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Introduction to Part I 

F. William Lawvere 

Part I of this volume consists of three of the first papers on 

functorial model theory, developing concretely the approach to algebraic 

logic according to which a "theory" (understood in a sense invariant with 

respect to various "presentations" by means of particular atomic formulas 

and particular axioms) is actually a category T having certain properties 

P and a model of T is any set-valued P - preserving functor. As a 

rough general principle, one could choose for P any collection of 

categorical properties which the category of sets satisfies, the choice 

then determining the "doctrine" of theories of kind P , which is thus a 

(non-full) subcategory of the category of small categories. For example, 

the doctrine of universal algebra thus springs from the fact that the 

category of sets has the property P of having finite cartesian products, 

while the doctrine of higher-order logic springs from the property of being 

a topos. The much-researched intermediate doctrine of (classical) first­

order logic corresponds to the fact P that the category of sets has 

finite limits, complements of subsets, and images of mappings (related 

by the condition of being a "regular" category, which is essentially the 

logical rule ~x[A A B(x)] A A ax B(x) for A independent of x). The 

usual syntactical preoccupations of logic appear in the following way: 

once the logical operations and rules of inference are fixed (by the choice 

of P) the question arises of investigating free objects and hence presen-

tation of arbitrary objects in the category of all P-categories T But 
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the often encountered suggestion that "syntax comes first" is refuted: 

the essential role of theories is to describe their models, and the same 

applies also to presentations of theories when the latter are needed for 

calculation. We often encounter and deal with groups for which we do not 

know or do not use any presentation: the same is true of theories. 

Of course, for an arbitrary given P there is no guarantee of 

"completeness" in the usual sense, i.e. an arbitrary P-category T may 

fail to have enough models in the originally-envisioned category g of 

sets, sometimes paradoxically due to the fact that abstract sets are too 

"constant"; on the other hand it has become clear in the past decade that 

we are for reasons of geometry and analysis in fact interested in models 

in more general categories of variable sets such as sheaves over a topo­

logical space, Boolean-valued sets, algebraic spaces, permutation repre­

sentations of a group, etc. - it is because of that that the interaction 

between the geometrical and logical aspects of general topoi has become an 

object of investigation, for example in the Bangor and Berlin parts of this 

volume. 

Since a variable set may be partly empty and partly non-empty, the 

traditional model-theoretic banishment of empty models cannot be maintained, 

bringing to light a certain difficulty which the banishment obscured. Some 

claim that this difficulty is the "fact" that "entailment is not transitive", 

contrary to mathematical experience. However, the actual "difficulty" is 

that the traditional logical way of dealing with variables is inappropriate 

and hence should be abandoned. This traditional method (which by the way 

is probably one of the reasons why most mathematicians feel that a logical 
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presentation of a theory is an absurd machine strangely unrelated to the 

theory or its subject matter) consists of declaring that there is one set 

I of variables on which all finitary relations depend, albeit vacuously 

on most of them; e.g. a binary relation on X is interpreted as XI ~ 2 

depending vacuously on all but two of the variables in I This is of 

course not totally absurd, since in the case of non-empty single-sorted 

structures, such an interpretation can be associated (in an infinite 

number of different but equivalent ways) to a correct interpretation. 
XI 

However, the fact that 2 is a single Boolean algebra (claimed sometimes 

to be a "convenience") implies that propositional operators such as 

A,V,=> , applied indiscriminately to finitary relations, can be given a 

"meaning", a highly dubious "gain in generality", especially when, as 

noted above, the useful generalization to many sorts and/or partly empty 

domains is made. 

Actually the (binary) propositional operators can only meaningfully 

be applied to (pairs of) relations having the ~ free variables. This 

may seem to prohibit such combinations as 

(*) A(x,y) /\ A(y,z) => A(x,z) 

but consider the actual meaning: A denotes some subobject of the square 

x2 of some sort X , and (*) denotes a certain subobject of the cube x3 

The three projection maps induce three different substitution 

operators which to a binary relation A associate three different ternary 

relations cr
12

A , cr
23

A, cr13A • Since conjunction and implication can 

meaningfully be applied to ternary relations, there is a ternary relation 
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Ccr12A) 1\ Ccr 23A) => cr13A of which ('') is an abbreviation. Thus a syntax 

for presenting theories can be given in which propositional operators 

operate only among formulas with each fixed finite set of free variables, 

while substitution operators on an equal footing with quantifiers operate 

to change the set of free variables of a formula. These substitution 

operators have the structure (not of a monoid but) of a category with finite 

cartesian products; they need not consist only of tuples of projections, 

diagonal maps, etc. for if the presentation contemplates also function 

symbols, any m-tuple of terms in n free variables denotes a map 
f m 

xn -+ X and hence induces a substitution from m-ary relations to 

n-ary relations. If several basic sorts are considered, it is reasonable 

to consider that Xn, ~ are themselves further sorts v, W and that the 

m-tuple f of terms just referred to is simply another kind of term 
f 

V-+ W; it is then sensible to regard quantifications af,Vf along an 

arbitrary such f, not only quantifications ax,Vx along projection maps 

wxx-+w The meaning of , applied to a relation A of sort (or type) 

V is simply the relation afA of type W which is the image of the 
f 

composite map A>-+ V -+ W ; for any relation B of type W , 

iff A 1- V 

iff * f B ~VA 

are the rules of inference which characterize the two quantifiers as 

being respectively left and right adjoint to substitution. The subscripts 

V,W indicate that also entailments are only meaningful if both hypothesis 

and conclusion have the same set of free variables; the semantical meaning 
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of entailment is inclusion between subjects of V (respectively of W). 

It may be objected that in the above description of doctrines of 

theories the primacy of syntax has not been overturned since the determining 

property P must presumably be written in some language of categories. 

Since a general investigation of something like a "category of doctrines" 

has so far not seemed useful, the possible productive consequences of this 

contradiction, if any, are not known. However, one striking fact should be 

pointed out: While classes of theories \vith complicated definitions have 

been investigated in particular, the distinctive general classes which have 

actually been of interest, namely universal algebra, positive first-order 

logic, first-order logic, weak second order logic (= the "arithmetic 

univers'es" of Joyal), higher-order logic, etc, are all definable within an 

equational metatheory. More precisely the definition of such a doctrine 

amounts itself to a cartesian category (= category with finite limits) 

obtained by adjoining to the universal Horn theory of categories certain 

additional operators (usually denoting functors or natural transformations) 

whose domain is defined by equations, and imposing certain equations (which 

may hold only on equationally defined subvarieties) - usually in fact these 

equations express adjointness or distributivity of limits. Thus no dis-

junctions or existential quantifiers, nor any genuine occurence of universal 

quantifiers or implication, are involved in the definition of these doctrines. 

Here by a genuine occurence of a universal quantifier I mean something like 

the definition of a generator G 

X 
Vx [G -+ X => fx gx] 1- f g 
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but ~a universal Horn sentence 

Vx[A(x) => B(x)] 

which can be replaced by a (free variable) inclusion of subobjects of X 

Even the "strong" conditions which distinguish a tapas of "constant" sets 

from a general topos of variable sets, 

f 
(Axiom of Choice) For X ~ Y , 

X 

if ly 1- 3: f (lX) then there exists Y ~ X with fox ly 

(Two-valuodness) For ~ l ~ l + 
1/J 

if l 1- cp V 1/J then l ~ cp .2!:. l ~ 1/J 

do not involve genuine occurrences of universal quantification or implica-

tion, but do involve there exists and .2!:. on the right-hand side of an 

inference; hence, while not expressible in a cartesian (=Horn) metatheory, 

they are expressible in a pretopos metatheory so that the full algebraico-

geometric method of coherent classifying topoi is applicable to them. 

The paper by Orville Kean (his 1971 U. of Penn. dissertation) considers 

the case of theories which can be presented by axioms having the form of 

universal Horn sentences, i.e. the extension of "equational" universal 

algebra to the case in which some of the postulated identities between 

operations may hold only on "algebraic varieties" defined by equations 

between some other operations. Were one to consider an arbitrary set of 
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"sorts", varying from theory to theory, rather than limiting oneself to 

the "one base set" for an algebra as is customary in universal algebra, and 

were one to allow further the possibility of partial operations whose 

domains of definition were such "algebraic varieties", then the appropriate 

condition on a category T would simply be: T is any small category with 

finite inverse limits (i.e. terminal object and pullbacks, hence finite 

products and equalizers, exist in T). Kean however takes care to analyze 

the further conditions on T corresponding to the restriction to ~base 

sort on which all operations are defined, With or without these further 

conditions, the correct notion of model is simply any functor T ~ g wbich 

preserves finite limits (i.e. which is "left exact") and the category of 

models is the category Lex(T,3) of all such functors and all natural 

transformations between them. These categories of models retain the features 

from the equational universal algebra of being complete and having a set of 

generators wbich are "finitely-presented" objects in a categorically 

invariant sense, but in general fail to satisfy the two further properties 

characteristic of equational universal algebra that these generators can 

be taken as projective objects and that equivalence relations are effective 

(= "precongruences are congruences" in the terminology of my 1963 articles). 

The precise definition of "finitely-presented objects" can be found in 

Gabriel & Ulmer's Springer Lecture Notes volume 221, which also (implicitly) 

shows that "the functor Semantics has a functor Structure adjoint to it", 

but does not take any account of the relation with the logical concept of 

universal Horn axioms as Kean does. Another important feature of equational 

universal algebra which remains valid is the existence of left adjoints to 

the "algebraic" (syntactically induced) functors; i.e. if T' ~ T is any 

functor preserving finite limits between small categories having them, then 
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the induced "forgetful" functor Lex(T,g) -+ Lex(T' ,g) has a left adjoint. 

Here, since preferred "sorts" have less invariant significance in this 

doctrine, there is less motivation for requiring T' -+ T to preserve them 

even if they are there; this has of course the effect that such "forgetful" 

functors need not be faithful, but the added generality is mathematically 

very natural. For example, the functor S0(2) from the category of 

commutative rings to the category of abelian groups is induced by a functor 

T' -+ T which does not preserve the base sort, since the base sort of the 

Horn theory of abelian groups is mapped to the subobject 
2 2 

[(x,y)lx + y 1} 

of the square of the base sort of the theory of commutative rings, but it 

is clear that this latter functor should be considered as an interpretation 

of the theory of abelian groups into the theory of commutative rings, indeed 

an interpretation "definable" within the doctrine of Horn theories. 

The completeness of the category of models and the existence of left 

adjoints for induced functors are properties which in general do not carry 

over to theories more complicated than Horn theories, though it now seems 

that the adjoints may be recovered by allowing the "set-theory" g to vary 

along with the models (see remarks below). 

The first detailed development of a purely categorical concept corres-

ponding to full first-order theories was in the 1971 Dalhousie dissertation 

of Volger, on which the second article in this volume is based. The 

various sets of conditions on a category T which are considered in this 

article are corrections and improvements of a set conjectured earlier by 

me which exploited special properties of the Boolean case and coded formulas 

as morphisms into an object 2 which in various cases may be interpreted 

roughly as the object of sentences or the truth-value object. Volger 

considers throughout an arbitrary set of sorts, both because it is no more 
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difficult and because various results, in particular his completeness 

theorem, then apply without change to type theory, which, whatever the 

exact notion of first-order theory T , means one which as a category is 

cartesian closed. Another feature which has remained invariant through 

the various experimentation which has gone on is the interpretation of 

quantifiers as functors adjoint to substitutions. Volger also outlines a 

modification of the completeness proof due to Andre Joyal which has played 

a role in the further unpublished development of the subject which has taken 

place since these papers were written. 

These early calculations in categorical logic played a role in the 

development of the elementary theory of topoi (see, in addition to the 

present volume, SLN 274 and articles by Barr, Johnstone, w. Mitchell, 

Osius, and Pare in the Journal of Pure and Applied Algebra and the 

Bulletin of the AMS, Freyd's article in the Bulletin of the Australian 

Math Soc., for some of these developments) which in turn has affected the 

recent work in functorial model theory. In particular, using topoi, Kock 

and Mikkelsen (in the Victoria Symposium, SLN 369) generalized and clarified 

some basic constructions of non-standard analysis, which was one of the 

spurs to the further simplifications and application contained in Volger's 

second paper (1972) in this volume. 

In the remainder of this introduction I sketch briefly some more 

recent developments in geometric logic wherein theories are modelled 

functorially in general topoi or in other words continuously variable 

models are studied. In this the doctrine of positive logic, i.e. a,A,V, 

but no special attention to v,~, necessarily plays a distinguished role, 
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since it is just this logic which is preserved under arbitrary continuous 

change of parameter space (the V may be allowed to be infinitary) and 

also because an arbitrary Grothendieck topos can be viewed as the 

"classifying topos" for such a theory. However, full first-order logic 

can also be handled using the method due to Kripke and refined by Joyal 

and Freyd. More details can be found in my forthcoming paper in the 

Proceedings of the 1973 Bristol Logic meeting and in papers of Freyd, 

Johnstone, Joyal, Reyes and Wraith and by Benabou and his students. 

In fact, important in algebraic geometry, that a sheaf of local rings 

is just a "local ring object" in the category of set-valued sheaves, remains 

valid when the theory of local rings is replaced by any many sorted theory 

in which only the logical operations A V a are considered and when sheaves 

are taken to mean objects in any topos. Here the truth of an existential 

statement or disjunction in the intrinsic logic of the topos is found by 

the adjointness rules of inference to mean locally, existence or locally, 

disjunction. The discrepancy between true (globally) and globally true 

(which is due to the fact that epimorphisms need not have sections and which 

gives rise to cohomology) may be exemplified by the fact that sheaf 

theoretically complex exponentiation is an epimorphism and hence the state­

ment that the logarithm exists is true globally, but the actual existence 

takes place on a covering only. Intuitionistically, the same sort of 

relation between local and global holds even for a cubic. This class of 

theories may be considered to include any classical theory, since the 

negations of formulas may be considered as further atomic formulas and the 

axioms of negation considered as particular axioms rather than general axioms. 



13 

But the doctrine is basically intuitionistic, as is the intrinsic logic of 

the topoi where models are to be valued. The geometrically invariant 

condition on T to be a theory according to this doctrine is precisely 

that it should be a pretopos in the sense of Grothendieck-Verdier 

Expose VI in Springer Lecture Notes Volume 270. The finite-covering topol-

ogy on T leads to a topos I which, as pointed out by Reyes, has the 

property that for any topos ! the category of continuous maps ! ~ I is 

equivalent to the category of models in the "set theory" ! of the theory 

T • The topos I is coherent in the sense of SLN 270 and all such arise 

from such theories; one may consider I as g[u] , the "set theory" 

obtained by freely adjoining to the category of sets an indeterminate 

model U of T 

is instructive; I 

Even for the theory T of equality, this construction 
s 

in that case is the functor category g 0 (where S 
0 

is the category of finite sets) which is a non-trivial topos whose category 

of points is equivalent to the category of sets, and we have that for any 

topos ! , the sheaves on ! are just the continuous functions from K 

into the (generalized) space I of sets. 

The theorem of Deligne that every coherent topos has enough (set-

valued) points is seen from the above discussion to be equivalent with the 

fact that every many-sorted intuitionistic theory taking account only of 

A,V,~ has enough set-valued models. Further, the Kripke completeness 

theorem (preserving also v,~ when they exist) has been elegantly proved 

by Joyal in the invariant setting. The Kripke-Joyal Theorem constructs a 

model giD~ I in a functor category rather than in sets g; while the 

model itself preserves v,~ the "models" in g derived by evaluating at 

a given "stage of knowledge" D E ID usually do not. 
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Varying the topos in which we take models is quite essential for 

certain universal problems. For example consider the interpretation 

T -+ T of the theory of commutative rings into the theory of local rings 

and consider any given ring A • The problem of finding a local ring A 

universal among all those to which A maps has no solution if we consider 

only one tapas, but on the other hand if we allow the set theory to spread 

out, there is such a universal local ring in the topes called spec (A); 

thus the universal problem involves finding the natural domain of variation 

for the quantities in A which will usually not be only the single point 

which corresponds to the tapas of constant sets. When the topes of 

departure does not satisfy the axiom of choice, spec (A) does nQ£ have 

enough internal points (contrary to the incorrect statement in my paper 

for the 1970 International Congress) but Joyal has given a very simple 

internal construction of it using the notion of distributive lattice 

* object. Since spec (A) is coherent if A E g , Deligne's theorem yields 

enough external points for it when g does satisfy the axiom of choice. 

When the base topos of departure does not satisfy the axiom of choice, 

i.e. when it consists of variable sets varying in an organic fashion, a 

suitable formulation along these lines of a general completeness theorem 

for first-order theories in it has still to be found; such a formulation 

would presumably partly reflect the fact that in the real world consistency 

of a theory is not sufficient for the existence of models. 

* To prevent a possible delay in understanding the important expos~ VI 
(SLN 270) of Grothendieck-Verdier cited above it should be pointed out 
~ha~ their sta~ement to the effect that separ~ted coherent spaces are finite 
1s 1ncorrect; 1n fact these spaces are just the Stone spaces of arbitrary 
Boo~ean algebras, while arbitrary coherent topoi which are generated by 
th~1r_open sets are just "Stone spaces" of arbitrary distributive lattices. 
Th~s ~s also a go~d place to point out that my statement in Springer Lecture 
~otes 274 that un1vetsal quantification in a topos leads to a triple is also 
lnco:re~t~ wh~t was intended there is simply that universal quantification 
and 1nf1n1te ~nternal intersection satisfy the reasonable formal laws. 



Abstract Horn Theories 

Orville Keane 

Introduction 

In this paper we apply a technique similar to functorial seman­

tics [6] to obtain a characterization of categories whose classes of 

objects are models for universal Horn theories and whose maps are 

homomorphisms (i.e. maps which preserve atomic formulas) between the 

models. A universal Horn theory is a formal first-order theory whose 

axioms are all of the form (1) A or (2) (A1 A ... A An)---> B 

where A, B, Ai, i = 1, ..• ,n are all atomic formulas. Partially 

ordered sets,torsion free groups and (equational) algebraic theories 

are all examples of universal Horn theories. 

The categorical counterpart of a universal Horn theory is called 

an Abstract Horn Theory and is defined in Chapter 1 as a small, skele­

tal, finitely complete category with a cogenerator M such that: (1) 

every object can be embedded in a finite power of M so that M looks 

injective with respect to the embedding, and (2) the maps which make 

M look injective are closed under the formation of pullbacks and pro­

ducts. If j is an Abstract Horn Theory then we denote the category 

whose objects are the finitely continuous functors from j to the 

category of sets S, and whose maps are the natural transformations 

between the functors by Given an abstract Horn theory Y, there 

exists an associated universal Horn theory denoted Hr such that 

S(J) is equivalent to the category whose objects are the models for 

HJ and whose maps are homomorphisms between the models (Proposition 

1.4.1). Conversely given a universal Horn theory H we derive an 

associated abstract Horn theory in the following way. Let CH denote 

the category whose objects are models for H and whose maps are homo­

morphisms and let A be an n-ary formula in L(H) which is a conjunc­

tion of atomic formulas. Then the functor: 
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such that UA(N) = {(a1 , ..• ,an)l N t= A(a1 , ... ,an)} is representable 

(Corollary 1.5.2). Let Q be a full sub-category of CH whose ob­

jects are the models of H which represent the UA's. Then Q0 p is 

an abstract Horn theory (Proposition 1.7.2) 
(G. op) 

S ~ CH (Corollary 2.2.3). 

Furthermore, 

Chapter 3 is the Characterization Theorem. Fittler introduced 

the notion of Lowenheim-Skolem Dense (L.S.D.) in [2]. We use this 

notion in our characterization which states that a category Q is 

equivalent to a category of models of a universal Horn theory iff it 

contains a small full subcategory i> such that (1) 'B is L.S.D. in C. 

and (2) Sop is an abstract Horn theory. 

In Chapter 4 we discuss maps between abstract Horn theories. A 

Horn theory map is defined as a finitely continuous functor between 

two abstract Horn theories which preserve the cogenerator and the 

maps which make the cogenerator look injective. Horn theory maps 

induce maps (going in the opposite direction) between the correspond­

ing categories of models. The induced map always has an adjoint 

(Proposition 3.1.4). Theorem 3.2.5 states that a functor from one 

category of models of a universal Horn theory to another which pre­

serves underlying sets is induced by a Horn theory map iff it preserves 

submodels, products and direct limits. A corollary states roughly 

that a functor between categories of models of two universal Horn 

theories is induced by a map on the language level iff the conditions 

stated in the theorem are satisfied. 



Chapter I 

Abstract Horn Theories 

1.1 Abstract Horn Theories 

By an abstract Horn theory we mean a small skeletal finitely 

complete category J with a cogenerator M such that: 

(1) Every object in J can be embedded in a finite power 

of M so that M looks injective with respect to 

the embedding. 

(2) The maps which make M look injective are closed 

under pullbacks and products. 

If r is an abstract Horn theory then we shall use the term monic to 

refer to the maps which make the co-generator look injective. Note 

that 

X 
E ....£...._> X --> Y 

--> 
y 

is an equalizer diagram iff 

E ---'~-> X 

p 1 
X~> 

l (1,y) 

X X Y 

is a pullback, hence condition (2) in the definition above implies 

that equalizers are monies. 

The category of finite cardinal numbers with 2 as a cogenerator is an 

example of an abstract Horn theory. Also, every algebraic theory as 

defined by Lawvere in [6] is an abstract Horn theory. 

Let S be the category of sets. If J is an abstract Horn theory, 

then by S(r) we mean the category whose class of objects are the 
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finitely continuous functors from ~ to S and whose maps are the 

natural transformations between the functors. Suppose T f S(J) and 

X _12_> M11 is monic in 'J. Then 

1 
--> X 

1 l 
X --> 

p 

is a pullback hence T(p) : T(X) -> ~T(M);n is a monomorphism. Thus 

in a sense T(p) defines an n-ary predicate on T(M). 

1.2 The Associated Universal Horn Theory 

A universal Horn theory is a formal first-order theory H whose 

axioms are all of the form: 

(1) A where A is an atomic formula 

atomic formulas. 

Examples of universal Horn theories are partially ordered sets, tor­

sion free groups and any algebraic theory which can be defined equa­

tionally. 

For every abstract Horn theory r there exists an associated universal 

Horn theory, which we shall denote by H1 . We construct H~ as follows: 

1. The language L(HJ) 

a) f is an n-ary function symbol in L(H;r) iff 

Mn f n is in :1. --> 

b) p is an n-ary predicate symbol in L(H::J') iff 

X _12_> Mn is monic in :1. 
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2. The axioms of Hr· 
a) h 

--> then 
n 

i) If m ~ 0, n ~ 0, d
1 

(hi(t 1 , ... ,tt) = 

gi(f1 (t 1 , ... ,tt), •.• ,fn(t 1 , •.. ,tt))) is 

an axiom 

ii) If m = 0, n ~ 0, then 

gi) is an axiom 

b) If X _f_> Y in J and X_£_> Mm, Y _a_> Mn 

are monic, then 

c) 

d) 

e) 

i) If n ~ 0, then for each Mm _£_> Mn 

such that pg = fq, (there must exist at least 

one such map), p(t 1 , ... ,tm) --> 

g(g1 (t 1 , ... ,tn), ... ,gn(t 1 , ... ,tm)) is an 

axiom. 

ii) If n = 0 then p(t 1 , ... tm) --> q is an 

axiom. 

If p = 1 
Mn 

then p(t1, ... ,tn) is an axiom. 

f 
If E .....£...> Mm --> Mn is equalizer diagram an --> g 

then p(t1, •.• ,tm) <--> 

[i~1 (fi(t1, ... ,tm) = gi(t1, ... ,tm)~ is an 

axiom. 

If X _£_> Mn and y _g_> Mn are monic and 

z 
--> 

--> p 

is a pullback diagram then 

r(t 1 , ... ,tn) <-> (p(t 1 , ... ,tn) A q(t 1 , ... ,tn)) 

is an axiom, where r = wp. 
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f) If X _£_> Mm and Y __ q_> Mn are monic and 

r = p x q then r(t 1 , ... ,tm,s 1 , ... ,sn) <--> 

Whereas some of the above axioms are not in the form of universal 

Horn formulas, each is easily seen to be logically equivalent to a 

conjunction of universal Horn formulas. Thus HJ' is logically equi­

valent to a universal Horn theory. 

1.3 Categories of Models of Horn Theories 

If H is a universal Horn theory then by CH we mean the category 

whose class of objects are the (normal) models of H and whose maps 

are the homomorphisms between the models, (i.e. the maps which pre­

serve the atomic formulas). We shall use U to denote the forgetful 

functor from CH to the category of sets S. If A is an n-ary 

atomic formula in L(H) then we shall use UA to denote the functor 

from CH to S such that 

( 2) If 
f 

N1--> N2 

from UA(N1) 

in 

to 

CH then 

UA(N2) 

UA(f) is the unique map 

such that the following 

diagram commutes: 

UA(N1) U A (f) > UA(N2) 

[ [ 
Un(N1) > un (N 2) 

Un(f) 

It is understood that if A is 0-ary, then UA(N) 

UA(N) = 0 if N ~,A, 

1 if N F A and 
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1.4 The Equivalence of S(J) 

If J is an abstract Horn theory and T E S(r), then there is 

an obvious way in which T can be made into a model for Hr. That is to 

say, there is a rather obvious functor V from S(r) to CH . V is 
J 

constructed as follows: 

If T E S(J) then V(T) must be a model for Hr, hence we have 

to define an L(Hr)-structure on V(T). This is done as follows: 

(1) U[VCTD = T(M), where M is the cogenerator in r. 

(2) If p is an n-ary predicate in Hr, then 

X_£_> Mn is monic in J. We define: 

U (V(T)) = Im(T(p)) 
p 

(3) If f is an n-ary function symbol in Hr then 

f = T(f) : Un(V(I)) --> U(V(T)). 

If n: T
1 

--> T
2 

is a map in S(J) then 

V(n) = ~M: U(V(T 1 )) --> U(V(T 2 )) is a homomorphism. 

The proof that V is a well defined functor is straightforward 

(though tedious). One checks the axioms. In fact V is an equiva­

lence. Thus we have the following proposition. 

Proposition 1.4.1: If J is an abstract Horn theory then 

S(J) ~ CH . 
J 

We omit the proof as it is very long (at least ten pages), but 

completely straightforward. The functor W from CH to S(J) uses 
J 

the Axiom of Choice and is constructed in the following manner: 

Let @ be a well-ordering of the monies in T with range Mn 

for n = 0,1,2, ...• For each X in Ob(T) we define PX as follows: 
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1 
Mn 

if X Mn 

The first map in (9 with domain X 

if X t Mn 
' 

n = 0,1,2, ... 

If N ( CH , then W(N) is a functor from 'J to s. 
j 

We define 

on objects and maps in J as follows: 

( 1) If X E Ob ( J') , then [W(N)] (X) = u 
Px 

(N). 

(2) If X_£_> Y is a map in j then the definition of an 

abstract Horn theory implies the existence of at least 

one map g such that the following diagram commutes: 

f y --> 

j l?y 

--> Mn 
g 

We define LW(NJ (f) to be the unique map such that the following 

diagram commutes for all g which makes the above diagram commute: 

[W(N)J (X) 

The uniqueness of definition of [W(N)](f) follows from the 

fact that if Px equalizes g and h then there exists an axiom 

in HJ which forces to equalize g and h. 

1.5 Standard Complete Categories of Models 

Let T be a first-order theory, F a set of formulas in the 

language L(T). We shall use CT F to denote the category whose 
' 
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objects are the (normal) models for T and whose maps are the maps 

between the models which preserve the formulas in F [3]. 

If A is an n-ary formula which is a conjunction of formulas in 

F, then we shall us UA to denote the functor from CH F to S such , 
that 

( 2) If 6 
N2 is in N1 --> a map 

the unique map from UA(N1) 

following diagram commutes: 

Notice that for n > 1, Un = UA where 
n 

CT F' then UA(e) is , 
to UA(N2) such that the 

We say that a limit (colimit) in a category of models CT F is , 
standard if it is preserved by UA for every A t F. If cT,F is 

complete category and it has standard limits then we say that it is 

standard complete. 

Proposition 1.5.1: Let CT F be a standard complete category. Let , 
A be a conjunction of formulas in F. Then there exists a left-

adjoint RA to UA. In particular there exists a model FA in 

CT F such that FA represents UA. , 

Proof: As in Freyd [3], CT F is well-powered and the solution set , 
condit~on follows from the Lowenheim-Skolem Theorem. Thus if A E F, 

A ¢:_ F as UA 

then 

is continuous, the proposition follows immediately. If 

is a limit of the following type where UA.• i = 1, ... ,k,is in F. 
l 
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UA/UlA~UA 
r/un~( 

u . . u 

UA is continuous and has a left adjoint RA. Now 

" (1,UA(N)) 3 " (RA(1),N)c Thus RA(1) is a model in 
T,F 

CT F which represents UA. 
' 

Q.E.D. 

If H is a universal Horn theory then it is well known that CH is 

complete. A terminal object in CH is a one elm model in which 

every predicate is true. Terminal objects are standard. 

If N rr N in CH and A is either a predicate in L(H) or 
C( Ul <i 

If A P(t 1 (x1 , ..• ,xk), .•. ,tn(x1 , .•. ,xk)) then the following 

diagram is a pullback where t = (t1 , ... ,tk). 

y ---> 

uR ---> 
t 

Therefore UA preserves products. 

If 
<!> 

N --->N 
1---> 2 e 

are two homomorphisms between models in CH, 

there exists a substructure N of N1 such that a E U(N) iff 

then 
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~(a) = e(a). As H is a universal theory it follows that N is a 
model for H and that N ~> N1 is a standard equalizer for ~ and 

e. Thus CH is standard complete. We have the following corollary 

to Proposition 1.5.1. 

Corollary 1.5.2: If H is a universal Horn theory and A is a 
conjunction of atomic formulas, then the functor: 

UA: CH -> S 

is representable. 

From this point on we shall use H to denote a universal Horn theory. 

1.6 Construction of Fn and FB 

We shall use the notation F to denote an nth free model, 
n 

n = 0,1, ... , and the notation FB to denote a model which represents 

UB where B is an appropriate n-ary formula. 

If H is a universal Horn theory we may assume that there exist 
variables x1 ,x2 , ... in L(H) such that i ~ j implies xi~ xj. 

Let 

For each t E G n 

{t a E Gnl H f- ta 

{tl t is a term in L(H) with variables 

in a subset of the set {x 1 , ... ,xn}} for 

1' 2' ... 

t is a variable free term in L(H)} 
n :: 0 

define t as the set 

t}. Let F :: 
n {tl t f G n} • We define 

L(H)-structure on Fn. If s
1 E t1, ... ' sm E t · m' f an 

tion symbol and p an m-ary pre di cat e symbol in L(H), m 

the following 

m-ary func-

:: 1' 2' ... ' 
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then we define 

(1) f(t1 , ... ,tm) = f(s 1 , ... ,sm) 

( 2) F n I= p (t 
1

, ••• , tm) iff H 1- p ( s 1 , ••• , sm) 

If P is a 0-ary predicate symbol then Fn ~ P iff H ~ P. 

That Fn as constructed is an nth free model for CH is straightfor-

ward. 

If A is a formula in L(H) with n free variables which is a 

conjunction of atomic formulas, then for each t E Gn defined above 

we define: 

Let FA {tl t E Gn}. We define an L(H)-structure on FA as follows. 

If s 1 E t 1 , ••• , sm t tm' f an m-ary function symbol and P an 

m-ary predicate symbol in L(H), m = 1,2, •.• , then we define 

- -
(2) FA I= P(t 1 , ... ,tm) iff 

H 1- A(x 1 , ..• ,xn) --> P(s 1 , ... ,sm). 

If P is 0-ary then FA F P iff H ~ A(x 1 , ... ,xn) --> P. In 

- -particular FA F A(x 1 , ••• ,xn). 

FA with the L(H)-structure defined above is a model for H and re-

presents the functor UA: CH--> s. 

t is clearly an onto 

map and will be referred to as the canonical map. 

th Note than any 0 -free model is an initial object in CH. 
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1.7 Special Subcategories of CH 

A subcategory Q of CH is said to be an RAF ("represents 

atomic formulas") subcategory of CH if G. is a full skeletal sub­

category whose class of objects are models which represent UA for 

every A which is a conjunction of atomic formulas in L~H). We 

assume that a model F0 which represents u0 is also in G. 

Lemma 1. 7.1: If C is an RAF subcategory of CH' then G is fintely 

cocomplete and the inclusion functor I:AC---> CH is finitely cocon­

tinuous. 

Proof: Suppose N
1 and N2 are both in Ob(C.). Then there exist 

formulas A1 and A2 such that N1 represents UA and N2 re-
1 

presents UA We may assume that A1 and A2 have no variables in 
2 

common. Let A =: A
1 

A Then there exists an N ( Ob (G.) such that 

N represents UA. It is easy to see that N = N1 + N2 in CH' hence 

also in C... 

<!> 

Let N -----> be a pair of maps in G· 
1 ---e-> 

We may assume that 

represents UA and 
1 

formulas which have m 
~ ~ 

{s1 , ••• ,sm} generate N1 

N2 

and 

and 

exist fi' gi' i = 1, ••• ,m 

<I!( 

and 

&(si) 

i 1, •.. ,m. Let 

represents UA where A1 and A2 are 
2 

n free variables respectively. Let 
~ ~ 

{t1, ... ,tn} generate N2. Then there 

in L(H) such that 

(t1, ... ,tn) 

~ ~ 

gi ( t 1 ' • ' · 't n) 
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A(u1 , ... ,un) _ 

~2(u1, ... ,un) A [i~1 (fi(u1, ... ,un) = gi(u1, ... ,un)~} • 

then there exists an N E Ob(~) such that N represents UA. If 
~ ~ 

{u1 , ••• ,un} generates N and ~: N2 ---> N is the map which sends 

t j to uj, j = 1, .•. ,n, then lp coequalizes ~ and e in CH' 

Hence it coequalizes them in ~. The model in 4 which represents 

u0 is the initial object. Thus C. is finitely cocomplete and I is 

finitely cocontinuous. 

Q.E.D. 

If e: N1 ---> N2 is a homomorphism between two models of H, 

then the (set) image of e is a substructure, hence a submodel of 

N2' Thus the category CH has standard images. It follows that 

coequalizers are onto maps and pushouts of onto maps are onto maps 

in CH. 

Proposition 1.7.2: If C. is an RAF subcategory of CH, then G. op 

is an abstract Horn theory. 

Proof: We know that ~op is a small skeletal finitely continuous 

category. The cogenerator is F
1 

and the monic maps are the maps 

which are onto maps in ~. The rest follows immediately. 

Q.E.D. 



Chapter II 

The Characterization Theorem 

2.1 Bicompleteness, Direct Limits and LSD Subcategories 

As CH is complete, it is cocomplete, hence bicomplete by a 

theorem of Freyd's.(cf. ~]). If D is a functor from a directed 

category n into CH' then 

Un(lim D(a)) = lim (Un(D(a))). Also if A is either a predicate _,. _,. 
symbol or an equation in L(H) then 

Lemma 2.1.1: CH has standard direct limits. 

Proof: Let A = P ( f 1 ( , .•. ,x ), ... ,f (x1 , ... ,x )) where P is an n m n 

n-ary predicate symbol in L(H). Let 

1:- )m J~>m 1 - ,n (- "n 
,Yi i=1' ,Y i=1' ,xj 1 j=1' xjlj=1 represent 

respectively. Then the following diagram is a pushout where: 

i = 1, ... ,n. 

'l'p r 
_....;f;...__> 

----> FA 
f' 
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Suppose N :: 

category I'J to 

D(a) where D is a functor from a directed 

If d: FA ---> N, then since UP and Un 

preserve direct limits there exists an a E Ob(~) and maps 

g: F --> n 

and 

So 

F m 

As U(N) :: 

that there 

and 

D (a), h: --> D(a: such that 

F 
if' A 
--> d --> N n 

Fp 
f' d N ----> --> 

lflpg ia 
D( a) ---> --> N 

Em (U(D(a))) and 
+ 

exists a 

D(a) 

F 
m 

13 E. Ob('D) 

D( B) 

D(B) 

i 
F _g_> D(a) a N --> 

n 

h D(a) 
ia 

N Fp --> ---> . 

fh i 
D( a) a F --> ---> N m 

F is finitely generated 
m 

such that 

i 
D(a) __ a_> N 

fhi 13 
__ a:;:_.> D ( 13 ) 

Hence there exists a unique d': FA-> D(B) such that 

fhi 8 
flPA d' F a > D( B) :: F FA D(B) ----> --> m m 

But 

lfA i lpA d F FA D (B) B N Fn FA --> ---> ---> --> n 

it 

N 

follows 
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Since ~A is onto it follows that d'i 
8 

d. Hence 

Suppose A - A1 A A2 where A1 and A2 are atomic formulas. 

Let FA ' FA and FA be models in CH which represent UA ' 
1 2 1 

UA and UA respectively. Then there exists a pushout diagram in 
2 

CH of the following form: 

----> 

----> 

Using the same technique as above it can be shown that 

(FA, lim D(a))C ~ lim (FA, D(a))C • The rest of the proof follows 
H H 

from finite induction. 

Q.E.D. 

Lemma 2.1.2: If N is a model in CH and G. is an RAF subcategory 

of CH' then there is a directed category ~ and a functor 

such that D factors through the inclusion functor I: ~c___> CH 

and N = l!m D(a). 

Proof: Let N be a model in CH and let C.L---> CH be an RAF 

subcategory of CH. We construct a directed category ~ as follows: 

The objects of ~ consist of triples 
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(2) A is an n-ary formula which is a conjunction of 

atomic formulas and FA fOb(~) represents UA. 

(3) ~: FA--> N 

generate FA. 

with --> where 

A map from (<a1 , ... ,am),~ 1 ,FA) to <<b1' ... ,bn>'~ 2 ,FB) 
exists only if m < n. Such a map is a map y: FA --> FB such 

that and Y: xi--? YTI(i) where and 

<.Yj)~=i generate FA and FB respectively, and "E. Sn' the permuta­

tion group on n elements. If there is more than one map between 

FA and FB which satisfy the criteria stated above, use the Axiom 

of Choice to select the one which will be in D. 

If X= (<a1' ... ,anl'~1'FA) and Y = <<:b 1 , ••• ,bm),~ 2 ,F:s?. 

then it is easy to see that both X and Y enjoy a map intq: 

Therefore ~ is a directed category. Define the functor: 

as follows: 

D: y 1--> y 

Then N lim D. The rest is a standard exercise in diagram chasing. 

Q.E.D. 
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Let G_ be a small full subcategory of a category ~ • Let K 

be the class of all functors from a-directed categories into! 

which factor through the inclusion functor: 

I : C. c__> 'B • 

G._ is said to be LSK ("LBwenheim-Skolem-Dense") of type K in ~ 

(Fitter [2]) if: 

( 1) 1!-m D exist in 15 ' for all D E. K 

( 2) If N E: Ob(~) then there is a D E: K such that 

N = lim D(a) 
->-

( 3) For all N f: Ob (C.), for all D E K: 

1!-m (N, D (a)) " (N, lim D (a)) 
af_'fj af1J 

Proposition 2.1.3: If C.c___> CH is an RAF subcategory, then G 

is LSD of type K in CH where K is the classof ~11 functors 

from directed categories into CH which factor through G_C---> CH. 

Proof: G_ is obviously a small full subcategory of CH. (1) is 

true since CH is cocomplete. ( 2) and ( 3) follow from the two 

previous lemmas. 

Q.E.D. 

2.2, The Characterization Theorem 

Lemma 2.2.1: If J is an abstract Horn theory then J 0
P is equi-

valent to an RAF subcategory of 

Proof: We shall use the notation of section 1.4 as well as the 

functors V and W defined there in the proof. 
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~p is equivalent to the category whose objects are the repre­

sentable functors from ~ to S and whose maps are the natural 

transformations between the functors. Hence ~op can be embedded 

in S(r) in a natural way. 

Since V: S(J) --->C~ is an equivalence, it is a full embedding. 

Hence it suffices to show that for every A which is a conjunction of 

atomic formulas in L(HJ) there is an X c Ob(J) such that 

V(HX) represents UA. We will give the X for every such A. The 

verification that V(HX) represents UA is straightforward and will 

be left to the reader. It follows from the definition of Hy and 

the fact that V and W are both equivalences. 

(1) If P is a predicate in H~, then P is a monic 

map in r. Let P have domain X. Then 

V(HX) represents UP. 

(2) If A- (f(x1 , ... ,x~,Y1'···,ym) 

g(x1 , ... ,x~,z 1 , ... ,zn)) then 

M~+m _£_> M and M~+n _g_> M. 

are both in J. Let X be the limit of the following 

diagram: 

p~+n 
> 

p~+m 

----;;fc--> 
M 

Then V(HX) represents UA. 
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(3) If A_ (A1 Cx1 , ... ,x~,y1 , ... ,ym) 

where 

and 

A A2 Cx1 , ... ,x~,z 1 , .•. ,zn)) 

and x 2 represent UA and 
1 

M~+m and 

respectively 

are monic maps in ~. Then let the following diagram be 

a pullback: 

X > 

r a2 

M~+n 

l p~ 

x1 --> M~+m --> M~ 

a1 p~ 

Then V(HX) represents UA. 

where P is an m-ary predicate in HJ, then 

HJ ~ A <-> B where: 

Hence UA ~ UB and (3) and (4) can be used to find an X such 

X 
1at V(H ) represents UA. 

Q.E.D. 
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Theorem 2.2.2 (Characterization): A category ~is equivalent to a 
category whose class of objects are the (normal) models for a universal 
Horn theory and whose maps are homomorphisms between the models iff it 
contains a small full subcategory ~ such that: 

(1) 3) op is an abstract Horn theory 

(2) ~ is LSD of type K in G. where K is the class 

of all functors from directed categories into G. which 

factor through the inclusion functor I: ~> Q. 

Proof: Suppose C." C\r for some universal Horn theory H. Let C 

be an RAF subcategory of dH. Proposition 1.7.2 implies that C0
P 

is an abstract Horn theory and proposition 2.1.3 implies that d 
is LSD of type K in dH. As ~ " dH' ~ must contain a small full 

subcategory which has the same properties. 

Suppose G.. is a category with a small full subcategory 
satisfying (1) and (2) above. Let ( be an RAF subcategory of 

CH By the previous lemma 13 " £ 
~op 

Now Fittler [2] has shown that X is LSD of type K in 
iff t;; K(X,S) where the objects of K(X,s) are functors from 

LJ 

to s of the form limHD( )' D E: K and whose maps are natural 
af'i) a 

1. 

transformations between the functors. As :13 "8, it follows that: 

Corollary 2.2.3: 

~ " K(~,S) " K(€,S) CH 
:Bop 

Q.E.D. 

Iff G.. is an RAF subcategory of CH' then 



Chapter III 

Horn Theory Maps 

3.1. Horn Theory Maps 

Let ~1 and 0
2 

be abstract Horn theories. By a Horn theory 

map T: ~2 ---> J 1 we mean a finitely continuous functor which 

preserves both the cogenerator and the monic maps. 

If and is a Horn theory map, then 

Also if in then there exists a 

in 
(J" 2) 

S such that: 

<rx nT(X) for all X E Ob(02 ) 

Therefore T induces a functor from s 
(J1) 

to s 
(02) 

We shall 

denote this functor by ST. 

Let ---> and be the functors 

defined in §1.5. Note that the definitions of V and W imply that: 

w --> v 
--> 1. 

If T: ~2 ---> J 1 is a Horn theory map, we shall use the notation 

ST to denote the composition: 
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If N E CH and P is a predicate in L(H;r ), then: 
~ 2 

Im{[W
1

(N)](T(P))} 

UT(P)Ur1W1(N)] 

UT(P) (N) 

In particular if N = M1 , the cogenerator for 

U( (N)) U(N). Hence ST preserves underlying sets. 

then we have 

Note that if A is an atomic formula in L(Hj) then there is a 

predicate P f L(Hj) such that u = A 
Hence to check that two 

models are the same it suffices to show that they agree on Up for 

all predicates P f L(H;r). 

Lemma 3.1.1: If T: 'J1 --> :r2 is a .Horn theory map, then . ST 

preserves terminal objects and submodels. 

Proof: Let 

uP,(N) = 1 

N be a terminal object in 

for all predicate symbols 

predicate symbols P1 E: L(H;r ) we have: 
2 

UT(P)(N) 

Hence N is a terminal object in 

(J1) 
S We may assume that 

P' f L(H;r ). Then for all 
1 

1 . 



L(HJ' ) , then 
2 

Therefore, 

Corollary 3. 1. 2: 

and subfunctors. 
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in CH and P is an n-ary predicate in 
j1 

is a submodel of 

Q.E.D. 

preserves terminal objects 

Lemma 3.1.3: ST and ST are both continuous functors. 

Proof: 

L(H;:r ) : 
2 

Let 

Therefore 

N :: n 
c;.E6 

N 
CY. 

M )) 
CY. 

in 

UT(P)( TI 
c;.(fl 

Then for every predicate symbol in 

M ) 
CY. 

n (UT(P) (Mc;.)) 
c;.E6 

n (Up(ST(Mc;.))) 
c;. Es 

preserves products. 
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Let 
_g__> 

N2 N3 --h-> 
be an equalizer diagram in As 

equalizers are standard in CH and ST preserves underlying sets 
31 

it follows that 

is an equalizer diagram in S. Since is an embedding (in 

the model theory sense of the word) it follows that 

is also an embedding. Hence ST(f) equalizes ST(g) and ST(h). 

Since ST also preserves the terminal object it must be continuous. 

Q.E.D. 

Proposition 3.1.4: If T: Y1 --> r
2 

is a Horn theory map then: 

--> and 

both have left adjoints. 

. 
Proof: CH is complete and well powered. ST is continuous. Hence 

J1 

it suffices to show that the solution-set condition is satisfied. 

For each model N E. CH let nN be a set which contains exactly 
J2 

one model from each isomorphism class with models of cardinality 

~ l(U(N) U L(HJ )) in CH 
1 J1 
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. 
If N __ f_> ST(L) in CH then there is a submodel L 1 of L 

J2 

of cardinality ~ #(U(N) U L(Hj')) such that 
1 

U ( Im f) c: U ( L 1 ) = U ( S T ( L 1 ) ) • 

Without loss of generality we may assume that L 1 E nN' 

Let 

i: L 1 c.__> L 

be the canonical inclusion map. Then 

. . 
ST(i): ST(L 1 ) -> ST(L) 

is also the canonical inclusion map. As Im(f) c Im(ST(i)) it 

follows that f must factor through ST(i). 

3.2 Lawvere Functors 

A Lawvere functor is a functor ---> c 
H;r 

2 

Q.E.D. 

which preserves 

underlying sets. We are interested in determining the conditions under 

which Lawvre functors are induced by Horn theory maps. 

Let ~ be a category which has direct limits. An object X in 

G. is said to be small if 

(X, l~m D(a))c__ l~m (X,D(a))G_ for every direct limit in ~. 

Lemma 3.2.1: A model N in CH is small iff there exists a 

B ( L(H) such that B is a conjunction of atomic formulas and N 

represents UB. 
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Proof: Lemma 2.2.1 is one-half of the proof. 

Suppose N is a model in CH which is not finitely generated. 

Then there is a functor D from a directed category ~ into CH 

such that the values of D are the finitely generated submodels of 

N and such that N = l~m D(a). 1N does not factor through ~ny 

ia D(a) ---~ N. Hence N is not small. 

Therefore, if N is small we may assume that N is finitely 

generated. Let n, a finite ordinal, be a minimal generating set 

N. Then there is a functor D: fJ -> CH where v is a 

category, such that 

( 1 ) N = lim D ( a) 

( 2) For all a fOb(~), D(a) represents UB where 
a 

is m-ary, a conjunction of atomic formulas, and 

m ~n generated D(a) 

(3) If ia: D(a) ---> N is the canonical map, then 

x E m implies i (x) E:n. 
a 

directed 

B 
a 

Now suppose there exists a>. a f tfJ and a map e: N --> D( a) 

i 
such that N --8-> D(a) __ a_> N 1N. Then we have the following 

for 

diagram where D(a) _e_> E is the coequalizer of 1D(a) and i e. 
a 

E 

;I~ 
D(a) --'> N 

i a 

Since E is the coequalizer of two maps between D(a) it follows 

that there is a formula A which is a conjunction of atomic formulas 

such that E represents UA. 
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i 
D(a) ___ a_> N ~> E D(a) _e_> E 

is onto. Hence N ~> E is onto. 

N ~> E __ f_> N 1N 

Also 

N ~> E __ f_> N ~> E N~> 
1E 

E ----> E 

As ee is onto this implies that E _[_> N ~> E 1E. 

Therefore N ~ E. 

Q.E.D. 

Corollary 3.2.2: ME S(J) is small iff M HX for some X~ Ob(J). 

Lemma 3.2.3: ST and ST both preserve direct limits. 

Proof: 

into CH 
J 

Let D: ~ ---> C be a functor from a direct category n 
HJ 

Since direct limits are standard in CH it follows that 
J 

for every predicate symbol P ~ L(HJ) it is the case that: 

11m (U~(P)(D(a))) 

l$ffi (Up(ST(D(a)))) 

Up(l1m (ST(D(a)))) 

Q.E.D. 
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Lemma 3.2.4: If T: CH _,_ c 
1 H2 is a Lawvere functor which has a 

left adjoint R, then R preserves onto maps. 

Proof: IfR 

there is a map 

Suppose f: A1 

is aleft-adjoint for T 

11 A: A - TR(A) in 

-
X -

A2 is an 

B ~ R( 

onto map 

R( 

then for each A £ Ob( 

CH which is functorial. 
2 

in CH • Let: 
2 

T( f) 

where B is the standard image of T(f). Then we have the following 
commutative diagram in CH . 

2 

f 
------------~----------~~ A2 

Since T preserves underlying sets it also preserves standard 
images. Hence as f is onto it follows that: 

Im( 11 A ) C: Im TR(f) 
2 

T(B) . 

Let w: A2 ---> T(B) be the map such that 

Then there must exist a unique map z: R(A 2 ) ---> B in CH 

such that 
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T(z) > T(B), 

Thus we have 

nA 
A 2 TR(A ) T(zy) > TR(A

2
) 2 --> 2 

It follows that zy 1A . Hence y is onto. Therefore R(f) is 
2 

onto. 

Q.E.D. 

Theorem 3. 2. 5: Let Q: CH --> CH be a Lawvre functor. Then 
;:r1 J2 

there is a Horn theory map T:;J2 --> J1 such that Q "' ST iff 

preserves: (1) products, ( 2) submodels, ( 3) direct limits. 

Q 

Proof: We have already shown that ST satisfies (1), (2) and (3). 

Let Q be a functor from CH to 
.r1 

CH which satisfies the 
J2 

four conditions stated in the theorem. Then Q is continuous and 

as the solution-sets condition is satisfied it follows that Q has 
a left adjoint R. 

Let: 

Q' 

and 
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R' 
(J2) v2 R w1 cr 1 ) 

:: (S --> CH --> CH --> c ) 
J2 J1 

R' is a left adjoint for Q'. Also Q' satisfies the four conditions 

stated in the theorem. 

If Y E Ob(T2), then Hy is small in 

( J 2) 

Hence for every 

direct limit in S we have: 

( H y, Q' (11m N a)) ( J 
2

) 

s 

(HY, lim Q'N ) 
(J2) -+ a 

s 

lim (HY, Q'N ) 
( J" 2) -+ a 

s 

11m (R'(HY), Na) (J'
1

) 

s 

Therefore R'(Hy) is small. Corollary 3.2.3 and the fact that J'1 
is skeletal implies that there exists a unique X 

We denote such an X by T(Y). 

Also if then there exists a unique 

such that the following diagram commutes in 

y 
R(H 2 ) 

~l 
R'(Y 2 ) 

H ----> 

s 
(01) 
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We denote such an x by T(y). 

T defines a functor from J 2 to J 1 . As is 

finitely cocontinuous and R' is cocontinuous it follows that T is 

finitely continuous. Also 

M 
R'(H 2 ) 

Therefore T(M
2

) = M
1

• If y E. J'
2 

is monic, then Hy is an onto map 

in 
(;12) 

s Lemma 3.2.4 implies that 

ismonicin .r
1

. 

is onto. 

Therefore T: 1 2 ---> Y1 is a Horn theory map. 

