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Introduction to Part I

F. William Lawvere

Part I of this volume consists of three of the first papers on
functorial model theory, developing concretely the approach to algebraic
logic according to which a “"theory” (understood in a sense invariant with
respect to various "presentations” by means of particular atomic formulas
and particular axioms) is actually a category T having certain properties
P and a model of T is any set-valued P - preserving functor. As a
rough general principle, one could choose for P any collection of
categorical properties which the category of sets satisfies, the choice
then determining the "doctrine" of theories of kind P , which is thus a
(non-full) subcategory of the category of small categories. For example,
the doctrine of universal algebra thus springs from the fact that the
category of sets has the property P of having finite cartesian products,
while the doctrine of higher-order logic springs from the property of being
a topos. The much-researched intermediate doctrine of (classical) first-
order logic corresponds to the fact P that the category of sets has
finite limits, complements of subsets, and images of mappings (related
by the condition of being a 'regular' category, which is essentially the
logical rule Ex[A A B(x)] = A A Ex B(x) for A independent of x). The
usual syntactical preoccupations of logic appear in the following way:
once the logical operations and rules of inference are fixed (by the choice
of ©P) the question arises of investigating free objects and hence presen-

tation of arbitrary objects in the category of all P-categories T . But



the often encountered suggestion that "syntax comes first" is refuted:
the essential role of theories is to describe their models, and the same
applies also to presentations of theories when the latter are needed for
calculation. We often encounter and deal with groups for which we do not
know or do not use any presentation: the same is true of theories.

Of course, for anm arbitrary given P there is no guarantee of
"completeness' in the usual sense, i.e. an arbitrary P-category T may
fail to have enough modelg in the originally-envisioned category § of
sets, sometimes paradoxically due to the fact that abstract sets are too
"constant"; on the other hand it has become clear in the past decade that
we are for reasons of geometry and analysis in fact interested in models
in more general categories of variable sets such as sheaves over a topo-
logical space, Boolean-valued sets, algebraic spaces, permutation repre-
sentations of a group, etc. - it is because of that that the interaction
between the geometrical and logical aspects of general topoi has become an
object of investigation, for example in the Bangor and Berlin parts of this
volume.

Since a variable set may be partly empty and partly non-empty, the
traditional model-theoretic banishment of empty models cannot be maintained,
bringing to light a certain difficulty which the banishment obscured. Some
claim that this difficulty is the "fact’ that "entailment is not transitive',
contrary to mathematical experience. However, the actual "difficulty"” is
that the traditional logical way of dealing with variables is inappropriate
and hence should be abandoned. This traditional method {(which by the way

is probably one of the reasons why most mathematicians feel that a logical



presentation of a theory is an absurd machine strangely unrelated to the
theory or its subject matter) consists of declaring that there is one set
I of variables on which all finitary relations depend, albeit wvacuously
on most of them; e,g. a binary relation on X 1is interpreted as XI + 2
depending vacuously on all but two of the variables in I . This is of
course not totally absurd, since in the case of non-empty single-sorted
structures, such an interpretation can be associated {in an infinite
number of different but equivalent ways) to a correct interpretation.
XI ;

However, the fact that 2 is a single Boolean algebra (claimed sometimes
to be a "convenience'") implies that propositional operators such as
A,V,= , applied indiscriminately to finitary relations, can be given a
"meaning', a highly dubious "gain in generality', especially when, as
noted above, the useful generalization to many sorts and/or partly empty
domains is made.

Actually the (binary) propositional operators can only meaningfully
be applied to (pairs of) relations having the same free variables. This

may seem to prohibit such combinations as
*) AGx,y) A A(y,z) = A(x,z2)

but consider the actual meaning: A denotes some subobject of the square

X2 of some sort X , and (%) denotes a certain subobject of the cube X3 .
The three projection maps X3 3 X2 induce three different substitution
operators which to a binary relation A associate three different termnary
relations ole 5 GZBA’ 013A . Since conjunction and implicatiom can

meaningfully be applied to ternary relations, there is a ternmary relatiom



(gle) A (UZBA) = 013A of which (*) is an abbreviation. Thus a syntax

for presenting theories can be given in which propositional operators
operate only among formulas with each fixed finite set of free variables,
while substitution operators on an equal footing with quantifiers operate

to change the set of free variables of a formula. These substitution
operators have the structure (not of a monoid but) of a category with finite
cartesian products; they need not consist only of tuples of projectionms,
diagonal maps, etc. for if the presentation contemplates also function

symbols, any m-tuple of terms in n free variables denotes a map

£ 5
n m : . . = .
X" -+ X and hence induces a substitution f from m-ary relations to

n-ary relations. If several basic sorts are considered, it is reasonable
to consider that Xn, X" are themselves further sorts V, W and that the
m-tuple f of terms just referred to is simply another kind of term

v ﬁ W ; it is then sengible to regard quantifications Hf,Vf along an
arbitrary such f , not only quantifications Hx,¥x along projection maps

Wx X2 W. The meaning of 4 applied to a relation A of sort (or type)

f 2z
V is simply the relation EfA of type W which is the image of the

£
composite map A>* V ~» W ; for any relation B of type W,
BeA b, B iff AFVfB
BE ¥ iff £BF, A
wieh 1 v

are the rules of inference which characterize the two quantifiers as
being respectively left and right adjoint to substitution. The subscripts
V,W indicate that also entailments are only meaningful if both hypothesis

and conclusion have the same set of free variables; the semantical meaning



of entailment is inclusion between subjects of V (respectively of W).

It may be objected that in the above description of doctrines of
theories the primacy of syntax has not been overturned since the determining
property P must presumably be written in some language of categories.
Since a general investigation of something like a "category of doctrines™
has so far not seemed useful, the possible productive consequences of this
contradiction, if any, are not known. However, one striking fact should be
pointed out: While classes of theories with complicated definitions have
been investigated in particular, the distinctive general classes which have
actually been of interest, namely universal algebra, positive first-order
logic, first-order logic, weak second order logic (= the "arithmetic
univerfes"” of Joyal), higher-order logic, etec, are all definable within an
equational metatheory. More precisely the definition of such a doctrine
amounts itself to a cartesian category (= category with finite limits)
obtained by adjoining to the universal Horn theory of categories certain
additional operators (usually denoting functors or natural transformations)
whose domain is defined by equations, and imposing certain equations (which
may hold only on equationally defined subvarieties) = usually in fact these
equations express adjointness or distributivity of limits. Thus no dis-
junctions or existential quantifiers, nor any genuine occurence of universal
quantifiers or implication, are involved in the definition of these doctrines.
Here by a genuine occurence of a universal quantifier I mean something like

the definition of a generator €

p:4
Vx[G+X=>fx=gx]} £=¢g



but not a universal Horn sentence
Vx[A(x) = B(x)]
which can be replaced by a (free variable) inclusion of subobjects of X

A FX B

Even the "strong" conditions which distinguish a topos of "comstant" sets
from a general topos of variable sets,

£

(Axiom of Choice) For X Y,

x
if lY F Ef(lx) then there exists Y =+ X with fox = lY

{Two-valuedness) For 123 1 + 1

b
if 1@V Y then Ll or 1o

do not involve genuine occurrences of universal quantification or implica-
tion, but do involve there exists and or on the right-hand side of an
inference; hence, while not expressible in a cartesian (= Horm) metatheory,
they are expressible in a pretopos metatheory so that the full algebraico-
geometric method of coherent classifying topoi is applicable to them.

The paper by Orville Kean (his 1971 U. of Penn. dissertation) considers
the case of theories which can be presented by axioms having the form of
universal Horn sentences, i.e. the extension of "equational' universal
algebra to the case in which some of the postulated identities between
operations may hold only on Malgebraic varieties™ defined by equations

between some other operations. Were one to consider an arbitrary set of



“sorts", varying from theory to theory, rather than limiting oneself to

the "one base set’ for an algebra as is customary in universal algebra, and
were one to allow further the possibility of partial operations whose
domains of definition were such "algebraic varieties', then the appropriate
condition on a category T would simply be: T 1is any small category with
finite inverse limits (i.e. terminal object and pullbacks, hence finite
products and equalizers, exist in T). Kean however takes care to analyze
the further conditions on T corresponding to the restriction to one base
sort on which all operations are defined. With or without these further
conditions, the correct notion of model is simply any functor T -+ § which
preserves finite limits (i.e. which is "left exact') and the category of
models is the category Lex(T,8) of all such functors and all natural
transformations between them. These categories of models retain the features
from the equational universal algebra of being complete and having a set of
generators which are "finitely-presented" objects in a categorically
invariant sense, but in general fail to satisfy the two further properties
characteristic of equational universal algebra that these generators can

be taken as projective objects and that equivalence relations are effective
(= "precongruences are congruences' in the terminology of my 1963 articles).
The precise definition of ''finitely-presented objects' can be found in
Gabriel & Ulmer's Springer Lecture Notes volume 221, which also (implicitly)
shows that "'the functor Semantics has a functor Structure adjoint to it'",
but does not take any account of the relation with the logical concept of
universal Horn axioms as Kean does. Another important feature of equational
universal algebra which remains valid is the existence of left adjoints to
the "algebraic" (syntactically induced) functors; i.e. if T' =+ T is any

functor preserving finite limits between small categories having them, then
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the induced "forgetful" functor Lex(T,8) - Lex(T',8) has a left adjoint.

Here, since preferred "

sorts'" have less invariant significance in this
doctrine, there is less motivation for requiring T' + T to preserve them
even if they are there; this has of course the effect that such "forgetful”
functors need not be faithful, but the added generality is mathematically
very natural. For example, the functor S0(2) from the category of
commutative rings to the category of abelian groups is induced by a functor
T' # T which does not preserve the base sort, since the base sort of the
Horn theory of abelian groups is mapped to the subobject [(x,y}\xz + y2 =1}
of the square of the base sort of the theory of commutative rings, but it
is clear that this latter functor should be considered as an interpretation
of the theory of abelian groups into the theory of commutative rings, indeed
an interpretation 'definable'" within the doctrine of Horn theories.

The completeness of the category of models and the existence of left
adjoints for induced functors are properties which in general do not carry
over to theories more complicated than Horn theories, though it now seems

that the adjoints may be recovered by allowing the '

'set-theory"” 8 to vary
along with the models (see remarks below).

The first detailed development of a purely categorical concept corres-
ponding to full first-order theories was in the 1971 Dalhousie dissertation
of Volger, on which the second article in this volume is based. The
various sets of conditions on a category T which are considered in this
article are corrections and improvements of a set conjectured earlier by
me which exploited special properties of the Boolean case and coded formulas
as morphisms into an object 2 which in various cases may be interpreted

roughly as the object of sentences or the truth-value object. Volger

considers throughout an arbitrary set of sorts, both because it is no more
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difficult and because various results, in particular his completeness
theorem, then apply without change to type theory, which, whatever the

exact notion of first-order theory T , means one which as a category is
cartesian closed. Another feature which has remained invariant through

the various experimentation which has gone on is the interpretation of
quantifiers as functors adjoint to substitutions. Volger also outlines a
modification of the completeness proof due to Andre Joyal which has played

a role in the further unpublished development of the subject which has taken
place since these papers were written.

These early calculations in categorical logic played a role in the
development of the elementary theory of topoi (see, in addition to the
present volume, SLN 274 and articles by Barr, Johnstone, W. Mitchell,
Osius, and Paré in the Journal of Pure and Applied Algebra and the
Bulletin of the AMS, Freyd's article in the Bulletin of the Australian
Math Soc., for some of these developments) which in turn has affected the
recent work in functorial model theory. 1In particular, using topoi, Kock
and Mikkelsen (in the Victoria Symposium, SLN 369) generalized and clarified
some basic constructions of non-standard analysis, which was one of the
spurs to the further simplifications and application contained in Volger's
second paper (1972) in this volume,

In the remainder of this introduction I sketch briefly some more
recent developments in geometric logic wherein theories are modelled
functorially in general topoi or in other words continuously variable
models are studied. 1In this the doctrine of positive logic, i.e. H,A,V,

but no special attention to V,=, necessarily plays a distinguished role,
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since it is just this logic which is preserved under arbitrary continuous
change of parameter space (the V may be allowed to be infinitary) and
also because an arbitrary Grothendieck topos can be viewed as the

"classifying topos"

for such a theory. However, full first-order logic
can also be handled using the method due to Kripke and refined by Joyal
and Freyd. More details can be found in my forthcoming paper in the
Proceedings of the 1973 Bristol Logic meeting and in papers of Freyd,
Johnstone, Joyal, Reyes and Wraith and by Benabou and his students.

In fact, important in algebraic geometry, that a sheaf of local rings
is just a "local ring object" in the category of set-valued sheaves, remains
valid when the theory of local rings is replaced by any many sorted theory
in which only the logical operations A V @ are considered and when sheaves
are taken to mean objects in any topos. Here the truth of an existential
statement or disjunction in the intrinsic logic of the topos is found by
the adjointness rules of inference to mean locally, existence or locally,
disjunction. The discrepancy between true (globally) and globally true
(which is due to the fact that epimorphisms need not have sections and which
gives rise to cohomology) may be exemplified by the fact that sheaf
theoretically complex exponentiation is an epimorphism and hence the state-
ment that the logarithm exists is true globally, but the actual existence
takes place on a covering only. Intuitionistically, the same sort of
relation between local and global holds even for a cubic. This class of
theories may be considered to include any classical theory, since the

negations of formulas may be considered as further atomic formulas and the

axioms of negation considered as particular axioms rather than general axioms.
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But the doctrine is basically intuitionistic, as is the intrinsic logic of
the topoi where models are to be valued. The geometrically invariant
condition on T to be a theory according to this doctrine is precisely
that it should be a pretopos in the sense of Grothendieck-Verdier

Exposé VI in $pringer Lecture Notes Volume 270. The finite-covering topol-
ogy on T leads to a topos T which, as pointed out by Reyes, has the
property that for amy topos X the category of continuous maps X - I 1is
equivalent to the category of models in the ''set theory" X of the theory
T . The topos 7T is coherent in the sense of SLN 270 and all such arise
from such theories; one may consider T as 8[U] , the "set theory"
obtained by freely adjoining to the category of sets an indeterminate
model U of T . Even for the theory T of equality, this construction
is instructive; I 1in that case is the functor category SSO (where SO

is the category of finite sets) which is a non-trivial topos whose category
of points is equivalent to the category of sets, and we have that for any
topos X , the sheaves on X are just the continuous functioms from X
into the (generalized) space T of sets.

The theorem of Deligne that every coherent topos has enough (set-
valued) points is seen from the above discussion to be equivalent with the
fact that every many-sorted intuitiomistic theory taking account only of
A,V,E has enough set-valued models. Further, the Kripke completeness
theorem (preserving also ¥,» when they exist) has been elegantly proved
by Joyal in the invariant setting. The Kripke-Joyal Theorem constructs a
model Sn)4 T in a functor category rather than in sets 8 ; while the

model itself preserves V,=» the "models” in § derived by evaluating at

a given "'stage of knowledge” D € D usually do not.



Varying the topos in which we take models is quite essential for
certain universal problems. For example consider the interpretation
T +T of the theory of commutative rings into the theory of local rings
and consider any given ring A . The problem of finding a local ring A
universal among all those to which A maps has mo solution if we consider
only one topos, but on the other hand if we allow the set theory to spread
out, there is such a universal local ring in the topos called spec Ay
thus the universal problem involves finding the mnatural domain of wvariation
for the quantities in A , which will usually not be only the single point
which corresponds to the topos of constant sets. When the topos of
departure does not satisfy the axiom of choice, spec (A) does not have
enough intermal points (contrary to the incorrect statement in my paper
for the 1970 International Congress) but Joyal has given a very simple
internal construction of it using the notion of distributive lattice
object. Since spec (A) is coherent* if A €S , Deligne's theorem yields
enough external points for it when & does satisfy the axiom of choice.
When the base topos of departure does not satisfy the axiom of choice,
i.e. when it consists of variable sets varying in an organic fashion, a
suitable formulation along these lines of a general completeness theorem
for first~order theories in it has still to be found; such a formulation
would presumably partly reflect the fact that in the real world comsistency

of a theory is not sufficient for the existence of models.

To prevent a possible delay in understanding the important exposé VI

(SLN 270) of Grothendieck-Verdier cited above, it should be pointed out

FhaF their statement to the effect that separated coherent spaces are finite
1s incorrect; in fact these spaces are just the Stone spaces of arbitrary
Boo%ean algebras, while arbitrary coherent topoi which are generated by
thélr.open sets are just "Stome spaces' of arbitrary distributive lattices.
This is also a good place to point out that my statement in Springer Lecture
ﬂotes 274 that universal quantification in a topos leads to a triple is also
1nco¥rect; what was intended there is simply that universal quantification
and infinite internal intersection satisfy the reasonable formal laws.



Abstract Horn Theories

Orville Keane

Introduction

In this paper we apply a technique similar to functorial seman-
tics [5] to obtaln a characterization of categories whose classes of
objects are models for universal Horn theories and whose maps are
homomorphisms (i.e. maps which preserve atomic formulas) between the
models. A universal Horn theory is a formal first-order theory whose
axioms are all of the form (1) A or (2) (Al A oves AAD > B
where A, B, Ai, i=1,...,n are all atomic formulas. Partially

ordered sets,torsion free groups and (equational) algebraic theoriles
are all examples of universal Horn theories.

The categorical counterpart of a universal Horn theory is called

an Abstract Horn Theory and is defined in Chapter 1 as a small, skele-
tal, finitely complete category with a cogenerator M such that: (1)
every object can be embedded in a finite power of M so that M looks
injective with respect to the embedding, and (2) the maps which make
M look injective are closed under the formation of pullbacks and pro-
ducts. If T 1is an Abstract Horn Theory then we denote the category
whose objects are the finitely continuous functors from J to the

category of sets S, and whose maps are the natural transformations

@

exists an assocliated universal Horn theory denoted HJ such that

(T

H; and whose maps are homomorphisms between the models (Proposition

between the functors by . Given an abstract Horn theory J, there

is equivalent to the category whose objects are the models for

1.4.1). Conversely given a universal Horn theory H we derive an
associated abstract Horn theory in the following way. Let CH denote

the category whose objects are models for H and whose maps are homo-
morphisms and let A Dbe an n-ary formula in L(H) which is a conjunc-

tion of atomic formulas. Then the functor:

> S
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such that UA(N) = {<ﬁ1,...,aﬁ7| N F A(ai,...,an)} is representable
(Corollary 1.5.2). Let G Dbe a full sub-category of Cy whose ob-

Jects are the models of H which represent the UA's. Then CLOp is
an abstract Horn theory (Proposition 1.7.2) . Furthermore,

G.°P
3 (GOP)

= CH (Corollary 2.2.3).

Chapter 3 is the Characterization Theorem. Fittler introduced
the notion of Lowenheim-Skolem Dense (L.S.D.) in [2]. We use this
notion in our characterization which states that a category & is
equivalent to a category of models of a universal Horn theory iff it
contains a small full subcategory ® such that (1) % is L.S.D. in G

and (2) B °° is an abstract Horn theory.

In Chapter 4 we discuss maps between abstract Horn theories. A
Horn theory map 1s defined as a finitely continuous functor between
two abstract Horn theories which preserve the cogenerator and the
maps which make the cogenerator look injective. Horn theory maps
induce maps (going in the opposite direction) between the correspond-
ing categories of models. The induced map always has an adjoint
(Proposition 3.1.4). Theorem 3.2.5 states that a functor from one
category of models of a universal Horn theory to another which pre-
serves underlying sets 1s induced by a Horn theory map iff it preserves
submodels, products and direct 1limits. A corollary states roughly
that a functor between categories of models of two universal Horn
theories 1s induced by a map on the language level iff the conditions
stated in the theorem are satisfied.



Chapter I

Abstract Horn Theoriles

1.1 Abstract Horn Theories

By an abstract Horn theory we mean a small skeletal finitely

complete category J with a cogenerator M such that:

(1) Every object in J can be embedded in a finite power
of M so that M 1looks injective with respect to
the embedding.

(2) The maps which make M 1look injective are closed

under pullbacks and products.

If J 1is an abstract Horn theory then we shall use the term monic to
refer to the maps which make the co-generator look injective. Note
that

X

E £ x Y
y
is an equalizer diagram iff
E—f— x
pl [(1,3')
Xm> X xY

is a pullback, hence condition (2) in the definition above implies

that equalizers are monics.

The category of finite cardinal numbers with 2 as a cogenerator is an
example of an abstract Horn theory. Also, every algebraic theory as
defined by Lawvere in [6] is an abstract Horn theory.

Let S be the category of sets. If T 1s an abstract Horn theory,

(T

then by S we mean the category whose class of objects are the
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finitely continuous functors from J to £ and whose maps are the

(T

natural transformations between the functors. Suppose T € 3 and

X 2> M" is monic in T. Then

is a pullback hence T(p) : T(X) —> (o(M)3" is a monomorphism. Thus

in a sense T(p) defines an n-ary predicate on T(M).

1.2 The Associated Universal Horn Theory

A universal Horn theory is a formal first-order theory H whose

axioms are all of the form:
(1) A where A is an atomic formula
(2} (A1 A w.. A A ) —> B where Aysv.esA B are all

atomic formulas.

Examples of universal Horn theories are partially ordered sets, tor-
slon free groups and any algebraic theory which can be defined equa-

tionally.

For every abstract Horn theory J there exists an associated universal
Horn theory, which we shall denote by HJ. We construct HJ as follows:

1. The language L(HJ)

a) f 1is an n-ary function symbol in L(Hy) 1iff

n f

M > I is in 7.

b) p 1s an n-ary predicate symbol in L(HJ) iff

x £ M is monic in 7.



2. The axioms of Hj'

a) Temt L oM B M- vt P M then

n
i) Ifm # 0, n# 0, iél (hi(tl""’tl) =
gi(fl(tl,...,tz),...,fn(tl,...,tl))) is
an axiom

i1) If m = 0, n # O, then

121 (hi(t""’tl> = gi) is an axiom

f

b) If X >Y inJ anda X B> M v S n"

are monic, then

1) If n # O, then for each M" —&— M"
such that pg = fg, (there must exist at least

one such map), p(ti""’tm) >

g(gl(tl""’tn)""’gn(tl""’tm)) is an
axiom.

ii) If n = O then p(t

qoeety > g is an

axiom.
¢) If p =1 s then p(t,,...,t_) is an axiom.
e 1 n

f
m

>
>

a) If E L. wm M? is an equalizer diagram

g
then p(tl,...,tm) <

>

[181 (£3(b sennyt ) = gi(tl,...,tm))] is an
axiom.

e) If X B ' and ¥ -9—> ¥® are monic and

7 2. ¥
X —— M"

is a pullback diagram then

r(t ..,tn) <—> (p(tl,...,tn) A q(tl,...,tn))

12

is an axiom, where ©r = wp.
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£) If X == M™ ang Y Ao w? are monic and
r = p x g then r(tl,...,tm,sl,...,sn) <

(p(ti,...,tm) Aalsy,evess.)) 1s an axiom.

Whereas some of the above axioms are not in the form of universal
Horn formulas, each i1s easily seen to be logically equivalent to a
conjunction of universal Horn formulas. Thus Hg is logically equi-
valent to a universal Horn theory.

1.3 Categories of Models of Horn Theories

If H 1is a universal Horn theory then by C we mean the category

H
whose class of obJects are the (normal) models of H and whose maps
are the homomorphilisms between the models, (i.e. the maps which pre-
serve the atomic formulas). We shall use U to denote the forgetful

functor from CH to the category of sets S. If A 1s an n-ary
atomic formula in L(H) then we shall use UA to denote the functor

from CH to S such that

(1) U0 = ag,..eray € u(N) | N E Alal,...,a )}

f. N

(2) 1Ir N, 5 in CH then UA(f) 1s the unique map

from UA(Ni) to UA(N2> such that the following

diagram commutes:

UA(N1> —ﬁXTTT—> UA(NZ)
n
Un(Nl) e 0) (N2)
U (f)
It 1is understood that if A 1is O-ary, then U,(N) = 1 if N F A and
UA(N) = @ 4if N E A,
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1.4 The Equivalence of S(j) and Cy
T

If 7 1is an abstract Horn theory and T € S(J), then there is

an obvious way in which T can be made into a model for Hg- That is to

S

to C, . V 1s

say, there 1s a rather obvious functor V from q
T

constructed as follows:

If T € S(J) then V(T) must be a model for HJ, hence we have

to define an L(HJ)-structure on V(T). This is done as follows:

(1) UV(T)] = T(M), where M 1s the cogenerator in 7.
(2) If p 1is an n-ary predicate in Hy, then

X 2> M" is monic in J. We define:

Up(V(T)) = Im(T(p))

(3) If f 4is an n-ary function symbol in ijthen
T = T(f) : UNV(I)) —> U(V(T)).

(J)

If n: T1 —_— T2 is a map in S then

v(n) = Ty U(V(Tl)) —_ U(V(Tg)) is a homomorphism.

The proof that V 1s a well defined functor is straightforward
(though tedious). One checks the axioms. In fact V 1s an equiva-
lence, Thus we have the following proposition.

Proposition 1,4.,1: If T is an abstract Horn theory then
S(J) = CH .
s
We omit the proof as it is very long (at least ten pages), but
completely straightforward. The functor W from CH to S(J) uses
T
the Axiom of Choice and is constructed in the following manner:

Let 6 ©be a well-ordering of the monics in J with range m"

for n = 0,1,2,... . For each X in Ob(J) we define Py as follows:
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1 n if X =M

X The first map in 6 with domain X
it X #M%, n = 0,1,2,...
If N € CHJ’ then W(N) 1is a functor from J ¢to S. We define
W(N) on objects and maps in J as follows:
(1) If X € 0b(JT), then [W)](X) = UPX(N).

f

(2) If X

abstract Horn theory implies the existence of at least

>Y 1is a map in T <then the definition of an

one map g such that the following dilagram commutes:

>4

We define YW(Nﬂ (f) to be the unique map such that the following
diagram commutes for all g which makes the above diagram commute:

[wn] (x)

Uy () ool o), Up (M) W) (v)

X
n mf
fwan] ™) Ut ()

fwan] m™)

n

The uniqueness of definition of [W(N)](f) follows from the

fact that if PX equalizes g and h then there exists an axiom

in Hy which forces U, G U™(N) to equalize g and h.
X

1.5 Standard Complete Categories of Models

Let T be a first-order theory, F a set of formulas in the

language L(T). We shall use CT p to denote the category whose
3
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objects are the (normal) models for T and whose maps are the maps
between the models which preserve the formulas in F [}].

If A 1is an n-ary formula which is a conjunction of formulas in
F, then we shall us UA to denote the functor from CH P to S such
b
that

(1) Up(N) = {Cagseeesay €UNN) | NF Alay,...5a))

(2) If N

>N, is amap in C then UA(e) is

1 T,F?
the unique map from UA(Ni) to UA(N2) such that the

following diagram commutes:

U, (o)

UA(Ni) > UA(N2)

v

n n
U (Nl) U (N2)

n
Notice that for n > 1, U? = U where p 5( A (x; = X.D.
- n 1 i i

We say that a limit (colimit) in a category of models CT F is
bl

standard if it 1s preserved by UA for every A € F. If CT F is
3

complete category and it has standard limits then we say that it is
standard complete.

Proposition 1.5.1: Let CT F be a standard complete category. Let
H]

A Dbe a conjunction of formulas in F. Then there exists a left-

adjoint RA to UA' In particular there exists a model FA in

c such that F represents U

T,F A A

Proof: As in Freyd [3], CT 7 is well-powered and the solution set
3
condition follows from the Ldwenheim-Skolem Theorem. Thus if A € F,

as UA is continuous, the proposition follows immediately. If A é F

then UA is a limit of the following type where U i=1,...,k,is in F.

A.>
i
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Up
U/ i U
Ay Ay
/Un
| \\\\\\8 .
y ! v K

Thus UA i1s continuous and has a left adjoint RA‘ Now

UA(N) = (1,UA(N))S = (RA(1),N)CT . Thus RA(l) is a model in

C which represents U

T,F A

If H 1is a universal Horn theory then it is well known that CH is

complete. A terminal object in CH is a one elm model in which

every predicate is true. Terminal objects are standard.

If N= 1N in ¢ and A 1is either a predicate in L(H) or
xep H
= = = I
A = (t<X1""’Xk) s(xl,...,xk)) then UA(N) olg UA(Nu>
If A = P(oy(xgseeesxy)yeen,t (xg,000,%)) then the following
diagram is a pullback where T = (fl,...,fk).
iA > Up
UR —> Un
t
Therefore UA preserves products.
Ir N1 :N2 are two homomorphisms between models in CH, then

there exists a substructure N of N1 such that a € U(N) iff
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o(a) = 8(a). As H 1is a universal theory it follows that N 1is a
model for H and that N &——> N1 is a standard equalizer for ¢ and

8. Thus CH is standard complete. We have the following corollary

to Proposition 1.5.1.

Corollary 1.5.2: If H 1is a universal Horn theory and A 1is a

conjunction of atomic formulas, then the functor:

1s representable.

From this point on we shall use H to denote a universal Horn theory.

1.6 Construction of Fn and FB

We shall use the notation Fn to denote an nth free model,
n=0,1,..., and the notation FB to denote a model which represents

UB where B 1s an appropriate n-ary formula.

If H 1is a universal Horn theory we may assume that there exist

varlables Xq5X55.00 1In L(H) such that i # j implies Xy £ OX,.

J
Let
{t| t 1s a term in L(H) with variables
in a subset of the set {xl,...,xn}} for
n=1,2,...
G =
n

{t| t 1is a variable free term in L(H)}
if n =20

For each ¢t € G, define T as the set

{t, € Gl HF ty, = t}. Let F, = {t] t €6 }. We define the following
L(H)-structure on F,. If s,€ Ei’ R € fm; f an m-ary func-
tion symbol and p an m-ary predicate symbol in L(H), m = 1,250,
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then we define

(1) T ,...,F) = T, 58

m 12" m

(2) F, F p(E,.. st,) IfT H b p(sy,e.e,s))

If P 1is a O-ary predicate symbol then Fn £ P iff H v P.

th free model for C is straightfor-

That Fn as constructed 1s an n q

ward.

If A 1is a formula in L(H) with n free variables which is a
conjunction of atomic formulas, then for each t € Grl defined above

we define:

t = {t €G | H¥rA > (b= t)}

Let F, = {E| t € G }. We define an L(H)-structure on F, as follows.

A

€ tl’ cevs S € Em, f an m-ary function symbol and P an

Ir 54

m-ary predicate symbol in L(H), m = 1,2,..., then we define

————

(1) e ,eensty) = £ls yeni,s)

(2) F, E P(El,...,E ) iff

A m

H r A(X1""’Xn)

> P(si,...,sm).

If P is O-ary then F, E P iff He A(Xl""’xn) > P. In

particular F, F A(Xi""’xn)'

FA with the L(H)-structure defined above is a model for H and re-
presents the functor UA: CH > S.
The map ¢&,: F > F via ¢,: t — g is clearly an onto

A n A
map and will be referred to as the canonical map.

Note than any Oth—free model is an 1initial object in CH.
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1.7 Special Subcategories of C

H

A subcategory G of CH is said to be an RAF ("represents
atomic formulas") subcategory of Cy if G 1s a full skeletal sub-
category whose class of objects are models which represent Uﬁ for
every A which is a conjunction of atomic formulas in L{H). We

assume that a model FO which represents UO is also in G.

Lemma 1.7.1: If (G 41s an RAF subcategory of Cys then G is fintely
cocomplete and the inclusion functor I:AG—> CH is finitely cocon-
tinuous.

Proof: Suppose N and N2 are both in Ob(&). Then there exist

1

formulas A and A such that N represents U and N re-
1 e 1 Ay 2

presents UA . We may assume that A and A have no variables in

P 1 2

common., Let A = A1 A Az. Then there exists an N € Ob(G) such that

N represents UA' It is easy to see that N = N, + N in C

1 > q? hence

also in Q.

Let Ny 5 N2 be a pair of maps in (. We may assume that
3
N1 represents UA1 and N2 represents UA2 where A1 and A2 are

formulas which have m and n free varlables respectively. Let

{31""’sm} generate N1 and {tl""’tn} generate Ng. Then there

exist f., g4, 1= 1,...,m in L{H) such that
¢(si) = fi(tl,...,tn)

and
6(s;) = gi(tysenent )

i=1,...,m. Let



A(ul,...,un) z
m
{éz(ul,...,un) A [‘é
i=1

then there exists an

{ul,...,un} generates N and ©: N,

5 to u;, Jo=1,...,n,

Hence it coequalizes them in (..

UO is the initial object.

finitely cocontinuous.

If 6: N

1 > N2 is
then the (set) image of &

N2. Thus the category CH

coequalizers are onto maps

in CH.

Ir G

Proposition 1.7.2:

is an abstract Horn theory.

We know that G°P

category.

Proof:

The cogenerator

which are onto maps in (.

N € 0b(Q)

28

(£ Cuysee,uy) = gi(ul,...,un)ﬂ .

such that N represents UA' If
> N 1is the map which sends
then § coequalizes ¢ and 6 in CH.

The model in ( which represents

Thus (G 1s finitely cocomplete and I

a homomorphism between two models of H,

is a substructure, hence a submodel of

has standard images. It follows that

and pushouts of onto maps are onto maps

is an RAF subcategory of C then GOoP

H’

is a small skeletal finitely continuous
is F1
The rest follows immedlately.

and the monic maps are the maps
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The Characterization Theorem

2.1 DBicompleteness, Direct Limits and LSD Subcategories

As CH is complete, it 1s cocomplete, hence bicomplete by a

theorem of Freyd's.(cf. [4]). If D is a functor from a directed

category 0O into CH’ then

UM (1im D(a)) = lim (U™(D(a))). Also if A 1is either a predicate
> Y
symbol or an equation in L{(H) then

U,(1im D(a)) = 1im (U, (D(a))) (ef: [2] ).
Lemma 2.1.1: CH has standard direct limits.

Proof: Let A = P(fi(xi""’xn)"'"fm(xi""’xn)) where P 1s an

n-ary predicate symbol in L(H). Let Fm, Fp, Fn’ FA with generators
— N\ “ A\ =\n Tan m p n
<yi>i=1’ <y>i=1’ <Xj>j:1’ (xj =1 represent U , F*, U

respectively. Then the following diagram is a pushout where:

and FA

£ §i}———> ?i(ii,...,§n) and f':y, > fi(xl,...,xn} s

i =1,...,n0.



Suppese N = 1im D(a) w
category D to CH. Iir d:
preserve direct limits there
g: F > D(a), h: Fp >

54
Fn A>FAd>N
and
£ d
FP >FA > N
So
Ypl i
F P Dle) 2,
m
As  U(N) = 1im (U(D(a))) and
that there exists a g € O0b(D
B
D(a) $> D(8
and
8
Pogl
Fo—I—2 p(s

Hence there exists a unique

fhif
B, —2 D(g) =
But
(P
F—2 F, d' . p(s)

30

is a functor from a directed

n
Up and U

and maps

D
> N,

here

Fy

exists an o € Ob(D)
D(a} such that

then since

o

F —£-> D(a) >

N

o

> D{a) N

>

£h 1o

> D(a) N

>

.

= F
m

Fm is finitely generated it follows

}  such that

) N = D(a)

>

rhif

) ——> D(8)

dat: > D(B) such that

By

ey

>

1
F < . D(s)

m

Fy
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Since WA is onto it follows that d'iB = d. Hence

Up(1gn D(a)) = (Fp, 1gm Dad)g = 1gm (Fy, D)) = 1w (U,(0(a)).

Suppose A = A, A A where A and A2 are atomic formulas.

1 2 1
Let FA1’ FA2 and FA be models in CH which represent UAi’
UA and UA respectively. Then there exists a pushout diagram in
2

CH of the following form:

F > F

m A1

B > F

A2 A

Using the same technique as above it can be shown that

(FA, 1im D(a))C = 1im (FA’ D(a))C . The rest of the proof follows
H H

from finite induction.

Lemma 2.1.2: If N dis a model in CH and G is an RAF subcategory

of C then there is a directed category 9 and a functor

H?

such that D factors through the inclusion functor I: (G ¢——> CH

and N = 1im D(aq).

Proof: Let N be a model in €, and let G&—> C,, be an RAF

H H

subcategory of CH. We construct a directed category  as follows:

The objects of @ consist of triples
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<<a1,...,an>,¢,FA> where:

(1) (ags.-.,a) € N°

(2) A 1is an n-ary formula which is a conjunction of
atomic formulas and FA € Ob(Q) represents Uy,e

Xy

. . *\n
(3) e: F, > N with o: > a,, where <Xi>i=1

generate FA.

A map from <<a1,...,am ’Ql’FA> to <<b1,...,bn>,®2,FB>

exists only if m < n. Such a map is a map ¥: FA > FB such

_ L0 LT = N
that ¢, = v, and Y: x; —> Yo(1) where (x;>,_ 4, and
{yj>?:1 generate FA and FB respectively, and eSn, the permuta-
tion group on n elements. If there is more than one map between
FA and FB which satisfy the criteria stated above, use the Axiom

of Choice to select the one which will be in 9.

Ir X = <Ka1,---,aﬁ>,¢1,FA> and Y = <<b1,...,bm>,¢2,Fé>
then it is easy to see that both X and Y enjoy a map intQ:
%
7 = ((al,...,an,bf...,bm§, (@2),FA + Y.

Therefore 9 1is a directed category. Define the functor:

D: D

as follows:
D: <<a1,...,an>,¢,FA>\———> Fy

D: ¥ pP— v

Then N = l;m D. The rest is a standard exercise in diagram chasing.

Q.E.D.
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Let G. be a small full subcategory of a category ¥ . Let K
be the class of all functors from a-directed categories into B
which factor through the inclusion functor:

I: GQ—~——>R.

G is said to be LSK ("Lowenheim-Skolem-Dense") of type K in B
(Fitter [2]) 1if:

(1) 1im D exist in B, for all D €K

(2) If N € 0b(®B) then there isa D &€ K such that
N = l;m D(a)

(3) For all N £ 0b(Q), for all D € K:

lim (N, D(a)) = (N, 1im D(a))
aed aEd

Proposition 2.1.3: If G&—> C is an RAF subcategory, then G

H

is LSD of type K in CH where K 1is the classof all functors

from directed categories into C which factor through (.&—> CH.

H

Proof: G 1is obviously a small full subcategory of C (1) 1is

He
true since Cy 1s cocomplete. (2) and (%) follow from the two

previous lemmas.

2.2, The Characterization Theorem

Lemma 2.2.1: If J 1is an abstract Horn theory then J°P 1is equi-

valent to an RAF subcategory of CHJ

Proof: We shall use the notation of section 1.4 as well as the
functors V and W defined there in the proof.
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TP is equivalent to the category whose objects are the repre-
sentable functors from J to S and whose maps are the natural
transformations between the functors. Hence T°° can be embedded

in S(J) in a natural way.

Since V: S(g)

>C is an equivalence, it is a full embedding.

Ty

Hence it suffices to show that for every A which 1s a conjunction of
atomic formulas in L(HJ) there is an X € Ob(J) such that

V(HX) represents UA' We will give the X for every such A. The
verification that V(HX) represents U, 1s straightforward and will
be left to the reader. It follows from the definition of HJ and

the fact that V and W are both equivalences.

(1) If P 1is a predicate in Hy, then P 1is a monic
map in J. Let P have domain X. Then

V(HX) represents  Up.

(2) If A = (f(xl,...,xl,yi,...,ym)

g(xl,...,xg,zl,...,zn)) then

M2+m £ > M and MR+n £ M.

are both in J. Let X be the 1limit of the following
diagram:

MZ+m+n L+n L+n

M
P2+m l g
— M

2+m

Then V(HX) represents U,.
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(3) If A = (Al(xl""’xz’yi""’ym)
A AQ(X1""’X2’21""’Z )

where X and X represent U

1 5 respectively

and UA

= >

and

1 24m

+
> M —2, e

and X

are monic maps in TJ. Then let the following diagram be
a pullback:

X > X2
et
-
X, ptm > n*
a1 Py

Then V(HX) represents U

(4)y 1If A = P(f1<X1"“’Xn)""’fm<X1""’Xn>)
where P 1is an m-ary predicate in HJ, then

Hg + A <—> B where:
B = (?(yi,...,ym) A (iﬂl (yy = fi(xl""’xn))))'

Hence U, = Uy and (3) and (U4) can be used to find an X such

X
1at V(H ) represents UA'
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Theorem 2.2.2 (Characterization): A category G is equivalent to a
category whose class of objects are the (normal) models for a universal
Horn theory and whose maps are homomorphisms between the models iff it
contalins a small full subcategory B such that:

(1) $°? is an abstract Horn theory

(2) ¥ 1is LSD of type K in G where X 1s the class
of all functors from directed categories into G. which

factor through the inclusion functor I: Gew> Q.

Proof: Suppose &= GH for some universal Horn theory H. Let €
be an RAF subcategory of OH. Proposition 1.7.2 implies that @°P

is an abstract Horn theory and proposition 2.1.3 implies that ¢

is LSD of type X in CH. as Qo= Cys G must contain a small full

subcategory which has the same properties.

Suppose & is a category with a small full subcategory
satisfying (1) and (2) above. Let € be an RAF subcategory of

Cy . By the previous lemma $B= £
g°P

Now Fittler [2] has shown that X is LSD of type K 1in Y
iff Y = K(X,8) where the objects of K(X,S) are functors from X

to S of the form 1im H , D € ¥ and whose maps are natural
QZQ D(a)
transformations between the functors., As B = £, it follows that:

G« K(8,5) = K(€,3) = Cy

£7°

Q.E.D.

Corollary 2.2.3: Iff G is an RAF subcategory of CH, then

. (&)

CH =

.
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Horn Theory Maps

III

3.1. Horn Theory Maps

Let 7

map T: 72

1 and 32 be abstract Horn theories.

preserves both the cogenerator and the monic maps.

(7y)
If N €S8 and T: T, T,
(7,)
N € S . Also if n: N > N in
(7,)
\p: TM1 > TIVI2 in S such that:
?X = nT(X) for all
Therefore T induces a functor from S
denote this functor by ST.
Let V: S(j) > CH and W: CH
T J

defined in §1.5. Note that the

W (I)
C _ S
Hy

If T J2

ST £o denote the composition:

By a Horn theory

> Ji we mean a finitely continuous functor which

is a Horn theory map, then

(7))

(F

S

3

then there exists a

X € Ob(IZ)

1)

e 3>

S

3

T,)
. We shall

be the functors

definitions of V and W imply that:

-

>

C

H

T

> Jl is a Horn theory map, we shall use the notation
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If N €Cy and P 1is a predicate in L(Hy ), then:
2

upsTan) Im{(s" LW, (] ()}

= Im{[w, ()T (T(P))}

= Up(py vy, (W]
= Upgpy (W)

In particular if N = M the cogenerator for T

12 12

u(sT(my) = U(N). Hence ST preserves underlying sets.

Note that if A is an atomic formula in L(HJ) then there is a

predicate P €& L(Hj) such that UA = UP . Hence to check that two

models are the same 1t suffices to show that they agree on UP for
all predicates P é.L(HUJ.
Lemma 3.1.1: If T: T, > Jé is a Horn theory map, then st
preserves terminal objects and submodels.

(7))
Proof: Let N be a terminal object in S . We may assume that

Upy(N) = 1 for all predicate symbols P' € L(Hy ). Then for all
1
predicate symbols P' € L(Hj )} we have:
2
T
Up(s87(N))

= UT(P)(N) = 1

(T,

Hence N is a terminal object in S .

then we have
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Suppose N1 e—> N2 in CH and P 1is an n-ary predicate in
3&
L(Hgé)’ then

Up(sTON) = Uy (1)) = [Ugpy 0] N 70, )]

It

psT o] N fvon))

Therefore, ST(Nl) is a submodel of ST(NZ).

Q.E.D.

T, T (75
Corollary 3.1.2: S°: S > 3 preserves terminal objects

and subfunctors.

T

Lemma 3.1.3: S and ST are both continucus functors.

Proof: Let N =1 N in C . Then for every predicate symbol in

afg ¢ Hjl

L(H, ):
52

T
Up(sTCn M ))

U {n M)
w€g T{P) o

atp

= 1 Wneey M)
=1 (st )
a €8
= upC (8T )))
a€p ¢

Therefore ST preserves products.
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i i_> . .
Let N > N N be an equalizer diagram in C . As
1 2 > 3 H
h J
1
equalizers are standard in CH and ST preserves underlylng sets
T

1
it follows that

T uesTie) 3 usT () >
U(s™(N)) —=——— U(8"(N,)) , us (NB))
U(8"(h))
is an equalizer diagram in S. Since N1 £ N2 is an embedding (in

the model theory sense of the word) it follows that

sTeey: ST(Nl) > ST(N2)

is also an embedding. Hence ST(f) equalizes ST(g) and ST(h).

Since ST also preserves the terminal object 1t must be continuous.

Proposition 3.1.4: If T: J& > T is a Horn theory map then:

2

T (T )

ST: S

(T
S

> and ST: C

Hy Hy

1 2

both have left adjoints.

Proof: C is complete and well powered. ST is continuous. Hence

H
3Vl

it suffices to show that the solution-set condition is satisfied.

For each model N G.CH let
J
2

one model from each isomorphism class with models of cardinality
< HUu) VU L(Hy ) 1n C
1

N be a set which contains exactly

H
Il
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If N £

> sy in © then there is a submodel L' of L

H
Jé

of cardinality < #(U(N) O L(Hy )) such that
1
U(mm £) @ u(L') = ustnn).

Without loss of generality we may assume that L' € nye

Let
i: L'&—>1,

be the cancnical inclusion map. Then

sT1y: sT(Ln) > sT(1)

is also the canonical inclusion map. As Im(f) C,Im(ST(i)) it

follows that f must factor through ST(i).

3.2 Lawvere Functors

A Lawvere functor is a functor T: C

> C which preserves
H
1 IZ

underlying sets. We are interested in determining the conditions under

Hy

which Lawvre functors are induced by Horn theory maps.

Let (. be a category which has direct limits. An object X 1n
G is sald to be small if

(X, 1im D(u))a_= 1im (X,D(a))a_ for every direct limit in C.

Lemma 3.2.1: A model N in CH 1s small 1ff there exists a

B € L(H) such that B is a conjunction of atomic formulas and N

represents UB‘
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Proof: Lemma 2.2.1 is one-half of the proof.

Suppose N 1is a model in CH which 1s not finitely generated.

Then there is a functor D from a directed category 9 into CH

such that the values of D are the finitely generated submodels of

N and such that N = 1%m D(a). 1N does not factor through any

> N. Hence N 1s not small.

ia: D(a)

Therefore, if N 1is small we may assume that N 1s finitely
generated., Let n, a finite ordinal, be a minimal generating set for
N. Then there is a functor D: J

> CH where @ is a directed

category, such that

(1) N = 1im D(a)

(2) For all o € 0b(D), D(a) represents Ug where B/
o

is m-ary, a conjunction of atomic formulas, and
m £n generated D(a)

(3) If i_: D(a) > N is the canonical map, then

X ém implies ia(x) €n.

Now suppose there exists ar. o €9P and a map 6: N > D(a)

i

such that N > D(a) @ > N =1

N* Then we have the following

diagram where D(a) ——> E is the coequalizer of 1

D(a) and 1ae.

Since E 1is the coequalizer of two maps between D(a) it follows
that there is a formula A which is a conjunction of atomic formulas

such that E represents UA'
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i
D(a) @, N L, E = D(a) £ . E

is onto. Hence N be

> E 1s onto.

LI f

Also

N —22—> E —£—> N _§§_> E = N —2§—> E

As 6e 1is onto this implies that E

Therefore N = E.

(J) X

Corollary 3.2.2: M € S is small iff M = H for some X € 0b(J).

Lemma 3.2.3: ST and ST both preserve direct limits.

Proof: Let D: > CH be a functor from a direct category D

J

into CH . Since direct limits are standard in CH it follows that
J J

for every predicate symbol P € L(HJ) it is the case that:

Up(sT(11m D(a)) = Uy py(1im D(a))

1im (UT(P)(D(a)))

1m (U (ST (D(a))))

Up(1im (8T(D(a))))

Q.E.D.



Lemma 3.2.4: If T: CH1 - CH2 is a Lawvere functor which has a

left adjoint R, then R preserves onto maps.

Proof: If R 1is aleft-adjoint for T <then for sach A G.Ob(CH )
2

there is a map ngl A — TR(A) in CH which is functorial.

2
Suppose f: A, — A is an onto map in C, . Let:
1 2 H2

b'e B T(f)
R(A;) — B =L R(&,) = R(A,) ——— R(A,)

where B 1s the standard image of T(f). Then we have the following

commutative diagram in CH

2
f
Ay A
|
n
TAy Ay

T(B) ’

?fjg//////a \\x\\\\\zii) l
TR(Al) > TR(AZ)

TR(f)

Since T preserves underlying sets it also preserves standard
images. Hence as f 1is onto it follows that:

Im(nA ) < Im TR(f) = T(B) .
2

Let w: A&, > T(B) be the map such that
n
W T(y) Ay
a, > T(B) ——Liy TR(A,) = A, > TR(A,)

>B in C

Then there must exist a unique map 2: R(Az) H

such that
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na
A, 2> T(B) = o, —Z TR(A,) I(2) | pepy.
Thus we have
na
a, 2, TR(A,) Llzy) TR(A,)
nA2 T(1A2)
= A, > TR(A,) > TR(A,) .

It follows that zy = 1 Hence y is onto. Therefore R(f) 1is

Ay

onto.

Theorem 3.2.5: Let Q: C > C be a Lawvre functor. Then

"
75 ]
T

> Jl such that Q = S iff Q

H
Ji

there is a Horn theory map ’I‘:J’2

preserves: (1) products, (2) submodels, (3) direct limits.

Proof: We have already shown that sT  satisrfies (1), (2) and (3).

