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PROBLEMS AND SOLUTIONS IN THE SEMANTICS
OF QUANTIFIED RELEVANT LOGICS. I.

Richcvr.d RouU.ey

ABSTRACT. The main problem investigated is the ad-
equacy of constant domain relational world semant ics
for quantified relevant logics. The problem is solved,
though ina d i sag reeab lye i rcu i tous way, for many weak-
er relevant logics, and an outl ine of how the solution
may be extended to stronger logicssuchas RQ is given.

Alternative necessity and intensional-
conjunction style rules for the evaluat ion of quan-
tifiers are studied and shown to simply force the main
problems above with the usual (ext ens ional conjunction
style) quantifier- rule to reappear, unmit igated, at
altefnative outlets. Finally some philosophical prob-
lems allegedly engendered by constant domain world se-
mantics are examined briefly: it is argued that the
"problems" are no problems.

In the 'Semantics of entailment II (Routley and Meyer'1973, p. 238) Rout1ey and
Meyer say, after presenting putative constant domain worlds semantics for quan-
tified relevant logic RQ and sketching the semantic soundness argument, that they
presume semantic completeness is no problem either. Well, it hasn't exactly worked
out that way, and more than 6 years later they are still grappling, off and on,
with the problems that have emerged. Naturally the problems exceed solutions.
Still there has been some progress. The region of the problematic in quantified
relevant semantics is being gradually reduced, though much remains to be accom-
plished. What one hopes - this is one of the aims of this exposition of where
things stand - is that some logicians will come forth and solve some, even better
all, of the remaining main problems. The problems are presented for the most part
as we come to them, mostly towards the end of the paper. Before that there is much
exposition, setting out the framework of the problems, and including a progress re-
port which presents results, positive and negative (t .e , failures),sofarachieved-
partly for typical display purposes, and partly with the aim of helping prob 1em-
solvers on their way. Most of the paper is technical, and only at the end of the
final section are philosophical problems the semantics supposedly cause attacked.

§ 1. SYNTAX OF THE SYSTEMS; AND QUANTIFIED RELEVANT AFFIXING LOG-
ICS AND THEIR SEMANTICS.

The common (and standard) syntax of each quantificationa1 logic LQ investi-
gated, is as follows:
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Subject variables: x, y, z, xl'

Subject constants : e , ~, 'Y, ell'

Predicate parameters of n-places (n> 1): 6n, gn, hn, 61
n, ...

Sentential parameters (a-place predicate parameters): p, q, ~, PI'
Terms and well-formed formulae (wff) are defined recursively as follows (the basic
primitive improper symbols being exhibited in the course of the definition):

(i) A subject variable or constant is a term.

(t t) If t l' ... , t n are terms and t is an n-place predicate symbol,

t (t 1, •.. , t n ) is an initial (or atomic) formula.

(iii) If X is an apparent variable and A and B are formulas, (Ux)A,
(A & B), 'V A, and (A .... B) are formulas.

(iv) Nothing is a term or a formula except in accordance with (i) - (iii).

An occurrence of a term t in a formula A is a 6~ee occurrence of t in A if
it is not part of a subformula of A of the form (U t ) B , and a term t OccM-6
6~ee in a formula A if there is a free occurrence of t in A. A(t /u ) (also

written S~ AI) represents the result of substituting the term t at each free
occurrence of the term u in the formula A, provided that there are no free oc-
currences of u in A in a formula context (Ut) H; otherwise A(tfu) is A.For
the most part, the notation and substitution and other conventions adopted are fa-
miliar ones (those of Church 1956 and Anderson and Belnap 1975).

The central LQ' systems have as primitive syncategorematic symbols parenthe-
ses and the connecti ves and quantifi er: & , 'V, .... , U. But cl assica1 LQ systems,
the CLQ systems, replace relevant negation 'V by classical negation -; and some ex-
tensions of these systems will include yet other connectives. Further connectives
and quantifiers are introduced by definition, in particular in central LQ systems:

A V B =Of 'V('V A & 'VB); A:> B =Of 'V( A & 'V B); A <-> B =Of (A .... B) &

(B .... A); (x)A =Df (Ux) A; (Px)A =Df'V(x)'VA.

Where xl"'" xn are all the free variables of the formula A, (xl)'" (x n) A .
is a (uI'liVeMal)cto-6uJz.e of A. A -6eVl.tence of LQ is a formula in which no varia-
bles occur free.

The systems that are central in what follows - they are by no means the only
important quantified relevant logics - are the affixing systems, the constant do-
main quantificational extensions of the affixing systems of Routley and Meyer 1978.
The basic affixing system SQ has as postulates these schemes:

AI. A .... A • A2. A & B .... A •

A3. A & B .... B M. (A .... B) & ( A.... C) ..... A .... (B & C) .

A7. (A .... C) & (B C) ..... (A VB) .... C

A8. A & (B V C) (A & B) V C.
A9 . 'V'V A.... A.'

QAl. (X) A .... A (t Ix), where t is a term.
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QA2. (x)( A .... B) A .... (x) B, where x is not free in A.
QA3. (x)(A V B) A V (x) B, where x is not free in A.
QA5. (x)(A B) (Px) A .... B, where x is not free in B .

R1. A, A B .. B (Modus Ponens).
R2. A, B .. A & B (Adjunction).
R3. A B, C .... D .. B .... C ..... A.... D (Affixing).
R4. A "'B .. B .... "'A (Rule Contraposition).

QR1. A.. (x) A (Generalization).
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Here AI' ... , AI'! .. B abbreviates: where AI"'" AI'! are theorems so is B.

BQ may be reaxiomatised, along the lines of the axiomatisation of RQ in Meyer,
Dunn and Leblanc 1974, to eliminate QR1 as a primitive rule: the procedure is to
take the closure of all axioms as axioms and to compensate for theorems lost there-
by adding new axioms, such as (x) A & (x) B .... (x)( A & B). But as a primi ti ve
rule of BQ, QR1 is no worse than R3, for example, which likewise is "abnormal" in
having no direct theorem scheme analogue. Nor need it have: it is essentially a
device for generating theorems from theorems, not itself a theorem analogue.
Extensions of BQ which have full contraposition

04. A .... "'B ..... B .... "'A

as a theorem scheme can eschew axiom-schemes A7 and QA5 which then follow respec-
tively from A4 and QA2.

Additional axiom schemes and rules drawn from the list in Routley and Meyer
1978 may be added to BQ singly or in combination to yield a wealth of stronger
systems with the same (constant domain) quantificational structure. Here a fairly
short list of optional extras will keep us quite busy enough. The list will how-
ever be at least large enough to include such systems as RQ, EQ, TQ and S4Q.

B1. A & (A B) .... B •

B4. A B C .... A ..... C .... B

B6. A (A B ) .... B •

01. A V -v A •

04. A .... -v B . B -v A
BR1. A .. (A B) B .

B3. A B B C A .... C

B5. A (A B) A B

BID. A B B .

03. (A "'A) .... 'V A .
05. A & ('" A VB) .... B

Some of the more or less familiar systems which result from BQ in this way
are these: -. GQ: BQ + 01. TQ: BQ + {B3, B4, B5, 03, D4}. The addition of B3,
B4 and 04 means of course that rules R3 and R4 can be derived. EQ: TQ + BR1. RQ:
TQ + B6. S4Q: EQ + BID. More compact axiomatisations, of RQ in particular, are
presented subsequently.

An LQ model ~.tw.c:twr.e (LQ m.~. J is a structure S = (K; 0 > where K is an
L m.s. and 0 is a non-null set of objects (cf. Routley and Meyer 1973, p. 238).
In particular, a BQ n.s , S,from which other LQ m.s. are derived, is a structure
S = (T, 0, K, R, *,0> where 0 is a subset of K, TEO, R is a 3-place rela-
tion on K, * is a I-place operation on K, and V is a non-null set, constrained
for every a, b, c, dE K, by the following conditions, in which a" b Of
(Px)(Ox &Rxab):-
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pI. a <;; a .

p2. If a<;;d and Rdbc then Rabc.

p3. a = a** •

p4. If a<;;b then b* .. a* •

LQ m.s. result upon adding further modelling conditions to BQ m.s. For the
extensions of BQ explicity introduced the modelling conditions corresponding to
postulates are as follows (with q. corresponding to B. and .6. to V. for ap-

.t 2.t j j
propriate i and j, and drl to BRI), where R abed =Of (Px) (Rabx & Rxcd) and
R2a(bc) d =Of (Px) (Rbex & Raxd):-

qI. Ractct • q3. If R2abcd then R2b(ac) d.

q4. If R2abcd then R2a(bc) d q5. If Rabc then R2abbc.

q6. If Rabc. then Rbac. • qIO. If Rabc then b <;; c. .
sI. x* <;; x for x in O. s3. Rctct*a •

s4. If Rabc. then Rac.*b* • s5. a* <;; a .

drl. Raxa for some x in O.

An LQ m•.6. is Iteduc.ed iff 0 = {T}; is YlOltma..t iff T = T*; and is 6u.Uy YlOltma..t
iff x = x* for x in O. It is denumeltctble [countable] iff its domain V is.

A LQ model adds to a LQ m.s. an interpretation, or valuation function, I.
Specifically a LQ model M is a structure M = <T, K, R, V, T } , i .e , (8; I )
where the substructure 8 = (T, K, R, V) is a LQ m.s., and T is a function
which assigns to each subject term t (i.e. subject variable or constant) an ele-
ment I(t) of V, to each Yl-place predicate parameter 6Yl at each world a of K,
an Yl-place relation on K (extensionally, a subset of K Yl), and to each senten-
tial parameter p at each a in K exactly one of the values {I, O}; subject
always to the constraints for a and b in K:

(1) if a<;; band I(p, a) = 1 then I(p, b) = 1; and

(1') if a <;; b then I(6Yl , a) ~ nt, b) .

Interpretation I is extended generally to all wff as follows:
I (6 (t l' ... , t Yl ) , a) = 1 iff <I ( t 1), ... , T ( t Yl) } L I( 6Yl , a), i. e. iff the
interpretations of terms t I ' .•.• t n instantiate the relation assigned to n-place
predicate 6Yl at world a;

I( A& B, a) = iff I(A,a) = 1 = I( B ,a) ;

I( 'VA, a) = 1 iff I(A, a*) oF 1

T(A ... B, a) = 1 iff. for every band c inK. if Rabe and I ( A , b) = 1
then materially 1 (B, c) = 1 ;

I«Ux) A , a) = 1 iff IX (A, It) = 1 for every x-variant IX of I, where IX
is an x-variant of I iff IX differs from I at most in assignments to x (the
elementalty rule).
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A wff A is Vwe 1.n M just incase I (A, T) = 1, and 6a1.6e 1.n M other-
wise. A is LQ - val1.d iff A is true in all LQ models, and 1.nva£i.d other-
wise . A set Li of wff is LQ ./).unuUaneoCL6iy "ct.U6 Mabie iff for some LQ mod-
el M, every wff A in Li is true in M.

Truth-valued semantics for LQ systems, which in effect always select V as
the domain of terms of LQ and so can delete V, are even simpler. A LQ TV m•./).
is simply a L m.s.; and a TV va£.ua:Uon in such m.s. is a function which assigns
to each atomic wff at each a of K and element of II = {I, O} • The extension of
1 for wff compounded by connectives is as before, but the extension to quan-
tified wff becomes:

I((x)A,a)=I iff I(A(t/x),a)= for every term r •

TV truth, validity, and so on, are defined, in terms of TV valuations, as above
for truth, etc. The emphasis in what follows is, for the most part, on objectual
(i .e. domained) semantics, with the truth-valued semantics simply being noted as a
by-product.

Semantical investigation of weaker relevant logics and of systems such as EQ
which include a theory (of sorts) of necessity is facilitated by the addition of a
sentential constant .t (interpreted variously as the conjunction of all truths, of
all necessary truths, and of all theorems) subject to the two-way rule

(t - rul e)

LQ tis the LQ sys tern en1arged by constant t: . For each sys tern LQ i nvesti gated
it will turn out that LQt is a conservative extension of LQ, i .e . where A is a
wff of LQ, A is a theorem of LQt iff A is a theorem of LQ. Thus, in effect,
LQ can be investigated by studying LQ t: .

The semantical analysis of LQ.t is precisely the same as that of LQ, except
that to accommodate .t the following interpretation rule is added:

I(t,a) = 1 iff aE 0 (cf. RLR, 4.1).

