)=w of a
space X 1is decided by its subspaces of size Wy Thus, in particular we obviously
have R(X)=w provided that nw(Y)=w holds for each YCX with |Y|=w1.
Consequently a natural extension of Tka¥enko's previous question is this: Does

w
there exist a space X such that nw(Y)=w for each Y&[X] 1

but nw(X) > w? In
what follows we show that it is at least consistent with the usual axioms of set
theory that the answer to this question be affirmative within the class of Haus-—
dorff spaces. It is interesting to note that if we replace the net-weight function
nw with the weight w, then the situation changes completely: as we have recently
shown in [3], for an arbitrary topological space X 1if w(Y)=w whenever

<w
¥Ye[x]~ ! then w(X)=w as well (for regular X this was proved in [6]).

Before we formulate our result, however, we shall give a kind of "graph-theoretic"
characterization of the property of having a countable network. For this we recall
that a graph GV, E), where EC[V]2, is said to be w-chromatic iff there is a

map f : V= w such that for each n€w the set f_l({n}) is independent, 1i.e.
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L ) %nE = 0.

For an arbitrary topological space X with the open base B we define a graph
Gex, B)=G as follows: G=V,E), where

V= {B,x) : x€BEB}
and

E= {KB,0, (C,pIElV’ : ¥c or w5}.

Lemma.

For an arbitrary space X with any fixed open base B we have nw(X)=w 1if and

only if the graph G(x,B) is w-chromatic.

Proof.

Suppose first that N= {An : r€w} 1is a network for X. We can define the map
f : V->w in such a way that if (B,©»€V and f£f{B,» )=n, then xeAnCB be

valid. But this f clearly shows that G(x,B) is w-chromatic.

Now we assume that G{x,B} 1is w-chromatic and f : V - w establishes this.

Let us put for each nr€uw
An =N{B : 3x [fKB,x ) =n]}.

We claim that {An : r€w} 1s a network for X. Indeed, let x€BEB. Then (B, €V,
hence f({{B,x J=n 1is defined. Since AnCB is trivial, it remains to show that
x€An, i.e. f({C,9)=n 1implies x€C. But this is immediate from the fact that
{{B,x, (C,p}€E.

Now let us turn to our promised result. As was mentioned above this is a
consistency result, proved under the rather unusual combination of two well-known
set-theoretic hypotheses, namely MA(wI) cf e.g. [5] and Ow (E), where E=
={>\€m2 : of(M)=w} (see e.g. [1]). We do not go into proving #he joint consistency
of these two statements, but mention only that in the '"usual” models of MA(mI)

we also have Ow (E). 1t is interesting though that W. Weiss has recently consi-
2

dered this same combination for a completely different purpose.

Theorem 3.

Suppose MA(w ) and O (E) hold. Then there is a Hausdorff space
X such that nw(X) > w but nw{Y)=£ whenever ¥X, 1Y|=m1.
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Proof.
Let us consider on w, an arbitrary Hausdorff topology Tt that has a countable
base B. We shall define a topology 7t1'Dt on w, and put Xx=( mz,r') . We first

define for each VvEE an w-type subset S\)C\) such that US =V, To do this we

use Om (E) by picking for each VEE a map fv t v-=w so that whenever
2

f:mz-m the set

E, = {VEE : ff‘v:fv}

is stationary in Wye Then for each VEE we pick the w-type cofinal set Sva
in such a way that Svﬂf\:l({n})aéa be valid whenever the set f;l({n}) is cofinal
in v. This is clearly possible. Now, as a basis for T1' we choose all sets of
the form G\U(Sv : Vv€a}, where GE1 and a€l E] <m‘

To show nw(X) > w we will prove that G(X,t') 1is not w=-chromatic. To see
this let us first put Sv=¢ for each v€m2 \ E and consider the subgraph H of
G(x,1') spanned by the vertices {{x\ 5, v o v€m2} . We will actually show that

already H fails to be w-chromatic.

Indeed, ("identifying" (X \ 5, v with v) , let £ : w, - w be arbitrary. Let

us put f_l({n})=Fn, moreover I={n€uw : !Fn|=m2}. There is an aemz such that

U{Fn : €\ I3Ca. Now the set
c = ﬁ{Fr; : €\ a

(where Fr'z denotes the set of all limit points of Fn) is closed and unbounded in
w,s hence there is a vECﬂEf. Since v 2 o, we have f(v)=n€I, consequently
vGFr'I. But fbv=fv implies then that f;l({n}) is cofinal in v, therefore we
must have a uesvﬂFn. In other words, although the vertices (X\Sv’ v and
(X\Su’ 1 have the same "color” under f, they are connected by an edge in H,

since u¢X\Sv, hence f does not yield an w-coloring of H.

Now, to show that the small subspaces of X do have a countable network, consider
any a€m2 and denote by T[; the subspace topology on a induced by t1'. Clearly,
the family

B = ((BU[s, : €a})ra=u(B,a) : BB & o€ a+11 <Y

is a basis for TO‘L, as for v > o the set Svﬁot is finite. Thus it will suffice
to prove that the graph G(a,Ba) is w-chormatic. This will follow if we show
that for every fixed BEB the subgraph of G(a,Ba) spanned by the set of vertices

HE = {u(B,a),w : ae[a+1]<“’ & yEU(B,a)} 1s w=-chromatic.

To this end we first define a partial order {(P,<) as follows:
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P = Rap : alat]<Y, p[al® & pNs(a)=g),

where S(a) = U{Sv : v€a}, and (a,b) <{(a',b” 1iff ada' and bDb'. We claim
that (P, £) has the CCC. Indeed let {(av,bv Y . vEmI}CP, and put for each
va1 szs(av)' (Let us note that the order type tp(F,) < w2.) Then what we have

to show is that there are v,u€w, with v#u such that (aVUau, vabu)GP, i.e.

1
Fvﬁbu=¢=Fuﬁbv. By the A-system lemma we can assume that the bv form a A-system,

whose intersection then is disjoint from each F, consequently we might assume

that the bv are actually disjoint, and all have the same number of elements, say
B(v) (v) (v)
i i

k. Then we write b\J = { i < k}, where B8, < Bj if i < j. Now, using

the ErdSs-Dushnik-Miller theorem (see e.g. [4]) k times, we can also assume that
(v)
1

Let us put then, for veml, f(v)={u€m1 : Fvﬁbu¢¢}. We claim that the order type

for each fixed I < k the sequence (B : vewl) is strictly increasing in wv.

tpl £(v)] < w’  for each v. Indeed we can write f(v)=igk fi(v), where £, (v)=
={U€w1 : BEU)GFV}. Since the map u —~ BEU) is strictly increasing, we see that
tp[fi(v)] < tp(Fv) < w2,3hence obviously tp[ f(v)] < w3. But then for the set
mapping £ : w, = [m1]<w we can apply a result of Erdds and Specker from [ 2]
which assures us an independent set of size @ in particular then also two

u,v that u¢f(v) and v¢f(u), which was to be shown.

Now, since [P[ < w, we can apply MA(wl), or rather its well-known consequence
to obtain that (P,<) 1is o-centered, i.e. P=ngw Pn and for any fixed n 1if
(a,b ), (a',b')EPn then (aUa’' bEL'YEP, Let us define the map g : H_—~ w as

B
follows:

gt U(B,a),u?) = min{n : (a, {u})epn}.

(Since u¢s(a), this is a good definition.) Now, if g({U(B,a), u?’) =

= g{U(B,a'), u" ) , then by the above we have (ava’, {p,u'PEP, i.e. UEU(B,a")
and u'E€U(B,a), showing that the above two vertices of HB are not connected by
an edge. Consequently g establishes an w-coloring of HB. This completes the

proof of theorem 3.

The problem whether a similar result could be proved for regular spaces seems to

be very difficult.
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EQUIVALENCE RELATIONS, PROJECTIVE AND BEYOND

L. Harrington and R. Sami

Projective equivalence relations on IR (= “u) were First
studied by Silver who showed in [ Si}

. 1
If E is a ﬂl
else E admits a non—emﬁsy perfect set of pairwise inequivalent
reals (hence |R/E| = 2 °.)

This was the paradigm for several subsequent results. Let us

equivalence relation on IR then IR/E'is countable or

abbreviate the second alternative in Silver's theorem by : E has

perfectly many classes, on the other hand call E coarse, if it

fails to have this property. The following were proved

E € Li and coarse = | IR/E | < Nl (Burgess, [ Bu )

E € ﬂ% and coarse = I R/E | < g% , assuming PD (Harrington,
unpublished.)

E € Ll and coarse = | IR/E | <A

2
[Ke 2 D)

1 assuming AD(L[IR ]) (Kechris

In § 1, using determinacy hypotheses we generalize these

results to all levels of the projective hierarchy, =this is Theo-
1
2
In Theorem 4 we deal with inductive and co-inductive equivalence

rem 5, where also we prove : E € JI, and coarse = | IR/E | < X
relations. An important tool is Theorem 1 where we prove a special
case of a conjecture of Martin on co-A-Souslin equivalence rela-
tions. In § 2,we study the related question of the size of A/E

where A € IR, E is or inductive, our results generalize

Lén+2
results of J. Stern.

We wish to thank A.S. Kechris who pointed to us a simplifi-
cation of the argument in Theorem 5, allowing us to state if from
PD for all levels of the projective hierarchy. Originally we assu-

med stronger hypotheses beyond the fourth level.

247
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§ 0. Preliminaries

E always denotes an equivalence relation on the Baire Space “u
which we denote IR. IR 1is equipped with the standard topology indu-

ced by the complete metric
d(a,B) =(n +l)—l, where o #8 and n =k (a(k)# 8(k)) .

The class of absolutely inductive sets as defined in [ Mo ?]
will be denoted by IND, whereas HYP denotes the class of absolutely
hyperprojective sets. The inductive and hyperprojective sets will
be denoted by IND and HYP respectively.

We will derive our results from PD : all projective games are
determined, AD(L [IR]) :all games in L{IR] are determined, and AD,
the "demonstrably false" (see [Ma ]) Axiom of Determinacy. Falsehood
is best avoided by relativizing all statements to L[R]. It will
assumed throughout that DC holds in the universe, V, and that DC
holds in L [IR] .

A set of reals A € IR is A-Souslin (A, an ordinal) if it is
the projection of the set of branches of a tree T on w x A (see

[Ke 3] for the definitions). We write
A=zplT]l={e€ R|3IfVn (aln,fln) € T}

The complement of such a set will be called co-A-Souslin. If T is

n n
as above, t € "w, v € ") we set
3

Tt\)Z{(t',\)')GTIt'Qt&\)'Qv,or‘
3
t' €t & v' C v}

o e e k
Similar definitions are made for subsets of IR and trees on
k

WX AL

. . 1 - 1

It is a classical result that gl sets are w-Souslin, gz sets
. . . 1

are Nl Souslin (Shoenfield.). Assum12g PD, £2n+l sets are A2n+l
Souslin where A2n+l is an ordinal < §2n+l; £2n+2 sets are é2n+l_
Souslin. Assuming Det (HYP), sets in IND are g-Souslin where

k = sup {rank (£) | € is a prewellordering of R, £ € ﬂig}
(These results are due to Moschovakis, see [Ke - Mo 1], [Ke 2]

and [ Mo 2 ]).
The following well-known result is very useful (see [ My ]);

it is true for arbitrary Polish spaces.
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Proposition O

If E is a meager subset of IR x IR then E has perfectly many

classes.

Corollary O

If E has the property of Baire and every class of E is meager

then E has perfectly many classes.

Proof : Under the hypotheses E is meager. This follows from the

Kuratowski~Ulam theorem (see [O0x ]).

§ 1 The main theorems

The theorems of Silver and Burgess mentionned in the introduc-
tion render plausible the following conjecture of Martin:

If E is co-h-Souslin (A an ordinal 2 w) and coarse then
|R/E| < 2.

Theorem 1

AD = If E is co-X-Souslin, w < 1 < g, and E is coarse then
|R/E] < 2.

Before giving the proof we shall state a theorem of Harrington

and Kechris which is instrumental here.
Let ¢ be an ordinal, WEC IR, ¢ : WOQEO; a norm, given A & w;,
the standard game GA is defined as usual, whereas the coded game

GA¢ is defined as follows:

Players I and II alternate playing reals

a_, o [+

o 1’
If Vi : o, € W, then : I wins 1iff (w(ai)li < w) € A.

gr o the first player who plays o, € W, loses.

Thus G,” is none other than GA* for some a* c“ .

A

Note that if IR is well-orderable then GA is equivalent to
GA¢ i.e. :+ I (resp. II) wins G, iff I (resp. II) wins GAW.
Theorem 0 : (Harrington-Kechris [Ha -~Ke 2])

(a) AD = If W € ;EP and v is an inductive norm then, for any A C wc,

14
GA N
(b) PD = If W, A are projective and ¢ is a projective norm, then

is determined.

GA¢ is determined.
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The proof we now give traces back to [Ha 2] where a new proof
of Silver's theorem is given; see also [L ] for an elegant write up
and see [ St 3] for an account of Silver's original proof.

More immediately it is patterned after Harrington's proof for the
i
ﬂa case.

Proof of the theorem 1

Let E be co-A-Souslin, w < A € g.
A class T of subsets of the spaces AT rT (n,m 2 0) is called

an auxiliary class for E if

(o) T contains =, # and is closed under combinatorial substitutions
(permutation and identification of variables, addition of "dummy
variables")

(i) T is closed under substitution of constants from X and contains
the graph of a pairing function : A x X = A

(ii) T is closed under A,V

(iii) T is closed under VA , BA , VE
(iv) T is A~parametrized and normed

(v) E €T and in fact, there is a tree T on w X w %X A such that
RQ- E = plT], and for any k, any s,t € km, v € kk, we have

g
P[Ts,t,v] r

Here T denotes the dual class of . As usual A = T N T.
From these conditions one can deduce by standard arguments
(vi) There are I € X in Iy D,B C A x IR in T, ¥ respectively such
that
- If SC€ IR is in A then S = DE for some § € I.
- If £ € I then Dg = D (hence D, € 4)

£ £
(vii) T has the separation property.

Claim 1 : There is an auxiliary class for E.
Proof : Let T witness that E is co-A-Souslin and let M be the smal-
lest admissible set containing IR, A, T. Let T consist of those

subsets of A" x DJIWhich are Zl—definable over M with parameters
from {IR, T, A} U A.

That I posseses (o) through (v) is well-known (see for instance
[Ba 11, as to (v) note that

(a,8) § plT_ 1 =
(a Ds & B 2t= (TS N v(a,e),g) is well-founded)
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T, (a,8) = i e¥ |1 2vortCuv s ifn = length (1)
3 3
then (a P n,BMn,tr) € T}.

Now define
Q =V {SCIR|S € A and S is contained in a single class
of E}.
Case A : Q = 1IR.

In this case, it is easy to see that |[R/E | € A, via the func-

tion H : IR > A defined by

H(o) B least £ € A : £ € I and DE £ @ and DE is contained

in the equivalence class of a.
Case B : U =R - Q # @.

Here we will show that E has perfectly many classes.

We note first the following.
L d
Claim 2 : U € T. Indeed

Q(a) =(3¢)(E €1 & o €D
so that Q € T.

£ & Ve(g € D5 = o E B));

Claim 3 : If A€ T and A is a non-empty subset of U then A meets
more than one class of E. Indeed, suppose A is as described, if
it were the case that A € Z for some Z € IR/E then notice first
that Z € T, for

a € 2« VYg(ge€ar=8Ea),

next, by separation for Y find C € & such that A C C € Z, but then

CCQ=I- U, a clear contradiction.
We now set
t={ACU|A€ET and A # 0}

and consider the game G(E,T), as follows

I II I PN

Ao Al AQ

EO Bl B2 .
Players I and II alternate producing pairs (Ai,Bi) of members of I:
(1) The first player who fails to meet : Ai 2 Ai+l & Bi 2 Bi+l,lose&

(2) If Vi : A, DA, & B, 2 B, then II loses unless for all i
i i+ i i+

1 1’
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the diameters of A are < 1/(i+1) (the diameter is rela-

2i+1° Bois
tive to the standard metric).
(If a player loses by (1) or (2) we shall say : he loses for tri-
vial reasons).
(3) If neither player has lost for trivial reasons then setting
{a} = 0 R, , {8} = 0B,

I wins iff a E B. (The means topological closure).

We will show below that I has no winning strategy in G(E,T).
If II has a winning strategy in G(E,T), then this will give rise
to a perfect set of pairwise inequivalent reals.

Note that I & ?, which is A-parametrized; hence I x I can be
well ordered in type £ < A. Thus the game G(E,T') can literally be
for some X & w;. Now since A <€ g,

viewed as the standard game G

let W € IND and ¢ : W O%F°

X
z be an inductive norm.

Assume now AD, by the theorem of Harrington and Kechris men-
tionned above, GX¢ is determined. At this point we should switch
to this game, but to avoid a notational mess we keep to G(E,l'), do
as if it were determined and ask the reader to make the translation
(Gne can also invoke a familiar forcing argument whereby, there is
a generic extension of V, with no new reals, and where IR can be
well ordered. In this extension wa is still determined hence
G(E,T) is determined, the conclusion to be derived from this fact

easily relativizes to V).

Claim 4 : I has no winning strategy in G(E,T).
Proof : We plan to describe two runs of G(E,[') in which player I
follows a given strategy o and things are so arranged that
- player 11 does not lose for trivial reasons
- two pairs of reals are thus produced (as per (3)) say, (o,B8)
and (&,B) and ¢ = &, B 7 g-
The contradiction now arises from player I's having followed
6 : aE B and & E B, hence B E B.
The two runs of the game are described in Diagram 1, subject
to the following conventions

¢

- an arrow X =+ Y indicates X
- X - 1/2 - Y indicates that is obtained in some standard way

C X and Diam(Y) € 1/2 Diam(X).

< =

from X so as to have : @ #
We will write Y = 1/2 X.

- X -7

1> Y indicates that

Yy = ﬂl(X) = 1St projection of X.

Similarly for wj;.
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Diagram 1

Our description is in stages, the accent indicates moves on
nd
the 2 board.

Stage [0 ] :

~ Player I, using o produces (AO,BO), player E similarly produces
(Ao’Bo)' These pairs are identical.

- Set So = (Bo % BO) 0 ( RQ- E). Note here that by claim 3, Eo
meets more than one class, hence So £ 0 in fact : nl(So) :ﬂQ(So) =B,

Inductively now, suppose that at the end of Stage [k ] we have

described
Qk’BQk)’ (AQk’BQE)
- A set Sk € IR", sequences sk’ tk € tu, Vk s X

- The moves up to (A

such the following held ;

(ak) II and II have played so as not to lose for trivial reasons.

c .
(bk) A2k A2k
plT

(Ck) v Sk sk,tk,vk] R
(dk) ﬂl(sk) c Bys wQ(Sk) = sz.
Stage [k+11] :

[a]

Find n,m, £ such that
df
g = s, N plT 1 £ ¢
ktl K St T ke 1 VK41

where S TSy n) s tepr Tty (m),

V41 TV
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:1/21‘%

- 1]
Let II play Ajpyy 2k Boxer T T1(Skse1)-
- Let 1 reply (A2k+2’82k+2) by o.
Set
" = n ]
Sk+l £B2k+2 < R) ?k
- . = n .
Let II play : Apy .y = Ay ns By = To(S04)
- Let I reply (A2k+2’52k+2)’ by o.
Set
= B N "
Sipr T (R Byyyp) O Spyy
It is straight forward to check that (ak+l) through (dk+l) now
hold. We use of course the properties (0), (i), (ii), (v) of T to

verify (ak+l)'

One thus gets‘{(éi’Bi)}’ {(Ai,Bi)} setting o = ? A, 8 =20 Ei
and similarly for a, B one sees
a = a, because Yk : A2k =2 A2k' .
B ﬂ B, because Yk : B[ k = s, B k = t_ and (a,B,f) € [Tlwhere

k k
£ = U Ve

To finish the proof of Theorem 1, it suffices now to show

ey

Claim 5 : Suppose I has a winning strategy t, in G(E,T) then E has
perfectly many classes.

Proof : Let H = [(s,t)] s,t € "y & s <t (lex.)}

let h. : H = k_ be a bijection and set : H = Y H , h=VUh_.

n n n n n n n
Denote by |s| the length of s. We are going to define a family
(A* | s € ¥2,

s
(a) s g t = A
(b) i < § = A; D ad, for all j < k
s

N

i<k s ) of members of I such that

V]

6]

15 .3 .

s At’ for all relevant i,j.

lsl”

(c) whenever |s| = [t] B n, say, and s < t (lex.) then letting
m = least k : (s(k) # t(k))

and setting s, = s (med), ts = t M (m+3)

i, = h(g,,ts)
3 i3 1.
P. = (A 3,470) for 0 < j € n-m
] 557 t5 ’
we have
2 3 -
T(Pl, ey Pj_l) 2 Pj , for 1 < j < n-m.
We proceed by induction on |s]|.
- . o _
kO = 0, define A¢ = U.

Having defined A; for |s| < n, i < klsl, define Ai for u € "2 by

induction on i as follows.

Set firsﬁ (sl,tl) = h(i) for 1 <k
o _ n-1

- Au - Auhn—l

- Given i+l < kn 5

n*
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® If u is one of sl,tl then Ai+l is given by

i+1 i+l _ i 1
s AT =Py, s e s (AT, ATL))

s t s t

where m and Pl’ ey Pn—m—l are defined as in (c) above with s,t
replaced by sl, t*

e If u # Sl, tl set

(A

A1+l .
u u
It is now straightforward to verify (a), (b}, (c).

Define now, for f € Yo

H i n ©
F(L) the unique member of n Afrn

(This will make sense in a moment).

If £f,g € Y2 are distinct, say £ < g (lex.) then, if one defi-
nes P, P2, ... as in (c) above with f,g replacing t,s it is appa-
rent that these can be viewed as I's moves in a run of G(E,T),
where II follows T and I does not lose for trivial reasons. Fur-
ther, the reals F(f), F(g) will be the end products of this run of
the game, hence F(f) £ F(g).

F is continuous, clearly, and thus F(Y2) is a perfect set of

pairwise inequivalent reals. —

We postpone for a moment deriving conclusions from Theorem 1,
to prove a coding theorem which generalizes, for the projective
classes, results of [Mo 1] .

Civen E, a set A€ IR is called E-invariant (or just, inva-
riant) if : « € A & a«a E B = B € A,
similarly, if A C r". A function f is called invariant, if its
domain is invariant and f(a) depends only on o/E.

A set A & IR is called E-thin if it does not have a perfect
subset consisting of pairwise inequivalent elements.

We introduce the notation : If I' is a class, A & r"

B(T,A) denotes the closure of ' U {A} under finite boolean combina-
tions and continuous pre-images.

If A = P, we just write B(I) for B(T,A).

Theorem 2

1 1
Let T be one of the classes H2n+l’ on+2°

Suppose E € [ and let A C IR be E-thin and invariant then

IND.

Det -B(L,A) = A €E [
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Proof : A game G is played

I 1I
n k
o] o]
R kg
a <B,v >

Il wins iff : a« € A = y € a(B).

Clearly if II has a winning strategy t then A € T(t), for then
o € A= (1® |« ])l € A((T @ [a])o).

Claim : I has nc winning strategy in G.
Suppose towards a contradicticn, o were such an object. Without

loss of generality assume E € T and define
F(Y)ZO*[<0,Y>]

Note that {y |F(y) € A} is countable for, otherwise a real Y, can
be found with : Y, & 4(o) and F(Yo) & A and II playing to produce
<Oy, would defeat I playing according to o.

Define : a E 8 «= F(a) E F(B). E € T(g), clearly. E is coarse
because 1f there is P, a perfect set of pairwise E—inequivalent
reals, then by the previous observation we can find such a P with
F(P) € A, F being continuous this easily contradicts that A is
E-thin.

Thus, by Corollary 0, E has non-meager classes, let
z = {y | Y/E is non-meager}

then
(i) 2 € T(o), this follows from the results in [Ke 1]
(for T = IND, a direct computation is easy).

(ii) vy € Z = F(y) € A, indeed A being E-invariant F_l(A) is E-inva-
riant and hence from the argument above F(y) € A = Y/E is
countable, hence meager.

Clearly Z is non-meager, hence it contains a real Yo in 4(o)

(see [Ke 1] for I = H;n+l’ the other cases are just the ordinary

basis theorems for T).

Again II playing to produce < CIF U defeats I playing according

to g-a contradiction. —

This argument was inspired from [Ha - Ke 1]. We will apply
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Theorem 2 in § 2, meanwhile the following is useful to notice

Corollary 3

Suppose E 1s coarse and T is as above,
(a) If EE€ T and A € ®" is E-invariant then : Det -B(L,A) = A € A,

(b) Det -B(IND) = If E € IND then E € HYP.
I~ PN

. . 1 i . . 1
>
(c) PD If ? is in E2n+l [resp. £2n+2] then E is in A2n+l
[resp. 4, ., ]

Proof : (b) and (c¢) follow from (a) by taking there A = E.
To prove (a), take n =2 for simplicity, define

(a,a') E? (B,B') == o E B & a' E B'

Claim : E2 is coarse.

If not let H : %2 - Hg be continucus and such that
2

¢ # B = H(a) Z° H(BR). PDefine, for a,R € @y

@ E, 8= nl(H(a)) E ﬂl(H(B)%

Since E is coarse, El is coarse hence by Corollary O, El has a
non-meager class, whence a perfect P C “2 can be found (a subset

of this class) such that
a,p € P = 7, (H(a)) E 7 (H(B)).

We now repeat this argument with P, HMNP, 7. replacing w?, H, w

2
to get a perfect P' C P such that

a8 € P12 (H(a)) B om (H(B)).

2 . .
Hence a,8 € P' = H(a) E° H(B) - a contradiction.
2 ., 2 . . s s
Now A € IR" is E"-thin, hence by the previocus theorem A € T; simi-
2
larly, IR -A€TT. —

. . . 2 .
We will mainly use (a) above with A & IR", a prewellordering
of IR, inducing E.

We are now in a position to prove

Theorem 4

Assume Det(L[ R D.
(a) If E € LIND is coarse, then | R/E| < k and E is induced by
a HYP prewellordering of IR.
N

(b) If E € co-IND is coarse, then |IR/E| < k.
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Proof : Work in LIIR ], AD is thus available.

(b) is an immediate consequence of Theorem 1 (recall that co-IND
sets are co-x-Souslin).

(a) follows from (b), indeed a coarse E in ;ﬁp will be in fact in
HYP by Corollary 3.b.. Using (b) E is induced by a prewellordering
< of B invoking now Corollary 3.a. we get X € HYP (being an
E-invariant subset of R2) and hence the length of € is < k. —4

The determinacy hypothesis is a bit extravagant here, for ins-

tance an examination of the proofs (including that of Theorem 0)

would show that Det-B(IND) suffices for (a) above. This is not very
satisfactory. In the next theorem we consider projective equiva-

lence relations and though the conclusions are easy consequences of
our previous results, some work is needed to weaken the hypothesis

to PD.

Theorem 5

Assume PD : Let E be a coarse equivalence relation,
1 1 1 1
is ] Sp. & < . <
(a) If E is S [ resp ~2H+2]then l R/E | £2n+l [ resp £2n+1]
and E is 1nduied by a A2n+l [resp. A2n+2] prewellordering of IR.
N <
(b) If E is I, .. then | R/E | ot
Proof : Assume AD, momentarily
Il |
If E € [ then E is co-g§. -Souslin and thus we get from Thm 1
~2n+?2 ~2n+l
that E being coarse is induced by a prewellordering of IRof
1 . . .
length < QQ to0 this with Corollary 3.a yields
oty
1 1
' £ € iz coar < is 1
(b') If E 15 .5 yarse then |IR/E | é2n+1 and E is induced by

a projective prowellordering of IR.

Reverting to PD one can derive (a) from (b')

Suppose E € ﬂ§n+l and is coarse then from (b') E is induced by

a projective prewellordering of IR, by Corollary 3.a this prewel-

L . . 1 1
lorcerlnglls in fact A2n+l hence has length < é2n+l hence,
IR/E| <85 .
L‘1’1‘1'1. 1
If = & 22n+2 and is ccarse then by Corollary 3.b E € é2“+21
again we quo'e (b') above and Corollary 3.b to get |R/E| € éhﬁ?
. . 1 .
and E 1s induced by a é7n+2 prewellordering of IR.
It remaine to prove (b') from PD. Which we assume from here
o0 .
For notational simplicity suppcse L[ € Hl d t 6 = 61
) alibe] ion simplicity suppcse aptp and se = 851t
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E is co-6§-Souslin.
We follow very closely the proof ot Theorem 1, the only diffe-

rence being the construction of a "better" auxiliary class for E.

. 1 Onto 1

Fix W a complete H2n+1 set, ¢ : W ; § i}H2“+l norm.

Let A be a point class. Given S C § x IR, set code(S,y)

= {(ul, S Uy, O, vy am) |ui € W & &j € IR and
tplug), «vvs w(uk), @is s am) € S}.
S is called A in the codes (relative to ¢) if code(S.¢) € A.

1 . . . .

Set : T' = {s |s is 0,43 Ln the codes}t fiirally I' is defined
to consist of those subsets S € Gk x TR" such that for some
uc 6k+l N IRm

, Some Eo < & one has
S(E,a) = U(E_,E,a).

Claim : T is an auxiliary claim.
Proof : (Sketch)

The main technical result of [Ha - Ke 1] can be stated as
follows
(*) If 3 € § x IR 1is projective in the codes and VE <5 Ju S(E,a)
then there 1s a Aén+l partial function T, such that
- Dem F 2 W
-VuEe W os@e(uw),Flu))

From this It is not too difficult to show
(**%) If vV € Hl and ¢ : V> 8 is a H} norm then

2n+1 2n+1l

{(u,v) |u E W& v EV Ze(u) = P(v)) is Aén+2'

We now go through (0) to (v) of the definition: (o), (i) and
(ii) are trivial except for the pairing function : one takes
p : 8 x & > 68 a bijection & la G&del and uses (**) to verify that

graph p is A in the codes.

1
2n+?2

P RrR .
(iii) Closure of I'' (hence, of T') under VA, 4 is obvious.
. . v A . .
It suffices now to verify closurc of T' under v©. This is essen-
tially in [Ha - Ke 1] where it is shown
outo 1 . . 1 .

H . T C fad i

Let ¢ : S "> 7 n be a A2n+1 norm, if U C n x IR ; ZEn+J ir
the codes, relative to ¢, then ( Y& < 7) s (£,.) is Zvn+7 (For a

proof see Theorem 37 cof [be I).

v
The same proof, mutatis mutandis, yields closure of T'' under

A
Vo
(lv) We follow [Ke 4] . We are going tv show that T' is w-parame-
trized and normed. This will suffice. Let U" € w x IR x IR be
w-universal for H% subsets of IR x IR, s=at

Znt s

U{n,u,a) = U € W & VYviv €W § ¢(v) =¢lu) = U'tn,v,a)).
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A theorem of Solovay states that : If a Hén+3 set is invariant
for a Zl equivalence relatiocn on IR then it admits a Hl norm,
2n+3 2n+3
invariant for this relation (see [Ke 4 ], Theorem 2.1). This yields

1 .o@r LR
a H2n+3 norm : €' : U § such that
U'(n,u,a) & ¢(u) = ¢(v) = @' (n,u,a) = 8'(n,v,a).
U',8' give rise to U S w x A x R, & : U~ 6, an w-universal I

set and a ['-norm respectively.

(v) For notational simplicity we show that, given A CIR in H;r+2

. k
there is a tree T on w % & =such that whenever t € km, v € §
t : T €.
hen pl t,v] r . .
N ~ > 01 B € 1
Say Ala) 3R B(a,8) with B ne1 ter {w“} be a M, 4, scale
on B, let T' be the tree asscciated to {wn} (see [Ke - Mo 1]).

befine T a tree on w X § by
T @ {((no,...,nk),(p(mo,io),..-,p(mk,ik)))\(;,_,g) e T')

Set Qla,u) = Vil (u) € ¥ 2 (aPMi(elu) ), ope(u); 1)) €T

One can now verify using (*%) that Q € A

2n+3’
Now if v @ (50, e, Ek-l) then
€ 2 g
a p[Tt,v ] = a2t 3
(Juyala,u)y & (u) = &, «.v(u) =6 )
Thus p | Tt,v] is in A.

Referring again to the proof of Theorem 1, it is stralghtforward
to check that if Case A holds, the function H defined there

H: IR—»d&, 1is projective in the codes, hence E is induced by a
projective prewellordering of IR. If Case B holds then we are in
presence of the game G(E,T) a&s in our di=zcussion there this can be
viewed as the standard game G, for some X & Ys. Again it 1is
straightforward {(but rather tedious) to verify that 1if this is done

in the obvious way then the set

Y(uy = fys . (u); € W and <v((u)Ji<w > €xX

is projective.
We can now invoke (b) of Theorem U to see that PD is enough

to ascertain the determinacy of the coded game Gi. —

Corollary €

e the Axiom of Choice and PD, let E be coarse
E < W
R/E | 5
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= | ®E | <K,

Proof : By a theorem of Martin (see [Ke 3] ), under the hypotheses,

§ 2. Sundry questions

Let A & R, by definition A/E is {a/E | o € A}. In [St 11,
J. Stern proves the following : PD = If E € Qi and A is a projec-
tive E-thin set then |A/E| < Nl. We generalize and strengthen

this, here.

Theorem 7

1 . . .
Assume PD. Let E € L2n+2 and suppose A 1s projective and
1
-thi < .
E-thin then [A/E] [ S
Proof : Consider first the case where A is invariant then by

1
€ B
Theorem 2, A £2n+2

. . . . 2 .
the proof of Corollary 3.a is that : A i1s E-thin = A x A is E'-thin.

Further more what 1s shown in effect in

Hence (A x A) N ( Rz-E) is E2-thin, so again by Theorem 1, this

set 1s in Zl
~on+2’

If we now define
o E AB = o & A & B & A or a E B

A, . . .
then clearly E is coarse and the previous considerations show

A 1 A 1
€ : < .
E E2n+2’ hence by iheorem 4 ¢ |mrR/ET é%ﬁl
But |A/E| + 1 = |R/E"|, hence the conclusion.

If now A is not E-invariant consider
A = df {a [ JR € A : a £ B}.

An easy argument using uniformization shows that A 1s E-thin.

Ty 1
Thus |A/E| = |a/E|] < 85 —

Assuming AD, A could be taken to be an arbitrary invariant

subset of IR. & similar result can be formulated for E € ;ﬁP:

Theorem 8

AD = If E € IND and A € IR is E-invariant, then |A/E| < «.
~ ~

Theorem 7 can in fact be derived from the following
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Thecrem 9

(a) Assume PD. If E is a coarse projective equivalence relation
1 1
i <
and every class of E is £2n+2 then \R/E\ \é2n+l'
(b) Assume AD(L[IR]). If E is a coarse inductive or coinductive

- 1 1

1 i < .

equivalence relation with £2n+2 classes then ]HVEI §2n+l
Proof : (b) Work in L[ IR ] A thecrem of Kechris in [ Xe 2] can be

stated as : AD = If (Ag | € < n) is a 1-1 sequence of pairwise ’

s s 1 1
disjoint I sets then 7 < §

<2n+2 ~2n+2°
IR/E 1is well-orderable (by Theorem 4), hence the conclusion.

Now if E is as given then

We shall not prove (a) here, we just mention that Kechris'theorem
<n)

el

which are "projective Iin the codes". This uses the techniques of

[Ke 51.

can be proved, assuming only PD, for those sequences (A

Tc conclude we 1list a few open questions and conjectures.

(1) Conjecture (Martin) : If E is co-A-Souslin and coarse then
IR/E} €32 (0 <)

(2) Conjecture (Sclovay) : AD = If E is coarse then IRR/E 1is well-
orderable.

(3) What are the minimal determinacy hypotheses needed say, for
Theorem 5. One should be able to derive the results for

1 1

1 1
Lone1s Eonsn (and perhaps E2n+2) from Det (AQn)' Note that

Ineo is different; from the results of [Ha 1] one can quote
1

relative consistency results to the effect that a I, equiva-
lence relation "can" have any number of classes < 2§°
(4) Generalize the following result of Stern [St 2]
Yo : Nila ]< Nl = If E € A; and all the classes of E (except
possibly a countable number) are Borel of bounded rank then

|R/E| <R
[e]
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1. INTKODUCTION
1.1. This paper may be regarded as a sequel to [T3] and [D,T], which explains
the title.

The conceptual basis of choice sequences has been discussed at length in earl-
ier publications, to which we refer the reader for detailed information (see e.g.
{T4], especially appendices B and C). We are indebted to D. van Dalen and

G. Kreisel for criticism of earlier drafts.

1.2. We recall motivation and results of [D,T] and [T2]. The simplest concept of
choice sequence is that of a lawless sequence; analysis of this concept leads to a
convineing axiomatization (LS in [T4], Chapters 2 and 3; originally due to Kreisel)
which via an elimination theorem completely characterizes the properties of law-
less sequences LS relative to (the properties of) lawlike objects and relative to
a suitable language. Lawless sequences however exhibit two peculiarities which
might be regarded as limitations (though in certain contexts they are an asset!):
(a) LS is not closed under any non-trivial continuous operation such as e.g.
@ - Ax. 2aX;
(b) no element of LS satisfies any non-trivial overall-restriction on its values,
not even if the restriction does not contain choice parameters. For example,
no lawless sequence satisfies Ra = IxVy>x3z(ay = 22z), and a fortiori the law-

like sequences are not even extensionally contained in LS, i.e. YaVYa{a # a).

265
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In order to discover universes of sequences not subject to such limitations, we

may either

(1) consider more general primitiie concepts of choice sequence, or

(2) construct universes with the desired properties from lawless sequences and law-

like objects. (Examples: the universes U, U, in Chapter 4 of [T4]).

B
Here and in the sequel the term "universe' refers, rather loosely, either to a
collection of sequences which corresponds to some specific (informally described)
concept, or to a collection of sequences which can serve as 'choice sequences' in
some interpretation of a formal theory of choice sequences (such as CS or EE), i.e.
the objects that the choice variables range over. Thus e.g. we may speak about a
E§7universe for a collection of choice sequences satisfying the axioms of Cs.

Since continuity is, historically as well as conceptually, a key notion in the
theory and practice of choice sequences, we will be primarily interested in uni-
verses satisfying certain continuity schemata.

Possibility (}) mentioned above has been investigated for example in [T1],[T2]
(cf. also [T4], Appendix B), and mainly concerns fairly straightforward general-
izations of LS where a choice sequence is viewed as a process of choosing at each
stage a value and a (lawlike) restriction on future choices of values (lawlike
means that the restrictions do not contain choice parameters); the restrictions
are taken from a fixed collection R.

Universes of this type do permit non-trivial overall restrictions, but are still
subject to limitation (a), and might therefore rightly be termed /n Zuoidual 'ri- .-
("anti-social"™ in [D,T]).

If the collection R of restrictions of an individualistic universe A is enumer-
able, then it seems natural to attempt to imitate elements of A by picking numer-
ical values and restrictions in a lawless way. To be precise, if o 1s a lawless
sequence, we use the value ux to code both a numerical value and a restriction
from R, such that if ax codes an admissible sequence g of values and restrictions
(1.e. a possible initial segment for a sequence from A), then
A) for each y ux % § codes an admissible continuation ¢ * <<x,R>> of g, and
B) each admissible continuation of o is coded by ax * § for some y.

Let T be the mapping assigning to each « ¢ LS the sequence of va/ues coded by
a; T is called the projection mapping, and A' = {la : u ¢ LS} the set of project-—
ions imitating A. The study of such projections constitutes the subject of [D,T]
and [T3]).

Note that thus approach (1) leads to the study of a very special case of app-
roach (2). To extend the imitation by projections to cases where R cannot be in-
dexed by N, one needs to consider lawless sequences with values in other domains

(e.g. lawlike sequences).
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As noted in [D,T], the universe of projections A' will as a rule be a satis-
factory imitation of A only if we restrict ourselves to a suitable language (e.g.
the language of LS, with A' as the interpretation of the lawless variables). The
need for such a restriction stems from the fact that a single initial segment of
an A-sequence, (consisting of pairs of values and restrictions) may be coded by
distinct initial segments of lawless sequences, thereby introducing inessential
“intensional information". Because of the relevance of this phenomenon for the
rest of this paper, we recall a very simple illustration: as a projection model
imitating lawless O-1 sequences (variables e,n), we may take

A ={ro toelS} with v = Aarx.sg(ax).
We have Ve3x3a(edla A a0=x) in A', but x cannot be found continuously ine. On
the other hand, for the primitive concept of lawless 0-1 sequences Ve3dx-continuity
is always valid. However, relative to the language of LE%‘ (the theory of lawless

0-1 sequences) A' satisfies all axioms of ngl (cf. [T4], 2.18, 3.23; [T3)).

1.3. Individualistic universes are still more or less direct generalizations of
LS, but social (= non-individualistic) universes which are not subject to limit-
ation (a), present new problems. An example of such a concept, intended as a model
for the choice sequences of CS of [K,T] is sketched in appendix C of [T4] (and
before in [T)1], [T2] ).

We cannot a priori expect to find a perspicuous axiomatization together with a
convincing conceptual motivation for the axioms, as in the case of LS.

This presents us with a strong pragmatic argument for using the technique of
projections of LS. The properties of the projections are derivable from LS, and
inasmuch the projections truly imitate the primitive concept studied, we can use

them to back up our analysis of the primitive concept.

Note that establishing the correctness of the imitation can be delicate or diff-
icult. Either one has a strong conceptual insight into the notion under consider-
ation, in which case it also becomes possible to judge the success of the imitat-
ion, or one has a number of plausible key properties (axioms) which the imitation
has to satisfy. In this case one may hope that the study of projections enables us
to improve on the conceptual analysis of the concept to be imitated.

The project of imitating primitive notions of sequence by means of projections
of LS, and thus in a sense reducing these primitive notions to lawless sequences
may be compared to a similar reduction in set-theoretic foundations, where it is
shown that the structures of actual mathematics (which do not a priori present
themselves as set—theoretic structures) can be isomorphically represented by means
of sets. The analogy is not complete: the set-theoretic representation is regarded
as fully isomorphic (of course w.r.t. extensional properties only) to the original
structure, without restriction to properties expressible in a particular language,

though obviously limited to extensional properties. Restrictions to a particular



268 G.F. VAN DER HOEVEN and A.S. TROELSTRA

language play a role in set-theoretic descriptions of e.g. hyperarithmetic sets,

. 1
where one considers e.g. A

]—comprehension.

1.4. We now turn to the task of actually representing social notions of choice
sequence by means of projections of LS. Let us first describe the concept studied
in this paper, which may be regarded as a typical example.

*
Let {Fn : neN} be a countable set of "local" continuous mappings in the form
*
(Fnc)(x) = Fn(ex,x)

*
(Fn a lawlike two-place function determining Fn).
*
Relative to {Fn : neN} we now describe the universe of choice sequences U as foll-
ows. An arbitrary element ¢ of U is generated in stages: at stage O, we know that

*
e = Fn €g 3 we choose values EOO R EO],... at stage 1,2,... ; at a certain stage
0

x]+1 we may decide to make €0 dependent on another sequence £, by choosing further

values of £g according to

gglx +y) = Fnl(sl(x]*‘y),xl*)’) ,
i.e. for stages x]+y+1 > x]+1 g behaves like FE €

1
has not yet been made dependent on another sequence, but at a later stage X,+1 >

3 at stage x]+l > € itself

x]+l €

etc.

*
may in turn be made to behave like Fn €y for all stages Xy 2 x,+1, ete.

! 2

If we now attempt to generalize the method of projections from the individual-
istic to the social case we meet with an obstacle: in order to imitate the generat-
ion of an £ € U, described above, by a projection of a lawless sequence &, & must
not only tell us what values to choose for EOO,aol,.--,but n must also inform us
P and when £ in turn is made
dependent on YRR etc. Since a should contain all the information on €, o must

when further choices are to be made dependent on ¢

necessarily also contain all informaticn on LTI TR

In fact, any two sequences g,n of U at some stage may become dependent, either
conmn, or non e, or both € and n on a third sequence t', and thus a lawless a
used in the projection should code information about all possible projected
sequences, i.e. a single @ should be capable of generating the whole projected
universe.

