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A Semantical Analysis of Implicational System I
and of the First Degree of Entailment

R. RouTtLey

A semantics for the implicational system I {of [9]} is described, and
the completeness and decidability of I and related systems established.
It is shown that I has the same first-degree logic as Anderson-Belnap
system E and Ackermann system 7 and the same positive logic as Lewis
system §3. A detailed semantical investigation is made of the first degree
of entailment systems, and important matrices and algebras are derived
and thereby interpreted.

§ 1. System J and Its Semantics

An axiomatisation of I which separates the role of connectives is as
follows (dots replace parentheses in accordance with the conventions of
Church [4], pp. 74-80):

Implicative axioms:

1. A»B-. B-»C-., A-C.
2. (A-». A—>B)—». A—B.

3. A-A—->B-B.

4 B—-C—. A-A

Positive axioms:

5. A&B-A.
6. A& B-B.
7. (A-B)&{A—-C)». A-B&C.
8 A—-AvBEB
9. B>AvB

10, A-C)&(B-C)—». AvB-C.

1l. A&BvCO)-»{4A&B)vC.

Negative axioms:

122 ~A->B—-. ~B—-A.

13. A->~~A.

14 A-~A—-. ~A.

Rules. From A and 4 -+ B to infer B (Modus ponens). From 4 and B
to infer A & B (Adjunction).
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In the context of the remaining axioms 4 may be replaced by the more
appealing (but equally disastrous)

4. A-B->. A-A4
or, equivalently, by the tempting principle of Factor
4. A-B-». A&C—-B&C.
The strict implication system S 3 results upon replacing 14 by
14,, A»B->. A»~B—. A->C;
and the system S4 results from I upon replacing (14 by 14, and) 4 by
4, B>. A>A.

Alternatively (see [97]) §3 is obtained upon replacing 14 by Disjunction
Syllogism or by Antilogism.

An F-model is a structure & = {G, K, N,R,*,+>, where K is a set,
N is a subset of K,Ge N, R 1s a binary relation on K, * is a one-one
function from K onto K such that G* =G, and + is a valuation function
from atomic wif and elements of K to truth-values T and F. An I-model
is an F-model such that

(i) R is transitive from N and reflexive on N.

(ii) If He N then H = H*, for H, H* e K.

(i) H** = H, for every H e K.

(iv) If H, RH, then H RH¥,for H,H,e K.

The valuation function defined for atomic wif and elements of K is
extended so that its first domain is the set of all wif, by the following
inductive specification:

(A&B H)=T iff {4, H)=T and «(B,H)=T,
HAVvB,H)=T if (A4 H=T or +BH=T,
w(~A, H)=T iff (4, H¥=F,
vw(A-B,Hy=T iff HeN and,forevery H', if HRH'
and (A4, HY)=T then, materially, »(B,H")=T.

Here, as henceforth, H, H', ..., H,, H,, ... are understood as variables

restricted to K. Where v is defined: Av B=,,~(~A&~B), the
evaluation rule for v follows.

A wif B is true in an I-model # ={G,K,N,R,*,v)> iff »(B,G)=T,
Jalse in M iff »(B,G)=F. B is I-valid iff B is true in every I-model.
I-model # satisfies A (set I') iff 4 (every A in I')is true in 4. .4 is an
I-countermodel to B iff B is false in .#.
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In fact I-models can be replaced by simpler structures (K, R, *), and
the base element G and the set N defined respectively, G=¢H(H = H*)
and N={H:H=H*}. Here K is a set of atomic situations, where an
atomic situation is simply a set of atomic wif or propositions. For each
atomic situation a characteristic function »4 indicates whether or not
a given atomic wif (proposition, fact) p belongs to H; then vgx(p)=T or
vp(p)=F according as p belongs or does not belong to H. Defining
v(p, H)=vgx(p) the set vy, for H e K, of characteristic functions can be
supplanted by a single two-place “valuation” function .

A situation H (of propositions, facts) is the class of wif (propositions,
facts) that are in H. Being in or holding in a situation is defined by
recursion:

Where A is atomic 4 is in situation H (4 holds in H) iff 4 belongs to
atomic situation H. Otherwise

A& B isinH iff AisinHand Bisin H,
AvBisinH iff AisinHorBisin H,
~A4 isin H iff Aisnotin H¥,

A—-B isin H iff H= H* and whenever 4 is in a set-up
H?! such that HRH® then Bisin H!.

The recursion may be alternatively stated by simply extending the
function ». Where +! is the extension of » then, »!(4, H)= T iff 4 holds
in H.

Given set-up H, H* is the class of wff (propositions, etc.) B such that
~ B is not in H: the specification characterises * completely, given that
negation is already understood. The merit of * is that if facilitates the
construction of inconsistent and incomplete set-ups. Thereby the
distinctness of H and H* provides for set-ups in which tautologies do not
hold and in which the negations of tautologies do hold, and thus it
enables the suppression of tautologies in inference and entailment to be
revealed (see [10]: V. Routley suggested using inconsistent and incomplete
situations in the semantics of entailment, in order to avoid suppression).
Because too H* may differ from H, Carnap’s requirements of logical
independence and of completeness ([3], p. 70ff) can be abandoned
without the disadvantages of meaning postulates. If H is both consistent,
i.e. contains at most one of 4 and ~ A4 for every sentence A4, and com-
plete, i.e. contains at least one of A and ~ 4 for every sentence A4, then H*
coincides with H. If H is inconsistent with respect to wff B then H* is
incomplete with respect to B, and conversely. Since incompleteness
theorems provide situations which are either inconsistent or incomplete,
cases where H and H* differ have to be admitted. For let H be the set
of wif provable in Peano arithmetic, then by the Godel-Rosser theorem H
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is either inconsistent or incomplete. Situation G, canonically the set
of all and only truths, is neither inconsistent nor incomplete; hence
G =G*

Theorem 1. If ;B then B is I-valid.

Proof is by induction over the length of the proof of Bin .

§ 2. Completeness

Lemma 1. B is I-valid iff ~ B is not satisfied in any I-model.

More generally, B is F-valid iff ~ B is not satisfied in any F-model,
where F-validity is defined analogously to I-validity.

Where Lisa logic, Zisasetof wif of Land Aisawlffof L, 2+, 4
iff A is a theorem of the system LU Z, i.e. the system obtained by adding 2
as axiom to L and closed under the rules of L (in the main case in point
where L is system I, under the rules of modus ponens and adjunction).
Thus £+, 4, ie. A is I-provable from X iff there is a sequence B, ..., B,
terminating in 4 each of whose members is a theorem of I, a member of Z,
or the consequence of predecessors by modus ponens or adjunction. 2 is
I-consistent iff for no wif B of I is both B and ~B I-provable from 2.
L-consistency is defined analogously. X is [ — A(bsolutely)-consistent
iff some wif of I is not I-provable from Z.

A set X of wif of I is I-maximal (I-inflated) iff

(i) Every theorem of I is in X,

(i1} X is I-consistent (X is I — A-consistent),

(iii) X isclosed under adjunction,i.e.if Ae Zand Be X then4 & Be Z,

(iv) Z is closed under modus ponens, ie. if AeX and A>BeX
then Be Z,

(v) Zisprime,ie.if Av BeZ then Ae X or Be X
L-maximal and L-inflated are defined analogously.

Lemma 2. If 2 is I-maximal then

(a) A& BeXiff AcZand Be X2

(b AvBeZiff AcZ or Be X

{c}) Exactly one of B and ~ B, for each wff B, is in Z.

{(d) For no B is B> ~B in X, where A«»>B=p (A—B)&(B— A).

If Z is I-inflated then both (a) and (b) hold.
Similar results hold of course for L-maximal sets of suitable logical
systems weaker than 1.