The enlargement of LQ by t will subsequently provide an examplar for enlarge-
ments of other LQ theories by constants representing their truths.

§2. SOUNDNESS OF THE LOGICS, AND THE COMPLETENESS STRATEGY.

None of the relational semantics proposed for quantified relevant logics, such
as BQ, GQ, EQ and RQ, has hitherto been proved adequate. Proof of soundness of
the semantics is indeed no problem; it is a straightforward elaboration of that for
corresponding sentential systems (given in Routley and Meyer 1978, Chapter 3), and
succeeds not only for every system introduced but for a great range of additional
systems, The preliminaries (elaborated in ROlJtley and Meyer 1978) are these :,-
Where I is a valuation in a given LQ m.s. S, A .unpUu B on I, or A 1-
.unpUu B, just in case for every a E K if I (A, a) =' 1 then I( B, a) = 1.

A .unpUu B in S just in case A I-implies B dn every valuation in S;
and A LQ-.unpUu B iff A implies B in every LQ m.s,

LEMMAS. Whvr.e I .u, an -in.tvr.pILe.ta:Uon -in LQ m•.s • S, 60IL evvr.y wU A
and Band eveILy a and b 1.11. K;



310 RICHARD ROUTLEY

(1) .i6 a<;b ctrtd I(A, a) = 1 theft IrA, b) =1;

(2) -l6 A 1- ,£mpUcw B theft A -- B .fA tJute on I;

(3) .i6 A ,£mpUe1> B .in S then A -+ B Is vaUd -lft S (L e. tJute Oft ali va.f.-
umoYlJ.> thvr.uft); aftd

(4) A LQ - ,£mpUe1> B .i66 A -- B Is LQ - vaUd.

PROOFS are like the corresponding lemmas of Routley and Meyer 1978.•

Ld,
THEOREM 1. (LQ Soundfte1>.6). 16 A .fA a theoJtem 06 LQ then A .fA LQ-va.f.-

PROOF. Enlarges the corresponding induction of Routley and Meyer 1978 show-
ing that the axioms are valid and that the rules preserve validity. Thereareonly
these new cases:

ad QR1. Suppose (x) A is not LQ - val id. Then for some I in some S,
I«x) A, T) = O. Thus, for some x-variant I' of I, I'(A, T) = 0; so A is
not LQ - valid.

ad QA1. Suppose for arbitrary lin S that for arbitrary a E K, I ((x) A ,a) =
1. Then for every x-vari ant I I of I, I I ( A , a) = 1. Hence for I it s e l f ,
I( A( t ] x), a) = 1 in virtue of the restrictions on substitution (since the rele-
vant metatheoretic restrictions on instantiation exactly parallel systemic ones).
Thus (x)A I-implies A(t/x), whence by (3) (x)A"'A (tlx) is true on I
in S.

ad QA2. Suppose for arbitrary I in S that for arbitrary a E K,
I«x)( A -- B), a) = 1. As indicated in the orevious case, it suffices to show
that I( A ... (x) B , a) = 1, that is, given that Rabc and I( A , b) = 1.

I«x) B ,c) = 1, i.e. I' ( B , c) = 1 for every x-variant I' of I, But as
I((x)(A -- B), a) = 1,

I' (A .... B, a) = 1 for every x -variant l' of I ; whence for every I' since
Rabc. and I ( A , b) = 1

(because, as x is not free in A, I'(A, b) = I(A, b), for every x-variant I'
of 1), I' (B, c) = 1, as required.

ad QA3. Again following the same argument pattern as in the previous two cases,
suppose I(x)(A V B),a) = 1. Then for every x-variant I' of I,
I' (A VB, a) = 1, so I I ( A , a) = 1 or I I ( B , a) = 1. Si nce xis not free
in A, I'(A, a) = I(A, a) for every x-variant I' of I. Hence either
I(A,a) = 1 or else I'(B,a) = 1 for every x-variant I' of I; that is
I(A,a) = 1 or I«x)B,a) = 1, whence I(AV (x)B),a) = 1.

The validation of additional axiom and rule schemes, given that corresponding
modelling condition~ hold in every model, is exactly as in Routley and Meyer 1978
as no genuine quantificational enrichments have been considered. •

COROLLARY 1. 16 A .fA a theOltem 06 LQ then A u TV-LQ-vaUd.

PROOF differs from proof of the theorem only on quantificational postulates,
and there the T case simplifies that already given. Consider to illustrate the
case of QA1. Suppose once again I«(x) A, a) = 1. Then I( A( t ] x}, a) '" 1 for
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every subject term t. •
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COROLLARY 2. 16 A .i.A a the theO/teJn 06 LQt then A .i.A LQt-validandTV-
LQ t -valid.

PROOF adds to the theorem details concerning t drawn from Routley and Meyer
1978, 4.1. •

The problems begin with completeness. A direct relevant approach, elaborating
the completeness argument for sentential systems (~s set out in Routley and Meyer
1978 for instance), has run into serious impasses ~I). The problems are all, of
course, caused by the presence of quantifiers, since no problems of the sort remain
for relevant sentential logics such as R, and they arise from the need to be able
to show in the canonical model that for each appropriate RQ - theory a,

1«x)A,a)=1 iff (x)AEa,

a requirement which forces us to make all RQ - theories Jt-i.ch, i.e. such that when-
ever A(t I x) E a for every term t: then (x) A Ea. From this requirement of
richness comes the main problem, that on each occasion on which a new theory is in-
troduced it has to be shown that it is al ready ri ch and can be kept so on expandi ng
the theory to incorporate other desired properties, or that it can be made rich
without loss of requisite properties. The main problem can be broken down to three
sorts of cases for systems such as RQ (which have reduced models):-

PI) In the induction step for .... it has to be shown that where B .... C f1. afar some
band c appropriately related to a both Jt-i.ch and w-Uh the Mme domiUn as a,
BEb, C€fe.
The relation on worlds in question, the generalised counterexample relation R, is
the source of the second, and most severe, problem. For R is not without condi-
tions which in the case of stronger systems take the form: if R- & ••• then, for
some .x, R- &, e.g. in the case of the modelling requirement for A ..... B ...... B..... C......
A ..... C , if Rabz & Rzcd then, for some x , l<bxd & Raex •

P2) It has to be shown that the new theories needed to guarantee the modelling
condition are, or can be made, rich.
But, thirdly, in the presence of relevant negation modelled through a star - opera-
tion on theories, richness is not enough. To show that a* is a rich theory when
a is, a has to be !.>a..tU!Ul..ted, that is whenever (Px) A E a then A (t Ix) E a fo r
some term (or witness) t •

P3) The new theories introduced in steps required for PI) and P2) have to be ex-
tended, preserving requisite properties, to saturated theories.

Fortunately the problems can be met one at a time; that is the approach here
followed. Firstly, problem P3) is avoided by not including [just] a rel evant
negation, but by considering systems which contain a classical-style negation, the
so-called 'classical relevant" logics; and secondly problem P2) is just set aside
to begin with by considering weaker relevant logics which do not call for the trou-
blesome semantical postulates that cause the problem.

Thus it is that a rather circuitous approach aimed at, circumventing the im-
passes (but, regrettably, through classical enemy territory) and i sol ati ng the

(I) Meyer and Routley have convinced themselves that they have a direct complete-

ness argument for BQ; but so far they have not recorded the argument.
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problems is tried in what fo t l ows . The completeness argument will make use in par-
ticular of the following systems, related as follows, where <. indicates conserva-
tive extension and S equivalence:

LQ

(1) V
LQ ..., s

(4)

CLQ (direct adequacy proof) (2)

V

CLQ* (direct adequacy proof) (3)

Hence also CLQ* is a conservative extension of LQ. Now suppose A is not a the-
orem of LQ. Then A is not a theorem of CLQ*, whence, by adequacy of CLQ*, A
is not CLQ* - valid. But the CLQ* countermodel to A supplies an LQ counter-
model to A, so A is not LQ-valid.

To establish step (1), that LQ' conservatively extends lQ in the absence of
a completeness proof for LQ, resort is had to an alternative, more trivial. se-
mantics for LQ, a semantics extending that for first degree quantified system FDQ.
On route some other quantified relevant systems of interest are encountered.

§3. EXTENSIONS OF THE SEMANTICS FOR FIRST DEGREE QUANTIFIED REL-
EVANT LOGIC, FDQ, TO THE HIGHER DEGREE.

The first degree system FDQ - where wff are restricted to the first degree,
i.e. nested occurrences of ~ are excluded - may be axiomatised as follows:-

Axiom schemes:

AI. A ~ A . A2. A ~ B o , B ~ C o . A ~ C •

A3. A & B ~ A • A4. A & B ~ B •

A5. A ~ B ::> • A ~ C ::> . A ~ (B & C). A6. A & (B V C) ~ (A & B) V C

A7. 'V 'V A ~ A . AB. A ~ 'V B ::> • B ~ 'V A .

A9. A ~ B ::> • A ::> B . Ala. A::> B ::> . 'V (B & C ) ::> . 'V (c & A) .

All. (x) A ~A (t Ix), for any term t.

A12. (x) (A~ B) :J. A ~ (x)B, where x is not free in A.

A13. (x) (A VB) ~. A V (x) B , where x is not free in A.

Rules:

Rl. A, A :J B ~ B

R2. A~ (x)A

(Material Detachment).

(Generalisation).

The axiomatisation of FDQ given is a simple extension, to include basic en-
tailment principles, of classical quantificational logic Q. The semantical anal-
ysis of FDQ, the adequacy of which is established in Routley 1978c, is likewise
a straightforward worlds elaboration of classical quantificational semantics. An
FDQ-mode£. M is a structure M= (T, K, *, V, 1) where K is a set of worlds,
T E K, * is an operation on K such that T* T and a** = a for every a E K,
V is a non-null set of items or objects, and 1 is a valuation function (in the
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FOQ modU1>:tJtuc..tWLe (T, K, *, V) ) which assigns to each term of FOQ an element
of V, to each n-place predicate at each world a of K an n-place relation on
VI"', and to each sentential parameter at each a E K exactly one of the holding val-
ues {I, a}. That is, an interpretation is an unconstrained LQ interpretation.

I is extended to all wff of FOQ by the following evaluation rules, which ap-
ply for every a E K:

I(6n(t
1,

••• , t n}, a) 1 iff I(6n, a) (I(t
1),

••• , 1(t
n)).

(On an alternative, truth-valued, semantics I(6n(t 1, ... , tn)' a) is again assign-
ed 1 or a by the model without ~nalysis of 6n(t 1, ... , t n ) into subject and predi-
cate components.)

I(A&B,a) 1 iff I(A,a)=1 I( B, a).

I('VA,a) = 1 iff I(A,a*)=F1.

I«x)A,a)- 1 iff I'(A,a) = 1 for every x-variant I' of I .

I(A .... B,T) 1 iff for every b E K, if I( A, b ) = 1 then I (B , b ) 1.

Derived evaluation rules include the following:

I(A V B, a) 1 iff I(A, a) = 1 or I(B,a) - I';

I (A :J B, a) 1 iff I ( A, a*) =F 1 or I ( B , a) = 1;

I«Px)A, a) - 1 iff I'(A, a) = 1, for some x-variant I' of I.

Semantical notions such as truth and validity are defined just as for LQ. As
shown in Routley 1978 c, the theorems of FOQ are precisely the FOQ valid wff,
and corollaries such as the Skolem-L6wenheim theorem for FOQ follow from the com-
pleteness argument.

The first degree restriction of FOQ is incorporated in the semantics through
the interpretation rule for .... , which assigns values to implication formulae only
at T. To move to the higher-degree this limitation to T has to be removed ,
something that may be done in a variety of ways, e.g. replacing T by a in the
rule would yield a kind of rigid S5, higher degree irrelevant, logic. ~ore inter-
esting is the minimal adjustment - yielding at the sentential level thenonreplace-
ment systerrs of Routley and Lopar lc 1978 and Routley and Meyer 1978 - which assigns
values from {I, a} arbitrarily to implicational wff at worlds other than T .This
simple step furnishes a semantical analysis for the system FOQt, which differs
from FOQ only in the removal of the formation restriction of FOQ to fi rst de-
gree wff (2).

