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PREFACE

This monograph consists of three papers: A general method in
proofs of undecidability, Undecidability and essential undecidability
in arithmetic, Undecidability of the elementary theory of groups.
While the first and the third papers have been written by the
undersigned alone, the second paper is a joint work of A. Mostowski,
R. M. Robinson, and the undersigned.

The three papers are referred to throughout the monograph by
Roman numerals I, II, TII. The introduction to paper I is thought
of as an introduction to the whole work and gives an idea of the
scope of the problems discussed and the results obtained. The
notations and symbolic conventions introduced at any place of
the monograph are applied in the whole subsequent discussion.

The work contains results obtained over a long period of time,
1938-1952. The first draft of paper II was prepared by Mostowski
in 1949 and contained exclusively results found by him and Tarski
in the pre-war period. However, its publication was postponed and
the text was considerably modified, so as to embody the results
and simplifications subsequently obtained by Robinson and
partly by Tarski; the final draft was written jointly by these two
authors in 1951-52. The other two papers were prepared for
publication during the same period.

It was originally planned to publish the work as a series of
connected papers in some regular mathematical periodical. How-
ever, the Editors of the series Studies in Logic found the material
integrated enough to appear as a separate volume in this series;
their offer was accepted with appreciation.

A large part of the technical work on the monograph was done
during the period when Tarski and, for a shorter time, also Robinson
were engaged in a research project in the foundations of mathe-
matics sponsored by the Office of Ordnance Research, U.S. Army.
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PREFACE IX

In this work the authors received much valuable advice and
assistance from several friends—Mr. C. C. Chang, Professor Leon
Henkin, Professor J. C. C. McKinsey, Dr. Julia Robinson, and
Mr. R. L. Vaught. Professor E. W. Beth and Mr. F. W. J. Marx
have greatly obliged the authors with their help in reading proofs.

University of California

Berkeley, April 1953
Alfred Tarski
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A GENERAL METHOD IN PROOFS OF
UNDECIDABILITY

BY

ALFRED TARSKI



I

A GENERAL METHOD IN PROOFS OF UNDECIDABILITY

I1.1. Introduction.! By a decision procedure for a given formalized
theory T we understand a method which permits us to decide in
each particular case whether a given sentence formulated in the
symbolism of T can be proved by means of the devices available
in T (or, more generally, can be recognized as valid in T). 2 The
decision problem for T is the problem of determining whether a
decision procedure for T exists (and possibly of exhibiting such a
procedure). A theory T is called decidable or undecidable according
as the solution of the decision problem is positive or negative. As
is well known, the decision problem is one of the central problems
of contemporary metamathematics. Since only few theories turn
out to be decidable 3, most endeavors are directed toward a negative
solution.

In the attacks on the decision problem for various special
theories and, more specifically, in the attempts at obtaining a
negative solution of this problem two different methods are applied.
The first, direct method is essentially based upon ideas which
originated with Godel and were used for the first time in [7], in the
proofs of his well-known incompleteness theorems. When applying
this method we have to make use of some deep properties of notions
which are involved in the precise statement of the decision problem;
in fact, of the notions of general recursive functions and sets.
The method is rather involved and can be applied only to those
theories in which a sufficiently strong number-theoretical apparatus

1 The observations contained in this paper were made in 1938-1939; they
were presented by the author to a meeting of the Association for Symbolic
Logic in 1948, and were summarized in [34]. (The numbers in square brackets
refer to Bibliography.)

2 The meanings of various terms used in this introduction will be explained
in a more detailed and precise way in later sections of the paper.

3 Some decidable theories are discussed or at least mentioned in [30].

3



4 A GENERAL METHOD IN PROOF¥S OF UNDECIDABILITY

can be developed. With the help of this method some fundamental
results concerning the decision problem have been obtained. In
fact, it was shown by Church in [3] that the solution of the decision
problem for Peano’s arithmetic (and some fragments of it) is nega-
tive, and Rosser proved later in [24] that the same applies to every
consistent theory which is an extension of Peano’s arithmetic.
We express these results briefly by saying that Peano’s arithmetic
is, not only undecidable, but also essentially undecidable. — The
theoretical foundations of the direct method will be outlined in IT,
in particular in I1.2 and II.4.

The second, indirect method consists in reducing the decision
problem for a theory T, to the decision problem for some other
theory T, for which the problem has previously been solved. In
the original form of this method, to establish the undecidability
of a theory T, one tried to show that either (i) T, can be obtained
from some undecidable theory T, by deleting finitely many axioms
from the axiom system of T, (but without removing any constant
from the symbolism of T,), or else that (ii) some essentially unde-
cidable theory T, is interpretable in T,. By applying the procedure
(i) and by taking a fragment of Peano’s arithmetic (suitably modi-
fied) for T,, Church proved in [2] that the first-order predicate
logic is undecidable. When applying the procedure (ii), Peano’s
arithmetic is usually taken for T,; in this way, e.g., various axiomatic
systems of set theory have turned out to be undecidable.

The indirect method in its original form was rather restricted
in applications. Only in exceptional cases can a theory for which
the decision problem is discussed be obtained from another theory,
which is known to be undecidable, simply by omitting finitely
many sentences from the axiom system of the latter. On the other
hand, one could hardly expect to find an interpretation of Peano’s
arithmetic in various simple formalized theories, with meager
mathematical contents, for which the decision problem was open.
With regard to theories of this kind both the direct and the indirect
methods seemed to fail. However, it has proved to be possible to
extend and modify the indirect method (by combining some
features of the two procedures indicated above) so as to widen
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considerably its range of application. In fact, a simple argument
shows that, in order to establish the undecidability of a theory T,,
it suffices to show that some essentially undecidable theory T,
can be interpreted, not necessarily in T,, but (what is much easier)
in some consistent extension of T, — provided only that T, is based
upon a finite axiom system. As a consequence of this last condition,
Peano’s arithmetic cannot any longer be used as T, since it is not
based upon a finite axiom system. On the other hand, examples
of essentially undecidable theories which are based upon finite
axiom systems and are readily interpretable in other theories have
been found (by the direct method) among fragments of Peano’s
arithmetic. Using this fact and applying the extended indirect
method, many formalized theories—like the elementary theories
of groups, rings, fields, and lattices—have recently been shown to
be undecidable.

The aim of the present paper is to set up theoretical foundations
for the general method just described. The paper is conceived as a
framework for later publications in this field, with the idea of
permitting the authors to avoid the repetition of some lengthy,
though elementary, discussions. With this in view, we give in 1.2
a rather detailed description of formalized theories to which the
method applies. In 1.3-5 we define the notions involved in the
description of the method, and we explicitly state and prove a
few elementary theorems upon which this method is based. Finally,
1.8 contains a short survey of the results obtained so far with the
help of the method discussed. Throughout the whole paper the
discussion has an informal character.

I.2. Theories with standard formalization. The theories discussed
in this paper will be referred to as theories with standard formal-
tzation. They can be briefly characterized as theories which are
formalized within the first-order predicate logic (with identity,
without variable predicates). ¢

¢ For a detailed discussion of predicate logic and theories formalized

within this logic consult, e.g., [9]; the discussion is spread over vol. 1.of this
work, and is summarized and supplemented in vol. 2, pp. 376~391. The reader
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The symbols which occur in expressions of a given theory T are
divided into variables and constants. The set of variables is assumed
to be denumerable and hence infinite; the set of constants is
either finite or denumerable. All the variables are treated as
ranging over the same set of elements. The constants are divided
into logical and non-logical ones. The logical constants are the
sentential conmectives—the megation sign ~, the implication sign —,
the equivalence sign <>, the disjunction sign v, and the conjunction
sign A ; the quantifiers—the universal quantifier A and the existential
quantifier V; and, finally, the identity symbol =. & The non-logical
constants are the predicates (or relation symbols), the operation
symbols, and the individual constants. With every predicate and
every operation symbol a positive integer is correlated which
is called the rank of the symbol. Thus, we may have in T unary
predicates and operation symbols (i.e., symbols of rank 1), binary
predicates and operation symbols (symbols of rank 2), etc. The
identity symbol, though regarded as a logical constant, is included
in the set of binary predicates. In practice, in addition to variables
and constants, the so-called technical symbols, like parentheses
and commas, are also used in constructing expressions; theo-
retically, however, these technical symbols can be dispensed
with.

Among expressions (i.e., finite concatenations of symbols) we

will find there elaborations of certain points which have been disregarded
in the present account (e.g., the definitions of free and bound variables, the
specification of logical axioms and operations of inference, and the proofs
of the deduction theorems).

5 In view of the general character of our present discussion we have not
considered it necessary to maintain a strict distinction between expressions
of formalized theories and their metamathematical designations. No in-
consistency will arise, however, if we agree to regard all the symbolic
expressions used in this paper, not as expressions of the theories discussed,
but as metamathematical denotations of such expressions. In this case the
letters “x”, “y”, “z”, ... should be regarded as metamathematical variables
which range over variables of the theory under discussion, and usually it
should be assumed that two different letters represent two distinct variables
of the theory.
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distinguish terms and formulas. The simplest, so-called atomic,
terms are the variables and the individual constants; a compound
term is obtained by combining » simpler terms by means of an
operation symbol of rank #. Similarly, an atomic formula is obtained
by combining n arbitrary terms by means of a predicate of rank =;
compound formulas are built from simpler ones by means of
sentential connectives and quantifier expressions (i.e., quantifiers
followed by variables, like Az or Vy). An occurrence of a variable
in a formula may be either free or bound; a formula in which no
variable occurs free is called a sentence.

Two further notions, those of logical derivability and logical
validity, are involved in the metamathematical discussion of any
theory T. They are usually introduced in the following way. First,
we single out certain sentences of T which are referred to as logical
axioms. Secondly, we describe certain (finitary) operations, the
so-called operations of inference, which when performed on sentences
yield new sentences. Usually the set of logical axioms is infinite
while the set of operations of inference is finite. The most important
operation of inference is that of detachment (modus ponens), which
when applied to two sentences @ and @ — ¥ yields the sentence .
In fact, it proves to be possible, by selecting a suitable set of logical
axioms, to use the operation of detachment as the only operation
of inference in formulating adequate definitions of derivability and
logical validity. €

A sentence is now said to be logically derwable or simply derivable
from a set A of sentences if it can be obtained from sentences of A
and from logical axioms by performing operations of inference an
arbitrary number of times. A sentence is called logically valid (or
logically provable) if it is derivable from the set of logical axioms—
or, what amounts to the same thing, from the empty set of sentences.

Still another method of defining these two notions is available
which, however, essentially involves the use of some semantical

8 Cf. in this connection the remarks in [33], pp. 507 f. A suitable system
of logical axioms is given in [19], pp. 80-85; the system is to be supple-
mented by axioms involving the identity symbol.
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notions and, in particular, of the notion of satisfaction.? We
assume that all the non-logical constants of T have been arranged
in a (finite or infinite) sequence {C; ..., C,, ...>, without
repeating terms. We consider systems # formed by a non-empty
set U and by a sequence (C,, ...,C,, ... > of certain mathe-
matical entities, with the same number of terms as the sequence
of non-logical constants. The mathematical nature of each C,
depends on the logical character of the corresponding constant C,.
Thus, if C, is a unary predicate, then C, is a subset of U; more
generally, if C, is an m-ary predicate, then C, is an m-ary relation
the field of which is a subset of U. If C, is an m-ary operation
symbol, C, is an m-ary operation (function of m arguments) defined
over arbitrary ordered m-tuples { z,, ..., x, > of elements of U
and assuming elements of U as values. If, finally, C, is an individual
constant, C, is simply an element of U. Such a system (sequence)
R=(U,QC,...,C,...>is called a possible realization or simply a
realization of T; the set U is called the universe of R. We assume it
to be clear under what conditions a sentence @ of T is said to be
satisfied or to hold in a given realization R. Roughly speaking, this
means that @ turns out to be true if (i) all the variables occurring
in T are assumed to range over the set U ; (ii) the logical constants
are interpreted in the usual way; (iii) each of the non-logical con-
stants C, is understood to denote the corresponding term C, in R.
(Assume, e.g., that the term C, in the sequence of constants is a
unary predicate and that consequently C, is a subset of U. Then
the sentence AzC,z holds in R if and only if every element of U
is an element of C, and hence C, coincides with U.) A sentence @
is said to be a logical consequence of a set A of sentences if it is
satisfied in every realization ®R in which all sentences of A4 are
satisfied ; it is called logically true if it is satisfied in every possible
realization.

As opposed to the notions of logical consequence and logical
truth, the related notions of logical derivability and logical validity,

7 For formal definitions and a detailed discussion of semantical notions
(satisfaction, truth, logical consequence, logical truth) see [31] and [38].
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when defined in terms of axioms and operations of inference, seem
to have a rather accidental and arbitrary character. Hence it might
seem natural to redefine these notions simply by stipulating that
a sentence is derivable from A if it is a logical consequence of 4,
and by identifying logically valid sentences with logically true
sentences. From the results in Godel [5] it follows, however, that
under the systems of logical axioms and operations of inference
known from the literature the two methods of defining derivability
and logical validity are entirely equivalent (when applied to theories
with standard formalization).

An important property of the notion of derivability is stated in
the following well-known theorem, which is often applied in meta-
mathematical discussion:

DepuctioNn THEOREM I. Let A be a set of sentences of a theory
Tand let @y, ..., D, ¥ be any sentences of T. For ¥ to be derivable
from the set A supplemented by the sentences D,, ..., D, it is
necessary and sufficient that the sentence

(DA .. AD) >

be derivable from the set A alone.

With the help of this theorem we obtain

Depuction THEOREM II. Let A be a set of sentences of a theory
T, and let ¥ be a sentence of T. For ¥ to be derivable from A 1t is
necessary and sufficient that A be empty and ¥ be logically valid or
else that A contain some sentences Dy, ..., D, such that the sentence

(DA ... A D) >
18 logically valid.

Thus the notion of derivability has a simple characterization
in terms of logically valid sentences. ®

8 The proofs of the deduction theorems are very simple under the
assumptions that the operation of detachment is used as the only operation
of inference and that all the tautological sentences (in the sense of sentential
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To complete the description of a theory T we have to define
what we mean by a walid sentence in general (as opposed to a
logically valid sentence). No uniform method for defining this
notion is available. Often we single out a (finite or infinite) set of
sentences called non-logical axtoms, and define a sentence to be
valid if and only if it is derivable from this set—or, what amounts
to the same, from the set of all axioms, both logical and non-
logical. ® Theories in which the notion of validity has been intro-
duced in this way are referred to as axiomatically built or, simply,
axtomatic theories; when referring to such theories, we often use
the term “provable” instead of “valid”’. We do not restrict ourselves
to the discussion of axiomatic theories. Sometimes we agree to
consider as valid those and only those sentences which are satisfied
in a given realization or in all realizations of a given class; some-
times we define validity for a theory T in terms of validity for
some other theories for which this notion has been previously
defined. We assume, however, that for each of the theories discussed

calculus) are known to be logically valid. Under the same assumptions we
can establish a further result closely related to Deduction Theorem II; in
fact, we can show that a sentence ¥ is derivable from a set A if and only if
there are sentences @;, ..., @, which are logical axioms or members of 4 and
for which the sentence

(DA c.cn D) > W

is tautological. Hence, by including all tautological sentences in the set of
logical axioms, we obtain a simple characterization of derivability in terms
of logical axioms.

It may be mentioned that Deduction Theorem II has sometimes been
used as a definition of the notion of derivability. See [33], p. 507, and [38],
pp. 10-11, footnote 10 (where references to earlier papers of Ajdukiewicz
can also be found).

? We can of course transform this definition by means of Deduction
Theorem II so as to obtain a characterization of valid sentences in terms of
logically valid sentences and non-logical axioms. Under conditions stated
in footnote 8 a further simplification is possible ; we obtain a simple character-
ization of valid sentences in terms of arbitrary (logical and non-logical)
axioms, a characterization in which the notions of derivability and logical
validity do not appear and no repeated application of operations of inference
is involved.
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the notion of validity has been defined in one way or another.
We also assume that under this definition every sentence which is
logically derivable from a set of valid sentences is itself valid, and
that consequently every logically valid sentence is valid; this is
the only condition imposed upon the definition of validity. A
possible realization in which all valid sentences of a theory T are
satisfied is called a model of T.

In all the theories with standard formalization the same symbols
are assumed to be used as variables and logical constants; apart
from differences in non-logical constants, the same expressions are
regarded as formulas, sentences, logical axioms, and logically valid
sentences. However, the notions of validity in these theories may
of course exhibit essential differences. A theory is uniquely deter-
mined by the set of all its valid sentences; two theories are regarded
ag identical if their sets of valid sentences coincide. An axiomatic
theory is uniquely determined by its non-logical constants and
non-logical axioms.

A theory T, is called a subtheory of a theory T, if every sentence
which is valid in T is also valid in T,; under the same conditions
T, is referred to as an extension of T;. An extension T, of T is called
tnessential if every constant of T, which does not occur in T, is an
individual constant and if every valid sentence of T, is derivable
in T, from a set of valid sentences of T;. (By saying that a sentence
@ is derivable ¢n a theory T from a set 4 we stress the fact that, in
deriving @, we may use both sentences of A and logical axioms
of T. It is easily seen that, whenever @ is derivable from 4 in some
theory T, it is also derivable from 4 in every theory T’ which
contains all the non-logical constants occurring in @ and in
sentences of A.) If T, is axiomatic, then an inessential extension
of T,’is obtained by adding some new individual constants, but
without adding any new non-logical axioms. An extension T, of T,
is referred to as a finite extension if there is a finite set 4 of valid
sentences of T, such that every valid sentence of T, is derivable
from a set of sentences which are valid in T, or belong to 4. Clearly
every inessential extension is a finite extension.
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Among the extensions common to two given theories T, and T,
there is always a smallest one, which is a subtheory of any other
common extension; this smallest common extension is referred to
as the union of the given theories. The union T of T, and T, is fully
characterized by the following two conditions: (i) the set of all
non-logical constants of T is the (set-theoretical) union of the sets
of all non-logical constants of T, and T,; (ii) a sentence is validin T
if and only if it is derivable in T from a set of sentences which are
valid in T, or T,. (Notice that condition (i) unambiguously determines
the notions of a sentence of T and of a logical axiom of T, and
hence also the notion of derivability in T.) If the theories T, and T,
are axiomatic, we can construct T by postulating, in addition to
(i), the analogous condition for the set of non-logical axioms.

A theory T is called consistent if not every sentence of T is valid
in T; or, in an equivalent formulation, if there is no sentence @
such that both @ and ~ @ are valid in T. A theory T is called
complete if there is no consistent extension of T which is different
from T, but which has the same constants as T; or, equivalently,
if, for every sentence @ of T, either @ or ~ @ is valid in T. The
proof of the equivalence of the two definitions of completeness is
based upon Deduction Theorem I. Consistency and completeness
can also be characterized in terms of models: a theory T is con-
sistent if and only if it has at least one model; it is complete if and
only if every sentence of T which is satisfied in one model is also
satisfied in any other model of T. Two theories T, and T, are said
to be compatible if they have a common consistent extension ; this
is equivalent to saying that the union of T, and T, is consistent.