The solution of the difficulty is suggested by the observation that it is pos-
sible to construct a countable EE;universe from a single lawless sequence a; this
universe is {n*(a)n : neN}, where for (o) we may take dy.aj(n,y) or Ay.(oy)
(cf. [T4], 3.19~22). In this universe it is possible to refer to individual
sequences "by name" : the index n serves as the name of n*(a)n.

This suggests that we look for projections L such that for any single lawless

a the universe Ua = {wna : neN} imitates the social universe ( sketched above.
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1.5. Principal results.

For the universe (| described in the preceding subsection it is indeed possible
to construct such projection models UQ, which can be described in a very "pictor-
ial" way (see section 2) and which can be shown to be adequate in the following
sense:

(1) it is intuitively evident that the Ua really imitate U;

(ii) relative to statements in the language L of LS, Ua can be shown (in $§)
to satisfy a set of axioms which permits elimination of variables ranging over Ua.

More precisely, let e,e',n be used for choice variahles of L, and let a,8
be distinct variables (mot in L) ranging over LS. Let A be any sentence of L, and
A% its interpretation in ua (i.e. the choice variables of L are interpreted as
ranging over Ua). The set of axioms determines a theory T over L, for which an
elimination mapping o may be defined similar to the elimination mappings for LS
and CS (cf.[T4], 3.13, page 40 and 5.3, page 78) such that

T+ o(A) o A.
Then also LS + 6(4) e A% (because T was valid for Ua) and therefore by the
elimination theorem for Ls : 1221 — 0(A) o T(VQAQ) (1 the elimination mapping for
Lg), hence T~ A = 2221  o(A). (This method of proof is at least as simple as
a direct proof of the elimination theorem for T would have been.) Thus, relative
to L, the properties of Ua are fully characterized relative to the properties of
lawlike objects.

There is one schema shown to be valid for Ua which is not immediately obvious

for U, an analogue of vVa3B-continuity for CS:

n vednA(e,n) -  JeeKveA(e,F (£))

*
e()
If we think of a universe closed under some set of continuous operations

(?i : 1eI} the analogue would become

(2) vedanA(e,n) - 3eeK3£eN+1V€A(E,FE(e(E))(E))
If {Fi : ieI} contains ¢/7 inductively defined continuous functionals, the schema
(2) is easily seen to be equivalent to ValdB-continuity.

The proof of the validity of (1) lends support to the remark in [T4] (A6, page
137) on the inconclusiveness of Myhill's counterexample to Vo3B-continuity : the
counterexample tacitly assumed the universe of choice sequences to be closed under
certain highly non—~extensional operations (introduced by the actions of the "crea-
tive subject"), whereas our result seems to point to the conclusion that all con-
ditions of closure under certain continuous operations really have to be built a
priori into the construction of the universe. Furthermore we observe

(1i1i) The collection of models {Ua : @ € LS} can be made into a sheaf model over
Baire space (see 8.7).

(iv) It looks as if the proofs given in this paper do not readily generalize to

more complex cases without losing their intuitive appeal, because of the increasing
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technical complexities. However, the intuitive directness of the present approach
and the paradigmatic value of U make an independent treatment of this special case
appear worthwhile. (The first author is at present working on an alternative treat-
ment which i1s less direct but promises much wider applicability.)

(v) Our proofs do not essentially depend on bar-induction for LS; the extension
principle ( [T4], 2.11, page 20) is enough. (The extension principle states that
each continuous operation defined on LS is also defined on all sequences.)

u, is described in the next section; in 2.8 , the reader will find an outline

of the rest of the paper.

2. DESCRIPTION OF THE MODEL

2.1. The models qx = fﬁn a: neN} to be described below are obtained by applying
lawlike projections m otoa single lawless sequence ¢. As a matter of convenience
however, we shall use three parameters o,B,y instead; we may think of o,R,y either
as distinct lawless sequences or as three independent sequences extracted from a
single lawless sequence § (e.g. according to & = V3(“737Y) = Xx.va(ux,ﬁx,yx), vq
coding N3 onto N) ; relative to the language considered this yields equivalent
theories. Thus we write Uu (= Ué) for the universe of projections to be con-

YBYY
structed from «,B,y.

2.2. In the construction of uu,B,Y , & serves as a source of numerical values,

B governs the introduction of relations of dependence between different elements of
the universe, and y regulates the application of continuous mappings from a set
{F: : neN}.

Below we shall first introduce the "carriers”, and describe in pictorial terms
their behaviour. The carriers themselves behave like a model of the "free sequences"
([T4], €6, p.158), except thar we have to guarantee that all initial segments can
occur; this may be donme as follows : if {on : neN} is the set of carriers (defined
from u,B,Y) below, we takeas our imitation (by projection) of the free sequences

the collection {Andm : n,m ¢ N} , where A is the operation given by

(n)X if 1th(n) > x
(A e)YMx) = { .
n ex otherwise
We abbreviate
def AnE
Free sequences are such that individually they behave like lawless sequences; how-—

n‘t

ever, they can have a non-trivial relationship to each other, namely coinciding
from a certain point onwards. Thus we think of a free sequence € as a process of
generating values 0, €1, €2,... while at any stage (x+1) we may decide to let

£(x+y) coincide with n(x+y) for all y, n another free sequence, and so on.
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Later, by introducing "dressed carriers' constructed from the carriers, we

guarantee closure under the operations of {F; : neN}.

2.3. Carriers,
"val” is a function which serves to extract many values from a single number, e.g.
we may take

val(x,y) = (3)
("value of y at x"). Any sequence £ gives rise to an infinite sequence of sequen-
ces via "val" :

(‘5)x = Ay-(&y)x = Ay.val(x,&y).
We call the sequences (a)n , N € N basis sequences. Below we shall introduce a

function r ; relative to this function we define

o = rx.val(r(n,8(x*+1)),ax) , n ¢ N ;
the sequences o, are called the carriers; o is the nth carrier, carrier n or

carrier with index n.

2.4, Root, root—function, bundle. Let p be a pairing function from N2 onto N—{0},

with inverses PP (e.g. p(x,y) = 2%(2y+i)). The action of the root-function r
may now be described as follows

r(n,0) = n

(0, m<x>) = {r(p2x,m) if x# 0 A r(plx,m)=r(n,m)

r(n,m) otherwise.
Intuitively r(n,Bx) = m expresses that at stage x and at all later stages the val-
ues of o are going to be identified with the values of 0, Let us try to develop
an intuitive picture of the behaviour of the carriers first.
(a) At any stage x+1, the value of o, at x coincides with the value of a certain

basis sequence, namely the basis sequence (a)

N r(n,8(x+1))

The carrier with index r(n,g8x) is called the root of carrier n at stage x; the
carriers with the same root at stage x form an x-bundle.
Note:

(b) If Bx # 0, then at stage x+1 the x-bundle containing ¢ will be joined

p,Bx
to the x-bundle containing op Bx’ the root of the resulting (x+1)-bundle is the
2

root of ¢ at stage x.
P,y8x

(c) With each passage of a stage to the next, the set of indices of roots can
only diminish . With each passage, at most one bundle gets assigned to the root of
another bundle.

As a result, it is now easy to develop some pictorial dntuition as to how a typ-
ical identification pattern over a number of stages proceeds. Take e.g. a B start—

ing with



272 G.F. VAN DER HOEVEN and A.S. TROELSTRA

B8 = <p(0,1),0,p(2,1),p(1,2),p(2,2),p(3,4),p(4,3),p(3,5)> .

We can now make a picture (fig. 1) in which the vertical lines correspond to basis
sequences; horizontal lines represent stages; basis sequences, where not coincid-

ing with a carrier are indicated by interrupted vertical lines.

= STAGE
CARRIER INDEX ° s 2 3 q s ¢ ¢
o=
i
i fig.1
po, = po E 11—
’.
!
o =p1 : 4 2 —
| 3
p(2,1)= g2 : ' 5
i i
] 1
i s
P = p3 i ! q —
| |
! :
pP2,2)= py : : 5 —
i ] : A
i , '
| i '
PBUY- ps 5 : 5 6 —
[ ] 1
e o
; i i
P(4,3)= p6 ; : ; , 7 —
: I i ;
! P |
p,5) = 7 : : : ; e

The carriers coincide over parts of their length with basis sequences, but may
jump from one basis sequence to another. No carrier ever jumps back to a former

basis, nor does it jump to a basis deserted before by another carrier; the carriers

once in the same bundle stay together.
In our picture, at stage 8 the carriers with indices 0,1,2,...,6 are grouped in

bundles {0,1,2} , {3,4,5}, {6} (the root-index of each bundle is underlined).

2.5. Closure under continuous functionals.

{F: ¢ neN} is a set of functionals which acts pointwise:
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F:a = Ax.FnGxx,x) ,

contains the identity and which is closed under composition:

F* g = F*o F*@) = F*(r'%).
nam n m n m
We want Uu B,y to be closed under the F; and the An. 0f course we might have ab-
’ ’

sorbed the Al simply among the F: ,but since the An are of a special nature (they
change initial segments only) we found it slightly more convenient to deal with

them separately.

2.6. The function d ; dressed carriers.

d(m,n,0,0) = m, R
d(m,n,v,w) if r(n,v) = r(n,vx),

d(m,n,vkx,wky) = {d(m,n,v,w)*§ otherwise .

d serves to determine the index of the continuous functional from the set
* . -
{Fn : neN} to be applied to the o s the resulting sequences Pn.m are called
’
dressed carriers and are given by

Dj(n’m)(a,B,Y)(x‘) = pn’m(a,B,Y)(x) =

(val (r(n,B(%+1)),0x) %),

F = -
d(n,m,B(x+1),y(x+1))
We shall often simply write P, OF On,m instead of pn(a,S,Y), on’m(a,Bny).
Two dressed carriers p and p 1+ belong to the same carrier g_. At each stage
n,m n,m n

we know that further values of Po.g are going to be obtained by application of a
’

certain Fi to the carrier o, 5 when the carrier n jumps at a later stage to a basis

' * * = F* * -
sequence n', the Fk 1s extended to Fk*k' Fk o Fk' and values of pn’m now are ob
tained by application of Fi*k' to G ¢ until the next jump.

As long as there is no jump, the F, cannot be extended! Note that

k
(d) at stage O it is already specified that F; has to be applied in any case -

this is done in order to ensure closure of U under F;.

a,B,y
We can make a picture of the history of dressed carriers in a similar way as be-

fore; now we label the nodes with the index of the operations to be applied at

that stage, the "dressing".

The dressing is governed by both B and y and regulated via the d-function.
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A typical diagram, representing the history over 4 stages of Pn (1 =0,1,2,3)

i
is given in fig. 2.
iniktial drnsing — mg my m m
carrier indea _ ng n, "‘: n ; ST£GE
(o
(
)
1
1
1
1
m m, H
-— f3O o -] (] ]
P ¥ m wyo : 1
\
i
!
——P‘ 1t me m, ® yOo : 2
1 1
' | M, %0 n Y2
1
. i
m 1 ! \V
—p2 Y2 CJ 1 : > 3
'I OT S ¢
1 - 1
: ;19-1 !
L}
—p3 ¥3 ™o : i . 4

m %2 m, = yo ¥ y2

At stage 4 we have a grouping in bundles
{no} {n],nz,n3}
with corresponding dressings

{mo} {ml*YZ, mz*YO*YZ, m3}

The dressings of sequences in the same bundle may differ because the various

sequénces joined the bundle at different stages.

2.7. The projections.
The elements nn(a,ﬂ,y) (ﬂn for short) of UG,B,Y are given by
T E A n(pj nl® BT,
1 2
This guarantees that all initial segments will occur among the L 0f course, we
might have assumed the An to occur among the F: 3 then 1if An = F¥ , any dressed

f(n)

carrier p would automatically have an initial segment n. On the other

u, £ (n)*m
hand, as remarked before, the An play a special rdle.

2.8. Outline of the rest of the paper. The reader should compare the universe

{ﬂn : neN} thus constructed with our description of the universe in the introduc-

tion (1.4): the universeof projections may indeed be said to imitate the universe
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described there. In order to give a precise meaning to the term "imitate'", we need
first of all for n-tuples of projections a suitable concept of restriction or
avatlable information at some stage.

Consider a sequence of projections T8 = <nn1(5),...,wn (6)> at stage x, and
assume for simplicity x > max{lth(jlnl),...,lth(jlnp)}, i.e? x is greater than
or equal to the maximum length of initial segments specified in advance. Then the
available information on possible continuations of ¥ at stage x consists of

(1°) the grouping of the carriers o (mi = jlj2ni for 1 < i < p) underlying L
i i

into bundles, and
(2°) the dressings, i.e. the continuous functionals to be applied from stage x
onwards.

Note that ;nx’ and the restriction at stage x on the future of L is completely
determined by ;x,Ex,§x , or 6x (with ¢ = V3(u,B,Y))- Therefore we can use the ex—
pression "the value of ;nx (or wy for y < x) at v = 6x" without ambiguity; simil-
arly, "the restriction of L at v", meaning the restriction on (continuations of)

nn(d) at stage lth(v) for any § € v.

Precise definitions of identification patterns, restrictions and equality be-
tween restrictions are given in section 3. Section 4 introduces a natural order-
ing between restrictions : R, = R, (R2 is a stronger restriction, i.e. contains
more information, than R,), and it is shown that for a sequence T with restrice-
ion R, at v it is always possible to continue v so as to let ¥ reach R, at some
VAW .

1f finite sequences # and ¥' of projections obey the same restrictions at v
and v' respectively, then to each v*% there isa y such that the restriction of ¥
at vk coincides with the restriction of #' at v'x§. Also, to each extension
F U {nn} we can find an extension #' U {nm} such that the restrictions of
T U {nn} at vand ' U {nm} at v' coincide, and ;n(lth v) at v =;m(1th v') at v'.

The next crucial property is the "overtake-property” in section 5. Let us call
R=RO,R1,R2,... an admissible sequence if there is some sequence { such that for

some T Ry is the restriction at E(x+1) for all x.
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If R < RO, we can find another admissible sequence R' with Vx(R'x < RX),
R'0=R, R'z= Rz for all sufficiently large z : R' starts at a weaker restriction
but overtakes R (the overtake-property).

Section 6 deals with the assignment of values to the projections. In section 7,
the restriction on the language considered becomes essential. Let #,%' be n-tuples
of projections from §,§' respectively. Suppose: (a) 7,M' satisfy the same

restriction at stage x, x greater than the length of any initial segment specified

in advance for ¥ or ®', (b) if T Mo are corresponding members from #,%' res—

pectively then wn(g)(x) = nn,(ET)(x); under these assumptions T and ¥' are permu-—
table, i.e. for all formulae A of the language considered
Vaebx A(F(a)) © Va'es'xs A" (a')).

Compared with the primitive notion being modelled, the projections may contain
extra (intensional) information at stage X since an initial segment of values
;n(x) and a sequence Rx = <RO,Rl,...,R(x-1)> can be obtained by projection from
different initial segments of lawless sequences; in general, operations on the
projections might possibly refer to this intensional information (i.e. to the law-
less sequence being projected). Also, for the primitive concept as well as for the
projections imitating this concept, operations which can be applied at stage X
might depend not only on the final restriction R(x-1), but on the whole sequence
Px. The theorem on permutable n—tuples shows that relative to a suitable restrict-—
ed language both possible intensional effects do not occur.

The final section 8 is then devoted to the derivation of several schemata for
the model described above; the essential tools being the "overtake property" and
the theorem on permutability.

The preceding sketch of the contents of sections 3-7 should enable the reader
to follow the arguments in section 8 (granting a few details) - so if he is inter—

ested in the main ideas only, he may continue directly with the final section.

2.9. Connection with forcing. For a reader familiar with forcing but not with the

theory of lawless sequences, it might be helpful to keep the following connection

in mind. Lawless sequences are closely related with strong forcing, where "VacvAg'"
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corresponds to "the finite information (on a sequence o), coded by v, forces A",
and individual lawless sequences play the role of generic sequences. The study of
projections then amounts to a reduction of certain other types of forcing to strong

forcing. Note however, that our treatment is entirely intuitionistic.

3. PATTERNS, DRESSINGS AND RESTRICTIONS

3.1. Definition of pattern,

A pattern P of length n is (given by) an equivalence relation on {0,1,...,n-1}.
We shall write EP(i) for the equivalence class to which i belongs. We use
P,P',P",Pl,...,Q,Q'... for patterns. If P is a pattern, we define "n has pattern
P" by

neP = 1th(P)=1th(n) A Vi,j<1th(n)(j£EP(i)v» (n)i=(n)j).

def
Each finite sequence n has a pattern denoted by P(n).

We say that Q is coarser than P, or P < Q if each equivalence class of P is con-
tained in an equivalence class of Q, and P,Q are of equal length.

Let X be a finitely indexed set of carriers, with indices VpsVseessV let

n?

v o= <v0,vl,...,vn>. At each stage X, X has a pattern, the pattern of the sequence
2(v,8x) = <r(v0,gx),-..,r(vn,§x)> ;

for this pattern we write P(v,8x). We put

e(gx,i,v) = {vj : r(vi,éx)=r(vj,§x)},

Elgx,1,v) = {j ¢ r(vj,B0)=r(vy,B0).

3.2. Definition of dressing and restriction.

A dressing D is nothing but a finite sequence of (indices of) elements of
{F; : neN}.
A restriction is a pair <P,D>, P a pattern, D a dressing of the same length; the
length of P and D is called the length of the restriction.

The "intensional" information at stage x concerning possible continuations of
finite sequences of dressed carriers is completely given by a restriction.

For a finite sequence of dressed carriers

3eeryP

p
Yo*%o Vn*%n
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with Woseers VP> =V, SWopen,W > =W, the pattern at stage x is given by P(v, Rx),
the dressing is specified by a finite sequence D(v,w,Bx,vyx) satisfying

DIv,w, BX, Y X) i = d(vi,wi,Ex,;x)
Equality of restrictions is given by

<P,D> = <P',D'> % def (P=P') A (D=D")

We shall use D,D',D,,... for dressings, R,R,,...,R',...for restrictions.
1 & 1

3.2, Successors of patterns and restrictions.

A pattern P' is said to be a successor of P(v,Bx), if P' = P(v,Bxx§) for some y.

P' is either equal to P, or is obtained from P' by identification of two equival-
ence classes. If at the transition from stage x to stage xt+! there is no jump, or
a bundle X with elements in v jumps to a bundle outside v, the pattern 1is un-
changed; if on the other hand a bundle with elements in e(Ex,i,v) jumps to a bundle
with elements in e(Bx,j,v), the corresponding equivalence classes are identified.

A successor of a restriction <P(v,Bx), D(v,w,Ex,;x)> consists of a pair
<P',D’>, P' a successor of P, and D' related to D = D(v,w,Bx,vyx) as follows:
if the elements of e(Bx,i,v) jump on the transition from stage x to stage x+l,
there is a z such that (D')j = (D)j*z for all j € E(Bx,1,v), (D')j = (D)j for
j € E(Bx,i,v); if there is no jump, D' = D.

In fig.3 we have illustrated two possibilities for successors to a pattern

<P,D> ,D = <m0,ml,...,m5>.

fig.3
m 9
m, ";\ f'(m_a ';:: lms m
D 4 o
)
1
1
]
.‘ ~i)
1
S : & &
m Ve -7
() m £;,~»73 mMoax moax T ;r

O = raot
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Note: The restriction R at stage x for a finite Sequence X of dressed carriers
(of length n say) generated from p,B,Y is determined by Ex,;x; if another sequence
of dressed carriers Y of length n is generated from a',B',y', and for the restric-
tion R' at stage x we have R = R', then the successor-restrictions of R and R'

are in one-to-one correspondence, and to a continuation pxxl, yxx¥ determining a
successor R, of R for X we can always find effectively u',v' such that B'aka',
Yx%k9' determine R

| at stage x+] for Y (in fact, one can take v' = v).

3.3 Extendability.

Assume

<P(v,t),D(w,v,t,s)> = <P(v',t"),D(w',v',t",s")>
with

v = <n0,...,np> , vl = <n0',...,n1')> ,

w = <w0,...,wp> , w' o= <wo',...,w;> ,

1th(t) = 1th(t"),
and let

R = <P(v*2‘,t) s D(W*EZ,V*E‘,t,S)>.
Then we can find upsu, such that

R = <P(V'*ﬁ1,t') R D(w'*ﬁz,v'*ﬁl,t',s')>
as follows.

a) Assume that p, , Aat stage 1th(t) does not belong to a bundle with elements in
172
v. Then choose u, such that u, does not belong to any bundle with elements in v',

and such that r(ul,t') =up o let uy be equal to the dressing of z| at stage

1th(t), i.e. = d(zz,z‘,t,s).

Yz

b) If on the other hand P, , at stage 1th(t) does belong to a bundle with ele-
172

ments in v, say r(zl,t) = r(vi,t) , take u, = r(vi,t) and again u, = d(zz,zl,t,s).

Thus given two finite sets of dressed carriers with equal restrictions, possi-

ble extensions of the sets correspond one-to-one w.r.t. restrictions.
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4, COMPARISON OF RESTRICTIONS

4.1. Definition of expansion.

Let D, D, be two dressings. D, eapands to D, (D1 exp Dz) if

D] is of the form <d0

D,\D, = <db,...,d;>

""’dp>’ and D, of the form <d.xd}

5 0 0,...,dp*d;>. In this case

is called the difference of D, and D,.

4.2. Definition, (Comparability of restrictions).

We say that the restriction R, 78 weaker than R, (R]st, or R, stronger than R])
iff

a) Rl = <P1’Dl> , R2 = <P2,D2> . P] < P2 .

b) D1 exp D2’ and

c) P, < P(DZ\D]).

4.3, Convention. We shall use script letters P,D,R for infinite sequences of
patterns, dressings, restrictions respectively.

Finite sequences of patterns,dressings or restrictions may then be indicated

as ?z,ﬁz,ﬁz.

4.4, Definition. Pz ( Rz ) is said to be admissible if (effectively) we can ob-
tain P(y+1) ( P(y+1) ) as a successor to Py (Ry ) for each y such that Os<y<z.

A sequence P( R ) is said to be admssible if Pz ( R 2) is admissible for all z.
4.4. Lemma. If R, < R, there is an admissible R(z+!) with z < 21th(Rl), R0=Rl’

1 2

Rz=R2.

Proof. We describe the construction informally. The idea is to start from R, =

(P],D]) and to expand first D] to D2 in a number of steps, then to transform

(PI’DZ) in a number of steps to (PZ’DZ) = R2. In detail, we proceed as follows.
Assume D] # D2 , and let i be the least j such that (DZ\Dl)j # 0. Let P] =
P(v,t), and construct a successor by letting the carrier with index (v)i jump

to a root outside v, and add (DZ\Dl)i to the dressing (Dl)i of this

carrier, and similarly for all carriers (v)j with j € EP (1}, The resulting res-
1
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triction has the same pattern, but its dressing differs from D2 at most for a j>1i.
We may thus continue until we have reached a position with (PI,DZ); this re-

quires at most lth(Pl) steps, since D2 can differ from D, at most at lth(Pl) pla~

1

ces.

Now we keep the dressing constant and start changing the pattern. Let

j = mlni[EPI(L) # Epz(l)]
k = mlni[EP](l) # EPI(_]) A Epz(l) = EPZ(J)]
1f Pl = P(v,s), we construct a successor P' by letting the bundle of carriers

with clements in IEIP (i) jump to the bundle with carriers in EP (k); P' has less
1 1
equivalence classes than P], the dressing is kept constant. Thus we reach (PZ’DZ)

from (PI’DZ) in at most lth(R]) steps.O

5. THE OVERTAKE-~PROPERTY

Our next aim is the following

5.1. Proposition. Let R be admissible, R a restriction such that R <R0, then we
may construct, primitively recursively in R, an admissible sequence R' such that
a) R'0 = R
b) vx(R'x < Rx)

, 2 2
¢) R'z =Rz for all z > 3(1th R0O)™ = 3(lth R)".
This is called the "overtake~property". R' starts "below" R, but overtakes R in

at most 3(lth R)2 steps. We need a number of definitions and lemmata.

5.2. Definitions. We put
ch®,m) = m>0 AR(m*1) # Rm
("R changes at m'")
CHRz) = cardinal of {m : ch®,m) A m<z}
("changeability of Rz™
cl(R,n,z) = n<lth®) a (DO)n=(DZ)n
where Rx = ;Px,0x> ,for all x. cl(R,n,z), "n is closed up to stage z" , means that

no dressing is added between stage 0 and stage z at the nth place. If 71 ch®R,m),

we say that R has a repetition at m.
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5.3. Lemma (lowering of CH). Let R have a constant pattern, and let R(z+1)
admissible. Then there is an R' such that

a) R'0 = R0, R'z = Rz, ¥x<z(R'x < Rx),

b) R'(z+1) admissible ,

c) CH(R' (z+1)) < 1th(R0) - cardinal {n : c1(R,n,z)} .

Proof. For each n < 1thR, all changes in R(z+1), which only occur in the dress-—
ing, are postponed till the last change in the dressing at the nth index occurs,
and then the combined additions in the dressing are made all at once; the result-

ing sequence is R'(z+l). We illustrate the idea pictorially in figs. 4 and 5.

Let R7 describe a piece of the history of the dressed carriers p , P
ng,my’ Tn,m,
nz’mg; see fig. 4.
initial dressms mg m, m,
Carrier index "o n, n,
f"\g. 4
Ro
R1
™, % g1
R2 ™, %82
R Mo % §3
R4 ™, A¥2 % ¥4
Rs m 4 x3% ¥5
Reg My % y3#yS#4§6 m, =y
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Now we look for carrier-index with the highest change number; this is n_ , with a

0’
final change at stage 7. Replace all changes in the dressing of g by a single
change, adding y3 * y5 % y6 at stage 7.

Then look at the next highest change number, stage 5 for index n, and combine

all changes into a single change at stage 5 (adding y2 * y4). The result is pict-

ured in fig. 5. o

initial dressing m,, m, my
Carrier index Mo M L

5;3.5

fRo

R\ m, A ¥

R

R4

meyryy

R5

R6 WS S ELF R Y (]

5.4. Definition. Let m be a change in R(z+1), i.e. ch(R,m) A msz. Then
depth(m,y_z(zﬂ)) = number of repetitions k in R(z+1) with m<ks<z, i.e.
depth(m, R(z+1)) = cardinal{k : ch{R,k) A m<ks<z}.

We put

depth(R(z+1)) = Z{depth(m,TZ(zH)) : m<z A ch(Rm)} .
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As an example see fig. 6.

Ro
* indicates the points of change,
o the repetitions. R
depth(R6) = depth(1,R6) +
depth(3,R6) = 3+2 = 5. R

R3

Ry

fi9.6

R5

5.5. Lemma (shifting changes upwards). Let TZ(z*-l) be admissible, We may construct
primitive recursively in R(z+1), an admissible R'(z+1) with

a) 0 =R0, R'z = Re,

b) CH(R' (2+1)) = CH(R(2+1))

c) vx<z(R'x < Rx)

d) depth R'(z+1) = 0.

Proof. We transform R via a number of intermediates R=R']' R R'Z',...,R;_'fR' into R' 3
all intermediates have the same number of changes up to stage z, but with ever
lower depth. AssumeRi" to have been constructed; determine the maximal change
m<zin Ri"(z+1), followed by a non-change m+1. Postponing the change made at m to

m+] yields 7Ri'+'](z+1) with lower depth but the same number of changes.D

5.6, Lemma. Let Rbe admissible and let R0 = <P,00>, and let n be the number of
equivalence classes in P (the width of P), and assume z > mn. Then _R(z-t-]) contains
a subsequence of length (m+l), <Rk,...,R(k:¢-m)> with constant pattern.

Proof. Any change of pattern diminishes the width. Assume all subsequences with
constant pattern to have length < m, then there can be at most nm elements in
R(z+1) (maximum number of changes in width multiplied by the maximum length of

subsequences with constant pattern), and this is contradictory.o
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5.7. Proof of proposition 5.1.

Put zg = 3(1th R)Z. R' is constructed in the following stages:
a) determine (lemma 5.6) a subsequence <Rk,...,R(k+m» of R(z+1) with constant
pattern, rmm = 3(1thR).
b) lower the number of changes in this subsequence; this yields (lemma 5.3) R"
with a subsequence

Rk=R"k, R"(k+1),...,R" (k+m)=R(k+m)
with at least 2(1th R) + ] repetitions.
Then put R'x = Rx for x < k, x > k+m.
c) shift changes upwards (5.5); this yields an R"™with R"™0 = R"0 = RO, R™z =
R"z = Rz, with repetitions at the first 2(Ilth Roy + | arguments.
d) using the lemma of section 4, determine R¥(y+1) with R*0 = R0 = R, R*y =R0,
y < 21th(R).
e) since Rxy = R0 = R"™(y+1), we may take R*0,...,R*ty, R"(y+1),..., R"(2) for

i‘(z+]).n

6. ASSIGNMENT OF VALUES

This section is completely straightforward.

6.1. Definition. A p-tuple of functions XpreeesXp conforms to a sequence of
patterns P iff

vx(Px < P(<x]x,...,xpx>)).
51,...,5p meet a sequence of restrictions Rwith Rx = <Px,Dx> iff there are
LSTERETR N (we say that gl,...,gp meet R via x[,...,xp) which conform toP , and
such that

Vx(gix = F(Dx)i(xix,x)) for 1 <1 < p.
These definitions can also be extended to p-tuples of finite sequences of the same
length in an obvious way.

Note that carriers Op sr-es0y generated from o, B conform to

1

(1) P = Xx.P(<nl,...,np>, B(x+])),

and that the dressed carriers p sneesl generated from o, B8,y meet
n,,m n_,m

P P
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(2) R 2 Ax.<Px,D(n,m,B(x+1),y(x+1))>

(n = <0y,...,0 >, M= <Mp,...,m >) wvia Oy seres0 -

1’ n
P P 1 o

6.2. Lemma . Let (1),(2) be as in 6.1, and let Xl""’Xp conform to P, and let

51,...,£p meet R via XpseeesXy 3 then there is an 9 such that

P

= Axwal(r(ng,5(x+1)),8%) = o (8,8), and
1
£E. =p o (6,B,Y) for 1 < i < p.

Xi

i n.

1 1
Proof. Observe that if P(n,s) < P(<x1,...,xp>), it is easy to indicate a t such
that

val(r(ni,s),t) = (t)r( = x; for 1 <1< p:

“i’s)
let k = max{r(ni,s) : 1<i<pl, = <y with yr(ni,s) =x., y. =0
for j ¢ {r(ni,s) : l<i<pl.

Now observe P(n,g8{x+1)) < P(<X]x,...,xpx>), and thus with <X1x,...,xpx> =

<xl""’xp> we may take Ox equal to the t indicated above. o

6.3. Lemma. Let § = Ax.<uX,RX,yx>, N = <n ...,np>, m = <m1,...,mp> and similar-

1’
ly for &',4"',8",y',n',m', and let

R(n,m, Bx,vyx) = R(n!m!B'x,y'x).
There is a primitive recursive x such that if we put y = <Y15Yps¥5>s
XY = <x)¥s Xp¥» X3¥>, then

R(n,m, Bx * ?2,;x * 93) = R(n'm}B'x « <X2y>,;'x * <X3y>)
and

3 S = re '

on.’m_(éx * 3 x £)(x) pn,,m!(a x * <xy> * £')(x)

1 1 1 1

for 1 < i < p and arbitrary £,&8'.

Proof. Combine the remark at the end of 3.2 with the observation in the proof of

the preceding lemma.o

6.4, Lemma. Let RI’RZ be sequences of restrictions such that Vx(R]x < sz), and
let ol,...,pp meet RZ’ then p],...,pp also meet RV

, l.e.

Proof. Let JERREICN meet R, = Xx.<P2x,92x>, viag XpreeeXp
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pyx = F(sz)i(xix,x) for 1 s 1i < p.
Let 03 = Ax.(sz\?]x), and put
v =
X} = Ax.F(D3x)i(Xix,x) , 1 <1<p

then

Plx < P(D3x) ,

N

Plx < sz < P(<X1x,...,xpx>),

hence P]x SP@XHX»---»XLX>)» and the p, meet Rl via the Xi .o

7. PERMUTABILITY CONDITIONS

7.1. As already mentioned in the introduction, equality of restrictions was meant
to guarantee that two n-tuples of projections satisfy the same formulae of a suit-
ably restricted language, i.e. can be interchanged with respect to this language.
Since our definition of "equal restrictions" primarily applied to dressed carriers,
not to the projections (i.e. specifications of initial segments were disregarded)
we have to make a slight adaptation in order to obtain a "permutability condition"”
on pairs of n-tuples of projections.

First of all we need to specify the language. Since our theory concerns sequen—
ces which are not closed under all continuous operations, but only under some, the
language of CS (of [K,T]) is not suitable, since ela will in general not be a
legitimate choice function. We therefore prefer the language L of Ls, which is non-
committal as to closure under continuous operations. We can certainly express in L
closure under an operation el : VuQBany(e(iway) = px+1), and may introduce
e|o = B as an abbreviation.

Also, if the need arises, one may add functional constants Fi to the language of
LS.

From now on, we shall use o,a' (instead of 6,8' as in the preceding sections)

to indicate the lawless sequences encoding all information on which the projections

depend.

7.2. Definition. Let @ be a sequence coding a triple 8,vy,8 and let {ﬂn(a) : neN}
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indicate our universe of projections generated from B,y,8.

Let ¢4s¢ 145+ enumerate the choice variables of L , and let A(¢i ,...,¢i ) be any

Y
formula of L with choice variables among ¢i ,...,¢i , and only odd-numbered numeri-
1

P

cal variables VsV . Then A" is obtained from A by

qreee
a) replacing each occurrence of ¢ in Abyn  (a), and

2n

b) replacing quantifiers V¢n,3¢n by szn,av2n respectively.

As a tacit convention, we shall use, whenever A(¢i ,...,¢i ) has been introduced,
1 P
a .
Aa(gl,...,gp) for the formula obtained from A by substituting 0y for vy

ik'
7.3. Definition. The four-place predicate Per(u],v;uz,w) is said to be a permut-
ability condition for the e if

) Per(<nl,...,n > Vi<mp, ... ,m >,W) -

P P

[0 [0

Vazv A (El""’ﬂp)H Vazw A (r_n_l,...,Ep)
For the set of projections we are studying, we may define a predicate "Per" as
follows.
Let B,Y,5 be coded by a, such that ax = va(Bx,yx,éx), and let B',y',8' be simil-
arly coded by dj let m_ ,...,7m_ be projected from B,y,§ , and 7' ,...,n' from
n n, m m,

g',y',8" (i.e. LA nn_(B,y,d), n%‘ = nA-(B',y',é')).

i i ] §]
Then Per(<nl,...,np>,v;<m1,...,mp>,w) holds if

(a) 1th(v) = lth(w), say lth(v) = x;

(b) the restrictions at stage x determined respectively from n],...,np,ax and

ml,...,mp,a'x are the same;
(c) ;n X = ;& x for 1<i<p ;

i i
(d) 1th(v) = 1th(w) = lth(ni),lth(mi) for | £ 1 < p.

Now we shall first stata and prove a theorem stating sufficient conditions for

a predicate Per to be a permutability condition.

7.4. Theorem. Let Per(u],v;uz,w) be a four-place predicate, ¢(ul,v,u2,w,x) a
. 5 . . .
function from N* to N (¢(x) for short), Ess(n,v) ("v is essential for ﬂn') a

two-place predicate, "(n,v) a finite sequence (i.e. a natural number) such that
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(i) Vvn3eeKvVv(ev#0 - Ess(n,v)),

(ii) Vaev(nnu e n(n,v)),

(iii) vnvx3ecKvv(ev#0 - 1th n(n,v) > x),

(iv) Per(ul,v;uz,w)ba Per(uz,w;ulyv),

) Per(ul,v;uz,w) -+ Yx(Ess(x,v) » 3y Per(u]*i,v;uz*ﬁ,w)),
(vi) Per(u],v;uz,w)» vx Per(ul,v*<¢(x)>;u2,w*i),

(vii) Per(ul,v;uz,w) > Vi<1th(u])(ﬂ((u])i,v) = n((uz)i,w));
then Per is a permutability condition.

Note that because of (i) it is no restriction to assume Ess(n,v) to be decidable
(simply replace in (i)-(vii) Ess(n,v) by ev # 0, for an e ¢ K validating (i)); and
also note that (vi) yields ay = w[ul,wuz,w,x] such that

Per(ul,v;uz,w) - YxVx Per(ul,V*ax;uz,w*;x),
and a w'[ul,v,uz,w] such that
Per(ul,v;uz,w) - ' Per(ul,v*w'w';uz,w*w')

(Take yx = ¢(u1,v*ax,u2,w*;x,xx), and ' (mxX) = w'm*¢(ul,v*w‘m,uz,w*m,x)).

Proof. We have to establish (1) in 7.3 by induction on the logical complexity of A.
Let A have its choice parameters among Eprreragpys i.e. A= A(El,-..,ep). At each
step our hypotheses are

(2) Per(<nl,...,np>,v,<m‘,...,mp>,w) ; we let

<n1,...,np> =u <m .,mp> =u

12 T

(3) vaev Au(gl,...,gp)
(4) Induction hypothesis : Per satisfies (1) of 7.3 for all formulae of complexity

2

less than A.
We shall assume our formulae to be rewritten such that all prime formulae containing
variables €; are of the form e;t = s, t and s not containing choice variables.
Case 1. A = (eit=s). Hypothesis (3) becomes in this case

(3.1 VﬂEV(ﬂn_(m)(t)=S)-

. i
Let & € w, ¥ = w[u];v,uz,w,XZ.a(lth(w) +2z)].
With (2) and (vi)

(5) vx Per(u‘,v*ax;uz,g(lth(w) + x)).
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(iii) guarantees the existence of an Xq with
(6) (0, vebxg) > t, mlm,a(lth@) + x5)) >t (1zisp).
Apply (vii) to (5) with x = xq then

m(ng,vedxg) = w(m,a(leh@w) + x))  (1<izp),

and then with (3.1), (ii), (6)

ﬂmi(a)(t) = mlm,a(leh (W) + %)) = m(n;,vabxy) = s.
Case 2. A =B AC : trivial.
Case_3. A = B > C . Hypothesis (3) now becomes

a o
(3.3) Vaev(B (E]""’Ep) - C (E]""’Ep))'
We have to show

Vaewkw' Ba(gl,...,gp) - Yaewsw' Ca(ﬂl""’ﬂp);

therefore assume

(7) Yaewsw' Ba(E]"'-’Ep)-

By (2) and (vi) we find a v' such that

Per(u],v*v';uz,w*w'),
and thus with (4),(7) Voev*v' Ba(E]""’Ep) ; with (3.3) Vaevxv' Ca(E],...,Ep) ,
hence (again with (4)) Voeww' Ca(m],...,mp).

Case 4. A =B v C is reduced to other cases by the use of

Ao Ix((x=0 » B) A (x#0 > C)).

Case 5. A = ¥x Bx, Va Ba, Ve Be ; trivial.
Case 6. A = Ix Bx, Ja Ba, Je Be. Similar to, but simpler than Case 8 treated
below

Case 7. A = VeBe . Hypothesis (3) becomes (2.7)

(3.7) Yaevvn Ba(E],...,Bp,E).

We have to show VmVoew Bu(m],...,mp,m).
Let m, aew be arbitrary, and let y be as before. By (i) there is an x with
Ess (mya(lth (w)+x)) .
Wich (vi), (iv), (v) we find successively
Per(u],v*@x;uz,&(lth(w)+x));

Per(uz,a(lth(w)+x);u],V*Ex);

Per(uz*ﬁ,a(lth(w)+x);ul*ﬁ,v*ﬁx) for suitable nj;
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hence with (iv), (3.7) and (4)
BO‘(E].-n.n_lp,E)
Case 8. A = 3eBe. Hypothesis (3) becomes

(3.8) Yaevan Ba(ﬂ]""’ﬂp!ﬂ)'
We have to show Voewdn BuQBP...,E%,E). There is an f ¢ K such that
(8) Yv' (fv'#0 - Yacvsv' Ba(gl,...,gp,fxljl)).
We may assume that f also satisfies
Yv' (fv'#0 - Ess(fv'*1,vsv')).
(To see this, let the e, be elements of K satisfying
env¥0 - Ess(n,v)
as postulated in (i) ; replace an f satisfying (8) by
kv‘.fv'.sg(ef v,;](v*v'))
which is easily seen to be an element of K.)
Let £ be such that ((v) of 7.4)
£QVw' )0
Per(u]*<f(w'w')4l>, vy 'w' u2*<£(f W'w')=1)>, wkw');
then with (8)
va' (F(p'w') £ 0 - Vaev*(tp'w')Ba(E],...,Ep,f(w'w')il)),
hence by (4)
vu' (F(@'w')#0 » InVacwsw' Ba(E]!"'!E¥’E))’
and thus Vaew3dn Ba(ml,...,mp,ﬂ).n
Remark. Assuming our language to be extended with other sorts of choice variables,
which are thought of as sequences completely unrelated to the range of the lawless
variables, we can still extend our theorem carrying such parameters along; elements

of K then have to be interpreted as elements of K lawlike relative to such para-

meters.

7.5. Theorem. The relation Per in 7.3 defined by the stipulations (a)-(d) ful-
fills all the conditions (i)-(vii) for appropriate n(n,v),¢,Ess and is hence a

permutability condition for the projectioms studied in this paper.
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Proof

(A). Ess(n,v) = lth(v) = 1th(j1n) 3 i.e., if we think of v as a code of

Ex,;x,gx, and = j]n|pj n? then 1th(8x) = x = lth(v) > lth(j]n) guarantees
2

that values of h for y 2 x are determined by a, i.e. Aj n has no longer any
}

effect.
(B). For n(n,v) we take
7_(lth v) if 1th(v)21th(j,n) ,
n 1
m(n,v) = {

jln otherwise.

(C). Let Per(ul,v;uz,w). Then ¢ 1is a function which assigns to any continuat-
ion w*X acontinuation v#<¢x>, such that the restrictions on the projections with
indices u, = <m1,...,mp> , at wxX , are the same as the restrictions on the pro-
jections with indices up = <n|,...,np> at v*<¢x> , and such that the values re-
main corresponding as well. The existence of such a ¢ follows from 6.3.

(D) With these specifications, the properties (i)-(iv),(vi),(vii) become obvious.
Property (v) expresses that provided v 1is essential for LI i.e. 1lth(v) 2
lth(jlx), we can find to each extension ul*i of u a corresponding extension
u2*§ of u, , for a suitable y , such that the permutability property is pre-
served. To see this, let

(1) Per(<n1,...,np>,v;<m1,...,mp>,w),

(2) 1th(v) = 1th(j|x).

Then certainly ((2), definition of n(x,v))

(3) 1th(n (x,v)) = 1lth(v) = lth(w) ;
also

(4) y=j(n(x,v),m) > Ess(y,w) ,

(5) y=i(n(x,v),m} » n(x,v)=n(y,w).

n
P

to this there corresponds at v (stage lth(v)) a particular restriction R.

The dressed carriers underlying ﬂnl,...,w Ty have indices jznl,...,jznp,jzx;

As noted in 3.3 we can find a y' such that jzm],...,jzmp,y' at stage lth(v) =
lth(w) obey the same restriction R; if we take y = j(n(x,v),¥') , then

ﬂml""’ﬂmp’ny at w (lth(w) = 1th(v)) are permutable with ﬂn],-..,ﬂnp,ﬂx at v.o
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8. SCHEMATA VALID IN THE MODEL

8.1. This section is devoted to establishing the validity of various schemata in
our model. We shall assume the F; to contain the Am , and in particular, we may

assume Fa =4y = identity.

In order to simplify the notation, we shall often use n for the projection T

and F,F',Fi... as syntactical variables for variables ranging over {F; : neN}.

Almost self-evident is the following result
Theorem In our models U

VeVran(Te = n).