Hence T(y) 

To show that ST ~ Q' it suffices to show that they are equiva­

lent in J~P. This follows from the fact that J~p is L.S.D. with 

respect to direct limits in 

limits. 

and both functors preserve direct 

If X ~ Ob(J'1 ) then: 

ST(HX) (X, T( __ ))J 
1 

(R'(_), HX) (J )ry~P 
s 1 

(_, Q' (JIX)) (1 ) rr~P 
s 2 

~ Q' (Hx) 
' 

since Jop is L.S.D. with respect to direct limits in 
(3"2) 

2 
s 

Similarly one can show that if x: x 2 --> x 1 in Y1 then the 

following diagram commutes. 
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X ST(Hx) X 
ST(H 1) > ST(H 2) 

j~ ~~ X Q' (H 2) 
Q' (H 1) > 

Q' (Hx) 

Therefore ST Q'. So ST Q. 

Q.E.D. 

Corollary 3.2.6: If J 2 are abstract Horn theories then a 

functor --> is equivalent to one induced by a Horn 

theory map from J 2 to J 1 iff the composition 

is a Lawvre functor which satisfies the four conditions stated in 

Theorem 3.2.5. 

If T1 and T2 are two first order theories, then by a theory 

map F from T 2 to T1 we mean a map: 

which preserves equality, negation, conjunction, arity, and such that: 

T 2 ~ A implies T1 ~ F(A) 

If F: H2 ---> H1 is a theory map then there is an induced 

functor 
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such that UA(CF(N)) = UF(A)(N) for every A which is a conjunction 

of atomic formulas in H2 . 

Corollary 3.2.7: Let Q be a functor from CH to CH . Then 
1 2 

there is a theory map F: H2 ---> H
1 

such that Q CF iff Q is a 

Lawvre functor which satisfies the four conditions stated in Theorem 

3. 2. 5. 
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':') ':"~) 
Completeness theorem for logical categories 

Hugo Volger 

Introduction: 

In [12] Lawvere introduced the method of functorial semantics 

in order to study categories of algebras. For this purpose he de-

veloped the concept of an algebraic theory. An algebraic theory is 

a small category _'!'with products such that product-preserving func-

tors from _'!' into the category of sets correspond to algebras of a 

certain similarity type. Moreover, if two morphisms in_'!' are ident-

ified by all product-preserving functors, then they have to be equal. 

This ensures that the class of algebras is defined by equations. This 

categorical concept has proven to be very useful in universal algebra. 

In [ 13] Lawvere proposed a definition of elementary theories for 

model theory. An elementary theory should be a small category.'!'_ 

such that structure-preserving functors from _'!' into the category of 

sets correspond to relational structures of a certain similarity type. 

Moreover, if two morphisms in '!'are identified by all structure pre-

serving functors, they should be equal. This ensures that the class of 

relational structures is defined by first order formulas. This condition 

corresponds to the completeness theorem of first-order logic. 

This concept of an elementary theory may also be viewed as an 

algebraization of first- order logic by categorical means in the fol-

lowing sense. The elementary theory and the structure-preserving 

functors between them correspond to polyadic algebras and homo-

morphisms between them. A model of an elementary theory is a 

During the preparation of this article the author was supported by 
an NRC post-graduate and an NRC post-doctoral fellowship. 
Most of the results contained in this paper are part of the thesis 
of the author. 
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structure-preserving functor into a full subcategory of the category 

of sets which is an elementary theory, whereas a model of a polyadic 

algebra is a homomorphism into a functional two-valued polyadic al­

gebra (cf.Halmos [7]). In this context the above condition corresponds 

to the representation theorem for polyadic algebras. The connections 

between elementary theories and polyadic algebras have been studied 

by Daigneault in [5]. 

In this paper we will prove the completeness theorem for elementary 

theories, suggested by Lawvere in [ 14]. The proof is categorical, but 

it can be said that it follows, in a sense, the lines of the completeness 

proof in Henkin [8], We will use the slightly more general notion of a 

logical category. Aside from having some technical advantages, this 

permits an extension of the results to higher order logic. Thus we ob­

tain an equivalent to Henkin's completeness theorem for higher logic in 

[9]. It should be remarked that our proof of the completeness theorem 

requires the addition of two new conditions to the original definition of 

elementary theories in [ 13 J. They are concerned with certain pullbacks 

involving quantification and substitution. Two similar conditions occur 

already in a different context in Lawvere [ 15]. 

In the first chapter the basic definitions will be given. The second 

chapter contains the proof of the completeness theorem for logical 

categories and a criterion for the consistency of pushouts in the categ­

ory of logical categories. This shows that the interpolation theorem 

of Craig [3], the consistency lemma of Robinson [18], as well as the 

amalgamation theorem of Daigneault are equivalent. In the third 

chapter the completeness theorem will be extended to logical categories 

with exponentiation i.e. to higher order logic. In the last chapter we 
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will introduce the notion of a semantical category i.e. a category of 

set-like objects in which quantification is replaced by the notion of direct 

image. The main result can be stated as follows. For every logical 

category _g one can construct the free semantical category S(~) which 

contains C as a subcategory. Hence every logical functor from ~into 

a semantical category can be extended uniquely to 

every model of ~ can be extended to ~. 

In particular 

With regard to the necessary background from category theory 

and logic the reader is referred to Mitchell [16], chapters l, 2 and 5, 

and to Shoenfield [21], chapters 1-5. 
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l. Basic definitions : 

The completeness theorem states that the concept of an elementary 

theory is the abstraction of its models. Thus the definition may be de 

veloped by an analysis of the notion of a relational structure. 

Therefore let P be a non-empty set and let Ip be the following 

subcategory of the category of sets. The objects are a two-element 

set 2 and the finite powers Pn of the set P. The morphisms of Ip 

areeitheroftheform pn-.2 or Pn->Pm. Thus contains n-ary 

relations on P and m-tuples of n-ary operations on P for every n, 

mEN. 

The set 2 is a boolean algebra, whose operations are defined by 

the usual truth-tables. 
n 

This implies that I_pP , 2) is a boolean algebra 

n 
for every P E ob(}:~ and the substitution Ip{f, 2) , 2) 

n m 
is a boolean homomorphism for every f·P -. P E .Ip- This determines 

the propositional structure on Ip· 

Let us denote the subset corresponding to a morphism <P:Pn-> 2 by 

# n n 
<P . Then the substitution Ip(f, 2):_Ip( , 2)-. Ip(P , 2) for f:P -> 

carr esponds to the inverse image under f i.e. (ljlfl £- 1 (1/J#) for 

l/J:Pm-> 2. The direct image under £will be called existential quantifi 

cation along f and is denoted by :!if[ 1. Hence we have :BJ[" <Pl = f(<P#) 

for <P: -> 2. The inverse and the direct image are related as follows: 

This generalized quantification reduces to the usual one for a 

projection p: Pn x Pm..;; Pn. In this case :Rp[<PJ is the existential 

quantification of the last m variables of the n+m-ary relation <P#. 

Another special case is en= :i!Apn[ 1 
n n 

:P x P -. 2, which is the 

identity relation on Pn. The universal quantification Vf can be 
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These considerations motivate the definition of an elementary 

theory. If we replace the assumption that every object is a finite 

product of the two basis objects by the assumption that the category 

has finite products, then we obtain the more general notion of a logic­

al category. 

1 . 1 . Definition : A category C is called logical, if it satisfies the 

following conditions: 

( 1) g_ has finite products and hence in particular a terminal 

object I. - The unique morphism from X to I is denoted 

by 'x· 

(2) c has a specified object n which is a boolean algebra object 

i.e. there existmorphisms 0, l:I~O. -:o~n and 

/\: 0 X 0 ~ 0 which satisfy the identities for a boolean algebra. 

-Hence g_ (X, 0) is a boolean algebra for every object X 

and g_(f, 0) is a boolean homomorphism for every morphism 

f. Thus g_(X, 0) has a category structure determined by 

the order relation and 

the order. 

n) is a functor, since it preserves 

(3) For every f:X~Y in g_ there exists a functor :B:f:g_(X,O)~g_(Y,O) 

which is left adjoint to g_(f, OJ :~(Y, 0)-> , OJ i.e. :B:f[cp J s: 1/J iff 

cps 1/Jf for every cp and 1/J in g_. - :B:f is called the existential 

quantification along f. 

(4) g_ satisfies the equation :B:f
1 

[cp]£
2 

= :B:g
2

[cpg
1 

], if (g
1

, g
2

) 

pb(£
1

, f
2

) is pullback in <:::_ of one of the two following types: 

(a) :B:(X,f)[lyf] = :B:~y[ly](fxY), where f:X->Y and 

ly = l !y 



56 

(b) :E:q[cp] g = :E:q' [cp(X x g) J for g: Z -7 Y and projections 

X 
(X, f) 

>XxY 
a' 

X X Z -~~<-----c> Z 
,, 

~ fxY 
f! 

(a) 

I Ay -4> 
y >y X y 

Xxg l ~b) 
X xY ----->Y 

(5a) if ey(f
1
,f

2
) = lX then f

1 
=f

2
, where ey, the equality on Y, 

is defined by ey = :E:Ay[ly]. 

(5b) e = <> where .. is the biimplication. 0 , 

A functor F:C ... C' between two logical categories g_ and g_' is 

called logical, if F preserves finite products, the boolean algebra 

object 0 together with 0, 1, -,1\ and ifF preserves quantification.- F 

is called an extension if F is also bijective on objects. 

1 . 2. Definition : A category '!:_ is called an elementary theory if'!:_ 

satisfies the following conditions: 

(1) .:!' has two basic objects A and 0 such that every object X 

different from n has a specified representation as a finite 

power An of A, and '!:_(O,X) is empty. 

(2) _I(An,O) is a boolean algebra for every AnEob(_I) and 

_I(f, 0) is a boolean homomorphism for every f:A n -?Am E.:!'. 

-0 might be called an implicit boolean algebra object. 

(3) For every f:An-7AmET there exists a quantification 

lli:'!:_(A n, 0)-7T(A m' 0) which satisfies the conditions (3), 

(4), (5) of l. l. 

A functor F:T-7T
1 

between two elementary theories '!:_and _I' 

is called an elementary functor, if F preserves finite products, the 

basic objects A and 0, the boolean structure of the set T(A n' 0) and 
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It should be noted that all the following results for logical categories 

are valid also for elementary theories with slight modifications. 

In the following we will adopt the convention of writing binary propo­

sitional operations between the arguments. 

l . 3. Remarks to the previous definition: 

( l) There are no explicit variables in C. Their role is taken 

over by the objects of c:_::_, which might be called the types 

o£ C. 

(2) It should be remarked that Lawvere used in [13] the following 

stronger condition for the object 0: 0 is the coproduct I+I 

with the injections 0, l :I->0 and the functor X x (- ):c:_::_ ->c:_::_ 

preserves this coproduct for every X E ob{f). This implies 

that 0 is a boolean algebra object, since the negation 

-:0->0 and the conjunction A:Ox0-+0 can be defined by 

means of the coproduct property. 

(3) The adjointness condition for the quantification is equi­

valent to the following two equations: 

cpA:BJ[cp]f "<P 

:BJ[cpA 1/Jf] = :BJ[cp] t\ 1/J 

The universal quantification a Long f is defined by 

(3. l) 

(3. 2) 

(3. 3) 

Since negation is the dualization functor of a boolean algebra, 

Vf is right adjoint to c:_::_(£, 0) i.e. 1/! s: Vf[cp] iff 1/Jf scp for every 

<P and 1/J. 
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(4) The formulas (4a) and (4b) are equivalent to the following 

three formulas: 

(a) af[<~J]=aq[(!JpAey(fp,q)] for f:X->Y and 

projections p:XxY->X, q:XxY->Y 

(b) aq[<~J]g=:Rq'[<P(Xxg)J for g:Z->Y and 

projections q:XxY->Y, q':XxZ->Z 

the projections of XxYxXxY 

(a) shows that quantification along an arbitrary morphism 

can be reduced to quantification along a projection and 

equality. The condition (b) states that the quantification 

along q can be interchanged with the substitution of g, 

if there is no collision of variables i.e. if g is sub-

stituted only for those variables which are not affected 

by the quantification along q. The condition (c) allows 

a reduction of the equality. (Sa) This condition ensures 

that two morphisrns which are equal in the sense of the 

equality predicate are equal. (5b) is a natural condition, 

since the biirnplication acts as predicate in a 

boolean algebra. 

Making use of the above definitions one can derive the 

familiar logical identities. 

1.4. The following results will be used later on: 

(1) 1jJ ~ 3{[1)1] f , 3f[1)1£] < 1jJ 

( 2) 3f(1)1fAA] = 1)1t-3f[A] 

( 3) .3f[1)1 1 v1)1 2] = ;if[1)1
1
]v f[1)1

2
] 

( 4) 3f(1)1j = Oy iff 1)1 = ox 
(5) ;}g£[1)1] = 3g[3f[1)1]] 
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(7) if f is left invertible then ]f[¢] f = ¢ 

( 8) if f is an isomorphism then .3£[¢] = ¢f-1 

(9) f i.s epic iff af[lX] = ly 

( 10) ax
1

xr
2

[<P(£
1
xx

2
)J =I!Y

1
x£

2
[<P](£

1
xY

2
l 

x
1 

x£
2 

X 
1 

xX
2 

--··-----··-7 X l xY 
2 

xxz---·--> z 

£1 xx 2 l (10) l £1 xY 2 

Y xX --------~ Y xY 
l · 2 Y 

1 
x£

2 
1 2 

( 11) af[(()]g = l!q[<Pp /\ ey(fp, gq) J 

(12) ey(f,f) = 1x 

( 13) ey(f, g) = ey(g, f) 

(14) ey(f, g),;; ez(hi, hg) 

(15) eYxY'(f,f',g,g') = ey(f,g)/\ey,(f',g') 

( 16) ey(f, g)/\ lj;f :s; ljJg 

(17) ey(f,g)/\ey(g,h),;; ey(f,h) 

(18) Vq[ey(f, f') (\en(((), (()
1
)] ,;; en(llf[(()], l!f'[<P']) 

(19) V!X[ey(f,g)] = l iff f=g 

(20) if <P,;; ey(£
1

, £
2

) then 3£
1 

[<P] = 3f
2

[<P] 

q 

( ll) 

Corresponding formulas for the universal quantification can be 

obtained by dualizing. 

l. 5. Example: !?_, the category of sets, is a logical category. 

The category !?_ has finite limits and hence in particular finite pro-

ducts. The 2-element set 2 is a boolean algebra object in !?_. Moreover, 

2 classifies subobjects in§_, i.e. for every (():X->2 there exists a unique 

subobject <P# of X such that (()# = eq(((), lX). The substitution §_(f, 2) 

for f:X->Y E §. corresponds to the inverse image under f i.e. 

(lj;f)# = £-l {1/J#). Since !?_ has images, the quantification 3£ can be 
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defined by the direct image under f i.e. :!!f[rp]# =f(rp#). This implies 

the adjointness of the quantification, since we have f(rp#) s: 1/J iff 

-1 # 
Since images are preserved by pullbacks, we have f

2 
£

1 
(rp ) 

=g
2

g
1

(rp#) forapullback (g
1
,g

2
)=pb(f

1
,£

2
) andtherefore :!!£

1
[rp]£

2 

= :!!g
2

[rpg
1
]. This gives in particular the conditions (4a) and (4b). 

Condition (Sa) follows from ey * =lly(ly #) = lly and (ey(f
1

, f2 ))~ 

-1 * =(£
1
,£

2
) (.:ly)=eq(f

1
,£

2
). (Sb) folbwsfrom e

0 
=.:ln eq("',lnxn) 

= .,1. 

Later on we will need the following elementwise description of 

the quantification in~· Since I is a projective generator in ~. we 

have 

(1) :!!f[rp] = l for y:I->Y iff there exists x:I->X such that 
y 

y = fx and cpx 

(2) ey(y,y') 1 iffy y' for y,y':I->Y. 

1. 6. Example: Every first- order theory with equality determines an 

elementary theory. 

Let Fm(n) be the set of formulas of the theory whose free variables 

have indices less than n, and let Rn be the relation of logical equivalence 

boolean algebra Fm(n)/Rn. 

Similarly let Tm(n) be the set of terms of theory whose 

variables have indices less than n , and let S be the relation 
n 

of provable equality i.e. Cf
1
,f

2
)cSn iff f1~ f 2 

is a theorem, 

where~ is the equality predicate. Then let T(A ,A1 ) be the 
- n 

quotient Tm(n)/Sn. - The equivalence class of ~~Fm(n) resp. f~ 

Tm(n) will be denoted by~ resp. f . Finally 

set of m-tuples of elements of T(A ,A1 ) i.e. 
- n 

let !CAn,Am) be the 

m 
!CAn,Am)=!CAn,Ai) • 
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The composition at the right with fET(A ,A ) is given by - n m 
the simultaneous substitution of the terms f

0
,f1 , .. ,fm_1 • This 

is well-defined and makes T into a category with the objects n 

and An for n~. In particular, TCf,n) is boolean homomorphism. 

Moreover, the object An is the n-th power of A1 i.e. An~cA1 )n. 
The projections are given by the variables x. for i<n . 

]. 

The quantification inTis defined as follows (cf.1.3.4a): 
- n-1 

:lcfo'' · ,fn-1) [$'] =:lxn' · ',xn+m-1 0 ( xi/xn+i) k1o_x_k_=..,f,_k..,.(_x_i_,/_x_n_+_i-<t)"~'"J 

The adjointness of quantification follows from inferences in 

first-order logic. Similarly the conditions (4)-(6) can be verified. 

It should be remarked that T can be extended to a logical 

category T+ in which Xxn is the coproduct of X and X for every 

X in T+. The objects ofT+ are the finite products Anxnm. Before 

building up I+ from I by taking product-maps and coproduct-maps, 

we have to enlarge I by conditional terms. These terms correspond 

to morphisms of the form ( ;f1 )CAn,~):Anxn-+A and are inter­

preted as "if ~ then f 1 else f 
0

" in the category of sets ( cf. [s]). 

2. The completeness theorem for logical categories; 

The notion of a model of a logical category is defined as follows: 

2. 0. Definition: Let ~ be a logical category . A logical functor M 

from ~ into the category of sets is called a ~-model. A natural 

transformation ~-t:M~N between two C-models M and N is called 

a ~ embedding. 

Now the completeness theorem can be formulated: 

2. 1. Theorem; Let ~ be a small logical category which is consistent 

(l) For every pair of morphisms f, g:X~Y there exists a 

~-model M such that M(f) ~ M(g). 

(2) There exists a C model M such that card(M(X)) s: card(g_) 

for every X E ob(~). 
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Making use of the corresponding fact in the category of sets, we 

obtain the following immediate corollary: 

Corollary: In every small logical category which is consistent and 

nice, the pullback- condition 1. l. 4 8f 
1 

[ cp]f
2 

= 8g
2 

[cpg 
1

] is satisfied 

for every pullback (g , g ) = pb(f , f ), which is preserved by every 
l 2 l 2 

product-preserving functor. 

As in the well-known proof of the completeness of first-order 

logic in Henkin [ 8 J we shall construct for the given logical category 

an extension F:C-?C' for which g_'(I, -):g_' .... Sets is a model i.e. 

C' has a canonical model. Then the composition of (I,-) with 

the functor F gives the required C-model. 

The following proposition characterizes those logical categories 

which have canonical models. 

2.2. Proposition: Let C be a logical category. Then g_(I, -);g_-7~ 

is a C -model iff 

(1) g_ is maximally consistent: i.e. C(I,O) {0, 1) 

(2) g_ is rich i.e. for every cp:X-?0 such that 8•x[cp] = 1 there 

exists k:I-?X with cpk = 1. 

It is obvious from l. 5 that these conditions are necessary. -

However these conditions are also sufficient. The functor g_(I, -) 

always preserves products. The condition Q(I, 0) [0, l} ensures 

that Q(I,) preserves 0. Moreover, Q(I,-) preserves equality, 

since C satisfies condition (Sa) of 1. 1. Because of the reduction 

formula (3a ) of 1. 3 it remains to be shown that Q(I, -) preserves 

quantifications along projections. Hence we have to show that for 

:Rq[cp]y 1, where yEQ(I,Y) andq:XxY-?Y aprojection, there 

exists x E Q(I, X) such that cp(x, y) = l ( cf. 1. 5. 1). But we have 
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3:q[(f?]y=3:!x[<P(Xxy] because of (4b) in 1.1. Now the required 

result follows from the fact that C is rich. 

Now we have to construct an extension which is maximally 

consistent and rich. A maximally consistent extension of ~ can 

be obtained by constructing the quotient category with respect to 

an ultrafilter A in the set of sentences ~(I, 0) of .s;;:. This corresponds 

to an extension by a new set of axioms in first-order logic. 

2. 3. Proposition. Let ~ be a consistent logical category and let A 

be a filter in ~(I, 0). Define a relation R on ~ by (f, g) ER iff 

V!X[ey(f,g)]EA for f,gE~(X,Y). Then ~/A=~/R isagaina 

consistent logical category and the projection P:~ ~~I A is an ex­

tension of C. If A is an ultrafilter, then ~/ t::.. is maximally con­

sistent. 

It is sufficient to show that R is an equivalence relation on ~ 

which is compatible with composition, products and quantification. 

This is done in two steps. Making use of the properties of the uni­

versal quantification in 1.4, we can verify that F(X) {<PE ~(X, 0): 

1[!x[<P] Et::..} is a set of filters which is closed under substitution 

and universal quantification. Then, making use of the properties 

of the equality in 1.4, it can be verified that R(X, Y) {(f, g):ey(f, g) 

E F(X)} has the required properties. In particular, 1. 4. 18 implies 

that R is closed under quantification. 

The following consequence of l. 4. 19 characterizes those logical 

functors which are faithful. This corresponds to conservative ex­

tensions in the first-order logic. 

2.4.Lemma. A logical functor F:~~~' is faithful iff F(.;o) =F(l) 

implies <P = l for every <P E 0) . 
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Since the construction of a rich extensim involves a countable 

chain of logical categories, we need the following lemma on colimits 

of chains. 

2. 5. Lemma. Let -> Qi+ 
1 

for i EN be a countable chain of 

extensions of logical categories. Then the direct limit Q is again 

a logical category. If every ~ is maximally consistent resp. rich 

then £is again maximally consistent resp.rich. 

Since the Fi are extensions (cf .1.1) we may assume ob(£
0

) 

ob(C.). 
-1 

where R 

Define £ by ob(Q) = ob(Q
0

) and Q(X, Y) = I; Qi(X, Y)/R, 
iEN 

is defined by (f,f')ER for fEC.(X,Y), f'EC.,(X,Y) iff 
~ -1 

there exists j:2:i,i' such that F. 
1 

... F.(f)=F. 
1 

... F.,(£ 1
). It is 

)- 1 J- 1 

easy to show that £ is a logical category, since lj_ is a directed 

set and every condition in 1. l involves only finitely many morphisms. 

Similarly it can be verified that the property of being maximally 

consistent resp. rich is inherited by g_. 

As in first-order logic the construction of a rich extension of C 

involves an extension Q[K] of C by a set of constants K i.e. 

morphisms of the form l-1>X with X in C. Moreover, this extension 

should be conservative i.e. the functor £-> Q[K] has to be faithful. 

The basic idea of the construction can be described as follows. 

Every morphism in Q[K] is a morphism of £ into which a finite 

sequence of constants from K has been substituted. In a first step 

we will define Kf, the category of finite sequences of K, together 

with a contravariant functor A :K*'-> C. 

2. 6. Let C be a small logical category. A category ~ with ob(!5) 

= ob(£) and ~(X, Y) ¢ for X f I is called a category of constants 

for C. 



65 

Let §.
0 

be the category of finite cardinals and arbitrary map­

pings. Then ~'if is defined by ~# =§.0 /~, where~ is viewed as a 

set. Thus the objects of~* are maps c:n-?K with nEob(§_
0

), 

and s:c-?c 1 isamorphismifc 1 s=cwith s:n-?n 1 E§.
0

. 

K'if is a filtered category i.e. for c, c 1 E ob(~#) there exist 

II I I II . K* d s:c-?c , s :c ->c 1n _ an for s, s 1 :c-?c 1 in K'il' there exists 

t:c 1 -> c 11 with ts =ts 1
• This follows from the fact that §.

0 
has finite 

colimits. 

Remembering the category structure of ~, we can define 

A(c) =A(c(O))x ... xA(c(n-1)) for c:n->K, where A(c(i)) is the co-

domain of c(i) inK, which is also an objecting_. F'or s:c->c 1 

in ~'if we define A(s):A(c 1 )->A(c) by pkA(s) =qs(k)' where pi 

resp.q. are the projections of A(c) resp. A(c 1
). This gives a 

J 

contravariant functor A :K#-> C. 

It can be verified easily that A is faithful and carries finite 

coproducts into products. Later on, we will need the following 

remark: 

For s, s 1 :c -?d in ~#with c monic and c cfi ¢ there exists 

t:d-> c such that ts = ts 1 = id . 
c 

After these preparations we can construct the extension by constants. 

2. 7. Proposition. Let g_ be a nice logical category and let ~ be 

a category of constants for C. Then there exists a faithful extension 

g_[K] of g_ which contains _!S as a subcategory. Moreover, g_[K] has 

the following universal property. Every logical functor F:g_-> :g_ 

which coincides on objects with a functor H:K->D can be extended 

uniquely to C[K]. 
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Formalizing the idea mentioned above, we define ob(g_[K]) = ob( !; ) 

and g_[K](X, Y) = [(f, c) \f:A(c)xX"""'YE!;}/R, where we have ((f, c), 

(f',c'))ER iff there exist s:c...,d, s':c_,d EK# such that f(A(s)xX) 

= f'(A(s')xX). The definition is equivalent to g_rK](X, Y) = colimit 

(g_(A(-)xX, Y):~#_,S), since the above description gives the construction 

of the colimit of this set-valued functor over a filtered category. The 

equivalence class of (f, c) will be denoted by (f\c), and c''d denotes 

the juxtaposition of c and d. 

A(c)xX 

A(s)x~_---7 ~ 
A(d)xX--=------ _ ~ y 

A(s~xx--~-~ ~----- f' 
A(c')xX 

Using the above mentioned idea as guideline, we define: 

(1) composition: (f\c)(g\d)=(f(A(c)xg)\c"d) 

(2) product-map: ((fjc),(f'\c'))=((fp,f'p')\c~c') 

(3) J 
1

: _g_"""' g_[K]: J 
1 
(f)= (f \ ¢) with ¢:¢-;K 

(4) J2 :~-;g_[K]: J
2
(k)=(X\k) with k:l..,.XEK 

(5) quantification: :H(f\c')[(cp\c)] = (M(c)x(p,f)[cp(qxX)]\c~c') 

Now it can be verified that these definitions are well-defined 

and make g_[K] into a logical category and J 
1 

:g_ .... g_[K] into a 

logical functor. Except for the case of quantification all the com-

putations are straightforward. For the products one might also use 

the fact that filtered colimi.ts of set-valued functors commute with 

finite products. (cf.Schubert [20], Thm.9.4.1) 

In the case of quantification one verifies first that the definition 

satisfies the adjointness condition l. l. 3. Here we have to use the 

pullback conditions (4a) and (4b) in 1. 1 in g_. Since the quantification 

is uniquely determined by the adjointness condition, this settles the 
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question of being well-defined. Then one has to verify the conditions 

(4a) and (4b) of 1. 1 for g_[K], making use of them in g_. There-

maining conditions in 1. 1 follow from the fact that J 
1 

preserves 

quantification. In order to show that J 
1 

:g_ ->g_[K] is faithful we have 

to use the assumption that g_ is nice. 

The universal property of g_[K] is verified as follows. The 

extension F':g_[K]->12. is defined by F'((flc))=F(f)H(c) with 

H(c)=(H(c(O), ... ,H(c(n-1))). 

Later on we will need the following statement about removing 

constants from an equation: 

(6) if (flc)=(f'lc') with c monic and cf-¢ then f=f'. 

This is a consequence of the final remark in 2. 6. 

The rich extension of C is obtained by adding for every cp:X ->0 

with 3:! X [<,0] = 1 a constant together with a special axiom. 

2. 8. Proposition: Let g_ be a small logical category which is consistent 

and nice. Then there exist a rich logical category g_' and a faithful ex-

tension F:C->C'. 

Let g_[K] be the extension of g_ by constants in JS, where JS is de-

fined by JS(I,X) = (cpEg_(X,O)::B:!X[<,O] = 1}. Let Ll be the filter in g_[K](I,O) 

generated by the set of axioms (<,D<P···IcpEg_(X,O), :il!X[<,D] = 1}, where (,0~· 

is the constant corresponding to <P· Then g_
1 

and F
1

:g_->g_
1 

are defined 

To show that F 
1 

is faithful it is sufficient- because of lemma 2. 4-

to verify that F 
1 

(l/J) = l implies ljJ = 1 for l/J E g_(I, 0). F 
1 

(l/J) = 1 implies 

l/J ELl and hence there exist <PiE g_(Xi' 0) for i = 1, ... , n such that 

n ':' 
1\ (,0.(,0. ,;; l/J in g_[K]. This implies 

i= 1 1 1 

n ):' ~' 
( 1\ (,D.p. I ((,01 ' ... ' <P ) > $ ( l/!! X I 
i= 1 1 1 n 
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n 

the constants by means of 2. 7. 6 we obtain 1\ cp. p. :$; 1/J! X. Making use 
i= l 1 1 

of the adjointness of conjunction and implication, we obtain l = 1/Jn, where 

1/Jk:Y k ~ 0 for k=O, ... , n are defined by 1/Jo = 1/J, Y 0 =I and 1/Jk =cpk rk => 

1/Jk-lqk, Yk=XkxYk-l withprojections rk:Yk~xk and qk:Yk~yk-l' 

In particular we have (rk' qk) = pb( ! X , ! y ) . Now we can prove 
k k-l 

1/Jo=I/J=l by descent. If 1/Jk=l then cpkrk:$;1/Jk-lqk and hence 

l =3:!X [cpk]!y = 3:qk[~rk]$3:qk[I/Jk-lqk] =1/Jk-l because of 
k k-l 

3:!X [cpk] = l, (4b) in l.l and 1.4.6. Here we have used the fact 
k 

that the projection qk is epic, since C is nice. This shows that 

F 
1 

is faithful. 

Hence ~l is rich at least for morphisms of the form F 
1 

(cp). 

Iterating the above construction, we obtain a countable chain of 

faithful extensions. Then ~', the coli.mit of this chain1is the de-

sired rich extension of ~ and the injection ~ ~ ~~ is faithful. 

Now we are in the position to prove the completeness theorem 

2.1. As in the pro.lf of Henkin the result is achieved by a rich 

extension followed by maximal consistent extension. 

The assumption f -f g is equivalent to V !X[ey(f, g)] -f l because 

of 1. 4. 19 and 1. l. 6. Now let F:C~c be the rich extension des­- -l 

cribed in 2. 8. Let t::. be an ultrafilter in ~ 
1 

(I, 0) which does not 

contain F(V!X[ey(f, g)]). Because of 2.3 we obtain a maximally 

consistent logical category ~2 = ~l / t::. together with the canonical 

projection P:~ 1 ~~2 . Moreover, ~2 is still rich, since the functor 

P is full and surjective on objects. Hence ~2 has a canonical model 

becauseof2.2. Inparticularwehave PF(V!X[ey(f,g)])=O and 

hence PF(f) -f PF(g). Now the composition c
2

(I,- )PF gives the 

required result, since c 2 (I, -)is faithful because of 2.4. 
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It should be remarked that until so far we had to use only the 

prime ideal theorem, which provided the existence of the ultrafilters 

involved. A careful inspection of the constructions which have been 

used yields the inequality card(g_(I,PF(X))),;; card(g_) for every X inC. 

This requires of course the full axiom of choice. 

Making use of the methods developed above, we can prove the 

following criterion for the consistency of a pushout in Log, the 

category of logical categories. - 1t should be noted, that Log is 

complete and co-complete. The limits are the same as in 

whereas the colimits require a more elaborate construction. 

the pushout in the category of logical categories, then the following 

statements are equivalent: 

( l) If Q l (cp
1

) s 0
2

(cp
2

) for cpi E g_
1 
(I, Q), then there exists 

cpEg_
0

(I,Q) suchthat cp
1

,;;H
1

(cp
0

) andH
2

(cp
0

)scp
2

. 

(2) If H
1 

is faithful, then 0
2 

is faithful. 

(3) If H 
1 

and H
2 

are faithful, then is consistent. 

(4) If g_
3 

is not consistent, then there exists cp E g_
0

(I, 0) such 

(l) corresponds to the interpolation theorem of Craig (cf. [3]) for 

first-order logic. (3) corresponds to the amalgamation theorem 

of Daigneault ( cf. [ 4 J, 2. 6 ) for polyadic algebras. ( 4) corresponds 

to the consistency theorem of A.Robinson (cf. [18], 2.9) in model 
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theory. A related result concerning the equivalence of (1) and (3) 

can be found in Preller [ 17]. 

In the following we will use several times the lemma 2. 4 

which characterizes faithful logical functors. 

(l) implies (2): Assume Q
2

(cp
2

) l. Since we have Q
1

(1) = l 

= Q
2

(cp
2

), there exists cp with 1 = H
1 

(cp) and H
2

(cp) ,;,cp
2

. Since H
1 

is faithful, H
1 

(cp) = l implies cp = l and hence l = H
2

(cp) = cp
2 

as re-

quired. 

(2) implies (3): Applying (2) twice we see that Q
1 

and 0
2 

have 

to be faithful. But now the consistency of ~~ or implies the 

consistency of ~3 . 

(3) implies (4): The following argument is an adaptation of 4. 5 

in Daigneault [4]. Assume that there does not exist cp such that 

l =H
1

(cp) and H
2

(cp) 0. Since the statement "{3) implies (4)" is true 

for boolean algebras (cf.Daigneault [4], 4.2), there exist ultrafilter 

- 1 1 
-'\ in ~i(I,O) for i=1, 2 such that H

1 
(A

1
) =H

2 
(A

2
) =Ao· Because 

·C. ->C./A. are the canonical 
-l -l l 

projections. Since each A
1
. i.s an ultrafilter, each C./A. is maximally 

-1 1 

consistent and therefore H
1 

and 

we can apply (3) to H
1 

and H
2

. 

are automatically faithful. Now 

This implies that Q. :C./ A.-> c
4 

for 
l -1 1 -

i=l, 2 are faithful and ~4 i.s consistent, where Q
1 

and Q
2 

are defined 

such that 

HQ
1 

Qi. P
1 

for icc 1, 2. The existence of H and the consistency of 
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g_
4 

imply the consistency of g_
3 

0 

Let A
1 

respo A
2 

be the filters generated by cp
1 

respo cp
2 

in g_
1 

(I, 0) 

a logical functor Q:g_
3 

->g_
4 

with Qipi =QQi for i=l, 2o Now we have 

hand Q 
1 

P 
1 

(cp
1

) A Q
2 

P 
2 

(-,cp
2

) = l because of the definition of A 
1 

and 

A
2

0 Henceg_
4 

isinconsistento Then(4)yieldscpwith P
1
(l)=P

1
H

1
(cp) 

of the definition of A
1 

andA
2 

(cfo Shoenfield [2l],p.80) 

g_o 
Hl 

H2l r 
pl 

_g/Al 

_g2 
Q2 ~,~ Ql 

p 21 
_g2 I A2 

Q2 g_4 

It should be remarked that the amalgamation theorem for nice 

logical categories can be proven 0 Because of the completeness 
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theorem it is sufficient to prove that for two models M and M of 
1 2 

g_ 1 resp. g_2 with M
1

H
1 

=M
2

H
2 

there exists a model M of g_
3 

such that MQ 1 M
1 

and MQ
2 

= M
2

. The construction of the model 

M follows closely the presentation given in Schoenfield [21 ], p. 74-80. 

A detailed proof can be found in the thesis of the author. 

As an immediate corollary we obtain the theorem of Beth (cf. [2]). 

2.10. Proposition: Let H:g_
0 

.... g_
1 

be a logical functor, where g_
0 

and 

g_1 are nice, consistent logical categories. Let (Q
1

, Q
2

) = P
0

(H, H) 

be the pushout in the category of logical categories. Then the following 

two statements are equivalent: 

(l) <PEg_
1
(I,0) is explicitly definable i.e. there exists l)JEg_

0
(I,O) 

such that <P H(!Pl. 

3. The completeness theorem for closed logical categories: 

In order to take into account higher order logic with function 

types, we have to require that the set of morphisms from X toY 

in a logical category g_ is represented by an actual object YX in 

C. This leads to the concept of exponentiation. In the following 

we shall try to extend the previous results to this situation. 

3. 1. Definition: A logical category C is called closed if the 

following conditions are satisfied: 

(l) £has exponentiation i.e. for every XEob(g_) the 

functor Xx( ):g_ .... g_ has a right adjoint (-)X:g__->£. 

- Hence there exist natural isomorphisms A.X and EX 

-1 X 
with A.X=(<X) suchthat A.XZ,Y:g_(XxZ,Y)->g_(Z,Y ) 

X 
and <Xz y:g_(z, Y )->g_(XxZ, Y). A. is called abstraction 

and E: is called evaluation . 
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(2) £satisfies the extensiorlality axiom i.e. eyX(),X[£
1
], 

jection q:XxZ->Z. 

h h X X Having defined Y for h:X' ->X by <X'[Y ] = <X[Y ](hxY ), 

we obtain the following two formulas: 

(3) 
X 

g A.X[f]=A.X[gf] for g:Y->Y' and f:X->Y 

(4) Y\X[f] = A.X'[fh] for h:X'->X and f:X->Y 

Thus gX resp. Yh represents composition at the left with g resp. 

at the right with h. 

In particular Of represents the substitution £(f, 0). But also 

- X y the quantification :Rf is represented by a morphism :B:f:O .... 0 , 

where :Rf is defined by <Y [:Rf] 
X X 

:i!fxO [<X[O ]] (cf .Scholz-

Hasenjaeger [l9],p.384), Thus the quantification :1!£ is repre-

sented by composition at the left with :!If: 

(5) :i!f,>,.X[<p] = A.Y[af[<p]] for <p:X->0. 

The following special case of (2) shows that in a closed logical 

category quantification can be expressed by means of equality: 

for <p:XxZ .... 0 and the projection q:XxZ .... Z. - This corresponds to 

a result of Henkin about propositional types (cf.Henkin [10],4.6). 

Later on we will reed the following consequence of (2): 

(7) 

with f.:X->Y and the projection q:ZxxZ .... xZ 
l 

3. 2. The completeness theorem for closed logical categories is 

not true with respect to models which preserve exponentiation. This 

follows from the incompleteness of Peano-arithmetic. However, 
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the completeness theorem remains true if we admit non- standard 

. . Y M(Y) models 1. e. models M for wh1ch M(X ) may be a subset of M(X) . 

This corresponds to the completeness theorem for higher order logic 

in Henkin [9]. 

This can be seen as follows. The propositions 2. 3 2. 8 remain 

true if logical categories and functors are replaced by closed logical 

categories and logical functors which preserve exponentiation. In 2. 3 

the extensionality axiom or rather its consequence 3. 1. 7 is used to 

show that the relation R is closed under exponentiation. The pro-

positions 2. 4-2.6 have obvious extensions, whereas in 2. 7 we have 

to show that ~[K] has exponentiation and that the inclusion of ~ 

preserves it. The exponentiation in ~[K] is defined by 
z 

<f I c > = 
z z z 

(f (dA(c)xX )\c), where dz =>..Z[q]:A(c)-?A(c) is the diagonal 

morphism. Then in 2. 8 we can obtain the rich extension as before. 

For the reason stated above, the proposition 2.2 about canonical 

models cannot be strengthened in this way. Hcwever, if~ is a closed 

logical category which satisfies the conditions(!) and (2) of 2.2, then 

the canonical morphism ~(I, X y) _,~(I, X) <;:_(I, Y) is monic. Here we 

have to use the fact that 1 is a generator in the category of sets. 

- Combining these results, we obtain the completeness theorem stated 

above. 

4. Semantical categories: 

Following a suggestion of Lawvere, we will replace the 

concept of quantification by the concept of direct image. 

An analysis of the proof of 1.5 leads to the following concept 

of a semantical category. 
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4.1. Definition: A category~ is called semantical if it 

satisfies the following conditions: 

(1) E has finite limits. 

(2) E has an object n which is a boolean algebra object. 

(3) n classifies subobjects i.e. for every ~:X~~n there 

exists a unique subobject ~~ of X such that ~*= 

eq(~,1X) and every subobject is of this form. 

(4) If Cf1 ,f2 ) = pbCg2 ,g1 ) is a pullback in E with g2 

epic then f 2 is epic. 

(5) E has epimorphic images l.e. every morphism f:X~Y 

has a factorization f=im(f)q with im(f) monic and q 

epic such that for any factorization f=mh with m monic 

there exists a unique g such that mg=im(f) and h=gq. 

- The subobject im(f) is called the image of f. More­

over, if n is a subobject of X, then im(fn) is called 

the direct image of n under f. 

A functor H:~~~~ between two semantical categories~ and~~ 

is called semantical if it preserves finite limits,epics and 

the boolean object 0 together with its operations 0, l,--, and II. -Thus 

H preserves in particular monomorphisms and hence the image-

factorization and direct image. 

The proof of l. 5 shows now that the category of sets is a sem-

antical category. 

4. 2. Proposition: Every semantical category re sp. functor is logical. 

-In other words there is a forgetful functor from the category of 

semantical categories into the category of logical categories. 

A review of the proof of l. 5 shows that we derived the fact that 

the category of sets is logical from the fact that it is semantical. 

An analogous proof shows that every semantical category is logical. 
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As we have remarked above, every semantical functor preserves 

direct images. Hence it preserves quantification which is given by 

direct images. This shows that every semantical functor is logical. 

The main result for semantical categories is the following: 

4. 3. Theorem: For every logical category <;:_ o.ne can construct a 

semantical category S(<;:_) together with a faithful logical functor 

J:<;:_-> S(_<:;) such that every logical functor from <;:. into a semantical 

category Jf. can be extended uniquely to a semantical functor from 

S(<;:_). If <;:. is already semantical, then S(<;:_) is equivalent to C. 

In other words the category of semantical categories is a 

reflexive subcategory of the category of logical categories. The 

construction of S(<;:_) is divided in two parts. The first part involves 

the addition of subobjects for morphisms of the form X-> 0. 

4. 4. Proposition: For every logical category <;:_ one can construct 

a logical category c':' together with a full and faithful logical functor 

K:C-> c':' such that every logical functor from _g_ into a logical 

category with finite limits can be uniquely extended to a logical functor 

which preserves finite limits . Moreover, <;:.':' satisfies the conditions 

(1), (2) and (4) of 4.1, whereas the conditions (3) and (5) are satisfied 

only up to morphisms which are monic and epic. 

The category c'" is defined as follows. The objects are pairs 

of the form (X \cp) with X E ob(<;:_) and cp:X ->0 E <;:.. A morphism from 

(X \cp) to (Y \1/J) should be the restriction of a morphism f:X->Y in <;:. 

to the subobject (X \cp). Hence the mprhisms are triples of the form 

(1/J\f\cp) with f:X->Y, cp:X->0, 1/J:Y->0 in<;:_ and :3:f[cp],;;\IJ. However, 

two morphisms (1/J Jf
1

\cp), (1/J Jf
2

\cp) are considered to be equal if 

cp,;; ey(f
1

, f
2

) i.e. if f
1 

and f
2 

agree on the subobject (X \cp). The 
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composition is defined by (A I gf I ip) =(A I g liP HIP I£ I<Pl. Making use of 

the properties of the equality, we can verify that we have obtained a 

,~ 

category. Moreover, a functor K:g-; g can be defined by K(f) = 

K is full and faithful. The latter makes 

use of condition {Sa) in 1 . 1. 

Using the concept of restrictions as guidelines, we make the 

following definitions: 

the projections of X 
1 
xX

2 
in 

(2) eq((¢!£ 1 \<Pl. <<P\£2 l<Pll = <<PIXI<PAey(£
1
,f

2
ll with f

1
,f

2
:x ... Y. 

(3) pb((lj> !£1 !<P
1
l. (lj> !£2 !<P2 ll = ((<P1 !P

1
illl• (<P

2
!P2 ]!L)), where 

f
1

:Xi-'?Y for i=l,2 and p
1
,p

2 
are the projections of 

x 1xx2 and iJ. is defined by 1-£ <P
1

P
1 

Aip
2

p
2

Aey(f
1

p
1

,£
2

p
2

). 

(4l :[(¢ ]f\<Pl[(l
0

JA. )<PlJ = o0 \:[f[<PAA.J II/Jl. 

( 5) e (X I<Pl = ( 1
0 

I eX !<PP 1 i\ <PPz) where p 1, p 2 are the projections 

of XxX in 

Making use of the corresponding properties of g, we can verify now 

that g* is a logical category with finite limits. For the adjointness 

of the quantification the following observation concerning the order 

relation is very useful: (1
0 

J~L 1 !<Pl ,;;(10 liJ.
2 

\<Pl iff <P,;;/J.l ""/J.z · 

It should be rem11orked that g':' satisfies the pullback condition (4) 

of 1. 1 for arbitrary pullbacks in g''. The proof makes use of (4a) and 

(4b) of l. 3 for g. 

It follows from the above definitions that K:C ... c"' is a logical 

functor. Moreover, K is full and faithful. The latter is due to con-

clition (Sa) of 1.1 for g. 
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We have shown so far that C satisfies the conditions (l) and (2) 

of 4. l. Since a morphism f:X-? Y in a logical category is epic iff 

:!If[ lX] = ly ( cf. l . 4. 9), the pullback-condition for arbitrary pullbacks 

implies that epimorphisms are stable under pullbacks. This gives 

condition ( 4) . 

Now let us consider condition (3). To every morphism 0
0 

lA ll/Jl: 

(Yil/Jl"' (01\-~) we associate the subobject (1
0

1;\.ll/>l#=(l/JIYII/JA;\.) = 

eq( (l n I A ll/>l' (l n ll y ll/>l): (Y II/>(\ A ) H (Y I ~til. Conversely we associate 

b 
to every subobject (wlmi<Pl:(XI<Pl>+(YIItJl the morphism (~tJimi<Pl = 

o0 1:a:m[<PJI~til· Thenwehave (l 0 IAI~til*b=(l 0 IAI~til but (~tJimi<Pl= 

(ltJ lm I<Plb#(:B:m[<P] lm I<Pl. (:B:m[<P] lm I<Pl is monic, since (ltJ lm I<Pl 

is monic. However, (:B:m[<P] lm I<Pl is also epic, since the epi-

morphisms in c::··· have the form (:B:f[j.L] lfii-Ll because of 1.4.9. 

~:~ 

This shows that C satisfies condition ( 3) of 4. l up to a morphism 

which is monic and epic. 

A morphism (~tJifi<Pl:(Xj<P)"'(YjltJ) can be factored as follows: 

monic. This implies in particular <P,;. e (f, mg) and hence :B:f[<P] = 
y 

:B:mg[<P] because of 1.4.20. Thus the morphism (:B:f[<P] lmJ:!!g[<P]) 

is not only monic but also epic. Now the following diagram shows 

satisfies condition ( 5) of 4. l up to a morphism which is 

monic and epic. 

(X I<Pl 
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The extension F':':c':'_.D of a logical functor F:<2""'12 into a 

logical category with finite limits can be defined as follows. 

F,:,{(I/J Jf J~Pll is the unique map in 12 which satisfies the equation 

eq(F(I/J), F(ly))F':'((I/JJfJ<P)) = F(f)eq((F(<P), F(lX)). It can be verified 

that F is a logical functor which preserves finite limits. 

In the second step of the construction of S(g_) we have to invert 

~:' 
the morphisms which are monic and epic, in order to make g_ 

into a semantical category. This can be done by means of a cat-

egory of fractions(cf.Gabriel-Zisman [6]). 

4. 5. Proposition: Let 12 be a logical category which satisfies the 

conditions (l), (2), (4) of 4.1. If D satisfies the conditions (3) and 

(5) as in 4. 4 up to morrh.isms from ~. the set of morphisms which 

are monic and epic, then ~is a calculus of right fractions, the 

category of fractions .!2~ 1 
is a semantical category and the canonical 

functor P:Q""'12~-l is logical and faithful. Moreover, each finite 

limit preserving, logical functor G:12""'~ into a semantical category 

-1 
E can be extended uniquely to a semantical functor from 12~ . If 

- l 
every morphism in ~ is an isomorphism, then D~ is equivalent 

to D. 

It can be verified easily that I; satisfies the following four con-

ditions: (a) The identities are in~. (b) ~is closed under composition. 

(c) I; is closed under pullbacks. (d) If sf1 sf2 with s E ~then £1 = f
2

. 

- l 
Now the category 12:E together with the canonical functor 

- l 
P:12""'12~ are defined as follows: 

(2) 

- 1 
ob(12~ ) = ob(12l 

-l 
12:E (X,Y)=((f,sJ\f:Z-?Y, s:Z-?X, sE:E}/=, where 

(£
1
,s

1
):(£

2
,s

2
) iff there existt 1 ,t2 E~ suchthat £

1
t

1 
= 

£
2

t
2 

and s
1
t

1 
=s

2
t
2

. 
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The equivalence class of (f, s) will be denoted by (f;s). 

(3) (f;s)(g;t) (fg';ts') with (s', g') = pb(g, s) 

(4) P(f) = (f;X) for f:x .... y 

is a pullback in "Q and Q is the common domain of g 
1

, g
2

. 

Making use of these definitions, we can verify that "Q:E-1 is a 

category with finite limits and that P is a functor which preserves 

finite limits. As a consequence we obtain that P(Q) = Q is a boolean 

algebra object in "Q:E-
1

. Moreover, P(s) is an isomorphism for 

s E I;. Pis faithful, since the elements of I; are epimorphisms. 

-It should be noted that our definition of the equivalence relation 

differs from the one used in Gabriel-Zisman [6]. 

Until so far we have shown that D:E-l satisfies the conditions 

( l) and (2) of 4. l . For the following we will need the following 

observations: 

(6) if f is epic then P(f) is epic 

(7) if (f; s) is epic then f is epic 

(8) if g is monic then P(g) is monic 

(9) if (g;m) is monic then g is monic. 

Thus the stability of epimorphisms under pullbacks in "Q implies 

the corresponding fact for "Q:E-l because of (5), (6), (7). This gives 

condition (4) of 4. l. Since "Q satisfies condition (3) of 4.1 up to 

morphisms in I;, we can define (cp;t)* (tcp#;dom(t)) for a morphism 

-1 b b -1 
(cp;t):X .... Q in "Q:E and (m;s) = (m ;X) for a subobject of X in .!?E . 

An argument analogous to the one in 4.4 shows that "Q:E-l satisfies 

condition (3) of 4. 1. 
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The condition (5) requires a more elaborate argument. Let 

(f;s) = (m;t)(g;u) with (m;t) monic be a factorization of (f;s). This 

implies (f;s) (mg' ;ut') with (t', g') pb(g, t) and hence there exist 

s', u' E ~ such that fs' = mg'u' and ss' ut'u' because of definition 

(2) and (3). Let f=ip with i monic and p epic be the image 

factorization of fs' since s' is epic. Since we have fs' = mg'u'· with 

m monic, there exists by assumption q, h and z with z E ~ such that 

mh = iz, zq ps' and hq = g'u'. However, this implies {g;u) (th;z)(p; s) 

and (i;dom(i)) (m;t)(th;z), where (th;z) is the required morphism. 

- 1 
This completes the proof of the fact that .[2~ is a semantical cate-

gory. 

/ 

I / 
s / 
/ 

It remains to be shown that the functor P preserves quantifi-

cation. The quantification in -l is described by means of direct 

image. P preserves epimorphisms and monomorphisms because of (5) 

and (8). Hence we obtain :1Cf;s)[(1/J;s)],ff= im((f;s)(1)J;s)~)=(3f[¢];Y)1f. 

We can assume s 1 =s 2 without loss of generality because of (c). This 

implies in particular that P preserves quantfication. 

Now let G:D-+E be a finite limit preserving logical functor into 

a semantical category E. Since every morphism in E which is monic 

and epic is an isomorphism, we can define a semantical functor 

- -1 - -1 
G:QE~~ by G((f;s))=G(f)G(s) . -It should be remarked that D 

is equivalent to Qt:-1 if every morphism in Q which is monic and 

ep~c is an isomorphism. 
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Combining 4.4 and 4.5 we obtain for every logical category ~ 

the desired free semantical category S(C)=C~z- 1 . Moreover, since 

in a semantical category k=eq ( 1jJ, 1x) implies:! k [1xJ = 1jJ = kb 

we obtain that Cz- 1 is equivalent to ~ in this case. This proves 

theorem 4.3 . 