1.3. Undecidable and essentially undecidable theories. Since the
set of all expressions of a given theory T is denumerable, it is
possible to establish a one-to-one correspondence between expres-
sions of T and natural numbers. Having fixed such a correspondence,
we can extend to expressions various notions originally defined for
natural numbers, and conversely. X In particular, a set E of

10 This was noticed at about the same time, but independently, by Gédel
and the author. Cf. [7] where the arithmetization of metamathematics has
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expressions is said to be general recursive if the set N of natural
numbers correlated with expressions of E is general recursive; in a
similar way we extend the notion of general recursiveness to
operations on expressions and relations between expressions, I
Instead of ‘“‘general recursive” we shall say for short ‘‘recursive”.
Loosely speaking, a set E of expressions is recursive if there is a
mechanical method which permits us to decide in each particular
case whether a given expression belongs to E.

The exact nature of the one-to-one correspondence between
expressions and natural numbers is to a large extent irrelevant for
our discussion. The only important assumption which is to be
made at this point is that, under the established correspondence,
certain sets of expressions and operations on expressions prove to
be recursive. This applies in particular to the sets of all variables,
all formulas, all sentences, and all logical axioms; also to the
operation of concatenating expressions (used in forming compound
terms and formulas from simpler ones) and to the operations of
inference. 12

Furthermore, for an axiomatic theory we assume that the set
of all its non-logical axioms, and hence also the set of all its axioms,
is recursive. In this connection we agree to call an arbitrary theory

proved to be a powerful instrument in metamathematical investigations;
cf. also the remarks in [31], pp. 301 f. and 404.-

11 A discussion of general recursiveness can be found, e.g., in [9], vol. 2,
pp. 392 ff., and [15], pp. 73 ff.

12 Tnstead of treating variables and constants as ‘‘atomic’ symbols, we
can choose two distinet symbols (to which no independent function in the
structure of the theory is assigned) and construct the variables and con-
stants, and hence also all compound expressions, as finite concatenations
(successions) of these two symbols. In this case the only assumption to be
satisfied by the correspondence between expressions and natural numbers
is that, under this correspondence, the operation of concatenating two
expressions should be recursive. In fact, if this condition is satisfied, it is
eagy to construct the variables and constants in such a way that all the sets
of expressions and operations on expressions mentioned above in the text
actually prove to be recursive. In particular this applies to the sets of logical
axioms and the operations of inference which have been discussed in the
literature.
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T axiomatizable if there is a recursive set A of valid sentences of T
such that every valid sentence of T is derivable from the set 4; if
the set A is assumed to be finite, the theory T is called finstely
axtomatizable. (As is well known, a finite set is always recursive.)
Thus every axiomatically built theory is axiomatizable in the sense
just defined, and every axiomatizable theory can be represented as
axiomatically built; a similar relation holds between finitely
axiomatizable theories and those axiomatic theories in which the
set of non-logical axioms is finite.

A theory T is called decidable if the set of all its valid sentences
is recursive, and otherwise undecidable. This agrees with the intuitive
explanation given in the introduction, according to which a theory
T is decidable if there exists a decision procedure for T. In our
further discussion we shall usually refer to this intuitive explanation
rather than to the precise definition of a decidable theory in terms
of recursive sets; hence our arguments will have an intuitive and
informal character. Obviously, every decidable theory is axiomatiz-
able; the converse, however, in general does not hold. A theory T
is called essentially undecidable if not only T itself is undecidable,
but the same holds for every consistent extension of T which has
the same constants as T. Thus all theories fall into three mutually
exclusive classes: decidable theories, essentially undecidable
theories, and theories which are undecidable without being essen-
tially undecidable. Instances of all three classes will be given below,
in the remarks following Theorem 6.

In the next few theorems we formulate some elementary pro-
perties of undecidable and essentially undecidable theories. The
first two of these theorems have some interest in themselves, but
Play no essential role in our further discussion.

THEOREM 1. For a complete theory T the following three con-
ditions are equivalent: (i) T is undecidable, (ii) T s essentially un-
decidable, and (iii) T is not axiomatizable.

Proor: Tt is known from the literature that, for every complete
theory T, (i) implies (iii). ¥ The remaining parts of the theorem

13 This is & simple consequence of [13], p. 56, Theorem V; see also [10].
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obviously follow from the definitions of the notions involved.

THEOREM 2. For a theory T to be essentially undecidable it is
necessary and sufficient that T be consistent and that no consistent and
complete extension of T which has the same constants as T be axio-
matizable.

Proor: The necessity of the condition obviously follows from
Theorem 1 and the definitions of the notions involved. The statement
that the conditon in question is sufficient is clearly equivalent to
the following

LeEMMA. Every consistent and decidable theory T’ has a consistent,
complete, decidable (and hence also axiomatizable) extension T" which
has the same constants as T'.

To prove this lemma we start with an argument used in the
proof of the well-known theorem (due to Lindenbaum) by which
every consistent theory T’ has a consistent and complete extension
T"; of. [32], Theorem I. 56.

In fact, we arrange all the sentences of T’ into an infinite sequence
{ Dy, ..., D,, ... >. We then define recursively a sequence of
natural numbers {ky, ..., %,, ... > by assuming that k, is the
smallest natural number p satisfying the conditions: (i) k; < p for
every natural number ¢ << n, and (ii) the sentence ~ @, is not
derivable from the set of all valid sentences supplemented by all
the sentences @, with ¢ < n. Such a number p must exist. In
fact, since there are infinitely many logically valid sentences in T,
we can find a number p which satisfies (i) and for which &, is
logically valid; as is easily seen, (ii) will then be satisfied as well.

Let 4 be the set of all the sentences (pk.,’ cos By .. We
easily show (with the help of Deduction Theorem I) that (i) every
sentence which is derivable in T’ from A4 belongs to A4, (ii) every
sentence which is valid in T’ belongs to A4, and (iii) of any two
given sentences ¥ and ~ ¥ in T’ one and only one belongs to A.
We can now define the theory T’ by stipulating that the set of
all its valid sentences coincides with 4. Clearly T” is a complete
and consistent extension of T’ and has the same constants as T'.

Since the set of all sentences of T’ is recursive, the sequence
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{ Dy, ..., D,,... ) can also be assumed to be recursive. From
the definition of A we conclude (again with the help of Deduction
Theorem I) that a sentence @, belongs to A if and only if there is a
finite sequence of natural numbers (k, ..., %, ) satisfying the
conditions:

) k< ... <k, =1p;

(2) the sentence ~ (P A ... A D,,) is not valid in T';

(3) if j <k, then ~ &, is valid in T';

(4) f0<i<nandk <j <kyy then ~ (P ... A Dy A D)
is valid in T'.

Hence, the theory T’ being decidable, we can always decide in
a finite number of steps whether or not a given sentence @,
belongs to A4; in other words, the set 4 is recursive. Consequently,
the theory T” is decidable and a fortiori axiomatizable. This com-
pletes the proof of our lemma as well as of Theorem 2.

THEOREM 3. Let T, and T, be two theories such that T, is a
consistent extension of T, If T, 18 essentially undecidable, then T,
18 also essentially undecidable.

Proor: Let T; be the theory determined by the condition:
@ is a valid sentence of T if and only if @ is a sentence of T, and is
valid in T,. Clearly, T; is an extension of T, and has the same
constants as T,; moreover, T, is consistent since T,, which is an
extension of T;, is consistent. Hence T; is undecidable. A decision
procedure for T, would automatically yield a decision procedure
for T;. Consequently, T, is undecidable. The same argument
obviously applies to every consistent extension of T,, and therefore
T, is essentially undecidable.

TaeoreM 4. Let T, and T, be two theories such that T, is an
tnessential extension of T,. Then T, is undecidable, or essentially
undecidable, if and only if T, is respectively undecidable, or essentially
undecidable.

Proor: T, is obtained from T, by adding finitely or infinitely
many new individual constants ¢y, ¢;, ..., €, .... Given any
sentence @ of T,, let €ns -« -5 €, be all the new constants occurring
in @. We choose n variables z,, ..., 2, which do not occur in @,
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and we replace each of the constants c,,, wherever it occurs in @,
by the corresponding variable z,. If @’ is the formula thus obtained,
then

Az ... Az, D'

is obviously a sentence of T,; and from the definition of an in-
essential extension we easily conclude that this sentence is valid
in T, if and only if the sentence @ is valid in T,. Hence every
decision procedure for T, leads to a decision procedure for T,.
On the other hand, if ¥ is an arbitrary sentence of T,, we easily
see that ¥ is valid in T, if and only if it is valid in T,. Thus every
decision procedure for T, automatically yields a decision procedure
for T,. Consequently, T, is undecidable if and only if T, is un-
decidable. To obtain the analogous conclusion for essential unde-
cidability, we notice that for every extension T; of T, there is an
extension T, of T, such that T; is an inessential extension of Tj.
Hence we easily conclude that, if T, is essentially undecidable,
T, is also essentially undecidable; the implication in the opposite
direction follows from Theorem 3.

THEOREM 5. Let T, and T, be two theories, with the same con-
stants, such that T, is a finite extension of Ty. If T, is undecidable,
then T, is also undecidable.

Proor: By the definition of a finite extension, there is a finite
sequence of sentences @,, ..., P, of T, such that a sentence is
valid in T, if and only if it is derivable from the set of all valid
sentences of T, supplemented by &,, ..., @,. Hence, by Deduction
Theorem I, the problem whether a given sentence ¥ of T, is valid
in T, is equivalent to the problem whether the sentence

(PyA ... D,) >V

is valid in T,. Thus every decision procedure for T, leads to a
decision procedure for T,; and therefore, since T, is undecidable,
T, cannot be decidable. 14

14 Essentially the same argument was applied to two special theories
T, and T, in [2].
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THEOREM 6. Let T, and T, be two compatible theories such that
every constant of Ty 18 also a constant of Ty. If T, is essentially wn-
decidable and finitely axiomatizable, then T, is undecidable, and so
ts every subtheory of T, which has the same constanis as T,.

Proor: Let T be the union of T, and T,. By Theorem 3, T—as
a consistent extension of T,—is (essentially) undecidable. T and
T, have obviously the same constants and, since T, is finitely
axiomatizable, T is a finite extension of T,. Therefore, by Theorem 5,
T, is undecidable. If T; is a subtheory of T, which has the same
constants as T, then T; and T, are clearly compatible and every
constant of T, is a constant of T;; hence, by the same argument
as before, T; is undecidable.

A theory T may be called hereditarily undecidable if, not only T
itself, but also every subtheory of T which has the same constants
as T is undecidable. Thus, under the hypothesis of Theorem 6, the
theory T, proves to be hereditarily undecidable.

Various problems naturally arise which concern possible im-
provements of the results stated in Theorems 3-6. Thus, e.g., we
can ask whether it is possible to remove the word “essentially’” from
Theorems 3 and 6, or to weaken the hypotheses of Theorem 5 by
taking T, to be an arbitrary extension of T,, or to omit in Theorem 6
the assmmption that T, is finitely axiomatizable. The answer to
these questions proves to be negative.

In fact, let T, be an arbitrary theory which has a binary predicate
P among its non-logical constants, and in which the sentence

Az Ay(z =y)

is accepted as the only non-logical axiom. (This sentence clearly
expresses the fact that the universe consists of only one element;
although non-logical constants do not occur in the sentence, it
is not a logical axiom since it is not satisfied in every realization.)
Let T, be the theory which has the same constants as T, but
which has no non-logical axioms; every valid sentence of T, is
logically valid. Thus T, is simply a system of the first-order predicate
logic, with the constants restricted to those occurring in T,. Ty is
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a consistent extension of T,, and hence the two theories are com-
patible. Clearly, T, is finitely axiomatizable; also it is known to
be undecidable, while T, can easily be shown to be decidable. 15
Hence we see that Theorems 3 and 6 are no longer valid if we
remove from them the word ‘“‘essentially’.

On the other hand, an example of a decidable and finitely
axiomatizable theory T, is known which has non-denumerably
many consistent and complete extensions, all with the same con-
stants as T,.!% Since, as is known, there are only denumerably
many recursive sets of sentences in any given theory, we conclude
that T, must have a consistent, complete, and undecidable extension
Te. T, and T, are of course compatible; T, is essentially undecidable
(cf. Theorem 1), while T, as we have stated above, is decidable.
This example shows that we cannot extend Theorem 5 to the case
when T, is an arbitrary extension of T,, and we cannot omit in
Theorem 6 the assumption that T, is finitely axiomatizable.

From the point of view of applications it would be important
to know whether Theorem 6 can be improved by assuming that
T, is an arbitrary axiomatizable theory (which may not be finitely
axiomatizable). We could answer this question affirmatively if
we knew that every essentially undecidable theory which is
axiomatizable has an essentially undecidable subtheory which is
finitely axiomatizable. However, both prnblems are open. The
example used above to show that the condition of finite axio-
matizability in Theorem 6 cannot be simply omitted is not applicable
to the new problems; for the essentially undecidable theory T,
indicated in this example is complete and hence, by Theorem 1,
is not axiomatizable.

15 The decidability of T, can be shown by means of the well-known method
of eliminating quantifiers which is discussed and used, e.g., in [30]; the
application of this method to the decision problem for T, is extremely
simple. The undecidability of an arbitrary system of predicate logic which,
like T,, has at least one binary predicate among its non-logical constants
follows directly from the results in [2] and [12].

16 The results in [26] and [27] show that the elementary theory of Abelian
groups can be taken as T,.
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1.4. Interpretability and weak interpretability. To widen the
range of application of Theorems 3-6 we introduce the notion of
interpretability.

We want first to explain by means of examples what we under-
stand by a possible definition of a given constant in a theory T to
which this constant does not belong. Let the constant in question
be a binary predicate, e.g., the less-than symbol <. A possible
definition of « in T is any sentence of the form

(i) Az Ay(x < y <> D)

where @ is a formula of T (z and y being any two different variables
such that no variable different from both of them occurs free in
®@). Clearly, (i) is not a formula in T, but it is a formula, and in fact
a sentence, in every extension of T which contains < as a constant.
If the constant discussed is a binary operation symbol, e.g., the
plus symbol 4, then by a possible definition of this constant in T
we understand a sentence of the form

(i) ANe Ay AMe(x =y 4 2 < D)

where @ is again a formula of T. In this case, however, @ is not
quite arbitrary, for we agsume that the following sentence is valid
in T:

(iit) Ay Az Vz [P A Au(D — & = u)]

where  is an arbitrary variable (different from =z, y, and z) which
does not occur in @, and @’ is the formula obtained from @ by
replacing » everywhere by u. Intuitively speaking, sentence (iii)
expresses the fact that, in every possible realization of T, for any
two elements represented by y and z there is just one element
represented by x such that the three elements satisfy the formula
®. We proceed analogously with predicates and operation symbols
of arbitrary ranks; individual constants are treated in this context
as operation symbols of rank 0.

Let now T, and T, be any two theories. First assume that T, and
Ty have no non-logical constants in common. In this case we say
that T, is interpretable in T, if we can extend T,, by including in
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the set of valid sentences some possible definitions of the non-
logical constants of Ty, in such a way that the resulting extension
of T, turns out to be an extension of T, as well. Speaking precisely,
T, is interpretable in T, if and only if there is a theory T and a
set D satisfying the following conditions: (x) T is a common
extension of T, and T,, and every constant of T is a constant of
T, or T,; (B) D is a recursive set of sentences which are valid in T
and which are possible definitions in T, of non-logical constants
of T,; (y) each non-logical constant of T, occurs in just one sentence
of D; (8) every valid sentence of T is derivable (in T) from a set of
sentences each of which is valid in T, or belongs to D. In case T,
has only finitely many non-logical constants, the term ‘‘recursive”
in condition (8) can clearly be omitted. In the general case, when
T, and T, may have some common non-logical constants, we first
replace the non-logical constants in T, by new constants not
occurring in T, (different symbols by different symbols), without
changing the structure of T, in any other respect; if the resulting
theory T; proves to be interpretable in T;, we say that T, is also
interpretable in T,. It is easily seen that, in order to prove the
interpretability of T, in T, in the general case, it is sufficient, though
not necessary, to construct a theory T and a set D satisfying con-
ditions (x)- (), with the difference that D is assumed to contain
possible definitions of only those constants of T, which do not
occur in T,.

A theory T, is said to be weakly interpretable in T, if T, is inter-
pretable in some consistent extension of T, which has the same
constants as T,. In order to prove the weak interpretability of T,
in T, it suffices to show that T, and T, have a common consistent
extension T satisfying the following condition: () there is a recursive
set D of valid sentences of T such that, for every non-logical con-
stant € of T, which does not occur in T;, some possible definition
of C in T; belongs to D. In case T, has only finitely many non-
logical constants, condition (&) can clearly be replaced by a simpler
one: () for every non-logical constant € of T, which does not
occur in T, some possible definition of C in T, is valid in T. More-
over, in both (g) and ({) the notion of a possible definition as applied
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to operation symbols and individual constants can be understood
in a wider sense than the original one. If, e.g., the operation symbol
-+ does not occur in T,, then as a possible definition of 4 in T, we
can regard any sentence of the form

AN Ay M=y +2z<D)

where @ is a formula in T,, independent of whether a sentence
expressing the condition of existence and unicity for @ is valid in
T,V

From the definition of interpretability we easily conclude that,
if T, is interpretable in T,, then every subtheory of T, is inter-
pretable in every extension of T,; also, if T, is interpretable in T,
and T, is interpretablein T,, then Tj is interpretable in T,. Analogous
conclusions for weak interpretability fail; we can only show that,
if T, is weakly interpretable in T,, the same applies to every sub-
theory of T,.

TueorREM 7. Let T, and T, be two theories such that T, is con-
sistent and T, is interpretable in T, or 1n some inessential extension
of T,. We then have:

(i) ¢f T, is essentially undecidable, the same applies to T;;

(i) if T, has a finitely axiomatizable subtheory which is essentially
undecidable, then so has T,.