8.2. Theorem. In our models Ua
Ae » 3r(@An(e =Tn) AVe'A(Te"))
and more generally

A(e ,.ve,e ) » 3T ,..T \/(En'...n' /\ e.=I'.n' .. A
1? ’ P 1 P g 1 P ]SiSp 11 G(l)

A Vn]...npA(Flnu(l),..., ))),

r
po(p

where 0 ranges over mappings from {l,...,p} into {I,...,pl.

Proof. Consider any sequence of projections X = <§l,...,2p> at v , and let

n; = j(ni,j(nz,n;')). Assume also lth(v) > lth(ni) for 1<i<p, i.e. v 1is
essential for X. n; has carrier T with root r(v,ng) = nz at v ; if we
i
put m, = j(O,j(n?,O)) , then m. is completely unrestricted at v , and there

_ * A . P s
are p;q; such that nni (Apiqui)(ﬂmi) at v ; here p; 1is the initial
segment ;n (1th(v)) at v , and F* is the dressing of T at v. There are
i . .

A
SO
1A

I'. such that T. = A oF* P , and thus
i i q.

IA

VEEV(Ei = Fimi) , 1 i< p.

Now let A&(EJ""’Ep)' By the axiom of open data for lawless sequences, there
is a v such that
8
aev , VYPev A (El,...,gp),
v essential for LPPRTRIY: N By the preceding remark, we can find o, My, e,

P

F],...,Fp such that {a(1),...,a(p)} = {t,...,q , and

qQ’
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VBEV(p_i(B) = FiEc(i) (B))

and m,,...,m_completely unrestricted at v , and thus
et 4

B
(n VBev A (Fl%(l)""’rp‘—“o(p))

Consider any set IpseresIg and let s(i) be the initial segment of m; at

v (1 £1i<gq) . Since m,,...,m are completely unrestricted at v , the restrict-
—1 —

1

ion on m,,...,m_ at v 1is weaker than the restriction on A T seserh r
o, b} s(1)=l s(q)—q

at v 3 and thus we can apply the overtake-property to find x,v' such that

(1) 1lth(v*v') = x,

(ii) ax essential for S]""’Eq , and

(iii) the restriction of Myseresmg at vkv' 1s equal to the restriction of

As(l)zl""’As(q)Eq at ax.

Therefore Miseer,m at vkv' and Tysrresk at ax are permutable, and thus

= -q
from (1)
a
A0 25600 T T S o)) o)
Since Tizo(i) = I‘i AS(U(i))(—I—-ﬂ(i)) , we also have
a
A (rlzo(l)""’rp—l—-c(p))' o

8.3. Theorem. In our models Uu

Vcl...spax A(sl,...,ep,x) - EGVEI...EP A(El,...,sp,e(el,...,ep)).
Similarly
Vel...epaa A(el,...,sp,a) -

- HeHbVel...epA(el,...,sp, (b)e(e]""’ep))'

Proof. Assume an...npax Aa(P_l""’Ep’x) , then by the axiom of open data there
is a v such that

Q€ V, VBevVn]...n Ix AB(nl,...,n »X)

P - P
and thus
B .

\;’n]...nP Jde VBev A (BI""’Bp’e(B) D

Let 1lth(m) = lth(v) =y , m, = kli)(m) . There are fixed primitive recursive func-

tions fi (1 <1< p) of v and m such that
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“fl (m,v)""’“fp(m,v)

are completely free at v , and m )(y) =m;. Let e be the element of K

fi(m,v

such that

n VBev AB(fl(m,v),...,fp(m,v),em(B);l).

and let £(m,n) be a primitive recursive function such that at vx&(m,n)

f](m,v),...,fp(m,v) are still completely unrestricted, while

Efi(m’v)(lth(v)+lth(n))= mi*kli)(n) (1 <1i<p),
lth(n) =1tb/¢(m,n)).’

Determine f ¢ K as follows:
fn = 0 if 1lth(n) < 1th(v),
f(mxn) = e (vx£(m,n)),

Quite obviously, f ¢ K . We shall prove

i

Assume fn' # 0 , D € kgn' (1 <i<p) . Since fn' # 0, 1th(n') > 1th(¥v), and

a .
fn'#0 - Vglekpn'...VEpekgn' A (El,...,gp,fn'—l).
n' = mkn , 1th(m) = 1lth(v) for certain m,n . Consider the fi(m,v) ; they satisfy
fi(m,v) € kgn' = k?(m*n) at vxf(m,n) , and em(v*g(m,n)) = fn' (by the definit-
ion of f ) . Continue v*£(m,n) to vxv' such that (overtake-property) the
restriction of the fi(m,v) at vkv' 1is the same as the restriction of the n, at

a(lth(vev")) . Then El""’Ep at a(lth(vxv')) and fl(m,v),...,fp(m,v) at

v¥v' are permutable, and thus from

VBevxv' Ae(fl(m,v),...,fp(m,v),fn"l)

we may conclude

Au(gl,...,gp,fn'*]). o

8.4. Theorem. In our models Ua

Vcl...epanA(el,...,cp,n) - Vel...epaij(OSjSp A A(gl,...,ep,Ficj)).

Corollaries
(i) Ve3nA(e,n) - 3evn(en#0 - Voen A(e,F;n;le)),

(ii) VE]...EpanA(e,n) - Jevn(en#0 -

Ve ekpn...Ve ekPn A(E,yus
PP ]

*
1771 "Ep’Fjl(en4])€j2(en4]))'
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Proof. We first consider a v such that

YBevim AB(E]""’EP’E) s
for El""’ﬂp which are completely unrestricted at v , v essential for
31"”’213 . There is an eeX such that

Yn(enf0 - VBevxn AB(E]’ ...,Ep,cﬂ)).
Let wvxv' be a continuation such that EI""’Ep are still completely unrestrict-—
ed at vxv' , and such that ev'#0 . Then there are two possibilities.
(a) n' =ev'*l and E' has the same carrier as Ej at vkv' for some j.
In this case there is an i such that

vBevkv' (Fin, (8) = n'(8)).
(b) n' has a carrier with root different from one of the carrier-indices of

" "

Dpseeesly at vxv' ; say n' = F.n" , n" not subject to any restriction at

vkv' . Now extend v*v' to vkv'*X such that (the carrier of) n" jumps to n,
say ,no dressing added, and thus VBev*v'*ﬁ(2'=F§ _rll).
Therefore in both cases we find some continuation v*v" of v such that
.. B .
3ijVBevxv'"[A (3]"“’3p’F’{3j) A l<j<pl].
We shall use this observation below. Assume Vsl,...,spEnA(el,...,sp,n) in our

model, i.e.

vn ...npam Aa(gl,...,g

1 ’ln_) .

P
By "open data" there is a v such that

aev, an. . .np\/BevEm AB(E]* e ,EP,E) .

Consider an arbitrary set m, (“)""’Ep(“) , and determine ny,...,n  such that

21 -

El""’Ep are not subject to any restrictions at v, ;n (lth(v)) = m (Lth(v))

1

-

at v for 1 =i < p,

Let vxv' be a continuation of v such that ;n lth(vxv') at wvxv' = ;m lth(vxv')
i i

at o (lth(vev')) = vau' , n; completely unrestricted at wvxv' , and such that

for some i, j (1 < j < p)
B
' *
VBevxv' A (El""’ﬂp’Fi(Ej))
Extend vxv' to vxv'xv'" such that the restrictions on Bl""’Ep at vkv'Ey"

coincide with the restrictions on My sy at vku'xu" = glth(vkv'*xv") (over-



PROJECTIONS OF LAWLESS SEQUENCES II 297

take-property). Then EJ""’Ep at  vkv'ky and E]""'Ep at vku'xu" are
permutable, and thus
VBevku'*xu" AB(E],...,E ,ng )

and hence also

a
*
ATmy,..m, TR -

8.5. All schemata derived above concerned formulae A in our standard language ;
in contrast, we note the following
Theorem. Assume {F: : neN} to include operations with constant (lawlike) values,
then we have in our model, for any X such that

e=e' A x=x" A X(g,x) = X(e',x")
the validity of

vedlx X(e,x) - JevVeX(e,e(e))

We omit the proof here ; it is similar to the proofs of Ve3lx-continuity for pro-

jections in [D,T] , and for choice sequences in [T2].

8.6. Elimination. The schemata derived in 8.1.-4 for our projections suffice
to define an elimination mapping similar to the ones given for LS and CS (see e.g.
[T4]).
For example, the schema of 8.2. is used in the form
Vel...ep(A(e],...,ep) - B(el,...,ep)) o

VI T, (/j\(Vel---EpA(Tﬁc(l)“'FpEo(p)) -

Ve ...epB(T‘ ))

1 lec(])...Fpac(p)
and the schema of 8.4. is combined with 8.3; the schemata then enable us to push

strings of quantifiers Ve EELN inwards, to be replaced ultimately by lawlike

1
quantifiers in front of prime formulae. (Cf. 1.5, (ii) in the introduction to

this paper.)

8.7. Extension to higher types, sheaf model.

It is possible to include sets and relations in our language and comprehension

axioms in our theory, as follows. We simply put down as an extra axiom
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) vXvn,...n_vm ...mp[Per(<n],...,np>,v;<m

1 "™ ..,mp>,w) -

1o
- (Yaev X(E]""’Ep) - Vaew X(El""’mp))];

let us abbreviate this axiom as VX Per(X). The theory with (1) added can be re-
duced to the theory without (1), simply by relativizing the quanfifiers ¥X,3X to
{X : Per(X)}. In the theory with axiom (1), all our arguments for the various
schemata given above remain valid. Similarly for the theory extended to a language
with relations of all finite types.

This opens the possibility of re—interpreting our collections of models
as a sheaf model over Baire space (topological model) for a theory with finite
types, since the model depends ultimately on a single lawless parameter, which
may be interpreted as ranging over Baire space (cf. [T4], 7.16, 4.17;[F,H]). Thus
we obtain an example of a sheaf model satisfying Vadx-continuity. Seen from the

outside, the model is very thin: there are only countably many functions.
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Let (w)m , the set of functions f : w2 w , be ordered by eventual
dominance. Under this ordering, (m)m embeds every linear ordering gf power
L)
< “1 . In the absence of CH , which linear orderings of power < 2 0 are

embeddable in (m)w ?7 It is well known that 2'.0 can be arbitrarily large
with wy not embeddable in (w)w (for example start with a ground model of CH
and add Cohen reals, Sacks reals, or Solovay reals). See also Solovay ([4]) for
a stronger result in this direction. Now MA implies that every well ordering
or converse well ordering of power <« 2‘ , and every linear ordering of power
<20 , is embeddable in (v)” , but Kunen [2] has shown that MA is con-
sistent with the existence of a linear ordering of power 2.0 which is not em-
beddable in (m)w . The problem Witk an attempt to inductively embed, using
MA , any linear ordering of power 2“0 into ()" , is the possibility of
creating in the course of the constriction a 'Hausdorff gap" ([1]) , that is,
a cut in a linearly ordered subset of (m)m , of left and right character I
which cannot be filled in V or in any extensioniof V which preserves wy
In this paper it is proVﬁg consistent that 2 0. Rl and every linear
ordering of cardinality < 2 is embeddable in (w)w . This question was
raised by Solovay (unpublished) in connection with his and Woodin's results on

homomorphisms of Banach algebras ([4], [5])

For f,8 € (w)® , let f < g mean that lim(g(n) -f(n)) = +» . Let M be
a countable transitive model of ZFC in which nK is a regular uncountable
cardinal satisfying ¢ = kK, - It is shown that there is a ccc forcing
extensiop of M 1in which 2.‘0 = 2<K = K and the saturated linear ordering of
power 2.0 is embeddable in ((m)w ,<) , which will prove the theorem.

The extension is by ccc iterated forcing ([3]) . There are K steps in

the iteration; for o < K let M, be the model obtained after the first «
steps. To go from Wa to Wh+1 a partial ordering Qa € ma is forced with,

and from the resulting generic set an fa € (w)m is defined. The final set

[fa ra <K} in WK , ordered by < , is the saturated linear ordering of the
theorem.

Let My.=7 . Suppose M, is defined, in which [f|3 : B <a} is linearly
ordered by < . In My define Q, as follows. If a =0 |, Q, is the

standard partial ordering of finite conditions for adding a generic g : w =~ w

if a>0 , picka cut C4 1in ([f@ : B<a},<) . Then a condition in Q,
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is a q= (L,R,s,m) , such that
<2!0
(1) L,R € [a] s f'v<ca ¥ eL) , Ca<f5 (6 € R)
(ii) s € (m)<m , m<w , and, letting #(s) be the greatest member of
dom(s) ,

(ii1) £,(0) + 2m < fﬁ(n) (y €L, 6§ €ER, 8(s) < n),

Order Qa by the rule: <{(L,R,s,m) < (L’ ,R’,s’,m’ ) if and only if L < L,

R<R ,s<s’ (£ means initial segment here), m < m’ , and
g

fv(n) +m<s'(n) < fﬁ(n) -m (Y EL,5 ER, 2(s) <n<g 2(s’))

Let G_ be (7I(Q,Qa) - generic. Then £

e s is by genericity a

U
dequGa q
¥,6 <a, f-v<ca’ca<f6)

a
member of (w)* satisfying f.v < fa < f6

The theorem will be proved upon showing that for any sequence of choices of
cuts Ca in the course of the iteration, the associated orderings QQ have the
cce . Namely, when this is done, the usual ccc bookkeeping method allows the
C,'s to be chosen so that in M. , if A,B € [{f, : @< k}1°* and A < B
then there is an o < ¥ with A < fa < B

The orderings Oa , a@>0 , such that G’Q gives the extension 7 —>/I(a .
may be inductively characterized as follows. G’Q is a set of functions with
domain @ . & = {p : pO) ¢ Qo} ordered by p < q = p(0) < q(0)
9(1+1 ={p:prua e@a ,p(@) a term in the forcing language of G’Q,H—‘p(a) c QQ} ,
ordered by p< qe plfa@a<gqfa and qraH—p(a) < g(a) . Finally, for » a
limit ordinal, 6’)\ = [p s plha 66’a for all a <) , and for all but finitely
miny @ < ) , p(a) 1is the canonical term for ¢} , ordered by p < qe& for
all a<) , prfra<sqla . We prove by induction on ¥y a statement which
implies that G’V has the ccc (1 < ¥ ¢ K) , which will prove the theorem.

For p €€, , supp(p) is the finite set {B<a:p@P) is not the
canonical term for ¢} . If p €&, and B € supp (p) then p(@B) =
<Lﬁ,p’ 3,p’ Sﬁ,p’ mﬁ,p> , written <Lﬂ’Rﬂ’sﬁ’mﬁ> if the context permits.
Call p determined if for each (3 € supp (p) , the denotation of p(B) has
been dec.idez.i, t:hat-: is, tl;\er? if ail <Lﬁ’Rﬂ’sﬁ’mﬂ> € N such that
pTp H—<Lﬂ'Rﬂ’sﬂ’mﬁ> = <Lﬁ’Rﬂ’sﬁ’mﬂ) . A determined condition p 1is uniform
if there is an lp such that for all B € supp (p) , z(sp) = Lp . A
determined condition p has closed support if for every { € supp (p)
Lﬁ 8] Rﬂ < supp (p) . Let “v be the set of determined, uniform p ¢ G’V with

closed support, and let U‘V,n = {pe¢ blY : lp > nj}

Lemma 1. Each u.Y a is dense in G’V
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Proof. By induction on ¥ . At limit ordinals ¥ the lemma follows from the
induction hypothesis and the finite support property of the conditions. Suppose
now that ¥ = @ + 1 and that »p EQ . let q=pla . Choose

(La Ra,sa,ma> €m and 9; 2 q such that qu—p(a) <i‘a’ﬁa’;a’&la> . Choose
9, 2 q; s° that La U Ra @ supp (q2) . Let 93 = q, be a member of U‘a

Pick m2n , aq3 - Let gq, = 9, be a member of U‘a,rT . We Slafm Ehefe is
an s E?I( with I,S = 4 , such that q4 (L R .S ,ma) < ql&/\ <LQ,RQ,S ,ma>

»
~

9,
then q4 (L R s S ,m} will be an extension of p in U as desired.

a+l,n
The existence of such an s is guaranteed by the facts that La U Ra = Supp 9, ,
9, €U, ) !,q4 =t , and q, (La Ra,sa,m Y is a condition (extending
P )

We work only with determined conditions from now on, and suppress the

notation,

For p,q €W, , Ps ‘q means that p<sq , supp (p) = supp (g) , and
for each B ¢ supp p , sB . = s‘3 q (thus q is obtained from p by raising
some of the m; 's and increasing some of the L ‘s, Rp 's to include

B.p B.p P

new members of supp (p) ).

Lemma 2. Let p € U"Y . Then
(i) For every m there is an r with p < *r such that for each
B € supp (r) , Uy p 20
(ii) If pB,5 € supp (p) , PB<6 , and pH—f < f (pH—f < f ) then

there is an r with p < *r such that B € Lr 5 B € R
Proof. We prove (i) and (ii) simultaneously, by 1nduct1on on Y. If vy is

a limit ordinal the lemma follows from the induction hypothesis. Assume

Y=a+1

(i) We are given p € u . Let q=prfa . If B € La and § € Ra then
pI'OtH—f < f . Apply, then, the lemma for & , Card La - Card Ruz times to
get a q, w1th q < q]. such that whenever B € La » 8 ER, then either
B e L or § E Rq g depending on whether B < 8§ or § <P . Now pick a
9, w1fh q; < q2 ]'su(:h that for each P € dom % 2"3 2 2m . Thus 9,
forces that if B € La s 8§ €ER, and n > # , then £ (n) + 2m < fﬁ(n)

B

Then (i) is satisfied by taking r = qzh (L, sR,»8,,@ >

(ii) By symmetry it is encugh to censider the case that pH—f < f

p )
Then pré fp < f6 , since the cut C6 is determined by 6’6 ., We may as
well assume § = @ , lest we be done by induction. Let q = pl« . For
every o € Ra s qH——-f‘3 < f (since q f‘3 < f and ¢ € RQ) . Apply the

lemma for a , Card R, t1mes, to get a q; with q < q]. such that for all
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o € Ra , B E quc or o € quFs , depending on whether B<g or o< p

Pick 9, with q, < *qz such that for each 1 € supp (q2) ) qu,l = Zma

Then for each o € Ra s qu_ﬂn > E(p)fp(n) + 2mQ < fc(n) . Then (ii) 1is
s . Y

satisfied by taking r q, <La u {8}, R,»5,,m,)

Lemma 3. If p,q € U._v y Ep = aq , and for every B € supp (p) N supp (q) ,

s =s , then there is an r € U, with <Tr , <r , 4_=14

p.p - “q.B Y P d pr

Proof. By induction on Y . Again, the induction hypothesis gives the result

for Y a limit ordinal, so assume ¥ = a+ 1 . Assuming supp(pla) ,

supp (qFa) £¢ , let T €U, be given by applying the lemma to plra

qFfa (if one of pFfa , qla has empty support, let T be the other).
1f, say, a & supp (p) then r = rlf‘q(af) satisfies the lemma, and
symmetrically for q , so assume a € supp (p) N supp (q) . We have that
rlH_Jv’B € Lp,a U Lq,a V5 € Rp,a U] Rq,oz f[S < f6 (since rl forces fB(fé) to

be left (right) of the cut Ca ). By repeated applications of Lemma 2(ii) there

is an r2 with rl < *rz such that for all B € Lp,a i Lq,a , all § ¢ Rp,a J
Rq,a , B E€ er’6 or § € er’[3 By Lemma 2(i) there is an r3 with
r2 < '(r3 such that for all 3 ¢ supp r3 s mr3’}3 2 2mp,a s qu,a . Take
r = r3/\(Lp’QU Lq’a ) Rp’au Rq,a ) sp,a s max{mp,a mq,a}> . Then r is
as desired, giving the lemma.

The lemmas imply that G’V has the ccec (l <Y < K) . Namely, given

{pa : a<w1] s &, , choose, by Lemma 1 , {qa : a<wl] = U, with p,<q, ,
then the usual A -system argument gives Nl qa's which pairwise satisfy the

hypothesis of Lemma 3 , and which are thus pairwise compatible.
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HYPERMEASURABLE CARDINALS

WILLIAM MITCHELL

The Rockefeller University

If u 1is a normal measure on % then L(u) 1is an inner model in which «k is
measurable; and the existence of this L-like model has been vital to understanding
measurable cardinals. For larger cardinals this vital tool is missing: even for
a K+-supercompact cardinal «, the weakest basic large cardinal stronger than a
measurable cardinal, no such inner model is known. The problem is that if u 1is
a normal measure on PK(K+) then U(PK(K+) N L)y =0 so L(u) is just L. A
possible approach to finding an inner model for a K+—supercompact cardinal would
be to define large cardinal properties intermediate in strength between measurabil-
ity and K+—supercompactness and find inner models for these "hypermeasurable"
cardinals, and then to work up through these models to construct the needed mem-

+ .
bers of PK(K ). This paper is a first step in this program.

We will say that a cardinal « 1is p-measurable if there 1s an elementary em—
bedding j:V » M such that M 1is a transitive class, & 1s the first ordinal
moved, and Uj = {xecrik e j(x)? ; M. A cardinal « is PZ(K)—measurable if
there 1s such an embedding with P“(xk) € M. Although these cardinals are intro-
duced as steppingstones to supercompactness, we hope that they will prove inter-
esting in themselves. Many of the definitions given here should be regarded

as provisional: more study may show how they can be modified to be more general

and more informative.

The paper is divided into 3 sections. The first section defines hypermeasures
and their properties. The second section is the major part of the paper: 1t de-
fines and studies inner models for u-measurable and PZ(K)—measurable cardinals.
This section 1s selfcontained but a knowledge of [4] will be helpful. The final
section discusses some actual and possible extensions of the earlier material.

Some of this section assumes some knowledge of [5].

1. Hypermeasures

+
Unlike measurable cardinals and k -supercompact cardinals, the hypermeasurable
cardinals do not seem to have an ultrafilter characterization which is, in

general, equivalent. We present a notion which seems to be related and which is

303
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equivalent in the models to be presented in the next section.

Hypermeasures are motivated by the following approximation of an arbitrary ele-

mentary embedding j:V - M by an iterated ultrapower.

Define Xa and Ky by induction on «:

kel
1

{j(£)(x):f € Vand x is a finite subset of {Ka,:a'<u}} .

K
a

/Y (on-x)

The definition continues for all o e€ON or until ONC Xa. Then Xa-< M for
each a. Now let ka:Ma = Xa be the transitive collapse of XOL and
U, = xgxrixeM and Ky € k (X)), Then U 1is a normal ultrafilter on

a
P )/OM and M .. = MX®/U . Indeed we have M =V and
s} o a o o]

atl
Ma = ulta(Mo,(Ua.:a'<a)). If ja is the elementary embedding, ja:M0 - Ma then
j= Kaja' If we take j, to be the limit of the ja's then j = k_j_ and

k [ON = 1d. Hence J|ON = j_|ON and if there is a definable well ordering of the

universe (as would be the case, for example, in an inner model) then j = jm.

This is at first sight somewhat surprising. One expects, for example, an iterated
ultrapower MOL to have ordinals which are regular in Ma but really of cofinal-
ity o, but this does not happen. The reason is that unlike in the classical
iterated ultrapowers (see [1] and [3]) the ultrafilters are not in general Mu-
ultrafilters (indeed, Ka may be a successor cardinal in Mu) and are not images
of Mo—ulttafiltets. Thus, in contrast to a classical iterated ultrapower, where
the individual ultrapowers are totally independent, it is possible to have one
ultrafilter Ua in the sequence isomorphic to nkUa.:a'<u). Thus the ultrapowers
are so interrelated as to form a hybrid between a single ultrapower and a classi-
cal iterated ultrapower. Our definition of a hypermeasure is an attempt to capture

this interrelationship.

We follow Kunen [3] in representing an iterated ultrapower as a single ultra-
power by an ultrafilter on the set of subsets of 6K with finite support, where
§ 1is the number of iterations and the ultrafilter is on «. A subset Y of
6;( has' support x ¢ 8 if there is a set Y'C*  such that

Y=1{ac¢ rsK:afx € Y'}. We will not generally distinguish between Y and Y'.

x!

For example if a € k for some x', xc x'c 8§, we will write "

a e Y" for
"alx € Y'". Functions on SK are treated similarly. Pf(SK) is the set of sub-

sets of SK having a finite support.

An iterated ultrapower of length & on o is defined to be an ultrafilter F on

8
the Boolean algebra Pf( a) which satisfies the following 4 conditions:
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(1) Vv <y < § {a:av<av,} e F and
Vi<« {a:) < ao} e F

(2) (normality) for all v and all f, if {a:f(a) ¢ av} € F then there is an

f' with support in v such that {a:f(a) = f'(a)} e F.
(3) (nontriviality) for all v and all f with support in v‘{a:f(a)=av} ¢ F.

(4) (countable completeness) if {Xn:ncm] < F then /)ncwxn # ¢.

One example of an iterated ultrafilter is, of course, that given by a classical
iterated ultrapower. If F 1is an iterated ultrafilter of length 6 on & then
for x & & define F[x] = F/) Pf(xﬁ). We attempt to express the desired inter-
relationship by defining a hypermeasure of length § on o to be an iterated

ultrafilter such that
(5) for all v < &, F[v] e ult(V,F).
F
If F 1s an iterated ultrafilter then we write i for the elementary embedding

V + ult(V,F) and, if f 1s a function with finite support, [f]F for the

F .F
equivalence class of f in the ultrapower by F. Let b :§ > i (a) be defined

F F -
by b (v) = [Aa av]F' Then for all X, X e F = bF(i ) L € iF(X). This ap-
parent dependence on (iF)—1 can be removed if necessary by taking a finite sup-
port x for X, a map o:n = x, and X' = {a ¢ nd_:ao—1 ¢ X}. Then X e¢ F iff

bFo € iF(X‘).

1.1 Proposition: If F 1s an iterated ultrafilter of length & and v < §
F F
then b ] b .

F
Proof: If X 1is any ordinal less than bv then by (2) A = [f]F for some
function f with support in v. It follows that for any such f,

[f], = [f] . In particular, this holds for the functions Xa a for ne v
F Flv] F[v] n
so b = bF[y. a

1.2 Proposition: If F 1is a hypermeasure of length 6 on o0 then ult(V,F)

+
is closed under sequences of length less than inf(a , cf(§)).

Proof : Let ([fn]:n<X) be a sequence of members of ult(V,F), with X < o, and
let x_ be the support of f . Then (iF(fn):n<A) and (iF(xn):n<k) are in
ult (U,F), as is iFrb

<A Xn’ If X <cf(§) then there is v such that LA<)xn C v,
We have F[v] &€ ult(V,F) and, since all functions involved are coded by subsets
of o, bF[v] is the same in ult(V,F) as in the real world. Then

(e, Tpm<d) = (T (e (b7 T )iF) ned)

i) (0" My By snen
e ule(v,F) . [
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Clearly, if F is a hypermeasure on 0 of length more than 1 then o 1is u-
measurable. We do not know whether the other direction holds, or 1f either

direction holds for larger hyper-measures.

2. The Inner Models
The models we are considering are of the form L(F), where F is an ultrafilter

sequence.

2.1 definition: An ultrafilter sequence F is a function with domain of the
form {(a,B):a<EF and B<0F(a)}, where iF € ON and OF:QF -+ ON, such that for
each (a,R) € domain F, F = F(a,B) is an ultrafilter on Pf(da) for some

§ = §(a,B) and F satisfies (1) - (5) below.

(1) VA < a{a:X<a°} e F and if v < v' < 8§ then {a:av <ag < OF(ao)} e F.

(2) (normality) If v < § and {a:f(a)<av} € F then for some f' ¢ L(F[(x,B))
with support in v, f{a:f(a)=f'(a) }e F.

(3) (nontriviality) If f e L(F[(x,B)) has support in v then {a:f(a)=av} ¢ F.

(4) (countable completeness) If {Xn:naw} CTF then ,jnawxn # ¢.

(5) (coherence) iF(F){(a+l) = Fr(a,B), and 1f (a:f(a)<0F(a°)} e F  then there
is f' ¢ L(Ff(a,B)) such that {a:f(@)=f'(a)} ¢ F.

Here, F[(a,8) = F[{(a",8"):(a'<a) or (a'=a and B8'<B)} and F| v = F[(v,0).
Hence (5) implies in particular that OiF(F)(a) =g . The second part of (5) and
the strengthening of (2) and the weakening of (3) from the definition of an iter-
ated ultrafilter are included to ensure that the property of being an ultrafilter
sequence is absolute in the sense that if F is an ultrafilter sequence then any
FI(x,8) is an ultrafilter sequence in any model M containing F[(a,B8). Because
of the weakening of (3) the F(a,B)'s need not be iterated ultrafilters but we

do have:

2.2 proposition: If F is an ultrafilter sequence then every F(OL,B) 1s iso-

morphic to an iterated ultrafilter.

Proof: Let F = F(a,R) and 6 = §(2,B). Let y= {ve & for all f with sup-
port in v (a:f(a)=av} ¢ F}. Then there is a sequence (fv:v £ 6-y) such that
for each v e 6§ -y fv has s?pport in vN y and {a:av = fv(a)} e F. Let
g:6' =y and set F* = {x C:(S a:{ac_l:a e x} € F}. Then F* is an iterated

ultrafilter and F* is 1somorphic to F by o and (fv:v € 8-y). J

For the rest of this paper F or G will always be an ultrafilter sequence in

L(F) or 1(G) but not necessarily, unless stated otherwise, in the real world.

In addition we will assume throughout that for all a < QF, OF(E) = (0 for every
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B < OF(a). We will in fact be primarily concerned with sequences F such that
OF(a) f_a++ + 1 in L(F). Such sequences will give models for u-measurable and
PZ(K)—measurable cardinals. The more general case is discussed further in section

3.
As in [4], the next lemma is the key to the whole theory of ultrafilter sequences.

2.3 Main Lemma: For all F and F' there are iterated ultrapowers
1:L(F) > L(i(F)) and 1i":L(F') » L(i(F")) such that either i(F) = #'(F") Ty or
i(F') = i(P) r Y for some Y € ON.

Proof: The proof is a modification of that of lemma 2.3 of [4]. As in [4] we
define a sequence of iterated ultrapowers

1:L(D) > L(F), Fy = 1,(P)

i Y, v 1 - gt t
1A'L(F ) > L(FA)’ FA 1A(FA) .
by induction on }. For each A, (aA,BA) is the leass pair (a,B) such that

F F
B < sup(0 A(a),O A(a)) and either B = inf(OFA(a),O A(a)) or FA(G,B) # F;(a,B)

X
'] = . 3 = - - B F F .
Then i id if 8, 0 (ax) and otherwise 141 L(FA)+ult(L( A)’ (aA’BA))’
S . . P . . .
1l is QEflE?d similarly. If for some X either (“A’Bk) is undefined or
oy > inf(R “,2 A) then 1i = iA’ i' = i; and Yy = @, are as required. We will

complete the prgof by showing that the assumption that (aA,BA) is defined and
oy < inf(gL A,l )  for all ordinals ) leads to a contradiction. The proof will

be based on the following proposition, which was suggested by the referee of [4].

2.4 Propositjon: Suppose x & L(F), x' ¢ L(F'), T is a stationary class, and
for each A €T dA € ix(x)lj ii(x'). Then there is a stationary subclass of T
(which we will still call T) such that for A <v in T we have ikv(dv) =

1 _
1Av(dv) dv'

Proof: At any limit A in I there is a A' < X such that dk = iA.A(E) for
some d e iA.(x). Then we can shrink T to a stationary class so that the same

A' works for all A ¢ I'. Then we can shrink I further so that d 1is the same
for all A e T. For XA < v in T we now have 1Av(dk) = 1Av(ik'k(d)) = 1v(d)=dv'

Repeating the argument with i' dinstead of i completes the proof. [] 2.4

Proof of 2.3, concluded: First we apply proposition 2.4 with dk = (aA’BA)' Then
. v _ . . ' .
for A, v e;} 1Av?§k) 1Av(ak) a, >0y 80 i, # id and iAA+l # id. Thus
. 1 =
BA < inf(0 (ax),O (ax)) and FA(uA’BA) + FA(uA’Bk)' Let FA FA(aA’BA) and
F{ = Fi(axfﬁx). We will first show that the class of X £ ' such that
A

F F
b A #b 2} is nonstationary; then we will conclude the proof by showing that our

assumption that FA # Fi for A ¢ T leads to a contradiction.



308 W. MITCHELL

T
Suppose we can shrink T to a stationary subclass such that bFA + bFA for
Al

AeT. Let ny be least such that bt A T n, + 1 ¢ bt f n, + 1. At least one

F T
of & and 5FA is greater than nN). We can assume (possibly shrinking T)
that 6Fk >, and ka < b if 674 > 71,. Hence by definition 2.1 (2) and

Fi
(5), b“x can be represented 1n the form [gX]FA where 8, € L(FAF(QA,BA)) =
L(Fxr(ux,ﬁx)) and g has support in n,. Now apply proposition 2.4Fwith
-1
dy = (ny,g)) and let A,v be in T with A <v. We have i, (g)((b A)(i)‘\))) =
[gA]FA = bni. But 1i,,(g)) =8 1iv(gx). Also 1A¥§supporilgx) = support g =
1kv(support gx) and so, since support (gx)(:'nx, (b )(ixv) rsupport(gv) =
F} . F .

(b A)(ikv Isupport(gv). Hence 1&v(gx)((b )(1& ' ) = b“x’ so
{a:a n «gx(arnx)} [ Fi, contrary to definition 2.1 (3).

A

v =

]
Hence we can shrink [ to a stationary subclass so that bFA = bFA for A e T,

Pick Xk so that FA and Fi disagree on X and apply proposition 2.4 with

A
d, = X,. Then for A <v in T we have X, € F, iff b A5 € i,,(X,) and
' ' Fk -1 f . _ _ ot _ F'
XA € FA iff (b )(i ) € 1 (XA)' But i, (XA) = Xv = lxv(xv)’ by, =b, , and
rsupport(x ) = rsupport(x ), so we get X, ¢ FA iff XA € Fi, contrary to

the choice of X, E] 2.3

2.5 Definition: A sequence F is ¢-minimal if ¢ is a sentence such that

L(F) E ¢but L(F|®) ¥ ¢ for all proper initial segments F [ & of F.

This property is important because if F and F' are ¢-minimal for the same ¢
then the iterated ultrapowers i(F) and i(F') given by lemma 2.3 are also ¢-

minimal, so i(F) = i(F'). Hence we have, as in [4]

2.6 Proposition: Suppose F is ¢-minimal and o is any ordinal such that
a' <o implies O (a') < a. Then for any x ¢ o in L(F) and any class T
of ordinals there is a set y definable in L(F) from parameters in o {/ T

such that x =y N a,

Proof: Let m:L(F') = X <'L(F) where X is minimal such that o U T <C X. Then
L(F') is also ¢ minimal, so we have iterated ultrapowers i:L(F) > L(G)
and i':L(F') > L(G) with i [ a=1"' [ a = id. Then x ¢ L(G), so x e L(F")

and we can take y = T(X). LJ

2.7 Theorem: F is unique in L(F): If F e L(F) and F satisfies 2.1
(1) - (5) for some (a,B) then B < OF(u) and F = F(o,B).

Proof: 1If not we can assume F 1is ¢-minimal where ¢ asserts that the theorem

fails. Then we have iterated ultrapowers i and 1i'

ult (L(F),F)
(n

LY — 2 P
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We can assume F 1is minimal in the ordering of L(F) such that the theorem
fails. Thus F 1s definable in L(F), as are the maps in (1). But then if there
are any x such that ij(x) # 1’(x) then the least such x is definable in

L(F). This is impossible since 1j(x) = i(x) for any definable x, so ij = i'.

Since F satisfies 2.1 (1)-(5), B i_OF(u). if B = OF(a) then j(F) r a+ 1=
FT (a,OF(a) =F P (a+1) so a = i(a) = ij(a) > a. Hence B < OF(a) and

F = F(a,B) by the same argument as in the end of the proof of lemma 2.4.

The most important application of theorem 2.7 is given by the following corollary.
F
Note that if 0 (¢) <« ' +1 in L(F) then 6(a,8) < «'' for all (a,8) and

the only sets X with the stated condition are the ordinals n e 8(a,B).

2.9 corollary: Suppose F = F(a,B), & = 8(a,B), and X& § are such that if
g € L(F) has support in X and [g]F = b: then v € X. Then F(X] is isomor-
phic to some F(a,B'). In particular for every F(a,8) the iterated ultrapower

isomorphic to F(a,B8) by proposition 2.2 is a hypermeasure.

iF[X](F) fa+1=F 7 (a, B'") for some B'; otherwise

(F)(a, B) # F(¢,B) and reach a contra-

Proof: First note that
we could let B be least such that 1
diction with theorem 2.8. Now let o:n = X for some ordinal n and let F be
isomorphic to F[X] by o¢. It is easy to check that F satisfies 2.1 (D-(5)
for (a,B') if we know that P(x)/) L(F[(a,8')) = P(x)/) L(F[(2,B)). But if

y C«k is in L(F f(a,B)) then {a:yfwaosL(Fra°+l)] e F. This set has support
in X so it is in F[X] and hence in F. Then y & L(F[(a,0(F)) = L(FF(G,B'))-U

2.9 Theorem: The GCH holds in L(F), <>u holds in L(F) for all o, and there

is a A% well ordering of the reals.

Proof: We will only prove the GCH; the rest of the theorem uses the same idea.

We will work inside L(F). The proof divides into two cases
F
Case 1: Vv <a 0 (v) <a.

If OF(a) # 0, then P(a)/IL(F) = P(a) ) ult(L(F),F(a,0)) so we can assume
OF(a) = 0, Every subset x of « is in some L (F) with n regular and by
collapsing we get x € L (G) for some Yy and G such that L (G) F (ZF-+ G is
an ultrafilter sequence), ]Ly(G)| =a, G r a= F r a and OG(a) = 0., If

x,x' C a then we say x < x' if for any such LY(G) with x' ¢ Ly(G),

x € Ly(G) and x < x' 1in the order of construction in Ly(G). Since each
ILY(G)[ = a, any x has at most o predecessors so the order type of < 1is at
most a+. We have to show that < 1s a linear order; that is, that 1if LYl(Gl)

and LYZ(GZ) are two such models then the ordering of P(a) 1in one of them is an
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initial segment of that in the other. By lemma 2.3 there are iterated ultra-
G. =G

1 2" 1 e R

an initial segment of LYZ(GZ)' This completes the proof of case 1.

powers Tl:LYl(Gl) -> L71(Gl) and iZ:Lyz(GZ) -> LVZ(GZ) such that (say)

Y.. Then i, and 1., preserve the ordering of P(x) and LV]_(_G_l) is

Case 2: OF(V) > a for some Vv < d.

There is no problem if OF(\J) <o, 15 B <o’ and i:L(F) » ult(L(F),F(v,B))

+
then |i(v)] < 2°5(v,B) < Vv a <o by case 1. Hence
+ . . .
|P(a)f’ ult (LCF),F(v,8))| < 1(v) < a", and lemma 2.10, which is of some independent

interest, will complete the proof.

+
2.10 lemma: If v <a and o iOF(v) then every subset of o is in

ult (L(F),F(¢,B)) for some B < ot

Proof: We first show that every x¢C a is in some L (G) such that

Ly(G)+}= (ZF + G is an ultrafilter sequence), G r a+1=F r (v,B) for some

B < a , and every member of Ly(G) is definable in Ly(G) from parameters in
o U{xz. Let n be a regular cardinal such that P(a)C LH(F) and take

Ly(G) = §‘<Ln(F) where X is the smallest such set w%th aC X and x € X.
Since v € a< X, P(vV)C X and so for any A € XN 0 (v), XN 8(v,\) satis-
fies the hypothesis of corollary 2.8. Thus G r a+1=F r (v,B) where

B =UEN OF(\J)), and |X| =a so B < ot

To finish proving the lemma, we show that Ly(G) e ult(L(F),F(v,B)). Use lemma
2.3 to define iterated ultrapowers i of Ly(G) and j of L(F) =

ult (L(F),F(v,B)) so that one of i(G) and j(F) is an initial segment of the
other. j(?) cannot be a proper initial segment of i(G); if it were we could
use an extra measurable cardinal in i(G) to generate indiscernibles for

L(i(_f':)) and hence for L(?) and L(F). This is impossible since the entire
construction_is inside of L(F). Hence Li(y)(i(G)) € LG (F)) and so

Ly(G) e L(i(F)) since Ly(G) is the transitive collapse of the members to

Li(y) (i(G)) which are definable from parameters in a U {x}. But

lLy(G))[ =a and j rP(a) = id, so Ly(G) € L(_F_), as was to be shown. (] 2.10,2.9

The next two results show that, as claimed, the models L(F) give inner models

for wmeasurable and Pz (k) -measurable cardinals.

2.11 Proposition: (i) If 6(s,8) > 1 and P()f) L(F) CL(F[(x,8)) then
is p-measurable in L(F). (ii) If OF(a) > aH in L(F) then a is Pz(a)—

measurable in L(F).

2
Proof: Part (i) is clear. Because the GCH holds in L(F), P (a)-measurability
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+ . +
is equivalent to P{(a )-measurability. By lemma 2.10, any subset of a 1is in

ult(L(F),F(a,B)) C ult(L(F),F(a,a++)) for some B < d++, so

P(a+)(::ult(L(F), (a,a++)) and o 1is P(a+)—measurable.

2.12 Theorem: Suppose «k is u-measurable or PZ(K)—measurable. Then there is a

sequence G such that « has the same property in L(G)

Proof: First let j:V + M be an arbitrary elementary embedding with critical
point k. We will use j to construct a sequence F and prove a general lemma
which will lead to the desired result when j witnesses that « has one of the

stated properties.

F [ « is defined by induction on (a,B): if F [ (a,B) 1is defined, there is an
F satisfying 2.1 (1)-(5), and B < a @ in L(F[(a,B)), then F(a,B) 1is set

equal to some such F. OF(a) is the least B such that one of these conditions
fails. Once F [« is defined F is set equal to j(F [ «) [ k + 1. Now define

sequences bv and Mv by induction on v:

{j(f)((brv)j_l)f has finite support}
N @ v

M
v
b
v

Let & be least such that OF(K)-M6 = 0 and set Fj = {xePf(ﬂD:bj_l e j(x)}
2.13 lema: If F, e M then « is P2 («)-measurable in L(F).

Proof: It can easily be verified that Fj satisfies 2.1 (1) - (5) for

(x,0 (k)). Since F 1is defined at « in M the way F [ « was defined in V,
F

either EM or 0 ()> k™ in L(F). Thus if F, €M then of ey = ™ 41

in L(F) and « is PZ(K)—measurable in L(F) by proposition 2.11. 1213

For the rest of the proof we can assume Fj * M. Let F=F,, §=6(F) and
b= bl and define F' with domain (F') = domain (F) U {(K,OF(K)} by

Frot o0ty = F
F'(K,OF(K)) = F

Now suppose that U, € M, so j witnesses that «k is u-measurable. Since F-¢ M
and U, = F[1] e M, & > 2. If & =2 then « 1is u-medsurable in L(F') unless
F 2 F[1] in L(F). But then F[1l] = Uj and the isomorphism is in M, since it is
given by a function from « 1into k so F e M, contrary to assumption. If

§ > 2 then by proposition 2.11 F(K,bz) = F[2] shows that k 1s u-measurable in
L(F) unless P(k) N L(F)(ifL(Fr(K,bz)). But 1f x € P(x)/) L(F) and

x ¢ L(FI(k,b,)) then f{a:xn aocL(F(ao+l))} ¢ F but {ao:x f)aoeL(F|(ao+l))}¢F[lL
which is absurd. Hence if & > 2 then « is u measurable in L(F).
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++
Now suppose PZ(K)C M, so K is PZ(K)—measurable. If § <k then
< +
F = WF[x]:x[6] w}’ so F is essentially a kK -sequence of members of P(x). But

= _ K++L(F)

this would imply F € M. Hence 6 = x K is PZ(K)—measurable in

L(F') by proposition 2.11.