Lemma3. (i) If Be X then X+ Aiff Z, BF A
(it) If F;B and B+, C thent,C.

(i) If ZCAand Xt A then A4+, A.

(iv) If Z, B+, Cand X, C+ D then X, B+ D.
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Lemmad. (i) If [,Ar,CthenI’, Av B+, Cv B.
({) If A Cthen',Bv AFHBv C.

Proof of (i} is as in Meyer-Dunn [8]. On the hypothesis I', AF, C
there is a sequence A4,,....4,,_,, 4,=C each of whose members is
either a theorem of I, a member of I', 4 itself or a consequence of
predecessors by modus ponens or adjunction. Suppose on induction
hypothesis

I, AvBt,4;vB, for i<j. (1)
It is shown
I' AvBF A;vB, 2)

from which (i) follows. There are five cases:

Case 1. FA;. Then F A;v B by addition, whence (2) follows by a
previous lemma.

Case 2. A;= A. Then (2) is immediate.

Case3. A;el’. Then I, Av Bt A;, whence (2) follows.

Case 4. A; follows by modus ponens from A4, and A4,—A4;,
with k <j. By induction hypothesis (1), I', Av B+, A, v B and T,
AV Bt(A,—Aj)) v B.Byadjunction, I’ A v B F(A, v B) &.(A,—~ A4;) v B.
Then I', Av B+, A, & (A, — A;) v B, whence (2) follows using theorems
of I.

Case5. A)(=A, & A4,) follows by adjunction from 4, and 4,, with
h, k<j. By (1) and adjunction I', A v BF; (A, v B)& (4, v B), whence I',
Av Bt A, & A, v B. Proof of (ii) is similar.

Lemma 5. (i) Every I-consistent class I’ has an I-maximal extension
I'*, such that I'" 2T

(i1} If A is not I-provable from X there is an I-inflated extension 3
of X such that A¢ Z.

Proof of (i). Using some standard method fix an enumeration
By, By, ..., B, ... of wif of I, such that each wif appears exactly once and
both C and D precede (C & D), (C— D) and (C v D). Define:

L, =rI.
r.o- {Fju{Bj} if TI;U{B;} is I-consistent
j+1

—\r ; otherwise.

U,

i<w

[

f+

Then (a) F'C T, and I'" is I-consistent. For I, is I-consistent and, for

each j=0, I'; is I-consistent implies I, is I-consistent. For if I,

=I;U{B,} is not I-consistent then I';,; =TI, Thus every I;, for j<o,
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is I-consistent, so their union I'" is I-consistent. For any proof of
I-consistency would be a proof from I, for some k.

{b) Every theorem of I isin I'*. Let C be a typical theorem of I; then
C = B, for some unique k. Suppose I,.u{C} is not I-consistent. Then
for some wit D, [,U{C} ;D & ~D. But then by the definition of I-
provability I, ;D& ~D, ie [, is I-consistent, contradicting (a).
Accordingly I, U{C} is I-consistent, so Ce I'*.

(c) I'* is closed under adjunction. Suppose, on the contrary, CeI'",
Del'* but C&D¢I'". Then in view of the enumeration of wif, for
some k, Cel,, Del,but I,u{C & D} is not I-consistent. Thus for some
wif E,

I, C&DHE& ~E.

Since however C & Dis [-provable when C, D bothare I,,C,DH E& ~E,
whence since (, Del, I HE & ~E, contradicting (a).

(d) I'* is closed under modus ponens. Suppose, again on the contrary,
Bel", B»CelI" but C¢I*. Then for some k and some E,
I, CHE& ~E. In view of the arrangement of the enumeration, for
some p>k Bel,, B»Cel,. Since then I',, B,B—»CF,C, by a lemma
I,k C. Also since I,ET,. I, CH{E& ~E, whence I',t;E& ~E
contradicting (a).

(¢) I'* is prime. Suppose, on the contrary, BvCelI*, B¢ I'" and
C ¢ I'". Since every wif occurs exactly once in the enumeration there are
unique indices j, k, [ such that Bv C=B;, B=B, and C=B,. Since B
and C precede (B v C) in the enumeration j>m=max(k, ), and I';2 [}
and I;2 I;. On the suppositions made, then, I;U{B v C} is I-consistent,
but I';u{B} and I';u{C} are not. Thus for some Dand E, [, BF; D& ~D
and TI,, Ct E& ~E. Applying lemmas it follows in turn,
I, BvCHD&~DVC, I, D& ~DvCHD& ~DVE& ~E,
Iy BvCHD& ~DVvE& ~E But since Hy~(D& ~Dv E& ~E),
I, BvCk~(D& ~Dv E& ~E), contradicting the I-consistency of
[;u{Bv C}

Proof of (i1) uses the following definition:

X, =X
5 Z, i Z;u{BjitrA
JHe { Z,u{B;} otherwise.
=z
ji<w
Then (a) Z* is I — A-consistent since A is not I-provable from X;, for

any j. Proofs of (b) — (e) are the same as, or simplifications of, those given
in proof of (1).
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Theorem 2. If I is an I-consistent class of wff then there is an I-model
M ={G, K, H,R,* v) such that .# satisfies I'.

Proof. Let N be the class of I-maximal sets. For He N define:
By C=pB»CeH; B=yC=p;B-»CeH.

Lemma 6. For each He N,
{H, £y, ~>, where ~, &, v provide, respectively

complementation, intersection and union operations, is a de Morgan lattice.

Proof. (i) =, is an identity relation; for it is an equivalence relation
and full substitutivity of identity holds.

(ii} <y is a partial order on H. For 4 £, A since all theorems of /
belong to H. Likewise since H is closed under modus ponens and — is
transitive, B<,C and C<yA implies By A. Finally 4<,4B and
B<,A imply A-BeH and B-AeH, whence by adjunction
A« BeH and A =4B.

(ii)) Remaining distributive lattice postulates are immediate from
substitution instances of first degree theorems of I. For example, since
A& BvCO)». (A&B V(A& C)eH A&BVvCO) sy A& BvA&C,
where & and v are now lattice operations.

(iv) The lattice is de Morgan, since B«+ ~~ B € H implies B=, ~~ B,
and B<,C implies B—~CeH which implies ~C—-~BeH, ie.
~CZy~B.

Now define a canonical I-model .# = {G, K, N, R, *,») as follows:
G=T", where I'* is the I-maximal extension of I" guaranteed by Lem-
ma 5. N is the class of I-maximal sets. K is the class of prime filters of
the lattices defined, as in Lemma 6, by elements of N. H, RH, iff, for
everywif Band C,if B»CeH, and BeH, then Ce H,. H*={B: ~ B¢ H}.
»ip, Hy=T iff p € H, for each atomic wif p. Then

(x) H*e K, for every He K. For

Lemma 7. (i) If He N then H= H*,
(1) If H is a prime filter then H* is a prime filter.

Proof of (i) follows from Lemma 2. When He N, for no B, Be H and
~ B e H. Since every theorem of [ is in H Av ~AeH. Thus since H
1s prime AeHv ~AcH, for every A. Combining these results, for
every A, ~A¢ H iff Ae H, whence H* =H.

As for (i1}, H* is a filter since Be H* and Ce H* iff (B& Cje H*
follows using the definition of H* and the fact that H is prime; and H*
is prime since Be H* or Ce H* iff (Bv C)e H* using the fact that H
is a filter.

(B) The canonical I-model .# defined is an I-model. For:

(i) Ge N, since I'" is an I-maximal set.
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(i1} R is reflexive, since H is a filter.

(i) R is transitive from N. Suppose H RH, & H,RH, & H ¢ N
& H, e N.Thenif B— Ce H, and C—CeH,, B~ CeH,, using Exported
Syllogism. Since H, e N, C—~Ce H,. Thus, using H, RH;, f B>Ce H;
and B e H, then Ce H, for every B and C, ie. H, RH;.