The following result was proven by Joyal (cf. [11[) in a slightly 

different context: 

4.6. Proposition: In every semantical category E the following 

two statements are true: 

(1) E has coequalizers of kernel-pairs. 

(2) Every epimorphism in E is effective l.e. the coequalizer 

of its kernel-pair. 

This implies in particular that E is a regular category in the 

sense of Barr (cf.[1}). 

It is sufficient to prove (2), since~ has epimorphic images. Let 

(k
1

, k
2

) =kp(f) =pb(f, f) be the kernel-pair of an epimorphism f:X_.Y 

and assume gk
1 

=gk
2 

for g:X..,.z. Instead of showing the existence 

of h with g =hf directly, we will prove that a certain subobject of 

Y xZ is the graph of a morphism. Let jp with j monic and p epic 

be the image-factorization of (f, g)= (fxZ)(X, g):X .... YxZ. Then we 

have q
1
jp = f and q

2
jp = g, where q

1 
and q

2 
are the projections of 

- l 
YxZ. If q

1
j is an isomorphism, then h=q

2
j(q

1
j) satisfies g=hf. 

Since f is epic, q
1

j is epic, too. Since every morphism which is 

monic and epic is an isomorphism, it is sufficient to show that 

q
1

j is monic. Making use of the fact that p is epic, we can verify 

that kp(q
1
jp) =kp(p) implies that q

1
j is monic. But we have kp(p) 

= kp(jp) = kp((f, g))= kp(f) nkp(g), kp(qljp) =kp(f) and kp(f) =kp(f) nkp(g) 

because of gk 
1 

= gk
2 

. 
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4. 7. Remark: It should be remarked, that one can prove now a 

completeness theorem for se1nantical categories. It implies the 

completeness theorem for logical categories because of 4. 3. The 

proof follows the same pattern as the previous one. In the following 

we will give a sketch of this proof. 

A semantical category :g;_ has a canonical model iff E is maxim-

ally consistent and the terminal object I is projective. Since E has 

pullbacks, I is projective iff every epimorphism into I is right 

invertible. This says that :g;_ is rich. 

A maximal consistent extension can be obtained as before by 

means of an ultrafilter !::. in :g;_(I, Q). However, in this context we 

have to use a calculus I; of right fractions defined by I;= [cp#: 

X cp >-'>X IV! X[cp] E!::.} instead of a congruence relation. 

In order to obtain an extension of E in which I is projective, 

we have to add right inverses for epimorphisms into I. This cor-

responds to the rich extension. Here we can use the method of 

A. Joyal, which he used in [ ll J in a similar context. We observe 

that the comma category :g;_/X is again a semantical category and 

that the functor ! X':' ::g;_..., :g;_/X is a faithful semantical functor if ! X 

is epic. The functor ! X consists of pulling back along ! X. Moreover, 

!X*(!X) has a right inverse, namely the diagonal. 

Thus all the epimorphisms into I in E will become right invertible 

n 
in E 

1 
= colim(E I II X. I ! X :X. ... I epic). Iterating this construction we - - 1 1 

i= 1 i 

obtain the required extension as a colimit of a countable chain. 

Now the final result can be obtained as before by a maximally 

consistent extension preceded by an extension which makes I pro-

jective. 
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Notations: 

C
0

p dual of c 

ob(g_) objects of C 

s category of small sets, card(P) cardinality of P 

~O category of finite sets 

N set of natural numbers 

lim(F) limit of F 

colim(F) colimit of F 

dom(f) domain of f 

cod(f) codomain of f 

morphism into the product of X 
1 

and x
2 

diagonal of X 

(f 
1 

;f
2

) :X 
1 

+ x
2

-> X morphism from the coproduct of X 
1 

and x
2 

'VX:X+X-> X codiagonal of X 

kp(f) = pb(f' f) kernel pair of f 

coeq(f 
1

, f
2

) co equalizer of f 
1

, £
2 

im(f) image off 

m:X>->Y monic, q:X -+ Y epic 

! X :X-> I unique morphism into the terminal object I 

ll Xk product of Xk for k E K 
kEK 

negation 

II conjunction, V disjunction 

=> implication, "' biimplication 

:3: existential quantifier 

'f universal quantifier 
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Logical categories, semantical categories and topoi 

Hugo Volger 

1. Introduction 

In the paper "Completeness theorem for logical categories" [18] 

I introduced to concept of a semantical category. A semantical 

category is a logical category with a subobject classifier Q 

i.e. with comprehension scheme in the sense of higher order logic 

resp. separation axiom in the sense of set theory. There I gave 

a construction of the free semantical category Fr(~) over a 

given logical category ~· However, this construction could not 

be extended to logical categories with exponentiation. 

Here I will give a new construction which works also for logical 

categories with exponentiation. Thus we obtain the free topos over 

a logical category with exponentiation, using the simplification 

of the axioms of an elementary topos by Mikkelsen [13]. This is 

done, using the category of functional relations of~ rather than 

the category of restrictions of morphisms of ~ in which every 

epimonomorphism is inverted. The idea of this construction goes 

back to the observation of Lawvere that the inve~tibility of 

epimonomorphisms is closely related with the representability of 

functional relations by actual morphisms. Very helpful was also 

the remark of Kock, that it is sufficient to have exponents of Q 

in order to have arbitrary exponentiation. Finally I found a variant 

of the construction which works even in the non-boolean case, because 

my friends in Aarhus insisted that the construction should work in 

this more general case. 
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As an application one obtains the result of Kock and Mikkelsen [4] 

on factorization of left exact functors between topoi, which 

generalizes the factorization of the ultra power functor used in 

non-standard analysis. Furthermore the above construction may be 

used to reduce the construction of the free topos over an arbitrary 

category to the construction of the free logical category with 

exponentiation over that category. More generally, certain problems 

for semantical categories can be transferred to logical categories 

and vice versa. 

Perhaps it should be mentioned that beside logical and semantical 

cate8ories an intermediate notion has been considered by Joyal [3[ 
and Reyes [14] . They consider regular categories in the sense of 

Barr [1] with additional properties. Basically these are semantical 

categories without a subobject classifier. 
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2. Basic definitions 

In order tG obtain the theorem in full generality, we have to 

redefine the notions of a logical resp. semantical category 

which were introduced in [18[. 

A category C is called prelogical resp. logical resp. closed logical 

if it satisfies the conditions (1)- (3) resp. (1)- (4) resp. (1)- (5). 

(1) £has finite products.-Thus £has in particular a terminal 

object I. A projection onto X will be denoted by Px· 

(2) C has a Heyting semi-lattice object n i.e. there exist 

morphisms ~:nxn+n, ~:nxn~n anrt 1:I~n which satisfy the 

identities for a Heyting semi-lattice. 

a Heyting semi-lattice homomorphism. 

This makes CCX,n) into 

(3.1.)For every f:X~Y in£ the orderpreserving map £{f,n):£(Y,n)+£(X,n) 

has a left adjoint )f:C(X,n)+£CY,n) i.e. ]f[~]~w iff ~~wf for 

all ~ and w' . :u is called the existential quantification along f. -

In particular C has the equality on X eX for every X, which is 

defined by ex = '3t.x CixJ . 

{3.2.)£ satisfies the equation £Cg2 ,n)]g, = 3f2£<f1 ,n>, where (f1'f2 ) = 

pb(g1 ,g2 ) is a pullback of one of the following two types: 

fxZ I Px I f j <x,f> 

'J f fxY 

Py lly 

(3.3.)C satisfies the axiom of propositional extensionality i.e. 

en<~1'~2) = ~ 1 <:::> ~ 2 
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( 4) For every f:X+Y in ~ the orderpreserving map 

has a right adjoint Vf:~(X,Q)+~(Y,n) i.e. ~~Vf[t] iff ~f<t 

for all t and~· Vf is called the universal quantification along f 

(5.1.) ~has an exponentiation i.e. the functor Xx( ):~-+~has a right 

adjoint (-)X:~+C.-The morphism from Z to YX which corresponds to 

f: XxZ-+Y will be denoted by r f-.. 

( 5. 2.) C satisfies the axiom of extensionality i.e. 

v,..,,., w[ I en· c <P 1 ' <P 2 ) = v Px <P 1 ~ <P 2 

A functor F:~~· ls called prelog'cal resp. resp. closed 

if it preserves the structure of the involved. 

Further variants of the above definitions may be obtained by adding 

first the operation v:Qx~-+Q and then finite which 

distribute over finite products. 

Requiring the existence of a subobject classifier rather than a 

Heyting semi-lattice object, one obtains the concept of a semantical 

instead of a logical category. Working Hith ects rather than 

morphisms into n, the existential quantification can be replaced by 

direct image. This motivates the folloHing definition. 

A category ~ is called presemantical resp. resp. closed 

semantical if it satisfies the conditions (1') (3 1
) resp. (1') - (4') 

resp. (1') - (5'): 

(1 1
) E has finite products 

(2 1 ) E has a subobject classifier I~n i.e. there exists a bijection 

between Sub(X), the subobjects of X, and fCX,n) such that 

Cm,1dom(m)) = pb(mb,1), where mb:X-+Q denotes the morphism 

corresponding to the subobject m. Similarly ¢# denotes the sub­

object corresponding to t:X+Q, 
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This implies the existence of arbitrary pullbacks, which can 

be defined by (@y(f1xf2))* = pb(f1,f2)' where ey = "'~· 
(3.1 1 ) Eve.~>y f:X-+Y in!: has an image factorization f = im(f)f'. 

- AE a consequence, f*:Sub(X)-+Sub(Y), the direct image under f, 

is left adjoint to -1 f :Sub(Y)-+Sub(X), the inverse under 

f, i.-e .. f"'(n)~m iff nc;;;f- 1 Cm) for all n,m. 

(3.2') In~ image factorization is preserved by pullbacks -This 

-1 'A- '* -1 implies g 2 g1 = f 
2

f 1 for a pullback ( g1 ,g2 ) pb( f 1 , 

(4 1 ) Fov every f:X-+Y in!: f- 1 :Sub(Y)---+Sub(X) has a right oint 

f 0 :Sub(X)-+Sub(Y) i.e. m¢.f0 (n) iff f- 1 Cm) ~n for all n and m. 

(5') E has exponentiation. 

The subject classifier becomes a Heyting semi-lattice ob ct by 

means of,..,::. (1,1)h:nxn-+n and ""= eqCp
1

,,_)b:nxn-+n. The existential 

resp. universal quantification is defined by 3f[~J = f*C~~) 0 resp. 

\ff(~J ~ f0'~~)b. Thus it can be verified that the semantical notions 

imply the corresponding logical notions. 

A functer G:E-+ E' is called presemantical resp. semantical resp. 

closed semantical if it preserves the structur of the categories 

involved. It should be remarked that a functor preserves the subobject 

classifier if it preserves the ect and the pullbacks required in 

the definition. Hence the functor preserves arbitrary pullbacks. 

Mikkelsen [13] showed that (1'),(2 1 ) and (5 1 ) imply (3'),(4 1 ) and 

the existence of finite colimits. Thus the notions of a topos and 

a closed semantical category coincide. And a functor which preserves 

finite products, the subobject classifier and exponentiation (a logical 

morphism in the sense of Lawvere [11,12] )is the same as a closed 

semantical functor. 
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The concept of a functional relation in a prelogical category C 

can be made precise as follows. 

A morphism ~:XxY-4Q lS called a relation from X toY and is denoted 

by ~=X~Y. The domain resp. codomain of~ is defined by dom(~) = 

]Px[~J resp. cod(q,) = 3Py[~J. The converse of~ is defined by 
-1 

~ = ~CpX,pY):Y_,X, The composition of the relations ~:X~Y and 

~:Y~Z is given by ~~<1> 

identity relation on X is given by gX:X~X. The restriction 

~~ApX of 4> will be denoted by¢[~. 

A relation ~:X~Y is called funcTlonal resp. everywhere defined 
-1 

if ¢•~ ~gy resp. dom(¢) = 1X.~ iE called a function if it is 

functional and everywhere defined. The functional relations of C 

form a category FrC.C.l. The obje:cto :::>f FrCfl are pairs <X,A> with 

A:X_..Q . A morphism frol't -X,\:o -:o Y,J-<' lS a functional relation 

¢:X--'IY such that dom(<Jl) =A anj ccc~Cml.::__" CJ.nd is denoted by <IJ,~,A> or 

by ¢ . The composition in fiCf) is the relational composition. The 

identity on <X,l> is given by gX[A 

With every morphism f:X-+Y ln C one can associate the graph r(f) = 

gy(fpX,pY):<X,1X>----'I<Y,1y> . Togethee" with rCX) = <X,1x> this determines 

a functor r:C--Fr(C). C is called functionally complete if every 

function in f is the graph of an actual morphism inC l.e. r is 

full. £is called functionally strict if gy(f,g) = 1X implies f g 

or equivalently if r is faithful. 

It should be remarked that a list of formulas concerning relations 

can be found in the appendix. 

In a presemantical category ~ the same concepts can be expressed 

using subobjects rather than morphisms into Q. A subobject 

(rx,ryl:R ~ XxY is called a relation from X toY. The domain 

resp. codomain of (rX,rY) is given by im(rX) resp. imCry). 
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The converse of (rX,rY) is Cry,rx)· The composition of (rX,rY}:R~XxY 

and (sX,sY):S~YxZ is given by im(ux,uz), where Cux,uz) = pb(ry,sy· 

The identity relation on X is the diagonal fix:x~xxx. 

The relation (rX,rY):R~XxY is functional resp. everywhere defined 

if rx is monic resp. epic. Thus (rX,rY) is a function if rX is epic 

and monic. The graph of a morphism f:X-+Y is defined as rCf) = (X,f). 

In the presemantical category every monomorphism is an equalizer and 

therefore every epimonomorphism is an isomorphism. Hence E is function-

ally complete, since a function CrX,rY):R~XxY is isomorphic to the 

-1 
graph of ry,rx :X-+Y. More general , every category with finite limits 

and images is functionally complete iff every epimonomorphism is an 

isomorphism. Moreover,~ is functionally strict because of@~= ay· 

3. Theorem 

Let f be a prelogical category. Then FrC£), the category of functional 

relations off, and r:£-+ Fr(£), the graph functor, are presemantical. 

Moreover, Fr(C) is free over£ i.e. every prelogical functor H:C-+E. 

with f presemantical can be extended uniquely (up to isomorphism) 

to a presemantical functor H' such that H = H'r. Iff is already 

presemantical, then Fr(£) is equivalent to f. 

This remains true if prelogical and presemantical is replaced by 

logical and semantical resp. closed logical and closed semantical. 

Further variants may be obtained by adding unions and coproducts. 

In the following we will present an outline of the proof which contains 

all the necessary definitions. These can be obtained as follows. 

Reformulate in a semantical category the required notion using only 

the language of logical categories. The actual proof requires long 
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computations and the extensive use of the formulas listed in the 

appendix. 

The products are defined by <X
1 ,f-

1
>x<X 2 ,f- 2 > = <X

1
xx 2 ,>. 1 x>. 2 > , where 

>- 1 x>. 2 = >. 1 p 1~>. 2 p 2 . The projections are given by rCpi)l>- 1 x>. 2 for 

<>.,r(idx)ldomC<Pr"<t>
2
), dom(<P

1
,._<t>

2
)>. Hence the pullbacks can be de-

. I -1 -1 scrlbedby-pb(<IJ,¢1'>. 1 >, <IJ,¢ 2 ,>->) = C<>- 1 ,rCp 1 ) <1> 2 '*"¢1' <~>2*¢1>, 

I -1 -1 </.2 'rCp 2 ) <1>
2 

>k <1> 1 , ¢
2 

¥c ¢ 1 >). This enables us to show that <IJ, ¢, !.> 

is monic iff ¢- 1 is functional and that <IJ,¢,1.> is an isomorphism 

l• ff - 1 . f . d ( - 1 ) ¢ lS unctlonal and om t = \.1• 

Now He have to make r(r<) = <0.,1\l> into a subobject classifier. 

Since we have CrCidx)l¢\ r(!X)[<l>~c) = pb(~,r(1)) with <j>t = <t>-
1
.JHC1) = 

¢CX,1X)' He associate Hith rp:<X,f.>-}-<rl,1r<> the subobject 

<1\l,~,>.>'*=·-:>-,r(idX)[¢t,¢t>. \·lith a subobject ;/J:<Y,!P ~<X,>.> we 

associate <A,;!J,IJ>b = <1,,rCcod(¢)) jA,A>. Then one has to verify 

<j>~b = ~ and ~b* = ~. The first identity m~\es use of the propositional 

extensionality 3.3 .. The second identity makes use of the above 

remark on monomorphisms. 

The image factorization of ~:<X,f-> ~ <Y,~J> is given by 

<1J,r(idy)jcod(<j>),cod(¢)>*<cod(~),¢,A>. Again we have to use the 

above remark: on monomorphisms. !-laving images He can define the ex­

istential quantification of <1\l,<j>,!.> along <IJ,r,;,A> by 3r,;[q,] = im(r,;~*) 0 = 

r(~py[z;A¢tPx])j\l. Here it is mol"e convenient to shor..;r that the 

quantification satisfies the condition 3.2. for arbitrary pullbacks 

than verifying directly that images are preserved by pullbacks. 

Using the above definitions one can verify that Fr(f_) is a 

presemantical category and r:f_->-Fr(f_) is a presemantical functor. 

The extension H' of the functor H has to be defined as follows. On 

objects we have H'(<X,f->) = H'(domCrO)*)) = dom(l-10)*). Since Has 
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a prelogical functor preserves domain, codomain and functionality 

and E as a presemantical category is functionally complete, H sends 

~:<X,A> --l<Y,~> into the morphism from H1 (<X,A>) to H'(<Y,~>) 

representing the relation H(~). It remains to verify that H' is 

presemanti~al, since H is prelogical. 

Iff is already presemantical, then there exists a presemantical functor 

r:FrCf)~f such that rr = ide and we have rC<X,\> = dom(r(\)~). r is 

full and faithful, since f as a presemantical category is functionally 

complete and strict. Moreover, we have <X,\> ~ rr(<X,\>) since both 

are a pullback of r(\) and r(1). Hence r is an equivalence. 

If C has universal quantification, it can be extended to Fr(C) by 

means of Y~;[~]:: rCVPy[z;:><J;tpy])j~ for <1 0 ,q,\> and <~,1;,\>. Then 

~ 0 (m) = CVz;[mbJ*> defines the required right adjoint to pulling back 

along z;. Again one has to verify that r and H' preserve universal 

quantification. 

Now assume that C has also exponentiation. In the presence of a sub­

object classifier it suffices to have its powers. This is an observation 

of Kock (cf. [4], p.5), which uses the graph y:Xy ~ nYxX. Hence we 
y y r, 

(:> )(n x ~ ) expresses 

the restriction to subobjects contained ln ~*. With ~:<X,\>x<Y,~>-}<n,1Q> 

we associate rcr~t,)j\:<X,\>-+<nY,r > or equivalently by extension-
~ 

ality VCpX ,pnY) [~ t<Px ,py) <=> evyCqQY ,qY)] I A. Conversely, with 

~:<X,A>~<nY,r~> we associate Cr(evy)Jr~x~)*(<j;x<Y,~>):<X,\>x<Y,~>~<n,1Q>. 

Finally, it has to be verified that r and H' preserve the powers of 

n and hence exponentiation. 
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4. Applications 

As suggested by Lawvere, we will use the theorem to obtain the result 

of Kock and Mikkelsen in [4} on factorizations of first-order functors, 

which generalizes the factorization of the ultrapover functor 

(-)* = (-)K/U:Sets-+Sets from non-standard analysis. There one has 

the following situation. The functor (-)~ preserves first-order state-

ments i.e. it is semantical. However, it does not preserve in general 

higher order statements. More precisely, it does not preserve the 

. . . ( 2X)* ' b t f 2X* 1 h t f exponent1at1on, s1nce lS a su se o , name y t e se o 

subsets which are internal in the sense of Robinson [15] . If one 

defines Sets~ (X,Y) as the set of internal functions from X toY, 

one obtains a new category of sets Sets~ . The functor (-) can be 

viewed as a functor into Sets and as such it preserves also higher 

order statements i.e. it is closed semantical. This gives a factoriza-

tion of (-)~because of Sets~(1,X) * ,. Sets(1,X )=X . 

The result can be stated as follows: 

Let~. ~· be closed semantical categories(=topoi) and let F:E-+E' be 

a semantical functor. Then there exists a factorization 

el t exp '* exp F=F F :~-+~ -+~1 such that ~ is closed semantical, F is closed 

semantical and Felt is semantical and preserves elements, i.e. 

~~(I,X)=~'(Felt(I),Felt(X)) for every X in E, where I is the terminal 

object. 

This can be proved as follows. Since F is product-preserving functor 

between the cartesian closed categories ~.~' , there exists a factoriza-

tion F=F ltF :E-+E..._-+E' such that E "-is cartesian closed, F e exp - _,... - _.,. exp 

is cartesian closed and Felt preserves products and elements. ~4 is 

the category of F-internal morphisms of E'. The objects of ~"*"are the 

objects of ~· A morphism from X to Y in ~ is a F-internal morphism 

g:F(X)-+F(Y) in E' i.e. rg, ~~g0 for some g
0

:I-+F(Yx), where 

~~:F(YX)-+F(Y)F(X) is the canonical morphism induced bv the evaluation. 
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Fexp sends f into the F-standard morphism F(f) and Felt is the obvious 

embedding. 

~~is not sufficient for our purpose, since in general the subobject 

corresponding to a F-internal morphism into F(Q) will not be F-internal. 

Thus ~ is not yet a subobject classifier in ~ . However, ~ is still 

a Heyting semi-lattice object. This suggests the following apprach. 

Show that E is closed logical, is closed logical and Felt is 

logical. Then Fr(~~) can be used instead of~*· 

The existential quantification of F-internal morphisms along projections 

is F-internal, since F as a presemantical functor preserves existential 

quantification. Hence arbitrary existential quantification preserves 

F-internality, since it can be redu.ce:tto quantification along projections 

and equality (cf. 5.1.4.). Thus~~ inherits the existential quantifica-

tion of E' and F and F lt preserve it. The same argument works for - exp e 

universal quantification. 

N ~ Fexp and 1 OW :!:::,"" , are defined as Fr(~~), r and the extension 

of By the theorem E* is closed semantical and Felt is semantical. 

Since E' is functionally complete and Felt preserves elements, one can 

prove that the extension Felt still preserves elements. Since£ is 

closed semantical, it is equivalent to Fr(~) by the theorem. Therefore 

Fexp = rr is up to equivalence the same as Fr(F ) and hence has exp exp 

to be closed semantiaal. 

Another application concerns the construction of a free topos over 

an arbitrary category. Using the construction of the free topos over 

a closed logical category, this problem can be reduced to the construe-

tion of the free logical category. Since the latter construction does 

not require any equalizers, the complications introduced by the 

equalizers can be avoided. More precisely, if one tries to construct 

the free topos 
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F(f) over a given category f by means of a deductive system in the 

sense of Lambek t6 J , then one has the following situation. The objects 

of F(C) are terms generated by means of the necessary operations on 

objects from the objects in C. Then derivations of the form X--+Y, 

where X andY are terms, are generated from the morphisms in f by means 

of the necess-ry operations on morphisms. Finally the morphisms of F(f) 

are equivalence classes of derivations. However, in this case one has 

to introduce a new term Kf for every pair of derivations f,g:X--+Y ,g 
and one has to introduce a new derivation E(f,g,h) for every derivation 

h:Z--+X such that fh is equivalent to gh. Hence one is forced to 

define terms, derivations and the equivalence relation simultaneously. 

Thus the direct construction gets too complicated to be useful. In this 

situation the Qbove reduction of the problem seems to be useful. 

5. Appendix 

1.1. q, :__ 3f[q,J t, 3tCwtJ :__ * 
1.2. ']gt[<~>J = }gBf[<~>JJ 
1.3. 3f[1)1f..,.q,] = WA3f[q,] 

1.4. 3f[<P] = 3Py[ey(fPx•Py>"-<~>Px1 

1.5. 

1.6. 

1. 7. 

1. 8. 

1.9. 

1.10. 

1.11. 

1.12. 

ey<f,g) = eyCg,f) 

eyCf,g)"wf :__ wg 

eyCf,g)"eyCg,h) :__ eyCf,h) 

ey<f,g) :__ ez<hf,hg) 

eYxY' (f,f' ,g,g') = eyCf,g)ll,ey, (f' ,g') 

\If[<~>] t :__ <~> '* :__ Yt[wt] 

\Jgf[q,] = \tg[\Jf[q,JJ 

1.13. Vttwt => <~>1= w=>V''f[q,J 

1.14. \lt[q, => wt] = lt[<~>l => * 
1.15, Vf[q,J = YPy[ey<fPx•Py> "* <I>PxJ 
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2.1. x~<¢~~)=Cx~¢)*~ , ~*ex=~ , ey*~=~ 

2. 2. if ~ < ~' , $ < ¢' then ¢-~+~ < ¢ ''* ~' , dom( ~) < dom( ~') , cod(~) .::_ 

cod(~') 

2. 3. dom(~) 

2.4. if~,¢ functional then¢*~ functional 

2.5. if cod(~).::_ dom(¢) then dom(¢*~) = dom(~), cod(¢*~) < cod(¢) 

2. 6. $•H(f) ¢(fxZ), r(gh~ = 3Xxg[~J 

2.7. r(idx) ex, r(gf) = r(g)lf(f) 

2.8. r(f)J;x. functional, dom(r(f)J;x.) =f., cod(f(f)J;x.) = 3f[:x.] 

2.9. if~.::_¢,¢ functional, dom(~) = dom(¢) then ~=¢ 

2.10. 

2 .11. 

2.12. 

2 .13. 

2 .14. 

2 .15. 

2 .16. 

2 .17. 

if ~ functional then ~Jdom(~~¢) .::_ ¢ 

if ¢*~ 1 = ¢*~ 2 ,¢functional, cod(¢) < domC~ 1 ), domC~ 2 ) 

then cod(¢) .::_ domC~ 1~~ 2 ) 

rCf1 )J:x. = rCf 2 )J:x. iff :x. .::_ eycf
1
,f 2 ) 

t 3 t t 1 -11 t ($H) = Px r; "¢ PyJ = cod( r; ¢ ) 

3r;[~Jt = ]py[r;..._~tPx] = domCr;J~t) 

Yr;{~] t = VPy [t;=> ~ tPxJ 

r(a)t= a 
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INTERNAL CATEGORIES AND CLASSIFICATION THEOREMS 

P.T. Johnstone 

O. INTRODUCTION 

The object of these notes is to develou methods for constructing 

internal categories which will enable us to prove classification 

theorems for algebraic theories, usine an ar1:itrary topos with 

natural number object as a base. The limitation of the 

classifying toposes described in [2] is that they are necessarily 

defined over Sets; so one cannot hope, say, to classify rings in 

a topos £ by mapping it into Rings, unless ~ is itself definer. 

over Sets. The theorem of Diaconescu [ 3] gives us a method of 

proving classification theorems 1'1"hich are not set-based; we give 

here a couple of examples of how this method may be applied. 

In ~1, we summ~rize those properties of the natural number object 

and of finite cardinals to which we will need to appeal later. 

The construction of "internal full subcateg·:>ries" described in 

§2 was first given by J. Benabou, and its application to the 

category Fin(~) in §3 was developed by G.C. Wraith. In §4 we 

show how the same ideas may be used to construct classifying 

toposes for algebraic theories other than the trivial one. 

1. SOME ELEMENTARY ARITHMETIC 

1.1 Definition Recall that a natural number object in a topos ~ 

is an object N with maps 1~N~N h:,.ving the property that, 

for any ~iagram 1~X~X in ~. there exists a unique 

f:N~X such that fo = x and f~= tf. 

In other words, morphisms whose domain is N (or, using the 

exponential adjunction, an object of the form NxX) may be defined 

"by induction". In particular, we use induction to define the 
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binary operations of e.ddition, multiplication and exponentiation 

on N, and to prove that they satisfy the usual identities. 

1.2 Definition By a natural number in a topos with N, we mean an 

element (global section) of N. With each natural number 

1~N, we associate an object (p), the cardinal of p, by 

forming the pullback (p) 1 • 

l + 0 lp 
NxN-->N---+N 

It is readily seen that in ~ the cardinal of p is the set 

{(a, b) E NxN I a+b+1 = p}, which has precisely p elements. 

1 .3 Lemma If 3-~t is a geometric morphism and 1f has a natural 

* number object, then f preserves it (and hence any 

inductively defined morphisms) • I.Yoreover, if p is a 

* * natural number in t, then f (p] ~ [f (p)]. 

Proof The first part is immediate from the existence of a right 

* adjoint for f ; the second follows from left exactness. a 
In particular, the natural number object in ~/N is (NxN-~~~n, 

and it has a distinguished element, called the generic natural 

number n, which is just the diagonal map N---+NxN. This has the 

property that, for any natural number 1~N in ~. the image of n 

* under the pullback functor p is p itself - a property which we 

shall find very useful. The cardinal [n] is readily seen to be 

the object (N~~N) of ~N. 

1.4 Lemma The following square is a pullback: 

(N" NxN).u. (NxN ><N) NxN 
(id~ +) 

1"* 
(cr+,.id) 

+~ld 

idx.!J+ 
+ NxN N 

* * * or equivalently, + ( !J+) ~ n1 ( !J+) ..u.. n2 ( CT+), where the ni are 

the nroduct projections NxN--+N. 

Proof In S, this lemma says that a quadruple of natural numbers 
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(a,b,c,d) satisfying a+b = c+d+1 may be represented 

uniquely by a triple either of the form (c,a-c-1,b) or of 

the form (a,c-a,d), since exactly one of (a-c-1) and (c-a) 

is nonnegative. An internal version of this argument can 

be given in a~ arbitrary topes. 0 

1.5 Corollary For any pair of natural numbers (p,q), we have 

[p+q] -;::; [p] l.L [q]. 

* Proof The functor (n,q) : E'/NxN--+t' preserves coproc:.ucts. 

So applying it to the isomorpi·~ism of 1 .4 we r':l.ve 

* * * (p+q) (<J+) = p (<J+).J..Lq (cr-+), as required. D 

We may similarly prove that (pq] ~ (p] ~[q] and [pq]- (p][qJ. 

2. INTElli~AL FULL SUBCATEGORIES 

One method of forming internal categories which we have available 

in~ is as follows: given a set-indexed family of sets (Ai)iEI' 

we form the full subcategory of~ on the Ai as objects, and it 

is a small category, i.e. an object of Cat(~). 

To perforn the same construction internally in an arbitrary topos 

E, we replace the family (Ai)iEI by an f-morphism A~I, and 

proceed as follows: 

2. 1 Definition f The internal category FullE(A--+I) is defined in 

the following way: 

(J<'ulle( f)) 
0 

r. 

(Full~(:t') ) 1 (do,d,) Ixi is obtained by constructing the 

* * objec;s n 1 (f), n
2

(f) of ~/Ixi and forming the exponential 

*f(n1f) 
n2 • 

S"'nce pullback functors preserve exponentials, defining the 

nultiplication on Fullc(f) amounts to giving a morphism 
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we take the internal composition map. 

The inclusion of identities (Full~(f))~(}ull~(f)) 1 is 

similarly defined. 

2.2 Lemma Fullc(f) is equipped with a canonical (covariant) 

inclusio:r.o. functor !I:Fullt:(f)~~. which may be described 

as the object (A~I) of eji, equipped with a structure map 

for the appropriate monad which is basically the evaluation 
* * ( n f) * * map n2f 1 xn1 f~n2f in C/I><I. 

Similarly, e;iven a set-indexed family of groups (G.). I' we can 
l ll< 

form the full subcategory of~ (= Gp~)) on the G. as objects. 
l 

In order to do this internally, we need the following definition: 

2.~ Definition Let G,H be e;roup objects in a topos, with 

multiplication maps mG'~· The object; of homomornhisms 

Gp(G,H) is the subobject of H 
G defined by the equalizer of 

Clearly, the evaluation and comnosition maps defined on 

exponentials can be restricted to objects of homomorphisms. 

2.4 Definition Given a gJ~oup object (G-I) in the topos ~I, we 

define FullGp(c)(G~I) in the same way as 2.1, but using 

objects of homomorphisms instead of exponentials throughout. 

The associated inclusion functor !I is defined as in 2.2, 

but this time it is readily seen to be a group object in 

the functor category EfUll, i.e. we can think of it as a 

group-valued functor. 

2.5 Remark We can repeat the construction of 2.4 with "group" 

replaced by any finitely-presented, finitary algebraic 

theory. (The finite presentation is necessary in order 
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to define the appropriate objects of homomorphisms as 

finite intersections of equalizers.) 

3. THE CATEGORY Fin(~) 

We now turn our attention to the construction of classifying 

toposes for algebraic theories. We consider first the trivial 

theory; its models are simply objects, and so finitely-presented 

models in are finite sets. Henceforth ~ will always be a 

topos with N.N.O. 

3.1 Definition l<~in(~) = l<'ulle(l~xN cr+ N), the internal category 

of finite objects of ~-

3.2 Lemma If ~~tis a geometric morphism, then f*(Fin(~)) is 

isomorphic to Fin(~). 

* Proof We know f preserves N and all constructions involved, 

except possibly the exponential constructed in 2.1. 

But this exponential is an object of ~NxN, and we can show 

that it is preserved by the followine argument: 

(i) The exponentiRl Fin(~)~NxN is a solution of the 

defined by recursion problera in ~/N 

* (ox.id) (Fin(~)~NxN) - N~N in t/N, and 

* (6i<id) (Fin(~)~NxN) * ~ Fin(~) 1x[ n
2 

(n)] in ~/1-lX.lL 

* (ii) f preserves the data for this recursion problem, by 

1 .3 and left exactness. 

(iii) It can be shown that the solution to a recursion 

problem of this type, if it exists, is unique up to 

isomorphism. (We will give the proof of this result below, 

* as Proposition 3.6.) Hence f preserves the solution of 

the recursion nroblem. 0 

3.3 Theorem Sex(Fin(~) 0P,t) ~ ~. 

Proof We set up an equivalence of categories as follows: 
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To a discrete fibration f--+iin(~) we associate the object 

* (<ro) (F~N). 

To an object X of ~we associate the fibration defined on 

objects by (XxN)[nl__.N, where the exponential is computed 

in c!/N; this is readily seen to be a flat presheaf. 

And it is not hard to check that these two onerations are 

mutually inverse. 0 

3.4 Corollary The topos tFin(~) is an object classifier for 

toposes defined over E, i.e. for any ~'~~we have 

equivalences of categories 

Top/c(::f-,~Fin(t)) :: Sex(f* (l!'in(~) 0P) ,3) by [ '3] 

:: Sex (Fin (3-) on, :l-) 

Z'?f 

by 3.2 

by 3.3. 

I•loreover, the universal object of tFin(~) classified by the 

identity geometric morphism is the functor Q of 2.2. 0 

It remains to prove the uniqueness theorem required for the proof 

of 3.2. We proceed by way of the following lemma: 

3.5 Lemma Suppose given an object (X~N) of ~/N and 

* (i) an element x :1-40 (X) in ~. 
0 

* (ii) a morphism t:X~o- (X) in ~/N. 

Then there exists a uniq_ue section x:N·---+X such that 

* * * * o (x) = x : 1-o (X) and cr (x) = tx:N----+X___..cr (X). 
0 

Proof Consider the following diagram: 

~N cr N 

1~X)-+~~; (X)-Jx 

~J/cr J 
x exists uniquely by the definition of N, and N~X-N is 

the identity by the uniqueness clause of 1.1. 0 
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Let X be an object of 1!, and T:co/N---+t{N a 
0 

strong functor, i.e. a functor together with maps 
X TX f"l TX y:Y~TY for X,Y in qN, satisfying the obvious 

' composition and compatibility conditions. Then an object 
* ii-x of etN satisfying o (X) =t X

0 
and cr (X) ~ TX, if it 

exists, is unique up to canonical isomorphism. 

Proof Suppose X,X' are two objects satisfying the given recursion 

data. Consider the object of isomorphisms Iso(X,X') in 
rid' * t'/N; we have maps 1 )lso(X

0
,X

0
) ~ o (Iso(X,X')) in ~ 

Tx,x• * and Iso(X,X')-__;;_"'--~Iso(TX,TX') ~ r:r (Iso(X,X')) in EJU. 

So we can use 3.5 to construct a section N~Iso(X,X'); 

but such a section corresponds by definition to an 

isomorphism X~~X' in ~/N. 0 

Finally, we may observe that a functor of the form (-)~x:g~~ 

(for some fixed x~ ~) is always strong, and so we can apply 3.6 

in the situation of 3.2. 

4. THE CATEGORY FPGp(b) 

In this paragraph we repeat the arguments of §3 for a nontrivial 

theory, namely that of groups. It shotQd be noted, however, that 

groups have been chosen merely as an example, and the basic 

arguments will work equally well for other theories (with minor 

modifications as indica ted in 4. 9 belo•r) • 

4.1 Proposition In any topos t with N.N.O., there exists a~ 

monoid functor M:t~Hon(e), whieh is left adjoint to the 

forgetful functor. 

Proof Let XE t'. Construct the exponential N*(x)[n] in ~N, where 

* N denotes Pullback along N~1; we will show that (the 

domain of) this object is M(X). 
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The unit of MX is given by the pullback 1 

* * the multiplication by n1 (Hx)In2(fllx)-r (using 1.4 and 

NxN + N 

the isomorphism A(BuC) ~ AB~Ac). The fact that these 

definitions make HX into a monoid follows from the fact that 

(N,+,o) is a monoid. 

The front adjunction X--+IVJX is given by pullback alon,<; 

1~N; and if Y is a monoid, we construct the end adjunction 

llfY~Y by inductively defining an element of N* (Y)MY in 

€/N, using the method of 3.5. Similar inductive arguments 

show that the end adjunction is a monoid homomorphism, and 

that the "triangular identities" are satisfied. a 
4.2 Corollary In any topoo ~ Fith N.N.O., there exists a free 

p;roup functor F: ~--+G'1 (g). 

Proof Let X E ~. In the free monoid M(XuX), let R be the submonoid 

generated by the subobject XuX-,(~-~-~~--(X~)~fii(XuX) , 

~~t 1 ~0 1 
-.....:...-"-~N 

where i 1 ,i2 :X--+X~ are the coproduct inclusions. 

Then it is easy to show that M(XaX)/R is a group, and that 

it is the required free group. 0 

4.3 Remark In fact we can "internalize" the adjunctions of 4.1 

and 4.2; i.e. given Xe~. G€Gp(~), we have Gp(FX,G) ~Gx. 

4.4 Lemma If ~~~ is a geometric morphism, then the functors F 

* and f commute up to natural :i.somorphism. 

Proof Their right a~joints (i.e. the forgetful functor and f*) 

clearly commute, so this follows from uniqueness of 

adjoints. 0 
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Now consider the free group F(n] in ~/N, where n is the eeneric 

natural number. By 1.2 and 4.4, the pullback of F[n]~N along 

a natural number 1-LN is :r'[p 1; so we can think of F[n]~N as 

the indexed union of all finitely-generated free groups in E-. 

Thus :r,ullGp(c) (F[n]~N) is the category of finitely-generated 

free groups of t:. 

Now we are interested in finitely-presented eroups, which are 

cokernels of homomorphisms from one finitely-generated free 

group to another; so the indexing object I which we want is 

simply the object of maps of FullGp(~)(F[n]~N). We have a map 
(do,d1) - * I NxN, so we can form the free groups d

0
(F[n]) and 

* d1(F[n]) in ~/I. And the definition of I gives us a homomorphism 

* * d0 (F[n])~d 1 (F(n]) in Gp(~/I) (this is just the statement that 

~is a covariant group-valued functor), so we can form its 

coke mel G-+I. 

4.5 Definition FPGp(c) = FullGp(~)(G~I). 

4.6 Le;;Jna If ~Lt is a eeometric morphism, then 

* f (FPGp(t)) ~ FPGp(3.). 

Proof As in 3.2, we need only concern ourselves with the objects 

of homomorphisms which occur in the definition. 

* * The first one is I--+N~N = Gp(n1 (F(nl),n2(F(n])) 

~ n;(F(n])n1(n] using 4.3. 

And we can describe this exponential recursively as in 3.2. 

* * The second isH= Gp(n1(G),n2(G)) in ~/Ixi; the argument 

* here is more complicated, since ·n:1 (G) is not a free .:;roup, 

but in fact we can still ,sive a recursive description of H 

as follows: 

Recalling that I is an object over NxN, we have 
* "d (oxid) (G~I-----?NxN) ~ (F[n]~N·~N); so 

* (o><id3 ) * (H~I><I~N4 ) 9' ( n;Gn1 [n]___..Nxi---?N3), and a further 
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recursive argument will show that this exponential is 

* preserved by f • 

* * And (cn<id) (G---+I-4-N N) ~ (Q~IxF( n2n]~N><N), where Q is 

the cokernel of 

* 
* a certain homooorphism F(1~GxF(n2n] in 

Gp(~/IxF( n2n]) • Hence (~><id3 )*(H~N4 ) is the kernel of 

the corresponding map of pointed objects 

* * * * * Gp(n1 (G F(n2n)),n2 (G))~Gp(n1 (F(1)),n2 (G)) 
And this expression involves only finite limits and colimits; 

* so it is preserved by f • 0 

4.7 Theorem Sex(FPGp(c) 0 P,t) ~ Gp(~). 

Proof Once again, we set up the equivalence by sending a flat 

* presheaf F--+FPGn(~) to the object i (F~I), where i is 
- ---- 0 

the element of I corresponding to F(1 ); it is readily 

checked that this object has a natural group structure in t. 
And we send X G Gp(~) to the presheaf defined on objects by 

* Gp(G, I (X) )~I. 0 

4. 8 Corollary The topos El<'PGp ( t) is a group classifier for 

toposes defined over t, i.e. for any ~~~we have 

Top/~(J-,tFPGn(~)) z- Gp(2f). 

And the universal group object of rFPGp(€) classified by the 

identity geometric morphism is the inclusion functor g. 0 

4.9 Remark The areuments of 4.5 - 1.8 may be repeated with 

"group" replaced by any finitely-presented, finitary 

algebraic theory for which we have a free functor. The only 

modification needed is that, in the case of a theory whose 

hom-objects are not pointed (so that we must take 

coequalizers rather than cokernels to define finitely­

presented models), the indexing object I must be replaced 

by thn pullback Ix(NxN)I. 
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It is of interest to ask whether the method outlined above can be 

adapted for even more general theo:ejes. For example, it should 

be possible to define a topolO~J on the ring classifier for 

Top/~, such that the corresponding sheaf category is a local-ring 

classifier. (See ( 1 ] for a description of this topology in the 

case t = Sets.) 
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Introduction 

These notes are based on the text of ten lectures given at the University College 

of North Wales, Bangor in September 1973. As far as I know, apart from 

ProfessorS. MacLane•s, these were the first lectures on elementary topoi to 

be given in Britain, so I was at pains to avoid getting entangled in detailed 

proofs, in order to concentrate on the main aspects of the subject. In ten 

lectures it is impossible to be comprehensive so these notes must of necessity 

reflect a personal bias. In fact, these notes are rather more detailed than the 

lectures, but even so, a great many statements and examples are left unproved. 

In many places the reader is urged to seek the proof elsewhera, in Freyd' s 

Aspects of Topoi, or Elementary Tbposes by Kock and Wraith. The aim is 

not to provide the reader with an exhaustive and complete text, but to give him 

some sort of idea as to what has happened in the subject so far, and where it is 

likely to go. Indeed, this may well be up to the reader himself. In my opinion, 

the subject has exploded so fast, since Lawvere and Tierney's first work at 

Halifax in 1969, that it is hard for anybody not in at the beginning to swallow all 

the new material so suddenly available. The subject is now ripe for application, 

I believe; certainly it is such a pretty subject that it would be most disappointing 

if it were not good for anything - all my instincts tell me that it will be useful, 

and not just for applications in logic. 

There are certain new developments, due to J. Benabou, which I should 

have liked to have included. Until recently, when one wished to carry out a 

construction in an elementary topos that was well enough understood in S , 

the category of sets and functions, one had to wrestle with pullback diagrams 
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and the like. Benabou's formal language permits one to dispense with these 

problems, and to proceed directly to the construction from its formal description. 

I believe that these methods must displace the older, clumsier ones. 

The interest which the audience expressed during the lectures I take to 

be a tribute to F. W. Lawvere's deep insights. It is often easier to express the 

flavour of an idea with the spoken word than with the printed, and I fear that these 

notes do not really do justice to some of the most important underlying ideas. 

I have added a short preface to the notes on the development of the concept 

of topos. This was written over a year ago, so the references need revision. 

There are many people I should like to thank for their help, encouragement, 

conversations or communications on the the subject of elementary topoi. 

I would also like to thank Professor R. Brown and I. Morris for organizing the 

Bangor Conference, and all my fellow lecturers, C. J. Mulvey, B. Tennison, 

P. Johnston, M. Reid, and A. Thomas. 

I used to hold that too strong a leaning to proper classical endings was an 

affectation, but weight of usage goes against me; so toposes nowboocmes topoi. 
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The Development of the Concept of Topos 

Section 1 

The subject of toposes really has two beginnings. The curtain rises 

in the early 60's, the scene algebraic geometry. The modern approach to 

algebraic geometry is founded on the idea of a sheaf. A presheaf on a topo­

logical space is a contravariant set valued functor on the category of open sets 

and inclusions, and a sheaf is a presheaf satisfying some extra conditions, of 

the form, 'given an open set, for every open covering of it, it is the case that ••• •. 

Grothendieck' s idea was to replace the category of open sets and inclusions of a 

topological space by an arbitrary category. Thus, a presheaf on a category is a 

contravariant set valued functor on it. To define a sheaf we have to say what we 

mean by a covering of an object. A Grothendieck topology on a category is 

defined by saying which families of maps into an object are to constitute a covering 

of the object; the family of coverings has to satisfy certain axioms which we will 

not go into here. Be warned that the terminology 'Grothendieck topology' is 

rather misleading - it has little to do with topology in the usual sense of the word. 

A category together with a Grothendieck topology on it is called a site. To every 

site we can assign a certain full subcategory of the category of presheaves, called 

the category of sheaves, by analogy with the definition of sheaves on topological 

spaces. This is the raison d•etre of the concept of Grothendieck topology. The 

Grothendieck topologies on a category form a lattice - we may talk of the finest 

Grothendieck topology on a category such that a given class of presheaves are 

sheaves. In particular, for any category, we define the canonical Grothendieck 

topology to be the finest for which the representable presheaves are sheaves. 
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J. Giraud discovered a remarkable theorem which bears his name. 

From any site we may construct a new one by considering the category of 

sheaves for the site with its canonical Grothendieck topology. Giraud's theorem 

asserts that the category of sheaves of the latter site is equivalent to the category 

of sheaves of the former. 

In consequence, the special name of topos was given to those categories 

which were equivalent to the category of sheaves for the canonical topology on 

them. Giraud's theorem may then be stated; a category is a topos if and only 

if it is the category of sheaves on a site. (Actually, there are a few foundational 

points that need clearing up here - usually, recourse is had to 'Grothendieck 

universes'. ) Internal conditions were found for a category to be a topos, 

stating with certain limits and colimits must exist, with certain properties. 

Let me pause to summarise: a topos is a category satisfying certain 

conditions, whose details I will not bother to describe here. These conditions 

were concocted to describe categories of sheaves on a site, so that Qlle could 

carry through certain constructions. (chiefly, cohomology) that one can perform 

for the category of sheaves of sets on a topological space. It is worth saying 

that it was soon realized that toposes are more important than sites. Different 

sites may give rise to the same topos. For example, the category of open 

inclusions and the category of local homeomorphisms into a fixed space, with 

their canonical topologies, give rise to two distinct sites which have the same 

topos. 

1. M. Artin, Grothendieck Topologies. Harvard University Press. 1962. 
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2, M. Artin, A. Grothendieck, J. Verdier, Theoreie des Topos et 
Cohomology Etale des Schemas. Springer L. N. 269 and 270 (revised 
version of SGA4 1963/64). 

3, J. Giraud. Analysis situs. Sem. Bourbaki, 1962/63. 

4. J. Giraud, Methode de la descente. Mem. Soc. Math. France. 1964. 

5, J. Giraud, Cohomologie non abelienne. Springer 1971. 

6, M. Hakim. Topos Anneles et schemas relatifs. Springer 1971. 

7. D. Mumford. Picard group of moduli problems. Proceedings of the 
conference on arithmetical algebraic geometry of Purdue 1963, 

Section 2 The scene now changes to a borderland between logic and 

category theory, being explored by F. W. Lawvere. He had observed 

many formal similarities between rules of logic and the calculus of 

adjoint functors. He realized that it is possible to axiomatise category 

theory without using sets, so that it may be possible to avoid the problems of 

set theory. Anything defined by adjoint functors will be an elementary 

notion in the formal language of categories. The problem, therefore, 

is to pinpoint elementary properties of the category of sets and functions 

which are good enough for reconstructing as much set theory as one needs, 

8. J. C. Cole. Categories of sets and models of set theory. Thesis (Sussex). 
Aarhus preprint No. 52 (1971), 

9, F. W. Lawvere. An elementary theory of the category of sets. Proc. 
Nat, Acad, Sci. 52 (1964). pp. 1506-1511. 

10, F. W. Lawvere. Adjointness in Foundations. Dialectica 23 (1969) pp. 281-296. 

11. F. W. Lawvere. 
adjoint functor. 

Equality in hyperdoctrines and comprehension as an 
Symposia in pure maths. Vol. XVII A. M.S. (1970). 

Section 3 In 1969, at the University of Dalhousie, F. W. Lawvere and 

M. Tierney began to .investigate the consequences of the following three 

axioms for categories:-
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T(i) 

T(ii) 

T(iii) 

finite completeness and finite cocompleteness 

Cartesian closedness 

the existence of a subobject classifier 

These three are all elementary axioms, and they are satisfied by the 

category of sets and functions. For example, any two element set acts 

as a subset classifier. It was soon found that any topos satisfies the 

above three axioms. 

For this reason, any category satisfying these three 

axioms was called an elementary tapas. To distinguish them from 

elementary topoi topoi in the old sense are now called Grothendieck 

The category of finite sets and functions is an elementary 

topos but it is not Grothendieck. 

The definition of an elementary topos is much simpler than that of a 

Grdhendiock topos. Recently, A. Kock and c. Juul Mikkelsen have shown 

that it can be simplified even more. In any category with finite limits we 

may define Rel(A, :B), the set of relations from A to B, to be the set of 

subobjects of A x B. By using pullback, we can make this into a functor 

Rel(-,B) for any fixed B. The simplified axioms are 

T" (i) finite completeness. 

T"(ii) for any B, Rel(-, B) is representable. 

It is a remarkable fact that these axioms imply those above. Elementary 

toposes are to abelian categories what sets are to abelian groups. P. Freyd 

considers the development of elementary topoi 

event in the history of categorical algebra. 

to be the most important 
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For Grothendieck topoi the empha:::is had been on cohomology, and 

on genen,i.i:Ging ideas of topology. One may, of course, still consider 

these notions in the context of elementary topo i However, the elementary 

nature of the axioms brings out a new and fundamental feature, that had not 

been exploited before - the concept of internalization. 

It has long been realized that any category with finite limits 

admits the interpretation of universal sentences (this is the fundamental idea 

behind universal algebra -one considers only sentences using'=' and 'V'). 

An elementary topos admits the interpretation of any sentence in the higher 

order predicate calculus. That is to say, a topos may be considered as a 

universe of discourse. Constructions normally carried out 'within' the 

category of sets and functions may be carried out 'within' an elementary 

topos. 
y 

Let me give a very basic example, suppose X denotes the 

exponential, so that maps Z ~ Xy are in bijective correspondence with 

maps Z x Y ~X, and suppose that o denotes the subobject classifier. 

To any pair of functions S ====t T we may assign the subobject of S on 

which they agree, their equalizer. Corresponding to this set-theoretic 

construction there will be a map in the topos 

which is the internalization of the construction which assigns to a pair of 

maps Y ~ X their equalizer. 
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We can define the notion of a category object in an elementary 

topos - we have an object-object, a maps object and a pair of maps called 

'domain' and 'codomain' together with certain other maps defining compo-

sition, etc. (actually, since categories are defined by universal sentences, 

we only need left limits in our category to define category objects). We 

may also define 'internal presheaves' on a category object. These form 

an elementary topos. This underlines another point; the property of being 

an elementary topos is stable under a wide variety of categorical construe-

tions. It is easy to construct new topoi out of old. 