We now know that L(F) 1is an inner model for L-measurable or PZ(K)-measurable
cardinals, but in what sense is there a unique minimal such model? There is no
minimal model M 1in the sense that Mk l= (ZFC+ ¢ is PZ(K)—measurable) and MCM'
for every other such M', since the first measurable cardinal can be arbitrarily
large below K. However by 2.11 we can restrict ourselves to models M = L(F),
with F  ¢-minimal for the desired property. The next theorem shows that there is
such a model which is minimal in the same sense as the model L(u) is minimal

when H 1is a measure on the smallest possible ordinal.

Theorem 2.13: If there is a sequence F such that L(F) |= ¢ then there is a ¢-
minimal sequence F such that for any $-minimal sequence F' there is an iter-

ated ultrapower i:L(F) > L(F").

Proof: Let F be an arbitrary ¢-minimal sequence and let X = EF. If T is a
class then Xr is the smallest class X<L(F_) such that T< X. Call T
closed if T is a proper class and for some ordinal &, if ¢f Yy > 8 and T 1is
cofinal in Y then Y € I'. Any intersection of closed classes is a closed class
so there is a closed I such that X 2l L)\++(F_) C X1 for any closed class re,
Fix such a [ and let m:L(F) = Xy . We will show that F is the required

sequence.

Let F' be any ¢-minimal sequence. Then by lemma 1.3 there are iterated ultra-

filters
i:L(F
1:L(F) — L©) .
LY.
We have to show that i' = id and hence (taking the notation ot the proof of
T
lemma 1.3) 8, =0 (@ ) for all v. Let v be least such that 8, < 0F @)

and set F = F'(ﬂv ’Sv)' Since L(Fv) and L(F') have the same subsets of @,
F is an ultrafilter on L(Fv)' We claim that ult(L(Fv),F) is well founded. If
not, neither is ult(L(G),F). But then by absoluteness the statement "there is an
iterated ultrapower L(F*) of L(F') such that ult(L(F*),F) is not well foun-
ded" is true in L(F'). This is impossible because F 1is countably complete in LF')L

Now consider the following triangle, where j and j' are given by lemma 1.3:
8

V ult(LTv),F) X

L (F\J ) S DS H) .
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We claim that jk r LX(Fv) =3 FLX(Fv)’ where X = iv(k++). This follows from

the fact that every member of LX(Fv) has the form iv(f)(E) where ¢ ¢ a and
fra > LA++(Fv) is in L(F). If T' = {Y:iv60=jk(y)=j'(y)=y} then every such f
is definable in L(F) from parameters in T'. Thus any member of LX(FV) is de-

finable from members of F'Fav so j« | LX(Fv) =j3'f LX(F“). In particular

j'(av) = jk(av) > e, so 0 v(av) > Bv’ as well. But now we can use the argument

at the end of the proof of lemma 1.3 to show that F'(av’ev) =F = Fv(uv’Bv)’

contradicting the definition of (av’Bv)' 8]

F
2.14 Corollary: 1If F  and F' are ¢-minimal for the same 9 and O (a) =
T
of (0) for all « them F=F'., OO

The corollary is not true without the assumption of ¢-minimality, even if

OF(a) <1 for all a (see [5]).

2.15 Corollary: Every elementary embedding j:L(F) -+ M definable in L(F) is

an iterated ultrapower.

Proof: 1If not, then j 1is defined by some formula ¢ with parameter n. We
can take F ¢-minimal for the assertion that there is an n such that ¢ de-
fines a Zl—elementary embedding. We can also assume n 1is the smallest parame-
ter that works, so j 1is definable in L(F). Now M = L(F') for some F', and
F' 1is also ¢~minimal. By theorem 2.l4, applied in L(F), there is an iterated
ultrapower itL(F) > L(F') in L(F). Then j = 1i: otherwise the least X such
that 1(x) # j(x) would be definable in L(F) and certainly i(x) = j(x) for
all definable x. O

This corollary lets us characterize the countably complete, uniform ultrafilters
in L(F):

2.16 Theorem In L(F)
(i) For all (a,B)e domain (F) if &§(a,B) = v+ 1 then
F(a,B) = F(a,B)[{v}], a uniform ultrafilter on a.
(ii) The only countably complete, uniform ultrafilters are the ultra-

filters F (a,8)[{v}] and finite iterations of them.

Proof: Let F = F(a,B) and suppose 6 = §(a,B8) = v + 1. Then bf <ot in

L(FF(G,B)) and there are functions fl and f2 with support in {v} such that

*z . +
[fllF =a and [f2]F= a = bf. But for each v' < v there is Yy < a  such
that bS, = [fZ]F(Y) and there is a g with support in {0} such that
y = [gY]F' Set hv'(av) = fz(au)(gy(fl(av))); then {a:av.=hv.(av)} ¢ F. Since

v' was arbitrary, F[{v}] = F and we have proved (i).



314 W. MITCHELL

Suppose U 1is a countably complete uniform ultrafilter on A and let i:L(F) -
ult(L(F),U). Then if A = [id,] , then X €U =X e i(X). Now by 2.15 i 1is an
iterated ultrapower. Let F be the associated iterated ultrafilter, let f be
such that [f]F =% and let x be a support for f. Then x 1s also a support
for all of F: Suppose w € ult(L(F),F) = ult(L(F),U), then for some g € L(F)

w = [g]U = i(g) V) = i(g)[f]F = [g(f)]F. Hence as claimed F 1is a finite itera-
tion and only includes F(o,B8)'s with &(a,B8) a successor. Also, X € U =

faif(a)ex} e F so F=u. O

2.17 Corollary: The only cardinals with uniform, countably complete ultrafilters
in L(F) are measurable cardinals and limits of measurable cardinals. Hence there

+
are no ¥ -strongly compact cardinals in L(F). [J

We will see in section 3 that L(F) 1is not even close to being an inner model for

+
a ¥ -strongly compact cardinal.

If F is a sequence of measures then it was shown in [4] that every countably
complete uniform ultrafilter is isomorphic to a member of the class I of finite
iterations of normal measures. The existence of a p-measurable cardinal, however,

implies that there is a uniform ultrafilter not in T.

2.18 Problem: Does it follow from the existence of a countably complete, uni-
form ultrafilter not in T that there is an inner model with a k-measurable

cardinal?

3. Loose Ends

In this section we will discuss the fine structure of L(F) and the extension of
L(F) to larger cardinals. Since our intention is more to point out loose ends
than to tie them up we will at best sketch proofs. Indeed no detailed proofs of
several of the results mentioned in this section have been written out, so these

results should be regarded as preliminary.

The models in this paper extend well beyond PZ(K)—measurable cardinals: They
can include, for example, PB(K)—measurable cardinals, PK(K)—measurable cardi-
nals and PA(K)—measurable cardinals «k where X 1is the least weakly compact or
Ramsey cardinal greater than «. They can, in fact, include anything short of a
PA(K)—measurable cardinal where A 1is the next measurable cardinal. In particu-
lar theorem 2.12 extends to these cardinals: If « is one of these cardinals,
then there is a sequence F such that x has the same property in L(F). The
strength of these cardinals is not so clear as for PZ(K)—measurable cardinals.

. A . At
If « is P (k)-supercompact then of course k is P l(K)—measurable, but on
the other hand it is easy to see that the least P(k)-supercompact cardinal is not

even PB(K)—measurable. It is still open whether P(«)-supercompactness implies
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the existence of P3(K)—measurab1e cardinals, but it is known that it implies the
existence of inner models with all of these hypermeasurable cardinals. The proof,
which is outlined below, only assumes that «k is K+—strong1y compact and requires
the use of the covering lemma for the core model K(F). No direct proof from

+
K —supercompactness 1s known.

The core model K(F) 1s defined for the ultrafilter sequences F described in
this paper just as it is defined in [5] for sequences of measures. It is the
class of sets constructible from F together with approximations, called mice,
of extensions of F. We have been unable to check details, but the basic results
about K(F) seem to generalize straightforwardly to hypermeasures. The covering
lemma is somewhat more difficult but we are confident the following theorem is

true:

3.1 theorem: If there is no model L (F) with a PX(K)—measurable cardinal,
where X 1s the next measurable cardinal above « in L(F), then there is a
sequence F such that

(1) If & 1is a cardinal and X = st in K(F) then cf(}) > 8.

(i1) Any elementary embedding 1i:K(F) - M, with M a transitive class,
is an iterated ultrapower of K(F).

(iii) Everything that was proved for L(F) in section 2 is true of K(F).

Theorem 3.1 can be used to show that many of the conditions which are proved in

. ++
[5] to imply the existence of a model with O0(k) = « are much stronger.

3.2 theorem: Any of the following imply the existence of a model L(F) in
which ¥ 1is PX(K)—measurable, where X 1is the next measurable cardinal in L (F):
(i) « is K+—strong1y compact.
(ii) There is an xz-saturated ideal on xl.
(1ii) (dependent choice only) The closed unbounded filter C on X is

an ultrafilter and ic(xl) = Xy-
Proof: We will prove (i); the others are similar. Suppose the conclusion fails.

We will let K(F) be given by theorem 3.1 and prove a contradiction.

Since «k is K+—strong1y compact there is an elementary embedding i:K(F) - M
such that i(K+) > Ui"K+. Let XA = K+ in K(F). Then by 3.1 (i) either

cf A =k or X = K+; in either case 1(X) > Yi"™ . But by 3.1 (ii) i 1is an
iterated ultrapower of K(F) and so 1i(}) = Ui"x since X = K+ in K(F). This

contradiction completes the proof. 1

It should be noted that when appropriate models become available for larger cardi-

nals this proof should extend to give (at least for (i) and (ii)) the best possible
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result, which is probably a K+—supercompact cardinal for (1) and (see [ 2, §17])

an almost huge cardinal for (ii). 1In contrast, we have been unable to strengthen

3.3 theorem: If there is a measurable cardinal «k with 2% > K+ then there 1s
E

an L(F) with a B8 <0 (x) such that B = N in ule(L(F),F (x,B)).

While 3.3 is unlikely to be the best possible, the following problem is worth

considering:

3.4 problem: Does the consistency of k measurable and 2% > K+ follow from

that of a PZ(K)-measurable cardinal?

+
It does, of course, follow from that of a « -supercompact cardinal (Silver, see
[2, §25]). 1In one case we are unable to improve the result of [4] and the follow-

ing seems quite plausible:

E
3.5 problem: If 0 (x) = K++ in L(F), then is it true in L(F) that every x-

complete filter on k can be extended to an «-complete ultrafilter?
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Assume that M = (M,E) = ZF. We say that M is expandable to
a model for KM iff there is a family F € P(M) such that
f = (f,M,E*), the model obtained by adding a new class universe, is
a model for KM; where by KM we mean the Kelley-Morse class theory
with full comprehension scheme and with no form of the axiom of
choice.

The following theorem is well known: If M is a countable,
KM-expandable model for ZF, then M has continuum many expansions
which are models for KM.

This theorem is a direct consequence of the Mansfield Perfect Set
Theorem {(see [5], ch. 8, 8B), which states that every sl relation

1
card (M) or contains a hyper-

included in P(M) has the power 2
elementary element. It suffices to observe that inside every model
{F,M,E*) for KM, we can define a class which is not hyper-elemen-
tary with respect to M.

In the case of uncountable models the situation is different.
Basing ourselves on the proof of the Chang-Makai theorem (|l 2] ,ch.5,
§3) we can show that the Mansfield Theorem is true for special
models. I do not know, however, if it is valid for a wider class
of models, in particular for Kleene structures (i.e. such M that
the completeness theorem is true for HYPM). Neither do I know if it
is true for at least one structure of the form Ra’ where cf a = w,
a2 wtw. .

By adapting the construction used in the proof of Mansfield
theorem we show here that: '

If M is a KM-expandable model for ZFC whose height has the
cofinality w, then M has at least card(M)No expansions to models

for KM+vVX r.a (X) where the sentence ¥X r.a (X) states that all

317
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classes are ramified analytical (for a reference see [ 4]).

Marek and Mostowski { 4] have observed that if cf(On&) >
and M is transitive then each expansion to a model for KM is a B-
model.
From this it follows that for the least o such that Ru is KM-

expandable and cfla) = w Ra has exactly one expansion to a model

’
for KM+ X r.a (X). Hencelthe conclusion of our theorem is not true
for M = R . This shows that the assumption cf(On&) = w is essential.
In the first section we shall show a useful partition
theorem which is applied in the next section. In section 2-4, the
use of recursive closed game formulas and their infinite approxi-
mations (see Barwise [1], ch. VI, §6) is essential for our purposes.
This paper contains parts of the author's Ph.D-thesis,
written under the supervision of Professor W. Marek and accepted

by the University of Warsaw.

1. A partition theorem

Erdos, Hajnal and Rado considered, in [ 3], the following
partition property:

We say, that a - (b,c), where a,b,c are cardinals, if for
any set S such that card(S) = a and for any two-element partition
[S]2 = I U J there exists a set X € S such that card(X) = b and
[X]2 C I or card(X) = ¢ and [x]2 cJ.

The following theorem,among others,is proved in [ 3]:

ZFC + If a is a strongly inaccessible cardinal, then
(Vb)<a a » (a,b).

Here we shall prove a corresponding theorem, which in-

formally, can be expressed as follows:
(ZFC) F (Va) On = (On,a)

To do this we shall adjust to our needs the ramification
lemma, which is the key point in the proof of the above mentioned
theorem of [ 3]. Before doing this, however, let us equip our
theorem with a precise and formal shape:

The theory ZFC(R) is constructed as follows: we add to the
language of ZFC a new relation symbol R. ZFC(R) is then ZFC plus
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the replacement schema for all formulae of the extended language.

Theorem 1.1. For all k € w there exists an £ € w such that

the following is provable in ZFC(R):

(va) (3x) C on card X > o & (vy,z)x ly € 2 = ~p(y,2z}] v

* (3% L (v [ (p¥ (x,y) = Ord(y)) & (32)(rank(y) € z &

wQ(X,Z)) & (Vy,z)[wQ(x,y) & wQ(x,z) &y €Ez=0(y,z)|}

where: wg(x,z) is a universal formula for formulas of classes EQ
with one free variable and one parameter, and runs through all

formulas of class Ek.

Proof. Let us fix the number k and try to prove the schema
*, The number ? will result from the proof. Hence, assume that the

second part of the disjunction in * does not hold, i.e.
(vx) {(vy) [(y(x,y) = ord(y)) & (ord y = (3z)(y € z &
Wi,z = Ay, 2 vhxy) & vlix,z) sy €2 s

~o(y,2)] 1.

Let k be an ordinal. Now we shall define an object, called
by Erdos, Hajnal and Rado "the ramification system". We shall use
definable ZFC classes.

Let [On]2 = {{a,B8} = a,B € 0On & o #* B}.

Let us denote by I,J the partition [On]2 described by the formula
©, I = {{a,8} : « €3 E€EOn & ¢l,p)}, J=[onAI

We shall denote the elements of the classotht-OnOt by o. Now,

8

by induction with respect to B < k, we define sets NB C On such

that:

(<) (vy < B)(Vo)[o € Ny = oty € NY]

(£4) (vy < B)[Lim(}) & (Vo < A)(ola EN ) =0 € NY]

and mappings S and F such that

{icc) (VY <k} (vo € NY)[S(O) = F(o) U UlS(c™0) : o"a € N,
{4v) Lim(B) = (Vo € NB)[s(g) = uges(cﬁa)

where F(0) is the union of all maximal subsets x C S(ov) of minimal

<
<

}]

+1

rank such, that [x]2 C I,if such maximal subsets exist, otherwise

F(o) is not defined.
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{v]) (vy <B)IN 4 = {07x 1 a EF(0) & 0 € Ny}]
{vd) (vy < B)(vo € NY)(Va € F(a))[S(c7a) =
{B € S(0) : {a,B} € J}]

Note, that the only mapping S satisfying conditions (iv) and
(vi) is the mapping defined by the formula

S{o) = (g € 0n : (Ya € Dom o) {B,o(a)} € J}

Substituting the above definition for S(cg) we see that the
conditions (i) =+ (vi) give us a definition by transfinite induction

in set theory, provided we show the following:

(vR < k) [NB is defined = N_ is a set].

B
We shall obtain this by proving, by simultaneous induction, that

(ve < k) [NB is a set & vg € NB F(o) is defined].

Thus, we shall also show that induction defined by the conditions
(i) » (vi) can be continued up to «.

First, we prove, that (vo € NB) F(g) is defined.
This can be reduced to the proof of the formula:

(Vo € NB)(Hx)[x C S(o) & [x]2 C I & x is the maximal set
possessing this property].

Assume the contrary, i.e. that there exists N, such, that

8
(vid] (v [x CS(o) & [x1° €T = (@y)(x Gy SSlo) & [yl? CDI.

We define by induction the function G : On » V such that
G(0) is any set x such that x C S(o) & [x]2 CI.

Gla) = BgaG(B) U {uy(y > U Bga(g) & Y € S(o) &
(g2, () U y}° €Dl

From this definition we infer, that for every o, G(a) is the maximal
subset of U G(a) such that [G(a)]? CI.
From this and from (vii) it follows that

(Va)on(tp Gla) 2 a) .

Assuming G = g G(a) we obtain a proper class such that
2 ¢ “
[G]® € 1.
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Let £ be the smallest £' such that the formula defining G
is in ZE" Clearly, % depends only on k.

So we obtain a contradiction with our initial assumption.

Now we shall prove that NB is a set. The non-limit case is
trivial, whereas in the case of lim(B) it is sufficient to employ
the fact that

Ng = o €on® : (va <) ota €]
We have, hereby, shown that for all g, N6 is defined and,
moreover, that (vo)[o € _U N = F(g) is a set]. Hence, as a

B<k B
corollary, we obtain

(viil) U {F(og) : ¢ € SgKNS} is a set.

In the sequel we shall show that there exists a o € OnK such,
that

(VB < k) oMB E NB and BQK S(ohB) * ¢

Let Y be an ordinal number not in the set (viii) and let L

be a maximal chain in the set

{c € B%kNB : vy € S(o)}, partially ordered by inclusion.

Let 0 = U L. As is easily seen, Dom 0o € On, Dom ¢ < k., To
end our reasoning we must show that Dom ¢ = k. Let us assume the
converse, i.e. that Dom o0 = B € k. Since v € S(0)\F(o) C agF(c)
S(o™), there exists an o € F(o) such that y € S(o™a). This contra-
dicts the choice of L, since o"u is the upper bound of elements of
L not beloning to L.

To conclude the proof, we shall show, that card(Rng o) = kK
and that [Rngc]‘2 € J, where ¢ is the element whose existence we have

just proved. To do this, let us note that from (iii) and (v) we get

(ix) (vB < k) (Vo € NB)(VY < B)loly) € s(oty)],

and from (vi)

{x) (VB < k) (Vo € Ng) vy £ R)(va € s(oby+{a,0(y)} € J]
It is easily observed, that o : Ké;éo Rng O.

To show that [ Rng 012 C J let us assume that a,B € Rng o,a #* B.
Hence, a = o(y), B = o(8),where v,§ < k (we can assume that y < §).
Thﬁs, by (ix), B = o(8) € S{otd) € s(cly), which, by (x),
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implies that {a,B8} = {o(y),B} € J.

Remark: Note that in the proof, the fact that I,J is a
partition of [On]2 was used in following cases: when defining the
function G (it was significant for the class to be well ordered)
and when choosing the element y (it was significant only that On

be a proper class). Thus we obtain the following:

Corollary. ZFC(R). If X is a well-orderable proper class
(definable with a definable well-ordering) then for any definable
partition: [X]2 = I+J there exists a definable proper class S C X
such that [S]2 C1Ior

Vi (Ix C X)lcard(x) = « & [x]2 cJl.

2. The perfect set theorem for the case cf = u

The main goal of this section is the adaption of the con-
struction of the Perfect set theorem to the case of cf = w.

Here we restrict the class of Zi—predicates under consider-
ation to those characterizing the expandability to KM.

A total open problem, not investigated here, is the generali-
zation of the Perfect Set Theorem to the case of arbitrary Zi—
predicates over models considered by Nyberg [ 6].

One of the essential properties of KM-expandability in the
case of cf = w, which we intend toc employ here, is the possibility

of characterizing it with the help of games expressed by recursive

game formulas (see Barwise [1l], Ch. VI, §6): a recursive closed
game formulas is an infinite formula Gx w(§) = lel"'ann"'
M . . . .
"iewRi(xl""'xn) where each Qn is either 3 or Vv, and i -~ Ri is

a recursive sequence of a formulas of a language Kmm'

Definition. The notion of a winning plan: assume that the

recursive formula lel"'Q2x2" R.(xl...xn ) describes a closed

LM
ic€w 1 i
game over model M.
A subset Z of ngan is called a plan of the 15t player also

called the 3-player if the following conditions are satisfied:

(1) s €2 & lh(s) =k & Q =V = (Vx)M(s”x € 3)

k+1
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(2) s € Z & lh(s) = k & Qk+1 = 3 = (Hx)M(s“x € 3)

A plan Z of the first player is called a winning plan, for
him, if
Y
(Vf,Mw[(Vn)w(an €EI=2ME iéLRi[xl/f(l)""’xi/f(ni)]]

From the proof of the Gale Stewart theorem it follows that
if player (3) possesses a winning strategy (i.e. the 2nd player
(V) does not have a winning strategy) then £ = @ U {(al,...

.,an> t MFQ

“ee (S
Ri[al/xl,...,an/xn,x ,xn_],n w}

n+1xn+1"'iém n+1l’ i
is a maximal winning plan of player (3).

Moschovakis proves in [5] that if M is acceptable, then I
(or, more precisely, the set of codes of the sequences belonging to
X) is a coinductive set,

For ocur needs it will be more convenient to define the set
Y using approximation formulas og, and the following theorem proved
in Barwise [1], Ch. VI, §6:

there exists a A?P Inf

-operation
0 : wXOn -+ K such that
ww

(1) for every n and p € w, 0; € wa,and if M is a structure for

K, then
(2) M E Qn+1xn+1...iémRi[al/xl,...,an/xn,xn+1,...,xni]
SuE R
(3) kM 0(HYR,) & M G/L\Kﬂo;l[al/xl,...,an/xn]
=>ME Qn+1xn+1...ié}uRi[al/xl,...,an/xn,xn+1,...,xn ]

i
Now the maximal winning plan of the first player (3) can be defined
as follows:

- . n
z = {(aly-.-,an> : MF: mMoq[al/xl"“'an/xn]'new}
M a<k
For a < k— let us denote

_— . n
Lu = {(al,...,an> : ME oa[al/xl,...,an/xn],n € w)

Clearly, X = GQKZG. In the sequel, the investigation of plan
Z can be reduced to the investigations of sets Za which, as it

should be noted, are elements of HYPM (if Kﬂ > w).
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Lemma 2.1. Assume, that M is a model for ZF.
(£) (VFYLF = (F,M,E*) F KM+vXr.a(X) = (Def(F),M,E*) F KM],

where Def (F) denotes the family of all classes of the model F
definable by formulas of the language £KM with parameters from M.
(L4]) there exists a recursive closed game formula 6% ©(X) in the
language containing only the symbols from £ZF such that
{a} M is KM expandable = M k GX ¢ (X).
If ME 6% w(;) and cf(On&) = w, then M has an expansion
F satisfying F = Def(F), and KM+VX r.a(X).

Proof. In {8] we find the proof of the following thecrem:

KMn+vxr.a(X) + The Basis Theorem for 2;—formulas.

In any mcdel fn = KMn+VXr.a X we can express this as follows:
the family of all classes, A;-definable by formulas with parameters
from M, denoted by Defn(in), is a base in fn for E;—formulea
without class parameters.

If (F,M,E*) E KM+ Xr.a(X), then by the reflection principle,

see [ 4], there exists a tower

£1-< i £2_< é... such that nngn C F and for every n € w,
' E RMp+vXr.a(x).

It is easy to see that Defn(f) = Defn(fn). Hence
Def(F) = U Defn(ﬁ) is a base for formulas without class para-

meters, wﬁfﬁh implies that Def(F) < F. This concludes the proof of
(1) .

To prove (ii), we note first that for every F = (F,M,E*) k
= KM+VXr.a(X), Def’ (F) < ;

theorem.

F; This follows easily from the basis

Moreover, let us note that for 2 <n € w, Defn(ﬁ) E
F KM _,+VXr.a(X) and that
DefM(F) E (¥X) (3x) (3y) (vz)(z € X « " (x,2) = ' (y,z)}, where ¢" is
a universal formula for E;-formulas without class parameters ( in
short, Def"(F) k Al-Def).

Arguing as in the proof of lemma 1.1, [7], we find a direct
system
E*), i € w,

1
¥y —<
g (Fi,Ri,E ) i (F

it i+17Ri41e
the elements of which are of the form ap = {b €M : bEa}, where
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a € M. In particular, Bui € Ong (Ri = Ru ﬁ). If cf M =w, it can

be chosen so that its limit is a certainlexpansion of M to a model
of KM+vXr.a(X).

It differs from the system of lemma 1.1 [7] only in that
(Fi,Ri,E*) = KMi_2+VXr.a(x)+Ai—Def.

Moreover, we can assume, that gi"(Fi) = {Xx € Fi+1 : X is
Ai—definable in (Fi+1’Ri+1’E*> by formulae with parameters belonging
to Ri} for i € w.

Thus consider the following game between (3) and (V): the nth move

of (V) is an ordinal o of M; the nth move of (3) is a set of M of

M = -
the form (Fn,sn,hn_l>. Let Fn = (Fn)E’ Rn = (Rg;)E, 9, = (hn)E’ then
(3) wins if for all n € u, o, < Byt (Fn,Rn,E” is a model of
1_ . * 1 *
1<zvln_2+vm:.a(x)+An Def, and g _ : (Fn,Rn,E )y < n (Fn+l,Rn+l,E .

Clearly this game is expressible by a recursive closed game formula
Gx w(ﬁ) on M; and the above remarks imply that if M is expandable
to a model of KM, then (3) has a winning strategy. Moreover, if
cf(Ong) = w and (V) chooses his sequence of moves, o s to be cofinal
in Ong, then the limit of the direct system constructed by (3)
applying a winning strategy is an expansion of M satisfying

F = Def(F) and KM+V¥Xr.a(X). This shows (ii) of the Lemma (comp.
proof of Th. 2.1 in [7]).

Theorem 2.2. If M = (M,E) is a KM-expandable model for zZFC
such that cf OnE = w, then the family

{F : (F,M,E*) F KM+VXr.a(X), card(F) = card(M)}

has power = card(M)N°.

Proof. Let Gx w(ﬁ) be the recursive closed game formula of
the above lemma.

In view of the assumption, MF Gx w(ﬁ). Thus, in the game
defined by Gx w(X) the first player possesses a winning strategy.

Let ¥ be the maximal winning plan of the first player.
To estimate the number of expansions cf model M to models for
KM+VXr.a(X), we shall in the first place attempt to estimate the
number of possible moves of the first player, consistent with the
plan and defining different expansions.

Assume, that s € Z, s = (ul,Fl,Bl;uz,Fz,hl,Bz;....

.;an,Fn,hn_l,Bn), where ul,Fl;a Fz,hl;...an,F ,h are moves of

2’ n’' " 'n-1

the first player, which constitute the direct system:
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M *y < 1
(h)g ((FI)E'(Ral)E'E »<
M * . M D%
((FZ)E'(Ra S e A I ((Fn—l)E’(Ra ) g EF?
2 n-1
M *y .,
~ nll((Fn)E,(Run)E,E ) : Bl,...,Bn are moves of the second player,

which determine the level which has to be passed by the first player.

Let § < M be a fixed ordinal. Let us consider two cases:

Case 1. M is an w-model, so M is acceptable.

Hence HYPM = KPU+ + Infinity. In view of the definition of
approximation formula, the sequence of formulas {og(xl,...,xn)}ne ©
belongs to HYPﬂ, thus 26 as the union ngmog(ﬂ) belongs to HYPE.

As is well-known, HYPM (under the above assumption) is closed
with re »~ect to the operation Def. Hence
Def(ﬂ;zd) = dfnngef(g; Edfan) € HYPM. Let H be an element of
HYP, N P(M)\Def(g;Zd) — the existence of such an H follows from the
fact that HYPM E "P(M) does not exist", as is well-known from the
projectibility of HYPM and the diagonal argument. From Moschovakis
[5] ch. 7 theorem 7.F.2 it follows that there exist a Ei—formula ®
( in the language £KM({E : a € M}) defining the above set H in any
model for Ai—comprehension (Ai—CA) extending the model (g;a)a
Let a

M’
1”"'Em be the sequence of all constant occuring in the

formula ¢.

Let y = maxﬂ(rankﬂ(al),...,rankﬂ(a )) .

Let R = {{(a,),¢a", 80} + (3F,0,7 ,h))
[s™a,F,h) € 25 & s”(u',Fl,hl) [S 26 & ME (B = osp(F) &
L} p— - 1 =
g' = OSp(Fl) & (39) (g : (F,RQ,E)<< 1 (Fl,Rul,E) & gPRa id))
g (o, 08 % (o, g0y,
Note, that if Sﬁ(an+l’Fn+l’hn) € Zd, then from the definition

of approximation formula (see Barwise [1], ch. VI §6) we get

S'(un+1'Fn+l’hn) € X  and this means that

0
MEh :(F ,R ,€)<Y(F  ,R ,€) and
n n’'"a n n+l’"a
n 1 n+1l
ME ((F_ ,R ,€) = VXr.a(X)+A -Def).
- n’' o n

n
Moreover we may assume, (cf. Remark in the proof of lemma
2.1) that Mk [h®(F ) = (X € F_, : X is Al-definable in

n+1l
(Fn+1'Run+1'E) by formulas with parameters from Run}].
Thus, hn is uniquely determined by an,Fn,un+1,Fn+1. Indeed,
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if @ (X),wz(x) is a pair consisting of a E; and rﬁ formula,
respectively and defines h (X) in F +l,then the same pair defines

X in (F ,Ra €),which 1mplles that the E -formula (¥x)(xE€EX = ®, (x)) &
(VX)(wz(x) = x € X) is satisfied in (F ’Ran’E)

So, by X —elementary of h ,it is satisfied also in (F R LE).

7
n+l’ o4

This consequently means that h (X) = ¢, (F R /€)=
n 1 @n+1

n+l’
= h;(x) i.e. hn is uniquely determined.
Finally, let us note that Fn+l is uniquely determined by

o and osp(F ) —-this is a consequence of the fact that F may

n+l n+1 n+1
be assumed to be standard and that ramified analysis is absolute
with respect to B- models (see [ 4]).

Let X = Dom-R Obv1ously X € HYP . Moreover, X is an un-
bounded subset of (On )— in the sense or ordering:

(a,B)— - (al,Bl)— <« a(—a & R (-Bl) , since it is a superset of the

set of all winning moveslof the first player.
Since R and X are hyperelementary sets, they belong to every
model for KM expanding mcdel M, which implies (M;R,X) E ZFC(R,X) .
From the corollary of Theorem 1.2, by the fact that X is
unbounded in (Onz)g, we obtain: there exists a formula ¢ € LZF(ﬁ,i)
such, that @({M:R,X)) is an unbounded subset of X and

(Va)On(sx)M[xE C X & (ME card(x) = a) &(vy,z)xE(y¢::= WR(Y,2))]) v
v o{(M;R, X)) C X & (vy,z)[y,z € o({M;R,X)) & y ¥z = R(y,z)].

Now we shall show that the second component of the above
disjunction is not true. Suppose the contrary, i.e. that
(vy,2)ly,z € o({M;R,X)) & y < z = R{y,z)]. Assume that
(cx,B)M € @({M;R,X)), and let F be an element such that
(3h)(s"(a,F,h) € I, & osp™(F) = ). Let (o, @Y% (a,8p% (0y 88,
be a fixed sequence of elements of ©({(M;R,X)), unbounded and
. . . 2, M
increasing for < in (On")—.
From the definition of R we infer that there exists a direct
system:
1

. * .
g ¢ (Fi'Ri'E ) < 1 (Fi+l’Ri+l’E Y i€

- - M = i
such that F1 = (F)E, Rl = (Ra )E’ g.lI*R.l 1dR
and for every i € w, Ri = (R M)

i
The direct limit of the above system is & relational system

E'

of the form (F,M,E*) . By 90 let us denote the natural monomorphism
from the i-th model F, = (Fi,Ri,E*) into F = (F,M,E* . Obviously
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9w is a Zi—elementary monomorphis. Now we shall prove that
FF &)-ca.

Let then ¢(x,A) be a Zi—formula, y(x,A)- a ﬂi—formula,
respectively, where A is a parameter belonging to F.

Assume also that F F (vx)ol (x,A) < y(x,A)] and that
o Elm, B € Fio.
The property of being El—elementary extends to the family of

A = giow(B), where i
boolean combinations of Ei—formulas. Moreover, adding the universal
quantifier does not lead beyond the class of formulas invariant
with respect to the passing to a fixed submodel. Hence
(F. ,R, ,E® k (vx)[o(x,B) ¢ y(x,B)]
i i
0 0
Thus, also the formula (3X) (vx)[x € X © ¢(x,B)] is satisfied in
(F, ,R, ,E®.
o to L
Since 9w is a El—elementary moncmorphism, the same formula
will be satisfied in (F,M,E*} and this means that f F Ai—CA.
Summing up, for every (oc,B)M € ¢({M;R;X}) and for every F
such that (3h)(s”™ (a,F,h) € 26 & ospﬂ(F) = B) there exists an
extension (F,M,E*} of M which is a model for Ai—CA and such that

1 M M
(vp € Zl)(val,...,as)(Ra—)E((F)E,(Ra)—)E,E*) F

¢(al/xl,...,as/xs) < {(F,M,E® E ¢(al/xl,...,as/xs).

Since the set H is definable in every model for Ai—CA

(extending M) by a Zi—formula ¢ (x) with parameters a .,4, be-

1 k
longing to (RYE)E, the following holds for every o > vy (o as above):

M

HN (Ry_)E = {a€M: (F,ME" E ¢(a/x,al/xl,...,ak/xk)} =
- . M M *y
= {a€M: ac€ (RY )E & ((F)E’(Ra )E,E ) E
Eoolasx,a /x;v.v.,a /)]

Hence
H={a€M: (M,X,R,EG) = (aa)>7(36)(HF)(ah)[w(a,B) &
s” (a,F,h)EEd & osp(F) = B & (F,RG,E) E ¢(x/a,xl/al,.n
. 'xn/an)] 1.

Since X,R € Def(M,ZG), then also H € Def(M,Zd) which contra-
dicts the choice of H.

Thus, we have proved the second component of the disjunction



MODELS OF ZFC-SET THEORY TO MODELS OF KM-THEORY 329

to be false.
The first component, on the other hand, can be interpreted
as follows:

(Mia) ey & (Voo C on

[¢g,8" ,(y,y" € x = (3F,h,F ,h)[s" (B,F,h) €

(3x) 2 (x> a & (VB,8',v,y")

26 & s” (y,Fl,hl) € 26 & osp(F) = B' & osp(Fl) = y' &
1 o
v{3g)[g : (F,RB,E)-< 1 (Fl,Ry,E) & gI‘RB = ldRB]]]}

where 26 should be replaced by an appropriate approximation formula.
Let us denote the formula appearing in the curly brackets

by wd(a x) = ¢la,x, E ). By Barwise's theorem in [ 1] gquoted before

2.1, the mapping d > wd(a x) is E -definable over HYP

Let o € On— be a fixed ordlnal in M. Hence

(V6) 4M (M;a) F (3x) C 2 9 (a,x) .

a€M On
We shall show that the quantifiers Vv§,3x can be interchanged.
Let us assume the contrary, i.e.
2
(vx)y(M & x S Oon® = (38) \(Mid) ey F vo;(a,x)
Using Elucollection in HYPM, we obtain that there exists an
ordinal number 7 < P such that
2
(Vx)M[ﬂ E x Con” = (36)<n(ﬂ,a)aeM = mwd(a,x)]
On the other hand, since the formula defining the set Ed is
positively included in the fomula wd,
(V6,6 )18 <6, = (M@ . F
(Ya) (¥Yx) = On2 (wd (a,x) = wd a,x))]

and by (g;a)aeM E (3x) c on2 ¥, (a,x) we have:
(Mia) oy F (3x) c on? &on g lorx).

This contradicts the previous conclusion. Thus, the possi-
bility of interchanging the quantifiers has been shown (note that
the above "trick" is closely connected with the notion of a-
recursive saturation appearing in Barwise [1].

By the same argument, the quantifier (V§) M can be inter-
<K—~

changed with the remaining existential quantifiers, hence, also
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with (BF,H,Fl,hl). Thus, we finally obtain the following property:
There exists a set x of M such that CardM(x) 2 o and such
that for all B,y,8',y' € Oon";F,h,F ,h €M if (g,8" 8¢y, y0 8 ex

EI
¢,80% # v,y and ospF) = 8', osp(F)) = v' and
s™ (R,F,hy € £, s” (y,Fl,hl) € X then there does not exist
: M * < 1 M *
g : ((F)E'(RB)E’E ) 1 ((Fl)E’(Ry)E’E ) such that
M o

gI\(RE)E = id.

Let us assume that s, = s"(g,F,hh € ¥, g <y
s, = s (y,Fl,hl) € Z. Moreover, assume that there exist complete
games (compatible with plan Z) extending respectively s, and s

1 27
such that the models for KM determined by those games are identical

and equal to F = (F,M,E* . Then there exists
M
B

) <L ¢p) (R%)

E’ 1 1’E’ E) =

g : P = C(F) g, (Ry) B Fye

To show this, let us observe that by the assumption and
lemma 2.1, F = pDef(F), F is a model for KM and there exist

mappings:

M _
hys By <oppp B Byl (Rplg = ld(Rg)
B E
ho: F Lor, n) @ =4 such, that
2° —2=< n+l1l - ' 2 Y'E M ’
(Ry)
E
hjt = {X €F : X is &_! -definable in F by formulas with
. M " . 1
= = IS . -
parameters belonging to (RB)E}’ h2(F2) {Xx F : X is An+l
definable in F by formulas with parameters belonging to
M 1] "
(R?)E}' Hence, by M F 8 <y, h (F) € h, (F,).
Let h = hy' o ny.
From the Znil—elementarity of hl and h2 it follows that h is
a Znil—elementary monomorphism. Of course, also h P(R%)E = id M
holds. (RE)E

In view of the above fact, the previously obtained property
can be formulated as follows:
For any s € ¥ and for any a € OnE there exists a set x in M

(one such set let us denote by m(s,a)) such that

(4) the elements of set Xp are the moves of the first player
extending the game s and compatible with plan Z.

[£L4) cardM(x) > a
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[44{) for any (B,F,h)M, (Bl,Fl,hl)M € Xg the models for KM
determined by any two games (compatible with plan Z) extending

respectively s” (B,Fl,h), s” (Bl,Fl,hl) are different.

To end the proof of the theorem for this case, we choose
a sequence Oy rQgyren- of ordinals from M cofinal with the height
of M.

Let T C ngan be the least transitive relation generated

by the relation:

s EX &t €X g (Ix)[x € m(s,th(s))E & t = s"x“ugh(s)]

Evidently, T is a tree of height w. Every maximal branch of
this tree is a game consistent with the winning strategy of the
first player and determining, in effect, a certain extension of the
model M to a model for KM of the form (F,M,E® .

As is easily noted, different branches determine different
extensions. Hence the power of the set of extensions of a model M

to models of KM+vXr.a(X) is greater or equal to the power of the

set of branches of the tree T i.e. it is = I (a_ )_.
ncw n E
Thus it suffices to show, that 0 (o ). = ﬁNo.
nEw n'E
If there exists an o € OnM such that 3; = M, then,
— = R
obviously, I (a )_ = (a_) °. So, let us assume that such an o does
n€w n'E _ N B . Y Ro — N .

ist. e = (L (5 o - LI (@l = 10 (F)..

not exist. We have (M) (nem(an)E) 2 new(an)E nem(OLn)E

Case 2. M is not an w-model. Since M is KM-expandable,
there exists a class of satisfaction for M and all the formulas
belonging to M which can be used as a parameter in the induction
scheme. Hence follows that M is recursively saturated. Thus (see

M _
[1]) ¥x= = w.

Putting

R = {(a,e)M : (3F,h,F.,h )(s” (q,F,h) € Z &
1 n

1
s (B,Fl,hl> €L & MF (R = RB)]}

X = Dom R, where n < w, we obtain

(4) R,X € Def (M)
(i) (va) (3%,
On—
[x; C X & card™(x) > a & VB, (B S Y S MERg <RI
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Indeed, by Th. 1.1, the negation of (ii) would mean that
there exists an unbounded and definable subclass ©(M) of Onﬁ, such
that

(vo,B) ME (0 €8= R < Rg)

@ (M) B

When summing all the classes of satisfaction for (Rg)E
with respect to all o € (M), we would obtain a definable class of
satisfaction for model M, which contradicts Tarski's theorem on the
non-definability of the notion of truth.

By the same argument as in the previous case we show that

in (ii) the subformula x C X can be replaced by

E
(vB)_ (3F,h)(s™ (B,F,h) € ).
*E

Let m(s,a) be such a set x of M that cardM(x) 2 o and

(VR) _ (3F,h) (s™ (B,F,h € I)
XE
and

(VB,Y), (B # vy =MFE R

= RY)
E B

If B,y € m(s,a)E,B #+ y and (FI,M,E*),(FZ,M,E*) are two
expansions determined by complete games (compatible with plan Z)
extending respectively s™ (g,F,h ,s” (y,Fl,hl), then these
expansions have different classes of satisfaction for M. To prove
this, let Sl,52 be classes of satisfaction for M in these
expansions. Assume that Sl = S, and let 8 < vy. Hence if vE(RE)M,

then M F (RB E olv]) iff (w,v)ze sl iff (p,w € 52 iff
ME (RY E olvl). This proves that M k RB 4;Ry, which contradicts
our assumption.

Constructing an identical tree as in Case 1 we obtain the
required "lower" estimation of the number of extensions to models

of KM+vXr.a(X).

Corollary. If M is a KM-expandable model for ZFC such that
cf OnM = w, then the power of the set of expansions of this model
to models F satisfying F = Def(F) and KM+ Xr.a(X) is equal to ﬁKD
(in particular, for M a stgndard model of the form Ra with cf o =uw,

this power fito equals to 2M).
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Proof. From the proof of the previous theorem we infer that
§N°<§ the power of the family of expansions F of models M satis-
fying F = Def(F) and KM+vXr.a(X).

Let F be a member of this family; F = nngn’ where the Fn's
are codable in F, as follows from the proof of lemma 2.1. Using
the fact that cf OnM = w we can represent F as a countable sum of
subsets of F, codable in F by classes with a set domain. From the
proof of lemma 2.1 (see also the proof of lemma 1,[7]), we deduce
that there exists a direct system of power ¥;, with elements
belonging to M and the limit being equal to F. Thus we obtain the

required estimation of the power.
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A FINE STRUCTURE GENERATED BY REFLECTION FORMULAS
OVER PRIMITIVE RECURSIVE ARITHMETIC

By

Ulf R. Schmerl ?!)

Mathematisches Institut der Universitdt Miinchen

In the following we shall describe a fine structure on hierarchies
generated by reflection formulas over primitive recursive arithmetic
(PRA) and some of its extensions.

Let T be some rec. enum. extension of PRA and Cn[T] a formula
expressing the sentence "every ﬂg+1-formu1a provable in T is true".
Then for each natural number n hierarchies of theories (E) can be
defined by

ny, _
(n) = PRA
n - n n
(qeq) = () + C I ]
(?) = agk(2> for limit ordinals A,

where the ordinals are supposed to be elements of a well order

definable by a p.r. order predicate <.

The main result of this paper, the fine structure theorem on the

hierarchies (2), reads: For all natural numbers n, p and all

1) The results reported here are part of the author's doctoral
dissertation, Heidelberg 1978. Thanks are due to J.-Y. GIRARD
(Paris), G.H.MULLER (Heidelberg), H.SCHWICHTENBERG (Minchen), and
C.SMORYNSKI (Chicago).
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ordinals a, P

n+p _ n
( o ) = (wp(u)> (p,a#0)
n n+p _ n
EVED) G ) (p#0) ,
vhere =, means provability of the same ﬂi+1—formu1as. - These

relations had been conjectured by GIRARD.