Proor: Consider first the case when T, is interpretable in T;.
Without loss of generality we can clearly assume that T, and T,
have no common non-logical constants. Let T be a theory and D
a set which satisfy conditions (x)—(d) listed in the definition of
interpretability. In view of (f) and (y), using the sentences of D,

17 The notions of interpretability and weak interpretability just defined
can be generalized in several directions. In particular, under the definitions
given in the text, the interpretation is restricted to non-logical constants;
for various purposes it is desirable to have the definitions extended in such
a way that the logical constants (especially the quantifiers and the identity
gymbol) could also be interpreted. It should be mentioned that we use here
the term ‘‘weakly interpretable’ in essentially the same sense in which the
term ‘‘consistently interpretable’” was used in earlier publications, e.g., in
[34].
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we transform every sentence ¥ of T into a well determined sentence
¥* of T, by eliminating from ¥ the non-logical constants of T,. 18
We notice that (~ ¥)* coincides with ~ (¥*) and that the corre-
lation between ¥ and ¥* is recursive. With the help of («), (8),
and (9) we show that ¥* is valid in T, if and only if ¥ is valid in T.
Hence, T, being consistent, T is also consistent. Thus, by (x), T is
a consistent extension of the essentially undecidable theory T,,
and therefore T is undecidable (cf. Theorem 3). Furthermore, every
decision procedure for T, automatically yields a decision procedure
for T. Hence T, is undecidable. Clearly, T, being interpretable in
T,, it is also interpretable in every extension of T,. Consequently,
by the same argument as above, every consistent extension of T,
is undecidable, and T, is essentially undecidable.

Assume now that T, has a finitely axiomatizable and essentially
undecidable subtheory T;. A sentence which is derivable from a
set X of sentences is always derivable from a finite subset of X,
and conversely; this is clearly seen, e.g., from Deduction Theorem
II. Hence, with the help of («), (8), and the definition of finite
axiomatizability, we easily conclude that there is a finite set 4 of
valid sentences of T, such that every valid sentence of T; is derivable
(in T) from the union of 4 and D. Let T; be the theory in which
the set of valid sentences consists of those and only those sentences
which are derivable in T, from A. Clearly, T; is a finitely axio-
matizable subtheory of T,. We also see that T, is interpretable in
T/, and hence, by what we have already proved, T{ is essentially
undecidable.

With the help of Theorem 4 the conclusions obtained can easily
be extended to the case when T, is interpretable, not in T;, but in
some inessential extension of T;.

THEOREM 8. Let T, and T, be two theories such that T, 18 weakly
interpretable in T, or tn some tnessential extension of T,. If T, is
essentially undecidable and finitely axiomatizable, then:

18 The elimination procedure is obvious so far as predicates are involved.
It is but slightly more complicated in case the constants to be eliminated
are operation symbols or individual constants; cf. an analogous argument
in [9], vol. 2, pp. 144 ff.
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(i) T, s undecidable and every subtheory of T, which has the same
constants as T, i8 undecidable;

(ii) there exists a finite extension of T, which has the same constants
as T, and is essentially undecidable.

Proor: If T, is weakly interpretable in T,, then, by definition,
it is interpretable in some consistent extension T of T, which has
the same constants as T,. Consequently, by Theorem 7 (ii), there
is a finitely axiomatizable subtheory T’ of T which is essentially
undecidable. T, and T’ are clearly compatible, and every constant
of T’ is also a constant of T;. Hence conclusion (i) follows immediately
by Theorem 6. To obtain (ii) we consider the union T” of T, and
T'; since T’ is finitely axiomatizable, T” is a finite extension of T,
and, by Theorem 3, T” is essentially undecidable. With the help of
Theorem 4, the conclusions easily extend to the case when T, is
weakly interpretable in some inessential extension of T,.

If a theory T, is an extension of a theory T,, then T, is clearly
interpretable in T,; if T, and T, are compatible and every constant
of T, is also a constant of T,, then T, is weakly interpretable in T,.
Hence Theorems 7 and 8 are generalizations of Theorems 3 and 6,
respectively. Also, remembering the remarks which follow Theorem
6, we see that Theorems 7 and 8 cannot be extended to arbitrary
undecidable theories and that the assumption of finite axiomatiza-
bility in Theorem 8 cannot be omitted. Finally, we can show by
means of examples that in general, under the hypothesis of Theorem
8, the theory T, is not essentially undecidable.

1.5. Relativization of quantifiers. The discussion in this section
will further contribute to widening the applicability of our methods
and results.

Given a theory T and a unary predicate P, we construct a new
theory T® which will be referred to as the theory obtained by the
relativization of quantifiers in T to P or, for short, by relativizing T
to P. The set of all constants of T® consists of all constants of T
and of the predicate P. If in a formula @ of T we replace every
subformula of the form Az¥, or Vz¥, by the expression Ax(Px — ¥),
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or Vz(Pz a V), respectively, then the resulting formula &®is said
to be obtained by relativizing @ to P. This definition of &® could be
formulated more precisely with the help of a recursive procedure,
starting with atomic formulas and passing through all the operations
by means of which compound formulas are constructed from simpler
ones. We now define validity in T® by stipulating that a sentence
is valid in T® if and only if it is derivable from the set of all sentences
@® correlated with sentences @ which are valid in T. It is possible
to give an equivalent definition of validity in T® referring to
models of T and not involving the construction of @®,

THEOREM 9. Let T be any theory and P a unary predicate which
i8 not a constant of T. We then have:

(i) T® is aviomatizable if and only if T is axiomatizable;

(ii) under the assumption that only finitely many individual con-
stants and operation symbols occur in T, T® is finitely axiomatizable
if and only if T is finitely axiomatizable.

Proor: Assume that T is axiomatizable. Thus there is a recursive
set A of valid sentences of T such that every sentence which is
valid in T is derivable from A. Let B be the set consisting of the
following sentences: (I) all the sentences @ correlated with
sentences @ of A; (II) the sentence Vz Pz; (III) all the sentences
of the forms

Pc, Ax[Px — P(Sx)], AzAy[(Px A Py) = P(x 4+ y)],

etc., where ¢ is an individual constant, § a unary operation symbol,
<4 a binary operation symbol, etc., all occurring in T. (Sentence
(II) may be omitted if at least one individual constant occurs in T;
on the other hand, no sentences (III) are included in B if all non-
logical constants of T are predicates.)

Since the correlation between @ and ®® is recursive, the set B
is also recursive. All sentences (I) are obviously valid in T®. The
same applies to sentence (II). For let @ be the sentence Vz(r = x).
& is logically valid and hence valid in T. Therefore @® is valid in
T®; and &P is logically equivalent to (II), in the sense that the
sentence

P < VzPx
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is logically valid. Similarly we can show that all sentences (III)
are valid in T®, For instance, let 4 be a binary operation symbol
occurring in T, and let @ be the sentence Az Ay Vz(z =z 4+ ).
& is logically valid and hence @® is valid in T®; on the other hand
@™ is logically equivalent to Az Ay [(Pz A Py) — P(z 4+ y)]. Thus
every sentence of B is valid in T®),

We now want to prove that every sentence which is valid in T®
is derivable from B. This clearly amounts to showing that, if @
is derivable from A, then ®® is derivable from B. We assume that
the set of logical axioms has been selected in such a way that the
operation of detachment suffices as the only operation of inference
(cf. 1. 2). By considering any such set of logical axioms known from
the literature, we easily show that, if @ is a logical axiom, then
@ is derivable from B; in fact, @® is then derivable from sentences
(I1) and (III) alone. If @ is in 4, then ®® is obviously derivable
from B. If @ and ¥ are two sentences such that @® and (® — ¥)®
are derivable from B, then ¥® is derivable from B since ($ — ¥)®
coincides with @® — ¥® . thus the set of all sentences @ such
that @® is derivable from B is closed under the operation of
detachment. Hence this set contains all sentences derivable from A.

We have constructed a recursive set B of valid sentences of T®
such that every sentence which is valid in T® is derivable from B.
Consequently, T® is axiomatizable.

Assume now, conversely, that T® is axiomatizable. Thus there is
a recursive set B’ of valid sentences of T® such that every sentence
valid in T® is derivable from it. With every sentence @ of T® we
correlate a sentence @* of T obtained by replacing in @ every
subformula of the form P« (where « is an arbitrary term) by
o =o«. Let A" be the set of all sentences @* corresponding to
sentences @ of B'.

Clearly the set A’ is recursive. If @ is a sentence of B’, then @
is valid in T® and hence derivable from the set of all sentences
¥® where ¥ is valid in T. Consequently, by Deduction Theorem II,
there is a logically valid sentence of the form

(POA...APP) >0
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where ¥, ..., ¥, are valid in T. It is known that, whenever a
sentence @ is logically valid, then the sentence ©* is also logically
valid. (This can be proved, e.g., by showing that, if @ holds in
every possible realization, the same applies to @*.) @* clearly
coincides with

[(FEY* A ... A (PP)*] - o=,

From the definitions of ¥® and ¥* it is easily seen that every
sentence ¥ of T is logically equivalent to (¥®)*. Hence the sentences
(PP, ..., (PE)* are valid in T, and therefore &* is valid in T.
Consequently every sentence of 4’ is valid in T.

If @ is any sentence valid in T, then @® is valid in T® and
therefore derivable from B’. By again applying Deduction Theorem
II, we show that (&®)*, and hence also @, is derivable from 4’.
We conclude that T is axiomatizable.

We have thus established conclusion (i) of our theorem. Moreover
we notice that, whenever the set 4 (in the argument outlined
above) is finite, the set B is also finite, provided there are only
finitely many individual constants and operation symbols occurring
in T, Furthermore, if B’ is finite, then 4’ is always finite. Conse-
quently, conclusion (ii) also holds, and the proof is complete.

If T is an axiomatic theory, then, by Theorem 9, T® can also be
represented as an axiomatic theory; from the proof of this theorem
we learn how to construct an adequate axiom system for T® if the
axiom system of T is known.

Supplementing Theorem 9 (ii), we can show that, whenever
T® is finitely axiomatizable and consistent, T can contain only
finitely many individual constants and operation symbols.

THEOREM 10. Let T be any theory and P a unary predicate which
is not a constant of T. Then T® is essentially undecidable tf and only
if T is essentially undecidable.

Proor: We want first to show that

(1) T® is interpretable in T.

For this purpose we construct an extension T* of T by adding P
to the set of constants of T and by stipulating that a sentence is
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valid in T* if and only if it is derivable from the set of all valid
sentences of T supplemented by the following sentence ©:

Ae(Px <z = x).

Obviously, @ is a possible definition of P in T. @ being any sentence
of T, it is easily seen that @® is derivable from the set consisting
of @ and 6. Hence we conclude that every sentence valid in T® is
also valid in T*, i.e., that T* is an extension of T®™. Consequently,
(1) holds.

If T is consistent, then, by (1), T® must also be consistent. In
fact, from the construction of T* it follows that every sentence of T
which is valid in T* is also valid in T. Hence the consistency of T
implies that of T*: since T* is an extension of T®), this in turn
implies the consistency of T®. If T is inconsistent, two sentences
@ and ~ @ are valid in T and therefore the sentences @ and
(~ @™ are valid in T®; since (~ @)® coincides with ~ &®,
T® is also inconsistent. Thus,

2) T® is consistent if and only if T is consistent.

Now, if T® is essentially undecidable, we conclude from (1)
and (2), by applying Theorem 7 (i), that the same applies to T.

Assume, conversely, that T is essentially undecidable. Then T
is consistent and hence, by (2), T® is also consistent. Consider any
consistent extension U of T®. Let S be the set of all sentences @
of T such that the correlated sentence @ is valid in U. If a sentence
Y of T is derivable from the set 8, then, by Deduction Theorem II,
there is a logically valid sentence £2 of the form

(DPyr...0 D) Y

where @,, ..., @, are sentences of S. Clearly Q® coincides with
the sentence
(@P A ... A DP) > PO,

Since R is logically valid, it is valid in T; therefore 2® is valid in
T® and hence in U. By the definition of 8, the sentences &, . . .,
are also valid in U. Hence ¥Y® is valid in U, and ¥ is in 8. Thus
every sentence which is derivable from the set S belongs to this set.
Consequently we can construct a theory T, with the same con-
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stants as T, by stipulating that the set of all sentences which are
valid in T coincides with S. Clearly T is an extension of T. The
relativized theory T is a subtheory of U and therefore is con-
sistent; hence, by (2), T is consistent. Thus T is a consistent
extension of T and therefore is undecidable. Since the correlation
between @ and @® is recursive, a decision procedure for U would
automatically enable us to decide, for any given sentence @ of T,
whether &® is valid in U, i.e., whether @ is valid in T. Hence
U must be undecidable. Consequently, T® is essentially undecidable.
Thus our theorem holds in both directions.

By analyzing the proof just outlined we easily see that, if a
theory T is simply undecidable, and not necessarily essentially
undecidable, then the relativized theory T® is also undecidable.
The eonverse, however, by no means holds. In fact, it turns out
that T® is as a rule undecidable. More precisely, it can be shown
that T® is undecidable if only T is consistent and the first-order
predicate logic, with the constants restricted to those of T, is
undecidable. Thus, e.g., T® js undecidable whenever T is con-
sistent and contains a binary predicate among its non-logical
constants.

A theory T, is said to be relatively interpretable, or relatively
weakly interpretable, in a theory T, if the correlated theory T
(obtained by relativizing T, to a predicate P which does not occur
in T,) is interpretable, or weakly interpretable, in T, in the usual
sense. 1 It is possible to establish some general conditions under
which a theory T, proves to be relatively interpretable in a theory
T, and which do not involve the construction of the auxiliary
theory TP

We are frequently confronted with a situation in which we can
easily show that a certain theory Ty known to be essentially un-

¥ As was pointed out in footnote 17, the definition of interpretability
could be generalized so as to admit, in particular, the interpretability of
quantifiers ; the notion of interpretability thus generalized would comprehend
relative interpretability as a particular case.
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decidable (and which in addition may be finitely axiomatizable) is
relatively interpretable, or relatively weakly interpretable, in a
given theory T,, while the proof that T, is interpretable, or weakly
interpretable, in T, in the usual sense is either impossible or much
more involved. In such a situation we cannot reach any conclusions
regarding the undecidability of the theory T;, or of its subtheories
and extensions, by applying Theorems 7 and 8 directly, but we
can still obtain the desired results by applying first Theorem 10
(and possibly also Theorem 9), and then Theorems 7 and 8. Thus
Theorem 10 considerably enhances the applicability and efficiency
of our methods.

I1.6. Examples and applications. The theorems stated in this
paper constitute theoretical foundations for a general method
(described in 1.1 as the “indirect method’’) with the help of which
a negative solution of the decision problem for various special
theories can be obtained. Theorem 8 is especially important from
this point of view; for, given a finitely axiomatizable and essentially
undecidable theory, this theorem enables us to establish the
undecidability of various other theories which may be very distant
in-their mathematical content from the original theory. Of course,
the applicability of this theorem, and hence the usefulness of the
whole method, depends essentially on the fact that some finitely
axiomatizable theories are now available which have been shown
to be essentially undecidable without the help of our method and
which admit interpretations in a great variety of other theories.

Several essentially undecidable theories have been discussed in
the literature of the last 20 years. As the first example we want
to mention the arithmetic of natural numbers, to which we shall
refer as Theory N. This theory is regarded here as a theory with
standard formalization. The set of its non-logical constants con-
sists of two binary operation symbols, 4 and -, and possibly some
other symbols, e.g., the individual constants 0 and 1, and the
binary predicate <. A sentence of N is by definition valid if it is
true under the assumption that the variables range over the set
of all natural numbers and that the constants 4, -, etc. have their
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ordinary arithmetical meaning. Theory N is known to be complete
and undecidable 2; hence, in an obvious way, it is essentially
undecidable (see Theorem 1). However, N is not axiomatizable
(see again Theorem 1), and @ fortior: not finitely axiomatizable;
therefore Theorem 8 cannot be applied to it.

Among axiomatic subtheories of N the most important is Peano’s
arithmetic, which will be referred to as Theory P. It has the same
constants as N. Its non-logical axioms are the well-known axioms
of Peano, with recursive definitions of 4 and - regarded as axioms;
since, however, the induction principle in its whole generality
cannot be formulated in the symbolism of P, it is replaced by an
infinite set of axioms—in fact, by all the particular instances of
this prineiple which can be formulated in P. As was stated in the
introduction, Theory P has been shown to be essentially unde-
cidable. P is of course axiomatizable, but it is not finitely axio-
matizable, and thus again cannot be applied in derivations based
upon Theorem 8. 2!

On the other hand, however, P is known to be interpretable or
relatively interpretable (see I.4 and 1.5) in various other theories
and in particular in various axiomatic systems of set theory;
hence, by Theorems 7 and 10, all these systems are essentially

20 The completeness of N is a simple consequence of a precise definition
of true sentences; see [31], p. 317. The undecidability of N follows immedi-
ately from the following two results:

(I) If V is the set of all natural numbers correlated with sentences which
are valid in N, then V is not definable in N; i.e., there is no formula in N
with one free variable that is satisfied by every number of ¥V and by no
other number.

(II) Every recursive set of natural numbers is definable in N.

For (I) see [31], pp. 370 ff. and 399, or [15], pp. 88 f. Under a suitably
chosen definition of recursiveness, (II) is an immediate consequence of the
definitions of the notions involved; see [15], pp. 73 ff.

21 The proof that P is not finitely axiomatizable is given in [25]. It should
be mentioned that the results in [3] imply the existence of undecidable (but
not of essentially undecidable) subtheories of P which are finitely axiomatiz-
able. Two examples of such theories result directly from the discussion in
[2]; one of them is simply the predicate logic, with the constants restricted
to those of P; neither of them, however, is essentially undecidable.
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undecidable (assuming that they are consistent). Some of these
systems are based upon finite sets of non-logical axioms; the best-
known system of this kind is the one developed in Bernays [1]. 2
Thus we finally get examples of theories which are both essentially
undecidable and finitely axiomatizable. Unfortunately, these are
theories with a very rich mathematical content, they are not
readily interpretable in other theories, and hence their usefulness
for our purposes has been so far almost negligible.

Mostowski and the author found an example of a finitely axio-
matizable and essentially undecidable subtheory Q of P; later this
example was considerably simplified by R. M. Robinson. 22 Theory
Q turned out to be very suitable for our method; its mathematical
content is meager, and it can easily be interpreted or at least
weakly interpreted in many different theories. Hence Theory Q
has become a powerful instrument in the study of the decision
problem; with its help it has proved to be possible to obtain a
negative solution of this problem for a large variety of theories for
which the problem had previously been open. For many applica-
tions the specific structure of Q is irrelevant; the only fact that
matters is that P, and hence also N, has a finitely axiomatizable and
essentially undecidable subtheory.

Thus, by applying Theorem 6, we arrive at once at the con-
clusion that every theory which is compatible with Q and has the
same constants as Q is undecidable. Hence, in particular, every
subtheory of N in which the set of constants includes 4 and . is
undecidable, and therefore N is hereditarily undecidable; this
generalizes the results known from the literature which concern
various special subtheories of N. Furthermore, N is known to be

22 The system developed in [1] contains two kinds of variables with
different ranges; hence it may seem doubtful whether this system can be
presented as a theory with standard formalization in the sense of the present
paper. However, a slight modification of the system suffices to eliminate
these doubts.