Let Q be a functor from CH to C which satisfies the
T J
1 2
four conditions stated in the theorem. Then @ 1is continuous and
as the solution-sets condition is satisfied it follows that @ has

a left adjoint R.

Let:

and
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(7
R' = (3

v W (7

2) 2 R 1

R' 1s a left adjoint for Q'. Also Q' satisfies the four conditions

stated in the theoremn.

J
If Y ¢ Ob(Jé), then HY is small in S 2. Hence for every
(JZ)
direct limit in S we have:
(R'(HY), 1im N ) = (1Y, Q' (1im N ))
> T a ’ > a (T,)
(T g2

Y o,
= (H°, 1lim Q Na) (52)
3

- G5, Q) (g
g 2

= gm (R'(HD), N) (T
S

Therefore R'(HY) is small., Corollary 3.2.3 and the fact that Il

is skeletal implies that there exists a unique X Ob(Jl) such that

R'(HY) = HX

We denote such an X by T(Y).

Also if y: Y

> Y in T then there exists a unique
1 2 2 (T.)
1

X € Jl such that the following dlagram commutes in 3

Y Y
rap 2y RED L g
1 1
R'(Y.) R'(Y,)
H 2 > H 1
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We denote such an x by T(y).

T defines a functor from J2 to Jl' As Jgp > 8(32) is

finitely cocontinuous and R' 1is cocontinuous it follows that T 1is
finitely continuous. Also

M M

R'(H 2) = H

Therefore T(MZ) = M

(7,)
in 3 2 . Lemma 3.2.4 implies that R'(HY) 1is onto. Hence T(y)
is monic in J

- If G.Jé is monic, then HY 1is an onto map

1°

Therefore T: j2 > 7T is a Horn theory map.

1

To show that ST = Q' it suffices to show that they are equiva-
lent in Jip. This follows from the fact that Jip is L.S.D. with
(3,)
respect to direct limits in S and both functors preserve direct
limits.

If X € Ob(Jl) then:

sTa®) = (x, ()5
1
X op
« (R'( ), HM J
— S(Jl) 2

v ogX Op
S

- Q' (%),

(75
since Jgp is L.S.D. with respect to direct limits in S 2 .

> X in Jl then the

Similarly one can show that if x: X2

following diagram commutes.



X T,.X X
ST(H 1) ST (H") N ST(H 2)
Qv(Hxl) 5 Q'(H 2)

Q' (™)

Therefore S° =~ Q'. So S = Q.

Corollary 3.2.6: If T and 32 are abstract Horn theories then a

1
(7)) (7,)

functor Q: S > 3 is equivalent to one induced by a Horn

theory map from 52 to Jl iff the composition

(7,) v
>S1 Q>82 2

is a Lawvre functor which satisfies the four conditions stated in
Theorem 3.2.5.

If T1 and T2 are two first order theories, then by a theory

map F from T2 to T1 we mean a map:

F: L(T2) > L(Tl)
which preserves equality, negation, conjunction, arity, and such that:

T, +~ A implies T, + F(A)

2 1
If F: H2 > H1 is a theory map then there 1s an induced
functor
F,
c: CH > CH
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such that UA(CF(N)) = UF(A)<N) for every A which is a conjunction

of atomic formulas in H2.

Corollary 3.2.7: Let Q be a functor from C to CH . Then

1 2

5 > H1 such that @ = CF iff Q 1is a

Lawvre functor which satisfies the four conditions stated in Theorem
3.2.5.

H

there is a theory map F: H
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Completeness theorem for logical categoriesq\

Hugo Volger

Introduction:
In [12] Lawvere introduced the method of functorial semantics
in order to study categories of algebras. For this purpose he de-
veloped the concept of an algebraic theory. An algebraic theory is
a small category T with products such that product-preserving func-
tors from T into the category of sets correspond to algebras of a
certain similarity type. Moreover, if two morphisms in T are ident-
ified by all product-preserving functors, then they have to be equal.
This ensures that the class of algebras is defined by equations. This
categorical concept has proven to be very useful in universal algebra.
In [13] Lawvere proposed a definition of elementary theories for
model theory. An elementary theory should be a small category T
such that structure-preserving functors from T into the category of
sets correspond to relational structures of a certain similarity type.
Moreover, if two morphisms in T are identified by all structure pre-
serving functors, they should be equal. This ensures that the class of
relational structures is defined by first order formulas. This condition

corresponds to the completeness theorem of first-order logic.

This concept of an elementary theory may also be viewed as an
algebraization of first-order logic by categorical means in the fol-
lowing sense. The elementary theory and the structure-preserving
functors between them correspond to polyadic algebras and homo-

morphisms between them. A model of an elementary theory is a

During the preparation of this article the author was supported by
an NRC post-graduate and an NRC post-doctoral fellowship.

Most of the results contained in this paper are part of the thesis
of the author.
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structure-preserving functor into a full subcategory of the category

of sets which is an elementary theory, whereas a model of a polyadic
algebra is a homomorphism into a functional two-valued polyadic al-
gebra (cf.Halmos [7]). In this context the above condition corresponds
to the representation theorem for polyadic algebras. The connections
between elementary theories and polyadic algebras have been studied
by Daigneault in [5].

In this paper we will prove the completeness theorem for elementary
theories, suggested by Lawvere in [14]. The proof is categorical, but
it can be said that it follows, in a sense, the lines of the completeness
proof in Henkin [8], We will use the slightly more general notion of a
logical category. Aside from having some technical advantages, this
permits an extension of the results to higher order logic. Thus we ob-
tain an equivalent to Henkin's completeness theorem for higher logic in
[9]. It should be remarked that our proof of the completeness theorem
requires the addition of two new conditions to the original definition of
elementary theories in [13]. They are concerned with certain pullbacks
involving quantification and substitution. Two similar conditions occur

already in a different context in Lawvere [15].

In the first chapter the basic definitions will be given. The second
chapter contains the proof of the completeness theorem for logical
categories and a criterion for the consistency of pushouts in the categ-
ory of logical categories. This shows that the interpolation theorem
of Craig [3], the consistency lemma of Robinson [18], as well as the
amalgamation theorem of Daigneault {4] are equivalent. In the third
chapter the completeness theorem will be extended to logical categories

with exponentiation i.e. to higher order logic. In the last chapter we
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will introduce the notion of a semantical category i.e. a category of
set-like objects in which quantification is replaced by the notion of direct
image. The main result can be stated as follows. For every logical
category C one can construct the free semantical category S{C) which
contains C as a subcategory. Hence every logical functor from C into
a semantical category can be extended uniquely to S(C). In particular
every model of C can be extended to C.

With regard to the necessary background from category theory
and logic the reader is referred to Mitchell [16], chapters 1,2 and 5,

and to Shoenfield [21], chapters 1-5.



1. Basic definitions :

The completeness theorem states that the concept of an elementary
theory is the abstraction of its models. Thus the definition may be de-
veloped by an analysis of the notion of a relational structure.

Therefore let P be a non-empty set and let IP be the following
subcategory of the category of sets. The objects are a two-element
set 2 and the finite powers P" of the set P. The morphisms of IP

. n n m .
are either of the form P -2 or P - P . Thus IP contains n-ary
relations on P and m-tuples of n-ary operations on P for every n,
m € N.

The set 2 is a boolean algebra, whose operations are defined by
the usual truth-tables. This implies that Iﬁ Pn, 2) 1is a boolean algebra
£ P” € ob(T d the substitution T_(f,2):T_(P7,2) » T (P, 2)

or every £ o ~P> an e substitution T(f, A__p( s I s
is a boclean homomorphism for every £. PP € IP' This determines

the propositional structure on Ip.

Let us denote the subset corresponding to a morphism go:Pn-e 2 by

©'. Then the substitution T 2nT (P 2) s TP 2) for P75 P

corresponds to the inverse image under f i.e. (zpf)# :f»l(d)#) for
m . )
$:P = 2. The direct image under { will be called existential quantifi-

cation along f and is denoted by Ff[-7. Hence we have Eff@]# :f(@#}

n
for ¢@:P = 2. The inverse and the direct image are related as follows:

# # 1

atfp) = 10h = of i of <t - ot

This generalized quantification reduces to the usual one for a
L n__m 1 . .
projection p:P xP - P . In this case Ip{¢p] is the existential
quantification of the last m variables of the n+m-ary relation (p#‘
. . n n . .
Another special case is e = HAPn[an]:P x P - 2, which is the

identity relation on P”. The universal quantification ¥{ can be
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These considerations motivate the definition of an elementary

theory.

If we replace the assumption that every object is a finite

product of the two basis objects by the assumption that the category

has finite products, then we obtain the more general notion of a logic-

al category.

1.1. Definition : A category C is called logical, if it satisfies the

following conditions:

8y

(3}

(4)

C has finite products and hence in particular a terminal
object I. — The unique morphism from X to I is denoted
by !X.
C has a specified object § which is a boolean algebra object
i.e. there exist morphisms 0, 1:I->, ~:- Q and

A:2x 8- § which satisfy the identities for a boolean algebra.
—Hence C(X,{)) is a boolean algebra for every object X
and C(f,{}) is a boolean homomorphism for every morphism
f. Thus C{X,Q) has a category structure determined by

the order relation and C(f,Q}) is a functor, since it preserves
the order.

For every f:X->Y in C there exists a functor Z:C(X, 2)» C(Y, Q)
which is left adjoint to C(f,Q):C(Y,Q)>C(X, ) i.e. Tlp]< § iff

© < Yf for every ¢ and  in C. — Hf is called the existential

gquantification along f.

C satisfi th i = i =

C satisfies the equation Sflfqo}fz '&'ng@gl}, if (gl’gz}

pb(fl,fz) is pullback in C of one of the two following types:
X, f f] = .

(@) X O[1,1] = TA L1,](EXY), where £:X-Y and

I, = 1t
Y
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(b)  Fqlelg = 8q'[p(X xg)] for g:Z-Y and projections

QX xY-Y, q:XxZ->2Z.

I
Xﬁ&_)XxY XXZ—L—)Z
i
f‘j (a) fxY Xng( (b) J/g
¢ q
Y A[ >Y XY XxY ——>Y

(5a) if eY(fl’fZ) = IX then fl :fz, where ey the equality on Y,
i i = .
is defined by ey HAY[IY]

(5b) e,=®, where o is the biimplication.

Q
A functor F:C-C' between two logical categories C and C' is
called logical, if F preserves finite products, the boolean algebra
object ) together with 0,1,~,A and if F preserves quantification. — F

is called an extension if F is also bijective on objects.

1.2. Definition : A category T is called an elementary theory if T

satisfies the following conditions:

(1) I has two basic objects A and § such that every object X
different from Qhas a specified representation as a finite
power A" of A, and T(2,X) is empty.

(2) ’_T(An,Q) is a boolean algebra for every An€ob(_’I) and
T(£,€) is a boolean homomorphism for every f:AneAmeI.
— § might be called an implicit boolean algebra object.

(3) For every f:AnéAmET there exists a quantification
I T(A,Q)>T(A™, Q) which satisfies the conditions (3),

(4),(5) of 1.1.

A functor F:T- _',E' between two elementary theories T and I'

is called an elementary functor, if F preserves finite products, the

basic objects A and Q, the boolean structure of the set T(An,Q) and
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It should be noted that all the following results for logical categories
are valid also for elementary theories with slight modifications.
In the following we will adopt the convention of writing binary propo-

sitional operations between the arguments.

1.3. Remarks to the previous definition:

(1) There are no explicit variables in C. Their role is taken
over by the objects of C, which might be called the types
of C.

(2) It should be remarked that Lawvere used in [13] the following
stronger condition for the object Q: § is the coproduct I+I
with the injections 0, 1:I-Q and the functor X x(-):C->C
preserves this coproduct for every X €ob(C). This implies
that £ is a boolean algebra object, since the negation
~:0->Q and the conjunction A:2xQ~§ can be defined by
means of the coproduct property.

(3) The adjointness condition for the quantification is equi-

valent to the following two equations:

n

OAE [0l = o (3.1)
BloAypf] = B[l AY (3.2)

The universal quantification along f is defined by

Vi{p] = =8 [-e] (3.3)
Since negation is the dualization functor of a boolean algebra,
Vi is right adjoint to C(f,§Q) i.e. p<Vi{p] iff Yf<¢ for every

¢ and P.
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{4) The formulas (4a) and {4b) are equivalent to the following

three formulas:

(a) ] = q[pp A eY(fp, q)] for f:X-Y and

projections p:X x Y =X, q:Xx¥Y->Y

(b)  HFqlelg=%q'[p(Xxg)] for g:Z-Y and

projections q:X xY->Y, ¢ :Xx2Z=2Z

{c) eXxY :eX(pl, p3}/\eY(p2,p4) where P, are

the projections of XxYxXxY

(a) shows that quantification along an arbitrary morphism
can be reduced to quantification along a projection and
equality. The condition (b) states that the gquantification
along q can be interchanged with the substitution of g,

if there is no collision of variables i.e. 1f g is sub-
stituted only for those variables which are not affected
by the quantification along q. The condition (c¢) allows

a reduction of the equality. (5a) This condition ensures
that two morphisms which are equal in the sense of the
equality predicate are equal. (5b) is a natural condition,
since the biimplication acts as equality predicate in a

boolean algebra.

Making use of the above definitions one can derive the
familiar Jogical identities.
1.4, The following results will be used later on:

(1) v <3FE0]f , IE[vE] < v

(2 AEf[efar] = wade[]

(3 3tfy,ve,] = 3efv,Iv £[v,]

wy  F£[y] = 0y iff y = Oy

()  deflv] = 3z[3£[v]]
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(7) if £ is left invertible then JF[y]Jf = y

(8) if £ is an isomorphism then Ff[y] = wf'-l
(9} f is epic iff Ef[lx:} = IY
(10) @X xf,[olf,xX,)] =8Y xi, [, xY,)
X1XI2
XIXXZ e ~->Xl><Y XxZ > Z
fIXXZ i (10) | fleZ {P (11) Lg
Y XX, —-—-gl—xf—z—ﬁleYz X > Y

(11}  Z[ele = HqE@pAeY(fp, ga)]

(12) ey(f,f) = IX

(13) e, lf,g) = e (g 1)

{14} eY(f, g) < ez(hf,hg)

(15) erY,(f,f',g, g') = eY(f,g)/\eY,(f’,g’)

(16) ey (f,g) Aof < dg

(17) (f,g)/\eY(g,h)Se (f, h)

Cy
(18} ngey(f,f'meg(@, o] = eQ(af[(p],gf'[@*})

Y

(19) V!X[eY(f,g)] =11iff f=¢g

(20) if quey(fl,fz) then 3{1[<p] :E{fz[q)]

Corresponding formulas for the universal quantification can be

obtained by dualizing.

1.5. Example: 5, the category of sets, is a logical category.
The category S has finite limits and hence in particular finite pro-
ducts. The 2-element set 2 is a boolean algebra object in 5. Moareover,

2 classifies subobjects in 8, i.e. for every ¢:X -2 there exists a unique

#

subobject ¢ of X such that (p#

= eq{e, IX). The substitution S({f, 2)
for £:X-Y € 8 corresponds to the inverse image under f i.e.

T =f (7). Since S has images, the quantification If can be
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defined by the direct image under f i.e. Ef[@:[%é :f(go#). This implies

#

the adjointness of the quantification, since we have flp"}c ¢ iff

Since images are preserved by pullbacks, we have fz_lfl((p#)
- # -
= gzgl((p } for a pullback (gl, gz) «pb(fl,fz) and therefore Hfl[(p]fz

= ng[q)glj. This gives in particular the conditions (4a) and (4b).

‘s ¥ #._ 4
Condition (5a) follows from ey _AY(lY ) = AY and (eY(fl,fZ))
= (fl,fz)_l(AY) =eq(f1,f2). (5b) follows from eQ#:AQ = eq(e, IQXQ)
= :7#

Later on we will need the following elementwise description of
the quantification in §. Since 1 is a projective generator in S, we
have

(1) Ef{(p]ytl for y:I-»Y iff there exists x:1-»X such that

y=fx and ¢x =1

(2) eY(y,y')=1 iff y=y' for y,y:I->Y.

1.6. Example: Every first-order theory with equality determines an
elementary theory.

Let Fm(n) be the set of formulas of the theory whose free variables
have indices less than n, and let Rn be the relation of logical equivalence
i.e. ((pl,<p2) ERn iff <pl®(p2 is a theorem. Then let T_(An,ﬂ) be the

boolean algebra Fm(n)/Rn.

Similarly let Tm{(n) be the set of terms of theory whose
variables have indices less than n , and let Sn be the relation
of provable equality i.e. (fl,fz)esn iff fiﬁb fz is a theoremn,
where ® is the equality predicate. Then let —T-(An’Al) be the
quotient Tm(n)/Sn. - The equivalence class of ytFm(n) resp. fu
Tm(n) will be denoted by ¢ resp. I . Finally let E(An,Am) be the

. m
set of m-tuples of elements of E(An,Al) i.e. E(An,Am)=1(An,A1) .
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The composition at the right with feg(An,Am) is given by

the simultaneous substitution of the terms fo’fi""fm—i' This

is well-defined and makes T into a category with the objects Q
and An for neN. In particular, T(F,q) is boolean homomorphism.
Moreover, the object An is the n-th power of A1 i.e. An=(A1)n.
The projections are given by the variables ii for i<n

The quantification in T is defined as follows (cf.1.8.4a):
3(?0, . ’fn—l) I3l =3xn, .. ’xn+m-1tw(xi/xn+i) nAlxszk(xi/xn+i)3

k%o
The adjointness of quantification follows from inferences in

first-order logic. Similarly the conditions (4)-(B) can be verified.
It should be remarked that T can be extended to a logical

category Ef in which Xx@ is the coproduct of X and X for every

X in 1+. The objects of E+ are the finite products A"xa™. Before

building up 2+ from T by taking product-maps and coproduct-maps,

we have to enlarge T by conditional terms. These terms correspond

to morphisms of the form (fo;fl)(An,u):AnxQ-§A and are inter-

preted as "if u then f; else £f." in the category of sets(cf.[5]).

2. The completeness theorem for logical categories:

The notion of a model of a logical category is defined as follows:

2.0. Definition: Let C be a logical category. A logical functor M
from C into the category of sets is called a C-model. A natural
transformation py:M-N between two C-models M and N is called

a C-embedding.
Now the completeness theorem can be formulated:

2.1. Theorem: ILet C be a small logical category which is consistent
i i.e. 0 ! = .

and nice i.e X# 1X and I XUX] 1 for every X é€ob(C)
(1) For every pair of morphisms f, g:X->Y there exists a

C-model M such that M(f) # M(g).

2) There exists a C model M such that card{(M(X))<card(C)

for every X €ob(C).
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Making use of the corresponding fact in the category of sets, we

obtain the following immediate corollary:

Corollary: In every small logical category which is consistent and
nice, the pullback-condition 1.1.4 Hfl [cp]fz = Eg, [(pglj is satisfied
for every pullback (gl, gz) = pb(fl, fz), which is preserved by every

product-preserving functor.

As in the well-known proof of the completeness of first-order
logic in Henkin [87 we shall construct for the given logical category
an extension F:C-C’ for which C’(I,-):C'>» Sets is a modeli.e.
g’ has a canonical model. Then the composition of g_'(l, -} with

the functor ¥ gives the required C-model.

The following proposition characterizes those logical categories

which have canonical models.

2.2. Proposition: Let C be a logical category. Then C(1, -):C-S8

is a C-model iff

(1) C is maximally consistent: i.e. C{I,Q)={0,1}

{2} C is rich i.e. for every X ->Q such that E{!X[(p]:l there

exists k:I-X with ¢k=1.

It is obvious from 1.5 that these conditions are necessary. —
However these conditions are also sufficient. The functor C(I, -)
always preserves products. The condition C(I,Q2)={0,1} ensures
that C(I, -) preserves . Moreover, C(I, -) preserves equality,
since ¢ satisfies condition (5a) of 1.1. Because of the reduction
formula (3a ) of 1.3 it remains to be shown that C(I, -) preserves
quantifications along projections. Hence we have to show that for
Zqleply =1, where y¢ C{1,Y) and q:XxY-=>Y a projection, there

exists x€C(I, X) such that o(x,y)=1 (cf.1.5.1). But we have
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Fqlely =E!X[¢(Xxy] because of (4b) in 1.1. Now the required
result follows from the fact that C is rich.
Now we have to construct an extension which is maximally
consistent and rich. A maximally consistent extension of C can
be obtained by constructing the quotient category with respect to
an ultrafilter A in the set of sentences C(I,§2) of C. This corresponds

to an extension by a new set of axioms in first-order logic.

2.3. Proposition. Let C be a consistent logical category and let A
be a filter in C(I,)). Define a relation R on C by (f, g) €R iff
V!X[ey(f, g)l€A for f,g€C(X,Y). Then C/A=C/R is againa
consistent logical category and the projection P:C->C/A is an ex-
tension of C. If A is an ultrafilter, then (_I/A is maximally con-
sistent.

It is sufficient to show that R is an equivalence relation on C
which is  compatible with composition, products and quantification.
This is done in two steps. Making use of the properties of the uni-
versal quantification in 1.4, we can verify that F(X)= {p€ C(X,):
V!X[(p] €A} is a set of filters which is closed under substitution
and universal quantification. Then, making use of the properties
of the equality in 1.4, it can be verified that R(X,Y) = {({, g):eY(f, g)
€ F(X)} has the required properties. In particular, 1.4.18 implies

that R is closed under quantification.

The following consequence of 1.4.19 characterizes those logical
functors which are faithful. This corresponds to conservative ex-

tensions in the first-order logic.

2.4.Lemma. A logical functor F:C-C’ is faithful iff F(e)=F(1)

implies =1 for every @¢€C(L, Q).
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Since the construction of a rich extensim involves a countable
chain of logical categories, we need the following lemma on colimits

of chains.

2.5. Lemma . Let Fizgi—) giJrI for i€N be a countable chain of

extensions of logical categories. Then the direct limit C is again

a logical category. If every C. is maximally consistent resp. rich
-1

then C is again maximally consistent resp.rich.

)

Since the Fi are extensions (cf.1.1) we may assume ob(g_o

= ob(C,). Define C by ob(C)=ob(C)) and C(X,Y)= T C.AX,Y)/R,
ieN
where R is defined by (f,f')¢R for feg_i(X,Y), f’egi,(X,Y) iff

there exists j=i,i’ such that FJ, L FH=F. ... Fi,(f’). It is

1 i j-1
easy to show that C is a logical category, since N is a directed
set and every condition in 1.1 involves only finitely many morphisms.

Similarly it can be verified that the property of being maximally

consistent resp. rich is inherited by C.

As in first-order logic the construction of a rich extension of C
involves an extension C[K] of C by a set of constants K i.e.
morphisms of the form I-+X with X in C. Mareover, this extension
should be conservative i.e. the functor C-C[K] has to be faithful.

The basic idea of the construction can be described as follows.
Every morphism in C[K] is a morphism of C into which a finite
sequence of constants from K has been substituted. In a first step
we will define I__{_#, the category of finite sequences of K, together

#

with a contravariant functor A:K" » C.

2.6. Let C be a small logical category. A category K with ob(K)
= ob(C) and K(X,Y)=¢ for X#I is called a category of constants

for C.
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Let S  be the category of finite cardinals and arbitrary map-

0
pings. Then IS# is defined by IE#:go/Ig, where K is viewed as a

set. Thus the objects of EE# are maps cn->K with n€ob(§0),

and s:c~c’ is a morphism if ¢’s =c with s:n-»n’€S

#

0

IE# is a filtered category i.e. for c,c’ €ob(K") there exist

#

Iz} 7 12 1. R # .
sic»c’’ , s"ic’>¢e” in K" and for s,s’:c-c’ in K" there exists

t:c’>¢’’ with ts =ts’. This follows from the fact that §0 has finite
colimits.

Remembering the category structure of K, we can define
A(c)=A(c(0))x...xA(c(n-1)) for cn-»K, where A(c{i)) is the co-
domain of c¢(i) in K, which is also an object in C. For sic>c’

in IE# we define A(s):A(c’)>A(c) by pkA(s):q , where P,

s(k)
resp.qj are the projections of A(c) resp. A(c’). This gives a

#

contravariant functor A:K" »C.

It can be verified easily that A is faithful and carries finite
coproducts into products. Later on, we will need the following
remark:

#

For s,s':c>d in K" with ¢ monic and c # ¢ there exists

t:d-c such that ts =ts':idc,

After these preparations we can construct the extension by constants.

2.7. Proposition. Let C be a nice logical category and let K be

a category of constants for C. Then there exists a faithful extension
C[K] of C which contains K as a subcategory. Moreover, C{K] has
the following universal property. Every logical functor F:C->D
which coincides on objects with a functor H:K~D can be extended

uniquely to C[K].
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Formalizing the idea mentioned above, we define ob(C[K])=o0b{ C)
and C[KNX,Y)={{,c) If:A(c)xX%Yeg}/R, where we have ({f,c),

(f’,c’)) €R iff there exist s:c-»d, s’:c>d GK#

such that f(A{s)xX)
= {'{A(s')xX). The definition is equivalent to CTK](X,Y) = colimit
(C(A(-)xX, Y):IE#»S), since the above description gives the construction
of the colimit of this set-valued functor over a filtered category. The

equivalence class of (f,c) will be denoted by {f|c), and &4 denotes

the juxtaposition of ¢ and d.

Using the above mentioned idea as guideline, we define:

(1) composition: {f|c){g|d) = (f(A(c)xg)|c"d)

(2)  product-map: ({f|c), {f'|c’)) = {(fp, £'p’)|c™c’)

(3) JI:Q_)(—:-[K]: Jl(f):(flgb) with g:¢->K

(4) I, K - C[K]: T, (k) = (X |k) with k:I-XeK

(5} quantification: T(f|c’ Y[ {p|ec)] = (FA(c)x(p, f) Lo(qxX)] le"e’

Now it can be verified that these definitions are well-defined
and make C[K] into a logical category and le(_lﬁg[K] into a
logical functor. Except for the case of quantification all the com-
putations are straightforward. For the products one might also use
the fact that filtered colimits of set-valued functors commute with
finite products. (cf.Schubert [20], Thm.9.4.1)

In the case of quantification one verifies first that the definition
satisfies the adjointness condition 1.1.3. Here we have to use the

pullback conditions (4a) and (4b) in 1.1 in C. Since the quantification

is uniquely determined by the adjointness condition, this settles the
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question of being well-defined. Then one has to verify the conditions
(4a) and (4b) of 1.1 for C[K], making use of them in C. The re-
maining conditions in 1.1 follow from the fact that J1 preserves
quantification. In order to show that leg-ﬁ(_l[K] is faithful we have
to use the assumption that C is nice.

The universal property of C[K] is verified as follows. The
extension F':C[K]-=D is defined by F'({f|c))=F(f)H(c) with
H(c) = (H(c(0), ..., H{c(n-1))).

Later on we will need the following statement about removing

constants from an equation:

(6) if (flc) = (f’ ‘c'} with ¢ monic and ¢ #¢ then f=f",
This is a consequence of the final remark in 2. 6.
The rich extension of C is obtained by adding for every ¢©:X->Q

with E!X[(p] =1 a constant together with a special axiom.

2.8. Proposition: Let C be a small logical category which is consistent
and nice. Then there exist a rich logical category C’ and a faithful ex-

tension F:C- (;/.

Let C[K] be the extension of C by constants in K, where K is de-
fined by K(I,X)={¢p¢€ g(X,Q):a!X[<p] =1}. Let Abe the filter in C[K}(I, )
generated by the set of axioms {(p(,o:‘: lpecCx, ), E{!X[tp] =1}, where (,Da:

is the constant corresponding to ¢. Then 91 and Fl:(_3—> 91 are defined

by C, =C[K]/A and F =PJC->ClK]-C[K]/A.

To show that F. is faithful it is sufficient — because of lemma 2.4 —

1
to verify that Fl(zp) =1 implies =1 for ¥ € C(L,Q). Fl(w) =1 implies
Y€ A and hence there exist (pi € Q(Xi’ Q) for i=1,...,n such that
n B3 n Sk o
. L. . .
A/\ Q@ < Pin C[K]. This implies ('/\ (pipil(‘pl s @ ))s(w.Xl
i=1 i=1
((plx, Cee, (pn>")), where X :XIX' ..xX with projections P;- Removing
n
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n
the constants by means of 2.7.6 we obtain A (pipis ¢)!X. Making use
i=1

of the adjointness of conjunction and implication, we obtain 1 :zpn, where

1pk:Yk—> Q for k=0, ...,n are defined by 4)0 =y, YO =1 and d)k O Ty

gpk_ 1% Yk :X1< XYkAl with projections rk:Yk—>Xk and qk:Yk_)Yk-l'
i = ! !

In particular we have (rk, qk) pb( .Xk, .Yk 1). Now we can prove

=y=1 by descent. If =1 then T and hence
0 y k Pk

e S P19

=M! 1 - _
! E['Xk[('/’)k]'Yk_1 qu[(pkrkjsaqk[wk_lqkj l/)k_l because of

E{!X [(pk] =1, (4b)in 1.1 and 1.4.6. Here we have used the fact
k

that the projection 9 is epic, since C is nice. This shows that

Fl is faithful.

Hence C. is rich at least for morphisms of the form Fl(go).

1
Iterating the above construction, we obtain a countable chain of
faithful extensions. Then g', the colimit of this chain,is the de-
sired rich extension of C and the injection C-C’ is faithful.

Now we are in the position to prove the completeness theorem
2.1. As in the proof of Henkin the result is achieved by a rich
extension followed by maximal consistent extension.

The assumption f#g is equivalent to V!X[eY(f, g)]1#1 because
of 1.4.19 and 1.1.6. Now let F:(_J-—>(_31 be the rich extension des-
cribed in 2.8. Let A be an ultrafilter in (_ZI(I,Q) which does not
contain F(V!X[eY(f, g)]). Because of 2.3 we obtain a maximally

consistent logical category C, = (_ZI/A together with the canonical

2

projection P:glegz. Moreover, 92 is still rich, since the functor
P is full and surjective on objects. Hence C_JZ has a canonical model
because of 2.2. In particular we have PF(V!X[eY(f, g)]) =0 and

hence PF(f) £ PF(g). Now the composition C,(I, -)PF gives the

2

required result, since Cy,(I, -) is faithful because of 2.4.
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It should be remarked that until so far we had to use only the
prime ideal theorem, which provided the existence of the ultrafilters
involved. A careful inspection of the constructions which have been
used yields the inequality card(C(I,P¥(X})) = card(C) for every X in C.
This requires of course the full axiom of choice.

Making use of the methods developed above, we can prove the
following criterion for the consistency of a pushout in Log, the
category of logical categories. — Tt should be noted, that Log is
complete and co-complete. The limits are the same as in Cat,

whereas the colimits require a more elaborate construction.

2.9. Proposition: Let Hl:goegl, HZ:QO'-%CZ be logical functors,

where go,gl and C, are consistent. Let (Ql,QZ):PO(Hl,H ) be

2 2

the pushout in the category of logical categories, then the following

statements are equivalent:

Hl
Cp —— €
| |
H,: S
¥ Q, v
c, ———t-—r g,

(1) If Ql((pl)sQZ((pZ) for (aiEQ_i(I,Q), then there exists
©E€ C_IO(I,Q) such that (pl sHl(qao) and HZ((pO) s<p2.
(2) If H1 is faithful, then Q2 is faithful.

{3} If Hl and HZ are faithful, then 93 is consistent,
{4) If 93 is not consistent, then there exists :pEgO(I,Q) such
that 1= Hl(¢p) and Hz(go) =0.
(1) corresponds to the interpolation theorem of Craig (cf.[3]) for
first-order logic. (3) corresponds to the amalgamation theorem

of Daigneault (cf.[4],2.6) for polyadic algebras. (4) corresponds

to the consistency theorem of A.Robinson (cf.[187,2.9) in model
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theory. A related result concerning the equivalence of (1) and (3}
can be found in Preller [17].

In the following we will use several times the lemma 2.4
which characterizes faithful logical functors.

(1) implies (2): Assume Qz((pz) =1. Since we have Ql(l) =1
= QZ((pZ), there exists ¢ with 1 :Hl((p) and HZ(@)S(QZ. Since H1
is faithful, Hl{(p) =1 implies ¢=1 and hence 1 :HZ(@) =@, as re-
quired.

(2) implies (3): Applying (2) twice we see that Ql and Q2 have
to be faithful. But now the consistency of (;1 or 9_2 implies the
consistency of 93‘

(3) implies (4): The following argument is an adaptation of 4.5
in Daigneault [4]. Assume that there does not exist ¢ such that
1 :Hl(cp) and Hz(@) =0. Since the statement {3} implies {4}" is true
for boolean algebras (cf.Daigneault [4],4.2), there exist ultrafilter

A, in C(L,Q) for i=1,2 such that Hl'l(A )=H

1 2 (AZ):A . Because

0

of 2.3 we can define HIZQO/AOqgl/Al and HZIQO/AO—*C_JZ/AZ such

that H P =P H_ for i=1,2, where P.:C_-C./A are the canonical
i" 0 i1 [ T R |
projections. Since each Ai is an ultrafilter, each gi/Ai is maximally

consistent and therefore ﬁl and ;IZ are automatically faithful. Now

we can apply (3) to ﬁl and ﬁz. This implies that éi:(—:i/Ai_)(—:‘l for

i=1,2 are faithful and C, is consistent, where 61 and 62 are defined

4
by (Ql’ QZ) = Po(Hl, HZ)' In particular we have lelHl :QlHlp()
= QZEZP{} :QZPIHZ‘ Hence there exists H:g3->(_34 such that

HQi =6ipi for i=1,2. The existence of I and the consistency of
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94 imply the consistency of C

5
< P, > G, /4,
Hl Ql /
PO
H Q H 5 C
\ 2 =3 \ =4
g2/’ 5C./A /
PZ 2° 72

(4) implies (1): Assume Ql(gol) SQZ(QJZ) with ®; E(_:i(l,Q) for i=1,2.
Let A1 resp. AZ be the filters generated by @, resp. @, in gl(I,Q)
resp. QZ(I,Q). Then we can define Pi:gi—)gi/ai for i=1,2. If 61

and 62 are defined by (61,62) = pO(PlHI’ PZHZ)’ then there exists

a logical functor Q;C3—>C with E,P, =QQ, for i=1,2. Now we have
- - T 1 1

4
QQl(qol) A QQZ(ﬂgoz) =0 because of Ql((pl) SQZ((DZ) and on the other

hand BIPI((pl) A 62132(—@2) =1 because of the definition of Al and

is inconsistent. Then (4) yields ¢ with Pl(l) = PlHl((p)

A Hence C

2° 4
and P_H (@):PZ(O); this implies (pl sHl((p) and H

> () <@, because

2
of the definition of Al and a, (cf. Shoenfield [21],p.80)

1 N
go 4 ‘gl "(—:l/Al
_—’ p—
<, q, & Q,
P Q
2
C,/a, Q, ey

It should be remarked that the amalgamation theorem for nice

logical categories can be proven. Because of the completeness
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theorem it is sufficient to prove that for two models Ml and MZ of

C. resp. C

1

> with MlHl =M Hz there exists a model M of (;3

2
such that l\xiQ1 :=I\/I1 and MQZ = MZ. The construction of the model
M follows closely the presentation given in Schoenfield {21], p.74-80.

A detailed proof can be found in the thesis of the author.
As an immediate corollary we obtain the theorem of Beth {cf.[2]).

2.10. Proposition: Let H:(;O«a (—:1 be a logical functor, where 90 and
(—;1 are nice, consistent logical categories. Let (Ql’QZ) = PO(H, H)
be the pushout in the category of logical categories. Then the following
two statements are equivalent:

(1) @Egl(I,Q) is explicitly definable i.e. there exists d)EQO(I,Q)

such that ¢ =H(y).

(2)  ©€C (1,Q) is implicitly definable i.e. Q) =Q,(0).

3. The completeness theorem for closed logical categories:

In order to take into account higher order logic with function
types, we have to require that the set of morphisms from X to Y
in a logical category C is represented by an actual object YX in
C. This leads to the concept of exponentiation. In the following

we shall try to extend the previous results to this situation.

3.1. Definition; A logical category C is called closed if the
following conditions are satisfied:
(1) C has exponentiation i.e. for every X €ob(C) the
functor Xx(-):C->C has a right adjoint (—)X:C};-)g.

— Hence there exist natural isomorphisms AX and ¢X

X
with AX =(¢X) ! such that AX_ _:C(XxZ,Y)>C(Z,Y")

zZ,Y
X

and eXZ Y:Q(Z'Y )»C(XXZ,Y). X is called abstraction

and ¢ is called evaluation.
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(2) C satisfies the extensionality axiom i.e. eYXO‘X[fl]’
= . t -
)\X[fz]) Vq[eY(fl,fZ)} for fi‘XxZ*)Y and the pro
jection q:XxZ-2Z.

Having defined ¥® for h:X’'sX by eX’[threfoX](thX),

we obtain the following two formulas:
(3) gX}LX[f] = xX[gf] for g:¥-»Y’' and £:X-Y

(4) thX[f] =AX’{fh] for h:X'-»X and f:X=Y

Thus gX resp.Yh represents composition at the left with g resp.

at the right with h.

In particular Qf represents the substitution C(f,2). But also
e s . . = X Y
the quantification #f is represented by a morphism Zf:Q0° -7,
e ; = X X
where Ef is defined by eY[af] =dfxQ [eX[Q]] (cf.Scholz-
Hasenjaeger [19],p.384), Thus the quantification #f is repre-
sented by composition at the left with af:

(5)  EEAX[e] = AY[E[p]) for ¢:X-Q.

The following special case of (2) shows that in a closed logical
category quantification can be expressed by means of equality:

(6)  vqlel = e X AX[el,AX[1y )

for ¢:XxZ - Q and the projection q:XxZ -7. — This corresponds to
a result of Henkin about propositional types (cf.Henkin [10], 4.6).

Later on we will mreed the following comsequence of (2):

(7 eYX(fIZ,fZZ) = ¥ale (f. 1)) € ZEXZJJ

Z

Z—>X .

with fi:X-éY and the projection g:ZxX

3.2. The completeness theorem for closed logical categories is
not true with respect to models which preserve exponentiation. This

follows from the incompleteness of Peano-arithmetic. However,
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the completeness theorem remains true if we admit non-standard
models i.e. models M for which M(XY) may be a subset of M(X)M(Y).
This corresponds to the completeness theorem for higher order logic
in Henkin [9].

This can be seen as follows. The propositions 2.3 -2.8 remain

true if logical categories and functors are replaced by closed logical

categories and logical functors which preserve exponentiation. In 2.3
the extensionality axiom or rather its consequence 3.1.7 is used to
show that the relation R is closed under exponentiation. The pro-
positions 2.4-2.6 have obvious extensions, whereas in 2.7 we have
to show that C{K] has exponentiation and that the inclusion of C

. e : . Z
preserves it. The exponentiation in G[K] is defined by {f|c)” =

Z 7z Z
(4 xX)|e), where dZ:AZ[q]:A(c)%A(c) is the diagonal

Afc)
morphism. Then in 2.8 we can obtain the rich extension as before.
For the reason stated above, the proposition 2.2 about canonical
models cannot be strengthened in this way. However, if C is a closed
logical categary which satisfies the conditions (1) and (2) of 2.2, then

AR is monic. Here we

the canonical morphism C{(I, XY)%(_I(I, X3
have to use the fact that 1 is a generator in the category of sets.

— Combining these results, we obtain the completeness theorem stated

above.

4. Semantical categories:

Following a suggestion of Lawvere, we will peplace the
concept of quantification by the concept of direct image.
An analysis of the proof of 1.5 leads to the following concept

of a semantical category.
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4.1. Definition: A category E is called semantical if it
satisfies the following conditions:
(1) E has finite limits.
(2) E has an object 0 which is a boolean algebra object.
(3) @ classifies subobjects i.e. for every ¢:X~»0 there
exists a unique subobject y¥ of X such that w#?
eq(w,lx) and every subobject is of this form.
(4) 1If (f1’f2) = pb(gz,gl) is a pullback in E with g,
epic then f2 is epic.
(5) E has epimorphic images i.e. every morphism f:X-3Y
has a factorization f=im(f)q with im(f) monic and q
epic such that for any factorization f=mh with m monic
there exists a unique g such that mg=im(f) and h=gq.
- The subobject im(f) is called the image of f. More-
over, if n is a subobject of X, then im(fn) is called

the direct image of n under f.
A functor H:E~—>»E' between two semantical categories E and E'
is called semantical if it preserves finite limits,epics and
the boolean object { together with its operations 0,1,— and A. —Thus
H preserves in particular monomorphisms and hence the image-

factorization and direct image.

The proof of 1.5 shows now that the category of sets is a sem-

antical category.

4.2. Proposition: Every semantical category resp. functor is logical.
— In other words there is a forgetful functor from the category of

semantical categories into the category of logical categories.

A review of the proof of 1.5 shows that we derived the fact that
the category of sets is logical from the fact that it is semantical.

An analogous proof shows that every semantical category is logical.
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As we have remarked above, every semantical functor preserves
direct images. Hence it preserves quantification which is given by
direct images. This shows that every semantical functor is logical.

The main result for semantical categories is the following:

4.3. Theorem: For every logical category C one can construct a
semantical category S(C) together with a faithful logical functor
J:C~> S(C) such that every logical functor from C into a semantical
category E can be extended uniquely to a semantical functor from

S(C). If C is already semantical, then S(C) is equivalentto C.

In other words the category of semantical categories is a
reflexive subcategory of the category of logical categories. The
construction of S(C) is divided in two parts. The first part involves

the addition of subobjects for morphisms of the form X- .

4.4. Proposition: For every logical category C one can construct

a logical category g* together with a full and faithful logical functor
K:g->§* such that every logical functor from C into a logical
category with finite limits can be uniquely extended to a logical functor
which preserves finite limits . Moreover, g* satisfies the conditions

(1), (2) and (4) of 4.1, whereas the conditions (3) and (5) are satisfied

only up to morphisms which are monic and epic.

The category g* is defined as follows. The objects are pairs
of the form (X |p) with X €ob(C) and ¢»:X->Q €C. A morphism from
(X l(p) to (Y |¢) should be the restriction of a morphism £:X->Y in c
to the subobject (X|p). Hence the mprhisms are triples of the form
(zp|f‘(p) with £:X->Y, ¢:X-> 0, $:Y->Q in C and 8f[p] <y. However,
two morphisms (3 |f1 | o), (wlfz l@) are considered to be equal if

Qs eY(fl,fZ) i.e. if fl and f, agree on the subobject (X|go). The

2
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composition is defined by (A [gf{©) =\ [g[¢)(®]f|e). Making use of
the properties of the equality, we can verify that we have obtained a
category. Moreover, a functor K:g»(_:* can be defined by K{f} =
(lY j£1 IX) for £:X->Y€C. K is full and faithful. The latter makes
use of condition(5a)in 1.1.

Using the concept of restrictions as guidelines, we make the

following definitions:

(1) (Xllgal)x(thoz) = (XlxX2|<plp1/\<p2p2), where p ,p, are

the projections of XlxX in C.

2
@ ealwlt, o), WL, o) = (@1X§¢Aey(f1,f2)) with £, £,:X5Y.
(3) obl@E o) @I, le,)) = (o) [P | o, b, 1)), where
fi:Xi—bY for i=1,2 and pl’pZ are the projections of
X1><X2 and y is defined by B=0.p, MpZPZ/\eY(flpl’fZPZ)'
4 @flalag M o] = (g lalerrd |y
e(X‘(p) :(1Q|exl<ppl /\(ppz) where P, P, are the projections

of XxX in C.

Making use of the corresponding properties of C, we can verify now
that g is a logical category with finite limits. For the adjointness
of the quantification the following observation concerning the order
relation is very useful: (IQ\“I lo) S“Q“{g‘@ U pspy=p,.

It should be remmrked that Q* satisfies the pullback condition (4)
of 1.1 for arbitrary pullbacks in g*. The proof makes use of (4a) and
(4b) of 1.3 for C.

It follows from the above definitions that K:C_I—e(_l* is a logical
functor. Moreover, K is full and faithful. The latter is due to con-

dition (5a) of 1.1 for C.
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We have shown so far that (_3* satisfies the conditions (1) and (2)
of 4.1. Since a morphism £:X-Y in a logical category is epic iff
E{f[lx] = 1Y (cf.1.4.9), the pullback-condition for arbitrary pullbacks
implies that epimorphisms are stable under pullbacks. This gives
condition (4).

Now let us consider condition (3). To every morphism (IQIK Id)):
(Y ]zp)—> (9] I IQ) we associate the subobject (IQ l>\ ‘z[))# = (P |Y lzp/\)\) =
eq((lQ |x|¢), (1Q | lY l(b)):(Y |xp/\)\ ) (Y Iw). Conversely we associate
to every subobject (i |m |):(X|@)» (Y |$) the morphism (Mml(p)b =
(10131n[¢]|¢). Then we have (1Q|>\l¢)#b:(1g|>\]¢) but (p|m|e) =
($|m ‘(p)b#(i»{m[@] |m|@). (Em[@]|m|@) is monic, since (§|m|e)
is monic. However, (Zm[¢p] lml(p) is also epic, since the epi-
morphisms in Q* have the form (€f[p] |f|u) because of 1.4.9.

This shows that 9* satisfies condition (3) of 4.1 up to a morphism
which is monic and epic.

A morphism (p|f|e):(X|@)>(Y]P) can be factored as follows:
(W|£]0) = (p|Y | Z 1) (E[ @] |f]@) with (]Y|8f[p]) monic and (Ff[0]]f]o)
epic. Let (w‘f‘@) = lmlu)(p|g l(p) be a factorization with (zp‘m lu)
monic. This implies in particular (pSeY(f,mg) and hence 3ffp] =
Imgl@] because of 1.4.20. Thus the morphism (& [¢]|m|Egle])
is not only monic but also epic. Now the following diagram shows
that g* satisfies condition (5) of 4.1 up to a morphism which is

monic and epic.

(X |p) @ ]flo) Y1)
IE T

(ulegle (z|3g[p]) (@ |m|p

(Z |
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The extension F>I<:g*-'%12 of a logical functor F:C-D into a
logical category with finite limits can be defined as follows.
F*((gplflcp)) is the unique map in D which satisfies the equation
ea(F (), F(lY))F*((zplft(p)) = F{f)eq((F(p), F(1y)). It can be verified
that F* is a logical functor which preserves finite limits.

In the second step of the construction of S{C) we have to invert
the morphisms which are monic and epic, in order to make g*

into a semantical category. This can be done by means of a cat-

egory of fractions{cf.Gabriel-Zisman [6]).

4.5. Proposition: Let D be a logical category which satisfies the
conditions (1), (2),{4) of 4.1. If D satisfies the conditions {3) and

(5) as in 4.4 up to morphisms from I, the set of morphisms which

are monic and epic, then T is a calculus of right fractions, the
category of fractions 22-1 is a semantical category and the canonical
functor P:Q-H_D_Z'l is logical and faithful. Moreover, each finite
limit preserving, logical functor G:D-E into a semantical category
E can be extended uniquely to a semantical functor from I_)_E_l LI
every morphism in T is an isomorphism, then 92'1 is equivalent

to D.

It can be verified easily that I satisfies the follewing four con-
ditions: (a) The identities are in L. (b) ¥ is closed under composition.

{(c) T is closed under pullbacks. {d) If sf]L = sfz with s € ¥ then fl :fZ‘

-1
Now the category DX =~ together with the canonical functor

P:Q—ﬂ_)‘Z*l are defined as follows:

(1) ob(DZ ") = ob(D)

-1
(2) DI (X, Y)={(f,8)|f:Z~Y, s:Z-X, s€L}/=, where
(fl’ SI)E(fZ’ 52) iff there exist tl,tZEZ} such that fltl =

f t =
2t and slt1 sZtZ.



80

The equivalence class of (f, s) will be denoted by (f;s).
{3y (f;s)gt) = (fg'sts’) with (s’, g’) =pblg, s}
(4) P{f)=(f;X) for f:X-Y
(5) pb((f 58 ), (£,58,)) = (g, Q), (g,, Q)), where (g),8,) =pblf,, 1)

is a pullback in D and Q is the common domain of 8,28,

Making use of these definitions, we can verify that DZ'1 is a
category with finite limits and that P is a functor which preserves
finite limits. As a consequence we obtain that P{{}) ={2is a boolean
algebra object in 122~1. Moreover, P(s) is an isomorphism for
s €L. P is faithful, since the elements of T are epimorphisms.

— It should be noted that our definition of the equivalence relation =
differs from the one used in Gabriel-Zisman [6].

Until so far we have shown that QE-l satisfies the conditions
(1) and (2) of 4.1. For the following we will need the following
observations:

(6) if fis epic then P(f) is epic

(7) if (f; s) is epic then f is epic

{8} if g is monic then P(g)} is monic

(9) if (g;m) is monic then g is monic.

Thus the stability of epimorphisms under pullbacks in D implies
the corresponding fact for 92_1 because of (5), (6},(7). This gives
condition (4) of 4.1. Since D satisfies condition (3) of 4.1 up to

"

morphisms in T, we can define (p;t) (to" ;dom(t)) for a morphism
{p;t): X =0 in 122-1 and (m;s)bz(mb;x) for a subobject of X in _DZ)‘l.

An argument analogous to the one in 4.4 shows that 22_1 satisfies

condition (3) of 4.1.
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The condition {5) requires a more elaborate argument. Let
{f;8) = (m;t){g;u) with (m;t) monic be a factorization of (f;s). This
implies (f;s) = (mg’;ut’) with {t’, g’) =pb(g,t) and hence there exist
s’,u’ €T such that fs’ =mg’u’ and ss’ =ut’u’ because of definition
(2) and (3). Let f=ip with i monic and p epic be the image-
factorization of fs’ since s’ is epic. Since we have fs’=mg’u’ with
m monic, there exists by assumption q,h and z with z € Z such that
mh=iz, zq:ps' and hg=g'u’. However, this implies {g;u) = (th;z){p;s)
and (i;dom(i)) = (m;t)(th;z), where (th;z) is the required morphism.
This completes the proof of the fact that 122-1 is a semantical cate-

gory.