Of particular value is the interplay between the topological aspect, 

and the logical. For example, the subobjects of the terminal object in a 

topos may be interpreted topologically as open sets, and logically as truth 

values. 

The fundamentals of the theory have begun to crystallize. A 

large number of questions to be resolved remains. 

12. P. Freyd. Aspects of topoi. Bull. Australian. Math. Soc. (1972) 
Vol. 7. pp. 1-76. 

13. G. M. Kelly and R. street. Abstracts of the Sydney Category Theory 
Seminar 1972. University of New South Wales. 

14. A. Kock and G. Wraith. ElementaryThposes. Aarhus Lecture Notes No. 30. 

15. F. W. Lawvere. Quantifiers and Sheaves. Actes du Congres International 
des Mathematicians. Nice. 1970. pp. 329-334. 

16. F. W. Lawvere and M. Tierney. Summary by J. Gray. Springer L.N. 195. 
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§ 1. Elementary topoi. 

Let us consider some of the properties of S, the category of sets and functions. 

(i) Finite limits. 

The category S has finite limits. That is to say, it has a terminal object; 

any singleton set will do - we pick one and call it 1. The elements of a set X 

are given by the maps 

It also has pullbacks. For any two functions 

A f C B~C ~. ~ 

with common codomain, we may form the set 

P ((a, b) E: A x B I f(a) = g(b) j. 

If p
1

, p 
2 

denote the obvious projections 

p 
p1 

A 

p21 1 f 

B 
g c 

is a pullback diagram. 

(ii) Power sets. 

For any set X, let P(X) denote the set of subsets of X. Then P(X) has the 

following property: - For any set Y, the set of functions 

Y~P(X) 
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is in bijective correspondence with the set of relations from Y to X. To be 

. f X prec1se, a map Y ---? P( ) and a relation R c X x Y are said to correspond 

if 

xRy ~ X E f(y) Vx EX, Vy E Y. 

In any category .Q with finite limits we define a relation from an object Y to 

an object X to be a subobject of X x Y. We denote by Rel(X, Y) the class of 

subobjects of X x Y. If A' ~A is a map and 

R~A xB 

denotes an element of Rel(A,B), we obtain an element R' ~A' x B of 

Rel(A',B) by forming the pullback diagram 

R' -----?>R 

l I axl 
A'xB ----?>AxE 

We have used the fact that pullbacks of monies are monic. In this way we get 

a contravariant functor Rel(-,B). 

Definition 1. A category E is an elementary topos if 

i) ~ has finite limits, 

(ii) for every object A of E there is an object P(A) of E and a monic map 

~ >---?A X P(A) 
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with the property that for any object B of E and monic map 

there is a unique map 

B~P(A) 

such that 

R 

I r 1xr 
AxB ---'-'---» AxP(A) 

is a pullback diagram. 

We may paraphrase condition ii) by saying that for every object X of E;_ the 

functor Rel(-,X) is representable, i.e. we have a natural isomorphism 

Rel(-,X) ~ HomE(-,P(X)). 

The natural isomorphism A x B ::: B x A sets up a natural isomorphism 

which tells us that P is a contravariant functor from E to itself, which is 

adjoint to itself on the right. 

We denote by 1 a terminal object of E;_, and by analogy with the case for S we 

call a map 

1----;. X 
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an element of X. We call an element of P(1) a truth-value of !;_. Each truth­

value corresponds to a subobject of 1. 

Examples 

i) S, the category of sets and functions. 

ii) Sr•.-. the category of finite sets and functions. 

There are only two truth values in S and in Sp .. , . 

iii) n., the category having only one map. This has only one truth value. 

iv) S x S, the category of pairs of sets and pairs of functions. This has four 

truth values, given by the subobjects (¢,¢), (1,¢), (¢,1), (1,1) of the terminal 

object (1, 1). Note that 

(¢,¢) 1o (¢,1) 

and that ( ¢, 1) has no elements. We see that an object in an elementary topos 

is not determined by its elements. 

We may think of S x S as a pair of "non-interacting universes". As a generalization, 

the reader can easily verify that if !;_
1 

and ~ are elementary topoi, then 

!;.1 x !;.2 is an elementary topos. 

v) Let G be a group. A G-set is a set together with an action of G on it by 

permutations. A G-function between G-sets is a function which preserves G-action. 

The category of G-sets and G-functions is an elementary topos. It has two truth­

values. The functor P assigns to a G-set its set of subsets (not sub-G-sets) 

which is given a G-action via the notion of inverse image, i.e. if X is a G-set, 

A £,X, g E G define g.(A) = fx E Xlg.x E Aj. 

vi) Consider a simplified model of time with just two states of existence - "then" 

and "now". We have a category (usually denoted by 2) described by the diagram 
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"then" ---~ "now" 

A functor X from 2 to S we might call a "set in time"; it gives a diagram 

X(then) -----? X(now) 

in S. A "function in time" is to be a natural map. Sets and functions in 

time form an elementary topos, which has three truth-values, given by the 

subobjects 

(always false) 

rp ~ 1 (false then, true now) 

1~1 (always true) 

of the terminal object 1 ~ 1. 

Of course, "time" may be construed as any partially ordered set, or, indeed, 

as any small category .£. As a common generalization of v) and vi) we may 

show that 

0 
the category of functors C ~ S and natural maps, is an elementary topos. This 

is known as the category of presheaves on .£. 0 
For any presheaf F 1 .£. ~ S, 

0 
the presheaf P(F) : .£ ~ S is given by taking (P(F))(X), for X an object of .£, 

to be the set of subfunctors of F x Home(-, X). 

vii) A continuous map Y ~ X between topological spaces is a local borneo-

morphism if it is an open map such that for every y E Y there is an open 

neighbourhood U of y mapped homeomorphically by p onto p(U). 

Let Top(X) denote the category whose objects are local ho~reomorphisms 

Y ~ X and whose maps are commutative triangles of continuous maps 
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y Y' 

~f.· 
X 

Then Top(X) is an elementary topos (we call it a spatial topos) whose truth-

values correspond to the open sets of X. 

<1A,1A> 
The monic map A >-------7 A x A (the diagonal map) gives the identity relation 

from A to A, and corresponds to a map 

A _ _.f_ • ..._l --+> P(A) 

for any object A in an elementary topos ~· If ~ = S, then ~ ·l is the function 

a~ ~aj. 

Proposition 1.1 The map A l.:_L P(AJ is monic. 

Proof. 

For any map X ~ A, the diagram 

X 
u 

A 

1 
<1A,1 A> 

1A Xu 
AxX-----7AxA 

is a pullback. Hence, if u, u' , X~ A are such that ~ ·J u = ~·J u', then 

1 
The identity map A ~ A ~ 1 x A, considered as a relation from 1 to A, 

gives rise to a map 

'A' 1 _ _..;;,. _ ___, P (A) • 
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For any objects A, B of an elementary topos, the identity map 

~(A xB) P(A X B) ----'------'--7 P(A X B) 

corresponds to a subobject of A x B x P (A x B), and hence to a map 

P(A X B) X A P(B) • 

Let P(A X B) X A P(B) 

I I (· l 
Q B 

be a pullback diagram and let 

q I P(A X B) ----7 P(A) 

correspond to the subobject Q of P(A x B) x A. 

The interpretation of q in S is 1 -

given R c A x B, then 

q(R) = ia E A I '3 bE B, [ bj tb' E B l(a, b') E Rjj. 

Define the object BA by defining 

1 l rA, 

P(A xB) _...;q=-._---7 P(A) 

to be a pullback diagram. 
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Proposition 1. 2 For any object D, there is a natural isomorphism 

We leave the proof as an exercise in diagram chasing for the reader. I believe 

I am correct in crediting this result to C. J. Mikkelsen. We may interpret 

BA as the object of maps from A to B, and P(A x B) as the object of relations 

between A and B. The construction of BA from P(A x B) follows precisely 

the procedure for sets. 

Proposition 2 is summarized by saying that an elementary topos is Cartesian-

closed; that is to say, for every object B the functor B x (-) has a right 

B 
adjoint (-) • 

It is conventional to denote the object P(1) by 0, and to denote by 

the map corresponding to the maximal relation, namely 

1>----?lxl. 

The defining property of the functor P implies that for any monic map A ~ X 

there is a unique map X ~ 0 , which we call the classifying map of A >-----? X, 

such that 

A -----;.1 

I 
X--~ 

is a pullback diagram. For this reason we call 0 a subobject classifier. 
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Proposition 1. 3 A category ];_ is an elementary topos if and only if it 

satisfies the following conditionsr 

i) E has finite limits, 

ii) E is Cartesian-closed, 

iii) E has a subobject classifier. 

Proof: we have already seen that an elementary topos satisfies the above three 

conditions. Conversely, if a category ];_ satisfies these conditions, for any 

object B define P(B) to be rf'. Then 

B 
HomE(A,Q) ~ HomE(Ax B,O) .:;;.< Rel(A,B), 

so E is an elementary topos. 
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§2. Exactness properties of elementary topoi 

The original formulation of the axioms for elementary topoi contained 

the condition that finite co limits should exist. C. J. Mikkelsen showed that 

this condition is in fact a consequence of the axioms we have given in 1. We 

sketch here very briefly part of an elegant paper by Robert Pare, which shows 

that the functor 

makes E
0 

tripleable over .!:;_. Since tripleable functors preserve, reflect and 

create limits, it follows that E
0 

has all the limits which exist in E. 

f 
Def. 2. A pair of maps B ~A is reflexive if there exists a map A~ B 

g 

such that fd = gd = 1 A. 

A version of the trlple~ability theorem (CTT) of Jon Beck asserts that if 

is a functor having a left adjoint, then U is tripleable if 

i) F has coequalizers of reflexive pairs; 

ii) U preserves these coequalizers; 

iii) U reflects isomorphisms. 

Let the end adjunction 

classify the monic 

A 
~A >--;. ll X A. 
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If A ~ B is monic, we get a monic 

A lx i A 
(A >~ n x A >-------+ n x B 

A 
whose classifying map Q x B __..,. n is exponentially adjoint to a map we call 

Proposition 2.1 Let 

B' ----i>B 

be a pullback diagram in an elementary topos, with i (and therefore i') monic. 

Then the diagram 

f 
A n A' 0 ---=..:...---;.0 

commutes. 

The proof amounts to checking that the two maps 

A 
0 xB'~O 

exponentially adjoint to the maps obtained by going round the diagram in either 

way, classify the same subobject. 
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Proposition 2. 2 Let A>~ B be monic. Then 

Proof: Apply proposition 2.1 to the pullback diagram 
1 

A A 

·l . 1' 
A --

1
------7 B 

Theorem 2.3 Let E be an elementary topos. Then the functor 

satisfies the criteria of C T T. 

Proof: We have already seen that P has a left adjoint (namely, itself). 

i) Since E has equalizers, ~0 
has coequalizers. 

ii) Let f h 
A~ B---i>C 

g 

be a coequalizer diagram in ~0 , where (f, g) is a reflexive pair. In E this 

means that 
f 

C~B~A 
g 

d 
is an equalizer diagram and that there is a map A -----'J> B such that df = dg = 1B. 

It follows that f,g,h are monic and that 

h 
C----->B 

hl } 
---"g'----7 A B 
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is a pullback diagram. By propositions 2.1 and 2. 2 it follows that the diagrams 
P(h) 3 h ;:r----------7 r P(C)--1----?Pl(:~) 

P(A)---P.:.::(g:_) -----7 P(B) 

commute, so that 

P(A) --c:P~(f...':.)~ P(B) 
P(g) r-, 

P(h) 
P(C) 

is a contractible coequalizer diagram. 

iii) 
f 

For any map B ~ A , the composite 

A __._t •.._J _..,. P(A) P(f) 
P(B) 

corresponds to the monic 

B 
<f, 1B > 

>---'--=~ A X B . 

P(C) 

Hence P(f) = P(f') implies < f, 1B > = < f', 1B> which implies f = f'. Hence 

P is a faithful functor, and so reflects monies and epics. 

If A >__!___,.X is monic, and has classifying map 

then 
X ¢ .n 

~,I 
is an equalizer diagram. Hence, in an elementary topos every monic is an 
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equalizer. It follows that any map in a topos which is both monic and epic is 

an isomorphism. Hence P reflects isomorphisms. 

Corollary 2. 4 An elementary topos has finite co limits. 

We denote an initial object of an elementary topos by ¢ . 

Proposition 2. 5 Any map into ¢ is an isomorphism. 

Proof: For any object X, the functor X x (-) has a right adjoint and so 

preserves colimits. So 

Xx¢::¢ 

Any map X ~ ¢ has an inverse 

One of the primary uses of sets in mathematics is to formulate the 

notion of an indexed collection of things. If an elementary topos is to be a 

useful generalization of S, we must know how to express the concept of an 

indexing over an object in it. To see how to do this, we remind the reader of 

some elementary category theory. 

For any category .Q and object A of .Q , define .Q/A to be the 

category whose objects are maps with codomain A, and in which a map p ---;.q 

from X ___R___, A to Y ~ A is given by a commutative diagram 

X--------? y 

\I 
A 
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If .Q = S, we may interpret S/A as the category of A-indexed sets and functions 

as follows: -

From an object X _E__,. A in S/A we get the A-indexed family 

and from a map 

in S/A we get an A-indexed family of maps 

where f is the restriction of f to p-\a). 
a 

Conversely, given an A-indexed family 

an object X~ A of S/A by taking 

X U (X x tal) 
a~: A a 

tX l A of sets, we get a a E" 

and p(x,a) =a. If [f : X ____,. Y J A is an A-indexed family of maps, 
a a a a.: 

we get a map 
X y 

\A} 
in S/ A by taking f a" A fa , i.e. f is given by 

f(x,a) 
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We have the slogan, therefore, that maps into an object A correspond 

to A-indexed objects. 

For any elementary topos ]!, let us define 

1\ nxn--_,.n 

to be the classifier of 1 <t, t > 0 x 0 

Proposition 2~ 6 The map 1\ internalizes the notion of intersection of 

subobjects. That is to say, if A ~ X, A
2 
~ X represent subobjects of 

<{> 1 <{> 

X, with classifying maps X ~ .. fL. X ~Jl respectively, then 

classifies A1 (\ A2 >-----l> X, given by the pullback diagram 

X 

We leave the easy verification of this to the reader. 

Let 

be an equalizer diagram. 

(i = 1,2). Then 

<{>. 
Let X~ o (i 1, 2) classify subobjects A1s; X 

< ¢1' <{> 2 > 
Al s;; A2 if and only if X n X n factors through the 

Proposition 2. 7 

subobject £: of n x 0 . 
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Proposition 2. 7 is an easy consequence of proposition 2. 6. 

Theorem 2.8 If A is an object in an elementary topos ~. then ~/A is an 

elementary topos. 

Proof: 
1 

The object A ~A is terminal in ~/A. 

Pullbacks in ~/A may be constructed "in ~", so that ~/A has finite limits. 

Given an object X ___E.___,. A in ~/A, let 

A ___E.__,. P (X) 

<Ix,P > 
correspond to the monic X X x A. 

Let 

j-1 xp -------7 rx 
P(X) X A ---"---;> P(X) X P(X) = (0 X 0) 

be a pullback diagram, and define 

P (X ---'p'-----;. A) 

to be 

P2 
R >-----i> p (X) X A ---i> A • 

It remains to check tln t P(X ~A) does what it should. We leave this to 

the reader. This construction is due to Kelly and Street. 
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In any category E with finite limits, pullback along a map 

induces a functor 

which has a left adjoint 

given by 2:f(X ~A) = (X ~A ~ B) 

It is instructive to interpret what f* and 2:f mean for indexed families of sets. 

The reader will soon convince himself that f* signifies "relabelling along f", 

i.e. 

and that 2:f signifies "coproduct over the fibres of f", i.e. 

(-1- 1- X J 
f(a}=b a b < B · 

Theorem 2.9 Let A _!___,. B be a map in an elementary topos E. Then the 

functor 

f* : .!:/B ~!:/A 

has a right adjoint 

II · Ej -.;. Ej f"-A -B 
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Proof: By working in the elementary topos ~IB we may suppose without loss 

of generality that B = 1. Let 

be exponentially adjoint to 1 A. For any object X ..E..._,. A of ~I A let 

fl f(P) ----------} 1 

1 h 
f ___ PA __ ----'> A A 

be a pullback diagram. It is now routine to check that this gives a functor Ilf 

right adjoint to f*. 

Of course, for sets Ilf signifies "product over the fibres of f", 

i.e. rrf dx l A) a a< 
f II X ) 
f(a)=b a b < B 

Corollary 2. 1 0 In an elementary topos, pullbacks preserve epics and 

colimit diagrams. 

This follows from the fact that the functors I:f preserve and reflect colimit 

diagrams, and the fact that the functors f* must preserve them, as they have 

right adjoints. 

The kernel pair 

k1 
..,..---;. 
K~A 

2 
f k

1 
= f k

2 
and such that if 

then there is a unique map 

of a map 
x1 

X:::::;A 
x2 

X~K 

A __!___.,. B is a pair of maps such that 

is any pair of maps such that f x
1 

= f x
2 

, 

such that x. = k.h (i = 1 k2). Any 
1 1 1 

category with pullbacks has kernel pairs. The kernel pair K ~ A of 

2 
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A __!____,. B is given by the pullback diagram 

k 
2 

\il f 
A -------------4 

A 

B 

kl 

Let K 7 A be the kernel pair of A __!____,. B. Then 
2 

Proposition 2.11 

the following imply each other:-

i) f is monic, 

iii) at least one of k
1 

or k
2 

is an isomorphism. 

Because kernel pairs are defined by pullback diagrams, pullbacks of kernel 

pairs are kernel pairs. 

Proposition 2.12 In an elementary topos, pullback along epics reflects monies, 

epics and isomorphisms. That is to say, if 

p 
X A 

gl l' y q 
B 

is a pullback diagram in an elementary topos, with f epic, then p epic, monic, 

iso implies that q is epic, monic, iso • 

Proof: If p and f are epic, then clearly so is q. Let 

kl 

K7Y 
2 
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l:t 
be the kernel pair of q. Let 

-? 
L ~ X be the pullback of this kernel pair 

2 
along g. Then this is the kernel pair of p, and if p is monic, t

1 
t

2
• We 

get a pullback diagram 

L X 

lg i = (1' 2) ·1 k. 
K --------1------~Y 

where g and h are epic, since pullbacks of epics are epic. Hence k
1
h = k

2
h, 

so k
1 

= k
2 

and so q is monic if p is. We have already seen, in the proof of 

theorem 2.3, that monic epics are isos in an elementary topos, so p iso implies 

that q is an iso. 

Proposition 2.13 Any map in an elementary topos can be factored as an epic 

followed by a monic. Such a factorization is unique up to a commuting 

isomorphism. 

Proof: f . Let A -? B be the map to be factonzed. Let 

kl 
-? 

K ~A be its 
2 

kernel pair, and let A ~ Q be the co equalizer of the kernel pair. Then f 

factors as iq in the diagram below. We shall prove that i is monic. 

kl 
A f B 
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Suppose ix
1 

= ix
2

. For the pullback diagram 

<a1,a2> 
z ---=-----'=------'> AxA 

X <n1 ,n,..> Q Q 
---L-~~~-~) X 

Since q x q = (q x 1). (1 x q) is a composite of pullbacks of epics, it is epic, 

and so t is epic. Since f. a.= iq.a. = ix.t is independent of j (j = 1,2), 
J J J 

there exists Z ~ K such that a. = k .. h. Hence x .. t = q. a. = q.k .. h is 
J J J J J 

independent of j. But is epic, so x
1 

= x
2

. So i is monic. 

Suppose A ~ > I ~ B is any other factorization with u epic and v 

monic. Q 

k1 
;/I~ 

K A 'm B 
k2 

~~/ 
Since uk

1 
= uk

2
, there is a unique Q ~I such that u = mq, so m is epic. 

Since iq = f = vu = vmq we have vm = i, so m is monic. Hence m is an 

isomorphism. 

Corollary 2.14 In an elementary topos, every epic is the coequalizer of its 

kernel pair. 
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§3. Geometric morphisms 

We saw in example vii) of Sl that a topological space X gives rise to 

an elementary topos Top(X), whose objects are local homeomorphisms into 

X. In the category of topological spaces and continuous maps, pullbacks of 

local homeomorphisms are local homeomorphisms, so a continuous map 

gives rise to a functor 

f* : Top(Y) ~ Top(X) . 

We shall use the term left exact for a finite limit preserving functor. The 

functor f* is left exact and has a right adjoint f*. This motivates 

Definition 3.1 A geometric morphism 

between two elementary topoi is a functor 

which has a left exact left adjoint 

f * : F _________,. E . 

We call f* the direct image part of f and f* the inverse image part of f. 
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We give some examples to show that this notion is not as unnatural as at first 

appears. 

Examples 

i) We have already seen that a continuous map X Y between 

topological spaces gives a geometric morphism 

f 
Top(X) ----7 Top(Y) . 

ii) A map A~ B in an elementary topos E gives a geometric morphism 

iii) Let G ~ H be a homomorphism of groups. If M is an H-set, 

let <f>*(M) denote the G-set whose underlying set is the same as that of M, 

but with G-action defined by <f> , i.e. g. m = <f> (g). m for g < G, m < M. This 

gives a left exact functor 

<f> * : H-sets ~ G-sets . 

If N is a G-set, let <f> *(N) be the set of functions q : H N such that for 

q(<f>(g).h) g.q(h). 

We make <f>*(N) intoanH-setbydefining h.q. for h<H, q< <f>*(N) tobethe 

function given by h' ____,. q(h'. h). Then 'P * is a functor right adjoint to 'P * 

and we have a geometric morphism 

G-sets L H-sets . 
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f 
----? 

If E ----? F are a pair of geometric morphisms, a map f ----;;. g is to mean a 
- g -

natural map f*----;;. g* (and so, by adjointness, a natural map g*---;;. f*). Thus, 

for any two elementary topoi _§,. K we get a category (in general, illegitimate, 

i.e. the hom-classes need not be sets) 

Top @_, K) 

of geometric morphisms from E to F and maps between them. 

f 
If _§ is an elementary topos, an .§-topos is a pair (I,f) where F ~ E is 

a geometric morphism. We will usually abuse language by referring to the 

_§-topos x_, leaving f understood. We call f the structural morphism of F. 

If xl' x2 are .!_:-topoi, a morphism of ~topoi is a geometric morphism 

xl ____,. x2 making the diagram 

L 
commute up to natural isomorphism. If F ----? F are morphisms of _E-topoi, 

-1 g' -2 

a map a : g ----;;. g' is a natural map 

a g* ____,. g' * 

f2 
such that a ,. fz is a natural isomorphism, where !

2 
___,. E is the structural 

morphism of X
2

.We obtain the (illegitimate) category 

of morphisms of .!_:-topoi xl ~ x2 
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For any object X in an elementary topos ~. the unique map X~ 1 in ~. 

gives a geometric morphism 

by which E; is made into an ~-topos. Clearly, any geometric morphism -x 

induced by a map X __,. Y in ~. is a morphism of ~-topoi. 

lf * denotes a topological space with one point, for any topological space X, 

the unique map X~ * induces a geometric morphism 

Top(X) ~ Top(*) = S 

so that a spatial topos is an S-topos. 

Proposition 3. 2 If an elementary topos has a geometric morphism to S 

or Sfin , it is unique up to isomorphism. 

Proof: Consider a geometric morphism 

f 
E ------7 S . 

Since f* is left exact, f*(1) e:- 1. Since it has a right adjoint, 

f*(s)-:: f*(-1 - 1 
1) 

s 
_I _I f*(1) 

s 
_1_1 1. 
s 

It follows that f* e:- HomE(1,- ). A similar argument holds for Sfin· 

Corollary 3 . 3 

hom-sets. 

An elementary topos is an Sf. -topos if and only if it has finite 
lll 
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Proof: If' E has finite hom-sets, the functor 

has a left exact left adjoint s ------;. -1 -1 
1. 

s 

Conversely, if 

is a geometric morphism, proposition 3.2 shows that f* ~HomE(l,-), so 

every object of ~ has a finite number of elements. But the maps X--;. Y 

in E are given by the elements of Yx. 
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§ 4. Sober spaces 

In this chapter we investigate how much information is lost in passing 

from a topological space X to the elementary topos Top(X). The material of 

this chapter is to be found in SGA 4. 

Definition 4.1 A topological space is irreducible if the intersection of two 

non-empty open sets is non-empty. 

Example: For any point x in a topological space X, TiZJ is a closed 

irreducible subspace of X, because any nonempty open set of TXJ must 

contain x. 

Definition 4. 2 A point x of a topological space X is generic if X= TiT. 

Thus, any space with a generic point is irreducible. 

Definition 4. 3 A topological space is sober if every irreducible closed subspace 

has a unique generic point. 

Examples: i) A Hausdorff space is sober. The irreducible closed 

subspaces are the singleton subsets. 

ii) For any commutative ring R, spec(R) is sober. The 

prime ideal p is the unique generic point of the closed 

irreducible subspace spec(R/p) consisting of all the 

prime ideals containing p. 



151 

A 
For any topological space X, let X be the set of irreducible closed sub spaces 

A A 
of X. For any open set U of X, let U be the subset of X of all the 

irreducible closed subspaces of X which have non-empty intersection with U. 

Proposition 4. 4 
A A 

The subsets U of X form a topology. 

A 
We define a map 11 : X __,. X by x __,. TX1. 

Proposition 4. 5 The function 11 is continuous and induces a bijection 

A A 
U ____,. U between the open set lattices of X and X. 

The well-known result that Top(X) is equivalent to the category of sheaves on 

X implies that 11 induces an equivalence of categories 

Top (X) __,. Top(~) , 

since a sheaf on a topological space may be defined purely in terms of the open 

set lattice. 

A 
Proposition 4. 6 For any topblogical space X, the space X is sober. 

A 
Any continuous map from X to a sober space factors uniquely through 11 : X __,. X. 

A 
In consequence X,...._.,. X defines a functor left adjoint to the inclusion of sober 

spaces in the category of all topological spaces. 

The remark above shows that the functor Top factors through the soberification 

A 
functor X 1---i> X. 

If X is a sober space, we define a partial order on X as follows: 
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If f,g : Y ~X are continuous maps into a sober space X, define 

f ~ g ~ Vy E"Y, f(y)' g(y). 

Proposition 4. 7 Let f,g: Y ~X be continuous maps into a sober space. 

Any two natural maps f* ~ g* agree. There exists a natural map f* ~ g* 

if and only if f <: g. 

Definition 4. 8 A point of an S-topos E is a geometric morphism S ____,. E. 

The class of points of an S-topos may not form a set. 

Definition 4. 9 An open of an S-topos E is a subobject of 1 in E. 

We may put a topology on the class of points of an S-topos 1:, Points @_), as 

follows: if U ~ 1 defines an open of 1: and S ____E__,.1: is a point, since p* 

is left exact p*(U) is either ~ or 1. We write p <: l' lf p* (l') = 1 and pI U 

if p* (U) = ¢. We take for the open subclasses of Points (E:) 

fp <:Points {!:_) I p <: U l 

for U an open of E. 

A geometric morphism E ~ F induces a continuous map 

Proposition 4.10 

Points {!:_) -----;. Points (~) . 

/\ 

Points (Top(X)} ~ X . 
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Proof: In a spatial topos every object is a colimit of opens. Hence, if 

S L Top(X) is a point, p is determined by the restriction of p* to the opens. 

Let U be the union of all the opens V not containing p, i.e. such that p*(V) = ¢ 

Since p* is left exact, X - U is an irreducible closed sul:set of X, i.e. a point 

of 5(. Conversely, a point * ____,. ~ determines a geometric morphism 

~ A 
S- Top(*) _____.,. Top(X) ~ Top(X). 

Corollary 4.11 The category of spatial topoi and geometric morphisms is 

equivalent to the category of sober spaces and continuous maps. 

One may now play the game of extending the definition of various topological 

properties to elementary topoi, or at least to S-topoi. 

Examples: 

i) An S-topos is connected if it satisfies one of the following equivalent 

conditions:-

a) HomE(1,-) preserves coproducts; 

b) The functor s ~ 1

5
1
1. is full; 

c) The object 1 is coproduct-irreducible, i.e. if 1 = il< ~ Ui' then 

U. = ¢ for all i < S except one value. 
1 

ii) An S-topos is locally connected if the functor S ~ 1
3

1 1 has a left 

adjoint, 1r
0

• We interpret 1r
0

(X) as the set of connected components 

of X. 

iii) Let E be an S-topos. Since Hom (1,-) is left exact it takes 
- E 

abelian group objects in .!'! to abelian groups, and so defines a left 

exact functor r · Ab E ____,. Ab . E. -



154 

The category Ab~ is abelian and has enough injectives, so we 

may define the right derived functors of r E' Rn r E" The n-th 

Grothendieck cohomology functor of E is If@., -) = Rn r E . 

Let E _!__,. F be a geometric morphism. We have a commutative diagram of 

functors 
AbE AbF 

Ab 

Since f* has a left exact left adjoint, it preserves injectives. Hence there is 

a spectral sequence 

giving the Leray spectral sequence 

The front adjunction T7: idF ___,. f *f* gives a natural map 

Since f* is exact, Rn(rEf*) "'" (Rn rE)f* so we get the map in cohomology 

induced by f 

If(f,-) Hn(!',-) ___,.If@., f*(-)). 
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§ 5. Left exact co monads 

Recall that a comonad on a category E is a functor 

together with natural maps 

(the co-unit) 

(the co-multiplication) 

satisfying the usual axioms for two-sided co-unit and co-associativity. We 

call the comonad left exact if the functor C is left exact. 

A C-coalgebra is a pair (X, I;) where X is an object of ~ and XL C(X) is 

a map of ~ (the co-structure) satisfying the standard identities. We have the 

appropriate notion of a map of C-coalgebras, and we denote the category of 

C-coalgebras by ~C. The forgetful functor 

(X,i;)----i>X 

has a right adjoint - "cofree" - which assigns to an object Y of E the 

C-coalgebra (CY, oyl· 

Theorem 5.1 If ~ is an elementary topos and C is a left exact comonad on 

~. then ~C is an elementary topos. 

For the details of the proof, and for a more precise treatment of left exact 

comonads we refer the reader to page 39 of "Elementary Toposes", Kock and 

Wraith. 
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Because the forgetful functor ~C ------;. ~ is left exact and has a right adjoint, 

we get a geometric morphism 

which we call the canonical geometric morphism associated to C. 

Example Let G be a monoid object in an elementary topos ~· Then 

G G x (-) has a monad structure, and so the exponentially adjoint functor (-) 

has the structure of a left exact comonad. A G-action on an object X, 

GxX---;.X 

corresponds by adjointness to a (- )G -co algebra co structure 

It follows that the category of G-objects in E form an elementary topos. 

If ~ __!_,. E is a geometric morphism, the adjoint pair f*,f* gives a left exact 

co monad C = f*f * on ~. Observe that f* satisfies all the m nditions of the 

dual of Beck's crude tripleability theorem (see §2) except the condition of 

reflecting isomorphisms. 

Theorem 5.2 Let E __!_,. F be a geometric morphism such that f* reflects 

isomorphisms. Then f* is cotripleable, i.e. E is equivalent to the category 

of f*f* -coalgebras on ~. with f* for forgetful functor. 

Theorem 5. 2 characterizes geometric morphisms f for which f* reflects 

isomorphisms. We shall call them cotripleable geometric morphisms. 
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Proposition 2.12 gives the following examples. 

i) If A __..,. B is an epic map in an elementary topos ~. the induced 

geometric morphism 

is cotripleable. 

ii) If X__..,. Y is a surjective continuous map between topological 

spaces, then 

Top(X) __..,. Top(Y) 

is cotripleable. 

In example (iv) of §I we remarked that the Cartesian product :§._
1 

x ~2 of two 

elementary to poi "-'''s an elementary topos. Unfortunately for the notation, in 

the category of topoi <Jnd geometric morphisms ~1 x ~2 is the coproduct of ~1 
and ~2 with canonical injections 

given as follows: 

i1~ i
2 
* are the projection functors, and i

1
,.(X) =(X, 1) , i

2
,.(Y) = (1, Y). 

A pair of geometric morphisms 

E ____!_____,. F ~ E 
-1 -2 

' h gives a unique geometric morphism .!:_
1 

x ~2 -------o> £ such that the diagram 
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F 

commutes, given by h*(X, Y) f*(X) xg*(Y) and h*(Z) = (f*(Z),g*(Z)). 

Suppose that .!;_
1 

-----7 .!;_
2 

is a left exact functor between elementary topoi. 

Define a left exact functor 

by 

C(X,Y) (X, a(X) xY). 

It has a comonad structure given by 

6
(X,Y) (X, a(X) xY) ~ (X,Y) 

The elementary topos (]_
1 

x .!;_
2

)C is called the topos obtained by glueing along 

a. It is equivalent to the comma category (id , a) 
.!!2 

The gtueing process can be generalized to arbitrary finite 2-diagrams of left exact 

functors. 2-colimits of 2-diagrams of geometric morphisms can be obtained by 

glueing along the direct image parts. 

Let X be a topological space, U c X an open subspace, and X-U its closed 

complement. Denote by 

U _____,.X 

x-u~x 
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the inclusion maps. Let a denote the composite 

Top(U) Top(X) LTop(X-U). 

We may call this the "fringe" functor, because for any object F of Top(U), a (F) 

is trivial everywhere on X-U except on the boundary of U. The other 

composite, i * j *' is a functor of little hterest since it takes all objects of 

Top(X- U) to the terminal object. 

Proposition 5. 3 Top(X) is equivalent to the elementary topos obtained by 

glueing along 

a 
Top(U) ----c. Top(X- U). 

It is quite possible to glue two spatial topoi together to get a non-spatial one. 
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§ 6. Topologies 

A Heyting algebra is a category which is 

(i) a partially ordered set, 

(ii) has finite limits and finite colimits, 

(iii) is Cartesian closed. 

As usual, we write a ,; b for a map a -> b in the Heyting algebra. It is 

conventional also to write a A b in place of a x b, and a v b in place of a .LL b. 

We write t (= ntrue 11 ) for the terminal object and f (= 11 false 11 ) for the initial object. 

It is conventional to write a~ b in place of b a, so that the Cartesian closedness is 

expressed by the adjunction 

Ne write ·-, a for a = f. This gives a unary operation 1 which is called 

11negation 11 • A Heyting algebra can be presented purely in terms of the operations 

A, v , = , t, f, subject to appropriate axioms. Among the theorems we may deduce 

are, for example, 

., ·-,-,a =• a, 

(-,-.a)A(-,,b) ,., (a(\ b), 

. ..., . ..., t = t . 

In general, a Heyting algebra does not satisfy the identity 



161 

If it does, it is a Boolean algebra. Intuitionistic logic corresponds to Heyting algebras 

in the same way that classical logic corresponds to Boolean algebras. 

Proposition 6. 1 Let 0 be the subobject classifier in an elementary topos ! . Then 

0 is a Heyting algebra object, with t, f, A, v, -.-, interpreted as follows: 

0 

0 

0 

1 _!___> 0 

1 __!___> 0 

X 0~>0 

X 0~>0 

X 0 =L._> 0 

0 ..::!.._> 0 

classifies the maximal subobject 1 >--> 1, 

classifies the minimal subobject ¢ >--> 1, 

classifies 1 <1:, t> y 0 X 0 , 

classifies the image of O.u. 0 
n ~) 0 X 0 ___ , 

classifies i: >----> 0 X Q, the equalizer of A and p1 

classifies 1 _f_, 0 

For the details of the proof we refer the reader to Aspects of Topoi, P. Freyd 

or Elementary Toposes, A. Kock and G. Nraith. 

We call an elementary topos Boolean if, in it, we have the identity 

-r ...., 
0--y0--,0= 

Proposition 6. 2 The following statements for an elementary topos E are equivalent. 

i) E is Boolean. 

ii) For every object X of ! , the subobject lattice of X is Boolean. 

iii) Subobjects of objects in E have complements. 

iv) 
(t) -

The map 1l.l. 1 _f _, 0 in E is an isomorphism. 

We leave the proof to the reader. 

In general, a spatial topos is not Boolean, for if U is an open subset of a topological 

space X:, then -.u is the exterior of U. Hence -....., U is the interior of the closure of U. 
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Definition 6. 3 A topology on an elementary topos E is an endomorphism 0-j-> 0 

of the subobject classifier of 0 such that 

ii) j. t = t 

iii)j.Az A.(jxj). 

In terms of diagrams, these conditions express the commutativity of 

1 0 X 0 " __ , 
1.\ 

0 _]_> 0 

j xj 1 
0 X 0 " __ , 

If we think of 0 as a category object, then j is simply a left exact monad on 0. 

It determines a closure operator on the subobject lattice of each object of !:_; 

i.e. if X is an object of !:_, and A is a subobject of X classified by X _j_> 0 

we denote by A the subobject classified by X .....f._> 0 _j__> 0. 

Condition ii) gives A <;;;_A , 

Condition i) gives A A 

Condition iii) gives A
1 

n A
2 

We call subobject A of X, j-dense, if A= X. 

Definition 6. 4 If j is a topology on an elementary topos !:_ , an object X of E 

is a j- sheaf if for every j-dense monic A' ~>A , the function 

is bijective. 
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In other words, an object X is a j-sheaf if every map into it from a j-dense 

subobject of an object A, lifts uniquely to the whole of A. We denote by sh.(E) the 
)-

full subcategory of E of j-sheaves. 

Theorem 6. 5 Let j be a topology on an elemePtary topos _E. Then sh.(E) is an 
)-

elementary topos, and the inclusion functor 

sh.(E) --;:. E 
)- -

has a left exact adjoint (the sheafification functor). Thus 

morphism 

sh.(E) --;:. E • 
J- -

determines a geometric 

For the proof we again refer the reader to Aspects of Topoi, P. Freyd or 

Elementary Toposes, A. Kock and G. Wraith. Freyd1s elegant use of injectives 

renders the category of fraction techniques in Elementary Toposes unnecessary. 

Their sole purpose was to show the left exactness of the sheafification functor. In 

the context of Grothendieck topoi, the construction of the sheafification functor, as 

given, say, in SGA 4, involved the use of infinite limits and colimits. It must be 

stressed that in the context of elementary topoi, the sheafification functor only involves 

elementary operations, i.e. finite limits and exponentiation. The novel feature which 

permits this, is, of course, the possibility of exponentiation. Somehow, all the 

colimits needed for the Grothendieck approach sum up to give exponentials. P. Johnstone 

has given a different construction of sheafification from that of Lawvere and Tierney, 

which mirrors more closely that given in SGA 4, but in elementary terms. 
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1 

i) The maximal topology O_Q_> o 

In this case sh.(E) = E • 
]-
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ii) The minimal topology 0 --» 1 __!_> 0 . 

In this case sh.(E) = \1 l . 
]- ( 

iii) The double negation topology 0 --, ;;, 12 _::r__> \i. 

In this case sh.(E) is Boolean. 
]-

iv) If U is a subobject of 1 in ~, the unary operation U =-o> (-} : 0 --» 0, i.e. 

the composite 
r, 

U X 1
0 

0----> 0 X 0 ~> 0 
I"' ., 

where 1 __ u __ , 0 classifies U >--> 1, is a topology. There is an equivalence 

of categories 

in this case, making the diagram 

sh.(E) _::_> E;u 
]- -
~ / 

E 

commute. We call a topology of this form open. 

v) If U is a subobject of 1 in ~, the unary operation given by Uv(- ), i.e. the 

map 

ru.,xb v 
0 ----> 0 X 0 ---;> 0 

is a topology. We call it the closed complement to the topology of example iv). 
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If ~ = Top(X) and j is the closed complement to the topology whose sheaves 

give Top(X)/U-"" Top(U), for U an open subspace, then sh.(Top(X)) :;,.Top(X-U). 
] 

In general, if j is an open topology on E and j' is its closed complement, with 

geometric morphisms 

sh.(E) __y_, E 
]-

u' 
<-- sh.v (E) 

]-

where u* , u~ are the inclusion functors, then ~ is equivalent to the topos 

obtained by glueing along the left exact functor u'* u* . 

vi) Let X be a topological srace and let ~ be the category of presheaves on X. 

For any open set U of X, 0 (U) is the set of cribles of U, i.e. families of 

open subsets of U closed under taking open subsets. A crible is called 

principal if it consists of all the open subsets of some given open subset. Define 

a function jU : O(U) --;:, n (U) by sending each crible on U to the principal 

crible defined by the union of all its members. We obtain a map j : o __ , 0 which 

is a topology on E. The j- sheaves are precisely the sheaves on X. 

We define a partial order on topologies on an elementary topos E by writing 

" j' if sh.(E) ,; sh.v(E) 
]- ] -

For any topology 0 _i_, 0 , let 

denote the exponential adjoint. If j j denote the maximal and minimal 
max, min 

topologies, we write Jnt(j) and Ext(j) for the equalizers of ( 'i, , rj 1 
) and 

max 
r . ., r . ., 

( J , ]min ) respectively. The open topologies associated with Jnt(j) and Ext(j) 

we call the interior of j and the exterior of j. 
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By internalizing the three conditions of definition 6. 3 we may define a subobject 

0 
top(~) of 0 , whose elements correspond to topologies on E. In fact, we get that 

HomE (X, top@_)) is in bijective correspondence with the topologies on E/X. 

The notion of open topology and interior give rise to maps 

0 --;> 

<--
top(~_) 

which are adjoint functors in an internal sense. The map o --;:,top(~) arises from 

the exponential adjoint to 0 xO ~ ;:, 0 . We leave the reader to formulate similar 

notions for closed topologies and the closure of a topology. 
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§ 7. Factorization of geometric morphisms. 

Let T = (T, 11 , 11) be a left exact monad on an elementary topos ~· Since 

T is left exact, T(t) defines a subobject of T(O), whose classifying map we call 

T(O) _!::__> 0 . 

Let us write 0 _1_>0 for the composite 

17 o :>.. o __ , T(O) -;:.o . 

Proposition 7. 1 The map is a topology on E • 

We call it the topology induced by T. For the details of the proof, see 

pp. 68-70 of Elementary Toposes. 

Recall that a subcategory is wide if any object isomorphic to one in the 

subcategory belongs to the subcategory, and reflective if the inclusion functor has a 

left adjoint. A monad T = (T, 11, 11) is idempotent if the multiplication T
2 
_L> T 

is a natural isomorphism. If T is idempotent, an object which has a T-algebra 

structure has a unique T-algebra structure. These objects are precisely those 

isomorphic to objects in the image of T. They form a full wide reflective subcategory. 

Conversely, any full wide reflective subcategory gives rise to an ide:rnpotent monad, 

given by the adjoint pair consisting of the inclusion functor and its left adjoint. 

Proposition 7. 2 Let T be an idempotent left exact monad on an elementary topos 

!• and let j be the topology on ! induced by T. Then the full subcategory of T-algebras 

is equal to sh.(E). 
)-

The proof is given on pp. 70-72 of Elementary Toposes. 
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7. 3 A subcategory of an elementary topos E is of the form sh.(E) if 
----"-- - J -

and only if it is a full wide reflective subcategory with a left exact reflection functor. 

4 
f 

Let F -->- E be a geometric morphism with f* full and faithful. 

Then there is an equivalence 

making the diagram 

F ::: sh.(E) 
]-

F ----? sh.(E) 

~E/J-

commute, where is the topology on E induced by the left exact monad f*f*. 

i) lf A __!_> B is a map in ~. then ~/A -» ~IB has f* full and faithful if and 

only if f is monic. 

ii) If Y is a topological space, and X .s;_ Y a subspace, the induced geometric morphism 

Top(X) 
f 

Top(Y) has f* full and faithful. 

Theorem 5 Let be a topology on an elementary topos with canonical 

geometric morphism 

i 
sh.(E) ->-E. 
]-

Then a geometric morphism F _f ->- E factors through 

j-dense monies to isomorphisms. 

if and only if f* takes 
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Proof. Let K ~> L be a j-dense monic in ~. and let X be an object of F. 

We have a commutative diagram 

where the top map is induced by g and the bottom by f*(g). The top map is an 

isomorphism for all j-dense monies g if and only if f*(X) is a j- sheaf. The bottom 

map is an isomorphism for all objects X of F if and only if f*(g) is an isomorphism. 

It follows that if f factors through i, f* takes j-dense monies to isomorphisms. 

Conversely, if f* does this, then f* factors through i*, say 

where u* : ! --;:, sh.(E). 
)-

Let u * = f* i*. Then u * is left exact and left adjoint to u * in virtue of the natural 

bijections. 

Homsh.(E) (Y, u*(X)) :c:. HomE (i*(Y), f*(X)) ~ 
)- -

~<:)l~:l·~nrL]:_~ Let X be a Hausdorff space with no isolated points. Then 

Points (sh .,.., (Top(X))) rp • 

•py E X, X - [ x l is open and dense in X. Hence the inclusion map 

);_ is a ., ., -dense monic. Now, if 

.C'- X ,) --;:, Top(X) 
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is the geometric morphism corresponding to the insertion of x, we have x*(X) = 1, 

x*(X - [ xl ) =¢ , so it cannot factor through 

sh....,_, (Top(X)) -? Top(X). 

Proposition 7. 7 Let j be the topology on ~ induced by the geometric morphism 

F _f_, E. Then a monic K __[__> L in E is j-dense if and only if f*(g) is an 

isomorphism. 

Proof: As a corollary of theorem 7. 5, since 

sh.(E) -? E 
]- -

factors through itself, the sheafification of a dense monic is an isomorphism, so g 

j-dense implies f*(g) is an isomorphism. Conversely, suppose that f*(g) is an 

isomorphism and that g has a classifying map L _j__> o . We must show that 

L _j_> 0 _j_> ll factors through 1 _t_, 0 • Consider the commutative diagram 

L n 

1Ll bl ~ 
tr'L 1-.t<f £Fn >- n 

w~~ IJ(>J I r, 
tlf t<k 1 1 

t 
Since f*f*(g) is an isomorphism, it is clear that j. ¢ factors through 1 -? 0 • 
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Theorem 7. 8 Every geometric morphism 

f 
F -->E 

can be factorized F ~> H ~> E where a* reflects isomorphisms and b* 

is full and faithful. 

Proof. Let H ~> E be sh.(E) --;, E where j is the topology on E induced by 
J- - -

f. By theorem 7. 5 and proposition 7. 7 f factorizes as ba. Suppose g is a monic in 

H such that a*(g) is an isomorphism. By proposition 7. 7 b*(g) is j-dense, and so 

g = b*b*(g) is an isomorphism. Let X ~> Y be any map in H . Let 

ko __ , 
be an epi-mono factorization of m, and let K __ , 

k1 

X be the kernel pair of m. As 

<kO,k1> 
a subobject of X x X K r---> 

<1 '1 > 
X x X contains the diagonal X ) x x ;, X x X. 

g2 
Let X >---;, K be the inclusion. Then m is an isomorphism if and only if g

1 
and 

g
2 

are isomorphisms. Now a* preserves epi-mono factorizations and kernel pairs, 

so if f*(m) is an isomorphism, so are f*(g
1

) and f*(g
2

). Hence g
1

, g
2 

are 

isomorphisms, so m is an isomorphism. We conclude that a* reflects isomorphisms. 

Note that the topologies on _! induced by f and by b are the same, and that 

the topology induced by a on H is trivial. Dually, the left exact comonads on !_ 

induced by f and by a agree, and the left exact comonad induced by b on _!! is 

trivial. In the factorization we may regard _!! either as a category of coalgebras on 

F for the left exact comonad f* f*, or as sh.(E) where j is the topology on E 
J-

induced by f. 
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Proposition 7. 9 Let f be a geometric morphism for which f* reflects 

isomorphisms and f* is full md faithful. Then f*' f* are adjoint equivalences. 

Proof. Let /-l , E be the front and end adjunctions. Since f* is full and faithful, 

E is an isomorphism, so f*(Jl) is an isomorphism. As f* reflects isomorphisms, 

/-l is also an isomorphism. 

As an immediate corollary of proposition 7. 7 we have: -

Proposition 7.10 Let f
1

, f
2 

be geometric morphisms with the same codomain. 

If f
2

* is full and faithful, a necessary and sufficient condition that f
1 

factor through 

f
2 

is that q should invert every map inverted by f2 • 

Proposition 7. 11 Let 

!1 
a1 

"' !.1 
b1 

"'.2.1 

uj I 

l v' w I 

a2 J. b2 
!2 "' F "' .2. 2 -2 

be a diagram of geometric morphisms, commuting up to natural isomorphisms, such 

that a;: , a~ reflect isomorphisms, and b
1 

*' b
2

* are full and faithful. Then there 

is a geometric morphism v making the whole diagram commute up to natural 

isomorphism. 

Proof: Apply proposition 7. 10 to wb
1 

and b
2

• If a is a map in .2_
2 

such that 

b2( a) is iso, then u *a
2 

* b2 (a) :;;, a;: bi w*(O!) is iso. Hence bi w*(a) is iso. 
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Corollary 7.12 The factorization of geometric morphisms into cotripleable 

morphisms followed by sheaf-inclusions is unique up to isomorphism. 

Proof: Take u and w to be identity morphisms in proposition 7.11. 

Examples 

i) If A --? B is a map in E with epi-mono factorization A --?> 1)---> B, 

then 

is the factorization of .!fA --?!:;B. 

ii) If X_!_> Y is a continuous map between topological spaces, and I 

denotes Im(f) with the subspace topology, then 

Top(X) --? Top(Y) 

factorizes 

Top(X) --? Top( I) --? Top( Y). 

A historic example of factorization is given by that for the geometric 

morphism 

f 
S /x ---? Pre sheaves (X) 

for a topological space X, where f* assigns to a presheaf on X the 

X-indexed family of stalks, and f* associates to a discrete space over X 

the presheaf of its sections. The factorization is 

Sfx " Presheaves (X) . 

~Top(X)/ 
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§ 8. Internal categories 

In any category with finite limits we can define the notions of internal category 

and internal profunctor. An internal category ~ in ~ is given by objects A
0

, A
1 

(object of objects, object of maps), maps A
1 

==? A
0 

(domain, codomain), a map 

A
0 

--;, A
1 

(identity assignment) which splits domain and codomain, and a map 

(composition) A _!;!_>A , where 
2 1 

is a pullback diagram defining A
2 

as the object of pairs of com posable maps, such 

that 

p1 p2 

do~1 <--~ 
;,A1 

1 cod 

A < 
dom 

A1 
cod 

;,Ao 1 

commutes, and such that certain other diagrams commute, expressing associativity 

of composition and the laws satisfied by identity maps. We shall not dirty our hands 

here with the details. A smoother definition in terms of 11 spanstt is given in Elementary 

Toposes § 5, page 85. 

If A and B are internal categories in ~· an internal functor 

cp A--;,B 
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is given by maps ¢
0

: A
0 
--» B

0
, ¢

1 
: A

1 
--» B

1 
such that appropriate diagrams 

commute. Again, we leave the details for the reader to make explicit himself. 

Examples An internal category in 

i) s , is a small category ; 

ii) S fi.n , is a finite category ; 

iii) Top(X) , is a sheaf of categories ; 

iv) G-sets , is a small category with G acting by automorphisms on it. 

We are faced with a problem; how do we internalize the notion of a presheaf on 

a category? If A is an internal category in E what should we mean by a functor 

To answer this question, we first recall some category theoretic preliminaries. For 

any category !: with finite limits, let Cat@_) denote the category of internal categories 

and internal functors in E • In particular, Cat(S) we write as Cat. 

0 
For·any A € Cat, and functor ~: !:::_ --» Cat we construct a category 

as follows: -

'J (B) A-

The objects of 'J A@) are pairs (A, X) where A is an object of A and X is an object 

of ~(A). A map 

(A, X)--» (A', X') 
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in JA@) isapair (a,x) where A~>A' isamapin A and 

X 
X --» @(a))(X') 

is a map in ~(A). Maps in J A@) are to be composed by the rule 

(a', x').(a, x)"' (a'a, (~(a))(x').x). 

This formula should remind the reader of that for semi-direct products of groups. 

Indeed, if ~ is a group and ~ takes values in groups, then ~ is simply a group 

with a homomorphism ~--»Aut@). and J A@) is the semi-direct product. 

We have a functor 

p: JA @)-»~ (a, x) --» a 

which we call the split fibration associated to B A 
0 
--» Cat. We call J A@) the 

total category of the split fibration. 

A natural map B --» B' gives rise in an obvious way to a commutative diagram 

so that we have a functor 

Ao 
Cat- ----» Cat; A 

generally known as nthe Grothendieck constructionn. 