*3 See [16] and [22]. A detailed discussion of Theory Q and its applications
to various subtheories of the arithmetic of natural numbers and integers
will be found in II.
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relatively interpretable in the arithmetic of integers J, a theory
constructed analogously to N, but in which the variables are
assumed to range over the set of all integers. Hence, Q is also
relatively interpretable in J. By applying Theorems 8-10 we con-
clude that every subtheory of J in which 4, ., and possibly some
other symbols occur as non-logical constants is undecidable. As
interesting examples of such subtheories we may mention the
elementary theories of rings, commutative rings, and or dered
rings. (When referring to the elementary theory of a class of
mathematical systems we have in mind that part of the general
theory of these systems which can be formalized within the first-
order predicate logic.) Furthermore, by Theorem 7, Theory J must
have some finitely axiomatizable subtheories which are essentially
undecidable; the elementary theory of non-densely ordered rings
has proved to be a subtheory of this kind.

By using essentially the same method R. M. Robinson has shown
in [23] that the elementary theories of various special rings (i.e.,
various special complete and consistent extensions of the elementary
theory of arbitrary rings) are undecidable. Julia Robinson in [20]
has succeeded in proving that N—and hence also Q—is relatively
interpretable in the arithmetic A of rational numbers, and that
consequently all the subtheories of A (with 4 and - as non-logical
constants) are undecidable; among these subtheories we find the
elementary theories of fields and ordered fields. The undecidability
of the elementary theories of groups, lattices, modular lattices,
complemented modular lattices, and abstract projective geometries
has been established by the author.* Grzegorczyk in [8] has
obtained analogous results for distributive lattices, Brouwerian

24 See [39] and [40]; a detailed proof of the undecidability of group
theory will be given in III. It may be mentioned that in the abstracts [16],
[39], and [40] various results concerning the undecidability of rings, groups,
and lattices have been formulated for relativized theories in the sense of
1.5, although the proofs clearly show that the results apply to non-relativized
theories as well. Since, as was pointed out in 1.5, the relativized theories are
as a rule undecidable, the formulation of the results in these abstracts is
defective (though formally correct); the results concerning non-relativized
theories are essentially stronger.
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algebras, and some related algebraic and geometric systems. 25

Wanda Szmielew and the author have shown that Q is inter-
pretable in a small axiomatic fragment S of set theory. 26 S has two
non-logical constants: the unary predicate E denoting the property
of being a set, and the binary predicate € denoting the element
relation. The set of non-logical axioms of S consists of three
sentences which state respectively that (i) any two sets with the
same elements are identical, (ii) there is a set with no elements,
and (iii) for any two sets @ and b there is a set ¢ consisting of those
and only those elements which are elements of a or are identical
with b. As opposed to more comprehensive systems of set theory,
S can easily be shown to be consistent. Hence, by Theorem 7, S is
essentially undecidable; and, by Theorem 3, the same applies to
every consistent theory in which the non-logical axioms of S are
valid. This directly implies that all axiomatic systems of set theory,
with E and € ag non-logical constants, which are known from the
literature are essentially undecidable (assuming that they are
consistent); for each of these systems is an extension of S. The
results easily extend to systems of set theory in which € occurs as
the only non-logical constant; S is then replaced by a closely
related system S’ the three axioms of which are obtained from
those of S by eliminating the constant E. By Theorem 5, the un-
decidability of S’ immediately implies that of the first-order pre-
dicate logic with a binary predicate as the only non-logical con-
stant—a result which was previously obtained by a different
method. 27

To conclude we should like to mention an application of essentially
undecidable and finitely axiomatizable theories to a decision
problem of a different character (so to speak, to a decision problem
of the second degree).® We have in mind the problem of the

% In particular, Grzegorezyk gives a simple proof of undecidability for
the elementary theory of closure algebras—a result originally obtained by
Jaskowski by means of a more involved method.

% This and some related results are stated (without proof) in [28].

37 See footnote 15.

3 Still another application of these theories is indicated in [29].
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existence of a method which would permit us in each particular
case to decide whether or not a given theory is decidable. A precise
statement of this problem involves some difficulties if one considers
theories of a quite arbitrary character. To avoid these difficulties,
we can restrict ourselves to axiomatic theories with standard
formalization, build upon finite systems of non-logical axioms;
for such theories our problem can easily be formulated in terms of
recursive sets of sentences. By means of the following simple
argument we can now show that the solution of the problem is
negative even for this restricted class of formalized theories. Let T
be any essentially undecidable and finitely axiomatizable theory;
e.g., we take Q or S for T. Given a sentence @ of T, let T(®) be the
theory obtained from T by adding @ to the set of axioms; obviously,
T(®) is still finitely axiomatizable. Since T is essentially undecidable,
the following three conditions are clearly equivalent for every
sentence @: (i) T(~ @) is decidable, (ii) T(~ @) is not consistent,
and (iii) @ is valid in T. Hence an affirmative solution of our problem
would imply the existence of a decision procedure for T, which is
of course impossible.

In addition to decision problems of the types discussed in this
paper, many other decision problems are known from the literature.
This applies in' particular to what may be called restricted decision
problems for various theories T, i.e., to problems of determining
whether a set S of all valid sentences of T satisfying certain
additional conditions is recursive. For instance, by taking for T
the arithmetic N, and for S the set of all valid sentences of N of
the form

Vo ... Vo, (6 = f),

where « and 8 are two arbitrary terms, we arrive at the famous
tenth problem of Hilbert; as another example we may mention
the well-known word problem for groups. ? It would be interesting
and important to know whether and how our general method
can be adapted to the study of decision problems of this kind.

#  Various restricted decision problems for predicate logic are discussed
in [4]. For a formulation of the word problem see III, p. 86.
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UNDECIDABILITY AND ESSENTIAL UNDECIDABILITY
IN ARITHMETIC

II.1. A summary of the results; notation. In this paper we
concern ourselves with the decision problem for the formalized
arithmetic of natural numbers and its subtheories which contain
the symbols of arithmetical addition and multiplication among
their non-logical constants. Our main results can be formulated as
follows:

(I) There is a finitely axiomatizable subtheory of the arithmetic of
natural numbers which is essentially undecidable.

(II) Every subtheory of the arithmetic of natural numbers i3
undecidable.

These two results are subsequently extended to the arithmetic
of arbitrary integers. In particular, we show that the elementary
theory of non-densely ordered rings presents an example of a
finitely axiomatizable subtheory of the arithmetic of integers
which is essentially undecidable.

The resuit (I) is obtained by means of what was referred to in
1.1 as the direct method in proofs of undecidability. From this, the
remaining results are derived by means of the indirect method
discussed in I.3-5 in a detailed way.?

1 A finitely axiomatizable and essentially undecidable subtheory Q of
the arithmetic of natural numbers was first constructed by Mostowski and
Tarski (in 1939); they also indicated the applications of their result to the
decision problem for arbitrary subtheories of the arithmetic of natural
numbers and integers as well as for various theories of rings. This theory Q
will not be directly involved in the present discussion; it is closely related
to the theory of non-densely ordered rings which will be discussed in I1.6;
cf. [16], and also {20], pp. 110 f., where a description of an analogous theory
of positive integers can be found. Dr Julia Robinson, who read the manu-
script originally prepared by Mostowski and Tarski, suggested that the treat-

39
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The general plan of the paper can be described as follows:
In II.2 we first introduce the notion of definability in.an arbitrary
formalized theory T; more specifically, we explain under what
condition a function on and to the natural numbers, or a set of
natural numbers, is said to be definable in T. We then show that
there is no consistent theory T in which a certain function D (the
diagonal function) and a certain set ¥V (the set of numbers cor-
related with valid sentences of T) are both definable. Hence, under
some additional, though still very general, assumptions, we con-
clude that every consistent theory in which all recursive functions
are definable is essentially undecidable. These two results can
serve as a general theoretical basis for the direct method in proofs
of undecidab lity.

In I1.3 we describe the formalized arithmetic N of natural
numbers and some of its axiomatic subtheories — P, Q, and R.
P is Peano’s arithmetic; Q is a subtheory of P based upon a system
of seven simple axioms; R is a subtheory of Q with a very weak,
though infinite, axiom system. In II.4 we show that all recursive

ment of general recursive functions can be simplified by applying a charac-
terization of these functions from which the recursive scheme has been
eliminated; her suggestion has been followed in the present version of the
proof of Theorem 8 in I1.4. R. M. Robinson has shown that Theory Q can be
replaced by a weaker theory based upon a simpler axiom system, in fact, by
Theory Q described in I1.3 (and that the decision problem for the latter
reduces to that for a still weaker theory R, which, however, is no longer
finitely axiomatizable); cf. [22]. Also Theorem 11 in II.5 concerning the
irreducible character of the axiom system of Q is due to him. Moreover, he
has shown that the part of the original proof which in the present version
corresponds to the proof of Theorem 1 in I1.2 can be considerably simplified.
By analyzing the simplification suggested by R. M. Robinson and by
comparing it with his own argument in [31], pp. 370 ff., and with Mostowski’s
extension of this argument in [15], p. 88, Tarski has obtained the general
formulations given in II.2 as Theorem 1 and Corollary 2; see [37]. Finally
it may be mentioned that, while the essential undecidability of Q directly
implies; that of the original theory Q, the implication in the opposite direction
can also be rather easily established by means of the general interpretation
method discussed in I; however, this result, due to Wanda Szmielew and
Tarski (see [28]), will not be applied in the present article.
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functions are definable in R and hence also in every extension of R,
e.g., in Q. By combining the results of I1.2 and II.4, we establish
in I1.5 the main results of this paper quoted above as (I) and (II).
In particular, Q provides us with a simple example of a subtheory
of the arithmetic of natural numbers which is both finitely axio-
matizable and essentially undecidable. In addition, we show that
the axiom system of Q has a certain irreducibility property: by
omitting any one axiom of this system we arrive at a subtheory
of Q which is no longer essentially undecidable. Finally, in II.6
the main results of II.5 are extended to systems of the arithmetic
of natural numbers with different sets of constants, as well as to
the formalized arithmetic of integers. Among subtheories of the
latter we find elementary theories of various kinds of rings
(arbitrary rings, commutative rings, ordered rings, etc.), which
are discussed in a more detailed way.

As regards the notation, the formula 2.y, ... €Z, or 2.y, ... ¢Z,
expresses the fact that the elements 2.y, ... belong, or do not
belong, to the set Z. The ordered =-tuple whose consecutive terms are
%, ...,%, (n being any natural number) is denoted by  z,, . . ., 2, ).
X X Y (the Cartesian product of X and Y) is the set of all ordered
couples { z,y > such that x € X and y € Y. The set of all natural
numbers is denoted by N, and that of all integers by /. When
applied to natural numbers and integers, the symbols 0, 1, <, <,
+, -, ... are used in their ordinary meaning; the symbol S denotes
the successor function (operation), i.e., S»n = n + 1 for every =.
However, the same symbols 0, <<, +, 8, ... are sometimes used to
denote certain elements, relations between elements, and operations
on elements of an abstract set. When referring to functions we
shall usually have in mind functions with one argument on the
set N and to the set N.

All the theories discussed are regarded as theories with standard
formalization. 2 When speaking of constants and axioms of a theory
we shall always mean non-logical constants and non-logical axioms.

2 A description of theories with standard formalization is given in I.2.
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It has proved convenient and desirable to distinguish in this
paper between mathematical symbols used in their proper sense
and metamathematical denotations of these symbols when the
latter are treated as components of a formalized theory. The
symbols printed in bold type are always used as metamathematical
designations; in particular, ==, 4, and . are respectively used to
denote the symbols of identity, addition, and multiplication occur-
ring in the theories discussed. Thus, e.g., « = f denotes the
equation with the terms « and f; when writing

? = (a = f)

we state the fact that the expression @ coincides with this equation.
On the other hand, sentential connectives and quantifiers will
never be used in our discussion in their proper meanings and hence
there is no need for distinguishing between these symbols and their
metamathematical denotations. For instance, the expression

>V

is always to be read ‘‘the imiplication with the hypothesis @ and
the conclusion ¥, and never “if @, then ¥”.3

To simplify the metamathematical symbolism, we accept certain
conventions clarified by the following examples:

(i) Instead of

~ (& = p),

where x and 8 are arbitrary terms, we write

x # B
(ii) Instead of

(D, v D,) v Dy, or (D, A Dy) A Dy,
where @,, @,, and P, are formulas, we write
D, v D, v D, or DA Dyn Dy,
(iii) Instead of
D, > (D, v D), or (D, v D,) <> (DPyA D),
Tl,footnote 5.
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we write
D, > Dyv D, or Dy v Dy, <> Dyn Dy,

(iv) Let @ be a formula with one free variable z, ¥ a formula
with two free variables z and y, etc. Instead of

Ax®D, AxAy¥P, ...

we shall simply write
D7, ...

if it is clear from the context that the expressions involved are
supposed to be sentences.

(v) Let u and v be two distinet variables which are regarded as
fixed in the whole subsequent discussion. Given two expressions
® and «, we denote by @(«) the expression obtained from @ by
replacing all occurrences of u by «; similarly, given three expressions
D, «, and B, we denote by P(x,p) the expression obtained from @
by replacing simultaneously all occurrences of w by « and all
occurrences of v by f. The symbols

D, D(u), P(u,v)

clearly denote the same expression; we shall use the three symbols
interchangeably, depending on which of these symbols seems the
most suggestive in a given situation.

In most cases in which an expression @(x) is involved it is
assumed, explicitly or implicitly, that @ is a formula, « & term,
and that neither « nor any variable occurring in « occurs bound
in @; ®(x) is then called a regular substitution of @. Without this
(or a somewhat less stringent) assumption some passages in our
further discussion lose their validity; in fact, all these passages
which are based upon the fact that

ANud(u) - D(x)

is a logically valid sentence. (However, no such assumption is
involved in the definition of function D in II.2.) Similar remarks
apply to the expression P(«,f).

It may be mentioned that, in order to avoid complications
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connected with the notion of a regular substitution, we could
accept a different definition of @(x) and @P(x,8), which would also
be suitable for our purposes. In fact, we could agree to use P(«x)
as an abbreviation for the expression

Au(u = & — D)
in case u does not occur in «, and for the expression
Ao[w = & - Au(u = w — D)]

in case u occurs in « while w is a variable which does not occur
either in @ or in x. We may assume that all the variables have
been arranged in an infinite sequence, and choose as w the first
variable in this sequence occurring neither in @ nor in «. P(x,f)
is defined analogously. Under this alternative definition the
sentence

Aud(u) - D(x)

is logically valid for every formula & and every term «. %

I1.2. Definability in arbitrary theories. Let T be any theory with
standard formalization. 8 We assume that in this theory an infinite
sequence of terms A4,, 4,, ..., 4,, ... containing no variables is
available.

A subset P of N, i.e., a set P of natural numbers, is said to be
definable in T (relatively to the sequence of terms 4, 4,, ...) if
there is a formula @ of T such that @(4,) is a sentence valid in T
whenever n € P, and ~ @(4,) is a sentence valid in T whenever
neN and n ¢ P. ¢ Such a formula @ is said to define P. From the
fact that &(4,) is a sentence we conclude (looking back at the

¢ Compare [35].

8 Actually the discussion in this section applies to arbitrary formalized
theories whose logical basis includes at least the first-order predicate logic
with identity. With small changes, the discussion could even be extended
to theories in which no quantifiers occur.

¢ The notion of definability was first discussed in [36]. A more general
notion, which comprehends both the notion of definability in the sense of
[36] and that of general recursiveness as particular cases, wad introduced
in [15], pp. 72 ff.; it is still not as general as the notion discussed in this paper.
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definition of @(x) in II. 1) that the variable « does not occur bound
in @ and that no variable different from « occurs free in @.

A function F is said to be definable in T if there is a formula @
such that

(i) for any n,p € N with Fn = p, &(4,,4,) is a sentence valid
in T;

(ii) for any n,p e N with Fn 3 p, ~®(4,,4,) is a sentence
valid in T;

(iii) for every n e N,

Auhv[D(4,,u) A D(4,,v) > v = v]

is & sentence valid in T.

As before, such a formula @ is said to define F; the variables u
and v do not occur bound in @, and no variable different from
and v occurs free in @P. It is easily seen that conditions (i) and (iii)
can be replaced by the following condition:

(i') for every n € N, the sentence

M[D(4,,v) © v = A4,]
is valid in T.

Under the assumption that, for all n,p € N with n % p, the
sentences 4, % 4, are valid in T, condition (ii) proves to be a
consequence of (i) and (iii), and hence can be dispensed with.
Even without this assumption, however, the omission of con-
dition (ii) would not invalidate the proof of the essential results
of this section, i.e., Theorem 1 and Corollary 2.

By modifying in an obvious way the definition of definable sets,
we arrive at the notion of definable binary relations (sets of ordered
couples) and, more generally, of definable n-ary relations. Since
functions (with one argument) can be treated as special binary
relations, we obtain in this way a new definition of definable func-
tions. The new definition is weaker than the original one and
differs from the latter by the absence of condition (iii). It suffices
for the proof of Theorem 3 and Corollary 4 outlined below; how-
ever, condition (iii) will be essentially involved in the proof of
Theorem 1 and Corollary 2. When using the term ‘‘definable
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functions” in the present article, we shall have in mind the original
definition of this term.

On the other hand, the definability of sets reduces under certain
conditions to the definability of functions. In fact, let P be any
set of natural numbers, and let C'p be its characteristic function
defined by the formulas:

Cin=0if neP,
Cin=1if neN and n ¢ P.

The definability of Cp (even in the weaker sense) implies that of P;
in fact, if a formula @ defines Cp, then the formula P(u,4,) is
eagily seen to define P. Under the assumption that, for all n,p e N
with n £ p, the sentences 4, 3% 4, are valid in T, it turns out
that, conversely, the definability of P implies that of Cp; for, if a
formula ¥ defines P, then the formula

[Puyrv=A4]v{~Pu)rv=4]
proves to define Cp.

Consider now any fixed one-to-one correspondence between
natural numbers and expressions of T. For the time being we
make no other assumptions regarding the nature of this cor-
respondence. Given a natural number n, the correlated expression
of T will be denoted by E,; conversely, given an expression @, we
shall denote the correlated natural number by Nr(P).

Let D (the diagonal function) be the function defined by the
formula

Dn = Nf(E”(A”));

thus Dr is the number correlated with the expression which is
obtained from E, by replacing everywhere the variable « by the
term A4,. Let V be the set of all natural numbers » such that E, is
a sentence valid in T. Using this notation we can establish the
following result:

THEOREM 1. If the theory T i3 consistent, then the function D and
the set V are not both definable in T.
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ProoF: Assume, to the contrary, that both D and V are
definable in T. Thus there are formulas @ and ¥ satisfying, for
every natural number n, the following conditions:

(1) the sentence
Ao[B(A,,v) <> v = Ap,]

is valid in T;
2) if n € V, then the sentence ¥(4,) is valid in T;
3) if »¢ V, then the sentence ~ ¥(d4,) is valid in T.