It remains to be shown that the functor P preserves quantifi-
cation. The quantification in 2}:-1 is described by means of direct
image. P preserves epimorphisms and monomorphisms because of (8)
md(M.Hmmeweoﬁmh1ﬁfﬁ)ﬂwﬁﬂ*:iM(ﬁsNWmfﬂ=GfWﬁYﬁ.

We can assume 5475 without loss of generality because of (c¢). This

2
implies in particular that P preserves quantfication.

Now let G:D~»E be a finite limit preserving logical functor into
a semantical category E. Since every morphism in E which is monic
and epic is an isomorphism, we can define a semantical functor

8:priy E by B((f38))=6(£)6(s) "t

. = It should be remarked that D
is equivalent to 22‘1 if every morphism in D which is monic and

epic is an isomorphism.
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Combining 4.4 and 4.5 we obtain for every logical category C

. . -1 .
the desired free semantical category S(g):g*z . Moreover, since

. . . . b
in a semantical category k=eq(w,1x) J.mpllesak[1X:[= v o= kT,
we obtain that gz'1 is equivalent to C in this case. This proves

theorem 4.3 .

The following result was proven by Joyal (cf.[11]|) in a slightly
different context:
4.6. Proposition: 1In every semantical category E the following
two statements are true:

(1) E has coequalizers of kernel-pairs.

(2) Every epimorphism in E is effective i.e. the coequalizer

of its kernel-pair.

This implies in particular that E is a regular category in the

sense of Barr (cf.[1]).
It is sufficient to prove (2), since E has epimorphic images. Let

(kl, k_) =kp(f) =pb(f, f) be the kernel-pair of an epimorphism {:X->Y

2

and assume gk1 =gk  for g:X-7Z. Instead of showing the existence

2
of h with g=hf directly, we will prove that a certain subobject of
YxZ is the graph of a morphism. Let jp with j monic and p epic
be the image-factorization of (f, g) = (fxZ)(X, g):X>YxZ. Then we
have qup:f and qsz:g, where 94 and q, are the projections of
YxZ. If qu is an isomorphism, then h:qzj(qu)— satisfies g=hf.
Since f is epic, qu is epic,too. Since every morphism which is
monic and epic is an isomorphism, it is sufficient to show that

qu is monic. Making use of the fact that p is epic, we can verify
that kp(qup) =kp(p) implies that qu is monic. But we have kp(p)

= kp(jp) = kp(({, g)) = kp(f) Nkp(g), kp(qup) =kp(f) and kp(f) =kp(f) Nkp(g)

b f gk =gk .
ecause of gk, =gk,
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4.7. Remark: It should be remarked, that one can prove now a
completeness theorem for semantical categories. It implies the
completeness theorem for logical categories because of 4.3. The
proof follows the same pattern as the previous one. In the following
we will give a sketch of this proof,

A semantical category E has a canonical model iff E is maxim-
ally consistent and the terminal object I is projective. Since E has
pullbacks, I is projective iff every epimorphism into I is right

invertible. This says that E is rich.

A maximal consistent extension can be obtained as before by
means of an ultrafilter Ain E(I,Q). However, in this context we
have to use a calculus T of right fractions defined by I = {(o#:
XQDH X {VIX[(p] €A} instead of a congruence relation.

In order to obtain an extension of E in which I is projective,
we have to add right inverses for epimorphisms into I. This cor-
responds to the rich extension. Here we can use the method of
A.Joyal, which he used in [11] in a similar context. We observe
that the comma category E/X is again a semantical category and
that the functor sx*;}geyx is a faithful semantical functor if !

X
is epic. The functor !X"w consists of pulling back along !X. Moreover,
!X (!X) has a right inverse, namely the diagonal.

Thus all the epimorphisms into I in E will become right invertible

n
in El =colim(E/ II Xi‘ % :X,~»1 epic). Iterating this construction we
izl i

obtain the required extension as a colimit of a countable chain.
Now the final result can be obtained as before by a maximally
consistent extension preceded by an extension which makes I pro-

jective.



Notations:

C_Iop dual of C
ob(C) objects of C
S category of small sets, card(P) cardinality of P

§0 category of finite sets

N  set of natural numbers
lim(F) limit of F
colim(F) colimit of F
dom(f) domain of f

cod(f) codomain of f

(fl,fz):X-->X1>(X2 morphism into the product of X1 and X2

AX:X—>XxX diagonal of X

(fl;fz):X +X2—>X morphism from the coproduct of X and X

1 1 2

VX:X+X—> X codiagonal of X

pb(fl,fz) pullback of fl’fZ

kp(f) = pb({, £} kernel pair of f

PO(fl,fz) pushout of fl,f2

eq(fl,fz) equalizer of fl,fz

coeq(f. ,f

T 2) coequalizer of fl’f

2
im(f) image of f
m:X»Y monic, q:X-+Y epic

!X:X—>I unique morphism into the terminal object I

nn Xk product of Xk for keK
keK

~  negation

A conjunction, Vv disjunction
= implication, e biimplication
! existential quantifier

¥ universal quantifier
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Logical categories, semantical categories and topoi

Hugc Volger

1. Introduction

In the paper "Completeness theorem for logical categories” [18]

I introduced to concept of a semantical category. A semantical
category is a logical category with a subobject classifier

i.e. with comprehension scheme in the sense of higher order logic
resp. separation axiom in the sense of set theory. There I gave
a construction of the free semantical category Fr(() over a
given logical category C. However, this construction could not

be extended to logical categories with exponentiation.

Here I will give a new construction which works also for logical
categories with exponentiation. Thus we obtain the free topos over

a logical category with exponentiation, using the simplification

of the axioms of an elementary topos by Mikkelsen [13]. This is
done, using the category of functional relations of C rather than
the category of restrictions of morphisms of C in which every
epimonomorphism is inverted. The idea of this construction goes
back to the observation of Lawvere that the invertibility of
epimonomorphisms is closely related with the representability of
functional relations by actual morphisms. Very helpful was also

the remark of Kock, that it is sufficient to have exponents of

in order to have arbitrary exponentiation. Finally I found a variant
of the construction which works even in the non-boolean case, because
my friends in Aarhus insisted that the construction should work in

this more general case.
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As an application one obtains the result of Kock and Mikkelsen [4]
on factorization of left exact functors between topoi, which
generalizes the factorization of the ultra power functor used in
non-standard analysis. Furthermore the above construction may be
used to reduce the construction of the free topos over an arbitrary
category to the construction of the free logical category with
exponentiation over that category. More generally, certain problems
for semantical categories can be transferred to logical categories

and vice versa.

Perhaps it should be mentioned that beside logical and semantical
categories an intermediate notion has been considered by Joyal [3[
and Reyes [14] . They consider regular categories in the sense of
Barr [1] with additional properties. Basically these are semantical

categories without a subobject classifier.
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2, Basic definitions

In order to obtain the theorem in full generality, we have to
redefine the notions of a logical resp. semantical category

which were introduced in [18].

A category C is called prelogical resp. logical resp. closed logical

if it satisfies the conditions (1) - (3) resp. (1) - (%) resp. (1) - (5).

(1) C has finite products.-Thus C has in particular a terminal
object I. A projection onto X will be denoted by Py-

(2) C has a Heyting semi-lattice object © i.e. there exist
morphisms A:QxQ+Q, B:ax@pf and 1:I+Q which satisfy the
identities for a Heyting semi-lattice. - This makes C(X,2) into
a Heyting semi-lattice homomorphism.

(3.1.)For every £:X»Y in C the orderpreserving map C(f,0):C(Y,2)~+C(X,Q)
has a left adjoint A£:C(X,0)+C(Y,0) i.e. Af[¢]<y 1iff ¢<yf for
all ¢ and ¢’ . Af is called the existential quantification along f. -
In particular C has the equality on X 6X for every X, which is
defined by €, = 3a,[1,].

(3.2.)C satisfies the equation g(g2,n)3g, = A£,C(f,,0), where (f,,f,) =

pb(gl,g2) is a pullback of one of the following two types:

e ————
Py (X:f)
£xZ f £ fx¥
e e s ————n et P
Py by

(3.3.)C satisfies the axiom of propositional extensionality i.e.

Oalegady) = ¢4 =9,



90

(4) For every f:X»Y in C the orderpreserving map C(f,2):C(Y,0)-C(X,q)
has a right adjoint VYf:C(X,)+C(Y,n) i.e. y<VE[¢] iff yf<¢

for all ¢ and y. Vf is called the universal quantification along £

(5.1.) C has an exponentiation i.e. the functor Xx(-):C—C has a right

X

adjoint (*)X:E»C.—The morphism from Z to Y which corresponds to

f:XxZ—Y will be denoted by g7
(5.2.) C satisfies the axiom of extensionality i.e.

T oo
8,9(T41 5 0y ) =Vpylo, &4, for ¢,,6,:¥xX—0

A functor F:L-3C' is called prelogical resp. logical resp. closed

logical if it preserves the structure of the categories involved.

Further variants of the above definitions may be obtained by adding
first the operation v:2x2—Q and then finite coproducts which

distribute over finite products.

Requiring the existence of a subobject classifier rather than a

Heyting semi-lattice coblject, one obtains the concept of a semantical

instead of a logical category. Working with subobjects rather than

morphisms into @, the existential quantification can be replaced by

direct image. This motivates the following definition.

A category E is called presemantical resp. semantical resp. closed

semantical if it satisfies the conditions (1') -(3') presp. (1') - (u')

resp. (1') - (5'):

(1') E has finite products

(2') E has a subobject classifier I—l+9 i.e. there exists a bijection
between Sub(X), the subobjects of X, and E(X,Q) such that

(m,1 ) = pb(mb,i), where m>:X—0 denotes the morphism

dom(m)

corresponding to the subobject m. Similarly ¢# denotes the sub-

object corresponding to $:X+Q.
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- This implies the existence of arbitrary pullbacks, which can
. M ]

be defined by (@Y(f1Xf2)) = pb(fl,fz), where @Y = by

(3.1') Evewy £f:X—Y in E has an image factorization f = im(£)f'.

- As a consequence, f¥:3ub(X)—sSub(Y), the direct image under f,

is left adjoint to £l

:Sub(Y)—+3ub(X), the inverse image under
£, i.e. £%n)enm iff nef Y(m) for all n,m.

(3.2') In E image factorization is preserved by pullbacks . - This

. . -1 % % -1

implies g, gy = f,f,” for a pullback (gl,gz) = pb(fl,fz)

(4') For every f:X—Y in E £t

:8ub(Y)——>Sub(X) has a right adjoint
£2:8ub(X)—>Sub(Y) i.e. maf®(n) iff £ 3(m) en for all n and m.

(5') E has exponentiation.

The subject classifier becomes a Heyting semi-lattice object by

means of a= (1,1)h:QXQ—»Q and = = eq(pl,A)b:QXQ—+Q. The existential
resp. universal quantification is defined by Af[4] = f*(aﬁ)b resp.
\{ff¢] = fo&éﬁ)b. Thus it can be verified that the semantical notions
imply the corresponding logical notions.

A functer G:E— E' is called presemantical resp. semantical resp.

closed semantical if it preserves the structur of the categories

involved. It should be remarked that a functor preserves the subobject
classifier if it preserves the object and the pullbacks required in

the definition. Hence the functor preserves arbitrary pullbacks.
Mikkelsen [13] showed that (1'),(2') and (5') imply (3'),(4') and

the existence of finite colimits. Thus the notions of a topos and

a closed semantical category coincide. And a functor which preserves
finite products, the subobject classifier and exponentiation (a logiecal
morphism in the sense of Lawvere [11,12])is the same as a closed

semantical functor.
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The concept of a functional relation in a prelogical category C
can be made precise as follows.

A morphism ¢:XxY—Q is called a relation from X to Y and is denoted
by ¢:X—3Y. The domain resp. codomain of ¢ i1s defined by dom(¢) =
3px[¢] resp. cod(g¢) = ij[¢J. The converse of ¢ is defined by

¢_1 = ¢(pX,pY):Y—%X. The composition of the relations ¢:X—Y and
v:Y—3Z is given by yx¢ = 3(px,pz)[@(px,py)aw(pY,pZ)]:X—aZ. The

identity relation on X is given by @X:X—%X. The restriction

¢arp, of ¢ will be denoted by o).

A relation ¢:X—3Y is called functional resp. everywhere defined

if ¢*¢—1i@Y resp. dom(¢) = 1X.¢ i¢ called a function if it is
functional and everywhere defined. The functional relations of C
form a category Fr((). The object: of Fr(C) are pairs <X,x> with
AiX=—0 . A morphism from -X,i> =Zo -Y,w.:> 15 a functional relation

¢ :X—Y such that dom(¢) =4 zand ccdlel)-,. and is denoted by <u,¢,Ar> or
by ¢ . The composition in [r(C) it the relational composition. The
identity on <X,A> 1s given by QX]A

With every morphism f:X—»Y in C one can associate the graph I(f) =

@Y(fpx,py):<X,1X>—ﬁ<Y,l Together with I(X) = <X,1,> this determines

v’ X

a functor I:C—Fr(C). C is called functionally complete if every

function in C is the graph of an actual morphism in C i.e. T is

full. C is called functionally strict if @Y(f,g) = 1, implies f = g

X
or equivalently if T is faithful.

It should be remarked that a list of formulas concerning relations
can be found in the appendix.

In a presemantical category E the same concepts can be expressed
using subobjects rather than morphisms into 2. A subobject
(rX,rY):R — XxY¥ is called a relation from X to Y. The domain

resp. codomain of (rx,rY) is given by im(rx) resp. im(rY).
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The converse of (rX,rY) is (rY,rX). The composition of (PX,PY):R>—+XXY
and (sx,sy):S+YXZ is given by im(ux,uz), where (uX,uZ) = pb(ry,sy.

The identity relation on X is the diagonal AX:X>-*XXX.

The relation (rx,rY):R:»»XXY is functional resp. everywhere defined

if Ty is monic resp. epic. Thus (rX,rY) is a function if vy is epic

and monic. The graph of a morphism f:X—Y is defined as I'(f) = (X,f).
In the presemantical category every monomorphism is an equalizer and
therefore every epimonomorphism is an isomorphism. Hence E is function-

ally complete, since a function (» }:R>=+XxY is isomorphic to the

x> Ty
graph of ry,rx-i:X~*Y. More general , every category with finite limits
and images is funetionally complete iff every epimonomorphism is an

isomorphism, Moreover, E is functionally strict because of ®;¥= By

3. Theorem

Let C be a prelogical category. Then Fr(C), the category of functional
relations of C, and I':C— Fr(C), the graph functor, are presemantical.
Moreover, Fr(C) is free over C i.e. every prelogical functor H:C—E.
with E presemantical can be extended uniquely (up to isomorphism)

to a presemantical functor Hf such that H = H'T. If € is already
presemantical, then Fr(C) is equivalent to C.

This remains true if prelogical and presemantical is replaced by
logical and semantical resp. closed logical and closed semantical.

Further variants may be obtained by adding unions and coproducts.

In the following we will present an outline of the proof which contains
all the necessary definitions. These can be obtained as follows.
Reformulate in a semantical category the required notion using only

the language of logical categories. The actual proof requires long
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computations and the extensive use of the formulas listed in the
appendix.

The products are defined by <X1,x1>X<X2,A2> = <X1xX2,x1xA2> , Where
Ag*ho = Ay DPyadr,p,. The projections are given by P(pi)[A1XA2 for

i = 1,2. The equalizers are defined by eql<usdy 2> <UsdysA>) =
<A,T(idx)|dom(¢1A¢2), dom(¢1A¢2)>. Hence the pullbacks can be de-
scribedby-pb(<u,¢1,ki>, <u,¢2,x>) = (<A1,F(p1)|¢;1* ¢4 ¢;%é¢1>,
<X2,T(p2)l¢;1$¢1, ¢;%*¢1>). This enables us to show that <u,¢,A>
is moniec iff ¢_1 is functional and that <p,é,r> 1is an isomorphism
iff ¢_1 is functional and dom(¢—1) = u.

Now we have to make r(Q) = <Q,1Q> into a subobject classifier.

1

Since we have (r(idy)[e%, r(1)[e%) = pbls,r(1)) with ¢% = ¢ wr(1) =

¢(X,1X), we associate with ¢:<X,l>——&<Q,1Q> the subobject

-
C

<1Q>%A>ﬁé'<X,F(idX)l¢t,¢ >, With a suboblject ¥:<Y,u> =¥ <X,A> we

associate <A,¢,U>b = <1Q,F(cod(¢))|k,k>. Then one has to verify

¥b b# _ . . . i c Cs

¢ = ¢ and v = ¢, The first identity makes use of the propositional
extensionality 3.3. . The second identity makes use of the above

remark on monomorphisms.

The image factorization of ¢:<X,x> —F <Y,u> is given by
<u,F(idY)[cod(¢),cod(¢)>*<cod(¢),¢,A>. Again we have to use the

above remark on monomorphisms. Having images we can define the ex-
istential quantification of <lgs¢,A> along <u,c,i> by (o] = im(§¢&3b =
P(QpY[cA¢th])|u . Here it is more convenient to show that the
quantification satisfies the condition 3.2. for arbitrary pullbacks

than verifying directly that images are preserved by pullbacks.

Using the above definitions one can verify that Fr(C) is a
presemantical category and I':C—Fr(C) is a presemantical functor.
The extension H' of the functor H has to be defined as follows. On

objects we have H'(<X,r>) = H'(dom(Tr(A)¥)) = dom(H(A)%). Since H as
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a prelogical functor preserves domain, codomain and functionality

and E as a presemantical category is functionally complete, H sends
$:<X,A> —I<Y,u> into the morphism from H'(<X,A») to H'(<Y,u>)
representing the relation H(¢). It remains to verify that H' is
presemantieal, since H is preleogical.

If C is already presemantical, then there exists a presemantical functor

T:Fr(C)—+C such that TT = id, and we have T(<X,> = dom(r (%), 1 is

full and faithful, since C as a presemantical category is functionally
complete and striect. Moreover, we have <X,A> = TII'(<X,A>) since both

are a pullback of T(x) and r(1). Hence T is an equivalence.

If C has universal quantification, it can be extended to Fr(C) by

means of Vg[¢] = F(pr[§:>¢tpY]}Iu for <1g,0,A> and <u,g,x>. Then

t%(m) = (Vc[mb]%) defines the required right adjoint to pulling back
along 7. Again one has to verify that I and H' preserve universal
quantification.

Now assume that C has also exponentiation. In the presence of a sub-
object classifier it suffices to have its powers. This is an observation
of Kock (cf. [%], p.5), which uses the graph y:XY > QYXX. Hence we
define <Q,1Q><Y’u> = <QY,PU>, where T =‘V!YXQyﬁmyj(=¥)(QYxrﬁ1) expresses
the restriction to subobjects contained in ¥ with ¢:<X,A>x<Y,u>~3<Q,19>
we associate P(r¢t1)ikz<x,x>—9<ﬁY,ru> or equivalently by extension-
ality \f(PXaPQY)[wt(pX,pY)<=>evY(qQY,qY)]}k. Conversely, with
¢:<X,A>—9<QY,Pu> we assoclate (F(evY){ruxu)*(¢x<Y,u>):<X,A>x<Y,u>~)<Q,1nz
Finally, it has to be verified that I and H' preserve the powers of

¢ and hence exponentiation.
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4, Applications

As suggested by Lawvere, we will use the theorem to obtain the result
of Kock and Mikkelsen in [41 on factorizations of first-order functors,
which generalizes the factorization of the ultrapover functor

(-7 = (—)K/U:§g£§—+§gzg from non-standard analysis. There one has

the following situation. The functor (—)* preserves first-order state-
ments i.e. it i1s semantical. However, it does not preserve in general
higher order statements. More precisely, it does not preserve the
exponentiation, since (ZX;* is a subset of ZX* , namely the set of
subsets which are internal in the sense of Robinson [15] . If one
defines §g£§*'(X,Y) as the set of internal functions from X to Y,

one obtains a new category of sets §g§§* . The functor (-) can be
viewed as a functor into Sets and as such it preserves alsc higher
order statements i.e. it is closed semantical. This gives a factoriza-
tion of (—)*‘because of §g§§*(1,x) = §g£§(1,x*)=x*.

The result can be stated as follows:

Let E, E' be closed semantical categories(=topoi) and let F:E—E' be

a semantical functor. Then there exists a factorization

elt

*
F=F FexP:Ef»E —E' such that E is closed semantical, F®*P is closed

semantical and Felt

elt

is semantical and preserves elements, i.e.
Ef(I,X)=E'(F (I),Felt(X)) for every X in E, where I is the terminal

object.

This can be proved as follows. Since T is product-preserving functor

between the cartesian closed categories E,E' , there exists a factoriza-

. - . ' . .
tion F FeltFeXP.§f+§*—+§ such that Ey is cartesian closed, Fexp
is cartesian closed and Felt preserves products and elements. Egis

the category of F-internal morphisms of E'. The objects of E x are the

objects of E. A morphism from X to Y in E is a F-internal morphism

g:F(X)—F(Y) in E' i.e. rgw = ¢¥go for some gO:I—+F(YX), where

F(X)

¢§:F(YX)—+F(Y) is the canonical morphism induced by the evaluation.



97

Pexp sends f into the F-standard morphism F(f) and Fo is the obvious

embedding.

1t

E, is not sufficient for our purpose, since in general the subobject
corresponding to a F-internal morphism into F(Q) will not be F-intermnal.
Thus @ is not yet a subobject classifier in E . However, 9 is still

a Heyting semi-lattice object. This suggests the following apprach.

is

Show that E is closed logical, Fex 1t

P is closed logical and Fe
logical. Then Fr(E%) can be used instead of Ex.

The existential quantification of F-internal morphisms along projections
is F-internal, since T as a presemantical functor preserves existential
quantification. Hence arbitrary existential quantification preserves
F-internality, since 1t can be reducalito quantification along projections
and equality (ecf. 5.1.4.). Thus g* inherits the existential quantifica-
tion of E' and Fexp and Felt preserve 1t. The same argument works for

universal quantification.

Now §¥', Fe¥P ang rFelt are defined as Fr(Es), rFexp and the extension
of Felt‘ By the theorem g* is closed semantical and pelt is semantical.
Since E' is functionally complete and Felt preserves elements, one can

prove that the extension Felt

still preserves elements. Since E is
closed semantical, it is equivalent to Fr(E) by the theorem. Therefore

FEXP FFe is up to equivalence the same as Fr(Fexp) and hence has

Xp
to be closed semantical.

Another application concerns the construction of a free topos over

an arbitrary category. Using the construction of the free topos over

a closed logical category, this problem can be reduced to the construc-
tion of the free logical category. Since the latter construction does
not require any equalizers, the complications introduced by the
equalizers can be avoided. More precisely, if one tries to construct

the free topos
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F(C) over a given category C by means of a deductive system in the
sense of Lambek L6 1 , then one has the following situation. The objects
of F(C) are terms generated by means of the necessary operations on
objects from the objects in C. Then derivations of the form X~——Y,
where X and Y are terms, are generated from the morphisms in C by means
of the necessary operations on morphisms. Finally the morphisms of F(C)
are equivalence classes of derivations. However, in this case one has

to introduce a new term K for every pair of derivations f,g:X—Y

f,g
and one has to introduce a new derivation E(f,g,h) for every derivation
h:Z——--+X such that fh is equivalent to gh. Hence one is forced to
define terms, derivations and the equivalence relation simultaneously.

Thus the direct construction gets too complicated to be useful. In this

situation the above reduction of the problem seems to be useful.
5. Appendix

1.1 ¢ < A£[e]f, F£Tuf] < v

1.2, Fgf¢] = 1g[d£[¢]]

1.3, Ff[ufas] = vadf[s]

1w 3ffe] = Ipy [0y (£py syl adpy]
1.5. 8 (£,£) = 1

X
SY(g,f)

1.6. ey(f,g)
1.7. 8, (£,8)AUE < yg

1.8. 8y (£,8)A8,(g,h) < 8, (f,h)

1.9, 8,(£,g) < 8,(hf,hg)

1,100 8y, ye(£,57,8,8") = 8,(f,g)A8,, (£',g")
1011, VE[$]f < ¢ ¢ < VE[yf]

1.12.  Vefle] = ¥g[v£l4]]

1.13.  VETvf = ¢]= p=ve[o]

1,140 Vffe > yf] = A£fe] =

1.35,  V£[e] = Vpyle, (fpy,p,) 3 opy]

IA
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x¥(Prd)=(xxylxo , ¢*@X=¢ s @Y*¢=¢
if ¢ < ¢'s ¥ < ¢' then yuo < v'x¢', dom(¢) < dom(¢'), codl¢) <
cod(¢')

1 1

Cored™ L = 075 ™ dom(e D) = cod(e) , cod(s™t

) = dom(¢)
if ¢,y functional then y¥¢ functional

if cod(¢) < dom(y) then dom(yx¢) = dom(¢), cod(yx¢) < cod(y)
¥ (E) = p(£xZ), Tlg)x¢ = AXxg[¢]

r(idx) = 8y, T(gf) = r(g)er(f)

r(£)|» functional, dom(Tr(f)|[x) = A, cod(r(£)|r) = I£[]
if ¢<¢,¥ functional, dom(¢) = dom(y) then é=y

if ¢ functional then ¢|dom(¢ay) < ¢

if Yoy = VR, HY functional, cod(¥) < dom(¢1), dom(¢2)
then cod(y) < dom(¢1A¢2)

rCE A = T(E )| h Aff & < 8,(f,,f,)

(o)t = dp, [z AwtpY] = cod(z S

Fc[61" = Ap,[eno™py) = domic]e®

Ve{ol® = Vo[5> o%py]

F(a)t= o

I‘“‘-)\"1 = V!Y[)\D u]
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0.

INTERNAL CATEGORIES AND CLASSIFICATION THEQREMS

P.T. Johnstone

INTRODUCTION

The object of these notes is to develon methods for constructing
internal categories which will enable us to prove classification
theorems for algebraic theories, using an artitrary topos with
natural number object as a base. The limitation of the
classifying toposes described in [ 2 ] is that they are necessarily
defined over Sets; so one cannot hope, say, to classify rings in

a topos € by mapping it into Rings, unless € is itself defined
over Sets. The theorem of Diaconescu [ 3] gives us a method of
proving classification theorems which are not set-based; we give

here a couple of examples of how this method may be apvlied.

In §1, we summarize those properties of the natural number otject
and of finite cardinals to which we will need to appeal later.
The construction of "internal full subcategnries" described in
§2 was first given by J. Benabou, and its application to the
category Fin(€) in &3 was developed by G.C. Wraith. 1In §4 we
show how the same ideas may be used to construct classifying

toposes for algebraic theories other than the trivial one.
SOME ELEMEKTARY ARITHMETIC

1.1 Definition Recall that a natural number object in a topos £

is an object N with maps 1-28-Ton heving the proverty that,
for any <diagram 1—59X—E»X in £, there exists a unique
f:N—X such that fo = x and fo = tf.
In other words, morphisms whose domain is N (or, using the
exponential adjunction, an object of the form NxX) may be defined

"pby induction". In particular, we use induction to define the



104

binary operations of addition, multiplication and exponentiation
on N, and to prove that they satisfy the usual identities.

1.2 Definition By a natural number in a topos with N, we mean an

element (global section) of N. With each natural number
1—29N, we associate an object [p], the cardinal of p, by

forming the pullback [p]——1 .

D
NxN—T>N-25N

It is readily seen that in § the cardinal of p is the set

{(2,b) € NxN|a+b+1 = p}, which has precisely p elements.

1.3 Lemma If 3—298 is a geometric morphism and & has a natural
number object, then f* preserves it (and hence any
inductively defined morphisms). Moreover, if p is a
natural number in £, then f*[p] ¢ [f*(p)].

Proof The first part is immediate from the existence of a right
adjoint for f*; the second follows from left exactness. O

In particular, the natural number object in E/N is (NxN—3N),

and it has 2 distinguished element, called the generic natural

number n, which is just the diagonal map N—>sNxN. This has the

property that, for any natural number 125N in €, the image of n

under the pullback functor p* is p itself - a property which we

shall find very useful. The cardinal [n] is readily seen to be

the object (N=N—ZP5N) of E/N.

1.4 Lemma The following square is a pullback:

(M NxN)u(NxNxN)_(id,__,.)' NxN
O‘+Xid) +,~ld o+
(idx0'+
Nx N = N

3% k3 %
or equivalently, + (o#+) 2 n1(c+)JLn2(O¥), where the m; are
the vroduct projections NxN—N.

Proof In S, this lemma says that a quadruple of natural numbers
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(a,b,c,d) satisfying a+b = c+d+1 may be represented
uniquely by a triple either of the form (c,a-c-1,b) or of
the form (a,c-a,d), since exactly one of (a~c-1) and (c-a)
is nonnegative. An internal version of this argument can
be given in a»n arbitrary topos. O

1.5 Corollary For any pair of natural numbers (p,q), we have
(v+a] = [p]lula]l.

Proof The functor (n,q)*:EVNxN——»g preserves coproducts.
So applying it to the isomorpiism of 1.4 we rave
(D+Q)*(04) = p*(c?)4xq*(c*), as required. O

We may similarly prove that [pa] = [p]x[q] and [p%] & [p][Q].
INTERNAL FULL SUBCATLGORILS

One method of forming internal categories which we have available

in $ is as follows: given a set-indexed family of sets (Ai)iEI’

we form the full subcategory of § on the Ai as objects, and it
is a small category, i.e. an object of Cat(S).
To perform the same construction internally in an arbitrary topos

E, we replace the family (Ai) by an €-morphism A—ial, and

ieT
proceed as follows:

2.1 Definition The internal category Eg;;g(A—£+I) is defined in
the following way:
(Fullg(f)), = I.
(Fullg(f))T——iégléLl—onI is obtained by constructing the
objec:s nT(f), n;(f) of €/ixI and forming the exponential
n;f(n1f).

Since pullback functors preserve exponentials, defining the

multiplication on Fulls(f) amounts to giving a morphism



106

* () * (s * () )
nzf ™ xn3f\n2f)——————>n3f ™ in &/IxIxI; and for this

we take the internal composition map.
The inclusion of identities (Fullg(f)) ——>(Fullg(f)), is
similarly defined.

2.2 Lemma Fullg(f) is equipped with a canonical (covariant)

inclusior functor Q:Fullg(f)-——>€, which may be described

as the object (A-ial) of &I, equivped with a structure map
for the appropriate monad which is basically the evaluation
map n;f(n1f)xn7f—>n;f in &/I«I.
Similarly, given a set-indexed family of groups (Gi)ieI’ we can
form the full subcategory of Gp (= Gp(§)) on the Gi as objects.

In order to do this internally, we need the following definition:

2.3 Definition Let G,H be group objects in a topos, with

multiplication maps Ry Dppe The object of homomorvhisms

Gp(G,H) is the subobject of H(r defined by the equalizer of
MG .
HG H HGK G

o)
(GeG) ¥

(HxH)
Clearly, the evaluation and composition maps defined on
exponentials can be restricted to objects of homomorphisms.

2.4 Definition Given a group object (G—>I) in the topos &I, we

. . .9 .
define Fullgp(g)(G——QI) in the same way as 2.1, but using
objects of homomorphisms instead of exponentials throughout.
The associated inclusion functor U is defined as in 2.2,

but this time it is readily seen to be a group object in

the functor category EFull, i.e. we can think of it as a

group-valued functor.
2.5 Remark We can repeat the ceonstruction of 2.4 with "group"
replaced by any finitely-presented, finitary algebraic

theory. (The finite presentation is necessary in order
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to define the appropriate objects of homomorphisms as

finite intersections of equalizers.)
3. THE CATEGORY Fin(f£)

We now turn our attention to the construction of classifying
toposes for algebraic theories. We consider first the trivial
theory; its models are simply objects, and so finitely-presented
models in are finite sets. Henceforth £ will always be a
topos with N.N.O.

3.1 Definition Fin(€) = Fullg(NxN_93+N), the internal category

of finite objects of E.

5.2 Lemma If }—£+§ is a geometric morphism, then f*(E;g(S)) is
isomorphic to Fin(3).

Proof We know f* preserves N and all constructions involved,
except possibly the exponential constructed in 2.1.
But this exponential is an object of &/ NxN, and we can show
that it is preserved by the following argument:
(i) The exponential Fin(?)T——éNxN is a solution of the

recursion probleuw in &/N defined by

N3

(oxid)*(Fin(€)1—>NxN) N3N in &N, and
(O‘Xid)*(Fin(S)T—>NwN) 4 Fin(§)1x[n2(n)] in &/IxN.

(ii) f* preserves the data for this recursion problem, by
1.3 and left exactness.

(iii) It can be shown that the solution to a recursion
problem of this type, if it exists, is unique up to
isomorphism. (We will give the proof of this result below,
as Proposition %.6.) Hence f* nreserves the solution of
the recursion nroblem. O

3.3 Theorem Sex(Fin(g)°P,g) =~ €.

Proof We set up an equivalence of categories as follows:
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To a discrete fibration F—i'in(€) we associate the object
*

(0'0) (FO—)N) .

To an object X of £ we associate the fibration defined on

objects by (XxN)[nl——+N, where the exponential is computed

in &/N; this is readily seen to be a flat presheaf.

And it is not hard to check that these two operations are

mutually inverse. D

3.4 Corollary The topos £

toposes defined over &, i.e. for any 3v£—>§ we have

£in(€) is an object clagssifier for

equivalences of categories

Top/g (3,8222(8)) = sox (" (2in(£)°P),3) by [ 3]
Sex(Fin(3)°°, 3 by 3.2
~ 3 by 3.3.

1’

Moreover, the universal object of 8212(8) classified by the
identity geometric morphism is the functor U of 2.2. [
It remains to prove the uniqueness theorem required for the vroof
of 3.2. We proceed by way of the following lemma:
3.5 Lemma Suppose given an object (X-—N) of £/N and
(i) an element x0:1—-éo*(x) in &,
(ii) a morphism t:X——)of(X) in &/N.
Then there exists a unique section x:N—>X such that
0'(x) = x 10" (X) and ¢ (x) = tx:N—X—>0" (X).
Proof Consider the following diagram:
N o

—_—N
Q

x lx
1050 ™ (X)—sX-—So0” (X)—%

=~

Ne— % 5N
X exists uniquely by the definition of N, and N—2>X—sN is

the identity by the uniqueness clause of 1.1. O
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3.6 Proposition Let X be an object of E, and T:&/N—&/N a

strong functor, i.e. a functor together with maps
X X
TX’Y.Y-——aTY

composition and compatibility conditions. Then an object

for X,Y in &/N, satisfying the obvious

* *
X of €/N satisfying o (X) = X, and o (X) 2 IX, if it
exists, is unique up to canonical. isomorphism.
Proof Suppose X,X' are two objects satisfying the given recursion

data. Consider the object of isomorphisms Iso(X,X') in
[

=
&/N; we have maps 1—L>Iso(XO,XO) x o*(Iso(X,X')) in €,

and Tso(X,X')—2% 5Tgo(1X,TX') = o (Iso(X,X')) in E/N.
So we can use 3.5 to construct a section N—3Iso(X,X');
but such a section corresponds by definition to an
isomorphism X=-X' in &/N. O

Finally, we may observe that a functor of the form (-)xX:E—>E

(for some fixed Xe €) is always strong, and so we can apply 3.6

in the situation of 3.2.
THE CATEGORY FPGp(g)

In this paragraph we repeat the arguments of 83 for a nontrivial
theory, namely that of groups. It should be noted, however, that
groups have been chosen merely as an example, and the basic
arguments will work equally well for other theories (with minor
modifications as indicated in 4.9 below).

4.1 Proposition In any topos £ with N.N.0Q., there exists a free

monoid functor M:E—>Mon(€), which is left adjoint to the

forgetful functor.
. * _y[n] .
Proof Let Xe €. Construct the exponential N (X) in §/N, where
N* denotes pullback along N—>1; we will show that (the

domain of) this object is M(X).
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The unit of MX is given by the pullback 1 = X[O]———+MX ;

L,

t———l

*
the multiplication by n:(MX)xnz(MX)———ar (using 1.4 and

Nl ———N

the isomorphism A‘B*C) ¥ aBuaC). Tne fact that these
definitions make MX into a monoid follows from the fact that
(N,+,0) is a2 monoid.
The front adjunction X—MX is given by pullback along
L—ggaN; and if Y is a monoid, we construct the end adjunction
MY—>Y by inductively defining an element of N*(Y)MY in
€/N, using the method of 3.5. Similar inductive arguments
show that the end adjunction is a monoid homomorphiem, and
that the "triangular identities" are satisfied. O

4.2 Corollary In any topos € with N.N.O., there exists a free
group functor F:E—Gn(€).

Proof Let X ¢ €. In the free monoid M(XuX), let R be the submonoid

generated by the subobject XuX (i (X#x)2 >M(XuX)

L,

1—=2 5N

where i1,i2:X——§XuX are the coproduct inclusions.
Then it is easy to show that M(XuX)/R is a group, and that
it is the required free group. U

4.3 Remark In fact we can "internalize" the adjunctions of 4.1
and 4.2; i.e. given Xe €, Ge Gp(€), we have Gp(FX,G) ¥ GX.

4.4 Lemma If 3—299 is a geometric morphism, then the functors F
and f* commute up to natural isomorphism.

Proof Their right adjoints (i.e. the forgetful functor and fy)
clearly commute, so this follows from unigueness of

adjoints. O
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Now consider the free group F[n] in &/N, where n is the generic
natural number. By 1.2 and 4.4, the pullback of F[n]—N along
a natural number 1—E5N is F[p]; so we can think of Fln]—N as
the indexed union of all finitely-generated free groups in E.
Thus Eg;;Gp(E)(F[n]——aN) is the category of finitely-generated
free groups of &

Now we are interested in finitely-presented groups, which are
cokernels of homomorphisms from one finitely-generated free
group to another; so the indexing object I which we want is
simﬁiy zhj object of maps of EE;;GP(Q)(F[n]-—+N).* We have a map
I——=02-17 LN.N, so we can form the free groups do(F[n]) and
d1(F[n]) in &/I. And the definition of I gives us a homomorphism
4 (F[n])—>d; (F[n]) in Gp(E/I) (this is just the statement that
U is a covariant group-valued functor), so we can form its
cokernel G—>I.

4.5 Definition FPGp(f) = Full (G—T).

—===Gp(€)
4.6 Lerma If 3feisa geometric morphism, then

£" (ERon(€)) ¥ ERep(I).

Proof As in 3.2, we need only concern ourselves with the objects
of homomorphisms which occur in the definition.

Gp(n (F[n]),n (F[n]))

n (F[n]) 1[n] using 4.3.

The first one is I—NxN

I

3

And we can describe this exponential recursively as in 3.2.
The second is H = Gp(nT(G),n;(G)) in & IxI; the argument

here is more complicated, since nT(G) is not a free group,
but in fact we can still give a recursive description of H

as follows:

Recalling that I is an object over NxN, we have
(oxid)*(e—>1—>NxN) (F[n]—»N N)

(oxia”) " (H—Ixt—s2*) = (n, *m (0] NxI-->N3), and a further
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recursive argument will show that this exponential is
preserved by f*.

And (o-xid)*(G—>I_>N N) & (Q-—)IxF[n;n]—)NxN), where Q is
the cokernel of a certain homonmorphism F(1}——>GxF[nZn] in
Gp(?/IxF[nZn]). Hence (ouidB)*(H——>N4) is the kernel of

the corresponding map of pointed objects

op(n; (6 Flrpn]),my(6))—>Gp(n; (F(1)),m5(6))

And this expression involves only finite limits and colimits;
so it is preserved by f*. &

4.7 Theorem Sex(FPGp(£)°P,&) =~ ap(g).

Proof Once again, we set up the eguivalence by sending a flat
presheaf F—>FPGp(€) to the object i*(Fa——aI), where i is
the element of I corresponding to F(1); it is readily
checked that this object has a natural group structure in £,
And we send X e Gp(€) to the presheaf defined on objects by
ep(6,I"(x))—I. O

4.8 Corollary The topos EEEQE(E) is a group classifier for

toposes defined over £, i.e. for any L8 we nave
Top/g(3,eZ22R(8)) > gp(9).
And the universal group object of SEEER(g) classified by the
identity geometiric morphism is the inclusion functor U. {J
4.9 Remark The arguments of 4.5 - 4.8 may be repeated with
"group" replaced by any finitely-presented, finitary
algebraic theory for which we have a free functor. The only
modification needed is that, in the case of a theory whose
hom~objects are not pointed (so that we must take
coequalizers rather than cokernels to define finitely-
presented models), the indexing object I must be replaced

by the pullback Ix(NxN)I'
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It is of interest to ask whether the method outlined above can be
adapted for even more general theories. For example, it should
be possible to define a topology on the ring classifier for
Top/€, such that the corresponding sheaf category is a local-ring
clascifier. (See [ 1] for a description of this topology in the

case £ = Sets.)
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Introduction
These notes are based on the text of ten lectures given at the University College
of North Wales, Bangor in September 1973, As far as I know, apart from
Professor S, MacLane's, these were the first lectures on elementary topoi to
be given in Britain, so I was at pains to avoid getting entangled in detailed
proofs, in order to concentrate on the main aspects of the subject. In ten
lectures it is impossible to be comprehensive so these notes must of necessity
reflect a personal bias, In fact, these notes are rather more detailed than the
lectures, but even so, a great many statements and examples are left unproved.
In many places the reader is urged to seek the proof elsewhers, in Freyd's
Aspects of Topoi, or Elementary Toposes by Kock and Wraith, The aim is
not to provide the reader with an exhaustive and complete text, but to give him
some sort of idea as to what has happened in the subject so far, and where it is
likely to go. Indeed, this may well be up to the reader himself. In my opinion,
the subject has exploded so fast, since Lawvere and Tierney's first work at
Halifax in 1969, that it is hard for anybody not in at the beginning to swallow all
the new material so suddenly available, The subject is now ripe for application,
I believe; certainly it is such a pretty subject that it would be most disappointing
if it were not good for anything - all my instincts tell me that it will be useful,
and not just for applications in logic,

There are certain new developments, due to J. Benabou, which I should
have liked to have included, Until recently, when one wished to carry out a
construction in an elementary topos that was well enough understood in S ,

the category of sets and functions, one had to wrestle with pullback diagrams
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and the like, Benabou's formal language permits one to dispense with these
problems, and to proceed directly to the construction from its formal description,
I believe that these methods must displace the older, clumsier ones,

The interest which the audience expressed during the lectures I take to
be a tribute to F. W, Lawvere's deep insights, It is often easier to express the
flavour of an idea with the spoken word than with the printed, and I fear that these
notes do not really do justice to some of the most important underlying ideas,

I have added a short preface to the notes on the development of the concépt

of topos. This was written over a year ago, so the references need revision.
There are many people I should like to thank for their help, encouragement,
conversations or communications on the the subject of elementary topoi.
I would also like to thank Professor R. Brown and I, Morris for organizing the
Bangor Conference, and all my fellow lecturers, C. J. Mulvey, B, Tennison,
P. Johnston, M, Reid, and A. Thomas.,

I used to hold that too strong a leaning to proper classical endings was an

affectation, but weight of usage goes against mes so toposes now becanes topoi.
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The Development of the Concept of Topos

Section 1

The subject of toposes really has two beginnings. The curtain rises
in the early 60's, the scene algebraic geometry, The modern approach to
algebraic geometry is founded on the idea of a sheaf, A presheaf on a topo-
logical space is a contravariant set valued functor on the category of open sets
and inclusions, and a sheaf is a presheaf satisfying some extra conditions, of
the form, 'given an open set, for every open covering of it, it is the case that,..'.
Grothendieck's idea was to replace the category of open sets and inclusions of a
topological space by an arbitrary category. Thus, a presheaf on a category is a
contravariant set valued functor on it. To define a sheaf we have to say what we

mean by a covering of an object. A Grothendieck topology on a category is

defined by saying which families of maps into an object are to constitute a covering
of the object; the family of coverings has to satisfy certain axioms which we will
not go into here, Be warned that the terminology 'Grothendieck topology' is
rather misleading - it has little to do with topology in the usual sense of the word,
A category together with a Grothendieck topology on it is called a gite. To every
site we can assign a certain full subcategory of the category of presheaves, called
the category of sheaves, by analogy with the definition of sheaves on topological
spaces, This is the raison d'etre of the concept of Grothendieck topology., The
Grothendieck topologies on a category form a lattice - we may talk of the finest
Grothendieck topology on a2 category such that a given class of presheaves are
sheaves. In particular, for any category, we define the canonical Grothendieck

topology to be the finest for which the representable presheaves are sheaves.
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J. Giraud discovered a remarkable theorem which bears his name.

From any site we may construct a new one by considering the category of
sheaves for the site with its canonical Grothendieck topology., Giraud's theorem
asserts that the category of sheaves of the latter site is equivalent to the category
of sheaves of the former,

In consequence, the special name of topos was given to those categories
which were equivalent to the category of sheaves for the canonical topology on
them, Giraud's theorem may then be stated; a category is a topos if and only
if it is the category of sheaves on a site, (Actually, there are a few foundational
points that need clearing up here - usually, recourse is had to 'Grothendieck
universes'.) Internal conditions were found for a category to be a topos,
stating with certain limits and colimits must exist, with certain properties,

Let me pause to summarises a topos is a category satisfying certain
conditions, whose details I will not bother to describe here, These conditions
were concocted to describe categories of sheaves on a site, so that cne could
carry through certain constructions. (chiefly, cohomology) that one can perform
for the category of sheaves of sets on a topological space. It is worth saying
that it was soon realized that toposes are more important than sites, Different
sites may give rise to the same topos. For example, the category of open
inclusions and the category of local homeomorphisms into a fixed space, with
their canonical topologies, give rise to two distinct sites which have the same

topos.

1, M. Artin, Grothendieck Topologies, Harvard University Press, 1962,
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M. Artin, A, Grothendieck, J. Verdier, Theoreie des Topos et
Cohomology Etale des Schemas. Springer L. N. 269 and 270 {(revised
version of SGA4 1963/64),

J. Giraud. Analysis situs, Sem. Bourbaki, 1962/63.

J. Giraud, Methode de la descente, Mem, Soc., Math, France, 1964,
J. Giraud, Cohomologie non abelienne, Springer 1971,

M. Hakim, Topos Anneles et schemas relatifs, Springer 1971,

D. Mumford, Picard group of moduli problems. Proceedings of the
conference on arithmetical algebraic geometry of Purdue 1963,

Section 2 The scene now changes to a borderland between logic and
category theory, being explored by F. W. Lawvere., He had observed

many formal similarities between rules of logic and the calculus of

adjoint functors. He realized that it is possible to axiomatise category
theory without using sets, so that it may be possible to avoid the problems of
set theory, Anything defined by adjoint functors will be an elementary
notion in the formal language of categories., The problem, therefore,

is to pinpoint elementary properties of the category of sets and functions
which are good enough for reconstructing as much set theory as one needs,

J. C. Cole, Categories of sets and models of set theory, Thesis (Sussex).
Aarhus preprint No., 52 (1971),

F. W. Lawvere. An elementary theory of the category of sets, Proc.
Nat, Acad, Sci, 52 (1964), pp. 1506-1511,

F. W. Lawvere, Adjointness in Foundations, Dialectica 23 (1969) pp, 281-296,

F. W. Lawvere. Equality in hyperdoctrines and comprehension as an
adjoint functor, Symposia in pure maths, Vol. XVII A, M. S, (1970),

Section 3 In 1969, at the University of Dalhousie, ¥, W, Lawvere and
M. Tierney began to investigate the consequences of the following three

axioms for categories: -
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T(i) finite completeness and finite cocompleteness
T (ii) Cartesian closedness
T(iii) the existence of a subobject classifier
These three are all elementary axioms, and they are satisfied by the
category of sets and functions. For example, any two element set acts
as a subset classifier. It was soon found that any topos satisfies the
above three axioms.

For this reason, any category satisfying these three

axioms was called an elementary topos.  To distinguish them from

elementary topoi topoi in the old sense are now called Grothendieck
topoi The category of finite sets and functions is an elementary

topos but it is not Grothendieck.

The definition of an elementary topos is much simpler than that of a
Grdhendieck topos, Recently, A. Kock and C. Juul Mikkelsen have shown
that it can be simplified even more. In any category with finite limits we
may define Rel(A, B), the set of relations from A to B, to be the set of
subobjects of A x B, By using pullback, we can make this into a functor
Rel(-B) for any fixed B. The simplified axioms are
Tr (i) finite completeness.

Tm(ii) for any B, Rel(-,B) is representable.

It is a remarkable fact that these axioms imply those above, Elementary
toposes are to abelian categories what sets are to abelian groups., P. Freyd
considers the development of elementary topoi  to be the most important

event in the history of categorical algebra,
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For Grothendieck topoi the emphasis had been on cohomology, and
on generaliizing ideas of topology. One may, of course, still consider
these notions in the context of elementary topoi However, the elementary
nature of the axioms brings out a new and fundamental feature, that had not

been exploited before - the concept of internalization,

It has long been realized that any category with finite limits
admits the interpretation of universal sentences (this is the fundamental idea
behind universal algebra - one considers only sentences using '=' and 'V'),
An elementary topos admits the interpretation of any sentence in the higher
order predicate calculus. That is to say, a topos may be considered as a
universe of discourse. Constructions normally carried out 'within' the
category of sets and functions may be carried out 'within' an elementary
topos. Let me give a very basic examples suppose XY denotes the
exponential, so that maps Z — XY are in bijective correspondence with
maps Z x Y —> X, and suppose that ( denotes the subobject classifier,
To any pair of functions § =3 T we may assign the subobject of S on
which they agree, their equalizer. Corresponding to this set-theoretic

construction there will be a map in the topos

XYxXY —_— QY

which is the internalization of the construction which assigns to a pair of

maps Y =3 X their equalizer,
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We can define the notion of a category object in an elementary
topos - we have an object-object, a maps object and a pair of maps called
'domain’ and '‘codomain' together with certain other maps defining compo-
sition, etc. (actually, since categories are defined by universal sentences,
we only need left limits in our category to define category objects). We
may also define 'internal presheaves' on a category object. These form
an elementary topos., This underlines another point; the property of being
an elementary topos is stable under a wide variety of categorical construc-

tions., It is easy to construct new topoi  out of old.