(iv) If H € N then H = H*, by («).

(v) H**=H.

Since every H* € K is a filter of an I-maximal set and ~ ~ B+ B belongs
to every I-maximal set, ~~Be Hiff Be H.

(vi) If H,RH, then H, RH}. For if, for any B,C B-»CeH, then
~C— ~BeH,,since H, is a filter of an element of N. Then if H; RH,,
~CeH, implies ~Be H,, whence ~B¢H, implies ~C¢ H,. Thus,
for every B, C, B~ Ce H, and Be Hf imply Ce H¥, given H RH,;
1e. H RH¥.

(y) «(A4, H)=T =A € H, for every wif A and every H € K.

Proof is by induction from the given basis. Cases are as follows:

~ 73(A, H)=T = v(A, H*)==F
= A ¢ H*, by induction hypothesis and (z).
=~AcH

& (A& B, H)=T=v{4,H)=T=+(B,H)
= Ae H & Be H, by hypothesis
= A& Be H, since H 1s a filter

AVvB H=T=v{A, H)=TveB,H)=T
=AeHvBeH
= Av Be H, since H is prime.

= [HifB—>CeH then (B-CH)=T.

For, first, B— C € H implies that for every H' if HRH" and Be H' then
Ce H', by quantification logic using the definition of R. Second, if H
contains one implication (B—C), then, since H is a filter under <,
for some H',

{a) H contains all theorems of I. For if A is a theorem of I of the form
A; - A, (a form which includes all axioms) then in virtue of b;B— C—.
A,— A;, Ae H. Further the rules of inference of I are mirrored by con-
ditions on filters. Since also

(b) H is a prime filter of a normal lattice, H satisfies the remaining
conditions for being an I-maximal set.

Hence, by (a) and (b), He N.

@) f o{B—~C,Hy=T thenB->CeH.

Suppose that B~C¢ H and He N — whence B£,C — but that
HRH' and BeH' formally imply Ce H'. Applying Stone’s 1937

5 Math Ann 196
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theorem, that in a distributive lattice, if ¢ £ b then there is a prime filter P
such that ae P and b ¢ P, it follows from B £,4C that there is a prime
filter H of H such that Be H' and C ¢ H'. Since H' isafilterof H, B’ <, C’
and B'eH' imply C'eH', ie. HRH' Hence Be H' implies Ce H".
Since Be H', C e H' contradicting C ¢ H'.

(8) A satisfies I.

For any wif B, if BeI', then Be G. So by (y), »(B,G)=T.

Theorem 3. If A is I-valid then +; A

Proof. If A is I-valid then, by Lemma 1, ~ A4 is not satisfied in any
I-model. Hence by Theorem 2, ~ 4 is not I-consistent. Thus for some D,
~A+, D& ~D. By Lemma 4, Av~AtAvD& ~D; hence
F,Av D& ~D. Since Fj~(D& ~D), by the Meyer-Dunn theorem
(of [8]; Factor satisfies the requisite conditions), F; 4

§ 3. Decidability

Where ¥ is a set of wil closed under subformulae define the following
relation on K:

H,=4H, ifl, for every Be ¥, (B, H,)=v{B, H;). Then =4 is an
equivalence relation, and equivalence classes can be defined: (H),

=p{H': H' =y H}. Using these equivalence classes, relative to a given

class ¥ of wif and a given I-model .#, a new I-model /// is defined.
Following Segerberg [11], define a filtration 4 =<G,K, N, R, %, 4> of
# through ¥, written .# = .#/¥, as follows:

K={H:HeK}; N={H:HeN};
(H¥y={H" H'=yH*}; J4(p,H)=T=. v(pH)=T&pe¥;

H, RH, iff, for every B, Ce ¥, if v(B—C, H;)= T and «(B, H,)=T then
v(C,Hy))=T.

Lemma8. (i) Ge N iff GeN; HeN iff HeN.
(i) H* = H*.
(iii) H, RH, implies H,RH,.
(iv) Ris reﬂexwe & transitive from N.
v H eN zmplzes H=H*
(vi) (H*F =
(vii) H RHZ :)HIRH2
Hence 4 is an I-model.
Proofs. (i) and (ii) are immediate from definitions. (iii) follows by

quantification loglc and definition of R and . That R is reflexive follows
from (iii) since R is reflexive. To show transitivity from N it has to be
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shown: H,RH, and H,RH, and HieN and H,eN jointly imply
H, RH,. Assuming the antecedent, since H; e N and H,eN by (i),
v»(B—C,H))=T implies »(C—»C—. B—C, H)=T, which implies
v(BoC, H)=T (since «(C—C, H;)=T), which implies that if
v{B, Hy)=T then «(C,H;)=T. The result follows by quantification
logic and the definition of R. As to (v), He N implies H € N, which
implies H = H*; thus H = H*. (vi) follows from (i) and H**=H. If
H, ¢ N then H, ¢ N and (vii) is vacuously true because fll RH forany H.
If instead, H, €N then H,eN; so «(B—C, H)=T implies
w{(~C— ~B,H)=T, which implies that if «(~C, H)=T then
o(~B, H,)=T, using H, RH,. Thus if (B, Hf)=T then «(C, HY)=
Hence by quantification logic, H, R A¥, whence H, R A¥.

Lemma 9. For every Ac ¥, #(A, H)=T iff +(4, H)=T.

Proof is by induction over the number of connectives in A4, using as
basis the specification of 4(p, H). The induction step for & is immediate,
that for ~ follows using (ii) of the previous lemma. That 6(B—~C, H)=T
implies »(B—C, H)=T follows from the induction hypothesis using (i)
and (iii) above. For the converse suppose 4(B—C H)+T. If H EN
then by (i) (B—C, H)+ T as required. Otherwise for some H,, HRH,
and #(B, H,)=T and 4(C, H,) = F. By induction hypothesis »(B, H;)=T
and +(C, H,)=F, whence using HRH, +(B—»C, H)+T.

Theorem 4. (1) If a wff A is false in I-model M then, where O is the
subformulae closure of A, A is false in I-model #/0.
(i1} I has the finite model property, and accordingly is decidable.

Proof. By previous lemmata .#/@ is an I-model and 5(4, G)=F.
Further K is finite since @ is finite.

The completeness and decidability of I may be alternatively proved
{constructively) by methods which adapt those used by Kripke (in [7c])
to prove the completeness of intuitionistic sentential logic: and in this
case the Meyer-Dunn theorem for I follows as a corollary.

§ 4. Relations to other Systems

I is first of all related to S3. An S3-model is an I-model such that
H*=H; clearly conditions on * for I-models are rendered otiose.
S 3-validity etc. are defined analogously to 7-validity etc. By specialisations
of the proofs given for I, Theorems 1—4 for §3 follow, i.e.

Theorem 5. (i) bg3 A iff A is S3-valid.
(i) S3 has the finite model property and is decidable.

Corollary. [ is g subsystem of S3.

5%
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Consider now the positive subsystem, I, of I, which has Axioms 1~11
and whose wif do not contain the negation symbol, ie. whose wif are
I*-wff. An I"-model is an I-model; I"-validity etc. are defined just as
for I-validity etc., except that the inductive clause specifying «{~ A4, H)
is of course eliminated.

Theorem 6. (i) F;- A iff A is I -valid.
(i} 1" has the finite model property and is decidable.