The variable v does not occur free in ¥. Without any loss of
generally we can assume that » does not occur in ¥ at all and that,
consequently, ¥(v) is a regular substitution of ¥.
Let
m = Nr(Av[®P(u,v) > ~ ¥(v)])
so that
E,, = Av[D(u,v) > ~ ¥(v)]
and consequently,
(4) E,(4,) = M[D(4,,0) > ~ ¥(v)].
If the sentence E,(4,,) is valid in T, then, by (1) (with n = m) and
(4), the sentence ~ ¥(4y,) is valid. If E,(4,,) is not valid, then
Nr(E,.(4,)) ¢ V; and since, by the definition of the function D,
(5) Dm = NT(E,,,(A,,,)),
we conclude by (3) that in this case ~ ¥(4p,) is valid as well.
Thus,
(6) the sentence ~ ¥(4y,) is valid in T.
By (1) and (8), the sentence
Av[D(4,,,v) > ~ Y(v)]
is valid. Consequently, by (4) and (5), Dm € V; and therefore, by (2),
(7N the sentence ¥(4p,) is valid in T.
(6) and (7) imply that the theory T is inconsistent, contrary to the
hypothesis of the theorem. This completes the proof.

Theorem 1 and its proof represent & metamathematical recon-
struction and generalization of arguments involved in various
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semantical antinomies and, in particular, in the antinomy of the
liar. The idea of this reconstruction and the realization of its far-
reaching implications is due to Gédel [7]. The present version of
this reconstruction is distinguished by its generality and simplicity.
It applies to arbitrary formalized theories, and not only to those
in which a comprehensive fragment of the arithmetic of natural
numbers can be developed; to a large extent it is independent of
the way in which the notion of validity has been defined for a
given theory, and in particular it does not involve the notion of a
formal proof within this theory; it does not use the apparatus of
recursive functions—although this apparatus will play a funda-
mental role in applications of Theorem 1 to the decision problem.

From now on we assume that the correspondence between natural
numbers and expressions of T satisfies the usual conditions con-
cerning the recursiveness of certain functions and sets under this
correspondence (cf. I.3). The most fundamental of these conditions
can be expressed as follows: Let @” ¥ denote the concatenation of
two arbitrary expressions @ and ¥; then the function G on N XX N
to N defined by the formula

G’(n,p) = NT(E””E,,)

is recursive. We also assume that the terms 4, 4,, ... form a
recursive sequence, i.e., that the function H (on N to N) defined
by the formula

Hn = Nr(4,)
is recursive. From these assumptions it follows, in particular, that
the function D is also recursive. ?

7 Actually the recursiveness of D is the only assumption involved in our
further discussion. A proof of this assumption can be obtained, e.g., from
the discussion in [15], pp. 73 ff. It may be interesting to notice that, under
the alternative definition of @(x) mentioned at the end of II.1, the function
D is defined by the formula

Dn = Nr{Au(u = 4, - E,))].
Using this formula and applying some elementary properties of recursive

functions we can immediately derive the recursiveness of D from that of
the functions G and H defined above in the text.
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There are close connections between the notions of recursiveness
and definability. In II.4 we shall see that many theories T are
known such that all the funections and sets which are recursive are
definable in T (and conversely). The importance of this fact for
our discussion is seen from the following corollary which is an
easy consequence of Theorem 1:

CoroLLARY 2. If T ts a consistent theory in which all recursive
functions are definable, then T is essentially undecidable.

Proor: As has been stated above, the function D is recursive
and therefore, by the hypothesis of the corollary, it is definable
in T, Hence, by Theorem 1, the set ¥ is not definable in T. If the
set V were recursive, its characteristic function Cp (Cyn = 0 for
ne€ V,Cypn = 1for n ¢ V) would also be recursive and hence defin-
able in T; as was mentioned before, this would imply the definability
of the set V itself. Thus, the set V is not recursive; in other words,
the set of all sentences which are valid in T is not recursive, and
the theory T is undecidable. Since the definability in T implies the
definability in every extension of T (relatively to the same sequence
of terms 4,, 4,, ...), our argument shows that every consistent
extension of T is undecidable and that, consequently, T is essentially
undecidable.

To conclude this section, we give two results, Theorem 3 and
Corollary 4, concerning those theories in which every, or not
every, definable function is recursive. These results follow in a
simple way from the definitions of the notions involved and are
less deep than Theorem 1 and Corollary 2; also they will find no
essential applications in our further discussion. Nevertheless it will
be interesting to compare the content of these results with that of
Corollary 2.

THEOREM 3. Every function which i8 definable in a consistent and
axtomatizable theory T 18 recursive. The same applies to every set of
natural numbers.

Proor: Using the intuitive notion of recursiveness, we argue
as follows. Since T is axiomatizable, there is a recursive set A of
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sentences of T such that a sentence is valid in T if and only if it is
derivable from 4. Hence, as is well known, we can arrange all valid
gentences of T in a recursive infinite sequence ¥, ¥, ... . (In
other words, there is a recursive function the range of which is the
set V.) Let now F be any function definable in T, and let @ be a
formula defining F. Then, for any given n € N, the sentence
(4, Ap,) is valid in T, and therefore it must occur somewhere in
the sequence ¥, ¥,, ... . Hence, by checking the successive terms
of this sequence, we must arrive in finitely many steps at a term ¥,,
which is of the form @(4,, 4,) for some p € N. If the numbers p
and Fn were different, then the sentence ~ ®(4,, 4,) would be
valid in T, and therefore T would be inconsistent; hence p = Fn.
We thus have a procedure which enables us, for any given n € N,
to determine the function value Fn in finitely many steps; in
other words, F is recursive. If, instead of a function, we consider
a set of natural numbers, the proof remains practically unchanged.

The converse of Theorem 3 is by no means true. In fact, as is
seen from Corollary 2, if T is any consistent theory which is decidable
or, more generally, which is not essentially undecidable, then
there are recursive functions which are not definable in T.

CoroLLARY 4. If T is a consistent theory such that there is a
function (or set of natural numbers) which is definable in T but not
recursive, then T 18 essentially undecidable.

Proor: By Theorem 3, the theory T is not axiomatizable and
hence a fortiori undecidable (cf. 1.3). For the same reason every
consistent extension of T is undecidable, and hence T is essentially
undecidable.

Corollaries 2 and 4 seem to provide us with two widely different
methods of constructing essentially undecidable theories. Actually,
however, we know no single case in which Corollary 4 would be of
real help in a proof of essential undecidability. This is explained
partly by the rather trivial character of Corollary 4 and partly by
the fact that a theory T which satisfies the hypothesis of this
corollary must have a much stronger property than essential
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undecidability; in fact, by analyzing the proof of Theorem 3, we
conclude that, in every consistent extension of T, the set of all
valid sentences not only is not recursive, but cannot even be
recursively enumerable. 8

I1.3. Formalized arithmetic of natural numbers and its subtheories.
The formalized arithmetic of nmatural numbers in which we are
interested here will be referred to as Theory N. The set of all
constants of N is assumed to consist of four symbols: an individual
constant 0, a unary operation symbol §, and two binary operation
symbols, 4 and .. The same assumption applies to all other theories
discussed in this and the following two sections. Hence every
possible realization of each of these theories is a system R = ( U, ¢,
F, +, - > in which U is an arbitrary set, ¢ is an element of U, F is
a unary operation (function) on U to U, and + and - are two
binary operations on UXU to U (cf. 1.2). To define the validity
in N we consider a special realization # = ( N, 0, 8, -+, - > where
all the symbols N, 0, S, ... have their usual arithmetical meaning
(cf. I1.1); a sentence is said to be valid in N if and only if it holds
in N.

We shall be interested in some axiomatic subtheories of N
referred to as Theories P, Q, and R. The axiom system of Q consists
of the following seven sentences :

0,. Sx=Sy—>z=y.
0,. 0 # Sy.

6;,. x # 0 > Vy(z = Sy).
0,. z40=ux

6;. z 4 Sy =S +y).
6. z.0=0.

0,. z-Sy=(x-y) 4=z

This axiom system is distinguished by the simplicity and the
clear mathematical content of its axioms. Axiom @, expresses a
fundamental property of S. Axioms @, and @, form together an

8 For a definition of recursively enumerable sets see, e.g., [15], p. 86.
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explicit definition of 0 in terms of §; they can be replaced by one

equivalence
z =0 <« Ay(x # Sy).

Axioms @, and ©; constitute a recursive definition of <4, and
Axioms @¢ and @, a recursive definition of ..

Theory P is known as Peano’s arithmetic. Its axiom system consists
of six individual sentences II;, II,, II~II,, which respectively
coincide with @,, 6,, @,~@,, and moreover of an infinite system of
sentences—in fact, of all sentences which are particular instances
of the following axiom scheme of induction:

11, D(0) A Au[D(u) — D(Su)] - Aud(u)

where @ is an arbitrary formula in which % does not oceur bound. ?
To describe conveniently the axioms of R, and also for further
use, we introduce the following notation.
Consider the infinite sequence of terms

0, S0, ss0, ....

The terms of this sequence are called numerals—the 0%, 1%, ...,
n®, ... numeral. The n** numeral is denoted by 4,. We can define
4, recursively by putting

4,=0, and 4,,, = §4, for every ne N.

In this way we have specified the meaning of the symbol 4, intro-
duced in II.2.
We shall write
x<p
instead of
Vu(w 4+ « = p)

where « and § are arbitrary terms and w is a variable which occurs
in neither « nor §. (Regarding the way in which w may be fixed,
compare a remark at the end of IL.1.)

The axiom system of R contains all sentences which are particular

* Cf. [9], vol. 1, pp. 286 and 371.
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instances of the following five axiom schemes where » and p are
arbitrary natural numbers:

Q,. 4, +4,=4,,,.

Q,. 4,-4,=4,,.

2, A4, # A4, for n #£ p.

Q,. r<4,>e=Myve=A4,v...ve=4,
0. x<4,v4, <z.

THEOREM 5. In the sequence N, P, Q, R each of the theories
(except N) is a subtheory of the preceding one.

Proor: P is obviously a subtheory of N. To show that Q is a
subtheory of P it suffices to notice that @, is logically equivalent
with the particular instance of the induction scheme I7; obtained
by taking for @ the formula

u # 0 — Vy(u = Sy).

We shall now derive all the sentences £2,—; from the axioms
of Q.

The sentences £, i.e.,
1) A4, 4+ 4, =4,,, for all n,pe N

are shown to be valid in Q by induction on p. (All the inductive
arguments in this proof are of course metamathematical inductions,
and not inductions within Theory Q.) In fact, for p = 0, (1) is a
particular instance of ©,; when passing from p to p + 1, we
apply 6.

Similarly, by an induction on p based upon 6, ©,, and (1), we
derive the sentences £,:

(2) A4,-4,=4,, for all n,peN.
Consider now the sentences £,:
3) A, # 4, for all n,p e N with n % p.

We can clearly assume that n < p. For n = 0 (and every p > n)
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(3) is a particular case of @,; when passing from » to n + 1 we

apply 6,.
O, and @; imply

z2dzrz=0rA2# 0> Vy[x =Sy S(z+y) =0];
hence, by 6,
4) x <4, zx=4,
Similarly, for every natural number » we have by 6; and @;:
cdr =4, 0 £ 0> Vylx =Sy Siz+y)=S84,];
hence, by @,
(5) r<A,,—>rx=0vVy@=Syry <4,).

From (4) and (5), by an induction with respect to », we derive
the sentences £,:

6) <d4,>x=dyvx=4,v...ve=AJd, for every neN.
(1) and (6) imply
(7 4, <4y r (<4, -2 <A4,,) for every neN.

By an induction on 7 based upon 6, and @, we obtain for any
given natural number »

Se4+ 4, =x4 4,
Therefore, by 6,
A, =xr2%# 0> Vyly + 4,,, =2);
and hence, with the help of (1) with » = 0,
(8) 4, <zx—-zx=A4,v4,, <z for every n e N.
We now can derive the sentences £2;:
(9) x<A4,vd, <z for every n e N.

In fact, (9) for » = 0 follows from @,; the passage from n to n + 1
is based upon (7) and (8).

In view of (1), (2), (3), (6), and (9), all the axioms of R turn out
to be derivable from the axioms of Q, and the proof is complete.
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In connection with this proof it may be interesting to notice that
various simple sentences which are valid in N and in P are not
derivable from the axioms of Qj; e.g., the sentences

x# Sz, 04+ar=2 2z<z 0.2=0.
To show this, consider the system I = (U, 0, 8, +, - > constructed
in the following way. U is the set consisting of all natural numbers
and two additional elements, oo, and oo,. 0 has its usual meaning;
similarly, 8, 4+, and - when applied to natural numbers. We put:

Soo; = oo; (here and below ¢ = 0, 1);

oo; + n = oo; for every n € N,  + oo; = oo,_; for every x € U;

n-o0; = oo, for every n e N, 00;-0 = 0, oo;-& = oo,_; for every
zeU, x£0.

It can easily be checked that all the axioms of Q are satisfied
in M so that M is a model of Q; on the other hand, none of the
four arithmetical sentences listed above is satisfied in IR.

While Theory N is known not to be axiomatizable (see the
remark following Theorem 9 in I1.5), Theories P, Q, and R are
obviously axiomatizable. Moreover, Q is finitely axiomatizable.
On the other hand, it can easily be shown that R is not finitely
axiomatizable; this reduces to showing that there is no finite set
of axioms of R from which all the remaining axioms of R could be
derived. The analogous problem for P is much more difficult and
has been solved only recently; it has turned out that P is not
finitely axiomatizable. 10

11.4. Recursiveness and definability  in subtheories of arithmetic.
When discussing in this section definable functions and sets (in
the sense of I1.2), we shall assume that the notion of definability has
been relativized to the sequence of numerals 4y, 4;, ..., 4,, ...
introduced in II.3.

It is well known that a function is recursive if and only if it is
definable in Peano’s arithmetic P; the same applies to a recursive
set of natural numbers. 11 A fortiors, all recursive functions and sets

10 See [25].

11 This is actually one of the equivalent definitions of recursiveness
which can be found in the literature; cf. [6].
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are definable in every extension of P. In the next theorem we shall
see that this result can be extended to many other subtheories
of N—in fact, to Theory R and all its extensions.

It should be recalled that a function F is said to be definable in
a theory T if there is a formula @ of T which defines F'; i.e., satisfies
conditions (i)—(iii) stated explicitly in I1.2. We have also mentioned
a weaker notion of definable functions obtained by omitting con-
dition (iii). It turns out that, with regard to any theory T which is
an extension of R, the two notions of definable functions coincide.
In fact, if a formula @ defines F in the weaker sense, i.e., satisfies
conditions (i) and (ii), then the formula

D(u,v) A AY[D(u,y) - v S y]

(where y is any variable different from % and » and not occurring
in @) proves to define F in the stronger sense, i.e., to satisfy con-
ditions (i}—(iii). It should also be recalled that conditions (i) and
(iii} can be replaced by one condition: (i’) for every n € N, the

gsentence
Av[D(4,,v) <> v = Ag,]

is valid in T. Condition (i") will actually be used in the following
discussion. As regards condition (ii), it was stated in I1.2 that this
condition follows from (i) and (iii), and hence can be omitted,
under the assumption that all the sentences 4, # 4, with n,p e N
and n 7 p are valid in T; this assumption is clearly satisfied in
case T i8 an extension of R.

THEOREM 6. Hwery recursive function i3 definable in Theory
R and hence also in every extension of R. The same applies to every
recursive set of nmatural numbers.

Proor: We need a few auxiliary notions. Let E be a special
function defined for every natural number » by the condition:
En is the excess of » over a square, i.e., the unique p€N such
that, for some m € N,

m+p=n<<(m+ 1)
Given any two functions @ and H, let @ + H and GH be respectively
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the functions K and L defined for every n € N by the formulas:
Kn=@n + Hn, Ln=G(Hn);

let G-! be the function determined by the conditions:
G-n = p if p is the smallest natural number m such that Gm = n;
G~n = 0 in case no such number m exists.
The following characterization of recursive functions due to
Julia Robinson [21] proves to be convenient for our purposes:

(1) A function is recursive if and only if it belongs to every
set § of functions satisfying the following conditions:

i) SEc@;

(i) if G, He g, then G + H, GH ¢ §;

(iii) if @ €3 and G assumes all natural numbers as values,
then G-1 e §.

We want to apply (1) by taking for § the set of all functions
definable in R. With this in view, we shall first show that this set
actually satisfies conditions (i)-(iii) of (1).

(2) The function § is definable in R.

In fact, Su = v is clearly a defining formula for 8.
3) The function E is definable in R.

To prove (3) we shall show that the formula

(4) D=Vezx<urv<zdzru=(r-z) 4]

(where z is a variable different from % and v) defines E. This amounts

to showing that, for any given n €N, the sentences

(5) v = Ay, —> D(4,,v),

(6) D(4,v) > v = Ag,

are valid in R. By the definition of E, there is a natural m such that
m2 + En=n < (m + 1)

and hence
m < nand En < 2-m.

By £, and £2,, we conclude that the sentence
A, <A, N Ag, K4, + A1 4, = (4,,+ 4,) + Ay,
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is valid in R; in view of (4), this clearly implies the validity of (5).
On the other hand, from (4), 2,, 2,, and 2, we obtain (as a valid
formula of R)

D(4,0) > (V<Apor A=A+ V) v ... V(v KAy, r 4y =Aps F v).
Hence, by applying £, again, we derive a sentence of the form
(7) d(4,v) >V
where ¥ is a disjunction of formulas

v=d a4, =4,
with m <<n and p < 2-m. En is uniquely determined as the
natural number p such that » =m? + p and p < 2-m for some

m € N. Thus, if p 7= En, we have n 7% m? + p whenever p < 2-m;
therefore, by £,, all the formulas

An ¢ Am'+17
with p = En and p < 2-m are valid in R. Hence, using (7), we

finally conclude that (6) is valid. Consequently, @ defines E.
Next we prove:

(8) If the functions G and H are definable in R, then so are
G + H and GH.

In fact, @ and ¥ being two formulas respectively defining ¢ and
H, it is easily seen that the formula

VaVylv = = 4 y » P(u,z) » P(u,y)]
defines G 4+ H, while the formula

Vz[¥(u,z) A D(2,0)]
defines GH.

(9) If the function @ is definable in R and assumes all natural
numbers as values, then G- is definable in R.