Of particular value is the interplay between the topological aspect,
and the logical. For example, the subobjects of the terminal object in a
topos may be interpreted topologically as open sets, and logically as truth

values.,

The fundamentals of the theory have begun to crystallize., A

large number of questions to be resolved remains.

P. Freyd. Aspects of topoi, Bull. Australian, Math., Soc. (1972)
Vol, 7. pp. 1-76.

G. M. Kelly and R. Street. Abstracts of the Sydney Category Theory
Seminar 1972, University of New South Wales,

A. Kock and G, Wraith, Elementary Toposes. Aarhus Lecture Notes No, 30.

F. W. Lawvere. Quantifiers and Sheaves, Actes du Congres International
des Mathematicians, Nice. 1970. pp. 329-334.

F. W. Lawvere and M. Tierney. Summary by J. Gray. Springer L,N, 195,
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3] 1. Elementary topoi.

Let us consider some of the properties of S, the category of sets and functions.
(i) Finite limits,

The category S has finite limits, That is to say, it has a terminal object;
any singleton set will do - we pick one and call it 1, The elements of a set X

are given by the maps

1 —X,

It also has pullbacks. For any two functions

with common codomain, we may form the set
P = {(a,b)e A xB {fa)=gb) 3.

If PP, denote the obvious projections

is a pullback diagram.

(ii) Power sets,
For any set X, let P(X) denote the set of subsets of X, Then P(X) has the

following propertys ~ For any set Y, the set of functions

Y — P(X)
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is in bijective correspondence with the set of relations from Y to X. To be
f
precise, a map Y —> P(X) and a relation R ¢ X xY are said to correspond

if
xRy & xc¢ {(y) ¥xeX, VyeY.

In any category C with finite limits we define a relation from an object Y to
an object X to be a subobject of X x Y. We denote by Rel(X,Y) the class of

subobjects of X xY., If A' -a—> A is a map and
R>——A xB

denotes an element of Rel(A,B), we obtain an element R' >—— A' x B of

Rel(A', B) by forming the pullback diagram

Rl ———— R

A'xB __E'x_l_@AxB

We have used the fact that pullbacks of monics are monic, In this way we get

a contravariant functor Rel(-,B).

Definition 1. A category E is an elementary topos if
i) E has finite limits,

(ii) for every object A of E there is an object P(A) of E and a monic map

eA>—>A><P(A)
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with the property that for any object B of E and monic map
R>— A x B

there is a unique map
B> P(A)

such that

R —mm— ¢

)
AxB ——25 5 AxP(A)

is a pullback diagram,

We may paraphrase condition ii) by saying that for every object X of E the

functor Rel(-,X) is representable, i.e. we have a natural isomorphism
Rel(-,X) = HomE(—,P(X)) .
The natural isomorphism A x B >~ B x A sets up a natural isomorphism

£(B.PA)

HomE(A,P(B)) =~ Hom
which tells us that P is a contravariant functor from E to itself, which is
adjoint to itself on the right.

We denote by 1 a terminal object of E, and by analogy with the case for § we

call a map
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an element of X. We call an element of P(1) a truth-value of E., Each truth-

value corresponds to a subobject of 1,

Examples

i) S, the category of sets and functions.
ii) sp.',. the category of finite sets and functions.
There are only two truth values in S and in cfp.-a .
iiiy 1, the category having only one map. This has only one truth value,
iv) S x 8, the category of pairs of sets and pairs of functions, This has four
truth values, given by the subobjects (%, ), (1,9), (¢,1), (1,1) of the terminal

object (1,1). Note that
@,%) # (¢,1)

and that ($,1) has no elements. We see that an object in an elementary topos

is not determined by its elements.

We may think of S xS as a pair of "non-interacting universes”, As a generalization,
the reader can easily verify that if E. 1 and EQ are elementary topoi, then

El x Ez is an elementary topos.

v) Let G beagroup, A G-setis a set together with an action of G on it by
permutations., A G-function between G-sets is a function which preserves G-action.
The category of G-sets and G-functions is an elementary topos. It has two truth-
values, The functor P assigns to a G-set its set of subsets (not sub-G-sets)
which is given a G-action via the notion of inverse image, i.e, if X is a G-set,

A CX, ge G define g. (A)= {xe Xlg.xe Af .

vi) Consider a simplified model of time with just two states of existence - "then"

and "now", We have a category (usually denoted by 2) described by the diagram
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"then" ———— "now"

A functor X from 2 to S we might call a "set in time" it gives a diagram

X(then) ————— X(now)

in S. A "function in time" is to be a natural map. Sets and functions in

time form an elementary topos, which has three truth-values, given by the

subobjects
¢ —> (always false)
¢ — 1 (false then, true now)
1 —— 1 (always true)

of the terminal object 1 — 1,

Of course, "time" may be construed as any partially ordered set, or, indeed,
as any small category C. As a common generalization of v) and vi) we may
show that

C0
S=

0
the category of functors C —=§ and natural maps, is an elementary topos, This
0
is known as the category of presheaves on C. For any presheaf F: C — 5,
0
the presheaf P(F): C —> S is given by taking (P(F))(X), for X an object of C,

to be the set of subfunctors of F x Hom C(—,X).

vii) A continuous map Y —p—-> X between topological spaces is a local homeo-
morphism if it is an open map such that for every y € Y there is an open
neighbourhood U of y mapped homeomorphically by p onto p(U),

Let Top(X) denote the category whose objects are local homeomorphisms

Y L/» X and whose maps are commutative triangles of continuous maps
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Y ———3 Y
X

Then Top(X) is an elementary topos (we call it a spatial topos) whose truth-
values correspond to the open sets of X,

<l ,1. >
The monic map A >———-L> A x A (the diagonal map) gives the identity relation

from A to A, and corresponds to a map
A—Lb Lpny

for any object A in an elementary topos E, K E =S5, then {-] is the function

a b—-s fal.

Proposition 1,1  The map A —1(——}—> P(A) is monic.
Proof,

For any map X LN A, the diagram

X —2 5 A

<u,]x> <1,,1,>

1, xu
AxX—-A—-—>AxA

is a pullback, Hence, if u,u's X —> A are such that {-}u={-]u', then

<u,l_> = <u',1_>, and so u=u',

X X

1
The identity map A —A> A ~ 1x A, considered as a relation from 1 to A,

gives rise to a map

1 ————= PA).
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For any objects A,B of an elementary topos, the identity map

P(A x B) _.iP.LAXL.}

P(A x B)

corresponds to a subobject of A x B xP(A x B), and hence to a map

P(Ax B) x A —> P(B) .

Let PAxB)x A— 5 P(B)

£l

be a pullback diagram and let
q: P(A x B) —— P(4)

correspond to the subobject @ of P(A x B) x A.
The interpretation of q in S iss-

given Rc A x B, then
qR)= facAl3beB, {bl = {b' e Bl(a,b) ¢ Ri}.

Define the object BA by defining

A

l |

P(AxB) —2— p(a)

to be a pullback diagram,
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Proposition 1.2 For any object D, there is a natural isomorphism

A
HomE(D xA,B) =~ HomE(D,B ).

We leave the proof as an exercise in diagram chasing for the reader. I believe
I am correct in crediting this result to C. J. Mikkelsen, We may interpret

BA as the object of maps from A to B, and P(A x B) as the object of relations
between A and B. The construction of BA from P(A x B) follows precisely

the procedure for sets.

Proposition 2 is summarized by saying that an elementary topos is Cartesian-
closedy that is to say, for every object B the functor B x (-) has a right

B
adjoint (-) .

It is conventional to denote the object P(1) by 2, and to denote by
1 ;9 Q
the map corresponding to the maximal relation, namely
1—— 51 x1 .

The defining property of the functor P implies that for any monic map A >— X
there is a unique map X —— Q, which we call the classifying map of A >— X,

such that

is a pullback diagram. For this reason we call Q a subobject classifier,
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Proposition 1.3 A category E is an elementary topos if and only if it
satisfies the following conditionss

iy E has finite limits,

ii) E is Cartesian-closed,

iii) E has a subobject classifier,

Proof: we have already seen that an elementary topos satisfies the above three
conditions, Conversely, if a category E satisfies these conditions, for any

object B define P(B) to be QB . Then
B
Hom (A, Q") = Hom_(Ax B,0) > Rel(,B),

so E is an elementary topos.
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§ 2. Exactness properties of elementary topoi

The original formulation of the axioms for elementary topoi contained
the condition that finite colimits should exist. C.J. Mikkelsen showed that
this condition is in fact a consequence of the axioms we have given in 1. We
sketch here very briefly part of an elegant paper by Robert Pare, which shows
that the functor

Xk

makes _P;° tripleable over E. Since tripleable functors preserve, reflect and
create limits, it follows that EO has all the limits which exist in E.

f
Def. 2. A pair of maps B —g—> A is reflexive if there exists a map Ad—> B

such that fd =gd = 1A.

A version of the tripleability theorem (CTT) of Jon Beck asserts that if

LE

|

is a functor having a left adjoint, then U is tripleable if

i) F has coequalizers of reflexive pairs;
ii) U preserves these coequalizers;
iif) U reflects isomorphisms.

Let the end adjunction
A
0 xA _.ﬂ_) [v]
classify the monic

€ >— 0 x A,
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¥ A>—>B is monic, we get a monic
1xi A

€A>——>QAx A>—"—5( " x B

A
whose classifying map @ xB — Q is exponentially adjoint to a map we call

Proposition 2.1 Let

At —3 A

1

B!—»B

be a pullback diagram in an elementary topos, with i (and therefore i') monic.

Then the diagram

commutes.
The proof amounts to checking that the two maps
QA xB ——>Q

exponentially adjoint to the maps obtained by going round the diagram in either

way, classify the same subobject.



134
Proposition 2.2 Let A>—1—> B be monic. Then
s i A
A i B Q A 1 QA

Q 00— S0 = Q

Proof: Apply proposition 2.1 to the pullback diagram
1
A——FA

l-————yB

Theorem 2.3 Let E be an elementary topos. Then the functor
o

satisfies the criteria of CTT.

Proof: We have already seen that P has a left adjoint (namely, itself).

i) Since E has equalizers, EO has coequalizers.
ii) Let f h
A—35B—>C
g

be a coequalizer diagram in _}EO, where (f,g) is a reflexive pair. In E this

means that
f

CLB—-g——-)A

is an equalizer diagram and that there is a map A i) B such that df =dg = lB.
it follows that f,g,h are monic and that

C—h__—>

B
h J/f
A

B—F%& >
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By propositions 2.1 and 2.2 it follows that the diagrams

is a pullback diagram.
3
P(B) PE) 5 P(C) P(C)—i_._ﬁP(B)
3 3 1 P(h)
P(A) Pe) 5 P(B)
P(C)

commute, so that
pa) 28 p@) B0, 5

e o
\\\’/f ‘-3
1 h

is a contractible coequalizer diagram.

f
iii) For any map B —— A , the composite

A pa) —20 . p@,

corresponds to the monic

>
p>L1B> 4 .

= <f',1_> which implies f =f'. Hence

Hence P(f) =P(') implies < f,lB > B

P is a faithful functor, and so reflects monics and epics.

E A >—> X is monic, and has classifying map

X—d)en

then i
i

Ay > X ¢ > 0
\/
1

is an equalizer diagram. Hence, in an elementary topos every monic is an
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equalizer. It follows that any map in a topos which is both monic and epic is

an isomorphism. Hence P reflects isomorphisms.
Corollary 2.4 An elementary topos has finite colimits.

We denote an initial object of an elementary topos by ¢ .
Proposition 2.5 Any map into ¢ is an isomorphism.

Proof: For any object X, the functor X x( —) has a right adjoint and so

preserves colimits. So
Xx¢~¢.

Any map X —f—>¢ has an inverse
!
$ ~ Xx¢p ——X.
One of the primary uses of sets in mathematics is to formulate the
notion of an indexed collection of things. If an elementary topos is to be a
useful generalization of S, we must know how to express the concept of an
indexing over an object in it. To see how to do this, we remind the reader of

some elementary category theory.

For any category C and object A of C, define C/A to be the
category whose objects are maps with codomain A, and in which a map p—>q

from X p—> A toY 4 A is given by a commutative diagram

X — 5 Y

P a
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¥ C =8, we may interpret S/A as the category of A-indexed sets and functions

as follows: -
P

From an object X ——> A in S/A we get the A-indexed family

-1
o @, A

X*ﬂ“L——ﬁ*Y
X/
‘At

in 8/A we get an A-indexed family of maps

and from a map

-1 -1
 :p @—a @},
where fa is the restriction of f to p-l(a).

Conversely, given an A-indexed family {Xa} of sets, we get

an object X ~2—> A of S/A by taking

a€A

|
X = U (X xial) = X
acA a a€A "a

and p(x,a)=a. I {fa : Xa — Ya} a is an A-indexed family of maps,

€A

we get a map f

. : [l
in 8/A by taking f = ae’Afa’

i.e. f is given by

fx,a) = €, ), 2).
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We have the slogan, therefore, that maps into an object A correspond

to A-indexed objects.
For any elementary topos E, let us define

A
OQxQ —>q

to be the classifier of 1 <—t’—f—>> QxQ

Proposgition 2¢ 6 The map A internalizes the notion of intersection of

subobjects. That is to say, if A1>———> X, A

¢ $
X, with classifying maps X —1——9_[1, X ~—£~> {3 respectively, then

o > X represent subobjects of

R
x = 2>040 Q

classifies A1 N A2 >—— X, given by the pullback diagram

A1 I A 5 > A i
A2 X
We leave the easy verification of this to the reader.
Let A
c QxQ 1
Py
be an equalizer diagram.
?4 .
Proposition 2.7 Let X~ (i =1,2) classify subobjects Al c X

(i=1,2). Then Alg A2 if andonly if X ——>  x g factors through the

subobject < of O xQ -
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Proposition 2.7 is an easy consequence of proposition 2.6.

Theorem 2.8 If A is an object in an elementary topos E, then E/A is an
elementary topos.

1
A
Proof:  The object A —> A is terminal in E/A.

Pullbacks in E/A may be constructed "in E", so that E/A has finite limits.

Given an object X2 5A in E/A, let

~

A2 Lpx

<1l,,p>
correspond to the monic X >L—> Xx A.

Let

~

PX) x A 22X px)x P(X) = (2% Q)

be a pullback diagram, and define

P(X —2 > A)

to be

p
R>—>PX)x A —>—5 A .

It remains to check that P(X P A) does what it should. We leave this to

the reader. This construction is due to Kelly and Street.



140

In any category E with finite limits, pullback along a map

induces a functor

f*: E/B —%E/A
which has a left adjoint
Tt E/fp — Ejp

given by Z(X Loy - xLPsatfp

It is instructive to interpret what f* and Ef mean for indexed families of sets.
The reader will soon convince himself that f* signifies "relabelling along f",

i.e.
= {ng b €B) = ng(a) }aeA

and that Zf signifies "coproduct over the fibres of f", i.e.

||
24 iXa}a ea) = gf(a)=b Xazb €eB’

f
Theorem 2.9 Let A —— B be a map in an elementary topos E. Then the

functor
fx: E/B——E/A

has a right adjoint

Hf:E‘/A—>E/B
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Proof: By working in the elementary topos E /p We may suppose without loss

of generality that B =1. Let

be exponentially adjoint to 1 For any object X L oA of E/A let

A
N
[If(p) > 1
ra0
A
P A
)8\ > A

be a pullback diagram. It is now routine to check that this gives a functor Hf

right adjoint to f*.

Of course, for sets Hf signifies "product over the fibres of f",

i.e. I, (§X )y = §n X}
f a‘acA £(a)=b a’beB
Corollary 2.10 In an elementary topos, pullbacks preserve epics and

colimit diagrams.

This follows from the fact that the functors Ef preserve and reflect colimit

diagrams, and the fact that the functors f* must preserve them, as they have

right adjoints.

kl .
The kernel pair K —k——> A of amap A ——> B is a pair of maps such that
2 X1

fk1 =fk2 and such that if X < A is any pair of maps such that fx1 =fx2 ,
2

2). Any

ky

category with pullbacks has kernel pairs. The kernel pair K T A of
2

then there is a unique map X La K such that X, = kih i=1
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A —; B is given by the pullback diagram

K 1 A
_—
k2 f
v
A f B
—_—
k
N £
Proposition 2.11 Let K = A be the kernel pair of A —> B. Then
2

the following imply each other: -
i) f is monic,
ii) k1 = kz,

iii) at least one of k1 or k2 is an isomorphism.

Because kernel pairs are defined by pullback diagrams, pullbacks of kernel

pairs are kernel pairs.

Proposition 2.12 In an elementary topos, pullback along epics reflects monics,

epics and isomorphisms. That is to say, if

p
X 7

0
Uﬂé——'_b——:>

Y q

is a pullback diagram in an elementary topos, with f epic, then p epic, monic,

iso implies that ¢ is epic, monic, iso .

Proof: If p and f are epic, then clearly sois q. Let
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4

be the kernel pair of q. Let L R X be the pullback of this kernel pair

2
along g. Then this is the kernel pair of p, and if p is monic, ll = 62. We
get a pullback diagram
L
L ——— 5 X
h l Jg i=(1,2)
k.,
K ' Y

where g and h are epic, since pullbacks of epics are epic. Hence klh = kzh R
50 k1 = kz and so q is monic if p is. We have already seen, in the proof of
theorem 2.3, that monic epics are isos in an elementary topos, so p iso implies

that g is an iso.

Proposition 2.13 Any map in an elementary topos can be factored as an epic

followed by a monic. Such a factorization is unique up to a commuting

isomorphism.
f —kla
Proof: Let A ——> B be the map to be factorized. Let K < A Dbe its
2

kernel pair, and let A N Q be the coequalizer of the kernel pair. Then f

factors as ig in the diagram below. We shall prove that i is monic.

f

K —> B
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Suppose ix1 = ix2. For the pullback diagram

<a_,a_>
Z_—>1’2 AxA

t q xq

<n,,n_> Q xQ

Since gxq=(q x1).(1xq) is a composite of pullbacks of epics, it is epic,
and so t is epic. Since f.aj = iq.aj = ix],t is independent of j (j =1,2),
there exists 2 h—> K such that aj =kj'h' Hence xj.t :q.aj :q.k]_.h is

independent of j. But t is epic, so X; = Xy So i is monic.

Suppose A LG I>Y5B is any other factorization with u epic and v
r .
/ ! \

l«:1 \

k2 |
i
hd
1

Since uk1 =uk2, there is a unique Q 51 suchthat u= mgq, So m is epic.

monic.

Since iq=f=vu=vmq we have vm =i, so m is monic. Hence m is an

isomorphism.

Corollary 2.14 In an elementary topos, every epic is the coequalizer of its

kernel pair.
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§ 3. Geometric morphisms

We saw in example vii) of §1 that a topological space X gives rise to
an elementary topos Top(X), whose objects are local homeomorphisms into
X. In the category of topological spaces and continuous maps, pullbacks of

local homeomorphisms are local homeomorphisms, so a continuous map
f
X—>Y
gives rise to a functor

f*: Top(Y) —> Top(X) .

We shall use the term left exact for a finite limit preserving functor. The

functor f* is left exact and has a right adjoint f,. This motivates

Definition 3.1 A geometric morphism

ELfsr

between two elementary topoi is a functor
f,:E—F
which has a left exact left adjoint

f*:F—>E.

We call f_ the direct image part of f and f* the inverse image partof f.
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We give some examples to show that this notion is not as unnatural as at first

appears.

Examples

i) We have already seen that a continuous map X -f—> Y between

topological spaces gives a geometric morphism
f
Top(X) —— Top(Y) .
. f . . : .
ii) A map A —> B in an elementary topos E gives a geometric morphism
E f—) B
=/A =/B

where = Hf.

iii) Let G >~ H be a homomorphism of groups. I M is an H-set,
let ¢*(M) denote the G-set whose underlying set is the same as that of M,

but with G-action defined by ¢ , i.e. g.m = ¢().m for geG, m ¢ M. This

gives a left exact functor

¢ *: H-sets — G-sets .

If N isaG-set, let ¢ (N) be the set of functions ¢ : H —> N such that for
g eG,heH

q(®@).h) = g.q(h).

We make ¢ (N) into an H-set by defining h.q. for he H, g¢ ¢ (N) to be the
function given by h' — q¢h'.h). Then #, is a functor right adjoint to $*
and we have a geometric morphism

G-sets L5 H-sets .
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f
—
I E ? F are a pair of geometric morphisms, a map f —> g is to mean a
natural map f*¥ —> g* (and so, by adjointness, a natural map g ,—>f,). Thus,
for any two elementary topoi E, F we get a category (in general, illegitimate,

i.e. the hom-classes need not be sets)
Top (E, F)
of geometric morphisms from E to F and maps between them.
If E is an elementary topos, an E-topos is a pair (F,f) where F LE is

a geometric morphism. We will usually abuse language by referring to the

E-topos F, leaving f understood. We call f the structural morphism of F.

I El’ Ez are E-topoi, a morphism of E-topoi is a geometric morphism

F —> F_ making the diagram

=1 2
\E /

g
=
commute up to natural isomorphism. If El ?) Ez are morphisms of E-topoi,

amap « : g —> g' is a natural map

a:g*_)g!*

f
such that « » fé‘ is a natural isomorphism, where 2‘2—2—>E is the structural

morphism of EZ.We obtain the (illegitimate) category
Topy, ), Fy)

of morphisms of E-topoi El ——>§2 .
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For any object X in an elementary topos E, the unique map X — 1 in E,

gives a geometric morphism
E/X _— _El/l TE

by which E/X is made into an E-topos. Clearly, any geometric morphism
E——Ey5

induced by a map X — Y in E, is a morphism of E-topoi.

If * denotes a topological space with one point, for any topological space X,

the unique map X — * induces a geometric morphism
Top(X) — Top(*) = S
so that a spatial topos is an S-topos.

Proposition 3.2 If an elementary topos has a geometric morphism to S

or Sfin , it is unique up to isomorphism.

Proof: Consider a geometric morphism

fony

Since f* is left exact, f*(1) ¥ 1. Since it has a right adjoint,

N R I ~ |
f(s) T 1) *

It follows that f = HomE(l, -). A similar argument holds for Sfin'

Corollary 3.3 An elementary topos is an Sfin—topos if and only if it has finite

hom-sets.
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Proof: If' E has finite hom-sets, the functor

HomE(l,—) : E— Sf‘m

has a left exact left adjoint 8 —> I—Sl- 1.

Conversely, if

is a geometric morphism, proposition 3.2 shows that T, = HomE(l ,~), 80
every object of E has a finite number of elements. But the maps X — Y

in E are given by the elements of YX.
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84. Sober spaces

In this chapter we investigate how much information is lost in passing
from a topological space X to the elementary topos Top(X). The material of

this chapter is to be found in SGA 4.

Definition 4.1 A topological space is irreducible if the intersectian of two

non-empty open sets is non-empty.

Example: For any point x in a topological space X, Tx Z is a closed
irreducible subspace of X, because any nonempty open set of Sx} must

contain x.
Definition 4.2 A point x of a topological space X is generic if X = §x E
Thus, any space with a generic point is irreducible.

Definition 4.3 A topological space is sober if every irreducible closed subspace

has a unique generic point.

Examples: i) A Hausdorff space is sober. The irreducible closed

subspaces are the singleton subsets.

ii) For any commutative ring R, spec(R) is sober. The
prime ideal p is the unique generic point of the closed
irreducible subspace spec(R/p) consisting of all the

prime ideals containing p.
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A

For any topological space X, let X be the set of irreducible closed subspaces
A A

of X. For any open set U of X, let U be the subset of X of all the

irreducible closed subspaces of X which have non-empty intersection with U.
A A
Proposition 4.4 The subsets U of X form a topology.
A
We defineamap n: X ~—X by x — {xi.

Proposition 4.5 The function 7 is continuous and induces a bijection

A A
U «<—> U between the open set lattices of X and X.

The well-known result that Top(X) is equivalent to the category of sheaves on

X implies that n induces an equivalence of categories
Top(X) — Top(X) ,

since a sheaf on a topological space may be defined purely in terms of the open

set lattice.

A
Proposition 4.6 For any topological space X, the space X is sober.

A
Any continuous map from X to a sober space factors uniquely through n: X — X.
In consequence X vr—> X defines a functor left adjoint to the inclusion of sober

spaces in the category of all topological spaces.

The remark above shows that the functor Top factors through the soberification

functor X i—> )?

If X is a sober space, we define a partial order on X as follows:
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If f,g: Y — X are continuous maps into a sober space X, define

fs g VyceY, £{y) £ g¥)-

Proposition 4.7 Let f,g: Y —> X be continuous maps into a sober space.
Any two natural maps f* —> g* agree. There exists a natural map f* — g*

if andonly if f< g.

Definition 4.8 A point of an S-topos E is a geometric morphism S — E.

The class of points of an S-topos may not form a set.
Definition 4.9 An open of an S-topos E is a subobjectof 1 in E.

We may put a topology on the class of points of an S-topos E, Points (E), as
follows: if U >>1 defines an open of E and S i)g is a point, since p*
is left exact p*(U) is either » or 1. We write p €U if p*(U) =1 and pgU
if p*(@U) = ¢, We take for the open subclasses of Points (E)

{p € Points (E) | p €U }
for U anopenof E.
A geometric morphism E — F induces a continuous map

Points (E) — Points (F) .

N
Proposition 4.10 Points (Top(X))= X .
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Proof: In a spatial topos every object is a colimit of opens. Hence, if

s -Bs Top(X) is a point, p is determined by the restriction of p* to the opens.
Let U be the union of all the opens V not containing p, i.e. such that p*(V) = ¢ .
Since p* is left exact, X - U is an irreducible closed sukset of X, i.e. a point

of ZQ Conversely, a point * — }? determines a geometric morphism

S~ Top(*) —> Top(X) ~ Top(X).

Corollary 4.11 The category of spatial topoi and geometric morphisms is

equivalent to the category of sober spaces and continuous maps.

One may now play the game of extending the definition of various topological

properties to elementary topoi, or at least to S-topoi.

Examples:

i) An S-topos is connected if it satisfies one of the following equivalent

conditions: -

a) HomE(l,—) preserves coproducts;

b) The functor S ir—> %1 is full;

|
i€S

¢) The object 1 is coproduct-irreducible, i.e. if 1 = Ui’ then

Ui = ¢ for all i€ S except one value.

ii) An S-topos is locally connected if the functor S — l—SI 1 has a left

adjoint, 7 We interpret = (X) as the set of connected components

0’ 0

of X.

iii) Let E be an S-topos. Since HomE(l, -} is left exact it takes

abelian group objects in E to abelian groups, and so defines a left

exact functor FE: AbE —> Ab .
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The category AbE is abelian and has enough injectives, so we

may define the right derived functors of I‘E, Rrl I‘E. The n-th
. . on

Grothendieck cohomology functor of E is Hn@, -)=R I‘E

f
Let E —> F be a geometric morphism. We have a commutative diagram of

functors
AbE ____—__; AbF

N A

Since f, has a left exact left adjoint, it preserves injectives. Hence there is

a spectral sequence
P q n
r,. —
RY I -RM, RY Ty

giving the Leray spectral sequence
@, rt () = v, -

The front adjunction 7n: idF e f*f* gives a natural map

T . T * *,
o1 Tp> Tpht Lt

Since f* is exact, R" (I‘ f*) ~ (R T )f , so we get the map in cohomology

induced by f

H'(E,-) : H'(F,-) —> H(E, £*(-))
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85. Left exact comonads

Recall that a comonad on a category E is a functor

c:E—E
together with natural maps
C-£> i (the co-unit)
5 2 TS
cC—C (the co-multiplication)

satisfying the usual axioms for two-sided co-unit and co-associativity. We
call the comonad left exact if the functor C is left exact.

A C-coalgebra is a pair (X,£) where X is anobjectof E and X £ C(X) is
a map of E (the co-structure) satisfying the standard identities. We have the
appropriate notion of a map of C-coalgebras, and we denote the category of

C-coalgebras by EC' The forgetful functor

EC_QE (X, E) —> X

has a right adjoint - "cofree" - which assigns fo an object Y of E the

C-coalgebra (CY,8_).

Y

Theorem 5.1 If E is an elementary topos and C is a left exact comonad on

E, then E_, is an elementary topos.

C

For the details of the proof, and for a more precise treatment of left exact
comonads we refer the reader to page 39 of "Elementary Toposes", Kock and

Wraith.
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Because the forgetful functor EC —> E is left exact and has a right adjoint,

we get a geometric morphism

E E

which we call the canonical geometric morphism associated to C.

Example Let G be a monoid object in an elementary topos E. Then
G
G x (-) has a monad structure, and so the exponentially adjoint functor (-)

has the structure of a left exact comonad. A G-action on an object X,
G xX —X

corresponds by adjointness to a (—)G—coalgebra costructure

G
X —>X .

1t follows that the category of G-objects in E form an elementary topos.

f
If E-—>F is ageometric morphism, the adjoint pair f,.I* gives a left exact
comonad C=f*_ on E. Observethat f* satisfies all the conditions of the

dual of Beck's crude tripleability theorem (see 82) except the condition of

reflecting isomorphisms.

f
Theorem 5.2 Let E —> F be a geometric morphism such that f* reflects
isomorphisms. Then f* is cotripleable, i.e. F is equivalent to the category

of f*f -coalgebras on E, with f* for forgetful functor.

Theorem 5.2 characterizes geometric morphisms f for which f* reflects

isomorphisms. We shall call them cotripleable geometric morphisms.
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Proposition 2.12 gives the following examples.

i) If A—> B is an epic map in an elementary topos E, the induced

geometric morphism
Ly —E/

is cotripleable.

ii) I X — Y is a surjective continuous map between topological
spaces, then

Top(X) —> Top(Y)

is cotripleable.

In example (iv) of 81 we remarked that the Cartesian product E ><_E2 of two

1

elementary topoi wus an elementary topos. Unfortunately for the notation, in

the category of topoi and geometric morphisms E. x -}22 is the coproduct of El

1

and EZ with canonical injections

i i
B~ B xE < E

1 1

given as follows:

il’g i_* are the projection functors, and il»«(X) =(X,, i, (Y)=(@1,Y).

2 gt

A pair of geometric morphisms

f
E, ——F <f_§

. R h .
gives a unique geometric morphism El X Ez —— F such that the diagram



158
EixE,
11/ VN
£1 EZ

F

commutes, given by h (X,Y) = {_(X)xg (Y) and h*(Z) = (£X(Z),g8*(Z))-

Suppose that E. ——> EZ is a left exact functor between elementary topoi.

1

Define a left exact functor

[

C. EIXE2 —>—EIXEZ
by
CX,Y) = (X, dX) xY).
It has a comonad structure given by
S(X,Y) = (1X,p2) T (X, 9X)xY) — (X,Y)
S(X,Y) = (1X,<1 3(X)’1 a(X)> le) s (X, 3X)xY) = (X, 9(X)x 4X) xY).

The elementary topos @1 xgz) is called the topos obtained by glueing along

C

2, 1t is equivalent to the comma category (idE ,9)
=2
The glueing process can be generalized to arbitrary finite 2-diagrams of left exact

functors. 2-colimits of 2-diagrams of geometric morphisms can be obtained by

glueing along the direct image parts.

Let X be a topological space, U C X an open subspace, and X-U its closed
complement. Denote by

it U—X

j 1 X-U—>X
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the inclusion maps. Let & denote the composite
i* i*
Top(U) ——> Top(X) —— Top(X-1).
We may call this the "fringe" functor, because for any object ¥ of Top(U), 9 (F)
is trivial everywhere on X-U except on the boundary of U. The other
composite, i*j,, is a functor of little interest since it takes all objects of

Top(X-TU) to the terminal object.

Proposition 5.3 Top(X) is equivalent to the elementary topos obtained by
glueing along

Top(U) L) Top(X - U).

It is quite possible to glue two spatial topoi together to get a non-spatial one.
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B6. Topologies
A Heyting algebra is a category which is

(i) a partially ordered set,
(ii) has finite limits and finite colimits,

(iii) is Cartesian closed.

Asusual, we write a < b for a map a —> b in the Heyting algebra. It is
conventional also to write a A b in place of a x b, and av b in place of a il b.
We write t (= "true™) for the terminal object and f (= "false®) for the initial object.
It is conventional to write a == b in place of ba, so that the Cartesian closedness is
expressed by the adjunction

_aAbsc
4 € (b==c¢)

Ve write -1 a for a = f. This gives a unary operation —7 which is called
®negation®, A Heyting algebra can be presented purely in terms of the operations
A,v = t f subject to appropriate axioms. Among the theorems we may deduce

are, for example,

T a=-a,
(nm1a) A (79b) = a(@ab),
Tt o=t

In general, a Heyting algebra does not satisfy the identity

T1a = a .
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If it does, it is a Boolean algebra., Intuitionistic logic corresponds to Heyting algebras

in the same way that classical logic corresponds to Boolean algebras.

Proposition 6.1 Let Q be the subobject classifier in an elementary topos E. Then

(1 is a Heyting algebra object, with t, f, A, v, = =7 interpreted as follows:

1250 clagsifies the maximal subobject 1 1,
1550 Glassifies the minimal subobject ¢ »—= 1,
Q x 0 -250Q classifies 12250 xq 1t
—t—-—l—--> 0 x0

3

0 x 0 —% 0O classifies the image of QuQ
Qx0Q 2.0 classifies C%—— Q x ) the equalizer of A and p1

f
0 25 0 classifies 1 —— 0 .

For the details of the proof we refer the reader to Aspects of Topoi, P. Freyd

or Elementary Toposes, A. Kock and G. ‘Wraith.

We call an elementary topos Boolean if, in it, we have the identity

Proposition 6, 2 The following statements for an elementary topos E are equivalent,
i) E is Boolean,
il) For every object X of E ,the subobject lattice of X is Boolean.

iii) Subobjects of objects in E have complements,

()

ivy Themap 1j11 > (in E is an isomorphism,

We leave the proof to the reader.
In general, a spatial topos is not Boolean, for if U is an open subset of a topological

space X, then-U is the exterior of U, Hence -1 U is the interior of the closure of U.
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Definition 6.3 A topology on an elementary topos E is an endomorphism a1 q

of the subobject classifier of Q such that

i) .t =t

iii) . A= A %)
In terms of diagrams, these conditions express the commutativity of
Qx0 L5 Q0

AT

ax0 -2 0

If we think of Q as a category object, then j is simply a left exact monad on .

1t determines a closure operator on the subobject lattice of each object of Es

i.e. if X is an object of E, and A is a subobject of X classified by X ¢ >0,
we denote by A the subobject classified by X i-> o1 Q.
Condition ii) gives A g_K ,

Condition i) gives A = A

Condition iii) gives A. NA. = A nf\z .

We call subobject A of X, j-dense, if A=X.

Definition 6. 4 If j is a topology on an elementary topos E, an object X of E

is a j-sheaf if for every j-dense monic A’ );>A, the function

. . 1
HomE i, 1X) : HomE (A, X) > HomE (A", X)

is bijective.
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In other words, an object X is a j-sheaf if every map into it from a j-dense
subobject of an object A, lifts uniquely to the whole of A. We denote by shj(E) the

full subcategory of E of j-sheaves.

Theorem 6.5 Let j be a topology on an elementary topos E. Then shj (E) is an

elementary topos, and the inclusion functor

sh, (E) > B

has a left exact adjoint (the sheafification functor). Thus j determines a geometric

morphism

sh.(E)

>E .
j =

For the proof we again refer the reader to Aspects of Topoi, P. Freyd or
Elementary Toposes, A. Kock and G. Wraith, Freyd®'s elegant use of injectives
renders the category of fraction techniques in Elementary Toposes unnecessary.,
Their sole purpose was to show the left exactness of the sheafification functor. In
the context of Grothendieck topoi, the construction of the sheafification functor, as
given, say, in SGA 4, involved the use of infinite limits and colimits. I must be
stressed that in the context of elementary topoi, the sheafification functor only involves
elementary operations, i.e. finite limits and exponentiation. The novel feature which
permits this, is, of course, the possibility of exponentiation. Somehow, all the
colimits needed for the Grothendieck approach sum up to give exponentials. P. Johnstone
has given a different construction of sheafification from that of Lawvere and Tierney,

which mirrors more closely that given in SGA 4, but in elementary terms,
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Examples
10
i) The maximal topology O——=q .
In this case shj(E) = E,.

t

> 1

ii) The minimal topology 0O > (1,
In this case shj(E) = {1}.

iil) The double negation topology o—— 0 -1 (.
In this case shj(E) is Boolean.

iv) I U is a subobject of 1 in E, the unary operation U==>(—: 0 — O, i.e.

the composite
} ygiiion |
U % IQ

—> QxQ-—==>—>Q

Q_
U g : : .
where 1 ———> Qclassifies U »>—> 1, is a topology. There is an equivalence

of categories

h.
shi® = E/;
in this case, making the diagram

~

shj@) > Ey

N/

commute. We call a topology of this form open.
v) I U isa subobjectof 1 in E, the unary operation given by Uv(—), i.e. the

map

is a topology. We call it the closed complement to the topology of example iv).
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If E = Top(X) and j is the closed complement to the topology whose sheaves
give Top(X)/U == Top(U), for U an open subspace, then shj(Top(X)) ~ Top(X-TU).
In general, if j is an open topology on E and j* is its closed complement, with

geometric morphisms

ut

sh,(E) —— E < shyr (E)

where u, , u%} are the inclusion functors, then E is equivalent to the topos

obtained by glueing along the left exact functor u**u -

vi) Let X be a topological space and let E be the category of presheaves on X.
For any open set U of X, Q(U) is the set of cribles of U, i.e. families of
open subsets of U closed under taking open subsets. A crible is called

principal if it consists of all the open subsets of some given open subset. Define

a function jU : U) — Q (U) by sending each crible on U to the principal

crible defined by the union of all its members. We obtain a map j: > which

is a topology on E. The j-sheaves are precisely the sheaves on X.

We define a partial order on topologies on an elementary topos E by writing

j<jvif shj(_E_}) < shja(E)

]

For any topology Q >0, let

i'j“l Q
—3 ()

denote the exponential adjoint. denote the maximal and minimal

I max, Ymin

topologies, we write Int(j) and Ext(j) for the equalizers of (rj1 , rj1 ) and

pal .
(7.

;ﬁn ) respectively. The open topologies associated with Int(j) and Ext(j)

we call the interior of j and the exterior of j.
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By internalizing the three conditions of definition 6.3 we may define a subobject
Q
top(E) of 0 , whose elements correspond to topologies on E. In fact, we get that
HomE (X, top(E)) is in bijective correspondence with the topologies on E/X.

The notion of open topology and interior give rise to maps

ol ” top(E)

— .

which are adjoint functors in an internal sense. The map Q

> top(E) arises from

the exponential adjoint to <0 =.a

We leave the reader to formulate similar

notions for closed topologies and the closure of a topology.
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§ 7. Factorization of geometric morphisms.

Let T = (T,n,p) be a left exact monad on an elementary topos E. Since
T isleft exact, T() defines a subobject of T(Q), whose clagsifying map we call
T(Q2) —)‘—> Q.
Let us write Q—2—-0 for the composite

" A
_Q__> T(Q) —sQ0 .

Proposition 7,1 The map j is a topologyon E.

We call it the topology induced by T. For the details of the proof, see

pp. 68-70 of Elementary Toposes.

Recall that a subcategory is wide if any object isomorphic to one in the

subcategory belongs to the subcategory, and reflective if the inclusion functor has a

L

left adjoint. A monad T = (T, n,u) is idempotent if the multiplication T > T

is a natural isomorphism. ¥ T is idempotent, an object which has a T-algebra
structure has a unique T-algebra structure. These objects are precisely those
isomorphic to objects in the image of T. They form a full wide reflective subcategory.

Conversely, any full wide reflective subcategory gives rise to an idempotent monad,

given by the adjoint pair consisting of the inclusion functor and its left adjoint.

Proposition 7, 2 Let T be an idempotent left exact monad on an elementary topos
E, and let j be the topology on E induced by T. Then the full subcategory of T-algebras

is equal to shj(E).

The proof is given on pp. 70-72 of Elementary Toposes.
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Corollary 7.3 A subcategory of an elementary topos E is of the form sh]_(_Iij_) if

and only if it is a full wide reflective subcategory with a left exact reflection functor,

Corollary 7.4  Let F f >E  be a geometric morphism with f_ full and faithful.

Then there is an equivalence
F o> shj(_Ig)
making the diagram
F —— sh]_ (E)
f\ /
E

commute, where j is the topology on E induced by the left exact monad f f*.

Examples

iy ¥ A

! > B isamapin E, then E){A > E/B has f, full and faithful if and
only if f is monie.

ii) I Y is atopological space, and X C Y a subspace, the induced geometric morphism

Top(X) --£—~> Top(Y) has f, full and faithful.

Theorem 7,5 Let j be a topology on an elementary topos E, with canonical

geometric morphism

shj (E) >E .

Then a geometric morphism ¥ —f—> E factors through i if and only if f* takes

j-dense monics to isomorphisms.
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Proof. Let K>2 51 bea j-dense monic in E, and let X be an object of F.

We have a commutative diagram

HImE (L, £ (X)) ———> HlmE (K, £,(X))
Hom_, (f*(L),X) ————> Hom, (F*(K),X)

where the top map is induced by g and the bottom by f*(g). The top map is an
isomorphism for all j-dense monics g if and only if f (X) is a j-sheaf, The bottom
map is an isomorphism for all objects X of F if and only if f*(g) is an isomorphism.
It follows that if f factors through i, f* takes j-dense monics to isomorphisms,

Conversely, if f* does this, then f  factors through i, sa
* g y

x7

where u,: F > Shj(E)'
Let u*=f*1i_, Then u* isleft exact and left adjoint to u, in virtue of the natural

bijections.

HGmShj(E) (Y, u (X)) = HomE 1, (), £,(X)) ~

o HomF (t**i(Y), X) = HomF u*(Y), X)

“orollary 7.6 Let X be a Hausdorff space with no isolated points. Then

Points (sh 44 (Top(X))) = ¢ .

Towiny ke X, X - {x] is open and dense in X. Hence the inclusion map

- X isa -~ -dense monic. Now, if

5 Top(x)



170

is the geometric morphism corresponding to the insertion of x, we have x*(X)=1,

x*¥(X - { & )=¢ , so it cannot factor through

sh _ _, (Top(X)) —> Top(X).

Proposition 7.7 Let j be the topology on E induced by the geometric morphism
F >E. Then a monic K £ . L in E is j-dense if and only if f*(g) is an
isomorphism,

Proof: As a corollary of theorem 7,5, since

shj(E) >E

factors through itself, the sheafification of a dense monic is an isomorphism, so g
j-dense implies f*(g) is an isomorphism., Conversely, suppose that f*(g)is an

¢ > (3 . We must show that

isomorphism and that g has a classifying map L

L —t> 0 —>0 factors through 1 L> ) . Consider the commutative diagram

=
—
5&
[

>
=
*
-
e
-
"y
e
X
P
Jy
0)

‘gx ﬁxk 7\ 1 ’1

Since f f*(g) is an isomorphism, it is clear that j. ¢ factors through 1 t—> 0.



Theorem 7.8 Every geometric morphism

a b

can be factorized F >H ——> E where a* reflects isomorphisms and b,

is full and faithful.

Proof. Let H b—>£ be shj(lﬂ)—>_12 where j is the topology on E induced by
f. By theorem 7.5 and proposition 7.7 { factorizes as ba. Suppose g is a monic in
H such that a*(g) is an isomorphism. By proposition 7.7 b (g) is j-dense, and so

g = b*b,(g) is an isomorphism. Let X n

> Y beanymapin H. Let

g
>> 1 —1>Y

Ko

be an epi-mono factorization of m, and let K : X be the kernel pair of m. As

3
<k0,k1> 1 <1x, 1X>
a subobject of X x X K >»———> Xx X contains the diagonal X y———> X x X,
g

Let X >—2—> K be the inclusion. Then m is an isomorphism if and only if gl and

X

g, are isomorphisms. Now a* preserves epi-mono factorizations and kernel pairs,

2
so if f*(m) is an isomorphism, so are f*(gl) and f*(gz). Hence 8 8, are

isomorphisms, so m is an isomorphism. We conclude that a* reflects isomorphisms.

Note that the topologies on E induced by f and by b are the same, and that
the topology induced by a on H is trivial. Dually, the left exact comonads on F
induced by f and by a agree, and the left exact comonad induced by b on H is
trivial. In the factorization we may regard H either as a category of coalgebras on
F for the left exact comonad f*f_, or as shj(_E_J) where j is the topology on E

induced by f.
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Proposition 7.9 Let f be a geometric morphism for which f* reflects

isomorphisms and f,_ is full and faithful. Then f_, f* are adjoint equivalences.

Proof. Let y , £ be the front and end adjunctions. Since f, is full and faithful,

€ is an isomorphism, so f*(:) is an isomorphism. As f* reflects isomorphisms,

H is also an isomorphism.
As an immediate corollary of proposition 7.7 we have: -

Proposition 7, 10 Let fl’ f2 be geometric morphisms with the same codomain,
If f2* is full and faithful, a necessary and sufficient condition that f1 factor through

f2 is that fI should invert every map inverted by f; .

Proposition 7. 11 Let

-

1]
R Lo
=3

)
ko)

be a diagram of geometric morphisms, commuting up to natural isomorphisms, such

that ai‘ , a; reflect isomorphisms, and bl*’ b2* are full and faithful, Then there

is a geometric morphism v making the whole diagram commute up to natural

isomorphism,

Proof: Apply proposition 7. 10 to wb1 and b2. If o« isamapin G,, such that

b;(a) is iso, then u*a2* b; (o) =~ a{ bi‘ w*(a) is iso. Hence bI w*(a) is iso.
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Corollary 7.12 The factorization of geometric morphisms into cotripleable

morphisms followed by sheaf-inclusions is unique up to isomorphism.

Proof: Take u and w to be identity morphisms in proposition 7.11.

Examples
i) f A——> B isamapin E with epi-mono factorization A >> [ > B,
then
E/p >E /. >E/p
is the factorization of E/A —_— E/B .

f
il) ¥ X -——= Y is a continuous map between topological spaces, and 1

denotes Im(f) with the subspace topology, then

Top(X)

> Top(Y)

factorizes

Top(X) —— Top(I} > Top{ Y).

A historic example of factorization is given by that for the geometric
morphism

£ —+ Presheaves (X)

S/X

for a topological space X, where f* assigns to a presheaf on X the
X-indexed family of stalks, and f, associates to a discrete space over X

the presheaf of its sections. The factorization is

S/X———--—:w Presheaves (X) .

N pon 7

Top(X)
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§ 8. Internal categories

In any category with finite limits we can define the notions of internal category

and internal profunctor. An internal category A in E is given by objects AO’ A1

(object of objects, object of maps), maps Al — A0 (domain, codomain), a map
A0 > A1 (identity assignment) which splits domain and codomain, and a map
(composition) Az s A1 , where
2 ., A
Py N » l dom
A1 _— A0

is a pullback diagram defining A2 as the object of pairs of composable maps, such

that
P P
1 2
A1 < A2 - Al
domJ/ L-l l cod
dom cod
A1 < A1 A0

commutes, and such that certain other diagrams commute, expressing associativity
of composition and the laws satisfied by identity maps., We shall not dirty our hands
here with the details. A smoother definition in terms of ®gpans" is given in Elementary

Toposes §5, page 85,

I A and B are internal categories in E, an internal functor

$. A——B
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is given by maps <;b0 : A0 e BO, ¢1 : A1 — B1 such that appropriate diagrams

commute, Again, we leave the details for the reader to make explicit himself.

Examples An internal category in
i) S , is a small category
i) S fin , is a finite category ;

iii) Top(X) , is a sheaf of categories 3

iv) G-sets, is a small category with G acting by automorphisms on it.

We are faced with a problem; how do we internalize the notion of a presheaf on

a category? If A is an internal category in E what should we mean by a functor

é_0

>E ?

To answer this question, we first recall some category theoretic preliminaries. For
any category E with finite limits, let Cat(E) denote the category of internal categories

and internal functors in E. I particular, Cat(S) we write as Cat.
For-any A € Cat, and functor B: éo ——> Cat we construct a category
7
A ®

as follows: -

The objects of yA(E) are pairs (A,X) where A is an object of A and X is an object

of B(A). A map

A, X > (AT, XT)
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in Z}A(E) is a pair (a,x) where A 2

>A' isamapin A and

X X

> (B@))(X")

is a map in B(A). Maps in 3A(E) are to be composed by the rule

@', x*). (a, x) = (a'a, (B(a))(x").x).

This formula should remind the reader of that for semi-direct products of groups.

Indeed, if A isagroup and B takes values in groups, then B is simply a group

with a homomorphism A > Aut(B), and 3A(§) is the semi-direct product.

‘We have a functor

>é : (a, X) > a

p: 33(3)

which we call the split fibration associatedto B : éO —> Cat. We call EA(E) the

total category of the split fibration.