THEOREM 2. WheJLe A .w a w66 06 1>lf1>:tem FOQt [.-t.e. 06 :the IUglteJL degil.ee
J.>lj1>:tem auomat-Wed exac;Ulj Uize FDQ excep:t:that w66 Me no:t c.onMned :to :the 6fu:t

degil.ee), A .w a :theMem 06 FOQ4- -£66 A -if.> FOQt-vaLid.

•
(2) Observe however that FOQt is not simply a substitutional extension of FOQ.

The effect of Material Detachment has also to be considered. Thus, for exam-
ple, «p .... p) .... q) :J q is a theorem of FOQt (and valid) but does not result
by substitution from a theorem of FOQ (this example is due to J. Slaney).
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PROOF is almost the same as that given in Routley 1978 c for FDQ. •

In the canonical model used for completeness r( A -lo B, a) is assigned value 1,
for each world a distinct from T, iff A -> B Ea.

There is good reason for dissatisfaction with FDOt - apart from the weakness
of its higher degree logic, and the failure in particular of the rule of Replace-
ment of Equivalence (i.e. coimplications) - namely the excessively classical char-
acter of FDQt, most conspicuously its inclusion of the rule 1 of Material Detach-
ment as a primitive rule, and its consequent inadequacy for dialectical purposes.
The first stage in removing classical assumptions involves reaxiomatising FDQ t
without use of 1 (i.e. R1) as a primitive rule, and correspondingly adjusting
the semantics so that the classical assumption T =T* is removed. The semantical
adjustment is the simpler. A partial ordering (or inclusion) relation";; is added
to FDOt models, and the requirement T =T* replaced by the requirement T* ..;; T,
which while ensuring completeness of T of one sort (that symbolised in the law of
excluded middle A V "v A) does not preclude inconsistency of T. The semantical
adjustment also turns out to have the advantage that it enables various sublogics
of FDOt of interest to be semantically encompassed. Specifically, then, to proceed
downwards in the direction of weakness and generality, one moves first to a model
~:twctwte. lt1 = (T, K, ..;;, *, V) with T E K, * an (so far unrestricted) opera-
tion on K, ..;; an order relation on K such that if a";; b then b*";; a*, and
V a non null set. The way down leads all the way down to a system P+Q , a quan-
tified version of the minimal positive system p+ (of Arruda-da-Costa: see Routley
and Loparic 1978), P+Q, which is a minimal relevant logic with respect to the mod-
elling and the style of completeness proof, has the following postulates:-

PI. A -> A . P2. A , A -lo B => B.
P3. A -> B, B -+ C => A -lo C . P4. A & B -> A .
P5. A & B -> B . P6. A, B => A & B.
P7. A -> B, A -> C=> A -> (B & C) . P8. A -> A VB.
P9. B -> AVB. P10. A -> C, B -> C => A V B -> C

P1l. A & (B V C) -lo • (A & B) V C. QPl. (x) A -> A(t Ix) .

OP2. A->B=>A-+ (x)B, x not free in A.
OP3 .. (x)( AV B)->. A V(x) B, x not free in A.
QP4. A .. (x) A . QP5. A (t Ix) -> (Px) A •
OP6. B -> A=> (Px)B -> A, x not free in A.
QP7. (Px)(A & B) ->. A & (Px) B, x not free in A.

Furnishing good semantics for P+Q, unlike the stronger affixing systems, is not a
difficult feat (and is carried out in Routley and Loparic 197+).

However the present investigation concerns not the way down from FDQt, but the
way up, the way to relevant affixing systems.

§4. STRENGTHENING THE HIGHER DEGREE; AND TRIVIAL AND LESS TRIVI-
AL SEMANTICS FOR SUCH SYSTEMS.
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The trivial semantics (3) for extensions of such systems as FOQt simply stipu-
late semantical postulates for each scheme of the extension beyond schemes of FOQ.
e.g. if extension includes the axiom A .... B ..... B .... e ..... A .... e. the semantics has
the postulate that. for every ct. if I( A.... B. ct) = 1 then I( B .... e ..... A .... C •
ct) = 1. The method, which includes I in the modelling, foregoes recursive spec-
ification of I from atomic beginnings, and instead specifies I as a function
on wff and worlds which takes values in {I.O} , and which is subject to a set of
conditions. namely all those characterising I in the case of FOQt and also fur-
ther conditions for schemes of the extension.

The method may be usefully illustrated by the trivial semantics for RQ. RQ gets
selected throughout for illustrative purposes not because there is any special in-
terpretational virtue about it - it fails badly for all the important notions rel-
evant logics aim to explicate such as conditionality. implication. lawlike connec-
tion. entailment. propositional inclusion - but because in lands of deviant logics
it's moderately well known as logics go. and also because it's technically exas-
perating. It's so close to classical to be good for practically nought but enthy-
mematic purposes. yet though only one (albeit large and irrelevant) step removed
as it were from classical. nothing much classical appears to work either at all or
at all well. A tJu:v;.a..e modet M for RQ is an FOQt model, i.e. M= <T,K, *, V, I ) •
with T E K. * an operation on K such that a** =a and T* = T, V a non-null
domain. and I a valuation function subject to all FDQ conditions together with
the following:-

For B3 I ( A B • ct) = 1 :J. Z( B .... e A -e e • ct) 1.

For B5 I ( A A .... B • a) = 1 ::J. I(A B, a) = 1.

For B6 I(A, a) = 1 :J. I(A B .... B, a) = 1.

For A4 I (A B. a) = 1 = I (A C. a) :J. I (A .... B & C. a) 1.

For 04 I (A 'V B. a) = 1 :J. I (B .... 'V A. a) = 1 •

ForQA2.(4) Where x isnotfreeinA.if I«x)(A .... B).a) 1 then
I(A .... (x)B, ct) = 1.

THEOREM 3. FO!l eaeh on the h-tgheJl degftee exteVLl>.£oVLl> on FOQ eOVLl>.£deJled, .£n-
c1.u.d.£l1g RQ (ctI1d noft ma.ny othe»: h-tgheJl deg!tee exteVLl>.£oVLl> LQ 06 FOQl, A .fA a the-
O!lem 06 LQ .£6n A .fA tJu:v.£a.U.y LQ va.t.£d.

PROOF enlarges on the proof of Theorem 2. Consider an axiom scheme of the
form C .... D where C or D is an implicational wff. The axiom is reflected se-
mantically by an interpretational requirement if I(e. a) = 1 then I(D. a) = 1.
So it is immediate by the evaluation rule for .... at T that the axiom is valid.
For completeness set I( A. b) = 1 iff A E b. and use closure and the fact that
T is regular. Observe that if e E ct. then DE a. in virtue of theory closure
under provable implication; hence I( e, a) = 1 implies I( D. a) = 1. •

In the case of relevant logics such as RQ there is one considerable further

(3) There are more trivial semantics.

(4) This scheme, U distribution, is the only quantificational postulate of higher
degree character that occurs in the main axiomatisations considered.
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difficulty, that of showing that the logic does extend FDQt . The main difficulty
here is that of showing that the rule (~) of Material Detachment, i.e. R1, is an
admissible rule. But this can be proved, for all the common relevant systems which
include A V 'VA as a theorem, by the method of metavaluations (for main deta i 1s
see Meyer 197+).

The "trivial" semantics are more trivial than the relational semantics intro-
duced because, at least in the case of higher degree implicational wff, the trivial
semantics place no great distance between the axiom schemes and the corresponding
semantical conditions on the valuation function. Still the "trivial" semantics
(Which have been presented as giving a satisfactory semantica1 analysis of certain
relevant logics by Hunter 197+) have merit in that they enable various results to
be proved, including one important result needed subsequently.

Let the classical negation enlargement LQ' of LQ be formed by adding to LQ
a negation symbol, - , subject to the following schemes:-

C1. A .... A . CR1. A & B .... C=>. A & C .... B.

A (trivial) LQI model is an LQ model which conforms to the classical negati on
rule:

1(A, a) = 1 iff 1(A, a) '4= 1, for every a in K.

THEOREM 4.WhC/te LQI .L6 ;the c-f.a.6-6.f.c.a.lnegation enR.aJtgemen;t 06 ctI1lf 06 ;the
ertelU-LoIU 06 FDQ c.olU-LdC/ted, A .L6 a ;theO!lem 06 LQ' -L66 A .L6 :tJUv.<:.a.U.lf LQ'
vaU.d.

PROOF. Given the previous theorem, soundness is a matter of verifyi_ng the
postulates C1 and CRl. C1 and its converse are immediate, since 1( A, a) =
1(A, a). If the conclusion of CR1 is not valid then, in some model, 1(A, a)
1 = I(B,a) *1(C, a). So 1(A,a) = 1 = I(C,a) =1= 1(Ii,a), i.e. the pre-
miss of CR1 is not valid. Completeness calls for a refinement in previous theo-
rems, namely these theorems can be reproved using nondegenerate theories, i.e. the-
ories that are neither null nor universal, in the canonical modellings. Given non-
degeneracy and theorems proved using CL and CRI (exactly as below) the classical
negation rule emerges as follows. It suffices to show A E a iff A tf a. Sup-
pose AEa and AEa also; so A&AEa,whencesince I-A&A .... B, a is
universal, contradicting a's nondegeneracy. Suppose, conversely, Atfa and A tf a.
Then A V A tf a. But as a is non-null, for some B, BE a. Hence as l- B .....AVA,
A V A Ea, which is impossible••

COROLLARY. FO!l each. LQ c.o lU'<:'dC/ted, LQI .L6 a C.OIUC/tvative. ex;telU.f.on 06 LQ;

Le.'<:'6 A .L6 a w66 06 LQ, A .L6 a ;thealtern 06 LQ' -L66 A .L6 a ;the.O!lem 06 LQ.

PROOF. One half is immediate from the inclusion of LQ in LQ'. For the con-
verse, suppose A, which is a wff of LQ, is not a theorem of LQ. Then as A is

not tri vi ally LQ val i d, there is an LQ' counter-model M to A. Form a new mode1

M' by adding the classical negation rule to M. Then !J-/' is an LQ' model, .6-Lnc.e
no otne»: c.oncUtiolU Me Jte.qme.d, and A is not true in M' since, as it contains
no occurrences of classical negation, its assignments are the same as in Af ••

But though the trivial semantics do thus yield information they leave much to
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be desired - in particular, a recursive evaluation rule for implication at nonreg-
ular worlds, and semantical conditions which less blatantly mirror corresponding
axioms. Less trivial semantics do result upon adding relational or operational
evaluation rules. It is here that the main unsolved problems emerge again. It is
time to turn to stage (2) of the completeness argument,to the investigationofweak-
er classical relevant logics.

§5. THE SYNTACTICAL STRUCTURE OF CLQ SYSTEMS.

Primitive are the connectives ~ (implication), & (conjunction) and - (clas-
sical negation) and the universal quantifier U. Further syncategorematic symbols
are defined thus:

AV B =Of (A &il); A:::> B =Of A VB; A+-> B =Of(A ~ B) & (B ~ A); (x) A=Of (Ux) A;

(Px) A =Of (x ) A. Note how the CLQ definitions of V and P differ from the
relevant definitions. The already familiar postulates of basic system CSQ are
divided, for convenience, into three groups.

Postulates of S+, the positive part of systems Sand G (cf. Routley and Meyer 1978,
Anderson and Belnap 1975):

AI. A ... A. A2. A&B~A.

A3. A&B ... B A4. (A~ B) & (A'" C)~. A~B&C.

[ A5. A .... A VB .J [ A6. B ~.AV B.]
A7. (A~ C) & (B -e- C) .... (AVB) ~ C

[ A8. A&(BVC) ~. (A &B)V C.]
RI. A, A... B=>B. R2. A, B=>A&B.
R3. A ... B, C~D=>B~C .... A~D .

Negation Postulates for CB (cf. Meyer and Routley 1973, p. 57):

C1. A... A .

Quantificational postulates (cf. Routley and Meyer 1973, Routley 1978):

QAI.

QA2.
QA3.
QRI.

[ QA4.

QA5.
[ QA6.

v X •
(x)A ~ St AI, i .e , (x)A~ A(t/x), with the usual proviso built in.

(x) (A... B) A... (x) B ,with x not free in A .
(x)(A VB) -s- A V (x) B , with x not free in A .
A~ (x)A.

s: AI~ (Px)A.l
(x)(B ~ A)~. (Px)B'" A, with x not free in A.
(Px)( A & B) ~. A & (Px)B, with x not free in A . J

With V and P defined the square bracketed schemes are not independent (as will
be shown). The status of A7 and QA5 remains a little puzzling: with a normal
negation they would be simply derivable, but the failure of full contrapos i ti on



318 RICHARD ROUTLEY

principles in C systems blocks such derivations. R2 is almost eliminable as well
(A~. B ~ A &B follows quickly from T6).