The comparison of the hierarchies (2) or the iterated reflection
formulas inveclved with other proof theoretical concepts and the
application of the fine structure theorem yield a lot of results;
some of them are new, others, already known, are much easier to
obtain by the fine structure than by their original proofs. It turns
out, that this method 1s a useful tool for dealing with problems
concerning consistency and reflection principles, transfinite
induction, proofs of restricted complexity, and perhaps some other

concepts.

Although in the sequel only systems based on classical logic are
considzsred, 1t seems evident that the fine structure relations apply
to intuitionistic systems too.

For the sake of shortness we shall not give complete proofs; some
are sketched, most of them have been dropped and are somewhat
technical anyway.

Let < be a p.r. order predicate describing some total well order on
the natural numbers (in fact, well order properties will not even be
used). For this order, p.r. functions like ' (successor with respect
to <), +, -, exXp s € etc. should be defined and their usual proper-
ties should be provable in PRA. In addition, let { } be a two-placed
p.r. function which assigns to each non-zero ordinal o a certain

series ({u}n)n<w of ordinals converging to o if o is a 1limit ordinal

or the constant series {oaln =f if a is the successor of B.

Extensive use will be made of the following notion characterizing
provability in the formal systems we consider here: Let T be a r.e.
extension of PRA and let PrT(x) be a canonical (Z?—) provability
predicate for T. Then a formula ¢(x) is called reflexively pro-
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gressive (in x) with respect to T if
vxIvy<xPra(To(y) ) - o(x))

is provable in T. This characterizes provability in T:

Theorem (reflexive progressiveness and provability):

p formula is provable in T iff it is reflexively progressive with

respect to T.

Proof: One direction is trivial; for the other, suppose ©(x) is

reflexively progressive with respect to T. Then
T k Pro(Tvy<xo(y} ) ~ Yy<xPr (To(y) ) -
fz<xaVy<zPrT(rb(yT1)]hxp[z<x»w(z)] s
i.e. T |- PrT("‘Vy<xco(y7‘ ) = vy<xo(y).

By LUB's theorem [6] follows: T I vy<x@(y). But then
PrT(rVy<xw(yT ), and hence Vy<xPrT(rb(yY‘), is also provable in T
and another application of the hypothesis shows the provability of
o({x) in T. - We owe this simple and short proof to a hint by GIRARD
(it replaces a much longer one we had before).

We can now give an exact definition of the iterated reflection
formulas needed for the construction of the hierarchies (2): By
KLEENE's Primitive PRecursion Theorem [4] a primitive recursive

function Fn exists such that

FL(0)  =TwxIm_  ()APr(x) = T ()17

n+1l

Fo(a+l) =Mvxm o (x)APZ(F, (a)4x) = Tm1<x)]'1

n+1

F(3) =Fwyt (Fn<{x}y))" for limit ordinals A

+1

(here Pr means "provable in PRA", N (x) is a p.r. predicate for

n+1

Gédel numbers of ni+3formulas and T (x) is a partial truth

n+1
definition for these formulas). Apparently Fn(u) is a Godel number

of a certain formula Cn(u): For every ordinal o, let

c_(a) 9B T (F (a)
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The Cn are iterated reflection formulas having the following basic

properties:

Proposition (properties of the Cnl: The following is provable in PRA:

(1) «a#0: Cn(u) «— vx[n (x)A3y<uPr(rCn(y)7$x) - Tn+1(x)]

n+l

(2) agh » [C,(B) » C (a)]

(3) Cn(O) > Vx[ﬂn+1(x)APr(x) - Tn 1(x)]

+

(h) Cn(a') - Vx[”n+1(x)APr(rCn(a71éx) - T (x)1

n+1

(5) Lim(x) »an(A) > Vy<ACn(y))

(6) (0) = ¢, (0)

Cn+1

Proof: (1) by showing the reflexive progressiveness of the formula;
(2) follows from (1); (3), (4), (5) follow from (1) and the defi-
nition of the Chs (6) 1s trivial.

Now let, for all natural numbers n and ordinals o of the pre-fixed
order

n n, _ .

(O) o PRA and (u) = PRA U{Cn(B). R<a}

For abbreviation we note

Pr(n)(x) > Pr(x)v3y<aPr(rCn(yf14x)
o

Pr,n my(x) = Pr n,(x)v3y<PPr n. (FC_(y)13x)
(u)U(F) (u) (0) m

The fine structure theorem stated in the introductory remark is just

a straightforwvard generalizaticon of the following

Theorem (fine structure theorem): For all n and ordinals o, R

n+1 _ n
(1) (LY = (o) (a£0)
n n+1 _ n
() DI UNCHAS I S S

Sketch of proof: Apparently (2) implies (1). In order to prove (2),

two directions have to be shown:

n ) n+1l

(o]
(a) For every ﬂn+1—formula ® we have: If (P+1 u( o ) & ¢ , then

n
(gyga) F @
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o n+1
(b) For every y<P+w (B+1)U(

) = oC ()
To (a): Consider the following formalization of (a):

vpvalm L GOAPr ne1y(x) = Pron 001 (8 g (a) ).

Y+1)U( AT

Then (a) can be proven by show1ng that 0, (x) is reflexively pro-
gressive in x with respect to ( ) (this w111 be explained later);
clearly, 1f wn(u) holds for all a, then (a) holds.

D+ ¥y<OPr 0y (To, (377) =+ 0, (0)
is trivially true; even

D = Lin(OAVY<apr 0y (Fo, (971 = 0, (A)
is obvious. The successor case would be done, if

D - Pr 0y (M0, (a)T) = o (a1

could be shown for arbitrary a. We shall give an infecrmal proof of
this by pointing out that under the assumption (2) - wn(a) the
following holds for every ordinal y and every ﬂ:+1-formu1a P

n n+l n
Ir (v+1) (1) F ¥, then (Ym“*l) v
So suppose ( )U(zzi) = ¢ . Then there exists a Gentzen-type

formal PRA-deduction (the induction rule is restricted to HZ—
formulas) with an endsequent

n+1(04), C (Y) =y

and from which all cuts more complicated than ﬂc have been

eliminated. As it is easy to see that there are a ﬂ -formula 6" (x,y)
and a ¥ -formula Xy "(x) such that

Cn(y) > Vxxs(x),

n+1(a) > VXaye "(x,y) and VXPr(n+1)(r3y82(k,y)7)

o

are provable in PRA, we may demand without loss of generality that
all occurrences of Cn+1(a) and Cn(y) in the given deduction are in
the form VnyB (x,y) and Vxxs(x). We are now going to prove that
for each sequent M+=A in the deduction there is a natural number k
such that the sequent Cn(y+wu-k), I'* - A 1is also provable in PRA,

where T* is obtained from T by deleting all occurrences of the
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formulas Vxxs(x), anyeg(x,y), aysg(t,y) (t an arbitrary term).
Note that then MAT* - VWA is a ﬂ2+1-formula: This is true first for
the endsequent; but since the deduction has no non-trivial cuts, it
holds for all sequents in it. The proof proceeds by an induction on

the height of the sequents I FA 1in the given deduction.

- Suppose h(I'A)=0. Then UHA 1s a logical axiom or a proper PRA-
axiom and, trivially, Cn(y),T*F-A is provable in PRA.

- Suppose the allegation proven for all sequents of height < p. In
order to prove it for sequents of height p+l, we distinguish

different cases according to the last inference rule. Checking all
possible inference rules reveals that there is only cne non-trivial

case, viz. when the last inference is of the form

0,(t,¥), T 8 (height p)
3y (t,y), Tk & (height p+1)
with a free variable y not occurring in I', A. Let Xgaees¥, be the

free variables occurring in t, ', A. By the induction hypothesis,
there exists k such that

Cp(y+u®-k), (8 (t,y), TI* b &

is provable in PRA. As Gg(t,y) is not one of the "prohibited"
formulas, (BZ(t,y), r)* is identical with eg(t,y),F* , 1.e. the
sequent

Colyru®k), 8 (t,y), T* k= &
is provable in PRA. An inference "3-left" gives
o, n *
C v+ k), Hyea(t(xi---xr),y), r (xi...xr) B oalxy.oox))
and therefore
r . n . . . . . N
Vxl...erPr( Cn(y+w k),ayea(t(xi..xr),y),F*(xl..xr)F—A(Xl..x )
is provable in PRA tco. With
vXpr(n+1><rayeg(k,y)ﬂ)
o

the formula ayeg(t(kl...ir),y) can be cut off and we get

¥X.4...¥X_Pr,n+1 n (CT* (%, .. .%.) = A(%x,...%. "),
1 r - ( o )U(Y+ma'k+1) 1 r 1 r
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ﬂn+1(rF*F— &Y is provable in PRA, so the assumption (2) - wn(a)
can be applied arl3 gives

0 .
( b~ VX,...YX_Pr n (Fr*(%....% = A(%, ... %0
1) 1 r (Y*‘ma'k*mo‘) 1 Xr) 1 Xr) s

from what the provability of
a.
CO(O), Cn(Y+m (k+1)),F*(x1...xr) — A(xl...xr)
follows and hence
Cn(y+ma-(k+1)), ' — A ; g.e.d.

The formalization of this proof needs an induction on some nf—formula
Y. This is the reason why the reflexive progressiveness of wn(x) has
to be proven in PRA+CO(O) (and not in PRA): If for a ﬂf—formula U]
YOYAYXTY(x)->Y(Sx)] is provable in PRA, then vxy(x) is provable in
PRA+CO(O).

The proof of direction (b) is much easier: It suffices to show the

reflexive progressiveness of the formula

Cyy (X)) = valC_(2)C (z+wX)]

in x with respect to PRA; this goes straightforward.

The usefulness of iterated reflection formulas and the fine structure
becomes more evident by comparing the Cn to other proof theoretical

concepts and by showing some applications. Here some examples:

1. Induction and iterated reflection formulas

Definition: For every formula ®(x) let Ind(¢) be the formula

e(0)Aavx[o(x)->0(Sx)] -+ v¥xo(x) and let n-Ind be {Ind(w): w€ﬂz+ }.

1

Proposition (ﬂz -induction and the qu:

+1
(1) PRA+n-Ind Cn(O)
(2) PRA+cm2(0) b~ n-Ind

Proof: (1) Consider the formula

wn(z)dﬂf Vx[ﬂn+1(x)A3yPrf*(y,x)Ah(y)sz - Tn+1(x)] s
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where Prf*(y,x) stands for "y is a number of a PRA-proof of the
formula with number x and this proof has no cuts more complicated
than Wg" and h is a p.r. function assigning to each number of a proof
its height. Then clearly cn(o) > Vzwn(z) is provable in PRA.

Furthermore, we have
PRA wn(o) and PRA VZ[mn(z) *wn(Sz)]

As wn(z) is a ﬂ2+1-formula, an application of ﬂ:+ -induction gives

PRA + n-Ind + Vzwn(z).

1

(2) For every formula ¥, VzPr(T{(0)avx{u(x)-y(Sx)1 - ¢(2)T) is
provable in PRA. If y is ni+ then G(O)AVXIY(x)-Y(Sx)1 = w(z) is

n:+3 and therefore PRA k C (0) » Ind(y)

1°?

n+2

The above proposition enables us to compare Peano arithmetic PA with

the PRA hierarchies. We have the following

Theorem (Peanc arithmetic and the PRA hierarchies):

For each natural number n

(1) PRA + n-Tnd & ( §) () Ea o= (7))

Proof: (1) If PRA+n-Ind + ¢ , then by the above proposition

PRA + Cn+2(0) — ¢, i.e. (n;?) — . If v is a H§+1-formula, then
two applications of the fine structure theorem yield (mg ) o

On the other side, we have PRA + n-Ind + cn(o) and, by an
induction on k, PRA + n-Ind + VZ[Cn(Z)*Cn(Z+mk)], for all finite k.
Hence for all y<w¥ PRA + n-Ind k C_(y)

(2) This results from (1) and by iterated applications of the fine

structure theorem.

Note that the uniform reflection schema over PRA, i.e. the set
RFEN(PRA) = {vxPr(Fe(%)T)-vxeo(x): © formula with only x free}

is equivalent over PRA to the set {cn(o): n<w} . This, together
with the proposition , gives a very short proof of the result by
KREISEL and LEVY ([5] : PRA + RFN(PRA) = PA.



REFLECTION FORMULAS OVER PRIMITIVE RECURSIVE ARITHMETIC 343

2. Transfinite induction and iterated reflection formulas

Definition: Using a partial truth definition, define TIn(a) to be a
formula expressing transfinite induction (with respect to the pre-

fixed order) on H:+1—formulas up to the ordinal a. Let
[TI]Z = PRA U {TI_(8): B<a}

_ n
[TI)la = ngw[TI]q

Note that because of the provability of
TI (a) - TIn(qk) for all finite k

and azw - [TI (a) - TIn(w“)]

n+1

in PRA, we have for all a>w

n n .
[TI]G s [TI]wz(B) for some ordinal R
and [TIloa = (TI]eg for some e-number eg

(if o<w, then of course [TI]Z = [TI)a

designate the [TI]Z only with wz-numbers and the [TI]la only with

PRA). So it is convenient to

ge-numbers.

The following proposition demonstrates the close relationship between

transfinite induction and iterated reflection formulas.

Proposition ( TI and qu: The following is provable in PRA:

(1) azwATIn(a) - Cn(a)

2) Cn+2(a) - TIn(w2(a)) .

For the proof we need a lemma which connects progressiveness to
reflexive progressiveness. A formula ¢{(x) with free variable x is
said to be progressive in x if vwxlvy<xo(y) - o{x)] (= Progxw) holds.
There are the following relations between progressiveness and

reflexive progressiveness {(and hence provability):

Lemma: Let @(x) be a ﬂ2+1—formula. Then

(1) If it is provable in PRA that ¢ is progressive, then Cn(x)»w(x)
is reflexively progressive with respect to PRA.
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(2) If it is provable in PRA + Cn(u) that © is progressive, then
Cn(u+x) - p(x) is reflexively progressive with respect to PRA.

Proof: obvious.

Proof of proposition: (1) Using an analogous argument as in the pro-

position on ﬂ§+ -induction and the Cn, we show that

1

PRA + TIn(m) - cn(O)
PRA TIn(m) - Vu[Cn(u) - cn(u')]

Hence, with regard to Lim(A)AVy<ACn(y) - cn(x), TIn(m) - Progxcn

is provable in PRA. Cn is ﬂ§+ and so TI, can be applied to C.s this

1
proves (1).

(0).

(2) The progressiveness of TIn(wz(x)) is provable in PRA + Chso
From the preceding lemma follows the provability of

Cn+2(u) - TIn(wz(u)) for all o.

The proposition yields that, concerning provability of ﬂ§+1—formu1ag
the transfinite induction theories [TI]E can be embedded in the PRA-
hierarchies and thus the fine structure relations for the latter
induce the same structure on the [TI]E. We have the following

Theorem ( [TI1" and the hierarchies (2) ): Let o be an w2—number

different from w. Then for all natural numbers n

n n
(1) (T1], =, ()
n+1 _ n
(2) [TI], = [TI]mu
(3) [TIJEY = (Es ) (EY an arbitrary e-number).

Proof: (1) As o>w we have for all Y<aiTI]2 - Cn(Y). On the other
side, let ¢ be a n§+1—formu1a. We distinguish two cases:
(a) asu,(y+1). If [TI]EI—&D, then 3k<w PRAF TIn(w2(Y)k) -

and so, by the above mentioned remark, PRAF TIn(w2(Y))~w; from the

proposition follows PRAF Cn+2(Y)*w ; hence (:Ii) — . Two
applications of the fine structure theorem give (m ($+1))=(2) = .
2

(b) u=m2(x), where X is a limit ordinal. Then
[TI]Z - ¢ implies 3y<\ such that PRA b TI (w,(y))=p , hence

n+2

. . n
3y<) PRA Cn+2(y) >, i.e. ( \ ) — ¢ and again (wz(k)) — .
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(2) and (3) follow from (1) and the fine structure.

The relations between transfinite induction and the iterated
reflection formulas together with fine structure properties allow a
very simple proof of the well-known GENTZEN result in [1] , that

is the answer to the question how far transfinite induction can be
proven by a deduction of bounded complexity.

By a TI-derivation we shall understand a Peano derivation with
additional initial sequents of the form Vy<te(y) b o©(t) with an
arbitrary term t and whose endsequent is of the form  ©(a), o an
ordinal of the pre-fixed order. The complexity of a TI-derivation is
° Then

k+1°
the - slightly modified and generalized - (Gentzen result reads:

the least k such that all formulas occurring in it are T

Theorem (Gentgzen): Transfinite induction on all ﬂi+1—formulas up to

the ordinal o is derivable by a TI-derivation of complexity n iff

&< WL

Proof: First note that there is a TI-derivation of complexity n for
a formula % up to the ordinal o iff PRA + n-Ind TIn(w,u). So it
suffices to show that

©

for every w€nk+1,

PRA + n~Ind b TI(w,a) iff u<wn+3_k.

(a) Let n2k; as SCHUTTE in [8], we define

wo(x) — o(x) and o (x) + Vz[Vy<zwm(y) - Vy<z+wxwm(y)]

m+1
and show that PRA + (m+k)-Ind & Prog o -~ Prog,@ .. ,
and therefore PRA + (m+k)-Ind TI(wm+1,u) - TI(wm,m“)
hence PRA + (m+k)-Ind TI(wm+1,u) - TI(W,wm+1(u))

Trivially, PRA TI(wm,p) for all m and finite p. Thus we have
PRA + (m+k)-Ind TI(w,wm+1(p)) with p<w, or PRA+(m+k)-Ind+TI(w,qa)
for all o<w With m=n-k, this gives one half of the proof.

m+3°
o .
(b) Vw€r‘rk+1 PRA + n-Ind + TI(y,a) only for u<wn+3—k' .
Suppose .PRA + n-Ind b+ TI(W,wn+3_k) for all formulas ©€T 3 then
PRA + n-Ind + Ck(wn+3—k)' But we also have
n n-1 k
PRA + n-Ind s=_ ( ) = ( ) = ce. = ( )
n w3 n-1 wy n-2 k Yn43o)
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( k

© ). This is a contradiction!
n+3-k

and so ) Ck(w

n+3-k

Remark: In [7] MINTS observed that transfinite induction up to © 43

is not only not provable by a derivation of complexity n, there
exists even a quantifierfree formula provable in PRA + TI up to mn+3,
but not provable by a deduction of complexity n. This result is

quite easy to obtain by using iterated reflection formulas:

- By the above proposition: PRA + TIO(m ) Co(m )

n+3 n+3

- By the fine structure theorem:

0

PRA + n-Ind = (") = ceomy
n+3

n w3 n-1 0 Vs

. - [e] .

i.e. PRA + n-Ind H Co(mn+3). Co(wn+3) is a ﬂl-formula, S0 by
dropping the universal quantifier of its prenex form, one obtains a
quantifierfree formula (with a free variable) provable in PRA +
TIO(w

n+3) but not provable by a derivation of complexity n.

2. Fine structure relations for other theories than PRA

It is of course quite natural to ask whether a fine structure like
that over PRA does exist for other theories too. The definition of
iterated reflection formulas CT(u) over a theory T only requires
(the Gddel number of) a formula PrT(x) characterlzlng provability in
T. Once defined the C (u), hierarchies ( ) over T can be defined by
n _ T s
(u)T = T U {Cn(B). R<al.
As a first example we consider hierarchies over basic theories of
the form (V o’ we already defined Pr( )(x) These will be noted

(0 )( ) The corresponding reflection®formulas c(a)(e) are linked to
the ordlnary Cn by the following

Lemma: The following formulas are reflexively progressive with
respect to PRA:

n+p

(1) el ¥ (0 = e () (140) (p#0)
n

(2) c‘Y)<x> “r _(y+x)

(3) 1 d(x) CrlvIAC (%) (p#0)
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From this lemma we easily infer the

Fine structure theorem for mixed hierarchies:

For all natural numbers n, p and ordinals o, B

n n+p _ n

(1) (B>( o ) ‘n (wp(&)(1+5)> (a:p¢0>
n+p, ,n _ n

(2) FO@ = Can (8) (840)

A more serious example is Peano arithmetic. We already saw, that for
all n PA =, (En ). So we may use as a characterization of provabil-
ity in Peano arfthmetic the following formula

def
»x r L
PrPA(x) - ay<soPr( Cd(x)(y) Sx) ,
where d 1s a p.r. function which assigns to each Gddel number x of a
formula ¢ the least k such that ¢ is H§+1. With Pr;A(x) the CEA(Q)

and the hierarchies (E)PA over PA can be defined. The proof of the

following lemma is rather technical; so we omit it.

Lemma: ¥or all n the formulas CEA(X) > Cn(so-(1+x)) are

reflexively progressive with respect to PRA.

The lemma shows that - concerning provability of H:+1-formulas -
the PA-hierarchies are embeddable in the PRA-hierarchies. An
immediate consequence is that the fine structure relations for the
PRA-hierarchies can be transferred correspondingly to the PA-
hierarchies. Thus we get the

Embedding and fine structure theorem for PA-hierarchies:

For all natural numbers n and ordinals a

n n .
(1) (a)PA =, (ed(1+a)) (embedding)
(2} (ngl)PA = (E§ Ypa (0£0) (fine structure)
Proof: (1) from the lemma;
n+1 _ n+1
(2) ( o )PA =n+1 (Ed(1+u))
» n
, Ceotira))
n _ n 4
(Ea )PA =n (Ed(1+eg)) (d#o)

4]
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As in the case of PRA, the uniform reflection schema for Peano
arithmetic, RFN(PA), is equivalent (over PRA) to {CiA(O): n<wl . It
follows that

< n - n
PA + RFN(PA) =5 (51 ) = [TI]el’ and hence
PA + RFN(PA) = [TIleq.

Rince [T1151 = [TI]50+1 = PRA + {TIn(sO): n<w}, we have the KREISEL
and LEVY result from 1968: Over PA, uniform reflection is equivalent

to transfinite induction up to e [51-

Embedding and fine structure relations similar to those of Peano
arithmetic hold for theories of type (TI]eY as basic theories. We
state the corresponding facts without proof:

n n
(1) (d)[TI]EY *n (EY(1+a))
n+l _ n
(2) Ca )[TI]eY “n (e$ )[TI]eY (a#0)
(3) [TIle, + RFN([TIley) = [TIle, ,

These theories fTI]eY are to some extent the most general example of
theories comparable to the hierarchies (2) over PRA: If a theory T
is for each n-class equivalent to some (2 )- i.e. if for all n

T = (“2 ) - then the fine structure theo?em implies that the series
of the o_ is constantly O or constantly some e-number EY. Therefore

n
T=PRAor vn T = (Erl ) and thus T = [TIle, .

n

As a final example we consider the "filled up" theories TK+PRA,

where T, is the set of all true NS  -sentences. It turns out that the

k k+1
fine structure on the PRA-hierarchies is invariant under such a
partial filling up with true sentences; in fact, the hierarchies
n .
(u)Tk+PRA erected over the filled up theory Tk+PRA behave for all
n>k as if this hierarchy had first been erected over PRA and filled

up afterwards, i.e. we have for all.n>k

n n
(a)Tk+PRA = T ¢ (a) and therefore
n+1 - n
o )Tk+PRA *n (o )Tk+PRA (a?0)
- the fine structure relations for PRA still hold. The reason is
that C£k+PFA(x) > Cn(x) is provable in PRA. So Tk does not really
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strengthen PRA concerning provability of F:+1—formu1as if n>k. For
instance, Tk+PRA has not even the strength to prove Ck+1(0) which is

only one TM-class higher than Ty - Although T
[}
k+

k+PRA is complete for the

provability of T 1—formu1as, it is already incomplete in the next
upper T-class.
The proof of C

drop it.

T, +PRA

n (x) <> Cn(x) is technical and lengthy; so we

Of course, exactly the same things happen if Peano arithmetic or a
theory [TI]eY is partially filled up with T, . We only have to
replace PRA by the correspdnding theory and w by €, OT Ey.

4. kx-Consistency and iterated reflection formulas

The search for relations between the Cn and the notion of k-con-
sistency or w-consistency of Peano arithmetic leads to an answer to
an open problem which was announced by SMORYNSKI in [9]. He asked
for "something of the form

w-coNG(PA) — ...eq...

k-CON (PA) + ceeEge e

or el Ope.

and he continues "exactly what the dots represent is not clear -
perhaps a mixture of recursion and induction principles. Until such
eguivalences are established, the situation regarding k-consistency
remains open'". Using iterated reflection formulas, the following
answer can be given to SMORYNSKI's problem:

Theorem !) : The following is provable in PRA

w-CONC(PA)  C,(ey) w-CONY(PRA) <> C,(eq)
1-CON (PA) + Cl(Eo) 1-CON (PRA) <« Cl(O)
2-CON (PA) «» Cy(e,) 2-CON (PRA) “ C,(0)

(k+3)-CON (PA) C2(mk(ed2)%(k+2)—CON (PRA) <+ C2(mk)

1) For notations see SMORYNSKI's article [9]
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Proof: This results essentially from SMORYNSKI's theorem 1.1 in [9],
which reads in our notations: If T is PA or PRA, then

T .
CT+{Cn(O). n<w}(o)

w-coNT(T) > Cj

1-CON (1) « €] (0)
2-CON (T) <= cE(o)
T

(k+2)-CON (T) <> ¢3*Cks1(0) (o)

A1l the rest - except some minor technical lemmata - is a consequent

application of the fine structure properties.

Remark: GOLDFARB and SCANLON in [3) and GOLDFARB in [2] give ordinal
bounds o such that functionals of k-consistency are a-recursive.
These bounds coincide for 1- and 2-consistency of PA with the
ordinals given above; for k-CON(PA), k23, the latter are two w-

powers less.
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LOGIC AND THE AXIOM OF CHOICE

H. Schwichtenberg (Munich)

We shall prove the following:

(1) vx3y o(x,y) -» Ifv¥x @(x,fx) is conservative over classical

(first order) logic.

(2) Vx3y olx,y) » Ifvx ©(x,fx) is conservative over intuitionistic

logic without equality.

(3) Vvx3dy @(x,y) » Ifvx w(x,fx) is conservative over intuitionistic

logic with decidable equality.

(4) Vx3y @©(x,y) -» 3Ffvx @(x,fx) is not conservative over
intuitionistic logic.
(5) /A VxlEIyl...Vxnayn[/).ﬁ(p(xi,yi) A/.)Q.(xij - yi=yj) -
n 1 1,7
-+ Jf¥x ©(x,fx)

is conservative over classical and intuitionistic logic.

More precisely: Addition of finitely many instances of the respec-
tive schema with all (number and function) parameters generalized

is conservative over any first order theory in the respective logic.

None of these results is new. (1) is already in Hilbert-Bernays
1939 (p. 141 in the second edition). (2) - (4) are due to Minc 1966,
1974, 19663 note that (3) is an immediate consequence of (5). As to
(4), a simpler counterexample is in Osswald 1975 and probably the
simplest (which is reproduced here) in Smorynski 1978. (5) is due
to Minc and Smorynski; it was first announced in Mine 1977. Proofs
are in Smorynski 1978 and (in a generalized fJPm dealing with

"simultaneous Skolem functors™) in Luckhardt X&.

The proofs given here are relatively simple. For (5) the proof
consists in a procedure which transform a derivation of a first
order formula involving the axiom of choice into a derivation not

involving it. The main technical tool is the use of a new type of

351
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function variables: Whenever terms Lyseeesl 5 Synene

. . . . . s
duced, then f% is a function variable. The intended meaning of f;

»s are intro-

is that it should range over all functions mapping r in g (provided
L, 3 determine a finite function, i.e. . .(r, = r. = s, B s.)).

~ 1,2 1 3 1 J
As already noted, (3) and also (1) are easy consequences of (5),
since the premiss of the implication in (5) is under the assumption
Vx,y (x = y v x ¥ y) equivalent to V¥x3dy w(x,y). So we start with a
proof of (2), then give Smorynski's counterexample to prove (u}, and
finally extend the method for proving (2) to a proof of (5); only

. R . . s
this last step involves the function variables f;.

Note: (1) - (5) remain valid - with essentially the same proofs -
when all variables x, y, f, ... are replaced by finite sequences
X, Y» £» ... of variables; fx then means flg,...,fni. However, for

simplicity we only deal with single variables here.

Note: (2), (4) and (5) also hold for minimal logic. This is seen

easily from the proofs.

Proof of (2):
In this section we only consider first order intuitionistic
logic without equality. We shall work with a Gentzen sequent
calculus as described in Kleene 1952, p. 481 (there it is called G3).
For simplicity we modify it to include Ll (falsum) as a propositional
constant and treat -9 as defined by @ -» 1. First note that (2) can
be reduced to
(2)' If F Vx o(x,fx), A » ¥ with A,¥Y of first order and without £,
then F ¥x3y w(x,y), A » V¥,

Proof of (2) from (2)': Let a cut-free derivation of T,A » V¥ be
given with A,Y of first order and T a list of generalizations of
instances the schema Vx3y @(x,y) » 3fvx @(x,fx). By induction on the
length of this derivation we construct a derivation of A -» ¥. It

suffices to consider an inference

Vx3y -» 3fvx, I'', 0 -» Vx3y @lx,y) 3f¥x p(x,fx), VxIy -» 3Ifvx, T',0 » ¥
Vx3y - 3fvx, T', 0 =» X

First the leftmost 3f in the right hand subderivation can be
cancelled by an inversion lemma. Then the occurences of Vx3y - 3Ifvx,
T' in the antecedent of both subderivations can be cancelled by

induction hypothesis. Then by (2)' ¥x 0(x,fx) in the antecedent of
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the right hand subderivation can be replaced by Vx3y @(x,y). A cut

then gives the desired derivation/of e - X.

Proof of (2)': Let a cut-free deiivation of ¥x o(x,fx), A » ¥ with
A,¥ of ‘first order and without f be given. By induction on the length
of this derivation wé construct a derivation of Vx3y @(x,y), A = VY,

It suffices to consider

Case ¥ o(t,ft), Vx o(x,fx), I = x
Vx @o(x,fx), T =» ¥

Replace all occurrences of ft in this derivation by a new
variable w, This gives a derivation of w(t,w), Vx w(x,fx), I » x. By .
induction hypothesis we obtain a derivation of ©(t,w),
vx3dy ©(x,y), T > x. Application of (3-+) and (V-») gives the desired
derivation of Vx3dy o(x,y), T = ¥x.

Case 2 Vx @(x,fx), T - x(p(ftl,...,ftn))
vx O(x,fx), T » Iz yx(z)

where ftl,...,ftn are all outermost occurrences of f-terms in
r(ftl,...,ftn). Replace again all outermost occcurrences of
ftl,...,ftn in this derivation by new variables Wose oo sW o This gives
a derivation of

m(tl,wl),...,w(tn,wn), vx @(x,fx), I - x(r(wl,...,wn)). Then apply

the induction hypothesis, (=+3), n times (32) and n times (V-).

Proof of (u4):

In this section we only consider first order intuitionistic
logic (with equality). It suffices to prove
F ovx3y (xFy) » vx, 3y, Vx,3y, (xl¢yl A x2¢'y2 A (xl=x2 > yEY,0.

Consider the Kripke model

a, : a ~c¢ b ~ d a :a~b c d

a, * a b c d

This is obviously a model of the equality axioms. Furthermore,
aOIF vx3y (x * y) since uiIF a#d, b #* c for all i. But

uOIF vx, 3y, vx, 3y, (x; +* Yy A %, +* Yo A (X =k, >y, ® y,)). To see

this assume the contrary. Choose a for xl. Then yl must be d, Choose
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b for x,. Then y, must be c. Hence a,lF (a = b - c = d). But this is
a contradiction, since a2|F a = b, u2|F ¢ 8 d. (This counterexample

is due to Smorynski 1978)

Proof of (5):

We only consider first order intuitionistic logic; it is easily
seen that the same proof also applies to classical logic. First note
that (5) can be reduced to
(5)' If b Vx o(x,fx), A » ¥ with A,Y of first order and without f,

then there is an n such that
F Vxlayl...Vanyn[ s w(xi,yi) A Fet(x3y)l,A » ¥ ,where Fct(x,y)

abbreviates , .(x. = X, =» y, = y.).
1,3 1 il 1 3]

(5) can be proved from (5)' exactly as we proved (2) from (2)' above.
To prove (5)' we cannot proceed as simply as in the proof of (2)'.
For, the replacement of ft by a new variable w in case 1 would not
lead to a derivation anymore, since an equality axiom t=s ft=fs
would be transformed into an underivable formula t=s w=fs. The idea
now is to replace f by a new variable f: with the intended meaning
that it should range over functions mapping w into t. To make this
precise we first extend our language. Variables and terms and now
generated simultaneously with the additional clause

If PlaveesT S ,...5S) (short: r, s) are terms, then fi is a

function variable (where f is any of the countably many symbols

reserved for function variables).

Corresponding to the intended meaning of fi we add the following

axioms to our logical formalism:
Fet(rss) £5p.zs, for all i.
ri i

We now formulate a generalization of (5)' involving these new
function variables, which can then be proved by induction.
(5)" If F Vvx w(x,f%x), Fet(r3s), A » ¥ with A,Y of first order and
without f2, tWen there is an n such that - ¥x_ 3y ...v¥x 3y
T 11 o “n
[ : 0(x;,¥,)A Fet(r,x3s,y)], & » Y.

Proof of (5)": For simplicity we only write out the case for g, s
empty. The general case can be dealt with in exactly the same manner.
We use induction on the length of the given derivation, which we may

assume to bhe cut-free. It suffices to consider
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Case 1 e(t,ft), vxe(x,fx), T - x
Vx@(x,fx , T = x

We first describe the well-known technique of "extracting f-sub-
terms from ft". Let ftl,...,ftn o ft be all f-subterms of ft ordered
by increasing depth of nesting of f. Let Wose oW be new variables.
For any subterm s of ft denote by s* the result of replacing all

outermost occurrences of f-subterms fti ,...,fti in s by
1s
Wi seeesWoo Using the new axioms on f; one can prove easily by
1 k ~

induction on s

W
(*) Fet(t*;w) = s(f,) B s*.
~ ~ t*

~

t* denotes of course t .t 3 note ti contains only wj with J < i.

IERRR a

- Now replace all occurrences of f in the given derivation by ft

Writing t(f) for t one obtains a derivation of

w w w
OCt(£7,) 5 Fryt(f

~ ~

W
¥*)) . wa(x,f;*x) , = x
Using (*) this derivation can easily be transformed into a derivation
of
W
Ot*,w ), ¥xO(x,fr,x) 5 Fet(t*;w),T » ¥

of the same lenght (it is necessary her to allow as axioms all quasi-
tautologics, i.e. all tautological consequences of the equality
s

axioms including the new axioms on £7 Y.

By induction hypothesis we then obtain a derivation of

w(t*,wn) , Vxlayl...meaym [ ; w(xi,yi) A Fct(z*,i;z,z)],F - X.

Now qit*,wn) can be cancelled since it follows from the second
member of the antecedent (we may assume m 2 1). Then using the
rules (3-) , (V-) we obtain

Vu 3w, ...Yu 3w Vxo 3y .Yk 3y [ ; w(xi,yi) A Fct(g,i;z,x)],r - X.

Case 2 Vx @(x,fx) , T » x(t)
vx o(x,fx) , T =» 3zx(z)
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Here agalin we extract the f-subterms from t and then replace f

W
by f;*‘ This gives as above a derivation of

W
wa(x,fz*x) Fct(t*;w) , T - x(t*) .

By induction hypothesis we then obtain a derivation of

Vxlayl...meHym [ : w(xi,yi) A FCt(E*’55E’X) 0= x(t*) .

Now apply (-»3) and then proceed as in case 1 above.
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Introduction
We will clarify the situation for the successor of a strong
limit singular cardinal A. We find a special subset S*(A+), from
which we can find which stationary subsets of At can be stopped
from being stationary by u-complete forcing (Baumgartner has done
<x

this for successor AT of regular A = A ).

For X @ Nw we succeed in continuing an induction construction done

+1
for a AT-free not A" (abelian) group, and similar things for trans-
versals; on those problems see history and references in [Sh 2 ].

A solution of a related problem - which stationary subsets of At
can be "killed" by a forcing not adding bounded subsets of AT-will
appear in a paper by U. Avraham, J. Stavi and the author.

We also prove a result related to the title but not to the rest of
the paper, improving a result of Gregory [Gr ] : assuming G.C.H.,
for A # NO, 0: holds, where S = {§ <A+; cf8 # cfil}; hence Osl holds
for any stationary 5, g s.

For a reader interested only with the GCH, he can simplify for
himself the part up to section 13. A reader inttrested in more
general cases than those discussed in the main part has to go to
the end. There we also show that the special set S*(Nm+l) can be

stationary (even with the GCH).

The main results were announced in the AMS Notices [Sh 3 ].
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Notation:We shall denote infinite cardinals by A,u,k,x, ordinals
by i,j, @,8,v,£,% limit ordinals by §, natural numbers by m,n,r,p,q.
Let N denote a sequence < Ni: i <A> where for some U,x < U,
Ni<(H(u),E); icng, "Nill <A, i<3i= Ni< Nj, and for limit
G’Né = 125 Ni' We call this a A-approximating sequence (for u).
We denote by d a two-place function from one cardinal to ano-
ther; cfé is the cofinality of §; cf¥§ is cf§ if cf§ < & and is
® otherwise. DG is the filter over § generated by the closed
unbounded subsets of § (so we assume cf§ > No)- If D is a filter
over I, AC B mod Dmeans I - (A - B) € D; similarly A = B mod D
means I - (A - B) U (B - A) € D. If A# ¢ mod D, D + A is the

filter {B : B U (I - A) € D}.

Let CF(8,c) = {1 < § : cfi = «}, similarly CF(&§,<k) = U CF(&,ul

<k

CF(8§, < k) = U CF(&§,u) Dy =D+ CF(8§,c) etc.

< 2K §

usk

fss . . <A .
1. Definition : 1) We say « is good for A if A=1 ",«x =% or there is
a family P such that
=i,k
© -
a) ]gA,K| = A
b) every member of Ei ; is a subset of A of cardinality «
2

c) every subset of A of cardinality « contains a member of P

<A
2) We call « a good cofinality for A if A = XA " ,x is = or if A

and k are regular and there is a family EA K such that
2

o
a) IEA,KI A
b) every member of EA ; is a subset of A of cardinality < «
2
c) every subset of A of cardinality k has a subset {ai i<k}
such that a; is increasing and for every j < «, {ai 1< j)E EA K
2
<k

d) A = A or 2% < A for every u < «
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2. Definition : 1) Gecf(ix) = {x : k 1is a good cofinality for A}
G(x) = {k + « is good for A}
2) gef(a) = {1 < x : cf®i € Gef(A)} (note that we use cf® not cf)
g -
3) DA = DA + gef(A)
3. Claim : 1) If A = A then « is good for A
2) If «k < = is good for A then k is good for 3t
3) If » = Z Ai, cfy # cfk, Ai(i < u) increasing and k < ® is
i<y
good for each Ai then k 1s good for A

wy 1f (Wu < Na)uK < Na,B < cfk, chﬁ # cfx then k is good for R

at8
{in fact (Vp < ® )" < » suffice |
a atB
5) if A,k are regular, k good for A then k is a good cofinality
2<k <k
for A, provided that 2 <A
<
6) If A,k are regular A ¥ 2 A fhen k is a good cofinality for A

7) If k < > is a good cofinality tor A then x is a good cofinality
for A7
8) If » = Z Ai, cfy # cfk, «x € Gcf(Ai) for every i < p, A,
i<p +
increasing, and k < ® then x € Gef ()
<k .

9) 1f Yy < Na)u < Na, cha # x, « regular, 8 < xk then

€ Gef(N ) [in fact, (Wu < 8 31 <& ffice)
< atB+1 ct, u A wt+psy Sufficel.
4. Definition : For d a two-place function from § into x(cfé§ > No)

we let Sl(d) = {g: §<6, & a limit ordinal such that there is an

unbounded A € £ on which d is constant}

So(d) = {g :+ £ <68, £ a limit ordinal such that there are
unbounded subsets A,B of £, such that
(Vb € 8)3a < «)(Va€n)a< b~ dla,b)<al}
Remark : Note that d determines 6 (as Dom d) but not k(as d is into

Kk, not necessarily onto k), so if the value of x is not clear we

shall write So(d,K). In the definition of Sl(d),K has no role.
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5. Claim : For d a two-place functicn from 8§ to k:

1) Sl(d) c So(d),

2) in the definitiocn of Sg(d) (¢ = 0,1) we can assume A,B have
order type cff (and generally replace them by unbounded subsets),
3) Cr(§, < k) & s (d),

4)y If® = 0,1, &€ Sg(d), cf £>NO, then there is C € D_ such that

g
¢ C 5 (d).

6. Definition : For a A-approximating sequence N (see notation) let
52(ﬁ) = {g& : £ <A, £ a limit such that there is an unbounded A € ¢
of order type cfg such that Vi <eg)yf[anie Ng]‘and NE nx = g}

7. Claim : 1) If A is regular, EO, N” are X-approximating sequences

. =1 =0
for Wk respectively, and Uy > A, then 52(N ) = SZ(N ) mod D%.
—L £ .
Proof : Let N =@ <Ni : 1 < A> , where Ng <<(H(u2),e), and let
crla<a:a®n(u wna v N AN =N 0N ana W 0= a

i<a 3 J<a
(we do not distinguish strictly between a model N and its universe).
It is easy to check that C is a closed unbounded subset of A.

1

NP . [s]
By transitivity of equality we can assume Na-< Na'

Now suppose £ € C, and cf¥f € Gef(A). We shall prove £ € SQ(EO)
iff ¢ € Sz(ﬁl), thus completing the proof. The "only if" part is
now trivial, so we concentrate on the "if'" part. Also the case
cF¥Eg = = ig easy, SO we assume cf¥E = cfg < g.

Let v« = ¢cfg < g. We have just assumed k € Gecf(A), so the

appropriate P (as in Definition 1.2) exists, hence belongs to

ALK
H(pl), hence w.l.o.g it belongs to Ng, and hence, by assumption,
to Nl.
o
If ¢ € SQ(ﬁl), then (by definition) there is an unbounded

1

A C & of order-type cff, such that for every 7 < £, A N g € NE'
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<k

If A =X, we can assume EA e (B S x: |B|<K}= {Bi i< Al
2
since |P |= A d P nNe = N Nl = Lo 1<
( I_)‘,K ), and so L . -P_)\’K . {85 i £,

hence £ < £ = A N ¢ € Ng , hence A witnesses that & € S2(N°).
Thus finishing.

So we are left with the case X < A<K. Then, by d) of Defini-
tion 1.2, (Vu < W < . So, as Ni N = g,and A has order-type k,
every subset of A of power < « 1s included in a set from Né of car-
dinality <«, hence it belongs to Né. So we can replace A by any
subset of it which is unbounded in £. 1In particular, by the choice
of EA,K (see Definition 2), we can assume A = {% : 1 <k}, and
for j < «, {ai i <43} € P - and, as mentioned above,
{ai i< 3) € Né‘ But as lEX,Kl: X, EA,K GNZ, clearly EA,K(;

] NZ, hence (as g € C)EA KfﬁNg = EA; 8l Né, hence for every
i<y ’
i<, fo; ¢ i < 3} € Ng. So {ai : i < k} witnesses that & € SQ(WO),

and this finishes the proof of the theorem.

8. Definition : S*(A) © A is defined as (A - sQ(N)) N gcflr) for

N any X-approximating sequence for X+, where X is regular. (so

s* is uniquely defined mod D, only).

A
9. Definition : For A singular, a two-place function d from At

to «k = cfx 1is called normal if for every i < k,a < A+, the set

(B <a : d(B,a) < i} has cardinality <x . It is called subadditive

if for y < B < a < AT, d(y,a) < max {d(y,8),d(B,u)}.