A natural map B — B' gives rise in an obvious way to a commutative diagram

7 - '
A® > 7, (B")
P \ / !
A
so that we have a functor
Cat A ————— Cat/ A

generally known as "he Grothendieck construction™,

A functor
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gives rise to a pullback diagram in Cat

——— A
7 A (B F) > é(_)
é' __.—F.__> A ,
from which it follows that split fibrations are preserved by pullback,
0 k . , 0 k
A presheaf on _1_&_, A" —— §, gives rise to a functor A" —8 — Cat ,
where 8§ —— Cat is the functor which associates to a set the corresponding discrete

category., By abuse of language, we call this functor k., The corresponding split

fibration

Tplo—4

we call a discrete fibration. Clearly, a split fibration

is discrete if and only if the fibres of ¢ are discrete categories, i.e. if for every

Ac A, ¢_1(1A) is a discrete category.

Proposition 8.1 A functor B i> é is a discrete fibration if and only if
cod
B1 — BO
¢1l l 2
cod
A1 > A 0

is a pullback diagram,
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This proposition is very convenient because it enables us to define discrete fibrations

in any category with finite limits,

Proposition 8, 2 The category of presheaves on A is equivalent to the full

subcategory of Cat/A of discrete fibrations.

To prove proposition 8.2 we need to show how to associate a presheaf on A

k > S as follows:

to any discrete fibration B N A . We define éo

k@A) = {BeE/dJ(B):AZ s for any map A! —

>A in A and Be k(A) there is
a unique element b e B1 such that cod(b) = B and ¢1(b) = a, in virtue of proposition

8.1, We define k(@)}(B) to be dom(b).

We have now answered the question we posed above. If A is an internal
category in E, a functor _1510 —k—> E isto be interpreted as a discrete fibration
¢

B ——-—>é , l.e. an internal functor for which the diagram of propogition 8,1 is a

pullback, We denote by

0
2

the full subcategory of Cat{E} A of discrete fibrations.

Theorem 8, 3 If A is an internal category in an elementary topos E, then
0
Eé is an elementary topos.

Proof: In Elementary toposes, it is shown how the category structure of A makes

the composite

{cod)* dom

> B > E
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into a monad on E/A . It has a right adjoint
0

(dom)* . IT cod

E/A0 E/A1 >E/)

which is therefore a left exact comonad on E /A Let us denote it by C. A discrete
0
fibration B —-¢—> A is determined by the object

¢
0
B0 —————>A0

dom

in E/A together with the map B1 > BO , such that various diagrams commute,
0

where B1 is defined by the pullback diagram

B1 > B0
¢1 ¢0
d Vv
co
A1 > A0

i.e. ¢1 = cod*(-;bo). But these conditions state precisely that (¢ , dom) be an

algebra for the monad mentioned above, or equivalently that qu be given a
0

C-coalgebra structure. Thus Eé is equivalent to (E/A ) and so by theorem
0

C ?

5.1 is an elementar y topos.

Examples

i) For any object X of E we have the discrete category X given by X0 = X1 =X,
with 1_ for both domain and codomain maps. Clearly we have

X

0
X
E— = E/X

ii) For any monad object G of E we have the internal category G given by
0
G0 =1, Gl = G. We may identify Eg with the category of left G-objects and

Eg with the category of right G-objects.
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We saw above that split fibrations were preserved under pullback. A minor
modification to the argument shows that discrete fibrations are preserved under pullback

Hence, if

by pullback along F.

0 0

*
Theorem 8. 4 The functor EE F > Eé- has a left adjoint F; and a right

adjoint F_.

The proof follows from what is set out in the appendix of Elementary Toposes.
This appendix constructs the bicategory Prof(E) of internal categories and internal
profunctors and shows that it is biclosed, i.e. that profunctor composition has a
a’x B)
right adjoint. The category of profunctors from é_ to B is simple E - x 2,

Thus, an internal functor A —E-»E gives a geometric morphism

0 0
A F B

c>1 to

In particular, for any internal category A we have the internal functor A

the discrete category on 1, which is terminal, This gives a geometric morphism

whereby we consider Eé agan E - topos. The assignment

0 0
A-T—B) — @ o2
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gives a functor

Cat(E) > TopE .

p
For any object X of E, o*(X) is the discrete fibration A xX 1

> A

representing the constant presheaf on A taking the value X. We may thus interpret

the left and right adjoints ¢, , e, of c* as 1% and Ll_r__n respectively.
A A0

Proposition 8.5 If B- ¢ > A 1is a discrete fibration representing an internal

presheaf éo

> E then UE}(K) is the coequalizer of
Al

we leave the proof to the reader.

The Grothendieck construction gave for any A € Cat, a functor

A0
Cat(S— ) ———> Cat(8)/A ,

0
since a functor éo — Cat is simply an internal category in Sé . It is not hard to

see that for any category E with finite limits, the Grothendieck construction generalizes
to
AO
Cat(E— ) —————— Cat(E) / A
for any internal category é in E. Suppose
0

Be Cat(E2)

i.e. that we have a diagram
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dom .
B 1 cod B 0
b \ ¢
1 0
A
of discrete fibrations over A. Then -7A (B) > A is given by

and we may write down the maps defining the category structure of (B) in terms

A

of the data for B. For those who like simplicial objects, identifying a category with

a simplicial object via the nerve functor, gives that B is a bisimplicial object

augmented toward A. Taking the diagonal simplicial object of B gives 7 A (B).
Proposition 8, 6 Let A be an internal category in an elementary topos E, and let

0
B be an internal category in Eé- . Let EA(E) p—>é be the associated split

fibration in Cat(E). Then there is an equivalence of categories

0

0 _0 ? (B)

(Eé )E ~ E é_
such that the diagram

0 0 ~ 2, ®)°
(Eé )E > E A=

\ o/ P

A

commutes.
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We omit the proof. The only difficulties are ones of formalism. The method
of bisimplicial objects probably gives the neatest proof, Alternatively, prove it for
E =8, where it is straightforward, and then note that all the constructions involve

nothing worse than pullback diagrams,

For any internal category A in E we have a special functor

Hom
A'xa —= 8
given by a discrete fibration
Hom A —h--~—> fi X éo
where (Hom A)O = A1 and (Hom A)I = A3 , the object of triples of composable maps.
The map
dom : (HGmA)l > (Ht:mé)0
is given by the map A 3 > A 1 which composes all the maps together, and the map
cod : (I—Iomé)1 > (Hom _1}_)0

is given by the projection A3 —3> A1 to the middle factor.

0 .
The map h0 : (Homé)o —> (A xA )O is
<dom, cod>
A1 on AO
0
and hl : (Homé)1 ——— (A x A )1 is given by the map A3 >A1 x A1

projecting onto the first and third factors.
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Hom A is the "twisted morphism® category, and Hom A > A xéo is the

identity profunctor from A to itself,

Consider the commutative diagram

Now U A and p, are gplit fibrationss in fact P, represents the category object
0

- 0
c*(éo) in E_é . We assert that in E_é- ,

HomA—h—-—>éxé0

defines a discrete fibration

0
*
Y, > era”)

and hence a functor

AG
c*A) — E— .

This functor "is" the Yoneda embedding.
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§ 9. The Diaconescu Theorem

A category A is called filtered if

(i) it is nonempty,

(ii) for every pair of objects AI’ A_ of A there isa diagram

2
Al A3 A2 ,
(iii) for every pair of maps A — A" of A there is a map Al —— A"
2
such that
aa, = aa, .

We call A cofiltered if éo is filtered.

The condition that a category be filtered is an elementary statement in the first
order language of category theory, and so is interpretable in any elementary topos. In

fact, each of the conditions above can be expressed by saying that a certain map is epic: -

i) A0 > 1
dom x dom s
s % .
(ii) P >A1 A1 ——————>A0 xAO where P i A1 is the
kernel pair of A1 cod > AO’

(iii) we leave as an exercise for the reader.

Notice that if F > E is a geometric morphism, and A € Cat(E), then

f*A) € Cat(F), and if A is filtered, sois [*A).

We call a presheaf _éo — E flat if the total category of the associated

discrete fibration is filtered,
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Example The internal category

Ua
. Hom A —= s A
in I:J_é is cofiltered. To see this, note that for
E =S8, each fibre of UA has an initial object and so is cofiltered.

It follows that the Yoneda embedding

is flat.
K F ——p———>E is an E -topos, we denote by
Mod(A, F)

*
the full subcategory of Ep @) of flat p*(_[i)0 - presheaves. We call the objects of
Mod(A, F) A - modelsin F, We call the Yoneda embedding

0

c*A) >£é

0
the universal A - model. K lives in Eé

A morphism of E-topoi

induces, via g*, a functor

Mod(A, Ez) > Mod(A , El) .
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Theorem 9.1 (Diaconescu)

Let E be an elementary topos, and A e Cat(E). Forany E-topos F and

é—model X in ¥, there is a unique morphism of E -topoi

such that X = ¢*(UA), where UA

denotes the universal A -model. In other words,
there is an equivalence of categories
A 0
Top, (F, E= )~ ModA, F) .

We call the morphism of E-topoi ¢ the classifying morphism of X. The theorem
0
states that EA clagsifies é—models for E—topoi.

For the proof we refer the reader to Diaconsecu's thesis. I is based on the

fact that Hom >A XA 0 is the unit profunctor and the proposition that a

A

presheaf is flat if and only if profunctor composition with it is a left exact process.
Examples
(i) Let X be a discrete internal category in E, on an object X. Then for any

E-topos F —F

> E we find

Mod(X , F) = Hom_, (1, p*(X)).

This gives the well known result

Topy, @, E i ) Homp, (1, p*(X)).

P
1>X in

The universal X-model is the global section of the object X x X
<1X, 1X >
E /x given by the diagonal map X ———— > X x X,
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(i) ¥ E=8S and T denotes a finitary algebraic theory, let f.p. T-mod denote the
category of finitely presented models of T. Note that this is a small category.
Let

T - mod
denote the category of functors and natural maps

> S

f.p. T-mod

and let UT € T-mod denote the forgetful functor. Clearly, UT is a T-model in

T-mod, It is the universal T-model, and T-mod classifies T-models for

S-topoi,
The case for T = (commutative rings) is dealt with by M., Hakim in her book

*Topos Anneles et schemas Relatifs™.

(iii) A particularly interesting case of (ii) arises by considering the initial theory,
i.e. the trivial theory whose models are simply objects with no further structure.
A finitely presented model in 8 is simply a finite get. We get that

szin

is an object classifier for S-topoi.

A natural number object (NNO) in an elementary topos E isan object N

0>N,N S

together with maps 1 >N guch that given any diagram

X>Xt

1 > X

in E, there exists a unique map

N h

> X
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making the diagram

Ne—
b
1 h
\ t
X x5
commute,

J. Benabou has shown how to construct in a topos E with an NNO an internal category

E .. , which plays for E the same role that S

Esn plays for S. The author has shown

fin
that E_ﬁn is an object classifier for E-topoi, More recently, P. Johnstonehas shown
that if E is a elementary topos with an NNO and if T is a finitary finitely presented
algebraic theory (i.e. described by a finite number of generating operations, satisfying
a finite number of axioms) then one may construct in E the internal category of finitely
presented T-models in E. That the theory be finitary is necessary, since inverse
image parts of geometric morphisms only preserve finite limits, That the theory should

be finitely presented is not surprising - we would expect only those infinities which are

"internal to E" to be allowed.
Corollary 9.2 (Diaconescu)

Let F

> E  be a geometric morphism and A€ Cat(E). Then

0 0
%
PR P A

ct

|" <
B ¢——
Q

is a pullback diagram in the category of E -topoi. The geometric morphism f' is
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defined as follows; f'* ®ig" f*, If B -2 f*(A) is a discrete fibration in F , then
*
> .8 (A).

fi (¢) is obtained by pulling back f.(¢) along the front adjunction A

Proof:
H . b
N \
Y 0
*
Ff @ _f . > E—é
a =
ct j{ c
¥ &
a A 0
Let H >F , H > E~  be geometric morphisms such that fa = cb,

Then b defines an A - model in H,

a*f*(é) > H

0
f*
k! >F @) classifying it, such

so there exists a unique geometric morphism H

that c'q=a. To prove that f'q=b it is enough to remark that

f'*(Ué)= Uf*@ .

> E

In his thesis Diaconescu also shows that given a geometric morphism F

and a topology j on E, then there exists a topology j*f on F, definable in terms of f

and j, giving a pullback diagram

v
wm
i
.
—~—

sh. (F)

| &——u
-

B e

[

v
=

in the category of E_- topoi.



191

Definition 9, 3 A geometric morphism

is bounded if there exists A € Cat(E) and a factorization of f

F ot E

N/

0
2

where i, is full and faithful. We say that f makes F into a bounded E - topos.

0
Thusg, an E -topos is bounded if it is equivalent to one of the form shj(Eé )
0
for some A € Cat(E) and some topology j on _Ezé- .

Thus, a Grothendieck topos is a bounded S-topos.
Exampie

Let G be an infinite profinite group. Then the category of finite G-sets with

continuous action is an Sﬁn—topos but is not a bounded Sfin - topos.

Diaconescu has proved a generalization of Giraud's theorem which states that an

E-topos F > E  is bounded if and only if there exists a generating objectin F .
This means that there exists an object G in F such that for every object X of F,

the natural map

~

f*f*(XG) X G ————X
obtained by using the end adjunction and evaluation, is epic. Here X denotes the
classifier of partial maps into X, and is defined as the equalizer of

1

oX /% X
z
-3
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where g is exponentially adjoint to the classifier

> 0

<{-} R ERS S

of X

As a corollary of this theorem, Diaconescu proves

Proposition 9, 4 Let the composite

E——F——¢

be bounded. Then E

>F is bounded.

We also have as a consequence of Diaconescu’s work that pullbacks along

bounded geometric morphisms exist and preserve bounded geometric morphisms.

Proposition 9.5 A composite of bounded geometric morphisms is bounded.

Proof :  Consider the diagram

0 0
L r——gt E
.\- T
[
g’ 1 e i (8) 3 (L8
E &8 (‘;_-:_A)x ~ Eé +8)

where ., i, are full and faithful. We need the fact that i, is full and faithful because

the centre square is a pullback.
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§ 10. Local equivalence

Let ¥ P > E be a bounded geometric morphism. Pullback along p defines

a functor

TopE

> TopF .

We say that two E -topoi are locally equivalent if there exists K € E, with K—>1

epic, such that under pullback along

E/K >E

the two become equivalent E /g~ topoi.

Proposition 10, 1

Let El >£2 be a morphism of E -topoi, If there exists Ke E, with

K > 1 epic, such that under pullback along E -—=> E, f becomes an equivalence,
g X/ E,

then f is already an equivalence.

B

Proof, Let _F_‘i — >E (i=1,2) be the structural morphisms, The pullback of
f is

1
v —r . F

-1 = .
/p3() ?/p3)

Consider the front and end adjunctions of f. Under pullback along p;(K) —— 1 and

pi‘(K) > 1 respectively they become isomorphisms. By proposition 2,12, they are

isomorphisms to begin with,

The same argument applied only to the end adjunction shows that a morphism of

E -topot which is locally a sheaf-inclusion is a sheaf-inclusion,
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Proposition 10. 2 An E -topos locally equivalent to shj (E) is equivalent to shj E).
Proof: Let F N E be locally equivalent to shj(lﬁl_) SN E. Form the pullback

p!
shj'(E) ———>sh(E)

it li

But i' and p' are locally equivalences, i.e. there exists K¢ E, with K ——>1

epic, such that pullback along E/K > E takes p and i into the same geometric
morphism. Since the pullback of a sheaf-inclusion along itself is an identity morphism

we get that i' and p' are identity morphisms.

Proposition 10, 3 Let A F > B be an internal functor in E which is locally an

equivalence of internal categories. Then F is full and faithful and

is equivalence of E - topoi.

Proof We say that an internal functor F is full and faithful if

A, ————— B

<dom, cod > <dom, cod>

is a pullback diagram, Pullback along epics reflects pullback diagrams. Proposition

10. 1 proves the last part.
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If K is an object of a spatial topos such that K —= 1 is epic, then there is an

open covering { Ui } i of the space and an epic map

€1l

> K

LT

iel
so that for spatial topoi the phrase "locally” has its usual meaning, i.e. "on some

open cover".

1’ 72 —

We call two objects X, X of E locally isomorphie if E/X —> E and
1

E/X > E are locally equivalent. For example, any two vector bundles on a
2
topological space, of the same dimension, are locally isomorphic (that is to say, their

sheaves of sections are locally isomorphic).

Definition 10. 4 Let G be a group object in an elementary topos E. Let M be

a right G-object with action M x G —+# - M., Then M isa right G-torsor if

i) : >1 is epic,
<p13 u>
ii) MXx G =———> M XM is an isomorphism,

Proposition 10.5 A functor G > L ig flat if and only if the right G-object it
determines is a G-torsor.

0
It follows that EE clagsifies right G-torsors. If

is the structural morphism, c¢*(G) is G with trivial G-action. G considered as a left

G-object via multiplication is a right c¢*(G) -torsor, the universal one.
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Examples
1
i) Let S1 denote a circle. In Top(S ) let Z2 denote the constant sheaf on the

cyclic group of order 2, In pictures
: D

Then the double covering

isa Zz—torsor.

ii) Let X be a topological space with a universal covering space X > X, Let X

also be connected, and let 7r1(X) denote the constant sheaf on the fundamental group

~

of X. Then X isa nl(X) - torsor.

For any group G, G itself, with right G-action, is a right G-torsor. We
call it the E_i_w_a_l_ G-torsor. From the definition of G-torsor it follows that any
G-torsor is locally isomorphic as a G-object to the trivial G-torsor. Hence, any two
G-torsors are locally isomorphic.

It may easily be verified that in 8, any G-torsor is isomorphic ag a G-object to the

trivial G-torsor.
Proposition 10. 6 Mod(G, E)is a groupoid.
Proof: Considering G as a right G-object, let

¢

—— G

(<]

be a map of right G-objects. If 1 > (G is the unit element of G, let



G=1 > G > G

and let

g =06-28*l.gxg—£.qG.

Then ¢ and ¢ are inverse isomorphisms, Hence, any G-endomorphism of the
trivial G-forsor is an automorphism. Any two G-torsors are locally trivial, and
any map which is locally an isomorphism is an isomorphism.

Proposition 10. 7 A torsor with an element is trivial,

Proofs Let M be a right G-torsor, and let

1 > M

be a map. Then

is a G-map, and so is an isomorphism,

0 0
A B
If A, B € Cat(E)then corollary 9.2. tellsusthat E— X — isthe
A0 BY
product of E— and E— in the category of E-topoi. It follows from Diaconescu's

theorem that
Gr——— Mod(G, E)

is a product preserving functor from groups in E to groupoids.
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We denote by Hl(_g, G) the class of components of Mod(G, E). If G isan
abelian group, then it is an abelian group object in the category of groups in E, so,
1 1
as H(E, -)preserves products, H (E, G) has an abelian group structure, The

trivial G-torsor acts as unit element.

Proposition 10. 8 For any « € Hl@, G), there is a monomorphism of groups

¢

G > H such that Hl(_fg', ¢y takes o to zero.

Proof: Suppose « is represented by the right G-torsor M. Take H=GM with

¢ induced by M —>= 1.

It is conventional to denote HcmE (1, X) by HO(E, X). In this way we can
extend the definition of Grothendieck cochomology to arbitrary coefficient objects in

dimension zero, and group coefficient objects in dimension one, This is suggestive

of the definition of homotopy groups, where the same phenomenon occurs.

¥ o A B C 0 is a short exact sequence of abelian groups

in E it is instructive to see how the connecting map

s: BUE, ©

S H'(E, A)

ig defined. Given 1

¢ ¢, form the pullback

P S !
B —i—s C .
‘We may prove that P <« A > B xB B factors through P >»——> B,

making P intoan A-object, Then we show that P is acturally an A-torsor, whose

class defines 8&c).
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In Top(Sl), for example, consider the following extension of Z_ by itself: -

2
<D
% —_— TS D
- [
where the middle group is a "twisted" 4-group.
AO
If A isan abelian groupin E, then E— is an abelian group object in TopE.
0 —

¥e may consider E-topoi ¥ which have an Eé - action, i.e. a geometric morphism

satisfying the usual requirements, If F

P . E is the structural morphism of ¥,

then

0
*
Exﬂgé ~ FP @A)

Thus, for any object X of F, u*X) makes X intoa p*(A) -object (the condition

for the unit ensures that u*(X) has X for its underlying object). In this way, we
0

A .
see that an E— - action on F is equivalent to giving every object of F a p*(A)-action

for which the maps of F are equivariant, The trivial action corresponds to the
0 p
projection EXE Ef’- 1

>F .

0
We may go on to consider E—A- - equivariant geometric morphisms between
A 0
E -topoi with E— -action, and so on.
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Now Giraud, in his book "Cohomologie non-abelienne", has a description of
HZ(E, A), for A an abelian group object in E, which I think I have understood to be

as follows: -

0
2
The elements of H (E, A) are _Ii—é - equivariant isomorphism classes of E -topoi
A 0 A 0 0
with E— -action, which are locally E— - equivariantly equivalent to E— .

The analogy with torsors, is quite striking, Let us call an E -topos with
A 0 A 0 0
E— -action which is locally E— - equivariantly equivalent to E— an extension of

E by A, following Giraud. Then, as for torsors, any two extensions are locally
0
isomorphic. Any E— -equivariant morphism of E -topol between two extensions of

E by A is an equivalence. Any extension of E by A which has a section is equivalent
0
to the trivial extension, i.e. Eé itself.

Let us see how the connecting map

5: HYE, ©) > H2(E, A)

for a short exact sequence

of abelian groups in E, works. First note that we have a pullback diagram of E -topoi

0

—_ - EZ

é0

=

l,

—_ . &

g < |

where 0 is induced by 0 > C and represents the trivial C-torsor. An element

X € HI(E, C) is represented by a morphism

% 0
E

_>E£
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of E-topoi. Form the pullback diagram

e |
(=3

0
Since x and 0 are locally isomorphic, ¥ and Eé are locally equivalent, We

may show that

factors through F >E§ , sothat F hasan E—A- -action, In this way we get an
element §(x) € HZ(E, A) represented by F,

It is a straightforward matter to check the exactness of the sequence

0

>H0(E,A)—-> ——~>H2(_}§,C) .

As Giraud has pointed out, the beauty of the above description of HZ(E, A) is how it

ties up with the description known for the cohomology of groups.

If E=G-sets, for G a group, then HO(E, X) is simply the fixed point set of
the G-set X. It follows that Hn(E, A) ig simply the nth cohomology of G with
coefficients in the G-module A. It is well known that the elements of HZ(E , A)
correspond to isomorphism classes of extensions of G by A. If xe€ HZ(E, A)

corresponds to the extension

then we find that F = F-sets is the topos extension of E corresponding to x.
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What has made much of the analysis above possible is the fact that an abelian
group, considered as a category, is a group object in Cat. It may be shown that the
underlying category of a group object in Cat is always a groupoid - such objects are
generally known as crossed groups. Now, if A is a crossed group in an elementary
topos E, i.e. an object of Gp(Cat(E)), then the E -topos Eéo is a group object in
the category of E-topoi. Perhaps this observation may explain why crossed groups
occur in non-abelian cohomology.

[The search for group objects in the category of topoi seems rather interesting; if

G 1is a topological group, Top(G) is not necessarily a group object in Tops, because

the functor Top does not preserve products. ]

Definition 10.9 A morphism of S-topoi

is a weak homotopy equivalence, if for every locally constant object (group for n=1,

abelian group for n >1) A,
H (f,A): H'(F, A) —> H'(E, f*(A))
is an isomorphism (see the end of §4).

An object of an S-topos is locally constant if it is locally isomorphic to a

constant object, i.e. to a coproduct of the terminal object.

A modification due to D. Quillen of a theorem of Whitehead asserts that the
above definition of weak homotopy equivalence agrees with the usual one for spatial
topoi. In order not to lose the "information® given by the fundamental group, it is

essential to allow non-abelian coefficient groups in dimension one,
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As an application, let G be a discrete group, and X a G-space. We may

consider X as a topological space internal to G-sets. Forming the topos of sheaves
GO G0
on X internally to S givesan 8~ -topos, Top(X, G), of sheaves on X with a

compatible G-action, We get a geometric morphism

G0

Top(X, G) f > 8

0
Let § —s SG be induced by the unit 1

> G. We get a pullback diagram

Top(X) ——= Top(X, G)

T

where u*, u'* are functors which forget G-action. In pullback diagrams of this

kind, the *Beck condition®

1 1% *
flLu* L u¥f,

holds. This tells us that for A € Top(X, G), f,(A) is the G-set of global sections of
A, Hence Rnf*(A) is the G-set Hn(X, A). The Leray spectral sequence of f gives

a spectral sequence
HPG, I, A) = H'(TopX, G), &) .

The G-action is good if forall g# 1 in G and x € X there exists an open
neighbourhood U of x suchthat gUn U= ¢.
¥ X/G denotes the space of orbits under G, then the projection map X — X/G is

a local homeomorphism if the action is good, We may also prove that if the action is
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good there is an equivalence of categories
Top(X, G} = Top(X/G)

making the diagram

~

Top(X, G) — > Top(X/G)

N

" Top(X)

commute,
pr

Suppose that EG > BG is a universal principal G-bundle. Then X xEG > X
is a G-equivariant map whose underlying map is a homotopy equivalence. Also,

X x EG has a good G-action, so that

TopX x EG, G} ~ Top(X x EG/G) .

From the Leray spectral sequence of pT, * X x EG > X we get immediately an

isomorphism for the Ez—term
PG, u4x, a)) — vP@G, HYX x EG, A))
and so we deduce that
Top(X x EG, G) — Top(X, G)

is a weak homotopy equivalence. Hence we get a weak homotopy equivalence between

Top(X, G) and Top(X x EG/G), showing that

H(Top(X, G), A) =~ Hg (X, A)

where the right hand side stands for G-equivariant cohomology.
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SOME TOPOS THEORETIC CONCEPTS OF FINITENESS

A. Kock, P. Lecouturier, andC. J. Mikkelsen

In an elementary topos E, there are many different notions
of "finiteness" which specialize to the same "usual" finiteness
notion when E is the category of sets. The notion we study here
comes about by extending Kuratowski's description of finite sets,
[10]1, [18], to an arbitrary elementary topos: a set A is (Kura-
towski-) finite if A €KX (A), where K(A) ("the Kuratowski family")
is the smallest family of subsets of A which contains @, con-
tains all singletons {a} (where a€Aa), and is closed under bi-
nary union. (K is actually a submonad of the vower set monad, as
described in, say, [8] or [12].)

This finiteness notion is proved eguivalent to two other fi-
niteness notions; one which we essentially learned from Joyal, and
which in some sense goes back to Birkhoff and Frink [4], whodefined

the notion of inaccessible element in a lattice. A set is finite if

and only if the maximal element in its lattice of subsets is inac-
cessible. The third finiteness notion we study is of more category
theoretic nature, hinging on the notion of cofinality. We call the
three notions K-finite (K for Kuratowski), J-finite, and D-finite.
Whereas K-finiteness is essentially impredicative, J-finiteness is
predicative in a certain sense which allows us to prove that finite-
ness is preserved under logical functors (it is also preserved under
"inverse image functors" for geometric morphisms (see e.g. [9]) of

elementary toposes - this has been proved by Mikkelsen). Finally,
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"D-finite" is the simplest of the three notions to state: The class
of D-finite objects is the Galois - closure of the class consisting
of the two objects O and 2 = 1+1, under a certain simple Galois-
correspondence derived from the notion of cofinality of maps into
ordered objects.

Motivating this research is of course the line of thought that
"an important technique is to lift constructions first understood
for "the" category & of abstract sets to an arbitrary topos"
(Lawvere), and then to apply the lifted construction to some spe-
cific topos, like sheaves on a space, or group representations, to
get new knowledge of the space or the group. To this step of re-
applying, we have not contributed anything yet. For lifting some
useful standard algebra (like linear algebra) into a topos, one of
course needs a notion of finiteness. Mulvey and Tierney have done
that successfully (they reapplied it) by means of a more restricted
finiteness-notion "cardinal-finite" (it is in fact possible to prove
by induction that cardinal-finiteness implies our kind of finiteness.
The converse is false}. Our more general finiteness notion seems
more to be fit for fitting lattice theoretic ideas into an arbitrary
topos (this viewpoint is illustrated in Section 4).

There are four sections. In the first we give some general re-
marks about the method used, and, in particular, state and prove
some useful principles concerning the internal power-set functor.

We use extensively a method which we essentially learned from Joyal
for "working with elements in a category E" where E is any
suitably good category (say, a regular category [2]; in particular,
an elementary topos is "suitably good"). 1In Section 2, we define
the three finiteness notions J, K and D, and prove them equi-

valent by proving K=J=D=K (Theorem at the end of the section).
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Section 3 is devoted to examples and to give some hereditary pro-
perties which J-finiteness has, like being closed under finite pro-
ducts. Of the more surprising things is that a subobject of a J-
finite object need not be J-finite (although it is if it is detach-
able). In some concrete toposes, we describe completely what J-finite
objects are; in spatial toposes sh(X), we can only give some ne-
cessary conditions: a J-finite sheaf must be flabby, have finite
stalks, and a finite set of cross-sections over each open set. If

X is the Sierpinski two-point space, these conditions are sufficient.

The notation employed is mostly standard. We sometimes write

A B for B2 (the exponential object). We use 1 as well as

A

idA (or just 1 or 1id) for the identity map of A. We denote

by w or w the unique map A~ 1.

A
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§1. Some preliminary remarks on methods used

As mentioned in the introduction, we do a good deal of reason-
ing in the given elementary topos E in terms of elements. If
BeE 1is an object in E under consideration, an element of B is

here by definition an arbitrary map with codomain B,
b: X -» B.

We usually denote objects which occur as domain of elements by cap-
ital letters near the end of the alphabet: X,Y,Z2,Z',... . An im-
portant feature in the elementwise method is the "change of domain
of elements", i.e. maps in E between domains of elements. These
are usually denoted by lower case dgreek letters like o: Y - X.
They are related to the "change of time" occurring in Kripke's se-
mantics for intuitionistic logic. The philosophy of this method is
explained in Lawvere's [11]. The reader may reconstruct usual set
theoretic ideas and arguments from the element-wise ideas and ar-
guments used here, by putting X =Y =..=1.

0Of course, the "power-objects" o® in the elementary topos
under consideration are going to play an important role. Since they
here occur highly iterated, we sometimes use the on-line notation
P =a A 2, and, more generally,

BA=AAB

(read "A homB").
If A': X >AAQQ and a: X » A are elements (with same do-

main X), we shall write
(1.1) a € A’
as an abbreviation for

L}
(x —=B 3 aag) xa SV 50q) = (x—1 Z% 0,
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(which in turn is equivalent to

"<A',a> factors through €, » (A AN Q) xA",

whence the notation).

Clearly, the relation € in (1.1) is stable in the sense that

for any o: Y - X
a€A' dimplies oa.a€a.A'.

The relation € compares as follows with A A Q viewed as a con-

travariant functor in the first variable:

1.1 Pull-back Principle. Given the situation

X————G——-—>BAQ
A'—f—)B
Then

a.fec iff ag€G.frAid

o°

Proof. This is a version of the fact that fA\idQ: BAQ->AMAQ

represents pulling back subobjects along £. A more formal proof

goes like this:

a.f € G
iff <G,a>.idBm Q X f.evB = trueX
iff <G,a>. (f rhidQ) X idlA.evA = trueX (naturality of ev)
iff <G.frhidQ,a>.evA = trueX
iff a € G.frhidQ.

Suppose that an object BE€E is given together with a sub-

object @ of BxB

(1.2) @» B X B.



214

Then we may say that two elements

b1: X - B, b2: X » B

stand in the relation < if <b1,b2>: X » BxB factors through
(:); and (as usual), the subobject (:) is said to make B into

a (partially) ordered object if for each X, the relation < on

the set homE(X,B), which we just defined, makes homE(X,B) into
a partially ordered set. Clearly, < 1is a stable relation in the

same sense as € was: for a: Y - X arbitrary

b, <b implies o.b

150, sob

1 2°

Every power object QA = A carries a canonical order-re-
lation (being in the set case the inclusion ordering of subsets
of A); see e.g. [9], p.34. We shall mainly use the following

criterion for that relation:

1.2 Extensionality Principle. Let Ay and A, be two ele-

ments of AAQ with same domain X, i.e. A X » A b (i=1,2).
Then A1 < A2 if and only if for every a: Y - X and every ele-

ment a: Y - A,

a € a.A1 implies a € a.Az.

This is just a slight generalization of Proposition 1.6 in [9].
Recall the Singleton map {-}A:A > A Q (e.g. [91, p.10).

We have

1.3. Singleton Principle. Let a: X » A and F: X » AAQ

be arbitrary. Then

a €F iff a.{-} F.

A

A

Proof. This follows from the extensionality principle and
the fact that b € o.a.{-} implies b=a.a (which stems directly

from the construction of {-}).



215

A map £: B » C Dbetween ordered objects is called monotone
if
b1 < b2 implies b1.f < b2.f
for an arbitrary pair of elements bi: X -+ B in B, (1=1,2).
If g is a monotone map in the other direction, g: C » B, then
f is said to be left adjoint to g (and g right adjoint to £),

in symbols £ - g, if

b.f < ¢ iff b < c.g

for every pair of elements b: X - B and c¢: X - C.

If B 1is an ordered object, one produces a monotone map
¢segB: B - BAQ

as exponential adjoint of the charateristic map BxB - Q of the
(twisted) order-relation (:). It is characterized by the property

that for any pair bj,b of elements in B (with same domain},

2
b, < b2 iff b1 € b2.+segB.

The anti-symmetry of < can also be phrased: tsegy is a monic

map.

Furthermore, &segB: B - B is full in the sense that not
only does it preserve order-relations, but is also reflects them:

for bi: X - B (i=1,2), we have

b1."+segB < b2.+5ég

iff

b, < b

1
This follows from the extensionality principle and from the above
characteristic property for +Iseg, using the reflexity of the or-

der-relation which implies b, € b,.¥seg.
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We call B a complete ordered object provided &segB has a
left adjoint sup: BAQ + B. (This property of B, being "of the
nature of second order logic" does not reflect itself down to prop-

ties on the hom-sets homE(X,B).)

From the fullness of lsegB it follows that the end-adjunc-

tion for sup + segy is an identity, so that we have
* +segB.sup = idB
and

ldBm52

A

sup.¢segB.

From the latter inequality, we get by multiplication on the

left that
{-}B < {-}g.sup.¥seqg,
and since idB € {-}B by Singleton Principle, the extensionality
principle yields
idB € {'}B.sup.¢seg,
that is
% %k i -
ldB < { }B.sup.

On the other hand, the extensionality principle and the reflex-

itivity of the order relation yields

{-}

A

B S ¢segB,
and multiplying on the right by the monotone map sup, we get

{-}g.sup < ¥segy.sup = idg

B

using *. Combining * and **, we get

{3

g SuUpP = idB.
It may also at this point be worthwhile to record explicitly

in which sense left adjoints preserve sup's. Let A and B be

complete ordered objects, and let f: A - B be left adjoint to

g: B> A. Then £ preserves sup's in the sense that
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3
AhQ ———ﬁ——? BAQ
sup, l supp
Y .
A——F > B

commutes. To prove this, take right adjoints of all four maps: it

then amounts to proving the following diagram commutative

AmﬂéjﬁimBAQ

¢seg;r T+segB

A ¢&———B
g
This can easily be done by the extensionality principle: let

b: X—B and a: X-—>A be arbitrary. Then

a € b.g.lsegA
iff
a < b.g
iff
a.f < b, by adjointness f H g
iff
a.f € b.¥segy,
iff
a€

b.;segB.f 1, by pull-back principle.

(Further information about ordered objects in an elementary topos
may be found in [13].)

Power objects A A& Q are, with the canonical ordering, com-
plete ordered objects. The functorial properties of the power ob-
ject formation has been studied by several people. We here summa-

rize what we need about this:

Summary of facts about the "power-set" functor in a topos E

For each map f: A » B in E, we have, for pure closed cat-
egory reasons, a map

Bhg ——21d 5 240,



218

(It "externalizes" to "pull-back along f".) Now it is a well
known fact (first realized by Lawvere and Tierney) that £ id

is monotone and has adjoints on both sides

EPE AhQ > BhQ, left adjoint to fAid

Ve: AAQ > BhQ, right adjoint to f hid.

We shall in this paper be concerned in particular with EF.
It makes -4 into a covariant functor E - E, which in fact
is known to be the functor part of a symmetric monoidal monad on
E (see for instance [8]), and therefore, by [8], alse a strong
(and commutative) monad on E. We shall need to make explicit

this description of the strength (denoted 3J) of the covariant

power-set functor. It is a map

E{IA,B: AAB > (AAQ) A (Bh Q)

(which "externalizes" to the map which sends f: A > B to
af: ARG > BAhQ). We shall also make explicit a construction de-

rived from this strength,
Im: AAB > BhAQ
(which set theoretically, to f: A » B associates (the character-
istic function of) £(A) ¢ B).
We begin, by giving the following element-wise description of

Hf: AN > BA Q (where f: A - B). ("Element-wise" in the sense

used here: "elements with arbitrary domain"):

1.4 Existence Principle. Let A': X » AhnQ and b: X -> B

be arbitrary maps with same domain X. Then

(1.3) b €Aa'.3,

if and only if

there is an epic RB: Y —» X and a map a: Y ~» A
such that

(1.4)

a € B.A' and B.b = a.f.
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Proof. We shall take as known the fact that 3;: AhQ - BAQ
%
may be described as the map whose exponential adjoint Bf:(Adwan+Q
is the characteristic map of the image F of the composite
EAH (Ath) x A —T;-f——) (Ad\Q) x B.
The implication = is now proved as follows. First

bgAa'.3 iff <A',b > factors through F;

then we can define Y and g by the pull-back diagram *

B
Y —P 5 X &,1»
| .
€n F (Ahg) x B
!
(AAQ) xA
proji‘
A

and let the vertical column at the left be a. Then it is immediate
to see that (1.4) holds.
Conversely, if there exist some f8: Y » X and a: Y - A which

satisfy (1.4), then
B.<A',b> = <B8.A'.a>.1x £,

but <B.A',a> factors across €a by assumption. Hence B.<a',b>

factors across € and thus the image of B.<A',b> is contained

A’
in F. Since § 1is epic, the image of <A',b> is also contained

in F, so since <ch(F) = §f, we have b € A'.af. This proves the
principle.

Let us next recall the monoidal structure V¥ on the covariant

power-"set" functor

WAﬁz(AmQ)x(BMQ)+(AxB)¢Q.
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Set~theoretically, it associates to A'cA and B'cB the subset
A' xB'c AxB. In the general setting here, it can be described as

the composite

(proj1rh1)><(proj2:h1) [
3
7 I»

(AMQ) X (BAQ) (AxB)»\Q]x[(AXB)AQ] LyaxBIhQ,

using the lower semi-lattice structure A ("intersection") on ob-
jects of form X&Q. We can describe the monoidal structure in ele-

mentwise terms:

1.5. Principle Y. Let a: X - A, b: X » B, A': X > AhAQ,
and B': X - BAQ be given. Then

<a,b> € <A',B'>.¥
iff

Proof. Almost immediate from the construction of V¥ in terms

of A.

We shall next analyse the strength derived from V¥, that is

BJA B} AMB -~ (AhQ) A(BAQR), in elementwise terms. Rather, we ana-
!

lyse its exponential adjoint

v
aA,B: (AAB) x (AAQ) >~ BAQ.
v
According to the procedure of [8], 3 is the composite

A,B

(AmB) x (Ahq) — 2 X1 S (AhB)hQ) x (AkQ) -

Y 3ev
——>((AAB) XA)hQ) ———> BHQ

(using that {-} 1is the unit for the power-"set" monad, and 3 its

functor part on maps). Then

1.6 Principle of strength-of-existence. Let f: X + AdB,

A': X > AAQ, and b: X » B be given. Then
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<

(1.5) b € <f,A'>.
if and only if

there is an epic B8: Y » X and a map a: Y - A, with
(1.6) (i) agB.A', and

(ii) <B.f,a>.ev = B.b

Vv
Proof. By the existence-principle and the construction of

in terms of ae , we see that (1.5) holds if and only if

v

there is an epic g: Y - X and <g,a>: Y » (AAB)xA,

so that
(1.7) (iii) <g,a>.ev = B.b and
(iv) <g,a> € B.<E,A'>.{-Ix1.¥

= <pg.f£.{.:},RB.Aa'">.¥
Condition (iv), however, is equivalent, by Principle V¥, to the con-
junction of (v) and (vi):

(v) g B.E.{-} (i.e. g=8.1)

|m

(vi) a € g.A',

and therefore the condition (iii) is equivalent (in presence of (iv))

to the condition
(vii) <B.f,a>.ev = B.b.

So (1.5) is equivalent to the existence of an epic p and an a so
that (vi) and (vii) hold. But (vi) and (vii) are the same as (i) and
(iii), respectively.

A certain construction derived from I deserves a special name,
namely the map Im: AAB -» BA(Q, whose behaviour in the set-case

was described above. It can be constructed as the composite

<id,w.'true£ >

\'
Im = AAB > (AAB) x (AhQ) — 2 SBAQ.
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As a corollary of the Principle 1.6 above, we then get, by putting

A': X » AAQ equal to wX.rtrueg :

1.7 Image-Principle. Let b: X > B and f: X - AMB be given.

Then

b € £f.Im
iff

there is an epic g: ¥ - X and a map a: Y - A such
that <B.f,a>.ev = 8.b .

The left adjoint of ¥segp4ot AhQ » (AhQ)A Q is denoted
"uanion®:
U (ahn)da - anma.

Using the explicit construction of \J (see e.g. [9], p. 111, or

[12], p. 51 ), the reader will be able to prove

1.8. Union Principle. Let F: X > (AAQ)AQ and a: X »~ A

be given. Then

a € r.

iff
there 1is an epic 8: ¥ »» X and an A': Y » Al such
that Bf.a € 3' and A' € B8.F.

If B,< 1is an ordered object, we define

ycl: Bh > BrhQ

to be the composite

ais U
Bho — 389 s paa)hn —Z5BhQ.

In the set case, it associates to a subset B' of B the set of
all elements of B which are dominated by some element in B' (i.e.
"the downward closure of B' "). We .leave to the reader to use the

existence- and union-principles to prove
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1.9 +{cl-Principle. Let B,< be an ordered object, and let

B': X+ B2 and b: X > B Dbe given. Then

b € B'.icl
iff
there is an epic B: Y » X and an c¢: Y » B with

c € 8.B' and B.b C.

A
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§ 2. The finiteness notions

We begin by lifting some well-known lattice theoretic notions
into an arbitrary elementary topos E. This lifting is actually
canonical, once one writes down the notions in first order language
and then translates them into W. Mitchell's or J. Benabou's
language L(E) (see [15) for an (incomplete) account of this).

In order not to involve ourselves in syntax, we instead describe

the lifted notions one by one.

Classically, a directed ordered set is an ordered set which
is (i) non-empty, and (ii) has the property that any two elements
of it has a common upper bound. This 1lifts as follows:

Let B,< be an ordered object in E. It is called directed

provided (i) w B - 1 1is epic, and (ii) for every pair

B
b1,b2 of elements of B with same domain X, bi: X » B
(i=1,2), there is an epic B: Y -» X and an element b: Y - B
with B.b1 < b and B.b2 < b. (These two conditions, individual-~
ly, may be called: "B is 0O-directed" and "B 1is 2-directed",
respectively),

An equivalent definition is given later. We started out with
this one because it is typical for the lifting method. - One can
also talk about when arbitrary subsets F of an ordered set are
directed subsets. This lifts as follows (thinking of a subset
of B as an element of BAQ):

Let B,< be an ordered cobject in E. Then we say that

an element

F: X - BAQ

is directed, or a directed family, provided
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there is an epic B: Y » X and a map b: Y - B
(1) so that b€B.F, and

(ii) -J}or every oa: Z -» X and every pair
b,.: 2 - B, b2: Z » B,
with

(2.1) b,€a.F and b

1 ga.F,

2

there is an epic B: Z2' -»Z and a b3: Z' - B
with

(2.2) b3E B.a.F and with RB.b, < b3 (i=1,2).
L £ <

Let B be a complete ordered object. An element b: X - B

is called intranscessible (Diener [6]) provided it satisfies:

for every a: Y > X and every F: Y » Brh(Q with
F directed and with F.supB > a.b, there exists

an epic f: 2 »Y and a d: Z - B with

B.a.b < d and d4dE€B.F.

Set-theoretically, b€B is intranscessible if every directed
family F with sup(F) > b has a member d€F with b < d. If
B satisfies "AB5" ("finite meets distribute over directed sup's")
then b€B is intranscessible if and only if it is inaccessible
in the sense of Birkhoff and Frink [4], or compact in the sense

of Nachbin.

It is a consequence of a general method of carving out sub-
objects of objects in E by means of statements in L(E)
(W. Mitchell, J. Bé&nabou, G. Osius) that there is a subobject
S(B) » B, such that b: X » B is intranscessible if and only

if b factors through S(B). If the reader insists, he can
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construct S(B) (without reference to L(E)); but all information
of S(B) needed is contained in the universal property: that it
is the smallest subobject of B through which the intranscessible

elements factor.

We now consider the upper-semilattice structure (v,0) on

the complete ordered object B
v: B x B - B, 0: 1 - B,

(left adjoint to A: B » B x B and w: B » 1, respectively).
For each X, an upper-semilattice structure is induced on the

hom-set homE(X,B), which we denote also (v,0).

2.1 Proposition. The set of intranscessible elements

X » B form a sub-semilattice of homE(X,B). (Alternatively,

S(B) » B 1is a sub-semilattice-object of B.)

Proof. The fact that 0: X - B is intranscessible is an
immediate consequence of the requirement that a directed
F: Y » BAQ is "non-empty" (axiom (i) in the definition).
Assume now that b1 and b2 are intranscessible elements
X » B. To prove that b1 v b2 is intranscessible, let

a: ¥ »X and F: Y » BhAQ be given, with F directed and with

F.supB > a.(b1 v b2). Then, for i = 1,2,
F.sup > a.bi

and since bi (and thus u.bi) is intranscessible, we can find

epics Bi: Zi -»Y and maps di: Zi - B with
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(2.3) B..a.b, < d, €B8,.F i=1,2.

Let Z Dbe formed as the pull-back

¥
A —1l» Z,
2 1
v N4
Z2 —_— Y,
8
2

and let B8: Z » Y be the diagonal map of this. It is again epic.

Also, let
d!: Z - B
i

be defined as the composite Yi'di‘ Then, by (2.3),

-
w
Q
o

IA

<
o,

'm

<

w
o3|
[
1]

1,2

so that

. .
(2.4) B.a.b, < d! €B.F, i

]
—_
~
8]

Since B.F 1is directed, we can find yet another epic

6: 2' »Z and d: Z' - B with

(2.5) §.d} < A€S.B.F, i=1,2.

Combining (2.4) and (2.5), we get

(é.B.u.b1) v (G.B.a.bz) < G.da v 6.dé < d€6.8.F.

The left-hand side here is 6.8.a.(b1 v b2), so the epic
§.8: 2' » Y and the element d: Z' - B now are the maps we were

required to produce to prove b1 v b2 intranscessible.
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2.2 Definition. An object A€ |El is called J-finite

provided the complete ordered object athe  ("the power set of A")

has the property that its maximal element

A

(2.6) rtrueA : 1 > AAQ

is intranscessible.

(This notion can be relativized; if T: E » § 1is a geometric
morphism between elementary toposes, then A€E might be called
J-finite relative to § if T

«° E - S8 takes (2.6) into an in-

transcessible element in T, ,(AAR). Specializing to the case

where E 1is a Grothendieck topos and S the category of sets,
A€E 1is J-finite relative to § if and only if A is quasi-
compact in the sense of SGA 4, Exposé& 6 [1]. This follows from

loc.cit., 1.5.2).

Let us remark that "A 1is J-finite" also can be formulated
as follows: If F: X » (AAQ)hQ is directed, and covering

(meaning F.U = wx.'lrueg ), then F 1is "trivially covering”

a4

in the sense that wxfirueA

€EF.

We now turn to the next finitness-notion. First it is a

straightforward consequence of the Dedekind-Tarski fixpoint
theorem for elementary toposes, as proved by Mikkelsen {14], that,
for each object B equipped with, say, one binary operation

*: BxB » B and, say, one nullary operation 0: 1 - B, one can,
for any subobject A > B, form the smallest subobject A » B
which contains A and is closed under the operations * and O.

(Apply the fixpoint theorem to the complete ordered object BhQ).



229

In particular, if B 1is an upper-senmi-lattice by means of
v: BxB-»B and 0: 1 - B, we can form, for any A = B, the
subsemilattice A » B generated by A.

Now let A be any object in E. The power object Ad Q
has a canonical upper-semi-lattice structure. Thus, we can form
the smallest sub~semi-lattice containing {-}A: A -+ AMQ, Set-
theoretically, this sub-semi-lattice is the smallest subset of the
powerset of A which contains @, all singletons {a} (with
a€A), and which is closed under binary union. This is the
family of sets considered by Kuratowski in his investigations on

finiteness [10)], or [18] §22:

2.3 Definition. Let A€E. The Kuratowski-object for A,

K(A) = AAQ, is the smallest sub- (upper-)}semi-lattice of A

which contains {-}A: A > AdQ.

(It actually can be proved, as a Corollary of the results

of the present section, that XK(A) = S{(AhkR)).

2.4 Definition. Let A€E. Then A is called K-finite

provided rtruep:' : 1 » Ad§ factors through K(A).

2.5 Proposition. Any object A which is K-finite is also

J-finite.

Proof. It suffices to prove K(A) < S(AAQ). For this, it
suffices to prove that S(Adh() is a sub-semilattice of AMAQ
containing {-}A: A > AdhQ. By Proposition 2.1, we know already

that it is a sub-semilattice, so we just have to prove that {-}A

factors through S{(AAQ), i.e. that "singletons are intranscessible”.
This is Lemma 2.7 below. We now start the preparations for that

Lemma :
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Recall the map +cl: B 0~ BhQ from Principle 1.7, where

B is an arbitrary ordered object. We then have
2.6 Lemma. For any object A4, the following diagram commutes

velp ag
(AAUAG ——— (AhQ) A 0

{-3a1

)

Arh Q.