Proof of completeness. If 4 is not a theorem of I*, 4 is not I *-provable
from the null set 4. But then, by Lemma 5, there is an [ *-inflated exten-
sion G of 4 such that A ¢ G. Now define a canonical I*-model
M =<{G,K,N,R,»> with base G just as for I in Theorem 2 except that
N is now the class of I*-inflated sets and that * and its associated con-
ditions are omitted. Then just as in the proof of Theorem 2, for every
wif 4 of I" and every He K, +(4, H)=T iff Ae H. Thus since .# is an
I*-model, .# falsifies A.

A similar proof may be produced for Theorem 5 since §3-maximal
sets coincide with S 3-inflated sets.

Theorem 6 facilitates proof of the following separation theorem
which shows that the positive parts of I and S3 coincide.

Theorem 7. If A is provable in S3 or in I, then V. A iff AisanI"-wff.

Proof. Since if A is provable in S3, 4 is provable in I, suppose A4
is provable in I. Then (4, G)=T in all I-models. Hence «+(4,G)=T
in all I*-models iff 4 is an I'* wif. So by the previous theorem F;. 4
iff A isan I™-wif.

By varying the modelling conditions semantics for I-like systems
with the same positive logic as other strict implicational systems can be
obtained. For example, by relinquishing the requirement that R be
transitive a semantics can be obtained for a system 152 of S2 strength.
152 may be axiomatised by amending the axiomatisation of I as follows:

1, (A->B)&(B-C)—». A-C,
and the rule from 4—B to infer B>C—. A—C, replace 1. The strict
implicational system S2 results upon replacing 14 by 14,,.
A& (~Av B)-B (Disjunctive Syllogism)
or by Antilogism. The positive part S2* of §2 results when negative
Axioms 12 and 13 and 14,, are dropped.

Theorem 8. (i) Fysas2.50)A iff A is 1S2-(S2-, S2* Jvalid,
(i) 182, S2and S2% are decidable.
(i) Where brg, A or Fgy A,

Fgav A iff A is an S27"-wff.
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Terminology and proofs are like that in the case of ] and §3.
System IS4 does not differ from S4. IS4 is obtained from I by
replacing axiom scheme 4 of I by the scheme

4,, B—o. A-A4.

An IS4-model is an I-model which satisfies also the closure condition:
{¢) H RH, and H,e N imply H, e N.
IS 4- and §4-validity are defined in the expected way.

Theorem 9. (i) Fygys4)A iff A is IS4-(S4) valid.
(it) Frsa A iff bsa A

Proofs. As to (i) it is straightforwardly verified that 4, is I1S4-valid
(and S4-valid, where H* = H). Conversely, assuming H, RH,, then
(B—. A-»A)e H; and Be H, imply A— A € H, in the canonical model.
Hence if H € N, A— A € H,; thus H; € N implies H, e N.

Ad (i1). I +;5, A then kg, A, since every postulate of 154 1s a theorem
of §4. Conversely, if ~F;5, A4 then A is not IS4-valid by (i) Hence 4
has a connected IS4-countermodel {extending Kripke [6], p.71);
ie. »(4,G)=F in IS4-model .#={G,K,N,R,*, +> where for every
H e K, GRH (for as R is transitive, then G R* H, so G R H). Since, however,
GeN, He N for every He K; thus H=H* always, that is the model
is an S4-model. Thus 4 is not $4 valid, so ~Fg, A.

The following properties of interest follow from the semantics:

Theorem 10. (1) Where A and B are implicational wff of I or of IS2,
AV Biff tAort B

(2) Where A and B are negation-free wif of I or S3, or of IS2 or S2,
FAVvBiff FAor B

Proof of (1) is a simple extension of Kripke [7], p. 94-95, and proof
of non-immediate half (2) starts off in the same way. Suppose A and B
are negation-free wif of I or §3 (or of $2¥) such that neither 4 nor B is
provable. Let #, =<{G, K, R, Ny, v,> and &, ={G,, K;, Ry, Ny, vy
be I*-countermodels to 4 and B respectively, where K, and K, are
disjoint. Define a model .# = (G, K, R, N, ) where G is a new situation
not in K, or K,, thus: K=K, UK,u{G}; H RH, iff either H}, H, € K,
and H, RH,, or H,, H, € K, and H; R, H,, or H, = G. Then R is reflexive
and is transitive iff R, and R, are. Further He N iff He N, or He N,
ulp, HY=»(p, H)for HEK , »(p, H)=v,{p, H)for HeK,,and +(p,G})=F
iff, for some H € K, v K, »(p, H)= F. Then by induction on connectives,
(*} »(C, G)= T implies »(C, H)=T, for H € N. Hence, since G, € N and
G,eN and »(4,G,)=F and (B, G,)=F, +(4, G)=F =«(B, G). Thus
{4 v B, GY=F, and # provides an I* countermodel to 4 v B.
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Corollary. I and S2" are reasonable in the sense of Halldén. In
view of this corollary the serious semantical incompleteness of S3 and
S 2, which Halldén pointed out in [6], can be ascribed to the behaviour
of negation in these systems. I does not suffer from this incompleteness
{see Theorem 20}.

§ 5. The First Degree of Entailment and Deducibility

Entailment is a propositional relation distinct from strict implication.
{This thesis has been defended by Anderson and Belnap in a valuable
series of papers, listed in Anderson [1]; it 1s also argued for in [10].)
‘Whatever propositional systems turn out to provide the best formulations
of entailment in combination with truth functional relations they will,
I believe, have the same first-degree logic as that of E. As a step towards
vindicating this viewpoint it is shown that an extensive class of systems,
some with as good a claim as E to formulating entailment, have the same
first degree logic as E and [.

The system E (of [1]) differs from I in deleting Axiom 4 and adding
the positive axiom

15. NA&NB-N(A & B)
NC=p,(C—C)~C.

Since I=EFE + Factor, every first-degree theorem of E is a first-degree
theorem of I, where a wif is first degree ( fd) iff it contains no arrows
(i.e. occurrences of symbol —) nested within arrows. That, conversely,
the first degree of I does not outrun that of E follows either from Theo-
rem 15 (below), or thus using the results of Belnap (in {2]). An I-lattice
is a structure {4, £, N, T, -») where {4, £, N, T) is a Belnap lattice,
i.c. an intensionally complemented distributive lattice with truth filter
{icdlwtf, for short), and — is a two-place operation on A such that
A-b=nTorA-»b=nA accordingasa<boratbforeverya be A.
Since a»be T ff a<h for every a, be A, an I-lattice is an implicative
intensional lattice, and validity for I lattices is defined as for these
implicative lattices (see [2]).

where

Lemma 10. Every theorem of I is valid in every I-lattice.
Corollary. Every first-degree theorem of I is valid in M°, for every c.

Theorem 11. Given a sequence S of first-degree wif of I, the following
Statements are equivalent:

(1) S is valid in every propositional frame.

(2) S is valid in M*, with c the number of occurrences of the symbol —
in S.



A Semantical Analysis 71

(3) S has no non-tautological full normal branch.

(4) S is valid in every complete intensional lattice.

{5) S is provable in E.

(6) S is provable in system R, ie. E+A—. A—»B—B.
(7) S is provable in Ackermann’s system m.

(8) S is provable in I.

(9} S is I-valid.

Proof. The equivalence of (1)—(6) is established in Belnap [2], and
that of (7) follows using [8]. Since E is a sublogic of I, (5) implies (8),
and by the corollary above (8) implies (2). By the main results on I, (8)
is equivalent to (9).

Succeeding results do not presuppose Belnap [2].

Theorem 12. Where A is a first-degree (fd)y wff with k occurrences
of the symbol —, +; A iff
(i) A is true in every I-model on set

K={G,H,H}, ..., H,H¥*} forevery ¢, O0ZcZk;
(ii) A is true in every I-model on set
K={G,H,,....H, H}}.