To prove this, we consider a formula @ which defines G and we put
(10) ¥ = D(v,u) A AY[D(y,u) — v <yl
We shall show that ¥ defines G-1, i.e., that the sentences
(11) Y(A,0) > v = Ags,
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and
(12) v = Ags, — ¥(4,,v)

are valid in R for any given n € N.
By the definition of G—! we have Gm % n for every m < G-'n;
hence, by Q,, all the sentences

AGm ¢ An
with m << G~'n are valid. Since the sentences
(13) D(A,,,v) = v=Ag,

are also valid for every m, we derive by £, the sentence
(14) D(v,4,) A v < Agsy, > v = Ay,

Moreover, G(G-1n) = n (since G assumes every natural number as a
value), and hence we obtain from (13)

(15) qj(AG"mAn)'
From (10) we see that the sentence
T(Amv) - ¢(v’An) A [¢(AG"naAn) —>v S AG“n]

is valid; combined with (14) and (15), this sentence implies (11).
On the other hand, from £2; and (14) we obtain:

Y < dgwn Vg LY,
¢(yaAn) Ay 5 AG“ﬂ Y= AG“n'
Together with (15) and ,, these sentences give
(16) ¢(AG"N’AN) A Ay[¢(y’An) - AG“n S y]'
From (10) and (16) we derive
W(AmAG“n),

and this sentence obviously implies (12).
We have thus shown that ¥ defines G~ and that consequently (9)
holds. By (1), (2), (3), (8), and (9), every recursive function is
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definable in R and a fortiori in every extension T of R. If P is a
recursive set of natural numbers, then its characteristic function
Cp is also recursive and therefore definable in R (and T); as we
know, this implies that the set P itself is definable. The proof is
thus complete.

CoroLrLArY 7. T being any consistent and axiomatizable extension
of R, a function is definable in T if and only if it s recursive; the same
applies to sets of natural numbers.

Proor: The corollary follows directly from Theorems 3 and 6.

CoroLLarY 8. If T i8 a consistent extension of R, then the set V
8 not definable in T.12

Proor: In I1.2 we have defined the function D and the set V,
relative to a fixed one-to-one correspondence betweeh natural
numbers and expressions of T. (We recall that V is the set of all
natural n such that the correlated expression E, is a sentence valid
in T.) This correspondence is subjected to usual conditions of
recursiveness, and consequently the function D proves to be
recursive. Therefore, by Theorem 6, D is definable in T, and hence,
by Theorem 1, ¥ is not definable.

II.5. Undecidability of subtheories of arithmetic. By combining
the results obtained in I1.2 and II.4 we can now establish the
fundamental results of this paper: the essential undecidability of
those subtheories of N which were deseribed in II.3 and the
undecidability of all subtheories of N.

THEOREM 9. Theory R is essentially undecidable. The same
applies to every consistent extension of R and, in particular, to Q,
P, and N. 13

12 In its application to a narrower class of theories, in fact to those
theories which are consistent extensions of P, this result coincides with
Theorem 1 in [15], p. 88; in its application to Theory N it coincides with
Theorem I in [31], p. 370.

12 This result seems to be essentially new as far as Theories R and Q are
concerned. On the other hand, the essential undecidability of P was
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Proor: Since all the theories mentioned in this theorem are
consistent, the theorem is an immediate consequence of Corollary
2 and Theorem 6.

As was pointed out in 1.3, every theory which is not axiomatizable
is automatically undecidable. The converse, of course, does not
hold; by Theorem 9, P, Q, and R are instances of theories which
are both axiomatizable and essentially undecidable. On the other
hand, it is known that no complete and undecidable theory is
axiomatizable; see, e.g., Theorem 1 of 1.3. Theory N is complete
(since the set of all valid sentences of N coincides with the set of
sentences which are satisfied in a single model). Hence, again by
Theorem 9, N is not axiomatizable. We can reach this conclusion
also in a different way. There are sets which are definable in N,
but are not recursive. This follows, e.g., from the fact that all
recursively enumerable sets are known to be definable in N. More
specifically, the set V corresponding to Theory P is known to be
definable in N 14; this set, however, is not recursive since P is
undecidable. Hence N is not axiomatizable by Theorem 3.

The importance and strength of Theorem 9 results from the
fact that it implies the essential undecidability of a subtheory of
N which is finitely axiomatizable, in fact, of Theory Q; cf. I.6.
Keeping this in mind, we obtain at once

established by Rosser in [24]; in fact, P was the first axiomatic theory
which was shown to be essentially undecidable. It may be interesting to
notice that, in establishing his result, Rosser used & refined and more com-
plicated variant of an argument whose idea goes back to Godel [7] and
which was applied in Church [3] to obtain the simple undecidability of P;
on the other hand, the argument used in this paper seems to be even simpler
than the original arguments of Gédel and Church. As regards N, since this
theory is complete, its essential undecidability reduces to simple unde-
cidability (cf., e.g., Theorem 1 of 1.3); and if one identifies recursive sets
and functions with those which are definable in P (see footnote 11), then the
undecidability of N becomes a direct consequence of the fact that the set
of all valid sentences of N is not definable in N—a fact established by
Tarski in [31] (pp. 370 ff. and in particular footnotes 88 and 95).
1 See, e.g., [15], pp. 88 and 91.
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CoroLLARY 10. Every subtheory of N having the same constants
as N is undecidable. ® The same applies to every theory which s
compatible with Q and contains all constants occurring in Q.

Proor: By Theorem 9 of this paper and Theorem 6 of I.3.

We could try to improve that part of Theorem 9 which refers
to Theory Q, by constructing some finitely axiomatizable sub-
theories of Q which would be still essentially undecidable. The
simplest way of constructing subtheories of Q consists of course
in omitting some of the axioms. In the next theorem we shall
show, however, that none of the theories thus obtained is essentially
undecidable (though, by Corollary 10, all of them are undecidable).

TaEOREM 11. No axiomatic subtheory of Q obtatned by removing
any one of the seven axioms from the axiom system is essentially
undecidable.

Proor: Let Q, be the axiomatic subtheory of Q obtained by
omitting Axiom 6,, »n = 1,2, ..., 7. We shall prove that none of
these theories is essentially undecidable by constructing, for each
of them, a consistent and decidable extension T,. With the exception
of T4, each of the theories T, will have the same constants as Q.
The consistency of the theories T, will obviously follow from their
descriptions; also it will be very easy to check that T, is an extension
of Q,, i.e., that all the axioms of Q, are valid in T,. Thus our task
reduces to showing that each of the theories T, is actually decidable.

T, is the theory determined by the following stipulation: a sen-
tence is valid in T, if it is satisfied in the system M = (U,0, S, +,->
where

(i) U is the set consisting of two integers, 0 and 1;

(ii) 0 and - have their ordinary meaning;

(iii) S0 =81=1;

15 Only special cases of this general result are known from the literature.
Thus, as regards P and N itself, cf. footnote 13 above; furthermore, the
results of Church in [2] imply that the subtheory of N which has the same
constants as N but has no non-logical axioms (i.e., the first-order predicate
logic with constants restricted to those of N) is undecidable.
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iv) ze+y=0if z=y=0, c+y=11if 2yeU and z=1
or y = 1.

The decidability of T, is simply a consequence of the fact that
the universe U of the model I is finite. A decision procedure for
T, can be roughly described as follows. ¢ @ being any formula
(in which the variable # does not occur bound), the sentences

Au®D(u) <> D(0) » D(S0),
Vud(u) <> O(0) v D(S0)

are easily seen to be valid in T,. Hence, with every sentence @ we
can correlate a sentence ®* containing no variables and no
quantifiers such that @ is valid if and only if @* is valid; and this
correlation between @ and @* is recursive. Consequently, it suffices
to indicate a decision procedure for sentences containing no
variables. For atomic sentences of this type, i.e., for equations
between terms, the procedure is based directly upon the definitions
of operations which occur in the model I ; for compound sentences
the procedure reduces to the familiar decision procedure for the
ordinary sentential calculus.

A sentence is valid in T, if it is satisfied in the system (U, 0,
8, +, - > where U is the set consisting of the single element 0 and
where consequently 80 = 0 + 0 = 0-0 = 0. Again, T, is decidable
because the set U is finite; and in establishing a decision procedure
for T, we make use of the fact that, for every formula @, the
sentences

AudD(u) < D(0) and Vud(u) < D(0)

are valid in T,.

A sentence is valid in T, if it is satisfied in the system (P, 0,
8, +, - > where P is the set of all non-negative real numbers,
Sx=x+1 for every x € P, and 0, +, - have their ordinary
meaning. Let T be a theory with five constants, P, 0, §, +, -,
where P is a unary predicate; by definition, a sentence is valid in

16 The method applied here is a simple particular case of the general
method of eliminating quantifiers; compare (also for historical references)
[30], p. 15 and note 11.
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T if it is satisfied in the system (R, P, 0, S, +, - > where R is the
set of all real numbers, and the remaining symbols have the same
meanings as in T,. T is decidable; this we easily derive from the
results in [30] if we remember that non-negative real numbers
coincide with squares of arbitrary real numbers. With every
sentence @ of T, we correlate the relativized sentence &P of. 1.5.
As is easily seen, @ is valid in T, if and only if ®® is valid in T.
Hence a decision procedure for T automatically yields a decision
procedure for T,, and T, proves to be decidable.

A sentence is valid in T, if it is satisfied in the system SR = (N, 0,
S, +, - > where N, 0, S have the usual meaning while the operations
+ and - on N X N to N are defined by the formulas:

ntp=p n-0=0n-p=n for ps£0.

Let T* be a theory with only two constants 0 and §; a sentence of
T* ig valid in T* if and only if it is valid in T,, i.e., is satisfied in
the system (N, 0, 8> where N, 0, § have their usual meaning. The
sentences

y=z+y,
r=myzeo@=0r2=0)vir=yrz#0)

are clearly valid in T,. Using these sentences, with every sentence
@ of T, we can recursively correlate a sentence ®* of T* such that
P < d* ig valid in T,, and consequently @ is valid in T, if and only
if ®*is valid in T*. Hence the decision problem for T, reduces to that
for T*. T*is known to be decidable (this follows, e.g., from the
results in [17]), and therefore T, is also decidable.

Ty differs from T, only in the definitions of the operations +
and - which occur in the model I; we put

n+p=mnand n-p=0 for all n,peN.

The proof of decidability remains unchanged.

Tg is a theory with seven constants: 0, §, 4, , 0, S, 4. A sentence
is valid in Tg if it is satisfied in the system (N, 1,8, ®, -, 0,8, +>
where N, 1, 0, S, + have their usual meaning while §’, @, and -
are defined by the conditions
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80=0, 8n=28nif n£0;
n®p=0 if n=0 or p=0; n®p=n+p—1if n£0 and p7#0;
n-p=0 for all n,peN.

Let T+ be a theory with three constants: 0, S, 4; a sentence of
Tt is valid in T+ if it is valid in T, i.e., is satisfied in the system
{N, 0,8, +> where all the symbols have their usual meaning. The
following sentences are clearly valid in Tg:

0= SO
x—Sye(x OAy—O)v(x—SyAy;/.'O)
x_y+z<—>(x_0/\y_0)v(x=0/\z_0)
(Sx_y+z/\y;&0/\z;&0)
Yoz = 0.
With the help of these sentences, arguing as in the case of T,, we
reduce the decision problem for Tq to that for T+. The latter theory
is known to be decidable (see [17]); hence T, is also decidable.

(Another, perhaps more natural, example of a decidable extension
of Qg is provided by a theory T, which has the same constants as Q.
A sentence is valid in T, if it is satisfied in the system (U, 0, 8, +, - >
where (i) U is the set consisting of the natural numbers and an
additional element oo; (ii) 0, 8, + have their usual meaning when
applied to natural numbers, and in addition

Soo=rx+00=00+2=00
for every x € U; (iii) - y = oo for all z,y € U. The decision pro-
blem for T; can again be reduced to that for T+; however, the
reduction is somewhat more involved than in the case of Tg.)

A sentence is valid in T, if it is satisfied in the system { XN, 0, S,
+, -> where n - p=0 for all n,p € N. We see at once that the
decision problem for the theory T, again reduces to that for the
theory T+ described above in connection with Tg. (The symbols

0 S + are now replaced in T+ by 0, S, 4.) Hence T, is decidable,
and the proof is complete.

I1.6. Extension of the results to other arithmetical theories and to
various theories of rings. The results obtained in the preceding
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sections and in particular in I1.5 can be carried over to formalized
systems of the arithmetic of natural numbers with different sets of
constants. Consider, e.g., the theory N* which differs from N only
in that the unary operation symbol § has been replaced by the
individual constant 1 denoting the integer one; the definition of
validity in N¥* is entirely analogous to that in N. We can construct
axiomatic subtheories P*, Q*, R* of N* closely related to the sub-
theories of N described in II.3—simply by replacing in the axioms
of P, Q, R all the terms of the form Sx by « 4 1. It is easily seen
that Theorem 9 and Corollary 10 remain valid if we replace in
them N, P, Q, R by N*, P* Q* R* respectively. To prove this, it
suffices to show that each of the theories N, P, ... is interpretable
in the corresponding theory N*, P* ... in the sense of 1.4, and
then to apply Theorems 7 and 8 of 1.4. For instance, if we add the
symbol S to the constants of Theory Q* and the sentence

r=Sywr=y+1

to its axioms, we clearly obtain an extension of Q; and since the
new axiom is a possible definition of § in Q*, Q proves to be indeed
interpretable in Q*. Incidentally, it is easily seen that, conversely,
Q* is interpretable in Q. On the other hand, it may be interesting
to notice that Theorem 11 partly fails when applied to Q*. In fact,
by removing O} from the axiom system of Q* we obtain a sub-
theory of Q* in which Q* proves to be interpretable and which
therefore is essentially undecidable. If, however, we omit any of
the remaining six axioms of Q¥, then the resulting subtheory will
no longer be essentially undecidable.

Instead of replacing § by 1, we can eliminate § as well as 0 from
the list of constants of N altogether. The system N+ of the
arithmetic of natural numbers thus obtained contains < and . as
the only constants. N is interpretable in N+ since every valid
sentence of N is derivable from the set of valid sentences of N*
supplemented, e.g., by the following two possible definitions of
0 and §:

r=0carx=z 4z
r=Sy<Vex=ydzrztzdzrz=2z-2).
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Therefore Q is also interpetable in N+, by Theorems 8(i) and 7(ii)
of 1.4, N+ and all its subtheories are undecidable, and there is a
finitely axiomatizable subtheory Q+ of N* which is essentially
undecidable. It is easy actually to construct such a subtheory Q+
by appropriately transforming the axioms of Q.

When we analyze the arguments in the preceding sections and
specifically the proof of Theorem 6, we notice that all our results
remain valid if, instead of Theory R, we use a weaker theory R’ in
which the axiom scheme £, is replaced by a more special scheme:

;. 4,4, = 4,, for every natural n.

Making use of this observation, we arrive at the conclusion that in
all the theories discussed above the symbol « can be replaced by
the unary operation symbol K denoting the operation of squaring
a number. In particular we obtain a finitely axiomatizable and
essentially undecidable theory Q' by replacing Axioms &4 and 0,
by the following two axioms (which constitute together a recursive
definition of K):
6. K0 = 0.
6,. K(Sz) = Kz 4 S(x 4 x). V7

The fundamental results of II.5 can be extended to the arithmetic
of positive integers and to that of arbitrary integers. As a simple
example of a finitely axiomatizable and essentially undecidable
subtheory of the arithmetic of positive integers we may mention

a theory Q> closely related to Q and Q¥; it contains 1, 4, and -
as the only constants, and is based upon the following six axioms:

0. r4l=y+loz=y.

o, . 1#£#y+41.

o;. 2 #E1->Vyx=y+1)

o;. s+@+)=@+y+1
o;. z-1 =z

;. zy+1)=(@-y)+=

17 For the extension of these results to formalized theories of natural
numbers with still other sets of constants see [20], pp. 112 f.
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As regards the arithmelic of arbitrary iniegers, we shall consider
two formalized systems of this arithmetic, J and J=. The only
constants occurring in J are 4 and .; J° contains in addition the
binary predicate < (to denote the less-than relation). A sentence
is valid in J if it is satisfied in the system (I, +, - > where all the
symbols have their usual meaning; similarly for J. We have the
following

THEOREM 12. Theory | and all its subtheories (having the same
constants as 1) are undecidable; there are finitely axiomatizable sub-
theories of J which are essentially undecidable. The same applies to I=.

Proor: Let N be any unary predicate, and let Q™) be the
theory obtained from Q by relativizing the quantifiers to N; see
L.5. By Theorems 9 (ii) and 10 of I and by Theorem 9 of the present

paper,

(1) QW ig finitely axiomatizable and essentially undecidable.
We want to show that

(2) Q™ is interpretable in J.

To prove this, consider the formalized arithmetic J of integers
with five constants N, 0, S, 4, -; a sentence is valid in 7T if and
only if it holds in the system (I, N, 0, S, +, - > where all symbols
have their usual meaning. Jis obviously an extension of J. Every
sentence @ which is valid in Q is also valid in the arithmetic N of
natural numbers, and hence the relativized sentence @&V is valid
in J; thus T is an extension of Q™ as well. The following three
sentences are clearly valid in J:

(3) Nz <o VyVaVuVo [z = (y-y) + (2+2) + (u-) + (0-9)],
(4) zr=0cwzrz=z4z,
(5) r=Sy<Ve(x=y+zazFgzH+zraz=2-2).
In particular, (3) is a formulation of the well-known theorem by
which natural numbers coincide with those integers which are

sums of four squares. Obviously, (3) is a possible definition of N
in J; (4) is a possible definition of 0 since the sentence

Ve[r=a4caNyy=y+y >z =y)]
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is known to be valid in J (cf. 1.4); and for a similar reason (5) is a
possible definition of §. With every valid sentence ¥ of ] we
correlate a sentence ¥+ of J which is obtained from ¥ by eliminating
the constants N, 0, S with help of (3)—(5). It is easily seen that
Y+ is valid in J and that ¥ is derivable from the set consisting of
the sentences ¥+, (3), (4), (5). Hence every valid sentence of T is
derivable from the set of all valid sentences of J supplemented by
the sentences (3)—(5). Thus, according to the remarks in 1.4, Q™ is
indeed interpretable in J.

From (1) and (2), by applying Theorems 8(i) and 7(ii) of 1.4, we
obtain immediately that part of our theorem which concerns J.
Thus, in particular, it turns out that there are finitely axiomatizable
subtheories of J which are essentially undecidable. If we wish
actually to construct such a subtheory of J, we recall that a finite
axiom system for Q is available; hence, by analyzing the proof of
Theorem 9 in 1.5, we obtain a finite axiom system for the relativized
theory Q™. Using sentences (3), (4), (5) stated above, we eliminate
the constants N, 0, S from the axioms of Q™ and we arrive at a
set 4 of sentences which are valid in J. The subtheory S of | based
upon the set 4 as an axiom system is both finitely axiomatizable
and essentially undecidable (since A is finite and Q™ is clearly
interpretable in S).

The proof for J= is entirely analogous; we can choose in this
case a simpler sentence as a possible definition of N, e.g.,

Neowr=cdarve <z 4z

Among axiomatic subtheories of J and J= we find several which
are of a special interest from the point of view of modern algebra.
All these subtheories are undecidable by Theorem 12; some of
them present rather simple and interesting examples of finitely
axiomatizable theories which are essentially undecidable.

To describe these theories consider the following sentences:

2y r+y+)=+y) +-=
2, r4+y=y<+=
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2. Ve(x =y 4 =).