Proof. We have

Yely pgrl-1 M1 = 3(seg, , ) AU

trsegn o) Iy pe - Y

= 3(%segAA62.{-}A1l .

Only the second equality needs explanation: it is a consequence of
the fact that {-}41 is a homomorphism of complete upper semi=-

lattices. (More generally, if £f: C - D, then

k%f&?za

due to the fact that fh 1 has arightadjoint v.). Now we just
have to prove
adg 229, aaodae LEALaag

is the identity map of A rhQ. Both maps in this composite have left

adjoints:

3
A(f\ﬂ«-—k-—J—(Aﬁ\Q)/hQ (-} ahgq,
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but this composite is the identity map {(by one of the monad laws

for the power-"set" monad). This proves the Lemma.

Now we can easily prove the following Lemman, and thereby,
as we have seen, the Proposition 2.5.
2.7 Lemma. The map
{’}A: A > AhQ

is intranscessible.

Proof. Suppose given Y,a, and F as displayed in

Y e A
F > {1y
(A ha ahg
with
(2.7 F.UU > a. {1},

and with F directed (actually directedness is not needed here).

Using Lemma 2.6, the assumed inequality (2.7) may be written
a.{-} < F.¥cl. {-} A1,

By adjointness, this is equivalent to

(2.8) a.{-}. 3.} < F.vcl.

Clearly, we have (by Existence Principle and Singleton Principle)
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(2.9) a.{-}€a.{-} 3

and then the inequality (2.8) together with (2.9) gives
a.{-} EF.icl.

By the +cl-principle 1.9, we get the existence of an epic
B: 2 »Y and A': Z > AAQ with Bg.o.{-} < A' and A'€B.F,

so that A' and B witness the intranscessibility of {-}.

We now turn to the third finiteness—-notion. This hinges on
a certain Galois-connection arising out of the notion of
cofinality. If C is a partially ordered object in E, and
g: D » C a map from an arbitrary object into C, we say that
g 1is cofinal if for every c¢: X -» C, there is an epic

B: Z »X and a d: Z » C so that
d.g > B.c.

If A 1is an arbitrary object and B a partially ordered

object, we say that B 1is A-directed if the diagonal

A A

B —— B

A
is cofinal (the diagonal is the exponential adjoint proj of

proj: BXA -> B, and the order-relation on BA is induced

canonically from that of B). We write (temporarily)
ﬂ(A,B)

for "B 1is A-directed”. Then ﬁ) establishes a relation
between objects in E and partially ordered objects in E,

and thus gives rise to a Galois correspondence
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L]
classes of objects in E+—— classes of ordered

objects in E.

The class of D-finite objects is defined to be the Galois

closure of the class consisting of 0 and 2 = 1 + 1:

class of D~finite objects = y(&({0,2})).

In slightly more simple-minded terms, observe that @({0,2})
is the class of directed ordered objects, as defined right at the
beginning of §2; for, the conditions (i) and (ii) there are egui-

valent, respectively, to the requirements that

and
B® = BxB

are cofinal. So the more simple-minded definition of D-finiteness

now goes

2.8 Definition. An object A€E is D-finite, provided for

every directed ordered object B,

A A
5

B B

is cofinal.

In set-theoretic terms, A is D~finite if any map A - B
into a directed ordered object B can be uniformly dominated by

some b € RB.

In order to connect this with the previous two finiteness
notions "J and K", we must study directed ordered objects more

closely.
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2.9 Proposition. The ordered object (B,<) is directed if
and only if the map bd defined as the composite

)

ysegdl b4 g Q

ba = (Bch)®P 255 g)dh e

is a lower-semilattice map. (This map bd is precisely the character-

istic function of the subobject

(2.10) Bd = Bd(B) »>— B Q

of "bounded subsets").

The label 'op' in the domain of bd has only the effect of

reversing the order-relation. Also BB denotes the composite

3
Bho 2o 1A ~ Q.

We note that {-} composed with bd yields true ("any Singleton

B B

is bounded.") To see this formally, we prove that
ing {+}.4seg.¥segdt .

Namely, this is equivalent to

(2.11) tseg € {-}.tsegqg,

by the Pull-back Principle, and (2.11) in turn is equivalent to
tseg > {.}

which is true by reflexivity, and by the extensionality principle.

Proof of Proposition 2.9. Letting Bd(B) = Bd be the sub-
object of B Q displayed in (2.10) and defined as the subobject
whose characteristic map is bd, it is straightforward to use
Existence- and Pull-back principle together with the definition of

bd to prove that B: X » Bh Q factors through bd if and only
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if there is an epic B: Y »X and a map b: Y - B with

(2.12) B.B' < b.¥seqg.

Now, since bdxbd.A 1is the characteristic map for
jxj: BAxBd —— (BAQ) x (BAQ),

we see, by passing to subobjects classified by the maps, that bd
preserving 2-intersections A is equivalent to the existence of a

map £ (necessarily unique) making the diagram

(2.13) Bd x BdA ———— Bd

(B Q)x(BhAQ) — B h Q
VBAQ
into a pull-back. We shall see that such & exists if and only if
B 1is 2-directed. Let us first assume that Jj x j. VBao factors
across Bd by a map £, as displayed in (2.13) (we shall actually
not need that it is a pull-back). To prove B 2-directed, let b1

and b2 be morphisms X - B. Now {.} factors through j

B

as we have seen above. Consequently

<b1.{-}B, b2'{'}B>'VBmQ'bd

<b1.a, bz.a>.j Xj'VBAQ'bd

= <b1.a,b2.a>.2.].bd = trueX,

so that we have an epic B: Y »X and a b: Y - B with
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b.+seg > B.<b1.{-}B, bZ'{'}B>'VBd\Q

v

B-bi-{'}Bl i=1,2,

which means B.bi €b.¥seg (by singleton principle), or, equivalent-
ly, B.bi < b, for i =1,2. Thus B and b witness that B is

2-directed.

Assume conversely that B 1is 2~directed. Consider, for

i =1,2, the diagonal map in the commutative
proj,
Bd x Bd Bd
%3 J

(BAQ)X(BA Q) ——————— B Q ;
proj,

since it factors through Bd, we know by (2.12) that there exists

an epic m,: X, » BdxBd and a map b!: X, » B with
i i i i

ﬂi.proji.j < bi.&seg, i=1,2.

Taking the fiber product

™
- 2
X X2
m’ b
1 2
X, ———» BdxBd
! i
1
s = ] = v
and putting 7 LERL bi Wl.bi, we get



(2.14) T x

Now we have
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j.proji = ﬂ.proji.j < bi.+seg, i=1,2.

assumed that B 1is 2-directed; thus there is an

epic B: Y »X and a b: Y » B with

Then, by (2.14),

hence

since v
B ch

X3+ VBmQ "ha

B.b; < b, i

]
-
-
3]

B.m.3J Xj.proji < b.¥segq, i

1t
Y
-
)8
-

B.m.J ><j_vBth < b.¥seg

Q gives the least upper bound of proj1,proj2. Thus

s an upper bound" b, and factors through Bd

by some map £ (necessarily unique). To prove that (2.13) is

actually a pull-back, let

be given with <«<B

and the argument

here to give that

if B: Y-»X and b:

B.B'.j < b.¥seq,
of Bi’ i=1,2.
We next have

if and only if B

B': X » B4, Bi: X > Bea Q, i=1,2
1’B2>'VBA\Q = B'.j. Then
B, < B'.j, i=1,2

i =

"a subset of a bounded set is bounded" also applies
Bi factors through j, for i = 1,2; formally,
Y » B witness that B'.j is bounded,

then the same f and b will witness boundedness

to prove that bd preserves the greatest element

is O-directed (the greatest element of (BhQ)°F

is 'false '). We have that bd preserves the greatest element if

B
and only if
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rfalse; .bd = true.

But
rfalseE: .bd = rfalse; .TsegBd\Q.+segBrk1.aB
= rfrueBd\é‘.¢segBth1.3B =-r£rue§1.38,
and "true .3_ = true 1f and only if Wyt B> 1 is epic, i.e.

B B

if and only if B is O0O-directed. This proves Proposition 2.9.

If B and C are lower semilattices by means of

AB:BXB-»B, tB:1 - B, AC:CXC - C, and tc:1—+C, we have

called a map f: B - C a lower semilattice map if it preserves A

and t. (Then one easily sees that f 1is also order-preserving).
It is easy to intersect two certain equalizers (which we display
below) to get a subobject BANC » B AC of B A C "consisting
of the lower semilattice maps", more precisely, with the property
that £: X » B /h C factors through B AhC if and only if the

cartesian twisted version of f
B->XxnC

is a lower semi-lattice map; alternatively, if for all a: Y - X,

b1,b2: Y > B

<b1,b2>.A = <(b1)a.f, (bz)a.f>.A

B C

and

f-th\‘] (.I)X-tcl

where (bi)a.f denotes the composite
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<a.f,b.> ev
Yy ——— (BAAC) x B — C.
A
It is carved out of BMC by intersecting the equalizer of Uy e
A 14
and VB,C with the equalizer of rB,C and SB,C' where
(2.15) U o= (BhC) xBxB 20 (BA ) xB = c
I’
and
(1 (2)
(2.16) VBC=(BrhC)><B><B<ev 18V 2 . cxc A
L4
(ev(l) being proji.evg’ i =1,2); - and where
<id,w.t_ >

r, .=BhC —2 (B C) x B ¢

B,C
and

t
_ [A) C
Sp,c = B e 1 C.

Let us remark that if f: C - D is a lower semi-lattice map,
then 1M f: BA C » B D restricts to amap 1 4h £f: BdhC » BdhD,
where B,C, and D are lower semilattices. This is straightforward

to prove.

Now we shall see that
Z:AMB-> Ah)P A BMAQP

factors through (Ad\Q)OP(H\ (Bd’\Q)op . Essentially, this is because
Elf is cocontinuous for all £, by Elf 4 fAl., But internally,

A A
we must prove that I equalizes u and v (as well as r and s)

(where u = u(ArhSl)OP, (Bd\Q)OP) . This is equivalent to proving

Ax1.u = JAx T1.v,
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or again (the A on (& hq)°P being denoted Vaho

M (1) . (2)
(2.17) 1Ad\vaAthQ'31= (™A x 1) .<ev ,ev > Voot

From the following commutativity

vx1
(AAQ) x (AhQ) xA —— (AQ) xA

we know that

F.>.v

a:X—»A§<F1,2 A Q

(where F,.: X » AQ) if and only if X 1is the union of two
subobjects ji: Xi - X such that ji.agji.Fi (i=1,2). According
to this fact and the fact that direct image preserves unions, we
get the equality (2.17), by using extensionality principle and
principle-of-strength-of-existence.

These two principles are also used in proving that 3

equalizes r and s. We omit further details.

2.10 Proposition. If (C,<) is an (v-0)-upper semilattice

object, then any F: X - CAQ which factors through cOPdh @

is a directed family.

Proof. F 1is O0O-directed, because

F.<1,w .tC>.ev = F.w .true = true

ChQ C ChQ X

so that w,.t €F (tC: 1 - C being 0, the maximal element in

X"TC
COP). And F 1is 2-directed; for let o be a morphism Y - X
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and Cq1C, morphisms Y - C such that c; €a.F (i=1,2). From
A A
o.F.u = a.F.v (with u and v as in (2.15) and (2.16)) we get

c.Fx1l.u = 0. Fx1.v
and consequently

<1y,c1,c2>.ocF x1.1%xv,.ev

C C
1 2
= <1y,c1,c2>.ocF>< 1.<ev( ),ev( )>. A '
that is, letting €y VvV Cy denote the composite <c1,c2>.vc,
<ocF,c1vc2>.evC = <<a.F,c1>.evC, <oc.F,r*2>.evC>.A
= <truey,trueY>./\ = truey,

so that Cq v czgoc.F, as desired.

Now assume that (B,<) is a directed ordered object. Consider,

for any A €E the composite

(2.18) k = AdB 2 (ah0)%P 4 (BA0)OP Ldhbd

op
A,B (A Q) T AhQ.

Set-theoretically, it associates to £: A - B the family of those
subsets A' c A such that £f(A') is a bounded subset of B. -

We have seen above that 3 factors through the subobject of lower
semilattice maps, and, if further B 1is directed, bd 1is a

lower semilattice map, so that (2.18) factors as displayed in the

diagram
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3 1Abd

AhB —— (AP 4 (Bh)®P (Aab)Pha

T~ |

(Aha)Pdahg

AP Ay (B AP

1 dhbd

(note that 14hbd makes sense only because bd is a lower semi-
lattice map). Hence, by Proposition 2.10, (2.18) is a directed
family (whenever B 1is a directed ordered object).

We next prove that the family (2.18) is covering (whether

or not B 1is directed). Consider the diagram

(Aha) & (Bhg) —Pd a0 4 0

|

Amp -2

1) (-341 Cran ey \Y

adg — alg,
14 bd id

Ad(BhQ)

By adjointness 3{.} ~4 {-} A 1, we get the first inequality in

the string

A .14bd.U > 3 bba (313 U

A .1abd.{-1A

3 .{-1h1.1hbd

1A {-}.1dbd

1A ({-}.bd).

But now {+}.bd = true as we have observed. So the right-hand

B’

side of the inequality is

— T 1
1htrue,_ = Yrmp- trueA B

B
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which proves that the family (2.18) is covering.

Putting things together, we can now prove

2.11 Proposition. If A is J-finite, it is D-finite.

Proof. Let B be a directed object. We have just seen that in

this case the map k constructed in (2.18), k : AhB - (ABDMAR

A,B A,B
is directed, and also covering. Since A is J-finite, it is

“trivially-covering®, that is,

k
anp —2uB (AAQ)h 0
“ahB €
1 —_—— AR .
rtrue .
A
r A . .
Now ©aamB* trueA gkA,B is equivalent to
L A Y
<1A(h B'YAME* ’crueA >.k = kB .true (=trueAmB),

and since k = I .1AhAbd, we get that the following composite equals

trueA{hB
<1,w.trueA> I %1 ev
AMB —————————er (A B) X (AAQ) —— ((AchQ) A (BAQ)IX(AALR) ——+ BAQ
bd
{2.19) }‘é
Q.

The horizontal composite here associates, in the set case, to
feahmB its image (which is a subset of B). In fact, it is the

map Im which occurs in Im-princple 1.7. So

Im.bd = trueAth,
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or, taking bd apart in its constituents,
Im.+seg.¥seg rh 1.3B = true : AhB > Q,

AhB*

so by Existence principle, there is an epic B8: ¥ A AN B and

a b: Y » B so that
b € B.Im.tseg.+seg M 1
which is equivalent to
b.¥seg € B.Im. tseg
(by pull-back principle), which in turn is equivalent to

b.¥seg > B8.Im;

in display
Y ——b——-> B
(2.20) B < yseq
AMNB T B A Q.

We shall from this prove the following inequality (which by passing
to exponential adjoints gives the inequality guaranteeing the cofin-

ality desired):

Y -———— B

(2.21) projy

v
I0)
<

YXA ~——> (AhB) xA,
Bx1
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The inequality in (2.21) 1is equivalent to
(2.22) B><1.ev§projy.b.¢seg.
To prove (2,22) it suffices, by (2.20) , to prove the €-sign in

8 x 1.ev§projy.B.Im = B x 1.projAth.Im,

which follows immediately from the following general fact about

the strength of the "power set monad":

2.12 Lemma. We have evgprojAmB.Im, or in display:

AhB —I0 . 5hg

im

Projpag

(AlhB) xA ———— B
ev
Proof. Set theoretically, this just says that f£f(a) € Im(f)
whenever it makes sense. In a general topos, it is a consequence
of the Im-principle 1.7. We just have to take (in the notation used
in the statement of that principle) X =Y = (AAB)xA, B = id,

A _ . _ .
B’ f = Proja 4 g and a = Proj,: (AhnB) xA - A. Then the

second condition in 1.7 is satisfied:
. . A A
<pro;Ar,hB,pro;JA>.evB = evg,

since <projAth,projA> is an identity map. This proves the lemma,

and thereby Proposition 2.11.

We conclude our circle of implications by

2.13 Proposition. Any object A which is D-finite is also

K-finite.
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Proof. XK{(A) c A h Q is by construction a sub-upper-semilattice
of the lattice object AMQ, so in particular, it is a directed

ordered object. Since A is D-finite, the diagonal map

A: K(A) ——— AMK(A)

is cofinal. Consider {-}': A - K(A) (the map which composed with
K(A) c A Q vyields {'}A)‘ By cofinality of A, there is a
diagram of form
A
K(A) A b K(A)
r
a’ > {-}
|
Y 1
B

with B epic. Passing to exponential adjoints, we get an in-

equality diagram

or, equivalently

proj, > {-}

YxpA ————— A

proj,
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In particular we have (with o equal to o' followed by the

inclusion K(A) < AhQ)

(2.23) proj,

YXA —— A

proj,

This, by the "Singleton-domination-Lemma" below,

r ~
8 trueA

Y 1 AQ.

Since B 1is epic and o factors through K(&),
that rtrueé’ factors through K(A) c A A0 so

K-finite.

2.14 Singleton-domination Lemma. Suppose we

diagram of the form (2.23) above. Then

T, A
true
a =Y > 1 —— A Q.

v
—_—
-

implies that «

we conclude

that A is

have an inequality

Proof. Let y: Z - Y and a: Z - A be arbitrary. By

extensionality principle, it suffices to prove that a€vy.a.

Consider «<y,a>»: Z » ¥YxA. Clearly

a€a.{-} = <y,a>.proj2.{-},

and hence by the assumed inequality and the extensionality prin-

ciple,
a.§<y,a>.proj1.a = Y.0,

as desired.
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Let us sum up the discussion in this section; we proved the

implications

K-finite

Proposition 2.13 ¢4¢¢;? Q§§§3 Proposition 2.5

D-finite <—=—— J-finite

Proposition 2.11

so that we have

Theorem. The finiteness notions J,K, and D given in

Definitions 2.2, 2.4 and 2.8, respectively, are equivalent.
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§3. Stability properties and counter examples

In this section, we say that an object A is finite if it veri-
fies one of the three equivalent statements: A is J-finite, A is
K-finite, A is D-finite. For any A in the topos E under con-
sideration, we denote by kA the inclusion X(aA) » A4 Q. It is not
difficult to prove that K 1is actually a subfunctor of the covariant

power "set" functor, by means of k.

Stability properties

3.1 Proposition. The initial object 0 is finite.

Proof. We shall use K-finiteness. We have 0o = 1, and
thus
r = I’f 1 . d
true0 = .alse0 = id,.
Because rfalse(; factors through ko: K(0) - 0ANQ Dby construction
T
of K, true&‘ does too, and 0 is K-finite.

3.2 Proposition. The terminal object 1 1is finite.

Proof. We shall use K-finiteness. We have 1A ~ Q. Identi-

fying these objects, we have l-1:rue“ = true. Also under the identi-
fication 1 = 1x1, we have {-}1 = 61, the characteristic map of
Aq: 1+ 1x1; this map is an isomorphism, so 51 = {-}1 = true. Be-

cause {-}1 factors through k1 by construction of K, true

does too, and 1 1is K-finite.

In the proof of the following proposition, round brackets denote
maps out of a coproduct (direct sum), pointed brackets denote maps

into a product.

3.3 Proposition. We have K(1) = 1+1, and k1 = (true,false).
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Proof. We first see that k1 > (true,false); for, k1 > rfalse?

= false, by construction of X, and ky 2 {-}1 =true. (It is well-known

that (true, false): 1+1 = Q@ 1is monic.) Conversely, let us prove

(true,false) 2 k,. Since k, is the smallest subobject of 14 Q
containing false1, containing {-}1, and closed under v, it suf-
fices to see that (true,false): 1+1 - Q@ has these three properties.
We already know the first two. To see that it is closed under v is

essntially just the truth table for disjunction: since X - preserves

direct limits, we have
(1+1) x (1+1) = 1+1+1+1.

Denoting this isomorphism 1+1+1+1 > (1+1) x (1+1) by p, we verify
that

p.(true,false) x (true,false)

= (<true,true>,<false,true>,<true,false>,<false,false>).

Then
(true,false) x (true,false).v = p—1.(u1,u1,u1,u2).(true,false),

where u, and u are the structure morphisms of the direct sum 1+1.

2

3.4 Theorem. The product of two finite objects is finite.

We shall wuse J-finiteness, but there is another proof, using
K-finiteness and commutative monads (K being a monoidal submonad

of the power "set" monad). Let us first note the following

3.5 Lemma. Let A and B be ordered objects and g: A + B
an order-preserving morphism. If F: X - ArhQ is a 0-directed (re-
spectively 2-directed) family, then F.Bg is 0-directed (repsec-

tively 2-directed).

The proof consists in applications of the existence principle,

and the fact that the pull-back of two epics gives a commutative square
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where the composite map is epic. It is quite analogous to the proof

of Proposition 2.1, and we omit the details.

Proof of Theorem 3.4. ILet A and B be finite objects, and

let

F: X o ((AXB)h Q) h Q

be a directed and covering family. We have to prove that

wX.rfrueAxg EF. Let us remark that, by virtue of the extensionality
principle and union principle, F is covering if and only if for
each o: Y + X and each a: Y - AxB, there exists an epic B: Z» Y
and an h: Z > (AxB)hQ such that B.a€h and hegBg.a.F.

Let us denote by F' the composite morphism

Fx{-} 3
XA ———23 ((AXB) h Q) h 0 x (Ach§)) —E> (((AXB) b Q) XA)h @ —L 5 (BAR) A Q,

where u corresponds to e by the isomorphism between

Va,B
hom((AxB) h Q xA, BAQ) and hom((AxB)d QxA xB,Q). Elementwise, u
is characterized by the following property: for

g: W > (AxB)hq, b: W+ B, a: W~ A,

we have

<a,b> € g if b € <g,a>.u.

We shall prove that F' is a directed covering of A. First, F'
is 0-directed. For, F being 0O-directed, there exists B: ¥Y» X
and f: ¥ > (AxB)h(Q such that f € B,F; from this and the y-prin-
ciple, we get
fxidy = <py.f,pp> € <py.B.F,pp-1"1p>.¥
= B xid,.F X{-}A.w,
and by existence principle

. . . - : '
fxidy.u € pxid, .Fx{-},.¢.3, B xid,.F'.
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But -xA being a left adjoint is epi-preserving, so that g x id,
is epic. Thus, F' 1is 0-directed.

Next we see that F' is 2-directed. (Set theoretically, if

F(x) = {Ai}iEI (with A, c AxB), then
1] - ;] -— -

F'(x,a) = {Ai,a}iEI with Ay a = {veB | (a,b) €A,};
so since F is directed, we have for each 1i,j in I a k such
that A, UAj <€ Ay, and thus such that Ai,aUAj,a = Ak,a’) To
prove the general statement, consider o, ays and ass as dis-
played in the diagram

Fi
XrA > (B A Q) A Q
B,

Suppose that a; € <x,a>.F (for i=1,2). We have to prove that

there exists an epic 6&: W+ Y and a b: W > BrhQ such that
b > S.ai (i=1,2), and such that b € §.<x,a>.F'. By existence
principle, there exist epics B¢ Zi -+~ ¥ and maps ai: Zy 0+ (AxBY A XA
(for i=1,2) such that

aj € B;.<x,a>.Fx {-}A-w

and

B2
Z —"“*—"%”Zz
B! 8,
1 A M
7 Y
1 B4

and define # and a; by

a¥ = g'.a’ (i=1,2);
i
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then we get
a'.u = B.a,
and
a' € B.<x,a>.F X{'}A-wl

and then, by principle Wy

a;.p1 € B.x.F

(p,I being the projection (((AxXB)h Q) XA > (AXB)h Q). But, F being
2-directed, there exists y: W » Z (epic) and b': W > (AxB)hQ
such that

bl

| v

Y.a;.p1 (i=1,2)
and

b' € v.B.X.F,

Let & be the morphism y.8 and b the morphism <b',v.R.a>.u.

Then clearly & is epic, and further

b > §.a.

i (l=112);

for, from b' > Y.ag.p1, we deduce that
b = <b',y.B.a>.u > <Y.a;.p1,y.6.a>.u.

(In fact, we have more generally from the characteristic property of
u that if b' and b" are maps W » (AxB)hQ, and a: W ~ A,
then

b' > b" implies <b',a>.u > <b",a>.u.)
Now 2-directedness follows when we prove
(3.1) b € §.<x,a>.F'.

From b' € v.8.x.F and principle ¢, we get

b' xid, = <py.b',pp> € <py-Y-B.%x.F, pp.{-}>.¥

(Y-B.x.F x {-},) .0,
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and thus
b = <b',vy.B.a>.u = <idw,y.8.a>.b' XidA.u
€ <idw,y.8.a>.(y.8.x x idp) .F X{-}A.w.au
= <y.B.x,y.B.a>.F' = §.<x,a>.F"',
which proves (3.1).
We now prove F' to be a covering family of B. (Set theoret-
ically, for each a €A and each b €B, there exists an 1€I such

that (a,b) EAi, and thus also b €A, ) Let <x,a>: Y -» XxA and

i,a’
b: Y > B be arbitrary, We have to prove the existence of B: Z —»Y

(epic) and h: Z » BAQ such that

B.b € b and h € B.<x,a>.F'.

Now, F Dbeing a covering family, we have a morphism B8: Z» Y (epic),

and a morphism h': Z > (AxB)A Q such that
8.<a,b> € h' and h' € B.x.F.

Let h be the morphism <h',B.a>.u. By <f8.a,8.b> € h' and the
characteristic property of u, we then have R.b € h. To see
h € B.<x,a>.F', we note that from h' € 8.x.F and principle W,

we can deduce that
h' ><idA = <pz.h',pA> € <p,.B.x.F, pA.{-}A>.¢
= (B.x.F) x{-}A.w.

Using that, we have

<h',B.a>

<idZ,3.a>.h' xidA € <idz,g.a>.(8.x.F) x{.}A.w
= B.<x,a>.F x{-}A.w-
Finally, using existence principle, we get
h = <h',B.a>.u € B.<x,a>.F x{-}A.w.au

B.<x,a>.F'.

il
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This proves that F' 1is a covering family of B. Since we also
have seen F' directed, it follows from the assumed J-finiteness

of B that

(3.2) w . Ttrue !

¥
XxA B € F'.

(Set theoretically, for each a €A, there exists an ia €I such

that A, = B.)
iyra
Let us denote by G the morphism
va
x—E 5 ((axB) A o — 2> @M 0.

(Set theoretically, if F(x) = {Ai}

}

igT’ then G(x) 1is the family

{a with

T
i'i€x

A} = {a€A|vbeB: (a,b) €a;}.)

We shall see that G 1is a directed covering of A. First, G

is directed, like F, because of Lemma 3.5 (V is order preserv-
A

ing). Also G is covering. (Set theoretically, for each a€A,

Aiaa = B, and thus

aear < \_ar.)
a I

The formal proof goes as follows.
Let oa: Y+ X and a: Y > A be arbitrary; we have to prove

the existence of R: Z» Y (epic) and h: Z2 - AhQ so that

B.a € h and h € B.a.G.

From

-

r
w . true

]
XxA B EF,

we deduce that

r, ]
= <ga,a>.w . true

r =
w,,. true XXA B

v B € <a,a>.F'.

Since F' was defined by an 3, we get by existence principle the

existence of B: Z> Y (epic) and c¢ = <cy,c,>: Z > ((AxB) b Q) XA
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Such that

_ r )} _ r .
(3.3) c.u = B.wy. trueB (= W, - trueB )
and

c € B.<a,a>.F X{-}A.w.

From this, we deduce by principle ¢ that

€2
(and consequently

€2
and that

c

1
Let us denote by h

€

|m

B.a.{-}A

B.a),

fm

B.a.F.

the morphism

Vp

72 —2 5 (AxB) hQ —23 A hQ.

It is clear that h € g.a.

02_

to prove

This is equivalent to
SPERREIN

and by the adjunction P

(3.4) cz.{-}A
To prove this inequality,
y: 2' - 2 and

Z L

be arbitrary and suppose

<a',b> € v.C

by pull-back principle

a' = <a

G. We want to prove that 8.a € h,

m

[¢]
-

<

pPy-
c, .V _
< ©q Py
rh idQ - Vp , this is equivalent to

A
.pA,h1 2 ¢4

we use extensionality principle. Let

<a',b>
.__E_LEL_> AXB

5ol 3pe

"/b>.p, € Y.cz.{‘}A
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so that
1 —_
(3.5) a! = vy.c, .
We noted above (3.3) that c.u = wz.'lrueé‘; the characteristic
property of u and of trueB implies that

<y.cz,b> € Y.<y

(in fact, for any vy and b where it makes sense)}. But we have

by (3.5) Y-Cy = a'; thus

<a',b> € Y-Cy

which is what is required in order to prove (3.4). So B8.a € h.
Having thus seen that G is a directed covering of A, we deduce

from the assumed J-finiteness of A that

T, a _
(3.6) Wy« trueA € G = F.HV .

(Set theoretically, there exists some 1 €I such that Ai = A.)

We then finally can prove

I"tr "
U)X . ueAxB

€ F.
(Set theoretically, if Ai = A, then A, = AXB.)
From (3.6) and existence principle we deduce that there exists

an epic B: Y» X and a d: Y > (AxB)ehQ such that

- _ Ly T T al
(3.7) d.VpA = B.wy. true, = wg. true,
and
d € B8.F .
Because w,. true . < d.v (by (3.7)), we get by adjointness
Y A — Pa
A id v that
Py - Py
r = . .
Wy trueA .pAA\ldQ < d;
but pAfhid being itself also a right adjoint (to Bp ) takes

A
- ) r
maximal elements to maximal elements, so r-trueA .pAﬂwld = tmxixg.



258

.ttrue R < d, which by maximality of the left hand side

So wY AXB

implies equality. Thus

= w,. "true, __ =d € B.F,

r -
B.wx. trueAXB v AXB

and, cancelling the epic B, we get the desired wx.rtrueAx];1 € F.

This proves the theorem.
3.6 Theorem. Every quotient object of a finite object is finite.

Proof. We shall use K-finiteness. Let A be a finite object
and p: A> B an epic map. Since K 1is a subfunctor of the power

"set" functor, we have

kA.ap = K(p).kB.
Since A is finite, rtrueA‘ factors through kA, and thus
“true. .3 th h k But, f f: A - B, 'true, .3, is
rue, - p roug B* ut, for any : - B, rue, .3;

the name of the characteristic function of the image of £. 1In par-
ticular, p being epic, rErue; .Bp = rirueg .  Thus T-true]?:’ fac-
tors through kB’ and B 1is K-finite.

3.7 Theorem. The direct sum (coproduct) of two objects is

finite if and only if both of them is finite.

Proof. We shall use J-finiteness. Consider a direct sum

u, u,
A1 _— A1 +A2 & A2.
Assume that A1 and A2 are J-finite. To prove A, *A,

J-finite, consider a directed covering family

F: X » ((A1+A Y h Q) A Q.

2

r, A
We have to prove that Wy - trueA1+A2 € F.

For 3§ = 1,2, 1let F3 be defined as the composite

F J(u. & id)
X ——((A; +3,) & Q) h 0 —3——>(Ajmmm9.
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(Set theoretically, if F(x) = {Bi}i€I with B, < A, o
and similarly Fé.) Then Fé is directed

because F 1is directed and ujd\idQ is order preserving. Also Fj

+A then

' .
Fi(x) is {BiﬂA1}i€I,
is covering; to see this, let a: Y » X and aj: Y«~%Aj be arbi-
trary. Since F 1is covering, there exists B: Z - Y (epic) and

h: 2 - (A1-+A ) §  such that

2

B.aj.u.

3 €h and h € B.a.F.

From this, using pull-back principle and existence principle, we get

B.ay € houghid,  and  h.(uyAid) € B.a.F.

So Fj is covering. Since A, was assumed J-finite,

X A,
J

From this and existence principle, we deduce that there exists an

w,. true, '€ F! = F.E(ujrhid).

epic Bj: Yj ~» ¥ and a map fj: Yj > (A1-FA2)th such that

T, b |
j'wX' trueA_

f..ujrhidQ =B 5

]
and

i

Considering the pull-back

and denoting the composite Bﬁ.Bj by B8, we get

tLEL JF
B] J €8

Now, F being 2-directed, there exists +vy: Z>» Y (epic) and

£: 2 » (AT-kAz)d\Q such that

LBLLEL i=1,2),
£ 2 v.B)- £y (3 12)
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and
f € v.B.F.

Consequently,

. ' . _ T, T
f.ujmldQ > y.sj.fj.ujAwld = w,. true, .

and thus, by Hu - uj A id,

J
r = )
(3.8) £ > w, . true, 'au. (1=1,2).
J J
But
r = v - o -
( trueA .Hu ) v ( trueA .Huﬁ) = trueA +A."
1 1 2 Z 172

since the two sides in this equation are the names of the charac-

teristic maps of the subobjects uy Uu2 and A1-+A2 of A1-+A2,

respectively. From the two inequalities (3 =1,2) in (3.8) we there-

T,
. true

-
fore get £ > Wy A1+A2 . Such an inequality must be an equal-

ity, We thus have

-
Y.B8.0,. true =
X Aqyth, 1

and cancelling off the epic Y.B, we have

r, -
Wy s true, . € F.
172
This proves that A1+A2 is J-finite.
Assume conversely that A1~+A2 is J-finite. Suppose we have

a directed covering
F: X -+ (A1A\Q)A\Q.

We have to prove that w,.'true,” € F. We let G: X » {(A;+A))hQ)hQ
1

be the family which "consists of all subsets Ai-+A2 of A1-+A2

with Ai c A being a member of F"; formally, let G be the

1

morphism

3
x5 (a,hama T ((a; 48, hQ) b,
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where
g: B0 > (A, +A2)r|\§2

is the disjunction (in the lattice hom(A1m Q,(A1-+A2)d\9)) of
r =
3u1 and w. trueA2 .3u2.

We claim that G 1is a directed covering of A, +A,. Direct-

1 2
edness is easy because F 1is directed and g is order preserving.
Indeed, each of the maps in the disjunction defining g is order

preserving. To prove that G 1is covering, let
a: ¥ - X and a: Y » A1-+A2

be arbitrary. We have to prove the existence of B: Z » Y (epic)

and h: Z -» (A1-+A2)d\Q such that
B.a € h and h € B.a.G.

For i=1,2, let us consider the pull-back

V.
Yi>—1—> Y
(3.9) a, \La
2
A.———>A +A.
i u 1 2

F being a covering of A1, there exists m,: P1<» Y1 (epic) and

h.: P

1 " A1A\Q such that

Now
TyeVq-a = mq.34.0q € h.au1f
and, because h1.3u1 < h1.g,
(3.10) mTy-Vq-a € hy.g.
On the other hand, we trivially have from h, € m,.vq.0.F that

(3.11) hy.g € 7y.v4.0.G.
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On the other hand, let us consider the pull-back {3.9) for
i=2, 8ince F is O-directed, there exists né: Pé X (epic)
and f: Pé - A1A\Q such that £ € ﬂé.F. Consider the following

diagram, in which the left hand square is constructed as a pull-back

Vl
2 . £
PZ P2 3 A1m§2
ﬂzl lﬂ' €
Y2 Vz.a' X 7 : (A1A\Q)m§L

1f we denote by h2 the morphism vé.f, we get

h2 € my.V,.0F
from which we deduce that
(3.12) hz.g € nz.v.a.G.
On the other hand, we know that 1w,.a, € w Terue, , and thus
2°72 = P2 A2
P r a -

ﬂz.Vz.a = Trz.az.u2 g mP2 trueA2 .Huz,

but
T, “1 _ r 1
wPZ.trueA .3u2 = hz'“A1m Q" trueA2 .3u2 < hzg,

so that
(3.13) TyeV,y.a € hz.g.

By the universality of direct sums, we know that Y is a direct

sum of Y and Y by means of Viivy. Let us denote by 8 the

1 2
morphism
Ty + 7
1 2
= e 33
B P1-+P2 v
and by h the morphism
(h,.g,h,.9)
h = P, +P, (A1+A2)(|‘\Q.

An easy computation shows that if fi € Fi (i=1,2), where fT

and f2 (and thus F and F

1 are coterminal, then (f1,f2) €

2)
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(F1,F2) . Consequently, we have from the four relations (3.10) -~

(3.13) that

B.a = (my.vy.a,m,.v,.a) €D
and

h € g.o.G,

so that G is covering.

Since now A1 +A2 is assumed to be J-finite,

v ul
W trueA1+A2 £ G.

To prove this, that w .rtrue

-
X A € F, we need

3.8 Lemma. The map g: A1d\§2 > (A, +A2)rh§3 (defined above

and . true,  .3u is monic.

1 A2

(set theoretically, for Ai - A‘I and A'1' < Ay, we have that

as disjunction of 3u o)

u, (A;) Uuz(Az) = uy (a%) Uu2(A2)
implies that A; = A'{, by disjointness of disjoint sums A1 +A2.)
The formal proof goes as follows: Let us denote by t the
endomorphism of (A1 +A2)rh @ which has the effect of "intersecting

with A1>+ A1~+A2 H

3 T, i}
t = ld(A1+A2)er A W. trueA1 .3u1.
Then

_ In B
g.t = g a (w. trueA1 .3u1)

I

T i T, -
(Eiu1 vV ©. trueA2 .3112) A (w. ‘{:rueA1 .3u1}

e, .3u2) A {w. CcmeA: .3\11))

(au1 A(u).rtﬂle; .Elu1)) v ({w. Yru

1 Ay

(since the distributive law of A over v holds in any lattice

of form homE(x,thQ)). The first constituent of this disjunction

equals 3u1 because idA o < w. t:trueA_T and because BuT is
1 1

P -
order preserving. The second constituent equals w. falseA +A
1772
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because of U, A, = 0 (disjointness of coproduct). Thus
(3.14) g.t = 3u, v w.‘}alseA1+A; = 3u,.

Now 3u1 is monic since u, is monic (this is well known: £
monic implies Hf.fﬂ\1 = id, thus af is split mono). Thus
(3.14) implies g monic.

We can now finish the proof that A1 is J-finite. We have

r

it _ 1 nd -
(3.15) true, .g = ‘true, .. ,
1 1772
r
because rfrue L .g = (r%rue - L3u,) v (rfrue T 3u } = true B
A A 1 A 2 A.+A .
1 1 2 172
iy 3 .
We proved above that w,. true € G = F.3g. From the existence
X A1+A2 -

principle we get the existence of an epic B8: Y X and c: Y+A1mQ

such that

and

_ r . T, a
c.g = B.wx. trueA1+A2 = B.wx. trueA1 .9,

the last equality sign by (3.15). Now g being monic by Lemma 3.8,

we have

r B
B.wy. true, = =c € B.F,

and finally, B being epic, we get w . "true, | € F.

3.9 Corollary. If a subobject of a finite object has a com-

plement, then it is finite.

Proof. TIf A, » A is a subobject of A with a complement

1

A2 > A (this means A1 nAz =0, A1 UA2 = A), then it is well
known that A = A1-+A2. If A 1is finite, then so is A1, by the
theorem.

3.10 Corollary. In a Boolean topos, every subobject of a

finite object is finite.
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This is not true in general for non-Boolean toposes. We turn

to the counter examples.

Counter examples

3.11 Proposition. In a non-Boolean topos, a subobject of a

finite object can be non-finite.

This will be a corollary of Theorem 3.12 below, which is con-
cerned with the category 551 , 1.e., the category whose objects
A are maps A = (A1 - Az) in the category of sets, and whose morph-
isms are commutative squares. If A = (A1 > Az) is an object in
§§B, we shall refer to A1 as the top of A, and A2 the bottom

set of A.

v
3.12 Theorem. In the topos S , the finite objects are the

surjective maps between finite sets.

The proof we give here will depend on a theorem of Mikkelsen,
to be published elsewhere [13]; it says that a left exact
left adjoint functor between toposes preserves K-finite objects.

-2
Now & is connected to & by five functors

each left adjoint to the one below. They are defined as follows:
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I(M)

]

(0 ~ M)

D(A > B) =B

(M) = (M- )
L(A > B) = A
R(M) = (M > 1).

Consequently, D, T, and L preserve finite objects. But we know
that the finite objects of S  are exactly the finite sets. Hence,
if f: A - B is finite in éﬁz , then A and B are finite sets,
and if M is a finite set, then id, is a finite object in s .
Furthermore, if p 1is a surjection from the finite set A to B,
then p 1is a finite object by Theorem 3.6 because it is a quotient
object of the finite object idA.

It only remains to prove that:

If g: A > B 1is a non-surjective map, then g 1is non-finite.

Let bO be an element of B -Im(g). Then bO determines a
subobject of g, namely the one having top set empty and bottom set
{bo}. It has a complement, namely the object with top set A and
bottom set B'—{bo}. By Corollary 3.9, to see that g is non-finite,
it suffices to see that the object h': 0 -» {bo} is non-finite. This

object is isomorphic to the subobject
(3.16) h: 0 » 1

of 1. So it suffices to prove that h is non-finite. We use J-fin-
iteness. We then have to exhibit a directed covering X -+ (hdhQ)ehQ
which is not trivially covering. In fact, we can construct one with
X =1

F: 1 > (hhQ)h Q.

This will allow a conceptual simplification, since such an F is

given as the name of the characteristic map of an actual subobject
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F» hdhQ of haQ. Then it is easy to see that F a directed
family is equivalent to F being a directed ordered object (with
the ordering induced on it from hd Q). Also, F factoring through
the object of sub-upper-semi-~lattice maps is equivalent to F being
a sub-upper-semi-lattice of hem g (and this implies that F is
directed). These statements are valid and easy to see in arbitrary
topos, for any object h. For the specific object h (see (3.16))
in é§2 , we now describe a directed family F: 1 > (haQ)h o by
describing a sub-upper-semi-lattice F of haQ. In general, for
A = (A1—3;-A2) an object in é?z, its power object AhQ has for
its top set the set of subobjects of A, and for its bottom set the
set of subsets of A.,. The map from top to bottom is given by send-

2
ing the subobject

to Aé)—%Az. Using this description, it is clear that h4Q has
exactly two elements in its top set, as well as in its bottom set;
the map from top to bottom is bijective. The upper semi-lattice
structure on hhQ gives rise to upper semi-lattice structures on
the top set as well as on the bottom set of hd . Let F consist
of the smallest element (with respect to the semi-lattice structure)
of the top set, and of both elements of the bottom set. In display

(with top set of hdAQ denoted {f1,t1}, bottom set {f2,t2},

with f1 <ty and £, <t

(3.17)
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Then clearly F is a sub-upper semi-lattice of hhQ, thus the
corresponding F: 1 + (hehQ)h Q is a directed family. To see that

it is covering, we compute

F.Uh: 1 > hhQ.

This can be done directly, but is easier indirectly: there are only
r

two maps from 1 to h @ namely false; and r£rue};Y (given,

respectively, by the two f's and the two t's in (3.17). We just

have to exclude

= ly -
(3.18) F.Ljh = false, .
But the functor D: “2+gg which picks out bottom sets, is logical,

and thus commutes with all constructions involved here; applying D

to (3.18) yields

F N
(1_Jlgﬁ_>(D(h)m 2} 2 l:g,D(h)d\l) = ‘}alseD(h)
in S, which contradicts the fact that \UF, = {f,,t,} = D(h).

So F 1is covering. Clearly, it is not trivially covering: we do

r —
not have truel,;1 € F, since rtrueh—I does not factor through F
(t1 being excluded from F). Thus h is not J-finite. This proves

the Theorem.

We now get Propposition 3.11 as a corollary of Theorem 3.12;
indeed, in §§I , h: D » 1 4is a non-finite subobject of the fin-

ite object 1 - 1.

3.13 Proposition. There exists a finite object A such that

AdQ is non-finite, and a non-finite object A such that AMQ is

finite.

Indeed, in §§2 , h: 0 > 1 is non-finite, whereas hn{),
displayed in the total diagram of (3.17), is finite (being isomorphic

to T(2)). Conversely, to see an example where A is finite and
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AhQ is non-finite, we consider the topos é%N, where N 1is the
natural numbers monoid under addition. Then the objects of égN are
sets equipped with an endomorphism, and the morphisms from

o: A>A to B: B> B are the maps f from A to B such that
a.f = £.8. The subobject classifier @ is the set N = -NU {-=}

equipped with the endomorphism « defined by the formulas

W (=)

It
I
8

w(0)

I
=

w(-(n+1)) -n for all n€N.

N
In é? , a necessary (and, in fact, also sufficient) condition for
an object a: A > A to be finite is that A 1is a finite set and

o 1s a permutation; for the functor

SRS
which sends «: A > A to o: A+ A has adjoints on both sides

since it is induced by a functor between the index categories,

2 - N, 1in picture

v
@

In particular, it is a left exact left adjoint, so preserves finite
objects. So if a: A > A is finite in é:sN, it is finite in gﬂg ,
meaning that A is a finite set, and o 1is a surjective mapping.
But a surjective endomorphism of a finite set is bijective.

In particular, in éSN, ) is not finite; so 1 1is finite,

whereas 1AQ =~ Q is not.
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Miscellaneous remarks

The morale of Proposition 3.13 is that the power object forma-
tion AAQ 1is in some respects not the natural thing to consider
when dealing with a finite object A. The picture changes if one
considers the set of finite subsets of a finite set A, namely K(A).

In fact, the following theorem holds.

3.14 Theorem. For any A, K (A) is finite if and only if A

is finite.

This was proved by two of the authors ( = by P.L., <« by
C.J.M.); the proofs will appear elsewhere (hopefully).

On the basis of this, one of the authors (P.L.) has proved that
if A and B are finite and B injective, then AMB is finite,
and that, in the Boolean case, if A and B are finite, then
AhdB is finite. But in a Boolean topos, f = 1+4+1 1is finite. Con-
sequently, the finite objects of a Boolean topos define a subtopos.

Using the technique of [8], another of the authors (C.J.M.)
has made an analysis of the monad A ~~ K(A) on an elementary topos
E. He also proved that the algebras for this monad is the category
of upper semi-lattices in E; this is of course the category of al-
gebras for a certain (external) finitary algebraic theory T
(generated by a nullary operation 0 and a binary operation v).
In paticular, the category of algebras for this T is triplable
without assuming a natural numbers object in E.

We mentioned briefly in the Introduction the relationship be-
tween notions studied in [1], Exposé 6, and our notions. In [1],
finiteness (or quasi-compactness, rather) is also discussed for

maps in a topos. In this direction, one can prove (A.K.) the result
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that for a map f: 2 » B in an elementary topos, the two conditions

(1) f 1is a finite object in E/B
(ii) if X > B is finite in E/B, then f£*(X) is
finite in E/A ("f has finite fibres")

are eguivalent.
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§ 4. Algebraic lattice objects

In this section we give an example showing how the finiteness-
and directedness-notions considered can be used to lift lattice-
theoretic theorems into arbitrary elementary toposes. The example
is a topos~theoretic version of a generalization of a (not very
deep) theorem of Jiirgen Schmidt, stating that a closure system is
algebraic if and only if it is inductive. Or, alternatively, our
example may be seen as liftings of lattice theoretic specializations
of recent results concerning categories (Gabriel and Ulmer, [71],

§ 10).

By an algebraic lattice object in an elementary topos E, we

understand a complete ordered object B, such that the identity

map of B can be written as the composite

¥ seg s 1 qs sup

B BhQ S(B)AQ —— BAQ —— B

(This expresses, set-theoretically, that every b€B is the
supremum of the intranscessible elements ¢ < b. This is one of
the equivalent forms of the classical description of algebraic
lattices, see for instance Diener [6]).

If i: C »—> B 1is a subobject of B with order-relation on
C induced by that on B, then set-theoretically, i has a left
adjoint ©:{ B-C if and only if i preserves all inf's (by
adjoint functor theorem), or, equivalently, if and only if C is
closed under the formation of inf's in B. So, considering such

a situation

(4.1) i: C>»B @: B> C @ -1,

set-theoretically amounts to considering a closure system C on
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the complete ordered set B, with C the set of closed elements.
We consider the situation (4.1) in an arbitrary elementary topos,

and denote by ¢ the composite

® i

B — C — B.

It is a closure operator (monad) on B. Every closure operator
arises from such o, i (by the "Eilenberg-Moore factorization").

Generalizing slightly the terminology of Jiirgen Schmidt [17],
or Cohn [5], we call the situation (4.1) an inductive closure

system if i preserves directed sup's, in the sense that if
F: X —— ChQ
is directed, then
x 5 cho —21, Bag

sup. supp

¢————B
1

commutes. And we call ¢w: B->B an algebraic closure operator if

¢ can be written as the composite
¥seg sal 3s 3¢ sup
(4.2) B ~— BhQ — S(B)hQ) —— BhQ —— BhQ — B,
(Set-theoretically: for every be€B, ¢(b) = sup{p(d) |d < b and
d intranscessiblel).
With notation as in (4.1) and the terminology just introduced,
we have the following generalization, and lifting to topos context

of Jirgen Schmidt's Theorem

4.1. Theorem. Let B be an algebraic lattice object. Then a
closure system on B is inductive if and only if the corresponding

closure operator is algebraic.
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(These conditions are also equivalent to: @ preserves in-

transcessibles - see Theorem 4.6).
Before proving the theorem, we state three lemmas.

4.2. Lemma. Let ¢: B>D be a monotone map between ordered
objects. Then we have the inequality
3

Bhg ——————» DA R
1

1A

vy cl v cl

B Q DR

Je

The proof is straightforward and omitted.
4.3. Lemma. We have the equality ~Lcl'supB = supg.

The proof is straightforward and omitted.