Proof. One half of each follows from the Theorem 1. For the converse,
suppose ~ b, A. Then «{A, G) = F in some [-model .# =<{G,K,N,R, ¥, ¢).
Let K,={H,,H},...,H, H* G}, with ¢ <k, be the class of situations
in K used in falsifying A. That there is such a subclass of K can be shown
by considering the first-degree form of 4. For A4 is a truth-function of k
first degree entailments; and that truth-function is evaluated on G.
Each first degree entailment which is assigned value F in this evaluation
leads to the introduction of a pair {H,, H*} on which the truth-functional
components of the first degree entailment are evaluated. Now the
restriction .#,={G, Ko, Ny, Ry, ¥, 2oy of # [where N, is the inter-
section of K, with N, R, and *, are the restrictions of R and * to K,
and vy{p, H) is »(p, H) with H restricted to K] is an I-model, and
vo(A, G)=v(A, G) = F, by induction over the connectives in 4 (as below).
Hence (i) is established. For (ii)a new I-model 4, =<{G, K, N\, Ry, *,, »)
is defined as follows: K, = KquJ, where J={H,,, ..., H,, H¥} are new
situations not included in K. Further R, is the restriction of R to K,
together with reflexivity of elements of J, * is the restriction of * to
elements of K, together with a suitable correlation on elements of J
(most simply H;= H, for each j), N, is N, together with elements of J
such that H;=H}, v(p,H)=v(p,H) for He K, and is arbitrarily
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assigned on J, say «(p, H)=T for HeJ. Then, by inspection, M, is
an I-model. Also

{«) for every subformulae B of A4, and for every H € Ky, v,(B, H)
= (B, H).

The induction basis is immediate, and likewise the induction steps for
connectives &, v, and ~ since H* e K, iff He K. For — the following
points are needed: for He K,, He N, iff He N; for He Ky, HR, H’
if HRH!. Then for He Ky, v (B~ C, H)=T iff (B~ C, H)=T. By (a)
since G € K, v, (A, G} = F, and (ii) follows.

This theorem provides a simple decision procedure for the first degree
of R, I and eventually of a number of other systems. Simple as this
semantics for the first-degree is however, it can be progressively simplified.
A first-degree strong ([ fds) model is a structure F = (G, K, Ry, *,»>
where G belongs to set K, R, is a relation where first-place is restricted
to G such that GRLG, * is a 1 —1 function such that G¥*=G, H¥**=H
and GRyH implies GRyH*. Valuation « is extended as before in the
case of truth-functional connectives but for - the following fds
specification is needed:

v(B=C,G)=T ifl, for every H, GRyH and «(B,H)=T imply
o(C,H)=T.

For B and C are of course truth-functional wif. A first-degree wif B
istrue inin a fds model # ff (B, G)=T,etc. #={G, K, Ry, %, v)isa
first-degree model on set K. Note that for the first-degree the only
requirement on R, is reflexivity at G.

The relation R, is also dispensible in the case of purely first-degree
wif. A first-degree (fd) model # ={G,K,*,+) 1s obtained from an
fds model by deleting relation R, and the conditions it satisfies.
Accordingly * is simply a 1 — 1 function such that G*= G and H** =H.
Valuation function » is fd extended so that

w(B—=C,G)=T iff, for every H, +(B,H)=T implies +(C,H)=T.

A strict fd model & =<{G,K,»)y (for Lewis strict implicational
systemns formulated with {&, v, ~, >} as primitive set) differs from an
fd model just in deleting * and the conditions it satisfies; thus situations
are restricted to certain possible situations. The strict fd extension
of + is like the fd extension except in the case of negation, where
v(~A, H)=T iff v(A, H) %= T.

Theorem 13. Where A is a fd wif with k occurrences of the symbol —,

(1) Ais atheorem of I, or of E or R, iff

(i) A is true in every fds model on set K ={G, H;, Hf, ..., H., H*} for
every ¢, 0 £ c £k, or, simply for c=k,

{ii} A is true in every fd model on K ;
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(2) A is a theorem of 53, or of any of the Lewis systems of strict
implication, iff A is true in every strict fd model on set K={G, H,, ..., H}
Jor every ¢, 0 £ ¢ £k, or simply for c=k. Hence

(3) where A is a positive 1d wff, A is a theorem of E iff A is a theorem
of S4.

Proof of (1)() applies Theorem 12. Given an [-model .#
= (G, K, R, N,* ¢> with «(4,G)=T, then % = {G,K, Ry, *, v, where
H, Ry H, holds iff both H; =G and GR H,, provides an fds model such
that - '(4,G)=T where +.! is the fds extension of ». Conversely given
an fds model # a corresponding I-model results upon defining
N={H e K:H*=H} and R by cases thus:

GRH ff GRyH, and for H+ G, HRH, iff H, = H,. The resuit then
follows by induction over the extension of ». As to (ii), an fds model
contracts to an fd model simply by replacing K by {He K:GR,H}
and omitting R,; and an fd model furnishes an fds model on defining
R¢ so that H; Ry H, iff H, =G.

Semantical characterisations of provable fde (first-degree entailments)
and of fd strict implications follow as corollaries.

Corollaries. (1) Where A is an fde, A is provable (in I or R) iff A is true
in every fd model on set K ={G, H, H*}.

(2) Where A is a fd strict implication, A is provable iff A is true in
every strict fd model on K =1{G, H}.

Since, however, G now does no work a further reduction can be made
in the size of K. Call a structure % = (K, *, »> with K ={H, H*} an
Jfde model; and a structure ¥=<{{G}, »> a pc model. Extend » as before
for truth-functional connectives and as follows for “—";

v(A- B, H)=T iff v(4, H,)="T implies «(B, H,)=T for every H,,
ie. in the case of the fde models iff (#(A4, H)& T or «(B,H;)=T) and
(v(A, H¥) % T or «:(B, H}) = T), and in the case of pc models iff (4, H,) + T
or +(B. H))=T. A wit Bis true at H, in an fde (pc) model iff (4, H,) =T}
B is fde (pc) valid iff B is true at every H in every fde (pc) model.

Theorem 14, Where A is a fde { fd strict implication), A is a provable
entailment iff A is fde valid, and A is a provable strict implication iff A
is pc valid.

The same first degree semantics serves not only for E, I and R but
also for weaker and more satisfactory systems. The system D, of
deducibility, is among these systems. D formulated with connective set
{~,&, -}, and with “v”, “>” and “«" defined as usual, has these
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postulates:

DI, A-B&B->C—. A-C.

D2, A&(A—B)—B.

D3 A&B-A.

D4 A-. A& A.

DS A-B&C—-D->. A& C—-D&B.
D6 A& (Bv(C)-». (4A&B)vC.

D7. A-B-. ~B-A.

D8 ~~A4-4.

D9 A-BD>. ~(A&B).

As well as Modus Ponens and Adjunction, D has the material rules
of intersubstitutivity of coentailments (SE) and of material detachment

{(v) from A and A > B to infer B.

D may be weakened without changing the first degree, eg to the
system DQ where D1 and D5 appear only in rule form. D and D0 may
also be amended, to systems C and C0 which delete (y) as a primitive rule,
by replacing D9 by

D9, 4-B-. ~(A& ~B).

In fact for any system between CO and I closed under the rules of CO,
the Meyer-Dunn theorem holds, i.e. () is admissible, by essentially the
proof in [8]. Now K be any such system between C0 and I or between
DO and I

Theorem 15. (1) If I' is a K-consistent class of fd wif then there is an
fds model F,= (G, K, Ry, *, v such that F, fds satisfies I, and an fd
model ¥ =<G, K, *, v) such that F fd satisfies I

(2) Where A is an fd wif, tx A iff A is fds valid, and iff A is fd valid.