A functor 

A' _F __ ,A 
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gives rise to a pullback diagram in Cat 

J A' (B F)----;;> 'J A@) 

l l 
A' 

____ F __ > A 

from which it follows that split fibrations are preserved by pullback. 

h f o k 0 0 fu Ao k s c t A pres ea on ~. ~ --;> S , gives nse to a nctor _ __, __ , a , 

where S __ , Cat is the functor which associates to a set the corresponding discrete 

category. By abuse of language, we call this functor k • The corresponding split 

fibration 

'J (k)-l>A 
A -

we call a discrete fibration. Clearly, a split fibration 

is discrete if and only if the fibres of ¢ are discrete categories, i.e. if for every 

A € ~, ¢-\lA) is a discrete category. 

Proposition B. 1 A functor B ___j_> A is a discrete fibration if and only if 

is a pullback diagram. 
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This proposition is very convenient because it enables us to define discrete fibrations 

in any category with finite limits. 

Proposition B. 2 The category of pre sheaves on A is equivalent to the full 

subcategory of Cat;~ of discrete fibrations. 

To prove proposition 8. 2 we need to show how to associate a presheaf on A 

to any discrete fibration ~ _p_> ~ . We define A 
0 __!___> S as follows: 

k(A)"' {Be- _!Y</.>(B)zAl ~ foranymap A' ~>A in~ and Be- k(A) there is 

a unique element b € B
1 

such that cod(b) = B and 4> 
1 

(b) "' a, in virtue of proposition 

8. 1. We define k (a)(B) to be dom(b). 

We have now answered the question we posed above. If ~ is an internal 

category in a functor ~O __!___> ~ is to be interpreted as a discrete fibration 

~ _j_> ~ , i.e. an internal functor for which the diagram of proposition 8. 1 is a 

pullback. We denote by 

the full subcategory of Cat~) ~ of discrete fibrations. 

Theorem B. 3 If ~ is an internal category in an elementary topos ~. then 

~0 
is an elementary topos. 

Proof: In Elementary toposes, it is shown how the category structure of A makes 

the composite 

~A 
0 

d)* i;dom 
(co :> ~lA ------;:>E; 

1 - Ao 
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into a monad on ]£!A • It has a right adjoint 
0 

(dom)* ,. II cod 
~/A ----;;:.~lA 

1 0 

which is therefore a left exact comonad on ~/A • Let us denote it by C. A discrete 
0 

fibration B _L_> A is determined by the object 

in ~/A together with the map B
1 

dom;:. B
0

, such that various diagrams commute, 
0 

where B
1 

is defined by the pullback diagram 

cod 

" ['., 
\V 

cod 
, Ao 

i.e. ¢
1 

= cod*('1>
0

). But these conditions state precisely that ( ¢
0

, dom) be an 

algebra for the monad mentioned above, or equivalently that ¢
0 

be given a 

Ao 
C-coalgebra structure. Thus E- is equivalent to ~/A )C , and so by theorem 

0 
5. 1 is an elementary topos. 

Examples 

i) For any object X of ~ we have the discrete category ~given by x
0 

= x
1 

=X, 

with 1X for both domain and codomain maps. Clearly we have 

0 

E~ ~/x . 

ii) For any monad object G of E we have the internal category G given by 
- 0 -

G
0 

= 1, G
1 

=G. We may identify ~Q with the category of left G-objects and 

EQ with the category of right G-objects. 
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We saw above that split fibrations were preserved under pullback. A minor 

modification to the argument shows that discrete fibrations are preserved under pullback 

Hence, if 

A~>B 

is an internal functor, we get a functor 

by IUllback along F. 

Theorem 8.4 
B° F* A O 

The functor E=- ---» E- has a left adjoint F1 and a right 

adjoint F *. 

The proof follows from what is set out in the appendix of Elementary Toposes. 

This appendix constructs the bicategory Prof(!:) of internal categories and internal 

profunctors and shows that it is biclosed, i.e. that profunctor composition has a 
0 

right adjoint. The category of profunctors from ~ to ~ is simple E ~ x ~) 

Thus, an internal functor A ~ B gives a geometric morphism 

In particular, for any internal category ~ we have the internal functor A ~> 1 to 

the discrete category on 1, which is terminal. This gives a geometric morphism 

A 
0 

c 
E- ---»E 

Ao 
whereby we consider E- as an !: - topos. The assignment 

F . A° F BO 
(~ --» ~) 1---> (~ --» E- ) 
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gives a functor 

Cat(~) __ , TopE • 

For any object X of ~. 
pl 

o* (X) is the discrete fibration A x X ---O> A 

representing the constant presheaf on !:._ taking the value X. We may thus interpret 

the left and right adjoints c, , c* of c* as ~ and ~ respectively. 

A AO 

Proposition 8. 5 If ~ _...5f:.__> !:._ is a discrete fibration representing an internal 

pre sheaf A 
0 ~> E then ~ (K) is the coequalizer of 

Ao 

dom ___ , 
Bl---O> BO 

cod 

we leave the proof to the reader. 

The Grothendieck construction gave for any A € Cat, a functor 

Ao 
Cat(S- ) ___ , Cat(S)/ !:._ , 

o A
0 

since a functor !:._ --O> Cat is simply an internal category in S- • It is not hard to 

see that for any category ~with finite limits, the Grothendieck construction generalizes 

to 

for any internal category A in ~· Suppose 

i. e. that we have a diagram 
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dom _____ , 
B -----;;,B 

-~\ood;~:O 
A 

of discrete fibrations over A. Then 'J A @) ---;;, ~ is given by 

and we may write down the maps defining the category structure of 'J A @) in terms 

of the data for ~- For those who like simplicial objects, identifying a category with 

a simplicial object via the nerve functor, gives that ~ is a bisimplicial object 

augmented toward A. Taking the diagonal simplicial object of ~gives 'J A(~). 

Proposition 8. 6 Let ~ be an internal category in an elementary topos .!!_, and let 

Ao 
~ be an internal category in E- • Let 'J A@) _E.._>~ be the associated split 

fibration in Cat(!!_). Then there is an equivalence of categories 

0 0 
(!!_~)~ 

such that the diagram 

commutes. 

0 0 
(E~ )~ 

~ 

"J (B)o 
A­

E 
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liVe omit the proof. The only difficulties are ones of formalism. The method 

of bisimplicial objects probably gives the neatest proof. Alternatively, prove it for 

~ = S, where it is straightforward, and then note that all the constructions involve 

nothing worse than pullback diagrams. 

For any internal category !:::_ in E we have a special functor 

0 HomA 
A X A ---=-> E 

given by a discrete fibration 

Hom __ h __ ? A x A 0 
--A -

where (Hom A )0 
A

3 
, the object of triples of com posable maps. 

The map 

is given by the map A
3 
---? A

1 
which composes all the maps together, and the map 

is given by the projection A
3 
_, A

1 
to the middle factor. 

The map h0 : (Hom A)O ---? (!:::._ x !:::_ 
0

)
0 

is 

A <dom,cod> 
1 

0 
---!> (A x! )

1 
is given by the map A

3 
--? A1 x A

1 

projecting onto the first and third factors. 
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Hom A is the tttwisted morphism" category, and Hom A __ P_, A x A 
0 is the 

identity profunctor from ~ to itself. 

Consider the commutative diagram 

Now UA and p
1 

- 0 
c*0:_

0
) in E~ 

are split fibrations~ in fact p
1 

represents the category object 

Ao 
We assert that in E-

defines a discrete fibration 

and hence a functor 

_!!A 
h 0 

----3> c *0:. ) 

Ao 
c*(~) ----7 E- • 

This functor ~is" the Yoneda embedding. 
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§ 9. The Diaconescu Theorem 

A category ~ is called filtered if 

(i) it is nonempty, 

{ii) for every pair of objects AI, A
2 

of ~there is a diagram 

AI ---> A3 ---A2 ' 

a I 

{iii) for every pair of maps A ===s> A' of A there is a map A' ~ A8 

a2 

such that 

We call A cofiltered if A 
0 

is filtered. 

The condition that a category be filtered is an elementary statement in the first 

order language of category theory, and so is interpretable in any elementary topos. In 

fact, each of the conditions above can be expressed by saying that a certain map is epic:-

{ii) p A x A dom x dom A A where p 
1 1 0 X 0 AI is the 

kernel pair of AI cod;:. A
0

, 

(iii) we leave as an exercise for the reader. 

f 
Notice that if F --;:. E is a geometric morphism, and A € Cat@, then 

f*(~_) € Cat(!), and if ~ is filtered, so is f*~). 

We call a presheaf ~0 ~ ~ flat if the total category of the associated 

discrete fibration is filtered. 
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Example The internal category 

Hom A -=---o:>A 
Ao 

in E- is cofiltered. To see this, note that for 
! = S, each fibre of U A has an initial object and so is cofiltered. 

It follows that the Yoneda embedding 

is flat. 

If F _r__> E is an ! -topos, we denote by 

Mod~,!_) 

the full subcategory of !p*~) of flat p*~)O- presheaves. We call the objects of 

Mod~, !> A - models in F • We call the Yoneda embedding 

Ao 
c*(~)--o:>!-

Ao 
the universal A - model. It lives in E-

A morphism of ! -topoi 

F _g __ ,F 
-1 -2 

induces, via g*, a functor 
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Theorem 9. 1 (Diaconesc:u) 

Let ! be an elementary topos, and ~ E Cat(!)· For any ! -topos F and 

A -model X in !_ , there is a unique morphism of ! -topoi 

¢ Ao 
F---;:,E-

such that X = ¢*(U A), where U A denotes the universal A -model. In other words, 

there is an equivalence of categories 

Ao 
TopE(!_,!- ) ::: Mod(~,!_) 

We call the morphism of E -topoi ¢ the classifying morphism of X. The theorem 
Ao -

states that E- classifies A -models for ! -topoi. 

For the proof we refer the reader to Diaconsecu's thesis. R is based on the 

fact that Hom A __!:____> ~ x ~ 0 
is the unit profunctor and the proposition that a 

presheaf is flat if and only if profunctor composition with it is a left exact process. 

Examples 

(i) Let X be a discrete internal category in !• on an object X. Then for any 

! -topos F __ P_, E we find 

Mod~,!_) HomF (1, p* (X)). 

This gives the well known result 

TopE (!_, !/x )::::: HomF (1, p*(X)). 

The universal X -model is the global section of the object in 
- <1x, 1x > 

!/x given by the diagonal map X ;:, X x X. 
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(ii) If ! = S and T denotes a finitary algebraic theory, let f. p. T-mod denote the 

category of finitely presented models of T. Note that this is a small category. 

Let 

T- mod 

denote the category of functors and natural maps 

f. p. T-mod ---;> S 

and let UT € T-mod denote the forgetful functor. Clearly, UT is a T-model in 

-'---- _- It is the universal T-model, and T-mod classifies T-models for ---
S-topoi. 

The case for T = (commutative rings) is dealt with by M. Hakim in her book 

11 Topos Anneles et schemas Relatifs". 

(iii) A particularly interesting case of (ii) arises by considering the initial theory, 

i.e. the trivial theory whose models are simply objects with no further structure. 

A finitely presented model in S is simply a finite set. We get that 

sf. 
S m 

is an object classifier for 8-topoi. 

A natural number object (NNO) in an elementary topos E is an object N 

together with maps 1 -
0

- > N, N _s_, N such that given any diagram 

1 _x __ , X _t_, X 

in ! , there exists a unique map 

N-h-;:.X 



189 

making the diagram 

commute. 

s 
N----:>N 

,Y lh l. 
~x--t __ ,x 

J. Benabou has shown how to construct in a topos ! with an NNO an internal category 

E r· , which plays for E the same role that Sf. plays for S. The author has shown 
- m - m 

th t E!nn · b. t 1 ·f· f · 1 J h t h h a _ 1s an o Jec c ass1 1er or ! -topo1. More recent y, P. o n s one as s own 

that if ! is a elementary topos with an NNO and if T is a finitary finitely presented 

algebraic theory (i.e. described by a finite number of generating operations, satisfying 

a finite number of axioms) then one may construct in ! the internal category of finitely 

presented T-models in ! • That the theory be finitary is necessary, since inverse 

image parts of geometric morphisms only preserve finite limits. That the theory should 

be finitely presented is not surprising - we would expect only those infinities which are 

"internal to E tt to be allowed. 

Corollary 9. 2 (Diaconescu) 

Let F _f_,. E be a geometric morphism and A € Cat(!). Then 

F 
f 

----:>E 

is a pullback diagram in the category of ! -topoi. The geometric morphism f' is 
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defined as follows: f1* Wis" f*. If ~.-51!__> f*@) is a discrete fibration in ! , then 

* ~ ( cp) is obtained by p.tlling back f*( cp) along the front adjunction ~ --> f*f (~). 

Proof: 

a 

F 
f 

----;;:, E 

Let H--a-:>F 
0 

H __ b_, E~ be geometric morphisms such that fa= cb. 

Then b defines an A - model in .!:! , 

a*f*@) --:>.!:! 

f*(A )
0 

so there exists a unique geometric morphism H _q __ , F - classifying it, such 

that c'q = a. To prove that f'q = b it is enough to remark that 

f 
In his thesis Diaconescu also shows that given a geometric morphism F ---:> E 

and a topology j on then there exists a topology j' on !· definable in terms of f 

and j, giving a pullback diagram 

·y!:l ----> y!8 
F 

f ----:> E 

in the category of E topoi. 
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Definition 9, 3 A geometric morphism 

F __ f __ ,_E 

is bounded if there exists A € Cat(!:) and a factorization of f 

F-----?E 

I 

where i* is full and faithful. We say that f makes F into a bounded !: - topos. 

Ao 
Thus, an !: -topos is bounded if it is equivalent to one of the form shj(!- ) 

Ao 
for some ~ e Cat(!) and some topology j on E-

Thus, a Grothendieck topos is a bounded 8-topos. 

Example 

Let G be an infinite profinite group. Then the category of finite G-sets with 

continuous action is an Sfin -topos but is not a bounded Sfin topos. 

Diaconescu has proved a generalization of Giraud's theorem which states that an 

f 
! -topos _!---»! is bounded if and only if there exists a generating object in F • 

This means that there exists an object G in F such that for every object X of _! , 

the natural map 

obtained by using the end adjunction and evaluation, is epic. Here X denotes the 

classifier of partial maps into X, and is defined as the equalizer of 

1 
---> 

t; 
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where ~ is exponentially adjoint to the classifier 

X 
>1 X X---;> () 

of X 

As a corollary of this theorem, Diaconescu proves 

Proposition 9. 4 Let the composite 

E ---0> F ____, G 

be bounded. Then E --;> F is bounded. 

We also have as a consequence of Diaconescu's work that pullbacks along 

bounded geometric morphisms exist and preserve bounded geometric morphisms. 

Proposition 9. 5 A composite of bounded geometric morphisms is bounded. 

Proof: Consider the diagram 

1 B
0 

A
0 

H _ __,_ __ , F- ----'0> F ----? E- ----? E 

f 

where l*' i* are full and faithful. We need the fact that i~ is full and faithful because 

the centre square is a pullback. 
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§ 10. Local equivalence 

Let F __ P_, E be a bounded geometric morphism. Pullback along p defines 

a functor 

We say that two ~ -topoi are locally equivalent if there exists K E: ~, with K --:> 1 

epic, such that under pullback along 

_!; ---> E 
K -

the two become equivalent E 1 - topoi. 
-K 

Proposition 10. 1 

f 
Let !_

1 
---:> !_

2 
be a morphism of ~ -topoi. If there exists K E: ~, with 

K --:> 1 epic, such that under pullback along ~/ K ____, ~ , f becomes an equivalence, 

then f is already an equivalence. 

Proof. 
pi 

Let !_i ----:> E (i = 1, 2) be the structural morphisms. The pullback of 

f is 

f' F 
1 

----':> F 
- /p*(K) - 2/p*(K) 

1 2 

Consider the front and end adjunctions of f. Under pullback along p2(K) --:> 1 and 

Pi(K) --:> 1 respectively they become isomorphisms. By proposition 2. 12, they are 

isomorphisms to begin with. 

The same argument applied only to the end adjunction shows that a morphism of 

~ -topoi which is locally a sheaf-inclusion is a sheaf-inclusion. 
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:Proof: Let F 
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An E -topos locally equivalent to sh.(E) is equivalent to sh.(E). 
J- J-

i E be locally equivalent to sh.{E) -->E. Form the pullback 
J- -

sh.,(F) 
p' 

;, sh.(E) 

.: I )-

1 
F 

p 
0> E 

But i' and p' are locally equivalences, i.e. there exists K € ! , with K --? 1 

epic, such that pullback along !/K --;,! takes p and i into the same geometric 

morphism. Since the pullback of a sheaf-inclusion along itself is an identity morphism 

we get that i' and p' are identity morphisms. 

Proposition 10. 3 Let A -E:_> B be an internal functor in ! which is locally an 

equivalence of internal categories. Then F is full and faithful and 

A ° F B
0 

E- ---;,E-

is equivalence of !._- topoi. 

Proof We say that an internal functor F is full and faithful if 

is a pullback diagram. Pullback along epics reflects pullback diagrams. Proposition 

10. 1 proves the last part. 
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If K is an object of a spatial topos such that K --;:. 1 is epic, then there is an 

open covering ( Ui liE I of the space and an epic map 

_u_ 
i E I 

U. ---;:.K 
1 

so that for spatial topoi the phrase "locally" has its usual meaning, i.e. "on some 

open cover". 

We call two objects x
1

, x
2 

of ~ locally isomorphic if ~/x --;:. ~ and 
1 

~lx ---;:. ~ are locally equivalent. For example, any two vector bundles on a 
2 

topological space, of the same dimension, are locally isomorphic (that is to say, their 

sheaves of sections are locally isomorphic). 

Definition 10. 4 Let G be a group object in an elementary topos E. Let M be 

a right G-object with action M x G --11--;:. M. Then M is a right G-torsor if 

i) M -·--;:. 1 is epic, 
<p1, 11 > 

ii) M x G ;:. M x M is an isomorphism. 

Proposition 10. 5 A functor G ---;:.· E is flat if and only if the right G-object it 

determines is a G-torsor. 

Go 
It follows that E- classifies right G-torsors. If 

G
0 

c 
E- ---;:.E 

is the structural morphism, c*(G) is G with trivial G-action. G considered as a left 

G-object via multiplication is a right c*(G) -torsor, the universal one. 



196 

Examples 

i) Let s1 
denote a circle. In Top(S

1
) let z

2 
denote the constant sheaf on the 

cyclic group of order 2. In pictures 

Then the double covering 

is a z2 -torsor. 

ii) Let X be a topological space with a universal covering space X--;:, X. Let X 

also be connected, and let rr
1

(X) denote the constant sheaf on the fundamental group 

of X. Then X is a rr 
1 

(X) - torsor. 

For any group G, G itself, with right G-action, is a right G-torsor. We 

call it the trivial G-torsor. From the definition of G-torsor it follows that any 

G-torsor is locally isomorphic as a G-object to the trivial G-torsor. Hence, any two 

G-torsors are locally isomorphic. 

It may easily be verified that in S, any G-torsor is isomorphic as a G-object to the 

trivial G-torsor. 

Proposition 10. 6 Mod@, ~ is a groupoid. 

Proof: Considering G as a right G-object, let 

G-L>G 

be a map of right G-objects. If 1 ~> G is the unit element of G, let 
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g e <P 
1--0>G= 1--o:>G --o:>G 

and let 

¢ 
G---o:>G 

-1 
G g xlo:>GXG--11-o:>G. 

Then </> and ¢ are inverse isomorphisms. Hence, any a-endomorphism of the 

trivial G-torsor is an automorphism. Any two G-torsors are locally trivial, and 

any map which is locally an isomorphism is an isomorphism. 

Proposition 10. 7 A torsor with an element is trivial. 

Proof: Let M be a right G-torsor, and let 

be a map. Then 

u 
1--o:>M 

G uxl ?MxG 

is a G-map, and so is an isomorphism. 

---"'---> M 

A 0 BO 
If ~, ~ e Cat@_) then corollary 9. 2. tells us that E- x is the 

Ao Bo 
product of ~- and E- in the category of E -topoi. It follows from Diaconescu's 

theorem that 

G t-----0> Mod(Q_, ~) 

is a product preserving functor from groups in E to groupoids. 
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1 
Vve denote by H @_, G) the class of components of Mod(G , ! ). lf G is an 

abelian group, then it is an abelian group object in the category of groups in ! , so, 

1 1 
as H @_, -)preserves prodncts, H @_, G) has an abelian group structure. The 

trivial G-torsor acts as unit element. 

Proposition 10. 8 For any a E H
1 

@_, G), there is a monomorphism of groups 

G H such that H
1 <!, <!> ) takes a to zero. 

Proof: Suppose a is represented by the right G-torsor M. Take H = GM with 

¢ induced by M --> 1. 

0 
It is conventional to denote HomE (1, X) by H @_, X). In this way we can 

extend the definition of Grothendieck cohomology to arbitrary coefficient objects in 

dimension zero, and group coefficient objects in dimension one. This is suggestive 

of the definition of homotopy groups, where the same phenomenon occurs. 

lf 0 --"i> A--? B --? C --?> 0 is a short exact sequence of abelian groups 

in ! it is instructive to see how the connecting map 

1 
15: , C)--? H @_,A) 

c 
is defined. Given 1 --? C , form the pullback 

p ------?1 

l lc 
B----?>C 

We may prove that P <A >-----> B x B --? B factors through P r---> B, 

making P into an A-object. Then we show that P is acturally an A-torsor, whose 

class defines o~c). 
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In Top(S
1

), for example, consider the following extension of z
2 

by itself:-

where the middle group is a "twisted" 4-group. 

Ao 
If A is an abelian group in !:• then E - is an abelian group object in TopE. 

0 
Ne may consider !: -topoi F which have an E~ - action, i.e. a geometric morphism 

A
0 

u 
F XE!:- ---» F 

satisfying the usual requirements. If F _E_> E is the structural morphism of !:_, 

then 

F 
E~ 0 ~ Fp*(A)O 

Thus, for any object X of !:_ , u *(X) makes X into a p*(A) -object (the condition 

for the unit ensures that u *(X) has X for its underlying object). In this way, we 

Ao 
see that an E- - action on !:_ is equivalent to giving every object of F a p*(A)-action 

for which the maps of F are equivariant. The trivial action corresponds to the 
0 

projection .E:_xE!:~ F. 

0 
We may go on to consider E~ - equivariant geometric morphisms between 

Ao 
.!:_ -topoi with E- -action, and so on. 
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Now Giraud, in his book "Cohomologie non-abelienne", has a description of 

2 
H <!, A), for A an abelian group object in !• which I think I have understood to be 

as follows: -

0 
2 

The elements of H <!, A) are E~ - equivariant isomorphism classes of E -topoi 

A 0 A 0 0 
with E~ -action, which are locally E- - equivariantly equivalent to E-

The analogy with torsors, is quite striking. Let us call an E -topos with 
0 0 ~ 

!~ -action which is locally E~ - equivariantly equivalent to !~ an extension of 

E by A, following Giraud. Then, as for torsors, any two extensions are locally 
- 0 

isomorphic. Any !~ -equivariant morphism of .!_-topoi between two extensions of 

! by A is an equivalence. Any extension of E by A which has a section is equivalent 

Ao 
to the trivial extension, i.e. E- itself. 

Let us see how the connecting map 

for a short exact sequence 

0 ___ ,A __ , B ---> C ---> 0 

of abelian groups in ! , works. First note that we have a pullback diagram of ! -topoi 

Ao E- _______ , 
0 

E~ 

1 1 
E 

co 
-----? E-

where 0 is induced by 0 __ , C and represents the trivial C-torsor. An element 

HI(!, C) . t d b h" x E 1s represen e y a morp 1sm 

co E __ x_~ E-=-
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of ! -topoi. Form the pullback diagram 

F 

E 
L 
E-

1 
X 

Ao 
Since x and 0 are locally isomorphic, F and E- are locally equivalent. We 

may show that 

Bo Ao 
factors through !_ --:> !- , so that F has an E- -action. In this way we get an 

2 
element o(x) € H (!, A) represented by !_. 

It is a straightforward matter to check the exactness of the sequence 

0 
0 --:> H (!.A)---:> 

2 
->H (!,C) . 

As Giraud has pointed out, the beauty of the above description of H
2(!, A) is how it 

ties up with the description known for the cohomology of groups. 

0 
If ! "' G-sets, for G a group, then H (!, X) is simply the fixed point set of 

the G-set X. It follows that ~(!, A) is simply the nth cohomology of G with 

. 2 
coefficients in the G-module A. It 1s well known that the elements of H (!, A) 

correspond to isomorphism classes of extensions of G by A. If x E H
2(!, A) 

corresponds to the extension 

0 ---:>A ---:> F ---:> G ---> 1 

then we find that !_ = F-sets is the topos extension of ! corresponding to x. 
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What has made much of the analysis above possible is the fact that an abelian 

group, considered as a category, is a group object in Cat. It may be shown that the 

underlying category of a group object in Cat is always a groupoid - such objects are 

generally known as crossed groups. Now, if A is a crossed group in an elementary 
0 

topos !• i.e. an object of Gp(Cat(!)), then the !_-topos !~ is a.group object in 

the category of !-topoi. Perhaps this observation may explain why crossed groups 

occur in non-abelian cohomology. 

[The search for group objects in the category of topoi seems rather interesting; if 

G is a topological group, Top(G) is not necessarily a group object in Top
8

, because 

the functor Top does not preserve products. ] 

Definition 10. 9 A morphism of S-topoi 

f 
E ---;:,F 

is a weak homotopy equivalence, if for every locally constant object (group for n = 1, 

abelian group for n > 1) A, 

is an isomorphism (see the end of § 4). 

An object of an S-topos is locally constant if it is locally isomorphic to a 

constant object, i.e. to a coproduct of the terminal object. 

A modification due to D. Quillen of a theorem of 'Whitehead asserts that the 

above definition of weak homotopy equivalence agrees with the usual one for spatial 

topoi. 1n order not to lose the "information" given by the fundamental group, it is 

essential to allow non-abelian coefficient groups in dimension one. 
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As an application, let G be a discrete group, and X a G-space. We may 

consider X as a topological space internal to G-sets. Forming the topos of sheaves 

Go Go 
on X internally to S gives an S -topos, Top(X, G), of sheaves on X with a 

compatible G-action. We get a geometric morphism 

0 
Let S ~> SG be induced by the unit 1 --» G. We get a pullback diagram 

Top(X) 
u' 

-> Top(X, G) 

·l 1 f 

u Go 
s -> s 

where u*, u'* are functors which forget G-action. In pullback diagrams of this 

kind, the •Beck condition• 

holds. This tells us that for A E Top(X, G), f*(A) is the G-set of global sections of 

A. Hence Rnf*(A) is the G-set Hn(X, A). The Leray spectral sequence of f gives 

a spectral sequence 

The G-action is good if for all g i: 1 in G and x E X there exists an open 

neighbourhood U of x such that gUn U = ¢ . 

If X/G denotes the space of orbits under G, then the projection map X--» X/G is 

a local homeomorphism if the action is good. We may also prove that if the action is 
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good there is an equivalence of categories 

Top(X, G) ..:::: Top(X/G) 

making the diagram 

Top(X, G) ---;;, Top(X/G) 

~- / 
Top(X) 

commute. 

Suppose that EG 
prl 

BG is a universal principal G-bundle. Then X x EG ---> X 

is a G-equivariant map whose underlying map is a homotopy equivalence. Also, 

X x EG has a good G-action, so that 

Top(X x EG, G) ~ Top(X x EG/G) • 

From the Leray spectral sequence of pr
1 

: X x EG --;;.X we get immediately an 

isomorphism for the E
2 
-term 

and so we deduce that 

Top(X x EG, G)-;;, Top(X, G) 

is a weak homotopy equivalence. Hence we get a weak homotopy equivalence between 

Top(X, G) and Top(X x EG/G), showing that 

If(Top(X, G), A) ~ H~ (X, A) 

where the right hand side stands for G-equivariant cohomology. 
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SOME TOPOS THEORETIC CONCEPTS OF FINITENESS 

A. Kock, P. Lecouturier, andC. J. Mikkelsen 

In an elementary topos ~, there are many different notions 

of "finiteness" which specialize to the same "usual" finiteness 

notion when E is the category of sets. The notion we study here 

comes about by extending Kuratowski's description of finite sets, 

[10], [18], to an arbitrary elementary topos: a set A is (Kura­

towski-) finite if A E K(A), where K(A) ("the Kuratowski family") 

is the smallest family of subsets of A which contains 0, con­

tains all singletons {a} (where a E A) , and is closed under bi-

nary union. (K is actually a submonad of the power set monad, as 

described in, say, [8] or [12].) 

This finiteness notion is proved equivalent to two other fi­

niteness notions; one which we essentially learned from Joyal, and 

which in some sense goes back to Birkhoff and Frink [4], whodefined 

the notion of inaccessible element in a lattice. A set is finite if 

and only if the maximal element in its lattice of subsets is inac­

cessible. The third finiteness notion we study is of more category 

theoretic nature, hinging on the notion of cofinality. We call the 

three notions K-finite (K for Kuratowski), J-finite, and D-finite. 

Whereas K-finiteness is essentially impredicative, J-finiteness is 

predicative in a certain sense which allows us to prove that finite­

ness is preserved under logical functors (it is also preservedunder 

"inverse image functors" for geometric morphisms (see e.g. [9]) of 

elementary toposes - this has been proved by Mikkelsen). Finally, 
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"D-finite" is the simplest of the three notions to state: The class 

of D-finite objects is the Galois- closure of the class consisting 

of the two objects 0 and 2 = 1+1, under a certain simple Galois­

correspondence derived from the notion of cofinality of maps into 

ordered objects. 

Motivating this research is of course the line of thought that 

"an important technique is to lift constructions first understood 

for "the" category ~ of abstract sets to an arbitrary topos" 

(Lawvere), and then to apply the lifted construction to some spe­

cific topos, like sheaves on a space, or group representations, to 

get new knowledge of the space or the group. To this step of re­

applying, we have not contributed anything yet. For lifting some 

useful standard algebra (like linear algebra) into a topos, one of 

course needs a notion of finiteness. Mulvey and Tierney have done 

that successfully (they reapplied it) by means of a more restricted 

finiteness-notion "cardinal-finite" (it is in fact possible to prove 

by induction that cardinal-finiteness implies our kind of finiteness. 

The converse is false) . Our more general finiteness notion seems 

more to be fit for fitting lattice theoretic ideas into an arbitrary 

topos (this viewpoint is illustrated in Section 4). 

There are four sections. In the first we give some general re­

marks about the method used, and, in particular, state and prove 

some useful principles concerning the internal power-set functor. 

We use extensively a method which we essentially learned from Joyal 

for "working with elements in a category E " where E is any 

suitably good category (say, a regular category [2]; in particular, 

an elementary topos is "suitably good"). In Section 2, we define 

the three finiteness notions J, K and D, and prove them equi­

valent by proving K "* J "* D "* K (Theorem at the end of the section). 
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Section 3 is devoted to examples and to give some hereditary pro­

perties which J-finiteness has, like being closed under finite pro­

ducts. Of the more surprising things is that a subobject of a J­

finite object need not be J-finite (although it is if it is detach­

able). In some concrete toposes, we describe completely what J-finite 

objects are; in spatial toposes sh(X), we can only give some ne­

cessary conditions: a J-finite sheaf must be flabby, have finite 

stalks, and a finite set of cross-sections over each open set. If 

X is the Sierpinski two-point space, these conditions are sufficient. 

The notation employed is mostly standard. We sometimes write 

A~ B for BA (the exponential object). We use 1A as well as 

(or just 

w or 

or id) for the identity map of 

the unique map A -+ 1 • 

A. We denote 
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§1. Some preliminary remarks on methods used 

As mentioned in the introduction, we do a good deal of reason­

ing in the given elementary topos E in terms of elements. If 

BEE is an object in E under consideration, an element of B is 

here by definition an arbitrary map with codomain B, 

b: X -+ B. 

We usually denote objects which occur as domain of elements by cap-

ital letters near the end of the alphabet: X,Y,Z,Z' , ... An im-

portant feature in the elementwise method is the "change of domain 

of elements", i.e. maps in E between domains of elements. These 

are usually denoted by lower case greek letters like a: Y -+ X. 

They are related to the "change of time" occurring in Kripke's se­

mantics for intuitionistic logic. The philosophy of this method is 

explained in Lawvere's [11]. The reader may reconstruct usual set 

theoretic ideas and arguments from the element-wise ideas ana ar-

guments used here, by putting X= Y =1. 

Of course, the "power-objects" riA in the elementary topos 

under consideration are going to play an important role. Since they 

here occur highly iterated, we sometimes use the on-line notation 

riA= A~ rl, and, more generally, 

BA = A ti- B 

(read "A hom B"). 

If A': X-+ A"" r1 and a: X-+ A are elements (with same do­

main X), we shall write 

( 1. 1) a E A' 

as an abbreviation for 

(X <A' ,a> (Ail-rl) xA ~rl) (X~1 true. rl), 
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(which in turn is equivalent to 

"<A' ,a> factors through EA '>-+ (A~ 11) x A", 

whence the notation) . 

Clearly, the relation E in (1.1) is stable in the sense that 

for any a: Y ~ X 

aEA' implies a.aEa.A'. 

The relation E compares as follows with A ~ 11 viewed as a con-

travariant functor in the first variable: 

1.1 Pull-back Principle. Given the situation 

X G Btl>11 

~ 
A-y7-B 

Then 

a.f E G iff 

Proof. This is a version of the fact that ftl--id 11 : Bti.11~A,t,l1 

represents pulling back subobjects along f. A more formal proof 

goes like this: 

a.f E G 

iff <G ,a>. idB"' 11 x f. evB = truex 

iff (naturality of ev) 

iff <G. f th id11 , a>. evA = true X 

iff 

Suppose that an object BEE is given together with a sub­

object Q of B x B 

( 1 • 2) 0>-> BxB. 
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Then we may say that two elements 

stand in the relation ~ if <b 1 ,b 2>: X~ BxB factors through 

@; and (as usual), the subobject G) is said to make B into 

a (partially) ordered object if for each X, the relation ~ on 

the set homE(X,B), which we just defined, makes homE(X,B) into 

a partially ordered set. Clearly, ~ is a stable relation in the 

same sense as E was: for a: Y X arbitrary 

Every power object DA = A ~ D carries a canonical order-re-

lation (being in the set case the inclusion ordering of subsets 

of A); see e.g. [9], p.34. We shall mainly use the following 

criterion for that relation: 

1.2 Extensionality PrinciJ2le. Let A1 and A2 be two ele-

ments of AthD with same domain X, i.e. Ai: X ~ AthD ( i = 1 12) • 

Then A1 ;; A2 if and only if for every a: y ~ X and every ele-

ment a: y ~ A, 

a ~ a.A 1 implies a ~ a.A2 . 

This is just a slight generalization of Proposition 1.6 in [9]. 

Recall the Singleton map {·}A:A ~A~ D 

We have 

(e.g. [9], p.10). 

1.3. Singleton PrinciJ2le. Let a: X~ A and F: X~ A~ D 

be arbitrary. Then 

a E F iff 

Proof. This follows from the extensionality principle and 

the fact that b ~ a.a.{·} implies b=a.a (which stems directly 

from the construction of {·}). 
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A map f: B ~ C between ordered objects is called monotone 

if 

b1 ~ b2 implies 

for an arbitrary pair of elements bi: 

If g is a monotone map in the other 

b1.f :::: b2.f 

X _,. B in 

direction, 

B, 

g: c 

(i 

~ B, 

1 12) • 

then 

f is said to be left adjoint to g (and g right adjoint to f), 

in symbols f -1 g, if 

idB ::;: f.g 

This is equivalent to 

and 

b.f < c iff b < e.g 

for every pair of elements b: X ... B and c: X ... c. 

If B is an ordered object, one produces a monotone map 

+segB: B _,. Brhrl 

as exponential adjoint of the charateristic map BxB ... n of the 

(twisted) order-relation G) . It is characterized by the property 

that for any pair b 1 ,b2 of elements in B (with same domain), 

iff 

The anti-symmetry of ~ can also be phrased: +segB is a monic 

map. 

Furthermore, +segB: B ~ B rh 0 is full in the sense that not 

only does it preserve order-relations, but is also reflects them: 

iff 

( i = 1 , 2) , we have 

b 1 .~segB ~ b 2 .+seg 

b1 ~ b2. 

This follows from the extensionality principle and from the above 

characteristic property for +seg, using the reflexity of the or­

der-relation which implies b 1 ~ b 1 .+seg. 
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We call B a complete ordered object provided +segB has a 

left adjoint sup: Btt. S1 + B. (This property of B, being "of the 

nature of second order logic" does not reflect itself down to prop­

ties on the hom-sets homE(X,B) .) 

From the fullness of ~seg8 it follows that the end-adjunc­

tion for sup -1 segB is an identity, so that we have 

* +segB.sup 

and 

idBrt.u;; sup.+segB. 

From the latter inequality, we get by multiplication on the 

left that 

{·}B;; {·}B.sup.+seg, 

and since idB ~ {.}B by Singleton Principle, the extensionality 

principle yields 

that is 

** 

On the other hand, the extensionality principle and the reflex­

itivity of the order relation yields 

{·}B < +segB, 

and multiplying on the right by the monotone map sup, we get 

using * Combining * and ** we get 

It may also at this point be worthwhile to record explicitly 

in which sense left adjoints preserve sup's. Let A and B be 

complete ordered objects, and let f: A ~ B be left adjoint to 

g: B ~A. Then f preserves sup's in the sense that 
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A ----:-f-~ 

commutes. To prove this, take right adjoints of all four maps: it 

then amounts to proving the following diagram commutative 

Al'hrl ft+. 1 Btl-.rl 

+segAT j +segB 

A ~----B 
g 

This can easily be done by the extensionality principle: let 

b: X~B and a: X-?A be arbitrary. Then 

a E b.g.~segA 

iff 

a < b.g 

iff 

a.f ~ b, by adjointness f ~ g 

iff 

a.f E b.+segB 

iff 

a E b. JsegB.f t111, by pull-back principle. 

(Further information about ordered objects in an elementary topos 

may be found in [13].) 

Power objects A.+, n are, with the canonical ordering, corn-

plete ordered objects. The functorial properties of the power ob-

ject formation has been studied by several people. We here summa-

rize what we need about this: 

Summary of facts about the "power-set" functor in a topos E 

For each map f: A + B in ~' we have, for pure closed cat-

egory reasons, a map 

f til id ) A,+, r2 • 



218 

(It "externalizes" to "pull-back along f".) Now it is a well 

known fact (first realized by Lawvere and Tierney) that f id 

is monotone and has adjoints on both sides 

left adjoint to fA.. id 3f: A~Si-+ Bt+.Si, 

Vf: At+.Si-+ B,.,_Si, right adjoint to f rt.. id. 

We shall in this paper be concerned in particular with 3F. 

It makes - .+, S1 into a covariant functor E .... E;_, which in fact 

is known to be the functor part of a symmetric monoidal monad on 

E (see for instance [8]), and therefore, by [8), alsea strong 

(and commutative) monad on E. We shall need to make explicit 

this description of the strength (denoted ~) of the covariant 

power-set functor. It is a map 

31A,B: At!'IB-+ (Art..Si) .+, (Brt..Si) 

(which "externalizes" to the map which sends f: A-+ B to 

3f: At+,rl-+ Btl\11). We shall also make explicit a construction de­

rived from this strength, 

Im : A rt.. B -+ B tl\ S1 

(which set theoretically, to f: A-+ B associates (the character-

istic function of) f(A) ~B). 

We begin, by giving the following element-wise description of 

3f: Athrl--+ Btl\ Q (where f: A--+ B). ("Element-wise" in the sense 

used here: "elements with arbitrary domain"): 

1.4 Existence Principle. Let A': X--+ ArhQ and b: X--+ B 

be arbitrary maps with same domain X. Then 

( 1. 3) 

if and only if 

fhere is an epic B: y ~X and a map a: y + A 
( 1. 4) 

such that 
a E: B.A' and B.b a.f. 
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Proof. We shall take as known the fact that 3f: Art-,!;1--+ Bti\S1 

may be described as the map whose exponential adjoint 

is the characteristic map of the image F of the composite 

1xf ~ (Atl\!;1) xB. 

The implication ~ is now proved as follows. First 

b E A' ·3 - f 
iff <A' ,b > factors through F; 

then we can define Y and ~ by the pull-back diagram * 

~r~ 
y 

t 
s 

* 
EA--~F ~(Am!;1)xB 

J 
(AIIIS1) xA 

proj J 
A 

and let the vertical column at the left be a. Then it is immediate 

to see that (1.4) holds. 

Conversely, if there exist some S: Y ~X and a: Y +A which 

satisfy (1.4), then 

s.<A' ,b> < S. A' • a>. 1 x f, 

but <S.A' ,a> factors across EA by assumption. Hence S.<A' ,b> 

factors across EA' and thus the image of S.<A' ,b> is contained 

in F. Since S is epic, the image of <A' ,b> is also contained 

in F, so since ch(F) = ~f' we have b fA' .3f. This p~oves the 

principle. 

Let us next recall the monoidal structure ~ on the covariant 

power-"set" functor 

~A,B: (Att-S1) x (B"'S1) + (AxB)rhS1. 
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Set-theoretically, it associates to A' ~A and B' ~B the subset 

A' x B'~ Ax B. In the general setting here, it can be described as 

the composite 

(proj h. 1 ) X (proj "' 1) r ] [ ] 
(Atl-.11) X (Btl-. r2) 

1 2 ) t (A X B) .... 11 X (A X B)ill 11 ~(A X B) tl\ 11, 

using the lower semi-lattice structure " ("intersection") on ob-

jects of form Xml1. We can describe the monoidal structure in ele-

mentwise terms: 

1.5. Principle ~- Let a: X+ A, b: X + B, A': X+Arhl1, 

and B' : X .... B rh 11 be given. Then 

<a,b> E <A' ,B'>.~ 

iff 

a E A' and bE B'. 

Proof. Almost immediate from the construction of ~ in terms 

of "· 

We shall next analyse the strength derived from ~, that is 

31A,B: AmB + (Arl-.11) th(Bml1), in elementwise terms. Rather, we ana­

lyse its exponential adjoint 

v 
3A,B (AI'hB)x(Atl\11) +Brhl1. 

v 
According to the procedure of [8], 3 A, B is the composite 

{ • } X 1 
((AI'hB)ml1)x(Am11) + 

3 
-----'-~----7 ( (A m B) x A) ri\ 11 ~ B lh 11 

(using that {·} is the unit for the power-"set" monad, and 3 its 

functor part on maps). Then 

1.6 Principle of strength-of-existence. Let f: X+ AmB, 

A' : X + A rt. 11 , and b : X + B be given . Then 
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( 1 • 5) b E <f,A'>.3J 

if and only if 

{

there is an epic (3: y ->+ X and a map a: Y -+ A, with 

( 1. 6) (i) a ~ (3.A', and 

(ii) <f3.f,a>.ev = S.b 

v 
Proof. By the existence-principle and the construction of ~ 

in terms of 3 ev, we see that ( 1 • 5) holds if and only if 

( 1 • 7) 

there is an epic s: Y ->+ X and <g,a>: Y + (At~\ B)>< A, 

so that 

(iii) <g,a>.ev = S.b and 

(iv) <g,a> E f3.<f,A'>.{-}x1.'!' 

<f3.f.{.},B.A'>.'I' 

Condition (iv), however, is equivalent, by Principle '!', to the con-

junction of (v) and (vi) : 

(V) g E B.f.{·} (i.e. g = B.f) 

(vi) aEB.A', 

and therefore the condition (iii) is equivalent (in presence of (iv)) 

to the condition 

(vii) < B . f , a> . ev = B . b . 

So (1.5) is equivalent to the existence of an epic ~ and an a so 

that (vi) and (vii) hold. But (vi) and (vii) are the same as (i) and 

(iii), respectively. 

A certain construction derived from ~ deserves a special name, 

namely the map Im: At+. B .... Bt+. rl, whose behaviour in the set-case 

was described above. It can be constructed as the composite 

Im 
'd rtru ' <~ ,w. eA > 

(At+. B) >< (Ath rl) 
v 
3l )Bthrl. 
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As a corollary of the Principle 1.6 above, we then get, by putting 

A I : X + Ail\ Q equal to 

1.7 Image-Principle. Let b: X-+B and f: X-+AihB be given. 

Then 

iff 

b E f.Im 

there is an epic 8: Y ~ X and a map a: Y + A such 

that <S.f,a>.ev = f3.b 

The left adjoint of -1-segArhrl: A tl1 r2 + (A,+,. D) r+, r2 is denoted 

"union": 

U : (Ati\Q)ti\Q + Ari\Q. 

Using the explicit construction of l) (see e.g. [9], p. 111, or 

[12], p. 51 ) , the reader will be able to prove 

1.8. Union Principle. Let F: X+ (At!\ Q) lh Q and a: X + A 

be given. Then 

a E F. U 
iff 

there is an epic t3: Y -++ X and an A 1 
: Y + A lh Q such 

that B • a E A ' and A' E B • F • 

If B,~ is an ordered object, we define 

-1-cl:BmQ+BrhD 

to be the composite 

In the set case, it associates to a subset B 1 of B the set of 

all elements of B which are dominated by some element in B' (i.e. 

"the downward closure of B' "). Vle.leave to the reader to use the 

existence- and union-principles to prove 
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1.9 tel-Principle. Let B,~ be an ordered object, and let 

B 1 
: X + Btl\ rl and b: X + B be given. Then 

iff 

b E B 1
• +cl 

there is an epic S: Y - X and an c: Y + B with 

c E S.B 1 and S.b < c. 
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§ 2. The finiteness notions 

We begin by lifting some well-known lattice theoretic notions 

into an arbitrary elementary topos ~· This lifting is actually 

canonical, once one writes down the notions in first order language 

and then translates them into w. Mitchell's or J. Benabou's 

language LOP (see [15] for an (incomplete) account of this). 

In order not to involve ourselves in syntax, we instead describe 

the lifted notions one by one. 

Classically, a directed ordered set is an ordered set which 

is (i) non-empty, and (ii) has the property that any two elements 

of it has a common upper bound. This lifts as follows: 

Let B,~ be an ordered object in E. It is called 

provided (i) B ... is epic, and {ii) for every pair 

b 1 ,b 2 of elements of B with same domain X, bi: X ... B 

(i=1,2), there is an epic S: Y -x and an element b: Y ... B 

with S.b 1 < b and s.b 2 s b. {These two conditions, individual 

ly, may be called: "B is 0-directed" and "B is 2-directed", 

respectively). 

An equivalent definition is given later. We started out with 

this one because it is typical for the lifting method. - One can 

also talk about when arbitrary subsets F of an ordered set are 

directed subsets. This lifts as follows (thinking of a subset 

of B as an element of Btt\)2): 

Let B,s be an ordered object in E. Then we say that 

an element 

F: X ... Brt-.s-2 
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Jthere is an epic 

l_so that b E ~ . F, 
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13: Y -++ X and a map b: 

and 

y ... B 

(ii) for every a: Z ... X and every pair 

( 2. 1) 

(2. 2) 

b 1 : Z -> B, b
2

: Z -> B, 

with 

b 1 E a . F and b 2 ~ a . F, 

there is an epic 13: Z' -++ Z and a b 3 : Z' .... B 

with 

b 3 ~ ~.a.F and with ~.bi < b 3 (i=1,2). 

Let B be a complete ordered object. An element b: X .... B 

is called intranscessible (Diener [6]) provided it satisfies: 

for every a: Y -+ X and every F: Y -+ B,;., r2 with 

F directed and with F.supB > a.b, there exists 

an epic 13: Z ..... Y and a d: Z .... B with 

13 • a • b < d and d ~ 13 • F. 

Set-theoretically, bE B is intranscessible if every directed 

family F with sup(F) > b has a member dEF with b <d. If 

B satisfies "ABS" ("finite meets distribute over directed sup's") 

then b E B is intranscessible if and only if it is inaccessible 

in the sense of Birkhoff and Frink [4), or compact in the sense 

of Nachbin. 

It is a consequence of a general method of carving out sub-

objects of objects in E by means of statements in L(~) 

(W. Mitchell, J. Benabou, G. Osius) that there is a subobject 

S(B) -> B, such that b: X .... B is intranscessible if and only 

if b factors through S(B). If the reader insists, he can 
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construct S(B) (without reference to L(~)); but all information 

of S(B) needed is contained in the universal property: that it 

is the smallest subobject of B through which the intranscessible 

elements factor. 

We now consider the upper-sernilattice structure 

the complete ordered object B 

V: B X B .... B, 0: 1 .... B, 

(v,O) on 

(left adjoint to L: B-> B x B and w: B-> 1, respectively). 

For each X, an upper-sernilattice structure is induced on the 

horn-set horn.E; (X, B) , which we denote also ( v ,0). 

2.1 Proposition. The set of intranscessible elements 

X-> B form a sub-sernilattice of hornE(X,B). 

S(B) -> B is a sub-sernilattice-object of B.) 

(Alternatively, 

Proof. The fact that 0: X .... B is intranscessible is an 

immediate consequence of the requirement that a directed 

F: Y -> B t+. rl is "non-empty" (axiom (i) in the definition). 

Assume now that b1 and b2 are intranscessible elements 

X -> B. To prove that b1 v b2 is intranscessible, let 

a: y ... X and F: y .... Bihrl be given, with F directed and with 

F.supB > Ct. (b1 v b2). Then, for i = 1, 2, 

F.sup > a.bi 

and since bi (and thus a.bi) is intranscessible, we can find 
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d. E 13 .• F 
l- l 

Let Z be formed as the pull-back 

y 
z I '> 

y l 2 

z2 » 
s 

2 

i 1 , 2. 

z1 

l B, 
~ 

Y, 

and let S: Z ~ Y be the diagonal map of this. It is again epic. 

Also, let 

dj_: Z -+ B 

be defined as the composite yi.di. Then, by (2.3), 

so that 

(2. 4) i 1, 2. 

Since S.F is directed, we can find yet another epic 

8: Z 1 
..... Z and d: Z 1 ~ B with 

(2. 5) o.dj_ ::: d ~ o.S.F, i 1, 2. 

Combining (2.4) and (2.5), we get 

The left-hand side here is o.S.a. (b 1 v b 2), so the epic 

o.S: Z' -+ Y and the element d: Z1 
.... B now are the maps we were 

required to produce to prove b
1 

v b 2 intranscessible. 
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2.2 Definition. An object AE lEI is called J-finite 

provided the complete ordered object A A-I Q ("the power set of A") 

has the property that its maximal element 

( 2. 6) 

is intranscessible. 

' , true A 1 -+ Arhrt 

(This notion can be relativized; if r: E -+ S is a geometric 

morphism between elementary toposes, then A E E might be called 

J-finite relative to S if S takes (2.6) into an in-

transcessible element in r*(A~Q). Specializing to the case 

where E is a Grothendieck topos and S the category of sets, 

A E E is J-finite relative to S if and only if A is quasi-

compact in the sense of SGA 4, Expose 6 [1]. This follows from 

loc.cit., 1.5.2). 

Let us remark that "A is J-finite" also can be formulated 

as follows: If F: X -+ (Aih&i)m n is directed, and covering 

(meaning 
,.. ., 

F.U = wx. trueA ), then F is "trivially covering" 

in the sense that 

We now turn to the next finitness-notion. First it is a 

straightforward consequence of the Dedekind-Tarski fixpoint 

theorem for elementary toposes, as proved by Mikkelsen [14], that, 

for each object B equipped with, say, one binary operation 

*: BxB-+ B and, say, one nullary operation 0: 1-+ B, one can, 

for any subobject AH B, form the smallest subobject A~ B 

which contains A and is closed under the operations * and 0. 

(Apply the fixpoint theorem to the complete ordered object B tt. n) • 
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In particular, if B is an upper-semi-lattice by means of 

v : B x B ... B and 0 : -+ B, we can form, for any A~ B, the 

subsemilattice A ~ B generated by A. 

Now let A be any object in E. The power object A~ rt 

has a canonical upper-semi-lattice structure. Thus, we can form 

the smallest sub-semi-lattice containing {·}A: A-+ A~~. Set-

theoretically, this sub-semi-lattice is the smallest subset of the 

powerset of A which contains 0, all singletons {a} (with 

a E A), and which is closed under binary union. This is the 

family of sets considered by Kuratowski in his investigations on 

finiteness [10], or [18] §22: 

2. 3 Definition. Let A E The Kuratowski-object for A, 

K(A) >->A~~, is the smallest sub-(upper-}semi-lattice of Am~ 

which contains {·}A: A -+ A~~. 