A few theorems and metatheorems of CB and CBQ, derived primarily with a view
to establishing completeness theorems, are these:-

Tl. A&A~B

PROOF. By A2, A & B~ A , whence by CRl, A & A ~ B.
The result then follows by B+ theorems and Cl. '.

::::: :::::

T2. A ~ A ; A...- A •

=
PROOF. By A2, A & A~ A, whence by CRl, A & A'" A ••

T3. A & A & B -+ B; A & (A V B) ... B.

PROOF. A & B -+ C => A & B -+ C => A & C ... If , by T2, CRl. •

A & B -+ A & B, by AI, whence by the rul e A & A & B ... B.
A & B-+ C => A & C-+ B , as just above.

Since then A & If -+ A & B, by T2 and B+ principles, A & A& B -+ B , whence the
result by definition of V •

RTl. A ... B => B -+ A .

PROOF. A-+ B=> B & A-+ B , using A3,

=> B & B -+ A , by CRI ,

=> B ... A , from A7. •

RT2. A ~ B => B -+ A; by RTl and T2.

T4. (x}(A ~ B) -+. (x) A -+ (x) B.

PROOF. (x}(A -+ B) -+. (x) A -+ B, by QAl, QA2.

Hence by R3 and QA2, (x)(A ~ B) ~ (x)( (x) A -+ B); but by QA2 again {x}( (x) A ... Bj-+.
(x)A ~(x) B; whence the result by transitivity. •

MTl (Replacement of coentai lments). A...- B => C(A) -+ C(B ), wheJl.e C{ A) .U, any
context: on CLQ c.on.ta..i./Ung A (peMa.p.6 vac.uoMly).

PROOF is by the usual induction over the number of occurrences of the primi-
tive connectives and quantifiers in C{ A). The induction step for classical nega-
tion is provided by RT2 and for the universal quantifier by QRl and T4. •

T5. B -+. A V A; by T1 and RTl.

T6. AVA; fromT5.

rz. (A&B) ...-AVB; by MTl, T2, and definition of V.

T8. (AVE) <--+ A & B ; T2 and definition of V

RT3. A & B -+ C => A -+ . B V C •

PROOF. A & B -+ C => C .... A V If ; by RT2, T7 ,
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=> B & C B & (XV B), by s+ theorems,

=> B & C X , us i ng 13 ,

=> A B V C, by RTl, 17, MTl, T2. •

RT4. A & B ...... C V D => A & D B V C.

PROOF. A & B ...... C V D => A & C V D B , using CRl, T2, MTl ,

=> A & C & D B , by T8, MTl ,

=> A &D...... BV C , by RT3, S+ theorems, T2, MTI .•

RT5. A & D ..... B, A ...... B V D => A ..... B •

PROOF. A & D ..... B, A ...... B V D => A & D B, A ..... (B V D) & A ,

=> B V (A & D) .... B, A B V (A & D) , using A8 ,

=> A"'" B ••

T9. ( i . e. A5, A6). A ..... A VB, B .... A VB.

TID. (i.e.A8). A&(BVC) .... (A&B)V C.

PROOF. A & A & B & C .... B & C , by 13, S+ :

A &B &C.... A&B &C , from CRI .•

Tll. (A .... C ) &(B .... D) ..... A VB ..... C V D.
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PROOF. A .... C A -s- C V D, B D ..... B C V D , from T9 ,

(A C) & (B D) A C V D, (A C) &(B D)..... B ..... C V D, by A5 and A6 ,

(A C) & (B D) (A (C V D)) & (B .... (C V D)), by A7.

The result then follows by A7 and Rule Syllogism. •

TI2. (t .e • QA4). S: A I .... (Px) A •

PROOF from QAl by Rule Contrapos iti on. •

Tl3. (i .e. QA6). (Px)(A & B) ...... A & (Px) A, wah x 110.t onee.w A.

PROOF from QA3. •

MT2. (Rule of change of bound variable). Statement and proof as in Church 1956,
p. 192.

A littlt! easier to accommodate semantically than CSQ is its extension CAQ ob-
tained by flattening R3 to material form and adding a material form of Ass, i.e.
of A & (A .... B) .... B. CAQ has as postulates that is, all postulates of CSQ except
R3 together with the schemes:

MR3. A .... B & C .... D:J. B .... C ..... A ..... D • C2. A & (A .... B) :J B.

In the context of classical negation MR3 is difficult to resist given R3. Also C21,

unlike its arrow strengthening, Ass, is hard to dispute. And it is tantamount to
the very appealing principle of material counterexample: A .... B:J. AV B.
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Proof of coimplication is as follows:-

A & (A-> B) :) B <-> A &(A -> B) V B
<->AV(A .... B)V B

<-> (A -> B) V A VB,
....... A->B:).AVB.

In the only classical relevant system that has so far received much news coverage,
CR, both schemes MR3 and C2 are derivable. System CR results in fact from adding
to the positive system R+ the postulates Cl and CRl. Specifically - since the sys-
tem is important in what follows - CR has the following postulates:

Postulates of R+, the positive part of R (cf. §1 and Anderson and Belnap 1975, p.
453):

Al - A8 and Rl - R2 (i.e. B+), together with:
B3. A -> B B -> C ..... A .... C B5. A .... (A .... B ) ..... A .... B .
66. A ..... A B .... B •

Postulates for CR (cf. Meyer and Routley 1973, p. 57):

C1. A .... A • CRl. A & B .... C" A & C .... if .

CRQ results by adding the quantificational postulates already given for CBQ to CR.
Between CBQ and CRQ there is a wealth of systems, some of which will be considered
subsequently. Proof that CR' includes CA uses the following theorems of CR:-

T14. A & (A .... B) .... B .

PROOF which uses B5 is as in Routley and Meyer 1978. •

T15. A .... A .... A .

PROOF. A&(A A) .... A.byT14,
A &A A -> A: , using eRl ,
A .... A: A by R+ principles and Rule Contraposition .•

T16. A .... B -> . A VB.

PROOF that T15 is interderivable with T16 is as in Routley and Meyer 1978,
3.2. •

T17. (i.e.C2). A&(A->B)~.B

PROOF. Apply T16 to T14. •

T18. (i.e.MR3). (A .... B) & (C .... D)~.B .... C ..... A .... D.

PROOF. Apply T16 to (A.... B) &(C .... D) ..... B .... C .....A .... D • a theorem of R+ .•
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To cope semantically with CBQ (= CGQ), it simplifies matter to extend the sys-
tem (conservativelY as it turns out) by the sentential constant t: , subject as al-
ways to the two-way rule

Rt. A -- t ... A

The resulting system is called CBQ s: .

(t rule).

I for every x-variant IX of I I where as

iff IX differs from I at most in assign-

§6. CONSTANT DOMAIN MODELLINGS FOR THE CLQ SYSTEMS.

Finding a modelling for CRQ is simply a matter of building on the semantics for
CR of Meyer and Routl ey 1973 (showing the adequacy of the mode 11 ing is another mat-
ter). A CRQ mode£. 1.>:tItuc:tWtc (CRQ m.s.) adds to a CR r.m.s. (as previously ex-
plained in Meyer and Routley 1973) a non-null domain V of objects. Precisely, a
CRQ m.s, S is a structure S = (T, K, R, V) ,where K and V are non-null sets,
T E K, R is a three-place relation on K, subject generally to these requi re -
ments:

q1. RTab iff a = b ;

q2. Raaa;

q3. if R2abed then R2aebd, where Rabed =Df (Px) (Rabx & Rxed)

A CRQ model adds to a CRQ m.s. an interpretation, or valuation function, I,
which is defined as for FDQ systems. Specifically a CRQ mode£. ftf is a structure
}If = (T, K, R, V, I), where the substructure (T, K, R, V) is a CRQ m.s., and I
is a function which assigns to each subject term t (i.e. subject variable or con-
stant) an element, I( t) , of V, to each ft-place predicate parameter at each

world a of K, and n-p l ace relation on K (extensionally, a subset of Kft) , and
to each sententi a1 parameter at each a inK exactly one of the values {l, 0 }.
Interpretation I is extended generally to all wff as follows:

IC6(t 1,.··, tft)' a) = 1 iff O(t I ) , ... , I(t ft)} t nt, a), i.e. iff the inter-

pretations of terms t 1"'" t ft instantiate the relation assigned to a-pl ace pred-

icate 6ft at world a;

I ( A & B, a) = I iff I ( A I a) = I = I ( B I a) ;

I ( A, a) = 1 iff r ( A , a ) oF 1

I{A ... B, a) = 1 iff, for every band c in K, if Rabe and I(A,b)

then materflllly I( B, c) = 1 ;

I ((Ux) A, a) = 1 iff I X
( A I a)

before IX is an x-variant of
ments to x ,

To model other CLQ systems, i.e. classical "relevant" systems wfth the I.>a.me.
qua.~6~e~onal 1.>:tItuc:tWte., it is largely a matter of varying the modelling condi-
tions. For systems which admit reduced modellings (in the sense of Routley and
Meyer I978)a basic system is CAQ for which only the one semantical postulate qI is
required. That is, a CAQ model ftf is a structure subject just to the requirement
qI, or equivalently to:

q1a. if RTab then a = b and qlb. RTa.a..
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In each case the interpretation rules are extended precisely as for CRQ. Where,
however, the CLQ system (strictly CLQt system) includes t both the model struc-
ture and the interpretation rules have to be enlarged.

A CLQt model. M is a structure M= (T, 0, K, R, V) which differs from a
CLQ model primarily in containing a set 0 such that TEO C K. The ru 1e for
evaluating t is again simply

1(t,a)=1 iff Oa.

For many systems the semantical postulates have then to be adjusted. Those for
CBQt, on which other systems are built, are as follows:

qla'. For x E (1 if Rxab then a = b .

qlb'. For some x EO, Rxaa.

Awff A is.twein M just incase I(A,T)=I,and6aUein M other-
wise. A is CLQ-valid iff A is true in all CLQ-models, and invalid otherwise. A
set S of wff is CLQ ~~uttaneouoty ~~6iabte iff for some CLQ-model M, every
wff A in S is true in M.

Truth-valued semantics for CLQ systems are again simpler. A CLQ TV m.~. is
simply a CL m.s.; and a TV valuation in such m.s. is a function which assigns to
each atomic wff at each a of K an element of 11. The extension of 1 for wff
compounded by connectives is as before, but the extension to quantified wff be-
comes:

1((x) A,a) = 1 iff I(A(t/x),a) = 1 for every term r .

TV truth, validity, and so on, are defined, in terms of TV valuations, as above for
truth, etc.

§7. ADEQUACY OF THE SEMANTICS FOR 'WEAKER CLQ SYSTEMS.

Soundness is straightforward and succeeds not only for every system considered
but for a great range of additional systems.

THEOREM 5 (CLQ and CLQ t: Soundnu~). EveJty theOltem 06 CLQ J.J., CLQ-valid, and
aUo CLQ-TV-valid. S~CV11.y 601t CLQ t .

PROOF is, for the most part, straightforward case by case verfication, show-
ing that the axioms are valid and that the rules preserve validity. Some strategic
examples serve to illustrate the method.
ad A2. Suppose 1((A & B) ... A, T) "* 1. Then for some a, b in K, RTab and
1(A & B, a) = 1 "* 1( A, b). By ql, a = b, so 1 ( A , a ) 1, but 1 ( A, b) = 1
which is impossible.