Proof. As to (2), if +x A then F; A; hence since A is I-valid and fd,
A 1s fds valid and fd valid. Conversely, if 4 is fds valid then ~ A is not fds
satisfied in any fds model. Hence, by (1), ~A4 is not K-consistent. Thus
for some wif D,~ 4 +, D & ~ D, whence by (y} b, A. Similarly for an fd
valid 4.

The proof of (1) is like that of Theorem 2. System K has sufficient
theorems to guarantee that Lemmas 1-7, reformulated with “K”
supplanting “I”, hold (N may be defined: N={H: H=H*}). Given I’
define & as follows: G is the K-maximal extension of I'; I is the class
of prime filters of G formed as follows:

(i) f B—»C is an fd wif not in G, put the prime filter H such that
BeHand C¢ H in K,
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(i) if H is in K, put H*={B: ~B¢ H} in K. GRyH iff, for every B
and C,B»>CeG and Be H imply Ce H; »{p, H)=T iff pe H, for each
atomicp and H € K. Since it follows, as for I, that GR, G, G = G*, H = H**
and GR,H implies GRyH*, # ={(G,K, Ry, * +) is an fds model. An
fd model is obtained simply by omitting R,.

(1) »(A, H)=T iff Ae H, for every {d wif A and for every He K for
which « is defined. The proof, by induction, is like that for I; in fact the
steps for truth-functional connectives are identical, and the remaining
case, showing that B-»CeG=. »(B—C,G)=T, is similar to that for I
in the case of {ds model #. For fd model #, B— C e G implies that for
every H Be H implies Ce H follows since H is a filter of G; hence
B—C e G implies «(B—C, G)=T. Conversely, if B—»Ce G then B£,C;
so applying Stone’s theorem, there is an H, assigned to K, such that
BeH and C¢ H; whence «{(B—C,G)=T.

Since when Be I', B is an fd wff, by (1) +(B, G)= T ; hence # fds-(fd-)
satisfies I

Theorem 15 also gives an alternative proof of Theorem 13. By
combining Theorem 15 with preceding theorems semantical characterisa-
tions of fd theorems of E and of tautological entailments follow.

§ 6. Matrices and Lattices

A model .# can be resolved into a pair (%, »>, where & is (as in
Kripke [7]1) a model structure (m.s.) and « is a valuation on m.s. &.
In the case of I-models, ¥ =<{G, K, R, N,*> provides the m.s.; in the
case of fd models & = (G, K, *> is the relevant m.s. We consider now,
in effect, the class .4 of models obtained by taking all two-valued
valuations » on model structure & on set K. Following Kripke ([ 7], p. 92),
define a matrix value as a mapping whose domain is K and whose range
is the set {T. F}. Accordingly a matrix-value is tantamount to a subset
of K; for each matrix value determines that unique subset of K which
it maps into T and conversely such subset of K specifies a mapping.
Furthermore valuation « maps propositional variables into matrix
values; for, given variable p, » assigns as matrix-value {H : «(p, H)=T}.
Thus the class A" of models provides a matrix. Where ¢ and ¢ are matrix
values, define matrix operations “~”, “&”, “»” and “—" as follows:

(~aH)=T it o(HM=+T;
(e&a)(H)=T iff o(H)=T=0(H);
(evao(H)=T iff olH)=T or oH)=T;

and given an I-model, (¢—0o)(H)=T iff He N and, for every H', if
HRH and ¢(H)=T then o(H)=T. For fd models this reduces, for
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relevant H, to (¢—oa)(H)=T iff, for every H g(H) % T or a(H)=T.
It follows: ~g9={H:9(H*)=F} and ¢& o=¢na, and gva=puag,
where n and U are set or lattice operations. Finally, in models where
truth is evaluated at G, g is a designated value iff ¢(G) = T. For fde models
¢ is designated iff p{H) = T = g(H*).

Where & is an m.s. the matrix {or algebra) & =<{M, D, ~, &, v, »>
on & is defined as follows: M is the class of matrix values, D is the class
of designated matrix values, and ~, &, », — are the class-closing matrix
operations defined above. Then ™ is a matrix in the standard sense.

Lemma 11. Where &% is the matrix on m.s. &, and where truth is
evaluated at G, 7 satisfies A iff, for every v on &, (A, G)=T, for
every wff A. Where &% is defined on fde model &, & " satisfies A iff,
for every v on &, v{A, Hy=T = (A, H¥), for every wff' A.

Proof. Let A*(pf,....p}) be the matrix function of py,...,p}
corresponding to wif A(p,, ..., p,) under the replacement of connectives
by corresponding matrix operations, where « maps p, to py....,p, to
pl. Thus pf ={H:v(p, H)=T}. Let A* be the matrix value of A.
Then, it follows by induction over connectives (or operations),

(*y He A" iff »(4,H)=T.

Applying (*), (4, G)=T iff Ge A" iff A* is designated iff for the
given assignment &7 satisfies A. Generalising, %" satisfies A iff for
every assignment » on &, v(4, G)=T. Similarly (A4, H)=T =«(A, H¥)
iff He A" & H*e A" iff A" is designated; and hence ¥ satisfies 4
for fde iff for every v, ¢(A4, H)= T =«(A4, H¥).

Theorem 16, Where A is an fde, A is a provable entailment (of K)
if the Smiley matrices,

& 1 2 3 4 } ~ - 1 2 3 4
*1 1 2 3 4 4 *1 1 4 4 4
2 2 2 4 4 2 2 11 4 4
3 3 4 3 4 3 3 1 41 4
4 4 4 4 4 1 4 1t 1 1

satisfy A; i.e. these matrices are characteristic for fde.

Proof. A is provable iff 4 is {de valid. Define matrix values as follows:
1={H,H*} =Kg; 2={H}; 3={H*}, 4= A. Then, with matrix opera-
tions defined as before for fde models, the Smiley matrices result. It also
follows that 1 is the only designated value. Applying the previous lemma,
A is fde valid iff it is true at H and H* for every valuation function on
K ={H, H*} iff the derived Smiley matrices satisfy 4.
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Thus the semantics provides an interpretation of the Smiley matrices.
In fact K generates the fundamental de Morgan lattice D with diagram,

1

4

and with N defined: N1=4, Nd=1 N2=2and N3=3. Aswellas a
matrix on m.s. & a de Morgan lattice L(¥)={(M,n, U, N, £> may be
defined on %, and L(K)= L(¥) on K, as follows: M = 2K, i.e. the set
of subsets of K; for g0 e M, ¢no={HeK:Hecgo& Hev},
ovoc={HeK; HegvHeo} No={HeK:H*¢p}; 0<ciff gCo.
Hence ¢o<¢ iff for every H p(H)=T implies o(H)=T, iff
{¢—06)(G)=T when & is a fdms L{(F)={(M,n, U, N>={(M,N, ).

Lemma 12. (1) Where & is an 1, fds, fd or fde model structure, L{5)
is a de Morgan lattice

(2) The direct product Ly x ---x L, of de Morgan lattices Ly, ..., L,
is a de Morgan lattice.

(3) Where L(K,),...,L{K)} are de Moargan lattices on mutually
disjoint *-complemented sets K; (1<i<n) (UK) is a de Morgan

lattice.
(4) Where {K}1<i<n is a set of mutually disjoint *-complemented sets
and L(K,) is a de Morgan lattice on K, L(U K} is isomorphic to

L(K)x - x L(K,). [In fact n need not be finite].
(5) Where & is an fde model, i.e. K={H, H*}, L{¥)=L{K)=D,.

Proof. (1) L(%) without operation N is the subset lattice of K (as
defined in Szasz {127, p. 34), and accordingly is a distributive lattice.
Further, N(Ng)=¢ since H**=H, and Ng < No iff 6 <g: hence L(¥)
is de Morgan.