(It actually can be proved, as a Corollary of the results 

of the present section, that K(A) = S(A~~}}. 

2. 4 Definition. Let A E Then A is called K-finite 

provided rtrue;:: 1 ->Athrt factors through K(A}. 

2.~ Proposition. Any object A which is K-finite is also 

J-finite. 

It suffices to prove K (A} '=' s (Am~) . For this, it 

suffices to prove that S (AI'h Q) is a sub-semilattice of A~~ 

containing {·}A: A ... Am Q • By Proposition 2. 1, we know already 

that it is a sub-semilattice, so we just have to prove that {·}A 

factors through S (Am~}, i.e. that "singletons are intranscessible". 

This is Lemma 2.7 below. We now start the preparations for that 

Lemma: 
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Recall the map +cl: B th r1 + Brl\rl from Principle 1. 7, where 

B is an arbitrary ordered object. We then have 

2~Q Lemma. For any object A, the following diagram commutes 

+clA~Q 
(A rh Q)~Q (Arhrl) rh Q 

{ • } til 1 

u 

A rh n. 

. We have 

3 (+segAthQ. {·}tid). U. 

Only the second equality needs explanation: it is a consequence of 

the fact that {·}•1 is a homomorphism of complete upper semi-

lattices. (More generally, if f: C ~ D, then 

due to the fact that f th 1 has a right adjoint vf). Now we just 

have to prove 

is the identity map of Arhn. Both maps in this composite have left 

adjoints: 

A th n, 
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but this composite is the identity map (by one of the monad laws 

for the power-"set" monad). This proves the Lemma. 

Now we can easily prove the following Lemman, and thereby, 

as we have seen,the Proposition 2.5. 

2.7 Lemma. The map 

is intranscessible. 

Proof. Suppose given Y,a, and F as displayed in 

y a A 

F j > j (.)A -

(A rh n> rh n Arhn u 
with 

(2. 7 F. U > 

and with F directed (actually directedness is not needed here). 

Using Lemma 2.6, the assumed inequality (2.7) may be written 

a.. { • } < F. tel. { · } ..+. 1 . 

By adjointness, this is equivalent to 

(2.8) a.{·}. 3{·} 5 F.tcl. 

Clearly, we have (by Existence Principle and Singleton Principle) 
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(2. 9) a.{·}§:a.{·} 3{·}' 

and then the inequality (2.8) together with (2.9) gives 

a.{·}§:F.-1-cl. 

By the +cl-principle 1.9, we get the existence of an epic 

S : z ..... Y and A' : Z .... A .+, D with S • a . { • } _::: A' and A' E 13 • F, 

so that A' and 13 witness the intranscessibility of {·}. 

We now turn to the third finiteness-notion. This hinges on 

a certain Galois-connection arising out of the notion of 

cofinality. If C is a partially ordered object in ~, and 

g: D --> C a map from an arbitrary object into C, we say that 

g is cofinal if for every c: X .... C, there is an epic 

S: Z -++X and a d: z .... C so that 

d.g > l3.c. 

If A is an arbitrary object and B a partially ordered 

object, we say that B is A-directed if the diagonal 

B 

1\ 

is cofinal (the diagonal is the exponential adjoint proj of 

proj: B x A -+ B, and the order-relation on BA is induced 

canonically from that of B). We write (temporarily) 

J) (A, B) 

for "B is A-directed". Then ~ establishes a relation 

between objects in E and partially ordered objects in ~' 

and thus gives rise to a Galois correspondence 
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classes of objects in classes of ordered 

objects in E. 

The class of D-finite objects is defined to be the Galois 

closure of the class consisting of 0 and 2 = 1 + 1: 

class of D-finite objects 1J; (<I>( { 0, 2})' • 

In slightly more simple-minded terms, observe that ~({0,2}) 

is the class of directed ordered objects, as defined right at the 

beginning of §2; for, the conditions (i) and (ii) there are equi-

valent, respectively, to the requirements that 

and 

BxB 

are cofinal. So the more simple-minded definition of D-finiteness 

now goes 

2.8 Definition. An object A E: E is D-finite, provided for 

every directed ordered object B, 

is cofinal. 

In set-theoretic terms, A is D-finite if any map A ~ B 

into a directed ordered object B can be uniformly dominated by 

some bE: B. 

In order to connect this with the previous two finiteness 

notions "J and K", we must study directed ordered objects more 

closely. 
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2.9 Proposition. The ordered object (B,~) is directed if 

and only if the map bd defined as the composite 

bd = ( B rh [l) op t seq ( B m [l ) .+. [l 

is a 1ower-semilattice map. (This map bd is precisely the character-

istic function of the subobject 

( 2. 10) Bd Bd (B) rL B tl"' [l 

of "bounded subsets"). 

The label 'op' in the domain of bd has only the effect of 

reversing the order-relation. Also 3B denotes the composite 

3w 
Brh[l- 111\[l ""rl. 

We note that {·}B composed with bd yields trueB ("any Singleton 

is bounded.") To see this formally, we prove that 

idB ~ { ·}. tseg. tseg tl"' 1. 

Namely, this is equivalent to 

( 2. 11) +seg~ {·}.tseg, 

by the Pull-back Principle, and (2.11) in turn is equivalent to 

+seg > {·} 

which is true by reflexivity, and by the extensionality principle. 

Proof of Proposition 2.9. Letting Bd(B) = Bd be the sub-

object of B rh rJ displayed in (2.10) and defined as the subobject 

whose characteristic map is bd, it is straightforward to use 

Existence- and Pull-back principle together with the definition of 

bd to prove that B': X -+ B ~ [l factors through bd if and only 
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if there is an epic S: Y ~x and a map b: Y ~ B with 

( 2. 12) S.B' ~ b.+seg. 

Now, since bd x bd.A is the characteristic map for 

j x j : Bd x Bd ---.. < B 1"1\ n) x < B .1\ n l , 

we see, by passing to subobjects classified by the maps, that bd 

preserving 2-intersections " is equivalent to the existence of a 

map £ (necessarily unique) making the diagram 

( 2. 13) Bd x Bd Bd 

jxj I 
(Bthn)x(B.+.n) _,_ B rf'l n 

vBIIIn 

into a pull-back. We shall see that such £ exists if and only if 

B is 2-directed. Let us first assume that j x j. factors 

across Bd by a map 1, as displayed in (2.13) (we shall actually 

not need that it is a pull-back). To prove B 2-directed, let b 1 

and b 2 be morphisms X~ B. Now {.} 8 factors through j 

{·}B = a.j, 

as we have seen above. Consequently 

<b 1 . a, b 2 . a> . j x j . v Brt.n • bd 

so that we have an epic S: Y ~x and a b: Y ~ B with 
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i 1, 2, 

which means i3.bi ~ b.+seg (by singleton principle), or, equivalent­

ly, i3.bi ~ b, for i = 1,2. Thus 13 and b witness that B is 

2-directed. 

Assume conversely that B is 2-directed. Consider, for 

i 1,2, the diagonal map in the commutative 

Bd X Bd 
proji 

Bd 

jxj l j j 

(Btl\rl)x(Btl\rl) B rh rl 
proji 

since it factors through Bd, we know by (2.12) that there exists 

an epic X. -+ Bd x Bd 
~ 

Taking the fiber product 

X 

TI' 

J 
1 

x1 

and putting 1! = lli.lli' b. 
~ 

with 

i 1 , 2. 

1!' 

x2 

j 1! 
2 

Bd X Bd 
1! 

I 

lli.bi, we get 
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( 2. 14) 7f. j x j. proj i i 1 12 • 

Now we have assumed that B is 2-directed; thus there is an 

epic 13: Y -+>X and a b: Y-+ B with 

i 1 12 • 

Then, by (2.14), 

S.7f.j X j.proji ~ b.{seg, i 1 1 21 

hence 

S.7f.j X j.VBrl'ls-2 < b.+seg 

since vBth r2 gives the least upper bound of proj 1 ,proj 2 • Thus 

j x j • v B til r2 "has an upper bound" b, and factors through Bd 

by some map ~ (necessarily unique). To prove that (2.13) is 

actually a pull-back, let 

B I : X .... Bd I Bi: X .... B ..+- r2 I i 1,2 

i 1 1 2 

and the argument "a subset of a bounded set is bounded" also applies 

here to give that Bi factors through j, fori= 1,2; formally, 

if S: Y -">X and b: Y -+ B witness that B' .j is bounded, 

I3.B' .j ~ b.+seg, then the same 13 and b will witness boundedness 

of Bi, i = 1,2. 

We next have to prove that bd preserves the greatest element 

if and only if B is 0-directed (the greatest element oF (B rt. s-2) op 

is 
r , 
falseB ). We have that bd preserves the greatest element if 

and only if 
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r false~ .bd true. 

But 

r , 
falseB .bd 

r , 
and trueB .3B = true if and only if wB: B ~ is epic, i.e. 

if and only if B is 0-directed. This proves Proposition 2.9. 

If B and C are lower semilattices by means of 

"B: B X B ~ B I tB: ~ B, "c: C x c ~ c, and tc: 1 ~ C, we have 

called a map f: B ~ C a lower semilattice map if it preserves " 

and t. (Then one easily sees that f is also order-preserving). 

It is easy to intersect two certain equalizers (which we display 

below) to get a subobject B til\ C ,.... B m C of B rl-. C "consisting 

of the lower semilattice maps", more precisely, with the property 

that f: X~ B m C factors through B ~C if and only if the 

cartesian twisted version of f 

is a lower semi-lattice map; alternatively, if for all a: Y ~ X, 

and 

where (bi)a.f denotes the composite 
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<a.f,b.> ev 
y 

1 (Brt-.C) X B -c. 

It is carved out of B lh C by intersecting the equalizer of 
1\ 

and vB,C with the equalizer of and where 

( 2. 15) (B .+.C) X B X B id X 1\ 
(B "' C) X B ~ c 

and 

( 2. 16) 
< ev ( 1 ) ev ( 2 ) > 

v B I c = ( B It\ c) X B X B_.:;'-'----'-1 
;:;;....:.. ___ + cxc ~ c 

being . B 
proJi.evc, i = 1,2); -and where 

(Bit\ C)xB~C 

and 

BmC w c. 

Let us remark that if f: C ~ D is a lower semi-lattice map, 

then 1 tt. f: BIt\ C ~ B tTl D restricts to a map 1 !'lh f: B ~ C ~ B rtl\ D, 

where B,C, and D are lower semilattices. This is straightforward 

to prove. 

Now we shall see that 

factors through (A ti\ 1'"2) op tfu (B rh rl) op . Essentially, this is because 

3f is cocontinuous for all f, by 3f .... f If- 1. But internally, 
1\ 1\ 

we must prove that 31 equalizes u and v (as well as r and s) 

(where u = u(Arl'lrl)OP, (B.+. rl) opl. This is equivalent to proving 

3lx 1.v, 
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or again (the A on (A it\ r2) op being denoted v A,... r2) 

( 2. 17) ( 1) ( 2) ( :n x 1 ) . <ev , ev > • v B I'l-l r2 · 

From the following commutativity 

vx1 
(Af'hrl) X (At+. Sl) xA (Amrl) xA 

<ev ( 1 ) , ev ( 2 ) > j ev 

Sl X Sl r2 I 

v 

we know that 

a : X --. A ~ <F 1 , F 2 > • v A £h r2 

(where Fi: X--> Amrl) if and only if X is the union of two 

subobjects ji: Xi>-> X such that ji.a~ji.Fi (i=1,2). According 

to this fact and the fact that direct image preserves unions, we 

get the equality (2.17), by using extensionality principle and 

principle-of-strength-of-existence. 

These two principles are also used in proving that :n 
equalizes r and s. We omit further details. 

2.10 Proposition. If (C,~) is an (v-0)-upper semilattice 

object, then any F: X--> Ctl\Sl which factors through c 0 Ptft-.r2 

is a directed family. 

Proof. F is 0-directed, because 

so that wx.tc ~ F (tc: 1 --> c being 0, the maximal element in 

c 0 P) . And F is 2-directed; for let a be a morphism Y --> X 
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and c 1,c 2 morphisms Y--> C such that ci~a.F (i=1,2). From 
1\ 1\ 

a.F.u = a.F.v (with u and v as in (2.15) and (2.16)) we get 

a.Fx1.u a.Fx1.v 

and consequently 

< 1 y 1 C 1 1 C 2 > . aF X 1 . 1 X V C • ev C 

- ( 1) (2) - < 1 y, c 1 , c 2 > . aF x 1 . <ev , ev > . 1\ 

that is, letting c 1 v c 2 denote the composite <c 1 ,c 2>.vc, 

<aF,c 1vc 2>.evc <<a.F,c 1>.evc, <a.F,r 2>.evc>. 1\ 

<truey, truey >. 1\ = truey, 

so that c 1 v c 2 ~ a.F, as desired. 

Now assume that (B,~) is a directed ordered object. Consider, 

for any A E E the composite 

( 2. 18) 1 lhbd 

Set-theoretically, it associates to f: A --> B the family of those 

subsets A' c A such that f(A') is a bounded subset of B. 

We have seen above that ~ factors through the subobject of lower 

semilattice maps, and, if further B is directed, bd is a 

lower semilattice map, so that (2.18) factors as displayed in the 

diagram 
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ArhB ~ (AthQ) 0 p th (BrhQ) 0 P 1 .+.bd (A .+.n) op th n 

~ I I 
(A ri\Q) op tfu (B rt-n) op (Art- n) optth n 

1 ~bd 

(note that 1~bd makes sense only because bd is a lower semi-

lattice map). Hence, by Proposition 2.10, (2.18) is a directed 

family (whenever B is a directed ordered object). 

We next prove that the family (2.18) is covering (whether 

or not B is directed). Consider the diagram 

(Arl\Q) 1 mbd 

l (·)~1 
A.+. (B,t.,Q) 

By adjointness 3{·} ~ {·} m 1, we get the first inequality in 

the string 

31 • 1 "' bd. u > 31 • 1 rh bd . { . } ,.!., 1 . 3 { • } • u 

3i • 1 th bd. { • } th 1 

3l • { • } rh 1 • 1 th bd 

11'h{·}.1rhbd 

1 .+. ( {.} .bd). 

But now {·}.bd = trueB, as we have observed. So the right-hand 

side of the inequality is 
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which proves that the family (2.18) is covering. 

Putting things together, we can now prove 

2.11 Proposition. If A is J-finite, it is D-finite. 

Proof. Let B be a directed object. We have just seen that in 

this case the map kA,B constructed in (2.18), kA,B Arl\B .... (Arl'\Q)thrl 

is directed, and also covering. Since A is J-finite, it is 

"trivially-covering", that is, 

ArhB 

E 

r ., 
true A 

Now is equivalent to 

v r , 
trueA >.k = wAti\B .true 

and since k = ~ .1~bd, we get that the following composite equals 

31 x1 ev 
(AthB)x(Arhrl) ((ArhQ) rli(BrhQ))x(Ati\Q)-+ Brllrl 

(2.19) 

Q • 

The horizontal composite here associates, in the set case, to 

f E Am B its image (which is a subset of B). In fact, it is the 

map Im which occurs in Im-princple 1.7. So 

Im.bd 
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or, taking bd apart in its constituents, 

Im.tseg.+seg rh 1.3B = trueAmB: Ali'IB-+ st, 

so by Existence principle, there is an epic S: Y ~Am B and 

a b: Y ~ B so that 

b ~ [3.Im.tseg.+seg th 1 

which is equivalent to 

b. +seg ~ [3. Im. tseg 

(by pull-back principle), which in turn is equivalent to 

b.+seg > [3.Im; 

in display 

y b B 

(2.20) f3 

1 
< j - +seg 

ArhB Im Brhst. 

We shall from this prove the following inequality (which by passing 

to exponential adjoints gives the inequality guaranteeing the cofin-

ali ty desired) : 

y b B 

( 2. 21) projy 

1 ~ 1 
ev 

YXA -+ (ArhB) xA. 
Sx1 
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The inequality in (2.21) is equivalent to 

(2.22) S x 1.ev ~ projy.b.+seg. 

To prove (2,22) it suffices, by (2.20) , to prove the ~-sign in 

S x 1 • ev ~ pro j Y. f3 • Im = S x 1 . pro j A rh B. Im, 

which follows immediately from the following general fact about 

the strength of the "power set monad": 

2. 12 Lemma. We have ev ~ proj Am B. Im, or in display: 

A "' B 
Im BrhQ 

E 

(AmB) xA B • 
ev 

Proof. Set theoretically, this just says that f(a) E Im(f) 

whenever it makes sense. In a general topos, it is a consequence 

of the 1m-principle 1.7. We just have to take (in the notation used 

in the statement of that principle) X Y = (Ati'IB)xA, S = id, 

A 
b = evB, f = projAtt.B' and a= projA: (Ati>B) xA-+ A. Then the 

second condition in 1.7 is satisfied: 

since <projAtt.B'projA> is an identity map. This proves the lemma, 

and thereby Proposition 2.11. 

We conclude our circle of implications by 

2.13 Proposition. Any object A which is D-finite is also 

K-finite. 
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Proof. K(A) ~Am u is by construction a sub-upper-semilattice 

of the lattice object Am u, so in particular, it is a directed 

ordered object. Since A is D-finite, the diagonal map 

!!.: K(A) ----r AmK(A) 

is cofinal. Consider {·}':A~ K(A) (the map which composed with 

K(A) ~A~ u yields {·}A). By cofinality of !!., there is a 

diagram of form 

K(A) A fh K(A) 

l 1 
r , 

a' > { • } I 

-

I 
y --»-

B 

with B epic. Passing to exponential adjoints, we get an in-

equality diagram 

K(A) xA proj 
-->- K(A) 

a'x1 

1 
~ l (·)' 

YxA A 
proj 2 

or, equivalently 

y a' K(A) 

proj 
1 

1 
~ 

1 
{ • } I 

YxA A 
proj 2 
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In particular we have (with a equal to a' followed by the 

inclusion K(A) c Athrl) 

y 

( 2. 23) proj 1 1 

YxA A • 

This, by the "Singleton-domination-Lemma" below, implies that a = 

y B 
r- , 
true A 

Athrl. 

Since B is epic and a factors through K(A), we conclude 

that 
r , 
true A 

K-finite. 

factors through K(A) c A~ rl so that A is 

2.14 Singleton-domination Lemma. Suppose we have an inequality 

diagram of the form (2.23) above. Then 

a = Y .... 1 

r , 
true A 

Proof. Let y: Z .... Y and a: Z .... A be arbitrary. By 

extensionality principle, it suffices to prove that aS: y.a. 

Consider <y,a>: Z .... Y x A. Clearly 

aS: a.{·} = <y,a>.proj
2
.{·}, 

and hence by the assumed inequality and the extensionality prin-

ciple, 

a S: <y, a>. proj 
1 

• a y.a, 

as desired. 
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Let us sum up the discussion in this section; we proved the 

implications 

Proposition 2.13 

so that we have 

D-finite 

K-finite 

~ Proposition 2.5 

J-finite 

Proposition 2.11 

Theorem. The finiteness notions J,K, and D given in 

Definitions 2.2, 2.4 and 2.8, respectively, are equivalent. 
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§3. Stability properties and counter examples 

In this section, we say that an object A is finite if it veri-

fies one of the three equivalent statements: A is J-finite, A is 

K-finite, A is D-finite. For any A in the topos E under con-

sideration, we denote by kA the inclusion K(A) ->- At!\ Q. It is not 

difficult to prove that K is actually a subfunctor of the covariant 

power "set" functor, by means of k. 

Stability properties 

3.1 Proposition. The initial object 0 is finite. 

Proof. We shall use K-finiteness. We have 0 r\-.Q 1, and 

thus 
r -, 
true 0 

r ., 
false

0 
= id 1 • 

r , 
Because false 0 

of K, 
r -, 
true 0 

factors through k
0

: K ( 0) ->- 0 rl\ Q by construction 

does too, and 0 is K-finite. 

3.2 Pronosition. The terminal object is finite. 

Proof. We shall use K-finiteness. We have 1mQ ~ Q. Identi-

fying these objects, we have 
r , 
true = true. Also under the identi-

fication 1 X 1 1 we have { • } 1 = 01' the characteristic map of 

l\1 : 1 ->- 1 X 1 i this map is an isomorphism, so 01 = {·}1 true. Be-

cause {.} 1 factors through k1 by construction of K, true 

does too, and is K-finite. 

In the proof of the following proposition, round brackets denote 

maps out of a coproduct (direct sum), pointed brackets denote maps 

into a product. 

3.3 Proposition. We have K(1) 1 + 1, and k 1 (true,false). 
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Proof. first (true, false); for, k1 
r .., 

We see that k1 :::> ::_ false 1 -

false, by construction of K, and k1 :::> { ·} 1 =true. (It is well-known -

that (true, false) : 1+1 ->- rl is monic.) Conversely, let us prove 

(true,false) ::_ k 1 . Since k 1 is the smallest subobject of 1 ~ rl 

containing false 1 , containing {·} 1 , and closed under v, it suf­

fices to see that (true,false): 1+1 + rl has these three properties. 

We already know the first two. To see that it is closed under v is 

essntially just the truth table for disjunction: since X - preserves 

direct limits, we have 

(1+1)>< (1+1) "'1+1+1+1. 

Denoting this isomorphism 1+1+1+1 + (1+1) x (1+1) by p, we verify 

that 

p. (true,false) x (true,false) 

= (<true,true>,<false,true>,<true,false>,<false,false>). 

Then 

-1 (true, false)" (true, false) .v = p • (u 1 ,u 1 ,u 1 ,u2). (true,false), 

where and are the structure morphisms of the direct sum 1+1. 

3.4 Theorem. The product of two finite objects is finite. 

We shall use J-finiteness, but there is another proof, using 

K-finiteness and commutative monads (K being a monoidal submonad 

of the power "set" monad). Let us first note the following 

3.5 Lemma. Let A and B be ordered objects and g: A + B 

an order-preserving morphism. If F: X+ Arhrl is a 0-directed (re-

spectively 2-directed) family, then F.3g is 0-directed (repsec­

tively 2-directed) • 

The proof consists in applications of the existence principle, 

and the fact that the pull-back of two epics gives a commutative square 
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where the composite map is epic. It is quite analogous to the proof 

of Proposition 2.1, and we omit the details. 

Proof of Theorem 3.4. Let A and B be finite objects, and 

let 

be a directed and covering family. We have to prove that 
,. , 

w~. trueAxB ~F. Let us remark that, by virtue of the extensionality 

principle and union principle, F is covering if and only if for 

each a: Y ~ X and each a: Y ~ AxB, there exists an epic S: z~ Y 

and an h: Z ~ (AxB)rhrl such that S.a~h and h~S.a.F. 

Let us denote by F' the composite morphism 

XXA ._F_x_{ _· }..:..:A-7 ( (AxB) tt'l m ,..._ S"l X (A'*-S"ll ~ ( ( (AxB)"' m X A) ttl S"l ~ (B"'rll th S"l, 

where u corresponds to evA,B by the isomorphism between 

hom ( (AxB) n- S"l x A, B "'S"l) and hom ( (AxB)"' S"l x Ax B, S"l). Elementwise, u 

is characterized by the following property: for 

g: W ~ (AxB) rh S"l, b: W ~ B, a:iv~A, 

we have 

<a,b> ~ g if b ~ <g,a>.u. 

We shall prove that F' is a directed covering of A. First, F' 

is 0-directed. For, F being 0-directed, there exists S: Y~ X 

and f: Y ~ (AxB) rhrl such that f E S.F; from this and the lj!-prin-

ciple, we get 

= s X idA. F X {.}A .lj!, 

and by existence principle 

f x idA. u ~ S x idA. F x { · } A .lj!. 3u s X idA .F'. 
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But -xA being a left adjoint is epi-preserving, so that S x idA 

is epic. Thus, F' is 0-directed. 

Next we see that F' is 2-directed. (Set theoretically, if 

F'(x,a) ={A. }.EI l.,a 1. with A. l.,a {bEB I (a,b) E Ai}; 

so since F is directed, we have for each i,j in I a k such 

that A. U 1. and thus such that A. UA. cAk .) 1.,a J,a- ,a To 

prove the general statement, consider a, and as dis-

played in the diagram 

Y a = <x,a> X•A (B tMl) ~ S1 

~ 
B(!-.s-J. 

Suppose that ai f <x,a>.F (for i 1,2}. We have to prove that 

there exists an epic <5: W + Y and a b: W + B rh S1 such that 

b > o.ai (i 1,2), and such that b f o.<x,a>.F'. By existence 

principle, there exist epics 

(for i=1,2) suchthat 

and 

a~. u 1. 

Consider the pull-back diagram 

s' 
z 2 

s' 
l l 

z, s, 
and define s and a'.' by 1. 

s s;. s 1 

a': S ~ . a~ 1. 1 1. 

and maps a'. i' 

z2 

l s2 
<:' 

'YY 

B:2,f32 

(i=1,2); 
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and 

a'.' .u 
~ 
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ai_ E s.<x,a>.F X {·}A.\jJ' 

and then, by principle V 

(p 1 being the projection ( ( (AxB) 11\ S"l) x A + (AxB) r+. S"l). But, F being 

2-directed, there exists y: W ~ z (epic) and b' : W + ( AxB) ~ S"l 

such that 

(i = 1,2) 

and 

b' ~ y.S.x.F. 

Let o be the morphism y.B and b the morphism <b' ,y.B.a>.u. 

Then clearly o is epic, and further 

( i = 1,2) ; 

for, from b' > y.ai_.p 1 , we deduce that 

b = <b',y.B.a>.u ~ <y.ai_.p 1 ,y.B.a>.u. 

(In fact, we have more generally from the characteristic property of 

u thatif b' and b" aremaps W+(AxB)tl\S"l, and a:W+A, 

then 

b' > b" implies <b',a>.u > <b",a>.u.) 

Now 2-directedness follows when we prove 

( 3. 1) b ~ o.<x,a>.F'. 

From b' f y.B.x.F and principle \jJ, we get 
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and thus 

b <b 1 ,y.S.a>.u = <i~,y.S.a>.b 1 x idA.u 

<y.S.x,y.S.a>.F 1 = o.<x,a>.F 1
, 

which proves (3.1) 

We now prove F 1 to be a covering family of B. (Set theoret-

ically, for each a E A and each b E B, there exists an i E I such 

that (a,b) E Ai, and thus also bE A. • ) l,a Let <x,a>: Y ~ xxA and 

b: Y ~ B be arbitrary, We have to prove the existence of S: Z ~Y 

(epic) and h: Z + B tt-r) such that 

S.b E b and hE S.<x,a>.F 1
• 

Now, F being a covering family, we have a morphism 8: Z ~ Y (epic), 

and a morphism h 1
: Z + (AxB) rt. rJ such that 

s.<a,b> .§. h 1 and h 1 E S.x.F. 

Let h be the morphism <h 1 ,S.a>.u. By <S.a,S.b> E h 1 and the 

characteristic property of u, we then have S.b .§.h. To see 

h.§. S.<x,a>.F 1
, we note that from h 1 .§. S.x.F and principle ·'fl, 

we can deduce that 

Using that, we have 

Finally, using existence principle, we get 

h <h 1 
, S. a>. u .§_ S. <x, a>. F x {·}A .1)!. 3u 

S.<x,a>.F 1
• 
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This proves that F' is a covering family of B. Since we also 

have seen F' directed, it follows from the assumed J-finiteness 

of B that 

( 3. 2) 

(Set theoretically, for each a EA, there exists an 

that A. =B.) 
~a,a 

Let us denote by G the morphism 

X --=F-~ ((Ax B) m rl) l'h.O. 

3v 
PA 

--~(Amrl) n- r2. 

i E I a such 

(Set theoretically, if F(x) = {Ai}iEI' then G(x) is the family 

{Aj_} iEI with 

A j_ = { a E A Vb E B : ( a , b ) E A i} . ) 

We shall see that G is a directed covering of A. First, G 

is directed, like F, because of Lemma 3.5 (V is order preserv-
PA 

ing). Also G is covering. 

A. = B, and thus 
~a a 

(Set theoretically, for each a E A, 

aEA~ c UA~ .) 
~a - I ~ 

The formal proof goes as follows. 

Let a: Y + X and a: Y + A be arbitrary; we have to prove 

the existence of S: Z-»- Y (epic) and h: Z + At'hrl so that 

S.a E h and h f S.a.G. 

From 

we deduce that 
,.. , 

<a,a>.wxxA" trueB f <a,a>.F'. 

Since F' was defined by an 3, we get by existence principle the 

existence of S: Z-»- Y (epic) and c = <c 1 ,c 2>: Z + ( (AxB) rt- rl) x A 
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such that 

(3.3) c.u 

and 

From this, we deduce by principle ~ that 

(and consequently 

and that 

Let us denote by h the morphism 

c vP 
Z ~ (AxB) tl\("2 ~ Affirl. 

It is clear that h ~ S·a.G. We want to prove that S·a ~ h, i.e. 

to prove 

This is equivalent to 

c 2 .{·}A~c 1 .v, PA 

and by the adjunction pA m idrl ~ vpA' this is equivalent to 

( 3.4) 

To prove this inequality, we use extensionality principle. Let 

y: Z' ->- Z and 

z I 

be arbitrary and suppose 

by pull-back principle 

<a' b> 
----''---:.? AX B 
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so that 

(3. 5) a' 

We noted above (3.3) that c.u the characteristic 

property of u and of trueB implies that 

(in fact, for any y and b where it makes sense). But we have 

by (3.5) y.c 2 =a'; thus 

<a' ,b> E y.c 1 

which is what is required in order to prove (3.4). So S.a E h. 

Having thus seen that G is a directed covering of A, we deduce 

from the assumed J-finiteness of A that 

(3. 6) 
r -, wx. trueA E G = F.3v 

PA 

(Set theoretically, there exists some i E I such that A~ 
l 

A.) 

We then finally can prove 

(Set theoretically, if Ai =A, then Ai = AxB.) 

From (3.6) and existence principle we deduce that there exists 

an epic S: Y-»- X and a d: Y + (AxB) t+. (2 such that 

( 3. 7) 

and 

Because 

but 

r -, 
wy. true A < d.V 

PA 

d ~ s.F. 

(by (3.7)), we get by adjointness 

being itself also a right adjoint (to 3 ) takes 
PA 

maximal elements to maximal elements, so 
r -, r ~ 
true A . pA rh id = trueAxB 
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So 
r ., 

wy. trueAxB ~ d, which by maximality of the left hand side 

implies equality. Thus 

d f S.F, 

and, cancelling the epic s I we get the desired 

This proves the theorem. 

3.6 Theorem. Every quotient object of a finite object is finite. 

Proof. We shall use K-finiteness. Let A be a finite object 

and p: A~ B an epic map. Since K is a subfunctor of the power 

"set" functor, we have 

Since A is finite, r ' true A factors through kA' and thus 
r 1 
trueA .3p through kB. But, for any f: A~ B, 

the name of the characteristic function of the image of f. Inpar-

ticular, p being epic, 

tors through kB' and B is K-finite. 

3.7 Theorem. The direct sum (coproduct) of two objects is 

finite if and only if both of them is finite. 

Proof. We shall use J-finiteness. Consider a direct sum 

Assume that A
1 

and A
2 

are J-finite. To prove A1 + A2 

J-finite, consider a directed covering family 

We have to prove that 

For j = 1 121 let 

r: .., 
wX. trueA +A E F. 

1 2 
F~ 

J 
be defined as the composite 
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(Set theoretically, if F(x) = {Bi}iEI with Bi = A1 +A2 , then 

Then F~ 
J 

is directed 

because F is directed and is order preserving. Also F! 

is covering; to see this, let a: Y _,.X and aj: Y~Aj be arbi­

trary. Since F is covering, there exists 13: Z ~y (epic) and 

l3.a .• u. Eh 
J J -

and h ~ 6.a.F. 

J 

From this, using pull-back principle and existence principle, we get 

So F~ 
J 

13. E h. u. rt. id0 - J "' 

is covering. Since A. 
J 

and h.(u.ti\id) E 13.a.F'. 
J 

was assumed J-finite, 

F! = F.3(u. !hid). 
J J 

From this and existence principle, we deduce that there exists an 

epic such that 

and 

Considering the pull-back 

13 ~ 
y J Ts, 1321 

"' Y' 2 132 
.:> X 

and denoting the composite 6j. sj by 13, we get 

Now, F being 2-directed, there exists y: Z ~ Y (epic) and 

( j 1, 2) 1 
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Consequently, 

and thus, by 3 u. 
J 

(3 .8) 

But 
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f E y.(3.F. 

f. uj rh id11 ~ y. (3 j . f j . uj ,+, id 

-1 u. ,+. id, 
J 

I -, 
f > wz. trueA. • 3 u. 

J J 
( j = 1 12) • 

I '"I 
trueA +A , 

1 2 

since the two sides in this equation are the names of the charac-

ter is tic maps of the subobj ects u 
1 

U u 2 and A1 + A2 of A1 + A2 , 

respectively. From the two inequalities ( j = 1, 2) in ( 3. 8) we there-

fore get r -, 
f > wz. trueA

1
+A

2 
. Such an inequality must be an equal-

ity, We thus have 

r -, 
y.(3.wX. trueA +A 

1 2 

r: .., 
wz. trueA +A 

1 2 
f E y.(3.F, 

and cancelling off the epic y.S, we have 

r .., 
wX. trueA +A E F. 

1 2 

This proves that A1 +A2 is J-finite. 

Assume conversely that A1 + A
2 

is J-finite. Suppose we have 

a directed covering 

We have to prove that We let 

be the family which "consists of all subsets Aj_ + A2 of A1 + A2 

with Aj_ =: A1 being a member of F " ; formally, let G be the 

morphism 
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where 

is the disjunction (in the lattice hom (A1 rl\ rl, (A1 + A2 ) (I\ S"l)) of 
r ., 

w. trueA .3u 2 . 
2 

and 

We claim that G is a directed covering of A1 + A2 . Direct-

edness is easy because F is directed and g is order preserving. 

Indeed, each of the maps in the disjunction defining g is order 

preserving. To prove that G is covering, let 

a: Y ->- X and 

be arbitrary. We have to prove the existence of S: z ~ Y (epic) 

s.a ..§. h and h ..§. S.a.G. 

For i = 1 , 2, let us consider the pull-back 

v. 
Y. l y 

l 

1a 
(3. 9) 

ail 

A. u: A1+A2 l 
l 

F being a covering of A1 , there exists n 1 : P 1 ~ Y1 

h 1 : P 1 ->- A1 .+. rl such that 

Now 

(epic) and 

On the other hand, we trivially have from h 1 E n 1 .v1 .a.F that 

( 3. 11) 



262 

On the other hand, let us consider the pull-back (3.9) for 

i = 2. Since F is 0-directed, there exists 112: P2 ->+X (epic) 

and f: P2 ~ A1 ffi ~ such that f ~ 112.F. Consider the following 

diagram, in which the left hand square is constructed as a pull-back 

v' 

.,J' 
2 P' A1 1'1\ n 2 

1112 E 

y2 X (A1 II\ rl) tl\ ~. v 2 .a 

If we denote by h 2 the morphism v2.f, we get 

h 2 ~ 11 2 .v2 .o .. F 

from which we deduce that 

( 3. 12) 

On the other hand, we know that 

but 

so that 

( 3. 13) 

By the universality of direct sums, 

sum of y1 and y2 by means of v 1 ,v2. 

morphism 

B = P1 + p2 
11 1 + 11 2 

and by h the morphism 

we know 

Let us 

y 

and thus 

that y is a direct 

denote by B the 

An easy computation shows that if fiE Fi (i = 1 ,2), where f 1 
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(F1 ,F 2l. Consequently, we have from the four relations (3.10) -

(3.13) that 

and 

h E S.a.G, 

so that G is covering. 

Since now A1 + A2 is assumed to be J-finite, 

r ., 
wX. trueA +A E G. 

1 2 

To prove this, that we need 

3.8 Lemma. The map g: A1 d) Q + (A
1 

+ A
2 

}fn Q 

as disjunction of 3u 1 and 
~ ., .3u

2
) is w. trueA 

2 

(Set theoretically, for A' 1 A1 and A1 c:: 

u 1 (A1) U u
2 

(A
2

) u
1 

(A1) U u 2 (A 2 ) 

(defined above 

monic. 

A1' we have that 

implies that A1 = A'j, by disjointness of disjoint sums A1 + A2 .) 

The formal proof goes as follows: Let us denote by t the 

endomorphism of (A
1 

+ A
2

) rh Q which has the effect of "intersecting 

with A1 >-> A
1 

+ A2 ": 

t 
r -, 

id (A +A ) t!. Q A w. true A • 3u 1 • 
1 2 1 

Then 

g.t 

(since the distributive law of A over v holds in any lattice 

of form homE(X,YrhQ)). The first constituent of this disjunction 

equals because and because is 

order preserving. The second constituent equals 
r: , 

w. falseA +A 
1 2 , 
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because of u 1 A u 2 = 0 (disjointness of coproduct). Thus 

( 3. 14) r -, 
g.t = 3u 1 v w. falseA +A = 3u 1 . 

1 2 

Now is monic since is monic (this is well known: 

monic implies 3f.fm 1 = id, thus 3f is split mono). Thus 

(3.14) implies g monic. 

f 

We can now finish the proof that A
1 

is J-finite. We have 

( 3. 15) 

because 
r .., 
trueA .g = 

1 

We proved above that 

r -, 
trueA .g 

1 

r -, 
( trueA . 3u 1 ) 

1 
r -, 

wX. trueA +A 
1 2 

,... ., 
trueA +A , 

1 2 

r -, r -, 
v ( trueA .3u2 ) = trueA +A 

2 1 2 

E G = F.3g. From the existence 

principle we get the existence of an epic 13: Y-+>- X and c: Y+A11hrl 

such that 

c E I3.F 

and 

_ r 1 
e.g - l3.wx. trueA +A 

1 2 

r ..., 
l3.wx. trueA .g, 

1 

the last equality sign by (3.15). Now g being monic by Lemma 3.8, 

we have 

13.wx. 
r -, 

13.F, true A = c E 
1 

and finally, 13 being epic, get 
r -, 

E F. we wX. trueA 
1 

3.9 Corollary. If a subobject of a finite object has a com-

plement, then it is finite. 

Proof. If A1 >+ A is a subobject of A with a complement 

A2 >+ A (this means A1 n A2 = 0, A1 U A2 = A)' then it is well 

known that A = A1 + A2. If A is finite, then so is A1, by the 

theorem. 

3.10 Corollary. In a Boolean topos, every subobject of a 

finite object is finite. 
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This is not true in general for non-Boolean toposes. We turn 

to the counter examples. 

Counter examples 

3.11 Proposition. In a non-Boolean topos, a subobject of a 

finite object can be non-finite. 

This will be a corollary of Theorem 3.12 below, which is con­
]. 

cerned with the category 8 i.e., the category whose objects 

A are maps A= (A
1 

+ A2 ) in the category of sets, and whosemorph­

isms are commutative squares. If A= (A 1 + A2 ) is an object in 

we shall refer to A1 as the top of A, and A2 the bottom 

set of A. 

3.12 Theorem. In the topos the finite objects are the 

surjective maps between finite sets. 

The proof we give here will depend on a theorem of Mikkelsen, 

to be published elsewhere [13); it says that a left exact 

left adjoint functor between toposes preserves K-finite objects. 

Now &::,:1! is connected to by five functors 

I 

D 

T 

L 

R 

each left adjoint to the one below. They are defined as follows: 
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I {M) (0 ->- M) 

D(A ->- B) B 

'l'{M) (M~M) 

L(A ->- B) A 

R{M) (M ->- 1 ) • 

Consequently, D, T, and L preserve finite objects. But we know 

that the finite objects of ~ are exactly the finite sets. Hence, 

if f: A ->- B is finite in ~'1. then A and B are finite sets, 
2 

and if M is a finite set, then idM is a finite object in~ 

Furthermore, if p is a surjection from the finite set A to B, 

then p is a finite object by Theorem 3.6 because it is a quotient 

object of the finite object idA. 

It only remains to prove that: 

If g: A ->- B is a non-surjective map, then g is non-finite. 

Let b 0 be an element of B- Im(g). Then b 0 determines a 

subobject of g, namely the one having top set empty and bottom set 

{b0 }. It has a complement, namely the object with top set A and 

bottom set B- {b0 }. By Corollary 3.9, to see that g is non-finite, 

it suffices to see that the object h': 0 ->- {b 0 } is non-finite. This 

object is isomorphic to the subobject 

( 3. 16) h: 0 ->- 1 

of 1. So it suffices to prove that h is non-finite. We use J-fin­

iteness. We then have to exhibit a directed covering X->- (htl\r2)rhr2 

which is not trivially covering. In fact, we can construct one with 

X = 1 

"F: 1 _,_ (ht+.r~Jrhr~. 

This will allow a conceptual simplification, since such an F is 

given as the name of the characteristic map of an actual subobject 



267 

F » h ttl n of h !'II n. Then it is easy to see that F a dlrected 

family is equivalent to F being a directed ordered object (with 

the ordering induced on it from h th $1) • Also, F factoring through 

the object of sub-upper-semi-lattice maps is equivalent to F being 

a sub-upper-semi-lattice of hlhn (and this implies that F is 

directed) . These statements are valid and easy to see in arbitrary 

topos, for any object h. For the specific object h (see (3.16)) 
:1. 

in $ we now describe a directed family F: 1 ->- (h th rl) rh n by 

describing a sub-upper- semi-lattice F of h-+. n. In general, for 

an object in s2 , its power object A rll rl has for 

its top set the set of subobjects of A, and for its bottom set the 

set of subsets of A2 . The map from top to bottom is given by send­

ing the subobject 

A1 >-~ A1 

J ~ 
A2~A2 

to A2~A2 . Using this description, it is clear that hrt-.n has 

exactly two elements in its top set, as well as in its bottom set; 

the map from top to bottom is bijective. The upper semi-lattice 

structure on h m n gives rise to upper semi-lattice structures on 

the top set as well as on the bottom set of h th n. Let F consist 

of the smallest element (with respect to the semi-lattice structure) 

of the top set, and of both elements of the bottom set. In display 

(with top set of hthr.l denoted {f 1 ,t 1}, bottom set {f 2 ,t2}, 

with f 1 ~ t 1 and f 2 < t 2 ): 

( 3. 17) 
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Then clearly F is a sub-upper semi-lattice of h ,+, r1, thus the 

corresponding F: 1 ->- (h rhrl) th rl is a directed family. To see that 

it is covering, we compute 

This can be done directly, but is easier indirectly: there are only 

two maps from to h ~ Q namely 
r ..., 
falseh and (given, 

respectively, by the two f 1 s and the two t 1 s in ( 3. 17) . We just 

have to exclude 

( 3. 18) 

But the functor 

r -, 
= falseh 

which picks out bottom sets, is logical, 

and thus commutes with all constructions involved here; applying D 

to (3.18) yields 

( 1 
U r , 

(D(h)1'- 2)11\ 2 ~ D(h)tf\2) = falseD(h) 

in .$ which contradicts the fact that UF 2 = 

So F is covering. Clearly, it is not trivially covering: we do 

not have 
r , 
trueh ~ F, since 

r , 
trueh does not factor through F 

(t 1 being excluded from F). Thus h is not J-finite. This proves 

the Theorem. 

We now get Propposition 3.11 as a corollary of Theorem 3.12; 

indeed, in h: D ->- 1 is a non-finite subobject of the fin-

ite object 1 _,. 1. 

3.13 Proposition. There exists a finite object A such that 

Athr~ is non-finite, and a non-finite object A such that Atl\rl is 

finite. 

Indeed, in h: 0 _,. 1 is non-finite, whereas ht~~u, 

displayed in the total diagram of (3.17), is finite (being isomorphic 

to T(2)). Conversely, to see an example where A is finite and 
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c;:.N, Amrl is non-finite, we consider the topos ~ where N is the 

cuN 
natural numbers monoid under addition. Then the objects of ~ are 

sets equipped with an endomorphism, and the morphisms from 

a: A~ A to B: B ~ B are the maps f from A to B such that 

a.f = f.B. The subobject classifier n is the set N = -N U {-oo} 

equipped with the endomorphism w defined by the formulas 

w(-oo) 

w (0) 0 

w(-(n+1)) -n for all n EN. 

In c.:>N, ~ a necessary (and, in fact, also sufficient) condition for 

an object a: A ~ A to be finite is that A is a finite set and 

a is a permutation; for the functor 

which sends a: A ~ A to a: A ~ A has adjoints on both sides 

since it is induced by a functor between the index categories, 

~ __,.. N, in picture 

• l -.0> 0 
In particular, it is a left exact left adjoint, so preserves 

objects. So if a: A ->- A is finite in ~N .,_ , it is finite in 

finite 

~~ 

meaning that A is a finite set, and a is a surjective mapping. 

But a surjective endomorphism of a finite set is bijective. 

6- N' In particular, in ~ 

whereas 1 "'n " n is not. 

~ is not finite; so is finite, 
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Miscellaneous remarks 

The morale of Proposition 3.13 is that the power object forma­

tion A .t. S"l is in some respects not the natural thing to consider 

when dealing with a finite object A. The picture changes if one 

considers the set of finite subsets of a finite set A, namely K(A). 

In fact, the following theorem holds. 

3.14 Theorem. For any A, 

is finite. 

K(A) is finite if and only if A 

This was proved by two of the authors ( ~by P.L. I ~ by 

C.J.M.); the proofs will appear elsewhere (hopefully). 

On the basis of this, one of the authors (P.L.) has proved that 

if A and B are finite and B injective, then Arh B is finite, 

and that, in the Boolean case, if A and B are finite, then 

Arh B is finite. But in a Boolean topos, .(l = 1 + 1 is finite. Con-

sequently, the finite objects of a Boolean topos define a subtopos. 

Using the technique of [8], another of the authors (C.J.M.) 

has made an analysis of the monad A ~ K (A) on an elementary topos 

E. He also proved that the algebras for this monad is the category 

of upper semi-lattices in ~; this is of course the category of al­

gebras for a certain (external) finitary algebraic theory 1r 

(generated by a nullary operation 0 and a binary operation v ) • 

In paticular, the category of algebras for this 'lf is triplable 

without assuming a natural numbers object in E. 

We mentioned briefly in the Introduction the relationship be­

tween notions studied in [1], Expose 6, and our notions. In [1], 

finiteness (or quasi-compactness, rather) is also discussed for 

maps in a topos. In this direction, one can prove (A.K.) the result 
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that for a map f: A + B in an elementary topos, the two conditions 

(i) f is a finite object in ~/B 

(ii) if X+ B is finite in ~/B, then f*(X) is 

finite in ~/A ("f has finite fibres") 

are equivalent. 
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§ 4. Algebraic lattice objects 

In this section we give an example showing how the finiteness-

and directedness-notions considered can be used to lift lattice-

theoretic theorems into arbitrary elementary toposes. The example 

is a topes-theoretic version of a generalization of a (not very 

deep) theorem of Jlirgen Schmidt, stating that a closure system is 

algebraic if and only if it is inductive. Or, alternatively, our 

example may be seen as liftings of lattice theoretic specializations 

of recent results concerning categories (Gabriel and Ulmer, [7], 

§ 1 0) • 

By an algebraic lattice object in an elementary topos ~, we 

understand a complete ordered object B, such that the identity 

map of B can be written as the composite 

-1- seg s m 1 3 s sup 
B-> B,t,~ S(B),t,~-----> B,t,~ -B 

(This expresses, set-theoretically, that every bE B is the 

supremum of the intranscessible elements c ~ b. This is one of 

the equivalent forms of the classical description of algebraic 

lattices, see for instance Diener [6]). 

If i: C >----+ B is a subobject of B with order-relation on 

C induced by that on B, then set-theoretically, i has a left 

adjoint iii: B .... C if and only if i preserves all inf' s (by 

adjoint functor theorem), or, equivalently, if and only if Cis 

closed under the formation of inf's in B. So, considering such 

a situation 

( 4. 1) i:C>-+B <.p: B .... C \j) -1 i, 

set-theoretically amounts to considering a closure system C on 
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the complete ordered set B, with C the set of closed elements. 

We consider the situation (4.1) in an arbitrary elementary topos, 

and denote by ~ the composite 

i 
---> B. 

It is a closure operator (monad) on B. Every closure operator 

arises from such ~. i (by the "Eilenberg-Moore factorization"). 

Generalizing slightly the terminology of Jurgen Schmidt [17], 

or Cohn [5], we call the situation (4.1) an inductive closure 

system if i preserves directed sup's, in the sense that if 

F : X -----+ C rh rl 

is directed, then 

3 i Brhrl 

supc j j supB 

c ----c-----> 
i B 

commutes.And we call ~: B-+ B an algebraic closure operator if 

~ can be written as the composite 

-1-seg s "'1 3 s sup 
(4. 2) B -----+ B th rl --------> S ( B ) Ill rl -----+ B rh rl --------> B It\ rl -----+ B . 

(Set-theoretically: for every bE B, ~(b) sup{~ (d) [ d ~ b and 

d intranscessible}). 

With notation as in (4.1) and the terminology just introduced, 

we have the following generalization, and lifting to topos context 

of Jurgen Schmidt's Theorem 

4.1. Theorem. Let B be an algebraic lattice object. Then a 

closure system on B is inductive if and only if the corresponding 

closure operator is algebraic. 
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(These conditions are also equivalent to: ~ preserves in-

transcessibles - see Theorem 4.6). 

Before proving the theorem, we state three lemmas. 

4. 2. Lemma. Let ~: B .... D be a monotone map between ordered 

objects. Then we have the inequality 

< 

The proof is straightforward and omitted. 

4. 3. Lemma. We have the equality + cl· supB 

The proof is straightforward and omitted. 

4. 4. Main Lemma. If F: X .... B rt. rJ is directed, then the 

total diagram in 

~B + seg, 
Blhrl ~ S(B)rl\rl 

+ cl 

commutes. 

~~oof. Since F.+cl. sup~ F.sup (Lemma 4.3), and since 

clearly F directed implies F.+cl directed, we may as well re-

place F by F.+cl. Thus we just have to prove that, for a 

directed and +-closed F: X -+ B th rJ, we have 

F.sup.+seg. s rt. 1 :;: F. s m 1, 

the other inequality b~ing obvious. We use the extensionality 

principle 1.2. Let a: Y->X and b: Y-+S(B} satisfy 
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bE a.F.sup.tseg. srt-.1. 

Then 

b.s E a.F.sup.tseg. 

So 

b.s < a.F.sup. 

Now b. s.: Y .... B is intranscessible since s is. Since 

a. F: Y .... B til S1 is directed, we therefore have an epic 13: Z ..... Y 

and d: z .... B with 

13.b.s :;; d and d E l3.a.F. 

Since F is +-closed, l3.b.s. ~ l3.a.F, and since 13 is epic, 

it cancels off, so that we have b.s. E a.F. From this, we con-

elude 

bE a.F.srh1 

as desired. 

Proof of the theorem. Suppose first that the closure system is 

inductive. We must prove that the following diagram is commutative 

B ~ BrhS1 s"' 1 S(B)thS1 3 s B-+-S1 2...<£___. crhn ----> ----> 

(4 .3) ~1 ~l3i 
B B .+, S1 

supB 

Let y denote the top row. If we can prove y directed, then by 

assumption of inductivity of i: C ->B, 

y.3i.supB 
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and substituting for y and using that ~ preserves sup's 

(being a left adjoint), the right hand side of this equation 

becomes 

tseg. sft-11. 3s. 3~. supc. i 

(tseg. s tt. 1. 3s. supB). (jj .i 

because the bracket part is an identity map by the assumption that 

B is an algebraic lattice. It thus remains to prove that the top 

row in (4.3) actually is directed. Existential quantification along 

an order-preserving map preserves the notion of directedness, so 

it suffices to prove that 

+seg. stl\1: B-+ S(B)tt.rl 

is directed. This is an easy consequence of the fact that 

s: S(B)- B is a "sub-upper-semi-lattic~~ that is s preserves v 

and 0. For, if now 

a: X-+B and bj: X-+ S (B) ( j 1 '2) 

are given and satisfy 

b. E a. t seg. s rh 1 
J 

( j 1 '2) ' 

then 

bj.s ~ a ( j 1 , 2) , 

thus 

b1. s v b 2 .s ~ a, 

and since s preserves v 

(b1 v b2) .s ~ a, 

thus 
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b 1 v b 2 E ex. +seg. s rh 1 . 