4.4. Main Lemma. If F: X - BAhQ 1is directed, then the

total diagram in

Sup . o ¥ seg

X 2, BAQ s =M, 5By Mo
v cl
commutes.
Proof. Since F.¥cl. sup = F.sup (Lemma 4.3), and since

clearly F directed implies F.¥cl directed, we may as well re-
place F by F.¥cl. Thus we just have to prove that, for a

directed and ‘V-closed F: X » BhQ, we have

F.sup.Vseg. shl1 < F, sa1,

the other inequality being obvious. We use the extensionality

principle 1.2. Let o: ¥Y->X and b: Y-»S(B) satisfy
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b € a.F.sup.¥seg. s 1.

Then
b.s € a.F.sup.Vseg.
So
b.s < a.F.sup.
Now b.s.: Y- B is intranscessible since s 1is. Since

a.F: Y»>Bh(Q is directed, we therefore have an epic B: Z-» Y

and d: Z-»B with

B.b.s < d and d € B.a.F.

Since F 1is +{-closed, B.b.s. € B.a.F, and since B 1is epic,
it cancels off, so that we have b.s. € o.F. From this, we con-

clude

b € a.F.sh1

as desired.

Proof of the theorem. Suppose first that the closure system is

inductive. We must prove that the following diagram is commutative

g ¥seq, BhQ s, S(B)AQ 35, ghq 39, chg

(4.3) ©® El 3i

supg

Let Y denote the top row. If we can prove Y directed, then by

assumption of inductivity of i: C — B,

Y.Hi.supB = Y.supc.i ’
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and substituting for Yy

and using that ¢ preserves

sup's

(being a left adjoint), the right hand side of this equation

becomes

¥seg. ss1. Is. Jo. sup.. i

(¥seg. sAh 1, 3s. supB). o .i

because the bracket part is an identity map by the assumption that

B 1is an algebraic lattice.

It thus remains to prove that the top

row in (4.3) actually is directed. Existential quantification along

an order-preserving map preserves the notion of directedness, so

it suffices to prove that

¥seg. shl:

B+ S(B)AQ

is directed. This is an easy consequence of the fact that

s: S(B) - B
and 0. For, if now
a: X-B
are given and satisfy
bj € a.¥seg.sh

then

thus

b1.s v by.s 2 oa,
and since s

pPreserves v

(byvb,y).s < a,

thus

is a "sub-upper-semi-lattice’, that is s

d b.:
an 4

preserves v

X - 5(B) (3 = 1,2)
(3 =1,2),
(j = 1,2),
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b, vb2 € a.¥seg.s 1.

This witnesses that +‘seg.sdh1 is 2-directed. Similarly, s pre-
serving 0 implies that +‘Vseg.sm1 is O~directed. This completes
the proof that "inductive implies algebraic".

Conversely, if ¢ 1is an algebraic closure operator
¢: B»B on the algebraic lattice object B, then we shall prove

that if F: X+ChQ is directed, then
F.supc.l = F.Hl.supB.
We have

F.sup...i = F.Ei.a@.sup .i
Cc c

F.Hi.supB.i.i (¢ being cocontinuous)

F.Hi.supB.w.

so we need only prove that

(4.4) F.Hi.supB.w = F.Hi.supB.

To prove this, consider the inequalities (and equalities)

F.aisupB.w

F.ﬂi.supB.¢seg.sﬁ\1.35.3m.supB
(by algebraicity of )
= F.Hi.+cl.s(h1.as.3w.supB
(by Main Lemma 4.4, and directednss of F.3i)
5F.31.+cl.3w.supB

(by end-adjunction for 3Is — s A1)

IA

F.3i.3d¢p.¥cl.sup

(by Lemma 4.2)

F.3i.3¢.sup

(by Lemma 4.3)
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= F.3i.sup,

the last equality because i 1is the equalizer of ¢ and idB.
Since the other inequality in (4.4) is obvious, equality holds,
and the proof that "algebraic implies inductive" is complete.

The theorem may in particular be employedwith B = A
giving the form of Jiirgen Schmidt's theorem (essentially) which is
quoted in Cohn's book [5]. For, it is a consequence of things al-
ready proved that AM  is an algebraic lattice cobject: singletons
are intranscessible by Lemma 2.7, and every element X - AAQ

in AAQ is sup of the intranscessibles below it, because it is

already the sup of the singletons below it., Formally, we must prove

#seg.srh1.35.kJ > ldA:hQ’

but the left-hand side here is, by end-adjunction, larger than ox

equal to
¥seg.s h1.{-}, M 1.3{-],.3s. O .
Since {-:}.s = {.}, this expression equals
yseg.{-}AN1.3{.}.

which is easily seen to be idAth'

Before we state the second theorem, we give the topos-

theoretic version of the fact that if B 1is algebraic and

b,: ¥ » B are arbitrary (i=1,2), then the statement b1 sz

can be tested by intranscessibles:

4.5 Lemma. In an algebraic lattice B, b, <Db if for every

1 2

a: ¥ » X and every intranscessible v: Y - B,

vV < a.b1 implies v 5a.b2.
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(The converse is also true).
Proof. By assumption of algebraicity

b1 = b1.¢seg.sd\1.ﬂs.sup.

So it suffices to prove

b,.¥seg.shl.3s.sup < b

1 2

which by adjointness sup -l yseg and 3s -Ish1 is equivalent to
(4.5) b1.¢seg.srh1 < b2.¢seg.sd\1.

To prove this inequality, we use the extensionality-princple:

let a: ¥Y - X and a: Y » S(B) satisfy
a€oa.b,.¥seg.s A1,

that is,

Now a.s is intranscessible (s is "the universal intranscessible
element"), and the assumption then gives a.s ga.bz. From this we

conclude ac€a.b,.¥seg.sh1, and (4.5) is proved.

2

4.6 Theorem. Consider a closure system
i: C»>» B, ©: B~ C @ -l i

as in (4.1), with B an algebraic lattice object. This closure
system is inductive if and only if "o preserves intranscessibles"”
in the sense that if b: X » B 1is intranscessible, then so is

b.p: X » C. In this case, C is alsc an algebraic lattice object.

Proof. Suppose the closure system is inductive. Let b: X » B

be intranscessible in B. We must prove b.g: X - C intranscessible
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in C. Let o0: Y->X and F: Y > CdhQ satisfy: F directed

and

a.b.op < F.supc.
By adjointness ¢ -] i, we have the inequality in
(4.6) a.b < F.supc.i = F.ai.supB,

the equality sign by the inductiveness-assumption. But F.3i 1is
directed, and since o.b 1is intranscessible, the total inequality
in (4.6) implies the existence of an epic B8: Z »Y and

b : 2 ->B with
o}

bog g.F.31 and B.a.b < bo.

Using the existence-principle 1.2, we find yet another epic

B': 2' -»Z and c: Z2' - C with

c.i = B'.bo and c €B8'.B.F.
We clearly have

B'.p.a.b < B'.b_ = c.i,
hence by adjointness ¢ - i

B'.B.a.b.¢ < cEB'.B.F.

The epic B'.B and the element c¢: Z' - C now are witnesses
of the intranscessibility of b.g.

Since now ¢ preserves intranscessibles and ¢ preserves
sup's, and since B is algebraic, we easily conclude that C also
is an algebraic lattice object.

Conversely, if o preserves intranscessibles, we shall prove

that i: C»» B preserves directed sup's. Let
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F: X > ChQ
be directed. It suffices to prove
(4.7) F.supc.i < F.Ei.supB,

(the other inequality being clear). It suffices to test with intrans-
cessibles, by Lemma 4.5. So let a: Y -» X be arbitrary and

v: ¥ - B intranscessible, and assume
v < a.F.supC.i.
Then, by adjointness,
V.9 < a.F.sup,

and since v.¢ by assumption is intranscessible, there is an

epic B: Z »Y and c¢: Z » C with
B.v.@ < cEB.a.F.

By existence principle 1.2, and by adjointness, we then have
B.v < c.i€B.a.F.3i.

Then

B.v < B.a.F.ai.supB,
and hence, cancelling the epic B,
v < a.F.Sl.supB.

This proves the ineguality (4.7), and thus the theorem.
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UNIVERSES IN T0POI *)

Christian Maurer

Universes lie at the very heart of the foundations of category theory
within a set theoretical (Zermelo-Praenkel) framework (see [1], [5],
(11], [121, [17], [18], [26]): topos theory a& la Lawvere-Tierney
({2), [7], [141, [16]) seems to be the most effective categorical
approach to set theory (apart from the sheaf aspects in geometry).

So it is natural to combine these two concepts and consider an object
in a topos which plays the role of a universe., This allows for the
development of certain categorical notions inside a topos hinging on

the distinction between "small" and "large" objects.

We assume the reader to be familiar with the basic methods and
results of the theory of elementary topoi (see e.g. [6], [8], 9],
f15], [19], [27]). Terminology and notation is the usual one. We
shall use the (~)&Co-language (coadjoint means left adjoint etc.).
The identity morphism on an object A 1is also denoted by A

exponential transpose (via the evaluation morphism chxa ¥ac—> ¢ )

; the

in a cartesian closed category is marked by a bar (in either direc-

tion): BxA —=8 > <> B 8L A, 1, or just l: A —>1

denotes the unigue morphism into the terminal object.

By a topos we mean a category E with a terminal object 1 ,

pullbacks for any two morphisms with common codomain, a subobject

true . q and power objects PAXA —<¥4—> 0 . All these

classifier 1
data have got to be chosen once for all. (By [81, [21] and [27], this

is equivalent to the "o0ld" definition.)

*) This paper is a concise version of the author's dissertation [19]
at the University of Bremen, Germany. Some of the results were an-
nounced at the Berlin Topos Seminar, 1973,
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Some topos theoretic notations: for any A € ObE , let OA . 1A:

V,: PAXPA —~——> PA be the

1 —>PA , ™ AV

'y 3 PA —> PA and 240 A
Heyting algebra operations and PAXPA —ZA—> Q the order (inverse

inclusion) relation with its transpose PA —EA—> P2A (internal power

formation; dually <, and =9 .

P2A ~9A—> PA denote the coadjoint of PA (internal union operator;

With respect to this ordering, let

dually N the internal intersection operator, adjoint on the right
to EA ). For any two morphisms f , g: X —> PA such that

CA{f,g) = trueX = truely we write f<g. € >—>PAxA 1is the

A
subob ject classified by DPAxA —=¥y->Q , For any morphism A ~£—> B,
let pf = ' and 3f , vf: PA —> PB  its coadjoint and adjoint
resp. The characteristic morphism A —> {Q of a monc B L A is

denoted by ch(f) . For any A , A ~iiA—> PA is the transpose of

ch(AA) , where 8,: A —> AxA is the diagonal.

Lemma 1: If A EEARN B  is monic, then

GA —_—>

!

v
PAXA true

PAxfT
v

E4
PAXB ———> Q

is a pullback.

Definition 1: A relation A —=> PA (or AxA —=—> Q) is
called extensional, if r 1is monic. An extensional relation is

called power closed, if there is a factorization

{ p then is uniquely determined and monic).



286

From now on, let U £ > PU be an extensional power closed
relation in the topos E . Elementary spoken, add to the language of
E (in the sense of [13]) a constant r € E with cod(r) = P(dom(r))

satisfying the axioms

(EXT) r is monic

and (POW) there is a factorization U —2->7U as in def. 1.

As a further axiom we postulate the existence of enough global sec-

tions of U
(Gs) there is some 1 —>TU

Lemma 2: If X —2-> PU is a morphism such that a <rb for
some X -9—> U , then there is a (unique) factorization X 25y =
= X ===> U >>> PU .

Proof. Consequence of lemma 1 and the fact that the diagram defining
p is a pullback.

Corollary: There are factorizations 1 —QU—> PU =

-1 Oy =T ana Uy oy -v -das u I s U | Hence,

by {6], theorem 5.44, E has a natural number object N >—>T .

Definition 2: Let 1 —+>U = 1 -2>7 2>y

. . . m
Lemma 3: There is a monomorphism U+U >—> UxU .

proot. U —Yulb) S sy ana U U0 5 yuy  are disjoint.

Let PUxPU 1 o P(UsI) be the composition of the canonical

isomorphism PUxPU —L> P(U+U) with 3m . As a further axiom we now

postulate the existence of a (recursive) pairing morphism

(Pa) there is a monomorphism UxU >=-> U such that
s
(1% e — > U
1(rxr) ( T r
v ds v
P(UXT) >=—mem- > PU commutes.
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(The set theoretic construction in ZF of this map hinges on the fact

that the relation R given by
(x',y ) R(x,y) o (x'€xay'=1)v (x'€yAy'=0)

is extensional and well founded {see [201). Thus, using the theorem
of Mostowski (see e.g. [10], ch. III), there is an ordered pair
<.,.> such that <a,b> = {<x,1>|x€alu{<y,0>ly€b} for 0 =g and

"y

1 = {0} and one has <a,b> = <a',b'> e a =ga' and b = b' ,)

. v .
By means of the internal product operator ky = AUXU(Ppro’Ppr1)'

PUxPU —> P(UXU) composed with 3s there is the product morphism

a3 PUxPU —~—> PU . AS next axiom we have

.

(PROD) there exists a factorization (automatically unigue)
UXU ~~mrmem > U
rxr | |
v a, v

PUXPU ———> PU .

Definition 3: An object U with an extensional power closed
relation r satisfying moreover the axioms (G8), (PROD) and (PA) is

called a weak universe. - For the transposes of the relations r and

rp we write UxU 250 and  Ux —> , resp. {called (inverse)

element and inclusion relation).

Definition 4: For any two objects A , B in E , let
fAB: P(AXB) ——> PA be the transpose of the composition
P(AxB) xA —ZAB—> PB () o q , where EAE is the transpose of

eV,m - Then it is known (see [8]) that there is the pullback

B e > 1

Y

i "2

i

Y £ v
P(AxB) AS o pa .
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Definition 5: For a weak universe, let DPUxXPU L1 PZU be the
intersection of the two morphisms PUXPU —31—> PU —EU > PQU and

PUNPU o> pU —yes 2y Bfyy—s> p2(Usu) —& > P2y .

Lemma 4: There is a factorization

UM —mmmmmmme > U
rXIr T T (In)r
v €1 ;
PUxPU > P°U

Intuitively, this lemma expresses that a weak universe is eXxponen-
tially closed.

Proof. By looking at (POW) and (PROD) and applying lemma 2 twice.

Now, one of the main aspects of this note is that with the help
of this operation, U can be given the structure of an internal
category in the topos E . (Por the definition of internal categories
see (4], [9], [19] or [27].)

Definition 6: We consider the transpose of UxU ~Lo-> PU =
= UxU ——> U >Z> pU , and define the morphism object U' and the

morphisms "domain", "codomain" and "graph" by the pullback

{dom,cod,gra) true

Obviously, one has for the internal product the inequality

EAU < kUAPU , from which we get by the definition of a4y

3836 < q,b8p; » therefore 3(sAU)r < rgb Thus, by lemma 2 there

v -
is a factorization
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For this operation one has U _LHLQLﬁLl_> UxUMI —20—> O = trueU

as an obvious conseguence of lemma 4.
Definition 7: Let 1id: U ——> U' be .the morphism which arises

out of the definition 6 by the above eguality.

Theorem 1: If U ——> PU 1is a weak universe, then
U < dom U cod

> U is an internal category in E .
Proof. The identity morphism (unit in the corresponding monad) is
given in def. 7; the equations dom id = U = cod id are immediate.

The object "of composable pairs of morphisms" is given by the pull-

back cod’
" ————- > !
|
dom' E dom
¢ cod \
U >U .
Then the composition morphism comp: U" —> U' 1is defined using the

fact that the composition of morphisms in a topos is but the relatio-
nal composition P(UNU)xP(UXU) —2REo1XERI1o 5 P(UXUNU)XP(UXUXY) ——>
—DUxuxU—> P(UXTXU) BE) 2PN P(UxU) where Ty
into the (i+1)-th and (k+1)-th factor (see e.g. [8]). For the details

denotes projection

of this construction and the proof that the data given do indeed
yield a category object (both involving somewhat lengthy and boring

computations) the reader is referred to [19].

It is pretty obvious that such a weak universe has much more
structure than just that of an internal category. Thinking intuitive-
ly of "elements" of U as of U-sets and of "elements" of U' as of

morphisms between U-sets, we can describe internal versions of all

topos axioms by constructing appropriate operators between (finite)
limits of diagrams, starting with the basic data U , U' , U" , dom ,
cod , id and comp , then using the derived data dom' , cod' etc.

and the ones given by the axioms (r ,p , 0,1, s and q ).
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However, this procedure (similar to the techniques used in [4]) will
be rather long and computational, So, avoiding chasing through large
diagrams, one should employ the more suggestive and easier to handle
methods which are due to Mitchell, Bénabou [3] and Osius [24], [25]

to get the following result:

Theorem 2: U 1is an internal topos in E .

0f course a weak universe can be made more set like. For this
purpose we first recall a definition from [23]}, ch. 6:

Definition 8: A relation A £ > PA 1is called recursive

if for any PB —£ > B there exists a unique morphism A -£—> B

such that
£
A ~mm—— > B
A
r g
v 3f
PA == > PB

commutes. (In the set case, this property expresses that r is

well founded.)

For any relation A ——> PA there is the object "of (r-)transi-

tive subobjects of A ", given by PA —3LaBp) > p2up?) Spy >
as a subobject of PA , Let PA —EA,r—> P2A be the transpose of
paxpa —SpalCpp(3222,00070) o 00 A5 Q0 and PA —fA,r—> PA =

T 2

= PA ~24,r—> P°A ~Jp—> PA , intuitively the transitive hull operator.

Definition 9: An extensional relation A >-—> PA is called

transitive closed if there is a factorization
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Using the (r-)union operator PA 3r s P2A > PA we define an

extensional relation r to be union closed analogously.

Lemma 5: A transitive closed relation is union closed.

Proof, The adjunctions between Up PA and ”A ' QA resp., yield

U,3r < ¥, p from which the assertion follows by lemma 2.
y

A

Pinally, for a relation A >2—> PA there is an appropriate
formulation of the replacement axiom. For that, we consider the

subobject FA >——> P(AxA) defined by the pullback

A
T (r,r)
(3pr ,f,,) v
P(AxA) ——O AR o Ay

Definition 10: An extensional relation (A,r) is called

replacement closed if there is a factorization

ran
PA wwwmmman > A
v 3pr1 v
P(AXA) -—————> PA

{intuitively, if the range of a functional relation defined on an

glement of A 1is again an element of A ).

Definition 11: A weak universe (U,r) 1is called a universe

if the following axioms hold:

(UW) r is union closed

and (REP) r is replacement closed.

It is called a set theory object if, moreover, the following axioms

are valid:

(REC) r is recursive

and (TRH) r is transitive closed.
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In the set case, elements of a universe are sets themselves,
therefore a universe is a subworld. In the absence of actual elements
in a topos, as a first approximation to that notion we have the one
of global sections. To imitate the above situation, let us consider

the subsystem E_ = E(1,U) € E of such global elements of U .

Theorem 3: If U 1is a weak universe then Eo is a category.
Proof. Objects are given by Eo , the morphisms by BE(1,U0') etc.,
i.e. for any two a , b € E_, Eo(a,b) = @(1,Eo(a,b)) is given by
the pullback

E (ayb> -------- > 1
Y
' (a,b)
v (dom,cod) %
Ut > AT N

The statement then is easily deduced from theorem 1.

Theorem 4: Eo is a topos.

Proof. Corollary to theorem 2.

Let ¢: E -—>E be the function (in the language of the cate-

gory E ) which sends a global section 1 —2>U +to the (canonically

chosen) subobject of U classified by U —2-> Q , followed by the

forgetful E/U —~>E .

Theorem 5: $: go ——>E is a logical embedding, i.e. a fully
faithful functor preserving all the topos structure.
Proof. Out of the definition of the operators p , 0 , s and q ,
it is straightforward to see that for any a , b € go there are
isomorphisms $(pa) T P(¥(a)) , ¢{0) 0, ¢(=s(a,b)) ¥ &(a)+d(b)
and #(q(a,b)) ¥ ¢(a)x®¥(b) . Purthermore, by looking into the
construction of 1 and e we get &(1) = 1, &(p1) ¥0O and
$(e(a,n)) @(b)@(a) . As an example, the last isomorphism is proved

by showing that there is a pullback
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s(p)¥(a) o
I
P(8(a)xd(b)) true
vV & (a,b) v
U —2 50 .

Since Eo(a,b,graf) = true for any f € go(a,b) , this yields some

1 — @(b)é(a) , the transpose of which is defined to be &(f) . It
is not hard to see that this function go(a,b) —> E(%(a),®(b)) 1is
a bijection in E and that & preserves identities and equalizers.

The proof that the composition is preserved is a bit more nasty.
As a corollary, we get:

Theorem 6: If U 4is a set theory object then Eo is a topos
of Z-sets in the sense of [23], 8.21 f.
Proof. ¢ 1is logical, hence it preserves the notion of transitivity.
Thus, the axiom 8.20 (APT) of [23] follows by (REC) from theorem 6.3

loc.cit. and from the next result which we mention without proof:

Lemmg 6: PA —EA,r—> PA —EPALEEQEAL—> Q= truep, for any

relation (A,r) .
With the same methods as in the proofs of the theorems 1 and 2

we get the following generalization:

Theorem 7: If U is a weak universe then PU 1is an internal
category and U L > PU an internal functor. Furthermore, PU 1is
internally finitely complete and cocomplete and has an internal

subobject classifier, and r preserves all these things.
Corollary: 21 = E(1,PU) 4is a finitely complete and cocomplete
category with subobject classifier and there are logical embeddings

E(1,r): E,—>E, and &,: E. —>E such that ¢1§(1,r) and ¢

1 o)

are naturally isomorphic.
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Definition 12: Let EU and E be the isomorphism closures

PU
of ¢ E, and ¢, E, resp., in E . Then the objects in E; are

called U~sets and the ones in Epy are called U-classes.

Lemma 7: If U is a universe then there is a factorization

UXPU ~——ee > PU
rxPU T w ir
Y e, ;
FUxPU > PU .

In particular, BA is a U-class for B a U-class and A a U-set,

Proof. From the construction of FU >—> P(UxU) we can derive the

inequality e,(rxPU) < ¥T!  where TU: 1 —> P°U  is the transpose

of the characteristic morphism of FU >—> P(UxU) >35> py .
By (REP), we get a factorization FU >——> P(UxU) >35> PU =
= FU —==>TU >LZ> U and, therefore, the assertion as an application

of lemma 2.

With this lemma at hand, one should expect E to be some sort

1
of model for Neumann-Bernays-Gsdel set theory. Though we have not

checked the details we are convinced that in case U is a set theory

object, E, (or Epy » Tesp.) is a category of classes and maps in

the sense of [22].
Last not least, there is the obvious result:

Theorem 8: 1Let § be the topos of ZF-sets. Then our notion of
set theory objects coincides up to relational isomorphism with the
{classical) one of universes.

Proof. A set with an eXtensional and recursive relation is iso-
morphic to a transitive set with the €-relation. The rest of the
proof is a straightforward exercise in passing from topos theoretic

statements to set theoretic ones and vice versa.
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0, Introduction

1t has often been pointed out that the elmentary topoi intro-
duced by Lawvere and Tierney [11,12,14] serve as the right generaliza-
tion of "the" category of sets. Consequently many successful attemptis
have been made to 1ift results well understood for the category of
sets (or set theory) to arbitrary topoi, using various more or less
general technigues to establish such 1iftings (see bibliography). The
purpose of this paper is to present a detailed exposition (and some
applications) of logical and set theoretical tools which turn out to
be extremely useful for establishing results in arbitrary topoi. The

method originates from W. Mitchell [26] but has underwent changes,
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precisions and further development, some of them due to the author's
discussions with J. Bénabou, A. Kock, F. W. Lawvere, Ch., Maurer and
Ch. J. Mikkelsen,

The basic idea of this set theoretical method is that we imagine
the objects of an (arbitrary) topos to have unspecified "elements"
which behave in much the same way as the elements of sets in the cate-
gory of sets. Formally the introduction of these "elements" amounts to
the construction of a many-sorted set theoretical language L(SET) over
the language L(ET) of the theory ET of elementary topoi (which corres-
ponds to the language L(E) in [20,23] defined over a model E of ET).

The language L(SET) admits a natural "internal" interpretation in
topos theory ET which gives rise to a notion of truth, called internal
validity, and hence to a '"set theory"™ SET defined over topos theory ET
(for a natural "external" interpretation of L{SET) the reader is re-
ferred to Osius [23]). In fact SET is an (J-valued set theory, (3 being
the Heyting-algebra of subobjects of 1 in ET. The first important re-
sult is that the axioms and deductive rules of many-sorted intuitioni-
stic (and even classical for the boolean case) logic and the axioms of
many-sorted set theory hold in SET., Furthermore, the complete topos
structure can be characterized in the set theory SET, so that any
"property” in ET (e.g. equality or existence of maps, diagrams being
commutative, squares being pullbacks) holds if and only if a corres-
ponding set theoretical property in SET is internally valid. Hence re-
sults in topos theory can be established by showing that their "trans-
lation" in SET holds. This can be phrased by the slogan: "Topos theory
is contained in intuitionistic many-sorted Heyting-valued set theory".

This set theoretical method of investigations in topos theory has
the advantage, that - once the set theory SET has been developed to a
certain extent - it allows to immediatly proceed from a heuristical

set theoretical idea or construction to the corresponding result in
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the topos without having to wrestle with lots of diagrams {getting
bigger and bigger). To illustrate the method thoroughly we prove a few
results for recursive relations (due to Mikkelsen [19]) and natural
number objects using our set theoretical arguments.

Particular care has been taken in order to present a detailed and
sound approach to the set theory SET, which may even appear pedantic
at some places. Some material on intuitionistic logic has been inclu~
ded to fécilitate further applications and to keep the paper as self-
contained as possible,

Independently of our investigations J. Bénabou [1] has construc-
ted a formal language over more general types of categories (rather
than topoi) and has achieved some of our results in section 1-3 by

specializing his formalism to topoil.
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1, The theory ET of elementary topoi

An elementary topos is - in the original definition given by
Lawvere and Tierney [14] - a finitely bicomplete cartesian closed
category with a subobject-classifier. Mikkelsen [17] has shown that
finite bicompleteness can be reduced to finite completeness {later
Paré [24] has given a different proof), and Kock [6] has proved that
cartesian closedness can be weakend to existence of power-objects.
Hence an elementary topos is a finitely complete category with a sub-
object-classifier and power-object formation (an equivalent defini-
tion is given by Wraith [29]). To be definite, we give the full (ele-

mentary) definition.

1.1 Definition An glementary topos E consists of a collection

Obj(E) of gbjects and a collection Map(E) of maps together with

(1) unary operators "dom" (domain), "cod" (codomain), "id"

(identity map), and a partial binary operator "" (composition) such
that (Obj(E),Map(E),dom,cod,id,* ) is an elementary category.

(2) a terminal object "1" and a unary operator "ter" assigning

to any object A the unique map A —> 1.
(3) partial binary projection-operators pry, pr, such that for
all pairs of maps (A—f>C , B—£->C) the diagram
b(f > B
Pol8) —5rrEy
prq(f,g) I g I
v £ v
A > C

is a pullback, and a partial operator pb* assigning to any commuta-
h

tive square D ——> B
o] el

\ v

A ——£—> C

the unique map D ————> pb(f,g) induced by {(k,h).
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(4) a subobject-classifier 1-—3232->() and a unary operator x

assigning to any monomorphism B> 4 its unique characteristic map,

i.e, B > 1
m T true

v Xin Vv

A >

is a pullback.
(5) two unary operators P, ev assigning to an object A& its

power-object PA and the evaluation PAXA

> 1 , and one further
unary operation p* which assigns to any (relation) CxA RN N the
unique map C —>PA induced by R, i.e. R = evy (p*RXA) . (The product
functor X is defined as usual in terms of 1, ter, pry, pro, pb*.) For

convenience: P1=} and P1x1

5 > (0 is the first projection (this is

not essential since it always holds "up to isomorphisms").

It is obvious that elementary topoi are precisely the models of
an appropriate first—order theory, the theory ET of elementary topoi.
We only give a brief description of ET (the exact definition can easi-
1y be worked out by the reader familiar with formal theories):

ET is two-sorted (i.e. the terms are devided into objects and maps)

and has as primitive notions the operators dom, cod, id, *, 1, ter,
Prys Py, pb*, true, x, P, ev, p* and two equality predicates (one for
objects, one for maps). The nonlogical axioms of ET are the formal
translations of 1.1.1-5. Freyd [4] points out, that ET is an essen-
tially algebraic theory (in fact, the operators ter, pb*, x, p* were
only introduced to avoid existential quantification in the axioms for
topoi).

Unless otherwise mentioned all our considerations take place in
the elementary theory ET and can be formalized there. However for in-
tuitive reasons we sometimes pretend to work in a fixed topos E (i.e.

a model of ET) rather than in the theory ET itself,
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The basic development of the theory ET of elementary topoi will
be presupposed (see e.g. Lawvere-Tierney [14], Freyd [4], Kock-Wraith
[9]) but to explain some notations let us briefly mention some results
which turn out to be important for our considerations.

Kock [6] (p.5) has constructed gxponentials B4 (for arbitrary ob-
jects A, B) and gvaluation maps BAXA = >B , and Mikkelsen [17]

AB
has constructed an injitial object O and pushouts, so that all finite

colimits exist. However we will not need coproducts and coequalizers un-
til their construction will be given (section 5) but assume only the
existence of unions of monomorphisms and images of maps (see [17]).
Passage from a map CxA —f->B to its gxponential adjoint
C &> BA and conversely will be denoted by g:=F resp. fi=g .
The subobject - classifier Q is an internal Heyting-algebra (i.e.

1 true

pseudo boolean algebra) with respect to the maps >0,

1£ﬁ—>0 y 0——>0 (negation), OxQ ATt (conjunction),

axq ——>0 (disjunction) and Oxq —=2->0 (implication). By a subobject
of a given object A we understand a map A ——>( rather than the cor-
responding equivalence class of monos into A, however sometimes a mono
B >—>A will also be called a subobject.

The structure of i induces a Heyting-algebra structure on the
subobjects of A having the operations trueA, falseA, .y (comp_lement),
Ny (intersection), N (union) and N (implication).

A map A—i:—>B induces an operation of inverse image under T, de-
noted f—1(-), from subobjects of B to those of A , and three opera-—

tions of direct image under f from subobjects of A to those of B:

1. direct existential image under f, denoted 3f(-)

2, direct universal image under f, denoted vf(-)

3. direct unigue-existential image under f, denoted 3!f(-) .

Indeed, for monic maps C>-—~>A , D>2>B with characters A¥sq,

B—N—>Q we haves
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1.2 f'1(N) is the character of pulling n along f.

1.3 3f(m) is the character of the image of fm.

1.4  v£(M) is the character of nf(m) (Hf is the right adjoint
of pulling-back-along f).

1.5 31f(M) 1is the character of the unique-existentiation part

fm
ﬁfmi&.mewnmwofcii»m ﬂmgIBFLﬂBQ > PC

(see Freyd [4], Prop.2.21).

In some places we will also consider the stronger theory EBT of

elementary boolean topoi which we get from ET by adding the following

1.6 Axiom of booleaness Q—>0—1>0 = idn

In EBT 0 is an internal boolean algebra and the algebra of subob-

jects of a given object A is boolean.

Finally a convention concerning the notation. Although we fre-
quently introduce subscripts (or indices) for a better understanding,
we will omit these subscripts whenever no confusion seems to be possi-

ble.
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2. The language L(SET) and its internal interpretation

Let us proceed to the construction of the set theory SET defined
over ET which will serve as a powerful tool to translate set theore-
tical arguments and constructions into topos theory. First we describe
the language L(SET) of SET which is essentially due to W. Mitchell
(who denoted it L(E) in [20] for a given topos E). The idea behind
this language is that we imagine the objects in ET to have unspecified
"elements" (as if we were working in the topos of sets) having the
following important properties:

a) 1 has a (unique) element.

b) any map A-£;¢>B induces the operation "value under f" from
elements of A to those of B.

¢) the elements of AXB are "ordered pairs" of elements of A, B.
Using the predicate of equality and first-order logic we can formulate
enough "properties" of elements.

Formally the language L(SET) will be constructed over the langu-

age L{ET) of the theory ET of elementary topoi as follows.

L(SET) is a many-sorted first—order language having the objects
of ET as types, i.e. there is a type-operator r assigning to each term
x of L(SET) an object (term) rx of ET. The terms of L(SET) and the
type-operator are given recursively in the usual way by the following

rules 2.1-4,

2.1 0° is a constant with r0'=1.

2.2 For any object A there is a countable number of variables
of type A.

2.3 For any map A~ch>B there is an operator f(-) "value under

" from terms x of type A to those of type B : +f(x)=B .
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2.4 For any pair <(4,B) of objects there is an "ordered-pair-
operator" (-,-) assigning to terms x, y with rx=A, ry=B a term (x,y)

with r<x,y)=AXB .

The only primitive notions of L{SET) are the constant predicate
"Palse™ and the predicate of equality "=" (which may hold only between
terms of equal types), i.e.

2.5 The atomic formulas of L{SET) are:

(1) False , (2) 2=y, provided rx=Ty

The {well~formed) formulas of L{SET) are generated from the atomic

ones in the standard way allowing the connectives A {conjunction},

v (disjunction), => (implication) and the quantifiers ¥x (for all x),
3x (there exists x) , provided the variable x occours free in the for-
mula following the quantifier. Negation -, True, equivalence <=> and

unigue-existentiation 3! are defined as usual:

- means ¢ = False
True means —-False
(P ¥) means (o= 4) A (4 =>0)
31xo(x) means Ix ((o(x) AVy(e(y) «=>x=y) )

2,6 Remark It should be pointed out that the types (being the
terms of ET) are countable, and that the operators generating the
terms of L{SET) are countable. Hence the language L(SET) is countable
and can in fact (in various ways) be explicitly constructed over the
same alphabet of L(ET). In the semantical approach where L(E) is con-
structed over a topos E, the language L(E) will not be countable
(unless E is). The latter approach is adopted in [20] and [23].

Por intuitive reasons we call the terms resp. variables of L(SET)
from now (except in a formal context) simply eglements resp. glement-
variables (defined over ET), and for objects A and elements x let us

ug write "xeA" (read: x is an A-element) instead of "7Tx=A".




306

Note that xeA is a metastatement and not a formula of L{SET). The
i-elements will also be called truth-values. Furthermore, if xeA we
frequently write VxeA resp. IxedA instead of ¥x resp. 3x to emphasize
that the gquantifiers are actually restricted.

Let us now give a few definitions in L(SET) which show that this

language is fairly "rich" and has a set theoretical character.

2.7 To any global section 1251 corresponds an A-element

a’t=a(0") e A. In particular we have the truth-values true’, false®.

2.8 PFor xeA, YePA the membership relation is defined

X€Y <= (PAxA-ZLo) (Y,x) = true’ .

2.9 For xeA, F:BA the value FxeB is defined as

Fx := (Bha 225 B) (F,x) .

2.10 For any map A-—f—>B the exponential adjoint 1--?—> BA

gives an BA—element £Pa= ?oeBA , and in particular we have for any

subobject A -0 a PA-element M'=T° ¢PA.

2.11 Remark By 2.8, 2.10 any subobject A—M—->n induces a
unary predicate (-)¢ M° for A-elements, These predicates are taken as

primitive notions in [20] and [23].

Furthermore, the notion of ordered pairs extends in a standard
way to ordered n-tuples, whose definition is given by:

2.12 (xDs=x and <x1,..xn+1):=<(x1,..xn),xn+1)

The most remarkable feature of the language L(SET) is that it ad-
mits a natural "internal" interpretation in the language L(ET) of ET,
which in fact goes back to W. Mitchell [20] and runs as follows (for

another interesting "external" interpretation see Osius [23]).

First, let teA be a term of L(SET) such that all variables occur-
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ring in t are among the variables x,eA;, .. x eA (n20). By induc-

tion on the length of the term t we define a map

{<x1,..xn> Pt }s Agxe.xA, >4

which represents the term t with respect to x4,..x , by 2,13-16 .
2.13 {<X1,..xn> » 0"} is the unique map Axeoxh —> 1.
2.14 {<x1,..xn> B x; } is the projection A x..xA —> A..
2.15 For A=F>B:  {<xy,..x ) P £(t) fi= £o {xyyex) Bt

2.16  For reB, seC the map {<x1,..xn) » {(r,s)} into BxC is the

unique map induced by {(x1,..xn> »r}| and {<x1,..xn) »st.

Second, let ¢ be a formula of L(SET) such that all free variables

occurring in ¢ are among the variables xqeA;, .. x eA (n=0). By
induction on the length of the formula ¢ we define a subobject
{ppeex o} ¢ AXe XA ——> 0,

which represents the "property" ¢ with resp. to xq,..x, by 2.17-20.

2,17 {<x1,..xn>| False | := fa.lseA1><”><An

2,18 {(x1,..xn)|:r= s} := §<x1,..xn> B (r,s)}_1( AxA-£;>(7) ’

provided r,seA and A is the diagonal of A.

2,19 {{xqyeex D] @A 4 } := §<x1,..xn)|¢} n {(x1,..xn>|¢}

and similiar for v, => (replace n by U, =).

2,20 {<xq,..x )] Yxed o(x)} vp  {{xqye.x 7] @(y) )

]

{{xqyeex D] 3xed o(x)} 3p  {<xqyeex,yd| ®(y)
where Agx..xA XA —_ AX,. XA is the projection and yeA is dis-

tinct from xq,..x, (see also 2.25),

n

For the defined notions we get immediatly (for 3! see 4.23.1) :

2.21 (1) {{xqyeex )0 } =4 {(x1,..xn>l¢ }
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(2) For tea, A—lon:  {Cxppeex )l €U | = {(xq,eexd bt ] 7MW .
(3) Kxppeexpd] o=} = Kxpyeex D)ol @ idx,.ex )y} o o

To facilitate the computation of the operators {...} we note some

technical points.

2.22 (Superfluous variables) If X 18810 xn+k=An+k do not

occur (free) in t resp. ¢ , and A1x..xAn+k-——2——> Ajx..xA  is the

canonical projection, then

(n f(x1,..xn+k) p t} {(x1,..xn) Ptlep

1l

(2)  {<xppeaxg ot =7 {(CGppeaxd 0

2,23 (Permuting the variables) If o is a permutation of 1,..n

and f_= {<x1,..xn> B (X gy eex ) :T]_Ai > T]’Agi is the cor-
responding isomorphism, then
(1) {<x1suoxn>9‘t}

(2) [ Geypeaxyd] @ |

1

{(xc1,..xon) Bt £,

£ (Cxgqpeexy l @}

2.24 (Substitution) If the variable xeB occurs in t(x) resp.

free in ¢(x), and if seB is a term whose variables are not bounded in
e(x), then
§<x19--xn>9t(s)}

{{(xyyeex )] o(s8)}

{(X,I,..Xn,x)l—)'t(x)} ¢ {<x1,..xn>9(x1,..xn,s)}

{(X-],--Xn>l-><x1,..xnys)§_1 {<X1,..%,X>I CP(X)} .

2,25 If xeA and A1X..XAnXA

> A1x..><An is the projection,

]

then (1) {(x1,..xn,x)| Ix o(x)} p—1( Ip {(X1,..Xn,x)|@(x)f )

(2) i<x1)'°xnyx>| Vx QD(X)}

p—1( Vp i<x1,..xn,x)|¢(x)} ) .

Proofs: 2.,22-24 are straight-forward by induction on the length
of t resp. 9 , using the so called Beck-condition for quantification

(i.e. 1.36 of [9] or 5.3 of [22]). 2.25 follows from 2,20, 2.24 . @

Furthermore, we immediatly conclude from the corresponding defi-

nitions:
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2.26  For xeA, YePA {(Yyx)] x€Y } = PAXA—L>q ., O

'

2.27 TFor xe4, FeBA {<F,x) B Px } = BAxA._E.‘.’_.>B ., O

-

2,28 For A-f>B, xeA: f£={xpf'x}={xpf(x)} . O

it
Il

2.29 For A-—]!I->Q, xeh 1 M= {x|xeM } . B

it

2,30 PFor x,yehA : {(x,y)} x=y} = a-bsq . o
2.31 For any global section 1-2=>A we have
(1) f{yeBpa’} =B—>1-851 ,
and adopting the usual notation {a°} := {xeA| x=a | we get
(2) {a’} = fa] = x(a) ,
where [a] is the exponential adjoint of {a}: 1—a-->A-§-'-'l—> PA, @

In view of the above results the superseript n’n (read: internal)

will be omitted from now on if no confusion is possible.
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3. Internal validity and intuitionistic logic

In this section we consider a notion of truth (called internal
validity) for formulas of the language L{SET) which naturally arises
from the internal interpretation given in the last section. We start

of f with the following definition (going back to W. Mitchell [20]).

3.1 Definition For any formula ¢ resp. term teA of L(SET) let

xqehy, «. x €A (n20) be exactly all free variables of ¢ resp. t in

their natural order of their first ocurrance in ¢ resp. t .

(1) rg:= 1XeexA ~ is called the type of @ , resp.
Tt i=AX..xA  is called the type of t .
(2) llollzre

interpretation of ¢ , resp.

>0 3= §<x1,..xn>|¢ } is called the internal

ftllzvt

>A := {(x1,..xn> Pt} is called the internal
interpretation of t .

(3) ¢ is called internally valid (or: internally true) , noted

= o, iff ol =true , (i.e. Ilvll Tactors through 1158 0y | Note
that the order of the variables is not important here, indeed for any
permutation ¢ of 1,..n the formula ¢ is internally valid iff

l(xa1,..xon)|¢l =true (cf. 2.23).

3.2 Criterion The formula ¢ is internally valid iff for all

sequences of variables Yqsee¥p containing all free variables of ¢

{(y1,..xn)l@ } = true holds. Note that it is not sufficient, if the
condition holds only for some sequence, indeed for yeO one always has

i<y1,--yn,y)| ol= true, .

The criterion follows from 2.22.0 Some immediate properties of

internal validity are the following
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3.3 If XqyyeeX, are exactly the variables occuring in the term
{r,s>, then (1) = r=s iff

{(x1,..xn> prj= {(x1,..xn> B s .
In particular (2) 1—2>A=1-2.4 iff f=a=b

(3) 1-2>a50= true  iff | aem .

By slight abuse of notation we sometimes write simply a €M instead

of = aeM .

3.4 # o iff ”@“ =false1_¢ .

3.5 k= ony iff = o and =9+ ,
= vx o(x) iff = o(x) .

3.6 If XyyesX, are exactly the free variables of ov§ , then
= oVy iff {(x1,..xn>lm}u{(x1,..xn>lWl = true
= o=>¢ iff {(XT,..xn)l<P}c{<x1,..xn>|*}
= o<=>y iff i<x1,..xn>]¢}={(x1,..xn>|t} .

The straight-forward proofs are omitted.D The following results
are concerned with the relationship between internal validity and

intuitionistic logic.

3.7 Proposition The formulas of L(SET) which are intuitionisti-

cal propositional tautolcgies (i.e. are valid in any Heyting-algebra,

see Rasiowa-Sikorski [25] Chap.IX) are internally valigd.

g_;ll_g: We illustrate the general method by a particular example,
namely we prove that the intuitionistical tautology (e A= g@)=>¢ is
internally valid, Using 3.2 let x84, ,..xnaAn contain all free varia-
bles of o and y, and let A=A;x..xA , Then M:={<x;,..x )| e | ana
N:={(x1,..xn)| 1:] are subobjects of A and we have to establish
(MN=M)=>N = trueA , which holds since it is an interpretation of

the given tautology in the Heyting-~algebra of subobjects of A, O
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3.8 Proposition The axiom of booleaness (1.6) holds if and only

if all classical propositional tautologies in L(SET) are internally

valid.

Proof: If 1,6 holds then the proof of 3.7 in fact proves that

all propositional tautologies are internally valid. Conversly, for peQ
the formula ( p=true V -( p=true) ) is a (classical) tautology and

hence internally valid, i.e. {true} u=ftrue}=true.. This implies 1.6

q°
since {true} = x(true), —{true} = x(false) by 2.31.2 . ©

We now turn to the axioms and rules for gquantification.

3.9 Lemma The following axioms of guantification are internally

valid: (a3) o(x) => Ixo(x)

(av) Vxo(x) => @(x)

Proof: Let xeA,x1sA1,..chAn be all free variables of %(x), and
let A,X..xA xA > A;x..xA be the projection. Using 3.6 and 2.25,
we define s= {(x1,..xn,x>| o(x) } and have to show McC p_1(3p(M))

and p—1(Vp(M)) c M, which are well known to hold. O

3,70 Lemma The following rules of guantification (and the con-

verse rules) are internally valid:

If x is not free in ¢, then

(r3) _ox) =>+¥ (py) L =>o(x)
Ix p(x) => ¢ § o= ¥x o(x)

Proof: Let xeA,x;eAq,..x eA be all free variables of o(x)=>14,

and put M:={<x1,..xn,x)| p(x) }, Ne={dxq,eex D) 4 } . For the projection
A.Ix..xAnxA L A1><..><An we have
M p (N) iff 3p(M) € N , p (N) ¢ M iff N c vp(M)

which in view of 3.6 and 2.22.2 proves the rules and their converse. O

Concerning substitution, 2.24 immediatly gives
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3.11 Corollary For any formula ¢(x) with a free variable xeA

and for any term teA the following substitution rule is internally

valids (Subst) o x)

o(t) o
So far we have proved, that internal validity satisfies all
axioms and deductive rules of intuitionistic logic (see e.g. Rasiowa-
Sikorski [25]) except for the rule of "modus ponens"

(Mp) 22 P =>4
¥

which is not internally true. Indeed, for xe0 the formulas x=x and
x=x => 3xe0 x=x are internally valid, but 3Ixe0 x=x is not (pro-
vided of course 0% 1 ). More generally, for any formula e(x) with
free x we have || 3xe0 o(x) || = false and || Vxe0 w(x) || = true .
For a better understanding of this situation let us split up the

modus ponens (Mp) into two rules, the

3.12 (Restricted modus ponens) If all free variables of ¢ are

among those of § , then o 5 o= (Rup)
]
and the following rule for existentiation: (r*3) o(x)

Ix o(x) .

Clearly (Mp) and (a3) imply (Rmp) and (r*3). Conversly (Rmp), (r*3),
(r1) will now be shown %to imply (Mp): By hypothesis of (Mp) o and
o => § hold. Hence, if XqseeX) are all free variables of ¢ which are
not free in y, then 3x,..3x 9 and Ix,..3x 0 =>y hold by (r*3),
(r3), and thus ¢y holds by (Rmp).H

The example just given actually shows that (r¥3) is not internal-
ly valid. More generally, for xeA the formula x=x is internally
valid and || 3x x=x || is the support of A (i.e. the image of A—>1,
see e.g. [23]). Hence, 3xeA x=x 1is internally valid iff A—>1 is

epic (which is certainly not true for all A). However, the important
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part of (Mp), namely (Rmp) is internally valid.

3.13 Lemma The restricted modus ponens (3.12) is internally

valid.

Proof: Let XqyeeXy be all free varables of ¥, and hence of

o=>4¢% . 3ince ¢ and ¢ => y are internally valid, we have
{{xqpeex Do} = true  ,  {xg,eex ol c (xgyeex Dt

which implies that ¥ is internally valid. o
Concerning the axioms of equality, we observe

3.14 Lemma The following axioms of eguality are internally

valid : (Eql) VxeA x=x
(Eq2) V¥x,yeA ( x=y => y=x )
(Eq3) Vx,yszeA ( xX=y Ay=2z => X=z )
(Eq4) Vx,ueA Vy,veB ( x=u A y=v => {(x,y)=<u,v) )

(Eq5) For A-f—>B: Vx,yeA ( x=y => f(x)=£(y) ) .

The straight-forward proof is omitted. O

For convenience let us now introduce a weaker notion of truth for

formulas of L(SET).

3.15 Definition A formula ¢ is said to be intuitionistically

valid (or true) resp. classically valid (or true), denoted | ¢ resp.

|—c- ¢ 5, iff it is among
(1) the intuitionistically resp. classically propositional tau-
tologies ,
(ii) the axioms (a3) and (aV) of quantification (see 3.9) ,
(iii) the axioms (Eq1-5) of equality (see 3.14) ,
or can be deduced from the formulas in (i-iii) using the rules (r3),

(rv¥) of quantification (see 3.10) , the substitution rule (Subst)
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(see 3.11), and the restricted modus ponens (Rmp) (see 3.12).

Notice, that the rule (r*3) of existentiation is not allowed to
deduce intuitionistically resp. classically valid formulas and hence
the full modus ponens (Mp) is not allowed. However the rule (r*3),
which is in fact equivalent to the single axiom Vxo(x) => Ixe¢(x),
does not seem very intuitive to us anyway and its absense does not
inflict most of the deductions in usual intuitionistic logic (see e.g.
3.18-22).

From our preceeding considerations (3.7-13) we conclude

3.16 Theorem

(1) Intuiticnistically valid formulas of L(SET) are internally
valid.

(2) The internal valid formulas of L(SET) are closed under the
intuitionistically valid rules of deduction.

(3) If the axiom of booleaness (1.6) holds, then we can replace

"intutionistically valid" in (1-2) by "classically valid", o

In order to apply this theorem (i.e. to show that some formula is
internally valid) we need some standard knowledge of intuitionistic
logic {in the restricted sense employed here). It is without the scope
of this paper to develop the relevant material (including proofs) on
intuitionistical validity. Let us however state some basic facts
(without proofs) to which we can refer when we apply later theorem
3.16 in order to prove results in topos theory ET.