(2) is a consequence of the componentwise definition of operations
in a direct product (see Szasz [ 12], p. 197). In particular since, by definition
N<gy, 050500 ={Ng,, Ng,,...,Ng,> for g, e Z(K,), and since
@1y -y Oy 240y, ...,q,> iff for every 1 Zi<n ¢;<0a, NN{0ys ... 04y
={0p...,0u and N{gy,...,0,0 EN{oy,....,0> ff (ay,...,0,> <01, ....0,-

(3) is like (1); for the union of disjoint *-complemented sets is a
*.complemented set.

(4) Where K; has n; elements then the elements of L(U Kl-), given

by Qf’(U K,-) are 2¢™ in cardinal number, and the elements of

i
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LK) x - x L(K,), given by 2(K,)x - xP(K,), are 2M* """ in
number. Hence thereisa 1 — 1 correspondence between the sets concerned
given by a 1 — 1 function. Now order 2(K,) x --- x #(K,) and represent
the i member o; = (sub,K,, ..., sub;K,> with sub;K; the i subset of
#(K;);and order Q/’(U K i) so that the i member f,=sub; K, u---usub;K,,.

Let # be the 1 —1 function which maps «; to f;; then £ is the required
isomorphism. For, first,
Hloynog)=4((sub; K, nsub; K, ... sub K, nsub; K, >)
= (sub; K;nsub; K )u--(sub, K, nsub;K,)
={sub; K, v--usub;K,)n(sub;K; U --Usub,K,),
since sub,K,nsub;K;=A for B+a.

= (o) " Alx;)
Aloyuay) = Ala)udk(e;) directly .
Also
A(No)=N7A)
For
N4(o;)= N(sub, K w---sub; K,)
and

ZN(a)=Nsub,K,u---UNsub, K.

Let H;e K, then H;e 4(N ) iffl H;e N sub;K;; and also H; e N 4(x,)
iff Hye N(sub; K, u---sub; K ) iff H;e N sub,;K;. Hence, generalising, for
every He UK, He4(Nay) iff He N#&(z,), i.e. #(No;) = N4(x,) as required.
Thus # is a homomorphism.

(5) The lattice diagram of L{%) is immediate from inclusion relations
among the elements of M = {1, 2, 3,4}; and the properties of N follow
immediately from the definition of “N” in L{%).

The de Morgan lattice L(&#) on & may, of course, be read off the
matrix &% on & by replacing mappings by their extensions, the subclass
of K they map to 7, operations ~, &, v on mappings by operations
N, n, U on their extensions, and defining ¢ <o as {¢— o) {G)= T (except
for fde models), i.e. as p— ¢ ¢ D. Conversely matrix operations ~, &, v
may be read off (or identified with) corresponding de Morgan lattice
operations, and designated values of p—o read off ¢<¢ when D is
determined. Intermediate between L(&) and &7, and determining D but
not —, is the icdlwtf (Belnap lattice) I{F)={(M, D, n, u, N, <> on
ms. ¥ ={(G, K, *, ...> and likewise I(K) on K, where I(¥) is as for L(¥)
except for D which is defined: D = {g; G € ¢}.

Lemma 13. (1) I() on m.s. & is an icdlwtf, i.e. L(¥) is a de Morgan
lattice and DS M is a truth-filier.
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(2) If for some He K, H= H*, de Morgan lattice L{K} on K has a
truth filter D= {g: H € ¢}.

(3) Where G e K; define a (G-) truth filter T, for the direct product
P=L(K,)x - I{K})x --- L{K,) of de Morgan lattices as the class of
ordered sets of P whose j™ elements belong to the truth-filter T, of I(K)).
Then the filtered product P is T-isomorphic to I (U Ki) (where T-iso-

morphism is defined as in Dunn and Belnap [5], p. 25).

4 I{G, H H D, ie. [Fyonms. F =G, {G, H, H¥}, *, ...}, is the
fundamental icdlwtf M,, which has the following diagram, where
N(£o)=Fgand D={+0, +1, +2, +3}:

(5) Where 2=I({G}), the two element Boolean algebra with elements
1={G} and 0= A and truth-filter 1, My is T-isomorphic to the filtered
product 2 x Dg.

(6) Where M" is the product icdlwtf (defined in Belnap [2] and Dunn
and Belnap [5]) and D"= Dy x --- x Dy n times, M" is T-isomorphic to
the filtered product 2 x D". { Note: each Dy can be taken to be generated
by a different set {Hj, Hj*}.)

Proof. (3) Let # be the isomorphism given in Lemma 12 (3). It suffices
to show that if o; e T, then 4(x) e T, where T = {QGI(U K,-) ZGEQ}.
Now supposing «;€ T,, then sub;K;eT; Hence Gesub,K; Hence
G efle,), and () e T.

(4) Set +3={G,H,H*} —-3=4

+2=1{G,H}  —2={H}
F1={G H*}  —1={H*
+0={G} —0={H, H*).

The Belnap 8-valued relevance matrices for matrix operations &, v, ~
can be read off this icdlwtf and the designated places in the — matrix
are determined. Hence the semantics provides a partial interpretation
of these matrices.
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(6) The mapping for a={a;},., of M" (as given in Belnap’s mis-
cellaneous notes) is:

#la) = {agla), {#(a)};<,». where homomorphisms ¢ and sy are
defined from M, onto Dy as follows:

A=0=/+3=1; A=3=/+0=4
A=)=A+1)=2; A=2=/+2)=3
sglay=1 iff aeDMy); og(@=0 iff a¢D.

Then #; M"—2 x D" is a T-isomorphism.

Given an icdlwtf I, an evaluation v (for an fde A) is an assignment of
lattice elements [matrix values] of M to sentential variables (of A). It is
extended as follows for zero degree wif B and C:

H~B)=Nv(B): v(Bv O =viByuv(C); v(B& C)=v(B)nv((C).

I verifies fde C; - C, for evaluation v iff v(C,) < v(C,). I verifies fde 4
iff I verifies A for every evaluation; otherwise [ falsifies 4.

Lemma 14, I(¥) on & =<{G, K, *, ...) verifies fde A iff v(4,G)=T
Jor every valuation » on .

Proof. Given w»(p, H) define «(p)={H:v(p, H)=T} Conversely
given v(p)=¢ define »(p, H)=T iff Heg. Then since g={H: He g}
={H:v(p,H)=T}, v(p)={H:v(p, H)=T}. Thus, in any case, v(p)
={H:v(p, H)= T}, from which it follows by induction, as in Lemma 11,
viB)={H:+{B,H)=T} for any zero degree wif B. Then, v verifies
C,—C, Wl v(CEv(Cy) il (H:olC,H)y=T}C{H:{C,,H)=T iff
w{Cy—Cy,)=T.

Theorem 17. Where A is an fde, A is a provable entailment (of K)
iff M, verifies A, i.e. My is characteristic for fde.

Proof. A is provable iff A is true for every valuation on ms. &
={G,{G, H, H*}, *>, ie. iff [(¥) verifies A. But I(¥) on . is M.

Actually M,, unlike D, is characteristic for any truth-functional
compound formed from a single fde.

Given an icdlwtf I, an evaluation for fd wif (for fd wif A) is a pair
{v, > where v is, as before, an assignment of lattice elements to sentential
variables (of 4), and « is a valuation assigning truth-values T and F to
wif as follows, given the extension of v: Where 4 is a zero degree wif
w{A)=T iff v{4d)e D; where A has the form C,—C,, «{4)=T iff
WC = v(C,); and otherwise w(~Bj=T iff wAB)+ T, wAB& C)=T iff
w(B)=T=cw(C),and w(Bv C)=T ifl w(B)=T or «(C)=T. (Compare
Belnap [2].) I verifies A for evaluation (v, «) (for A} iff .2(4)="T;and I
verifies A iff I verifies A for every [-evaluation.
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Lemma 15. I{¥)on & = {G, K, *, ... > verifies fdwff Aiff v(4,G)=T
for every valuation v on m.s. &.