2, Ze(yor) = (x-y) -2

z z-(y 4 2) = (@+y) + (2-2).

%, (¥ +2) 2= (y-2) + (z-2).

2. ey =y-.

2. z=z4zrz=2y>2=2VZ=Y.

Z,. Vulu £ u 4 unrAe(z-u =zAu.z = x))
5. ~ (x < z).

Z5. r#ty—>r<yvy < 2.

2. r<yry<z—>z <z,

pINN y<zo>zt+y<z4o

2. z=z4zAz <A< Y>2< Ty
pIN VeVylz K yn ~ Vz(z < z2rz < 3)].

The axiomatic theory, with 4 and . as the only constants,
whose axiom system consists of 2;-2; is called the elementary
theory of rings; clearly, a sentence is valid in this theory if and only
if it is satisfied in every system % = (R, +, -> which is a ring
in the sense of modern algebra. If we add 2., or 2, and Z§, to the
axioms of the theory of rings, we obtain the elementary theory of
commutative rings, or of integral domains, respectively. By including
< in the constants and 2 -25 in the axiom systems of these
theories, we arrive at the elementary theories of ordered rings,
ordered commutative rings, and ordered integral domains; actually,
the latter two theories prove to coincide. If, in turn, we supple-
ment the axiom systems with X, the resulting theories are
referred to as the elementary theories of non-densely ordered rings
and non-densely ordered commutative rings. Finally, we can include
2y in any of the axiom systems mentioned above, and we obtain
various theories with unit, e.g., the elementary theory of rings with
unat.

Sentences X;— Xy are obviously valid both in J and J=; sentences
27-2 are valid in J<. Hence, as a direct consequence of Theorem
12, we obtain
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CoROLLARY 13. The elementary theories of rings, commutative
rings, tniegral domains, ordered rings, and ordered commutative
rings, without or with unit, are undecidable. 18

The theories mentioned in Corollary 13 are not essentially
undecidable; for a consistent extension of these theories, in fact,
the elementary theory of the ordered field of real numbers, has
been shown to be decidable (see [30]). On the other hand, we have

THEOREM 14. The elementary theories of non-densely ordered
rings and non-densely ordered commutative rings, without or with
unit, are essentially undecidable.

Proor: It suffices to show that the elementary theory T of non-
densely ordered rings without unit, i.e., the theory based upon
Axioms X-Z%, and ZX7-Z7, is essentially undecidable; this
automatically implies the essential undecidability of the remaining
theories mentioned in the theorem since each of them is an extension
of T.

We consider the relativized theory Q™ involved in the proof of
Theorem 12; however, we replace in it the symbol - by x. As we
know, QW is finitely axiomatizable and essentially undecidable.
The following sentences form an adequate axiom system for QW
(cf. the proof of Theorem 9 in L.5):

1) NzA NyarSx =Sy >z =y.
(2) Ny — 0 # Sy.

(3) Nz A z # 0 — Vy(Ny »n x = Sy).
4) Nz >240==

(5) Nz A Ny >z 4 Sy = S(x 4+ y).
(6) Nz —>x x0=0.

(7) NzA Ny >z x Sy=(x Xxy)+ =z
(8) NO.

18 For related results see [23] (the undecidability of the elementary
theories of various special rings) and [20], p. 113 (the undecidability of the
elementary theory of fields).
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(9) Nz — N(Sz).
(10) Nz A Ny —> N(z 4 y).
(11) Nz A Ny - N(z x y).

We want to show that Q™ is interpretable in T. In order to
prove this, following the remarks in 1.4, we construct an extension
T of T by adding N, 0, §, x to the set of constants and by adjoining
the following four sentences to the axiom system of T:

(12) Nuou=udtuvu<uduyr Vit <t 4t
~Vra<Ltrz <z Fx)rut=t-unrA\yVae(y - u =2z-1)].
(13) ' u=0<u=u-+4u
(14) u=Sv<> Vii<tfir~Vexr <trz <z 4 z)A
u=v-4t).
(15) u=vxwoViil<td+ir~Vex<trz<z+z)A
[uet=vewvu=mvaAyly-t # v-w)ll}.

(12) is obviously a possible definition of N in T. We have to show
that (13)-(15) are possible definitions of 0, §, and x; for instance,
denoting by @ the right side of the equivalence (14), we have to
show that the following sentence is derivable from the axioms of T
(see I.4):

AvVu{D(u,v) A Aw[P(w,v) - u = w]}.

We have also to show that T is an extension of Q™ i.e., that all
the sentences (1)-(11) are derivable from the axiom system of T
supplemented by sentences (12)}-(15). Instead of carrying through
the derivations in a formal way, we shall outline the proof in
ordinary mathematical language.

Let R = (R, +, -, <) be any model of T, i.e., any non-densely
ordered ring. As is well known the zero element z of this ring is
uniquely characterized by the formula z =z + z (hence (13) is a
possible definition of 0 in T); we shall denote this element by 0.

Since R is non-densely ordered, there are two elements z,y € R
such that # < y and that there is no element ze Rwithz <z < 9.
Let ¢ be the element of R such that « + ¢ = y. This element ¢ has
the following two properties which determine it uniquely: (i) ¢ is a
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positive element, i.e., 0 <t (or, what amounts to the same,
t <t +1); (ii) there is no positive element v with v < ¢, for other-
wise we would have x <z + v < y. We put Su = u + ¢ for every
u € R. (From the above it follows that (14) is a possible definition
of $in T.)

In every ordered ring the formula z-z = y-z with z % 0 implies
z = y. Hence we can correlate an element v x w with any couple
of elements v,w € R in the following way: if v-w = u-# for some
u € R (¢t having the same meaning as before), we put v x w = u;
if v-wy-t for every ye R, we put v Xx w=v. Thus x is a
uniquely determined binary operation on R X R to R (and (15) is
a possible definition of x in. T).

Let N’ be the set of all non-negative elements v € B (u = u + u
or 4 < u + %) such that -t = t-u» and that, for every y € R, there
is a z € R with y-» = z-t. We shall show that (N', 0,8, +, x> is
a model of Q™) ie., that it satisfies sentences (1)~(11).

It obviously follows from general properties of rings and from
the definition of § that sentences (1), (2), (4), (5} are satisfied.

We have 0 € N’ since 0-£=¢-0=y-0 for every y € B. Obvi-
ously teN'. If zye N’, then z +y is clearly non-negative;
(x+y)t=(xt) + (y-t) = (t-2) + (¢t-y) = t-(x + y); forevery ueR
there are z',2" € R such that u-(zx + %) = (v-2) + (u-y) = (z’'-t) +
+ (2"-t) = (2 + 2")-t; thus, finally, z + y € N'. In particular, if
z e N’, then Sz = z + t € N'. Hence, sentences (8), (9), and (10)
are satisfied.

If x € N’ and « £ 0, then x is positive and hence, by the definition
of {, t = z or ¢ < z. Consequently there is a non-negative element
y € R such that x =y +t=3Sy. We have (y +#f)-t=z-t=1{-2 =
=t-(y + t) and therefore y-¢{=t-y; similarly we show that for
every u € B there is a ze€ R with u-y = z-t. Thus y € N', and
sentence (3) holds.

For every z, -0 = 0-t. Hence, by the definition of x,z x 0 =0,
and sentence (6) holds. If y € N’, then, for some z € B, -y = 2-¢
and z-Sy=2-(y +1t) = (2-t) + (x-t) = (= + z) - t. Consequently,
zxy=zand z x Sy=2z+ 2z = (z X y) + , so that (7) holds.

Finally, let z,y € N’'. As before, for some 2 € R, x-y = z-¢ and
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hence x x y = z. Since = and y are non-negative and ¢ is positive,
z must be non-negative. Since -t =t-x and y-f = ¢y, we easily
obtain (z-£)-t = (z-y)-t= (z-t)-y=1t-(x-y) = (t-2)-¢ and hence
z-t =t.2. For every u € R there are z',2" € R such that (u-2)-t =
= (u-x)-y=(2-t)-y=(2-y)-t = (¢"-1)-¢t and therefore u-z = 2" 1.
Consequently, x x y = z € N’, and sentence (11) is satisfied.

We have thus shown that the theory T, obtained from the
theory T by adjoining some possible definitions to the axiom
system, is an extension of an essentially undecidable theory Q.
hence Q™ is interpretable in T. Since T is obviously consistent, the
conclusion follows at once by Theorem 7(i) of 1.4.

By analyzing the proof just given, we easily notice that, if we
were exclusively interested in non-densely ordered rings with unit,
our argument could be essentially simplified.
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UNDECIDABILITY OF THE ELEMENTARY THEORY
OF GROUPS

We consider in this paper an axiomatic theory G with standard
formalization, called the elementary theory of groups and charac-
terized by the following stipulations: the only non-logical constant
of G is the binary operation symbol o; the set of non-logical
axioms of G consists of the three sentences:

I. Zo(yoz) = (roy)oz.
T, Vz(x = y o 2).
T, Vy(x = y o 2).

Hence, a sentence is valid in G if and only if it is satisfied in every
system (@, o> which is a group in the sense of modern algebra
(see 1.2). The purpose of the paper is to show that the elementary
theory of groups is undecidable. !

Let J be the system of the arithmetic of integers discussed in
I1.6. Thus, J is a theory with standard formalization; its only non-
logical constants are two binary operation symbols, 4 and ; a
sentence is valid in J if and only if it is satisfied in the system
I, +, - > where I is the set of all integers while + and - are the
ordinary arithmetical operations of addition and multiplication.

Let J* and J+ be two other systems of the arithmetic of integers
which differ from J in the choice of non-logical constants, but for

1 The main result of this article was stated in the author’s talk to the
Princeton University Bicentennial Conference on Problems of Mathematics
in 1946, and discussed in his talk to a meeting of the Association for Symbolic
Logic in 1948. The result is mentioned in [27], p. 763, and a short outline
of the proof is given in [39]. (The formulation of the result in [39] is defective;
cf. I, footnote 24.) A weaker result in the same direction was announced by
Jadkowski in [11].
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which the notion of validity is defined in an entirely analogous way.
The non-logical constants of J* are 4 and the unary operation
symbol K used to denote the arithmetical operation of forming a
square. The non-logical constants of J* are 4, the individual con-
stant 1 used with the ordinary arithmetical meaning, and the binary
predicate | denoting the relation of divisibility between integers.

THEOREM 1. Theory ) is interpretable in Theory J*.

Proor: We first show that
(1) ] is interpretable in J*.

We observe that - is the only constant of J which does not occur
in J*, Hence (by the remarks in 1.4), in order to prove (1) it suffices
to construct a theory T, with 4, -, and K as the only non-logical
constants, and a sentence ¥ in T which satisfy the following

conditions:

(2) ¥ is a possible definition of . in J*;

(3) a sentence of T is valid in T if and only if it is derivable from
the set of all valid sentences of J* supplemented by the sentence ¥;
(4) T is an extension of J.

The theory T will be uniquely determined by specifying ¥ and
by taking (3) as the definition of validity in T. We notice that, in
the arithmetic of integers, the product n-p can be defined in terms
of sum and square as the only integer m such that

m + m + n? + p? = (n + p)

Accordingly we choose for ¥ the sentence
(5) u=y-z< (u+u)+ (Ky + Kz) = K(y + 2).
The right side @ of the equivalence (5) is clearly a formula of J*,
and the sentence
(6) Vu{®@(u) A Ax[DP(x) - = = ul}
is easily seen to be valid in J*; hence (2) holds. (See 1.4 for the exact
sense of (2), and II.1 for the meaning of the expressions @(x) and
D(u).)

With every sentence 2 of T we can correlate a sentence 2* of 1*
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by eliminating the symbol . with the help of (5). 2 is clearly
derivable from the set consisting of £2* and (5). Moreover, in view
of the intuitive content of (5), it seems obvious that, whenever Q
is valid in J, the correlated sentence Q% is valid in J*, and hence 2
is valid in T; a formal proof of this statement presents no essential
difficulties. 2 Consequently, (4) holds. Thus the theory T has all the
desired properties, and (1) has been proved.
In an entirely analogous way we show that

(7) J* is interpretable in J+,

The only difference in the argument is that ¥ is replaced by a
suitably chosen sentence ¥’ which is a possible definition of Kin J+.
We notice that, in the arithmetic of integers, the square n2 can be
characterized as the only integer m such that (i) m + n is a least
common multiple of » and n + 1 and (ii) m-—n is a least common
multiple of » and n—1. (Since any two integers have in general two
different least common multiples, neither of the conditions (i) and
(ii) alone characterizes m unambiguously.) Consequently we choose
as ¥’ the sentence

=Ky oMzt y|lzoylzray+1]2)a
ANy Nelo’ Fy=arny +1=y—> @ |z y|lzay|2)]
Theorem 1 follows immediately from (1) and (7).3

CoROLLARY 2. There exists a subtheory of Theory Jt which is
essentially undecidable and finitely axiomatizable.

? An exact proof of this statement must be based upon formal definitions
of semantical notions which are involved in the definitions of validity in J and
}* (see I, footnote 7). On the other hand, we could eliminate the use of seman-
tical notions from the whole paper. To this end, however, we should have
to replace Theories J and J* by some of their subtheories, with specified
finite axiom systems, which are known to be essentially undecidable; cf.
the remark following Corollary 2.

3 The essence of the proof just outlined clearly consists in showing that
in the arithmetic of integers multiplication is definable in terms of addition,
divisibility, and the number 1. For positive integers, a stronger result was
subsequently obtained by Julia Robinson who showed that multiplication
is definable in terms of the successor function and divisibility (see {201, pp.
101 £.); this result was extended by R. M. Robinson (in 1950) to arbitrary
integers.
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Proor: By Theorem 12 of II.6, there exists an essentially
undecidable and finitely axiomatizable subtheory of J. Hence, by
Theorem 1 just proved and by Theorem 7 of 1.4, we obtain the
conclusion at once.

From the proof of Theorem 12 in II.6 it is seen that we can
effectively construct an essentially undecidable and finitely
axiomatizable subtheory K of J by specifying its axioms. Hence,
by analyzing the proof of Theorem 1, we could also effectively
construct an essentially undecidable and finitely axiomatizable
subtheory K+ of J+, and we could use K* instead of J+ in our further
discussion.

As outlined in 1.5, given any theory T and any unary predicate
P, we can form the theory T® obtained from T by relativizing the
quantifiers to P; the set of non-logical constants of T® consists of
P and of all non-logical constants of T. In particular, taking Theory
J* for T and the predicate I (denoting the set of all integers) for P,
we obtain the theory J*® in which the set of non-logical constants
consists of four symbols: I, 4, 1, and |.

THEOREM 3. Theory )*® is weakly interpretable in some inessential
extension of Theory G.

ProoFr: Let G’ be the axiomatic theory obtained from G by
including the individual constant ¢ in the system of non-logical
constants, but without changing the system of non-logical axioms.
By 1.2, G’ is an inessential extension of G. By 1.4, in order to
show that J*® is weakly interpretable in G’, it suffices to construct
a theory T with the following properties:

(1) T is consistent;

(2) T is a common extension of G’ and J*®;

(8) for each of the non-logical constants of J*® there is a valid
sentence of T which is a possible definition of this constant in G’'.

T is constructed as a theory with standard formalization in
which the set of non-logical constants consists of six symbols,
o, ¢, I, 4, 1,|. To define validity in T we consider the system
M =G, o,¢,I',+',1', |'> characterized as follows: @ is the set of
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all permutations of the set I of all integers, i.e., the set of all
biunique functions f for which I is both the domain and the range.
Given two functions f,g € ¢, we understand by fog their com-
position, i.e., the function 4 satisfying the condition A(k) = f(g(k))
for every k € I. By ¢ we denote the successor function previously
denoted by S, i.e., the function determined by the formula

(4) c(k)=Fk + 1 for every k el.

I is defined to be the set of all iterations (powers) of ¢, i.e., the set
of all functions ¢™, with m € I, such that

(5) c™(k) =k +m for every kel.

Clearly, I' is a subset of G. We identify +’ with o, and 1’ with c.
Finally, we denote by |’ the relation which holds between any two
functions f,g € I’ if and only if g is an iteration of f. A sentence @
is by definition valid in T if it is satisfied in the system IR just
described.

The theory T is obviously consistent. Clearly, @ is a group of
transformations; hence, the non-logical axioms of G’ are satisfied
in M, and T is an extension of G'. By (5) we have a one-to-one
correspondence between arbitrary integers m and the correlated
functions ¢™ € I', and under this correspondence, for any m,n € I,

(6) cm +’ P=c"oc" = cm+'n,

(7) ¢ | c*if and only if m | n (i.e., mis a divisor of n),

as well as, by (4),

(8) cl=c=1"

Thus the systems (I, +, 1, |> and {I’, +', 1, |'> are isomorphic.
Hence, @ being a valid sentence of J, the relativized sentence @ is
satisfied in our model I and is therefore valid in T. 4 Consequently,
T is an extension of J*®.

Conditions (1) and (2) have thus been established. To obtain (3),
we consider the following four sentences of T:

(9) It >zx0oc=coux,

¢ Cf. footnote 2.
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(10) r=ydzor=yoz,
(11) r=lwz=c,
(12) z|y<xoc=coxAyoc=coyA
A2(xoz =20x —> yoz=20y).

Sentences (9), (10), (11), (12) are, respectively, possible definitions
of the constants I, 4, 1, | in G’. It remains to be shown that these
four sentences are valid in T, i.e., satisfied in the model 9. This is
obvious as far as (10) and (11) are concerned since we have simply
identified (in M) +’ and 1’ with o and ¢. We can thus restrict our-
selves to (9) and (12).

Iffel, ie., f=c for some m € I, we see from (6) and (8) that
foc=cof. If, conversely, f is any function in G such that
foc=cof, we have by (4)

fe(k)) = c(f(k)), ie., f(k + 1) = f(k) + 1
for every integer k. Hence by induction
fk + m) = f(k) +m

for every non-negative integer m; by replacing in this formula k
by k—m, we notice that it holds for negative integers as well.
In particular, letting ¥ =0, we obtain

f(m) = m + {(0)
for every integer m. Putting

f(0)=n

we see from (5) that f coincides with ¢* and therefore belongs to I'.
Thus,

(13) fel'if and only if foc=1cof;

in other words, sentence (9) is satisfied in IR.
If

(14) f1'g,

then, by definition, f and g are in I’ and hence, by (13),
(15) foc=cof and goc=rcog.
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Moreover, f and g are of the form
(16) f=c" g=2c",
and therefore, by (7),

(17) m | n.

We let » = m-p and, by an easy induction on non-negative p’s
(with an obvious extension to negative p’s), we conclude from (5),
(16), and (17) that

(18) foh =hof implies goh = hog for every function h €G.

If, conversely, conditions (15) and (18) hold, then, by (13),
f and g must be of the form (16) for some integers m and n. Assume
first that m = 0 and consider the function A defined by the formulas:

(19) h(k) = k + m if m divides E,
(20) h(k) = k& if m does not divide k.