First , we slightly strengthen the restricted modus ponens. Let us

call the types of the free variables of a formula ¢ briefly the free
types of o .
3.17 If all free types of ¢ are among those of ¥, then the rule

= o g s o ;
(Rmp') 2 _» =2V 44 intuitionistically (and internally) valid.
¥
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Proof: Replace all free variables of ¢owhich are not free in y¢
by a free variable of ¢ with same type. Then ¢ becomes @', and by as-
sumption and (Subst) (3.11) ¢' and o' =>y are valid. Hence § is va-

1id by (Rmp). O
Second, we state without proof some standard results of logic.

3.18 Substitution of equivalent formulas

If o, B, 9(a), o(p) are formulas such that
(1) o is a subformula of ¢f(a) ,
(2) B is a subformula of o(p) ,
(3) o(o) and o{p) are alike, except that ¢(e) contains «
wherever ¢(p) contains p ,
then the following rule is intuitionistically (and internally) valid :

a <> g
ola) <=> ¢(B8) .

Purthermore, if the free types of o are among those of o(p),then

ola) y o <=> 38
o(B)

is intuitionistically (and internally) valid. O

Concerning the propositional calculus we note

3.19' Proposition

The following rules are intuitionistically (and internally) valid :

(1) p => ¢
(y=>0) = (p=>0) , (8=>0) => (0=>4)

(2) If all free types of ¢ are among those of ¢=>6, then

o => ¥ ’ y => 6
o =>0
)

(3) (4) P ’ ¥

oV y oAy
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(5) £ all free types of ¢ are among those of ¢, then

o Ay
P

(6) o=>¢ , o =>y'
oMot => § Ay’ ’ oVe' => §Vy'

(7 = (@) o =(y=>8) and conversly
oANO =>4 oAy => 06

(9) o = (10) o => ¢ (1) © => Ty
g oy => e ¥ =>0

(12) @ &> 4
o =y s v => 0

and conversly.

Proof: Apply the modus ponens (version 3.17) to the correspon-

ding propositional tautology. o

3.20 Proposition The following rules for quantification are

intuitionistically (and internally) valid :

(1) ¥x o(x) and conversly
o{x)

(2) If the type of x is a free type of 3x o(x) , then
o(x)
3x o(x)

(3)  o(x) => y(x)
VX o{x) == Vx ¢(x) ,  3x o(x) = 3x y(x)

(4) If the type of x is a free type of ¢ => 3x o(x) , then

3.21 Proposition The following formulas concerning quantifi-

cation are intuitionistically (and internmaily) valid s
(1) 3xidyoelx,y) <= 3IyIxelx,y)
(2)  VxVyo(x,y) <=> VyV¥xo(x,y)
(3)  3xVyoelx,y) <> Vyizoe(x,y)
(4)  vx(o{x)A4(x)) <=> Vxolx)A Vxy(x)
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(5)  Ix(e(x) Vy(x)) <> 3xo(x)Vv Ixy(x)
(6) Vxol(x) Vv vxy(x) => V¥x(e(x)Vy(x))
(7)) Ix(o(x) Ag(x)) => 3Ixe(x)A Ixy(x)

(8)  vx (o(x)=>4(x) ) => ( Yxo(x) => ¥xy(x) )
(9) ¥x (olx)=> 4(x) ) => ( 3Ixe(x) => 3xy(x) )
(10) Iz —p(x) => = ¥x o{x)

(11) 3x o(x) => = Vx = ¢{x)

(12) = 3x of(x) => VX - o(x)

Furthermore, if x is not free in 6 then :

(13) 8 A Vxo(x) => Vvx(oAp(x))

(14) 8 vVxolx) = Vxlevelx))

(15)  3x{6 vel(x)) x> 0V ix o(x)

(16)  3Ix(6Ap(x)) <> 6 A Ix o(x)

(17)  Ix(e(x)=>8) => ( Vxop(x) = 6 )

(18) Ix (6 => o(x)) = (8 => Ixop(x) )

(19) Vvx{(8=> o(x)) < (6 => ¥xo(x) )

(20} Vzx{o{x)=>8) <> { 3xep(x) => 8 )
The converse of {13){15) hold under the additional assumption that the
type of x is a free type of 6. The converse of {10)(14)(17)(18) hold

if we assume the axiom of booleaness (1.6). O
Finally, concerning equality and unigue existentiation, we note

3.22 Proposition Intuitionistically (and internally) valid are

(1) z=y = ( ofx) = oly))

(2) 3x ( x=y A o(x) ) =  oly)

(3) v¥x(x=y =>o(x) ) <= oly)

(4)  3tx o(x) <= 3x { olx) A Vy(oly)=> 2=y ) )

(5) 3txo(x) <= Ixg(x) A Vpz(oly)relz)=>y=2)

(6) x(x=yArolx)) <= oly)

(7) 3Jx x=y {x distinct from y) . o
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4, The set theory SET

In this section we establish the basic properties of internal
validity which do not hold for purely logical reasons but involve the
topos structure. Our aim is to characterize some basic notion of topos
theory ET internally and to derive set theoretical properties of the
language L(SET). First we observe that ordered pairs of elements be-

have as they should and that the maps act on elements as expected.

4.1 Lemma  For xeA, yeB, ueAXB we have:
(1) rxypr=x A prdxyd=y
(2) = u = {pryu,pr,w

4,2 Lemma For xeA and 1-§->A-—f—>B—&>C we have

(1) = ig,x=x A g(fx)=(gf)x
(2) R £x=f(x) A £(a°)=(fa)

4.3 TLemma TLet A—5B, A-&>C, C-2>D and xeh, yeC .
(1) For the induced map A f.8) o BxC : k= (f,8)(x)=Afx,8x)

(2) Por the induced map AxC R 23 R, = (fxh){(x,y>=<{fx,hy)

The proofs are stiraight-forward (using 3.3). B
A standard consequence of the existence of ordered pairs is that

successive quantifiers (of same sort) can be reduced to one gquanti-

fier.

4.4 Reduction of quantifiers If xeA, yeB are free in o(x,y),

then : (1) = 3xeh 3yeB o(x,y) <= JueAxB cp(pr1u,pr2u)

(2) = VxeA YyeB o(x,y) <=> VYueixB q;(pr1u,pr2u) a

4,5 Quantifiers over products If ueAxB is free in y(u), then :

(1) = JueAxB y(u) <=> 3Ixed IyeB +(x,¥))
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(2) = VYueAxB §(u) <=> Vxeh YyeB y(<x,y)) 0

An important point is that maps are determined by their values

and subobjects by their elements:

4.6 Principle of extensionality

(1) A—Lf>B=a-L858 irf = V¥xeA fx=gx

(2) a-lon=aTon  iff = VxeA (x€N <> x€N )

Proof: By 2.28 and 3.3.1 we have f=g iff fx=gx is internally

valid, which proves (1). The proof of (2) is similiar. o

The internal interpretation of terms in formulas (given in sec=-

tion 2) behaves as expected:

4.7 Lemma If the free variables of & formula ¢ resp. a term %
are among x1eA1, .o xnsAn , then

(1) = t= {<x1,..xn> Pt} (x1,..xn>

(2) E ¢ <= (Xqyeex )€ {(x1,-.Xn>|w } ,

and for x eAqx..xAn :
(3) {CGrpeaxd B 8(xg5.0x ) | = { x B t(pryx,..0r, %) |
(4) xpyeex D] olxg,eex )} = { x| o(prgx,eepr )}

Note, that the equivalent formulas in (2) may have different free
variables,
Proof: (1) follows from 3.3.1, (2) from 3.6, 2.21.2, and (1)(2)

imply (3)(4) in view of 4.5-6., O

Moreover, 4.7 tells us that that every term of L(SET) has a re-

presentation of the form f<x1,..xn> (where xqs.+X, are variables) and

n
every formula is eguivalent to an atomic one of the form (X1,.xn>E]W .
Using the principle of extensionality we proceed to characterize

the operations on subobjects.
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4.8 Lemma For subobjects M and N of A we have:

(1) false, = {xeA|False} |, true, = {xed | True }
(2) M= {xeA|-xem}
(3) MNN = {xeA| x€M A x€EN }

(4) MuN

{xeA | x€M V x€N }
(5) M=aN = {xeA | x€M =>x€N |
(6) MeN= {xeA| x€EM<=>x€N }

(7) McN iff = VxeA (x€M =>x€N)

Proof: (1-6) follow from 2.29, and (7) follows from (4) since

McN is equivalent to MNN =N . a

4.9 Proposition

For a map A—f—>B and subobjects A-l\—ﬂ—>n ’ B-l\I-—->n we have :

(1) £7HN) = {xea| fxeN |
(2)  3f(M) = {yeB| 3xeA(fx=yAx€N)}
(3) vE(M) = {yeB|VxeA(fx=y=> x€M)}

In particular, for the image of f
(4)  im(f) := 3f(true,) = {yeB | Ixeh fx=y | .

Proof: (1) follows from 2.22.2. To prove (2,3) we establish the
universal properties, namely
(2') {y| 3x(fx=yAx€M)} c L iff Mcf-1(L)
(3') Lely| vx(fx=y => xeM)} iff £ (L)eM .
Using 4.8.7 and (1) it is sufficient to show
(2") k= 3x(fx=yA x€MN) => y€L iff
= xeM = fx€L
(3") = ye€L => Vx(fx=y => x€M ) iff
= fxel => x€MN ’
which are easily seen to hold (use the logical calculus of section 3,

in particular 3,.21.19-20, 3.22.,3). O
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We are now in the position to describe monic, epic and iso maps

internally.

4,10 A--f—>B is monic iff = V¥x,ued ( fx=fu => x=u )
4,11 A-Lf5B isepic  iff = VyeB IxeA fx=y
4,12  A—53B is iso iff  j= VyeB 3lxeA fx=y

Proofs: f is monic iff (fxf)'1(AB)cAA, and hence 4,10 follows
from 4.8.7, 4.9.1. f is epic iff im(f)DtrueE, which gives 4.11 by

4.8.7, 4.9.4, Finally, 4.12 is a consequence of 4.10-11. D

4,13 Quantification along maps If A-LsB isa map and o(y)

a formula with free yeB, then

(1Y = YxeA o(fx) <=> VyeB(y€im(f)=> o(y))

(2) k& Ixeh o(fx) <=> 3IyeB(y€im(f) A oly)) .
Furthermore, if f is monic, then

(3) E= Itxed w(fx) <=> IFiyeB(y€im(f) A oly)) .
Proof: Apply 4.9.4, 3.21-22 and 4.10. o

Our next step is an internal description of maps into power-

objects and arbitrary exponentials,

4,14 Characterization of exponential adjoints

(1) The following diagram commutes

CxA
fxA | &
Bha — >
iff = VxeC VyeA (fx)y=glx,y) .

(2) The following diagram commutes

iff k= VxeC VyeA (y€fx <=> (x,y)€R) .
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The proof follows from the principle of extensionality (4.6). O
An important consequence is the internal extensionality principle

(which generalizes 4.6).

4,15 Strong extensionality principle

(1) k=  VF,GeB® (P=G <=> VxeA Fx=0x)
(2) = VY,ZePA (Y=2 <=> VxeA{( x€Y <> x€32))

Proof: To prove (1) we wish to show

Li= {(F,G)] VYx Px=CGx } © {KF,G)| F=G} =: .

Take a monic map C>—£—n&9)—> BAXBA with character L= im(m,n), then
by 4.9.4 and 4.3.1 for yeC
= <my,ny)=(m,n)(y) € L .
Hence = VYxeA (my)(x)=(ny)(x) .
Thus m and n have by 4.14.,1, the same exponential adjoint, which gives

m=n , resp. Lci . The proof of (2) is similiar., ©

Another immediate consequence of the characterization of exponen-
tial adjoints (4.14) is the following useful principle for defining

maps into exponentials,

4,16 Principle for defining maps into exponentials

If ¢ is a formula resp. t a term of L{SET) with free variables among

X, eC1, .o xneCn, yeA , then
(1) There exists a unique map ftchx,,xcn —— BA (namely
the exponential adjoint of §<x1,..xn,y) >t} ) such that
= (ft<x1,..xn>)(y) =t .
(2) There exists a unique map f¢:c1x”xcn ~——> PA {(namely
the exponential adjoint of §<x1,..xn,y){ e} ) such that

= y € f¢(x1,..xn) <=> g . o

To illustrate this principle let us characterize (resp. define)

some important maps into powerobjects.
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4.17 Singleton The gingleton map A > PA is characterized

by : = x€lyl = x=y (x,yed) . a

4.18 Implication, binary union and intersection

(1) The internal implication PAXPA ———> PA is characterized by

E= XEYBZ <> {( x€Y => x€Z )

(2) The internal union PAXPA —2

> PA is characterized by

b= XEYUZ <= ( x€Y v x€7)

(3) The internal intersection PAXPA ~b

> PA 1is characterized by

= XEYNZ <=> ( x€Y A x€7 ) , (xeA, Y,ZePA). ©

4.19 Arbitrary union and intersection

(1) The union map PPA —<> PA is characterized by
b= xeUz <> 3YePA ( YEZ A XE€Y )
{2) The intersection map PPA __ﬂ_> PA is characterized by

k= x€NZ <> VYePA ( Y€2 => x€Y ) , (xeA,YePA).o

4.20 Inclusion and powersets

The relation PAXPA ——>Q of inclusion on PA is defined
o, = {CY,2)] VxeA(x€Y =>x€2 )} = {{Y,2)] Ynz=Y} .
The internal power operator PA £ > PPA {which is the downward seg~
ment of cA) is characterized by
b= YePZz <= Ycz ’ (Y,ZePA). O

4.21 Images  For any map A-E-—>B , xeh, YePA, ZePB :

(1) The internal inverse image map PB >PA (also denoted nf) is

1Z <<=> fx € 7 .

(2) The internal existential image map FPA _3__f__> PB is characterized

is characterized by = x € f

by = X € 3FY <> 3JyeA ( fx=y A €Y ) .

(3) The internal universal image map PA ~Y£ . PB is characterized

by k= X €EVEY <«=> VyeA ( fx=y =>y€Y ) . a
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Let us stop for a moment to realize, that we have already esta-
blished the internal validity of the following axioms of many-sorted

set theory: Axiom of extensionality (4.15.2)

Axiom of empty sets (4.8.1)

Axiom of singletons (4.17)

Axiom of binmary unions (4.18.2)

Axiom of arbitrary unions (4.19.1)

Axiom of powersets (4.20)

Axiomscheme of separation (4.16.2) .

Since the usual axioms of set theory are internally valid, we will
refer to the language L(SET), together with the "internal validity" as

a notion of truth, as the natural set theory SET defined over topos

theory ET.

Actually SET is not just an ordinary (many-sorted) set theory,

but a Heyting-valued set theory:

For the predicates "=" of equality and "€" of membership we have
a "realization"

AxA A > resp. Paxa =X >0 ’

assigning to all pairs {x,y) ¢ AXA resp. (Y,x) e PAXA a truth value
in the (internal) Heyting-algebra  , such that
= x=y <> Ax,y)=true

= X€Y <=> ev{¥,x)=1true .

It should be clear by now, that most (if mnot all) investigations

of ordinary set theory which involve only intuitionistic logic (and

make sense in SET) can already be carried out in the set theory SET.
We will from now on presuppose some basic results of set theory in SET
(in particular the "algebra of classes and relations") which the
reader may easily establish by stepwise translating any introductio-
nary text for ordinary set theory into SET. In particular some con-

cepts of set theory will be used without giving their evident defini-
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tions in SET (controversial concepts however will be explicitly defi-
ned).

We conclude with a few results on unigue existentiation.

4.22 Proposition The unique-existential image of A —M->Q

under a map A-Lf£sp is given by
(31F)M = {yeB| txeA( fx=y A x€M) } .

Proof: For a monic map C>——>A with character M= xn= im(m)

we have by definition 1.5

_ (-} £~ o -1, {-}
(31f) M= ( B > PB > PA >PC )" im(C >PC) .
Now we get the following internally valid formulas
FE(IE)M <> FueC £ 'm™ 'y} = {ul , by 4.9.4

<> JueC YveC ( fmv=y <> v=u) , by 4.15.2, 4.17
<= 3J!'ueC fmu=y

<=> 3dlxeA ( x€im(m) A fx=y ) » by 4.13.3 . @

Finally, we can give a description of unique existentiation
in the internal interpretation, which is similiar to the definition

2.20.

4,23 Theorem Let o(x) be a formula of L{SET) with free xeA and
other free variables among X ehq, .. xncAn.

(1) If AjX..xA XA — A;X..XA  is the projection, then

i<x1,..xn)| Jtxed o(x) } = 3p {(x1,..xn,y)l oly) 1} ,
where yeA is distinct from yseeXy e

(2) 1f = 3txed o(x) ,
then there exists a unique map A1><..XAn L>A such
that = cp(h(x1,..xn>) .

Proof: (1) Applying 4.6.2 we have to show (using 4.5 and 4.7.2)

B 3txed ofx)  <=>  xyy..x) € 3p {<xq,..x,7)] o(y) | ’



327

which follows easily from 4.22, using 3.20.4 and 4.5 .
(2) PFrom (1) we conclude (3!p){<x1,..xn,y)] o(y) } = true , and by the
characteristic property of unique existentiation (see Preyd [4] Prop.

2.21) we get a map g such that

1
where m has the character xm= {(x1,..xn,y>| o(y) }. Then

£ m I = i
A1x..><An > C > A x..xAnxA > A1><..xAn = id

A

g m r
oo XA > C > AyXe XA XA BL_~ A

is the desired map h. The uniqueness of h follows from 4.6.1 . a

In some sense 4.23.2 states, that internal unique existence im-

plies actual (unique) existence in ET. In particular we have

4.24 Corollary If xeA is the only free variable of ¢(x) , then

k= 3!'xeA o(x) implies the unique existence of a global section

1—2>A such that |=o(a’) . o
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5e An }_nternal characterization of the topos structure

In this section we are going to characterize the topos structure
internally (i.e. using the set theory SET) in a way one would expect.
The first basic observation in this direction (going back to
W. Mitchell [20]) is a 1-1 correspondence between maps in the topos

and "functional relations'.

5.1 Proposition

(1) Por any map A-f>3 y the graph of £ , defined as

graph(f) := [{x,y)| fx=y }
(or, as the character of A >—£Al-f-L> AXB ) , satisfies

= VxeA 3lyeB (x,y) € graph(f) .
R

(2) For any relation AXB > such that
= VxeA 3!yeB (x,y>€R
holds, there exists a unique map AM>B such that

graph(map(R)) = R .

Proof: (1) is evident. (2) By 4.23.2 there exists a unigue map
AL S8 such that {x,hx) €R is internally valid, i.e. graph(h)cR.

But the lattercondition is equivalent to graph(h)=R. O

Moreover, ckviously the graphs of identity maps are equality rela-
tions, and composing maps corresponds to relational composition of the

graphs.

5.2 graph(A ——i-d—>A)= A )
A

5.3 For A-fspfoc: graph(gf) = graph(g) ° graph(f)

it

Proof: graph(g)egraph(f) {{x,ud| 3y ( fx=y A gy=u) |

{{x,uw)| g(fx)=u |} by 3.22.2

graph(gf) o
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In a certain sense 5,1-3 describe the category structure of the
topos internally (in terms of SET) and we proceed to give an internal
characterization of the remaining topos structure, starting with

finite limits,

The terminal object 1 has a unique element, namely 0° s
5.4 = V¥xel x=0° o

5.5 For a formula e(x) with free xel we have
= Vxel o(x) <=> o(0") ,

= o(x) <=> o(0") . o

5.6 Characterization of terminal objects
(1) graph( A—>1) = {{(x,y)| y= 0"}
(2) grapn(1-2>4) {<0%,a")}

{3) A is a terminal object iff = 3Jtxed x=X .

Proof: (1,2) follow from 5.5 , to show (3) we only note, that

by 4.12 the map A —>1 is iso iff k= 3lx x=x . 0O

5.7 Characterization of products

(1) graph( axB -EXi>4)

|

{({xyyd,w ] u=x |
(2) graph( AXB —-£X2-> B )

[,y yw| u=y |
For maps C -L>A y C £ > B we have :
(3) grapn(c -8l axm) = [Cw,(x,y))| fw=xngu=y }
(4) (c—L5a,0£5B)Y is a product of (4,B) iff
= VxzehA VyeB 3!weC ( fw=x A gw=y )

Proof: (1,2) follow from 4.1-3, and the condition = ... in

{3) holads iff {f,g):C —>AXB is iso (by 4.12}, O

5.8 Characterization of equalizers

For maps A -«f-—>B y A —£ 5B we have :

(1) Amap D Lo isan equalizer of (f,g) iff
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k= VYueD fhu=ghu A VxeA ( fx=gx => 3!veD hv=x )
(2) A monic map C>2—>4 is an equalizer of {f,g>, iff

im(m) = { xeA | fx=gx } .

Proof: (2) The mono m is an equalizer of (f,g), iff m is the
inverse image of BM> BxB under A -El-g)--> BxB, i.e. 1iff
im(m)=(f,g)-1(AB)= {xeA| fx=gx} . (1) follows from (2) since the
condition = ... is easily seen to be equivalent to the following
two conditions = VYu,veD(hu=hv => u=v) (h is monic, 4.10)

= VxeA(fx=gx <> x€im(h) ) . o

5.9 Characterization of pullbacks
k

D > B
A commutative diagram h I l g is a pullback, iff
A > C
F= VxeA VyeB ( fx=gy => 3'ueD(hu=x A ku=y)) .

Proof: We construct a pullback P as the equalizer of
axB BELs>a Loc ang axB RT2>B-£5C. Then the condition

E= ... holds by 4.12 iff the obvious map D —=>Pis iso., O

Having internally described all finite limits, let us consider

the subobject classifier. Viewing 0 as the power P1 , we get from 2.8

5,10 k= Vped ( 0€p <=> p=true )

resp. {true} = {pep | 0O€p} . In particular: true = {0} . o

5,11 Characterization of subobject classifiers

(1) For a monic map B>——>A with character AM—>Q we have
graph(M) = {{x,p) | p=true <=> 3yeB my=x } .
In particular: = M(x)=true <> x€M .

(2) 1-2—>A4 is a subobject classifier, iff

= VpeQ 3!'xed ( p=true <«=> x=a ) .
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(1) We get k=

and

(2) The condition

-
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M(x)=p <=> ( 0eM(x) <> 0€p ) y 4.15, 5.5

M(x) = true <=> x €M= im(m)

A-—x—a—->0 is iso. 0

= ...

<> { M(x)=true <> p=true ) ,

<> 3dyBmy=x

, by def, 2.8
’ by 4.9.4 .
holds in view of (1) and 4.12 iff

5.10

Viewing 0 again as the power P1 of 1, it is aneasy exercise to

compute the set theoretical operations

5.12

5.13

5.14

5.15

5.17

{-}

true

1 > Pl = 1 >

P1xP1 >Pl = axQ ——> Q
P1xPl > Pl = OXQ ———> O
P1xP1 >0 = Ox0 —=> 0
P~ = {XePa | {true}cX }
PQ 0 >0 = {XePQ| Xc {true} |}

In a certain sense, (3 is internally two-valued

5.18

(M

(2)

=

i.e.

=

iOGO

¥pell p# true <=> p=~false
—{true} = {false}
true = false <=> Vpel p=irue

false = V(1 —>1) {true}

{-}, n, u N, U onQ .

-
b

(This serves

Mikkelsen [17] as a definition of 0 —>1.)

Returning for a moment to the fundamentals of the Q-valued set

theory SET, we observe that the object 0 of truth~values is in fact

a complete (internal) Heyting-algebra with respect to N and U ,

Having a complete Heyting-algebra of truth-values and "realizations"

for atomic formulas (cf. section 4, right after 4.21), there is a
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a standard way (described e.g. in Rasiowa-Sikorski [25], X.2) for

assigning to any formula ¢ with free variables x.eA;, .. X €A _(by
17 ™M n n

induction on the length of ¢) a realization

> 2

[xqeeex | @] ¢ Agxeuxh
using only the operations of the Heyting-algebra structure of {1 .
As expected, one can establish (again by induction on the length)
[x1...xn[ ] = {(X1,..xn>t o}
by applying the following description (5.19) of existential and uni-
versal images to the definition 2.20 . Consequently, the natural no-
tion of truth (or "satisfaction") arising from this realization coin~

cides with internal validity.

5.19 Description of existential and universal images

For a map A-L£ 5B and a subobject AYo0 let B—E—>P0 be
the exponential adjoint of the image of Aw> BX1, i.e.
= p€hy <=> 3xeA ( fx=y A Mx=p ) , Tor peQ, yeB .

B2t

Then (1) 3£(M)

(2)  ve(m) = B—2spa-lsq .

The proof, using 5.16-17 and simple arguments in SET is omitted. o

Returning to the description of the fundamental notion of topoi,

we consider power-objects,

5,20 Characterization of power-objects

(1) Paxa L0 = {(Y,x)| x€Y |

For any relation CXA i>n we have

(2) The graph of the exponential adjoint C -;H—-> PA of R is
graph(R) = {(u,Y) | ¥xeA ( x €Y <> (u,x) €R) } .

(3) cxa 2.0 isa power-formation of A , iff

F=  VYePA 3!lueC VxeA ( x€Y <= (u,x)€R ) .

Proof: (1) is trivial, (2) follows from 4.14.2, 4.15.2 , and

to prove (3) observe that the condition |= ... holds (by 4.12) iff
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the exponential adjoint K of R is iso. O

We have now characterized all fundamental notions of topos theory
ET internally (i.e. in set theory SET) and of course it is then possi-
ble to give such characterizations for all defined notions of ET
(like arbitrary exponentiation, finite colimits etc.) by simply follo-
wing each step of the definition within SET. We illustrate the method
by some important examples: exponentials and colimits,

As to exponentials a complete analogue of 5.20 holds, but we
rather give another description of exponentials which internalizes
the 1-1 correspondence between maps and functional relations (see 5.7)

and is essentially Kock's construction of exponentials in [6].

5.21 Description of exponentials (Kock)

For objects A and B the internal graph map BA-—£—> P(AXB) is defined

through (cf.4.16) : k= VFeB™ VxeA VyeB (x,y) €IF <> Fx=y .

(1) The following diagram commutes
A

BoXA ——Y > B
I'xA l li-}
P(AXB)xA —Y—> PB

e

where &v is the adjoint of P(AXB)X(AXB) —es AXB , i.e.
E=  YReP(AxB) VxelA VyeB 7€ &v{R,x) <=> <{(x,y>€R .
(2) I is a monomorphism with character

x(T) = | ReP(AxB) | VxeA 3lyeB <{(x,y>€R | .

Proof: (1) is straight-forward, (2) I is by 4.7% monic. Let
C>—=> P(AxB) be a monic map with character {R| Vx 3!y <x,y>€R}.
h BA

For the map C —> defined through

E (hu)(x)=y <> {(x,y)€mu ,

we have Th=m and hence ymcI . The converse TI'cym is evident. =
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Turning towards a description of finite Colimits we start with

the initial object.

5.22 Characterization of initial objects

A is an initial object iff f= —3xeA x=x .

The proof is straight-forward.o

Our following characterizations of coproducts and coequalizers
differ from our previous characterizations since we will not assume
that these colimits exist., In fact, we will actually construct copro-

ducts and coequalizers, following the ideas of Mikkelsen [17].

5.23 Characterization of coproducts

(a-fsc , B=2->C ) is a coproduct of <(4,BY iff the two condi-

tions hold : = YueC ( I!xeA fx=u v 3I!yeB gy=u )
=  VxeA VyeB fx#$gy .

Proof: The +two conditions say that f and g are monic and true

c
is the disjoint union of im(f) and im(g). The coproduct is known to

have this property. Conversly, if the conditions holdwe wish to show

for given maps A—h—>D , B-i->D the existence of a unique map

C ~—> D such that >C <—£&_ B commutes, Now
{{u,v)| 3x fx=u A hx=v |} u {(u,v)[ Jy gy=u A ky=v } is easily

seen to be a graph of the desired map. u/

5.24 Construction of coproducts (Mikkelsen)

For objects A and B we consider the monic maps
my={xeA » ({x},falsey) } : A >———> PAXPB
> PAXPB

m, = { yeB & (falseA,{yD s B>

and let A+B > > PAXPB be their "union" ( for definitness :

m:=pr2(true,xm1uxm2) , see 1.1.3 ).



335

Then the unique maps in1 and in2 such that

in in

A > A+B <——2— B
H\ m /H12
N Vo
PAXPB

commutes is a coproduct of (4,B) by 5.23 . 0

For the internal description and construction of coequalizers
we need some basic knowledge of equivalence relation in our set

theory SET which we state without proof.

5.24 FEquivalence relations

For any object A let Eqrel,: P(AXA)

A > be the subobject of all

internal equivalence relations on A (defined as usual).

(1) Any map A-Lf> B induces an equivalence relation on A :
-1,
~p = (£x£) (AB) , = ~p € Eqrel,
(2) Let AxA—T->Q be an (external) equivalence relation on A ,

ice, = mE€Eqrel

A
exponential adjoint A —I-> PA of m . Then ~ ,=m . o

, and let A-T% > A/n be the epic part of the

5.25 Coequalizers (Mikkelsen)

For a pair A—f-—>B , A-E>B  of maps we consider the relation
m:= N { ReP(AxB) | R€Egrely A 3(fxg)(ay)cR | .
(1) Characterization of coequalizers:

B—2>C is a coequalizer of (f,g) iff b is epic and ~y = m .

(2) Construction of coequalizers:

n is an equivalence relation, and B —"—~—> B/m 1is a coequalizer

of (f,g) o

Proof: We only scetch the proof.

a) Suppose first h in (1) is epic and =T . Then for any map

B -—1-5—> D with kf =kg a unique factorization of k through h is given

by the graph {{u,v)eCxD|3yeB(hy=uA ky=v)} .
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b) Let us now establish (2) using a). n is clearly an equivalence re-
lation (any intersection of equivalence relations is one), m* is epic
and % =T by 5.24.

¢) The remaining part of (1) not covered by a) follows from (2). o

Having now established the preceding characterization of the
basic notion of topos theory ET, it should be clear that all conside-
rations within ET can be translated into the set theory SET. Hence,
topos theory may be viewed as a part of intuitionistic many-sorted
Heyting~valued set theory. However one should bear in mind that the
notion of truth (internal validity) in SET refers to the notion of
truth in ET, so that all arguments in SET have corresponding arguments
in ET and hence working in set theory SET means actually working in
topos theory ET from a different point of view : the set theoretical
(or internal) one.

Unfortunatly, set theorists have neglected to study intuitionis-
tic set theories in detail (at least to our knowledge), otherwise
their results could now be applied to get new insights into topos
theory. But for the time being it seems that one has to put the wagon
before the horses and develop parts of intuitionistic set theory main-
1y for applications in topos theory. However at least in the boolean
case (i.e. 1.6 holds) all classical results of (many-sorted) set
theory which can be formulated in SET can be transferred into boolean

topos theory EBT.
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6. Applications to recursive relations and natural number objects

In the preceding section we have to some extent outlined the set
theory SET defined over topos theory ET and proved some fundamental
properties. Now it becomes necessary to convince the reader that the
set theoretical machinery works as it should when it comes down to
simplify heavy proofs and constructions in elementary topoi and to pro-
vide "new" resulis in topos theory by translating set theoretical
results into topos theory. This of course presupposes some familiarity
with the set theory SET which will be assumed here,

One application in this direction has already been given when we
reformulated Mikkelsen's construction of coproducts and coequalizers.
It is in fact our conviction that the set theory SET (or rather a
fragment of it) should be introduced at the very beginning of the in-
vestigations in topos theory ET in order to already simplify its basic
development (which was presupposed here). For example, a fragment of
SET (not containing "Palse", v, 3) can be useful to establish the
existence of the initial object O , unions of subobjects and images of
maps following Mikkelsen's construction [17] .

In order to get further applications for the set theoretical
method let us first prove some results on inductive resp. recursive
relations which are essentially due 1o Mikkelsen {19] {namely our fol-

lowing 6.1, 6.3-5).

6.1 Proposition For a relation A —2->PA the following con-

ditions are equivalent :

(1) Por all A-N>q

(2) For all A—2>q : r~1($1) =1L => L=true,

.

r"(f’N)cN => N=true,

(3) = VXePA ( rfXcx = X=true, )
(4) = VYePA ( Ity = Y = true, ) .
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The relation A ——>PA is called inductive iff any of (1)-(4) holds.

Proof: Clearly (3)=> (1)== (2), (3)=> (4)=> (2), so that

it remains to show (2)=> (3) . Consider the subobject of PA
M:= { XePA | r_1f’XCX} and the subobject L:=NM of A. For xeA we get
= xer~PL = rxcl
=> VX(X€EM => rxcX)
= VX(XEM => xer #x)
=> VX(XEM => x€X)
=> x€L

i.e r'1PLCL resp. L€M ., From this we conclude

1 1

PL , i.e. r 'PLemM .,

1

r—1f’(r—1f>L) cr”

1

Hence Lcr 'PL , and thus L=r"'PL . By (2) we get L=M=true,

which implies (3)., O

Our aim is to show that the inductive relations coincide with the
recursive relations which were introduced in Osius [22] in order to

build a model of set theory in well-pointed topoi. Recalling the

6,2 Definition A relation A—LX—>PA is called recursive iff

for any map PB —£.> B there exist a unique (by g r-recursively defi-

ned) map AL -8B such that f=g(3f)r , i.e the diagram

f

A > B

A
r I I g comnutes,
v

PA —3L > PB

Let us now prove

6,3 Proposition A relation A—EX->PA is inductive if and

only if for any map ©PB —&.> B there exists at most one map A-i->B

such that f=g(3f)r .

Proof: Suppose r is inductive and let f' and f" be such maps.

For N:={ xeA | f'x=f"x} one clearly has : |== rxcN => x€N .
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1

Hence r~ 'BNcN and by 6.1.71 we get N=trueA, which implies f*' =f" .,

Conversly, if the condition is satisfied we wish to prove 6.1.2 . Now

1

for a subobject L of A the condition ™ PL=1 holds iff the diagram

A L __-q
AN
'd
r ,’f’L N commutes ,
4
v s
PA —3L o pn

since (3L)‘1( () =2L (which can easily be established). Hence by
assumption there is at most one I such that r"113L=L « On the other

hand r—1f>(trueA) = true, which proves 6.1.2 . ©

6.4 Corollary Recursive relations are inductive. 8]

As in ordinary set theory, maps can be defined recursivly along

an inductive relation,

6.5 Recursion theorem (Mikkelsen)

if A—r—>PA is an inductive relation, then for every map

P(AXB)xB h > B there exists a unique (by h r-recursivly defined)
map f such that A £ > B
A
(r,A) h

v
paxh — (A E)XE o peasmyaa

commutes, i.e. internally = VxeA fx=h{graph(f)|rx, x) .

Proof: We only give the important steps of the proof, leaving
some elementary details to the reader. First, the graph of f will be
constructed. Let R,FeP(AxB), xeA , yeB , and define a subobject of
P(AxB) by
M= { R | ¥ ¥Vx F function A dom(F)=rx A FcR => (x,h(F,x))€R }
and the subobject G:=NM of AXB . G will be shown to be the graph
of the desired map f. It is easily seen that (0) GE€M . Defining

G*:= {{xX,y>| 3F F function A dom(F)=rx A FcG A y=h(F,x) },
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we conclude from (0) G*c G , which in turn gives G* € M and hence
GcG*, so that (1) G=0x ,

Now we establish by induction on r, that G is a graph of a map
A——>B , i.e. defining N:={ x| 3!y <(x,y> €G}| we prove
rIpNe N y resp. internally (2} = rxcN => x€N ,

To prove (2) we observe :

= rxcN => G|rx function A dom(G|rx)=rx
= (x,h{G|rx,x)>€G (3)
and |= rxcN => ( F function A dom(F)=rx A FcG => FP=Glrx ) .

From both we conclude :
= rxcN = ( (x,y)€6*=G => y=h{G|rx, x> )
which gives (2). Now by 6.1.1 we get N=1zr‘1,1eA which makes G the graph
of a map A—£—>B , for which we conclude from (3)
= fx=h{graph(f)|rx , x) .
This proves that f is the desired map. The uniqueness of f follows

similiar as the proof of 6.3 . o

6.6 Corollary inductive relations = recursive relations

Proof: By 6.4 we have to show that inductive relations are re-
cursive., Let A-L->PA be inductive and let PB —£->Bbe any map.

Apply the recursion theorem to the map

-1
b := P(AxB)xB —RXl > p(AxB) —RX2—> PR &> B

in order to get the r-recursivly defined map A—-f—-> B byreg. o

It should be pointed out, that 6.6 and 6.1.3-4 provide an inter-
nal characterization of recursive resp. inductive relations.

As a nice application of the recursion theorem (and the set
theoretical method) let us now turn to an internal characterization

of natural number objects, namely through the internal "Peano axioms'".
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6.7 Definition

A sequence 1 —2-> N —=> N is called a Peano object iff the follo-

wing conditions hold :

(p1) o0 > N
I |s is a pullback,
v o v
1 > N

(P2) s is monic

(P3) Principle of induction. For all N—-M—->Q :

0€EM A 3s(M)cHM => M=trueN

or, equivalently (but internally) :

(P1') = of¢in(s)

(P2') k= VYmneN ( sm=sn =>m=n )

(P3') = VXePN ( 0€X A (38)XcX => X=true ) .
The equivalences (P1) <= (P1') , (P2) <> (P2') are obvious, and

(P3) @ (P3') follows similiar to 6.1.0

Concerning the existence of Peano objects we recall the classical

criterion.,
6.8 Proposition If there exists maps 1-i>A-?—>A such that
f is monic and 0 > A
A
v a N
1 > A is a pullback,

then there exists a Peano object 1 2> N -5 N and a monic

N>=——>A such that ] 2> N > N
1 & > A £ > A commutes,

Proof: For the subobject Ni:={) { XePA| a€X A (3f)XcX |} we
clearly have a €N and (3f)NcN ., Hence, for a monic N >B oA with
character xh= N there exist a sequence 1 —2>N-2->N such that

the above diagram commutes., The properties P1, P2 follow from the
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assumptions on the maps a, f and P3 follows from the construction

of N . o

Our aim is to show that Peano objects and natural number objects

(see e.g. Freyd [4]) coincide.

6.9 Successor relation

For a Peano object 1—-°—>N —=S_>N the successor relation N ——>PN

is defined as the exponential adjoint of graph(s)i:NXN—>0 .
Then (1) E ro= falseN
(2) B VneN r(sn)={n}

(3) r is recursive .

Proof: (1,2) follow from P1,2 and to prove (3) from P3 it

suffices to show for a subobject M of N (cf. 6.1.1) :
(0) k= r 1BMcn  «> o€M A (Is)McN .
Now by P3 and (1,2) we have
E= Vn ( rmcM =>né€M )
<> (rocM =>0€M ) A Y¥Yn ( r(sn)cM => sn€N )
<> 0EMAVA ( n€M => sn€M ) ’

which proves (0)., ©

Since the successor relations of Peano objects are recursive
(inguctive) we can directly apply the recursion theorem to get the
usual recursion property for a natural number object (see the proof

of 6.,10.) .
6.10 Theorem Peano objects are natural number objects,

Proof: Given a Peano object 1—2->N-2->N and maps

1—8‘->A—1f-l—>A , we wish to show the unique existence of a "sequence"

1 2 > N S > N
I
\ v v
1 il > A b > A commutes.

' such that
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i.e. = f'o=a AVn f'sn=hf'n (o) .
Using the partial map classifier (see e.g. [4,9]) A—~2> % , let g

be the unique map such that

14 (false,{-}) > DA > 31 > B%
(a,h) g

v V

A 1 > X

is a pullback. In particular for xeA
(1) |k g(false)=ma
(2) kB giwu}l=g(3n){x}=nx .
Now by the recursion property (6.2) of the successor relation r of
the Peano object, there exists a unique map N-—f—>?( such that
(3) = VneN fn=g(3f)rn .
From (1-3) and 6.9.1-2 we conclude
(4) k= fo=ma A VneN ( fn=nx => f(sn)= nhx )

which implies { n | fn€im(n) | = true, by P3. Hence im(f)c im(n)

N
and there exists a unique factorization N—LEsZ = nEoaDs%.
Since m is monic, (4) implies (0). The uniqueness of f' follows from

P3 similiar to the proof of 6.3 . a
Now we establish the converse of 6,10 .
6,11 Theorem Natural number objects are Peano objects.

Proof

P1: There exists a subobject M of N such that
0 S

1 > N > N

, I M M

\ \Y v

1 TETse O fruen > {) commutes.
Hence for neN : = o=sn => true={false ’
which proves = oé¢im(s) y by 5.18.1 .

P2: We define the"predecessor” N—&> N and prove ps=idN y which

makes s monic. Now there exist maps p and f such that
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S > N = > N

(f,P) (fyp)l
\Y \

> NXN commutes,

-

— <E

> NXN
(0,0) (spr, ,pr;)
From fo=o and fs=sf we conclude f =14, (by uniqueness property)

and hence ps=f=14d ,
P3: Let M be a subobject of N with o0 €M and (3s)McM ., Then M is

the character of a monic map A >-L.>N and there exist maps
o S

a, h, £ such that 1 > N > N
Y Y
\ Y v
12 o B o3
[ =] u
v o v s v
1 > N > N commutes.,

By the uniqueness property, mf = idtN making m iso and hence M=true. O

6.12 Corollary Peano objects = natural number objects . DO

Again we point out, that 6.12 and 6.7 provide an internal charac-
terization of natural number objects. Furthermore 6.8 gives a suffi-
cient (and clearly necessary) condition for the existence of natural
number objects (already obtained in Freyd [4] Prop. 5.44 by other
methods).

This concludes our selected applications which are not included
for completeness, but only to illustrate the set theoretical method

in pratice.
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A NOTE ON KRIPKE-JOYAL SEMANTICS FOR THE INTERNAL LANGUAGE OF TOPOI

GERHARD OSIUS

The purpose of this paper is to give the important connection
beetween the Kripke-Joyal-semantics and the internal interpretation
of the set-~theoretical language L(SET) of elementary topol which is
given in [3]. We assume familiarity with the basic parts of [3] and
adopt the notations from there. In fact this note should be considered
as an appendix to our paper [3], in particular since the material here
is essentially known to the experts in this field for some time (but
has not been published yet) and only our strict presentation seems to
be original.

The now called Kripke-Joyal-semantics was developed by Joyal
[unpublished] as a logical tool in certain categories (using ideas of
Kripke's semantics) and has been used since in elementary topoi, e.g.
in Kock-Lécouturier-lMikkelsen [1]. We will restrict ourselves here to
elementary topoi and the following considerations will take place in
the elementary theory ET of topoi (or, if the reader prefers, within
a fixed elementary topos E). In this context the Kripke-Joyal-semantic
appears as a parbticular interpretation of the set-theoretical language

L(SET), namely the following.

With respect to a fixed object X of the topos we give &n inter-

pretation of the primitive operations of L(SET) :
-~ A-glements are interpreted as maps X ——>A which are now
called elements of A at the stage (or: time, place) X .

- The constant l-element is interpreted as X —>1.
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- For any map A—-f—->B the evaluation-operator f(-) is inter-

preted through: F(X2>p) = X-2>a-LoB .
- The ordered-pair-operator is interpreted through:
(X2on, X2 5By 1= x2P) psm |

Now let q;(x1,..xn) be a formula of L(SET) with free variables
o
among x;eA; and let X-—1>A.l be elements at stage X (i=1,..n). By
induction on the length of formulas we define what it means that

<p(a1,..an) holds at stage X under the interpretation, written

|=X :p(a1,..an) :

(F) =y False iff X~0 .
(=) =y X-2>a=x-on iff a=b .
(n) By ( o(aq,eea)) Avlag,..a ) ) iff

by o(agseeay) and by w(ag,..a) .
(V) g Colagyeaay) Viylag,eea) ) iff

there exists a jointly epic pair (Y Sox , 2 —=->X) such that
}=Y cp(a1t,..ant) and =, w(a1s,..ans) .

t

(=) }=X ( cp(a1,..an) = v(a1,..an) ) iff for all Y —=>X
=y cp(a.lt,..ant) implies |=Y w(a1t,..ant) .

(V) = (VyeB) o(ay,..a,y) iff
for all Y —4>Xand Y~ B ; =y o(at, e t,b) .

(3) |=X (3yeB) <p(a1,..an,Y) iff there exists an

epic map Y Y X and ¥ —P> B such that }=Y cp(a1t,..ant,b)
Since negation is defined as (-)=>False we get in particular

(=) Ey elag,..ay) iff for all Y —o>X

k=ch(a1t,..ant) implies Y=0 .

And concerning the defined predicates (=) € ( Adlsq ) we note
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(6) y ¥ e allsg irft x-Z>a-Lsns true,

For an intuitive understanding of the above definitions the maps
Y—1€>X ’ 7Z-2->X beetween the stages should be viewed as passages from
the "later" stages (times) Y, Z to the "present" (or "earlier") stage
(time) X . 0 is the latest and 1 the earliest stage. In this termino-~
logy (¥) can be read: (VyeB) m(a1,..an,y) holds at stage X iff for all
passages Y—Ee>Xifrom later stages Y to X w(a1t,..ant,b) holds at Y
for all elements Y—E€>B . The other definitions can be read similiarly.

A formula ¢(x1,..xk) having exactly the free variables xqeAq,..

xksAk is said to be Kripke-Joyal-valid iff for all stages X and all
i

elements X

>4 (i=1,..k%) F:X w(a1,..ak) holds.
The important connection beetween Kripke-Joyal-semantics and the

internal interpretation of the language L(SET) is brought out by the

Metatheorem

For any formula @(X1:~-Xn) with free variables among x1;A1,.. xneAn

a3
and elements X

>>Ai(i=1,..n) at a fixed stage X the following are
equivalent: (M =y m(a1,..an)
(2) X

> A1><..><An > ) = trueX

ENTIE™) {{x1yeexyy | @(Xppeexy) ]
i.e. Ex (ajyeea, ) € {<X1;--Xn>! @(X1"'Xn)} » by (€) ‘

Coroliary A formula of L(SET) is Kripke-Jdoyal-valid if and only

if it is internally wvalid. O

The proof of the metatheorem is straightforward by induction on

the length of formulas using the following

Lemma For subobjects A—M->(), A—E€>Q , elements X—ie>A, X—24>B

and A—f->B we have:
(1) =y 2 €M iff image(a) c M .
(2) k:X a€eMnN iff k:X (a€M A a€N) ’

and similiar for U and > (replace A above by V and =>) .
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(3) }::XbEVf(M) iff |=XVxeA(fx=b=>x€M) .
(4) }=Xb63f(M) iff |=X IxeA ( fx=b A X€M) .

Proof: (1) is obvious.
(2) is straightforward for n and = since }=X a€M=N is by (1) equiva-
lent to im(a) NMcN. To prove (2) for U let C>2->4, D>2>A be
monic maps with character x(m)=M , x(n)=N . We note that by (V)(€)
}=X( a€MVa€N) holds iff there exist a jointly epic pair

(Y-L>X ’ Z—s-—>X) and maps YL>C, ZL>D such that mc=at and nd =as,

Now given such maps t, s, ¢, d we have Y+2 (t,s) >X >4 =

vz £24 S oyp (12,1) > A and hence im(a)c im(m,n) =M U N, which in turn

gives =y a €MUN Dy (1). Conversly, the latter implies the existence
of a' such that X-2>A=X-2—5CuD>2ZB> 4, and pulling the joint-
1y epic pair (C>——>CUD,D>—>CUD) along a' yields a jointly epic
pair (t,s) and maps c¢,d with the above properties.,

(3) is again straightforward since =y pevE(l) is equivalent to
f—?(im(b)) cM . And to establish (4) we note that |=X b € 3f(M) holds

by (3)(A)(€) iff there exist an epic Y-t X and Y-S->C such that
YL>C—I-H—>A—f—>B = YL>XL>B . Given such t and ¢ we clearly have

im(b) € im(fm) and hence =y b€ 3f(M) by (1). Conversly, suppose the

k fm

latter and let C—=—>E>=>B= C >B be the epi-mono-factrization

of fm. By (€) there exists a map b' such that X—E-'—>E-—1£->B=X-—b->B,
and pulling C-<5E along b' yields maps YL>X, Y-S->C with the

above properties.o

By the metatheorem the Kripke-Joyal-semantics and the internal
interpretation of the language L(SET) provide "equivalent" logical
tools in elementary topoi and since each method has some advantages
over the other both should be used (according to the situation one
may be more appropriate than the other). Since the internal inter-
pretation has already been studied in detail in [3] we can immediatly

conclude many properties of the Kripke-Joyal-semantics from the meta-
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theorem. For example, we obtain from [3]Thm 4.23 the following inter-

pretation of unique existence in Kripke-Joyal-semantics:

(31 Fx (3tyeB) olay,. .2 ,¥) holds iff for all Y —%-=X there

exists a unique Y —L->B such that =y o{at,..apt,b) .

Let us finally observe how Kripke~Joyal-semantics can be modified

if the topos is generated by a class G of objects which is closed

under subobjects. In this case we restrict the above stages X, Y, Z,..

(i.e. the domains of elements) to members of the class G of generators,
and all previous results hold unchanged for the restricted stages as

well if we only replace the interpretation (3) for existential quanti-

fication by
(3)9 Ex (3yeB) ¢§a1,..an,y) iff +there exists a joing}x epic
family (Yi——ii>X)i ¢ 7 @nd a family of elements (Yi——i-:>B)iEI

such that for all 1€I : Y, €G and |=Yi cp(a1ti,..anti,bi) .

Examples

1. The class G of open objects is in well-opened topoi by definition

a class of generators (for the plentitude of well-opened topoi see
[2],4.). In this case yet another "external" interpretation of the
language L(SET) which isclosely related to Kripke-Joyal-semantics is
given in [2]. We note that if in addition "support splits" in the topos
then (3)G can again be replace by the original (3).

2. In well-pointed topoi g==i0,1} is by definition a class of gene-

rators.
In both examples above the definitions (F) - (3)G can be simpli-

fied because of the particular nature of the class G of generators.
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