Proof extends the preceding lemma for fdes. Given «, define «{A4)
=v{A4,G) and given (v, define (4, G)=(A4). The adequacy of
these definitions follows from the following points

(i) Where A4 is a zero degree wif {4, G)= T iff v(4)e D. For v(4)e D
it {H:w(A,H)=T}eD iff Ge{H:v(A, H)=T} iff »+(4,G)=T.

(i) »(C;—C,,G)=T iff v(C,)Zv(C,).

(ii)) »(~B,G)=T iff (B, G)+= T etc.

Where K = {G, H,, ..., H}} define N* = I(K). N* plays the role with
respect to fd wif that M, plays for fde, and of course M, = N".

Theorem 18. Where A is an fd wif with k occurrences of symbol —,
A is provable in system K iff

(1) N¥ verifies A.

{2) every icdlwtf verifies A.

(3) the filtered product 2 x D¥ verifies A.

(4) M* verifies A.

Proof. (1) A is provable iff A is true for every valuation on m.s.
S ={G,{G, H, ... H¥},*> ifl I(¥) verifies A iff N* verifies A.

(2) If A is provable then F; A, so by Lemma 10 for any [-lattice J,
A is valid in J: and hence, since A4 is fd, J verifies A. (For proof, where v!
is the implicative valuation, as defined in Belnap [2], extending v, define
«:(B)=T iff v{(B)e T. It then follows that {v, ») is an evaluation, and
that it verifies a fd wif iff v' does.) Conversely if A4 is not provable N*
falsifies 4, so not every icdlwtf verifies A.

(3) and (4) follow from (1) by Lemma 13 (3) and (6). For N* is T-iso-
morphic to 2 x D* and thereby to M*. Then if M* falsifies A the evaluation
obtained by composing the T-isomorphism function with the falsifying
evaluation falsifies N*.

Corollary. Every finite icdlwtf is isomorphic to a sub-lattice of N*
for some finite k, and to a sublattice of M* for some finite c.

Proof is the same as the stronger corollary in Belnap [2], except that
given the inverse diagram I D(A) of A, D(A) the disjunction of all members
of ID(A) is defined.

Had the results been carried through (as they could have: see Theo-
rem 23) for sequences of fd wif Belnap’s corollary would go through
intact. A better embedding theorem can however be obtained by algebraic
means.

Theorem 19. Where I={(M,D,n, U, N, <> is an icdiwtf, there is
an m.s. & = {G, K, *> such that I is T-isomorphic to a sublattice of 1{%).

6 Math Ann 196
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Proof. Let K be the set F of all prime filters of I. For H € K, define
H*={meM:Nm¢H} and G=D. Then GeK, since D is a prime
filter, G = G* since D is consistent; and H* is a prime filter. For,m,ne M,

mone H¥ iff Nmnn)¢ H
iff NmuUNng¢H
iff Nm¢H and Nn¢ H iff me H* and ne H*

mouneH* ff meH* or ne H*,

by a similar argument.

Now for me M, define A(m)={HeF meH}, ie as in Stone’s
representation theorem, the mapping 4 associates with cach clement m
the set of prime filters to which m belongs. For a T-homomorphism it is
required,

(1) for m,ne M. Z(mnn) = 4A(m)#(n),

(i1) form,ne M, #{mun) = 4A{m)w(n),

(ii1) forme M, Z(Nm)= N 4(m),

(iv) iff me D then Z(m)e D' = {pe M' : G e 0}

Proofs of (i) and (i) are standard. As to (iii), for any He K;

HA(Nm) iff NmeH
iff ~(me H¥)
iff ~(H*e/4(m)
iff HeN#A(m), by definition of Ng, for ge M!.

For (iv), given me D, me G. Thus, since Ge K, Ge{He F:me H}, ie.
G e #(m). Hence #(m)e {ge M': Ge g}, ie. #(m)e D.

Now define [(F)={(M,D, . N, <) as follows: M = {£(m) :me M}
and D= {A(m): me D}: and the operations of I(#) are the operations
of I restricted to M. Since M, the power set of the set of all prime filters
of 1, includes M, and since I{#) is closed under operations, I{(¥) is a
sublattice of I{&). Accordingly # is a T-homomorphism of I into I{%).
Further, since # is | — 1, it is a T-isomorphism. For if m=%n then m<n
say. By Stone’s prime filter theorem there is a prime filter H, say such
that me H, and n¢ H,, and hence £(m) + 4(n).

Corollaries. 1. Every icdl is isomorphic to an N-complemented ring
of sets.

2. Every icdlwtf of cardinality o is T-isomorphic to a sublattice of
M for some ¢ < 2%,

Theorem 9 provides the basis for a more algebraic proof of the
completeness results established above.
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Theorem 20. Where K is an entailment system (as defined in §35),

(1) K has a normal characteristic matrix (algebra), where A
=(M, D, &, v, ~ =Y is normal iff for o, 6eM, &' ceD iff
oceD&oeD, ogvioceDiff peDvoeD,and ~'geD iff p¢D.

(2y K has a completely normal characteristic matrix, where A~ is
completely normal iff A" is normal and, for 0, 6e M, p—~'ceD iff g=o0.

(3) K is reasonable in the sense of Halldén, i.e. where wff A and B
do not share a variable, if A~ B then by A or k¢ B.

Proof. (3) follows from (1) by a result of Kripke [7b], p. 207; and (1)
follows by extending Meyer and Dunn [8], Theorem 3. (2) follows from
(1) by identifying equivalent wff. Much as in the Lindenbaum con-
struction, given normal characteristic K-matrix

N =MD, &y, vy, vy, ),

define: g=c iff ge> 0D |lo|| ={6:6=¢};and L(K)={(M,D,n,u,N,=>
where M ={{lell:ee M}; D={li¢|:eeD}; Niel=1~ell; llelnfal
=lle &, all: llelvlali=le¢vyal; llgll= o] =lg—,al. Then

{i) L(K) is a characteristic K-matrix;

(it} L(K) is completely normal.

lell<=loleD iff |o—,oleD iff ge 0eD
iff o=0 iff |o| =|lo|
lelnloleD iff o0& o|leD iff o&, oeD
iff oeD&oeD iff |ojeD&|oleD.

That the systems K under investigation are reasonable in Halldén’s
sense, and not semantically incomplete in the way Halldén has shown
S2 and S3 are, is an important point in favour of these entailment
systems, especially as compared with Lewis’s proposed analyses of
entailment summed up in S2 and S 3.

Lemma 16. Where /" =<{M,D, n, U, N, = is the completely normal
characteristic matrix of implicative system K

(1) .47 is an implicative lattice.

{2y A\ ={M,D,,U,N, =5 (with the redundant “Z" defined:
e=o iff ona=g, for 9,6 € M) is an icdlwtf which verifies every fd wif
which A" verifies.

Theorem 21. A sequence I” of fd wif is provable in implication system
K iff I is fd valid.

Proof. The consistency half follows as in Theorem 15. Conversely,
if sequence I' is not provable in K then it is falsifiable in a completely
normal K-matrix, by Theorem 20; hence it is falsifiable in an icdlwtf,

&%
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by Lemma 16; so by Theorem 19 it is falsifiable in I{(¥) on m.s.

&

= (G, K, *> on composing the evaluations with the T-isomorphism;

and therefore, by extending Lemma 15, I" is not fd valid.

( Added in proof ) The decidability result for I, though correct, requires further details:

these may be provided, for example, by amending the definition of R and either weakening
the operation requirement on * or amending the definition of =y.

7.
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