More generally whenever 1(A... B, T) "* 1, for some a, RTaa and 1(A, a) = 1"*
I(B, a). Thereafter the procedure can follow the details of Routley and Meyer
1973. Thus, for example, the R+ axioms schemes can be verified as in Routley and
Meyer 1973 or 1978.

adR1. Suppose I(A,T)=I=I(A ... B,T). Since RTTT,byqlb, I(B,T)=1.
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ad R3. Suppose I(R3, T) =1= 1. Then I(A ... B, T) = 1 = I(C'" D, T) =1= I(B .... C .....
A .... D, T). Hence for some a, RTaa, r (B .... C, a) = 1 =1= r (A .... D, a). Thus for
some b , c , Rabe and I (A, b ) = 1 =1= I ( D , e). As Rabe and I (B .... C, a) = 1,
either r(B, b) =1= 1 or I(C, e) = 1. Since I(A ... B, T) = 1, rCA, b) = I
and, by qlb, RTbb, I(B, b) = 1. Hence I(C,e) = 1. Similarly then, as
rrc ... D, T) = 1, I( D, e) = 1, which is impossible.

ad CRl. Suppose that in some model, I (A & C .... Jr, T) =1= 1. Then for some a, RTaa
and I ( A , a) = I = I ( C , a) =1= I ( Jr, a ) • Thus I ( C , a) =1= 1 = I ( B , a) • Hence as
RTaa, riA & B .... C, T) =1= 1. In sum, if A & c .... 1f is not CRQ valid neither is
A & B .... C.

Verification of the quantificational postulates is like that given in § 2 (and in
Routley and Meyer 1973 and Routley 1978a ).

For the weaker systems containing t there are some complications.

ad A=>t"'A. Suppose t ...A is not valid: then in some model, r(t .... A,T)=I= 1.
Then for some a, RTaa and n.e, a) = I*" rCA, a). Then for some a, 0 a and
T(.A, a) *" 1. Form a new model with base a. in place of T. This is permissible
since Oa, given that all semantical postulates are stated, not in terms of T, but
generally for x in O. Then A is not valid.

ad t .... A => A. The rule is tantamount to Axiom z •

For it yields t since t .... t; and t yields the rule by Modus Ponens. And t
is val id in virtue of OT.

Also verification of the rules is a little more complex.

ad R1. Suppose r(A I T) = I but r( B, T) = I for some model.

Then, since by q1b' for some x in 0, RxIT, T(A ... B, x) =1= 1. Form a new model
M I on base x , Since it is indeed a model A .... B is not val id.

ad R3. Suppose B .... C ..... A ... D is not valid, i.e. for some model I(B ... C ..... A ....
D, T) *" 1. Then as in the previous case for R3, r( A, b) = 1=1= I( D, e) and ei-
ther r (B , b) =1= I or !( C , e) = 1. Si nce for some x in 0, Rxbb and A B
is valid, !( A, b) I materially implies I( B, b) 1. Similarly, as C D
is valid, T(C, e) = I materially implies I(D, e) = I; and contradiction re-
sults. •

Proofs of completeness are somewhat more arduous, and require many prel imi-
naries. (For indications of the origins of these preliminaries see Routley 1978a.)
Since the same notions will recur in completeness proofs for a range of quantified
implication systems LQ, the preliminaries are, as in Routley 1978a, stated more
generally than required simply for CLQ systems. The definitions are intended to
apply both to LQ - a representative relevant system without perhaps a classical
negation - and to linguistic extensions of LQ - also designated on occasion by LQ,
though maintaining distinctions here is of critical importance in avoiding falla-
cious argument - obtained by adding further (at most denumerably many more) varia-
bles or constants to LQ (and accordingly inflating the supply of wff and logical
axioms).

An LQ-thcony T is any set of wff of LQ which is closed under adjunction and
provable LQ-implication, i.e. foranywff A,B if AET and BET then A &
BET, and if A E T and I- LQ A .... B then BET. More generally, a the.ony
(linguistically construed) is a set of wff closed under certain operations. An LQ-
theory T is negulan iff all theorems of LQ are in T; a theory is pn£me (V-
complete) iff whenever AVBET either AET or BET; 4ieh (U-complete) iff, whenever
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A(t/x) E T for every subject term t of LQ, (x)A ET;-6atwr.a.:t.:ed (P-complete) iff
whenever (Px) A E T, A (t/x) E T for some term t of LQ. A theory T (for LQ)
is quant{6~~-eomplete iff both rich and saturated; -6~ght iff prime and quan-
tifier-complete; and adequate iff straight and regular. T is non-degen~e (n.
d.) iff T is neither null nor universal (i .e. contains every wff). For systems
with a classical negation - , such as CRQ, the canonical model is, in one way or
another, built out of n.d. straight theories. The way depends on whether the mod-
elling is reduced or not. Consider the unreduced case first.

Let KLQ_be the class of LQ-theories, and K LQ the class of n.d. s tra i ght

theories; 0LQ the class of regula~ LQ-~heories, and 0 LQ the class of n.d. ad-

equate LQ-theori es. For a, b, c E :LQ' RLQ abe iff whenever A ..... B E a and AE b,

BEe. RLQ is the restriction of RLQ to n.d. straight LQ-theories. VLQ is the

class of terms of LQ; thus VLQ is denumerable.

Where T
CLQ

is any adequate CLQ-theory, the (unnedueed) eano~eal CLQ m.-6.

on TCLQ is the structure Sc = <TCLQ ' °CLQ' KCLQ ' R CLQ ' V CLQ ). The eano~­

eal ~ntenpnetat{on I in Sc is defined as follows:

I(p, a) iff pEa, for every sentential parameter p;

I (t, a) t, for every subject term t of CLQ ;

n6, a) t l , ... , t n (6(t l , ... ,t n) E a) for every n-place predicate parameter 6,

for each n.

The (uMedueed) eano~eal CLQ model on TCLQ is the structure Mc = <T CLQ ' 0 CLQ '

KCLQ' RCLQ' VCLQ' I ) .

In reduced modellings LQ-theories are replaced uniformly by T-theories, for
some chosen adequate LQ-theory T. A set of wff a is a T-.theMy iff a is closed
under adjunction and under T-implication, i.e. whenever AE a and A ..... BET (al-
so written 1- T A ..... B) then BE a. Where TCLQ is any adequate CLQ-theory the

nedueed eano~eal m.-6. [model] on Tis the structure <TCLQ ' KT' RT, V CLQ )

[<TCLQ' KT, RT , VCLQ' I>] where KT is the class of n.d. straight T-theories

and RT is defined on T-theories.

Where S. T and U are sets of wff of LQ, T is LQ-d~vable 6nom S, written
S I-LQT, iff for some Al, ... ,Am in Sand Bl, ... ,B n in T, I-LQ Al &

... & Am ...... B l V ... V Bn ; and the pair <S, T> is (LQ-) -60und iff T is not

LQ-derivable from S. A pair <S, T> is (LQ-) c.On-6.tant iff whenever <S, T U
{(x)B} > is sound, then, for some subject term u of LQ, <S, T U {(x)B,B(u/x)}>
is sound.

belongs to either S or T (but not

then A (t Ix) E S for some term

then A (t Ix) E T for some term

A pair <S, T> is (LQ-) maUmal iff

(1) <S, T> is sound;

(2) SUT = LQ wff, i.e. every wff of LQ
both); and

(3) (a) if (Px) A E S

(b) if (x)A E T

of LQ. and

LEMMA. SUPPO-6e <S, T> ~ LQ-maUmal. Then
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(i) S .fA an LQ-.theo/ty;

(t t) S .u, pJLime;

(i i 1) S.fA ~a.twuU:ed a.nd IUc.h;

(tv) <s, T) .fA c.onMant.
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PROOF is exactly as in Routley 1978 a. Certain minimal properties of LQ are
invoked. e.g. ~ LQ A &B 4 A. CRQ meets all the requisite conditions. -

EXPANSION LEMMA. WheJte <S, T) .u, LQ-<lound, U can be extended to an LQ'-
maJUmat piUJr. <S', I") .(.n a log.(.c LQ' wUh at mMt denumeJtably mOM. <lubjec.t teJ!ltkl,
Le. theJte.fA a.n LQ'-maJUmat pa.f.Jt wUh S ~ S' and T C T'.

PROOF again depends on properties of LQ. e.g. the inclusion of the theorem.
A & (B V C) ..... (A & B)V C. which CRQ certainly has. -

EXPANS ION COROLLARY. WheJte U.u, a non-nuU <let 06 w66 06 /teievant <lY<ltem
LQ and S .u, a /teguiaJt <let 06 w66 .(.6 U .u, not LQ-de!Uvable 6/tOm S, then the/te .u,
an n, d. adequate LQ '-theMy TLQ' wh.f.c.h .(.nciudu S but exciudu U.

PROOF. By the expansion lemma there is an LQ'-maximal pair <S', U') extend-
ing <S, U). It suffices to show that TLQ1 = S' is non-degenerate and regul ar.
But the first point is immediate since both S' and U' are non-null. -

The corollary may alternatively be established using Zorn's lemma (cf. the pro-
cedure in Routley and Meyer 1973). The corollary records the only occasion on
which inflation of the domain of terms is required. Henceforth available termsare
recycled in ensuring quantifier completeness. For once maximality is attained, by
a single inflation of terms, it need never be sacrificed, as subsequent lemmas will
reveal. The lemmas also reveal that conservation of terms is a rathermoredemand-
ing feat than term profligacy - a feat we still do not know how to accomplish in a
direct way for systems such as RQ which (correctly) lack a classical negation.

So far little use has been made of the properties of classical negation; in the
lemmas that follows that situation changes, properties of classical negation being
heavily exploited.

TRANSFER LEMMA. Henc.e6oJt.th let IT = {A: Ae U}. Now let S = 51 U {AI'
... ,Am} and T=TI U { Bl , ... ,B n} w..Uh m,n"I. Then.(.6 S I-LQT,51 U '1"1

""LQA1& .. ·&AmV.B1,,·VBn·

PROOF •. Suppose S I- 'Vl T. Then for some C1'.· •• C. E 51 and D1'.". DII. e

Tl' I- C&& A& ..... DY V B • where C& and A& are con~unctions of C's and A's
respectively and DVand B

V are similar disjunctions. By RT4, I- C&& r;:r 4.

A& V B
V. The result follows by repeated application of rs. -
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CONSTANCY LEMMA. 16 (S, T) .v., (.60wtd and) COn6ta.n.t the.n i6 (S U {A} ,
T U {B}} .v., .6OWtd, U .v., cOn6ta.n.t.

PROOF. Suppose (S U {A}, T U {B, (x)F(x)}} is sound. Then (S U r..
{A V B V (x) F (x)}} is sound. For suppose not. Then for some conjunctions S &

and I & of elements of Sand f, I- S && j& .... XV B V(x) F(x), whence by RT4

I- S & & A .... B V (x) F (x) V TV, where TV is a disjunction of elements of T, so
contradicting the soundness of (S U {A }, T U {B, (x) F (x) }} •

Now for appropriately chosen lj, t .e. lj is not free in A, B or (x) F(x) ,

XV B V (x) F(x) ...... (y)(X V. B V (x) F(x) V F(y/x)) ( : F say). The, since (SU

r , {F}} is sound, (S,TU {F}) is sound. Alternatively, a little more sim-

ply, by RT4 (S, T U {AV B V (x) F(x)}} is sound, and so (S, T U {F}} is sound.

Hence as (S, T) is constant, (S, T U {XV B V (x) F(x) V F(u/x)}} is sound for

some u. Therefore (S U {A} , T U {B, (x) F(x), F(u/x)}} is sound for some

u , as required. •

CONSTANT EXTENSION LEMMA. Let Sand T be..6W 06 w66 06 .6lj.6tem LQ
.6uch.that (S, n .v., .6Ound and COn6ta.n.t. Then .theJte. i.6 an LQ-maXAinal pa.iJr. (S I,

T' ) - .In the. <lame. vocabulaJtlj - wUh S ~ S' and T ~ T' .

PROOF" Let the set of wff of LQ be enumerated: AI' Az' ..., An' ••• " Define

sets S.l' T.l recursively for each non-negative integer i, as follows:- So = S,

TO = T. Given that Si and T.l have been defined and that (Si' Ti) is sound

and constant, then 5i + 1 and Ti + 1 are defined thus:-

(1) Suppose Si U {A i+ I} I- Ti• Then S1+ 1 : S.l"

(ia) If A1+ 1 is of the form (x)A then T1+ 1 = T,[ U {A.l+ 1'

A (u/x) } ,where u is some paremeter such that s,[ It T,[ U {(x) A, A(u/x)}

(tb) Otherwise (where A.l+ 1 is not of the form (x)A), T.l+1= Ti U

{Ai+l} .

(t t) Suppose T. is not LQ-derivable from S. U {A. + I}' Then T. + 1 = T..
..(. ..(...(...(. ..(.

(iia) If Ai+ 1 is of the form (Px) A then S.l+ 1 = S1 U {A.l+ 1 '

A (u/x) } ,where u is some parameter such that S. U {(Px) A , A(u/x)} It T .•
..(. ..(.