10. Claim : For every singular A, there is a normal subadditive

A

+
- i ; i = z
two-place function d from A to c¢fi; moreover, if A i<osy Mg

(Aj increasing), then [{B < a : d(B,a) < il] < A

Proof : Easy.
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. . . <
11. Claim : 1) Suppose A is singular, « = cfai, Mo < X < A),
and d is a normal two-place function from At to k. Then for some
R . < ++
A+—approx1mat1ng sequence N for A
+ —
< N C
CE(A", < x) N5 _(d) € 5,(W) mod D, .
2) Suppose A is singular, k¥ = cfA , X is regular and is a good

s . + . . +
cofinality for A ,and d is a normal two-place function from A to K.

++

Then for some A+—approximating sequence N for A,

cr(aT,x) N s_(d) € s,(T).

— +
Proof : 1) Choose a A+—approximate sequence N for A * such that

d €N, N, €N

- o, = s
o i R Clearly = {8 < A NGO A §}is closed

and unbounded. So for every o < A+, i < k, the set

A* = {g < q : d(B,a) < i} belongs to N, and has cardinality < ).

1

Hence P% = {8 : BC A*, [B] < x} helongs to Ni+l and has cardinali-
ty < A, hence P?

cN So suppose § € So(d), and A,B C 8§ are

i+1”
witness to it (i.e. they are unbounded in § and have order-type cfé,

and for every b € B, for some i(b) < g, (Ya € AXa< b>d(a,b) < i(b))).

Suppose further § € C, cfé < x. Then A,B C N (as 6§ C NG) and for

8
every b€ B, {a : a € A, a < b} belongs to E?(b)’
hence to NG' So A witnesses that 6§ € SQ(E). We have Jjust proved

6§ € CF(A", < x) N's_(d)= & € 5,(W), thus finishing the proof of

N,
hence to 1+1°

the claim.

2) A similar proof.

12. Claim : Suppose A is regular, « < x, «k < A, x is a good cofi-
nality for A and (Vu < x)2u < A or x = . Then for every two-place
function d from A to k and for some A-approximate sequence N for A+,

S,(N) N CcF(A,x) € s, (d).

= . +
Proof : Choose N as A-approximate sequence for A such that d € N, -

Suppose § € SQ(ﬁ) N CF(A,x). We shall prove § € Sl(d). The case
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x B @ is easy, so assume x < .
As 6 € 32(ﬁ), there is a set {ai : 1 <x} € §é, unbounded in §,

such that for every j < x, {a; : 1 < j} €N

: Let h be the func-

5
tion with domain x, b(i) = a;. Clearly for j < x, hij € N, .

Now we define by induction on i < x an element X and function
fi as follows

fi(j) = d(xj,d) for j < i (so Dom fi = i)

x5 is the first ordinal which is bigger than a; and xj(j < i)

and is such that (V3§ < i) [dlxg,x;) = £,(3) )
This can be carried out in H(A+). But now as u < yx = ¥ < X, and
p < x = cf§d €6, clearly each £ is in NG'
Note also that x, depends only on f. and {uj : j £ i} (as for
j <i, fj a filj). So Xy € Ny for each i < x.

Now there is an unbounded S S x and iO < « such that

o

j € s = d(xj,d) = i . It is easy to check that {xj : j € S}

witnesses that § € S1(d).

From now on we concentrate on successors of strong limit

singular cardinals. We can conclude e.g.

13. Conclusion : Suppose X is a singular strong limit. Then for
every normal two place function d from At to ko= cfi, the following
holds :

s, (d) = s () v cFrOX ' < ) = 2T - s*0 ") mody,

(So in particular So(d) does not depend on d (when d is normal) up
to equivalence mod ).

3t
Proof : Trivial by 5.1, 5.3, 11 and 12.

<
14. Claim : If A is regular, « < A and (Yu < A) u “ < a), then

CF(A,< k) < X - S*¥(A) mod D ,
A

Proof : We can find a A-approximating sequence < Ni : 1<A> to A' such that eve-

ry subset of No of cardinality <« belongs to Ni So CF(X, <«) S S2(ﬁ).

+1°
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15. Claim : If § € x - Sl(d)’ d a two-place function from X to

x < ¢cf8, then cfd§ is not weakly compact.

Proof : If cf$ is weakly compact then cfé§ - (cfd)i.

16. Definition : 1) For a set S € X let
F(S) 8 {§ < x: SN § is a stationary subset of §}
2) Define Fn(S) by induction on n:

FO(s) = s, P Y(s) = F(ER(S)).

17. Claim : 1) FF(S) C F(S).
2) F(S*(r)) € S*(A), hence FT(S*(1)) C F™(s*(1)) if n > m 2 O.
3) § € F'(S) implies cfé > X 5 moreover, if N = min {c£6 : & € s},
then 8 € F'(S) implies cf§ > N .
a+n
4) If a € min {cf§ : § € U S.,} , S. C A then
. 1 1 -
i<a
F( Y Si) = u F(Si) mod D
i<a i<a

N
Proof : 1) Lasy
2) By 5.4 (and second part-by induction)

3), 4) Easy.

18. Lemma : Suppose A is a singular strong limit of cofinality «x.
Then for some C € DA*’ for every 8§ € C, letting < a; i cfs >
be increasing, continuous and converging to 8, the following holds

A c go* *
{i : oy S¥(a)} D s¥(cfd) mod Dcfd

Proof : Let d be as in 10. Then by 13, for some
C € DX*’ s*(Afy nc = So(d) N C, so we need only deal with So(d).
Now define a two-place function d¥ from cfd§ to k by
d*(i,j) = d(ai,uj). It is easy to check that
<3 * C
{ai + 1€ So(d )} < So(d).

But by 10, §_(d*) & c8 - s¥(cfs) (remember k < cf8), so we are

finished.
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19. Conclusion : 1) Suppose A is a singular strong limit, x,u
. + +
regular, xu < A and (Vul< u )u? < p. Then F[S*(a") NCF(A ,x)] D
+ . .
CF{X ,u) is not stationary,

k n
< < " =
2) If n<wand 2 < Nk+n for every k < w,then F (S (Nm+l)) ¢ mod Dy

wtl
3) If Nw is a strong limit and S*(Nw+l) is stationary, then for
i s N , S) =
some stationary Bl F(s) ¢
Proof : 1) By 14 and 18.
2)Suppose Fn(S*(N +l)) is stationary. Then by 17.4 for
w
< Opg* n R i i .
some k w, F IS (Nm+l) CF( m+l’Nk)] is stationary Hence for

some £ <w , FP[S¥(R . ) N CF(R

R al i i .
wtl 10 k)] CF(Nm+l,NQ) is stationary

If £ € k +n, this contradicts 19.3. But if # > k +n, then
R

Vo < Row "

xz 0
3

. < 3 -
< Ry (since 2 < Nk+n)’ hence we get a contradic

tion by 18.1. So in all cases we get a contradiction; hence
FU(s* (R

is i .
m+l)) not stationary

3) Since S*(Nm+l) is stationary, for some k < w,

R
. k
#* (R o * . = i
S¥( m+l) i CF(NM+1’Nk) is stationary Let 2 Roa (nx< w since
X is a strong limit). So k+n <2 < w implies Y <Rpdm K< By s
c <
hence, by 19.1, F(S) = CF(Nm+l, Nk+n)’ where
- o¥ n+1l
3 = § (Nm+1) N CF(Nw+l,Nk) But by 17.1, F (8) € F(S), hence

+ . . 1 .
§ € 3 l(S) implies cf§ < Nk+n , and by 17.2 § € Fn+ (S) implies

cf§ = Nk+n+1 (since 6§ € S = cf§ = R

no § € Fn+l(S), i.e. Fn+l(S) = ¢ Since FO(S) = S is stationary,

k), so we get that there is

+1

for some €, FE(S) is stationary but F(FE(S)) oF (S) is not;

FQ(S)iS as required.

Theorem 20 : Suppose S C X is stationary, and S € gcf(d) - s*(\),
$ C CF(a,u). If P is a u+—complete forcing (i.e. if <pi i <>
is an increasing sequence of elements of P then some p € P is 2 Py

for every i), then S is stationary even in the universe vE,



366 S. SHELAH

Remark : Remember that A-complete forcing forces the stationariness

of any S S A.

Proof : Let N be a A'-approximate sequence for some A' > X, such
that a P-name { of a closed unbounded subset of A, a p € P, are tho

So trivially there is 8§ € §, A £ § such that § = Nd NXx and A has

order type cfd, and for every [ < 6, A N € N Let £ : cf6 = A

5"
enumerate A, hence § < cfé§ implies f|c € Nd'
We want to prove that not : pH-"C is disjoint from S". TFor this

it suffices to find g € P such that p € g and q H—”G € ¢" (since

§ € S). We can assume that a well-ordering <¥ of P U P x X be-
longs to No. Now we define by induction on i < cf§, Py € Nd'
We let p_ = p, and for 1 a 1imit, p, 1is the <* -first p' which is

> Pj for every j(which exists since P is u+-complete).

. i <H g3 s i '
We let pi+l’Bl be such that (pi+l,si) is the first pair (p',B')
such that p' 2 P B' > f(i) and p'H- B' € C. There is such
(p',B') since  was a P-name of an unbounded subset of A. It is
easy to check that P B; €PN Nd’ s0 Bi < §. Hence & = sup{Bi
i < cf£6}. Since P is u+-complete, there is g € P, Py < g for
every i < c¢fé. So q force { N 8§ to be unbounded below §. But C

was a P-name of a closed subset of §. Hence q H- "6 € ¢". So

we are finished.

21. Theorem : Suppose u < A, u regular. Then there is a u-complete
forcing P, such that in vF s*¥(A) is not stationary.

. <X .
Proof : First assume A = X , so P = {BC A : |B| < a} = {Ei 11 < Al

each B € P appearing in {Ei : i < A} A times, and let B = <Bi i< >
. . . N + . =
Clearly there 1is a A-approximating sequence N of A , with B € No;

and then P N NG = {Bi : 1 < 8} for a closed unbounded set of §'s.

§o (w.l.o.g.) 8¥(A) € {6 <A : N NP = {By : 1<)},
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P = {n =<ag, : 1 € >, an increasing, continuous sequence, where
B = {a. : § €£4i}} . The order on P is : n, < n, iff n_  is
a, 1 2 1

i+l
an initial segment of n,-
It is obvious that P is u-complete; and if G & P is generic, let
cic = {aéz § limit, and <ai : 1 <E> € G, £ 2 8}. Clearly in
VIG], C[G]is a closed unbounded subset of A. Now we have to prove
only : C[G 1N s¥= ¢, where S¥ = sy, Suppose, in V, for saome
p € P, pH— "s € C[GI" where 6 € S¥, Let p = <aj i j <>, so

~

clearly for some limit i < g , § 8 a;. Since § € g¥

NG al {Bi i<l ={B; + 1 < 8§}, and there is no unbounded A £

of order type c¢f8§, such that £ < § = A N £ € NG' But there is such
an A namely {aj o j < i}({% 3 < jO < i} belongs to Ng since
. . . o s <
it is Bj 1 {jo}), contradiction. So we are finished when X =X %
o

<A
If < X, let Q be the collapsing of QX to A, i.e.

A

P = {f : Dom £ = £<X, Range £ & 2"}. Note that vF may have a

VQ Y * v Q .
different gcf(A), hut S¥*()) N gef(X)' = S¥(A) . Now in V' defi-
ne P as before, and Q # P (the composition)is as required.

22. Conclusion : Suppose A is regular, u< Aregular, S & gcf(A).

There 1s a u-complete forcing P such that in VP, S is not stationa-

ry iff (S - S*(A)) N CF(A,<u) is stationary.

23. Lemma : Suppose A is regular, S £ X stationary, but F(S) = ¢
and for every o € S, Aa is an unbounded subset of a of order-type
cfu .

Then for every S' € § with [8'| < A, the family {Aa o€ S'}
has a transversal (Zone-to-one choice function).! Moreover we can
find A' €& @ € s'), |a'| < cfa, such that the sets A - A’

o o a o a
(a € 'S'") are pairwise disjoint.

However {Aa : o € S} does not have a transversal.
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Proof : See [Sh 1]

24, Lemma : Suppose X is singular strong limit, «k = cfa ,

s*(A%) = ¢ mod D4 » and let
s = {8 < at o ocrs £ Kk, No , and Aw divides 6§}

Then we can define Aa Ca (o € 8), Au unbounded in a and with
order-type k(cfa) (ordinal multiplication), such that
A) {A, :+ @ € S} has no transversal
B) For every S' £ S with |S'| <7 . {Au : o € S'} has a transver-
sal. Moreover
B') For every S' G § with |8'] < AT, there are Ay € A (a €58
such that
(i) they arepairwise disjoint,
(ii) A; is a big [and even very big ] subset of Au’ which means
that there is a closed (in Au) unbounded [resp. cobounded] C & A:
so that

(Veec) 3 <x) (Vo) (8 4+ cSg<s+x>¢g€En

Proof : Stage A
There is a normal d : A >k, » = Z A.,A, < A,
i<k +
|[{g < @ : d(a,B) < i}| < Ai , such that for every 8 < A , cf§ # «,
there is A € &, sup A B8 &, d|A bounded, and each i € A is a suc-

cessor.

Pf : Let 4 be from 10, then Sl(d) = ¢ mod D ,, hence there is a
- A

+ .
closed unbounded CEC x» , C N So(d) = ¢. Let C ={ai 1< A+}, a;
increasing and continuous, a, = 0. For each i < A+, we can find
1 i i . .
C .
A, (a;5a,,,)(2 < k) such that : |AC| @ A, A, is closed (in

the interval), if § € Az is a limit then & = sup(&§ N Az), @1

sup Az, for some .

Az increases with Z and (ai,ui+l) = U Al, Now we define 4' by



ON SUCCESSORS OF SINGULAR CARDINALS 369

if ¢« < B then d'(B,a) B d(B,a) if (Fi)(g = oy > o), and otherwise
d'(B,a) = min (d(B,a), min {g : «,B € AZ}}. It is easy to check
that d’ is as required. For showing that every i € A is a successor,

use subadditivity.

Stage B

For any a < AT the family

B, = {ASa : |[a]l <, d|A is bounded, cf(sup A) # «}

has cardinality < .

Pf : Let a = U B, [Bij < X, B, increasing, and let, for i < «,
i<k
r <k, Ei ; ° {A € Eu AN Bi unbounded in A, d|A bounded by z}.
’

Since A € Pu: [cf(sup A) # « and d|A bounded ], and by the choice

of the B.'s, P @ U P® ., it suffices to prove |PC o< oa
1 —a —0,1 —0 41
£, i<k Cr ’
(for given i,z < ). Let B = Bi U {y : vy <B, d(B,y) < z1}.
REB .,
Clearly [B%| <|B.,| + A, < A , and A €'P° ., implies A C B-.
B, F e, 1
i i

So |E§ i| < 2 < A, so we have proved stage B.
s

Stage C

If P is a family of subsets of A each of cardinality < A, but
|P| < |Al= %, then there is a set C € A such that

(i) |c] = «,

(ii) (Yaep) [anc| <«

This is trivial.

Stage D

We define the A&s by induction on o for o € S. Suppose we arrive

at a. Let < Yy i < cfa > be increasing with limit a, Yy + A <Yi+l'
For a set A of ordinals, let acc(A) = {é: & a limit, & =

sup (A N &)} (= the set of accumulation points of A). By stage B,
|£a| < X, so by stage C we can find ci < (Yi’Yi + A), of power «

such that :
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(#) for every A € Pu V] {U{AY : y<a, vy € ace(A)} : A € Pu}’
its intersection with c; has power <k.
In fact we have to check that |U {AY: ¥y < a, vy € acela)}| < 2

(for A € P ), but this is easy : X € acc(A) = cfi < [a] = |AY| <« 4+

cfy = ¢ + [A[, hence the set has power < (k + A) |A\ <i. We let
A @B U cl.

% i<cfa ¢

Stage E

{Aq : a € S} has no transversal.

Because A C o, by Fodor's theorem.

Stage E

We prove (A*) from the lemma. We prove by induction on a that
there are big Aé c AB (B € a,8 € 8),pairwise disjoint. This will
clearly suffice.

Case 1 : For a a successor ordinal, it follows from the inducticen

hypothesis on a-1.

Case 2 : For a such that (38 < a) B8 + Aw > o : proof as in the

first case.

Case 3 : For o a limit, cfoa @ No . Choose ordinals o, < a,

[} o BY a, a = 0. For each n, by the induction hypo-

<
n ®n+l? o

thesis there are big Al c A, (B < an), pairwise disjoint.

B — 8
Define Aé , for 8 < au, 8 € S (hence 8 # 0), by

Aé = A2+1 - (un + 1), where @ < g <o

It is easy to check that Aé C A

n+l

g is still big, and obviously the
Aé are pairwise disjoint. Note that @ € S, so we do not have to
define A'.

[

Case 4 : For o limit, not case 2, cfa > NO. There is E € a, unboun-

ded, of order type cfa (hence <X) and E = {8 i < cfa} (the Bi

i+l

increasing), such that dlEi is unbounded for 1 < cfa, where
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= {8

Ei jfl j < 1} , and each Bi+ is a successor ordinal. (For

1

cfa € k, any unbounded A of order type cfo is as required). (Remem-

ber d is from stage A).

We can define for limit § < cfa, B, = sup {B, i <8},
§

i+1

Since B, + A < a , we can assume w.l.o.g. By *+ A < Bis1 (by

making deletions if necessary). Let A; < AB be big, pairwise

disjoint, for g < B (possible by the induction hypothesis).

We now define A', if B8 & U [B., B, + A ) U {a} , by
B . i i
5 i<cfa
' -
AB o AB (Bi + A), where Bi + 2 < B <Bi+l'

Clearly, the Aé < AB are big, pairwise disjoint and disjoint from
_df

D V] [B., B. + A). For which B's have we still not defi-
. i i+l
i<c fo
ned Aé ? TFor B o 9 (i € cf8) i.e., B B Bj, for which B € S, hence
cfj # NO, K, 1. Checking definitions we can see that for each such

[ AB NnoDGC AB is big. So it suffices to find pairwise disjoint

big A! C A
e Ty = ey
Suppose we have defined these for every j' < j. For j a successor

(3 < cfé, j a 1limit). This we do by induction on j.

among {i < cfé : 1 a limit} or Sj € S, there 1s no problem. (Re-
member for j a successor, Bj is a successor, hence & S5). Otherwise,
note that cfj # k, hence cf(sup(Ej)) £ x, hence Ej € ?a (see stage
B). Now look at Stage D, for Bj. We chose there an increasing
continuous sequence of ordinals < Y; ¢ i < cf Bj > converging to Bj.

Since cf Bj 7 NO, there is a closed unbounded C & cf %, such that

i

iec=y; € {8 € < j}. We then defined 4, = U cy s
j i<chj j
where c; < (Yi’Yi + X)), has order type k, and in particular
]
(v {Ag tr €8, 1 € acc(Ej)} I n c; has power < x.
3

But what is acc(Ej)? It is just {Bj(o) : j(o0) € 3, j(o) a

i

limit} ., 8o ch N[ v {Aj(o) j(o) < 3, j(o) a limit, Aj(o) defi-
ned}] has power'< x.
Let Aé = U{c;‘ - v {AC i1 L E S, € acc(Ej)} : i€ C}.

B j
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It is easy to check that it is a big subset of A, , and obviousuiy
J

it is disjoint from A where j(o) < j is a limit. So we

b
#3(0)
have finished the proof.

Stage E : Suppose A singular strong limit, cfA = «, § a stationary
subset of A+, and every member of § divisible by Aw. Suppose
further Aa Coua, |Aa| < kcfa for o € S,and for any o, <t ,

{Aa : e < ao} has a transversal. Then we can find A: C o for

a € S, so that A: = {y(a,i) : i < x(cfa)} , where y(a,i) increase
with i, (hence ]AZl < cfa + k (< 1)) and for every a, < .

there are pairwise disjoint A& < Aa (for a < a , o € S), such that

for each a for some iO < cfa

(Vi <ecfo) Fe <x)(Ve)(z €6 <« & i <1i=yla,citg) € Al).

Proof : For every a, choose Bg < oa, Bg increase with £, a = B Bg
and |B2| < x . We can define functions h_, h,,Dom hp :Eiﬁ,
so that for any Bo’ Bl < B <A+, g <k, AC BZO , there are

A B¥'s, B < g¥* < gy , such that hl(B*) = Bl, hQ(B*) = A.

(We define hQ| [Ai, A(i+1)) for each 1; the number of possible
tuples < Bl’ A, B, &, BO > is € A, so there is no problem).

For each a € S choose an increasing sequence B(a,i) (i < cfa)
converging to it.
First note that ( V(xo < a) a g t A <oa(since a € S) hence w.l.o.g.
B(a,i) + A< B(a,i+1l), and B(a,i) is divisible by A.
Now we define by induction on j = ik + & (i < cfa, & < k) an
aordinal y(a,j), increasing with j, such that
(i) 8(a,i) < y(ao,j) < Bla,i) + a,

(ii) hl(y(a,j)) = cfa,

A . - £
(lll) h2(Y(°-;j)) = AU. N Bs(d,i) , and
. . £
(iv) y(a,3) €& {A:(O) alo) € Ba}.

The last condition excludes < A y's, and the conditions (ii), (iii)
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are satisfied by A «y's, B(a,i) <y < B(a,i) + A.
So we can define A: = {y(a,i) : i < «(cfa)} , and +v(a,i) increase
with i and converge to .

Now we are given a(o) < AT and have to find AL < A: as requi-
red. By hypothesis, there is a transversal f of {Aa :a <a(o)}.
Define Ai = {y(a,ci + &) : 1 < cfa, £(A) € A_ N gt

8(a, )}
Clearly it is a very big subset of Aa.

On S N a(o) we define a graph : (al,az) is an edge iff A1 nat £ ¢.
%1 %2

Note

(a) If (ul,az) is an edge then cfa, = cfa, (because y € Aa implies
hl(Y) = cfa ).

2
(b) The valency of any a, (= |{a (a.,a,) is an edge }|) is
y y o 2 1°%
< |a*].
Q
As f is one-to-one, it suffices to prove that f(A ) € A,
2 1
. . p

whenever Am2 N Aul F o . If y o Y(al,Kll + El) -] Y(a2,K12 + 52)
Ai n Ai , then B B B(ul,il) = B(u2,12) (it is the biggest ordinal

1 2 £

1 2
< - n . = = N B .
v divisible by A),Eso Am1 Bs(al’ll) h2(y) Aa2 B(u2,12)’

but £(A_ ) € A, N BB? i) (since v € at ) hence f(A_ ) € A, n

3 2 2 %2712 &2 ®2 1

1
B . C A , as required.
Bla,,1,) a,
Now we deal with each component C of the graph separately.
By (a), alla € C have the same cofinality, say uw, and by b),

|C|< Kk + u. If uw > k note that each Ai has order type W and is

unbounded below a, hence a, # a, = C = | A1 N A1 | <w
1 2 oy ey

. 1

So let C = {uc: t < ul, and we can define A: a Ai - v Aa
z z <z g
which are as required. If u € k, we give a similar treatment to
each {y(a,ki + €) : £ <k} for i < u, a € C.
25. Conclusion
1) Suppose Nw is a strong limit.
a) There is a family of ® countable subsets of R which does
wtl wtl
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not have a transversal, but every subfamily of cardinality < Nm+lhas
a transversal.

b) There is an abelian group [ group ] of power Nw+l’ which is not
free, but every subgroup of cardinality < Nw+l is.

2) Suppose Nmﬂ is strong limit for £ < n. Then a), b) hold for

R .

wn+l

Proof : 1 a), 2 a),It is easy to see this after reading Milner
and Shelah [ MS ].

1 b), 2 b) are easy to see.

26. Claim : Suppose A is strong limit, cfi = No’ u <k, u regular
and : P is u-complete or among any u members of P there are yu which
are pairwise compatible.
If in VP X is still a strong limit cardinal, then

s*(aHY ner(a,m)Y, s*(x*)vP A cF(A,u)VP
are equal (i.e., for some representation they are equal).

Proof : Let d : AT > « be normal. Clearly it is still normal in VP.

By 13 it suffices to prove that the truth value of '"a € Sl(d)"

is not changed, which is quite easy.

27. Clgim : If x is supercompact, A > x, cfix < x, then s*(at) is

stationary.

Proof : Let d : AT - cfA be normal and subadditive, and suppose

c ,t .
C = X 1is closed and unbounded.
Suppose N < (H(A++), €), cfrx + 1 & N, C,d € N, INI < x and every
subset of N n A¥ belongs to N (this is possible as x is supercompact)
Let 6%= sup(N N A+). Clearly cfé¥ is the successor of a singular
cardinal of cofinality cfl so cfé¥ > cfi. Clearly C N N is unboun-

ded, hence 6% € C; so it suffices to prove &% & So(d).
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So suppose A C 8% is unbounded, and d|A is bounded by ¢.
Let A = {Bi 1 i< 8%}, B increasing. We may assume, w.l.o.g.,

Y. € N. Let

for each i there is Yio B ivl ° i

. < vy, <
i Yy 8

¢, = Max {z ,d(8i+l,yi), d(yi,si)} < cfr < cf8®. So (w.l.o.g.)
¢ = t® for every i. Now if i < j, then by the subadditivity
< ¥
d(yi,yj) < max {d(yj,8j+l), d(8j+l’si+l)’ d(Bi+1,Yi)} <t
So d|{yi : 1 < cf8*} is bounded, but the set necessarily belongs

++ . +
to N, and, as N<< (H(A }, €), there is an unbounded B & A on

which d is bounded, giving an easy contradiction to normality.

28. Remark : We in fact prove that if d is a subadditive function,
with domain a*, o € a*, and d is bounded on some unbounded A £ a,
then every unbounded A’ S o has an unbounded subset A" S A" S 4

such that d|A" is bounded.

29. Conclusion : If ZFC + " J a supercompact" is consistent then
the following 1s consistent

ZFC + GCH + "s¥®(® ) is stationary".
wt+l

Proof : Suppose x is supercompact, and also (w.l.o.g.) GCH holds.
Let A be the first singular cardinal > x . By 27 we can choose

a regular u < x such that S*(A+) n CF(A+,u) is stationary. We use
Levy collapsing P to collapse every u' < p to No (by finite

P

. . . . A
conditions). So now, in Vi u is Nl. By 26, in Vi S*(X+) 2

V' + . . .
s*¥(27)' N cr(a ,u)v, and the latter obviously remains stationary.
Now collapse x to Nl by a Q which is Nl-complete. Again

LV + .V . . . . . .
S¥(A ) N CF(A ,u) remains stationary and is still included in

3*
s*(ATH T,

OX is not a strong requirement

30. Definition : Let X be a regular cardinal and E £ A a stationary
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set in it.
(1) Oi(E). There is < wa : & € E > such that for every a, W

a
is a family of subsets of o with |Wm| < |a| , and for every X CA
there is a closed and unbounded C & A such that X N a € wm for
all o« € C N E.

(2) OA(E)' There is < Sm : @ € E > such that Sm € a , and for

every XS A, {¢a : XN g = Sa} is stationary in A.

31. Theorem : (Kunen) : (1) For stationary E C A, 0;(5) implies

OX(E)'

(2) For E; © E,C A , 0 ,(E,) implies © (E,) and 0*;(}:2) implies
0:(151).

32. Theorem : Suppose A = 24 = u+ and for some regular k < u,
either

(1) W = u , or

(ii) u is singular k # cfu and for every 8 < u,|8]|" < u

Then O:(E(K)) where E(kx) is the stationary subset {a < A: cfa =k}
Remark : Case (1) is due to Gregory [ Gr ].

Proof : Let <Au : a < A > be a list of all bounded subsets of A

each appearing A times (there are A such subsets as A = 2Y @ u+)

Case (i) : For o € E(k) let Wq be the set of all unions of no more

than k subsets of a belonging to < AB : B L a>.

(w:{UY:|Y|<K,xEY—'xSa,xE{AB:B<a}}).
Given X £ X, let C he {ai | 1 < Alwhere ag is any successor less
a u s
than A,mé 8Zs as for limit &, and oy
such that for some y < o, AY = XN a,.

i > a.
+1 18 the least a o

1

Now C' = {8 : § = U {ai Py < §}} is closed unbounded, and for

§ € C N E(k) there are i(3j) and Y < 6§ (j < k) such that
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U a,, ., 868 , XN a,, ,,=A .SoXN § = U A € W_.
<k i(3) i(3) Yj <k Y5 §
Case (ii) : For &8 such that cfé§ = «x, let 6§ = U V§, where
8 ) s1<H
<Vj : 3 < p > is increasing and for j < yu, |Vj| < yu.

. s
Let W, be {agQ A, (I3 <uw) Qs vj, [Q] < «}.

C

Given X = X let £ : A=A be such that X N o = f(a) >sup f(R).

Bf(a)
There exists a closed unbounded C & A such that for a € C, B < «
implies f{(B) < a.

Let § € C N E(x), and for increasing <6i i< kx 8= U 8. .

There exists j such that

c = V8N (£06,) t1< k)| hence X N6 = U XN &, :1< k, £5,) € v¥1 e u .
] 1 i 1 3 J

33. Conclusion : (GCH) If A > No, then 0*+(E(K)) holds, whenever
A
k # cfi. In particular OA holds.

Final comments
1) The restriction "X strong limit" in most cases can be weakened
at the expense of complicating the results : assuming Yu < 1)

<
px <X, and restricting ourselves to CF(A+, <x) or CF(A+,< X -

g

2) A more serious question is whether we can, in 7, replace DA

by

DA' This remains open.

Note that the natural notion is SQ(ﬁ), and that for regular i,

IT(x) = (A € ) : for some A-approximating sequence N, A & 82(ﬁ)}
is always a normal ideal. Similarly

C

I(x) = (A5 2 : ANB= ¢ mod D, for every B € Ty

A
is a normal ideal. The meaning of claim 7 is that t(n) is

(A : A& Al mod DA} for some A_, when gef(A) = A. Another formu-
lation of our question is whether this always holds.

Howéver, we can meanwhile just formulate the later theorems

in terms of I'(A) instead of S¥(A) (and the changes in the proofs
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are minor). By the way it may be more natural to use

SS(N) = {§: there is a function h, Dom h = cf§, Range h an unboun-

ded subset of &, (Vi < cf§) h|i € Ng» and N N A= 8} (in gef(a)

it does not matter).

3) Why were we interested mainly in Nw and not in e.g. ¥ ?

+1 wt2

The answer is that several inductive proofs work for successors of
regular cardinal, and it was not clear whether they fail at succes-

sors of singulars. (But see remarks S and 6 below).

4) It may be of interest to mention our original line of thought,

which is not so transparent from the present paper.

We want to prove that S2(ﬁ) is quite "big", where N is an

. _ . . X . .
hm+l approximating sequence for w1 @ssuming GCH S50 we let

: Nw+l e No be normal, and using the Erddés-Rado theorem

N

(2 H* - (Nn+l)§ , prove that if C C N
b o

+ . . ;
™y then it contains Cl of ordevr type Nn+l’ with d constant

ol 1S closed of order type

(2
on C,- Ci (the set of accumulation points of Cl) is € Sz(ﬁ) and

is a closed subset of C of order type Nn This proves that S2(ﬁ)

+1°

is in some sense big.

5) We can try to generalize 4) to other cardinals.

Let « =cf ¥ <N .
a, a

Definition : Call an (n+l)-place function d from Na+n to k normal
if for every o < ... <ag_ <N there is k < n such that
o n atn
{a < Na+n :d(ao,al,...,ak_l,a,ak+l,...,an) = d(ao,.. ,uk,“.,anﬂ

has cardinality < Na

Claim : There is a normal function d : Na+n - K.
Proof : By induction on n.
. = N “ - . . N
Lemma Let N be an No+n approximating sequence for atn+l’ C a

+
: < AL
closed subset of Na+n of crder type Jh+l(K + p) , where u A
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Then C has a closed subset of order type 1" which is included in

SQ(W).

Proof : Let d € No’ d : Na+n > k, d normal. By the Erdds-Rado

+ .
theorem (ln+l(K + U)+ - (U+): 1) there is C, C ¢ of order type "

on which d is constant. If s§&€ ¢!

1» then Cl N 5§ witnesses that

§ € SZ(N)'

6) Suppose Na is strong limit, « B cf Na , Y & successor ordinal,

k < p < Na and .lY(u) < Nu' If N is a W -approximating sequence

aty

for RN and ¢ & Na

+
byl has order type lY(u) , then C has a

+y
closed subset C, of order type u+ which is included in SQ(W).

Proof : We prove a somewhat stronger statement

If C g'Na+S’B <y a successor ordinal, and C has order type}lg(u)+,
then there 1is Cl ccn SZ(W) of order type u+, such that for some

¢ < n, if o, < ... <an € Cl then

(H(NG+Y+1)’E) E w(ao,...,an) g | {x : W(ao""’aﬁ—l’x’uﬁ"'”an)}K Na
(This imples Ci C SQ(N)).
We prove this by induction on B. For finite B this was done

above, and the induction step is easy.
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PAUL BERNAYS

by E. Specker

Eidg. Technische Hochschule Ziirich

Paul Bernays was born on October 17th 1888 in London; he died after a short
illness on September 18th 1977 in Ziirich. He was the son of Julius and Sara
Bernays, née Brecher. His father was a businessman and - as he states in the
curriculum vitae appended to his thesis - he was of jewish confession and a
citizen of Switzerland. (1) Soon after the birth of Paul, the family moved to
Paris and from there to Berlin. It is in Berlin that he attended school, from
1895 to 1907. He seems to have been quite happy at school, a gifted, well adapted
child accepting the prevailing cultural values in literature as well as in music.
It was indeed his musical talent that first attracted attention; he tried his hand
at composing, but being never quite satisfied with what he achieved, he decided on
a scientific career. He studied engineering at the Technische Hochschule
Charlottenburg for one semester, then realizing (and convincing his parents) that
pure mathematics was what he wanted to do, he transferred to the University of
Berlin. His main teachers were: Schur, Landau, Frobenius and Schottky in mathemat-
icsy Riehl, Stumpf and Cassirer in philosophy, Planck in physics. After four semes-
ters, he moved to GSttingenj; there he attended lectures on mathematics by Hilbert,
Landau, Weyl and Klein, on physics by Born, and on philosophy by Leonard Nelson.
Nelson was the center of the Neu-Friessche Schule - Bernays was quite an active
member of the group and stayed in contact with it all his life. His first publi-
cation - in 1910 - was "Das Moralprinzip beli Sidgwick und bei Kant", published in
the Abhandlungen der Friesschen Schule. (2) There were two further publications in
1913 in the same Abhandlungen, one "Ueber den transzendentalen Idealismus", the
other "Ueber die Bedenklichkeiten der neueren Relativitdtstheorie". (3,4) Though we
no longer share the difficulties discussed by Bernays, it is remarkable how calmly
he takes part in otherwise rather heated controversies. There is no doubt that
Bernays was deeply influenced by Nelson - by his liberal socialism as well as by
his revised version of Kant's imperative demanding the permanent readiness to act

according to duty (Nelson lived from 1882 to 1927).

In the spring of 1912 Bernays received his doctorate with a dissertation
(written with Landau) on analytic number theory - the exact title being: "Ueber
die Darstellung von positiven, ganzen Zahlen durch die primitiven, bindren quadra-

tischen Formen einer nicht-quadratischen Diskriminante.” (1)

381
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At the end of the same year he obtained his llabilitation at the University of
Zirich where Zermelo was professor. His Habilitationsschrift was on function

theory: "Zur elementaren Theorie der Landauschen Funktion o{a)". (5)

From 1912 to 1917, Bernays was Privatdozent in Ziirich. There are no publica-
tions {except the one's already cited of 1913) in this period. Bernays must have
passed some crisis in these years. In the short biography published in the book
"Sets and classes" (6), he states:

"At the beginning of the First World War, I worked on a reply to a critigue by
Alfred Kastil of the Fries philosophy. This reply was not published - by the time
there was an opportunity to have it published I no longer agreed with all of it."
He even considered giving up mathematics at this time - but did not see anything
he felt he could do better. Therefore, Hilbert's proposal to be his collaborator
in Géttingen must have come as a relief to Bernays. That he found his way back to
mathematics is shown by his Gdttinger Habilitationsschrift, a brilliant piece of
work written in a short time. Bernays left Zirich in 1917; his paper was sub-—
mitted in 1918. The title is "Beitrdge zur axiomatischen Behandlung des Logikkal-
kiils", (7) In retrospect it is hard to understand that the paper was not pub~
lished at that time - parts of it appeared in 1926 in the Mathematische Zeit-
schrift. (8) Bernays explained this long delay once in the following way:

"To be sure, the paper was of definite mathematical character, but investigations
inspired by mathematical logic were not taken guite seriously - they were thought
of as amusing, half-way part of recreational mathematics. I myself had this tend-
ency, and therefore did not take pains to publish it in time. It has appeared only
much later, and strictly speaking not quite complete, only certain parts. Many
things I had in the paper have therefore not been recorded accordingly in descrip-

tions of the devlopment of mathematical logic". (9)

An analysis of the content of the paper will be given in some detail - the

library at the ETH in Ziirich is in possession of Bernays' copy.

As to his activity in GSttingen in the period 1917 - 1934, Bernays describes
it as follows: My work with Hilbert consisted on the one hand in helping him to
prepare his lectures and making notes of some of them, and on the other hand in

talking over his research, which gave rise to a lot of discussions. (6)

Bernays also gave lectures on various subjects of mathematics and became an
extraordinary professor of mathematics in 1922. Besides a series of papers
written as a collaborator of Hilbert (a typical title being: Die Bedeutung
Hilbert's fiir die Philosophie der Mathematik (10)), there are two papers where he

is on his own: One with Schénfinkel (Zum Entscheidungsproblem der mathematischen
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Logik (11)), where a case of the decision problem is treated, the other: Zur ma-

thematischen Grundlegung der kinetischen Gastheorie (12) (where a special case of
the ergodic theorem is proved). That his activity is only partially reflected by
his publiations is shown by references in the literature of students of Hilbert's.,
We learn e.g. from Ackermann in 1928 that the axiomatization of predicate calculus

based on the rules

ey _bv>o
@Fx)e > ¢ ¥ > (¥x)0

(with the well known condition on ¢ ) is due to Bernays. (20, p. 54)

In 1933 Bernays, as a "non-aryan'", lost his position at the University of
Géttingen. In 1934 he moved to Ziirich - to call it a return would give a wrong
impression; still in the fifties he could say: "bei uns in G8ttingen" (we in
G8ttingen), In the same year 193L, the first volume of the Grundlagen der Mathe—
matik appeared. (13) It was hailed from the beginning as a masterpiece on a par

with the works of Frege, Peano, Russell-Whitehead.

From 1934 to his death, the home town of Bernays was Ziirich. Being single,
he first lived with his mother and two sisters, in the last years with his sister

Martha, who survives him.

Twice he spent a year at the Institute for Advanced Study in Princeton
(1935/36 and 1959/60), and three times he was visiting-professor at the University
of Pennsylvania in Philadelphia. In Ziirich, he was first a Privatdozent, then a

professor till his retirement in 1958,

During his first stay in Princeton, he lectured on mathematical logic and on
axiomatic set theory. His lectures on logic have been published as notes under
the title: "Logical calculus" (14) - much of the material is teken up in the second
volume of the Grundlagenbuch (1939). (15) The consistency theorem (a central

theorem of the second volume) is contained in the Princeton notes.

In set theory he lectured on his own axiomatization., He had presented this
system already in GOttingen in a lecture of 1929/30, but hesitated to publish it
because he felt that the axiomatization was, to a certain extent, artificial, As
Bernays records, he expressed this feeling to Alonzo Church, who replied with a
consoling smile: That cannot be otherwise. (6) This persSuaded him to publish -
the work appeared in seven parts in the years 1937/1954 (;i6) and (almost un-
changed) in the volume "Sets and classes™, (6) (The same volume contains an
English translation of a paper published in the anniversary volume of Fraenkel:

"Schemata of infinity in axiomatic set theory". (17)
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From the first volume of the Journal of Symbolic Logic up to volume 40, he
published about a hundred reviews - it is he who reviewed there the fundamental
papers of Gddel, Church, Gentzen, and many others. His last review is on the first

volume of Schrdder's algebra of logic - an essay of 6 pages in small print.

But it was not only through reviews that he reacted to the development - his
correspondence was immense. The list of his correspondents counts up to a thou-
sand persons, there are preserved up to 6000 copies of letters, many of them rath-

er an essay than a letter.

In the second part, the work of Bernays shall be discussed in more detail.

His main works may perhaps be grouped under three headings:
(1) Logicy (2) Set theory; (3) Philosophy.

There are, of course, papers which do not fall within these groups — papers
on theoretical physics, calculus of variation, and especially on elementary geom-—

etry.

The first (and most detailed) analysis is on his Habilitationsschrift of
1918. The paper is on propositional calculus - following Russell and Whitehead,
it is (except in studies of independence) based on the connectives of negation
and disjunctions; implication is considered an abbreviation. The starting point

of Bernays are the following axioms (slight variations of the axioms of PM):

(pvp) > p

p~> (pva)

(pva) > (qvp)

pv(gVvr) > (pva)vr
(@»r) > ((pva) » (pvr))

Rules of inference are substitution and modus ponens. Bernays then introduces
the following two notions: Derivable formula (ableitbare Formel) and identity
(allgemeingiiltige Formel), the latter being defined by the truth table method. He
shows that a formula is derivable if and only if it is an identity. The non triv-
ial part is based on the following lemma: If a non derivable formula is added to
the axioms, then every formula is derivable. The lemma is proved via the normal
form theorem: Every formula is equivalent to a conjunction of "simple disjunc-
tions"., Bernays goes on to remark: This consideration gives furthermore a uniform

procedure to decide whether a formula is derivable or not.

In the next paragraph is stated (though not proved) what is known as "Post-
completeness":

"With respect to the logical interpretation of our calculus (which was at the
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origin of this study), we obtain the result that the totality of provable formulas
coincides with the totality of identical formulas. And this means that our calcu-—
lus contains a formal systematization of those laws of logic which concern rela-
tions of truth and falsity of propositions subsisting independently of their
structure and content. Indeed, all relations between truth and falsity of propo-
sitions may be expressed with the help of conjunction, disjunction and negation,
and therefore also with the help of the symbols of our calculus, and insofar these
relations hold for arbitrary propositions, the corresponding formal expressions

must be identical formulas in the sense defined."

The next question considered is the problem which connectives form a
basis. Besides giving complete answers (for the classical cases), partial systems
are introduced and the following theorem is stated: If o is any formula
(say, in —,v), either a or —a (and not both) is equivalent to & formula in
VA > alone,
(It is added that there exists a finite system of axioms for the identical formu-

las in V,A,> .)

In the next paragraph, the independerce of the five formulas is studied.
First of all, it is shown that the formula expressing associativity is derivable

from the 4 others.

Next, it is shown that none of the four others are derivable from the rest. -

It is here (as far as I know), that "many-valued” logic occurs for the first time.

Bernays describes the method as follows:
"In each one of the following proofs of independence, the calculus is reduced to
a finite system for the elements of which a composition ("symbolic product") and
a "negation" is defined, and this reduction is carried out in such a way that the
variables of the calculus are related to the elements of the system as their val-
ues, The "correct" formulas shall be characterized by the fact that they assume

only values of a certain given subsystem.”

The most complicated system,introduced for these independence proofs, is one

with 4 elements and a subsystem of 2 elements,

The last paragraph contains a detailed study on the possibility of replacing
axioms by rules, There is given e.g. & system containing the only exiom p > p

and six rules.

Bernays' best known contribution to mathematical logic is the work "Grundla-—
gen der Mathematik", published under Hilbert's and his name, but written by

Bernays alone, It is unique because of the wealth of material it contains -



386 E. SPECKER

published there for the first time (as much of what had been achieved by the
Hilbert school in proof theory) or published in a more detailed form than in the
original papers. It was - for a long time - a standard reference on mathematical
logic, proof theory, arithmetization of metamathematics, recursion theory. But
it is unique also in another respect — "foundation" is taken quite literally, it
does not reduce mathematics to logic, or logic to mathematics - both are devel-
oped at the same time and (to some extent) the philosophy of mathematics along
with it. Bernays once was asked why he had preferred mathematics to music as a
career. One of the reasons he gave was that he had difficulty in following three
tunes simultaneously - the Grundlagenbuch shows that he hadn't this difficulty

in foundation.