This witnesses that +seg. s tl\ 1 is 2-directed. Similarly, s pre­

serving 0 implies that + seg. s rh 1 is 0-directed. This completes 

the proof that "inductive implies algebraic". 

Conversely, if ~ is an algebraic closure operator 

~: B .... B on the algebraic lattice object B, then we shall prove 

that if F: X+Crl\rt is directed, then 

F.3i.supB. 

We have 

(~ being cocontinuous) 

so we need only prove that 

(4. 4) 

To prove this, consider the inequalities (and equalities) 

F.3i.supB.+seg.s th 1.3s.3~.supB 

(by algebraicity of ~) 

F. 3i. +cl. s ffi 1. 3s. 3~.supB 

(by Main Lemma 4.4, and directednss of F.3i) 

SF.3i.+cl.3~.supB 

(by end-adjunction for 3s -1 s rh 1) 

~ F.3i.3~.+cl.sup 

(by Lemma 4. 2) 

F.3i.3~.sup 

(by Lemma 4 . 3) 
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F.3i.sup, 

the last equality because i is the equalizer of ~ and idB. 

Since the other inequality in (4.4) is obvious, equality holds, 

and the proof that "algebraic implies inductive" is complete. 

The theorem may in particular be employed with B = A rh ~ 

giving the form of Jurgen Schmidt's theorem (essentially) which is 

quoted in Cohn's book [5]. For, it is a consequence of things al-

ready proved that A th r2 is an algebraic lattice object: singletons 

are intranscessible by Lemma 2.7, and every element X~ A~ r2 

in A tl\ Q is sup of the intranscessibles below it, because it is 

already the sup of the singletons below it. Formally, we must prove 

+seg.sti\1.3s.U ~ idA<t-rl' 

but the left-hand side here is, by end-adjunction, larger than or 

equal to 

Since {·}.s {·}, this expression equals 

+seg. { ·} rt-1 . 3 {.}. 

which is easily seen to be idA ti\ r2. 

Before we state the second theorem, we give the topes­

theoretic version of the fact that if B is algebraic and 

bi: X .... B are arbitrary (i=1, 2), then the statement b 1 ::: b 2 

can be tested by intranscessibles: 

4. 5 Lemma. In an algebraic lattice B, b 1 :5 b 2 if for every 

a: Y .... X and every intranscessible v: Y .... B, 

v < a.b 1 implies v :5 a.b 2 . 
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(The converse is also true). 

Proof. By assumption of algebraicity 

So it suffices to prove 

b 1 .+seg.s tl\ 1.3s.sup ::: b 2 

which by adjointness sup -1 +seg and 3s -1 s tl\ 1 is equivalent to 

(4. 5) 

To prove this inequality, we use the extensionality-princple: 

let a: Y +X and a: Y + S(B) satisfy 

a~ a.b 1 .+seg.s 1!'11, 

that is, 

a.s:::a.b 1 . 

Now a.s is intranscessible (s is "the universal intranscessible 

element"), and the assumption then gives a.s _: a.b 2 . From this we 

conclude a~a.b2 .+seg.stt>1, and (4.5) is proved. 

4.6 Theorem. Consider a closure system 

i: C >-+ B, ((): B -+ C (() -1 i 

as in (4.1), with B an algebraic lattice object. This closure 

system is inductive if and only if "~ preserves intranscessibles" 

in the sense that if b: X -+ B is intranscessible, then so is 

b.~: X -+ C. In this case, C is also an algebraic lattice object. 

Proof. Suppose the closure system is inductive. Let b: X -+ B 

be intranscessible in B. We must prove b.~: X -+ C intranscessible 
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in C. Let a: Y -> X and F: Y -> C rh rl satisfy: F directed 

and 

By adjointness ~ ~ i, we have the inequality in 

(4. 6) a.b ~ F.supc.i = F.3i.supB, 

the equality sign by the inductiveness-assumption. But F.3i is 

directed, and since a.b is intranscessible, the total inequality 

in (4.6) implies the existence of an epic S: Z -Y and 

b : z .... B with 
0 

b 
0 

~ !3 • F . 3 i and S • a . b < b 
0 

• 

Using the existence-principle 1.2, we find yet another epic 

!3' : z' - z and c: Z' .... c with 

c. i !3 ' • b 
0 

and c ~ !3 ' • !3 • F. 

We clearly have 

!3'. (3.a.b 5 !3' .b 
0 

hence by adjointness ~ ~ i 

c.i, 

S' .s.a.b.iii < c E s· .s.F. 

The epic !3' .(3 and the element c: Z' -> C now are witnesses 

of the intranscessibility of b.iji. 

Since now ~ preserves intranscessibles and ~ preserves 

sup's, and since B is algebraic, we easily conclude that C also 

is an algebraic lattice object. 

Conversely, if ~ preserves intranscessibles, we shall prove 

that i: C>-> B preserves directed sup's. Let 
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F:X-->Cihrl 

be directed. It suffices to prove 

(4. 7) 

(the other inequality being clear). It suffices to test with intrans­

cessibles, by Lemma 4.5. So let a: Y -->X be arbitrary and 

v: Y --> B intranscessible, and assume 

Then, by adjointness, 

v.4J s a.F.supc, 

and since v.4J by assumption is intranscessible, there is an 

epic S: Z -->+Y and c: Z--> C with 

[3.v.~ < c ~ [3.a.F. 

By existence principle 1.2, and by adjointness, we then have 

[3.v < c.i.§_ [3.a.F.3i. 

Then 

[3.v < [3.a.F.3i.sup8 , 

and hence, cancelling the epic [3, 

v S a.F.3i.supB. 

This proves the inequality (4.7), and thus the theorem. 
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UNIVERSES IN TOPOl *) 

Christian Maurer 

Universes lie at the very heart of the foundations of category theory 

within a set theoretical (Zermelo-Fraenkel) framework (see [1], [5], 

[ 11], [ 12], [ 17], [ 18], [ 26]); topos theory a la Lawvere-Tierney 

([2], [7], [14], [16l) seems to be the most effective categorical 

approach to set theory (apart from the sheaf aspects in geometry). 

So it is natural to combine these two concepts and consider an object 

in a topos which plays the role of a universe. This allows for the 

development of certain categorical notions inside a topos hinging on 

the distinction between "small" and "large" objects. 

We assume the reader to be familiar with the basic methods and 

results of the theory of ele!'lentary topoi (see e.g. 16], [8], !9], 

f15], [19], [27]). Terminology and notation is the usual one. We 

shall use the (-)&Co-language (coadjoint means left adjoint etc.). 

The identity morphism on an object A is also denoted by A ; the 

exponential transpose (via the evaluation morphism cAxA evAC-> C 

in a cartesian closed category is marked by a bar (in either direc­

tion): BxA f=g > C <-> B g=f > CA . ! A or just ! : A --> 1 

denotes the unique morphism into the terminal object. 

By a topos we mean a category E with a terminal object 1 , 

pullbacks for any two morphisms with common codomain, a subobject 

classifier true > 0 and power objects PAxA ~A-> 0 . All these 

data have got to be chosen once for all. (By fsl, [21] and f27], this 

is equivalent to the "old" definition.) 

*) This paper is a concise version of the author's dissertation [19] 
at the University of Bremen, Germany. Some of the results were an­
nounced at the Berlin Topos Seminar, 1973. 
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Some topos theoretic notations: for any A E Ob~ , let OA , 1A: 

---> PA , 'A: PA ---> PA and ~A , ~A , VA: PAxPA ---> PA be the 

~eyting algebra operations and PAxPA ~A-> 0 the order (inverse 

inclusion) relation with its transpose PA-RA-> P2A (internal power 

formation; dually cA and qA ). With respect to this ordering, let 

P2A ~A-> PA denote the coadjoint of PA (internal union operator; 

dually nA the internal intersection operator, adjoint on the right 

to qA ). For any two morphisms f, g: X---> PA such that 

CA (f ,g) = true X true! X we write f < 

subobject classified by PAxA evA-> 0 

g . 
. For 

EA >--> PAxA 

any morphism 

is the 

A__£_> B , 

let Pf = of and 3f 
' 

'Vf: PA --> PB its coadjoint and ad joint 

resp. The characteristic morphism A ---> 0 of a mono B ~> A is 

denoted by ch(f) . For any A A _ilA-> PA is the transpose of 

ch(llA) ' 
where llA: A--> AxA is the diagonal. 

Lemma 1: If A_!_> B is monic, then 

> 1 

r 
PAXA true 

PAxf r 
v 3f v 

PA><B >0 

is a pullback. 

Definition 1: A relation A_£_> PA (or AxA -E-> 0) is 

called extensional, if r is monic. An extensional relation is 

called power closed, if there is a factorization 

p 
A -------> A 

r r 1 ( Jr) r 

v PA 
> P2A PA 

( p then is uniquely determined and monic). 
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From now on, let U -E-> PU be an extensional power closed 

relation in the topos E . Elementary spoken, add to the language of 

E (in the sense of [13]) a constant r E E with cod(r) = P(dom(r)) 

satisfying the axioms 

r is monic (EXT) 

and (POW) there is a factorization U _]_> U as in def. 1. 

As a further axiom we postulate the existence of enough global sec­

tions of U : 

( GS) there is some 1 --> U . 

Lemma 2: If X ~> PU is a morphism such that a < rb for 

some X _b_> U then there is a (uni~ue) factorization X~> PU 

= X ---> U ~> PU • 

Proof. Conse~uence of lemma 1 and the fact that the diagram defining 

p is a pullback. 

Corollary: There are factorizations 1 _QU-> PU = 

= 1 _Q_> U :::--E-.> PU and U ..Jlu-> PU = U _.il_> U ::--E.-> PU . Hence, 

by [6], theorem 5.44, E has a natural number object N >---> U • 

Definition 2: Let 1 - 1-> u = 1 - 0-> U _]_> U . 

Lemma 3: There is a monomorphism U+U ~> UxU 

Proof. U (U,l!) > UxU and U (U,O!) > UxU are disjoint. 

Let PUxPU ~> P(UYU) be the composition of the canonical 

isomorphism PUxPU _j_> P(U+U) with 3m . As a further axiom we now 

postulate the existence of a (recursive) pairing morphism 

(PA) there is a monomorphism UxU ~> U such that 

UxU 

l(rxr) r 
v 

P(UxU) 

s 
>-------> u 

3s 
>------> commutes. 
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(The set theoretic construction in ZF of this map hinges on the fact 

that the relation R given by 

(x',y')R(x,y) ., (x'ExAy'=1)v(x•EyAy'==0) 

is extensional and well founded (see [20]). Thus, using the theorem 

of Mostowski (see e.g. r10l, ch. III) I there is an ordered pair 

<.,.> such that <a,b> = {<x,l>\xEa}U{<y,o>\yEb} for 0 = ¢ and 

1 = {O} and one has <a,b> <a',b'> Q a== a' and b == b' .) 

By means of the internal product operator ku = "'uxu(Ppr
0

,Ppr1): 

PUxPU --> P(UxU) composed with 3s there is the product morphism 

q 1 : PUxPU --> PU As next axiom we have 

(PROD) there exists a factorization (automatically unique) 

UxU 

rxr I 
v 

PUxPU 

q 
-------> u 

I r 
q1 v 

---'-> PU 

Definition 3: An object U with an extensional power closed 

relation r satisfying moreover the axioms (GS), (PROD) and (PA) is 

called a weak universe. -For the transposes of the relations r and 

rp we write UxU --~-> 0 and UxU -2-> 0 , resp. (called (inverse) 

element and inclusion relation). 

Definition 4: For any two objects A , B in ~ 1 let 

fAB: P(AxB) --> PA 

P(AxB)xA ~AB-> PB 

evAxB . Then it is 

be the transpose of 

ch( { }BL> o 
' 

where 

known (see [ 8]) that 

BA 
v 

---------> 
1 
I 

"' P(AxB) 

the composition 

eAB is the transpose 

there is the pullback 

of 
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Definition 5: For a weak universe, let PUxPU 

intersection of the two morphisms PUxPU -S1-> PU -Ru-> P2U and 

PUxPU -EEo-> PU _ilU-> P 2U PfUU-> P2(UxU) ~> P2U . 

Lemma 4: There is a factorization 

UxU 

rxr r 
e 

--------> u 

r 
e1 2 

PUxPU --~--> P U 

(3r)r 

Intuitively, this lemma expresses that a weak universe is exponen-

tially closed. 

Proof. By looking at (POW) and (PROD) and applying lemma 2 twice. 

Now, one of the main aspects of this note is that with the help 

of this operation, U can be given the structure of an internal 

category in the topos ~ • (For the definition of internal categories 

see [ 4], [ 9], [ 19] or [ 27].) 

Definition 6: We consider the transpose of UxU PU = 
UxU __ e_> U ~> PU , and define the morphism object U' and the 

morphisms "domain", "codomain" and "graph'' by the pullback 

u• -------> 

(dom,cod,gra) ! l true 
v e v 

UxU xU ----"'0 --> n 

Obviously, one has for the internal product the inequality 

3~U ~ kU~PU , from which we get by the definition of q 1 

3s3Au ~ q 1 ~PU , therefore 3( sc.U) r ~ rq~U . 'rhus, by lemma 2 there 

is a factorization 

s' 
u --------> u 

r 1 1 r 
v 3(s~u) v 

PU ___ _:;:._> PU 
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For this operation one has U (U,U,s') > UxUxU ~o-> 0 

as an obvious conse~uence of lemma 4. 

Definition 7: Let id: U --> U' be .the morphism which arises 

out of the definition 6 by the above equality. 

Theorem 1: If U _£_> PU is a weak universe, then 

U < dom U' ~> U is an internal category in E 

Proof. The identity morphism (unit in the corresponding monad) is 

given in def. 7; the equations dom id = U = cod id are immediate. 

The object ~of composable pairs of morphisms" is given by the pull-

back cod' 
U" -----> u I 
I 

I 
dom' I dom I 

I 
I 
v cod v 
u• --->U 

Then the composition morphism comp: U" --> U' is defined using the 

fact that the composition of morphisms in a topos is but the relatio­

nal composition P(UxU)xP(UxU) ~o1xPpr12-> P(UxUxU)xP(UxUxU) --> 

~UxUxU-> P(UxUxU) -lEEo2-> P(UxU) where prik denotes projection 

into the (i+1)-th and (k+l)-th factor (see e.g. [8]). For the details 

of this construction and the proof that the data given do indeed 

yield a category object (both involving somewhat lengthy and boring 

computations) the reader is referred to [19]. 

It is pretty obvious that such a weak universe has much more 

structure than just t~at of an internal category. Thinking intuitive-

ly of "elements" of U as of U-sets and of "elements~ of U' as of 

morphisms between U-sets, we can describe internal versions of all 

topos axioms by constructing appropriate operators between (finite) 

limits of diagrams, starting with the basic data U , U' , U" , dom , 

cod , id and comp , then using the derived data dom' , cod' etc. 

and the ones given by the axioms ( r , p, 0 , 1, s and q ). 
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However, this procedure (similar to the techniques used in [4]) will 

be rather long and computational. So, avoiding chasing through large 

diagrams, one should employ the more suggestive and easier to handle 

methods which are due to Mitchell, Benabou [3] and Osius [24], [251 

to get the following result: 

Theorem 2: U is an internal topos in E 

Of course a weak universe can be made more set like. For this 

purpose we first recall a definition from [23], ch. 6: 

Definition 8: A relation A_£_> PA is called recurs\ve 

if for any PB _£_> B there exists a unique morphism A _!_> B 

such that 
f 

A ------> B 

I 
A 

r I g 

v 3f 
PA ------> PB 

commutes. (In the set case, this property expresses that r is 

well founded.) 

For any relation A _!_> PA 

tive subobjects of A ", given by 

there is the object "of (r-)transi­

PA ( 3r,PAl_> P2AxP2A _sPA-> n 

as a subobject of PA • Let PA _!A,r-> P2A 

PAXPA ~A~PA( 3r,PAll£E1l_> Oxn ~> 0 and 

be the transpose of 

t FA --A,r-> PA = 

FA _!A,r-> P2A ~A-> FA , intuitively the transitive hull operator. 

Definition 9: An extensional relation A~> PA is called 

transitive closed if there is a factorization 

t 
A ------> A 

r r ~ r 
v t v 

FA A1 r > PA 
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Using the (r-)union operator PA _]£_> P2A ~A-> PA we define an 

extensional relation r to be union closed analogously. 

Lemma 5: A transitive closed relation is union closed. 

Proof. The adjunctions between uA , PA and nA , ~A resp., yield 

UA3r < tA,r from which the assertion follows by lemma 2. 

Finally, for a relation A ~> PA there is an appropriate 

formulation of the replacement axiom. For that, we consider the 

subobject FA >---> P(AxA) defined by the pullback 

FA ----------------> A 
v 
I 
I 
I 

~ 
P(AxA) 

I (r,r) 

( 3 pr 0 , fAA) v 
----~--~~> PAxPA 

Definition 10: An extensional relation (A,r) is called 

replacement closed if there is a factorization 

ran 
FA --------> A 

~ r 
3pr 

1 
v 

--..;.._:> PA 

I 
v 

P(AxA) 

(intuitively, if the range of a functional relation defined on an 

element of A is again an element of A). 

Definition 11: A weak universe (U,r) is called a universe 

if the following axioms hold: 

(UN) r is union closed 

and (REP) r is replacement closed. 

It is called a set theory object if, moreover, the following axioms 

are valid: 

(REC) 

and ( TRH:) 

r is recursive 

r is transitive closed. 
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In the set case, elements of a universe are sets themselves, 

therefore a universe is a subworld. In the absence of actual elements 

in a topos, as a first approximation to that notion we have the one 

of global sections. To imitate the above situation, let us consider 

the subsystem ~0 = ~(1 ,u) c E of such global elements of U • 

Theorem 3: If u is a weak universe then E -o is a category. 

Proof. Objects are given by ~0 , the morphisms by ~(1 ,U') etc., 

i.e. for any two a , b E ~0 
the pullback 

(a,b) = ~(1, (a,b)) is given by 

E (a, b) 
0 v 

I 
I 

~ 

----------> 

I v ( d om, cod) 
u• ------> UxU 

(a, b) 

The statement then is easily deduced from theorem 1. 

Theorem 4: ~0 is a topos. 

£!QQ!. Corollary to theorem 2. 

Let t: E --> E be the function (in the language of thecate--o -

gory E which sends a global section ~> U to the (canonically 

chosen) subobject of U classified by U ~> 0 , followed by the 

forgetful ~U --> ~ . 

Theorem 5: t: E --> E is a logical embedding, i.e. a fully -o 
faithful functor preserving all the topos structure. 

l!QQ!. Out of the definition of the operators p , 0 s and q , 

it is straightforward to see that for any a 

isomorphisms t(pa)~P(+(a)), t(O)~O 

b E E there are -o 
t(s(a,b)) ~ t(a)++(b) 

and t(q(a,b)) ';;' Ha)xt(b) • Furthermore, by looking into the 

construction of 1 and e we get t(l) ~ 1 , t(p1) ~ 0 and 

t(e(a,b)) ~ t(b)t(a) • As an example, the last isomorphism is proved 

by showing that there is a pullback 
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t(b) t(a) --> 1 

r 
P(t(a)xt(b)) true 

1 e
0
(a,b) v 

u > 0 

Since e
0
(a,b,graf) = true for any f E £!

0
(a,b) , this yields some 

1 --> t(b)t(a) , the transpose of which is defined to be t(f) • It 

is not hard to see that this function E (a,b) --> E(t(a) ,~(b)) is -o -
a bijection in E and that t preserves identities and equalizers. 

The proof that the composition is preserved is a bit more nasty. 

As a corollary, we get: 

Theorem 6: If u is a set theory object then 

of Z-sets in the sense of [~3], 8.21 f. 

E -o is a topos 

~· t is logical, hence it preserves the notion of transitivity. 

Thus, the axiom 8.20 (APT) of [231 follows by (REC) from theorem 6.3 

loc.cit. and from the next result which we mention without proof: 

Lemma 6: 

relation (A, r) 

With the same methods as in the proofs of the theorems 1 and 2 

we get the following generalization: 

Theorem 7: If U is a weak universe then PU is an internal 

category and U _£_> PU an internal functor. Furthermore, PU is 

internally finitely complete and cocomplete and has an internal 

subobject classifier, and r preserves all these things. 

Corollary: £!1 = £!(1 ,PU) is a finitely complete and cocomplete 

category with subobject classifier and there are logical embeddings 

£!( 1 ,r): £!
0 
-> £!1 and t 1 : £!1 -> E such that t 1£!(1 ,r) and t 

0 

are naturally isomorphic. 
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Definition 12: Let EU and ~PU be the isomorphism closures 

of il\ E -o and resp., in E . Then the objects in EU are 

called U-sets and the ones in ~PU are called U-classes. 

Lemma 7: If u is a universe then there is a factorization 

e• 
UxPU ------> PU 

rxPU I l 3r 
v e1 p2u PUxPU > 

In particular, BA is a U-class for B a U-class and A a U-set, 

Proof. From the construction of FU >---> P(UxU) we can derive the 

inequality e 1(rxPU) ~ F~! where FU: 1 ---> P2U is the transpose 

of the characteristic morphism of FU >---> P(UxU) ~> PU . 

By (REP), we get a factorization FU >---> P(UxU) ~> PU = 

= FU ---> U ~> PU and, therefore, the assertion as an application 

of lemma 2. 

With this lemma at hand, one should expect to be some sort 

of model for Neumann-Bernays-Godel set theory. Though we have not 

checked the details we are convinced that in case U is a set theory 

object, ~1 (or ~PU , resp.) is a category of classes and maps in 

the sense of [22]. 

Last not least, there is the obvious result: 

Theorem 8: Let § be the topos of ZF-sets. Then our notion of 

set theory objects coincides up to relational isomorphism with the 

(classical) one of universes. 

Proof. A set with an extensional and recursive relation is iso­

morphic to a transitive set with the E-relation. The rest of the 

proof is a straightforward exercise in passing from topos theoretic 

statements to set theoretic ones and vice versa. 
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0, Introduction 

It has often been pointed out that the elmentary topoi intro­

duced by Lawvere and Tierney [11,12,14] serve as the right generaliza­

tion of "the" category of sets. Consequently many successful attempts 

have been made to lift results well understood for the category of 

sets (or set theory) to arbitrary topoi, using various more or less 

general techniques to establish such liftings (see bibliography). The 

purpose of this paper is to present a detailed exposition (and some 

applications) of logical and set theoretical tools which turn out to 

be extremely useful for establishing results in arbitrary topoi. The 

method originates from W. Mitchell [20] but has underwent changes, 
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precisions and further development, some of them due to the author's 

discussions with J. Benabou, A. Kock, F. w. Lawvere, Ch. Maurer and 

Ch. J. Mikkelsen. 

The basic idea of this set theoretical method is that we imagine 

the objects of an (arbitrary) topos to have unspecified "elements" 

which behave in much the same way as the elements of sets in the cate­

gory of sets. Formally the introduction of these "elements" amounts to 

the construction of a many-sorted set theoretical language L(SET) over 

the language L(ET) of the theory ET of elementary topoi (which corres­

ponds to the language L(~) in [20,23] defined over a~~ of ET). 

The language L(SET) admits a natural "internal" interpretation in 

topos theory ET which gives rise to a notion of truth, called internal 

validity, and hence to a "set theory" SET defined over topos theory ET 

(for a natural "external" interpretation of L(SET) the reader is re­

ferred to Osius [23]). In fact SET is an 0-valued set theory, 0 being 

the Heyting-algebra of subobjects of 1 in ET. The first important re­

sult is that the axioms and deductive rules of many-sorted intuitioni­

stic (and even classical for the boolean case) logic and the axioms of 

many-sorted set theory hold in SET. Furthermore, the complete topos 

structure can be characterized in the set theory SET, so that any 

"property" in ET (e.g. equality or existence of maps, diagrams being 

commutative, squares being pullbacks) holds if and only if a corres­

ponding set theoretical property in SET is internally valid. Hence re­

sults in topos theory can be established by showing that their "trans­

lation" in SET holds. This can be phrased by the slogan: "Topos theory 

is contained in intuitionistic many-sorted Heyting-valued set theory". 

This set theoretical method of investigations in topos theory has 

the advantage, that - once the set theory SET has been developed to a 

certain extent - it allows to immediatly proceed from a heuristical 

set theoretical idea or construction to the corresponding result in 
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the topos without having to wrestle with lots of diagrams {getting 

bigger and bigger). To illustrate the method thoroughly we prove a few 

results for recursive relations (due to Mikkelsen [19]) and natural 

number objects using our set theoretical arguments. 

Particular care has been taken in order to present a detailed and 

sound approach to the set theory SET, which may even appear pedantic 

at some places. Some material on intuitionistic logic has been inclu­

ded to facilitate further applications and to keep the paper as self­

contained as possible. 

Independently of our investigations J. B6nabou [1] has construc­

ted a formal language over more general types of categories (rather 

than topoi) and has achieved some of our results in section 1-3 by 

specializing his formalism to topoi. 
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1. The theory ET of elementary topoi 

An elementary topos is - in the original definition given by 

Lawvere and Tierney [14] - a finitely bicomplete cartesian closed 

category with a subobject-classifier. Mikkelsen [17] has shown that 

finite bicompleteness can be reduced to finite completeness (later 

Par~ [24] has given a different proof), and Kock [6] has proved that 

cartesian closedness can be weakend to existence of power-objects. 

Hence an elementary topos is a finitely complete category with a sub­

object-classifier and power-object formation (an equivalent defini­

tion is given by Wraith [29]). To be definite, we give the full (ele­

mentary) definition. 

1.1 Definition An elementary topos li consists of a collection 

Obj(li) of objects and a collection Map(li) of maps together with 

( 1) unary operators "dom" (domain), "cod" (codomain), "id" 

(identity map), and a partial binary operator "•" (composition) such 

that ( Obj(li) ,Map(li), dom,cod, id, • ) is an elementary category. 

(2) a terminal ob,iect "1" and a unary operator "ter" assigning 

to any object A the unique map A --> 1 • 

(3) partial binary projection-operators pr1 , pr2 such that for 

all pairs of maps ( A __!_> C , B ..1£.....> C ) the diagram 

pb(f,g) pr2(f,g) > B 

pr1(f,g) I l g 
v f A > c 

is a }2ullback, and a partial operator pb* assigning to any commuta-

tive square D h --> B 

k t g t f A --> c 

the unique map D --> pb(f ,g) induced by (k,h). 
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(4) a subobject-classifier true 
__.;;.;:...;;~> 0 and a unary operator x 

assigning to any monomorphism B~>A its unique characteristic map, 

i.e. 

is a pullback. 

B -----> 
m r VI true v xm 
A--~> n 

(5) two unary operators P, ev assigning to an object A its 

power-object PA and the evaluation PAXA ---> n , and one further 
evA 

unary operation p* which assigns to any (relation) CXA ~> 0 the 

unique map C ->PA induced by R, i.e. R = evA (p*RXA) • (The product 

functor xis defined as usual in terms of 1, ter, pr1 , pr2 , pb*.) For 

convenience: P1=0 and P1x1 ---> 0 is the first projection (this is ev1 
not essential since it always holds "up to isomorphisms"). 

It is obvious that elementary topoi are precisely the models of 

an appropriate first-order theory, the theory ET £! elementary topoi. 

We only give a brief description of ET (the exact definition can easi­

ly be worked out by the reader familiar with formal theories): 

ET is two-sorted (i.e. the terms are devided into objects and maps) 

and has as primitive notions the operators dom, cod, id, •, 1, ter, 

pr1 , pr2 , pb*, true, x, P, ev, p* and two equality predicates (one for 

objects, one for maps). The nonlogical axioms of ET are the formal 

translations of 1.1.1-5. Freyd [4] points out, that ET is an essen­

tially algebraic theory (in fact, the operators ter, pb*, x, p* were 

only introduced to avoid existential quantification in the axioms for 

topoi). 

Unless otherwise mentioned all our considerations take place in 

the elementary theory ET and can be formalized there. However for in­

tuitive reasons we sometimes pretend to work in a fixed topos li (i.e. 

a model of ET) rather than in the theory ET itself. 
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The basic development of the theory ET of elementary topoi will 

be presupposed (see e.g. Lawvere-Tierney [14], Freyd [4], Kock-Wraith 

[9]) but to explain some notations let us briefly mention some results 

which turn out to be important for our considerations. 

Kock [6] (p.5} has constructed exponentials BA (for arbitrary ob-

jects A, B) and eyaluation ~ BAxA ---> B , and Mikkelsen [ 17] 
evAB 

has constructed an initial obiect 0 and pushouts, so that all finite 

colimi ts exist. However we will not need coproducts and coequalizers un­

til their construction will be given (section 5) but assume only the 

existence of unions~ monomorphisms and images~ maps (see [17]). 

Passage from a map CxA _L> B to its exponential ad.joint 

C ....JL>BA and conversely will be denoted by g:=1 resp. f:=g • 

The subobject- classifier 0 is an internal Heyting-algebra (i.e. 

pseudo boolean algebra) with respect to the maps true > 0 , 

false >(l , (l ....2.> (l (negation)' nxn ....!::....> (l ( con.junction), 

(lX(l _.::!_> (l ( dis.junction) and O><fl -=.....> 0 (implication). By a subob.j ect 

of a given object A we understand a map A--> 0 rather than the cor-

responding equivalence class of monos into A, however sometimes a mono 

B >->A will also be called a subobject. 

The structure of (l induces a Heyting-algebra structure on the 

subobjects of A having the operations trueA' falseA' 'A (complement), 

nA (intersection), uA (~) and ~A (implication). 

A map A..!...> B induces an operation of inverse image ~ f, de­

noted f- 1(-), from subobjects of B to those of A , and three opera­

tions of direct image under f from subobjects of A to those of B: 

1, direct existential image~ f, denoted 3f(-) 

2. direct universal image~ f, denoted Vf(-) 

3. direct unigue-existential image~ f, denoted 3!f(-) • 

Indeed, for monic maps C rE--> A , D :;:....!!..> B with characters A J!_> 0 , 

B _!L> (l we have: 
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1.2 r-1 (N) is the character of pulling n along f. 

1.3 3f(M) is the character of the image of fm. 

1.4 \ff(M) is the character of rrf(m) (!If is the right adjoint 

of pulling-back-along f). 

1.5 3!f(M) is the character of the unique-existentiation part 

of fm, i.e. the pull back of C .J.::.L> PC along B .J.::.L> PB Ofm > PC 

(see Freyd [4], Prop.2.21). 

In some places we will also consider the stronger theory EBT of 

elementary boolean topoi which we get from ET by adding the following 

1.6 Axiom of booleaness 

In EBT 0 is an internal boolean algebra and the algebra of subob-

jects of a given object A is boolean. 

Finally a convention concerning the notation. Although we fre­

quently introduce subscripts (or indices) for a better understanding, 

we will omit these subscripts whenever no confusion seems to be possi-

ble. 
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2. The language L(SET) and its internal interpretation 

Let us proceed to the construction of the set theory SET defined 

over ET which will serve as a powerful tool to translate set theore­

tical arguments and constructions into topes theory. First we describe 

the language L(SET) of SET which is essentially due to W. Mitchell 

(who denoted it L(~) in [20] for a given topes~). The idea behind 

this language is that we imagine the objects in ET to have unspecified 

"elements" (as if we were working in the topes of sets) having the 

following important properties: 

a) 1 has a (unique) element. 

b) any map A...!...> B induces the operation "value under f" from 

elements of A to those of B. 

c) the elements of AXB are "ordered pairs" of elements of A, B. 

Using the predicate of equality and first-order logic we can formulate 

enough "properties" of elements. 

Formally the language L(SET) will be constructed over the langu­

age L(ET) of the theory ET of elementary topoi as follows. 

L(SET) is a many-sorted first-order language having the objects 

of ET as ~. i.e. there is a type-operator T assigning to each term 

x of L(SET) an object (term) TX of ET. The terms of L(SET) and the 

type-operator are given recursively in the usual way by the following 

rules 2.1-4. 

2.1 o• is a constant with To·= 1 • 

2.2 For any object A there is a countable number of variables 

of type A. 

2.3 For any map AL>B there is an operator f(-) "value under 

f" from terms x of type A to those of type B : Tf(x) =B • 
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2.4 For any pair (A,B) of objects there is an "ordered-pair­

operator" (-,-) assigning to terms x, y with ,.x=A, ,.y=B a term (x,y) 

with ,. (x,y) = AXB • 

The only primitive notions of L(SET) are the constant predicate 

"False" and the predicate of equality "=" (which may hold only between 

terms of equal types), i.e. 

2.5 The atomic formulas of L(SET) are: 

( 1) False ( 2) x = y , provided ,-x=Ty 

The (well-formed) formulas of L(SET) are generated from the atomic 

ones in the standard way allowing the connectives A (conjunction\, 

V (disjunction), ==>(implication) and the quantifiers Vx (for all x), 

3x (there exists x) , provided the variable x occours free in the for­

mula following the quantifier. Negation,, True, equivalence ~ and 

unique-existentiation 3! are defined as usual: 

·~ means ~ ~ False 

True 

('P~ t) 

3!x<p(x) 

means 

means 

means 

,False 

( cp => V ) A ( t => cp) 

3x ( cp(x) A Vy(cp(y) ~ x=y) ) 

2.6 Remark It should be pointed out that the types (being the 

terms of ET) are countable, and that the operators generating the 

terms of L(SET) are countable. Hence the language L(SET) is countable 

and can in fact (in various ways) be explicitly constructed over the 

same alphabet of L(ET). In the semantical approach where L(!) is con­

structed over a topos !• the language L(!) will not be countable 

(unless! is). The latter approach is adopted in [20] and [23]. 

For intuitive reasons we call the terms resp. variables of L(SET) 

from now (except in a formal context) simply elements resp. element­

variables (defined over ET), and for objects A and elements x let us 

us write ".?S£!" (read: xis an A-element) instead of "Tx=A". 
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Note that X&A is a metastatement and~ a formula of L(SET). The 

0-elements will also be called truth-values. Furthermore, if x&A we 

frequently write Vx&A resp. 3xtA instead of Vx resp. 3x to emphasize 

that the quantifiers are actually restricted. 

Let us now give a few definitions in L(SET) which show that this 

language is fairly "rich" and has a set theoretical character. 

2. 7 To any global section 1 ~>A corresponds an A-element 

a·:=a(o•) &A. In particular we have the truth-values true·, false·. 

2.8 For x&A, YtPA the membership relation is defined 

xEY :<;=:> (PAxA ev > O) (Y, x) = true • 

2.9 A For x&A, FtB the value FxtB is defined as 

Fx : = ( BAxA ev > B) (F, x) 

2. 10 For any map A...!.....> B the exponential adjoint 1 _!_> BA 

A • -• A gives an B -element f := f t B , and in particular we have for any 

subobject A..!._> 0 a FA-element M• = M• t PA • 

2.11 Remark By 2,8, 2.10 any subobject A..lt..>n induces a 

unary predicate (-)E M• for A-elements, These predicates are taken as 

primitive notions in [20] and [23]. 

Furthermore, the notion of ordered pairs extends in a standard 

way to ordered n-tuples, whose definition is given by: 

2. 12 (x):= x and 

The most remarkable feature of the language L(SET) is that it ad­

mits a natural "internal" interpretation in the language L(ET) of ET, 

which in fact goes back to W. Mitchell [20] and runs as follows (for 

another interesting "external" interpretation see Osius [23]). 

First, let t&A be a term of L(SET) such that all variables occur-
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~ in t ~ among the variables x 1 tA 1, •• xntAn ( ne: 0 ) • By induc­

tion on the length of the term t we define a map 

I (x1 , •• xn) 17 t l : A1x •• xAn '> A 

which represents the term t with respect to x 1 , •• xn' by 2.13-16 • 

2. 13 {(x1 , •• xn) 17 0 ° is the unique map A1x •• xAn --'> 

2. 14 I (x1 , •• xn) 17 xi l is the projection A1x •• xAn --'> Ai. 

2.15 f For A--'> B: l<x1 , •• xn) 17 f(t) l := f ·l<x1 , •• xn) 17 t l 

2.16 For nB, seC the map {(x1 , •• xn) 17 (r,s)! into BxC is the 

unique map induced by I (x1 , •• xn) 17 r! and I (x 1 , •• xn) 17 s l . 

Second, let ~ be a formula of L(SET) such that all~ variables 

occurring in ~ ~ among the variables x1 tA1 , •• xntAn ( nC: 0 ) • By 

induction on the length of the formula ~ we define a subobject 

l<x1 , •• xn>l ~ l : A1x •• XAn '> 0 

which represents the "property" cp with resp. to x1' •• xn' by 2.17-20. 

2.17 l<x1 , •• xn)l False I := falseA A 
1x •• x n 

2.18 l<x1 , •• xn>l r== s ! := l<x1 , •• xn) 17 (r,s)!-
1

( AxA..£L'>O) , 

provided r,s&A and~ is the diagonal of A. 

2.19 l<x1 , •• xn)j qlA 1fl := \(x1'""xn)j cp j n l(x1'""Xn)\1f l 

and similiar for v, > (replace n by u, ~). 

2.20 I (x1 , •• xn) I VxeA cp(x)! .- Vp l<x1, •• xn,y)j ~c y) 1 

l<x1 , •• xn>1 3xeA cp(x)! := :3p I (x1 '• .xn,y) I cp(y) l 

where A1x •• xAnxA __£__> A1x •• xAn is the projection and ytA is dis-

tinct from x 1 , •• xn (see also 2.25). 

For the defined notions we get immediatly (for 3! see 4.23.1) 

2.21 (1) l<x1 , •• xn)j-,cp l =-, l<x1 , •• xn>l ~ l 
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(2) For t&A, AL>o: l<x1'''xn>1 t EM•! = l<x1' .. xn) ~ t! - 1(M) • 

(3) l<xp••xn>l cp <=> 'f! = l<x1' .. xn>1 cp! <=> l<xp .. ~>l 'f! o 

To facilitate the computation of the operators 1 ••• 1 we note some 

technical points. 

2.22 (Superfluous variables) If xn+ 1cAn+1 , •• xn+k'An+k do E£1 
occur (free) in t resp. cp , and A1x •• xAn+k ~> A1x •• xAn is the 

canonical projection, then 

( 1 ) 

(2) 

l<x1'''xn+k) ~ t! 

I (x1' .. xn+k) I cp ! 

I (xp .. xn) ~ t ! • p 

p-1 ! (x1' .. xn) I cp ! 

2.23 (Permuting the variables) If a is a permutation of 1, •• n 

and f =! (x1, .. x > ~ (x 1, •• x >! : TT A. > n A . is the cor-
a n a an i l. i 01. 

responding isomorphism, then 

( 1 ) 

(2) 

l<x1' .. xn)~t! 

I (x1' .. xn) I cp ! 

{(x 1 , .. x ) ~tj. f 
a an a 

f~1 {(xa1'''xan>1 q> I 

2.24 (Substitution) If the variable xcB occurs in t(x) resp. 

free in cp(x), and if stB is a term whose variables are not bounded in 

cp( x), then 

I (x1,. ,xn) ~t( s) I 

{(xp••xn>l cp(s)l 

{(x1' .. xn,x)~t(x)}• {(x1' .. xn)~(x1'''xn 1 s)} 

{(x1' .. xn)~(x1' .. xn,s)j-1 {(xp .. ~1 x)l q>(x) l 

2.25 

then ( 1) 

p If xtA and A1x •• xAnXA ----> A1x •• xAn is the projection, 

l<x1, •• xn,x>l 3x cp(x)} = p-1( 3p !<x1 , •• xn 1 x)Jcp(x)! 

Proofs: 2.22-24 are straight-forward by induction on the length 

of t resp. cp , using the so called Beck-condition for quantification 

(i.e. 1.36 of [9] or 5.3 of [22]). 2.25 follows from 2.20, 2.24 • o 

Furthermore, we immediatly conclude from the corresponding defi-

nitions: 
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2.26 For xcA, YeP A {(Y,x)i x EY } = PAxA -!:L> Q 

2.27 For xcA, FeB A {(F,x) ~ Fx } = BAXA -!:L> B 

2.28 For f A->B, xcA f = I x~f·x l = I x~f(x} } 

2.29 For M A-i>Q, xcA M= l X I X EM" l a 

2.30 For x,ycA : l<x,y)! x=y l = AXA...ll...> n 

2.31 For any global section 1 ..i!:...> A we have 

( 1 } I y cB ~ a • l = B -> 1 ..i!:...> A 

and adopting the usual notation Ia"! :~ {xcAI x=a l we get 

(2) Ia" I = [aT = x(a) 

a 

a 

a 

a 

where raJ is the exponential adjoint of l a}: 1 ..i!:...> A J..:.L> PA. a 

In view of the above results the superscript ,.•,. (read: internal) 

will be omitted from now on if no confusion is possible. 
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3. Internal validity and intuitionistic logic 

In this section we consider a notion of truth (called internal 

validity) for formulas of the language L(SET) which naturally arises 

from the internal interpretation given in the last section. We start 

off with the following definition (going back tow. Mitchell [20]). 

3.1 Definition For any formula~ resp. term t&A of L(SET) let 

x1 &A1 , •• xn&An ( n;;:: 0) be exactly all free variables of ~ resp. t in 

their natural ~ of their first ocurrance in ~ resp. t • 

( 1 ) Tcp := A1x •• xAn is called the ~of cp re>;;p. 

,.t := A1x •• XAn is called the ~ of t 

(2) 1/q~ll: T~ -->0 := l <x,. •• xn) I ~I is called the internal 

interpretation of ~ , resp. 

II til: Tt -->A := j (x1 , •• xn) 17 t I is called the internal 

interpretation of t • 

(3) ~ is called internally valid (or: internally true) noted 

F= !p , iff ll~ll=true (i.e. llcpll factors through 1 true >0) • Note 
,.~ 

that the order of the variables is not important here, indeed for any 

permutation a of 1, •• n the formula~ is internally valid iff 

l<x
0
,. •• x

0
n)1 ~I =true (cf. 2.23). 

3.2 Criterion The formula cp is internally valid iff for ~ 

sequences of variables y1 , •• ym containing all free variables of cp 

l<Yp••Ym>l ~I= true holds. Note that it is not sufficient, if the 

condition holds only for~ sequence, indeed for y£0 one always has 

j(y1 , •• yn,Y>I ~pI =true0 • 

The criterion follows from 2.22.0 Some immediate properties of 

internal validity are the following 
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3.3 If x1, •• xn are exactly the variables occuring in the term 

(r,s), then ( 1 ) 

In particular ( 2 ) 

(3) 

F= r= s iff 

l<x1 , •• xn) 17 r J = l<x1 , •• xn) 17 s J 

1 .2:..> A= 1 ~ A iff F= a = b 
a M 

1 --> A -> 0 = true iff F aEM 

By slight abuse of notation we sometimes write simply a EM instead 

of F= a EM 

3.4 

3.5 

3.6 

iff 

F cpA.. iff 

F= Vx cp ( x) iff 

If x1 , •• xn are 

F= cpV't iff 

F= cp => .. iff 

F= q:>¢:> .. iff 

IIC!lll = false,.cp 

F= cp and F= t 

F cp(x) 

exactl;y the free variables of cpVv 

! (x1 , •• xn) I cp J U I (x1 , •• xn) I V J 

I (x1 , •• xn) I CJl l c ! (x1 , •• xn) I 't J 

!<x, •• xn>l CJl J = !<x1 , •• xn>1 tl 

, then 

true 

The straight-forward proofs are omitted.D The following results 

are concerned with the relationship between internal validity and 

intuitionistic logic. 

3.7 Proposition The formulas of L(SET) which are intuitionisti­

cal propositional tautologies (i.e. are valid in any Heyting-algebra, 

see Rasiowa-Sikorski [25] Chap.IX) are internally valid. 

Proof: We illustrate the general method by a particular example, 

namely we prove that the intui tionistical tautology (cpA-, cp )=> v is 

internally valid. Using 3.2 let x 1 EA 1 , •• xn£An contain all free varia­

bles of cp and v, and let A=A1x •• xAn' Then M:=l<x,. •• xn>l cp land 

N:=! (x1 , •• xn) I v J are subobjects of A and we have to establish 

(M n-. M ) ~ N = true A which holds since it is an interpre'.;ation of 

the given tautology in the Heyting-algebra of subobjects of A. o 
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3.8 Proposition The axiom of booleaness (1,6) holds if and only 

if all classical propositional tautologies in L(SET) are internally 

valid, 

Proof: If 1.6 holds then the proof of 3.7 in fact proves that 

all propositional tautologies are internally valid. Conversly, for ptO 

the formula ( p =true v -,( p =true) ) is a (classical) tautology and 

hence internally valid, i.e. ltrue} u-,ltrue} =true
0

• This implies 1,6 

since ltruel =x(true), -,jtruel =x(false) by 2.31,2. o 

We now turn to the axioms and rules for quantification. 

3.9 Lemma The following axioms of quantification are internally 

valid: (a3) cp(x) -> 3xcp(x) 

(aV) Vxcp(x) => cp(x) 

~: Let x&A,x1 tA 1 , •• xntAn be all free variables of cp(x), and 

let A1x •• xAnxA~> A1x •• xAn be the projection. Using 3.6 and 2.25, 

we define M:= l<x1 , .. xn,x)[ cp(x) l and have to show M c p-
1

(:-Jp(M)) 

and p-1 (vp(M)) c M, which are well known to hold. o 

3.10 Lemma The following rules of quantification (and the con­

verse rules) are internally valid: 

(r3) cp(x) => 1jr 

3x cp(x) => * (rV) 1jr => Cll(x) 

w => Vx cp(x) 

Proof: Let x&A,x1 tA1' .. xntAn be all free variables of cp(x) =>IV, 

and put M:=l (x1, •• xn,x) [ cp(x) l, N:=l (x1 , •• xn): ;- l . For the projection 

A1x •• xAnxA ~> A1x •• xAn we have 

M c p-1(N) iff :-Jp(M) c N p-1(N) c M iff N c Vp(M) 

which in view of 3.6 and 2.22.2 proves the rules and their converse. o 

Concerning substitution, 2,24 immediatly gives 
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3.11 Corollary For any formula ~(x) with a free variable x&A 

and for any term t&A the following substitution rule is internally 

valid: ( Subst) ~( x) 
~(t) 0 

So far we have proved, that internal validity satisfies all 

axioms and deductive rules of intuitionistic logic (see e.g. Rasiowa­

Sikorski [25]) except for the rule of "modus ponens" 

(Mp) ~->' 

which is ll£1 internally true. Indeed, for xeO the formulas x=x and 

x= x => 3x£0 x= x are internally valid, but 3x&O x= x is not (pro­

vided of course 0 t 1 ) • !.Tore generally, for any formula (I)( x) with 

free x we have II 3xe0 cp(x) II = false and II VxeO ql(x) II = true 

For a better understanding of this situation let us split up the 

modus ponens (Mp) into two rules, the 

3.12 (Restricted modus ponens) If all free variables of~ are 

among those of if , then ~=>' (Rmp) 

and the following rule for existentiation: ~(x) 

3x ~(x) • 

Clearly (Mp) and (a3) imply (Rmp) and (r*3). Conversly (Rmp), (r*3), 

(r3) will now be shown to imply (Mp): By hypothesis of (Mp) ~and 

til=>'* hold. Hence, if x 1, •• xk are all ~ variables of cp which are 

not free in lj, then 3x1 •• 3xktll and 3x1 •• 3xk~ => lj hold by (r*3), 

(r3), and thus ' holds by (Rmp).o 

The example just given actually shows that (r*3) is not internal­

ly valid. More generally, for x£A the formula x = x is internally 

valid and II 3x x,.... x ll is the support of A (i.e. the image of A--> 1, 

see e.g. [23 J). Hence, 3X£A x = x is internally valid iff A-> 1 is 

epic (which is certainly not true for all A). However, the important 
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part of (Mp), namely (Rmp) is internally valid. 

3.13 Lemma The restricted modus ponens (3.12) is internally 

valid. 

Proof: Let x1 , •• xn be all free varables of •• and hence of 

cp => t • Since cp and cp => tare internally valid, we have 

which implies that • is internally valid. o 

Concerning the axioms of equality, we observe 

3.14 Lemma The following axioms of egualit;r are internally 

valid : (Eq1) Vxr.A x:::x 

(Eq2) Vx,yr..A ( x=y => y=x 

(Eq3) Vx,y,zr..A ( X= y II y=z => x=z 

(Eq4) Vx,ur.A Vy,vr.B X= U II y=v => (x,y) = (u,v) 

(Eq5) 
+' 

For A-L->B: Vx,yr.A ( x=y => f(x) = f(y) ) 

The straight-forward proof is omitted. o 

For convenience let us now introduce a weaker notion of truth for 

formulas of L(SET). 

3.15 Definition A formula cp is said to be intuitionistically 

valid (or true) resp. classically valid (or true), denoted ~ cp resp. 

lc cp , iff it is among 

(i) the intuitionistically resp. classically propositional tau-

tologies , 

( ii) the axioms (a3) and (aV) of quantification (see 3.9) , 

(iii) the axioms (Eq1-5) of equality (see 3.14) 

or can be deduced from the formulas in (i-iii) using the rules (r3), 

(rV) of quantification (see 3.10) , the substitution rule (Subst) 
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(see 3.11), and the restricted modus ponens (Rmp) (see 3.12). 

Notice, that the rule (r*3) of existantiation is not allowed to 

deduce intuitionistically resp. classically valid formulas and hence 

the full modus ponens (Mp) is not allowed. However the rule (r*3), 

which is in fact equivalent to the single axiom Vxcp(x) => 3xcp(x) 

does not seem very intuitive to us anyway and its ab~ense does not 

inflict most of the deductions in usual intuitionistic logic (see e.g. 

3.18-22). 

From our preceeding considerations (3.7-13) we conclude 

3.16 Theorem 

(1) Intuitionistically valid formulas of L(SET) are internally 

valid. 

(2) The internal valid formulas of L(SET) are closed under the 

intuitionistically valid rules of deduction. 

(3) If the axiom of booleaness (1.6) holds, then we can replace 

"intutionistically valid" in (1-2) by "classically valid". D 

In order to apply this theorem (i.e. to show that some formula is 

internally valid) we need some standard knowledge of intuitionistic 

logic (in the restricted sense employed here). It is without the scope 

of this paper to develop the relevant material (including proofs) on 

intuitionistical validity. Let us however state some basic facts 

(without proofs) to which we can refer when we apply later theorem 

3.16 in order to prove results in topes theory ET. 

First , we slightly strengthen the restricted modus ponens. Let us 

call the types of the free variables of a formula <P briefly the free 

~of <P. 

3.17 If all free ~ of <P ~ among those of +, then the rule 

(Rmp') <P =>. is intuitionistically (and internally) valid. 
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Proof: Replace all free variables of cp which are not free in v 
by a free variable of v with same type. Then cp becomes ~·, and by as­

sumption and (Subst) (3.11) cp' and cp' => v are valid. Hence vis va­

lid by (Rmp). D 

Second, we state without proof some standard results of logic. 