(iib) Otherwise (Where A.l+ 1 is not of the form (Px)A), 5.l+ 1 = S1 U

{Ai + I} •

Finally 5' =~ S1' T' =~ T1 .
..(. ..(.

To show Si+l and T1+ 1 (and thereby 5' and T') are well-defined it has

to be shown
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(A) Some constant u satisfies the requirements for clause Cia);
(B) some constant u satisfies the requirements for clause (iia);

(C) (S-i+ l' T-i+ 1) is sound;

(D) (S-i+ l' T-i+ 1) is constant.

But (C) is established exactly as in the Expansion Lemma, and (D) follows from the
Constancy Lemma. It remains to prove (A) and (B).

ad (A). Since S. u {(x) A} I- T., s. If T. u {(x) A}; for otherwise S; I- T;
A. A. A. A. ~ ~

(using, as in the Expansion Lemma, the derived rule RT5), contradicting (S., T.)' S
A. A.

soundness. Since (S-i' T-i) is by assumption constant, and (S-i' T-i u {(x)A})

is sound, by definition of constancy, for some parameter u , (S-i' T-i U {(x) A,
A(u/x)}) is sound.

ad (B). Given that (S. U {(Px)A}, T.) is sound, to show that for some parame-
A. A.

ter u, (S-i U {{Px)A, A(u/x)}, T-i) is sound. Suppose not, i.e. for every term

u , S. U {{Px)A, A{u/x)~ I- T.. Then, by the transfer lemma, S. U i. 1-
A. A. A. A.

(Px) A & A{u/xT, for every u • Set F = (y) (Px)A & A(y/x) where y is a va ri a-

ble not free in (Px)A. Suppose (S-i' T-i U {F}) is sound. Then by constancy of
(S., T. ) , for some parameter t, (S., T. U {F, (Px)A & A(t/x)}) is sound, con-

A. A. A. A.

tradicting s.ur. I-(Px)A&A(u/x) foreveryu. So(S., T.u{F})isnot
A. A. A. A.

sound, i.e. S. I- T. u {F}. But then, since F -. (PX)TV (x)A""(X) by con-A. A. __

finement and change of variable, t .e , F ...... (Px) A, using definition of P, S. U
A.

{(Px)A) I- T., contradicting soundness of (S. U {(Px) A}, T.) .•
A. A. A.

THEOREM 6. (Strong compl eteness for weaker CLQ systems). WheJte U csa n.on.-
nu1.e. MX on Wnn on CLQ wh.tc.h h, n.o.t CLQ-deiUvab./'.e nflom flegU£M.6e.t S, theJte h,
a [c.anon.tc.a./'.] den.umeMb./'.e CLQ-mode../'. u.n.deJt wh.tc.h eveJtlj membeJt On S h, tJtu.e an.d
evefly membeJt 06 !.1 na./'..6e.

PROOF. By the corollary to the Expansion Lemma there is an adequate CLQ ,_
theory T which includes S but excludes U. Form the canonical CLQr model M

T
on T. It is denumerable. The separati on between unreduced and reduced mo del s
is made wherever required, in particular where important in establishing modelling
conditions.

It suffices to show

(0: ) I ( D , a) = 1 iff D E a, for every a E Ky and every wff D of CLQ I, and

({3) M
T

is a CLQ' model with base T.

For then the theorem quickly follows.

ad (a). Proof is by induction. Since

I ( n(t l' , t n.)' a) = 1 iff (I (t 1) , , I (t n.) E I( n, a )

iff (t I , , tn.) E t I , ... , tn. (n(t I , , tn ) E a)
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iff 6(t 1, ... , t n) E a,

the induction basis is establ ished. The induction step for connective & is straight-
forward (and as in Anderson and Belnap 1975).

ad -. The result is straightforward once it is shown that AE a iff A Ea.

Suppose firstly A E a and A Ea. Then A & A Ea. But, by n, I- A &A .... B ,
so BE a for arbitrary B contradicting the non-degeneracy of a. Suppose, for

the converse, A~ a and A~ a. Since a is non-null some wff DE a. Hence as

I- D ..... A V A , by T5, A V A E a, whence as a is prime A E a or A E a, which
is impossible.

ad..... D is of the form (B .... C). If B .... C E a then T(B .... C, a) = 1 in virtue
of the definition of Rr and the induction hypothesis.

For the converse suppose B .... C ~ a. It has to be shown that for some b,c. E Kc'

BE b, C ~ c. and Rc abc.. for then that r(B .... C, a) =P 1 follows applying the

induction hypothesis and the interpretation rule for..... For the unreduced case

define b
1

= {D: I- CLQ B .... D}; c.2 = {C: (PA) (A .... C E a &AE b
1};

U2 = {C}.

Then

(i) (c.2 , U2> is sound and constant.

ad soundness. Suppose not: then for some D1, ... , Dm in c.2 , I- D1 &... &Dm .... C.

since a disjunction of C reduces to C in CLQ. As D,£E c.2 for some Ai E b1,
Ai .... DiE a; and as Ai E bI' I- B .... A,£. Hence, by Rul e Suffi xi ng, I- Ai .... D,£
..... B .... DL" and B D,£ Ea. But this is for each i with 1 .;; i .;; m , Hence by

&-composition, B DI& ... &DmE a; and so as I-DI& ... &Dm .... C,I-B .... DI
& ••• & Dm ..... B C by Rule Prefixing; whence n .... C E a contradicting the hy-

pothesis that B Cf!. a. It is a corollary that crt c.2.
ad constancy. Suppose not again: that is

(c. 2' U2 U {(x) D(x)} > is sound (a)

but for every term u

Co2 I- CLQ C V (x) D(x) V D (u/x) • (b)

Consider. for an appropriate variable y chosen as not free in C. B or (x) D(x).
D = C V (x) D(x) V D( y/x). Note that I- C .... D. by addition. Now suppose DEc,

Then for some A.A DE a with AE b
2,

1.e. I- B .... A. Hence. by Rule Suffix-

ing (from R3), I- A D ..... B .... D. so B .... DE a. Thus. as a is rich, (y) (B.... D)

E a, whence by AID and All. B ..... C V (x) D(x) V (y) D (y/x) E a; and so B ..... CV

(x) D(x) Ea. (Observe that appeal to the richness of a can be avoided by consid-
ering instead of D. D' = (y)(C V (x) D(x) V D(y/x)).) Hence as BE b l' C V

(x) D(x) E c2• contradicting (a). Accordingly D f!. c2' Thus for every A E b 1 •
A Df!. a. so in particular B .... DE a. But this is impossible. since because

B C E a and I- B .... C ..... B .... D (from I- C .... D by Rule Prefixing, from R3). B ....
DE a.
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In virtue of (il the Constant Extension Lemma applies to yield a CLQ - maximal
pair (c,U 2') with c2~c. Since CEU2', Cf/-c.

(i i) (b
l,

UI) is sound and constant, where UI = {A: (P B )(A -+ B E a &B E C)}.

ad soundness. Suppose not: then for some EI, ... , En E bl and some CI,.·., CmE

UI, I- EI & ... & E -+. CIV ... V C . Since 1- B -+ E. for each E. E b
l,

1- B -+.
n + m .<-.<-

CI V ... V C , by B pri nci p1es . As C. E UI, for some D. f/- e , C. -+ D. E a ,m j j j j
for each j, 1<: j <: m. Thus by repeated application of TIl, C I V... V Cm-+
DI V V Dm E a; and so, using Rule Suffixing, B -+ D'IV", V DmEa. Since BEbl,
DI V V Dm E c2 ~ c. So by primeness of c , DI E C. or D2E c2 or... or

DEc, contradicting D. rf. c for each j, I <: j <: m.m j

ad constancy. Suppose not again: that is

(b
l,

UI U ((x) D(x)}} is sound (a)

but for every term u

bl I- U
I

U {(x) D(x), D(u/x)} (b) .

i.e., since B generates bl, B I- UI U {(x) D (x}, D (u/x)}, i.e. by the Transfer

Lemma ITI I- lr V (x) D(x) V D (u/x). Now consider for appropriate z not free in

B, C and (x) D (x}, the formul a E = (z)(B V (x) D (x)V D (z/x)). (A lterna t i ve ly

the unquantified formula B V (x) D (x) V D (z/x) can be looked at.) Note that I- lr-+

E by T9, R3, AID and All. E cannot belong to [11; for if it did [il I- E, that

is confining and contracting on bound variables, IT I 1- 'If V (x) D (x}; and so trans-

ferring B 1- UI V (x)D(x), contradicting (a). Hence E rf. ITI , i.e. Ef/- UI. Thus

for every B, when E -+ B E a then BE c. Accordingly as C f/- c , '[ -+ C f/- a. But

by Rule Contraposition, I- E -+ B, so I- B -+ C -+. E -+ C; hence as B -+ CE a, E-+CE
a, which is impossible.

In virtue of (ii) the Constant Extension Lemma applies to yield a maximal pair

( b , UI ') , with bl ~ b. Since BE bl, BE b. It remains to prove (iii) Rcabc..

Suppose for arbitrary A and B,A-+BEa and AEb;toshow BEc. Since

A E b, A rf. UI since UI is disjoint from b. Thus by definition of Ul'B E c.

It is worth observing that arguments used in establishing constance haverath-
er more general application, and perhaps merit drawing into a separate lemma.

The reduced case differs only in a few details. Firstly, and this leads to

the differences, bl =Df{D: I-
T

B -+ D}. Secondly, versions of Rule Suffixing

and Rule Prefixing are required for T, namely if A-+ B E.T then B -+ C -+. A -+

CET and if C-+DET,B-+C-+.B-+DET. But these , forms follow using R3

given that T is closed under::>. It is:-

SUBLEMMA. 16 I-CLQ A::> B and A E T then BET.
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PROOF. Suppose A E T and I- A J B. Then as T is regular A J BET, so

A & (XV B) E T. Hence, as T is closed under ~ , by T3, BET. Otherwise, since
T is CLQ regular, all results for CLQ and CLQ theories extend to T and T theorie~

ad U. For every a in Kc '

1«Ux)A, a) = 1 iff IX(A, a) = 1 for every x-variant IX of r,
iff r (A (t /x), a) = 1 for every I (t) E V ,

c
iff A(t/x) E a for every term t of CLQ', by applying the

induction hypothesis and the equation I(t) = t ,

iff (Ux) A E a, since a is rich and closed under CLQ' impli-
cation.

For the truth-valued semantics the matter is still simpler. For a E Kc '
1«x)A,a) = 1 iff I(A(t/x),a) = 1 for every subject term t;

iff A(t Ix) E a for every t ,

iff (x)AE a • For if A(t Ix) E a for every t then, by rich-

ness, (x)AEa; and the converse follows by instantiation and CLQ'-closure.

ad t (where applicable). l(t, a) = 1 iff 0CLQ a

iff tEa

Suppose, fi rs t , 0CLQ a. Then a is regul ar, but I- CLQ-t, so tEa. Conversely,

suppose tEa. Then since for every theorem A, I- CLQ :t ~ A , A E a, so 0CLQ a .

ad (~). It is at this stage that results thus far achieved become conspicuously
more system dependent.

ad ql. There are two cases:-

ad qlb. Reduced case only. Then RcTaa holds in virtue of the restriction of

theories in the model to T-theories. Such a condition fails in the unreduced
case.

ad qla. Suppose Rc Tab. If further A E a, then, since A ~ A E T, A E b r

whence a C b follows. But then a = b by the following:

SUBLEMMA. WheJLe a and b Me n.d. l.>:tJuUght (CLQ-) theolUe!.> (in 6act c.on-
l.>iJ.>tenc.y and - - c.omple:tene!.>,f, Me enough),.i..6 a c b then a = b, Le. :the theo-
1Ue!.> Me maximal .i..n anotheJL .i..mpoJr-ta.n;t <I eit¢ e. -

For suppose as;. b _but A ~b and A'f. a. Since X E a (by completeness, i.e.
primeness and A V A E a), AE b contradicting cons l s tsney and so non-degeneracy.

ad T E Kc ' For many relevant systems this is a problematic condition: not how-

ever for classical systems which include A & (A ... B) J B. The problem has been
to show that T is closed under provable LQ-implication: it is immediate from
the expansion corollary that o:thekW.i..<le T has the right properties.