The work contains, of course, much material original to Bernays, but as he
chose not to divide his work in definitions, theorems, proofs, it is perhaps

best not to single out results which might be given the name "theorem of Bernays".

A further major contribution of Bernays is his system of set theory, first
presented in the year 1929/30 in Gdttingen, and then elaborated in a series of
papers in the years 1937/54. The basic result is, of course, known to everybody -
how the fact that predicate logic can be based on, say, disjunction, negation and
existential quantification is transformed into an axiomatization of the concept
of class in such a way that a finite number of class axioms suffice to prove a
general scheme of class existence. What is perhaps less well known is the careful
study of basing parts of mathematics on subsystems of the full system of axioms -
there are discussed e.g. three systems, sufficient to develop analysis. It is
here that Bernays introduces his weakened forms of the axiom of choice (as the
axiom of dependent choice) and shows that they are sufficient for analysis in a
wide sense - including, say, Lebesgue measure theory and the theory of function
spaces. If a general tendency of these studies is to be mentioned, the most dis-
tinctive feature is that Bernays tries to get along without sum axiom and power
set axiom as long as possible. This is shown to be feasable in number theory,

analysis, as well as in "general set theory'.

In the book "Axiomatic set theory™ (18) of 1958, a somewhat different version
of the system is given - in stating the axioms, the existential form is replaced
by the use of primitive symbols. Furthermore, the succession of steps in the

development of the theory is different.

About half of the papers of Bernays' may be classified as philosophical. A
collection of fourteen, referring to mathematics, has been edited by the Wissen-—

schaftliche Buchgesellschaft under the title "Abhandlungen zur Philosophie der
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Mathematik", (19) The first article published there dates from 1927, the last
from 1971. '

The thinking of Bernays is characterized by his constant effort to do justice
to all aspects of the problems he considered. He believed in their inherent com-
plexity and always resisted the temptation of explaining away. A typical example
is geometry - for him it had not vanished in an abstract structure and/or a part
of physics, nor did he adhere to reductionism so common in foundational studies.
It is clear that such an attitude excludes short answers to almost all problems.
Nevertheless, in order to give some impression of Bernays' way of philosophical
thinking, a short text is presented. (The German contains a word - "Sachhaltig-
keit" which no dictionary lists.It has been translated by "reality".)(The text is
from an essay on philosophy of mathematics, presented at the International Con-
gress of Philosophy in 1969. ( 19, p. 174,175)

"It seems appropriate to attribute to mathematics a reality which, however, is
different from that of material world. That there exist other types of objectiv-
ity than that of material world is shown by objectivity in the domain of phenome-
na. Mathematics is insofar phenomenological as it is concerned predominantly with
the study of idealized structures and is furthermore governed by the method of
deduction. In the process of idealizing,the phenomenological and the conceptual
come into contact. (It i1s therefore inappropriate to oppose these two to such an
extent as 1s done in Kantian philosophy.) The specific character of methematics
as opposed to empirical science does not mean that we have in mathematics know=-
ledge a priori. It seems necessary to concede that we have to learn also in the
domain of mathematics and that we have there a kind of experience sui generis.
(We may call it mental experience.) This is not prejudical to the rationality of
mathematics. Rather it seems a prejudice that rationality is necessarily linked
to certainty. Certain knowledge in the simple and full sense is given us almost

novhere. This is the old insight of Socrates."

For those who have not known Bernays personally, a few words on his person-

ality may be added.

As his immense correspondence, his friendliness to visitors, his acceptance
of invitations to congresses until the last years of his 1life, clearly show, he
liked the contact with other human beings. He was extremely benevolent, helping
many an author with his papers - from Hilbert to a high-school teacher having made
some small discovery. On the other hand, he lived in an aura of detachment. He
was unique in his refusal to judge other people; he never spoke badly of anybody -

there is every reason to assume that he did not even think badly of others. When,
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once, reference was made to & statesman almost universally recognized as one of
the villains of this century, in order to induce him to a negative judgement, he
replied: "My situation is so different from his, that it is not for me to pass
judgement". There is no doubt that his gift of seeing everywhere the best and
refraining from judgement where he could not see anything good, helped a great
deal to free foundational studies from the situation where different schools are

expected to fight one another.

In the name of all those who have known Bernays personally, it certainly may

be said: We are grateful for the privilege to have been in contact with Bernays.
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Definability in an abstract logic is compared with defina-
bility in set theory. This leads to set theoretical character-
izations of implicit definability, Lowenheim-numbers and Hanf-
numbers of various abstract logics. A new logic, sort logic,
is introduced as the ultimate limit of abstract logics definable

in set theory.

§ 0. Introduction

The aim of this paper is to bring together, in a coherent framework, both
old and new results about unbounded abstract logics (a logic is unbounded if it
is able to characterize the notion of well-ordering). Typical problems that can

be asked about any lbgic are:

(1) Which model classes are implicitly (with extra predicates and sorts) defina-
ble?

(2) Which classes of cardinals are spectra?

(3) What is the Lowenheim-number?

(4) What is the Hanf-number?

In the case of unbounded logics these problems are particularly relevant as
such logics fail to be axiomatizable and mostly lack workable model theory. An
attempt to shed light on (1)-(L4) is the main purpose of this paper.

Out method is to build, right from the beginning, a close connection bhetween
abstract logic and set theory.

The basic notion of the whole paper is that of symbiosis. We say that an
abstract logic L* and a predicate P of set theory are symbiotic if, roughly
speaking, the family of A(L*)-definable model classes coincides with the family
of model classes which are A1(P). For example, second order logic Mois

symbiotic with the power-set operation, or, what amounts to the same,

11

AML77) = {K|the model class K is AQ}.

In Chapter 2 we give a new proof of the following result (essentially due to

391



392 J. VAANANEN

Oikkonen [10]): If L* and P are symbiotic, then
An(L*) = {K|the model class K is An(P)}.
As a corollary we get for n > 1:
An(me) = {K|the model class K is -An}.

Consideration of the logics An(me) leads very naturally to what we call
sort logic. To grasp the idea of sort logic, let us consider a typical many-

sorted structure
M= <M1,...,Mn;R1,...,Rm;al,...,ak>.

M consists of three kinds of objects: universes Mi’ relations Ri and indi-
viduals &, - To quantify over the individuals we have first order logic; to
quantify over relations we have second order logic; but to quantify over uni-
verses (i.e. sorts) we need a new logic. Accordingly, let sort logic L®
be the many-sorted logic which allows quantification over individuals, rela-
tions and sorts. It is clearly impossible to define the semantics of sort
logic in set theory, but it can be done, for example, in MKM (Morse-
Kelley-Mostowski) theory of classes.

It follows readily from the above analysis of An(me) that

L® = (K|the model class K is definable in set theory}

(stated in [8] p. 17W4).
The rest of Chapter 2 is devoted to an analysis of the non-syntactic nature
of the pA-operation. We show, for example, that the set of LII—sentences which

give rise to A(LII)—definitions, is M- but not Ea-definable in set theory. This

3
II)‘

result reflects the difficultness of finding a simple syntax for A(L

Chapter 3 is concerned with & restricted A-operation, A}, which does not
allow the use of new sorts {or universes). This operation is clearly related to
LII as we may think of Lt as Agw)(me). The key notion of this chapter is
that of a flat formula of set theory. We obtaln the following characterization
of generalized second order logic: If L* and P satisfy a strengthend

symbiosis assumption, then

Azu)(L*) = {i|the model class K 1is defined by a flat formula of the
language {e,P}}.
In particular

LII = {K|the model class K 1is defined by a flat formula of set theory}.
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These results are proved in a level-by-level form.
In Chapter 4 we extend the analysis of the set theoretic nature of model
theoretic definability to spectra and LOwenheim-numbers L(L*). We characterize

the spectra of symbiotic logics and prove for L*, symbiotic with P,

1(a (L¥))

eny sup {a]a is Hn(P)—definable with parameters in A}

2s, (L))

sup {a]a is An-definable with parameters in A} (n > 1).

A similar analysis of Hanf-numbers #(L*) 1is carried out in Chapter 5. The
non-preservation of Hanf-numbers under A necessiates the introduction of a
bounded A-operation AB, and respective set theoretical notions 2?, H? and A?.
The main result says: If L* and P are symbiotic in & sufficiently bounded way,
then

h(LX) = sup {ala is 2?(P)~definable with parameters in A}

and for n > 1,
h(a (LA)) = sup {alo is En(P)—definable with parameters in A}.
In the rest of Chapter 5 we consider the numbers

L, = sup {a]a is N ~definable}

h, = sup {aja is Zn—definable}.

Note that Zn 1(a (L 1)) and hn = A(A(L )) (for n > 1). It turns out that

n' " ww ww
for n> 1,

1 = sup {a|a is An-definable}

and

2(1%) = A(L°) = sup {a]o is definable in set theory).

This paper is based on Chapter 2 of the author's Ph.D. thesis and the author
wishes to use this opportunity to express his gratitude to his supervisor P.H.G.
Aczel for the help he provided during the preparation of the thesis. This work

was financially supported by Osk. Huttunen Foundation.
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§ 1. Preliminaries

We give at first a rough sketch of the preliminaries, which should be enough
for a casual reader familiar with [2] and [8]. More detailed preliminaries then
follow.

Our abstract logics are defined roughly as in [2]. If Q 1is a generalized
quantifier 1LQ 1is like me[Q] in [8]. I 1is the Hértig—%?antifier, W the
well-ordering quantifier and QH the Henkin—quantifier. L is second order
logic. All logics are understood to be many-sorted. The logic which is obtained
from LII by adding quantification over sorts is called sort logic and denoted
1%, If L* is an abstract logic, J(L*) is the family of PC-classes of L* in
the sense of [8]. T(L*) consists of the complements of PC-classes of LX*. En(L*)
and Hn(L*) are obtained by iterations of the )— and N-operations. An(L*) refers
to the intersection of Zn(L*) and Hn(L*)' The families Z;(L*), H;(L*) and
A;(L*) are defined similarly but the PC-definitions are not allowed to introduce

new sorts. This ends the sketch.

1.1. Abstract logics

For many-sorted logic we refer to [5]. Types are sets of sorts, relation-
symbels and constant-symbols. If L 1s a type, the class of all structures of
type L 1is denoted Str(L). If M€ Str(L) and K is a type such that K<L,
then M g denotes the reduct of M to K. If x € L, then xIUI denotes the
interpretation of x in M. |M| denotes the union of the universes of M.

A quasilogic is a pair L* = <Ste*,E*> such that

(L1) If @ € L* (that is Stc*{(L,»)), then L is a type and @ 1is a set called
an L*—sentence,

(L2) If M F* @ (that is FE* (M,9)), then there is a type L such that
M€ str(lL) and @ € L*,

(L3) If M F* @ and M= N, then N fE* .

This definition is somewhat weaker than the definition of a system of logics in
[2], and substantially weaker than the definition of a logic in [8].

The guasilogic me is defined as usual. If Q1,...,Qn are generalized
guantifiers, we let me(Q1,...,Qn) denote the quasilogic which is obtained
from wa by addition of theI;ew quantifiers Q1...Qn. Second order infinitary
logic, which is denoted by me, is obtained from me by addition of quanti-
fication over (finitary) relations. The following generalized gquantifiers play

a special role in this paper:

Hirtig-quantifier: IxyA{(x)B(y) <+ card(A) = card(B),
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Well-ordering-quantifier: WxyA(x,y) <> A well-orders its domain,

Regularity-quantifier: RxyA(x,y) <> A orders its domain in the type of
a regular cardinal,

Henkin-quantifier: QnyuvA(x,y,u,v) <> VEVgIxIyAlx,y,f(x),gly)).

Note that our Henkin-quantifier is the dual of the original one.

*
A
are those @ € L* for which L € A and ¢ € A, and the s=mantics of which

If L* is a quasilogic we let L¥* be the quasilogic the sentences of which

follows that of L*. For example, (me)H(K) will be LKm if the syntax of
me is defined in the usual set theoretical way (see e.g. [3]). We denote LﬁF
II

. 1 n
% % %
by L and i1in general LH( ) by L . (Q ) ) and L are shortend

to L(QT,...,QH) and LII. As usual, L, denotes (Lm ),. For w< A €A, we

A w' A
use L,, to denote (Lmk)A' Similarly L,. (LmG)A'

LKX does not make much sense, but we redefine it as LKK added with the weak

second order quantifiers 3X(|X| £ @ A...) for a < A. The cbvious set theoret-

L
ww

denotes If k < X, then

ic definition gives LS H(k + |a|) whenever A = }tu'
A class of structures of the same type is called a model class if it is

closed under isomorphisms. If K € Str(L) 1is a model class, then the model

=
class Str(L) - K 1is denoted by K. A model class K is L¥*-definable if there
are L and ¢ € L*¥ such that K = Mod(g) = {M € str(L)|M E* @}. We say, as
usual, that a quasilogic IL* is a sublogic of another gquasilogic L+, L* < L+,
if every L*-definable model class is 1 -definable. 1* and L' are equivalent,
L¥* ~ L+, if they are soblogics of each other.

An abstract logic is a quasilogic L* such that

(L4) If T and L' are types such that L € L', then L¥ S L'* and for ¢ € L*,
M € str(L'),

M E* ¢ if and only if M‘L E* o.

(L5) For every rudimentary set A, type L € A and o, Y € L¥, there are @Y A Y
and @ v ¢ in LX such that Mod(way) = Mod(w) N Mod(y) and Mod(way) =
Mod(p) N Mod(y).

(16) For every rudimentary set A, types L,L' € A and @ € L'* there are 3cg
and Vew in L* such that if L' - L. consists of the comstant-symbol ¢,

A
then

Mod(3ep) = (M{3N € Str(L')(N‘L M& N E* o)}

Mod( Ve)

M|WN € Str(L')(N'L M- N E* @l

(L7) L. S 1* .,
ww ww
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It 1s obvious that wa, me(Q1,...,Qn), Lii, and their fragments are
abstract logics. If the analogue of (L5) and (L6) holds for the negation, we
call L* a Boolean logic.

When we are only interested in the definable model classes of an abstract

logic L*, we sometimes write
L* = (K|the model class K is...}

meaning that an arbitrary model class K is L*-definable if and only if X is...

1.2. Sort logic

The class of formulae of infinitary sort logic Liw is oObtained if the

following formation rule is added to the recursive definition of Lii—formulae:

If ¢ 1s a formula and s 1is a sort, then 3s¢ and Vs are

formulae.

To define the semantics of L:m we have to work in the MKM theory of classes
or in any other theory in which satisfaction for formulee of set theory is defi-
nable. If L is a type, s asort, s €L and L'=LU {s}, then for any

M € str{L) we define

Me& N E @)

M E 3s¢ if and only if 3N € Str(L')(NlL
M E vsp if and only if VN € str(L')(Nj, = M > N Eo.

This defines Liw as an abstract logic. We denote by 5. It appears

5
LHF
that sort logic has not been singled out as a logic before, although it has been

studied in a semantical form in [10].

Let Z“(me), n 2 1, be the sublogic of Liw the formulae of which have the
form
351V52...3(V)snw
where s ,...,s are sorts and ¢ € LII. Let N (L ) ©be the sublogic of L®
n 0w n' ey o
consisting of formulae of the form
VS1352"'V(3)Snw
where 51""’Sn are sorts and ¢ € Lii. For each n < «, the abstract logics
Y{L ) and N (L ) are definable in 2ZF. Note that ) (L_) and N (L_)
n'ew n' ey n ey n' ey

are closed under second order quantifiers.
Let An(me) be the sublogic of Zn(me) the formulae of which are equiva-

lent to ﬂn(me)—formula. An(me) is an abstract logic but it does not seem to
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have such a simple syntax as zn(L

Uy

) and Hn(wa)' In fact the class of

An(me)—formulae reflects to a certain extent the properties of the underlying
model of set theory and changes when the model is changed. Note that A1(me)
yum (L, )~

An+1(me)' The fragments zn(LA), Hn(LA) and An(LA) are defined similarly.

is just A(me) in the sense of [8]. More generally, A(EH(L

oK

1.3. Extension-operations

We review the definition of the A-operation from [8] because the definition
naturally leads to both more general and more restricted operations.

If @€ L*, L'<L and ME Str(L'), let
E(M,p) = {N € Str(L)IN‘L, =Ms& N E* g@}.
A model class K of type L' is )-defined by ¢ if L - L' is finite and
K= {ME str(L")|E(M,0) # &}.
K is N-defined by ¢ is L - L' 1is finite and
K={ME€str(L')|WN € Str(L)(NIL, =M+ N E* @},

K is Z(L*)—definable (n(L*)-definable) if it is z—defined (M-defined) by some
@ € L*. Finally, K is A(L*)-definable 1f it is both Z(L*)— and M(L*)~definable.
A(L*) gives rise to the semantics of an abstract logic, but to find a syntax for
that logic seems as difficult as finding a syntax for An(me)' Note however,
that in special cases A(L*) has a beautiful syntax (see e.g. [8] §4). To be
specific let us agree that A(L*) is the abstract logic the sentences of which
are 4-tuples <@,L,y,L'> where @ € L*, y € L'* and ¢ z—defines the same model
class as ¥ T-defines. One of our results will imply that A(L*) hardly has
a less artificial syntax. The families E(L*) and T(L*) can alsc be made into
abstract logics if, for example, a model class which is z—defined by ¢ € L* is
associated an artificial sentence <@,L>. Note that this syntax for X(L*) de-
pends only on the syntax of L* and not on the underlying set theory. We say
that L* is unbounded if W 1is A(L*)-definable.

By induction on n < @ we define zn+1(L*) = Z(HH(L*)), Iooq(L*) = H(En(Lf))
and An+1(L*) = A(ZH(L*) u Hn(L*)). Now we have two integpretations for
zn(me), either as a Fn—extension of me or as a fragm%nt of sz, but it is
obvious that the two interpretations are essentially equivalent. All standard
logics are sublogics of A3(me) and therefore the operations An, n > 2, are
relatively uninteresting, apart from their relation to sort logic.

If the above definition of Z(L*) and TM(L*) is modified by requiring that
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L has no new sorts over and above those of L', the essentially weaker notions

of H}(L*)— and 21(L*)—definability are obtained. Let A}(L*) be defined as

A(L*) above. More generally we define Z;+1(L*) = 21(H;(L*)), H;+1(L*) =
1ol y T iy = A1 .
n1({n(L )) and A (L*) =8, (] (L*) U n (L*)).

1.4. Set theory

Our set theoretical notation follows mostly that of [4]. However, we write

"

Ra for the a'th level of the ramified hierarchy. Cd(x) is the predicate "x
is a cardinal number (initial ordinal)", Rg(x) 1is the predicate "x is a regular
cardinal" and Pw(x,y) 1is the predicate x = P(y), where P 1s the power-set
operation. Card(x) is the least ordinal which has the same power as x. HC(x) =
max(card(TC(x)),?{o). We sometimes use }(n as a predicate, meaning the predi-
cate "x € ?(n", of course. PK(y) is the set {x €yl||x] < «} and PwK(x,y)

is the predicate "y = PK(x)". The sets of zn(P)_ and Hn(P)-formulae are de-
fined as usual. A predicate is zn(P) (Hn(P)) w.p.i. (= with parameters in) A
if it is definable with a zn(P) (Hn(P))—formula w.p.i. A. A predicate is

An(P) w.p.i. A if it is both Zn(P) and Hn(P) w.p.i. A. An ordinal «

is zn(P) (Hn(P),An(P))—definable w.p.i. A if the predicate "x € a" is.

§ 2. The basic representations

In this chapter we define the symbiosis of a logic and a predicate of set
theory, and prove the main result about symbiosis (Theorem 2.4). The chapter
ends with some remarks on the non-absclute nature of the A-operation.

By its very definition an abstract logic determines two predicates of set
theory: Ste and [E. It is convenient for our purposes to establish a converse
relation, that 1s, associate every predicate with a generalized guantifier.

Suppose P = P(x1,...,xn) is a predicate of set theory. Let

K[P]

MM = <M,€,8,,...,8 > such that M is transitive and

P(a1,...,an)}.

Let QP be the generalized quentifier associated with X[P] and

L(P] = me(QP)'

Lemma 2. 1.

(1) }=L[P] Zs 4,(P).

(2) «xl[pr] <s A(L[P]M)-deﬁ'nable.
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Proof. An elaboration of the proof of the well-known fact that }=L is
e
(see e.g. [3] p. 83) gives (1). (2) is trivial as K[P] is even L[P]um—

definable. o

The above lemma shows that L[P] and P are in a sense definable from each

other. We take a slight weakening of this property as the definition of symbiosis.

Definition 2.2. Suppose L* <s an abstract logic, P a predicate of set
theory and A a transitive class. We say that 1* and P are symbiotic
on A if the following two conditions hold:

(81) If ¢ € L*, then Mod(yp) <s A1(P) w.p.z. {y,L}

(s2) X[P] <s A(LX)-definabZe.

The logic L* is symbiotic on A if there is a predicate P # § such that

L* and P are symbiotic on A. If A = HF, we omit the clause "on A".
Note that symbiosis on A implies symbiosis on any transitive A' DA,

Examples 2.3. The following pairs are symbiotic on HF for any rudimentary
A:
(1) L[P]A and P,

(2) LQ,A and Q, ©f Q <s a generalized quantifier and LQ <is unbounded,
(3) 1M, and On,

A
(4) LIA and Cd,
(5) LR, and Reg,
(6) L/{I and Pw,
(?) L and Pw .
wo w
n n

The following pairs are symbiotic on H(k) for any rundimentary A 2 H(k)

+
and k= X , X 2 w:

(8) L and PwK,

Ak
(9) Lig and On.
Proof. The proof of (S1) is similar to the proof of 2.1(1) in any of (1)-(9).
As a typical example of the proof of (S2), let us consider (L). Recall that W
J(LI). Wow

is

<M,E,a> € K[d]

<M,E,a> F Wxy(xEy) A Vxy(yEx A xEa + yEa) A
A Vxyz(zEy A YEx A xEa + 2EXx) A
A Vz(zEa » = Ixy(xEz)(yEa)) A

A Vxy(Vz(zEx < zEy) » x=y). @
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Note that, if L* is symbiotic with P (# #) on A then LK is unbounded,

in fact, as K{[P] is A(LK)—definable, it suffices to observe that

Wxy(xAy) <> there are M, E and a »a such that

PETER

M, E, 8500058 > € K[P] and

1°°

<M,E,a -2 > E vxy(xAy + xEBy).

PR

Conversely, it is by no means the case that every unbounded logic is
symbiotic on some A. We shall indicate later why the logic L(W’Q1""’Qn"")n<w
is not symbiotic.

The next theorem is the basic result about symbiosis and about relation
between logic and set theory in general. It was proved in the author's Ph.D.
thesis [13] and appeared later, but independently in [10]. We repeat the proof

here for completeness. The proof clearly owes a great deal to [2].

Theorem 2.4. Suppose A and AO € A are transitive classes, P a predicate,
and 1* an abstract logie extending L, and symbiotic with P on A Then
the following are equivalent for any model class K of type 1L € A:

(1) X s Z(LK)—definabZe,
(2) K s 21(P) w.p.7. A.

Proof. (1) + (2): Suppose @ € L% J-defines K. Let L, € A such that
© € L% Now

K = {M € str(L)|aN € Str(Lo)(NlL =M& N F* o).

Hence K 1is 21(P) w.p.1. A.
(2) + (1): suppose

vx(x € K < o(x,a))

where @(x,y) is ] (P) end a €A Let a' =Tc({a}) (€A). Let E be
a binary predicate symbol not in L and 1 a sort not in L. For any formula

w(x1,...,xn) of set theory let [w(xw,...,xn)] be obtained from w(x1,...,x )

E n
by replacing atomic formulae teu by tEu (i.e. E(t,u)) and changing all bound

variables to variables of sort 1. Let L be L extended with E and i. As

o
L* 1is symbiotic, there is an L, 2 L, and 0 € L?A such that 6 }-defines the
class of well-founded extensional structures <Mi,E>. By (S2) there is an L2 =2 L1

and n € LEA such that n z—defines the class K[P]. Suppose P = P(x1,...,xn)

and Cqswe- 00 are the constant symbols in the type of K[P]. Let ¢ be the

LEA—sentence obtained from

[P(c1,...,cn)] > n(c1,...,c )

E n



ABSTRACT LOGIC AND SET THEORY 401

by universally quantifying over CyaeresCy using variables of sort i. Let

t
mb(x) be the formula Vy(yEx +ﬁ'\x/ch wc(x)) for every element b of a'.
Let ¢(x) be the Lz—sentence which says, using E instead of €, that x 1is
a structure of type L 1in which any atomic R(x1,...,xn) is satisfied by ele-
ments &, ,....a if and only if R(a1,...,am) is true. Finally, let £ be

the conjunction of
&L
mbEa I, (x) & @, (c,)
X ([olx e, g & vixh).

Now & € LEA and we prove that it z—defines X. Suppose at first that
M € K. Hence @{M,a) is true. Let N %be a transitive set which reflects
©(M,a) and P. M can be expanded to a model of £ by letting N serve as
the universe of sort i elements. For the converse, suppose N E E. Let
N M= <""Mi’€""> such that Mi is a transitive set. As M E ¢, Mi
reflects P. Clearly c, is interpreted as a in M. Let AE M. such that

ME [o(A,c) )]s & w(A).

Then A € Str(L) and ¢(A,a), whence A € K. As K is closed under isomorphism,
M'LE K. =]

Corollary 2.5, For any rudimentary class A:

(1) A(LWA) {K|the model class K is A w.p.7. A},

= ALy
(2) () = {x|the model class K 1is a,(Cd) w.p.i. A},
(3) A(LiI) = {K|the model class K is A, w.p.z. A}
(4) A(L ) = {K|the model class K is &, (Pw )},
ww 1 wy

If A2HK), « =%, 2 2w, then:

(5) A(LAK) = {K|the model class X <8 & (PwK) v.p.t. A).

1
In [11] a predicate P(x) 1is called local if it is of the form Ba(Ra E olx))

for some formula (x) of set theory, and a proof is sketched to the effect that

a predicate is local if and only if it is equivalent to a zz—predicate. Combining

this with Theorem 2.4 yields:

Corollary 2.6. A model class is Z(Lil)—definable if and only tf it s de-
fined by a local property w.p.Z. A.

Theorem 2.4 can be immediately iterated to yield a result about zn—defina—
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bility. A form of the following corollary was first proved by J. Oikkonen in
[10] with a different proof.

Corollary 2.7. Suppose A and A S A are transitive classes, P a predi-
cate, and LX a Boolean logic extending L, and symbiotic with P on

A Then the following are equivalent for any model class K of type

LEA and for any n < w:

. .\ pr
(1) XK <is Zn+1(LA) definable,

(2) K <is Zn+1(P) w.p.2. A.

Proof. We use induction on n. If n = 0, the claim follows from 2.k.

Suppose then K 1is (L*)-definable and n > 0. Let ¢ € I (L*) )-define K.
n+1 n

A A

By induction hypothesis Mod(®) is HH(P) w.p.i. A. Now

K={ME€str(L)[3N € Mod(w)(N'L =MaNEOQ]I,

and therefore K is Zn+1(P) w.p.i. A.

For the converse, suppose (2) holds. Let S be a Hn(P)—predicate such that
K 1is 21(8) w.p.i. A. By 2.4 K is J-defined by some @ € L[S]A' By 2.1
Mod () is A1(S) w.p.i. A, and therefore A (L*)-definable. Hence K is

n+1 A
XYoo
En+1(LA) definable. 0O

Corollary 2.8. For n > 0 and for any rudimentary class A:
(1) AH(LWA) = {K|the model class K is A w.p.Z. A},

(2) a (Lt

e ) = {K|the model class K 18 A w.p.7. A}.

n+1

Note that K[Pw] is H(wa)—definable, whence L[Pw] < AE(me) and there-

Iy ¢ ‘ o A 1I .
fore A(LA ) =2 A2(L ). On the other hand AE(LA) < A2(LWA) < A(LA ). Hence in

II II .
fact A(LA )~ AE(LA)’ and therefore An(LA ) ~ An+1(LA) for all n > 0, If

this 1s combined with 2.8, the following obtains:

Corollary 2.9. For n > 1,

A (L

. A) = {K|the model class K 1is 6, w.p.t. A}.

Therefore in MKM:
LZ = {K|the model class X s definable in set theory w.p.i. A}.

The second part of the above corollary was stated on page 174 of [8].
As A1(wa) is just the usual first order logic me, and A2(L ) is

ww
A(LII), that is, essentially second order logic, it would be tempting to conjec-—
ture that A3(me) is essentially third order logic. This is not the case,

however. By familiar methods (see e.g. [9]) one can prove that for any analytical
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(this can be improved, see [9]) ordinal o the a'th order logic in A-equivalent
to second order logic. It seems plausible to put A3(LA) above the whole notion
of higher order logic and consider it rather as a fragment of a quite new power-
ful logic, sort logic. Similarly it seems implausible to call z a second order
quantifier, or even a generalized second order quantifier, as z leads to some-
thing far beyond second aﬁd higher order logic, viz. set theory. We return to
the problematics of second order logic in the next chapter.

The A-operation can be used to give a very near characterization

of symbiosis:

Proposition 2.10. Suppose LX i8 a Boolean logic extending L, and P
a predicate. Then A(LX) ~ A(L[P]A) if and only if (52) and

(51),: If ¢ € L%, then Mod(¢) s A1(P) w.p.7. A.

Proof. Suppose at first that (S1)A and (S2) hold. By Theorem 2.1

every L[P]A—definable model class is A,(P) w.p.i. A, whence by 2.k,

1

L[P]A < A(LX). Therefore A(L[P]A) < A(LX). On the other hand, if K is LX—
definable, then by (51)A K 1is A1(P) w.p.i. A, whence by 2.4 K is A(L[P]A)—

definable. Hence A(LZ) ~ A(L[P]A). The converse is immediate in view of 2.4. O

We can use 2.10 to show that the logic L* = L(W’Q1""’Qn"")n<w is not
symbiotic on any A. Indeed, suppose LK is symbiotic with P on A. As

LX = L;‘IF, we may assume A = HP. By 2.10, A(L*) ~ A(L[P]ww). Let n < w such
that K[P] is A-definable in L' = L(W,Q1,...,Qn). Now A(L*) ~ A(L[P]ww) ~alth),
a contradiction.

The existence on non-symbiotic unbounded logics may seem to limit the appli-

cability of Theorem 2.L. However, if L* is the union (in the obvious sense) of

. + + . Lo .
the logies L n (n < w), where L n is symbiotic with Pn on An, then for
A=UA,
n
n
A(LX) = {K|the model class K is A1(Pn) w.p.i. A~ for some n < w}.

Thus the range of Theorem 2.4 extends to many non-symbiotic logics. Por example:

NGACR-FNRR-TRS B

n < {K|the model class K is A1(N1""’Nn)

for some n < w}

{K|the model class K is A, w.p.i.

1
1 WIS SRS X

yens) is symbiotic on HC.

Note howevey, that Lw1w(W,Q1,...,Q <

.

In the next results we investigate the absoluteness of symbiotic logics. Let

n

us consider the following three properties of an abstract logic L* and a predi-
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cate P:

(A1) Ste* is 21(P) and @V ¥, O A Y, Jc and VYeyw in (L5) and (L6) can be
found with 21(P)—functions.
(A2) There is a A1(P)—predicate S such that if ¢ € L*, then

W € str(L)(M E* @ «> S(M,p)).

The conditions (A1) and (A2) together form a netural notion of P-absoluteness
of L* generalizing the notion of an absolute logic in [2]. Note that (A2) > (S1).

The following lemma is obvious:

Lemma 2.11.

(1) If L* and P are symbiotic on A and Lt s ﬁ(LZ), then LT and P
satisfy (SJ)A.

(2) If 1% and P satisfy (42) and Lt a(L}),
(51) 4

then L° and P satisfy

The next result generalizes a theorem by Burgess (Theorem 2.2 in [8]) which
says that no unbounded absolute logic is A-closed. The proof remains almost the

same.

Theorem 2.12. Suppose L* <s a Boolean logic symbiotic with P on A and
LF o~ A(LK). Then 1V and P satisfy (SJ)A but not (A2).

Proof. Suppocse S 1is a A1(P)—predicate such that if © € L+, then
W€ str(L)(M ET @ < S(M,@)). Let

n

K = {M|M = <7c({a}),€> for some a such that -1 S(M,a)}.

K is clearly A1(P). By 2.4 there is a @ € LY such that ¥ = Mod(¢p) .
Let M= <7C({@}),€>. Then M€ K <« M F+ @ <+ 1 5(M,@) <+ M ¢ K, a contradic-

tion. O

Corollary 2.13. Suppose L* <s a Boolean logic, L* and P are symbiotic

on A and they satisfy (A2). Then LK 18 not A-closed.

Corollery 2.14. The following logics are not t-closed:
(1) L[P]A where P 1s a predicate of set theory,
(2) 1Q, where Q 8 a generalized quantifier such that LQ <8 unbounded.

(3) Ly, LI, IR, LI, L, L
m1m1 w1G

A’ A° TA
Hence, 1f LZ 8 a symbiotic logic extending L
such that

e there are no Q1,...,Qn

1 n
A(LX) ~ LQ ...QA.
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The following theorem gives another aspect of the failure of syntactical

methods in constructing A-extensions. Recall the definition of Stc in §1.

A(L*)
Theorem 2.15. Suppose A and Ag S A are transitive classes, P a predi-

cate and L¥* an abstract logte such that there is a XI(P)—function embedding

A
L, nto LK and LY is symbiotic with P on A . Then the predicate

, , . .
StCA(L*) s HZ(P) but not XE(P). Therefore A(LA) and P do not satisfy
(A1).

Proof. By definition

L, € TC(x)

StCA(LX)(L’X) 7 ALyL,

(stc*(LO,w) & Stc*(L1,w) & x = <@L YL > &

"

wM € str(L)(3N € Str(Lo)(N{L M&NE*o)—

(WN € Str(L1)(N(L =M= N E*y)))).

This proves that StcA(LK) is HZ(P)' To prove that StcA(LK

let R{x,y) be a HZ(P)—predicate which is not ZQ(P). We construct 21(P)—func—

) is not ZQ(P),

tions f and g such that
(*) VXVY(R(X:)’) hatd StCA(L*)(f(x’Y)’g(x’Y)))-
A

From this it Ffollows that Stc ) is not L(P).

*
A(LA
Let T{x,y,z) be a 21(P)—predicate such that

VXVY(R(X’Y) A VZT(X’Y’Z) ).

K[T] 1is 21(P) whence by 2.4 there is an LK—sentence w(c1,02,c3) which Z—de—
fines X[T]. For any x let wx(y,E) ve the L -formula (see the proof of 2.4}

/XN 3z0,(z) & o (y).

a€TC ({x))

Let 6(E)} Ve an LK—sentence which z—defines the class of models <dom(E),E,c3>

where E 1is well-founded and extensional. For any x and y let nxy be the

sentence
(6(E) & wx(c1,E) & wy(cz,E)) - w(CT,C2,03).

: ' 1k
By (A1) we may assume there is a type ny such that nxy € nyA

+ = =L' '
cates 2z ey and z ny are 21(P). Let ny be the subtype of ny
associated with C35C55C, and E. Let & be an arbitrary valid L*-sentence.

and the predi-

We define
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tlx,y) = Ly
g(x,y) = Ny Ly 6ol
Now (*) holds as is not too difficult to see. 0O

It follows, for example, that there is no Zz—formula which decides whether
a given Lii—fonnula z—defines the same model class as another given Lii—sen—

tence lI-defines. So, although Lim has a primitive recursive syntax, it seems
1T
)

ha\}

unlikely that any similar syntax can be found for its fragment A(L or for

8,(L,).

We end this chapter with some remarks on decision problems of symbiotic
logics. For simplicity we only consider logics of the form L:m' The decision
problem of L* = is the set Val(L* ) = {p € HF | € L* and o is valid}. It
is known {(see [13] and [12]) that Val(Lii) is the complete H2~subset of HF.
More generally, if L* 1is symbiotic with P and L* is sufficiently syntactic
(e.g. IL* = LQ for some Q), then Val(L:w) is the complete H1(P)—subset of HF.
A proof of this can be found in [13]. For results about Val(LImm) and Val(Lwa)
see [1L].

§ 3. Flat definability and second order logic

In this chapter we construct the part of set theory which coincides with
second order logic in the same way as the whole set theory coincides with sort

logic.
Definition 3.1. Quantifiers of the form

(1) 3x(HC(x) = HC(y1 u...u yn) & m(x,y1,...,yn))
(2) wx(HC(x) < HC(y1 U...u yn) > w(x,y1,...,yn))

are called flat quantifiers. The set of flat fornulae of set theory is the
smallest set containing Zo—fbrmulae and closed under &,v,— and flat

quantification.

The ZE(P)— and HE(P)—formulae are defined by induction on n as follows:

b b . b
ZO(P) and HO(P)—formulae are just the ZO(P)—formulae. zn+1

formulae of the form (1) where w(x,y1,...,yn) is Hn(P). i

(P)-formulae are

(P)-formulae are
n+1

formulae of the form (2) where w(x,y1,...,yn) is ZE(P). ZE(P)ZFC— and HE(P)ZFC‘
formulae are defined as usual.
It is easy to see that the set of ZE(P)ZFC—formulae is closed under

&,v, ,3x€y,Vx€y and (1) above. Note that by Levy's theorem ([4] p. 104) every
. bzFc
21—formula is 21 .
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The whole point of flat formulae is the following reflection principle:

Lemma 3.2. Suppose w(x1,...,xn) zs a flat formula and a an arbitrary
set. Then there is a transitive set M such that =a € M, HC(M) = HC(a)
and M reflects w(x1,...,xn).

Proof. By the usual reflection principle ([4] p. 99) there is a transitive

set N containing a such that N reflects w(x1,...,xn). For any subformula

2,...,bm €N let
)(bz,...,bm) € ¥ such that HC(f) < Hc(b2 U...U bm) and

w(y1,...,ym) of w(x1,...,xn) and for any b
b

=7
w(yw,---,ym

N E 3y1(HC(y1) < HC(bE,...,bm) & w(y1,b2,...,bm)) - w(f,bz,...,bm).
Choose M to be the smallest transitive set containing & and closed under the

functions f , where y(y.,...,¥y_) runs through the subformulae of
w(y1,...,y ) 1 m

m
w(x1,...,xn). o

The above lemma shows, among other things, that every flat formula is AZFC

2
(using Theorem 3.7.2 of [4]).
Definition 3,3. Suppose L* is an abstract logic, A a transitive class

and P a predicate of set theory. L* and P are strongly symbiotic
on A if the following two conditions are satisfied

(851) If @ € L*, then Mod(y) <s A?(P) w.p.t. {o,L}.

(ssg) x[prl <s A](LK).

Strong symbiosis is harder to come by than symbiosis. For example,W 1is
not Al(LI)-definable (essentially becausé in countable domains I 1is redudent
and Theorem 7.3 of [3] can be used), whence LI is not strongly symbiotic.
This failure can be regarded as an indication of the incompleteness of the
definition of LI, rather than as a characteristic property of LI. The
situation is different with second order logic which seems to resist strong

symbiosis in an essential way, as we shall prove in a moment.

Examples 3.4. The following pairs are strongly symbiotic on HF for any
rudimentary A:

(1) L[P]A and P,

(2) LA(W,Q) and Q, 1f Q s any generalized quantifier,

(3) LA(W) and On,

(4) LA(W,I) and Cd,

(5) LA(W,R) and Rg.

Theorem 3.5. Suppose A S HC and A EA are transitive sets, P a predi-

cate, and LX an abstract logic extending L, and strongly symbrotic with
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P on A. Then the following are equivalent for any model class K of type
L € A:

(1) K <is Zl(LX)—definabZe,
(2) % s [°(P) wp.i. A

Proof. We follow the proof of 2.4. The implication (1) -+ (2) is obvious.
For (2) -+ (1), suppose o(x,y) is Z?(P), a €A and

Vx(x € K <> @(x,a)).

Let &' = TC({a)). Let u be the conjunction of & (as it is defined in the
proof of 2.L) and the first order sentence which says that there is a bijection
which maps all elements of the sorts in L3 one-one to elements of the sorts in
L. Using Lemma 3.2 one can prove that 1y still Z—defines K. But every model
of 1y has the same power as its L-reduct. Hence the new ﬁniverses introduced

by L can be dispensed with in favour of new predicates, and therefore u can

3
be converted into a A}(LK)—definition of K. o

The proof of Corollary 2.7 carries over immediately and we have:

Corollary 3.6. Suppose A S HC and A S A are transitive sets, P a pred-
Teate, and L% a Boolean logic extending L, and strongly symbiotic with
P oon A_. Then the following are equivalent for any model class X of
type L €A and for any n < w:
S I

(1) K <s Zn+1(LA) de finable,

. .. th .

(2) K is Zn+1(P) w.p.7. A.
Corollary 3.7. For A S H(m1%

(1) A;(LA(W)) = {K|tke model class K <s Ag w.p.t. Al,

(2) A;(LA(W,I)) = {K|the model class X is AE(Cd) w.p.T. Al.
The following corollary is proved mutatis mutandis as Proposition 2.10:

Corollary 3.8. Suppose LK s a Boolean logic extending Ly

predicate. Then Al(LK) ~ Al(L[P]A) if and only <f (S52) and
(SSZ)A: If ¢ € L*, then Mod(¢) s A?(P) w.p.i. A.

and P a

It follows that second order logic is not strongly symbiotic, because there
T~ A](LH

the closure of first order logic under the 21

is no Q such that L )) ~ A}(LQ). Second order logic is rather
-operation. More exactly, let us

define for any zbstract logic L*:

Azw)(L*) = {K| the model class K is A;(L*)—definable for some n < wl.
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Clearly, . AZm)(wa) = Agw)(LW) = Azm)(LI). Note that AZw)(L*) satis-—

fies the single-sorted interpolation theorem. The following characterization of

Azw)(L*) and second order logic follows from 3.6:

Corollary 3.9. Suppose Ly s a Boolean logic extending L, and P
a predicate such that LX and P are strongly symbiotic on A S H(u1L

Then the following hold:

(1) A(m)(LX) = {K|the model class K <& definable with a flat formula of
the language {e,P} w.p.i. A}.
(2) LiI = {K|the model class X is definable with a flat formula w.p.i. A}.

To sum up, second order definability corresponds to flat definability in set

II

theory, implicit second order (that is A(L ~)-) definability corresponds to A,.-

2
definability in set theory, and finally, definability in sort logic corresponds

to definability in set theory. Recall that by Theorem 3.7 of [2], first order
fp—definability.
It is well-known (see e.g. [9]) that the H:—part of second order logic has

definability corresponds to A

already the whole implicit strength of second order logic. Another way of saying

the same is LII < A(LQH), because QH is H:—definable (see [7]). This fact has

the following more general analogue:

Proposition 3.1C. Suppose A S HC and AO S A are transitive classes and
L* is a Boolean logic symbiotic on A- If Hl(wa) < A(L*), then

a1 (%) € A(1¥) g
(w) =4 LA :

A
Proof. Suppose L* is symbiotic with P on Ao' In view of 3.9 it suffices
to prove that if X 1is definable by a flat formula of set theory in the language
{e,P} w.p.i. A, then K is A1(P) w.p.i. A. Suppose ®(x,y) is a flat
formula in the language {e,P} and a € A. Then (a,b) holds if and only if
there is a strong limit o such that R(a) reflects P, 2 and b are in R(a),
and R(a) F w(a,b). As the assumption ﬂl(me) < A(LK) implies that Pw is
AT(P) w.p.i. A, the above equivalence shows that (a,y) is Z](P) w.p.i. A.

Similarly —y¢@(a.y) is 21(P) w.p.i. A. O

Proposition 3.10 can be improved by considering suitably defined A )—opera—

o
(w
tions, where o 1is an ordinal definable in finite order logic or a € A

[91).

The results about absoluteness of symbiotic logics in the previous chapter

(see

carry over to strongly symbiotic logics as follows: Ie! us consider the following

properties:

(SA1)  Stc* is Z?(P) and @vy, @AY, dc@ and Ve in (L5) and (L6) can be

found with 21(P)—functions.
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(SA2) There is = A?(P)—predicate S such that if ¢ € L*, then
W € str(L)(M F* ¢ < s(M,).