3.18 Substitution of equivalent formulas 

If a, ~' cp(a), ~(~) are formulas such that 

(1) a is a subformula of tp(a) 

(2) ~ is a subformula of cp(~) 

(3) q>(a) and cp(~) are alike, except that cp(a) contains a 

wherever cp(~) contains ~ 

then the following rule is intuitionistically (and internally) valid 

cp(a) <:=> cp(~) 

Furthermore, if the free~ of a are among those of cp(~),then 

cp(a) a<:=> ~ 

tp(~) 

is intuitionistically (and internally) valid. o 

Concerning the propositional calculus we note 

3.19 Proposition 

The following rules are intuitionistically (and internally) valid 

( 1) ~ > • 
(+ >9) > (~=C>9) (e =>cp) => (e => q,) 

(2) If all free ~ of v ~ among those of cp => e , then 

cp > • • __,> e 
cp > e 

(3) tp (4) tp 

tp v • 
tp A ' 
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( 5) ~ of v are among those of ~' then 

(6) cp->. cp' => •• 
cpAcp' > 1jr A 1jr' q> v cp' -> • v *' 

(7) ~ => • ( 8) q> >(1jr=>8) and conversly 
tpA8 -> • tpA$ => e 

(9) tp => -, tp ( 10) tp => 1jr ( 11 ) (!) =>-, * 
>tp -, 1jl => -, tp $ => -, tp 

(12) tp ~>. and conversly. 
tp ==> $ 11' => tp 

Proof: Apply the modus ponens (version 3.17) to the correspon­

ding propositional tautology. o 

3.20 Proposition The following rules for quantification are 

intuitionistically (and internally) valid 

(1) 

(2) 

Vx cp( x) 
cp(x) 

If 

cp(x) 

3x cp(x) 

and conversly 

~ of x is _§. free ~ of 3x <;o(x) , then 

(3) cp(x) ==> 1jr(x) 
Vx ~:p( x) -> Vx 1jr( x) 3x <;o(x) => 3x v(x) 

(4) If ~:e!:: of X is~ free~ of 1jr=> 3x cp(x), then 

v => cp(x) 
t => 3x cp(x) o 

3.21 Proposition The following formulas concerning quantifi­

cation are intuitionistically (and internally) valid : 

( 1) 3x 3y ~(x,y) ~> 3y 3xcp(x,y) 

(2) VxVycp(x,y) ~> VyVxcp(x,y) 

(3) 3xVycp(x,y) ~> Vy 3x cp( x,y) 

(4) Vx(cp(x) A *(x)) ~> Vxcp(x)A Vxw(x) 



( 5) 

(6) 

(7) 

( 8) 

(9) 

3x(;:p(x)V.(x)) ~> 

Vxrp(x) V Vx •Cx) 

3x(rp(x)At(x}) => 

Vx ;:p(x) => t(x) 

Vx ;:p(x) => t(x) 
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3xq,(x) V 3x t(x) 

Vx(rp(x) V 'f(x)) 

3xrp(x) A 3x t(x) 

=> Vx rp( x) => Vx t ( x) 

=> 3x;:p(x) => 3x t(x) 

(10) 3x-,;:p(x) 

(11) 3x cp(x) 

=> --, Vx rp( x) 

=> ...., Vx-, rp(x) 

( 12) --, 3x rp(x) => Vx -, rp( x) 

Furthermore, if x is not free in e then 

(13) 8 A Vx ;:p(x) => Vx(8A'P(x)) 

(14) e v Vx <P( x) => Vx(evq,(x)) 

(15} 3x(8Vq:>(x)) -> e v 3x q:>(x) 

(16) 3x(8Arp(x)) <::=:> e " 3x q,(x) 

( 17) 3x ( <p(x) =>8) => Vxtp(X) => e 

(18) 3 x ( e => cp ( x)) => ( e => 3xrp(x) 

( 19) Vx ( e -> (!)(x)) <::=:> ( e => Vx <p( x) 

(20) Vx ( q~{ x) > e ) ~> 3x(!)(x) => e 

The converse of (13)(15) hold under the additional assumption that the 

~of xis a free~ of e. The converse of (10)(14)(17)(18) hold 

if we assume the axiom of booleaness (1.6). o 

Finally, concerning equality and unique existentiation, we note 

3.22 Proposition Intuitionistically (and internally) valid are 

(1) x=y => ( (!)(X) ~> q,(y) 

(2) 3x x=y A cp(x) ) ¢=> cp(y) 

(3) Vx x = y => cp(x) ¢=> cp(y) 

(4) 

( 5) 

(6) 

(7) 

3!x (!)(x) ¢=> 3x ( cp(x) A Vy(q~(y)=> x=y)) 

3!x cp(x) ~> 3xcp(x) A Vy,z(cp(y)A(!)(z)-> y=z 

31x ( x=y A cp(x) ) <;:::> <p (y) 

3!x x=y (x distinct from y) Q 
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4. The set theory SET 

In this section we establish the basic properties of internal 

validity which do not hold for purely logical reasons but involve the 

topos structure. Our aim is to characterize some basic notion of topos 

theory ET internally and to derive set theoretical properties of the 

language L(SET). First we observe that ordered pairs of elements be­

have as they should and that the maps act on elements as expected. 

4.1 Lemma For xtA, yeB, utAXB we have: 

( 1) pr1(x,y) = x A 

4. 2 Lemma For xeA and 1 -!L> A ....f....> B .JL> C we have 

( 1 ) 

(2) 

Lemma 

idAx= X 

f
0

X=f(x) 

A g(fx) = ( )x 

A f(a
0

)=(fa)
0 

Let f A->B, A..!L>C, C...!!_> D and xeA, yeC . 
( 1 ) For the induced map A (f,g) > BxC F= ( f ,g){ x) = (fx,gx) 

(2) For the induced map AxC fXh > BxD F= (fxh)(x,y) = (fx,hy) 

The proofs are straight-forward (using 3.3). o 

A standard consequence of the existence of ordered pairs is that 

successive quantifiers (of same sort) can be reduced to one quanti-

fier. 

then 

4.4 Reduction of quantifiers If xtA, ytB are free in ~(x,y), 

( 1) 

(2) 

3xtA 3ytB ~(x,y) 

VxeA VytB ~(x,y) 

<=> 3ueAXB ~(pr 1 u,pr2u) 
<=> VutAXB ~(pr 1 u,pr2u) 

4.5 Quantifiers over products If utAxB is free in ,(u), then 

( 1 ) 3ueAxB 'f(u) <=> 3 xtA 3ytB 'f ( (x,y)) 

0 
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( 2) I= -¢:> VxtA Vyt:B v((x,y)) .o 

An important point is that maps are determined by their values 

and subobjects by their elements: 

4.6 Principle of extensionality 

( 1 ) A _f_> B = A ..,.L> B iff I= VxtA fx= gx 

( 2) M N A-->O=A->0 iff I= Vxt:A (xEM ¢=> x EN ) 

Proof: By 2.28 and 3.3.1 we have f=g iff fx=gx is internally 

valid, which proves (1). The proof of (2) is similiar. o 

The internal interpretation of terms in formulas (given in sec­

tion 2) behaves as expected: 

4.7 Lemma If the free variables of a formula ~ resp. a term t 

are among x1 tA1 , X t:A n n ' 
then 

( 1 ) I= t ! ( x 1 , •• xn) 1-:> t I ( x 1 , •• xn) 

( 2) F= ~ ¢=> ( x 1 , •• xn) E ! < x 1 , •• xn) I ~ I 
and for x t: A1x •• xAn : 

(3) !<x1 , •• xn) 1-:> t(x1 , •• xn) I x ~ t(pr1x, •• prnx) 

( 4) I ( x 1 , •• xn) I ~ ( x 1 , •• xn) I = ! x I ~ ( pr 1 x, •• pr n x) I 
Note, that the equivalent formulas in (2) may have different free 

variables. 

Proof: (1) follows from 3.3.1, (2) from 3.6, 2.21.2, and (1)(2) 

imply (3)(4) in view of 4.5-6. o 

Moreover, 4.7 tells us that that every term of L(SET) has are­

presentation of the form f(x 1 , •• xn> (where x1 , •• xn are variables) and 

every formula is equivalent to an atomic one of the form (x1 , .xn) EM • 

Using the principle of extensionality we proceed to characterize 

the operations on subobjects. 



4.8 Lemma 

( 1 ) 

(2) 

(3) 

( 4) 

( 5) 

(6) 

(7) 
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For subobjects M and N of A we have: 

false A = I xtA I False I 
--, M = I XtA I --, X E M I 
M n N = ! xeA 1 x E M A x E N 

M u N = l XtA I X E M v X E N I 
M:} N = l XtA I X E M =>X E N I 
M ~ N = I XtA I X E M <=> X E N 

true A = I xtA I True I 

MeN iff f= VxeA ( x E M => x E N) 

Proof: (1-6) follow from 2.29, and (7) follows from (4) since 

M c N is equivalent to M n N = N • o 

4.9 Proposition 

For a map AL>B and subobjects M A->n, B ..lL>n we have 

( 1 ) r-1 (N) I xtA I fx EN I 
(2) 3f(M) I ytB I 3 xtA ( fx =y A x E M ) I 
(3) 'v'f(M) = {ytB I VxtA (fx=y=> X EM) I 

In particular, for the image Qf f 

(4) im(f) := 3f(trueA) = {ytB I 3xtA fx=y I 

Proof: (1) follows from 2.22.2. To prove (2,3) we establish the 

universal properties, namely 

( 2' ) 

( 3. ) 

I y I 3 x ( fx =y A x E ll'l ) I c 1 iff 

L c I y I Vx ( fx =y => x E M ) I iff 

Using 4.8.7 and (1) it is sufficient to show 

(2") F= 3x ( fx =y A xEM) => yEL 

F= xEM => fx E L 

( 3") F= yEL => Vx ( fx=y => xEM) 

I= fx E L => xEM 

M c f-1 (L) 

C 1(L) c M 

iff 

iff 

which are easily seen to hold (use the logical calculus of section 3, 

in particular 3.21.19-20, 3.22.3). o 
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We are now in the position to describe monic, epic and iso maps 

internally. 

4.10 A_!_>B is monic iff ~ Vx,ue:A ( fx= fu > x=u 

4.11 A _!_>B is epic iff ~ VytB 3xtA fx= y 

4.12 A_!_>B is iso iff ~ Vyr.B 3 !xtA fx= y 

f is monic iff (fxf)- 1 (L:~B) ellA' and hence 4.10 follows 

from 4.8.7, 4.9.1. f is epic iff im(f) :JtrueB' which gives 4.11 by 

4.8.7, 4.9.4. Finally, 4.12 is a consequence of 4.10-11. o 

4.13 Quantification along maps 

a formula with free yr.B, then 

If A ...L> B is a map and cp(y) 

(1) 

(2) F= 
VxtA cp(fx) ¢=> VytB ( y E im(f) => cp(y) ) 

3xe:A cp(fx) .;::::> 3ye:B ( y E im(f) 11 cp(y) ) 

Furthermore, if f is monic, then 

C3) I= 3!xtA (l)(fx) ¢=> 3!ytB ( yE im(f) II cp(y)) 

Apply 4.9.4, 3.21-22 and 4.10. o 

Our next step is an internal description of maps into power-

objects and arbitrary exponentials. 

4.14 Characterization of exponential adjoints 

(1) The following diagram commutes 

CxA 

fxA I ~g 
Av ~ 

B xA e:;;--> B 

iff ~ VxtC Vyr.A ( fx)y = g(x,y) 

(2) The following diagram commutes 

CxA 

rxAI ~ 
v ~ 

PAXA e:;;--> n 
iff ~ Vxr.C Vyr.A ( y E fx ¢=> (x,y) E R ) 

) 
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The proof follows from the principle of extensionality (4.6). o 

An important consequence is the internal extensionality principle 

(which generalizes 4.6). 

4.15 Strong extensionality principle 

( 1) f= VF ,GtBA ( F = G <=> VxtA Fx = Gx ) 

(2) f= VY,ZtPA (Y=Z <:=> VxtA( xEY -==> xEZ)) 

Proof: To prove (1) we wish to show 

L:= l<F,G)j Vx Fx=Gx I c j(F,G)j F=G I =:b. 

Take a monic map C > (m,n) > BAxBA with character L = im(m,n), then 

by 4.9.4 and 4.3.1 for yr.C 

!= (my,ny) = (m,n)(y) E L 

Hence I= VxtA (my)(x) = (ny)(x) 

Thus m and n have by 4.14.1, the same exponential adjoint, which gives 

m=n, resp. Lebo. The proof of (2) is similiar. o 

Another immediate consequence of the characterization of exponen­

tial adjoints (4.14) is the following useful principle for defining 

maps into exponentials. 

4.16 Principle for defining maps into exponentials 

If q> is a formula resp. t a term of L(SET) with free variables among 

x1r.c 1 , •• xntCn' ytA, then 

( 1 ) A There exists a unique map ft:C 1x •• xCn --> B (namely 

the exponential adjoint of l<x1 , •• xn 1 y) ~ t I) such that 

!= (ft(x1, •• xn))(y) = t 

(2) There exists a unique map fq>:c 1x •• xen --> PA (namely 

the exponential adjoint of l (x1 , •• xn 1 y) I q> I ) such that 

I= y E f (x1 , •• x) <=:;> tl> 
cp n 

To illustrate this principle let us characterize (resp. define) 

some important maps into powerobjects. 

0 
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4.17 Singleton The singleton map A .J.:L> PA is characterized 

by xE jy} <=> x=y ( x,ysA) D 

4.18 ImElicationz binar;y union and intersection 

( 1 ) The internal im~lication PA><PA ~> PA is characterized by 

F= xEY:::>Z -===> ( xEY > X E Z 

(2) The internal union PA><PA _, _u_> PA is characterized by 

f= xEYUZ <?> ( xEY v xEZ 

(3) The internal intersection PA><PA ~> PA is characterized by 

xEYnZ <?> ( xEY 1\ xEZ , (xe:A, Y,Ze:PA). o 

4.19 Arbitrary union and intersection 

(1) The union map PPA -1L-> PA is characterized by 

f= xEUZ <?> 3 Y e:P A ( Y E Z 1\ x E Y ) 

(2) The intersection map PPA _il_> PA is characterized by 

xEnz <?> VYe:PA ( Y E z => x E Y ) , (xe:A,Ye:PA) .o 

4.20 Inclusion and powersets 

The relation PAxPA _::;___> 0 of inclusion on PA is defined 

cA := !<Y,Z)I Vxe:A( xEY =>xEZ) l = j(Y,Z)j YnZ=Y I 
The internal power OEerator PA _:P_> PPA (which is the downward seg­

ment of cA) is characterized by 

y E PZ -===> y c z (Y,Ze:PA). CJ 

f 4.21 Images For any map A-> B , xsA, YsPA, ZsPB : 

( 1 ) 
f- 1 f The internal inverse image map PB ---> PA (also denoted 0 ) is 

is characterized by f= x E f- 1z -===> fx E Z 

(2) The internal existential image map PA _If_> PB is characterized 

by f= x E 3f Y '*=> 3ye:A ( fx = y 1\ x E Y 

( 3) The internal universal image map PA _:jJ_> PB is characterized 

by x E Vf Y <?> Vy<.A ( fx = y => y E Y ) c 
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Let us stop for a moment to realize, that we have already esta­

blished the internal validity of the following axioms of many-sorted 

set theory: Axiom of extensionality (4.15.2) 

Axiom of empty sets (4.8.1) 

Axiom of singletons (4.17) 

Axiom of binary unions (4.18.2) 

Axiom of arbitrary unions (4.19.1) 

Axiom of powersets (4.20) 

Axiomscheme of separation (4.16.2) 

Since the usual axioms of set theory are internally valid, we will 

refer to the language L( SET), together with the "internal validity" as 

a notion of truth, as the natural set theory SET defined ~ topos 

theory ET. 

Actually SET is not just an ordinary (many-sorted) set theory, 

but a Heyting-valued set theory: 

For the predicates "=" of equality and "E" of membership we have 

a "realization" 

AxA _t;,._>n resp. PAxA ~>0 

assigning to all pairs (x,y) tAXA resp. (Y ,x) t PAXA 

in the (internal) Heyting-algebra Cl , such that 

F x= y «==> b,.(x,y) =true 

f= xEY ~> ev(Y,x)=true 

a truth value 

It should be clear by now, that most (if not all) investigations 

of ordinary set theory which involve only intuitionistic logic (and 

make sense in SET) can already be carried out in the set theory SET. 

We will from now on presuppose some basic results of set theory in SET 

(in particular the "algebra of classes and relations") which the 

reader may easily establish by stepwise translating any introductio­

nary text for ordinary set theory into SET. In particular some con­

cepts of set theory will be used without giving their evident defini-
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tions in SET (controversial concepts however will be explicitly defi­

ned). 

We conclude with a few results on unique existentiation. 

4.22 Proposition The unique-existential image of A _M_>n 
under a map A_!_> B is given by 

( 3 ! f) M = ! ye:B I 3 ! xtA ( fx = y 1\ x E M ) l 

Proof: For a monic map C >.!!:.___>A with character M = xm = im(m) 

we have by definition 1.5 
! I -1 -1 ! I 

( 3 ! f) M = ( B ---> PB _f_> PA _m __ > PC ) - 1 im ( C --->PC) 

Now we get the following internally valid formulas 

y E (3!f) M ¢=> 3utC f- 1m- 1 !YI =lui , by 4.9.4 

¢=> 3utC VvtC ( fmv = y ¢=> v = u , by 4.15.2, 4.17 

~ 3 !utC fmu= y 

¢=> 3!xtA ( xE im(m) 1\ fx=y ) , by 4.13.3 D 

Finally, we can give a description of unique existentiation 

in the internal interpretation, which is similiar to the definition 

2.20. 

4.23 Theorem Let ~(x) be a formula of L(SET) with free xtA and 

other free variables among x1tA1 , •• xntAn. 

F= 

(1) If A1x •• xAnXA __£__> A1x •• xAn is the projection, then 

!<x1' •• xn>1 3!xtA cp(x) I= 3!p !<x1, •• xn,y)i cp(y) I 

where ytA is distinct from x1 '• .xn• 

(2) If F= 3!xcAcp(x) 

then there exists a unique map h A1 x •• XAn -->A such 

that F= ~(h(x 1 , •• xn)) 

Proof: ( 1 ) Applying 4.6.2 we have to show (using 4.5 and 4.7.2) 

3!xe:A ~(x) <:;:> (x1, •• xn) E 3!p !<x1,··~,y)l ~(y) l 
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which follows easily from 4.22, using 3.20.4 and 4.5 

(2) From (1) we conclude (3!p)j(x1, •• xn,y)j cp(y) I= true, and by the 

characteristic property of unique existentiation (see Freyd [4] Prop. 

2.21) we get a map g such that 

A1x •• xAn ~> C ~> A1x •• xAnxA __]__> A1x •• xAn id 

where m has the character )Oil= j(x1, •• xn,y)J cp(y) 1. Then 

A1x •• XAn _g_> C >~> A1x •• XAnXA .....EE._> A 

is the desired map h. The uniqueness of h follows from 4.6.1 • o 

In some sense 4.23.2 states, that internal unique existence im­

plies actual (unique) existence in ET. In particular we have 

4.24 Corollary If xeA is the only free variable of cp(x) , then 

f= 3!xeA cp(x) implies the unique existence of a global section 

1_;;:_>A suchthat f=cp(a·) o 



328 

5. An internal characterization of the topos structure 

In this section we are going to characterize the topos structure 

internally (i.e. using the set theory SET) in a way one would expect. 

The first basic observation in this direction (going back to 

W. Mitchell [20]) is a 1-1 correspondence between maps in the topos 

and "functional relation f1'. 

5.1 Proposition 

( 1) For any map A _L> B , the graph of f , defined as 

graph(f) := !<x,y)j fx=y l 
(or, as the character of A> (A,f) >AXE ) , satisfies 

I= Vxr.A 3!ye:B <x,y) Egraph(f) 

(2) For any relation AXE _R_>O such that 

j= VxtA3!yr.B <x,y)ER 

holds, there exists a unique map A map(R) > B such that 

graph(ma~(R)) = R 

Proof: (1) is evident. (2) By 4.23.2 there exists a unique map 

A __h_> B such that (x,hx) E R is internally valid, i.e. graph( h) cR. 

But the lattercondition is equivalent to graph(h) =R. o 

Moreover, obv~ouslythe graphs of identity maps are equality rela­

tions, and composing maps corresponds to relational composition of the 

graphs. 

5.2 ·a graph( A-~-> A)= t:,A 

5.3 For A_L>B ....!L>c: graph(gf) graph(g) • graph(f) 

Proof: graph(g)•graph(f) = !<x,u)l 3y fx = y A gy = u ) l 
! <x,u)j g(fx) = u 

graph(gf) 

by 3.22.2 

0 

0 
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In a certain sense 5.1-3 describe the category structure of the 

topos internally (in terms of SET) and we proceed to give an internal 

characterization of the remaining topos structure, starting with 

finite limits. 

The terminal object 1 has a unique element, namely o" 

(1) 

(2) 

5.4 

5.5 For a formula ~(x) with free 

F= V'xt 1 cp(x) ¢=> cp(Oo) 

F= cp(x) ¢=> q:>( o·) 

5.6 Characterization of terminal 

graph( A -> 1 ) = l<x,y>l y= o·l 

graph( 1 2:....> A ) l<o·,a·>l 

xt1 we have 

objects 

(3) A is a terminal object iff f= 3! XtA X= X 

0 

0 

Proof: (1,2) follow from 5.5 , to show (3) we only note, that 

by 4.12 the map A-> 1 is iso iff f=3!xx=x 

5.7 Characterization of products 

( 1) graph( AXE .....E.E..I.-> A ) j «x,y), u) I u = x 

( 2) graph( AXE ...E!.L> B ) l ((x,y), u) I u = y 

For maps C A , C ..JL> E we have 

(3) graph( C (f,g) >AXE) l<w,(x,y))J fw=xAgw=y 

(4) < C __:!_>A, C ..JL>B) is a product of (A,E) iff 

f= VxtA VytE 3 !wtC ( fw= x A gw= y 

Proof: (1,2) follow from 4.1-3, and the condition 

(3) holds iff ( f, g) : C --> AXE is iso (by 4. 12). 0 

5.8 Characterization of equalizers 

For maps A E I A ..JL> E we have 

( 1 ) A map D JL>A is an equalizer of (f ,g) iff 

0 

in 
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I= VutD fhu = ghu 1\ Vxe:A ( fx = gx => 3 !vtD hv = x 

( 2) A monic map C ~>A is an equalizer of (f ,g), iff 

im(m) = I xe:A I fx=gx I 

Proof: (2) The mono m is an equalizer of (f,g), iff m is the 

inverse image of B (B ,B) > BXB under A ( f ,gL> BXB , i.e. iff 

im(m)=(f,g)-1(b.B)=Ixe:Aj fx=gxj. (1) follows from (2) since the 

condition I= ... is easily seen to be equivalent to the following 

two conditions I= Vu,ve:D ( hu= hv => U=V) (h is monic, 4.10) 

I= Yxe:A ( fx = gx ¢=> x E im(h) 

5.9 Characterization of pullbacks 

D _k_> B 

A commutative diagram h I I g 
v f 'V 
A--> C 

is a pullback, iff 

I= VxtA VytB ( fx= gy => 3 !utD ( hu= x 1\ ku= y) ) 

Proof: We construct a pullback P as the equalizer of 

AxB ...E.!....>AL>c and AxB ~>B..JL>c. Then the condition 

holds by 4.12 iff the obvious map D -->Pis iso. 0 

0 

Having internally described all finite limits, let us consider 

the subobject classifier. Viewing n as the power P1 , we get from 2.8 

5.10 I= Vptn ( 0 E p ¢=> p =true 

resp. I true I = I pe:O I 0 E p I . In particular: true I ol • 

5.11 Characterization of subobject classifiers 

( 1) For a monic map B >....!!:!__>A with character A ..1!!_> 0 we have 

graph(M) = l (x,p) I p =true ¢=> 3ytB my= x 

In particular: M(x) =true .;:> x EM 

(2) 12:.->A is a subobject classifier, iff 

I= Vpe:n 3! xe:A ( p = true <=> x = a 

0 
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Proof 

{ 1) We get f= M( x) = p <=> OEM(x) <=> OEp) 4.15, 5.5 

<=> M(x) =true <=> p =true ) , 

and f= M(x) =true <=> x EM= im(m) , by de f. 2. 8 

, by 4.9.4 • 

(2) The condition 

A Xa >0 is iso. 0 

<=> 3 Yt B my = x 

holds in view of (1) and 4.12 iff 

5.10 

Viewing 0 again as the power P1 of 1, it is an easy exercise to 

compute the set theoretical operations I -I, n, u n, u on o • 

5.12 1 J.:l_> P1 = 
true 

>0 

5.13 P1 xP1 __.!}_> P1 0 xo A 
0 = --> 

5.14 P1 xP1 _u_> P1 = 0 xo _v_> 0 

5.15 P1 xP1 -=->o 0 xo --=-> 0 

5.16 PO _J.L_>O = { XtPO I I true! eX 

5.17 PO ___Q_>O = I XtPO I Xc I true! I 

In a certain sense, 0 is internally two-valued 

5.18 { 1) f= VptO p :f true <S=> p =false 

i.e. ~!true! = {false! 

( 2) true= false <=> VpeO p = true 

i.e. false=V(0->1) {true! 

0 

0 

0 

0 

0 

0 

(This serves 

Mikkelsen [ 17 J as a definition of 0 --> 1. ) o 

Returning for a moment to the fundamentals of the o-valued set 

theory SET, we observe that the object 0 of truth-values is in fact 

a complete (internal) Heyting-algebra with respect ton and U • 

Having a complete Heyting-algebra of truth-values and "realizations" 

for atomic formulas (cf. section 4, right after 4.21), there is a 
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a standard way (described e.g. in Rasiowa-Sikorski [25], X.2) for 

assigning to any formula~ with free variables x 1tA1, •• xntAn (by 

induction on the length of ~) a realization 

[x1 ••• xnJ ~ J : A1x •• xAn --;> 0 

using only the operations of the Heyting-algebra structure of 0 • 

As expected, one can establish (again by induction on the length) 

[x1 ••• xnJ ~] = l<x1 , •• xn>1 ~ l 
by applying the following description (5.19) of existential and uni­

versal images to the definition 2.20 • Consequently, the natural no­

tion of truth (or "satisfaction") arising from this realization coin-

cides with internal validity. 

5.19 Description of existential and universal images 

For a map A_L>B and a subobject A _!_>o let B _!:_>PO be 

the exponential adjoint of the image of A ( f 1M) >BXO, i.e. 

I= 
( 1 ) 

p E hy <;::> 3 xtA ( fx = y A Mx = p ) , for ptO, ytB • 

Then 

(2) 

~f(M) 

V f(M) 

B _2:_> PO .JL> 0 

B _2:_> PO Jl_> 0 

The proof, using 5.16-17 and simple arguments in SET is omitted. 0 

Returning to the description of the fundamental notion of topoi, 

we consider power-objects. 

5.20 Characterization of power-objects 

( 1) PAxA ~> 0 = l (Y ,x) I x E Y l 
For any relation CXA _E_> (l we have 

(2) The graph of the exponential adjoint C _!_>PA of R is 

graph('in = l (u,Y) I VxtA ( x E Y ¢=> (u,x) E R) l 
(3) CXA_E_>O is a power-formation of A, iff 

I= VYtPA 3 !utC VxtA ( x E Y ¢=> (u,x) E R 

Proof: (1) is trivial, (2) follows from 4.14.2, 4.15.2 , and 
= 

to prove (3) observe that the condition I= ..• holds (by 4.12) iff 
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the exponential adjoint IT of R is iso. o 

We have now characterized all fundamental notions of topos theory 

ET internally (i.e. in set theory SET) and of course it is then possi-

ble to give such characterizations for all defined notions of ET 

(like arbitrary exponentiation, finite colimits etc.) by simply follo­

wing each step of the definition within SET. We illustrate the method 

by some important examples: exponentials and colimits. 

As to exponentials a complete analogue of 5.20 holds, but we 

rather give another description of exponentials which internalizes 

the 1-1 correspondence between maps and functional relations (see 5.1) 

and is essentially Kock's construction of exponentials in [6]. 

5.21 Description of exponentials (Kock) 

For objects A and B the internal graph map BA __ r_> P(AXB) is defined 

through ( cf. 4. 16) f= VFtBA VxtA VytB (x,y) E rF -<::=> Fx = y 

(:) The following diagram commutes 

BAxA~> B 

rxA I Il-l 
v v 

P(AXB)xA ~> PB 

where ev is the adjo:.nt of P(AxB)x(AxB) ~> AxB , i.e. 

F VReP(AxB) VxeA VyeB y E ev(R,x) ¢='> <x,y) E R 

(2) r is a monomorphism with character 

x(r) = l ReP(AxB) I VxeA3!yeB (x,y)ER I 

Proof: (1) is straight-forward. (2) r is by 4. 1 5 monic. Let 

C >_!!'l_> P(AxB) be a monic map with character l R I Vx 3 !y (x,y) E R I . 
For the map C _£_> BA defined through 

f= (hu)(x) = y ~> (x,y) Emu 

wehave rh=mandhencexmcr.Theconverse rcxm isevident. D 
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Turning towards a description of finite colimits we start with 

the initial object. 

5.22 Characterization of initial objects 

A is an initial object iff F= -, 3xcA x= x 

The proof is straight-forward.o 

Our following characterizations of coproducts and coequalizers 

differ from our previous characterizations since we will not assume 

that these colimits exist. In fact, we will actually construct copra­

ducts and coequalizers, following the ideas of Mikkelsen [17]. 

5.23 Characterization of coproducts 

( A _!_>C, B ....tL.>c) is a coproduct of (A,B) iff the two condi-

tions hold : I= VutC 3! xtA fx = u v 3! ytB gy = u ) 

f= VxtA Vyr.B fx :f gy 

Proof: The two conditions say that f and g are monic and trueC 

is the disjoint union of im(f) and im(g). The coproduct is known to 

have this property. Conversly, if the conditions hold we wish to show 

for given maps A__!:_> D , B _Js_> D the existence of a unique map 

C --> D such that A _f_> C <_L_ B commutes. NOw 

h~ I /k 
i ~v/' 

D 

j(u,v>l 3x fx~u 1\ hx=v l u j(u,v>l 3y gy=u 1\ ky=v l is easily 

seen to be a graph of the desired map. o 

5.24 Construction of coproducts (Mikkelsen) 

For objects A and B we consider the monic maps 

m1 = l xr.A 17 (! xl ,falseB) l A >-> PAxPB 

m2 = j ytB 17 (false A, jyj) j B >--> PAxPB 

and let A+B >-m-> PAxPB be their "union" ( for definitness 

m:=pr2(true,xm1 uxm2), see 1.1.3 ). 
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Then the unique maps in1 and in2 such that 
in1 in

2 A > A+B < B 

m'0 [m ~ -, ~ v /-··< 
PA><PB 

commutes is a coproduct of (A,B) by 5.23 • o 

For the internal description and construction of coequalizers 

we need some basic knowledge of equivalence relation in our set 

theory SET which we state without proof. 

5.24 Equivalence relations 

For any object A let EqrelA: P(AxA) --> n be the subobject of all 

internal equivalence relations ~A (defined as usual). 

( 1) Any map A_!_> B induces an equivalence relation on A 

"'f := (fxf)-
1

(.QB) F= "'f E EqrelA 

(2) Let AXA--!L...>o be an (external) equivalence relation on A, 

i.e. I= TT E EqrelA , and let A......!!!._> A/TT be the epic part of the 

exponential adjoint A_n_> PA of TT • 

5.25 Coequalizers (Mikkelsen) 

Then ,......, = TT TT* 

For a pair A_!_> B , A ...JL> B of maps we consider the relation 

TT := n I RtP(AxB) I R E EqrelB A 3(fxg)(.QA) c R 

(1) Characterization of coequalizers: 

0 

B~> C is a coequalizer of (f,g) iff his epic and "'h = n. 

(2) Construction of coequalizers: 

TT is an equivalence relation, and * B -"--> B/ TT is a coequalizer 

of (f,g) • 

Proof: We only scetch the proof. 

a) Suppose first h in ( 1) is epic and "'h = TT • Then for any map 

B -!L> D with kf =kg a unique factorization of k through h is given 

by the graph {(u,v) r:CxD l3yr:B ( hy=u A ky=v) I . 
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b) Let us now establish (2) using a). n is clearly an equivalence re­

lation (any intersection of equivalence relations is one), n* is epic 

and "'n* = n , by 5. 2 4. 

c) The remaining part of (1) not covered by a) follows from (2). o 

Having now established the preceding characterization of the 

basic notion of topos theory ET, it should be clear that all conside­

rations within ET can be translated into the set theory SET. Hence, 

topos theory may be viewed as a part of intuitionistic many-sorted 

Heyting-valued set theory. However one should bear in mind that the 

notion of truth (internal validity) in SET refers to the notion of 

truth in ET, so that all arguments in SET have corresponding arguments 

in ET and hence working in set theory SET means actually working in 

topos theory ET from a different point of view : the set theoretical 

(or internal) one. 

Unfortunatly, set theorists have neglected to study intuitionis­

tic set theories in detail (at least to our knowledge), otherwise 

their results could now be applied to get new insights into topos 

theory. But for the time being it seems that one has to put the wagon 

before the horses and develop parts of intuitionistic set theory main­

ly for applications in topos theory. However at least in the boolean 

case (i.e. 1.6 holds) all classical results of (many-sorted) set 

theory which can be formulated in SET can be transferred into boolean 

topos theory EBT. 
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6. Applications to recursive relations and natural number objects 

In the preceding section we have to some extent outlined the set 

theory SET defined over topos theory ET and proved some fundamental 

properties. Now it becomes necessary to convince the reader that the 

set theoretical machinery works as it should when it comes down to 

simplify heavy proofs and constructionsinelementary topoi and to pro-

vide "new" results in topos theory by translating set theoretical 

results into topos theory. This of course presupposes some familiarity 

with the set theory SET which will be assumed here. 

One application in this direction has already been given when we 

reformulated Mikkelsen's construction of coproducts and coequalizers. 

It is in fact our conviction that the set theory SET (or rather a 

fragment of it) should be introduced at the very beginning of the in­

vestigations in topos theory ET in order to already simplify its basic 

development (which was presupposed here). For example, a fragment of 

SET (not containing "FalBiil", v, 3) can be useful to establish the 

existence of the initial object 0 , unions of subobjects and images of 

maps following Mikkelsen's construction [17] • 

In order to get further applications for the set theoretical 

method let us first prove some results on inductive resp. recursive 

relations which are essentially due to Mikkelsen [ 1g] (namely our fol­

lowing 6.1, 6.3-5). 

6.1 Proposition For a relation A ....E..>PA the following con-

ditions are equivalent 

( 1 ) For all A...lL>o r-1 (PN) c N => N= true A 

(2) For all A_];_> (l -1 (. ) r PL =L => L =true A 

(3) I= VXt:PA r-1.Pxcx => X= true A 

(4) I= VYt:PA r-1PY=Y -> Y =true A 
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The relation A.L..>PA is called inductive iff any of (1)-(4) holds. 

Proof: Clearly (3) => (1) => (2), (3) > (4) > (2), so that 

it remains to show (2) => (3) • Consider the subobject of PA 

M:= l X£PA I r-1:Px c X l and the subobject L:= nM of A. For X£A we get 

F= x E r-1:P1 => rxcL 

=> VX(XEM => rxcX) 

=> VX(XEM => x E r-1:Px) 

=> VX(XEM => xEX) 

=> xEL 

i.e -1 LEM From this r PLc L resp. . we conclude 

, i.e. 

Hence 
-1 0 1 0 

L c r PL , and thus L = r- PL • By ( 2) we get L = n M = true A 

which implies (3). o 

Our aim is to show that the inductive relations coincide with the 

recursive relations which were introduced in Osius [22] in order to 

build a model of set theory in well-pointed topoi. Recalling the 

6.2 Definition A relation A--L>PA is called recursive iff 

for any map PB -iL> B there exist a unique (!!Y g r-recursively defi­

ned) map A __f_> B such that f = g( 3f)r , i.e the diagram 

A--f-> B 

r ! I g commutes. 

PA_jf_> PB 

Let us now prove 

6. 3 Proposition A relation A .L..> PA is inductive if and 

only if for any map PB -iL> B there exists at most ~ map A __f_> B 

such that f=g(3f)r. 

Proof: Suppose r is inductive and let f' and f" be such maps. 

For N:= l x£A I f'x=f"x lone clearly has: f= rxcN => xEN. 
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Hence -10 
r PNcN and by 6.1.1 we get N=trueA' which implies f' =f". 

Conversly, if the condition is satisfied we wish to prove 6.1.2 • Now 

for a subobject L of A the condition r-1PL=L holds iff the diagram 

A L >0 
/'A 

/ 

r 
/ 

.... f>L n commutes , 
/ 

'i/ / ::JL PA > PO 

since < ::JL > -
1 

< n > = :PL (which can easily be 

assumption there is at most one 

established). Hence by 
-1-l!. L such that r .I:'L = L • On the other 

-1 0 ( ) hand r P trueA =true A which proves 6.1.2 • 0 

6.4 Corollary Recursive relations are inductive. o 

As in ordinary set theory, maps can be defined recursivly along 

an inductive relation. 

6.5 Recursion theorem (Mikkelsen) 

If A ~>PA is an inductive relation, then for every map 

P(AxB)xB---h--> B there exists a unique (£l h r-recursivly defined) 

map f such that f A > B 

(r,A) 1 r h 

p AxA _;;;..::J ('-'A~':....f•) ;..;xA;.;..___.> P ( AxB) xA 

commutes, i.e. internally Vxr.A fx= h(graph(f) J rx, x) 

~: We only give the important steps of the proof, leaving 

some elementary details to the reader. First, the graph of f will be 

constructed. Let R,Fr.P(AxB), xr.A , yr.B , and define a subobject of 

P(AxB) by 

M := ! R I VF Vx F function A dom(F)=rx A FeR => (x,h(F,x))ER 

and the subobject G:=nM of AxB. G will be shown to be the graph 

of the desired map f. It is easily seen that ( 0) GEM • Defining 

G*:= j(x,y)! 3F F function A dom(F)=rx A FcG A y=h(F,x) l, 
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we conclude from ( 0) G* c G , which in turn gives G* EM and hence 

G c G* , so that ( 1 ) G = G* • 

Now we establish by induction on r, that G is a graph of a map 

A--e>B ' i.e. defining N := l X I 3 !y (x,y)EGI we prove 

r-1PNc N 
' resp. internally (2) F= rxcN =C> xEN 

To prove (2) we observe : 

F rxcN =e> GJrx function 11 dom(GJrx) =rx 

=e> (x,h(GJrx,x)) E G (3) 

and F rxcN -> ( F function 11 dom(F) =rx II FcG => F=GJrx) • 

From both we conclude : 

F rxcN => ( (x,y) EG*=G => y=h(GJrx, x)) 

which gives (2). Now by 6.1.1 we get N=trueA which makes G the graph 

of a map A_!_> B , for which we conclude from ( 3) 

F fx=h(graph(f)Jrx, x) 

This proves that f is the desired map. The uniqueness of f follows 

similiar as the proof of 6.3 • o 

6.6 Corollary inductive relations = recursive relations 

Proof: By 6.4 we have to show that inductive relations are re­

cursive. Let A-E->PA be inductive and let PB-'L>Bbe any map. 

Apply the recursion theorem to the map 
-1 

h := P(AxB)xB -EE..L....> P(AxB) ~> PB ~> B 

in order to get the r-recursivly defined map A_!_> B by g • o 

It should be pointed out, that 6.6 and 6.1.3-4 provide an inter-

nal characterization of recursive resp. inductive relations. 

As a nice application of the recursion theorem (and the set 

theoretical method) let us now turn to an internal characterization 

of natural number objects, namely through the internal "Peano axioms". 



341 

6.7 Definition 

A sequence 1 -2-> N ~> N is called a Peano object iff the follo­

wing conditions hold 

(P1) 0->N 

! ! s 
_o_>N 

is a pullback. 

(P2) s is monic 

(P3) Principle of induction. For all N .2!..> 0 

o EM 1\ 3s(M) eM => M= trueN 

or, equivalently (but internally) 

(P1') F= ofim(s) 

(P2') F Vm,nEN sm = sn => m = n 

(P3') F VXtPN ( oEX 1\ (3s)XcX => X=trueN 

The equivalences (P1) ~ (P1') , (P2) 4=> (P2') are obvious, and 

(P3) ~ (P3') follows similiar to 6.1.o 

Concerning the existence of Peano objects we recall the classical 

criterion. 

6.8 Proposition If there exists maps 1 ~>A L> A such that 

f is monic and 0 -->A 

! Jf 
1 _a_> A is a pullback, 

then there exists a Peano object _£_> N ~> N and a monic 

N >-->A such that 1 -
0-> N _s_>N 

r r 
_a_> A _f_> 

~ 
A commutes. 

Proof: For the subobject N~=n l XePAI aEX" (3f)XcX I we 

clearly have a EN and ( 3f )N c N • Hence, for a monic N >..h..> A with 

character xh = N there exist a sequence 1 - 0-> N ~> N such that 

the above diagram commutes. The properties P1, P2 follow from the 
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assumptions on the maps a, f and P3 follows from the construction 

of N • o 

Our aim is to show that Peano objects and natural number objects 

(see e.g. Freyd [4]) coincide. 

6.9 Successor relation 

For a Peano object 1 - 0
-c::> N ~> N the successor relation N ..2:....> PN 

is defined as the exponential adjoint of graph(s):N><N--e>O. 

Then (1) f= ro=falseN 

( 2) f= Vn&N r( sn) = ! n! 

(3) r is recursive 

Proof: (1,2) follow from P1,2 and to prove (3) from P3 it 

suffices to show for a subobject M of N (cf. 6.1.1) 

(0) f= r-1PMcM ¢::> o EM A (3s)McM 

Now by P3 and (1,2) we have 

f= Vn ( rn c M -> n E M 

¢::> ( roc M -> o EM ) A Vn ( r( sn) c M => sn EM ) 

4=> o E M A Vn ( n E M => sn E M ) 

which proves (0). o 

Since the successor relations of Peano objects are recursive 

(inductive) we can directly apply the recursion theorem to get the 

usual recursion property for a natural number object (see the proof 

of 6.1 o.) • 

6.10 Theorem Peano objects are natural number objects. 

Proof: Given a Peano object 1 - 0-> N ~> N and maps 

1 ~>A JL> A , we wish to show the unique existence of a "sequence" 

f' such that 
0 s 

-----e> N -----e> N 

I f' I f· I 
~ a ~ h ~ 
1---> A--> A commutes. 
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i.e. F f'o=a A Vn f'sn=hf'n ( 0) 

Using the partial map classifier (see e.g. [4,9]) A-!L> A, let g 

be the unique map such that 

1+A >(false,!-}) > PA >--...;3...;'ll..;... __ :> PA 

lg l (a,h) 

A 
v 

________________ 'll~-----------:> A 

is a pullback. In particular for xeA 

( 1 ) 

(2) 

g( false) = 'lla 

gj'llx} =g(3'1J)Ixl = 'T)hX 

Now by the recursion property (6.2) of the successor relation r of 

the Peano object, there exists a unique map N _!_>A such that 

(3) I= Vnt:N fn=g(3f)rn 

From (1-3) and 6.9.1-2 we conclude 

(4) I= fo= 'lla A Vn&N ( fn= 'IJX => f(sn) = 'llhx) 

which implies I n j fn E im( 'll) I = trueN by P3. Hence im(f) c im( 'll) 

and there exists a unique factorization N _!_>A = N _£_>A__]_> A • 

Since 'll is monic, (4) implies (0). The uniqueness off' follows from 

P3 similiar to the proof of 6.3 • o 

Now we establish the converse of 6.10. 

6.11 Theorem Natural number objects are Peano objects. 

Proof 
= 

P1: There exists a subobject M of N such that 

1 
_o ___ :> N s > N 

IM 
v l IM v 

false > n trueo > n commutes. 

Hence for neN F o= sn => true = false 

which proves F ofim(s) , by 5. 18. 1 • 

P2: We define the "predecessor" N -IL.> N and prove ps = i~ , which 

makes s monic. Now there exist maps p and f such that 
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1 --~o--~> N ----~s~--~> N 

! (f,p)l (f,p)l 
v v 

( ) > N~ -..,.( ---""T)-'> N~ o,o spr1 ,pr 1 
commutes. 

From fo = o and fs =sf we conclude f = i~ (by uniqueness property) 

and hence p s = f = i d • 

P3: Let M be a subobject of IN with o EM and (::Js)McM • Then M is 

the character of a monic map A ~> N and there exist maps 

a, h, f such that 1 __ o_> N s -----> N 

l f l f I v 
1--a-> A--h-> A 

r m r m r 1 __ o_> N--s-> N commutes. 

By the uniqueness property, mf = i~ making m iso and hence M =true. o 

6.12 Corollary Peano objects = natural number objects 0 

Again we point out, that 6.12 and 6.7 provide an internal charac­

terization of natural number objects. Furthermore 6.8 gives a suffi­

cient (and clearly necessary) condition for the existence of natural 

number objects (already obtained in Freyd [4] Prop. 5.44 by other 

methods). 

This concludes our selected applications which are not included 

for completeness, but only to illustrate the set theoretical method 

in pratice. 
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A NOTE ON KRIPKE-JOYAL SEMANTICS FOR THE INTERNAL LANGUAGE OF TOPOl 

GERHARD OSIUS 

The purpose of this paper is to give the important connection 

beetween the Kripke-Joyal-semantics and the internal interpretation 

of the set-theoretical language L(SET) of elementary topoi which is 

given in [3]. We assume familiarity with the basic parts of [3] and 

adopt the notations from there. In fact this note should be considered 

as an appendix to our paper ( , in particular since the material here 

is essentially known to the experts in this field for some time (but 

has not been published yet) and only our strict presentation seems to 

be original. 

The now called Kripke-Joyal-semantics was developed by Joyal 

[unpublished] as a logical tool in certain categories (using ideas of 

Kripke's semantics) and has been used since in elementary topoi, e.g. 

in Kock-L~couturier-Mikkelsen [1]. We will restrict ourselves here to 

elementary topoi and the following considerations will take place in 

the elementary theory ET of topoi (or, if the reader prefers, within 

a fixed elementary topos §). In this context the Kripke-Joyal-semantic 

appears as a particular interpretation of the set-theoretical language 

L(SET), namely the following. 

With respect to ~ fixed object X of the topos we give an inter-

pretation of the primitive operations of L(SET) : 

A-elements are interpreted as maps X--» A which are now 

called elements of A the stage (or: time, place) X • 

The constant 1-element is interpreted as X-> 1 • 



350 

For any map A _f_> B the evaluation-operator f( -) is inter-

preted through: 

The ordered-pair-operator is interpreted through: 

(X~>A,X_£_>B) :=X (a,b) >AXE 

Now let ~(x 1 , •• xn) be a formula of L(SET) with free variables 
ai 

among xi e:Ai and let X-->Ai be elements at stage X ( i=1, •• n). By 

induction on the length of formulas we define what it means that 

~(a 1 , •• an) holds at stage X under the interpretation, written 

Fx ~(a1 '• .an) 

(F) f=x False iff 

( =) f=x x.J!:....>A = X_£_>A iff a=b 

(A) f=x ( ~(a 1 , •• an) 1\ *(a1 , •• an) iff 

F=x ~ca1 ' •• an) and F=x wCa1' •• an) 

( V) f=x ( ~ ( a 1 , •• an) V w ( a 1 , •• an) ) iff 

there exists a jointly epic pair ( Y ..J:....>X , Z ~>X) such that 

Fy ~(a 1 t, •• ant) and f=z ~(a 1 s, •• ans) 

for all Y _t_> X 

(V) f=x (Vye:B) ~(a 1 , •• an,y) iff 

for all Y-t->Xand y_l;_>B: Fy ~(a 1 t, •• ant,b) 

(3) f=x (3ye:B) ~(a 1 , •• an,y) iff there exists an 
t b epic map Y--~X and Y-->B such that Fy ~(a 1 t, •• ant,b) 

Since negation is defined as (-)~False we get in particular 

(' ) Fx ·~ ( a 1 ' • • an) iff for all Y-t->X 

f=y~(a1 t, •• ant) implies Y"'-"0 

And concerning the defined predicates (-) E (A .J\L>n) we note 
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(E) Fx x2:..>A E A_!_>O iff a M X-> A -> o = truex 

For an intuitive understanding of the above definitions the maps 

Y_j_> X , Z~> X beetween the stages should be viewed as passages from 

the "later" stages (times) Y, Z to the "present" (or "earlier") stage 

(time) X • 0 is the latest and 1 the earliest stage. In this termino­

logy ('v) can be read: (Vye:B) cp(a1 , •• an,y) holds at stage X iff for all 
t passages Y->Xfrom later stages Y to X cp(a1t, •• ant,b) holds at Y 

for all elements Y.J?....>B. The other definitions can be read similiarly. 

A formula cp(x1 , •• xk) having exactly the free variables x1 e:A 1 , •• 

xke:Ak is said to be Kripke-Joyal-valid iff for all stages X and all 
ai 

elements X-->Ai (i=1, •• k) l=x cp(a1' •• ak) holds. 

The important connection beetween Kripke-Joyal-semantics and the 

internal interpretation of the language L(SET) is brought out by the 

Meta theorem 

For any formula cp(x1, •• xn) with free variables among x 1 tA 1 , •• xne:An 
a· 

and elements X-l-> Ai ( i=1, •• n) at a fixed stage X the following are 

equivalent: (1) l=x cp(a1 , •• an) 

(2) X (a1, •• an> > A1x •• xAn l<x1•••xn> I cp(x1••·XnH > 0 = trueX 

i.e. l=x (a1 , •• an) E l<x1 , •• xn) I cp(x1''"xn)! , by (E) 

Corollary A formula of L(SET) is Kripke-Joyal-valid if and only 

if it is internally valid. o 

The proof of the metatheorem is straightforward by induction on 

the length of formulas using the following 

M N a b Lemma For subobjects A-->0, A-->0, elements X->A, X->B 
= 

and A_!_> B we have: 

(1) l=x aEM 

(2) l=xaEMnN 

iff 

iff 

image( a) c M 

l=x(aEMAaEN) 

and similiar for u and~ (replace A above by V and ~) 



(3) f=xbE'v'f(M) 

(4) f=x bE ::Jf(M) 

iff 

iff 

Proof: (1) is obvious. 
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Fx VxeA ( fx = b::::;:. x E M ) 

f=x 3 x eA ( fx = b A x E M ) 

( 2) is straightforward for n and => since f=x a EM=:> N is by ( 1) equiva­

lent to im(a)nMcN. To prove (2) for u let C~>A, D~>A be 

monic maps with character x(m) =M , x(n) =N • We note that by (v)(E) 

f=xC a EM V a E N ) holds iff there exist a jointly epic pair 

(Y_!_>X , Z~>X) and maps Y~>C, z....i....>D such that me= at and nd =as. 

Now given such maps t, s, c, d we have Y+Z (t,s) ::;»X2->A = 

Y+Z C+d>C+D(r,J,n) >A and hence im(a)cim(m,n)=MUN, which in turn 

gives f=x a EMU N by ( 1). Conversly, the latter implies the existence 

of a' such that x2:...>A=X~>CUD~>A, and pulling the joint­

ly epic pair ( C >--> C u D, D >--> C u D ) along a• yields a jointly epic 

pair (t,s) and maps c,d with the above properties. 

(3) is again straightforward since f=x bE vf(!!J) is equivalent to 
-1 

f (im(b))cM And to establish (4) we note that f=x bE::Jf(M) holds 

by (3)(A)(E) iff there exist an epic y_!_:;s>X and Y~>C such that 

Y-c->C~>A_L>B = y_!_::s>X~>B • Given such t and c we clearly have 

im(b) c im(fm) and hence f=x bE ::Jf(l\1) by ( 1). Conversly, suppose the 

latter and let C~::s> E ~> B = C ~> B be the epi-mono-factrization 

of fm. By (E) there exists a map b' such that X.J?.:_>El>B=X__b_>B, 

and pulling C-e-::s>E along b' yields maps y_!_::s>X, Y-c->C with the 

above properties.o 

By the metatheorem the Kripke-Joyal-semantics and the internal 

interpretation of the language L(SET) provide "equivalent" logical 

tools in elementary topoi and since each method has some advantages 

over the other both should be used (according to the situation one 

may be more appropriate than the other). Since the internal inter­

pretation has already been studied in detail in [3] we can immediatly 

conclude many properties of the Kripke-Joyal-semantics from the meta-
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theorem. For example, we obtain from [3]Thm 4.23 the following inter-

pretation of unique existence in Kripke-Joyal-semantics: 

holds iff for all Y .-:L> X there 

exists a unique Y ____Q__> B such that l=y cp ( a1 t, .• ant, b) 

Let us finally observe how Kripke-Joyal-semantics can be modified 

if the topes is generated ~ .§: class Q. 2.f objects which is closed 

under subobjects. In this case we restrict the above stages X, Y, Z, •• 

(i.e. the domains of elements) to members of the class Q. of generators, 

and all previous results hold unchanged for the restricted stages as 

well if we only replace the interpretation (3) for existential quanti­

fication ~ 

f=x (3yeB) cp(a1 , •• an,y) iff there exists a jointly epic 
t. bi 

family (Yi__:_>X)i E I and a family of elements (Yi-->B)i E I 

suchthatfor all iEI: YiEQ. and F=yi cp(a1ti, •• anti,bi) 

Examples 

1. The class Q. of open objects is in well-opened topoi by definition 

a class of generators (for the plentitude of well-opened topoi see 

[2],4.). In this case yet another "external" interpretation of the 

language L(SET) which iscloselyrelated to Kripke-Joyal-semantics is 

given in [2]. We note that if in addition "support splits" in the topes 

then (3)Q. can again be replace by the original (3). 

2. In well-pointed topoi Q.= !0,1} is by definition a class of gene-

raters. 

In both examples above the definitions (F) - (3)Q. can be simpli­

fied because of the particular nature of the class Q. of generators. 
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