Suppose A E T and I- A ... B; to show BET. Since T is regular A ... BET, so

A & (A'" B) E T. But then, by A & (A ... B) J B and closure of T under J ,BE

T.
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This completes the completeness argument for system CAQ. Also many extensions
of CAQ can be rather automatically handled by transferring results establ ished
at the sentential case, for example all those where the modelling conditions can
be stated without use of quantifiers, as the extension of CAQ by A &(A~ B) ~ B,
for which the modelling condition is q2, illustrates:-

Suppose A ~ B E a, A E a, for ~ E KCLQ' Then A & (A ~ B) E a whence

A & (A -+ B) ~ B, B Ea. Hence Ra.a.a., whence Ra.a.a. follows the res tri c-

ad q2.

by T12,
tion.

When the modelling condition contains quantifiers
condition may prove a much more arduous business,
consider the unreduced system CBQ.

uneliminably, establishing the
as w1ll appear. But first let us

ad q1a'. Suppose x E 0CLQ and RCLQxab. Then as before a ~ b , since A-. A EX;

whence as before a = b.

ad qlb'. Define xl = {A: I-CLQ-t t~A}. Then, by the:t rule, xl = {A: I- CLQ:tA}

Le.CLQt. Also for aEKCLQt,RCLQtXla.a., by definition of RCLQt' Now de-
fine Ul = {A: (p B , C) I- A -e- • B ~ C & B E a & C ~ a}. Then

(i) (xl' U1) is sound and constant.

ad Soundness. Suppose otherwi se. Then for some D1,· .. , Dmin xl and E1, ... ,

Ell E U1, I- D1 & ... & Dm -+ E1V ... V Ell' But, as shown in Routley and Meyer

1978, U1 is closed under disjunction, and by definition of xl' I- t ~ D1. for

each i., 1 .;; 1. .;; m Hence I- t -. E, for E E U1; so I- E, whence for some

B, C I- B ~ C, BE a. and C E a, which is impossible.

ad Constancy. Suppose again otherwise, that is

(Xl' Ul U {(x) D (x}}) is sound

but for every term u

(a)

(Xl' U1 U {(x)D(x), D(u/x}}} is not sound (b),

t .e, IT
1

1- I V (x) D (x) V D (u/x).

Consider, for appropriate y, D = Iv (x)D(x)V D(y/x).

Since IT1 I- D, for some

~' ... ,A
Il

E IT1 , I- Al & ... & All ~ D,Le. I- 0-+. A r V .••V All for AI'" AnE

Ul. Thus, as Ul is closed under disjunction, I- D ~ A for some A in Ul• By

T11 and T6, I- D V A, whence, by QR1 and QA3, I- I V (x) D (x) V A., and by 13 arid

I- c, I- (x) D (x) V A, contradicting (a).

As (i) holds ,the Constant Extension Lemma yields a CL~-maximal pair ( x , Ul ' )

with xl:=' x and U1 :=. UI' .

Si nce OX1, Ox. To show Rxa.a., suppose A -. B E X and A Ea.. Then A~ B .,. U1 '

so as I- A ~ B ~. A -+ B and A E a, BE a. as required.



332 RICHARO ROUTLEY

This completes the argument for CBQ t.

It is a straightforward matter to enlarge the completeness result to cover ex-
tensions of basic systems such as CAQ and CBQt whose additional semantical postu-
lates can be formulated (using the generality interpretation) without bound varia-
bles. In particular, the system obtained by adding A & (A -+B) -+ B to CAQ is
readily encompassed since the modelling condition q2, Raaa, is unproblematic. For

Raaa follows using the definition of R, and then Raaa. comes by restriction to
n.d. straight theories.

To make the theorem quite specific characterise a weaker quantified re 1evant
logic as any extension of basic systems (BQ, BQt, CBQ, CBQt, CAQ) all of whose
additional relational semantical postulates can be expressed in quantifier - free
from (eventual adequacy of the postulates thus being presumed). -

§8. ACCOMODATING RELEVANT NEGATION AND REMOVING t: ADEQUACY FOR
WEAKER QUANTIFIED RELEVANT LOGICS.

So far relevant negation, - , has been left out of the nontrivial semantics.
It may however be introduced, definitionally, into the so-called classical- rele-
vant scheme of things...l11. appeal to the star connective, *, of Meyer and Routl ey
1973. Then -A = Of A*. The star connective, which is a syntactical surrogate

of the star operation of relevant semantics, is construed by Meyer (in Meyer 197+)

as a weak assertion functor, in part on account of its definition in LQr systems

as A * = Of :::x .
The basic postulates on *, to be added to CBQ and extensions are these:-

01. A* & B* ..... (A & B)* 02. (AV B)*-+.A* V B*

03. A**<->A.

R01. A-+B=>A*-+B*. Q01. (x)A* ..... ((x)A)* .

Q02. ((Px)A)* ..... (Px)A*

Semantics for starred classical relevant systems add an operation * on K to
classical model structures. That is, a CBQ* m.s. M is a structure M = <T, 0,
K, R, *, V), where <T, 0, K, R, V) is a CLQ m.s., and * is an operation on
K such that for a. in K,

s l , a.** = a.. (5)

In the case of reduced model lings, 0 is again elided.

As usual extensions of CBQ* are modelled by imposing corresponding modelling con-
ditions. A few star extensions of immediate interest are tabulated:-

Axiom scheme

002. A V~ (LEM).

Modelling condition

s2. x = x* for x E 0

(5) For De Morgan systems of Routley and Meyer 1978, Chapter 4, this condition
and its corresponding axiom, A** ...... A, are deleted.



SEMANTICS OF QUANTIFIED RELEVANT LOGICS. I. 333

003. A ... B ..... B* .... A*(Contraposition).

004. (A'" A*) ... A* (Reductio).

s3. Rabc.:J Rac.*b* .

s4. Raa.* a .

These optional extras suffice to cover the negation logics of GQ. TQ. EQ and RQ.

THEOREM 7. (Adequacy Theorems for starred systems CBQ:t* and CAQ* and va ri-
ous extensions, including all the star axioms). The ~:ta.:teme~ nO~ ~oundn~~ and
~~ong c.ompte:ten~-6 Me M non CLQ -6lj-6:tem-6 c.on-6.£deJLed.

PROOF (1) Soundness is a matter of verifying new postulates. Some examples
illustrate the cases

ad 01. Suppose I(A* & B* ,a) = 1, i.e. 1(A,a*) = 1 = I(B.a*); to show
1( ( A & B )* • a) = 1. i. e. 1 ( A • a *) = 1 " 1 ( B , a * ). Immed i ate.

ad R01. Suppose in some model. 1(A*, a) " 1 "* I(B*. a). i.e. I(A, a*) " 1"*

I(B, a*). Then in the same model. but with counterworld a*, A .... B is falsified.

ad Q01. Suppose 1 (( x) A *, a) = 1 "* 1(( (x) A )*, a ) . Then for every x - va ria n t

1', I'(A* ,a) = I'(A.a*) = 1; but 1"* I((x)A,a*). so for some x-variant

I',I'(A.a*)"*l.

(2) Completeness. In canonical CLQ* models define a*" {A: A*E a}. New de-
tails required are these:

ad (0<). There is one 'new case, that for connecti ve * but the res ult is immedi-
ate:

1 ( A* • a ) 1 iff 1 ( A. a *) = 1, i. e. iff A E a*, i.e. iff A* Ea.

ad (/3). It has to be shown that * is well defined, primarily that a* E K when
a E K, and that modelling conditions on * are satisfied.

ad a* is closed under provable implication. For suppose ~ A .... B and A E a*, i.
e. A* Ea. Then as 1- A* .... B*, by R01. B*E a, i.e. BE a*, as required.

ad a* is adjunction closed. Suppose A, BE a*. Then A*, B* E a. so A* & B*E

a. But ~ A*&B* .... (A&B)*. i.e. 01; so (A&B)*Ea. i.e. A&BEa* as
required.

ad a* is prime, given a is. Suppose AV BE a*; then (A V B)* E a, and so. by
02. A*V B* Ea. As a is prime, A*E a or B* E a, i.e. A E a* or BE a*.

ad a* is rich. Suppose A(t/x) E a* for every t • i.e. A(t/x)* E a for every t .

As a is rich, (x)A* Ea. But by Q01, 1- (x)A* .... ((x)A)*; thus ((x)A)* Ea.
and so (x)A E a*.

ad a* is saturated. Suppose (Px)AEa*. Then ((Px)A)* E a, so by Q02. (Px)A*E
a. As a is saturated, A (t Ix)* E a for some term t, i.e. A (t Ix) E a* for some
t •

It has further to be shown that a**= ct, but this is guaranteed by 03. For
optional extras there are these details.

ad s2. Suppose x E O. Then A V A*E X, so if A E x* then materially A Ex.
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i.e. x* ex. Hence by a sublenma x* = x .

ad s3. Suppose Rabe, A--> BE a and AE e*; to show BE b*, i.e. B* E b. By

003, B* --> A*E a, so as Rabe if B* E b , A* E a, t •e. if A* E c. then B*E b,
as required. The~ restrict to straight theories.

ads4. Suppose A-->BEa., AEa* but B9"a. ThenA*Eaand BEa.,soA*&

BE a.

To make the final linkage in these circuitous adequacy arguments for relevant

LQ,t systems, observe that LQ' is essentially the same system as CLQ* (correspon-
dences between extensions have of course to be kept straight) .•

THEOREM 8. (Equivalence theorem). A.fA a ,theotLem 06 LQ' .£66 (undetL .tJz.a.lu,fu-
tiOIl) A .fA a ,theotLem 06 CLQ*.

PROOF. The translation is through the definitions given. Connective * is

defined in LQ' by: A* = Of - A , and - is defined in CLQ* by - A = Of A"':
otherwise the notation of the system is the same. Proof of the equivalence can
be purely syntactical: but appeal to Theorem 7 simplifies things.

(1) CLQ* includes LQ'. The relevant negation postulates of LQ have to be es-
tablished for the basic case BO.

ad Double Negation, A ...... --A, i.e. A ...... (AT)*. This follows using A* ...... (A)*

as follows:- By relettering and A** = A,A <---> (A*)*, whence by Rule Contrapo-

sition A ...... (A*)*.

ad A* +---> (1\)*. Most simply use the adequacy Theorem 7.

ad Rule Contraposition, A --> B ~-B --> -A.

A-+B~A* -+B*-+B* -->A*.

(2) LQ' includes CLQ*. Star postulates have to be established.

ad 01, i.e. -A& -B-->-(A&B). For the present l et V be defined AVB=Df

-(- A &-B): In fact A VB+---> A 'it B. Now A &A -e- B and A & B -+ B , so A &

AVA&B-+B, whence distributing A& (AVB)-+B, i.e. A&-(-A&-B)-+B.

Relettering ==-A& -(A & B) -+ ,- B, so by CRI, ~ &::B-+- (A &B).

ad 02, i.e. -(A V B) -+. -A V =-E. Similar.

ad D3. By Double Negation for each negation.

ad RDl. Suppose A -+ B; to show -A -+ -:::-n. Apply Rule Contraposition twice ••

Proof that ,t may be eliminated, i.e. that it conservatively extends systems
to which it has been added, may take either syntactical or semantical form. Here
a semantical version using the trivial semantics is given, subsequently in the case
of stronger systems a syntactical version is outlined.

THEOREM 9. (,t removal). LQ,t.fA a c.oft6etLvative eueft6'£oll 06 LQ and CLQ,t
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PROOF. Since LQ ~ LQt one half is tnmedfate , For the converse suppose A
is a wff of LQ but not a theorem of LQ: to show A is not a theorem of LQt, it
suffices to furnish a countermodel to A in an adequate semantics for LQt. This
can be done in a straightfo~lard reworking of the trivial semantics inwhich world
T is replaced by set of worlds 0 and truth is determined at an arbitrary ele-
ment of 0 (or alternatively validity in a model is characterised in terms of hold-
ing at all elements of 0). Theorem 3 goes through as before, and it has a corol-
1aryan exactly analogous result for LQt. where t . subj ect to the t rul e, is
evaluated by the semantical rule:

I (t. a) = 1 iff Oa. Now, as A is not a theorem of LQ, there is by the rework-
ing of Theorem 3 and LQ countermodel, built on 0, to A. But this countermodel is
in fact an LQt countermodel to A; hence by the corollary to Theorem 3, A is not
a theorem of LQt. The argument for classical systems is similar .•

COROLLARY (Completeness for CBQ and weaker extens ions). WheJtc CLQ .u., a wcak-
eJt cx.tcl'l4-Lon 06 CBQ, -L6 A .if, CLQ - valid thcn A .if, a thcOJteJn 06 CLQ.