Clearly, h €G. From (19) and (20) we see that
h(k + m) = h(k) + m

and hence, by (15),
c™(h(k)) = h(c™(k))

for every integer k. Therefore, by (16),

(21) foh=hof

and hence, by (18),

(22) goh="hog,

i.e.,

(23) h(k) + n = c*(h(k)) = h(c"(k)) = h(k + n)

for every k. Putting k=0 in (23) and using (19), we see that
h(n) =m + n. Thus, by (20), we must have mln; hence, by (7)
and (16), we obtain (14).

We have still to consider the case m = 0. By (5) and (16), f is
then the identity function. Therefore we have (21) and hence, by
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(18), we also have (22) for every function k € G. If we had » £ 0,
we could choose an arbitrary integer m’ £ 0 which does not divide
n, and could take for 2 the function defined in (19) and (20) with
m = m'; the argument outlined above (for m = 0) shows that in
this case (22) would fail. Hence, » = 0, f = ¢, and (14) again holds.

We have thus proved that, for arbitrary functions fg €@,
formula (14) is equivalent to the conjunction of (15) and (18); in
other words, sentence (12) is satisfied in the system .

Since all the sentences (9)-(12) are satisfied in our model, con-
dition (3) is established, and the proof of Theorem 3 is complete. 5

Theorems 1 and 3 imply that Theory J, the arithmetic of integers,
is relatively weakly interpretable (in the sense of 1.5) in some
inessential extension of Theory G, the elementary theory of groups.
It would be of interest to know whether this result can be improved
by showing that J is weakly interpretable (in the non-relativized
sense) in an inessential extension of G. This would amount to
showing that there is binary operation on I X I to I under
which the integers form a group and which has the property
that, in terms of this operation and some invidual integers, the
ordinary arithmetical addition and multiplication can be defined
within the first-order predicate logic. In this connection Mos-
towski has recently pointed out that Theory ! is not weakly
interpretable in Theory G itself; in fact, there is no binary
operation under which the integers form a group and which
has the property that arithmetical addition and multiplication
can be defined in terms of this operation alome. This follows
easily from the fact that every group (with more than two
elements) has a non-trivial automorphism, while the ring of
integers has no such automorphism.

THEOREM 4. (i) Theory G is undecidable, and the same applies
to every subtheory of G which has the same constants as G.

(il) There exists a finitely axiomatizable extension of G which has
the same constants as G and which is essentially undecidable.

& Another proof of Theorem 3 (based upon a different construction of T)
is briefly outlined in [39].
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Proor: By Corollary 2, there is a subtheory T of J* which is
finitely axiomatizable and essentially undecidable. Therefore, by
Theorems 9 and 10 of 1.5, the correlated subtheory T® of J*®ig also
finitely axiomatizable and essentially undecidable. By Theorem 3,
T® is weakly interpretable in an inessential extension of G. Hence,
by Theorem 8 of 1.4, we immediately obtain both conclusions.

The elementary theory of groups, though undecidable, is not
essentially undecidable. If, e.g., we include the commutative law

T, Zoy=yol

in the system of axioms of G, we obtain an extension of G, in fact,
the elementary theory of Abelian groups, which is known to be
decidable (a result of Wanda Szmielew; see [26] and [27]). By
analyzing the argument in Theorem 3 we see that our whole proof
of the undecidability of G depends essentially on the fact that
the commutative law is not valid in G.

By Theorem 4(ii), there is an extension of G, i.e., the elementary
theory of a particular class of groups, which is finitely axiomatizable
and essentially undecidable. However, no simple and mathematically
interesting theory of this kind has so far been actually constructed.
On the other hand, various interesting extensions of G are known
to be undecidable, though not essentially undecidable. This
applies, for instance, to the elementary theory of centerless groups,
i.e., to the theory C obtained from G by including the following
sentence in the system of non-logical axioms:

Iy, Ny(xoy = yox) > Ay(z oy = y).

In fact, the proof of undecidability for C is practically the same
as for G; from the proof of Theorem 3 it follows immediatoly that
the group of transformations G involved in the argument is
centerless.

For many extensions of G, e.g., for the elementary theories of
finite groups and non-Abelian free groups, the decision problem
remains open. No general and workable criteria, of mathematical
‘or metamathematical nature, are known which would permit us
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to decide, for a great variety of special groups and special classes
of groups, whether or not their elementary theories are decidable.
By our main result, the set of all valid sentences of G is not
recursive. The problem remains open whether the same applies to
the subset of this set consisting of all so-called open, or universal,
sentences (which are valid in G), i.e., sentences of the form

Azy ... Aa,®

where @ is a formula containing no quantifiers. This problem is
nothing else but an equivalent formulation of the well-known
word problem for groups. ®

Among subtheories of G which are undecidable by Theorem 4
we may mention the elementary theory of groupoids (associative
systems), 1.e., the theory obtained from G by omitting Axioms
T, and I, and the elementary theory of semigroups, i.e., the theory
obtained from G by replacing I, and Iy by the two cancellation
laws:

T, Toymmxoz >y =2,
I Zoz=Yyoz>x =Y,

and possibly also by the following law which states the existence
of a unit element;

T VeAy(xoy = yAyox =y).

Some unpublished results jointly obtained by Wanda Szmielew
and the author enable us to exhibit interesting extensions of the
elementary theories of groupoids and semigroups which are finitely
axiomatizable and essentially undecidable. Consider, for instance,
the axiomatic theory F in which o occurs as the only non-logical
constant while the set of non-logical axioms consists of I, Iy, I,
and the following sentence:

Iy, VaVb{AzAy(xoa £ yob)a
Mz=avz=bvVz(z==zo0a) v Vy(z =yob)l}.

¢ Concerning the equivalence of our formulation of the word problem
with the usual one see [14], in particular p. 68.
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F is a finitely axiomatizable fragment of the elementary theory of
free semigroups with two generators. It can be shown that Theory
Q, i.e., the essentially undecidable fragment of arithmetic discussed
in II, is relatively interpretable in some inessential extension of F
and that consequently, by Theorems 7(i) and 10 of I, F is essen-
tially undecidable. Some subtheories of F are known which are also
essentially undecidable, e.g., the subtheory obtained by omitting
I'g in the axiom system of F. In an analogous way we can construct
finitely axiomatizable and essentially undecidable fragments of
the elementary theory of free semigroups with n generators, for

any given natural number » > 2.7

? Consequently, the elementary theory of free semigroups with » genera-
tors is itself undecidable and, in fact, essentially undecidable. This result,
however, is not new since it follows directly from the discussion in [18].
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Arithmetization of metamathematics, 12

Associative system [groupoid], 86
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Axiom, — system, 10, 13, and passim; — scheme, 52f., 67. See also: Irredu-
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Axiomatic, axiomatically built (system, theory), 10ff.,, 35, and passim
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multiplication, Symbol of the group operation; — predicate, 6, 18ff.,
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Bound occurrence of a variable, — variable, 6f.
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Cartesian product [X x Y], 41
Centerless group, 85

Characteristic function [Cp), 46
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Commutative law, 85; — ring, 70f.

Compatible (theories), 12, 18f., 32, 62

Complemented lattice, — modular lattice, 33

Complete (theory), 12, 14f,, 19, 31, 61

Concatenation [operation of concatenating, ¢~ ¥], 6, 13, 48

Conjunction sign [A}, 6

Consistent (theory), 12, 15f., 34, 48, 49f., and passim

Consistently interpretable, 22

Constant, 6, 13, 20ff., 41, and passim; see also: Individual —, Logical —,
Non-logical —

Correspondence between expressions and natural numbers, 12f., 46, 48

Decidable (theory), decidability, 3, 14f., 19, 31, 34, 62ff., 85f.

Decision problem, 3f., 30, 32, 34f., 39f., 86; see also: Restricted — —;
— procedure, 3, 14, 63

Deduction theorem, 6, 9f., 12

Definable (function, relation, set), definability, 31, 40f., 44fF., 49f., 55f., 60f.

Defining, (formula), 44ff., 56

Definition, see: Possible —, Recursive —

Derivable {logically —] (sentence), derivability 7ff., 11ff., and passim

Detachment [modus ponens], see: Operation of —

Diagonal function [D], 40, 46

Direct method (in proofs of undecidability), 3, 5, 39f.

Disjunction sign [v], 6

Distributive lattice, 33

Divisibility relation [|],78 ff.; see also: Symbol of the — —

Element relation [€], 41; see also: Symbol of the — —

Elementary theory, 33; — — of Abelian groups, 19, 85; — — — abstract
projective geometries, 33; — — — Brouwerian algebras, 33; — — —
closure algebras, 33; — — — fields, 5, 33, 71; — — — groupoids,
semigroups, etc., 86f.; — — — groups [Theory G], centerless groups,
etc., 5, 33, 75, 77, 80, 84ff.; — — — integral domains, 70f.; — — —
lattices, complemented lattices, ete., 5, 33; — — — non-densely ordered
rings, 33, 39, 70ff.; — — — rings, commutative rings, etc., 5, 33,
39, 41, 70f.

Elimination procedure, 23

Eliminating quantifiers, see: Method of — —

Equation, 42, 63

Equivalence sign [«], 6

Essentially undecidable (theory), 4f., 12, 14ff., 22ff., 27, 30ff., 37ff., 49f., 60ff.,
66ff., 71, 79f., 85ff.

Existential quantifier {V], 6
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Expression, 6, 12f.,, 43f., 46, 48; see also: Correspondence between —s and
natural numbers, Quantifier —

Extension (of a theory), 4, 11f.,, 14ff., and passim; see also: Finite —,
Inessential —

Field, 5, 33, 71

Finite extension (of a theory), 11, 17, 24; — group, 86

Finitely axiomatizable (theory), 14, 18f., 22ff., 27, 30ff, 30ff,, 61f,
67ff., 79f., 85ff.

First-order predicate logic, see: Predicate logic

Formalized (system, theory), formalization, 3ff., 33, 40, 44, 48, 66f.

Formula, 7, 11, 13, 24f., 42ff., and passim; see also: Atomic, Defining,
Relativized

Free group, 86; — semigroup, 87; — occurrence of a variable, — variable,
6f., 20, 43, 45

Function, 41 and passim; see also: Characteristic —, Diagonal —, Recursive

General recursive, see: Recursive

Gooer, K., 3, 9, 12, 48, 55, 61, 89

Group, 178, 85f., see also: Abelian —, Centerless —, Finite —, Free —;
~— operation [¢], 78, see also: Symbol of the — — ; — theory, see:
Elementary theory of —s. See also: Word problem

Groupoid {associative system], 86

GRZEGOROZYEK, A., 33, 89

Hereditarily undecidable (theory), 18, 32
Hmsert, D., 5, 13, 23, 35, 52, 89
Hold, see: Satisfaction

Identical theories, 11

Identity [=], 5ff., 22, 42, 44; see also: Symbol of —

Implication, — sign [—], 6, 42

Incompleteness theorem, 3

Inconsistent [not consistent] (theory) 28, 47, 50

Indirect method [interpretation method] (in proofs of undecidability), 4,

30, 39f.
Individual constant, 6, 11, 20; 25, 27; see also: Symbols of integers
Induction, — principle, — scheme, 31, 52f.

Inessential extension (of a theory), 11, 16, 22f,, 80, 84, 87

Integer, see: Arithmetic of —s, Positive —, Set of —s, Symbols of —s

Integral domain, 70 f.

Interpretable (theory), interpretability, 4, 20ff., 20ff., 34, 66ff., 78; see
also: Consistently —, Relatively —, Weakly —

Interpretation, 4, 22, 30; — method, see: Indirect method

Irreducibility (of an axiom system), 40 f.
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Jadkowskl, S., 33, 77, 89

Karmir, L., 19, 89
KieEeng, S. C, 14, 90

Lattice, 5, 33

Less-than relation [<]}, 41; see also: Symbol of the — —

Logical axiom, 6, 7, 9ff., 18; — consequence, 8f.; — constant, 6, 8, 11, 22

Logically derivable, see: Derivable; — equivalent, 25; — provable (sentence),
7; — true (sentence), 8f.; — valid (sentence), 7ff., 43f.

McKinsey, J. C. C., 86, 90

Metamathematical dsignation (of expressions, symbols), 6, 42; — induction,
53; — variable, 6; — symbolism, 42ff.

Metamathematics, 3, 12

Method (in proofs of undecidability), see: Direct —, Indirect —; — of
eliminating quantifiers, 19, 63

Model, 11f., 25, 55, 61, 63f., 72

Modular lattice, 33

MosTowskr, A., 13, 31ff., 37, 39f., 44, 48, 51, 60f., 84, 90

Multiplication [-], 41; see also: Symbol of —

Natural number, passim; see also: Arithmetic of — —s, Set of — —s
Negation sign [~], 6
Non-densely orderéd ring, — — commutative ring, 33, 39, 70f%.

Non-logical axiom, 10, 12ff., 18, 35, 41, 62; — constant, 6, 8, 11f., 18ff.,
41, and passim
Numeral, 52

Open [universal] (sentence), 86

Operation, 8, 41; — of concatenating, see: Concatenation; — — detachment
[modus ponens], 7, 9; — — inference, 6, 7, 9f., 13; — — squaring,
67, 78, see also: Symbol of the squaring —; — symbol, 6f., 20, 22 f.,
25, 27, see also: Binary — —, Unary — —

Ordered commutative ring, 70f.; — couple [<z, ¥>], 41; — field, 33; — — of
real numbers, 71; — integral domain, 70f.; — n-tuple [(z;, ..., z,>],
41; — ring, 70f, see also: Non-densely — —

PEraxo, G., —’s arithmetic [Theory P}, 4, 31f., 40, 51, 52f., 55f., 60ff., 66

Positive integer, 77

Possible definition, 20ff.; — realization, see: Realization

Predicate [relation symbol], 5, 6f., 20, 23ff., 29, see also: Binary —,
Unary ~; — logic [first-order — —], 4f., 18f., 29, 31, 33f., 44, 62, 84
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Product, see: Cartesian —
Provable (sentence), 10

Quantifier, 6f., 19, 22, 24, 29, 42, 86, see also: Existential —, Relativization
of —s, Universal —; — expression [Vz, Az, ...], 7
Quine, W. V. O, 7, 87, 90

Range (of a variable), 8, 32f.

Rank (of a symbol), 6f., 20

Rational number, 33

Real number, 63 £,

Realization [possible -], 8, 10f., 18, 20, 51

Recursive (definition, procedure), 25, 31, 52, 67; — [general —] (function,
relation, set), 3, 13f., 19, 21, 31, 35, 40, 44, 48ff., 55 f., 60f.

Recursively enumerable (set), 651, 61

Regular substitution, 43f.

Relation, 8, 41, see also: Divisibility —, Element —, Less-than —; — sym-
bol, see: Predicate

Relatively interpretable (theory), 29ff., 33, 87; — weakly interpretable
(theory), 29f., 84

Relativization of quantifiers, 24, 80

Relativized (formula, sentence) [@{P)], 25; — (theory) [T(P)], 24f., 29, 33

Restricted decision problem, 35

Ring, see: Elementary theory of —s, Commutative —, Ordered —; — with
unit, 70f.

Rosinson, J., 33, 39f., 57, 67, 71, 79, 90

Rosinson, R. M., 32f, 37, 40, 71, 79, 90

Rosser, B., 4, 61, 90

RyLi~-Narpzewskr, C., 31, 65, 90

Satisfaction, (to be) satisfied [(to) hold], 8, 10, 12, 20, 31
Semantical antinomies; 48; — notions 7f., 79

Semigroup, 86f.
Sentence, 7ff., 11ff., 43, and passim; see also: Open, Provable, Tautological,

True, Valid
Sentential calculus, 9f., 63; — connectives, 6f., 42
Set of integers [I], 41; — — natural numbers [N], 41; — theory, 4, 31, 34

Square (of a number) [n®], 56, 78f.

Standard formalization, see: Theory with — —
Subformula, 24, 26

Substitution, 43f.

Subtheory, 11, 18f., 22, 24, 51ff., 60ff., and passim
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Successor function, — operation [S], 41; see also: Symbol of the — operation

Symbol, passsim; — — addition [+], 20, 30ff., 42, 51f., 66f., 77f;
— — identity [==], 6f., 22, 42; — — multiplication [.], 30ff., 42,
51f., 66f., 77, — — the divisibility relation [|], 78f.; — — — element
relation (€], 34; — — — group operation [o], 77, 88; — — — less.than
relation {<], 30, 68; — — — squaring operation [K], 67, 78; — — —
succeasor operation [S], 51, 66; —s of integers [0, 1], 30, 5lf., 66f,,
78. See also: Atomic, Metamathematical designation, Operation —,
Rank, Relation —, Technical —

SzmierLew, W,, 19, 34, 40, 77, 85f., 90f.

Tarsgr, A., 1, 3, 7f., 10, 12, 19, 22, 31ff., 37, 39f., 44, 60f., 83, 75, 77,
84, 90f,

Tautological (sentence), 9f.

Technical symbol, 6

Tenth problem of Hilbert, 35

Term, 7, 42ff., 52; see also: Atomic

Theory, passim; — F, 86f., — G, see: Elementary — of groups; — J, J<,
J*, I+, 681, 771., 84, see also: Arithmetic of integers; — N, N*, N+,
304.,, 35, 40, 51, 53, 55f., 60ff., 66f., see also: Arithmetic of natural
numbers; — P, see: Peano’s arithmetic; — Q, @, Q* Q*+ Q' Q*,
32ff., 39ff., 51, 53ff., 60ff., 66f., 87; — R, R', 40f.,, 51, 52ff., 60f., 66f.;
— S, 34f.; — with standard formalization, 5, 9, 11, 30, 32, 35, 41, 44,
77. See also: Axiomatic, Axiomatizable, Complete, Consistent, Decid-
able, Elementary —, Extension, Formalized, Inconsistent, Set —,
Undecidable

True (sentence), truth, 8, 30; sse also: Logically —

Unary operation symbol, 6, see also: Symbol of the squaring operation,
Symbol of the successor operation; — predicate, 6, 8, 24f., 27, 34, 80

Undecidable (theory), undecidability, 3ff., 14, 17ff., 24, 29f.,, 37, 39, 60ff.,
674., 71, 175, 77, 85 fI.; see also: Direct method, Essentially —, Here-
ditarily —, Indirect method

Union (of theories), 12

Universal [open] (sentence), 86; — quantifier [A], 6

Universe, 8, 18, 63

Valid (sentence), validity, 10ff., 40, 46ff., 60, and passim; see also: Logically
valid

Variable, 5, 6ff., 11, 13, 20, 32, 44; see also: Bound —, Free —, Meta-
mathematical —, Range

Weakly interpretable (theory), 20, 21ff., 29f., 80, 84; see also: Rela-
tively — —
Word problem (for groups), 35, 86