The condition (SA1) and (SA2) together from a notion of strong P-absoluteness
of IL*. Note that if P 1s omitted, strong absoluteness coincides with the
notion of absoluteness, because every 21—predicate is Z?. S0 the difference
comes only when some non-trivial predicates P are considered. For example,
second order logic is Pw-absolute but not strongly Pw-absolute (see the remarks
after 3.8).

The‘following theorem is proved as 2.12:

Theorem 3.11. Suppose Boolean L* and P are strongly symbiotic on A

and 1Y < Al(LX). Then LY and P satisfy (551), but not (S42).

Corollary 3.12. Suppose Boolean L* and P are strongly symbiotic on A

and satisfy (SAZ2). Then LX s not A}—alosed.

Corollary 3.13. The following logtes are not A}—alosed:

(1) L[P]A, where P 18 a predicate of set theory,
(2) LA(W,Q), where Q 18 a generalized quantifier.

Hence, <if LK s a strongly symbiotic logic on A extending Lyo there are
no generalized quantifiers Q1...Qn such that

Trrx 1 n
A (LF) ~1,(Q,...,97).
Also the proof of Theorem 2.15 carries over:

Theorem 3,14. Suppose L* and P are strongly symbiotic on V, satisfy
(841), and there is a X?(P)—fhnation which embedds wa into 1*., Then

the predicate Ste is Hb(P) but not Xb(P).
1 2 2

A1(L )

This theorem shows how difficult it is to find a syntax for Al—

whereas the full Azw)~extension has a simple primitive recursive syntax. The

extensions,

situation is hence oimilar as in the case of A-extension.

§ L., Liéwenheim numbers

The purpose of this chapter is to transfer the definability results of § 2
frem the level of model classes to the level of spectra and in particular minima

of spectra, that is LOwenheim numbers.

Definition 4.1. Suppose L* is an abstract logic and © € L*. The spectrum
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of ¢, sple), 7s the class
feara(M) M E* ).

The indesed family
Sp(1*) = {Sp(w)lw € 1*}

ts called the family of L*-spectra.

Examples 4.2.

(1) The class of successor cardinals and the class of limit cardinals are
LI-spectra.

(2) {A[BK(K+ <1 £2%) 4s an LI-spectrum.

(3) The class of regular cardinals and the class of weakly inaccessible
cardinals are LR-spectra.

(4) (2%|« a cardinal}l is an LII-spectrum.

(5) 12|« is measurable} 1is an LII—spectrum.

For other examples of spectra see [13] and [14].

The following problem is called the spectrum problem for L*: Is the comple—
ment of an arbitrary L*-spectrum again an L*-spectrum? The spectrum problem for
LW, for example, has a negative solution because {KIK < ?{o} is an LW-spectrum
but {K\K > }(O} is not. The spectrum problem for LI can have a negative
answer - this will be discussed later. The spectrum problem for LII has a
positive solution for a rather trivial reason: if C 1is an LII—spectrum, then
C = Sp(y) for some identity-sentence ¢ and the complement of C 1is just

Sp(— ). This fact has a more general analogue. At first we note the following

trivial lema:

Lemma 4.3. Suppose C <8 a class of cardinals and C' <s the class of
structures <A>, where card(A) € C. Them C 18 an L¥-spectrum <if and
only tf C' is ZJ(L*)—definable.

If this is combined with Theorem 3.5 and Corollary 3.9, the following charac-

terization of spectra yields:

Theorem 4.4. Suppose A € HC and A © A are transitive classes, P a pred-
teate, and LK a Boolean logic extending LA and strongly symbiotic with P
on AO. Then

sp(1}) = {c € odl[c is Zb(P) w.p.t. A},

1

Sp(Azw)(LA)) = {Cc € cd|C <s definable by a flat formula in the language
{e,P} w.p.z. A},
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LII

N ) = {Cccca|c is definable with a flat formula of set theory

w.p.t. A}

sp(

Definition 4,9, Suppose L1* is an abstract logic. The Léwenheimnumber
L(L*) of L* is the least cardinal « such that min(C) < « for
every C € Sp(L*), if any such « exist. FEquivalently, L(L¥) <is

the least cardinal « such that if @ € L* has a model, then ¢ has

a model power < «.

It is well-known that Z(Lz) exists if A 1is a set.

Theorem 4.6. Suppose A and A0 C A are transitive classes, P a pred-
teate, and LK a Boolean logic extending Ly and symbiotic with P on
AO. Then for any n < w:

LA (L) = sup {x|c s T (P)-definable w.p.t. Al

If Z(%(LK)) is a limit cardinal (e.g. n >1 or LI <ALY)), then

moreover

Z(An(LK)) = sup {a|e is nn(P)—definabZe w.p.i. A L

Proof. Suppose at first that o is Hn(P)—definable w.p.i. A, Suppose
o(x,y) is a zn(P)-—formula. and a € A such that

VB(B 2 o <> @(B,a)).

Let K be the class of linearly ordered structures the ordertype of which is

an ordinal 2 a. K is clearly zn(P) w.p.i. A, whence K is zn(LK)—definable.
But every model of K has power 2 card(a). Hence a % min {card(M)|M € K} <
Z(An(LK))' For the converse, suppose Kk < Z(A'n(LX)). Let @ € LZ such that

k 2 A = min(Sply)) < Z(An(LZ))' Now

VB(B > X >3y X BIM(|M] =y & M E* o))

vhence A 1is Hn(P)-definable w.p.i. A. 0

Corollary 4.7, For any rudimentary set A and n > 1:
(1) Z(LIA) = sup {e|a s H1(Cd)-def‘inable w.p.7. A},
(2) Z(Lil) = sup {a|a <is ng—definable»w.p.i. A},

(3) Us (L)) = sup {aja s N -definable w.p.<. A},

(4) Z(Li) = sup {ala 78 definable in set theory w.p.i. A} (in MKM}.
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Part (2) of the above corollary was proved earlier but independently in [6].
Lowenheim-numbers can also be characterized in terms of a notion of de-
scribability. This notion is related to the notion of indiscribability (see [4]

p. 268) but differs mainly in that less parameters are allowed.

Definition 4,8, Let D be a set of formulae of set theory. An ordinal «

18 D-deseribable w.p.Z. A <if there are a @(x) €D and an & € R NA
such that

RB Ewla) for B 2o

and
Ry f ola) for rk(e) <8 <a.

The predicate P 18 R—absolute if every Ra reflects P.

Lemma 4.9. Suppose P <is R-absolute and a s n1(P)—definabZe w.p.i. A,
Then there is a B > o such that B is 21(P)—describable w.p.?. A.

Proof. Suppose @(x,y) is 21(P)—formula and a € A such that
VB(B 2 a +> 9(B,a)).

Let y(y) be the 21(P)—formula Ixp(x,y) and B the least B8 such that
Rg F ¢(a). Then y 28 ~+ RY - y(a). Hence y(a) describes 8. Rg E y(a)
clearly implies B8 > a. a

Lemms 4.10. Suppose P <s R-absolute and o is 21(P)—describable W.p.T.
A. Then a + 1 18 H1(P)—definable w.p.t. A,

Proof. Suppose ®(x) is a 21(P)—formula and & € A such that Rg E o(a)
if and only if B 2 a. Let y(y,x) be the 21(P)—formu1a which says that «¢(x)
is true in a transitive set which reflects P and the ordinal of which is < y.
If y(B,a), then (because P reflects)for some vy < B RY F 9(e), whence B > a.

On the other hand, if B8 > a, then y(B,a) as one can choose Ra as the required

transitive set. o

Corollary 4,11, Suppose A and A, S A are transitive sets, P an R-abso-

lute predicate, and LK an abstract logic extending L, and symbiotic with

A
P on Al and Z(LZ) 18 a limit eardinal. Then

Z(LK) = sup {a|a 7s 21—describable w.p.i. A},

Proof. The claim follows immediately from 4. 9, 4.10 and 4.6. o

Lemma L.12. Suppose o 1Is first order describable (that is described by
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some formula of set theory) w.p.i. A. Then o <8 Hz—definable w.p.z. A.
Proof. Suppose @(x) is a formula and a € A such that for 2 rk(a)
RS F ¢(a) if and only if B 2 a.
Let y(y,x) be the Zz—formula "Ry E o(a)". Then w(B,a) if and only if
g 2 a.
Corollary 4,13. For any set A:

Z(LII

i ) = sup {a|a <s first order describable w.p.%i. A}.

Another way of formulating Corollary 4.11 is the following:

Proposition 4,14. Suppose A and A S A are rudimentary sets, P an R-

absolute predicate, and LK an abstract logic extending L

with P on Ay s and Z(LK) ig a limit cardinal. Then

A and symbiotic

*) = =
Z(LA) the least o Such that <Ru,€,a>a€AnRcx 21(P)<V’E’&>a€A'
In particular,
Z(LII) = the least o such that <R ,€,a> =c <V,€,a> .
A A 171 S PR A 1t
The above result suggest the study of ordinals o such that
(*) <R ,€> 412 <V,€>,
n
Let us denote the predicate (*) of o by Dn(a). The following lemma will be

most useful:

Lemma 4.15, The predicate Dn(u) ig L for n > 1,

Proof. Let S(x,y) be the Zn—predicate which is universal for Zn—formulae
with one free varisble y (see e.g. [4] p. 272). Let F(z) by the A1—predicate
"z is a Zn—formula with one free variable y". If F(z), let f(z,a) be the
relativization of z to Ra' f 1is clearly A2. Let So(x,y) be the A1—predi—

cate which is universal for Zo—formulae with one free variable y. Now we have:

D (a) <> Vy € R V2 € w(F(z) » (5 (f(z,a),y) v 8(z,y))),

and therefore D (a) is 1. o
n n

Proposition U.16. If o <s Hn—definable w.p.z. A, then there is a B 2 a
such that B <s An—definable w.p.t. A (n>1).

Proof. Let o(x,y) be a N -formula and a € A such that
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VB(R € a +> ©(B,a)).

Let ¢(u,v) be the A -predicate "D _ (u) & R, E 3x — o(x,v)". Note that

D1(a) may not be II1 but by the proof of 4.15 it is 4,. Let 8(w,v) be the

An—predicate Ju £ wy(u,v). We claim that - 6(w,a) defines an ordinal 2 a.

By reflection there is an ordinal g such that vy(B,a). Let B8 be the least
such B. If y 2 B8 then 6(y,a). On the other hand, if 6(y,a), then ¢(§,a)

for some & < y, whence B8 2 § X vy. o
Corollary 4, 17. For any rudimentary set A and n > 1:

Z(Lil) = sup {ala s Ae—definable w.p.7. A},

Z(An(LA)) = sup {ala s An—definable w.p.%. A}.

The predicate Dn(tx) is actually equivalent to a Ldwenheim-Skolem-theorem,

as the following theorem shows:
Theorem 4,18. The following are equivalent for any n > 1:

(1) s (L)) = x,

(2) <R,€><z <V,€>,
n

Proof. Note that both (1) and (2) imply « = j.(' If (2) holds and
@ E AH(LKu)) has & model, then R_ E "¢ has a model”, whence ¢ has a model
of power < ]K = k. So (2) implies (1). Suppose then (1) holds. We may assume
thet D (k) holds because if n = 2, it follows from «k = ] , and if n > 2,

n-1 K

it follows from a suitable induction hypothesis. Suppose @(x) is a zn-formula.
end a € RK such that @(a) holds. Let X be the class of ordinals & such
that Dn_1(tx) and R E ¢(a). By Theorem 2.4 and (1), there is a B € K such

that B € k. As Dn_T(K), we have RK E ¢la), as required. o

Corollary 4.19. If « 8 supercompact, then Z(AQ(LKm)) =x. If k 1is
extendible, then Z(AB(LKm)) = K.

Proof. If «k 1is supercompact, then DQ(K); if k 1is extendible, then

D,(k). These facts are proved in [11]. o

§ 5. Henf-numbers

Hanf-numbers can be characterized in the same way as Ldwenheim-numbers. One
has to bear in mind, however, that 4 does not preserve Hanf-numbers (see [15]).
Therefore we introduce a new notion of definability, bounded definability, which

is neat enocugh to preserve Hanf-numbers but still almost as powerful as A~ or A=
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definability. This notion was first studied in [15]. The main result of this
chapter is Theorem 5.6. The chapter ends with a discussion on definable ordinals

and sort logic.
Definition 5,1, Let P be a predicate of set theory. A predicate

S(x1,...,xn) of set theory is 2?(P) w.p.T. A 1If there are a ZO(P)—
formula w(x1,...,xn,x,z) and a € A such that

Vx1...Vxn(S(x1,...,xn) - 3xw(x1,...,xn,x,a))
and
Vx1...Vxn({x|w(x1,...,xn,x,a)} is a set).
. B . . . B .
S(X.,...5x ) Zs W.(P) w.p.i. A Zf — S(x1,...,x ) 1s 21(P) w.p. 1.

1 n 1 n

A. S is A5 w.p.i. A if S is both 2]13(1:) and H?(P) w.p.i. A.

An example of a A1(Cd)—predicate which is not (provably) AB(Cd) is given

1
in [15]. ©Note that every 21—predicate is 2? by Levy's theorem. From the fact

Ixe(x) <> Ix(o(x) & Yerk(y) < rk(x) > — o(y))

it follows that every 21(P)—predicate is 2?(P,Pw). Therefore there is no need
to define ZE(P)—predicates for n > 1 - they would coincide with the zn(P)—
predicates.

Now we define the model theoretic analogues of the above notions.

Definition 5.2, Let L* be an abstract logic. A model class K f©s ZB(L*)—
definable if it is z-defined by an L*-sentence O such that

VA 3ckvB € E(A,p)(card(B) < «).

B

K s HB(L*)—definabZe if X 1s ZB(L*)—definabZe. K Zs A (L*)-definable
if it ie both JB(L¥)- and T°(L*)-definable.

AB is a natural operation on logics and resembles A-operation so much that

it is in fact not at all obvious that there is any difference between them. For
a treatment of AB see [15]. We pick up some of the results of [15] to the
following lemma (note that (1) below fails for A):

Lenma 5.3.

(1) AB preserves Ldwenheim— and Hanf-numbers.

(2) ZB(L*) ~ J{L*) if LM< AB(1*¥) or 1* s ome of the following
logics (or a fragment of one) Ly? Loy (W) T, (Q,), me(QMM(n)), Log

BiL*) ~ a(1*) for such L*.

(3) V=1L implies AB(L1) ~ a(L1).

Hence A



ABSTRACT LOGIC AND SET THEORY 417

(4) If Con(ZF), then Con(ZFC + AS(LI) 4 A(LI)).

Related to the bounded notions of definability is a new notion of symbiosis

as well:

Definition 5.4. Suppose L* <s an abstract logie, P a predicate of set
theory and A a transitive class. 1*¥ and P are boundedly symbiotic on
A if the following two conditions are satisfied:

(BS1) If @ € L*, then Mod(w) is A?(
(Bs2) K[P] is A™(L%)-definable.

The pairs of example 2.3 are all boundedly symbiotic.

P) w.p.z. {g,L}

We omit the proof of the following theorem because the proof would be mutatis
mutandis as that of 2.4,
Theorem 5.5. OSuppose A and %EA are transitive classes, P a predi-
cate, and LZ an abstract logic extending Ly and boundedly symbiotic
with P on A Then the following are equivalent:
(1) K is [°(1})-definable,
(2) X is Z?(P) w.p.Z. A.

Theorem 5.6, Suppose A and A, S A are transitive classes, P a predi-
cate, and LX a Boolean logic extending L, and boundedly symbiotie with
P on A Then

(L3) = sup {ala s {?(p)-definabze w.p.t. Al

and for n > 1:

h(An(LK)) = sup {a]o s In(P)— definable w.p.7. A}.

Proof. 1In order to prove the two claims simultaneously, let us agree that
ZE(P) for n > 1 means In(P). Now, let n > 0. Suppose that o is IE(P)—
definable w.p.i. A. Let K be the class of linearly ordered structures the
order type of which is < a. X is IE(P) w.p.i. A and therefore EE(LX)-
definable (using 2.4 and 5.k, Z§(LX) for n > 1 means In(LK))' Hence K is
I(AE(LA))-definable. If n > 1, then LII < AE(LX) whence by 5.3 (2) K is
ZB(AE(LK))—definable. If n = 1, the same conclusion follows trivially. Hence
there is & y € AE(LX) which ZB—defines K. As K has models of power £ card(a)

only, ¥y does not have arbitrary large models. But ¢ has a model of power 2 Kk

for every k < a. Hence card(a) < h(AE(LX)). It follows easily that
B4 B, . B
a < h(An(LA)). For the converse, suppose Kk < h(An(LA)). Let ® be in An(LA)

such that k £ A = sup Sp(p). Now

o< A<+>3BMa B & M =8 e&ME*g).
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Hence A is Eﬁ(P)—definable w.p.i. A. o
Corollary 5.7. For any rudimentary set A:
(1) h(LﬁI) = sup {a|a is 22—definable w.p.Z. A},
(2) h(An(LA)) = sup {ala <s zn-definable w.p.Z. A} (n> 1),
(3) In MKM: h(L:) = sup {a|a 7s definable in set theory w.p.i. A}
_ s
2(L,)-
Part (1) of the above corollary was proved earlier, but independently, in

[6] (see also [1]).

Let us write

1, for sup {a|a is Hn-definable],

hn for sup {ala is zn—definable}.

By what we have already proved: (for n > 1)

Zn = Z(A;(LHF)) = sup {a|e is An-definable],
Ry = h(a (L)),

In the next few lemmas we shall establish the mutual relations of the ordinals

Zn,hn,n < w. It turns out that the following notation is helpful:

t
n

the least o such that Dn(a)

il

the least o such that <Rm,€>-<z <V,€>

n
the least o such that 1(A (L ))= a.
n oW

Trivially I <t <h for n > 1.
n n n

Lerma 5.8. For n >0, 1 <t .

Proof. Let S(x,y) be the zn—formula which is universal for zn—formulae

with the free variable y. Let

a = {oly)|oly) is a zn—formula such that = @(y)

defines an ordinal}.

a € R ,, 8nd therefore a € R . Let v(x,y) be a zn-formula equivalent to
n
Vu € xS{u,y). Now y(a,y) is true for some y, whence y(a,y) is true for some
y € Rt . This y 1is an ordinal which is greater than any Hn—definable ordinal.
n
<
Therefore Zn fy«< tn. ]

Lemma 5.9, If n > 1, then tn 8 zn—definable, and hence tn < hn.
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Proof. Recall from 4.15 that Dn is Hn. Hence the claim follows from
Voa(o <t +>=D (a) & VB < @ = D_(B)). o
n n n
Lemma 5.10. If n > 1, then hn = Zn+1'

Proof. Suppose a is Hn+1—definab1e and ©{x,y) is a Zn—formula such

that
(*) VB B < a +> Vx9(x,B)).

Let ¥(x) be a zn-formula saying that x is an ordinal and ¢(y,B8) holds for
all y € Rx and 8 < x. If Vx¢(x), then WVx@(x,a), a contradiction. Therefore
there are 8 such that — y{6). Let 6 be the least of them. Hence if B < &
then ${B). On the other hand, if ¥(B) and y £ B then ¢(y), whence y # 8.
Therefore ¥({x) zn—defines 8. Hence it suffices to prove that o £ §. Suppose
the contrary, that is 6§ < a¢. If y € R, and B < 8§, then by (*) @(y,8). Hence

v(8) holds, a contradiction. Therefore a £ 6. o

Corollary 5.11, 12 < h2 = 13 < h3 = Zh < hh = ZS <.

If the proofs of 5.8-5.10 are carried out with parameters, the following

theorem yields:

Theorem 5.12. Suppose A s a rudimentary set and n > 1. Then

o (L,)) < h(An(LA

S _ 5 -
Corollary 5,13, (MKM) Z(LHF) = h(LHF) = the least o such that Ra'< v.

Proof. Suppose m(x1,...,xn) is a formula of set theory and 13.1,...,an
sets in Ra’ o = Z(LEF)’ such that w(a1,...,an). Let m < w such that
w(x1,...,xn) is equivalent to a Zm-formula @(X1,---,Xn)- Now Rtk F W(a1,...,an)
for a sufficiently large k < w. We may assume Dm_1(a). Therefore
R, E w(a1,...,an). Hence R E w(a1,...,an). For the converse, suppose
Ra V. Then every definable ordinal must be < «., Therefore a 2 Z(L;F). a]

Corollary 5.14, If the required cardinals exist, then

st measurable < l, < 18t supercompact < hy = 13 < 18t extendible < h3.

Proof. The predicate "a 1is measurable" is 22. Hénce the 1st measurable

is T, -definable and therefore < l,- If « is supercompact, then D2(K) (see
{11] p. 86), and hence 12 < t, £ k. The predicate "o 1s supercompact" is T

Hence the 1st supercompact is zz-definable and therefore < &

5
o If « is ex-
tendible, then D3(K) (see [11] p. 103), and hence 13 < t3 £ k. The predicate
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3
Hence the 1st extendible < h3. o

¢ is extendible" is I, and therefore the Ist extendible is ZB—definable.

So we see that the Ldwenheim—- and Hanf-numbers of even the lowest levels of
sort logic exhaust & wide range of large cardinals. This would seem to suggest
that the logics An(LA)
that the ordinals Zn,hn,n < w exist even if there are no large cardinals; they

are rather strong indeed. In connection with 5.14, note

exist in L, for example.

Tt seems to be & rather common phenomenon that the Ldwenheim-number of a
logic is smaller (often substantislly) than the Hanf-number (see e.g. 5.12).
However, in the second part of this peper we shall construct a model of set
theory where the Hanf-number of LI 1is smaller than the Ldwenheim-number of LI.
In that model the spectrum problem for LI has a negative solution, because
there is a cardinal & between 1(LI) and h(LI) such that {Alr 2} is
a spectrum, but {A[A < k} is (obviously) not.

We end this chapter with & remark on another wey of characterizing h(LiI).

Definition 5,15. An ordinal o 1is weakly first order describable w.p.7. A

if there are a formula @(x) of set theory and an a € Ra N A such that
Rg Eola) for B2a
and

RB )é ¢la) for arbitrary large B < o, B 2 rk(a).

Theorem 5.16. Suppose A 1s a rudimentary set.

h(LiI) = sup {a|o Zs weakly first order describable w.p.Z. Al}.
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LATTICE PRODUCTS

VOLKER WEISPFENNING
University of Heidelberg

A basic technique in algebra is the representation of an algebraic structure A as
a 'compound' of 'simpler' structures. One way of doing this is to represent the
elements of A by global or partial functions; more specifically, one considers re-
presentations of A as a subdirect or ‘partial' subdirect product of structures
(Ai)iel'
1. How much information is available on the factors Ai ?

The usefulness of this procedure depends on two points:

2. How much information is transferable from the Ai to A?
Since arbitrary subdirect product representations yield very little on point 2, a
number of concepts has been proposed to improve this situation by specifying more
precisely, how ‘thick' or how 'thin' A is in the (gTlobal or partial) direct pro-
duct of the Ai' In this connection, representations of first-order structures by
sections in sheaves have received growing attention in last 15 years - first from
algebraists and then also from model theorists.While the algebraic papers centre
on representability and characterization of factors (point 1), the model theoreti-
cal ones deal mostly with the transfer of properties from factors to functions
(point 2). The concept of a (global or partial) Tattice product is suited for
both purposes. It reduces representations to two steps:
1. Expansion of a given structure by a distributive lattice and certain ‘truth-
valuations' to an abstract lattice product.

2. Representations of distributive lattices by rings of sets.

Most of the model theoretical information contained in a representation is already
captured in the first step. As a consequence, model theoretical transfer princi-
ples (point 2) can be formulated and proved in a (largely effective) syntactical
manner for abstract lattice products.

The following sketch is intended to outline some concepts and results in the theo-
ry of lattice products. A detailed treatment with complete proofs will appear
elsewhere. For simplicity, we restrict ourselves here to global functions; similar
results hold for partial functions.

A lattice space (LS) is a pair (I,&L), where I is a non-empty set, & is a sublatti-
ce of P(I) with lef,NL=g. (1,L) is called boolean ifL is a boolean algebra.
Topological notions such as compactness, the separation axioms To’Tl’TZ’ continu-
ous maps, homeomorphisms are defined as in a topological space (1,0}, where s

423
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the Tattice of open sets.Let Acaﬁg Ai be a subdirect product of structures Ai for
a first-order language L, and suppose (I,X) is a LS. Then the truth-value of an
L-formula o(X) at &A" is defined by lo(3)] = {iel | Aih=w(§(i))) . A is a global
lattice product (GLP) over (I,X) if [e(a)i € £ for all atomic ¢ and 3eA". So
this is a condition restricting the 'thickness' of A in TT Ai from above. Corres-
ponding conditions bounding this thickness from below are given by three types of
'patchwork principles'for A: Thex-disjoint global patchwork principle (x-DGPW),the
x-global patchwork principle (x-GPW), and the x-strong global patchwork principle
(x-SGPW), where x is a cardinal or «. Each of these principles says thatvcertain
families of functions (ak}kEK in A can be patched up to a function a in A with
respect to a corresponding family (ak}kEK of elements of L(or of a specified sub-
lattice of L), provided card(K) < k . Instead of giving the exact definitions, we
illustrate the case =3 :
2y

(3-DGPW)

(3-GPW)

(3-SGPW)

Then the following relations hold:

1.(i) X-SGPW = K-GPW = X -DGPW.
(ii) If (I,Z) is compact, then w-GPW => «=-GPW and similar for o-DGPW, w-SGPW.
(iii) If (I,X) is compact and boolean, then 3-DGPW => =-SGPW.

The significance of these principles is the following: »-DGPW and »-GPW are most
often encountered in 'natural' algebraic representations. «-GPW characterizes the
structure of global sections of a full sheaf of L-structures (comp. Macintyre
[1973]). =-SGPW is the most important principle for model theoretic transfer theo-
rems, since it allows to infer global existence from local existence in the follo-
wing sense: [3Rp(%,8)1 2 a = 3xX(Io(%,8)] 2 «) for deA”, acZ . ( In the
case of =-GPW this does not hold in general, unless the existence 3IXp(X,3(i)) is
uniqug in each factor Ai‘)

As indicated above, the representation of an L-structure A by a GLP proceeds via
the intermediate concept of an abstract global lattice product (AGLP). Let B be
the language of lattices with 1, and let L* be the two-sorted language ( L, B ,

{ To(X)1 | o(X) atomic L-formula } ), where lo(X)i 1is a function-symbol having
arguments of sort L and values of sort B . If now A happens to be a GLP over (I.Z),
then the natural L*—expansion A%- (A, &, {Ie(X)I} ) of A apparently satisfies
the following axioms for every atomic L-formula o(X) :

2.(1) o%) > To(X)1= 1 ;(i1) n;2 %251 0 Te(R)1 5 To(3)] .
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Using this fact, we now define an AGLP as an L*-structure B (with L-part BL,B-part
By ) satisfying 2(i),(i1) and the axioms for distributive lattices with 1. Then a
strong converse to the above can be proved:

3.REPRESENTATION THEOREM. Let B be an AGLP. Then any representation of QB by a lat-
tice space (I,&) extends in an essentially unique way to a representation of B by

A* ,where A is a GLP over (I,X).

In principle, every representation of a first-order structure A by global sections
in a sheaf can be obtained from this theorem by suitable choice of an expansion of
A to an AGLP B and a representation of By. For the known representations of rings
and lattice-ordered rings and groups in Hofmann [1972] and Keimel [1971] this
method is in most cases simpler than the original one. A crucial point here is,
that the AGLP B that comes up 'naturally' is sometimes not the one that yields the
sheaf representation. Instead one passes to a suitable meet-homomorphic image of
Bg to obtain a new AGLP B'. Another method covering these representations which
overlaps with special cases of 3. has been found independently by Krauss and Clark
[1979].

Call the representation of an AGLP B induced by the Stone representation of QB the
canonical representation of B, and call a LS (I,£) a Stone LS if it is T0 and if
for all D,Ec=, nD < UE implies that there exist finite sets D'c D, E'cE with
nD' = UE'. Observe moreover that «-DGPW, w-GPW, «-SGPW make sense for AGLP's, too.
Then 1. and 3. yield:

4 _COROLLARY. Let B be an AGLP satisfying o-DGPW, o-GPW, «-SGPW, respectively, and
let B be canonically represented by A¥,where A is a GLP over (I,&). Then A satis-
fies «-DGPW, «-GPW, «=-SGPW, respectively.

With naturally defined concepts of morphisms for GLP's and AGLP's this canonical
representation becomes an equivalence between the category of AGLP's and the cate-
gory of GLP's over Stone lattice spaces. If B is an AGLP canonically represented
by A¥ , we denote A by B, its factors by Ei’ and the underlying space by (SpB,J%).

Call an AGLP A an abstract boolean product (ABP), if Ag is & boolean algebra. The
best results concerning the transfer of model theoretic properties from the cano-
nical factors Ai of A to A are obtained for ABP's A and properties defined in
terms of universal and existential formulas. Other properties require certain

'maximum principles' for A. The method of proof consists in an effective reduction
of existentip] L*-formulas to certain normal forms. It involves besides Feferman-
Vaught-type }rguments (see Volger [1976] ) a combinatorial theorem related to P.
Hall's theorem on distinct representatives. One obtains in this way e.g. a charac-
terization of existentially complete ABP's:

Let K be an v3i-theory in L, and let = be the class of all ABP's for the language
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L* such that A satisfies 3-DGPW and all canonical factors A, are models of K. Then
£ is an inductive, elementary class. Moreover,vi-axioms for £ can be effectively
constructed from K. Denote the class of existentially complete structures in a
class A by E(a). Let Aer, o(X) an existential L-formula, &€ An. Then we define

the potential truth-value of o(3) in £ by Jo(3)i = {i65p, 1 ex. A cBiF K

with BiF ©(@(i))} . In terms of this concept, E(Z) can be characterized as follows:

5.THEOREM. Let Aer . Then Ae E(Z) iff Ag is atomless and for all existential
L-formulas o(X) and all &e An, fo(@)izintfe(3)l and clie(d)iz [w(ﬁ (where
int, cl are taken in the topological space SpA with l% as a basis of open sets).

At first glance, the second condition in the theorem appears to be just slightly
weaker than the corresponding condition [o(d)12le(3)] which means that Ai €

E(Mod K) for all 1ESpA. In case K has a model companion, the two are in fact equi~
valent:

6.COROLLARY. Suppose E(Mod K) is elementary. Then E(£) = {Aex 1 A atomless,
AieE(Mod K) for all 1eSpA) is also elementary.

This can be used to reprove the existence of a model completion for commutative
regular rings, commutative regular f-rings ( comp. Macintyre [1973], Weispfenning
[1975]), and to prove this fact for lattice-ordered abelian groups with projector
and weak unit. The situation changes radically, if K has no model companion:

There exists such a K and A€E(Z) with no canonical factor AieE(Mod K). More gene-
rally, for any countable universal theory K such that Mod K has the amalgamation
property, and any n<w there exists A€ E(Z) with at lTeast n factors Ai ¢ E(Mod K).
This applies in particular to (non-commutative) strongly regular rings, where K is
the theory of skewfields. The best general information we have on the factors Ai
is the following:

7.COROLLARY. Suppose A€E(z). Then A.k Th _(E(Mod K)) for all i€Sp,, and
Aj€E(Mod K) if {i)ed.

A characterization similar to theorem 5 can be given for l-extensions in £. Other

properties tranferable by our methods include elimination of quantifiers, %%-cate—
gorical model companions, model theoretic resultants, n-completeness, n-decidabi-

lity, Ho—categoricity, prime model extensions.
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SOME o¢-FIELDS OF SUBSETS OF REALS

BOGDAN WEGLORZ

University of Wroctaw

The origin of the present considerations lies in two following
problems of Ulam:

(I) Let B be a o-field of subsets of the real line R, which
contains all Lebesgue measurable sets. Suppose that, for every un-
countable partition V of R such that V < B and each member of V is
uncountable, there is a selector of V in B. Does B = P(R)?

(See [10], Problem 34).

(II) Let B be a o-field of subsets of the real line R, which
contains all Borel sets. Suppose that, for every partition V of R
into two-elements sets there is a selector of V in B. Does B = P(R)?
(see [11], p.1l5 and [12]).

In 1975, E. Grzegorek and I solved completely both problems by
showing the following theorem.

THEQOREM. There exists a cwcomplete field B of subsets of the
real line R such that:

(a) all Lebesgue measurable sets are in B;

(b) all subsets of R of the cardinality less than 2 are in B;

(c) for every family of pairwise disjoint two-elements subsets
of R there exists a selector of V in B; and

(d) B # P{R), i.e. B is proper.

See [4] and [5].

Since the formulation of problems {(I) and (II) suggested a po-
sitive answer rather than the negative one, and our Theorem above
gives a negative answer to both (I) and (II), we were trying to
"save" anything from Ulam problems by adding some extra assumptions
on the field B in the above formulation of (I) and (II). The first
attempt in this direction has been formulated in our paper [5]. We
were asking there the following problem.

427
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(III) Let B be a o-field of subsets of the real line R, which
contains all Lebesgue measurable sets. Suppose that, for every par-
tition V c¢ B of R there exists a selector of V in B. Does B = P(R)?

We conjectured that the answer is NO, at least in ZFC + CH.
(Notice that, if e.gq. 2% is singular and each subset of R of the
cardinality less than 2¥ is Lebesgue measurable, then the answer
for (III) is YES).

Another approach in giving some extra assumptions to (I) and
(II) had been suggested to us by Professor S. Gtadysz. Namely, he
drove our attention on to the fact that real line R is a group, con-
sequently it seems to be natural to ask in all questions (I), (II)
and (III) about fields invariant under translations. Unfortunately,

it is quite easy to show the following proposition.

PROPOSITION. Let B be a proper A-complete field of subsets of
the real line R, which contains all one-element subsets of R. Suppose
B is invariant under translations. Then for each 2 <6 <) there is
a partition V of R into at least & elements sets without any selector

in B. (For more detailed discussion see [15]).

This Proposition shows that there only remains the following

question (being an "invariant" version of (I)).

(IV) Let B be aninvariant under translation o~field of subsets
of the real line R, which contains all Lebesgue measurable sets.
Suppose that, for every partition V of R into uncountable sets there
is a selector of V in B. Does B = P(R)?

It turned out that assumming something like CH in both questions
(III) and (IV) the answers are again NO.

The last question discussed here, which is also closely related
with Ulam problems, arose when Grzegorek and I were trying to solve
(I) and (II). Namely, our way of constructing fields required in (I)
and (II), was the following. We were searching for B to be a field
generated by the field of all Borel subsets of R and by a o-ideal
which has some combinatorial properties and extends the ideal of all
sets having the Lebesgue measure zero. This has led us to the follo-

wing class of ideals.

DEFINITION. An ideal I on ¢ is an Ulam ideal iff for every par-
tition U of k into at least two-elements sets, there is a selector
of U in 1.
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It has turned out that the class of Ulam ideals plays quite an
important rd&le in investigations of structural properties of ideals.
(For more informations about Ulam ideals see [5], also [13], [1] and
[2]) Nevertheless, until Autumn 1977, the following problem had

been open.

(V) Let ] be a Ar~complete tdeal on x. Does there exist a A-com-
plete Ulam ideal 1 on « such that J < 17?

Extending some partial results of Grzegorek and me [5], and
Taylor [9], and, in fact, using Taylor’s technique, we prove that
the answer for (V) is YEé.'(For more informations see [9] and [14]).

The aim of this paper is to give larger or shorter outlines of
the proofs of three theorems answering the guestions (III), (IV) and
(V).

Let begin from the end, i.e. begin with the problem (V). To
simplify the formulations, recall the following notion introduced
by A. Taylor (see e.g. [9]).

DEFINITION. An ideal T is friendly with respect to a class K
of ideals on k, if for each K € K there is a permutation n of « such
that the ideals K and 7 ¢ I are compatible, i.e. the ideal generated

by K and = * 1 is proper.

Notice that, if T is friendly with respect to K and ] is Ulam,
then e&ch ideal from K can be extended to an Ulam ideal. Thus, to
solve (V) it is sufficient to find a j-complete Ulam ideal which is
friendly with respect to the class KA of all )~complete ideals on «.
(As a matter of fact, this point may be quite delicate, because no
proper extension of an Ulam ideal is friendly with respect to that
class - see [1] and [13]). In fact all partial results in solving
(V) were obtained using that way.

The first one has been obtained by Grzegorek and me (see [5]),
and it was just sufficient to solve problems (I) and (II). Namely,
we had proved the following theorem.

THEOREM. The ideal NS, of all nonstationary subsets of a regu-
lar uncountable cardinal k is friendly with respect to the class
Kp of all ideals satisfying the following combinatorial property:

J € Kp iff there exists a partition U of k into « sets, each
of which has the cardinality x, such that no selector of U is in J.

Then, a much better result, for k~complete ideals on «, was
obtained by A. Taylor [9].
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THEOREM. Let « be a successor cardinal. Then the ideal NS _ of
all nonstationary subsets of k is friendly with respect to the class
of all k-complete ideals on «.

The proof uses the following technique. Let J be a given ideal
on k., Consider the set S of all functions g: k + k such that for each

£ <x, we have |g7!({£})]| < «. Introduce the relation <; on S by
£ <y g iff  {e: gleg) = £(g)} € T,

It is easy to see that <y is well-founded whenever J is w,-complete.
Moreover, if f is a <J—minimal element of S then £ * J and NSK are
compatible. Thus using the k-completeness of J and the fact that «
is a successor cardinal, we can extend J by adding a new set A such
that f is one-one on A, and the ideals f * J(A) and NsK are compati-
ble. (For more informations and details see [2] or [9]).

Unfortunately this proof does not work when k is inaccessible.
More precisely, one can show (see e.g. [1]) that NS _ is friendly
with respect to KK (the class of all k-complete ideals on k) iff «
is a successor cardinal. Another defect of this proof lies in the
fact that it is not too easy to see what can we do whenever J is not
a k—complete ideal on k. To omit all those problems let introduce
the following ideals on k. Let X £ « be regular.

X € 12 iff there <8 a cardinal % <X and a regressive
funetion f£: X -« such that, for each £ <k
we have [£71({£})] < 8

It is not too difficult to check that if A =2k and «x is a suc-
cessor cardinal then IE = NSK and that 12 g NSK otherwise. Now, re-
peat Taylor’s proof. Namely, let J be a given A-complete ideal on «.
Consider the set SA of all functions g: x -+ k such that there is a
cardinal eg < A that for each £ <x, |g~1({g})] < eg. As before intro-
duce the relation <j on SX. Again <j is well-founded whenever X > w,.
Moreover, if f is a <J—minimal element of SX then £ * J and Ii are
compatible. Thus, using the fact that, for some ef < A we have
(ve<k) | £71({e})]| < 6, and J is A-complete, we can extend our ideal J
by adding a new set A such that f is one-one on A and the ideals
f = J(A) and Iz are compatible. (For more informations and details
see [14]). This construction yields the following theorem which sol-
ves the problem (V).
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THEOREM. A. Let J be a A-complete ideal on k. Then there exists
a i-complete Ulam ideal T on « such that J < I.

To solve (III) and (IV) we use an old notion introduced by Lusin
and Sierpiriski (see properties L and S in [7], pages 36, 80, 81 and
82).

DEFINITION. A subset X < R is a Lusin set if for each set N of

Lebesgue measure zero, we have [XnN| < u
A key to solve (IV) is the following theorem.

THEOREM. (Assume CH). There exists an invariant under transla-
tions o~complete ideal I on R which contains all sets of Lebesgue
measure zero such that for every partition V of R into uncountable

sets there is a selector of vV in I.

To prove it, we construct (with a small modification of
Sierpifiski’s construction - see e.g. [8]) a Hamel basis E for R
which is a Lusin set. Let E = {ea: a <m1}, and let, for a<w,, Ea
be the linear subspace of R spaned by the set {eg: £ <a}. Put

a
iff x € Fy.

F, = E, =~ U{E.: ¢ <al}, and define a function r: R + w,, by r(x) = a

The crucial point of the proof is the following fact.

FACT. If N has Lebesgue measure zero then r(N) is a nonstatio-
nary subset of wy -
Indeed, suppose that for some N of Lebesgue measure zero, we have
that r(N) is stationary.

First remark that without loss of generality we can assume
that r is one-one on N. Since R is treated as a linear space over
the countable field of rationals (}, we can assume without loss of

generality that there is some n <y and non-zero rationals s ,S

o’'"""'"n
such that each x € N has the following form

X = s e + ... + 8 e, where aq > oie. > ap-
o n
Then, using n times Fodor Theorem, we can assume, adain without loss
of generality, that there are countable ordinals Bl > oie. > Bn’ such

that for each x € N, we have



432 B. WEGLORZ

1
But then the set C = = (N - (sleBl t... + s e

8 )) has Lebesgue mea+
n

sure zero and r(C) = r?N), consequently r(C) is uncountable, but

C c E and E is a Lusin set which is impossible. This contradiction

proves our Fact.

To prove the theorem, define the required ideal I on R by:

X e 1l 1iff r(x) € Nsml
It is easy to see that I is a o-complete ideal on R containing all
sets of Lebesgue measure zero.

To see that I is invariant under translations it suffices to
notice that if x,y € R are such that r(x) < r(y), then r(x+y) = r(y).
Consequently, for each a € R and each X ¢ R we have r(X) A r(X+a) ¢
c r(a).

Finally, let V = {Va: o <w;} be a partition of R into uncounta-
ble sets. Since, for each £ <w,, the set r=1({£}) is countable, the
family {r(Va): a <m1} consists of uncountable sets. By Sierpirski
Rifining Theorem (see [7]), there is a family {Ua: o <m1} of pair-
0‘gr(Vm).
It is easy to see that there is a selector G of {Uj: a <w,;} in NS, .
But then r=!(G) € I and r~!(G) n v, # 0, for all a <w;. Consequently,
there is a selector of V in I. This finishes the proof of our The-

wise disjoint uncountable sets such that, for each a<w,, U

orem.

Using this Theorem and Corollary 3 from [5], we can see that
the field generated by our ideal T and the field of all Borel sub-
sets of R is a proper field which gives the answer NO for the pro-
blem (IV). Thus we have the following theorem.

THEOREM. B. Assume CH. There exists a proper o-~field B of sub-
sets of R such that

(a) B contains all Lebesque measurable sets;

(b) B is invariant under translations of R;

(c) for every partition V of R into uncountable sets there is
a selector of V in B,

We do not know if the assumption of CH in Theorem B is redun-
dant.

To solve (III), we need a stronger concept than just Lusin sets.
Call, after T.G. McLaughlin (see [6]), a subset X ¢ R a strongly
Lusin set, if for each Lebesgue measurable set N we have [XnN| < u

iff N has Lebesgue measure zero.
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Assume CH. Then notice that if X is a strongly Lusin set then
we can order X in the type w; such that for each set N of positive
Lebesgue measure, the set NnX is a stationary subset of X. This fact
yields some consequences. First of all, repeating the arguments used
in the proof of Theorem B, with a Hamel basis being a strong Lusin

set, we can get the following strengthening of Theorem B.

THEOREM. B’. Assume CH. Then there exists a c-additive invariant
measure m On R such that, for each Lebesgue measurable set X, its
Lebesgue measure is just m(X), and the o-field of m—measurable

sets satisfies the thesis of Theorem B.

Another application of strong Lusin sets is the following the-
orem.

THEOREM. C. (Brzuchowski = Cichod). Assume CH. Then there exists
a o-field B of subsets of the real line R such that for each parti-

tion V ¢ B of R there exists a selector of V in B.

Indeed, let X be a strong Lusin set. Let I be the ideal of all
nonstationary subsets of X. Let B be the o-field generated by I and
the field of all Lebesgue measurable sets. Then B satisfies all
requirements of Theorem C.

This theorem solves (III). In fact, to prove Theorem C, much
less than CH is neccessary. On the other hand, J. Cichord has infor-
med me, that the regularity of 2* is not enough to prove Theorem C.
For more detailed discussion and other applications of strong Lusin
sets see [3].
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