PROOF. Suppose A, which is a wff of CLQ, is not a theorem of CLQ. Then,
by Theorem 9 it is not a theorem of CLQt • Hence, by Theorem 6, it is not CLQt-
valid. But A is a wff of CLQ, so, as its semantical assessment does not involve
t: , A is not CLQ-valid. (Strictly the last move involves a step like that used in
Theorem 9, namely:- Reformulate CLQ semantics with 0 in place of T, and show
that the semantics is equivalent in that the valid wff are the same. Then A is
not CLQ-villid in the'O based semantics, so it is not CLQ valid in the T based
semantics.)

THEOREM 10. (Adequacy theorem for weak relevant logics). A .u., a thcotteJn 06
LQ -Li6 A .u., lQ-valid, wheJtc LQ.u., anLj weakeJt cx.tcI'l4-l011 06 BQ ott BQT.

PROOF. Soundness is by the usual induction. Proof of completeness assembles
earl i er results. Suppose - I- LQ A .

Then A is not a theorem of LQI, by the coro 11ary to Theorem 4. Hence, by Theorem
8, A is not a theorem of CLQ*; and so A is not CLQ*-valid; that is, there is a
valuation I onCLQ*m.s. M=(T,O,K,R,*, V) for which I(A,T)*'l. But
1) the m.s. flf is an LQ m.s. and 2) the valuation I is an LQ interpretation in
M; hence A is not LQ valid. It remains to prove 1) and 2).

ad (2). Apply the reduction: a < b iff a = b. Trivially, if a = b then a<b.
Conversely suppose a < b , i.e. (Px)(Ox & Rxab). By qla', a = b.

ad (1). It suffices to establish the semantical postulates. Postulate p2, a<d &
Rdbc:> Rabc is immediate. pl , i .e , a < a, is guaranteed by qI6'; and the *
postulates in LQ m.S. are taken care of by the corresponding postulates in CLQ* m.
s.

Hence A is not LQ-valid. In case LQ does not involve t there is a further
detail: steps from Theorem 9 are applied. •

As usual a strong completeness result for a system facilitates the proof of
many results about the system and some of its extensions, e.g. Skolem- Lowenheim
theorems and compactness, and the completeness of strong identity theory; but in
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the case of relevant quantificational theories it also facilitates the proof of
many other results, e.g. (where A V -A is a theorem) the admissibility of the
rule ~ of material detachment.

§9. THE QUEST FOR ADEQUACY PROOFS FOR STRONGER QUANTIFIED RELE-

VANT LOGICS.

Only validation of q3 is outstanding in the semantical quest for CRQ and so RQ.
Outstanding it seems however determined to remain, given the methods so far adopted.
Hence problem P2). Suppose, to see where the trouble lies, that Rabz and. Rzed.
Define x' = {C: (PB)(B-+CE a & BE c.)}. Then it is not difficult to show that

x ' E KCRQ ' Racx ' and Rbx'd. What has not been shown, so far, is that for some

appropriate U, ( x", U) is constant, so that the Constant Extension Lemma can be
applied. The problem could be avoided were x' rich. But there is no guarantee,
even though a and c are rich, that x' is rich. Suppose that A(t/x) E x ' for

each term t . Thus for each term t there is some wff Bt say, such that Bt -+

A(t Ix) E a and Bt E C . But there need be no uni formi ty in the form of Bt from

one term to another; and nothing to enable a move to (x)(B t -+ A (t /x)) Ea. The
problem does suggest, firstly, including an infinitary conjunction in the frame-
work, and then, alternatively and at least cost, including some sentential con-
stant (like t in the case of CRQ itself) which can represent appropriate infi-
nite conjunctions. It is easy enough to see how an infinite conjunction mi ght
solve the problem at hand (even if at the same time storing up new ones elsewhere).

Let &B be the conjunction of all the wff n", and suppose theories are also

closed under denumerable adjunction. Then &B E Co. Also si nce &B -+ Bt for each
term t, by Generalised Simplification, &B -+ A(t/x) E a for every term r , Hence
by Generalisation and Distribution of U, (x) &B -+ (x ) A Ea. But as c. too is
rich (x ) &BE a, should &B contain x free. Hence (x)A E x'. To show that
x' is a CRQ-theory when closure under generalised conjunction is adopted, a pos-
tulate of Generalised &-Composition is required. In short, exactly the standard
postulates for the generalised conjunction of infinitary logics are already moti-
vated.

Naturally all this had occurred sometime ago to Meyer who asked Helman to in-
vestigate (though without much reported success: see Helman 197+) infinitary R+ .
A slightly different approach which commends itself is to define the theories used
in the CRQ canonical model in terms of an infinitary extension CRQI - essenti ally
CR w - of CRQ. An infinitary CRQ theory, a CRQI-thcOIllj, is a class of wff of

lW
CRQI closed under CRQI provable implication and under generalised adjunction. Reg-
ularity, primeness, richness, and so on, are defined as before. To show that when
(S, T) is CRQI maximal S is closed under generalised adjunction,derivability
has to be generalised to admit infinite conjunctions on the left hand side. The
question arises as to whether to admit infinite disjunctions - not needed in the
completeness argument - and suitable generalised distribution principles. Symme-
try suggests so, but it may not be compulsory. But this approach encounters prob-
lems in the extension lemmas, problems strongly suggesting a cut-down tocountably
many wff, out of the infinitary scene and back to sentential constants represent-
ing the infinitary conjunctions that are required. This takes us to the general-
ised t method, which is in outline as follows.

The basic point exploited is that the completeness construction need employ
only countably many theories. If we can add conservatively to each theory c a
constant tc.' subject to the axioms 1- tc. -+ B iff BE c , then the work wi 11

be done. And this can be done given an appropriate construction.
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Nothing upsets a bonafide relevant logician so much as having to appeal to
classical proof theory to push his results through. In establishing the adequacy
of the semantics for relevant sentential logics,classical methods are the main ones
so far used; but it has been shown (primarily by Meyer) that, at least in the case
of strong relevant systems such as R, the use of classical methods is inessential,
that relevant semantics using proof principles R itself supplied can be given.
Similarly weaker relevant logics can be equipped with a relevant semantics though
in some cases the proof methods, though relevant, may have to exceed those the sys-
tem acknowledges. But in the case of the semantics for quantified relevant logic
there is a double indignity. Not only are the methods classical but the argument
is indirect and circuits through rather overtly classical territory. What is want-
ed, in particular, is a completeness argument that avoids this second circuit. Di-
rect attempts with stronger systems at avoiding this detour have so far mostly led
into complex bogs that we have been unable to fight our way through.

But there are perhaps some alternative, if not completely directroutes,through
the swamps. One, already noted, involves an appeal to infinitary methods to deal
with bozh main difficulties in the completeness proof. Another, not noted, is to
vary the semantics to fit with the facts of the noninfinitary-based canonical mod-
els. This involves widening the field of investigation and considering alterna-
tive quantifier rules and inconstant domains. Some (temporary) relief from the
problem of establishing richness of R related theories can be had by amendment
of the rules for evaluating quantifiers. While the elementary evaluation rule is
retained no relief can be had of course, since for the completeness argument, that
(x) A E a iff A(t/x) E a for every term t , to succeed a must be rich. But the
elementary rule has no monopoly; different rules are adopted in semantics for in-
tuitionistic logic, and are required where domains are not constant from world to
world; and there is much scope for the investigation of different context rules in
a relevant context. The elementary rule takes it for granted that the universal
quantifier behaves semantically like a conjunction, an extensional conjunction.
There are, however, other analogies with sentential connectives that can be taken
equally seriously, in particular that the universal quantifier behaves like

i) an intensional conjunction, or
ii) a necessity connective.

In stating these rules, and in subsequent initii\l investigations, let us swi tch,
to make life easier, to a substitutional-style (6) approach to the interpretation
of quantifiers; for this aids (as Dunn pointed out to me) in the understanding of
quantifiers and also eliminates further steps in the completeness arguments we are
trying to force (since the canonical model connects quantifiers with terms of a
theory). The ~I~eno~onal rule i) may then be stated (in part) as follows:

I( (x) A, a) = 1 iff, for some b such that Uba, I( A (t /«, b) = 1 for ev-
ery term t , i.e., in symbols, (Px)(Uba & (t) (I( A (t Ix), b) = 1), where U is a
two-place relatio~ on K.

The nec~~~y rule ii) takes (in its main part) the very different form:

I «x) A, a) = 1 iff, for every worl d b such that Vab, for every term t ,

I( A (t Ix), b) = 1, or equivalently in symbols, iff (b, t )(Vab ::J I( A (t Ix), b) =1).

There is one striking difference between universality and necessity, namely
that there is no equivalent with necessity to vacuous quantification. The differ-

(6) Remember however that terms include variables.
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ence emerges conspicuously in the vacuous quantification principle, A..;. (x) A with
x not free inA, whi ch extended to necessity waul d co11 apse modal iti es; ita 1so
emerges in the confinement principle QA3, which is 110t matched by an acceptabl e
necessity pri ncip1e 0 (A V B) -e- • A V 0 B. In order not to fa il confi nement the best
strategy appears to split the necessity rule into two parts, that already given in
the case of nonvacuous quantification, and the following rule for vacuous quant-
ification, namely

l((x)A,a) = 1 iff l(A,a) = 1 when x is not free in A.

There is then the matter of ensuring that the rules fit together properly.

A similar two-part rule also proves advantageous in the case of the intension-
al rules. Specifically, the rule is as follows:

When x is not free in A , l((x) A, a) = 1 iff l( A, a) = 1; and otherwise,
when x is free in A, l((x)A,a) = 1 iff (Pb)(Uba & (t)(l(A(t/x),b )=1).

The rule fits well into the following semantica1 framework. A (basic) reduced LQ
Lm.,s. M is a structure M = (T, K, R, *, U, V) , where (T, K, R, *) is an L.m.
s , (as in Rout1ey and Meyer 1978), V is a nonnull set, and U a two-place re1 a-
tion on K, which conforms to the following conditions (where a": b = Df RTab):

Ui) Uba & a <;; c :J . Ube (for Hereditari ness),
Uii) Uab:J. a <;; b (for Instantiation and Confinement)

Uiii) UTr (for Generalisation),
Uiv) Uda &Rabc:J, (Px)(Rdbx &Uxe) (for U-Distribution).

An ~n;(:e4p~~tat{.OI1 I ~11 an LQ m.s. is a function defined as before for classical
systems but subject to the restrictions:

(1) if a <;; band l(p, a) = 1 then l(p, b) = 1 for every sentential parameter
p; and

(1' ) if a -c b then I (gl1, a ) ~ I (gl1, b ), for every predi cate parameter gl1 (for
each 11).

I is extended to all wff by the rules already given for classical systems exeept
that the intensional quantifier rule is used, and the rule for classical negation
is supplanted by the relevant rule:

l(-A, a) = 1 iff l(A, a*) -=1=1.

Validity, etc., are defined as before.

But working out these semantics and semantics for the necessity rule, and tak-
ing advantage of the considerable simplifications conferred by the new rules in the
completeness arguments (since richness is no longer obligatory), are problems for
sequels.

Some of you - only some of you - may be disappointed, or disgusted, that I have
concentrated pretty well exclusively on techno-logical problems in the semantics
of quantified relevant logics, leaving aside problems as to the applications of
these semantics and philosophical problems the semantics themselves raise. For ex-
ample, the semantics are worlds semantics, and there is alleged to be a problem
about worlds other than the actual one, and especially about the incomplete and in-
consi stent wor1 ds the quanti fi ers of relevant semantics catch. Furthermore the se-
mantics aimed for are constant domains semantics, to which a range of objections
are often made, e.g. domains of objects can vary from world to world, that essen-
tialism is involved in such semantics, and so on. There is no time to meet these



SEMANTICS OF QUANTIFIED RELEVANT LOGICS. I. 339

objections to constant domain worlds semantics here: but I believe that it can be
shown, on the basis of the two main facets of noneism explained in Routley 1978b
nonexistential quantification and extensional identity, that the objections are'
for the most part, thoroughly misguided. '
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